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Preface

“When you ask around and persist fondly
in the Way, you can never find the Truth.
Maintain your belief. Devote yourself to
the Wt’:'y. It will turn out to be the mighty

from “the 42 tcachings of Buddha™

One of the subjects in mathematical nature is created by unifying three notions:
complex numbers, coordinate systems, and the related notions of differentiation and
integration. The space C” of n-tuples of complex numbers is ruled by the coordinate
system (z),... , zn). If a complex-valued function in a domain in C" is differentiable
in each variable, it can be represented locally as a convergent power series. It has
a natural domain of existence, in which it behaves in its own characteristic way,
i.e., it creates its own mathematical world. We call such a function an analytic
function.

In the case of one complex variable, an analytic function has a distinguishing
property. In this case its real and imaginary parts are harmonic functions which
are conjugate to each other. Namely, if one is considered as a potential, then the
other is the flow which the potential induces. A harmonic function is uniquely
determined by its boundary values; we can construct a harmonic function with
prescribed boundary values and construct locally its conjugate harmonic function,
which is unique up to an additive constant. This makes it easy to construct analytic
functions of one complex variable. The main properties of analytic functions of one
complex variable can be explained from this observation.

When we want to describe concepts in nature by using analytic functions, it
is not enough to use only those of one complex variable. The theory of analytic
functions of several complex variables is quite difficult to treat, compared to the
theory in one complex variable. One reason for this is the freedom of the form of
domains in C” due to the increase in the dimension. Another reason is that both
the real and the imaginary parts of an analytic function are now pluriharmonic
functions, which imposes a stronger restriction than being merely harmonic. For
example, in some cases, a pluriharmonic function is uniquely determined by its
boundary values on some proper subset of the boundary, and we cannot always
construct a pluriharmonic function with prescribed boundary values on a given
portion of the boundary. Therefore, it is difficult to construct analytic functions of
several complex variables. Since function theory in one complex variable generally
proceeds by constructing analytic functions, we cannot simply use the one-variable
approach in the case of several complex variables.

The most particular phenomena in the study of analytic functions in several
complex variables which does not appear in the case of one complex variable is
the fact that the natural domain of an analytic function is not arbitrary, i.e., it is

ix



x PREFACE

not true that any domain in C” is a natural domain of existence of soine analytic
function. This fact is important. We call a domain in C" which is the natural do-
main of existence of some analytic function a domain of holomorphy. The principal
problem in function theory in several complex variables is to study which domains
are domains of holomorphy. and to determine which objects we can construct in a
domain of holomorphy.

This book is an attempt to explain results in the theory of functions of several
complex variables which were mostly established from the late 19th century through
the middle of the 20th century. The focus is to introduce the mathematical world
which was created by my advisor. Kiyoshi Oka (1901-1978). I have attempted to
remain as close as possible to Oka’s original work.

Kiyvoshi Oka, at the beginning of his research, regarded the collection of prob-
lems which he encountered in the study of domains of holomorphy as large moun-
tains which separate today and tomorrow. Thus, he believed that there could be
no essential progress in analysis without clinibing over these inountains.

The work of Oka can be divided into two parts. The first is the study of analytic
functions in univalent domains in C*. Here he proved that three concepts: domains
of holomorphy, holoniorphically convex domains. and psendoconvex domains, are
equivalent: and. moreover. that the Poincaré problem, the Cousin problems, and the
Runge problem — when stated properly — can be solved in domains of holomorphy
satisfying the appropriate conditions. The second part was to establish a method by
which we can study analytic functions defined in a ramified domain over C" in which
the branch points are considered as interior points of the domain. He proceeded in
this later work under the assumption that the results valid in univalent domains in
C" should similarly hold in a ramified domain over C". However. the true situation
was contrary to his intuition. i.e.. a ramified domain of holomorphy is not always a
holomorphically convex donain.

Oka’s establishment of his method to treat analytic functions in a ramified
domain has proved to be indispensable not only in analysis but also in other fields
of mathematics.

This book consists of parts I and II, according to Oka’s earlier and later work
mentioned above. In part I we treat analytic functions in a univalent domain in
C". In part II we treat analytic functions in an analytic space: this is a slight
generalization of a ramified domain over C". The one exception to our adherence
to Oka's program is that the fact that a pseudoconvex univalent domain is a domain
of holomorphy will be proved in part Il in a more general setting by modifying Oka's
original ideas.

A mathematical object is abstract and is described by use of words and nota-
tion. We should note that the words and the notation themselves are not really
mathematics. Mathematics can be realized as a flow of the consciousness which
is really creating matheinatical nature. After such a process. matheinatical nature
lives individually in the mind of each person who has studied it. He seems to hear
a voice coming from the bottom of his mind. or to feel the glow of a living object
within his mind. This process is essential when we study the established works
of the pioneers of a field. If mathematical nature lives correctly within a person’s
mind, then when he encounters a certain problem, he may not recall the knowledge
to solve it immediately, but he will be able to understand the problemn itself in order
to solve it.



PREFACE xi

The difficulty in studying mathematics is the procedure for giving life and
meaning to the mathematics. The first step is to organize and expand upon the
material written by use of words and notation in a concrete form. so that we can
proceed with further steps.

I hope that this book is a worthwhile initial step for the reader in order to
understand the mathematical world which was created by Kiyoshi Oka.

Toshio Nishino
June 22, 1996 at Kyoto






Preface to the English Edition

This book was written, after long consideration. with the intent to make Oka’s
original ideas easier to understand. One of the main reasons to pursue this project
was the recommendation of Professor John Wermer. During the time while 1 was
writing the original version of the book in Japanese, Professor Katsumi Nomizu
had already started urging the AMS to publish an English translation.

Oka's original papers may appear to be difficult to read. However, when we
truly understand his original thoughts, we gain much more than simply mathemat-
ical results. I hope that this book helps the reader to better comprehend Oka’s
work.

As for the English translation, Professors Norman Levenberg (Auckland Uni-
versity) and Hiroshi Yamaguchi (Nara Women’s University) devoted much time
and effort to translating the Japanese version; they had to overcome the difficulties
caused by the many differences between Western and Japanese culture. I greatly
appreciate their effort. Also, many thanks to the people at the AMS, particularly
Ralph Sizer, for their patience and understanding.

Toshio Nishino
March 3. 2000 at Kyoto
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CHAPTER 1

Holomorphic Functions and Domains of
Holomorphy

1.1. Complex Euclidean Space

1.1.1. Complex Euclidean Space. We let C denote the Euclidean plane
of one complex variable. To emnphasize the variable used. e.g.. w, we use the
notation C,.. For a positive integer n, we let C" denote the n-dimensional complex
Euclidean space generated by the n complex variables z2,,...,z,. Given a point
2z = (21,...,2,) € C", we call z; the j-th coordinate of z and we call C., the
j-th coordinate plane of C*. Then C" is the product of the n complex planes
C., (j = 1.....n). It is soinetimes convenient to use the two real-dimensional
plane to model C;,. To visualize a point z’ = (z}.....z,) of C", we imagine n
coordinate planes C, (j = l....,n) lying on the same plane C; we take the point
z;on C;; for j =1,...,n and regard their combination as the point 2’ in C™ (see
Figure 1).

C.,

FIGURE 1. Representation of a point in C*

By a linear coordinate transformation we mnean a linear transformation of

c":
L: wi=bi+anz1+...+ainz, (i=1,...,n)

where b,,a;; (i,j = 1,... ,n) are complex numbers with det(a,;) # 0. e refer
to (wy,...,w,) as the new coordinate system of C"; thus if a point P, € C"
has coordinates 2° = (2.... .2%) in the (old) coordinate system (z,... ,2,), then
it has coordinates u® = (u9,... ,u) in the new coordinate system (w;.... ,u)
where w® = £(29).

1.1.2. Projections, Product Spaces, and Sections. Let r and s be posi-
tive integers and set n = r 4+ s. The space C" of the n variables z).... ,z, is the
product of C" with variables z,,... ,z, and C° with variables z,,,.... .2,. For a
point z' = (2{,...,z,) € C", we call (2{,...,z) the projection of 2’ to C" and

3



4 1. HOLOMORPHIC FUNCTIONS AND DOMAINS OF HOLOMORPHY

we call the map sending 2’ = (z],...,2;,) to (z].... .z;) the projection from C"
to C". For a subset E of C", the set consisting of the projections of all points z
in E is called the projection of E to C" and will be denoted E. We define in a
similar manner the projection from C" to C-.

Let E, ¢ C" and E; c C®. For any 2’ = (z{.....2]) in C" and 2" =
(2/415--- »z1) in C®, we consider the ordered pair

(zl’zll) = (Z;,.. . 12:-’2:‘I+l?"' ’z:l,)

as a point of C". We denote the set of all such pairs by E; x E, called the product
set of E) and E. In a similar manner we can define the product set of niore than
two sets. Let C" = C" x C*® and let E C C". For a = (a;.... ,a,;) € C" we let
E(a) denote the set of all points of E whose projection to C" is a, and we call
E(a) the section (or fiber, sometimes) of E over z; = a, (j = 1.....r). Note
that the projection of E(a) to the space C* is one-to-one. Thus we often identify
E(a) C C" with the projection of E(a) to C*, and we consider E as a variation of
the sets E(a) in C® varying with the parameter a € C". In the special case where
E = E, x E,, we identify E(a) with E, for a € E, and with @ for a € E.

Let EC C" and F C C". We let E(F) C C" denote the set of all points of E
whose projection to C” is contained in F; i.e.,

E(F)= | E(a).
a€F

1.1.3. Domains and Product Domains. By a domain in C" we will mean
an open and connected subset of C", although we will have occasion to drop the
connectivity assumption. We let D denote the boundary of the domain D. In
general, for any subset E of C", we let E denote the closure of E. For a bounded
domain D, we call the closure D = DU 8D of D a closed domain.

To represent a domain D in C" more concretely, as described in 1.1.1 we
consider n coordinate planes C. (j = 1,...,n) on the same plane C. Tak-
ing a point 2 (j = 1,...,n — 1) on each coordinate plane C; , we set 2’ =
(z},... ,24-,) € C™"'. On the coordinate plane C.,, we draw the section D(2’)
of D over z; = z; (j = 1,... ,n — 1) (identifying this section with its projection to
C., ). so that D(z’), which is a domain in C.,,, varies with the parameter z’ € C"~1.
The totality of these sections D(z'), varying in the complex plane C. , gives a real-
ization of the domain D in C". We remark that even if D is connected and simply
connected in C", a section D(z') in C., is not necessarily connected.

C. C

e Zn- 1

2

FIGURE 2. Representation of a domain



1.1. COMPLEX EUCLIDEAN SPACE 3

Let A; be a domain in the coordinate plane C. {j = 1.....n). The product
set A=A x...x A, in C" is called a product domain in C",and A; C C., is
called the z; component set of A. \WWhen n > 2 and each 4; is connected (but not
necessarily simply connected). the boundary 3A of the product domain A consists
of one connected component. The product domain A is connected and simply
connected if and only if each z; component set A, (j = 1.....n) is comected and
simply connected. In general, there is no easy way to describe. geometrically or
analytically, a domain in C". However. in the case of product domains A. we can
represent the comnponent sets of A on n separate coordinate planes. Often when we
need to choose a neighborhood of a point = in C". we will take a product domain
consisting of one simply connected component.

1.1.4. Complex Hyperplanes, Polydisks, and Balls. Let n and m (0 <
m < n) be positive integers. \We consider the space C" of n complex variables
Z1..-. . Zn. and the space C™ of m complex variables t).... .t,,. Let a;z (j =
1.....n: k=1,....m) be nm complex numbers such that the rank of the matrix
(a;x) is equal to m, and let &; (j = 1.... .n) be any n complex numbers. Consider
the mapping T from C™ to C" sending (t;.... .t,,) to (z1.....z,) by the rule

zj=aj|f|+"'+ajmtm+bj (J=1....n).

We call the image set L := T(C™) an m-dimensional complex hyperplane in
C". In particlar, when m = 1, L is called a complex line. An m-dimensional
complex hyperplane can also be given as the solution set of a finite number of
simultaneous linear equations for n unknown complex numbers z,.... . 2,.

Let E C C" and let L = T(C™) be an m-dimensional complex hyperplane in
C". Then EN L is called the section of E in L in C". We often identify £EN L
with its pre-image T-'(EN L) in C™.

REMARK 1.1. We can identify C" with real 2n-dimensional Euclidean space
R2?". Under this identification. an m-dimensional hyperplane L in C" is always a
real 2m-dimensional hyperplane. However, not all real 2m-dimensional hyperplanes
can be regarded as complex m-dimensional hyperplanes. For example. given two
distinct points p and ¢ in C”. the family of all real two-diinensional hyperplanes
passing through p and ¢ is a (2n — 2)-dimensional real-parameter fanily. among
which exactly one plane is a complex line.

Leta = (a)....,a,)€C"andr; >0(j=1..... n). We call the subset of C"

given by
Az -a] <y (J=1.....n).

the (open) polydisk centered at ¢ with polyradius r, (j = 1.... .n). This is a
special type of product domain. In particular, when r; =7 (j = 1,... .n), we call
A a polydisk with radius r. We allow r; = +2c. The closure A of A is called a
closed polydisk. If n = 2. A is called a bidisk.

For a polydisk A centered at a with polyradius r; (j = 1.... .n). we call

E g —gajl =7, (=1....n)

the distinguished boundary of A. The topological boundary JA of A in C" is
a real (2n — 1)-dimensional set which contains the real n-dimensional distinguished
boundary £.
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Let a = (ay,... .a;) € C" and let r > 0. We call the subset of C" given by
B:|lzy—a)>+-+|zm—au?<r?
the open (Euclidean) ball centered at a with radius r and
Q: |la~aP +- -+ |zn—an2 <r?
the closed ball centered at a with radius r. We often use the simple notation:
Iz —all:=(l21 = @1 + - + |z ~ @n[})'?
for any z,a € C".

REMARK 1.2. Let Q be the closed ball centered at the origin with radius r in
C" and let L be a complex line passing through the origin in C". Define Q" = QNL.
Then the projection C; of Q' to each coordinate plane C., is a disk centered at

z; = 0 (possibly of radius 0). Furthermore, if we let rj (j = 1,....n) denote the
radius of the disk C, (j = 1,... ,n). then r? = 3°7_, r%. 50 that the Euclidean area

mr? of Q" is equal to the sum = }__, 72 of the Euclidean areas of these disks.

1.1.5. Boundary Distance. Let D be a domain in C”. For z’ = (z].... .2},)
€ D, the supremum of r > 0 such that the closed ball

Q& la-fHP+ iz - <r?

centered at :’ with radius r is contained in D is called the (Fuclidean) boundary
distance from 2z’ to 8D and is denoted by dp(z’). Note that |dj(z’) — dp(2")} <
||z = 2”|} for z’.2” € D. The boundary distance thus defines a positive-valued.
continuous function dp(z) on D called the boundary distance function on D.
For EC D,

dp(E) := ,‘22““(2)
is called the boundary distance from E to 9D.

We also consider another kind of boundary distance. For 2’ € D. the supremum
of r > 0 such that the closed polydisk

A, |z -Zl<r (j=1...,n)

centered at 2’ with radius r is contained in D is called the polydisk boundary
distance from z' to 8D and is denoted by §5(2’). For E C D,

dp(E) == inf 6p(2)
is called the polydisk boundary distance from E to dD.

For D C C® and £ C D. EN D is called the closure of E in D. f END
is compact. we say E is relatively compact in D and we write E CC D. For
example, if D is a bounded domain in C”, and if the Euclidean or polydisk boundary
distance from E to 3D is positive, then E is relatively compact in D. However,
this is not true in general if D is unbounded.
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1.1.8. Compactification. We often want to add ideal boundary points to
C" in such a way that the new space becomes compact. If n = 1, there is a unique
compactification obtained by adding one ideal boundary point to C; this gives the
Riemann sphere C. If n > 2. there are several possible compactifications of C";
we discuss two standard ones.

1. Osgood Space. In C" with coordinates z,,... .z,. let é;, (j=1,....n) be
the Riemann sphere of the coordinate plane C.,. The product space

¢"=C., x...xC,,

is called n-dimensional Osgood space. Thus. in a sense, n-dimensional Osgood
space C" is constructed by adding n copies of (n — 1)-dimensional Osgood space
Cr-'two C.

The mapping ®(z).... .z,) = (wy.... ,w,), where

a;jz; + bJ' .
) = ——— a,d, —bjc, #0, j=1....,n
77 ¢z +d, (a,d, —bjc, #0. j ,1)
are linear fractional transformations, defines an analytic bijection from C" to C".
These transformations are transitive on C": i.e., given any point (z},...,2,) € C",
there exists ¢ as above with ®(z}....,2,) =(0,....0).
2. Projective Space. Let 2’ = (2{.2]....,z,) and 2" = (z.2}.....z)]) be

points in C"+! \ {0}. We call these points equivalent if there exists ¢ € C \ {0}
such that z} = ¢z} (j = 0,1,...,n). The equivalence classes in C"*' \ {0} form
an n-dimensional space called complex projective space, which we denote by
P". The coordinates z = (2. 2),... .2,) are called homogeneous coordinates

for P™ and will be denoted by [29: 21 :...: z,]. If n =1, P! := P is equal to the
Riemann sphere C.
We get a bijective correspondence by sending the point z = [29: 2, : ... : 2]

in P with zp # 0 to the point « = (w).... ,w,) in C", where
w;=1,/2 (F=1,....n).
The set of all points z = [29: 21 : ... : z,] € P" with 2, = 0 can be identified with
the (n — 1)-dimensional complex space consisting of all points with homogeneous
coordinates (2),... ,z,) in C"\ {0}. Thus P" is a compactification of C" obtained
by adding the space P™~! as the set of ideal boundary points to C*. We call C"
the finite part of P® and P"~! the hyperplane at infinity: the coordinates
w = (w,... ,w,) are called inhomogeneous coordinates for P" \ P!,
Let m < n be a positive integer and let

Li(2) = aoxza + 81521 + - - + @ni2n (k=1....,m)
be linear functions of z = {29 : z; : ... : z,]. The set H of all points z € P* which
satisfy the equations L,(z) = --- = L, (z) = 0 is called a complex hyperplane

in P". When the functions Ly(z) (k = 1,... .m) are linearly independent. H is
(n — m)-dimensional and may be considered as an (n — m)-dimensional projective
space.

Let A = (a;;) be an (n+1.n+1) matrix with non-zero determinant. The linear

wj =agjzp + 61,21 + - + Gny2n (j=0.1,... .n),
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is an analytic bijection between P" with homogeneous coordinates z and P" with
homogeneous coordinates w. We call ¥ a projective transformation of P".
These transforinations are transitive on P”: given any point with homogeneous
coordinates [2p : 21 : ... : 2,] € P", there exists ¢ as above with ®([zp: 21 :...:
Z))=[1:0:...:0].

1.2. Analytic Functions

1.2.1. Power Series. Fix a = (a;,... .a,) € C" and consider a power series
centered at a in the n complex variables z;,... ,z,:

P()= Y. ay. . (Gi—@) (2= an)
N n 20
The set of all points ' in C” such that P{z) converges uniformly in some neigh-
borhood of =’ is called the domain of convergence of P(z) and is denoted by
Dr. Clearly Dp is open.

REMARK 1.3. If n > 2, there nay exist points =’ € Dp for which P(2') con-

verges. For example. in C? with coordinates (2. z). consider the power series
Plzrz) =2+ 222+ 223+

centered at (0.0). Then Dp is the bidisk (]z;] < ¢) % (|z2] < 1). while P(z,. 2,)

converges at any point on the complex line z; = 0.

If the domain of convergence Dp of a power series P(z) is not empty. then
P(z) defines a continuous function on Dp that has partial derivatives 9P/9z;. j =
1.....n. which are obtained by termwise differentiation of P(z) with respect to
3j. j = 1,... .n. Here we define 3/8z; in the usual calculus sense: for more on
these differential operators. see Remark 1.6 in section 1.3.2. A complex-valued
function f(z) defined in a domain D in C® is called analytic in D if f(2) can be
represented by a convergent power series in a neighborhood of each point in D.

Let D be a domain in C” and let a = (a,.... .a,) € C". If whenever 2’ =
(z1.-.- .2,,) lies in D, the entire distinguished boundary

l:_y"a)l='5_'j“a_r| (j=1,....n)

of the polvdisk |z; —a,| < |2} - a,| (j = 1.... .n) is contained in D. then D is

called a Reinhardt domain centered at a. If. moreover. 2’ = (2].....2,) € D
implies that the entire closed polydisk

lzy—al < lzf~ay) (G=1....n)

is contained in D, then the Reinhardt domain D centered at a is said to be com-
plete.

PRroPOsSITION 1.1. The domain of convergence Dp of a power series P(z) cen-
tered at a in C" is a complete Reinhardt domain centered at a.

PROOF. If ' = (z].... ,z}) € Dp. then the terms
gy gn (2 = @Yt (2, — an)|

in the series P(z’) converge to 0 as j; + ... + j, — >. Hence it suffices to prove
that if the ternis in the series P(z’) are bounded. then P(z) converges uniformly
on each compact subset of the polydisk

A |z —a] <12 —a)l (j=1....n).
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Thus we assume there exists an A{ > 0 such that

lay,.. sa(zi — @)t (2, —an)"| S M
for all j;.....j,. Let 0 < p < 1. In the closed polydisk

fzj —a,l < plz;—a;]  (j=1....n)
we have

Z lay ... ga(zr—a) - (20 = “u)jnl

J1eeda20
o M
T
Jrees Ja20 (1-p)
Thus P(z) converges absolutely and uniformly on any compact subset of A. Since
2’ was an arbitrary point of Dp. it follows that Dp is a complete Reinhardt domain
centered at a. (]

1.2.2. Associated Multiradius of Convergence. Let r = (r;,... .7,) be
an n-tuple of positive nuinbers. Let P(z) be a power series centered at a =
(ay.... .ay) in C". If P(2) is convergent in the polydisk

A |z —a,)) <1y (J=1....n)
and is divergent in the product domain
|25 —a;| > ry (j=1....n).

then r is called an associated multiradius of convergence of P(z). Note that
we make no assumptions for points on the topological boundary of A.

An associated multiradius of convergence can be determined by the following
formula.

THEOREM 1.1 (Hadamard). Ifr is an assoctated multiradius of convergence of
P(z). then

my, 4 g 7 “‘J'\'/lﬁj.wu,‘,‘lrf’ ceemit =1 (1.1)
PROOF. Let r = (ry....,r,) be an associated multiradius of convergence of

P(z)and let p:=limj, .. .j, —~x '~ ”{/laj,w salT) -7l . We prove that p = 1
by contradiction. If p < 1, fix p’ with p < p’ < 1. Then

1%+ I 7
VN Il <o

for all but a finite number of n-tuples (ji....,js). Then for any ' satisfying

15 -ai=2 (=1,
we have
laj,...5u (21 — @) -+ (2 —an)"] <1
for all but finitely many terms. Thus. as noted in the proof of Proposition 1.1, P(z)
is convergent in the polydisk [2; ~a,| < r,/p’ (j =1.... .n). Since 0 < p’ < 1. this
contradicts the fact that r is an associated multiradius of convergence of P(z).
On the other hand. if p > 1, fix p’ with p > p’ > 1. Then

7 flay, e 24
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for infinitely many n-tuples (j;,... ,jn). Then for any z’ satisfving
T .
lz_’,—a,l:j (G=1....n).
we have
Ia)':-m -J‘n(z; —ag)t.-- (3:. —a,)y"| >1
for infinitely many terms. Since p’ > 1, this again contradicts our assumption that
r is an associated multiradius of convergence of P(z). C

The theorem implies that the power series 3P/9z, obtained by differentiating
each term of P with respect to z; is a power series centered at a having the same
associated multiradius of convergence as P.

REMARK 1.4. We have 2° € Dp if and only if there exist a neighborhood § of
2% in C" and constants M > 0 and 0 < p < 1 such that

lajy.... ju (21 = @) <+ < (20 — @)™ | < Mp/t7"n
for all j = (ji,...,jn) and z € 8.

1.2.3. Convexity of Domains of Convergence. Thus far, the theory of
power series of several complex variables has not differed significantly from the
theory in one complex variable. In this section. we will study a type of convexity
occurring in all domains of convergence Dp.

Let D be a complete Reinhardt domain centered at a = (a,....,a,) in C" and
let £(21,... ,2n) := (u1,-.- . uy). where

uj:=log |z, —aj | (G=1....,n)

thus £ is a mapping from C" \ {a} into R". We let D denote the image of D under
L. If D is geometrically convex as a subset of R". we say that D is logarithmically
convex in C".

THEOREM 1.2 (Fabry). The domain of convergence Dp of a power series P(z)
centered at a in C" is logarithmically convez in C".

PROOF. Let ‘5p C R" be the image of Dy under the mapping £. We will use
uj....,u, for coordinates in R". Associated to each term

Oy a2t —@1P" -+ (20 — @n)"
of the power series P(z), we let H(;, be the half-space in R" defined by
Hgy @ hiwn+ -+ jaun +log la,, 5,1 <0.

A point v’ € R™ belongs to Dp if and only if there is a neighborhood V of u’
in R” such that V C Hyj, for all but finitely many j = (ji,...,Jjn) (this follows
from Remark 1.4). Since Hyj) is a half-space, it follows that if u’ and u” are
contained in Dp, then the segment [u’, u”] in R" is also contained in Dp. Thus Dp
is geometrically convex in R". G

This fact was discovered in 1902 by Fabry [18]; it shows that the domain of
convergence of a power series in several complex variables has very special prop-
erties. The theorem implies that the zero set of a holomorphic function of n > 2
complex variables does not contain isolated points.
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ExaMpLE 1.1. In C? with coordinates z; and z., let
Plarza) = 3 apusle
2k20
be a power series about (0.0). If the donain of convergence Dy of P(z,. z2) contains
the polydisks
|21l < 1. |za] < 0 and l21] < o¢, |22] < L.

then Dy is all of C2.

1.2.4. Estimation of Coefficients. \We next study the Cauchy estimates for
coefficients of power series. Let

P(Z) = Z 0)1.‘.‘.1..(21 - al)J‘ sz — an)j"
Jren gu20

be a power series centered at a € C" and let Dp be the domain of convergence of
P(z). Let

A:lz,-a) <, (j=1.....n)
be a closed polydisk contained in Dp, and fix Af > 0 such that
[P(2)] <M in A.
THEOREM 1.3 (Cauchy Estimates). The coefficients of P(z) satisfy

M
y <——'_.‘.
ol S

lay;...

PROOF. Let v = (v....,r,) be an n-tuple of integers. Then

27 2%
; ; 0, v#(0,....,0),
... i9, L T 00 \Vu ene =
‘/‘; A (8 ) (e ) dol don { (27'.)71' V= (0‘ . ’0).
where i2 = ~1. We let £ denote the distinguished boundary of A, i.e., £ : |z;—a,| =
7, (f =1,...,n), and we form the integral

- P(z)
! —//e r @)t (2 =gt 1A

By integrating term by term, we obtain

I=(2r)"a,... ;.-
On the other hand, standard estimates for the integral yield
|1 Bm"M
,—;‘ N
and the result follows. ]

COROLLARY 1.1. If two power series P\ (z) and P2(z) centered at a in C" agree
in a neighborhood of a, then they are identical.
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1.3. Holomorphic Functions

1.3.1. Definition. Let f(z) be a complex-valued function defined on a domain
D in C". If f(2) satisfies the following two conditions:

1. f(z) is continuous in D, and

2. f(z) has partial derivatives 3f/3z; (j=1.....n) in D,
then we say that f(z) is a holomorphic function on D. For a closed subset E of
C". we say f(z) is holomorphic on E if f(z) is holomorphic in a neighborhood
of E. In particular, we often use the terminology that f(z) is holomorphic at a
point a if f(z) is defined and is holomorphic in a neighborhood of a in C".

By this definition. a holomorphic function f(z) is necessarily holomorphic in
each variable z; (j = 1.... ,n) separately. Thus, many propeties for holomorphic
functions of one complex variable remain valid for holomorphic functions of several
complex variables.

One of the most important properties is the Cauchy integral representation
of holomorphic functions on polydisks. Let D be a domain in C" and let a =
(aj.... .a,) be a point in D. Let

Az ~a,|<T; G=1,....n)

be a closed polydisk centered at a which is contained in D: as usual we let £ be the
distinguished boundary of A.

THEOREM 1.4 (Cauchy Integral Formula). If f(z) is holomorphic on D, then
f(2) has the following integral representation in A:

_ b [ .. Ca)
f(z‘““ -Zn) B (2777')" —/ -/t: (Cl - Zl)"‘((n - 3n) dCl d(n-

PROOF. The proof is by induction on the dimension n. For n = 1 this is the
classical Cauchy integral formula. We now assume the result is true in dimension
n — 1. Fix any point z = (z;,....2,) in A. Since f(z) is holomorphic in the
complex variable z;, we have from the one-variable case that

A [ Sz 2)

2yen 1 2p) = — d¢,. 1.2

f(=2 n) = 7= A G—a G (1.2)

where £, = {|z1 — aj] = n}. Now fix any point {; on the circle €. Then
f(&, 22, . .., 2q) is a holomorphic function of the n — 1 complex variables z2,.... .z,

on the closed polydisk A : |z, —a,| <, (j =2.....n) in C*~'. It follows from
the inductive hypothesis that

VRN S f(61.G2y - Cn)
[z """(m)"-'/ /,(c-z—:-.»)m(c,.—m)"‘* -

where £’ denotes the distinguished boundary of A’. We substitute this formula
into (1.2) to obtain an iterated integral. Since f(z2) is continuous in D, the iterated
integral can be replaced by the desired integral formula. 0O

REMARK 1.5. This proof also gives a Cauchy integral formula for holomorphic
functions f(z) in D when the polydisk is replaced by any product domain A =
A) x...x A, contained in D having boundary component sets A, which consist
of smooth curves in the plane C. . Here, the integration takes place over the n
real-dimensional set dA; x --- x 9A,,.
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It follows from Theorem 1.4 that any holomorphic function f(z) in D has partial
derivatives of all orders with respect to each variable z, (j = 1.... .n) at any point
of D and the resulting functions are also holomorphic in D. Furthermore, in any
closed polydisk A C D centered at a point a in D, f(z) can be expanded into an
absolutely and uniformly convergent power series P(z); hence f(z) is analytic in
D. Thus the holomorphic functions of several complex variables are also analytic.
just as in the case of one complex variable. By the Cauchy integral formula, we can
write any partial derivative

oIt T f

dz)' -9z (2)

of f(2) as
Jn f(rs-oo . Ca) -
(2m)n / /; (Gt — 21) - (G — zn)in ) dy -+ -dy,.

It follows that if we write

f(z) P(Z) z a);.....)..(zl - al)'n o l%n — 0"))"

JieJa2U

in A. then the coefficient a,, is given by

o £ -Ga)
°"""'J"‘(2m‘)"/ /;(c.-a.)fl+'—-~(c.,—an)fu+' A dn

1.3.2. Cauchy-Riemann Equations. In this section we study the real and
imaginary parts of a holomorphic function of n complex variables z = (z,.... , z,).
We write

2, =z + ty; (?=-1j=1,...,n),
where z, and y; are real numbers. For a holomorphic function f(z), we set
f(z) = u(z.y) + iv(r.y).

where u(z, y) and v(z. y) are the real and imaginary parts of f(2); = = (z).... .zn)
and y = (y1,-.- ;yn). From the one-variable Cauchy-Riemann equations for each
z; (j=1.....n), we have

du v Ou ov .

a—%—%. '8'—!;—-5;; (_)-—l,....n). (13)
By differentiating these equations with respect to xx and yi, we see that both the
real and the imaginary parts of a holomorphic function satisfy the following system
of partial differential equations of second order:

&% &y &y Py .
~— + =0, - =0 k=1....,n). 14
0z;dx  Oy;Oyx Oz;0y.  Oxdy; U L 4

A function (., y) satisfying (1.4) is called pluriharmonic. If u and v satisfy (1.3).
we call v a pluriharmonic conjugate of u.

In general, a real- or complex-valued function ¢(z. y) defined on a domain D in
C" is said to be of class C? if it is of class C? with respect to the 2n real variables
z; and y;.
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For a real-valued function u(z,y) of class C? on a domain D in C", we define

the 1-form .
2\ du “. Su
w= - —dr; + —dy,.
ZayJ J ;dx’ Y,

Condition (1.4) for the function u is equivalent to the condition that w is locally
exact in D. In this case, if we take v with dv = w, then u and v satisfy condition
(1.3). If D is simply connected and we set

f(2) = u(z,y) +iv(z.y).
then f(z) is a holomorphic function of z.... ,z,.

REMARK 1.6. For a complex variable z, = z; + iy;. we define

2 1 ,3__,-_"_) i-l(_a_ﬂi

82,- - 2 81'_,' 8y,~ ’ iﬁj - 2 31',‘ 3yj )
Then condition (1.3) that the complex-valued function f(z;.... ., 2, ) is differentiable
with respect to the variable z; becomes

af

gj d 0-
Similarly, condition (1.4) that a real-valued function u(z;.... . 2,) is pluriharmonic
becomes

u )
&,_3;;_0 (].k—l....,n).

We will use these conditions for the rest of the book.

1.3.3. Pluriharmonic Functions. From the definition in the previous sec-
tion, it follows that a pluriharmonic function u(z) is a harmonic function with re-
spect to the 2n real variables z,,... ,z, and y;.... . y,, namely. 2;;,(8%/3:? +
3%u/8y?) = 0. Moreover. such a function is harmonic with respect to each complex
variable z; = x; + iy;:

Ou  Blu _
o o
Indeed, the following stronger condition is valid.

PROPOSITION 1.2. Let ¢(z) be a real-valued function of class C? in a domain
D C C™. Then (z2) is pluriharmonic in D if and only if for any complez line L,
the restriction of p(z) to L 0 D is harmonic as a function of one complex variable
on each component of LN D.

0 (=L....n).

PROOF. Let L : t — ct + b be a complex line which passes though a point
b= (b1,....b,) € D and has a direction given by ¢ = (c1,... .c,) € C"\ {0}. For
any t € C such that ct + b € D. we set

‘I’(t) =p(cit + by, ... .cht + by).
Then

> e ~ &y
ﬁ(t) - Z 3Zj32k
Jj.k=1

and the result follows. |

(ct + b)c,ex,
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As with Cauchy’s integral formula. Poisson’s formula in one complex variable
can be generalized to the case of n complex variables. Let D be a domain in C" and
fix a = (a),...,a,) € D. Let A be a closed polydisk centered at a and contained
in D:

Az -aj| <y (G=1,....n).
We set y
Tk
i+ p? - 2r,pjcos(d, - 9,)’

Fy(r;.p;.6,,05) =
the one-variable Poisson kernel for |z, —a,| < r;, where z; = a; + p;€'”. and define

P(r.p.0,9) = [] Pi(r;.p;.8,.9;).

j=1

the Poisson kernel for A ¢ C*. Forany z = (z)..... zn)in Ajie, z; = a;+p;e'
with p; < r;, a pluriharmonic function ¢(z) in D can be represented at z using the
Poisson formula

2% 2=
‘p(z,.....zn)=(-2~11t—)n—/0 /0 P(r.p,0.9) ¢(re' + a)dd, ---df,. (1.5)

where we use the notation re’? + a = (r, ' + a,.... ,rne" +a,).

REMARK 1.7. Poisson’s formula (1.5) is valid for any C? function ,5(z) which is
harmonic in each complex variable z, (j = 1,... .n). However, a function which is
harmonic in each complex variable z; (j = 1.... .n) is not necessarily pluriharmonic
in the n complex variables z = (z;.... .z,). For example, in C? with coordinates
z1 = 1) + iy, 22 = T2 + iy2. consider the function

v(21.22) = T T2y2.

This function is harmonic in each complex variable z; and z,. but it is not pluri-
harmonic in z = (z), z2).

If (C) is any real-valued function of class C? on the distinguished boundary
of the polydisk A in C", n > 2, the function (z) in A defined by the Poisson
integral formula (1.5) is harmonic in each complex variable z; but is not necessarily
pluriharmonic in z = (2),... .2,).

1.3.4. Elementary Properties of Holomorphic Functions. We list some
elementary properties of holomorphic functions of several complex variables which
are proved by the same methods as in the case of one complex variable.

1. Liouville's theorem. Let f(z) be an entire function in C"; ie.. a
holomorphic function in all of C*. If |f(z)| is bounded in C", then f(z2) is
a constant in C". More generally, let A, : |2;] < r (j = 1,....n) and let
M(r) = Max{|f(z)] | z € A,}. If there exists an integer v > 1 such that

rll‘n:c M(r)/r* =0,

then f(z) is a polynomial of degree at most » — 1 in C".

Contrary to the case of one complex variable, there exist domains D in C". n >
1, with C"\ D having non-empty interior but such that every bounded holomorphic
function in D is constant. For example, we will soon see (as a consequence of
Osgood’s theorem in section 1.5.2) that the complement of a ball has this property.
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2. Identity theorem. Let f(z) and g(:z) be holomorphic functions in a
domain D in C". If f(z) = g(z) for all z in a non-empty open set J in D, then
f(z) = g(z) in D. Hence, analytic continuation of holomorphic functions in several
complex variables can be performed as in the case of one complex variable.

Contrary to the case of one complex variable. the zero set of a holomorphic
function in a domain D C C". n > 2. contains no isolated points. Thus. even if
f(z) = g(z) in a set with accumulation points in D. it does not necessarily follow
that f(z) = g(z) in D. For example, in C? with variables = and w. we can take
f(z.w) = z and g(z.w) = 2%,

3. Maximum principle. Let f(z) be a holomorphic function in a domain D
in C". If | f(z)| attains its maximum at a point of D, then f(z) is constant in D.

Contrary to the case of one complex variable, in soine domains D in C", n > 1,
there exists a proper closed subset e of D such that any holomorphic function
f(2) in D with continuous boundary values attains its maximum modulus at a
point of e. Given D C C", the smallest set e C D with this property is called
the Shilov boundary of D. For example, the Shilov boundary of a polydisk
|2, <, (j =1,... ,n) is the distinguished boundary [z, =1, (j = 1.... .n): on
the other hand. the Shilov boundary of an open ball B is the topological boundary,
the sphere 3B.

4. Weierstrass' theorem. Let {f;},-12... be a sequence of holomorphic
functions in a domain D in C". If {f;} converges uniformly on each compact set
in D. then the limit function f(z) is a holomorphic function in D.

Let {f;} be a sequence of holomorphic functions in D which are uniformly
bounded in D; i.e.. there exists Al > 0 such that |f,(z)] < M (j =1.2....) in D.
Then Stieltjes’ theorem holds: if { f,} converges uniformly on a non-empty open set
§in D, then {f,} converges uniformly on each compact set in D. However. Vitali's
theorem does not necessarily hold: if we replace § by a set with accumulation points
in D. {f;} might not converge uniformly on each compact set in D. For example.
take D to be the unit bidisk centered at the origin in C? with variables = and w.
and take f;(z,w):=(-1)722, j=1.2,....

5. Montel’s theorem. Let F be a family of holomorphic functions in D.
Assume that there exists an M > 0 such that |f(z)] < M in D for all f € F. Then
F is uniformly equicontinuous in D and hence is a normal family. By Picard’s
theorem we can replace the uniform boundedness by the condition that there exist
two different complex values a and b such that each f € F omits the values a and
bin D.

6. Rado’s theorem. Let f(z) be a complex-valued continous function in D
and let e be the zero set of f(z). i.e.. e = {z € D|f(z) = 0}. If f(z) is holomorphic
in D\ e. then f(z) is holomorphic in all of D.

REMARK 1.8. Although Rado's theorem is inportant in the theory of functions
in one and several complex variables, its proof is not often given in standard text-
books. Below we give the proof in the case where D is the unit disk in one complex
variable.

PROOF. Let A :|z] < 1in C. and let f(z) # 0 be a continuous function in &
with [f(z)] < 1. We let e denote the zero set of f(z) in A. and we let ' denote
the interior of A \ e. Let u(z) = Rf(z) on A. We form the harmonic function u(z)
on A, where u(z) = u(z) on A. by use of the Poisson integral formula. It follows
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from the maximum principle for harmonic functions that for any v > 0.

vlog |f(2)] S U(2) —u(z) < —vlog |f(2). z€A.
Hence #(z) = u(z) on w. Similarly, we have ¥(z) = v(z) in w for v(z) = 3f(2).
We set f(z) 1= u(z) + i¥(z) in A. Since f(z) = f(z) in w. it follows that f(:) is
holomorphic in A. On the other hand. both f( z) and f(z) are continuous on A
and the zero set of f (2) is isolated in A: hence. e is isolated and f(z) = f(z) in
A.

1.3.5. Holomorphic Mappings. We let z = (z2).....z,) denote the vari-
ables in C" and w = (w).... .uy,) those for C™. Let D C C" be a domain and
let fi(z) (k =1,....m) be holomorphic functions in D. We call

T : we= fi(z) (k=1,....m)
a holomorphic mapping from D into C™. If T(D) ¢ D' ¢ C™, then T is
called a holomorphic mapping from D into D’.

Let T : wx = fi(z) (k =1.... .m) be a holomorphic mapping from D into D’,
and let g(w,.... .w,,) be a holomorphic function in D’. Then
G(2) = 9(fi(2).... . fm(2))
is a holomorphic function in D which satisfies
dz;  Ow, 0z, Ow, 9z,
For a holomorphic mapping T : uwy = fi(z) (k= 1.....m), we call the mnatrix
O(frs-.-  fm) (Wk) .
_— = =1l.....nnk=1,....m
O(z1y.en o 2n) 0z; G )
the (complex) Jacobian matrix of T. In the case m = n. the determinant
a(fl9~-- *.fn) — l(%)
3(:,‘...,zn) 33,‘
is called the (complex) Jacobian determinant of T.

G=1....,m).

(. k=1,....n)

Let Ty : wx = fi(z) (k =1,...,m) be a holomorphic mapping from D, C C*
into D, C C™ and let T : vy = gx(w) (k = 1.....l) be a holomorphic mapping
from D, into D3 C C'. Then the composition T = T30T] is a holomorphic mapping
from D, into Dj. If we write T : v, = hi(z) (k = 1,....l), then we have

... . k) dg,....q) h.....[m) (1.6)

Nzyeeozn)  O(wy.e....wy) 8(z21..... 2a) ’
Inthecasen=m =1,

a(hy.... .hy) _ (g1 ... gn)| |9(f1....  fu)

8(z1.... ,2n) A(w.....w,)| [8(z..... )|

We prove the following.

PROPOSITION 1.3. Let T : wy = fi(z) (k = 1.... ,n) be a holomorphic map-
ping from D C C" into C". Suppose there exist 29 € D and wy = T(zp) such

that .
Afre-.. - fu)

a(Z[....,zn) #0 at zZ = 2.
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Then T is a bijection from a neighborhood 6 of zy onto a neighborhood &' of wy.
and the inverse mapping T~ is a holomorphic mapping from &' onto 4.

We call T a biholomorphic mapping between 4 and §’. and we say that §
and ¢’ are biholomorphically equivalent.

PROOF of Proposition 1.3. Let z, := z; + iy; and wy := ux + ivx. From the
Cauchy-Riemann equations,

B(ur.vr.-.. Un.tn) _ frifreeav S fn)

Nz Yre-- ZnYn)  O(21.31.-.. .24, 3n)
_0(f1----=fu=7|~~---7n)__ ... Sl L.
i - Sl - emren TG A

It follows that T is a bijection from a neighborhood § of 2, onto a neighborhood ¢’
of wy.
We write T~ : z; = gj(w1,@).... .wn.Ts) (j = L.... .n). s0 that

z) =g)(f|(z)'m"" 'fﬂ(z)sfu(z)) (] =1.... .").
Thus, for each j.k (j.k=1.....n),

=9 _ @J_ 3fl) . 9 (Bf.;) o
0= ask = a_»l (a"k tot 5, Wn d-k in 0.

By taking a smaller neighborhood 8 of =y if necessary, we may assume

Ah.... . fa)
8(2..... zn)#o in .

Then we have 3g,/0w, = 0 (k = 1,... ,n) in §'. Hence g;(w) (j = 1....,n) are
holomorphic functions in ¢’ m]

The converse of Proposition 1.3 is also valid: this may be seen using (1.6):
if T is a biholomorphic napping from § C C" onto 4’ C C". then the Jacobian
determinant of T does not vanish in 4. Indeed, using arguments from the next
chapter, we will see that the conclusion is true without the assumption that T-! is
a holomorphic mapping (see Remark 2.8).

1.3.6. Plurisubharmonic Functions. In the theory of functions of one com-
plex variable, the study of both harmonic and subharmonic functions is important.
In the theory of functions of several complex variables. the study of plurisubhar-
monic and pluriharmonic functions plays a much more important role than the
study of subharmonic and harmonic functions in the underlying 2n real variables.

Let »(z) be an uppersemicontinuous function defined on a domain D in C"
with -2 < ¢(z) < +20. If the restriction y ;~; of ¢(2) to any complex line
L in D is a subharmonic function of one complex variable on each component of
LN D, then p(z) is called plurisubharmonic in D. For convenience. the function
#(2) = =2c on D is considered to be plurisubharmonic in D.

If —p(2) is plurisubharmonic in D, (z) is called plurisuperharmonic in D.
If both ¢(z) and —(2) are plurisubharmonic in D, then y(z) is pluriharmonic in
D. This is clear from Proposition 1.2 if () is of class C? in D.

If f(2) is holomorphic in D. then |f(z)] and log | f(z)| are plurisubharmonic in

For functions of class C? in D, we have the following criterion for plurisubhar-
monicity.
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PROPOSITION 1.4. Let p(z) be a real-valued function of class C? on a domain
D in C*. Then (z) is plurisubharmonic in D if and only if the complex Hessian

matrix of ¢(z),
&y -
(azlaik)JJt:l”...n ) (l‘)

is positive semidefinite at each point z of D.

PROOF. Fix z = (21,...,2,) € Dand let ¢ = (¢).... .Ccn) € C" satisfy ||c]j? :=
le |2 +---+ |ea]? = 1. For t € C with |t| < 1. we let

B(t) := (et + 2y.... .cut + 2)

be the restriction of  to a small disk centered at : and in the direction of c. Then

(0) 2 a., (z)c,ck

which proves the proposition. 0

If the complex Hessian matrix (1.7) of ¢(z) is positive definite at zg € D,
then ¢(z) is said to be strictly plurisubharmonic at z,. 1If ¢(z) is strictly
plurisubharmonic at all points of D, we call (z) a strictly plurisubharmonic
function in D.

The following properties of plurisubharmonic functions follow from the analo-
gous properties of subharmonic functions of one complex variable.

1. Let (z) be a plurisubharmonic function in D. Let A : |z; — a;] < r, (=
. .n) be a closed polydisk in D and let P(r.p,0,9) = n):l..“. Py(ry.p,.6,.9,)
be the Poisson kernel for A, where z; = a; + p,e'”; and
-6
2+ p2 — 2r,p, cos (8, — 9;)
From the subharmonicity in each variable, we obtain

Py(r;.p;.6;,9,) ==

o(21,-- 42n)

1 2% 2x |
< (2m)" / P(r.p,0.9) p(a+r1”, ... . an+rne")do, ---db,.

In particular, setting p; =0 (j = 1.... ,n), we have

1 2 2x ) v
& —_ - 5 0, i . A
#(a) < (2“),./0 L wlay+re?, ... .ap+rpe)dd, ---dd,

Multiplying each side of this inequality by r; ---r, and integrating from r; = 0 to
r; (j =1,... ,n), we obtain

1
V’(a) S V‘/”:/ Y”‘(zlv"- Qz")va
A

where V is the Euclidean volume of A and dv denotes the volume element in C".
2. If 1(z) and ¢2(z) are plurisubharmonic in D, then so is

#(z) = max(p1(2),p2(2))-
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Furthermore, let {0, }.c be a family of plurisubharmonic functions in D which
are locally uniformly bounded above. Then the uppersemicontinuous regularization

8(2) := Tawfsup 0.(2)
=32 ¢l

of the upper envelope sup,¢; . (z) is plurisubharmonic in D.

3. Let ¢(z) be plurisubharmonic in D and let £(¢) be a (real-valued) convex
increasing function on —o0 < t < 2. Then ¥(z) := £(y>(2)) is plurisubharmonic in
D.

4. Let {¢n}n=1.2.... be a sequence of plurisubharmonic functions in D. If {,}
converges uniformly on compact subsets of D, or if {¢n } is monotonically decreasing
in D, then the limit function is plurisubharmonic in D. This last fact. combined
with 2, implies that if {¢n}n=1.2... is a sequence of plurisubharmonic functions in
D which are locally bounded above. then

lim [lim »,(z")], : €D,
z'—z N—>C
is a plurisubharmonic function in D.

5. (Invariance under holomorphic mappings) Let »(z) be plurisubharmonic in
D and let
T: z=g,(w) (G=1....n)
be a holomorphic mapping from a domain D’ in C™ with coordinates w = (w,.... .
wy,) into D. Then
G(w) := g(g1(w), ... ,gn(w))
is plurisubharmonic in D’.

1.8.7. Hartogs Series. In this section we describe another type of series
representation for holomorphic functions. To simplify the discussion we consider
the product space C**! = C™ x C of the n + 1 variables z,.....z,,w, where
(21,..- y2n) € C" and w € C. Let D be a domain in C” and let a be a point in C.
We consider a power series

x<
H(z,w) =Y _a,(z)(w-ay (1.8)
j=0
in the single variable w centered at a, where the coefficents a,(z) (j = 0.1.2....)
are holomorphic functions in D. We call such a power series a Hartogs series in
w centered at a.

Let DCC*, A={we€C:|w-a|] <r} and set G := D x A. Then any
holomorphic function f(z,w) in G can be represented by a Hartogs series (1.8) in w
centered at a. Each coefficient a;(z) can be obtained as follows: if we fix a radius
10 (0 < rg < r) and a circle 79 : Jw — a} = ry centered at a. then

f(z,4) :
% .’omdc (]—0.1.2,...).
Given a Hartogs series H(z, w), let Dy be the set of points (z’.w') € C**! such
that H(z.w) converges uniformly in a neighborhood of (z’,w’). We call Dy the
domain of convergence of H(z,w). As we now show. the domain of convergence
of a Hartogs series is convex in a sense similar to the logarithmic convexity of the
domain of convergence of a power series.

aj(z) =
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Let D be a domain in the product space C"*! of the n complex variables
Z),... ,2n and the one complex variable w. If (z',w') € D implies
{Z}x{weC:|lw-al=|u"-al} CD.
then D is called a Hartogs domain centered at a. Moreover. if (z', ') € D implies
{Z}x{weC:lw-a|l<|u' —al} CD.
then the Hartogs domain D is said to be complete. In this case the projection of
D to C" is called the base of D and will be denoted by D
Let D be a complete Hartogs domain in C"*! centered at a. and let D be the
base of D. For any z' € D. the section D(2') of D over z; = z; (j = L...,n)
may be identified with an open disk centered at a of radius R(z’). Thus R(z)
defines a positive-valued function on D (which may attain the value +5c). We call
R(z) the Hartogs radius of D with respect to a. Since D is open. R(z) is a
lowersemicontinuous function on D.
If the function —log R(z) associated to the complete Hartogs domain D is
plurisubharmonic on D, then D is said to be logarithmically convex.

THEOREM 1.5. Let H(z,w) be a Hartogs series centered at a such that H(z, w)
is holomorphic for (z,w) in D x A CC" xC, whee DCC" and A = {w e C:
|w —a| < r}. Then the domain of convergence Dy of H(z.w) is a logarithmically
convez and complete Hartogs domain centered at a.

PrOOF. We may assume that a = 0 and H(z.w) = Z;;oaj(z)w’. We fix
D' xAp CC Dx A, where D' CC D and &g = {w € C: |w| < ry} with rg < r. By
our assumption, H(z, w) is a bounded. holomorphic function on D' x Ag. so that
there exists an M > 0 such that |a;(z)| < M/rj for all j = 0.1.... and z € D'.
Therefore. }log la,(2)] (j =0.1....) is a plurisubharmonic function in D’ with

%log la,(2)] < %log M-logry (G=0.1...). zeD' (1.9)

For z € D’. welet R(z) denote the radius of convergence of the Taylor series H(z. w)

in w, i.e., 1/R(z) = lim; . {/Ja,(z)]. We set

1/R(z) := :l,‘_,: (jliu;vlo,(z)l). €D,

D= L{) (z.T'(z)). where I'(z) = {w € C: |u] < R(2)}.
€D’

Using property 4 of plurisubharmonic functions from the last section, under condi-
tion (1.9) we see that —log R(2) is a plurisubharmonic function in D’. It follows

that D is a logarithmically convex and complete Hartogs domain centered at 0.
To prove the theorem. since D' CC D was arbitrary. it suffices to show that
= D'y := DN (D' x C). Clearly D'y is contained in D; thus we fix a point
(z w') € D and proceed to show that (z’. ') lies in D’'». Since D is a complete
Hartogs domain centered at w = 0, we can find a product domain & x I’ cC D.
where I' = {w € C : |w| < p'}. which contains the point (z',w’). Clearly p’ <
R(z) < R(z) for any z € §. Then H(z.w) is a holomorphic function in &’ x Ag.
and, for any fixed z € &'. the radius of convergence of the Taylor series H(z.w) in
w is greater than or equal to p’. From Remark 1.11 at the end of section 1.4.3. it

and
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follows that H(z,w) is a holomnorphic function in 4’ x I"; hence (:’. u’) belongs to
D'n.

REMARK 1.9. The Hartogs radius R(z) of the domain of convergence of the
Hartogs series H(z,w) is not always equal to the radius of convergence of the
power series H(z. w) with respect to w for fixed z € D. As an example, in C? with
variables (z.w), consider the Hartogs series centered at w = 0 given by

Hizw)=z+zw+ 2w +---.

Then Dy = C x {jw] < 1}. Hence R(z) = | on C. while the radius of convergence
R(0) of H(0, w) is +oc.

We can also consider a Hartogs-Laurent series centered at a in the w-plane:
i.e., a Laurent series in w of the form

x

L(z,w) = Z a;(z)(w —a)’, (1.10)

j==x
where each a;(z) is a holomorphic function on a domain D in C".
Let D be a domain in C” and let
A :n<jw—a|<r;

be an annulus centered at a in C. Set G* = Dx A*. Then any holomorphic function
f(z,w) in G* can be represented by a Hartogs-Laurent series (1.10). Furthermore,
if we take a circle 4y : |w — a| = ryp where r, < rg < rz, then we have

1 f(z.4) .
a,(z)—-ﬁ Mmd( (]-0.:!:1.i2....).

As in the case of Hartogs series, we can define the domain of convergence D¢ of
a Hartogs-Laurent series £(z.w): D, is a Hartogs domain centered at a. Given
2’ € D, the section D (2’) over z; = 2} (j = 1.... .n) of D¢ is an annulus centered
at a, which may be the entire u-plane C or all of C\ {a}. If we let R.(z) (R.(z))
denote the outer (inner) radius of D¢ (z) for = € D. then log R,(z) and — log R.(2)
define plurisubharmonic functions on D.

1.3.8. Riemann’s Removable Singularity Theorem. In this last section
of 1.3 we discuss Riemann's theorem concerning removable singularities for holo-
morphic functions. Let f(z) be a non-constant holomorphic function on a domain
D and let ¥ be the zero set of f(z) in D:

Y={zeD| f(z) =0}
Such sets will be discussed in Chapter 2.

THEOREM 1.6 (Riemann). Let g(z) be a holomorphic function on D\ E. If
9(z) is bounded in D\ X, then g(z) may be holomorphically ertended to all of D.

PROOF. Fix a € E. It suffices to prove that g(z) has a holomorphic extension
to a neighborhood of a in D. By using a suitable linear transformation in C". we
may assume that the section ¥’ C C._ of X over z; = a; (j = 1.... ,n— 1) consists
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of only one point a,, for z, near a, in C,,. Furthermore, since ¥ is a closed subset
of D, we can find a closed polydisk A = A x I in D, where

A : |z-ail<r G=1....n=-1),
I : Jza—aal <o

with the property that (Ax8I')NE = . Thus g(z) is holomorphic in a neighborhood
of A x OT; hence g(z) can be represented by a Hartogs-Laurent series centered at
an:

x
g(z) = Z a;(z1,... . 2n—1)(2n — @0 ).
)J=—x
where a,(z1.... .2n-1) (j = 0,£1,£2....) are holomorphic functions on A. To

prove the theorem, it suffices to prove that this series reduces to a Hartogs series;
i.e.,

aj(21,....2n-1) =0 for j <O.

To verify this. fix a’ € A. and let X(a’) be the section of T over z; = a) (j =
l.....n - 1). Since f(a’.z,) # 0 for 2, € I, we see that I N £(a’) consists
of a finite number of points in I'. Using the fact that g(a’, z,) is bounded and
holomorphic as a function of the single variable z, in I \ Z(a'), it follows from
Riemann's removable singularity theorem for holomorphic functions of one complex
variable that g(a', z) extends to be holomorphic in T'. Thus a,(a’) = 0 for j < 0,
and the theorem is proved. ]

1.4. Separate Analyticity Theorem

To obtain Cauchy's integral formula in section 1.3.1 we assumed that a holo-
morphic function of n complex variables z = (z.... , z,) was continuous in z and
had first partial derivatives with respect to each variable z; (j = 1.... .n). We now
show that the continuity is implied by the existence of these first partial derivatives.

THEOREM 1.7 (Separate Analyticity Theorem). A compler-valued function of
n complex variables (z;.... .2,) which has first partial derivatives with respect to
each variable z; (j = 1,... .n) is holomorphic as a function of n complex variables.

This theorem was discovered in 1906 by Hartogs. We give the proof by induction
on the dimension n. our primary inductive argument. In the case n = 1 the theorem
is trivial. Thus, assuming the theorem is true for n complex variables, we prove it
for n + 1 complex variables (z,w) in C**!, where z € C" and v € C. Since the
argument is local, we let A be a closed polydisk with center at the origin in C"+1,

A=AxT,
A lz;l <7 (G=1....n) F: [w<p
and we assume that f(z,w) is a complex-valued function defined on A which has

first partial derivatives with respect to each variable z,,...,z, and w. In this
setting we shall show that f(z,w) is a holomorphic function on A.
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1.4.1. Bounded Case. First we show that f(z.w) is holomorphic in A under
the assumption that f(z, w) is bounded on A; i.e., we assume there exists an M > 0
such that

If(z.w)| < M

for (2,w) € A. Since f(z,w) is holomorphic as a function of w € T' for each fixed
2 € A, it follows from the Cauchy estimates for one complex variable that if

flzow) =) a,(z) u’.

=0
then

@G S5 (=012, (111)
By Weierstrass’ theorein on locally uniformly convergent sequences of analytic
functions. it suffices to show that each a;(z) (j = 0.1,...) is holomorphic for z € A.
We prove this by induction on j, our secondary induction. For j = 0, we
have ag(z) = f(2.0). Since f(2.0) is holomorphic in A by the primary inductive
assumption, ag(z) is holomorphic in A. Now let { be any nounegative integer and
assume that each a,(z) (j = 0, 1.... .1) is holomorphic on A. To prove that a;+,(z)
is holomorphic in A. we consider the following family of holomorphic functions
{Fu(2)}uwer for z € A:

_fzw) = eay (2w

Fuls) = =
By inequality (1.11) we have
= M
Fe® € Yl € ———.
Z‘: P - L)

Thus {F,.(2)} is uniformly bounded on A for |w| < po < p. Since limy. g Fio(2) =
ar+1(2) pointwise for z € A, it follows from Weierstrass’ theorein that a;;,(2) is
holomorphic in A. Hence f(z.w) is holomorphic in A.

REMARK 1.10. We see from the proof that if, under the boundedness assump-
tion, we assume only that f(s,w) is holomorphic as a function of w € T for any
fixed z € A, and, in addition, we assume that there exists a sequence {w;} in ' with
w; # 0 and lim;_, . w; = 0 such that each function f(z,w;) is holomorphic as a
function of z € A, then we can conclude that f(z.w) is holomorphic for (z.w) € A.

1.4.2. Use of Baire’s Theorem. To prove the general case we will first use
the Baire Category Theorem to show that there exists an open set v in I such that
f(z,w) is holomorphic in A x 4. For each positive integer v we define

e, = {w €T | |f(z.w')| < v for each z in A}.
Since f(z, w) is holomorphic for z in A if w € T is fixed (by the primary inductive
hypothesis), we have

e, Cey (¥=1,2,...), Ge.,=l'.

v=1



1.4. SEPARATE ANALYTICITY THEOREM 25

Furthermore, e, is a closed subset of I. To see this, let w; (j = 1,2,...) be
a sequence in e, which converges to a point wy in I' and suppose, for the sake of
obtaining a contradiction, that there exists a point z’ € A such that |f(z’, wo)| >
v. By assumption, f(z',w) is holomorphic with respect to w in I' and hence is
continuous at wy. Thus

lim f(z'.w;) = f(2', wo).
J—x
which contradicts [f(z',w;)| <v (j =1.2,...).

From Baire's theorem. we deduce that at least one of the sets e, contains an
interior point. If we let v denote the interior of such a set e,, then |f(z,w)| is
bounded in A x 7. Using the result in the previous section. we get that f(z,w) is
holomorphic in A x 7.

1.4.3. General Case. In order to prove that f(z,w) is holomorphic in A in
the general case, we may assume from the previous result that there exists a positive
number pp < p such that if we set I'' = {w : |[w| < pg}. then f(2,w) is holomorphic
and bounded in A x I". Thus we can develop f(z, w) into a Hartogs series centered
at w=0:

fz,w) =Y ay(2) v, (1.12)

=0

whg_r_e a;j(z) (j =0,1,...) is holomorphic in A and, from the boundedness of f(z,w)
on A x I'" and the Cauchy estimates, there exists an M > 0 such that for z € &,

la;(2)] < g (j=0,1,2,...).
0

Moreover, for any fixed z in A, f(z,w) is a holomorphic function of w € I': hence
the radius of convergence of the power series (1.12) in w is greater than or equal to
p.

We will need the following lemma of Hartogs.

LEMMA 1.1. LetA : |z, i< r; (j=1....,n) be a closed polydisk in C" with
distinguished boundary £ and let {ug}x=12.. be a sequence of plurisubharmonic

Junctions on A. Assume that there exist two positive constants | and L with | < L
such that

supux(z) < L
k
forall z € A and
kliln up(z') <1

for each 2' € £. Given positive numbers r; < r; and l' > 1, if we set A Iz; <

r;. (j =1,... ,n), then there exists an integer N such that
u(z) <l on A
forallk > N.

Proor. We set I” := (I'+1)/2 and € := (I’ —1)/2. For each integer v > 1, we
define
e,:={z €€: u(2) <" forall k>v}.
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By assumption we have
X
e, Cery W=1,2,...), Ue =€

If we let €€ := € — e, and we let m(e) be the (real) n-dimensional measure of the
set €5 C £, then
"an; m(ef) =0.
We can thus find a positive integer N such that
L

[[(2)Lm(e) <&

o1 TIT TS
for all v > N. Let P(r,p,0,9) be the Poisson kernel for A. Since

u,(pre,... .pae'’")

1 2% 2m ‘ .
< —(21’)"/0 [ 0. i ),
)

it follows that for any positive p; < r; and all v > N,
~[(ri+T
u.,(ple"", e vl’ne"’") <+ H (rJ_—r—i) Lm(e)) <V,
J=1 J J
which proves the lemma. a

We return to the proof of Theorem 1.7 in the general case. We put
1
uk(2) = P log |a(2)| (k=1.2,...).

Then each u,(z) is a plurisubharmonic function on A which satisfies
ur(z) < -logpo+logM on A (k=1,2,...).

Furthermore, for any fixed 2 € A, since the radius of convergence of the power
series (1.12) in w is at least p,

lim ux(z') < ~log p.
k—oc

We now apply Lemma 1.1 to the sequence {ux}r=12. .. Given positive numbers
r;<r;(j=1,...,n) and p’' < p, we set

A Izl <7 (G=1,...,n) and ' : |[w <p.
Then there exists a positive integer N such that
uk(z) < ~log p' on A
for all £k > N. In other words,
lax(2)lp* <1 on & (k> N).

It follows that the Hartogs series (1.12) converges absolutely and uniformly on
any compact set in the interior (A’)° of A’ = A xr. Thus, again applying
the Weierstrass theorem on power series, we see that f(z,w) is holomorphic with
respect to the n+ 1 complex variables (z, w) € (A’)°. Since r; < r; and p’ < p were
arbitrary, f(z,w) is holomorphic in A. O



1.5. DOMAINS OF HOLOMORPHY 27

REMARK 1.11. From the general case of Hartogs theorem, we have the follow-
ing result:

Let f(z,w) = Z;;o aj(z)u’ be a holomorphic function for (z2,w) € A x v,
where A C C" and v = {w € C: |w| < r} C C. Suppose that for any z € A, the
Taylor series of f(z,w) in w has radius of convergence greater than or egual to p
(independent of z € A). Then f(z.w) is holomorphic for (z,w) in A x ', where
I'={weC:luj<p}

This fact remains valid under weaker conditions than those stated (cf. T.
Terada [72]). To simplify the description we consider C? with variables z and
w. Let A = A x T be a closed bidisk centered at the origin and let f(z,w) be
a complex-valued function on A. Let e C T and assume that f(:,w) satisfies the
following two conditions:

1. For any fixed 2’ € &, f(2'.w) is holomorphic with respect to w € I.

2. For any fixed w’ € e. f(z.u') is holomorphic with respect to z € A.

Then f(z,w) is holomorphic with respect to the variables (z,w) € A if the loga-
rithmic capacity of e is positive.

1.5. Domains of Holomorphy

1.5.1. Analytic Continuation. A holomorphic function of several complex
variables can be locally represented by a power series. Hence its analytic continu-
ation is unique as in the case of one complex variable. Indeed. following the ideas
of Weierstrass, there are no qualitative differences between the theory of analytic
continuation in the case of several complex variables and in the case of one complex
variable, as the following two important theorems illustrate.

THEOREM 1.8 (Monodromy Theorem). Let D be a simply connected domain
in C" and let P(z) be a power series centered at a point p in D whose domain of
convergence is non-empty. If P(z) can be analytically continued to any point q € D
along any continuous arc ! in D joining p to g, then the function f(z) obtained by
this continuation is a single-valued holomorphic function on D.

THEOREM 1.9 (Countable Valency Theorem). Let P(z) be a power series cen-
tered at a point p in C" whose domain of convegence ts non-empty. If we ana-
lytically continue P(z) along all arcs starting from p for which a continuation is
possible, then for any point q in C", the function f(z) obtained by this continuation
has at most countably many branches over q.

1.5.2. Domains of Holomorphy. Let f(z) be a holomorphic function in
a domain D in C*. We analytically continue f(z) to as many points in C" as
possible. This gives us a canonical domain D such that f(z) is holomorphic in D
but f(z) cannot be analytically continued beyond any boundary point of D. We
say that D is the natural domain of f(z) or the domain of holomorphy of
f(z). In general, we say that D is a domain of holomorphy if there exists at least
one holomorphic function whose domain of holomorphy coincides with D. Given a
domain D in C", the maximal domain D such that any holomorphic function on
D is necessarily holomorphic on D is called the envelope of holomorphy of D.

REMARK 1.12. In studying analytic continuation, there are problems regarding
multiple-valuedness (multivalency), branch points, and points at infinity. In Part
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1. we will not discuss these problems; hence the term domain refers to a univalent
(or schlicht) domain in C" and the term envelope of holomorphy refers to a one-
sheeted envelope of holomorphy. With respect to points at infinity. we mention
that the analytic continuation to a point at infinity p,. in the Osgood space Cror
in complex projective space P" may be treated as in the case of a point p in C"
by transforming p,. to the origin O with a linear coordinate transformation (cf..
section 1.1.6).

In the case of one complex variable, every domain in C is a domain of holomor-
phy. On the other hand. in the case of C" with n > 1, determining which domains
are domains of holomorphy is an area of reseach which will be discussed in the forth-
coming chapters. Here we mention a theorem which illustrates the distinguished
character of domains of holomorphy.!

THEOREM 1.10 (Osgood). 2 Let D be a domain in C" and let E be a compact
set in D. Assume that D\ E is connected. Then any holomorphic function f(z)
on D\ E can be analytically continued to a (single-valued) holomorphic function on
all of D.

PROOF. We consider C™ as the product of C"~! with variables z' := (z;.... .
2n—1) and the complex plane C,_ with variable z,,. Given a set S C C" and a set
o C C™1, we use the following notation: S is the projection of S to C"~!; S(0)
is the set of all points (2, 2,) € S such that z’ € o; and S° and §Y(c) will denote
the interiors of S and S(o). We note that S(o0) may be empty. In the case where
o consists of a single point z’ in C"!, we write S(o) = §(z’). We will identify the
fiber S(z’) with the set in C,, consisting of those points z, with (z’.z,) € S.

By assumption, we have E CC D and E(z') cC D(z’) for any z' € E. Fix such
a z’. We take a finite number of smooth, closed Jordan curves L in D(z’) such that
if U is the closed domain bounded by L, i.e.. L = 8U, then E(2') cc U° cc D(Z').
We next take a sufficiently small neighborhood v of z’ in D such that if V := v x U,
then E(v) cC V° cc D(v), where V0 = ¢ x U®. We note that f(z) is defined and
holomorphic on D(v) \ V°.

For any z = (z1,... .2,) € VO. we consider the integral

g(zh...,z,,_l_zn)_zm /f(zl - l()d(

—2n

Then g(z) defines a holomorphic function in V. If we can find a non-empty open
set &y in v such that f(z) is holomorphic in V(dy) (for example. if E(dy) = 0), then,
by applying Cauchy's theorem for the complex variable z,,. we get that g(z) = f(2)
on Vgéo); hence f(z) has an analytic continuation to the single-valued function g(z)
on V9.

'In the introduction of Oka’s paper [IX] there appears the following sentence: “La théorie
générale du prolongement analytique & une seule variable est semblable A la plaine campagne; 1a,
on n'a pu trouver, malgré les nombreux efforts, aucun fait en dehors des prévisions de la logique
formelle. Au contraire, le cas de plusieurs variables nous apparait comine un pays montagneux,
trés escarpé.”

2This theorem is essentially due to Hartogs. In the textbook of Osgoad [58) there is a proof
which appears to be incomplete. A complete proof may be found in A. B. Brown [4]. The proof
given here is due to the author.
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FIGURE 3. Osgood’s theorem

Since E is compact in D, we can find a finite number of points {z,},~1,... 1 in
E such that if we construct the corresponding sets

L, =8U,, Vo:i=v, xU,,

and the corresponding functions g, (z) for each z,, and then we set §2 := U‘ Vo,
we have E CC 2 cC D. We may assume that the Jordan curves L, intersect the
curves L, with v 3 p in at most finitely many points.

The theorem will be a consequence of the following lemma in one complex
variable.

LEMMA 1.2. Let U; (j = 1,2) be closed domains (not necessarily connected) in
the complez plane C,, each bounded by a finite number of smooth Jordan curves L;,
i.e., 8U; = L;. Suppose that L, N L; is a finite set of points. Given a holomorphic
function f(z) on the closed set

UuU; - (U?ﬂUg)
(here UY denotes the interior of U;), we define

e =

forweUj (j =1,2). Then gi(w) = ga(w) on UP NUY.
PRrROOF. We set Us := Uy \ U, U§ := U\ U and
L5:=UinLy. Ly:=USnLy, L§:=U§nLy Li:=UsnL,.

From the relation Uy UU, — (U NUZ) = Uf VU3, f(2) is defined on Us (j = 1,2).
Since 8Uf = L§ U (—L}) and 8U§ = L§U (-Lj), it follows from Cauchy’s theorem
that, for any w € U? N UY,

RE f(() / S

1 27“ Li d(

2mi Lt( w -
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and L[ SO 1 [ S
2mi Ly C‘wd<=57f—i/l:; C-“-'dc‘
Since L; = L§U L} (j = 1,2), we have g;(w) = g2(w) on UP N 3. d

To finish the proof of Osgood’s theorem, we assume that v, Ny, # @ (1 <
v, < 1) and set § := v, Nv,. By assumption, f(z) is defined on the closed domain

Vi (8) UVL(8) - (V2(8) NV (8)) cc (D\E)°(d).
1t follows from Lemma 1.2 that for any fixed 2’ € 4.
9.(2',20) = gu(2'v2n) forall z, with 2z, € V2(2')N V(')

ie., g,(z) = gu(z) in V)(8) N V2(6). This means that g,(z) is an analytic con-
tinuation of g,(z). Therefore, setting g(z) = g,(2) in V? (v = 1.... .l). we get a
(single-valued) holomorphic function g(z) on Q. On the other hand, some v, con-
tains a non-empty open set & such that E(dy) = @; thus g(z) is also the analytic
continuation of f(z) to . Since D is connected. DNQ # @, and £ C Q, f(z) can
thus be analytically continued to the entire domain D.3 )

We deduce from this theorem that any bounded domain of holomorphy in
C" for n > 2 must have only one boundary component. In general, when we
study holomorphic functions, we consider them to be defined on their domains of
holomorphy.

REMARK 1.13. In C" with n > 1, not all domains are domains of holomorphy.
and it is an important problem to determine the envelope of holomorphy of a
domain. We give two interesting examples.

1. There exists a univalent domain D in C" whose envelope of holomorphy
has infinitely many sheets. For example, in C? with variables z and w we consider
the sets

Ty:z=1, [w<1 and I;:z=¢€" |w=¢€ (0<t<x).
We set ¥ =X, UY;, and construct a univalent domain D in C? which contains £
and does not intersect {e*} x {|w| = e!*(2%+*1)*} (0 <t < x, k=0.1....). Then
the envelope of holomorphy D of D contains the set
L:z=e€", |w[<e (0<t<x)

in R x C,, where R is the Riemann surface of log z over the z-plage, while D is
itself contained in the product set R x C,.. To verify that £* C D. we need to
appeal to a result of Hartogs (Theorem 4.1) which will be proved later. Let F be
the family of all holomorphic functions on D. Given t > 0, we define the following
subsets of C%:

o(t) = {e'} x (jw| =€),  [o](t) := {*} x (Jw| < ).

and
@)= U [al(®).
o<t'<t

3In the case when D\ E consists of several connected components Gy, ... ,Gm we set f(z) =
fi(z) on G (k = 1,... ,m). Then the function g(z) obtained by the above procedure using
f(z) is the analytic continuation of fx,(z) on the component Gi,, where 3Gy, contains the outer
boundary of D.
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Define
T :=sup{t > 0| each f € F is holomorphic on T*(t') for all ¢’ < t}.

Since £, C D, we have T > 0. The claim will follow if we can show T = +oc. We
prove this by contradiction: hence we assume that T < +5c. Choose a neighborhood
UxV of o(T) in D, where U = {|z — &'7| < 8}, V = {e!' < |w| < 7"} with
>0, 0<T <T<T"'ande* €U (T' <t <T"). Let f € F and take ¢
with T’ < tg < T. Then o(ty) C U x V, and f(z) is holomorphic on [0](¢p) by the
definition of T. Since f is holomorphic on U x V, Theorem 4.1 implies that f is
holomorphic on U x {|w] < e'*}, and hence on U x {|w| < eT’}. It follows that f
is holomorphic on £*(T"). Since f € F was arbitrary, we have T” < T, which is a
contradiction.

2. Conversely, there exists a multivalent domain whose envelope of holomorphy
is a univalent domain. For example, in C? with variables z and w we consider the
three domains

T:1l<|z?+|wf®<3,
Ay i lz=1P+|wf?<r, 2P+ w? <1
and
Ay : z+ 1P+ w)’ <, [2]% + [wf® < 1.

where r is a real number satisfving 1 < r < v/2. By gluing A, and A; to T along
the sphere |z|? 4+ |w|® = 1, we obtain a domain D which is two-sheeted over a
neighborhood of the origin. By Theorem 1.10 any holomorphic function on D can
be analytically continued to a single-valued holomorphic function on the (univalent)
ball B = {|z|? + jw|? < 3}; hence the envelope of holomorphy D of D contains B.
Since B is a domain of holomorphy. we have D=B.

1.5.3. Holomorphically Convex Domains. In this section we give an ana-
lytic characterization of domains of holomnorphy which is due to Cartan and Thullen.

Let D be a domain in C" with variables 2,,...,2,. Let E be a compact set
in D and let r = 6p(E) > 0 denote the polydisk boundary distance from E to
dD. Given p (0 < p < r)and 2/ = (2]....,2,) € E. we consider the polydisk
A% :|zj -zl <p(j=1,....n) centered at z’ with radius p. We set

Er:= | A%,
'eE

so that E C E? CC D. The sets E? will occur in the Thullen lemma below.

Following Cartan and Thullen. we consider a class K of holomorphic functions
in D which satisfies the following properties:

1. f € K implies 9f/0z, €K, j=1.... ,n.
2. For any complex number ¢ and any integer I > 1, f € K implies cf' € K.

We call K a regular class of holomorphic functions in D.

Standard examples are the class of all polynomials in C™: the class of all holo-
morphic functions in D; and the class of all functions which are holomorphic in a
given domain D’ which contains D.

We have the following lemma concerning these classes.
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LEMMA 1.3 (Thullen [73]). Let K be a regular class of holomorphic functions
in D and let E be a compact set in D. We let r = §(F) > 0 denote the polydisk
boundary distance from E to 8D. If z° is a point in D at which we have the
inequality

1£(z%)] < wax|f(z)] forall fEK,
then every f € K can be analytically continued to the polydisk A7, : |z; — 29| <
r (j =1,...,n) centered at z° with radius r.

PRrROOF. Fix f € K. For any p (0 < p <r), we set
A(p) := max [f(z)] <oc.
z€Er

It follows from the Cauchy estimates that for any z € £

1| oty Alp)
- - < — —
gl |0z Oz, (2) < P +in
Since 2° € D. we can form the Taylor expansion of f(z) centered at 2°:
f@) =Y . ga(z21 = ) (20 — 20)". (1.13)
By the hypothesis and condition 1 in the definition of a regular class K we obtain
1 Jr+tinf A(p)
ly.... gl = g Bz Oz, (20)| < prT

Therefore, the right-hand-side of (1.13) converges absolutely and uniformly on any
compact set in the polydisk A%, centered at z° with radius p; hence f can be
analytically continued to A% Since 0 < p < r was arbitrary, the lemma is proved.

O

REMARK 1.14. This lemma has meaning for any point z” € D such that the
polydisk boundary distance 6p(z°) from z° to 8D is less than r; i.e., even in the
case when A7, contains points outside of D. The lemma then implies that any
holomorphic function belonging to K extends analytically to these points.

REMARK 1.15. In the proof of the lemama, condition 2 in the definition of a
regular class K was not used. However, using condition 2 we can show that, given
any 0 < p <r, every f € K satisfies

glgxo If(2)l < max [£(2)]-

This inequality follows by applying the same method as in the proof of the lemma
to the functions f' € K.

Lemma 1.3 yields an analytic characterization of a domain of holomorphy. as
we will show in the Cartan-Thullen theorem below.

Let D be a domain in C” and let K be a regular class of holomorphic functions
in D. For a compact set E in D, we define the following closed subset of D:

Bx={ZeD|If(2) < max |f(z)| for all f € K}. (1.14)

We call the set Ex the K-convex hull of E. In particular, in the case when
K coincides with the class of all polynomials, Ex is called the polynomial hull
of E. When K is the class of all holomorphic functions in D, Ex is called the
holomorphic hull of E relative to D.



1.5. DOMAINS OF HOLOMORPHY 33

We have the following.

COROLLARY 1.2. Let D be a bounded domain of holomorphy in C*. Forr > 0.
let D1 = {z € D :8p(z) > r}. Then the holomorphic hull of D} relative to D is
equal to DI, The same is true for the set D(*) which is obtained by replacing the
polydisk boundary distance 8p(z) by the Euclidean boundary distance dp(z).

PROOF. The first assertion follows directly from Lemma 1.3. For the second
assertion, let A be an n xn unitary matrix so that z! := Az defines a new Euclidean
coordinate system for C". For p € D. we let §;3(p) denote the polydisk boundary
distance from p to D measured in these new coordinates. For r > 0. we set
DAl ={peD: JD(p) > r}. Taking v’ = r/v/2n. we note that D) = (), DI+,
where the intersection is taken over all n x n unitary matrices A. From the ﬁrst
assertion, the holomorphic hull of each DI4-~' relative to D is equal to DIA-"'I; thus
the same is true for D(*). a

If a domain D in C" satisfies the condition that Ex cC D for any compact set
E in D, then D is called a K-convex domain. In particular, when K is the class of
all polynomials (resp., all holomorphic functions in D). D is called a polynomially
convex (resp., holomorphically convex) domain.

Let K be the class of all monoinials in the variables 2),... ,z,. We see that a
domain D in C" is K-convex if and only if D is a logarithmically convex complete
Reinhardt domain centered at the origin in C™.

Using these notions. we have the following theoreni.

THEOREM 1.11 (Cartan-Thullen (13]). Let D be a domain of holomorphy in
C" and let K be a regular class of holomorphic functions in D. Assume that K
contains a holomorphic function f whose domain of holomorphy is equal to D, and
that K also contains the coordinate functions 2,,...,2,. Then D is K-convez.

PROOF. Since K contains the coordinate functions, it suffices to prove the
theorem for bounded domains D in C". Let E be any compact set in D. We let
r = 6p(E) > 0 denote the polydisk boundary distance from E to 8D. Let z° be any
point in D such that 6p(z") < 7. By Lemma 1.3 and the hypothesis that f € K,
there exists a function » € K which satisfies the inequality

max|p(2)] < [¢(2").
It follows from the Heine-Borel theorem that D is K-convex. (]

As a special case of the theorem when K is the class of all holomorphic functions
in D, we have the following corollary.

COROLLARY 1.3. A domatn of holomorphy is holomorphically convez.

1.5.4. Analytic Polyhedra. Let D be a domain in C" and let f; (j =

1,...,m) be a finite collection of holomorphic functions in D. We consider the
following closed subset A of D defined by the inequalities:
= (zeD|IfN <L j=1...,m}.

If a (closed) connected component A of A is compact in D, we call Ap an analytic
polyhedron in D. A finite union of compact, connected components of A in D
will also be called an analytic polyhedron in C™.¢

4The notion of analytic polyhedron is due to A. Weil (77).
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We have the following proposition.

PROPOSITION 1.5. Let D be a domain in C" and let K be a regular class of
holomorphic functions in D. Assume that D is K-conver. Then there exists a
sequence of analytic polyhedra P; (j = 1,2,...) defined by holomorphic functions
in K such that

x
P,ccP’, (i=12...). and D= | P,
=1

PRroOOF. It suffices to prove that, given any compact set E in D, we can find
an analytic polyhedron P determined by holomorphic functions in X such that
E Cc P cC D. By assumption, the K-convex hull Ex of Eis compact in D. Let
r > 0 be the polydisk boundary distance from Ex to dD. and fix a positive number
p < r. We form the compact subset

Et=y a°
:€ Elz
of D. Given any 2’ € 6@,’2 (so that 2’ ¢ Ex). we can find a holomorphic function
g € K such that
’
max |g(2)| <1 < g(z")|.
Thus there exists a neighborhood é.- CC D of z’ such that the set {z € D | |g(2)] <
1}Né.. = 0. Since JEY. is compact in . we can find a finite number of these neigh-

borhoods d; (k = 1,...,!) and holomorphic functions gi (k = 1.... .l) associated
to dx such that if we set

A= {ze€D||g(2)| <1 k=1,...,1},

then E CC A and AN 8@,‘1— = @. It follows that a finite union Ay of connected
components of A satisfies E CC Ay CC EZ. Hence Ag is the desired analytic
polyhedron. O

This proposition yields the converse of Theorem 1.11.

THEOREM 1.12. Let D be a domain in C" and let K be a regular class of
holomorphic functions in D. If D is K-convez, then D is a domain of holomorphy.

PROOF. From Proposition 1.5 we can find a sequence of analytic polyhedra
P; ( =1,2,...) in D, each defined by holomorphic functions in X, such that

PiccP?, (=Ll2...), and D= | P,
J=1

Furtherniore, we can find a sequence of points {z/} in D such that 27 € 9P, (j =
1,2,...) and whose set of accumulation points in C" is D. Then for each z/ we
can find a function f; € K such that

Ifi(z2) <1 in Pj, fi(z?)=1.
We next take sequences of positive numbers ¢; (j = 1,2...) and positive integers
{; (j =1,2...) such that

o
D e <, If;(2)l5 <e; in P, (j=1.2...).
5=
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The infinite product of holomorphic functions
x
F(z):= ]It - (f5:0")
=1
converges uniformly to a holomorphic function on each P;: hence F defines a holo-
morphic function in D. Clearly, F # 0 in D, while F(2’) =0 (7 =1,2...). f F
could be analytically continued to a point p € 3D (i.e.. if there exist a neighbor-
hood V C C" of p and a holomorphic function f in V with F|y- = f), then DNV
would be contained in the set £ := {z € V : f(z) = 0}. From the results of the
next chapter, we will see that this forces £ = V. i.e., f =0 in V. which leads to a
contradiction. Thus F cannot be analytically continued to any point of dD: hence
D is the domain of holomorphy of F. m}

This theorem. together with the corollary of Theorem 1.11. implies the following
result.

THEOREM 1.13. A domain D in C" is a domain of holomorphy if and only if
D is holomorphically convez.






CHAPTER 2

Implicit Functions and Analytic Sets

2.1. Implicit Functions

As shown in the previous section, the set of zeros of a holomorphic function
f(2) of n > 2 complex variables does not contain isolated points. Furthermore,
Osgood's theorem implies that this set is not relatively compact in the domain of
definition of f. In this section we will make a more detailed study of the zero sets
of holomorphic functions of n complex variables.

2.1.1. Zero Sets of Holomorphic Functions. For convenience, we consider
Cnt! = C" x C, where C" is the space of the n complex variables z,.... . z, and
C is the complex plane of the variable w. Let D be a domain in C"*! and let
f(z,w) be a holomorphic function on D. Fix a point (a.b) in D. If f satisfies the
two conditions

(l) f(asb)=01 (2) f(asw)io*
then we say that f(z,w) satisfies the Weierstrass condition at (a,b) for the
coordinates (z,w). Clearly if f(z,w) # 0 satisfies condition (1), then we can find a
linear coordinate transformation yielding new coordinates (z.w) for which f(z.w)
satisfies the Weierstrass condition at (a. b).

Now assume that f(z,w) satisfies the Weierstrass condition at (a.b) in the
coordinates (z,w). We consider the section D(a) in the w-plane over 2; = a, (j =
1,...,n). Then f(a,w) is holomorphic in the variable w in D(a). We let v > 1
denote the order of the zero of f(a.w) at b in D(a): thus

fla,w) = Ao(a)(w ~ b)* + Ay(a)(w ~ b)"*! + ...

where Ap(a) # 0. In the domain D(a) we let I : jw — b} < p be a closed disk
centered at b with radius p > 0 sufficiently small so that f(a.w) # 0 at any point
w in the punctured disk I'\ {6}. We then fix r > 0 (depending on p) such that the
closed polydisk A = & x T, where

A:iz;-a<r (j=1....n).
lies in D and f(z,w) # 0 on A x 9T

LEMMA 2.1. For any fited 2’ in A, the holomorphic function f(3'.w) of the
variable w has v zeros in T (counted with multiplicity).

PROOF. For each 2’ € A we let v(z’) denote the number of zeros (counted
with multiplicity) of the holomorphic function w — f(z’,w) in I'. By the argument
principle, we have

1 af(2' . w)/Ow
_ gIC O g,
2ri ar f (Z'. QL‘) b
37

v(z') =
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Since f(z,w) # 0 on A x T, the integral on the right-hand side is continuous for
2’ in A. Hence v(2’) = const. in A. O

In Lemma 2.1 we let n,(z’) (j = 1.... .v) denote the zeros of f(z'.w) in I for
fixed 2’ € A. Note that we may have 1,(z') = 5,(2’) for some i.j (1 < i,j < v).
We remark that

lim n,(:)=b (=1...,v). (2.1)

To see this, fix p’ (0 < p’ < p). We then choose r’ (0 < r' < r) such that if we
let I C T denote the closed disk centered at b with radius p'. and we let A’ C A
denote the polydisk centered at a with radius r', then f(z.w) # 0on A" x8I"". The
same argument used in the proof of Lemma 2.1 shows that 7,(z') €I’ (j = 1.... .v)
for each 2’ € A’. Since p’ > 0 (p' < p) was arbitrary. we have (2.1).

In Lemma 2.1, suppose that f(z.w) = 0 has only one zero 5(z) for each z € A,
that is, n1(2) = -+ = n,(2) = n(z). and the order of the zero w = n(z) of f(z,w)
equals v for all z € A. Then we have the following result.

LEMMA 2.2. 1)(2) is a holomorphic function on A.

PROOF. Given any z € A, applying the residue theorem we get

of (z. w)/Ow
u-n(z)=—-l-—/_’rw%dw.

2mi
For w € OT', the function under the integral in the right-hand side is a holomorphic
function of z in A. Thus the integral is a holomorphic function for z in A; hence
so is 1(z). 0

From these two lemmas we see that the zero set of a holomorphic function of
n+1 complex variables is a complex n-dimensional set which is analytic in a certain
sense. We call the zero set of a holomorphic function an analytic hypersurface.

2.1.2. Representations of Analytic Hypersurfaces. Let D be a domain
in C"*! with the variables z;.... .z, and w. We let f(z.u') be a holomorphic
function in D, and we let S denote the zero set of f(z.w) in D:

S ={(z,w) € D| f(z.w) =0}
Fix (a,b) € S and let A = A x T be a closed polydisk in D, where
K:Iz,-—ajISr (G=1....n), IF:lw->5b]<p
We assume that A has been chosen so that we are in the situation of the previous
section:
1. f(z.w) #0 for any (z,w) € A x 9T.
2. The holomorphic function f(a.w) of w € I' does not vanish at any w €
T'\ {b}. Let v > 1 denote the order of the zero of f(a.w) at b.
3. For cach z' € A, let m(z') denote the number of distinct zeros of the holo-
morphic function f(z’,w) of w in I'. We set
| =max{m(z') | ' € A}. (2:2)

so that I < v.
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Let
S =8SnNA.

From the proof of Lemma 2.1 we see that for any 2’ € A, the equation f(z'.w) =0
has v zeros counted with multiplicity in T
‘We have the following proposition.

PROPOSITION 2.1. The set Sy can be written in the form
P(z,w) 1= (w =)' + Ay(2)(w—b)""' +--- + A(2) =0. (2.3)
where each Aj(z) (j = 1,....l) is a holomorphic function of z in A satisfying
Aj(a) =0.
PROOF. Let c be a point in A such that the equation f(c, w) = 0 has [ distinct
solutions w = by (k =1,....l) in T. For each b; we let
o lw=b| < pf

be a closed disk with radius p’ sufficiently small such that v, CT and 94 N7, =@
for k # h, 1 < k,h <l. We then let

§:lz—gl<sr  (G=1.....n)

be a closed polydisk centered at ¢ with radius r' > 0 chosen small enough to insure
that f(z,w) # 0 for any (z,w) € § x 3v; (see Figure 1).

Cu

FIGURE 1. Representations of analytic hypersurfaces

From condition 3 and Lemma 2.1 we see that for any 2’ € § and for each k =
1,...,1, there exists precisely one zero of the holomorphic function f(2’, w) for u
in vx. which we denote by 7x(z’). Lemma 2.2 implies that each g (2) (k= 1,....1)
is a holomorphic function of z in 4.

Next we consider the set V of all points 2’ in A such that the equation f(2’,w) =
0 has ! distinct zeros in I'. By the above argument, V is an open subset of A. We
let V denote the connected component of V which contains the point ¢ above.

Given any point ¢ € V, we can join ¢ to ¢ by an arc L in A. Then each
holomorphic function ni(2) (k = 1.... ,!) defined on é can be analytically continued
along the arc L to a neighborhood &’ of the point ¢’. We use the same notation
1k (2) to denote the function obtained by this continuation, which is thus defined in
a neighborhood of L in V. The theorem on invariance of analytic relations under
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analytic continuation implies that the set {(z,m(2)) | z € L} is contained in Sp.
Therefore, for any 2’ € V, the values nx(2’) (k = 1,...,1) are the ! distinct zeros
of the equation f(z,w) =0 for winT.

Thus, in the case when V = A, each 7, (z) defines a single-valued holomorphic
function in A. Hence the set Sp is given by the equation

{
P(z,w) = [Jlw-m(2)} =0.
k=1
By expanding P(z,w) as a polynomial in & and using nx(a) =0 (k= 1,... .1}, we
have the desired representation of Sy.

We next treat the case when V # A. Take any closed curve L in V containing
the point c; we consider c as the initial and terminal point of L. Each holomorphic
function 7 (2) (k = 1.... .l) defined on § (so that nx(z) C ) can be analytically
continued along the curve L, and the resulting function, which is now defined on a
neighborhood of the terminal point ¢, must be identical with one of the functions
75,(2) C 7j,. where jx € {1.....l}. Since jx # jn for k # h, it follows that
(j1y.-- +J1) is a permutation of (1,...,1). Thus for any z € V. if we let ni(z) (k=
1.....l) denote the ! distinct zeros of the equation f(z,w) = 0 for w in T, the
square of the product of the differences

d(2) := [ tmm(2) - m(2)?
h<k
defines a single-valued, holomorphic function on V.

Now fix a boundary point 2’ € V in A. Since the number of distinct zeros of
the equation f(2’,w) = 0 is less than [, it follows from (2.1) that

Jim min |ni(2) — 7 (2)] = 0:

hence
lim d(z) = 0.

By setting d(z) = 0 in A\ V, we obtain that d(z) is a continuous function on
A which is holomorphic at all points z where d(z) # 0. By Radé’s theorem, we
conclude that d(z) is holomorphic on A.

Now let o denote the zero set of d(z) in A, and let A = A\ 0 = V. Define
1

P(z,w) := H[w - ni(2))

k=1
for (2,w) € § x C. Expanding this expression with respect to w, we obtain
P(zw) = w+auw' '+ - +az) (2.4)

(w=b)"+ A (2)(w = b~ +--- + A(2).

Each coefficient function ax(z). and hence each A,(z) (h = 1,... .1), is holomorphic
on & and can be analytically continued from § to any point z € A? along an arc
connecting c and z. Since each a,(z). and hence each A(z). is clearly a symmetric
function of the zeros nx(z) (k = 1,... .l). it follows that each Ax(z) is a single-
valued, holomorphic function on A°.

Note that each 7,(z) is contained in T, so that nx(z) is bounded in A°; hence
Ap(z) is bounded in A°. Froin Riemann’s removable singularity theorem, it follows
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that each Aj(z) is a holomorphic function on all of A. By (2.1), it is easy to
check that the analytic hypersurface defined by P(z, w) = 0 in A coincides with the
hypersurface S°. Furthermore, since the equation f(a,w) = 0 for w € T has only
one zero w = b (by condition 2), we see that each coefficient Ax(z) (k =1....,1)
vanishes at a. This completes the proof of Proposition 2.1. a

REMARK 2.1. The holomorphic function d(z) on V defined above is equal to
the discriminant of the polynomial P(z, w) in (2.4) with respect to w, i.e., d(z)
is the determinant of the following (2l + 1) x (2l + 1) square matrix:

1 a(2) cee ai(2)

_ l' ( ) ..: e a(z)
A= | (Zla(s) - e arala) '

1 (l.- Da(z) -+ - ai-1(2)

where all non-indicated entries are 0. This is the same as the resultant of P(z, w)
and (8P/ow)(z, w).

In general. a polynomial P(z, w) in w whose coefficients A, (z) are holomorphic
functions in a domain D in C" is called a pseudopolynomial in w. In particular,
when D is a polydisk A in C", the coefficient of the term of highest degree in w is
identically equal to 1, and each A, (z) vanishes at the center of A, we call P(z,w)
a distinguished pseudopolynomial in w.

Let P(z,w) be a distinguished pseudopolynomial in w of degree I. The dis-
criminant d(z), constructed as in the proof of the previous proposition, defines a
holomorphic function on A. We let o denote the zero set of d(z) in A. Then the
hypersurface P(z,w) = 0 in A x C,, is the graph of the multivalued holomorphic
function w = n(z) over A\ o composed of { distinct branches {nx(2)} (k= 1.....1)
with the property that if a point z in A \ o approaches a point { € o, then each
branch nx(z) tends to a point wy € C,. with wy = wy, for some k # h. We call
the multivalued holomorphic function n(z) on A the implicit function or the
algebraic function determined by the equation P(z,w) = 0.

2.1.3. Weierstrass Preparation Theorem. In the previous section we stud-
ied the structure of analytic hypersurfaces as subsets of C"*!. We will now make
a more systematic study involving the notions of multiplicity and irreducibility.

Let f(z.w) be a holomorphic function in a domain D in C"*!. Fix (a,b) in
S ={(z2,w) € D| f(2,w) =0} and let A = A x T be a closed polydisk in D chosen
so that we are in the situation described in 2.1.2. We take a point c in A such that
f(c,w) has exactly [ distinct zeros w = bx in I, where [ is defined in (2.2). We use
the same notation as in the proof of Proposition 2.1: bx (k= 1,....1), &, 8, m(2)
and A® = A\ o, whereo = {z€ A:d(z) =0} .

For each k = 1,...,l, we let vx > 1 denote the order of the zero of f(c,w)
at the point bx := nk(c); hence >, vk = v. Fix ¢ € A and let L be an arc
in A? joining ¢ and ¢. Then the holomorphic function mx(z), which is defined
on the polydisk & centered at c, can be analytically continued along L to c’; the
values of this continuation, which we continue to denote by nx(z), liein I'. If we
set n(c’) := b, then b} is one of the zeros of the function f(¢/,w) for w in I.
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Furthermore, the order of the zero of f(c, w) at w = b} is equal to v. the order of
the zero of f(c,w) at the point bi. This follows since the number of distinct zeros
of f(c.w) for w in T is the maximal number [.

We divide the family C consisting of the ! holomorphic functions {nx(z) | k =
1,...,1} on & into subclasses as follows: identify n, (z) with n,(z) if there exists a
closed curve L in A® with initial and terminal point ¢ such that the function element
7k, () at the initial point c is analytically continued along L to the function element
7k, () at the terminal point c. Clearly this gives a stratification of the family C
into subclasses Cp, (h = 1,... ,m) of equivalent function elements. which we write
as Nhk, k=1,... lpiie,

C=() C.  where Ch:={mi(z) | k=1,....Ia}.
h=1

For convenience, for each function element 7, x, we use the notation 4, i to denote
the disk with center bs ;. which corresponds to the disk y; with center by associated
to the function 7 described previously. For fixed h (h = 1.....m), the order of
the zero of f(z,w) in w at each ny x(z) (kK =1,...,15) will be denoted by vy; this
notation is consistent since this number is independent of k = 1,... ,l;. Thus we
have v = Y| Ihtn.

REMARK 2.2. If we shrink the radius r of the polydisk A centered at a, then
the number m of subclasses Ch, (h = 1,... ,m) may increase but cannot decrease.
Since m is always less than or equal to [, it follows that if r > 0 is sufficiently small,
the number of classes {C}} of the family C obtained by the above stratification on
the polydisk A centered at a is independent of r.

For a fixed subclass C,, (h =1,...,m), we set

In
Py(z,w) := H [w — nax(2))] in A xC,.
k=

Expanding this expression with respect to w. we obtain
Pu(2.w) = (w =) + A}(2)(w - )" + - + A, (2).

Each coefficient A!(z) (k = 1....,ls) is a single-valued holomorphic function of z
in A satisfying Al(a) = 0. We let S), denote the zero set of Py(z,w) in A, so that
So=8SNA= UZ‘=,$,,.

We will need the following lemma, which follows directly from the invariance
of analytic relations under analytic continuation.

LEMMA 2.3. Let F(z,w) be a holomorphic function in A. If F(z,w) vanishes
identically on an analytic hypersurface w = ny, x(z) in § x4y i, then F(z, w) vanishes
identically on the analytic hypersurface S,.

In particular, P,(2,w) is a distinguished pseudopolynomial for w centered at
(a,b) which satisfies the hypothesis of the lemma. Furthermore, we see from the
above remark that if the radius r of the polydisk A centered at a is sufficiently
small, then P,(z,w) is irreducible at (a.b), meaning that P,(z,w) cannot be
written as a product of two non-constant distinguished pseudopolynomials in w
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centered at (a.b). We define

m
P (z,w) := H[P;,(z. w)} in A,
h=1
and we have the following lemma.

LeMMA 24. Let w(z,w) := f(z.w)/P*(z.w) for (2,w) in A. Then w(z.w) ts
a non-vanishing holomorphic function on A.

PROOF. By construction. Py(z,w) # 0on A x 8T for h = 1,....m, so that
w(z,w) is holomorphic near A x 8I'. Thus we can develop w(z,w) into a Hartogs-
Laurent series of the form

x
w(z.w) = Z B3 (z)(w - b)’.
1=-x
where §;(z) is holomorphic in A for each j = 0.+1.£2..... From the construction
of P*(z,w), it follows that for any fixed 2’ € A? = A\ o, the holomorphic functions
f(2’.w) and P*(2’,w) of w in T have the same zeros with the same multiplicities.
Hence the ratio w(z’, w) is a non-vanishing holomorphic function for w in I, so that
Bi(2') =0 for j < 0. Thus 8;(z) = 0 in all of A for j < 0. Therefore w(z,w) is a
holomorphic function in A and w(z,w) # 0in A® xT'. Since w(z,w) # 0 on A x 8T,
we conclude from Proposition 2.1 that w(z,w) # 0 on A. O

Summarizing these results. we have the following theorem.

THEOREM 2.1 (Weierstrass Preparation Theorem). Let f(z,w) be a holomor-
phic function on a domain D in C"*'. Assume that f(z,w) satisfies the Weier-
strass condition at a point (a.b) in D for the coordinates (z,w). Then there exists
a closed polydisk A = A x T' C D centered at (a.b) such that on A, f(z.w) can be
written in the form

f(z,w) = wiz.w) [T [Pu(z.w)]™. (25)
h=1

where each Py(z,w) is an irreducible distinguished pseudopolynomial in w at the
point (a,b) whose coefficients are holomorphic functions of z in A, and w(z,w) is
a non-vanishing holomorphic function for (z2,w) in A.

In the two-dimensional case, we get more information from the Weierstrass
condition. Let f(z,w) be a non-constant holomorphic function in a domain D in
C2. Suppose that f(a,b) = 0 and f(a,w) = 0 near w = b in the w-plane. From
the Taylor expansion of f(z,w) about (a.b), there exist a positive integer u and a
neighborhood D’ of (a,b) in D such that

f(z,w) = (2 - a)* (2, w)
in D', where f(z, w) is a holomorphic function of (z,w) in D’ with fO(a,w) # 0. In
particular, if f%(a,b) = 0. then f0(z.w) satisfies the Weierstrass condition at (a, b)
for the coordinates (z, w) in D. Thus without using a preliminary linear coordinate

transformation we get the irreducible decomposition of f(z,w) in a closed polydisk
A = A xT centered at (a, b):

f(z,w) = w(z,w)(z - a)* [][Pu(z.w)]"™.
h=1



4+ 2. IMPLICIT FUNCTIONS AND ANALYTIC SETS

REMARK 2.3. From the proofs of Proposition 2.1. Lemma 2.3. and Lemma 2.4
we see that a global version of the Weierstrass preparation theorem holds:

Let D be a domain in C™ with variables z = (2).... .z,) and let U be a domain
in the complex plane C with variable w. Consider the product domain G = D x U
in C"*!'. Suppose that f(z.w) is a holomorphic function of (z.w) in G such that
f(z,w) # 0 for (z,w) in DxOU. Then f(z,w) can be written in the following form
on all of G:

f(zw) = wiz.w) [TiPa(z. w)),

h=1

where Pyp(2,w) (h = 1,... .,m) are pseudopolynomials which are monic in w with
coefficients that are holomorphic functions of z in D, and w(z. w) is a non-vanishing
holomorphic function in G.

2.2. Analytic Sets (Local)

2.2.1. Definition. Let D be a domain in C". A subset £ of D is called an
analytic set in D if £ is defined locally as the common zero set of a finite number
of holomorphic functions. To be precise. this means that for any point p in D
there exists an open neighborhood U of p in D and a finite number of holomorphic
functions f;(z) (j = 1,...,1) in U such that

1
EnU=N{zeU1(z) =0}
=

This is an equality of sets, i.e.. we do not take multiplicity into account. Thus we
may assume that each f; has no repeated factors. By definition, an analytic set
€ in D is a closed subset of D. For the sake of convenience, the empty set and
the whole domain D are considered to be analytic sets in D. If £ # D, then € is
nowhere dense in D and does not separate D. An analytic hypersurface in D (i.e.,
the zero set of a single holomorphic function in D) is a particular type of analytic
set in D.

Let E be a closed set in C". Then we say that £ is an analytic set in the closed
set E if there exists an open neighborhood D of E in C" such that £ is an analytic
set in D.

We note that a non-empty analytic set £ in a closed disk A in the complex
plane C is either a finite set of points or coincides with A. This follows from the
identity theorem for holomorphic functions of one complex variable.

We begin with the following proposition.

PROPOSITION 2.2. Let £ and F be analytic sets in a domain D in C". Then
the union £ U F and the intersection £ N F are also analytic sets in D.

PROOF. Let p € D. There exist a neighborhood U of p in D and a finite
number of holomorphic functions f;(2) (j = 1.....1) and gi(2) (k = 1,....m)
such that ENU = (\,_,{z € U | f,(2) =0} and FNU = L {z € U | gx(z) = O}
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Then we have

(EURANU = N {zeU]fi(z) alz) =0}
Ao
ENF)NU = . N {z€U| fi(z) =0, gi(z) =0}.
R
It follows that both £ UF and £ N F are analytic sets in D. )

Let £ be an analytic set in a domain D in C". If £ can be decomposed in the
form

E=&6UE in D,

where £, and &; are analytic sets in D such that neither £; contains the other, then
we say that € is reducible in D. Otherwise we say that £ is irreducible in D.

Let p € €. If for all sufficiently small polydisks U centered at p, the analytic set
ENU in U is reducible in U, we say that € is reducible at the point p. Otherwise
£ is said to be irreducible at p.

REMARK 2.4. An analytic set £ in D may be irreducible at a point p € £ but
reducible at a point g € £ which is arbitrarily close to p in D. For example, in C3
with variables z, y, and z, consider the analytic hypersurface £ defined by

-y =0

Then £ is irreducible at the origin in C3, but £ is reducible at any point g = (z,0,0)
in £ with £ # 0.

We now define the dimension of an analytic set at a point. Let £ be an analytic
set in a domain D in C”. Let p € £. Take a complex hyperplane L of dimension
r. (0 € r;, < n) passing through p such that in a neighborhood of pin D, €N L
consists of only the point p. Here, by a complex hyperplane of dimension 0 we mean
an isolated point, while a complex hyperplane of dimension n means the entire space
C". We let r (0 < r < n) denote the maximal such r; with this property. Then
n ~r is called the dimension of the analytic set £ at the point p, and r is called
the codimension of £ at p. Furthermore, the maximum of the dimensions of £ at
all points g in £ is called the dimension of the analytic set £ in D. If £ has the
same dimension at each point of € in D, then £ is said to be of pure dimension
in D; if this dimension is {, we say that £ is a pure I-dimensional analytic set in
D.

In particular, a pure one-dimensional analytic set is often called an analytic
curve. Clearly an analytic hypersurface S in D is a pure (n — 1)-dimensional
analytic set in D. A set of isolated points in D with no accumulation point in D
is an analytic set of dimension 0, while the domain D itself is an analytic set of
dimension n in D. For the sake of convenience the empty set  is considered as an
analytic set of dimension —1.

Let £, and &; be analytic sets in D which have dimension v, and v, at a point
p in D. Then the dimension of the analytic set £, UE; is equal to max(v,,v;), while
that of £ N &, is at most min(vy, v7).
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2.2.2. Projections of Analytic Sets. Let £ be an analytic set in a domain
D in C". Weset n = r+s where r and s are positive integers, and we consider C" as
the product of C" with variables z,,... , z, and C* with variables w,... ,w,. Let £
contain the origin 0 in C". We let D(0) and £(0) denote the sections of D and € over
the s-dimensional hyperplane z; =0 (j = 1,...,r). Then 0 € £(0) C D(0) C C°,
and the section £(0) is an analytic set in D(0).

Suppose that in some neighborhood 4 of the origin in C* the set £(0) consists
of the single point 0 (we use the same notation for the origin in C", C* and C").
Then the dimension of £ at the origin in D C C" is at most r.

Let T be a closed polydisk centered at the origin 0 in C* with radius px (k =
1,...,8),
2 we| <€ o (k=1,...,s).
with px chosen so that P C D(0) and T N £(0) = {0}.
Then we let A be a closed polydisk centered at the origin 0 in C" with radius
ri(G=1....r), _
Azl <y (G=1....,r),
with r; chosen so that A := Ax I C D and (A x dT') N € = @. This is possible
because £ is a closed subset of D in C". We define

E%:=ENA,

which is an analytic set in A.
We let 7, denote the projection mapping of A outo A. Then we have the
following proposition, which is indispensable for inductive arguments on dimension.

PROPOSITION 2.3. The projection 7,.(E°) of £° onto A is an analytic set in A.

PROOF. We prove the proposition by induction on s = n — r. To begin. we
assume s = 1, so that r = n — 1. We let =,,_,; denote the projection from C" =
C"-! x C,, onto C"~!. Fix 2’ in 7, (£°). Since (A x 8T)NE = @ and the section
£9(2') is an analytic set in the closed disk ' C C,, it follows that £%(z) in A
consists of a finite number of points p; = (2/,u;) (i = 1.... ,u). For each point p,
in £°(z’) we choose a polydisk A; = A; x I';, where A, is a polydisk centered at z’
and I, is a disk centered at w; in I, such that

AiCA, ANA; =03 #5). (B:xdT;)NE® =0

By Proposition 2.2, it suffices to prove that the projection ,_;(£° N A;) of each
analytic set £2NA; (i =1,...,p) is an analytic set in A;. For simplicity, we write
=0 p;=0, A; =A, T; =T, and A; = A as described above.

Note that A is a polydisk centered at 0 in C"; by taking a smaller polydisk if
necessary, we can write

ﬂ {(z,w) € A | fi(z,w) =0},

where each f;(z,w) (j = 1,...,1) is a holomorphic function on A. Furthermore,
from the condition that (Anar)n£° 0. we have @ = ({0}NAr')NE = £°(0)Nar,
so that one of the fj(z,w) ( = 1,... 1), say fi(z,w), satisfies f,(0,0) = 0 and
{fi(0,w) = 0} ¢ ar; i.e., the one-variable holomorphic function f,(0,w) is not
identically zero in I'. By taking a smaller disk I'' C T centered at w = 0 with the
same property that (ANAI')NEC = @ (if necessary), we can assume f; (0, w) # 0 for
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any w € I\ {0}. For simplicity, we use the same notation I'" = I". By Proposition
2.1, the zero set of f)(z,w) in A. denoted S, can be written in the following form:

P(z,w):=w* + A)(z2)w’ "' +...+ A,(2) =0 in A,

where each Ax(z) (k =1,...,v) is a holomorphic function in A satisfying Ax(0) =
0. Note that P(z,w) may be reducible but, from the construction in Proposition
2.1, it cannot have repeated factors: thus the discriminant d(z) of P(z,w) with
respect to w does not vanish identically on A. We let o denote the zero set of d(z)
in A, and we set A’ := A\ 0.

Let c = (c1,-.- .cu-1) € A’. We let S(c) C T denote the section of S over the
hyperplane z; = ¢; (j = 1,...,n — 1). The set S(c) consists of v distinct points
w=b (k=1,....v). Foreach k =1.... .v. let v be a closed disk in I" centered
at by and with radius p’ > 0,

W o: jw=b <0

with p’ chosen so that v, Ny, = @ (k # h). Next, let § be a small closed polydisk
in A centered at ¢ with radius r' > 0,

§:z;—¢gl <y G=1.....r),

with r’ chosen so that SN (d x &) = @ (k = 1.....v). By Lemma 2.2, in the
polydisk Ax := & x ¢ C A, the analytic set S can be written in the form

w = N(z) (k=1....,v),
where each n.(z) is a single-valued holomorphic function in 4 satisfying n(c) = bx.

We introduce the [ — 1 complex variables u; (j = 2....,l), and construct the
following holomorphic function on § x C'~!:

H(z.u) =[] [falz.m(2)uz + - + filz.me(2))ui).
k=1

Expanding this function as a homogeneous polynomial in u, (j =2.... .l), we can
wTite
H(z.u) = Zg,,,, g (2, oy,

where each g,, .. ,,_, (z) is a holomorphic function in . To avoid multiple indices, we
write g;(2) 1= g;,..;,_,(z) for 1 € J <V := (I = 1)*"'. Each n(2) (k=1.....v)
can be analytically continued to any point 2z’ € A’ along any arc in A’ connecting ¢
and z’. Moreover, the function element at z’ obtained by this continuation coincides
with one of the functions 7,, (z') determined by the equation P(z’.w) = 0. Since
each gy(z) (J = 1,....l') is symmetric with respect to n:(z) (k = 1....,v), we
conclude that g;(z) can be analytically continued along any arc in A’ and thus
defines a single-valued holomorphic function in A’. Since each n(z) (k= 1....,v)
is bounded in A’, the same is true of each g;(z) (J = 1,....0). It follows from
Riemann's removable singularity theorem that g;(z) can be analytically extended
across the analytic set o to all of A. We use the same notation g;(2) to denote this
holomorphic extension in A.
We set

£ = ({zeA|gs(s) =0}
J=1



48 2. IMPLICIT FUNCTIONS AND ANALYTIC SETS

which defines an analytic set in A. Note that we may have g;(2) =0(J =1.....0'),
ie, A=E".

To finish the proof of Proposition 2.3 for s = 1, we will show that £’ coincides
with the projection of £2 onto A; i.e.,

E =7n1(E9) in A. (2.6)

In fact, we note from (2.1) that each ni(z) (k = 1....,v) is defined and con-
tinuous at all points of o. From the construction of w = n¢(z) using f)(z,w), and
from the representation of £°,

1
£= N {(zw) €Al fzw) =0}
J=
we easily obtain the following equivalent representation of £9:

&= Ul {(zm(2)) €A | fi(zm(2)) =0 (i =2,... .1)}.
To prove (2.6), first fix 2’ € £';ie.. let gy(2') =0 (J = 1,....,0'). It follows
that H(z',u) =0 for u € C'~'. Hence for some k € {1,... ,v}

L2 () uz + - + fi(2 () w =0
for all u € C'~!. Therefore,

[i@m(@)=0 (=2,...,0).

It follows from the description of £° above that (2/,nx(2')) € £°.

Conversely, fix (z/,w’) € £°. From the description of £°. we have u' = 1;(z’)
for some k € {1,...,v} such that f;(2',n(2')) =0 (j = 2,....I). It follows that
H(z',u) = 0for u € C'!, and hence that each coefficient g;(z) =0 (J = 1,...,l');
i.e., 2’ € £&'. Thus (2.6) is valid and Proposition 2.3 for the case s = 1 is proved.!

Now we prove Proposition 2.3 for the case s > 2 under the assumption that it
is true for the case s ~ 1. Using A C C" and I' C C? as described in the beginning
of the section, prior to the statement of the proposition, we set A’ = A’ x I C
C"~! x C, where

A" ozl (=11 Jwkl < (k=1....,8-1),

r: [ws| < ps.
By assumption £° N (A x 8T) = @, we see that £2°N (A’ x T’) = 0 in A’. Since
the proposition has already been proved in the case s = 1, the projection £’ of the

analytic set £2N A’ onto A’ is thus an analytic set in A’.
Note that if we let I',_, denote the polydisk

Foailul <o (k=1,....5s-1),

then we have £'N(A x8T,_,) = 0. It follows from the inductive hypothesis that the
projection £” of £’ onto A is also an analytic set in A. Since £” is clearly identical
with the projection of £° onto A, it follows that the projection of £2 ¢ C" onto
A C Cr is an analytic set in A. We thus conclude that the projection ,(£°) of
the analytic set £2 in A onto A is an analytic set in A. a

!This elegant method of introducing the { — 1 indeterminants uz, . .. , u; is due to R. Remmert
and K. Stein [69]. However, this technique is not essential to verify the proposition.
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REMARK 2.5. Under the same hypothesis as in Proposition 2.3. it follows that
the dimension of £ at the origin 0 is at most r. Furthermore, we see from the
proof that dim 7,.(£%) at z = 0 in A is equal to dim £ at the origin 0 in A. Thus,
7(€®) = A if and only if dim £® = r at the origin 0.

2.2.3. Locally Algebraic Analytic Sets. In this section we consider ana-
lytic sets with a specific structure; the so-called complete locally algebraic analytic
sets. Our goal is to develop the machinery needed to study irreducible decomposi-
tions of analytic sets in the next section. As in the previous section weset n =r+s
and write C" = C" x C*, where C" and C? are the spaces of the r complex variables
2).... .2, and of the s complex variables w,.... .«,. We consider a polydisk A in
C" centered at the origin 0 with radius r, (j =1.....r),

Azl <y J=1.....r).
For each variable wy (k = 1.... .s). we consider a monic distinguished pseudopoly-
nomial Py(z.wy) in wy of degree I,
Pi(z.wy) = w{.‘ + af(:)u‘i“_' +--+ o,‘;(z) (k=1.....8).

where each coefficient of (2) ( = 1.... .lt) is a holomorphic function on A satis-
fying a}‘ (0) = 0. We assume that Pi(2.w)) has no repeated factors, although we
allow it to be reducible. In each coordinate plane C,, we take a closed disk I’y
centered at the origin with radius p;.

T :lwn|<pe  (k=1,....8),

where py is chosen sufficiently large so that for any fixed z € A, all I, solutions of
the equation Pi(z.wx) = 0 for wy in C,., are contained in I';. We set

r=ryx...xr,cce* and A=AxIccC".

We consider the pseudopolynomials Pi(z,uw) as functions on A which are inde-
pendent of s — 1 variables w.... &}, ... .w,. Then we get an analytic set £ in A
given by the following s equations:

Y: P(z.uwx)=0 (k=1,....8).

This analytic set is called a complete locally algebraic analytic set with pa-
rameters 2;.... . z,. Note that ¥ is a pure r-dimensional analytic set in the product
space A x C* as well as being a pure r-dimensional analytic set in the polydisk
A=AxT.

We now consider in greater detail complete locally algebraic analytic sets. To
simplify the exposition, we recall the notion of holomorphic mappings (or vector-
valued functions) introduced in section 1.3.5. Let D be a domain in C", and
let f;(z) (7 = 1.....m) be holomorphic functions in D. Then the m-tuple of
holomorphic functions,

£(3) 1= (fi(2)ee . < Sm(2)),

is called a holomorphic mapping from D C C" into C™. In other words,
f(z) is a C™-valued holomorphic function on D. As in the case of complex-valued
holomorphic functions, we can consider the analytic continuation of f(z) along an
arc [ in C" starting from a point of D; this is merely the simultaneous analytic
continuation of all the functions f,(z) (j =1,... ,m) along the arc l.

Let £: Pi(z.wy) =0 (k =1.....s) be a complete locally algebraic analytic
set in A = A x I'. We let di(z) denote the discriminant of Py(z.wx) with respect
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to wy and we let oy denote the zero set of di(z) in A. Note that di(z) £ 0. We
also set

g
o= o and A'=A\o.

k=1
Let ¢ = (cy,-.-. ,¢) be a fixed point in A’. For each pseudopolynomial P(z. uy) (k
= 1.....s) of degree l; in wy, we denote by bx; (j = 1.....lx) the set of all

complex numbers wy satisfying the equation Pi(c,wi) = 0. These I; solutions are
distinct and simple (order 1). For each j = 1,... ,li, we take a closed disk y,; in
Cuss
MW, - 'wk—bk,ﬂSp' G=1....4L).
centered at by ; and with radius p’ sufficiently small so that v, ; C Iy and %, N
Yk = 0 if i # j. Next we take a closed polydisk 6 in A’.
6 : ]Z"—CJ'IST' (j=1.....r).

centered at ¢ and with radius 7’ chosen so that P.(z.wy) # 0 for any (z.wy) €
0 x v, (j =1,....4). Welet Hy; denote the zero set of Pi(z.wyx) in the

polydisk A j := 6 x v« ;. From Lemma 2.2, the analytic hypersurface Hj., can be
described as

Hy, @ wi =k (2) in Ak,
where 7; ;(2) is a single-valued holomorphic function in § (see Figure 2).

c” Cu Co,

FiGURE 2. Representation of analytic set

For each k = 1,... ,s, we choose a number j; (1 < ji < lx). and form the

s-tuple of integers j := (jj.... ,js). Then we construct an associated holomorphic
mapping on 4. the holomorphic C*-valued function
7;(2) := (M, (2). .- sy, (2))-

The total number of such mappings is N :=1{, ---l,. We set
Y= Mgy X X Yay, CT and A =0x17; CA
In the closed polydisk A; centered at (¢, by ;,.... .b, ;. ) in C" we set
E; - w=n;(2). z €9,

so that L; is a pure r-dimensional analytic set in ;. Fron the definition of the
analytic set ¥ in A, we see that £ N (6 x I') coincides with the union of the N
analytic sets I;.
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The holomorphic mapping 7;(z) can be analytically continued to any point
c' € A' along any arc L in A’ connecting the points ¢ and ¢'. i.e.. simultaneous
analytic continuation of all m, j,(z).... .7, (z) along L.

From the theorem on invariance of analytic relations under analytic continua-
tion, we see that the arc

w = ,(z). z€L,

is contained in X. Therefore, similar to our procedure in section 2.1.3. we can
classify the N holomorphic mappings 7,(z) defined on § into subclasses K h(h =
1,...,m) as follows: r];' and r];', belong to the same class if and only if r];' can be
analytically continued to n;', along a closed curve L in A’ with initial and terminal
point c. Here we use the notation n;'( z) to denote a holomorphic mapping belonging
to the subelass K".

REMARK 2.6. If we shrink the polydisk A. the number m of distinct classes
K" may increase but m is always bounded above by ¥. Thus this number m is
invariant for sufficiently small A: for the rest of the section, we fix such a A.

For each subclass K* (h = 1.... ,m). we analytically continue the mappings
r];-'(z) on § along all possible arcs L in A’ for which the simultaneous continuation is
possible. We continue to use the same notation r];' (z) for the holomorphic mappings
now defined on A’. We then define the r-dimensional analytic set I}, in A’ := A’xT
by

Show=nl(z). :e€d. qlek*
and set .
Thi=5%} inA=AxT.
We note that the set T is uniquely determined by the subclass A™* (h = 1.... .m).
We have the following two lemmas.

LEMMA 2.5. Each Ty (h =1,2.....m) is an analytic set in the polydisk A.

PROOF. We fix h = 1,... ,m. We introduce s new complex variables 1y (k =
1,....s) and construct the following function of (z.w.z) in d x C* x C*:

Qzow.v) =T [{wr - nf,, (2)}er + - + {ws = 0l (2)}] .
($3)
where 71,':' #(2) (k=1,... .5) are the component functions of the holomorphic map-
ping nf(z), and the product is taken over all holomorphic mappings r];'(z) from the
class K*. Expanding Q(z,w, v) into a homogeneous polynomial of v (k = 1,... ,s).
we see that the coefficients g(z.w) (J = 1,... 1" := s*K") are polynomials in
wn,... ,w, whose coefficients a’)(z) are holomorphic functions of = in 6.

Let ¢’ € A’ and connect c and ¢ by an arc L in A’. Since all the holomorphic
mappings n7(z) in K" can be analytically continued from c to ¢’ along L. the
function Q(z.w.v), as a function of z. can also be analytically continued. Note
that in the w and v variables. Q(z.w,v) is a polynomial.

On the other hand, from the explicit form of Q(z.w,v). it is clearly symmetric
with respect to all the holomorphic mappings 7 (z) belonging to K*. It follows
that Q(2,w.v) defines a single-valued. holomorphic function in A’ x C* x C*. In
particular, all of the coefficient functions a'(z) of g;(z,w) are single-valued. holo-
morphic functions in A’. Since all the mappings r];'(z) are bounded in A’, the same
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is true of each a’/(z). It now follows from Riemann’s removable singularity theorem
that each a%(z) can be analyticzlly extended across the analytic hypersurfaces o
to all of A, and thus g;(z.w) can be analytically continued to the domain A x C°.
Thus, using the same notation g;(z.w) (J = 1,... .”) for this single-valued holo-
morphic extension, g,(z,w) is a polynomial in w,.... .w, whose coefficients are
single-valued holomorphic functions of z in A.

We now consider the following analytic set in A:

=hogi(z,aw)=0 (J=1,....0").

From the definition of X} given before the statement of the lemma. and using the
definition of Q(z.w, v), it is easy to verify that I} coincides with the set L), := X}
Hence, L} is an analytic set in A. O

From the proof we have the following remark.

REMARK 2.7. The analytic set £, can be written as £, = {(z,w) € A |
fi(z,w) =0 (j = 1.... .v)}. where each f;(z.w) (j = 1.....v) is a holomorphic
function on A.

Finally we have the following lemma.

LEMMA 2.6. EachZ), (h =1,... ,m) is an irreducible analytic set at the origin
0in C".

PROOF. Let F(z,w) be a holomorphic function in A such that F(z.w) =0 on
one of the analytic sets E;-' Tws= r;;'(z) in 6 x ;. Then the theorem on invariance
of analytic relations under analytic continuation implies that F(z,w) = 0 on all of
Xh. Thus I, is irreducible at the origin 0 in C". m]

Indeed, we conclude that the complete locally algebraic analytic set £ in A can
be represented as the union of a finite number of irreducible analytic sets L), in A,

T={) S 2.7)
h=1

and this union is the irreducible decomposition of ¥ at the origin 0 in C".

We call each irreducible component £, (h = 1.....m) a locally algebraic
analytic component of the complete locally algebraic analytic set X.

To represent T, in A’ x I', we used the C*-valued holomorphic functions nj?(z)
on A'. If z € A’ approaches a point p € o, we see from (2.1) that each branch
of n}'(z) tends to a certain point P in I'. We thus get a single multiply C*-valued
function r);'(z) on A, which we call a locally algebraic holomorphic mapping
(or a locally vector-valued algebraic function) on A. Moreover, the analytic
set Xy in A is called the graph of n}'(z) or the analytic set determined by

w = nf(z2).

2.2.4. Irreducible Decompositions of Analytic Sets. We return to the
study of general analytic sets. Let £ be an analytic set in a domain D in C". We
assume that £ contains the origin 0 and that the dimension of £ at 0 is less than or
equal to r. We then choose suitable coordinates 2,,... .2, and w).... . w, (where
n =r + 8) so that the section £(0) of £ over the hyperplane z; =0 (j = 1.....r)
consists of the single point 0 in C? in a neighborhood of the origin.

We have the following lemma.
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LEMMA 2.7. For each variable wi (k = 1,....8) there exists a distinguished
pseudopolynomial Pi(z.w;) in wy with the following property: the complete locally
algebraic analytic set T with parameters z,,... .z, defined by

2 : P(z.ux)=0 (k=1.....s)
contains the analytic set € in a neighborhood of the origin 0 in C™.

PROOF. For a fixed integer k (1 < k < s), consider the space C™~! of the
complex variables z),...,2, and wx. We take a closed polydisk A, centered at 0
in C™*!, where

Ak=BxTw. A:lgl<r, G=l....r). Ty : lukl < o

Set

M=r;x...xTf,, A=AxT.
By assumption we can choose r; >0 (j=1,....r)and g >0 (k =1,....3)
sufficiently small so that £N (A x T') = 0. We set

E:=ENA & :=m(E" (k=1.....3).

where 7, is the projection map from A onto A;. By Proposition 2.3 and £ N (A x
dT) = 0. each & is an analytic set in Ax (k = 1.....s). Thus we can assume &
can be written in a neighborhood ;. of the origin 0 in A in the form

Flw) =0  (j=1...my),

where each gj"(z, wy) is a holomorphic function in d.

We note that the section £ (0) of £ over the hyperplane z; =0 (j =1.... .r)
consists of the single point 0 in a neighborhood of the origin in the disk I'x of the
w) plane. It follows that at least one of the functions g;‘(z, uy) (7 = L...,my),
say gf(z,wx). satisfies the Weierstrass condition at the origin 0 in the coordinates
(z,wk). By taking a smaller polydisk if necessary. we can assume that ¥ (zown) #0
for (z,wi) € A x 3Tx. We let £ denote the zero set of the holomorphic function
g{‘ (2, w) in Ag, so that & C f,,. We see from Theorem 2.1 that }:"k coincides with
the zero set of a distinguished pseudopolynomial Pi(z,wy) in wy in the polydisk
Ai. Note we may assume that for all k = 1,...,s, the same polydisk A centered
at 0 in C" is taken in the construction of Ax = A x I'x. It then follows that the
analytic set £ N A is contained in the complete locally algebraic analytic set £ in A
defined as

L: P(zouwn)=0 (k=1.....8).
Lemma 2.7 is thus proved. a

The complete locally algebraic analytic set ¥ in Lemma 2.7 can be decomposed
into the union of irreducible components £ = Uf,=, X in a polydisk A centered at
the origin 0 in C". Here we may need to take a smaller polydisk A than in the
proof of Lemma 2.7. Since £° C I. it follows that £° can be decomposed into the
following (not necessarily irreducible) analytic sets:

1
£ = U & in A.
h=1

where
En=ENZ, (h=1,....1).
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If we let r, denote the dimension of £, (h = 1..... 1) at the origin 0. then 0 <
r; < r. Furthermore, &, = £, in A if and only if r, = r, by the irreducibility of
Th. If rp < r—1, then &, is an r,-dimensional analytic set which is contained in
Th. The union of the analytic sets £, which are of dimension r at the origin 0 will
be denoted £”. The union of the remaining sets £, will be denoted by £*. Hence
we liave the decomposition £” = £” UE*. where £" consists of all compouents of £°
which are pure r-dimensional irreducible analytic sets in A, while £° is an analytic
set of dimension at most r — 1 in A.

From Proposition 2.3 and Remark 2.5, n.(£*) is an analytic set in A of di-
mension at most r — 1. Thus. by taking a linear transformation of zj.....z,.
if necessary. we may assume that the section £°(0) of £€* over the hyperplane
2y =0,...,2,-, = 0 in a neighborhood of the origin 0 in C**! either consists
of the single point 0 in C**! or is emnpty. We now repeat the above procedure for
the analytic set £* and obtain the following theorem.

THEOREM 2.2. Let € be an analytic set in a domain D in C", and let a =
(ay.... .a,) be a point in € at which the dimension of £ is r. Then there exist
coordinates (zi,...,2,) and a polydisk A centered at the point a in D.

A: |z —ajl<rT, G=1....n),

such that the analytic set £ = AN E can be decomposed into a finite number of
irreducible analytic sets in A. Moreover, each trreducible component is pure dimen-
sional in A, and each pure s-dimensional irreducible analytic set (with s < r) coin-
cides with a locally algebraic analytic component in A with parameters 2,.... . zs.

We note from the proof that the coordinates (z)...., z,) for C" satisfy the
conditions of Theorem 2.2 at the point a = (a,,....a,) in such a way that. for
s < r, the intersection & N {z = a)..... . = a,} counsists of the single point
a in a neighborhood of a in C", where £, denotes the s-dimensional irreducible
coniponents of £ at a.

Given an analytic set £ in a neighborhood of a point a in C". the coordinates
2= (2.... .2,) of C" are said to satisfy the Weierstrass condition for £ at o
if the conclusion of Theorem 2.2 holds for £ and a in these coordinates. We then
call the closed polydisk A centered at a in Theorem 2.2 a Weierstrass canonical
neighborhood of £ at the point a in C".

REMARK 2.8. Let D be a domain in C and let fi(z) (k= 1,... .s) be s single-
valued. complex-valued functions on D. We set f(z) = (fi(2).....fs(z)). z € D.
and consider the following subset £ of D x C}.:

£:w=f(:). zeD.

If either (i) £ is an analytic set in D x C2, or (ii) f(z) is continuous on D and there
exists an r-dimensional analytic set £ in D x C,. such that £ C . then f(z2) is
holomorphic on D.

Since the proofs in each case are similar, we will only give the proof for case
(ii). Let pp = (z0.wy) € €. Using a linear coordinate transformation which is
sufficiently close to the identity. if necessary, we may assnme that the coordinates
(z,w) satisfy the Weierstrass condition for £ at py. Then we can find a polydisk
A:=Ax A’ C D xC? centered at py such that (£ JS)N(A x JA") = 0 and such
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that ZN A is the union of components of a complete locally algebraic analytic set
.
T Pi(z.ux)=0 in A.
Equivalently,
£:w=9q'(z) (=1...m), z€A.
where 7/(z) = (74 (2),... .7(2)) ({ = 1.... .m) is a locally algebraic vector-valued
analytic function on A. We let o C A be the union of the zero set of the discriminant
di(z) of Pk(z wy) with respect to wy (k=1.....s).
Fix z' € A\ o. Since ECEC E. we have

f(z") =1'(z') forsome I=1.....m.

Since 7*(z) # n'(z) (k # I) for each point in A\ o, it follows from the continuity
of f(z) and n'(z) that f(z) = n'(z) on A\a. Since o is an analytic set in A of
dimension at most r — 1. ue conclude that n'(z) and f(z) are single-valued on A;
and. indeed. that f(z) = 7'(z) on A. In particular, f(z) is holomorphic on A.

This remark immediately implies the following fact. If T : § — ¢’ is a holomor-
phic map between two domains § and §’ in C” which is one-to-one and onto. then
T-! is holomorphic.

Now let £ be an analytic set in a domain D in C". Let p € £ and let £ be
of pure dimension r at p. If there exists a closed polydisk A = A x I' centered at
p = (a,b) in the coordinates (2, w) of C" = C" x C*,

A : |z -gf<T, G=1....r).
I juw—bi| < o (k=1,....s),

such that £ N A can be described in the form
=m(z.....2,)  (k=1.....s).

where ni(z1.....2,) (k = 1.... .3) are single-valued holomorphic functions in A,
then the point p is called a nonsingular point of £. Otherwise p is called a
singular point of £. The set of all nonsingular points of £ in D is called the
nonsingular part of £. Clearly the closure of the nonsingular part of £ equals £.
If £ is irreducible in D, then the nonsingular part of £ is connected.

REMARK 2.9. Let £ be a pure r-dimensional analytic set in a domain D C C".
Then the set S of singular points of € in D is an analytic set of dimension at most
r—1.

PRrOOF. We maintain the notations A = A x T C C] x C3, and Pi(z. ux)(k =
1,...,8) used to verify formula (2.7) in A. Since the statement is local, we may
assume that D = A and £ = |J;., s in A. where I, is given in (2.7) and m’ < m.
Then the set S of singular points of £ in A is of the form § = §, U S; where

S = U (ZenXy),
1<k I<m’ k#l

9P oP;
S; = n{P€5| X z

(p) = —(p) 0(=1....nN}

Thus. S is an analytic set of dimension at most r — 1 in A. 0
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REMARK 2.10. Let £ and F be two irreducible analytic sets in a domain D in
C", with dimensions v and u. Then either the analytic set £ N F in C" coincides
with one of £ or F, or the dimension of £ N F at any point is strictly less than
min{v, u}. In the latter case. £ N F can be locally decomposed into a finite number
of r;-dimensional irreducible analytic sets, where r; < min{v., u}.

This may be proved by taking coordinates (z2,.... . z,) which satisfy the Weier-
strass condition for both £ and F. This remark yields the following useful corollary.

COROLLARY 2.1. The intersection of an infinite number of analytic sets in a
domain D in C" is an analytic set in D.

2.3. Weierstrass Condition

Let £ be an analytic set in a domain D in C" whose dimension is at most n - 1;
i.e.. £ # D. Let p be any point of £ and let = = (z,.... . 2,) be coordinates of C".
From Proposition 2.3, we can easily find uncountably many systems of coordinates
2’ = (2]....,z;) of C" which are sufficiently close to the given coordinates z =
(21.... .2,) and such that £ satisfies the Weierstrass condition at the point p in the
2’ coordinates. By “sufficiently close™ we mean that z}....,z/, are obtained from
2),... .2 by a linear transformation whose transformation matrix is arbitrarily
close to the identity matrix. Therefore we can find a dense subset K of £ and
coordinates w = (w).... ,w,) of C" for which £ satisfies the Weierstrass condition
at each point ¢ of K. However. this does not yield the existence of coordinates for
C" such that £ satisfies the Weierstrass condition at every point of the analytic set
E.

Thus the following theorem will be important, not only in this section. but
especially in Part II of this book.

THEOREM 2.3. Let D; (j = 1,2,...) be a countable collection of domains in
C" and let £; be an analytic set in D; (j = 1,2,...) whose dimension is at most
n—1. Let z = (z1.....2,) be coordinates for C". Then there exist coordinates
w = (w....,w,) for C* sufficiently close to the coordinates (z),... ,2,) such that
every analytic set £, (j = 1.2....) satisfies the Weierstrass condition at each
point of €, (j = 1.2....) in the w coordinates.

Note we do not assume that D;\D; # @ for i # j. This section will be devoted
to the proof of the theorem.?

2.3.1. Complex Lines Contained in an Analytic Hypersurface. As a
first step towards the proof of the theorem. we study the question of determining
when a complex line is contained in the zero set of a given holomorphic function.
Let f(z) be a non-constant holomorphic function in a domain D in C". We let S
denote the zero set of f(z) in D. Given z = (z,.....2,;) € S. we fix a complex
line L passing through the point z in the (complex) direction uw: = (w;.... .wy).
ie,L: teC—uwt+z=(wit+2z,...,wst+2,) € C", and we consider the
restriction of f(z) to L:

F(t) := f(wt + 2).
The function F(t) is defined and holomorphic for ¢ in a neighborhood v of t = 0
in the complex t-plane. A necessary and sufficient condition that the hypersurface

2This theorem was first proved by H. Grauert [21}. The proof given here is due to the author
[39}.
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S contains a portion of the complex line L lying in a neighborhood of the point z
in C" is that F(t) = 0 on . Clearly if w satisfies this condition. then so does any
multiple sw = (sw),.... ,8w,) for s € C. For convenience, we include the case when
the direction is 0 = (0,... ,0); clearly the 0 direction satisfies the above condition.

Let T denote the closed polydisk centered at the origin with radius 1 in C",
and let v, denote the closed disk centered at the origin with radius p in the complex
t-plane; i.e.,

F:jw;l<1 (j=1,....n), Tt <p.

Fix a point 2! = (2{.....29) in the domain D. and choose a closed polydisk A
centered at z" with radius r > 0 sufficiently small so that A lies in D,

A Iz,-—z;'ISr (=1.....n).
We let p > 0 denote the polydisk distance from A to dD. For any (z,w,t) €
AxTx 7. We set, using the same notation from above,

F(z.w.t) := f(wt + 2),
which defines a holomorphic function in A x T x v,.
We have the following lemma.

LEMMA 2.8. Let o be the set of all points w in T with the following property:
there ezist a point z € ANS and a neighborhood V of the point z in C? such that S
contains the portion of a complez line L passing through the point z in the direction
w which lies in V. Then o is a closed. nowhere dense subset of T.

PROOF. We develop F(z.w.t) into a power series with respect to ¢,
F(z.w,t) = Ap(z,w) + A\ (z.w) t + Ap(z.w)t? + -+,

so that each coefficient Aj(z,w) (j =0.1,2,...) is a holomorphic function of (z, w)
in the closed polydisk A := A x T'. Consider the subset £ of A defined by the
countable number of equations

L:={(z.w)€A: A(zw)=0. j=0.1.2.... }.

It follows from Corollary 2.1 that T is an analytic set of dimension at most 2n — 1
in A. From the necessary and sufficient condition that the hypersurface S contains
the portion of a complex line L lying in a neighborhood V of the point z, we see
that

g = ﬂll‘(z) inT,
where . is the projection from A onto I'. Since A is closed, o is a closed subset of
T.

We now show that #,.(X) contains no non-empty open set. Suppose, for the
sake of obtaining a contradiction. that r,,(X) contains a non-empty open set I/. For
any @ = (@).... .an) € U, we consider the section X(a) of T over the hyperplane
w; =a; (j = 1,...,n). For each p € X(a), we can find a sufficiently small
neighborhood A, of the point p in A such that A,NE can be decomposed into a finite
number of irreducible components at p. Since X(a) is compact in A, we can find a
finite number of these neighborhoods Ay, (j = 1.... .1) such that £(a) C U}_, Ay,
We let E;‘ (k = 1,... .m;) denote the irreducible components of each analytic set

Ap, NI (j = 1....,1) in A,,. By assumption, the union J'_, UFY, T(Z¥) T
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contains a as an interior point. Consequently, one of the sets {ﬂu.(Zf)} i C T, say
7. (E%), contains the point a in its interior.

For simplicity, we write 2;' =Xy, Aj = Ao. and p, = po. Thus 7,.(Eg) contains
a = m(py) in its interior. We can find a sufficiently small polydisk A, := 8, x7; C
Ao centered at py so that £, := A} N Xy is an irreducible analytic set in A; with
7e(Z1) = 1. Clearly dim X, = n + r for some r > 0. For each uw’ € 7, we let
T, (w’) be the section of £, over the hyperplane w = w’. Since 7,.(X,) = 11, we
can use Proposition 2.3 to prove that dim X, (w’) is always greater than or equal
to r and that there exist w’ €  with dimZ;(u®) = r. Let 2 = (z)...., 29
be a point in L(w®) at which dim X, (w®) equals r. Then we can find coordinates
215+ »Zn of C" such that the (n — r)-diinensional hyperplane H in C*" defined by

H:w=u' zy=2,....2,=2"

satisfies the condition that in a neighborhood of (z°,u’) on H. the intersection
T, N H consists of the single point (2% w"). We can therefore find a sufficiently
small polydisk A := d x v, where § is an (n + r)-dimensional polydisk centered at
(w®.29....,2%) and 4 is an (n—r)-dimensional polydisk centered at (z°_,,... ,z%).
such that £; N A can be described in the form

2k =& (w21, .., 2r) (k=r+1....,n)

for (w.2;,...,2,) € 8, where each & (w.z).....z,) is an algebraic function in 4.
If we fix a nonsingular point (. z) = (a,3) in £; N A, then we can find a smaller
polydisk 6° C & centered at (a,3....,H3;) in which each &(w,z.... . z.) (k =
r+1.... .n) is a single-valued holomorphic function.

We fix |t| << 1 and construct the holomorphic mapping T; : 2z’ = =(¢,w) from

the n variables w near w = a to the n variables 2’ = (2{,... .z/,) near 2’ = ot + 3
by the formula

z; =wit+3 G=1....7).

ZL = wit + & (w. By, ... .5;) (k=r+1,....n).

By the construction of I, we see that f(2’') = f(Z(t.w)) = 0 for all (¢, w) suffi-
ciently close to (0,a).
On the other hand, we see that the determinant of the Jacobian inatrix of T;.
2ot 2h)
B(wl,... .u:,.)'
is a monic polynomial in ¢ whose coefficients are holomorphic functions of w near
w = a. Therefore, for some |t|] << 1. T; is a bijective map from a neighborhood
of a in C?, onto a neighborhood w of at + 3 in C?.. Hence f(z') = 0 in w, which
contradicts the hypothesis that f(z) is non-constant in D. a

2.3.2. Hypersurface Case. Using Lemma 2.8, we can prove Theorem 2.3 in
the hypersurface case.

LEMMA 2.9. Let D; (j = 1,2,...) be a countable collection of domains in
C™ and let fj(z) be a holomorphic function in D; (j = 1.2....). Let S; (j =
1,2,...) denote the zero set of fj(z) in D;. Given coordinates (21,...,2,) of C",
there exist coordinates (w,, ... .wy,) sufficiently close to (z).... .z,) such that each
hypersurface S; (j = 1.2....) satisfies the Weierstrass condition in the coordinates
(w1, ... ,wy,) at each of its points.
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PROOF. Let £ be the set of all directions w € T such that for some S; (j =
1,2,...) and for some point p € Sj, there is a neighborhood of p in D; such that
the portion of the complex line L with direction w passing through p lying in this
neighborhood is contained in S;.

Given any point p in one of the sets S,. we consider a closed polydisk 4;,
centered at p and contained in the domain D;. We let £(;,) denote the set of all
directions w € I such that for some point g € §;,NS;. there is a neighborhood of ¢
in D; such that the portion of the complex line L with direction w passing through
g lying in this neighborhood is contained in S;. By Leinma 2.8. the set £L(J, ) is a
closed, nowhere dense subset of T. Note that | J), S; can be covered by a countable
number of these sets 4, p, say {6, },=1...... and thus £ = |J)_, £(8,). By Baire’s
theorem, I'\ £ is dense in T; hence we can take a direction «® € I' \ £ which is as
close as we please to the direction (0.....0.1). say w" = (51,... ,£0-1,1). If we
consider the coordinate transformations w; = z; — €z, (i = 1.... ,n—1), w, = 2,,
then the coordinates (uy,....w,) satisfy the conditions of the lemma; i.e., each
Sj (j = 1.2,...) satisfies the Weierstrass condition in these coordinates at every
point of S;. O

2.3.3. General Case of Analytic Sets. To prove Theorem 2.3 for general
analytic sets we use induction on the dimension n of C". For n = 1 there is nothing
to prove. We thus prove Theorem 2.3 in C” under the assumption that it is true
inC"-!,

Fix one of the domains D; (j = 1,2,...). For each point p € £,, we can
find a neighborhood 4, of p in C" and a finite number of holomorphic functions
Jl(2) (k =1,... ,vp) such that §,N¢; is given by the v, equations f](z) =0 (k =
1,....vp) in 8. Therefore we can find a countable number of such neighborhoods
i (i = 1,2,...) and holomorphic functions f3(z) (k = 1.....v;) in §; such that the
sets §; cover £;,i.e., &, C U, 8, and 5;NE; ={z €4, | fi(z) =0(k=1,... .1)}.
For simplicity in notation, we write §; = D;; in other words, it suffices to prove
the theorem under the assumption that each &; (j = 1.2,...) is an analytic set in
a domain D; C C" described by global functions in Dj: i.e..

Ei: fi(z2)=0 (k=1,....v) in D,.

where each fi’:(z) (k =1,... ,v;) is holomorphic in D;.

For each j = 1,2,.... we choose one of the functions f(z) (k = 1,....v;),
say fi(z). and we let S, denote the zero set of f](z) in D;. Note that £; C S;.
From Lemma 2.9, we find coordinates w = (w).... .w,) sufficiently close to the
original coordinates z = (z.... . ) such that each S; (j = 1.2....) satisfies the
Weierstrass condition for the coordinates w at any point p of S;.

Fix a € S;. We can find a closed polydisk A = & x v centered at a in C". where

6: Jwj—a;]<r; (j=1....n=-1), v jwp —an| <.

such that S; (8 x 8v) = 0. We let S;¢ := S, N A denote the zero set of f](z) in A.
and we decompose S; ¢ into irreducible components Sjo := {2, S} in A. Setting
E;i0=E;N A, since Ej0 C Sjo. we have £ N (6 x 3v) = 0. From Proposition 2.3
it follows that the projection £; of £, onto § is an analytic set in § C c L
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We note that
ny
Eo=U 8}_0, where 8;_0 =&0N S;_o~
{=1

Thus, if £;g = 6, we have £}, = §! , for some I by the irreducibility of S},. We
collect all such sets £} 5 and denote their union by £ i.e., £} is the union of all
the (n — 1)-dimensional components (i.e.. complex hypersurfaces) of the analytic
set ;o in A. Since 81'-.0 C Sj.0, it follows from the construction of the coordinates
w = (w,... ,wy,) that 8;.0 satisfies the Weierstrass condition in these coordinates
at any point p € £;o. We let ;o denote the union of the other sets 5}0, so that
&0 = E;9U Fjo and Fj is an analytic set in A of dimension at most n — 2. Thus
the projection F}, of F;o onto 4 is an analytic set in § of dimension at most n— 2.

Each S; (j = 1,2,...) can be covered by a countable number of closed polydisks
A as above; we denote these polydisks by

Ak =08k Xk CC" ! xC,, (G.k=1.2...).

We set £k := £ N Ajx and S; N Ak == U2 S;.k. the decomposition of S; into
irreducible components. Then we have

&x=UExnsi= U g

We let F;x denote the union of the analytic sets £J'.‘k having dimension at most
n — 2. Then the projection }'j‘_ « of F;.. onto 4;x is an analytic set in 6; C cn-!
of dimension at most n - 2. .

Thus in C*~! with the n — 1 variables w,.... ,w,_,. we have a countable
collection of polydisks d;x (j.k = 1,2,...) and analytic sets F;, in each 4
having dimension at most n — 2. It follows from the inductive hypothesis that
there exist coordinates u’ = (u,,... .u,_1) obtained by a linear transformation of
w’ = (wy,... ,wn-1) and sufficiently close to w’ such that each ¥}, (j,k=1,2,...)
satisfies the Weierstrass condition in the u’ coordinates at any point g of ¥;,.. Thus,
since Fj i N (8;% x &vj.x) = O, each F; i itself necessarily satisfies the Weierstrass
condition in the coordinates u = (u’, w,) for C" at each point p € F, . a

Theorem 2.3 will be used in the next section to investigate the global structure
of analytic sets.

2.4. Analytic Sets (Global)

2.4.1. Global Irreducible Decomposition of Analytic Sets. Let £ be
an analytic set in a domain D in C*. From Theorem 2.3. we can find coordinates
z = (z1,... ,2q) for which the analytic set £ satisfies the \Weierstrass condition
at each of its points. At each point a = (a,... .a,) € £, we take a Weierstrass
canonical neighborhood 4, of £ in these coordinates. Then £ can be covered by a
countable number of such neighborhoods, which we denote by

& : |z —dfi<ry (G=1....mk=12..)

We set £ :=ENd (k=1,2,...). and we consider the irreducible decomposition
of & in dx:

[
& = L—Jn Eku
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Each &, is called a local irreducible component of & in §;. If dim&, =r,
then &, coincides with a locally algebraic analytic set in §;x having parameters
FTTR 2 -

(Zrgreeeev2n) =Mo(z1y. .. 0 20) in 7, (0k).
where ,(8;) is the projection of §; onto the first r variables z,... ,z2,; i.e.,
7 (0k) : Iz,—afISrf G=1,...,r),

and i, (21, .- , 2r) := Mk (') is a vector-valued algebraic function on 7,(d). Let
L be an arc in C™ with initial point 7,.(a*) and terminal point . If nx,(z’) can
be analytically continued along L (we use the same notation 7. (z') to denote the
algebraic vector-valued function thus obtained) and if (z',mk.(2’)) € D for any
2’ € L, then (2',m.,(2')) € €. Conversely. if (2'.nk..(2")) is contained in £ for
2’ € L, then analytic continuation of 7, (2’) is possible along L.

We next separate all local irreducible components {€x ., } into subclasses. Two
local irreducible components &, in dx and &, in ; will belong to the same class
if both (I} and (II) are satisfied:

(I) dim &y, =dim&p, =1
(II) Letting m.(2’) and 7, ,(2’) denote the vector-valued algebraic functions
defined on 7.(dx) and .(8,) which represent £, and &, ,. there exists an
arc L in CT starting from 7, (a*) and ending at 7.(a") such that
(a) M..(2') can be analytically continued along the arc L and coincides
with 7, ,(2') at the terminal point m,.(a");
(b) if ni..(z') denotes the analytic continuation of 7 ,(2’) along L, then
the set {(z',mk..(2')) € C" | 2’ € L} is contained in the domain D.

It is clear that the classification of the components {£i . }«.. is well-defined and
there exist at most countably many subclasses, denoted H* (¢ =1,2,...).

Let £* denote the union of all local irreducible components £, belonging to
the class H*. Then £ is an analytic set in D. Note that if F is an analytic set in
D with dimension r which contains one of the sets &, in H', then F necessarily
contains the entire analytic set £ by the theorem on invariance of analytic relations
under analytic continuation. Thus £* is irreducible in D.

We summarize this discussion in the following theorem.

THEOREM 2.4. An analytic set £ in a domain D in C™ can be decomposed into
an at most countable union of irreducible analytic sets {€‘} (¢ = 1,2,...) in D.
Furthermore, there exist coordinates z,,. .. , z, such that each trreducible component
E* of dimension r can be written locally in the form

(ZTTl‘. s .Zn) = ’7(?-1:- .- ‘zr)»

where n(zy,. .. ,2,) is a vector-valued algebraic function.
2.4.2. Analytic Continuation of Analytic Sets. We discuss the notion of
analytic continuation of analytic sets. Let D, and D; be two domains in C” such

that D, N Dy # 0. Let £, be an analytic set in D). If there exists an analytic set
&2 in D, such that

&EnDyNDy,=EnNDy,ND,,
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then there exists a smallest such £. We denote this set by £Y and we call £ the
analytic continuation of £, into the domain D,. In the case when £,NnDyND, =
§. we can take £, = ) to see that £, can be analvtically continued into D,.

REMARK 2.11. In the definition of analytic continuation of £, into D, it is
essential to use the smallest set £. For example. in C? with variables z and w, we
consider the polydisks

Ay ;2] <2 lwl<], and A; ¢ |2-3]<2, |w| <]

We set € := {w =0} N A, and & := {w(z - 3) =0} N A;. Then &, and &; are
analytic sets in A, and A; with £;,NA,; NA; =& N A NA,. The analytic set £,
can be analytically continued into A;: the minimal set £9 is {w = 0} N A,.

Let p € 8D,. If there exists a neighborhood 4 of p in C" such that &, in
D, can be analytically continued into 4. then we say that £, can be analytically
continued at the boundary point p.

REMARK 2.12. Let L be an arc in C" connecting the points p and ¢ and let £
be an analytic set at the point p. By the remark above, we can define the notion of
(possible) analytic continuation of £ along L from p to q. However, even if £ can
be analytically continued along all arcs in a donain D in C" which start from a
point p. the set £ obtained from all such analytic continuations is not necessarily
an analytic set in D. For exaiple. let a. 3. 4 be three complex numbers such that
the set of all complex numbers of the form

la+m3+ny (l,bmn=0.%1.%2....)

is dense in the complex plane C. In C? with variables z and w. we set D :=
(C.\ {0.1.-1}) x C,,, and we consider the analytic set £ given by the single-
valued function w = alog z + Jlog(z — 1) + ylog (2 + 1) in a neighborhood of
the point p = (2.alog 2 + vlog 3) in D. Then the set £ obtained from analytic
continuation of £ along all arcs in D starting at p coincides with the graph of the
multiple-valued function

w=alog 2+ 3log(z-1)+~vlog(z+1)
in D. Thus £ is dense in D and hence is not an analytic set at any point of D.

2.4.3. Removability Theorem for Analytic Sets. Let £ be an analytic
set in a domain D in C". If a boundary point p of D is an accumulation point of £,
then p is called a singular point of £. As with holomorphic functions, a singular
point p of £ may be removable: i.e., there may exist a neighborhood V of p in C*
and an analytic set £ in V such that ENV =€ND.

Given an analytic set £ in a domain D in C", we let d be the largest dimension
of the irreducible components of £. We set D' = D\ £ and let F be an analytic set
in the domain D’. Let r be the smallest dimension of the irreducible components
of F.

We have the following removability theorem for analytic sets.

THEOREM 2.5. Ifd < r, then F can be analytically continued to all points of
E; i.e., the closure F of F in D is an analytic set in D.

PROOF. We may assume that £ and F are of pure dimension d and r. We
first choose coordinates z = (z),....z,) of C" for which the analytic sets £ and
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F satisfy the Weierstrass condition at each point. Thus £ and F can be written
locally as

E:z,=ni(n..... z4) (Fj=d+1....... .n),
Fize=&(z1ee..-.. “Z) (k=r+1.....n).
We fix a point a = (ay.... .a,) of £: then we set @’ := (ay,... .a,) and we denote

by D(a’),€(a’).F(a’) C C"~" the sections of D,E,F over the hyperplane z, =
a; (j =1,...,r) in C*. We note that £(a’) is an isolated set in D(a’). Since F(a')
is analytic in D(a’)\€(a’), F(a’) is an isolated set in D(a’) \ £(a’). but it may have
accumulation points in £(a’).

We can thus find a neighborhood V' of @” = (@r+).... .a,) in D(a’) such that
V' NE(a’) consists of the single point a”; and we take a closed polydisk I in C"~"
(with coordinates z41,. .. . zn) centered at a” and with radius px (k =r+1.... ,n),

T:|lzx—al<p (k=r+1,...,n),

where the p; are chosen sufficiently small so that 8T N(€(a’)UF(a’)) = §. We next
take a closed polydisk A in C" (with coordinates (z1,... .z2.)) centered at a’ with
radius p; (= 1,...,7),

Az, —aj| <pj =1....7),

where the p; are chosen sufficiently small so that A:= A xT € D and (A xdT')N
(€ UF) = 0. These choices are possible because £ is analytic at a and F is closed
in D\ €. We set €9 := £NA and F° := F N A. Then Theorem 2.3 implies that
the projection £’ of £° onto A is an analytic set in A and the dimension of £’ is d.
From the assumption that r > d, it follows that the set A’ := A—¢&’ is a non-empty
domain in C” and that F N (A’ x T) is an analytic set in A’ x T.

Now let 2’ = (z},...,2.) € A’. The section F°(z’) of F° over the hyperplane
z; = z; (j = 1,...,r) is a finite set; we denote its cardinality by {(z'). The
nonnegative integer-valued function {(2') is easily seen to be a lowersemicontinuous
function of 2’ in A’.

Let v be any nonnegative integer, and let e, be the set of all points z' € A’
such that {(z’) < v. By the lowersemicontinuity of {(z), e, is a closed set in A’,
and clearly

x
€, C€pyy (V=1,2....), A = Ueu.
v=1

It follows from Baire’s theorem that some e, contains interior points in A’. We let
vp be the smallest integer v such that e, contains at least one interior point. Let
e, denote the interior of e,, in A’; then we shall prove that

A =e,. (2.8)

We prove (2.8) by contradiction. If (2.8) is false. then there exists a point b’ €
A'n Oef,o, where de], denotes the boundary of ¢, in A’. Since e, is a closed
set in A’, the section F¢(b') of F° over 2’ = b’ consists of at most 14 points in
. Since dimF = r, we can thus find a neighborhood J of ' in A’ such that
F°N (6 x T) coincides with a finite number of locally algebraic analytic sets in
6 x ' with parameters z;,...,2, in & 2z = N(21,...,2.) (k =7+1,...,n).
Consequently, given any point ¢ € 4, the number {(¢/) of points of the section
FO(c/) c T of F° over the hyperplane 2z’ = ¢’ remains constant, say (p. except
perhaps for points ¢’ belonging to an (at most) (r — 1)-dimensional analytic set o in
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4. Since (6\o)N e,‘,o # 0, we have () < vy. Hence § C e,,,. which is a contradiction;
and (2.8) is proved.

Since F N (A’ x T') is an analytic set in A’ x I with A’NAr = @. it follows that
¢(z') = v for each 2’ € A’ except perhaps for an analytic set in A' of dimension
at most r — 1.

Using the same technique as in the proof of Proposition 2.1. we see that F° N
(A’ xT) consists of a finite number of irreducible components of complete, algebraic
analytic sets £’ defined by

Z+ AF () .+ A (2) =0 (k=r+1.....n) (2.9)

where v, < 1 and each A}‘ (2') (I = 1.... .v;) is a bounded., single-valued holomor-
phic function in A’. By the Riemann removable singularity theorem for holomorphic
functions, each A](z’) can be holomorphically extended to all of A. Thus, (2.9)
defines a complete, algebraic analytic set T in A, and ¥ equals the closure T of T’
in A. Therefore, the closure F° of F° in A is an analytic set in A, and the theorem
is proved. )

2.5. Projections of Analytic Sets in Projective Space

Since the notion of analytic sets is local. we can define an analytic set in a
domain G of n-dimensional complex projective space P" or in a product space of
the form D x P", where D is a domain in C™. The dimension of such an analytic
set £ in G and the irreducible decomposition of £ in G are defined as in the case
of an analytic set in a domain of C".

Let D be a domain in C™ and consider the product domain Q := D x P". In
this section we study analytic sets £ in Q.

We take coordinates u = (uy,....u,) of C™ and homogeneous coordinates
[2) =20 :21:...: 2q) of P*. We let m, and m, denote the projections from
Q = D x P” onto D and P". Let £ be an analytic set in 2 and let e be a subset
of D. We set

E(e):=ne)NE.
In the special case when e is a single point u’ of D, the set £(u’) can be regarded as
an analytic set in P". Then £(u’) consists of a finite number of irreducible compact
analytic sets in P". We use the notation

d(u') := dim&(u’)
for the maximal dimension of the irreducible components of £(u’).

2.5.1. Chow’s Theorem. We begin by proving a slight generalization of
Chow's theorem, which says that an analytic set in P" must be algebraic. To
define this notion, let [z] = [z : 2; : ... : 2,] be homogeneous coordinates of
P" and let Pi(z) (k =1,...,u) be a homogeneous polynomial in the coordinates
z = (20,21,... ,2n) of C**!. Then the set of all points z of C"*! defined by the
m equations

Pz)=0 (k=1....,p)
canonically defines an analytic set in P™ which we call an algebraic set in P".3

3The fact that any analytic set in P" must be an algebraic set in P" was first proved by L.
Chow [14]. The idea of the proof given here is due to W. Rothstein [84] (see also R. Remmert and
K. Stein [69]). In Part II we shall show that it is possible in Theorem 2.6 to take the neighborhood
6 of u? in D to be an analytic polyhedron in D.
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THEOREM 2.6. Let € be an analytic set of dimension p > 1 in 2 = D x P
whose projection to D is non-empty. Let u® be any point tn D. Then there exists
a neighborhood § of u" in D such that £(§) = £ N (6 x P") can be written as
the common zero set of a finite number of holomorphic functions Pi(u.z) (k =
1....,p). where each Pi(u,z) is a homogeneous polynomial of degree my in the
coordinates z of C™*! whose coefficients are holomorphic functions of u in é:

Piwz)= Y APz 2 (2.10)

WJo=ma
where j = (jo.jr1.... .jn) and |j| = 2 /_ ji-

PROOF. We may assume that £ is a p-dimensional irreducible analytic set in
Q. Let z = (zp.21.....2,) be coordinates for C"*!. For convenience we write
(Cm+1)* = C"*1\ {0}. Any point z € (C""')* corresponds to a point [z] € P". To
the analytic set £ in §, we associate the set &, in the product space D x (C"+1)*
defined as

& = {(u.2) € D x (C™*")* | (u.[2]) € €}, (2.11)

which will be called the associated set for £. Since [2'] = [z] in P™ if and only if
2’ =tz for some t # 0 in C, it follows that the set & is a cone and is a (p + 1)-
dimensional analytic set in D x (C"*!)*. We first show that & is analytically
extendable to the the set D x {0}. i.e.. the closure & of & in the product space
Q:=DxC"*'isa (p + 1)-dimensional analytic set in §.

Case 1: p 2 m. Since dim& = p+1>m = dim(D x {0}). it follows from
Theorem 2.5 that & is analytic in Q. In this case. let ug € D. Since & is analytic at
the point (uy,0), we can find a polydisk X := § x + centered at (ug.0) in D x C"*!
and a finite number of holomorphic functions g, (u.2) (h = 1,... ,v) in A such that

ENA={(u,z) €| gn(u,2)=0(h=1.... )}

We develop each gj(u, z) into a Taylor series with respect to the variables z € 4
and we rearrange this series into a series of homogeneous polynomials in z,,..., z,,

y,.<u.z):=2{ Y Akl ‘}
k=0 \lp+-rlo=k

where each (A3)L(u) (1 <! < v := (":")) is a holomorphic function in 4. Fix
(4,z) in &. Since (u.tz) € & for all t € C, in particular, we have

Z"‘{ Y (Ank)zeal - ;u}so in [t| < 1. (2.12)

k=0 lo4- +la=k

We let 35—, t* (Ph)k(u, z) denote the function on the left-hand side of (2.12); thus
(Pn)i(u.z) (h = L,....v:k = 0.1....) is a homogeneous polynomial of degree k
in z € C"*! whose coefficients are holomorphic functions of u € 4. It follows from
(2.12) that

N xCHy = ,.6. kr’jo{(u. 2) €6 x C™*V | (Pa)x(u, z) = 0}

Using Corollary 2.1, the theorem is proved in case 1.
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Case 2: p < m. Weset qg=m—p>1and we use variables u' = (u,.... .ug) €
C9 and z = (20.21.... s 2n) € C"t!. We form the set

F={(u,[z:w])) e DxP"*9| (u,[z]) €E. weC}.

so that F is an m = (p + ¢)-dimensional irreducible analytic set in D x P**9. Just
as £ gave rise to & via (2.11). F gives rise to the (m + 1)-diinensional analytic set
Fo in D x (Cr+a+1)s

Let uy € D. Applying case 1 for F. we can find a neighborhood 6 of u in 1D and

a finite number of homogeneous polynomials Gx(u, 2z, w) (h = 1.....v) of degree
my, in (2.w) € C**9*! whose coefficients are holomorphic functious of u € 4.
Gh(uzow)= Y AFH@dwr (k=1 )

idil+iJa =mn
such that
Fold) = {(u.2,w) € § x C""9! | Gh(u.z.w) =0 (h = 1.... .v)}.

If we rearrange the sum

Gu(u.z.w) = Zh ( Z (Bh)(sk)(u,z)u"l‘l ... ll':") .

8=0 \|k|=s

where k = (k),... .kg). then each (B;,)g”(u,z) is a homogeneous polynomial of
degree my — s in the coordinates : € C"*! whose coefficients are holomorphic
functions of u € 8. Since (u.[z]) € £(8) if and only if (u.[z : w]) € F () for all
w € CY (or. equivalently, (u,z) € &(8) if and only if (u,z.w) € Fy(d)). it follows
that

o) =N ﬂ {(u,2) €6 x C™* | (Bn)*'(u.z) =0. where |k|=s}.
h=1s=0
This proves the theorem in case 2. G

COROLLARY 2.2. Under the same notation as in Theorem 2.6, the set €', :=
{u € 8 | d(u) = n} is an analytic set in 6.

Indeed. using the notation in (2.10), we have
ed={ued| 4“"(14) =0 for all & and j}.

which proves the corollary.

2.5.2. Projection. Given an integer s with 0 < s < n, we consider the fol-
lowing two projective subspaces of P":

K oz =0 (k=s+1,....n),
Hn-ac1 @ 2, =0 (h=0,1,...,s),

so that K* N M,._,.1 = 0. For convenience. we set H_; = @. To each point
(2 =1{20:...: 20) € P*"\ H,_,_) we associate the point [z ],, {z0:...12,:0:
...:0l € IC" We write (2], := [zp : ... : 2,] and canonically identify the subspace
K* with P*. The mapping ¢,(2]) := [z], from P" to K* is called the projection
from P" to K* = P*. We also define the associated projection ¥, (u. [z]) := (u, [z].)
from D x P" to D x K* =D x P*.
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We shall prove a lemma which corresponds to the case r = n — 1 of Proposition
2.3 for analytic sets in a domain of C". We use the notation

[e]:=[0:...:1:...:00eP" (i=0.1.....n).
where the “1” occurs in the (i + 1)-th slot.

LEMMA 2.10. Let £ be an analytic set in ) and let u” be a point in D. Assume
that [e,] € £(u®); i.e.. m(E(u®)) NHy = 0. Then we can find a neighborhood & of
u® in D such that

(1) The projection F(8) := ¥,,._1(£(3)) of £(8) onto § x K"~} is an analytic set
ind x K™ !, and
(2) dim&(u) = dim F(u) for all u € 6.

PRrOOF. By Theorem 2.6. we can find a neighborhood § of u" in D such that
£(6) gives rise to the analytic set £(d)p in § x C™*! defined by Pi(u,z) =0 (k =
1,....u). where each Pi(u.z) is a homogeneous polynomial in C"*' whose coeffi-
cients are holomorphic functions of u € 4.

Since [e,} € £(u"). we have Pi(u”.0.....0.1) # 0 for some k (1 < k < u). For
simplicity, let £ =1 and

P = Y adzia s

(Ji=m
where j = (jo.ji.-.- .jn). By taking a smaller neighborhood § of u” in D, if
necessary, we may assume that
Py(u.0,...,0,1) #0 forall u€?d. (2.13)

We shall show that this J satisfies the conclusion of the theorem.

For simplicity. we set

£ = £(9). F =W, 1(E(9)).

We write 2’ = (20.21.... .2y—1) € C" and [2'] = |20 : 21 ¢ ... : 2umy] € P70
We note that (u.[z']) € F if and only if there exists at least one point z, € C
such that (u,[z]) = (u.[z' : z.]) € €. Equivalently. if we let F, C § x C" and
Eo C 6 x C"*! denote the associated sets for F and €. then (u.2’) € Fy i_t:_and
only if there exists at least one point 2, € C such that (u,z) = (u.z',2,) € &. It
thus suffices to show that there exist a finite number of homogeneous polynomials
ho(u.?') (a = 1,. . M) of 2’ € C" whose coefficients are holomorphic functions
of u € & such that Fq consists of the common zero set of h,(u.2’) (a =1.... . M)
in § x C".

To show this, we note from (2.13) that

Pi(u.z) = Ap(u)zl + Q1 (u. 2V 4 -+ + Qe (u. 2°),

where Ap(u) # 0 for u € § and where Q,(u.2’) is a homogeneous polynomial in C”
of degree m — j whose coefficients are holomorphic functions of u € §. It follows
that

Pi(u.z) = Ap(u) - (zn — &i(u, Z')) (20 = &ml(y, Z'))
with
(€, 2) S K+ 2'|™71). &(u ') = A& (u.2') (A € C). (2.14)
where K > 0 is a constant independent of u€ § and j =1,... ,m.
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Following the idea of Remmert-Stein in the proof of Proposition 2.3. we intro-
duce p — 1 complex variables X,...., X, and set

m
H(u,2', X) := [] [X2Po(u. 2, &(u. 2)) + - + XuPu(u.2'. &, (u.2'))].
j=1
Then H(u.2', X) is a holomorphic function in 6 x C" x C#~! which can be written
as
H(u,2 , X)= Y h®(u2)X3*- Xov,
‘al=m
where a = (az,... ,a,). We also have the following:
(i) (u,z’) € Fo if and only if (u, z’) belongs to the common zero set of ~®'(u, z’)
=0forall ja|] =m.
(ii) From (2.14). each h®(u, 2’) with |a| = m is a homogeneous polyvnomial of
z' € C™ whose coefficients are holomorphic functions of u € 4.
This proves (1).
Furthermore, since £ N (d x [e,]) = @, for any u € 6 and [a'] = [ag : ... :
@n-1] € F(u). there exist at most a finite number of points a, € C such that
[a’ : @) € E(u). It follows that dim £(u) = dim F(u). We thus obtain (2). a

We remark that for any given [a] € P", there exists a linear transformation
L of P™ such that L([a]) = [e,); and for any given [a] € P" such that [a] ¢
H, -y (0 £r <n-1) (ie., [a] is not contained in the subspace of P" spanned
by [e;] (j =n.n—1,...,n—r)) there exists a linear transformation L of P" such
that L([e;]) =[e;]  =n,n~1,... .n—r) and L([a]) = [en—r-1].

Using the lemma, and an induction argument on the dimension of P" together
with this remark, we obtain the following corollary.

COROLLARY 2.3. Let £ be an analytic set in §) and let u" be a point in D such
that d(u®) = dimE(u®) = r (0 < r < n). Then there erist homogeneous coordinates
[21 =[20:-..: 2a] of P" and a neighborhood § of u® in D such that

(1) Hpra NnES) = 0:

(2) d(u') < r for any u’ €4, i.e., d(u) is a lowersemicontinuous function on §;
and

(3) E7Y8) := W.(E(8)) is an analytic set in & x K™ such that dimE(u) =
dim £M(u) for all u € 8, and hence £ (u®) = K™ = P*.

We use these results to prove the following proposition.

PROPOSITION 2.4. Let £ be an analytic set in Q and let u® € D. Ifd(u®) =r.
then there exists a neighborhood 6 of u® in D such that

e:={ueé|du)=r}
is an analytic set in §

PROOF. From (3) in Corollary 2.3. we can find a neighborhood 6 of u® in D
such that £("}(§) is an analytic set in § x P". By Theorem 2.6. if we form the
associated set £\” for £(7) in & x (C*!)". there exist a finite number of homo-
geneous polynomials Qx(u,z) (k = 1,....v) for z in C™*! whose coefficients are
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holomorphic functions of u in §:
Qu(w.2)= Y BI(uw'a -2

1 l=ma

such that
E7(8) = {(1.2) €6xC™ | Qu(w2) =0 (k=1.... .v)}.
Since dim £(u) = dim £ (u) for u € § and since dim £ (u) = r if and only if
£ (u) = Pr, or equivalently. £ (u) = C"*!, it follows that
={ues|BPw)=0 1<k<y |jl=m}.
so that €? is an analytic set in 4. 0

COROLLARY 2.4. Under the same hypotheses as in Proposition 2.4, let d(u®) =
r and dime® = 5. Then £(6) contains an analytic set of dimension s+r in § x P",
30 that dimE(8) > s+ r.

REMARK 2.13. Even in the case when £ is irreducible in § x P", we do not
necessarily have dim£(6) = s + r. Let D = C? with variables u, and u,, and let
Q = C? x P'. We use homogeneous coordinates [z : 3] in P!. Let £ be the analytic
set in  defined by the single homogeneous linear equation

E:uyr+uy=0.

Then £ is of dimension 2 in Q. The set of points u = (u;,uz) in C? such that
dim£(u) = 1, i.e.. such that £(u) = P!, consists of only one point. (0,0). Thus,
r+s =1+0 = 1. However. for any neighborhood 4 of (0.0) in C? we have
dim€(6) = 2.

In particular, if D = @. in a manner similar to Lemma 2.10. we obtain the
following corollary for r = 0,....n — 1 (the case r = n — 1 being an immediate
consequence of the lemma).

COROLLARY 2.5. Let F be an analytic set in P" and suppose that FOH,,_,_) =
0. Then the projection @, (F) is an analytic set in K™.

We deduce the following property of analytic sets in P", which will be used
later.

COROLLARY 2.6. Let F be an analytic set in P" of dimension r where 0 <
r < n. Then for each (n — r)-dimensional hyperplane L"~" of P", the intersection
FOL™" is non-empty; while for some (n—r —1)-dimensional hyperplane L* "1,
FALrm1=9.

PROOF. The result is trivial if r = n: thus we assume 0 < r < n — 1. The
second part of the corollary follows from the definition of dimension: without loss
of generality, we can assume that FNH,_,-) = 0. For the first part. we can choose
coordinates so that L"~" = H,,_,. From the previous corollary, together with the
assumption that F has dimension r, we conclude that ¢.(F) = K". But H,_-NK"
contains [e,]. We note that [e,] € ¢, (F) means that there exists at least one point
[a) e Foftheform [ =[0:...:0:1: @4 :...:a,). Since [a] € H,_.. we have
the corollary. (]
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2.5.3. Analyticity of e,. Let £ be an analytic set in Q. For an integer r with
~1 < r < n, we define
¢ :={ueD|du)=r}
where d(u) = —1 if £(u) = 0. We consider all r such that e, # @ and arrange them
in increasing order; using the notation r;, j = 0.1.... .u. we have r, < r;.,. We
set
Ue,-, (=0.1.....p4).
k=j
Note that E,, O E;, D... D E,, = e,,. Applying Proposition 2.4 inductively. we
obtain the following facts:
(1) E,, is an analytic set in D.
(2) For each rj (j = 1.....u — 1), the subset e, of D is an analytic set in
D\ E, ,,: we set s_, = dlme,
(3) e, ts a dense, open subset of D.
Our goal in this section is to show that the closure & of each e, in D is an
analytic set in D. To achieve this goal. we require two lemmas.

LEMMA 2.11. Assume that € is an irreducible analytic set in Q of dimension
p. Then m,(E) is an irreducible analytic set in D. In case rq = -1, m(€) coincides
with & (the closure of e., in D) and is of dimension s; = p —r}.

PROOF. In case when ry > 0. we have m;(£) = D, which proves the lemma.
We consider the case 7y = —1, i.e., there exists a non-empty open set G in D such
that £(u) = @ for all u € G. Since dim€ = p in Q, it follows fromn Corollary 2.4
that p2>2s;+r, (j=1,....n).

If j = 1, we have the relation p = s; + r;. To see this. we take a nonsingular
point (u".[a’]) of the analytic set £(e.,) in (D \ E,) x P" such that u” and [a"]
are non-singular points of e,, and £(u”), respectively. Since u" ¢ E,, and ry = —1.
we can find a neighborhood & of u” in D such that § N #(X) = dNe,, # 4. Fix
a neighborhood 7 of [a¥] in P". If § and 7 are sufficiently small. then we have
EN(d x 1) = E(er,) N(d x 7). The latter set has dimension at least s; + ;. On
the other hand, from the irreducibility of £ it follows that the former set and £ are
of the same dimension p. From Corollary 2.4 we conclude that p = s; + ry.

Thus r, > r) (j =2,....u) implies that

s> 8, (G=2.....n). (2.15)

From (2), e, is an analytic set in D \ F,,. Since ¢, is pure s,-dimensional
and e, is an analytic set of dimension s; in D\ E,,. it follows from Theorem 2.5
and (2.15) that the closure of e,, in D\ E,,, which is equal to &, N(D\ E,,), is an
analytic set in D\ E,,. It is also pure s;-dimensional in D\ E,,. By repeating this
procedure, we conclude that the closure € in D is a pure s)-dimensional analytic
set in D.

We thus see that £(é;]) is a p-dimensional analytic set in Q. It follows from
the irreducibility of £ in © and the inclusion £(€7;) C £ that £ = £(&7). whlch
proves the lemma.

This immediately implies

COROLLARY 2.7. For any analytic set € in 2, the projection m,(€) is an ana-
lytic set in D.
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LEMMA 2.12. Each E, (j =0.....p) is an analytic set in D.

PRrRoOOF. We let £"~" denote the set of all (n —r,)-dimensional hyperplanes in
P". Fix u” ¢ E,,. Then there exists L € £L"~" such that £(x®) N L = 0. On the
other hand. if u € E. . then £(u)N L # @ for each L € L™ 7.

For each L € L*~"+, we set Ly := D x L. which is an analytic set in Q. We
thus have

E, = N m(Lon&).
LeL™" "
To apply Corollary 2.7. for each fixed L € L"™" we can consider L, as Q in
Corollary 2.7. Thus, each projection (Lo N E) is an analytic set in D. Thus
Corollary 2.1 yields that E,, is an analytic set in D. a

From this lemina we obtain the following theorem.

THEOREM 2.7. For each r; (j = 0.1... .u). the closure & of e, in D is an
analytic set in D.

PROOF. Since both e, and E,,_, = e,, Ue,,_ , are analytic sets in D (from
(2) and Lemma 2.12). it follows from the local irreducible decomposition theorem
of analytic sets (Theorem 2.2) that the closure &, of e,,_, in D is an analytic
set in D. Repeating this argument, we obtain the theorem. )

These results on analytic sets £ in 2 = D x P" can be madified (Corollary
2.8): this will be useful in Chapter 6.

Let D C CT be a domain and set ' := D x C. Let Pj(u.w) (j=1.....v)
be a polynomial in w = (w,.... .w,) whose coefficients are holomorphic functions
ofuon D. Let £: Pj(u,w) =0 (j = 1,...,v) be an analytic set in §’, and let
E(u) be the section of £ over u € D. ie.. £(u) = {w € C | (u,uw) € £}. We
assume that there exists a polydisk A := §d x ' C C7 x CZ in Q' such that, if
we set 0 := £ N A, then the section o(u) of o over each point u € § consists of a
finite number of points in C.. We let ¥, denote the irreducible component of ¥
containing o (thus dim £, = m).

COROLLARY 2.8. Under the above setting, there erists an analytic set e in D

of dimension at most m — 1 such that for each u € D\ e, Lo(u) consists of [ > 1
distinct points in C7., where | is an integer independent of u € D\ e.

PROOF. Let w; = (;/¢y (i=1.....n) and let k, (j = 1.... ,v) be the degree
of Pj(u,w) in w. Then we can form the homogeneous polynomial P;(u.() in { =
(Go-Cr.--- +Gn). where Py(u.w)(y’ = Pj(u.C). Weset [(] = [Go: ¢ :-..:Ca] and
¢l =16 : ... : ¢u) and identify

Ch = {[(eP? |G #0}, Moy ={[(jeP?|( =0} = P27,
so that P? is the disjoint union Py = CL UH,..1. Let @ = D x P and let
£ be the analytic set in Q defined by P,(u.{) = 0 (j = 1,....v). Then T =
ENQY. We let £ denote the irreducible component of ¥ which contains o (precisely,
ENSY Do) Weset F = &N (D x H,_), which we consider as an analytic set
in Q"~! := D x Pg,". We use the notation from the beginning of 2.5.3 for £ in
. In this case. our assumption on ¥ implies that r, = 0. and hence from Lemma

2.12 we conclude that there exists an analytic set E., in D of dimension at most
m — 1 such that dim&(u) = 0 over each u € D \ E,,, i.e.. the section £(u) is
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non-empty and consists of a finite number of distinct points {p,(u)};=1... 4(u) in
P?. Note that [(u) is bounded in D \ E,, since £ is an irreducible analytic set
of dimension m in Q. Furthermore, if we set ! := max {{(u) | u € D\ E,,} and
e :={u€ D\E,, |l(u) <I-1}, then & is an analytic set of dimension at most
m — 1 in D. We again use the notation from 2.5.3 for the analytic set F in Q"~!.
Since F C €, F # £, and € is irreducible in Q, it follows that ry = ~1 for F in
2"=1: hence there exists an analytic set F,, in D of dimension at most m — 1 such
that the section F(u) = @ over each u € D\ F,.,. Thus, if we set e := E, Ue,UF,,,
then e is an analytic set in D of dimension at most m — 1 and £(u) = Ly(u) for
u € D\ e: moreover. £(u) consists of ! distinct points in C.. as desired. O



CHAPTER 3

The Poincaré, Cousin, and Runge Problems

3.1. Meromorphic Functions

3.1.1. Poincaré Problem. Let D be a domain in C". If a function g(2) in
D can be locally represented as a quotient of two holomorphic functions, then g(z)
is called a meromorphic function in D. To be precise. g is meromorphic in D
if for each point p € D. we can find a neighborhood 4, of p in D and functions
hy(z), kp(2) holomorphic in 8, such that for any p. ¢ € D with §, N4, # 0. we
have

kp(2)hq(2) = kq(2)hp(z) in 6,04, (3.1)

and g(z) = hp(2)/kp(2) in 6.

From the Weierstrass preparation theorem, by choosing a smaller neighborhood
d,, if necessary, we may assume that h,(z) and k,(z) are relatively prime at p: i.e., if
we choose the coordinates (z),... , z,) satisfying the Weierstrass condition for the
analytic hypersurfaces k,(2) = 0 and k,(2) = 0 at p, then h,(2) and kp(z) have no
common factor which is an irreducible distinguished pseudopolynomial in 2, at p
of positive degree. If we let o, denote the zero set of ky(z) in 4, then the union
of the sets o, defines an analytic set £ in D. Note that £ does not depend on the
choice of hp(2) and k,(2). We call X the set of singularities or pole set of g: the
function g(z) is holomorphic in D\ X.

Let p be a pole of g(2). If hy(p) # O, then clearly g(p) = oc. On the other
hand, even though h,(z) and k,(z) are assumed to be relatively prime at p, they
may simultaneously vanish at p (e.g.. take hy(21.22) = 2) and kp(21.22) = 2 at
p = (0.0) in C?). Then. given sny number c € C, the analytic hypersurface in D
defined by

hp(z) —cky(2) =0 in §p
passes through the point p. Thus the value g(p) is not uniquely determined. Such
a pole p is called a point of indeterminacy of g(z). The set of all indeterminacy
points of g(z) in D is a pure (n — 2)-dimensional analytic set in D. This follows
since the non-empty intersection of two distinct irreducible analytic hypersurfaces
%), X, in a domain G C C" is a pure (n — 2)-dimensional analytic set in G.

Since the definition of meromorphic function is local, the problem arises as
to when we can write a meromorphic function in D as a quotient of two global
holomorphic functions.

Poincaré Problem Let g(z) be a meromorphic function in D. Find two holo-
morphic functions h(z) and k(z) in D such that h(z) and k(z) are relatively prime
at each point p € D and satisfy g(z) = h(z)/k(z) in D.

This problem in the case of D = C? was solved in the affirmative by Poincaré
[59). An example of a product domain D where the Poincaré problem is not

T3
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solvable for g in D will be given in Remark 3.5. We mention that even though
the Poincaré problem as stated is not always solvable for g in D, there always
exist holomorphic functions h(z) and k(z) in D satisfying g(z) = h(z)/k(z) in any
domain of holomorphy D but where h(z) and k(z) are not necessarily relatively
prime at each p € D. This will be shown in Theorem 8.19 in Chapter 8.

3.1.2. Cousin Problems. The Poincaré problem for a general domain is re-
lated to the following problems, known as problems I and II of Cousin.

Let D be a domain in C". For each p € D, we assume the pairs (g, ;) are
given, where &, is a neighborhood of p in D and g,(2) is a meromorphic function
in d,; furthermore, we assume that for any points p.q € D with 4, N4, # @, the
function g,(z) — g4(2) is holomorphic in 4, N ;. We call the collection {(g,,3,)},
for p € D Cousin I data in D or a Cousin I distribution in D. In other words.
Cousin I data simply gives the analogue in several variables of the principal parts
at the poles of a meromorphic function. For a closed set E in C", we say that
Cousin I data is given in E if Cousin I data is given in a neighborhood D of E.

Cousin I Problem Given Cousin I data {(gp,d,)}, in D, find a meromorphic
function g¢(z) in D such that g(z) — g,(2) is holomorphic in §,. p € D.

In brief, this is the problem of finding a ineromorphic function with a prescribed
pole set and prescribed principal parts. If such a g(z) exists, we call g(z) a solution
of the Cousin I problem for the given data {(g,.5,)},. In the case of one complex
variable, a solution always exists; this is the content of the classical Mittag-Leffler
theorem.

Let D be a domain in C". For each p € D, let (f,,4,) be given, where 4, is a
neighborhood of p in D and f,(z) is a holomorphic function in 4,. Moreover. we
assume that if 6,18, # 0. then f,(2)/fq(2) is a nonvanishing holomorphic function
in 8, N 6,. We call the collection {(fp.é;)}, for p € D Cousin II data in D or a
Cousin II distribution in D. In other words, we are specifying the zero set and
order of vanishing of a family of holomorphic functions. For a closed set E in C",
we say that Cousin II data in E is given if Cousin 1I data is given in a neighborhood
D of E.

Cousin IT Problem Given Cousin II data {(f;,d,)}, in a domain D, find a
holomorphic function f(z) in D such that f(z)/fp(z) is a nonvanishing holomorphic
function in é,, p € D.

In short, this is the problem of finding a holomorphic function with a prescribed
zero set. If such an f(z) exists, we say that f(z) is a solution of the Cousin
IT problem for the given data {(f,,d,)}p- In the case of one complex variable, a
solution always exists; this is the content of the classical Weierstrass theorem.

We remark that for both Cousin I and Cousin II. if we replace each set 4, by
a finite union of subsets &), which cover 4. then the collection of pairs {(f},4,)}p.
where f, = fpls;. again forms Cousin data for D. This fact will be used many
times.

In C, the Poincaré problem is always solvable in any domain D; a standard
proof uses the classical Weierstrass theorem. Similarly, in C" we have the following
relation between the Poincaré problem and the Cousin 1I problem.
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PROPOSITION 3.1. Let D be a domain in C". If the Cousin II problem is
solvable for any Cousin II data in D, then the Poincaré problem is always solvable
in D.

PROOF. Let g(z) be a meromorphic function in D. By definition, for each p €
D, there exist a neighborhood é; of p in D and holomorphic functions h,(z), kp(2)
in &, which satisfy equation (3.1) and are relatively prime at p. It is easy to see
that the collection {(kp.dp)}, defines Cousin II data in D. Since we are assuming
that the Cousin II problem is always solvable in D, we can find a holomorphic
function k(z) in D such that k(z)/k,(2) is a nonvanishing holomorphic function in
dp. Therefore. if we set h(z) := g(z)k(z). then h(z) becomes a holomorphic function
in D. Furthermore, since hy(z) and k,(z) are relatively prime at p, it follows that
h(z) and k(z) are also relatively prime at each point p € D. Thus g(z) = h(2)/k(z)
is a solution of the Poincaré problem for g(z). a

Later on we shall give an example of a Cousin II distribution in a Reinhardt
product domain D in C" for which no solutions of a Cousin II problem exist. From
this example we shall also obtain a meromorphic function in D which cannot be
represented as a quotient of two holomorphic functions in D which are relatively
prime at each point in D (see Remark 3.5 in section 3.5.3). Thus, even for Reinhardt
product domains, the Poincaré problem is not always solvable.

3.1.3. Runge Problem. Often in attempting to construct holomorphic func-

tions possessing a certain property, as is required in solving Cousin problems, ques-
tions on approximation of holomorphic functions arise.
Runge problem Let K,. K be subsets of C" with K} CcC K9, where KJ
denotes the interior of K;. Given a holomorphic function f(z) on K, for each
E cC K, and each ¢ > 0, find a holomorphic function F(z) on K, such that
|F(z) — f(z)]<eon E.

If this problem is solvable for (K, K2) for any holomorphic function f(z) on
K,, we say that the Runge theorem holds for the pair (K, K;). In the case
K, = C", this is the classical Runge problem.

We have the following relation between the Runge problem and the Cousin I
problem.

PROPOSITION 3.2. Let D be a domain in C" and let K; (j = 1.2....) be a
sequence of subsets in D such that each K; is compact or open and

>
KJ’ CCK;,.. D= UKj'
Jj=1

If we essume that
1. the Cousin I problem is solvable on each K; (j =1,2,...), and
2. the Runge theorem holds for each pair (K;. Kj4,) (7 =1,2....),
then the Cousin I problem is solvable for D.

PROOF. We give the proof in the case where each K is compact: the general
case follows with minor modifications. Let a Cousin I distribution €y = {(f,.6p)}p
be given in D. From 1 let g,(2) and g;,(z) be any solutions of the Cousin I problem
for the restrictions of C; in K and K, and let € > 0. Since f;(2) = g;+1(2)—g,(2)
is holomorphic on K. it follows from 2 that we can find a holomorphic function
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Fj;1(2) on Kj4 such that |F),,(2) — fj(2)| < € on Kj_;. Hence, G+ 1(2) :=
gj+1(z) — Fj41(2) is a solution of the Cousin I problem for C, in Kj., satisfying
|Gj+1(2) - gj(2)l < < on K.

Nowlete; >0 (j=1,2,...) with Z]x__,l €j < 2. By induction. we construct a
solution G(2) ( =1,2,...) of the Cousin I problem for C, in K with the property
that |Gj+1(2) — Gj(z)] < &5 on K, _,. Hence,. the limit

G(z) = lim Gy(2)

converges uniformly on any compact set in J. Thus, G(z) is a solution of the
Cousin I problem for C; in D. ]

3.1.4. Cousin Problems and Domains of Holomorphy. Cousin problems
are not always solvable.

EXAMPLE 3.1. In C2 = C_ x C,... consider the following three Reinhardt prod-
uct domains:

Ay |z} < 2. 2< |w| <3,
A, |zl < 2. |wl < 1.
Ay : 1<]z]<2, |lw| < 3,

and set A := A, U Az U A;. In the domain A we define a Cousin I distribution
Ci: (1,A)), (1/z,4A,), (1.A3)
and a Cousin II distribution
Cx: (L,4Ay), (2. A2), (1.A3).
From Osgood's theorem, it follows that neither C, for Cousin I nor C; for Cousin
II is solvable in A.
Related to the Cousin I problem, we have the following result of H. Cartan [9).

PROPOSITION 3.3. Let D be a domain in C" satisfying:
1. for any (n — 1)-dimensional complex hyperplane L in C", the domain DNL
is a domain of holomorphy in L: and
2. the Cousin I problem for any Cousin I distribution in D is solvable in D.
Then D is a domain of holomorphy.

PROOF. The proof is by contradiction. Assume that D is not a domain of holo-
morphy. Then there exist at least one boundary point Q of D and a neighborhood
V of Q in C" such that each holommorphic function in D has a holomorphic exten-
sion to V. We take an (n — 1)-dimensional complex hyperplane L passing through
Q such that Q is a boundary point of D® := DN L. To simplify the notation,
we assume that L is the hyperplane given by z, = 0, so that DY is an open set

in C*~! with variables 2’ := (2;.... .2,_1). From 1, there exists a holomorphic
function f(2') in DY whose domain of holomorphy is D° itself. By regarding f(z')
as a function of all n variables (z,,... , z,) which is independent of z,,. we see that

f(2’) is holomorphic in a neighborhood U of LN D in D.
We consider the following Cousin I distribution C; = {(g,.d,)}, in D:

1. If p € L, we take a neighborhood 4, of p in U and the meromorphic function
9p(2) = f(2)/2n in 6p.
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2. If p ¢ L, we take a neighborhood 4, of p in D such that é, N L = @ and set
gp(2) =1 in 6p.

Then the data C, = {(g,,dp)}, defines a Cousin I distribution in D. From 2 we have
a solution g(z) of the Cousin I problem for C, in D. We define F(z) := 2, g(2) in
D. Then F(z) is a holomorphic function in D, and we claim that F(z)|pe = f(2’).
To verify this claim, take p € LN D. Then

where h,(2) is a holomorphic functxon in 8,. Therefore,
F(2) = f(2) + 2 hp(2) in 4,

and hence F(2’,0) = f(2’). Since F(z) is holomorphic in D, it has a holomorphic
extension to the neighborhood V of Q in C". Thus it follows that f(z’) has a
holomorphic extension to L N V. This is a contradiction to D° being the domain
of holomorphy of f(2’); thus D is a domain of holomorphy. O

+h,( 2) in 6p,

REMARK 3.1. In the case of one complex variable, every domain is a domain
of holomorphy; thus condition 1 in the proposition in the case n = 2 is always
satisfied. Hence we have shown that any domain D in C? such that the Cousin I
problem is always solvable in D is necessarily a domain of holomorphy.

This result suggests that the Cousin I problem should be studied in domains
of holomorphy.

3.2. Cousin Problems in Polydisks

3.2.1. Cousin Integral. P. Cousin [15] solved in 1895 both of the Cousin
problems in polydisks in C". In this section, we introduce the notion of a Cousin
integral, which will be used in the following section to solve the Cousin I problem
in a closed polydisk in C".

Let a and b be distinct points in the complex plane C and let ! be a simple
smooth arc with initial point a and terminal point b. Take a neighborhood V of |
in C and a holomorphic function f(z) in V, and form the integral

(9]
2mi 1 C -2 d( (32)
for z € C" \ l. We study the behavior of F(z) near [.

Clearly F(z) is a holomorphic function in C \ I satisfying lim._., F(z) = 0.

Next, we note that

1) _ 10 -1() , f2)

(-2 (-2 (-2
Since the first term on the right-hand side is a holomorphic function of the two
complex variables z and ¢, it follows that

f()

F(z) =

F(z)+ log(a z) and F(2)- %?log(b—z)
are single-valued holomorphnc functions in neighborhoods of a and b, respectively.

We next describe the behavior of F(z) near 2’ € I\ {a,b}. Note that at such
a point F(z) can be analytically continued across the arc ! from each side, and the
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difference between these extensions is equal to f(z) in a neighborhood of z’. To be
precise, let 2’ € [\ {a, b} and let § : |z — 2’| < p be a sufficiently small disk contained
in V' \ {a.b} so that oy = 36 intersects ! at exactly two points a’ and b'. We let §,
and 7, denote the portions of § and v situated on one side of the oriented arc I,
and by J2 and <, the portions of § and - on the other side of I. Set 3:=1N4J. We
then define
¢,(2):=F(z), z€8; (j=12).

Then ¢,(z) (p2(z)) can be analytically continued across the arc 3 to 2 (8;). so
that ,(z) and ¢2(z) become holomorphic functions on § and we have

v2(z) —o1(2) = f(2). z€4.
To verify this last statement, we let !’ denote the subarc of I connecting a with
a’, while ! denotes the subarc connecting b’ and b. Then |l = I' + 8 +1". Let
L=~y +1" and l; := '+ 11 +1”. Using the Cauchy integral formula, we
obtain, for z € §; (j = 1.2),
f) £

vilz) = 21rz (-2 21rz C—* &.
Since the function defined by the integral on the nght-hand side is a holomorphic
function for z on 4, it follows that p;(z) (j = 1,2) can be analytically continued to
6. Again using the Cauchy integral formula, we obtain

1 f(6) i}
211'1_/,;*,‘(—’ & = 2m L ¢- d< )

for any z € 4, as claimed. [m]

Pp2(z) —1(2) =

This is the idea of Cousin. We call the integral in (3.2) a Cousin integral of
f(z) along l. and we say that the two holomorphic functions ;(z) (j = 1,2) have
a jump of f(z) along (.

We note from the construction that if f(z) is of the form f(z,w). where w is
a complex parameter such that f(z,w) is holomorphic with respect to w. then the
Cousin integral F(z,w) of f(z,w) along [ as well as the functions y;(z. w) (j = 1.2)
are also holomorphic in w.

3.2.2. Cousin I Problem in Polydisks. Let C" = C;, x--- x C;, and for
each C., (j =1,....n) consider two concentric disks centered at the origin:

Aj:lzl<r; and  Aj:|zhi <y (0<7)<r;).
We set
A=A x---xA, and A=Al x---x AL
Directly from the Taylor series expansion of holomorphic functions. we obtain
the following simple lemma.

LEMMA 3.1. The Runge theorem holds for the pair (A’. A).

In order to show that the Cousin I problem is always solvable in open polydisks,
from the lemma and Proposition 3.2 it suffices to show that the Cousin I problem
is always solvable in any closed polydisk. Using the Cousin integral, we proceed
to show that the Cousin I problem can always be solved in a closed polydisk. We
remark that the Cousin I problem being solvable on a closed polydisk A in C®
means that if C := {(gp,8p)}, is a Cousin I distribution on an open polydisk U
containing A, then the corresponding Cousin I problem is solvable for C in an open
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U’ such that A ¢ U’ ¢ U. The open sets I’ and U/’ may depend on the data C:
i.e., if we have another set of Cousin I data C). then this data may be defined and
solvable on a (perhaps) smaller open polydisk I; containing A.

Thus we begin with A = A x--- x A, and we let C, = {(gp.dp)}, be a Cousin
I distribution on A. Setting z; = T +iy; (j=1,....n). welet

Q; : x| < 2. iyl < 2r,

be a rectangle on C, so that Q, D A;. We subdivide 2, into N2 rectangles using
N lines parallel to the z;-axis and N lines parallel to the y;-axis. Let w; denote the
intersection of A; and one of these rectangles. and define w :=w) x --- xw, CA.
We assume that N is chosen sufficiently large so that each cube w is contained in
8, for some p in A: this is where we are using the fact that we have Cousin data
on the closed polydisk.

Our goal is to replace the meromorphic Cousin I data g, on a cube w C J, by a
holomorphic function. To this end. let A; (j = 1.... .n) be a closed convex domain
in C,, bounded by a simple smooth closed curve. and let A = Ay x---xA, CC".
For p > 0, we define

A':= {(z21.....22) €A | 11 < P}
A2:= {(z1.....20) €A | 1y 2 —p).

and we set A® := A' N A2, which we assuine to be nonempty. Then we have the
following lemma.’

LEMMA 3.2. Let g,(z) and g2(z) be meromorphic functions in A' and A2 such
that g,(z) — g2(z) is holomorphic in A®. Then there erist holomorphic functions
hy(z) and hy(z) in A' and A? such that the function

. J 9(z) = m(2). z € AL,
9(z) := { 92(2) — ha(2). z € A2,

defines a single-valued meromorphic function in A.

Proor. Fixing the complex parameters z3.... .2, in A2 X -- X A,, we consider
the holomorphic function f(z) = g;(z) —g2(z) in A” as a holomorphic function of z,
inA) ={z1 €A | —p <z <p}. Weletia. ib(a <b)in C;, be the points where
A, intersects the y;-axis and we fix a segment ! = [ia’.ib'] (¢’ < a.b < b') on
which f(z) is holomorphic. Using the Cousin integral of f(z) along !, we construct
holomorphic functions k,(z) and hy(z) in A! and A? such that f(z) = hy(z) — ho(z)
in A°, This gives the desired result. ]

Using Lemma 3.2 repeatedly for the meromorphic functions g,(z) on the cubes
w, we construct a meromorphic function g(z) on A which is a solution of the original
Cousin I problem for the distribution C,. Thus the Cousin I problem is solvable on
closed polydisks; hence we have proved the following result.

THEOREM 3.1. The Cousin I problem in an open polydisk in C" is always
solvable.

!The lemma is valid without the convexity assumption on A,; we impose this condition in
order to simplify the notation and to clarify the idea of the proof.
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3.3. Cousin I Problem in Polynomially Convex Domains

3.3.1. Lifting Principle. Kiyoshi Oka (53] proved in 1937 that the Cousin
I problem in an arbitrary domain of holomorphy in C" is always solvable. Here
we introduce his theory in its simplest form. First we will show that the Cousin
I problem in polynomially convex domains is always solvable. The key idea is the
lifting principle. 2

In C" with variables z = (2,,... ,2,), fix m polynomials Pc(2) (k=1,...,m)
and define a closed domain P in C",

P zjl<r; (§=1,...,n), |Pe(2)] <1 (k=1,...,m). (3.3)

We call P a polynomial polyhedron in C*. We will always assume that the
collection of polynomials is minimal in the sense that deleting any one of the sets
{I1Px(2)| < 1} from this intersection defines a strictly larger polynomial polyhedron
5, and we call this minimal number m the rank of P. Note that the dimension n
of C™ and the rank m of a polynomial polyhedron are independent quantities. For
example, a polydisk in C" is a polynomial polyhedron of rank 0. regardless of n.

We introduce C™ with variables w = (w)....,w,,), and consider the closed
polydisk A in C**™ = C? x CT* defined by

Ayl (G=1,...,n), lwi] <1 (k=1....,m). (3.4)

Define
L={(zzw)€BA|w=Pu(z) (k=1,... . m} (3.5)
which is a pure n-dimensional analytic set in A. Using the mapping
2€P—-M=(2.P(2),... . Pn(2)) €L,
we see that P is homeomorphically equivalent to £ and 8P corresponds to (3A)NE
(see Figure 1).
In this setting, we consider the following problem.

Lifting Problem. Let f(z) be a holomorphic function on P. Find a holomorphic
function F(z,w) on A such that

f(2) = F(z,Pi(2),...,Pn(2)) for peP.

If this problem can be solved for an arbitrary holomorphic function f(z) on P,
we say that the lifting principle holds for P; and we call F(z,w) an extension
of f(z) on A3

2The lifting principle is a central idea throughout all of Oka’s work. In the footnote of his
paper I (p. 249), he has written “ Je dois l'idée & M. H. Cartan pour ce mode d’application de
théoréme de M. Cousin, voir : [7).”

30ka’s terminology in Japanese for the lifting principle translates literally into the principle
of going up to the sky in English.
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FIGURE 1. Representation of a polynomial polyhedron

3.3.2. Polynomial Polyhedra. The lifting principle is closely related to the
Cousin I problem. In fact. on a polynomial polyhedron P in C", the solvability
of the Cousin I problem and the solvability of the lifting problem can be proved
simultaneously by use of a double induction on the rank m of P. We have already
seen that the Cousin I problem in polynomial polyhedra P of rank 0 (i.e.. poly-
disks) in C" is always solvable. Moreover, the lifting principle is trivially true for
polydisks. We next prove two lemmas which comprise the double induction proof
of solvability of Cousin I and of the lifting problem on polynomial polyhedra.

LEMMA 3.3. Let m > 1. Assume that both the Cousin I problem and the lifting
problem in any polynomial polyhedron of rank m — 1 are solvable. Then the lifting
problem in any polynomial polyhedron of rank m is solvable.

PROOF. Let P be a polynomial polyhedron of rank m in C" given by (3.3) and
use notation X in (3.5). Let f(z) be a holomorphic function on P.

We introduce the (n + 1)-dimensional Euclidean space C**! = C? x C,,, and
define

Pyl (=1....n). |un] <1l |P(2)|]<1 (k=2,...,m).
Thus P* is a polynomial polyhedron of rank m — 1 in C™*!. We put
L wy=Pi(2) (k=2,...,m), (z,u) € P", (3.6)

which is an (n+1)-dimensional analytic setin A" xA™ "' with £ € £*: moreover.
X* is bijective to P*: (z,un) € P* — (z.wy, P2(2),... ,Pm(2)) € Z".
In P* we consider the set £} defined by

2; ru=P(2). z€eP.
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Note that X} is a pure n-dimensional analytic set in P* which is homeomorphically
equivalent to P via the mapping z € P — (=, Py(z)) € £}. and dP corresponds to
L1 N (3aP*).

wj = Pj(2)

\/ \

LN |7

wy = Pi(z)

FiGURE 2. Relation between P* and X

We can find a neighborhood V of £} in P* in which f(z) is holomorphic (here
we regard f as a function which is independent of w,;).

For each point p € P*, we choose a neighborhood &, of p in C**! and a
meromorphic function v, (2, w) in 8, such that the following conditions are satisfied:

1. If p € Z3. then we choose 4, to be contained in V' and
wp(zown) = f(2)/(wr - Pi(z))  ind,.
2. If p & I}, then we choose 8, such that §, N X} =0 and £p(z.un) =1 in §p.

Then € = {(vp,0p)}pep- defines a Cousin I distribution in P*. Since P* is a
polynomial polyhedron of rank m — 1, it follows from the inductive hypothesis
on solvability of the Cousin I problem that we can find a meromorphic function
®(z,un) in P* such that

cwy) - —JG)
¥ - TR G

is holomorphic in each 8, C V (case 1 above). Thus. if we define
f(z,un) := (un — Py(2))®(z.un) in P,
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then f°(z,uw;) defines a holomorphic function in P* such that
f(z) = £ (z. Pi(2)) in P.
Since P° is of rank m —~ 1 and f*(z,u;) is holomorphic in P*. it follows from the
inductive hypothesis on the validity of the lifting principle from (3.6) that we can
find an extension F(z,w) of f*(z,uwy)in A" ", i.e.
P (zowy) = F(zowy Pa(2), ... . Pa(2)) in P*,

so that F(z, Pi(z).....Pn(z)) = f(z) in P. Therefore, F(z,w) is an extension of
f(z)in A", m]

LeMMA 3.4. If the lifting principle holds for each polynomial polyhedron of rank

m > 1, then every Cousin I problem in each polynomial polyhedron of rank m is
soluvable.

PROOF. We proceed as follows. Let P be a polynomial polyhedron of rank m
in C" given by (3.3). Let z; = ) + iy, and let p > 0. We consider the intersections
P':=Pn{ry<p} and P?:=PnN{z,>-p}.
and we set P¥ := P' N P2, which we assume is non-empty. Let g(z) and g:(z)
be meromorphic functions in P! and P? chosen so that f(z) = g)(z) — gu(2) is

a holomorphic function in P?. We claim that we can find holomorphic functions
hi(2) and ho(2) in P! and P? such that

s={ 50 Th. & @
is a single-valued meromorphic function in P.
To verify this, we consider the n-dimensional analytic set T in the (n + m)-
dimensional polydisk A of (3.4) defined by
wy =Pe(z) (k=1.....m), z€P.
where Pj(z) are polynomials defining P. We consider the intersections
A'=An{z1<p} and AZ=AN{xr >-p}.
and define A" := A! N A2. The n-dimensional analytic set £ in A° defined by
L uw=Pl2) (k=1.....m), zeP’
is the restriction of T to A®. Using the mapping
ze€P’ = (2. Py(2),.... P,.(z)) € °,

we see that the domain P in C" is homeomorphically equivalent to £ and the
boundary 3P? corresponds to 3X°. By definition, P? is a polynomial polyhedron
in C" of rank m.* It follows from the assumption of validity of the lifting problem

4We note that our previous arguments about polynomial polyhedra of the form
l5l<r G=1....m), A(2)I<1{k=1,...m)
are valid without change for a set in C” given by
GEA; G=1..... n), |P(2)|<1(k=1,....m),

where A; is a domain in the complex plane C., bounded by a piecewise-smooth closed curve.
Thus we also call such a domain a polynomial polyhedron of rank m. In the present situation.
Ar={lal<n. |n1|<pland 4, ={|5,| <} (G=2.... ,n).
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of rank m that we can find a holomorphic function F(z,w) in A° such that
F(z,Py(2),... ,Pn(2)) = f(2) on P

For simplicity we write 2’ := (z;,... , zm). We consider F(z. w) in A as a holomor-
phic function F(z;, z’,w) of the variable z, in the domain A, (here, A, is defined in
the footnote); i.e., with (n + m — 1) complex parameters (:'. w) € A, x A,., where
A; : IZJ'I < Tjs ] =2,... .n
and
Ay <1 j=1,....m.

We form the Cousin integral of F(z,, 2’,w) along the segment ! = [—ir}.ir}]. where
r} > ry is chosen sufficiently close to r) to insure that F(z,.2’. w) is holomorphic
near /, and we obtain holomorphic functions ®,(z.w) and ®2(z.w) in A! and A?
such that

F(z,w) = ®)(z.w) - ®2(z. w) in A%
If we define
hy(z) := ®(2,Pi(2).... ,Pm(z)) in P (i=1.2),
then h;(z) is a holomorphic function in ¢ and satisfies
hi(2) = ha(z) = f(z)  in P°.
Thus, hy(2) and hz(z) satisfy the requirements for (3.7).

Let C; = {(gp(2),65)}, be a Cousin I distribution in P. We apply the same
method as in the proof of Lemma 3.2, replacing A by P. We then construct
sufficiently small sets w’ := (w) X --+ X wp) NP so that each set ' is contained
in some d,. We remarked in the footnote that each ', as well as P itself, is a

polynomial polyhedron of rank m. Hence, using the above procedure, we obtain
Lemma 3.4. a

We have now established the following proposition.

PROPOSITION 3.4 (|44]). For polynomial polyhedra in C™, the Cousin I prob-
lem is always solvable and the lifting principle holds.

3.3.3. Cousin I Problem in Polynomially Convex Domains. In this
section, we show that the Cousin I problem is always solvable on a polynomially
convex domain. Let P be a polynomial polyhedron in C*,

P:lgyl<r,(G=L....n), |P(z)]<1(k=1.....m).
We first show the following.
THEOREM 3.2 (|44]). The Runge theorem holds for (P.C").
PROOF. Define the polydisk
artm. l2i}<r, G=1,...,n), lwk] <1 (k=1,....m).

Let f(z) be a holomorphic functioq in P. From Proposition 3.4. we can find a
holomorphic function F(z,w)in A" " such that

F(z. P\(2)....,Pn(2)) = f(2) in P.
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Let ¢ > 0 be given. From the Taylor expansion of F(z.w) in A" . we can find a
polynomial ®(z, w) in C"*+™ such that

|F(z.w) - ®(z.w)|<e in A" 7.

If we set
?(2) := ®(z, Pi(2).... . Pn(2)) . z2€C",

then ¢ is a polynomial in C" which satisfies |f(z) — ¢(z)] < € in P. Thus the
theorem is proved. 30

Let G be a polynomially convex domain in C". Following the argument in
Proposition 1.5 in Chapter 1, given any £ CC G. we can find a polynomial polyhe-
dron in C" such that E CC P cC G. In particular, if K is a polynomially convex
compact subset of C". i.e.. the polynomial hull of K in C" is identical with K,
then any function f(z) which is holomorphic on K is holomorphic on a sufficiently
small polymomial polyhedron containing K. Thus. as a corollary to the proof of
Theorem 3.2, we have the following approximation result.

COROLLARY 3.1 (Oka-Weil theorem). Let K be a polynomially conver compact
subset in C". Then for any function f(z) which is holomorphic on K and anye > 0,
there ezists a polynomial p(z) with |f(z) — p(2)| <€ on K.

Note also from Theorem 3.2 that the Runge theorem holds for any pair of
polynomial polyhedra (P,.P;) with P; CC P,. Thus Proposition 3.4. Theorem 3.2
and Proposition 3.2 imply the following.

THEOREM 3.3 ((44)). The Cousin I problem in polynomially conver domains
in C" is always solvable.

3.4. Cousin I Problem in Domains of Holomorphy

3.4.1. Polynomial Hulls. In this section we study the Cousin I problem in
a general domain of holomorphy in C".5> The key to its solution is a result about
polynomial hulls (see (1.14)) of analytic sets of a special form in polydisks.

We first discuss Oka’s lemma. Let E be a compact set in C". and let A be a
closed set in C" such that E C A. Let p € A. and let § be a neighborhood of p in
C". Let T = (0,1] be the unit interval on the real axis of the complex plane C,
and let V be a neighborhood of T in C;. Let f(z,t) be a holomorphic function in
6 x V. and define

o :={z €| f(z.t) =0}
for each ¢t € T. If the family of analytic sets {o¢}¢c7 in § satisfies

l.o,NE=0forany teT,;
2. 0pNA#0and oy N A=0; and
3. (Boy)NA=0forallteT,

50Once the lifting principle for analytic polyhedra in C” has been established, one can verify.
using the same method as in the previous section, that the Cousin I problem in domains of
holomorphy is always solvable. However, we cannot establish the lifting principle for analytic
polyhedra using the ideas of Part I. We shall establish it in Part II by using the new notion “ideal
with indeterminate domain” introduced by Oka [50). In fact, we will show that the lifting principle
for analytic polyhedra in a ramified domain over C® (see Theorem 8.2 and Remark 8.4}.
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then we say that the family {o.}.c satisfies Oka’s condition at p for the pair
(E, A). Note we require that oo N A # 0. but we need not have p € 05. We
emphasize that the analytic sets {0, }:eT are of codimension one: i.e., each o, is an
analytic hypersurface. Using this notation, we state and prove Oka’s lemma.

LEMMA 3.5 (Oka’s lemma). Let E be a compact set in C" and let A denote
the polynomial hull of E in C™. Then for each p € A. there does not exist a family
of analytic hypersurfaces {0, }cT which satisfies Oka’s condition at p for the pair
(E, A).

PROOF. The proof is by contradiction. Assume that for some point p € A we
can find a neighborhood & of p in C" and a neighborhood V of T = [0.1] in C,
such that there exists a family of analytic hypersurfaces

oy: f(z.t)=0, (z.t) €8xV,

which satisfies Oka’s condition at p for the pair (E. 4).

Let G be a neighborhood of 4 in C" such that GNo; =® and GN (da,) = O
for each t € T. Then, since A x T' is the polynomial hull of £ x T in C" x C,, there
exists a polynomial polyhedron P in C* x C, such that

AxTCcCPccGxV.

We define a Cousin 1 distribution in P as follows: given any ¢ = (2'.t') € P, we
take a neighborhood &, in C" x C, and a meromorphic function g,(z.t) in 4, in
such a way that
1. if (2'.t') € § x V and f(z’.¢') = 0, then we take J, C 4 x V and set
gq(z.t) = 1/f(2.t):
2. if (2/.2) € 6 x V and f(2'.t') # 0 or if (2'.t') & § x V. then we take J; so
that f(z,t) # 0 on 6, and set go(z.t) = 1.
It is clear from Oka’s condition for {0,},c7 that the collection €, = {(gq.8¢)}qeP
forms a Cousin I distribution in P. Fromn Theorem 3.3 we can find a solution
g(z.t) of the Cousin I problem for C, in P. Thus. g(z.t) can have poles only on
[Ute‘.‘ ag] nP.
Let  =max{t € T |otNA# 0} <1andset T :=|[t',1]. Then g(z,t) is
holomorphic in E x T’, so that

M := max{|g(z.t)| | (2,t) € Ex T'} < +2<.

On the other hand, g(z.t’) has a pole at some point zy, € A. Therefore. if we fix t,
with ¢ <ty < 1 chosen sufficiently close to ¢', then g(z.ty) = ¢°(z) is holomorphic
on A and satisfies

19°(z0)l > M +1 > max{|¢°(z)| | z € E}.

Let ¢ = (jg"(20)] = M - 1)/3 > 0. Since A is a polynomial hull in C”, from
Corollary 3.1 we can find a polynomial P(z) in C" such that |g°(z) - P(z)| <€ on
A. 1t follows that

2|g°(z0)| + M + 1 O(za)l + 2(M + 1
This contradicts the fact that z, € A. O

> |P(2)] for z€ E.

In Chapter 9, we will see that the family of analytic hypersurfaces {0, }+er need
only vary continuously; i.e.. only continuity of f(z.t) in t € T is needed.
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3.4.2. Preparation Theorem. Let G be a domain in C" with variables z =
(21,--- .2n). Let

P:lyl<r; G=1.....n). Ife(2)] €1 (k=1.....m)

be an analytic polyhedron such that P CC G. where fi(z) (k = 1.... .m) is a
holomorphic function in G. We introduce C™ with variables w = (w,... ,w,);
then in the polydisk & in C™*™ = C" x C™,

Azl G=1,...,n), lwg] <1 (k=1,...,m).

we consider the pure n-dimensional analytic set

TS:we=fi(z) (k=1.....m). zeP. (3.8)
THEOREM 3.4 ([45]). T is @ polynomially conver compact set in C**+™.%
PROOF. Let A denote the polynomial hull of £. For 2’ = (z}.....2]) € C".

we set
() := {fwe C™|(.w) € T},
A(Z') = {w e C™ | (',w) € A},
the sections of £ and A over z; = z; (j = 1,... .n). Thus £(2') C A(2): and A(2')
may be empty for some z' € C*. To prove the theorem it suffices to show that
L(2') = A(z')  for each 2’ € C".

Without loss of generality. we may assume that the origin 0 of C" is not
contained in G. Given R > 0, we define the closed ball Q(R) in C",

Q(R) : Z|zj12 < R
=1

If R is sufficiently large so that Q(R) D P. then it is clear that £(2') = A(2’) =0
for each 2’ ¢ Q(R).
Fix R > 0 such that

(') = A(2) for 2’ ¢ Q(R).
We will show that for any p € 9Q(R). there exists a neighborhood §; of p in C"
such that
(') = A(z")  for all 2’ €4},
For simplicity, we assume p = (0,...,0, R).

We first assume that p ¢ P. Then we can find a ball é, centered at p with
radius r > 0 in C" such that §, NP = @. Thus. £(z’) = @ for any 2’ € §,. and
it suffices to show that A(p) = 0. For, since A is closed in C"*™*, we can find a
neighborhood 6, C 4, of p in C" such that A(z') = @ for any 2’ € ;. Thus, if
A(p) = 0, then I(2') = A(z') = @ for 2’ € ;. We prove A(p) = @ by contradiction.
Assume that A(p) # 0; suppose w” € A(p). We consider the following family of
analytic hypersurfaces {o.}, in §, x C™:

o - zn =R+t teT=[0,1}

SThis theorem is the main theorem in Oka's paper II. The proof given here is due to A.
Takeuchi [71].
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Then, {o,}icr satisfies Oka's condition for the pair (L, A) at the point (p,u?).
Indeed. 5, NE = @ for any t € T from the condition o’; NP = @; furthermore,
(p.u’) €eounAand o, N A =0 for each t € T\ {0}, since o; C (C"\ Q(R)) x C™
and A(2’) = £(2') = 0 for z’ ¢ Q(R). Finally, (do,) N A = @ for each t € T, since
A is compact in C**™ and o, has empty boundary relative to C**". By Lemma
3.5 this contradicts the fact that A is the polynomial hull of £ in C"*™.

We next consider the case when p = (0.... .0, R) € P. Let 4, be a ball centered
at pin G. Let z,, = x, + iy, and consider the real (2n — 1)-dimensional hyperplane
H in C" of the form

H={z:€C"|z,=R- pu}.
where pyg is the unique positive number so that (8Q(R)) N, C H. Fix p > 0 with
0 < p < po. and define 4, := 8, N {x, > R — p}. which is a neighborhood of p in
C". Our claim is that

L(2') = A(2")  for all 2’ €. (3.9)
We prove this by contradiction. Assume that there exists a point z* = (z].....2;)
€ 4; such that
T(z*) # A(2"). (3.10)
We set z;, = r;, +iy;. so that R—p < z;, < Rsince A(2") = I(2') for 2’ ¢ Q(R).
By (3.10). there exists a point w* = (u}.... .w;) € A(z") such that

wy # fu(z*)  for some k (1 <k<m)

We fix this k and set ¢y := wi — fi(z") # 0. Consider the family of analytic
hypersurfaces {0,}; in §; x C™ defined by the equations

0 : wip — fi(z) =co(l+t)e ") te T =[0.M],
where A, Al > 0 are chosen large enough so that
: —A(R-p—2x}) _
(i) leoie > e ) {lwx — fu(2)1}:
. - A(zn~-1z,)
@) o1 +M)>  omax {lwi = fu(2)le }

We claim that the family {a,},e-r satisfies Oka's condition for the pair (I, A) at
the point (z°. w*).

Clearly o, NE =0 for t € T. since wy — fr(z) # 0 on oy: also. (2. w*) €N A
and oy N A = @ from (ii). Finally, to prove that (8o,) N A =@ for all t € T, we
divide 86, in C" into two parts:

h=(6)Nn{x=R-p} and ly=(36;)\h.

Since fi(2) is defined and holomorphic on o_;,' we note that 9o, N[6; xC™] =0 (t €
T). Thus. each boundary o, in §, x C™ (t € T) consists of two parts:

(80y); := (Bo)N (1, xC™), i=1.2
We set

Al ={(z.w)e A|z€l}, i=1.2
Then (i) implies that
(o) NA(L) =0 for allteT.
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Furthermore, since I CC C" \ Q(R) and A(z) = X(z2) for z ¢ Q(R) by our choice
of R > 0, it follows that wy — fx(z) = 0 for all z € l;. Hence 7; N A(l3) = 0 for all
t € T. by the defining equation for 0,. Consequently, (3o,)NA =@ forallte T.
We conclude that {o;}.c7 satisfies Oka’s condition for the pair (T, A) at (z*,w*).
From Lemma 3.5, this contradicts the fact that A is the polynomial hull of ¥ in
C"*™. Hence, we must have X(2') = A(2’) for all 2’ € §;, and our claim (3.9) is
true.

Since JQ(R) is compact, it follows from the Heine-Borel theorem that the
infimum of the set of all R > 0 such that £(Z') = A(2') for all Z ¢ Q(R) must be
0. This fact. together with the information that 0 ¢ G, implies that £(2’) = A(z’)
for all z € C™.

As will be shown in Remark 7.12 in Chapter 7. this theorem has another quite
different proof.

3.4.3. Cousin I Problem in Domains of Holomorphy. Assume that G is
a domain of holomorphy in C". We use the same notation P CC G, A cC C"+™,
and X : wx = fi(2) (k=1....,m), z € P. in A from the previous section.

THEOREM 3.5 ((45}]). The Runge theorem holds for the pair (P.G).

PROOF. Let (z) be a holomorphic function in a neighborhood v of P in C".
If we regard o(z) as being independent of w € C™, then (z) is a holomorphic
function in a neighborhood V of ¥ in C"*™, where V = v x C™. From Theorem
3.4 there exists a polynomial polyhedron P* in C"*™ such that

TccP ccV.

Now Theorem 3.2 implies that the Runge theorem holds for (P*,C"*™). Hence,
given £ > 0 and an open set V; in C™*™ such that £ CC V5 CC P°, we can find a
polynomial P(z,w) in C**™ with

le(z) = P(z.w)l <e  inW.

If we set
&(z) := P(2. fi(2).... . fm(2)). 2€G.
then &(z) defines a holomorphic function in G such that

Ip(2) - ®(2) <€, z€P.
Thus. the Runge theorem holds for (P.G). O

In order to solve the Cousin I problem in a domain of holomorphy G, the above
theorem. combined with Proposition 3.2, shows that it suffices to solve the Cousin
I problem in an analytic polyhedron contained in G. We now show this is always
the case.

LEMMA 3.6. Let G be a domain of holomorphy, and let P C G be an analytic
polyhedron. Then the Cousin I problem in P is always solvable.

PROOF. We use the same notation ¥ in A for P defined in (3.8). Let C; =
{(9p,65)}per be a Cousin I distribution defined in a neighborhood v of P in C*. If
we regard gp(z) as independent of w € C™, then C, may be regarded as a Cousin I
distribution (?1 in a neighborhood V of £ in C**™, where V = v x C™. That is, let
P’ € V and denote by p € v the projection of p’ into C". Then set 8 := 6, xC™, a
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neighborhood of p’ in C"*™, and define g,/ (z, w) := g,(2). which is a meromorphic
function in é; then é = {(gp'(2,w),8)}prev is a Cousin | distribution in V.
Once again using Theorem 3.4, we obtain a polvnomial polyhedron P* in C**™
such that

EcCcP ccW
From Proposition 3.4, there exists a solution G(z.w) of the Cousin 1 problem for
G, in P*. If we set

9(z) :=G(z, [1(2),-.., fm(2)) inP,
then g(z) is a solution of the Cousin I problem for the original Cousin I data C; in
]

Summarizing the results above, we have proved the main theorem of this sec-
tion.

THEOREM 3.6 ([45]). The Cousin I problem in domains of holomorphy is al-
ways solvable.

3.4.4. Example. We noted in Remark 3.1 (Cartan) that if D is a domain in
C? in which the Cousin I problem is always solvable, then D must be a domain of
holomorphy. Cartan {10] showed that this is not necessarily true for a domain in
C3. We present his example in this section.

First we need a preliminary result. We let 0 < r; < r2, and we consider the
following three product domains in C3 = C,, x C;, x C,,:

A[ < |Z|| < T, ‘zgl < T, |z;;| < T2,
Ay lz1] < 7o, ) < |22) < 7o, |z3] < T2,
Az |z1] < ra. |22] < 72. r1 < |z3| < 2.
Set
A'=A20A3, A2=A30A|, A3=A.ﬂA2,
and

A0=A|nAznA3, A=AUAUA,

Note that A is homeomorphic to a punctured ball {0 < |z)|% +}z2|% + |23/> < 1} in
C3. It follows from Osgood’s theorem (Theorem 1.10) that A is not a domain of
holonorphy in C3.

THEOREMA3.7 (Three ring theorem). Forj = 1,2,3, let g?(z) be a holomorphic
function on A’ satisfying

g'(2) +¢*(2) +g%(2) =0 on A°. (3.11)

Then there exist holomorphic functions f;(z) (j =1,2,3) on A; such that

9'(2) = £a(2) - fa(2), °(2) = f3(2) = fi(2), 6°(2) = fu(2) = fa(2)
on A!, A? and A®, respectively.

PROOF. We expand g'(z) in a Laurent series with respect to z), z2, 23 about
the origin 0 € C3. Clearly. the coefficients of zf2*z} with m < 0 vanish for all
m,l = 0,%1,.... By (3.11) and the uniqueness of the Laurent expansion, the
coefficients of z}z5"z} where both m < 0 and I < 0 vanish. Hence. we can write a
unique decomposition of g* as

g'(2) = Gi(2) + Gy(2) + G3(2),
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where G!(z) is holomorphic on A, and G}(z) (5 = 2.3) is holomorphic on A; but
not necessarily in A. For example, G}(z) is the sum of all terms of the expansion
in powers z¥2J'z} with m < 0 and k.1 > 0. In a similar fashion, we have

¢'(z) =Gi(2) + Gi(2) + Gi(z), i=23,

where Gj(z) is holomorphic in A and Gj(z) (j # i) is holomorphic in A, but
not necessarily in A. Once again using (3.11) and the uniqueness of the Laurent
expansion, we have

Gi(2) + G3(2) + Gj(2) = 0.
G}(z) +G3(z) =0, Gi(2)+G3(2) =0. Gji(z)+G3(z) =0
on A, A;,Az and Aj. Therefore, if we define

fie) = =X GE) | Gra) on s,
fa(2) = w +Gl(z) onA;
f3(2) = w +G3(z) on As,
then f;(z) (j = 1.2.3) are the desired functions. o

From this theorem we obtain the following result.

PROPOSITION 3.5. The Cousin I problem in the above domain A in C3 is al-
ways solvable.

PROOF. Let C; = {(gp,6p)}pca be a Cousin I distribution on A. Since A; (j =
1,2,3) is a product domain, the Cousin I problem is always solvable in A;. Thus
we can find a solution y;(2) of the Cousin I problem for C, in A;. If we set

9'(2) = p2(2) — p3(2). 8°(2) = ¢3(2) — w1(2). G°(2) = @1(2) — 2(2)
on A!, A? and A3. then each ¢7(z) (j = 1,2,3) is a holomorphic function on A’
and
9'(2) + ¢%(2) + ¢%(2) =0 on A°.

By Theorem 3.7, we can find holomorphic functions f;(z) (j = 1.2,3) on A, such
that

9'(2) = fa(2) = fa(2), §°(2) = fs(2) = fu(2), §°(2) = fil2) - fa(2)
on A!, A? and A3. It follows that
G(z) = p(2) ~ f,(2) on A, (j=1,2.3)
defines a single-valued meromorphic function on all of A. Hence. G(z) is a solution
of the Cousin I problem for C; on A. a
8.5. Cousin II Problem

3.5.1. Oka’s Counterexample. The Cousin II problem in product domains
in C" is not always solvable; we give a counterexample due to Oka in this section.
To illustrate the key idea, we first give an example of Oka [48] which indicates a
difference between zero sets of real-valued and complex-valued continuous functions.
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EXAMPLE 3.2. We consider the domain D in R? defined by
D:={(z.y.z2)eR® | 22+y* <4. -2<2< 2}
and let
L:={(0.0.2)eR® | -1<z<1}ccD.
There are many real-valued continuous functions F(z.y, z) in D such that F(x,y. 2)

= 0 if and only if (x,y,2) € L. However, suppose we look for a coniplex-valued
continuous function F(z,y, z) in D satisfying the following conditions:

(i) F(z,y,2) =0 if and only if (z.y,z) € L;
(i) in the disk &: 2% + y® < p? < 4 on the (z, y)-plane, we require that
F(x.y.0) = (z + iy)A(z.y) (2 = -1).
where A(z,y) # 0 for (z.y) € 4.

We claim that there does not exist such a function F(z,y,z) in D.
For if F(z,y, z) exists satisfying (i) and (ii), we consider

V(z):= /86 d(arg F(z,y.z)) for : € (-2.2).

Then (i) implies that V(z) does not depend on z € (-2,2), and also implies
V(3/2) = 0. However, (ii) implies that V' (0) = 2m, which is a contradiction.

T. Gronwall [27] was the first to give an example of a product domain in C"
in which the Cousin II problem is not always solvable. Below we will give Oka’s
example, which more clearly indicates the essence of the Cousin II problem and is
based on the idea of the example described above.

Oka’s counterexample for the Cousin II problem. In C? with variables 2
and w, we consider the product domain

A 2/3<|z| <], 2/3 < juwl< 1.
We write z = 1 + iy, and denote by A’ and A” the points of A such that y > 0
and y < 0. Let
Y:w-2+1=0 in A.

Note that ¥ consists of two connected components £’ C A’ and £” C A”. since
En{y = 0} = 0. We take open neighborhoods G’ of A’ and G” of A” with
A' cc G’ and A" cC G” such that G'NE” =0 and G" NI’ = 0. If we set

h=w-z+1, in G',

fa:=1, in G”,

then C; = {(f1,G'), (f2.G")} defines a Cousin II distribution in A. Then there is
no solution of the Cousin II problem for C; in A.

Indeed, assume that there does exist a solution F(z, w) for C; in A: then F(z, w)
vanishes in A only at points of ', and we can find a nonvanishing holomorphic
function w(z,w) on A’ such that

F(zyw) = (w - z+ 1)w(z.w) on A (3.12)
We define the circles

mm:lz2|=5/6 inC; and Y2 |lw|=5/6 in C;
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FIGURE 3. Oka'’s counterexample for the Cousin II problem

and we set v} := v; N {y > 0} and 4 := 1 N {y < 0}. Now we vary z from 5/6
to —5/6 in a continuous fashion along v; C A’. Since w(z,w) # 0 in A’, the total
variation of the argument of w(z,w) along 72,

dargw(z,w),
72
varies continuously with z € 4}, and, being an integer multiple of 27, does not
depend on 2 € v]. Since

darg(w—5/6 +1) =27 and darg(w+5/6 +1) =0,

72 72

it follows from (3.12) that

darg F(5/6,w) = / darg F(-5/6,w) + 2.

Y2 72

On the other hand, we note that F(z,w) # 0 in G”. Therefore, varying z from 5/6
to —5/6 continuously along 4} C G” and arguing as before, we have

darg F(5/6,w) = | darg F(-5/6,w).
Y2 12
This is a contradiction. O
This example will be used again in section 3.6.2.

3.5.2. Oka’s Principle. The counterexample in the previous section shows
that one of the obstructions to solving a Cousin II problem is topological. Thus we
now generalize the holomorphic Cousin II problem to the continuous case. For this
purpose, we introduce the following terminology.

Let D be a domain in C", and let C; = {(fp,8p)}, be a Cousin II distribution
in D. If we can find a complex-valued continuous function F(z) in D such that, at

each point p € D,
Ap(2) := F(2)/ fp(2)
is a nonvanishing continuous function in é,, then we say that F(z) is a continuous

solution of the Cousin II problem for C; in D. In this section, the “usual” solutions
will be called holomorphic solutions to distinguish them from the continuous ones.
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THEOREM 3.8 (Oka's principle). Let G be a domain of holomorphy in C", and
let C; be a Cousin II distribution in G. If G admits a continuous solution of the
Cousin II problem for C,, then G admits a holomorphic solution of the Cousin II
problem for C,.

PROOF. By taking a refinement, we may assume that each set d,. p € G. is a
polydisk in C". Let ®(z) be a continuous solution of the Cousin II problein for C;
in G. Then for each p € G, ®(z)/fp(z) is a nonvanishing continuous function in 6.
Hence the function

Cp(2) := log (®(2)/ fp(2)),
where we take an appropriate branch of the logarithm, defines a single-valued
continuous function in d, with the following property: for any é,. 8, such that
8, N &, # B, the function (p(2) — ¢4(2) is holomorphic in 8, N §,.

‘We recall the method used to solve the Cousin I problem in polydisks in section
3.2.2, in particular, Lemma 3.2: given a Cousin I distribution {(gp.dp)}, in G,
we constructed a holomorphic function h,(z) on each set §,, p € G. such that
gp(2) — hp(z) defined a single-valued meromorphic function in all of G. This was
achieved by utilizing the relation g,(2) — g,(2) = hp(z) — hg(2) in 6, N d;. In the
present situation, we replace the meromorphic function g,(z) by the continuous
function (p(2). Then, following the same procedure under the condition that D
is a domain of holomorphy, we can find a holomorphic function k,(z) on each 4y,
p € G, such that the collection of functions {,(z)—hp(z) on J, defines a single-valued
continuous function =(z) on all of G. If we define

F(z):= ®(z)e =) onG.

then F(z) is a well-defined single-valued function on G. Moreover. since F(z) =
fp(2)e?*) on each §,. F(z) is holomorphic on G and yields a holomorphic solution
of the Cousin II problem for C; in G. O

3.5.3. Generalized Cousin II. A holomorphic Cousin II distribution on a
domain D in C" can also be generalized to a continuous Cousin II distribution.
At each point p € D, let the data (hy,d,) be given, where §, is a neighborhood of
p in D and h,(z) is a complex-valued continuous function in d,. We require this
data to satisfy the condition that for any p,q € D with d, N4, # 0, we can find a
nonvanishing continuous function Apq(2) in 6, N4, such that hp(2) = Apg(2)he(2) in
8,Nd,. We call the collection of pairs C2 = {(hp, 6p)}pep 8 generalized Cousin II
distribution in D. Thus, locally, we are given the zero sets of continuous functions
in D; we want to find a globally defined continuous function with this zero set.

Generalized Cousin II Problem Given a generalized Cousin II distribution
Cz = {(hp,d,)}pep, find a complex-valued continuous function h(z) in D with the
property that for each p € D there exists a nonvanishing continuous function Ap(z)
in 8, such that h(z) = A,(2)hp(2) in §p.

If such a function h(z) exists, we say that the generalized Cousin II problem
for C, is solvable in D, and we call the continuous function A(z) in D a solution for
C2 of this generalized Cousin II problem.

REMARK 3.2. In the following example we show that. in general, a generalized
Cousin II problem in a polydisk D need not have a solution for a generalized Cousin
II distribution C; = {(hp,8p)}pep if {2z € 8, : hp(z) = O} has an interior point in
Op.
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Ezample: We begin with an example in R® with variables z.y, z. Consider the
real-valued continuous function

W(z,y,2) ;= max{0.z% + y% - 1}.

We consider two half-spaces A% := {(z,y.z) € R® | £z > —1} and two cylinders
& = {z? +y* < 1/3} x {|z] < 1} and &" := {2 + y* < 1/2} x {{z] < 2}. We put

hy(z.y,2) = (z + iy)u(r. y.2) on A, :=A"\{.
ha(z,y,2) = v(z.y,32) on Ay:=A"\¢.
hs(z,y,2) =0 on Aj:=4".

Then the collection of pairs C; = {(hi, Ai)},=1.2.3 defines a generalized Cousin II
distribution in R3. Note that the zero sets of the functions h; in C, comprise the set
B x R,, where B = {z?> +y* < 1} C R; x R,,. Following the reasoning in Example
3.2. it is clear that there is no solution of the generalized Cousin II problem for C;
in R3.

Now to get a similar example in C?> = R* with variables z) := = + iy, 27 :=
z +iv, we simply take v, h, as above, making them independent of the variable v.

Thus from now on we assume that the zero sets of any generalized Cousin
11 distribution C2 = {(hp.dp)}pep have empty interior. This implies that for any
p.q € D such that §,N4, # 0. if a nonvanishing continuous function Ayq(z) in 6pN4,
satisfying hp(z) = Apq(2)hg(2) in 8, N4, exists. then it is uniquely determined.

Since the usual (holomorphic) Cousin II distribution satisfies this condition.
Theorem 3.8 implies the following: Let D* be a domain of holomorphy in C".
Assume that D* is homeomorphic to a domain D in C" which has the property
that the generalized Cousin II problem is always solvable in D. Then the Cousin
II problem is always solvable in D*.

LEMMA 3.7. In the polydisk A : |z;] <1 (j =1.....n) in C", the generalized
Cousin II problem is always solvable.

PRrROOF. Let C; = {(hp,8;)}pca be a generalized Cousin II distribution in A.
Forany 0 <r < 1, wedefine A, : |2;] < r (j = 1,... .n), and we will find a solution
of the generalized Cousin II problem for C; in A,. Using the same arguments as
in solving the Cousin I problem (stated in Lemma 3.2), we see that it suffices to
prove the following.

Let A; be a closed conver domain in the unit disk {|z;)] < 1} in C,, (j =
1,....n) and define A:= Ay x ---x A, CC". Let zy =z +ty and fir p > 0. We
set

A':={zeA|z<p} A :={z€A|r>-p},
and A® := A' N A2, which we assume is non-empty. If a generalized Cousin II
distribution C; defined in A has solutions hy(z) and hp(z) in A' and A2, then C;
has solutions in all of A.

To verify this. note that h%(z) := h,(z)/h2(z) defines a nonvanishing continuous
function in the simply connected domain A®. Thus, a branch of log h%(z) defines
a single-valued continuous function in A’. We define the following real-valued
continuous function in C,,:

z < —p.

0.
a(z1) :=1{ (z+p)/2p. -p<z<p.
1. z2>p.
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If we set
ki (z) := a(z;) log h°(2), z €Al
ka(2) := (a(z1) — 1) log h%(2), z € A2,
then k;(z) (i = 1,2) defines a continuous function in A* such that log h%(z) =
k1(z) — k2(2) in A°; equivalently, h°(z) = €1(2) /e¥3(2) in A°. Thus the function
_f hi(z)era®), z € AL,
h(z) := { ho(z)e~k3(2), 2z € A2,
defines a single-valued continuous function in A, and hence a solution for C; in A.
Now we let rx (k= 1,2,...) be a sequence of positive numbers such that

e < Thal, lun re=1.
-2
and we let Ay := {|z1] < 7} x -+ x {|2n] <7} CC A. Foreach k =1,2,.... the

above argument yields a solutlon hi(z) for C2 of the generalized Cousin II problem
in Aix. For k = 2,3,... we consider the following continuous function in the disk

{lzjl £ e} G = 1,... n):

1, |ZJ'| <r-1L
B(zj) =4 1- '—:j—l_—,%'l', ri-1 < |zl <
0. AR

and we set Bk(z) = B(z1)---3(zn) in Ax41. We inductively define continuous
functions hQ(z) (k = 1,2,...) in Ak in such a way that

h(l)(z) = h[(Z) in Al‘

h2+l (Z) = hk+] (Z)e:’k(:)q*(x) in Ak+l
where gx(z) is a branch of the continuous function log {hQ(z)/hx+1 (z)} in the poly-
disk Ai. On each Ax (k =2,3,...), hY(z) is a solution for C, and kY, (z) = h2(2)

in Ax_). Thus, h(2) := limg hk(z) is a solution for C; of the generalized Cousin
II problem in all of A. O

From Lemma 3.7 and Theorem 3.8 we have the following theorem.

THEOREM 3.9 (Oka [46]). Let D be a domain of holomorphy in C" such that
D is homeomorphic to the unit polydisk A in C". Then the Cousin II problem is
always solvable.

REMARK 3.3. Theorem 3.9 is also true in the case when the unit polydisk A
is replaced by A = A; x Az x -+ x A,, where A, is any domain in C,,.

To verify the remark, it suffices to show that Lemma 3.7 is valid if A is replaced
by A. Let C; = {(hp, 15,,)},,‘E A be a generalized Cousin II distribution in A. We
take an increasing sequence of domains Ay cC A, (k =1,2,...) such that each
A, is bounded by a finite number of closed curves vx; (1 <1 < m(k)), and such

that Uk._ A;k = A. Let 4., be the outer boundary component of Alk For
each k,l (k = 1,2,...; 2 <1 £ m(k)). we choose a ponnt @ in the domain

in C;, bounded by the closed curve v, such that ai,; ¢ A; k1. We set /Sk =
A X Aok x-+-xAnx CC A (k=1,2,...). where Ay = {Jz,| < i} (i =2,... ,n),
and the radii rj increase up to 1.
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First of all, since, for each ¢ € R, the set {z, € A | £ = c} consists of simply
connected sets in C;,, the same is true of {2 € Ai | z = ¢} in C™; thus it follows
from the same argument as in the proof of Lemma 3.7 that we have a solution hx(z)
of the generallzed Cousin II problem with data C, in Ak

Next, let 6k(z) (k = 2,3,...) be a continuous function in Ay such that
Bk(z) =1in Ax_, and Br-1(z) = 0in Ax41/Ak. We inductively define continuous
functions hk(") (k=1,2....)in Ay in such a way that

hi(2) = hi(2) in Ay,
mi(k
his1(2) = hisa(2) H (=1 - ak.x)"""-‘] eI (31aul2) in Aksr.
=2
where

. 1 =
N = 2 dlog [hi(z)/hk-1(2)]

Sad
and gi(z) is one of the single-valued branches of the continuous function
~ m(k) ~
log [Ax(2)/hrs1(2)) = Y Nealog(z1 — axs)  in A
1=2
Then h;( ) (k=1,2....) is a solution for C3 of the generalized Cousin II problem in
Ay. and hk,.l(z) h;(z) in Ay_;. Hence. h(z) := limg hk(z) defines a solution
for C; in all A. a

REMARK 3.4. There have been studies related to the Cousin II problem us-
ing methods other than Oka's principle. In [46], Oka introduced the notion of a
balayable Cousin distribution: this was the context of the original Oka principle.
K. Stein [66]" gave an interesting topological condition for the solvability of the
Cousin II problem.

REMARK 3.5. The Poincaré problem does not always admit a solution in prod-
uct domains in C".

PROOF. To see this. we recall Oka’s counterexample to Cousin Il in A = A, x
A; in C? with variables (z,w), where A = {2/3 < |z] < 1} and A; = {2/3 <
lw| < 1} (section 3.5.1). Writing z = x + iy and denoting by A’ and A" the points
of A such that ¥ > 0 and y < 0, we set
Y:w-z2+4+1=0 in A;
then ¥ consists of two connected components £’ C A’ and £ C A”. We take open
neighborhoods G’ 2> A’ and G” D> A” such that G'NE” =@ and G"NE' = 9.
If we set
Fi:=1/(w-2z+1) in G',
Fg =1 in G”.
then C, = {(F1,G’),(F2,G")} defines a Cousin I distribution in A. We can solve
the Cousin I problem for €, in the product domain A, and we obtain a meromorphic
function g(z,w) in A such that the pole set of g(z, w) is defined by 1/(w — z 4+ 1)

7K. Stein [87] found an example of a domain of holomorphy D which admits a Cousin II
distribution C2 such that C2 has a solution in any subdomain Dy CC D but which does not have
a solution in all of D.
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in A’. We claim that this function g(z,w) cannot be written as a quotient of
holomorphic functions h(z.w) and f(z.w) in A which are relatively prime at each
point in A. For if we could write g(z,w) = h(z,w)/f(z,w) in A, with h(z,w) and
f(z. w) relatively prime at each point, then f(z, w) would be a solution of the Cousin
I1 problem for the Cousin I1 distribution C: in A given in the Oka counterexample
in 3.5.1; i.e., recall that if

Hi=w—-2z+1 in G,

f'_) =1 in G”,
then C; = {(f1.G’).(f2,G")} defines a Cousin II distribution in A. Thus the
Poincaré problem cannot always be solved in A.

Moreover, if we set h(z,w) := g(z.w)(w ~:+1) in A, then h is holomorphic in

A. Letting k(z,w) := w — z + 1, we have g(z,w) = h(z,w)/k(z.w) in A. Thus g is
a quotient of holomorphic functions in A, but h(z, w) and k(z, w) are not relatively
prime at any point in A” at whichw—-2+1=0. a

3.6. Runge Problem

3.6.1. General Expansion Theorem. Let G be a domain of holomorphy in
C" with variables z,,... .2,. If K is a class of holomorphic functions in G satisfying
the conditions

1. K contains the coordinates functions z; (k= 1,... ,n). and

2. given a polynomial P(w;.... .w) in C™ with C-coefficients. and given

fi(2)h. . fm(2) in K. we have P(fi(z).... . fin(2)) €K,

then K is called a normal class. As examples of normal classes K. we have the
class of all polynomials; the class of all holomorphic functions in G: and. for a given
G* O G. the class of all holomorphic functions in G* (compare with a regular class
of holomorphic functions in G from section 1.5.3 in Chapter 1).

THEOREM 3.10. Let G be a domain of holomorphy in C" and let K be a normal
class of holomorphic functions in G. Then any holomorphic function in G can
be developed into a locally uniformly convergent series of holomorphic functions
belonging to K if and only if G is a K-conver domain.

PROOF. Assume that G is convex with respect to K. Then we can find a
sequence of analytic polyhedra P; (j =1.2,...) of the form
P sl <, (i=1.....n), (fin(z)] <1 (k=1.....nj),
where each f,; € K, and these analytic polyhedra satisfy
P,CCPiCCG (j=12...), G=lmP,

Let f(z) be a holomorphic function in G and let ¢; > 0 (j = 1,2,...) satisfy
lim; . ¢; = 0. From the proof of Theorem 3.5, for each j = 1.2,.... we can find
a polynomial P,(z,w) in C"*" such that

®;(2) i= Pi(z. fir(2)s... . fn,(2)) inG
satisfies
[®,(z) - f(z)| <¢, inPj_,.
Consequently. lim;_. ®;(z) = f(z) uniformly on each compact set K in G. Thus,
the necessity of the convexity of G with respect to K is proved. The sufficiency is
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clear from the fact (Theorem 1.11) that a domnain of holomorphy G is convex with
respect to the class of all holomorphic functions in G. a

Oka's lemma (Lemma 3.5) can be generalized to a normal class K.

LEMMA 3.8. Let G be a domain of holomorphy. Assume that G is conves with
respect to a normal class K of holomorphic functions in G. Let E be a compact set
in G and let A denote the K-conver hull of E. For any p € A, there does not erist
a family of analytic hypersurfaces {o0:}cr which satisfies Oka’s condition at p for
the pair (E. A).

PROOF. Since the Cousin I problem in an analytic polyhedron in G is always
solvable, the proof given for polynomial hulls in Lemma 3.5 is valid here; together
with Theorem 3.10, this yields the lemma. O

3.6.2. Rationally Convex Domains. In 1.5.3 of Chapter 1, we defined the
notion of convexity of a domain D in C" with respect to a regular class K of
holomorphic functions in D; in particular, D is said to be convex with respect
to rational functions if D is convex with respect to rational functions which are
holomorphic in D. However, this definition has some drawbacks. For example.
using this definition, the unbounded domain Dy = C" \ S;. where Sy is the zero
set of an entire transcendental function f(z) in C", is not convex with respect to
rational functions. Thus we must extend the definition of rational convexity.

A domain D in C" is said to be rationally convex if there exists a sequence
of relatively compact subdomains D, CC D (n = 1.2,...) such that each D,
is convex with respect to rational functions which are holomorphic in D,,. D,, C
Dny1 (n = 1,2,...), and U2, Dn = D. The unbounded domain Dj in the
previous paragraph is thus rationally convex in C".

In the case of one complex variable. every domain is convex with respect to
rational functions. However. in the case of several complex variables. even a domain
of holomorphy need not be rationally convex. The following example is due to Oka
(47).

Oka’s counterexample for rational convexity. In C. x C,. we consider A =
A} x A,. where

A 2/3<|z| <1, Ay 2/3 < |u] < 1.
Then for 2 = z + iy. we denote by A’ the subset of A with y > 0. We consider
the analyticset £: w—z+1 =0in C?. and set £’ := ENA’. Thus ¥’ is also an
analytic set in A, and G := A\ ¥’ is a domain of holomorphy in C? which is not
rationally convex in C2.

PROOF. Let g(2.w) be a meromorphic function in A whose pole set is given by
1/{w—2+1) on ¥’ (such a function exists by solvability of Cousin I in A: cf.. Remark
3.5 in 3.5.3). By considering the holomorphic functions {z.w.1/2.1/w,g(z.w)} in
G.2 we see that G is holomorphically convex; hence G is a domain of holomorphy in
C2.

We also use the meromorphic function g(z.w) in A to prove that G is not
rationally convex in C2. For suppose that G is rationally convex. Fix 0 < d < 1/12,
and set A” := A? x A9 CC A. where

Ay {2/3+d<|z| <1 -d} CcC A,
AY = {2/3+d<|w|<1-d}ccA,.

[l
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Let
a = {|z| = 5/6} c A, OAY = 3, — 3 C AY,
where 32 = {|w| = 1-d} and ) = {|w| = 2/3+d}. We let o denote the projection
of &' N A° onto AJ. Given 0 < ¢ < d, we define, for z € 0.
Ye(z) ;= {w € Cy | jw-(z-1)] <€} CC A,

Then we have
K. := A%\ [u (z. m(z))] ccG. (3.13)
€0

Let 29 be the point of intersection of the circles a and {jz — 1| = 5/6} in C, with
Imzy > 0. In particular, zp € o and 7.(20) C AJ. Finally, let o’ and a” be
the subarcs of o connecting 29 and —5/6 in the counterclockwise and clockwise
directions, respectively. Then we have

(@ x B)U(a” x &)U ({-5/6} x A}) C K..
We fix e sufficiently small with 0 < ¢ < d so that
min{|g(z0, w)| | w € 8ve(20)} > max{|g(z0. w)| | w € JAJ}. (3.14)

This is possible because g(z9, 20 — 1) = 20. Since we are assuming G is rationally
convex in C?, it follows from (3.13) that given any 5 > 0. we can find a rational
function R(z, w) = P(z.w)/Q(z,w) in C2, where P(z,w) and Q(z, w) are relatively
prime polynomials in C?, such that R(z. ) is holomorphic in a neighborhood V of
K, in G and satisfies

jg(z.w) - R(z,w)|<n on K,.
Hence, if n > 0 is sufficiently small. we see from (3.14) that R(z. w) is holomorphic
as a function of w in A§ \ 7.(20) and satisfies
min{|R(zo.w)| |w € 8v.(20)} > max{|R(z0. w)| | w € 8A3}.

The maximum modulus principle for holomorphic functions implies that R(zy, w)
cannot be holomorphic in all A; thus the denominator Q(zy.w) has at least one
zero in v.(z¢) and hence in A9. Therefore,

ar < /wdargo(zo.w)= [3 darg Q(z0.w) - /J dargQ(zo.w).  (3.15)

On the other hand, since P(z, w)/Q(z.w) is holomorphic on the neighborhood
V of K,, we have Q(z,w) # Oon V. In fact, if not, we have a point (29, wp) in V such
that Q(20,wo) = 0. Thus, P(29,wp) = 0. Since P(z,w) and Q(z,w) are relatively
prime, it follows that (zo,wp) is a point of indeterminacy of P(z,w)/Q(z,w). This
is a contradiction. In particular, Q(z,w) # 0 on @’ x 3;. a” x 3;. and {—5/6} x A9.
These statements imply that

/ darg Q(z0,w)
3

/a dargQ(=5/6. ).

/ darg Q(z0. w) / darg Q(~5/6.w),
32 B3

and
[ dargQ(-s/6.0) = [ dargr-s/6.u)
3 39
Putting these together gives a contradiction to (3.15). O
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3.6.3. Approximation by Algebraic Functions. In this section, we prove
the following theorem concerning approximation of a holomorphic function by al-
gebraic functions.

THEOREM 3.11 (Oka [48]). Let G be a domain of holomorphy in C". Let E
be a compact set in G, let € > 0. and let f(z) be a holomorphic function in G.
Then we can find a single-valued branch u = (2) of an algebraic function over a
neighborhood P of E in G such that
A2 + Aj(2)u!" '+ ...+ A(2) =0 forzeP, (3.16)
where A,(2) (i=0,....1) is a polynomial of z in C", and
If(z) - ¢(2)J<e onE.
PROOF. It suffices to show that we can find single-valued holomorphic functions
¢i(z) (= 1....,m) in a neighborhood P of E in G such that
(i) we =C((2) (k=1,....m), z € P, satisfy the m algebraic equations
Pi(z,un,... ,wy) =0 (k=1,....m),
where Px(z.w1.... ,wm) (k= 1.....m) is a polynomial in C**™ and
a(P,...,Pn) _ o )
Bwr . w) #0 at wpy=C((z)(k=1.....m), z€P;

(ii) we can find a polynomial (2) in z.{;(2),... .{m(2) such that

1f(z) - p(z){ <€ onE.

For it follows by standard techniques (using symmetric functions) that u = \3(z) is
a single-valued branch of an algebraic function of the form (3.16).

To construct {;(z) (i = 1....,m) satisfving (i) and (ii). we take an analytic
polyhedron P in G,

P: zi<r; (G=1.....n), |fi(2){ <1 (k=1.....m),
where fx(z) (k=1.....m) is a holomorphic function in G. and
EccPcca.

As usual, we introduce the space C™ of the variables w,.... .w,,. and we consider
the polydisk in C**+™,
A: |zl<rG=1,....n), w1 (k=1.....m).
Furthermore, we define
L: wp=fi(2)(k=1....,m), z2€P.

which is a pure n-dimensional analytic set in A.

As the first step we approximate fx(2) (k = 1,... .m) by an algebraic function
¢x(z) with conditions (i) and (ii). Regarding fix(z) as independent of w;,... .wn.
we have that

wi — fi(z)
is a holomorphic function in a neighborhood Vi of £ in C"*™. By Theorem 3.4.
L C C**™ is polynomially convex. Thus there exists a polynomial polyhedron P*
in C"*™ such that

TccPccVi (k=1....m).
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We can choose p > 0 sufficiently small so that

Q:= U (z.m(2),...,ml(2)) CC P*, (3.17)
z€P

where v(z) = {wx € C., | |wx — fi(2)| < p} (k=1.....m).
Fix n with 0 < n < p. By applying Corollary 3.1 for (P*.C"~™) and the
function un, — fi(2) in P*, we can find a polynomial Pi(z,w) in C"*™ such that

|Pi(zow) = (wx = fi(2)) < /2 onP® (k=1....m). (3.18)
We consider the following holomorphic transformation
T: (2.w)ePxCl — (z,W)=(z.w) ~ fi(2).... .y — fu(2)) € P x Cyy-.

Then T is one-to-one and maps @ onto the product domain P x B,, where B, (r > 0)
denotes the polydisk in Cfj. of center 0 and radius r. We set

Hi(z,W) 1= Pe(z2.Wh + fi(2)en. W+ f(2))  (k=1....,m).

which is a holomorphic function in P x B, and which, for each fixed z € P, is a
polynomial of W in C™. Since B, C B,,, we obtain from (3.17) and (3.18) that

|Hi(z, W)~ Wi|<n/2 onPxB, (k=1.....m).

Fix z € P. Using Rouché's theorem from one complex variable, for each & =

1.... .m, the above inequalities imply that there exists a unique complex number
Wi = hi(2) (k=1....,m) with
Hi(zohi(2)s... ,him(2)) =0, and |he(2)|<n(k=1,....m).

Furthermore, each hx(z) (k = 1,... .m) depends holomorphically on = € P. Thus.
if we define

Ci(2) 1= hi(2) + fx(2) (k=1.....m). zeP.
then wy = {x(z) (k =1,... .m) is a single-valued function in P which satisfies

Pi(z,wy.... . wpm) = 0 (k=1l.....m). z€P, (3.19)

[G(z) = fi(z)] < n (k=1...,m). z€P. (3-20)

The uniqueness of Wi = hx(z) (¢ = 1....,m) also implies that any solution

wi(z) (k = 1,... .m) of the simultaneous algebraic equations (3.19) for w,,... .wpy,

(we regard z € P as parameters) such that |ux(z) — fi(2)| < n (k=1,... ,m) co-
incides with {i(z) (k= 1.....m). Thus

P.....Pyg) oY (b — .

(w1 wm) #0 at we=G(z)(k=1.....m). z€P,

which proves the first step.
To prove the second step, and hence the theorem. let ¢ > 0 and let f(2)
be a holomorphic function in G. From the proof of Theorem 3.5, there exists a
polynomial
®(z) = P(z, fi(2)e-.. , fm(2))
of z, fi(2),..., fin(2) such that

|®(z) - f(2)I<€¢/2 onE.



3.6. RUNGE PROBLEM 13

Therefore, if we take n > 0 sufficiently small, and use the functions wix = {x(z) (k =
1,...,m), z € P, which were constructed above to satisfy {(x(2) - fi(2)| <n (k =
1,... ,m) on P (and condition (i)}, to define the polynomial

#(2) = P(2,6(2).... .(m(2))
in z,{)(2).... ,{m(2). then we have
[®(2) - p(2)l <€/2 on E.
Thus
lo(z) ~ f(z) <e on E.
and the theorem is proved. (]

3.6.4. Polynomially Convex Domains. In the case of one complex vari-
able, a domain D in C is polynomially convex if and only if D is simply connected.
In the case of several complex variables, there is no topological characterization
of polynomial convexity. Indeed. a polynomially convex domain D in C" is not
necessarily simply connected.

EXAMPLE 3.3. In C? with variables z, w. consider the domain

D: |z <2, Jw} < 2, lzw — 1) < 1/2.
Then D is polynomially convex but not simply connected. To see that D is not
simply connected. assume the contrary. Since D[)({0} x C..) = 0. the function
log z has a single-valued branch in D. On the other hand, the closed curve v :=
{(z,w) = (e'%,e"*®) | 0 < 8 < 27} in C? is contained in D; hence log z has no
single-valued branch in D. a contradiction.

Conversely, a simply connected domain of holomorphy D in C” (n > 2) is not
necessarily polynomially convex.

Wermer’s Example [78]. In C? with variables z,w,t, consider the compact
set
K: |zj<1, jwj <1, t=0.
For 0 < a < 1, define
A jz]l<1+a. Jwl < 1+a. ti<a
so that K CC A,. Let T: (z,w,t) € C® — (z),2,.23) € C? be the holomorphic
mapping defined as
T:2=2 z=zw+t 2z3=zu0’—w+2w.
Define
E :=T(K), G, :=T(A,).
Then T is a one-to-one mapping from K onto E, and (0,1.0) ¢ E. Since the
determinant of the Jacobian matrix of T is
(21,22, 23)
0(z, w, t)
we can choose a sufficiently small so that the domain G, in C? is biholomorphically

equivalent to the polydisk A, in C3 and also to insure that (0.1.0) ¢ G,. We show
that, with such a choice of a, G, is not polynomially convex.

=1-2t,
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PROOF. We consider the closed curve 7 = {(€'®.¢7*%,0) | 0 < § < 27} in K.
Then T(v) is the unit circle lying in the complex plane L : z; = 1, z3 = 0; i.e.,
T(v) is given by |2,| =1, 22 =1, 23 =0.

However. in general, any polynomially convex domain D in C" satisfies the
property that for any m-dimensional complex plane L in C" (0 <m < n), DNLis
also polynomially convex in C™. In particular, for m = 1, DN L must be a disjoint
union of simply connected domains.

Taking D to be G, and L to be the 1-plane defined by 20 =1, z3 =0in C‘;,
we see that G, N L contains the circle |z)| = 1 in L but does not contain the center

=0 in C;,; hence G, N L is not simply connected. Thus G, is not polynomially
convex in C3. a

REMARK 3.6. Let D be a rationally convex domain in C". Then for any m-
dimensional complex plane L (0 < m < n). the intersection L N D is rationally
convex in C™. For the case m = 1. this imposes no restriction on D N L, as every
planar domain is rationally convex. However. if we assume, in addition. that D
is simply connected in C", then for L with dimL = 1, D N L must be simply
connected in C (G. Stolzenberg [70]).

To verify this last statement, assume, for the sake of obtaining a contradiction,
that for some L withdim L = 1. D, := DNL is not simply connected. For simplicity,

we take L = C.,; i.e., L is defined by 2, = --- = 2, = 0. Since D, is not simply
connected, we can take a point a € C;, \ Dy and a cloe.ed curve 5 in D) such that
fvdarg(zl — a) = 2n. If we let L, be the 2-plane 23 = --- = 2, = 0. then we can

construct a holomorphic function f2(z;, 22) in DNL, such that f2(z1,0) = 1/(z1—a)
in D;. To do this, we proceed by using the solution of a Cousin I problem similar
to that used in Lemma 3.3. We repeat this procedure to obtain a holomorphic
function f(z) in D satisfyving f(2),0,...,0) =1/(z; — a) in D;.

Now let ¢ > 0 and let G be a simply connected domain such that v CC
G CcC D. Since D is rationally convex in C", we can find a rational function
R(z) = P(2)/Q(z). where P(z) and Q(z) are relatively prime polynomials in C",
such that R(z) is holomorphic in G and satisfies |R(z)— f(z)| < e in G. In particular,
the denominator Q(z) of R(z) cannot vanish at any point in the simply connected
domain G: hence

[ dargQ(z) =

On the other hand. if 0 < ¢ < min{—— : z; € ~}. then Rouché's theorem implies

1 ~a,

/dargp() /d arg ! = -2m.
- ~] —-aQa
Hence,
/dargQ(z) = /dargP(z) + 27w > 2m,
which is a contradiction. ‘ a

It follows that the domain G, in Wermer's example is not rationally convex,
but it is a simply connected domain in C3. We mention that there is an example
due to J. Duval [16] of a domain in C? which is both rationally convex and simply
connected but which is not polynomially convex.



CHAPTER 4

Pseudoconvex Domains and Pseudoconcave Sets

4.1. Pseudoconvex Domains

4.1.1. Domains of Holomorphy, Domains of Meromorphy, and Do-
mains of Normality. The notion of a pseudoconvex domain was developed by
K. Oka. This will give a geometric characterization of the boundary of a domain
of holomorphy (section 4.2). Preliminary results motivating this concept were ob-
tained by F. Hartogs, E. E. Levi and G. Julia, and we begin our discussion of this
topic with some classical results based on their work.

1. Hartogs’ Theorem
In C"*! with variables z = (z),...,2,) and w, we consider a polydisk A =
A x I" where

A zl<r, (G=1,...,n), I : |w|<p

withr; >0(j=1,...,n)and p>0. Forrj and p' with0<r; <r, (j=1,...,n)
and 0 < p’ < p, we set

Azl (G=1,....n), r: p<lw|<p,
and define

E :=A'xT, E;:=AxTI*, and E:=E,UE;
(see Figure 1).

Czl Czn-l CZ

-

A

FIGURE 1. Hartogs’ Theorem
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We have the following theorem.

THEOREM 4.1 (Hartogs [29]). ! Each holomorphic function f(z.w) on E ez-
tends holomorphically to the polydisk A.

PROOF. Since f(z.w) is holomorphic in E,. we can consider the Hartogs-

Laurent series -

flz,w) = E a;(2)u in E;,
1=— x<
where aj(z) (j = 0.%1,...) are holomorphic functions in A. Since f(z,w) is
holomorphic on E,, from the uniqueness of the Hartogs-Laurent expansion it follows
that a;(2) =0on A’ for j = ~1,-2,... and hence a;(z) = 0 on A for these values
of j. Thus f(z,w) is the restriction to E of the holomorphic function 3~ a,(z)u’
in A.

In particular, let D be a domain in C" and let o be an analytic set of di-
mension at most n — 2. Then each holoniorphic function f(z) on D\ o extends
holomorphically to the domain D.

2. E. E. Levi's Theorem
Using the same notation as above, we prove the following lemmas.

LEMMA 4.1. Let g(z.w) be a holomorphic function in E, with Hartogs-Laurent

series
X

g(z,w) = Z aj(z)u’  in E,.
j=-x

where a;(z) (j = 0.%1,...) is holomorphic in A. Then g(z.w) can be ertended to a
meromorphic function in the polydisk A if and only if there exist a finite number of
holomorphic functions {b;(z).... .bi(z)} on A which satisfy the following infinite
set of simultaneous equations for z in A:

a oey(2) Fa@ar-y(2) - i(2) +---+a (z)-bi(2z) =0 (v 2>1). (4.1)

PROOF. Suppose first of all that g(z,u) can be extended to a meromorphic
function f(z,w)/h(z,w) on A where f(z,w) and h(z.w) are holomorphic on A and
relatively prime at each point (z.w) € A. Since g(z.w) is holomorphic on E,.
it follows that h(z,«) # 0 on E>. Using Remark 2.3 in section 2.1.3. the zero
set of h(z.w) in A (which may be empty) coincides with that of a distinguished
pseudopolynomial P(z,w) in A,

P(z,w) =uw' + bi(2)wt ™' +--- + by(2). (4.2)

where each b;(2) (k = 1,...,1) is holomorphic in A. Since g(z, w)P(z,w) can be
holomorphically extended to A, the coefficient of w™" (v = 1,2,...) of the Hartogs-
Laurent series of g(z, w)P(z, w) vanishes; this coefficient equals the left-hand side
of equation (4.1).

For the converse, assume that there exist a finite nuiber of holomorphic func-
tions {bi(z),....bi(2)} on A which satisfy the equations in (4.1). We then define
P(z.w) by (4.2) so that P(z,w) is holomorphic on A and by (4.1) each coefficient
of w™ (v = 1.2,...) of the Hartogs-Laurent series of g(z, w)P(z, w) vanishes on
A. Thus g(z,w)P(z2.w) can be considered as a holomorphic function in A, so that
g(z. w) extends to a meromorphic function on A. 0

‘In this paper, Hartogs proved Theorem 4.1 using Cauchy's integral formula.
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LEMMA 4.2. Let g(z,w) be a meromorphic function on E. If g(z.w) is holo-
morphic on E;, then g(z,w) can be extended to a meromorphic function on the
polydisk A.

PROOF. We first develop g(z.w) into the Hartogs-Laurent series

x
g(z,w) = 2 a;(z)u’ on B,
j==
where a;(z) (j = 0,%1,...) are holomorphic on A. We would like to use Lemma
4.1 to construct a finite number of holomorphic functions {b,(2),....bi(z)} on

A satisfying (4.1). Since g(z,w) is meromorphic in E and hence in the domain
E, = A’ x T, and the functions a;(z) are holomorphic on A and hence in A’,
we can appeal to Lemma 4.1 to find a finite number of holomorphic functions
{b1(2).... ,bi(z)} on the smaller polydisk A’ which satisfy
a_in(2) +a_p-ny(@bi(2) +- - +a_,(b(2) =0 (¥r>1) (4.3)
on A'. Consider the matrix A(z), z € A, with infinitely many rows, each of length
1+ 1, defined by
ai-1(2)  aa(z) - eaa(2)
A2) == a_1_2(z) a_i—1(2) -+ a-2(2)

and the corresponding infinite set of homogeneous linear equations for z € A:

Xo(z) 0
Xl(z) 0

ao| =1 | (4.4)
Xu(z) 0

We seek non-trivial holomorphic solutions {Xp(z),. .. , Xi(z)} of these equations in
A. Let r := max{rank A(z) | z € A’}. From (4.3), we know that 0 < r < [. If
r =0, then ¢;(z) = 0 on A’ and hence on A for j = -1,-2,..., so that g(z,w)
is holomorphic in A and there is nothing to prove. We may therefore assume that
1 < r <1 and we fix a point 2y € A’ such that rank A(z) = r. Next we fix a
neighborhood V of z in A and an r x r minor matrix of A(z) whose determinant
D(z) does not vanish at any point z € V| say, e.g.,

a_i-1(z) o aoj_240(2)
D(2) = : : #0 on V,
a_1-2-r(2) -+ a_y-3(2)

while the determinant of any s x s minor matrix of A(z) with s > r + 1 necessarily
vanishes identically in V. Using Cramer’s rule, we get polynomials A,.(2) (0 <
# <r—1;r<k<I) in the coefficient functions a;(z) (j = 0,%1,...) such that,

if we define 4,.(2) A(2)

KT 2 coe ——‘d z

D(Z) B.-(Z) + + D(Z) B[(Z),
where B,.(z),..., Bi(z) are arbitrary holomorphic functions in A, then the functions
{Bo(2)....,Bi(z)} on A satisfy the equations (4.4) for z € V. We now set

Xi(z) := D(z)Bx(z) (0<k<l) onA.

B,(z) =
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Then Xi(z) (0 < k < 1) are holomorphic on A and satisfy the equations (4.4) for z
in V and hence for all z in A. From 1 < r < [, we have thus constructed non-trivial
holomorphic solutions {Xy(z),... .Xi(2)} of the system of equations (4.4) on all of
A. Defining

Q(z,w) := Xo(2)uw' + Xi(z2)w! ™'+ + Xi(z) (£0) on A,

for each v > 1 the coefficient of w™ of the Hartogs-Laureut series of h(z,w) =
9(z,w)Q(z, w) on E, is equal to zero on A i.e.. k(z.w) is holomorphic in A. Hence,
9(z,w) extends to a meromorphic function on all of A. C

We now consider C"*2 with variables z = (z),... .2,) and w = (w).ws). Fix
r > p > 0 and define two balls in C2:
Qr) : lwy + 7l 4w <72,
ap) : lwr + junf? < p%.
Finally, set
8:= q(p)\Q(r) in CZ, (4.5)
B:= {0} x3 in C™2, :
We have the following theorem.

THEOREM 4.2 (E. E. Levi [17]). Any meromorphic function g(z.w) on B has
a meromorphic extension to the origin (z.w) = (0,0); precisely, g(z.w) has a
meromorphic extension to the set B in C"*2 defined by

B:z=0 (wr.w2) € g(p) N {Re wy > —p*/2r}.

PROOF. Let D be a neighborhood of {0} x 3 in C"~2 on which g(z,w) is
meromorphic; we assume the origin (0,0) € C"*2 is not contained in D (otherwise
there is nothing to prove). Given w' € 3, we let D(w') C C” denote the section of
D over w = w'.

We let o denote the set of poles of g(z,w) in D, and we let 0(0) C 3 C C2,
denote the section of o over z = 0. We have two cases to consider:

Case I: dimo(0) < 1: ie., o(0) # 3;
Case II: dimo(0) = 2: ie.. 0(0) = 3.
We first prove the theorem for Case I: we proceed in several steps.
First step. g(z.w) has a meromorphic extension to {0} x (g(p) N 8Q(r)) in
C"+2.
It suffices to prove that g(z,w) has a meromorphic extension to the origin

(z,w) = (0,0) in C"+2,
We first consider the case when

{(w1.w2) € 31wy =0} ¢ 5(0). (4-6)

Since {(wy,w2) € 8 | w1 = 0} No(0) consists of isolated points in the punctured
disk 0 < |wz| < p, we can find a circle |w;| = p2 in C,., With 0 < p2 < p/2 such
that g(z, w) is holomorphic on {z = 0} x {wy = 0} x {Juwz| = p2}. Thus g(z.w) is
holomorphic on {z = 0} x {lwi| < p1} x {lw2| = p2} if 0 < p) < p/2 is sufficiently
small. Fix a point w{ € {jw1| < p1} N {Re uy > 0} sufficiently close to the origin
wy = 0 so that K := {(uvf,w2) € C2 | |wa| < p/2} cC 3. It follows from Lemma
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4.2 that g(z,w) has a meromorphic extension to {0} x {lun| < p1} x {|w2] < p2}
in C**2, and, in particular, to the origin (z,%) = (0,0).
Now we consider the case when
{(w1,w2) € 8wy =0} C (0).
For € > 0, the holomorphic mapping T of C2,
T:wi=u -cwl u)j=w

is one-to-one and maps onto C? fixing the origin (0.0). We choose ¢ > 0 sufficiently
small so that

{w1 =ew3}n3 ¢ o(0) 4.7

(since dim o(0) < 1). An elementary calculation shows that
{w1 = ew3} N (g(r)\ {(0,0)}) C 3
provided ¢ is sufficiently small. Given r’ > r and 0 < p’ < p. we set
Qi) : et +rP+lulP <% §(0) ¢ P + |ul? < 07
and 3 := q(p’) \Q(r'). If ' is sufficiently large and p’ > 0 is sufficiently small. it
can be shown that -
3 C T(3).

We set g(z,w’') := g(z,w). where v’ = Tw. Then §(z,w') is meromorphic in a
neighborhood of {0} x T'(3), and. in particular, §(z,w’) is meromorphic on {0} x 3.
If we let & denote the set of poles of §(z,w’), then {(wj,uwy) € 3| w; =0} ¢
(0) from (4.7). It now follows from the previous case (4.6) that §(z.w') has

a meromorphic extension to the origin (z,w’) = (0,0). and hence g(z,w) has a
meromorphic extension to the origin (z,w) = (0.0). Thus, the first step is proved.

Second step. g(z.w) has a meromorphic extension to B.

We note that (8Q(r)) N (9g(p)) N {w2 = 0} lies on Rwy, = —p?/2r. From the
first step. it suffices to prove the second step under the condition that g(z.w) is
meromorphic on (3Q(r)) N (3q(p)) (for we can take a smaller g(p) sufficient close
to the original q(p), if necessary). Given 0 < a < p?/2r, we consider the ball B(a)
in C2 centered at (- R — a,0) with radius R, where R is chosen so that the sphere
OB(a) intersects (8Q(r)) N (3gq(p)). Precisely, we take

B(a): |w) + R+al®+|uw2)® < R?,

2 I 2 2 o 2
R =(R+a—2—r) +p —(E) .

Then we have B(0) = Q(r): q(p) \ B(a’) C q(p) \ B(a") for all a’.a” with 0 < @' <
a” < p?/2r; lim,_ 1,2, B(a) = {(w1.w2) € C? | Ruy < —p?/2r}; and

~

B= U {0} x g\ Ba). (4.8)

0<a<pdfor

where

We set
a® := sup{a | g(z,w) has a meromorphic extension to {0} x [g(p) \ B(a)}}.

Using (4.8). we see that our goal is to show that a* = p?/2r. We prove this by
contradiction; hence, we assume a* < p?/2r. From the first step, g(z.w) has a
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meromorphic extension to each point of {0} x [ﬁn (8B(0))). so that we certainly
have a* > 0. Since g(z,w) has a meromorphic extension to each point of {0} x
[(7(_;;-5 N (8B(a))] for a < a°, g(z,w) has a meromorphic extension to each point of
{0} x [g(p) N (8B(a"))] by the first step; thus, we again get a > a* sufficiently close
to a* such that g(z,w) has a meromorphic extension to each point of {0} x [mﬁ
(8B(a))], contradicting the definition of a*. Thus the second step is proved, and
hence the theorem is valid in Case L.

We now turn to Case II. Fix a € C" \ {0} and the one-dimensional complex
line L = L, := {ta € C" | t € C} such that

DN(LxC2%) ¢o. (4.9)
For 0 < ¢ < 1, consider the following linear bijection T, of C"*2:
T.: Z'=z+(cw)a, wl=w, w=uwsy,
which fixes the origin (0,0). We set
9e(Z' w') := g(z,w), where (2',v') € T.(D).
Then 9.(z'.v’) is a meromorphic function in 5, := T.(D) whose set of poles 7, in

D. satisfies dim 0:(0) < 1 (here 5.(0) denotes the section of 6, over 2’ =0). This
follows from (4.9). Note that the section Ds(O) of D, over 2’ = 0 does not contain

a set of the form 8 (defined by (4.5)) at w’ =0.
For 7 satisfying 0 < < p, we define the following subsets of C2:
Qur+n) : lur+rP+fwa < (r+n)
@p-n) : lwi=nf+wl® < (p-n),
and we let 3(n) = §(p — 1) \Q(r +n). Note that E(n) CC 3. There exists a unique
real number a,, satisfying
(8Q(r + 1)) N (83(p ~ m) = {Re w1 = ~a,} N (83p — ))-

We have E(n) — f and a, — p?/2r as n — 0: hence we can choose 7 > 0 with
a, > 0 sufficiently small so that

(0’0) € “i(p— 1’) \ {Re w > —O.,,}.

Since ﬁ(q) CC B, we can find a polydisk 6 : |z;| < s; (j = 1,... .n) in C7 such
that 6 x B(n) CC D. Weset ' : |zj} < 8,/2(j=1....,n)in C} and fixe > 0
sufficiently small so that

{2~ (ewn)a€ C? |7 €d, lun} < p}CCé.

It follows that &’ x ﬁ(n) c D.. Since ﬁ(n) in C2, is of the same form as 3, but with
w = (0,0) replaced by »' = (1,0), and since dim3(0) < 1, it follows from Case I
that g, (2’,w’) has a meromorphic extension to

{0} x {w’ € 3(p—n) | Re w} > —a,} in C™*2,

and, in particular, to the origin (2’, ') = (0,0). Thus. g(z, w) has a meromorphic
extension to the origin (z,w) = (0,0). Using the same method as in the proof of
the second step in Case I, we get the proof of the second step in Case II; hence the
theorem is true in Case I O
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3. Julia’s Theorem
Let D be a domain in C"*! containing the origin (2,w) := (z1,... .20, W)
= (0,0). Let F be a family of holomorphic functions in D. Consider the set

Lo : 2,=0 (j=1....,n). O<|wi<r

in D and assume that F is a normal family at each point of Ly: i.e., for any p € Lo,
there exists a connected neighborhood V of p in D such that ¥ is normal on V.
The definition of normality ineans that for any sequence {fn}n C F. we can find
a subsequence {fa, }, of {fn}n such that f, — f (j — oc) uniformly on compact
subsets of V where f is either a holomorphic function in V or f = oc in V.

Under this assumption we have the following theorein.

THEOREM 4.3 (Julia [32]). Suppose F is not normal at the origin (z,w) =
(0.0). Then, given any r' with 0 < r’ < r, there erists p > 0 such that. for any
2 =(21.... .2;) € CT with|z}| < p (j = 1.... .n). there must be at least one point
q on the set

L, : z,=2) (j=1.....n), jw| < r'

such that F is not normal at q.

Proor. Since {0} x {|w| = r'} C Lo. it follows from our assumptions that
there exist a p > 0 sufficiently small and 0 < £ < r’ such that, setting £, := A xT'*
where

A Jzl<p (j=1....,n), r*:r-e<|w|<r' +¢,

we have E; C D and F is normal on E;. We prove that this p > 0 yields the conclu-
sion of the theorem. For suppose not. Then there exists some z = (25,. ... . 2},,)
with |z5,[ < p (j = 1.... .n) such that F is normal on L,; = {2} x {Ju] < r'}. We
can thus find a neighborhood E, of L., in D such that F is normal on E); indeed.

we can take E, of the form E, = & x T, where
a: I5 =z, <po(G=Ll....n), T:Jul<r'+¢

with & C A. Now let {fa}n be any sequence in F. We can find a subsequence
{fa,}; of {fn}n such that f, — f as j — oc uniformly on E, UE;. If f is
holomorphic on E,, then from Cauchy’s integral formula applied to f,, in the
polydisk A x I' C D, we conclude that f, — f as j — oc uniformly on A x T
This contradicts our assumption that F is not normal at the origin (0.0). Thus we
may assume that the limiting function f = oc on E, and hence on E; U K, (since
E\ U E, is connected). If infinitely many of the f, are non-vanishing on A x T, it
follows that f,, — 20 uniformly on A x I, which also contradicts our assumption
at (0,0). Thus there exist a subsequence {g;}; of {fn,}; and points (a;, b)) with
a; € A\A' and by} < ¥’ —¢ such that gi(a;, b) = 0. On the other hand, since g; — oo
as | — oo on E,. say |gi| > 1 on E; for all | > . it follows that for any 2’ € A,
each g; for ! > Iy vanishes at some point (z’,w(z')) € C"*! with |wy(z')| < r' —¢
by the Weierstrass preparation theorem. In particular, if we fix 2’ = z; in A’ and
consider a limit point w* of {wi(25)}i>1, on L.;, then [w*| < r’' —e. We conclude
that {g/} cannot converge uniformly to oc on any neighborhood of (zy, w*). This
contradicts our assumption that g¢ — ¢ as | — oc uniformly on E,. and proves
the theorem. a
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4.1.2. Definition of Pseudoconvex Domains. Motivated by the three the-
orems in the previous section, we give three equivalent definitions of pseudocon-
vexity, following the ideas of Oka in [52].2 We recall from 1.3.5 that a one-to-one
holomorphic mapping T of a domain D C C" onto a domain D’ C C" with a
holomorphic inverse T-! is called a biholomorphic mapping: if D = D', we call T
an automorphism of D.

Definition A. Let D be a domain in C" (n > 2) and let P = (a,.... ,a,) € 8D.
We say that D satisfies the continuity theorem of type A at the boundary
point P if the following holds: under the assumption that there exists r > 0 such
that the punctured disk

Ly : zj=a;(j=1....,n-1), 0<|zp—as|<T

is contained in D, we have, for any r’ satisfying 0 < r’ < r, that there exists p > 0
such that for each (2}....,2,_,) € C*"! with |2 —a,| < p (j=1,... .n—1). the
disk

Ly : z;=2;(j=1,....n=1). lzm—an <7
intersects dD.

Now if P € 8D satisfies the continuity theorem of type A and if this theorem
remains valid under any biholomorphic transformation T of a neighborhood V' of
P in C" (i.e, if T(D N V) satisfies the continity theorem of type A at the point
T(P)), then we say that D is pseudoconvex of type A at P.

Finally, if D is pseudoconvex of type A at all boundary points of D, then we
say that D is a pseudoconvex domain of type A.

Definition B. Let D be a domain in C" (n > 2) and let P = (a,,... .a,) be a
point in 3D. In C? with variables z,,_; and z,, we fix a point Q = (bn-1.bs) such
that Q # (an—1.2,), and we let r > 0 be the Euclidean distance between (a,-1.a,)
and Q. For 0 < p < r, we define the set 3, in C? by the following inequalities:

'zn-l - bn—l’2 + lzn - bn|2 > r2?
|zn-l - an‘—ll2 + Izn - anI2 < sz

If for each Q € C? and each 0 < p < r, the set B in C? defined by
B:zj=aj(j=1....n=2), (z2n-1,24) € 5,

(4.10)

is not contained in D, we say that D satisfles the continuity theorem of type
B at the boundary point P of D.

If P € 3D satisfies the continuity theorem of type B and if this theorem remains
valid under any biholomorphic transformation of a neighborhood of P in C", then
we say that D is pseudoconvex of type B at P.

Finally, if D is pseudoconvex of type B at every boundary point of D. then we
say that D is a pseudoconvex domain of type B.

Definition C. Let D be a domain in C" (n > 2). Let P = (a).... .a,) be a point
in C™ and let A be a polydisk centered at P with polyradius r; (j =1,... .n):

A:zj-a|<r(j=1....n)

2In part 1 we are restricted to univalent domains in C”. The definition of pseudoconvexity
stated here will later be extended to unramified covering domains over C™ without any change.
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For0<r)<r,.j=1.....n, we consider the following two sets in A:

Ey:fz;—ajl<r; (j=1....n=1). |zn —an| <Tn,
Ey: lzj—ajl<r; (j=1,....n=1), 7, < |2 —@n| <1y,

and we set E := E, U E,. If for any such A and E in C", E C D implies that
A C D, then we say that D satisfies the continuity theorem of type C.

Next. if for any polydisk K. K n D satisfies the continuity theorem of type C
and if the image of K N D under any biholomorphic transformation from K N D
into C" also satisfies the continuity theorem of type C, then we say that D is a
pseudoconvex domain of type C.

(4.11)

Note that we assume n > 2. In the case n = 1. we say that any domain in C
is a pseudoconvex domain.?

At first glance, these definitions of pseudoconvexity may seem rather difficult
to understand. We remark that the notion of a pseudoconvex domain of type A
or B is a local notion dependent on the boundary: the definition gives a property
which is to be satisfied at each boundary point P of the domain. On the other
hand, pseudoconvexity of type C is a global property of the domain.

4.1.3. Equivalence of Definitions. In this section we show that the three
definitions of pseudoconvex domains in C", n > 2, are equivalent.

1. Pseudoconvex Domains of Type A are of Type B.

PROOF. Let D be a domain in C" of type A. Let P be any point in dD; we
show that D satisfies the continuity theorem of type B at P. For simplicity we
assume that P is the origin z = 0 in C" and the set 3, defined by (4.10) is of the
form

By ¢ lznoy + 1%+ |2a)? > 12, [zno1]? + |2n? < P2
Our claim is thus to show that the set B in C" defined by
B:z=0@G=1....n-2), (zn-1,2n) € 3,

is not contained in D. We prove this by contradiction; hence we assume B C D.
Then the subset Lo of B defined by
Ly : z;=0(G=1,....n-1), 0< |z, <p
is contained in D and 0 € 8D. Further. for any 0 < s < p/2 the set
z=00G=1....n~2), zoo1=35, |24] <p/2

is contained in D. It follows that D does not satisfy the continuity theorem of type
A at the origin. This is a contradiction. 0

2. Pseudoconvex Domains of Type B are of Type C.

PROOF. Let D be a pseudoconvex domain in C" of type B. We prove the
assertion by contradiction: i.e.. we assume that D does not satisfy the continuity
theorem of type C. Thus there exist a polydisk A centered at a point P in C" and
a set E) U E; defined by (4.11) in A such that E,UE> C D but A ¢ D. We fix a

3Any function of one complex varable z may be considered as a function of two complex
variables z and w which is independent of w. Thus, it is natural to consider any domain D in
the complex plane C; as a domain D x C,. in C? = C; x C,,. Since D x C,. is proved to be a
pseudoconvex domain of type C in C2, the case n = 1 need not be treated as an exceptional case.
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point 2’ = (2].....2;) in A\ D through this proof. Again for simplicity we may
assume that P is the origin z = 0 in C", so that
A o gl<r,(=1.....n).
Ey : |zl<r,(=1,...,n-1), |z| <rp.
Er ¢ lzl<rj(=1...,n=1), rp <|zu| <1y
Thus the point z’ € A\ D satisfies
r; < |2 <r, for somej=1....n-1 EARE

For simplicity we assume that r},_; < |2},_,| < rn-1. We fix ¢ > 0 sufficiently large

so that
e \? 2 _
(—) +ri< ( ) + |25 % (4.12)
Thn-1 l Zh-1

We then consider the following automorphism T of C), := C" \ {z,-1 = 0}:
. c
T:uy=z(=1....n; j#n~-1), w.,_|=.—l.
We let G and S denote the sections of the image T(ANDNC,,) and T(ANGDNC,)
over w; = z; (j = 1,... .n—2). These sets are subsets of C? in the variables wy,_;
and w, V\e set

1o := max {Jwn—1]* + |wal? | (Wp-1.w,) €S} < x

and take a pomt (w8_,.w2) € 8S such that [u®_,{?> + |w?]® = o. Then Q :=
(2. 2h_g.w?_, . ul) € BT(A N DNC,). We see from (4.12) that, if we take
p > 0 sufficiently small and define the set 8, in C? by
dp : fwno1l? + [wal® > 5. |waor = wh_y° + lwn = w:“l <
then 3, is contained in G. Consequently, the set
B:uw=z(=1....n-2). (wn-1,wn) € 3,

is contained in T(ANDNC,,), so that T(ANDNC;) does not satisfy the continuity
theorem of type B at the boundary point Q. This contradicts our assumption. [

3. Pseudoconvex Domains of Type C are of Type A.

PROOF. Let D be a pseudoconvex domain in C” of type C. Let P = (a,,... .
a,) be a point in 3D; we prove that D satisfies the continuity theorem of type A
at P. Suppose not. Then we can find a set

Ly : zij=a;(j=1.....,n=1), 0<|zy~an|<T
contained in D and a number r’ with 0 < r’ < r such that, for any given 0 < p <« 1.
we can find a point (2....,2,_;) € C"™! with |z} —g;| < p (j=1.... .n-1)
such that

Le:zy=2z;(=1....n=1), lzn —an) <7’
is contained in D.

On the other hand. since {(ai,... .a@n_1.20)| |2zn — an] = '} CC D, we can
find p > 0 sufficiently small so that the subset

oy ~al<p(=1l....n=1), |z —an|=7
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of C" is contained in D. Fixing this p > 0, we can find a point (z} ... .2}, ,) € C"!
with |z} —a;{ < p (j = 1,....n—1) and with the property that L. C D. Since L.-
and o are compact in D. our assumption that D satisfies the continuity theorem of
type C implies that the polydisk A centered at P defined by

A |z,-a,]<p(j=l.....n-l), lzn'-ani<r'

is contained in D, which contradicts P € 9D. a

Using these three equivalent conditions. we call a domain in C" of type A. B,
or C a pseudoconvex domain. Theorem 4.1 (Hartogs) states that any domain
of holomorphy is a psendoconvex domain.

As with the definition of a domain of holomorphy in 1.5.2, we can define a
domain of meromorphy: if a domain D in C" admits at least one meromnorphic
function f(z) which cannot extend meromorphically across any point of @D, then
D is called a domain of meromorphy. Theorem 4.2 (Levi) states that any domain
of meromorphy is a pseudoconvex domain.

Let F be a family of holomorphic functions in D C C". The set D’ consisting of
all points z in D such that F is normal in a neighborhood of z is called the domain
of normality of F. Theorem 4.3 (Julia) states that, if D is a pseudoconvex domain,
so is D'

Let D C C" and let {f;};=: 2. be a sequence of holomorphic functions in D.
The set D’ of points z in D such that {f;}; converges uniformly in a neighborhood
of z is called a domain of uniform convergence of {f;};. Clearly such a domain
D’ satisfies the continuity theorem of type C. Therefore. if D is a pseudoconvex
domain, so is D'.

4.1.4. Properties of Pseudoconvex Domains. We list some elementary
properties of pseudoconvex domains which follow from the definition.

1. If D, and D, are pseudoconvex domains in C", then D, N D, is a pseudo-
convex domain.

2. Let I = {¢} be any index set and let D, (¢ € I) be a family of pseudoconvex
domains. Then the interior of ,¢; D, is a pseudoconvex domain.

3. Let D; (j = 1,2....) be a sequence of pseudoconvex domains in C" such
that D, C D;4,. Then Dy := |J;_, D, is a pseudoconvex domain.

4. Let D be a pseudoconvex domain in C" and let L be any r-dimensional
(0 < r < n) complex hyperplane. Then each connected component of DN L is a
pseudoconvex domain in C" = L.

S. (Invariance under holomorphic mappings) Let T be a biholomorphic map-
ping from a domain D in C” onto a domnain D’ in C”. Then D is pseudoconvex if
and only if D’ is pseudoconvex.

4In Oka [43] the definition of a normal family of analytic hypersurfaces in a domain in C"
was given, and it was proved that the domain of normality of such a family in a pseudoconvex
domain Is also a pseudoconvex domain. This study was developed in his last paper [54).
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4.2. Pseudoconvex Domains with Smooth Boundary

4.2.1. Levi Problem. E. E. Levi [35]° was the first to pose the problem of
determining whether a pseudocouvex domain is necessarily a domain of holomorphy.
He restricted his study of this problem to the consideration of a neighborhood of
a boundary point of a domain in C? with smooth boundary. In this section we
extend his results to C".

In C” with variables z,.... ,z,, welet z; = J:i-o-zy, (j=1,....n). LetDCC"
be a domain and let p € dD. If there exists a C* function g:(z) in a neighborhood
é of p such that

énD {z €6 ¢(2) <0},
éNdD {z€d]|p(z) =0},
and Vi :=(8p/8z),... ,0p/02,) # 0 on §NAD, then we say that D has smooth
boundary at p. We call ¢(z) a defining function for § N D at p.
We have the following proposition.
PROPOSITION 4.1. Let D C C™ and let p € dD. Assume that D has smooth
boundary at p. Then:
1. If D is pseudoconvex at p, then there does not erist a nonsingular, one-
dimensional analytic curve C in a neighborhood 8 of p such that C contains
pand C\ {p} C D.

2. If there exists an (n — 1)-dimensional analytic hypersurface S in a neighbor-
hood & of p such that S contains p and S C 6 \ D, then D is pseudoconver
at p.

PROOF. Let D C C" be a pseudoconvex domain and let p € 3D. We prove 1
by contradiction; i.e., we assume that there exists a nonsingular analytic curve C in
a neighborhood § of p such that p € C and C\{p} C D. By shrinking 4, if necessary,
we can find a one-to-one holomorphic mapping 7 from 6 onto a neighborhood 8° of
the origin z = 0 in C" such that T(p) =0and C*:=T(C) = {z € ¢6° | 2, =0, j =
1,...,n—1}. Weset ©°:= poT ! in §°. By hypothesis, ©°(0,... ,0, 2,) attains a
local maximum at z,, = 0; thus it follows that 8p°/9z, = 0 at z = 0. Since Vyp # 0
on 6 N 3D, we may assume that 9p°/8y; # 0 at z = 0, so that v° := T(DN4) can
be written in the form

W0 = {2 € &° I N <£(1‘1,22,... .z,,)},

where £ is a C? function defined in a neighborhood &' C R?"~! of the point
(z1,22y.-. ,2n) = (0,0,...,0). From the assumption that C°\ {0} C +°, we can
find r > 0 sufficiently small so that the set

;=0 (j=1,...,n-1), 0< |z, <
is contained in v°. Hence
0<£0,...,0,2:), 0<|za|<T.
It follows that for any £ > 0, all points of the form
(-ie,0,...,0,2,) € C"

with |z,| < r lie in v°. This contradicts the assumption that D is pseudoconvex of
type A at z =0, and 1 is proved.

]

SE. E. Levi died in 1917 at the age of 34.
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To prove 2, let D C C™ and p € 8D. Suppose that we can find an analytic
hypersurface S in a neighborhood § of p such that p € S C § \ D. We show that
D satisfies the continuity theorem of type A at p. For simplicity we take p = 0.
Assume that the set

Ly : 2;=0 (j=1,...,n=1), 0<|z|<r

is contained in v := § N D. Fix v with 0 < ' < r. We then take p > 0 and
0 < £ < v’ such that

I*: |zjl<p(=1,...,n-1), r'—e<|za| < +¢
is contained in v. Since S is an analytic hypersurface in the polydisk
A |zl<p(=1.....n=-1). |zn|l <1’ +¢
with 0 € § and SNT* = @, it follows from Remark 2.3 that for any 2} (j =
1,....n—1) with |z}| < p, we have
SN{(z1;--- 12Zh_122n) : |zal <7 — £} #£0.

Since S C 6\ D, we see that D satisfies the continuity theorem of type A at p, and
2 is proved. a

REMARK 4.1. Let D C C" be a domain and let p € D. In the proof of 2. the
condition that dD is smooth at p was not used. Thus we have the following result.
Let D C C™ be a domain. If for each p € D there exists an analytic hypersurface
S in a neighborhood 6 of p which contains p and lies entirely outside of D, i.e.,
S C 6\ D, then D is a pseudoconver domain.

We now write down the conditions at p described in Proposition 4.1 in terms
of a defining function ¢(z) of d N D at p. For simplicity. we take p = 0 and write
@(z) =9(21,.-- 120, Z1,- .. ,Zn). Since p(z) is of class C2. we consider the following
expansion at z = 0:

o(z) = 2R (Z g;—”;(o)z,-) +2R (; %}(0’"’*) (4.13)
J<

j=1
n az‘p _ )
+ Z W(O)’q’zk +o(]l={1%),
J.k=1
where ||z||? = 37_, |2;1%. R(a) is the real part of the complex number o, and
lim, o o(r?)/r? = 0.
We have the following proposition.

PROPOSITION 4.2. Let D C C™ and let p € 8D. Assume that D has smooth
boundary at p. Let p(2) be a defining function of 6 N D at p, where § is a neigh-
borhood of p.

1. If D is pseudoconvez at p, then for any a = (a).... .a,) € C" satisfying

) g—;‘:(ma,» =0, (4.14)

J=1
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we have
n 32v
————(p)a,a; > 0. (4.15)
j.kz=l az,a'z'k 10k
2. If we have, for any a # 0 satisfying (4.14).
Y 062 (p)a,ar >0, (4.16)
12.k=1 '-’

then D is pseudoconver at p.

By a simple calculation we see that conditions 1 and 2 depend on neither the
choice of defining function > nor on a biholomorphic transformation of a neighbor-
hood of p. Equation (4.14) states that a belongs to the complex tangent space
of 3D at p.

PROOF. For simplicity we take p = 0. To prove 1. we assume that D is pseu-
doconvex at 0. If assertion 1 is not true, then there exists an a = (a;.... .a,) #0
which satisfies (4.14) and

A= Z d-v (O)a.,a‘ <0.
k=1

Given b = (b).... .b,) (which will be determined later), we consider the analytic
curve C in C" passing through 0 defined by

C:zy=apt+bt® (j=1,....n), teC.
From (4.13), for z = ta + t*b with ¢ sufficiently small. we have

n ay‘. n 82; )
oz) = 2R 22005, + Y s (O)a,ay | ¢
#(2) {(j=. 8z; )6 j%d:jo:k ’ ‘)

Z (O)a,ak [t +o(] ).
8"!

J.k=1

Since V,2(0) # 0, we can choose b to make the coefficient of ¢? on the right-hand
side vanish. Then we have

glta+t°b) = At +o(Jt[}) <0. O<tj<< 1.

Thus we can find a neighborhood 6 of 0 in C" such that (C N 4§)\ {0} € D. This
contradicts 1 of Proposition 4.1, and assertion 1 is proved.

To prove 2, we apply 2 of Proposition 4.1. We consider the following algebraic
hypersurface of degree 2:

A LI N
S: =(0)z, + Y  +——=—(0)z;2 =0,
J; 0z, g 0202

which contains 0. It suffices to show that there exists a neighborliood ¢ of 0 such
that SN C d\ D. To prove this we consider the complex tangent space L of 8D

at 0 defined by
L: Z (0)~, =0.
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By assumption there exist a neighborhood 4, of 0 in C” and ¢ > 0 such that

d)
)3 Gean Oum 2 el zeLna.
J.k=1

For each 2’ € S. we consider the nearest point Z = Z(2') to 2z’ on L;: then 2’ =
Z + ¢(2'), where ¢(z') = o(]|2'|})) at 2" = 0. It follows that

SN "2
w(+) ,‘k;. 5,55 — (0)2%% + olll2)
2 elZI? + o(iiZ))?).
We can thus find a neighborhood 6 C 6, of 0 in C" such that 2(:') >0ondéNnS
except for z’ = 0, and assertion 2 is proved. O

REMARK 4.2. The proof of assertion 2 implies the following fact: Let D C
C" be a domain with smooth boundary at p € dD. Assume that for any a =
(ai....,a,) # O satisfying (4.14). we have (4.16). By continuity there exists a
neighborhood & of p such that for each ¢ € 8 N (AD) there exists an analytic
hypersurface S, which passes through ¢ and lies completely outside of D. i.e.,
S, \ {q} € 6\ D. Furthermore. we can assume that § is a ball centered at p and
that S, is an analytic hypersurface in §. It follows that D N § is a domain of
holomorphy: i.e., D is locally a domain of holomorphy at p.

The conditions in Proposition 4.2 are called Levi’s conditions. We note that
Levi's condition is not linear. In C? with variables z and w, the vector a = (a,.a;)
in (4.14) is uniquely determined (up to multiplicative constants) by the equation

d¢ ay
a15-(p) +ax5-(p) =
Therefore, if we set
0 0p/0z 8y/0w

L(p) = | 8¢/0% 08%p/020%7 &F¢/owds
0p/80w 0%p/0:00 0%;/O0wdT

82 8cp R 32§0 ?_ﬁ@f + _a;e 2 32¢

Owdw | 6z 8%0z Ow 3% ow| 0207

then 1 and 2 of Proposition 4.2 may be restated as follows:
1. If D is pseudoconvex at p, then L(yp) > 0 at p.
2. If L() > 0 at p. then D is pseudoconvex at p.

Originally, E. E. Levi wrote down the operator L(y) using the coordinates
1, T2, Y1, Y2. where z =z + iz2. w =y, + iya, via:

(5520 |G) G ]+ G 3 [(3) (3]
_2(&9 I 0v)( Py &y )

—+_
8z, By, 02 0y2 ) \ 8218y, = 08z20y.

YA A i f”@)
01,0y, Oz, 0y ) \Bx18y2 Ox20y1 )’
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We call L(y) the Levi form of ©(z.w). We note that whether L(y) is positive,
negative or 0 at p € 8D does not depend on the choice of defining function ¢ nor
on a biholomorphic mapping of a neighborhood of p.

4.2.2. Levi Flat Surfaces. Let D C C" be a domain and let ¢ be a real-
valued C? function in D. We set £ := {z € D |p(z) = 0}. We assume that Vi # 0
at any point of L, so that X is a real (2n — 1)-dimensional smooth hypersurface in
D. If both of the domains {(z) < 0} and {@(z) > 0} are pseudoconvex at each
point of X. then the hypersurface T is called Levi flat. E. E. Levi [35] was the
first one who studied such hypersurfaces in C2. In this section. we follow the ideas
of E. Cartan [6] and study Levi flat hypersurfaces in the case where p(2) is real
analytic in D C C" (n > 2).¢

Let D be a domain in C" with variables z; = z; +iy; (j = 1,...,n). Let p
be a real-valued real analytic function in D; to be precise, we write

o(2.2) := (210 < ZneZ1en s W Z0)-
Weset Z:={z€ D|@(2,3) =0}, D" :={z2€ D]y <0}and D~ :={z €
D | ¢ > 0}. We assume that Vi # 0 at all points of L.
Then we have the following lemma.
LEMMA 4.3. Let z° € £. Then we have:

1. Assume that there erists an analytic hypersurface S in a neighborhood of 2°
such that z° € S C £. Then S is unique and is given by the eguation
9(2,7%) =0

in a neighborhood of 2".
2. Assume that 89/0z, # 0 at 2°. If both D* and D~ are pseudoconvez at 2°.

then, at 2°.
Py g 05 Py 05 0y
0 =0 — ¥ b Y o_ v _Y__'r‘.
L2 = 5, 5 82, 57, 97,55, 0z, O (4.17)
2 g . " 2 «
v 0y 0y &y %ﬁ’.=o Gok=1...,n-1).

~ 92,02 0z, 5%, | 02n02, 0z, D%k

PROOF. We use the following elementary fact about real-analytic functions
based on the Taylor expansion: Let h(z,%) be a real analytic function in a neigh-
borhood 6 of a point a in C" (n > 1). If h(2,Z) = 0 for z € 4, then h(z,@) =0
for (z,w) € & x §. In particular, h(z,8) = 0 for z € §. Equivalently, if f(z,w) is
holomorphic in & x § in C* with f(2.Z) =0 for z € § in C", then f(z.w) =0 in
dx9.

For the proof of 1. let z® = (z0.... .2%) € £ and let S be an analytic hyper-
surface in a neighborhood & centered at z° such that z° € § C £. We may assume
that 8,/8z, # 0 at any z € S, and that S can be described by

S om=¢&(21.- 00 200)

where € is a holomorphic function in a neighborhood § of (2J.....z8_,) in C*~1.
Since S C £, we have

e vzmoé(ze . za1) B Eeen €(21 0 v 20m1)) = 0

SThe description of Levi flat hypersurfaces in the case where (z) is of class C? may be
found, e.g., in the textbook by V. S. Vladimirov (76].
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for any (z1,... ,24-1) € 4. It follows from the fact stated above that

P21y 1 2n-1,€(215+ - 1201 ) Ty v 201 E(20, ... .20 1)) =0
for any (2;,... ,zn—1) € 4. Since 28 = £(20....,29_,). this impies that S coincides

with the analytic hypersurface given by the equation p(z. 29) = 0 in a neighborhood
of 2% in C". Thus 1 is proved.

To prove 2, assume that Dt and D~ are pseudoconvex at z° € T and that
8¢ /02, # 0 at 2°. Given any &’ = (a),... .a,-1) € C""!, we set

Then a := (&', a,,) satisfies (4.14) at z°. Since D* and D~ are pseudoconvex at z°,
it follows from 1 of Proposition 4.2 that

Ly(a,2° Z Bz, (z°)a_,ak =0.
jk=1

We substitute a,, given above into this equation and obtain

d &
- 5—;(20,20) 2 L;x(z°,2%aj8: =
n 2-k=1
Since a' is an arbitrary point in C"~!, we have L;x(z°,2°) =0 (j,k=1,...,n-1).
Thus 2 is proved. [m]

Let z° € E. If there is a holomorphic mapping T defined in a neighborhood &
of z° mapping onto a neighborhood &° of w = 0 in C" with
T@ONZ)={wed | Rw, =0},

then I is called a hypersurface of planar type at 2°.
We make the following remark.

REMARK 4.3. Let £ : 5(2,Z) = 0 be a real (2n — 1)-dimensional real-analytic
hypersurface in a neighborhood 4 of a point zg in C" with Vip(z;) # 0. Assume
that for any fixed ¢ € I, there exists a complex-analytic hypersurface S¢ in § such
that { € S¢ C X. Then X is a hypersurface of planar type at 2.

PROOF. We may assume that zy = 0 and 3/8z,(0) # 0. We set
£=%¥n(0....,0.C, ).

which is a real 1-dimensional real-analytic nonsingular curve in the complex plane
C... There exists a conformal mapping wn = h(z,) from a neighborhood 4,
of z, = 0 onto a neighborhood é,, of w, = 0 such that £ N J, gets mapped to
{Rw, = 0} NJ,. Thus we may assume from the beginning that £ is given by
{Rz, = 0} in 4,. Fix a point iy, € £. By hypothesis there exists an analytic
hypersurface S;,,, in a neighborhood of z = 0 such that (0,... ,0,iy,) € Siy,, C .
By 1 of Lemma 4.3 we have

Siy. : ¥(21,.--,20,0,...,0,ign) = 0. (4.18)
We solve the equation ¢(z),... ,2,.0.... ,0,w,) = 0 for w,; i.e.,

Wn = n(zl'“' yzn)s
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where 7 is a holomorphic function in a neighborhood of = = 0 in C". We note from
(4.18) that 7|5, = Ty,. We then consider the analytic transformation

T: wy=2z {i=1,...,n~-1). wp,=n(z1.....2)

from a neighborhood of z = 0 onto a neighborhood of 1: = 0. Note that. for each
fixed y, in £ T(S,,,) is a domain in the (n — 1)-dimensional plane C*~! x {iy,}
which contains (0,%y,). It follows that T(Z) C {Rw, = 0}, so that £ is of planar
type at the origin 0. (]

We shall prove the following theorem.

THEOREM 4.4. Let T be a real (2n — 1)-dimensional real analytic smooth hy-
persurface in D C C". Then L is Levi flat if and only if L is of planar type at each
point of .

PROOF. Assume that £ is of planar type at each point of £. Fix z° € £. Then
we can find an (n — 1)-dimensional analytic hypersurface S in a neighborhood of
2% in C" such that z® € S C I: indeed, after applying a holomorphic change of
coordinates, we can take S = {w, = 0}. It follows fromn 2 of Proposition 4.1 that
both D* and D~ are pseudoconvex at z°. Thus ¥ is Levi flat in D.

To prove the converse, we assume that ¥ is Levi flat in D. Fix 2* € £. Since
the result is local, we can assuine that z¥ = 0 and that (z. w) is convergent in a
polydisk A x A centered at (0,0) in C>", and that 87/8z, # 0 in A x A. Since
»(2.%) is real-valued, we note that

2(z,7) = p(w.2). (4.19)
For a fixed { € A, we consider the analytic hypersurface in A defined by
Sci={z€A|y(z0) =0}
We can write this hypersurface as
S¢ : za=En(21.-.- v 20-1.0). (4.20)

where £, is a holomorphic function of (2).....z,-1) in a neighborhood A’ of 0
in C*~!. We want to construct a biholomorphic mapping S : v = S(z) from a
neighborhood 6’ C A of z = 0 in C" onto a neighborhood §” of w = 0 in C" such
that. for each fixed ¢ € &'. we have

8(S¢) = {w=(w1,... . wn) €6" | wy, =¢({)}. (4.21)

where c(¢) is a constant. For this purpose, we prove the following.
First claim: There exists a completely integrable system of partial differential
equations in A,
0z . .
B—z:_P YW(21,--0020)  (G=1,...,n-1), (4.22)
such that each function z, = &u(21,. .. .z_.,_l,z)! ¢ € A. satisfies (4.22). In partic-
ular, Fj(z),... ,2n) does not depend on C € A.

Indeed. set 2’ := (z).... ‘,,-1) ( = (Cher-- (,,_,) (215--. 2 20)

(z".20) and = (... .Cp) = (€.C). Since (2',€n(2".0).0) = 0 in A’ :
{ZeC"!|(z,2,) € A}, we have, for j=1,....n -1,

Seen--{(32)/(22) } (6(.0.D) (a23)
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Fix ¢ € A’ and consider ¢, as a parameter in y(z.C .(,) = 0 for z € A. We solve
this equation for ¢, and write C,, = hn(2.C ). so that

0(2.C ha(2,0) =0,  (2.) €A x A (4.24)
From (4.23) we see that z, = &,(z'.() satisfies the following system of partial
differential equations:

0z, dp , Op — -

2 - {2t meD)

Fy(z{) (G=1,..,n-1). (4.25)
To prove the first claim. it suffices to show that

(1) Fy(z,¢) (j=1,... ,n — 1) does not depend on { € A’; and
(2) the system (4.25) is completely integrable;
To prove (1), it suffices to show that

g—g;(z,fl)=0 Gk=1,....n=1) inAxA"
From (4.24) we have
ahn —r _ —Qg 6_«,9 - -t . _
0=~ { 22/ 22 T m(aT) (=1,

Using these equations, we compute that

9K 0.7y = 1 { Py 0p 0p _ & Op 0p
o, (FE)(FE)? 02,02, 02, 0%k 02,0%k Ozn OZn

e dp0p 0 ¢ 8p
32,;37): 3Zj 3'7:,. 32,.3'2-,. aZJ‘ 33):
1 ~

B A n ‘L’k.
(F22(FE?

n

where the right-hand side is evaluated at (z,%) = (z, Z',h,,(z,-(")). Since X is Levi
flat, it follows from 1 of Proposition 4.2 that L;;(z,Z) = 0 on T; hence

ij(z.f) = ‘4jk(zv E) ° ',‘4‘(2.3), € A’
where A;x(2,Z) is real analytic for z € A. Since both sides of the above equation
are real analytic in A, it follows that
Ljx(z,w) = Aji(z,w) - (2, w). (z,w) € A x A.

Observing that L,i(z2,2) = Ejk(z,i) in A x A, we see from (4.24) that for any
(2,) e Ax A,

Lik(2,.0 ha(2,0)) = Aji(2,C  hn(2,0)) - 9(2.C  ha(2,0)) = 0.
It follows that (8F;/8(,)(z.C) =0 on A x A’, which proves (1).
To prove (2), it suffices to show that
OF;  OF, _OF: OF

oo T oa "oy Tz Gk=len-l)
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for (z,Z') € A x A’. This can be verified by direct calculation, using the explicit
form of Fj and F; in (4.25) and the following equalities from (4.24):

Oh,, = _ Ay o _
3_zj(z’<)‘"{ 3<n}( 2.C ha(2,C)  (=1....n-1).

This proves (2) and thus the first claim.

Second claim: Assertion (4.21) holds.

If necessary, we may take a smaller polydisk A centered at z = 0 in C", so
that the solutions of the system of differential equations (4.22) give a foliation of
complex (n — 1)-dimensional analytic hypersurfaces

Sc: G(z1,....27) =¢, c€ é,

where 4, is a neighborhood of the origin 0 in the complex plane C. We consider
the analytic mapping S from a neighborhood of z = 0 in C? onto a neighborhood
of w =0 in C, defined by

S: wj=z (G=1...,n-1), w,=G(s1,...,2).

From the first claim it follows that each analytic hypersurface S, ¢ € A. defined
by (4.20) is mapped to a complex hyperplane of the form w, = ¢({) =const. in a
neighborhood of w = 0 in CZ.. Thus, the second step is proved.

Finally we shall show that I is of planar type. Since all arguments are invariant
under analytic mappings of a neighborhood of the origin, we may assume from the
beginning that for each ¢ € A, the analytic hypersurface S¢ : (z,{) = 0 can be
written in the form 2, = £,(2’,{) = ¢({). Therefore,

w(2.€) = (zn — c({)) H(z2,(),
where H(z,{) # 0 in a neighborhood of (0,0) in C?". Formula (4.19) implies that
¢(C) is independent of (y, ... ,Cn_1). i-e.. ¢(C) = ¢(Ca). Thus S; : p(2.¢) = 0 is of
the form z, = ¢((,). In particular, £ : ¢(2.%) = 0 is of the form z, = c(Z;), and
hence ¢(Z,) = Zp. It follows that £ = {2z € A | y, = 0}. where 2, = z, + iyn.
Consequently, X is of planar type, and Theorem 4.4 is completely proved. a

We see from the above theorem that if ¥ := {z € D | ¢(z) = 0} is Levi-flat in
a domain D, then both domains D* and D~ are locally domains of holomorphy at
each point z of .

4.3. Boundary Problem

The Levi conditions for C2 functions (z) look very similar to the condition
of plurisubharmonicity of ¢(z). Plurisubharmonic functions are considered today
as the natural extension to several complex variables of subharmonic functions in
one complex variable. However, plurisubharmonic functions were first introduced
by K. Oka [49] to investigate pseudoconvex domains.” He wanted to find a linear
condition on ¢(z) which would imply the (nonlinear) Levi conditions on :p(2). The
reason he wanted to do this is the following: an arbitrary pseudoconvex domain
can have a non-smooth and complicated boundary; to approximate such a domain

7In his paper Oka called plurisubharmonic functions pseud functions. The name
plurisubh functions was given by P. Lelong. In Part II in this book the author will use
the terminology “pseudoconvex functions” in the setting of analytic spaces.
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by pseudoconvex domains with smooth boundary. one could begin with the non-
smooth function p(2) = —log dp(z) (see section 4.3.2) and take integral averages
to get smoother approximations. A linear condition on ¢(z) will be preserved
under this averaging process. In this section we study the relationship between
plurisubharmonic functions and pseudoconvex domains.

4.3.1. Strictly Pseudoconvex Domains and Strictly Plurisubharmonic
Functions. Let D be a domain in C" and let p € 8D. Let § be an open neigh-
borhood of p in C" and let I = [0,1] be a closed interval in the real axis of the
complex t-plane C,. Let f(z,t) be a holomorphic function of (z,t) on § x I. This
means there exists a neighborhood G of I in C; such that f(z,t) is holomorphic in
6 x G. We set

o ={z€6| flz,t)=0} (tel),

so that {0,}.c; is a family of analytic hypersurfaces in 8. If {o¢}c; satisfies the
conditions

1. peggand op\ {p} C6\D,
2. 0,Cé6\Dforeach0<t<1,

then we call {0:}:c; a family of analytic hypersurfaces touching p from the
complement of D.

If a boundary point p of D admits such a family of analytic hypersurfaces,
we say that D is strictly pseudoconvex at p. Furthermore, if D is strictly
pseudoconvex at each boundary point of D, then we say that D is a strictly
pseudoconvex domain.

We see from 2 of Proposition 4.1 that if D is strictly pseudoconvex at a point
p € 9D, then D is pseudoconvex at p.

REMARK 4.4. Assume that D is strictly pseudoconvex at a point p € AD.
Given a neighborhood &' C § of p, we can choose £ > 0 sufficiently small so that

(l) 3:= {Z € JﬂD ' If(z,o)l <L E } cC 61; and
(2) each branch of log f(z,0) is single-valued on 3.

For (1) is clear from condition 1 on {o:}:c;. To prove (2). let v be a 1-cycle
in 8. If € > 0 is sufficiently small, we can find a ball B such that 3 c B C §' by
1,and BN{z € § | f(2,1) =0} = @ by 2. Hence, f,ydarg f(z,1) = 0. Since
f(z,t) #0on v for all t € I, it follows from the continuity of f(z,¢) on 4 x I that
[, darg f(z,0) =0, and (2) is verified.

REMARK 4.5. Let D = {(z,w) € C? | |w| < |z} }. Then D is a pseudoconvex
domain whose boundary 8D contains the origin 0. The complex line L : z = 0 in
C? passes through 0, and L\ {0} ¢ C?\D. However, D is not strictly pseudoconvex
at 0.

Let ¢(z) be plurisubharmonic in a domain D C C". For a real number c, we
set

D.:={zeD|o(z)<c}
If D, # @, then D, is pseudoconvex at each point of 8D, in D. This follows from the

definitions of plurisubharmonicity and of pseudoconvexity of type C. In addition,
we have the following result.
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PROPOSITION 4.3. Let &(z) be a C? function in a domain D C C". If &(z) is
strictly plurisubharmonic at a point z° in D, then, setting c = ¢(z"), we have that
D, is strictly pseudoconver at z°.

PROOF. We may assume 2° = 0 and ¢ = ¢(z") = 0. Since o(z) is of class C?
at 0, we can write

#(z) = 292{2 (0)~,+20 v (O)z,q}

Z az a— (0)2J2k+o(”z” )

2.k=1

near z = 0. Since ¢(z) is strictly plurisubharmonic at 0, we can find a neighborhood
é of 0 in D such that

n 2
> e@xm > ollzl?) in 6\ (o)
j.k=1

For each 0 < t < 1, we define

{ e6|z - (0)z +za 2y 2% —t}
=I

Then So N Do = {0}, and S;N Dy = O for 0 < t < 1. Thus, {5}, is a family of
analytic hypersurfaces touching 0 € 8D, from the complement of Dy. Hence. Dy
is strictly pseudoconvex at 0. =]

Note that in the proof we did not require Vo(z%) # 0.

4.3.2. Boundary Distance Function on a Pseudoconvex Domain. One
of the most significant properties of a pseudoconvex domain in C" can be described
in terms of the boundary distance function. Given a domain D in C" and a point
z € D, recall from section 1.1.5 that

dp(2) i=inf{llz - ¢ | (€ 8D },
the boundary distance function on D. This is a continuous, positive-valued function
on D satisfying lim, __sp dp(z) =0

We have the following theorem.

THEOREM 4.5. If D is a pseudoconver domain in C", then —log dp(z) is a
continuous plurisubharmonic function on D.

To prove this theorem, we begin with three lemmas.

LEMMA 4.4. Let D be a domain in the complex z-plane C,. Then —log dp(z)
is a continuous subharmonic function on D.

ProoF. If D = C,, then —log dp(z) = —oc. Thus we assume D # C;. It is
clear that —log dp(z) is continuous at points z where it is finite-valued: i.e.. on D.
Fix ( € 8D. Then z — —log |z — (| is a harmonic function on D. Therefore,

—log dp(z) =sup {-log|z—¢||¢€dD}, z€eD
is a subharmonic function on D. ]
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Let D be a domain in the complex z-plane C, and let G be a subdomain in the
product space D x C,. C C2. Given = € D. we set

G(z):=={weCu|(z.w) €G},

the section of G over z. We assume D x {0} C G. i.e.. 0 € G(z) for each z € D. We
let Rg(z) > 0 denote the boundary distance from w = 0 to 8G(z).

Rg(2) = inf{lw - €] | € € 8G(2)}.

and we call this the Hartogs radius of G for z € D.
We have the following lemma.

LEMMA 4.5. Let G be a domain in D x C,. C C?, where D is a domain in C,
with D x {0} C G. If G is a pseudoconvez domain in C?, then —log Rg(z) is a
subharmonic function on D.

ProOF. For simplicity we write R(z) = Rg(z) and o(z) = —log Rg(z) for
z € D. Since G is an open set in C?, o(z) is uppersemicontinuous on D. It
suffices to verify the subaveraging property. We proceed by contradiction: suppose
there exist a point a € D and a positive radius p so that ¢ does not satisfy the
subaveraging property on 8 := {z: |z — af < p} C D. i.e..

1 2 0
o(a) > 5/0 o(a + pe'’) do.

Since o(z) is uppersemicontinuous on 36 = {|z —a} = p}. we can find a real analytic
function u(z) such that

u(a + pe®) > ola + pe®).  0<6<2m,
1 2 I
o(a) > 2710 u(a + pe'®) df.

By the Poisson formula we construct the harmonic function k(z) on § with h(z) =
u(z) on 84. Then o(a) > h(a). We take a harmonic conjugate k(z) of h(z) so that
£(z) := h(z) + ik(z) is holomorphic on 8. We then consider the automorphism

T: z=z. w =eFw
of the product domain Q = § x C,., and set G* := T(R2NG). Then QN G and

G* are pseudoconvex domains in C? and § x {u’ = 0} C G*. The Hartogs radius
R*(z) about u’ = 0 for z € § is equal to
R*(z) = "I R(2).
From the relations between u(z) and ¢(z). we have
R*(a) <1< R*(a+pe?). 0<6<2n.
Thus we can find a point v € 8¢*(a) with |u®| = R*(a) < 1. while {|u’] <
1} €C G*(a + pe®) for 0 < 8 < 27. Since R*(z) > 0 on {|z — a|] < p} (for
D x {0} C G), G* does not satisfy the continuity theorem of type C, contradicting
the pseudoconvexity of G°. 0
Let D Cc C" be a domain and let 2’ = (2},...,2,) € D. Welet D(z') C C.,
denote the section of D over the complex line z; = z; (j=1,...,n-1)in C",
ie.,
D(z')={z, €C,, | (2}--.. ,25_1.22) € D}.
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We let R, (z') denote the boundary distance from z;, to dD(z’) in C,,. Then R,(z2)
is a positive-valued function on D, which we call the Hartogs radius of D with
respect to z,.

We have the following lemma.

LEMMA 4.6. Let D be a pseudoconvex domain in C" and let R,(z) be the
Hartogs radius of D with respect to z,. Then —log R,(z) is a plurisubharmonic
function on D.

PROOF. Since D is an open set in C", —log R, (z) is uppersemicontinuous on
D. Thus we must show that the restriction of —log R,(z) to any complex line L
in D is subbarmonic. Let a = (a),...,a,) € D and fix a complex line L passing
through a. If L is of the form z; = a;(j = 1....,n — 1), then from Lemma 4.4
it follows that the restriction of —log R, (z) to L is subharmonic. Thus we may
assume that L is of the form

L: zj=Lj(z) =cj(zi —a1) +a, (GF=2.....n),

where c; # 0 for some j = 2,...,n. Fix a disk § := {|z; — a1] < p} in C;, such
that (§ x C"~!)N L C D. We show that s(z;) := —log dp(z1, L2(z1),. .- » La(21))
is subharmonic for z;, € 4.

For each 2, € § we consider the subset of C,, given by

Dn(zl) = {zn € Cz... l (zlez(zl)s"' ,Ln..l(21), zn) € D}'
Let
G:={(21,20) €C?| 21 €6, 2, € Do(2)) }.

Then G = DN (L' x C;,) where L’ denotes the projection of L onto C.,; thus G
is a pseudoconvex domain in C2. We consider the automorphism

T: z1=2, w =2z~ cn(z1 —@1) —@an

of 6 x C,, and set G := T'(G). Then G is a pseudoconvex domain in C,, x C,, with
6 x {0} C G. Since Rg(21) = dp(21,L2(z1),... ,La(21)) for 2; € 4, it follows from
Lemma 4.5 that s(z,) is subharmonic on 4. O

PROOF OF THEOREM 4.5. Letting z = (z),... ,2,) denote the usual coordi-
nates in C", we fix a unitary matrix U and form the coordinate transformation
2 :=(2},...,28) = (21,-.. s 2n) - U of C". Consider the Hartogs function R (2’)
of D with respect to 2;,. We have

—log dp(z) = sup{—log RY (z)}.
v

where the supremum is taken over all unitary matrices U. From Lemma 4.6 we con-
clude that —log RY (2’) is a plurisubharmonic function on D for each such U; since
~log dp(z) is continuous in D we conclude that —log dp(z) is a plurisubharmonic
function on D. @}

4.3.3. Approximating the Boundary. The boundary of an arbitrary pseu-
doconvex domain D may be rather complicated, and thus we would like to be able
to approximate D from inside by pseudoconvex domains with simpler boundaries.
Indeed, this procedure is indispensable in order to verify that any pseudoconvex
domain is a domain of holomorphy (which will be discussed in Chapter 9).

We note that a pseudoconvex domain D in C" admits a continuous plurisub-
harmonic exhaustion function £(z). This means that for any real number a,
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D, := {z € D | £(z) < a} CC D. To see this, in the case when D is bounded,
Theorem 4.5 implies that
&(z) = ~ log dp(2)
is a continuous plurisubharmonic exhaustion function for D. If D is unbounded,
§(2) := —log dp(z) + ||2|*
satisfies this property (here, ||z||2 = |2)|2 + ... + |za]?).

Therefore any pseudoconvex domain D in C" can be approximated from inside
by an increasing sequence of relatively compact pseudoconvex domains {D,}, with
continuous boundaries. We present a method which modifies D, to a pseudoconvex
domain with smoother boundary.

Let D C C" be a domain (not necessarily pseudoconvex) and let ¢(z) be a
plurisubharmonic function in D. If for each p € D we can find a neighborhood é of
p and a finite number of plurisubharmonic functions ¥ (z) (k = 1.... .l) of class
C? in 6 such that

o(z) = max {vx(2)} in 4,

then we say that ¢(z) is a piecewise smooth plurisubharmonic function on D. In
addition. if each ¥ (z) is a strictly plurisubharmonic function on 4, we say that
¢(z2) is a piecewise smooth strictly plurisubharmonic function on D.

Let D be a domain in C". For ¢ > 0 we let D¢ denote the set of all points z in
D such that the polydisk distance from 2 to 3D is greater than c.

Let f(z) be a locally (Lebesgue) integrable function on D. Given 0 < 5 < c,
welet 4, : |¢jl <np(j=1,....n) be a polydisk in C". Then we can define, for
z € D¢, the average value of f,

Al =g [ S+ G st G,

where du is the volume element of C" at ¢ and V = (mn?)".

LEMMA 4.7. If f(z) is a locally integrable function on D, then A,[f](z) is a
continuous function on D°. If f(z) is continuous (resp. of class C' ). then A,| f](z)
is of class C' (resp. of class C?) in D°.

The proof is standard. and is omitted.

LEMMA 4.8. Assume that f(z) is plurisubharmonic on D. Then:

1. A,[f](2) is a continuous plurisubharmonic function on D*c,

2. Ap,[f1(2) € Ag[fl(z) O <m <m <candf(z) = },i_l}},An[f](Z)

pointwise on D.
3. If f(z) is continuous on D, then f(z) = 'l,i_%A,,[f](z) uniformly on each

compact set K C D.

PROOF. Since f(z) is plurisubharmonic on D, it is clear that f(z) is locally
integrable on D. Fix 2’ = (2§,...,2),) € D¢ and let

l:z;=a,t+2; (j=1,....n), teC,

be a complex line in C" passing through z’. Fix £ > 0 such that the restriction
lc of l for |t| < £ is contained in D*. and consider the boundary of I, : = {2(0) =
(z1(8),...,2n(6))}, where

z(0) =ajee’ +2;  (j=1,...,n)



130 4. PSEUDOCONVEX DOMAINS AND PSEUDOCONCAVE SETS

Since f(z) is plurisubharmonic on D, we have

2%

1
— f(z+2(0))d8 > f(z + '), 2, 2+2 € D°.
2m Jo

Since A,[f](z) is continuous on D*, to verify assertion 1 it suffices to show that
2%

™= % Aylf)(=(0))d 2 Agf)('). '€ D¥*.
0

27
m= 5'1_’/0 {fl"/.; f(z(0)+()dv<}d0.

Since f(z) is uppersemicontinuous on D, it is bounded above on any compact set
in D. Thus f(z(8) + () is bounded above on (6.¢) € [0.2r] x A,. and we can
interchange the order of integration to obtain

] 1 2
m o= {— f(z(0) +()d0} dv;
A,

We have

27 Jo
1 p '
2 g [ 16+ O = A1),

This proves 1.
To prove 2. we note that for any subharmonic function s(z) on a disk |z—a] < p
in the complex plane C., we have, for 0 < p; < p3 < p.

1 2 0 1 2y o
<0 ! < — se' . .
s(a) < 2”/; s(a+ p1e'¥)dd < 27[/0- s(a + p2e©)df (4.26)

Set ¢ := rje“” (j = 1.... ,n). Using the change of variables r, = s, (0 < s, <
1: j=1.....n), for any z’ € D and 0 < 1) < ¢ we obtain

Aylf1(z")
1 v
= ‘_n f(z; + 71313!0‘ LR :y'l + ns"e"?-. ) S] et su de ds.
T Jo.2xi x [0.0)"
where d© = db, - - - df, and dS = ds, - - - ds,,. Together with (4.26). this implies the
first part of statement 2. The second part follows from the uppersemicontinuity of
f(z). Assertion 3 follows from 2 and Dini's theorem.® i

Thus, for any continuous plurisubharmonic function v(z) on D and for any
€ >0and K CC D¢, we can find a plurisubharmonic function ¢*(z) of class C? on
D* such that

lo(z) — @*(2)} < e, z € R.
Furthermore, if D is bounded, we can assume that o°(z2) is strictly plurisubharmonic
on D¢. Indeed. it suffices to take A > 0 sufficiently small and replace 0°(2) by
8%(2) 1= 0"(2) + Az}
We now prove the following theorem.

THEOREM 4.6 (Oka [52]). A pseudoconvez domain D in C” admits a piecewise
smooth, strictly plurisubharmonic exhaustion function.

8The idea of smoothing plurisubharmonic functions by using integral averages is due to F.
Riesz {62).
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PRoOF. We take a continuous plurisubharmonic exhaustion function §(z) for
D. Let a; (j = 1.2,...) be a sequence of real numbers with a4 —a; > 2 (j =
1.2....) such that if we set D, := {z € D | £(z) < a,} (CC D). then D, # 8.
On each domain Dy,3 (I =1,2....). we can construct a strictly plurisubharmonic
function & (z) of class C? such that [£(z) — &(2)| < 1 on Dy.3. We have

&(z)—an < -1 for : € ADy_y:
&(z)—an>1 for z € Dyys\ Doy,

We shall construct. by induction. a piecewise smooth strictly plurisubharmonic
function £ (z) on Dyyy (1=1.2,...).

We first set £7(2) := &(z) on D3 so that £(z) > 1 on D3\ D;. Next. hav-
ing constructed a piecewise smooth, strictly plurisubharmonic function & (z) on
Dyi4y (I 2 1) such that & (2) 2 1 on Dyey \ Dy, we take ¢;+1 > 0 sufficiently
large so that, if we set ni41(2) := €141(&1(2) — am) on Dy, then mpyy(2) 2 1+ 1
on D43\ D4y and

&(z) —maa(2) >0 for z € 0Dy,
&) - ma(z) <0 for : € 3Dy, .-
Now for z € Dy,3 we define
& () for z € Dy,
& (2) = ¢ max(§(2).m41(2)) for z € Da4y — Dy
M41(2) for z € Dyy3 — Doy

Then &, ,(z) is a piecewise smooth, strictly plurisubharmonic function in Dgj.3
satisfying &1,.,(z) = £(2) on Dai_1. &,,(2) 2 £ (2) on Dyiyy, and §7,,(2) 2 1+1
on Day3 \ Dyyy- It follows that the limit £*(z) := limy_ . §(z) exists on D
and defines a piecewise smooth, strictly plurisubharmonic exhaustion function on
D. a

4.4. Pseudoconcave Sets

4.4.1. Deflnition of Pseudoconcave Sets. The comnplement of a pseudo-
convex domain has a certain analytic property, if it is “small” as a set. This fact
was first discovered by F. Hartogs [30] and was carefully studied by K. Oka. We
follow the ideas of Oka [43] and extend their study from the two-dimensional case
to the general n-dimensional case, n > 2.°

Let D be a domain in C" and let £ be a closed set in D. For each point
z' = (2{,...,2,) of £ and each polydisk § : |z; —zj| <r (j=1....n)in D
centered at 2’, if each connected component of §\ (6NE) is a pseudoconvex domain
in C", then £ is called a pseudoconcave set in D. As an example, an analytic
hypersurface in D is a pseudoconcave set in D.

REMARK 4.6. We will simply say that § \ (6 N €) is a pseudoconvex domain if
each connected component of é \ (6 N £) is an open, connected pseudoconvex set;
i.e., we take a domain to be an open (but not necessarily connected) set.

The following properties of pseudoconcave sets are a consequence of the ele-
mentary properties of pseudoconvex domains.

9See Oka's posthumous work No. 7 in [55), in which he called a pseudoconcave set an (H)-set.
See also T. Nishino {40).
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1. If € and &, are pseudoconcave sets in D, then so is &, |J €.

2. Let I = {i} be an index set. If £ (v € I) is a family of pseudoconcave sets
in D, then the closure of |J,; £, in D is a pseudoconcave set in D.

3. Let &, (j =1.2....) be a decreasing sequence of pseudoconcave sets in D:
ie., €41 CE, for all j. Then & := (1), &; is a pseudoconcave set in D.

4. Let € be a pseudoconcave set in D. For any r-dimensional complex analytic
plane L with 0 < r < n, €N L is a pseudoconcave set in D N L (which we identify
with C™).

5. Let £ be a closed set in D. Suppose that for each p € £ N D. there exist a
neighborhood § of p in D and an analytic hypersurface o, in d such thatp€ g, C €.
Then € is a pseudoconcave set in D.

6. Let S be an irreducible analytic hypersurface in a domain D C C” and let
€ be a nonempty pseudoconcave set in D. If £ C S. then £ = S. This fact can be
proved by use of the continuity theorem of type A.

7. If £ is a pseudoconcave set in D, and T is a biholomorphic mapping of D
onto T(D), then T(£) is a pseudoconcave set in T(D).

Let € be a pseudoconcave set in a domain D C C" and let p € 9€. If there
exists a neighborhood & of p in D such that the domain 4 \ (6 N £) is strictly
pseudoconvex at p, then we say that £ is strictly pseudoconcave at p. If §\(6NE)
is a piecewise smooth strictly pseudoconvex domain at p, then we say that £ is a
piecewise smooth pseudoconcave set at p. If £ is strictly pseudoconcave
(resp., piecewise smooth) at each boundary point of £ in D, then we say that £ is
a strictly pseudoconcave (resp., piecewise smooth) set in D. Theorem 4.6 implies
that any pseudoconcave set £ in a pseudoconvex domain D can be approximated
by a decreasing sequence of piecewise smooth strictly pseudoconcave sets in D.

4.4.2. Hartogs' Theorem. Consider C**! as the product of C" with vari-
ables z = (z;,...,2,) and C,. with variable w. Let D be a domain in C" and set
G := D x C,. Let £ be a pseudoconcave set in G. For each z’ € D. the fiber of £
over 2’ is defined by

E(Z):={weC,|(z w)€E)}

We make the assumption that each £(2’). 2’ € D. is bounded in C,,..
We prove the following theorem.

THEOREM 4.7 (Hartogs). Let £ be a pseudoconcave set in G = D x C,., where
D is a domain in C™*. If each fiber £(z), z € D, consists of exactly one point ((z)
in C,., then z — ((2) is a holomorphic function of z in D.

PROOF. Let zp € D and let py = (20,{(20)) € £. Since G \ € satisfies the
continuity theorem of type A at py, it follows that {(z) is continuous at z; in D.
We now show that ¢(z) is holomorphic at zy in D.

Fix a point wy € C,, such that wy # ((29). We take a ball 4 in D centered at
2z such that {(z) # wo for z € 5. We set

h(z) :=log |¢(2) - wol. Z€4.
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Since |((z) — wp! is the Hartogs radius of D\ € with respect to w. Lemma 4.6 implies
that —h(z) is a plurisubharmonic function on §. Consider the following analytic
transformation T of § x (C,. \ {wo}) onto § x (C,- \ {0}):

1
T : =2 (j=1....,n), Y = .
10 2=2 ( n) w w—wo

We set w := § x Cy, and £° := T} (ENw). Then £° is a pseudoconcave set in w with
the property that each fiber £%(z), z € 4. consists of one point {%(z) in C, with

W =) = =

¢(z) —wo’
Since ¢°(z) # 0, z € 4, it follows by the same reasoning that — log (1/[¢(z) — wy|) is
a plurisubharmonic function on 4. Consequently. h(z) is a pluriharmonic function
on 4.

We now take a conjugate pluritharmonic function k(z) of h(z) on é so that

&(2) 1= h(2) + ik(2), z €9,
is a holomorphic function on 6. Then we form the following automorphism of w:
T: zj=2 (j=1,....n). w’ = (w— wo)e 5%,

The image £* := T»(€) is thus a pseudoconcave set in w with the property that
each fiber £*(z) consists of one point {*(z) with

w” = ¢*(2) = (¢(2) - wo)et.

Note that |[(*(z)] =1 on 4.
We next fix a point w* € C,.» such that

lw*| <1,  argw” =arg(*(z0).
Since |(*(2)] =1 on 4, |¢*(z) — w*| for z € § attains its minimum at the center 2,
of 3. On the other hand, Lemma 4.6 again implies that A*(z) := —log [(*(z) —«*|
is a plurisubharmonic function on 4. It follows that h*(z) is constant on §. This
implies, together with the fact that |(*(z)| = 1 on 4, that {*(z) is constant on 4,
say (*(z) = a. Hence,
C(z) =aef® ywy, z €9,

so that ¢(z) is a holomorphic function on 4. a

4.4.3. Preparation Theorem. Let E be a compact set in C,. We fix an
integer m > 2 and take m points w; (j = 1,... .m) in E. We set

Ve(whe ... cwg) 1= mug-u H fw, — w,l .
v<p

D, (E) := max {V(wy,... ,wm) | wy,... ,w, € E}.
the m-th diameter of E. It is easy to verify that
D, (E) 2 D11 (FE) (m=223....).

and define

Thus the limit
Dy(E):= lim Dnm(E)
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exists and is called the transfinite diameter of E."!

Now let G = D x C,. where D is a domnain in C", and let £ be a closed set in
G such that each fiber £(z) over z € D is a bounded set in C,.. Let rn > 2 be an
integer or let m = xc. For each z € D, we consider the m-th diameter D,,(£(z)) of
the fiber £(z). We set Dp,(z) := D,,,(E(2)) for z € D.

We have the following theorem.

THEOREM 4.8. '' If € is a pseudoconcave set in G, then log D,,(z) (m =
2.3.... .) is a plurisubharmonic function on D.

PROOF. We know that the decreasing limit of a sequence of plurisubhartnonic
functions on D is a plurisubharmonic function on D and that any pseudoconcave set
in G is a decreasing limit of a sequence of piecewise smooth, strictly pseudoconcave
sets in G. Thus it suffices to prove the theorem for each fixed finite integer m > 2
under the assumption that € is a piecewise smooth strictly pseudoconcave set in G.

Since £ is closed in G. we first note that log D,,(z) is uppersemicontinuous on
D. Fix 2 = (2.....z9) € D. 1t suffices to show that for any (a,.....a,) € C"
and any sufficiently small ¢;,0<¢; <1 (j=1.....n),

2
log Dp(z") < %/ log Do (2} + ayz1€™.... 2% + a,c,e) db. (4.27)
0

We can find m points u? (v = 1.... ,m) in £(z°) such that

Drn(zo) = "‘:‘";-l" H ,IL’B - wg .
v<p

By the maximum principle we observe that u® € 9€(z°) (v = 1.... .m). We set
p. = (z".w?) (v = 1.... ,m). Since £ is a piecewise smooth. strictly pseudoconcave
set at p,. we can find an analytic hypersurface S, in a neighborhood 4, of p,
in G such that p, € S, C £n4,. Since «! € G6(z") and £(z") is bounded
in C,.. it follows from Lemma 2.1 that if we choose a suitably small polydisk
6 x A, in G centered at p, where & = {|z; — | < r} (j = 1.....n) and
A, ={lw—w|<p}(r=1,....m), then S, N[ x (3A,.)] =0 and S, in dy x A,
can be written in the form

Po(zow—ud) = (w—ud)* +al (2)(w-wd)* '+.. . +al(2) =0 (4.28)

where P, has no multiple factors. In this equation. each coefficient af"’(z) is a

holomorphic function on §, with the property that af”)(z" ) = 0. We consider the
discriminant d, (z) of P,(z,w — wY) with respect to w — . and set

o, :={z€d | d,(z) =0} and do = 0o\ ( U 6") :
v=1

Fix z2° € §). We take a single-valued branch n,(z) (v = 1.... .m) of the algebraic
function given by the solution of equation (4.28) on a neighborhood 6* of z* in &),
and we consider the following vector-valued holomorphic function on §*:

n(z) := (m(2)..... nm(2)).

10The notion of transfinite diameter was introduced by M. Fékete [19]. He also proved that
D (E} is equal to the logarithmic capacity of £.

" This theorem was first proved by K. Oka [43] for the case m = 2. The proof given here for
the gencral case is due to H. Yamaguchi {79].
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Let 4 be any arc in 8, with initial point z* and terminal point 3. Then n(z) can
be analytically continued along «4. If we denote the resulting function by #n(z) =
(% (2). . -. .fim(2)) near Z, then each 7, (2) is a branch of the algebraic function given
by equation (4.28) in a neighborhood of £ in 4j,. We form the analytic continuation
of n(z) over all arcs in &, with initial point 2°*. and the resulting function is a

bounded, vector-valued function on &,. We use the same notation
n(z) = (m(z).... .0m(2)) on &:
then the function

f@= JI M=)-ni(2). ze€é.

1<v<p<m
becomes a bounded, single-valued holomorphic function on 4. From Riemann's

removable singularity theorem, f(z) can be holomorphically extended to 8. Since
n.(z) € £(2z). z€6 (v=1,....m). and 7, (2°) = w. it follows that

HFEV@IE Dm(z). =F VI = Dar(2).
Since -2 log |f(2)| is a plurisubharmonic function on dy. these two formulas
imply the desired inequality (4.27). a

4.4.4. Pluripolar Sets. For a set E in the complex plane C we can canoni-
cally define its potential theoretic size, called the logarithmic capacity of E. We
summarize the well-known results for the logarithmic capacity in C. If E is com-
pact, this coincides with the transfinite diameter of E. Sets of logarithmic capacity
zero coincide with polar sets: a set E C C is polar if for each point zg € E there
exists a subharmonic function u(z) # —2oc defined on a neighborhood § of 3y with

EnécC{z€é:u(z) = -}

This local notion is actually a global one: if E is polar, then one can find u(z)
subharmonic in a neighborhood D of E, u(z) £ —o0, with

Ec{ze€eD:u(z) = -x}
Indeed. D can be taken to be all of C. Thus if ¢(z) is a subharmonic function on a
domain D in C and the set E, := {z € D | ¢(z) = —=} is of positive logarithmic
capacity. then ¢(z) = ~ac on D.

For a set E in C" for n > 2. we have an analogous notion of pluripolar sets:
a set E C C* is pluripolar if for each point %, € E there exists a plurisubharmonic
function u(2) # —oc defined on a neighborhood § of 2 with
Enéc {z€6:u(z)=—-oo}

Again, this local notion is a global one: if E is pluripolar, then one can find u(z)
plurisubharmonic in a neighborhood D of E with

Ec{z€D:u(z)=-x}

(cf. M. Klimek [34], Theorem 4.7.4). Indeed. D can be taken to be all of C".

Let e C C™ and p € e. If for any neighborhood 4 of p in C" and any plurisub-
harmonic function ¢(z) on § with ¢(z) = —oc on e N we have 0(z) = —>0 on 4.
then p is called a point of type (3) in e. If p is not of type (3) in e. p is called a



136 4. PSEUDOCONVEX DOMAINS AND PSEUDOCONCAVE SETS

point of type (a) in e. Thus if e consists entirely of points of type (a) in e. then
e is a pluripolar set in C". In general, we define

e;:={p€e|pisoftype (3)in e}. (4.29)

If e is contained in a domain D C C", then ej is closed in D, and clearly e; is
pluripolar - and hence empty! - if and only if e is pluripolar.

We easily have the following:

1. A countable union of pluripolar sets in C" is pluripolar.

2. A non-empty open set G in C" is not pluripolar.

3. Let e be a pluripolar set in D, where D is a domain in C*. If f(z) is
a bounded holomorphic function in D \ e. then f(z) has a holomorphic
extension to all of D.

4. The pluripolarity or non-pluripolarity of a set e C C" is not a metric prop-
erty of e and depends on the complex structure of C". For example, any
analytic hypersurface S in a domain D in C" (hence S is real (2n - 2)-
dimensional) is pluripolar in C*. On the other hand. the set

e={z2=(z1.....2,) | Rz, =0(j=1.....n) }
(which is real n-dimensional) is not pluripolar in C”. Similarly. the distin-

guished boundary e = {|z;] =1 (j = 1,... .n)} of the unit polydisk in C*,
which is also real n-dimensional, is not pluripolar in C".

4.4.5. Oka’s First Theorem. We utilize the notion of pluripolar sets to
prove the following theorem.

THEOREM 4.9 (Oka). Let G = D x C,.. where D is a domain in C". Let €
be a pseudoconcave set in G such that each fiber £(z) for z € D is bounded in C,..
Define

e:= {z € D | £(z) consists of a finite number of points in C..}.
If ¢ is not pluripolar, then £ is an analytic hypersurface in G.

PROOF. From the continuity theorem of type A it follows that £(z) # @ for
each z € D. For an integer v > 1. we let e, denote the set of points z in e such
that the fiber £(z) consists of at most v distinct points in C,. so that

>
ey CerC---. e= Je,.
v=1

Since e is not pluripolar. it follows that some e, is not pluripolar. We fix e,,,, where
vy 2 1 is the smallest such integer; thus e, - is pluripolar (in the case vy = 1. we
set eg := ). We consider the (v + 1)-st diameter D, .1(z) of £(z2), 2 € D. From
Theorem 4.8, log D,,+(z) is a plurisubharmonic function on D. Since D, 4,(z) =
0 for z € e,, and e, is not pluripolar, it follows that log D,,+, = —oc on D. i.e.,
e,, = D. Weset D' = D\ e, -1 and write £(2) = {&1(2),... .&,(2)} for z € D',
where £;(2) # §;(z) (i # j). Define

P(zw) = []lw-¢&:)

=1
= u* +a (2wt + - +a,,(2)

We claim that each a,(z) (j = 1,... .) is a holomorphic function on D’.
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To verify this, fix 29 € D’. Using Theorem 4.7, we can find a polydisk 4 in D’
centered at zo such that if we set w := § x C,., then £ Nw can be described by the
equations

w=§(z) (j=1.....n).
where each §,(2) is a single-valued holomorphic function on 4. Since the a,(z) (j =
1,... ,y) are symmetric functions of {£(2).... .&,(2)}. it follows that the a,(z)
are holomorphic functions on § and hence on D'.

Furthermore, at each point z* € e,,_;, we can find a neighborhood §* of z*
in D such that each a;(z) (j = 1.... .») is bounded on §* N D'. Since e,,-, is
pluripolar, it follows that each a;(z) has a holomorphic extension to °, and hence
to all of D. Then P(z.w) is a polynomial in w with coefficients that are holomorphic
in D; thus P(z,w) is holomorphic in G, and it is easy to see that

E={(2,w)e G| P(z,w)=0}.
Thus £ is an analytic hypersurface in G. (]
This theorem gives us a generalization of Theorem 4.7.

COROLLARY 4.1. Let £ be a pseudoconcave set in G = D x C,. such that each
&(z). z € D, is bounded in C,.. Assume that the set of points z € D such that £(z2)
consists of ezactly one point in C,,. is a non-pluripolar set. Then € can be described
as the set of points

w = £(2). z€eD.

where £(2) is a single-valued holomorphic function in D.

Furthermore. using Theorem 4.8 in the case m = oc. we obtain the following
theorem.

THEOREM 4.10 (Yamaguchi). Let £ be a pseudoconcave set in G = D x C,,
such that each £(z), z € D, is bounded in C,.. Assume that the set of points z € D
such that £(2) is of logarithmic capacity zero is @ non-pluripolar set. Then each
E(z), z € D, is of logarithmic capacity zero.

4.5. Analytic Derived Sets

4.5.1. Definition of Analytic Derived Sets. Let D be a domain in C"
and let £ be a pseudoconcave set in D. Fix p € €. If there exists a neighborhood
4 of p in D such that £N4 is an analytic hypersurface in §, then we say that pis a
point of £ of the first kind. If p € £ is not of the first kind, we say that p is of the
second kind. We call the set £’ of all points z € £ which are of the second kind the
analytic derived set of £.

REMARK 4.7. In standard set-theoretic topology. given a closed set E in C".
one considers the subset E' of E. called the derived set of E, which is obtained
by excluding from E all isolated points of E. Thus the analytic derived set £ of
a pseudoconcave set £ may be regarded as a type of analytic modification of the
usual derived set E' of a closed set E, where we consider “analytic hypersurface
points” of € as isolated points of E.

The following theorem concerning analytic derived sets will be essential in the
following sections.
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THEOREM 4.11 (Oka [48)]. Nishino [40]). Let € be a pseudoconcave set in a do-
main D in C". Then the analytic derived set €' is also a pseudoconcave set in D.

PROOF. From the definition of analytic derived sets, £ is a closed set in D.
Fix :® € £'. It suffices to prove that D\ £ satisfies the continuity theorem of type
B at z¢. For simplicity we may assume that :° is the origin 0 in C". We fix a set
BCC?=C, _, xC., of the form

“n=-1
B lzamy +rP+ [zl > zaa 4zl <p

and we consider the set

B:z=0(=1,...,n-2) (2n-1.20) €

in C". Our goal is to show that B¢ D\ £'.

‘We remark that the content of the theorem is similar in spirit to that of Theorem
4.2 (Levi's theorem). Indeed. the method of proof will be similar to that of Theorem
4.2.

For the sake of obtaining a contradiction. we assume that B C D\E&'. Recalling
the proof of Theorem 4.2, we see that it suffices to deduce a contradiction under
the assumption that. if we let I denote the complex line

l:2;=0 G=1,....n-1)

in C", then the restriction of ! to any fixed neighborhood of the origin 0 in D is
not contained in the original pseudoconcave set £. Since B C D\ &', for any point
p € B we can find a neighborhood 4, of p in C" such that £ N4, is an analytic
hypersurface in 8, (possibly empty). We thus see that under our assumption about
1, for any py, p2 with 0 < p2 < p; < p, the set

EN{(0....,0,z0) : p2 < |2al S 1}
consists of a finite number of points in D. Thus we can choose n with p2 < n < py
and 6 > 0 such that
EN{(z1.....2a) i1zl €6 (G=1.oc.on=1) {zal =0} =0. (4.30)
We consider the open polvdisk A = A x I' centered at 0 in D, where
Ac:lyl<d G=1,...,n-1), T :zal <1

By choosing smaller values of é and 7). if necessary, we may assume that A C D. Set
&o 1= ANE. 1t follows from (4.30) that &, is a pseudoconcave set in w := A x C;, .
Fix a point a > 0 sufficiently close to z,-), =0 in C.,_, so that the set

“n-1
Zj=0(j=l,...,n—2), Zn-1 = a. IZ'.]SYI
is contained in BN A. Since B C D\ €', we can choose 8’ with 0 < ' < a such
that, setting
A': izl <8 (G=1...,n=2), |z, —a| <7

each fiber £'(z].... ,2},_,) of Ey over (21.... .2,,_,) € A’ consists of a finite number
of points in C;,. Since A’ is not pluripolar, it follows from Theorem 4.9 that &
is an analytic hypersurface in w. Hence &, = 0. which contradicts the fact that
0eANE =§,. O
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We will use the following lemma in the next section. Recall that for a subset
ein C", ez := {p € e | pisof type (B8) in e}. Let D be a domain in C". For
a = (ay,... ,a,) € D, r > 0 sufficiently small, b € C,., and p > 0, we let A.(a)
denote the polydisk centered at a with radius r in D C C" and we let ,(b) be the
disk centered at b with radius p in C,,.

LEMMA 4.9. Let D be a domain in C" and let F be a pseudoconcave set in
G := D x C,, such that each fiber F(z), z € D, is bounded in C,.. Let e be
a non-pluripolar set in D. Suppose there exists a point (a,b) € F' (the analytic
derived set of F) such that a € e3 and such that there exists a sequence of circles
¢ = {jlw-0b = p} (v = 1,2....) in C, with p, —» 0 (v — 00) such that
¢, NF(a) = 0. Then for each r > 0 and p > 0, there erists at least one point
Z' € Ap(a) Neg such that F(z') N~y,(b) contains infinitely many distinct points in
C..

ProOOF. The proof is by contradiction. Thus we assume that there exist r > 0
and p > 0 such that for each z € A,.(a) Neg, the set F(z) N+,(b) contains at most
finitely many distinct points in C,.. We take a sufficiently large integer v such that
the radius p, > 0 of the circle ¢, is smaller than p. We let 9, denote the disk
bounded by c,; then by hypothesis (8v,) N F(a) = 0. We can find rq > 0 with
ro < r such that (8y,) N F(z) = 0 for all z € A, (a). Let w:= A (a) X v, 2
polydisk centered at (a,b) in G. Since egN A,,(a) is not pluripolar, it follows from
Theorem 4.9 that F Nw is an analytic hypersurface in w. Thus, (a,b) € F’, which
is a contradiction. m}

The hypothesis in Lemma 4.9 does not imply that F'(a) contains infinitely
many distinct points in C,,. For example, let D be a domain in C, and consider
the pseudoconcave set F in D x C,, C C? defined as

F=|U{zw)|2€D, w=1/j}| U{(zw)|z€D, w=0}.  (431)
ij=1

Then (0,0) € ' and F'(0) = {0}, although each F'(z), z € D with z # 0 contains
infinitely many points in C,,..

4.5.2. Kernel of a Pseudoconcave Set. We now define higher order derived
sets of pseudoconcave sets in C" in order to generalize Theorem 4.9 as Theorem
4.12 below.

We let A denote the set of all ordinal numbers up until the first uncountable
ordinal Q.; i.e., AV is the set of all so-called countable ordinals. We will only need
the following properties of N:

1. N is a well-ordered set; i.e.,
(i) there is a total order relation on A, which we denote by <; i.e., <
is transitive, anti-symmetric. and, for any a,3 € N, either a < 8 or
B<La;
(ii) every non-empty subset S of A contains a minimal element; i.e., there
exists an element a € S suchthat a < B forall € §.
2. Each a € N has a successor, which we denote by a+ 1, in N, ie, a <a+1
and a + 1 < 8 for all a < 8. In particular, {0,1,2...} C N since 0 <1<
2<....
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3. For any increasing sequence {a,}, in N, ie.,
ay<az<...,
a:=sup{a, :n=1,2,...} exists and is a member of N.
4. For each a € N, define
Ha):={yeN |v<a},
which is called the initial interval determined by a. Then I(a) is at most
countable.

We note that A is not countable. We may divide A into two distinct parts N’
and N, where

N {a € N | there exists 3 € N such that a = 3 + 1},

N = N\N.
The elements belonging to A are said to be successor ordinals. while the ele-
ments of N are said to be limit ordinals.

Let E be a compact set in C". We let E’ denote the usual derived set of E;
i.e., E’ is the subset of E consisting of all non-isolated points of E. We define E(®)
for each @ € N by transfinite induction as follows. First define E©® :=E. If0 < a
and E() has been defined for each v € I(a), then we define E(®) by:

(i) E@ :=[E®] ifa = 3+ 1 for some 3 < a, i.e., if a is a successor ordinal;

(ii) E©@ :={EM :y < a} =Nya) E? if @ is 8 limit ordinal.
It now follows that E(*) is well-defined for each @ € V. Each E®.a € N, isa
compact subset of E with E©@) ¢ E®) for 3 < a. We call
E®M .= N E® in C"
a€N
the kernel of the compact set E.

PROPOSITION 4.4. Let E be a compact set in C*. Then:
1. There exists a unique ag € N such that
(1) Et20) = E®) and hence EV) = E'?9) for all v € N with ag < 7;
(2) EC*Y 45 a proper subset of E®®) for each v € I(a¢):
(3) E=E®™Wy (U-,el(ao)[E(’) - E(“"“)]), and this is a disjoint union.
2. E is countable if and only if E®V = 0.

PROOF. The proof of (1), (2) and (3) in 1 follows from the fact that ag is the
smallest (i.e., first) element in A such that E(20) = Elao+!) which is easily proved
by the above properties about N

To prove assertion 2. we first assume that E(! = @, We have from (3) in 1,

E= U [E('” \ E(H»l)]_
1€l (av)
Now I(ag) is countable, and since E(*) \ EC+1) consists of the isolated points of
E®™ each E(™\ E(+Y js at most a countable set. Therefore E is countable.
To prove the converse, we assume that E¢) = E(a0) £ @ Then EYYV is a perfect

subset of E; i.e., E® has no isolated points. It follows from the Baire category
theorem in C" that E®) must be uncountable and hence E is uncountable. O
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We return to the case of pseudoconcave sets. Let D be a domain in C" and
let £ be a pseudoconcave set in G := D x C,. with the property that each fiber
£(z), z € D, is bounded in Cy. In order to define the analytic kernel £* of £
we first define £(®) for each o € NV.

We first set £ := £. Given a € NV with 0 < a, we assume that £0) has been
defined as a pseudoconcave set in G for each 4 € I(a). Then if a is a successor
ordinal, i.e., if there exists 3 € A’ with a = 3+ 1, we define

8(’0) = [8(3']'
(here A’ denotes the analytic derived set of a pseudoconcave set A in G). If a is a
limit ordinal, we define
ED =N :vy<a}= N EO.
~€l(a)

Using Theorem 4.11 and property 3 in 4.4.1, we see that £(®) is a pseudoconcave
set in G for each a € /. Note that £(@)  £(? for 3 < a. Finally. we call

EW = N £la)

a€N

the analytic kernel of the pseudoconcave set £.

PROPOSITION 4.5 (cf. Baire [1]). Let D be a domain in C" and let £ be a
pseudoconcave set in G := D x C,. with the property that each fiber £(z). z € D,
is bounded in C,.. Then there exists a unique ag € N such that

(1) £'ao) = €D and hence £ = £(20) for all v € N with ag < v;
(2) £+Y) is a proper subset of ) for each v € I(ap): and
(3) E=EMy (U.!el(o“)[ﬂ") - 8“*”]), and this is a disjoint union.

PROOF. The proof is similar to that of the preceding proposition. ]

In particular, from (1) it follows that £V is a pseudoconcave set in G which
satisfies [E!D) = W),

4.5.3. Oka’s Second Theorem. We now state and prove a result for a pseu-
doconcave set £ analogous to the second part of Proposition 4.4 for a compact set
E in C".
THEOREM 4.12 (Oka). Let D be a domain in C™ and let £ be a pseudoconcave
set in G := D x C,. with the property that each fiber £(z). z € D, is bounded in
C..
1. Suppose that £V = 0. Then each fiber £(z), z € D, is a countable set in
C... Furthermore, for any point p € £, there exists an analytic hypersurface
o defined in a neighborhood of p which is contained in £ and which contains
the point p.

2. If the subset e of D defined by

e={z € D | E(z) is a countable set in C,}
is not pluripolar, then £V = 0.

PRoOF. To prove 1, we assume that £/ = @ and we fix z, € D. Note that for
any pseudoconcave set A in G, we have [A(2zp)]' C A’(20) (here, on the left-hand
side we are taking the set-theoretic derived set of the fiber A(z): on the right-
hand side we are taking the fiber over 2, of the analytic derived set of A4). Hence
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[E(20)](@) c El®)(2) for each @ € N; thus £V (z) = [E(2)]* = @. It follows
from the second part of Proposition 4.4 that £(zg) is countable.

Fix p € £. From (3) of Proposition 4.5 we can find 2 v € I(ay) such that
p € £M\ E0+Y), Therefore there exists an analytic hypersurface o defined in a
neighborhood & in G such that p € 0 C £V C £: hence 1 is proved.

We prove 2 by contradiction. Thus we assume that £V % @. Let e3 be the set
of all points z € e of type (3). Thus es is a closed non-pluripolar set in D.

Fix z® € e3 and w(® € £(2(). Since £ = [£EV] and since the fiber
EM(29) c £(219) is a closed countable set in C,.. we can apply Lemma 4.9
with F=E®), g =200 b =w® r=1ry=1,and p = py = 1 to obtain =1} €
€3 N A, (2?) such that £EEV(z(V) N 4, (w?) contains infinitely many distinct
points in C,, (recall that 'y,,u(u,“’)) denotes the disk of radius p, centered at w(®).
We choose two of these points u. ) (11 =0,1), and we take disjoint disks Tor (u,m)
centered at w“) with radius p, whlch are contained in our original disk 4,, (w®);
ie.,

Yor (w57) V70, () =0 % () Ui, (w}”) €C 2 ().

For each g, = 0.1, we can again apply Lemma 4.9 with ¥ = €, ¢ =
Z0 b =wuw), r=r =1/2 and p = p; < 1/2. We obtain z¥) € e3NA,,(z(V)
and two distinct points wf?,’.,,, (#2 = 0.1). For each pu; = 0,1, we again take a disk
1,,,(w,(,2,) u,) centered at w,(ﬁ) 12 such that

2 2 (2
Yo (W) 09w ) =0, 7, (W) Uy, () €€, (D).

We inductively repeat this procedure to obtain the countable subset
= {EW,wd) L )EEM =12, pp=01; h=1,....1}
of £ which satisfies the following conditions:
(i) Each 2 (I =1.2,...) belongs to €3 and the limit 2!*) := Jim 2 exists;
hence z(*! € e3.
(ii) For each z(!) (I = 1.2,...), we can find 2! distinct points wll o (pn =
0,1; h=1,...,1) which belong to £ (z).
(iii) For each ! =1.2...., we can find 2 disjoint disks 'y“)(w,,, ) centered at

w,(.l,).....,‘, with radlus o (0 < pr <1/2') in C,, such that

) u) et @l L) (m=0.1).
Since £® is closed in G, the set K, of all accumulation points of K is contained
in £, By condition (i), K, lies over 2(*), and (iii) implies that the fiber K,(z(*))
is uncountable (in fact, its cardinality is equal to that of the real number system
R). This contradicts the fact that z(*) € e3 C e, since K)(2(*!) ¢ £(z(*)) and
£(z1") is countable. Consequently £(") = @, which proves Theorem 4.12. ]
We make a remark on 1 of Theorem 4.12. Part of the conclusion is that there

exists an analytic hypersurface o defined in a neighborhood 4 of p which is contained
in £ and which contains the point p; i.e..

o CENS.
If we assume the fibers £(z) are discrete, then we can get
ag=ENS.
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Precisely, let £ be a pseudoconcave set in D x C,.. If each fiber £(z). z€ D.isa
discrete subset of C,,., then for any point p = (zy, wg) € €, there exists an analytic
hypersurface o defined in a neighborhood of p such that o = £Né.

To verify this, fix p = (29, wq) € €. Since £(2y) is discrete, we can choose r > 0
sufficiently small so that the circle z = zg, jw — wg| = r does not intersect €. Since
£ is closed, we can choose 1 > 0 sufficiently small so that the intersection of £ with
the polydisk 6 : |z — z0| < 1, jw — wy| < r has the properties that

1. En{lz — 2| <n, |[w—wel=r1} =0 and

2. for |z — z9| < 1, the fiber £(z) is finite.

Applying Theorem 4.9 to £ N J, we conclude that £ N § coincides with an analytic
hypersurface o in 4.

If we only assume the fibers £(z) are countable but not necessarily discrete, the
conclusion is not true. For example, consider the pseudoconcave set F in D x C,,
from (4.31).

4.5.4. Thullen’s Theorem. Using analytic derived sets, we shall prove the
following theorem on analytic continuation of analytic sets.!?

THEOREM 4.13 (Thullen). Let £ be a pure r-dimensional analytic set in a do-
main D in C" (n > 2). Let F be an analytic set in D' = D\ . If each irreducible
component of F has dimension greater than or equal to r and if F can be analyt-
ically continued to at least one point of each irreducible component of €, then F
can be analytically continued to all points of €. and the closure F of F in D is an
analytic set in D.

PROOF. From Theorem 2.5 we may assume that F is pure r-dimensional and
that € is irreducible in D (but F need not be irreducible in D).

We first consider the case when r = n — 1; thus £ is an analytic hypersurface
in D and F is an analytic hypersurface in D’. Then S := £ U F is a closed.
pseudoconcave set in D (using 5 in section 4.4.1). Thus the analytic derived set S’
of S in D is contained in £. Since F can be analytically continued to at least one
point p of £, we can find a neighborhood & of p such that $'Né = 9. It follows from
6 in section 4.4.1 that S’ = 0. This means that F can be analytically continued to
all points of £ and implies that the closure F of F in D is an analytic set in D.

In the case when 1 < r < n — 1, we choose complex coordinates (zj,... ,2,)
which satisfy the Weierstrass condition at each point of £ and F (Theorem 2.3).
Fix a = (a,,... .a,) € £. We let D(a), £(a). and F(a) denote the sections of D,
€. and F over the (n — r)-dimensional plane z; = a, (j = 1.... .r). Then D(a) is
a domain in C""" =C,,,, x... x C,,, £(a) consists of isolated points in D(a),
and F(a) consists of isolated points in D(a) \ £(a). More precisely, ¥(a) may have
accumulation points in D, but these points will lie in £(a). We choose n > 0 and
then p > 0 sufficiently small so that, if we let A(q) = A¢,) x T4y denote the polydisk
centered at a in D given by

Ag): |lz;-a)| <p  (G=1....,7),
Fig): Jzk—ax| <9 (k=r+1.....n),

12This theorem was first discovered in the case of analytic hypersurfaces by P. Thullen [74).
In the case of analytic sets it was proved by R. Remmert and K. Stein [89). The proof given here
is due to K. Kato [33]. See also W. Rothstein [64].
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then £(a) N T, consists of only one point (a,;).... .a,) and
A X OT@)NEVF) =
We set
g(a) =& nA(.,,, f(a) = fﬁA(a).

In each complex plane C, (k =r+1.... ,n), welet I'f,) denote the disk |2x —ax| <

7 centered at ay, i.e., ['(q) = I‘(a) - X I‘E:,’ and we define the polydisk

k
A(a) = A(a) X r(a)

centered at (a),....a,,ax) in C*!' = C,, x --- x C;_ x C,,. For each k =
r+1,...,n. we have

[AG) NAT! x - x T x - x TN (EUF) =

(where A means that we omit A). From Proposition 2.3 it follows that the projection
EL,, of the analytic set £ onto Af,, is an analytic hypersurface in Af,. By
taking a linear coordinate transformation which is sufficiently close to the identity,
if necessary, we may impose the assumption (*) that there exists at least one point

i = (2]....,27) on each irreducible component .7-',’0) (J = 1.2,...) of Fi4) such
that (z1,...,2},2)) ¢ 8(’;) for each k = r +1,... .n. The projection Ff, of the
analytic set F(g) in A(q)\E(a) Onto Af,) is an analytic hypersurface in AE)\EE, (tobe
precise, the non-empty set .7-'(’;, \&(a) is analytic in A(4) \ &4)). We note that if F,)
can be analytically continued to all points of £,). then each F¥ w (k=r+1,...,n)
can be analytically continued to all points of 8(", The converse is also true under
the assumption (*) from the definition of an analytic set (cf. Theorem 2.2). Hence,
using the case when r = n — 1, we see that if F(,) can be analytically continued to
at least one point of 8(.,), then F(4) can be analytically continued to all points of
E(a) in A(q). Thus if we set

& = {z € £ | F can be analytically continued to the point 2},

then & is a non-empty open subset without relative boundary in £. Since € is
irreducible, we have £ = £. Thus the theorem is proved in the case when 1 < r <
n-1. O

Isolated essential singular points Let D be a domain in C". Let £ be an
analytic hypersurface in D, and let f(z) be a holomorphic function in D\ €. Fix
p € €. If f(z) cannot be extended holomorphically or meromorphically to p, then
we say that p is an essential singular point of f(z). If £ is irreducible and if at
least one point p of £ is an essential singular point of f(z), then all points of £ are
essential singular points of f(z). This fact follows immediately from Theorems 4.1
and 4.2. Moreover, we have the following result.

COROLLARY 4.2. Let £ be an irreducible analytic hypersurface in a domain D
in C™ and let f(z) be a holomorphic function in D \ €. Assume that f(z) has at
least one essential singular point p on €. Then for any complex number a € C,
with at most one ezception, the analytic hypersurface defined by

Se := {z2€ D\E: f(z) =a}
cannot be analytically continued to any point of £.
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PROOF. We prove this by contradiction. Hence assume that there exist at least
two distinct complex numbers a; (i = 1,2) such that there exists at least one point
b; on £ to which S,, can be analytically continued. Thullen's theorem implies that
the closure T; of S5, in D is an analytic hypersurface in D. Therefore, f(z) is a
holomorphic function in D\ [€ U X, U I3) which does not attain the values a, or
a;. By Picard’s theorem for one complex variable, f(z) can be holomorphically
extended to D \ o, where o is the analytic set of non-regular points of £ U X, UX;
in D. Since dim o < n - 2, it follows that f(z) is holomorphic on all of D,
contradicting our assumption. a






CHAPTER 5
Holomorphic Mappings

5.1. Holomorphic Mappings of Elementary Domains

In the theory of functions of one complex variable. conformal mappings and
conformal equivalence play an important role. We will analyze the analogous no-
tions in several complex variables.

Let D, and D, be domains in C". If there exists a one-to-one holomorphic
mapping from D, onto D;. then we say that D, and D, are biholomorphically
equivalent. In one complex variable. the Riemann mapping theorem states that
all simply connected proper subdomains of C are biholomorphically equivalent to
the unit disk. However, in C™ for n > 2, the unit polydisk is not biholomorphically
equivalent to the unit ball. This was discovered by H. Poincaré [60]. We give a
proof of this fact by elementary methods in the next section.

5.1.1. Schwarz Lemma. We first extend the Schwarz leinma of one complex
variable to the case of several complex variables. Let D be a domain in C" (n > 2)
which contains the origin 0. If the intersection D N! of D with a complex line {
passing through 0 is always a disk in [ centered at the origin. we say that D is of
disk type with respect to 0 or that D is completely circled with respect to
0. Equivalently. this means that whenever (z).... .z,) € D. then {(tz1,... .t2,) |
[t| <1, t € C} C D. For example. balls. polydisks, and, more generally, complete
Reinhardt domains are of disk type about their centers.

Let D be a domain in C*. Fix r > 0 and consider the homothetic transforina-
tion T, of C" given by

T, : zj=r3 (j=1....n).
Setting
D" = T,(D).
we have that D'") is a domain homothetic to D with ratior. Let A = (a ik )jk=1....m
be a non-singular matrix and define
Sa:z=(21.....2,) €EC" = 2' =(21.....2,) = Az € C".

If D is a domain in C" of disk type about the origin 0. then S4(D) is also of disk
type about 0. and clearly S4(D")) = S4(D)"? for any r > 0. If A is a unitary
matrix. we call S4 a unitary transformation of C".

We prove the following generalization of the Schwarz lemma.

LEMMA 5.1 (Schwarz lemma). Let D be a domain in C" which is of disk type
about the origin 0. Let f(z) be a holomorphic function in D with f(0) = 0. If
|f(z)] £ M on D, then for any0<r <1,

[f(z)l < Mr  for z € D',

47
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PROOF. Let 0 < r < 1 and let z0 € D{"’, We want to show that |f(z%)] < Mr.
By use of a unitary transformation of C" we may assume z° = (z{.0,...,0).

Let | be the complex line ! : 2, = --- = z, = 0 and set D, := DNI. We regard
D, as a disk centered at z; = 0 with radius R > 0 in C.,. We restrict f(z) to D,.
and set

#(z1) := f(2,0,... ,0), 2y € Dy.

Then |¢(21)] < M on D, and ¢(0) = 0. Since |2¥| < rR, it follows from the
Schwarz lemma in one complex variable that é(z{)| < M|}z9| < Mr. Thus |f(z")] <
Mr. O

Using this lemma, we will deduce the following result.
THEOREM 5.1 (Poincaré). In C® for n > 2, the ball
Q : [zl = 1af + - 4zl <1
and the polydisk
Azl <1 (Gj=1,....n)
are not biholomorphically equivalent.

PROOF. For the sake of obtaining a contradiction, we assume that there exists
a one-to-one holomorphic mapping T from Q onto A. Composing with a linear
transformation
2 =2"%
J 1-a, 525
which maps the unit disk 4; in C., onto itself. we may assume that T'(0) = 0. We
shall prove that

(G=1....,n)

T(QM)=Al7 for any0<r< 1. (5.1)

Set
T: z2€Q@-w=(fi(z),....fa(2)) € A.
T ' :welA-z=(gi(w).....g.(w)) € Q.

Fix 0 < r < 1. Since |f;(z)] €1 (j = L....n) in @ and f,(0) = 0. from the
Schwarz lemma we obtain that |f,(z)] < r in Q). and hence T(Q"') c A",
Conversely, let w® € A() and let 20 = T-!(x?). We take a unitary transformation
¢ = So(z) of C™ with S5(2%) = (¢?.0,....0): thus ||z°|| = [(|. We consider the
holomorphic mapping

¢ =S0oT ' (w) = (a1 (w).... .6u(w))

from A onto Q. Note that ¢, (w®) = ¢?. Since |¢,(w)| < 1 on A and ¢,(0) = 0,
again using the Schwarz lemma we see that |¢, (w°)| < r. and hence ||z°|| < r. Thus,
2° € Q7). We obtain (5.1). The boundary of Q(" is smooth everywhere; this is not
the case for the boundary of A("). This contradicts the fact that T(8Q(")) = dA("),
which follows from (5.1). O

REMARK 5.1. Using a similar proof, we obtain the following fact. Let D be a
ball or a polydisk centered at the origin 0 in C". Let ® be a holomorphic mapping
from D into D such that $(0) = 0. Then ®(D'"}) ¢ D" for each 0 < r < 1. Thus
if & is a one-to-one holomorphic mapping from D onto D such that ®(0) = 0. then
®(D'"') = D'") foreach 0 < r < 1.
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5.1.2. Automorphisms of the Polydisk. Let D be a domain in C". A
one-to-one holomorphic mapping from D onto itself is called an automorphism
of D. The set of all automorphisms of D forms a group under composition, which
we call the automorphism group A(D) of D. In this section we determine the
automorphism group A(A) of the unit polydisk A : |2/ <1 (j=1,....n).
Given a = (ay,... ,a,) € A. we define the component-wise linear fractional trans-

formation
3 —a

To) : 2. =
(@) J l—ﬁij

Given 0 = (6,.... .0,) € R", we have the rotation
R : zj:e‘o"zj (@®=-1:j=1,...,n).
Given a permutation (k) = (,17" '8 ) of (1,... .n). we define

Py : Zy=2z, (j=1....n)

Clearly these linear fractional transformations, rotations and permutations are ele-
ments of A(A). and we have 7' = T(_q). Ry} = R(-g) and P} = P(x-1). where
& = ().
We have the following theorem.
THEOREM 5.2. A(A) is generated by the elements T ,), Rg) and Py;,.
PROOF. Let T € A(A) and let T(0) = a. Setting T\ := T,y o T € A(A). we
have T;(0) = 0. We write T) : w; = f;(z) (j = 1,....n). By 1 of Remark 5.1,
Ti(A™M) = Al") for each 0 < r < 1. Hence
(1) T1(8A") = 8A™. and
@ (D sr@G=1,...,n)in AN,
We set Aj := {|z;] < 1} and Af,-" ={l5l<r}(F=1....n). FixO<r<1.
Since (r,0....,0) € A", (1) implies that Ty(r.0.... .0) € AA!™. In addition,
since
r " r) (r) (r)
A = YA x - x (84 x .- x AL,

i=1

there exists k) (1 < ky < n) with |fi,(r.0.... ,0)| =r. Since |fi,(2),0....,0)] <1
for 2y in A, and fi, (0) = 0. from the one-variable Schwarz lemma we conclude that

(3) fh (21,0,-. ..0)= 8'0'21 for 2; in A,
where 0, is a constant with 0 < 8, < 2. Fix 20 € A, and set
A ={2 =(22....,20) | |5] <120l (= 2.....n)}.
We set
#(2') == fu,(2).22.... .2a) DAY},

so that {¢(2')] < |z0| (from (2)). Using (3) we conclude that o(z’) attains its
maximum modulus |20} at z’ = 0. Thus o(z’) is constant on A?_,. and hence

.fk,éz?,zg?... 12n) = €e%20 in AY_,. Since z{ € A, was arbitrary, fi,(z) = e z,
in

Similarly, for each j = 1,...,n, we can find an integer 1 < k; < n and a
constant §; with 0 < 6; < 2 such that

wk,=fk,(2)5€‘0’2j (j=l,....n).
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Set (6) := (61.....6,) and (k) := )"k ). Then Ty = Py, 0 Ryg). so that
T= 72_0) OP()‘) o R(g). C

5.1.3. Uniqueness Theorem. In this section we prove a uniqueness theorem
of H. Cartan [8] for holomorphic mappings of bounded domains in C*. We then
give some applications of this result.

THEOREM 5.3 (Cartan). Let D be a bounded domain in C" (n > 1) containing
the origin 0. Let

T : z=(21,....2p) = w=(f1i(2)....,fu(2))

be a holomorphic mapping (not necessardy one-to-one) from D into D with T(0) =
0. Assume that

x
(@) =%+ fu(z) (G=1....n) (5.2)
=2
near : = 0, where f,, is a homogeneous polynomial of degree v > 2. Then T is the
identity mapping.

PROOF. For the sake of obtaining a contradiction, we assume that T is not
the identity mapping. i.e.. f;.(z) # 0 for some 1 < j < n and some v > 2. For
j =1.....n, let v; be the smallest integer greater than or equal to 2 such that
fiw,(2) # 0. Since T(D) C D, we can consider the iterates T’ =To..-oT of T
forl=1,2..... These all map D into D with TU'(0) = 0. We write

TV : 2= (z.....20) » w=(fP).... . fI(2)).
Since D is bounded. for each j = 1.... .n the family of holomorphic functions
F={"e) =12}

in D forms a normal family.
However, a simple calculation using (5.2) yields

@) =2, +1f) (2)+ Fn(z) (j=1.....n)

near z = 0. where F, ;,(z) consists of sums of homogeneous polynomials of degree
> v; + 1. Since f;_‘lj(z) # 0 for some 1 < j < n and some v; > 2. this contradicts
the normality of the corresponding family ¥, in a neighborhood of = = 0. ]

REMARK 5.2. Let D be a bounded domain in C" and fix :° € D. We consider
the isotropy subgroup Ay(D) of the automorphism group A(D) of D consisting
of the elements T € A(D) which fix z,: i.e., T(z%) = 2°. Cartan’s theorein imnplies
that each T € Ay(D) is uniquely determined by its Jacobian matrix at z".

As an application of Cartan’s theorem, we prove the following.

COROLLARY 5.1. Let Dy, D, be bounded domains of disk type with respect to
the origin 0 in C". Let  be a biholomorphic mapping of D, onto D- with {(0) = 0.
Then ( is the restriction to D, of a linear transformation of C™.

PRrOOF. Given 0 < 0 < 2%, we consider the rotation

R : z;=e‘”z, (F=-1:j=1.....n).



5 1. HOLOMORPHIC MAPPINGS OF ELEMENTARY DOMAINS 151

Since D, is of disk type with respect to the origin, Ry, is an automorphisin of D,.
The same is true for D, and R(_g). Therefore,

¢":=R_g)o( ' o R 0¢

is an automorphism of D, with {*(0) = 0; moreover, if we set {*(z) := (fi(2).....
fa(2)). then each f;(z) (j =1,... .n) is of the form

fj(z) =2+ Zf].u(z) (] =1.... ,n),

r=2

where f;, is a homogeneous polynomial of degree v > 2. Since D, is bounded in
C", it follows from Cartan's theorem that ¢* is the identity mapping on D,. We
thus have

COR(O) =Rgo( for all0 <8< 2m.
It is easy to see that this implies that ( must be a linear mapping of C". m)

REMARK 5.3. The proof shows that the same conclusion is valid for any boun-
ded domains D; (i = 1,2) in C" such that .A(D,) contains all rotations R (0 <
8 < 27). As a simple application we see that a complex ellipsoid

n
E: Zajlzjl"’ <1,
=1

where a;j, v; > 0 (j = 1.... .n). is biholomorphically equivalent to the unit ball Q if
andonly if v; =2 (j = 1.... ,n). In fact, assume that there exists a biholomorphic
mapping T of £ onto Q. We may assume T(0) = 0 by Remark 5.4 (which will
appear after Theorem 5.4). Thus, T is a linear transformation of C". and hence
T(8€) = Q. By a simple calculation, this implies v; = 2 for each j = 1..

5.1.4. Automorphisms of the Ball. In this section we determine the au-
tomorphism group A(Q) of the unit ball Q : °"_, |z;|> < 1. First of all. we let
A = (@,k)j.k=1.....n b an n X n unitary matrix. Then

Saiz=(21..0-20) = 2 = (2).....2}) = Az

is a unitary transformation of C". Clearly S1 € A(Q) and (S4)~! = §,-1. Next
we let @ be a complex number with |a| < 1. For each 1 < j < n, define

Ti ,_z,-—a l_V |a'|

“:z'_l—ﬁz,’ 5n=-qC 2z Tz ((#I).
We note that T3(0.... .0.a.zi41.... ,zn) = (0....,0.0, z,*,.... .,,) In particu-
lar. T!(a.0,... .0) = (0.... .0). Clearly T € A(Q) and (T2)-' = T,

THEOREM 5.4. A(Q) is generated by S1, A unitary, and T, la|] < 1, i =
1,....n.

PROOF. Let T € A(Q). Composing T with a finite number (at most n) of
the mappings T;, (i = 1,...,v: v < n) (or composing T with an S4 and a To).
which we denote by F. we can form an automorphism T := Fo T € A(Q) with
f’(O) = 0. Applying Corollary 5.1, we conclude that T is a linear mapping of C".
Since T'( Q) = Q. it follows that Tisa unitary transformation S4 of C". Hence
T=F1'084. O
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REMARK 5.4. Let D be a domain in C" (n > 1). If for any two distinct points
p.q in D there exists an automorphism T of D such that T'(p) = g. then D is called
a homogeneous domain and A(D) is said to act transitively on D. As shown
above, the ball and the polydisk in C" are homogeneous domains. In C, every
simply connected domain is homogeneous. This is no longer true in C" if n > 2.

For example, in C? with variables z and w, we consider the domain
D : |zu] <.

Then D is simply connected, and every automorphism T of D satisfies T(0.0) =
(0.0). Forlet T : (z,w) — (2. ¢') := (f(z.w).g(z.w)). If we set F(z) :=
f(2,0)g9(2.0) for z € C.. then F is an entire function in C, with |F(z)| < 1.
Thus, F(z) = a (constant) in C.. We claim that a = 0. For if not, under T the
2-axis w = 0 is mapped into the set z’u’ = a # 0 in a one-to-one fashion. This
is impossible, since the set z’u’ = a is not simply connected. Therefore a = 0,
which means that f(z.0) = 0 or g(z.0) = 0 in C; (note that we can't have both
f(2.0) = 0 and g(z,0) = 0. since if we did we could have T(z.0) = (0.0). contra-
dicting the fact that T is an automorphism). Thus the z-axis u: = 0 is mapped by
T onto either the z'-axis or the w'-axis. In a similar manner, either f(0,w) =0 or
9(0,w) = 0 in C,.. and it follows that the u-axis z = 0 is mapped by T onto the
u’'-axis (if f(z,0) = 0) or the 2’-axis (if g(z.0) = 0). In either case. since if we did
we could have T(0.0) = (0,0) and D is not homogeneous.

Indeed. if D C C". n > 2, is a bounded domain with smooth boundary and if D

has a transitive automorphism group .A(D), then D is biholomorphically equivalent
to the unit ball Q. This is a result of J.-P. Rosay {63).

5.2. Holomorphic Mappings of C"

There are many interesting phenomena concerning holomorphic mappings of
C" for n > 1 which do not occur in one complex variable. In this section we
discuss certain holomorphic mappings of C" which were studied by Poincaré and
Picard (see Picard {57]).

5.2.1. Transcendental Entire Mappings of Poincaré —Picard. In this
section, we consider polynomial mappings of C" into C", i.e..

Tp : ;= Py(21,... .20) G=1.....n).

where each P;(z),....2,) (j=1,...,n) is a polynomial in z,,... . 2,. We assume
that P;(z).... .z,) is of the form

Pi(z)=a,zj +pj(21.....20)  (G=1....n),
where

(1) la;l>1(=1,....n);
(2) pi(z1s.--v2n) = T02y fiw(zre.s20) (G = 1.....n), where f,, is a ho-
mogeneous polynomial of degree v > 2: and
(3) foreach j = 1,... ,n and nonnegative integers k... ,k, withky+---+k, >
2. we have
f‘ ...aﬁ"‘ # a;.
We write a := (@)....,a,) and az := (a)21,... .@n2,).
We have the following proposition.
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PROPOSITION 5.1. Given a polynomial mapping Tp : 2} = Pj(z1.... .20) (j =

1.....n) satisfying (1), (2) and (3), there erist n entire functions F;(z) (j
1....n) in C™ which satisfy the simultaneous functional equations
Fj(az) = P;(Fi(2).... . Fq(2)) G=1....n) (5.3)
and are of the form
Fi(2) =2+ Fiu(a.....2n) (j=1....n), (5.4)
v=2

where F;, is a homogeneous polynomial of degree v > 2. Furthermore, the F; are
unique.

Using the entire functions F;(z) (j = 1,... ,n), we form the holomorphic map-
ping
Sr : 2y=Fj(a1.....20) (j=1....n)
of C". This is called the Poincaré-Picard entire mapping of C" associated to
the polynomial mapping Tp of C". It satisfies

Sr(az) = Tp o Sp(z) in C". (5.5)

We note that if P(z) is of degree at least 2, i.e., the degree of at least one P;(z)
(j = 1.... .n) is greater than or equal to 2, then S is a transcendental mapping
of C".

REMARK 5.5.

1. Let T : zj; =Qj(z1,... :2a) (j = 1,... ,n) be a polynomial mapping with
Tp(0) = 0 and let Jr,(z) = AQ).... .Qn)/3(z1,--. ,2x) be the Jacobian
matrix of Q at z € C". If Jr,(0) is diagonalizable and has eigenvalues A;
(j =1,...,n) with [A,| > 1(j = 1,... ,n), then the polynomial mapping Tq
satisfies (1). (2) and (3) at z = 0 (after a coordinate change to diagonalize
Jr,(0)).

2. Eq‘:lation (5.5) for Sr may be regarded as a generalization of the type of
relation certain transcendental entire functions satisfy in the complex plane.
For example, if we set z’ = P(z) = —423 + 3z in C and take a = 3. then the
unique solution F(z) of the equation F(az) = PoF(z) with F(z) = z+0(z?)
is F(z) =sinz.

In this section we will use the notation
A, :|zl<p (=1...,n)
for the polydisk centered at the origin : = 0 with radius p > 0, and for a =
(a1,... .a,) € C" with a; # 0 we write
AGY szl < pflel  (G=1,....n).
Finally, if g is a holomorphic function in a neighborhood of the origin, we write
9(2) = g2(2) + o(]2*)

to signify that the Taylor series expansion of g about the origin contains neither
constant nor linear terms; g2(z) denotes the quadratic terms. To prove Proposition
5.1 we need two lemmas.
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LEMMA 5.2. Let () be a holomorphic function in A, with 2(z) = po(z) +
o(|z|?). Letja;|>1(j=0.1.....n) and let a = (a1.... .a,) € C" satisfy
a'l" covakn £ ay (5.6)
for all integers k; > 0 (j = 1.....n) such that 37_| k; > 2. Then there ezists

a holomorphic function g(z) in the polydisk A, with g(z) = g2(z) + o(|z|?) which
satisfies the functional equation

g(az) = apg(z) + ¢(2) in ALY (3.7
Furthermore, there erists a number k > 0, depending only on a, (j =0.1.... .n).
such that if |2(z)| < M in A, then

lg(2)| < kM in A,
The function g with these properties is unique.
REMARK 5.6. We will see from the proof that we can take. for example,

1

3 k

k= .
al ...an" —aq

Ky ek, 22

< .

PROOF. Let g(z) be a holomorphic function in the polvdisk A, with g(z) =
g2(z) + o(|z]?). and consider the Taylor series expansions of (z) and g(z) about

=

- Lk ks,
o(z) = Z Chy.o ko3t 2
kytoobhn 22
~) = k ko
g9(z) = Uk, ke, 2L 2R
Kyt aka 22

Assume that g(z) satisfies the functional equation (5.7). From condition (5.6) we
obtain

C,
Uy ke = (5.8)

k k.
a|‘ ERRY A 1)

provided 3-7_, k; > 2. Since |a;| > 1 (j = 1.... .n). the infinite series

k:= Z

ky otk 22

1
at' ...aﬁ" —ag

is convergent. Also. since |¢(2)| < M on A,, the Cauchy estimates give

A
leky.... kol < P

Thus for any z € A,

ok K
lg(z)] < [uky.... k021" o 2
ky+-eky, 22
_ Cky,... ko Sk _:k..l
= ki ke _ “1 n
kisthka>2 B @n" — Gn
1
S M Y | =M
Kyt k2 ay @, — Qg
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We conclude that if we now define
Cky.... .kn k k
g(z) := Z ke gk gk,
P A
then g(z) is a holomorphic function in A,; |g(z)| < kM in A,; and g(z) satisfies

the functional equation (5.7) in the polydisk AS™") centered at 0. The uniqueness
of g(z) follows from the uniqueness of the Taylor series coefficients (5.8). a

LEMMA 5.3. Let ¥(z,Z) be a holomorphic function in a polydisk A x A cen-
tered at (0,0) in C" x C" such that the Taylor series expansion of y(2,Z) =
¥(z15.-- +y2n,Z1y-.- 1 Zn) about the origin contains neither constant nor linear
terms. Then, for each p > 0 with A, CC A, there ezists a number A\, > 0 such
that

n
(2, Z) — 9(2, W) < Ao 3125 = Wj|  for (2,2,W) in A, x A, x A,
j=1
Furthermore,
lim A, = 0.

p—0

PROOF. Fix p > 0 with A, CC A. We observe that
n
2o 2 = W Wi = S (20 WIIZYL - 2w W
i=1
thus writing out the Taylor series expansion of ¥(z,Z) — ¥(z, W) about the origin
in C® x C" x C", we obtain n holomorphic functions H;(2,Z,W) (j = 1,... ,n)
in A, x A, x A, such that

¥(z,2) - (2, W) = ) _(Z; - W;)H;(2,2,W)

=1
in A, x A, x A,. Thus if we set

Y= B (@ Z ) Ha(2Z,0)]} < 00,

then we have .
(2, 2) - w(z, W) <A, Y125 - Wl

j=1
in A, x A, x A,. Since ¥(z, Z) contains neither constant nor linear terms, we have
that H;(0,0,0) =0 (j =1,...,n). Consequently, lim,_.o A, = 0. ]

PROOF OF PROPOSITION 5.1. The first step is to find a solution Fj(2) (j =
1,...,n) of the functional equation (5.3) valid in a certain polydisk centered at 0.
We write

Pj(z) = az; +pi(2), Fj(z)=2z+f;(z2) (i=1,...,n),
where neither p;(2) nor f;(z) contains constant or linear terms. We also define
p;(Z,Z) :=p1'(z| +2Zy,...zn + Zn) (] =1,... ,n),

which is a polynomial in C?" with neither constant nor linear terms in the variables
21y-+. y2n, 21, .. y Zn. From a direct calculation we see that the functions Fj(z)
( = 1,...,n) defined in a polydisk A, satisfy the functional equation (5.3) in



156 5. HOLOMORPHIC MAPPINGS

Af,") : |z;] < p/laj| (j =1,....n) if and only if the functions f;(z) (j =1,... .n)
satisfy the functional equation
fi(az) =a,f;(2) +p;(2.f(2)) (j=1.....n) in agh, (5.9)
where f(z) := (fi(2)...., fa(2)).
Thus we look for functions f;(2) (j = 1....,n) defined in a certain polydisk

A, which satisfy (5.9) in the polydisk Af,_”. To do this. we use the method of
alternation. We set

k:= max E
J=l...n
ky 44k, 22

From Lemma 5.3 we can find a sufficiently small polydisk A, centered at 0 in C"
and a constant A, > 0 such that

1

a'l\'l .”aﬁn —aj

} < . (5.10)

n

[p;(2.2) — p; (2. W)| < APZ |1Z;j =W} (i=1....n) inA,xA, x4,

j=1
and such that
kn), < 1/2.
Furthermore, we may also assume that
[p;(2,0)} < p/(2kn) (J=1....n) inA,.

since p;(z. 0) contains neither constant nor linear terns.

We begin by setting

f;"(z)EO (G=1.....n) in A,

Then for v > 1, having determined holomorphic functions f; “Y2) (j=1.....n)
in A, such that each f/~' contains neither constant nor linear terms. we define
holomorphic functions f}'(z) (j = 1.... .n) containing neither constant nor linear
terms in A, in the following manner. We let f*~'(z) := (f{"'(2).... . fs~}(2)).
and for each j = 1,...,n. we apply Lemma 5.2 to p(z) := p}(:,f""(z)) and
ag = a; to find a unique holomorphic function f}(z) in A, such that

fr@z) =a;f/(2) +p}(z.f*7}(2z)) (J=1,....n) inAY. (5.11)
It follows that we have now inductively defined a sequence of analytic mappings

fr(2) = (fY(2),--. , f2(2)) (v = 0,1,...) on A,. To verify the first step of our
proof, using (5.9) and (5.11) it suffices to prove that the sequence of holomorphic

functions {f_;’ }u=1.2.... converges uniformly in A, for each j = 1,... ,n. To do this,
we shall show that
If5(2) - f17 Y2l <p/2" (v=1.2,...:j=1....n) inA, (5.12)

Indeed, using Lemma 5.2, for z € A,
1£3(2) = £(2)1 = 1£} (2)1 < & max 1p}(2,0)1 < k- p/(2kn) < p/2,
which proves the case v = 1 of (5.12). Now we assume that
Ifz) - f7 ) < p/2* (1<p<wij=1....n) inA,

In particular, we have |f¥(2)| < p (j=1,....n) in A ie. fA(2) €A, (1 S pu <
v).
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-1

From (5.9), for z € A},’” we have
£y (a2) - f7(a2) = a;(f7*1(2) = f7(2)) + {p} (2. f*(2)) - pj (2, f*~"(2))}-
Thus if we set
gi(z) = frN2)-f(z) in A,
v;j(2) p;(2,7(2)) = pj(2. f*7'(2)) in A,
then g;(z) (j = 1,... ,n) satisfies the functional equation

g;(az) = a;g;(2) + ¢j(z) in Af,‘”,
where |aj| > 1 and ¢,(z) is a holomorphic function in A, with neither constant nor
linear terms. It follows from Lemma 5.2 and (5.10) that

lg;(z)| < k (z"éi’f, I~p,—(z)[) in A,.

Therefore, for any z € A,

4 2) - f12) < k(;ggnilp}(zef"(z))—PE(ZJ""(Z)”)
kX, max (2; THEE f,-"“'(Z)l)

kXS p/2"
i=1

kXonp/2¥ < pj2v*t.

Thus (5.12) is verified and {f}(z)}.=1.2... (j = 1,... ,n) converges uniformly to a
holomorphic function fj(2) in A,, which satisfies equation (5.9). Our first step is
proved.

We now set

IA

IN

F(z) = (Fi(2),... , Fa(2)),
where
Fi(z)=2;+ f;(z) (G=1,...,n)in4,
and
Sr: z€ A, ~w=F(z) e C".
From the first step, we have
Fj(az) = Py(F\(2),... ,Fa(z)) (j=1....,n)in A{D. (5.13)

For the second step we now want to show that F(z) has a holomorphic extension
to all of C". To this end, we consider the linear automorphism 7, of C" defined
by

T,: zj =a,z; G=1,...,n).
The functional equations (5.13) in AL™" are equivalent to
SroT,=TpoSr in ALY (5.14)
Now forl =1,2,... we set
A gl <pflal' (G=1.....n),

AP o izl<lalp (i=1,....n),
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which are polydisks centered at 0; note that as | — oc, the polydisks A}',' ! shrink to
the origin while the polydisks Af,” increase to all of C". Noting that (T;')!(4,) =
Af,'”. we iterate (5.14) [ times to obtain

SpoT,=ThoSr in ALY (1=1.2,...). (5.15)

On the other hand. since the right-hand side in this equation is defined in A, and
since (T, ')‘(Ag )) = A,. we can extend the domain of definition of S¢ from A, to
Af,’ ) by use of the equation

SF(z) =TpoSro (T, ') (2). zeAl.

From (5.15), it follows that this extension of S is independent of { = 1.2..... Since
lim;_ Ag) = C", Sg(z) is thus a holomorphic mapping on all of C*. Furthermore,
Sr satisfies the equation Sg o T, = Tp o Sr in C" (this may be proved directly or
by using analytic continuation). This finishes our second step of the proof.

Finally, we must verify the uniqueness of Fj(z) (j = 1..... n) satisfving the
conditions stated in Proposition 5.1. To do this. it suffices to show the following. Let
le;1 > 1 (j = 1,... ,n) satisfy condition (3). i.e., 2:1’," co-akv #a, (j=1.....,n),
and let p;(z, Z) be a polynomial in C" x C" with neither constant nor linear terms
in z1....,20,21.... ,Z,. Then the holomorphic functions f;(z) (j = 1,... ,n)
defined in a polydisk A, centered at 0 which satisfy the functional equations (5.9)
and which contain neither constant nor linear terms are uniquely determined by a;
(G =1,...,n)and pj(2,2) ( = 1,... ,n). Indeed. for j = 1,... .n, writing the
Taylor series development in A,, we have

= (J? k k
fi(z) = Vi ka2 20"
Kyt ka2
L4 — (j) 1 { m
pj(z,Z) - Z Cll..“.l,..nu.....m,‘zl EEE NP AEEEP A
y 4+ 41,
+my+ s mg 22

Using (5.9), we have

ky k (2) k k
Z (ar'+--ay" —@;)v g ozt zt
ky+-t+ka22

— {2) (SR §
- Z Cl].....ln.ml'u..mnz| o zn“

I+ vila

Hmie e 22 5.16
< (s W k)™ (510
Ky 4tk 22 Ykyo ka2 n

mp

(n) ky Ko

Xeee X Z Vkyoo ka1 7" 20 .
Ky+--+kn22

It suffices to prove that each 1-,("‘)._“*“ G=1l...,nus:=kh+...+k, 22)is
determined uniquely by a = {a; } j = 1,... ,n} and C,. where

C:={Ciy).

We verify this by inductionon s =k, +...+k, > 2. First ofall. let ky,... .k, >0
be integers such that k) +---+k, = 2. Then, by comparing the expressions for the

mo [+ tla+m+- - +my <s;i=1,....n}

cdpmy.,
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coefficient of z{1 . .. 2k~ we have

v:;:) {‘:‘ 0/(0 . -a) (G=1,....n).
so that the case for s = 2 is true. Next we let 5 > 3 and assume that each v;’ ,.“. rn
(ky +---+k, <s-1;j=1,...,n) is determined uniquely by a and C, | Then
for each j =1,...,n we compare the expressions for the coefficient of z}* -- - zX",

where k) + - -+ &, = 5. in equation (5.16). On the left-hand side this coefﬁcient is
(a¥r...a% —q; )vk ....k,,+ on the right-hand side we obtain a polynomial in

Cl(;'.)....l,..ml P L+ +la+m+---+m, <s
and
v ikt kaSs—1, i=l....n
This can be seen by noting that if one of the v, , for some i = 1.....n and

ky + .-+ kn > s occurs, then m, =1, lk—O(k—l ..n).and my =0 (h #1).
This contradicts 2 ~1(l; + m;) > 2. Therefore, l(J ) £ is uniquely determined
by a and C,. and the uniqueness of f;(z) (j = 1.. n) is proved. O

5.2.2. Bieberbach’s Example. Let Tp : z, = P(z) (j = 1.... .n) bea
polynomial mapping of C* (n > 1). If a point z € C" satisfies Tp(z) = z, then z
is called a fixed point of Tp. Let z° € C" be a fixed point of Tp and let

3(P.... P,
Jra(2) = Oz1e... 1 24)
be the Jacobian matrix of Tp in C". We let A, (j = 1,... .n) denote the eigenvalues
of Jr.(2%). If jAj] > 1 for j =1.... .n, we call z¥ a repelling fixed point of Tp.
If |]Ajl < 1for j =1....,n, we call 2 an attracting fixed point of Tp. In all
other cases we call 2° a loxodromic fixed point of Tp.

If 2 is a repelling fixed point of Tp, then we can find a neighborhood v of =" in
C" such that ¥ CC Tp(y). If 2y is an attracting fixed point of Tp. then we can find
a neighborhood v of 2 in C™ such that Tp(v) CC 4. For the polynomial mapping
Tp studied in section 5.2.1, the origin z = 0 is a repelling fixed point of Tp.

If a polynomial mapping Tp of C" is one-to-one from C" onto C", then we
say that Tp is a polynomial automorphism of C*. In the case n = 1, any
automorphism of C is linear. However. for n > 2 there are many polynomial
automorphisms of degree at least two.

Let

Tp : 5 =Pj(a1.....z,) (F=1.....n)
be a polynomial automorphism of C" such that P;(z) (j = 1.... .n) satisfies condi-
tions (1), (2), and (3) stated at the begining of section 5.2.1 (a specific example will
be given at the end of this section). We fix a polydisk 1° : |zj| < p (j =1.....n)
such that v° cC Tp(+"). We recursively define

41 .= Tp(")  (1=0.1,2....).
Since ¥/ cc 4'*! (1 =0,1.2....) and Tp is an automorphism of C",
I7, = lim4
=2

is a domain in C". We note that I'y;, does not depend on the choice of the initial
polydisk 4 as long as 1* cC Tp(19).
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We consider the Poincaré-Picard entire mapping Sy with respect to the above
polynomial mapping Tp; this mapping is defined via the equation

SFoT,=TpoSF in C".
We show the following.

PROPOSITION 5.2. The Poincaré-Picard entire mapping Sg maps C" onto the
domain I'r, in a one-to-one manner.

PRrROOF. By (5.4) we fix a neighborhood &° of the origin z = 0 such that Sr
is one-to-one on 4% and such that Sg(6%) = 4 (recall that we can start with any
polydisk v° such that ¥ cC Tp(~°)). Since

SpoT.=ThoSr InC"(l=12...), (5.17)

we have
SF(TIE®) =+ (=1.2...).

Since T} : 2€ C" - w = (a}21....,al, z,) and |aj| > 1 (j = 1,... ,n), we see
that the domains T?(4°) increase to C". Thus Sr maps C" onto the domain I'r,.

We show that S is one-to-one. For if not, there exist 2,2, € C™ with z) # 2,
such that Sp(z)) = Srp(z2). We fix an integer lp > 1 sufficiently large so that
if we let ¢; := T, '(z;) (i = 1,2), then (,.(2 € 6°. Then ¢, # (2. and hence
Sr(€1) # Sr(C2). Since TH(¢) = 2 (i = 1,2), it follows from (5.17) that

Sr(z:) = T 0 SF(.)-

Therefore, T,'A’ o Sp(() = ﬁ;’ o Sg(¢2), which contradicts the condition that Tp
(and hence T};’) is an automorphism of C". O

We now impose the following additional condition on the above algebraic auto-
morphism Tp of C": there exists another repelling fired point 2* # 0 in C". Thus
we can find a polydisk v* centered at 2* in C" such that v* CC Tp(q"). We define

T, »= lim Th(v"),

which is a domain in C". Furthermore, since Tp is an automorphism of C*, we
have I';,, NI, = 0. From Proposition 5.2, we see that the domain I'7,, in C"
is biholomorphically equivalent to C". We will give an example of a polynomial
automorphism Tp of C" which satisfies conditions (1), (2). and (3) (at z = 0)
stated at the beginning of section 5.2.1 and which has another repelling fixed point
z* # 0 in C". Thus we have the following proposition, which indicates another
major difference between C™ for n > 2 and C.

PROPOSITION 5.3. There ezists a domain D in C* (n > 2) such that D is
biholomorphically equivalent to C™ and such that C™ \ D has non-empty interior.

EXAMPLE 5.1. In C? with variables z and w, we set

To : 2/ w,
Pl o 224+ w(w-1)Q2uw-1) - w.

Then Tp is a polynomial automorphism of C? such that both (0.0) and (1,1)
are repelling fixed points of Tp with eigenvalues ++v/2 whose Jacobian matrix is
diagonizable at both points.
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5.2.3. Picard’'s Theorem. We consider a holomorphic mapping

T : w; = f,(z2) G=1....m)
from C" to C™ with m.n > 1. Wecall T : C® — C™ an entire mapping. We
call
Er:=C"\T(C")

the set of exceptional values of T. As a particular example. if S is an algebraic
hypersurface in C™. i.e.. § = {P(w) = 0} where P(w) is a non-zero polynomial in
w = (w],... .Wn,), and if S satisfies S C £p. we call S an algebraic exceptional
set of T.

In the case when n = m = 1, from Picard’s theorem in one complex variable. it
follows that £r consists of at most one point for anv non-constant entire function
T. In Proposition 5.3 we observed that in the case when n = m = 2, there are
examples of entire mappings T such that £ contains interior points.

Let T : C" — C™ be an entire mapping. If there exists an algebraic hypersur-
face T in C” such that T(C") C X. then we say that T is degenerate. In this case
we may assume that ¥ is irreducible in C". We shall show in Theorem 5.6 that if
T is non-degenerate, then the number of irreducible algebraic exceptional sets of T
is limited. This fact may be regarded as a generalization of Picard’s theorem in one
complex variable. To state the theorem. we first discuss the following generalization
to several variables of Borel's theorem from the theory of functions of one complex
variable.

THEOREM 5.5 (Borel). Let v > 1 and let f;(z) (j = 1,... ,v) be entire func-
tions in C* (n > 1) such that f;(z) # 0 on C". If there exist non-zero complex
numbers a; (j = 1.... ,v) such that

afi(z)+--+a.f,(z2)=0 inC". (5.18)

then there erists at least one pair h.k (h # k: 1 < h.k < v) such that the ratio
Si(2)/ fu(2) s constant in C".

PRroor. We prove this fact by induction on the dimension n > 1. In the case
n = 1, the result is Borel’s theorem for one complex variable.! We use this fact
without proof. Assume the result is true in C" for n > 1 fixed. and we shall prove
that the result is true in C*+1.

Let H be a complex hyperplane in C"~! which passes through the origin 0.
We restrict each f;(z) (j = 1.... .v) and the relation (5.18) in C"*! to H. Since
H can be regarded as C”, it follows from the inductive hypothesis that there
exists at least one pair h.k (h # k. 1 < h.k < v) depending on H such that
fi(2)/fn(z) = Cu (constant) on H. Since there exist infinitely many complex
hyperplanes H passing through 0 in C"*! and since there exist at 1nost a finite
number of pairs h.k (h # k. 1 < h,k < v). it follows that there exists at least one
pair h.k (h # k, 1 < h,k < v) such that

fn(2)/ filz) =Cx

on infinitely many distinct hyperplanes H. Since f3(2)/ fx(2) is holomorphic at 2z =
0. this implies that the complex numbers Cy coincide with ¢ := f4(0)/ fx(0). Hence
fn(2)/ fr(2) = c on the union of the hyperplanes H. It follows that f,(2)/fe(2) =c
in all of C**+1. For, if F(z) := fu(2)/fr(z) # c in a neighborhood V of the origin.

1See, for example, the classic textbook [38].
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then, since F(z) is a non-constant holomorphic function in V. the set ¥ defined
by F(z) = ¢ in V consists of a finite number of irreducible analytic hypersurfaces
in V. This contradicts the fact that T contains infinitely many distinct irreducible
hyperplanes H passing through 0. O

From Borel's theorem we obtain the following.

THEOREM 5.6 ([42]). LetT: 2 € C" — w = (f1(z),... . fu(2)) €C™ (n.m >
1) be an entire mapping. If the set £ of exceptional values of T contains at least
m+1 irreducible algebraic hypersurfaces Sk (k = 1,... ,m+1), then T is degenerate.

PROOF. Let Si. (k=1.....m + 1) be given in the form
Sk : Pe(un.... .wm)=0 inC™,
where P,(w) is a polynomial in w € C™. We set

Wy := Pi(w),... . wm) (k=1.....m+1) (5.19)
and we use these m + 1 equations to get an algebraic relation between 11....,
l"m.;.]:
QWi,... . Was)i= D @y W7 WY =0 inCRTY
(J1er dmer)€J
(5.20)
here. we have only a finite number of indices in J. Thus
0 = E Bjy.... Jouar P(w)t .- [’m-f-l(u-')jm-' (5.21)
(31 dmer)€JS
=t 2 Bjy.... Jmor Pdree dmsa (w) foruweC™,

e Jmerded
where p), ... (w) := Py(w)? - - Pmyr(w)’™~* is a polynomial in u € C™. We
set
W gt (2) 2= 0510 (T(2))

= le---- ~Jm~t(fl(:)' T ’fm(z)) for € C".

which is an entire function on C". Since S; C £ (j = 1.....m + 1), we have
P;(f1(2),-.. ,fm(2)) # O for all z € C", and hence wj,.. ;..,(z) # 0 for all
z € C". Furthermore, from (5.21) we have

a) = n
Bjy.o. Gomer Whrees Jones (°) =0 onC".
Ut Jm1 €S

It follows from Borel's theorem that there exists at least oue pair (jy,... .jm+1) #
(k1v-.. yAm+1) in J such that

Wy e (2) Why... ko (2) = €= const. in C".
Thus if we set
P*(w) == 9j,.... jouo, (W) = C Oy ke, (w) for we C™, (5.22)
which is a polynomial in w € C™, then
T(C") C {w e C"| P () =0},
so that T is degenerate. a
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REMARK 5.7. In the proof. if Pi(«) (k=1.... .m + 1) in (5.19) are homoge-
neous polynomials in w = (wy,... ,uwy,). then P*(w) in (5.22) is also a homogeneous
polynomial in w.

To prove this. we let ¢g; > 1 denote the degree of the homogeneous polynomial
Pe(w) (k=1.... . m+1). For (ji.... .jm+1) € J. 0),. . ;... (@) is a homogeneous
polynomial in w of degree

d:= jlql + .- +jm~|q'rm s

moreover. we claim that this degree may be assummed to be independent of (j,....
Jm+1) € J. To see this, fix A # 0. Then Pi(Aw,.... Awn) = A% P(wy.... . wn).
so that, setting W, = Pi(w) (i=1.... .m + 1), w € C?, (5.20) implies that

QMW /A" ... W /A1) =0,
and hence

Y G AT e P (e Py (W) = 0
(e w1 VES
for w € C™. Since this equation is valid for all A # 0. it follows that d may be
assumed to be independent of (ji,....jm+1) € J (for if not, collect all terms of
the highest degree of A). Thus P*(w) = g,, . j...(w) ~ ¢ pr,... k.., (@) is &
hoinogeneous polynomial in w of degree d.

In a similar manner, we can treat the case of complex projective space P™: i.e..
we consider a holomorphic mapping

T(D C" - P™
and the set £ of exceptional values of TV: &£+ := P™ \ TY(C"). In the case
n =m = 1, TY is a meromorphic function on C and it follows from Picard's

theorem in one complex variable that £« consists of at 1nost two points. In the
general case, we have the following theorem.

THEOREM 5.7. Let T" : C* — P™ (n.m > 1) be a holomorphic mapping. If
&0 contains at leasts m+ 2 irreducible algebraic hypersurfaces S; (i =1.... .m+2)
in P, then T is degenerute; i.e., there exists an algebraic hypersurface T in P™
such that T'(C") C E.

PROOF. We consider the canonical mapping 7 : C™*!\ {0} — P™ given by

w(Wp,... , W) = [wo : ... : wy]. Since T’ : C" — P'™ is a holomorphic mapping,
by solving the Cousin I1 problem we can find a holomorphic mapping

T9:2€C" = (fo2).... - fm() € C"**\ {0}
where each f;(z) (j =0,... ,m) is an entire function on C". such that n(ﬁ(:)) =
T9(z) for z € C". Since S; C & (i = 1.... ,m + 2). we can find a homogeneous
polynomial P,(w) in C™*! such that if we set
S :={weC™|P(w)=0} (i=Ll...m+2).

then 1r(.S~'; \ {0}) = S; and S c E5v. By applying Theorem 5.6 and Remark 5.7
toT=T":C" —-C”"'. we can find a homogeneous polynomial P*(w)(Z 0)
in C™*! such that T(C") C £* := {w € C™*! | P*(w) = 0}. Hence T%(C") is
contained in the algebraic hypersurface T := «(X" \ {0}) in P™. D
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CHAPTER 6

Ramified Domains

6.1. Ramified Domains

Let f be a holomorphic function at a point p in C". In general. when f is
analytically continued to a domain in C", we obtain a multiple-valued function f.
In the theory of several complex variables, as in the theory of one complex variable.
we consider a multiply sheeted domain D over C" on which f becoines a single-
valued function. If we do not consider a branch point as an interior point of D. so
that D is unramified. then the study of holomorphic functions in D is very similar
to that in the case of one complex variable. However, if we consider a branch point
as an interior point of D so that D is ramified, then we encounter interesting new
phenomena in the study of holomorphic functions on the ramified domnain D over
C" for n > 2 which do not occur in the case of n = 1. The major portion of this
chapter is devoted to a proof of the local existence of a so-called simple function f
on a ramified domain D over C" (Theorem 6.1). Such an f provides a local m-fold
cover A of a polydisk A in C"; the essential point is that, if we consider the graph
C: X = f(p), p € A in the (n + 1)-dimensional product space A x Cx, then A and
C are one-to-one except for an analytic set of dimension at most n — 1: moreover.
each branch point p of A corresponds to a nonsingular point of C except for an
analytic set of dimension at most n — 2. A corollary of this result, Theorem 6.4.
which establishes local existence of a fundamental system for D, will be used in
Chapter 7.

6.1.1. Unramified Domains. Let G be a connected Hausdorfl space. As-
sume that there exists a continuous mapping = from G into C" which is locally
one-to-one; i.e., for any point p € ¢ we can find a neighborhood V of p in G and a
ball B centered at 7(p) in C" such that 7 is continuous and bijective from V onto
B. We say that G is an unramified domain over C" (or a Riemann domain
over C"} and 7 is the canonical projection of G into C". Given a point p € G.
7(p). denoted by p. is called the projection of p or the base point of p. We say
that p lies over p. Given any set E C G. we call m(E) the projection of E into
C" and we write £ := n(E). Given any p € C". we consider the number m(p)
of points in the pre-image 7~ '(p) in G: this number is at most countable. We call
m(G) := max {m(p) | p € C"} the number of sheets of G, which may be infinite.
If there exists a domain D such that n(G) C D, then G is called an unramified
domain over D.

A connected and open subset in G is called a domain in G. although we will
have occasion to drop the connectivity assumption as in the case of C". Let v be
a domain in §. If 7 |, is bijective from v onto 7(v). then v is called 2 univalent
domain in G over C". Given p € G, there exists a univalent neighborhood § of p
in G, which will be called a coordinate neighborhood of p. Then by letting q € ¢

167
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correspond to ¢ = m(q) € C", we consider 7(d) as giving local coordinates of §
at p. We introduce analytic structure into G and define holomorphic functions in
the following manner. Let f(p) be a single-valued. complex-valued function defined
on a domain v in G. For p € v. let § C v be a coordinate neighborhood of p. If
f(r~'(g)) is a holomorphic function for g in m(§) C C", then we say that f(p) is a
holomorphic function in v.

Boundary points. Let G be an unramified domain over C” with variables z,.... ,
zp. Let 7 be the canonical projection of G into C". We want to define a boundary
point of G. Let p=(z].....2,) €C". Letr,x >0(j=1.....n: k=12...)

be n sequences of positive numbers such that rjix > 1,1 and limg_x rjx = 0
(J = 1....,n). We consider the nested sequence of polydisks §, centered at p in
C" defined by

O 1z =3l <r G=1l...,n k=1,2...).

Set 8 := 7~!(d,) C G. Then each #~'(8;) (k= 1.2,...) can be decomposed into
at most a countable number of connected components. If there exists a connected
component 89 # @ in 6, for each k = 1.2,... such that

£.,c8 (k=12..), N&=0.
k=1

then the sequence {60}« defines a boundary point p of G over p- We say that each
component 89 is a fundamental neighborhood of  in G and the sequence {82} is
a fundamental neighborhood system of j in G. Let {82}, and {nQ}x be two
fundamental neighborhood systems of the boundary points 5, and P2 of G over the
same base pomt p € C". If, for any 32 (resp. ng). we can find nf, (resp. 82,) such
that nQ. C oY (resp. ). C nQ). then p, and P2 define the same boundary point of G
over p.

Let G be an unramified domain over a domnain D C C" and let 7 denote the
canonical projection of G into D. The boundary point p of G over a point p in
D is called a relative boundary point of G with respect to D. We say that an
unramified domain G over D C C” which has no relative boundary points with
respect to D is an unramified domain over D without relative boundary. Let G be
an unramified domain over D without relative boundary. From standard covering
space theory. given any point p € G and any continuous arc £ in D starting from }_:,
we can find a unique continuous arc ! in G with initial point at p such that n({) =
This shows that the number of sheets n(p) of G over p € D is independent of p. In
particular. if D is simply connected, then any unramified domain G over D without
relative boundary is a univalent domain.

Intersection of domains. Let {G,}!_, be a finite number of unramified domains
over C" and let 7, denote the canonical projection of G; into C". Let p be a point
in C" such that there is at least one point p; in G, (j = 1,... .l) with m(p;) = p.
We set p := (py,... .p) and cousider the set G of all such p for each p € C". Define
# to be the projection from G into C" via #(p) = = p. We next introduce a topology
on G as follows: let p=(@.....;m) € G and let 7(p) = p € C". We can find a
polydisk § containing p in C" such that there exists a univalent neighborhood 4;
of p; in G; with m;(6,) = 8. The set 5 of all points ¢ = (q1.... .q) of G. where
g, € 6; (j = 1.... 1) are associated to some ¢ € §. constitutes a neighborhood of



6.1. RAMIFIED DOMAINS 169

pE G. These form a neighborhood basis at p for the topology on G. The space G
equipped with this topology becomes a Hausdorff space. Since 7 |; is bijective from
4 onto 4. it follows that G is an unramified domain over C", and 7 is the canonical
projection from G into C". We say that G is the intersection of the unramified
domains {g,»}§=, over C", and we write G =G, N...NG,.

In general. G is not connected even if each G, (j = 1.... 1) is connected; cf.
Remark 6.2. Let p = (p1,... .p1) € é lie over p € C" and let (j,, be the connected
component of G which contains p. Letq=(qa.....q) € (3,, lie over ¢ € G. We
can find an arc £ which connects p and g such that there exists an arc L; in G;
( = 1....,1) which connects p; and g; with m;(L;) = £ then L = (Ly,... L) is
an arc connectmg pand gin g,, By convention we say that (},, is the mtersection of
{G; }§=, determined by the initial point p. We can also consider the intersection of

infinitely many (countable or uncountable) unramified domains in a similar fashion
to that of finite intersections of unramified domains.

REMARK 6.1. Let f;(p) be a holomorphic function on an unramified domain
G (j=1,...,1), where I < co. Then Y__, f;”(p) and [T;_, f;"(p) (a; > Ois an
integer) define holomorphic functions on the intersection G, N---NG.

REMARK 6.2. Even when G, = G, and G, is connected, the intersection G, NG,
need not be equal to G, = G,: nor must the intersection be connected. For example,
let Gi = G, be the unramified domain over D = {0 < |z| < o0} in the complex
plane C, determined by the function /z, i.e., the Riemann surface of /z over D.
Let z =1 € D. Then each G; (j = 1,2) contains two different points p; and g;
lying over z = 1. In Gi NG, we set p = (p1.p2). ¢ = (q1.92). and 7 = (p1,q2).
The connected component G, of G, NG, determined by the initial point p coincides
with the connected component Gq determined by the initial point g. However, the
connected component G.of G N G2 determined by the initial point r is not the
same as g,, Thus, G, NG, consists of two connected components, g,, and g,

6.1.2. Locally Ramified Domains. We next define ramified domains over
C"; here, the branch points will be regarded as interior points of the domain. First
we consider the local case. Fix a = (a).... .a,) € C" and let

A:zj—a,<r, G=1,...,n)

be a polydisk in C". Let T be an analytic hypersurface in A and set 0 := ANET
and A’ := A\ 0. We note that for any p € ¢ and any sufficiently small polydisk &
centered at p in C" the intersection § N A’ is connected. Let D’ be an unramified
domain over A’ without relative boundary; let 7 be its canonical projection; and let
m be the number of sheets of D’ over A’, which is assumed to be finite. Fix p € 0.

There exist boundary points p of D' over p. The number of such points {ia'} is at
most m. We form the union of all p over each p € ¢ with D', and we denote the
resulting set by D. For each p € D\ 7', we introduce a fundamental neighborhood
basis as follows. Let §° be any fundamental neighborhood of the boundary point §
of D' and set §° := 7(8°). Let g € 9N &° and let § be one of the boundary points of
D’ over q. If there exists a fundamental neighborhood 1 of § which is contained in

&, then we say that § touches §°. We let 4° denote the union of 6° and all points
gforeachg € o N & which touches §°. We then define 4° to be a fundamental
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neighborhood of § of D. For a fundamental neighborhood basis d} (k =1,2....) of
a boundary point p of the nnramified domain D’. we construct 3}3 (k=1.2....)in
D by the above procedure and we let 3}" (k = 1,...) be a fundamental neighborhood
basis of p in D. Using this neighhorhood basis, D beconies a Hausdorff space which
contains D’. Note that since the topology of D does not depend on the choice of a
fundamental neighborhood system 4 (k = 1,2,...) of p over p € 0. D is uniquely
determined by D’. We call D the ramified domain associated to D’. In general.
such a domain D is called a locally ramified domain over A, precisely. a locally
ramified domain over A without relative boundary (or a branched cover of A).
The canonical projection  defined in T’ extends continuously to D in a unique
fashion. We call this the canonical projection of D onto A, and we use the same
notation 7. We also call m (the number of sheets of D’ over A’) the number of
sheets of D over A. For any p € D, we call p := n(p) the projection of p, or the
base point of p.

Using the same notation. if £ (the analytic hypersurface in the polvdisk A)
does not intersect

E:lz;—al<r; (J=1.....n-1), |zn — an] =1,

then D is said to be standard with respect to z,,. Let D be any locally ramified
domain over the polydisk A and let p € D. Then we can choose a coordinate systemn
(21.... .2,) of C" such that there exists a polydisk Ay C A centered at p with the
property that the portion D, of D lying over A, contains p and is standard with
respect to z,,.

Branch sets. Let D be a ramified domain over a polydisk A in C" and let ¥ be
an analytic hypersurface in A. Let o := ANE: let 7 € D lie over p € o and let
32 (k = 1,2,...) be a fundamnental neighborhood basis of p in D. Then each 3‘,:
beconies a ramified domain over 11'(52 ) € A. Furthermore. the number of sheets m,
of 32 is independent of k provided k is snfficiently large. We denote this number by
v > 1, and we call v—1 the ramification number of D at p. If v > 2, we say that
p is a branch point of D. If v = 1, we say that p (as well as each point p € D’) is
a regular point of D. The set D° of all regular points of D is called the regular
part of D. Clearly D" is a connected subdomain of D and may be considered as an
unramified domain over A. We let S denote the set of all branch points of D and
we call S the branch set of D. Note that if S # . then the projection S of S into
A consists of some irreducible components of o in A. Furtherinore, suppose p € S
is chosen so that p is a non-singular point of S. Let ! be the ramification number of
D at p. For simplicity, suppose p=0€Aand S: z, = 0 near p = 0. Then, near
p. D has a representation over a neighborhood of the origin in C" as the product
of C"~! with variables z,.... .2,_) and the Riemann surface of Wz, over C; . We
call such a branch point p a regular branch point of D. If 5 # @ and the number
of sheets m of D’ is at least 2, then D always contains branch points. This follows
since A is simply connected.

Let D be a ramified doinain over A. If a continuous, complex-valued function
f(p) on D is holomorphic in D’. then we say that f(p) is a holomorphic function
on D. We now give the prototypical example of such a function.

EXAMPLE 6.1. Let
P(z.u) =u™ + ay(z)e™ N4+ a(2)
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be an irreducible polynomial which is monic in w. where a;(z) ( = 1.... ,m) are
holomorphic functions in a polydisk A in C", and let

: P(z.w)=0 in A x C,..

We let d(z) denote the discriminant of P(z,w) with respect to w; thus d(z) is not
identically 0 in A. Let 0 := {z € A | d(z) = 0} and A’ := A\ 0. Then we have the
algebraic (single-valued) function w = 7n(p) defined implicitly by P(z,w) = 0 on
the unramified m-sheeted domain D’ over A’ without relative boundary. Further-
more, if we consider the ramified domain D associated to D', then n(p) becomes
a holomorphic function on D. We call the locally ramified domain D over A the
Riemann domain determined by the algebraic function v = 7n(p). and we
call D the projection of the analytic hypersurface £ over A.

Let (20, wy) € £ with 2z € 0. If (24, wo) is a non-singular point of the analytic
hypersurface ¥ in A x C,.. then we can find a unique point p € D\D’ such that pis a
regular branch point of D; and there exist neighborhoods 4 of (2y. wy) in Ax C,,. and
V of pin D with §NX bijective to V. In general. there exist a finite number of points
pi (i = 1.....v) in D which correspond to (2. wy). i.e.. p, = 20 and n(p:;) = wo.
For example. let P(zy,22,w) = w — 2223, Then o = {z; = 0} U {z2 = 0} and
{zi =w =0}U {22 = w =0} C . The origin (0.0.0) in £ corresponds to the
single point p; of D lying over the origin (0.0). However, to any point (2;.0.0)
or (0,2,.0) of X other than the origin there correspond three or two points of D,
respectively.

Conversely. let D be any m-sheeted locally ramified domain over a polydisk A
in C™ with branch set S. We let o := S. Let n(p) be any holomorphic function
on D such that n(p) has m different values over some point p € A’ := A\ 0.
Then we can construct a monic polynomial P(z.w) in w such that the coeflicients
are holomorphic functions in A and such that the algebraic function determined
by P(z.w) = 0 coincides with w = n(z). Indeed. it suffices to define P(z,w) :=
[TZ,(w — n;(2)), where n,(z) (j = 1,... .m) are the values which 7(p) assumes at
p over z. In particular, if we set 4 := {p € D| n(p) = 0}, then the projection A is
the analytic hypersurface in A defined by {z € A | P(z.0) = 0}. Thus, the zeros
of the holomorphic function n(p) on the ramified domain D are not isolated, as in
the case of a univalent domain in C™ (n > 2).

6.1.3. Ramified Domains. Next we define a (globally) rainified domain over
C". Let G be a connected Hausdorff space and let = be a continuous mapping from
G into C" with the following property: for any point p € G. there exists a polydisk
§ centered at w(p) in C™ such that the counected component § of 7~!(4) which
contains p is a locally ramified domain over § without relative boundary; and the
canonical projection from é to J is the restriction of = onto 4. In this case, we call
G a ramified domain over C". We call § a fundamental neighborhood of p. and
a branch point of J is called a branch point of G. The set of all branch points of G
is called the branch set of G. A point of G which is not a branch point of G is said
to be regular. The set of all regular points of G is called the regular part of G.
For a point p € C™ such that =~ ! (p) contains no branch points of G, the cardinality
of w~!(p) is called the number of sheets of G at p. The maximum m(G) of such
m(p), p € C", is called the number of sheets of G. This number may be +2c.
A boundary pomt of G over C" is defined in a manner similar to the case of a
boundary point in an unramifed domain over C". If n(G) is contained in a domain



172 6. RAMIFIED DOMAINS

D C C". then we say that G is a ramified domain over D. A boundary point p of the
ramified domain G over D such that m(p) € D is called a relative boundary point of
G with respect to D. A ramified domain G over D which has no relative boundary
points with respect to D will be called a ramified domain over D without relative
boundary. An open and connected set D in G is called a domain in G, although we
often drop the connectivity assumption. Let f(p) be a complex-valued function on
a domain v in G. If f(p) is holomorphic on a fundamental neighborhood 4, of each
point p € v, then we say that f(p) is a holomorphic function on .

Let G, and G; be ramified domains over C" and C™. Let £(p) be a mapping
from G, into G,. If for any domain v in G; and any holomorphic function f(g)
on v the composite function f(p) := f(i(p)) is a holomorphic function on the
domain ¢~ !(¥) C G, then we say that ,(p) is an analytic (or holomorphic)
mapping from G, to G;. Moreover, if m = n and if there exists a bijective analytic
mapping from G, to Gs. then G, and G, are analytically (or biholomorphically)
equivalent. Note that an analytic mapping does not always map branch points to
brauch points.

Let G’ be an unramified domain over C" and let 7 be the canonical projection
of G’ into C". We will construct in a canonical way a ramified domain G associated
to G'. First take a € C" and a polydisk A centered at a. Let ¥ be an analytic
hypersurface in A, and set ¢ := £N A and A’ := A\ o. If there exists a connected
component D’ of 7~!(A’) C G’ which is a finitely sheeted unramified domain over A’
without relative boundary. then we can construct the ramified domain D associated
to D’ as defined in 6.1.2. We replace each such component D’ by the corresponding
domain D. Then we have constructed a ramified domain G over C", which we call
the ramified domain associated to G'.

We now define the intersection of a finite number of ramified domnains G; (j =
1,...,1) over C". Let g;. be the regular part of G,. Since Q’; is an unramified
domain over C", we can construct G} N ... NG, which consists of a finite number
of unramified domains Hy, (k = 1,...,L). We form the ramified domain H; over
C" associated to Hj, and the totality of these domains H,,... . H; is called the
intersection of ramified domains {G;};_, and is denoted by G\ N ... N G;.
Given pj € G; (j = 1....,1) such that 7;(p;) is the same base point p € C", we
can define the connected component of G, N...NG; determined by the initial point
p=(p1,.-.,m) in a similar fashion as in the case of unramified domains. Similarly,
we can define the intersection of infinitely many (not necessarily countable) ramified
domains over C".

The following example gives the relationship between an analytic set of pure
dimension r < n in a domain D C C" and an associated ramified domain over C".

EXAMPLE 6.2. Let £ be an irreducible r-dimensional analytic set in a domain
D c C". We take Euclidean coordinates (z,....z,) of C" which satisfy the
Weierstrass condition for £ at each point of ¥. Then £ can be represented in the
form (zy41,... . 2n) = n(21.-.. . 2,); i€,

Zr+l = 7)r4.|(21.... ..‘:,~).
e o= fal2ree.. 20
where 7;(21,...,2;) (j = r+1,....n) is a holomorphic function in a ramified

domain D; over C” with variables z;....,z, and canonical projection m;. Fix
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a non-singular point p' = (z},...,25,) of £&. Then, over the point (z}....,z}).
there exists a unique point p} € D; (j =r +1,... ,n) such that 2} = n;(p;). If we
construct the intersection D of D; (j=r+1,... .n) determined by the initial point
(Phsys--- +Py), then 1(z) is a single-valued holomorphic vector-valued function on
D. Since £ is irreducible, the graph (zr41.... .2z) = 0(2), 2’ = (21,... .2,) € Din
C" coincides with €. Thus we call D the ramified domain over C" determined
by 7(z'), or the projection of £ over C".

6.1.4. Properties of Locally Ramified Domains. We now exhibit some
interesting phenomena for ramified domains over C* (n > 2), noted by K. Oka,
which do not occur in the case n = 1.

1. Non-uniformizable branch points. Let G be a ramified domain over
C™ and let 7 be the canonical projection of G into C". Let p be a branch point
of G. If there exists a neighborhood v of p in G such that v is biholomorphically
equivalent to a polydisk. then p is called a uniformizable branch point of G. In
the case of C. any branch point of any Riemann surface is uniformizable.

Let p be a branch point of G. Let § be a fundamental neighborhood of p in G
and let o be the branch set of G in 6. We let § = 7(§) and g = 7(0). so that p € g.
It is clear that if p is a non-singular point of g, then p is a uniformizable branch
point of G. We now give an example of a branch point which is not uniformizable.

ExaMPLE 6.3. In C? with variables 2, and z2. we consider the ramified domain
G over C? determined by the algebraic function

w? -2} +22=0. ie.w=,/28-z%

Then G is two-sheeted over C? with branch set z¥ — 22 = 0. The point O of G over
the origin (0,0) € C? is not a uniformizable branch point of G.

We prove this by contradiction. Assume that O is uniformizable. In particular,
there exists a simply connected neighborhood & of O in G such that 4 \ {O} is also
simply connected. We may assume that § has no relative boundary points with
respect to §. We consider the function

9(z21,22) = V21 — 22,

which is locally holomorphic on &\ {O}. Since é\ {O} is simply connected, g(z,. 22)
must be single-valued on & \ {O}. On the other hand, fix an ¢ with 0 < ¢ < 1 such
that {|z1] < 2¢} x {|22| < €} C 4. We can choose two distinct points P}, P, in
& over the point (¢,0) € §. Consider the closed circle € : (z).22) = (ee*.0), where
0 < 6 < 2m, in d. If we traverse £ in G starting at P, then we return to P*.
However, g(P;*) = /¢ # 0 will vary through the values Ve e and has final value
—y/¢. This contradicts the single-valuedness of g(z,22) on ¢ \ {O}.

2. Analytic sets in a ramified domain. As in the case of univalent do-
mains in C". we shall define analytic sets A in a ramified domain G over C". Let
A be a closed set in G. If, for each point a € A, there exist a neighborhood 6 of a
in G and a finite number of holomorphic functions f;(p) (j = 1....,p) in § such
that 6N A= {f;(p) =0 (j = 1.....p)}. then we say that A is an analytic set in
G. We note that the zero set £ of a non-constant holomorphic function f(p) in G
is called an analytic hypersurface in G (provided £ # @). Such a set ¥ contains
no isolated points in G (see 2 of Remark 6.1).
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In the case of an analytic hypersurface X in a univalent domain D in C", for any
point zo € X, we can find a holomorphic function f(z) defined in a neighborhood
6 of zy in D such that f(z) = 0 precisely on 4 N X with order 1. This result is
no longer true in the case of analytic hypersurfaces in ramified domains over C".
We give an example of an analytic hypersurface X in a ramified domain G over C"
(which passes through a non-uniformizable branch point py of G) such that there
does not exist a neighborhood 6 of py in G on which £ N may be written as the
zero set of a holomorphic function f(p) with order 1.

EXAMPLE 6.4. Let G be the same ramified domain over C2? as in Example 6.3.
Take two (one-dimensional) analytic hypersurfaces £+ and £~ over z; = 0 in G,
and consider the holomorphic function f = f(p) in G. defiued as

f):=yJ -~ -a. (6.1)

If we choose a suitable branch of the function /2% — zg. then f(p) =0 on £* and
f(p) #0in G\ T*. Note that the order of the zero of f(p) at each point on £~ is
two. This follows because if we fix (¢.0) € £* with ¢ > 0. then in a neighborhood
of (¢,0) we can write

.2
flez) =/ ~2 —e= —i +0(23).

On the other hand, we now proceed to show that there does not exist a holo-
morphic function F(p) defined in a neighborhood 4 of the point O in G over the
origin (0,0) € C? such that F(p) vanishes to order one at each point of £* N §
and F(p) # O on 6§\ Z*.! We prove this by contradiction. Assume that there
exists such a holomorphic function F(p) defined in a neighborhood 4 of O in G. We
may assume that § has no relative boundary on §. We consider the holomorphic
mapping

T: w=2z, w=F(p)
from ¢ into C%. Define x := T(8). which is a ramified domain over C2. such that
the point O = T(O) is the only point of x lying over (w;.w;) = (0,0). We fix a
bidisk B := By x B, C C2, where By = {|u1| < p1} and Bz = {|w| < p2}, such
that there exists a subset xy of k over B which has no relative boundary points on
B. Thus the number of sheets m > 1 of k¢ is determined. If we show that, in fact.
m = 1, it follows that kg = B. In this case, the point O is thus a uniformizable
point of G, which contradicts the fact stated in Example 6.3. Hence it suffices to
verify that m = 1.
We begin by choosing a bidisk A := A} x Az CC §, where
A= {|z|| < p;} and A, = {IZQI < p;}.

and with p, > 0 chosen so small that [(8A;)NA,)N{z? = z2} = 0. We let A denote
the subset of § over A. We fix an annulus 'y := {p{ < |z1] < p}} containing 94,
such that if we let A := T} x Az, then AN{z} = 22} = 0. We thus have two regular
parts AT =T x A, of A over A. We assume A*NE*+ #0and A~ NE* = 0. Over
each point (z),22) € A, there exists a point (zif,2;) € A*. We fix z; € T,. By
assumption, as a holomorphic function of the complex variable z; in A,. F(z5 , z;)
vanishes if and only if z; = 0 (with order 1): also F(z{ , z2) # 0 at any point 2; € Q.
Thus there exist small disks A := {|z2| < a2} C A; and BY := {lw| < %2} C B,

!This proof is due to T. Kizuka.
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such that F(z},z;) is univalent on AJ with B C F(z],AY): in addition. we can
choose 12 > 0 sufficiently small so that |F(z;, z2)| > n, for any 22 € A,. Letting
z) vary over I';, we may assume that ay. 32. 2 > 0 are independent of z; € [;.
Furthermore, since F(p) vanishes only on £* in G. it follows that we can find {2 > 0
such that [F(p)| > & for any p € G with p € § N (T x {|z2] > az}). Thus, if we
set € := min{3.m.£&2} > 0 and A := {p} < lu| < p}} x {lw2| < 2} C C2. then
the subset of o lying over A consists of a single univalent part. Thus m = 1. as
desired.

Note that if we set g(p) := \/z? — 23 = 2;(1 + 2;). then g(p) = 0 is of order 1
along = but g(p) has additional zeros near =+,

3. Intersection of two analytic hypersurfaces in a ramified domain.

Let D be a (univalent) domain in C" and let Sy and S, be two distinct irre-
ducible analytic hypersurfaces in D. If the intersection S, N S, is nonempty, it is a
pure (n — 2)-dimensional analytic set in D. This result no longer holds in the case
of ramified domains over C".

EXAMPLE 6.5. 2 We consider C?" with variables z = (z;....,2,) and w =
(wy,....wy) (here n > 2). Let

L= {(z.w) € C*™ | zjwj = z;w, (1 <i.j < n)},

or, as is usually written,

Thus. T is an irreducible (n+1)-dimensional analytic set in C?" passing through the
origin (0, 0). Choose coordinates (u;,... .%2,) of C*" which satisfy the Weicrstrass
condition for £ at each point of £. If D denotes the projection of X over the space
C"*! generated by the first n + 1 variables u).... .up4. it follows that D is a
ramified domain over C"*'. We usually identify D with £, and we let O denote
the point of D which corresponds to the origin (0,0) in . For any complex nuinber
¢ € C, we define the n-dimensional analytic plane

L.: w, =cz (i=1....,n)

in C?". Then L. C X for each c € C, and L., N L., = {(0.0)} in C*" if ¢; # c,.

Let £ denote the set in D corresponding to L. in C?". Then L. is an irreducible
analytic hypersurface in D with L., N L., = {O} (c1 # c2). This is 0-dimensional,
which yields the example since n +1 > 3.

Furthermore, we note that for each ¢ € C, there does not exist a holomorphic
function f(p) defined in a neighborhood V of O in D which vanishes precisely on
V 1t L. (regardless of the order of vanishing of f(p) along £.). We prove this
statement by contradiction. Thus we assume that there exists such a function f(p)
in a neighborhood V of O in D. We fix ¢’ € C with ¢’ # c. Denote the restriction
of f(p) to V N L (which is an n-dimensional ramified domain) by fu(p). Then
fo(p) vanishes only at the origin O in V N L. : in particular, the zeros of fy(p) are
isolated. This is impossible since n > 2. (]

4. Meromorphic functions in a ramified domain.
Let D be a ramified domain over C" (n > 2) and let A C D. We say that A
has dimension at most k if, for each point a € A. there exists a neighborhood 4 of

2This example is duc to H. Grauert [38].
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a in D lying over a polydisk § centered at g in C” without relative boundary such
that ANJ is contained in a k-dimensional analytic set in 4.

Let g(p) be a function defined in D. If g(p) can be represented locally as the
quotient of two holomorphic functions, then we say that g(p) is a meromorphic
function in D. More precisely, g(p) is a single-valued function on D (taking values
in C U {oc}) except for an at most (n — 1)-dimensional set 4 in D: moreover. at
each point p € D, there exist a neighborhood 4 of p in D and holomorphic functions
hs(p), ks(p) such that {hs(p) = ks(p) = 0} C A and g(p) = hs(p)/ks(p) in 6\ A. A
point p at which hs(p) # 0 and k;(p) = 0 is called a pole of ¢(p). The points p at
which hs(p) = ks(p) = O are called the points of indeterminacy of g(p). Thus.
the set A is considered as the set of all indeterininacy points of g(p) in D.

Assume now that D is a ramified domain over a polydisk A C C" without
relative boundary such that the number of sheets m is finite. Let g(p) be a mero-
morphic function in D. Then there exists a polynomial Q(z,w) of one complex
variable w of degree m,

Qz.w) = ap(z)u™ + ay(2)w™ ' + -+ + am(z2).

where each a,(z) (i = 0.1.... .m) is a holomorphic function in D, such that for
each fixed z = p, the set of points w satisfying Q(z. w) = 0 coincides with w = 9(p)-
To see this, fix z € A\ A. where A4 is the set of indeterminacy of g(p) in D.
Then there exist m points p),... .pm of D such that p, = z, and we denote by
91(2).... .gm(z) the values of g(p) at p,.... .pn,. We form the product
m
R(z,w) = [J(w - 9i(2)) = w™ + by (2)w™ " + - + bun(2).
i=1
where each b;(z) (i = 1,...,m) is a single-valued meromorphic function on A \
A. Since g(p) can be locally represented as the quotient of two holomorphic
functions, b;(z) is a meromorphic function on A. Thus, b,(2) = ai.(z)/a2(z).
where a);(2) and as,(z) are holomorphic functions in A. and setting Q(z,w) :=
R(z.w)az2;(2) - - - azm(2) gives the desired representation.

An indeterminacy point p € D of g(p) satisfies ag(p) = --- = an(p) = 0. In
general. the set of indeterminacy points of a meromorphic function in a ramified
domain over C" is no longer of dimension n — 2. in contrast to the case of univalent
domains in C".

EXAMPLE 6.6. We recall the ramified domain D over C"~! (n > 2) from Ex-
ample 6.5. and we nse the same notation £,D. L,..L.. We note that
t= L where L. ={(0,w)eC™ |weC"}.
c€EP
We set w
o(z.w) = —= in C*,

2
and consider the restriction of ¢ to X. which we denote by ¢(z.w). Thus. ¢|;. =c.
If we let 5(p) denote the function on D which corresponds to ;(z.w) on Z, then
& is a meromorphic function on D with pole set £ \ {O}. zero set £y \ {O}. and
only one indeterminacy point, namely {O}. which is not of codimension 2.

ExAMPLE 6.7. In Example 6.4, consider the ineromorphic function g(p) :=
f(p)/2z2. where p = (z).2,). in the two-dimensional ramified domain G, and f(p) is
defined by (6.1). Then the set of indeterminacy points of g(p) is one-dimensional.
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6.1.5. Ramified Domains of Holomorphy. Let D be a ramified domain
over C". Let f(p) be a holomorphic function in D. If f(p) satisfies the following
two conditions:

1. f(p) has different function elements at any two distinct points of D: i.e., for
any two distinct regular points py,p, € D such that pl =p, =% in cr,
£(p) has different Taylor expansions in powers of z — 2 in nelghborhoods of

)4 and P2 and

2. there is no ramified domain D over C" mth Dc Dand D # D such that

f(p) can be holomorphically extended to D.

then we say that D is a ramified domain of holomorphy of f(p). Furthermore,
a ramified domain D over C" is called 2 ramified domain of holomorphy if
there exists at least one holomorphic function f(p) such that D is a domain of
holomorphy of f(p). Given a ramlﬁed domain D over C", there exists a smallest
ramified domain of holomorphy D which contains D. For this purpose, it suffices
to consider the intersection (D of all ramified domains of holomorphy D such that
D C D. since. in particular, C" is one such D.

Now let D be a ramified domain over C" and let K CC D. We define
Kp:= {9€D|If(g) < néa’iglf(p) for all f holomorphic in D}.
p

which is called the holomorphic hull of A" in D.
If a ramified domain D over C” satisfies the two conditions:

1. there exists a holomorphic function f(p) in D such that f(p) has different
function elements at any two distinct points of D, and
2. for any K CC D we have Kp CC D.

then we say that D is holomorphically convex. In Theorem 1.13 in Part I we
showed that a (univalent) domain D in C" is a domain of holomorphy if and only if
D is holomorphically convex. In the case of ramitied donains D over C" for n > 2.
D holomorphically convex implies D is a domnain of holomorphy, but the converse
is no longer true in general. This is shown by the following example of H. Grauert
and R. Remimert {23].

EXAMPLE 6.8. We consider the ramified domnain D over C**! (n > 2) in Ex-
ample 6.5 and use the same notation. We set D’ := D\ £,. which is also a ramified
domain over C"*}. Then D’ is clearly a domain of holomorphy for the function
1/3(p) (where Z(p) is defined in Example 6.6). However, D’ is not holomorphically
convex.

To prove this. we fix a non-zero coniplex number ¢ and consider the following
subsets in £ ¢ C*":

K = Lea{flz*+ Jlwl® = 1}

I L.n{0 < |22 + |lw)? € 1}.
We let X and Z denote the sets in D which correspond to A and I. Then K cC D’
and K CC £\ Ly. Furthermore, Z C D’ and I C X\ Ly. while T is not compactly

contained in D’ nor is I in £\ Ly. Let f(p) be a holomorphic function on D'. We
restrict f(p) to L.\ {O} and denote this restriction by f.(p). and we let f.(z.w)
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denote the corresponding function on L. \ {(0,0)}. Then ﬁ,(:, cz) is holomorphic
for z € C" \ {0}. and hence in all of C". It follows that

fo(z.c2)| < (2. c2 i < |zl € (1 +]c>)".
|fe(2.c2)| . u_mw”lf(zc)l in 0< |zl (1 +]c?)

Hence I C Ep'. so that 7 is not holomorphically convex.

6.1.6. Ramifled Pseudoconvex Domains. The notion of pseudoconvexity
of a domain is extracted from some geometric properties which a domain of holo-
morphy satisfies, and it was conjectured that, conversely, a pseudoconvex domnain
is a domain of holomorphy. As will be shown in Chapter 9, Oka proved that this is
true in the case of a univalent domain in C” and even in the case of an unramified
domain over C". However, in the case of a ramified domain over C", the prob-
lem of finding necessary and sufficient geometric conditions for the domain to be a
ramified domain of holomorphy over C” is not yet completely solved. Thus, there
is no precise notion of pseudoconvexity for a ramified domain over C".

We first give the definition of pseudoconvexity of an unramified domain over
C*, even though it is very similar to the case of a univalent domain in C”. Let D be
an unramified domain over C* with variables z,,... .z, and let = be the canonical
projection from D to C". Let 2 = (2¥,...,2Y) € C". For positive numbers r' < r
and p’ < p we consider two open sets in C" defined by

[z =N<r G=1....n=1), o <lza -2 < p;
|5 =20 <r (G=1Ll....n=1). 2, — 22| < p.
We let E denote the union of these two open sets, and we let C be the open polvdisk
in C" given by
: |'4—4’|<r G=1,...,n-1), J2n — 0] < p.
If there exist univalent parts v and V of D such that n(v) = E' and n(V) = C, then
we denote these sets by v = E and V = C.

We say that the unramified domain D satisfies the continuity theorem if for
any =* € C" and any r, 7', p, p, whenever the set E exists as described, then a
corresponding set C exists with E C C.

Now let A be a polydisk in C". If the subdomain 7~ '(A) of D satisfies the con-
tinuity theorem and if this property remains invariant under an analytic mapping
of A% then we say that D is pseudoconvex.

This definition of pseudoconvexity of an unramified domain over C" corre-
sponds to the pseudoconvexity of type C for a univalent domain in C*. One may
also define the pseudoconvexity of an unramified domain over C” which corresponds
to that of type A or of type B for a univalent domain in C"; we will not state these
definitions here.

We will temporarily define a pseudoconvex ramified domain over C” as follows.
Let D be a ramified domain over C™ with branch set S and let D = D\ S. Since
D" is an unramified domain over C", we have the ramified domain D* over C"
associated to D”. We let S* denote the branch set of D*. In general, S C S*. If D
satisfies the following three conditions, then we say that D is pseudoconvex:

3Precisely. let w = ¢(z) be an analytic mapping ﬁ:om A onto a univalent domain A*® in C3,
so that ¢(z) maps 7~1(A) to an unramified domain d over A*. Then d satisfies the continuity
theorem.
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(i) D" is an unramified pseudoconvex domain.

(ii) Let 0" be the set of all regular points of the branch set S*. If there exists
at least one point of 0" contained in S, then ¢* NS is pseudoconvex in o*
(as an (n — 1)-dimensional domain).

(iii) Let p be a branch point of D*. If there exists a neighborhood 1 of p in D*
such that vNS” C S except for at most an (n — 2)-dimensional analytic set.
thenp e S.

According to this definition. a ramified domain of holomorphy over C" is pseu-
doconvex, but, as stated earlier, the converse problem remains open.

6.2. Fundamental Theorem for Locally Ramified Domains

6.2.1. Characteristic Functions in Ramified Domains. Let A : |z;) <
r, (j = 1.....n) be a polydisk in C" with variables = = (2;.....2n). Let R! be
a ramified domain over a neighborhood of A such that the part R® of R! over
A has no relative boundary. We let m denote the number of sheets of R", which
we assume is finite. We also let o denote the branch set of R and g = n(0) the
projection of o onto A, so that ¢ is an analytic hypersurface in A: finally, we set
Al:=A-g.

Let f(p) be a holomorphic function on R". If f(p) has m different function
elements at the m distinct points of R" lying over a base point z;, € A’. then f(p) is
called a characteristic function on R". In this case. f(p) has rn different function
elements at each of the m distinct points of R” lving over any base point = € A'.

We introduce an additional complex plane Cx and consider the product space
A = A x Cx c C"*!. Given a holomorphic function f(p) on RY, we consider the
set C in A defined as

C: X=f(p) forpeR".

which defines an analytic hypersurface in A. If f(p) is a characteristic function on
R, then we say that C is the graph of f(p) on R". There is 4 bijection between
R° and C except on at most an analytic hypersurface in R". We call the set of
points p € R such that there exists a point ¢ € RY, g # p, with f(p) = f(q) the
set of multiple points or simply double points of f(p).

Let f(p) be a characteristic function on R® and let C be the graph of f(p)
on R® in A. We let S denote the (n — 1)-dimensional analytic subset of C which
corresponds to the branch set o of R". If each point of § except for at most an
(n — 2)-dimensional analytic set is a non-singular point of C. then we say that f(p)
is a simple function on R". This does not necessarily mean that the singular set
of C has dimension at most n — 2. Let f(p) be a characteristic function on RY. If
there exists at least one non-singular point of C on each irreducible component of
S, then f(p) is a simple function on R".

THEOREM 6.1 (Fundamental Theorem). A ramified domain D over C" locally
carries a simple function.

Unlike the case of one complex variable, the local existence of simple functions
on D in several complex variables is non-trivial. This theorem was first proved by
H. Grauert and R. Remmert {24]. In this chapter we shall give an elementary proof
of the theorem.

We begin with some preliminaries. Let D be a ramified domain over C” (n > 2)
and let p € C". We may assume p = 0 € C". We can always choose Euclidean
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coordinates (z).....2,) and a neighborhood RY of p in D lving over a polydisk
A: |zj| <r; (j =1,....n) such that R" is standard with respect to z,. Using
the above notation 0. A’. g. etc.. this means that g does not intersect A"~! x 9A,,.
where

Azl <rj(i=1....n-1) and An: |zal < o

To prove the fundamental theorem, it suffices to verify the existence of a simple
function on the standard ramified domain R". Then, for any fixed z’ € A", the
fiber

Ru(z') = {Z" l (:'Iv Z,,) € Ro}

is an m-sheeted Riemann surface over the disk A, in C;, (with m finite). which may
have branch points. Thus R can be considered as a variation of Riemann surfaces
over the disk A, without relative boundary with variation parameter =’ € A™~!,

RO NN RO(ZI)‘ zI € A’,-la

Let P,. denote the Riemann sphere {|w] < oc} and let A : |z;] < r; (j =
1....,n) be a polydisk in C* (n > 1). In the product space C” x P,,.. we consider
the product domain

A= A X Puv.

Let R be an m-sheeted ramified domain over A without relative boundary (n finite)
and let

m: R—A

be the canonical projection. We let w, denote the projection from A to A. We
assume that the projection g of the branch set o of R does not contain any line of
the form {20} x P,.. For any subset e of A, we definc

R(e) := 7' (m;, ' (€))-

If e is a domain 4§ in A, then R(4) is a ramified domain over § x P, without
relative boundary. If e is a point z € A, then R(z) is an m-sheeted compact
Riemann surface over P,.. We let 7, denote the restriction of m to R(z).

Finally, for p° with 0 < p® < oc, we let

A :zl<rj(i=1....,n) inC"(n>1),
I’ : ju| <p® in P,.
AV - AxTI in A=AxP,.

Let R° be a finitely sheeted ramified domain over A® without relative boundary. If
there exists a finitely sheeted ramified domain R over A without relative boundary
such that Rjyo = R, then R is called an algebraic extension of R".

With this terminology. we now state the following result.

PROPOSITION 6.1. Let R® be a finitely sheeted ramified domain over A0 :=
A x IO without relative boundary such that the projection g® of the branch set o
of R? onto AD does not intersect A x Y, i.e.. RC is standard with respect to the
coordinate w. Then there exists an algebraic extension R of R" which satisfies the

following conditions:

1. R has no branch set lying over A x {w = cc}.
2. For any z° € A, R(2") is a connected. compact Riemann surface over P.,..
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PROOF. Since ¢ N (A x 8T%) = @, we can find a sufficiently thin annulus A :=

{¢' < |w] < p"} in P, which contains 8T and is such that the part A of R°
over A x A consists of a finite number of connected unramified domains without
relative boundary, i.e., A is a finite number of disjoint unions of product sets of the
form A x S;, where S; (j =1,...,jo) is a finitely sheeted Riemann surface over A
without relative boundary. We construct an m-sheeted connected Riemann surface
B over {p' < |w| < oo} without relative boundary such that the part of B over A
coincides with S; (j = 1,...,jo) and B has no branch points over w = co. Then
we attach RO to the ramified domain A x B along the common part A, and the
resulting ramified domain R over A x P,, satisfies the conclusion of the proposition.
)

We set R’ = R\ 77 }(A x {oc}). From this proposition, we see that to prove
Theorem 6.1, it suffices to construct a simple function on R’ instead of on R".}

6.2.2. Algebraic Functions of One Complex Variable. We recall a fun-
damental result about algebraic functions of one complex variable. Let R be a
compact Riemann surface of genus g. Let p, (j =1,..., ) be a finite set of points
of Rand let e; (j =1,...,u) be positive integers. We set

e:=¢ +- - +e,

We let M = M(R) denote the complex-linear space of meromorphic functions f(z)
on R such that f(z) is holomorphic in R\ {p;};=1..... and has a pole of order
at most e; at p; (j = 1,...,u). We let Q denote the complex-linear space of
holomorphic differentials w on R such that w has a zero of order at least e; at
p; (=1,...,u). We recall the Riemann-Roch theorem.

THEOREM 6.2.
dim M=dim Q+e—-g+1. (6.2)
In particular,
dim M=e-g+1 if e>29-1. (6.3)

The last statement (6.3) folows from the fact that any non-zero holomorphic
differential w on a compact Riemann surface R of genus g has just 2g — 2 zeros
(counted with multiplicity).

Let R be a compact Riemann surface of genus g lying m-sheeted over P,,. We
will assume in this section that all points of R over w = oo are regular points, i.e.,
non-branch points of R; we list them as L (j = 1,... ,m). Thus we can choose
and fix a large number pg > 0 such that, setting E = E,, = {w € Py, | [w| > po}.
there are no branch points over E. Therefore, there are m different copies E; (j =
1,...,m) of E with L € E;. We set

R =R\ {LL}j=1...m.

Let £(R) denote the linear space of meromorphic functions f(p) on R such that
f(p) is holomorphic in R'; i.e., f(p) may have poles only at the points Li_ (j =
1,...,m). If we restrict f(p) to E; (j = 1,...,m) and denote this restriction by
fi(w), then f;(w) is a single-valued meromorphic function on E which may have
poles only at w = oo.

4This idea is due to H. Behnke and K. Stein.
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Given an integer v > 1. we let £, (R) denote the set of all f(p) € L(R) which
have poles of order at most v at each point L  (j = 1.... .m). We also define

L(R) = {f(p)€ L.(R))| f(p) has poles
of order v at each L7 (j=1.....m)}.

Note that f(p) € L, (R) belongs to £;,(R) if and only if the total order of f(p) is
equal to mv.

Let f(p) € L(R). Then by constructing the fundamental symmetric functions
in the m branches of f(p). we obtain an irreducible polynomial of a new complex
variable X of the form

Fw.X)=X"+a0;(w)X" '+ - 4+ an(w) (6.4)

such that for each X, the solutions of F(w, X) = 0 coincide with X = f(w) and
such that each ax(w) (k =1,... .,m) is a polynomial in w € C,. Thus, F(w, X)
is a polynomial in both variables w' and X in C*. We call F(w, X) the defining
polynomial for f(p).

We have the following lemma.

LEMMA 6.1. Let f(p) € L(R). Then f(p) € L.(R) if and only if each co-
efficient ag(w) (A = 1.....m) of the defining polynomial F(w.X) for f(p) is a
polynomial of degree at most vk.

ProoF. Let f(p) € £, (R). We consider the branch f,(w) of f(p) on E, (j =
1.....m). Foreach k =1,... .m we have

ar(w) = Z Fi(w) - f5 (w) on E.

1t follows that ax(w) is a polynomial in u: of degree at most vk.
We prove the converse by contradiction. Hence we assume that some f,(u) has
a pole of order greater than v at v = oc. We let v* > v + | denote the maximm

such order and we suppose f),.....f, (1 <1 < m) have poles of order v~ at
w = 2¢. Then oy(w) is a polynomial in w of degree v*{, which is a contradiction.
g

REMARK 6.3. Let f(p) € £,.(R) and let F(w,X) in (6.4) denote the defining
polynomial for f(p). Then f(p) € £;(R) if and only if a,(w) is of order mv.

Let f(p) € L(R) and let F{w, X') be the defining polynomial for f(p). We set
Cs:={(w.X) € C* | F(v.X) =0}.

which is called the graph of f(p) in C*. Thus, C; is a one-dimensional analytic
set in C2. We consider the points P, (h = 1.... .hy) of C; which correspond to
the branch points of R and the points Qi (k= 1.... .ky) which correspond to the
singular points of C;. We write

P, =(&.&,) (h=1.... .hg), Qi = (k) (K=1.... k).

It may happen that P, = @ for some h and k. We note that the §, (h = 1.... . hq)
are uniquely determined by the Riemann surface R. but of course this is not the
case for &,. 7 and 5. If C; satisfies the three conditions:
1. each P, (h = 1.... . hq) is a regular point of C; and each Q. (A = 1.... k)
is a normal double point of C;:
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2. ifi#j(1<4,j <m), then
Jim _fi(w)/f;(w) #0,1, or oo; (6.5)

3. ifk#1(1 <kl < k), then g # ni; furthermore, for each k = 1,... , ky,
we have ni # €n (h=1,...,ho);
then we say that f(p) has a simple graph C; in C2. Here we say that Q = (n,7')
is a normal double singular point of C; if there exists a bidisk A = § x v C C2
centered at Q such that A NC; can be written as

{(w, X) € M| (X = fi(w))(X — f2(w)) =0},

where f)(w), f2(w) are holomorphic functions in 6§ with fi(n) = f2(n) = n’ and
fi(n) # f3(n). We note that condition 2 implies that the function f(p) is a char-
acteristic function on R, and hence C; can be considered as a graph of f(p) on
R.
We let £:(R) C L,(R) denote the set of all f(p) € £, (R) whose graphs C; are
simple in C?.
It is easy to see the following fact. Let f(p) € £L5(R) and let f,(p) € L.(R) (n =
1,2,...) with "li_ugnf,.(p) = f(p) uniformly on R; i.e.,

1. nli‘ngc fn(p) = f(p) uniformly on each subset K CC R';

2. for suffciently large n, f,(p) has the same order as f(p) at each L, (j =
1,...,m).
Then fn(p) € L3(R) for sufficiently large n.
We have the following theorem.

THEOREM 6.3. Let R be an m-sheeted compact Riemann surface over P,, of
genus g. Let hg be the number of branch points of R, and set vy := (hg +2)m + g.
Then for any function g(p) € L.(R) with v > mu, satisfying condition (6.5),
there erist a finite number of functions ¢;(p) € L, (R) (i = 1,... ,q) such that for
sufficiently small €; #£ 0 (i = 1,... ,q), G(p) := g(p) + Li_, €:4i(p) is a simple
function on R.

This is a classical result in the theory of algebraic functions of one complex
variable. The proof will be given in Appendix 1 to this chapter.

6.2.3. Meromorphic Functions on R(z). We return to the subject of 6.2.1.
Let A C C" and let R be a ramified domain over A = A x P,, which has no relative
boundary and which satisfies conditions 1 and 2 in Proposition 6.1. Let 7: R — A
be the canonical projection and let m be the number of sheets of R. Then the
subset of R lying over w = oo, i.e., 7~ }(A x {00}), consists of m different analytic
hyperplanes which will be denoted by LI, (j =1,... ,m). We set

R’=R\(G L;).
j=1

For z € A, we write R(z) = m~!(2) for the fiber over z, which is a compact Riemann
surface lying m-sheeted over P,,. We set

R(z) :=R'NR(z), Li(z)=LLNR(z) (F=1,....m).
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To prove the fundamental theorem (Theorem 6.1). it suffices to construct a mero-
morphic function G(z.p) of n+1 compler variables (z,p) in R which is holomorphic
in R’ and such that for some pointa € A, X = G(a,p) has a simple graph in C2, .

Let X be the branch set of R and set £ = #(X). For : € A. we let £(z) denote
the branch points of R(z), so that the section of £ over =’ coincides with X(z') for
all but a finite set of points ' € A. From condition 1 in Proposition 6.1, if we fix
a sufficiently large number p > 0 and set

F:jul<p in Py, A=A xT.

then X is an analytic set in A” with £ N (A x dI') = 0. 1t follows that the part of
R over A x (p < |w| < oc) consists of m disjoint univalent parts and that X can be
written as

E={(z.w) e A xP, | P(z,u) =0}.
where
P(z.w) = w" +a)(z)u™ "' + - + ax(2)

and each a;(z) (j = 1,...,x) is a holomorphic function on A. We decompose
P(z. w) into the prime factorization

pX3

P(z.w) = H P (z,w).
=1

where each P, (z.w) (x = 1....,xo) has the same form as P(z,w). We note that
P(z,w) has no multiple factors. We let d(z) denote the discriminant of P(z,w)
with respect to w, and we set

o:={z€ A |d(z)=0}. A'=A\o.

Then o is an (n — 1)-dimensional analytic hypersurface in A. We note that for each
z € A', R(z) is a compact Riemann surface of the same genus, say g. However. for
z € 0. R(z) is of genus ¢’ with0 < ¢’ < g.

Let v > 1 be an integer such that mv > 2g — 1. For z € A we write £,(z2) =
L,(R(z)). i.e.. £,(z) is the linear space of meromorphic functions on R(z) which
are holomorphic in R’(z) and which have poles at L3_(z) (j = 1.... .m) of order at
most v. By the Riemann-Roch theorem, dim £,(:) = mv — g + 1. For simplicity,
we set

ly:=mv—g, dim L£,(2)={+1.

We need the following lemina, related to nornal families of holomorphic func-
tions of one complex variable; this will form the basis of our proof of the Funda-
mental Theorem from 6.2.1.

LEMMA 6.2. Let 27 (j =1.2....) be a sequence of points in A which converges
to a point 2" € A. Let f'(p) € L,(z’) (j = 1.2....) be non-constant on R'(z?).
Assume that one of the zeros £ of f1(p) converyges to a point £ in R'(2") as j — o0.
Then there erists a subsequence f7*(p) (v =1.2....) of f’(p) (j=1,2....) and a
sequence b (v =1,2,...) of complex numbers such that, if we set

g (p) =t f*(p) (w=12...).

then the g/“(p) (v = 1.2....) converge locally uniformly to a non-constant holo-
morphic function g°(p) on R’'(2°) with ¢°(p) € L, (2°).
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We need to explain the terminology of local uniform convergence on R’'(z9).
Fix pp = (2. u?) € R'(2°) \ I(z°). i.e., u® is a regular point of R’(2"). Take a
relatively compact polydisk Ay x § C A x C,. centered at (2%, u®) in R’ \ . We
restrict ¢’*(p) (v = 1.2....) to {27} x 4. which is thus a holomorphic function for
w € 6 which we denote by ¢’ (w). Similarly, we set ¢°(w) = g°(p) for w € 4. where
p = (2", w). The conclusion of Lemma 6.2 is that ,,li_.".fc ¢ (w) = ¢"(w) uniformly
on J.

PROOF. Since there are at most mv zeros of f’(p) in R(z’), we can extract
from {f/(p)};=1.2.... a subsequence {f7*(p)}k=1.2.... in such a way that the zeros of
f?*(p) converge in R either to the points £ (¢ = 1,... .m’) in R'(z?) or to points
of LI (z°) (j = 1.....m). By assumption one of the points £& (v = 1.....m’)
coincides with £ € R'(2") described in the lemma. say €] = €. We select a
regular point 7 of R'(z%) such that n # £° (. = 1,... .,m’) and we fix a polydisk
A x 8! centered at (z%,1?) in R\ X such that f/*(p) # 0 for any p = (27*, w) with
w € 8'. We set nf* := (2*.ny) € R'(2’*). Since f’*(n{*) # O for any sufficiently
large k& > ky. we can define

Vo=, @t (p) =0 f4(p) in R(2M).

Since there are at most mv points p satisfying g’ (p) = 1 in R(z7*), we can extract
from {g’*(p)}x(>k,) a subsequence {g’*(p)}n=1.2... such that all points satisfying
¢’*(p) = 1 converge in R either to the points n0 (¢ = 1.....m") in R'(2°) or to
points of L2_(z") (j = 1,....m).
Take any py = (2°, w“) G R'(z") \ £(z") such that w # &0, n? (= 1,...,m";
j =1....,m"). Choose a polydisk A® x 6° centered at (z”,w?) in R’ \ ¥ such
that g’* (p) # 0,1 for any point p of the form p = (/*.w) with w € 6° and h > 1
sufficiently large so that z/* € AY. If we restrict each g’* (p) to 4° and call this re-
striction g’» (w), then g’* (i) is a holomorphic function on ° which omits the values
0 and 1. Thus. by Picard’s theorem, we can extract from {g’» (w)}r=1.2... a subse-
quence {¢’“(w)},=1.2.... which converges uniformly to g°(w) on §°. We can consider
9'(w) as a holomorphlc function g”(p) on R'(zY) N éY. By the standard diagonal
method we may assume that g’ (p) (v = 1,2....) converges locally uniformly to a
holomorphic function ¢"(p) on

R. (z") = R’(zo) \ (E(:O) U {6?}::\...‘ m’ U {77?}1—].... .m")'

Note that we have not ruled out the possibility that g"(p) = 0, 1. or > on R*(z").
Since 70 = (2%. u!) was a regular point of R’(z°). there exists a sufficiently small
polydisk A’ x &’ centered at (z°.w') in R’ \ £ and such that 8¢’ contains neither
€ (t=1....m)norn? (j =1,....m"). It follows from Weijerstrass' theorem
that the uniform convergence of ¢’ (w) (v = 1,2,...) on 8§’ implies the uniform
convergence of g/ (w) on §’. Consequently. ¢g°(p) is holomorphic at 7} and g"(n}) =
1. Similarly, g"(p) is holomorphic at & and g°(£9) = 0. Thus, g°(p) # oc on
R*(2"). It follows from the Riemann removable singularity theorem that g"(p) is
holomorphic on R'(z"). Hence, g"(p) is a non-constant holomorphic function on
R'(z). Since ¢/*(p) € £, (2'*) (u =1,2,...), we also have ¢g°(p) € L, (z°). a

For h =1.... ,ly := mv—g. let {, be an irreducible analytic hypersurface in R’
such that the projection m({) of ¢, onto A = A x P, is an n-dimensional complex
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hyperplane w = wj. In particular, ¢, lies over A x {wy} in A. We assume that
wh # wy for h # k and that |wy| > p. and we set

Ch(z) := (G NR(z2). z€A.

For z € A. this is a point in R(<) lying over w), in P, i.e.. (u(2) = wh.
For each z € A. we cousider the subset £Y(z) of £, (z) defined as

Li(z) = {f(z.p) € Lu(2) | f(z.C(2))=0(=1.....1s) }.

When we need to emphasize the dependence on ¢, (h = 1.... .ly}. we will write
L8(z) = L2(z.{Ch}n=1... 1,)- We also define, for z € A.

L£5(z) = {f(z.p) € Lu(z) ] f(z.p) has poles
of order v at cach L’ _(z) (j=1.....m)}.

We prove the following one complex variable lemma.

LEMMA 6.3. Assume v > 2g — 1. Then:

1. Each £%(z). z € A, is a complez-linear space with dim L£%(z) > 1.

2. Fira € A’ := A\ 0. Then we can choose the points {n(a) (h = 1,...,l,)
and (y(a) on R'(a) with |wh| = [Cu(a)| > p (h=0.1.... . 1y) and wp # wy
if h # k such that

(8) dim C‘;l(a~ {Ch}h:l.,.. .l‘.) = l.' and
(b) there exists a function g(a,p) € L(a. {Ch}n=1.....1,) such that
(i) g(a.p) € L (a);
(i) L)(a. {Ch}h_ wdo) = {cg(a.p)}eec:
(iii) g(a.Co(a)) = 1;
(iv) g(a.p) does not vanish at any points of R(a) lying over uy (I =
1.... .ly) except at (;(a). and g(a.p) does not assume the value
1 at any points of R(a) over wy ezxcept at (y(a).

PROOF. Assertion 1 follows Theorem 6.2. To prove assertion 2. since dim £, (a)
= lo + 1, we can choose a basis {fa(p)}a=1.....10=1 Of L,.(a) such that, on R(a).
f1(p) has poles of total order mv and each f,(p) for a = 2.... .1, + 1 has poles
of total order at most mv — 1. Thus. by analyticity, we can choose a point ¢ (a)
in R/(a) such that |wy| = |{i(a)| > p; fi,+1(1(a)) # 0: and such that f,(p) —
f1(Gi(a))/ fry=1(G1(a))] - fi,+1(p) does not vanish at any point of R(a) lying over w)
except at ;(a). Note there are at most m ~ 1 such points. Then. {g.(p)}a=1.... 4o-
where

9a(p) := fa(P) ~ [fa(C1(a))/ fia-1(G1(a))] - fry=1(P).

forms a base of £3(a. {C1(a)}): dim £3(a. {¢1(@)} = lo: 91(p) € L3(a); each ga(p)
for a = 2.....ly has poles of total order at most mv — 1; and g,(p) does not
vanish at any point of R(a) lying over w, except at {;(a). Thus we can recursively
find I, different points (n(a) (h =1,.... lp) in R'(a) such that |wy| = {{u(a)l > o
and wy, # wy for h # k, and a function h;(p) on R(a) of the form h,(p) =
hHip) - (:'_'2' Ca fo(p) such that {h;(p)} forins a base of £L%(a. {¢x(a)}n=1....1,) and

hy(p) does not vanish at any point of R(a) lying over wy (I = 1.... . 1) except at
¢i(a). Thus. diin £Y(a, {C,,(a)};. :1.... 1) = 1 and h,(p) € L;(a). We finally choose
a point (y(a) € R'(a) such that Iu,(,l = |Co(a)} > p. wy # uw (I =1.... . hy), and
hy(a.¢p(a)) # 0. If we set g(a.p) = hy(p)/hi1(¢y(a)) on R(a). then this function
g(a. p) satisfies all the conditions in 2. a
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We remark that the function g(a.p) is necessarily a characteristic function on
R(a). In fact, if not, there exist distinct points p'. p” on R(a) with p’ = p" € C,,.
such that g(a.p) has the same Taylor developiment about p’ and p”. We connect p’
and ¢ (a) by an arc 4 in R'(a) such that 4 does not pass through £(a) in C,.. As
we move p” along 7 in R'(a). we reach a poiut G#G (a) over ¢;(a) in R'(a). Then
g(a,¢ 1 (a)) = g(a,f;) by analytic continuation. This contradicts (b)-(iv) for g(a.p)
in the lemma.

Throughout this section, we fix a point a € A’, points ¢, (h =0,1,....l,) and
a function g(a.p) € £%(a) = L%(a. {Ch}n=1.... 1,) satisfying 2 in Lemma 6.3.
We have the following lemma.

LEMMA 6.4. (Stability)
1. Let 27 € A (j = 1,2,...) converye to the point a and let

f(Z.p)eLll(z) (G=12...) with f(z’.p) #0.

Any limit function f(a,p) of ¥ f(27*.p) (v = 1,2,...) on R'(a) obtained by
applying Lemma 6.2 for 2" = a and f;(p) = f(z’.p) (j = 1.2....) must be
of the form cg(a.p) for some nonzero constant c. Hence, f(2?.p) € L.(27)
for sufficiently large j.
2. There erists a neighborhood Vi, of {n(a) (h =0.1.... .ly) in R'(a) such that
(i) dim L3(a.{En}n=1.... 15) =1 for each & € Vi (R =1,--- .Ly);
(ii) there erists a function f(a.p) € L(a, {En}n=. .. 1,) L} (a) such that
f(ae €0) # 0.

PROOF. Assertion 1 is clear from Lemma 6.2 and the uniqueness of g(a,p). We
prove (i) of 2 by contradiction. Assume that there exist {£}}i=1.2.. C R'(a) (h =
1,...,ly) such that il_i.n;ncf;, = (p in R'(a) and dim L%(a,{€ }n=1..4) 22 (i =
1.2....). Then for each i = 1.2,..., we can find a non-constant function f,(p) €
L%(a, {&},}n=1.... 1,) such that f,(Co(a)) = 0. We can follow the same argument
as in the proof of Lemma 6.2 in the case 2/ = a (j = 1,2,...). and we find
that ¥ f; (p) (v = 1,2,...) converges locally uniformly to a nouconstant multiple
cg(a.p) on R'(a) by 1. This gives a contradiction at {y(a). and part (i) of 2 is
proved. Part (ii) of 2 can also be proved by the technique in Lemina 6.2. o

From this lemma we deduce the following corollaries with

Lz) = LAz {Ch}n=1... 25)
as above.

COROLLARY 6.1. There erists a neighborhood &' of a in A’ such that for z € §’,
each function f(z,p) € L(z) which is not identically zero does not vanish at {o(z)
and belongs to L}(z).

COROLLARY 6.2. There erists a neighborhood 8" of a in A’ such thatdim L£9(z)
=1 for all z € §".

Let & be a neighborhood of a in A’ which satisfies both Corollaries 6.1 and 6.2.
Then for each z € & there exists a unique function g(z,p) € £3(z) N L:(z) such
that g(z,{o(2)) = 1. Thus g(z,p) can be considered as a function of n + 1 complex
variables (z,p) in R(§).

We have the following proposition.



188 6. RAMIFIED DOMAINS

PROPOSITION 6.2. ¢(z,p) is a continuous function of (z.p) in R(4).

PROOF. Let z' € § and let 27 — 2’ as j — o in . Using 1 of Lemma 6.4
and the fact that g(z?.¢y(2’)) =1 (j = 1,2,...). we can extract a subsequence
g(z2%,p) (v = 1,2....) of {g(2?,p)}j=1.2... which converges locally uniformly to
g(a,p) on R'(a). Hence g(z/,p) — g(a.p) (j — ) locally uniformly on R’(a). and
g(z.p) is a continuous function on R'(§). Since the mv zeros of g(z’.p) in R'(27)
converge to the mv zeros {p(‘)}‘,:,._m,,.,, of g(a.p) in R'(a) by Hurwitz' theorem,
it follows that 1/g(z/, p) converges uniforinly to 1/g(a.p) in R(8)N[d x (py < |ur| <
oc)], where pp > |1_J£2| (s = 1.... .mv). Hence g(z,p) is continuous in R(J). (]

This proposition has the following interpretation: for each = € 4. consider the
graph C. : X = g(z,p) in C2 ,.. Then C. varies continuously with the parameter
z € § not only in C2, 4. but also in P, x Py. Since the simpleness of the graph
is stable, by taking a smaller neighborhood 4 of a. if necessary. it follows that each
C., z € 8, is a simple graph in C2. As a modification of Lemma 6.3, we need the
following fact.

REMARK 6.4. Asin Theorem 6.3. we let hj, denote the nimber of branch points
of R(a) and set

voi=(ho+2)m+g>2g+ 1. (6.6)

If v > muyy, then we can choose ((a) (I = 0.1,... .l = mv ~ g) with |uy| =
1¢i(a)l > p in R'(a) such that the function g(a,p) in 2 of Lemma 6.3 satisfies
conditions ()-(iv) in the lemma as well as the following condition:

(v) the graph Cyiapy: X = g(a,p) in C2, y is simple.

In fact. for each i = 1,... ,m. there exists a meromorphic function h,(p) on
R(a) such that k,(p) has a pole at Li_(a) of order v but such that the poles at
L% (a) (j # i) ave of order at most v — 1. We set G*(p) := g(a.p) + 3. &:h,(p) on
R(a). If &; (i = 1,... .m) are suitably small. then G*(p) satisfies condition (6.5):
ifi#j (1 <i,j <m), then

.ll.",'c Gi(2)/G5(2) # 0,1, or x.

Thus, lp of the zeros ¢} (a) (h = 1.... .ly) of G*(p) and one of the zeros ¢})(a) of
G*(p) — 1 are arbitrarily close to ;(a) and {y(a). From 2 of Lemina 6.4. G*(p) and
¢n(a) (h=0.1,... .ly) in R'(a) satisfy the conditions (i)-(v) as well as (6.5). From
Theorem 6.3 we see that there exists a function G(p) € L, (a) on R(a) arbitrarily
close to the function G*(a.p) such that the graph Cg is simple in C2 .. Thus. I,
of the zeros ¢;(a) (h =1,... .lo) of G(p) and one of the zeros {;(a) of G(p) — 1 are
arbitrarily close to ¢ (a) and {3(a). Again using 2 of Lemma 6.4. we see that G(p)
and ¢p(a) (h=0,1.... . hg) satisfy (i)-(v).

Throughout this section. we will assuine that v > my, and we will work with
the function g(z,p) having a pole of order v along I/, (j = l.....m) in R(J)
constricted so that g(a,p) satisfies all conditions in Lemma 6.3 as well as (v).

6.2.4. Analyticity of g(z,p). We now prove that g(z.p) is a holomorphic
function of (z,p) in R’(8). For each z € §, we let G(z.w.X) denote the defining
polynomial for X = g(z,p):

Giz.w.X)=X"+a1(z.w) X" '+ 4+ an(zw). (6.7)
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where
ai(z,w) = cio(2)u” +cia(z) w4 o cini(z) (i=1,...,m). (6.8)

From Proposition 6.2, ¢, j(z) (i =1....,m; j=0,1,...,vi) is a continuous func-
tion on 4.

We summarize the conditions satisfied by c; ;(z). Since g(z,p) vanishes at
G(z) (I = 1,...,l). where i(z) = wi. and since g(z.p) assumes the value 1 at
¢o(z), where {o(z) = wyp, it follows that the c; j(2) satisfy the following lp + 1
simultaneous linear equations with constant coefficients:

cm o2} + ema ()™ 4+ Cmam(2) =0 (I=1.... 1) (6.9)
1+ [eo(2)wf' + e ™ + -+ cin(2)] =0. (6.10)
i=1

We note that the graph C, = Cy(, py : X = g(a,p) in C? = C,,..x is simple. We let

Py(a) := (6n(a).&4(a)) (R =1.... .ho)
denote the points on the graph C, which correspond to the branch points of R(a).
Each Py(a) (h =1.... ,hg) is a non-singular point of C, in C2. Let
Qx(a) = (m(a).nk(a))  (k=1.... . ko)
denote the singular points of C, in C2, which are all normal double points.
We set
Zo(a) = (wo,1).  Zi(a) = (w1.0) (I=1,...,l);
these are the points on C, which correspond to (;(a) (! =0,1,... .ly) on R(a). We
fix
E,:={we Py |[u] > p}
so that there exist m disjoint univalent parts EJ (j = 1,... ,m) of R(a) over E,.
We let g;(a.w) denote the branch of g(z,p) on E} (j = 1.... ,m).
In C? with variables w and X, we take a closed bidisk
Th=qnx7 (h=1,..., k)
containing the point P, (a) = (éx(a), &} (a)) and such that
(1) TaNTix =0 (h # k)
(2) (CanNTh)N{w==En(a)} (h=1,...,ho) consists of only one point, Py(a);
3) CanN(yn x&y,) =0 (h=1,... .h).
We take a closed bidisk
A= x A, (k=1,....k)
containing the point Qx(a) = (nx(a), 9 (a)) and such that
(1) AnNA =0 (h# k), sothat A, NAx =0 (h # k);
(2) (CaNAx)N{w =m(a)} (k=1...., ko) consists of only one point, Qi (a);
(3) CaN(Me xBN,) =0 (k=1,... ko).
On each complex line w=w; (I =0,1,...,0p) in Cﬁ,_x, by (iv) we can take a disk
Bo:1X -1 <eoand B : |X| < e(l =1....,lp) such that C, N ({wr} x 3) =
{G(a)}(=0.1.... .1).
We say that the graph C, is standard with respect to {T's, Ak, S }n k.1

From Proposition 6.2 we obtain the following lemma.
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LEMMA 6.5. For a sufficiently small neighborhood 6 of a in A’, each graph
C: of X = g(z,p) in C% , for z € § is simple and is standard with respect to
{Th: Ak, Bi}nia defined above. Here, condition (2) for Ty (h = 1,....hy) and
A (k=1,.... k) above are replaced by the following conditions:
(2°) for Ty:  (CanLh) N {w = €x(2)} consists of ezactly one point, denoted
Py (2);
(2°) for Ax: Ay contains ezactly one normal double point of C.. denoted Qi(z).
Clearly the points Qi (z) (k = 1....,k¢) coincide with the set of all singular
points of the graph C. in C2. For z € 4, we set
Pu(z) = (n(2)&(2))  (h=1,... ho),
Qx(2) (m(2).m(2))  (k=1.... ko).
We observe that &£,(z) (h =1,... ,hy) are single-valued holomorphic functions on

d (determined by the given ramified domain R). and ni(z) (k = 1.... . ko) become
single-valued continuous functions on d by Proposition 6.2.

The main result in this section is the following.

Claim Bothe, j(z) (i=1,....m: j=0.1.... .vi) and qi(z) (k = 1.... , ko)
are single-valued holomorphic functions on 6.

i

PROOF. Fix z € §. We let D(z, w) denote the discriminant of the polynomial
G(z,w, X) with respect to the variable X, i.e.. D(z.w) is obtained by eliminating
the variable X from the equations

8
G(z.w, X) =0, (,—’YG(Z,u,,X) =0.

Thus D(z,w) is a polynomial in w whose coefficients are polynomials in ¢, ,(z);
hence D(z,w) is of the form

D(z,w) = Ao(cij(2))w” + Ai(ei,(2))w™ !+ + Ax(eiy(2)). (611
where N is a positive integer.
On the other hand, it is known that D(z,w) coincides with the product of the

square of the differences of any two solutions of G(z.w. X) = 0 with respect to X.
ie.,

D(Z, w) = H (gt'(zr ‘UJ) - gj(z? w))2° w € Gy,
i#)
where g;(z.w) (i =1,... ,m) is a branch of g(z.p) lying over a neighborhood of w.
Since the graph C., z € 4, is simple. the zeros of D(z,w) = 0 coincide with

w=4§&(z) (h=1....,hg), w=mn(z) (k=1.....ko),

and the order of £,(z) is equal to the order d), of ramification of R(z) at w = &(2);
note the order of 7 (z) is always equal to 2. It follows that

ho ko
D(z,w) = Ao(e, ;(2)) [] (w — &n(2)* [ (w - m(2))2. (6.12)
h=1 k=1
We formally develop the right-hand side into a polynomial in u' whose coefficients
are polynomials in ¢; j(z). &(z), and ni(z):
D(z,w) = Aolcis(2))w™ + Bi(ci;(2).6n(2). mi(2))uw™ " + (6.13)
-+ + By (cij(2).&n(2). ik (2))-
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We compare the coefficients of w* (8 =0,1.... . N) in (6.11) and (6.13), and obtain
NV equations which ¢; ;(2) and ¢ (z) wmust satisfy:
Ax(c;(2)) = Baleij(2)-&a(2).m(2)) =0 (A=1.....N). (6.14)

Now we introduce new complex variables
u,; (i=1,....m;j=0,1.....vi), v (k=1,... k)

and consider ly + 1 + N equations obtained by replacing c, j(z) and nx(z) by u, ;
and vy in (6.9), (6.10). and (6.14), i.e..

U ow}™ + Umaw} ™ 4 g =0 (U= 1. ), (6.15)
m
1+ Tucowt’ + a4+ + ui] =0, (6.16)
i=1
Ax(ui,) = Ba(u, ;. 6n(2).10) =0 (A=1,....N). (6.17)
We consider the space C™ with variables u; j and 1, and the product space
M; =6 x CV.

We let Q denote the analytic set in Il; defined by the analytic equations (6.15),
(6.16) and (6.17). These are all algebraic for u, ; and vy with holomorphic coeffi-
cients on J; i.e.. each of them is a polynomial in the variables u, , and vx whose
coefficients are single-valued holomorphic functions of z in . From the construc-
tion. N contains the set
E uij=cij(z), ve=m((z). ze€d

We let Q' denote the irreducible component of Q which contains £*. To verify
the claim, using (ii) in Remark 2.8 in Chapter 2, it suffices to show that Q° is of
dimension n. Therefore, we let 2°(a) denote the section of Y over z = a:

2%a) = {(u,j.rx) € CV | (a.u, ;. 2%) € "}
thus (c; j(a).mk(a)) € N%(a). We want to show that
the point (c, ;(a).nx(a)) is isolated in Q(a). (6.18)
We prove this by contradiction. Let Q = (c; j(a). m«(a)). and let Q* = (u] ;.v3) # Q

be a point in 2%a) arbitrarily close to Q in CV. We construct the polynomial
a}(w) in w,

oj(w) =ujgu” +ulw et (i=1....m), (6.19)
and the polynomial G*(w. X) in X with coefficients o} (w).
G'w.X)=X"+a}(w)X™ ' +--- +a,(w). (6.20)
We recall the definition of the analytic set Q!; thus, from (6.15) and (6.16),
G'(wj,0)=0 (j=1,....0). G*(wp,1) =0.

If we let D*(w) denote the discriminant of G*(w. X) with respect to X, then our
condition (6.17) implies
k’l

ho
D*(w) = Ao(u},) [T (w - &n(a)® T](w - vp).
h=1 k=1
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We consider the algebraic function X = g*(p) defined by G*(w, X) = 0. We let R*
denote the Riemann surface over P, determined by g*(«). and we let C* denote
the graph of g*(p) in C2 y.

C':X=g"(p) in Ciljy.

If Q* approaches Q on 0°, then the graph C* approaches the graph C,. not only
in C2 ., but also in P,. x Py by Remark 6.3. We thus assume that the graph
C* is simple and standard with respect to {Tx,As,3i}, where condition (2) for
Th (h=1,... ko) and Ax (k = 1.... ,kg) is replaced by the following condtions:
(C* NTh) N {w = En(2)} (resp.. (C° NAg) N {w = v}}) consists of only one point;
we call this point P = (€n(a).&;') (resp.. Q; = (vi.v}))-

With this notation we state the following lemma: this will be needed to reach
a contradiction to finally verify (6.18).

LEMMA 6.6. If Q° = (u] ;.v}) € Q%(a) is close enough to Q = (c:;(a).mk(a))
but Q" # Q, then
(1) R* =R(a), and
(2) °(p) = g(a.p) on R(a).

PROOF. We observe that the graph C* approaches C; in P, xPyx.and C* # C,.
Thus, the number of sheets of R* over P,. is equal to the number of sheets m of
R(a) over P,,. Also, the solutions of the discriminant equation D*(w) = 0 coincide
with §x(a) (h=1,... ,ho) and v} (k=1.... .ko). Since Pn(a) (h =1.... .hg)isa
non-singular point of C, in C2, , Py is a non-singular point of C*. Furthermore,
the order of ramification of R* at w = &,(a) is d,. the same as that of R(a) at
w = £&p(a). Since Qi(a) (k = 1,...,ko) is a normal double point of C,, Q} is a
normal double point of C*. Thus Q}. does not correspond to a branch point of R*.
It turns out that R* is an m-sheeted Riemann surface over P, with branch points
only at £x(a) (h = 1.... , hg) over the same projection §;(a) = §n(a) with the same
order dj of ramification as £;(a) has for R(a). Since the graph C* approaches C,.
we see that R* = R(a), which proves (1).

To prove (2). we note from (1) that g*(p) is a meromorphic function on R(a).
Since each coefficient a}(w) of the polynomial G*(w, X) is of order at most vi,
it follows from Lemma 6.1 that g*(p) € £,(a). From (6.15) (resp.. (6.16)) g*(p)
(resp., g*(p) — 1) vanishes for at least one point of R(a) over w; (I = 1....,lp)
(resp.. wg). Since C* approaches C,. it follows from condition (iv) of 2 in Lemma
6.3 that there is only one such point, namely (;(a) (resp.. {gp(a)). Equivalently.
g"(p) € L%(a) with g*((o(a)) = 1. From the uniqueness of g(a.p) on R(a) (using
the fact that dim £9(a) = 1), we have g*(p) = g(a,p). Hence (2) is proved. O

We return to the proof of (6.18). Note that. for a given Q* = (u],.v}) €
2%(a). the construction of the meromorphic function g*(p) on R* (using aj(w) and
G*(w, X)) yields a one-to-one function. This contradicts 2 of Lemma 6.6. Hence.

(6.18) is true. Thus. the claim is proved. g
In the proof, since Q° is irreducible in Il; and £* € Q. it follows that

Q=g (6.21)

Since c; j(z) (i=1,... ,m:j = 1.... ,vi) were shown to be single-valued holo-

morphic functions on 4, we thus obtain from (6.7) and (6.8) the following result.
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PROPOSITION 6.3. g(z.p) is a meromorphic function of (z.p) in R(8) which is
holomorphic in R'(6).

6.2.5. Analytic Continuation of g(z.p). We next prove that g(z,p) in R(d)
can be meromorphically continued to all of R. We recall the simultaneous equations
(6.15). (6.16). and (6.17) which define the analytic set Q2 in Il5. From our condition
for the branch set of R: w = £,(z) (h = 1.... . hg) with order of ramification d,,

we have
0

H<w-sh( ) = I][P (z.w)]™,

where P, (z.w) is of the form
Pzow) = u” + 31 (2)u™ " + - + 8.(2)

with the 3;(z) (i = 1.... .k) being single-valued holomorphic functions on all of
A. Here, the e, (x = 1,...,xq) are positive integers which are determined by
the order of ramification of the branch set of R over P,(z.w) = 0. Thus. from
(6.12) all the equations (6.15). (6.16). and (6.17) are algebraic with respect to u, ;
and v; with coefficients which are single-valued holomorphic functions on A. It
follows that Q and QU defined in II5 can be analytically continued and considered
as analytic sets in the product space Iy := A x C* or even in I3 := A x PY. We
use the same notation Q° for the analytic set considered in I or in I3 obtained
by this analytic continuation of Q¥ in Ils. We can apply the results fromn § 2.5 in
Chapter 2 to 2°. From (6.21) we see that dim Q2 = n and the projection of Q°
onto A contains 4 (and hence the point a). Given z’ € A. we let 2°(2’) denote the
section of Q20 over z = z’. It follows fromn Corollary 2.8 that there exists an analytic
set e in A of dimension at most n — 1 such that for z € A\ e. Q°(2) consists of m*
distinct points in C*, where m* > 1 is an integer independent of z € A \ e.

Therefore, if we set Ay := A'\ e (where A’ = A\ ¢ and ¢ is the zero set of the
discriminant d(z) of P(z, w)). and we set QY := Q°N (A, x CV), then Qf can be
written in the form

QA owiy=c(2). w=n(). z€ A,
where A, is an unramified. finitely sheeted domain over A, without relative bound-
ary, and c; J(") and n;(Zz) are holomorphic functions on A,. Thus. m® is the number
of sheets of Al over A;. Our next claim is that Al is univalent over A,. i.e.,
Claim m*=1.

Indeed. from (6.21), there exists an open. univalent part &, of IS, over 6N A,
such that ¢} ;(z) = ¢ j(z) and ng(z) = nk(z) for z € &. Take z € A} and let
(c7,(2). r)‘(’)) € 0)(z). As in (6.19) and (6.20). we construct, for i = 1,.

a, (Z. w) cm(Z)w‘" + ci.l(;;")u’m“l +--+ ci.m‘(z)‘ (622)
G'Fw.X) = X"+ajGuw)X™ '+ +a,(Zw). (6.23)

These functions are holomorphic for 7 € A. We let X = = g*(z,w) denote the alge-
braic function determined by G*(Z.w. X) = 0 and we write R*(Z) for the Riemann
surface of g*(Z. w). We also set

-~

C(3: X=g"(Zuw), Z€eA, (6.24)
the graph of g*(z.w) in C2 ;..
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Fix ag € §p and let 4 be any closed curve in A, starting at o, and terminating
at a; = ag. We obtain a variation of graphs

Tey—C(3)

starting from the graph C,, of X = g(ao.w). If = lies in a sufficiently small neigh-
borhood &, C 8y of the starting point ag. then C*(3) = C.. where 2 = = and C. is
the graph of g(z.p). This does not necessarily hold for Z in a neighborhood of the
terminal point a;. In any case, we have R* () = R(z) for Z € 4/,. For. since the Rie-
mann surface R(z) (R*(Z)) varies holomorphically with respect to z € A’ (Z € A,).
and since A; C A, it follows that R*(Z) = R(z) for 2 lving in a neighborhood of
the terminal point a; with Z = 2. For such points ? close to the terminal point a,.
g"(Z.p) is thus a meromorphic function on the Riemann surface R(z:) with 3 = z.
By construction of X = g*(Z.p). we have g*(Z.p) € £L"(z) and ¢*(Z.(o(z)) = 1 since
Q" = (u7,.ty) € N and w" satisfies (6.16). Since £2(z2) = {c g(z.p)}cec for z € 4.
it follows that ¢*(Z.p) = g(z.p) for all T sufficiently close to the terminal point a,.
Since ¢} ,(2). n;(2) can be constructed from g°(Z. p). this means that ¢} (Z). ni(3)
vary holomorphically with Z € 4. starting with the values ¢, ;(z). m(z) in ) and
returning to the same values c; j(z). 7 (z). We thus have m* = 1.

In particular, we have a € A;. We finally arrive at the last step of the
proof of the fundamental theorem (Theorem 6.1). Since m* = 1. we can write
¢ ,(2) = ¢i;(2). ni(z) = m(z) for 2 € A;: these are single-valued holomorphic
functions on A;. As in (6.22) and (6.23), we write a;(z) = a;(z) on A, and
Gzow. X) = G*(z.w, X) for z € A x C,. x. We also write ¢9°(z,p) = g(z.p):
this is a meromorphic function of (z.p) in R(A,;) which is holomorphic in R'(A,).
Since (c;.j(z).m(2)). = € A, is a subset of the n-dimensional analytic set 2° in
M4 = A x P* and since e, and o are analytic sets in A of dimension at most n -1
(where A; = A\(e,Ug)). it follows that c, ,(z) and 1 (=) are meromorpohic function
on all of A whose poles p are contained in cUo. Using the solvability of the Poincaré
problem in A (by Theorem 3.9). we can construct a holomorphic function 2(z) on A
such that p(2) =0o0n p: ¢(a) #0: and each (2)c,;(2) (i=1....m:j=1....vi)
can be holomorphically extended to all of A. Therefore. equations (6.23) and (6.24)
imply that the holomorphic function X = g(z.p) := ¢(s)g(z.p) on R satisfies the
following equation:

X" 4012 w)2(2) X" o b an (Gow)(2(z)™ =0,

where each coefficient function «;(z.w)(2(2))! (i = 1.....m) is a holomorphic
function on C27!. Since g(a.p) as well as g(a.p) have simple graphs in C? ..
it follows that g(z.p) is a simple function on R'. The fundamental theorem is
completely proved.

0

6.2.6. Fundamental System of Locally Ramified Domains. Let A :
fz] <7, (j = 1.....n) be a polydisk in C". Let R be a ramified domain over A
without relative boundary which is standard with respect to the variable z,. and
let #: R — A be the canonical projection. We let m be the number of sheets of
R over A; we let ¥ be the branch set of R: and we set ¥ = n(X). Then X can be
written as the zero set of a pseudopolynomial P(z) with respect to z,,:

P(z) = zf + oy (2)25 7 + -+ an(2).
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where a,(z’) (i = 1.....x) is a holomorphic function for ' = (z,... ,2,-) in
Ailzl<r;(G=1....n-1).

Let ®;(p) (i = 1.....N) be a holomorphic function on R. We introduce C
with variables uw; (i = 1....,.N) and consider the following analytic set C in the

(n + N)-dimensional product space A = A x CV:
¢ : w; = o,(p) (peR:i=1.... N).

We let S denote the analytic set of singular points of Cin A. If Sis at most (n—-2)-
dimensional as an analytic set in A, we say that {®,(p)},-1.. .y is a fundamental
system for R.

We have the following theorem.

THEOREM 6.4. There ertsts a fundamental system for R.

PRroOF. By the fundamental theorem (Theorem 6.1). there exists a character-
istic and simple function ®;(p) on R. We consider the product space A} = A xC,,,
and the analytic hypersurface

C: un=%1(p). peR.

We let ¥, denote the set of points of C; which correspond to the branch points p
of R . i.e., to the points p € I. Since &,(p) is a simple function for R. £, consists
of regular points of C) except for an analytic set in A of dimension at most n — 2.

We let S denote the set of singular points of C; in A: this consists of a finite num-
ber of irreducible components S, (j = 1.... . u) with cach S; being an analytic set of
dimension at most n — 1. We fix a component S, of S which is (n — 1)-dimensional
(if such a component exists). Since dim(S; N £,) < n — 2. we can find a point
z* € S, \ Z such that there exist distinct regular points p; (i = 1.... .m;:m; < m)
on R over :* with ®,(p) being a single-valued holomorphic function on a (univa-
lent) neighborhood of each p; in R and with @®,(p;) = ®,(p;) if i # j. Take any
two distinct points p, and p, among the points {p,}i=1.... .m,. Since ®,(p) is char-
acteristic on R, it has different function elements at p; and p;. Thus, among the
partial differentiations ,

ON*TTIn ® ( )
PRI R, P

of &;(p) with respect to z, (j = 1.... .n), there exists at least one, say ¥(p). which
attains different values at p, and p;. We note that ¥(p) is a meromorphic function
on R whose poles are contained in the branch surface ¥ of R. Thus, if we take a
sufficiently large integer X, the function ¥, (p) := (P(z))*¥(p) is holomorphic on R
and satisfies ¥,(p;) # ¥1(p;). Repeating this method for any pair (p;.p;) (i # j).
we obtain holomorphic functions

¥ p).... “I"k"’(p) on R
with the following properties: for distinct i and j (1 < i.j < m). there exists
some ¥i'(p) (1 < k < ki) such that ¥ (p) # ¥{'(p,). We thus consider
C!th .= C,, x C* with variables w).wy; (k = 1.... .k;) and form the graph
Ciwr=8(p). wix=¥"() (k=1....k). peR

in the product space A, := A x C'*%1, Then C, is an n-dimensional analytic
set in A, which is non-singular at all points corresponding to a point of §; \ &
except perhaps for an analytic set in A, of dimension at most n — 2. Repeating
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this procedure for S; (! = 2....pu), we obtain a holomorphic function \Ilik“(p) (k=
l,...,k) on R. In CM, where M =1+ k; +--- + k,, with variables wy,wys (I =
1....,u: k=1,... k). we form the graph

C:wy=®1(p), wia=¥"(P)(U=1....psk=1,....k). peR

lying in A := A x C*. The singular set of C consists of analytic sets of dimension
at most n — 2 in A. Thus {®,(p). \Ili”}:.k is a fundamental system for R. G

6.3. Appendix 1

In this section we give a proof of Theorem 6.3. Let R be an m-sheeted compact
Riemann surface over P, of genus g. Let # : R — P, denote the projection and let
Py, (h=1,...,hp) be the set of branch points of R. We assume that #(P,) # .

We let R’ denote the part of R lying over C,.. We set ¢, = 7(P),). and we let
en — 1 denote the order of ramification of R at P,. Then we can choose a local
parameter {5 at Py of the form w =c, + t;*. Welet L, (j = 1,... .m) denote the
m distinct points over w = ., and we use a local parameter t, at L, of the form
t; = 1/w. For a regular point p of R’ we use a local parameter t; at P of the form
w=7(P)+tp.

Given a meromorphic function f(p) on R, we write f'(p) to denote the deriva-
tive of f(p) with respect to the local parameter at p.

We let ¢, (h=1,... .h{) denote the distinct points among the points ¢, (h =
1,...,ho), and we write

C..:=C\{ch}n=1....ny-
We write £, (R) for the complex-linear space of ineromorphic functions f(p) on R
such that f(p) is holomorphic on R’ and the order of the pole of f(p) at L, (j =
1.....m) is less than or equal to v. Given a non-constant function f(p) € £,(R).
we consider the graph

C;: X=f(p), PER,
in C2 y with variables w and X: then C; is a one-dimensional analytic set in
C2 x. For p € R'. we call (n(p), f(p)) € C; the point corresponding to p. If
f(p) is a characteristic function on R, i.e.. if there exists a point w, € C.. such
that f(p) has m different function elements over a neighborhood of wg, then this
correspondence R — Cy is one-to-one except at a finite set of points.

We have the following proposition.

PROPOSITION 6.4. Letq, (¢ =1.....K) be x distinct points of R' and let w, =
m(q) (¢t = 1,...,K). Leta,, B, (¢t = 1.....K) be compler numbers. Then there
ezxists a function f(p) € L,,, with po := m(x +2) + g and

f(Q()=atv f'(41¢)=3, (l=l,...‘ﬁ).

PROOF. We let ¢, be a local parameter at ¢, (¢ = 1.... .x). In a neighborhood
of each g, we prescribe a principal part g, of a meromorphic function as follows:
(i) if g, is a branch point of order €, — 1. then p, = a,/t? + 3, /t2¢ 1,
(ii) if g, is an ordinary point of R'. then p, = a,/t? + 3, /t,.
Since e, < m, we easily see from the Riemann-Roch theorem that there exists a

meromorphic function ¢(p) on R such that
(1) »(p) has principal part p, at each ¢, (: = 1.... .k):
(2) (p) has poles at L, (j = 1,....m) of order at most yuy;
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(3) w(p) is holomorphic on R’ \ {g}i=1....x-
We let u, (¢t = 1,....r¢) denote the set of distinct points among all the points
w, (¢=1,...,k). If we set

A

f®) =) [[(w-w)® peRr.
1=1

then f(p) satisfies all the conditions in the proposition. 3

We put vg := m(hg +2) + g. which is determined by the given Riemann surface
R. From this proposition we obtain the following lemma.

LEMMA 6.7. There exists a meromorphic function f(p) € L, (R) such that if
Cs: X = f(p). p € R. denotes the graph of f(p) in C2 . then each intersection
point of C; and the compler line w = cx (h=1.... ,h{) in CZ, y is a non-singular
point of Cy in C2, .

PROOF. For each h =1....  hj. we let gn,, (¥ = 1.... .v) denote the points
of R’ lying over w = c¢;. From the above proposition we can find a meromorphic
function f(p) € L,,(R) such that

f(gne) = v, f(ans) = 1.

Then the graph C; : X = f(p). p € R'. in C2,  satisfies the conditions in the
lemma. 0

Now let ¥ > muyy and let g(p) be a characteristic function on R such that
g(p) € L;(R) (i.e., the order of the pole at each L?_ (j = 1.... .m) is equal to v).
Using the function f(p) from the above lemma, we set

G(p) :=g(p) +ef(p) on R (6.25)

for € > 0. If ¢ is sufficiently small. then the graph C; : X =G(p). p€ R.in CZ
satisfies the following:

All points of R’ over w = ¢, (h = 1.... , hy) correspond

Condition (+) : to non-singular points of C¢; in C?,._x.

Since G(p) as well as g(p) is a characteristic function on R, the correspondence
p € R' — (n(p). G(p)) € C¢; is one-to-one except for a finite point set

Qr = (ak.bs) (k=1.... ko)

of Cg. Here ay € C,.. We let 7 > 2 be the number of points of R’ which correspond
to Qk. In the present case Qi (k = 1.... .kp) coincides with the set of singular
points of Ci; in C2, y. We study the behavior of C¢; in a neighborhood of a point Qi
in CZ . For simplicity. we write Qx = Q = (a.b) and nx =7. Welet py.... .p, in
R’ denote the points corresponding to Q through X = G(p). There exists a closed
bidisk A := A x T C C,, x Cx centered at Q such that Cgz N A can be written in
the form

n
Po(w. X) := JJ(X - vi(w)) = 0. (6.26)

i=1
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where v, (w) (i = 1.....n) is a single-valued holomorphic function on A with
b=1vj(a) (i=1.....n) and vy(w) # ¢;(w) if w # a and i # j. The discriminant
D, (1) of the polynomial Py(uw..X) with respect to X can be written in the form
Dy(w) = A(w) (v — a)®.
where p > 1 and A(w) is a non-vanishing holomorphic function on A. We call the
integer p > 1 the order of the singularity of C¢ at the singular point Q. We
observe that @ is a normal double singular point of C¢; if and only if p = 1.
We have the following reduction for G(p).

LeMMA 6.8. Let v > my, and let G(p) be a characteristic function on R such
that G(p) € L;,(R) and the graphCc; : X = G(p) of G(p) in C?. \ satisfies condition
(*). Then there exist a finite number of meromorphic functions ¢,(p) € L,,(R) (j =
1,... . M) such that for suitably smalls; #0 (j=1.... .M). if we set

Y]
K(p):=G(p)+ Y _<,0,(p) onR
=1
and if we let Cx : X = K(p). p € R’ be the graph of K(p) in C3. . then:
(1) the graph Cg; satisfies condition {x):
(2) all singular points Z, = (zx.yx) (x = 1,... .Kq) of the graph Cx in C2
consist of normal double points:
(B) axFxrifk#L kl=1,... K

PROOF. First step. In order to modify G(p) to satisfy conditions (1) and (2).
welet pi. > 1 (k = 1,...,ky) denote the order of the singularity of C(; at the singular
point Q. = (ax, b;). We consider closed bidisks Ay := Ay xT; € Cyu x Cy centered
at Qi such that A N A; = 0@ if k # 1 and such that C; N .\ is of the form

e
Pi(w. X) := [J(X - veo(w)) =0,
i=1
where b = ur.i(ar) (k= 1.... ko) and vy, (w) # vy (w) for w # ay :i # j. The
discriminant Dj(w) of Pi(w, X) with respect to X is of the form
Dy (w) = Ar(w) (w — ai)*.
where Ag(w) # 0 for w € Ay.
Assume that p; > 2 for some k, say k = 1 for simplicity. Let py,... .p, be
the points of R’ which correspond to Q, through C¢;. From Proposition 6.4 there
exists a meromorphic function ¢(p) € L,,,(R) such that

FP)=¢p) =0, ) =1 (p)=2

vpu)=p (p.)=0 (p=3.....m).
We set

H(p):=G(p)+< ¢(p) on R
and consider the graph Cy : X = H(p). p € R'. in C2 . If £ # 0 is sufficiently
small, then H(p) satisfies condition (%) and. moreover. the singular poiuts of Cj; in
C?  are all located in Ax (k= 1.... . ko).
In fact. since G(p) € L;(R). G(p) has pole of order v at each L (j = L.... . m).

On the other hand. ;+(p) € £, (R) has pole of order at most muy at any L* (j =
1.... ,m). It follows from v > m vy that |G(p)| > 2|¢2(p)| outside the domains of R
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over the large disk A, := {jw| < r} in C,.. Hence Cj; as well as Cg has no singular
points outside A, x Cx. Moreover, if ¢ is sufficiently small. then Cj; as well as C¢;
has no singular points in (A, x Cx) \U:‘,'__ s Ak

In the bidisk A,. the graph C4 N A, has the formn

m

Pi(w.X) := [[IX - (vra(w) + e(w))].

We see that @, is also a singular point of Cj; (as well as of C¢;). but it becomes a
normal double singular point of Cj;. so that the order of the singularity of Cy at
Q) is equal to 1. Besides @, some new singular points of C;; may be created in A,
these will be denoted by T (j = 1.... . ju). Welet p; be the order of the singularity
ofChatT; (j=1,....j). Let 51(w) be the discriminant of f’l(w, X) with respect
to X: then the number of zeros of 51(11:) in A, (counted with multiplicity) is equal
to 2 py - the same as that of D{(«) - and it also equals the sum of the order of the
singularities of Cpy in A;. Hence

p=1+p1+---+p;,.

It follows that p; < py — 1 (j = 1.... . jo). Thus all singular points of Cy in the
bidisk A, have order of singularity at most p; — 1.

Similarly, in.the other bidisks A (A = 2.....ky) there may be finitely many
singular points T ; (j = 1.....jk) of Cy even though A has only one singular
point Qi of Ci; and the order of singularity at Qy is px > 1. Let pi_, be the order
of the singularity of Cy; at the singular point T y (J =1,...,jx); then we see from
the argument above involving the discriminants that p; = Zj’;, Pr.;. so that each
Pri <pe(J=1.....5k)

Repeating the same procedure, step by step, we construct a finite number of
meromorphic functions ¢;(p) € £,,,(R) (j = 1.....N) such that for sufficiently
small €; #0 (j = 1,... . A). if we define

N
L(p) :==G()+ ) _e;o;(p) onR

=1

and if we let C, : X = L(p). p € R'. denote the graph of L(p) in C2, . then C|,
satisfies condition (+) and the set A of all singular points A« (k =1,... ,ry) of Cy,
in C2 . consists of those whose orders of singularity p. are all equal to 1. i.e., each
A (k =1,...,Kp) is a normal double singular point of C; .

Second step. In order to modify L(p) to satisfy condition (3) we set A, =
(an'Bx). & = 1.... .Kg, and let o, (k = 1.... .x{) be the set of distinct points
among all the points a. (k =1,....x) in C,.. For each x = 1.... .xj we let j,
be the number of points of A lying over the complex line w = a,.

Fix x = 1. Let A, (j = 1.... .j) be the points of A lying over the complex
line w = ay, and let p, p] € R’ be the points of R’ which correspond to the normal
double singular point A, ; of C;, through X = L(p). From Proposition 6.4 there
exists a function ¢, (p) € £,,(R) such that

oi(p}) =ei(py) =0. o1(p}) = oi(pY) =0,

6.27
o) =L ea@)=2 GE) =@) =0 (=2....0). )
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For sufficiently small n,, set
M(p):=L(p)+moi(p) on R

and let Cy; : X = M(p), p € R', denote the graph of M(p) in Cf‘"\-. Then the
graph Cys satisfies condition (*). and the set B of all singular points of Cys consists
of ¢ normal double points as well as the set Cyy. This follows since m is sufficiently
small. Furthermore, if we set B:= {B, = (7,.4,)}.=1.... ., - then (6.27) implies that
the number of distinct points among the 4, (¢ = 1,... ,kq) in C.. is greater than
or equal to nj, + 1.

\Ve continue this procedure and obtain o4(p) € £,,(R) (s = 1.... .sy) with the
property that. if we define

40
K(p) = H(p)+ Y _n. os(p). PER.
s=1
and we let Cx : X = K(p). p € R'. denote the graph of K(p) in C2 . then for
sufficiently small n,. the graph C satisfies condition (*) and all singular points Z of
Ck consist of kg double points. Moreover, if we write 2 = {Z,, = (Tx.¥x)}x=1.. o
then the points x,, (N =1,...,xq) are distinct. Thus the lemma is proved. O

PROOF OF THEOREM 6.3. Let v > muy. Fix any g(p) € L. (R) satisfving
condition (6.5). Then g(p) is a characteristic function on R. Thus. after con-
structing G(p) = g(p) + ¢f(p) as in (6.25), we can use Lemmma 6.8 to obtain
K(p) = G(p) + 2;;, €;0,(p) on R. This function K (p) for sufficiently small ¢
and €; (j = 1,..., M) satisfies all the conditions of the theoremn. O

6.4. Appendix 2
Let A=A xT C C? x C,. be a polydisk. where
A: jzl<1(=1,...,n). T: jwl <l

We set z = (21.....2,) = (2'.2,) and A = APV x A, where A"V = A; x
...xAn_yand Aj:={z,: (z,] < 1}. Let T be an analytic hypersurface in A such
that N (A x 8T') = 0. Then there exists a monic pseudopolynomial in w'.

Plzow) = uw’ + ai(z)u’ "' + -+ + a,(2).
where a,(z) (j = 1.... .v) is a holomorphic function on A, with

E={(z.w) € Ax C, | P(z.w) =0} (6.28)

and such that P(z.w) has no multiple factors. We let d(z) # 0 denote the discrim-
inant of P(z,w) with respect to w. and we set

o={z€A|d(z) =0}

which is an analytic hypersurface in A. We set A’ = A\ o and A’ = A\ Z. For
20 € A, we let A(2).A(z0) and Z(zq) denote the sections of A..\’. and T over z.
We usually identify these sets in {29} x I' with sets in the disk I'; £(zp) consists of
at most v distinct points and A’(z9) = A(z¢) \ £(20) is a punctured disk with at
most v punctures.

We have the following lemma. which is stated on pp. 68-69 in Picard and
Simard [58].
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LEMMA 6.9. ® In the above setting, let z* € A\o. Then any real 1-dimensional
closed curve 4 in A\ X can be continuously (i.e.. homotopically) deformed in A\ T
to a closed curve ¥* in A'(z2*).

The conclusion is not necessarily true for z* € o. For example, let n =
1; P(z,w) = w(w—2/2); v:6 € [0,2n] = (z,w) = (1/2,1/5¢"?); and 2* = 0.
Then 4 cannot be continuously deformed in A \ £ to a closed curve in A’(0).
PROOF OF THE LEMMA. We may assume the following:
(1) A=A, x---xAp, where A) (j = 1,... .n) is a rectangle (jz,] < 1) x (Jy;| <
1) in the complex plane C. : z;, = x; + iy;.

(2) The hypersurface £ in A contains no complex lines of the form 2’ = ¢/, w = d,

where ¢/ = (c).... .cn-1) and d are constant, i.e., the coordinates (z’,w, z,)
of C"*! as well as the coordinates (', z,. w) satisfy the Weierstrass condition
for T.

(3) If n > 2, we may assume that the hypersurface o in the rectangle A contains
no irreducible component of the form z,, = ¢ where c is a constant.

(4) The closed curve 7 is a real analytic, one-dimensional closed curve in A\ X
of the form v : ' = 0o(s). zn = x(8). w = ¥(s). where &(s), x(s), ¥(s) are
real analytic functions on (—ac, +9c) with period 27 and the projection of
7 to each axis r1.¥1,... . Ty.Yn, 4. v (Where w = u + iv) does not reduce to
a point. To emphasize the z,-component, we set 2, = z + iy and x(s) =
Y'(8) + ix"(s). so that

y:8€(0.2n] - M

¥(s) (6.29)
(o(8). x'(s). x"(s). ¥(s)) € A\ E.
(5) For M = ~(s) € 4. consider the real one-dimensional segment X, and the
real analytic 2-dimensional set X, in the rectangle A defined via
Xar={(o(s),z.X"(s)) €A | -1 <z < 1},

X, = U X,\].
Me~

The set X, intersects the complex (n — 1)-dimensional analytic set ¢ in A
in at most a finite number of points: i.e.,

X, No={A4,.... . A} (6.30)
Thus we can find o € [0.27] and " € (-1.1) (k = L.... .lp;h =
1.... . h(k)) such that 4 = (o(a®), 2, y”(a'*")) and such that Xy No =

@ for each s # a'*! (k = 1,... .ly). where Af = (s).

6) If n > 2, let z* = ((2*).2;) = ((2*).z5 + iy;) be the point in A in the
lemma. For any fixed Af = 4(s) € 7. we consider the real one-dimensional
segment Y37(2*) and the real analytic 2-dimensional set Y, in A defined via

Ya(z®) := {(o(s).z;,y) € Al -1 <y < 1},
Y~, = U Y_q](z.).

Alen
Then Y, intersects o in at most a finite number of points. say

Y.No={B.....Bx}. (6.31)

5This proof follows Oka in his posthumous work No. 2, pp.113-123 in [88].
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Thus we can find b*' € [0.27] and y*' € (~1.1) (k = L.....pu:!

1.... I(k)) such that By. = (6(b*").z%.y'*") and such that Yy/(z*)No =@
for cach 8 # b'®) (k =1....,py). where Al = +(s).

Condition (1) follows from the Riemann mapping theorem. Conditions (2) and
(3) are obtained by taking a linear transformation of the coordinates (z.w) of C" *!
as close as we want to the original coordinates according to Lenuna 2.9. Conditions
(4). (5), and (6) are obtained by taking a small perturbation (under condition (3)
in case n > 2) of the given closed curve 4 in A. if necessary, since the proof of the
lemina remains valid after such a small continuous deformation. Thus it suffices to
prove the lemnina under the conditions (1)-(6).

In addition. we will use the following facts:

(I)  In R3? with variables (t.u,r), let D = I x T be a solid cvlinder. where
I={t|<1}and T = {u? + v? < 1}. Let £, (j = 1,... .v) be a smooth arc in D
of the form

L;: (tuv)=(t.u(t).r;(t)). where teT=][~1.1].

and u,(t),v,(t) are continuous functions on |~1,1] with £,N (I x dr) = 0 (j =
1.....v)and £L; N Ly =0 (j # k). We set C:= Ujm, £, and D' := D\ L. For
t €1, we set D(t) ={t} xT and D'(t) = D(t) \ £(l); the latter is an m-punctured
disk.

In this setting, fix to € I and let 4 be an arc or a closed curve in D’ of the form

7 (tou.v) = (t(s). u(s). v(s)). 8 € [a.b].

such that t(a) = t(b) = ty. i.e.. the initial point 4(a) and the terminal point y(b)
both lie on D’(t,). Then 4 can be continuously deformed in D’ to an arc or a closed
curve 5 on D’(ty) with the same initial and terminal points y(a) and +(b).

In fact, since £; N L; = @ (i # j). there exists a homeomorphism ¢ : D —
D =1 xT. where T' = {i? + % < 1}. such that ®(D(t)) = D(t) for each t € I.
&(L,) = I x {(a,.),)} (j = 1.....v), where (a,.b;) # (a;.b;) (i # j). and such
that ®|p(,,,) is the identity mapping. This yields fact (I).

(II) The analytic hypersurface ¥ in A defined by (6.28) can be written in the
form

w=¢£(2). €.
where A is a v-sheeted ramified domain over the rectangle A without relative
boundary and £(Z) is a single-valued holomorphic function on A. We let = denote
the projection fromn A onto A and we let S denote the branch set of A. so that its
projection S onto A coincides with o.
We fix Al € 4 and we choose s € [0,2n] such that M = ~(s) = (¢(s), xX'(8),
V" (8).v(s)). Using the set Xy, C A, we define the set Xy, in A:

Xyg =X xT={(o(s).z.x"(s)) eA| -1 <xr <1} xT:

this is a real three-dimensional solid cylinder in A with ~left-hand™ cover given by
Ky :={(6(s). -1,x"(s)} x I and -right-hand™ cover given by K7y, := {(o(s),+1.
'(s)} x . Then:
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(a) The set XN X consists of v distinct (but not necessarily disjoint) piecewise
real analytic arcs £; (j = 1,...,v) in the solid cylinder Xjs. The arcs £;
and £; (i # j) may intersect at finitely many points. Moreover, each £;
starts at a point on the left-hand cover K}, of the solid cylinder Xy, and
terminates at a point on the right-hand cover K},.

(b) For all M € v except perhaps for a finite number of points, £; (j = 1,... ,v)
in (a) is a real analytic arc, and £; N L; =0 (i # j).

(c) If we let £; denote the projection of £; onto T, then £; does not reduce to
apoint. o

In fact, we have

XNXy

{(8(s), z,x"(s),w) | P((3),z +ix"(s),w) =0, |z| < 1}
{w=¢@(s),z+ix"(s)) | 2] < 1}.

We have two cases to consider: either s # a*) for any k=1,... ,ly, or s = a‘*) for
some k = 1,...,lp (where a{¥) is defined in condition (5)). In the first case, since
oNXy =0, thepartof&over X m consists of v disjoint segments f,, G=1...,v).
Oneach L; (j = 1,... ,n), if we set £(Z) = £;(6(s),z,X"(s)) = fj(z) forz € (-1,1),
then fi(x) N fi(z) = @ (i # j) for z € (-1,1). Therefore, £ N X consists of v
different arcs £; (j = 1,...,v) in the solid cylinder Xy with £;NL; = 0 (i # j)
and such that each £; starts at a point on the left-hand cover K, of the solid
cylinder Xy and terminates at a point on the right-hand cover K3,. Thus (b)
is proved. In the second case, suppose for simplicity that s = a‘!). Then, by
an argument similar to the first case, we see that ¥ N Xy consists of v different
piecewise real analytic arcs £; (j = 1,...,v) in the solid cylinder Xps, where £;
and £; (i # j) may intersect each other at finitely many points (corresponding to
the points z4(1) (h =1,...,h(1)) which are defined in condition (5)) and each £;
starts at a point on the left-hand cover K}, of X); and terminates at a point on
the right-hand cover K7,. Thus (a) is proved; (c) is clear from condition (2).

Therefore, if we set

X= U Xy
Mey
and we consider :\Z, as a variation of the solid cylinder Xy with parameter M € v,
then each solid cylinder X, with corresponding arcs £; (j = 1,... ,v) satisfies the
condition in (I) except for at most a finite number of parameter values Af.

(II)  Ifn > 2, using the notation in (6): z°* = ((z*)’,z;+iy;) € A/, Yag(2*) C
A for M € v, we define

Yum(z*) = Ym(2®)xT
= {(¢(s),zr,y)€A|-1<y< 1} xT,

which is a real, three-dimensional solid cylinder in A with “bottom™ Hj, := {(¢(s),
z;, —1)} x T and “top” H}; := {(¢(s),z},,+1)} x I'. Then:

(a) The set ZNYps(2*) consists of v different piecewise real analytic arcs £; (j =
1,...,v) in the solid cylinder Y (z*), where £; and £; (i # j) may intersect
each other at finitely many points and each £; starts at a point on the bottom
H,;,; of the solid cylinder Yjs(2*) and terminates at a point of the top H}’,.

(b) For all M € - except for a finite number of points, £; (j =1,...,v) in (a)
is a real analytic arc and £; N L; =0 (i # j).
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(c) The projection L; of £; onto I does not reduce to a point.
Therefore, if we set

V.= U Yulz) (6.32)

Men
and we consider i’, as a variation of the solid cylinder Y/ (z*) with parameter
M € 4, then each solid cylinder Yas(z*) with corresponding arcs £; (j = 1,...,v)

satisfies the condition in (I) except for at most a finite number of parameter values
M.

This is proved as in (II) using conditions (6) and (2).

Proof of the lemma: Case n = 1. In this case we note that o : d(z) =0
consists of a finite number of points Ax = A} +iA} (k=1,..., ko), where A}, A}
arereal. We claim that it suffices to prove the lemma in this case under the following
assumption:

(#) The point z* = z° + iy* € A\ o in the lemma satisfies y* # A} (k =

1,... ko).

To prove this claim, we take a point Z = T + iy € A \ o such that § #

¥ (k=1,... ko). If the lemma were true under assumption (#), then 7 could be

continuously deformed in A \ £ to a closed curve § in A’(Z). We connect % and 2*

by an arc £ in A\ 0. Since |J,, A’(2) is homeomorphic to the product set £ x A’(2)

with the fibers being preserved, it follows that ¥ (and hence v) can be continuously

deformed in A\ T to a closed curve 4* in A’(z*). Thus we may proceed under
assumption (#).

We divide the proof of case n = 1 into three steps.

First step. Let M = (25, wyy) € v, where 2p; = Tas+iyar and wyy = upyr+ivyg,
and set

Xa={lz|<1}x{ym}Cc A, Xy=XuxTCA
We can find a real 1-dimensional line segment L(M) in the solid cylinder X'x; passing
through the point M such that

(i) LM)NZ =0,

(i) L(M)N [{jz] <1} x {yar} x0T} =0.

To see this, we consider the line segment L(M) in X; passing through M given
by

L(M) : (z,y,u,v) = (T,yar, uar + a(x — Tar), var + 3(x — Tar)) (6.33)

where z € T = [-1,1] and a, are real numbers. If we let L(M) denote the
projection of L(M) onto T, then condition (ii) means that L(AM) CC I'. Thus (ii)
is satisfied for sufficiently small |a|, |3|]. To choose a. 3 in order that L(M) satisfies
(i), we consider the set £ N Xjs. As shown in (II), this set consists of v different
piecewise real analytic arcs £; (j = 1,...,v) in the solid cylinder X, where £,
and £; (i # j) may intersect and where each L; starts at a point of the left-hand
cover K, of the solid cylinder Xy, and terminates at a point of the right-hand
cover K,; finally, the projection £; of £; onto A does not reduce to a point. We
set £=U;=l£1 =X N X and -“-:=U;=|&‘

If wys € L, the segment L(M) satisfies condition (i) for sufficiently small a, 3.
For the second step we exclude the case a = 3 = 0.
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If way € L. there exist points (zar,yU’.wyy) € L; for certain j. say j =
1,....0/ <v. Weset £'={J_,L;and L” = L\ L. Since M € yand YN E =0,
we have yU! # yyy ( = 1.....v'). We choose two real numbers a, 3 with (a, 3) #
(0,0) and such that the slope 3/a of the line segment L(Af) in I is not equal to the
slope of the tangent line toany £; (j =1,... ./') at the point wy;. Furthermore, if
a and 3 are sufficiently small. then we have L(M)NL’' = {wys} and L(M)NL" = 0.
Since there is only one point M of L(M) over wy, and since M ¢ L G=1....v),
it follows that L(M)N L' = ® and hence L(M)N L = .

We make the following essential step in the proof of the lemma.
Second step. We set z* = r* + iy* € A’ in the lemma under condition (#).
and we set

Y(z*)={(z".y) €A|-1<y< 1}, Y(z*)=Y(z*) xT.

Then Y(2*) is a three-dimensional solid cylinder in A with bottom H~ := {(z*,-1)}
xT and top H* := {(z*.+1)} x . We claim that we can continuously deform the
curve v in A\ Z to a closed curve 4 in Y(2*) \ E.

To verify this claim. let Ay € v and let aq. 3, be the constants corresponding to
the line segment L{Mp) in (6.33). From the first step, there exists a subarc [AMgMg
of v which contains M as an interior point such that L(M) satisfies conditions (i)
and (ii) for any point M € [MgAf]] using the same constants ag. 3. Since 7 is
compact in A\ I, it follows that we can find a finite number of points M,...., A,
on v such that each subarc [M/M/'] (i = 1.... .q) of  satisfies the above conditions,
i.e., for any point M € [M;M;,], the line segment L(M) in (6.33) satisfies (i) and
(ii) with the same a;, 3;, and the union of the subarcs [M;M;.,] covers v. We
set M, : (z;.wy) = (T ¥ ui 1) (i = 1,... ,q). Note that M,y = Af,. We may
assume

v # Ay (i=1.....,9: k=1.... k). (6.34)

for if y, = A} for some i and k, we perturb M, on 4. From condition (4). a slightly
modified M; will satisfy y; # A]. Since a small deformation will not affect the
above situation, we can assume y; # A} for each i and k.

Fix i € {1.... .q}. To each M = (zy.wyy) = (Tar.yar.uas.vyr) € (MM 1)
there corresponds a point p,(A) on the solid cylinder }(z*) such that

P(M) = Ly(M)|z=z- = (2% yar.uar +ai(x* = zrr). vag + Bi(x* — xag)).

For simplicity we set p,(AM;) = p} and p;(M;.,) = p}. and we consider the following
arc on the solid cylinder Y(z*):

[pipi] = {pi(M) | M € [MMina]}.

The arc [M;M,,,] can be continuously deformed in A to the arc [p{p]] in such a
manner that M € [M/M!') moves to p;(Af) along the line segment L;(M). Since
L,(M)NE = 0. this continuous deformation takes place entirely in A \ £. We
note that each point Af, (i = 1,... .q) corresponds to two points p; = L,(Af;) and
P, = L;.1(M;). which both lie in the solid cylinder Xy,. Note that Lg(A,.,) =
Lo(M,) = py. In the solid cylinder Xy;, we form an arc A, such that A, consists of
two line segments ] and A, where X! joins p!’_, and M; on the segment L,_,(M;)
and A joins M, and p| on the segment L,(M,). Note that pj = p]. By condition
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(i) for the segment L(M). we have A; C Xy, \ . Thus. if we form
=X+ PP+ X+ + Pl

it follows that ¥ is a closed curve in A\ E such that 4 can be continuously deformed
toyin A\Z.

Again fix i € {1,... .q}. The initial and terminal points p}_, and p/ of A, =
Ai + A lie on x = z* in A. Using (6.34). we have Xy, No =@, sothat L,NL; =
0 (i # j), where £N Xy, = J;_, £;. It follows from (I) that the arc A; can be
continuously deformed in Xy;, \ X to an arc ;\. with the same initial (resp., terminal)

point as ); in the v-punctured disk A’(z* + ¢y;). Thus ¥ can be deformed in A\ Z

to a closed curve
/ 1"

=X+ [P+ A2+ + (B, P,
which lies in Y(2*) \ X; this proves the second step.

Third step.  The closed curve 4 in Y(2*) \ £ in the second step can be
continuously deformed in Y(z°*) \ T to a closed curve 4* in A’(2").

Indeed, since we imposed assumption (#) for the point z*, the set £ N Y(2*)
consists of v different arcs £, (j = 1,... .v) such that £;NL; = @ (i # j) and such
that each £; starts from a point on the bottom H~ of the solid cylinder }'(z*) and
terminates at a point on the top H*. Thus. again using (I) for the closed curve 7,
we obtain the third step. Hence the lenuna in the case n = 1 is completely proved.

Proof of the lemma: Case n > 2. By taking a linear transformation of C7,
if necessary, we we may assume that the point 2* = (zy,....2z}) = ((2)*.2;) €
A\ o in the lemma satisfies the following condition: if we set o("~V = {2’ =
(21y-++ y2Zu—1) € A=Y | (2, 27) € o}, then

(2')" € APV gln— D), (6.35)
First step. Let M € v and choose s € [0, 27] such that
M=x(s) = (o(s).X'(s).Xx"(s).2v(s))
=t (Zh, Tar Ym-unr + ivag). (6.36)

Using the set X3y C A in (5). we set
X=Xy xT={(o(s),z,X"(s)) €A} -1 S <1} xT.

which is a three-dimensional solid cylinder in A. We take a line segment L(Af) in
X passing through the point M of the form

L(M): (2 z,y,u,9) = (2. Ty, ung + (T = Tap) var + B(x — zar)).

where —1 < z <1 and a, 3 are constants. which satisfies

(i) LIM)NZ =0,

(i) L(M)N[{zh} x {lz] < 1} x {yas} x ] = 0.

This is proved as in the first step of the case n = 1, from conditions (2) and
(4).

Second step. Let 2* = ((2')*,2;,) € A'. where 2;, = z}, + iy;,. be the point in
the lemma and let

Aes =AUV x {0} x {ly| < 1} x T.
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Using the notation Yjs(z*) and 5’: C Ar; in (6.32). we claim that we can contin-
uously deform the curve vy in A \ ¥ to a closed curve 7 in the set y. \ Z. where
3 :5€[0,27] — (o(s).z5.y(s). u(s).v(s)) € A\ T and y(s), u(s).v(s) are continu-
ous functions of s € [0.2x].

This is proved as in the second step of the case n = 1, using (I1).

Third step. The closed curve 5 in i\E in the second step can be continuously
deformed in A, \ £ to a closed curve 3 in

- ( U {(6(s). 2553} x F) \E.
e~

This is proved by repeating the method used in the first and second steps. using
(111) instead of (II).

Forth step. The lemma is true in case n > 2.

For the curve 4 can be continuously deformed in A\ X to the closed curve ¥ in
Z from the third step. We put

A:'-‘ = A(’n-li X {z;} X r’

so that Z C A;. \ . Thus, if we set Z""Y = TN A.. and A;; is identified with
A=V [ =: Al»~Y) then we have 5 C A" =1\ E!"~ 1), Therefore, under condition
(6.35). the case n reduces to the case n — 1. Since the case n = 1 was proved. the
fourth step follows from induction. O

Nowlet A = AxI' ¢ C! xC,.. £ = {P(z.uw) = 0} satisfying condition
(6.28), o = {d(z) = 0}. A’ = A\ X.and A’ = A\ ¢ be as defined in the beginning
of this section. Let D be a ramified donain over the polydisk A without relative
boundary such that the projection of the branch set S of D onto A coincides
with X. For 2 € A, we let D(z,) denote the fiber of D over z = z,,; this is a
finitely sheeted Riemann surface over the disk I' without relative boundary. Let
D'(zp) := D(zg) \ £(2z). which is equal to D(zy) punctured in at most a finite
numnber of points.

We have the following,.

COROLLARY 6.3. Let zp € A’. Any closed curve v in D\'S can be continuously
deformed in D\ S to a closed curve 4 in the fiber D'(z).

PROOF. By taking a small continuous deformation of 4 in D\ S we may assume
that the projection 7 of v onto A satisfies y N o = @. Since z € A’. it follows from
the above lemma that 7y can be contmuousl\ deformed in A\ ¥ to a closed curve
7 in A’(zy). We write this deformation as t € {0.1] — 7(t) so that 7(0) = 7 and
7(1) = 7. This deformation uniquely induces a continuous deformation of the closed
curves 7(t) in the unramified domain D\ S over A, where ¥(0) = 4 and %(t) = 7(¢)
for all t € [0.1]. Since (1) lies on the fiber D’(zp). we obtain the corollary. m]

The following corollary will be used in Chapter 9.

COROLLARY 6.4. Using the same notation as in the above corollary, assume
that £(0) consists of a single point, which we take to be the origin 0 in I, 1.¢.. the
equation P(0,w) = 0 has the unique solution w = 0 of order v. Let { = f(z,w) be
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a non-vanishing holomorphic function on D. Then there is a single-valued branch
of the function log f(z.w) defined on D.

PROOF. Fix zy € A’. Let v be a closed curve in D\ S and let C = f(v). This
is a closed curve in the complex plane C; such that the origin 0 is not in C'. We let
N denote the winding number of C about 0. and our first claim is that ¥ = 0. By
the lemma, v can be continuously deformed in D\ S to a closed curve 7(2y) on the
Riemann surface D'(zp). This Riemann surface is finitely sheeted and is punctured
in at most a finite number of points p; (j = 1.... .x): moreover the points {p;};
lie over £(29). We set C(29) = f(7(z0)); this is a closed curve in C¢ \ {0} whose
winding number N (zp) about 0 is equal to N (independent of 29 € A’). We may
assume that the projection y(zo) of (z0) onto I lies over the disk d,(20) centered
at 0 and of radius € = €(zp) in T, where max;=i.... .{|pj|} < € <1 and ¢ is as close
to this maximum as we like. Under the assumption that P(0.w) = 0 has only the
solution w = 0 of order v, we have £(zg) — {0} in A as 29 — 0 in A’. Hence we can
take € = £(20) such that &, (2) — 0 as zo — {0}. Moreover, if we let 8, (z0) denote
the connected component of the part of D(zp) over 4, (zp) which contains v(z9), then
b (20) converges in D to a point go € D(0) over w = 0. Thus, C(20) — f(go) # 0 as
zo — 0, and hence N(zp) — 0 as zp — 0. so that N = 0. From this claim. it follows
that there exists a single-valued branch of the holomorphic function log f(z.w) on
D\ S. Since this function is bounded there, it follows from Riemann’s theorem on
removable singularities that log f(z, w) extends to a holomorphic function on all of
D. a



CHAPTER 7

Analytic Sets and Holomorphic Functions

7.1. Holomorphic Functions on Analytic Sets

7.1.1. Holomorphic Functions on Analytic Sets. Chapters 7 and 8 will
be devoted to establishing the lifting principle for analytic polyhedra in an analytic
space.! Let D be a domain in C™ with variables z,,... .z,. Let T be an analytic
set in D and let v C £. We say that v is an open set in ¥ if there exists an open set
4 in C" such that v =6 NZ. Let p € £. An open set v in ¥ containing the point p
is called a neighborhood of p in £. Let ¢(z) be a function defined on § C C" and
let v =86 NZE. We let &(z)|. denote the restriction of o(z) to v.

We shall define holomorphic functions on the analytic set £ as follows. First.
let v be an open set in ¥ and let f(p) be a complex-valued function on v. Fix g € v.
If we can find an open neighborhood 4, of ¢ in C" and a holomorphic function o(z)
in §, such that the restriction ¢(z)|.,. where v, := §, N X C v. coincides with f(p)
on v, then we say that f(p) is holomorphic at q on v. If f(p) is holomorphic at
each point g € v, then we say that f(p) is holomorphic on ».

Let ¥ be a pure r-dimensional analytic set in D C C" and let (z,.... .2,) be
coordinates of C" which satisfy the Weierstrass condition at each point of £. Recall
this means that if we project £ over the space C™ comprised of the first r complex
variables (z).....z,) and we denote the image of £ by D, then D is a ramified
domain over C” and ¥ can be described as

z; =§(a..... ) (G=r+1l....n),

where (2).....2,) lie in the ranified domain D and each §;(zy,....2;) (j =r +
1.... .n) is a single-valued holomorphic function on D. Note that £ and D are one-
to-one except for an analytic set of dimension at most r — 1. If £ has no singular
points in D, then the projection 7 : £ — D gives a bijection between £ and D. In
this case, any open set V in D corresponds to an open set v in ¥ where 7(v) =V,
and conversely. Furthermore, for any holomorphic function F(q) on V. the function
f(p) := F(n(p)) is holomorphic on v; and for any holomorphic function g(p) on v,
the function G(q) := g(= "!(g)) is holomorphic on V. Thus. in the case when T
has no singular points in D, the holomorphic functions F(g) on V C I and the
holomorphic functions f(p) on v C D are in one-to-one correspondence through the
projection #. However. if ¥ has singular points in D. this is not necessarily the
case.

IThis problem was first solved by K. Oka [50], [51]. After that, H. Cartan crcated sheaf
theory from Oka’s method. In this book we develop the lifting principle using Oka's original
ideas. In the textbooks [25], [28] H. Grauert and R. Remmert explain the lifting principle by
means of sheaf theory.

209



210 T ANALYTIC SETS AND HOLOMORPIHIC FUNCTIONS

EXAMPLE 7.1. Consider C? with variables : and w, and the analytic hyper-
surface ¥ in C? defined by the equation

w?—z2(z-1=0.

We project ¥ over the complex plane C.. This projection of £ can be identified
with the Riemann surface R determined by /Z: thus we write = : ¥ — R. Note
¥ has a singularity at (1.0). and £ and R are not bijective. Furthermore, \/z
is a (single-valued) holomorphic function on R. but the corresponding function
f(p) := /n(p) is not continuous at the point (1.0). so it is not holomorphic at
(1.0)on X.

ExAMPLE 7.2. We consider the analytic hypersurface £ in C? defined by
2 _ 3
wt-2"=0.

We project £ over the complex plane C.: again. this projection of £ can be identi-
fied with the Riemann surface R determined by /=, and we write # : £ — R. The
hypersurface ¥ has a singularity at (0.0). and ¥ and R are bijective in this case.
Again, /Z is a (single-valued) holomorphic function on R. but the corresponding
function f(p) := \/#(p) is not holomorphic at the point (0,0) on ¥.

We prove this by contradiction. thus we assume that f(z) is holomorphic in
a neighborhood of (0.0) on £. Thus there exists a holomorphic function o(z. w’)
defined on a neighborhood of (0.0) in C? such that ¢(z.z* ?) = /z for z in a
neighborhood of = = 0 in C,. This is impossible as can be seen from the Taylor
expansion of o(z.w) about (0.0) in C? and from the uniqueness of the Puiseux
series.

7.1.2. Weakly Holomorphic Functions on Analytic Sets. We next in-
troduce another notion of holomorphy of functions defined on an analytic set £ in
a domain D in C". Let S be the set of singular points of £ and set £’ := £\ S. Let
v be an open set in £ and set ¢’ := v NY'. Let f(p) be a complex-valued function
on v’. If f(p) is holomorphic on 1 and if f(p) is bounded in a neighborhood of each
point ¢ € SNe in X, then we say that f(p) is a weakly holomorphic function on
v C X. The condition that f(p) be bounded in a neighborhood of ¢ € S N v means
that there exists a neighborhood u of ¢ in ¢ such that f(p) is bounded in ¢’ N u.
We also say that a function f(p) is weakly holomorphic at a point ¢ € X if there
exists a neighborhood v C £ of ¢ on which f(p) is weakly holomorphic.

Let X be a pure r-dimensional analytic set in D and. as in the previous section,
consider the ramified domain D over C” given by the imnage of £ by the projection
n to C". Let S be the set of singular points of £: thus S is an analytic set in D
of dimension at most r — 1. Weset £’ := £\ S and D' := n(X') C D. Thus D’
and ¥’ are bijective via 7. For any open set v in . we set V := n(r) C D, which
is a ramified domain over C". We set ¢’ := v\ S and V'’ := n(2'). Then for any
holomorphic function F(q) on V., the function f(p) := F(n(p)) for p € 1’ clearly
defines a weakly holomorphic function on v. Conversely. let f(p) be a weakly
holomorphic function on v. We claim that the function F(q) := f(n '(q)) for
g € V' can be uniquely extended as a holomorphic function on V.

To verify this last statement, let py € V \ V''. We take a singular point :* =
(20,... .2%) of v such that m(z4) = po. and a polydisk & = 6" x4"~" (where 6" C C")
centered at zq such that each irreducible component 1) (j = 1.... .{) of cNd passing
through zp is bijective to V{j := w(v{) C V and v{ N (6" N3é" ") = 8. Thus. if
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we put vy = U;=1 11{ and V, := U'v___, Vj. then Vj is a finitely-sheeted ramified
domain over the polydisk 6" centered at (zV,....z") without relative boundary.
and F(q) is a bounded holomorphic function on V; except for an at most (r — 1)-
dimensional set #(vy N S). We let m denote the number of sheets of V4 over 6.
By the standard method of taking symmetric functions of branches of F(g). we see
that F(q) coincides with the solution w = £(z') = £(z2).... . z,) of the equation of
a monic polynomial in w,

P(Z.w)=u™+a()e™ !+ +an(s) =0,

where each a;(z’) is a holomorphic function in §7. Here we use the boundedness of
F(q). Since £(2’) is a holomnorphic function on V. we have the resnlt.

Thus we obtain the following

REMARK 7.1. For an open set ¥+ C ¥ and the projection V = =n(v) C D,
we get a one-to-one correspondence between the family of all weakly holomorphic
functions f(p) on v and the family of all holomorphic functions F(q) on V with
F(n(p)) = f(p).

This remark, in conjuction with Hartogs' theorem (Theorem 4.1). implies the
following result. which will be useful later when combined with Theorem 6.4 of
Chapter 6.

REMARK 7.2. Let D be a domain in C" and let £ be a pure r-dimensional
analytic set in D. Let o be an analytic set in D such that ¢ C £ and o is of
dimension at most r —2. Then any weakly holomorphic function f(z) on £\ o can
be extended to a weakly holomorphic function on all of .

PROOF. Let 25 € 0. We may assume the coordinate system z = (2),... . z,.
Zraleeer +2n) = (2, 2r41.. .. . 2) satisfies the Weierstrass condition for ¥ at z,. so
that there is a polydisk A := A x I C D centered at zg = (2{.... .z%.z%,,.... 2"
such that ACC;, . .TcC:i . .and EN(A xdr) =0. Thus TN A may
be written in the form

25 =£J(:|.... z) (G=r+1l.....n).

where # = (2).....z,) varies over a finitely sheeted ramified domain A over A
without relative boundary.

We let m denote the number of sheets of A over A and we let S denote the
branch set of A. We also write S for the projection of S onto A, and we let ¢
denote the projection of ¢ M A onto A. Thus S is of dimension r — 1 and ¢ is of
dimension at most r —2. Weset A; = A\(S|Jg) and A, = A over A,. Therefore.
the weakl).' holomorphic function f(z) on I\ o gives rise to a holomorphic function
F(2') on A, by the relation

(2 &rsr(2).... &a(2")) = F(Z).

Let ¢' € A, and fix a ball J centered at ¢’ in A,. Then the function F(2') for 2’ € §
defines m holomorphic functions F,(z') ( = 1,... .m) on 8. If we construct the
function

P(:'. X) (X - Fi(2) (X ~ F(2))

X" 4+a(2)X™" V4 ... +a,(2) ondxCy,
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then each ¢;(z') (j = 1,... ,m) can be extended to a single-valued holomorphic
function on A,. Let £ € S\ g. Since f(z) is weakly holomorphic on £ \ o, it
follows that a;(2’) ( = 1,...,m) is bounded in a neighborhood &' of £’ € A\ g,
so that a,(z’) has an extension as a holomorphic function on A \ g. Since g is of
dimension at most r — 2 in the r-dimensional polydisk A, it follows from Hartogs’
theorem that a;(2’) (j = 1,....m) has an extension as a holomorphic function
on A, so that P(z’, X) is a monic pseudopolynomial in X whose coefficients are
holomorphic functions on all of A. Thus F(z’) can be extended to a holomorphic
function F'(Z) on the ramified domain A by use of the relation P(2’, X) = 0 (cf.,
Example 6.1). This means that f (2) can be extended to a weakly holomorphic
function f(z) on £ N A by means of the relation f(z’,&,,1(2'),... ,&(2")) = F(2)
for € A. jm]

Let T be an analytic set in a domain D in C" and let ¢ € E. If every function
f which is weakly holomorphic at the point ¢ is holomorphic at g, i.e., there exists
a holomorphic function F(z) defined in a neighborhood U of ¢ in C" such that
Fluvag = f(p), then we say that L is normal at ¢, or the point g is a normal
point of £. If ¥ is normal at each point of £, then we say that ¥ is a normal
analytic set in D. Clearly any non-singular point of ¥ is a normal point of X;
however, it may also happen that a singular point of ¥ is a normal point of .

EXAMPLE 7.3. In C? with variables 2, z; and w, we consider the analytic

hypersurface ¥ defined by the equation
w? - 220 =0.

Then the origin O in C3 is the only singular point of £, and it is a normal point of
X

To prove this, let D denote the projection of £ onto C? with variables z, z,:
D = #(Z). Thus D is a two-sheeted ramified domain over C? determined by /122
and the branch set £ of D lies over L := n(£) = AN ({zy = 0}J{z2 = 0}). Let
f(p) be a weakly holomorphic function defined on an open neighborhood v of the
origin O in £. We let V C D denote the open set which corresponds to v. By
taking a smaller set V if necessary, we can assume that V is a two-sheeted ramified
domain over a polydisk A centered at (0,0) in C? without relative boundary. Thus
over each (z),22) € A\ L, we can find two points p,(z),22) and p2(21.22) in V. If
we set

fi(z21,22) == f(21,22,pi(21,22)) (5 =1,2),

then fj(z1, 22) becomes a (single-valued) holomorphic function on the ramified do-
main V with the property that if (2).2;) traces a closed curve in A\ L in such a
manner that p;(z1,22) moves in a continuous fashion to p2(z, 22), then fi(z), z2)
continuously varies to f2(z), 22). Thus the pair of functions f;(z),22) (j = 1.2) has
the same behavior as the pair +,/212;. It follows that if we define

2 Ni(z1,22) = fo(21, 22)
oo z2) = 2\/z122 !
b(z1, 22) 1= fi(z1,22) -; fz(z.,zz)'

then a(z),22) and b(z;,22) are single-valued on all of A except perhaps for the
complex lines 2; = 0 and z2 = 0. However. it is clear that b(z,, 22) is holomorphic
on A. Moreover, since f; = f; on L except for the origin (0.0), we see that a(z,, 22)
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is holomorphic in A \ {(0.0)}. and hence on all of A from Osgood’s theorem. Thus
we can define the holomorphic function

F(z1,22. %) :=a(2), 22) w + b(2). 22)

in A x C,.. We have f(p) = F(z.22.w)|. and hence the origin O is a normal point
of L.

In the case when X is an analytic hypersurface in D C C" we have the following
fact.

REMARK 7.3. Let ¥ be an analytic hypersurface in a domain D ¢ C". If each
point of ¥ except for an analytic set o of dimension at most n — 3 is a norinal point
of £, then X is a normal analytic set in D.

To prove this, fix py € o and let f(p) be a weakly holomorphic function on an
open neighborhood v C T of py. For simplicity, we set pp = 0 in C" and we choose
Euclidean coordinates (z),... .z,) which satisfy the Weierstrass condition for o at
0. We take a polydisk A = A; x --- x A, centered at 0 in C" and a holomorphic
function ¢(z) in A such that £N A = {e(z) = 0}. Since dimo < n ~ 3. we can
find a polydisk of the form A’ = (A} x Aj x A}) x (Ag x --- x A,) centered
at 0, such that A} cC A, (i = 1,2,3) and such that A" := A\ A’ does not
intersect o. By assumption, for each point p € £ N A® we can find a neighborhood
6, C A° of p and a holomorphic function Fy(z) in 8, such that F,(2)|s,~, = f(p)
on 8, No. We define a Cousin I distribution C = {(gp.6,)} on A° as follows: for
p € ZNA°, we take the above neighborhood 4, of p and the meromorphic function
9p(2) = Fy(2)/9(2) in 6p, and. for p € A%\ . we take a neighborhood 6, of p with
6, NZ =@ and set g,(2) = 1. From Lemma 3.5 (Cartan) there is a solution G(z)
of the Cousin I problem for C in A°. If we define F(z) := G(z)o(z). then F(z) is a
holomorphic function on A® and F(z)lgnae = f(p) on £N A°. Since F(z) can be
holomorphically extended to A by Osgood's theorem, we see that F(z)|a~x = f(p)
on ANZ.

7.1.3. Liftings of Analytic Sets. To treat analytic sets in a simpler fashion.
we introduce two types of liftings of such sets. Let D be a domain in C" with
variables 2,,...,2,, and let £ be an analytic set in D.

Lifting of the first kind Let ) (p) (j = 1.....m) be weakly holomorphic
functions on . Using the variables w,.... ,u,, for C™, we consider the product
domain A = D x C™ C C"*™. In the domain A we consider the set

E: wj=9pi(p) (p€Z, j=1....m).

The closure X0 := E in A is an analytic set in A. We call the analytic set £%in A a
lifting of the first kind of the analytic set X in D throngh 2,(p) (i = 1.... .m).
The projection 7 from C"*™ to C" induces a projection from £° onto £, which
we denote by mo.
m: ZPCcCT™ T cCn.

If p is a non-singular point of £ in D, then each g in m; '(p) is also a non-singular
point of £° in A. We let o be the set of singular points of £ in D. and we set
o%:=my !(0). Note it may occur that each point of g ' (po) is a non-singular point
of X0 for some py € 0.

The projection my gives a bijection between £°\ 0° and T \ 4. Thus. from

the definition of a weakly holomorphic function on an analytic set. for each weakly
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holomorphic function f(p) at py, on ¥ we get a weakly holomorphic function f ()
at a point gy in 7, '(py) C ¥ by setting f(q) := f(my(g)). The converse is also
true: i.e., the family Wy of all weakly holomorphic functions on £ coincides with
the family Weu of all weakly holomorphic functions on " via the projection my.
Under this correspondence f(p) — f(q). if f is holomorphic at a point py, in X, then
f is holomorphic at each point of 7y ' (po) in . Moreover, it may occur that every
function f which is weakly holomorphic at p, in ¥ corresponds to the holomorphic
function f at each point of =, '(py) in £ i.e.. even if py, is not a normal point of
%. each point in 7; ' (py) may be a normal point of £°,

If £ is pure r-dimensional. then the irreducible components of ¥ in D corre-
spond in a one-to-one manner to the irreducible components of £% in A. Moreover,
if we choose coordinates = = (2).... .. Zra1.. .. . 2n ) Which satisfy the Weierstrass
condition for the analytic set X. then the coordinates (z, w) satisfy the Weierstrass
condition for £’. The projection D of £ over C% . coincides with that of £" as
a ramified domain over C7 . .and Wy (Wy n) can be identified with the famnily
of all holomorphic funcnons on D

From Examnple 6.3 we see that there exists an analytic set ¢ in a dommain D C C"
such that, for some point g € a, there do not exist a neighborhood 4 of ¢ in D and
a lifting of the first kind 6 of 0 N d in a domain § C C**¥ with the property that
if we set m, : & — o, then & is non-singular at any point of m;'(q). However. we
shall show in section 8.2 that for any analytic set o in D and any point g € 0. we
can construct a lifting of the first kind & in 0 of 0 N4 such that & is normal at each

point ;' (q).

Lifting of the second kind We decompose ¥ into £ := XyU---UL, (r < n),
where each £; (k = 0.1.....r) is a pure k-dimensional analytic set in D. We
introduce C* with variables u;.... .u, and the product space A = D x C". For
t =0,1.... .r we define the A-dimensional hyperplane

He:uyy=0 (j=k+1.....7) in C",
where by convention we set H,. := C”. In A we define
Y=y xH_y (k=0.1.....1). T =YjuU---UZ;.

In case £; = 0. we set £; x H,_; = 0. Then £° is a pure r-dimensional analytic
set in A, and £* N (D x {{0.....0)} in A can be identified with £ in D. We call
the analytic set £* in A a lifting of the second kind of the analytic set £ in D.

The projection 7 fromm C**" to C” induces a projection from X* onto ¥, which
will be denoted by =,.

T.: L CcC"" =X CcC".

If p € T is a non-singular point of £ in D. then each point ¢ in 7 !(p) is also a
non-singular point of £* in A. Conversely. if ¢ € £* is a non-singular point of £°,
then =,(q) is a non-singular point of ¥. We note that for any weakly holomorphic
function f(p) at a point p(, on X. the function f (q) = f(=.(q)) is weakly holomor-
phic at each point ¢, € 7] '(py) on E*. Conversely. if f (q) is a weakly holomorphic
function on £~, then f | becomes a weakly holomorphic function on X.
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7.2. Universal Denominators

7.2.1. Weierstrass Theorem. Let C**! = C" x C,. with variables z,.... .
2. and w. Let D C C” be a domnain and let

Fzow)=vw' +a(2)u' ™+ +a(2)

be a monic polynomnial in w such that a;(z) (i = 1,... .l) is a holomorphic function
in D. We do not assume that F(z, w) is irreducible. but we do assume that F(z. w)
has no multiple factors. We set A := D x C,. ¢ C"*! and consider the analytic
hypersurface
r: F(zow)=0 in A

We note that (OF/Jw)(z. w) £ 0 on each irreducible component of L.

Then we have the following proposition concerning the representation of weakly
holomorphic functions on I.

PROPOSITION 7.1. Let o(p) be a weakly holomorphic function on the analytic
hypersurface £. Then there exists a unique pseudopolynomial ®(z. w) in w of degree
at most I — 1,

Oz w) = Ag(2)w' ™V + - + A1 (2).
where each A;(z) (1 =0.1.... .1 = 1) is a holomorphic function on D. such that

d(z.w)
(8Ffdw)(z. w)

PROOF. Let d(z) be the discriminant of F(z, w) with respect to w. Thus. d(z)
is a holomorphic function in D with d(z) # 0 in D. We set o := {z € D| d(z) = 0}
and D' = D\ 0. Fix : € D’ and let § be a simply connected neighborhood of = in
D'. Then the equation F(z.w) = 0 has { distinct solutions w =n,(z) (j = 1,....1),
so that each 7;(z) is a holomorphic function on ¢ and F(z,w) = n",:,(w -1;(z))
ind x C,.. Welet v; (j = 1.....l) denote the portion of £ defined by w = r;(z)
for z € 6. We write 0,(p) = o(p)|.,, and regard 0;(p) as a holomorphic function on
§; thus we denote it by ¢;(z). Next we consider the following function on § x C,.:

. e paan ) a(2)
dew = P (G2 e 220

o(p) = on T. (1.1)

i
= Y oy(@)w-m(2) - (w=my(2)--- (w =~ m(z)).
j:l

where S denotes the omission of o. Note that ®(z. w') is of the forin
®(z.w) = Ap(2)w' '+ -+ A1 (2) for z €4,

where each A;(z) is a holomorphic function on 4. and ®(z, w) satisfies the relation

®(z.n;(2)) = o,-(z)z—g(z.nj(z)) for z€4.

By analytic continuation and the expression of A,(z) (i=0.1,... .l—1) as a svm-
metric function of ¢(z2).....01(z). each A;(z) becomes a single-valued, bounded
holomorphic function in D’. It follows from Riemann’s removable singularity theo-
rem that each A,(z) is holomorphic in all of D. Thus, ®{z, w) is a pseudopolynomial
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in w of degree at most [ — 1 whose coefficients A,(z) are holomorphic functions on
D. and

$(z.w) = o(p) g%(z.w) for (z,w)=peX.

Now take any p = (z, w) € X such that z ¢ . Since g%(p) # 0, o(p) is of the form
(7.1). Furthermore. by analytic continuation (7.1) holds at any non-singular point
of £. The uniqueness is clear from the Weierstrass preparation theorem (Remark
2.3). o

Proposition 7.1 says that any weakly holomorphic function o(p) on an analytic
hypersurface L in A is the restriction of the meromorphic function G(z.w) :=
w,:é‘:)ﬁ(’:—w in A to . Note the denominator 3F/8w does not depend on ¢(p).
Let pg = (20, wo) be a singular point of X. If o(p) is a weakly holomorphic function
but is not a holomorphic function at py. then py is a point of indeterminacy of the
function G(z.w) associated to o(p).

A non-singular point pq of £ such that 2z, € o may be a point of indeterminacy of
G(z.w). For example, take the non-singular hypersurface L : F(z,w) =u?-2=0
in C? and let o(p) = /z. Then we have F /0w = 2w. ®(z.w) = 2z and G(z,uw) =
2/w. For another example, take ¥ : F(z,w) = w(w? — z) = 0. which is singular
at (0.0). Let o(p) = 1 on w? = z, while ¢(p) = —1 on w = 0. Then ¢(p) is
discontinuous at (z,w) = (0.0). Here. G(z.w) = («? + 2)/(3u? - 2).

REMARK 7.4. Using the same notation £ : F(z,w) =0in A = D x C,, as in
Proposition 7.1, the proposition implies the following fact: Let X be a lifting of £
of the first kind, :

Liw, =¢i(p) (PEX. j=1,....m),
which lies in A x C™. Here each zj(p) (j = 1.....m) is a weakly holomorphic
function on £. Then, for each j = 1.....m. there exists a pseudopolynomial
®,(2.w) in w of degree at most ! — 1.

®j(z,w) = AP (2)w' " + -+ AV (2).

where each A:’ ‘(z) (i=0.1.... .1 = 1) is a holomorphic function on D, such that
the linear polynomial ®;(z.w.w,) in w, defined by

o) (2w wy) := wj a—F(z.u;) -®,(z.w) ImAxC™

7 Ow
vanishes on £.

7.2.2. Universal Denominators. Let ¥ be an analytic set in a domain D in
C". Let 4 be an open set in D and let W'(z) be a holomorphic function in §. We set
v:= 6N E. Suppose W(z) satisfies the following condition: for any g € v and any
weakly holomorphic function f(p) at q. the weakly holomorphic function f(p)W (p)
at q is a holomorphic function at q. This means that there exist a neighborhood
8, of ¢ in § and a holomorphic function F(z) on 4, such that F(z) = f(p)W(p) on
v N 6;. Then we say that W(z) is a universal denominator? for Zin 4. Fixpe £
and let ¥'(z) be a holomorphic function at p in C". If there exists a neighborhood
§ of p in C" such that W (z) is a universal denominator for I in §. then we say that
W (z) is a universal denominator for ¥ at p. Clearly if W (2) =0 on I, then W(z)
is a universal denominator for £ in D.

2In [51], Oka calls a universal denominator a W -function.
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Proposition 7.1 yields the following result.

COROLLARY 7.1. Using the same notation as in Proposition 7.1, the function
OF /8w is a universal denominator at each point of T in A.

PROOF. Let g € L and let f(p) be a weakly holomorphic function at g. We may
assume that f(p) is weakly holomorphic on v := LN\, where A :=dxy C DxC,, is
a polydisk centered at ¢ with TN [6 x ] = 0. Then there exists a monic polynomial
F(z,w) in w,

Fi(zy,w) = w* + by (2)w* ™" + -« + bi(2),
whose coefficients are holomorphic functionson 4, with 1 < k <land v = {(z,w) €
é x C,, | Fi(2,w) = 0}. By applying Proposition 7.1 to F} in § x C,,, we see that
(6F,/8w) - f|. has a holomorphic extension P)(z,w) in § x C,, of the form

Pi(z,w) = Bo(z)w* ™' + - + Be—y(2).
On the other hand, F(z,w) can be written as
F(z,w) = A(z,w)Fy(z,w) in § x Cy,

where F3(z,w) is also a monic polynomial in w of degree ! — k > 0 whose coefficients
are holomorphic functions in é§ with F3(z,w) # 0 at each point (z,w) € A. Since
oF oF,

ow (w) /Fe onw,

it follows that ££ - f|, has a holomorphic extension Py(z,w)/Fz(z,w) in A. Hence,
the function OF /8w in A is a universal denominator at each point of X. (]

The following two propositions indicate the relation between our two kinds of
liftings of analytic sets and universal denominators.

PROPOSITION 7.2. Let £ be an analytic set in a domain D in C". Let ¢;(p)
G =1,... ,m) be weakly holomorphic functions on £. We consider a lifting £° of
the first kind of T,

0w, =y;(p) (PEST, j=1...,m)

in A := D x CZ. If a holomorphic function W(z) in § C D is a universal de-
nominator for T in 4, then W (z), considered as a holomorphic function on 6§ x C7
which is independent of w, is a universal denominator for £° in § x C™.

PRoOF. The proposition follows from the fact that the weakly holomorphic
functions on £°N (§ x CT) and the weakly holomorphic functions on £N 4 are in
one-to-one correspondence via the standard projection mapping. O

PROPOSITION 7.3. Let £ be an analytic set in a domain D in C” and let £ =
ToU---UZ,, where Z, (i = 1,...,r) is a pure i-dimensional analytic set in D.
Suppose L* is a lifting of the second kind of £ tn A := D x C},. Let é be an open set
in D and let W(z,u) be a holomorphic function in a neighborhood A of 6 x {0} in
A. If W(z,u) is a universal denominator for £* in A, then W(z,0) is a universal
denominator for T in 6.

This easily follows from the definition of universal denominators.

Using these propositions, we have the following result.
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PROPOSITION 7.4. Let ¥ be an analytic set in a domain D in C" and fix
po € £. Then there erists a neighborhood A of py in D such that for any given
neighborhood Ao of py with A CC A and any non-singular point q, of £ in Ay.
there erists a universal denominator Wy(z) of £ in A", where Ay CC A* CC A.
with Wy(2) # 0 on any irreducible component of £ in \y. and Wy(qq) # 0.

PROOF. Since the singular points of £ correspond to the singular points of the
lifting X* of the second kind of Z, it follows from Proposition 7.3 that £ may be
assumed to be a pure r-dimensional analytic set in D. Fixpy, = (}.... .2%) € Tand

choose coordinates z = (z),... .z,) of C" which satisfy the Weierstrass condition
for £ at py. Then we can take

A |z -2 <p G=1....7r),

A |-z <o (k=r+1.....n),

so that if weset I := A,y x---x A, and A = A’ x T, then
AccD, En[A' xor) = 0.

We let D denote the projection of £ N A over A', so that D is a ramified domain
over A’ without relative boundary. For simplicity. we write 2’ := (z}.... .z.). Then
£ N A can be described as

(Zrateer- <2a) = e (2). .. 0al(2)s J eD,
where each n;(z') (j =+ 1.... .n) is a holomorphic function on D. We put
A=A xA, =A% xA,.

Since the condition £N[A’ x 8T'] = @ implies that EN[A x 3T’] = @, it follows from
Proposition 2.3 that the projection £ of T onto A C C"*! is an analytic set in A.
We note that X is an analytic hypersurface in A. We let D’ denote the projection
of ¥ over A’. Then ¥ can be described as

£: Pz =, +a@): 4 +a()=0 in A, (7.2)

where each a,(z') (i = 1.....1) is a holomorphic function in A’: i.e.. 2,.; =
nr+1(2), 2’ € D', coincides with the solution set of F(z',2,.,) = 0. Further-
more. we may assume that F(z’,z,;)) has no multiple factors. It follows from
Corollary 7.1 that
W'\ 2,41) = a‘?——F(:'. Zr41)
~r+1

is a universal denominator for £ in A such that W(z’, z,..,) # 0 on each irreducible
compornent of £. On the other hand, T in A is a lifting of the first kind of £ through
7 (p) (k =r+2.... .n). From Proposition 7.2, it follows that W' (2) := W (2. z,..1).
considered as independent of z,,5.... .z,. is a universal denominator for £ in A
which is not identically zero on each irreducible component of .

Using the variable z; (k =r + 2,....n) instead of z,.;, we obtain a universal
denominator Wi.(z’, zx) for  in A which is not identically zero on each irreducible
component of L.

Let Ap be a neighborhood of p, with Ay CC A and let ¢y € Ag be a non-
singular point of £. For simplicity we take ¢y = 0. If #(0.0) # 0 for some
k (r+1 £ k < n), then we can take Wy(z) to be Wi(2'.z) in A and set A* = A,
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and we are done. Thus we assume that Wk(O, 0)=0foreachk=r+1....,n. As
in (7.2) we set, for each k =r +1..

o Fu(Z a) =2 +aea (2 )z"' "ot arm(2)=0 in A x Ag.
in order that Wi (z',2:) = (0F/0z)(Z'.2¢) in A. Here m depends on k. Since
(0,0) is a non-singular point of Z, it follows that
6“'"(0);&0 forsome k(r+1<k<n) and i (1<i<r):
we take k = r+l and i = 1 for simplicity. For small £ # 0. we consider the following
coordinate transformation of C™:

21 =251+ 2410 Zj=2_,' (G=2.....n).

If we again construct a universal denominator W’,“(S'. F1) 1= OFr.1/0%4
in A* = A x T of the same type as W, 1(z',z,+1) in A, then W, ,,(0,0) =

~(25:22(0)) e # 0. Choose £ # 0 sufficiently small so that A* C A is close

enough to A to ensure that Ay CC A*. Then. taking Wo(z) to be Wy ,1(3r41.5).
the conclusion of the proposition is satisfied. ]

From this proposition we easily deduce the following corollary.

COROLLARY 7.2. Let ¥ be an analytic set in a domain D in C" and let S be
the set of singular points of £ in D. Let p € £. Then there exists a neighborhood
& of p in D such that the common zeros in § of all universal denominators of ¥ on
& are contained in SN 4.

This corollary, combined with the fundamental theorem in Chapter 6. yields
the following result, which will play an important role in the next chapter.

COROLLARY 7.3. Let £ be a pure r-dimensional analytic set in a domain D in
C" and let p € . There exists a neighborhood 6 of p in D such that. if we write
Y5 : =X N4, we can find a liftiny of L5 of the first kind.

(Zs)°: w;=n,(p)) (P€Ts j=1.....m).

in 8% := § x C™, such that the common zeros in 8° of all universal denominators
for (£5)" in 8 are contained in an analytic set of dimension at most r — 2 in §".

PROOF. Fix p € T and a closed polydisk § := A’ x A” C C" x C"~" centered
at p = (p/.p") which satisfies the Weierstrass condition for . and such that. if we
set L5 := T N4, then E5N (A’ x dA") = 8. We let D denote the projection of L
over A’. Thus D is a ramified domain over A’ without relative boundary. By taking
a smaller § centered at p if necessary. from Theorem 6.4 we can find a fundamental
system {®,(p)}i=1.....m for D; i.e., each &,(p) is a holomorphic function on D such
that the set S of singular points of the graph

C: wi=®,(p) (peD,i=1,....m)

in A’ x C™ is of dimension at most r — 2.
Since ®;(p) becomes a weakly holomorphic function on L. we have a lifting of
the first kind of Xs.

(86)°: w,=®i(p) (PETs.i=1...,m)

in 6" := § xC™ C C"*™ such that the set of singular points of (£5)" is of dimension
at most (r — 2). Thus. the corollary follows from Corollary 7.2. a
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7.3. O-Modules

7.3.1. Definition of O-Modules. In C" with variables z;,... ,z,, let § C
C" be an open set and let A > 1 be an integer. Take A single-valued holomorphic
functions f;(z) (j=1,... .)) on é and set

f(2) = (fi(2),-.. . [a(2)).

We call f(z) a holomorphic vector-valued function on é of rank A, and
fi(z) (G = 1,...,]) is the j-th component of f(z). We let O* denote the set
of all pairs (f(z),8), where § is an open set in C" and f(z) is a holomorphic
vector-valued function on § of rank A. In case A = 1 we use the notation O.

Let J* be a subset of O*. Suppose J* satisfies the following two conditions:
(1) If'sfl(z)'&l)’ (f2(2),82) € T* and 8, N8, # 0, then (f1(2) + f2(2).6,Né2) €
J

(2) Let 8’ C C™ be an open set and let a(z) be a holomorphic function on §’.
If (f(z),6) € J* and 6N &’ # 0, then (a(2)f(z),6Nd") € T>.
Then we say that J* is an O-module of rank ), or simply, an O-module. In
case A = 1, we call J* = J an O-ideal.?

Let J* be an O-module. If (f(z),8) € J*, then we say that f(z) belongs to
J* on é. From condition (2), (f(z).6) € J* and &' C 6 imply that (f(z),d’) € J*.
Let p € C" and let f(z) be a holomorphic vector-valued function of rank A at a
point p. If there exists a neighborhood § of p in C" such that f(z) belongs to J*
on &, then we say that f(z) belongs to J* at the point p.

Let D C C" be a domain and let J* be an O-module. If the open set § c C*
is contained in D for each (f(z),6) € J*, then we say that 7> is an O-module on
D. To emphasize this, we write J*(D).

Let J* be an O-module and let Z* c J*. If Z* itself is an O-module, then we
say that I* is an O-submodule of J>.

Let D C C" be a domain and let 7> be an O-module. Then it is clear that
I* := {(f(z),6) € J* | § C D} is an O-submodule of J*. We say that I* is the
restriction of J* to D.

Let J and J; be O-modules. Then J* := J) N J3 is also an O-module,
which is called the intersection of J}* and J;\.

Let J and J;' be O-modules and let D C C". Fix a point p € D. Assume
that if f(z) belongs to J;* (resp. J3) at p, then f(z) belongs to J3' (resp. J;}) at
p. If this occurs for each p € D, then we say that J and J;' are equivalent on
D. Furthermore, let J{* and J;' be O-modules and fix p € C". If there exists a
neighborhood § of p in C™ such that J;* and J;' are equivalent on §, then we say
that 7 and J;' are equivalent at the point p.

Let D C C" and A, v > 1 be integers. Let

8;(2) = (B1(2).... Br5(2)  (=1...,0)

be v holomorphic vector-valued functions of rank A on D. For an open set § C D
and v holomorphic functions a,(z) (j = 1,...,v) on §, we form the holomorphic
vector-valued function of rank A

f(z) =a1(z)®1(z) +--- + a,(2)®,(2) on 4.

3The notion of O-ideal was first introduced by Oka [50] under the name of ideal with inde-
terminate domain. The O-module defined here is an example of a presheaf in sheaf theory.
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The totality of such pairs (f(z).d) becomes an O-module of rank A. We call it the
O-module generated by {®} := {®;(z)};-1.... . and denote it by J*{®}.

Let J* be an O-module. If there exist a finite number of holomorphic vector-
valued functions ®;(z) (j = 1,... ,v) of rank A on a domain D C C" such that
the restriction of J* to D is the O-module J*{®} generated by {®;(z)}=1..- v
then we say that J> is a finitely generated O-module on D, and we call
{®,(2)};=1.... .. a pseudobase for 7> on D.

Let J* be an O-module and let p € C™. If there exists a neighborhood & of
p in C" such that J is equivalent to a finitely generated O-module Z*{®} on 4,
where {®} = {®,(2)};=1.... ., then we say that J* is a locally finitely generated
O-module at the point p and {®;(2)}=1...... is a local pseudobase at the
point p; equivalently, we say that J*» admits a locally finite pseudobase at p.

REMARK 7.5. Let D C C" be a domain and let R be the ring of all holomorphic
functions on D. Then one ordinarily defines an R-ideal F on D as a set F of
holomorphic functions on D satisfying (1) if fi(2). f2(z) € F. then f)(z) + f2(2) €
F;: (2) ifa(z) € R and f(z) € F, then a(z)f(z) € F. We will call such an ideal
an ideal with determined domain D, while the O-ideal defined above is an ideal with
indeterminate domain. These two types of ideals have different properties arising
from the structure of the zero sets of holomorphic functions.

For example, in C? with variables z = (z), 23), we define A : |z)| < 2, |22| < 2
and E: z, =0, |22] £1 s0 that E CC A. We define J and J as follows:

(1) J is the set of all holomorphic functions f(z) on A such that f(z) =0on E.
(2) J is the set of all pairs (f(2),d) such that f(z) is a holomorphic function
on d C D with f(z) =0ondNE.
Then J is an ideal with determined domain A and J is an ideal with indeterminate
domain in A. The common zero set of all of the functions f(z) € J is the disk
|z2] < 2 in the complex line z; = 0 (which contains E), while the the zero set of
any holomorphic function f(z) in é such that (f(z),d) € J is necessarily contained
in E.

REMARK 7.6. An O-ideal does not always admit a locally finite pseudobase at
a given point.

For example, let ¥ CC T be concentric open balls centered at the origin in C?
with variables z and y. Let £ be the hyperplane £ = y in C? and let o denote the
portion of E in T \ 4. Consider the set J of all pairs {(f(z,y),6)} with § C T and
f(z.y) holomorphic on é§ with f(z,y) =0on o Né. Then J is an O-module in T’
which does not admit a locally finite pseudobase at each point of £N (8y) in T.

As another example, let A = (Jz] < 1) x (Jyl < 1) and A’ = (Jz| < 1) x (0 <
ly} < 1) in C? and let Z be the O-ideal in A generated by (zy,A) and (1,A’). To
be precise, (f,d) € Z if and only if, in case § C A’, f is an arbitrary holomorphic
function in 8, while in case 6§ C A but § ¢ A’, f is of the form h(z,y)xy where
h(z,y) is a holomorphic function on 8. Then Z is an O-ideal in A which does not
admit a locally finite pseudobase at the origin (0, 0).

7.3.2. Main Theorem. Let D C C” be a domain and let A, v > 1 be integers.
Let
I‘}(Z)=(F|.J(Z),... 7FA.j(Z)) (j=11--° 1”)
be v holomorphic vector-valued functions of rank A on D. We consider the fol-
lowing system of A homogenous linear equations involving v unknown holomorphic
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functions f;(z) (j=1,...,v):
() HGERE) + -+ f(2)F.(z) =0,

or equivalently,
Fii(2)fi(2) +---+ Fu(z)fu(z)=0.

Pz ++ Fu(@)fi(z) =0.

If a holomorphic vector-valued function

f(2) = (fi(2).... . £u(2))

of rank v on an open set § C D satisfies these linear homogeneous equations on
d, then we say that (f(z).d) is a solution of equation (£2). The set of all solutions
(f(2),0) of equation (2) where & C D clearly becomes an O-module of rank v. We
call it the O-module with respect to the linear relation (2) and denote it by
£{q}.

With this terminology we have the following theorem.

THEOREM 7.1 (Oka). For any given system of homogeneous linear egquations
() on D C C", the O-module L() with respect to the linear relation () has a
locally finite pseudobase at each point of D.

This theorem is the main theorem in the theory of O-modules. It was first
proved by Oka in 1948 (cf. [50]); the proof below is a modification of Oka's proof
due to H. Cartan [12].

7.3.3. Two Preparation Theorems. Let D be a domain in C" with vari-
ables z;,...,z, and let C,, be the complex plane with variable w. Let | > 1 be an
integer, and consider a monic pseudopolynomial P(z,w) in w of degree [,

Pz.w)=u' +a,(2)u' '+ + a(z).

where each a,(z) (i = 1,...,l) is a holomorphic function on D. (P(z.w) may have
multiple factors.) Fix r > 0 and define ' := {jw| <r} C C,and A:=DxT C
C"+!, We assume 1 > 0 is sufficiently large so that for each z’ € D. the [ solutions
of P(z’.w) = 0 with respect to w are contained in the interior of I, i.e.,
{(z.w) € D x C,. | P(z,w) =0} CC A. (7.3)

Then we have the following two theorems.

THEOREM 7.2 (Remainder theorem). Let f(z.w) be a holomorphic function in
A.

1. There exist a holomorphic function q(z.w) in A and | holomorphic functions

cx(z) (k=0,1.... .l =1) in D such that
f(z,w) =q(z,w) - P(z,w) + r(z.w) onA, (74)
where
r(z,w) =cp(2)w' '+ +¢-1(z) onDxC,. (7.5)

2. (a) The holomorphic functions q(z,w) and r(z.w) which satisfy (7.4) are
uniquely determined by f(z. w).
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(b) Let 0 < ro < r. Define 'y : lwl < vy and Ag = D x T'y. Then there
exists a constant K > 0 such that if | f(z,w)| < M on A, then
lg(z,w)|, |r(z,w)| < KM on Ay,
lee(2)| < KM (k=0,1,...,1-1) on Dp.

PROOF. Following H. Cartan, we consider the following integral for (z,w) €
A\ (D x ar):

1 f(z.¢) P(2.6) - P(z. W)
2mi [C)=r P(z,() (-w

From Cauchy's theorem we have

I(z,w) = f(z.w) - P(z, ) (2;, /.. E%‘Cf([(—)arc).

Since P(z,{) # 0 on D x dI' by our assumption on I', it follows that the integral
in the second term of the right-hand side is a holomorphic function ¢(z,w) for
(z,w) € A.

On the other hand, the integral I(z,w) may be written as

ST& 1(z,0)
.I(z_.w)—Z(zm/“_r PO - Qjy(2.¢)d¢ ) v

where each Q;(2,.¢) (j =0,... ,l—~1) is a pseudopolynomial in ¢ of degree at most
! — 1 whose coefficients are holomorphic functions for z in D. Thus, the coefficient
of w (j =0,...,l—1) on the right-hand side is a holomorphic function ¢;(z) in
D. Hence,

I(z,w):=

-1
f(z.w) - gz w)P(z,w) = Y c;(z)u’ in A,

=0
which proves 1.
To prove 2(a), let g(z,w) and r(z,w) satisfy conditions (7.4) and (7.5). Then
Cauchy's theorem applied to ¢(z. w) yields, for (z,w) € A\ (D x JI),

o) = ok [ 10

[§l=r (-w

_ 1 1 S0, L 1 (=)
- 2mi -/|‘QI-r C w P(" C) ( 2mi /1‘=r (-w P(zsc)dc
= S(z.w)-T(z,w).

Condition (7.3) implies

1 r(z9) .
T(z,w) = Py /uskC w Pz, Od( forany R>r.

By letting R — nc, we see from (7.5) that T(z,w) = 0. We thus have g(z,w) =
S(z, w), which is uniquely determined by f(z,w); hence so is r(z, w).
To prove 2(b), fix (z,w) € Ap so that |w] < ry < r. We set
A := max{|P(z,w)| |(2,w) € A},
a :=min {|P(z,¢)| ] (z.{) e Dxar} >0.
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Suppose |f(z,w)| £ M on A. Then the above expression for ¢(z, w) = S(z,w) for
(2, w) € Ao implies

1 / 1 |f(z9)l rM
zZ,w)} < — < =: K/ M,
laz )l < o7 Jrer K= w1 1PG. OIS S T=re)a = F
so that |r(z,w)| < M(1 + K A). It follows that |c;(z)] < M(1+ K A)/r? for
7=0,1,...,1-1. Thus, K := maxj=q.i.... ;-1 {(1+ K1 A)/r’} > 0, and this proves
2(b). o

THEOREM 7.3 (Division theorem). Let ®(z,w) be a pseudopolynomial in w of
degree at most A whose coefficients are holomorphic functions on D. If there exists
a holomorphic function g(z,w) in A such that

®(z,w) = q(z.w) - P(z,w) onA,

then q(z2,w) is also a pseudopolynomial in w of degree at most A\—! whose coefficients
are holomorphic functions on D.

PROOF. Noting that g(z,w) is holomorphic in D x C,,. we set

x
q(z,w) := Za,.(z)w" on D x C,,

n=0

where each a,(z) (n = 0,1,...) is a holomorphic function on D. Fix z € A and
R > r. Then we have from condition (7.3) that

1 alz.w)
) = g [ L

1 1 ®(zw),

T 2mi ~/le=R wt! P(z, w)du'

Let n > A—1+1 and let R — o0. Since deg, ®$(z,w) < A and deg, P(z,w) =,
we have a,(2) = 0, so that g(z,w) = Z:;:, an(z)u™, as desired. O
7.3.4. Proof of the Main Theorem. Let D C C" be a domain and let
Fj(2) = (F1,(2),-.. . Fa3(2)) (G=1.....v)
be a given set of v holomorphic vector-valued functions of rank A > 1 in D. Let

Q) HFA@E) +---+ fu(2)F(2) =0

be a system of A simultaneous linear equations for the v unknown functions f;(z)
(i =1,...,v). We form the O-module £{2} which consists of all solutions (f(z),d)
of (); i.e.,

f(2) =(fi(2),... . fu(2))
is a holomorphic vector-valued function of rank v in a domain § C D which satisfies
equation (2) in 4.

When we need to emphasize the dimension n, the rank A, and the domain D,
we write 2(n, A, D) and L{Q(n, A, D)} instead of  and £{2}. We prove Theorem
7.1 by double induction with respect to the dimension n > 1 and the rank A > 1.
It suffices to prove the following three steps.

First step. Each O-module £{(1,1, D)} has a locally finite pseudobase at
every point of D.
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Second step. 1f each O-module £{Q(n,k, D)} (k = 1,...,A) has a locally
finite pseudobase at every point in D, then the same is true for each O-module
L{Q(n,A+1,D)}.

Third step. If each O-module L{Q(n.A. D)} (A = 1.2,...) has a locally
finite pseudobase at every point in D, then the same is true for each O-module
L£{Q(n+1,1,D)}.

Proof of the first step. Fix 2o € D. We set Fj(z) = h;j(z)(z — z0)* (j =
1,... .v), where hj(z) is a holomorphic function in a neighborhood v of 2y in D
with hj(z) # 0 in v. Let k := min{k,, ... ,k.}; for simplicity, assume k, = k. Then

Gj(z) := (-F(2)/F1(2).0....,0,1,0.... ,0) (j=2....v)
(where the “1” occurs in the j-th slot) is a local pseudobase in v. Indeed, we
note first that (G;(z),v) € L{Q(1.1,v)} for j = 2,... ,v. Next, fix any (f,4) €
£{Q(1,1,v)}, where f = (fi....,f.). Then we have f = foG2 +--- + f,G, in 4,
which concludes the proof of the first step. (m]

Proof of the second step. Assume that each O-module £L{Q(n,k, D)} (k =
1,...,2) has a local pseudobase at each point in D. Let £L{Q(n, A + 1, D)} be an
O-module for a set of linear relations Q(n, A + 1, D). Precisely, let D C C" and let

Fj(z) = (Foj(2), Fi(2).... .Fa5(2)) (G=1,...,v)
be v given a holomorphic vector-valued functions of rank A + 1 in D, and let
(Y] H(2)FR(2) +--- + fu(z)F(2) =0

be a set of simultaneous linear equations for the unknown holomorphic vector-
valued function f(z) = (fi(2),-...f.(z)) of rank v. Then L{Q(n,A +1,D)} is
the set of all pairs (f,8) where f(z) is a holomorphic vector-valued function in §
satisfying () in 4.

Fix zp € D. Our goal is to find a neighborhood & of zp in D and a finite
number, say . of holomorphic vector-valued functions of rank v

Ki(2) = (Kw(2).... . Kui(2))  (=1....,K)
in dp such that at any point 2° € d. any f(z) belonging to £L{Q(n,A+1.D)} at z*
can be written in the form
f(z) = hi(2)K1(2) + --- + he(2)Kc(2) in §°.

where 8° is a neighborhood of z* in & and ki(z) (I = 1,....x) is a holomorphic
function in 4°.
Set
F(2) = (Fi(2).... . Fj(2)  (G=1,....v)
and consider the simultaneous linear equations

@) hH()F(2) +---+ f(2)F)(z) =0

involving the unknown holomorphic vector-valued function f(z) = (fi(2),...,
f.(2)) of rank v, so that (2°) is of type (n, A, D).
We also consider the single linear equation

(1) Foa(2)fi(2) +--- + Fou(2)fu(2) =0
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involving the unknown holomorphic vector-valued function f(z) = (fi(z).....
fuv(2)) of rank v, so that (€Q,) is of type Q(n. 1, D). Note that
£{Q} = £{Q°} nL{M}.
R

By the inductive hypothesis, £{Q"} has a local pseudobase at :" in D, i.e..
there exist a neighborhood &’ of 2y in D and a finite number, say u. of holomorphic
vector-valued functions of rank v

Pi(z) = (Pra(2)s-.. Buik(2))  (k=1.....p)
in & such that at any z* € &', any f(z) belonging to £{§2"} at =* can be written
in the form

fER)=qE)Pi(z)+ -+ 9,(2)Pu(z) ine’. (7.6)
where e* is a neighborhood of :* in ¢’ and gx(z) (k = 1.....n) is a holomorphic
function in e*. By substituting this expression for f(z) into (2,). we obtain the
following. Let

Gk(:) = Ri.l(:)q’l.k(:) + -0+ R)‘v(:)¢v.k(:) (k =1.... .[J)

which is a holomorphic function in &', and consider the single linear equation
() 91(2)Gi(2) + -+ + gu(3)Gu(2) =0
involving the unknown holomorphic function g(z) = (gi1(z).... .g4(2)) of rank u,
50 that (') is of type Q(n.1.4"). Fix z* € ¢'. Then f(z) belongs to L{Q’} N L{Q,}
at :* if and only if f(z) can be written in the forin (7.6) with g(z) belonging to
L{Q'} at z*.

Again by the inductive hypothesis. L{Q'} has a local pseudobase at z,. Thus
there exist a neighborhood dy C &’ of z3 and a finite number. say . of holomorphic
vector-valued functions of rank y in 4.

Pi(2) = (Wra(2).... . Wai(2)) (l=1.....8).
such that at cach z* € . any holomorphic vector-valued function g(z) = (gi(z).
.-~ +9u(2)) which belongs to L{Q'} at z* can be written in the form

9(z) = h(2)¥1(2) + - - + he(2)¥u(2) in eq.

where e, is a neighborhood of 2" in 8, and hi(z) (k = 1.... .~) is a holomorphic
function on egy.
We substitute this expression for g(z) into equation (7.6) for f(z). Upon setting

Ki(z) ;=W (2)®1(2) + - - + YV u(2)P,(2) (I=1.....K).
which is a holomorphic vector-valued function of rank v in d,. we have
f(2) = h(2)Ki(z) + -+ + ha(2) Ku(2)

in a neighborhood of z* in §,. We thus conclude that K;(z) (k =1.... .K) is a

local pseudobase of £{Q} on dy. Thus. the second step is proved. (m]
Proof of the third step. let D C C**! and let F, (j = l.... .v) be a given

set of v holomorphic functions in D. We consider the single linear equation

(Q) f](Z)F](Z)'P "'+fu(:)Fl/(:) = 0

involving the unknown vector-valued function f(z) = (f,(z).... . f.(2)): i.e.. equa-
tion () is the general equation of type Q(n + 1,1, D).
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Fix zy € D. e shall show that £{Q} has a local pseudobase at z,. For
simplicity we set 2y = 0 € C"*!. If we have F,(0) # O for some j. say j = v,
then £{2} has a local pseudobase in a neighborhood of : = 0. Indeed. fix o :=
{Iz] < ro} CC A so that F,.(z) # 0 on 8. Then the following v — 1 holomorphic
vector-valued functions of rank v on é.

G,(2):=(0,...,1.0.... .= Fj(z)/F.(2)) {=1L....v-1)

where the "1” occurs in the j-th slot. form a pseudobase of £{2} on 4.
Thus, it remains to treat the case when F;(0) = 0 for j = 1.... .v. We may

assume that the coordinates (z;.... . 2, 3441 ) satisfy the Weierstrass condition for
each hypersurface F;(z) = 0 (j = 1.....v) at the origin 0. For simplicity. we
use the notation z := (z;,... . 2,) and w ;= z,.). Hence we can find a polydisk A
centered at z = 0 and a disk I' centered at w = 0 such that. upon setting A := AxT,
we have A CC D and F;(z.w) #0 (j = 1.... .v) on A x JT. Therefore, we can
write

Fi(z.w) =w,(z.w)- Pj(z.w) in A,
where
Pzow)=u' + Ay, 1 (2)ub 7 4 A4 (2)
(which may have multiple factors); each A,,(z) (0 < k < ;) is a holomorphic
function in A; each wj(z,w) is a non-vanishing holomorphic function in A; and

{(z.w) €A% C, | Pj(z.w) =0} CcC A (=1....v). (7.7)
We consider the single linear equation
Q) fizw)Pi(zw)+ -+ fulz.w)P(z.w) = 0.
Since wy{z.w) # 0 (j = L.....v) on A. it thus suffices, to complete the third
step, to prove that £L{?'} has a local pseudobase at (z.uw) = (0.0). We set | =
max{ly.....l,}. We assume. for simplicity, that { =1,.

[I] We consider the set of holomorphic vector-valned functions of rank v,

Q(z.u) = (Qi(z.w).... . Qu(z.w)).

such that Q;(z.w) (j = 1....,v) is a pseudopolynomial in w of degree at most
-1

Q(z.w) = b (2w + bju—a(2)u! 2+ o +by0(2) (7.8)
(J=1....v).
Here. b;4(z) (k = 0.....1 = 1) is a holomorphic function for z in § C A. If

Q(z.w) is a solution of equation (') on an open set § x 4 C A. then we write
(Q(z,w),d) € L£71{NV'}. and we say that Q(z.w) belongs to £'~'{Q'} on § since
this condition does not depend on 7 C T.

We first show that £/-'{Q’} has a local pseudobase at {z. w) = (0.0). Precisely.
we will find a neighborhood dy of z = 0 in A and a finite number y of vector-valued
functions ¥;(z.w) (k = 1,... ) belonging to £!-'{Q'} on §, such that at each
point z* € &,. each vector-valued function Q(z.w) belonging to £!~!'{'} at z* may
be written in the form

Qi w) =q(x)¥i(z.w) + - + qu(2)¥u(z.w) (7.9)

in 0° x I. where §* is a neighborhood of 2* in &, and g,(2) (¢ = 1,... .,p) is a
holomorphic function in §*.
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Indeed, assume that Q(z,w) = (Qi(z,w),...,Qu(2, w)) belongs to £'~1{Q'}
on 6 C A and that Q;(z,w) (j =1,...,v) is of the form (7.8). Then we have

v 20-1 v
ZPj(z,w)Q,(z,w) = Z Z( E A,-,g(z)bj,.(z)) w*=0

j=1 k=0 j=1 \s+t=k
in § x ' C A. This is equivalent to

@) Y Y Aj(2be(2)=0 (k=0,...,20-1) in &

i=1as+t=k
We can regard (2”) as a set of 2/ simultaneous linear equations with holomorphic
coefficient functions A;¢(2) in A involving the unknown vector-valued holomorphic
functions of rank A := v,

b(z) = (bjk(2)) (G=1,...,v; k=0,1,...,1-1).

Thus (") is of type Q(n, 2, A). By the inductive hypothesis, we can find a neigh-
borhood &g of z = 0 and a finite number u of holomorphic vector-valued functions
of rank A,

c(2) = (cu(2)) (=1...,mi=1,...,0 k=0,1,...,1-1),
such that at any point 2* € &, each b(z) belonging to £{2"'} at 2* may be written
a8
b(z) = fi(z)c'(2) + -+ - + Bu(z)c(z) in 6°,

where 6 is a neighborhood of z* in 8 and 8,(2) (¢ = 1,...,u) is a holomorphic
function in &*.

Fix ¢ (¢ =1,...,u). Using a holomorphic vector-valued function c*(z) of rank
A, we construct v pseudopolynomials (2, w) in w of degree at most [ — 1:

U2, w) = ¢y (20! + &5 p(2)w' 2 + o+ ¢ o(2)
G=1,...,v).
Next we set
¥.(z,w) = (¥i(z,w),..., ¥, (z,w)) (e=1,...,n),
which belongs to £~'{{)'} on §p. We see from the above argument that for any
z* € & , each Q(z,w) = (Q1(z,w),... ,Qu(2,w)) belonging to L'~ {'} at 2* can
be written in the form
Q(z’ w) = ql(z)‘I’l(z’ w4+ qll(z)‘llll(z’ w)

in §° x I, where é* is a neighborhood of 2* in & and ¢;j(2) (j = 1,...u) is a
holomorphic function in §*. We thus have assertion (7.9). a

1] We set

®;(z,w) = (0,...,0,P,(2,w),0,...,0,—P;(z,w))
G=1,...,v-1),

where the “1” occurs in the j-th slot, which belongs to £{2’'} on A. We shall prove
that the collection of all

Q.‘l'(sz) (j=l,...,ll—l), ‘I’,,(Z,W) (""_‘l’--"“)
forms a local pseudobase of £{2'} on &y x I.
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(5]
[
L

To see this, fix (z°,w*) € § x I’ and let

fzw) = (Ai(z.w),...  fulz.w))

be a holomorphic vector-valued function of rank v belonging to £{§2'} on a neigh-
borhood X' := ¢’ x 4’ C 8¢ x [ of (2*.w*). If P,(z*.u*) # 0. we have

fl(z ) fu-—l(Z,W)
fev) =BG Pz )

in a neighborhood of (2°,w*) in X'. Thus it suffices to study the case P,(z*.u*) = 0.
In this case we can find a polydisk A* := §* x 4* C X’ with center (z".u"*) such
that P,(z.w) # 0 on 6° x 3y". Then we have

P.(z,w) = P'(z.w) - P"(2,w) in A", (7.10)
where P"(z,w) # 0 in A* and where P'(z,w) is a pseudopolynomial in w,

) (z.w)+ - + ®, (2. w)

P(z.w) = w' + a.(:)w"“' + - +ap(2).
where aj(z) (j = 1.... .0') is a holomorphic function in §° such that
{(z,w) €8* x C, | P'(2,w) =0} CC A". (7.11)

By the division theorem. P”(z,w) is also a monic pseudopolynomial in u' of degree
1-0U=1".
We can apply the remainder theorem to this P’(z,w) in A", and obtain

f(zw) =g (z.w) - P'(z.w) +rj(z,w) (j=1.....v=1) in A",

where g;(z,w) (j = l....,v — 1) is a holomorphic function in A* and r,(z.w)
(j = 1.....v = 1) is a pseudopolynomial in w of degree at most !’ — 1 whose
coefficients are holomorphic functions in 6°. Thus. using the fact that P"(z,w) # 0
on A*, we have

f(Z,W) (‘h(zv w)P,(sz)v“ 'QV—l(z-w)P'(z:w)'o)

+(ri(z,w),... .roi(z.w), fu(z,w))

_ azw Yoo Tt (mu)
= Pz w)‘bl(z,u)-f- P (z.w) d

+ (rl (2_. w)v oee sru-l(z,u), RV(Z. u))

v-1(z.w)

9(z,w) + r(z.w).

where

R, (z,w) = f.(z.w) + ;’,l”(( u'))P (z.w) +- q-;—:,l(—(zjwl)‘)l’, a(z.w)

(this explicit formula will not be used). To prove [II]. since P"(z.u:) # 0 on A, it
suffices to show that
Fz.w) = P'(z.w)r(z,w)
= (P'(z,w)r1(2,w).... . P"(z,w)r,_1(z,w). P"(z.w)R.(z. w))
belongs to £'~'{Q'} on é°.

Since f(z,w) and g(z, w) belong to £{?'} in A*, so does r(z. ). so that ¥(z. w)
belongs to £L{?'} on A*. Next. P"(z,w)rij(z,w) (j = 1.....v = 1) is clearly a
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pseudopolynomial in w of degree at most | — 1. Finally, since r(z.u) belongs to
L{Y} on A*. we have
Pizow)ri(zow)+ -+ Pooy(zow)re oy (zow) + Po(zow)R. (2w} =0
in A*. so that
(P (Gzow)ry(zow) + oo+ Py (zow)r. ((zow)) = [P7(zo0)Ru(zow)] - P'(zw)

in A*. From (7.11). we can apply the division theorem for P'(z, «) in A*. Since the
left-hand side is a pseudopolynomial in w of degree at most [+’ - 1. it follows that
P"(z. w)R,.(z. w) must be a pseudopolynomial in w of degree at most ({+l'-1)-1' =
{ — 1. Therefore, 7(z.uw) belongs to £'~'{§'} on 4*. which proves {I]. a

Let D C C" be a domain. Let J; and J» be two O-niodules of the same rank A
in D. From the main theorem (Theorem 7.1). we obtain the following nseful result.

THEOREM T.4. If Ji and J» each have a locally finite pseudobase at a point
sy. then Jy N J» also has a locally finite pseudobase at =,.

PROOF. By assumption we can find a neighborhood &, of z, in D and holo-
morphic vector-valued fnnctions of rank A on 4.

®(z) (J=1....v) Pi(z) (h=1.....0).
which generate 7, and J. on §.
Fix z' € 8,. Then f(z) belongs to Jy N J» at 2’ if and only if we have

v M
f(2) =3 a;(2)®,(:) = 3 bi(2)¥i(2)
i=1 k=1

for = in a neighborhood 4’ of =’ in 8. where a,(2) (j = 1.....v) and b (z) (kK =
1.... .u) are holomorphic functions in &',
Now we regard ®;(z) (j = 1.....v) and ¥i(z) (k = 1.....p) as fixed holo-

morphic functions on dy. and we consider the single lincar equation
iy I3
Q) Y a8, () = Y bil(=)¥(z) =0
Fhadl§ [ |

involving the unknown holomorphic vector-valued function
(ar(z),... @, (2). =b1(z).... . =b,(2))

of rank v + u. By Theorem 7.1 we can find a locally finite pseudobase of the
O-module £{Q"} with respect to the linear relation (2).

c'(z) = (aj(z).... .al(z). =bi(2).... . =b}(3)) (i=1.....K).
valid in a neighborhood 8° of 2 in ;. Then

v

gi(z) = Z aj(:)d{,(:) (i=1.....x) oné"
J=1
is a finite psendobase of J; N J> on 4°. 0O

Using the remainder theorem for P'(z, u) (where P, (z.w) = P'(z.w)P"(z. w))
in the same manner as it was nsed in (7.10) with (7.11). we easily obtain the
following elementary fact.
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REMARK 7.7. Let ¥ be a pure r-dimensional analytic set in the polydisk A
centered at the origin 0 in C". Here \ = A xI' ¢ C’ x Ci.. where r + s = n. and
with TN{Ax 8T =0. Weset [ :=T) x--- xTI,, whereI'; (j = 1.....9) is a disk
in C,.,. We let £; denote the projection of ¥ onto the polydisk A; := A xI';: &;
is thus an analytic hypersurface in A ;- Then we have

L, ={(z,u;) € A x Cy, | Pj(z.u;) =0},

where
m ey, (Jifa
Py(zow)) =w)” +ay (2w’ 4o+ ay(2)
and a(kJ "(z){k = 1.....m,) is a holomorphic function on A: moreover, P,(z. 1)

has no multiple factors. We set Af = (Z:jzl m;) — s. In this setting we let f(z.uw)
be a holomorphic function near the point (4. u) in . Then f(z. ) can be written
in the following form in a sufficiently small polydisk A := § x 4 centered at (zp.uy)
in A with ZN (6 x dv) =

S w)=aG w)Pi(zouy) + - + gu(z.w)Po(z. wy)

M
+3° Bl
1§1=0
for j=(h.eoods)i il =dv4--+Jjo: 0S je Smy— L,
where each ;(z.w) is a holomorphic function of (z.w) € A and each 3j(z) is a
holomorphic function of 2 € 4.

7.4. Combination Theorems

7.4.1. Combination Problems. Let D C C" be a domain. Let F;(z) (j =
1.... .v) be v holomorphic vector-valued functions of rank A in D,

F(z) = (P (z).... . Fay(2)) (=1....v).

We let J*{F} denote the O-modnle on D generated by {Fj(z)},~1.... In this
setting, we pose the following two problems.

Problem €, Let ®(z) be a holomorphic vector-valued function of rank A on D
such that ®(z) belongs to J*{F} at each point in D. Find v holomorphic functions
Aj(z) (j =1,...,v) on D such that

®(z) = Ai(2)Fi(z) + -+ AL()F.(z) in D.

Problem C; For each p € D. let the pair (0,(z).4,) be given. where J, is a
neighborhood of p in D and ,(z) is a holomorphic vector-valued function of rank
A in 8, having the property that for any p.¢ € D with §,N 4§, # 0. the difference
0p(2) — 0q4(=) belongs to J*{F} at each point of §,N4,. Find a holomorphic vector-
valued function ®(z) of rank A in D such that for each p. $(z) — ¢,(z) belongs to
J*{F} at each point of .

We call the collection of pairs € := {(@,(2).6,)}pep a Co-distribution. and
we call &(z) a solution of Problem C, for the Cy-distribution C.
Let J* be an O-module of rank A in D. We also consider the following problem.

Problem E  Assume that J* has a locally finite pseudobase at each point of D.
Find a finite number of holomorphic vector-valued functions ®,(z) (k = 1....,v)
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of rank A on D such that the O-module J*{®} generated by {®x(z)}i=1.
is equivalent to J* on D.

We also consider Problems C,.C; and E for a closed set D C C™ and their
solvability on D. To thisend, let D C C™ be a closed set and let Fy(2) (j = 1,... ,v)
be v holomorphic vector-valued functions of rank A on D,

Fj(z) := (F1j(2).... . Fa(2)) (G=1.....v).
Recall that this means there exists an open set G with D C G C C" such that each
F,(z) (j = 1....,v) is holomorphic on G. We let J*{F} denote the O-module

on G generated by {Fj(z)};=i...... In this setting we pose the following three
problems.

Problem C; Let ®(z) be a holomorphic vector-valued function of rank A on D
such that ®(z) belongs to J*{F} at each point in D: i.e., there exists an open set
G\ with D C G, C G such that ®(z) is holomorphic on G, and &(z) belongs to
J*{F} at each point in G,. Find v holomorphic functions 4,(z) (j =1,... ,v) on
D such that

ool

®(z) = Ai(z)Fi(2) +--- + A, (2)Fu(2) in D;
i.e., each 4;(z) ( =1,... .v) is holomorphic on an open set G2, where D C G2 C
G,. and the above relation is satisfied on G..
If this holds for any data ®(z) on the closed set D in C", then we say that
Problem C) is solvable on the closed set D.

Problem C; For each p € D. let the pair (¢,(z).6,) be given where 6, is a
neighborhood of p and ¢,(z) is a holomorphic vector-valued function of rank A
in 6, having the property that for any p,q € D with 6, N d, # 0, the difference
0p(z) — 04(z) belongs to J*{F} at each point of §, N &,: i.e., there exists an open
set GP9 with 4, Nd; C GY'? C G such that @p(2) — ¢4(z) is holownorphic on G}'7
and belongs to J*{F} at each point in G{"*. Find a holomorphic vector-valued
function ¥(z) of rank X in D such that for each p,

®(z) - ¢p(z) belongs to J*{F}
at each point of d; i.e., $(z) is holomorphic on an open set G2, where D C G, C
Uy 9. and the above relation is satisfied on G,.

If this holds for any such pair (¢p(z).d,). then we say that Problem C; is
solvable on the closed set D.

Problem E Let J* be an O-module of rank A on D such that J* has a locally
finite pseudobase at each point of D: i.e., J* is an O-module of rank A on an open
set G with D ¢ G C C" and has a locally finite pseudobase at each point of G.
Find a finite number of holomorphic vector-valued functions ®4(z) (k =1,...,v)
of rank A on D such that the O-module J*{®} generated by {®x(z)}x=1...., on D
is equivalent to J* on D: i.e.. ®x(z) (k =1,...,v) is a holomorphic vector-valued
function of rank A on an open set G, with D C G, C G such that the O-module
J*{®} generated by {®x(2z)}x=1..... on G) is equivalent to 7> on G,.

If this holds for any such @-module J* of rank A on D in C". then we say that
Problem E is solvable on the closed set D.

These three problems were solved in a special case by K. Oka in 1943 in his
reports in Japanese.? As with the Cousin problems. these problems cannot always

See Ola’s posthumous work No. 1 in [55].
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be solved in arbitrary domains D in C". In 1948, Oka solved these problems in
the polydisk; this was published in French in 1950 (Oka [50]). In this section we
present his proofs.

REMARK 7.8. This remark is for the reader familiar with sheaf theory; thus
we do not explain the (standard) notation and terminology. We state the following
two important results in sheaf theory.

1) Let V be an analytic space (to be defined in the next chapter) and let
0— M, —m My — M3 —0

be an exact sequence of sheaves on V. Then we have the following exact sequence
of cohomology on V:

0 — I(V,M,) — I'(V,M;) — I'(V, M)
— HY(V,M,) — HY(V,M;3) — H(V,M3) — ---.
Thus if H'(V, M,) =0, then the mapping
T(V,M3z) — I'(V,M3)
is surjective.
2) Let M and NV be two sheaves on V and let ¢ : M — N be a sheaf

homomorphism. We let X denote the kernel of ¢, and we let I denote the image of
¢. Then

0—K—M—M/K—0
and

0—I —N—N/IT—0
are exact sequences.

Now let D be a domain in C" and let ¢ : O9(D) — OP(D) be a homomorphism
with the propery that there exist ¢ holomorphic vector-valued functions F; (j =
1,...,q) on D of rank p such that ¢ maps a = (ay,...,as) € OYD) to oy Fy +
-+ 4+ a,F, € OP(D). In this case we take T to be the O-module O{F} generated
by {F;};j=1.....q on D, and we take K to be the £-module £(R2) on D with respect
to the linear relation

Q) aFy 4+ +aFy=0.
Problem C, is to show that
Ir'(D,0P) — I'(D,0?/K)
is surjective, and Problem C; is to show that
I(D,0%) — (D, 0%/I)

is surjective. Furthermore, it is clear that I is coherent. The coherence of K is
nothing but Oka’s Theorem 7.1 on the existence of a locally finite pseudobase for
L(R) at each point in D.
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7.4.2. Two Lemmas. For convenience we consider C"*! = C x C,. with
variables z),... .z, and w, and we set w := u + it (i? = —1). Let G be a closed
region in C? and consider two closed rectaugles K. A’ in C,. constructed in the
following manner: for a < a’ < b’ < b and ¢, d, we define
K{ : agu<gb. c<v<d,
K, : a'<u<hb. c<r<d.

In C,.. we set
D' := K| N Kj}. K':= K| UK},

and finally in C"**! we define

K,:=GxK|, Ko:=GxKy, D:=GxD'. K:=GxK' (7.12)
We let I = 2(b' — a’ + d — c) be the perimeter of D' and set L = l/x.
Choose e > 0 sufficiently small so that
ad—ab-bd-c
2 2 "2

e < min {
In C,. we define
Ki(e) : a—e<u<b +e. c—e<v<d+e,
Kile) : a—e<u<b+e, c—e<uv<d+e.
Note that K| CC K](e) and K3 CC K}(e). We also sct
D'(e) := K;(e) N K(e), K'(e) := K{(e) U Kj(e).
Finally, we define the following subsets of C"*!:
Ki(e) := G x K|(e). (2(€) := G x Kje).
D(e) :== G x D'(e). K(e) := G x R'(e).
We can now state the first lemma in this section.

LEMMA 7.1 (Cousin’s lemma). ° Let fy(z.w) be a holomorphic function on
D(e).

1. There exist holomorphic functions fi(z,w) and fa(s.w) in K| and KR, such

that
So(z.w) = fi(z.w) + fo(z.w) in D.
2. If {fo(z.w)| < p on D(e), then we can find fi(z.w) and f.(z.w) as in 1
which satisfy
|filz,w)]| < Lpfe in K, and |f:(z.w)| < Lpje in K,.

PROOF. We let C denote the boundary of the rectangle D’(¢) in C,,.. Fix two
points p := ((a’' + ¥')/2.c - ¢€) and q := ((a’ + b')/2.d + €) on C and let C) and
C, denote the right- and left-hand portions of C' divided by p and ¢. We form the
Cousin integrals

fo(- Od(

Hizow) = — z,w) € K.

21r1 , (—w
fa(zow) = -2; fg(_z f') d¢. (z.w)€ K.,

5This lemma was essentially proved in Part I; we repeat the statement and proof due to its
importance.
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where C) and C, are oriented so that dD'(e) = C, + Cy. Thus. in particular,
fi(z.w) and fo(z.w) are holomorphic functions in K, and K,. Cauchy's theorem
implies that
folz.w) = fi(z,w) + fa(zow). (2 w) € D.

which proves assertion 1.

To prove 2, assume that |fo(z.w)| < p on D(e). Let (z,w) € K; (i = 1.2).
From the integral fortnula above for f,(z.w). since | — w| > e if ( € C;, we obtain
the estimate

1 Iﬁ)(:s w)! 1 Piipt ’ LP
(z.w)| < — _ < — - P > —_
fi(zw)l < 5 b =i ld¢l < 5=~ [(6"—a') + (d = c) + d¢] < —
which proves 2. (]

For each nonnegative integer n. we consider the sets
Ki(e/2"). K3(e/2").....D(e/2"). K(e/2");
clearly each corresponding sequence of closed sets is mnested: eg. Kj(z571) C
K}(35). and these sequences decrease to
K}, Kj,....D and K.

Hence. in the proof of Lemma 7.1 (replacing C = 8D’(e). D(e), and D by C,, =
dD'($). D(3%), and D(z%v). and using ¢ — w| > e/2"*! for ¢ € D(5) and
w € D(5%y) in the last estimate), we obtain the following remark.

REMARK 7.9. Let fo..(z.w) be a holomorphic function on D(5%) with inequal-
ity |fo.n(2, w)| < pu on D(55). where p,, > 0 is a constant. Then we obtain holo-
morphic functions f),,(z.w) and f2,(z.w) in K)(557) and Kj(z7=7) such that

(1) frn(zow) + fan(zow) = fon(zow) in D(e/2"*'):
(2) fim(zow)| € £2"p, in K, (e/27*") (j=1.2).

Using 1 of Leinma 7.1 we have the following corollary.

COROLLARY 7.4. Let ®;(z.w) (j = 1.... ,v) be @ holomorphic vector-valued
function of rank X\ on the set K and let J*{®} denote the O-module generated
by {®;(z,w)}j=1..... on K. Let fi(z.w) and fi(z.w) be holomorphic vector-valued
functions of rank A on K, and K, such that f\(z, w)— f2(z.w) belongs to T*{$} at
each point in D. If Problem C, is always solyable on D, there exists a holomorphic
vector-valued function F(z.w) of rank A on K such that F(z,w) — fi(z.w) belongs
to J*{®} on K, and F(z.w) — fy(z.w) belongs to T*{®} on K,.

PROOF. From the hypothesis, for any p € D. we can find v holomorphic vector-
valued functions a)(z.w) (j = 1.... ,v) in a neighborhood 6, of p in D such that
H(zow) = fa(zow) = ay(z.w)®(z.w) + -+ - + a, (2. w)D, (2. 1) in 4.
Since Problem C, is assumed to be solvable on D. we can find v holomorphic

vector-valued functions 4;(z.w) (j = 1,....») on D such that

HiGzow) = folz.w) = A)(z.w)By (2, w) + -+ - + A (z.w)D, (2. w) on D.

Using 1 of Lemma 7.1 (uote that if we take a sufficiently small e > 0. each
Aj(z.w) {j = 1.... .v) is defined and holomorphic on D(e)). for each j = (1.... .»)
we can find holomorphic functions A4’ (z.w) and Aj(z.w) on K, and K3 such that

A;(z.w) = Aj(z.w) — A](z,w) onD.
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Therefore, if we set
F(z,w)

— { fl(zv w) - (A'I (Z, w)q’l (Z, w) +- 4 A:,(Z, W)‘by(l, w))l (Z' w) € Kly
T falzw) - (A (2, w) P (zaw) + - + A(2, w) R (2, W), (2,w) € Ka,

then F(z,w) is a single-valued holomorphic vector-valued function of rank A on K
such that F(z.w) — fi(z,w) (i = 1,2) belongs to J*{®} on K;. a

Repeating the same procedure step by step (similar to the solution of the Cousin
I problem in 3.2.2). we obtain the following proposition.

PROPOSITION 7.5. If Problem C) is always solvable in any closed polydisk in
C", then Problem C, is always solvable in any closed polydisk in C™.

We want to show that under the hypothesis of Proposition 7.5, Problem E
is always solvable in any closed polydisk in C"; then we will show that, indeed,
Problem C, (and hence Problem C, and Problem E) is always solvable in any closed
polydisk in C". To do this, we will need a lemma of Cartan on holomorphic matrix-
valued functions. First we introduce some notation involving these functions.

Let C¥ be the space of v complex variables u;,... ,u, and let V. C C” be a
domain. We call an (m, n)-matrix A(u) = (a;.x(u))j.x whose coefficients a; i (u) are
holomorphic functions in V, a holomorphic (m, n)-matrix-valued function, or
simply an (m,n)-holomorphic matrix in V. We let M,, (V) denote the set
of all (m,n)-holomorphic matrices in V. In case m = n, we call A(u) a square
holomorphic matrix of order m in V, and we write M,,(V) := M, »(V). We let
E denote the identity matrix of order m.

Given A(u) € M, (V) and an integer | > 1, for each u € V, we write A(u) for
the [-th the power of matrix A(u). Thus A!(u) € M (V). If A(u) has an inverse
matrix for each u € V, we denote it by A™!(u); then A~!(u) € M, (V), and we
say that A(u) is invertible in V.

Fix § = (€1,... .6m) € C™ with €] = 1 and fix A(u) = (a;x(u))sx €
M n(V). Given u € V, we define

4Gl := max {l§ - A(u)li},

where ||€ - A(u)|| denotes the Euclidean length in C™" of the image of £ under the
linear transformation A(u) : C™ — C™, and we define

Al = max (4@}

It is clear that |aji(u)] < ||Aflv foreach 1 < j < m, 1 < k<nandu€
V; conversely, if |a;x(u)] < M for each j,k and u € V, then ||A]| < /mnM.
Furthermore, for A(u). B(u) € M (V),

A+ Bllv < [|Allv +1Bllv, llA-Bllv < |Allv - lIBllv-
Therefore, for A(u) € My (V),

A%(u)
2!
is well-defined, belongs to M, (V), and is invertible (since (eA(*))~! = e~A(®)),
We note that the “usual” law of exponents eA()+B(4) = A(u) . ¢B(4) does not

necessarily hold. It is valid, for example, if A(u)- B(u) = B(u) - A(u).

eAlv) . p 4 A_(_:") + 4.
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PROPOSITION 7.6. Let Aj(u) € Mn(V) (j = 1,2,...) and let €;,0 < €; <
1(G=12...), satisfy 372 & < 00. If[l4jllv <€; (j=1,2,...), then
B(u) := nli_r‘x;: B, (u): nli_lgc(E — A (u))(E - Az(u))---(E ~ A, (u)),
C(u) := nlin;c Cn(u) := nlgtclc(E - An(w))(E - Ap—1(w) - (E — Ay (u))

are uniformly convergent in V. Furthermore, B(u) and C(u) belong to M, (V)
and are invertible in V.

PROOF. We write B, (u) = b(")(u)), k- We note that, for n = 1,2,.

IBally < H(l +e)=M <o
i=1

Let ! > k and set i := 3", ., €;. Then we have

)
|Bi— Billv < M||E = (E = A1)+ (E— A)llv S M@ + 82 +-+-).

It follows that for each j,k = 1,...,m, the sequence of holomorphic functions
{4 (")(u)},l in V forms a Cauchy sequence, so that lim,_.oc B,(u) =: B(u) converges
umformb in V and B(u) € M,(V). Moreover, each factor E—A;(u) (j = 1,2,...)
is invertible in V| i.e.,
(E-Aj(u)™'=E- Aj(u)+ A?(u) +-e,

which is uniformly convergent in V from the estimate [|A;|lv < ¢; < 1. So, B,(u)
is invertible in V. Since || — A;(u) + A%(u) +- - |lv < Ke; (where K is independent
of j =1,2,...), we can similarly prove that lim,_.o B;'(u) =: B*(u) converges
uniformly in V and belongs to M,,(V). Since B,(u)-B;'(u) = E foru € V, it
follows that B(u) - B*(u) = E for u € V, so that B(u) is invertible in V. Similarly,
C/(u) belongs to M,,(V) and is invertible in V. a

We fix an integer m > 1, and use the notation D(e), K,,K2,D = K, N K,,
and K = K, U K> defined at the beginning of this section. We fix a small e > 0
such that L/e > 1. Recall that we consider C"*! = C? x C,, with variables
21,...,2n and w. Let A(z,w) = (a,x(z,w))jx € Mn(D(e)) =: M(D(e)) and
define B(z,w) = (bjk(z,w));jx via

A(z,w) = E + B(z,w).
Set p = ||B||p(ey > 0. Applying Remark 7.9 to each bJ k(z w) (j,k=1,...,m) in
D(e), we obtain holomorphic functions b k(z w) and b (z, w) in K; and K such
that
bjk(z,w) = b;_l,Z(z, w) +b§.?,:(z, w) in D,
b2z, w)] < Lpfe in K, (s=1,2).

We set
B,(z,w) := (bgfz.(z,w))j,k (s=1,2) in K,.

Thus, B,(z,w) € M(K,) (s = 1,2) satisfies
B(z,w) = By(z,w) + Bz(z,w) in D,
{IBillx, <mLp/e, |Ba|lx, <mLp/e.
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We also define B*(z,w) in D by the relation
(E - Bl(z’w))(E”’ B(z,w))(E - B2(sz)) =E+ B’(sz) in D,
i.e.,
B* = B,B; — BB — BB, + B, BBy;
hence
IB*Ilp < 3(mLp/e)® + (mLp/e)®.

We are now ready to state and prove Cartan's lemma [11].

LEMMA 7.2 (Cartan’s lemma). Let A(z,w) € M (D(e)) be invertible in D(e).
If A(z, w) is sufficiently close to the identity matriz E of order m in D(e), then
there exist Ay(z,w) € Mu(K)) and Az(z,w) € Mu(K2) which are invertible in
K, and K, and such that

A(z,w) = Ay(z,w) - A7 ' (z,w) in D.

PROOF. For simplicity we omit the subscript m; e.g., M, (E) = M(E). To
prove the lemma it suffices to find A)(z,w) € Mn(K7) and Az(z,w) € Mm(K3)
such that A(z,w) = A,(z,w) - A;'(z,w) in D° (where K? and D° denote the
interior of K; and D). For n =0,1,..., we set

D, :=D(e/2"), Kn1:=K(e/2"*"!), Kn2:=Ky(e/2"*"),
so that Kn41,5 CC Kpy (8=1,2), Dpyy = Kn1 N Ky 2 and D° = lim,, o Dy

We construct sequences Bp(z,w) € M(D,), B™V(z,w) € M(K,,), and
B2 (z,w) € M(K,) inductively as follows. We define By(z,w) € M(Do) by
the relation

A(z,w) = E+ By(z,w) in Dy
and we set pg := || Bol|p, = 0.

Now fix n > 0, assume that B,(z,w) = (b;f',‘)(z,w))_,-,k € M(D,) has been
defined, and set p; := ||By||p, (I =0,...,n).

Applying Remark 7.9 following Lemma 7.1 to each b;",,) (z,w) J,k=1,...,m)

in D,, we obtain holomorphic functions b§f’,;”(z, w) and bg'","z)(z,w) in K, and
K 2 such that
b;",‘) (z,w) = bg'k‘”(z, w) + b;f',;z)(z, w) in Dpy1,

% (z,w)| < 2"*'Lpnfe inKn, (s=1,2).
We write
B9 (2 w) := (bg'k")(z, w))jx inK,, (s=1,2).
Thus B(™*)(z,w) € M(K,,) (s = 1,2) satisfies
B.(z,w) B™V(z,w) + B™?(z,w) in Dpyy,
IB™k,, < M2, (s=1,2), (7.13)

where M := 2mL/e > 1 is independent of n. We then define Bpi(z,w) €
M(Dpy1) by

(E = B™V(2,w))(E + Bn(z,w))(E — B™?(z,0)) = E + But:1(2,w)) in Doy,
ie.,

Al

By = Bn) g(n2) _ B("‘I)B,. — 3"3(0-2) + B""”B,.B("'z).
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Thus if we set pn4y = ||Bn+i1llD.,,,, we have

Pas1 < 3M2(27p,)% + M3(27p,)%. (7.14)
This implies that if py > 0 is sufficiently small, then
pn<1/4™ (n=0,1,...). (7.15)

In fact, by setting 7, = 4"p, (n =0,1,...), we have, from (7.14),
Tas1 < 12M2%72 4 AM373,
Consequently, if we take a sufficiently small pg = 79 with 0 < py < 1, then {7,}n
decreases to 0, so that
Pn=Tn/4" < Tp/4" < 1/47,

which proves (7.15).

Together with (7.13), this implies that if we take pg > 0 sufficiently small, i.e.,
if A(z,w) = E+ By(z, w) is sufficiently close to the identity matrix E in D(e), then
we have

IBallp, <1/4%,  |B™9|x,, < M/2" (s=1,2). (7.16)
Now for n =0,1,..., we define
Ani(z,w) := (E = B™V(z,w))(E - B "V(z,w))---(E - B®Y(z,w)) in K,
An2(z,w) := (E — B®?(z,w))(E - B"?(2,w))---(E - B™?(z,w)) in K3,
80 that
Ana(z,w)A(z,w)Ap 2(2,w) = E = Byyy(z,w) in D.

It follows from (7.16) and Proposition 7.6 that A, (z,w) € M(K)) and A, 2(2,w)
€ M(K_) are invertible in K, and K3, and that the sequences {A,,(z,w)}, and
{An.2(z,w)}n are uniformly convergent in K, and K,. Thus,

A](Z,W) = nl;“‘gc An.l(z$ w) € M(K?),
AQ(Z, w) = nlil—]gc An.?(zv ‘W) € M(Kg),

which are also invertible in K, and K, with ||A,[lx, < 3 (s = 1,2). Inequality
(7.16) also implies that

Ay (z,w)A(z,w)Az(z,w) = E on D°,
as desired. 0

REMARK 7.10. 1. Since D is closed in C"*! and e > 0 can be taken as
small as we want in Cartan's lemma, we shall use the lemma in the following
form: Let A(z,w) € M,,(D) be invertible and sufficiently close to the identity
matrix E on D. Then there exist A;(z,w) (i = 1,2) invertible on K; such that
A(z,w) = Ay(z,w) - A2(z,w) on D.

2. Cartan’s lemma holds for any A(z,w) € M,(D(e)) which is invertible in
D(e) in the case when G C C? is simply connected. For, in this case, A(z,w) can
be written as a product of a finite number of holomorphic matrices Ax(z,w) (k =
1,...,v) which are sufficiently close to E and are invertible in D(e). However, we
will not need this fact.
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Let p and g be positive integers. We assume G (stated in (7.12)) is a closed poly-
disk in C?, and we use the same notation K, K2, D, and K as before in C**!. We
consider p holomorphic vector-valued functions of rank X in K; and ¢ holomorphic
vector-valued functions of rank \ in K5:

fi(z,w) G=1,...,p) inK,, gi(z,w) (j=1,...,9) in K.
We let J*{f} and J*{g} denote the O-modules generated by {f;(z,w)}; and
{9j(z,w)}; in K, and K,.
Then we obtain the following corollary.
COROLLARY 7.5. Assume that each f;(z,w) (j = 1,... ,p) belongs to T*{g} on
D, and that each gj(z,w) (j = 1,...,q) belongs to J*{f} on D. Then there exist
a finite number of holomorphic vector-valued functions Fj(z,w) (j=1,...,p+q)
in K := K, UK, such that the O-module J*{F} generated by {F;(z,w)}; in K is
equivalent to J*{f} on K, and to J*{g} on K,.
PROOF. By the hypothesis we can find A, (2, w) = (a;x(z,w));x € Mg p(D)
and B(z,w)p.q = (Bjk(2,w))j k € Mp q(D) satisfying
(froeeenfp) = (91,---,9¢) Aqp in D,
(915---,9q) (fis---fp) Bpg inD.
On the other hand, since D = G x D', where G is a closed polydisk in C? and
D' is a rectangle in C,,, by Runge’s theorem, given ¢ > 0, there exist App(z,w) =
(@) x(2,w)jx € Mgp(C™*!) and B, o(2,w) = (8] 4(2,w)),.k € Mpg(C™*!) such
that, for each j, k,

lajk(z,w) — @) (2, w)| <€ for (2,w) € K,
1Bj.k(2z,w) = Bjk(z,w)l <€ for (z,w) € Ka.
If we write
(f1,... vfp) = (g1,... agq) . Alq,p +(g1,-.. vgq) . [Aq.p - A;,p]
(91s--- 19p) + (91,--- ,9¢) - Ay, in D,

then we see that ¢’ (z,w) € J*{g} (j = 1,... ,p) on K3, gj(z, w) is close to f;(z, w)
on D, and A7 (2, w) € Mg p(D) is close to the zero matrix on D. Analogously, we
have

(91,---.9¢9) = (fr,-o- s fp) Bpg+ (fis--o s fp) * [Bpg — By gl
(fire-o s f)+(fry-.. . fp) - Byy inD,
so that fi(z,w) € J*{f} (j =1,...,9) on K\, f}(z,w) is close to g;(z,w) on D,
and By ,(z,w) € Mp¢(D) is close to the zero matrix on D. We then have

(f{"" 1!4) = (91,..- 'gq)“ [(9;1 19;;)+(gl1"' 1gq)A¢,1,,p]'B;al.q
(911---19¢) - [E = Ag By ) - (g}, .g,',) Byg
= (91,---+9¢) Coq+(91,---,9p) - Bpy inD,

where C,q(2,w) € Mg q(D) is close to the identity matrix E of order ¢ in D.
Consequently,

(frsees s Spifivee o £Q)

E B/l
, , 9.9 Ppg
(91:--- 1 9pr 91, - .gq)( Azp Caa )

(g;)'--vg,':vglv"'vgq)'Rp+q,p+q in D,
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where Ry q.p4q(2.w) € Mp,o(D) is close to the identity matrix E of order p + ¢
in D. Applying Cartan’s lemma (see 1 of Remark 7.10), there exist A,(z,w) €
Mpio(K)) and Az(2,w) € Mp,qo(K2) which are invertible in K, and K> and such
that
Rpiq(z,w) = Ay(z,w) - A7 (2.w)  in D.
Thus, if we set
_ (fl,...,fp,f;....,fé)'Al il’lK].

(... *Fm)‘{ (@eee Gt .00) - A2 in Ko,
then Fj(z,w) (j =1,...,p+q) is a single-valued holomorphic vector-valued func-
tion of rank A on K. Furthermore, since A,(z.w) and Aj(z, w) are invertible in K
and K3, it is clear that the O-module J*{F} generated by {F;(z.w)};=1.... p+q is
equivalent to J*{f} on K, and to J*{g} on K>. O

By repeating the same procedure step by step, we reach the conclusion that
if Problem C, is always solvable in any polydisk in C", then Problem E is always
solvable in any polydisk in C". Thus it remains to prove that Problem C, is always
solvable in any polydisk in C". However, we cannot verify this directly; instead. by
making careful use of Corollary 7.5, of the Cousin integral, and of the main theorem
{Theorem 7.1) in the following section we shall simultaneously solve Problems C,
and Problem FE in polydisks by a double induction procedure.

7.4.3. Combination Theorem. We shall prove that Problem ; and Prob-
lem E are always solvable in any closed polydisk in C". These two problems will
be solved simultaneously by a double induction procedure.

Let C™ have complex variables z = (z).... ,2,) and write
Zj'—'tzj_]-’-itz,‘ (i2=—-l:j=l....,n).
where t3;_; and t; are real numbers. Let ax, bi be 2n real numbers with a; < by
fork=1,...,2n, and set
Ly : ax <t <bx (k=1,...,2n). E:=L) x---x La,.
We call E a box in C". For a fixed ! = 1,... .2n. we consider the subset in C*
defined by
E':aj<tj<b; (j=1,...,0), tj=a;=b, (j=l+1....,2n).

By convention, we set E® = {(a;.az.... »62n)} (one point). We call E! a real
l-dimensional open box, and the closure E' of E! in C" is a real I-dimensional
closed box.

Given E! as above, we call a set 0! in C" of the form

Ol : a; < tJ <b; (j=1.... ,I). tJ : It, -a,l <€j (j=l*'l. “en .27!),
where

aj<a;, bi<b(G=1....0) &>00G=1+1....2n).

an open box neighborhood of FinCr

Let E'(I = 0,1....,2n) be a real I-dimensional closed box in C". We say
that Problem C) is solvable on the real I-dimensional closed box E‘ if the following
condition is satisfied: Let Fj(z) (j = 1,...,v) and ®(2) be holomorphic vector-
valued functions of rank A on E' (i.e., on a neighborhood U of E in C") such that
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®(z) € J*{F} at any point z in U. Here J*{F} denotes the O-module generated

by {Fj(2)},=1..... in U. Then there exist an open box neighborhood O of E" and

holomorphic functions 4;(z) (j = 1.....v) on O such that 7'?‘ ccocclUand
()= A(2)R() + -+ Au(2)Fu(2)

on O. In a similar fashion. we define the notion of Problem E heing solvable on E.

LEMMA 7.3. Fixrl with 0 <1 < 2n. If Problem C, and Problem E are solvable
for any real l-dimensional closed bor E'. then Problem E is solvable for uny real
(! + 1)-dimensional closed bor BT

PROOF. Let
E-':ia,<ty<b, (j=l...d+1). t;=¢, (=1+2 ....2n)

be a real (I + 1)-dimensional box in C". Let G be a neighborhood of E*. and
let ({u}" Vet 4,-0p)pec; be data for Problem E on G i.e.. §, is a neighborhood
of pin C" and l,:}’” (j = 1.....kp) are holomorphic vector-valued functions of
rank A in 8, such that if 6,Nd, # @ (p.g € G). then J*{v**'} and J*{1'?’} are
equivalent to each other on 8,Nd,. Here 7*{v"} denotes the O-module generated
by {vgm})él.... .k,. on Jp-
Fix a point ¢ in {a;1.b;. ] and set
E(): a,<t,<b, (j=l....l) timm=c. t,=c, (j=1+2 ....2n).

Since El(c) C E"™' is a real I-dimensional closed box in C. it follows that Problem

E is solvable on E“(c). Thns we can find box neighborhoods O* (¢) and O(c) of —l?"(c)
in C" with O(c) CC O (c) and a finite number of holomorphic vector-valned func-

tions \llg"’)(::) (j = 1.....u) of rank A on O*(c) such that the O-module J*{¥'<'}
generated by {\ll;")(z)},.-.l,,,._,‘, on O (c) is equivalent to J*{v:"'} on O*(¢) N J,.
p € G. Since c is an arbitrary point in {a;,1.b;41]. it follows from the Heine- Borel
theorem that there is a finite cover

mn

Ul O(c))

of _E—‘”. where aj4) = ¢; < a2 < ... < ¢y = by4y. For simplicity, we set O(c,) =
0. 0%(c) = O;. W (2) = Wi(2) (j = L.... w5 = 1) and JH{¥*} = TH¥'}
on O; (i = l,....m). By shrinking O, if necessary, we may assume that each O;
is of the form

O;: 0J<t‘,<3j G=1....0. ‘),(f‘-](d,.

It'j —(51‘{ <€ (j=l+2.... .2")‘

with

a, <aj. bj < Jj (_)= 1.... _.I).

MNM<12< <13<0 <1 <... <% <Oy ) < 0.
Now we focus on the pairs (J*{¥'}.0;) and (J*{¥*}.03). and consider the
following real (I + 1)-dimensional box T'~! cC O; U 03:

¥ AR a;<t;< 3_, (G=1.....0). m1 <t=) < 82, t,=c, =1+2..... 2n).
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We prove the following assertion:
(*) There exist a box neighborhood U~ in C" with
TP cct* ccoiuo;
and a finite number of holomorphic vector-valued functions Fj(2) (j =
l.... .u) of rank A on U* such that the O-module J*{F} generated by
{F,(2)}j=1.... 4 on U" is equivalent to J*{v'"'} on 6,NU". p€G.

To prove this, we set Q := O; N O3. which is a real 2n-dimensional box in C".
Fix a point ¢4} = q € (72.61) and consider the real [-dimensional closed box

.IT':Q_,' Stj SG) (_)--1..‘). tiy1 =q. tj =¢; (j=I+2....,2n).

We note that k' CC Q and that J*{¥'} and J*{¥?} are equivalent to cach

other on Q. Since Problem C, is solvable on IT‘ it follows that there exists a box
neighborhood V* in C" with

K ccviccQ
such that each ¥}(z) (j = 1.... .») belongs to J*{¥?} on V*. and. similarly. each
¥3(z) (j = 1.....12) belongs to J*{¥'} on V". We can take V" of the form

Viiaj<t; <3, (=1.... ). 1" <tin <8 It; -l <" (j=1+2.... .2n),
where
12<49°<qg<8" <é and 0<:" <e.
We define the real 2n-dimensional boxes Uy CC O} and U3 CC O by
Ur:aj<t; <3 (J=l..., ) m<ti <. |t;—¢l<e" (j=1+2.....2n),
ey <t; <F(G=1....0), 7" <t <8 |t;—¢| <& (j=1+2.....2n).

so that Uy NUy; = V* and U* := Uy UUj is a box neighborhood of 7' in
C". It follows from Corollary 7.5 that there exist a finite nuinber of holomorphic
vector-valued functions Fj(z) (j = 1.... .p) of rank A on U* such that J*{F} is
equivalent to J*{v'} on U} and to J*{t?} on U;. Thus assertion (*) is proved.

We repeat the same procedure for the pairs (J*{F}.U*) and (J*{¥3}.03) as
for the pairs (J*{¥'},0}) and (J*{¥?}.03): continuing this process, we finally
obtain a box neighborhood A* of E'™' in C and a finite number of holomorphic
vector-valued functions ®;(z) (j = 1,... . M) of rank A on A* such that the O-
module J*{®} generated by {®;(z)};=1....ar on A* is equivalent to J*{x'*'} on
8, N A", p € G. This proves that Problem E is always solvable on any real (I + 1)-
dimensional closed box in C". o

LEMMA 7.4. Fiz an integer | with 1 < | < 2n. Assume that Problem C, is
solvable for any real l-dimensional closed box and that Problem E is solvable for
any real (1 + 1)-dimensional closed box. Then Problem C, is solvable for any real
(I + 1)-dimensional closed boz.

PROOF. Let
B :aj<t, b, (G=1....0+1). t,=¢; (j=1+2 ....2n)

be a real (I + 1)-dimensional closed box in C". Let ¥;(2) (j =1,...,v) and F(z)

be holomorphic vector-valued functions on K (i.e., on a neighborhood U of I
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in C") such that, for each point 2, € U. there exist a neighborhood é of 2, and v
holomorphic functions f;(z) ( = 1,... .v) on é such that
F(2)= filz)urilx) + -+ fu(2)vu(z) on &
Fix cin [a;4+1,bi4+1] and set
Ed(c): a; <t,<b, (G=1,....). tiai=c t;=¢; (=142, ....2n).

Since E' (c) is a real [-dimensional closed box in C". it follows that Problem C, is
solvable on E“(c). Thus we can find box neighborhoods O*(c) and O(c) of E“(c)
in U with O(c) CC O°(c) and v holomorphic functions f)(”(z) (j=1....v)on
O*(c) such that

F(z) = {7 (@)01(2) + - + £7(2)ve(z)  on O°(c).

Since ¢ was an arbitrary point in the interval [a;.,bj-1]. it follows from the Heine-
Borel theorem that there exists a finite cover

of E’“. where ¢;4; =¢) < ¢ < ... < ¢, = b). For simplicity, we set O(c;) =
0. 0°(c) = 0}, ff2) = f}(z) j = L.....v) on O} (i = L.....,m). By
shrinking O;. if necessary, we may assume that each O, is of the form

Oi:a; <tj<F;(j=1....0), 7i<tiy <. |It,-¢)<e(i=1+2,...,2n)
with
aj<aj, by<3 (j=1....1),
M<12<§y<Y13<0<1;<... <V <b0p-1 <.

We focus on the pairs ({f](z)};, O1) and ({f?(2)};. O3). and consider the following
real (I + 1)-dimensional box T'+! cc O] U 03:

T‘H.l! Oj<tj <ﬁ3j (j=1.....l). 7 < ti4a <62, tJ =g (j=l+2.... ,271).

We prove the following assertion:
(**) There exist a box neighborhood W* in C",
=41

T
and v holomorphic functions F;(z) (j = 1,... .r) on W* such that
F(z) = Fi(2)y1(2) + -+ F,(2)uv(z) on W,

To prove this, we set Q* := O} N O3 and consider the simultaneous linear
equations

Q) H@Ewn(2) +---+ fu(2)vn(z) =0 on Q°

and the O-module £{Q2} with respect to the linear relation (92). We note that
&(2) == (f{(2) = fi(2).... . f2(2) = f2(2))

belongs to £L{2} on Q".

cc W* cco;uO0;.
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By the main theorem (Theorem 7.1). we see that £{Q} has a finite pseudobase
{htP(2)}=1.....m, at each point p € Q. Fix ti.) = ¢ € (12.61) and consider the
real [-dimensional closed box

Ko, <t; <8, (j=L....0. iy=q. t, =¢, (j =1+2.... .2n).

We note that &' cC Q°. Since Problem E is solvable on K. it follows that there
exist a box neighborhood V* in C" with

K ccviccq
and a finite number of holomorphic vector-valued functions H;(z) (j = 1.....s) of
rank v on V" such that {H;(2)},=1.... « is a finite pseudobase of £L{Q} on V".

We again look at the real I—dlmensnonal closed box K" defined above. We note
that g(z) and H;(z) (j = 1....,s) are defined in V* and that g(z) belongs to the
O-module J*{H} generated by {H;(2)};=1.....ar on V" at each point of V*. Since

Problem C, is solvable on K and K' cC V". it follows that there exist a box
neighborhood W in C" with
K ccweeve

and s holomorphic functions A;(z) (j =1,....s) on W such that

g(2) = Aj(2)H\(2) + - + As(2)H(z) on W
We write
W:al<t; <@ G=1....0. " <tina <8 |t ¢l <e® (j=1+2.....2n)
and consider the following real 2n-dimensional boxes:
Witald<t; < G=l....). m<tia <& Jt,—cjl<e® (G=1+2.....2n).

Wetad<t; <A G=1....0,° <t <o |t;— | <e® (j=1+2.... ,2n).
Note that W = W, N W, and W* := W), U W, is a box neighborhood of the
real (I + 1)-dimensional closed box T defined above. Using the Cousin integral
for each A;(z) (j = 1..... s) on H along a segment on ., = ¢. we can find
holomorphlc functions A'(z) and A:2 (z) on W) and W’ such that

A} (2) - A';»’(z) = A,(z) on W.

For j=1.... .uweset

F (Z) = ‘5 ) (Z)Hl(z) + - .4:(2)”,(2)) on u’l‘

7 F@) - (-42(2)”:(2) +---+ Al(2)H,(z)) on W,
Then F;(2) (j = 1,....v) is a single-valued holomorphic function on W* which
satisfies
F(z) = Fi(z2)vi(z) +---+ Fu(2)v,(z) on W*

this proves assertion (#%).

As usual, we repeat this for the pairs ({¥;(2)};. W*) and ({fj’(z)},. 03) (as was
done for the pairs ({f}(z)};.0}) and ({ ff(z)},,O;)): continuing this procedure
proves the lemma. a

Observing that. by definition, Problem C, and Problem E are always solvable

for any real 0-dimensional closed box E'inCn (here Elisa point in C"), we
obtain from Lemmas 7.3 and 7.4 the following result.
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THEOREM 7.5 (Combination theorem). Problem C,, Problem C; and Problem
E are always solvable for any closed polydisk in C™.

As a simple application of this theorem we have

COROLLARY 7.6. Let ®;(z)(j = 1,...,v) be holomorphic functions on the
closed polydisk A in C". If the functions ®;(z) (j = 1,... ,v) have no common
zeros on A, then there exist holomorphic functions f;(z) (j =1,...,v) on A such
that

H(2)1(2)+:--+ fu(2)P(2) =1 on A.

7.4.4. Completeness. Let D C C" be a domain and let ®;(z) (j =1,...,v)
be v holomorphic vector-valued functions of rank A in D. We let 7*{®} denote the
O-module generated by {®;(z)};=1,... , on D. The following completeness theorem
for 7*{®} will be useful in the next chapter.

THEOREM 7.6. Let § be a domain in D and let
f(2)=(fi(2),..., f5(2))  (=1,2,...)
be a sequence of holomorphic vector-valued functions on § such that
(1) each (f.(2),6) € T*{®} (t=1,2,...), and
(2) {f.(2)}:=1.2... converges uniformly to a holomorphic vector-valued function
fo(z) on 8.
Then fo(z) belongs to J*>{®} at each point in 8.

In order to prove this theorem, we first prove a lemma about solving Prob-
lem C, with local estimates. Given f(z) = (fi(2),...,fx(z)), we define |f(2)| =
max;-1,...a {Ifi(2)l }.

LEMMA 7.5. Let D be a polydisk centered at the origin O in C". Let Fj(z) =
(F1,j(2),...,Fxj(2)) (j = 1,...,v) be v holomorphic vector-valued functions of
rank A on D. Then we can find a polydisk 6o C D centered at O and a constant
K > 0 with the following property. Let f(z) = (fi(z),...,fr(2)) be a holomorphic
vector-valued function on D such that

f(2) = a(z)Fi(2)+-+a,(2)F,(z) on D, (7.17)
If(z)) € 1 onD, (7.18)

where each a;(z) (j = 1,...,v) is a holomorphic function on D. Then f(z) can be
written in the form

f(z) = a}(2)Fi(2)+---+a}(2)Fu(z) on d,
Iag(z)l < K (j=l,...,V) on b,

where each a‘}(z) (j =1,...,v) is a holomorphic function on &.

PRroOOF. The proof will proceed by a double induction on the dimension n > 1
and the rank A > 1 as in the proof of the main theorem.

First step. The lemma is true in the case (n,)) = (1,1).

We fix a closed disk 89 CC D centered at O such that we have Fi(z) =
z%hj(2) (j = 1,...,v) on & with h;(z) # 0 on &. For simplicity, suppose
kh £k (=2...,v). Let K := max ,ca5,{1/|F1(2)]} > 0. Then any
holomorphic function f(z) satisfying (7.17) and (7.18) can be written in the form
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f(z) = Ay(2)Fi(z) on &, where A;(z) is a holomorphic function in ;. Hence
JA1(z)] € K on §y by the maximum modulus principle, which proves the first step
of the induction.

Second step. The lemmna is true in the case (n.A + 1) if the lemma is true in
the cases (n,k) (k=1.....)).

Let

Fy(2) = (Fos(2). Fiy(3)e . Fay(2) (= L...w)
be a holomorphic vector-valued function of rank A + 1 in a polydisk D centered at
the origin O in C". Let
f(2) = (fo(2). fi(2).-.. . fa(2)
be a holomorphic vector-valued function of rank A + 1 in D with
€ f(z2)=ay(2)Fi(2) + - +a,(z)F.,(z) onD.
If(z)I €1 on D.

We fix a polydisk Dy CC D centered at O and set A := max{z“,;, |F() |
z € Dy} < 2. Define the holomorphic vector-valued functions

F;)(Z) = (FLJ(Z)?"‘ !F/\AJ(:)) (J =1,... 9”)\

i) = (hG).... . fr2).
each of rank A in D. Then
&Y P2 =ai(2)FM) + -+ au()Fz) on D,
(&) Jo(z) = a1(2)Fo.a(2) + -+ + au(2)Fo.(z) on D,

so that (&) is of type (r.)) and (&) is of type (n.1).
By the induction assumption applied to (£,) on D, we can find a closed polydisk
8, C Dy centered at O, a constant K; > 0 independent of fo(z), and holomorphic
functions a%(z) (j = 1....,v) on &, such that
fo(z) = af(2)Fou(s)+ - +al(z)Fau(z) ond.
laf(z)} < K1 onéy.

Note that |fo(z)| < K1M on §;.

Now we consider the single linear equation
(f0) bi(z)Foa(z) +-- -+ b (2)Fuu(z) =0
for the unknown holomorphic vector-valued function

b(z) = (bi(2).... ,b.(2))
of rank v, and we consider the OV-module £{} with respect to the linear relation
(Q%). By the main theorem (Theorem 7.1). the O*-module £{Qy} has a locally
finite pseudobase at the origin O: thus we can find a finite numnber. sayv u. of
holomorphic vector-valued functions

®i(z) = (Pra(2)s... . Bun(z))  (k=1....p)

of rank v on a closed polydisk 8, C 4, centered at O which generate £{y} on
42 (where neither d; nor ®,(z) (k = 1....,u) depends on f(z) in (£)). We set
M =max {T§_, |®c(2)| | 2 € 82} < 5c. Note that if we set

a(2) - a’(z) = (a;(z) —ad(2).... .a,(z) — a%(z)) on é.
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then a(z) — a’(z) belongs to £{S%} on 4,. Since Problem C; is solvable on the
closed polydisk d;, we can find holomorphic functions c;(z) (j = 1,....u) on 42
such that

a(z) - a%(2) = c1(2)®1(2) + - + cu(2)®u(z) on &, (7.19)

(note that for any holomorphic functions c;(z) (j = 1.... .u) on J2. the functions
a;(2) (j = 1,...,v) obtained by substituting the functions c;(z) into (7.19) auto-
matically satisfy (£;) on d2). We substitute this expression into (£”) and obtain

fO2) - (a§(2)FP(2) +--- + a(2 ) F(2))
= cl (z) (®. l(z)l“‘ (2)+ -+ ua(2)F2(2)

+c,,(z) (P1u(2)FP(2) + - + D, u(2)F2(z)) on o
as holomorphic vector-valued functions of rank A. If we set

) = )= (Q)F(2) +- - +a)(z)F)(2)) on &

G,(z) = ®1;j(2)FP(2)+ -+ P, ;(2)F(z) (j=1,....n) on &,
then we have
(G) ¢°(2) = c1(2)Gi(2) + -+ +¢c,(2)GL(z) on &,
Again. note that for any holomorphic functions c;(z) (j = 1.....u) satisfying
these A equations (G) on § C 42, the functions a;(z) (j = 1.... .v) obtained by

substituting the functions c;(z) into (7.19) automatically satisfy (£") on 4. and
hence both (£;) and (£°) on 6. We have that |g°(z)] < 1 + R1AM on 6. Since
equation (G) is of type (n, A) on 42, the inductive hypothesis applied to G,(z) (j =
l..... 1) and &2 implies that there exist a closed polydisk d; C 82 centered at O,
a constant K3 > 0 independent of ¢°(z). and u holomorphic functions ¢J(z) (j =
1.... . ) such that

@) = d)Gi(z)+-- +A(2)Gu(2) on 4.

[9(z)] £ Kz(1+K\M)(=1....p) on 3.
Thus, if we set
a*(2) == a%2) + A (2)P1(2) + - + S(2)Pu(z) on by,
then we have
f(z) ai(2)Fi(z) +--- +a)(2)F(2) on &,
laj(z)] < Ki+K3(1+KiMM' =R (j=1.....v) on Jdj.

Since d5. K. K3. M and A’ do not depend on the choice of f(z) satisfying (£)
with |f(z)| £ 1 on D, the second step is proved (using s and A" > 0).

Third step. The lemma is true in the case (n + 1,1) if the lemma is true in
the cases (n,\) for A=1,2,....

Let D be a polydisk centered at the origin O in C"*! and let F,(z) (j =
1....,v) be holomorphic functions on D.

We may assume that the z,,-direction satisfies the Weierstrass condition for
each analytic hypersurface £; : Fj(z) =0(j = 1....,v) at z = O. For convenience
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we write z = (2)....,2,) and @ = z,,,,. so that C**! = C? x C,.. We can thus
find a closed polydisk A := A x I" centered at (z.w) = (0.0) = O in C" x C,.,

A:lz;|<p (G=1.....n), I:|w|<n
such that Fj(z,w) #0 (j=1,....v)on A x dI'. Thus we have
Fi(z,w) =wj(z,w)Pj(z,w) (G=1.....v) onA,
where wj(z,w) # 0 at any point (2,w) € A and where P;(z,w) is a monic pseu-
dopolynomial in w with coefficient functions that are holomorphic on A.
Py(z,w) =w* + A (2)u "+ 4+ Aji (2) on A, (7.20)

and such that £; = {(z.w) € A x C,. | Pj(z.w) = 0}. Thus, instead of finding a
polydisk dy C D centered at O and a constant K > 0 for Fj(z.w) (j = 1....,v)and
D to satisfy the conclusion of the third step. it suffices to find a polydisk A* C A
centered at O and a constant K* > 0 for Pj(2.w) (j =1,....v) and A.

Without loss of generality, we will assume k, > k; (j = 1.... .v = 1): ie.,
the monic pseudopolynomial P, (z,w) has largest degree in w among all the monic
pseudopolynomials P;(z.w). Let f(z) be a holomorphic function on A satisfying

(€) f(z,w) =a1(z.w)Pi(z.w) + - -+ a, (2. w)P,(z2.w) onA,
If(zew){ <1 on A.
where each a;(z,w) (j = 1.... ,v) is a holomorphic function on A. By the remainder
theorem applied to P, (z,w), we have
f(z,w) = q(z,w)P,(z.w) + r(z,w) on A. (7.21)

where g(z,w) is a holomorphic function on A and r(z, w) is a pseudopolynomial in
w of degree at most k, — 1 with coefficient functions that are holomorphic for z in
A
C r(ew) = B 4 B (R Baa(2) on A
Fix [y : |w| £ % < n and Ay := A x 5. From (2) of Theorem 7.2 we can find
M > 0. independent of f(z,w). such that
la(z,w)l. |r(z.w}l M on Ay,
18;(2)l <M (j=0.1...,k,—1) onA.
Similarly we have
aj(z,w) = qj(z.w)P, (2. w) +rj(z.w) (G=1.... .v—1) onA,
where each gj(z,w) is a holomorphic function on A and each r;j(z, w) is a pseu-

dopolynomial in w of degree at most k, — 1 with coefficient functions which are
holomorphic for z in A,

r(zw) = c,_o(z)u'“"" + c,.,(z)w"*" +- -+ cjn, ., (2) onA.
Therefore, from (£) we have
r(z,w) - (n(z, w)Pi(z,w)+--+ + r1(z,w)Pai(z.w))
=r,(z,w)P,(z. w), (7.22)

where r,(2, w) is a holomorphic function on A. By the division theorem we see that
r,(z,w) must be a pseudopolynomial in w of degree at most k&, — 1 with coefficient
functions which are holomorphic for z in A,

r(z,w) = c.,'o(z)w"’”‘l + c.,_l(z)wk"‘2 +- 4+ cvk,-1(2) on A.
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Thus, by comparing the coefficients of w* on both sides of the equation (7.22) on
A, we obtain the following 2k, simultaneous linear equations (£) on A:

B(z) = D e (k=0,... .k 1),
A ij
©) 0 = ZC.,J(Z)ASS)(Z) (k=ky, ko +1,...,2k, 1),
iJ
where each Ag:-)(z) is a linear combination of the functions { A;,;(2)}i,m on A. If we

define A(z) := (Bo(z)s- .. , Br,-1(2),0,... ,0) and Aij(2) = (A0(2),... , A%
(z)), then the set of equations (£) can be rewritten as

) E(Z)=Zci,j(z)1.-,j(z) on A
iJ

with |#(z)] < M on A. Since this (£) is a case of the form (n,2k,), it follows
by the inductive hypothesis applied to {A; ;(z)};; (which is determined by the
given Pj(z,w) (j=1,...,v) in (7.20)) and A that we can find a polydisk Ay C A
centered at O, a constant K, independent of E(z), and holomorphic functions ¢ ;(2)
on Ag such that |c?;(2)] < K1 M on Ag and ¢(z) (as well as c; ;(z)) satisfy the
equations (£) on Ao. Conversely, if we construct pseudopolynomials r(z,w) (j =
1,...,v) in w of degree at most k, — 1 using cgj(z) (as rj(z,w) ( =1,...,v) are
constructed using c; j(2)), then by (7.22) we obtain

r(z,w) = rd(z,w)Pi(z,w) + - - + r_, (2, w)P,_1 (2, w) + r(2, w) P, (2, w)
on ApxT'=A*in A, and [rd(z,w)| S K\ME S5 W = K2 (j=1,...,v) on A”.
Since (7.21) implies that
f=rfPi+- -+ P,y +(0+q)P, on A,

the third step is proved (using the polydisk A® and the constant K* := K+M > 0).
This completes the proof of the lemma. O

REMARK 7.11. Now that Lemma 7.5 is established, we can use the same double
induction method with respect to the real dimension of R?" as in section 7.4.3 to
extend Lemma 7.5 from a polydisk dp to an arbitrary subset Do CC D (D is a
polydisk in C"), where the constant K > 0 depends on Dy. Moreover, in Theorem
8.16 in Chapter 8 we shall extend this lemma to a more general situation using
another method (by use of the open mapping theorem for Fréchet spaces based on
Lemma 7.5).

We now use Lemma 7.5 to prove Thorem 7.6.

PROOF OF THEOREM 7.6. By taking a subsequence of {f.(z)}.=12... and a
smaller 4, if necessary, we may assume that {f,(z)},=12... converges uniformly to
fo(2) on § with

ng‘ {|f1+l(z) - fc(z)l} < 1/2‘ (" = 172»- . )1
and that each f,(z) can be written in the form
£.(2) = a(2)81(2) + - + al)(2)8,(z) om 6.
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Fix ¢ € §. From Lemma 7.5, it follows that there exist a neighborhood &y of ¢
in 6 and a constant K > 0 satisfying the conditions in the lemma for the func-
tions {®;(2)},=1...., on 8. Thus, there exist holomorphic functions c}‘) (2) (4 =
1,....v;e=1,2,...) on § with

fi1(2) = £,(2) = (2)@1(2) + - + ¢(2)Bu () on b
max (I ()} S K/2 (=10

For j =1.... ,v. we set
x
¢(z) = afi')(z)+ Z c;”(z) on &
=1
then {c,(z)}; converges uniformly on d,. and we have
fo(2) = c1(2)®1(2) + - + ¢ (2)®u(2) on .
Thus fo(z) belongs to J*{®} on &. a

7.5. Local Finiteness Theorem

7.5.1. {-ideal. Let D be a domain in C" with variables z,.... ,z,. Let Fj(z)
(J =1....,v) be v holomorphic vector-valued functions of rank A on D.

Fj(z) = (F.j(2).... . Faj(2)) (G=1...,v).
Consider the set of A homogeneous linear simultaneous equations
Q) h)A()+:-+ fu(2)F.(2) =0
for the unknown holomorphic vector-valued function f(z) = (fi(2),.... f.(z)) of

rank v. We refer to this system as the linear relation (2). We let £{Q} denote
the O-module with respect to the linear relation (), i.e., L{Q} is the set of all
pairs (f(z),d) such that f(z) = (fi(z)...., f.(2)) is a holomorphic vector-valued
function of rank v on § which satisfies (2) on 4. Looking at the first components of
f(z), we consider the set £{Q2} of all pairs (f(z).d) such that there exists at least
one (f(z),d) in L{N} with f(2) = (fi(2),....f.(2)). Then £{Q} is an O-ideal on
D which is called the {-ideal with respect to the linear relation (). Since £{Q}
has a locally finite pseudobase at each point in D, we have the following theorem.

THEOREM 7.7. For the linear relation (?) associated to the holomorphic vector-
valued functions F;(2) (j = 1....,v) on D, the (-ideal £{Q} has a locally finite
pseudobase at each point in D.

In this section we will often use this theorem to show that some important
O-ideals on D have a locally finite pseudobase at each point in D. We next prove
the following corollary, due to Oka. which is a simple application of Theorem 7.7.
This corollary will not be used in the remainder of this book.

Let Z be an O-ideal in a domain D C C" and let ¢ be a holomorphic function
on D. We define I? to be the set of all pairs (f + A®.5N4’') where (f.6) € T and A
is a holomorphic function on ¢’. In addition, we define Zy to be the set of all pairs
(p,0) where p = f/® is holomorphic on é and (f,d) € Z. These are both O-ideals
on D. We call Z* and Z; the adjoint and the quotient O-ideals of Z for &. We
note that 7 C IT® N Zs.

Using this notation and terminology, we have the following result.
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COROLLARY 7.7. The O-ideal T on D admits a locally finite pseudobase at each
point in D if and only if the same is true for both I% and Ts.

PROOF. Fix zo € D. Assume that T admits a locally finite pseudobase F; (j =
1,...,v) on a neighborhood § of zp in D. Then {F;.®},~,.. ., forms a locally
finite pseudobase of I® on 4. Fix ¢ € Iy at a point z* in 6. Then we have

(Q) do=a,FL+---+a,F, iné".

where §* C 6 is a neighborhood of z* and each a; (j = 1,... .v) is a holomorphic
function on 6°. Thus the restriction Z3 on § coincides with the ¢-ideal with respect
to the linear relation () in 6. By Theorem 7.7, Iy admits a locally finite pseudobase
at 2g.

Conversely, assume that Z® and Zg both admit a locally finite pseudobase at
zg9. We denote these pseudobases as

Fij+A®(j=1,...,v) and ¥y (k=1,....p4) on 4,

where ¢ is a neighborhood of 29 in D. Here, (F,,6) € T and A, is a holomorphic
function on §; moreover. each ¥ = G)/® is a holomorphic function on é where
(Gk,6) € I. Let f € T at a point z* € 4. Since f € Z® at z*, we have

f=ARi+A®)+ -+ fu(F, + A, ®) on 6,

where 8" is a neighborhood of 2* in § and each f, (j = 1,... .v) is a holomorphic
function on é°*. Thus,

f-hh--—--fF,=(fiiAi+--+f,A)® oné.
so that fi1A; +--- + f, A, belongs to Zg on 6°. Hence. we have
HhAr+-+ LA =b¥+---+b,¥,  ond,
where each b, (k = 1.....p) is a holomorphic function on 4°. It follows that
f=hFbA+-+fF,+0G +---+b,G, on §°.

Consequently, the restriction of Z to § coincides with the O-ideal generated by v+ pu
holomorphic functions {Fj, Gy} on 4. o

EXAMPLE 7.4. Let A = (jz| < 1) x (Jyl < 1) and A’ = (Jz| < 1) x (0 < |y| < 1)
in C2. Let T be the set of all pairs (f,8),  C A satisfying the following: if § C A’,
then f can be an arbitrary holomorphic function on 4§’: if § ¢ A’. then f = azy,
where a is a holomorphic function on 6. Then T is an O-ideal on A, but Z does not
admit a locally finite pseudobase at the origin 0 in A. For if Z had a pseudobase
{ajzy} ( =1,... .v) in a neighborhood V of 0 in A. then their common zero set
in V would contain {ry = 0}. However. at the point (0,y) € V' with y # 0 the
constant function 1 belongs to Z. which is a contradiction.

The adjoint Z¥ of T for the function y and the quotient Z, for the function  are
generated by the function y on A. However. neither I, nor I* admit a locally finite
pseudobase at the origin. For both Z, and I* consist of the collection of all pairs
(f,6) with 6 C A satisfying the following: if § C A’, then f can be an arbitrary
holomorphic function on é; if § ¢ A’, then f = azx, where a is a holomorphic
function on 4. Hence this collection does not admit a locally finite pseudobase at
the origin.
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7.5.2. G-ideal. Let D be a domain in C" and let Z be an O-ideal on D. Fix
p € D. If each holomorphic function f(z) belonging to T at the point p vanishes
at p. then we say that p is a zero point of Z. We call the set E(Z) of all such p in
D the zero set of I. Note that for ¢ € D. we have ¢ ¢ E(Z) if and only if each
holomorphic function f(z) at g belongs to T at the point g. It is clear that E(Z) is
a closed set in D. Furthermore, if 7 has a locally finite pseudobase at each point
in D, then E(Z) is an analytic set in D.

Conversely. let E be a closed set in D. We consider the set G{E} of all pairs
(f(2).8) such that § C D and f(z) is a holomorphic function on § which satisfies
f(z) =0o0n EN{. Then G{E} becomes an O-ideal on D. called the geometric
ideal for £ on D (or the G-ideal for E). We will need the following theorem
concerning G-ideals.

THEOREM T7.8. Let L be an analytic set in a domain D in C". Then the G-ideal
G{Z} on D has a locally finite pseudobase at each point in D.

We first prove Theorem 7.8 in the special case given as Proposition 7.7 below.
For the sake of convenience, we use the following notation: C" = C] x C™",
where C?, has variables 2,,... .2, and C"" has variables wy,... ,w,_,. Let D be
a domain in C] and lete A=D x C} " C C". Foreachw; (j=1,... ,n—r), we
consider a monic pseudopolynomial

1 1,-1
Py(z,w;) = w) +a;0(2)uw)  + - +aju,(2)

with respect to w;, where each a; x(z) (1 < k < ;) is a holomorphic function on D
and Pj(z,w;) has no multiple factors. We set

t= nl{(z, Wie-e s Waoyr) € A| Pi(z.wy) = 0},
J=

which is a pure r-dimensional analytic set in A.
Then we have the following proposition.

PROPOSITION 7.7. The G-ideal G{£} on A is generated by n — r pseudopoly-
nomials Pj(z,w;) (j=1,... ,n—r) on A.

PRrROOF. We prove this by induction on n — r > 1 (the number of pseudopoly-
nomials). We first assume that n — r = 1, ie., ¥ is an analytic hypersurface
in A := D x C,. defined by the zero set of a single monic pseudopolynomial
P(z,w) with no multiple factors whose coefficients are holomorphic functions on
D. Fix pp € A. Let f(z,w) be any holomorphic function at py belonging to
G{Z} at py. Fix a sufficiently small polydisk A := & x vy CC D x C,, centered
at py such that f(z,w) is holomorphic on X and P(z,u) # 0 in § x 3y. Then
we can write P(z,w) = P'(z,w)P"(z.w) in A, where P'(z,w) is a monic pseu-
dopolynomial with respect to w and P”(z,w) # 0 in X. Since f(z,w) = 0 on
XN {P'(z.w) = 0} and P’(z,w) has no multiple factors. it follows from the Weier-
strass preparation theorem that f(z,w) = P'(z,w)w(z,w) on X, where w(z.w)
is a holomorphic function on A (which may have zeros on A). We thus have
f(z,w) = P(z.w)(w(z,w)/P"(z,w)) =: P(z,w)w1(z,w) on A, where w,(z,w) is
a holomorphic function on A. Consequently. P(z,w) is a pseudobase of G{Z} on
A.

We next assume that the proposition is true for n — r > 1, and prove it for
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n—r+ 1. Let £ be the pure r-dimensional analytic set in A := D x Cr-r+l ¢
C? x Cp~r+! = C"*! defined by

- n-r+l
£= N {(zw)€A|P(z.w,) =0}.
j=1

where each P;(z,w,) (j = 1.... ,n—r+1) is a monic pseudopolynomial in w; with
no multiple factors whose coefficients are holomorphic functions on D. For later
use we write

w = (W Wner,Wners1) = (w'~ wn~r<rl)-

. n—r
A = DxCyr. Y= ‘ﬂl{(z.w) €A | Py(z.w;) = 0},
J=

We also let 0,_,,1 denote the zero set of the discriminant d,.,.,(z) in D of
P 41(2,wn_r41) With respect to wp—,.1, 50 that o, 4, is an (r—1)-dimensional
analytic hypersurface in D.

Now let pp € A. and let f(z,w) be any holomorphic function at py which
belongs to G{E} at py. We claim that there exists a neighborhood Ag of py in A
such that

f(z,w) = a1(z,w)Pi(z,w1) + - -+ + @nor 41 (2. W) Paor i1 (2. Wars1) 0N Ap,
(7.23)

where each aj(z,w) (j =1,... ,n =71+ 1) is a holomorphic function on A,.

To prove this, we set Po = (20, wn) = (20, Wo.1++ -+ s Wou—ry Won~r+1) = (20, wy,
wo.n—r+1)- In case py € A\X, we have P, (29, wy ;) # 0 forsome j (1 < j < n—r+1).
Thus, if we set f(z,w) = (f(2,w)/Pj(2. w,))Py(2.w;) =: a;(z.w)P)(z. w). then
a;(z,w) is a holomorphic function in a neighborhood Ag of py in which P;(z. w;) # 0.
This proves our claim (7.23).

We next study the case py = (20, wn) € £. We take a polydisk A := § x 7 C
D x Cr~m*! centered at (29.wp) in which f(z.w) is holomorphic. We write

=YX X Ynor X Ynors1 CCLTTFL 9= X Xy, CCUTTL
N:=6x7y"CDxCL"CC", A= XN X Ypy_psy C C*HL,
By taking a suitably sinaller polydisk A centered at (2o, wy) if necessary, we may
assuine that
Pn-r+l(zv wn--r-.‘—l) # 0 on 4x 6‘!’n—r+l‘

Thus, we have
IDn-r+l(3: wn—r+l) = P'(Z, wn—r+l)P”(z~ wn—r-v-l) on § x In-rels

where both P’(2,w,—r4+1) and P”(2, w,_,+1) are monic pseudopolynomials whose
coefficients are holomorphic functions on & such that

P’(Z~ wn—r+l) # Oon é x [Cu-.._,.,., \',"u--"-rl]s
P"(zywn—ri-l) # 0ond X y-rsr:

furthermore P’(z,w,_r4) has no muiltiple factors. We let !. I’. and [” denote
the orders of P,_,.+). P’, and P” with respect to wp_,4;. so that | = ' + 1",
Considering P’'(z,wn~r+1) as a monic pseudopolynomial with respect to wn.,.
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whose coefficients are holomorphic functions on A’. we can apply the remainder
theorem on A = X’ X 4p.r41 to obtain

f(z,w) = q(z.w)P (2, Wn—r41) + r(z. 0 . wp_rsy) om A (7.24)
Here g(z.w) is a holomorphic function on A and r(z.w’,w,_,+1) is a pseudopoly-

nomial with respect to w,_,. of degree at most I’ — 1: i.e..

7(z, w', Wn—r+1) = Ao(z, w')wf,’::“ + -+ Aroa(z, wl) on X' x Cuerrs

where Aj(z,w’) (j =0.1....,I' — 1) is a holomorphic function on X'.
We want to show that for each j =0.1,... , /' -1,

Aj(z,w')=0 onE'NN. (7.25)

To see this. let (a.b) € X' € D x C)7" be any point of £ N A such that @ €
D\ o,_r41. 5o that P,_,i1(a,wn-.r1) = 0 has { distinct solutions in C,.,_,.,.
Hence. P'(a. wy—r+ 1.) = 0 has U distinct solutions in v,,_,. say. {;(a),... ,{r(a).
Since (a,b,{(a)) € ZNA (k= 1.....l'), it follows from (7.24) that r(a.b,(x(a)) =0
(k =1,....I'). Since r(a,b,w,_,+,) is a polynomial with respect to wy_,,) of
degree at most I'— 1, we have r(a,b. wn_r41) =00n C,., _.,,. and hence A,(a,b) =
0(3=0.1,...,0I'—1). By analytic continuation, A;(z,w')=0(j =0.1,....I'=1)
for any point (z.2’') € £’ N X, which proves (7.25).

Since ¥’ is defined by n — r pseudopolynomials, from the inductive hypothesis
we conclude that there exists a neighborhood Aj of (z0.wyg) in A’ such that, for each
j=0.1.....U -1,

Aj(zuw') = o‘,”(z. w')Pi(z,wy) + -+ oY) _(2.0')Pa (2. wa_,) on N,
where each afj )(z, w') (1 i < n—r)is a holomorphic function on Aj. If we set
Ao := A X Yn—r+1. which is a neighborhood of (zy,wy) in A, then we have

flz,w) = PT(:f:L'_nu,—)r—_l) *Paors1(20Wn—rs1)

n-r fU'-1
+Y (Z °§”(2-w')wf;_r+n) Pi(z,wy)

k=1 \ y=0
n—r+1
= Y a(z,w)Pi(z,w) on Ao,
k=1

where each ax(z,w) (k=1,... ,n—-r+1)is a~holomorphic function on \y. This
proves our claim in the case pg = (29.wg) € £ for n — r + 1. By induction we
complete the proof of the proposition. 0O

PROOF OF THEOREM 7.8. Let ¥ be an analytic set in a domain D in C".
Let 29 € £. We fix a polydisk A centered at zy in D and decompose A N L into
irreducible components: ANE =L, U--- UL, Welet G{E;} (j = 1.....q)
denote the G-ideal for T; in A. We note that G{Z} |4 coincides with (]_, G{Z;}.
Using Theorem 7.4, to prove Theorem 7.8 it suffices to prove that each G{Z,}
(7 = 1.... .9) has a locally finite pseudobase at the point z,. For simplicity in
notation we write £; = ¥ and assume that ¥ is of dimension r (0 < 7 < n).
By performing a coordinate change and taking a smaller polydisk A if necessary.
we may assume that 2 = (z1,... . 2r. Zr41. .- 1 2n) = (2/. 2r41, - . . . 25) satisfies the
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Weierstrass condition for ¥ at any point z on X. Thus. if we write A = A’ x ' C
CL xC:7 " . .then XN (A’ xdr) =49. It follows from Theorem 2.2 in Chapter
2 that there exists a monic pseudopolynomial P,(z'.z;) (j = r + 1.... .n) with
respect to z; whose coefficients are holomorphic functions on A’. such that, if we
define

- n

L= N {(Z 2r01.....20) €A x C* 7| P(2. 2) = 0}.

1=r+1

then T is one of the irreducible components of £ in A. We may also assume that
each Pj(z’,z;)(j = v+ 1,... .n) has no nultiple factors. We let £’ denote the
union of the remaining irreducible components of ¥, so that £ = LU L’. From
Remark 2.7 of Lemma 2.5. ¥’ is itself an analytic set in A which can be written in
the form

A
= N{zeAln()=0}
i=

where 2;(2) (i =1,...,) is a holomorphic function on all of A.
Consider the following system of homogeneous linear equations:

() F(@)2:(2) = frori(D)Praa (2 2ea1) + oo + fua(2)Pa(2'. 20)
(i=1....2) ond;

equivalently,

f-(F1ovae . o9a)
=fr+I.l '(Pr+|.0,-'- .-0)+"'+fn.l (Rn -0~0)
+"'+fr..|_,\'(0,.-. .O.Pr+|)+...+fn,,\'(0.... .O.P").

Here the functions (yi(z). Pj(z'.2;)) (i = 1,....Aij = r+1.....n) on A are
known (given): the unknown functions are (f(z), fi,(2)) Ak =r+1.....n: i =
1.....)). Thus, the linear relation () is of rank A and the O-module £{Q} is
of rank 1 + A(n — r). We consider the {-ideal £{Q2} with respect to () in A. By
Theorem 7.7. £{2} = {(f.68)}sca has a locally finite pseudobase at each point in
A. To prove the theorem it thus suffices to prove that {{2} is equivalent to G{Z}
as an O-ideal on A.

To verify this, fix z' € A and let f(z) be any holomorphic function at :* which
belongs to £{2} at 2°. Then there exists a neighborhood & of 2z’ in A such that

F(2)2:(2) = frrri(2)Prs1 (2, 20a1) + -+ fun(2)Pul(20) (F=1.... . ).

where each fi.(z) (k =r +1,... .n:i = 1,....)) is a holomorphic function on
8. Take a point ¢ = (¢".¢r+1---- .Ga) € (E\ ) NS, Then () # O for some i
(1 €1 < )\). Since £ C £ implies that P(¢'.(x) =0 (k=1 + 1.... .n), it follows

that f(¢)y:(¢) = 0. and hence f({) = 0. By continnity. this implies f(z) = 0 on
£N46 (since ZNX’ is of dimension r — 1), so that (f.d) € G{X}. Thus, f(z) belongs
to G{Z} at 2°.

Conversely. let z¥ € A and let f(z) belong to G{Z} at z°. There exists a
neighborhood & of z” in A such that f(z) = 0 on 6 N . Then each function
f(2)pi(2) (1 =1.... .)) is a holomorphic function in é such that f(z)@i(z) =0 on
(EUZ) NG, ie. (f(2)yi(2).6) € G{E}. From Proposition 7.7 we have

f(2)9i(2) = @ra1.(2)Prg1(2' 2r21) + - + @0 i(2)Pu(2 20) (i = 1,... . N)
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in a neighborhood 8y C 6 of z°, where each ay;(z) (k=7+1,....n; i=1....,A)
is a holomorphic function on §,. This means that (f(z).dp) € €{}. so that f(z)
belongs to £{Q} at z°.

Counsequently. G{L} and ({2} are equivalent as O-ideals on A. ]

Theorem 7.8 combined with the solvablity of Problem E in a closed polydisk
implies the following corollary.

COROLLARY 7.8. Let A be a closed polydisk in C" and let T be an analytic
set in A. Then there exist a finite number of holomorphic functions f;(z) (j =
1,....v) on A such that TN A is equal to the common zero set of f,(2) (j =
1,...,v)in A.

REMARK 7.12. Theorem 3.4 in Chapter 3 (the main theoremn in Oka [45]) fol-
lows immediately from this fact.

We give another proof of Theorem 7.8: this is due to Oka [50].

REMARK T7.13. After a slight change in notation, together with the use of The-
orem 7.4, we may assume that ¥ is an r-dimensional irreducible analytic set in
the polydisk A centered at the origin 0 in C". Here A = A xI' C C] x C%. and
r+8=nwithEN[Axd]=0. WesetI' =T x---xT,, where; (j=1....,3)
is a disk in C,,. We let D denote the projection of ¥ over the polydisk A; this
is a ramified domain over A without relative boundary. Finally we let m de-
note the number of sheets of D over A. Thus ¥ can be written in the form
w, = §(2) (J = 1....,3). Z € D. where each ;(2) is a single-valued holomor-
phic function on D with £;(2) € T';. Welet £, (j = 1.... .s) denote the projection
of ¥ onto the (r + 1)-dimensional polydisk A, := A x I',. Then I; is an analytic
hypersurface in A;, so that X; can be written as

L; = {(z.w;) € A x Cy, | Pj(z,w;) = 0}

where P(z,w;) is a polynomial in w; of degree at most m whose coefficients are
holomorphic functions on A; moreover P(z.w;) has no multiple factors. Thus.
wj = &;(2) satisfies Pj(z,w;) = 0. where z is the projection of Z onto A. We
forcus on j = 1. By taking a coordinate transformation of C* sufficiently close
to the identity transformation, if necessary, we may assume that ¥ and I, are in
one-to-one correspondence except for an analytic set of dimension at most r — 1;
thus the projection D, of £, over A, which is a ramified domain over A without
boundary, coincides with D. In particular, 8P, (z.w,)/0w; # 0 on X,. and hence
on . Thus each §;(2) (j = 2,... . 3) defines a weakly holomorphic function on I,.
and T can thus be considered as a lifting of the first kind of T, by w; = §;(2) (j =

2....,8). For each j = 2.... .s. using Remark 7.4 there exists a linear polynomial
®;(z.w1.wj) in w; of the form:
'6P. (z,wl)

@;(z,wl,wj) = wj -(Pj(zywl) (F=2... *3)

Ow,

which vanishes on . Here ®;(z.w,) is a polynomial in w, of degree at most m —1
whose coefficients are holomorphic functions on A. We set M = (s — 1)m.
We consider the following linear equation (2) defined on A:

A
@  fzw) (_apb(zlwn))
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= fi(zzw)Py(z.wy) + -+ + fo(z.w)Pe(z. wy)
+ g2(z. w) B3 (2w, we) + - - + gu(z w) Py (= wy, wy).

where P,(z,w;) and ®}(z, w1, wi) are known functions on A, and (f. fi.... . f,.
92.... .9s) is an unknown holomorphic vector-valued function of rank 2s in (z, w).
By the main theorem (Theorem 7.1). it remnains to prove that our G-ideal G{T}
on A is equivalent to the l-ideal [{Q} := {(f(2.w).))} (here A C A) with respect
to the linear relation (§2) on A.

Fix (f(z,w),A) € 1{§2}. We note that each ®; as well as each P, vanishes on
¥ in A. Since f(2,w) satisfies equation (£2) on A for some holomorphic functions
fj+9x on A, it follows from the fact that 0P (z. w,)/duy # 0 on X that f(z,uw) =0
on LN ; thus (f,\) € G{E}.

Conversely, let f(z,w) be a holomorphic function belonging to G{Z} at a point
(29, wa) in A. By Remark 7.7. there exists a sufficiently small polydisk A =d x4 C
A x T centered at (29, wy) with £ N (8 x 8y) = @ such that

M

f(z,w) = p1(z,w)Py(z.w) + - + 9u(z. w)Py(z.w0) + Y Bj(2)uf - w)r
JI=0
for j = (j1..vsJs) il =J1 + -+ 4. 0 < jx < m— 1. where each o, (z.w) is a
holomorphic function on A and where each J3(;(z) is a holomorphic function on 4.
Weset v := 11 X--- 75, where v, (j = 1,... .s) isadisk in I';. Multiplying both sides
of the above formula by (3P,/8w)*' and using the functions ®(zoww;) (U=
2,...,s), we have

dPi(z,w)\ M S s
fee) (=) = piGaP bt )P,

+ Yoz w)®) + - - - + @ (2.w) D + H(z,wy),

where 3,(z. w) and ¥ (2. w) are holomorphic functions on A. and where H(z.u, ) is
a polynomial in w;, whose coefficients are holomorphic functions of z € § (indepen-
dent of wi (k= 2.....s)). Since f(z.w) = 0on XN, we have H(z,u;) =0on N
A; thus H(z,w,) vanishes on the analytic hypersurface X, in the (r+ 1)-dimensional
polydisk \;. where A\; = 4 x v,. It follows that H(z.w,) = Py(z, w1)h(z.w)) in A;.
where h(z.w,) is a holomorphic function on A;. Hence (f(z.w).A) € I{}. Thus
G{X} and I{?} are equivalent as O-ideals on A. ]

7.5.3. Projection. Let D, be a domain in C? with variables z2,,... ,z, and
let D, be a bounded domain in C} with variables u,... . w,. Weset D =
Dy x D C C? x C". Let T be an O-ideal in D. Consider the set J of all
pairs (f(z),d) such that § C D, and f(z) is a holomorphic function in § with the
following property: f(z), regarded as a holomorphic function on é x D, belongs to
T at each point (z.w) in § x D,. Then J is an O-ideal on D,. which is called the
projection of T onto D,. We write J =: P{Z}. Clearly, if an O-ideal Z in D is
equivalent to Z on Dy x D as O-ideals, then P{Z} is equivalent to P{Z} on D,.
We let E and E, denote the zero sets of T and P{Z} in D and D,, respectively.
We also denote by p(F) the projection of E onto D,. Then p(E) C E;. Moreover,
if EN (Dl naDg) =, then p(E) = E].

We have the following theorem.

THEOREM 7.9. Let I be an O-ideal in D = D, x D, such that
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(1) T has a locally finite pseudobase at each point of D, and
(2) the zem set T of I contains no points in a neighborhood of Dy, x 8D, in
D| X CL"

Then the projection P{I} of T onto D, has a locally finite pseudobase at each point
n D| .

PROOF. Let 2, € D,. and let us prove that P{Z} has a locally finite pseudobase
at the point zy. By condition (2). the section £(z) = {w € D2 | (29.w) € T} of
T at z = 2, consists of a finite number of points (zg. w'™).... . (sp. w!'?'). For each
point (29.w'?’) (j = 1,....q). there exists a polydisk \; := 6 x T, CC D, x D,
centered at (2o, w!) such that £N (8 x 3T,) = . We let I, (j=1.... .q) denote
the restriction of Z to ), and we set PU) = P{Z, } (the projection of I, onto 4).
By definition of the projection of an O-ideal, we see that P{Z}|; is equivalent to

9_,PY) as an O-ideal on §. By Theorem 7.4 it suffices to prove that each PU'’
(j = 1.... .q) has a locally finite pseudobase at each point in . In other words. we
may assume from the beginning that D, = § (a polydisk in C?); D> =T (a polydisk
in C™): T is an O-ideal on the closed polydisk X = § x T satisfying condition (1)
on X; and condition (2) becomes £ N (8 x T') = 0. where T is the zero set of Z on
A

Moreover, we may assume m = 1. For assume that the theorem is true in this
case and let m > 1. Set ' =T x-.- xI,. where I'; (j = 1,....m) is a disk
in the plane C,,. and &, ;=8 xT} x--- x Ty € C? xCR7! . . Since
£N (6m-1 NITm) = B from (2). it follows from the assumption for m = 1 that
the projection P,,-1{Z} = Z,n—) of T onto 8, has a locally finite pseudobase at
each point of d,,.,. We note that the zero set £,,_, of Z,,,_, in 8m—1 coincides
with the projection of the analytic set ¥ onto 8,,_, (which is an analytic set from
Proposition 2.3 in Chapter 2). so that. if we define 8,2 ;=8 x I} x -+ x )y, _a,
then (8m_2 X Om-1) NTm_y = 0. We repeat the same procedure to obtain
Tpn-2 = Pn-2{Zwnr}.... . Zo = Po{Ty} where I,_, (j = 1,... .m — 1) is the
projection of I; onto §,_y := 6 x I’y x --- x I';_) (here dy := 4) and Z;_, has
a locally finite pseudobase at each point of §,_). Thus, Zy has a locally finite
pseudobase at each point of §. On the other hand, we see from the definition of the
projection of an O-ideal that Z, is equivalent to P{Z}|s as an O-ideal on 4.

Thus. taking m = 1, we may assume A = § x I' C C? x C,., where [ is a
disk in the plane C,. Let z’ € 4. Since £ N (8 x dT') = 9, the section £(z') of £
at z = 2’ consists of a finite number of poiuts (2',wy).... ,(2',w,), where w; € T
(j = 1.... .u). By conditions (1) and (2). there exist a polydisk A, := 6’ x4, C A
centered at (:’.w;) (j = 1.... .u) and a finite number of holomorphic functions
o' (z.w),... ,®Y)(z,w) on X; such that (i) if we let J{®U'} denote the O-ideal
generated by {Qfg’)(z,w)}kﬂ,,,, v, on A;, then J{$U)} is equivalent to Z| as an
O-ideal on \;, and (i) ®}’(z.w) # 0 on & x (8y,) for each j = 1,... ,u. We
let PU) (j = 1....,u) denote the projection J{®U)} onto §'. Since P{T}|s is
equivalent to (j_, P'7) as an O-ideal on &', from Theorem 7.4 it suffices to prove
that each PU) (j =1,...,u) has a locally finite pseudobase at each point of &'.

To simplify the notation, weset 8 = A CC?. v, =T CC,. A=A4xTC
C" x Cy. vy = v, 8 (2,w) = ®i(z,w) (k = L.....v). and J{®D} = J{®}.



260 7. ANALYTIC SETS AND HOLOMORPHIC FUNCTIONS

Since ®;(z.w) # 0 on A x 9T’ = @, we have
®)(2.w) = Py(z,w)wi(2.w) on A,
where w)(2.%) # 0 on A and P,(z.w) is a monic pseudopolynomial in w satisfying
Pzw)=uv' + A (2w +---+ AV () in AxC..

(7.26)
{(z.w) € A x Cy. | P(z.w) =0} CC A,

where each A;” (z) (j = 1.... .1) is a holomorphic function on A. By the remainder
theorem for P(:.w) on A we have

®;(z.w) =Q;(z,w)P(z,w) + Rj(2.w) (j=2.....v) onA,

where each Q;(z,w) is a holomorphic function on A and each R;(z, w) is a pseu-
dopolynomial in w satisfying

Rj(z.w) = AP (2)u! ' + - + A;’_’,(z) on A x C,.

where each A{.’)(:) (k =0,1,... .l — 1) is a holomorphic function on A. Clearly
J{®} is equivalent to the O-ideal G generated by P(z.w). Rz(z.w). ... . R.(z.w)
on A. Hence it suffices to prove that the projection P{G} of G onto A has a locally
finite pseudobase at each point in A.

Let 29 € A and let f(z) be any holomorphic function belonging to P{G} at z;.
Since f(z) belongs to G at each point of {23} x T, we can find a polydisk 6 C A
centered at zg such that. at each point 5 € I, there exist a disk 5, C I centered at
n and v holomorphic functions f,(z.w) (j =1.... .v) on vy, := § x 4, with

f(2) = ilz,w)P(z.w) + fo(z.w)Ra(z,w) + - - + fu(z.w)R.(2, w) (7.27)

on t,. Since f(2), P\(z.w), and Rj(z,w) (j = 2,... ,v) are holomorphic functions
on the polydisk § x I' and since Problem C), is solvable on this polydisk. we may
assume that each f,(z.w) (j = 1.... .v) is a holomorphic function in § xI" satisfying
equation (7.27) on § x . Again using the remainder theorem for P, (z,w)on§d x T’
and condition (7.26), we have. for each j =2.... ,v.

fi(z.w) = ¢;(2,w)Pi (2. w) + rj(z.w) ondxT,
where g;(z. w) is a holomorphic function on é xI" and r, (. w) is a pseudopolynomial
in w of degree at most { — 1 with
rzow) =a (2)w' " + e (2)ut 2+ 4 a’\(z) G=2.....v) (7.28)

here. each a(kj "(z) (k=0,1.... .1 —1) is a holomorphic function on §. Substituting
these into (7.27), we have

f(2) =n(z,w)P(z.w) + m2(z, w)Ro(z. w) + - - - + (2. w)R, (2. w) (7.29)
on §xT,
where r;(z.w) is a certain holomorphic function on § x I'. By use of the division

theorem for P,(z.w). we see that r)(z, w) must. in fact. be a pseudopolynomial in
w of degree at most ! — 2; i.e.,

n(zw) =a) (2)u' 2 +aM(2)ut 2 + - +a}',(z) inéxC,. (7.30)
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where each a}cl"(::) (k =0.1.... .1 -2) is a holomorphic function on 6. Therefore.
comparing the coefficients of u¥ (j = 0.1....,2l — 2) in equation (7.29). we obtain
2l — 1 equations on 6:

£(2) = a5 (2) A" (2) + @] (AT (2) + - + a L (2) 4] (2).
= afi’.(z)A"’,( ) +a" (z)A;"(z) +- +a§”;( )AY (),

)
_aol)( )+ (")( )A(2)( -+a§,”)(z)A((,"’(.:).
Or, equivalently,
f- (1 Ouevennnnn .0)
all, (A Al .. a0, ,0)
+a}”, A‘2‘ A;", ...... A2.0.....0)

+ooot alf ’ S(0,....0. A AL A,

Therefore, if f(z) belongs to P{G} at 2o € A. then we can find a polydisk § C A
centered at zo and [v ~ 1 holomorphic functions a“’ 2(2). 0(2) (2)e e .al’(z) on &
which satisfy the 2/ — 1 equations (2) on 6. In other words f (z) belongs to the £-
ideal ({Q} with respect to the linear relation (£2). Here we consider () as a linear
system of 2/ — 1 homogeneous equations determined by the known holomorphic
functions 1. A;”(") A(")(z) on A, where the unknown holomorphic vector-
valued function (f(z). a;,’_)z( )o---.aY(2)) is of rank p := vl.

Conversely, let 29 € A and let f(z) be any holomorphic function belong-
ing to £{Q} at zyp. Thus. there exist a neighborhood &y of zy in A and u —
1 holomorphic functions {a ‘(z)}, & on & such that f(z) is holomorphic in dp.
and (f(z).a{"(2).-- (")(z)) satisfies equations () on &. If we construct the
pseudopolvnomlals rl(z‘ w) and rj(z.w) (j = 2,....v) with respect to w using
{ak)(.)},c and {a(“(.:)};c from (7.30) and (7.28), then {f(z.w). ri(z.w) (i =
1.....v)} satisfies equation (7.29) on o x T, so that (f(z).dq) belongs to P{G}.
Therefore, P{G} is equivalent to £{2} as an O-ideal on A; thus, it follows from
Theorem 7.7 that P{G} has a locally finite pseudobase at each point of A. This
completes the proof of Theorem 7.9. a

This theorem combined with Theorem 7.5 implies the following corollary.

COROLLARY 7.9. Let A = A x T be a closed polydisk in C? x CJ!. Let
$i(z.w) (j = 1.....v) be holomorphic functions on \ whose common zero set
T satisfies TN (A x dT) = @. Then there exist holomorphic functions 2 (2) (k =
1....,K) on A such that

(1) v(2) = Z;=1 ay’)(z. w)®;(2, w) on A. where the agk’(z.w) are holomorphic
Junctions on A; and
(2) any holomorphic function f(z) on A of the form

v
f(2) =Y a,(z. w)®,(z. w)
j=1
on A, where the aj(z.w) are holomorphic function on A, can be written in

the form f(2) = Y ro; bk(2)x(z) on A. where the bi(z) are holomorphic
functions on A.
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7.5.4. Z-ideal. Let D C C" be a domain. Let ¥ be an analytic set in D, and
let F(z) be a holomorphic function on I such that F(z) # 0 on each irreducible
component of £ in D. We consider the set Z of all pairs (f(z),d). where 6 C D is
a domain and f(z) is a holomorphic function on 4 satisfving

1. if §NE = @, then f(z) is an arbitrary holomorphic function on é:
2.if 0NT # @, then (f(z)/F(z)) |sny is a weakly holomorphic function on
SNZ.
Then Z is an O-ideal on D. We call Z the Z-ideal with respect to F(z) and ¥, and
we use the notation Z = Z{X, F}.% Note that the zero set of Z{X. F} is contained
in X.
We have the following theorem concerning Z-ideals.

THEOREM 7.10. For any enalytic set £ in D and eny holomorphic function
F(z) such that F(z) # 0 on each irveducible component of ¥ in D, the Z-ideal
Z{F.X} has a locally finite pseudobase at each point in D.

PROOF. Fix zq € L. We prove that Z{F.X} has a locally finite pseudobase at
20 Fix a sufficently small polydisk A centered at zy in D so that AN X can be
decomposed into irreducible components X, (j = 1.... .1} in A such that each L;
passes through z. Since F(z) # 0 on L;, we can consider the Z-ideal Z{F.X,}
( = 1.....1) as defined on A. Since Z{F.X}|s = ﬂ;ﬂ Z{F.Z,} as an O-ideal
in A. it follows from Theorem 7.4 that we need only show that each Z{F.X,
(j = 1.....1) has a locally finite pseudobase at 2.

To prove Z{F.Z;} has a locally finite pseudobase at . as usual to sim-
plify notation. we write £ = £; in A and assume Y is of dimension r. After a
suitable linear coordinate transformation. we can assuine the coordinate system
2= (3eeee  SreTpgdeec- . 2, ) satisfies the Weierstrass condition for ¥ at z,. Thus
we can find a polydisk Ag := A}, x A" CC A centered at the point 2, = (). =
such that (2N Au) N[A] x (DA ~")] = @ and such that N A, can be described as

=8(n.....35) (=r+l....n),

where ¥ = (z).... .3,) varies over a ramified domain A} over A} without relative
boundary. By Theorem 6.4 in Chapter 6. there exists a polydisk § in Af centered
at the point zj, snch that, upon taking d to be the part of Aj, over 8. there are a
finite number of bounded holomorphic functions ,(z1.... .2,) (J =1..... m) on
3. say |1 < M (j = 1.....m). such that. if we take the polydisk I : juw,| < Af
(J = 1.....m) in C?. then the r-dimensional irreducible analytic set Tin A :=
3 x Ay™" x T c C? x C!! defined by

) { 5=z (j=1....r\

i 3 =&z ) (J=r+1....,n),
wk=\;"k(;h---~3r) (k= ....."l)‘

where 3 = (z).... .2,) varies over 4. has a singularity set & in A with dim § < r—2,
i.c., the analytic set ¥ in A is the lifting of the first kind of the analytic set ¥ in
4 x Aj~" with singular set of dimension at most r — 2.

“Intuitively, the Z-ideal Z{X. F'} is the collection of all holomorphic functions f(z)onéd C D
such that f(z) |5~y vanishes on the given zero set of F(z)|s;. Thus, if we set §:= EN {F =0}
and denote by (G{S} the G-ideal for § in D, then Z{Z. F} T G{S}.
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We regard F(z) as a holomorphic function on A (constant for w). so that
F(z) 2 0 on £. We can thus consider the Z-ideal Z{F.£} on A. We note that
ENEBxAZT)x 3T =0. and T |, az-+ is equal to the projection of the analytic
set ¥ onto § x Al~". Furthermore. since. as we have noted. the family of weakly
holomorphic functions on 1 C ¥ can be identified with the family of weakly holo-
morphic functions on 75 ! (v) C £ via my : C*xC* — C~. we see from the definition
of the projection of an O-ideal that the projection P of the Z-ideal Z{F,¥} onto
6 x Aj”" is equivalent to the Z-ideal Z{F.Z}|;, - -+ as an O-ideal on § x Ag™".
Therefore. to prove that Z{F.X} has a locally finite pseudobase at the point 2.
it suffices from Theorem 7.9 to verify that Z{F.£} has a locally finite pseudobase
at each point in A. To this end. let (z,u’) be any point in A. By Corollary 7.2,
we can find a polydisk A’ centered at (z’.u’) in A and a finite number of universal
denominators v, (z.w) (j=1.....q) in .\’ for £ N A’ such that

4
= N{(z.w) € A | vj(z.w) =0} C 6.
J=1

We set £’ = A’ N L, and we consider the G-ideal G{Z’} with respect to ¥’ in A’.
By Theorem 7.8 and the solvablity of Problem: E in the polydisk A’. we can find a

finite pseudobase Gj(z.w) (j =1....,s) of g{z"} on A’

Consider the following systemn of ¢ hoinogeneous linear equations (2) (deter-
niined by the known holomorphic functions v, (z.w) (j = 1.....q). F(z). and
Gi(z.w) (k= ..s) on A’) for the unknown holomorphic vector-valned func-
tions (f(z.w), jm(z w). g zow)) G=1.....gsk=1....8):

@) fzw)v(z.w) = £ (2. w)F(2)
+9{ (2. w)Gr(z.w) + -+ + g (. w)Gelzw) (j=1.....q).

We will prove that the {-ideal £{§2} (the collection of first components (f(z. u). )
of the O-module L{Q} with respect to the linear relation () in .\") is equivalent
to the Z-ideal Z{F,%'} as an O-ideal on A’.

To verifv this, let (2. uwy) € A’ and let f(z.w) be any holomorphic function
belonging to Z{F.X'} at (z,wo). Thus. f(z.w)/F(z.w) is a weakly holomorphic
function on £’ N Ag. where Ao is a neighborhood of (zo.wp) in A’. For each j =
1.... .q. the function (f(z,w)/F(z. w))-v,(z.w) is the restriction of a holomorphic
function f!(z,w) in a neighborhood A’ of (zo.wp) in Ag. Thus, there exist a
neighborhood A’ C X of (z.uy) and s holomorphic functions g,(‘:’ Nzow) (k =
1.....s) in A" such that
fz.w)w,(z.w) = fO(z.w)F(2) + ¢ (2. w)Gi(z. w) + -+ - + gV (2. w)Gulz. w)
in A”. Therefore, f(z.w) belongs to ({2} at the point (29.us).

Conversely, let (z9.wg) € A’ and let f(z.w) belong to {{f} at (2. wp). We can
find a neighborhood A\g of (zy.wy) in A’ and a holomorphic vector-valued function
(f(z. u’).f‘”(:,u’).g{.”(z. w)) (j =1.....¢:k = 1.....s) which satisfies equations
() in Ag. Let (2',w') € Ao\ 3. Since 8 C 4, we have v;(z'.w') # 0 for some
J =1....,q. Thus, dividing both sides of () by v*j(z.w) in a small neighborhood
N C M of (z'.w'). we have

f(zow) = [P w)F(2) + 3 cw)Gi(z.w) + - + GV (2. w)Gy (2 w)
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in X', where fU)(z.w) and § '“ “(s.w) (k= 1.... . s) are holomorphic functions in X’
It follows that (f(z,w)/F(z ))I,: ~y i8S 8 \\eakl_\ holomorphic function on £'NX". We
thus see that f(z, w)/F(z) is a weakly holomorphic function on £'N A, (an analytic
set of dimension r) except perhaps at points of & (an analytic set of dimension at
most r—2). Using Remark 7.2. it follows that f(z. w)/F(z) is a weakly holomorphic
function on all of £’ N Ay, i.e.. f(z.w) belongs to Z{F, ¥’} at the point (zq, ut)-.
By Theorem 7.7. £{f2} has a locally finite pseudobase at any point (z,w) € A’,
and hence so does Z{F.X'} = Z{F.X}|s.. Theorem 7.10 is proved. O

Let ¥ be an analytic set in a domain D C C". We let O,.(X) denote the set
of all pairs (f(z).v) such that v C ¥ is an open set in ¥ and f(z) is a weakly
holomorphic function on v. Let 2o € £. We say that f(z) belongs to O,.(X) at
the point zy if there exists a pair (f(z),u) € O,.(X). where u is a neighborhood of
% in . In Theorem 7.10 we consider the special case where F(z) is a universal
denominator Wy(z) for X in D such that Wy(z) # 0 on each irreducible component
of £.

Then we obtain the following corollary.

COROLLARY 7.10. Let zp € £ and let ,(z) (j = 1.....v) be a pseudobase of
the Z-ideal Z{W,.L} in a neighborhood A of z, in D. Then for any 2' € ANX
and for any f(z) belonging to O,.(X) at the point 2’, we can find a neighborhood &'
of 2’ in A and v holomorphic functions a;(z) (j =1.....v) on & such that

1) = (s i s ool )::"(z’) " (731)

PROOF. Let 2’ € ANZ and let f(z) belong to O,.(X) at the point z’. Then
f(z)Wy(2) is a holomorphic function on a neighborhood v C X of =z’ on X. That is.
there exists a holomorphic function F(z) on a neighborhood g of =’ in A such that

f(z)Wo(z) = F(2) sy
This means that F(z) belongs to Z{W#}. X} at the point z’. so that, using Theorem
7.10. we can find a neighborhood ¢’ C ; of 2’ in A and v holomorphic functions
aj(z) (j=1....,v) on & such that

F(z)=a;(2)®)(z) +---+0a,(2)P,(z) ond.
which implies (7.31). a

7.5.5. W-ideal. Let D be a domain in C" and let ¥ be an analytic set in D.
We consider the set T of all pairs (f(z).d) such that § C D is an open set and f(z)
is a universal denominator of £ in 4. (If N X = @. then all holomorphic functions
on & belong to T on 4.) Then Z becomes an O-ideal in D. We call it the W} -ideal
with respect to L. and we write T = W{Z}.

Then we have the following theorem.

THEOREM 7.11. For any analytic set in £ in D, the W-ideal W{Z} has a
locally finite pseudobase at each point in D.

PROOF. Let z3 € D. From Proposition 7.4 we take a polydisk A centered at z
in D and a nniversal denominator ¥¥5(z) on A for X such that Wy(z) # 0 on each
irreducible component of SN A in A. We can thus construct the Z-ideal Z{11’). X}
in A. By Theorem 7.10 and Theorem 7.8. we can find a polydisk A in A. centered
at 2o, such that there exist a finite pseudobase ®,(z) (j = 1.... .v) of the Z-ideal
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Z{W,, XL} in Ag and a finite pseudobase Gi(z) (k =1.... .s) of the G-ideal G{Z}
in Ao.
Consider the following linear systemn of ¥ homogeneous equations determined
by the known holomorphic functions Wy(z). ®;(z) (j = 1.....v). and Gi(2) (k =
. .8) in Ay for the unknown holomorphic vector-valued function (f(z). f'?'(2),
9(2) G=1....,sik=1.....5) of rank 1 + v +s:

@) f(2)®;(2) = fO(2IWo(2) + 9, (2)Gi(2) + - + 99 (2)Go(2).
We let £{Q2} denote the {-ideal with respect to (). i.e.. for § C Ay, the set of the
first conponents (f(z),d) of the O-module £L{?} with respect to the linear relation
(Q) in Ay. Then the W-ideal W {Z} 4, is equivalent to £{Q} as O-ideals in A,.
To see this, let 2’ € Ap. In case z’ € Ap\ I, an arbitrary holomorphic function
f(z2) at 2’ belongs to both W{X} and £{(2} at z’. Thus we may assume 2’ € AgNZE.
Let f(z) belong to W{Z} at the point 2’ and fix j € {1.... .v}. Since ®;(z)/Wo(z)
belongs to O,.(X) at z’. we can find a neighborhood ¢’ of z’ in Aj and a holomorphic
function fU}(z) in &’ such that (®,(z)/Wo(2)) - f(z) = f(2) |z~s. Thus. we can
find a neighborhood 6" C &’ of z’ and s holomorphic functions g(J Y2) (k=1..... s)
on §” such that

F(2)8;(2) = fO (2)Wo(2) + 91 (2)Gr(2) + -+ + ¢ (2)G, (2)
on 6”. It follows that f(z) belongs to £{Q} at z'.
Conversely, let @ € Ag and let f(z) belong to ({2} at a. We can find a

neighborhood &, of a in Ag and v + s holomorphic functions f7'(z), g(’ Y2) G =
1,...,v; k=1,...,8) on § which satisfy () on §,. Thus.

fa)t ((’)) =P U=t

In order to prove that f(z) € W{Z} on &, let 2’ € £ N Jp and let k(z) belong to
O.(Z) at 2’. We see from Corollary 7.10 that there exist a neighborhood 4’ of =’
in 8 and v holomorphic functions a;(z) ( = 1.....s) on & such that
‘1’1(2) ®,.(2)

( ) "()(2) pate¥

h(z) = ar(2) ey + -+ au(2) =

It follows that

h(2)f(2) = ai1(2)fM(2) + -+ + au (2) ¥ (2) |zrsr-
Since the right-hand side is a holomorphic function in &'. it follows that f(z) belongs
to W{Z} on 8o and hence at the point a. Thus, {{E} and 1V'{T} are equivalent as
O-ideals on Ag, and Theorem 7.7 again yields Theorem 7.11. |

COROLLARY 7.11. Let ¥ be an r-dimensional analytic set in e domain D in
C" and let o be the singular set of £. Then the common zero set T of the W -ideal
W{ZL} with respect to L in D is an analytic set in D of dimension at most r — 1
and T C 0.






CHAPTER 8

Analytic Spaces

8.1. Analytic Spaces

We begin by defining an analytic space of dimension n. Fix an integer n > 1
and let V be a connected Hausdorff space such that for each point p € V. there
exists a neighborhood &, of p in V satisfying the following conditions:

(i) there exists a homeomorphism ¢, from §, onto a ramified domain ), over
Cc".

(ii) for any distinct points p.q in V. the mapping ¢, o_é;' is an analytic mapping
from 0,(8, N &g) onto @4(8, N 4d,). Precisely. if

0,00, 1 0p(8,N8,) — 0q(8, N 8,)
via
w= (7.’)1(2).- e l}n(z)) =0, O¢;l(21,... ezn)-

then each w;(z) (j = 1.....n) is a holomorphic function on the ramified
domain ¢,(d, Nd,) C A, over C".

We call V an analytic space of dimension n. The triple (d,, Ay, 8,) is called a
local coordinate neighborhood of p in V. Furthermore. if we can take A, to be a
univalent domain in C" for each p € V, then we call V a complex manifold of
dimension n. In the case n = 1, V is a Riemann surface of one complex variable.

Let V be an analytic space of dimension n. A connected open set in V is called
a domain in V. Occasionally we omit the connectivity condition for a domain. Let
D be a domain in V and let f(p) be a complex-valued function on D. If for any
point p in D with local coordinate neighborhood (8,, Ap. 8p) the function fo o,!
is holomorphic on the ramified domain ¢,(8, N D) C A, over C". then we say that
f(p) is a holomorphic function on D. Let K C V be a closed set. We say
that a complex-valued function f(p) is holomorphic on K if there exists an open
neighborhood D of K in V such that f(p) is defined and holomorphic on D.

Let V, and V, be analytic spaces of dimensions n and m. Let ¢ : V, — V,
be a mapping from V) into V,. If for any open set v C V; and for any holomor-
phic function f(p) on v. the function f := f o ¢ is a holomorphic function on
»~Y(@(V1) Ne) C Vi, then we say that p(p) is an analytic mapping fromn V) into
V>. Furthermore. if m = n and if there exists a one-to-one analytic mapping from
V) onto V,, then we say that V), and V, are analytically equivalent.

8.1.1. Examples of Analytic Spaces. An analytic space of dimension n > 2
is a canonical generalization of a Riemann surface of one complex variable. However,
an analytic space of dimension n > 2 is not always a complex manifold (as shown
in Example 6.3), in contrast to the fact that a Riemann surface of one complex
variable is locally uniformizable at each point. We present some other examples of

267
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analytic spaces of dimension n > 2 which illustrate differences with the Riemann
surface case.

1. T. Radé6 [61] showed that any Riemann surface R satisfies the second
axiom of countability; i.e., there exist a countable number of open sets U,, (n =
1,2,...) in R such that for any point p in R, the collection {U,}. contains a
fundamental neighborhood basis of p in R. This axiom is not necessarily satisfied
by an analytic space of dimension n > 2.

ExaMpPLE 8.1. ! Let C2 = C, x C, with variables x and y. and let P be the
Riemann sphere with variable z. Fix a € C. In the product space C? x P_. we
consider the analytic hypersurface

Y, tyz—xr+a=0. (8.1)

Since ¥, is nonsingular in C? x P, it follows that £, can be considered as a
2-dimensional complex subinanifold in C2 x P..
Let

o (£.9,2) € Zg — (z,y) € C?

be the projection from X, to C2. We let L denote the coniplex line y = 0 in C? and
consider the inverse image 7 '(L) in £,. Thus. 7 !(L) consists of two irreducible
components

L,=C, x {0} x {oo} and L= {(a.0)}xP,,
so that L, N L} = {(a,0,0c)}. We set

T :=%,\Lg;
then 74(X;) N L = {(a.0)}. Now let E be an arbitrary subset of C. We set
M=\ %
a€E

and we will define an identification in M to form a new space Ag. This identifi-
cation is defined as follows. Let p € X and g € £;. where a.b € E. If a # b and
ma(p) = mp(g), then we identify p with q. The space Mg obtained by this identifi-
cation in M canonically becomes a 2-dimensional complex manifold. We have an
analytic mapping 7 from M into C2? such that T|g: = Tqx: for a € E, and hence
n(Mg)NL = E. We put L;, = L.\ {(a,0,00)}. Then. for any a € E. the points of
L; are not identified with any other points.

Suppose we take a set E which contains an uncountable number of points in C.
Then the complex manifold Mg does not satisfy the second axiom of countability.
To verify this, first note from above that for each a € E, the set L} is a subset of M.
lfurthermore, for each a € E, there uniquely exists a smallest open neighborhood
Y% of L} in Mg such that Tige = Tajx;.- Hence E;ﬁL; ={forall b# a(a,be€ E).
Since My = {J ek £: and since E is uncountable, A, does not satisfy the second
axiom of countability.

2. A Riemann surface admits a non-constant meromorphic function. This is
not always true for complex manifolds of dimension n > 2.

!This example is due to E. Calabi and M. Rosenlicht [5)].
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ExaMpLE 8.2. 2 In C? with variables r,y we set M := C2\ {(0,0)}. Let
@, 3 be complex numbers with |a], [3] > 1. We consider the following analytic
automorphism:

T:(z,y) € M - (2),y') = (az,By) € M,
and we let I' denote the automorphism subgroup of M generated by T3 i.e., T =
{T" :n=0,%1,...}. Since T has no fixed points in M and since, given (a, b)e M,
the orbit {T"(a, b)ln 0,%1,...} has no accumulation point in M, it follows that
M := M/T (the quotient space of M modulo T') is a compact, complex manifold
of dimension 2. We note that one of the fundamental regions of M for I is

({lel <a} x {1 <yl < BHU {1 < |zl < a} x {lyl < BY).

Assume that there is no pair of integers (k, k) # (0,0) such that a® = 8*. Then
M does not admit a non-constant meromorphic function.

PROOF. Let m: M — M be the canonical mapping such that 7o T" =7 (r =
0,%£1,...) on M. Assume that there exists a non-constant meromorphic function
g(p) on M. If we set G(z,y) := g(n(z,y)) on M, then G(z,y) is a non-constant
meromorphic function in M = C?\ {(0,0)}. By Levi’s theorem (Theorem 4.2),
G(z,y) has a meromorphic extension to (0,0). Since g(p) has a pole in M, G(z,y)
should have a pole S at (0,0) in C2. To see this, let p = (z,y) be a pole of G(z, y).
Then each point p, = T~"(p) (n = 1,2,...) is a pole of G(z,y). Since {p,}. tends
to the origin (0,0), G(z, y) cannot be holomorphic at the origin. Hence G(z, ) has
a pole at the origin.

Thus S determines an analytic hypersurface £ in C? passing through (0, 0).
We fix a small polydisk A centered at (0,0) and let ¥,,...,%, be the irreducible
components of ZN A. Since T¥(X) = £ (k = 0,£1,+2,...) and T(0,0) = (0,0),
for some ! with 1 <! < v and some j with 1 < j <uwehaveT'(2)— T;naAl
(here A! = T'(A)). We may assume that Z, can be written in the form

Tyt y=anst +apnzr +o- (an #0)
in a neighborhood of (0,0) in A, where p > 1 and h are integers. Thus, TY(Z;) is
of the form
LA L
T‘(Ej) : B'y = ap(a'z)® +apsi(a'z) ® +---
in a neighborhood of (0,0) in A. It follows from the uniqueness of the Puiseux
series expansion that #' = a%; i.e., al® = 3%, which contradicts our assumption.
a
EXAMPLE 8.3. In C" with n > 2 variables z,,... , z,, we consider 2n vectors
we = (Why... ,wp)  (k=1,...,2n)
which are linearly independent over R. Let
g:z2=(21,...,2n) EC" = 2 =z 4w, (k=1,...,2n)
be a parallel translation of C". We let I' denote the automorphism subgroup
of C" generated by the gx (k = 1,...,2n). The quotient space M,, := C?/T
canonically becomes a compact, complex manifold of dimension n. We call M,,

an n-dimensional complex torus. We let 7 : C? — M,, denote the canonical
projection such that mog = 7 for g € I'. If there exists a non-constant meromorphic

2This example is due to H. Hopf [31].
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function g(p) on M_;, then G(z) := g(7(z)) is a non-constant meromorphic function
on C" which has periods wx (k= 1.....2n). i.e., G(z) is a so-called Abel function
on C" with 2n periods wy (k = 1.....2n). It is known in this casc® that if we
consider the (n.2n)-matrix

u)} e u_v,l

C =

R n
ad | “w2n

then there exists an invertible (2n,2n)-matrix A4 with integer coefficients such that

(%) CA™IC =0, iCA™'C" >0 (i =-1).
where A~! denotes the inverse matrix of 4 and C” is the transpose matrix of C.
Thus if we take 2n vectors wy (k = 1.....2n) which do not satisfyv condition ().

then the complex torus M, does not admit a non-constant meromorplic function.

8.2. Analytic Polyhedra

8.2.1. Extension Theorem. We next consider analvtic polyvhedra in an an-
alytic space. First of all, we mention that a non-compact complex analytic space
V does not necessarily admit enough global holomorphic functions f to separate
points; i.e., it is not necessarily true that for p.q € V with p # q. there exists f
holomorphic in V with f(p) # f(q). Thus we introduce the following unotion of
separability. Let V be an analytic space of dimension n and let E be a subset of
V. If for distinct points p.q € E there exists a holomorphic function f on an open
set D in V containing E such that f(p) # f(q). then we say that E satisfies the
separation condition.

Let P be a compact set in ¥ which can be described in the following manner:
there exist an open set D with P CC D C V and finitely many holomorphic
functions ,(p) (j = 1.....m) on D such that P consists of a finite number of
(closed) connected components of the set

D, := Hn {peD|le)(p) <1}
=

Then we call P a generalized analytic polyhedron in V: the functions ¢, (j =
1.... ,m) are defining functions of P. Of course. some connected components of
D, may not be relatively compact in D.

If a generalized analytic polyhedron P in V satisfies the separation condition,
then we say that P is an analytic polyhedron in V. When we want to emphasize
the domain D where the defining functions ;(p) (j = 1.... .m) of P are holomor-
philc. we will say that P is an analytic polyhedron in V with defining functions on
D.

Let P be an analytic polyhedron in an analytic space V of dimension n and let
#; (j = 1.... .m) be defining functions of P. Let

A:lz|<1(=1....m)

3Sce the textbook of C. L. Siegel [65], Vol. IlI, p. 72.
In the 2-dimensional complex manifold I, studied in Example 8.1, we consider the subset

P=C.n{(z,9,2)€C*xP. | |r—-a] <1 |yl <1}

of £,. Then P is a generalized analytic polyhedron in ,, but it is not an analytic polyhedron
since P contains the compact 1-dimensional analytic set L;.
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be the closed unit polydisk in C™. We consider the following analytic mapping
from P into A:
®: z;=¢(p) G=1.....m). peP.

Then the image T := ®(P) of P is an n-dimensional analytic set in A such that
$(9P) C HA. By adding more holomorphic functions on P. if necessary, we may
assume that P satisfies the separation condition and that the points of P and X are
in one-to-one correspondence via 4. We call £ a model for P on A. Furthermore,
if ¥ is normal in A, i.e., if there exists an open polydisk

Az <14+€ (j=1.....m)

sufficiently close to_K such that £ can be analytically extended to be an analytic
set T in A with £ normal in A(*), then we say that T is a normal model on A.

We have the following theorem concerning analytic polyhedra in an analytic
space.

THEOREM 8.1 (Normalization Theorem). An analytic polyhedron P in an an-
alytic space V of dimension n always has a normal model on a closed polydisk in
C”, where v > n is an integer depending on P.

PROOF. First we construct a model T of P on the closed unit polydisk A in

cm.,

:z;=¢i(p) G=1.....m), peP.

Then we consider the W-ideal W {Z} with respect to £ on A. Since W{X} has a
locally finite pseudobase at each point in A by Theorem 7.11, and since Problem
E is always solvable in A, we can find a finite number of universal denominators
Wi(z) (i = 1.....q) for £ on A such that {W,(z)}i=1....o forms a pseudobase of
W {Z} at each point in A. Since the common zero set of the W;(z) (i = 1,... .q)
on A is contained in the set of singularities o of & by Corollary 7.2, we obtain a
universal denominator W(z) (a linear combination of the W;(z) (i = 1.... .q) with
constant coefficients) for ¥ on A such that W(z) # 0 on any irreducible component
of £ on A.

Next we consider the Z-ideal Z{W,ZL} with respect to this universal denom-
inator W(z) and £ on A. Since Z{W,X} has a locally finite pseudobase at each
point in A by Theorem 7.10 and since Problem E is solvable on A. it follows that
we can find a finite number of holomorphic functions

Z(z) (k=1....,) on A

such that {Zy(z)}k=1.... 1 forms a pseudobase of Z{W.Z} at each point in A. There-
fore. each quotient Zx(z)/W(z) (k= 1.... .l) is a weakly holomorphic function on
¥, and these become holomorphic functions ¥i(p) on the analytic polyhedron P;
ie.,

we(p) = %(Q(p)) (k=1,...,1) on?P.

We may assume [tx(p)] < 1 (k = 1,...,l) on P. Then we construct the n-
dimensional analytic set

£izj=¢;@)G=1...,m), we=wi(p) (k=1,....l), peP.
in the closed unit polydisk
Azl €1(@G=1.....m). |unj €1 (k=1,....0)



272 R, ANALYTIC SPACES

in C™*! = C™ x C.. i.e.. T is a lifting of T of the first kind through vy (k =
1...,0).

We shall show that ¥ is a normal model of P in A. :

First of all. since T is a model of P in A. it follows that ¥ is a model of P in A.
Let & C £ be an open set and let f(z,w) be a weakly holomorphic function for £
on #. Since £ and ¥ are analytically isomorphic via the mapping m, induced by the
projection from C"*! to C", f(z,w) can be considered as a weakly holomorphic
function f(z) for £ on v C T such that f(z.w) = f(z) for z € v = my ' (#). Let
(', w') € ¢ with 2’ € v. As shown in Corollary 7.10. there exist a uelghborhood &
of 2’ in A such that & NE C v and ! holomorphic functions a,(z) (k=1....,1) in
¢’ such that

1()
O

Z}(t.
W) s

fo) = ai@ g+ + )

In other words,
fzow) = ai(z)wr + -+ au(2)wr |5 ctyni

so that f(z.w) is a holomorphic function for £ in a neighborhood of (2’. u’). Thus,
¥ is normal on A. 3

We next prove an extension theorem concerning a normal model of an analytic
polyhedron in an analytic space.

THEOREM 8.2 (Extension Theorem). Let P be an analytic polyhedron in an
analytic space V of dimension n. Let ¥ be a normal model of P in the closed unit
polydisk A in C™ with variables z).... . 2y,.

b:peP —2=8(p) =(x1(p).... .¥m(p)) €Z.

Given a holomorphic function f(p) on P. there exists a holomorphic function F(z)
on A such that

f(p)=F(®(p). psP.

PROOF. We consider the G-ideal G{£} of £ on A. Since G{Z} has a locally
finite pseudobase at each point in A and since Problem E is solvable on A, there
exist a finite number of holomorphic functions Gi(z) (k = 1.... .s) on A such that
{Gi(2)}k=1.... .- forms a pseudobase at each point of A. Since P is a closed analytic
polyhedron in V and A is a closed polydisk in C™. we can find an open analytic
polyhedron P with P cC P*) CC V and an open polydisk A' with & cc A(®
in C™ such that f(p) and ¢,(p) ( = 1.... ,m) are holomorphic in P'<), Tf¢} js a
normal model of P() on A(®,

d:peP = z=(21(p)... .om(p) €,

and such that each Gx(z) (k = 1,... ,s) is a holomorphic function on A’ with the
property that {Gx(z)}x=1.... ., is a pseudobase of the G-ideal G{X'*'} at each point
of Al®), We consider the following collection C of pairs (f:(z).d;). where ¢ € A'9
and 4 is a neighborhood of ¢ in Af¢:

1. If { € £(¢), then we take a neighborhood é; of ¢ in A™*' such that §; NA{) =
9, and we take fc(z) =1 on é;.
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2. If ¢ € £(¢. we take a neighborhood & of ¢ in A') and a holomorphic
function f¢(z) in & such that fc(®(p)) = f(p) for p € #~'(6, N (). This can be
done by Theorem 8.1.

Then C is a C,-distribution in A'®’ with respect to Gi(2) (k = 1,....s). To
see this, let ¢.(, be distinct points in A(*). If at least one of these points is not
contained in £(¢), there is nothing to prove since the common zero set of Gi.(2) (k =
1.... ., s) coincides with £(¢). Thus we may assume that (;.(; € £, Since f¢, (z)—
fca(2) = 0on 8¢, NG, it follows that f, (z)— fc,(z) belongs to G{E!¢)} at each point
of 8¢, Nd¢,. Thus. C is a Cp-distribution in A with respect to Gi(z) (k = 1,... .s).

Since Problem C; is solvable in the closed disk A, we can find a holomorphic
function F(z) on A such that. for any ¢ € A. F(z) - f:(z) belongs to G{Z(V} at
each point of ;. Consequently. f(p) = F(®(p)) for all p € P. which proves the
theorem. a

We call F(z) a holomorphic extension of f(p) to A. Similarly, given a holo-
morphic vector-valued function f(p) = (fi(p).... . f.(p)) on P, if each F;(z) (j =
1,....v) is a holomorphic extension of f;(p) on A. then we call the holomorphic
vector-valued function F(z) = (F\(z).... .F,(z)) on A a holomorphic extension
of the vector-valued function f(p) to A.

Theorem 8.1 and Theorem 8.2 are the lifting principles in analytic spaces.
which are perhaps the most important results in this book.’

REMARK 8.1. Let D be a ramified domain over C*. Assume that D has a
normal model with defining functions »;(p) (j = 1,....m). Let po € D and let
f(p) be a holomorphic function at py. From Theorem 8.2, we see that

P =Y a5 . (2mp) ™ (8.2)
Jiee Jm

in a neighborhood of py € D. This expansion may be considered as a generalization
of the Puiseux expansion in the case of one complex variable. We remark that
for one-variable Puiseux expansions we have uniqueness of coefficients, but this
is not necessarily the case in several complex variables. As a simple example of
this phenomenon, define the analytic polyhedron P C C? as {(z.y) € C?: |z]| <
1, |yl <1, |r + y| < 1}. The function zy? + r%y = zy(x + y) yields an example of
nonuniqueness.

REMARK 8.2. Let P be a generalized analytic polyhedron in an analytic space
V of dimension n. Let ;(p) (j = 1.... ,m) be defining functions for P in a domain
DcCV. Lee A" : l2;] 1 (j = 1.... .m) denote the closed unit polydisk in C™.
We consider the analytic mapping

:peP—z=(a1(p).....¢m(P) €D
and its image S in A",
: oz, =¢(p), (G=1...,m).
Consider the following condition:

5These principles were first established by K. Oka [61). He states them in a slightly different
form (see Remark 8.2).
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(*) P and X are in one-to-one correspondence except perhaps for points lying
on an analytic set o of dimension at most n — 1.
Equivalently, for each irreducible component ) (k = 1,...,8) of £ in A™, there
exists a point z® € I, such that ®~!(z%) consists of one point. Then the nor-
malization theorem holds for P. Precisely, there exist defining functions ¥ (p)
(k=1,...,l) of P in a domain Dy C D such that

£ w=uv) (k=1,...,1), peP,

is a normal model of P in the closed polydisk Ainc (so that P and ¥ are
necessarily in one-to-one correspondence), and hence P is necessarily an analytic
polyhedron in V with defining functions ¥x(p) (k=1,...,l) on Dy C V.

In fact, replacing the condition in Theorem 8.1 that P and £ are in one-to-one
correspondence via ® by this weaker condition (*), the family of all holomorphic
functions f(p) on P and the family of all weakly holomorphic functions F(z) on
L are still in one-to-one correspondence via F(®) = f on P. Since the remaining
arguments in the proof of Theorem 8.1 are unchanged, we obtain the normalization
theorem for generalized analytic polyhedra P satisfying condition ().

Once we have this normalization result, we see by following the proof of Theo-
rem 8.2 that the extension theorem also remains valid for such generalized analytic
polyhedra P.

This remark, combined with Theorem 6.1, implies the following corollary.
COROLLARY 8.1. Any ramified domain over C" locally has a normal model.

The type of generalized analytic polyhedra P satisfying condition () originally
studied by Oka [51] were the following. Let V be a ramified domain over C?
with branch set S. Let P be a generalized analytic polyhedron in V with defining
functions on D (here, P CC D C V). If there exists a holomorphic function ¥(Z) on
D such that 1(Z) has different function elements over each point z € D\ S (where D
and S denote the projections of D and S onto C?), then the normalization theorem
and the extension theorem hold for P.

REMARK 8.3. Let T be an analytic set of pure dimension r in the closed poly-
disk A in C™. In the beginning of the proof of Theorem 8.1, we proved the existence
of a global universal denominator W (z) on all of A for £ such that W(z) # 0 on
each irreducible component of £ by introducing the notion of a W-ideal W{Z}
(this ideal was not discussed in Oka's papers). Oka proved the existence of such a
universal denominator W (z) in the following manner. Let o be the set of singular-
ities of £ in A; thus o is an analytic set in A of dimension at most r — 1. Let ¢;(z)
( = 1,...,m) be a pseudobase of the G-ideal G{o} on A, so that the common
zero set of p;(z) (j = 1,... ,m) is equal to o. Fix any point 29 € A. By Corollary
7.2, there exist a polydisk d centered at zp and a finite number of universal denom-
inators ¥x(z) (k =1,...,v) in & such that T;, := ;_,{z € § | ¥x(z) =0} Cond.
Since 9;(2) =0 (j =1,... ,m) on T,,, it follows from the Hilbert-Riickert Nullstel-
lensatz for holomorphic functions (see Appendix in this chapter) that there exist a
polydisk dp CC 4 centered at z and an integer a; > 1 such that

¢i(2)™ = (2)a(2) + -+ aP(2)hu(2) on &,
where each ax(z) (k =1,...,v) is a holomorphic function in . Thus, ¢;(2)*]s,
(j =1,...,m) is a universal denominator for £ on §,. Since A is a closed polydisk,
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we can find sufficiently large integers A; (j = 1....,m) so that each ()% is
a universal denominator for £ on the whole A. Since N].,{z € & | y,;(2)* =
0} = o. it follows that some linear combination W(z) of ,(2)% (j =1.....m)is
a universal denominator for £ on A with W'(z) # 0 on each irreducible component
of X.

REMARK 8.4. To prove the extension theorem (Theorem 8.2) for analytic poly-
hedra in a univalent domain in C", we do not need the fact that a Z-ideal has a
locally finite pseudobase at each point. We only require the fact that a G-ideal has
a locally finite pseudobase at each point and that Problems C; and E are solvable
on polydisks in C".

We studied O*-modules (O-modules of rank A) on a domain in C": we can
define @*-modules on a domain in an analytic space V in the same manner.

Let P be an analytic polyhedron in a donain D in an analytic space V and
let T be a normal model of P on the closed unit polydisk A via the one-to-one
mapping _

®: peP-z=(ap)... .¢m(p)) €L CA.
where ;(p) (j = 1.... .m) is a holomorphic function on D (here P CC D) and A :
|2;| < 1. By Theorem 8.2, any holomorphic function f(p) on P has a holomorphic
extension F(z) on A. We shall show that this kind of extension theorem holds for
any O*-module on P.

Let I* be an O*-module on P. Let ¢ € A. We define pairs (f;(z).d¢) where
8¢ is a neighborhood of ¢ in A and f¢(z) is a holomorphic vector-valued function
of rank A on 4, as follows:

1. If ¢ € T, we take 6; and f(z) such that 6 NE = @ and f¢(2) is any

holomorphic function on 4.
2. If ¢ € £. we take §; and f(z) such that § C A and f(®(p)) belongs to T*
at each point of ~!(6: N Z).
Since T is a normal model of P on A, the set {(fc(z). 8¢)}¢ex of all such pairs is an
©O*-module on A. We let 7* denote this @*-module and we call it the extension
O*-module of 7* on A .
We have the following lemma.

LEMMA 8.1. I* is generated by a finite number of holomorphic vector-valued
functions of rank A on P if and only if the same is true for I* on A.

_To be precise, let Gi(z) (k = 1.... .u) be a pseudobase of the G-ideal G{z}
on A. Forany h (h=1,....)) and k& (k =1,...,u) we consider the following Au
holomorphic vector-valued functions of rank A on A:

h
e e,
vhi(2) = (0....,0,Gi(2).0,...,0). (8.3)
RS
From the definition of Z* for any O*-module I*. we always have v, «(z) € I* for
any h,k.
Then the following statements are valid.

1. Assume that I* is equivalent to an O*-module J*{F} generated by a finite
number of holomorphic vector-valued functions Fj(p) (j =1.... .v) on P:

Fj(p) = (Fi(p)...- s Fx;(p)).
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We let F, 5(2) (j = 1.... ,v) denote a vector-valued function on A which is a holo-
morphic extension of F,(p). Then Z* is equivalent to the O*-module J*{F. v}
generated by I:’j(z) G=1.....v)and wai(z) (h=1.... . A k=1.... ,4) on A.

2. Conversely, assume that Z* is equivalent to an O*-module J*{F} gener-
ated by a finite number of holomorphic vector-valued functions I:}(:) (=1.....8)
of rank A on A. Then I” is equivalent to the O*-module J*{F} generated by
s holomorphic vector-valued functions F,(p) (j = l.....s) such that Fj(p) =
Fj(®(p)) on P.

PROOF. For the proof of 1. let ¢, € A and let f(z) = (fi(z).... . fa(z)) be any

holomorphic vector-valued function belonging to Z* at the point {,. If {, ¢ . then
some G (z) # 0 at (4. Thus we can write

A Ni(z) R 21 C2
f(z) = Gk(z)bl.k(z)‘*’ + Cr z)’w\.k(z)

in a neighborhood of ¢, in A. so that f(z) € J*{F.v} at the point (. If (o € £,
then f(®(p)) belongs to I* at the point py = ®~!({y). Thus

f(®()) = ai(p)Fi(p) +--- + a,(P)F.(p)

in a neighborhood v of p, on P, where a,(p) (j = 1.....v) is a holomorphic
function on v. There exists a holomorphic extension a,(2) (j = 1.....v) of a;(p)
in a neighborhood &y of (y. i.e.. a;(p) = a,(®(p)) for p € v N ($71(dy)). We thus
have

f(z) =@(2)Fi(2) + -+ +a,(2)F(z) on&iNE,

where 41 C 4o is a neighborhood of ¢y. It follows that f(z) € J *{f‘ .U} at t_he point
Co- On the other hand, since any f(z) belonging to J*{F.v} at {4 € A clearly
belongs to I* at (y. we obtain 1.

For the proof of 2, let py € P and let f(p) be any holomorphic vector-valued
function of rank A belonging to I* at py. Let (y = ®(py). Since I is a normal
inodel of P, there exists a holomorphic vector-valued extension f(z) of f(p) in
a neighborhood & of ¢y in A so that (f(z),6y) € I*{F}. Thus. we can find a
holomorphic function a,(z) (; = 1.....s) on a neighborhood §; C do of {p such
that

f(z)=a1(z)Fi(2) +--- + a.(2)Fu(z) ondy.

If we set a,(p) = d;(®(p)) (j = 1.....8). then we have f(p) = ai(p)Fi(p) +--- +
a,(p)F.(p) on ®~1(8,) N E. so that f € J*{F} at the point py. D

8.2.2. Various Problems on Analytic Polyhedra. Using Lemma 8.1, var-
ious problems which were solved on a closed polydisk in C" in Chapter 7 may be
solved on an analytic polyhedron in an analytic space V.

Let V be an analytic space of dimension n and let P be an analytic polyhedron
in V. Let £ be a norinal model of P in the closed unit polydisk A in C™. Let ¢;(p)
(j = 1.... ,m) be defining functions of P in D C V with respect to X. so that. if
we set

P:peP—z=(z1.....2m) = (#1(P)r--. .¥m(P)) € A.
then & is one-to-one from P onto £ with £ = &(P) and ®(dP) C JA.
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We shall consider the O”-module defined as follows. Let F;(p) (j = 1.... .v)
be a holomorphic vector-valued function of rank A on P. We consider the following
system of A homogeneous linear equations:

Q) HeFEp) +---+ f(P)F(p) =
determined by the given holomorphic vector-valued functions F;(p) (j = 1.... .v) of
rank A on P for the unknown holomorphic vector-valued function f(p) = (fi(p).... .

fo(p)) of rank v on a domain § C P. The set of all solutions {(f(p).6)}scr
determines an 0”-module on P. We call this the O-module with respect to the
linear relation (). and denote it by £{Q2}.

We have the following theorem.

THEOREM 8.3 (Oka). The O-module L{Q} with respect to any linear relation
() has a locally finite pseudobase at each point of P.

PRrooOF. We let l-’:,(z) (j = 1.... .v) denote a holomorphic. vector-valued ex-
tension of F;(p) to A. We use the functions ¥ i(2) (R =1.... A k=1.... .z)
defined in (8.3). Consider the following system of A homogeneous linear equations
in A:
fe) A@EAE +-+ f(2E(2) + Y dnx(2)tna(z) =

h.k

determined by the given holomorphic vector-valued functions f}(:) (G=1....v)
and Cri(z) (R =1.....X k=1.....u) of rank A on A for the unknown holomor-
phic vector-valued functnon fz) = (f,(z) drh.x(z)) of rank & := v+ Ay on a domain
6 C A. We let £{Q} denote the O-module with respect to the linear relation (£2)
on A. By Theorem 7.1. £{{2} has a locally finite pseudobase H,(z) (j = 1.... .s)
ond. ie.H ,(z) is a holomorphic vector-valued function of rank & on A such that
the 0-module J~{H } generated by H, 1(2) (j =1.... .3) is equivalent to L{} on
A. Weset H,(p) = H, (@) (G=1,...,8).50 that H ,(p) is of the form

An
Hj(p) = (H1,(p).... .H,,(p).0.....0) onP.
If we define Ho(p) = (Hy;(p).... .H,;(p)) (4 =1.... .s). which is a holomorphic
vector-valued functlon of rank v on P then we will show that £{Q} is equivalent
to the O-module J“{H®} generated by the H%(p) (j = 1....,s) on P.

To see this, we first note that H?(p) € E{Q} G = l.... .8) on P. Next,
we take pp € P and f(p) = (fi(p).....[f.(p)) € L{Q} at the point py and set
20 = B(py) € A. Welet f(z) = (fi(2),--. . f,(2)) denote a holomorphic vector-
valued extension of f(p) in a neighborhood & of z, on A. Then we have

HGR)F@E)+-- +fy(z)F.,(z) 0 ondNX.
Thus there exist holomorphic functions grx(z) (R =1,... . A k=1..... i) in a
neighborhood 4, C 6 of 2, such that

A@FRG) ++ f(2)Fl2) + Y gna(z)vns(z) =0 on i,
h.k

so that f(z) := (fj(2). gn.x(2)) € L{§1} on &;. Thus.
f(z) =61(2)Hi(2) + - + 8.(2)Hi(2)
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in a neighborhood 4, C &, of z. If we set a;(z) = a,(®(p)) (j = 1.....8) on
;= ®~1(4, N X). then by taking the first v components we have

f(p) = ar(P)HY(P) + - - + a.(p)H) (p)
on the neighborhood v of py in P; i.e.. f(p) € J*{H°} at py. O

We also have the following two theorems.

THEOREM 8.4 (Problem (). Problem C; is solvable for any analytic polyhe-
dron P in an analytic space V.

PrOOF. Let H(p) and F,(p) (j = 1.... .v) be holomorphic vector-valued func-
tions of rank A on P. We let J¥{F} denote the O-module on P generated by the
F,(») (j =1.....v). Assume that H(p) belongs to J*{F} at each point in P. We
claim that there exist v holomorphic functions a;(p) (j = 1.... .v) on P such that

H(p) = ai(p)Fi(p) +--- + a(p)F.(p) onP. (84)

To prove this. we take a norinal model T of P in the polydisk A in C™ defined
by use of the defining functions ;(p) (j =1.....m) of Pin D C V. and we set

@:pE'P-—-"“-(y](p).... cm(p) €L CA.

Let H(z) and I:)(:) (j = 1,....v) be holomorphic vector-valued extensions of
H(p) and Fj(p) on A. Let L‘Jf.,k(z) (h=1.....A k=1.....4) be the holomorphic
vector-valned functions of rank A on P defined by (8.3). We let J*{F.v} denote
the ®*-module generated by l:',-(:) U=1.....v)and vhi(2) (h=1,... . X k=
l....,pu) on A. Siuce T is a normal model of P in A, we dednce from the fact
that H(p) € J*{F} at each point in P that H(p) € J*{F v} at each point in
A. Since Problem C; is solvable in the closed polydisk A. there exist x := v + A
holomorphic functions @;(z) (j = 1....,v). pa(z) (k = 1.... . Ah = 1.....p)
such that

A@z) = &1()F(2) + -+ 8()E(2) + 3 dralens(z) on B,
h.k

Setting a;(p) = a,(®(p)) (j = 1.... .v) on P proves (8.4). a

THEOREM 8.5 (Problem C3). Problem (', is solvable for any analytic polyhe-
dron P in an analytic space V.

PROOF. We use the same notation £, A ¢ C™. ;;(p) (j = 1.....m) and
®:P — £ C A as in the proof of the previous theoremn. Let F,(p) (j = 1.....v)
be a holomorphic vector-valued function of rank A on P and let J*{F} denote the
O-module generated by Fj(p) (j = 1.... ,v) on P. Let C = {hq(p),dq}qcr be any
Ca-distribution with respect to J*{F}. i.e.. if 65, Ny, # 0. then hy, (p) — hg,(p) €
J*{F} at each point of &, NJ,,. We claim that there exists a holomorphic vector-
valued function H(p) of rank A on P such that. for each ¢ € P.

H(p) - hy(p) € J*{F} at each point in §,. (8.5)

To prove this. we consider the same O-module J*{ ', v/} on Aas in the proof of

the previous theorem. and we form the following distribution C := {(f;(2).6¢)}cex

on A, where i).~ is a neighborhood of ¢ in A and f\( ) is a holomorphic vector-valued
function of rank A on d;:
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1. If ¢ ¢ £. we take §; such that & N T = @ and set f(z) =0
2. If { € T. we set ¢ = ®~'(¢) and take & = ®~(d,): and f:(®(p)) = hy(p)
on 4.

Since T is a normal model of P on A. we can form such a distribution C at each
point of A. Also, since C is a (',-distribution on P with respect to J*{F'}, we see
that C is a Cy-distribution on A with respect to J '\{ﬁ’ ©v}. Since Problem C, is
solvable on the closed polydisk A, there exists a holomorphic vector-valued function
H(z) on A such that, for each ¢ € &, H(z) - fg( ) € J*{F v} at each point in
6( If we set H(p) = H(®(p)) for p € P. then H(p) satisfies (8.5). O

Finally, we prove the following theorem.

THEOREM 8.6 (Problem E). Problem E is solvable for any anelytic polyhedron
P in an analytic space V.

PROOF. Let J* be an O*-module on P which has a locally finite pseudobase at
each point in P. We use the same notation, I. ®. and A C C™. as in the previous
theorem. We let J* denote the extended O*-module of J* to the polydisk A. By
statement 1 of Lemma 8.1. J* has a locally finite pseudobase at each point in A.
Since Problem E is solvable for the polydisk A, J* is equivalent to the O*-module
J*{F} generated by a finite number of holomorplnc vector-valued functions F,(z)
(j=1....,v)of rank A on A. If we set F;(p) = F((b(p)) (j=1,...,v)forpe P.
then statement 2 of Lemma 8.1 implies that the O-module J "{F } generated by
Fj(p) (j = 1,... .v) is equivalent to J* on P. a

8.2.3. Runge Problem. Let V be an analytic space of dimension n. Let P,
and P, be analytic polyhedra in V such that the defining functions of both P, and
P, are defined on the same set U: Py, P CC U C V. Assume that P, CC P; (the
interior of P;). Then we have the following lemma.

LEMMA 8.2. The pair (Py,P;) satisfies the Runge theorem.

PROOF. Let T, (resp. ¥;) be a normal model in the unit polydisk A; ¢ C™
(resp. A, C C..) of P, (resp. P;) whose defining functions are ¢,(p) (j = 1.... .m)
(resp. vi(p) (k = 1.....1)) defined on U. We assume that |¢;(p)| < M (j =
1.....m)onP,. Weset A, :=|z;| < M (j=1,....m).sothat A, CC Alccr.
We consider the holomorphic mapping

@:pePr— (z.0) = (£1(P)--. .@m(P).t1(D).... .wa(p)) € B] x B

and define T = &(P,). Since T, (resp. ¥) is a normal model on &, (resp. A;) of
Py (resp. P,). it follows from the hypothesis P; CC P§ that £ (A, x A,) (resp.
T) is a normal model of P, (resp. P;) in & x A; (resp. &, x &y).

Let f(p) be a holomorphic function on P,. Let K CC P; and let ¢ > 0. Wefixa
holomorphic extension F'(z,w) of f(p) on &, x Ay and set K = &(K) CC A, x A,.
From the Taylor expansion of F(z.w) in A; x A2, we can find a polynomial Q(z. w)
of (z,w) such that |F(z,w) — Q(z.w)| < € on K. If we set Q(p) = Q(®(p)) for
p € P,. then Q(p) is a holomorphic function on P such that |f(p) — Q(p)| < € on
K. ]

Using the same notation P, CC P3 CC U C V as in the previous lemma. we
let J* be an O*-module on U. We have the following lemma.
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LEMMA 8.3. Assume that J* has a locally finite pseudobase at each point in
U. Let f(p) be a vector-valued holomorphic function of rank A on P, such that
f(p) € T at each point of P,. Let ¢ > 0. Then there ezists a holomorphic vector-
valued function F(p) of rank A on P2 such that

1. F(p) € J* at each point of P,:
2. {|F(p) - f(p)| < € for p€ Pr.

PROOF. We fix an analytic polyhedron P in V with defining functions on U
such that P, CC P° CcC Pj. and P is so close to P, that the given function
f(p) is defined on P and f(p) € J* at each point of P. Since J* has a locally
finite pseudobase at each point in U, it follows from Theorem 8.6 that there exist a
finite number of holomorphic vector-valued functions #;(p) (j = 1.... ,v) of rank
A on P, such that the O*-module J{v} generated by v;(p) (j = 1.....v) on
P is equivalent to J* on P,. Thus. the function f(p) on P belongs to J{v}
at each point of P. By Theorem 8.4. there exist v holomorphic functions a;(p)
(J=1.....v) on P such that

f@) =a(p)rr(p) + -+ a,(p)ru(p) onP.

Since the pair (P, P;) satisfies Runge’s theorem (by Lemma 8.2), we can find a
holomorphic function Aj(p) (j = 1.... ,v) on P, such that |4,(p) — a,(p)| < € on
Pr. where 0 < € < ¢/([lvallp, + -+ + {unllr,) (here [[villp, = max{[lvi(p)l| | p €
P,}). Consequently. if we define F(p) = A, (p)vi(p) +-- -+ A (p)v.(p) on Pa. then
F(p) € J* at each point in P; and

iF(®) = f@N < €(lviltp, +---+[wllp,) <e  for pe Py,
as desired. O

8.3. Stein Spaces

8.3.1. Definition of Stein Spaces. Let V be an analytic space of dimension
n. Let U C V be a domain and let K CC U be a compact set. We let H(U') denote
the family of all holomorphic functions f(p) on U. We define

K= N {9eUlif(g) <max|f(p)i }.
feHN pPEK

We call R(' the holomorphic hull of K with respect to U". If I’{’;- = K. then we
say that K is holomorphically convex with respect to U. Let V be an open set
in V which contains U. If for any compact set K CC U we have Ky C U, then
we say that U is holomorphically convex in V. In case U = V. we say that U is a
holomorphically convex domain.

If a domain U in V satisfies the following three conditions:

1. U satisfies the second axiom of countability;

2. U is holomorphically convex:

3. U satisfies the separation condition:
then we say that U is a holomorphically complete domain in V. Incase U = V.
we say that V is a holomorphically complete space, or a Stein space.®

For example. the interior P° of an analytic polyhedron P in an analytic space
V is always holomorphically complete. To see this, we fix a model £ of P in

SIt is known that conditions 2 and 3 imply condition 1 (see H. Grauert (21]).
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the unit polydisk A centered at the origin in C™: ¢ : p€ P — z = ®(p) =
(£1(P)..-- «om(p)) € E. There exist holomorphic functions Gi(2) (k = 1,... ,v)
in A such that £ = (;_,{z € A | Gi(z) = 0}. For 0 < n < 1. we define
Kn):={peP|IG(2@)I<nk=1...0) |p(pl<l-n(i=1...m}
Then K(n) CC P° and lim,_o K'(n) = P°. yielding the result.

REMARK 8.5. The notion of Stein space in the case of complex manifolds was
introduced by K. Stein (87] in order to study more general spaces in which the
Cousin problenis, Runge theorems. expansion theorems, etc., hold as in the case
of & (univalent) domain of holomorphy in C". However, as noted in Example 6.8.
even in the case of a ramified domain D over C". a domain of holomorphy (which is
a complex anifold) is not necessarily a Stein space. unlike the case of a univalent
domain in C".

From the definition of a holomorphically complete domain, we imiediately
obtain the following proposition.

PRoPOSITION 8.1. Let U be a holomorphically complete domain in an analytic
space V. Then there erists a sequence of analytic polyhedra P, (v =1.2,...) in V
with defining functions on U such that

P,.CcCP,, (w=1.2...) U= lim P,.

e 4
Using the notation of the proposition, each pair (P,..P,.) satisfies the Runge

theorem according to Lemma 8.2. We thus obtain the following corollary by apply-
ing the usual techniques.

COROLLARY 8.2. Let U be a holomorphically complete domain in an analytic
space V and let P be an analytic polyhedron in V with defining functions on U.
Then the pair (P,U) satisfies the Runge theorem.

8.3.2. Approximation Condition. Let V be an analytic space of dimension
n. If there exists a sequence of holomorphically complete domains U, (j = 1.2....)
in V such that

1L.GcclUjnm G=12...). v=jl_i.rra|c Uj. and

2. for each j = 1,2...., the domain U; is holomorphically convex in Uj.,,
then we say that the analytic space V satisfies the approximation condition.

It is clear from Lemma 8.2 and Proposition 8.1 that any Stein space V admits
such a sequence U, (j = 1.2....). The converse is also true; to prove it, we first
demonstrate the following theorem.

THEOREM 8.7 (Runge theorem). If the analytic space V satisfies the approzi-
mation condition, i.e., if there exists a sequence of holomorphically complete do-
mains U; (j = 1,2....) satisfying conditions 1 and 2. then the pair (U).V) satisfies
the Runge theorem.

PROOF. Let f(p) be a holomorphic function on U, let K CC U;. and let € > 0.
By condition 1. we have K t, CC U,. Since U, is holomorphically convex in U,
we have I?y, =K t,» so that we can find an analytic polyhedron P, with defining
functions on U, such that K CC P, cC U,. Since f(p) is holomorphic on P,.
it follows from Corollary 8.2 that there exists a holomorphic function fo(p) on U,
such that |f2(p) — f(p)] < ¢/2 on P;. By repeating the same procedure for f>(p)
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on P, CC U, as for f(p) on K CC U,, we obtain a sequence of analytic polyhedra
P,‘.{.} (] = 1.2....) in Uj+].

Paccl;ccPjacCclUja (=1.2....),
and a sequence of holomorphic functions f;41(p) (j =1,2,...) on U,,; such that

|fi+1(p) = f;(p)l < €/2 (j=0.1....) on P,
(we define fi(p) := f(p) on U,). If we set

F(p) = f() + Y_(f,11() — ;(p). PEV.

=1

then this series converges uniformly on any compact set in V. so that F(p) is a
holomorphic function on V which satisfies

(F() = f@I <D ) - (I <Y e/2 =€ onK.
J=1 J=1

Thus the pair (U, V) satisfies the Runge theorein. 0

We now obtain the following theorem.

THEOREM 8.8 (Approximation theorem). If the analytic space V satisfies the
approzimation condition, then V is a Stein space.

PROOF. Let U; (j = 1,2,...) be a sequence of holomorphically complete do-
mains in V which satisfies the approximation conditions 1 and 2. Since each U;
( = 1,2,...) satisfies the second axiom of countability. and V = f;, U;. it follows
that V satisfies the second axiom of countability.

Let p,,p2 € V be distinct points. and take a sufficiently large integer j, so that
P1,P2 € U,,. Since Uj, satisfies the separation condition, there exists a holomorphic
function f(p) on Uj, such that f(p) # f(p2). By Theorem 8.7, the pair (U;,,V)
satisfies Runge's theorem: thus we can approximate f(p) by a holomorphic function
F(p) on V with the property that F(p,) # F(p2). Thus, V satisfies the separation
condition. R

Let K CC V be a compact set. We fix U;, with K CC Uj,. Then K¢-,, CC U,,.
It follows from condition 2 that I?u,(, = I?(_r, for all j > j); we denote this set by
K. Let po € V\ K and fix j sufficiently large so that R U{me} CC U;. Then there
exists a holomorphic function f(p) on U, such that |f(po)| > max{|f(q)| | ¢ € K}.
Since the pair (U;, V) satisfies Runge’s theorem, there exists a holomorphic function
F(p) on V such that |F(po)| > max{|F(q)| | ¢ € K}; ie., po € Ky. Hence,
K v = K cc V. so that V is holomorphically complete. Consequently, V is a Stein
space. O

REMARK 8.6. In the case when V is a bounded domain in C™, H. Behnke and K.
Stein [2] proved that the approximation theorem holds without the approximation
condition 2; i.e., if D is a bounded domain in C* with the property that there
exists a sequence of holomorphically convex domains D; (j = 1.2,...) in D such
that D; CC Djyy (7 =1,2,...)and D = Uf__, Dj, then D is a holomorphically
convex domain.



8.3. STEIN SPACES 283

PROOF. Let r > 0. For j = 1,2..... we set D\” = {z € D; | dp,(2) > r}.
where dp,(z) is the Euclidean distance from z to dD;. Using Corollary 1.2 in
section 1.5.3. we first note that. for a set G with D!’ CC G CC D,. there exists an
analytic polyhedron P with defining functions on D; such that D;') CCcPcca.
We next choose a subsequence {D;, }« of {D;}, and a sequencer, > 0 (k =1,2,...)
such that

Dj cc D™ ccD,,., (k=12,...) (8.6)

Jk-s2
To verify this last inclusion, for 1 < j < v we set
min {d(p.q) | p € dDj, q € D},
min {d(p,q) | p € dD;. q € 8D, }.

where d(p, ¢) denotes the Euclidean distance between p and ¢ in C". Similarly, we
define

]

m;

m;.

M; = max{d(p,q)|p€dD;. q€ 8D} and
M;, = wmax{d(p.q)|p€dD;, q€dD,}.

Since D is bounded in C", we have 0 < m;, < m;; 0 < M;, < M,; m;, M; —
0 as j — oo; and Mj, — M;, m;, - m; as v — 00. We let D;, = D;. We choose
J2 > ji such that m;, > Mj,. Then we take j3 > j2 such that

my,5s > My,;, and  m;, > M;,.

If we take r3 > 0 with m;, ;, > r3 > M, ;,. it follows that D;, CC Dg’) CC Dy,.
Similarly, since m;, > M,,. we can take j; > jy such that mj, j, > M,, ;, and
mj, > M,,, and then we can take ry > 0 with mj, ;, > rqy > Mj, j, to obtain
D;, cc Dﬁ:‘) CC Dj,. Repeating this procedure, we obtain (8.6).

We now set ji = k in (86). i.e., Dk CC D{%;% CC Dir (k = 1,2....).
From the first statement. there exists a sequence of analytic polyhedra P (k =
1,2,...) with defining functions in Dy such that D, cC P*+2) cc Dj,,. We let
My +2 (resp. Hx) denote the holomorphic hull of Dy relative to Dy..o (resp. D).
Using Theorem 3.5, it follows that #j 1.2 CC Di.1. and hence that any holomor-
phic function f(z) on Di 4\ can be uniformly approximated on D;. by a sequence of
holomorphic functions f,,(z) (v = 1,2....) on Dy42. Thus, by standard techniques,
we conclude that My = Hi k12 CC D. as desired. a

In the case when D is an unbounded domain in C", the approximation the-
orem also holds without the approximation condition 2. To see this, let D be an
unbounded domain in C” having the same property as the bounded domain D in
Remark 8.6. Fix 2y € D. For r > 0. we let B, denote the ball centered at z, with
radius r and we let D(") denote the connected component of the open set DN B,.
Then using Remark 8.6, we see that each D) (p = 1,2,...) is a holomorphically
convex domain. Moreover, D!P) is holomorphically convex in D®*+1), For take
K cc D?), Then K cC B, for r < p sufficiently close to p. It follows that
Kpwen €C B, n DY ¢ D). Thus, condition 2 is satisfied.

In the case of a general analytic space V. we cannot drop the approximation
condition 2 in order to verify the approximation theorem.
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EXAMPLE 8.4. 7 We recall the Calabi-Rosenlicht example (Example 8.1). Let
v be a positive integer and set E, = {1/2/ | j = 1,... v} C C. Let M, := Alg,
be the 2-dimensional comnplex manifold associated to E, defined in the example. If
we set C, = C, \ {0}. then

M,

I

(C: x C, x {0}) U ( U {(1/21.0.0:))
1=1

n

(C. x C; x {0}) U (" L;).
j=1

The topology on M, can be described as follows: For a sequence (z,.y.) € C-xC;.
we have (zn.y,.0) € C, x C; x {0} — (1/2/.0.2) as n — oc if and only if
(Tn,ya) — (1/24,0) and (z, — 277)/yn ~ z as n — 5c. Note that (1/27.C,.0) C
M, (j = 1.2,....v). Thus. we have M, C M, (v = 1.2,...), and hence
M =, M, is a 2-dimensional complex manifold. We will prove that each Af,

(v =1,2,...) is a Stein manifold but A/ is not a Stein manifold.

ProOOF. We consider the following non-singular analytic hypersurface ¥, in

c*:
o 1
2 yz=H(z—§).
j=1
Thus I, is a Stein manifold. Furthermore. £, is holomorphically equivalent to Af, .
To see this, we can form a one-to-one holomorphic mapping ®,, from Af,, onto L,,
where

(z,9.0) € C; x C;, x {0} ~ @y (@ -1/2) €%,
P, : . - . n )

(1/22.0.2) € L} G =1,....v) — (1/2.0.2[Tgo; 4, (1/2 ~ 1/2%)) € Z,.
Thus, M, is a Stein manifold. To prove that M is not Stein. let K = {|z]| <
1} x {1/2 < |y) < 1} x {0} CC Ay C M. Let f(p) be holomorphic function on M.
Fix j = 1,2,... and let &, denote the disk

B;:={1/2} x {ly] < 1} x {0} cC M.

By the maximum principle we have

1£(1/27,0.0)| < max{|f(1/2,y.0)| | [yl = 1} < max{|f(p)| | p € K},

so that (1/27,0.0) € Ky (j = 1.2,...). Since {(1/2,0.0) | j = 1.2,...} is not
relatively compact in A, it follows that A is not holomorphically convex.

In this construction, M, C M, ., but Al is not relatively compact in M, ..
However, it is easy to see that we can construct A, CC Al, such that M, CC M) ;
M, is a Stein manifold; and M = %, M. =)

REMARK 8.7. Let V be a Stein space of dimension n. Let pyp € V. Then

there exists a local coordinate chart (8o, Ag. @ols,) for po in V such that ¢y is a
holomorphic mapping defined on all of V into C".

"This example is due to T. Ueda [75).
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PROOF. Let pg € V and let (4, A. ) be a local coordinate chart for py in V.
Since V satisfies the separation condition, the holomorphically convex hull of the
one-point set {py} in the Stein space V is {pp} itself. There thus exists an analytic
polyhedron P with defining functions on V such that p; € P° (the interior of P)
and P CC 8. Thus, ¢ is holomorphic on P. Since the pair (P. V) satisfies Runge'’s
theorem. there exists a holomorphic mapping ;; on V into C" which is uniformly
close to ¢ on P. Set §; = P° and Ay = p¢(P°). which is a ramified domain over C".
Then the triple (8y. Ay, vols,) satisfies the necessary requirements. If A is univalent
in C™. so is Ag for g suffciently close to 2. =]

8.3.3. Various Problems in a Stein Space. In a Stein space. many of the
theorems which hold in a domain of holomorphy in C" hold without any change.
In this section we consider a few of these theorems.

1. Cousin problems

Cousin problems I and II in an analytic space are posed just as in a univalent
domain in C". We have the following two theorems.

THEOREM 8.9 (Cousin I problem). A Cousin I problem is always solvable in a
Stein space V.

PROOF. As shown in Chapter 3. a Cousin I problem is solvable in a domain

D in C" if there exists a sequence of domains D; (j = 1,2,...) in D such that
Djcc Dj.y (j=1,2....). D =lim,_ D;. and

(1) the Cousin I problem is solvable on each D: (J=1.2,...)

(2) the pair (D;, D;.;) (j = 1,2,...) satisfies Runge's theorem.
The same fact holds in an analytic space. In a Stein space V, there exists a sequence
of analytic polyhedra P; (j = 1.2....) in V with defining functions on V such that
P; CC Py, and lim;_. . P; = V. Since each P; (j = 1.2,...) has a normal model
%, in the polydisk A; in C™ for which Oka's lifting principles (Theorems 8.1 and
8.2) hold. we can show by arguments used in Lemmas 3.3 and 3.4 that the Cousin
I problem is solvable on each P;. Since (P;.P;.;) satisfies Runge's theorem, it
follows from (1) and (2) that the Cousin I problem is also solvable in the Stein
space V. O

THEOREM 8.10 (Cousin II problem). Let C = {(fp.dp)}pecv be a Cousin II dis-
tribution in a Stein space V. If C has a continuous solution in V, then C has an
analytic solution in V.

PROOF. The same proof of Theorem 3.8 yields that if a Cousin II distribution

C has a continuous solution in the space V, then C has an analytic solution in V
under the assumption that the Cousin I problem is always solvable in V. This
assumption is guaranteed by Theorem 8.9; thus C has an analytic solution in V.
||

2. Problem C; and Problem C,.

Let V be a Stein space. Let Fj(p) (j = 1.... ,v) be v holomorphic vector-valued
functions of rank A in V: Fj(p) = (F;(p).... . Faj(®)) J=1,....v),peV. We
let 7*{F} denote the O*-module generated by F,(p) (j = 1,... .v) in V. We also
let £{9} denote the O“-module with respect to the linear relation

Q) Hhp)F@) +---+ fu(p)Fu(p) = 0.
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ie.. £{Q} = {(f(p),6)}scv. where the holomorphic vector-valued function f(p) =
(f1i(p),. .., fu(p)) of rank v in J satisfies the \ equations (f2) in 6.

‘We have the following two theorems.

THEOREM 8.11 (Problem C;). Problem C, is always solvable in a Stein space
V.

PROOF. Let H(p) be a holomorphic vector-valued function of rank A in ¥ such
that H(p) belongs to J*{F} at each point p in V. We want to find a holomorphic
vector-valued function A(p) = (4,(p),...,A.(p)) on V such that

H(p) = Fi(p)Ai(p) +---+ F.(p)Au(p). pPEV.
Let P, (k =1,2,...) be a sequence of analytic polyhedra in V such that
Pj CCP;_,,I (j=12,...), v=klin~1‘1?k,

and where the defining functions of each P; are defined in V.

Choose ¢, > 0 (k = 1,2,...) such that 3 ;" & < oc. As usual, it suf-
fices to find, for each k = 1,2,..., a holomorphic vector-valued function A*(p) =
(A¥(p),... ,A%(p)) of rank v on Py such that

(i) H(p) = Fi(p)AY(p) + -~ + F.(P)AS(p), P € Py and

(i) |A**'(p) — A*(P)l| < &, pE P
Then A(p) := limi_.» A*(p) is uniformly convergent on any K CC V, which proves
our result.

For k = 1, we can find a holomorphic vector-valued function A!(p) of rank v
on P, which satisfies condition (i) by Theorem 8.4. Assuming that there exists
an A*(p) on P, which satisfies condition (i), we now construct A**!(p) on P,
which satisfies condition (i) on Pk, and which also satisfies (ii) together with
A*(p) on Pi. To do this, using Theorem 8.4, we first find a holomorphic vector-
valued function A**!(p) of rank v on Py, which satisfies condition (i) on Pi..
Then A*+!(p) — A*(p) belongs to £L{2} on P;. Next we find a pseudobase ®;(p)
(=1....,s) of L{S} on Pi.,.

®:(p) = (®14(P)---. . ui(P)). P E Prrrs

by combining Theorems 8.3 and 8.6. Furthermore, from Theorem 8.4 there exist s
holomorphic functions a;(p) ({ =1,...,s) on P; such that

A%+ (p) — A*(p) = a1(p)®1(p) + - - + au(p)®4(p), P € Px.

Since the pair (Px,V) satisfies Runge’s theorem (by Corollary 8.2), for each | =
1,...,s there exists a holomorphic function @;(p) on V such that

ld@(p) —ai(p)l <& (I=1.....s), p€Ps
where € < & /(3 ;_, |®:(p)l7..,)  Setting
A (p) = A7 (p) + @1 (P)1(P) + -+ + @u(P)Pu(P). P € Prs.
it follows easily that A*+!(p) satisfies condition (i) on Py.;. Moreover, for p € Pi,
A4 (p) - A )l = (A (p) = A+ (p) + (A**'(p) — A* ()
1@ (p) — a1(p))®1(p) + - -~ + (@s(p) — as(p)) 24 (P)|

8
& O 1Rllp..) < €,
=1

IA
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so that A*+1(p), together with A*(p). satisfies condition (ii) on P;. Thus we have
constructed A*(p) (k = 1.2....) on P, by induction, proving the result. w]

THEOREM 8.12 (Problem ;). Problem C, is always solvable in a Stein space
V.

PROOF. We prove this under the assumption that the completeness property of
the saine type as in Theorem 7.6 in C" holds in the analytic space V. This fact will
be proved later in Proposition 8.3. Let C = {(hq(p).d,)}4ev be a C; distribution
with respect to J*{F}. Choose ¢, > 0 (k = 1.2....) such that 3 ;o e < .
Utilizing the completeness property. it suffices to construct, for each k = 1,2.....
a holomorphic vector-valued function H*(p) of rank A on Pj such that

(i) H*(p) — hqe(p) € T*{F} at each point in Px N &, for each g € Py, and

(ii) JIH** (p) ~ H*(p)| < &x. P € Px.
For again, if such a sequence H*(p) (k = 1.2,...) on Pj exists, then H(p) :=
limi .~ H*(p) is uniformly convergent on each K cC V and H(p) is a solution to
Problem C; on V for the given C'; distribution C (under the above completeness
assumption).

To begin. by Theorem 8.4, we can find an H'!(p) on P, which satisfies condition
(i) on P,. Assuming that there exists an H*(p) on P;. which satisfies condition (i)
on Py, we shall construct H**!(p) on Pi,, which satisfies condition (i) on Py,
and satisfies condition (ii) together with this H*(p) on P,.

We first find. by Theorem 8.5. a vector-valued function H**!(p) on Py, which
satisfies condition (i) on Py ;. Since H*+!(p) — H*(p) belongs to L{Q} on Py, we
thus can find s holomorphic functions 3;(p) (I = 1.... .s) on P; such that

H**'(p) - H (p) = B1(D)®1(p) + - + Ba(P)®4(p). P E P,
where the ®;(p) (I = 1....,s) constitute a pseudobase of £{2} on Pi.,. Since
the pair (Pi.V) satisfies Runge’s theorem. for each | = 1,...,s there exists a
holomorphic function 3;(p) in V such that
13:(p) - 3i(P)| < €. PE P
where 0 < ¢, < ex/(Z., [®:(P)ll,.,). If we set

H**'(p) = H**)(p) + Bi(p)®1(p) + -+~ + 3s(D)Bs(p). P € P,

then H**!(p) satisfies condition (i) on P, and satisfies condition (ii) together
with H*(p) on P,. Thus we have constructed H*(p) (k = 1.2....) on Pi by
induction. proving the result. a

3. Problem F

Iet V be a Stein space and let J* be an O*-module on V such that J* has a
locally finite pseudobase at each point in V. It is not necessarily true that 7> has
a finite pseudobase on all of V.

Oka’s counterexample for the pseudobase of Problem E.® We consider
C* with variables 1;.z3, ¥).y2. Let v > 3 be an integer. We consider the following
four polynomials in C*:

Fi=y-2y" b=y -z4n. Fs=yip —nir2. Fy=z{"2+1},

%This example is due to K. Oka [53)
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and we let £ denote the analytic set in C* defined by F, = £, = F; = F; = 0.
We will show that T is a 1-dimensional analytic set in C*. We consider the G-ideal
G{Z} with respect to £ in C*.

Then we have the following lemma.

LEMMA 8.4. If Gi(p) (k = 1,... .s) is a locally finite pseudobase of G{} at
the origin O in C?, then s > v — 1.

PROOF. We consider the ramified domain R over C2_ ., defined by the function
{/Z1. so that R is (holomorphically) isomorphic to C?_ , with variables (t.x2) via
the mapping
T: (t,z2) €Ci,, — (f1,12) = (t'.12) € R.
We consider the analytic set S in C* defined by F} = F, = F3 = 0. Then S is
isomorphic to R.
Indeed. we have

V-1
n = (z,°)"! since F; =0,

v ry(ex)’”) since Fa =0.
where € is a v-th root of unity; i.e.. ¢ = 1. From F3 = 0 we have (z}’*)" "'zgez:/" =

I1T2. so that € = 1. Thus. S is the 2-dimensional irreducible analytic set in C*
defined by

. PR VI R V7
S: n=(x/)". yp=xx'"

where (z,,z,) varies over R. Thus, S is isomorphic to C;"_,2 via
w:(t,x2) € Cf_,: — (z1.T2, 1. 42) = (tV. 12.t" . 202t) € S.

We remark that Fy = z{~2 + r} depends only on the variables r, and r,.
Thus, if we let o denote the analytic set in CZ, . defined by F; = 0. then we have
L=8n[oxC2 ] Setting

& ={(t.z2) € C2, [ "™ 4+ 2% = 0}.
which is an analytic hypersurface in C7_,. we see that « gives a bijection from &
onto . Thus X consists of v irreducible 1-diinensional analytic sets in C*. Let

F(z),x2,y,y2) be a holomorphic function defined in a neighborhood § of the origin
O in C'. Then F |sns can be written in the form

f(t.x2) := F(t*. x2.t" . xot). (t.x2) €.
where 7 is a neighborhood of (t.z2) = (0,0) in C? £y 50 that f(¢,0) is of the form
f(t.0O)=a+a,_ " ' +a,t +---, (8.7)
where a,a,.,.a,.... are constants.

Now assume that F(z,.z2,1,y2) € G{X} on 4. We remark that 6 N4 is an
analytic hypersurface in v which is the zero set of the function ¢t~ + z%; this
function has no multiple factors. Since f(t.z2) = 0 on 4 Na. it follows that

f(t.z2) = (¢ + 25) h(t. 12).
where h(t, z2) is a holomorphic function on a neighborhood v, C ~ of (0.0), so that
f(t,0) is of the form
f(£,0) = " 2(bg+ byt + byt + -+ b,_ot*"2) (8.8)
+ terms of order higher than v(v - 2) +v - 1,
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where by, b;,... are constants.
Conversely. let f(t.z2) be a holomorphic function in a neighborhood of (0,0)
in C},, of the form

f(t.z2) = ("2 + x5) h(t.x2).

Then we can find an F(z,.72,¥1,y2) € G{Z} on a neighborhood &, of O in C*
such that F |s,ns = f.

Indeed, we note that f(p) := f(#(p)) is a weakly holomorphic function on S
in a neighborhood & of the origin O in C*! with f |snc= 0. Since £ C S. if we
could holomorphically extend f(p) to a holomorphic function F(z,.z2,31.¥2) in a
neighborhood dp of O in C*, then necessarily F(z.z2.y1.y2) € G{Z} on do.

Since t*~! =y, and h(t.z2) = Y 5 20 mat™23. it suffices to prove that the
weakly holomorpbic functions

filt,z2) = (""" D +2)t (i=0.1.....v-2) (8.9)

on S have holomorphic extensions ®;(z1,x2.31.¥2) in C*. To this end. for i = 0.
since r; = t¥ we can take

Bo(z1,22.91-2) = z‘{‘2 +z5.
Fori=1,... .v—2 since zy =t“, y, =t""!, and y, = tz,, we can take
-1 v-

Qi(zlf-l‘?iyl?y?) =I i+x“2l_.y; (l =1... V= 2) (8'10)

in C4, so that the converse is true.
We proceed to prove the lemma by contradiction. Assume that there exist v—2
holomorphic functions

Gi(z1,z2,91,12) (k=1.....v-2)

on a neighborhood A of the origin O in C* such that the O-ideal J7{G} generated
by Gk(z1,T2,y1,¥2) (k=1,... .v—2) on A is equivalent to G{Z} on A. By (8.8)
we have

gk(t,z2) = Gy luna.
o(t.0) = """ D(bro+beat+ -+ byt )
+ terms of order higher than v(v - 2) +v - 1.

Since each ®;(zy,z2,y1.¥2) (i = 0.1.... .v —2) defined by (8.10) belongs to G{L}
in C*, there exist v — 2 holomorphic functions Ci(z1.z2.41.¥2) (k=1.....v - 2)
defined on a neighborhood Ay C A of the origin O in C? such that

(21,22, 41.42) = CH(z1.22,41.12)G1(T1. 72, 41.92)
+ 4+ C (1, 72,01, ¥2)Gu—2(x1, T2. 91, 42).

(i=0,1,...,v—2), (z1.722.%,¥2) € Ao.
We restrict ®;(z,.z2,1.y2) to SN {z, =0} and set
£i(.0) = ®;(t*,0,t*71,0). ci(t.0) = Ci(t¥.0,t""1.0) (i=0,1,... .v~2)
in a neighborhood €y of t =0 in C,. From (8.9) and (8.7) we have

Li(,0) =t -2 o (t,0)=a} +af, 1t +af U+,
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where a}.a} ._,.... are constants. Since

v-2
£1.0) =Y ci(t.0)gi(t.0) (i=0.1,....0-2),
k=1

it follows that
v--2
e = S i D by + bt + o+ bt )
k=1
+ terms of order higher than v(v —2)+v - 1.

(i=01,....v-2) on e,

Consequently.
v-2 v=-2 v- 2
t = Y aibo+td ajbia oty apbrsoa,
k= k=1 k=1
{(i=0.1....,v-2) one.
so that
a} a - al, bio by o0 bry-2
a a; - el bo by o bay-2
. . . . =E,
a;_z av-2 te a:::‘; bll—2.0 b, -2.1 bu Q-2

where E,_, is the (v — 1.v — 1) identity matrix. Since (a;.),v,j isa(v-1v-2)
matrix and (b;;):.; is a (v — 2.v — 1) matrix, such an equality is impossible. Thus,
Lemnma 8.4 is proved. D

For each integer v > 3 we let F{'(x1.x22.41,y2) (k = 1,2,3.4) denote the four
polynomnials in C*! defined above. Let a, (v = 1.2....) be a sequence of com-
plex numbers such that lin,_ « a, = oc. In C® with variables x,,r;. ¥y, y2, ya we
consider the analytic set of dimension 1 given by

Y: R=---=F/=0. y1=a,.

and we set £ = J)°, =, in C>. We consider the G-ideal G{£} in C*. Then G{Z}
has a locally finite pseudobase on all of C®. However, Lemma 8.4 implies that there
is no finitely generated O-ideal 7 on all of C* which is equivalent to the G-ideal
G{Z} at each point of C°.

REMARK 8.8. We see from the proof of Lemma 8.4 that (1) Fy =z} ?+1}isa
universal denominator of the 2-dimensional analytic set S in C* with Fy # 0 on S:
(2) the Z-ideal Z{F},S} is equivalent to the G-ideal G{X} at the origin O in C*:
and (3) G{Z} is equivalent to the O-ideal O{®} generated by &, (j =0.1.... .v-2)
at O in C'.

In fact, statements (2) and (3) follow immediately from the proof. To see (1),
let py = (z{.2%,y?,43) € S. The singular set 7 of S is contained in z; = 0. Since
SN {z, =0} = {(0,22,0.0) | 2 € C} and since F| # 0 at (0.x2) if z2 # 0, it
suffices to prove that. for any weakly holomorphic function f(p) at the origin O on
S. the function Fj- f is holomorphic at O on S. Since E=SN{F; =0}. F; - fisa
weakly holomorphic function at O on S which vanishes on X in a neighborhood of
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O. Under this condition we have shown that there exists a holomorphic function
F(xy.72.3, 1) in a neighborhood of O in C* such that F|s = F}- f|s. as desired.

8.4. Quantitative Estimates

In this section we extend Theorem 8.2 (extension theorem) and Theorem 8.4
(Problem C) to quantitative results with estimates (see Chapter I in Oka (52]).
Qur proofs will be done by a combination of Oka’s theorems (which have already
been proved) and the open mapping theorem in a Fréchet space. These theorems
with estimates will be applied to obtain a subglobal pseudobase of an @*-module
on a Stein space V which has a locally finite pseudobase at each point in V. In
addition. we will use these results in Chapter 9 to show that any analytic space
admitting a strictly pseudoconvex exhaustion function is a Stein space.

8.4.1. Open Mapping Theorem. Let £ be a vector space over C equipped
with a metric d(z, y) such that d(z, y) = d(x—y.0). where 0 denotes the zero vector
in £. Assume that:

(i) € has a fundamental system of convex and circled neighborhoods V,, (n =
1,2....) of 0 in €. Here circled means that AV, C V,, for any A € C with
Al € 1. (Note that V,, is not. in general, relatively compact).
(ii) € is complete with respect to the metric d(x,y).
(iii) For any a.3 € C, the mapping S : (z.y) € E x€ —ar+Py € € is
continuous.
(iv) For any r € £, ,.li'.‘; r/n=0.

Then we call £ a Fréchet space.
The following theorem will be useful in this section.

THEOREM 8.13 (Open mapping theorem). Let £, and £; be Fréchet spaces e-
quipped with metrics dy(x,y) and d;(u,v). Let ¢ : € — &, be a continuous linear
mapping from €, onto &,. Then  is an open mapping.

PROOF. (cf. (28]) From (iii) it suffices to verify that for any neighborhood
V of the zero vector 0 in £, ¢(V) is a neighborhood of the zero vector 0 in &,.
We first prove that for any neighborhood V of 0 in &, ¢(V) is a neighborhood
of 0 in &. To this end. using (i) we may assume that V is a convex and circled
neighborhood of 0 in £;. Set W = (V). By linearity of 7, V" is convex and circled
in &, s0 that W is a convex and circled closed set in £;. Since y is surjective, it
follows from (iv) that £2 = U, nW = U, nW. Since W (n = 1,2,...) is
closed in the complete metric space &;. it follows from the Baire category theorem
that for some integer n. ni’ contains an interior point ug in £. Thus we can find
a convex and circled neighborhood G of 0 in & such that ug + G € nW (r > ny).
Consequently. ug/n + G/n ¢ W. In particular, uy/n C W, so that —ug/n c W.
Since W is convex, we have

G _1[ wy, (o, S\ . w
2n—2{( n)+(n +n)}CH,
which proves W is a neighborhood of 0 in &;.
Let V' be any convex and circled neighborhood of 0 in £;. We now show that

¢(V) € ¢(2V). Using (i) and (iv), we can find a sequence of convex and circled
neighborhoods V; (j = 1,2,...) of 0 in £, such that V; C {z € &, | di(,0) < 1/27}
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(j=12...).2V, CcV.and 2V, C V, (j = 1.2....). Let yy € (V). Since
v(V)) was shown to be a neighborhood of 0 in &;. there exist z, € V and y, € (V)
such that yy —y1 = (z¢). In a similar manner, we can find r, € V; and y. € p(V2)

such that y; — y2 = »(x1). We inductively choose a sequence of points r,, € V,
and y,, € ¢(V,,) (n = 1.2....) such that y, — yn.1 = £(r,) (n = 1.2,...). Since

V., — 0 as n — 0, it follows that 2(V,) and hence (V;) — 0 as n — . so
that lim, .xcyn = 0. f weset a, = zp+x1 + -+ zp (n = 1,2,...), we see
from d(z,.0) < 1/2" that {a,}, is a Cauchy sequence in &), so that the limit
a=lim,_x a, exists in £,. Sincea, eV+WV+---+V,C2V (n=1.2,...), we
have a € 2V. Also, y(a) = limin—x #(@n) = lima..xc((yo = 41) + - + (¥n = Yn+1))
= lim,—x (%0 = Yn) = Yo. so that (V) C ¢(2V)

For any convex and circled neighborhood V of 0 in &), ¢(2V) is a neighborhood
of the origin 0 in £. The collection of these sets 2V is a fundamental neighborhood
system of 0 in &, proving Theorem 8.13. 0

Let V be an analytic space and let U C V be a domain. Let A > 1 be an
integer and let O*(U) denote the set of all holomorphic vector-valued functions
f@) = (fi(p).....fr(p)) of rank A on U. Thus, O*(U) is a vector space over C.
In case A = 1, we write O'(U) = O(U).

Let U; (j = 1.2....) be a sequence of domains in U such that

UycclUj., (j=1.2...), U=IlimU,.

J—x
For any f(p) € OXU). we set
m;(f) = sup e G=12...).
peL,

so that m;(f) < m;.1(f) < 0. In general, we can have lim,_. m;(f) = +>. For
f(p). 9(p) € O(U). we define

Mfa<S L _mUf-9)
d(f-y)“§211+;n,(f~9) <t

Since h(r) := r/(1 + r) is a concave increasing function on [0, >) with h(0) = 0,
it follows that d*(f.g) is a metric on O*(U) with d*(f.g) = d*(f — 9.0). We call
d*(f,g) the canonical metric on O*(U') (relative to {U;},). We shall prove that
O U) is a Fréchet space with respect to this metric d*(f.g). Indeed. let fa(p)
(n=1.2....) and f(p) belong to O*(U). Then we see that lim, .~ d*(f».f) =0
if and only if lim,— fn(p) = f(p) uniformly on any compact K cC U. We thus
see that conditions (ii). (iii). and (iv) are satisfied. For condition (i) it suffices to
set

V; ={f(p) € OMNU) Im;(f) < 1/j} (j=1.2...)
We have the following proposition.

PROPOSITION 8.2. Let M > 0. Then there exists K with 0 < K < 1 such that
if 1 f(p)| < M on U then d*(f.0) < K. Conversely. fixr K with0 < K < 1. Then
there ezists an Al > 0 such that d*(f.0) < K implies ||f(p)|| < M on Uj.
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PROOF. To prove the first assertion. take K = Af/(M +1) < 1. For the second
one, since

mf) 1 mi(f) _ m(f)
k2 Z2ll+m,(f) §211+m.(f)‘1+m,(f)’
we can take M = K/(1- RK)>0. 0

8.4.2. Quantitative Estimates in the Existence Theorem. Let V be an
analytic space of dimension n and let P be a (closed) analytic polyhedron in V
with defining functions on D : P CC D C V. Let ¥ be a normal model of P in the
closed unit polydisk A ¢ C™ and let

Q:pE'P—*Z=(:|,--- vzm)=(¢|(p)"" “;m(p))ez

denote the normalization mapping of P into C™: here each j(p) (j = 1.2....) is
a holomorphic function on D. We let P° and A denote the interiors of P in V and
of A in C™.

The following theorem, which will be proved without using the theory of Fréchet
spaces. is an essential ingredient in proving the main theorems in this section.

THEOREM 8.14 (Interior extension theorem). Let f(p) be a holomorphic func-
tion on P°. There exists a holomorphic function F(z) on A with

f(p) = F(®(p)). peP°.

PROOF. Choose 7, 0 < 7. < 1 (k = 1,2,...). such that r, < 74y (k =
1,2,...) and limp . . = 1. For each k =1,2...., set

Ap:lzjl€re (j=1....m). Zx=EnA,

Let P = ®~!(Zx) CC P°. Choose ex. 0 < ex < 1. so that 3%, «x < . We
would like to construct a sequence of holomorphic functions Fi(z) on A, (k =
2,...) such that, for each k =1.2,...,

f(p) = Fi(®(p)). pE€ P

_ (8.11)
|Fre1(2z) = Fi(2)] < . 2 € A

for then F(2) = limx_ Fik(z) converges uniformly on any compact K CC P°
and F(z) satisfies F(®(p)) = f(p). p € P°. We construct such a sequence Fi(z)
(k=1,2,...) on Pj satisfying condition (8.11) by induction.

By Theorem 8.2, there exists a holomorphic function Fy(z) on A, such that
f(p) = FA(®(p)) on P;. Fix k > 1 and assume that we have constructed holo-
morphic functions Fj(z) on A; (j = l.....k) such that F;(®(p)) = f(p) on
PG = . ,k) and 1F]+1(7-) Fj(z)] < ¢ on AJ (G=1....k=-1). By
Theorem 8 2 there exists a holomorphic function h‘l(z) on Ak+] such that
f(p) = Fis1(®(P)) on Pi,). Consider the G-ideal G{Ei41} on Aiyy. Since
G{Zk+1} has a locally finite pseudobase at each point of Ay, it follows from
Theorem 8.6 (Problem E for a closed polydisk) that there exist a finite number of
holomorphic functions Gy(z) (! = 1.....s) on A4 such that the O-ideal J{G}
generated by Gi(z) (I = 1,...,8) on Ax., is equivalent to G{Zy4+1} on Ay4r.
Since Fy4+1(z) — Fx(z) = 0 on I, it follows that Fi,i(z) — Fi(z) € G{Ex} on
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Ay. By Theorem 8.4 (Problem Cl_ for a closed polvdisk). there exist s holomorphic
functions a;(z) (! = 1.....s8) on Ay such that

Fia1(2) = Fi(2) = a1(2)Gi(3) + -+ + 8u(2)Gu(z). = € Ay

Since the pair of polydisks (Ay. Ak~ ) satisfies Runge’s theorem. we can find a
holomorphic function a;(z) (I = 1.....s) on Ai., such that

lay(z) = @i(z)] < € I=1.....5). €A
where 0 < ¢, < tk/[ max {1G1(2)] + - + |Ga(2)]})- If we set
-1

Fiar(2) = Fin(3) + a1 (2)G1(2) + -+ + a,(2)Ga(3). 2 € Apey.

then Fi.(z) is a holomorphic function on Ay, with Fi.,(®(p)) = f (p) for p €
Prer and |Fiy1(2) = Fu(2)] < T2 lau(z) = @au(2)liGi(2)| < ex for = € Ay. Thus
we have inductively constructed Fi(z) (k = 1.2....) on A; satisfving condition
(8.11). a

Using the same notation P. A. P°. A X, Pi. Ay and ZTi. recall that Ay :
lz;} < r, (J = 1.....m) and we thus have Ay CC Ay (K = 1,2,...) and
A = limy .« Aix. We consider the set O(A) of all holomorphic functions F(z) on
A. By the method mentioned in the previous section. the vector space O(A) with
the canonical metric d; (F, G) relative to { Ay}« becomes a Fréchet space. Similarly.
using P; cC Pg,, (k=1,2....) and P° = lim,, .. P;. we consider the Fréchet
space O(P°) of all holomorphic functions f(p) on P° with the canonical metric
d»(f. g) relative to {Pp}+.

Consider the following linear mapping ¢ from O(A) to O(P°):

v: F(z) = f(p) = F(®(p)), peP.

Since the topology for O(A) and for O(P°) is uniform convergence on each compact
set in A and in P°. it follows that  is a continuous mapping on O(A). By Theoremn
8.14. > is surjective. Thus. the open mapping theorem can be applied to

We have the following theorem.

THEOREM 8.15 (Extension theorem with estimates). There erists a constant
K > 0 such that for any f(p) € O(P°). there exists F(z) € O(A) with

F(¢(p)) flp). peP.
max{|F(z)[} < KA max{if(p)I}.

IA

PROOF. It suffices to prove the existence of such a constant K > 0 for f(p) €
O(P°) with rggx{]j(p)l} <1. Fix0 < p < 1andlet B, = {F(z) € O(4) |
p >

d\(F.0) < p} and M, = p/(1 — p) > 0. which satisfies Proposition 8.2. By the

open mapping theorem, (B,) contains a neighborhood A4, := {f(p) € O(P°) |

d»(f.0) < n} of the origin O in O(P°). Take f(p) € O(P°) with 1g%x{|f(p)}} <l
f 433

Since nf(p) € A, there exists Fy(z) € O(A) with d)(F.0) < p such that Fy(®(p))
= 1f(p), p € P°. By Proposition 8.2 we have [Fy(2)| < M, := p/(1 — p) on U;. If
we define F(z) = Fy(z)/non A, then F(®(p)) = f(p).p€ P° and |F(z)| < M,,/n
on Uy. Thus K := A, /n > 0 satisfies the conclusion of the thearemn.
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8.4.3. Completeness. Using the previous theorem we can extend the com-
pleteness theorem (Theorem 7.6) for O*-modules in a domain in C" to the case
of an analytic space V. Let V be an analytic space of dimension n. Let W C V
be a domain and let F;(p) (j = 1.... .r) be v holomorphic vector-valued func-
tions of rank A on W. We let 7*{F} denote the O*-module generated by F;(p)
G=1.....v)on W.

We have the following result.

ProprosITION 8.3. J*{F} is complete in the topology of uniform convergence
on compact sets in W.

To be precise, completeness in this sense means the following. Let fi(p) (i =
1.2....) be a sequence of holomorphic vector-valued functions of rank A on the
common domain U C W. Assume that (1) lim;.. fi(p) = f(p) is uniformly
convergent on any K CC U. and (2) each f,(p) (i = 1.2....) belongs to J*{F} at
each point of U/. Then f(p) belongs to J*{F} at each point of I;.

PROOF. Let py € U. We can take a sufficiently sinall analytic polyhedron P
in a domain D C U such that py € P° (Corollary 8.1). Fix a normal model £ of P
in the closed unit polydisk A in C",

<[>:pe‘P—-z =(‘r‘:l(p)e‘-~ -*r:m(p))ez'

where each p,(p) (j = 1.... .m) is a holomorphic function on D. We take holo-
morphic extensions F 3(2) (j =1....,v) of Fj(p) on A; thus F, 3(®(p)) = Fy(p) in
P. Fix a closed pol\disk A, cc A such that P; = & 1(ENA,) contains the
point py. Since lim,_.« f.(p) = f(p) uniformly on P. there exists Af > 0 such that
Ifi(p)ll < M (i =1.2....) on P. By Theorem 8.15. for each i = 1,2,..., there
exists a holomorphic extension fi(2) in A such that

filp) = fi(®(p)). peP°
Wil < KM (i=12...). z€A,.

where K > 0 is a constant independent of i = 1,2..... Thus, { fi(:)}; is a normal
family on A;. Let § CC A, be a neighborhood of the point z5 = ®(py). Then

there exists a subsequence {f,, (z)}« of {f.(z)}; which converges uniformly on &,

say f(z) = limg—x f,,, (z) on 8, so that f(z) is a holomorphic vector-valued function
of rank A on § satisfving f(®(p)) = f(p) for p€ ®-1(Z N 4).

Recall the holomorphic vector-valued functions v (2) (K = 1.... A 1 =
1,....8) of rank A on A which were constructed using the pseudobase Gi(z) (I =
1....,s) of the G-ideal G{£} on A defined by (8.3). Let J*{F. ¥} denote the O*-
module generated by ﬁ}(:) G=1....v)and v(z) (k=1.... A l=1,....8)
on A. Since fi(p) € J*F} (i = 1.2....) at each point of P. it follows that
fi(z) € JMF,¥} (i = 1,2,...) at each point of A. Since limy, fiu(2) = f(2)
uniformly on 4, it follows from Theorem 7.6 that f(z) € J*{F. ¥} at each point of
é. Since f(@(p)) = f(p) on v := ®~!'(X£ N §). which is a neighborhood of the point
po in W. we see that f(p) € J*{F} at each point of 1-. m]

Using this completeness result, we generalize Lemma 8.3.
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LEMMA 8.5. Let V be a Stein space and let J* be an O*-module on V which has
a locally finite pseudobase at each point in V. Let P be an analytic polyhedron in V
with defining functions on V and let f(p) be a holomorphic vector-valued function
of rank A on P such that f(p) € J* at each point of P. Given ¢ > 0, there ezists
a holomorphic vector-valued function F(p) of rank A on V such that

1. F(p) € J* at each point in V. and
2. {[F(p) - f(p)l{ <€ for each p€ P.

PROOF. Let P; (j = 1.2....) be a sequence of analytic polyhedra in V with
defining functions on V such that P cC P;. P, CC P),, (j = 1.2....). and
V = lim,_ 5 P;. Choose ¢, >0 (k= 1,2,...) such that E;, ¢ < €. By Theorem
8.6 (Problem FE), there exist a finite number of holomorphic vector-valued functions
¥j(p) (J = 1.....s) of rank A defined in a neighborhood U of P, such that the
O*-module J*{;} generated by ¢;(p) (j = 1.... .s) on P, is equivalent to J* on
Pi.

Using Theorem 8.6. we can find a holomorphic vector-valued function a(p) =
(a1(p). ... .a,{p)) of rank s on P such that

f(p) = ar(p)r(p) + -« + a,(p)v.(p). PEP.

Since the pair (P, P,) satisfies Runge’s theorem (Lemma 8.2). there exists a holo-
morphic vector-valued function A(p) = (A;(p).... .- +(p)) of rank s on P, such
that

14(p) - a(@)|| < €} forpeP.
where 0 < €} < &1/(l1llp, + -« + I sllp, ). If we set

Fi(p) = Ai(p)ar1(p) + - + Au(P)vs(P). P E P,

then Fy(p) is a holomorphic vector-valued function of rank A on P, such that
Fi(p) € J* at each point of P, and

IFi(p) = fFPN < & (r (P + -~ +liva(P)) < 1. pEP.

Similarly, there exists F3(p) of rank A on P, such that F»(p) € J* at each point
of P; and ||F2(p) — Fi(p)|| < €2 for p € P;. Thus. inductively we construct a
vector-valued function F,(p) (j = 1.2....) of rank A on P, such that F;(p) € J*
at each point of P; and ||F;(p) — F;-1(p)|| < ¢; on P,_,. where Fo(p) = f(p)
and Py = P. It follows that F(p) := lim;_.x F;(p) converges uniformly on any
compact set in V. Thus. F(p) is a holomorphic vector-valued function of rank A
on V which belongs to J* at each point of V by Proposition 8.3. We also have
IF®) — f@H < 32, i1F () = Fa(p)ll < 32, ¢; < ¢ on P, which proves the
lemma. a

8.4.4. Quantitative Estimates for Problem C,. We return to the situa-
tion in 8.4.2. Let V be an analytic space and let P be an analytic polyhedron in
V with defining functions on D. P CC D C V. Let P° denote the interior of P in
V. We let O*(P°) and O¥(P°) denote the spaces of all holomorphic vector-valued
functions on P° of rank X and v. Let F; (j = 1.... .v) be v holomorphic vector-
valued functions of rank A on the closed analytic polyhedron P and let J*{F} be
the O*-inodule generated by F, (j =1.... .v) on P.

We have the following theorem.
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THEOREM 8.16 (Estimates for Problem C). Let U CC P°. Then there exists
a constant K > 0 such that for any H(p) € O*(P°) with H(p) € J*{F} at each
point in P°, there exists A(p) = (Ai(p).....A.(p)) € OY(P°) such that

H(p) = Ai(p)Fi(p) +--- + Au(P)F.(p). pEP°,
max {||A(p)Il} < K max {||H(p)I|}.
pel pEP

PRroOOF. Let U; (j = 1,2....) be a sequence of domains in P° such that U = U},
U, €C Uj (J = 1.2....). and P° = lim; . U;. We let d*(f.g) and d*(f.g)
denote the canonical distances with respect to {U;}, on O*(P°) and on O¥(P°).
Then O*(P°) and O¥(P°) are Fréchet spaces with respect to d*(f,g) and d”(f.g).
We let F denote the set of all holomorphic vector-valued functions f(p) of rank A
on P° such that f(p) € J*{F} at each point of P°; thus F is a linear subspace of
O*(P°). By Proposition 8.3, F is complete with respect to the metric d*(f.g). so
that F is a Fréchet space.

Next we consider the continuous linear mapping ¢ from O¥(P°) to F given by

¢ : A(p) = (A1(p)...- . Au(p)) = H(p) = A\(p)Fr(p) + - -- + A.(p)F.(p)-

By Theorem 8.11,  is surjective. Thus, the open mapping theorem can be applied
to .

We fix p, 0 < p < 1. and let §, = {A(p) € O"(P°) | d“(A.0) < p}. By
Proposition 8.2, there exists Af, > 0 such that ||A(p)|| < M, on U for all A(p) € 4,.
Since *(8,) is an open neighborhood of the zero vector in F. there exists 1, 0 <
n < 1. such that V, = {H(p) € F | ||[H(p)l| < n} C #(8,). We show that K :=
M,/n > 0 satisfies the conclusion of the theorem. To prove this, we may assume
that H(p) satisfies ||H(p)|| < 1 on P°. We then have d*(nH,0) < n/(1 +1n) < 7,
so that we can find A(p) = (A\(p).....A.(p)) € , such that z(A) = nH on P°.
Consequently,

HE = 2R+ + 2R, pep

HA)/nll < Mp/n=K. pel.
which proves the theorem. 0

8.4.5. Applications of Quantitative Estimates. We give some applica-
tions of Theorem 8.16 (Problem C) with quantitative estimates) concerning the
existence of a subglobal normal model of a Stein space V and of a subglobal pseu-
dobase of an O*-module on V' having a locally finite pseudobase at each point in
V.

1. Subglobal normal model

Let V be an analytic space. Let P be an analytic polyhedron in V with defining
functions on all of V. We showed that P has a normal mnodel ¥ in a polydisk &
in C™ via the mapping ® : p € P — z = ®(p) = (¢(p1).... .2m(p)) € L. where
w;(p) ( = 1,... .m) is a holomorphic function in a domain G in V. In general.
we cannot assume that >;(p) is holomorphic on all of V. However. if V is a Stein
space, this is possible.

Let V be an analytic space of dimension n. Let P : |¢;(p)| < 1(j = 1.... .m) be
an analytic polyhedron in V where p;(p) (j = 1.... .m) is a holomorphic function
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on a domain G with P CC G C V such that
$:2z;=9ij(p)(i=1.....m). peP.

is a normal model & = ®(p) in the closed unit polydisk A in C™.
Let 0 <a<1and 0 < c¢ <1 Let ¥;(p) (j = 1,...,m) be holomorphic
functions in a domain G, P CC G, C G. such that

lpi(p) - ¥,(P)l<e. peP. (8.12)
If ¢ > 0 is sufficiently small relative to a. then the set
P ={peCG|ip|<l-a j=1,.,m}
is an analytic polyhedron in V such that P* CC P°. We consider the iinage
Trwy=yip) J=1,....m), peP*
in the polydisk A" : |w;} < 1 — a in C?", and we set
V:peP —ww=¥p)=(1(p).....um(p)) €L".

We obtain the following stability result concerning the normal model.

LEMLB_\. 8.6. For sufficiently small € > 0, £° (as well as £ in A) is a normal
model in A .

PROOF. Take a polydisk A, CC A such that P* cC Q’EEHKI ). By Theorem
8.15 and (8.12), there exist a constant K > 0 (depending on A;) and a holomorphic
function Fj(z) (j = 1.... .m) in A such that

F;(#(p)) = v,(p)-v;p). peP.
IFi(z)] € Ke. z€A,. (8.13)

We consider the following analytic mapping from A into CJ':
T: wy=z;+F;(2) (7=1.....m).

For ¢ > 0 sufficiently small, it follows from (8.13) that T is injective on A, with
A’ C T(A)). and T(®(p)) = ¥(p) on P*; i.e., T(T) |r-1(zy= .

Now let f(p) be a weakly holomorphic function at a point py on £*. We set
Po = T~'(py) and f = foT, which is a weakly holomorphic function at the point o
on X. Since ¥ is normal at py, on X, we can find a holomorphic function F(z) in a
neighborhood 6 of f in A such that F |gns= f [£ns. If we set H(w) = F(T~!(w))
for w € 6° := T(6) (so that 6° is a neighborhood of py in A°), then H(w) is a

holomorphic function on 6* with H |y-ns-= F |gns= f {zrs= f |z-ns-. Thus, f(p)
is holomorphic at the point py. Therefore, £° is a normal model of P* in A". O

This result, combined with Runge’s theorem in a Stein space, vields the follow-
ing theorem.

THEOREM 8.17 (Subglobal normalization). Let V be a Stein space and let P
be an analytic polyhedron in V with defining functions on all of V. Then P has a
normal model T : w; = ¥j(p) (j = 1.... .p) in a polydisk A in C*, where v,(p)
(7 =1,....u) is a holomorphic function on V.
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PROOF. By Theorem 8.1, P has a normal model £ : z; = pj(p) (j = 1,... ,m).
p € P in the closed unit polydisk A" in C™, where @;(p) (j = l.....m) are
holomorphic functions in a domain G, P CC G C V. By taking a smaller domain, if
necessary, we can take 7 > 0 sufficiently small so that, if we set P, : |2;(p)| < 1+1n
(j=1,...,m),then PCcC P, cCcGand X, : 2; = pj(p) j =1,....m) is a
normal model of P, in &, : |zj| < 1+ 7 (j = 1,... .m). Fix ¢ > 0. Since the
pair (P,,V) satisfies Runge's theorem (Corollary 8.2). we can find a holomorphic
function ¥;(p) (j = 1,...m) on V such that

l¥,(p) — #5(p) <€ on P,
If ¢ > 0 is sufficiently small, then P* : |v;(p)l < 1+1/2 (j = 1,...,m) is an
analytic polyhedron in G with P C P*. Furthermore. Lemma 8.6 implies that
' w; = ¢(p) (j = 1,...,m) is a normal model of P* in the polydisk A, :=
|w, €1+ n/2 (j =1.....m) in C. The theorem is proved by setting

£ w; =v;(p) J=1,...,m)
in the polydisk A,/; in C™. a
2. Subglobal finite pseudobase

Let V be an analytic space and let 7> be an @*-module on V. We say that J*
has a subglobal finite pseudobase in V if J* satisfies the following condition.
Let E be an arbitrary compact set in V. Then there exist a finite number of
holomorphic vector-valued functions Fi.(p) (k = 1.... ,v) of rank A on V such that:

1. Each Fi(p) (k =1,... ,v) belongs to 7> at each point of V.

2. J? is generated by Fi(p) (k = 1.....v) on E, ie.. if we let J*{F} denote

the O*-module generated by Fi.(p) (k = 1,... .v), then J*{F} is equivalent
to J* on E.

Then we have the following theorem.

THEOREM 8.18. Let V be a Stein space and let J» be an O*-module on V which
has a locally finite pseudobase at each point in V. Then J> has a subglobal finite
pseudobase in V.

To prove this we prove the following lemma on the stability of a pseudobase.

LEMMA 8.7. Let P be a closed analytic polyhedron in V with defining functions
in a domain U C V. Let Fi(p) (j = 1.....v) be a holomorphic vector-valued
function of rank A on P and let J*{F} denote the O*-module generated by Fj(p)
(j=1....v) onP. Lete > 0 and let F;(p) (j = 1,....v) be a holomorphic
vector-valued function of rank A on P such that F;(p) € J*{F} at each point of P
and

IF(B) - Fy@li<e (i=1...,0) for peP. (8.14)
Then for € > 0 sufficiently small, the O*-module J*{F*} generated by F*(p) (j =
1,... .v) is equivalent to J*{F} on P.

PROOF. Let P : |gj(p)l < 1 (j = 1,...,m) with P cC U, where v;(p)
(j = 1,...,m) is a holomorphic function on U. We take n > 0 sufficiently small
so that P, CC U, where P, : |p;(p){ < 1+ 17 (j = 1,... ,m) and F}(p) € J*{F}
(j = 1....,v) at each point of P,. By Theorem 8.4. there exists a holomorphic
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vector-valued function AV} (p) = (A(,’)(p).. e AL"(p)) (j=1.....m)of rank v on
P, such that, for j =1.,... .v,

F;(p) - F;(p) = AV (D)Fi(p) + --- + AV (p)F.(p). pEP,.

We may assume that each AY)(p) on P, satisfies ||[A")(p)|| < A'c on P for some
constant K > 0 (depending on P, and P CC P; but not on ¢) by Theorem 8.16
and (8.14). Therefore, by taking a smaller ¢ > 0 if necessary. we can write Fj(p)
(j=1,....v) in the form

E(p) = BY'®F @+ +1+B (p)F;(p)+---+ B (p)F;(p)

=1,....v), pewP.

where each B,(‘j )(p) (j,k = 1,... .v) is a uniformly small holomorphic function on
P. 1t follows that J*{F"} is equivalent to J*{F} on P. 0O

PROOF OF THEOREM 8.18. Let E CC V be given. Ve take an analytic poly-
hedron P in V with defining functions on V such that £ cC P°. By Theorem
8.6, we can find a finite number of holomorphic vector-valued functions Fj(p)
(j = 1,....v) of rank X on P such that the ®*-module J*{F} generated by
the Fi(p) (j = 1,...,v) is equivalent to J* on P. Given ¢ > 0, by Lemma 8.5
we can find a holomorphic vector-valued function F;(p) (j = 1.... .v) of rank A
on V such that F}(p) € J?* at each point of P and lF} (p) - F5(p)l] < € on P.
By Lemma 8.7, for sufficiently small € > 0, the O*-module J*{F"} generated by
F;(®) (j =1,...,v) on V is equivalent to J*F} on P. 1t follows that J* has a
subglobal finite pseudobase in V. 0O

3. Representation of meromorphic functions

Let V be a Stein space and let g(p) be a meromorphic function on V. To be
precise, g(p) is a single-valued holomorphic function on V except for at most an
analytic hypersurface ¥: and, at any point ¢ € V. there exist two holomorphic
functions hq(p) and kq(p) on a neighborhood 8, of ¢ in V such that he(p) and
kq(p) are relatively prime on J, and g(p) = hg(p)/kq(p) on &,. To be precise. this
means that for ¢,,g2 € V with §;, N4, # 0. hy, (p) (kq, (p)) has the same zero set,
counted with multiplicity. as kg, (p) (kq,(p)) in the sense that both kg, (p)/he,(p) and
kq, (p)/kq,(p) can be holomorphically extended to non-zero holomorphic functions
on &, N4&,,. Hence the data determined by the denominators {(kq(p).d8;)}qev
defines a Cousin II distribution C on V. If the distribution C adinits a solution
K(p) of the Cousin 1I problem on V. then H(p) = K(p) - g(p) is a single-valued
holomorphic function on V. It follows that g(p) = H(p)/K(p) on V, where H(p)
and K(p) are relatively prime at each point in V (i.e.. this is a solution of the
Poincaré problem for g(p)). As shown in Chapter 3. the Cousin II problem cannot
always be solved, even in a product domain in C?. However, using Theorem 8.18
regarding O-ideals, we have the following theorem.

THEOREM 8.19. Any meromorphic function g(p) on a Stein space V can be
represented in the form g(p) = H(p)/K(p) on V, where H(p) and K(p) are holo-
morphic functions on V (which are not necessarily relatively prime at each point of
V)
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PROOF. We use the notation hy(p), ke(p), &, (g € V) associated with g(p). For
a fixed point g € V, we consider the O-ideal Z, generated by the function k,(p) on
0q. If 1,92 € V with &, N4y, # 0, then I,, and Z,, are equivalent on &,, N4y,
(since kg, (p) = (hq,(p)/hq, (P))kq, (P) On &y, N &,,, where hg,(p)/hq,(p) is & non-
zero holomorphic function on 8y, N d,,). Thus, the collection T of the the O-ideals
{Z4}4ev becomes an O-ideal on V which has a locally finite pseudobase (indeed,
one element) at each point in V. We let £ denote the zero set of the O-ideal Z on
V, i.e., I consists of the pole set together with the points of indeterminacy of g(p)
in V. If £ = 0, there is nothing to prove. If £ # @, then Theorem 8.18 implies
that there exists a holomorphic function K(p) on V such that K(p) # 0 on V and
K(p) € T at each point of V. Thus, K(p) = c¢(p) - k¢(p) near a point ¢ € V,
where c¢(p) is a holomorphic function in a neighborhood &, of ¢ (where c,(p) may
have zeros in &;). If we set H(p) = g(p) - K(p) on V, then H(p) is a single-valued
holomorphic function on V), so that g(p) = H(p)/K(p) on V. ]

8.5. Representation of a Stein space

In this section we show that a Stein space V of dimension n can be realized as
an analytic set in C?"*!, and as a distinguished ramified domain over C" (this will
be defined in 8.5.2). The results in this section are due to E. Bishop (3].

8.5.1. Distinguished Analytic Polyhedra. Let V be an analytic space of
dimension n and let U C V be a domain. Let P be an analytic polyhedron in
V whose defining functions are defined in U; i.e., there exist a finite number of
holomorphic functions ¢;(p) (j = 1,...,v) in U such that P consists of a finite
number of compact, connected components of the set U, := [;_,{p € U | |;(p)| <

1}. We consider the closed unit polydisk A in C¥,
A: |z <1(=1,...,v),
and the mapping

d:peP—z=(p(p)....0(p) €A

We set £ = ®(P), which is an analytic set in A with L C dA. Since P satisfies
the separation condition, P does not contain any compact analytic set of positive
dimension. Thus, v > n and ¥ is of dimension n. Moreover, for each z € £, ®~!(z)
consists of a finite number d of points in P, where d is the same for all z € ©
except perhaps for an analytic set of dimension at most n — 1. If v = n, we say
that P is a distinguished analytic polyhedron in V (whose defining functions
are defined on U). Then £ = A, and P is mapped in a one-to-one fashion onto a
finitely sheeted, ramified domain D over A without relative boundary.

By definition, at any point of the analytic space V, there exists a distinguished
analytic polyhedron neighborhood V of p in V.

We have the following proposition, which is of fundamental importance in this
section.

PROPOSITION 8.4. Let V be an analytic space of dimension n and let U C V
be a domain. Let P be an analytic polyhedron in V whose defining functions are
defined on U. Let K be a compact set in V such that K CC P° (the interior of P
in V) and let W be a domain in V such that P C W CC U. Then there ezists a
distinguished analytic polyhedron Q in V, whose defining functions are defined in
U, such that K CC Q°CC W.
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To prove this we need the following two lemmas.

LEMMA 8.8. Under the same notation as in Proposition 8.4, we write the an-
alytic polyhedron P as a finite union of compact, connected components of the set

U= (|t llps) < 1)

where @;(p) (j =1,...,v) i3 a nonconstant holomorphic function in U. We set
o={pelU|pn(p)=0}

which is an analytic hypersurface in U. Assume v > n+ 1. Then for anye > 0,

there exists a holomorphic function ¥;(p) (j =2,...,v) on U such that

(i) lpip) —¥ilp)l<e (i=2...,v) onW, and
(ii) for anya = (ay,...,ay,_1) € C*~}, the set

8o = {pe W\ald::':'—(lg)=ak (k=1,...,v—l)}

consists of at most a finite number of points in W.

Proor. We consider C**" with variables z;,...,2, and wy,... ,w,. Noting
that v > n + 1, we consider the following set in CV+":

‘Pk+l(p) (k = 1’ .

:zi=p; j=1,...,v), =— ..,n), peU\a;
z] ‘PJ(P) (J V) Wi ‘Pl(P) n) p \a

this is an n-dimensional analytic set in the domain D \ {z; = 0}, where
D={(z,w) €C"*":|z;| <1 (j =1,..,v), we C"}.?

By Theorem 2.3, there exists a coordinate system 2’ = (zi,...,z,w},...,w))
sufficiently close to the original coordinate system Z = (z,...,2,,wy,... ,wy)
such that I* satisfies the Weierstrass condition for (w},...,w/,) at each point of
L*; ie., the projection m, of £* onto C,y, .. . has the property that for any
a = (ay,...,a,) € C" the set 7!(a) is isolated in £*. Here, Z’' = AZ, where A is
a (v + n,v + n) matrix sufficiently close to the unit matrix E, . ,4n. This means
that if we set A = (8; ; + €i,)1,5, Where §; ; is the Kronecker delta and |¢; ;| << 1,
then the set of points p in U with

€ron1pi(p) + o+ Eunu(p) + (1+5u+l.u+l)%{,z,%

+ e+ Ey+n,u+nv_&t&? =@
(+) : 5
E1,v4+n¥1 (p) + .-+ E"-""‘"v"(p) + £y+|,u+n§{3
+ -+ (1 +€u+n.v+n)L;|t('i(P = On

is isolated in U. Therefore, if we define, for p € U,
¥;(p) := ¢;(p) + 1 (p) ka.vﬂ"ﬂk(P) + z€u+l.u+j¢l+1(1’) (G=2...,mn+1),
k=1 =1
¥i(p) :=pi(p) G=n+2,...,v),

. Mfweset T : z; = @j(p) (G =1,... ,¥), p1(P)wk = gx+1(P)(k =1,...,n), p€U, then
¥° ia an n-dimensional analytic set in D and is equal to the closure of £* in D.
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then [2;(p) — ¢;(P) < € (j = 2,... ,v) on W (for we can choose ¢; ; sufficiently
small relative to ¢ > 0). Equation (*) and the condition v —1 > n imply that, given
a = (aj.... .Gn,... ,a,-) € C"7!, the set of points p in U such that "V.:(‘;',” =
a, (j=1,....v—1) is isolated in U.

To prove Proposition 8.4, using Lemma 8.8 we may assume that for any (a2.... .

a,) € C*~'\ 0. the analytic set in U defined by
#,(p) .
L =a =2,.... 8.15
w1(p) » G Y ( )

has dimension 0.
Given a number r > 1 and an integer N > 1. we set

Fk(p) = (r“9| (p)).v - (r‘pk(p))N (k = 29 LR V)y
which is a holomorphic function on U/, and we set
E.xn={peU : |F@®)|<l (k=2.....v)}.
so that E, y is a closed subset of U defined by v — 1 holomorphic functions in U.

We have the following lemma.

LEMMA 8.9. Under the same notation as in Proposition 8.4, if r > 1 is suffi-
ciently close to 1 and N = N(r) > 1 is sufficiently large, then there exist a finite
number of connected components Q; of E, x whose union Q = |JQ; satisfies

Kcclccw (8.16)

where Q° denotes the interior of Q in V. Then Q is an analytic polyhedron in
U which satisfies condition (8.16) and is defined by v — 1 holomorphic functions
Fe(p) (k=2,....v) inU.

ProoF. We fix a domain V with smooth boundary 8V in W such that
PccVccw

Since K is a compact set in P?, we can choose r > 1 sufficiently close to 1 so that
[roi(p)l <1 (j =1....,v) on K. Therefore, there exists an integer Ny such that
K cc E? y (the interior of E, x) for all N > Ny. We let Q, » denote the smallest
union of connected components of E, »; which contains K. To prove the lemma, it
suffices to show that

Qr.~ CV for sufficiently large N. (8.17)

We prove this by contradiction; thus we assume there exist an infinite nuinber of
integers N > Nj such that Q. x ¢ V. For simplicity we write E, x = Ex and
Qr.~ = Qn. Forsuch N, since K C Q3 NP° and P C V, there exists a (connected)
real 1-dimensional arc 4 in (@x N V) \ P® which connects a point pj, € P to a
point p/y; € 8V.

Fix g € . Since ¢ € P°, we have |p;(g)| > 1 for some j (1 < j < v). Using the
fact that vy C Qu, it follows that

lrev (@I > Irg; (@)Y =12 7Y = 1> 82N
(for the last inequality is true if N = N(r) is sufficiently large). Since |Fi(q)| <
1(k=2,...,v), we obtain

_(=@\"|_ IR 1 1
: (?l(Q)) ‘- fro1(@))¥ s [rer (@ < SN (8.18)
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In particular, setting 6 = {p € U | |¢1]| < 1/2}. which contains o. we have g € U\
(for |p;(p)| > 1). We define

Qx = {t eC||1- t'\'l < 1/871‘.7\"}.

which consists of N mutually disjoint sets w;¥ (I =1,...,N) about each N*"-root
€f’ of unity. Fix k € {2,... ,v}. Then inequality (8.18) implies that %’f‘% € wi®

for some ! (1 <! < N). Since g € « is arbitrary and ’;—‘f(‘y) is connected, it follows
that gf(‘y) C wl¥ and ¢1(7) C U\ 4. where | depends only on v and k. By taking
a subsquence of such N, if necessary, we can assume that w;" approaches a point
t) with {t,| = 1 as N — oc. Consequently, there exist infinitely many connected
real 1-dimensional arcs yn (independent of k = 2,...,v) which connect a point
Py € OP and a point p; € IV in V' \ P° such that 2 (yy) — tx (k= 2.....v)
in C; as N — 0o. Thus we can find a continuum T in (V \ P%) N (U \ 6) which
connects a point of 3P and a point of 8V such that i—:‘([‘) =t (k=2.....v).
This contradicts (8.15), and (8.17) is proved. 0O

PROOF OF PROPOSITION 8.4. If we repeat Lemmas 8.8 and 8.9 (v — n) times,
then we obtain Proposition 8.4. @]

Using Proposition 8.4 we obtain the following proposition.

PROPOSITION 8.5. Let V be a Stein space. Then there erists a sequence of
distinguished analytic polyhedra P, (n = 1,2,...) in V whose defining functions
are defined in V and such that

PiCCPly (k=12..). V= lmPs (8.19)

PROOF. We first take a sequence of analytic polyhedra @ (k=1,2,...)inV
satisfying condition (8.19) whose defining functions are defined in V. By Proposition
8.4, there exists a distinguished analytic polyhedron R (k =1,2....) in V whose
defining functions are defined in Qx4 and such that Qx CC R CC Qi41. Since
each pair (Ri, Q7,,) and (Qk+1.V) satisfies the Runge theorem, we can find a
distinguished analytic polyhedron P, in V whose defining functions are defined
in V and such that Qi CC P CC Qi+1- Thus Py (A = 1,2,...) satisfies the
conclusion of the proposition. C

8.5.2. Distinguished Ramified Domains. Let D be a ramified domain over
C" and let 7 : D — C" be the projection map. If, for any compact set K in C*,
each connected component of 7#~}(K) is compact in D. then we say that D is a
distinguished ramified domain over C". It is clear that a distinguished ramified
domain D over C" is a Stein space if D satisfies the separation condition. Indeed.
from Theorem 9.3 in Chapter 9 we shall see that any distinguished ramified domain
is a Stein space. Conversely, we have the following theorem.

THEOREM 8.20. Let V be a Stein space of dimension n. Then V is holomor-
phically isomorphic to a distinguished ramified domain D over C".

PROOF. By Proposition 8.19 we can find a sequence of distinguished analytic
polyhedra Px. (k=0,1,...) in V such that

PiCCPiy (k=01..). V= lm P
—
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where each P, (k = 0.1....) can be described as a finite union of compact connected
components in V of the set

n pev|Hmi<t),

where ) )(p) (j = 1.... .n) is a nonconstant holomorphic function on V.
Choose €, >0 (k = 1.2,...) so that 3°;  ex < 1and px (k=1.2,...) so that
pr<p2<... and lim Pn = 2c. We set

My = jmax {l» (m(P)l | pePi}>0.
and we set c; = p, + Mo > 0. We can then choose an integer N such that
Ay
o (v )

since |:,9_(,-l)(p)l < 1 on the compact set Py in PJ.
Consequently. if for j = 1.... .n we define

W) =620 +ar (6®) " o,
then u-;l)(p) is a holomorphic function on V which satisfies

W0 - <a  (G=1....n) onPy

<€ (j=1,....,n) onPy,

Furthermore,
@)+ + P 2 on 8Py
To see this, let ¢ € 3P,. Then |¢§l)(q)| =1 for some j (1 < j < n). so that

@ 2 o (47@) "] - @2 - Mo=p

which proves the above inequality on P;.
We repeat the same procedure for wﬁn(p) (j = 1.....n) that we used for

(0)(p) (j = 1....,n) to obtain a holomorphic function t‘l‘;z)(p) (j=1,...,n)of
; N
the form w( J(p) +co (,e(.z)(p)) * such that

Iw(z’(p) “)(p)|<cg (j=1,....n) onPy,
2@+ + 2P 2 pe on 9P,.

We thus inductively obtain a sequence of holomorphic functions {t’)}k)(p) }e=0.1....
(4 =1,... .n) (where we set w“”(p) ;0)(p) (7 =1,... .n)) of the form ¢;k+l)(p)

= w(k)(p) + Cr+1 ( ok “)( )) -t ( = 1.....n) and such that

1w§"*"@>—¢"~"’(p>|<ek+, (G=1,...,n) onP

() + - + [ (P)]) > prs on 8Pyy1.
We define

H,(p) = ‘°’(p)+2< @) -9 ) G=1.....n) onV.
k=0
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Since this sum converges uniformly on each compact set in V, it follows that
Hi(p) (j = 1.....,n) is a holomorphic function on V. Moreover, if we fix p €
IP; (1=1,2,...), then we have

IHy(®)| + -+~ + |Ha(p)]
2 1@+ + o) - Y (E Wi (p) - u}“(p)l)

=1 \k==l
n x
2P —Z (Zflu-l) 2p—n.
Jj=1 \k=l
Thus
|H;(p)| 2 % —~1 forsome j(1<j<mn). (8.20)

where j depends on p € 9P;.
Consider the holomorphic mapping

b: peV—z=(H(p)).....H.(p)).

Then ® maps V bijectively onto a ramified domain D = ®(V) over C". We shall
show that D is a distinguished ramified domain over C".

To see this. let K be a compact set in C" and fix a polydisk Q : |z;| < R (j =
1,... .n) such that K CC Q. We choose an integer Iy > 1 such that p;,/n—1> R.
Then (8.20) implies that @~!'(K) NP, = @ for | > ly. Hence, each component K
of ®~'(K) in V is contained in P} or in P4y \ Py for some I > Iy (which depends
on K). Thus K is compact in V. Hence. D is a distinguished ramified domain over
CVI. D

8.5.3. Imbedding of a Stein Space. Any n-dimensional analytic set ¥ in
CV (N 2 n) can be regarded in a canonical manner as a Stein space V on which
the holomorphic functions correspond to the weakly holomorphic functions on %.
Conversely, any Stein space of dimension n can be represented as an n-dimensional
irreducible analytic set in CV, where N = 2n + 1.} We prove this by first using
Theorem 8.20 to prove the following theoremn.

THEOREM 8.21. Any Stein space V of dimension n can be mapped holomorphi-
cally onto an n-dimensional analytic set £ in C"*! in a one-to-one manner. except
perhaps for an at most (n — 1)-dimensional analytic set in V.

PROOF. Using Theorem 8.20, we can find n holomorphic functions ¢,(p) (j =
1.....n) on V such that the mapping

®:z;=0ip) (=1...,n), peV.

gives a bijection from V onto a distinguished ramified domain D over C". We let
« denote the projection from D onto C” and we write O for the origin in C". We
set

= 10) = {p.}i=12.. CD. (8.21)

10The imbedding of a Stein space was first studied by R. Remmert (see R. Narasimhan [36]).
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Let r, (k = 1,2....) be a sequence of positive numbers such that ry < ri4 (k=
1,2,...}) and limg._ . ri = 2. and consider the sequence of polydisks Ay in C*
defined as

Ak: [ <ne (G=1.... .t k=12....).

We set Wi = 7~!1(Ax) C V: in general, this set consists of an infinite number of
compact. connected components. We let W denote the connected component of
W which contains the point p;. Then Wi, N W} consists of a finite number of
connected components of Wy which includes Wi. We set H = Wiy N (Wi \ W)
and Ri = Wiy \ Wa. so that

Wi =W, UH,UR, and m(R)NA,=0.

We note that Wj. H; and the disjoint union W} U H; are analytic polyhedra
in V whose defining functions are defined in V. We also set #-}(Q) N W} =

{p‘(ik)}‘y:l.... A
Choose e, > 0(k =1.2,...) with 3", ex < 1and chooseay >3 (k=1,2....)
so that a;,; > a; and limg_.« ax = c. Since V satisfies the separation condition,

there exists a holomorphic function f;(p) on V such that

AE#AEY) =1 hi#)).
We set
my = min {/i(p}"") - AP | ij=1.... .11 i £ j} > 0.
Next we construct a holomorphic function f,(p) on V such that

L. |f2(p) — fi(p)l < ey min{1/2,m;/2} on W):
2. 1f2(P)|>01+P"€1§1‘>{{|f1(P)|} on Hj:

3. f(p) # £2007) (o= 1o by i £ ).

To do this. we fix positive numbers A and § with maxew, {|/1(p)|}+a1+1 < M
and 0 < 4 < 1. Since the union U} := W, UH, is an analytic polyhedron in V whose
defining functions are defined in V. it follows that the pair (U;.V) satisfies Runge's
theorem. Noting that W', and H, are closed sets in V such that W) N H, = 0. we
can find a holomorphic function f;(p) on V such that |f2(p) — fi(p)| < 6 on W)
and |f2(p) - M| < é on H,. Hence, |f2(p)| > maxyew, {|f1{p)I} + @\ on H,. By
taking d > 0 sufficiently small. we see that f,(p) satisfies conditions 1 and 2. Since
V satisfies the separation condition. we can find a holomorphic function k(p) on ¥V
such that k(p?)) # k(pf,”) (i.j = 1.... .ly: i # j). Hence. for ¢ > 0 sufficiently
small, fo(p) := fo(p) + ek(p) on V satisfies conditions 1. 2. and 3.

We inductively construct a sequence of holomorphic functions fi(p) (k =
1.2,...) on V and a sequence of positive numbers m;. (k =1.2,...),

mie = min {Ifu(pl") = SN i i=1... Lz i#j} >0

such that

1. |fee1(P) — fe(P)| < exmin{1/2.m,/2,... .myx/2} on Wi
2. | fre1(p)| > ax +;‘€"a-’.:{|fk(l’)|} on Hy:

3 fent ) # fnr @) (=1 e i £ ).
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We set
F(p) = fip) + Y _(furr(p) - fi(P). PEV.

k=1

Condition 1 implies that this sun converges uniformly on each compact set in V,
so that F(p) is a holomorphic function on V. On W4, (kK =1.2....), we have

IF(p) = fin S 3 i@ = LDl < Y eu<l. (8.22)

p=k+1 p=k+1
In particular,

[F®) 2 fksa(p)l =1 on Wier,
IF(p)] = 0k+£ﬁ!§{'fk(l’)l}—l on Hy. (8.23)

For k = 1.2..... we also have
\F*) - F(p™)|

2 £l = @ = (a1 (P = LB + 1 () — £u (85D
u=k

x

>my (1 - Zc,.) >0

=k
fori.j=1,... .0 i# j. It follows that
F(p) # F(p,) (i.j=0.1....:1#j). (8.24)
Now consider the folowing holomorphic mapping F from V into C"~! = C? x
C.:
F: p—(z1.... .20 w) = (01(p).... .0u(p). F(p)) € C™*!.

and set £ = F(V) in C"*!. Ve shall show that F and ¥ satisfy the conclusion of
the theorem.

To this end. using (8.24) and (8.21) it suffices to show that ¥ is an analytic set
in C"*!; ie., T is closed in C"~!. Equivalently, if we set

Lk = min { > loypl + sF(p)llpewM\wk} (k=1.2....),

j=1

then it suffices to show that limy_. Ly = +2c.

To see this. fix p € Rx. Then there exists j with 1 < j < n such that |o,(p)| >
;. Furthermore, (8.23) implies that |F(p)| > ax — 1 on Hj. Since Wi \ Wi =
R U Hi. it follows that Ly > min{ri,ax — 1} — +o0 as k — +2c. Hence, L is an
n-dimensional analytic set in C"*!. ]

REMARK 8.9. The analytic set £ = F(V) in C**! from the above proof has
the following property: Let M, = max {IF(p)I}. Tx = {juwl < My} C C.. and
PEW

Ac =B, x [ C C™1. Then TN A, = F(W5).
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Indeed, for each ! > k. we have, from (8.23) and condition 1 on the sequence

{fi}x.
IF(p)l > &+ max{|fi(p)l} =1 on Hi
> M +1> M.
Since 7~ '(Ax) \ Wi C ;S Hi. it follows that
min {|F(p)| | p€ 77 (Bx) \ Wi } > AL

which proves the remark.

We also obtain the following theorems.

THEOREM 8.22. Any Stein space V of dimension n is holomorphically isomor-
phic to an n-dimensional analytic set T in C2"*1,

Proor. We use Theorem 8.21 and maintain the notation from its proof. Let S
be the set of points p € V such that there exists at least one point ¢ € V with p £ ¢
and F(p) = F(q). The set S in V is an analytic set of dimension at most n — 1. To
see this, fix pp € S and let (z". w") = F(pp) € . Froin Theorem 8.21 there exist
only a finite number of points p, € V (j = 1.... .m) such that F(p;) = (z".1") and
P; # po- If we take a sinall neighborhood & of (z". u") in C™*!, then the open set
F~Y(6NX)in V consists of (m + 1) connected components v; C V (i =0.1.... .m)
such that p, € v;. Since o := J]_,[F(0) N F(v,)] is an analytic set in & whose
dimension is at most n — 1, the same is true of the analytic set 7 := F~!(g)Nry in
tp. Since 7 = S N1y, we have our desired conclusion.

We set ("1} = F(S). which is an analytic set of dimeusion at most n — 1 in
C"+1. We let S("~1! denote the family of (n — 1)-dimensional irredncible analytic
sets in S, say $"'!" = {S;},=12... We let S; denote the collection of S; such
that W NS, # @; this is a finite collection of sets. We inductively define Sy, (k =
1,2....) as the collection of all S, such that 1., NS, # 0. so that S; C Sk-, and
S-1 = limy_» Si. Note that each S is a finite collection of sets S;.

For the sake of convenience. we rename the collection of sets S; in S;:

Sk = {Sk..,}].-l.... e
here 0 <[ < x< and Sy, , = S, for j=1.... ..

On each S (k =1.2,...)., we fix a point p;k’ €Sk, "W (j=1.....0L) such
that p}“ = pﬁ“” (7 =1.....1;) and such that £'*~!! is nousingular at the point
F(p;k’). We consider all points q(f,' €V (s =1.2....) such that p;k’ # qﬁt’ and

F(P;H) = F(q;f:?). Since p;k) € Wi, it follows from Remark 8.9 that all points
qy‘,} are contained in Wy and hence there are only finitely many such points, say
gt e Wi (s=1.....8%"). where s!” < oc.

Let €4 >0 (k= 1.2,...) with €4 > €k, and 3= ,ex < 1. Since V satisfies the
separation condition. we can find a holomorphic function g,{(p) on V such that

gl(p‘(’»n’) #y.(qﬁ_‘_}) G=1.....Lis=1.... .s;“).

We set . .
. )
m= min {a®")-al)}>o0
J=1...0
il

=18
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We next construct a holomorphic function ¢,(p) on V such that
1. |g2(p) — 1(P)| < €@ min{l.m,/2} on W;:

2 @) £ G=1... dxs=1...5")
To do this, since V satisfies the separation condition. we first find a holomorplm
function h,(p) on V such that hg(p;g') # h»(q;{') G=1l....ass=1.....¢ * ) If

we set g2(p) = g1(p) 4 €ha(p) on V. then ga(p) satisfies conditions 1 and 2 provnded
¢ is sufliciently small.

We inductively obtain a sequence of holomorphic functions gx(p) (kK =1.2,...)
on V and a sequence of positive numbers my. (k = 1.2,...) such that

1. quﬂ(p) Jk(p)l < e min{l/2,m,/2,... .my/2}  on Wi
2 g @ A g ) U=l s =LY
3. mg., = min “g&-u(ﬁ, )-'QATI(Q‘k ")} >o.

1=l dey

s=1... ,n',"“'

Next we set
Gip) =gi()+ Y_ (k=1 (P) — (). pEV.
k=1

By condition 1. G, (p) is a holomorphic function on V. Furthermore, by condition
1 we have

IG(1)) - Glg)i)s

3 Ak
> o () - ol - Z(Iq,m( ) = g3 + 19u-1(0}) = g (g5

pn=k
x
2 my (1 - Z €.)>0 (8.25)

for all k. j.s. We consider the holomorphic mapping
Gi: peEV = (211 Ity u2)
= (o1(p)..-- . @u(p). F(p).Gi(p)) € C"~2,

and we let £, := G,(V). which is an n-dimensional analytic set in C"+2. Then
V and I, are in one-to-onc correspondence except perhaps for the analytic sets
S"=21 of dimension at most 7 — 2 in V. To see this, note that (8.25) implies p‘“ ¢
S (k=1,2,...: j=1.....0;). 50 that $'"~?' does not contain the 1rreduc1blc
component Sy ;. Since 3('"” = Uy, Sk, it follows that dim S™ % < n-2.

\We repeat the same procedure on S'"~?' as we performed on S'"~!' to obtain
a holomorphic function G2(p) on V such that the mapping

Ga: peEV — (2e-.. . Zpay, . wy)
= (o1(p).-.. .on(p). F(p).G1(p).Ga(p)) € C"*

gives a one-to-one correspondence between V and the analytic set £; = Gy(V) in
C*3 except perhaps for the analytic set S*~# in V which has dimension at most
n-3.

After n repetitions of this procedure. we finally achieve the conclusion of the
theorem. C
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For the next theorein concerning Stein manifolds we need the following lemma.
LEMMA 8.10. Let D be a domain in C* and let
G: ze€D—uw=(q(z).....gnat(z)) e C""

(where | > 1) be a holomorphic mapping from D into C"*'. For an integer i with
0 < i < n, we consider the following analytic set £ in D:

gicv={30el)]rank(%!(’;—:::"%f;—)) <i}‘

Assume that for any a € C"*!, the set G~ !(a) is either empty or is an isolated set
in D. Then dim £ <i.

PROOF. We set k = dim £ and we need to show that k& < i. Let p, be a

nonsingular point of £/*'. We may assume that D = A" : |3/ <1 (j=1.....n)
and £ = A* x {O} where A* := |z, < 1 (j = 1.....k) and O is the origin
in Co7% .. Weset g)le: = G,(z1.....2¢) (j = 1.....n+1). Since for any
z2=(21,... . 2%.0,...,0) = (2'.0,... .0) € €' we have
(... ~gn-l)) (3(G|~-~- -an-f))
rank{ ——— -] >rank{ ———M -~ .
( Oz.....z) /), Mzveenno2k) ).

it suffices to prove that 9(G,.... .Gy<1)/8(21.... .2) is of rank k at some point
2 € Ak,

We consider the holomorphic mapping
c : z' € Ak —w= (G[(Z'), o sc"n-'l(:,)) € C"+'

and set £ = G(A¥). For each a € C"*/, since the set G~ (a) is either empty or is an
isolated set in A", the same is true of G~!(a) in A*. Hence I is a k-dimensional
analytic set in a domain in C"~'. If we project T to a suitable k-dimensional
hyperplane L in C"* . say n: L — Land L: w; =0 (j = k+1.... .n +1), then
n(Z) is a ramified domain over C%, .. with branch set S of dimension at most
k ~ 1. Thus. det (8(G,,.... .G,,)/8(z1.... .z)) # 0 on AF for some (ji.... . ji).
which proves the result. a

We study the mapping
F: V= (z1,....20.w) = (01(p).... .00(p). F(p)) € C"*!

defined in the proof of Theorem 8.21 in the case when V is a complex manifold
of dimension n. By Remark 8.9. F in cach A satisfies the condition in Lemima
8.10. The contrapositive of the lemina yields the following fact: on an analytic set
o of dimension r (0 < r < n) in V, the matrix d(¢;..... on. F)[O(Cy.... .Cr) is of
rank at least r on o except for an analytic set ' C o of dimension r — 1. where
(¢1+- .. s¢n) are local coordinates on the complex manifold V.!!

Then we have the following imbedding theorem for Stein manifolds.

THEOREM 8.23. A Stein manifold V of dimension n is holomorphically isomor-
phic to an n-dimensional non-singular analytic set £ in C2"~!,

1By convention, an analytic sct of negative dimension is the empty set.
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PROOF. We maintain the notation used in the proof of Theorems 8.21 and
8.22. The proof is similar to that of Theorem 8.22; we add the rank condition to
the separation condition as follows.

We set 0,-1(p) = F(p}in V. For a =0,1.... .n ~ 1. we set
o} a(O[.-.. ‘OII‘()
ENM = »eV!rank(———'—-————) =a ).
¢ {l a(clw-' .’(ﬂ) p

and we let £ = C1[£¢'] denote the closure of é_'f,'" in V. Then £'*! is an analytic set
in V. We note by the definition of rank that £\” = £/*) and 9 ¢ U;';'o' E(a=
I,....n—1).sothat £ C U‘,:,(,é'((,k’. Lemma 8.10 implies that

d, :=dim€'“! < a. (8.26)
First step. There exists a holomorphic function o0,,.2(p) on V such that the
mapping
G: peV—(a.....on.wpw2) = (01(p).---  0u(p). Ou=1(p). On-2(p)) € cn?

from V into C"*? satisfies the following conditions:

(1) If we set £ = G(V). then V and X are one-to-one except for perhaps an
analytic set of dimension at most n — 2 in V.

(2) If we put. foreacha =0.1.... .n -1,
) O(O1.--. . One1. Ons2)
F = eV rauk( ) =a
o pevi ) ),

F = ClUR™M
then dim F® < a - 1.

To prove this. foreacha = 0, 1.... .n—~1. we begin by setting £ = |J;<, E;“'.

where E{™ (I =1.2....) is an irreducible component of £, We let £*"' denote

the collection of sets E}"’ such that ¥, N E}‘” # 0. where 1 is defined in the
proof of Theorem 8.21. This is a finite collection of sets. N

We inductively define £'**~" (k = 1.2....) to be the collection of sets E*'
such that Wy, N E'®' # 0 and E[™ ¢ £y, .. UEek Again, this is a finite
collection of sets. Thus. £'* = (Ji—, £'**)., and this is a disjoint union except for
analytic sets of dimension at most a — 1. For convenience. we rename the collection
of sets E;"' in £*4),

kY {a.k)
£ = {Et }i—-l.....m"""‘

where 0 < m'*¥ < x. ‘
We first take & = 1. In the proof of Theorem 8.22, we chose a point p}” €

S, NW G=1....)and ¢} € Si,nW, (f=1.... .h: s =1.....s"). Now

choose a point I;i"-“ € Ef"'" NWy (i=1,....m") foreacha =0.1.... ,n—1
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such that
PV #FY (=10 i= 1 mel),
AN # T (=l meN i #j),
8(01 NP 0”14)) X N
rank | —————~ =a (i=1.....m"").
(a(c,.....c,,) o ( )

Fix e, >0 (k=1.2,...) with & > €x41 and 35, € < 1. Since V satisfies the
separation condition, using Remark 8.7 we obtain a holomorphic function g, (p) on
V such that

aPM#a@)) G=lL...is=1L...s".

rank (a(oalzqonz:)gl)) L, =a+l (@a=0.1.....n=1li=1....,m*>"),

P,
We thus have

&(_o.ll .= det (6(0.‘.... quaegl)) £0 (i=1.... "nla.l)),
5

! a(()x"" !Cjn‘u)
where (i).... .i,) are a distinct numbers in (1.... .n) and (j1.... .jo=1) are a +1
distinct numbers in (1.... .n) which depend on 5{*!". We set

m= min  {la@") - (gl &} >o0.

a=0.1.....n-1

e=1.... .m("‘”

We next construct a holomorphic function g;(p) on V such that
L |91(p) - g2(p)| < exmin{l,m1/2} on W
2. if we set

8 = max {

sy e gt )

NOpys-- Oy 91 *'92))
det ( TR NS B S

fe

where (p). ... . uo) runsover all increasing a-tuples in (1.... .n+1): (i;.... .
ta+1) runs over all increasing (a + 1)-tuples in (1,... .n):a=0.1.... .n —
l: i=1.....m!®1, then we have §) < ¢; min{l.m,}:

3. 92(p§")) # 9g(q$:)) (v=12 j=1....l: s=1.... .s?)):

rank (3(05«]'0,12:)92)) o =a+1l (a=0.1,....n-Li=1_....m"?)

12

To do this, just as we constructed g, (p) on V, we construct a holomorphic function
h2(p) on V which satisfies condition 3. If we set g.(p) = g1(p) + eh2(p) on V, then
g2(p) satisfies conditions 1, 2. and 3 for sufficiently small ¢.

By condition 3 we have

(33 iqet).

~(a.2) Aey,... -Oi‘.-gz)) ) (0.2}
a i=det | —mm—— 0 =0.1.....n-li=1.....m' .
) (3(9'. e Graw1) ) #0 (a n—1:i m‘*-%)
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where (i,.... ,i,) is an increasing a-tuple in (1.... ,n+1) and (j;.... .Ju+1) is an
increasing (a + 1)-tuple in (1.... ,n) which depends on ﬁf“'z’ (a=01....n-
Li=1....,m®?) We set

. 2 23 (.2
my = min{ |g2(p{")) = g2(g2)1, 1a**') } > 0.
where j=1,... ,lp: s=1,... ,s;'l’: a=01,...,n=1;andi=1,... m2,

We inductively obtain a sequence of holomorphic functions gi(p) (k =1.2....)
on V and a sequence of positive numbers my (k =1,2,...) such that

1. |gk(p) — gk+1(P) < exmin{l,m,/2.... .mi/2} on Wi:

2. if we set
4 (ou,. - Ouns Gk — Gki1)
6™ = max det.( Bro_* Tha hs >0,
3((!;:"' tcin°l) ,3‘_"“ -
where (g).... .1, ) runs over all increasing a-tuplesin (1.... ,n+1); (iy,... .
ia+1) runs over all increasing (a + 1)-tuples in (1.... ,n)ia=0,1.... ,n—
1; i =1,... .m* then we have §'*) < ¢, min{l,m,.... .my};
. %)
3. gk,l(p;”)) #gkq(q;f;]) w=1... k+Lj=1....L:s=1...8").
a(ér.... -on¢lsgk*l))
rank ‘ =a+l
( a((h +Cn) pimey M
(@=0.1,....n—1; i=1,... .m0y,

4. by condition 3, if we set

aﬁa.k*-” .= det (8(;zlc"" 1¢!2'gk1)~1)) #0 (i =1.... .m(ﬂ‘kvi)),
e 2 Clasy Sta.k4y

where (i).... .i,) is some increasing a-tuple in (1.... .n + 1) and (ji.... .
Ja+1) is some increasing (a+1)-tuplein (1.... , n) which depends on ﬁ{“‘k*' "

then

. k+1 k+1 ~{a.k+1
Mgy 2= min {lges1 (P} ) — g (gl 18V} > 0,

where j = 1.... les s = 1,..., ) a=01....n=-1land i =
1.... ,miak+1)

We define

¢
Gi(p) = 91(P) + ) _(9u-1(P) — 9u(P)), PEV.
n=1
Then condition 1 implies that G,(p) is a holomorphic function on V. As already

shown in the proof of Theorein 8.22, we have

Gi(p") # Gi(gY) forall k.j.s. (8.27)
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Furthermore, for any point 5>,

@iy .- .o.‘_,G|))
d
et( 3((_)'1"“ ’CJ(.-A[) ’;"“J“,

A(¢i,..-. ,¢i..'gk))
det (B(C,,.-...c,n.l) P.;

ad det (3(0.,,--- -oi“'g‘l+l ‘gl.l)) !

2

> 3Gy Crana)

pu=k

x
> my (I—Zf,,) >0,

n=k

so that
3(011--- von-)-l?Gl)
k
""‘( G aC)

wherea=0,1,...,n—-1; k=1,2,...: i=1,... .mlad),
Next we consider the holomorphic mapping

G :peV—(z1,... .20 w1 w2) = (01(p), - .0n(D). On-1(p). G1(p)) € C™*2,

and set £; = G(V) in C**2. Formula (8.27) implies that V and £, are in one-to-
one correspondence via G, except for an analytic set S"~2) of dimension at most
n — 2. Further, for each a =0.1.... ,n — 1. if we set

der.... -¢n+|-Gl))
€V | rank ( =a ¢.
{pevirm (Mogtes®).
Fo = cl[FEY in v,
then F(®) s an analytic set in V of dimension at most a — 1. In fact, it is clear that
Flal c £0), Let 8;") be any irreducible component of £() and let d, ; = dim 8}“’.
so that d, ; < a by (8.26). On the other hand. formula (8.28) implies that
3(O|.... .Qn.'.l‘Gl))
rank - =a+l
( ... . Cn) »

forallp € 81(-"’ except for an analytic set e;"] of dimension at most d, ;—1 (< a-1).

Therefore. Fi®! C U;‘:, e._(,-"). and dimF® < a - 1.
Thus, by setting ¢.+2(p) = G1(p). we complete the first step.

We have dim F{*) < a — 1. In particular, if we set a = 0, then 7 =9, i.e.,

3(O|,.-. a¢n+l-¢n+2)) - —
{peVlrank ( IR p_o}_o. (8.29)

) =a+1 at all points 5", (8.28)

(a},
Fo

Second step. If we repeat the saine procedure for F(®! (a = 1,2.....n-1) as
we performed for £) (a = 0.1.... ,n —1), then we obtain a holomorphic function
&n+3(p) on V with the following property: if we set

Gy:p€eV —(a1.... . 2n.wi w2, wy) = (G1(P).- .. .Pns3) €C™H®
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and X3 = Go(V) in C"*3, then V and I, are in one-to-one correspondence via G,
except for an analytic set ™3 of dimension at most n — 3. Moreover, for each
a=1,...,n— 1. if we set

Gl = {pev | rank (%O—Z';)) =a},
ceeia) /),

G = iG] in V.

then G{* is an analytic set in V of dimension at most a — 2. From (2) in the first
step we have dim F'®’ < a — 2. In particular. if we set a = 1. then this inequality
and (8.29) imply that

{p €V | rank (a(o‘““ ‘°"*“°"‘2‘°"*“)) =0orl } =0.
p

[ (STRPRN €Y

Third step. We repeat the same procedure n times to obtain n holomorphic
functions @p42.... .02n+1(p) on V such that. if we put

Gn : PEV = (21,... in e cunsy) = (01(D). ... . O2ns1(p)) € CHH!
and £, = G,(V) in C?>"*! then V and I, are in one-to-one correspondance via

G, and
n=l 6(0].... ,‘02"”‘1))
ey k| —————""7T7—] = =0.
aszo{p I"m ( a(cl:--- \(n) P @
This completes the proof of the theorem. O

8.6. Appendix

We shall prove the Hilbert-Riickert Nullstellensatz for holomorphic functions.
This proof follows Oka [51].

THEOREM 8.24 (Nullstellensatz). Let Fj(z) (j = 1.....v) be holomorphic
functions defined on a neighborhood A of the origin O in C? and let ¥ denote
the common zero set of the F, (j = 1.....v) in A. Let I{F} denote the O-ideal
generated by F; (j = 1,... ,v) in A. If f(z) is a holomorphic function defined in a
neighborhood § C A of O in C? with f(z) =0 on §NX, then there exists a positive
integer p with f? € Z{F} at O.

PROOF. We let r(X) > 0 denote the dimension of the analvtic set X at O, i.e.,
r(X) is the maximum dimension at O of the irreducible components of ¥ passing
through O. The proof will be by induction on r(X) (and is independent of the
dimension n of C?).

We first prove that the theorem is valid if r(X) = 0. Let F;,A.X and f be
given as in the statement of the theorem with r(X) = 0. By taking a smaller
neighborhood 4, if necessary, we may assume that § = 4, x --- x §,, C A where
é; (i = 1.....n) is a disk in the comnplex plane C, centered at the origin z; = 0
and that 6NX = {O}. Fixi € {1.... .n} and set §* := §, X oo X8 X -+ X Oy where
:5:- means that §; is omitted. We consider the projection ideal P; of Z{F} on é onto
the disk é; in C. . Since XN (§* x 33;) = @, it follows from Theorem 7.9 that P, has
a locally finite pseudobase p'*}(z;) (k = 1.... .1;) on a neighborhood &/ C 6, of the
origin 2; = 0 in C.,. We note that the projection of £ N d onto 4; consists of the
origin z; = 0 and that the common zero set of +'*'(z;) (k = 1.... .»;) on &/ equals
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{0} in C.,. We thus have p®)(z,) = a¥)(2,)z}** (k = 1,...,1;). where a¥(z,) is
a holomorphic function on &, with a'*(0) # 0 and I ; is a positive integer. Setting
l; == ming=; . ,, lk;. we see that P; is generated by zé‘ in 8]. By the definition of
the projection ideal P, of T{F} we see that

2 e I{F} at each point in 6° x {z; =0} Cc C".

We set | = max,=1.... o{l;} > 1, so that 2! € I{F} (i = r +1,... ,n) at the origin
O in C". On the other hand. since f(O) = 0, we can write

f(2) = A1(2)zy + -+ + Ap(2) 2, on 4.
It follows that f(z)™ € I{F} at O, which proves the theorem if r(Z) =

Now let r > 1 be an integer and assume that the theorem holds for £ with
r(X) <r—-1. Let F;,A,X and f be given as in the statement of the theorem with
r(X) = r. We claim that it suffices to prove the result under the assumption that
¥ is of pure dimension r at the origin O in C".

For assume the theorem is valid for any ¥ with pure dimension r at O. Given
a general £ with r(X) = r, we have a decomposition of £ in A of the form

¥=%yuU---UL,,
where £; (j = 0.1,...,r) is a pure j-dimensional analytic set in A (possibly
empty). As usual, we may need to take a smaller neighborhood A about O in
C" to achieve this. For each j = 0,....r — 1, we can find holomorphic functions
F(’)(z) (k = 1,...,v;) in A whose common zero set in A equals | },_, Zx. We

introduce r new variables y,.... ,y, and consider the common zero set ¥ in A :=
A x Cj of the v + v,y + ... + 1y holomorphic functions

Fioooo B o BT FETD Ly FOL Ly, B9,

Ve 1

Then the analytic set T in A is identical with the lifting of the second kind of the
analytic set £ in A, and is of pure dimension r in A. We let J denote the O-ideal
generated by these functions in A. Since f(z) = 0 on T (we regard f as being
independent of the variables y,,... .y,), from the hypothesis that f € J at the
origin O in C? x Cf, we can write

za,r + Z Zﬂ""y Fm8,

k=1 j=1

where a;.ﬂ}ik} are holomorphic functions in a neighborhood of O in C? x C;.
Restricting this equation to y, = --- = y, = 0, we see that f € Z{F} at O in C?.
Thus, the theorem is valid if £ is not necessarily pure r-dimensional at the origin
O in C".

Thus we can now assume that £ : F;(z) =0 (j = 1,... ,v) is of pure dimension
r at O in C". We can choose coordinates

(z'.2") = (210« yZry Zretse- - 1 2n)s

where 2’ = (21,...,2) and z” = (zr41.... ,2n), and a polydisk A = A" xT ¢
C;‘,,' centered at the origin O such that £ [A() x 9T] = 0. We set
l‘ I‘,H x---xFpwherel;: |z]<ri(i=r+1,...,n).Fixi€{r+1,...,n}.
We set N
A=A xT; and I =T x--xTix---xT,.
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Since Z N [A; x (9T")] = §. we see from Theorein 7.9 that the projection ideal P,
of Z{F} onto A; has a finite pseudobase

o) (k=1,... 1) on A\,

(again, we take a smaller polydisk A,. if necessarv). We let Z{,>'*'} denote the
-ideal generated by ',:{,')(z’. z,) (k=1.....4) on A;: thus T{;:"'} is equivalent to
P; on A;. We note that the projection of the analytic set £ onto A\, is an analytic
set ') in A; which equals the common zero set of £x(2',3;) (k= 1.....u,) in A,.
Also. we note that ZYN[A("'NJT;] = 0. Since £’ is a pure r-dimensional analytic
set in the (r + 1)-dimensional polydisk A;. i.e.. £ is an analytic hypersurface in
A,. it follows that £(*} can be described as
@ P(,z)=0 in A,,

where P,(z'.2;) is a distinguished pseudopolynomial in z; whose coefficients are
holomorphic functions of z’ in A("”). From the arguments in Chapter 2. the origi-
nal analytic set £ in A consists of certain irreducible components of the complete
algebraic analytic set defined by

S:= f"] {z=(2.2") € A" x C" " | P(2'.2,) = O}.

i=r+l

We let ¥’ denote the collection of the remmaining irreducible comoponents of S. other
than £, so that S=XuY'.

We claim that for each i = r + 1....n. there exists a positive integer ¢, such
that

(#) Pi(z'.z)" € I{x"'} at the origin O in CJ. x C;,. (8-30)

If the claim is proved. then we complete the proof of the theorem as follows.
By the definition of the projection ideal P, of Z{F} onto A,. we see that each
gpi”(z’,z.) € I{F} (k = 1.....u,) at each point in A C C?. Here we regard
gi”(z', z,) as being independent of the n —r — 1 variables z.;).... . Z,... .z,. This
observation, combined with claimn (). implies that

P(z',.z)" € I{F} at the origin O in C7.

We set ¢ = max;=r+1....nq. = 1. We now let H(z) be a holomorphic function in A
such that H(z) = 0 on £’ and H(z) # 0 on each irreducible component of X. Since
f(z) =0on L, we have fH = 0 on S. From Proposition 7.7 it follows that

f(z)H(z) € Z{Prs1.... . Pn} at O in C.

If we let o denote the common zero set of the n — r + 1 holoinorphic functions
{H(2), Prs1(2". zp41): .- . Pa(2'.2,)} in A. then the conditions imposed on H(z)
imply that the dimension of ¢ at O is less than or equal to r — 1. Since f =0 on
o C L, it follows from the induction hypothesis that there exists a positive integer
p with
f(z)Y €eI{H.R,... ,F)} at O in C!.
Hence. the above relations imply that
f(2)P*1 e e I{F} at O in CI.

Thus the theorem is proved. assuming the claim (x).
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It remains to prove claim () for each i=r+1,...,n. For simplicity, we write
z=w, IO =%, B(Z,z) = P(,w), ¢{ (¢, 1) = gu(',w) (k= 1,..., i = ),
I{p"} = T{p}, I =T C Cy,and A = A" x T C CJ, x C,,. We let

r=%,u...u 2,
denote the irreducible decomposition of T in A. Since £, N [A") x 8T] = 0, each
Z; (j =1,...p) can be represented in the form
i Qi(2,w)=0 in A x C,,
where each Q;(2',w) is an irreducible distinguished pseudopolynomial in w whose
coefficients are holomorphic functions of z’ in A("). We note that
P=Qx--xQ, onAMxC,.
Since ) (2’,w) = 0 on I, it follows from the Weierstrass preparation theorem that
o1 =AQ1" - Qg in A,
where A, is a holomorphic function on A with A, Z Ooneach &; (j =1,...,p),
and m; (j = 1,...,p) is a positive integer. Setting m = max;=),.p,m; and
mi=m-m;>0(j=1,...,p), we have
™. Qe = AP™  inA.
If A)(O) # 0, we have P € Z{y1} C Z{¢} at the origin O in C7, x C,,; hence the
claim (x) is proved. If A,(O) = 0, the common zero set o of the ;1 + 1 holomorphic

functions {A;,1,...,9,} in A is of dimension r — 1 at O. Since P=0o0n o C I,
it follows from the induction hypothesis that there exists a positive integer p with

PP = Ay + Brpy + -+ + Bupu at 0in C}, x C,,
where ay,8; (j = 1,... , s) are holomorphic functions at O in C}, x C,,. Thus
PP™ = Q- Q)" + B)er + Bave + -+ Bupu 84 0inC xCu,
which proves the claim (*). g






CHAPTER 9

Normal Pseudoconvex Spaces

9.1. Normal Pseudoconvex Spaces

The main purpose of this chapter is to prove Oka’s theorem that any pseudo-
convex domain in C” is a domain of holomorphy. We shall prove this theorem in
a more general setting. The essential part of the proof of this generalization, the
use of an integral equation to solve the Cousin I problem. is the same as in Oka’s
original work {53]. We first define a normal pseudoconvex space as an analytic
space with a strictly pseudoconvex exhaustion function.! We shall then show that
a normal pseudoconvex space is a Stein space: this statement contains Oka’s theo-
rem as a special case. In this chapter we will always assume that an analytic space
satisfies the second countability axiom of Hausdorff.

9.1.1. Pseudoconvex Functions. We will define a pseudoconvex domain in
an analytic space. Let V be an analytic space of dimension n. Let U C V be a
domain and let U denote the boundary of U in V. Let g € U and let (d¢. Aq. &)
be a local coordinate chart for ¢ in V. If there exists a neighborhood v C §, such
that o (vNU) C A, is a ramified pseudoconvex domain over C* (defined in 6.1.6).
then we say that U is pseudoconvex at the boundary point g. If U is pseudoconvex
at each boundary point. then we say that U is a pseudoconvex domain in V.
Immediately from the definition we obtain the following properties.

1. If U, and U, are pseudoconvex domains in V. then so is U} N V.

2. Let U (kK = 1,2....) be pseudoconvex domains in V with Uy C Uiy
(k=1.2....). limg_ Ux = Uy. and U, CC V. Then U is a pseudoconvex
domain in V.

Now let D be a domain in V and let £(p) be a real-valued continuous function on
D; we allow € to admit the value —oc. If. for any point ¢ € D, the domain {p €
D | £(p) < £(q)} C D is pseudoconvex, then we say that £(p) is a pseudoconvex
function on D. As we have already shown, any continuous plurisubharinonic
function in a univalent domain D in C" is a pseudoconvex function on D.?

'We use the word “normal” for the following reasons:

{i) We showed in Chapter 8 that an analytic space can locally be mapped to a normal analytic
sct in a one-to-one manner.

(ii) A pseudoconvex domain in an analytic space is not always a holomorphically complete
domain (Stein space). In Theorem 9.3 we shall prove that a domain which admits a strictly
pseudoconvex exhaustion function is holomorphically convex; we will call such a domain in an
analytic space a normal pseudoconvex domain.

2Since the notion of pseudoconvexity is local, we can define the notion of a plurisubharmonic
function on a domain in a coinplex manifold without any ambiguity. However, there is no unique
definition of plurisubharmonicity (or of pseudoconvexity) in a ramified domain over C". We use
the terminology “pseudoconvex function” on domains in an analytic space.

321
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In section 3.4.1 we defined what it meant for a fainily of analytic hypersurfaces
{o}tep.rr in C" to satisfy Oka's condition in order to find a useful criterion for
a point to be in a polynomially convex hull. We now introduce a similar type of
family of analytic hypersurfaces in an analytic space V.

Let g € V and let (d,, A;. d,) give local coordinates for g in V. Let I = (0, 1] be
the unit interval of the complex t-plane and let g(p. ?) be a comnplex-valued function
in 8, x I such that

1. g(p,t) is a continuous function on §, x I. and

2. for any fixed t € I, g(p,t) is a non-constant holomorphic function on 4.

Given t € I, we consider the analytic hypersurface in d, defined by

or: g(p.t)=0. (9.1)
We say that {o}:c; is a continuous family of analytic hypersurfaces in &, at the
point gq.

Now let £(p) be a finite real-valued continuous function defined on a domain D
in V. Fix ¢ € D and let {0:}:c1 be a continuous family of analytic hypersurfaces
in 8; C D at the point g¢. We use the same notation as in (9.1). If {0} }:c; satisfies
the following two conditions:

1. oo passes through ¢ and oy \ {q} lies in {p € 3, | £(p) > £(q)};

2. foreach t > 0.0, C {p€d, | €(p) > t(q)}.
then we say that {o,},c is a family of analytic hypersurfaces touching the
domain {p € D | €(p) < £(q)} from outside at the point g.

If £{(p) admits at least one such continuous family {o;}ics, then we say that
£(p) is strictly pseudoconvex at the point q. If {(p) is strictly pseudoconvex
at each point ¢ in D. then we say that £(p) is a strictly pseudoconvex function
on D.

By definition, any strictly pseudoconvex function on D C V is a pseudoconvex
function on D. Any piecewise smooth, strictly plurisubharmonic function on a
univalent domain D in C" is a strictly pseudoconvex function on D. However
a strictly pseudoconvex function of class C? on a univalent domain D in C" is
not always a strictly plurisubharmonic function on D. The following properties of
strictly pseudoconvex functions on a domain D C V are easily verified.

1. Let £(p) be a strictly pseudoconvex function on D and let h(x) be a finite,
real-valued increasing function on [~ac.20). Then £, (p) := h({(p)) is a
strictly pseudoconvex function on D.

2. Let £,(p) (i = 1.2) be strictly pseudoconvex functions on D and let £y(p) =
max{{,(p).£2(p)}. Then £(p) is a strictly pseudoconvex function on D.

We have the following relationship between strictly pseudoconvex functions and
pseudoconvex domains.

1. Let D be a ramified domain over a polydisk A in C" and let 7 : D — A be
the canonical projection. For any strictly plurisubharmonic function $(z) on
A, the function £(p) := s(7(p)) is a strictly pseudoconvex function on D.

2. Let P be an analytic polyhedron in an analytic space V of dimension n. Let
¥ be a model of P in the polydisk A in C™, i.e..

P:peP —z=(21(p)... .¥m(p)) € A,

where each z;(p) (j =1..... m) is a holomorphic function on a domain G
containing P with £ = &(P); L is an analytic set in A: and ¥ and P are
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bijective except for an analytic set of dimension at most n — 1. Then for any
strictly plurisubharmonic function s(z) on A, the function £(p) := s(®(p))
is a strictly pseudoconvex function on P.
Now let £(p) be a real-valued continuous function on a domain U in V. We allow ¢
to admit the value —oco. For a real number a, we set?

U,:={peU|p) <a}
If U, cC U for each a, we say that £(p) is an exhaustion function for U.

9.1.2. Normal Pseudoconvex Spaces. Let V be an analytic space of di-
mension n and let U C V be a domain. If there exists a strictly pseudoconvex
exhaustion function £(p) on U, then we say that U is a normal pseudoconvex
domain in V, and we call {(p) an associated function on U. In the case of
U =V, we call V a normal pseudoconvex space.

We have the following theorem relating Stein spaces and normal pseudoconvex
spaces.

THEOREM 9.1. A Stein space V is a normal pseudoconvex space.

PROOF. Let n = dimV. Theorem 8.22 implies that V is bijective to an analytic
set ¥ in C?"+1; we let

®: peV-oz=(n). .. .P2m+1(p)) €L

denote this bijection. We set s(z) := 232'1“ |z;| in C?"*! and define £(p) :=
8(®(p)) for p € V. Since s(z) is a strictly plurisubharmonic exhaustion function
on C2*+1 it follows that £(p) is a strictly pseudoconvex exhaustion function on V.

O

We showed in Theorem 4.6 that any univalent pseudoconvex domain D in C"
admits a piecewise smooth, strictly plurisubharmonic exhaustion function; hence
D is a normal pseudoconvex domain. In the case of an analytic space (even in
the case of a complex manifold), this is not necessarily true. Before giving some
counterexamples, we verify the following proposition.

PROPOSITION 9.1. A normal pseudoconvex domain D in an analytic space V
cannot contain @ compact analytic set T of positive dimension.

PROOF. Let D be a normal pseudoconvex domain with associated function
¢(p). Assume that there exists a compact analytic set 7 in D having positive
dimension. Let a = max{¢(p) | p € 7} < oo and fix gy € T with £(go) = a. There
exists a family of analytic hypersurfaces

o: g(pt)=0 (tel)
in a neighborhood & of gy in D with ¢, € 09, oy \ {qu} C 6, := {p € & | {(p) > a},
and o; C 6, for each ¢ > 0. Fix a one-dimensional analytic set 7y C 7 in § passing
through ¢op; we may assume 7, is conformally equivalent to a disk Ay. Identifying
7o with Ap, we have
9(p,t) |a,#0 for allt >0,

while g(go,0) = 0 and g(p,0) |a,# 0. Since g(p,t) — g(p,0) as t — 0 uniformly on
Ay, this contradicts the classical Hurwitz theorem. ]

3U, may be the empty set.
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There exist many pseudoconvex domains in an analytic space which are not
normal pseudoconvex doniains.

EXAMPLE 9.1. Let 2 = C, x P™ with m > 1. This is a complex manifold,
and D := {|z| < 1} x P™ is a pseudoconvex domain which contains the compact
analytic set {0} x P™ of dimension m. Thus D is not a normal pseudoconvex
doinain.

EXAMPLE 9.2. Let C" have variables z)....,z, and let P?~! have homoge-
neous coordinates [uy : w2 : ... : wy]. We consider the product space Q° :=
C" x P"-! and the n-diniensional analytic set £ in Q* defined by

L: ziwy-zuy =0 (j=2.....n).

Since X is non-singular in Q°, it follows that X is an n-diinensional complex mani-
fold. If we consider the subset of £ given by £, := XN {37, |z,/2 < 1}. then £,
is a strictly pseudoconvex domain in . Since X, contains the (n — 1)-dimensional
compact analytic set {0} x P"~1, it is not a normal pseudoconvex domain.

ExXAMPLE 9.3. 4 Let C? have variables = = z +iy and w = u+iv. We consider
the lattice group I' generated by the following four linearly independent vectors (in
C?) over R:

(1.0), (i.0). (0.1). (ia.1).
where a > 0 is an irrational number. We let M denote the quotient space C2/T.
Then M is a 2-dimensional, compact. complex torus with canonical projection
7 : C? — M. Let a and b be real numbers with 0 < a < b < 1 and let

A={(z.w) € C?|a<Rez<b}. U=n(A).
Then U is a Levi flat domain in M. We list the following properties of U.
1. U cannot contain any compact analytic set of dimension 1.

PROOF. Let 0 < ¢ < 1 and define H, := {(z.w) € C? | Rez = c}.
H, := m(H.). Then M, is a real 3-dimensional compact hypersurface in M.
Fix 2y = ¢p +icj with 0 < co < 1 and let

8: = {(z.w) € c? 2=z} 8 :=m(ss).

Then we have S, = {z} x (C../[1]). so that S;, is conformally equivalent
to C* as a Riemann surface. We note that S., # H., and that
(*) S;, is dense in H,,,.

To verify (*). let z; = ¢, +ic}. where 0 < ¢; < 1. Then S;, = S;, if and
only if ¢o = c) and ¢}, — ¢ = ma + n. where n and m are integers. Since
Hew = UyeR,, Sc,+1y and since a is irrational, (*) follows.

We now prove 1 by contradiction. Thus we assume that there exists
a one-dimensional compact analytic set S in U. Set s = 7#~(S) in A,
which is a non-compact analytic set in A. Let {2, w). (z'.u’) € s. Then
m(z.w) = 7(2’. w’) in S implies Re z = Re z’. Since S is compact. the single-
valued harmonic function Re z on S attains its maximum on S. Therefore,
Rez = c (constant) on s, and hence s = {c + ic’} x C,. where ¢’ is a
constant. Consequently. 7(s) = S...,.. which is not compact from (*). This
contradicts the assumption that 7(8) = S is compact.

iThis example is due to H. Grauert.
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2. Any holomorphic function on U is a constant.

PROOF. Let f(p) be a holomorphic function on U. Let zy = ¢ + ic
where a < ¢ < b. Since S., is conformally equivalent to C*, it follows froin
the fact that S., = H. CC U that f(p) must be constant on S.,. and hence
in H.. Consequently. f(p) is a constant on U. O

3. U is not a normal pseudoconvex domain.

ProoF. We prove this by contradiction. Thus we assume that there
exists an associated function ¢(p) on U. Then by the same reasoning as in
2 we see that p(p) is constant on each set H.. @ < ¢ < b. Therefore, for
suffciently large A > 0, U4 := {p€ U | ¢(p) < A} is a non-empty Levi flat
domain in U, which contradicts the fact that ,(p) is an associated function
onU. Qa

From 1 and 3 we see that U is a pseudoconvex domain in M containing no
compact curves. but U is not a normal pseudoconvex domain.

Another proof of (»): We first remark that M is hoineomorphic to the product
T\ x T, of two real compact tori T) and T, where

T, = R;xR,/[(1.0).(0.1)].
T, = R, xR./[(1.0).(a.1)].

We write M = T, x T,. Since T} is homeomorphic to the product 4, x v, of two
unit circles, we have M =~ v, x 4, x T,. We let 7, denote the canonical projection
from R, x R, onto T. Since a is irrational, for any fixed c; with 0 < ¢, < 1, we
have that o := m2({ch} x R.) is dense in T2. Fix 0 < ¢y < 1 and set 2 = ¢g +ic}.
Since

Sz = {co} x 72 % Oci» He, = {an} X 12 x T,
it follows that S, is dense in H,,.

We remark that the domains in these three examples are domains of holomor-
phy. but they are not Stein spaces.

9.1.3. Local Holomorphic Completeness. We shall extend Lemma 3.5
(Oka's lemma) in C" to an analytic space. Let V be an analytic space of dimension
n. Let E and A be compact sets in V with E C A. Let p € A and let {01}:¢s be
a continuous family of analytic hypersurfaces in §,. where I = [0,1] and §,, is an
open neighborhood of p in V. If {0, }c satisfies the following three conditions:

1. fortel.otNE =

2. 00NA#0andoy,NA=09;

3. fortel. (8o )NA=0,
then we say that {o,}:c; satisfies Oka’s condition at p with respect to the pair
(E, A).

We have the following generalization of Lemma 3.5.

LEMMA 9.1. Let U be a holomorphically complete domain in V.ie.Uisa
Stein space. Let K CC U and let K = K- denote a holomorphically conver hull
of K with respect to the holomorphic functions in U. Then for each p € K. there
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does not ezist a continuous family of analytic hypersurfaces {o¢}ier in 9, which
satisfies Oka's condition at p with respect to the pair (K. K).

PROOF. The essential part of the proof is similar to that of Lemma 3.5. In
Lemma 3.5 we used the fact that I x K is the holomorphic hullof I x K in V x U’ C
C; x C?. and we used the solvability of the Cousin I problem in the analytic
polyhedron in the (n+1)-dimnensional domain V" xU'. Here we will use the solvability
of the Cousin I problem in an analytic polyhedron in the n-dimensional domain U.
We will prove the lemma by contradiction: hence we assume that there exists a
continuous family of hy peraurfaces {o¢}e1 whlch satisfies Oka's condition with

respect to the pair (K. I\) at some point py € K. Let
g(t.p) =0, (t.p)e I xé.

where 4 is a neighborhood of pg in I and g(t. p) is a continuous function of (t.p) €
I x & which is a nonconstant holomorphic function in p € 4 for each fixed t € I.
Since A is the holomorphic hull of A in the Stein space U, it follows that there
exists an analytic polyhedron P in U with defining functions that are defined in U
such that

RCP:oanP#0: 0,NP =0 and (J9o)NP=0. tel.

Thus for each fixed t € I, the meromorphic function 1/g(t.p) in d NP canonically
defines a Cousin I distribution in P. Hence for each t € I we can find a meromorphic
function H(t.p) in P whose only poles in § NP are given by 1/g(t.p). We remark
that although H(t.p) is not uniquely determined by 1/g(t.p). the proof in Theorem
8.9 of the construction of meromorphic functions with prescribed Cousin I data
implies that we can take H(t.p) in I x P to be continuous for (¢t.p) € I x § if g(t.p)
is continuous in I x 4. Setting t, :=inf{t € I | oy N R = 0}. we can choose t* with
0 < t, < t" sufficiently close to t; to insure that H(t‘.p) satisfies the condition
that there exists a point ¢ € K with |H(t*.q)| > maxye i {|H(t>.p)|}. Since the
pair (P.U) satisfies the Runge theorem, we can find a holomorphic function H(p)
in U such that |H(q)| > max,cx {{H(p)|}. which gives a contradiction to the fact
that K is the holomorphic hull of K in U. a

Let ¢ € V. Using Remark 8.2, there exists a neighborhood 44 of ¢ in V which
has a normal model in a polydisk A. Thus the set §, is holomorphically complete.
We say that an analytic space V is locally holomorphically complete at each
point.

Let [ be a domain in an analytic space V. Let ¢ € 8U. If there exists a
neighborhood &, of ¢ in V such that U N4, is holomorphically complete. i.e.. U' N4,
is itself a Stein space, then we say that U is locally holomorphically complete at
the boundary point ¢. If U is locally holomorphically complete at each point g of
AU, then we say that U is a locally holomorphically complete domain in V.*

In the following lemnas and propositious in this section we will always assume
that V is a normal pseudoconvex space with associated function {(p). For a real
number a. we set

Vo={peV|p)<a}lcCV. V.=V

#J.-E. Fornacss {30] gave an example of an analytic space V and a domain {" CC V such that
U is locally holomorphically complete in V but {” is not holomorphically complete.
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LEMMA 9.2. Let U be a holomorphically complete domain in V. Then for any
real number a, the subset U, = UNYV, is holomorphically convez with respect to the
holomorphic functions in U.

PROOF. Let K C Cl U, and let K be the holomorphically convex hull of K with
respect to U, so that K cC U. We set b := max,¢ i {£(p)} < co. We prove the

lemma by contradiction; hence we assume that b > a. Fix a point py € K such that
€(po) = b. Since £(p) is strictly pseudoconvex in V, there exists a continuous family
of analytic hypersurfaces {0; }:¢; in a neighborhood 4, of py which touches V, from
outside at the point py. Since K CC V, C V,, it follows that the continuous family
{01 }ee; satisfies Oka’s condition at py for the pair (K, K). This contradicts Lemma
9.1. O

This lemma implies the following proposition.

PROPOSITION 9.2. For any real number a, the domain V, is a locally holomor-
phically complete domain in V.

PROOF. Let ¢ € dV,. Since V is locally holomorphically complete at each
point, we can find a holomorphically complete neighborhood &, of ¢ in V. By
Lemma 9.2, §; NV, is holomorphically complete; this proves the proposition. [

PROPOSITION 9.3. Let a be a real number ora = +00. If V, is holomorphically
complete, then for each ¢ < a, V. is also holomorphically complete.

PROOF. Since V, satisfies conditions 1 and 3 in the definition of holomorphic
completeness (stated in 8.3.1), so does the set V,. By Lemma 9.2, condition 2 for
V., implies condition 2 for V.. Thus V. is holomorphically complete. (m]

We obtain the converse of Proposition 9.3.

PROPOSITION 9.4. Let a be a real number or a = +00. If for each c < a the
set V. is holomorphically complete, then V, is holomorphically complete.

PROOF. Let ¢ (j = 1,2,...) be an increasing sequence of real numbers with
limj .o ¢; = a. Then,

V., cC V.

341

(G=12...), Va= limV.,.
J—oc

Using Lemma 9.2, we conclude that V., is holomorphically convex with respect
to Ve,,,, so that V., (j = 1,2,...) satisfies the approximation condition stated in
8.3.2. It follows from Theorem 8.8 that V, is holomorphically complete. [m]

Let D be a relatively compact domain in an analytic space V. We say that the
Cousin I problem is solvable on the closure D of D if for any Cousin I distribution
C = {(94(p), 6¢) }qec where D CC G, there exists a meromorphic function F(p) on
a domain G* with D CC G* C G such that F(p) — g,(p) is holomorphic on §,NG*.
For use in the next section, we prove the following two lemmas.

LEMMA 9.3. Let D and D’ be domains in an analytic space V with D' cC
D CC V. Assume that the Cousin I problem is solvable on D. Let £ € D' and
let fe(p) be a holomorphic function in a neighborhood 6¢ of € in V satisfying the
Jollowing conditions: if we let S denote the analytic hypersurface in ¢ determined
by fe(p) =0 ind¢, then E€ S, SN[(OD')\ {€}] =0, and 3SND = 0. Then there
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exist a holomorphic function F(p) on D' and two neighborhoods 0g.0f of § in D
such that 6; C ¢ C 6 and

D'ng; c {pe D' ||F(p) > 1}
sup{|F(p)l |pe D'\ &} < 1.

PROOF. Fix a domain G in V such that D C G and 8SNG = @. Consider the
following Cousin I distribution C = {(g,(p). d¢) }4ec:

1. for ¢ € GNé¢. we set 6, = 8 NG and g,(p) = 1/ fz(p) on &:

2. for ¢ & G \ 8¢, we choose §¢ so that §; N ¢ = @ and set go(p) =0 on 4,.
Since Cousin I is solvable in D, there exists a meromorphic function F*(p) on G*.
where D CC G* C G. such that F*(p) — g,(p) is holomorphic on §, N G*. Thus
F*(p) is holomorphic on G* \ S: in particular, it is holomorphic on D’ \ {¢}, which
contains [)', and it has poles along SNG*"; i.e.. |F*(p)| = +>c on SNG*. Since A :=
max,,. D‘-.ﬁ;“F *(p)|} < x and £ € S. it follows that there exist two neighborhoods
0¢ and 0¢ of € in G* with §; C & C &¢ such that minPeD’n&Q{IF‘(p)l} > AM+1and
max,,ep,\ag{lF‘ (p)]} < AI +1/2. Setting F(p) = F*(p)/(Af + 1) on D’ completes
the proof of the lemma. ]

LEMMA 9.4. Let D be a domain in an analytic space V with D CC V. Assume
that the Cousin I problem is solvable on D. Let f(p) be a holomorphic function on D
and let S denote the analytic hypersurface in D determined by f(p) =0 on D. Let
D1.p2 € S. Assume that there exists a holomorphic function 2(p) in a neighborhood
V of S in D such that 2(p1) # ¢(p2). Then there exists a holomorphic function
®(p) defined on all of D such that ¥(p,) # ®(p2)-

PRrROOF. We fix a domain G with D CC G CC V such that f(p) is holomorphic
in G and S is an analytic hypersurface in G. We may assume that 2(p) is defined
and holomorphic in a neighborhood V of S in G. We consider the following Cousin
I distribution C = {(g,(p). 6¢)}¢ec; on G:

1. for g € V, we take 6, C V and set g,(p) = 2(p)/f(p) on é,:

2. for ¢ € G\ V. we take 4, such that 6,1 S = @ and set g,(p) = 0 on 4,.
Since the Cousin I problem is solvable on D, there exists a meromorphic function
F(p) on a domain G* with D CC G* C G such that F(p) — g,(p) is holomorphic
on each 0. ¢ € G*. If we set ®(p) = F(p)- f(p) on G, then $(p) is a holomor-
phic function on G* satisfying ®(p;) = y2(pi) (i = 1,2). Thus, ®(p) satisfies the
conclusion of the lemma. 0

9.2. Linking Problem

9.2.1. Linking Condition. Let V be an analytic space of dimension n. Let
D, and D: be relatively compact domains in V such that if we set

D = D| U DQ, D() = D| n DQ. (9.2)

then D and D, satisfy the following conditions:

(L1) D is a normal pseudoconvex domain.
(L2) Both D; and D, are holomorphically complete domains in V.
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(L3) There exists a bounded holomorphic function w¢(p) = u(p) + iv(p) on a
domain G in V such that Dy CC G and D, can be described as

Do={p€GND|a < u(p) < a2},

where a, and a; are real numbers with a; < 0 < a,.

We say that D satisfies the linking condition, or, more precisely, D satisfies the
linking condition with respect to wo(p) and a; (i = 1,2).

For real numbers b, and by with a; < b; < 0 < by < a3. such a domain D
satisfies the linking condition with respect to this same function (p) and the
numbers b; (i = 1,2), since we can write

D=DiUD);,, Do=DiNDy={peGND|b < ulp) < ba}. (9.3)

where D} C D; (i = 1,2) are holomorphically complete.
We shall prove later (Theorem 9.2) that a domain D CC V satisfying the linking
condition is a holomorphically complete domain.

Define
Ho = {p€Do|ulp)=0}
H, = {peDolulp)=0a} (i=12).
We may assume from (9.2) that

H, C 8Dy, M, C 3D, (94)

Although u(p) is not defined on all of D. we use the terminology that the direction
for D in which u(p) increases (decreases) is to the right (left) — see Figure 1.

@ u=0 %

Ha H,
Ho

- D,
- D, -

—— Dy —8

FIGURE 1. Linking condition for D
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We note from condition (L2) that D; is holomorphically complete. By condition
(L1) there exists an associated function {(p) on D. Fix a real nuinber a and set

pla) {p €D {p) < a} cc D.
D;n) = Dl“!nD)CD) (j=0.l.2)~

By Lemma 9.2, each D;"} (j = 0.1,2) is holomorphically complete.
We have the following lemma.

LEMMA 9.5. D},°) is holomorphically conver with respect to the holomorphic
functions in D\*) and in D\, Similarly, Dy is holomorphically convez with respect
to the holomorphic functions in D) and in D,.

PROOF. Since the proofs are similar. we will only prove that D}’ is holomor-
phically convex with respect to D\*’. Let K cC D\’ be compact. We let K denote
the holomorphically convex hull of K with respect to Dﬁ“’ tie, K = K. Our

1

goal is to show that K cc D{”. Since K cC D!, using (9.4) it suffices to prove

that K N'H, = 0. We prove this by contradiction; thus we assume that K NH; # 0.
Set
c=max{v(p) |[p€ KNH,} < x:
thus there exists a point gy € K NH, such that 2o(qo) = a; + ic. Consider the
following family of analytic hypersurfaces in G:
Te: wop)=ar+(c+t)i (0<t< ).

From the definition of the number c we have gy € TN Kandn,n(KN H,) =0 for
allt > 0, so that 7, N K = @ for all ¢t > 0. Moreover 31, C G for all t > 0, so that
()N K =@ for all t > 0. It follows that {7 }ic(0.x) satisfies Oka’s condition at
qo for the pair (K, K). This contradicts Lemma 9.1. ]

9.2.2. Oka’s Fundamental Lemma. Let D CC V be a domain which sat-
isfies the linking condition. \Ve use the same notation D, (j = 0.1,2). po(p) =
u(p) + iv(p) on G where Dy CC G. a; (i = 1,2). and H; (j = 0,1,2) as in the
previous section. We also use the associated function £(p) on D and the notation
Dle) = {p € D| €(p) < a} for each real number a. For future use. we fix a positive
number gy such that

po > max{|va(p)| | p € Do}. (9.5)

We fix real numbers b; (i = 1, 2) sufficiently close to a; witha; < b <0< b <
az. Asin (9.3) we construct domains D; (J =0, 1.2) associated to b; (i = 1,2) such
that

D=DiUD;. Dy=DiND,={peGND|b < up) < by}
For simplicity. given a > 0. we use the notation
D:=D", D;:=D,nD"™ (j=0,12) (9.6)

(note the slight difference in notation between D; and D; (i = 0,1.2)). Fix a real
number 4 < a and consider the following set:

b={peDNG|b <ulp)<b} ccD. (9.7)
We remark that this set will be used in 9.2.3.
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We assume that there exist a finite number of holomorphic functions ¢;(p)
(j =1,...,m) on Dy which satisfy the following conditions:
1°. There exists a positive number § > 0 such that the subset

satisfies A CC Dy, so that A is an analytic polyhedron in Dy.
2°. In C™*! with variables 29 = u +iv, 21,... , zm, define the product domain

A=UxAccC,xCl .,
where
U:lo|<2p0, -6<u<és, A:lz|<1 (=1,...,m),
and pp > 0 is defined in (9.5). Then the mapping
®(p): zi=¢i(p) (i=01,...,m)
gives a normal model £ = ®(A) of A in A.
3°. There exist positive numbers €y, €, with €g,€; < 1 such that, if we set
E={peDo|ulp)<b+ea}U{preDo|ulp)>b-er},
then we have
lpi(p)l <1-€ (j=1,...,m) on EUb.

The existence of such functions ;(p) (j = 1,... ,m) on Dy will be proved in the
next section.5

bl u=0

FIGURE 2. Linking condition for D

6Condition 1° says that a neighborhood V of HoN 8Dy in Dy is excluded from Dp whenever
lw;j(P)| > 1 for some j (1 < j < m). Further, condition 3° says that this neighborhcod V' can be
chosen so that V' does not intersect either of the sets u(p) = b; or u(p) = b2 (see Figure 2).
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We fix a positive number p, such that

l-e<p <1, (9.8)
and we define
W={peDollejp) <p (j=1,...,m)}U(D\ Do), (99)
so that, by condition 3°,
DNn(HiUH)c W, DY ccw. (9.10)

We divide W into two parts W; and W, using the real hypersurface Hp so that W,
(W>) is the left (right) part of W; thus W, C D, and W, C D,.
In this geometric situation, we have the following fundamental lemma of Oka.
LEMMA 9.6 (Oka). 7 Let f(p) be a holomorphic function on A. Then there

ezist holomorphic functions fi(p) and f2(p) on Wy and W, such that both fi(p)
and fa(p) can be holomorphically extended beyond Ho NW and

f(p) = fi(p) - fo(p) on HoNW. (9.11)
PROOF. We divide the proof into four steps. Afterwards, we will make a few
remarks to clarify some of the details.
First step. Let §, €, € be as in 1° and 3°. We fix &' > 0 with 0 < §’ < é and
we also fix p] > 0 with 1 — ¢g < p1 < p] < 1. Consider the polydisk

N=UxB cCuyxCP .,

Zm?

where
U':|z0| < poy, —6 <u<d, —A-':IZ_,-ISP'. (G=1,...,m),
with pg > 0 having been defined in (9.5). We have A’ CC A. Using condition 2°,

Theorem 8.15 implies that if g(p) is a holomorphic function on .4, then g(p) has a
holomorphic extension G(2g, 21,-.. ,2m) = G(2) on A,

G(po(p), o1(D), - - ,¥m(P)) = 9(p) on A,
with
max{|G(z)|} < K I;Ig{ly(p)l},

where K is a constant which does not depend on the function g(p) on A.

Second step. Let f(p) be a holomorphic function on .A. Since A is a compact
set, there exists M > 0 such that

fE)<M on A

From the first step, there exists a holomorphic extension F(zg, 21,... ,zm) = F(2)
on A of f(p) (i.e., F(po(p), 21(P), ... ,om(p)) = f(p) on A) such that
|F(z)| S KM on A’

Fix a segment L = [—pyi, pot] on the imaginary axis of the z9 = u + iv-plane C,,,
and let Cf (C;,) denote the right (left) half-plane divided by the imaginary axis

7This result was first proved in 1942 by Oka [49] in C?. In that paper, Oka used the Weil
integral formula. The proof was rather complicated to understand (although the essential point
- using an integral equation technique - is the same as presented here). The simpler proof given
here using the lifting principle was published in 1953 by Oka [52]. However, the original idea of
the simpler proof had been written in 1943 in Japanese (see Oka's posthumous work No. 1 in
[58)).
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in C,,. Since F(z) is holomorphic on A, which contains L x A, we can consider the
Cousin integral of F(z) with respect to zg:

1 F(Co:21,--- +2m)
2mi Jg Go— 20 o
for (20,21,...,2m) € (Cs \ L) x A. This defines a holomorphic function ¥, (z)
(¥2(2)) on C} x A (CZ, x Q) such that both ¥,(z) and ¥3(z) can be holomor-

phically extended beyond L x A and satisfy
U,(z) - Wa(z) = F(z) on LxA. (9.12)

We consider the polydisk A’ : |z;| < p} (j = 1,...,m) and its distinguished
boundary

W(z2) := ¥(20,215--- ,2m) =

F:lGl=p (G=1...,m) inC™
Since A’ CC A, it follows from Cauchy’s formula that

1 / F(CO’Cly-'- va)
(2m)™ Jr (61— 21) - ($m — 2m)

F(COvzlv-'-vzm)= dCI"‘de

for (¢o, z1,--- ,2m) € L x (A’)°, where (A’)° is the interior of A’. Therefore, we
have
‘I’](ZO,Z],--- 7zm) (‘1’2(2012]1'” 1zm)) (9°l3)
— 1 F(COvClev("l)
Rl R e oy e e L R

for (20,21,...,2m) € C;, x (A')° (CF, x (4")°).

Now let p € Do N W, (p € Do N W>). Then u(p) = Reyo(p) < 0 (u(p) > 0),
and |p;(p)l < pr < py (G =1,...,m). It follows that

wl(p) = \Ili(SOO(p)v ¢l(p)1- . 1¢m(p)) (t = lv2)

is a well-defined holomorphic function on Dy N W;. Furthermore, since |po(p)| < po
on Dy, it follows that the ¥;(p) (i = 1,2) can be holomorphically extended beyond
Ho N W; and satisfy (from (9.12))

%i(p) — ¥2(p) = F(po(P), p1(P)s--- ,om(P)) = f(P). PEWNH,.  (9.14)

We remark that from (9.13), the functions #;(p) on Do N W; (i = 1,2) can be
written in the form

i(p) = /L X(CPIFQodes -+ dhm, P& Do W, (9.15)

where ¢ = (Co,cl,... ,Cm) € L xT and
€.p) = 1 1
XEP) = Gy T G — @G = 21 @) G — o)
for ((,p) € (L xT') x Do. We note from (9.14) that the ¥i(p) (i = 1,2) can
be holomorphically extended beyond W NHo to (Do YW;) U (W N A) and satisfy
¥1(p) — v2(p) = f(p) on W N A. Furthermore, there exists a constant K > 0
(independent of f(p) on .A) such that

l¥i(p) < KM, pe WnA. (9.16)
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To verifv this last statement, we set U, = {3y € U’ | u > 0}: note that the
boundary of this set contains L, and set L' = (8U.) \ L (which consists of two
circular arcs and one line segment). Fix pj > 0 with py > pj > max{|co(p)| | p €
Do}. We then have

n:=min{é.pp - oy} < [Co— vo(p)

for (b€ L’andpe Wi NA. Let pe WiNAand ((.... .Gn) €T be fixed. Then
x(¢.p) is holomorphic as a function of ¢, on U’. Using Cauchy’s formula, we can
replace L by L' and obtain

ol = | PPt der

KM
n(py — m)™

where K’ > 0 does not depend on f(p). Similarly we have [v2(p)] < K'Al on
Won A. It follows from (9.14) that

len(p)l < [e2(p)l + IS (P < (K" +1)M  on WyN A
Therefore, K = K’ + 1 > 0 satisfies (9.16).

Third step. We fix a sinall rectangular neighborhood [ of L in C., and we
form the product set 7 = v, X -+ X ¥5,. where each v, (j = 1.... ,m) is a thin
annular neighborhood of the circle |(,| = p} in C.,. We set 7 = x 5. which is a
neighborhood of L xI' in C™*!, We consider x(¢.p) as a meromorphic function on
7 X Dq. From condition 3° and the relation pj > p; > 1 — ¢). we can choose such a
neighborhood 7 of L x I' sufficiently small so that the pole set of \(¢.p) does not
intersect (8D,) N D C {p € D ! uy(p) = by or b,}. Therefore. if we define

= { x(¢.p)  on 7 x Dy,
“l10 on 1 x (D\ Dy).

then C is a Cousin ] distribution on 7 x D, and hence on 7 x D,. Since 7 x D,
is a holomorphically complete domain. fromn Theorem 8.9 we conclude that there
exists a solution X, (¢, p) of the Cousin I problem for C on 7 x D,. Thus. \({.p) is
a meromorphic function on 7 x D, with x,({.p) — x({.p) holomorphic on 7 x Dy;
moreover, x)(¢.p) itself is holomorphic on 7 x (D, \ D).

Fix ¢ > 0. Since 7 x Dy is holomorphically convex in 7 x D; by Lemma 9.5, it
follows from the inclusion (L x ') x A CC 7 x Dy that there exists a holomorphic
function H,(¢,p) on 7 x D, such that

I(x1(¢-p) = x(¢.p)) — Hi(¢.p)| <€ on (LxT)xA.

“(mpo) - (2np)™ =: K'AL

We set
h(¢.p) = x1(¢p) = x(C.p) - Hi(¢,p) on T x Dy,
KI(C.-P) Xl(Csp)-Hl(Csp) OnTxDl‘

so that K({.p) is a meromorphic function on 7 x D, with the same pole set as
x(¢.p) and

Ki(¢.p) = x(¢{.p)+hi(¢.p) on T x Dy,
|hi(¢.p)] < ¢ on (L xT)x A
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In a similar fashion, we can construct a meromorphic function K,(¢.p) on 7 x D,
with the same pole set as x(¢,p) and a holomorphic function h2({,p) on 7 x Dy
such that

K3(¢.p) = x(¢:p)+h2(C.p) on Tt x Do,
lh2(¢.p))] < ¢ on(LxT)x A

Since K;(¢,p) (i = 1.2) as well as y({.p) has no poles in (L xT') x W;. we can form
the integral

LG = [ KilCPIFQdodty-den for pe W,
s X
which is a holomorphic function on W’,. On the other hand, we have

LE) = [ xCPFQGd - (0.17)

+ / h(C.P)F(Q)dCodCs -~ dm  for p & W, Do
LxI

The second term on the right-hand side is a holomorphic function on Dy. It follows
from (9.14) and (9.15) that I; f(p) can be holomorphically extended beyond W NH,
and satisfies

Lf(p)-Lf(p) = f(P)+/“r(hn((,P)-hz(C,P))F(C)dCod(n---de
for p € WNH,.

Consider the second term on the right-hand side:
fMp) = /L ((R2(C.p) = ha(C.p))F(()dCodC; -+ dG for p € Do;
X
F(p) is a holomorphic function on Dy. Let p € A CC Dy. Since |h,(C.p)| < € on
(L xT) x Aand |F(¢)| < KM on A’ (which contains L x I'), we have
[FV(P)] < (26) - KM - (2p0) - (27p})™ =: AM.

where A = 2™+2K py(mp})™e > 0. We assume we have chosen ¢ > 0 sufficiently
small so that 0 < A < 1. Since K. pg, pj, are independent of f(p) on A. so is A.

We have constructed the integral kernel K;(¢,p) on (L xT) x D, (i = 1,2)
with the following property: given a holomorphic function f(p) on A such that
}f(p)] < M on A, take a holomorphic extension F(z) of f(p) on A such that
|F(2)] < KM on A’, and construct

L,f(p) = /L rKi(C,P)F(C)d(odCl"'d(m (i=1,2) forpe W,

Then I, f(p) is a holomorphic function on W; which can be holomorphically ex-
tended beyond W; N Hy and satisfies

5Lif(p) — Lf(p) = f(p) — FV(p) on WNHy.
where f(!)(p) is a holomorphic function on D with

fVPI<AM  on A
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Therefore I; f(p) (i = 1,2) can be holomorphically extended to W/ = W,U(ANW)
and satisfies

Lf(p) - Lf(p) = f(p) - fM(p) om ANW. (9-18)
Furthermore, (9.16) and (9.17) imply

Lf(p) = wilp) + /L  WCPIP QoG- d on ANW

and
i f(p)] < KM + eKM2pp(27p))™ =: K*M on ANW, (9.19)
where K* > 0 does not depend on the function f(p) on A.

Fourth step.  We repeat the same procedure for f{!’(p) on A satisfying
[F(p)| < AM on A as we used for f(p) on A satisfying |f(p)| < M on A: thus we
use an extension function F('(z) of f(!)(p) on A such that {F‘'(z)] < KAM on
A’. and we obtain I, f*"(p) on W; (i = 1.2) such that

LY p) - L) = V() - fP(p) on ANW,
where f(?)(p) is a holomorphic function on Dy such that {f‘®!(p)| < A2Af on A and
1LfY(p)| S K*AM (i=1,2) on ANW'.
We thus inductively construct sequences of holomorphic functions f!(p) (j =
1,2,...)on Dy, Fi(z) (j=1.2....)on A.and L, fY9(p) (i=1,2:j=1.2....) on
W/ such that

/9% <¥M  (j=12...) onA,
[FU(p) <KMM  (j=12...) onA’ (9.20)
HPf(p)) <K°MM (j=12...) onANW.

In order to solve equation (9.11), we set

f@) + Y f9%) on A.

=1

f®)

<
F(z)+ ) FY(z) onA’

Jj=1

F(z)

Using (9.20). and the fact that 0 < A < 1, we see that f(p) is continuous on A
and holomorphic in A° (the interior of A) and that F(z) is continuous on A’ and
holomorphic in (A’)°, with

F(2o(p).21(P)s- .- ,om(P)) = f(p) on ANW.
We construct

L(p) = /L KCRFOK (=1.2) for pe

so that I; f(p) is holomorphic on W;. We shall show that I, f(p) can be holomor-
phically extended beyond Hy N W and satisfies

Lf(p) - I2f(p) = f(p) on HeNW.
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Indeed. fix p € W, (i = 1.2). Since )7, FU'(¢) is uniformly convergent on A’
(which contains L x '), we have

Lf(p) = / K(¢.p) (F(<)+ZF‘”(<)) dody - dGom
LxT =
= L)+ Y Lfp).
J=1

Using (9.20), we see that the right-hand side is a holomorphic function in (ANW)°.
Therefore I; f(p) can be holomorphically extended beyond HonW to W,U(A N W)°.
Moreover, for any p € (AN W)°,

Lf(p) - Lf(p)
= 1) - L) + 3 (L9 @) - LI(P))

1=t

= f(p) - f )+ Y_(fI' ) - fU " (p))

=1

= f(p) by (9.20).

Consequently, fi(p) := I, f(p) (i = 1.2) on W; solves (9.11). Lemma 9.6 is com-
pletely proved O

We make the following remarks concerning this proof.

1. In the second step of the proof, formulas (9.14) and (9.15) obtained from the
kernel K (¢.p) on (L xT') x Do imply that the functions ¥,(p) on W;N Dy (i =
1,2) give the solution of equation (9.11) on the holomorphically complete
domain DoNW C W.

2. In the third step. we modified the kernel x((.p) defined in (L x ') x Dy to
form the kernel K;({,p) defined in (L x T') x D; (i = 1.2) in order to obtain
a solution f;(p) of equation (9.11) on W;.

3. Given a holomorphic function f(p) on A, the functions I; f(p) (i = 1,2) are
defined on W;. Although W, N A CC A, the difference f(")(p) = I, f(p) -
I, f(p) is also holomorphic on .A; this allows us to repeat the same procedure

for f1)(p) as for f(p).

9.2.3. Examination of the Conditions. In this section, we shall construct
a finite number of holomorphic functions ;(p) (j = 1,... .m) on Dy which satisfy
conditions 1°, 2°, and 3° in the previous section.

Fix £ € Hy N Dy. Since D, near ¢ is contained in {p € D | I(p) = a}. there
exists a continuous family of analytic hypersurfaces in a neighborhood é; of £ in D:

or:9(t,p) =0 (pe'sis tel)

which touches the domain D, from outside at the point £&. We may assume that
8 N ({p € Do | u(p) = by or b2} |Jb) =0 (recall b was defined in (9.7)). We fix a
real number 3 > a sufficiently close to a so that

D9 N (8oo) = 0.
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By Lemma 9.5, the domain
DY = {(pe D" NG| a) < up) < a}

(with Dy CC D((,'”) is holomorphically complete; hence the Cousin I problem is

solvable on Df,"). Applying Lemma 9.3 for D,,. D((,‘”. gy. and g(0. p) (corresponding
to D'. D. S and f¢(p) in the lemma). we obtain a holomorphic function ¢¢(p) on

Dy and two neighborhoods &g C d; of £ in ’D(‘,'” N d¢ such that

8N Dy C {p€ Dy|lpe(p) > 1}
sup {|¢¢(p)l | p € Do\ 6} < 1.

Since Hy N 3Dy is compact. there exist a finite number of points §; € Hy N 3D,
(j = 1,...,v) such that the corresponding functions ¢, (p) and neighborhoods 6&)
satisfy the condition

HoNADy C U 52);
=1

thus Hy N3Dp C U, {p € Do | I¥¢,(p)| > 1}. For ¢, > 0 sufficiently small, we
have

;max {leg (P} <1 (9:21)

for any p € Dy such that u(p) < b, +¢; or 2 by —¢,.
Consequently, if we fix § > 0 sufficiently small, then the subset A in Dy defined by

A={peDy|lulp) <6 |og,(PI<1 (j=1....v)}
satisfies condition 1°. Furthermore, using (9.21), we see that condition 3° is satis-
fied.
In order to verify condition 2°. i.e., in order to prove that .4 has a normal model.
we first note that Dé,‘” (B > a) is holomorphically complete. Since D; CC 'D},‘”,
there exists an analytic polyhedron P in ’D},‘” with defining functions vi(p) (k =
l....,u4) in ’D((,m such that D, CC P CC ’D{,‘” and L :uwyx = vi(p) (k=1.....4)

is a normal model of P in the polydisk A* : jux} <1 (k=1.... ). Since AC P.
if we set v;(p) = ¢¢,(p) (G = 1.....v) and gpii(p) = ta(p) (k= 1.....1) on
Dy. then for m = v + u. the m holomorphic functions ;(p) (j =1.....m) on Dy

satisfy all the conditions 1°-3°.
9.2.4. Cousin I Problem. From Lemma 9.6 we obtain the following result.

LeMMA 9.7. Let D CC V be a domain which satisfies the linking condition.
Let €(p) be a strictly pseudoconvez exhaustion function on D, and for a real number
7. let D' = {p € D) €(p) <7} CC D. Then the Cousin I problem is solvable on
DM,

PROOF. We use the same notation D, (j = 0.1.2), go(p) = u(p) + iv(p) on
Dy CCG,a; (i=1.2), and H; (j =0,1,2) as in 9.2.1. Let C = {(g,(p).d¢) }er’
be a Cousin I distribution on a domain U, D(*} C ' C D. We take a real number

3 > v sufficiently close to ¥ so that D'3) cC U. We also take b, (i = 1.2) with
a) < b <0< b; < ay. and. for fixed a > 3, we write

D:=D", D;:=D,nD'* (j=0.1.2)
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(as in (9.6)). We consider the following set:
b=D"'ND{ = {peD"NG | b < u(p)<b}

(similar to (9.7)). Recall that in 9.2.3 we constructed a finite number of holomorphic
functions ¢,(p) (j = 1,... ,m) on Dy satisfying conditions 1°, 2°, and 3°.

We continue to use the same notation A, W, W, (i = 1,2) as in Lemma 9.6.
As noted in (9.10). we have D!*) cc W. Each D; (i = 1,2) is holomorphically
complete; hence the Cousin I problem is solvable in D;. Since D; ¢ D c U.
there exists a meromorphic function G;(p) in D; with the same pole set as g,(p)
on each §, N D;. Thus, G\(p) — G2(p) is holomorphic in Dy, and hence in A. By
Lemima 9.6, there exists a holomorphic function f,(p) in W; (i = 1.2) which can
be holomorphically extended beyond Hy N W and which satisfies f,(p) — f2(p) =
G\ (p) — G2(p) on Ho NW. We set

F(p)={ Gl(p)+f|(p)v peu’h

Ga(p) + fa(p). pE W,
Then F(p) is a single-valued meromorphic function on W with the same pole set
as g,(p) on each §; N W. Since D!’ CC W, the proof is complete. O

9.3. Principal Theorem

9.3.1. Linking Theorem. Let V be an analytic space of dimension n and let
D CC V be a domain which satisfies the linking condition in 9.2.1. Let £(p) be an
associated function on D, and for a real nuinber a. set D(®) = {p € D | £(p) < a}.
We have the following theorem.

THEOREM 9.2 (Linking theorem). 4 domain D satisfying the linking condition
is holomorphically complete.

PROOF. From Proposition 9.4 and Lemma 9.2. it suffices to prove that for any
real number a, there exists an analytic polyhedron P in D with defining functions
on G C D satisfying

D@ ccPccD.

We first prove that there exists a generalized analytic polyhedron P in D such
that D@} cc P cc D. To do this. we fix a real number 3 with a < 3 < 2
and consider the domain D'®). Fix £ € D'¥). There exists a continuous family of
analytic hypersurfaces in a neighborhood & in D:

00:9e(t.p) =0 (pede. tel),

which touches D' from outside at the point €. Since the analytic space V is locally
holomorphically complete at each point, we may assume that ¢ is holomorphically
complete and that § N D(*) = @. Choose a real number v > 3 sufficiently close to
3 so that (30,) "D = @. Since the Cousin I problem is solvable on D) (Lemimna
9.7), it follows from Lemma 9.3 that there exist a holomorphic function ¢¢(p) on
D3 and two neighborhoods 8,8 of ¢ in D(*) with & C 87 C 4. satisfying

D ng; C {pe D | lpe(p)l > 1},
sup{loe(p)| | p € D\ &Y} < 1. (9-22)
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Since 8D(#) is compact, we can find a finite number of points ¢; € D) (j =
1,...,p) such that

oD ¢ ) 8. (9.23)
j=1

If we set
Pi={peD?® ||pg,(p)l<1(i=1,...,m)}
then P is a generalized analytic polyhedron in D with defining functions in D),
and
D@ cc P cc DY,

We next prove that P is an analytic polyhedron, i.e., P satisfies the separation
condition. To prove this, it suffices to show that P has a normal model in a unit
polydisk & in C¥, where v > p.

In C* with variables zy,...,2,, let & : |25 < 1 (j = 1,...,u) be the unit
polydisk; consider the analytic mapping

@:pE'P—’z=(¢pg1(p),... »‘Pe,.(}’))ez

and set £ = ®(P) C A. Then T is an n-dimensional analytic set in A with
0T c 8A. Let Q € £\ 8. Then ®!(Q) is an analytic set in P. Since 8L C A
and P contains no compact analytic sets of positive dimension, it follows that
®~1(Qo) consists of a finite number of points in P. Assume that there exists a
point Q of T such that ~!(Q) consists of more than one point. Then P is mapped
via ® to a ramified domain £ over the analytic set £ without relative boundary. We
let d > 2 denote the number of sheets of £ over L. There exists a point Qp € I
such that $!(Qo) consists of d distinct points ¢J,... ,(J € OP. Let

Qo = (a|,... ,a,,) € 32;
thus some ax (k = 1,...,pu) satisfies |ax] = 1. Therefore, ¢, (¢!) = ax (I =
1,...,d). We set
S ={p e D® | g, (p) = ax},
so that S C &, by (9.22), ¢® € S (I = 1,...,d), and (8S) N D® = @ (since
8S c 8D"). Since DA N &, as well as &, is holomorphically complete, we can
find a holomorphic function f(p) in D®) N dg, such that f(¢) # F(¢F) (1 #V, 1<

I,I' < d). Fix a number 8’ < § sufficiently close to (3 so that P cc D#). Since
the Cousin I problem is always solvable on D(¥) and g, (p) (which defines S) is
holomorphic in D(#), we can apply Lemma 9.4 to obtain a holomorphic function
wo(p) on D) such that wo((P) # wo((?) (L # V', 1 < I, I' < d). We may assume
lpo(p)| < 1 on P.
In C#*! with variables Z = (zg, 21,... 2,), we consider the unit polydisk
A:lzl<1  (=0,1,...,p)
and the analytic mapping
b:peP — 2= (po) we,(p)... 0. (p) €A,

and we set &(P) = f:._ For any point ¢ € dA of the form { = (20,01, ... Q) =
(20, Qo), the set ®~1(¢) in P consists of at most one point. Thus, P and ¥ are
in one-to-one correspondence via the mapping ¢ except perhaps on an at most
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(n — 1)-dimensional analytic set in P. It follows froin Remark 8.2 that P has a
normal model. a

9.3.2. Principal Theorem. Let V be a normal pseudoconvex space with
associated function £(p). For a real number a, we set V, := {p € V| {(p) < a}. We
now state and prove the main lemma in this section.

LEMMA 9.8. IfV, is holomorphically complete, then there exists a real number
b such that b > a and V, i3 also holomorphically complete.

PROOF. Let ( € dV,. There exists a continuous family of analytic hypersur-
faces in a neighborhood 4¢ of ¢ in V.

oce:9¢(pt) =0 (pedc. tel= [0.1]).

which touches the domain V, from outside at the point {. Since the analytic space
is locally holomorphically complete (Corollary 8.1). we can assume that the neigh-
borhood & is holomorphically complete. Further we may assume that § satisfies
the condition in Corollary 6.4 in Chapter 6. By taking a smaller neighborhood é..
if necessary, we may also assume that g:(p.t) is continuous for (p,t) € é; x I and
gc(p.1) # 0 for any p € &, i.e., 0c1 = 0. Let ¢ and e(; be positive numbers with
€ > € > 0. and set

[l

% {p€d;1lgc(p.0)| < &c}
% {p€dc|lgc(p.0)] <}
Thus, ¢ and 4; are neighborhoods of ¢ in V with 7. C 7¢ C &;. We may assume
that ¢, > 0 is sufficiently small so that {(3v¢) N (98;)} NV, = B. Since 3V, is a
compact set. we can find a finite number of points (; (j = 1.... .. ') such that.
writing 7; and 7] for v, and '72’, and writing o;, and g;(p.t) for o, , and g, (p.t).
we have 3V, C U‘\;, ;- We also let ¢; (j = 1,....N) denote the corresponding
numbers ¢¢,. It follows that we can find a real number b > a sufficiently close to a
so that
(1) 8V, cUX, 7). and
(2) if we set

'?]_—"))nvb- '.7;’=7;nvb (j=l....,.-\').

then (3, \ 71N {0, }eer = 0.
We have the following fact:
(*) the holomorphic function log g,(p.0) has a single-valued branch on %; \ 3.

PROOF. Let ! be a closed curve in 5, \ 4}. Let I* be the image of | under the
function 7 = g;(p.0); thus I* is a closed curve in the complex plane C, which does
not pass through the origin 0. To verify (*), it suffices to show that the winding
number N(0) of I* about 0 is zero. We note from (2) that g,(p,t) is a continuous
function for (p.t) € 8; x I with g;(p.t) #0 onl x I. For each t € I we let I*(t)
denote the image of I under the function v = g;(p.t): thus I*(t) is a closed curve
in C; \ {0}, which varies continuously with # € I. Thus. if we let N(t) denote
the winding number of I*(t) about 0, then N(0) = N(t) for all t € I. On the
other hand. since g;(p,1) # 0 for each p € 4,, it follows from Corollary 6.4 that
log g;i(p.1) is single-valued in é;. Hence N(1) =0, and (*) is proved. O
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We set .
Di=V- U v, (k=0,1,...,N),
j=k+1
where Dx = Wy, so that Dy C Dy C --- C Dy-; C V, and Dy CC V... In addition,
we set

N
W=%-1U ‘?;.] G=1...,N)
h=j3+1
where 7%, = §x. Then we have
Dyer = DiUaly, (k=0.1.....N—1) (9.21)

(see Figure 3).

FIGURE 3. Representation of D;

Since V, is holomorphically complete, it follows from Lemma 9.1 that Dy, is holo-
morphically complete. Similarly, since d; is holomorphically complete and g, (p.0)
is holomorphic on d, it follows again from Lemma 9.1 that each 72 (k =1,... ,N)
is holomorphically complete.

We shall show that

(#+) each Dx (k=0,1,....N) is a normal pseudoconvex space.
Proor. We prove this by reverse induction. We first note that Dy = V, is a

normal pseudoconvex space, since £x(p) = 1/(b — {(p)) is a strictly pseudoconvex
exhaustion function on V,. \We next assume that Di., is a normal pseudoconvex
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space with associated function {x.)(p) > 0 on Dy.,. We will construct a strictly
pseudoconvex exhaustion function for Dj.. Using gi41(p.0) in §x4) we can construct
a strictly pseudoconvex function nx.1(p) in Y41 \ Viyy C Ik+1. with

<0\ p€3’7k+|.
"k"(p){ =43, pEN,,.

We set
£A(P) = { max{tk-'vl(P)-ﬂk-H(P)}r pe Dkn‘yg..l'
€1 (p). PE D\ 7.,
Then £, (p) is a strictly pseudoconvex exhaustion function in Dy this completes the
proof of (x*). ]

Finally, we show that
(**2) each D, (k=0,1,...,N) is holomorphically complete.

PROOF. We prove this by induction. We already noted that Dj is holomorphi-
cally complete. Assume that D; is holomorphically complete. We will prove that
Dk +1 is holomorphically complete. By Theorem 9.2. it suffices to show that Dy,
satisfies the linking conditions (L1). (L2). and (L3) with Dy and 7},,.

We showed that Dy, = Dy U ‘72 1 ‘72+, is holomorphically complete: and
Di+1 is a normal pseudoconvex space. Thus, Dy, satisfies conditions (L1) and
(L2). To verify (L3). we set

#(p) = log gk+1(p.0) = u(p) + iv(p) on Yu41 \ Fprs-
which is a single-valued holomorphic function. Then
Di N4y = {P € (Fks1 \ Yis1) N Disr | log sy < u(p) < logersa}.
so that Dy, satisfies condition (L3). Thus (* * #) is verified. a

Consequently, Dy = V, is holomorphically complete. and Lemma 9.8 is com-
pletely proved. O

From Lemma 9.8 we obtain the following theorem.
THEOREM 9.3 (Nishino [41]). Any normal pseudoconvez space is a Stein space.

PROOF. Let V be a normal pseudoconvex space with associated function £(p).
Let a = mingey{#(p)}. so that —50 < a < . and V, is a compact set in V without
interior points. Then by reasoning similar to that used in Lemma 9.8 (replacing V,
by V, with 3V, =V, ). we see that there exists a real number 3 > a such that V;
is holomnorphically complete. Thus. we can define

ay :=sup{a |V, is holomorphically complete},
so that a < ag < +00.
If ap < +oc, then V,, is holomorphically complete from Proposition 9.4. This

contradicts Lemma 9.8. Therefore a9 = +oc. Proposition 9.4 now yields that V
itself is holomorphically complete. m}

Notice that in establishing this theorem, which is one of the main goals of the
book, almost all of the results in Chapters 7 and 8 have been used. In conjuction
with Theorem 4.6. we obtain the following corollary.

COROLLARY 9.1. Any pseudoconvezr univalent domain in C" is a domain of
holomorphy.
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This corollary was proved by Oka. The case n = 2 is in [49] and the case n > 2
is in [52].

REMARK 9.1. As shown on p. 35 in [49)], the linking theorem (Theorem 9.2)
in section 9.3.1 is needed to prove the corollary in C™, but we do not need the
arguments in section 9.3.2.

For let D be a pseudoconvex domain in C" with associated function {(z).
Let D, = {z € C" | l(z) < a} for a real number a. From Proposition 9.4 it
suffices to prove that each D, (a < +2¢) is holomorphically complete. To show
this, noting that D, is locally holomorphically complete, we divide the z;-plane
C.. (i = 1,....n) into equal rectangles Jg’) (j = 1,2,...) by two systems of
straight lines parallel to the x;- and y;-axis (where z; = x; + vV—1y,) and we
set A = §7' x ... x §i» (where j = (ji,... ,jn)). which is a box in C". We set
DY = DNAWY: then D, is a finite collection of these sets D). If AU) is sufficiently
small. then DY is a holomorphically complete domain. In this situation, we can
apply the linking theorem step by step to conclude that D, is holomorphically
complete.

This method can be applied to a ramified domain D over C" with associated
function {(p). The arguments in section 9.3.2 were needed to prove the holomorphic
completeness for a general normal pseudoconvex space.

REMARK 9.2. In a ramified domain D over C” any generalized analytic poly-
hedron P is an analytic polyhedron, i.e., P satisfies the separation condition.

To see this, let P : |p,(p)] < 1 (j = 1,...,m), so that m > n; let T :
w, =¢ip(G=1...,m)inC™ andlet ® : p€ P — £. Thus £ is an n-
dimensional analytic set in the unit polydisk A™ in C™. Let u(w) be a strictly
plurisubharmonic exhaustion function on A™. Then s(p) := u(®(p)) is a strictly
pseudoconvex exhaustion function on P. By Theorem 9.3, P is a Stein space.

REMARK 9.3. H. Grauert showed in [22] that any relatively compact strongly
pseudoconvex domain with piecewise smooth boundary in a complex manifold is
holomorphically convex. and that a complex manifold admitting a piecewise smooth
strongly plurisubharmonic exhaustion function is a Stein manifold. R. Narasimhan
showed in [37] that an analytic space with a strongly plurisubharmonic exhaustion
function is a Stein space. Here, we say that a real-valued function s(p) on an analytic
space V is strongly plurisubharmonic on V if any point p € V has a neighborhood
v in V which is isomorphic to an analytic set o in a domain 4 in some C¥; and, if
we denote this isomorphism by T, then we require that soT~! is the restriction to
o of some strictly plurisubharmonic function in 4.

9.4. Unramified Domains Over C"

We shall show that any unramified pseudoconvex domain D over C" is holo-
morphically complete and hence is a domain of holomorphy.® Using Theorem 9.3,
it suffices to construct a strictly plurisubharmonic. piecewise smooth exhaustion
function on D.

8This fact was published in 1952 by Oka in [52]. However. he already proved it in 1943 (see
Oka's posthumous work No. 6 in [85]).
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9.4.1. Unramified Domains over C". Let R be an unramified domain over
C" with variables 2,,...,2, and let # : R — C" be the canonical projection. We
write m(p) = p for p € R. We let g,(a) denote the ball in C" centered at a with
radius r, and we let v.(a) denote the polydisk in C" centered at a with radius r.
Let p € R, and let v be a univalent subset of R such that p € v and 7(v) = ¢.(p)-
We call the supremum Dg(p) of such r > 0 the (Euclidean) boundary distance
of R from the point p. If we replace ¢.(p) by 7.(p). then we call the supremum
Axr(p) of r with 7(v) = 7-(p) the cylindrical boundary distance of R from the
point p.

Let E C R. Then we call inf {Dg(p) | p € E} the (Euclidean) boundary
distance of R from the set E. Given p > 0, we also define

R¥ = {pe R | Axr(p) > p}. (9.25)
‘We set

é(p) = —log Dr(p). pE€R, (9.26)

which we call the logarithmic boundary distance function on R.
We have the following theorem.

THEOREM 9.4. If R is an unramified pseudoconvexr domain over C", then 6(p)
is a plurisubharmonic function on R.

PROOF. This theorem was proved in the case when R is a univalent pseudo-
convex domain D in C" in Lemma 4.6. In the proof we did not need D to be
univalent, i.e., the proof is valid for an unramified pseudoconvex domain R over
C". Thus Theorem 9.4 is true. O

In the case of a bounded univalent domain D in C*, we have D?) ccC D for
each p > 0. Using this fact, we constructed a piecewise smooth. strictly plurisubhar-
monic exhaustion function on a univalent pseudoconvex domain in C". However,
in the case of an (infinitely sheeted) bounded unramified domain R over C", it
is no longer true that R ccC R for all p > 0. For example, let R denote the
portion of the Riemann surface of log z lying over the disk {|z| < 1}. Then R
for 0 < p < 1/2 coincides with the portion of R lying over {p < |z| < 1 - p},
which is not relatively compact in R. Thus, we need further analysis, which we
will carry out in the following section, to construct a piecewise smooth, strictly
plurisubharmonic exhaustion function on an unramified pseudoconvex domain over
Ccn.

9.4.2. Family of Continuous Curves. Let | be a rectifiable curve in C",

ie.,

L:tel —z=(li(t),...,l.(t) € C",
where I =[0,1], l;(t) (j = 1,... ,n) is a complex-valued continuous function on /,
and the Euclidean length L(!) of the curve ! in C" is finite. We call the vector-valued
function {(t) = (Li(t),... ,In(t)) on I a parameterization for the curve [.

We consider a sequence of rectifiable curves l;. (k =1,2,...) in C". If we can
find a sequence of parameterizations 1%(t) on I of l; such that I*(t) (k =1,2,...)
converges uniformly to {°(t) on I, then we say that Iy (k = 1.2,...) converges
uniformly to the curve

B:2=10). tel,
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and we call [° the limiting curve of I, (k = 1.2,...).

Let {l,}, be a family of rectifable curves in C". If for any sequence {li}x=1.2...
which is contained in {l,}, we can choose a subsequence {li,};.-1.2.... of {lx}x_1.2....
such that {I;,};=12... converges uniformly to a curve /, then we say that {l,}, isa
normal family.

We have the following proposition.

PROPOSITION 9.5 (Oka). Let {l.},cz be a family of rectifiable curves in C"
such that the set of initial points of |, (« € T) is bounded in C" and the Euclidean
length L(l,) of the curves !, (¢ € I) is uniformly bounded. Then {l,},c1 is @ normal
family.

PROOF. We prove this by use of the arc length parameter 7 of the curve I,.
Let I,(t) (¢ € I) be a parameterization on [/ of the curve I, and let L,(t) denote
the length of I, from ,(0) to I,(t). By assumption there exists an A{ > 0 such that
L,(1) £ M (. € I). We may assume each L(1) > 0. Weset 7, :t€l - 7 =
L.(t)/L,(1) € [0,1] (¢ € T), and we let t = o,(7) denote the inverse function of 7,.
Then I7(7) := l,(0,(7)) is a parameterization on I of {,. We have

) =-E") <Ml -7" forall '.7" € I.
so that IJ(7) (¢ € I) is equicontinuous on I. Since {l,(0)},cz is bounded in C”,
it follows from the Arzela-Ascoli theorem that {I7(7)},ez is a normal family of
functions on I. Thus, {l,},ez is normal. 0

9.4.3. Distance Function. Let R be an unramified domain over C". Let
P1,p2 € R and let v be a curve which connects p; and p; in R. We let L() denote
the Euclidean length of the curve y = m(7) in C”. We set

dr (p1.p2) =inf {L(7) | v connects p;, and p; in R}.
Let Ry be a connected region in R such that the boundary distance of R from Ry
is positive, i.e.,
= inf {Dr(p) | p € Ro} > 0.
Fix a point py in Ro. Let p € Ry and set

dp, (p) = dr,(po, P), (9.27)

which is called the distance function on R, with initial point py.
We have the following lemma.

LEMMA 9.9. For each M > 0, the subset

Eyr:= {p € Ro | dpy(p) < M}
of Ry is relatively compact in R.

PROOF. We prove this by contradiction; thus we assume that there exists a
sequence of points px (k = 1,2,...) in Eas such that {pi}x=12.. has no accu-
mulation points in R. For each £ = 1,2,..., we can find a continuous curve Ij
in 'R,o which connects py and px such that L(lx) < M. We write [, = m(lx) and

= m(po). Then l; is a rectifiable curve in C™ with initial point py and length
L(lk) L(lx) < M. Tt follows from Proposition 9.5 that we can find a subsequence
{lk,) b, }=12.... of {l}x=12.... which converges uniformly to a curve ly. Let Iy, I, (t) and
lo(t) be parametenzatlons on I of b and ly such that lim;_.,. [y, (t) = lo(t) uni-
formly on I. We fix r with 0 < r < m/2 and consider the band B along lp with
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radius 7: i.e., the collection of balls g, (Iy(t)). t € I, in C". Then we have l;,(t) C B
(t € I) for sufficiently large j. Fix such a j. Then ly(t) (t € I) is contained in
the band B, along I, with radius 2r < m and B C B,. Since Dg(p) > m for all
pel,t)tel, it follows that B, cC R. and hence B CC R. We thus have
Pk, =_Iﬁ(1) € B for all sufficiently large i. This is a contradiction. O

9.4.4. Modification of d,,(p). Let Y be a domain in an analytic space V.
Let h(p) and k(p) be two real-valued functions on Y. If, given a real number a.
there exists a real number b > 0 such that

{pelU|h(p)<a} C {peU|k(p)<b}

{peUlk(p)<a} < {pelU|h(p)<b},
then we say that h(p) and k(p) are of weakly bounded difference in Y. Fur-
thermore. if h(p) — k(p) is a bounded function in Y, then we say that h(p) and k(p)

are of bounded difference in Y.
Let R be an unramified domain over C" and for m > 0 let

Ro=Rom ={p€R|Dr(p) >m} CR. (9.28)
We note that if R is finitely sheeted and bounded over C", then Ry CC R.

However, if R is infinitely sheeted, this is not necessarily the case. We defined
dp, (p) = dr, (0. p) on Ro where pg is a fixed point in Ry. Let p > 0 and let

RY) = {p € Ro | Ar,(p) > p}. (9.29)

so that the polydisk v,(p) CC R for each p € R((,” ) (recall the notation from (9.25)).
We shall construct a strictly plurisubharmonic function u(p) on 'Rf,") such that u(p)
and dp, (p) are of weakly bounded difference in ‘R,ff ),

To this end, we recall the following mean-value integral of a real-valued, con-
tinuous function ¢(z) which was studied in Chapter 4:

o1(2) = Aple) = s [ ol (9:30)

1e(2)
We have the following lemma.

LEMMA 9.10. Let (2) be a real-valued continuous function on a univalent do-
main D in C". Let p > 0 and let D'® = {p € D | Ap(p) > p}. ForO<r<p
define ¢y (2) = Arp(2) on D'®) (which is of class C* in D'P)),

1. If there exists a constant ¢ > 0 such that for any two points z!, 22 in D,

le(z') = p(2)) < e ! = 22|
then we have
9¢1(z)
o
Here 8/0¢ denotes any of the partial derivatives 8/dz; or 8/dy;, where
2; =%; +\/—_lyj G=1,... .n).9
2. If |p(2)] < M on D, then
9p1(2)
o

<e¢, zeDW,

LA

z2e€ D,

)iz} — 22|) denotes the Euclidean distance between z! and z2 in C".
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PROOF. We prove this for £ = x,. Let a = (a,,... ,a,) € D and let Af be
a real number such that a’ = (a) + A, ay,... .a,) € D'?. Under the assumption

in 1, we have
e/
= eladv, — [ pla)a
Ag ( ) P

/ ((a’ +¢) — (a+ )
1+(0)

Ry
7Yy
1
< — clla’ - alldv; = c(mr?)",
IA€| 10 (0) " " S ( )

so that |(8¢)/0€)(a)| < c. Thus 1 is proved.
Under the assumption in 2, we have

1
25 - o= [ o)

IA€I vol (7r(a’) \ 7 (a))
< 4Mr. (ar?)" !,
so that |3y, /9€)(a)| < 4M/nr. Hence, 2 is proved. 0

Since the mean-value integral p,(z) = A;p(z) of @(2) is defined locally on
D) this integration can be defined on D®) for a continuous function (z) on an
unramified domain D over C".

We return to the situation (9.29). The distance function dg,(p) = dr,(po,P)
on Ry is a real-valued continuous function in Ro with the property that

ldpo (P') — dpo (P")1 < I’ — £ (9:31)

for any two points p’, p’’ in Ry such that p’, p” are contained in a (univalent) ball in
Ro. Fix r with 0 < r < p. Then we can construct the mean-value integral defined
by (9.30):

p1(p) = Acdy(p), PERY,
v2p) = Ar(p), peREP.
Then ¢, (p) is of class C! in R} and
8{;? <1, peRY: (9.32)
in addition, w(p) is of class C2 in RZ* with
i/
ow|<|2(a%2) o< 5 peri o
We note from (9.31) and (9.32) that
fe2(p) - dyo(P) < 2r, pERG”. (9:34)

Next we define the following function on R:
C(p) = lzll2 +-+ |z'll29 PE R,
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where p = (z1,... .2,) € C". Then {(p) is a strictly plurisubharmonic function on
R. Given a constant K > 0, we set

Ak(p) = pa(p) + K((p), peRY?,

which is a positive-valued function of class C2 on RY”.
We have the following lemma.

LEMMA 9.11. There exists a strictly plurisubharmonic function ¢(z) on Rf,z” )
such that w(p) and dp,(p) are of weakly bounded difference on RS,

PROOF. We fix a constant X > 0 such that K > 4n?/(nr). We shall show that

¢(p) = Ak (p) on ‘R.(,z” ) satisfies the conclusion of the lemma.
Indeed, from (9.33) we see that for any ¢ = (c1,... ,c,) € C™ with |ic[| =1, we
have

n
jk=1 TN

so that Ax(p) is a strictly plurisubharmonic function on Rf,zp ). 1t is clear from

(9.34) that ,(p) and dp(p) are of bounded difference on R, Let ¢ > 0 and let

A = {p € R§® | dpy(p) < c}. Then the projection A, of A, to C" is a bounded

subset in C", so that {(p) is bounded on A.. It follows that Ak (p) and dp, (p) are

of weakly bounded difference on R, O

In the case when the projection R¢ of Rg to C" is a bounded domain in C",
Ax(p) and d,, (p) are of bounded difference on RS,

Given € > 0, by taking smaller m > 0 and p > 0 such that m + 2p < € we have
from this lemma the following corollary.

COROLLARY 9.2. Let R be an unramified pseudoconvex domain over C", and
fore >0, let

D={peR|Dr(p) >¢}
Then there exists a strictly plurisubharmonic function (p) on D such that, for any
real number a,
D.={peD|p(p) <a} CCR.
This corollary says that, if we let 3D, denote the boundary of D, in R, then
D, is finitely sheeted over C" and

9D, C{peR|Dr(p) =<c}U{p€D|yp(p) =a}. (9.35)

9.4.5. Construction of an Associated Function on R. Let R be an un-
ramified pseudoconvex domain over C". We defined the logarithmic boundary
distance function 6(p) = — log Dr(p) on R by (9.26). Since R is pseudoconvex, we
have that é(p) is continuous and plurisubharmonic on R. Let a; (j = 1,2,...) be
a sequence of positive numbers such that

a; <aj4) (i=12...), jlinalca" = +0c¢.

We set
Rij={peR|é(p) <a;} (=12...)
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Equivalently, setting e; = e~ >0 (j = 1,2,...) (so that £; > ;4 and lim; . €;
= 0), we have R; = {p € R | Dr(p) > ¢;}. Then

Rj CRjn1 (G=12...) jl—i-lEoRj =R.

By Corollary 9.2, there exists a strictly plurisubharmonic function ;(p) on R;
( =1,2,...) such that, for any real number b,

(R;)o:= {p € R; | pi(p) <b} CCR.

We note from (9.35) that (R;)s CC Rj4+1. Next, let b; (j =1,2,...) be a sequence
of positive real numbers such that

(1) b < bjya1 (7=1,2,...) and jlilgobj = +00;

(2) if we set

A; = {p € R; | pj+a(p) < bj},
then
AjccAjn (=12,...), jl-i.!EoAj =R.

This is possible by taking ;) sufficiently greater than b;. We note that A2 CC
Rj+3 and

84; C {p€ R|4(p) = a;}U{p € Rjs3 | vj+3(p) = bj}.

We set

‘¢'j(P) = ma'x{‘s(P) - aj,§0j+3(p) - bj}’ PE A_‘i+2 \ A,i—l (.7 =2,3,... )'
Then v;(p) is a plurisubharmonic function on A2 \ Aj-; satisfying

¥i(p) >0 (resp. =0, <0) on Az \A; (resp. 84;, A;\ Aj-y).

Using the sequence of functions ¥;(p) on Aj42\4A;-1 (j =1,2,...), we can apply
standard techniques to construct a plurisubharmonic exhaustion function ¥(p) on
R.

To be precise, we fix a plurisubharmonic function 1 (p) on A; such that v (p) >
0 on A3. We take k; > 0 sufficiently large so that

min {ky¥(0)} > max(3, max (2 (5)} )

and define

) ¥2(p) _ on 4,,
¥3(p) = { max {¥2(p), k292(p)} on KS \ A,
k2 ¢2(p) A4\ As.

Then v3(p) > 0 is a plurisubharmonic function on K- such that ¥3(p) = ¥2(p)
on A; and v¥3(p) > 3 on Ag \ Az. In a similar fashion, using %3(p) on Ay and
¥3(p) on As \ Az, we obtain a plurisubharmonic function ¥a(p) > 0 on Ag such
that ¥4(p) = ¥a(p) on A3 and t4(p) > 4 on A5 \ A;. We repeat this procedure
inductively and obtain a continuous plurisubharmonic exhaustion function (p) on
R.

Using the same argument in the case of a univalent pseudoconvex domain in C*
via the mean-value integral of ¥(p), we modify ¥(p) to obtain a piecewise smooth,
strictly plurisubharmonic exhaustion function ®(p) on R.

Thus we have proved the following.
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PROPOSITION 9.6. Any unramified pseudoconver domain over C" is a normal
pseudoconvez space.

This proposition, together with the main theorem (Theorem 9.3), yields the
following.

THEOREM 9.5. Any unramified pseudoconver domain over C" is holomorphsi-
cally complete, and hence is a domain of holomorphy.
9.4.6. Unramified Covers. Let V be an analytic space of dimension n. Let V
be another analytic space of dimension n. If V satisfies the following two conditions:
(1) there exists an analytic mapping # from V onto V; and
(2) for any point p in V, there exists a neighborhood 4, of p in V such that &
maps each connected component of #~!(8,) in V in a one-to-one fashion to
0p,
then we say that V is an unramified cover of V without relative boundary; the
mapping 7 is called the canonical projection.
We shall prove the following theorem.

THEOREM 9.6. 'Y Any unramified cover of a Stein space is also a Stein space.

We devote the rest of this section to the proof of this theorem. Thus we always
assume that V is a Stein space and that V is an unramified cover of V with canonical
projection 7. We first verify the following proposition.

PROPOSITION 9.7. Suppose that there exists a sequence of analytic polyhedra
P; (j =1,2,...) inV with defining functions on V such that

(1) P, cc 'P;',,_, (j=12,...) and limj_.P; =V, and
(2) each connected component of‘f’,- =Y Py) (i=1.2,...) in V is holomor-
phically complete.
Then V is a Stein space.

PROOF. For each j =1,2,..., we can find a connected component 'f"} of P, in
V such that i i i ~
PocPl, (G=12..). limPI=V.

j—x
In general, P is infinitely sheeted over P;. In order to prove that V is a Stein space,
using Theorem 8.8 it suffices to show that each 132 is holomorphically convex in
'f’? +1- Recall that in Theorem 8.8 we assumed 1-"1’ cc 1-7‘}1,1: however. we only used
the fact that P} C P9, , in the proof.

To this end, let K CC 13? and let K denote the holomorphically convex hull of
K with respect to 13;’“. It suffices to show that

() KccP.: (i) #(K)ccp;.
Claim (i) follows from our assumption that 152,,_1 is holomorphically complete. To

verify (ii), let k = #(K), so that k CC P;. We let ¥ denote the holomorphically
convex hull of k with respect to P;,,. Since any holomorphic function ¢ on P,,,
gives rise to the holomorphic function ¢ := p o7 in 13? +1+ it follows easily that

10This theorem was first proved by K. Stein in (88]. The proof given here is due to the
author.
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1?(1? ) C k. Since P; is holomorphically convex in Pj4,, we have kcc P;j, proving
(ii). a

9.4.7. Preparation Lemma. By Theorem 8.20, a Stein space V can be re-
alized as a distinguished ramified domain D over C" with projection 7. Precisely,
fixing p > 0, we use variables 2;,...,2, in C" and we let

To:lzl<p (G=1,...,n)

be the polydisk centered at the origin O with radius p. Then each connected compo-
nent of #~(T',,) in D is a finitely sheeted ramified domain over I', without relative
boundary. To verify Theorem 9.6, it thus suffices to prove that the unramified cover
D with canonical projection # of the distinguished ramified domain D over C" is a
Stein space.

We fix pg and p;, with pp > p; > 0 and we take a connected component D,
(resp. Dy) of #~1(T,,) (resp. #~!(T',,)) in D; then D, (resp. Dp) is a finitely
sheeted ramified domain over I',, (resp. TI',) without relative boundary such that
D, CC Do

Let D, be any connected domain over D, so that D is an infinitely or finitely
sheeted unramified cover of Dy without relative boundary with projection #, and
let # = 7 o #; this maps Dp onto I',,. Let D) be the part of Dy over T,,; this is
an unramified cover of D, without relative boundary. To prove Theorem 9.6, using
Proposition 9.7 it suffices to show that D, is holomorphically complete. Moreover,
using Theorem 9.3 it suffices to verify the following claim:

Claim. There exists a strictly pseudoconvex
exhaustion function $(p) on D;. (9.36)
In the construction of @(p) we use the following notation. Let E C Dy. Then
E:=w(E)cT, and E:=#"'(E)c Dy,
so that D, =T, and D, = #~}(D,). Consider the function

w0 = e {2 S isp em,

i=1
and set i
i) =n(7(p)), peD.
Then 7j(p) is a strictly pseudoconvex function on D, such that lim,_.p, i(p) =
for any py € 8D1 with 7(pp) € 9T ,,. However, #j(p) is not necessarily an exhaustlon
function on D, if D, is infinitely sheeted over D, (or equivalently over T,,).
On Dy, we define the usual metric dp,(p1,p2) in the following manner. Let

P1,P2 € Dy. We connect p, and p, by a curve 7 in Dy and we let L(#¥) denote the
Euclidean length of the curve § = (%) in C". We define

dp, (1, p2) = inf {L(7) | ¥ joins p, and p in Do}.
Fix a point py in Dy and define
Ao (p) = dpy, (P0,P), P € Do (9.37)
This is a nonnegative, continuous function on Dy such that

Idpo (p) — dpy(9)| < dp, (p,q) for p,q € Do.
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We call Jm (p) the distance function on Dy. Using the fact that Dy is a finitely
sheeted ramified domain over I',, without relative boundary, we see via the method
used in the proof of Lemma 9.9 that for any real number a, the set

(Do)s := {p € Do | dpy () < a}

is finitely sheeted over Do, and hence over I',,,. The set (Do), has relative boundary
in Dy in the case when Dy is infinitely sheeted over Dy. Consequently, if we set

A(p) = max {d,,(p). i(p)}, p€Di.

then A(p) is an exhaustion function on D), but it is not necessarily a strictly pseu-
doconvex function. To finish the proof of our claim. it thus suffices to construct a
strictly pseudoconvex function @(p) on D, such that @(p) and A(p) are of bounded
difference on D;.

9.4.8. Canonical Coordinates. Let r be an integer with 1 < r < n and let
Pri(z10--. 4 20) EC" = (21,....2,) €C"
be a projection from C" onto C". We set
or=pronm on Dy.
Then we have the following proposition.

PROPOSITION 9.8. After a preliminary coordinate transformation of C", if nec-
essary. there erists a sequence of analytic sets S™ (r =0,1,... ,n—1) in Dy such
that:

1. S*~! is a pure (n — 1)-dimensional analytic set in Dy. Each S™ (r =

0,1....,n—2) is a pure r-dimensional analytic set in Dy with S™ C S™*!.

2. The coordinate system (zy,...,z,) satisfies the Weierstrass condition for

each analytic set 8" (r=0,1,... ,n—1) inT,, at each point of S".
3. If we set sh = S\ S}, then the projection o, from s} over C" is locally
one-to-one, i.e., the image o.(sj) is an unramified domain over C".

PROOF. For r = n — 1, we can take S"~! to be the branch set S,_; of Do
over C". Since S"~! is an analytic hypersurface in T',,,, we may assume that the
coordinates (z,... ,2,) of C" satisfy the Weierstrass condition for S”~! at each
point of S"~!. Thus we can find a finitely sheeted ramified domain D,,_, over C"}
such that S"~! and D, are in one-to-one correspondence via the projection pp_,
except perhaps for an at most (n —2)-dimensional analytic set in I',,. Consequently,
under the projection 0,,_) = pn—) o 7, there exists a ramified domain D"~! over
C"~! such that S*~! and D"~! are in one-to-one correspondence except perhaps
for an (n — 2)-dimensional analytic set ($)"~2 in Dy; i.e.,

Sn—-l t2n =€n(zly"' ’zn—l)a (9'38)

where (2i,... ,2n—1) runs over the ramified domain D"~! over C"~!. We let 7,-,
denote this mapping from S™~! to D"~!. Consider the branch set S,_2 of D"~}
over C"~! and let (5§”)"~2 denote the (n — 2)-dimensional analytic subset of S™~!
which corresponds to S, _2 via 7,_;. We then define

Sn-2 = (Sl)n—2 U (sﬂ)n—2’
which is an (n — 2)-dimensional analytic set in Do with -2 ¢ §"~!.
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Since S”~2 is an analytic set in T, it follows from (9.38) that after taking a
suitable linear transformation of (z;....,z,—1) in C"~!, if necessary, the coordi-
nates (2,... , zn_;) satisfy the Weierstrass condition for $" "2 as well as for $"~!.
By applying the same method to S"~2 as was done to S™~!, under the projection
0, _2, there exists a ramified domain D"~2 over C"~2 such that $"~* and D"-?
are in one-to-one correspondence except for an at most (n — 3)-dimensional analytic
set (S')"~3 in Dy; i.e.,

S" 2 s =21 .. c2no2) (k=n-—1.n).
where (2),... ,Z,—2) runs over the ramified domain D"~? over C"~'? and

M(z1v-+- o 2n=2) =&n(215. .- Zn-2.Mm=1(21, -+ ;s Zn-2))-

We let 7,_2 denote the mapping from S"-2 onto D"~2. Next, we consider the
branch set S,_3 of D"~2 over C"~2 and we let (S”)"~3 denote the analytic subset
of §"~2 which corresponds to S, 3 via 7,,.2. We then define

Sn—3 = (SI)"-3 U (S")u—:!.

which is an (n — 3)-dimensional analytic subset in Dp with §"~2 ¢ §"~3.

We thus inductively obtain a pure i-dimensional analytic set S' (i = n —
1,...,1,0) in Dy and a ramified domain D' (i = n — 1....,1.0) over C' such
that §©-'c §* (i=n-1,...,1); §' and D’ are in one-to-one correspondence via
the transformation 7; except for an at most (i — 1)-dimensional analytic set (which
is contained in $*~!) in Dy.

.: 8 - D'
and the coordinates (z,,.. . , z,) satisfy the Weierstrass condition for each S'. Thus,
this sequence S* (i = n — 1,...,1,0) satisfies conditions 1 and 2. If we set s} =

S\ S"! (r=0,1,...,n), where S” = Dy, the construction also yields that s}
corresponds to the ramified domain D™ over C" after the branch set S, of D" over
C" and some (r — 1)-dimensional analytic set determined by the mapping 7, are
deleted. Thus, R" := 7,.(sf) is a finitely sheeted. unramified domain over C"; hence
condition 3 is also satisfied locally by 7, = o,. a

We set 7 = 7, o@ (r = 0,1,... ,n — 1); thus 7. is a one-to-one mapping
from 3 = #~!(s}) C Do onto an unramified domain R" over R” without relative
boundary. Generally this domain is infinitely sheeted. We let 4}, : R” — R” denote
the mapping which corresponds to # : 55 — sj via 7. Since R’ is a domain over
C'. we have the usual distance function dy. (¢',¢") for ¢'.¢” € R” (just as we have
dp, (p'.p") in Dy over C). Since 35 and R” are in one-to-one correspondence via
7, we can define the distance function d,(p’,p"”) for p’. p” in §j by

d.(p'.p") = dz (¢',¢").
where ¢’ = 7,(p') and (" = 7.(p").

We make the following observation about the distance function Jm (p) defined
in (9.37).

REMARK 9.4. Let K be a compact set in sj (equivalently, 7,.(R’) is a compact
set in R7). Then there exists a constant cx > 0 such that

ldp, (p') = dp, (@")| < e dr (P, P") (9.39)
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for all points p’ and p” in K = #~}(K) C 85 which are sufficiently close to each
other so that 7.(p) and 7.(p”) are contained in a univalent closed ball B in R"
over C".

PROOF. We may assume that the given set K is a compact set in sj so that
7.(K) is a closed univalent ball B in the unramified domain R™ over C". For
simplicity we set K = B Thus the set B = #-1(B) C R satisfies #,(B) = B. We
set k = (7)~}(B) C ;. Then & can be written in the form

Az =6k(21,....2,) (k=r+1,....n),

where each £(z),...,2,) (k =r+1,....n) is a single-valued holomorphic function
on the closed ball B in C". Thus, we can find a constant Ax > 1 such that
35&

for any point (z,...,2.) € B. Let p'.p" € 55 with 7.(p'). 7 (p") € B. We set
7(p') = (21.... . 2;) and F(p") = (2f,... ,2)) in C". We consider the arc ¥ on 3,
connecting the points ¢’ and p”:

F:te [0) l] - (Z|(t), .- ~zn(t))°

(Zl -r2r)| £ Ak

where
() =z[+ (2] — z))t i=1,....r).
2k(t) = &(21(t).. .. . 2+(1)) (k = r+l ..,n).

Since d.(p'.p") = (L5, 2, — 2'[?)"/2 and 5} C Dy. it follows that

o () = A (5| < i (0 9") < L(3) := / (2 |20y sz

r 1/2 n 1/2
< (le: —zi’l’) <1+ ) Zlae‘(zl(t) ...zr(t))lz)
i=1

=r+1 i=1
<d.(p,p") (1 + (n - r)rad)'/2

Setting cx := (1 + (n - r)rA%)"/2 > 0, we obtain (9.39). O

9.4.9. Lemmas. The ramified domain Dy over I',, is an analytic polyhedron
in a ramified domain G, where Dy CC G (Remark 9.2). We can thus find a normal
model £ in a polydisk I' =T, x I'’ in C"*™ = C" x C™, where C™ has variables
wy,... ,Wn and

Y Jul<l (k=1,...,m).

To be precise, we can find a one-to-one holomorphic mapping ¥ from Dy onto £
such that ¥ is an n-dimensional analytic set in I':

®:peDy— (2,w) = (n(p), B1(p),... . Pm(p)) € X. (9.40)
We set n -
x(z,w) = Z |Zi|2 + 2 |wk|2 in C™*™,
Using the projection # : Dy — ;D(:, we deff:nel
x(p) = x(® o #(p)), peD,
so that x(p) is a bounded., strictly pseudoconvex function on D;.
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We prove the following two lemmas.

LEMMA 9.12. Let e be an open set in sj; with e CC s5. There eist a neigh-
borhood 'V of e in Dy and a strictly pseudoconvez function f(p) on V = #71(V)
such that f(p) and dp,(p) are of bounded difference on V.

PROOF. We set E = 1,(e) C R", é = #"(e) C &), and E = .(¢) C &". 50
that E CC R” and so that E C R" is an infinitely sheeted unramified cover of E
without relative boundary. Thus. both E and E' are unramified domains over C".
For any point {( € R", there exists a unique point p € 55 C Do with 7.(p) = ¢.
Thus we define

D.(¢) :==dp,(p), CER",

which is a nonnegative function on R". Since e CC s}, it follows from inequality
(9.39) that there exists a constant c, > 0 such that

1D(¢") = Dr(¢")] € ce 1€ = <"

for all points ¢’,¢” in E which are sufficiently close to each other. Here ||’ — ¢”||
denotes the Euclidean distance between ¢’ and ¢” in C"; this only depends on the
set e. Therefore, using the same method as was used in section 9.4.4, but now
applied to E CC R", we can construct a strictly plurisubharmonic function G, (¢)
on the unramified domain E over C" such that G,(¢) and D,(¢) are of bounded
difference in E. It follows that

gr(”) = Gr(fr(p))! pPE €.

is a strictly plurisubharmonic function on € such that g.(p) and J,o (p) are of
bounded difference on é.

On the other hand, from Proposition 9.8, sj is an r-dimensional, non-singular
analytic set in a domain in T, and the coordinates (z,,... .z,) satisfy the Weier-
strass condition for sj. Thus sf can be written in the form

zr=6&(21,....2,) (k=r+1,....n),

where (z),... ,z,) varies over the unramified domain R" over C" and §x(z,-- - , 2)
is a single-valued holomorphic function on R". Since ¢ CC sg. we can find a tubular
neighborhood V of e in Dy of the form

V= U (zl!"'ezrsv(zls"--zr))v
(z1.... .3, )EE

where V(z,,...,2,) is a polydisk in C"~" centered at the point (£x4+1(21,... . 2r),
I S C TR S ) &

V(z1eee120) |z = &k(21,... . 27)| <8 (k=r+1,....n).

and § > 0 is sufficiently small. Thus V is a unramified domain over C". The
projection T, from V onto e such that

Tr(z1y.-- 2r V(21ee oo 2 20)) = (21 s 2e &1 (21e oo e 1 20)s e 5 6n(2000 00 0 20))
canonically determines a holomorphic mapping (contraction) T, : V. — é. where
V = #7}(V), via the relation # o T, = T, o . Setting

9(p) = g:(T:(p)), pPEV.



9.4. UNRAMIFIED DOMAINS OVER C" 357

it follows that g(p) is a pseudoconvex function on V. Further. since g,(p) and
.,,,, (p) are of bounded difference on é, so are g(p) and Jp,, (p) on V. Consequently.
if we set f(p) = g(p) + X(p) on V, then f(p) is a function satisfying the conclusion
of the lemma. C

We use this lemma to prove the following.

LEMMA 9.13. Lete be an open set in S™ (r =1.... ,n—1) such thate CC S",
and set ¢’ = eNS"~! CC §7~). Assume that there erists a neighborhood U of €’
in Dy with the property that there erists a strictly pseudoconvez function f(p) on
U = 7#Y(U) such that f(p) and J,,o(p) are of bounded difference on U. Then there
e:mst a neighborhood W of e in Dy and a strictly pseudoconvez function F(p) on
W = #~1(W) such that F(p) and dpo(p) are of bounded difference on W.

PROOF. We begin with the normal model ¥ of Dy in the polydisk ' ¢ C**™
via the mapping ® defined in (9.40). We set X7~} = &(S""1). Since Z"! is an
(r — 1)-dimensional analytic set in I, we can find a finite number of holomorphic
functions fj(z.w) (j = 1.....8) on I such that

" fi(zw) =0 (j=1.....3).
For 0 < € << 1, we define
H (z,w):= Fnlmx '{|fj(z.w)|} +ex(z,w). (z.w) €T,

and
h (p) := H(®(p)), p € Do.

so that h.(p) is a strictly pseudoconvex function on Dy. We take ¢ > 0 sufficiently
small so that if we set
Ha:={p € Do | he(p) < a}

for a sufficiently small @ > 0, then M, is a tubular neighborhood of S™~! in Dy
such that ¢ C HoNe CC U. We fix 0 < a) < a2 < ay such that H,, Ne CC U.
Since e \ Ha, CC 8j, it follows from Lemma 9.12 that there exist a neighborhood
V of e\ Hq, in Do and a strictly pseudoconvex function g(p) on V such that g(p)
and d,, (p) are of bounded difference on V. We set

=Hay NU. Wy = (Hoy \ Ha,)NV. Wy =V \H,,.

so that W := Wy UW, U W, is a neighborhood of e in Do. Let #~!(W,) = W,
(i=1,2,3) and #~}(W) = W. For K > 0. we set

f(p). PEW.
F(p) = max {f(P)a Q(P) +K [h‘f(i(p)) - 02]}, pPE "Y2-
9(p) + K [he(7(p)) — az). pEW;.

We note that if K > 0 is sufficiently large, then F(p) is a well-defined, single-
valued function on W. It is clear that F(p) is a strictly pseudoconvex function on
W. Moreover, f(p) and g(p) are of bounded difference on W5, since each of them
are of bounded difference with d,,o (p) on W. Furthermore, since K [he(7(p)) - a2)
is bounded in W, U W3, we see that F(p) and dp(, (p) are of bounded difference on
W. Hence, this F(p) on W satisfies the conditions of the lemma. im}
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9.4.10. Proof of the Claim. We shall prove our claim (9.36), which then
vields Theorem 9.6. We use the notation S” (r =0,1,... ,n) from Proposition 9.8,
where S™ = Dy. Then S° consists of a finite number of points Q) (k = 1,... . M) in
Dy. By taking a larger p) (0 < p; < p) than the given p; in claim (9.36), if necessary,
we may assume that Qr € 3Dy (k = 1....,M) and S°ND; = {Qi}k~1... .ar
(M' < M), where D is the subset of Dy over T',,,.

For each Qi (k= 1,...,M’), we can take a sufficiently small neighborhood Uj.
of Qi in D; such that U NU; = 0 (k # I) and such that each connected component
of U = #~(Ux) in D, is bijective to Uy via the projection # (since D, is an
unramified cover over D, without relative boundary). We set Y° = :;l Uy, which
is a neighborhood of S° N D), and we define

90(p) = dpp (Qi) + X(p). P € Uk,

where Q). denotes the point of Ui over Qx. Then go(p) is a strictly pseudoconvex
function on «° = #~1(U°), and go(p) and Jm (p) are clearly of bounded difference
on U°.

Applying Lemma 9.13 for r = 1, f(p) = go(p), U = U, and ¢ = S* N D, (so
that eNS® = {Qk}k=1.... .ar). we can find a neighborhood U! of S' "D, in Dy and
a strictly pseudoconvex function g;(p) on U = #~1(U") such that g,(p) and dp, (p)
are of bounded difference on I4*. Again applying the lemma for r = 2, f(p) = g1(p),
U=U", and e = S2ND, (so that enS' = S'ND,), we can find a neighborhood U>
of S2ND; in D, and a strictly pseudoconvex function g,(p) on U2 = 7~ (U?) such
that g,(p) and J,,o (p) are of bounded difference on i*. We repeat this procedure n
times to verify claim (9.36). ]

Part II may be sununarized briefly as follows. In Chapter 6 we showed that
any ramified domain over C” locally carries a simple function. In Chapter 7 we
introduced the notion of O-ideals and proved certain results concerning them. In
particular. we proved the existence of a locally finite pseudobase for a G-ideal and
for a Z-ideal at each point. This was established with the aid of a simple function.
(Oka, on the other hand, proved the existence without utilizing simple functions;
instead. he made very detailed and complicated constructions which heavily depend
on the properties of ramified domains over C"). These results were then used to
establish the lifting principle in an analytic space in the beginning of Chapter 8;
this principle was used to prove many results for Stein spaces. In Chapter 9 we gave
a geometric condition for an analytic space to be a Stein space (Levi's problem),
and we gave examples of analytic spaces satisfying this condition. These examples
include unramified pseudoconvex domains over C”".
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algebraic extension, 180

algebraic function, 41

algebraic set in P, 64

analytic continuation of a holomorphic func-
tion, 27

analytic continuation of an analytic set, 62

analytic curve, 45

analytic derived set, 138

analytic equivalence of analytic spaces, 267

analytic function, 8

analytic hypersurface, 38

analytic hypersurface in a ramified domain,
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analytic kernel of a pseudoconcave set, 141

analytic mapping, 172

analytic mapping between analytic spaces,
267

analytic polyhedron in C”, 33, 87

analytic polyhedron in an analytic space, 270

analytic set, 44, 173

analytic space, 267

analytically equivalent, 172

approximation condition, 281

approximation theorem by algebraic func-
tions, 101

approximation theorem for a Stein space,
282

associated function for a normal pseudocon-
vex domain, 323

associated multiradius, 9

associated set, 85

attracting fixed point, 159

automorphism, 112, 149

automorphism group, 149

Baire category theorem, 24
bidisk, &

biholomorphic mapping, 18
bih. 1, rL‘ Ily q £ 1,
Borel's theorem, 161
boundary, 4

boundary distance, 8, 345
boundary distance function, 126
boundary point of a ramified domain, 171

t, 172
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boundary point of an unramified domain,
168

bounded difference, 347

branch point, 170

branch set, 170, 171

branched cover, 170

canonical metric, 292

canonical projection, 170

canonical projection of unramified cover, 351

Cartan-Thullen theorem, 33

Cauchy estimates, 11

Cauchy integral formula, 12

Cauchy-Riemann equations, 13

characteristic function, 179

Chow's theorem, 64

closure, 4

codimension, 45

complete algebraic analytic set, 49

complete Hartogs domain, 21

complete Reinhardt domain, 8

complex hyperplane, &

complex line, 5

complex manifold, 267

complex tangent space, 118

complex torus, 269

continuity theorem of type A, 112

continuity theorem of type B, 112

continuity theorem of type C, 113

continuous solution of Cousin II problems,
93

countable ordinals, 139

countable valency theorem, 27

Cousin I data (or distribution), 74

Cousin I problem, 74

Cousin I problem in a Stein space, 285

Cousin II data (or distribution), 74

Cousin II problem, 74

Cousin II problem in a Stein space, 285

Cousin integral, 78

cylindrical boundary distance, 345

defining function, 116

defining polynomial, 182
degenerate entire mapping, 161
derived set, 138

dimension, 45
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discriminant, 41

disk type, 147

distance function in a domain in C?, &

distance function in an unramified domain
over C", 346

distinguished analytic polyhedron, 301

distinguished boundary, 5, 12

distinguished peeudopolynomial, 41

distinguished ramified domain, 304

domain, 4, 267

domain of convergence, 8, 20

domain of holomorphy, 27, 35

domain of meromorphy, 115

domain of normality, 115

domain without relative boundary, 168

double point, 179

entire mapping, 161

equivalency of O-modules, 220

essential singular point of a holomorphic func-
tion, 145

exceptional values, 161

exhaustion function, 129, 323

extension O-module, 275

extension theorem for a holomorphic func-
tion on an analytic set, 272

Fabry's theorem, 10

family of analytic hypersurfaces touching a
boundary point, 125, 322

fiber, 4

finitely generated O-module, 221

fixed point, 159

Fréchet space, 291

fundamental neighborhood system, 168

fundamental system for a ramified domain,
195

generalized analytic polyhedron, 270

generalized Cousin II distribution, 94

generalized Cousin II problem, 94

geometric ideal, 253

G-ideal, 253

graph of a function on a ramified domain,
179, 182

graph of a locally algebraic analytic set, 52

Hadamard’s formula, 9

Hartogs domain, 21

Hartogs holomorphic extension theorem, 106
Hartogs radius, 21, 127, 128

Hartogs series, 20

Hartogs' theorem on pseudoconcave sets, 133
Hartogs-Laurent series, 22

Hessian matrix, 19

Hilbert-Riickert Nullstellensatz, 274, 316
holomorphic convex, 35

holomorphic extension, 273

holomorphic function, 12

holomorphic function on a ramified domain,
170. 172

holomorphic function on an analytic set, 209

holomorphic function on an analytic space,
267

holomorphic hull, 32, 177

holomorphic hull in an analytic space, 280

holomorphic mapping, 17, 172

holomorphic matrix. 236

holomorphic vector-valued function, 273

holomorphically complete domain, 280

holomorphically convex, 33

holomorphically convex domain in an ana-
lytic space, 280

homogeneous domain, 152

homogeneous coordinates, Z

homothetic transformation, 147

hyperplane at infinity, Z

hypersurface of planar type, 121

imbedding of a Stein manifold, 311

imbedding of a Stein space, 306

implicit function, 41

inhomogeneous coordinates, Z

interior extension theorem, 293

intersection of ramified domains, 172

intersection of unramified domains, 169

invariance of analytic relations, 39

irreducible analytic set, 45

irreducible decompositions of an analytic set,
52

irreducible pseudopolynomial, 42

Jacobian matrix, 17
Julia’s theorem, 111

K-convex domain, 33
K-convex hull, 32
kernel of a set, 140

Levi flat, 120

Levi form, 120

Levi problem, 116

Levi's conditions, 119

Levi's theorem, 108

{-dimensional box, 241

l-ideal, 251

lifting principle for analytic polyhedra in an
analytic space, 273

lifting principle for polynomial polyhedra,
80

lifting problem, 80

limit ordinals, 140

linear coordinate transformation, 3

linear relation (), 222

linking condition, 329

linking theorem, 339

Liouville’s theorem, 15

local pseudobase, 221



locally algebraic analytic component, §2
locally finite pseudobase at a point, 221
locally finitely generated O-module, 221
locally holomorphically complete domain, 326
locally ramified domain, 170

locally vector-valued algebraic function, 52
logarithmic boundary distance function, 345
logarithmic capacity, 135

logarithmically convex, 10

loxodromic fixed point, 159

maximum principle, 16

meromorphic extension, 108
meromorphic function, 23
Mittag-Leffler theorem, 74

model for an analytic polyhedron, 271
monodromy theorem, 22

Montel’s theorem, 16

nonsingular point of an analytic set, 55

normal analytic set, 212

normal class of functions, 98

normal family of curves, 346

normal family of holomorphic functions, 184

normal model for a domain in an analytic
space, 271

normal point, 212

normal pseudoconvex domnain, 323

normal pseudoconvex space, 321, 323

normalization theorem, 271

Nullstellensatz, 316

number of sheets, 167, 170, 171

O-ideal, 220

O-ideal Z{E, F}, 262, 271

O-ideal P{T}, 258, 263

O-ideal G{Z}, 253, 265

O-ideal {02}, 251, 256, 261, 263

O-ideal W{X}, 264, 265

Oka's condition, 85, 322

Ola’s condition on a continuous family of
analytic hypersurfaces, 325

Ola's counterexample for the Cousin I prob-
lem, 92

Ola’s counterexample on a peeudobase for
Problem E, 287

Ola’s counterexample on rational convexity,
29

Oka’s lemma on polynomial hulls, 86

Oka’s principle, 94

Oka-Weil theorem, 85

O-module, 220

O-module £{Q}, 222, 277

O-module generated by finitely many holo-
morphic vector-valued functions, 221

O-module with respect to the linear relation,
222,277

open mapping theorem, 291

open set in an analytic set, 209

order of singularity, 198
Osgood space, Z
Osgood'’s theorem, 28
O-submodule, 220

Picard’s theorem, 16

piecewise smooth strictly plurisubharmonic
function, 129

pluriharmonic function, 13

plurisubharmonic function, 18

plurisuperharmonic function, 18

Poincaré problem, 73

Poincaré's theorem on automorphisms, 148

Poincaré-Picard entire mapping, 153, 160

point of indeterminacy, 73, 126

point of the second kind, 138

point of the first kind, 137

point of type (a), 136

point of type (3), 138

Poisson formuls, 15

Poisson kernel, 15

polar set, 135

pole, 73, 176

polydisk, 5

polynomial automorphism, 159

polynomial hull, 32

polynomial polyhedron, 80

polynomially convex, 33

polynomially convex compact set, 85, 87

polyradius, 5

Problem C:, 231

Problem C) in a Stein space, 286

Problem C, 231

Problem C; distribution, 231

Problem C3 in a Stein space, 287

Problem £, 231

Problem E in a Stein space, 287

product domain, 5

product set, 4

projection, 3, 86

projection of an analytic hypersurface, 171

projection of an analytic set, 46

projection of an O-ideal, 258

projective space, 7

projective transformation, 8

peeudobase for an O-module, 221

pseudoconcave set, 132

pseud d in, 105, 115

pseudoconvex domain in an analytic space,
321

pseudoconvex domain of type A, 112

peeudoconvex domain of type B, 112

pseudoconvex domain of type C, 113

peeudoconvex function, 321

pseudopolynomial, 41

pure dimension, 45

quotient O-ideal, 251
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Rado’s theorem, 16

ramification number, 170

ramified domain, 169, 171

ramified domain associated to an unramified
domain, 170

ramified pseudoconvex domain, 178

rank of a holomorphic vector-valued func-
tion, 220

rank of a polynomial polyhedron, 80

rank of an O-module, 220

rationally convex, 99

reducible analytic set, 45

regular branch point, 170

regular class, 31

regular part, 170, 171

regular point, 170

Reinhardt domain, 8

relative boundary point, 168

remainder theorem, 222

removability theorem for analytic sets, 62

repelling fixed point, 159

resultant, 41

Riemann domain of an algebraic function,
171

Riemann sphere, 7

Riemann's removable singularity theorem, 22

Riemann-Roch theorem, 181

Runge problem, 75

Runge theorem, 75

section, 4

separate analyticity theorem, 23

separation condition, 270

Shilov boundary, 16

simple function on a ramified domain, 179

simple graph of a holomorphic function, 183

simultaneous analytic continuation, 49

singular point of an analytic set, 55, 62

smooth function, 116

Stein space, 280

strictly plurisubharmonic function, 19

strictly pseudoconcave boundary point, 132

strictly peeudoconvex boundary point, 125

strictly pseudoconvex domain, 125

strictly pseudoconvex function on a ramified
domain, 322

subglobal finite pseudobase, 299

subglobal normalization theorem, 298

successor ordinals, 140

three ring theorem, 90

Thullen's theorem, 32

Thullen's theorem on removability of an an-
alytic set, 143

transfinite diameter, 134

transitivity, 152

unifarmizable branch point, 173
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uniqueness theorem for holomorphic map-
pings, 150

unitary transformation. 147

univalent domain, 167

unramified cover, 351

unramified domain over C", 167, 345

unramified pseudoconvex domain. 178

vector-valued function, 49

weakly bounded difference, 347
weakly holomorphic function, 210
Weierstrass condition, 37, 54, 56
Weierstrass preparation theorem, 43
Weierstrass theorem, 16

W-ideal, 264

zero set of an O-ideal, 253
Z-ideal, 262
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