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Preface

Practitioners and statisticians are often faced with incomplete or censored data.
In life testing, censored samples are present whenever the experimenter does not
observe the failure times of all units placed on the life test. This may happen
intentionally and unintentionally and may be caused, e.g., by time constraints
on the test duration like in Type-I censoring, by requirements on the minimum
number of observed failures, or by the structure of a technical system. Naturally,
the probabilistic structure of the resulting incomplete data depends heavily on the
censoring mechanism and so suitable inferential procedures become necessary.

Progressive censoring can be described as a censoring method where units
under test are removed from the life test at some prefixed or random inspection
times. It allows for both failure and time censoring. Many modifications of the
standard model have been developed, but the basic idea can be easily described
by progressive Type-II censoring which can also be considered as the most
popular model. Under this scheme of censoring, from a total of n units placed
simultaneously on a life test, only m are completely observed until failure. Then,
given a censoring plan Z = (Ry, ..., Ry):

* Atthe time X, of the first failure, R; of the n — I surviving units are randomly
withdrawn (or censored) from the life-testing experiment.

* At the time x.,;, of the next failure, R, of the n — 2 — R, surviving units are
censored, and so on.

* Finally, at the time X,,.,,;, of the mth failure, all the remaining R,, = n —m —
R; — -+ — Ry, surviving units are censored.

Note that censoring takes place here progressively in m stages. This scenario
is illustrated in Fig. 1 which may be one of the most reproduced figures in the
literature on progressive censoring. Clearly, this scheme includes as special cases
the complete sample situation and the conventional Type-II right censoring scenario.
The ordered failure times X 1%“" <...< XZ  arising from such a progressively
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Figure 1 Illustration of progressive Type-II censoring.
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Figure 2 More than 50 years of progressive censoring: Histogram of quick search for publications

(zbMATH) from 1961-2013.

Type-1II right censored sample are called progressively Type-II censored order
statistics. These are natural generalizations of the usual order statistics that have
been studied quite extensively during the past century.

Progressive censoring has been termed a relatively unexplored idea in the
monograph of Balakrishnan and Aggarwala [86] that appeared in 2000. Based
on the outcome of a quick search in the zbMATH!' database using the keyword
progressive* censor*, we constructed a histogram on the number of published
papers presented in Fig. 2.

It readily reveals that this statement was indeed true in the year 2000. But, the
histogram also shows that the number of publications since this time has grown
very fast and that it is still growing with about 200 papers in the last five years.

Thttp://zbmath.org.


http://zbmath.org.

Preface ix

Moreover, the topics addressed have by now become quite diverse. They range
from distribution theory and various approaches in inference to modifications of the
model, etc. All these new developments pertaining to progressive censoring, since
the publication of the previous book by Balakrishnan and Aggarwala [86], have
been carefully and systematically analyzed in the present book. Thus, it provides an
up-to-date account on the state of the art on progressive censoring!

As mentioned above, the research on progressive censoring has grown fast
in the recent past and great progress has been made with regard to distribution
theory as well as in developing inferential procedures. In this book, we review the
relevant literature and present a comprehensive, detailed, and unified account of
the material. Due to the burgeoning literature on progressive censoring and many
different developments that have taken place, we have presented here a detailed
coverage of the following key topics which also reflect the structure of the book:

* Distribution Theory and Models
After introducing the basic notion and models of progressive censoring, we
present a comprehensive treatment of distributional properties of progressively
censored order statistics. Even though the major part is devoted to progressive
Type-II censoring, we give details on various other models like progressive
Type-I censoring, progressive hybrid censoring, adaptive progressive censoring,
and progressive censoring for nonidentical distributions and dependent variates.
The material not only includes general results on joint, marginal, and conditional
distributions and the dependence structure of the failure times, but also focuses
on life distributions that are most important in applications (e.g., exponential
and Weibull distributions). Further topics are moments, recurrence relations,
characterizations, stochastic ordering, extreme value theory, simulation, and
information measures like Fisher information and Shannon entropy.

* Inference
The inferential topics cover linear, likelihood, and Bayesian inference in various
models of progressive censoring. We discuss point and interval estimation
for many life distributions as well as prediction problems. The discussion is
completed by nonparametric inferential approaches and statistical tests including
goodness-of-fit and precedence-type tests.

e Applications in Survival Analysis and Reliability
Finally, applications in survival analysis and reliability are provided. The pre-
sentation ranges from acceptance sampling, accelerated life testing including
step-stress testing, stress-strength models, and competing risks to optimal exper-
imental design. These ideas also provide testimony to the usefulness and
efficiency of progressive Type-II censoring as compared to conventional Type-
II censoring.

The book provides an elaborate discussion on progressive censoring, with a
special emphasis on Type-II right censoring. Even though we provide proofs of
the results in most cases, it was not possible to include each detail especially
when the derivations become quite technical. Further, we illustrate the methods and
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procedures by several plots and diagrams just to reveal the censoring mechanism
and the differences between the models. All the inferential results are illustrated
with several numerical examples and many tables are also provided. In this regard, it
needs to be mentioned here that many of the tables of best linear unbiased estimators
and optimal progressive censoring schemes that are in the book of Balakrishnan
and Aggarwala [86] will still continue to be useful for practitioners. For illustrative
purposes and the support of future research, we have included a great number of
progressively censored data sets which have been analyzed in the literature and used
to illustrate the inferential methods. Many generalizations to some other related
censoring schemes like generalized order statistics and sequential order statistics
and their applications are also highlighted. An extensive up-to-date bibliography
on progressive censoring has also been included which reflects the current state
of research. All these aspects of this book will make it a valuable resource for
researchers and graduate students interested in the area of life testing and reliability
and also serve as an important reference guide for reliability practitioners.

We have written this book with the sincere hope that more practitioners will
recognize the versatility of progressive censoring and be tempted to employ in their
work this type of censoring/sampling scheme and the methodologies based on it.
We also hope that the mathematical ideas and results presented in this book will
motivate the aspiring researchers (among the statistical and the engineering com-
munities) to explore further into the theoretical aspects of progressive censoring.

The book has been written in a self-contained manner and, therefore, will be
quite suitable either as a text for a graduate topic course, a text for a directed-reading
course, or as a handbook on progressive censoring. Though a one-year mathematical
statistics course at the undergraduate level will provide an adequate background to
go over the introductory chapters of this book, a basic exposition to order statistics
(such as the one based on the book

A First Course in Order Statistics

by Arnold, Balakrishnan, and Nagaraja [58]) will make the journey through this
book a lot more pleasant! In order to show different roadmaps through the book, we
have added two flow charts in Figs. 3 and 4. They illustrate several possibilities to
go through the material. However, you may leave the path at any crossing, just to
explore! Some advanced topics included in the book require a deeper knowledge
of mathematics and statistics and may be mainly of interest to researchers and
advanced practitioners. In this direction, the book serves as a comprehensive
compendium on progressive censoring providing the background for research and
applications of progressive censoring.

We express our sincere thanks to Allen Mann, Mitch Moulton, and Kristin Purdy
(all of Birkhiuser, Boston) for their enthusiasm and keen interest in this project from
the very beginning. Our thanks also go to Dharmaraj Raja (Project Manager at SPi
Technologies India Pvt. Ltd) for helping us with the final production of the volume.
Our final appreciation goes to the Natural Sciences and Engineering Research
Council of Canada for providing research grants which certainly facilitated our
many meetings during the course of this project, thus enabling the work to progress



Figure 3 Journey through the book: the probability and model path.

Figure 4 Journey through the book: The Type-II path. The chapters in the lower part of the chart
may be chosen as a continuation.
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smoothly. This book has been a true labor of love for us and it is our sincere hope and
wish that it will serve as a valuable guide for researchers in the years to come and
stimulate much more research activity in this interesting and useful area of research!

Section and Equation Numbering and Referencing

Throughout this book, chapters, sections, and subsections are labeled consecutively
by Arabic numbers. Theorems, definitions, remarks, examples, etc., are jointly
labeled as chapter no.section no.X, where X is restarted by a new section (for
instance, Theorem 1.2.3). Equations are referenced by (chapter no. X) where the
counter X is restarted by a new chapter (for example, (3.5) refers to the fifth
numbered equation in Chap. 3).

Further, theorems, definitions, remarks, examples, etc., are set in sans serif font.
The end of a proof is marked by [.

References are organized in the bibliography in alphabetical order by the first
author and consecutively numbered. They are referred to in an author—number style
like Cramer and Balakrishnan [292]. For three and more authors, the reference has
the form Balakrishnan et al. [129].

Hamilton, ON, Canada N. Balakrishnan
Aachen, Germany Erhard Cramer
February 2014
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Part I
Distribution Theory and Models



Chapter 1
Progressive Censoring: Data and Models

Given numbers (Ry, ..., R,) (the censoring scheme or censoring plan) and » units
put simultaneously on a life test, the general idea of progressive censoring is to
withdraw some units from the test within the test duration. As depicted in Fig. 1.1,
units on test are removed from the experiment at times 7; < --- < 7, provided that
enough units are available at each particular time point ;.

Although various models of progressively censored data have been discussed in
the literature,! most of these models can be traced back to either

(1) progressive Type-II censoring, or
(2) progressive Type-I censoring,

with possibly some variations on them. In progressive Type-II censoring, the
intervention times 7; correspond to observed failure times in the sense that
7; is the next failure time after withdrawing some units from the experiment.
Due to the design of the experiment, the intervention times 7; < -+ < T,
are random, but both the number of observations and the number of removals
at 7; are fixed. This mechanism is a generalization of Type-II right censoring
(cf. Arnold et al. [58], David and Nagaraja [327]). The procedure is introduced in
detail in Sect. 1.1.1.

Progressive Type-I right censoring is based on prefixed time points 7; < -+ < 7.
Failure times are successively observed until the final time point t, at which the
experiment is terminated. Therefore, the intervention times 7; < -+ < 71, are
all fixed, but the sample size as well as the effectively employed censoring plan
is random (and may differ from the originally planned censoring scheme due to
the unavailability of enough surviving units to carry out the required censoring at
some stage). Furthermore, the test duration is bounded by 7,, while it is random

! As pointed out in Balakrishnan and Aggarwala [86, p. 2], the term progressive censoring has also been
used as an alternate term for sequential testing (see, e.g., Chatterjee and Sen [246], Majumdar and
Sen [631], and Sinha and Sen [805, 806]). Furthermore, the term multi-censored sample is used (see,
e.g., Herd [440]).

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 3
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_1,
© Springer Science+Business Media New York 2014
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Gaomn) (o)
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Ry R, R3 R,
T % 3 Tr
Fig. 1.1 Progressive censoring of a life test with intervention times 7; < --- < 7, and censoring
scheme (Ry,..., R;)

in the case of progressive Type-II censoring. It can be seen as a generalization of
Type-I right censoring used quite commonly, e.g., in survival analysis (cf. Klein and
Moeschberger [536]). The construction process of progressive Type-I censoring is
presented in Sect. 1.1.2.

In this chapter, we introduce the basic ideas of the censoring procedures sketched
above and illustrate the generation processes. Furthermore, we provide some sample
data which are used throughout this book for illustrative purposes. As an example
of a variation of these models, we present two kinds of

(3) progressive hybrid censoring

in Sect. 1.1.3. Further variations of progressively censored data are introduced in the
following chapters.

1.1 Progressively Censored Data

The following notations are used throughout this book.
Notation 1.1.1. In progressive censoring, the following notations are used:

1) n,m, Ry, Ry, ... € Ny are all integers;

2) m is the sample size (which may be random in some models);

3) n is the total number of units in the experiment;

4) R; is the number of (effectively employed) removals at the jth censoring
time;

(5) Z = (Ry,...,R,) denotes the censoring scheme, where r denotes the

number of censoring times.

—~

It is worth mentioning that the following procedures are based on the random
variables (or their realizations) only. Distributional assumptions are not involved in
the construction process of progressively censored order statistics. Therefore, we
introduce the basic models from a data perspective. The procedures are illustrated
by the following data set often used in the progressive censoring framework.
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Data 1.1.2 (Nelson [676], p. 105). The following 19 measurements are failure
times (in minutes) for an insulating fluid between two electrodes subject to a
voltage of 34kV:

0.19 0.78 096 131 278 3.16 4.15 4.67 485 6.50
7.35 8.01 8.27 12.06 31.75 32.52 3391 36.71 72.89

1.1.1 Progressive Type-1I Censoring

In the progressive Type-II censoring approach, the removals are carried out at
observed failure times. The prefixed number of units is immediately withdrawn from
the surviving units upon observing a failure. Therefore, the number of observations
is fixed in advance, while the duration of the experiment is random. The generation
of progressively Type-II censored order statistics can be carried out according to the
following procedure.

Procedure 1.1.3 (Generation of progressively Type-ll censored order
statistics). Let (£2,2, P) be a probability space and Xi,...,X, be random
variables on (2,2, P). Let Z = (R4, ..., Ry) be a censoring scheme.

For w € £2, the progressively Type-Il censored sample

X{t @), X (@),

based on X (w), ..., X, (®), is generated as follows:

(D Calculate the order statistics Xj.,(w) < -+ < Xy (w);

@Let Ny ={1,...,n},i =1,

® Let k; = min N; and put Xl%m(w) = Xin(w);

@ Choose randomly a without-replacement sample R; € N; \ {k;} with |R;| =
R;;

®Ifi <m,set Nigx1 =N; \ ((ki} UR;) and go to (®), or else stop.

Thus,
Xﬁm:n(a))v ey X"ﬁm:n((I)) = (Xkl:n ((U), ey ka:n (w))
Figure 1.2 depicts the generation procedure of progressively Type-II censored
order statistics.

Given n, m and a censoring scheme %, we define the set of admissible (Type-II)
censoring schemes as

Cffﬁ’,n={(r1,--.,rm)eN6”: éri:n_m}- (1.1)
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(rarann) (raran)

/ / /

R R; R3 Ry

| < < L g ®
X1m:n X2:m:n X3:m:n J\ Xmim:n

Fig. 1.2 Generation process of progressively Type-II censored order statistics

Z

X

Fig. 1.3 Set (63%13 of admissible censoring schemes and its convex hull

The set ‘533 13 18 displayed in Fig.1.3. The admissible censoring schemes are
represented by a dot. They are located in the shaded area which is the convex hull
of €35-

For convenience, we introduce the notation 0** for k successive zeros. Thus, the
scheme (0,0, 3,0, 3,0,0, 5) is written in short as (0*2, 3,0, 3,0*2, 5), or generally

(al,O*”‘,ag,a3,0*”2,a4,0*”3) = (al, 0, e ,O, az,a3,0, e ,O, 614,0, ey 0)
N—— N—— S——
nj times no times n3 times
On this note, (1*”") means the censoring scheme (1,...,1) € €7, etc. Table 1.1

presents some particular schemes which will be important in the subsequent
analysis.
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Scheme Z = (Ry, ..., R,) Meaning

O = (0*""1 n —m) Right censoring, i.e., first m order statistics in a sample of
size n

0*m) Complete (ordered) sample of size m = n

Oy = (n—m,0%m 1) First-step censoring plan (FSP), i.e., removal takes place
just after the first failure

O = (0% n —m, 0*"=k) One-step censoring plan (OSP), i.e., removal takes place

just after the kth failure, 2 <k <m —1

Table 1.1 Particular censoring schemes

For one-step censoring plans, progressive censoring is carried out only at one
failure time so that the censoring procedure is rather simple in this case. For
instance, the kth one-step censoring plan is defined as

n—m, [ =k,
R, = )
0, otherwise.

It is denoted by &y = (0**~',n — m,0* %), k = 1,...,m. These particular
schemes will especially be of interest in the area of experimental design (see
Chap. 26). Up to this point, we note only that these censoring schemes are the
vertices of the convex hull of admissible schemes ¢, which forms a simplex.
Of course, the vertices are also admissible schemes. Moreover, these particular
censoring plans yield both simple distributions and a quite simple probabilistic
structure in the 11D case which will be very useful later on.
For progressive Type-II censoring, we introduce the numbers

ve =Y (Rj +1). (12)

j=k

which represent the number of surviving objects before the kth failure, k =

1,...,m. These numbers will be very useful in this area because there is a one-
to-one (linear) relationship to the censoring scheme %: R; = y; — yj4+1 — 1,
j =1....m—1,and R, = y, — 1. In order to emphasize this connection,

we use the notation y; (%) if the dependence on the censoring plan is important.
In particular, it is easy to see that, for #Z € €,

n=yy>yy>->yy>1L (1.3)

This illustrates that we have m — 1 free parameters. Moreover, the set of admissible
(y2,...,¥m) is given by

gm,n :{(VZv---va)eNm_l : ”—12V2>"'>J/m > 1} (14)

The set ¥ 13 is illustrated in Fig. 1.4.
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| | | |

% % —
01 23 456 7 8 91011 12"

Fig. 1.4 Set % 13 of admissible (), y3) and its convex hull (y; = 13)

X E€C,, ViseosVm
.....0) = (0*m) yi=m—j+1
(R,....,R)=(R"™),ReENy y;=(m—j+DR+1
On = (0" n—m) yi=n—j+1
n—j+1, 1<j<k
01 (OSP) =11 s=r
m—j+1, k+1<j<m

Table 1.2 Censoring schemes and corresponding y;’s

The one-to-one relationship between 6", and G,,, shows that the number of

m,n

admissible Type-II progressive censoring schemes is given by

n—1
(G| = |G = ( ) (1.5)
m—1

Some censoring schemes and the corresponding y;’s are given in Table 1.2.

Example 1.1.4. Using the Data 1.1.2, we illustrate the generation of progres-
sively Type-ll censored order statistics by the example given in Viveros and
Balakrishnan [875] (see also Balakrishnan and Aggarwala [86, p. 95]). We
consider the censoring scheme # = (0*2,3,0,3,0*2,5). The observed failure
times are given by

0.19 0.78 096 1.31 2.78 4.85 6.50 7.35
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X1:19
X2:19
X3:19
X4:19
X5:19
X6:19
X7:19
X8:19
X9:19
X10:19
X11:19
X12:19

X13:19

items ordered w.r.t. lifetimes

X14:19

X15:19

X16:19

X17:19

X18:19

X19:19

2 4 6 7.35
| | | | —
: time
®: x3:8:19 = 0.96 : x5:8:19 = 2.78 Cxgig:i19 = 7.35
] : :
e : :
f ¢ f
® : :
: ® :
: ® :
. . [ ] .
: : o :
: : N
® z ®
: ®
® :
: :
s ®
®

®..

Fig. 1.5 Generation process of a progressively Type-II censored data set from Data 1.1.2 (filled
circle denotes an observed failure time, open crossed circle denotes a censored value)

The items belonging to the following lifetimes are progressively censored:

Censoring time

Censored data

X3:8:19
X5:8:19
X8:8:19

3.16 8.01 36.71
415 4.67 31.75
827 12.06 32.52 3391 72.89

Figure 1.5 depicts the generation procedure of progressively Type-ll censored
order statistics in this particular setting for Data 1.1.2. As a result, we get

Data 1.1.5.

Data 1.1.5 (Nelson’s progressively Type-1l censored data). Progressively
Type-Il censored Data 1.1.2 with censoring scheme Z = (0*2, 3,0, 3,0*2,5) are
as follows:

1 2

3 4 5 6 7 8

Xi:g:19 0.19 0.78 0.96 131 2.78 4.85 650 7.35
R; 0 0

3 0 3 0 0 5
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Remark 1.1.6. From the construction process of progressively Type-ll censored
order statistics, it is clear that the first r progressively Type-ll censored order
statistics X{% . ,..., X7 . (and thus their joint distribution) depend only on
the censoring numbers Ry, ..., R,—; and the sample size y; = n. Therefore, we
can alternatively use the right truncated censoring scheme

Hsr—1 = (Ri,...,R—1) (1.6)

and the notation X‘I?H‘Z;_‘,...,X;%,‘i;_‘ for the Type-Il right censored sample.

General Progressive Type-II Censoring

The notion of general progressively Type-II censored order statistics was introduced
in Balakrishnan and Sandhu [123] (see also Balakrishnan and Aggarwala [86]).
In addition to progressive Type-II censoring, left censoring of the data is also
introduced in this case. In particular, it is assumed that the first r failure times are not
observed. Then, starting with the (r 4 1)th failure, the progressive Type-1I censoring
procedure described above is applied. Introducing the censoring scheme

X = (O*F, Rr+ls ey Rm) (S (fmm’n, (1.7)

general progressively Type-II censored order statistics can be seen as a left censored
sample of the progressively Type-II censored order statistics. Namely, we have the
m — r observations

Z Z
Xr+l:m:n’ tee X

from the complete progressively Type-II censored sample X ?m:n, X ,ﬁmm.
In the sense of general progressive Type-II censoring, these random variables are
denoted by

Ry B
Xr+<11:m:n’ cet Xm:);]:n
with the left truncated censoring scheme Z <, = (Ry+1,..., Rn) € 6/7), ..

1.1.2 Progressive Type-I Censoring

In the progressive Type-I censoring approach, the removals are carried out at
prefixed censoring times

T << Tk,
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where the largest value 7; denotes the maximum experimental time. Therefore,
the lifetime experiment is terminated at 7} provided that some units have survived
until this time. Notice that the number of observations m is random with a value in
{0, ...,n}. Moreover, it is worth mentioning that a progressive censoring scheme is
only prefixed fortime 7;, 1 < j < k—1, because the experiment is terminated at 7.
Thus, all remaining objects are removed at this time. In the literature, the censoring
scheme is also prefixed for the final censoring time 7j. However, this is only to
have censoring plans with dimension k. Since the experiment is terminated at Ty,
all surviving units are removed from the life test. Therefore, the censoring number
R depends always on the history of the experiment and is of random nature, and
so the initially planned censoring scheme will be of dimension k — 1 in progressive
Type-I censoring. It is denoted by Z° = (R, ..., R}_,). The corresponding set of
admissible censoring schemes is denoted by

k-1
o = {(717---,rk—1) eNgT': Y on fn_e},

i=1

where £ € {0,...,n} may be a prefixed integer. For £ = n, the model corresponds
to common Type-I censoring. The parameter £ denotes the number of units that
are not progressively censored (but possibly Type-I censored at 7}). Notice that the
effectively applied censoring scheme is included in ‘flf , s defined in (1.1).

Procedure 1.1.7 (Generation of progressively Type-l censored order statis-
tics). Let (£2,2, P) be a probability space and X, ..., X, be random variables
on (2,2, P). Let #° = (RY, ..., R,?_l) be the initially planned censoring scheme
and let T} < --- < T} be ordered real numbers with Ty = —o0, T4+ = o0.
For w € 2, the progressively Type-| censored sample
XZ2T (w),...,X%T (o).

1:m:n m:m:n
based on X (w),..., X, (), is generated as follows:

(D Calculate the order statistics X, (w) < -+ < Xy(w);
@ Define P; ={ae{l,....n}:Tj | < Xegu(w) <T;}, 1 <j<k+1;
@ Let Ny ={1,...,n}; £ =0;
@ Increase £ by 1 and let Qp = PeNNg = {ve1, ..., Vet withve <--- < gy,
® If INe N USE L, Pal > RO, then
choose randomly a without-replacement sample R, € N; N U];J:ré_i_l P, with
|R¢| = RY;

else

let Ry = INeNUSE 4 Pul, Re = 0,0 = 041, k,set Qp =B, a = €,... .k,
and go to @;

® Set Ny41 = N\ (Re U Py) and go to @);
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Gaomn) (o)

/
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—e / . . / / . . /
X1m:n T] Xoimn X3im:n T2 Tg Xd:m:n Xm:m:n Tk

Fig. 1.6 Generation process of progressively Type-I censored order statistics

@M =l_, Qi If m = M(w) = |M| > 0, then

statistics. Notlce that M = UIZ=1 Q, represents the observed order statistics
which may be an empty set. In this case, all random variables have been censored
during the experiment. The random variable M = | M| denotes the number of
observations, whereas the effectively applied censoring scheme is glven by X =
(R1, ..., Ri). By definition, R; < R?, j=1,...,k—-1 Notlcethatz 1R <

le‘_ll R0 is possible which means that the total number of withdrawn units may
be smaller than the initially planned number of removals. For convenience, we
denote the number of observations in the intervals (—oo, T1) and [T;-1,T}), j €
{2,...,k}, by the random variables D; and D;, j € {2,...,k}. Notice that

M=Y"%_ D
Figure 1.6 depicts the generation procedure of progressively Type-1 censored
order statistics from an ordered sample X1, ..., X;:.

Example 1.1.8. Using Nelson's data 1.1.2, we illustrate the generation of
progressively Type-l censored order statistics. First, let m =3, 71 =3, T, =9,
T; = 18, and Z° = (2*?). The observed failure times are given by

0.19 0.78 096 1.31 2.78 3.16 4.15 4.67 4285 6.50
7.35 827 12.06

The items belonging to the following lifetimes are progressively censored:

Censoring time  Censored data
T =3 8.01 72.89
=9 31.75  36.71
75 =18 32.52 3391
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0 3 6 9 12 15 18

\ time
29 - e ET1=3 ET2=9 - T35=18
19 o @ : :

Xa:19 °

X5:19 [}

X619 °

X7:19 . o

xg:19 : °

xo:19 | . o

X10:19 — . °
X11:19 . [ ]
X12:19 — ®

X13:19 . [

items ordered w.r.t. lifetimes

X14:19 - . (]
X15:19 — ®

X16:19 — : :
X17:19 —
X18:19 — ®
x19:19 - ® :

Fig. 1.7 Generation process of a progressively Type-1 censored data set from Data 1.1.2 (filled
circle denotes an observed failure time, open crossed circle denotes a censored value)

Thus, two units are left at the final censoring time T3 so that the total number
of progressively censored units is 6. The effectively applied censoring plan is
Z = (2*3). Figure 1.7 depicts the generation procedure of progressively Type-I
censored order statistics in this particular setting for Data 1.1.2. As a result, we
get Data 1.1.9.

Data 1.1.9 (Nelson’s progressively Type-l censored data). Progressively
Type-| censored Data 1.1.2 with initial censoring scheme %Z° = (2*?):

0.19 0.78 096 1.31 2.78 *3 *3 316 4.15 4.67
4.85 6.50 7.35 8.27 *9 *9 1206 *18 *18

* indicates (progressive) Type-l censoring

Remark 1.1.10. Progressive Type-l censoring ensures that the maximum exper-
imental time is bounded by T;. However, the number of observations is random
and may be zero. This scheme generalizes the usual Type-I censoring in the sense
that, for k = 1, both procedures coincide.
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Fig. 1.8 Generation process of progressively Type-I interval censored data

Progressive Type-I Interval Censoring

Figure 1.8 depicts the generation procedure of progressively Type-I interval cen-
sored data for an ordered sample x.y, . .., X,:;, With censoring times 77 < --- < T}
(To = —o0). In comparison to progressive Type-I censoring, only the number of
observations D; in an interval (7;_1, T;] is given, i.e.,

Di=) Mg m(Xjm). 1<i<k (1-8)
=1

The observed values of the progressively Type-I censored order statistics are not
available.

Aggarwala [11] pointed out that the censoring numbers Ry, ..., Ry can also
result from a sample-dependent approach. Given percentages muy, ..., with
. = 1, the effectively applied censoring plan is defined relative to the number

of surviving units. In particular, the censoring numbers are iteratively specified via

R; = L(ﬂ—;Dj—gRj)ﬂiJ = L(H_Doi_R-i—l)ﬂiJa 1<i=<k. (19

1.1.3 Progressive Hybrid Censoring

Childs et al. [260] and Kundu and Joarder [561] proposed two progressive hybrid
censoring procedures by introducing a stopping time 7* to a progressively Type-II
censored experiment with progressively Type-II censored order statistics X .., <
-+ < Xy:mm- The termination times are defined by a given (fixed) threshold time T’
and the following definitions:

(i) T;* = min{X,:s, T}. This procedure is called Type-I progressive hybrid
censoring scheme;

(i) 7o' = max{X,.m:u, T}. This procedure is called Type-II progressive hybrid
censoring scheme.
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Gaomn) (o)
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Xi:m:n X2:m:n J\ XK:m:n Tl*

Fig. 1.9 Generation process of Type-I progressive hybrid censored order statistics.

For Type-II censored data, the first stopping time has been proposed by Epstein
[352] and the second one by Childs et al. [259]. According to the above construction,
the number of observations is random. In particular, it is possible to have less than
m observations in Type-I progressive hybrid censoring, while in Type-II progressive
hybrid censoring, we will have at least m observations.

Type-I Progressive Hybrid Censoring

In this setup, the life-testing experiment is stopped when either m failures have
been observed or the threshold time 7" has been exceeded. Figure 1.9 depicts
the generation procedure of Type-I progressive hybrid censored order statistics. The
random variable K is defined by the property Xg.u:n < Tl* < Xk+1:mm,» Where
Xo:m:n = —00. The random variable A describes the removals at the termination
time. It is given by

m—1 =Ry, Xppn =T,
A=]7

YK, Xm:m:n >T.

It has to be mentioned that the number of observations may be zero, i.e., for the case
when Xi.,., > T. We illustrate this procedure with Data 1.1.5.

Example 1.1.11. For the Data 1.1.5, we introduce a maximum experimental
time T = 7. Then, T} = min{xgs:19,7} = 7 is the termination time of the
life-testing experiment. Therefore, the resulting sample is given by

0.19 0.78 0.96 1.31 2.78 4.85 6.50

The units belonging to the following lifetimes are progressively censored:
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x9:19 . . o

X10:19 . . °
X119 o

X12:19 ®

X13:19

items ordered w.r.t. lifetimes
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®..

Fig. 1.10 Generation process of a Type-I progressively hybrid censored data set from Data 1.1.2
(filled circle denotes an observed failure time, open crossed circle denotes a censored value)

Censoring time  Censored data

X3:8:19 3.16 8.01 36.71
X5:8:19 4.15 4.67 31.75
T =17 735 827 12.06 32.52 3391 72.89

Figure 1.10 depicts the generation procedure of Type-lI hybrid progressively
censored order statistics in this particular setting for Data 1.1.2.

Data 1.1.12 (Nelson’s Type-l progressively hybrid censored data). Pro-
gressively Type-ll censored Data 1.1.2 with initial censoring scheme #Z =
(0*2,3,0,3,0*2,5) and threshold T = 7:

i 1 2 3 4 5 6 7 8

x; 0.19 0.78 096 1.31 2.78 485 6.50 *7
R; O 0 3 0 3 0 0 6

* indicates Type-| censoring
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Fig. 1.11 Generation process of Type-II progressive hybrid censored order statistics.

Type-1I Progressive Hybrid Censoring

As mentioned before, the number of observations is at least m, i.e., the progressively
Type-1I censored order statistics Xy, - -« » Xmem:n form the first m observations
in the sample. To be more precise, the number of observations is between m and
R,, + m. The idea of this hybrid procedure is to guarantee a minimum number
of m observations as well as to come as close as possible to a “minimum” test
duration specified by T'. If X,,,.n:n > T, the experiment terminates at the mth failure
so that the progressive censoring procedure is carried out as initially planned. For
Xm:mam < T, we want to come as close as possible from below to the threshold 7.
This means that after the mth failure all occurring failures are observed until the
threshold T is exceeded. Therefore, the censoring scheme is modified as follows:

B* = (Ri,..., Ry_y, 0*Rnt1)y g g Rtm

m+mn
The resulting sample is given by a right censored sample

R* R*
Xl:Rm+m:n’ cee XK:R,,,+m:n’

where K is defined by the inequality X}?Zlﬁm:n < T < X,‘?_:I:Rm I
(X 1‘?;;_,” +1:R, +mm = 00). Figure 1.11 depicts the generation procedure of Type-II

progressive hybrid censored order statistics, where m* = R, + m. A is defined as
n—K-=37"|R;.

Example 1.1.13. For the Data 1.1.5, we introduce a “minimum’” experimental
time T' = 18. Then, T;* = max{xs:g:19, 18} = 18 is the termination time of the
life-testing experiment. Therefore, the observed failure times are given by

0.19 0.78 0.96 1.31 2.78 485 6.50 7.35 827 12.06
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x9:19 . . °

X10:19  — °

Xi1:19 °
X12:19 ® [}

X13:19  —

items ordered w.r.t. lifetimes
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Fig. 1.12 Generation process of a Type-II progressively hybrid censored data set from Data 1.1.2
(filled circle denotes an observed failure time, open crossed circle denotes a censored value)

The units belonging to the following lifetimes are (progressively) censored:

Censoring time  Censored data

X3:8:19 3.16 8.01 36.71
X5:8:19 4.15 4.67 31.75
T =18 32.52 3391 72.89

Figure 1.12 depicts the generation procedure of Type-ll progressively hybrid
censored order statistics in this particular setting for Data 1.1.2.

Data 1.1.14 (Nelson’s Type-ll progressively hybrid censored data). Type-
Il progressively hybrid censored Data 1.1.2 with initial censoring scheme #Z =
(0*2,3,0,3,0*2,5) and threshold T = 18:

i1 2 3 4 5 6 7 8 9 10 11

x; 0.19 0.78 0.96 1.31 2.78 4.85 6.50 7.35 827 12.06 18
R; O 0 3 0 3 0 0 0 0 0 *3

* indicates Type-| censoring
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1.2 Probabilistic Models in Progressive Censoring

The progressively censored order statistics introduced in the preceding section are
directly constructed from a sample X, ..., X, of random variables. The generation
procedures are based only on the random variables or their realizations. Distribu-
tional properties of X, ..., X, are not involved in this process. In the following
chapters, we will consider several distributional assumptions for the underlying
joint cumulative distribution function F X'+ For brevity, we introduce the most
important cases here.
Most papers on progressive censoring deal with the [ID model.

Model 1.2.1 (1ID model). Let F be a cumulative distribution function.
In the 1ID model, progressively censored samples are based on the following
distributional assumption:

Xi,..., X, are lID random variables with common cumulative distribution
function F.

Progressively censored experiments have been considered for a wide range
of lifetime distributions such as normal, exponential, gamma, Rayleigh, Weibull,
extreme value, log-normal, inverse Gaussian, logistic, Laplace, and Pareto distribu-
tions, and properties of these distributions are used many times in the derivations.
For details and results, we refer to, e.g., Johnson et al. [483,484] and Marshall and
Olkin [640].

The assumption of identical distribution is dropped in the INID model.

Model 1.2.2 (INID model). Let Fi,..., F, be cumulative distribution func-
tions.

In the INID model, progressively censored samples are based on the following
distributional assumption:

X1,..., X, are independent random variables with X; ~ F;, 1 <i <n.

Model 1.2.3 (Single outlier model). Let F and G be cumulative distribution
functions.

In the single outlier model, progressively censored samples are based on the
following distributional assumption:

X1,..., X, are independent random variables with X; ~ F, 1 <i <n-—1,
and X, ~ G.

Model 1.2.4 (p-outlier model). Let F and G be cumulative distribution
functions.

In the p-outlier model, progressively censored samples are based on the
following distributional assumption:

Xi,..., X, are independent random variables with X; ~ F, 1 <i <n—p,
and X;, ~G,n—p+1<i <n.
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In the preceding models, independence or distributional assumptions are made.
In the general model, we do not impose any restriction.

Model 1.2.5 (General model). In the general model, progressively censored
samples are based on the following distributional assumption:

X1,..., X, are random variables with joint cumulative distribution function
FXveXn

Cramer and Lenz [303] have formulated the probabilistic assumptions in the
generation process of progressively Type-II censored order statistics in detail.
These postulates reflect the conditions for random removals commonly accepted
in progressive Type-II censoring. The notations are taken from Procedure 1.1.3.

Moreover, define the random variables K, ..., K, via the relation K;(w) = k;,
w € 2,1 < j < m. Hence, Xk,.n,...,Xk,:n represent the order statistics
in the sample Xi,..., X,, which form the progressively Type-II censored sample

Xl:m:na ey Xm:m:n-
Assumption 1.2.6. Leti € {2,...,m}. Then,
(i) given k; and the set N; \ {k;}, the random set R;x, € N; \ {k;} with
|Rik | = R; is independent of
(Ki.Rikys-» Kict, Ricixi))s

(ii) given N; \ {k;}, the without-replacement sample R;, of size R; is drawn
from N; \ {k;} according to a uniform distribution;

(iii) the lifetimes Xi,...,X, and the progressive censoring assignment
(K1, Rik,s---» Km,Rm.k,) are independent.



Chapter 2
Progressive Type-II Censoring: Distribution
Theory

2.1 Joint Distribution

The general quantile representation for progressively Type-II censored order statis-
tics due to Balakrishnan and Dembinska [96] (see also Balakrishnan and Dembiniska
[97] and Cramer and Kamps [301]) provides a powerful tool in the derivation of
distributional results. Many identities can be obtained first for uniform distributions
and then transferred to any particular distribution of interest.

Theorem 2.1.1. Suppose Xi:mus - » Xmzmen and Utanens .« o, Uy @re progres-
sively Type-Il censored order statistics based on a cumulative distribution function
F and a uniform distribution, respectively. Then,

d
(Xj:m:n)lfjsm = (F(_(Uj:m:”))lgjfm .

Proof. Let Xi,...,X, and Uy,...,U, be IID samples from F and a uniform
distribution on a probability space (£2, 2, P), respectively. Then,

X1, X)) S (F(UY),..., FT(Uy))

and we conclude that the vector (Xi.nm, ..., Xmum:n) has the same distribution
as progressively Type-II censored order statistics based on the sample
F<(U)),..., F~(U,). Therefore, it is sufficient to prove that these progressively
Type-II censored order statistics have the same values as the random variables
(F<Ujmn)), <j<n forany fixed @ € £2 in the underlying probability space. For
brevity, let u; = Uj(w), 1 < j < n,and u} = Ujyn(w), 1 <i < m. Notice that

F* is an increasing function and that for given numbers xi, ..., X,
min F<(x;) = F‘_( min xk). @.1)
1<k<r 1<k<r

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 21

for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_2,
© Springer Science+Business Media New York 2014
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From the generation process 1.1.3, we find that u;‘ is defined by the minimum of a
selection M; of numbers. Thus,

u;‘:minu,-, 1<j<m,
iGMj

and we obtain from (2.1) that

F*@}) = min F* (), 1<j<m
1EM;
This yields the desired quantile representation. O

The result can alternatively be proved by using the mixture representation in
Theorem 10.1.1 due to Fischer et al. [371]. It is worth mentioning that the quantile
representation in Theorem 2.1.1 shows that

FX* = FU" o (F*m). 2.2)

In particular, any marginal cumulative distribution function can be written in this
way. For instance, FXrmin = FUrmn o F | FXrmnXsmin = FUrminUsmn o (F| F), etc.

An important tool in the analysis of progressively Type-II censored order
statistics is the joint density function of uniform progressively Type-II censored
order statistics which is given in the following theorem. A formal proof is provided
in Sect. 10.2 for the more general INID situation.

Theorem 2.1.2. The joint density function of uniform progressively Type-Il

censored order statistics Uyy:ny - -+ s Upimen 1S given by
m
fUl:m:nw.,Um:m:n (um) — l_[ [)/](1 _ uj)Rj:I , 0 f u S f U S 1 (23)
j=1

If F is absolutely continuous, the joint density function of progressively
Type-II censored order statistics is given in the following corollary (cf. Cohen
[267], Herd [440], and Balakrishnan and Aggarwala [86]). It follows directly from
Theorems 2.1.1 and 2.1.2 [see also (2.2)].

Corollary 2.1.3. The joint density function of progressively Type-Il censored
order statistics Xi:mms -« - » Xmem:n based on a cumulative distribution function F
with density function f is given by

m

P00 = [T fep = Fapp™]. m< < @4)

Jj=1
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Example 2.1.4.

(i)

(iii)

For order statistics, i.e., m =n, Z =(0"")and y; =n—j+1,1<j <n,
the joint density function is given by

le:n ..... Xnn (x,) = n! l_[ fxj), x1<--<x, (2.5)

Jj=1

A
A
=

(cf. Arnold et al. [58] and David and Nagaraja [327]).

The censoring plan Z = (R*™) with equal removal number R € Nj is
called equi-balanced censoring scheme. Progressively Type-Il censored order
statistics with such a censoring scheme possess the joint density function

g o () = T [y () (0 = Fx;))*]

=1

=m! [TIR+Dfx)A=F;) ], xi<--<xn (26)

Jj=1

Notice that y; = (m —j + 1)(R+ 1), 1 < j < m (see also Table 1.2).
Defining g by g(t) = (R + 1) f(¢)(1 — F(¢))%, we find that the density
function in (2.6) equals the joint density function of order statistics from a
sample of size m and with density function g. Hence, this particular scheme
does not lead to a new model. It can be seen simply as an order statistic
model from a different distribution. Notice that this distribution is the same
as that of the minimum of R+1 IID random variables from f. This comment
applies also to the models with non-absolutely continuous distribution.

In the OSP-case with censoring scheme Oy, k € {1,...,m}, the joint density
function is given by

X% ) = [1‘[ i £0e)] (1= F ey

—k
-] s - For s
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2.2  On the Connection to Generalized Order Statistics
and Sequential Order Statistics

It is obvious from the joint density function of uniform progressively Type-II
censored order statistics presented in Theorem 2.1.2 that uniform progressively
Type-II censored order statistics can be seen as particular uniform generalized order
statistics introduced by Kamps [498,499] (see also Cramer [285,288], Cramer and
Kamps [300, 301], and Kamps [502]). Commonly, generalized order statistics are
parametrized by one of the following sets of parameters which are very similar to
those for progressively Type-II censored order statistics given on page 7:

) k.my,...,mu_1,
@{1) y1,... 0 > 0.

The density function of uniform generalized order statistics is usually given as
(see Kamps [498, p. 49])

n—1 n—1
fU(l,n,m,k),...,U(n,n,m,k)(un) — k( 1_[ VJ)I:H(I _ Mj)mj:l(l _ I/tn)k_l,
j=l1 j=l1
O0<u =---=u =1, 2.7
where m = (my,...,m,_1). Generalized order statistics X(1,n,m,k),...,

X(n,n,m, k) based on an arbitrary cumulative distribution function F are defined
via the quantile transformation

X(j,n,mk) = F-(U(j,n,mk)), 1=<j<n,

so that the same comment applies to progressively Type-II censored order statistics
from an arbitrary cumulative distribution function using the representation in terms
of the quantile function (see, e.g., the density function given in Corollary 2.1.3).

Hence, the joint density function has a similar form as (2.7) (see (2.4) for
progressively Type-II censored order statistics). Sometimes, the parameters are
suppressed in the notation and (uniform) generalized order statistics are also denoted
by U1, ..., Usx,. Notice that m and n are differently used in both models. However,
we have the correspondences R; = m; and k equals the last y;. To be more specific,
we consider uniform progressively Type-II censored order statistics with censoring
scheme Z. Then, they can be seen as uniform generalized order statistics

U(lvmv‘%bm—ls Rm + 1)7 D) U(msmsf@Dm—ls Rm + 1)7
where Z>m—1 = (Ry,..., Ry—1) denotes a right truncated censoring scheme

[see (1.6)]. Thus, progressively Type-II censored order statistics are generalized
order statistics in distribution wherein some restrictions have to be imposed on the



2.2 Connection to Generalized Order Statistics and Sequential Order Statistics 25

parameters y, ..., ¥» > 0 of generalized order statistics as introduced in Cramer
and Kamps [301] [see also (1.3)]:

) y;eNj=1,....m,

Therefore, in the model of progressively Type-II censored order statistics, the
parameters yy, ..., Vn are strictly decreasingly ordered positive integers. Although
this difference seems to be minor, the picture becomes simpler for progressively
Type-II censored order statistics in many cases. In particular, calculations become
easier and representations get simpler. An example may be the representation of
the marginal density functions (see (2.28) for progressively Type-II censored order
statistics and Cramer and Kamps [301] for the density functions of generalized order
statistics in terms of Meijer’s G-functions). Moreover, it turns out that many results
obtained for generalized order statistics are valid for progressively Type-II censored
order statistics without imposing further restrictions on the parameters.

Notice that the connection is only of distributional nature, but it can be used
in many areas. For instance, results for moments can be directly applied to
progressively Type-II censored order statistics. Similar comments apply to char-
acterizations, stochastic orders, reliability properties, inferential results, etc., which
are available for generalized order statistics with arbitrary parameters. Therefore,
many results can be directly taken from properties of generalized order statistics.
We utilize this connection in the following by reformulating the results in terms
of progressively Type-II censored order statistics. On the other hand, extensions to
generalized order statistics are also possible in many settings.

However, one has to be careful using this connection because many results for
generalized order statistics are often obtained only for the so-called m-generalized
order statistics. In this case, the parameters satisfy the conditionm| = -+ = m,,_;.
For progressively Type-II censored order statistics, this corresponds to the case of
an equi-balanced censoring scheme Z = (Ry, ..., R;;) = (R*") with R € Ny.

Moreover, it has to be mentioned that some results are also available in terms of
sequential order statistics from some cumulative distribution functions Fi, ..., Fy,.
This model has been introduced in Kamps [498] in order to extend the model
of k-out-of-m systems (see also Burkschat [230], Cramer [288], and Cramer
and Kamps [300]). According to Cramer and Kamps [301], the distribution of
sequential order statistics X il) R, ¢ im) (based on Fi, ..., F,) can be represented
via quantile-type transformations

X =F(X") with XO =1-V,F,x!'™), 1<r<m,

where X io) = —o0, Fi,...,F, are cumulative distribution functions with
F=(1) <--- < Fy7(1),and V,...,V,, are independent random variables with
Vi, ~Beta(m—r+1,1),1 <r <m.

As pointed out in Cramer and Kamps [300], sequential order statistics can be seen
as generalized order statistics based on F if the cumulative distribution functions
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Fy, ..., F, satisfy the proportional hazards relation F j = FY , 1 <j < m,for
some continuous cumulative distribution function F and «y, . . ., a;, > 0. Using this
connection, results for sequential order statistics can also be applied to progressively
Type-II censored order statistics.

Finally, the distribution of exponential progressively Type-II censored order
statistics is connected to the distribution of order statistics from a Weinman
multivariate exponential distribution which is an extension of Freund’s bivariate
exponential distribution (see Block [206], Freund [383], and Weinman [896]).
As pointed out by Cramer and Kamps [297] and Cramer and Kamps [300], this
connection can also be utilized in the framework of progressively Type-II censored
order statistics.

2.3 Results for Particular Population Distributions

2.3.1 Exponential Distributions

In this section, progressively Type-II censored order statistics are based on a two-
parameter exponential distribution Exp(u, ), u € R, ¥ > 0. From Corollary 2.1.3,
we find directly the respective representation of the joint density function in the
exponential case.

Corollary 2.3.1. The joint density function of exponential progressively Type-
Il censored order statistics Zip, -+ s Zmzm:n from an Exp(u, ©)-distribution is
given by

27 (%)) = (]‘[ )exp{——Z(R 1)) — u)} X S < Xy
= =
(2.8)

The joint density function given in (2.8) yields directly the fundamental result
that the normalized spacings of exponential progressively Type-II censored order

statistics are ||D exponential random variables. This observation is due to Thomas
and Wilson [843] (see also Viveros and Balakrishnan [875]). Let

SZ =y (22— Z7 ), T =1,....m, (2.9)
be the (normalized) spacings of Z7 ..., ZZ  where ZZ = j. Moreover,
let % = (SZ#,...,S%) and Z” = (zlmn,.. . ZZ ). Then,

% = T(Z7 — ul) (2.10)
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with
yioo0 e e 0
—y 95 0 - 0
T=10 —ys7s :
: 0
0 -+ 0 —¥m Ym

Theorem 2.3.2. The spacings S‘@,...,Sff are independently and identically
distributed with S# ~ Exp(¢), r = 1,...,m.

Proof. Since y; > 0,1 < j <m, T is a regular matrix with

/yp 0 -oveen 0
Uy 1/y2 0 -+ 0 .
T'=| ¢ i : and detT =[] ;.
: : : j=l1
Uyi1/ys-e e 1/Ym

Now, the density transformation theorem yields the density function

75 = ST D), b= ). (21D

| detT'|

Noticing that y; —y;+1 = R; +1,1 < j <m—1,and y,, = R, + 1, we find

DR+ DTt 4 pul); — ] = (1 = Vaee o Yimot — Vi Ym) Tt

j=1

=1'T

:]l/tzzm:lj.

j=1

Thus, (2.11) in combination with (2.8) yields the density function f §% (t) = exp {—
% Z’;l=1 tj}, t1,...,ty = 0. This proves the desired result. O

Theorem 2.3.2 yields the following well-known result for spacings of order
statistics due to Sukhatme [826]. It follows from Theorem 2.3.2 by choosing the
censoring scheme Z = (0*").

Corollary 2.3.3 (Sukhatme [826]). The spacings Sy, ..., S, of exponential
order statistics Zy.y, ..., Zy: from an Exp(u, ©)-distribution are independently
and identically distributed with S, ~ Exp(¢), r = 1,...,n.
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The preceding result can be extended easily to one-parameter exponential
families.

Remark 2.3.4. Suppose the cumulative distribution function Fy of a one-
parameter exponential family is given by

Fo(x) =1—e 1040 x ¢ (a,w), (2.12)

with —00 < o < w < oo, da+) = limyetrd(x) = 0, dlw—) =
lim,_,— d(x) = oo, where d is nondecreasing and differentiable and 7 is positive
and twice differentiable. Then, the random variables y; (d(X j.n:n) —d (X j—1:m:n)),
1 < j < m, are lID exponential random variables with mean 1/5(0) (see, for
example, Cramer and Kamps [300]). This family is also discussed in the context
of Fisher information in Sect.9.1.3.

The exponential family defined via (2.12) can be characterized by the property
of hazard rate factorization, i.e., by Ag(x) = n(6)d’(x). It includes, for instance,
the exponential distribution (scale parameter), the extreme value distribution
(location parameter), the Weibull distribution (scale parameter), and the Pareto
distribution (shape parameter). Characterizations of distribution in terms of the
Fisher information are given by, e.g., Hofmann et al. [445], Zheng [941], and
Gertsbakh and Kagan [396].

Remark 2.3.5. Bairamov and Eryilmaz [78] discussed minimal and maximal
(non-normalized) spacings for exponential progressively Type-1l censored order
statistics, i.e.,

1
*XZ K Xz
Sl = ZSI = Zl:m:n’

1
S;%:foszZ - 77 J=2,....m.

Vi jm:n j—lLim:wn>
In particular, they were interested in the random indicators 1 and v with

S** = min $*#, $** = max S*Z.
v I<j<m 7 K 1<j<m
Clearly, Theorem 2.3.2 implies S;% ~ Exp(¢/y;), 1 < j < m. Bairamov and
Eryilmaz [78] obtained expressions for the joint probability mass function as well
as for the marginal probability mass functions of v and 7. For instance, for
k = 1,...,m and an underlying Exp(9)-distribution, S;%, 1 <j < m, are
independent random variables. This directly leads to the expressions

Vi
2}7=1 Vi

00 m
Pin=k) = / 1—eVi)e " dt,
=k = | [[ (1—e7")e

J=1j#k

Plv=k)=
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which are independent of the scale parameter . Moreover, the joint and marginal
cumulative distribution functions of the maximal spacing can be obtained. For
0<x <y, weget

P(S;7 =87 =) = [ (1 =e ) =TT (77 —em77),
j=1 j=1
PS;% =) = 1—exp{ = (D v )x/},
j=1
PS;” <y =[] —e7).
j=1

From (2.10), we find the following representation of exponential progressively
Type-II censored order statistics in terms of the spacings:

7 — 7 7 : 1 7
27 =T7'S"+pl or ZZ4,,=p+y —S¥1<r<m.  (213)
— v
j=1

Thus, we can write exponential progressively Type-II censored order statistics as a
weighted sum of independent exponential random variables. This expression will be
very useful in deriving marginal distributions, moments, recurrence relations, etc.

Moreover, (2.13) yields an interesting representation of progressively Type-
I censored order statistics. In particular, we have from Theorem 2.1.1 in the
exponential case

Zrimmn g m— 7910g(1 —Urinn), 1=r=<m,
or, equivalently, with Fexp(1) = 1 —e™¢ Wt >,

d
Fexp(Zr:m:n) =Urmm, 1=5r=<m.

From (2.13), we note that

r

%19\ Vi
FeXP(ZI‘:m:n) =1 l—[ (e—S‘/’?/ﬂ) J

Jj=1

with Sj@/ﬂ ~ Exp(1). Thus, U; = e_S}'@/ﬁ, 1 < j < m, are independent uniformly
distributed random variables. This yields the representation
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of U,.n:n as a product of independent random variables. Combining this expression
with the quantile representation from Theorem 2.1.1, we arrive at the following
theorem (see also Cramer and Kamps [301]).

Theorem 2.3.6. Let Xy, ..., Xy be progressively Type-ll censored order

statistics from an arbitrary cumulative distribution function F and Uy, ... Uy, x
U(0,1). Then,
,
Xy gF‘_(l—l—[UjW"), 1<r<m. 2.14)

J=1

Sometimes, the following representation in terms of exponential progressively
Type-II censored order statistics is useful which is immediate from Theorem 2.1.1
and the above theorem.

Corollary 2.3.7. Let Xy ..., Xppumen be progressively Type-ll censored order
statistics from an arbitrary cumulative distribution function F and Zj..,. ..,
Zm:m:n be progressively Type-Il censored order statistics with the same censoring
scheme. Moreover, let Zy,...,Z,, e Exp(l) and ¥(x) = FT (1—e™), x > 0.
Then,
1
Xr:m:n gF(_ (l_e—Zr:m:n) g W(Z_ZJ)’ 1<r<m.

Vi
J

The above representation can be simplified for order statistics. In this particular
setup, we find the following result which shows that uniform order statistics are beta
distributed. Therefore, order statistics have been called transformed beta variables
(see, e.g., Blom [208]).

Corollary 2.3.8. For uniform order statistics Uy, ..., Uy, we have U,., ~
Beta(r,n—r+1), 1 <r <n.

Proof. By definition, we have y; = n — j + 1,1 < j < n. Thus, we obtain for
uniform order statistics

1=U 2 TJU)". U ~Beta(n—j +1.1).
=1

Using a result of Rao [738] (see also Jambunathan [477], Kotlarski [545], Fan [359],
and Johnson et al. [484, p. 257]) we get
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r
l .
1_[ Uj/y’ ~ Beta(n —r + 1,r).
Jj=1

Hence, U,., has a Beta(r,n — r + 1)-distribution. O
A simple representation also holds for one-step censoring plans.

Corollary 2.3.9. Let 0y, 1 <k < m, be a one-step censoring plan. Then,

Urimin i U, 1251 <k,

o

Ur:m:n =1- (1 - Uk:n) ‘ (1 - ﬁr—k:m—k)a k + 1 <r =<m,
where ﬁ,_k;m_k denotes the (r — k)th order statistic in a sample ﬁl, e ﬁm_k
from a uniform distribution and independent of Uy, ..., U,. Thus, the distribution
of 1 = U, is given by the distribution of a product of independent beta random
variables with parameters (n —k + 1,k) and (m —r + 1,r — k), respectively.

Proof. FromTable 1.2, wehavey; =n—j+1,1<j <k,andy; =m—j +1,

k+1 < j < m. Thus, for 1 < r < k, we obtain from Corollary 2.3.8 that

U 4 wm ~ Beta(r,n —r + 1). Let r > k. Then, the product ]_[;=1 Ujl/y’

equals

k r k r—k

1/(n—j+1) 1/(m—j+1) _ 1/(n—j+1) 1/(m—k—j+1)
[Tv; [Ty =[]v; [Tv; :
j=1 j=k+1 j=1 J=1

The first product has a Beta(n — k + 1, k) distribution, while the second one has a
Beta(m — r 4+ 1, r — k) distribution. By the independence of the factors, we obtain
the desired result. ]

Since 1 — U, 4 U,—j+1:v, the result of Corollary 2.3.9 can be expressed as

Urimin é U, 151 =<k,
(2.15)

d
Urimn = 1= Up—kv 1k - Un—r+1:m—k» k+1<r=<m.

This representation can be used for simulation purposes (see Algorithm 8.1.8).

2.3.2 Reflected Power Distribution and Uniform Distribution

Theorem 2.3.6 has some interesting implications to generalized Pareto distributions
(see Definition A.1.11). In particular, we find for reflected power distributions with
F<(@t)=1— (-0 t € (0, 1), the following identity.
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Corollary 2.3.10. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a reflected power function distribution RPower(8), 8 > 0. Then,

’
Xr:m:n g 11— l_[ Ujl/(ﬂyj), 1 <r <m.
j=1

For B = 1, this yields the representation for the uniform distribution, i.e.,

,
U = 1= [0/, 1<r<m, (2.16)
j=1

Using this representation, we can easily derive the following result. For 8 = 1,
it can be found in Balakrishnan and Aggarwala [86].

Corollary 2.3.11. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a reflected power function distribution RPower(8). Then, with
XO:m:n =0,

X, NP
I/]-:(IX#), l<j<m
1_)(j—l:m:n

are independent random variables with V; < Ujl/yj ~ Beta(y;,1),1 <j <m.
For B = 1, we have, with Up.,., = 0,

1- Uj:m:n

V=g
1- Uj—l:m:n

, 1 =<j<m,

to be independent random variables with V; 4 Ujl/y" ~ Beta(y;,1), 1 < j <m.

In the uniform case, this yields the following well-known result of Malmquist
[633].

Corollary 2.3.12. Let U;.,..., U,., be order statistics from a uniform distribu-
tion. Then, with Uy, = 0,

1_Uj:n .
Vi=———, 1=<j=<n,
1=Uj_in

are independent random variables with V; ~ Beta(n —j +1,1), 1 < j <n.
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2.3.3 Pareto Distributions

For Pareto distributions Pareto(e), we find with F<(t) = (1 —¢)~"/%, ¢t € (0, 1),
the following result.

Corollary 2.3.13. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a Pareto distribution Pareto(«), @ > 0. Then,

)
Xe = [JU7 1 <r<m,
j=1

Using this representation we can easily derive the following result (see also Bala-
krishnan and Aggarwala [86, p. 24]).

Corollary 2.3.14. Let Xin, ... X be progressively Type-ll censored order
statistics from a Pareto distribution Pareto(). Then, with Xg.,, = 1,
X
jm:n .
W; = X‘.*—’ 1<j<m,

j—Lim:n

are independent random variables with W; 4 Uj_l/yj ~ Pareto(y;), 1 = j <m.

In the case of order statistics, this yields a well-known result for Pareto
distributions which was first mentioned by Malik [632]. Further references are
Huang [458], Arnold [49], and Johnson et al. [483].

2.3.4 Progressive Withdrawal and Dual Generalized Order
Statistics

It is a well-known property of order statistics, X;.,, 1 < j < n, from a symmetric
distribution (symmetric about 0), that
d _

Xj:n n—j+1ln, 1 f] =n, (217)

or that, jointly,
d
(Xl:m”-,Xn:n) = (_Xn:na~--a_Xl:n); (218)
see, for example, David and Nagaraja [327] and Arnold et al. [58]. Thus, the

negatives of the order statistics are once again distributed as order statistics from
the same symmetric distribution. It will therefore be natural to see whether a
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similar connection holds for progressively Type-II censored order statistics from a
symmetric distribution as it will facilitate the handling of these random variables
(see, e.g., Sect.7.4). In the case of order statistics, the result in (2.18) is easily
observed by considering the joint density function of order statistics given in
Example 2.1.4. Using the representation in (2.5) and the fact that f(x) = f(—x),
x € R, the joint density function can be rewritten in the desired form. A similar
argument for the identity (2.17) using the marginal density function has been
employed in Balakrishnan and Aggarwala [86]. Alternatively, we may use the
quantile representation of order statistics given in Theorem 2.1.1. Using the identity
F(x) =1— F(—x), x € R, for the cumulative distribution function for symmetric
distributions, we get F < (¢) = —F*< (1 —¢),t € (0, 1). This implies for 1 <r <n

d d d
= _F(_(Ur:n) = F(_(l - Ur:n) = F(_(Un—r+l:n) = Xn—r-‘rl:ns

_Xr:n
where we have used Corollary 2.3.8 and that 1 — X ~ Beta(f, o) holds for a
Beta(«, B)-distributed random variable X .

However, in working with the progressively Type-II censored order statistics,
we begin with the joint distribution of all m progressively Type-II censored order

statistics. As before, let X ?M:nv X zm:n denote the sample of progressively Type-
II censored order statistics of size m obtained from a random sample of size n with
censoring scheme %Z = (Ry,..., R,) from a symmetric distribution. Multiplying

each random variable by —1 we get the decreasingly ordered sample

LY, =—-XZ

Iim:n-

Y, =-X7

m:m:in’ - °

It follows from the quantile representation in Theorem 2.3.6 and the quantile
function

F,(t)=—-F~(1—-1), te(0,1),

that
g m—r+1 " m—r+1 )
vEi-r(1- [T /") =r5( [ v/”) 1sr=m
j=1 j=1
This representation tells us that Yj,...,Y,, are connected to the so-called dual

generalized order statistics introduced by Burkschat et al. [234]. Moreover, we get
the following expression for the joint density function:

m

ftnn) = T fa)FO ] o <t

Jj=1
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As a result, the negatives of the progressively Type-II censored order statistics are
generally not jointly distributed as progressively Type-II censored order statistics.
Further results and applications can be found in Balakrishnan and Aggarwala [86,
p.- 71-81] and Burkschat et al. [234].

2.4 Marginal Distributions

Using the results of the preceding sections, explicit representations for the marginal
distributions of progressively Type-II censored order statistics can be established.
First, we notice that a right censored progressively Type-II censored sample can be
seen as progressively Type-II censored order statistics from the same distribution
with a modified censoring scheme. Thus, right censored progressively censored
samples can always be seen as a complete progressively censored sample with a
modified censoring scheme. In particular, we have the following result (see Bala-
krishnan and Aggarwala [86]).

Theorem 2.4.1. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a cumulative distribution function F' with censoring scheme #Z =
(Ri,..., Rp).

Then, for 1 < r < m, the right censored sample X7 ..., XZ  can be

seen as a complete sample of progressively Type-ll censored order statistics
X?fr’:n, e X,?,’:,, from the same population with censoring scheme %, =
(Rlv"' er—ls Yr— 1)
Proof. The iterative construction of progressively Type-II censored order statistics
presented in Procedure 1.1.3 yields directly the above property. The only property
that has to be shown is the particular structure of the censoring scheme. But,
according to the construction process 1.1.3, y, denotes the number of items in the
experiment before the rth failure. Thus, stopping the experiment after the rth failure
is equivalent to removing the remaining y, — 1 units.

Alternatively, the iterative construction in Theorem 2.3.6 can be used for this
purpose. O

Thus, right censoring of progressively Type-II censored samples results in the
same model with a reduced number of observations and a modified censoring
scheme. In particular, we can apply the preceding results and obtain, for example,

the joint marginal density function of X .., ..., Xyunon @S
r—1
X ) = T [y £ = FGp) R ]y ) (1= Oy
j=1
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In particular, Theorem 2.4.1 illustrates that any progressively Type-II censored order
statistic can be seen as a maximal progressively Type-II censored order statistic with
an appropriately chosen censoring scheme.

In order to calculate the marginal distributions, we consider the exponential case
first. The presentation of the following results uses the notation proposed in Kamps
and Cramer [503]. An alternative but equivalent representation has been established
in Balakrishnan et al. [132] using the integral identity (2.31) (see also Balakrishnan
[84] and Nagaraja [667]). This representation has also been exploited in many
papers.

2.4.1 Exponential Distribution

The marginal distributions of exponential progressively Type-II censored order
statistics can be derived using the sum representation (2.13). This expression shows
that we are interested in finding distributions of sums of independent but not
necessarily identically distributed exponential random variables. An important point
in the following derivations is that the y’s cannot be equal. Such problems have
been considered earlier by, e.g., LikeS [597] and Kamps [497] (see also Johnson
et al. [483, p. 552]). This type of distribution is called hyperexponential distribution
or generalized Erlang distribution (see Johnson and Kotz [482, p. 222]). A review
on this topic including various applications of hyperexponential distributions is
provided by Botta et al. [217]. This yields directly the following result.

Theorem 2.4.2 (Kamps and Cramer [503]). Let Ziuu,.... Zmm:n be
standard exponential progressively Type-Il censored order statistics. Then,

r r
1
FZrmn(f) = 1 — (]_[ )/i) 3 —aj,e 1>0, (2.19)
i — Vi
i J
where a;, = ]_[',f=1 1 1< j < r =< n. The density function of Z,.,., is
’ i#j Yi—Vj
given by
r r
[ (1) = (]_[ y,») Y aje 1> 0. (2.20)
j=1 j=1

Schenk [782] considered multiply censored samples of progressively Type-II
censored order statistics (see also Cramer [287]). He derived expressions for the
corresponding density functions. His derivations are based on the Markov property
of the thinned sample Z,ynu, - -« s Zipmn With 1 < ky < ky < --- < kg < m (see
Sect.2.5.1). Using the sum representation (2.13), we find
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k> 1 k> 1
Zkz:m:n = Z _S}Z = Zkl:m:n + Z _S}j
— vy, LY

Thus, the cumulative distribution function of Z,.,,.,, given Z,.;p., = s, is given
by P(Z, 1 7 S < t—s),t > s. Hence, the density function follows
from (2.20) as

ko
fzkz:m:nlzkl:m:n (t|s) — ( 1_[ yj) Z a(kl) (= S) >85> 0,

Jj=ki+1 Jj=ki+1

(k1) _ 11k2
where a Tk = [T k1 oy y . Combining these expressions, we arrive at the joint

vEj
density function of two exponential progressively Type-II censored order statistics

given in Kamps and Cramer [503] ( > s > 0):

kalim:nsZkz:m:n (S, t) — fzklim:n (s)fzkz:m:nlzkl:m:n (t|s)

~([Tn) 5 auafemeren

i=1 j=k+1

A repeated application of the preceding result yields the joint density function of
the multiply censored sample:

kalimZns---aZkl:m:n (xkl e, xkl)

14 ki ki

:H[< I1 7’1‘) Z af;if"e‘”‘“"‘f‘“"kf—l)], 2.21)

i=1 j=ki—1+1 j=ki—1+1
where kg = 0,0 = xp < x, <--+ < X, and

k.
d 1
;k;( D 1_[ — kici+1<j<k,1<i<{ (2.22)
vy 1 YV TV
v#Ej

This result can be directly applied to a general progressively Type-II censored

sample X ﬁ?rm e X,‘ﬁnﬁ‘:’n with the left truncated censoring scheme Z, =

(Rr+1,--.,Rn) € Cfg’ ~r1—r- The corresponding density function is given by
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er+1:m:n ----- Zm:mn (xr+1’ e xm)
n m m

= ( )( l—[ )/j)(l—e_errl)"exp{— Z (Rj'i‘l)Xj},
r j=r+1 j=r+1

0=<Xp41 =+ = Xu. (2.23)

2.4.2 Uniform Distribution

Due to its importance, it is useful to present the representations of the marginal
density functions and cumulative distribution functions for uniform progressively
Type-II censored order statistics. They can be taken directly from Theorem 2.4.2
using a quantile transformation.

Corollary 2.4.3. Let Uypeps ... Upinen be uniform progressively Type-ll cen-
sored order statistics. Then, for 1 <r <m,

FUrmn(t) =1 — (ﬁ%’) Zr: ;ajqr(l —n¥, telo,1]
Vi

i=1 j=1
The density function of U,.p,., is given by

r

fUr:m:n (Z) — (1_[ )/j) Za/”(l — [)V/—l, t e [0, 1] (2.24)

=1 J=1

2.4.3 General Distributions

Using the quantile transformation result 2.1.1, the preceding results can be directly
applied to arbitrary distributions. For brevity, we present only the expressions in the
univariate and bivariate case. From Theorem 2.4.2, we obtain the following result.

Corollary 2.4.4. Let Xinn, ... Xz be progressively Type-ll censored order
statistics from a cumulative distribution function F. Then, for 1 <r < m,

r

FXrmn (1) =1 — (ﬁ yi) Z %a,,,(l —F@)", teR. (2.25)

i=1 j=1"/
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From (2.25), we find with # — —oo the identity

r r 1

1= (]_[ y,-) 3 —aj.. (2.26)

i=1 j=1"7

Applying this identity and writing Fy.,;, = 1 — (1 — F)/, we get a representation
of the cumulative distribution function in terms of distributions of minima as

FXoman (1) = (1‘[ y,.) » %aj,rFlzyj 0. 2.27)
i=1 ~ j=1"/

Noticing that for order statistics the identity

. 1 — n n—j
(ilj[ly,)y—a,r—( 1) ’(,_1)<r_j>

holds, we find

_ - _1)\/—n+r—1 ]_1 h .

This identity is given, for instance, in David and Nagaraja [327, p. 46] and Arnold
et al. [58, p. 113] in terms of moments. For moments of order statistics, this result
is due to Srikantan [822].

For absolutely continuous distributions, we have the following representation of
the density function.

Corollary 2.4.5. Let Xy, ..., Xppunen be progressively Type-ll censored order
statistics from an absolutely continuous cumulative distribution function F with
density function f. Then, for 1 <r <m,

Frmny = fo(TTn) Yan = Fey»™, 1eR @28)
j=1

i=1

For 1 <k; <k, <m and t > s, the bivariate density function is given by

Xkl im:n stzimin
f (s.7)

=f(s)f(r)(]"[y,)2 S e Y‘,;;[ ﬁm (1= Fs)n~

j=1 i=1 j=k+1
(2.29)
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Remark 2.4.6. For order statistics, the representations given above simplify to
the well-known expressions

n

Frn(t) = Z (?)F"(Z)(l —F@)"™/, teR,
= (2.30)

Jran(t) = r(z)F’_l(Z)(l —F@O)""f@). teR

(see, e.g., Arnold et al. [58], David and Nagaraja [327]).

For the cumulative distribution function and x; < x;, the expression (2.29) yields
by integration the following representation which holds for any baseline cumulative
distribution function F':

FXkIZmZnstzimln (xl’ XZ) — FXklimZn (xl)

ki k2 ai ke, a 5]3 —y; ——r;
F j —FiV .
(| 1 y’>,§_1, Ek BT (o)1 =F" 7 ()|

The result can be established by using the relation
FXkl:mm’szzm:” (xlv x2) = FXkl:m:” (xl) - P(Xkl:m:n S X1, sz:m:n > xz)'

Assuming uniform progressively Type-II censored order statistics and using (2.29),
the probability on the right-hand side reads

ki ok
: - e [T 11 vi—vi=1(] vi=lgsd
Chky—1 E E Aij @ g, A 1=V (1—s) sat
X2

i=1 j=k+1
(kl)

ki Qi1
= Cly— 12 Z ik ( _x2))’j|:1_(1_xl)yi_)/j:|'

i=1 j=k+1 vitvi=v;)
Using the quantile transformation and (2.2), we arrive at the desired representation.
Notice that, for x, < x|, one has FXkimmXiamn (x1 xy) = FXkamn(x,).
Multiply Censored Progressively Type-II Censored Order Statistics
Similar results can be established for multiply censored samples (see (2.21) and,

for generalized order statistics, Cramer [287]). The joint density function of
progressively Type-II censored order statistics Xi,:m:n, - - . s Xk:m:n 1S given by
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kallmlnsmanlZmZn (xkl e, xk[)

14 ki ki
_1—[[ S ) ( I1 yA) 3 a(km)( 1 — F(x,) )w]
- — Y Jki _ ’
= 1= Flx) j=ki—1+1 Jj=ki—1+1 1= Fxe-)
where kg = 0, xo = —00, x¢, < --- < Xx,. For order statistics, the expression
simplifies to that given in Kong [543].
In the special case of a general progressively Type-II censored sample

ij:’m:n,...,Xn%ﬁ{n with the left truncated censoring scheme Zo, =
(Rr+1,...,Ry) € €77, _,, the corresponding joint density function is given

by ([see 86, p. 10] and (2.21) for the exponential distribution)

f(xr+ls---sxm) = (}:)Fr(xr+l)( 1_[ J/jf(xj)(l - F(xj))Rj)y

j=r+l

Xl <00 < X

An Important Recurrence Relation

The preceding results yield the following connection between cumulative distribu-
tion functions and density functions.

Corollary 2.4.7. Forr e {l,...,m—1},

1

Vr+1

FXrmn (£) — FXrtvmn (1) = (1= F(@)) fU+rmn(F(t)), teR.

Proof. From (2.25), we obtain

r r

FXrmn(ry =1 — (]"[ yi) > %a,,,a — F(t)".

i=1 j=1"/
Since ()/r.H — yj)aj,,_H =djr, 1< j <r,we get

FXr:m:n (t) _ FXr+1:m:n (t)

r

=(H J/i) (ar+1,r+1(1 —FO)"™+ + Y aj,(l- F(f))yj)

i=1 j=1

1 (1— F([))fUr+liln1n (F(t)), teR,
Yr+1

which yields the desired result. O
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For order statistics, the above relation simplifies to

FXrin (t) = FXrn: 0 _|_ (1 — F(Z))fUr'H "(F(1))
_ FX'Jrl"(t) + ( )F O —=F@)" ",

which can be found in David and Shu [328].

An Alternative Approach to Derive the Marginals

Balakrishnan et al. [132] presented an alternative approach to derive the marginals of
progressively Type-II censored order statistics. They tackled the problem through an
explicit evaluation of the resulting integrals as shown in Lemma 1 in Balakrishnan
et al. [132]. Using the notation introduced in (2.22), a version of this lemma adapted
to the present setting is as follows.

Lemma 2.4.8. Let Z = (Ry,..., R,+1) be a censoring scheme, r > k + 1 > 1.
Then, for a cumulative distribution function F with density function f and? <y,
the following identity holds:

r

// /xm l—[ FE)FY () ]dka

i=k+1

r+1
Z a;kr)_,_lF(Z)y"+l_yj7(J’)Yj_yr+l' (2.31)
j=k+1

For y — o0, we get

X2 T
[T [T [eF ..
i=k+1
— ai’f:l r+lF(t))’k+l_)’r+l_

This integral representation will be helpful in many settings. For instance, it will
be used later to derive the power function of precedence-type tests under Lehmann
alternative [see (21.9)].
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Connection of Marginals to Interpolation Polynomials

Cramer [289] established a connection of one-dimensional marginal density func-
tions and cumulative distribution functions to divided differences and Lagrangian
interpolation polynomials (see, e.g., Neumaier [679]). For t > 0, let

hy : [0,00) —> [0,00) be defined by h;(x) =1t*, x >0. (2.32)
Then, the divided differences 4,;[x;,...,x,] of order v — j at x; > -+ > Xx,, are
defined by

ht[-xj] =ht(xj),

helxicr, ..., x)] —helxi, ..., xp—
Bl ] = e[xj+1 ] — helx; v 1]7
Xy — Xj

for1 < j <v < m. Then,

fUma@y = (=) iy —1,....y,—1], t€][0,1].

Cramer [289] showed that the survival function of X,.,., can be written as a specific
Lagrangian interpolation polynomial P,F © evaluated at the point zero

r

r 1_[ ()
- v=1,v#j .
’Prl:(t)(o) =1— FXr.m.n (Z) — Z - FV,/ (Z)
J=1 1_[ (Vj - ")
v=1v#j
r [T O-w)
v=1v#j
=) ————h-roW).
j=1 1_[ (Vj - yv)
v=1,v#j
Thus, PrF ® interpolates the function /11— () given in (2.32) at the points y1, ..., ;.

Precisely, the evaluation of the polynomial at zero is an extrapolation since zero
does not belong to the range of the y;’s. In particular, this shows that the cumulative
distribution function of a progressively Type-II censored order statistic can be
understood as a Lagrangian interpolation polynomial.
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2.5 Conditional Distributions

2.5.1 Markov Property

From the joint density function of progressively Type-II censored order statistics
given in (2.4), the Markov property can be easily derived for an absolutely
continuous cumulative distribution function F. However, this property holds even
for continuous cumulative distribution function.

Theorem 2.5.1. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F.

Then, X1y ...y Xz form a Markov chain with transition probabilities
2<r=<m)

1— F(1)

P(Xpomn <t Xp—tzmm = 8) =1 — (1——F(S)

Yr
) , 8§ <t with F(s) < 1.

Proof. First, we consider the uniform distribution. According to representa-
tion (2.16), we find

Upmn = L =UM" (1 = Up—ymn), 2<71 <m. (2.33)

Using the independence of U;, 1 < j < m, the progressively Type-II censored
order statistics Uy, . . . » Upinsn form a Markov chain with (s <t < 1)

1—1t 1—r\"
P(Urmin < t|Up—imn = 5) = P(Url/yr z l—S) =1- (1—S) '

Using the properties of the quantile function in Lemma A.2.2 and Theorem 2.3.6,
we obtain from the continuity of F' and (2.33) that

Xr:m:n = F(_(Ur:m:n) = F(_(l - Url/yr [1 - Ur—l:m:n])
=F (1 =UY"[1 = F(F< (Ur=1zmm))])
=F (1 =UY"[1 = F(X,—1m))). (2.34)

Therefore, the independence of U, and X 1., - - - s Xp—1:m:n yields for sy < .-+ <
sr—1 <t with F(s,—1) < 1, the conditional cumulative distribution function

P(Xrimn fllXj:m:n =s5j,] = L....,r—=1)

<« » < _ " 1- F(t)
= P(F~(1-UM"[1 — F(s,_)]) <1) = P(UrI/V > m)

This proves the desired result. O
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As proved by Balakrishnan and Dembiniska [96], the above result does not hold
for noncontinuous distributions (see also Tran [854]). More details on the noncon-
tinuous case are provided in Sect.2.8. For order statistics, the Markov property
is a well-known property (see Arnold et al. [58] and David and Nagaraja [327]).
Obviously, Theorem 2.5.1 can be extended to the following result (see Balakrishnan
and Aggarwala [86, p. 15]).

Theorem 2.5.2. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F. Then, conditional
on X;—1:mm = Xy—1, the random variables X, .1, ..., Xp:m:n are progressively
Type-ll censored order statistics from a left truncated cumulative distribution
function

F(y) - F(xr)
Gy _ = —1 <y, F(x,—1) <1, 2.35
(V) == Faoy @ 1=V (xr—1) (2.35)
and left (truncated) censoring scheme Z<,—1 = (R, ..., Rp).

Proof. Applying (2.34) to the random variables X, .., - - - » Xpmumon, we find

Xrimen :F(_(l - Url/yr[l - F(Xr—l:m:n)]),

xamnzF*@—fﬁUﬂ”u—FanmaD

j=r

Since the quantile function of the truncated cumulative distribution function
in (2.35) is given by

G, ()=F (1—-0-=0)1-F(x-1))), te(0,1),

wefind forf =r,...,m,
¢ y ¢ y
Xl:m:n = F(_(l - l—[ Uj v [1 - F(Xl'—lim:”)]) = G;;—l:m:n (1 - l_[ Uj y])'
j=r j=r
Therefore, conditional on X,_j.,.;, = X,—1, Theorem 2.3.6 yields the assertion.
Notice that the parameters y,,..., ¥, yield the left truncated censoring scheme
RHar—1 = (R, ..., Rn). ]

For order statistics, the corresponding result is due to Scheffé and Tukey [781]
(see also Arnold et al. [58, p. 25-26] and David and Nagaraja [327]). Horn and
Schlipf [450] utilized this representation to develop an efficient algorithm for the
generation of Type-II doubly censored data.
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The Markov property yields the following factorization of the density function
of X#. For 2 < r < m, the conditional density function Jrir=tmn C18) of Xpomin,
given X,_j.n:n = §, is defined by

_Fy ! .
y,lfg()y) (}_58) , s <twith F(s) < 1,

Sramm (1), otherwise.

fr\r—l:m:n (I|S) =

Of course, fio:mn = fi:m:n is the marginal density function of X1..,.

Corollary 2.5.3. The density function of a progressively Type-Il censored sample
X7 factorizes as follows:

m
fXﬂ(Xm) = l_[ f;‘\r—l:m:n(xr|xr—l)v X1 =0 = Xy (236)
r=1

According to Cramer [287], a conditional P -density function exists provided
that the population cumulative distribution function F is continuous. It is given by

g 1—F@)\"™!
Jrir=tmn (1]8) = I_VF(S) : (1 — ng) Prae. (2.37)

2.5.2 Distributions of Generalized Spacings

The preceding results can be used to calculate the density functions of generalized
spacings (so-called subranges or contrasts), i.e., of the (r, s)-spacing

Sz*;% = Xr:m:n - Xs:m:m 1 <s<r =m. (238)
From Lemma 3 of Kamps and Cramer [503], we get the following expressions:
N
1—FW+w)\v
FS (r) —
"= 1_[ Vi / (l.z;la” ( 1—F() ))

- NS 4w
X (;ai,r(l—F(V))y)l_F(v) 1—F(V+W)

e . 1—-F(Wv+w) Xyomon
FS2 (w) =1 /R H,,S(—l_F 0 )dF ), (2.39)

where the function H is defined by H,5(z) = ([Tj=41 7)) Xizr41 a,(rs); i,z €
[0, 1] [see also (2.29)].
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2.5.3 Block Independence of Progressively Type-1I Censored
Order Statistics

In this section, we study the distribution of a progressively Type-II censored sample
randomly divided into two blocks by a threshold 7' € R.

Lemma 2.5.4. For a fixed time T, let D denote the number of progressively
Type-ll censored order statistics that do not exceed T, i.e.,

D= Tioor)(X;mmn). (2.40)
j=1
Then,

P(D=0)=1-F()",

d d+1
P(D =d) = (Hyi) Y ajari(1=FT)I, d=1,...m—1,
o= 2.41)
m m 1
P(D =m) = FXmmn(T) = | — ( y,-) > ain(1= F(T)".
i=1  j=1"]

Proof. Ford = 0,wehave P(D =0) = P(Xypn > T) = (1 — F(T))".
Letd € {1,...,m — 1}. From the definition of D, we have

P(D =d)=PXamn =T < Xatimn)
:P(Xd:m:n = T) - P(Xd+l:m:n = T) = FXd:m:” (T) - FXd+l:m:”(T)-

From Corollary 2.4.7, we conclude ford € {1,...,m — 1},
Xgm: Xattom: 1 Uyt tom:
F d:m:n (T) _ F d+1:m:n (T) — (1 _ F(T))f d+1:m:n F(T)). (2.42)
Yd+1

An application of (2.24), i.e.,

d+1 d+1

fUd+l:m:n (t) — ( l_[ y’) Zaj,d‘l'l(l — [)Vj—l 1 e (0, 1)7

i=1 j=l1

proves the desired result. The case d = m follows from P(D = m) = P(Xmunn <
T) = FXmma(T) and (2.25). O

In the case of order statistics, the distribution of D simplifies considerably. In
particular, we have (see Iliopoulos and Balakrishnan [469]) that D has a binomial
distribution with parameters n and F(T), i.e.,
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P(D =d) = (Z)Fd(T)(l —FT)™, d=0,...n.

This follows directly from (2.42) in the above proof.
The following conditional independence result for progressively Type-1I cen-
sored order statistics is due to Iliopoulos and Balakrishnan [469].

Theorem 2.5.5. Let d € {l,...,m — 1}, F be a cumulative distribution
function, Z = (Ry,..., R,) be a censoring scheme, and K; = (Ki,...,Ky)
be a discrete random vector on the Cartesian product X;{:l{O, ... R} with
probability mass function

Ki(le,) = — | @) (@) R;
PY k) = Gy FM @ = FT)™ ﬂnl(d)( )

where n;(d) = Y I_(k; +1), 1 <i <d.

Conditional on D = d, the two random vectors (len,.. dmn) and
(Xd+1 s -+ -+ X .,) are independent with
7 d
(len’ "chm:n) = (Vlg:Kd""’Vﬁ:Kd)
7 d
(Xﬁl;m:n’ . X’«fm n) = (M:m—d:yda st Wm—d:m—d:yd)
where ¥ =Ky, kg = Z’jzl(l + K;), and
(i) Vi,...,V, are IID random variables with the right truncated cumulative
distribution function Fr given by
F(t
Fri=—+8 i<t
F(T)’
(i) Wi,....,W,, are IID random variables with left truncated cumulative
distribution function G
1—F()
Grt)y=1—-—, t>T.
O =1- "y 12

Remark 2.5.6. Notice that the sample size k4 for the progressively Type-I
censored order statistics V7 Vd‘%(; g is a random variable. This repre-

1: d Kd’
sentation means that the dlstrlbutlon of (len, e den) given D = d, is
a mixture of distributions of progressively Type-Il censored order statistics with

mixing distribution p” . It is well known that the right truncation of progressively
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Type-Il censored order statistics does not result in progressively Type-Il censored
order statistics from the corresponding right truncated distribution (see, for
example, Balakrishnan and Aggarwala [86]). This is due to the fact that those
observations (progressively) censored before T could have values larger than T.

Proof of Theorem 2.5.5. First, notice that we can restrict ourselves to the uniform
distribution replacing T by F(T'). Then, notice that the conditional density function
of UZ = (Uiunens - - - » Upemen), given D = d, is given by

1

U%|D=d _
S (xm) = P(D =d)

S S gy 0 (F(T)).

Decomposing the joint density function of Uy, - - ., Upiin, We obtain

m

S ) =[] []=x0"

i=1  j=1

[ttt ][ fL o oo ]

i=1 i=1 i=d+1 i=d+1
d

= (1_[ Vi)hl(xd) cho(Xg41s s Xim).
i=1

Now, we consider /;. Let fix, denote the joint density function of progressively
Type-II censored order statistics X1, - - . » Xg:n:n from a right truncated uniform
distribution (at F (7)) and censoring scheme k; = (k, ..., kg). Then, by using the
binomial theorem, we find for0 < x; < --- < x4 < F(T),

d d
mxg) = [0 =x)® =[]0 = F(T) + F(T) = x)*

i=1 i=1

Al

i=1 | kj=0

d (R (p 1 o\
_ ! ki+1 _ Ri—k; _ !
=11 Z(k,-)F 0= (125

f) (F(T) = xp)(1 = F(T)R

1

Ry Ry d 1 R;
=3 S ) FMOT) (1= F(T))y' i@ {l—[ ) (k)}
i=1 1 !

k=0  kg=0
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= P(D =d) Ka(k
B (1= F(T))ra+1 ] 1—1 Vi /qX—:O kdX—:O Jua ) )

On the other hand, from y;4; = Z’;’ZdH(R,- + 1), we obtain for F(T) < x441 <
.o < 'xI’H’

ha(Xat1,. .. xm) = (1= F(T))"+! l_[ Vi l_[ F(T) (1 1— F)(CIT))

i=d+1 i= d+l
== F(TM) " gRypy R (Xd41, - Xm),

where gr,.,...r, denotes the joint density function of progressively Type-II
censored order statistics from the left truncated uniform distribution (at 1 — F(T))
with left truncated censoring scheme Z«; = (Rg+1,..., Ry). Combining all the
results, we find

fUl:m:ns---sUm:m:n|D=d (Xm)

Z kad(xd)pKd(kd) SRyt Ry (X113 Xin).

ki=0  kg=0

The factorization of the density function yields the independence result. Finally, the
joint density functions fx, and gg,,,...r,, yield the claimed distributions. O

In the case of order statistics, the above theorem simplifies. In particular, we find
from Ry = --- = R; = 0 that p¥¢ is a one-point distribution in (0*¢). Thus,
the corresponding result due to Iliopoulos and Balakrishnan [469] is given in the
following corollary.

Corollary 2.5.7. Let d € {l,...,n — 1} and F be a cumulative distribution
function. Conditional on D = d, the random vectors (Xi.,..., X4:n) and
(Xa+1:n» -+ - » X)) are mutually independent with

d
(Xl:ns---st:n) = (Vlids---sVde)v
d
(Xd-l-l:ns s vXn:n) = (Wl:n—dv cees Vn—d:n—d) .

The distributions of Vi,...,V; and Wy, ..., W,_; are as given in Theorem 2.5.5.

Finally, it has to be mentioned that the result of Theorem 2.5.5 can be extended
to multiple cut-points —oco = Ty < 71 < -+ < Tk. Instead of D, the random
vector (D1, ..., Di) is considered, where D; counts the number of progressively
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Type-1II censored order statistics in the interval (T, 7;]. Further details are given
in Iliopoulos and Balakrishnan [469].

2.5.4 Dependence Structure of Progressively Type-I1I Censored
Order Statistics

In this section, we focus on the notion of multivariate total positivity. This property
of a density function is important in many areas including reliability theory, since
it implies association of the components of the corresponding random vector. This
notion of dependence was introduced by Esary et al. [354].

Definition 2.5.8. An n-dimensional real valued random vector X is associated if
Cov(g(X),n(X)) > 0

for every pair of increasing functions g, 7 : R" — R.

This definition has some interesting implications (cf. Szekli [829, Chap. 3]). An
important feature due to Esary et al. [354] is that any subset of associated random
variables is associated as well. For instance, this implies that two associated random
variables are positively correlated. Furthermore, association of a random vector
(X1,...,X,) implies the inequality

P(Xy>x1.... X, >x) = [[P(Xi > x). x1.....x, €R. (2.43)

i=1

Although association is a desirable feature of random variables, it is often difficult
to verify. A more restrictive property which implies association, but is often easy to
verify, is multidimensional total positivity.

Definition 2.5.9 (Karlin and Rinott [510]). A density function f : R* — R
is MTP, (multidimensional totally positive) if

fXfy) < fxAry) fxVvy), xyeR".

A random vector X is said to be MTP; if its density function is MTP,.

The basic properties of multidimensional total positivity are derived in Karlin
and Rinott [510]. In our setup, it is important that the indicator function Lg»_(-) is
MTP; and that a product of the form N

(]‘[ f,»(x,»)) g(xy)

i=1
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has this property provided that f; are nonnegative and that g is MTP,. Since the
joint density function of progressively Type-II censored order statistics has this
structure, it immediately yields the following result well known for order statistics
from absolutely continuous distributions (cf. Karlin and Rinott [510]). The MTP,
property for discrete order statistics was established by Riischendorf [761].

Theorem 2.5.10 (Cramer [287]). Let F be a continuous cumulative distri-
bution function. Then, progressively Type-ll censored order statistics Xf’:?m:n, el
Xﬁm:n based on F with censoring scheme Z are MTP;. In particular, covariances

. . '% L@ .
are nonnegative, i.e., Cov(Xj:mm,Xr:m:n) >0forall 1 <j,r <n.

Obviously, the MTP, property implies nonnegative covariances. For order
statistics, nonnegative correlation was first claimed by Bickel [201]. Further, it
should be noted that the MTP, property implies association of the progressively
Type-II censored order statistics (see, e.g., Cohen and Sackrowitz [275]). However,
as pointed out in Cramer and Lenz [303], the MTP, property does not hold in
general if the assumption of identical distribution is dropped for the data X1, ..., X,,.
Nevertheless, association still holds (see Sect. 10.3).

From Theorem 2.5.10, if follows for progressively Type-II censored order
statistics that any marginal distribution of at least two (different) progressively
Type-II censored order statistics has the MTP, property (cf. Karlin and Rinott
[510, Proposition 3.2 for the general result on associated random variables]).
This feature of progressively Type-II censored order statistics has many interesting
implications concerning the dependence structure of progressively Type-II censored
order statistics. As mentioned above, it implies association of progressively Type-II
censored order statistics which means that all the covariances are nonnegative. It
implies inequality (2.43) giving a lower bound for the multivariate survival function
in terms of the univariate survival functions.

Burkschat [229] has studied the dependence structure of spacings of generalized
order statistics. His results can be directly applied to spacings of progressively Type-
II censored order statistics [cf. (2.9)]

S =Xt =X d =2.m, ST =X (2.44)
First, the notion of conditionally increasing in sequence is discussed which is
defined as follows.

Definition 2.5.11. A random vector X = (Xi,..., X;,) is said to be condition-
ally increasing/decreasing in sequence (CIS/DIS) if

P(XJ > Zj|Xj_1 = Xj_l)

are increasing/decreasing in X;_; = (x1,...,x;—1) for any j € {2,...,m}.

Burkschat [229] proved the following result.
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Theorem 2.5.12. Let F be IFR (DFR). Then, the vector of spacings S*Z is
DIS (CIS).

Furthermore, he showed that spacings of progressively Type-II censored order
statistics have the MTP, property when the baseline distribution satisfies some addi-
tional conditions. A similar result is available for the MMR; property (see Burkschat
[229, Theorem 2.9]).

Theorem 2.5.13. Let Xy, ..., Xinm:n be progressively Type-1l censored order
statistics from an absolutely continuous cumulative distribution function F with
censoring scheme &% and hazard rate Ar. Moreover, let the density function f
be positive on the support (&, 00) of F. Then, provided that

(i) f is log-convex on (&, 00) or
(i) F is DFR and A is log-convex on («, 00),

the vector of spacings S*Z is MTP;.

2.6 Basic Recurrence Relations

The expression for the marginal cumulative distribution function given in (2.25) can
be used to establish a generalization of the triangle rule for cumulative distribution
functions of order statistics due to Cole [278] in the continuous case (see also David
and Joshi [325] and David and Nagaraja [327, p. 44]):

Frat = = Fri + (1= 2 ) Fras 17 <n—1, (2.45)
n n

In order to prove the required result, we use the following lemma.

Lemma 2.6.1. Let Z,,...,Z, 4, be lID exponential random variables and y; >
-++> 9,41 > 0. Then, fort € R,

r+1 1 r+1 1 r 1
p( —z,-5z)=(1—@)P(Z—zj5t)+MP(Z—Z,-§z).
= Vi 4! =1 Vi 4! =1 Vi

Proof. To prove the above recurrence relation, we make use of the Laplace
transform of the exponential random variables Z; /y;:
Vi

Ly ) =E@AM)y = —— 1>y 1<j<r+l
t+vy;
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Noticing that

Yi—Vr+1 _ 1 _ 1
i+ +10 v+t i+t

we find for the Laplace transform %4 of Zr+l 1 Z jrfort > —y,4q,
r+1
V1 = Yr+)ZL 1) = (Y1 — Vrs1) l—[
j=1! + Vi
r+1
_yll_[l-l-)/] _Vr+ljli[1t+y]

= L) — 12 (1),

where .4, and .%, are the Laplace transforms of Y _, + -2 and itz

i=ly J=2y;
respectively. A simple rearrangement yields the identity
7= (1= 1) g L,
V1 Y1
which proves the result. O

Theorem 2.6.2. Marginal cumulative distribution functions of progressively
Type-ll censored order statistics from an arbitrary cumulative distribution
function F and with censoring scheme & satisfy the recurrence relation

l1<r<m-—1. (2.46)

(R2,....Rip) Vr+1 * Vr+1l %
Fr:mz—l:n—Rl—l = (1 n )Fr+1mn + Fl m:n’
Proof. From the representation in Corollary 2.3.7, we conclude that it is sufficient
to consider exponential progressively Type-1I censored order statistics. But, the cor-
responding identity for exponential progressively Type-II censored order statistics
follows directly from Lemma 2.6.1 and (2.13) (see also Corollary 2.3.7). O

Remark 2.6.3.

(i) Relation (2.46) was first established by Kamps and Cramer [503] using
density representations;

(i) (Ra,...,Rn) = %<« is a left truncated censoring scheme. For order
statistics, this yields directly the classical triangle rule (2.45);

(iii) It is easy to see that the right-hand side of (2.46) is a convex combination of
cumulative distribution functions with probabilities 1 — 2L and =L Notice
that y’:‘ is the probability that a particular choice of random variables
remains in the experiment after the rth censoring step;




2.7 Shape of Density Functions 55

(iv) The above identities hold for density functions and moments as well
(provided they exist):

(v) Obviously, the representation in Lemma 2.6.1 holds also for other choices
of y1 and y,41. Thus, we can obtain other identities by selecting other y's.

A similar relation has been established by Balakrishnan et al. [137] for bivariate
marginals. For 1 <r < s < m — 1, they obtained

F@<11

rs:m—1lin—R1—1

VYr+1 % Vr+1 = Vs+1 Vs+1 o
= (1 - n )Fr+l,s+l:m:n + —F + Fl

n r.s+1lim:mn n \SImin

(2.47)

This shows that the bivariate cumulative distribution function F r‘ig:;;‘_ ln—R,—1 Can be
written as a convex combination of three bivariate cumulative distribution functions
from a progressively censored sample with censoring plan %. This quadruple rule
extends a result for order statistics due to Srikantan [822] (see also David and Joshi

[325)):
r s—r S
Fr,s:n—l = —Fr4is+1n T _Fr,s-f—l:n + (1 - _)Fr.s:n-
n n n

Related results are given by Govindarajulu [409] and Balasubramanian and Beg
[164].

2.7 Shape of Density Functions

We now present unimodality properties of progressively Type-II censored order
statistics established in Cramer [286]. A cumulative distribution function F' is said
to be unimodal with a mode 7 if F' is convex on (—o0, 1) and concave on (1, co0). In
particular, we consider the stronger concept of log-concavity. This approach extends
well-known results for order statistics which are summarized in Dharmadhikari
and Joag-dev [339]. For instance, it is proved that progressively Type-II censored
order statistics based on a strongly unimodal cumulative distribution function F are
strongly unimodal (cf. Barlow and Proschan [167], Huang and Ghosh [460]).
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2.7.1 Log-Concavity of Uniform Progressively Type-I1
Censored Order Statistics

Cramer et al. [313] proved by an induction argument similar to that given in
Balakrishnan et al. [129, Lemma 2.7] that uniform generalized order statistics
are unimodal. Since uniform progressively Type-II censored order statistics are
a particular model of generalized order statistics, this implies the desired result.
Considering the notion of strong unimodality, the respective result is strengthened
and the proof is simplified.

A cumulative distribution function F is said to be strongly unimodal if the
convolution of F with any unimodal cumulative distribution function G is unimodal
(cf. Ibragimov [468] and Hajek and Sidak [429]). It can be seen (cf. Dharmadhikari
and Joag-dev [339]) that the set of strongly unimodal cumulative distribution
functions is closed under convolutions and weak limits and that any degener-
ate cumulative distribution function is strongly unimodal. A fundamental result
of Ibragimov [468] says that nondegenerate strongly unimodal distributions are
absolutely continuous with a log-concave density function (cf. Dharmadhikari and
Joag-dev [339, Theorem 1.9, Lemma 1.4]).

Definition 2.7.1. Let m € N. A nonnegative function g : R” — R is said
to be log-concave if logg is concave, i.e., logg(At + (1 — A)z) > Alogg(z) +
(1—=2A4)logg(z) forall t,z € R" and A € [0, 1].

The result of Ibragimov [468] links this property of the density function
with strong unimodality of the corresponding cumulative distribution function
(cf. Dharmadhikari and Joag-dev [339, Theorem 1.10]). If F' is a nondegenerate
cumulative distribution function, then F is strongly unimodal iff F is absolutely
continuous and its density function f is log-concave. At this point, it has to be
mentioned that log-concavity of the density f is equivalent to the property that f is
a Pélya frequency function of order 2 (for brevity, we write f PF,). Pélya frequency
functions of order 2 are functions such that K(x, y) = f(x — y) is totally positive
of order 2 (cf. Karlin [509]). Barlow and Proschan [168, p. 76] proved that the PF,
property of a cumulative distribution function F is equivalent to its IFR property.
In Lemma 5.8, they established that a strongly unimodal cumulative distribution
function has the IFR property.

In order to prove that the cumulative distribution function of a uniform progres-
sively Type-II censored order statistic is unimodal, it is shown that the associated
density function is log-concave. The following theorem shows that the joint density
of uniform progressively Type-II censored order statistics is log-concave.

Theorem 2.7.2. The joint density function fU'@ of uniform progressively Type-

Il censored order statistics is log-concave.

Proof. The joint density function of U, ..., Un:m:n can be expressed as
U () = cIlizigj @), 0 <up < -+ <y < 1, where g; (1) = (1 —1)%,
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t € [0, 1], are log-concave functions, 1 < j < m. Since a product of log-concave
functions is log-concave, f U7 s log-concave. O

The preceding theorem is now applied to the marginal distributions of uniform
progressively Type-II censored order statistics. We make use of the following lemma
which was established independently by Prékopa [729] and Brascamp and Lieb
[219] (see also Eaton [345]).

Lemma 2.7.3. Let m,n € N and f : R"*" — R be a log-concave density
function. Let g : R” —> R be defined by g(x) = [i. f(x.y)dy, x € R". Then,
g is log-concave on R™.

Corollary 2.7.4. Suppose Ul .-« s Upinen are uniform progressively Type-ll
censored order statistics. Then, any marginal density is log-concave. In particular,
FUrman g strongly unimodal and, thus, unimodal, 1 <r < m.

2.7.2 The Shape of Densities of Uniform Progressively Type-I11
Censored Order Statistics

In addition to the unimodality and log-concavity properties, the shape of the
density functions of uniform progressively Type-II censored order statistics can be
classified. The following result is taken from Bieniek [203] who established it in
the more general case of generalized order statistics.

Theorem 2.7.5. The density functions of uniform progressively Type-Il censored
order statistics have the following shapes:

(i) fUYimn is constant for n = 1, linear decreasing for n = 2, and convex
decreasing for n > 3;
(i) Let m > 2. fUzma s

(a) linear increasing for y, = 1 and y; = n = 2;

(b) concave increasing for y, =1 and y; = n > 3;

(c) concave increasing—decreasing for y, = 2;

(d) concave increasing, concave decreasing, and convex decreasing for
V2 >3

(i) Form >r >3, fUrmn is

) convex increasing for y, = 1 and y,—1 = 2;

) convex—concave increasing for y, = 1 and y,—; > 3;

) convex increasing, concave increasing, and concave decreasing for y, = 2;

) convex increasing, concave increasing, concave decreasing, and convex
decreasing for y, > 3.
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Figures 2.1, 2.2, and 2.3 illustrate the shapes of density functions of uniform
progressively Type-II censored order statistics given in (2.24).

In order to prove these shapes, Bieniek [203] established a variation diminishing
property of density functions of uniform progressively Type-II censored order
statistics. This property is well known for density functions of uniform order
statistics, i.e., Bernstein polynomials (see Schoenberg [786]). In particular, let
a = (a,...,ay) € R™\ {0}. Then, he proved that the number of zeros of any
linear combination

Hy =Y ajfUm (2.48)

J=1
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in the unit interval (0, 1) does not exceed the number of sign changes S~ (a) in the
sequence (ay, .. ., a,) (after deleting the zeroes in a). Denoting by Z( f) the number
of zeroes in (0, 1), the result is given as follows.

Theorem 2.7.6. For any censoring scheme &% and a=(ay,...,an) € R"\{0},
Z(Hy) =S (@) =m—1.

Moreover, Bieniek [203] obtained for progressively Type-II censored order
statistics that the sign of H, close to zero (1) is determined by the sign of the first
(last) nonzero element of a. The result for order statistics has been established by
Gajek and Rychlik [386].

2.7.3 Unimodality and Log-Concavity of Progressively Type-I11
Censored Order Statistics Based on F

For exponential distribution, strong unimodality is obvious.

Theorem 2.7.7. Any marginal density function of progressively Type-Il censored
order statistics based on an exponential distribution is log-concave. Moreover, the
one-dimensional cumulative distribution functions are strongly unimodal.

Huang and Ghosh [460] presented a proof that the cumulative distribution
function of an order statistic is strongly unimodal provided that the underlying
cumulative distribution function F is strongly unimodal. The same property was
obtained earlier by Barlow and Proschan [167, Theorem 7.2] in terms of PF,
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functions (which is an equivalent formulation of log-concavity of the density
function). This result has been extended to progressively Type-II censored order
statistics by Cramer [286]. Chen et al. [254, Theorem 2.1] present a more general
result in terms of generalized order statistics that covers the log-concavity property
as a special case. For a vector 7 = (t1,...,Ty—1) With0 < 7; < j, let

V(T) = (Xl:m:ns Xoomn — Xrl:m:nv vy Xopimen — er_lsm:n)v

where Xo.p:n = 0.

Theorem 2.7.8 (Chen et al. [254]). Let X1y, ..., Xy be progressively
Type-Il censored order statistics based on a cumulative distribution function F
with log-concave density function f. Then, V(7), and, thus, each subvector of
V(t), has a log-concave density function.

Choosing T = (0*"~!), the following result due to Cramer [286] is included as
a special case.

Corollary 2.7.9. Let Xy, ..., Xppunen be progressively Type-ll censored order
statistics based on a strongly unimodal cumulative distribution function F. Then,
any marginal density function is log-concave and FX = is strongly unimodal,
1<r<m.

Remark 2.7.10. As a consequence of Corollary 2.7.9, progressively Type-Il
censored order statistics based on strongly unimodal cumulative distribution
functions are strongly unimodal and, therefore, unimodal. Examples for strongly
unimodal cumulative distribution functions include the following distributions:
exponential, normal, truncated normal, Laplace, and particular Weibull and
gamma distributions. Further examples are presented in Héjek and Sidak [429,
Table 1, p. 16] and Barlow and Proschan [168, p. 79].

Theorem 2.7.8 includes also results for generalized p-spacings of progressively
Type-1I censored order statistics X, yu:n — Xjun:. For instance, it extends a
result of Misra and van der Meulen [651] for p-spacings of order statistics. For
completeness, we present the result for spacings.

Corollary 2.7.11. Let Xi.p, ..., X be progressively Type-ll censored order
statistics based on a strongly unimodal cumulative distribution function F. Then,
the vector S*# of spacings has a log-concave density function.

Alam [31] proves that order statistics based on an absolutely continuous cumula-
tive distribution function F with density function f are unimodal if the reciprocal
function 1/f is convex. Note that concavity of log f implies convexity of 1/f.
As pointed out by Huang and Ghosh [460], the Cauchy distribution has the above
property, but it is not strongly unimodal. In the next theorem, Alam’s [31] result
is extended to progressively Type-II censored order statistics. A generalization to
generalized order statistics is available in Cramer [285] and Alimohammadi and
Alamatsaz [39].
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Theorem 2.7.12 (Cramer [286]). Let Xiynus.-., Xmm:n be progressively
Type-Il censored order statistics based on an absolutely continuous cumulative
distribution function F' with density function f.

Then, convexity of 1/f implies unimodality of FXrmn 1 <r <m.

Remark 2.7.13. Theorem 2.7.12 provides an alternative proof for the uni-
modality of the cumulative distribution function of a uniform progressively
Type-1l censored order statistic. Since the density of the standard uniform
distribution is constant on (0, 1) and, therefore, its reciprocal is trivially convex,
the theorem leads directly to the unimodality of the respective cumulative
distribution function. Further examples are normal, exponential, gamma, and
Cauchy distributions.

2.8 Discrete Progressively Type-II Censored Order Statistics

Progressively Type-II censored order statistics from noncontinuous distributions
have been studied in Balakrishnan and Dembinska [95,96,97]. The results are based
on the quantile representation of progressively Type-II censored order statistics
which has been established in Theorem 2.1.1 (see Balakrishnan and Dembinska
[96, 97]). For discrete distribution, the quantile representation yields directly the
following probability mass function. An extensive discussion of discrete order
statistics can be found in Arnold et al. [58, Chap. 3].

Theorem 2.8.1. The joint probability mass function of discrete progressively
Type-l censored order statistics X7 . ..., X% . from a discrete cumulative

distribution function F' with support D is given by

P(XZ, . =x;1<j<m) :/ FU p)duy, Xy € D™, (2.49)
A

jm:n
where
Az{um|u1 f---fum,F(xj—) < uj fF(Xj),j = 1,...,m}.

For discrete order statistics, the corresponding integral representation of the joint
probability mass function can be found in Arnold et al. [58, p. 46]. Obviously, a
similar representation holds for marginal probability mass functions by replacing
f U by the corresponding marginal density function of uniform progressively
Type-II censored order statistics. In particular, it follows that the one-dimensional
marginal cumulative distribution functions given in (2.25) hold also for discrete
parents.

Balakrishnan and Dembinska [96] pointed out that discrete progressively Type-
II censored order statistics do not form a Markov chain when the support contains
at least three points. The same results has been established independently in the
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more general setting of generalized order statistics in Tran [854] (see also Cramer
and Tran [307]). This work contains also expressions of density function w.r.t.
the product measure @', P for arbitrary discontinuous cumulative distribution
functions F'.

As in Gan and Bain [391], the concept of tie-runs is applied to obtain a simple
expression for the joint probability mass function in the discrete case.

Definition 2.8.2. Let x1,...,x, € R with x; < --- < x,. Then, x1,...,x, is
said to have k tie-runs with lengths 7,..., 7¢ if
xl — e :x_[l <x_[1+1 — "':xt1+t2 < e
o < X et L = 0 = X et

with Z];:l T, =7

Furthermore, we introduce the lexicographic distribution function to F' as given in
Arnold et al. [57] and Reiss [750, p. 34].

Definition 2.8.3. Let F : R — [0, 1] be a cumulative distribution function.
The function

JRx0,1] —[0,1]

L (x,u) > F(x—) +u[F(x) — F(x—)]

is said to be lexicographic distribution function of F.

This yields an alternative representation of the density function of progressively
Type-II censored order statistics.

Theorem 2.8.4 (Tran [854], Cramer and Tran [307]). Let Xy, - -+ Ximn
be progressively Type-ll censored order statistics from an arbitrary cumulative
distribution function F, and let A denote the set of points of discontinuity of
F,ie.,

Arp={xeR : F(x)— F(x—) > 0}.

For x; < --- < x;, let 71,..., 7% € N denote the lengths of tie-runs in this
sequence.

Then, the ®;=1 PF-joint density function of the first r progressively Type-I|
censored order statistics is given by

=1 / Lo (Lr (v, L (o))
j=1 r
[0,1]

x []‘[(1 — Lp(xj,uj))Rf]d/\’(u,) (2.50)

Jj=1
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(1 _ F(X].))ylj_l+l_ylj+l_rj
J

= Twtee [ IT

1
j=1 JEIf A
x| TT(Fa,) = Fx, =)™
J €l
lj
X/ 1_[ (1_Zl)Rlelj_l-f—l"'dZ[j:I?
Bjap) 1=, 41

where [; = Z{=1Tiv j=1,....k, lp, =0, ¥p41 = 0, and I = {j €
Lk X, € Apy, I ={1,... .k} \ I, and, for 1 € R,

Bj(t):{vtj : F(t_)§V1 E"'Svrj SF(Z)}Q [Os 1]25 .1 € Ik-

For order statistics, (2.50) yields a representation due to Arnold et al. [57,
Lemma 2.1],i.e.,

= / Lo (LG ), .. Lp(ru )Ly (6 ur)d A (uy).
[0.1]"

Remark 2.8.5. The representations in Theorem 2.8.4 simplify when the values

X1,...,X, are restricted to either continuity or discontinuity points.
For x; ¢ Ap, j = 1,...,r, and x; < -+ < Xx;, then I; = @ and I} =
{1,...,k}. Then, a representation of the ®;=1 P F_density function results which

is similar to that known in the continuous case [see (2.4)]:

r—1

e ¢,y = [ [ (0 = FOe)® (1= Fe )™

j=1
Forx; €e Ap, j=1,...,r,and x; <--- < Xx,, then
Xiomnsees Xrm: : ! uZ r
it = | TT (Fop = 520) | [ 7% @ o

=1

where B, = Xj_|[F(x;—). F(x;)]. This expression is seen to coincide
with (2.49) for r = m noticing that fXtmn-Xrma is given w.r.t. the product
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measure ®;=1PF. Multiplying f Xt Xrimn - \ith [T, PX; = x;) =
]_[;=l (F(xj) — F(xj—)) leads to (2.49). Since B, is a Cartesian product, one
gets

F(xj)

XimenseosXrimen ) = - y}
! ) l_[[F(x]‘)—F(X]‘—) F(xj—)

T ulE e = F o] | F o) = F )

— l—[Vj[F
ioi (Rj+ DIF(x;=) = F(x))] F(x,—) — F(x)

( —uj)Rfduj)}

=1

2.51)

Example 2.8.6. Suppose F is the cumulative distribution function of a geomet-
ric distribution with parameter p € (0, 1) and support N. Then, F(t) = (1— p)’,
t € Ny, and (2.51) simplifies to

r—1

o o Vi (xi— _ _
le.”l.ns~~~vX’".”l.n (Xr) — (1_[ R i'_ 1(1 _ p)R/ (X] 1))(1 _ p)(}/r D) (x, l)h(p)
j=1"

r—1

Y r=l o _ _
= (1_[ = ii_ 1)(1 — ) ZE R DA =D )
j=1"

where h(p) = p_"(]_[;_:ll[l — (1= p)R/+1])[1 —(1—-p)r].

Finally, we present a result on the Markovian structure due to Tran [854]
(see also Cramer and Tran [307]). It extends a result of Riischendorf [761]
for order statistics from arbitrary cumulative distribution function F. It shows
that progressively Type-II censored order statistics from discontinuous cumulative
distribution function form a Markov chain if the ties are taken into account.

Theorem 2.8.7. Let X¥ be the random vector of progressively Type-Il censored
order statistics. For 1 <r <m and x, = (x,...,x,) € R, let 71,..., v € N
denote the lengths of the occurring ties in x,. Moreover, let 7. : RL —
{1,...,r} be a map defined by -

.
T =%0x) =Y lu(x). x €RL,
i=1

and let T, = 1, (Xlzm;,,, R X,.:m;,,). Then,

r r
(i) the joint @ (PF ® Y &/)-density of progressively Type-ll censored order
j=1 =1
statistics X1y .- » Xpomen and T, ..., T, is given by
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t,....t-,€N, x1,...,x € R,

where g; denotes the probability measure associated with the degenerate

distributionin/, [ =1,...,r;
(i) (Xjumm. Tj)i<j<m forms a Markov chain.
Remark 2.8.8.

(i) If F is continuous, then (T;)1<;<s equals (1,...,1) P a.e. This yields the
Markovian property of (X.u:)1<j<m as given in Theorem 2.5.1.

(i) Tran [854] and Balakrishnan and Dembiriska [96] showed that progressively
Type-1l censored order statistics (or, more generally, generalized order
statistics) do not form a Markov chain when the support of F has at least
three points (see also Balakrishnan and Dembiriska [95]). For order statistics,
this result is due to Nagaraja [661] (see also Arnold et al. [58]). For further
details on the dependence structure of order statistics, we refer to Arnold
et al. [57] and Nagaraja [662, 665].

2.9 Exceedances

Bairamov and Eryilmaz [78] addressed the problem of exceedance statistics.

Consider progressively Type-II censored order statistics Xy, -+« s Xinmen from a
continuous cumulative distribution function F and an |ID sample Y1, ..., Y; from
a continuous cumulative distribution function G. Then, for 1 < r < s < m, the

statistics Vr(:lﬁ,z:n and er];:)m:n are defined as

k k
k k
1/1'(:”2:’1 = Z ]l(_oonr:m:n)(Yvi)’ Wr(v)mn = Z ]]-(X’":”l:nsXA:lTI:H)(IIi)7

i=1 i=1
i.e., the number of Y’s not exceeding X,.,;, and included in the interval
(Xrumens Xs:m:m), respectively. Notice that I/V,ff)mm = VV(;];,):,, — V,.(;],Z:,,. Clearly,

EVE). = POV < Xpn) = / [l = FranO1dG () = pZ.  say.

Using arguments as in Bairamov [75] and Bairamov and Eryilmaz [77], Bairamov
and Eryilmaz [78] showed that

1 d 1 d
hm — 1/1‘(:12:’1 N PG(Xr:m:n)’ 11m — I/I/r(:l;z:n RN PG(X.\':m:n)_G(Xrimin)‘
k—oo k k—o0 k
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For F = G, the probability pr@ can be written as

r

1
% Upom: Vj
1 — F rimin (f dt Elr . 1 _
Dy /0 [ ( )] = riman — jl=|1 v; 1

(see Theorem 7.2.3). Since Zle 1 (—oou) (F(Y;)) is bin(k, u)-distributed, the exact

distribution of V,.(;]fz:,, under the hypothesis F' = G is given by

PV = ) = ('j‘.)(]‘[y,-)Za,-,rB(j +Lyi+k—j). 0. .k}

i=1 i=1



Chapter 3
Further Distributional Results on Progressive
Type-II Censoring

3.1 Characterizations by Progressively Type-1I Censored
Order Statistics

Characterizations of distributions by properties of order statistics have received
great attention in the literature. Many different results have been obtained, and the
situation is rather confusing due to the various assumptions, conditions, and distribu-
tions. For reviews on developments, one may refer to Galambos [390], Reiss [750],
Arnold et al. [58], Balakrishnan and Basu [88], Gather et al. [393], Kamps [500],
David and Nagaraja [327], and Ahsanullah and Hamedani [24]. In the following, we
present only some major results which were established for progressively Type-II
censored order statistics. Some of the results may also be valid in the more general
setting of generalized order statistics (where possibly some additional assumptions
may have to be imposed on the parameters). Thus, the results may be slightly more
general than presented here.

3.1.1 Characterizations by Independence Properties

Characterizations of generalized Pareto distributions by independence of certain
random variables are discussed in many settings. For instance, independence
of spacings of order statistics characterizes an exponential distribution. In the
following, we summarize some characterizations based on independence properties
of progressively Type-II censored order statistics.

To begin with, we present a characterization established by Marohn [638]. It
shows that, for instance, the independence of spacings in the exponential case
is a characterizing property of the exponential distribution. The result reverses
Theorem 2.3.2 (exponential distribution), Corollary 2.3.11 (reflected power distri-
bution), and Corollary 2.3.14 (Pareto distribution).

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 67
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_3,
© Springer Science+Business Media New York 2014
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Theorem 3.1.1. (i) Xiunns .-+, Xpzmn  are  progressively Type-Il  censored
order statistics from a two-parameter exponential distribution Exp(u, 9) iff,
with Xo.n:n = u,

S =y (Xjomn — Xjtmm). 1</ <m, 3.1)

are independent random variables with S}g’? ~ Exp(®), 1 <j <m,
(i) Xizmns - - - » Xommen are progressively Type-ll censored order statistics from a
reflected power function distribution RPower(f) iff, with Xo.:, = 0,

V~: I—Xj:m:n P 1<j<m
! 1_ij—l:m:n ' - - '

are independent random variables with V; ~ Beta(y;,1), 1 < j <m;

(i) Xt:mens - - - » Xmemen are progressively Type-ll censored order statistics from a
Pareto distribution Pareto(w) iff, with X = 1,
X4 .
W, =22 1<j<m,
Xj—l:m:n

are independent random variables with W; ~ Pareto(y;), 1 < j <m.

Kamps and Keseling [504] established the following extension of a theorem due
to Rogers [756] for the usual order statistics.

Proposition 3.1.2. Let Xinm,..., Xmun:n be progressively Type-ll censored
order statistics from a continuous cumulative distribution function F, 1 <r <
s <m, and let i : R" T — R be a measurable function. Then, if X,.,., and
h(Xs:mens -« Xmumn) are independent, X .. and A( X, - ..o Xinumen) are also
independent for every j withr +1 < j <.

This result is used to prove an extension of Rossberg’s theorem for the usual order
statistics (see Rossberg [760]). It was extended to progressively Type-II censored
order statistics by Balakrishnan and Malov [112] and Kamps and Keseling [504]
with the latter discussing generalized order statistics.

Theorem 3.1.3. Let Xy, ..., Xppumn be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F, 1 < p <r <
s<m,andc; €eR, r < j <s with Zj:r cj =0,¢,c; #0. Then, X, s and
the contrast L,; = ij ¢j X . are independent iff the baseline distribution
is an Exp(u, ©)-distribution with u € R and ¢ > 0.

The preceding result is very general and includes many interesting characteriza-
tions as special cases. For illustration, we give the following examples.

Corollary 3.1.4. Let Xin, ..., Xz be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F, 1 < p <r <
s < m.
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Then, each of the following properties provides a characterization of an
Exp(u, 9)-distribution with 4« € R and ¢ > 0:

(i) Xp:mn and X — Xpomen are independent,
(||) Xm_];m:n and Xm;m;n - Xm_];m:n are independent,
(l“) Xl:m;n and ZT=2(ijn - X];m;n) are independent.

Kamps and Keseling [504] pointed out that characterizations of other distribu-
tions result via monotone transformations. For details, one may refer to their article.

Hashemi and Asadi [433] used a result of Oakes and Dasu [693] to establish
characterizations of generalized Pareto distribution in terms of the mean residual
life function defined as

m()=EX —t|X > 1),
where X ~ F. They proved, among other results, the following theorem.

Theorem 3.1.5. Let Xy, ..., Xppumn be progressively Type-ll censored order
statistics from an absolutely continuous cumulative distribution function F
with F(0) = 0and 1 < r < s < m. Let 8(x) = m(x)/m(0), x > 0,
where m(-) denotes the mean residual life function of F. Then, X,.,., and
(Xs:mm — Xrumm)/O0(Xpumn) are independent iff the baseline distribution is a
generalized Pareto distribution.

3.1.2 Characterizations by Distributional Properties

Characterizations of the exponential distribution by distributional properties have
been widely discussed. Cramer et al. [311] obtained the following characterization
extending a result of Ahsanullah [21] for the usual order statistics.

Theorem 3.1.6. Let Xy, ..., X be progressively Type-ll censored order
statistics from a cumulative distribution function F with F*<(04+) = 0 and
F(x) < 1, x > 0. Moreover, suppose that F is increasing failure rate (IFR) or
DFR. Denote by S]ﬂ 1 < j < m, the normalized spacings as in (3.1). Then, if
ES;G’? = ES,,'%_1 for some r € {1,...,m — 1}, the population distribution is an
Exp(¥)-distribution for some ¥ > 0.

A similar characterization result refers to the new better than used (NBU) or
NWU property. For order statistics, either the identity of the distribution of the
subrange X;., — X,.,, ¥ < s, and of the order statistic X _,.,—, or the identity
EXyn—EX,., = EX;—r.n— 1s a characteristic property of exponential distributions
(see Ahsanullah [22], Gajek and Gather [385], Iwiniska [472], Gather et al. [393,
p. 266/267], and Kamps [501]). An extension to progressively Type-II censored
order statistics has been provided by Kamps and Cramer [503].

Theorem 3.1.7. Let X7 . ,...,XZ . be progressively Type-ll censored order
statistics from an absolutely continuous, strictly increasing cumulative distri-

bution function F on (0,00) with F(0) = 0 and with censoring scheme Z.
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Suppose that F is NBU or NWU. Then, the population distribution is an Exp(%})-
distribution for some ¥ > 0 iff integers r, s, and m, 1 <r < s < m, exist such
that

; 4 % 4 vy
(') Xs:m:n - Xr:m:n - Xs—fim—ri}/rﬂ’ or
o 7 .
(i) EXZ. —EXZ = EXS{f‘:;,,_r;errl,assumlng that all the expected values
exist.

A similar characterization in terms of mean residual lifetime has been established
by Tavangar and Hashemi [840].

3.1.3 Characterizations via Regression

In this section, we present characterizations of continuous cumulative distribution
functions via regression -type relations

E(h(Xr+I:m:n)|Xr:m:n = X) = g(.X) (32)

for given continuous functions # and g and fixed r and [, 1 < r < m — 1,
1 <! <m —r. his supposed to be strictly monotone. The problem is to determine
all (continuous) distributions P ¥ satisfying the regression relation in (3.2). We
formulate the following results in terms of progressively Type-II censored order
statistics being aware that most of them also hold more generally for generalized
order statistics. We follow the presentation in Cramer et al. [312].

The problem has been addressed for various forms of ordered data. In particular,
the case / = 1 has received great attention. For order statistics, Ferguson [362]
apparently studied it first when h(¢) = t. Early references for record values are
Nagaraja [660, 663]. Keseling [516, 517] considered regressions of generalized
order statistics subject to some restrictions on the parameters which includes m-
generalized order statistics and progressively Type-II censored order statistics. The
reversed regression E(X,un:u|X;+1:mm = X) is investigated in the literature for
order statistics and record values as well (see, e.g., Ferguson [362], Nagaraja [663],
and Franco and Ruiz [377,378]). Keseling [516] established respective results for
m-generalized order statistics. Bieniek [202] considered the reversed regression
problem for adjacent generalized order statistics. The case [ = 2 is considered
in Pudeg [732] (order statistics) and Keseling [517] (i-generalized order statistics).

The problem in (3.2) has been considered for adjacent random variables, i.e.,
[ = 1, in a more general framework. Namely, let H : R> —> R be a given bivariate
function and g : R — R be a known univariate function. Then, (3.2) can be written
in the form

E(H(Xr:m:m Xr+1:m:n)|Xr:m:n = X) = g(x) for all x
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for some fixed r € {1,...,n — 1}. Since a general solution is not possible, special
choices of H and g will lead to the desired results (see Keseling [516, p. 32]).

Franco and Ruiz [377] considered order statistics when H(s,t) = h(t) and h
is continuous and strictly increasing. They characterized the continuous baseline
cumulative distribution function F' completely given & and g. Similar results were
derived in Franco and Ruiz [378] for record values and continuous F. For a
discrete cumulative distribution function, the characterization problem was solved
by Nagaraja [664] for h(x) = x. This work was extended by Franco and Ruiz
[379] to a continuous and strictly increasing /. Further results with different kinds
of assumptions are provided by Rogers [757], Ferguson [362], Nagaraja [663],
Khan and Abu-Salih [526], and Ouyang [696, 697]. Finally, Franco and Ruiz [380]
presented a unifying approach to the described situation for arbitrary cumulative
distribution function F.

For order statistics, Rao and Shanbhag [740] considered H(s,t) = ¢(t — s)
and a constant conditional expectation ¢ > 0 and characterized the exponential
distribution among the continuous distributions. A similar result for record values
was obtained by Rao and Shanbhag [739].

Conditional Expectations and Characterization Problems

Cramer et al. [312] and Keseling [516] presented conditions such that the condi-
tional expectation E (h(X ﬁ Fme) | X ,%m = -) with a continuous strictly increasing
function h specifies the distribution uniquely. Clearly, one has to consider only
h(x) = x because for continuous strictly increasing &

Eh(XZ . o)IX2 . =) =g P5nae.

rim:n
is equivalent to
7 z -1 pYZ4,
E(Yr+l:m:n|Yr;m;n - ') = go h Pirimn a.e.,

where Yl‘f’fn:n yeens Y,fmm denote progressively Type-II censored order statistics from

the cumulative distribution function

0, y < h(a(F))
FY(y)={F(h™'(»)), h(@(F)) <y < h(w(F))
1, h(o(F)) <y

and with the same censoring scheme & (for order statistics, see Pudeg [732, p. 92]).

Cramer et al. [312] showed that the cumulative distribution function cannot be
specified uniquely by an arbitrary version of the conditional expectation. A similar
example for reversed regression of order statistics is given in Keseling [516].
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However, a one-to-one correspondence between the conditional expectation £
and the cumulative distribution function F holds if the conditional expectation
& is supposed to be an increasing and continuous version of the conditional
expectation. Lemma 3.1.8 states that such a version always exists (cf. Keseling [516,
Lemma 2.2]) and is unique under weak conditions.

Lemma 3.1.8. Letl1 <r <m—1land/ e{l,...,m—r}. Let X1, Xz
be progressively Type-Il censored order statistics from a continuous distribution
function F with censoring scheme Z. For x € («(F), w(F)), let Z, be a random
variable such that Z, ~ PXrtimalXrimn=% Moreover, let g : R — R be a (finite)
version of the conditional expectation E(X; iy |Xrumm = -). Then,

(i) EZ, is an increasing and continuous version of the conditional expectation.
Moreover, EX,.pn < EZ, < o0 for all x € («(F),w(F));

(i) If g is increasing and continuous, then the equation g(x) = Z, holds for
all x € (a(F),w(F)). Hence, EZ, is the unique increasing and continuous
version of the conditional expectation E (X, 47:n:n|X;um:m = -) on the support
of F.

Remark 3.1.9. From the preceding results, it follows that there is a unique
continuous and increasing version of the conditional expectation. This version
is calculated as the expectation of the regular version of the conditional
probability PXr+imalXrmn=x sing these properties, the underlying distribution is
characterized. However, in general a unique characterization is not possible since
the support of the distribution is generally not determined by the conditional
expectation. A specification of the conditional expectation of progressively Type-
Il censored order statistics by an increasing and continuous function g does not
lead to a unique specification of the support (see Cramer et al. [312]). To avoid
this ambiguity, the support can be prescribed explicitly such that a unique solution
results. Otherwise, the form of the support has to be discussed separately using
properties of the regression function.

Adjacent Progressively Type-II Censored Order Statistics

The characterization result for the conditional expectation of adjacent progressively
Type-1II censored order statistics, i.e., E(X; 41| Xrum:m = ), is based on the
approach of Franco and Ruiz [377] for order statistics. It is due to Keseling [516]
who established it for generalized order statistics. First, an explicit formula for
the cumulative distribution function F is given subject to a prescribed proper
conditional expectation £. The second result answers the question which functions
can be seen as conditional expectations of a progressively Type-II censored order
statistic.

Letl] <r <m-—1,h : R — R be a continuous monotone function, and
Frt1lrmn(¢]X) be the PF-density of PXr+tmnlXrmn=¥ given in (2.37). Then, the

order mean function §£+1 : (—o0, w(F)) —> R is defined by
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Fo) = /h~oo)h<z>ﬁ+1r:m:n(r|x) dPE(1), x < o(F),

for F € 3513““ , where

F, Z = { F | F is a continuous cumulative distribution function such that

/ |h()|(1 — F(t))"*+~1dPF(t) < oo forallx e R
[x,00)

(see Franco and Ruiz [377]). Notice that, according to Lemma 3.1.8, §£+1

is the continuous increasing continuation of the conditional expectation
E(Xy+1:m:n| Xrmm = -) on the interval (—oo, w(F)). If (—oo, a(F)] # @, then the
function §£+1 (x) = yr41 [ h(t)(1 — F(2))+ =1 dPF (1) is defined to be constant
for all x € (—oo, a(F)]. The set of admissible functions E}i - is denoted by

///}Z”Jf‘ = {§| There exists F € ﬁhy’H such that § = E}iﬂ} :

Properties of £ € ., hy’“ are given in Lemma 3.1.10 which is due to Keseling [516].
In particular, it shows the connection to the setting of order statistics discussed in
Franco and Ruiz [377].

Lemma 3.1.10. Let 1 <r <m—-1 DCR, §:D— R, h be a continuous
and monotone function and A(8) = lim, 5 h(x).
Then,

Eeu]™ iff Eeum).

In this case, & has the following properties:

(i) D = (—o0, B) for some B € (—o0, 00];
(i) & is continuous on I;
(iii) if & is increasing, then h(B) > &(x) > h(x) for all x € D;
if i is decreasing, then h(B) < &(x) < h(x) for all x € D;
(iv) & is increasing (decreasing) if & is increasing (decreasing);
(v) the Riemann—Stieltjes integral

x 1
/_oo E0—h 50

converges for any x € D. It converges to infinity for x — §;
(vi) if D =R, then

X

Xll)ngoé(x)exp{/_ mdé(l =0.
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The following theorem establishes the desired inversion result which relates a
function § € ///,2’ "' uniquely to a cumulative distribution function F. For kth
record values, the corresponding result is given in Grudziefi and Szynal [415]. For
order statistics, Khan and Abu-Salih [526] established an inversion formula subject
to some restrictive smoothness assumptions. For a proof, one may refer to Cramer
etal. [312].

Theorem 3.1.11. Let 1 <r <m—1, DCR, £:D— R with £ € .2"
for y,41 > 0, h be a continuous and monotone function and F € ﬁhy’“ with
£=EF  Then,

Vr+1'
(i) D = (—o0, w(F)); | . |
(i) F(x):l—exp%— / d&(t);, x € D.
Yrt1 J—oo §(1) = h(2)
Now, we apply Theorem 3.1.11 to the linear regression problem. Suppose now
that 2(x) = x, x € R, and

aa +b, x<a«a

ax + b, a§x<,37

§(x) =

B € (—o0, 0]

where @ < f and a, b are given real numbers:
E(Xr+l:m:n|Xr:m:n = ) = S PX”"“" a.e.

It should be mentioned that £ is defined for x < « as a constant in order to meet
the conditions given in Lemma 3.1.10. Since / is an increasing function, £ must be
increasing according to Part (iv) of Lemma 3.1.10. Thus, a > 0. This proves that the
generalized Pareto distributions are characterized by the linear regression property
of progressively Type-II censored order statistics.

Corollary 3.1.12. (i) Leta = 1. Then, § € .#)"" iff b > 0 and B = oco.
The cumulative distribution function is that of a two-parameter exponential
distribution, i.e.,

X =

yr+1b

F(x)zl—exp{— }, X > o
i) Let0<a <1.Then, £ € 4" iffa(F)=a < 2 = =w(F) < co.
h 1—a
The cumulative distribution function is that of a reflected two-parameter
power function distribution, i.e.,

B—x
B—a

[4
F(x):l—( ) a <x =B,

— a .
where 6 = S
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h = _% log(1—-G) (. p) G(x),x € (o, B) References
—tog(1-(3)) 00 ()

(power-function)

A
log (%) (6,00) 1-— (%) Ouyang [697]
(Pareto)
x? 0,00) 1—exp(—Aix?) Mohie El-Din et al. [653]
(Weibull)
Al log (1 +exp(Ax)) R (1 + exp(—Ax))~!  Khan and Abu-Salih [526],
(logistic) Ouyang [697]
log(1 + x?) (0,00) 1—(1+x%7* Ouyang [697]
(Burr XII)

Table 3.1 Characterizations for order statistics related to the characterization of the
exponential distribution given in Corollary 3.1.12 (6 > 0)

iii) Let 1 <a. Then, £ € 4" iff a(a —1) > —b and B = cc.
h
The cumulative distribution function is that of a Pareto distribution, i.e.,

PN
o+ =5
F(x):l—(—“;l), a<x < oo,

x+a—l

__a
Vr41(a—=1)"
Remark 3.1.13. It should be noted that the type of characterized distributions
does not depend on the parameters of the underling progressively Type-ll
censored order statistics except for y,41. This is due to the Markov property
(see Theorem 2.5.1).

For order statistics and record values, the results of Corollary 3.1.12 were
established by Nagaraja [660, 663], wherein y,4+; is given by n — r and 1,
respectively. The parameters of the power function and Pareto distribution read

0 and 0 = |aﬁ1| for order statistics and record values, respectively.

where 6 =

_ a
= (n—r)la—1]
Many characterizations using the regression approach can be found in the
literature. For illustration, Table 3.1 taken from Cramer et al. [312] subsumes
some results (cf. Keseling [516, p. 45]). It shows characterization results based on
the preceding characterization of the exponential distribution via the regression

Eh(Xrytmm)| Xromn = X) = h(x) + PC a.e.,

Yre1A

where i : (o, ) — (0,00), —00 < @ < B < o0, is a strictly increasing and
continuous function with lim, . 2(x) = 0 and lim, g i(x) = 00 (y,41,A > 0).
The references are related to the corresponding results for order statistics.

Finally, it should be mentioned that many results known in the literature are
monotone transformations of the characterizations given in Corollary 3.1.12 which
for order statistics are due to Ferguson [362]. Results of that type are given in Dallas
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[321], Khan and Khan [527,528], Khan and Abu-Salih [525, 526], Mohie El-Din
et al. [653], and Ouyang [697]. For further results on characterizations, one may
refer to Keseling [516].

Progressively Type-II Censored Order Statistics Based on Higher-Order
Gap

Up to now, conditional expectations E (X, 4| Xrum:m = -) with adjacent progres-
sively Type-II censored order statistics have been considered. Now , we address a
regression based on higher-order gap, i.e., we assume that the distance / between the
considered progressively Type-II censored order statistics may be larger than one,
ie, 1<l <m-r.

The characterization result given in Theorem 3.1.14 is derived along the lines of
the respective result in Dembinska and Wesotowski [333] using integrated Cauchy
functional equations (cf. Rao and Shanbhag [740, Theorem 2.2.2]). For restricted
generalized order statistics, this result can be found in Bieniek and Szynal [204]
and, in the most general setting, in Cramer et al. [312]. Detailed proofs can be found
in these references.

Theorem 3.1.14. let 1 <r <m-—1,1 <] <m—r, and X, ... Xonsmn
be progressively Type-1l censored order statistics from a continuous cumulative
distribution function F with censoring scheme Z.

If constants @ > 0 and b € R exist such that

E(Xr+l:m:n|Xr:m:n = x) =ax+b PF a.e.,

then F is the cumulative distribution function of a generalized Pareto distribution.
Thus, up to an affine transformation of the argument, it is given by one of the
following cumulative distribution functions:

(i) Fora =1, F(x) = 1 —exp(—x), x > 0;
(i) For0<a <1, F(x) =1 - (-x)?, x € [-1,0];
(ii) For 1 <a, F(x) =1—x?, x €[1,00).

The parameter 6 is given by 6 = —%, where 7 is the unique solution in 7 of the
polynomial equation
r+l |
[ wi-n= P [T . ne(=c0yi).
j=r+1 j=r+l

Remark 3.1.15. For order statistics, the result in Theorem 3.1.14 was derived
by Dembifiska and Wesotowski [333]. Pudeg [732] considered the case I = 2.
Lépez Blazquez and Moreno Rebollo [617] provided a different proof of the
characterization assuming that the baseline cumulative distribution functions are
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[-times differentiable. The Cauchy functional equation approach is in favor of
this one because the regression problem is solved for any continuous cumulative
distribution function (see Cramer et al. [312]). Dembiniska and Wesotowski [334]
successfully applied the preceding approach to record values as well.

The characterization of the exponential distribution given in Theorem 3.1.14 can
be rewritten in the form (a = 1)

E(Xr-H:m:n - Xr:m:n|Xr:m:n = x) =b PFae.

with some constant b > 0. This observation leads to a different characterization of
the exponential distribution via the regression

E(Xr+l+v:m:n - Xr+v:m:n|Xv:m:n = X) =b PF a.c.
for some r, /, v. A proof can be found in Cramer and Kamps [302].

Theorem 3.1.16. Let X, ..., Xjum:n be progressively Type-1l censored order
statistics from an absolutely continuous cumulative distribution function F with
density function f and with censoring scheme . Suppose for r,l,v € N with
r 4+ 1 4+ v < n the expectation E|X;i4ym:u| is finite.

If a constant b > 0 exists such that

E(Xr-l—l-l—v:m:n - Xr+v:m:n|Xv:m:n = ) =b PF a.e.,
then
(i) forany j €{1,...,r}

E(Xr+l+v:m:n - Xr+v:m:n|Xv+j:m:n = ) =b PF a.e.;

(i) F is the cumulative distribution function of a two-parameter exponential
distribution.

Reversed Regression of Adjacent Progressively Type-II Censored Order

Statistics

For 1 <r <m — 1, Bieniek [202] has considered the reversed regression problem
E(h(Xr:m:n)|Xr+l:m:n = X) = g(x)

for generalized order statistics. He provided a characterization in terms of the strictly
increasing function

heyr(x) = (1 _x)l_yr+lfUr+lZmZn (x), xe€(,1).
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From the representation of fUr+1m= in (2.24) it follows that

. . Vi
hrgr (1) = lim A1 (X) = Yrga l_[ —
x—>1— =1 Vi — Vr+1

(see also Cramer et al. [313, Eq. (2.6)]). The corresponding cumulative distribution
function is given by

Pood
P =i (heae (- [7 L SED ) <,

where f = w(F) denotes the right endpoint of support of F. For linear regression,
i.e.,, g(x) = ax + b, Bieniek [202] proved the following theorem.

Theorem 3.1.17. Let 1 <r <m —1, and Xyunens ..., Xppumn be progressively
Type-Il censored order statistics from a continuous cumulative distribution
function F' with censoring scheme Z. («, f) denotes the support of F.

If constants @ > 0 and b € R exist such that

E(Xr:m:n|Xr+1:m:n = X) =ax + b PF a.e.,

then F is one of the following cumulative distribution functions:
(i) Fora =1, @ = —o0 and F(x) = h;},(hr1(1) exp(—(x — B)/b)), x < B,
B eR;
i - x—a\?
(i) For0 <a <1,a = b/(1—c) and F(x) = hril(hrﬂ(l)(b_a) ) x € fo Bl
B>a 0=a/(l —a),
(iii) For 1 < a, & = —oo and F(x) = h;il(ﬁ), x < B, B=0b/10-a)
0=a/(a—1), A> 0.

Notice that, for order statistics, h,4+1(u) = (r + 1)(r j_l)u’. Then, the result of
Theorem 3.1.17 corresponds to those given in Ferguson [362] and Franco and Ruiz
[377, Remark 5.8].

3.1.4 Characterizations for Discrete Parents

Characterizations of distributions by means of progressively Type-II censored order
statistics from discrete parents have been discussed in Tran [854] and Balakrishnan
et al. [149] with the former dealing with generalized order statistics. Tran’s results
can be applied to discrete progressively Type-II censored order statistics using the
quantile representation of progressively Type-II censored order statistics due to
Balakrishnan and Dembiniska [96,97] (see also Sect. 2.8).
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As for a continuous cumulative distribution function F, we organize the char-
acterizations by their type, i.e., characterizations via regression, independence, and
distribution properties. Without going into details, we mention that a basic tool in
deriving them is Shanbhag’s Lemma. Each section states first a result due to Tran
[854] followed by results given in Balakrishnan et al. [149].

Theorem 3.1.18 (Rao and Shanbhag [740]). Let {(v,,w,) :n € Ny)} be a
sequence of vectors with nonnegative real components such that v, # 0 at least
for one n € N and w; # 0. Then,

o0
v, = E Wi Vm+n, N € Np,

m=0

iff Y00 ywmb™ =1 and v, = wpb", n € N, for some b > 0.

Characterization by Regression

For continuous cumulative distribution function, a constant regression characterizes
the exponential distribution (see Theorem 3.1.14). For discrete distributions, we get
a corresponding result leading to geometric-type distributions.

Theorem 3.1.19 (Tran [854]). Let X . ....,XZ . be progressively Type-ll
censored order statistics from a discrete cumulative distribution function F with
support Ny. Then:

E(Xlﬁlmn_Xﬂ Xﬂ Xﬂ >X9?

1:m:n| itminc “ti41imin z:m:n) =c a.e (33)
for some c € R and 1 <i < m iff F is a modified geometric distribution with
cumulative distribution function F(0) = 6 and F(j) = 1 — (1 —6)(1 — p)/,
Jj €N, forsome 6 € (0,1) and p € (0, 1).

A generalization of the characterizing identity (3.3) is due to Balakrishnan
et al. [149]. The conditioning event {Xth:n > X7 } in (3.3) is replaced by

rimn

{an:n > X%  + Z} with some fixed I € Ny. Furthermore, @ (Xﬁl:m:n — X?,;m)
replaces X% ..., — X ;6{,3;,:", where (@ (k))y is a suitably chosen sequence. For order

statistics, the result has been proved by Rao and Shanbhag [741] for / = 0 and by
Nagaraja [664] for @(j) — j = 0.

Theorem 3.1.20. Let X7 . ...XZ = be progressively Type-ll censored
order statistics from cumulative distribution function F with support Nj.
Fix I € Ny and suppose (@(k));~; is a nondecreasing sequence such
that ®( +2) > &( + 1). -

Then,

E[® (X7 1 — X ) | X X fn — X > 1] = ae. (34

rmmn’ rimn
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for some c e Rand 1 <i < m iff F is a modified geometric distribution with
F(l+j)=1—(1—-0)q’, j €Ny, for some § € (0,1) and g € (0, 1).

For [ < 0, the condition in (3.4) reads E [® (X7,.,.., — X{Z.,) | X7.] = ¢
a.e. for some ¢ € R. As pointed out by Nagaraja [664], the geometric distribution
has the property

E(Xit1:n — Xin|Xim) =c ae.forsomec € R 3.5)

iff i = 1. This observation has been utilized by Lépez-Blazquez and Mifio
[616]. They showed that if (3.5) holds with i = 1 and the underlying cumulative
distribution function has support on Ny, then F is geometric.

Theorem 3.1.21. Let X7 ..., XZ _ be progressively Type-ll censored order
statistics from cumulative dlstrlbutlon function F with support {0,1,..., N} for
some 1 < N < oo. Then,

E (XZ%m m Xj

77
1mn|Xi/:Zm:n) =c a.e forsomeceR

iff F is geometric, that is, F(j) =1—¢/T!, j € Ny, for some ¢q € (0, 1).

Characterization by Distribution Properties

The first characterization utilizes a condition on the hazard rate of discrete distribu-
tion defined by

_P(X=1)  F(t)- F(i-)
M= sy T TT-Fao 0 €N

Notice that Ap(t) = P(X = 0),t € Ny, is constant for a geometric distribution
(see Gupta et al. [425]).

Theorem 3.1.22 (Tran [854]). Let X7 ..., XZ . be progressively Type-ll
censored order statistics from a discrete cumulatlve distribution function F with

support Ny, and let Z4; = (Ri+1,..., Ry) denote a left truncated censoring
scheme.

If Ar(0) > (<)Ap(2) for all x € Ny, then for some 1 < i < j < m, the
conditional distribution of the spacing XJ on Xl “m:n» Biven the event {X,+1 ™
XZ >0}, is the same as the unconditional distribution of X]ﬂf’m iy T iff

F is a geometric cumulative distribution function.

The next characterization provides an extension of results for order statistics to
progressively Type-II censored order statistics (see Puri and Rubin [734] and Zijlstra
[948]). It has been established by Balakrishnan et al. [149].
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Theorem 3.1.23. Let X7 ..., XZ . be progressively Type-ll censored order

statistics from cumulative distribution function F with support being a subset of
Npy. Assume P(X = 1) > 0and P(X > 1) > 0. Then, for some 1 <i < m,

R K4 d v %<
Xi+l:m:n - Xi:m:n = Xl:m<]—i:y,~+1
iff F is a modified geometric distribution with cumulative distribution function
F(j)=1—(0—=po)q’, j =0, where py € (0,1) and ¢ € (0, 1) are such that

i

: s o 1— qVi-H
1 = l_[)’j ZI: S, (1_(1_1)0)% Yi+1 1_61% ):|
j=l1

= LYs —Vi+l

Characterization by (Conditional) Independence

The following characterizations are based on independence properties. For order
statistics, the first result was established by Nagaraja and Srivastava [669].

Theorem 3.1.24 (Tran [854]). Let X . ....,XZ . be progressively Type-lI
censored order statistics from a discrete cumulative distribution function F with
support . Then, if |D| > 3 and for some 2 <i < j < m, the random variable
an:n and the event {Xjﬂfmm = X,ﬂ,;m} are conditionally independent, given the
event {X7 > X7, 1 Fisamodified geometric distribution with D = {a; €
R|i € Ngand a; <a;j fori < j}, F(ap) =0 and F(a;) =1—(1—-0)(1— p)/,

Jj €N, forsome 6 € (0,1) and p € (0, 1).

The next characterization is a generalization of a result due to Govindarajulu
[412].

Theorem 3.1.25. Let X7 . ....,XZ . be progressively Type-ll censored order
statistics from cumulative distribution function F with support Ny. Then, for
afixed k > 2 and 1 < i < m, the random variable X2 and the event
(X7 . — X7 >k} are independent and

F(j)=q¢'", 0<j <k,

iff F is a geometric distribution.

Theorem 3.1.26 extends Theorem 3.1 of El-Neweihi and Govindarajulu [350]
(for order statistics with s = n, see Galambos [388]). An extension to generalized
order statistics has been established by Tran [854] under a stronger assumption.

Theorem 3.1.26. Let X7 ..., XZ _ be progressively Type-ll censored order

statistics from cumulative distribution function F with support {ag,ay,...},
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where (ax)k>0 is an increasing sequence of real numbers. Then, the random
variable Xﬁm and the event {X?,;m = Xlﬂmn} are independent for some

1 <i < miff Fis a geometric-type distribution, i.e., F(a;) = ¢/*!, j € Ny,
with ¢ € (0, 1).

3.2 Stochastic Ordering of Progressively Type-II Censored
Order Statistics

An important notion in reliability theory is stochastic ordering, which has received
great attention in comparing ordered random variables. In particular, many results
have been established for generalized order statistics and progressively Type-II
censored order statistics extending properties for order statistics. In this section,
we are going to review results obtained for progressively Type-II censored order
statistics. For surveys on stochastic ordering of order statistics and record values, we
refer to the monographs of Shaked and Shanthikumar [799] and Miiller and Stoyan
[659] and, in particular, to the articles of Arnold and Villasefior [56] and Boland
et al. [212] in the Handbook of Statistics Vol. 16 and Vol. 17 by Balakrishnan and
Rao [116,117] devoted to order statistics, as well as to the references cited in these
works.

Details on stochastic ordering, failure rate ordering, likelihood ratio ordering,
and dispersive ordering can be found in many references including Shaked and
Shanthikumar [799], Ross [759, Chap. 9], and Miiller and Stoyan [659]. The
definitions of these orders are given in the Appendix A.2.2.

In the following, let X and Y be random variables with continuous cumulative
distribution functions F and G, respectively, satisfying

F7Y0+4),G710+) > 0,

i.e., their supports are contained in the positive real line. Sometimes, the cumulative
distribution functions are supposed to be absolutely continuous with density
functions f and g.

3.2.1 Univariate Stochastic Orders and Its Applications
to Progressively Type-1I Censored Order Statistics

Stochastic Order

The following result has been established by Khaledi [518] in terms of generalized
order statistics. In terms of the parametrization of progressively Type-II censored
order statistics, he assumed that, for censoring schemes #,. and j < i, the
condition
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Vi(F)s - ¥ () <p (Ve (), - - ye; (X))
for some set {{1,...,¢;} € {1,...,i}, (3.6)

holds. However, since in progressive censoring the parameters are ordered,
e.g.YI(Z) = -+ = ym (Z), (3.6) is, for j < i, equivalent to

(L), v () Zp Yimj+1(R), .., Vi (R)). 3.7

In the following, we use the notation ny = y (%), n, = y2(&).

Theorem 3.2.1. Let F, G be continuous cumulative distribution functions with
F <« G and X ~ F,Y ~ G. Moreover, let Z € ¢, ., € 6,2, with
my,my € N be censoring schemes. Then,

()Xlgfnlnl—St}]lmlnl 1<i<m1'
(ii) if j <i and (3.7) holds, then XJ S —Sthmlnl

Proof. We first prove (i). For brevity, we suppress the indices and write n and m
instead of n; and m, respectively. Denote by Zl -m:n an exponential progressively
Type-II censored order statistic with censoring scheme . Then, the cumulative
distribution function of X ;’fn ., and Yl%n are given by F X = HZ w0 (—log F)
and FYimn = HZ 0 o (—log G), respectively.

Since F <4 G, we have f(t) < E(l) so that —logf(t) > —logﬁ(t), t € R.
Thus, fort € R,

—xZ, —z%, — —z%, — —vZ,
FXl.nl.n (t) — FZl.nl.n (_ logF(t)) S FZl.nl.n (_ logG(t)) — F)]l.nl.n (t),

—=ZZ .. . . . .
because F """ is a nonincreasing function.

The proof of (ii) is as follows. From Corollary 3.2.4, we obtain X7,

X/;nl ., Which implies X7 Fomany Sst X7z omyn, (see Fig. A1), Using the transitivity of

the stochastic order and (1) we obtain directly the desired result. O

Jimaing Zhr

Property (i) can also be deduced from Theorem 3.2.21 by marginalization.

Corollary 3.2.2. Under the conditions of Theorem 3.2.1, the following result
holds:

If G1(L). e Vi () <o V1B ...y (B)), then X7, <q Y.

Since yi (L) = i (Z£), k = 1,..., j, implies p-majorization of the respective
vectors, the preceding corollary implies Theorem 5.4.2 of Burkschat [226].
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Hazard Rate Order

Theorem 3.2.3. Let F, G be continuous cumulative distribution functions with
F <4 G and X ~ F,Y ~ G. Moreover, let Z € (5,’,1”11”1,7 € (5,’,1”22”2 with
my,my € N be censoring schemes. Then,

(i) X2 = <nYZ

1:mjing rmyiny! 1<l<m1’

(ii) if j <i and condition (3.7) holds, then X7/, Y7

Jjimaing —h' iimping”

Proof. By analogy with the proof of Theorem 3.2.1, we make use of the represen-
tations Fl* = FXl:ﬁn:n = FZi{;n:n (— ]()g F) and Gi,* = FYif;::n = FZi{;n:n (— ]()g G)
(indices are suppressed for brevity). From Theorem 2.7.7, we know that the density

function of a progressively Type-II censored order statistic from an exponential
.j

distribution is log-concave. Thus, H; « = F Ziimin i a differentiable and log-concave
function. Then, we find for x < y,

Gui()  Haui(ClogG()  Haui(—logG)

Frui() He(CogF()  Ha, (~logGv) +log £22)

Hoi(~logGL)
" H., (— log G(y) + log %;)
Hyi(=log G()) _ Hei1ogG(y) _ Gi(y)
H.; ( log G (y) + log G(”) Haj(—10gF(y))  Fui(y)

IA

The first inequality can be seen as follows: F' <, G implies F < G such that
Fo) - G 5
G(t) — F(1)

function, v = log H ., is differentiable and concave such that ' is decreasing.
In particular, v'(¢) > V(¢ 4+ a) for a > 0. Hence, w(t) = v(¢t) — v(¢t + a) has (for
fixed a > 0) a nonnegative derivative

< 1. Thus, a = log 22 > 0. Since H 4, is a differentiable and log-concave

w'(t) =v'(t) =Vt +a) = 0.

Thus, w is nondecreasing in ¢ which yields the first inequality. In the last inequality,

we use the fact that FF <,, G, i.e., % is nondecreasing in ¢, and that ﬁ*,,- is

decreasing.

In order to prove (ii), we consider first exponential progressively Type-II
censored order statistics. According to the proof of Theorem 3.2.11, condition (3.7)
yields Z7, Ty Sdisp zz ;- Then, using a theorem due to Bagai and Kochar [66]
(see also Shaked and Shanthikumar [799, Theorem 3.B.20 (b)]), i.e., X <p, Y if
X <disp Y and either the cumulative distribution function of X or Y is IFR, we
obtain Z7/ Fomainy <hr Z z ;- Notice that the convolution of exponentials has an IFR

distribution (cf Theorem 3.3.2).
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Finally, we apply the fact that the hazard rate order is preserved under increasing
transformations (cf. Shaked and Shanthikumar [799, Theorem 1.B.2]). Therefore,
X ymy e X0, ., so that (i) and the transitivity of the hazard rate order yields
the desired result. O

The first result (i) is due to Hu and Zhuang [457] in terms of generalized order
statistics (for absolutely continuous cumulative distribution functions, see Belzunce
et al. [188] and Khaledi [518]). A version of the second result can be found in
Khaledi [518].

Theorem 3.2.3 yields directly the following result upon choosing F' = G.

Corollary 3.2.4. Let # € %, ., € 6,2, with m;,m, € N be censoring
schemes and X7, . . X7 . be progressively Type-ll censored order statistics
from the same continuous cumulative distribution function F. If j < i and

condition (3.7) holds, then X7, <u XZ

Jjimainy itmying”

The preceding result implies the following corollary since the condition y; (%) <
(L), k = 1,...,j, implies (3.7). For some particular cases in the model of
generalized order statistics, we refer to Hu and Zhuang [457, Theorem 3.2] (see
also Cramer and Kamps [301]).

Corollary 3.2.5. Let the assumptions of Corollary 3.2.4 be satisfied. If j < i
and Y (Z) <y (L), k=1,...,j, then X7 <u X7

Jimaing — itmying”

Likelihood Ratio Order

The following result can be found in Korwar [544] and Hu and Zhuang [457] (for
generalized order statistics). The particular case i = j 4+ 1 and Z = . was
considered in Cramer et al. [311].

Theorem 3.2.6. Let # € ¢!, ., € €2, with m;,m; € N be censoring
schemes and Xﬁmz:nz,Xﬁl:m be progressively Type-ll censored order statistics
from the same absolutely continuous cumulative distribution function F. If j <i

and yi(#Z) <y (S), k=1,...,j, then X7 <\ X%

jmaing — itmying”
Proof. The proof is based on the following result which can be found in Shaked and
Shanthikumar [799, p. 46] (see also Keilson and Sumita [513]):

Let Xq,..., Xjand Yy, ..., Y; be two sets of independent random variables with j < i and
X, < Y.,r=1,..., j . If all random variables have a log-concave density function, then

i

J
Z Xr <i Z Yr
r=1 r=I1
Let 2;7 ~ Exp(y, (&), r =1,...,j, and Z;@ ~ Exp(y, (X)), r = 1,...,i,be
independent exponential random variables. Then, we obtain from y, (%) < y,(.%)
the result Z ;7 <r Z rﬂ ,r =1,...,j. Since progressively Type-II censored order
statistics based on an exponential distribution can be written as
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i
. xz e
]m2n2 ZZ anlemlnl ZZV ?

r=1 r=1

the assumption y, (%) < y, (&), r = 1,..., j, leads to

jm2n2 ZZ <|,»ZZ'Z+ Z Zj lmlnl

r=j+1

(cf. Shaked and Shanthikumar [799, p. 46/47]). Since the function H = F< (1 —

exp(+)) is nondecreasing and H‘_(Z] 'iy: nz) = X] “mym,» the result follows from
Theorem 1.C.8 in Shaked and Shanthikumar [799]. ]

In Hu and Zhuang [457, Theorem 3.1], the preceding result can be found for
generalized order statistics with parameters

D)i=j+LyR) =y () r=1,...,j;
) i = j, &)=y (L) +c,r=1,...,j,withc =m, > 0;
(i) i =j + 1, yr41(Z) = (L) —cr,withe, =R > 0,r =1,...,j.

For order statistics, Theorem 3.2.6 reads as follows:

@ Lety () =m—r+1L,r=1,....j,andy,(Z)=n—r+1,r=1,...,i,
then X;.,, <\ X;,, for j <i andm > n (cf. Chan et al. [242] for m = n);

Gi) Lety()=m—j+r,r=1,....j,andy,(Z)=n—i+r,r=1,...,1,
then X;.,, < Xj,, for j < iandi —j > n — m (cf. Ragab and Amin
[743]; see also Khaledi and Kochar [519], Lillo et al. [598], and Shaked and
Shanthikumar [799], Theorem 1.C.37);

(i) Lety, () =n—r+2,r =1,...,n+lLandy,(#) =n—r+1,r =1,...,n
Then, y1() = n+ 1 > n = y(Z£) so that X141 <) X1.,. Moreover,
Vr+1() = o (#) = n—r + 1 such that X, <; X;,41:n+1 (cf. Boland et al.
[212, Theorem 3.4]).

Remark 3.2.7. As is obvious from the proof of Theorem 3.2.6, the condition in
this theorem can be weakened to

Yi—j+1(Z), ... vi(Z) < (yi(L), ..., 7, (L)).
From the monotonicity of the y's, this is equivalent to the condition
e (Z),....v; (%) = (i(F),....vj(F))
for some set {£1,...,¢;} € {1,...,i},

imposed by Izadi and Khaledi [473] to prove a generalization of Theorem 3.2.6
[see also condition (3.6)].
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The likelihood ratio order of progressively Type-II censored order statistics can
be discussed in the two-sample case as well. The following comparison result has
been obtained by Hu and Zhuang [457] for generalized order statistics.

Theorem 3.2.8. Let F,G be absolutely continuous cumulative distribution

functions with density functions f and g, respectively, and X ~ F,Y ~ G.

Moreover, let Z be a censoring scheme. If the hazard rates A = % and Ag = %
A

have an increasing ratio T then

F<nwG = X%:n =ir Yz%n

1

Proof. Denote by hy;, f«i, and g«; the density functions of the ith progressively
Type-II censored order statistic from a standard exponential distribution, F' and G,
respectively. Then, /. ; is log-concave and

gri(X) _ hri(=10gG(x)) Ag(x)
fei(X)  hyi(—log F(x)) Ar(x)’

Since F <y, G, the same argument as in the proof of Theorem 3.2.3 applied to
h.i (=1og G(x))
B i (= log F(x))
h«; is a decreasing function. This is due to the fact that H,; is a DFR cumulative
distribution function and thus the hazard rate Ay, is decreasing. Hence, hs; =
A H*,iﬁ*,i is decreasing. Since i—f is increasing by assumption and all functions are
nonnegative, this yields the desired result. O

the ratio proves that this ratio increases. Here, it has to be noticed that

Given F <y, G and the assumption “Ag/Afg is increasing,” Lemma 3.5 in
Belzunce et al. [186] yields that ' <|, G. The following theorem is due to Belzunce
et al. [188] who established it for generalized order statistics.

Theorem 3.2.9. Let Xi%n:n’ Yl'%n 1 <i < m, be progressively Type-ll censored
order statistics from absolutely continuous cumulative distribution functions F
and G, respectively, with F <;, G and censoring scheme Z. Then, Xf%n:n <ir
:% .

Yira 1<i<m.

Remark 3.2.10. It is not sufficient to assume F <, G in order to obtain
likelihood ratio ordering of generalized order statistics. Belzunce et al. [188]
established the result for generalized order statistics provided that one of the

following assumptions hold:

(i mi=y,—y41—1=0forr=1,...,i —land F <, G, or
(i) mi =y, —yrg1—1>=—1forr =1,...,i —1 and F < G and % is
increasing.
Part (i) is an extension of Franco et al. [381, Theorem 3.4], while Part (ii)

is strengthened by a corresponding version of Theorem 3.2.8 since the condition
myg > —1 can be dropped (cf. Hu and Zhuang [457]).
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Dispersive Order

The following dispersive ordering result has been proved for generalized order
statistics by Khaledi [518].

Theorem 3.2.11. Let ZZ and Z7 be progressively Type-Il censored

rimying Jmaing
order statistics from a standard exponential distribution with censoring schemes

x €ty € €2, mi,my € N, respectively. Moreover, let F be a
continuous DFR cumulative distribution function and XZ and X7 be

iimying Jimainy
progressively Type-ll censored order statistics from F. If j < i and condition

(3.7) holds, then

Zy . fdisp Z%

Jjmaing itmying’
S . Z
Xj:mz:nz fdlsp Xi:ml:nl' (38)

Proof. LetZy,....,Z;, Z},.... Z} id Exp(1). Then, according to (2.13),

J

1
z7 4 7.
Jimain ;yw) ‘

J i
1 1
z2 ANz Y —— 7
e Z)/i—j+l(%) ¢ Zgil Yi—t+1(Z)

=1

In the next step, we use the fact that a random variable X satisfies X <gisp X +7Y for
any random variable Y 1ndependent of X iff X has a log-concave density function
* *
(cf. Saunders [780]): Y /_, mlf is independent of ZZ i+ ml
and has a log-concave density function since a convolution of independent expo-
nentially distributed random variables has a log-concave density function. Hence,

J
1
— 77 <dis zz .
;yi—j-}—l(%) l P “itmying

According to Khaledi and Kochar [521, Theorem 2.1], condition (3.7) implies

J
I
ZZ (y) Ze S Z y) !

7%

so that the transitivity of the dispersive order proves Z+, Fomzny Sdisp Ziamyon, -
54
Moreover, since Z7',,,..,, <st z% omyny and

SF=F<(1—exp()) (3.9)
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is an increasing convex transformation, Theorem 2.2 (ii) of Rojo and He [758] yields
the desired result in (3.8) (see also Hu and Zhuang [457, Lemmas 2.1 and 2.3]). O

In terms of order statistics, the preceding result shows that X ., <gisp Xi:n if
j <i and F is DFR. This result was obtained by Kochar [538].

Since dispersive order X <gisp Y of random variables X and Y implies an
ordering of the variances, i.e., Var X < VarY, the preceding result proves that

Var Xﬁmz:nz < Var Xi%u:m
given j < i and condition (3.7). This extends a result of David and Groeneveld
[323] for order statistics.

The following stochastic comparison can be found in Belzunce et al. [188,
Theorem 3.12] and Khaledi [518, Theorem 3.9].

Proposition 3.2.12. Let F, G be continuous cumulative distribution functions
with F' <4isp G and X ~ F,Y ~ G. Moreover, let # be a censoring scheme.
Then' Xt%n:n SdisP Yiﬁ:n' 1 fl =m.

Proof. As in the proof of Theorem 3.2.3, we have the representations F; . =
FXn = FZ%wn(—1og F) and G; 4 = FYimn = FZ%u(—log G). Then,

; «~ P
F<_OG*'I‘:F(_O(FZ':Z":”) oFZl:/?;n:n oG:F(_oG_

*,7

An application of (A.1) yields the claimed result. O

As pointed out by Belzunce et al. [188], the method used in the proof of
Proposition 3.2.12 can be applied to several other stochastic orders, e.g., convex
<., star-shaped <, and superadditive order <s,, respectively (see Cramer [286];
for order statistics, see Barlow and Proschan [168, p. 107/108] and Dharmadhikari
and Joag-dev [339]). This yields the following results.

Theorem 3.2.13. Let F, G be continuous cumulative distribution functions and
X ~ F,Y ~ G. Moreover, let Z be a censoring scheme. If F <. [<«, <4 ]G,
then X7 . <c [<«, <aw]YZ., 1<r<m.

A combination of Theorem 3.2.11 and Proposition 3.2.12 leads directly to the
following result.

Theorem 3.2.14. Let F,G be continuous cumulative distribution functions
with F <gisp G where either F or G is DFR. Moreover, let X7, . and Y7

rimiing
be progressively Type-ll censored order statistics from F and G with censoring
schemes Z € €7, € €2, , m,my € N, respectively. Then, if j <i and

mi,ny’ ma,ny’

condition (3.7) holds, then

7 . X
Xj:mz:nz Sd|5P }Iilmllnl .
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Minimal Bounds w.r.t. Stochastic, Hazard, and Likelihood Ratio Order

Applying the results of Bon and Paltinea [213], we can identify minimal generalized
order statistics w.r.t. stochastic, hazard, and likelihood ratio order, respectively.
It turns out that these generalized order statistics are kth record values with
appropriately chosen value for k. In particular, we have the following stochastic
bounds.

Theorem 3.2.15. Let X,,.;;., be a progressively Type-Il censored order statistic
from a (absolutely) continuous cumulative distribution function F with censoring

scheme Z. Moreover, let X,(nk) be an mth k-record value drawn from F.
Then:

(l) Xr(nk) <ot Xpm:n With k = "\l/ 1_[};1:] Vi
(“) Xr(nk) Ztr Ximmm With k = l\nl HT:I Vi

(i) X" < Xpmen with k = LYy,

Lorenz Order and Convex Orders

In the area of order statistics and record values, some results on Lorenz ordering are
known (cf. Arnold and Nagaraja [52], Arnold and Villasefior [55,56], Kochar [539]).
We present some extensions to progressively Type-II censored order statistics.

It is known that star ordering implies Lorenz ordering (cf. Arnold and Villasefior
[56, p. 80]). A direct application of Theorem 3.2.13 shows that

F <. G = X7 Y7

s L <1 <m.

r:m:mn =L
Hence, progressively Type-II censored order statistics are Lorenz ordered if their
parent distributions are star ordered. Another general result is the following.

Theorem 3.2.16. Let X7 .. XZ _ be progressively Type-Il censored order

Iim:ino = m.m:n
statistics from F with censoring scheme &Z such that @ is increasing for

every z € (0,1), where g(z,x) = F< (1 — zF(x)). Moreover, suppose that
the moments of the progressively Type-ll censored order statistics exist. Then,
XZ < XZ 1<r<m-—1.

rmn — r+lm:n’

Proof. First, we have from Theorem 2.3.6 the connection

d o 1y, 1y,
L Fe(1-UTFXZ,)) = gUH X7

lml‘l)

iz
Xr-l—l:m:n
where Ullf;’“ and X,‘j are independent random variables. By assumption, g(z x)
is 1ncreasmg in x so that Theorem 2.7 in Arnold and Villasefior [56] ylelds
len _|_Xr+1mnf0r1§r§m—l. O
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Example 3.2.17. The preceding theorem holds, e.g., for a Pareto(x)-
distribution with parameter & > 1. We have g(z,x) = z '/*x so that the
ratio g(”) is constant w.r.t. x. Hence, progressively Type-lIl censored order
statlstlcs based on a Pareto distribution are Lorenz ordered if @ > 1. Notice
that the condition a > 1 guarantees the existence of the moments. For order
statistics, this yields X,., <. X,41m, 1 <r < n —1, which is given in Arnold
and Villasefior [56, Theorem 4.1]. Alternatively, the Lorenz ordering of Pareto
progressively Type-Il censored order statistics may be obtained from Strassen’s
theorem (see Arnold and Villasefior [55,56]) using the product representation in
Corollary 2.3.13.

Since stochastic order < implies increasing convex order <., we obtain from
Theorem 3.2.1 the following result.

Corollary 3.2.18. Let F,G be continuous cumulative distribution functions
with F <4 G. Moreover, let X‘ym2 :, and Yl%lnl be progressively Type-ll
censored order statistics from cumulative distribution functions G and F with

censoring schemes #Z € €™ . € €™, , mi,my € N, respectively. If j < i

mlnl’ map,ny’
and if (3.7) holds, then X] oy, icx Ylg’f;” oy -

For the next result, we need the following auxiliary results which can be found
in Shaked and Shanthikumar [799, Theorem 3.A.35].

Theorem 3.2.19. Letk <mand (y;'.....y,") <m (7.t 0*7F) and
X1,...,X;» be independent and identically distributed random variables with
finite expectation. Then,

k
ZLX,- <o ilxj and Z —X; <t Z X
n Vi j=1 nj

j=1" j=1

From this result and the sum representation in (2.13) of exponential progressively
Type-II censored order statistics, we obtain the following ordering result.

Corollary 3.2.20. Let k < m and X7 . and Y,ﬁ:s be progressively Type-
Il censored order statistics based on a standard exponential distribution with

censoring schemes . and Z# such that

@) @) S ()T ()70,
Then,

7 x 7 X
Xmmn —cx Yk:k:s and Xm:m:n =L Yk:k:s'

Results for comparisons in the increasing convex directional order have been
established by Balakrishnan et al. [153]. Dependence orderings are addressed in
Khaledi and Kochar [522]. In particular, they showed that, under certain conditions
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on the parameters, some measures of concordance are monotone. These measures
include Spearman’s p, Kendall’s 7, and Gini’s coefficient of association (see Khaledi
and Kochar [522, Corollary 3.1]).

3.2.2 Multivariate Stochastic Orderings and Its Applications
to Progressively Type-1I Censored Order Statistics

In this section, we consider applications of multivariate stochastic orders to
progressively Type-II censored order statistics, i.e., stochastic and likelihood ratio
order. Applications of multivariate versions of the hazard order and dispersive order
can be found in Belzunce et al. [188].

Stochastic Order

Theorem 3.2.21 (Belzunce et al. [188]). Let X# and YZ be vectors of
progressively Type-ll censored order statistics from continuous cumulative dis-

tribution functions F and G with censoring scheme &%, respectively. Then, if
F <4 G, then X% <, YZ.

Proof. The proof is based on Theorem 6.B.1 in Shaked and Shanthikumar [799]:

Two random vectors X, Y satisfy X <4 Y if random vectors f{, f(, defined on the same
probability space, exist such that X 2 X, Y < Yand P X<Y)=1.
¥ — 73 vV 3 3 3
LetX = (F(_(Ur:m:n )l§r§m’ Y= (G(_(Ur:m:n )l§r§m’ where Ul:m:n’ Tt Um:m:n
denote uniform progressively Type-II censored order statistics with censoring
o d o d

scheme Z. Then, X = XZ and Y = YZ.

The assumption F < G leads directly to the identity

m

PX<Y)= P( ({F W) < G*(U;?im)}) =1

r=1

which proves the result. O

Since the multivariate stochastic order is preserved under marginalization, this
yields directly Part (i) of Theorem 3.2.1.

Likelihood Ratio Order

The following result is taken from a more general result established by Belzunce
et al. [188] for generalized order statistics.
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Theorem 3.2.22. Let X# and YZ be vectors of progressively Type-Il censored
order statistics from absolutely continuous cumulative distribution functions F
and G with censoring scheme %, respectively. Then, each of the conditions

(i) F <, G,
(i) F <p G and % is increasing

implies X% <, YZ.

Proof. The joint density of uniform progressively Type-II censored order statistics
is given by [cf. (2.3)]

m

() = (ﬁ i) [Ta—up®.

Jj=1
where 0 < u; < --- < u,, < 1. Moreover,

FX ) = fUF ). Py - [ £,

j=1
fY‘@(ym) — fU@(G(yl), s Gm)) - 1_[ g(yj)-
j=1

According to the definition of multivariate likelihood ratio order, (A.2) has to be
checked. As can be seen from the product structure of the joint density function, it
is sufficient to consider the inequalities

FY) )G 0)gry) < F (e ay) £ Ay)G (v y)gle; Vv y)),
(3.10)

Jj = 0,...,m, separately. For x; < y;, both sides of (3.10) are identical and

so nothing remains to be shown. Suppose x; > y;. Then, we have to verify the
inequality

FYOan NG e <F o) fnGY (xglx;) (1)
— (Fen\" sen _ (Fon\” fon
G(x;) g(x;) G(y)) g(y;)

R,
. % is a nonincreasing function. By

Hence, it remains to be shown that (%)
assumption, R; is nonnegative. Moreover, the assumption F' <|, G implies that % is

nonincreasing and that ' <y, G. Therefore, % is nonincreasing. Since all functions
are nonnegative, this yields the result provided that condition (i) is satisfied.
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_\R; —\Rj+1
Notice that (%) ! % = (%) ! % so that (3.11) and, thus, the result follows

from condition (ii), too. |

Remark 3.2.23. For generalized order statistics, the following assumptions have
been imposed on the model parameters by Belzunce et al. [188] to prove the
above theorem:

A)m- =y, —yrq1—1=0forr=1,....m—1,y,>1,and F <, G, or
(iiymi =y —yp41—1>—1forr =1,....m—1and F <4 G and i—f is
increasing.

Balakrishnan et al. [148] applied these results in combination with Theorem
3.11.4 in Miiller and Stoyan [659] to establish the following conditional ordering
result.

Theorem 3.2.24. Let L C R” be a sublattice, i.e., x,y € L impliesxVy e L
and x Ay € L. Then, under the conditions of Theorem 3.2.22, for 1 < s < m,

[Xs:m:n|X% € L] =i [Ys:m:n|Y% € L]

The result implies likelihood ratio ordering of residual lifetimes. For r < s, and
given the conditions of Theorem 3.2.22,

[Xs:m:n - t|Xr:m:n > t] flr [Ys:m:n - t|Yr:m:n > t]-

Here, the sublattice L is defined by {X,,,|X;., > t} € R™. In this context, Hashemi
et al. [434] studied also the residual life. They obtained stochastic orderings for the
quantity [Xs:m:n - t|Xr:m:n =t < Xr+l:m:n], 0 =r<s=m.

Since the multivariate likelihood ratio order is preserved under marginalization,
Theorem 3.2.22 leads directly to results for marginal distributions. In fact, this
provides an alternative proof of Theorem 3.2.9.

The same approach can be utilized to prove a result for different sets of
parameters but the same underlying distribution. First, uniform generalized order
statistics are considered.

Proposition 3.2.1 (Belzunce et al. [188]). Let UZ and U7 be vectors of uniform
progressively Type-II censored order statistics with censoring schemes % and .,
respectively. Then,

U7 <, U7 < R; >S;, j=1,....m.

Proof. As in the proof of Theorem 3.2.22, we obtain forall 1 > x; > y; > 0,
j=1,...,m,

(I=x)® A =y)¥ < A=ypPa—xp¥, j=1..m
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This leads to the inequalities

R, —S;
(1—x]) J ,/<1 J:1 "
1—y; B

=Y < 1, thisholdsiff R; > S;,j =1,....m. 0

Since
I=y; =

Since the multivariate likelihood ratio order is preserved under strictly
increasing transformations of each component (cf. Shaked and Shanthikumar
[799, Theorem 6.E.3]), this result leads directly to a theorem for underlying
continuous cumulative distribution functions.

Theorem 3.2.25 (Belzunce et al. [188]). Let X¥ and X be vectors of
progressively Type-Il censored order statistics from an absolutely continuous and
strictly increasing cumulative distribution function F with censoring schemes &%
and .7, respectively. Then, R; > S;, j = 1,...,m, implies X% <, X'

Theorems 3.2.25 and 3.2.22 can be combined to compare vectors of progressively
Type-II censored order statistics (generalized order statistics) with different cumu-
lative distribution functions and different censoring schemes (cf. Belzunce et al.
[188, Theorem 3.10]). Further multivariate orders are also discussed in the literature.
Multivariate hazard rate ordering is considered in Belzunce et al. [188]. Results in
terms of the multivariate dispersive order are discussed in Belzunce et al. [189],
Chen and Hu [250], and Xie and Hu [925]. Multivariate dispersive ordering for
spacings of progressively Type-II censored order statistics is discussed in Zhuang
and Hu [946].

3.2.3 Applications to Spacings of Progressively Type-11
Censored Order Statistics

In this section, we consider stochastic orders of (p-)spacings. For progressively

Type-II censored order statistics Xy, - -« » Xm:mm, the associated spacings S*% =
(Sl*'%, ..., S*%) are as defined in (2.44). A p-spacing is given by a contrast
S:fgp_”_l = Xetp—timn — Xr—1:mm, where p € {l,....m —r + 1} [see

(2.38)]. Further, we write S%7 (S}”) if the baseline distribution is specified by the
cumulative distribution function of the random variable X (Y).

The first result on stochastic ordering of spacings of progressively Type-II
censored order statistics is motivated by Kamps [498, Theorem V.2.7, p. 183].
Although this result was formulated in terms of m-generalized order statistics,
the proof holds for arbitrary generalized order statistics. Moreover, Kamps [498]
assumed that F,G are tail ordered. Since tail order and dispersive order are
equivalent under the conditions considered here, we can note the theorem in terms
of dispersive ordering.
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Theorem 3.2.26. Let X1, .., Xopumen @and Yionen, o ooy Yieen be progressively
Type-Il censored order statistics based on F and G, respectively, and with
censoring scheme Z. Then: If F <gisp G, then

*R *R
S p—tr—tx Sst Sy oy 1S p<m—r+1
Proof. Since F <gisp G, it follows from Y,..p < Yrq p—12m:n that

F(_(G(Yr-l—p—l:m:n)) - Yr+p—l:m:n f F(_(G(Yrmn)) - Yr:m:n
— F(_(G(Yr+p—1:m:n)) - F(_(G(Ylmn)) = Yl‘+p—l:m:n - Yr:m:n‘

4

Since G is continuous, we have X F(GYimm), i = 1,...,m.

Combining these, we obtain for arbitrary t € R

P(SIZ g > 1) = POF(G Yyt ptimin) — F (G (Yriin)) > 1)

= P(Yr+p—l:m:n — Yo > 1) = P(S:fgp_lyr_l;y > 1).

*A R
Thus, 87,1 r—ix Sst ST 1 -1y a

As a particular case, the result of Bartoszewicz [173] for the usual order statistics
is included.

Results on multivariate stochastic ordering of spacings are provided by Belzunce
et al. [186] in terms of sequential order statistics. They considered interepoch
times of nonhomogeneous pure birth processes which can be seen as spacings of
sequential order statistics (see also Pellerey et al. [715]). The particular results in
terms of generalized order statistics are presented in Belzunce et al. [188] which,
due to the simpler structure, lead to more general results in the model of generalized
order statistics. Since the proofs of these results are quite technical, we only state
the results and refer for the details to the original literature. For p = 1, the result of
Kamps [498] is a particular case of Theorem 3.2.27. The result is presented in terms
of progressively Type-II censored order statistics.

Theorem 3.2.27. Let Xinny s Xopmen @and Yiunens « oy Yoo be progressively
Type-ll censored order statistics based on F and G, respectively, and with
censoring scheme %. Then: If F <gis, G, then S;{’? <qt S;ﬁ.

Finally, we note a result for the multivariate likelihood ratio order of spacings of
progressively Type-II censored order statistics taken from Belzunce et al. [188] who
established the result for generalized order statistics. Notice that, for generalized
order statistics, additional assumptions may be necessary.

Theorem 3.2.28. Let X# and YZ be vectors of progressively Type-Il censored
order statistics from absolutely continuous cumulative distribution function F
and G with censoring schemes %, respectively. The density function are denoted
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by f and g and the hazard rates by Ar and Ag. If f or g or both are log-convex
and either

(i) F < G, or
(i) F <p G and i—i is increasing,

then S} <, S3%.

Contributions to ordering of spacings of order statistics have been made by Hu
and Wei [455], Hu and Zhuang [456], and Misra and van der Meulen [651]. Xie and
Zhuang [926] discussed the mean residual life order and the excess wealth order for
spacings of generalized order statistics.

The following results for normalized spacings [cf. (2.9)]

SV = n@#@)Xxy, S = Ve B Xy = X in)s 7= 20,

1:m:n> rim:n
from the same population cumulative distribution function but with different
censoring schemes are due to Burkschat [228, see Theorem 4.5].

Theorem 3.2.29. Let F be a cumulative distribution function and #Z, .¥ € %’,ﬁn
such that

(A, ....ym( &) = N(F),....ym(S)).

Then, % >, S if F is IFR, and SZ < S if F is DFR.

For the non-normalized spacings the following result holds.
Corollary 3.2.30. Let F be a DFR-cumulative distribution function and Z, .7 €
G Such that

(). ....ym( &) = N(F). ... ym(F)).

Then, $*% <, S*7.

3.3 Aging Properties

Aging properties are closely connected to stochastic ordering. Theorem 3.2.13 has
been used by Cramer [286] to establish aging properties of progressively Type-II
censored order statistics. Subsequently, we discuss the following aging notions.

Definition 3.3.1. Let F be a continuous cumulative distribution function with
support [0,00). Then, F (or a random variable X ~ F) is said to have

(i) an IFR iff the hazard function —log F is convex on [0, 00);
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(ii) an increasing failure rate on the average (IFRA) iff the hazard function
—log F is star shaped on [0, c0);

(iii) the NBU property iff the hazard function —log F is superadditive on [0, 00),
i.e., F(x +y) < F(x)F(y) for x,y > 0.

Denoting by G the cumulative distribution function of a standard exponential dis-
tribution, then F <. [<4«, <4 ]G is equivalent to the IFR [IFRA, NBU] property
of F (see Shaked and Shanthikumar [799, Theorem 4.B.11]). Then, Theorem 3.2.13
yields the following result. For order statistics, parts of Theorem 3.3.2 can be
found in Barlow and Proschan [168] and Takahasi [835] (see also Shaked and
Shanthikumar [799, Theorem 4.B.15]).

Theorem 3.3.2. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F with support
[0, 00). Then, F is IFR [IFRA, NBU] implies that F*Xr= is [FR [IFRA, NBU],

1<r<m.

Tavangar and Asadi [839] have established characterizations of aging properties.
In particular, they proved the following result.

Theorem 3.3.3. Let X1, ... > X be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F and censoring
scheme Z and 1 <r <s <m. Then:

(i) If FisIFR, then [Xs:n: — | Xyun:m > t] is stochastically decreasing in ¢t > 0;
(ii) If F is NBU, then [Xgmm — 6| Xrimn > t] <at Xgomen, t > 0;
(iii) If Fis NWU, then X750 <ee [Xooman — 1 Xpimn > 2], £ > 0.

Belzunce et al. [187] studied multivariate aging properties in terms of non-
homogeneous birth processes. They applied their results to generalized order
statistics. A restriction to progressive censoring shows that progressively Type-
II censored order statistics X% is MIFR if F is an IFR-cumulative distribution
function. Moreover, X% is multivariate Polya frequency of order 2 (MPF,) if the
density function of F is log-concave. Further notions of multivariate IFR and its
applications to generalized order statistics are discussed in Arias-Nicolas et al. [47].
Some additional results in terms of sequential order statistics are established in
Burkschat and Navarro [233] and Torrado et al. [853].

3.4 Asymptotic and Extreme Value Results

3.4.1 Extreme Value Analysis for Order Statistics

Extreme value theory of order statistics deals with limiting distributions of
the appropriately normalized maximum X,., of an [ID sample Xi,...,X,,
X1 ~ F. Supposing that a limiting distribution exists, the problem is to find those
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nondegenerate distributions L which are limiting laws of the linearly normalized
maximum (X,., — b,)/a,, i.e.,

—00
F"(anx + by) —> L(x), x€R,
where a,, > 0 and b,, € R are normalizing constants. The results for order statistics

are due to Fisher and Tippett [375] and Gnedenko [404] who showed that the so-
called extreme value distributions

0, <0

Hyy(x) = T=U0 s, (Frechét)
exp(—x~"), x>0
—lxlp 0

Hy () = § PRI <0 (Weibull)
1, >0

Hso(x) = exp(—exp(—x)), x €R. (Gumbel)

are the only possible limiting distributions. Subsequently, many results on extreme
value theory for order statistics have been established. Improvements have been
made in several aspects. In particular, it has been shown that the notion of regularly
varying functions is important in characterizing distributions converging to a par-
ticular type of distribution (see, e.g., Resnick [751]). Moreover, convergence results
have been established w.r.t. other norms, e.g., the variational distance (see Reiss
[750]). A comprehensive presentation of this topic and many further results can be
found in the monographs by Galambos [389, 390], Leadbetter et al. [576], Pfeifer
[718], Resnick [751], Reiss [750], and De Haan and Ferreira [331].

3.4.2 Extreme Value Analysis for Progressively Type-11
Censored Order Statistics

Extreme value analysis for progressively Type-II censored order statistics has been
developed by Cramer [290] by utilizing results for generalized order statistics
obtained in Cramer [285]. According to Theorem 2.3.6, the distribution of the
mth progressively Type-II censored order statistic X,,.,:, can be written as a
quantile transformation of a product of IID transformed uniform random variables
Ui,...,Upn

X = F“(l _ ]ml:[l Ujl/w)_
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Therefore, the cumulative distribution function F X has the representation

FXmmn(x) = P(zm:Zj < —1ogf(x)), x € R,

J=1

where Zi,...,Z, are independent random variables with Z; = —yij logU; ~
Exp(yj), 1 =j =m.

In the following, the parameters y; may depend on m, which we emphasize by
the notation y; ,,. Therefore, Cramer [290] considered a triangular scheme (3.12) of
independent random variables Z; ,, ~ Exp(y;m), where y;,, = Z;"= j (Rim + 1),

1<j<m,and %, = (Rim, ..., Rum) denote the corresponding censoring plan,
m € N.
Exponential random variables Censoring plans
21,1 Rl,l
VARIAR Rip Ry
Z13 Zy3 233 Ri3 Ry3 R33 (3.12)
Ziy Zos L34 Zsy Ris Rys R34 Ryy

Zis Zos L35 Lys Zss Ris5 Rys R3s Rys Rs5

The problem is to identify the nondegenerate limits L of

m
j=1

for all continuity points x of some nondegenerate cumulative distribution function
L. In order to find these distributions, Cramer [290] considered the limiting behavior
of the sum Z};’=1 Z;, and of —log F(anx + b,,) separately. Notice that the latter
illustrates the relation to the extreme value theory of order statistics.

Introducing the notation t,ﬁlk) = Z;’Ll y,%, k € N, we get
Jj.m

m m
0W=EY Zim 1= Vaf(ZZj,m).
j=1 j=1

Cramer [290] showed that two settings have to be handled separately:

lim () < oo, (C1)
m—00

lim 1 =00, lim #{? < co. (C2)
m—00 m—00
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Remark 3.4.1. In the model of progressive censoring, only the cases (C1) and
(C2) are possible. This can be seen from the relation y;,, = m —j + 1+
Z - R; >m—j+1or, equwalently — < 1+1 with equality if the censoring
scheme is given by Z,, = (0*™). In thIS sense progresswely Type-1l censored order
statistics can be seen as dominated by order statistics since t( ) Z =1 )/]m <

ZT_I E k € N. Moreover, it is clear that the limits too), k > 2, are finite
provided they exist.
In Cramer [290], it is shown that both scenarios are possible. As an example,

the following one-step plans are considered.

(i) For (C1), the following cases are distinguished:
1)) >0,:@>0 (1t >0:2=0 3)tl)=012=0.

These cases are generated by the following one-step censoring schemes:

(1) Zp = (0*"72,m,0), m > 3;
(2) % = (01, m), m > 2;
(3) %Zm = 0*"=1 m?), m > 3.

(ii) For progressively Type-ll censored order statistics with equi-balanced cen-

soring plan Z,, = (R*"), lim,,— o 1) = co. For s > 2, we have
1) = ———{(s) < oo,
*  (R+ 1)‘

where ¢ denotes the Riemann-zeta function. For s = 2, one gets té? =
g
6(R+1)2"
(2)

(iii) As pointed out in (i), too = 0 is possible. However, the censorlng schemes
= (0*"~1, | \/m]), m > 2, show that this holds also when 75 = oc.

Remark 3.4.2. Cramer [285] pointed out that a third scenario is possible for
generalized order statistics

lim ¢V =00, lim @ = o0. (C3)
nm-—>00 m—>00

Comparing these settings, it turns out that (C2) is similar to the setup of order

statistics provided lim,; oo t,ﬁ,z) > 0, whereas (C3) resembles the case of record

values (see Arnold et al. [59], Nevzorov [680], Resnick [751]).

The scenarios (C1) and (C2) lead to a different limiting behavior: For (C1), a
limiting distribution depending on the underlying cumulative distribution function
F results if lim,;,— o0 t(z) > 0. If lim;;— o0 t,i,z) = 0, i.e., the variance of Z’;;l Zim
converges to zero, the behavior is connected to central and intermediate order
statistics.
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In what follows, we establish the limiting results and the associated normalizing
sequences (dy)men and (by,)men. For (C1) and (C2), we calculate the characteristic
function of the limiting distribution. Given the assumption lim,,— o t(z) = 0, we
present a Lyapunov-type condition to guarantee asymptotic normality. Applying the
§-method, this approach yields generalizations of limiting results for central and
intermediate order statistics (see, e.g., Reiss [750]).

3.4.3 Extreme Value Analysis for Exponential Progressively
Type-1I Censored Order Statistics

The extreme value analysis for progressively Type-II censored order statistics is
developed in two steps. First, an exponential population distribution is considered.
Let the normalized exponential progressively Type-II censored order statistic Z,,.:n
be given by the linear transformation

1 (1)
Zm:m n tr(n) Z’;‘qzl Zj,m Im
Mm = =

/Zr(nZ) /Zr(nZ)

with (Z;,,)jm as in (3.12). Then, due to the independence assumption, the
characteristic function ¢,, of M,, is given by

m € N,

(1) m (2)
. t i, t
Om(s) = Ee*Mn = exp | —is—= l—[ Vi Vo , seR.

Vi Ji=1ymyiw = is

Let log denote the principal branch of the logarithm in the complex plane. Then,
Cramer [290] established the following representation of the characteristic function
of the limiting cumulative distribution function L.

Theorem 3.4.3. Let té? > 0 be finite. Then, for |s| < 1,

(i) the limit limy,— o0 [— log @ ()] exists. It is given by

W

lim [~ log¢m(s)]———2 (is )“((2)) 3 =K. sy,
given that t() is positive and finite. Otherwise, the limit of the ratio

,(,,V)/(t,(ﬂz))"/2 has to be considered as a whole in order to find the limiting
function;
(i) the limit limy,— 00 ¢ (s) exists. It is given by
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Jim g,(5) = exp{—()} = (). Is] < 1. (3.13)

The function ¢ is uniquely determined on the real line by (3.13) and defines a
characteristic function. Moreover, EM, — EM" for all v € N, where M ~ L.

. d .. . .
In particular, FM» — [ where the characteristic function of L is given by ¢.

3.4.4 Extreme Value Analysis for Progressively Type-11
Censored Order Statistics from a Cumulative Distribution
Function F

Positive Asymptotic Variance

Let0 < té? < 00, (Uy)meny € R, and 7, = f(um), m € N. Then,

FXm:m:n(um) — P(]Z}::ICJ,M < —log Tm) — FMm(—log Tm — Z,i,l))

Vi

From Theorem 3.4.3, it follows that the cumulative distribution functions F™n
converge weakly to a nondegenerate cumulative distribution function L. Let x € R,
(am)men C (0,00), (by)men C R, and u,, = uy(x) = aypx + by, m € N, so that

—logt, — t,(,,l) - log F(amx + by) — t;gal)

/ty(nZ) /ty(nZ)

If normalizing sequences (d;;)men S (0,00), (b)men S R can be chosen with

lim,;— 00 Zm (X) = z(x), then Slutsky’s lemma (cf. Serfling [793, p. 19]) yields that
FMn(z,,(x)) —> L(z(x)) for all continuity points z(x) of L.

Zm(x) =

Theorem 3.4.4. Let 1) = 0o and 0 < 12 < oo. Then, PXmmn—an)/bn
converges to a nondegenerate limiting distribution iff F is in the domain of
attraction of an extreme value distribution H.

In that case, up to an affine transformation, the limiting distribution has the
representation L( —log(—log H)/ zg?), where L is the limiting distribution of
M,,. Appropriate normalizing constants are defined by (3.14).

Proof. First, let téé) < 0o. Then, a,, = 1, b,, = 0, m € N, and we get

7 (1) i (1
—log F(x) —1¢ —log F(x)—1t
0g F(x) ~ 1 oeF -8 g

Ve N

m(x) =
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so that the limiting distribution depends on the population cumulative distribution
function F.

For 1) = oo, we get z,(x) = —log (f(amx+bm) exp(t,(,,l)))/ 2.

Supposing that F is in the domain of attraction of an extreme value distribution
H , normalizing sequences (¢t )men < (0, 00), (Bn)men € R exists with

mF (opx + Bn) — —log H(x), xeR

(cf. De Haan and Ferreira [331, p. 4]). Then, lim;,—co t,ﬁll) = oo implies
lim;— 00 exp(t,(,,l) ) = oo. Choosing normalizing constants as

m e N, (3.14)

am =0 oay b =Bl

the limit lim,;,— o0 zm (x) = —log(—log H(x))/ 12 holds. Hence,
Fnmn (3, (x)) — L( —log(~log H(x))/1&2)

for all continuity points y = —log(—log H(x))/ té? of L. O

Theorem 3.4.4 illustrates that the possible limiting distributions of progressively
Type-II censored order statistics are directly connected to those of order statistics.
The problem of deriving the limiting distribution can be divided into two tasks.
First, it has to be ensured that the random variable M,, converges to the cumulative
distribution function L. In the second step, the underlying cumulative distribution
function F has to be analyzed w.r.t. the domain of attraction of an extreme value
distribution H. If so, the normalizing sequences given in Theorem 3.4.4 can be
used to ensure convergence to a nondegenerate distribution.

Zero Asymptotic Variance

Let tc(,? = 0. Then, tc(,? = O for all v > 2. Now, the Lyapunov condition for
the central limiting theorem leads to a sufficient condition for convergence. With
Zim— y;,b, 1 < j < m, the Lyapunov condition reads

n

_ ! —1(3 n—>x
(l‘(Z))3/2 X:IEiZj,m ~Vim —> 0.
m j=

Since Z; = YjmZjm, 1 < j =< m, are lID Exp(l)-random variables, this
simplifies to
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m m

113 1
> E|Zjm—vin| = EIZ—1P) — = E|Z —1P1Y).
j=1 j=1 yjm

Hence, the Lyapunov condition is equivalent to assuming that

1

n—>oo
_m (3.15)
2
()32
This condition implies convergence to a normal distribution as well as
t,(nv) n—00
——— —— 0 forallv > 3. (3.16)
(tn)"72

Remark 3.4.5. The ratios in (3.16) are bounded from below by zero and from
above by one. In particular, one can show (if all limits exist) that

(D /@2 25 e 5 0

: e 1 (V) e @ypy2 P9 ; N
implies "/ (tp,")"/* —— ¢, > O for all v > 3. Notice that ¢,, = 0 for some vy >
3 implies the validity of the Lyapunov condition. Hence, the limiting distribution

is either normal or all cumulants for v > 2 of the limiting distribution are positive.
Theorem 3.4.3 yields the following asymptotic result.
Theorem 3.4.6. Suppose condition (3.15) holds. Then,

M,, =5 N(O, 1). (3.17)

If (3.16) holds with limits ¢, > 0, v > 2, then the characteristic function of the
limiting law is given by (3.13).

Writing G = —logF, Corollary 2.3.7 yields the identity X,m:n <

G‘_(Z;';l Cj,m). The §-method (see, e.g., Sen and Singer [791, p. 131]),
Theorem 3.4.6 and Slutsky’s lemma imply the following result.

Theorem 3.4.7. Let F be an absolutely continuous and continuously differen-
tiable cumulative distribution function with density function f. Suppose that
(3.15) holds and that § > 0 exists with

£ — t,ﬁll) m—00
—

Vi

(3.18)
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and f(G<(§)) > 0. Then, the mth progressively Type-Il censored order statistic
from F is asymptotically normal, i.e.,

Xmm;\/f@ L N (0. 7% f2(GT(£))) .
1\

Appropriate normalizing constants are given by a,, = \/t,i,z) and b,, = G (§),
m e N.

Condition (3.18) implies that 755 = & > 0 since 12 = 0. For t{) € {0, 00},
the situation is different. As an example, consider t,ﬁll) — 00, G‘_(t,ﬁll) ) tends to
G (00) = F(1) = w(F). Then, for (F) < oo, a convergence result can be
obtained (for order statistics, cf. Reiss [750, p. 109], Smirnov [808], and Falk [358]).

A similar result can be established for téé) =0and a(F) > —oo.

Theorem 3.4.8. Suppose F is absolutely continuous with density function f
and that F' has a finite right endpoint w(F) of its support. Let F be differentiable
as well as f be uniformly continuous on (w(F) — &, w(F)) for some ¢ > 0.
Moreover, let f(t) > & fort € (w(F)—¢,w(F)) and some § > 0. Then, if (3.17)

. d . ..
holds with tc(,é) = 00, then X,;:0:n —> N(O, 1). Appropriate normalizing constants

are given by

/@
— " = G (WM
"Gy O e

The conditions of Theorem 3.4.8 are satisfied by the uniform distribution. The

normalizing constants d, yni = t,ﬁ,z) exp(—t,i,l)) and by = 1 — exp(—t,gll) ),
m € N, ensure asymptotic normality.

3.4.5 Applications to Upper, Lower, Central, and Intermediate
Progressively Type-I1I Censored Order Statistics

Cramer [290] has shown that the preceding results can be applied not only to upper
extreme progressively Type-II censored order statistics but also to upper, lower,
central, and intermediate progressively Type-II censored order statistics.
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Upper Progressively Type-II Censored Order Statistics

The results for the maximal progressively Type-II censored order statistic X :n
can be directly applied to an upper progressively Type-II censored order statistic
Xm—r+1:mm With ¥ € N,r < m fixed. As mentioned in Nasri-Roudsari and
Cramer [671] for m-generalized order statistics, this corresponds to a sample of
progressively Type-II censored order statistics with Yy, . . ., Ym—r+1.,m OF censoring
scheme Z;, = (Rim...., Ru—rm, Ym—r+1.m) (see Theorem 2.4.1). Therefore, the
preceding theory can directly be applied by defining the sums

m—r+1 1
) —
byl = , veEN.

vV
j=1 Vim

In the case of equi-balanced censoring plans, ie., yjn = (m — j + 1)(R + 1),
1 < j < m, the result for the convergence of the exponential sum is given by

L(z) = FL(V) r(r®), zeR,

which is the cumulative distribution function of a generalized three-parameter
gamma distribution introduced by Stacy [823] (cf. Nasri-Roudsari [670], Nasri-
Roudsari and Cramer [671]). For order statistics, this yields the result of Smirnov
[807].

Lower Progressively Type-II Censored Order Statistics

As above, we have to restrict the censoring scheme to the particular scenario. For
1 < r < m fixed, it is clear that the progressively Type-II censored order statistic

X ,‘?,;{’:,, is only affected by the parameters i, ..., ¥rm. Now, the sums t ) have
only a finite number of terms so that convergence of the parameters Y ., ..., Yrm

has to be considered. Cramer [290] has shown that for (8,,)men With lim,,; 00 6,y =
oo and limy, o0 ¥jm/0m =1 e N, 1 < j <,

1
* = 8,20 =5, Zy—z,—‘K Z,,
=1 Vim i=

where Zy, ..., Z, are |ID standard exponential random variables. Since the limit
on the right can be interpreted as exponential generalized order statistics with
parameters 17y, ..., 1,, it follows that exponential generalized order statistics can
always be seen as a limit of exponential progressively Type-II censored order
statistics. Since
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FXrimn (amt +by) =P (Z;, = _Ingsm(amt + bm))

and §,, — oo, it follows that a nondegenerate limiting law results iff F is in the
domain of attraction of a minimum-stable distribution. If lim,,, o 6,, < 00, then the
limiting distribution is either degenerate or it depends on the baseline distribution F'.
The preceding conditions are satisfied for equi-balanced censoring schemes with
8n = m(R + 1), m € N (for m-generalized order statistics, see Houben [452]).
Provided that F is in the domain of attraction of a minimum-stable cumulative dis-
tribution function H, the limiting distribution is a transformed gamma distribution

1
L(x) = F_(}’) ' (r—1,—1log(1— H(x))).

Central and Intermediate Progressively Type-II Censored Order Statistics

Here, r = r,, is increasing w.r.t. m so that lim,;—cc 7, = 00 and lim,—eo(m —
rm) = 00. As above, the sums

m—ry,+1 1 m 1
) _ § : _ 2
Z‘m—rm+l - v - v Ve N’
=t Yim o = Ym—j4im

have to be studied. As for order statistics, the resulting progressively Type-II
censored order statistics are called central progressively Type-II censored order
statistics if lim, o0 22 = & € (0,1) and intermediate progressively Type-II
censored order statistics if lim,;, o0 2 = & € {0, 1}.

For equi-balanced censoring schemes, Cramer [290] showed that

oyt | - ()"

(1(2) +1)v/2 r,f,/z_l (1 _ rﬁ)V/2

m—ry, m

S 0forv>3," S g0,
m

which illustrates that normal laws are involved in the limiting distribution.
Letr,/m — & € (0, 1). If condition (3.18) holds, Theorem 3.4.7 can be applied
showing that

\/E(Xm—rm-‘rl:m:n - F(_(l —_ ERJ'_I)) i) N (0, E_ZRf_Z(F(_(l —_ %‘R+l))) '

R+1)%(1-¥§)

Since the expectation of the non-normalized progressively Type-II censored order
statistic is approximately F < (1 — £R*1), this result illustrates that, under certain
regularity conditions, a central progressively Type-II censored order statistic can be
used to approximate a quantile of the baseline cumulative distribution function F'.
For order statistics, the preceding result was obtained by Smirnov [807].
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Suppose now 2 — (. For intermediate progressively Type-II censored order
statistics, the following corollary is deduced from Theorem 3.4.8.

Corollary 3.4.9. Suppose F is absolutely continuous with density function f
and that F' has a finite right endpoint w(F) of its support. Let F be differentiable
as well as f be uniformly continuous on (w(F) — &, w(F)) for some ¢ > 0.
Moreover, let f(t) > & for t € (w(F) — &,w(F)) and for some § > 0. Then,

—"":’Z;’_“’” is asymptotically normal. Appropriate normalizing constants are given
by
(rm ) = m =Ty 1
am = (— ’
T Am mrm (R+ 1) f(F(1 = (r,,/m)/(®FD))

= (1-(2)7). men

The assumptions of Corollary 3.4.9 are fulfilled for the uniform distribution
so that intermediate uniform progressively Type-II censored order statistics are
asymptotically normal for equi-balanced censoring schemes. In this case, the
normalizing constants are given by

1
1 (rm)RJrl m—rpy

Apuni = 75—\
’ (R+1)

rm)RJrl
m

v bmuwmi=1-— (—

mry, m

Remark 3.4.10. Intermediate order statistics have been investigated by many
authors including Cibisov [265], Wu [903], and Smirnov [808]. Falk [358] has
given a very general result involving von Mises-type conditions, which leads to
simple representations of the normalizing constants as well. Moreover, this paper
provides a good survey of the literature on this topic.

3.4.6 Limits for Central Progressively Type-II Censored Order
Statistics with Blocked Observations

Hofmann et al. [444] proposed a progressive censoring model with blocked
observations represented by the numbers Ry, ..., R,,. This model corresponds to
progressive Type-II censoring with censoring scheme

Ry = (0*R1=1 Ry O Ry . 0*Fn—l R ).

The initial sample size may be reduced by withdrawing R, items before the
experiment starts. Hence, yy = ne = n — Ro. The observed sample size is
given by me = Rep = Z’;;l R ;. The number of censored items is given by

Ren = > /_| Rj. Hence,n = Ry + ZT=1(§1- + R;) is the original sample size.
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The standard model is included by choosing R ; =1,j =1,...,m. The resulting
sample will be denoted by the random variables Xi.ne:nes - - - » Xme:meine-

The asymptotic scenario is now designed as follows. Let n — oo and the number
of blocks m be fixed. Then, the limiting proportional block sizes and the limiting
proportional censoring sizes are defined by

- . i . i
Ai=1lm —, i=1,....m, A =1lm —,i=0,...,m,
n—o0o n n—o0o 1

respectively. .
In order to get nondegenerate limits, suppose A; € [0, 1) and A; € (0,1) for 1 <
i < m and the last included observation is a central progressively Type-II censored

order statistic leading to the assumption A,, > 0. Then, Ao + Y /- (A; + A;) = 1.
Further, let

m i m
S,‘ZZ(F]‘—‘;-RJ'), F.i:ZFj, Si:Z(Ij—f-Aj),l.:l,...,m;
j=i j=1 Jj=i

Il

_

|
S| 2

Di yi=1,....,m; (3.19)

to=1—2Ag, t;, =1—

i=1,....m—1

§ — A

Therefore, p; € (0,1), t; € (0,1] for all i, without additional restrictions. The
proportion of remaining units still in the experiment before the i th block of failures
is represented by §;. The proportion of the ith block of failures when compared
to all remaining observations at this point is denoted by p;. Similarly, #; stands
for the proportion of remaining items being censored after the ith block. It should
be mentioned that if no progressive censoring and no reduction of the sample size
takes place, R; = A; = 0 fori = 0,...,m — 1. This corresponds to the setting
fo=-+ =ty =1.

Let Y;.,.» be the last failure time observed in the ith block, i.e., Y =
XR.:memer I = 1,...,m. Hence, the data are given by the progressive block Type-II
censored sample

ij = (Yl:m:ns L Ym:m:n) = (Xﬁ.i;m.;n.v cee Xﬁ.m;m.;n.)'

It is important for the statistical analysis that only the largest observed failure time
within each block and not all the failures in each block are available.

It is clear that the above sample is a marginal sample. Assuming that the
population cumulative distribution function F is absolutely continuous with density
function f, the density function of YZ is given by
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m
73 R, — .
Y = c[[FG) = Foim))® ' A= FO)® f(i). y1 <+ < Y
i=1
m S,'!
where F(y()) = O, c = l_[i=l m
If the population distribution is exponential, Hofmann et al. [444] showed that
the density function of the spacings Vi = Ziunemne, Vi = Zjimene — Zj—1imeine
j =2,...,m,1is given by

m

Si! R (S: —R:
fVl ----- Vm(vm) — ( — — (1 _e_Vx)Rl_le_Vx( i—Ri) ,
,-l:[l (Ri = DS — R)!
where vi,...,v, > 0. Therefore, the resulting distribution corresponds to the
joint distribution of m exponential order statistics Zg, .q,,- .., Z5, .5, from m

independglt samEIes [see (2.30)].
Since R; ~ nA; and S; ~ né;, we obtain

Ai
lim EV; = —log (1——) = —log pi,
n—00 d;
lim nVar(V;) = —— — — = v,
oo ar(V) Si—A S Vi

The asymptotic joint distribution of the appropriately normalized progressive block
Type-II censored order statistics YZ is obtained by applying the central limit
theorem and the §-method. Let ¥ = diag(vy,...,vy), I, = diag(l,...,1), and
D = (d;;);,; be alower triangular matrix such thatd;; = 1,1 <i < j < m, and
d;; = 0 otherwise.

Theorem 3.4.11. Let YZ be a progressive block Type-II censored sample drawn
from an absolutely continuous differentiable distribution function F with density
function f. Moreover, let u; = F(1 —[];_, p;) and A = diag(Ay, ..., An)
with A7 = f(u;)/ ]_[;=l pj, 1 <i <m.Suppose f(u;) #0,1<i <m, and
the following condition holds:

Ri

1 n—00 .

Then,
JI(YZ —u) -5 N0, ADZD' A),

where N, (i1, A) denotes a multivariate normal distribution with expectation u
and variance—covariance matrix A.



112 3 Further Distributional Results on Progressive Type-II Censoring

Remark 3.4.12. Hofmann et al. [444] pointed out the following properties:
(i) Condition (3.20) can be replaced by

J (log(1 = Ri/Si) —log pi) =50, 1<i <m.

Assuming that R; = |nA;|+1, Ri = |nAj]+1,1<i < m, for given values
of A; and A;, respectively, this assertion holds;

(i) If Ay =--- = A1 = 0, i.e., no progressive censoring takes place, it is easy
to show that ]_[’j=1 pj = Z?=i+lkj +An =8 =1—g;,say, 1 <i <m—1,
and 8,, = A, > 0, g = 1 — A;,. Thus, the above expressions simplify to

U = F(_(l - 1_[17]‘) =F"(¢;) and A; =
j=1
1 1

Vv = — , 1<i<m, ¢qo=0.
l—q; 1—gqi

I —g;
f(F<(g1)’

This yields the results of Mosteller [658].

3.5 Near Minimum Progressively Type-II Censored
Order Statistics

Generalizing the notion of near order statistics (see Pakes and Steutel [699] and
Pakes and Li [698], and [124], Balakrishnan and Stepanov [125] introduced the
quantity

Mm,n(w) = #{Xj:m:n | X1 < Xj:m:n < Ximn +w,2 < j <mj}

for some w > 0. It describes the number of progressively Type-II censored
order statistics which have a distance of at most w from the minimum of the
data. Balakrishnan and Stepanov [125] motivated their analysis of ,,,(w) by
interpreting it as a measure for the number of “poor-quality items”. It seems
reasonable that early failures correspond to units with poor quality. Hence, those
items which fail close to the minimum can be classified as such items, and p,, , (W)
seems to be a reasonable quality measure.

Denoting by Sk*‘f’? = Xiunn — Xiamn the (i, k)-spacing of the progressively
Type-II censored order statistics, it follows that

P(pma(x) 2 k) = P(S;f, < x). x>0

An explicit expression for this probability can be derived directly from (2.39) with
r =1ands = k + 1, i.e., from the representation
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1—F(v+w))

—=vi—l
= FO) F" (WdF(v),

Fsl:fl.l(w) =1 _/ Hk+l(
R

with Hi1(2) = (T35 79) Tl 1272 € (0.1). Henee,

k+1 k+1

P(tmn(w) < k) = (l_[y])Zal(lk)H /F% &+ wF" " 0 FG).

Balakrishnan and Stepanov [125] studied asymptotic properties of this distribution
provided that the sample size n tends to infinity. In particular, they assumed a
scheme similar to the triangle scheme of censoring plans given in (3.12), i.e.,
P, = (Rim,s. .o Roymy) and Y, = 30 (R, + 1), 1 <k <my, j €N
Assuming that the left endpoint «(F) of the baseline distribution is finite, they
proved the following result.

Theorem 3.5.1. Let w > 0 be fixed, n; = Yimj and lim; 500n; = o0,
lim; oo m; = 00. Moreover, suppose lim; maxi <k <m; Rk,mj/nj = 0. Then,
Mm;n; (W) converges to zero in probability as j — oo.

For a(F) = —oo, they showed that (L, »,; (W) 7% 0 almost surely provided
that

/ F(x+w)_F(x)dF(x)<oo.
R

F2(x)

In this area, this type of condition has first been established in Li [585] who
investigated almost sure convergence of number of records near the maxima
(convergence in probability has been established in Pakes and Steutel [699]).
Further, given the condition

F
lim & =8 (3.21)
x—>—o00 F(x 4+ w)
with § = 1, they found convergence in probability. Finally, they considered the
situation that the sequences of censoring numbers (Ry n; )x are bounded for any &,
i.e., given a sequence (By)ren of bounds, they assumed that sup; ey Rkm; < Bi <
00,k € N.

Theorem 3.5.2. Let w > 0 be fixed and lim; .o m; = 00. Suppose that a
sequence (By)ren of bounds exists such that sup ey Rikm; < Br < 00, k e N.
Moreover, assume that the limit in (3.21) exists with 8 € (0,1). Then, m; »; (W)
converges in distribution to a random variable Y as j — oo, where Y is
geometrically distributed with probability §.



Chapter 4
Progressive Type-I Censoring: Basic Properties

Progressive Type-I censoring, as introduced in Sect. 1.1.2, generalizes Type-I right
censoring by introducing additional inspection times 77 < --- < Tj_; where some
units in the life test are removed from the experiment according to a prespecified
censoring scheme A = (RO, e, R]?_l). The threshold 7} defines the termination
time of the life test so that all observed failures do not exceed 7. The generation
process is depicted in Fig. 1.6.

As mentioned above, the model reduces to Type-I right censoring for k = 1. In

this case, given n lifetimes X, ..., X, the sample size is random and defined by
the random variable M = Z?=1 1 (—00,1;1(Xi:n). Assuming that M > 1, the data
is given by the sample X;.,, ..., Xy, of order statistics with random sample size

M . This kind of data is extensively studied in survival analysis (see, e.g., Klein and
Moeschberger [536]).

The generalization to progressive Type-I censored data has been first proposed in
Cohen [267] and further discussed in a series of papers in the late 1960s and early
1970s. Most results are related to likelihood inference as detailed in Chap. 13. In the
following, we present a detailed account of the distribution theory of progressively
Type-I censored order statistics. We assume throughout that the original lifetimes
X1,...,X, are |lID random variables with cumulative distribution function F. For
some purposes, we make additional assumptions like absolute continuity on F with
density function f.

4.1 Distribution and Block Independence

As for Type-I right censoring, it may happen that all random variables are
(progressively) censored during the experiment and no failure is observed. This
happens if all items which fail until 7} are progressively censored at one of the
censoring times T7,..., Ty—; before they fail. This event occurs with a positive
probability Py. At this point, it is worth mentioning that the originally planned

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 115
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_4,
© Springer Science+Business Media New York 2014
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censoring scheme %Z° = (RY, ..., R]?_l) and the effectively applied censoring plan
X = (Ry,...,Ry) do not coincide. In particular, the dimension is different. This
is the result of the construction process since the number of surviving units at 7
is random and, thus, cannot be specified in advance. However, in a particular life

test, Ry is a random variable with (random) support {0,...,n — Rex—1}, where
Rej =>7_|Ri,j =0,....k — 1. Further, let Ry = n — Ret_1.
In order to calculate Po, suppose for the moment X o 1 +1,...,X g0 are
®j— ®j

progressively censored at time 7;, 1 < j < k. Then, the event no observation
is given by the conditions

rnin(XR(.)j_IH,...,Xjo) >T;, j=1,....k,

so that the corresponding probability is given by ]_[f=1 [1—F(T; )]R?. Notice that this
value does not depend on the indices R? Lo, R ; of the particular observed
lifetimes XR3,~71+1’ e, XR(.)/_. Now, a random permutation 7 of {1,...,n} yields
the respective result in general so that

k koo
Po = P(no observation) = % Z l_[[l — F(TH® = l—[fRi (T)). (&1

P reGy i=1 i=1

Denoting by Dj,..., Dy the (random) number of observations in the intervals
(=00, T), [T1,T2), ..., [Tr—1, T] (see Sect.1.1.2), Pp can be written as Py =
P(D; =0,1 < j < k). Now, we study the joint distribution of the progressively
Type-I censored order statistics X ‘1% MTn . ¢ 51{4” and Dy, ..., Dy provided that
dee > 1(x; €R,i =1,...,de)

PXZAT <xi,1<i<de,D;j=d;,1=<j=<k).

i:dej:n
Notice that with D; = d;, j = 1,...,k, the sample is given by X,%.Tk:n,
1 <i < de and M = D,y. Thus, specifying the outcomes of D, ..., Dy, the
random variable M is fixed. Denoting by U]‘%(j"(p the corresponding progressively
Type-I censored order statistic from a uniform distribution with censoring times

F(Ty),..., F(Ty), we arrive at

rxz! <xi,1<i=<de.Dj=d;,1 <) =<k)

i:de:n
=PWUSD < F(x),1<i <dw.D; =d;.1<j<k)

i:de):n

provided that d; € © with dey > 1 where

D={a, eNf:0<aq, <[n—ae_1—RY_|J4.i =1,....k}. (4.2)
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[ withdrawn ] [ withdrawn ] [ withdrawn ]
k *—1 dk *

Fig. 4.1 Generation process of progressively Type-I censored order statistics with numbers of
observed failures

A formal proof of this identity can be carried out along the lines of the corresponding
result for progressive Type-II censoring established in Balakrishnan and Dembiriska
[96, 97] (see also the proof of Theorem 2.1.1). This tells us that it is sufficient
to study uniform distribution. We get the following result which is similar to
Theorem 2.1.1 for the Type-II censoring setup.

Theorem 4.1.1. Denote by F < the quantile function of the baseline cumulative
distribution function F. Then,

2, %, d R.F(T B, F(T
(Xl MTn""’XM:}]l:I. ) = (F(_(UIM:r(z ))""’F(_(UMMn)))'

The subsequent discussion makes use of the ideas of Iliopoulos and Balakrishnan
[469] who established conditional independence of the blocks of random variables,
given (Dy,...,Dy) = dy € ®, where ®© is defined in (4.2). We adapt their
arguments to establish the joint distribution of progressively Type-I censored order
statistics.

For d; € ®, denote by Tj+ the censoring time point specified by the index

k* = k*(dy) = max{l < € < k|n — deg—1 — RY,_, > 0}.

By definition it follows that either Tj~+ is the final censoring time or the last failure
time has been observed in (Tj+_1, Ty+]. Notice that this time is fixed given d; and
that the definition of k* implies d; = 0 for k* < j < k and d;y € ©. Based on
Figs. 1.6 and 1.8, the situation is depicted in Fig. 4.1.

Before presenting a representation for the preceding probability, we establish the
following theorem.

Theorem 4.1.2. Let dy € © with dey > 1, and Uy,..., U, be IID U(0,1)-
random variables, and 0 =Ty < Ty < --- < Ty < 1.
Given (Dy,...,Dr) = di, we have M = de and the progressively Type-

| censored order statistics Ui?MTm,...,UA‘?;Lm to be block independent, i.e.,
Ufjfiﬁl:d.k:n, .. Ud./ dapin 1 < j < k*, are mutually independent with, for

di > 1,
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R.T R.T d () ()
(Ud.j_1+1:d.k:n’ e Ud.j:d.k:n) - (Ul:dj o Udj:dj)’

() ) el ; . )
w'her'e Q1:dj""’.Udj:dj are order statistics from a uniform U(T;_1,7T;)
distribution, 1 < j < k*.

Proof. For brevity, let dexy = m. In order to prove the result, we consider the
probability

q=PUL, <w.1<t<mD;=d;.1<j<k) (4.3)

forO <u; <---<u, <1, whered; € © with m = de; > 1. First, notice that we
can replace k by k* without loss of generality so thatng = n — deg—1 — R2,_, > 0,
£ =1,...,k*. From the definition of D, ..., D=, it follows that

(1) exactly d; ordered observations are located in the interval [T}, 7;),1 < j <
k*;

(2) R; objects are progressively censoredattime 7,1 < j < k™, where R i = R(},
1< ] <k*—1and R+ = n — dei* _ng*—l‘

First, we assign a particular outcome of the progressively Type-I censored
experiment to the progressively Type-I censored order statistics. Suppose, for 1 <
j S k*7
(1) Ugyj_y+1 <+ < Uy,; are observed in [T;—1, T;) and
(2) Un+Rej—1+1>--- > Un+r,; are progressively censored at 7.

This corresponds to the events

(D) Tj-1 =Ugg; 41 <+ = U4, <Tjand
(2) min{Um+R.‘/.71+1,...,Um+R.j} > Tj, 1 f] < k*.

Additionally, we have to take into account the events {U; < u;}, 1 < £ < m.
Using the independence of Uy, ..., U,, the corresponding probability is given by

pia =PWUe<ug, 1 <l <mTj—y <Usp;_41 <+ < Uy, <Tj,

min{Up+Re; 1415+ Untre; ) = Ty 1 < j < k%)
k*
=[[PWesuw. 1<t <m Tjmy <Us; 1 <+ < Ua, <T))
j=1
k*
x ]‘[(1 —THk.
j=1

Assuming a particular outcome represented by a permutation m of the indices
{l,...,n}, we have p, = piq for any 7 € &,. Denoting by the event A, the
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assignment of the permutation  to the unit indices, the probability in (4.3) can be
written as

q = Z P(U{’fnz <u,1 fﬁfm,Dj :dj,l <j Ek*|An)P(An)

T€EG,
k*
= > []_[ P(Uny S 1 <L <m,
1€G,  j=I
k*
Ti—1 S Unde;1+1) <" < Un(de;) < Tj)]( l_[(l - Tj)Rj)P(An)
j=1
k*
= > [1‘[ P(Tj-1 = Urg, < minug,,_,+¢. 7). 1 < € < d;)(1 — T,»>Rf]
€&, j=I

X P(Ay).

The probability to choose a specific permutation 7 leading to the previous outcome
is then given by

k*

_ 1 n—d.j_l—R.j_l
P(An)—ml"[( 4 ) 7 € 6y,

j=1

which is also independent of 7. Therefore,

k*
q= l—[ [(” - d-j—a;j— R-j—l)(l —T)%

=1

X P(Tj—1 < Upq; < min(ug,;_,+¢,7T;), 1 <€ < dj)i|» (4.4)

where Up.q;, 1 < £ < d;, are uniform order statistics.

The probability P(T;—1 < Upg; < min(ug,; ,+¢, 7;),1 < € < d;) depends
only on ug,; ¢ iff Tj—1 < ugy; +¢ < Tj for1 < € < d;,1 < j < k™.
Differentiating (4.4) w.r.t. uy, ..., u, yields the density function

k*
faa) =T] (” - d";l"— R"“)(l ~THRd;), w, €%,
J

Jj=1

where T = {w,|Tj—1 < ugy; 41 < -+» <ug,; <Tj,1 < j =< k*}. Therefore,
we get
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k*
n—dej—1— Rej—i R

Jj=1

In order to establish the conditional distribution P Vemin-1St=ml(D1..D)=d e need

the joint probability mass function of Dy, ..., Di. Choosing u; = - = u,, = 1
in (4.4), we have to calculate the probability P(7T; -1 < Ug;dj <T;,1<{<d)
which can be rewritten as

P(Tioi <U <T;,1<0<d;)=(T; —Tj_1)".
Therefore, the probability mass function is given by
P(D,=d,,...,Dr =dy)
- o Ro'— . .
= ]_[ ( JmLT e 1)(T,» —T_)% (1 =T)% dp €D, (45)
j=1 dj
From (4.3)—(4.5), we obtain for (dy,...,dy) € ® with dey > 1

PWL! <u1<t<mD;j=d; 1<) <k)

Lm:n

P(Tj—1 < Upa; <min(ug,;_+¢,T;),1 <€ <dj)

- l_[ (Tj — Tj—1)%

= l_[ P(Tj_; < U(’) < min(uq,; +¢,T;), 1 <€ < dj),

where Ul(.{,),,...,U y .)d, are order statistics from a U(7;_, T;)-distribution, 1 <
“J J %
Jj < k*. This proves the theorem. O

Combining the preceding result with Theorem 4.1.1, we get directly the follow-
ing theorem due to Iliopoulos and Balakrishnan [469].

Theorem 4.1.3. Let d; € © with dex > 1 and let Xy,..., X, be lID random
variables with cumulative distribution function F. Let —co =Ty < T} < -+ <
T < oo. Given (Dy,...,Dy) = di, we have M = d.; and the progressively
Type | censored order statistics Xan,...,X‘%:’]{,[n to be block independent,

Xf,T1+ld.kn' .. Xd‘/f]Td n? 1 < j < k*, are mutually independent with,
for di > 1,

g () ()
(X7 d., R Xd., d.kn) Xy, X))
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where Xl(:jd)/_, e Xc(lj)d are order statistics from the doubly truncated cumulative

J
distribution function F with left and right truncation point 7;_; and Tj,
respectively, 1 < j < k*.

Remark 4.1.4. Without loss of generality, we can assume that 0 < F(T}) <

- < F(Ty) < 1. If this assumption is violated, we can reduce the number
of censoring times by combining those 7; with equal value F(7;). From a
probabilistic point of view, failures in the interval [T;—1, T¢] with F(Ty—;) = F(T})
occur only with zero probability.

From (4.4), we obtain the following representation for the joint density function
provided that F has a density function f.

Theorem 4.1.5. Let the effectively applied censoring numbers be defined by
R; =min(R},[n —dej — Rej—1]4), 1<) <k (4.6)

Then, the joint density function of X1 M S Xﬂ‘f;, 2 D1y ..., D is given by

k
fraGomde) =] ([" - d”‘ld,_ R”‘”*)d,»!u — F(T))*
i=1 !

d;
X { l_[ f(xd.i—l+j)]1(Ti—1,Ti](xdoi—1+j)}s 4.7

j=1
fordy € ® with m = de > 1 and x; < -+ < xp,.

Remark 4.1.6. The case of common Type-| censoring is included in the above
setting by choosing the censoring plan %Z° = (0*~1). Then, (4.7) simplifies to

' m
JiGon. €)= Sl = FAP ™ [T/ G coo (x0)
i=1

(see, e.g., Wang and He [887]).

Suppressing the dependence on d;, = (dy, .. ., di), the density function given in
(4.7) can be written as

fratsn) = [ [T ][ o - F® . (4:8)

i=1 j=l1
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where Ry, ..., Ry denote the effectively applied censoring numbers. This formula
is usually used in the literature and can be found, e.g., in Cohen [267]. Since the
censoring times 77, .. ., Tk are fixed times, the progressively Type-I censored order
statistics X7, MTn, . §12 L ., determine the random variables Dl, ..., Dy uniquely.
This justifies (4.8) although it is not the density function of X7 1 M n e XZ)L .
from a formal point of view. In particular, (4.8) is used to define the hkehhood

function in statistical inference based on a progressively Type-I censored sample.

Remark 4.1.7. It is interesting that expression (4.8) is quite similar to the den-
sity function of progressively Type-1l censored order statistics Xl T+ LXZ
given in (2.4), where k has to be replaced by m and Ty by x¢, 1 < Z < m,
respectively. Moreover, the normalizing constant has to be chosen suitably.

Subsequently, we denote by R; the effectively applied censoring numbers.

4.2 Number of Observations

The random variables Dy, ..., Dy play a crucial role in the derivation of the dis-
tribution of a progressively Type-I censored sample. Moreover, in many inferential
issues, it is important to have at least one observation. In this section, we investigate

distributional properties of Dy, ..., D;. We get the following result which provides
the joint distribution of (Dl, ..., Dp).

Corollary 4.2.1. Let Xl Y Xﬁ;;m be progressively Type-I censored order
statistics based on F and censoring scheme Z%. Then, (Dy,..., Dy) has the joint

probability mass function
P(Dy=d,,..., Dy =dy)
- oz 1 — Rei-1 d; R:
= ﬂ [F(T;) — F(Ti-)“[1 — F(T))™,
i=1

where R; = R’(-), 1<i<k*—1,and Ri*x =n — der* — Rej*_1.

Using the effectively applied censoring numbers as defined in (4.6), we get
the following alternative representation which can be found in Iliopoulos and
Balakrishnan [469]:

P(Dy =di,..., Dy = di)

k
1 ([n - d.i_ld - R-f—1]+) [F(T}) — F(T))“[1 — F(T]%.
i=1 !
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Here, we use the convention (?) = 1 when j = 0, and 0 otherwise. Notice that
® given in (4.2) is the support of (D, ..., Dy). In particular, we have P(D; =
dy,....Dr =di) =0whend; > 0forsome k* < j < k.Let j <k*. Then, the
marginal distribution of (D, ..., D;) is given by

P(D1 =d1,...,Dj Zdj)

j

n—dei—1 — Rei—1 . *
=] ( - ’ )[F(T» — F(Ti-))“[1 = F(T)]",
i=1
where R*j = RO 1 <i<j—1and R*] =n—de — jo_l. Therefore, the
conditional dlstrlbutlon of D;, given (Dy,...,D;_ 1) =d;_,1 < j < k*is
given by

P(D;=d|Dy=d,.....D;_ =d;_)

_n; F(Tj)—F(Tj_l) d 1_F(Tj) nj—d |
_<d)[ 1= F(Tj-1) ][1_F(Tj—1)] . def0,....n;}, (49

where n; = n — dej—1 — jo_l. The expression in (4.9) is readily seen to

be the probability mass function of a binomial distribution with probability of
F(Tj)—F(T;—1)
1=F(Tj—1)
de ;1. This motivates the following theorem which follows directly from (4.9). The
particular case of an exponential distribution is studied in Balakrishnan et al. [150].

success . Obviously this conditional probability depends only on d and

Theorem 4.2.2. Let Dy = 0 and p; = % 1 < j < k. Then,
ym

(Dej)o<j<k forms a Markov chain with transition probabilities

n—t—Reji— — N—s—Re:
P(D-j :SIDoj—l :t) = ( P J )p] t(l—p]) s=Rej—1

with s :l,...,l’l—R.j_l ifﬂ—l—R.j_l > (), and
P(D.jzllD.j_lzl):l ifl’l—l—R.j_1<0.

For inferential issues, it is important to have information about the total number
of observations. From (4.1), we know that, for given 2#° and censoring times 77 <
-+ < Ty, the probability Py of no observation is given by

k—1
Po = P(Du = 0) = [l = F(T))" = Tl = F(T)1¥
i=l1
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(see also Corollary 4.2.1). Hence, we get for a fixed censoring plan and increasing
sample size

lim P(Dex =0) =0o0r lim P(Dex > 1) = lim (1 — P(Dex =0)) =1
n—>00 n—>o00 n—>00

provided that F(7;) > 0. This is a natural assumption which should hold. This
shows that, in large samples, we can expect to observe failures with high probability.
But, in the small sample case, the problem of no observation is still present unless
the test duration is chosen extremely large:

lim P(De; = 1) = lim (1—P(Do =0) = 1.
% —>00

Ty —>o0

Normally, this is definitely not desirable from a practical viewpoint, and conse-
quently inference has to be developed conditionally on the event D¢y > 1 or,
equivalently, on (Dy, ..., Di) # (0*F).



Chapter 5
Progressive Hybrid Censoring: Distributions
and Properties

The models of progressive hybrid censoring have been introduced in Sect. 1.1.3. In
the following, we will present some details on the distributions as well as related
properties. A short review on this topic has been provided recently by Balakrishnan
and Kundu [108, Sect. 7].

5.1 Type-I Progressive Hybrid Censoring

In Type-I progressive hybrid censoring, the lifetime experiment is stopped when
either m complete failures have been observed or when the threshold time T
has been reached. Let D = Z;":l 100, 71(Xi:m:n) denote the total number of
observed failures. As in Cramer and Balakrishnan [292], we perceive the data with
possibly less than m observed failure times as a sample of size m by adding the
censoring time in the required number. For a progressively Type-II censored sample
Ximns - - - » Xmwmen With censoring scheme %, Type-I progressively hybrid censored

order statistics Xl(l), e, X,g) are defined via

XY = min(X 7). 1<) <m. (5.1)

From this construction, it is evident that the sample may include both observed
failure times and censoring times. Conditionally on D = d, d € {0,...,m}, we
have

XO L xOD =d) L X+ Xaomen, T

For d = 0, the experiment has been terminated before observing the first failure,
and the sample is given by 7*".

The probability mass function of D is important in the following analysis. It
has been presented in Lemma 2.5.4. Cramer and Balakrishnan [292] calculated the

probabilities P(XV < ;.1 < j <m.D = d). First,

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 125
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_5,
© Springer Science+Business Media New York 2014
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PxV <t;1<j<m D=0)=(1~F(T) e (t),
PXV <tj1<j<mD=m)=Fi_mmnltui.tw AT).

Ford € {1,...,m — 1}, they found

PxV <t;1<j<mD=d

. Z
= ]l[T’w)(d+11n§1?5m 1))Ca(1 = F(T)“* F 7 ey, (Gamtita AT,
where Z4 = (Ry, ..., Ry) is aright truncated censoring scheme and Cj is given

after (5.2). Introducing the notation Fj__¢.0.0 = 1, this expression is valid ford = 0
and for d = m with y,+; = 0 and min,, y1<j<m t; = 00 as well. This yields the
result

m
PXxV<t1<j<m=>PxV <t 1<j<mD=d)
d=0

m
=2 oo, min_ 1)Ca(l = FT)* 5y, (G ta AT), (52)
d=0 -

where Cq =192, 7;/(vj —vas1). 1 =d <m,Co = 1.

This joint cumulative distribution function is not absolutely continuous w.r.t. the
Lebesgue measure. As for progressively Type-I/II censored order statistics, Cramer
and Balakrishnan [292] established a quantile representation similar to those in
Theorems 4.1.1 and 2.1.1.

Theorem 5.1.1. Let Xj(l), 1 < j < m, be Type-l progressively hybrid censored
order statistics from a continuous cumulative distribution function F with time
threshold 7. Then,

X 1<j=m L Fo@"), 1sj=m,

where U}I), 1 < j < m, are Type-l progressively hybrid censored order statistics
from a uniform distribution with time threshold F(T).

Given an absolutely continuous cumulative distribution function F, the condi-

tional cumulative distribution function £/ 1</ <mP=d ha¢ o density function w.r.t.
the product measure 1¢ ® ®;’:‘fl e, where A4 denotes the d-dimensional Lebesgue
measure and g7 is a one-point distribution in 7. The corresponding conditional
density function is given by

) .
fo A<j Sm‘D=d(td, T*(m—d)

Cy

= Sy (= POV [y @), h= ST
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(see Childs et al. [260]). From (2.41), Cramer and Balakrishnan [292] derived for
t) <---<ty <Tandl <d <m— 1, the identity

Mi<; =
FY=I=mb=d gy 70ty = B G X = T),

1,....d:m:n

<<ty =T

Interpreting F lﬂ e (‘| Xm+1:mm = T) as the truncated cumulative distribution

function F1,...,m:m:n/Fm:m:n(T)’ this relation is also true for D = m. Hence, (5.2)
reads alternatively as

PxV <t 1</ <m)
m
= ,12—(:) P(D = d)ll[T’oo)(d+r1n§1?5m ). gomntal Xavrmn = T).

Conditional on D = d, this yields the density functions

(0] . _ 7
frosisdb=d _ g o Xaima =T), 1<d<m—1, (53)
Rz
ij(l),lgjgm\D=m — fl,...,d:m:n
Fman(T)

Therefore, the conditional density function of Type-I progressively hybrid censored
order statistics, given D = d, can be interpreted as the conditional density function
of the first d progressively Type-II censored order statistics, given X1 = T .
These expressions will be used to derive the conditional density function of spacings
for an exponential distribution.

The one-dimensional marginal cumulative distribution functions can be obtained

directly from (5.1), i.e., from the relation X](.l) =Ximn AT

X(I) Xiom: X .
FYI' (1) = L) (0)(1 — FXimn(T)) + FXin (e AT), ¢ €R.

Obviously, the cumulative distribution function has a jump of height 1 — F Xj:mn (T)
att =T.

5.1.1 Spacings for Exponential Distribution

Spacings play an important role in the analysis of exponential progressively Type-
IT censored order statistics. Surprisingly, they have not been studied for Type-I
progressively hybrid censored exponential data until Cramer and Balakrishnan [292]
came up with the following results based on (5.3). Let Zfl), cees Z,g) be a Type-I
progressively hybrid censored sample from an Exp(u, ¢) distribution, and suppose
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0z

0 < d < m. The normalized spacings of the first d random variables Z,”, ...

are defined as
I 1) 1) .
W,»()=VJ(Z( Z( ), 1=j=d,

where Z(()l) = u. Obviously, conditional on D = d, Z;I) = Zj.yuy and Wj(l),
1 < j < d, denote the normalized spacings of exponential progressively Type-II
censored order statistics. Then, using the identity

d d

Z(Rj + Dz — ) +ya1 (T —p) = ZV}' (zj —zj—1) +va+1(T —zq) (5.4)
=1 ji=1

and the representation of the conditional density function
70 1<j<d|D=d
VAR (z4)

Z&GXP{ [Z)’ (zj —zj l)+Vd+l(T_Zd)]}
ﬂd+1fd+l:m:n(T) i=1 I =

=<z <<z =T,
the density transformation formula, and the identity Z((jl) =u+ Z(j'=l Wj(l) [V

Cramer and Balakrishnan [292] established the (conditional) joint density function
of the spacings as

U] ; -
ij A<j deD—d(wd)

_ Yapie e T/ [ ﬁ lexp{— (1= 2] waewa@). 65

O fa+12men (T) j=1 U Vi

with support

d

WalT) = {walw; 0.1 j =d. Y 2L <7 - pf.
£y,
j=1

Although the density function in (5.5) has a product form similar to that in case of
the progressive Type-II censoring in Theorem 2.3.2, the spacings Wl(l), cees Wj(l) are
not (conditionally) independent. This is due to the fact that, for a finite T, the support
of the density function is restricted to a simplex by the condition Z?:l % <T—pu.

In particular, this result yields the identity

Vd+1 B )
/Wd(T) l_[ _eXp{ ( _) 9 }dwd = Efd+l:m:n(T)eyd+l(T W/

Vi
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For D = m, analogous results hold. From the joint density function of
Zfl), R Z,(nl), given D = m,

29 1<j<mip=m, _ 1Lj=17 IR RS
7 ) = e P 3 276 -0}
i=

MW=<z1 <<z, =T,

we get, as before, by the density transformation formula, the conditional density
function as

ij('),lsjsmID=m(wm) — m[ﬂ %exp { - %}], Wi € Win(T).

Finally, these results can be used to establish representations for the marginal density

M p=
function f WimIP=d and the corresponding cumulative distribution function of the
spacings. A proof is given in Cramer and Balakrishnan [292].

Theorem 5.1.2. For1 <k <d < m, let f(k) denote the marginal density

d:m:n
function and F;];Lm denote the marginal cumulative distribution function of the
dth exponential progressively Type-1l censored order statistic with censoring
scheme (Ry,...,Rk—2, Rk—1 + Ri + 1, Rgy1,..., Ry) (or, equivalently, with
parameters Vi,..., Yk—1, Vk+1s---,¥Ym)- Then, for 1 < d <k < m, the spacing
Wk(l) has a conditional density function given by

*) —
fWk(I)\D=d(W) — d:m:n(T — W/)/k)e /

ﬁfd-l—l:m:n(T) ’

The corresponding cumulative distribution function is given by

_ Jartman (T — t/yk)e—t/ﬁ
Sas+tmn(T) ’

has a conditional density function

0=<w=y(T — ).

FWk(I)ID:d(t) _

0<t =T —p).

For D = m, the spacing Wk(l)

(k) —w
mOID=m ) = Fpl it (T = w/yi)e ™’

O Fnen(T)

s 0=w=n(T—-w, (5.6

and the corresponding distribution function is

Fm:m:n (T - l‘/)/k)e_t/z9
Fm:m:n(T) ’

My_
FYeIP=m@y =1 — 0=t =<w(T-p.

Remark 5.1.3. As pointed out by Cramer and Balakrishnan [292], the structure
does not simplify for usual order statistics. However, the density functions given
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in Theorem 5.1.2 can be interpreted as density functions of progressively Type-II
censored order statistics with a one-step censoring scheme with the progressive
censoring taking place at the (k—1)th censoring step. For cumulative distribution
functions, they obtained, for 1 <d <n —1,

 Jawin(T —t/(n =k + 1))e”/?
Ja+1:a(T) ’
O<t<m—k+1)T—-p),1<k<d-1,

FWk(I)ID=d(1‘) =1

and, for d =n,

Fun(T —t/(n —k + 1))e™/?
Fyen(T)

1 — e~ (T—p—t/(n=k+1)/9

=1- ( — e T-w/P

W p=
FYlb=n@y =1 -

n
) et/

O0<t<m—k+1)(T-p).

5.1.2 Distributions of Total Time on Test and Related Statistics

The distribution of the spacings can be used to determine the distributions of the
total time on test statistic and a modified total time on test statistic. First, consider
an Exp(¢})-distribution and define Z(()I) = 0. Given D = d, the total time on test

statistic is

d d
Si=Y R +DZV 4y =3 (1 - %)W}') FyauT. 1<d<m,
j=1 j=1 !
5.7)
with support [yy+1T,nT]. As before, the cases 1 <d <m — 1 and d = m have to

be handled separately. Cramer and Balakrishnan [292] found for 1 <d <m — 1

w1<j<d—1.5,\D=d Yd+1Vd s
= Wa1.5) = expl — =1,
/ (¥a-1,5) (Ya — Ya+ )27 fasioman (T) p{ 19}
(5.8)
and ford = m,
w® 1<j<m—1.8,|D=m 1 s
ST S ) =——exp{ -2l (59
7 ¥t 5) = e (T) op|-3) 69

Letd € {2,...,m}. The support ij)_ , of the density functions in (5.8) and (5.9)
can be written as

MY = Sasi(an /st aam /5T N HY
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with the simplex Sy—; (a1 /5™, ..., a4—1/s*) and the half-space
d—1
’H;S)_I = {Wd—l|s —yaT < Z,ijj}-
j=l

Using results of Gerber [395] and Cho and Cho [263], an explicit formula for
the volume can be established. As shown by Cramer and Balakrishnan [292], the
volume of Mf;)_ | can be written as the univariate B-spline By of degree d — 1

with knots Yy 41T < --- < y;T defined as

d+1
d-Y aranlyT —s1{",

i=1

(=1)?
T4

Bi-1(slya+1T,....nT) =

s € [yar1T, 1 T]. (5.10)

Further details on B-splines can be found in, e.g., de Boor [330]. Their connection
to statistics and order statistics is extensively discussed in Dahmen and Micchelli
[319]. Now, the preceding relations yield the identity

T (ya = ya+1) T
TR l—[ Vj)Bd—l(S|Vd+1T,---,VlT),

J=1

Volurne(./\/ly)_ D= (

s € [Yatr1T. i T].

Notice that the support of the B-spline is given by [ys4+17,y1T] because
Bi—1(s|Ya+1T,....,nT) = 0 for s & [ys+1T,y1T]. Finally, this yields the
following representations of the density functions.

Theorem 5.1.4. Let 1 <d < m — 1. The density function f5/I°=4 is given by

d+1
T4 l_[j:l Vi
d!ﬂd—’—lfd-‘rl:m:n (T)

RESOE By (syariT,....yT)e™?,

0<s<nT. (5.11)
For d = m, the density function fS71°=" is given by

r 1_[’;'1=1 Vi

— =" B, T.....pT)e*? 0<s<nT
10 Fypran(T) 7 1(81Ym+1 viT)e =s=n

fomP=(s) =

Similarly, Cramer and Balakrishnan [292] derived the density function of a
modified total time on test statistic defined by
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f( SR+ yd+1(r—u—WTlm), (5.12)

where d € {1,...,m}.For 1 < d < m, the joint density function of Wl(l) and V,,
conditionally on D = d, is given by

U] cg -
ij A<j<d—1,V4|D d(wd—lav)

w4+ v

YatiYa exp{-— . }. (5.13)

" d = a1 0 L imm (1)

Integrating out the variables wy,...,wgy—; in (5.13) results in the conditional
.. . () _
bivariate density f"1 ValP=d a5
d—1T17d+1
(T—p=3)""Tl55,

(1) _
le ’leD_d(W, V) —

(5.14)

(d - )!ﬁd+1fd+l:m:n(T)
w + V}

X Bd—z(V|Vd+1<T e %)»---73/2(7" o %)) exp{— 5

0<w=n(T—-p),0=v=y(T—p).

The marginal density function f wp=d is given in (5.6). The density function

fYalP=d results by integrating out w. This integration can be carried out explicitly.
It reduces to the calculation of the integrals

A e B R B T R
0

Notice that (5.14) has the same structure as the expression (5.11) obtained in the
scale setting.

5.1.3 Moment Generating Function

The conditional moment generating function has been utilized in the derivation of
the distribution of estimators such as the maximum likelihood estimators by various
authors. In particular, it leads directly to expressions for moments of the estimators.
For these purposes, we establish an expression for the moment generating function
of Sy given in (5.7). First, consider the case when 1 < d < m — 1. Then, for
appropriately chosen w € R such that the expectation exists,
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( ]‘[?=1 Vi )f(T)VHl
P(D =d)

T Xd—1 X2 d d R
x/ / / exp{wZ(Rj + 1)x; +wyd+1T} [T /)T e dsa.
o Jo 0 = izl

E@S|D =d) =

Introducing the notation 1/9* = 1/9 — w and denoting by F, the cumulative
distribution function of an Exp(&*)-distribution, we can rewrite this expression as

_1 v F(D)viviemvanT/y 19*
1_[] IVJP(D) d: / / / l—[f*(xj)F (xj)dxy.

By Lemma 2.4.8, this yields

]‘[?Zl y; F(T)at+iewratiT/? d+1 ©
Yj—VYd+
P(D =d)(1—wd)! 2 @i P70

j=l1
d d+1

_ [Tj=17i a® T (T

T P(D=d)(1-wi) & : @+

E@"|D =d) =

_ den((l_Wﬁ)T) Fd+lmn((1_Wﬁ)T)
- P(D = d)(1—wd)d

An analogous result shows that

Fm:m:n((l - Wﬂ)T)
P(D =m)(1 —wd)m’

E@5"|D =m) =

Remark 5.1.5. Introducing a random variable D,, defined as

1

m
D, = Zﬂ(—oo,(l—wﬁ)T](Xi:m:n)a w < 5’
i=1

the conditional moment generating function can be written as

P(D,, =d) 1

wSy _ _ .
EE@ID=d) = 50 —a) T —woyd’

d=1,...,m.

Moreover, this expression shows that w < % must hold in order to ensure
existence of the moment generating function. In particular, for any ¢ > 0, the
moment generating function is defined on an interval (—oo, &) with ¢ > 0.
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Differentiating the conditional moment generating function w.r.t. w yields, for
1 <d <m—1, the terms

iE(ewsdw =d)

ow

Fa’:m:n((1 - Wﬁ)T) - }'ﬁd+l:m:n((1 - Wﬁ)T)
P(D = d)(1 —wo)d+1

ST Jamn (1 =wN)T) — fatrma((1 —wd)T)
P(D = d)(1—wd)d

_dOEESD =d) o famn (A= w)T) = fagrma((1—wHT)

=dv

vT

(1—wd) P(D = d)(1—wd)d
and
D sy L MOE@SH D =m)  fea (L= w)T)
gl EID=m) = —— 5 TBD = —wiyn
Similarly,
.
WE(e S|p =d)
_d(d + )9E(e"S|D = d)
- (1—wo)?
_ 2 Jaumn (L =w)T) — fatimn (1 —wd)T)
249°T P(D = d)(1 —wd)d+1
2 2fa¢:m:n((1 - Wﬂ)T) - ft/i/-l—l:m:n((1 - Wﬂ)T)
T P(D = d)(1 — wo)?
and
0? v m(m 4+ DOZE@E""|D = m)
gz LED =m) = (1—wo)?
2 Jmmn (L —=w)T) 22 fn/1:m:n((1 —wiH)T)
2T 5D =ma—woyr TV T (D = myd —woyn

Evaluating these expressions at w = 0 and using the fact that E(So|D = 0) = nT,
we get the mean total time on test as
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m
ESp =Y E(S4|D =d)P(D =d)=0ED.
d=0
Hence, we have proven a Wald-type equation for Sp.

Remark 5.1.6. Notice that

ED = Zm: Fd:m:n(T)-

d=1

2
Moreover, for S;,, we get

ES) =0?E(DD + 1) = 20°T Y fuumn(T).
d=1

Notice that for Type-I hybrid censoring, D ~ bin(n, F(T)). Hence, in this case, we
arrive at

ESp =9n(1—e /%)

showing that nlS p is an unbiased estimator of (1 — e~7/?).

Similarly, we can obtain an expression for the expectation of %S p, conditional
on D > 1. In this case, the result is

1 1 |
E,;(BSD‘D > 1) - mdzl ZEy(S4|D = d)P(D = d)

m—1
_ 19 oT (Z fd:m:n(T) - fd+l:m:n(T) + fm:m:n(T))

T P(D=>1) d p”
0T
=9 — —P(D>1)(flmn(T)+Z[———]fdmn(T))
nTe —nT/Y ST 1
=0 (1— e—T/l‘/‘)n (I—e T/ 4 Z d(d - )fd:m:n(T)- (5.15)

The mean squared error of %S p, conditional on D > 1, is given by

MSE; (%SD‘D > 1) - 192E,9<i‘D > 1)

nTze—nT/z? 192T2 m
+ (1 —e—T/'?)n - —T/r?)n Z dz(d 1)2 fdmn (T). (5.16)
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5.2 Type-II Progressive Hybrid Censoring

Childs et al. [260] (see also Kundu and Joarder [561]) proposed an alternative
hybrid censoring procedure called Type-II progressive hybrid censoring. Given a
(fixed) threshold time T, the life test terminates at 7, = max{X,..m:,, T'}. This
approach guarantees that the life test yields at least the observation of m failure
times. Given the progressively Type-II censored sample X .y, - - -, Xppum:n With an
initially planned censoring scheme % = (Ry, ..., R,;), the right censoring at time
Xm:m:n 18 not carried out. We just continue to observe the failure times after X,,,.,,:,
until we either arrive at 7 or the maximum in the progressively Type-II censored
sample

Xl:m-l—Rm:m B Xm:m+Rm:ns Xm+l:m+Rm:ns ey Xm+Rm:m+Rm:n (517)

is observed. Notice that this sample can be viewed as progressively Type-II censored

order statistics with censoring scheme Z* = (Ry,..., Ry—1, OR"’H). In this sense,
we define y; = YL (R + 1), j = 1,....om—1,y; =m+ Ry —j+1,
j =m,....,m+ Ry,. As in the case of Type-I progressive hybrid censoring, we

introduce the random counter D as

m+Ry,
D= 3" L oor)(Ximryn)- (5.18)
i=1
having support {0, ..., m + R,,}. In particular, the distribution of D is given by

P(D <m) = P(Xmm+ryn > T) = Frumtryn(T) = Finmen(T),
1— F(T)
Ya+1.f(T)
P(D =m+ Ry) = P(Xntrpym+Ryn =T) = Fpipym+ryn(T).

P(D=d)= Jattmir,n(T), m=<d<m+ R, —1,
This yields the Type-II progressively hybrid censored sample
XY = Xonsrym. 1<j <D*

with random sample size D* = max{m, D}. Conditional on D* = d with d €
{m,...,m+ R,,}, we have

d
Xl(”), e X,()”)I(D* =d) = XtmtRuns s Xdim+ Ry

Then, as pointed out in Cramer et al. [315], we get for t,, € R”™ and d €
{m,....m+ Ry}
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Px" <1 1<j<d.D=d)
=Fi amnCa—1,ta AT) = Fi__a+1mn(ta—1,ta NT,T)

and

Px" <t 1<j<m.D<m)
= Fl,...,m:m:n(tm) - Fl,...,m:m:n(tm—la Im N\ T)-
This yields the conditional density functions

*

(I : _ *
X/ 1<j<d|D=d R R
S j=d| (ts) = fl ..... d:m+Rm:n(td|Xd+l:m+Rm:n =T),
d=m,...m+ R, —1,
. _
X Asismt Rl D=mt R ey
*

flﬂ m~+ Ry im+ Ry :n (tm+Rm)11(—OO.,T] (tm+R,,,)

Fot Ryt Ron (T

For D < m, the density function

fXj(II),ISjSM|D<m(t ) — fi:?~,m3m:"(tm)]]'[T'oo)(tm)
1- Fm:m:n(T)

results, which belongs to a left truncated distribution.

5.2.1 Exponential Distributions

As in the case of Type-I progressive hybrid censoring, Cramer et al. [315] estab-
lished the distributions of the spacings for a Type-II progressively hybrid censored

sample Zf“), e ZSI) from an Exp(u, ¢)-distribution withm < d <m + R,,. Let
I I I .
W =yz" -z, 1=j=4
be the normalized spacings of the first d random variables Z f“), el Z((ju), where
I
z§" =
Then, proceeding as in Cramer and Balakrishnan [292], Cramer et al. [315] got

form <d <m+ R, —1and y+r,+1 = 0 the (conditional) joint density function
of the spacings as
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O _
ij A<j fd‘D—d (Wd)

d

[Tgeot-0-2%2) wemicn

Jj=1

)/d+1e_)/d+l(T_/L)/l9 I:
N ﬁfd+1:m:n (T)

with support

d
Wf(T)={Wd|wj =0,1=< fd,zw—ffT—u}-

j=17i
For D = m + R,,, they found
ij‘”),lsjsm+Rm\D=m+Rm(w i)
m—+R
1 |: m 1 WJ -
- 5 €Xp { - —}], WintR, € Wy g (T).
Font Rypim+Ryyin (T) iz B » +Rn

For D < m, the representation

Wi € W (T),

holds, where

m
W,Z(T)z{wmle >0,1< 5m,ZW—{>T—M}.
j=1"

From these expressions, the marginal cumulative distribution functions of the
spacings result readily. They are given in the following theorem due to Cramer et al.
[315].

Theorem 5.2.1. Fort >0,

(1 - Fm:m:n (T — l‘/)/k))e_l‘/l9
1— Fm:m:n(T) ’

FWk(|I)‘D<m(t)=1_ 1§k§m,
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and, for 0 <t <y (T — ),

_ Javrmer,n(T — t/ye)e/?

(I
FWliD=d 1y —
( ) fd+l:m+Rm:n(T)

1<k <d,

m<d<m+R,,

FID=mt R () — Font Ryim+-Ron (T — 1/ yi)e ™"
Fot Ryt Ryon (T)

)

1<k <m+ Ry,.

It is interesting to note that the spacings have a bounded support except for the
case D < m. In order to derive the distribution of the total time on test, given D =
d € {m,...,m + R,}, the expressions established in Cramer and Balakrishnan
[292] can be directly used (see Theorem 5.1.4). Form < d < m + R,,, the random
variable

d d
Sa=) (R + 1)25") +yanT =Y (1 e )Wj(”) +vanT

j=1 j=1 Yi
has support [yz+1T,nT]. Given D < m,
. I - I
Sw=Y (R, +1z" =>"w.
j=1 =1

Proceeding as in Cramer and Balakrishnan [292] and using the density transforma-
tion formula, Cramer et al. [315] obtained the joint density function

wW 1<j<m—1.Su|D<m _ 1 s
U 1) = Gt = ) ™1~ 5

Then, the conditional density functions of the total time on test have the following
expression.

Theorem 5.2.2. Let m < d < m + R,, — 1. The density function de\D:d is
given by

Ty
AW fusimgr,n(T)

f8iP=d () = By—1(s|ya+1Ts ... . ;nT)e™?,

0<s<nT.
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For d = m + R,,, we have

meJrRm [D=m+ R (S)

. Tt R ﬂ i=17j
(m + R R Fy g ot Ryin (T)

X B ry—1(510, Ymar, T....nT)e*?, 0 <s<nT.

Furthermore,
melD<m(s) _ sm e/
(m—1D""(1 — Founn(T))
r 1_[;”_1 Vi

0.ymT,.... 11T s>0.
T (1= Fyrn (7)) Bi—1(510, YT, ..., 1 T)e s =

This results in the following expressions for f52.

Theorem 5.2.3. The density function of Sp is given by

A V7
(m—1)1Hm m!ym

() = B (510, ym T, .. .1 T)e™/?

m+ Ry d 1—[ Vi
+ Z d'i&‘d Ba—i(SlyamT.....iT)e™?, s> 0.

Results for the distribution of the modified total time on test V) defined in (5.12)
for Type-II hybrid censored data have also been derived by Cramer et al. [315].

5.3 Generalized Progressive Hybrid Censoring

Both Type-I and Type-II hybrid censoring have some drawbacks as pointed out in
Chandrasekar et al. [245]. For instance, Type-I hybrid censoring may result in few
failures before the termination time 7" whereas Type-II hybrid censoring may take
a long time to observe the minimum number m of failures. In order to overcome
these weaknesses, Chandrasekar et al. [245] proposed two versions of generalized
hybrid censoring. Their approach has been adopted by Goérny and Cramer [406]
to progressively censored data. For brevity, we present only the data situation. For
details on distributions and inferential results, we refer to Gérny and Cramer [406].
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Yes
Xk:m:n >T > | Xl:m:nv- --vXk:m:n
No
Yes
Xm:m:n = T E| Xl:m:nv- --va:m:n
No
Xl:}’ﬂ:ll?"'7XD:nlﬁll

Fig. 5.1 Resulting samples in generalized progressive Type-I hybrid censoring with 1 < k <m

Generalized Progressive Type-1 Hybrid Censoring

Let T € (0,00) and k € {1,...,m — 1}. The generalized progressive Type-1
hybrid censoring scheme aims to stop the life test at Xj.,., provided that the kth
failure Xj.,., occurs after time 7. If the kth failure is observed before reaching
the threshold time 7', the experiment will be terminated at min{7, X,;;;:n}. The
corresponding stopping time can be expressed as

T = min{max{T, Xicumm }s Xk;m;n}, k<mandT € (0, 00).

Introducing D = Z';':l 1 (—00,71(X j2m:n), the possibly occurring sample situations
are depicted in Fig.5.1. Notice that this procedure ensures at least k observations
but the experiment may also exceed the desired maximum experimental time 7 in
case Xj.m:n exceeds T. The experimental time is bounded as

Xicmm < T|* = max{T, Xk:m:n}-

Generalized Progressive Type-11 Hybrid Censoring

Using the progressively censored data given in (5.17) (see also Cramer et al. [315]),
a generalization of Type-II progressive hybrid censoring is introduced as follows.
Letm € {1,...,n} be fixed and T}, T» € (0, 00) with T} < T,. Then, the following
situations are considered:

(1) Assuming that the mth failure has been observed before 77, the experiment will
be stopped at 77;

(2) If the mth failure is between the threshold times 7 and 73, the experiment is
terminated at the mth failure time X3
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X, < T, Yes ) Ximasmoe s Xpomin, n
mimin 1 Dy e {m,...,n}
No
e P P
No
X o+« X pomn

Dye{0,...,m — 1}

Fig. 5.2 Resulting samples in generalized progressive Type-1I hybrid censoring with 7} < T,

(3) If X,:m:n exceeds T, then the experiment is terminated at 7. This guarantees
that the experiment will not last longer than 75.

This censoring model will be called generalized progressive Type-II hybrid
censoring.

Notice that in scenario (1), more than m failures may be observed. On the other
hand, it may happen that no failure is observed when scenario (3) is present. The
stopping time 7, is defined by

Ty = max{min{Xm;m+Rm:n, 1>}, Tl}, with 77, T, € (0,00) and T} < T5.

Introducing discrete random variables D and D> as

m+Ry, m=+R,y,
D, = Z L(—oo.11)(XjintRy:n) and Dy = Z (oo, 1) (XjimtRyyin)»
j=1 j=1

the possible sampling situations are as in Fig. 5.2. This shows that the experimental
time is bounded as

Ty <Ty <T.

Finally, it has to be mentioned that the probability of observing no failure before 7>,

ie., P(Xpuman > T2) = F e (T2), may be positive.



Chapter 6
Adaptive Progressive Type-II Censoring
and Related Models

A crucial assumption in the design of the progressively censored experiment is
that the censoring scheme #Z = (Ry,..., R,;) is prefixed. However, although this
assumption is assumed in the standard model, it may not be satisfied in real-life
experiments since the experimenter may change the censoring numbers during the
experiment (for whatever reasons). Therefore, it is desirable to have a model that
takes into account such an adaptive process. Such a model has been proposed by
Ng et al. [690] who introduced a (prefixed) threshold parameter 7 > 0 as a control
parameter in their life-testing experiment. Given some prefixed censoring scheme
& = (S1,...,Sn), this scheme is adapted after step j* = max{j : X .u:u < T}
such that no further censoring is carried out until the mth failure time has been
observed. Hence, the censoring scheme is changed at the progressive censoring
step j* + 1, i.e., at the first observed failure time exceeding the threshold 7. The
effectively applied censoring scheme is

*
S = (St S 0 T o —m =Y S, (6.1)
i=1
Therefore, as long as the failures occur before time 7', the initially planned
progressive censoring scheme is employed. After passing time 7', no items are
withdrawn at all except for the last failure time when all remaining surviving units
are removed.

This approach illustrates how an experimenter can control the experiment. If the
interest is in getting observations early, then the experimenter will remove less units
(or even none). If larger observed failure times are preferred, then the experimenter
will remove more units at the beginning of the experiment. Therefore, a more
flexible handling of the selection of the censoring scheme is preferable. Cramer and
Iliopoulos [294] introduced a very general and flexible model where the next applied

censoring number R; may depend on both the previous numbers Rj,..., R;
and the observed failure times X1, . .., Xju:m. They proposed a construction of
N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 143
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the adaptive model using a stochastic kernel approach. For prefixed progressive
censoring schemes, Beutner [192] has worked out this procedure.

6.1 General Model of Adaptive Progressive Type-1I
Censoring

The adaptive construction process is based on a life-testing experiment with n
identical units having lifetimes Xi,..., X,. As before, it is desired to observe
exactly m failures. The crucial change in the progressive censoring procedure is
given by the fact that the future censoring numbers may depend on both past
censoring numbers and observed failure times. Before introducing the construction
process, we recall a property of progressively Type-II censored order statistics which
will become important in the following definition. From the generation process of
progressively Type-II censored order statistics given in Procedure 1.1.3, it follows
that the jth progressively Type-II censored order statistic depends only on the first

part of the (prefixed) censoring scheme % = (Rj, ..., Ry). In particular, we have
Ri,...Rj— .
len_Xl”’ X}@mn:X](nLn ! l)s J=2,....m. (6.2)

This property is also evident from the representation of the joint density function

f XX fomin given in Corollary 2.1.3. Since the adaption process works sequen-
tially, we will use the representation in (6.2) with the incomplete censoring scheme
to define adaptive progressively Type-II censored order statistics.

The generation process of adaptive progressively Type-II censored order statis-
tics Y(1y, Y(2), .. ., Y(uy can be described as follows:

(D The first failure time is the minimum of the random variables: Y1) = Xi., =
X Lim:ins

@ At time Y1), a random number R} of surviving units is removed from the
experiment, where R} has a distribution depending in some way on Y(;) = yi.
Its support is given by {0, 1,...,n —m};

(® The minimum lifetime of the remaining n— R} —1 units is observed and denoted
by Y(z) = X(Rr:) 5

@ Then, a random number of R} surviving items is withdrawn from the exper-
iment. R; is assumed to have a distribution depending in some way on
(Y1), Y2)) = (y1, y2) and R} = R;.Its supportis given by the set {0, 1,...,n—
m— Ri};

® Continuing this process, we observe the vector of failure times

R! RY . RE_
(Y(1),Y(2),..-,Y(m))=(X1:m:n,X( ) -~-aXr(n:rln:n " 1)).

2:m:n’
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Notice that the conditional distribution of the number of removed items

R at censoring step j depends on (Y(1),....Y(;)) = (yl,...',yj) and

(Rf.....R%_)) = (Ry.....R;_y) with support {0,....n —m — Y/ Ri};
(® At the time of the mth failure Y(,,), all remaining surviving units are removed.

Fork = 1,...,m — 1, we define the sets of possible censoring sequences up to
the censoring step k by

ek, :{(Rl,...,Rk)eNgj Zk:Ri <n—mj.

i=1

By analogy with the nonrandom censoring procedure, we define the (random)
numbers Iy, ..., I',, of units remaining in the experiment before a censoring step by

j—1
y=n, Tj=n—j+1=-) R, j=2..m.

i=1

The adaptive progressively censored data is given by the random vectors Yy,
and R}, . If no confusion is possible, we will use for brevity the notation Y(y), ..., Y1)
for adaptive progressively Type-II censored order statistics throughout this chapter.
If necessary, a notation as in (6.2) will be used to emphasize the dependence on a
particular censoring scheme:

*

R
Yo = Ximm, Y =X 5!

k:m:n’

k=2,...,m.

This illustrates that the distribution of Y, depends only on the first k — 1
components of the random censoring scheme R” .

Distributional Assumptions

In order to propose a probabilistic model for adaptive progressive Type-1I censoring,
Cramer and Iliopoulos [294] imposed the following assumptions on the considered
distributions:

(i) The lifetimes Xi,..., X, are supposed to be independent and have an abso-
lutely continuous cumulative distribution function F with density function f;
(ii) The conditional distribution of Y(;), given Y(;—1) = y;—1 and R}_; = R; 4,
depends only on y;—; and R;_; and is the same as the distribution of the

minimum in a sample of size y; = n—j + 1 — le;ll R; from the left
truncated cumulative distribution function Gy, | = % Thus, for
-

j=2,....m,
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* d *
YHRYG-n =yj-1. R =R} =Y [{Y-1y = y;—1.Ri_; =R}

Therefore, for y;_; < y; with F(y;—1) < 1, this conditional distribution has
density function (cf. (2.35) and Theorem 2.5.2)

i 1—F(y; yi—l1
LiOilyi-.Rj—) =y o)) { (/) } :

TT=FQ-) | 1=F(y-)

(iii) Finally, the conditional probability mass function of R}, given Y1) = yi, is
denoted by gi(-|y1). g; (-|y;, R;—1) denotes the probability mass function of
R;, given Y(;) = y; and R;_l =R;_1,j =2,...,m — 1. According to the
construction process, the probability mass function of R}, given Y,y = yn
and Ry _, = R,,_, is a one-point distribution, namely,

gm (R |Ym, Rm—1) = ]l‘ro”,f;{,, (Rp)-

This condition ensures that the censoring scheme is admissible.

Since the first observation is the minimum of the lifetimes, the density function
of Y is given by

A =nf){l—F)y"~", »eR.

Then, by the assumptions given above, the joint density function fY®Ri of Y,
R} can be expressed as

FYORU (v Re) = f5 (e [Rezt) - gF Relyr), k=1,...,m, (6.3)

where

k—1

fE@elRe-) = ([T f 081 = Fopi®T)

Jj=1

X Vi S Ll = Fri)}™ ™ e (310), (6.4)

k
grRelye) =[] &/ (R;ly; . Rj—)Lgi (Rp).

J=1

¥ (|Ry) is defined as f;. Cramer and Iliopoulos [294] observed that

/]Rk S e Re—)dyr = 1
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for all Ry_; € %,fj;l although f*(-|[Rx—;) is in general not the conditional
distribution of Y ), given R;_, = Ry_;. Thus, for any Ry € ‘éﬁ;l, S5 CIRe—1)
is a proper density function on R¥. In particular, i (|Rg—1) is exactly the marginal
density function of the first k progressively Type-II censored order statistics
X 1%“", X gm:n from the population distribution function F with censoring

scheme # = (Ri—1, Rg, ..., Ry) € €, . Similarly,

> gk Relyo) =1

Ry

for all y; € RX although g¢ (lyx) is not the conditional distribution of Rj, given
Yk = yr. Hence, gz (lyx) is a probability mass function on the set ‘K,ﬁqn for any
Y« € R];.

These results lead directly to the following properties established by Cramer and
Iliopoulos [294] which we state without proofs:

(i) Forany k = 1,...,m — 1, the marginal distribution of (Y ), R;_,) has the
density function fY®Ri—1 given in (6.3);

(ii) The conditional distribution of (Yx+1),--., Yim), R1:+1’ ..., R}), given
(Y#).Rp) = (yk.Rg), is the same as that of (Y(u—k), R} _,) but with
cumulative distribution function F left truncated at yi, yx+1 = n—k—Zﬁ;l R;
in the place of n, and with probability mass function g;’s depending also on
Yi. Ry

(iii) Let Uy,..., U, be independent uniform random variables and let R7,...,
R} be nonnegative integer valued random variables with conditional joint
probability mass function

R (R, [w,) = g5 (Ryluy) = l_[ go.j (Rjlu;, Rj_)Legm (Ry),
j=1

for some (conditional) probability mass functions go, ..., gom- Then, the
following stochastic representation of adaptive progressively Type-II censored
order statistics holds.

Let F be a strictly increasing and absolutely continuous cumulative distribution
function. For j = 1,...,m, define the random variable Y ;) by

Yy = F(1L=TT-,U"").

For R,, € €7

m,n
j <m,and

and uy,....upy € [0,1], let y; = F<(1— leu;/yi), 1 <

g/ (R;ly; . Rj=1) = goj(Rj[u;.R;—1),  j=1,....m,
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wherey; =n—j+1 —Z{;l R;, 1 < j < m. Then, the joint density function
of Y, and R}, is given by (6.3);
(iv) Suppose there is some k > 0 such that for any j = 1,2,..., the condi-

tional distribution of T'j4;, given I'; = y;,Y(;) = y;, depends only on
yjs---syj—k,ij"'vyj—k'
Then, the sequence of random vectors (I'; «,....I';, Y —x),.... Y()), j =

k+1,k+2,..., forms aMarkov chain.

An important property is summarized in the following theorem. It provides a
simple tool to calculate the distribution of certain statistics.

Theorem 6.1.1 (Cramer and lliopoulos [294]). Let 7 : (0,00)" x
[0, 00)" —> R™ be a measurable function satisfying the following conditions:

(i) The mapping V : (0, 00)"™ X [0, 0c0)" —> R™ x [0, 00)™ defined by
(ym7 Rm) = (tma Rm) = (T(Yma Rm)v Rm)

is bijective and differentiable such that its Jacobian matrix is regular;

(i) Given a fixed progressive censoring scheme R,, = # € ¢, the distribution
of T(X#,%#) does not depend on %, where X” is the vector of the
corresponding progressively Type-1l censored order statistics with population
distribution function F;

(iii) For any R, € €, and j = 1,...,m — 1, the first j components of the
inverse transform

Ym = (V_l(tmv Rm))l

do not depend on R;_1,..., Ry.

Then, T(Y(n),R?) has the same distribution as T(X#,%) for any fixed
censoring scheme R,, = Z.

The preceding theorem leads directly to the following property of spacings
which is an extension of Theorem 2.3.2 to the adaptive model. In order to get the
independence of the spacings in the adaptive censoring model, the normalization is
important because I'; and Y are not independent in general.

Theorem 6.1.2 (Cramer and lliopoulos [294]). Let Y{y),..., Y, be adap-
tively progressively Type-1l censored order statistics generated from a two-
parameter exponential distribution Exp(u, ¢). Then, the normalized spacings

Dj = Fj(Y(j) —Y(j_l)), ] = 1,...,m, (65)

where Yy = p, are independent Exp(%}) distributed random variables. Moreover,
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S =Y "(1+R)HY4 ~T(B.m).

i=1

Proof. Suppose Z; ~ Exp(u,?) are IID random variables with u € R, 9 > 0,
1 < i < n. Then, according to Theorem 2.3.2, for any (fixed) censoring scheme
R, = (Ry,..., Ry), the normalized spacings D; = ¥; (Zjmn — Zj—tzmm), ] =
1,...,m, where Zy.;y., = i, are independent Exp(?}) distributed random variables.
Their sum

ZDi = Z(l + Ri)Xi:m:n

i=1 i=1

has a gamma distribution ' (:}, m). Since the joint distribution of the normalized
spacings is independent of the censoring scheme R,,;, Theorem 6.1.1 shows that the
spacings in (6.5) defined via the adaptively progressively Type-II censored order
statistics are independent Exp(?}) distributed random variables. This also yields the
distribution of S to be a I'(:}, m) distribution and thus invariant w.r.t. the adaptive
censoring procedure. O

In particular, Theorem 6.1.2 shows that Y1y and Y(y), ..., ¥(,,) are independent.
This result is also true in the nonadaptive case. It is important for properties of the
maximum likelihood estimators in the two-parameter exponential case. Moreover,
Theorem 6.1.2 yields the representation

J
1 .
Y(j)=M+l92F—Z;, ]=1,...,m,
J

i=1

where Z},...,Z) are lID standard exponential random variables [cf. (2.13)].
Notice that I'; and Z 7 are generally not independent.

A similar result can be established for normalized ratios of adaptively progres-
sively Type-II censored order statistics from generalized Pareto distributions.

Example 6.1.3. For X; ~ Pareto(a), 1 < j <n, the random variables

Y, Fja
Yoo and (2-) L j=2...m,
Yij-n

are independent with Pareto(1) distributions (cf. Corollary 2.3.14). For reflected
power function distributions RPower(f), we have

1—Y, . /8
(A—Y)™ and (—) | j=2,...,m,
— (-1
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to be independent uniform random variables (cf. Corollary 2.3.11). For § =1, it
includes the uniform distribution as population distribution.

6.2 Particular Models

The general approach of adaptive progressive Type-II censoring covers some
particular models that have been discussed in the literature. Subsequently, we
illustrate this connection by presenting the corresponding density functions and
probability mass functions as given above.

6.2.1 Nonadaptive Type-1I Progressive Censoring

It is clear from the construction of the adaptive censoring model that nonadaptive
Type-II progressive censoring can be embedded into this more general approach by
choosing one-point distributions for the censoring scheme which are independent
of the observed failure times. In particular, let . = (Sy,...,S,) € ‘f,’,f’n be
a censoring scheme and let g; be the probability mass function of a one-point
distribution in S, i.e.,

giCly; Rj) =1s3(), 1=j=m.

Then, g (-|lym) = Lgsy(-) is the probability mass function of a one-point
distribution in the censoring scheme .#. Thus, the joint density function in (6.3)
becomes

m

fY Ry, Ryy) = l_[ [n; FOD = F(y)}¥ ] Iem (ym) Loy (Ryn)
j=1

with n; = 27':]»(5,' +1),1 <j <m.Hence, fYo = fX7

6.2.2 Ng—Kundu—-Chan Model

The Ng—Kundu—Chan model introduced in Ng et al. [690] has been explained at
the beginning of this chapter. For a (prefixed) threshold parameter 7 > 0 and a
prefixed censoring scheme . = (S, ..., Sy,), the original scheme . is changed
when the first observed failure time exceeds the threshold 7. With j* = max{j :
X fm:n < T}, the adaptive censoring scheme is given in (6.1). The resulting adaptive
censoring scheme is given by the censoring plan
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S1 j * R

Sh S;
I ./ ./ ./ } . - ./
i 2 Yix T Yi*+1 Ym—1 Ym

Fig. 6.1 Generation process of adaptive progressively Type-II censored order statistics in the Ng—
Kundu-Chan model when X,,.:, > T

J*
(Si,..., Sj*,O*’"—j*_l,n —-—m— ZSi) provided Xf::m:n <T< X}'S:+l:m:n‘
i=1

Hence, as long as the failures occur before time 7', the initially planned censoring
scheme is employed. However, a change of the censoring plan is made only if
Jj* < m — 2. Otherwise, the originally planned censoring scheme is employed.
Furthermore, the first j * 4 1 observations are identical in both progressive censoring
models for j* < m — 2 so that
X X Fetn) = (Y. Y at),
Figure 6.1 depicts the generation procedure of adaptive progressively Type-II
censored order statistics in the Ng—Kundu—Chan model. After exceeding 7', the
censoring numbers except for R, are defined to be zero. This means that, after T,
the next successive m — j* — 1 failures are observed. The experiment is terminated
when m failures have been observed. If T > X,,,—;.;,:n, N0 adaption is carried out.
Choosing the probability mass functionsas (1 < j <m — 1)

gi(Rjly;, Rj—1) = g (R;|y;)
= 153 (Rj) (0.1 (V) + Loy (R) L [1.00) (1))
the model can be seen as a particular case of adaptive progressive Type-II censoring.

It turns out that the adaptive process takes only into account the observed failure
times.

6.2.3 Flexible Progressive Censoring

Bairamov and Parsi [80] proposed a modification of progressive censoring method
called flexible progressive censoring for IID lifetimes Xi,..., X,. We present
the method in a slightly more general way w.r.t. the restrictions imposed on the
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censoring numbers. Given thresholds 77 < -.- < T,, and censoring numbers
Steeo s S, ST, Sy with n—Z;':% max{S;, S;-‘} > m, the procedure works
as follows:

(D The first observation is given by Y(1y = Xi.p:s. Then,
Ry =87+ (S1 — S L —oo.1y] (X12m:m)

units are removed from the experiment;
' denotes the next failure time after

R’
@ For j € {2,....m =1}, Yy = X5,
removing R _; units in the (j — 1)th censoring step. Then,

* R _
R} =87 +(Sj = S)Limoor; (X 00)
units are randomly withdrawn from the life-testing experiment;
(® After observing the mth failure time, the remaining n — ZT;}(R; +1)-1
items are censored.

Choosing the probability mass functionsas (1 < j <m — 1)

gi(Rily; . Rj—1) = g;(Rjlyj)
= L5y (R) L0011 (¥)) + L5 (R)L(7;.00) (V)

the model can be seen as a particular case of adaptive progressive Type-II censoring.
On the other hand, it may be viewed as a generalization of the Ng—Kundu—Chan
model (here 7; = T and S}“ =0, j =1,...,m). A generalization of this model
has been proposed by Kinaci [532].

6.2.4 Progressive Censoring with Random Removals

Progressive censoring with random removals has been introduced by Yuen and
Tse [936]. Here, the censoring numbers are chosen according to some probability
distribution on the set of possible censoring numbers. The support of the distri-
butions is chosen so that a total of m observations is guaranteed. Moreover, the
selection of the censoring scheme is assumed to be independent of the lifetimes
X1, ..., X,. Therefore, this sampling scheme can be seen as a two-step procedure:

(D A random censoring scheme R? is chosen according to some given discrete
distribution on the set %, , of admissible censoring schemes;

@ The progressive censoring procedure is carried out with the resulting censoring
scheme of this random experiment.

This approach can be embedded into the model by Cramer and Iliopoulos [294]
by choosing the conditional probability mass functions g; to be independent of y,,:
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gnRyulym) = giRy) = [ [ 2/ (R IR;-) Ly, (Ry).

m,n

Jj=1

Therefore, g, depends only on the censoring scheme but not on the failure times.
Obviously, g is the marginal probability mass function of R}. Moreover, it
follows directly from (6.4) that the distribution of Y, is a mixture, with mixing
probabilities g*(R,,), given by

fY(m)(Ym) = Z fm* (Ym|Rm—1) : g*(Rm) (66)

R, €€

m,n



Chapter 7
Moments of Progressively Type-II Censored
Order Statistics

7.1 General Distributions

7.1.1 Representations for Moments

Moments of progressively Type-1I censored order statistics can be calculated by
standard approaches. If the population distribution has a density function f, then,
for k € Ny,

00
EXfn =/ 1 fXrmn ()d,
—o0

where fXrmn is as in (2.28). From the quantile representation Theorem 2.1.1,
we obtain the following important, general integral representation of moments. It
relates the moments of a progressively Type-II censored order statistic to the density
function of a uniform progressively Type-II censored order statistic. The expression
is very useful in the derivation of bounds (see Sect. 7.5).

Theorem 7.1.1. Let X,.,., be a progressively Type-Il censored order statistic
from a cumulative distribution function F, 1 <r <m, and k > 0. Then,

1
Exk == / (F=(0)k fUrmn () dt
0

provided the moment exists.

Using the above relation for a progressively Type-II censored order statistic
Xy um:n, We can apply (2.28) to obtain

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 155
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_17,
© Springer Science+Business Media New York 2014
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r

: 1 o < R
EXII‘(Zm:n = (l—[ Vi) ]/_jaj’r/o (F (l))k)/j(l _t)V,/ Lt
1

i=1  j=
r r 1

= (TT») X -aEXt,, (7.1)
i=1 j=17%J

provided the involved moments exist. This representation proves that the expectation
of a progressively Type-II censored order statistic can be expressed in terms of
expectations of minima. The existence problem is discussed in Sect. 7.1.2.

Alternatively, the expectation of a random variable X ~ F can be calculated
from the general formula (see David and Nagaraja [327, p. 38])

EX = /00[1 — F(t))dt —/0 F(t)d:.
0

—00

It should be noted that a similar expression for product moments can be obtained.
In particular, using (2.29), we obtain for k| < k; the expression

EXkl:m:nsz:m:n

ks Ky ks |
k
= ( [ Vj) aik, Y aﬁ,ézﬁE[xlswxlsw—w]-
j=l1 i=1 j=ki+1 VilVi =i

This shows that it is sufficient to compute the product moments of two minima
from the same sample in order to compute the product moment of two progressively
Type-II censored order statistics.

7.1.2 Existence of Moments

The existence of some positive moment of a generalized order statistic can be
ensured by the existence of a higher moment for the underlying distribution. The
following results are taken from Cramer et al. [310].

Theorem 7.1.2. Let X be a random variable with distribution function F, and
let X, be a progressively Type-Il censored order statistic from F. If E|X|f <
oo for some f > 0, then E|X,.:u|* < oo forall 0 <a < B.

Even for order statistics, the above conditions are unsatisfactory, since in the
case of an underlying Cauchy distribution, the expectation EX does not exist,
whereas the expected values of the corresponding order statistics are finite except
for the first and the last one. Sen [789] presented a well-known theorem on
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this topic, which has been extended to m-generalized order statistics in Kamps
[498, Theorem II.1.2.2]. Cramer et al. [310] established an extended version of
Sen’s theorem without requiring any restriction on the model parameters. For
progressively Type-1I censored order statistics, their result reads as follows.

Theorem 7.1.3. Let X have a continuous distribution function F, and let the
progressively Type-Il censored order statistic X, .., be based on F.If E|X|# < oo
for some B > 0, then E|X, .| < oo for all @ > B, which satisfy the condition

o
<r<vy +r-— i or, equivalently, & < -min{r,y,}. (7.2)

Choosing m = n and #Z = (0*"), the following result due to Sen [789] is
contained as a special case.

Corollary 7.1.4 (Sen [789]). Let X have a continuous distribution function F,
and let the order statistic X,.,, 1 < r < n, be based on F. If E|X|5 < oo for
some B > 0, then E|X,.,|* < oo for all @ > B, which satisfy the condition

o o
E§r<n+1—E or, equivalently, o <fg-min{r,n—r 4+ 1}.

Example 7.1.5. For a standard Cauchy(0, 1)-distributed random variable X,
E|X|? < oo for 0 < B < 1. Choosing B = % a = 1, we find from (7.2) that
the first moment of a progressively Type-Il censored order statistic X, exists
if 2 < min {r, y,.}. This implies that the first moment exists for 2 <r <m — 1.
The first moment of X,,.,:, does exist if R,, > 1. Similar considerations with

o = 2 lead to conditions for second moments.

Subsequently, we derive bounds for expectations of functions of progressively
Type-II censored order statistics. These are based on inequalities for the joint density
function f X given in (2.4). Further results on bounds for progressively Type-II
censored order statistics are presented in Sect.7.5.

First, we establish an upper bound for moments on progressively Type-II
censored order statistics in terms of moments of order statistics. The results are
based on (7.3) with x; < --- < X,

m
in%;z:n"~~vX;:?nz:n (Xm) e C(L@) l—[ f(x])F(x])R]
j=1
74
< —C( )fX“””“"X'"”" (xp) as. (7.3)
m!
for an arbitrary censoring scheme %. This fundamental inequality applies to every
selection of (progressively Type-II censored) order statistics as well. Given a
selection 1 <r; <--- <ry <n,s €N, integration of (7.3) yields
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fX;ljm n» Xﬁm:n < C(%) fX’l m~~~~~,XrA:m
Hence, the preceding result leads directly to a simple criterion for the existence
of moments of progressively Type-II censored order statistics. The result can be
extended to arbitrary product moments of progressively Type-1I censored order
statistics.

Theorem 7.1.6. Let g be a nonnegative function. Then

( )

Eg(X < E(X,m) 1<r <m.

rmn)

In particular, this yields E|XZ% |k < @ p|x, |k so that the existence of the
m:

kth moment of the rth order statistic implies the existence of the respective

moment of XZ

rmmn’

Utilizing this conclusion, Sen’s [789] result given in Corollary 7.1.4 can be
directly applied to progressively Type-II censored order statistics. However, it
should be noted that Theorem 7.1.3 is weaker since the upper bound in (7.2) is
m+1+3""_ R; and, thus, usually is larger. The difference is given by >~ R

Corollary 7.1.7. Let E|X|? exist for some B > 0. Then, E(XZ, . )* exists for
all r satisfying Lﬁj <r<m+1- Lﬂj.

It has to be noted that the existence of the kth moment of the rth progressively
Type-II censored order statistic does not generally imply the existence of the kth
moment of the rth order statistic.

Example 7.1.8. Consider a Pareto(q)-distribution with ¢ > 0. Since the kth
moment of the rth progressively Type-II censored order statistic from a Pareto
distribution is given by E(XZ ) = ]_[;_1 m (see Theorem 7.2.5 and
Cramer and Kamps [300, p. 334 in terms of generalized order statistics]), w
obtain the existence condition

ye =Y (Ri+1)>k/q. (74)

i=r

Since order statistics correspond to the censoring scheme (0*"), the existence
condition in this case is m +r — 1 > k/q where the left-hand side is strictly
smaller than that of (7.4) provided that R; > 1 for some i € {1,...,m}.

A slight generalization of the above inequalities can be obtained by the following
idea. Let Z = (Ry, ..., Ry) be a given censoring scheme and Ry, = 1mm R; and
<i<n

Rpax = max R; be the minimum and maximum censoring numbers, respectively.
1<i<n

This yields the bounds
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(%)

m!

c(Z%)

le’" """ Y”’”’<fX1mn Xmmn<

where Y., and V;.,, 1 < j < m, denote order statistics based on the cumulative

distribution functions 1 — F ™ and 1 — F ™, respectively. Hence, the correspond-
ing bounds for the expectation of g(XZ ), where g is a nonnegative function,
become

rim:n

D g tram) = Ex( ) < D BV, 1<r=m.
m:

Now, we consider the existence of moments of progressively Type-II censored
order statistics w.r.t. some partial ordering < of the censoring schemes.

Definition 7.1.9. Let #Z,. € NJ' be two censoring schemes with ) /_ | R; =
YL, Si. Then

It is easy to see that < defines a partial ordering on the set of all admissible
censoring schemes 4", given in (1.1) with a fixed censoring number m € N. Its
application leads to the following inequality.

Proposition 7.1.1 (Cramer [284]). Let #,./ € €, be two censoring schemes
with ¥ <X %. Then,
()

Xl min’ mym n < Xl m min 7.5
/ ) as)

From the preceding result, we can deduce the following corollary.

Corollary 7.1.10. Let #,.” € €', be two censoring schemes with . < %
and g be a nonnegative function. Then,

( <)
In particular, this yields E|X,7 . | < ‘C((‘;;; E|XZ . nl so that the existence ofthe
kth moment of X7 . implies the existence of the respective moment of X, . .

It turns out that %), has a minimal and a maximal element w.r.t. <. Corol-
lary 7.1.10 in connection with Lemma 7.1.11 leads to the upper and lower bounds
given in Corollary 7.1.12.

Lemma 7.1.11. Let #Z € ¢, be an arbitrary censoring scheme. Then, &) =
(n—m,0*"1) is a maximal element of €™ ,ie., %< Oy, and 0,, = (O*m_l,n—

mmn?’
m) is a minimal element of ‘fmn, O X A.



160 7 Moments of Progressively Type-II Censored Order Statistics

Corollary 7.1.12. Let #Z € ¢,;, be a censoring scheme and g be a nonnegative
function. Then,

(n —m)'c(%) (%)
TEg(erl:nn) <Eg(Xmmn)— n(rn—)Eg(Xmmn)
In particular, this yields
(n —m)c(%) (%)
TE|X£%”|](<EI mmn|kme|Xflmn| .

It is directly seen from the JOIHt density function (2.4) that the progressively
Type-II censored order statistics X Om S, ¢ f;’;’n;n have the same distribution as
the first m order statistics in a sample of n, i.e., Xj.,..., Xjn:y. In view of this
result, Corollary 7.1.13 leads (in some sense) to a converse result to Theorem 7.1.6.

Corollary 7.1.13. Let #Z € €, be a censoring scheme and g be a nonnegative
function. Then,

Eg(Xmm) < g(Xmmn)

nl
(n —m)le(Z)

In particular, this yields E|X,.,|* < mﬂ which means that the

m:m: 7!|
existence of the kth moment of X . vyields the existence of the kth moment
of the order statistic X,,:,.

Remark 7.1.14. Using the same technique as above, similar bounds can be
established for progressively Type-ll censored order statistics X;/zmn with 1 <
r < m. Since Theorem 2.4.1 yields for r € {1,...,m}

(Xi?m:n"' X}Zmn) (lexfr,n,“ Xr‘j;n)

and y;(#) = yj(#%), 1 < j < r, we have a similar bound as in (7.5). In
particular,

X r/:nn<(l_[)/]((§)))fxi? X 1 <r <m.

For instance, the corresponding bounds in Corollary 7.1.10 become

r:m:n)’ l=<r=m.

Vj(y))E (X%

Eg(X%) < (,-=1 Y@
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In Corollary 7.1.13, the bounds are given by

Eg(X‘g’? ), 1<r<m.

rim:n

n!
Eg(Xr:n) = (ﬂ — r)' 1_[;:1 Vi (%)

7.2 Moments for Particular Distributions

For some particular distributions, explicit expressions for (product) moments are
available. In this section, we present such expressions for selected distributions.
They are used, for instance, in developing optimal linear estimation (see Chap. 11).

7.2.1 Exponential Distribution

The following expressions for expectations, variances, and covariances result
directly from (2.13).

Theorem 7.2.1. Let Zi.yn, ..., Zym:n be progressively Type-1l censored order
statistics based on an exponential distribution Exp(u, ¢). Then:

(') EZ .y = ©+ Z;:l yljv 1 <r=<m;

(ii) Var(Zema) =Y, % 1<r<m;
J

(iii) Cov(Zrmmn: Zsmn) = Var(Zprm) =Y j=) 5, 1 <r <s <m.

=1 ng,

: : | _ r L r 1
Introducing the notation a, = J7> Gor = ijla] =>" 1<r<m,

Theorem 7.2.1 yields the covariance matrix

Ue] Ue] Ue] *** Uel
Ue] Ue2 Ue2 **° Ue2
Cov(Z#) = X = | de1 der ez *+* de3 |, (7.6)

Ue] Ue2 Ue3 *** Uem

The special structure of this matrix will be of interest in the derivation of best linear
estimators since the inverse of this matrix can be calculated explicitly. The inverse
of the matrix in (7.6) is given by (see Graybill [413, p. 187])
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vi+v: -7 0 0
-v; vi+tvi —vi 0 0
0  -v v+vi -vi 0
sa=] oo B (7.7)
0 A A T VoA Vo
0 0 _%31 %31

7.2.2  Weibull Distributions

Expressions for moments of Weibull progressively Type-II censored order statis-
tics can be directly taken from Kamps and Cramer [503] who have considered
sequential order statistics based on two-parameter Weibull(¢, 8)-distributions. The
kth moment, k € Ny, is given by

—(k 1
EX}y = 0"Pcii T/ p+ 1)) ajiy; ©PH0.

J=1

Product moments can be derived from Cramer and Kamps [298]. In particular, we
getforl <i <j<m

J i
EXi:m:an:m:n = Cj—llgzl92 Z aéli Zav,i(ﬁﬂ(yla )/u), (78)

{=i+1 v=1

where

p(s.t) = /oo /y(xy)ﬁ exp{—sy? — (t —s)xPYdxdy, s,t>0. (7.9)
o Jo

For t > 5 > 0, Lieblein [594] obtained a simple representation of ¢ in terms of the
incomplete beta function by means of a differential equation approach, i.e.,

Pp(s.t) = B2(s(t — ) VAT Q2 +2/B)Bi—s)i(1 + 1/B, 1+ 1/B),

where B, (u,v) = fox Z71(1 — 2)""'dz denotes the incomplete beta function; see
Balakrishnan and Cohen [92] for details. Notice that y, < p,, for1 <v <i,i+1 <
{ < mbecause y; > --- > y,, andi < j. Therefore, y; < y, holds in (7.8), and we
can apply (7.9) to find an explicit representation of the product moment in (7.8).
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7.2.3 Reflected Power Distribution

The following expressions for expectations, variances, and covariances result
directly from the representations in Corollary 2.3.10.

Theorem 7.2.2. Let Xy, ... > Xy be progressively Type-ll censored order
statistics based on an RPower(g)-distribution. Then:

. _ r qYj .

(i) EX,m,,_l—]_[~_lﬁ 1<r<m;

(ii

— av; r av; .
E(X, ) = 1— l_[ =1 l+q]y, l_[j=l 2+q]yj’ I<r=m;

)
(i) E(XE,.) = Yh_o(=D" () T)=) T .21 <r<m;
. r i r ’12V'
('V) Var(Xr:m:n) = l_[j=1 _2_7_};/),_1 - Hj:l —(H-q}j ek 1 <r <m,
)

(v) Cov(Xrimn, Xsmmn) = (nj =r+1 1+qy )Var(ern) 1<r<s<m.

Proof. The representation for E(X~, . ) follows from Corollary 2.3.10 using the
binomial theorem and taking expectations of every summand. The covariance
follows from the identity

r s
Cov(X,umns Xsumm) = Cov ( l_[ Ujl/(qyj), l—[ Ujl/(qyj))

j=1 j=1
(l_[ Uz/(qy, l—[ Ul/(qy, ) _ E( ﬁ Ujl/(‘i)’j)) E( li[ Ujl/(qyj))
j=r+1 j=1 j=1
— E( AliL Ujl/(‘i)’j)) E( lL[l sz/(q}/j)) _ Ez( lLII Ujl/(qyj)) (7.10)
j=r j= j=
o v
_ (,-111 ﬁ) Var(X,omm)- (7.11)

In particular, the second factor in (7.10) yields the expression for the variance
of Xyumm. O

From Burkschat et al. [236] (see also Balakrishnan and Aggarwala [86]), we find
with the notationa, = 1 — b,,a, = ’j—'u‘, b, = % and

]‘[y,,d —H(y,+1/q) ewv=[]i+2/9). 1=v=m. (112

j=1 j= j=1

the representations

EXrmn = ar, COV(Xr:m:ns Xs:m:n) = (ar - br)bs-
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From Theorem 7.2.1, we get the following covariance matrix

Cov(X?) = Sxa

(@ — b1)by (a1 —b1)by (a1 —b1)bs --- (a1 —b1)by
(a1 — b1)by (az —by)by (az —b2)by --- (a2 — by)by,
= | (@1 —=b1)bs (a2 —b2)by (a3 —b3)by -+ (a3 —b3)bm | . (7.13)

(al - bl)bm (612 - bZ)bm (a3 - b3)bm e (am - bm)bm
The special structure of this matrix will be of interest in the derivation of best linear

estimators. The inverse is a symmetric tridiagonal matrix (cf. Graybill [413, p. 198]
or Arnold et al. [58, pp. 174—175]) with

- €i €i+1 .
(Zgi)ii = (vig + 1)2i + Vi+1q2;%, 1<i<m-1,

_ €m
(Zxi)mm = (Ymq + 1)26—, (7.14)
=1y ’_+1 i _
(ZX@)1,1+1 =—(Yi+19+ 1) , I<i<m-1.

7.2.4 Uniform Distribution

Since the uniform distribution is of particular interest in many problems, we
present the moments of uniform progressively Type-II censored order statistics
subsequently even though they can be seen as particular case of progressively Type-
II censored order statistics from a reflected power function distribution (¢ = 1).

Theorem 7.2.3. Let Uy, ..., Upsmen be progressively Type-ll censored order
statistics based on a U(0, 1)-distribution. Then:

(i) EUrngl—]_[r_l% 1<r <m;
(i) E rmn)—1—2]_[_1l+y]+]_[_12+y l<r<m
(i) E rmn)—z ()( 1)”]_[_lv+y 1<r<m;
)
)

2
. v _
(iv) Var(Urmn) = l_[ljzlijj—nr:lm. 1 <r <m;

(v) Cov(Urimmn, Usimn) = (1_[; =r+1 1+y )Var(U,mn) 1<r<s<m.



7.2 Moments for Particular Distributions 165

The inverse X, ] of the covariance matrix [see (7.13)] is a symmetric tridiagonal
matrix given by

o o
(Zga)ii = (v + 1)2# + Vi+1;—ﬂ, I<i<m-1
1 1
_ e
(Zge)mm = (Ym + 1)2—’" (7.15)

_ +1 .
(Zga)ii+t = —(Vis1 + l)lc—, l<i<m-1,

1

where
v v
=[]v. e=]]+2. 1=sv=m
j=1 j=1
Remark 7.2.4. For order statistics, i.e., m = n and Z = (0""), the
above expressions reduce to EU;.,, = n+1, Var(U;,,) = —dfﬁz’(ﬂ)z) and
Cov(Uin.Ujn) = i3 1 < i < j < n, which are well known for

order statistics from a standard uniform distribution (see, for example, David
and Johnson [324], David and Nagaraja [327, pp. 35/36], and Arnold et al.

[58])-

7.2.5 Pareto Distribution

The following expressions for expectations, variances, and covariances result
directly from the representations in Corollary 2.3.13. In order to ensure the existence
of the moment EX%, . . we have to place some conditions on r, k and the parameter
of the underlying Pareto distribution.

Theorem 7.2.5. Let Xy, ..., Xy be progressively Type-ll censored order
statistics based on a Pareto(a)—distribution Then:

() EXpynm = ]_[;_1 ay 1, provided ay, > 1,1 <r <m;
(i) E(Xk

i) ]_[r s provided ay, >k, 1 <r <m,
2 2
(i) Var(Xyumn) = [1)=) 558 — ]_[r~=l m provided ay, > 2, 1 <r <m;
)

rmn

J=1 ay; k'
=1 2+ay;
(iv) Cov(Xyumum> Xsumm) = (]_[] =1y o )Var(X, :mm), provided ayy; > 2,1 <
r<s=<m.

Proof. First, we notice that the parameters y; are decreasingly ordered:
Y1 > ...> Ym. Then, the representation for E (ern) follows directly from
Corollary 2.3.13 replacing § by —a. As in the case of the reflected power
distribution [see (7.10) and (7.11)], the covariance is given by
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COV(Xr:m:n , Xs:m:n)

_ E( ﬁ Uj—l/w,-)) E( ﬁ Uj—z/mm) B Ez( l'—[ Uj—l/(ocyj))

j=r+l j=1 j=1

N

= ( 1_[ 1>Var(ern)
jert1 @Y T
This proves the result. O

Using the definitions in (7.12) with  replaced by —«, we obtain from Burkschat
et al. [236] the same structure of both the covariance matrix in (7.13) and its inverse
in (7.14).

7.2.6 Lomax Distribution

Using the results for the Pareto distribution, we find the following representation
for the moments of a Lomax distribution with parameter ¢ > 0. The results can
be proved using the quantile function F<(t) = (1 —1)""/* —1,¢ € (0,1), and
Theorem 7.2.5.

Corollary 7.2.6. Let Xi.n, ..., X be progressively Type-ll censored order
statistics based on a Lomax(«)-distribution. Then:

() EXromm = [1)2, a‘;;’il — 1, provided ay, > 1,1 <r <m;

012)/2 )
(ii) Var(X,mn) = ]_[-_1 21’;’% - ]_[r-=1 m provided ay, > 2, 1 <r <m;

(i) Cov(Xyumms Xsumm) = (]_[; =1y o )Var(X, ), provided ayy > 2, 1 <

r<s <m.

7.2.7 Extreme Value Distribution

In order to compute the Fisher information, Dahmen et al. [320] have calculated the
first and second moments of progressively Type-II censored order statistics from a
standard extreme value distribution. Denoting by y Euler’s constant, they obtained
the following results (1 < s < m):

S a’ S
EYs:m:n = —Cs—1 Z )/_(y + log yi)»
i=1 7!

(7.16)

EY2 . = 7r + 5 12 (y +logyi)’.

i=l1 Vi
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Using (2.26), the mean simplifies to

N
EYmn = =y =1 Y =2 logy;.

i=1 !

The second-order moment can be simplified in a similar manner. An expression for
higher-order moments involving integrals is available in Mann [636].

7.3 Recurrence Relations for Moments

In this section, we assume that the moments always exist. Subsequently, we use
: % _ % % _ R Y :
the notation p7.,,.,, = EX7.,., and u;”.,.., = E(X;,.,X7,,.,). For higher-order
H Rk __ I
moments, we write L7, = E(X %0
suppressed if it is obvious.

n
k k e Ny. The censoring scheme % is

7.3.1 General Results

From the basic relations (2.46) and (2.47) in Sect. 2.6, we find directly the following
relations for single and product moments.

Corollary 7.3.1. For1 <r <m — 1, we have

H‘% _ Vr+ & V1 H(Rz ..... Rm)
+1limin — rmin m—lm—R—1"
Ty =yt T = e ST

For1 <r <s <m—1, we have

% _
/’Lr-l—l,s-l—l:m:n -
Yr+1 —Vs+1 g Vs+1 % Y1 (R2,e.;Rip)

s+1:m: My simm — My sim—1:n—Ry—1
(R S B VIl S R Z1 ) 20

7.3.2  Results for Particular Distributions

Recurrence relations for many distributions have been established in the literature
(see, e.g., Balakrishnan and Aggarwala [86]). Here, we present only a selection of
them. For order statistics, a huge number of results is available. For further reading,
one may refer to the reviews by Arnold and Balakrishnan [51] and Balakrishnan and
Sultan [126] as well as further articles in Balakrishnan and Rao [116, 117].
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Exponential Distribution

The simplest available relations for moments of exponential progressively Type-II
censored order statistics are established in Balakrishnan et al. [130]. In particular,
we have the following results for the kth moment uBk%  — E(ZZ% ) of a

jim:n jim:n

progressively Type-II censored order statistic Z% Fimine

Theorem 7.3.2. Let k € Ny. Then, the following relations hold for the kth
moments of exponential progressively Type-ll censored order statistics:

(i) For 1 <m <n,

PSR _ Sk FIn=) _ k+1 k=) _ (k +1)!
1:m:n n 1:1:n - }’lk+l ’

(i) For2<j <m,

k+1
“®k

®k+1 _ [ ®k+1 _
I =M Jomen

jm:n jmin T

+ puBkFL (7.17)

j—lm:n
Vi

Proof. The first part is a direct consequence of the relation Z ﬁfmm ~ Exp(y1). The
recurrence relation for j > 1 follows from the following identity with |ID standard
exponential random variables Z, ..., Z;:

J k+1 1 k+1
:U“;@kmtll = (Z ) E(Zj—l:m:n + rzj)
v=1 j

]

+
Z( )_\JEZ EZiH—llmvn

k+1
k+1
- Ezf—’—llmn + Z ( ) Z;{+llmvn

k+1

k41 k Yv—-1) _
®k+1 § k+1—v
'LL] tmn vi = (U _ 1) v—1 EZ]—I:m:n

k

k+1 k\ v!

®k+1 § k—v

Mj lmn+ Y (U) VEZj—l:m:n
v=0

k+1
= p®kFl 8k

j—Lim:n jm:n

J

This proves the relation. O
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Remark 7.3.3. The proof can also be carried out using integral expressions
given in Aggarwala and Balakrishnan [12] (see also Balakrishnan and Aggarwala
[86, Theorem 4.2]). This approach results in the relation

7
M@k-l—lj

jim:n

1 % ®k+1(Ry..Rj—1.Rj+R; 41+ 1R 42...Riy)
= (k + D UERE ) T T T
Rj + 1[ Jm:n Jjim—1lin

— i M®k1+l(Rll ..... Rj—2,Rj—1+R;+LRj41,.., Ry) :I
J 7 j—1lim—Llin .

Applying the identity (see Theorem 2.4.1)

k# __ ,,®k(Ri,...Rj—1,7;—1)
’uj:m:n _Mj:j:n ’

(7.18) can be rewritten as relation (7.17) (see also Balakrishnan et al. [130]).
The proof of Aggarwala and Balakrishnan [12] proceeds by means of the
differential equation

(fO) =) F'(t)=1—-F(@k), t>0, (7.19)
valid for the cumulative distribution function of the standard exponential
distribution. Since the method is of general interest and can be applied to other
distributions as well (by utilizing the corresponding differential equation), we
present the derivation of (7.17) using this method. Let x; = (x1,...,x;) with
x; <---<xj, 1 <j <m. First, notice that, from (2.4), we can write the joint
density function of Zi.pp, ..., Zjumn @S

F&x) = ga(xj—D)y; fx;) (1= F(x;)" iy, 00) (X)), (7.20)

where g%(xj—l) = 1_[1j=_11 [)’if()Ci)(l—F()cl-))Ri]v X << xjog. We then obtain
k <
Hiinin = // yixi T Q) (= F(x )"~ dx;gop(xj—1)dX 1.
xj-1
Integrating the inner integral by parts and using (7.19), we have
= [0 Py gt

+ (k + 1)// XK1= F(x)))7dx; gz (xj-1)dx; -
Xj_l
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— /x;f'_"llleim:nann,zjfl:m:n(Xj_l)dxj_l

k
+

+1 OO k yi—1
” xiyi f(x)) (A= F(x;))7 ™ dx;go(X;-1)dX -1
J Xj—1

k+1
_ ®k+1 ®k
- ’uj—l:m:n +T Mj:m:n .

The corresponding result for product moments is given in Theorem 7.3.4

Theorem 7.3.4. Let 1 <i < j <m, m <n. Then,

1
Mi jmn = Mij—1m:n + y_j,uvi:m:n-

Proof. From the sum expression for exponential progressively Type-II censored
order statistics, we conclude

1
Mi,jmmn = E(Zi:m:an:m:n) = E(Zi:m:an—l:m:n + rzi:m:nzj)
J

1 1
= E(Zi:m:an—l:m:n) + fEZi:m:n = Wi, j—1:mn + Vﬂi:m:n-
J J
Hence, we arrive at the relation for product moments of exponential progressively

Type-II censored order statistics. O

Remark 7.3.5. For order statistics, i.e., R; = 0, 1 < i < m, the preceding
recurrence relations lead to the formulas derived by Joshi [486,488] in the case
of single and product moments, respectively.

Truncated Exponential Distribution

Results for truncated exponential distributions can be found, e.g., in Aggarwala and
Balakrishnan [12], Balakrishnan and Aggarwala [86], and Balakrishnan et al. [130].
The density function of a doubly truncated exponential distribution is given by

e—l‘

P-0’

f(t) = 0, <t<Ph,

where Q =1—e7921 >0, P =1 —e " > 0. It satisfies the differential equation

1-P

JO)=F) = 5— 0

+1-F@t)=6+1—-F@), Qi<t<P, (121
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where § = %. From (7.20), we obtain by integration by parts

kI _ //Pl k+1f(x )1 — F(x;)dx;gz(x—1)dx;
Jimin j j JEA R -1)ER] 1
:/ (= F(xj—1)) g (xj-1)d % -1

Py
+ (k + 1)// X (1= F(x;)) dxjga(Xj—1)dX; -
Xj_l

= u e+ DI, say. (7.22)
Notice that this identity holds for any distribution. We will use (7.22) subsequently
in all the examples.

Using the differential equation (7.21), 1 can be rewritten as

’ ]kn

1 A .
1ka = v // x5y fOe) (= F(x)) dx; g (xj—1)dx;
J Xj—1

Py
5 [ [ Py g
Xj_l

= —us
yi
j—1
-6 // X; (1—F(x ))V/_ldx]gg,;*(x] )dx;_;
z—l
1 =y
= —u® 5 I ,
Vi jim: 11:[1 Vi — jkn 1

where #* € €', _, denotes a censoring scheme such that the first j —1 components
are the same as those of %. From the preceding calculation, we conclude for any
keN,%,and n € N that
(k + 1)1 = ’u®k+1F/Z’ ’u®k+1F/Z’
J.k.on

jm:n j—lLim:wn>

so that

(k+ 1)Ijkn . M@k-{—l@* M®k+19?*

jmin—1 j—limmn—1"
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Therefore, we find

k+1
@kl _ @kl ' &k

jm:n j—lm:n Vi jim:n

1-P (1=
— i ®k+1%2* Qk+1%*
- . — T .
P — Q (l_[ Vi — 1)( jm:in—1 j—limm—1

i=1

Notice that, for y; = 1 (which can only happen for j = m), we get

1 =y, 1
I/‘%n = _“%km:n _5(1_[ )/_k 1 [P1k+l _x];jll:lg%*(xj—l)dxj—l

Vi iy vi—1

I Y ) = Vi k+1 Qk+1%*

= K T Hm [Pl - j—l:m:n—l] (7.23)
J i=1""

so that

j—1
k+1 1-P (5 w .
Qk+1 _ ,®k+1 ®k ! k+1 Rk+1%
Mj:m:n - Mj—l:m:n +y—j’u“j:m:n _P — Q (1_[ Vi — 1)(P1 _Mj—l:m:n—l :
i=l1

Finally, we state that for k € N,

: ®k+1(0) _ ®k(0)  1-P pk+l 1— k+1.
(1) “1:1:1 - (k + 1) Hl:l:l _P—Q Pl + %Ql >
(i1) Forn > 2,

H®k+1% _ M®k+l(n—1) — (kjl'l) M®k(n—l) 1-P ,,®k+1(n—2) _'_;’—_% Qllc+l'

Lim:n I:Llin L:lin “P-0 Mlilin—1

Obviously, for P — 1 and Q — 0, the results converge to the relations for the
exponential distribution given in Theorem 7.3.2.

The above expressions generalize relations obtained for moments of order
statistics by Joshi [486,487,488] and Balakrishnan and Joshi [103].

Truncated Pareto Distributions

The density function of a doubly truncated Pareto distribution is given by

qt""!
P-Q’

f(@) = 1<Qi<t<P.qg>0,
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where P =1-— P9 >0,0=1-0,;?>0,and1 < Q < P. Obviously, the
quantile function is given by

F<() = Q1Ff0,(). 1€ (0.1),

where Fp /o, denotes the cumulative distribution function of a right truncated
Pareto distribution with support [1, P;/Q1]. Thus,

EX},, = OYEY],...

jim:n

where Yk .mn 18 @ progressively Type-II censored order statistic from a Fp, /¢, -
populatlon This shows that it is sufficient to consider right truncated Pareto
distributions. However, the following approach addresses both cases simultaneously.
A cumulative distribution function of a doubly truncated Pareto distribution satisfies

the differential equation

i Fo? = - Fo)l 0i<i<p,

= F'(t) =
f@)=F(@) = 01

where § = },‘TP, or, equivalently,

éf(t)—rS:l—F(t), 01 <t <P (7.24)

As in the exponential case, we obtain from (7.22)

“®k

jim:n

=u? kI, (7.25)

j— lmn

Now, we apply the differential equation (7.24) to obtain
Py
How=—| / Xy (0= F ) d gea ey 1)dx
j

1
-5 / T = Py dox g (%) dx
Xj—1

j—1
1 k 1 Vi R&*
= A“}emn—é)(l |m Lk
1

avi i=1

For y; = 1 (which is possible only for j = m), this equals [see (7.23)]

1 il Yi *
% k i k k%
Iy = 77 “?m n —3( l—[ —1)[P1 - M;&—l:m:n—l ]
j

=1 Vi T
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From (7.25), we find

2" Rk I* Rk I*
KIG ki n—1 = S omin— = M5 Vo1

so that

k = .
k k || k% k%
’u“;emn:’u“] lmn+qy ’u“;emn 8( Yi — )(’u;@mn 1~ ;®lmn l)
i=1

Subtractlng < M & and multiplying by ; '”” - (for gy; # k) lead to

j—1

®k qav; ®k 1-P Vi kR* k%

'uj:m:":qy'—k {Mj_l:m:n_P—Q l—[)/‘—l (M]mn 1 /‘L —limin— 1)
/ i=1 "

In this relation, kth moments of the truncated Pareto distributions are only involved.
From the recurrence relation, we observe that M?I,;, ., cancels out for gy; = k so
that the relation cannot be used for the computation of Hgk '

Finally, we find for k € Ny and n > 2 (see Balakrishnan and Aggarwala [86,

p. 57/58)),

SR S— L
Wi = e
h 0 (log(Py) —log(Q1)), k=g

u®ko=n) _ 14 1-P okpw—2 1-0 120 He
I:l:n k—l’lq P_Q I:1:n P— Q 1

From Example 7.1.8, we know that the kth moment of X ;.,,., from an untruncated
Pareto distribution exists if y; > g or, equivalently, gy; > k. Taking the limit
P — 1, we find the recurrence relation

ok _ _4Vj ®k
jm:n qv; — k j—lLim:n

which is obvious from Theorem 7.2.5.

Truncated Power Distributions

The density function of a doubly truncated power distribution is given by

qg—1

) =2

, 0< <t< P <1l,qg>0,
P_0 <01tz P=<lyg
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where P = P/ > 0,0 = Q7 > 0,and Q < P. Its cumulative distribution
function is given by

t1—Q
F@) = , . Py).
) =5— 0 € (0. P)
It satisfies the differential equation
f)y=F@) = — + (1 F(f)]—=— [l—F(t)]C—I, 0, <t<P,
P — Qt t

where § = %, or, equivalently,
t
S——f@t)=1—F(@), Qi <t<P.
q

This differential equation is quite similar to the differential equation in the Pareto
case [see (7.24)]. We get

Vi o+ 1 ekt
_5| | —1 ——
jk 1,n l_l —1 Jjk—1n—1 qy; jm:mn

Therefore, we obtain

®k qv;

P T Vi *
Rk ! kR Rk
“j:m:n_ qy+k Mj—l:m:n+ (1_[ ; 1)('u“jmn 1 ’u“ —limin— 1)
J

P - Q i=l1

Finally, we have for k € Ny,
®k(0) _ k+q k+q
I — —-07).
BELT (k + 61)(P 0) !
Truncated Reflected Power Distributions

The density function of a doubly truncated reflected power distribution is given by

1—p)!
f(t)=%, 0<Q01<t<P =<1,g>0,



176 7 Moments of Progressively Type-II Censored Order Statistics

where P =1—-(1—-P)?>0,0 =1—-(1—-0)? > 0,and Q < P.Its cumulative

distribution function is given by

-0 (-

pog 0 Le@nn)

F@t) =

It satisfies the differential equation

- P
—f()—P Q+1—F(t)—5+1—F(t) 01 <t < Py, (7.26)
where § = %. As above, we obtain from (7.22)
k
’u;@mn ’LL] 1mn+kjk lLon*
Now, we apply the differential equation (7.26) to obtain
Py
i = 777 // K= )y f(x )= F(x))) ™ dx;j g (xj—1)d X
J

Py
5 [ [ Py g
Xj—1

Vi
:_(M;@gnl_’u;@]:nn)_gn l I]k 1.n—1°

1—1

As in the Pareto case, we find

nek ., = nek 1mn+—(#?ﬁ,2—ﬂf’fnn)
j—1
Sl | Bt G
i=1
or, equivalently,
by = T P+ 58

lim:n— 1)’

1-P 5 Rk T* kR
- 1_[ (’u“jmn 1 ’u“ —limin— l)

L vi—1
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For P — 1, this tends to the relation for the (untruncated) reflected power function
distribution with support [0, 1], i.e.,

qv ®k k@1
pek = TN u®k @k
Jjim:n k+qyj j—Lim:n qv; Jim:

i ek k ®k—1
k +qyj j—lim:n k +qyj jm:n

This shows that M%ﬁm is a convex combination of M;&fl:mm and ,u%];;nl. Finally, we
have fork € Ny andn € N,
1< k
®k(0) v +k—v +k—v
k) -1 [1— G+ (] — pp)t ]
M = 5o ;( ) () (1-01) (1= Py)
®0(n—1)
P =1

®k(n—1) qn k k—1n-1y 1—P  erw—2 , 1—0
i = kK +an + — Mraa Y s R A +5—= 0 -
gn | qn P-0 P—-0

Logistic and Related Distributions

Balakrishnan et al. [151] established recurrence relations for the logistic distribution
with cumulative distribution function F(¢) = 1/(1+e™"),t € R. First, arecurrence
relation for the first progressively Type-II censored order statistic, the minimum, is
given by

UBKHIT* _ ’u®k+19?_k +1 Bk
Im:n+1 — "limn n lim:n>

where Z* is a censoring scheme with sample size n + 1 (see Shah [795, 796]
and Balakrishnan and Sultan [126]). Notice that the minimum is independent of
the progressive censoring procedure. Denoting the censoring scheme by # =
(Ri,...,Ry), Balakrishnan et al. [151] presented the following relations for
progressively Type-II censored order statistics. Let y;(n) = n — i;ll(Rk + 1),
1<j<m,and A(n,m — 1) =[]'_, yi(n).

According to Remark 1.1.6, a progressively Type-II censored order statistic
X jﬂ:m:n (and thus its distribution) depends only on the first j — 1 censoring numbers
Ry, ..., Rj_1. Therefore, the sample size and the first j — 1 censoring numbers
determine the distribution and, thus, the moments of the distribution completely.

Suppose we are interested in the moment M?i],;‘tll‘%. Then, we have the identity

M?ZEI‘% = M%kmtll'%* where #* € @', is an arbitrary censoring plan with
. *

‘@;;’—1 = (Ry,..., Rj_y) [cf. (1.6)] and sample size n. For M?fntllﬁ , the cen-
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soring scheme Z* € €}, | | has sample size n + 1,but Z% ;| = (Ri,.... Rj-1)
still holds. Then, we can write the recurrence relation presented in Balakrishnan
et al. [151, Theorem 2.2] as follows:

oktigr _ A+ 1.7 1)
jmin+1 (R] 4 2)A(I’l,j _ 1)

jim:n jim:n

[(Rj—Fl)M®k+L@*—{k-kl)M®k%*

* A(l’l,j — 1) *
) Rk+17* ®k+1%
+)’](7l):uj;m;n —A(n 11, 1) Jmmntl

o A, j—1) %+
Qk+12 ®k+1%
_Vj—l(n) 'uj—l:m:n +m j—l:m:n+l:|'

. . * . . .
Noticing that M?ﬁf,}fﬁ is present on both sides of the equation, we can rearrange

the equation and find the result

okt _ A+ 1j-1)
jmin+1 (Rj + I)A(l’l,j _ 1)

[(Ry + 1) HEEEIT —(k + 1) i

jim:n jim:n

* * A(}’l,j — 1) *
®k+1% ®k+1% Rk +1%
+ i) Ko™ —vi— ) T +—A(n 1.7 -2) K o+ ]

Relations for product moments are also presented in Balakrishnan et al. [151].

Remark 7.3.6. Similar results for half-logistic distribution have been established
by Balakrishnan and Saleh [119] and Saran and Pande [770]. Log-logistic and
generalized half-logistic distributions are discussed in Balakrishnan and Saleh
[120] and Balakrishnan and Saleh [121], respectively.

Doubly Truncated Burr Distributions

Doubly truncated Burr distributions with cumulative distribution function

1-0 1
P—-Q P-0

F(t) = [1+6:7]7,

where v, p, 8 > 0 and Q < P determine the proportion of truncation on the left and
right, are considered in Saran and Pushkarna [771]. Relations for kth moments as
well as for product moments are presented. Moreover, it is remarked that the results
are valid for many particular cases including, e.g., Lomax, log-logistic, exponential,
Rayleigh, and generalized Pareto distributions. Generalized Pareto distributions
have also been considered by Mahmoud et al. [629].
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7.4 Moments for Symmetric Distributions

In the literature on usual order statistics, many results are available when the
baseline distribution is symmetric (see, for example, Arnold et al. [58] and
Balakrishnan and Sultan [126]). In this section, we present results which enable
us to compute the moments of progressively Type-II censored order statistics from
an arbitrary symmetric distribution when the moments of progressively Type-II
censored order statistics from the corresponding folded distribution are available.
Balakrishnan and Aggarwala [86] introduced the idea of progressive Type-II left
withdrawal scheme in order to arrive at this result (see p. 33). Here, we use another
approach which leads to simpler formulas.

For convenience, we assume that the underlying distribution is symmetric
about 0. Throughout this section, let f be the density function and F be the cumu-
lative distribution function of the population distribution. Then, the corresponding
folded distribution has density function g and cumulative distribution function G
defined by

g(t) =2f(), G@)=2F@)—1, t>0. (7.27)

Our results are based on the following result of Govindarajulu [410] established for
usual order statistics.

Theorem 7.4.1 (Govindarajulu [410]). Let Xi.,,..., X,:, be order statistics
from a population with cumulative distribution function F symmetric about 0
and Y., ..., Yy, be order statistics from the corresponding folded cumulative
distribution functlon G as given in (7.27). Then, with H‘X’k Ean and v;g:’y’l‘ =
EYX re{l,...,n}and k €N,

r—1
n
2 uk =" (z) &K i F(=DF Z (z) vER e (7.28)

(=0 {=r

From (7.1), we know that moments of progressively Type-II censored order
statistics can be expressed in terms of moments of minima. Hence, we get the
identity

Wn = (l_[%)za””k
p

Applying (7.28) to the kth moment of the minimum X, , we arrive at

“?ZHZ(ﬁyi)Zr:yi;;j( vigy, (= 1)"2(6)@;). (7.29)

i=1 j=1 (=1
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This expression shows that we need the kth moments of both minima and maxima
of the folded distribution only.

A similar relation holds for product moments. Govindarajulu [410] established
the following relation for product moments of order statistics (1 <i < j < n):

i—1
n
2" Wi =), (E)Vi—li,j—(:n—li

{=0

j—1 n n n
-> ¢ Ve b1Vt + ) ¢ |Veitivie (1.30)
(=i

{=j

Exploiting (2.29) for the uniform distribution, we get for 1 < i < j < m and
O<s<t<l,

j i
fUi:m:n.,Uj:m:n (S, Z) — (1_[ yp) Z Z apla t))/k 1(1 S)Vp—)/k—l.
p=1

p=1lk=i+1

Notice that y, > yx + | for p < k. Then, expanding (1 — s)?»~ %! =

ZZP_ Yk— 1( l)p()/p Zk l)sp and deﬁnlng S]?k = (nq 1Vq)a]”a](¢;7 we get the
identity

J —vk—1
pmtmn =Y Y i 1)*’(”’ . 1)sﬂ(1—rw—l

p=lk=i+1 p=0
i J —yk—1 £ (Vp vk—1
“X Y e
Yk p
poc el e )’k(J/k+ D ( )

i

i vrn . (yp e 1)
Z Z - PP Liyg+p
p=lk=i+1 p=1 = vi(ye + 1) (V;+p) [ OmctrUotincto(s, 1).

Hence, we get the following relation for product moments of progressively Type-II
censored order statistics in terms of order statistics from the same distribution

Mi jm:m =
Yp—Vk (Vp_yk_l)

k —1
Z Z Z( P~ lyk(y:+1) (},Ejlp) E(Xp:yk+po+l:yk+p)' (7.31)

p=lk=i+1 p=1
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Applying the relation (7.30) to E(XP:Vk+PXP+1:Vk+P)’ we arrive at the desired
representation. It should be noted that (7.30) simplifies because i = p = j — 1.
In this case, we have with n replaced by yx + p

p—1
Yk +p Yk t+p
2yk+pﬂp,p+l:yk+p = Z ( ) )Vp—l,p+l—£:yk+p—£ - ( o )Vlslesyk

=0

Yetp
Ve +p
+ > ( ) )W—p,z—pﬂ:z- (7.32)

{=p+1

The relations (7.29) and (7.31) can be directly applied to calculate moments of
the standard Laplace distribution (for order statistics, see Govindarajulu [411] and
Kotz et al. [546, pp. 61-62]). Here, the folded distribution is a standard exponential
distribution. The identity (7.29) reads in this setting as, for k = 1,

. , ' Vi AR
1 = (I17) 2 (s 2 (yej) 25

i=1 g p=1
and for k = 2,
r oo A Ly
2= () X 2 (X (7) [ S (251
i=1 =1V Yioo= =P =P

Hence, we have explicit formulas to calculate the means and variances of Laplace
progressively Type-II censored order statistics. Since the (product) moments of
exponential progressively Type-II censored order statistics are explicitly available
(see Theorem 7.2.1), we can simplify (7.32) and arrive at

p—
" Ye +p LS
20 pﬂp,p+liyk+p - Z ( ¢ )I:Up Ly +p—L +— p—li:yk+p—li]

=0 Yk
+
_(Vk“r‘P) 1 +nz:p ()’k+P)[ ®2 +lv ]
{—p:t
poJeve A\ ¢ P

This enables us to calculate the covariances of Laplace progressively Type-II
censored order statistics. These formulas will be utilized later on (see Sect. 11.2.4)
in the derivation of best linear unbiased estimators.

Example 7.4.2. Assuming the censoring scheme #Z = (2,0*2,2,0*3,2,0,4),
i.,e., m = 10 and n = 20, the mean and the variance—covariance matrix of
progressively Type-ll censored order statistics from a Laplace(0, 1)-distribution
are computed using the preceding formulas as (up to three decimals)
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EXZ = (—2.905, —1.850, —1.332, —0.990, —0.703,
—0.478, —0.291, —0.126, 0.075, 0.290)’,

1.596 0.569 0.322 0.215 0.150 0.111 0.085 0.069 0.057 0.052
0.569 0.595 0.339 0.226 0.158 0.117 0.090 0.073 0.061 0.055
0.322 0.339 0.344 0.230 0.161 0.119 0.092 0.074 0.062 0.056
0.215 0.226 0.230 0.232 0.162 0.120 0.093 0.075 0.062 0.056
0.150 0.158 0.161 0.162 0.169 0.125 0.097 0.079 0.066 0.059
0.111 0.117 0.119 0.120 0.125 0.130 0.101 0.082 0.068 0.062
0.085 0.090 0.092 0.093 0.097 0.101 0.105 0.085 0.072 0.065
0.069 0.073 0.074 0.075 0.079 0.082 0.085 0.092 0.077 0.071
0.057 0.061 0.062 0.062 0.066 0.068 0.072 0.077 0.100 0.092
0.052 0.055 0.056 0.056 0.059 0.062 0.065 0.071 0.092 0.128

Cov(X?) =

7.5 Bounds for Moments

7.5.1 Bounds Based on the Cauchy-Schwarz Inequality

Classical distribution-free upper bounds for means of order statistics have been
derived by Hartley and David [432], Gumbel [421], and Ludwig [620] by means
of the Cauchy—Schwarz inequality. Reviews and more details on this topic are given
in Arnold et al. [58, Sect.5.4], Arnold and Balakrishnan [51, Chap. 3], and Rychlik
[764]. The upper bound (7.33) due to Balakrishnan et al. [129] extends these results
to means of progressively Type-II censored order statistics.

Theorem 7.5.1. Let X,.,., be a progressively Type-ll censored order statistic
from a distribution function F with EX =0, Var(X) =1 for X ~ F. Then,

r r 1/2
a; r
EX i < | |)’<2 E - ol —1 = Bcs. (7.33)
e { l nj=1(yj+)/i—1) }

i=1 =l
Proof. First, notice that fol F<(t)dt = EX = 0 by assumption. Then, by

introducing a constant ¢ € R and by Theorem 7.1.1, the Cauchy—Schwarz inequality
yields the upper bound

EX, i = /1 F(u) (fU':'":” (u) — C)du
0

< {/Ol (fU’i'"i" (u))zdu—ZC + cz}

1/2
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Obviously, the right-hand side attains its minimum for ¢ = 1. Moreover, using
(2.28) and the Lagrangian interpolation formula for f = 1, we find

0 0

i=1  i=1j=1

r r r

r r
_ 2 _ _ Y 2 - A .
LRI e R VDM s ey

i=1 i=1 j=1 i

i=l1 i

This proves the desired bound. O

In the particular case Ry = ... = R,—; = R, the upper bound for EX,.,:,
simplifies to (cf. Kamps [498, p. 184])

e 72 20—\ _ |
[ @y —1+iR+ D)\ r—1 '

In view of the bound (7.33), it is interesting to ask whether it can be attained.
Equality in (7.33) holds if and only if |F < (u)| = d - | fYrmn(u) — 1],0 < u < 1,
where d is specified by the equation

1= /01 (F~ )’ du = d> /01 (0 ) 1)2du = d*- Bl

Hence, |F < (u)| = B&d - | f Y () — 1]. Noticing that

0, >2
fUr:m:n (0) = { r= | and that
Vi, =
p 0, r<m-—lorr=m,y,>1
f erZn(l) — n—1 ) ,
j=

we deduce from the monotonicity of F < that the bound is attainable iff either r = 1
orr = m, y, = 1 (see also Theorem 2.7.5). If r = 1, then the density function
of Uy is given by fUimn(¢) = n(1 — )", which is a decreasing function.
Hence, the distribution function attaining the upper bound Bcs = (n —1)/+/2n — 1
is given by

I n—1 = Van—1
o= (o o) ve (Vi)



184 7 Moments of Progressively Type-II Censored Order Statistics

For order statistics, this result was given by Hartley and David [432]. For r = m
and y,, = 1, we find from Lemma 7.5.3 that @,,(t) = FU»mn(¢) — ¢t is a convex
function. Hence, (fYn=#)'(t) > 0 such that U= is an increasing function on
(0, 1). This proves that the upper bound is attained. The support of the respective

1
j=1"

r = m = n > 2 and order statistics, the explicit representation

m—1
distribution function F' is given by the interval | —Bcs, Bcs ( I1 Yo 1):| For

F(x) = (%(1 e %x))"L‘, x e (— % M)

results (cf. Arnold et al. [58, p. 121]).

In the proof of Theorem 7.5.1, an expression for the integrated square of
the density function of some progressively Type-II censored order statistic was
found. This representation is a special case of formula (7.34). Let U,ff’?,‘nl:,,l and
U,?,znzznz be progressively Type-II censored order statistics based on the standard
uniform distribution, and let y; (%) and afi , J = 1,2, denote the corresponding
parameters. Then,

1 R R
/ fU’l :}”1 ny (u)fUrzignz:nz (M)dl/l
0

2

= TTn@ [Tn@ Y (T] @ + vy - 1) . 139)

i=1 i=1 i=1 j=1

7.5.2 Bound Based on the Method of Greatest Convex
Minorant

Another concept to derive upper bounds, called the method of the greatest convex
minorant, is due to Moriguti [657]. We apply this procedure subsequently in order
to obtain bounds for means of order statistics. For related results for usual order
statistics, we refer to David and Nagaraja [327, pp. 65-68], Balakrishnan [82],
and Huang [459]. A comprehensive treatment of the method as well as many
applications can be found in the book by Rychlik [764].

Let F be the underlying cumulative distribution function, u its expectation, o
its variance,

2

0, (2) = fUrmn(z) — 1, and &, (z) = /0 ) @, (t)dt = FUrmn(z) —z, z € [0, 1].



7.5 Bounds for Moments 185

Hence, EX, .y — 4 = fol x@r(F(x))dF(x) and @, fulfills the assumptions of
Theorem 2 of Moriguti [657]. This yields the upper bound

1/2

. 1
EXvinin = 1 < {/ ) (z)zdt} , (7.35)
0 —T

(o2

where @ is the right-hand derivative of the greatest convex minorant @, of @, on
the interval (0, 1). Subsequently, we present some preliminary results that are used
to compute @,.. First, we prove the following lemma.

Lemma 7.5.2 (Balakrishnan et al. [129]). Let r > 2. The polynomial #,
defined by

i ==Y a, "t = ([TH)[F 0 - a -]

i=1 ! j=1
has a unique root in the interval (0, 1) if either r <m—1or (r = m and y,, > 1).
For ym = 1, hy(t) is positive for every ¢ € (0, 1).

Proof. Since y; > -+ > y, > 1, y, = 11is possible only for » = m. For y,, = 1,
the function ,, simplifies for ¢ € (0, 1) to

m — 1
h(1) = — Za,ml (1= 1) + a2 (1 = 1)

P — Vi )V Vm

m—2
_ Z aim— 1 Z)}/, — 1_[ y]—l(l _ FUm—IZmZn (t))'

i=1 j=1

Since FUn—tmn is strictly increasing on (0,1) with FUn—tmn(0) = 0 and
FUn—tmn(1) = 1, the function h,, is positive for ¢ € (0,1) and obviously
decreasing.

Suppose now that either r < m orr = m, y,, > 1. Let g, ) =0—=t)""h, (t)
t € (0,1). Then, g, (0) = —Z,_la,r%i =i “}’,—I'— iz air =1} _1)/,
0and g,(1) = —a,, Vryjl < 0. Hence, g, has at least one root ¢ in (0, 1).

Now, it is proved by induction on r that g, has only one rootin (0, 1). Forr = 2,
the assertion is obvious since

-1 —1
(=07 —ap, 2

V2

Y
g (t) = —ain !

-1 1/(y1—y2)
fo = 1_()’1()’2 )) )
y2(y1 —1)

(7.36)
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Let m > r > 3 and suppose that g.—; has only one root in (0, 1). Since g.(t) =
—(1 —t)®=1g,_,(¢), we conclude that g, has at most one local extreme in (0, 1).
Since g, has at least one root in (0, 1) and g,(0) > 0 > g,(1), it has at most one
root. This proves the assertion. O

Before focusing on the greatest convex minorant, we prove another auxil-
iary result. Both lemmas enable us to calculate the greatest convex minorant
(cf. Theorem 7.5.5).

Lemma 7.5.3. Let2 <r <m.

(i) f r =m and y,, = 1, then &,, is convex on [0, 1];
(ii) Let r <m or y, > 1, then there exists a number 5, such that @, is convex
on the interval [0, ;] and concave on the interval [n,, 1].

Proof. Suppose ¥ = m and that y,, = 1. Then, it is easy to show that @, (t) =

(1 —t)=! fUn—tzmn (¢£) > 0. This proves the convexity of ®,, on the interval [0, 1].
According to Corollary 2.7.4, F U is unimodal (see also Theorem 2.7.5). This

yields the desired result. O

Remark 7.5.4. The identity > /_,a;,¥; = 0 utilized in the preceding proof
can be generalized by applying the same argument to v(x) = x?, x € [0,1],
1 < p <r—1. This yields

Zai,,.yi]’_l =0, 1<p=<r-—1.

i=1

Theorem 7.5.5 (Balakrishnan et al. [129]). If y,, = 1, then &, = &,,.
Otherwise, the greatest convex minorant @, of @, (r > 2) on the interval (0, 1)
is given by

o=@ el (7:37)

o)1=, zele 1],

where £ is the unique solution of the polynomial equation

he(t) == ai, y"; 1(1 — 1) =0, 1€(01). (7.38)

i=1
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The preceding results yield the upper bound
EXr:m:n = %B(zjs

r r r L L 1/2
+ﬂnyZai,,.a,-,r( i =Dl =D )(1—5)”'*”“} . (139

el e vivitvi+v; =1

where Bcs is the upper bound in (7.33).

Proof. The first assertion follows from Lemma 7.5.3, since &,, is convex on the
interval (0, 1). Suppose r < m — 1 or that r = m and y,, > 1. Lemma 7.5.3 yields
that @, is convex on an interval [0, n,] and concave on [7,, 1], 2 < r < m. Following
the ideas of Moriguti [657] (see also David and Nagaraja [327, p. 65/68]), we know
that the greatest convex minorant @, is initially equal to @, up to a point £ and then
continues as a linear function. Hence, @, has the representation (7.37). The point &
is the solution of the equation @/ (§) = —&,(£)(1 — &) or, equivalently, 4, (§) = 0.
Lemma 7.5.2 reveals that /i, has a unique root in (0, 1). This proves the second
assertion.

The bound results from the right-hand derivative of the greatest convex minorant
@, of @, on the interval (0, 1), i.e.,

_ )o@, z€]0,8],

g (2) =

= -2, zelg ],
the bound given in (7.35) and some lengthy calculations (see Balakrishnan et al.
[129]). i
Remark 7.5.6.

(i) For r = 1, @, is a concave function (see Theorem 2.7.5). Thus, Moriguti's
method does not lead to an improved bound;
(ii) For order statistics, (7.38) simplifies to equation (10) of Balakrishnan [82];
(iii) For r > 2, the solution & of (7.38) has to be computed numerically. For
r = 2, the equation can be solved explicitly as given in (7.36).

7.5.3 Further Bounds

Further bounds can be established using different distance measures. For instance,
Ragqab [742] considered the so-called p-norm bounds (see also Cramer et al. [309]).
Choosing

1 1/p
0, = (E|X — )7 = (/0 IF=(x) _de) L lsp<co
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bounds similar to (7.39) can be obtained in this scale unit using the method of
greatest convex minorant. Results for order statistics are provided by Arnold [50]
and Rychlik [763].

Many bounds for moments have been established in terms of generalized order
statistics. However, most of them are only valid for m-generalized order statistics
and, thus, not applicable to progressively Type-II censored order statistics with
arbitrary censoring scheme Z%. Katuszka and Okolewski [492] obtained upper
bounds in terms of Tsallis’ entropy defined as

XP—-X
TP(X) = E( p—1 ),
where p > 0, p # 1 is denoted as entropy index (see Tsallis [856]). They found the
following bounds.

Theorem 7.5.7. Let Xy.pn, ..., Xpum:n be progressively Type-Il censored order
statistics from a cumulative distribution function F with F(0) = 0 and mean
u € R. Moreover, suppose EXPV! < oo and let ¢ > 0. Then, for 1 <r < m:

(i) For p > 1,

1 _ cp_l —
EXr:m:n = _(Cp lTp(X) + —p

1
u+—m@0,
p—1 c

S

where 7,(p) = [yl + (p — Dg (1)]”/"7Vdt and ¢ is the right-hand
derivative of the greatest convex minorant @, of the cumulative distribution
function @, = FUrm= on the interval (0,1). The bound is attained iff

F@) = 211+ (= D, 0107, 1€ @)
(i) For0 < p <1,

1 Pt — 1
EXr:m:n > __(Cp_l Tp(X) + —p:u“ + __Kr(p)),
p p—1 c

where «,(p) = — [1[1 — (p — 1)g,(1)]”/?~Vdr and @, is the right-hand
derivative of the smallest concave majorant @, of the cumulative distribution
function @, = FUrm« on the interval (0,1).The bound is attained iff

<« 1 — —
F7 () = E[l—(p—l)wr(l)]l/”’ D, 1€

Rychlik [765] has discussed bounds on moments of generalized L-statistics of
generalized order statistics with a special focus on L-statistics of progressively

Type-II censored order statistics, i.e.,
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m
L(a) = Zanj:m:n-
j=1

He assumed that the cumulative distribution function F has a bounded support [o, 8]
and obtained the following result.

Theorem 7.5.8. Let Xy, ..., Xppum be progressively Type-ll censored order
statistics from a cumulative distribution function F with bounded support [, ]
and mean u € [o, B]. Then,

” X"m:n_ -~ - -
P ot S E ()

Jj=1

where F, denotes the greatest convex minorant of F, = Z;’;l a; FXimn,

Conditions for a discrete distribution with at most three supporting points

attaining the bound can be found in Rychlik [765]. Moreover, he showed that the
upper bound can be written as

m

a* Zaj — F,(a"),
j=1

where 0 < a* < 1 satisfies the equation ia (x) = Z;’;l
hand derivative of F,.

Finally, Rychlik [765] pointed out that the results simplify for single progres-
sively Type-II censored order statistics as well as for differences of progressively
Type-II censored order statistics. For instance, he showed that, forr > 2and y, > 1,

the upper bound on the expectation of X,.,., can be written as

aj and f s the right-

Xr:m:n_,Uv < Z%g[fr:m:n(e)_l]s o f“fﬂ_e(ﬂ_a)

:3—05 B %Fr:m:n(?}%ﬁ)’ IB_H(IB_O[)E'MS'B’

E

where 0 < 6 < 1 is the unique solution of the equation (1 — #) frunn(t) = 1 —
Fy.pp:n(2). The results for differences are based on the shapes of density functions of
uniform progressively Type-II censored order statistics (see Theorem 2.7.5).

Further approaches in the derivation of bounds deal with restricted families
of distributions. Cramer et al. [313] considered nonnegative distributions and
established the bounds

r—1
123 5 EXr:m:n 5 ( J/—J),LL
j= Vi1
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provided y, = 1. For y, > 1, the bound is given by

0< EXpin < U (E)p,

where £ is the solution of (7.38). The bounds are sharp in the sense that they
are attained in the limit by an appropriately chosen sequence of distributions
(see Cramer et al. [313]). The respective results for order statistics are given in
Papadatos [702].

Marohn [639] obtained an upper bound for the survival function of a progres-
sively Type-II censored order statistic. In particular, for | < r < m — 1 and
t > F*(r/n), he got the expression

exp { — sty log F (1) + log(1 — r/n)]z}
0 < —log F () + log(1 — r/n) < 2=2rtL
P(Xypimn = 1) < y g F () &( /n) nYr+1Vr
exp { — % [—log F (1) + log(1 — r/n)]}

_ _ n=yYr41
log F(t) + log(1 —r/n) > T,

7.6 First-Order Approximations to Moments

Explicit expressions for moments can only be established for some distributions
(see Sect. 7.2). For the remaining ones, numerical computations or approximations
have to be used. Subsequently, we illustrate an approximation by a first-order Taylor
series approximation which can also be found in Balakrishnan and Aggarwala [86].
Further details on this approach are provided by David and Nagaraja [327, Sect. 4.6].
Consider uniform progressively Type-1I censored order statistics Uy.p:n,s - - - » Umimen-
Then, we know from representation (2.16) that

j=1
where Uy, . .., U, are |ID standard uniform random variables. From Theorem 7.2.3,
we find (1 <r <s <m)
EUpy =1, = l_lL[y—J = l_bry
I+,

J=1

r

Var(Uy. ) = l—[ ) + v; l_[ (1 = (a, — b,)b,,
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s

Cov(Ur:mun, Uginen) = ( 1_[

j=r+1

Vi
L+,

)Var(Xr:m:n) = (a, — by)bs,

where a, = ‘:—,bu = =+ and
v v

C\;Zl—[)/j, d\,zl_[(yj+l), e\;:l—[()/j+2), I<v=m
j=1 j=1

J=1

[cf. (7.12)]. Suppose Xi:mums- .., Xm:mm are progressively Type-II censored order
statistics from an arbitrary cumulative distribution function F', where F is strictly
increasing, absolutely continuous, and differentiable and its density function f is
positive on the support of F'. Moreover, we assume that the quantile function F < is
twice differentiable and that it can be expanded in a Taylor series of the second-order
at the point I, = EU, ., 1.€.,

<« <« <« 1 <«
F(t) = F~ (L) + (F7)'UT)(t — I,) + SF ) (§) — 1,)°
with £ € (0, 1). Considering the quantile representation given in Theorem 2.3.6
Ximmn g F~ WUrmm), 1=r <m,

and ignoring the remainder in the Taylor expansion, we find the approximations

EXI':m:n ~ F(_(Hr)’
I
FAF<()))
1
Xsimm) =~ f(F<(I1,)) f(F<(I1y))

Var(Xr:m:n) ~ (ar - br)bra

(a, — b,)by,

Cov(Xrimum,

where we have used the fact that (F <)/ (z) = W This yields an approxima-

tion of the covariance matrix
Exﬁ ~ A EU” A s

with a diagonal matrix A™! = diag(f(F < (ITY)), ..., f(F<(I1,))).

For order statistics, this kind of expansion was given by David and Johnson [324].
They also showed that the Taylor series terms beyond the first order are of order %
A detailed account on approximating moments of progressively Type-II censored
order statistics has been provided by Balasooriya and Saw [162].



Chapter 8
Simulation of Progressively Censored
Order Statistics

Simulation of order statistics has been addressed by many authors (see, for instance,
Schucany [787], Lurie and Hartley [621], Lurie and Mason [622], Ramberg and
Tadikamalla [737], Horn and Schlipf [450], and Devroye [337]), who discussed the
efficient generation of partial or complete sets of order statistics. Reviews on that
topic are provided by Devroye [337, Chap. V], Arnold et al. [58], and Tadikamalla
and Balakrishnan [831]. One general problem in generating order statistics from
a cumulative distribution function F is the sorting process which may be time
consuming. Thus, several approaches using quantile functions and generation of
uniform or exponential order statistics have been employed, and various efficient
algorithms were developed to enable fast generation of order statistics from a given
distribution.

In this regard, we present here some algorithms to generate progressively
censored order statistics. These procedures are used to evaluate the performance
of many statistical procedures presented in Parts II and III of this book.

8.1 Generation of Progressively Type-II Censored Order
Statistics

The first paper dealing with the generation of progressively Type-II censored
order statistics is the one by Balakrishnan and Sandhu [122] who introduced
Algorithm 8.1.3 (see also Balakrishnan and Aggarwala [86, Chap.3]). Maybe,
they proposed the most popular method to generate progressively Type-II censored
order statistics from an |ID sequence of random variables. However, the obvious
approach to generate progressively Type-II censored order statistics is to mimic the
Generation Procedure 1.1.3. Starting point of the procedure is a sample of random
variables Xi,...,X,. Notice that Algorithm 8.1.1 works for any distributional
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assumption imposed on the sample X1, ..., X,. In particular, the approach works
for nonidentically distributed random variables as well as for dependent random
variables.

Let Z € %Zﬂn be a censoring scheme and X}, ..., X, be a sample of random
variables.

Algorithm 8.1.1.

Compute the order statistics Xy, ..., X, for the sample X1,..., X,;
Let N7 ={1,...,n};

For i from 1 to m do

Let k; = minA; and put XZ . = Xj,un;

Choose randomly a without-replacement sample R; € N; \ {k;} with
IRil = Ri;

If i <m, put Nix; = N; \ ({k;} UR;) and go to @), or else stop.

@ @O

The preceding simulation algorithm starts with the generation of order statistics
in step (D. This, for instance, may be handled by an efficient algorithm first (see
the references at the beginning of this chapter). In any case, it is important that
the complete sample of order statistics X1, ..., X,:, must be available. Since n in
comparison to m is usually large, this method generally will not be very efficient
timewise. Alternatively, one may use the quantile representation in Theorem 2.1.1
provided that the generation of uniform order statistics with the same dependence
structure is simple. This approach will be especially of interest when the calculation
of the quantile function F* is very time consuming or if n is small.

For an IID sample, the situation becomes simpler. Then, progressively Type-II
censored order statistics can be generated directly from uniform random variables
without employing order statistics and sorting algorithms. The method works by
using the quantile representation (2.14) in Theorem 2.3.6, i.e.,

J
Xj:m:n = F(_<1 - 1_[ Ukl/)/k) < F(_(Uj:m:n)s
k=1

where Uy, ..., U, are |ID standard uniform random variables. Thus, the resulting
method is as follows: first generate uniform random variables, multiply them
according to (2.14), and, finally, apply the quantile function F*". This yields
Algorithm 8.1.2.

Algorithm 8.1.2.

(D Generate m |ID uniform random variables Uy, ..., Uy,;
@ Compute By = U k=1,...,m;

@ Let Vp = 1; calculate Vy = By Vi, k= 1,...,m;

@ LetUrppn=1=V,,r=1,...,m,

® Let Xpunw = F<(Upipn), r =1,...,m.



8.1 Generation of Progressively Type-II Censored Order Statistics 195

0.0452946913 0.1333139682 0.3164322400 0.3265153709 0.3725533981
0.3822451715 0.4346257333 0.4348511608 0.5176778031 0.5515798663

Table 8.1 Simulation of m = 10 uniform progressively Type-II censored order statistics with
censoring scheme Z = (2,0%2,2,0%3,2,0,4)

0.0463525634 0.1430784995 0.3804294909 0.3952901058 0.4660967082
0.4816636179 0.5702673482 0.5706661503 0.7291429300 0.8020246876

Table 8.2 Simulation of m = 10 standard exponential progressively Type-II censored order
statistics with censoring scheme Z = (2,0%2,2,0*3,2,0,4)

This approach relies on a simple computation of the quantile function F <. It is
especially useful when F*~ has an explicit representation. Further, it is clear that it
is sufficient to generate r uniform random variables only when only r progressively
Type-II censored order statistics are required.

Algorithm 8.1.2 has been introduced by Balakrishnan and Sandhu [122] in a
slightly different way. They used the fact that, for a uniform random variable U, the
random variable U'/?, t > 0, has a Beta(t, 1)-distribution. Their algorithm is given
in Algorithm 8.1.3.

Algorithm 8.1.3.

(D Generate m independent beta-distributed random variables By, ..., B, with
B; ~ Beta(y;, 1);

@ Let Vp =1; calculate Vy = By Vi, k=1,...,m;

@ Let Uy =1-V,, r=1,...,m,

@ Let Xr:m:n = F(_(Ur:m:n)v r = la cee,m.

Example 8.1.4 (Simulated uniform progressively Type-ll censored order
statistics). Using Algorithm 8.1.2, we have generated a sample of m = 10
uniform progressively Type-ll censored order statistics with censoring scheme
Z = (2,0*2,2,0%3,2,0,4) from a sample of size n = 20 (see Table 8.1).
This particular censoring scheme was applied in the simulation of progressively
Type-ll censored order statistics from a Laplace distribution in Balakrishnan and
Aggarwala [86, p. 133].

Using Step & of Algorithm 8.1.2, we apply the quantile transformation to
generate a random sample of progressively Type-II censored order statistics from
several other distributions.

Example 8.1.5 (Simulated nonuniform progressively Type-1l censored
order statistics). Using the simulated uniform progressively Type-ll censored
order statistics in Example 8.1.4, we apply the quantile transform to get the
following simulated data:

(i) Standard exponential data: F<(r) = —log(1—1), t € (0, 1) (see Table 8.2).
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—2.401418263 —1.321901089 —0.4574989714 —0.4261310730
—0.2942277203 —0.2685458855 —0.1401228209 —0.1396042850
0.03599574918 0.1088775075

Table 8.3 Simulation of m = 10 standard Laplace progressively Type-II censored order statistics
with censoring scheme Z = (2,0*2,2,0%3,2,0,4)

12.99290868 18.39049456 22.71250514 22.86934464 23.52886140
23.65727057 24.29938590 24.30197858 25.17997875 25.54438754
Table 8.4 Simulation of m = 10 Laplace progressively Type-II censored order statistics with

u = 25and ¥ = 5 and with censoring scheme Z = (2,0%2,2,0%3,2,0,4)

—log(21), 0<t<1/2
(i) Standard Laplace data: F<(t) = 0g(21) <t<1 (see

—log(2(1—1)), 1/2=<t<1
Table 8.3).
(iii) Laplace data with ;& = 25 and ¢ = 5 (see Table 8.4).

Alternatively, one can simulate progressively Type-II censored data by using
independent standard exponential random variables Zy, ..., Z,,.

Algorithm 8.1.6.

(D Generate m independent standard exponential random variables Z1, ..., Z,,;
@ Calculate Y = yika, k=1,...,m;

® Let Yy :=0; calculate Zypn = Y + Zi—1:mn, kK =1, ..., m;

@ Let Xyupn = FT (1 —exp{—Z;ym}), r =1,...,m.

A disadvantage of Algorithms 8.1.2, 8.1.3, and 8.1.6 is that in order to simulate
a single uniform/exponential progressively Type-II censored order statistic one has
to compute all forerunners. In some exceptional cases, this can be simplified by
simulating beta variates (as is possible for order statistics). This comment applies to
progressively Type-II censored order statistics with equi-balanced censoring scheme
Z = (R*™). Moreover, it is possible for the first r progressively Type-II censored
order statistics if the corresponding censoring numbers coincide (in fact, this means
that the right truncated censoring scheme is equi-balanced). In this case, one has to
generate a beta variable which can be done efficiently using well-known procedures
(see Devroye [337, Chap.IX.4]).

8.1.1 Generation of General Progressively Type-I1I Censored
Order Statistics

General uniform progressively Type-II censored order statistics Uﬁf{mm, cees

U,f,ﬁ;’n can be interpreted as a left censored sample of uniform progressively
Type-II censored order statistics U . . ...., UZ . with censoring scheme

#Z = (0", Ry41.....Ry) € €, [see (1.7)]. Hence, the first general uniform
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progressively Type-II censored order statistic satisfies the distributional identity
Uﬁ?{m:n 4 r+1:> Where U, 41, ~ Beta(r + 1,n — r). This yields the following
method to simulate a sample of general progressively Type-II censored order

statistics.

Algorithm 8.1.7.

(D Generate a Beta(n—r, r +1)-distributed random variable B, +j and m —r — 1
independent standard uniform random variables U, 4, ..., Uy;

@ Compute B, = UV k=r+2,...,m

@ Let Vo1 = B,41; calculate Vi = By Vi1, k =r +2,...,m;

@ Let Uls =1-V;, j=r+1...m

® Let XZ<r = F=UZ=), j=r+1,....m.

jm:nn jim:n

8.1.2 Generation of Progressively Type-II Censored Order
Statistics from a One-Step Censoring Plan

Simulation of progressively Type-II censored order statistics from a one-step-
censoring plan can be carried out along the following lines by using (2.15).

Algorithm 8.1.8. Suppose that the one-step censoring plan 0} is given, 1 <
k <m.

(D Generate uniform order statistics Uy, ..., Ukn;. »

(2 Generate independent uniform order statistics U 1.y—k, - - - » Um—k:m—k;
® Define U,y = Uy, ¥ = 1,...,~k;

@ Define Uy = 1 — (1 - Uk:n) “Upn—r+tim—k, ¥ = k+1,...,m;

® Define X;onn = F<(Upnm), r = 1,...,m.

Algorithm 8.1.8 shows that progressively Type-II censored order statistics from
a one-step censoring plan 0} can be generated from two independent samples of
order statistics drawn from a uniform population. In particular, this shows that, in
this scenario, single progressively Type-II censored order statistics can be simulated
from at most two independent beta variables.

8.1.3 Simulation of Progressively Hybrid Censored Data

Using the simulation procedures for progressively Type-II censored samples pre-
sented above, progressively hybrid censored data may be simulated. For instance,
Type-1 progressive hybrid censored data with threshold 7" may be obtained by
simulating progressively Type-II censored order statistics and using the relation

XY = min(Xjom. T). 1 < j < m [see (5.1)].
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For Type-II progressive hybrid censored data, the sample

Xl:m-‘rRerlv e Xm:m+Rm:ns Xm+l:m+Rm:ns D) Xm+Rm:m+Rm:n

[see (5.17)] is important. However, one generates first a progressively Type-II

censored sample Xinu, ... » Xmunm- If X €xceeds the threshold 7', then we
are done and Xy, ..., Xpunen yields the desired sample. If T > X0, the
order statistics of the remaining R, observations X]’.": R, = Xm+jm+Rymns 1 <

J =< m, are added to the sample subject to the constraint X, ;:mtr,m < T,
1 < j < R,,. Notice that this approach assumes that the random lifetimes exceeding
Xm:mm are available. Therefore, this simulation can be done using Algorithm 8.1.1.
Alternatively, one can also use a modified version of Algorithm 8.1.2.

Algorithm 8.1.9.

Generate m independent standard uniform random variables Uy, ..., Uy,;
Compute By, = UWvve k=1,...,m;

Let Vo = 1; calculate Vi, = By Vi1, k =1,...,m,;

Let Upn = 1=V, r=1,...,m;

If Upunw > F(T), then Xr(“) = F“(Uypwm), r = 1,...,m, and stop the
algorithm;

else £ =m + 1 and go to (6);

® While Vp_y >1—F(T) and £ < R,, + m do

@O

@ generate a uniform random variable Uy,
@ define V;, = w_lel/(Rm_["rm-‘rl)'
9 =0+ 1;

@ Let X" =F(1-V)),j=1....L

8.2 Progressively Type-I Censored Data

Progressively Type-I censored order statistics can be simulated following the
construction presented in Procedure 1.1.7. Suppose the initially planned censoring
scheme is given by 2° = (RY,...,R)_)), and let T} < --- < T be ordered real
numbers, Ty = —o0, T4+ = o0.

Algorithm 8.2.1 (Simulation of progressively Type-l censored order
statistics).

(D Simulate a sample X1,..., X,;
@ Calculate the order statistics X1, < -+ < X5
@ Define P; = {a|Tj—1 < Xon(w) <T;}, 1< j <k+1;

@ Let My ={1,...,n}; L =0;
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® Increase £ by 1, and let Q@ = Py NNy = {ve1,..., v} With vy < -+ <
V{,Sg;

® If INe N UL L Pal > RY, then

choose randomly a without-replacement sample R, € Ay N UZL&H P, with
IR¢| = RY.

else

Ieth=|./\/'gﬂU];J:ré+l73a|, R, =0, a=40+1,..., k,put Q, =0, a =
..., k, and go to @);

@ Put Ney1 = Ne \ (Re UPy) and go to @);
M= Ulzzl Qu; If m = | M| >0, then

X7 ) j=tm = (Xjm) jem.

Notice that, as in the case of Algorithm 8.1.1 for progressively Type-II censored
order statistics, the original sample Xj,..., X, may exhibit any distributional
assumption as well as any dependence structure. In the |ID case, one can alterna-
tively start with uniform random variables and use a quantile transformation at the
end of the simulation. In this case, the threshold 7 has to be replaced by F(T}),
j=1... k.

8.3 Progressively Type-I Interval Censored Data

Extending an algorithm of Kemp and Kemp [514], Aggarwala [11] proposed a
simulation algorithm for progressively Type-I interval censored data D, ..., Di.
Using the notation given in Fig. 1.8, Algorithm 8.3.1 can be used to generate these
data. The construction is based on the following distributional results (see the
conditional probability mass function in (4.9) and the derivations in Sect. 4.2):

D1 ~ bin(n, F(T])),
and, for2 < j <k,

j—1
Dj|Dj_1,...,Dl,RJ’_l,...,Rl ~ bln(l’l —Z(Dj + Rj),])j),
i=1

F(T;)—F(Tj—1)

where p; = ey ey
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Algorithm 8.3.1. Let #° = (RY,..., R]?_l) be the initially planned censoring
scheme.

Let j =0, x=0,r=0;

next j;

Generate a binomial random variable D; ~ bin(n —x —r, p;);
Determine the censoring number R; = min{R?,n —x—r—Dj};
Letx=x+4+D;, r=r+Rj;

Go to 2.

@O



Chapter 9
Information Measures

9.1 Fisher Information in Progressively Type-II
Censored Samples

Fisher information in order statistics and, more generally, in ordered data has been
considered by many authors (see, e.g., Park [704,705], Zheng and Gastwirth [942],
Nagaraja and Abo-Eleneen [668], Park and Zheng [709], Wang and He [887],
Zheng and Park [944], and Burkschat and Cramer [232]). A review has recently
been provided by Zheng et al. [945]. Results on progressively Type-II censored
samples will be presented in the following sections. From the definition of Fisher
information and the joint density function of a progressively Type-II censored
sample X# ~ F OX% , the Fisher information about the parameter 6 can be written as

p - 02 02
f(Xj’ 9) = Z E [_W log fO(Xi:m:n) — RZW IOg(l —_ Fo(Xi;m;n))i|

i=1

provided that all derivatives as well as the expected values exist. This formula
may be used for the computation of Fisher information, but it turns out to be not
so efficient in general. Therefore, we present some alternative, more convenient
representations.

9.1.1 Hazard Rate Representation of Fisher Information

Under some regularity conditions, the Fisher information about a single parameter
6 in a progressively Type-II censored sample X7 is given by

2

17 a 7 17
S(X7.6) = E [—W log ff(xf)} ,
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where feﬁ denotes the density function of X% (see, for example, Lehmann and
Casella [582]). The expected Fisher information in a progressively Type-II censored
data has been considered in Zheng and Park [943] who obtained an expression of
the Fisher information in terms of the hazard rate function which is similar to a
representation for uncensored data established by Efron and Johnstone [348]. More
information as well as details on this representation and regularity conditions are
provided by Burkschat and Cramer [232]. Throughout this chapter, let fj.p.n:0,
1 < j < m, denote the marginal densities of progressively Type-II censored order
statistics based on fp (in the multiparameter case, we shall write 8 = (6y,...,6,)
instead of 9).

Theorem 9.1.1 (Zheng and Park [943]). Under some regularity conditions,
the Fisher information about a single parameter 6 in X# is given by

0o B 2 m
s = [ iogru@| Y framerdr, O
oo | 06 = ’
where Ay = fy/(1 — Fy) denotes the hazard rate of the sample cumulative

distribution function Fy.

Proof. The proofis based on the Markov property of progressively Type-II censored
order statistics (see Sect.2.5.1). In particular, the factorization of the density
function in (2.36) yields the decomposition

I X:0) = I Kromn| Xr—1omn: 0),

r=1

where . (X, | Xr—1:mm; 0) is the expected Fisher information about 6 in X,..;,
giVen Xe—tzmm» 2 <1 < m, and f(Xl:m:n|X0:m:n; 9) = f(Xl:m:n; 9) Park [705]
has established the identity

00 2
I (Xizmm: 0) :/; {%k@/\@(x)} Stommo(x) dx.

The distribution of X, .., given X, 1., = s, is that of a minimum from a random
sample of size y, with truncated density function fy/(1 — Fy(s)). Moreover, the
corresponding hazard rate is given by Ag. Hence, we get by a second application of
Park’s [705] result, for 2 < r < m, the identity

f(Xr:m:n |Xr—l:m:n; 9)

o) 9 2
= /R[ {%IOgAO(I)} f,.|,._1;m;n;9(t|s)dtﬁ._1;m;n;9(s)ds
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and by Fubini’s theorem

0
/{39 1ogxe(z)} / Frirtminss (115) fy—tomonss (5)ds dit

d
_/%a_elog,lg(t)} Srommzo () dt.

This proves the desired representation. O

Fisher Information in Location or Scale Family

Suppose Fy, 8 € O, forms either a location or a scale family [see also (11.1)]. More-
over, we assume that the standard member F is absolutely continuous with density
function function f and satisfies Regularity Conditions 9.1.2 (see, e.g., Escobar and
Meeker [356], Balakrishnan et al. [140], and Burkschat and Cramer [232]).

Regularity Condition 9.1.2. Let Fy, 6 € ©, be either a location or a scale
family of cumulative distribution functions with density functions fy. The density
function of the standard member is denoted by f'. It satisfies the conditions:

(i) f(x) >0 forall x € R;
(i hm x2f'(x) = 0, where f’ is the derivative of f;

1)
(i) The second derivative " is continuous;
)

(iv) The expectation .#(0) = — [ %ﬁ;(}c) dx is finite, where fy denotes

the density function from the location or scale family.
Then, the Fisher information . (X‘% ; 0) can be written as in (9.1). Notice that
the Fisher information in a right censored sample of progressively Type-II censored
order statistics can be obtained in the same way by replacing m by r < m. Therefore,

% *(a
j(Xi:jm:n"‘ rmn’g) / %89 logAG(x)} Zf] mn@(x) dx.

In a location or scale family, the Fisher information about the parameter 6 simplifies
considerably in the sense that it could be directly computed from the Fisher
information of the standard member F. The proof is straightforward from (9.1).
A similar result is presented in Lehmann and Casella [582, p. 118/119].

Theorem 9.1.3. Let Regularity Condition 9.1.2 be satisfied. Then:

(i) If Fg, 0 € R, forms a location family, then I XZ%:0) = 7(XZ;0). In
particular, the Fisher information in 6 does not depend on the location
parameter,
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(i) If Fg, 6 > 0, forms a scale family, then .#(X#;0) = 0727 (X%#;1). Thus,
the Fisher information in @ is proportional to 672,

The result will be quite useful in deriving the Fisher information for particular
distributions. For location or scale families with standard member F' and corre-
sponding hazard rate A, expression (9.1) also has a simpler form. For a location
family, we obtain

g Y A (Yizmn
J(X«Z;o):/_ {A((;))} ijm,,o(x)dx—ZE(M(Y ))) 9.2)

i=l1

where Y1, - -« s Yiun:n are progressively Type-II censored order statistics from F.
For a scale family, the corresponding formula reads
> V()5
I (X7 1 =/ 1+ e (X) d 9.3

~ X Yimn)
ZE(HY”""A(Y,M))

i=1

Fisher Information in the Multiparameter Case

In the following, we assume that Fy, # € ® C R?, is a family of cumulative distri-
bution functions having a multiple parameter § = (6, ..., 8,). Fisher information
in a multiparameter setting with progressively Type-II censored order statistics
has been addressed first by Ng et al. [689] who consider Weibull and log-normal
distributions, or, by applying log-transformations, location—scale models of both
extreme value and normal distributions, respectively. Beside computing it directly
from the definition of the Fisher information matrix, they employed the missing
information principle to calculate the Fisher information in a progressively Type-II
censored sample (see Sect.9.1.2). Abo-Eleneen [6] obtained some computational
results for both two-parameter extreme value and normal distributions using an
expression of the Fisher information as a weighted sum of Fisher information in
minima (see also Abo-Eleneen [7]).

Dahmen et al. [320] established a multiparameter version of the hazard rate repre-
sentation of Fisher information matrix. It is assumed that Regularity Condition 9.1.4
imposed on the joint density function fo‘% of X# holds. Conditions in terms of the
baseline distribution Fy are presented in Burkschat and Cramer [232].

Regularity Condition 9.1.4.

(i) The parameter space ® C R” is open;
(i) The support A = {x € R: fp(x) > 0} of Fy does not depend on 0;
(iii) For x1,....x, € A with x; < ... < x,, 0 € ©® and 1 < i < p, the
derivative ai{é)if(,;%’(xm) exists and is finite;
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(iv) The partial derivatives 30?29, foﬁ(xm),l < i,j < p, exist and satisfy the

condition

2,
/Wfo (Xm) dxpm = 0.

Let [-] be defined by the matrix [a] = a -a’, a € R?, where a’ denotes the
transposed vector of a. Moreover, let %logko = (%logko)lsisp and § =

(61,...,0,), where Ay = fy/(1 — Fp) denotes the hazard rate of Fy.

Theorem 9.1.5. Let Regularity Condition 9.1.4 be satisfied. Then, the Fisher
information matrix of X# can be expressed in terms of the hazard rate Ag of
Fo, i.e.,

I (X%,0) = /_ |[8% log Ag (x)ﬂ Zfs:m:n;t‘)(x) dx,

s=1

i.e., for 1 <i,j < p and 6 € ®, the components are given by

(7(X7:0)) = 7;(X*;0)

i

[ 9 0 =~
- [ eereo} | 2-toeaato) > Fomra(dx

—0o0

The proof can be found in Dahmen et al. [320]. Here, it should be mentioned
that a representation in terms of Fisher information in minima as in (9.16) and
Remark 9.1.10 also holds in the multiparameter case. In particular, we get an
analogous expression in terms of the Fisher information matrices .# (X, ; ) of
minima.

In location—scale families, the necessary regularity conditions ensuring the
hazard rate representation of the Fisher information matrix can be formulated
by analogy with Regularity Condition 9.1.2. Notice that assumptions (i)—(iii) of
Regularity Conditions 9.1.2 and 9.1.6 are identical.

Regularity Condition 9.1.6. Let F, 3, (u,0) € ©, be a location—scale family
of cumulative distribution functions with density functions f, 5. The density
function of the standard member is denoted by f. f satisfies the following
conditions:

(i) f(x) >0 forall x e R;
(ii 111;1 x% f'(x) = 0, where f’ is the derivative of f;
X—>T 00

)
(iii) The second derivative f” is continuous;
)

(iv) The expectations .%; (i, %) = —f_ozo (%30/_ log f,wa(x)) Juo(x)dx exist
and are finite, i, j € {1,2}, where 6; =, 6, =¥ and f, 9 = F;:J?'
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Given the preceding assumptions, Dahmen et al. [320] established an expression
for the Fisher information matrix in location—scale families. Let fy.:0:01 be the
density function of a progressively Type-II censored order statistic Xj.y,;, from the
standard member F. Then, the following representations holds. It follows directly
from the identity fyomings () = & - frammmson (x — 0)/8), x € R, 1 <5 < m, and
Theorem 9.1.5 [see also (9.2) and (9.3)].

Theorem 9.1.7. Let Regularity Condition 9.1.6 be satisfied, g= > ', femm:0.1,
and A = f/(1 — F) denote the hazard rate of F. Then,

00 )V(x)
ke

InXP 1 8) = 97 1 (X750, 1) = ﬁ2/

—00

2
} ¢(x) dx,

o0 ’ 2
I (X7, 9) = %'«sz(x“@;oa D= % / {1+x)k (x)} g(x) dx, (9.4)

_oo )
. . 0o )/ 2\
X0 ) = S0 = - [ M(j)) {1+x M(j))} ¢(x) dx.

The expressions presented in Theorem 9.1.7 can also be directly applied in both
location and scale models [see (9.2) and (9.3)] since . (XZ; ) = #,(X%; 1, 1)
and # (XZ; %) = 9, (X”%;0, 1), respectively.

9.1.2 Fisher Information via Missing Information Principle

As an alternative to the above approaches, Ng et al. [688] calculated the expected
Fisher information via missing information principle (see Louis [618], Tanner
[838]), i.e., they used the relation

Observed information = Complete information — Missing information.

They interpreted the observed progressively Type-II censored order statistics

X% = (Xt:mums - -+ Xmmen) as observed information. The random vector W =
(Wi, ..., W,,) is defined as the vector of progressively censored random variables,
where W; = (Wj1,..., Wjg,) denotes those random variables corresponding to

units withdrawn in the jth step of the progressive censoring procedure. It can be
thought of as missing data. Merging X# and W yields the complete data set X. Ng
et al. [688] established the conditional density function of W}, given X7,

Theorem 9.1.8. Given X‘]% = X; = (x1,...,x;), the conditional density
function of Wy, k € {1,..., R;}, is given by

ijk\Xf-’Z wx;) = fW/'lej:m:n (w]x;) = - _fg‘gc'), w> X, 9.5)
J

and Wjr and W, k # £, are conditionally independent given X .., = x;.
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Proof. In order to calculate the desired density function, we apply an expression
similar to (10.6) obtained in the derivation of the joint density function of progres-
sively Type-II censored order statistics. Suppose the first m random variables in the
original sample X1, ..., X,, correspond to the progressively Type-II censored order
statistics. The remaining ones are partitioned as described above. Let w; € RF
with minw; > x;. Evaluating the probability

P<Xr Emin{Xr-f‘l?"'7vawrs---swm}7Xr erswr Swrvl Erfm)s

we get, by arguments similar to those in the derivation of (10.6), the expression

X1 X2 Xm
/ / / P <min{W,,.... W,} W, <w,, 1 <r <m)
—00 J 1]

tm—1

< [T /@) diw...dn. (9.6)

j=1
The integrand in this integral can be written as

Pt <min{W,,..., W,} W, <w,, 1 <r <m)

m
=[] P @ <min{W,}.W, <w,)

r=1

m Rj
:l_[l_[P(trSerEer)
r=lk=1
m R
=[]ITIFOm) — F@)l. 1<+ <tn.
r=1k=1
Differentiating (9.6) w.r.t. xi,...,x,; and wyi, 1 <r <m, 1 <k < R,, and taking
into account that X, ..., X,, are a particular assignment of the progressively Type-

II censored order statistics X%, we arrive at the joint density function of X% and
W as

m R,
fX%’W()L W) = l—[ |:yl'f(xr) l_[ f(wrk):| , minw, > x,, 1 <r=<m.

r=1 k=1

From Corollary 2.1.3, we have the density function of X% as

m

£ 00 =TT In et = Foon™ .

r=1
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Therefore, for x; < -+ < Xx,, the conditional density function of W, given X% s
given by

m m Ry

Y wix) =T l_[ f(VI‘;r(/;)) [TTT " v,

r=1k=1 r=1k=1

minw, > x,,1 <r <m. (9.7)

Notice that the y,’s cancel out. Hence, we deduce from the factorization theorem
that, given X% = x, Wi, 1 <k < R,,1 <r < m,are conditionally independent
with density function as in (9.5). ]

Representing the observed information, complete information, and missing
information by .#(X%:0), .7 ((X#,W);0), and .#(W|XZ;6), respectively, we
relate these quantities to each other via the missing information principle. The
complete information is given by

I (X7, W); 0) = —E[% log /X W(X#, W) | = 7 (X:0) = n.7 (X1:0).

Defining the Fisher information about 6 in a random variable W progressively
censored at the time of the jth failure, given X .., by

WIXjmin

. 9
IDW X 0) = —E| 5510 £ W X ) |- 0.8)

we get the expected Fisher information of W, given X%, as
I (WIXZ:0) =D R I (W | X 0).
j=1
Hence, the expected Fisher information can be written as
I(X7:0) = F(X:0) =Y R; IV WX s 0). 9.9)
j=1

This relation will be used while computing maximum likelihood estimates of the
parameters via the EM-algorithm.
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9.1.3 Fisher Information for Particular Distributions

Invariance of Fisher Information Under Progressive Censoring

Suppose Fy is a cumulative distribution function from a one-parameter exponential
family as given in (2.12). Then,

> log(1 — Fy(x)) = > 1 =y
P og(l = F(x)) = 0, “or ogfy(x) =n"".
Reparametrization transforms the Fisher information to

I X7;0) = X7 ) (O)) (9.10)

(see Lehmann and Casella [582, p. 115]), so that
m

n*(0)

Hence, for all Fy of the form (2.12), the Fisher information in the progressively
censored sample does not depend on the censoring scheme %.

I (X7 0) = [ O))*. (9.11)

Remark 9.1.9. The result (9.11) can also be deduced using the following
argument. Let F be a cumulative distribution function as in (2.12) with
n(0) = 1/6. Then, the joint density function is

S %) = cnm167"exp | - mg}

with @ = LYy (d(X ) = d(Xj—tamn)). d(Xommzn) = 0. Obviously, 6

forms a sufficient statistic with E6 = 6 and 2m§/9 ~ x%>(2m) (see Remark 2.3.4

and Theorem 12.1.1). Then, I (XZ%:0) = v;@) = % (cf. Lehmann and Casella
arg

[582, p. 116, Theorem 5.4]), which is independent of the censoring scheme.

Weibull Distribution (Shape) and Extreme Value Distribution (Scale)

Using the transformation property of Fisher information in (9.10), it becomes clear
that the Fisher information in the shape parameter of a Weibull distribution and that
in the scale parameter of an extreme value distribution are related. Suppose X
forms a progressively Type-II censored sample from a Weibull(1, 8)-distribution.
Then, Y; . = logXjynm, 1 < j < m,is a progressively Type-II censored sample
from an extreme value distribution with scale parameter 8. Then, .# (X% ) =
Z(Y#:1/B). Using (9.10) and B = 1/, we find
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X B) = S (Y2 1/B) = # (Y72 0) s
Notice that we have used the parametrization Fy(t) = 1 — e_e'/ﬁ, t € R, of the
extreme value distribution which is different than that used in Balakrishnan et al.
[140] and Dahmen et al. [320]. Therefore, it is sufficient to calculate the Fisher

information for the extreme value distribution. Using (9.4) and A(x) = e*, we get
from (9.3)

IX70) =07 E(L+ Yrma)™.

r=1

This expression shows that, for fixed sample size n, the Fisher information is
increasing w.r.t. the number of observed failures. Moreover, the expectation can
be directly evaluated. As given in Dahmen et al. [320], we get the expression

s

m
+923 e Z%(y— L+logy)®  (9.12)

s=1 i=1 ‘!

mm29?

I (X% 9) =

(see also Cramer and Ensenbach [293]). Different expressions are given in Bala-
krishnan et al. [140] and Ng et al. [689] (see also Burkschat and Cramer [232,
in terms of generalized order statistics]). Expression (9.12) is useful to establish
a representation for the Fisher information included in the first k order statistics
Xty .os Xpu. After some rearrangements, we obtain the expression (1 < k <
n—1)

f(Xl:nv---vXk:n;ﬂ)

_knzﬂz Zk K i fn=1\[s=1\\(y =1+ logy:)?
S (e () ()

i=1 \ s=i Vi

3 anﬂz 5 rti (y — 1 +logy)?
T 6 ( )192( D ( 1) =y

i=1

Since . (XZ; ) = S (XZ; 1, 9) = md 72, Z(X%;0) = 5,(X%; u, ), and

TnX7; 1, 9) = S(X7;0,1) = — Z {14+ EZsmn}

s=1

:—m—i—ZCS 12)/—(3/ +10sz)

i=1

(zéﬁ) — )ym + ch 1 Z ”

i=l1
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we also get the Fisher information matrix in the location—scale model. Escobar
and Meeker [355] suggested an algorithm to compute the Fisher information in the
Weibull case which can also be applied in the progressive censoring setting.

Laplace Distribution (Location)

Since the scale Laplace distribution forms an exponential family, the Fisher infor-
mation is constant. For the location setting, the situation is different. In particular,
the location Laplace distribution provides an example where the standard regularity
conditions for Fisher information are not satisfied (see Burkschat and Cramer
[232]). However, one can overcome these technical difficulties and obtain a closed
form expression even in this case. Burkschat and Cramer [232] established the
following result which also holds in the more general framework of generalized
order statistics:

m r
TX70) = "¢, Y ajrkly; —2).
r=1 j=1

where

Logistic Distribution

In this section, we consider a location family of logistic distributions with location
parameter u € R given by

e~ (x—)

fM(X) = m, x € R.

Since the Fisher information does not depend on the location parameter, it is
sufficient to calculate it when & = 0. Burkschat and Cramer [232] established the
following explicit representation in this case:

J(X@;O)=Zﬂ%. 9.13)
J

r=1j=1
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Normal Distribution

For normal distribution, explicit formulas are not available. Computational results
for selected censoring schemes are provided by Balakrishnan et al. [140] and Abo-
Eleneen [6, 7]. For regularity conditions, we refer to Burkschat and Cramer [232].

Lomax Distribution

Dahmen et al. [320] have established explicit expressions for the Fisher information
in a two-parameter family of Lomax distributions with cumulative distribution
function

Fop(x)=1—(14+9x)77, x>0, 9.14)

with parameters ¢, # > 0. Notice that this family does not form a location—scale
family of distributions. In this case, they found that

In(X7q.9) = 2,
q
Tn(X7:q,9) = ﬂiiﬂ(l— 2 )
S gy 42 (9.15)
FoX%50.9) =~ 3] (1)
qv s=1 j=1 qvj +1

Notice that, forqg = 1, %, (X%; 1, ¢) equals the expression of the Fisher informa-
tion for the logistic distribution as given in (9.13). This is due to a transformation
result as mentioned in Sect.9.1.3.

9.1.4 Recurrence Relations for Fisher Information

Using the hazard representation of Fisher information in progressively Type-II
censored order statistics, Abo-Eleneen [6] established a representation of Fisher
information in terms of Fisher information of minima. In particular, using the
density function of the cumulative distribution function given in (2.27), we arrive at

(X7 0) = Zcr lzy—a]rf(le/ 0). (9.16)

j=1
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This representation is quite useful for computational purposes, particularly, when
numerical integration is necessary like in the case of the normal distribution. In
order to compute the Fisher information in a sample X%, we have to compute only
the Fisher information .# (X Ly s 0) in the minima X Ly, L < <m. Therefore, if
you aim at computing it for any censoring scheme, we wish to compute the Fisher
information . (X; 0), 1 <k < n, and use (9.16). For the location parameter of a
normal distribution, we have to evaluate the integral

20k — 00
s =1+ = [ G - e

where ¢ and @ denote the density function and cumulative distribution function
of the standard normal distribution, respectively (see Park [704] and Nagaraja and
Abo-Eleneen [668]).

Remark 9.1.10. Exchanging summation in (9.16), an alternative formula can
be obtained as follows. We get

X0 = Y Ky )3 D,
j=1 r=j J
—ZﬂXw,’ﬂ)Z T
r= Jz—ltaéj )/,

Recurrence relations for the Fisher information of order statistics have been
established by Park [704]. An extension to progressively Type-II censored order
statistics has been tried by Abo-Eleneen [7], but the results seem to be in error since
they are based on a wrong version of (2.46). However, using representation (9.16)
or its matrix version, a simple recurrence relation can be established. For instance,
we getforl <r <m,

I Ximns s rmnso)—zck lz_a]kf(le] 0)
k=1 '—1

~ 1
= I Xvmms s Xr—tmm: 0) + ¢r—1 Z Vaj,rf(Xl:yj;o)

j=1"7
=Sy V=) S5V V) (9.17)

where %(y1) = HH(n) = #(X1.,). Since %, depends only on the first m — 1
y;’s, this relation provides a recurrence relation in terms of yi, ..., ¥, which can
be easily implemented. It can also be used to compute the Fisher information for
different censoring schemes. Let m and n be fixed. Then, .%,,_; is a function of n, m,
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and the right truncated censoring scheme (Ry, ..., R,;—>). Hence, we can compute
the Fisher information for any censoring scheme

(Riyoo o Ry b Yot —1 = 1), £=0,.. Yoy — 1,

by evaluating s, (Y1, . - -, Ym—1, Ym—1—¢+1) in (9.17). This observation suggests the
following way to compute the Fisher information (matrix) for any censoring scheme
(Ri,..., Rp).

Algorithm 9.1.11. Let m,n € N be given with 2 < m < n. Suppose the
Fisher information . (X1, . . . » Xyumens 0) has been computed for any censoring
scheme of dimension 1 < r < m. Then, the Fisher information of progressively
Type-ll censored order statistics X1, ... Xp41:m:n about the parameter 6 for
any censoring scheme can be obtained as follows:

@ forany yo > -+ > y, > m —r + 1, compute s,41(y1,..., 9, 0), £ =
m-—r,...,y—1;
2 use (9.17) to compute ' (Ximms -+ o> Xrt1:mm: 0).

Remark 9.1.12. Since Z (X1, ... Xrirns 0) = I Xiomns -+ Xomens 0) with
an appropriately truncated censoring scheme, Algorithm 9.1.11 can be iteratively
applied to compute the desired Fisher informations for the next dimension.

9.2 Fisher Information in Progressive Hybrid Censoring

Results on the Fisher information .Z,a7.m:»(6) about a single parameter 0 in
progressive hybrid censoring have been established in Park et al. [711] when the
population cumulative distribution function Fy, & € ® C R, has a continuous
density function with support contained in the positive real line. For Type-I
progressively hybrid censored data, they noticed that

Inntamn(0) =Y I (min{Y1,y,, T}: 0)

i=1

using the structure of the joint density function. This leads to the following result
[cf. (9.1)] which extends expressions of Wang and He [887] and Park et al. [710] for
Type-I hybrid censored data.

Theorem 9.2.1. The Fisher information about 6 in a Type-| progressively hybrid
censored sample is given by

T 3 2 m
fmAT:m:n(e):/O {a_elogkﬁ(x)} Zfi:m:n;@(x)dx-

i=1
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Notice that this expression is very similar to the Fisher information in a
progressively Type-II censored sample as given in (9.1). In fact, the integration area
is restricted to the interval [0, T'].

For an Exp(¥)-distribution, this expression simplifies to

fm/\T:m:n(ﬂ) = % ZE:m:n(%)v (9.18)
i=1
where Fj.,., denotes the cumulative distribution function of the ith exponential
progressively Type-II censored order statistic.
For Type-II progressively hybrid censored data, Park et al. [711] established the
following result for the Fisher information .%,,\ 7., (9) in the Type-II progressively
hybrid censored data:

It (0) = I (XZ;,0) + I(T30) — Fu—ryyarn(0),

where #(T'; 0) and #,,—g,)aT:n(0) denote the Fisher information in Type-I cen-
sored data and Type-I hybrid censored data, respectively. Using that .# (X%;60) =
m/9? (see Sect.9.1.3), Z(T;0) = nF(T/9)/9* (see Park et al. [710]), and
carrying out some simple rearrangements, this expression is similar to (9.18) for
an Exp(¥)-distribution, i.e.,

Inrmn@® = 55 [m+ Y Fu(5) ] 919

i=n—Ry+1

In fact, this expression shows that the gain of information using the Type-II hybrid

n

censoring procedure is given by % )R Ry +1 Fimn (%) which is increasing in T’

and bounded by the maximum gain R, /9>,

9.3 Tukey’s Linear Sensitivity Measure

Fisher information is a widely used concept in statistics, but it cannot be applied
in any situations. Therefore, alternative measures like Tukey’s linear sensitivity
measure have been proposed (see Nagaraja [666], Tukey [863]). A multiparameter
situation has been discussed in Chandrasekar and Balakrishnan [243]. Let Y =

(Y1,...,Y,) be a random vector with cumulative distribution function Fy, where
0 = (01,...,6) denotes the vector of parameters. Its mean is given by & =
(a1,...,a;) = EY and its variance—covariance matrix by ¥ = Cov(Y). The

matrix D = (d;;); ; of partial derivatives of the mean is defined by

30(,'

dij = .
FT)

i=1,....r, j=1,... k.
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Then, Chandrasekar and Balakrishnan [243] defined a multiparameter version of
Tukey’s linear sensitivity measure by

Fs(Y;0) = sup D'A'(AXA")'AD,
Aed

where 2 denotes the set of matrices such that AX A4’ is non-singular. They
established some properties of this measure. For instance, it is additive provided that
the random vectors are uncorrelated and it exhibits some monotonicity properties.
In location—scale models, it is the inverse of the variance—covariance matrix of the
BLUE of § = (u, ).

For progressively Type-II censored order statistics X% from a two-parameter
exponential distribution, this leads to the expression [see (11.7)]

2 m —n\1" L (n?n
7 = - =
octinn =| o (58] =5 ()

For generalized Pareto distributions, we deduce from (11.12) the expression

v —sgn(g)(¥ + i,—l)) -
—sgn(q) (¥ + eq—‘) v+ %

2

IsXP; 1, ) = [l‘}zq— (

Yein —e?

2

_ 1 v+ se(@)(¥ + )
92 \sgn(g)(¥ + ) v

9.4 Entropy

The joint differential entropy (Shannon entropy) of PX” is defined via the
expectation

A = —Elog X" (X%) (9.20)

mim:n

(see Cover and Thomas [282], Park [706]). This quantity will also be discussed in
the area of goodness-of-fit tests (see Sect. 19.2). The joint differential entropy (9.20)
can be seen as a measure of uncertainty in the progressively Type-II censored sample
X7 which measures uniformity of the density f X* On the other hand, the negative
entropy can be interpreted as a measure of concentration and, thus, measures
the information in X% (see Soofi [820]). A connection to Fisher information is
the isoperimetric inequality for entropies (see Dembo and Cover [335]): The Fisher
information .# (X% 6) can be bounded from below by

2
I (X%,0) > 2mem exp{ N G m.m.n}.
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This bound may be useful if the Fisher information is hard to compute.
Further information on entropy and information measures can be found in,
e.g., Kullback [554] and Cover and Thomas [282]. Other entropy measures for
progressively Type-II censored order statistics have been discussed recently by Haj
Ahmad and Awad [427,428].

Balakrishnan et al. [138] established the following representation of the entropy
of a progressively censored sample. Notice that the Fisher information can also be
expressed in terms of the hazard rate function [see (9.1)].

Theorem 9.4.1. Let F be an absolutely continuous cumulative distribution
function with density function f. Then, the entropy in a progressively Type-Il
censored sample X7 is given by

AL e = —10gC(B) +m =Y E10g A(X jum:n). (9.21)

mim:n -
Jj=1

where A = f/(1—F) and ¢(Z%) denote the population hazard rate function and

the normalizing constant of the density function, respectively.

Proof. From the representation (2.4) of the joint density function, we get

K iin = —Toge(@) = 3" Elog (£ (Xjuman) [l = F(X )] )
j=1

= —loge(#) = Y ETogA(Xjumin) — 3 (R; + DElogll — F(X )]

j=1 j=1
From Corollary 2.3.7, we get by the continuity of F

J

J
—ElOg[l — F(Xj:m:n)] = E(Z%Z’) = Zi’

i=1"" im Vi

where Zi,..., Z; are independent Exp(1)-distributed random variables. Further-
more, by interchanging the summation and using the fact that y; = Z'};, (R; +1),

we get Z’;'ZI(RJ- +1) Z{=1 % = m. This proves the desired expression. O

Expression (9.21) can be used to calculate the entropy in particular distributions.
In particular, it yields directly for standard exponential distribution

j‘ff’? ey = —logc(Z) + m.

mim:n

For a Pareto(o)-distribution with parameter o > 0, the following expression holds
(see Cramer and Bagh [291]):

Il m—j+1
HZE = —logc(R) +m —mloga + —Zu (9.22)
o

j=t Vi
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For a reflected power distribution RPower(c), the expression is almost the same as
that in (9.22) except for a minus sign in front of the sum:

m

1 —j+1
HE = —logc(%)+m—mloga——zu. (9.23)
o« & v
j=1

For o = 1, the entropy in the uniform distribution results.
For a Weibull(?}, B)-distribution, the hazard rate function A(x) = gxﬁ_l, x>0,
yields the expression

A imin = ~10g () + m —mog(B/9) ~ ﬁT S Elogx%,,.

j=1
As shown in Cramer and Bagh [291], this expression can be written as

m(—log®d + y)
p

J
ZCJ . Zaz ; 10g‘)’z ’

i=l1 Vi

G imin = —1ogc(R) +m(1 +y) —mlog  —

L mimin

where y denotes Euler’s constant.

Finally, we state an integral representation of the entropy ji” e 10 terms of
the quantile function F <. A similar version has been estabhshed by Balakrishnan
et al. [138] (see also Ahmadi [16]). Similar representations for the entropy in a
single observation and in a Type-II censored sample can be found in Vasicek [872]

and Park [706].

Lemma 9.4.2. Let X¥ be a progressively Type-Il censored sample with popula-
tion cumulative distribution function F and differentiable quantile function F <.
Moreover, let y,, > 1. Then,

T d
%019? memen = —1logc(Z) +m + nE(/ log (_F*(p))dp)
oo, ML o dp
1
_E: ’+ . (9.24)
where T is a random variable with density function

o) == ZmZalr(% DA—0"7, 1€ (0,1), (9.25)

i=l1

and ET = 2.
n
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Proof. From (9.21), we can write

ElogA(Xj:m:n) = Elogf(Xj:m:n) - Elog(l - F(Xj:m:n))
= Elog f(X;j:mn) — Elog(l = Ujumn).

where Uj.,., denotes a uniform progressively Type-II censored order statistic.
Then, noticing that —log(1 — U;.»:)) can be interpreted as a progressively Type-
II censored order statistic from a standard exponential distribution, we get from
Theorem 7.2.1 the identity

J
1
—Elog(1 = Ujmn)) = Y ”
i=1""

The first expectation can be written as

1 d

—FElo X)) =Elog————— =Flog(—F* .
gf( J- ) g f(F(_(Ujmn)) g (dp (p)))p:l]j:m:”
Then, writing (1 — p)"~! = (y; — 1)fpl(l —u)"2du, p € (0,1), and v(p) =

log (;—p F<(p)) and using (2.24), we arrive at

—Elog f(Xjmn) = Ev(U,jmn)

J 1 1
=cjm ) aij (i — 1)/0 / (1 =" 2duv(p)dp
p

i=1

J 1 u
= Y= [ =0 [Cupidp

i=1

Combining these results and using (9.21) and (9.25), we arrive at the desired
expression. O

Remark 9.4.3.

(i) Balakrishnan et al. [138] obtained the result in Lemma 9.4.2 without
imposing the condition y,, > 2. But, this assumption must not be dropped
as illustrated in Remark 9.4.4. Further, they claimed that f7 is a density
function and that ET = % However, although it has been proved that
[ fT(r)dt =1, it has not been shown that f7(t) >0, 7 € (0, 1).

(i) Using Corollary 2.4.7, it can be shown that the cumulative distribution
function of T with density function (9.25) is given by
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1 m

FT(I) — 1 _ ’; Z ijZmZn (t)
j=1
1 & Ri+1—yp.,
=1-— il (t), teR, (9.26)
1—1¢ = n

_U"m:n . . .
where F /™" denotes the survival function of Ui, 1 £ j <m.

Remark 9.4.4. If the condition y,, > 2 in Lemma 9.4.2 does not hold, the
representation (9.24) with the density function f7 in (9.25) is not true. First,
notice that y; > 1 for i < m since y; > --- > y,, > 1. Given y,, = 1, we can
proceed as in the proof of Lemma 9.4.2 except for the term with j = m. In this
case, we get

—Elog f(Xmmn) = Ev(Un:men)
m=1 1 pl
e Y anli =1 [ [ =0 2dunpd
i=1 o Jp

1
+cm_1am,m/ v(p)dp.
0

With ¢1tpmm = [T/5) 725 = 8 and 7 as in (9.25), we get

m * ” .

? d
8| log(—F* dp,
+0 [ Cox (L) dr
where T* is a random variable with density function f7" = = SfT Notice

that 7., = [ log( F<(p))dp as shown in Vasicek [872] and Park [706)].
Therefore, we can write (9 24) as

T* d
A s = —oge() 4 m + = 9)E ([ 10 (57 ()dp)

+1
—Z —J +874.1.1(X).

j=1

Remark 9.4.5. The entropy in a progressively Type-ll censored sample has
also been discussed in Abo-Eleneen [8]. He addressed recurrence relations
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and presented results for selected censoring schemes for normal and logistic
distributions. Ahmadi [16] discussed characterizations of distributions via the
Miintz-Sz4sz theorem (see also Kamps [498, p. 103]) and stochastic ordering
w.r.t. the entropy order. In particular, he extended a result of Ebrahimi et al.
[347] for order statistics to the case of progressive censoring.

9.5 Kullback-Leibler Information

The Kullback-Leibler information serves as a measure to compare two distributions.
For two progressively Type-II censored samples X% and Y# with the same
censoring scheme, but possibly different population density functions f and g, it
is defined as (see Kullback [554])

¥ (x)

g (x)

Ia(fle) =2 (X 1" = /S X (x) log

where f X* and gY% denote the joint density functions of the progressively Type-
I censored samples. Balakrishnan et al. [138] and Rad et al. [736] have used
Kullback-Leibler information to construct goodness-of-fit tests (see Sect. 19.2).
Using properties of the logarithm, it follows that

Iafllg) = — A7 o — [S X 0lge Wdx,  (9.28)

where 7 . . is the entropy of PX” as in (9.20).

The Kullback-Leibler information in favor of an IID sample Y,...,Y,, from
a population with population density function f against a progressively Type-II
censored sample X .., - - . » Xmun:n from the same population has been discussed
in Cramer and Bagh [291]. Here, a slightly more general distance is considered for
two samples of progressively Type-II censored order statistics with the same sample
size m but possibly different censoring schemes % and . and original sample sizes
y1(Z) and y; (). According to (9.27), the Kullback-Leibler distance of PX” and
PX” is defined by

¥
X7 (%)

A ENS) = 2SN = [S ¥ (x) log dx,  (9.29)

where S denotes the support of f X* and f X7 The Kullback-Leibler information
given in (9.29) has the following representations.
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Theorem 9.5.1. Let X” and X be progressively Type-Il censored order
statistics with population density function f and censoring schemes % and .,
respectively. Then, the Kullback—Leibler information is given by

Yi (<)
vi(#)

IR = log c(#) —logc(.F) — m+Z

j=1
Proof. Using the quantile representation given in (2.14), this yields

INZR|.S) = loge(R) —loge(F) + Y (R — Si)E log[1 = F(Xim)]

i=1

= logc(#) —loge(S) + Z(R -8 Z

ElogU;.
i=1 Vi (%) '
Since —log U; has a standard exponential distribution and, thus, ElogU; = —1,
we get
m
S RS) = loge(#) —loge(S) = ) (Ri = Si) Z (%)
Vi

i=1

m 1 m
=1 Z) —1 ) — Si+1
oge(#) —loge() m+;yj(%);( +1)

Yi (<)
V(%)

=logc(Z) —loge(S) — m+Z
=1

This yields the desired expression. O

Given the censoring scheme %, it is immediate from the properties of the
Kullback-Leibler information that the closest distribution PX” is specified by the
censoring scheme % = .. On the other hand, one might ask which distribution is
most dissimilar to PX” . From Theorem 9.5.1, we can write

S R.S) = Zm:[—log vl V;(y)] _ Z’":h<y,-(y))
Jj=1 ;

Vi (%) v (%) Vi (%)

with 2(x) = x —logx — 1 > 0, x > 0. Since # is a strictly convex function, the
maximum is attained at the boundary. Notice that the original sample size y; (%)
of the progressively censored sample X% has to be bounded because otherwise a
maximum does not exist. Moreover, this shows that right censoring will be most
dissimilar when y; (%) exceeds a certain level. Therefore, it makes sense to bound
the sample size.

Suppose that y;(#Z) = yi1(.¥). Then, taking the ordering 1 < y,,(#) < --- <
y1(Z) into account, we get, e.g., that &) and 0, are most dissimilar.
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Denoting by %‘6’? ‘;";f;m the entropy of uniform progressively Type-II censored

order statistics w1th censoring scheme Z and let . = (0*"), we get from (9.23)

fo(@Hy) _%ﬂ unlform

as given in (9.23) witha = 1.

Remark 9.5.2. The Kullback—Leibler information between two progressively
Type-ll censored samples with identical censoring scheme but different population
distributions has been discussed in Park [707]. Here,

g’ ),
fX]()

Park [707] showed that the Kullback—-Leibler information in (9.30) can be
expressed in terms of the hazard rates Ar and Ag, i.e., as

AE 1 = [_:h(“(’“))z €6 .
J=

A X = /S & (%) log &%) 9.30)

Ag(x)

where hi(t) =t —logt —1, t > 0. A similar representation holds for the marginal
distributions of the first r progressively Type-ll censored order statistics. Notice
that this result parallels expression (9.1) obtained for the Fisher information.

The .#,-information is defined by

A7) = s (1= [ [ w] [ w] " ax).

where 0 < « < 1is a given parameter and S denotes the support of f X Properties
as well as generalizations of .7, (Z||.¥’) can be found in Vajda [864].

Theorem 9.5.3. For #,. € €7

mn?

Iy (Z||.Y) is given by the expression

c(%)%(ﬂ)l—a)

1
ST = G a (1 T )

with do(%) = [17_,[(1 =) y; (L) + ay; (R)).
Proof. From (2.4), we find for x; < -+ < X,
(@) (7 @)

— e ([] £ (T - Fe®)’
i=1 i=1

m

([T re0) ™ (I - Fos)
i=1

i=1
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m

@) el T [fO (1 = Frti=os]

i=1

c-(%)dc(y)l—a m .
= W .da(%)ilzll [f(xi)(l — F(x))) Ri+(1—a)S ]

The term do(2) [11-, [ F(xi)(1 = F(x;))*Ri+(=a)Si ] is the joint density function
of generalized order statistics based on parameters (1 — a)y; (%) + ay; (%), ] =

1,...,m, and the cumulative distribution function F' (see Kamps [498, 499], and
Cramer and Kamps [301]). This proves the result. O

9.6 Pitman Closeness

Pitman closeness is a measure to compare the closeness of two estimators to the
estimated parameter which was introduced in 1937 by Pitman [722]. A detailed
discussion has been provided in the monograph by Keating et al. [512]. The notion
of Pitman closeness has been introduced by Balakrishnan et al. [142] to determine
the closest order statistic in a sample of size n to a given population quantile (for
the median, we refer to Balakrishnan et al. [143]). Given a quantile £, of the baseline
distribution, they were interested in identifying an order statistic Xj., such that

P(|Xz;n—sp|<|xim—sp|)z% forall i € (1.} \ (L.

Volterman et al. [880] adapted this idea to two independent progressively Type-II

censored samples X% . ... X% . and Yl'ff:k, e, Yf:k from the same cumula-

tive distribution function F. For a quantile &, they introduced the Pitman closeness
probabilities

Y& = PUXA ., — 6l <Y —ED. 1<i<m1<j<s.
They found that

y(ép) zmn(F(Zép £0)) — l—[ ve(%) l_[ ve() Z Z )‘/31 z(;;);
G=16=1 "0

1 —2(1 = p)ra@+ra(7) /17 /F(Zép—éo)
- wu)du + w(u)dug,
Ve, (Z) + ve, (L) FQE)—£1) »

9.31)
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where w(u) = (1 —u)’a @ =11 — F(2¢, — Eu)]wz(ﬁ”). In the case of a symmetric
population distribution, the above expression simplifies considerably for the popu-
lation median & 5 and can be written in terms of incomplete beta functions as

7 (0s) = 1 —l'lw(%)l"[wm Z Z y‘ ’(;;)f

1=14,=1

1 = 217, @)=y, (&)
{ B () + Ly, (D)

Yo, (Z) + yi,()
—2B12(ye, () + 1, y0, (R)) ¢ »

where B, (-, ) denotes the incomplete beta functions with ¢ € [0, 1].

Remark 9.6.1. As a corollary, Volterman et al. [880] obtained an expression for
exceedance probabilities

i J
P(Xt, <Y =[]re@]] v

(=1 (=1
X L
Z Z Uit . (9.32)
D@ + 76

Example 9.6.2. Volterman et al. [880] have evaluated the expression in (9.31)
for exponential and uniform distributions. For a standard exponential distribution,
they obtained the expression

7 (&) = FUi (2p — p2>—l_[w(@>1_lw<y )Z Z ﬁ I(«;Z)J
4=146=1

% 1-2(1-— p)yel(«%)-l-wz(ﬁ”)

@) 1) wra@.re (ﬂ))} ,

0, yll(‘%) = )’Ez(y)

where k(p: e, (%), y,(:)) = 3 [1=py/a @ _(1=pya ]’ .
| 2 [ Ve 75 () | I ACIHRSACH)

For a standard uniform distribution, the probability is given by

Y(Sp) = FUim n(mln{l 2p}) — 1_[ Ye(%) 1_[ ve(L) Z Z Jfl z(;)j
L=14=1

1-2(1— p)wl(F/Z’sz(Y)
Wl(%) + Wz(y)

+ p*ra (Z)+yi, ()
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X [B[l—l/p']+ Ve, (L) + 1,y (Z)) + Bi—pi—1/p*1, Ve, (&) + 1. v0, (%))

—2Bi2(ye, () + 1, Wl(@))]},

where p* =2(1 — p).

The above idea has been further discussed by Balakrishnan et al. [146]. They
introduced the notion of simultaneous-closeness probability following a proposal of
Blyth [209]. Replacing the order statistics by progressively Type-II censored order
statistics, the same idea has been introduced into the framework of progressively
Type-1II censored order statistics by Volterman et al. [879].

Definition 9.6.3. The simultaneous-closeness probability (SCP) of X;.p., i €
{1,...,m}, among the order statistics X1.uun, ..., Xpm:mm in the estimation of a
population parameter 0 is defined as

Tisnn(0) = P (| Xismia — 01 < min | X, s = 61).
J#i
They showed that this probability can we written using the pairwise Voronoi
region associated with X;.,,., defined by
Aismn = AXi—tmn + Xizmn <20}, 1 €42,...,m},
and the simultaneous Voronoi region associated with X;.,,., defined by
Bimin = U Xizmm — 0| < I]n;érll | X jomm — O}, i €{1,....m}.
Then,
Tizmn(0) = P(Bizmn) = P(Aiimin) — P(Aigrmn), 1 €{1,....m},

where A, 41:m:n = 0. Using this connection, Volterman et al. [879] established the
following expression for the SCP.

Theorem 9.6.4. Suppose the population cumulative distribution function F has
a bounded support (@, ). Then, for any i € {2,...,m —1} and any quantile &,,
p €(0,1), the SCP of X;.., to &, is given by

”i:m:n(ép) = Fi—l:m:n(ép) - Fi:m:n(ép)

i i P
+ v D asu /O (1 — w7171 = F(min{w, 2§, — F~w)})]"*'du

=t j=1

i-1 i1
- l—[ Vi Zaj,i—l /Op(l —u)" 71— F(min{w, 2§, — F< (w)})]" du.

j=1 j=1

Furthermore, ”l:m:n(ép) = 1— P(Azm:n) and ”m:m:n(ép) = P(Animn)-
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If the distribution has an infinite right endpoint of support, i.e., @ = oo, then the
minimum in the argument of the cumulative distribution function can be replaced
by 2&, — F " (u). Volterman et al. [879] discussed also some particular baseline
distributions like exponential, uniform, and normal distributions. For exponential
distribution, they found the explicit expression

i

P(Az+lmn) - lmn(ép) (l_[ Vj)(l — p)ZVH-l

J=1

XZa { L= L=y ]y £ 2y
—10g(1 - p). Vi = 2Vi+i

For the uniform distribution, a simple expression is available in terms of the
incomplete beta function B, (o, ), i.e.,

P(Aix1:mn) = Fimn(p) — l_[ Vi Zaj,i 2(1 = p)]

j=1 =1
X (Bl/z(%'+1 + Ly; —vi+1) = Bu—yyea-pyy Vi+1 + 1y, — )’i+1))-

Volterman et al. [879] provided extensive computations for selected censoring
schemes, i.e., for

= (20,0*), P, = (0%°,20), Ry = (2*19),
%4 — (5*2’ 0*6’ 5*2)’ %5 — (0*4’ 20’ 0*5)’ %6 — (0*4’ 10*2’ 0*4)

They found that all probabilities are quite close. For late progressive censoring (like
for %, and %), the largest progressively Type-II censored order statistic X, ., is
Pitman closest to the upper quantiles. However, if R,, > 0 and, thus, right censoring
is present in the data, X,,.,,., may not be very close to the desired quantile. In order
to overcome this difficulty, one may extend the life test by observing more items
(like in adaptive censoring or in Type-II progressive hybrid censoring).

The notion of simultaneous Pitman closeness has been applied by Volterman
et al. [880] to measure the distance of predictors of a future sample of progressively
Type-II censored order statistics.

Definition 9.6.5. Given a progressively Type-ll censored sample Yfz:k““’

Ys‘fk, the simultaneous-closeness probability of Y i J € {l,....s}, to a

progressively Type-1l censored order statistic X7
sample is defined as

ie{l,...,m} from a future

itmin’

n}y(lﬂ@) (l stk T zmn|<1l};é1n|YZsk Xl'jl;’lnl)

They found the following expression for this SCP.
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Theorem 9.6.6. Given a progressively Type—II censored sample Yl‘f::k, LYz

sistk?

the simultaneous-closeness probability of Y Tk J €11,..., 5}, to a progressively
Type-Il censored order statistic Xl R e {1,...,m} from a future sample is
given by

1— 7750, ), j=1

i (i, %) = nf}_l(z,ﬁ) —nﬁ_lyj(l,t@), jef2,...,s—1},

A (7)) j=s

where, for j =1,...,5 — 1,

w7, G B) = POV < Xi) — HW(‘@)HW(y) Z Z )fl l(;)j
t=106=1 "0

1 v
X { / / (1- M)V/fz(y)—}’j+1(«5”)—l(1 _ v)ygl(%)—l
0 0
X ij+1(§”)(min{§1, 28, — Su})du dv} ,

and the exceedance probability is given as in (9.32).



Chapter 10
Progressive Type-II Censoring
Under Nonstandard Conditions

Order statistics under nonstandard conditions have been studied under various
assumptions. Surveys on these results can be found in Arnold and Balakrishnan
[51], Rychlik [764], David and Nagaraja [327, Chap. 5], and Balakrishnan [83].
For progressively Type-II censored order statistics, first results in this regard were
established in Balakrishnan and Cramer [93] and Cramer et al. [314] for independent
but not necessarily identically distributed (INID) random variables X1, ..., X,, from
absolutely continuous cumulative distribution functions Fi,..., F, with density
functions fi, ..., f,. Fischer et al. [371] obtained a general mixture representation
of the distributions which generalizes the results of Thomas and Wilson [843] for
11D random variables (see also Guilbaud [418,419]). Results for dependent samples
are due to Rezapour et al. [752,753].

10.1 Mixture Representation for Progressively Type-II
Censored Order Statistics with Arbitrary Distribution

The following theorem presents a mixture representation for the joint distribution
of the progressively Type-II censored order statistics in the general setup. It relates
the cumulative distribution function of a progressively Type-II censored sample to
the cumulative distribution functions of m-dimensional marginals of order statistics
Xims ..., Xy from the original sample X1, ..., X,,.

Theorem 10.1.1. (Fischer et al. [371]) Let xy, x5, ..., X, € R. Then, we have
in Model 1.2.5,

P(X” < xp)
1

= e 0 > P(Xtym < X1 Xign < %20 Xigyen < X). - (10.1)
i=l1 3%

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 229
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_10,
© Springer Science+Business Media New York 2014
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where the summation is over all elements (kl,Rl, ek, Rm) of the set

37 =0(11.81..Sas oo . Sy) 1 I = 1,81 S42,....n},|S1| = Ry,

i1
/; = min ({1,...,11} \ [ U(Sj U {lj})iDs

j=1
S g{l,...,n}\[ |

1 i
S; U U{l,-}},|5,-| =R Vi= Zm} (10.2)
1 =1

j= Jj=

Proof. Let Z be a random variable with values in 3% that models the choice of
the sets Ry, ..., R,, in Construction 1.1.3. Notice that this determines the indices
ki,...,ky of the failure times Xy,., which we include in the notation. According
to our assumptions, Z is a random variable with values in 3% which has a
discrete uniform distribution and is independent of the original sample X1, ..., X,,.
Consequently, we may assume without loss of any generality that Z is defined on
the same probability space as X, X», ..., X,, for otherwise we can consider an
appropriate product space. Since y; denotes the number of units in the experiment
before the ith failure, i.e., y; is the cardinality of the set NV; in the algorithm before
the ith run, a simple combinatorial argument readily yields

37 =T1 (V"R_i 1)

i=1
(see also Stigler [825]). Hence, it follows that

P(X” < x,)

=> P(X'% gxm‘Z = (kl,Rl,---akmsRm))

3.@

x P(Z = (kiR k. Rar))

=Y [ﬁ (V"Rf 1)]_1 P(X‘% < xm)z = (kl,Rl,...,km,Rm))

= m—y,—l Z P(Xkl:n E xlstzin E -x27---stm:n E xm)v
1_[1'=1 ( R; ) 3%

where the summation is over 3% defined in (10.2). ]
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It is worth mentioning that Theorem 10.1.1 does not impose any assumptions
on the distribution of the original sample X, ..., X,. Thus, these assumptions
are implicitly included in the distribution of the marginal order statistics
Xkyons oo s Xiyyn)s k1, oo kmy €{1,...,n}.

In the |ID case, the mixture representation simplifies since the probabilities in
(10.1) depend only on (k1. ..., ky) butnoton (R, ..., R,). Using the probability
mass function of (K, ..., K,) given in (10.9), we find the mixture representation
(see Thomas and Wilson [843], Guilbaud [419], and Cramer and Lenz [303])

P(X% =< Xm) = Zw(kL e ,km)P(Xkl:n < Xiye..s ka:n < xm)a

1=k <ky<-<kp<n—R,,

—k;
(nfy’;+lj7kj)

where w(ks, ... ky) = ]_[;'7:2( and X1z, Xeyins s Xiyns 1 < ko <

n—kj_
n=vj *jk./fl

- < ky < n — R, are order statistics from an IID sample X1,..., X,. Guil-
baud [418,419] proposed algorithms to compute the marginal distributions which
are applied in the construction of nonparametric confidence intervals, prediction

intervals, and tolerance intervals (see Sects. 17.1.5, 17.4.1, and 17.5).

10.2 Joint Density Function of Progressively Type-I1
Censored Order Statistics

In Model 1.2.2, let Fi,..., F, be absolutely continuous cumulative distribution
functions with density functions f, ..., f,, respectively. Then, PX” hasa density
function f X7 as given in the following theorem.

Theorem 10.2.1 (Balakrishnan and Cramer [93]). For n € N, let G, be
the set of all permutations = of (1,...,n). For brevity, let Re, = Z;=1 R;,
1 <r <m, with Rey =0 and R.;,;, = n —m. Then, the joint density function of
Xl:m:ns cee Xm:m:n is given by

X (tw) = oDl HV;’ Z nfn(j)(lj)
s

nEG, j=I

m+Rej

x [l Fropp, n<--<tm, (103)
r=m+Re;—1+1

where (i) is the ith component of the permutation vector r € G, 1 <i <n.
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(Xerlv cee Xm+R.1J (XW+R.1+1' coo s Xt Reo )(Xm+Rorrz—l+l’ s XerR-m]

/ / /

1 R2 R’VIL

] VN

Fig. 10.1 Generation process of progressively Type-1I censored order statistics with certain
outcome and corresponding lifetimes

Proof. To prove this result, we consider the joint cumulative distribution function
P (X7 <Xt X < X)) (10.4)

Without loss of generality, we assume that x; < --- < x,, holds in (10.4).

First, taking into account the construction process 1.1.3 of progressively Type-II
censored order statistics, we assume a certain outcome of this procedure. Namely,
we assign the failures to the lifetimes X1,..., Xy, ie, X772 . = Xi,...., X2 . =
X, and the lifetimes of the progressively censored units as in Fig. 10.1. This means
that, before the rth failure, the units with indices 7, ..., mand m + Re;—1+1,...,n
are still in the experiment. Moreover, the previous setup fixes that the rth failure is
assigned to the unit number r, 1 < r < m. In order to simplify the notation, we
introduce the random vectors W, = (X4 Re,— 415+ -+ » Xm+Re,)s 1 < r < m. The
components of W, represent the lifetimes of those units which are progressively
censored immediately after the rth failure. Using this notation, we can write

min{XH_l, ey Xm, Xm+R.,,1+1a ey Xn}

= min{XrH,...,Xm,W,,...,Wm}.
Then,
P (X, <min{Xrq1. . X W oo Wb X, <x,,1<r<m)  (10.5)

denotes the probability that the random variables X, represent the failure times

(which are supposed to be less than x,) and that the units corresponding to the

components of W, are progressively censored (after the rth failure), 1 <r < m.
The probability in (10.5) can be calculated as follows:

P(X, <min{X,41,.... Xu, Wr, ..., Wy}, X, <x,,1 <r <m)

X1 Xm
=/ / P <min{t,y1,....00,Wy,..., Wy}, 1 <r <m)
—00 —00

< [T /) dtw...du
j=1



10.2  Joint Density Function of Progressively Type-II Censored Order Statistics 233
X1 X2 Xm
=/ / / Pt <min{W,,...,. Wy}, 1 <r <m)
—o0 J1g Im—1

< []£@) diw...dn. (10.6)

=1

Now, let us consider the probability term in the integrand in (10.6). Using the
definition of the minimum and taking into account the ordering #; < -+ < 1y,
we obtain the expression

Pt <min{W,,...., W,},1<r <m)
= P(t, <min{W,},1 <r <m)
= P (ti < min{W;}) P (t; < min{Wy})--- P (f,, < min{W,,})

-1 T 7w
j=1lr=m+Rej—1+1
Hence, we obtain

P X, <min{Xost,... X Woro . Wb X, <x,. 1 <7 < m)

m+Rej

X1 X2 Xy M .
=/ / / [Tr0) [T Frepgdim...dn.
oo Jh fm—1 j=1 r=m+Rej—1+1
Differentiation of (10.6) w.r.t. xq, ..., X, yields the function
m m+Rej
hin) =[] £ix)) [T Fopp. xi<<xm
j=l r=m+R.j_1+l

where I = (1,...,n). Choosing a permutation 7(/) = (x(1),...,7w(n)) of
(1,...,n), this leads to the expression

m+Rej

hayGm) = [ | ey () [l FrnlG)p. x <o <xm

j=1 r=m+Re;j—1+1

In the next step, we have to take into account that those units that are censored at
the rth failure are censored at random. The procedure works as follows. First, we
specify a number i; out of n = y; units and assign this number to the first failure.
Then, from the remaining numbers, we choose randomly R; values i, ... ,ig,+1
out of y; — 1 (with ordering!) and remove the associated units from the experiment.

The corresponding probability is (V‘(;llillj!”! = (ylyi!l)!. Then, we choose a new
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failure time X;, ., outof y, possible random variables and so on. Continuing this
process, we obtain a permutation (i1, ...,i,) of (1,...,n),ie, (i1,...,iy) = 7(I).

The probability to choose a specific permutation 7 leading to the previous
outcome is then given by

1 m
K=—TTv.
(n—l)!]l:[zy]

Denoting by the event A, the assignment of the permutation 7 to the unit indices,
we obtain

P (X7 <xp) = ) P (X7 <x | Ay) P(Ay)

T€EG,

=K Y P (Xny < min {Xogi1). s Xagn) WE ... WEL

T€EG,
Xﬂ(r) = Xr, 1 =r= m) P
where W7 = (Xa(mtRejm141)s - - - XnmtRej))>» 1 < j < m. By construction (see
Assumption 1.2.6), the event A, is independent of the random variables X, ..., X,

so that the condition can be omitted after specifying the associated outcome of
the progressive censoring procedure. Any term in the above sum is of the form in
(10.5). In order to apply the preceding results, the specific permutation of the indices
only needs to be taken into account. Therefore, differentiation of the preceding
expression yields

1 m
a1 X ().
1l

T€EG,
which is the joint density function of Xy, ..., Xm:mm presented in Eq. (10.3).
O
Assuming F; = --- = F,, (10.3) yield directly the joint density function of

progressively Type-II censored order statistics in the IID case, i.e., f X* has the
representation (2.4). Hence, the proof of Theorem 10.2.1 also provides an alternate
proof for the joint density function in the IID case.

Modeling of Outliers

The case when F; = --- = F,_; = F and F, = G is of special interest in
the modeling of a single outlier (see Barnett and Lewis [171]). With f and g
as the corresponding densities, the joint density function of Xi.num, ..., X I
(10.3) simplifies considerably. For #; < --- < t,,, Balakrishnan and Cramer [93]
showed that
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£ = [ TTo | s CIF @) + R )G} {Fiey ™
j=2 v=1
< [T rep{Fapy®. aom
j=1
jv

Form = n and Z = (0*"), Eq. (10.7) reduces to the well-known formula for den-
sity functions of order statistics from a single-outlier model presented, for example,
in Kale and Sinha [491] and Joshi [485] (see also Arnold and Balakrishnan [51]).

Connection to Permanents

Vaughan and Venables [874] established a connection of distributions of order
statistics from INID random variables to permanents. They pointed out that the

joint density function of order statistics Xi.,, . .., X,:, from a sample X, ..., X, of
independent random variables with cumulative distribution functions F; and density
functions f;,i = 1,...,n, can be written as the permanent of the matrix

Si@) -+ fu(t)
f1(#2) -+ fu(t2)

fl(tn) fn(tn)

Similar expressions hold for all marginal density and cumulative distribution func-
tions. In particular, the one-dimensional marginal cumulative distribution function
of the rth order statistic can be expressed as a weighted sum of permanents of
matrices

— (Fi(2),..., F,(@) ®1;
L ((fl(l),...,fn(t)) R ]ln—i) , teR,

where the notation ® denotes the Kronecker product of matrices/vectors. Notice
that the permanent per(A4) of a square matrix A = (a;;); ; € R™" is defined by

n
per(A) = Z Hain(i)-
eSS, i=1

As pointed out by Balakrishnan and Cramer [93], Theorem 10.2.1 yields a
representation of the joint density function in terms of a permanent
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(N, @) @ 1y
(Fi(t1), ..., Fu(t)) ® 1p,

x#. . _ 1L 4
f (tm)—(n_l)!]l_[:zyjper

Lﬁ(tm),.--,jl(tm))ml
(Fl(tm)a R Fn(tm)) & ﬂRm

Cramer et al. [314] obtained an alternative expression to (10.3) based on an
expansion of permanents due to Ryser [766, p. 27] (see also Bebiano [183] and Minc
[650, p. 124]). Notice that Ryser’s method is known to be the most efficient way of
computing a permanent. The procedure gets by with (n — 1)(2" — 1) multiplications
which is the best known value for the evaluation of permanents (see, e.g., Minc [650,
p. 126], Krauter [549], Liang et al. [590]).

Theorem 10.2.2. Let Fs = ﬁ Y wes Fu. The joint density function of
progressively Type-ll censored order statistics Xy, - - - » Xm:m:m, With censoring
scheme Z = (R, ..., R;) from n INID random variables X1, ..., X,, is given by

X ()

n—1 m e
= %Z(—l)k(n_k)" > (l_[Vj) (l_[ fs(fi)(l—FS(ti))Ri)’
" k=0

IS|=n—k j=1 i=1

where t; <--- <1t,.

Thus, the result of Guilbaud [417] extends to the case of progressive censoring
from INID variables, viz., that the progressively Type-II censored order statistics
from INID variables can be seen as a generalized mixture of progressively Type-II
censored order statistics from a population with cumulative distribution function Fg
and censoring scheme . In particular, this representation illustrates that an explicit
expression for the joint cumulative distribution function can be easily obtained via
integration. In fact, the “mixture” probabilities correspond to those for INID order
statistics. The representation presented in Theorem 10.2.2 has also been noted by
Guilbaud [420] in his discussion of the paper by Balakrishnan [84].

Applications to Stochastic Orderings

Let Xy,...,X, and Y),...,Y, be two samples of INID random variables with
cumulative distribution functions Fi,..., F, and Gy,..., G,, respectively. Then,
Fischer et al. [371] found the following basic result which follows from a direct
application of the mixture representation.
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Theorem 10.2.3. Let X0 = X1y s X)) and Yy = Yins oo, Youn)'
Then, for any censoring scheme £, stochastic ordering of the samples of order
statistics implies stochastic ordering of the two samples of progressively Type-Il
censored order statistics, i.e.,

Xl,n:n Zst Yl,n:n - X% Zst Yﬂ

A direct application of this result yields an extension of a result for order statistics
shown by Hu [453,454]. They considered cumulative distribution functions of the

type
Fi(t)=e HM0  Git)=eHWD  t>0/1<i<n,

where A1, ..., Ay, (1,..., 4y > 0and H is a function defined by

H(t) = /Ot h(s)ds, t=>0,

with a nonnegative integrable function % such that lim,., H(#) = co. Moreover,
suppose & is decreasing as well as that the function 2* defined by h*(x) = xh(x) is
increasing. Then, A, >, i, implies X% > Y#. The result can be directly applied
to Weibull and gamma families as shown in Fischer et al. [371]. For order statistics,
we refer to Hu [453, 454], Khaledi and Kochar [523], and Lihong and Xinsheng
[596]). Moreover, an application to proportional hazards distributions is possible.
It extends results of Proschan and Sethuraman [731] (for the univariate stochastic
order, see also Boland et al. [212] and Pledger and Proschan [723]).

A family of cumulative distribution functions {Fj,..., F,} is said to have
proportional hazard functions if for all € R,

Fi(t)=e HO j =12, ... n,

where A1,...,4, > 0and H : R — R is a nondecreasing function with H(z) =
0 for all 1 < 0 and lim;_,, H(¢) = oo. The parameters Aq,..., A, are called
constants of proportionality for the common hazard function H.

Theorem 10.2.4. Suppose X# and Y7 are INID progressively Type-ll censored
order statistics based on Fi,..., F, and Gy,..., G,, respectively, where

(1) Fi,..., F, have proportional hazard functions with constants of proportion-
ality Aq,...,A, > 0 for the common hazard function H,

(2) G,...,G, have proportional hazard functions with constants of proportion-
ality w1, ...,y > 0 for the common hazard function H, and

(3) An 2w 1y

Then, X% >, YZ.
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The preceding result can be directly applied to extend a result of Kochar
and Korwar [540] on stochastic comparisons of generalized spacings from INID
exponential distributions (see also Kochar and Rojo [541]). Using the notation
introduced in Sect. 2.5.2, we get for the vector of (r, 1)-spacings Sr*'l% = XZ

rimin
X7 .r=2,...,m,(cf. (2.38)) the following result.

1im:n>
Corollary 10.2.5. Let Xy,...,X,,Y1,...,Y, be independent exponential ran-

dom variables such that X; has hazard rate A; and Y; has hazard rate u;,
i=1,...,n. Then, A, >y i, implies

(SFE Dr=2em Zst (S3E Dr=2....m-

IfY;,...,Y, is an IID sample with hazard rate A= % Z};’=1 A, the preceding
results show that XZ >, YZ since A, =y X]l,,. Moreover, Fischer et al. [371]
pointed out that A can be replaced by any value u € [X, 00). For order statistics,
such comparisons have been addressed by Ball [165], Barbour et al. [166], Li and
Shaked [586], and Ma [624]. Under the assumption that Y1, ..., Y, is an |ID sample,
Ma [624] showed that the stochastic order of the order statistics is determined
by the stochastic ordering of the minimum and maximum of the samples. Thus,
Theorem 10.2.3 can be written as

X 25t Yin = X% Zst Y%s Xpin Zst Yo = X% Sst Y%

Mao and Hu [637] discussed likelihood ratio ordering of INID progressively
Type-II censored order statistics and obtained the following result.

Theorem 10.2.6. Let Xf’:?m:n, ce, X,ffm:n be progressively Type-I| censored order
statistics from an INID sample X1,..., X, and Z = (R, ..., R;;) be a censoring
scheme with decreasing censoring numbers Ry > R, > --- > R,,. Then, if a
permutation w € &, exists with Xy < ... <ir Xz(n), the progressively Type-II|

censored order statistics are likelihood ratio ordered, i.e.,
Xi:m:n flr Xj:m:ny 1 fl <j fm

Finally, Fischer et al. [371] established an extension of a result of Sen [790]
which we present for completion.

Theorem 10.2.7. Let X7 ..., XZ . beINID progressively Type-ll censored
order statistics based on Fj,..., F, and a censoring scheme # € ‘fﬂ’f’n and
YZ. .....YZ . be progressively Type-ll censored order statistics from the

cumulative distribution function

1 n
F* = - Z F.
k=1
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Further, let

i—1
w=i-1. Bi=n—y+l=i+Y R;. ie{2...m

J=1

and £, = inf{u € R: F*(u) > p} be the pth quantile of F*, p € (0,1). Then,
fori e {2,....m—1}and x <&« <&p <y,

P(x <X, =y) = P(x <Y, <)
where equality holds if Fi(x) = F*(x) and Fi(y) = F*(y) forallk € {1,...,n}.

If R,, >0, then
P(x <X

m:m:n

Sy)EP(‘)C<Yrr:t%mn§y) fog"%<§m§y,
with equality holding if Fi(x) = F*(x) and Fi(y) = F*(y) for all k €
{1,...,n}.

Furthermore, for x € R,

P(Xx7

L:m:n = )C) z P(Yl%n:n = x)

with equality holding if Fi(x) = F*(x) for all k € {1,...,n}.

10.3 Dependence Structure of INID Progressively Type-I1
Censored Order Statistics

The dependence structure of INID progressively Type-II censored order statistics
has been studied in Cramer and Lenz [303] by considering the generation process
of progressively Type-II censored order statistics presented in Fischer et al. [371]
(see Sect. 1.1.1). Using the notation introduced in Assumption 1.2.6, Cramer and
Lenz [303] obtained the following results. The probabilities in (10.8) can also be
found in Thomas and Wilson [843].

Proposition 10.3.1. (i) (Kj,U{=1Ri,Ki)15j§m is a Markov chain with tran-
sition probabilities

j+1 j+1 I I
P(Kivi=kjp. | JRix =S | Ki=ki.|JRik, =S 151 <))

i=1 i=1 i=1 i=1
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P(Rj+1kjp = Sj+1) = W if Gk, U2y i) = kit
Rj+1 s

0 if Gk U2y Si) # kjt

where

J J
G(k;.| JS) = min ({kj + 1,...,n}\USi);

i=1 i=1

(i) (K;)1<j<m forms a Markov chain with transition probabilities

n—k
1y, +1-4) ,
P(K; =k|Kj—1 =v) = (Vf) 2<j<m, (10.8)
n—y;—v
and P(K; =1) =1,
(iii) In general, (K;,Rk;)1<j<m is not a Markov chain.

In particular, the joint probability mass function of K, .. ., K, can be taken from
(10.8) as

" n—k;
P(Kj=kj.j=1....m)= H#
j=2 (Vl—)/j_kj—l)

l=ki<---<ky,=n-—R,. (10.9)

Dependence properties of (usual) INID order statistics Xy, ..., X,:, have been
discussed extensively in the literature. The following selection can be found in
Boland et al. [211].

Theorem 10.3.2. Let Xy.,,...,X,., be order statistics from INID random
variables X, ..., X,. Then:

(i) X1y .., Xyz) is associated;

(i) Fori,j e {1,...,n} with i < j, (Xi., X;:n) are right tail increasing in
sequence;

(iii) Let Xi,..., X, have differentiable density functions (w.r.t. the Lebesgue
measure) and proportional hazard functions on an interval [a, b] such that
[a,b] is the support of X; for each j e {1,...,n}. Then, (Xi:n, Xj:n) is
conditionally increasing in sequence for all j € {2,...,n};

(iv) In general, (X1.,..., Xy:n) does not have the right corner set increasing
property and, consequently, does not have the MTP, property (even if
Xi,..., X, have differentiable (Lebesgue) densities with a common interval
support).
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The last statement implies directly that X# does not have the MTP, property
in general as is true in the |ID model (see Theorem 2.5.10). In order to prove
association of INID progressively Type-II censored order statistics, Cramer and Lenz
[303] proved the following ordering result which implies association of the random
indices (K1, ..., K;).

Proposition 10.3.3. (K,..., K,;) is conditionally increasing in sequence (CIS),
e, for j € Nwith j <m, (ki,....k;), (k{,....k}) € {1,....,n}/ withk; < k;
and P(K] Zkl,...,Kj =kj) > 0, P(K] ZkT,...,Kj Zk;k) > 0,

[Kj+1|K1:k1,...,Kj :kj]fst [Kj+1|K1:kik,...,Kj :k;k]

Moreover, (K1, ..., K,,) is associated.

Using that subsamples of associated samples are associated (cf. Miiller and
Stoyan [659]) and a result on mixtures and association of random variables due
to Jogdeo [480], the following result holds.

Theorem 10.3.4. Let (Xy,..., X,) be associated. Then,

xz. ... X7

Lim:n> m:m:n’

Ki,....Kn)

is associated, too. In particular, this yields association of X,

Notice that independence of (Xi,...,X,) is not necessary to establish asso-
ciation of X#. Therefore, the above result holds for samples exhibiting some
dependence between the random variables.

Finally, Cramer and Lenz [303] showed that X.,., is right tail increasing
in X, 1€, P(Xfm:n > t|Xiunm > §) is increasing in s for any ¢. This
notion is denoted by RTI(X j.:n| X1:m:0). Further results in this direction have been
established in Mao and Hu [637]. In particular, they extended the above results and
proved RTI(X .| Ximn) for 1 < i < j < m. A similar result for the left tail
decreasing property has also been shown. These findings extended results of Boland
et al. [211] for INID order statistics to progressive censoring.

10.4 Dependence and Copulas

Whilst the preceding approaches relax the assumption of identical distribution,
further efforts have been made to introduce dependence in progressive Type-II cen-
soring (see Theorem 10.3.4). Rezapour et al. [752,753] assumed an Archimedean
copula Cy to model the dependence in the sample X1, ..., X,, i.e.,

Cylur, ... uy) = (Z w—l(u,)) , (10.10)

i=1
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where ¥ : [0,00) —> [0, 1] is a completely monotone generator function such
that ¥(0) = 1 and lim,_,o ¥ (x) = 0 (see McNeil and Neslehova [643]). With
G(@t) = exp{—y ()}, t € [0,1], and My be a cumulative distribution function
with Laplace transform v, (10.10) can be written as

Cylur,... uy) = /0 []6%w)dmy ().

i=1

Using this expression, the sample is supposed to have the survival function

P(X>x):/0 []6*Fi(xi)dMy(@). x=(xi.....x,).

i=1

Let F; have a density function f;,i = 1,...,n, and g be the first derivative of G.
Then, Rezapour et al. [753] showed that the density function f X* can be expressed
as a mixture of INID progressively Type-II censored order statistics

X () = /OOO X ) dMy (@), t, € R, (10.11)

where f XZ is the joint density function of INID progressively Type-II censored
order statistics Xa'% = (Xtmmnsas - - - » Xm:m:n:o) With baseline distributions G; (-, @),
defined by

Gi(t,a) =1—G*(Fi(t)) = exp(—ay ' (Fi(t))), i=1,....,n,a>0

(see (10.3)). Hence, the density function fX% in (10.11) can be seen as a M-
mixture of the distributions of INID progressively Type-II censored order statistics.
Moreover, the joint cumulative distribution function has the representation

P(X% <x,) = / P(XZ < x,)dMy(a), Xn € R". (10.12)
0

Moreover, it follows from (10.12) that any marginal distribution is also a mixture of
the corresponding INID progressively Type-II censored order statistics. As pointed
out by Rezapour et al. [753], the integral in (10.11) can be explicitly calculated as
given below.

Corollary 10.4.1. Let K = (n+1)1 [17=2 ;. Then,

X)) =K Y [ hei)

€S, j=1

m m+Rej

« I',,(m)(X: (w—l(ﬁ,m(tj)) + > w_l(fmr)(fj))))v

j=l r=m+R.j_1+l
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where 1 < --- < t,, 1//(’”) denotes the mth derivative of ¥, and h;(t) =
/i)
v/ (yloF;(t)"
In the case of identically distributed random variables X1, ..., X, the density

function in (10.11) simplifies to

fX%(tm) - /0 (1_[ )’]) l_[ g(l‘j,Ol)ERj(l‘j,Ol)de(Ol) s

j=1 " j=1

where G(t,a) = exp( - oup_l(f(t))) and g(t,a) = 2G(t,a). Thus, for

Archimedean copulas, the distribution of progressively Type-II censored order
statistics is a mixture of |ID progressively Type-II censored order statistics with
population distributions G (-, ), « > 0. As before, we can get rid of the integral
(see Rezapour et al. [753]). Furthermore, it is interesting to see that the marginal
distributions have simple expressions in this setting. For instance, the density
function and cumulative distribution function are given by (cf. (2.25))

, w/(w—l(F' (f)))
er:mZn (t) = cr—1 Zai,r

= vf’(w—l(ﬁ(r)))

imin — - dir alr— I
FY (r)—l—c,._@?w(w ‘(F(r))), teR.

f(@), teR,

i=1

Similar representations can be established for bivariate marginals (see Rezapour
et al. [753]).

Moreover, it is worth mentioning that the triangle and quadruple rules given in
(2.46) and (2.47) for the 11D case also hold in this model. Additionally, the quantile
representation given in Theorem 2.1.1 is also true in the present situation.

Remark 10.4.2. If we choose (1) = e, u > 0, the inverse function is given
by ¥~!(t) = —logt, t € (0,1]. Then, the copula in (10.10) is the independence
copula yielding the 1ID case. Hence, G(¢t) = ¢, t € (0,1], and My is the
cumulative distribution function of a one-point distribution in & = 1. In this
situation, (10.11) reduces to (10.3).

10.5 Progressive Type-II Censoring for Multivariate
Observations

Considering p-dimensional random vectors X and Y and a continuous function I7 :
R? — R such that
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AMP({x|I(x)=2}) =0 forallzeR, (10.13)
conditionally ordered multivariate variables can be defined by
X=<pY < IIX) <I(Y)

(see, e.g., [60, 76, 79], [750, p. 66], for further details and interpretations). In
particular, the function IT induces a partition of R”. Assuming an |ID sample
X, ~ f X | < i < n, this concept has been applied to define conditionally
IT-ordered statistics X7.1:n <pp -+ < X by Bairamov [76] using the
order statistics I1y.,(X), .. ., IT,.,(X) of the sample [1(X}), ..., [1(X,). Notice that
condition (10.13) implies that the distribution of I7(X) is (absolutely) continuous.
Since I1(X}), ..., I1(X,) are IID random variables with cumulative distribution
function F7(t) = P(I1(X) < t), the density function of X, ., is given by

X (x) = n(j : 1)1:/7'—1(17()())(1 - Fn(H(x)))"—i fXx), xeR?

(see [60,76]), where F7(I1(x)), x € RP?, is called the structural function. Arnold
et al. [60] pointed out that the ordering can be viewed as a concomitant based
ordering.

In a similar manner, Bairamov [76] defined progressively censored I7T-ordered
statisticS Xyz;1:m:n < -+ <n Xmymm:n by applying the progressive censoring
procedure to the sample I1(X;), ..., 1(X,). This results in progressively Type-
IT censored order statistics ITy.:n(X), ..., ITy:m:»(X) and induces the desired
progressively censored multivariate sample. As a result, similar expressions can be
established for density functions, moments, etc. as in the univariate case.
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Chapter 11
Linear Estimation in Progressive Type-II
Censoring

Linear inference for parametric distributions with ordered data attracted great
attention since the class of L-statistics Y ;- ¢; X; has many applications. Moreover,
L-statistics have a simple and nice structure. In particular, least-squares estimation
has been widely discussed (see, for instance, Arnold et al. [58,59] and David and
Nagaraja [327, Sect. 8.4]) since it leads to explicit expressions of the estimators
provided that the single and product moments can be computed easily (see Chap. 7).
For progressive Type-II censoring, an extensive treatment of this topic is presented
in Balakrishnan and Aggarwala [86, Chap. 6] reflecting the state of research in
2000. Since the publication of this monograph, many results have been established
in this direction. In the following, we summarize these results and present some
applications of L-statistics in progressive Type-II censoring.

11.1 Preliminaries

In this chapter, we consider linear estimation of parameters. In particular, we assume
that the progressively Type-II censored order statistics are based on location—scale
families of distributions

F1={F(—plp R}, (11.1a)
F, = (F(/9)[9 > 0}, (11.1b)
Ty = {F(%)‘MGRJ?>O}, (11.1¢)

respectively, where F is a given continuous distribution. In these cases, the random
variables form a linear model. We illustrate this approach for the location—scale
model .%, as the corresponding results for .%; and .%; are quite similar. Let X% =
(Xtzmens -+« » Xinzmen)' be the random vector of progressively Type-II censored order

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 247
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_11,
© Springer Science+Business Media New York 2014
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statistics based on F' € % with location parameter i and scale parameter . Then,
we define YZ = (Yi.nwns - - - » Yipenen)' by

X"m'n_ .
:—].. M, j:1,...,m-

v

Introducing W# = §(Y# — EY”) and b = EY%, we arrive at the linear model

Yj:m:n

xff?:M-]lJrﬁY@:M-]lJrﬁEY@JrW%:[n,b](’l;)JrW@:Boer@,

where EWZ = 0, Cov(W#) = 92X, ¥ = Cov(Y?), B = [1,b] is the known
design matrix, and # = (u, )’ is the (unknown) parameter vector. Notice that the
distribution of Y? is parameter-free, and it depends only on the standard member F.

Remark 11.1.1. The above representations are based on the assumption that
the complete progressively Type-Il censored sample Xy.u:, - - - » Xipun:n has been
observed. However, by deleting the respective lines (and rows) in both the
mean vector EYZ and the covariance matrix X, the subsequent results
can be applied also to a multiply censored sample X .pu, ..., X} with
1<ji<:--<j<m.

This observation is of particular interest in the context of general progressive
censoring which can be seen as a left censored progressively censored sample (see
p. 10). In this case, we have to delete the first r lines and rows, respectively.

11.1.1 Least-Squares Estimation

Least-squares estimators for @ in the linear model X# = B@ + W are obtained
by minimizing the squared (Mahalanobis) distance

0(6) = (X7 - B9Y =" (X” — BO) = | X7 - Bo|~,
w.r.t. the parameter @ for a given sample X, where ¥ is assumed to be regular. It is
well known (see, e.g., Christensen [264]) that the resulting least-squares estimator
of 0 is given by
0 = (B> 'B)"'B' X7, (11.2)
Moreover, the variance—covariance matrix of 0 is given by
Cov(8) = 9*(B'>~'B)~".

This shows that the least-squares estimator can be derived when the covariance
matrix ¥ = Cov(Y%) can be calculated. Explicit representations result if the
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inverse matrix of X' has a nice structure. It has to be mentioned that absolute
continuity of the distribution pY” (or of the cumulative distribution function F')
ensures a non-singular covariance matrix X'

Given representation (11.2), the Gau—Markov theorem yields the best linear
unbiased estimators (BLUE) 1 and 5

Similar representations result in location or scale families where we assume
¥ = 1 and u = 0, respectively. In particular, we have the linear models

X% —b=pu-1+W?2,
X% = 9EYZ + W7,

where b = EY?. The representations of the least-squares estimators follow from
(11.2) with B = 1 and B = EY? = b, respectively. In particular, we find the
following expressions for the best linear unbiased estimators.

Location model .%;

The BLUE of u is given by

- 1

= 12 '(X” —b
Hw = o5 ( )

. . ~ 2
with variance Var(iiLy) = ]1/21‘9—*1]1'

Scale model %,

The BLUE of ¢ is given by

2

with variance Var(d y) = ﬁ.

Location—scale model .7

Suppose m > 2. Using the fact that n = Z};”=1(Rj + 1), the BLUES fiLy and 5|_U
are given by

. 1

fw = — (2 'p)A'Z7'X7) — (1T b)) (b T7'X7)), (11.3a)

YLy

D — D

(27" 27'X7) — (1’27 'b) (1 Z7'XF)), (11.3b)
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where A = 1’Y~'1b’ X ~'b — (1’ X ~'b)?. The variances and covariance of these
estimators are given by

N b'X~'b ~ 1>'1
Var(liLy) = y 92, Var(Wy) = 3 92,
bXrX!1

92

Cov(fiLu. 5Lu) = -

Remark 11.1.2. (i) It has to be noted that
12"1p 2 '"b— 1’27 'b)> >0

provided that m > 2. This can be seen from the Cauchy-Schwarz inequality
which proves that equality holds if b = a1 for some a € R. However, this
implies EX1.y:n = -+ = EXpymw. Since, by definition, Xy, < -+ <
Xm:mn, this readily yields Xi.:n = -+ = Xjumen almost everywhere. This
contradicts the assumption that X' is non-singular.

(ii) In the location—scale model, the scale estimator @y can be written as

—~ 1 )7
Hu = (]1’2'_1]1b/2_l —]l/E_lb]l/Z‘_l)(Xj—Xl:m:n]l)

D=

127 (@b = bl ) 27X — Xpynal).

11.1.2 Linear Equivariant Estimation

Balakrishnan et al. [139] have presented general results on the relation between best
linear unbiased estimation and best linear equivariant estimation. Subsequently, rep-
resentations of the best (affine) linear equivariant estimators (BLEEs) of the location
and scale parameters are given in three different setups, i.e., we present the linear
equivariant estimator that minimizes the respective standardized mean squared
error in the progressive censoring context. For generalized Pareto distributions,
BLEEs and BLUE:s are given in Burkschat [231]. Notice that the risk of equivariant
estimators (and predictors) is independent of the parameters. The term invariance,
which is often used instead of equivariance in the literature (see, for example, Nelson
[676] or Takada [833]), refers to this fact. In particular, the BLEEs coincide with
the best linear (risk-)invariant estimators (BLIEs) obtained by Mann [635], since
every linear risk-invariant estimator is also equivariant (see Bondesson [214]). The
following results are taken from Balakrishnan et al. [139].
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Location model .%;
The BLEE and BLUE for the location parameter p coincide, i.e.,
Hie = Hiu = (11/2_111)_1 (I'>7'X7 -1’27 'p).
Scale model .7,
The BLEE of 9 is given by
Bie =B (Z +bb)"'XZ = (1 + b T 'b) "Iy Z71XZ,

. . S 1
Its expectation and mean squared error are given by Edhg = Mﬁ and

+'x
I\/ISE(l? LE) = respectively.

1+b/2 p>

Location—-scale model .%

The BLEEs of the location and scale parameters are given by

HiLe = Ai [(WZ7'b+ 1) (1 Z7'X7) — (1’27 'b) (W' Z7'X¥)],
1
= 1

e = [(1'27'1) (Y Z7IXF) — (1'Z7'b) (12 TIXT)]
1
with
N / —lb -~
E(Ue) =pn+ O, E@we) = A_ﬁ’
1
_ b'X7b+1 ~ > 1
MSE(fiLg) = 9%, MSE@g) = 92,
Al Al
N ~ 1'2"'b
E((fie = p@re =) = ——5—9”

where Ay = A +1'Y7'1.

11.1.3 First-Order Approximations to BLUEs and BLEEs

In principle, the computation of the linear estimators given above is possible when
the second-order moments exist. However, in many cases, the computation of the
moments is difficult. Moreover, for large m, the computation of the inverse matrix
X~ may also cause some difficulties. In such cases, we can use the approximations
to the moments given in Sect. 7.6. In order to illustrate this approach, let the
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cumulative distribution function F and its density function f be as in Sect. 7.6.
Then, we have the approximation of the covariance matrix

IS AEU@A,

with a diagonal matrix A™! = diag(f(F<(T)))...., f(F<(I1n)), [I; =
EUjipn, 1 < j <m,and Xyz = Cov(U‘%). Then, the mean vector b is replaced
by (F<(II}), ..., F<(IT,)) and the covariance matrix X' is replaced by A Xy= A.
Notice that A is a diagonal matrix and that the inverse of Yy= is a tridiagonal
matrix (see (7.15)). This method provides approximations to the BLUEs and BLEEs
given above. The results have been worked out by Balakrishnan and Rao [115].
Expressions can be obtained from the results presented in Sect. 11.1.1.

This approach has been applied to various distributions whose variance—
covariance matrix contains analytically intractable expressions. For instance,
approximate BLUEs (ABLUES) for the extreme value distribution are presented
in Thomas and Wilson [843] and Balakrishnan and Aggarwala [86]. Log-normal
distributions have been discussed by Balasooriya and Balakrishnan [158].

11.2 Linear Estimation for Particular Distributions

11.2.1 Exponential Distributions

Suppose that the location—scale family (11.1c) is based on a standard exponential
distribution Exp(1). In order to derive the representations of the BLUEs and BLEEs
in the above setups, we need the inverse of the covariance matrix for progressively
Type-II censored order statistics Zj.pus .- Zmm:n from an Exp(1)-population.
From (7.7), we get

vitys —vi o 0 e 0
-3 vi+rv -vi 0 0
J— 0  —vi vi+vi -7 0
= 7z = . . . . .
L AR AR s
0 0 _yé yé

Subsequently, we need the following identities, which can be easily checked. Notice
thatb = (by,....by) Withb, = EZ, sy = 3 VL 1 <r <m,ande =
J
(1, 0*’”_1)’ denotes the first vector of the canonical standard basis of R™. Then,
271 = n’e
STh=(i =272 = Vs Yt — VYY) = Z + 1
X 'b=m
VX'l =n.
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Linear Estimates
Location model .%;

The BLUE (and the BLEE) of pu (with % = 1) is given by

~ ~ 1
MLu = ULE = Zimn — e (11.4)

For ¢ > 0, we have fiLy = fiLe = Zimmm — &

Scale model .7,

For u = 0, the BLUE of ¢ is given by

~ 1 &
D ———E R, +1DZ;i .
LU j=1( J ) Jm:

For i € R, we have ’l;LU = % ZTZl(Rj +1)(Z.m:n — p). The BLEE of 9 is given
by the expression

~

Ve =

Z(R + )(Zjmn — 1) (11.5)

m+1
j=1

Remark 11.2.1. The case of general progressive censoring is discussed in
Balakrishnan and Sandhu [123] and Balakrishnan and Aggarwala [86, p. 86].

Location—scale model .7

Let m > 2. First, we notice that A = n(m — 1) > 0. Therefore, the BLUEs ALy
and ¥}y are given by

ﬁLU 2(m _ 1)(mn Zignm — N Z(R I)Zj:m:n) (1163)
1 " 0
:Zl:m:n_—Z(Rj+l)(Zj:mn Zlmn)—Zlmn_ﬂ
nim—1) = n
~ 1 "
Do = —— D (R + D(Zjimn = Ztn)- (11.6b)

j=2



254 11 Linear Estimation in Progressive Type-1I Censoring

The covariance matrix of fi,y and ¥y is given by

02 m —n
e (_n nZ)‘ (11.7)

Noticing that A| = n’m, the BLEEs 7i_g and ﬁLE are given by

_ 1 0
MLE = Zimn — —— Z(R] + 1)(Zj:m:n - Zl:m:n) = Zimm — jv
nm = n

~ 1 —
ﬁLE = E Z=:2(RJ =+ 1)(Zj:m:n - Zl:m:n)-

Remark 11.2.2. Explicit expressions of BLUEs are also available for a general
progressive censored sample Z, 4 1unins - - - » Zm:mn (see Balakrishnan and Aggar-
wala [86, Sects. 6.1.2, 6.2.2]), i.e.,

1 m
Py = m j;_z(Rj + 1)(Zj:m:n — Zr+timn)s

. (11.8)

1 ~
i :Zr 'm'n_( —)l9 .
MLy +1m: ;n_j"'l LU

The multi-sample case has been addressed in Balakrishnan et al. [130] and
Burkschat et al. [236]. They considered s independent progressively Type-ll
censored samples Zf’:,)ni:m,...,Z,(,ii):mi;ni, 1 < i < s, with possibly different
censoring schemes and sample sizes. For brevity, we present their result only
for s samples with identical censoring scheme Z. In this case, the BLUEs are

given by

~ - — -

P = o AR + 0 = i

- I 5 AR

ALy = (m——l)n;(Rj + DMZ 1 — Z junen),

where Z . = %le=1 Z;':Zn:n denotes the average of the jth progressively
Type-ll censored order statistic in each sample, 1 < j < m. Expressions for the
BLEEs are derived in Burkschat [231]. Results for general progressive censoring
may be obtained in a similar fashion. For m-generalized order statistics, the
problem has been addressed by Ahsanullah [23].



11.2 Linear Estimation for Particular Distributions 255

BLUE BLEE
Model Location Scale Location Scale
Scale (u = 0) - 9.08625 - 8.07667
Location—scale —0.32950 9.86857 —0.26447 8.63500

Table 11.1 BLUEs and BLEEs for Nelson’s insulating fluid data under exponential assumption

Example 11.2.3. We apply the linear estimators presented above to the
progressively censored version of Nelson's insulating data 1.1.5 which has been
analyzed under the assumption of exponential distributions in Viveros and
Balakrishnan [875]. The results are presented in Table 11.1. Given the same
assumptions, the data has also been discussed for general progressive Type-Il
censoring when the minimum of the sample is censored in Balakrishnan and
Aggarwala [86, p. 98].

11.2.2 Generalized Pareto Distributions

Expressions for BLUEs of the parameters of a location—scale family of particular
generalized Pareto distributions have been derived by many authors. In the follow-
ing, we state the BLUEs as presented in Burkschat et al. [236] (see also Burkschat
et al. [235] and Burkschat [231]), their variances, and covariance. In order to avoid
trivialities, it is supposed throughout that n > 2. The family of distributions is
based on a generalized Pareto distribution as in Definition A.1.11 with cumulative
distribution function F, ¢ # 0, given by

Ft)=1—(t—pH)'/4, t>0,7—pt>0,

where t € Rand p-g > 0. For t = 1, the distribution function F corresponds
to the generalized Pareto distribution given in Pickands [720]. The choice ¢ = 0
corresponds to the distribution class defined in Reiss [750, p. 42]. For p,g > 0, the
support is given by the interval [(r—1) p~', Tp~!] including the uniform distribution
as a particular case. For t = 1 and p = g > 0, the exponential distribution results
as a limitif p — 0. In the case p, g < 0, the distribution is supported on the interval
[(t — 1)p~', 00) which includes Pareto distributions of the first and second kind
(cf. Johnson et al. [483, p. 574-575]).

In the location—scale case, we present a simplified version of the estimators than
those presented in Burkschat et al. [236]. This is due to Burkschat [231]. Moreover,
we consider only the one-sample case. For details on the multi-sample situation,
we refer to Burkschat et al. [236] and Burkschat [231]. In order to simplify the
notation, let

J j j
e =[lmn+20. d; = +9. ¢; =[[n., 1<j<m @119
k=1 k=1 k=1
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Then, we conclude from Theorems 7.2.2 and 7.2.5 that

EYpun = p7(c =), 12j=m.
dj
Introducing the notation a = (a1, ....a,) witha; =c;/d;, 1 < j <m, we get
1
EY” =b= —(¢1 —a). (11.10)
p

To present explicit representations of the BLUEs, we define the weights

p eldl

wp = (Z7'1) = q_(Rl +1—q)+

¢
w; = (Z71); = ];c.](Rj—i-l—q), 2<j<m—1,
J

2

Wy = (2—1]1)}” — p €m (1111)
qcm

(Ry +1+9),
_ T
vi = (Z7'b) = —wi — %d1€1,
P q
VjZ(E_Ib)jZEWj, 2§]§m,
V4
and

- et _ T
i =12"1=p’ |:—12+l1/] m=1x lb:—ml—%dlel,
q p q
2
—2td
b’z b= (3) m+ e,
p q

where ¥ = Y 7_ L =3, M, (1 + ?/—Z) Finally, we define

J=1¢;

22

A =nnn— 77%2-

Theorem 11.2.4. Suppose y,, + 2 > 0.
(i) If ¥ is known, then the BLUE of u is given by

o ,
o= g 2 [ 5050

j=1

and its variance is Var(fiLy) = 9%/ 1.
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(ii) If w is known, then the BLUE of ¢ is given by

—~ 1 &
Yy =— E Vi(Xjumm — 1),
M2 i

and its variance is Var({9\|_u) =92/n.
(iii) Letm > 2. If u and ¥ are to be estimated simultaneously, then the BLUEs
are given by

t(n+q)—ns
p(n+q)

~ n +q m
ﬁLU = T W'(X':m:n _Xl:m:n)a
p(nllf—n—2q)j2=; I

MLu = Xl:m:n -

’

where w;, 1 < j < m, are given in (11.11). The covariance matrix of the

BLUEs is given by
Ly 2 1 (7722 —7712)
Cov |~ =9°— . 11.12
(ﬁ‘Lu) A\-n2 nn ¢ )

Proof. In the location and scale setup, the results follow directly from the general
representations of the BLUEs and (11.11).

In the location—scale situation, the derivation of the above expressions requires
more effort. First, we use (11.10) to write the determinant A in terms of a:

1 A
A= —2(11’2_1113’2_13— (]1/2—1a)2) =22 ay.
P p
According to Burkschat et al. [236],
2e,d
axlz=L0% —sa s, 2= (...za) € R, (11.13)
q

where a is given as in (11.10). Furthermore, forb = EY#, we get
I / 1 !/ /
b1’ —1b = —— (a1’ — 1a').
p

Combining these results, we get from (11.3) and (11.13), after some rearrangements,
for the BLUE of &



258 11 Linear Estimation in Progressive Type-1I Censoring

Do = Z((]1 TTIH® ZTIX?) — (1’ ST 'b) (1 Z7'X7))
1 P
=——1'Yy7'(1a —al) 2~ 'X¥*
pA
'yl
=022 S TIX” — Xy l). (11.14)
A,
Noticing that
Ay = (aI]l’E_lll 1y a)
_ zeldl
o ( 1P (l]l+ q ) q* )
2 2
_ 1P cieg _eld
=1 d](cllp—‘r— —qz )
| 2
/vl _
'y adl (Cllp el),
we get
Y = mzwj(xjmn Ximn).

Recalling thatd; = n+q and e; = n+2q (see (11.9)), this yields the representation
of ﬁLU-
The BLUE of p has the representation

ALy = ((bE 'b)(1'Z7'X7) — (1 Z7'b) (b ZTIXF))

l>|~ l>|

bz~ (bl — 1) X 'X”

_ PRV I oal\ vl Z

= pZA (t1 —a)’>Y'(1a' —al’) 27'X

_ T 1 / y—1 1 ’ —lwZ

———(—p—A]IZ‘ (1a' - a1') 2~'x%)

— pLa/Z‘_l (La’'— a]l/)E_IX'%

=" -~V — ——-a' ¥ ! (la' —al) 27X, (11.15)
p
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The last term can be rewritten using the following two representations:
a’y ' (1a' —al') X' (X¥ - Xy l)
=a' Y712 27'X” — 2’y al’ 2 7'X¥
—a' X a2 Xyl 4+ 2’ X al’ T X L
=a' 2 'al’ 27 X 1 — 2’ 27 al/ 27X
= —qad X "1 27" (XZ = X1pn1)
09 4 pa B,
a’Y 7' (1a' —al") X' Xl = —Aa - Xt
Hence, (11.15) has the representation

T—d1~

PLu.

MLU = Xl:m:n -

This proves the desired representation of 1| y noticing that y; = n and that a;

c1/di =n/(n + q) (see (11.9)).
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|

The multi-sample case has been considered in Burkschat et al. [236] and
Burkschat [231]. Expressions for general progressive censoring are presented in

Balakrishnan and Aggarwala [86] for uniform and Pareto distributions.

For illustration, we present BLUEs and BLEEs for some important particular

distributions.

Uniform Distribution

An important special case of generalized Pareto distributions is the uniform
distribution which correspondsto r = p = g = 1. In this case, we get the following
simplified expressions. Notice that the condition y,, + 2 > 0 is always satisfied so

that it can be dropped.

Corollary 11.2.5. Let ¥ = Y7 _ 2 = Z';:l]_[i:l (1 + ylk) where e; =

j=le¢;
[Tici e +2),¢; =Tz ve 1=/ =m.
(i) If & is known, then the BLUE of u is given by

~

A= gy e =2 (- )]

where wi = “E2R, + (n + 2)(n + 1), w; = s—;Rj,2§j§m—1,

Wi = 2(Ryy 4 2). Its variance is Var(fiLy) = 0% (¥ + (n + 2)2)_1.
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(ii) If w is known, then the BLUE of ¢ is given by

—~ 1 <
Yy = 7 ]Z_:le(stm:n — W,
where w; = i—;Rj, 1< j<m=1wy = 2(Ry +2). Its variance is
Var(9Ly) = 929",
(i) If w and ¥ are to be estimated simultaneously, then the BLUEs are given by

fu=X L5
MLy = l:im:n l’l+1 LU

-~

ﬁLU WZW](ijn len)

which have the covariance matrix
Cov ELU _ B2 ( 17 —(¥4n+ 2))
PLu n+2)Wn—-n-2\-W+n+2) ¥+ mn+2)7>*)°

Related problems for order statistics are discussed in Sarhan [773] and Sarhan
and Greenberg [775] (see also Arnold et al. [58, p. 175, 199]).

Pareto Distribution

For the Pareto()-distribution, we have t = 0, p = —1,and ¢ = —1/o > 0. We
present only the location—scale result.

Corollary 11.2.6. Suppose y,, —2/a > 0 and that m > 2. Then, the BLUEs of
1 and ¥ are given by

=R no -~
MLU = Ximmn + DL,
no —1
-~ (na —2)(no — 1) —
Pty = —f ZWj(Xj:m:n — Xtmmn)s

where w; = ”“n—_l(Rl +1—-1/a)+ (na=2)(na—1), w; = %((Rj 4+ Da—1),
2<j fm—l,wmze”’((R + Da + 1).
The covariance matrix is

KLy 9’ na —(na -1
N . 11.1
Cov (ﬁLU) Yno 4+ na — (—(na —1) = 2 +na—2 (1.16)
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Example 11.2.7. Balakrishnan and Aggarwala [86] simulated the progressively
Type-Il censored data

5.11073,5.34932,5.36434,5.70137, 5.90067

from a Pareto(3)-distribution with location parameter ;. = 0, scale parameter
¥ =5, and censoring plan Z = (5,0, 2,0, 3).So, n = 15 and m = 5 observations
result. The linear estimates for the parameters y and ¢+ are computed from the
BLUEs (note that these estimators exist since y5 = 4 > 2/3) as i,y = 1.87675

and §Lu = 3.16211. Their standard errors are given by
SE(iLy) = 1.83039,SE(5LU) = 1.79116, Cov(ﬁLU,ﬁLU) = —3.27588.

These estimates are based on the assumption of a known shape parameter.
Since the estimators can be seen as a function of the shape parameter «,
Balakrishnan and Aggarwala [86] have conducted a sensitivity analysis w.r.t.
the shape parameter «. But, due to the construction of the estimators, explicit
representations as a function of the shape parameter are available. In particular,
we get for the present data

7.20(150 — 1)(1.76a* — 1.45¢3 + 0.69* — 0.16c + 0.01)

;’3 pr—
Lu(@) a (16003 — 8202 + 21a — 2)

Expanding this expression in a Taylor series of order two around @ = 3, we obtain
the approximation

5(0{) = 3.16211 4 1.17089(cx — 3) + 0.00557(a — 3)°.
Similarly, we get

() = 1.87675 — 1.17300(c — 3) — 0.00498 (o — 3)2.

These expressions provide accurate approximations of the values given in
Balakrishnan and Aggarwala [86] for o € {2.6,2.8,3.0,3.2,3.4}. The Taylor
expansions tell us that the estimators are almost a linear function of the shape
parameter (in a neighborhood of the true value). Further, it can be shown that,
for large «, the estimators are almost linear in the shape parameter. In particular,

Dru(e) ~ 1.18746a — 0.44933,  fiLu(e) ~ 5.48090 — 1.187460.
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0 0.70 1.22 1.72 3.12 3.21 4.13 4.94 5.54 6.61

Table 11.2 Progressively Type-II censored data given in Raqab et al. [746]. The applied censoring
scheme was Z = (3,0,1,2,0%2,3,0,1,3)

Lomax Distribution

In order to obtain the BLUEs in the location—scale model based on a Lomax
distribution, we have to choose the parameters 7 = 1, p = —1,andgq = —1/«
with @ > 0. Notice that the different parametrization is important in order to use the
correct moments in the weights of the linear estimates.

Corollary 11.2.8. Suppose y,, —2/a > 0 and m > 2. Then, the BLUEs of u
and 9 are given by

1

ﬁLU = Xl:m:n - 5LU’
noa —1
~ noe —1 “
Yy = m ZWj(Xj:m:n - Xl:m:n)s
j=2

where w; are as given in Corollary 11.2.6. The covariance matrix equals that for
the Pareto distribution given in (11.16).

For Type-II right censored samples, this problem has been solved by Vinnman
[867] (see also Kulldorff and Vinnman [556]).

Example 11.2.9. Ragab et al. [746] generated a progressively Type-1l censored
data from rainfall data recorded at Los Angeles Civic Center (see Table 11.2)
in order to predict progressively censored failure times. The resulting predicted
values are summarized in Table 16.5. Following Madi and Raqgab [626], Raqab
et al. [746] assumed a Lomax distribution with shape parameter & = 1/2. Notice
that this choice is critical since the condition y190—2/a > 0 is violated (here y1g =
4; see Corollary 11.2.8). The resulting estimates are given by iy = —0.30484
and 5|_U = 3.20077. These values differ from those presented in Raqab et al.
[746]. This may be due to a wrong use of formulas for the BLUEs presented in
Balakrishnan and Aggarwala [86, p. 106]. These results have been established
for a different parametrization of Pareto distributions.

11.2.3 Weibull and Extreme Value Distributions

Linear estimation of the model parameters has been studied for Weibull distributions
in Mann [636] using a log-transformation of the failure times. Hence, a location—
scale model of extreme value distributions as in (11.1c) results. The derivation of
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linear estimates requires calculation of single and product moments. For the single
moments, we refer to (7.16). However, the product moments have to be computed
numerically as illustrated in Mann [636] using the results of Lieblein [593]. The
computation of moments for progressively Type-II censored order statistics from
Weibull distribution has been addressed in Cramer and Kamps [298] for sequential
order statistics (see Sect. 7.2.2). They used results of Lieblein [594] to obtain
expressions for the product moments which are utilized to derive BLUEs for the
distribution parameters. Using the mixture representation in terms of order statistics
(see Sect. 10.1), Thomas and Wilson [843] presented also expressions for the
BLUE:s.

Since the explicit derivations are feasible in these scenarios, approximate BLUEs
have been proposed as given in Sect. 11.1.3. Balakrishnan and Aggarwala [86]
applied the method to the log-failure times of Nelson’s insulating fluid data as
given in Table 17.5. Assuming an extreme value distribution, they found the BLUEs
ULy = 2.456 and 5LU = 1.31377 which compare well to the MLEs as given in
Viveros and Balakrishnan [875] (JimLe = 2.222 and 5MLE = 1.026).

11.2.4 Laplace Distribution

Best linear estimation for the Laplace(u, ¥)-distribution has been discussed in, e.g.,
Sarhan [772,773], Govindarajulu [411], and Balakrishnan et al. [128] (see also Kotz
et al. [546, Sect. 2.6.1.5]). As pointed out in Balakrishnan and Aggarwala [86,
p. 106], the results presented in Sect. 7.4 for the single and product moments of
progressively Type-II censored order statistics from arbitrary continuous symmetric
distributions may be utilized to compute the BLUEs for the parameters of scale
and location—scale shifted symmetric distributions provided the single and product
moments of progressively Type-II right censored and progressively Type-II left
withdrawn order statistics from the corresponding folded distribution are known.
This applies to the Laplace(u, ¥) distribution with cumulative distribution function

1 _(1—
Ee(" M)/ﬂ7 t<u

F(t) = (11.17)

1= e =00 sy

since the folded distribution is an exponential one. Notice that this distribution has
been used to model certain real life-test data (see Bain and Engelhardt [74]) and has
many applications in engineering and life sciences (see Kotz et al. [546]).

Explicit expressions for the BLUEs of w and ¢ or the inverse of the variance—
covariance matrix are not available. However, the general formula (11.2) may be
used to obtain the required BLUEs as well as their variances and covariance. The
moments of Laplace progressively Type-II censored order statistics can be computed
easily through the results of Sects. 7.3 and 7.4. Using the results for moments of
exponential progressively Type-II censored order statistics given in Theorem 7.2.1
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as well as the results presented in Sect. 7.4, single and product moments of
Laplace progressively Type-II censored order statistics can be calculated for a given
censoring scheme Z. The following example is along the lines of Example 6.5 of
Balakrishnan and Aggarwala [86].

Example 11.2.10. In the situation of Example 7.4.2, i.e., for the censoring
plan Z = (2,0%2,2,0*3,2,0,4) with m = 10, and n = 20, a progressively
Type-ll right censored sample from the Laplace(25, 5)-distribution in (11.17) has
been simulated using Algorithm 8.1.2. The procedure yields the following random
numbers:

9.61484196 13.59012714 21.09368461 23.48334002 24.00495686
24.56994841 24.74930175 24.89373289 26.37125510 26.53605049.

Using the results presented in Sect. 7.4, we are now able to compute the BLUEs
for u and . For instance, the coefficients a;.19:10, 1 < i < 10, for the BLUE of
W, to three decimal places, are given by

—0.008 —0.010 —0.010 0.032
0.003 0.038 0.116 0.385
0.235 0.217

and the coefficients b;.19:20, 1 < i < 10, for the BLUE of ¢ are given by

—0.105 —0.099 —0.098 —0.102
—0.098 —0.098 —0.083 0.106
0.073 0.505

Furthermore, the variance of iy is 0.08492, the variance of 5|_U is 0.09892, and
the covariance of the BLUEs is 0.011%2.

Thus, based on the progressively Type-ll right censored sample given above,
the BLUEs of u and ¢ and their standard errors are computed as

fiLu = 25.786,  SE(fiLy) = 1.250,

YLy = 4315, SE(@Ly) = 1.350.

Remark 11.2.11. Obviously, the variance—covariance matrix of the BLUEs can
be computed for any censoring scheme with m = 10 and n = 20 from a Laplace
distribution. For Type-ll right censoring @9 = (0*°,10) and for some selected
censoring plans, the variances of the BLUEs and the corresponding covariances
are given in Table 11.3. These variances are only slightly more favorable than
the variances given above for the censoring pattern Z = (2,0%2,2,0%3,2,0, 4).
However, for this censoring scheme &%, items censored early on may be of use to
the experimenter. The question of an optimal censoring pattern in terms of the
variances of BLUEs will be addressed further in Chap. 26.
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7z Var(iiw)/9>  Var(@uw)/9>  Cov(fiLy. di)/9°
(2,0%2,2,0%3,2,0,4) 0.084 0.098 0.011
Oho 0.070 0.109 0.013
0 0.140 0.086 0.012
(5, 0*8, 5) 0.088 0.095 0.006
(2,0*8, 8) 0.074 0.103 0.008
(0%4,5%2 0*4) 0.117 0.098 0.032

Table 11.3 Variances and covariances of the BLUEs for location and scale of a Laplace
distribution with progressively Type-II censored order statistics from censoring scheme %

11.2.5 Logistic Distributions

Best linear unbiased estimation for logistic distributions has been addressed by
Balakrishnan and Kannan [104] and, in more detail, by Balakrishnan et al. [151].
They discussed a location—scale family .%;; from a standard logistic distribution
with cumulative distribution function F(t) = (1 +e~*)~!, t € R. Two-parameter
half-logistic distribution is considered in Balakrishnan and Saleh [119], whereas
BLUE:s for log-logistic distributions are presented in Balakrishnan and Saleh [120]
(scale and location—scale families). Furthermore, BLUEs for generalized half-
logistic distributions are computed in Balakrishnan and Saleh [121].

11.3 Asymptotic Best Linear Unbiased Estimators
for Blocked Progressively Type-II Censored Order
Statistics

Hofmann et al. [444] applied the asymptotic result in Theorem 3.4.11 to construct
asymptotic BLUEs in a location—scale model as given in (11.1). Proceeding as in
Sect. 11.1.1, the asymptotic best linear unbiased estimator (ABLUE) is given by

(g) = (B'W'B)'BWYZ,

with covariance matrix 1972(B’W_1 B)~!, B = (1,u). The components of B'W~'B
are given by

Ky =1W'1=)Y vi'(A7' = A7L)%

J=1

Ky =uW =Y vi'u;A7 —uj A7), (11.18)
j=1
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m
Ky=1Wu=> vi' (A7 = A7 ) A7 —u;471).
j=1

The generalized variance of the ABLUE:s is given by
n 2 -l
det Cov 3 = —(KIKZ—K3) . (11.19)
n

For order statistics, similar quantities K; arise which were first presented in Ogawa
[694] (see also Ali and Umbach [33, p. 188], David and Nagaraja [327, Sect. 10.4],
and Balakrishnan and Cohen [92]).



Chapter 12
Maximum Likelihood Estimation in Progressive
Type-II Censoring

In this section, we assume that the sample Xi.nu, ..., Xim:mm Of progressively
Type-II censored order statistics is available from a population with an absolutely
continuous cumulative distribution function Fy and density function fy with § =
(61,...,6,) € ©® C RP. Moreover, we assume that the progressively censored
sample is complete. Then, from (2.4), the likelihood function is given by

LO: %) = [ [vs fo e = Fo ey T ] s 1.00) (X)) (12.1)

Jj=1 Jj=2
Given that x; < -+ < Xy, the log-likelihood function is

£(0;x,,) = logL(8;x,,)

= Zlogyj +Zlogfg(xj)+ZRj log(1 — Fp(x;)). (12.2)

Jj=1 =1 Jj=1

Maximum likelihood estimates may also be computed when some of the progres-
sively Type-II censored order statistics are not observed. In these situations, the
estimates have to be obtained numerically in most cases. However, for general pro-
gressive censoring, some MLEs are explicitly available. In this case, the likelihood
function is given by (see Balakrishnan and Aggarwala [86, pp. 118])

L(0;x,+1,...,xm)

= (Z)(Fo(xrﬁ))r l—[ [y) fo(x;)(1 = Fo(x;))* ] l—[ Lixj00/ (x7)-

j=r+1 j=r+2
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12.1 Exponential Distribution

According to (12.1), the likelihood function for a progressively censored sample
Zimins - - - s Zmemen from an Exp(u, ©)-population is given by

m

L(u,z&‘;zm) — l_[ [)1/9] —(R/+l) 5} ]l—[ll[zj loo)(Z])ﬂ[;Loo)(Zl)

j=1 j=2

Assuming z; < -+ < z,, this expression simplifies to

(. 9:2) = L ex xp Z(R + 1) =2 =S e @)

Cl’;';l exp { - %5} - exp { -

21—
e @), (123)

where 9 = Z} (R + D(zj —21).

Scale Parameter Unknown

Now, we consider the models given in (11.1). First, let us assume that x is known.
Then, given the assumption u < z;, we get with & = z; the log-likelihood

€09 2) = log(ep1) — mlog(®) — = (m +n( ).

Obviously, the log-likelihood function £(-; z,,) is strictly concave in 1/9 (for any
w < zp) with limy_o £(3;2,) = limy_oo £(0;2,) = —oo so that the global
maximum is an inner point of (0, o). Differentiating w.r.t. ¥ results in the likelihood
equation

—% + %(m’5+n(ﬁ—,u)) =

which has the unique solution ¥* = % Z?:l (R; + 1)(zj — p). This proves that

~ 1 &
e = — D (Rj + D(Zjmn — 1) (12.4)

J=1

is the maximum likelihood estimator for ¢ if w is assumed known. Properties of
this estimator are presented in Theorem 12.1.1. Since the proof is similar to that of
Theorem 12.1.4, it is omitted.
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Theorem 12.1.1. The MLE 5ITALE is a complete sufficient statistic. It has a
I'(/m, m)-distribution so that its expectation and variance are given by

- - 92
Edgye =10, Var@ye) = P

Sometimes, it is more suitable to consider the distribution of a scaled MLE, i.e.,

~

19*
2m$ ~ x*(2m).

Further, it can be shown that the MLE 5,’{‘,|LE attains the Cramér—Rao lower bound

(see Cramer and Kamps [299]). Since ﬁ*MLE is unbiased and linear, it coincides with
both the uniformly minimum variance unbiased estimator (UMVUE) and the BLUE
of ¥ (see Sect. 11.2.1).

Remark 12.1.2. For general progressive censoring, an explicit expression of the
maximum likelihood estimator is not available unless r = 1. It is the solution of
the equation

' Xr+1 _
(m—r)l?—i—m—w (125)

with w = 37 1 (R; + 1)x;, where x,41,...,X, is the observed sample.
It has been shown by Balakrishnan et al. [130] that the solution of the
likelihood equation is unique (even in the multi-sample case). Hence, the
solution can be computed easily by a Newton—Raphson procedure. Ferndndez
[364] has established simple bounds on the MLE of & in the scale model
with general progressive censoring using Cardano’s formula. Using the notation
p=6w—(m—73r)x41, u=ab/6—c/2—(a/3)’ v =0b/3—(a/3)* and
a=[3m—r)x,41—6w]/6m, b = [(m—r)xf+1—3wx,+1]/6m, c = —wxr2+1/6m,
he got the bounds

5@ = 5MLE = 5u,
where
—~ 1/3 13 a
P = (u+ \/u2+v3) + (u— \/u2+v3) -3
9 . ( w P+ v ,02 +24mwx,+1)
¥, = min .
m

—r’ 12m

Remark 12.1.3. Chandrasekar et al. [244] addressed minimum risk equivariant
estimation for progressively Type-1l censored exponential lifetimes. They showed
that the estimator
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~  Tm+0) /v ¢ Tm+40) (~ ¢
V¢ = —F(m+2€)(iz=;(Ri+l)Zi:m:n) _m—F(m+2€) (ﬁMLE)

is a minimum risk equivariant (MRE) estimator for 9¢. In particular, for £ = 1,
OMRE = 25OMLE = 7 2im1(Ri + 1) Ziznsn is @ MRE of 9. Notice that it
equals the BLEE &g given in (11.5).

Location Parameter Unknown

Now, suppose ¥ is known. Then, from (12.3), the likelihood function is
proportional to

ia—HM
eXp{—n }]l[u,o@(zl)-
For arbitrary ¢, this expression is zero on (—o0, z;) and positive and decreasing
on [z1, 00). Thus, it is maximized by i = z;, and we have thus proved that

UMLE = Zumm

is the maximum likelihood estimator of . Properties of [im g are presented in
Theorem 12.1.4. As in the scale model, an MRE for the location parameter u
can be calculated. According to Chandrasekar et al. [244], it is given by [imre =
HMLE — % = Zimm — % which equals also the BLUE (and BLEE) iy of u [see
(11.4)].

Location and Scale Parameters Unknown

Let m > 2 throughout this section. Now, we combine the above derivations to
establish the MLE:s in the location—scale model. First, we notice that, for any given
value of ¢, as in the location case, the likelihood in (12.3) is bounded by

Cm—1

Lk, O Zm
(. 9:2m) = 0

exp { - %5}

with equality iff u = zi. From the calculations in the scale case, we know that this
bound is maximized by ¥ = . Hence, we have proved that

- 5 1 <
e = Zimn and Juie = — 3 (R + )(Zjmn = Ziww)  (126)
j=2
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are the MLEs of u and ¢ in the location—scale model. These estimators have the
following properties, which will be useful in the construction of confidence inter-
vals. The results of Theorem 12.1.4 can be found in Viveros and Balakrishnan [875]
or, in a more general framework, in Cramer and Kamps [299] and Balakrishnan
et al. [130].

Theorem 12.1.4. Let m > 2. The MLEs imLe and 5,\/”_5 are independent with
distributions

TimLe ~ Exp(u. 9/n),  Pwie ~ F(@®/m,m — 1).

Their expectations and variances are given by

(i) EfimeEe = 1 + %v Var(iimLe) = 1972,
(ii) El?MLE = mT_lﬁ, Var(ﬁMLE) = mm_zlﬁz-

Moreover, (imLe, P mLE) is a complete sufficient statistic for (u, ©).

Proof. U\Lg can be written as

~ 1 &
e = — Zz(Rj + )(Zjmn = Zimen)
e

1 m
= S Wi = Vi) Zjmn — Zimn)
=2

1 m
= Z VilZjmn — Zj—1:mm)-
j=2

Hence, gMLE is a function of the normalized spacings S}.% =vi(Zjmn—Z;—1:mn)s
2 < j < m[see(2.9)]. Since these spacings are independent and Exp(?})-distributed
(see Theorem 2.3.2), we find that 5M|_E has a gamma distribution. Moreover, this
yields the independence of 5M Le and AL = Sl'%/n + . This also implies [ipmLe ~
Exp(u, ¥/ n). The expressions for mean and variance are immediate consequences
of the distributional results. Finally, we mention that the likelihood function (12.3)
can be written as

Cm— m-~ AMLE — ~
L(n,9;2y,) = g—ml exp { - gﬁMLE - HW}M%@)(MMLE)‘

Applying the Neyman criterion for sufficiency of statistics (see, e.g., Lehmann

and Casella [582]), (ﬁMLE,ﬁMLE) is a sufficient statistic for (u,#). Finally, the
completeness as in Chiou and Cohen [262] (see also Cramer et al. [308]). O
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Theorem 12.1.4 yields directly the UMVUESs of u and 9 as

~ YuMVUE
HUMVUE = Ziunm — e

(12.7)

~ 1 "
YuMVUE = ] Z=:2(Rj + D(Zjmn — Zimn)-

They coincide with the BLUEs given in (11.6).

Remark 12.1.5. The distribution of the MLEs as given in Theorem 12.1.4 yields
the distributions

~

m—1 e — UMLE

pnL T _HEMETE F0.2m—2), 2m

~ x*Q2m = 2).
m UMLE

As pointed out by Viveros and Balakrishnan [875], the independence can
alternatively be shown by an application of Basu's theorem (see Hogg and Craig
[446, pp. 390]).

Example 12.1.6. To illustrate the above results, we assume that Nelson’s
progressively Type-1l censored insulating fluid data 1.1.4 is from an exponential
distribution. The following example is presented in Viveros and Balakrishnan
[875] for the scale case (see also Example 11.2.3).

For the scale model, the maximum likelihood estimate of the lifetime is given
by 9%, ¢ = 9.086. The MLE of the reliability R(to) = e /7 at a given mission
time 7o > 0 is given by R(fo) = e "/, For fy = 2, we get R(2) = 0.8024.

In the location—scale model, we get the estimates fimie = 0.19 and
5,\/”_5 = 9.8686. The corresponding MLE of the reliability at #y is given by

E(to) — e~ (o—nmE)/ImiE provided that 7y > [mLe. This leads to the estimate
R(2) = 0.8324.

Remark 12.1.7. Balakrishnan et al. [133] compared the MLEs of location and
scale parameters in a two-sample setting with identical censoring scheme Z.
Given that u; < iy and ¥ < ¥, are the parameters in the samples, they found
that the MLEs are stochastically ordered, i.e.,

HEMLE <st 2:MLE> U 1;MLE <st U2;MLE-

Remark 12.1.8. Large sample results like, e.g., asymptotic normality and
consistency, for s independent samples are established in Balakrishnan et al.
[130]. Moreover, explicit expressions for the MLEs and UMVUEs are available.
For instance, the MLEs in the location—scale model are given by
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I’LMLE = min{Zl,limlinls sy ZS,lSm.\vSVl.\v}v

N TR R (12.8)
YmLe = o YD (Rij + D(Zi jompon; — Binaie),

i=1j=1

where me = Zf=1 m;. It has to be noted that, for s > 2, both estimators do no
longer coincide with the BLUEs. In fact, the location estimator is the minimum
of all observed values. Nevertheless, the independence of the MLEs is retained
(see Cramer and Kamps [299]). Moreover, the MLEs are complete sufficient
statistics.

Remark 12.1.9. For general progressive censoring, explicit expressions for the
MLEs are available only in the one sample case (see Balakrishnan and Aggarwala
[86]). In particular, for r + 2 < m, Balakrishnan and Sandhu [123] established
the following expressions in the location—scale model:

~ ~ r
UMLE = Zr+1:mm + PmLE log (1 - ;),

~ Lo (12.9)
v = — R; H(Z jtmin Zr mn)-
MLE — Z (Rj + D)(Zjum: +1im:n)

m
j=r+2

In the multi-sample case, explicit expressions are not available. But, the estimates
can be computed as (unique) solutions of the likelihood equations taking some
constraints into account. For details, we refer to Balakrishnan et al. [130].

For a doubly Type-ll censored sample X;+1:,..., Xn—s:n, the expressions in
(12.9) reduce to those established by Kambo [493]. Obviously, the MLEs are linear
estimators. In fact, the BLUEs are bias-corrected versions of these expressions.
This observation leads to expressions for means and variances of the MLEs. In
particular, we have for doubly Type-II censored samples

. H 1 log(1— 577 .,
VHF(MMLE)={gm+(W—V—1)[v:| }19,
m—r—1
[Ty

Remark 12.1.10. Simultaneous MREs of location and scale are given by

Var(’z‘;MLE) = 192.

—~ 1~
UMRE = Ziunm — ;l?MRE and

~ —~ 1 &
l? 219 = — R+1 Z"m'n_Z:m:n7
MRE MLE m;( ] WZ o Lim:n)

as shown by Chandrasekar et al. [244].
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Remark 12.1.11. Let a location—scale family of distributions be defined by

dt) — p

F(t)zl—exp%— 5

} ., t>d'(w), neR, ¥ >0, (12.10)

where d is supposed to be strictly increasing and differentiable on (d (i), 00)
[see (2.12)]. Some important members of this family are exponential, Weibull,
Pareto, and Lomax distributions. More details are provided in Cramer and Kamps
[300]. Then, the maximum likelihood estimators are obtained directly from the
results obtained for the exponential distributions. For instance, the simultaneous
MLEs of u and ¢ are given by

~

ﬁ = d(Xl:m:n)s U=

§|>—‘

Z d(XJ mn) d(Xj lmn)] (1211)

For w = 0, (12.10) defines a one-parameter exponential family with scale
parameter 1/ [see (2.12)]. It includes, e.g., the Weibull distribution with known
shape parameter by choosing d(t) = t#, t > 0. The MLE of ¢ is given by

-~

1m
B = EZ [d(Xmn) — d(Xj—tomn) ]

with d(X¢.n:n) = 0. Notice that the distributional results for the exponential
distributions established in Theorems 12.1.1 and 12.1.4 also hold for this
family of distributions since the progressively Type-1l censored order statistics
d(X1:mm)s oy d(Xmm:m) can be seen as exponential progressively Type-ll
censored order statistics.

12.2 Weibull Distribution

As mentioned in Remark 12.1.11, the MLE of the scale parameter of a
Weibull($, B)-distribution with known shape > 0 parameter is given by

5= %zzj X - jlmn]_ Z(R DXY,..  (1212)

The two-parameter setting is discussed in the following theorem.

Theorem 12.2.1. Let m > 2. Then, for a two-parameter Weibull distribution
Weibull(9, 8), the maximum likelihood estimator (¥, B) of (¥, B) uniquely exists.
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The estimators are given by & = L YR+ X?  where, for Xjomn = X,

jim:n

1 < j <m, B is the unique solution of the equation

" "_(R; + 1)log(x;)x”
Y logx; - Z"lfn s+ 1)log( /;) L =o. (12.13)
B SR+ DX
Proof. Without loss of generality, we can assume 0 < x; < --- < X,,. For a two-

parameter Weibull(¢, 8)-distribution, the log-likelihood function is given by

m m 1 m
L, B) = Zlog)/j +m10g,3—m10gz9+(,3—1)210ng—§Z(Rj +1)xf.
ji=1 =1 =1

(12.14)

Introducing the quantity 2(8) = % ZTZI(R i+ l)xf , we get with the inequality
logt > 1—1,1>0,

£(9, B) = const + mlogB —logh(B) + (B —1) Zlong

=1

v h(B)

log@—m 3

—m

< const+ mlogB —mlogh(B) + (B —1) Zlong
j=1
with equality iff & = /(B). In order to find the MLE of (3, 8), we have to maximize

the function

H(p) = mlogp —mlogh(B) + (B —1) ) _logx;

j=1
w.r.t. B > 0. First, notice that H is a continuous function with limg_,o H(8) = —oo
and that
% " (R; + 1)log(x;)x”
B _ yim 2j=1(R; S _ log(xn). (12.15)

m = 11
oo h(B)  pooo S (R; + D’
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Then, using I’Hospital’s rule and (12.15), we get

lim @ = —m lim logh(p) + Zlong

B—o00 IB B—00 ,3
m—1
= —mlog(x,,) + Zlogx] = Zlog— < 0.
j=1 j=1 Xm
Hence, limg .o H(B) = —oo. This proves that the maximum of the likelihood

function is attained for some 8* € (0, 00). Differentiating H w.r.t. 8 yields the
Eq. (12.13). According to Balakrishnan and Kateri [105], this kind of equation has
exactly one solution 8* (for a similar argument, see also Cramer and Kamps [295]).
This proves the assertion. O

Remark 12.2.2. Wang et al. [890] proposed the so-called inverse estimators
(IE) as an alternative to MLEs. The quantity

m—1
7 Zz—l(R + l)len
(X7, B)=2) :log< )
j=1 Zz—l(R +1)len+ijﬁ

jim:n
is y2-distributed with 2(m — 1) degrees of freedom (see pp. 385). Moreover,
(X%, B)/(2m — 4) converges in probability to 1. Then, the inverse estimator
is defined as the unique solution of the equation 7(X#,8) = 2m — 4 so that
Bie = 11 (X#,2m — 4). The estimator for the scale parameter ¢ is given by

de=—— Z(R + 1)Xzﬁil'5n

i=l1

Wang et al. [890] claimed that these estimators are consistently superior to the
MLEs.

Example 12.2.3. For Nelson's progressively Type—II censored data 1.1.4, Viveros
and Balakrishnan [875] computed the MLEs as B =0.975 and ¥ = 9.225 (see
also Balakrishnan and Kateri [105]). The corresponding inverse estimates are
Bie = 0.7628 and ¥ = 7.1320.

Ng et al. [691] discussed a three-parameter Weibull distribution introducing
an additional location parameter. Beside maximum likelihood estimation, they
addressed censored estimation (see Harter and Moore [431] and Smith [809]),
corrected and weighted maximum likelihood estimation, least-squares estimation,
and other inferential methods for point estimation.
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12.3 Reflected Power Distribution

We consider a location—scale family of RPower(f)-distributions with shape param-
eter § > 0 and location and scale parameters p and 1, respectively. Hence, the
density function and cumulative distribution function are given by

f(6) = §<1 — Z_T“)ﬁ_l, Flt)=1- (1 — [_T”)ﬁ, teup+ 0,

where © € R,9,8 > 0. For 8 = 1, it reduces to the uniform distribution. The
likelihood function is given by (provided x| < -+ < x;,)

L(w, 9. B Xm)

B £ X; — i\ (Rj+D-1
(1— : ) 01 (D) L put07 (X))

IR D

j=1
In order to get a positive likelihood, the restrictions
P=X1 <Xy S 40

must hold. This will be assumed subsequently.

Shape Parameter Known

If the parameter p is known (without loss of generality, let & = 0), we get the
log-likelihood (under the conditions 0 < x; and x,,, < )

L) = Zlog)/j + mlog B —mlog? +Z((Rj + 1B - 1)10g(1 — %)

=1 =1

= Zlog)/j +mlogp + Z ((Rj + DB — 1) log(® — x;) — nf log(?).

=1 =1

In order to find the maximum likelihood estimators, we have to consider several
parameter setups separately. First, notice that limy_, () = —oo. For R,, <
% — 1, the likelihood function is unbounded because limy_,,, £(}) = oo. Hence,
a maximum likelihood estimator of ¢ does not exist in this situation. For R, =

% —land max<j<m—1 R; < % — 1, the log-likelihood function is decreasing in ¢.
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Therefore, the MLE is given by 5M|_E = X,:m:n. These results are summarized in
the following theorem.

Theorem 12.3.1. Given a reflected power distribution with § = ﬁ and

max <j<m—1 R; < Ry, the MLE of 9 is given by Omie = Xpmumen-

For a reflected power distribution with 8 > ﬁ, the MLE of ¢ does not
exist.

Henceforth, we can assume that max<;<u—1 R; > % — 1. First, let R,, > % —1.
Then, we have limy_,,, £(}) = —oo so that the maximum of the log-likelihood
function is attained at an inner point. This value has to solve the likelihood equation
given by

m

(R +1DB—1) v np.  xm <V (12.16)

19—)(?]' B

j=1

Now, for ¥ — oo, the left-hand side of this equation converges to nff —m < nf3. For
R; > % —1,1<j<m-—1,and R, > % — 1, this equation has a unique solution
in (x,,, 00) because limy_,, £(¥}) = oo and the function on the right-hand side is
strictly decreasing in ¢. In the other cases, the monotonicity properties may be very
complicated. We do only mention that, multiplying Eq. (12.16) by [] jes (@ —x;)
with J = {i|(R; + 1)B # 1}, the resulting equation is a polynomial equation
of degree |J| which has at most |J| real roots. Therefore, we have at most |J |
candidates for a maximum likelihood estimator.

For R,, = % — 1, Eq. (12.16) reads

m—1 9

Z((Rj+l),3—1)l9_x' =nB, xn <9
J

Jj=1

Here, it may happen that the equation has no solution which implies that X, is
the MLE of . Notice that in this case the log-likelihood function is bounded from
above.

For the location—scale model, we have the restrictions . < x; < x,, < u + 0.
The log-likelihood is given by

((p.9) =mlog B+ logy; —nBlog®+ Y  ((R; +1)B—1)log(® + p—x;).
—~ —~
! ! (12.17)
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This leads to the likelihood equations

- v
;((Rj-Fl)ﬂ—l)—ﬁJrM_xj = np.

(12.18)
“ 1

1

~

Multiplying the second equation by ¥, we find that these equations contradict.
Hence, (12.18) does not have a solution. This shows that the maximum is attained at
the border of the feasible points, i.e., for & = x; or u = x,, — . In order to find the
corresponding solutions, many situations depending on the censoring plan &% have
to be discussed separately.

Shape Parameter Unknown

If B is assumed unknown, we get for the log-likelihood

£, . )

= logy; +mlogp —log®) + Y ((R; + 1) — 1)log (1 - =),

=1 =1

BN T
Writing 8* = B*(u, %) = —[% YT (R +1)log (1 - x’ﬂ“)] > 0 and using
the inequality logx < x — 1, x > 0, we get the upper bound

(@, . p) = ijlogyj +mlog,8—mlog19_m£*_zm:10g(l_ X; _M)

J=1 p j=1 v
< ijlogyj —m—mlogﬂ—ilog(l — le;,u)
j=1 j=1
—mlog[—%Z(Rj + l)log(l — xj;,u)]
j=1
=L, . B)

with equality iff 8 = B*. This proves that §* is the maximum likelihood estimator
of B given pu and . In particular, this applies to the situation of known location
and scale parameter. If one of these parameters is assumed unknown, the respective
log-likelihood £(9, ., B* (i, ¥)) has to be maximized.
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12.4 Uniform Distribution
The uniform distribution is included in the reflected power distributions choosing
B = 1. Hence, the likelihood function reduces to

m

1 Xj— m\Rj
L(u, ¥:xm) = Cm—lﬁ_m l—[ (1 - ) L 010D L pet0) ().
j=1

First, we consider the maximum likelihood estimation of w, the left endpoint of the
support. Obviously, the likelihood function is increasing in p so that the MLE is
given by fimLe = X1:m: DO matter whether ¥ is known or not.

Location Parameter y. Known

Suppose the location parameter is known. Without loss of generality, let © = 0.
Then, the likelihood function is given by

L) = logy; + »_ R;log(® —x;) — mlog(®).

j=1 j=1
The likelihood equation is directly obtained from (12.16) by noticing that ﬁfx/_ =
1+ 19:—;1 and that }7_ | R; = n —m:
m
R:x:
Y I o xa < (12.19)
= 19 — Xj

By analogy with the reflected power distribution, we have to take into account
several possibilities depending on the censoring plan Z. First, let R,, > 0. Then,
the left-hand side of the equation is a strictly decreasing function in ¢ with limits co
for % — x,, and O for & — oo, respectively. Therefore, we get a unique solution of
the likelihood equation. This yields a maximum of the likelihood function since the
second derivative of the log-likelihood function is obviously positive for § > x,,. If
R,, = 0, we have to check whether #Z = 0 or not. For #Z = 0, the log-likelihood
function is decreasing and bounded from above. Hence, the MLE is given by X,
Notice that this setup corresponds to the situation of a complete sample with sample
sizen = m. For Z # 0 and R, = 0, the left-hand side of (12.19) is decreasing in
¥ so that the equation has at most one solution. If Z'j": % < m, the MLE is
given by X,.mun-
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This result can be extended to general progressive censoring (see, e.g., Aggar-
wala and Balakrishnan [13]).

Location Parameter u Unknown

For unknown location parameter, the log-likelihood (12.17) reads with § = 1

L(w, ) =Zlog)/j —nlogl?+ZRj log(¥ + pu — x;).

Jj=1 Jj=1

For any & > x,, — i, this is an increasing function in y so that fipm g = X1 1S the
maximum likelihood estimator of u. Therefore, we have to maximize the function
£(x1,0) wrt. ¥ > x,, — x1. Since this corresponds to the problem of a known
location parameter with p-value x;, we get the following result which summarizes
the above findings.

Theorem 12.4.1. The MLE of w is given by fimLe = X1nw. For a given sample
X1,...,Xn, the MLE of ¥ is computed as the unique solution of the equation

" Ri(x; —A k
M:m, Xm—A <, where d = fo | Known .
—1 P4+ —x; X1, M unknown

If u is assumed unknown, the observed sample must have m > 2 observations.

Notice that for an unknown location the likelihood equation simplifies to
Z R (x Llxy —x1) — X 1)
U+ x—x;

12.5 Pareto Distributions

In this section, we consider Pareto distributions (Lomax distributions) with density
function and cumulative distribution function given by

f(t) = %(1 v [_T“)_H, Faoy=1-(1+ I_T“)_a, t e [, 00),

where u € R, 9, > 0. The likelihood function is given by (provided x; <
< Xm)
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Xj— “)—(Rj+l)a—1

5 L (—00,x1(10)-

am =
L(u, 0, a;%y) = cpp—1 — (1 +
gm e

Since this function is increasing in p € (—o0, x;] for any ¥ > 0 and @ > 0, the
MLE of u is given by imie = X1
Shape Parameter Unknown, Scale Parameter Known

For convenience, we put ¢+ = 1. Then, the log-likelihood function is given by

£(a) = const+m loga—o Zm:(Rj +1) log (1 +x; —,u)—zmjlog (l—i—xj—,u),
j=1 =

w<xp. (12.20)

From this expression, it is immediate that & = — m is the
" (R +1)1og (14X men—1e)
MLE of «. Combining the above results, we have proved the following theorem.

Theorem 12.5.1. For a given scale parameter, the MLE of 1 is given by limie =
Xi:mm. The MLE of « is given by

i) o= m if 1 is known,

( ) Z';l:l(Rj'f‘l)lOg (1+Xj:m:n_l/~) a

i) o= n if i is unknown.
( ) Z;{l:z(Rj +1)log (1+Xj:m:n—X1:m:n) a

Remark 12.5.2. For u = 1, the result of Part (i) of Theorem 12.5.1 reads

m

= — .
Zj:l(Rj + 1)10g (Xj:m:n)

Noticing that R; +1 =y; —y;4+1, 1 < j <m—1and that R,, + 1 = y,;, we
obtain the representation

m
—~ XITIH
= 30+ D10 () = 3w (55,

where Xoun:n = 1. From Corollary 2.3.14, we conclude that the terms
in the sum are |ID Exp(a)-distributed random variables so that 7/(2x)
has a y2(2m)-distribution. Therefore, 2ma /& follows a y?(2m)-distribution
(cf. Theorems 12.1.1 and 12.1.4 for the exponential distribution).
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Shape Parameter Known, Scale Parameter Unknown

We can assume g to be known in order to find the MLE of &. For a given p and
W < XxX| <--- < Xy, the log-likelihood function is given by

m m
X —
L) = mloga + Zlogyj —mlog® — Z ((R; + D+ 1) log (1 + ~ 'u).
j=1 j=1 v
Differentiating £ w.r.t. ¢ results in the likelihood equation
—m + Ri+Da+1)——"" =0
jzzzl ((R; +1) )19 +x;—p
which is equivalent to
- v
no — Ri+Da+1)—— =0. 12.21
;«, ot g (12.21)

Since the left-hand side is strictly decreasing in @, (12.21) has at most one solution.
Moreover, the limits for 4 — 0 and % — oo are na > 0 and —m < 0, so that
(12.21) has a unique solution (for any w). Noticing that limy_, o £(¥) = —oo and
that, by I’Hospital’s rule,

L)

30 log ¥

=no >0,

we get limy_,o £() = —o0, so that the MLE of ¢ is the unique solution of (12.21).
Combining the above arguments, we have proved the following theorem.

Theorem 12.5.3. Let either p or ¢ be known. Then, for a Pareto distribution
with o > 0, the MLE of the other parameter always exists. The MLE of u is
given by fime = Xiunwm. The MLE ¥ of the scale parameter is defined as the
unique solution of Eq. (12.21).

For unknown p, we have to replace u by x;. Hence, (12.21) reads

“ v
~1=>" (R + Da+1)——— =0, 12.22
Yoo ]ZZZ(, LRk (12.22)
Using the same arguments as above, we get that the left-hand side is decreasing in
¥ and that the limit for ¢ — oo is given by —m. But, for % — 0, we obtain the limit
y2oe — 1 which is positive iff y, > é Hence, a sufficient and necessary condition for

the MLE of 9 to exist is y, > é
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Theorem 12.5.4. Let u and ¢ be unknown. Then, for a Pareto distribution

with a > 0, the MLE of u exists, and it is given by [ime = X1m:. The MLE 0

of the scale parameter exists iff m > 2 and y, > é In this case, it is defined as

the unique solution of Eq. (12.22).

Example 12.5.5. For the rainfall data previously analyzed by linear inference
in Example 11.2.9, we get the maximum likelihood estimates t = x; = 0 and
¥ = 2.56068 provided that o = 1/2. These values fit quite well to the results
obtained for the best linear estimators: i y = —0.30484 and §LU = 3.20077.

Remark 12.5.6. For m = 2, Eq. (12.22) can be solved explicitly. Noticing that
n=R;+ R+ 2, we get

1

(Ro+ D =1+ (Re o Der 4 1) gy = 0

Provided that y, = R, + 1 > é this yields

(R +Da—1

2 (XZ:m:n _Xl:m:n)-

UMLE =

Notice that the condition R; + 1 > 1/« ensures that 9 yLg is nonnegative.

Shape and Scale Parameter Unknown

Similar to (12.20), we get for u < x; the log-likelihood

U(e. p.B) = const+ mloga —mlogd — ) [a(R; +1) + 1]10g(1 + les_ﬂ),

Jj=1

which is increasing in . Thus, (o, 1, ) < £(a, x1, ). Furthermore, for any 9,
this term is bounded from above by

La*, x,0) = const—mlog[Z(Rj + 1)log (1 + al ;xl)]
j=l

— Zlog (O +x; —x1), (12.23)
=1

where o* = o*(9) = [+ > oi(Rj+1)log (1+ %)]_l. From (12.23), we find
that limy_, £(a*, x1, ) = —oo. Moreover, applying I’Hospital’s rule to the ratio
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mlog [ X7_ (R; + Dlog (1 + 25™) |

9) =
1) Yo log (9 + x; —x1)

3

we get limy_o0 ¢() = 0 so that limy_, o0 £(a™, x1,8) = —o00, too. This proves
that the MLE is given by a solution of the likelihood equation.

Remark 12.5.7. Lomax distributions with known location parameter & = 0 and
the cumulative distribution function F(t) = 1 — (1 4+ Bt)~%, t > 0, have been
discussed in Helu et al. [438] when 8,6 > 0 are supposed to be unknown. As
above, it is shown that the solution 6 of the likelihood equations can be expressed
in terms of B, i.e.,

1 & -1
0B) = [-- Y (R, + Dlog(1+px))|

j=1
Instead of using a Newton—Raphson procedure, Helu et al. [438] proposed an
EM-algorithm-based procedure to compute the MLEs.

Remark 12.5.8. Soliman [813] considered estimation for the Lomax distribution
based on general progressively Type-1l censored samples.

Shape and Scale Parameter Unknown with Equal Location
Scale

Considering the model with unknown shape and scale parameters and assuming
additionally & = ¥, we arrive at the Pareto distribution

f(t)zg(%)_a_l, F(t)zl—(%)_a, t € 9. 00).

For ¥ < xy, the log-likelihood function is given by

£(a,¥) = const + mloga —mlog?d — Z[O{(Rj + 1)+ 1]log (%)
j=1

m m
= const + m logo —aZ(Rj + 1)logx; +aZ(Rj + 1) log .
j=1 j=1

Obviously, this expression is increasing in ¥ so that the maximum likelihood estima-
tor is given by ¥mLg = Xi.n:n- Using the same arguments as above, an upper bound

of the log-likelihood function is given by £(a*,x;) with a* = 1 [Z'f;z(R i+

m J
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N1
1) log (;—’l)] . Then, following the same arguments as in Remark 12.5.2, we

conclude that 2ma /@ follows a y?(2(m — 1))-distribution. Moreover, @ and 5M|_E
are independent estimators (see also Balakrishnan and Aggarwala [86, pp. 129-
130]).

This model has been considered in Ali Mousa [34] with a slightly different
parametrization of the cumulative distribution function of the Pareto distribution:

Ft)y=1—Qt)"", t>1/A,1>0,0 > 0. (12.24)

—1

As above, the MLE of the scale parameter A is given by r=X Lmwn» Whereas the

MLE of the shape parameter is given by

-1

~ l & Xiom:
S == R + 1)1og =12
ij::l(/*‘)OgXl:.

m:mn

Ali Mousa [34] additionally presented the MLE ﬁ(t) of the reliability R(t) = F(¢)
which is obtained directly from (12.24) by replacing the parameters by its maximum
likelihood estimators.

12.6 Laplace Distribution

For a Laplace(u, ¢)-distribution with density function
f(t) = Lt eg (12.25)
2l9 b K

and cumulative distribution function as in (11.17), maximum likelihood estimation
based on complete samples has been discussed by a number of authors (see, for
example, Johnson et al. [484], Kotz et al. [546]). Balakrishnan and Cutler [94] have
discussed maximum likelihood estimation of parameters of the Laplace distribution
based on conventionally Type-II censored samples. They considered both symmetric
and one-sided (right) censoring. Childs and Balakrishnan [256] utilized these results
to develop conditional inference procedures based on conventionally Type-II right
censored samples. Proceeding similarly, Childs and Balakrishnan [257] have also
derived the MLESs of the parameters 4 and ¥ based on general conventionally Type-
IT censored samples. Recently, Iliopoulos and Balakrishnan [470] presented exact
distributional results for the MLEs under Type-II censoring.

In this section, we discuss the MLEs of the location and scale parameters
of a Laplace distribution based on progressively Type-II right censored samples
as established in Aggarwala and Balakrishnan [14] (see also Balakrishnan and
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Aggarwala [86, Sect. 7.3.6]). The results obtained are generalizations of those given
in Balakrishnan and Cutler [94], wherein it is shown that for conventionally Type-II
right censored samples Xy, ..., Xy, the MLE of u is simply the usual sample
median based on the full sample, provided m > g Form < %, the MLE of u turns
out to be a linear function of the observed order statistics. In both cases, the MLE
of w is a linear function of the observed order statistics. The results presented in
this section for the maximum likelihood estimation based on progressively Type-II
right censored samples from the Laplace distribution reduce to those presented by
Balakrishnan and Cutler [94] for the special case when Z = 0.

For a Laplace(u, ¥)-distribution and a progressively Type-II right censored
sample, (12.1) yields the likelihood function

L(u,?) =L(w,0), xi <pu=<xi41,i=0,....m,

where xyp = —00, X, +1 = 00 and
Li(.9) = S exp {g(im 0= Y R+ D))
j=1 j=i+1
TTC-en 5"

Denoting by g the function defined by g(r) = log(2 — €'), t < 0, we get the
piecewise defined log-likelihood function £ as

m

i i
£i(n,9) = const—mlogl?—i-z%— Z (R; +1)xj;M +ZRjg(Xj19_M),

j=1 j=i+1 j=l1

Xi < <Xiy1,1=0,...,m. (12.26)

Notice that g is a concave, decreasing, and nonnegative function on (—o0, 0]. In
order to find the MLEs, we distinguish three different situations.

Location Parameter . € R Known and Scale Parameter # > 0
Unknown

Since p is supposed to be known, we can find an interval [x;, x; 4] such that u €
[xi, xi+1]. Therefore, we have to maximize the log-likelihood function ¢;. It follows
from (12.26) that ¢; is a strictly concave functionin n = % so that we have a unique
maximum of ¢; in [x;, x;41]. Based on the identified interval [x;, x;+1], we can
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provide some additional information on the MLE of ¢. We consider the following
situations:

(i) i =0,1i.e., u < x;. Now, the log-likelihood function is given by
£o(,¥) = const — mlog} — Z (R; + )=,
j=i+1
Obviously, it is maximized by

~

5= %; D) (=) >0

which proves that ¥ is the MLE of & provided that © < x;.

(i) Suppose x; < u < x;4; forsome i € {1,...,m — 1}. Then, £; is given by
(12.26). Since the log-likelihood function is concave w.r.t. 1/9, we find that
the likelihood equation

—m9 = (x; — )+ZR X],L +Z(R )(x; —p) =0
j=1

j=i+l

has at most one solution. Noticing that

9250 1 i m
) "2 =< (Xl —ul+ 3 Ry + Dlx; = pl).
j=l1 j=i+1
we obtain limy_, £; (£, ) = —oo and limy_,¢ £; (1, ¥) = —oo so that we

have exactly one solution of the likelihood equation. Using the inequality

1

O0< ——F=—=1 xj=pl=j=i

2e7 77 —1

we conclude that the solution ¢ satisfies the inequalities

§<— (Z|x, W+ Y R+ Dl — ).

j=i+l
(12.27)

92 L(30- Ry —ul+ 3 (R, + Dl ).
i=1

j=itl
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(iii) For p > x,,, the maximization problem is given by maxy~o £n, (1, 9) with

- xj—ﬂ " Xj—p
Zm(u,z?):const—mlogz?—i-]z::l 3 +]Z=:1leog[2—e 7 ]

By analogy with the previous case, this is a concave function in 1/9 with
limy 00 (i, ) = —o0 and limy_,¢ £,, (i, ) = —o0. Moreover, we get by
similar arguments the following bounds for the MLE of :

1 & ~ 1L
—E 1—Rj)|x; — <z9<—§ i — M.
m ( ])Ixj Ml < = |x1 i

j=1 j=1

Remark 12.6.1. In the special case Z = 0,,, i.e., Type-ll right censoring, the
above results simplify considerably. For u < x,,, the lower and upper bounds in
(12.27) coincide so that the MLE is given by

m—1

FuLe = %(Z | Xjon =l + (n —m + )| X — H|)-

j=1

Location Parameter u € R Unknown and Scale Parameter
> 0 Known

First, we prove that the log-likelihood function (12.26) is concave in . We make
use of the following theorem which is given in Hiriart-Urruty and Lemaréchal [441,
pp. 35] for convex functions.

Theorem 12.6.2. Let f be a continuous function on an open interval (a,b)
with a,b € R, a = —o00, or b = oo0. Moreover, let a = xg < x1 < -+ <
Xm < Xm+1 = b such that f is twice differentiable and concave on (x;, x;+1),
i =0,...,m. Moreover, let

D_f(xi) = D4 f(xi), 1<i=<m, (12.28)

where D_ f and D4 f denote the left and right derivative of f. Then, f is
concave on (a, b).

In order to establish the concavity of the log-likelihood function in the location
parameter p, we have to verify the assumptions of the preceding theorem. It is easy
to see that the log-likelihood function is continuous as well as twice differentiable
and concave on (x;,X;+1), 0 < i < m. Thus, it remains to show that the left
and right derivatives w.r.t. p satisfy the relation (12.28). Leti € {1,...m}. From
(12.26), we have that



290 12 Maximum Likelihood Estimation in Progressive Type-II Censoring

Dot = S - re (5]

j=1
=) - Rig ).

Dli(xi.9) = [)’z+l —i- ZR;g (

j=1

Since g’(0) = —1 and y; — ¥i+1 — R; = 1, we get
19(D_€,-_1(xi, l?) — D+€i(x,-, l?)) =2>0,

so that we arrive at the desired representation. In particular, we conclude from this
result that the log-likelihood function is not differentiable in x;, i € {1,...,m}.
This yields the following theorem.

Theorem 12.6.3. The log-likelihood function is a strictly concave function in
. Given data x; < -+ < X, the MLE of i can be obtained as follows: For
jed{l,...,m}, let a; = D+€j(xj,z9).

(i) If a; <0, then AmLe = x1;

(i) fay =--->a;—1 > 0> a; with 2 <i <m, then the MLE of u is located
in the interval [x;_1, x;]. For, D_¢;_1(x;,9¥) > 0, x; denotes the MLE of u.
Otherwise, it is given by a solution of the likelihood equation

i—1
X
yi—i+1:ZRjg/( J
j=1

“) (12.29)

If Rj >0 for some j € {1,...,i — 1}, the solution is unique;
(i) If @, > 0, then the MLE of u is located in the interval [x,,00). It is the
unique solution of the likelihood equation

m
—m = ZRjg/(x]
j=1

”). (12.30)

Proof. First, notice that £ (-, ¥) is a linear increasing function for any . Fora; < 0,
l;(-,9),2 <i < mis decreasing so that x; yields the MLE of p.

Leta;—y > 0> a; with2 <i < m. Then, for D_{;_;(x;,¥) > 0, x; defines the
MLE of u. If D_£;_1(x;) < 0, the MLE is an inner point of the interval (x;_p, x;). It
is given by the solution of the likelihood equation ==t M’ L(u, ) = 0, which simplifies
to (12.29). Notice that g is a strlctly concave functlon so that g’ is strictly decreasing

on [x;_1, x;]. Hence, for Z = R; > 0, the solution is unique.
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For a,, > 0, we conclude that £, (-, ©) must be increasing—decreasing on [x,,, c0)

because limy o0 £y (1, ) = —oo for any % > 0. Notice that lim,,_ g(t) =
log(2). Hence, the maximum is attained at an inner point which is specified by the
likelihood Eq. (12.30). O

Remark 12.6.4. Equation (12.29) can be seen as a condition that the MLE is
located in the ith interval [x;—i, x;]. Applying some inequalities, we can provide
some simple conditions which exclude some intervals. It is important that the
log-likelihood function is increasing—decreasing for every ¥ > 0 and its derivative
is first positive and then negative.

(i) The interval (—oo,x;], i € {l,...,m}, cannot contain the MLE if the
derivative D_{(u, ) is positive at the right endpoint x;. Hence, we get
the condition

Dil(x;,0) = %ei(u’ﬁ)‘ll:xi = %[Vﬁl —i= Zi:Rjg/(xj ;Xi)] > 0.

J=1

Since g/(%) <0,1<j <i,and g(0) = —I, this expression can be
bounded from below by

1
Dil(x;,0) > 5(%’+1 —i—1).

If yi+1 —i —1 > 0, then the maximum cannot be attained in the interval
(—o00, x;]. Accordingly, a necessary condition for (—oo, x;] to contain the
MLE of w is given by yi+1 <i + 1.

(i) On the other hand, the interval (x;,00), i € {1,...,m}, cannot contain
the MLE if the derivative D4 £(u, ) is negative at the left endpoint x;. As
above and using that g’(0) = —1, we get

From g'(t) > —1, t <0, we find the upper bound

i—1

D+€(X,',l9) < %[)/, —(i + 1) +ZR]] =n-—2i.

Jj=1
This expression is negative for % < i. Hence, for % < i, the MLE cannot be
included in the interval (x;, 00).

Hence, we get the following conditions for the index i € {1,...,m} of the interval
containing the MLE of u:
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S

Visr—1<i<=. (12.31)

N

Notice that the upper bound is only useful for 5 < m.

This result is also helpful when the scale parameter is unknown. Since the
bounds in (12.31) are independent of the particular value of the scale parameter
¥, this reduces the number of maximization problems to be considered in the
case when both parameters are unknown as well.

Summarizing the above findings, we get the following results for the MLE of

w. The value k is chosen as the minimum value of i € {0,...,m — 1} satisfying
Eq. (12.31). Notice that this value always exists because n = y; > yp > -+ >
Ym > 1t
[Xk+l:m:nv OO) B m < %
ﬁMLE € [Xk+l:m:nv Xm:m:n] s m = ’% (1232)
[Xk+1:m:na X|_n/2]+1:m:n] , m> %

In particular, this result shows that fiymig > Ximen-

Remark 12.6.5. It is obvious from (12.29) that the likelihood equation has a
solution for Ry = --- = R;_; = 0 iff y; =i + 1. Now, given this condition
n =y +i—1 we get the equation n = 2i proving that this is only possible
for an even sample size. In fact, we conclude that in this setting each value in
[x;i—1, x;] yields the MLE of wu.

This result is known in the setting of order statistics (see Balakrishnan
and Cutler [94]). In this situation, the log-likelihood function is a piecewise

linear function of w. Given a realization xi,...,x,—, of the order statistics
Xinseoor Xn—m=n, one has
Yi+1—J _n—2j .
aj=D+€j(Xj,l9)= = s ]E{l,,m—l}

v v

Thus, a; >0 <= %5 > j. We distinguish the cases of n as odd or even.

Suppose n is odd. Then, a; > 0, j € {1,...,min(%,m — 1)}. For % >
m—1, the MLE is given by X,,.,. Otherwise, we have a; <0, j € {"42' Y.y,
and the MLE is given by X(41)/2:n-

Suppose n is even. For % > m—1, the MLE is given by X,,.,. In the other case,
we have the log-likelihood function to be constant in the interval [x,/2, Xn/241].
Thus, we conclude from the concavity property that any value in this interval
yields an MLE of i. Summing up, we get the following result of Balakrishnan
and Cutler [94] that the MLE of u is given by
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Xons |n/2] >m—1
AMLE = 3 X(a41)/20m5 |n/2] <m—1,n odd
aXnjon + (1 —0)Xnp41:m. [1/2] <m—1,neven,a €[0,1]

Childs and Balakrishnan [257] established a generalization to general Type-ll
censored samples.

Location Parameter |1 € R and Scale Parameter ¢+ > 0
Unknown

The preceding results can now be combined to derive the maximum likelihood
estimators of location and scale parameters when both are unknown. We present
a slight modification of an algorithm due to Aggarwala and Balakrishnan [14]. The
procedure is based on the bounds for the MLE of u given in (12.32).

Procedure 12.6.6 (Computation of MLEs for Laplace parameters). Let
k €{0,...,m — 1} be as defined in (12.32).

(i) Form < %, the MLEs are given by the solutions of the maximization problem

max max i(p,0);
kt1<j<m x;<pu<x;41,0>0

(i) Form > %, the MLEs are given by the solutions of the maximization problem

max max £i(p, 1), if n is even
k+1<j=<n/2 xj<p=<xj41,8>0

max max Li(p,v), ifnisodd
k+1<j<(n—1)/2 x;<p=<x;41,9>0

(ii) Form = %, the MLEs are given by the solutions of the maximization problem

max max i(p, ).
k+1<j=<n/2—1 x;<pu=<x;41,9>0

Remark 12.6.7. (i) In case (ii) of Procedure 12.6.6, we may have k = ’%1
This simply means that the log-likelihood function is increasing for u <
X+1)/2 and decreasing for (&t > X(,41)/2. Thus, the MLE of w is Xy 41)/2:m:n,
which we can use to solve for the MLE of . The resulting likelihood equation

to be solved for ¥ is given by



294 12 Maximum Likelihood Estimation in Progressive Type-II Censoring

i 1 2 3 4 5 6 7 8 9 10
R, 2 0 0 2 0 0 0 2 0 4
Vi 20 17 16 15 12 11 10 9 6 5

Table 12.1 Censoring scheme & and related y’s for the situation of Example 11.2.10

(n41)/2—1 (n+1)/2—1 .
— X(n+1)/2
—my = Y (@ = Xatnp) + Z RW
j=1 j

m

+ Z (Rj + 1)(Xj —X(,,_H)/z) =0.
J=(n+1)/2+1

(ii) In case (iii) of Procedure 12.6.6, notice that here k = 5 —1 = m — 1
is possible. This means that for & < X0, the log-likelihood function is
increasing and for & > X, the log-likelihood function is decreasing.
Therefore, the MLE of p is X,;:m:n. This can be used to solve for the MLE
of ¥. The resulting likelihood equation to be solved w.r.t. ¥ is given by

—m® — Z(x]—xm)—}—ZR X, ’”_1 =0.

Example 12.6.8. Let us consider the data in Example 11.2.10. In this case,
we have a progressively Type-Il right censored sample of size m = 10 from
a sample of size n = 20 from the Laplace distribution with & = 25 and
¥ = 5, with censoring scheme Z = (2,0*2,2,0*3,2,0,4), and the progressively
Type-Il right censored sample observed is as follows:

12.99290868 18.39049456 22.71250514 22.86934464 23.52886140
23.65727057 24.29938590 24.30197858 25.17997875 25.54438754

Now, we calculate the value of k given in Procedure 12.6.6. From Table 12.1,
we conclude that k = 7. Thus, we have to solve two maximization problems:

max  fg(u, ), max  Lo(u, D).

X§<pU=<x9,0>0 X9=<pU=x10,9>0

Using Maple 16, the maximum value of the log-likelihood function is obtained
when we maximize £g(, ) over the region specified above. The corresponding
MLEs are fimee = 24.89573 and 5MLE = 2.76910. Recall that in Exam-
ple 11.2.10, we determined the best linear unbiased estimates of u and 9 and
their standard errors as
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623 709 732 773 785 824 893 932 934 938
985 995 998 1002 1029 1079 1080 1096 1118 1122
1137 1162 1197 1225 1255 1292 1385 1385 1430 1485

Table 12.2 Random sample of size n = 30 from the incandescent lamps data by Davis [329]

623 709 732 773 785 893 932
934 938 985 995 998 1029 1079
1096 1122 1137 1162 1255 1385 1385

Table 12.3 Progressively Type-II censored sample of size m = 21 from the incandescent lamps
data of Davis [329] generated by Childs and Balakrishnan [258]

Ly = 24.86538065,  SE(fiLy) = 0.7100109565,
DLy = 2.910007086,  SE(JLy) = 0.8284699580.

These values agree well with the MLEs we have just obtained.

Example 12.6.9. Childs and Balakrishnan [258] also considered a progressively
Type-Il censored data generated from lifetimes of 417 incandescent lamps
presented in Davis [329]. According to the analysis of the data by Davis [329], the
Laplace distribution might be appropriate for this data. Childs and Balakrishnan
[258] found that it may be used in favor of a normal distribution. In order
to illustrate the above approach, Childs and Balakrishnan [258] generated the
random sample of size n = 30 given in Table 12.2 from these observations.
Employing the censoring plan % = (1,0*2,2,0,1,0*2,1,0*3,1,0%3,2,0*3,1) to
this sample, m = 21 failure times given in Table 12.3 result. According to the
above procedure, the MLEs of i and ¢ are given by 1 = 1033.81667 and
¥ = 182.86675. Since F<(t) = p—91log(2 —2t), t € (0,1), this yields the
maximum likelihood estimate of’§0_9 = 1328.13 for the 90th quantile.

Remark 12.6.10. Similar results have been developed for record values by
Cramer and Naehrig [304]. In this setting, an explicit representation for the MLEs
of the parameters is available in the location—scale case.

12.7 Some Other Location—Scale Families

Suppose the progressively Type-II censored sample Xi.,:, - . . s Xinmen 1 based on
a general location—scale family of distributions .%; as defined in (11.1). F denotes
the absolutely continuous standard member of .%;; with density function f. We
consider the location—scale case only. Similar results can be established in the
location or scale cases as well. Given observations Xy, ..., X, the log-likelihood
function £(u, ) = £(i, U; X, [see (12.2)] has derivatives
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85 Sf((xi =)/ 13‘) - S((xi —p)/9)
Z S((xi —M)/ﬁ‘) sz 1—F((x; —)/9)
(12.332)

m 1 Z (G = p)/9)

G0 CEL)

L gL = 0/9)

4+ — i Xi . 12.33b
TR ey

2

¥ i=1

The resulting likelihood equations cannot be generally solved explicitly (some

examples have been presented in the previous sections). In the following, we show
results for some of the most important distributions.

12.7.1 Weibull Distributions

Cohen [270] has considered maximum likelihood estimation in the three-parameter
Weibull distribution (related results are presented in Wingo [898] and Lemon [583]).
For a sample x| < --- < x,,, the likelihood function [see (12.1)] reads

= [ L) Jon - S () o
= (12.34)

For B < 1 and any value of ¥, the likelihood function is unbounded and tends
to infinity when u — x;. Thus, formally, an MLE of p does not exist. But, it is
reasonable to choose the estimate & = Xj.p:,. In fact, Cohen [270] proposed the
estimate L = Xy — g, where n denotes the unit of precision of measurements
made. This ensures a finite likelihood. After plugging in this estimate, the problem
reduces to the scale or scale-shape problem which has been addressed in Sect. 12.2.

For B > 1, the likelihood function is bounded. Thus, three likelihood equations
have to be solved. Here again, the problem can be reduced to a system of two
equations by eliminating the scale parameter . Rayleigh distributions (i.e., 8 = 2)
are discussed in Ali Mousa and Al-Sagheer [36].

For the scale-shape model, a log-transformation of the sample yields progres-
sively Type-II censored order statistics from a location—scale family of extreme
value distributions (Type I). Here, Ng et al. [688] have proposed an EM-algorithm
to compute the MLEs (see Sect. 12.7.4). This setting has also been discussed by Wu
[904].

Kim and Han [529] considered maximum likelihood estimation for the scale
parameter of a Rayleigh distribution based on a general progressively Type-II cen-
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i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Xiasso 01 02 1 1 1 1 1 2 3 6 7 11 18 18 18 18 21 32
R; 0O 0 0 3 0 0 0 0 0 0 3 0 0 0 0 0 0 3
i 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
Xiasso 36 45 47 50 55 60 63 63 67 67 75 79 82 84 84 85 86
R; 0 0 0 0 0 0 3 0 0 0 0 0 03 0 0 0

Table 12.4 Generated progressively Type-II censored data with m = 35 and n = 50 from failure
time data presented in Aarset [1]

sored sample. Ng [681] proposed a modified Weibull distribution with cumulative
distribution function

Fiy=1-e*"" 1>0, a,,1>0. (12.35)

In order to illustrate his results, he generated progressively Type-II censored failure
time data from a sample reported by Aarset [1]. The data and the censoring scheme
Z are presented in Table 12.4. It is used to illustrate bathtub-shaped distributions.
Further inferential results on this distribution with progressively Type-II censored
data are presented in Soliman et al. [§18].

12.7.2 Normal Distributions

Balakrishnan et al. [134] discussed the maximum likelihood estimation for progres-
sively Type-II censored normal samples. In this case, the likelihood equations, taken
from (12.33), read

o)
0= Zi + R; - 12.36a
; ; 1-0(z) ( )
S S ¢(z)
O=-m+» Z7+ Y Rz —o, 12.36b
2 LR o0 (12360
where z; = (x; — u)/9¥, 1 < i < m, and ¢ and @ denote the density function

and cumulative distribution function of a standard normal distribution. Cohen [267]
has also discussed the solution of these equations in terms of progressive Type-I
censoring. The likelihood equations have the same structure with x; replaced by
the censoring time 7; in the second sum in each equation. Showing log-concavity
properties of the likelihood function, Balakrishnan and Mi [113] established the
existence and uniqueness of the MLEs. This also holds for general progressive Type-
II censoring.
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Ng et al. [688] propose the EM-algorithm to compute the MLEs. Since this
approach has been widely used for other distributions, we present the details for this
particular case. We use the notation introduced in Sect. 9.1.2. The log-likelihood
function based on the complete sample (X%, W) can be written as

m m Rj
1 ) 1 d )
£(n,¥) = const — nlogd — 2—192;()@ ) Z_W;];(ij — ®°.

(12.37)

To perform the EM-algorithm, Wj”k has to be replaced by E (I/Vj“k|I/ij > Xj), v =
1,2, in the log-likelihood function (12.37), and the expression

1 < 5
—nlogﬁ—Z—ﬂZZ(x,-—,u)

i=1

m R

1
— 557 20 D [EGWRIWii > ) = 2UEWjel Wy > x;) + 2’
j=1lk=1

has to be computed. Therefore, the conditional expectations E (I/V]"k|W]k > Xj),
v = 1,2, must be available. From Theorem 9.1.8, it follows that Wj;, given
X;.n:n = xj, has a left-truncated normal distribution. Therefore,

EWi|Wik > x) = p+ 0hy =7} (11, 9), (12.38a)
EW2 Wi > x;) = 02(1 + &h)) + 20uh; + p* = <P (u.9).  (12.38b)

where §; = (x; —w)/%, h; = @&;)/(1 —@(¢;)), 1 < j < m (see Cohen [272]).
In the maximization step, the log-likelihood function (12.37) has to be maximized.
The solution is given by mean and empirical standard deviation of the data. Hence,
the (£ + 1)th iteration of the EM-algorithm is given by

1 m m
~(+1 1 15 3
e = ;[ij + Y R (O ¢ ))],

=1 =1

~ 1 1< " . R 1/2
HEFD — E[ijz + 3 R (9 99) - ’u(l+l)] ’
i=1

=1

where ‘IZJ(»V)(,LL(Z), #®), v = 1,2 are taken from (12.38).

As mentioned by Ng et al. [688], the EM-algorithm converges often rather slowly
in comparison to the Newton—Raphson procedure (in particular, if the proportion of
missing data is large). However, it provides a measure of information in the censored
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data through the missing information principle (see Sect. 9.1.2). For the normal case,
the information matrix for the complete sample is given by

n 10
fmmm=ﬁgg.

From the logarithm of the truncated normal density function

1
log f Wikl Ximma (w|x ;) = const — log & — log(1 — ®(x;)) — W(W - w2

we get via differentiation w.r.t. i and ¥:

i) Lw=
_longjk‘X./':m:n(Wlxj) = — (u — h]) s

o 4 4
9 i 1 ((w—p)?
ﬁlogfwjk\X,Jm(Wlxj) — 5 ( 53 —(1+ thj) )

Calculating the conditional expectations E((W;x — u)"|Wjr > x;),v =1,2,3,4,
as a function of p and ¥, Ng et al. [688] get components of the conditional Fisher
information matrix f(f)(I/ij | X jmens g, U) givenin (9.8) to be

9 X 1o
E -(@ 10gfW/k|Xj4m4n(I/ij|Xj:m:n)) :| = ﬁ(l =+ thj —hi),

(/9 i 11
E (@ 10g fW]k‘X'/'m'n(I/ijIXj:m:n)) :| = ﬁ(z + gjhj(l _gjhj + S]2))’

] S X o 0 A X o
E 55Mgf%“&MﬂanuXﬁmogﬁMgf%“&Mﬂanuxﬁmo}

= 3Oy &5 & — ).

Thus, the expected Fisher information can be obtained from (9.9). Inversion of the
Fisher information matrix .# (X%; i, ) yields the variance-covariance matrix of
the maximum likelihood estimator (ZimLe, HMLE)-

12.7.3 Log-Normal Distributions

Lifetimes are often modeled by log-normal distributions because the logarithm of
the lifetime variables is normal. Moreover, a location—scale model with location
parameter p and scale parameter ¥ results. Since the log-transformation preserves
the order of the random variables, a progressively Type-II censored sample from a
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log-normal distribution leads to progressively Type-II censored order statistics from
a normal population with mean p and variance 92, Supposing X1y -« - » Xmumen
are the log-lifetimes in a progressively censored experiment, the likelihood equa-
tions are given by (12.36). They can be solved only by numerical methods. Early
attempts are presented in Cohen [267] and Gajjar and Khatri [387]. Balakrishnan
et al. [134] used the IMSL nonlinear equation solver using approximate MLEs as
initial values for the iterative procedure. Ng et al. [688] applied the EM-algorithm
(see Sect. 12.7.2; see also Singh et al. [804] who used the same account for
progressively Type-II censored log-normal data). Basak et al. [179] have considered
the application of the EM-algorithm for a three-parameter log-normal distribution
based on progressively censored data.

12.7.4 Extreme Value Distribution (Type 1)

Maximum likelihood estimation for progressively censored extreme value data has
been addressed by Balakrishnan et al. [136]. The likelihood equations to be solved
for u and ¥ are

m m m
m=Y (R + 1), m=Y (R + e — > &,
j=1 J=l1

Jj=1

where §; = (x; — )/, 1 < j < m. Obviously, these equations cannot be solved
explicitly. Balakrishnan et al. [136] used the IMSL nonlinear equation solver to
compute the estimates. The method has been applied to the log-failure times of
Nelson’s insulating fluid data as given in Table 17.5. The resulting estimates are
given by fim e = 2.222 and 5,\/”_5 = 1.026 (see also Viveros and Balakrishnan
[875]).

Numerical approaches to obtain the MLEs have also been discussed by Wingo
[898], Lemon [583], and Cohen [270, 272] for progressive Type-I censoring. This
setting leads to similar equations. Ng et al. [688] applied the EM-algorithm to
compute the estimates. Moreover, they presented expressions for the observed
Fisher information.

12.7.5 Logistic Distribution

Balakrishnan and Kannan [104] have considered the maximum likelihood estima-
tion based on progressively Type-II censored data from location—scale families of
logistic distributions with standard cumulative distribution function
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1
Ft)=—, teR 12.39
=0 (12.39)

The standard member F of this family has mean O and variance 1. For more
information on logistic distributions, we refer to Balakrishnan [81]. In this case,
the likelihood equations become

m m

R; +2 (R +2)§; "
m = _— iy
Z 1+ e 7E/V3 Z 1+ e—”é//f ;Sl

j=1 j=1

where §; = (x; —u)/?¥, 1 < j < m. These equations can be solved numerically
by a Newton—Raphson procedure. Expressions for the observed and expected Fisher
information are also provided by Balakrishnan and Kannan [104]. Furthermore,
we refer to Gajjar and Khatri [387]. Asgharzadeh [61] and Balakrishnan and
Hossain [100] have addressed Type-I and Type-II generalized logistic distributions,
respectively (for the classification, see Balakrishnan and Leung [109]). A scaled
half-logistic distribution is considered in Balakrishnan and Asgharzadeh [87] (see
also Kim and Han [530]). Exponentiated half-logistic distributions are addressed in
Kang and Seo [506] and Rastogi and Tripathi [748].

12.8 Other Distributions

Maximum likelihood estimation based on progressively Type-II censored samples
has been discussed for many other distributions. For completeness, we just mention
briefly these works. Three-parameter Weibull distributions are addressed in Ng et al.
[691]. Three-parameter gamma distributions are analyzed in Cohen and Norgaard
[274] and Basak and Balakrishnan [176]. In the latter, an iterative procedure is
proposed that can be used to compute the MLEs provided that the shape parameter
exceeds 1. However, as pointed out in Laumen and Cramer [568], the likelihood
equations presented in Cohen and Norgaard [274] seem to be in error which affects
the follow-up papers, too. For further details, we refer to Laumen and Cramer [568].
Generalized gamma distributions as defined by Stacy [823] have been investigated
in Chen and Lio [251]. In Wingo [901], progressively Type-I and Type-II data
is assumed to follow a Burr-XII population distribution (see Sect. 13.5 and Lio
et al. [615]). Progressive Type-II censoring in the Burr model is also discussed
in Ali Mousa and Jaheen [38] and Soliman [811] who provided details about
uniqueness and existence of the maximum likelihood estimates. Type-II censored
data is considered in Wingo [900]. Log-gamma distributions with density function

f@) = exp {at — e’}, teR,a>0, (12.40)

1
I' ()
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are considered in Lin et al. [603] (for known «, see also Lin et al. [602]). The authors
applied both a Newton—Raphson procedure and the EM-algorithm to compute the
maximum likelihood estimates. Pradhan and Kundu [727] used the same approaches
for generalized exponential distributions with cumulative distribution function

F(t)=(1—e*)* >0, (12.41)

and parameters o, A > 0. They illustrated their results by the data given in Table 12.5
which was generated from 36 failure times of appliances reported in Lawless [575].
It was shown by Pradhan and Kundu [727] that the original data fit a generalized
exponential distribution very well. Scaled generalized exponential distributions are
addressed in Asgharzadeh [62].

Inverse Weibull or Fréchet distributions with cumulative distribution function
F(t) = e “,t > 0, are discussed in Sultan et al. [827].

Two-parameter Gompertz distributions with cumulative distribution function

F()y=1- eXP{ - %(e”’ - 1)}, 20, (12.42)

have been considered by Wu et al. [914] (for a generalization of Gompertz
distributions (12.42), see Wu et al. [923]). Ghitany et al. [400] established a
necessary and sufficient condition for the existence and uniqueness of the MLEs
of the shape and scale parameters using a slightly different parametrization than
that in (12.42).

A two-parameter bathtub-shaped lifetime distribution with cumulative distribu-
tion function

F(t) =1—exp {/\(1 — ef“)}, 1> 0, (12.43)

has been considered by Wu [906] and Wu et al. [923] (see also Rastogi et al. [749],
Sarhan et al. [778], and Ahmed [20]). Rastogi et al. [749] illustrated their results by
the data given in Table 12.4.

Maxwell distributions are discussed in Krishna and Malik [552]. Results on
likelihood inference for inverse Gaussian distributions can be found in Basak and
Balakrishnan [177]. Bivariate normal distributions are addressed in Balakrishnan
and Kim [107]. Birnbaum—Saunders distributions with density function

(15,5,4,0*) 11 35 49 329 1062 1167 1594 1990 2451 2471 2551 3059
(0*11,24) 11 35 49 170 329 381 708 958 1062 1167 1594 1925
(24,0*1 11 35 49 329 381 958 1062 1594 1925 2223 2451 2471

Table 12.5 Progressively Type-II censored data sets generated by Pradhan and Kundu [727] (see
also Kundu and Pradhan [562])



12.9 Related Methods 303

B B B
feap) = T+ Flew{-m(G+ D)) >0

are addressed in Pradhan and Kundu [728]. The MLEs are computed by the EM-
algorithm using the missing information principle.

Exponentiated distributions have been discussed by Ghitany et al. [398,399] for
a general class of exponentiated distributions having the cumulative distribution
function F with

[4
F(t) = (1 —exp{—AQ(t)}) , 120

where Q is an increasing function with Q (0) = 0 and lim; o Q(f) = oco. The fam-
ily includes exponentiated (inverted) exponential, exponentiated Rayleigh distribu-
tion, and exponentiated Pareto distribution. Using the transformation Q" (Z.n:n),
1 < j < m, where Ziu,..., Zm:mm are exponential progressively Type-
II censored order statistics, the problem can be embedded into exponentiated
exponential distributions. The special case of inverted exponential distributions
is discussed in Krishna and Kumar [551]. Klakattawi et al. [534] addressed an
exponentiated version of the modified Weibull distribution given in (12.35).

Lindley distributions, i.e., a mixture of exponential and I"(2, ©)-distributions
with the same scale parameter ¢ and mixture probabilities 1/(1 +9) and §/(1+19),
are discussed in Krishna and Kumar [550].

Recently, Ahmadi et al. [19] addressed generalized half-normal distributions with
cumulative distribution function

Ft:a,9) = 1 —245( - (é)a) £>0, 0.9 >0. (12.44)

They presented the likelihood equations and proposed an EM-algorithm type
procedure to compute the maximum likelihood estimators.

Given a cumulative distribution function G(-; @) with parameter 6, Teimouri
et al. [842] discussed likelihood inference for beta-kernel distributions, i.e., pop-
ulation cumulative distribution functions

1
F(Z;a,ﬂ,0) = mBGM;)(O{,ﬂ), t e R, (1245)

with kernel Gg, 0 = (0;,...,0,) € ® CR?.

12.9 Related Methods

In some cases, the likelihood equations are difficult to solve in the sense that iterative
procedures like the EM-algorithm or Newton—Raphson procedures do not converge.
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Sometimes, they do not have solutions. For these situations, alternative approaches
have been proposed. Subsequently, we illustrate some approaches by example and
mention the corresponding references where these methods have been applied.

12.9.1 Modified Maximum Likelihood Estimation

As mentioned above in the Weibull case, the likelihood function may be unbounded
so that formally maximum likelihood estimators do not exist or have regularity
problems. In such cases, Cohen [270] has applied the method of modified maximum
likelihood estimation to get estimates for the three-parameter Weibull distribution
[see (12.34)]. Cohen and Whitten [277] favored modified maximum likelihood
estimates (MMLE) over modified moment estimates for censored data.

In particular, the likelihood equation for the threshold parameter p has to be
replaced by the moment equation EXj.,., = x;. For the three-parameter Weibull
distribution, this equation reads

+ (%)l/ﬂr(l + %) = x1.

Notice that EX|.,., equals the expectation of the minimum in an |ID sample of
size n. Solving for u yields the identity u = x; — (%)l/ﬂF(l + %) This ensures a
finite modified likelihood function which has to be maximized w.r.t. ¥ and §. Other
possibilities to replace the mentioned likelihood equation are discussed in Cohen
and Whitten [276]. For § = 1, the MMLE:s for the two-parameter exponential
distribution result.

It has to be noted that several possibilities for the moment equation have been
discussed in the literature (see, e.g., Cohen and Whitten [276]). This may be of
interest if the moment of X.,,.,, or, more generally, of the rth progressively Type-II
censored order statistic X, ..y, is difficult to obtain. Instead of this equation, we may
impose the condition EF (X,..,) = F(x,) for some r € {1,...,m}, where F is

the population cumulative distribution function. Notice that F (X, .:,) < U, non SO
that its value is given by (see Theorem 7.2.3)

’
Vi
EF Xr:m:n = EUr:m:n =1- T > 15 r=<m.
(Xrimzn) ,»UIHVJ

Hence, applying the quantile function of the baseline distribution, a simpler equation
may result. For the three-parameter Weibull distribution

F(t)zl—exp{—('_T")ﬁ}, t>p,
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this leads to the alternative equations
= 1/
p=x—(=0log(l — EUpm)) ", refl,...om.

The three-parameter gamma distribution has been addressed by Cohen and
Norgaard [274]. Basak et al. [179] apply this approach for a three-parameter
log-normal distribution (see also Cohen [271]). For the three-parameter inverse
Gaussian distribution, we refer to Cohen and Whitten [277].

12.9.2 Approximate Maximum Likelihood Estimation

Approximate maximum likelihood estimators (AMLE) are calculated by expanding
parts of the likelihood equations in Taylor series so that the resulting equations are
simple functions of the unknown parameters (see Balakrishnan and Varadan [127]).
The AMLE method often yields explicit estimators which is advantageous over the
MLE method. Moreover, the AMLEs may be used as initial values for the iterative
solution of the likelihood equations to compute the MLEs.

As an example, we present the method for the two-parameter extreme value
distribution as presented in Balakrishnan et al. [136] and for the Weibull distribution
as applied in Balasooriya et al. [163]. Notice that the approaches are slightly
different.

Extreme Value Distribution

First, the partial derivatives of the log-likelihood function are given by

—(u 9) =~ Z(R +1e¥l,
= N (12.46)
—(w‘/‘) ﬁZs, Z(Rj+1)é‘je§’a
j=1

where §; = (x; —u)/9¥, 1 < j < m. Now, we denote by v,,,., = 1 — ]'[;:l %
J
the mean of the rth uniform progressively Type-II censored order statistic Uy,

and expand i (§;) = ef/ around v j:m:n in @ Taylor series of order 1 to get

h(gj) = h(vj:m:n) + (gj - Uj:m:n)h/(vj:m:n)'
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Hence, we get
eé,/' = a;j + ﬂj%‘]

where o; = e" (1 — Vjupy) and B; = €Y, 1 < j < m. This yields the
approximations of (12.46) as

9¢ .om 1 I ©
@(Hs W) = 513 ;(Rj + Daj + Ky ]Z=:1(Rj +1Bj& =0,

0L i 1 « | — 1
ﬁ(“’ﬁ):_%_ﬁz% +§Z(RJ‘ + Dajé; +§Z(Rj + 1)B,é; =0.

j=1 j=1 j=1
(12.47)
which is a system of linear and quadratic equations in p and ¢. First, we get
w=K+ L9
with K = ZA®AVBY g p o Dic®dbom g o ihe unique positive

YT (R;+DB;
solution of the quadratic equation

YT (Rj+1B;

mo?>— A9 —B =0

with A = Z'};l[(Rj—l-l)aj—l](xj—K) and B = Z;ZI(R,'—H),Bj(xj—K)Z > 0.
Hence, we get the AMLEs as

—~ ~ ~ 1
wame = K + LY amie,  PamLe = %<A + VA2 + 4mB). (12.48)

For a Type-II censored sample, i.e., Z = 0, the AMLEs derived by Balakrishnan
and Varadan [127] result.

Weibull Distribution

Balasooriya et al. [163] have established approximate MLEs for a Weibull distri-
bution parametrized as Weibull(o#, 8). Transforming the distribution to an extreme
value distribution, log-lifetimes are used in the analysis. Thus, the log-likelihood
function is given by (12.46) with §; = (x; —p)/¢, j = 1,...,m, where u = logo
and ¥ = 1/B. Denoting by t;:m:n, j = 1,...,m, the moments of progressively
Type-II censored order statistics from a standard extreme value distribution given
in (7.16), Balasooriya et al. [163] expand the exponential function around 4y
in a Taylor series of order 1. Since the approximation proceeds only by a different
expansion point, this yields similar approximated likelihood equations as in (12.47),
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where now o; = e (1 — [jm:y) and B; = etimn 1 < j < m. Hence, the
estimators 71, ¥ have the same form as in (12.48). Transforming back to the Weibull

distribution, this yields the estimators Gam e = e and EAMLE =1/ 5
Using arguments of Balakrishnan and Varadan [127], Balasooriya et al. [163]
proposed approximate bias-corrected estimators of I, 0 as
I
Me = U — aﬁs l9C = 5

with some constants a and b. The resulting estimators for the Weibull distribution
are given by

~ ~ 1
Oamie = €, Bamie = = (12.49)
c

Example 12.9.1. As mentioned in Example 12.2.3, Viveros and Balakrishnan
[875] computed the MLEs E = 0.975 and & = 9.226 for Nelson's progressively
Type-Il censored data 1.1.4. For the estimators given in (12.49), Balasooriya
et al. [163] obtained the scale estimate 9.107 (9.806 with bias correction) and
the shape estimate 0.973 (1.013 with bias correction).

Balasooriya et al. [163] presented also Monte Carlo experiments to study the
finite-sample properties of the AMLEs.

Other Distributions

Lin et al. [603] considered approximate maximum likelihood estimates for a three-
parameter log-gamma distribution with density function

_ IBﬂ—l/z
f) = X0

based on a progressively Type-II censored sample. This parametrization includes the
location—scale family of the extreme value distribution for § = 1. They extended
the results of Balakrishnan and Chan [90,91] for Type-II censored data. Some other
distributions that have been studied are logistic distributions (see Balakrishnan and
Kannan [104]), half-logistic distributions (see Balakrishnan and Asgharzadeh [87]
and Kim and Han [530]), Gaussian distributions (see Balakrishnan et al. [134]),
generalized half-normal distributions as in (12.44) (see Ahmadi et al. [19]), bivariate
normal distributions (see Balakrishnan and Kim [107]), and Type-II generalized
logistic distributions (see Balakrishnan and Hossain [100]).

exp{ﬁ%—ﬂexp(%)}, teR,f>0,0>0uck,



308 12 Maximum Likelihood Estimation in Progressive Type-II Censoring
12.10 M -Estimation

Given progressively Type-II censored data Xi.,., ..., Xmum:n Wwith realizations
X1,...,Xm, Basak and Balakrishnan [174] discussed the robust estimation of a
location parameter. According to (12.2), the likelihood equation reads, with the
notation p; (+; 0) = log fp and p,(-; 0) = log Fy,

> pi(xj:0) + > Riph(x;:6) = 0. (12.50)

Jj=1 Jj=1

Since MLEs are sensitive to outliers in the data, the derivatives p}, j = 1,2, are
replaced by appropriately chosen functions v, and v, in robust M -estimation as
proposed by Huber [464] (see also Huber [465]). Hence, we have to solve the
equation

m

D Yi(x0) + ) Riva(x;:0) =0 (12.51)

Jj=1 =1

instead of (12.50). Noticing that pj(x;60) = E(pj(X:0)|X > x), Basak and
Balakrishnan [174] considered a class of robust M -estimators obtained from (12.51)
with v, given by ¥ (x;60) = E(¢1(X;0)|X > x). The resulting estimators are
called James-type M -estimators (see James [478]).

In order to establish an expression for the influence function, Basak and
Balakrishnan [174] considered a block censoring model as described by Hofmann
et al. [444] with Ry = 0 and censoring scheme

T = (0*F1 R, 0°F2 Ry, ... .0"Fn R,)

(see also Sect. 3.4.6). By similarity with (3.19), we use the following notation of
Basak and Balakrishnan [174]:

() pf = limy o0 8, g = limysoo 45,0 = 1,...,m,
(i) p; denotes the (asymptotic) proportion of uncensored observations up to step
i,i=1,...,m,

(iii) £, = F (p) denotes the pth quantile of F, p € (0, 1).

Then, Basak and Balakrishnan [174] found the following representation of the
influence function IF(-; T, F) of T(F) which denotes the functional form of the
M -estimator

N(x:;T, F)

|F(X,T, F): m,
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where

— i

N T, F) = ¢NXTW»@(w%Wﬂ+§: L%&$Kﬂ)

+ Y qiva(Ey T(F)).

i=1

Epl
Di(xiT, F) = /_ VI T(F)AF()

pol q'l Pitl /
+Z . /é_ VI, T(F)AF(y)

+ > qivs(Ep T(F)).
i=1
If the estimator is Fisher consistent for ' = Fp, the influence function reads

N(x: T, Fy)

IF(x; T, Fp) = DT, Fy)

with N(x; T, Fy) as above (replace T'(F) by 6) and
EP] ’
Dawi T ) = [ 0.0 A0 )

1 — po; —qei [5ri
+ Z - /E Y. 0)dFa(y)
! Pi

+ Y iV (Ep: ),

i=1

where Ag(y) = 2 log fo(y) = %2,
Applying Theorem 2.6 of Huber [465, pp. 54], Basak and Balakrishnan [174]

obtained results for the breakdown point of T'(F, v, ¥) in the location case.
Supposing that v; is increasing and takes values of both signs, the breakdown point
is given by

—1(—00) V1(00) pem + Y2(00) (1 — Pom)}
Y1(00) — Y1 (—00)’ Y1 (00) — Y1 (—00) '

min {
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For James-type M -estimators of location, the breakdown point simplifies to

min{—; (—00), ¥ (c0)}
Yi(00) = Yi(=o0)

The gross-error sensitivity yr = sup, [IF(x; T, F)| serves as a measure of
robustness. The most robust estimator minimizes yr. For a location parameter, this
leads to the median, 9 = med(F). For Type-II right censored data, Akritas et al.
[25] proved that the most robust estimator results from the choice v/ (x) = sgn(x)
and ¥ (x) = 1. If the proportion of uncensored observations exceeds 0.5, the
most robust estimator is the median, too. For progressive censoring, Basak and
Balakrishnan [174] stated that, given p} = --- = py, the most robust estimator
is obtained from the choice v/ (x) = sgn(x) and v} (x) = 0. For some i with
Ep < 0 < &y, the most robust estimator is given by 0= F<(pi).

Assuming a parametric family (Fp)gco With some regularity conditions imposed
on fp and ©, Basak and Balakrishnan [174] discussed optimal robust estimation for
two choices of Y -functions. They obtained results for the optimal choice of these
functions which lead to optimal robust estimators solving (12.51). The results were
illustrated by modifying Nelson’s insulating fluid data 1.1.4.

12.11 Order Restricted Inference

Bhattacharya [198] and Beutner and Kamps [195] have considered order restricted
inference in the k-sample case with censored data. Bhattacharya [198] discussed
general progressive censoring from two-parameter exponential distributions,
whereas Beutner and Kamps [195] addressed sequential order statistics from
location—scale families with cumulative distribution function in (12.10). Notice
that d =1id, i.e., d(t) = t,t € R, leads to exponential distributions.

Suppose we have k independent samples X fgl":mimi, X ﬁi:mi:ni of progres-
sively Type-Il censored order statistics with censoring schemes %;, baseline
cumulative distribution function as in (12.10) with parameters (u;, %;), 1 <i < k.
Then, from the independence assumption and (12.11), the (unrestricted) MLEs of

(i, %) 1<i<k are given by

. . ~ 1 . .
Mi = d(Xi;gil:mi:ni)’ i = % Z Vi (%l) I:d(XfZ;!:mi:ni) - d(X?;_l:m":"")] ’
=2
1<i<k. (1252

Then, adapting the result of Beutner and Kamps [195] to the setting of progressively
Type-II censored order statistics, we get the following result. It follows from the
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representation in (12.52) and, as pointed out by Beutner and Kamps [195], from
the MLEs under order restrictions of exponential parameters as presented in Barlow
etal. [170, pp. 45].

Theorem 12.11.1. Subject to the constraint ¢#; < --- < ¥, the MLEs of
(i, %) 1<i<k are given by

' ~

DIy

¥, = max min 7
I<v<ii<i<k .
SSS Y m,

)

Li=dX7Z ), 1<i<k.

i;1:m;:n;

For general progressive censoring with samples X;‘j;fl'_+2:mi:ni, cees Xt%u:m; o Ti
2 <m;, 1 <i <k,the MLES result from Remark 12.1.9 as
~ 72 -~ ri
i=dX% . ) +0log (1 - —),
sh AT R ] ml
5=l S e [ax d(x 1<i<k (12
i = Z Z )/]( l)[ ( i;j;mi:ni)_ ( i;j—l;mi;ni):l P =1 =K. ( 53)

j=ri+2

As in Theorem 12.11.1, the MLEs of (¢;)1<i <t under order restriction ¢, < -.- <
¥ are now given by

' —~
~ . 2 j=(my =10,
¥; = max min 7

I<v<ii<t<k Zj:v(mj _ rj)

The MLEs 71; of the location parameters u; result by replacing 3,- by 5,< in (12.53),
1 < i < k. Finally, Beutner and Kamps [195] stated that the MLEs are unique
because they result as a solution of a generalized isotonic regression problem
(see Robertson et al. [755]).

Furthermore, denoting by L(x;, %) the likelihood function, a likelihood ratio
test

SUPyY, =...= Ly, ?e)
SUPy, <..<g, L(Mg, T i)

T = —log

has been proposed to test the hypothesis
Hojls’l:-..:l?k
versus the alternative

H 0y <---<¥ and?¥; < ¥;4 forsomei € {1,...,k—1}.
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It turns out that, under some regularity conditions, the asymptotic distribution of T
(form; —r; = 00,1 <i < k) is a mixture of Xz-distributions. For details, we refer
to Bhattacharya [198] and Beutner and Kamps [195]. Furthermore, Bhattacharya
[198] illustrated the approach by simulation results. The method is applied to
survival data of patients with squamous carcinoma of the oropharynx taken from
Kalbfleisch and Prentice [490].



Chapter 13
Point Estimation in Progressive Type-I
Censoring

Progressive Type-1 censoring poses some problems in developing both exact
distribution theory and exact inferential procedures. This is mainly due to the
random nature of the failures occurring within each time interval [T;—;, T¢], which
allow for both a termination of the life test before the final censoring time T}
and no observation. Nevertheless, it has been noticed by many authors that the
likelihood function deduced from the density function given in (4.7) yields explicit
representations for the maximum likelihood estimates conditionally on the event
that at least one failure has been observed. Despite this, exact inferential analysis
of the estimators is available only in the case of an exponential distribution
(see Balakrishnan et al. [150]). Thus, most of the available inferential analysis
for progressively Type-I censored data is approximation based and numerical in
nature. Inferential results for various distributions have been obtained by Cohen
[267, 269, 270, 271, 272], Ringer and Sprinkle [754], Wingo [898, 901], Cohen
and Norgaard [274], Nelson [676], Gibbons and Vance [403], Cohen and Whitten
[277], Balakrishnan and Cohen [92], and Wong [902]. We shall discuss maximum
likelihood inference for several distributions important in lifetime modeling. The
inference is carried out, given that De; > 1, ensuring that one failure has
been observed in the progressively censored experiment. We consider a family
of absolutely continuous lifetime distributions given by a cumulative distribution
function Fyp with density function fy, § € @ C R?, for some p € N. From (4.7)
and (4.8), we get the likelihood function

m k
L@x,d) = C; [ [ foCe) [ 11 = Fo(T]", (13.1)

i=1 i=1

where X = (x1,...,x,),d = (d1,...,dy) € D withm = dey > 1, and Z =
(Ri1, ..., Ry) is the effectively applied censoring scheme.

Notice that the likelihood function in (13.1) has the same structure as the likeli-
hood function (12.1) in the case of progressive Type-II censoring. The expressions
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differ only by the normalizing constant (which does not depend on the parameter
and, thus, is not relevant for the maximization) and the argument of the cumulative
distribution function Fy. Here, the random censoring times x; are replaced by the
prefixed censoring times 7;. Therefore, the resulting expressions for the likelihood
equations and, thus, for the MLEs are quite similar. However, the distributions of
the resulting estimators are different and much more complicated in the case of
progressive Type-I censoring.

13.1 Exponential Distribution

Maximum likelihood estimation for exponential progressively Type-1 censored
order statistics is discussed in Cohen [267], Nelson [676, pp. 317], Cohen [272,
pp- 128], Balakrishnan and Aggarwala [86, pp. 122], Balakrishnan et al. [150],
and Cramer and Tamm [306]. Subsequently, we present results for both scale and
location—scale models. Throughout, we assume that 77 < --- < Tj and that
the initially planned censoring scheme is given by #° = (R},...,RY_)) with
n> R(.)k_ - The notation is as introduced in Chap. 4.

13.1.1 One-Parameter Exponential Distribution

Suppose the underlying random variables are distributed according to an Exp(%)-
distribution, ¢+ > 0. Then, the likelihood function reads

k dej

L(ﬂ|x,d):§—;exp{—%2[ 3 xi+RjTj]}, (13.2)

J=1"i=de;j_1+1
where deg = 0. The log-likelihood function is given by

k dcj
1
E(ﬁlx,d):const—mlogﬁ——Z[ Z X; +RjTj] (13.3)
j=1 i=dej—1+1

showing that the MLE of ¢ does not exist for m = det = 0. In this case, £ is
a strictly increasing function. For m > 1, a maximization w.r.t. > 0 yields the
maximum likelihood estimator

k dej k
~ 1 1
ﬁMLE:EZ[ Z xi+RjTj:|:EZUj (13.4)
=1 i=dej—1+1 j=1
where U; = Z;j;jd.jil_H(xi—Tj_l)-i-(l’l—d.j—R.j_l)Aj, A; =T;—T;—,isthe

total time on test in the jthinterval, 1 < j <k, Ty = 0. Notice that the effectively
applied censoring plan # = (Ry,..., Ri), and not the initially planned censoring
scheme %", is used in the estimate. The particular case of Type-I censoring (k = 1)
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has been considered by Epstein [353]. Cohen [267] established an estimate for the
asymptotic variance of the MLE via the observed Fisher information:

—1
19=I9MLE)

A simple calculation shows that VAar(ﬂMLE) = 9%, g/m.

920(9)
992

o @) = (—

Example 13.1.1. Based on the failure data of diesel engine fans given in
Data B.2.1, the question of an 8, 000-hour warranty is addressed (see also Cohen
[272]). We are interested in the estimation of the mean time to failure. The data
possess m = 12 observed failure times and 58 units censored at k = 27 censoring
times. Assuming an Exp(1})-distribution, the MLE of ¢ has the value

344 440
12

Then, the maximum likelihood estimate of the cumulative distribution function
at x = 8000 is given by

DLe = — 28703.3 hours.

P;,;MLE (X <8000) =0.2787,

showing that we can expect about 27.9 % of the fans to fail within the warranty
period.

Using the decomposition (13.4), Balakrishnan et al. [150] established the
conditional density function of 9 yLg, given De; > 1.

Theorem 13.1.2. The conditional density function of 5M|_E, given Doy > 1, is
given by

N d d
fﬁMLE\D.kZI(x) — Xn: Z 21: Xk: Cﬁ,} y (x — Tapm, %) ,x €R,

m=1d€®,, vi=0 v =0

where

k
1
Tay = D (n—dei = Rei—y + vi) A

i=1

(_1)25‘:1 vi

- 1 —exp (_Zf‘c:llaRiTi)

y { E[ ( o R) (d)§ exp |~ 10}

Dn ={deD :de =m},

and y(-;a, A) denotes the density function of a gamma distribution I'(«, 1) (see
(A.L.7)).
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Theorem 13.1.2 reveals that the conditional distribution of ¥y g, given Dy > 1,
is a generalized mixture of gamma distributions. This allows for explicit expressions
for conditional moments.

Corollary 13.1.3. The conditional expectation and conditional variance of ﬁMLE
are given by

E@wmie| Dok = 1) = O + b(Omie)

\

and

Var(ﬁMLE|D-k >1) = MSE@MLE) - bz@MLE),

where

d

n di
bOwme) =Y Y Y > Cllran,

m=1d€®,, vi=0 V=0

dy di

o~ " 2
MSE@me) = Y > Y Y. Ci) (% + riv)

m=1d€®,, vi=0 V=0
are bias and mean squared error.

From the generalized mixture representation, an expression for the conditional
survival function Py (FmLe > x| Dex > 1) can be directly obtained as

Py(Omie > x|Deg > 1)

- S O T TR T C )
=D IDID IR S LG R L Sl T

m=1d€®,, vi=0 V=0 i=1

for x > 74,. Notice that the occurring gamma distributions are Erlang distributions
and, thus, their survival function has an explicit sum representation. It will be used
to construct conditional confidence intervals. The method is applied to Data B.2.2
(see Balakrishnan et al. [150, pp. 349]).

Example 13.1.4. For the data given in Table B.2, the MLE of 9 is given by
U'mLe = 10.861. Using this result, the estimated values of the bias, standard
error, and mean squared error of ¥ are obtained as

b wie) = 0.946, Var(FmLe) = 24.108, and MSE(DmLe) = 25.004,

respectively. The estimated asymptotic variance is given by 14.746. For the data
given in Table B.3, we get the estimates ¥y e = 11.497,

b mLe) = 0.633, Var(Fmie) = 20.027, and MSE(FmLe) = 19.626.
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The estimated asymptotic variance is given by 14.686. Notice that the estimated
asymptotic variance is considerably smaller in both cases so that it underestimates
the variation.

13.1.2 Two-Parameter Exponential Distribution

Now, we turn to the two-parameter case Exp(u,¥) which is considered, e.g., in
Cohen [272, pp. 128] and Cohen and Whitten [277, pp. 110]. It has to be noted
that the maximum likelihood estimator of ¢ presented in Cramer and Tamm [306]
differs from their expression in some cases. It was overlooked in the earlier papers
that the first failure may occur after the first censoring time 7;. Therefore, the
first observation may be larger than 77 which leads to a change in the likelihood
function. We assume that & and ¥ are unknown and have to be estimated. In the
two-parameter exponential distribution, the location parameter causes the support
to depend on p (see Definition A.1.5) so that the corresponding survival function is
given by

Ti—p
expl——— ), <T; T —
1—F,5(Ty) = P( 9 ) pw =1 — exp (_%)
1, u>T;

Hence, the likelihood function is given by

m k
c Xi — Ri[T; —
L(Ms 19) - 19‘_’; exp <_ 19‘ M - Z %) ]]-(—OO,Xl](,LL)-

i=1 i=1

Conditional on m > 1, the maximum likelihood estimates need not exist in any
case. For instance, given m = 1, it is possible that either the likelihood function is
unbounded or unique maximum likelihood estimators for . and ¢ exist. For details,
we refer to Cramer and Tamm [306]. Assuming m > 2 and that x, > x;, both MLEs
exist. Then, for any § > 0, the term

k
- Xi =] Ri[T; — pl+
D D

i=1 i=1

is increasing in @ < x;. Therefore, the upper bound

m k
L9) = ST exp (—g{ > i —x) + YO RIT - x11+})
i=2

i=1
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of L(u, ¥) results which is attained for = x; only. Hence, the MLEs of u and ¢
are given by

~ R, T
UMLE = X{:p7ep

M k

—~ 1 1

UmLE = M 2 :(XtﬂMTn - Xi@MTn) + M § :R’[Tl - Xi@MTn]‘F
—

i=1

The MLE for ¢ differs from that presented by Cohen [272] and Cohen and Whitten
[277]

M k

. 1 BT &T 1 R.T

o :H § (Xi:M:n_XI:M:n)+ﬁ§ :Ri(Ti_XVMW)
i=2

i=1

when the first observation exceeds the first censoring time 7. Cramer and Tamm
[306] illustrated this effect by a data set presented in Wingo [901], where the first
censoring time precedes the first observation (see Data B.2.4).

Example 13.1.5. Using Data B.2.4, we get the location estimate lmLe =
0.529. The corresponding estimates for the scale parameter are 5M|_E = 0.333
and * = 0.262. The latter estimate leads to a smaller value since it incorporates
the censoring times T} and T,. The estimated pain relief times are 0.862 and
0.791, respectively. Notice that Wingo [901] fitted a Burr-XII model to this data.
He obtained an estimated mean pain relief time of 0.836 which is quite close
to the maximum likelihood estimate based on the two-parameter exponential
distribution.

Remark 13.1.6. The MLE 5MLE includes only these censoring times which
exceed the first observed failure time. This is quite natural in the sense that
the left endpoint of the support is estimated by X;4! ~and, thus, values less
than Xi@:?MT:n do not contain valuable information.

Similar problems arise for other distributions having a finite left endpoint of
support. This includes, e.g., three-parameter Weibull distributions (see Cohen
[270]), three-parameter log-normal distributions (see Cohen [271]), and three-
parameter gamma distributions (see Cohen and Norgaard [274]). In these studies,
the problem has not been taken into account, too.

Cramer and Tamm [306] mentioned that the MLEs of both the location and scale
parameter are biased which has also been frequently observed in similar settings
(see Cohen [273]). They illustrated this observation by a simulation study and
proposed the bias-adjusted MLEs

M k
Dot = 37— D X — XTS5 + i D RIT; = X511+
i=2 j=1

- _var 1=z
Hag = Xy =~ Vadis
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which seem to provide better estimates especially in small samples. More details as
well as details on density estimates can be found in Cramer and Tamm [306].

13.1.3 Modified Moment Estimation

Cohen [272, pp. 130] proposed modified maximum likelihood estimators for the
Exp(u, ¥)-model. He introduced an additional equation

L2
E(X1:n) = x1  or,equivalently, u=x;3 ——
n

which obviously makes sense only when the minimum of the data is included in the
progressively Type-I censored sample. Therefore, we assume for this section that
the first observation is given by the minimum and that x; < 7). Replacing u by
x| — % in the likelihood equation %E(,u, ¥) = 0 leads to the estimators

~ 27  UMMLE
HUMMLE = X{ppm — et

M k
1
2{:(3?3;; _‘Xﬁ%Zn)_+ M_1 ZE:I%(T}_“Xﬁ%Zn)

i=1 i=1

1
M -1

UMMLE =

Remark 13.1.7. Notice that P(Xy,, > T1) = exp{ — %} > 0 for any
1 € Rand ¥ > 0. In particular, this probability is one for u > T,. Moreover, the
minimum of the sample may be progressively censored with positive probability
so that it is not observed. Suppose that X, > T} and R(l) > 0. Then, the

0
probability of censoring X1, at T is given by %. Therefore, we find that the
probability not to observe X, is positive:

P(Xy., not observed) = P(Xy., censored| Xy, > T1) P (X1, > T1)

%?exp{——n[n;'uh} > 0.

%

On the other hand, assuming that 77 > u, we get lim, o P(X;:, > T7) = 0. For
large samples and an appropriately chosen first censoring time T}, we can proceed
on the assumption that the minimum is observed before the first censoring time.
However, for small samples which are commonly encountered in reliability, the
problem is still present and must not be neglected.

Example 13.1.8. Data B.2.1 is considered with an Exp(u, #)-model (see also
Example 13.1.1). Cohen [272, pp. 136] applied the modified maximum likelihood
estimates to obtain

AmmLe = 43.6  and ,l;MMLE = 28449.
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Now, we get an estimate for a failure within the 8,000-hour warranty period of
Pumie = 0.244. Using the MLEs, we get

AMLE = 450, Fwie = 26078, and Pwuie = 0.251.

13.2 Weibull Distributions

Maximum likelihood estimation for two-parameter Weibull distributions with pro-
gressively Type-I censored data has been considered in Cohen [268,269], Gibbons
and Vance [403], Cohen [272, pp. 88], and Balakrishnan and Aggarwala [86,
pp. 125]. Explicit expressions for the MLEs are not available and the estimates
have to be computed by numerical procedures. Balakrishnan and Kateri [105] have
established the existence and uniqueness of the MLEs. Three-parameter Weibull
distributions are considered in Cohen [270], Wingo [898], and Lemon [583].

We consider the Weibull(, §)-distribution as defined in Definition A.1.6. For
a progressively Type-I censored sample X ?MT:H, cees XA%L:” with observations
X1, ..., Xm, the log-likelihood function is given by

£®, B) = log C;+mlog f— mlogﬂ—i—(ﬂ—l)Zlogx, ﬂZx— ZRTﬁ

i=1 i=1 i=1

Differentiating £ w.r.t. ¥ and § results in the likelihood equations

m k
1
—K(z&‘ B)=— + E log x; — E xlﬁ log x; — 5 E R,-T,.ﬁ logT; =0,

9 i=1 i=1 i=1
(13.5a)
9 B_
— 4, 8) = — R;T; 13.5b
55 LB + 3 Zx + =3 ; (13.5b)
A rearrangement of (13.5b) leads to the expression
R 1 m k
V= E(leﬂ + ZR,’T,-ﬁ).
i=1 i=1
Then, equation (13.5a) can be rewritten as
k
. ilogxi _ Xl logwi + Yy RiT logTy 1 (13.6)

mi3 i xzﬁ + Zf'{=1 R; Tiﬂ p

Equation (13.6) has to be solved numerically. Therefore, it is important to know
whether it has a (unique) solution. This result was established by Balakrishnan and
Kateri [105]. This shows that (13.6) can be solved by some numerical procedure
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leading to the desired MLEs. As mentioned before, equation (13.6) is very similar

to the corresponding equation for progressive Type-II censoring given in (12.13).
The asymptotic variance—covariance matrix can be estimated by the inverse of

the observed Fisher information matrix as

-1

.| . B)
Var(B) CoviB.9)) _ 96 5 9 f5 (13.7)
Cov(®,B) Var(®) @B PP ' '
8193,3 57 0192 57

The required second partial derivatives are given by

aﬁzﬁ(z‘} B) = ﬁ———<2xﬂ(logx)2+ZR Tﬂ(logT))

i=1

32
3509 L(v,B) = 52 (’Z;x Ing’+lZ;RT logT)

m k
2
E( B) = —(foJrZR,-T,.ﬂ).
3192 92 i=1 i=1

Remark 13.2.1. Gibbons and Vance [403] have conducted a simulation study
which compares the MLEs with estimators resulting from a graphical procedure
(the so-called least-squares median rank estimators (LSMRE)) described in
Johnson [481]. The mean squared errors were computed for both procedures
and for several sample sizes and proportions of censored units.

Example 13.2.2. We illustrate the approach by Montanari and Cacciari's [655]
XLPE-isolated cable data (see Data B.2.5) who assumed Weibull lifetimes to
analyze the data. Notice that the data have been discussed in Montanari and
Cacciari [655] for a different parametrization of the Weibull distribution. Solving
the likelihood equations yields the estimates

BMLE =3.077, Pwe = 1.802697652- 10°.

The a-quantile of the two-parameter Weibull distribution is glven by & =
[—9 log(1 — &)]!/#, so that the estimated quantile is given by o5 = 903. This
means that we have to expect 50% of the failures within the first 903h of
operation.

Remark 13.2.3. Cohen [270], Wingo [898], and Lemon [583] considered three-
parameter Weibull distributions with a left endpoint of support . As mentioned
above for the two-parameter exponential distribution with location parameter u,
the authors have not taken into account that the minimum may not be observed.
Therefore, their formulas also need to be corrected in this case.
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13.3 Extreme Value Distributions

Cohen [272, pp. 144] considered progressively Type-I censored order statistics
from an extreme value distribution with location and scale parameters yu and 9,
respectively. Since these data can be transformed by an exponential function, i.e.,
Y]‘?MT:H = exp(XfMT:n) , to get progressively Type-I censored order statistics from
a Weibull distribution, the results for the Weibull case can be directly applied. The
MLE:s are given by the solutions of the equations

p= 1910g[ (Ze"l/MZReTr/ﬂ)}

i=l1 i=l1

Z _lexl/ﬁx +Z ReTl/ﬁT
X =

i=1 1eV'/ﬁ"'Zi=1RleT’/l9

Notice that the first equation is explicit in u and the second equation has a unique
solution in 9.

Example 13.3.1. The logarithmic failure times of Nelson's progressively Type-I
censored insulating fluid data 1.1.9 are used to illustrate the preceding approach
(see Table 13.1). The effectively applied censoring scheme is given by Z = (2*3).
The transformed censoring times are 77 = 1.09861, T, = 2. 19722 and T3 =
2.89037. The resulting estimates are glven by 11 m= 2.20241, ¥ = 1.07550. The

estimated mean lifetime is given by et - ra+ 19) = 9.35717.

13.4 Normal Distribution

For a location—scale model from a normal distribution, Cohen [267] derived maxi-
mum likelihood estimators (see also Cohen [272], Nelson [676], and Balakrishnan
and Aggarwala [86]). Denoting by ¢ and @ the density function and the cumulative
distribution function of the standard normal distribution, respectively, the resulting
partial derivatives of the log-likelihood function are

—1.66073 —0.24846 —0.04082 0.27003 1.02245 1.15057 1.42311
1.54116 1.57898 1.87180 1.99470 2.11263 2.48989

Table 13.1 Logarithmic values of Nelson’s progressively Type-I censored insulating fluid
data 1.1.9
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ad m[x—
@Z(u,ﬁ):5< +Z )

i=l1

s?+ (-’
P

i=1

9
— 0, O
5 (n, ) =

c:oS

where §; = T"l,%" and h; = h(§) = 11025@1-)’ 1 < i < k. The corresponding
likelihood equations are given by

k R
X = “_ﬁzﬁh” (13.82)
i=1
k

IS S LTI 0 ST NERIE
- m 1 244 m 1 ’ .

i=1 i=1

where ¥ = 13" x; and s> = 13" (x; — X)* denote the sample mean and
sample variance, respectively. Equations (13.8a) and (13.8b) can only be solved
numerically (e.g., by a Newton—Raphson procedure; see Cohen [267]). Notice that
the likelihood equations for progressive Type-II censored data are similar. The
censoring times 7; have to be replaced by the corresponding failure times x; at
which progressive censoring takes place.

The asymptotic variance—covariance matrix can be estimated by the inverse
observed Fisher information matrix [see (13.7)]. The required partial derivatives
of the log-likelihood function are given by

i- ;zw

i=l1

02 m | 2(x —
auwz(u,ﬂ)z—p[ ZR (ki —h }

l—l

32
8_,u2€(’u’ ) =-

%IE

2

m | _s*4+ (x—p)? 1 &
gt 0) =~ [3— — 14— > R (2hi& — Exi) |-

92
i=1

where k; = h,‘(%‘i — ]’l,‘), 1<i<k.
Log-normal distributions are investigated in Gajjar and Khatri [387].
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13.5 Burr-XII Distribution

Burr-XII distributions are sometimes proposed as an alternative to normal, log-
normal, gamma, logistic, and exponential distributions since the shapes of these
densities are qualitatively depicted by those of Burr-XII density functions. For
a, B > 0, these are given by

o tot—l
Jap(t) = s 0 (13.9)
The corresponding cumulative distribution function is given by F,p(t) = 1 —

(1% + 1)V 1 (g00)(t), t € R. Details on Burr-XII distributions are presented in
Tadikamalla [830]. Further comments can be found in, e.g., Wingo [899], Gupta
et al. [424], and Jalali and Watkins [476].

Progressively Type-I censored data from Burr-XII distributions has been
addressed by Wingo [901]. The resulting log-likelihood function is given by

Lo, B) =1logC; + mloga —mlogp + (o — 1)Zlogxi

i=1

— ) log(xf + 1) — 8(7“) (13.10)

i=1

where §(cr) = Y7 log(x¢ + 1) + Yb_, R; log(T¥ + 1).
For given «, the MLE of f is given by = %8 (). Using the inequality logt <
t — 1,1 > 0, this can be easily seen from the bound

La,B) <logC;—m +m10ga—mlog73\+((x—l)210gxi —Zlog(xf‘+1)

i=1 i=1

={(e), (13.11)

which is valid for any § > 0. Equality holds iff 8 = E

Supposing that B is known, the log-likelihood function given in (13.10) has
to be maximized w.r.t. @. Noticing that log(x® + 1) is strictly concave in o, we
conclude that §(«) and £(«, B) are strictly concave functions in «. This proves that
the log-likelihood function has at most one global maximum. Now, it is sufficient to
prove that the log-likelihood is bounded from above and the maximum is attained.
Obviously, limy—0 £(«, B) = —oo. Consider the sets

Xo ={ilx;>1,ie{l,....,m}}, Xo={ilxi<l,ie{l,...,m}},
T ={i|T; > 1,R; >0,i €{l,...,k}},
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and suppose that X. U X U 7= # 0. Now, we prove that the log-likelihood
function is strictly decreasing for sufficiently large o. With g;(o) = ttwliglt, the
partial derivative is given by

%6(0{,,3) =% + Zlogx,- - (1 + %)ng,.(a) — ZR,-gT,.(a).

i=l1 i=1 i=1

Since limy 00 g1 (@) = 1(1,00)(), We arrive at

. 1
all)ngoﬁ(a,ﬂ) = Z log x; — E Z log x; — Z RilogT;.

i€X iEXS i€Ts

From the assumption X~ U X- U 7= # @, we conclude that this limit is negative.
Notice that P(A> UX. = @) = P(X,'%MTH = 1 for any i) = 0 because the Burr-XII
distribution is continuous.

In the case of unknown parameters o and 8, Wingo [901] has shown that £ in
(13.11) has a unique global maximum for & € (0, 00) provided that X. # @.
The solution @ can be derived by solving the equation %E(a} = 0, a > 0. The

estimate for B is given by E = §(a). Details on the proof can also be found in
Gupta et al. [424] and Jalali and Watkins [476]. Wang and Cheng [886] proposed
an EM-algorithm to compute the estimates. Moreover, they conducted a simulation
study comparing the performance of the Newton—Raphson procedure and the EM-
algorithm. They recommended to use the EM-algorithm to compute the MLEs since
it is better than the Newton—Raphson method in terms of bias and root mean squared
error.

Example 13.5.1. For Wingo's pain relief data B.2.4, we get the estimates
@ = 6.560 and B = 2.597. Using that the expectation of a Burr-XlI distribution
is given by %W an estimate of the mean pain relief time is obtained
as 0.836.

13.6 Logistic Distributions

Logistic distributions from a location—scale family with standard member F(¢) =
(1 + e, ¢t € R, are investigated in Gajjar and Khatri [387]. The resulting
likelihood equations are closely connected to those in Type-II progressive censoring
as presented in Sect. 12.7.5.



Chapter 14
Progressive Hybrid and Adaptive Censoring
and Related Inference

Type-I hybrid censoring was originally proposed by Epstein [352], while that of
Type-II hybrid censoring was introduced by Childs et al. [259]. Barlow et al. [169]
called this sampling procedure truncated sampling. According to the constructions
illustrated in detail in Sect. 1.1.3, the number of observations is random. In
particular, it is possible to have fewer than m observations in case of Type-I hybrid
censoring, whereas in the case of Type-II hybrid censoring, we will have at least m
observations. Thus, in Type-I hybrid censoring, we are faced with the problem of
no observations so that results are normally formulated conditionally on the number
D of observed failures.

Type-I hybrid censoring has been used in designing reliability acceptance tests
(see MIL-STD-781-C [648]). Many attempts have been made to find the exact
distribution of the MLEs in the case of exponential populations. Here, we only
sketch the developments in this regard. For a detailed review, we refer to the recent
survey paper by Balakrishnan and Kundu [108]. For Type-I hybrid censoring, Chen
and Bhattacharyya [249] employed the method of conditional moment generating
function to derive the density function of the MLE of ¥ in the scale model. The
same approach has been utilized to simplify this expression of the density function
by Childs et al. [259]. Childs et al. [260] as well as Kundu and Joarder [561] have
utilized the same method for Type-I progressive hybrid censoring (for the two-
parameter exponential, see Childs et al. [261]). Cramer and Balakrishnan [292]
have used a spacings approach leading to more compact forms of the density
functions. Similar results for Type-II (progressive) hybrid censored data have been
established in Childs et al. [259], Childs et al. [260], Ganguly et al. [392], and
Cramer et al. [315].

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 327
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_14,
© Springer Science+Business Media New York 2014
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14.1 Likelihood Inference for Type-I Progressive Hybrid
Censored Data

Given X", ... X with m > 2 and D as in (2.40), the data (x;, T*""~9) has
been observed, where x; < --- < x4 < T and D = d. Then, with (5.2), it follows
that the joint distribution of X l(l), . ¢ ,(,,I ) and D has a density function fo(d) w.I.t.
the measure 1¢ ® ®’]";f er. This is given by

£3(a) = Ca(U= Fy(T)/ 0 f754 g (K, X <o S < T.4
(14.1)

14.1.1 Likelihood Inference for Two-Parameter Exponential
Distributions

For an Exp(u, ¢)-distribution and a random sample Z fl), 2z ,SP, D, the likelihood
function (14.1) can be written as

d d
L2 = = el LTS Ry 40 = 4+ v =]

j=1

p=zn=--=<zg=T. (142

Location Parameter Known

For brevity, let & = 0. Then, as shown in Childs et al. [260], the MLE of ¥} exists
provided D > 0 and is given by

D
S_ 1 (O0) 1
ﬂ:B[jZ::lyj(Zj _Zj_1)+yd+lT:|:BSDs

where Sp is the total time on test statistic. Then, by following the lines of

Theorem 5.1.4, we readily obtain the following distributional result for ¥ in this
case:

~ 1 m —~
19|DZIZ — ¥ D=d NOP(D =d
FARSNO —P(Dzl)d;f (OP(D =d)
m d d
_ 1 T —di)®
_l—e——"md 1[' lyj]de—l(dt|Vd+lT~--’VIT)e ,
-1 j=

t>0. (14.3)
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Notice that, by definition, y,,+; = 0. Due to the properties of the B-splines, the
support of P?IP=1 ig given by the union

m

T T
U [”d“ ”; ]c 0,17, (14.4)
which may have gaps depending on yy, ..., V.
For order statistics, we observe Z f 3,, s Ly, (I) so that (14.3) reads as
m—1 n—
£ = ——7( ( ) — Byy(dt|(n —d)T,....nT)e "/’
d=1

—1\71™
* (:1 _ 1)ﬁ—mBm—1(mt|0, (n—m+ 1)T,...,nT)e—mf/ﬁ), t>0.

For n = m, this expression simplifies to

£t = < _an< ) Byoi(dt|(n — d)T.....nT)e /7,

t>0,

which is the density function of 3, given D > 1, in the case of Type-I censored
data. R

Figure 14.1 gives plots of f?1°=! for T =1,y = 0,and® = landm =n €
{2,3,...,9}. It illustrates that the density function f?!/°Z! is multimodal and that
its support has gaps (see (14.4)). This can also be seen from the fact that S; has
support [% -1, %] in this setting, 1 < d < n. Hence, the supports of S| and Sy,
d > 2, do not overlap for n > 3.

From (5.15), the following expression for the (conditional) mean of the MLE
results:

}’lT‘e_nT/l9 19 Xd
T ey o e T/7y 4 Z d(d o @

(14.5)

EQID>1)=9

Confidence Intervals

Many authors have proposed approaches to construct confidence intervals for .
A standard method to construct exact confidence interval for a parameter ¢ is based

on the property that an estimator ¢ is stochastically increasing in ¥, i.e.,

Py (5 > t) is increasing in 9.
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Fig. 14.1 Plots of f”'DZl (solid line) for T = 1, u = 0,and ¥ = landm =n € {2,3,...
The dashed line represents the density function of ¥ in the uncensored case
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Then, given a1, > 0 with &) + oo = « € (0, 1), this result can be used to
construct exact confidence intervals with level « as follows:

(D Solve the equations
Py(d > o) =i, i =12, (14.6)

for ¢ where ¥ops 1s the observed value of 3;

@ Denote the solutions by ¥ (Fops) and dy (Fobs);

@ [0L(Fopbs), Du(Uops)] is the realization of a 100(1 — @)% confidence interval
for 9.

The method is described in detail in Casella and Berger [239] and may have been
proposed first by Barlow et al. [169] to construct confidence intervals for Type-I
censored data (see also Chen and Bhattacharyya [249]).

However, as pointed out in Balakrishnan et al. [156], the procedure may fail
for Type-I (progressive hybrid) censored data. In such a setting, the equations
(14.6) may have no solution for given values of ¢;. Therefore, the exact confidence
interval does not exist. Balakrishnan et al. [156] presented an extension to overcome
this drawback. But, as a consequence, the resulting confidence intervals may have
infinite width.

Balakrishnan and Iliopoulos [101] have established the stochastic monotonicity
property for the MLE ¥ in the setting of hybrid Type-I censored data. Assuming
that the survival function of 9 has the form

Py(@>1) = Py(D =d)Py( > 1|D = d)
debD

with a finite set D, they proved the following result called Three Monotonicities
Lemma .

Lemma 14.1.1 (Balakrishnan and lliopoulos [101]). Suppose the following
three properties are satisfied:

(M1) For all d € D, the conditional distribution of 5 given D = d, is
stochastically increasing in ¥, i.e., the function Pﬁ(5 > tD =d)is
increasing in ¥ for all t and d € D;

(M2) For all  and & > 0, the conditional distribution of 5 given D = d,
is stochastically decreasing in d, i.e., the function Pg(5 >tlD=4d)is
decreasing in d € D;

(M3) D is stochastically decreasing in .

Then, 9 is stochastically increasing in 9.

However, the monotonicity result for Type-I progressive hybrid censored data
remains an open problem.

Open problem 14.1.2. For Type-l progressive hybrid censoring, the conditional
survival function Py( > t|D > 1) is increasing in ¥ > 0.
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Fig. 14.2 Plots of estimated density functions f) n/l;for the data of Barlow with m = 4 (solid red
line), m = 6 (dashed blue line), m = 8 (dotted green line), and m = 10 (dashed-dotted brown

line)

Under the assumption that Open Problem 14.1.2 is true, Childs et al. [260] used
the above method to construct one- and two-sided confidence intervals.

Example 14.1.3. For illustration, Cramer and Balakrishnan [292] considered
data from Barlow et al. [169] (see also Chen and Bhattacharyya [249] and Childs
et al. [259,261]). The data consist of the first six ordered values 4,9, 11, 18,27, 38
of a Type-| censored sample with termination time 7' = 50. Let m € {4, 6,8, 10}.

Then, the estimates of ¥ are given by

m 4 6 8 10
¥ 37.50 43.17 51.17 68.33

The density estimates are given in Fig. 14.2.

Location Parameter Unknown

First, it can be seen that the MLEs of w and ¥ do not exist when d = 0 (the
likelihood function is a decreasing function in ). But, when d > 0 or equivalently
71 < T, the MLEs of u and ¥ exist. Writing zo = p and using the identity in (5.4),

(14.2) can be rewritten as
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. l_[?=1 Vi 1
L, 052q) = —ga P { - 5[2 Yz —zj—1) + Ya+1 (T —Zd)]},

J=1

p=zn=--=zg=T. (147

The likelihood function in (14.7) is an increasing function in u for any ¢ > 0.
Therefore, it = 7, is the MLE of u, and we get the upper bound
~ 1_[d'=1 Vi 11
L, 9:2q) = ;0_(1 eXP{ - 5[;)/; (zj —zj—1) + ya+1(T — Zd)]}-
Using standard arguments, the MLE of 9 is given by

d

~ 1
b= [ 2@ =20+ yan -z0)],

=2

Notice that 5 is bounded and that 5 = %Vd , with V; as in (5.12). Thus, we get from
Z;I) <T,1<j <d,and(5.4)with u replaced by Zfl) the upper bounds

L<BE<T, 0<¥<

d
T;M(Z(Rj D)+ yan) =T -p,  dz1,
j=2

which establishes that both & and ¥ have finite supports provided D > 1. These
results enable us to derive the distribution function of [, given D > 1.

Theorem 14.1.4. The conditional distribution of [, given D > 1, is a right
truncated Exp(u, 9/n) distribution with truncation point 7' > u. Specifically,

e_n(t_/l“)/l9 — e_n(T_ll')/l9
l—en@=—/9

P(k>tD>1)= p<t<T. (14.8)

Proof. The result follows directly from the observation that the event {D > 1} is
equivalent to {Zy..y < T} = {Z1., < T'}. Then,
P(@>t|D>=1)=P(@>t|Zimn<T)
= P(Zl:m:n > t|Zl:m:n < T)

Fin(T) = Fin(t) _ 070/ —emnT=0)/?
- Fi.n(T) - 1 — e n(T—p)/?

Remark 14.1.5. Notice that, for ¢ > u, the conditional cumulative distribution
function in Theorem 14.1.4 converges to e "=M/? when T — 00, which is the
survival function of the minimum in an IID sample of size n from an Exp(u, ¥)-
distribution.
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Moreover, it should be noted that, given D > 1, the distribution of [ is
absolutely continuous w.r.t. the Lebesgue measure. Since i = T for D = 0, the
unconditional distribution function is given by

P(% < t) = (1 =) pr—w/n () + Lr—p/00) (), tER,

which has a jump of height eT=1/? at (T — p)/9.

The expression in (14.8) is very useful in proving the following monotonicity
result.

Corollary 14.1.6. P, (fi > t|D > 1) is a monotone increasing function of .

Proof. Let u <t < T.From (14.8), we have

—nt/Y __ o—nT/V

e e
e /% _ o—nT/V’°

Pu>1[pz1) =P (555> t_T“\D >1) =

which is an increasing function of . O
Given D > 1, the MLE of ¢ is given by
11 1
o [ [ [
b= [> @ =20+ yon @ - 20| =+ Vo,

Dle~ D

where the sum is defined to be zero when D = 1. The conditional bivariate density
function of I and ¢ can be taken from (5.14) and is given by

nd(T — 2~ 195, v
(d - 1)!ﬂd+1fd+l:m:n(T)

x Bd—2<df|)’d+1<T —Z), e yz(T —z)) exp { - W},

ufsz,Oftf%(T—,u).

S =

Expressions for f?1°Z! can be obtained from this expression by integrating w.r.t.
z and the following procedure as the one used in the case of a known location
parameter.

14.1.2 Other Distributions

Inference for distributions other than exponential has also been addressed in the
literature. For instance, Lin et al. [607] and Mokhtari et al. [654] considered Weibull
lifetimes. They discussed maximum likelihood estimation as well as approximate
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maximum likelihood estimation (see Balakrishnan and Varadan [127]). Mokhtari
et al. [654] addressed additionally Bayesian inference. For Maxwell distributions,
we refer to Tomer and Panwar [848].

14.2 Likelihood Inference for Type-II Progressive Hybrid
Censored Data

Given X" ..., x{" and D as in (5.18) and (2.40) with realizations x. . . ., x; and
d, the likelihood function is given by

]rf?.,dld:n;o (Xd)s d >m + Rm
L(o;Xdy d) = flt?.,d+1:d+l:n;0(xds T), m<d<m+ R, -
ﬁ?.,m:m:n;o (Xm), d<m

14.2.1 Exponential Distribution

Assuming an Exp(¢})-distribution, Childs et al. [260] obtained the MLE

1 m
_Z(Rj"_l)Xj:m:n’ D <m,
m
-~ =1
U= 1 ! m D
B(Z(Rj+l)xj:m:n+ Z Xj:m+Rm:n+)/D+1T), Dzm,
j=1 j=m+1

Notice that ¥, 4+r,+1 = 0.

Then, as pointed out in Cramer et al. [315], the density function of the MLE can
be obtained directly from Theorem 5.2.3 and is given in the following theorem. An
alternative representation has been established by Childs et al. [260] using a moment
generating function approach.

Theorem 14.2.1. The density function of the maximum likelihood estimator
U= %SD is given by

m
mmsm—le—ms/ﬁ Tm nj=1 Vi

o G g B 18I0 T Ty

1) =

d
=¥ s/
+ X;n (d _ 1)"[9‘1 Bd—l(ds|)/d+1T,...,)/1T)e s s > 0.
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Expressions for the cumulative distribution function and the moments of ¥ are
presented in Cramer et al. [315]. Furthermore, the joint density function of the MLEs
i and ¥ is presented in the location—scale setting. Using the moment generating
function approach, Ganguly et al. [392] have established alternative expressions for
Type-II hybrid censored data.

Remark 14.2.2. Bayesian inference for one-parameter exponential distribution
has been studied in Kundu and Joarder [561]. The two-parameter exponential
distribution has been considered by Kundu et al. [565]. A competing risk model
with progressive hybrid censored data has been investigated by Kundu and
Joarder [560].

14.2.2 Other Distributions

Statistical inference for hybrid censored data has also been addressed for dis-
tributions other than exponential. Type-II progressively hybrid censored Weibull
lifetimes have been investigated by Lin et al. [607] and Mokhtari et al. [654].
They obtained (approximate) maximum likelihood estimators for scale and shape
parameters. (Approximate) maximum likelihood estimators for a location—scale
family of extreme value distributions are discussed in Joarder et al. [479]. Log-
normal distributions under Type-II progressive hybrid censoring are discussed by
Hemmati and Khorram [439].

14.3 Inferential Results for Adaptive Progressive Type-I1
Censoring

Let Fy, 0 € ® C RY, be an absolutely continuous cumulative distribution function
with density function fy. The data are given by the sample y,,, R,,. Then, from
(6.3), the likelihood function is given by

Ym ’R;l
L(O|ym. Rn) = f . (Ym: Rin)

= fo*(ym|Rm—l)g*(Rm|ym) X fo*(ymIRm—l)‘ (14.9)

This illustrates that the maximum likelihood estimators in both the adaptive and
nonadaptive cases are identical. This yields directly the following theorem.

Theorem 14.3.1 (Cramer and lliopoulos [294]). Let 6 = b\(Y(m),Rm) be
the maximum likelihood estimator of @ when R, is a prefixed censoring scheme.
Then, 8* = 0*(Y(n), R}, is the maximum likelihood estimator of § when R} is
an adaptive censoring scheme.
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Theorem 14.3.1 shows that, for the maximum likelihood estimator, it does not
matter whether the censoring scheme has been prefixed in advance or adaptively
adjusted in the censoring process. Therefore, the same estimators result as in the
nonadaptive model. However, the distribution of the estimators may be different due
to the adaptive process. An exception is given by those cases, where Theorem 6.1.1
can be applied.

Example 14.3.2. Suppose X; ~ Exp(u,9), 1 < j < n. Then, for u = 0, the
maximum likelihood estimator of ¢ is given by

m

U= (1 +R;)Y(j).
=1

1
m <
j
Then, Theorem 6.1.2 yields 2md /% ~ x2(2m) so that E® = & and Vard =
©#%/m. As in the nonadaptive case, ¥ is an unbiased estimator of . It can

be shown that it is consistent and that /(3 — ©)/9 and ﬁ(§ — )/ are
asymptotically normal. A two-sided confidence interval for 9 is given by

[ 2m5 2m5 ]
X%_a/z(zm)’ Xi/z(zm) ‘

For an unknown location parameter, the maximum likelihood estimators are
given by

N S 1<
M= Y(l) and U= Z Z Fj(Y(j) — Y(j_l))
Jj=2

which, by Theorem 6.1.2, are independent with distributions Exp(u,9/n) and
I(¥/m,m—1), respectively. Hence, confidence intervals and statistical tests can
be constructed as in the nonadaptive model (see, e.g., Corollary 17.1.1).

Remark 14.3.3. Bobotas and Kourouklis [210] addressed a two-sample model
that covers adaptive progressive Type-ll censoring in the exponential case.
They considered estimation of the scale parameters and the hazard rate of
the population distribution as well as estimation of the ratio of scales. They
established improved estimators for these quantities which are of Stein-type,
Brewster and Zidek-type, and Strawderman-type, respectively.

Remark 14.3.4. Adapting the idea of Ng et al. [690], Lin and Huang [600]
proposed an adaptive censoring scheme for Type-| censoring called adaptive Type-
| progressive hybrid censoring scheme. This procedure works as follows. Given
progressively Type-Il censored order statistics X, - - - 5 X @and a threshold
T, the experiment terminates always at time 7. But, the number of observed
failure times depends on X,

(i) if Xpme:n > T, the data are given by Xi.nu, ..., Xpun, OF
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(ii) if Xpumw < T, the remaining R, units are not withdrawn from the
experiment and all failures are observed until termination time T. This
procedure follows the idea of Type-Il progressive hybrid censoring.

Lin and Huang [600] presented exact conditional distributions for the MLE of
the scale parameter when the population distribution is exponential. They also
provided confidence intervals and results on Bayesian inference.

Weibull distributions are discussed in Lin et al. [607] (MLEs and AMLEs) and
Lin et al. [610] (likelihood and Bayesian inference). Log-normal distributions are
investigated by Hemmati and Khorram [439].

14.3.1 Ng—Kundu—Chan Model

The Ng—Kundu—Chan model, introduced in Ng et al. [690], has been discussed
in Sect. 6.2.2. Defining by R,, the effectively applied censoring scheme in the
Ng—Kundu—Chan model given in (6.1), Ng et al. [690] calculated the maximum
likelihood estimator of A provided that the baseline distribution is an Exp(1/1)
distribution. It is given by

m
J m—1 J
> (S + DY) + X7 Yoy + (n—m =35, S;)Yom
m

YR+ DYy

where the random variable J denotes the change point in the censoring procedure
and R,, is the censoring scheme given in (6.1). Clearly, this result can be directly
taken from Theorem 14.3.1 (see also Example 14.3.2). Moreover, Ng et al. [690]
sketched several approaches to construct confidence intervals for A including
conditional inference, normal approximations, likelihood-ratio-based inference,
bootstrapping, and Bayesian inference. They also presented a formula for the
probability mass function of J. From the construction process, it follows that

%=

P(J =j)=PXjumn <T = Xjttmm), J=0,....m,
where Xo.n:n = 0 and X4 1:m:0 = +00. Hence, we find
P(J =0)=1— FXumn(T) =T,
P(J = j) = FYmn(T) = FXreimn(T), j=1..om~1,
P(J =m) = FXmmn(T),

Simple explicit expressions can be taken from Theorem 2.4.2 and Corollary 2.4.7
(see also Kamps and Cramer [503]). Moreover, an expression for the conditional dis-

tribution of A, given J = j, j = 1,...,m, is obtained via the conditional moment
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generating function. However, noticing the results presented in Example 14.3.2,
there is no need to consider conditional inference since the maximum likelihood
estimator and its distribution can be obtained from Theorems 6.1.2 and 14.3.1.

Lin et al. [607] considered the Ng—Kundu—Chan model with Weibull lifetimes.
Using a log-transformation of the data, they got an extreme value distribution as
population distribution for which they derived the maximum likelihood estimates
of the transformed parameters. However, writing the problem in terms of the
effectively applied censoring scheme R,, given in (6.1), it follows that the likelihood
function equals that given in Balakrishnan et al. [136]. Therefore, the maximum
likelihood estimates can directly be taken from Balakrishnan et al. [136] which is
also clear from Theorem 14.3.1. By analogy with the nonadaptive case, expressions
for the approximate maximum likelihood estimates can be obtained because they
are deduced from the likelihood equations which are the same in the adaptive and
nonadaptive settings (see also Sect. 12.9.2).

14.3.2 Progressive Censoring with Random Removals

The notion of progressive censoring with random removals has been presented
in Sect. 6.2.4. Inferential issues for this model have been addressed in numerous
papers considering different lifetime distributions as well as various probability
mass functions g*. For further reading, we refer to, e.g., Yuen and Tse [936], Tse
and Yuen [859], Tse et al. [860], Tse and Xiang [857], Tse and Yang [858], Wu
[905], Wu et al. [916], Wu et al. [919], and Amin [45]. It should be noted that
in some of these models (like binomial removals), the probability mass function
g* may depend on parameters which have to be estimated from the data. The same
models are also denoted by progressive Type-II censoring with random scheme (see,
e.g., Sarhan and Al-Ruzaizaa [774]).

In order to illustrate the close connection of inference in the standard model and
in the model with random removals, we consider the following standard approach.
Suppose the lifetime cumulative distribution function Fy depends on a parameter
0 € ©® C R and that the probability mass function of R;; depends on a
parameter p. Given the datay,,, R,,, the likelihood function is given by (see (14.9))

L8, plym.Ry) = fo*(ymIRm—l)g;(leym)‘ (14.10)
Hence, the likelihood function factorizes into two likelihood functions
Li(01ym Rn) = fo" (Ym|Rm—1) and  Lo(plym,Rp) = g;(Rm)v

respectively, where we have also used the fact that the distribution of R;;, does not
depend on the failure times y,, (see (6.6)). Thus, the maximization w.r.t. § and
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p can be handled separately. In particular, the MLE for the parameter 6 is the
same as in the standard model (which follows already from (14.9)). The MLE for
p depends on the particular assumption on the distributions guiding the random
removal of items. However, it is independent of the lifetime cumulative distribution
function Fy. Similar comments apply to Bayesian inference in this framework.

In order to present an example for the likelihood inference w.r.t. the parameter p,
we present the estimation of p for binomial removals as can be found in, e.g.,
Tse et al. [860] or Wu and Chang [910]. Then, the (conditional) probability mass
functions are given by

n—m —m—
P(R} =R1)=( R, )PR‘(l—p)” R

n —m—R.j_l

P(R; = R;|R'_, =R;_)) = ( N
J

)pRj (1 _ p)n—m—Roj

— (}’l - mR_ R.j_l)pRj(l _ p)yj—m-l-j—l—Rj,
J

2 < j < m — 1, so that the part of the likelihood involving p is

n—m “Dn—m)=Y"" Y m—/)R;
La(plym. Rn) = (R1 R )pR'”"(l—p)<m D=m)=72] m—))R;
vooss Ry

Obviously, this expression is proportional to the likelihood function for a binomial
distribution bin((m — 1)(n — m) — Z;";lz R.j. p) with Re,—; successes, which
results in the MLE
Rem—1
(m—1)(n—m)—=Y""{(m—j - DR;
Rep—1 _ Rep—i
YUy —m—j D) XYL R

D=




Chapter 15
Bayesian Inference for Progressively Type-I1
Censored Data

Bayesian inference with progressively Type-II censored data has been studied
extensively by many authors in the last decade. Assuming a particular lifetime
distribution and a suitable prior distribution for the parameters, Bayesian estimates
for the parameters have been obtained w.r.t. several loss functions like squared-
error loss or LINEX loss. We use the following notation in this chapter. Let
x = (x1,...,Xn) be the observed progressively Type-II censored sample, L(€;x)
be the likelihood function, and # € ® C RX be the parameter (vector) with k > 1.
The prior distribution is defined by the density function 7z, (6 ) with hyperparameters
a € 2L. Then, the posterior distribution exhibits the density function

7a(8)L (8 x)
JLEX)m(E)dE

) (0]x) = (15.1)

Several loss functions have been applied in Bayesian estimation with progressively
Type-II censored data. For convenience, we provide the definitions of the subse-
quently used loss functions:

(i) The squared-error loss (SEL) function is defined by 51(0,7)‘) = [0 — 79‘||§,
where || - |2 denotes the Euclidean norm. For a one-dimensional parameter, it
is given by LI(Q,/Q\) = (0 —/9\)2;

(ii) The linear loss function is defined by £>(8,8) = [0 — 8||;, where || - ||, is
defined by ||x||; = ZI;=1 x|, x € RK;

(iii) The linear exponential (LINEX) loss function for a one-dimensional parameter
is defined by

L3(6,0) = b[e?* —aA—1], a#0,b>0,
where A = 6 — 6. A k-parameter extension is defined by A ;=0;,-0;,

j=1,...,k,and

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 341
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_15,
© Springer Science+Business Media New York 2014
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k
£3(0.0) =Y byl —a;A;—1], by >0/ =1,....k.

J=1

This loss function was introduced by Varian [870] (see also Varian [871,
Chap. 9]) as a measure of asymmetric loss. It was introduced in Bayesian
inference by Zellner [938].

The risk function is defined as the expected loss, i.e.,

R(ra) = / Eo(L(0.0)ma(8)d6.

Bayes estimators are defined as estimators leading to minimum risks. For the
quadratic loss function, the posterior mean is a Bayes estimator, whereas for the
linear loss function, the posterior median provides a solution. Another concept
is highest posterior density estimation which leads to the posterior mode as an
estimator.

15.1 Exponential and Weibull Distributions

Due to their importance in lifetime analysis, exponential and Weibull distri-
butions have received great attention in Bayesian inference for progressively
Type-II censored data. The exponential distribution has been addressed as par-
ticular case of the Weibull(c, 8)-distribution with known shape parameter 8 = 1.
Schenk [782] and Schenk et al. [783] have considered s independent possibly mul-
tiply censored samples of sequential order statistics which includes progressively
Type-II censored order statistics as a particular case. It should also be mentioned
that the scale parametrization differs in the sense that some works use ¢ or 1 /¢ as a
scale parameter. This affects the choice of the prior distribution which is commonly
chosen as a gamma or inverse gamma distribution, respectively.

In order to present the results, we assume first the shape parameter 8 > 0 to
be known which includes the one-parameter exponential distribution with 8 = 1.
Then, a conjugate prior is given by the gamma density function

a

a e o >0, (15.2)

ﬂu,b(“) = m s

with hyperparameters a, b > 0. Given observations xi, ..., X,,, this gamma prior
yieldsa I'(1/[b + ZT:I (R; + l)xf ], @ + m)-distribution as posterior distribution.
Under squared-error loss function, the Bayes estimate of the scale parameter « is
given by the posterior mean

a-+m

b+ Y 7_|(R; + Hx?

jim:n

ag =
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(see Kundu [557]). For B = 1, the respective estimate for the exponential
distribution results. For § = 2, we get the Rayleigh distribution which has been
considered, for instance, in Ali Mousa and Al-Sagheer [36], Wu et al. [915], and
Kim and Han [529]. These authors use a different parametrization of the Rayleigh
distribution (details are provided Sect. 15.2).

Remark 15.1.1. Schenk et al. [783] considered Exp(})-distribution which can
be seen as Weibull(1/9, 1)-distribution. They assumed an inverse gamma prior
with a similar parametrization of the gamma distribution given in (15.2)

T (B) = %z‘} (@l eXp{— g}, 9 >0, (15.3)

with hyperparameters a, b > 0. The corresponding Bayes estimator of ¥ has the
representation

1 m
g = m(;(Rj + DX +b>

_ (Zy](X] v —Xj_l;m;n)—i-b), (15.4)

a+m—

where Xo.,., = O.

In addition to the case of a known shape parameter, Kundu [557] also addressed
the problem of two unknown parameters «, B > 0. Since a continuous bivariate
conjugate prior does not exist in this case, the preferable prior distribution is not
clear. Soland [810] has shown that a continuous—discrete conjugate prior exists,
where the shape parameter may only take on values in a finite set {f1,..., Bk}-
Denoting by p; = P(B = B;), j € {1,...,k}, the probability mass function of 8,
the joint prior of « and B is assumed to be

aj

J
I'(a;)

Ta; 0, (@, B) = pj ati~leTbiv) >0, (15.5)

where aj,b; > 0. Notice that the conditional prior of o given 8 = B; is a gamma
distribution with hyperparameters a; and b; (see (15.2)). Proceeding as above, the
posterior distribution is specified by

Bi—1
. p]b] ,Bm[]_[ 1x1]
na‘/,bj(a’ﬂj) F(aj)C(X) *

m+a;—1

—aw;
(S 7,
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Bv—1 —
where ¢(x) = Zlepvb“jVﬁT[r[T:lxi] WWU F®) and w; = b; +

YL (R + l)x,.ﬂ /. As in the one-parameter scale model, the posterior distribution
is of the same type as the prior distribution. Hence, statistical inference can be
carried out as above. Although this approach is quite tempting for computational
reasons, it has been criticized in the literature. Kaminskiy and Krivtsov [494]
pointed out that the discrete part of the prior exhibits some difficulties in practice.
They criticized the problem of evaluating the prior information. To overcome
this, Kundu [557] adapted an approach proposed by Berger and Sun [191] (see
also Kundu and Gupta [559]). The random parameters o and § are supposed to
be independent. The marginal priors are gamma distributions m, and 7, as in (15.2).
Using Lindley’s approximation (see Lindley [612]) under squared-error loss, Kundu
[557] established the following estimates (& and :3 denote the MLEs of « and 8,
respectively):

R 1 2m
op =« + —[(— —aZ(R + 1)xﬁ(logx,) )111112

2 13 i=1
2m m 3
+ 5522 — (ti2t2 + 275) Z(Rf + l)xlﬁ(log x,-)zi|
i=1
c— a—1
+‘L’21( — —d)-i-‘lfzz( —b)

o=+ 5[ 2+ o)
i=1

2m m -~
+ §T21T22 —311112 Z(R’ + 1)x,ﬁ(10gx,-)2:|

i=1
d) + le(a: —b),

where a = (a, b) and ¢ = (c, d) are the hyperparameters, and

c—
+m(

m ~ m ~
Eﬁ Z (R + D! (logx)?. V = S (R, + Dl logx;, W = %
i=1 i=1
w U 1%
T = LTy = T =Ty = —————.
"Tuw_yvr 2T ygw—y2 2 Uw —v2

Although Lindley’s approach yields explicit estimates of the distribution param-
eters, it does not provide credible estimates. Therefore, Kundu [557] proposed
MCMC technique to compute the Bayesian estimates and to construct credible
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11 35 49 170 329
958 1925 2223 2400 2568

Table 15.1 Progressively Type-II censored data from the electrical alliance test data of Lawless
[575] as given in Kundu [557]

intervals (see Sect. 17.6). Alternatively, Kundu [557] utilized a Gibbs sampling
procedure and an idea of Geman and Geman [394]. A detailed description of the
simulational algorithm as well as an extensive simulation comparing the estimates
can be found in Kundu [557].

Example 15.1.2. From failure data for electrical alliance test reported in Law-
less [575, p. 8], Kundu [557] generated a progressively Type-1l censored sample
with censoring plan Z = (2*°,8) (n = 36,m = 10). It is given in Table 15.1.
The applied censoring scheme is given by Z = (0*2,3,0*2,2,0*2,2,0,2,1,0).
The maximum likelihood estimates were computed as @ = 0.0627 and ,/3 =
0.6298. Assuming noninformative gamma priors for both parameters, Lindley's
approximation yields the estimates 0.0699 and 0.6283, respectively. Using the
MCMC technique, Kundu [557] reported the estimates 0.0679 and 0.6223. Notice
that these results were obtained for the above data divided by 100.

Remark 15.1.3. Bayesian inference for Weibull distributions has also been
considered by Li et al. [588]. Exponentiated Weibull distributions with cumulative
distribution function

F(t) = [1 - e—”’]a, >0,

have been investigated by Kim et al. [531]. Estimates were obtained by Lindley's
approximation method. Exponentiated exponential distributions

F(t) = [1 —e‘“’]ﬂ, t>0,
are considered in Madi and Raqgab [627] and Kundu and Pradhan [562] for a
quadratic loss function (the latter is along the lines of Kundu [557]). Progressively
Type-1l censored samples generated from data given in Lieblein and Zelen [595]
are applied to illustrate the method in both papers. The paper of Elkahlout [349]
deals with the same topic. In addition, LINEX loss functions are considered.

Remark 15.1.4. Fernindez [364] established results for general progressively
Type-ll censored data from exponential distributions using an inverse gamma
prior (15.3). According to Sect. 1.1.1, general progressive Type-censored data can
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be seen as a left censored sample X, 14 ..., Xiunn With censoring scheme
Z = (0,R,4+1,...,Ry), where 1 < r < m. Introducing the quantities
(p.q >0)
L (=D/()
Cp, p?
[p-a]= Z < (p + jxrp1)d’
L (=D/()
D/[p.q:¥] = p? ) —————IG((p + jx,+1)/V.q),
[p.q:91 = p* D e e 1P+ Jxie)/9g

the posterior density function is given by

(b +wy ™1 — exp{—x,41/9}] exp{—(b + w)/9}

, U>0.
F'a+m—r)C/lb+w,a+m—r]getmr+tl ~

7y, (Fx) =

Here, w = Z?ZrH(Rj +1)x;, where x,11,..., X, denote the observations. For
squared-error loss, Fernandez [364] calculated the Bayes estimate as

5 Clb+W,a+m—r—1] b+ W
Cb+Wa+m—r] a+m—r—1

For a complete sample of progressively Type-ll censored order statistics, i.e.,
r =1, this yields the Bayes estimator
~ b+ Ty
tg= —0, 15.6
S +m—1 ( )
where T, = Z’;’zl Vi (Xjmn — Xj—tzmn), Xom:n = 0, as given in (15.4).
Ferndndez [364] also discussed HPD estimation. He showed that the HPD
estimator of ¢ is the solution of the equation

rFXr41
exp{x,+1/9} — 1

which is quite similar to the likelihood equation (12.5) to be solved for the MLE
of ¥ (choose @ = —1 and b = 0). HPD estimators of the reliability R(¢) as well
as of the reciprocal #~! are also established. Finally, the results are applied to
Nelson's insulating fluid data 1.1.5, where the first failure time is additionally
censored.

(a+m-—r+ 10+ =b+w,

Remark 15.1.5. Multiply Type-ll censored samples from an exponential-type
family of distributions were addressed by Abdel-Aty et al. [2]. They assumed a
family of distributions defined by the cumulative distribution function

Fo(t)y =1—e 20 >0, (15.7)
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where Ag is a nonnegative continuous differentiable function with limits
lim; 04+ Ag(z) = 0 and lim;,o, Ag(¢) = 0. 6 is supposed to be the parameter
with 8 € ® C R¥, where k > 1. Priors are chosen as in AL-Hussaini and Ahmad
[28] who considered Bayesian inference in the framework of m-generalized order
statistics.

Remark 15.1.6. Two-parameter exponential distributions Exp(u, 1) have been
addressed in a multi-sample setting of sequential order statistics with multiply
censoring by Schenk [782] and Schenk et al. [783] (see also Shafay et al. [794]).
They used a bivariate prior 7 (%, u) previously discussed in Evans and Nigm [357]
and Varde [869]:

b—c

7 (9, 1) o 9T D exp { — u}]l[N.M](u), U >0,ueR,

withb >cM,a>1,¢>0,and M > N with N,M € R.
Letm+a—2>0¢>-n N <xi,and Hy) = 37 (Rj + DX +

b — y(c + n). In the case of one sample of progressively Type-Il right censored

order statistics, the corresponding Bayes estimators of ; and 9 are given by

5 _ 1 H—(m+u—2) (MO) _ H—(m+u—2) (N)
BT m+a—2 H-mra=D(My) — H-mta=D(N)’
N MOH—(m+a—l)(MO) _ NH—(m+a—l)(N) -

= _ N -1
He = H-(mta=(Xx,. .y — H-(mta=D(N) vg(c +n)",

where My = min{X.,.,, M }. Further details like posterior density function and
posterior survival function can be found in Schenk et al. [783].

15.2 Rayleigh Distribution

As mentioned above, different parametrizations of the Rayleigh distribution are
used in Bayesian inference. Moreover, in addition to the scale model, location—
scale families of Rayleigh distributions have been considered. In the following,
we present the results of Ali Mousa and Al-Sagheer [36] and Wu et al. [915]
who use different parametrizations. Wu et al. [915] presumed a scale model with
Fy(t) = 1 —exp{—t%/(29?)}. As a prior, they used a square-root inverted gamma
distribution defined by the density function

ba
I'(a)2¢!

b

T (9) = B0 exp | - 5

}, 9 >0, (15.8)

with hyperparameters a, b > 0. Notice that this is the natural conjugate prior in this
setting (see Fernandez [363]). This yields a posterior distribution of the same kind
so that, for squared-error loss, the expression
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17.88 28.92 33.00 42.12 4560 48.48 51.84
51.96 67.80 68.64 84.12 93.12 127.92

Table 15.2 Progressively Type-II censored data from Lieblein’s groove ball bearings data as given

in Wu et al. [915]
~ 1 I'a+m-—1/2)
tg=4/=-b+W) — = 15.9
B \/2( + W) Fatm (15.9)

of the Bayes estimator of ¢ results, where W = Z;f;l(R i+ X2 The

jim:in:

corresponding Bayes estimate of the reliability Ry (¢), ¢ > 0, is given by

W +b i|m+a+1

Re(t) = | ———
a() [W b2

Wu et al. [915] also considered highest posterior (HPD) estimation which means
that the mode of the posterior density function is used as an estimate. The HPD
estimator of ¥ and the reliability Ry (¢) are given by

~ b+ W ~ (@ +m—1)t?
95 = |s—————— R = LA
B 2(a +m)+1 s(t) eXp{ W +b—12

respectively.

Example 15.2.1. Wu et al. [915] generated a progressively Type-ll censored
sample from data reported originally by Lieblein and Zelen [595]. The data are
measurements for the fatigue life of groove ball bearings. The measurements are
the number of million revolutions to failure for each of n = 23 ball bearings
in a fatigue test. Probability plots suggest a good fit by Weibull and log-
normal distributions. Ragab and Madi [744] suggested a one-parameter Rayleigh
distribution to analyze the complete sample. Following the Bayesian analysis of
Ragab and Madi [744], Wu et al. [915] applied a square-root inverted gamma
prior with @ = b = 2 as above to illustrate their results. The progressively Type-II
censored data with m = 13 observations are given in Table 15.2. The applied
censoring scheme is given by % = (0*?,3,0*2,2,0*2,2,0,2, 1,0). The resulting
Bayes estimates of ¢ and R(1) are given by 55 = 0.6052 and EB(I) = 0.2554,
respectively. Notice that these results were obtained for the above data divided
by 100.

Ali Mousa and Al-Sagheer [36] assumed a location—scale model with cumulative
distribution function

Fy(t) =1 —exp{—(t —n)?/2%)}, t>0, peR<O.
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Choosing an inverse gamma distribution as a prior in the scale case (i.e., = 0; see
(15.3)) and squared-error loss, Ali Mousa and Al-Sagheer [36] obtained the Bayes
estimator

b+ W/2

¥ = — 1=
B a+m-—1

of «. The corresponding Bayes estimate of the reliability is given by

W +2b i|m+a+l

Rg(t) = | =t
e(t) [W +2b+12
Notice that the expression in Ali Mousa and Al-Sagheer [36] is in error.

In the location—scale model, Ali Mousa and Al-Sagheer [36] proposed the joint
prior

b b
Tans (1) = psd™expl — g wel0.5).0 >0,

with hyperparameters a, b, s > 0. Notice that the parameters p and % are supposed
to be independent.  has a uniform distribution, whereas ¥ is supposed to have an
inverse gamma distribution. For a quadratic loss function, the resulting estimators
are only available as integral expressions which have to be evaluated by numerical
integration. Further details as well as some simulation results can be found in Ali
Mousa and Al-Sagheer [36].

Remark 15.2.2. Bayesian inference for Rayleigh distributions with general
progressively Type-ll censored data has been considered in Kim and Han [529].
Bayesian inference for finite mixtures of Rayleigh distributions has been addressed
by Soliman [812].

15.3 Pareto Distribution

Ali Mousa [34] considered progressively Type-II censored data from two-parameter
Pareto distribution with cumulative distribution function as in (12.24). He distin-
guished three cases: A known, o known, and both parameters unknown. For a known
scale parameter A, he assumed a gamma prior as given in (15.2). The corresponding
posterior distribution is a I'(1/[8 + ZTZI(RJ- + 1) log(Ax;)], m 4+ a)-distribution.
For squared-error loss function, this yields the Bayes estimator

-1

(b + Zm:(R, + l)log()LXj:m:n))

j=1

ag =
m+a
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The Bayes estimator of the reliability is given by
—(m+a)
~ log(At
Ra() = |1+ 10800
b+ Z (R] + 1)10g(AXj:m:n)

j=1

When the shape parameter is supposed to be known, a Pareto prior with density
function

TeaA) = cd(dA)~ TV, dr>1,

is known to be conjugate to the Pareto distribution (12.24) with scale parameter A.
The posterior distribution is a Pareto distribution with density function

na +c X -~
mra () = Fre D

where § = min(d, x;). This defines a two-parameter Pareto distribution as in

(12.24) with scale parameter na +c¢ and 8. For squared-error loss, the corresponding
Bayes estimators are the posterior means given by

~ 1 1 ~ na +c t\ "
B 5< +na+c—1) an e(t) (n+1)a+c(5)

In the two-parameter setup, Ali Mousa [34] assumed a prior with density function

cdb*
I'(a)

Taped (A ) = a(dr)y~ et g 5 0,dA > 1.

This prior was proposed first by Lwin [623] (see also Arnold and Press [53, 54]).
The posterior density function is given by

n;b,c’d (A, a) = Comta)~(etmatlg=al = o 0,,8\/1 > 1,
where § = min(d, x;) and

T =b+clogd +Y (R;+1logx;, C = Fn+a)

=1

[T—(+c) log’g].

Explicit expressions for the resulting Bayes estimators are generally not available.
Therefore, Ali Mousa [34] used the approximation method of Tierney and Kadane
[845] to establish expressions for approximate Bayesian estimates.
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i 1234 5 6 7 8 9 10 11
Xi1:17 23 27 39 127 136 280 624 730 836 1,024 1,349

Table 15.3 Progressively Type-1I censored sample as reported in Soliman [813] with censoring
scheme Z = (1,0%3,1,0%2,2,0,2,0)

Soliman [813] studied Bayesian estimation for Lomax distributions from general
progressively Type-II censored samples under squared-error loss and LINEX loss.
He used the parametrization

t\
F(t):l—(1+5) , 1>0,a,0>0.

As a joint prior, he assumed a discrete—continuous prior similar to that proposed
by Soland [810] for the Weibull distribution (see (15.5)). The author established
explicit expressions for the Bayes estimators of the distribution parameters as well
as the reliability. Further results in this direction can be found in Fu et al. [384] (see
also Amin [45]). They analyzed progressively Type-II censored sample generated
from data reported by Crowley and Hu [317]. The data set is given in Table 15.3.

15.4 Burr Distributions

For the two-parameter Burr-XII distribution with cumulative distribution function
Ft)y=1—-(14+) 1t>0,a.8>0,

Ali Mousa and Jaheen [38] considered Bayesian inference in one- and two-
parameter settings. Supposing 8 to be known, they suggested a gamma prior as
in (15.2) resulting in a I'(1/[p + T],m + a)-posterior distribution with 7' =
Z;f;l(R ; + Dlog(l + x,ﬂ ). For squared-error loss, the Bayesian estimates are
given by

_ b+4T ~
gs = L and RB(t)=[1+

b+T

log(1 + ¢£)7~ "+
m+a '

Asgharzadeh and Valiollahi [63] used an exponential prior Exp(1/b), b > 0, for «.
Assuming a linear loss function, they calculated the median of the gamma posterior
distribution as

Xi2(2m +2)

T b+
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They also applied a logarithmic loss function introduced by Brown [221] resulting
in the estimate ag = ¥ /(b + T), where ¥ denotes the Digamma function. Li
et al. [587] studied the same problem under LINEX loss. Furthermore, Asgharzadeh
and Valiollahi [63] and Li et al. [587] considered empirical Bayesian estimation.

In the two-parameter model, they assumed a joint prior suggested by
AL-Hussaini and Jaheen [29]:

1

Wﬂ“+d0‘ae7‘p{_,3[1/6’+a/b]}, Ol,,B>O,

Taped (@, ) =
Using the approximation of Tierney and Kadane [845], they obtained approximate
Bayesian estimates following the lines of AL-Hussaini and Jaheen [30] who
considered Type-II right censored data. The same prior has been suggested by
Jaheen [475] for m-generalized order statistics who used the approach of Lind-
ley [612] to compute approximate Bayesian estimates. Soliman [811] utilized a
discrete—continuous prior similar to that proposed by Soland [810] for the Weibull
distribution (see (15.5)). Results for squared-error loss, LINEX loss, and general
entropy loss were obtained. Due to the structure of the prior distribution, explicit
representations of the Bayes estimates result. The results are used to analyze
Nelson’s insulation fluid data 1.1.5.

15.5 Other Distributions

Bayesian inference for linear hazard rate distributions with
F(t)=1—e M2 15 020>0,0>0, (15.10)

has been investigated by Lin et al. [604] for a general progressively Type-II
censored sample X1, - - - s Xmum:n. The applied censoring scheme is given by
X = (0",R:41,..., Ry), where 1 <r < m. As Ashour et al. [65], they suggested
a bivariate gamma prior with independent marginals

Tay by an iy (A, 1) ¢ AT Tya2=le=brd+bv) = ) g,

The corresponding posterior distribution has a density function

_ 2 ro_
ﬂ;kl,bl,az,bz (A,v) x k“‘_lvaz_l{l —e (Ax’+‘+"xr+l/z)} e~ WNi+vD)
m-—r
< [T +vxg)) Av>o0.
Jj=1

where Tt = Y721 (Rrtj + Dy +brand To = 3 Y " 21(Reyj + 1)x7y  + ba.
Explicit expressions for the Bayes estimators of A and v have been established
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1.96 1.96 3.60 3.80 4.79 5.66 5.78 6.27 6.30 6.76 7.65 7.99
8.51 9.18 10.13 10.24 10.25 10.43 11.45 11.75 11.81 12.34 12.78

Table 15.4 Progressively Type-II censored data set generated from 33 observations of the floods
of the Fox River data by Lin et al. [604]. The applied censoring scheme was given by # =
(0*°,1,0%*,1,0*2,1,0*4,2,0*3,5). m = 23 observations are available; ten observations have
been progressively censored

for squared-error loss. Additionally, an efficient MCMC method to generate the
posterior distributions of interest has been implemented. Moreover, the estimators
are applied to a progressively Type-II censored data set generated from the floods
of the Fox River data earlier analyzed by Gumbel and Mustafi [422] and Bain and
Engelhardt [73]. The progressively Type-II censored sample is given in Table 15.4.

Example 15.5.1. Lin et al. [604] applied their results to the data given in
Table 15.4. Using the MCMC approach, the estimates % = 0.000086 and
v = 0.016201 result. Details on the prediction results can be found in Table 3 of
Lin et al. [604].

Remark 15.5.2. Bayesian inference for linear hazard rate distributions has also
recently been discussed by Sen et al. [792] using a unified treatment of both
progressive Type-l and Type-Il censoring. Using gamma priors as above, mixtures
of gamma distributions result as posterior distributions.

A location—scale family of extreme value distributions with standard member
F(it)=1- e_et, t € R, has been considered by Al-Aboud [26] under squared-error
loss, LINEX loss, and general entropy loss as proposed by Calabria and Pulcini
[238]. The prior distribution is suggested as

a
Tap(,9) b—ﬁ—“'“)e—b/”, 9 >0,uekR.
| r@

Notice that Jeffrey’s noninformative prior on R is used for the location parameter p.
The results are applied to log-times of Nelson’s insulating fluid data given in
Table 17.5. Exponentiated modified Weibull distributions with cumulative distribu-
tion function as in (12.35) are studied by Klakattawi et al. [534] using independent
gamma priors. Prediction problems are considered in Klakattawi et al. [535].

Rastogi et al. [749] and Sarhan et al. [778] discussed Bayesian inference for
the bathtub-shaped distribution given in (12.43). They considered squared-error,
LINEX, and entropy loss functions with gamma priors. The results are illustrated
by the data given in Table 12.4. Bayesian inference for logistic-type distributions
has been addressed by some authors. Half-logistic distributions are considered
by Kim and Han [530]. Rastogi et al. [749] discussed exponentiated half-logistic
distributions under progressive Type-II censoring. Results for generalized half-
normal distributions with cumulative distribution function in (12.44) have been
established in Ahmadi et al. [19] assuming independent gamma priors.



Chapter 16
Point Prediction from Progressively Type-I1
Censored Samples

Prediction problems are discussed extensively in lifetime analysis. Based on a
sample X,..., X,,, we wish to predict the outcome of a random variable Y or
random vector Y. This random variable may be a (censored) observation from
the same experiment (one-sample prediction) or may be part of an independent
future sample (two-sample prediction). In the first setup, ¥ and the X sample will be
correlated. In the following, we consider two setups. Given a progressively Type-
II censored sample Xi.m:s - .., Ximimm, We want to predict the lifetime of an item
censored in the progressive censoring procedure. Moreover, we address the problem
of predicting random variables in a future sample Y1, ..., Y,. Here, it is important
which distributional assumption is put on that sample. Point and interval predictions
are both discussed.

16.1 Prediction Concepts

Before turning to specific prediction problems, some general concepts of point pre-
diction are briefly introduced. We assume an informative sample Y = (Y1, ..., Y},)
used to predict a single observation Y. The best unbiased predictor (BUP) gy (Y)
is given by the conditional expectation 7gy(Y) = E¢(Y|Y). If 6 is known,
the expectation can be calculated directly from the conditional distribution of Y,
given Y. Unknown parameters can be replaced by appropriate estimates. If 6 is
unknown, we can apply a result due to Ishii [471] which is reported in Takada [832]:
%BU (Y) is BUP iff

Eo([Y — Zou(Y)]-£0(Y)) = 0 forall 0 (16.1)

for any squared integrable estimator £y(Y) which is an unbiased estimator of zero.
This characterization result is similar to that for unbiased estimators.
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An important concept in point prediction is linear prediction. A linear predictor
is a linear function of the observations Y1, ..., Y,: 7 (Y) = Z;’;l c;Y;. Itis said
to be unbiased if its expectation equals E'Y for every choice of the parameter. Best
linear unbiased prediction is widely used since it can be applied in various contexts.
A best linear unbiased predictor (BLUP) is defined as the linear unbiased predictor
of Y which minimizes (standardized) mean squared error. The mathematical
treatment is presented in, e.g., Goldberger [405] or Christensen [264]. In location—
scale families [see (11.1)] with unknown parameter § = (u,?)’, the BLUP is

given by
7L(Y) = Al + ar Oy + @' VY = Al — Do), (16.2)

where ay = EY,a = EY,V = Cov(Y), w = Cov(Y,Y), and [iy and
5|_U are the BLUEs of u and 9, respectively. The corresponding best linear
equivariant predictor (BLEP) has a similar representation, in which the BLUEs of
the parameters are replaced by the BLEEs (see Balakrishnan et al. [139]):

FLe(Y) = [ie + ay Pe + &'V (Y — fitel — Pie).

An alternative concept proposed by Kaminsky and Rhodin [496] is maximum
likelihood prediction. Given the informative sample y, the so-called predictive
likelihood function (PLF) L(@, y;y) is considered and maximized simultaneously
with regard to the observation and the parameter 6. A solution 7Ty (y) of the
maximization problem

sup L(6, y:y)

(v.6)
defines the maximum likelihood predictor (MLP) 7 (Y). The solution for @ is
called the predictive maximum likelihood estimator of #. Kaminsky and Rhodin
[496] applied this approach to predict an order statistic X;., given a sample
Xty ooy Xp with 1 < r <5 < n. Since explicit expressions of the MLP 7 (y)
will only be available in exceptional cases, Basak and Balakrishnan [175] used a
Taylor approximation of order one to linearize the likelihood equations generated by
the PLF. The resulting solution 7 am(y) is called approximate maximum likelihood
predictor (AMLP).

The median unbiased predictor (MUP) 7 mu(Y) is defined via the generalized

median condition

Py(mmu(Y) <Y) = Po(mmu(Y) > 7). (16.3)

This idea was employed by Takada [834] for Type-II censored samples. He
showed that the MUP leads to a smaller value of Pitman’s measure of closeness
than the BLUP. The median 77 ¢y (Y) of the conditional distribution f¥1Y is called
conditional median predictor (CMP). Since it obviously satisfies (16.3), it is also
a MUP.
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16.2 Prediction of Failure Times of Censored Units

Balakrishnan and Rao [115] considered the problem of predicting the lifetime of
an item censored in the last step of the progressive censoring procedure. Here, it
has to be assumed that, at the termination time X,,,.,., of the experiment, R,, > 1
observations are left (see also Balakrishnan and Aggarwala [86, Chap. 8]). This
approach has been extended by Basak et al. [178] to predict lifetimes of items
progressively censored in the lifetime experiment at some stage of the censoring
procedure. This approach is based on a distributional result previously presented in
Sect.9.1.2. Interpreting the observed progressively Type-II censored order statistics
X% = (Xt:mums - o s Ximemen) as observed information and the random vector W =
(Wi,...,W,), where W; = (Wj,..., WjRj) denotes those random variables
corresponding to items withdrawn in the jth step of the progressive censoring
procedure, as missing data, we get the following representation of the conditional
density function [see (9.7)]:

m R m R
WX ey = TTTT <L) T e e
S i) = 1:[1 L[l —Fa) UIEI ! (wrilxr).

minw, > x,,1 <r <m. (16.4)

This shows that W;, 1 < j < m, are conditionally independent, given XZ 1f we are
interested in predicting the ordered lifetimes of the items censored in the jth step of
the progressive censoring procedure, the order statistics W 1:g;, ..., Wj r;:r; have
to be predicted. Integrating (16.4), we get

Rj
X% X
fW,\X (Wj|X) — | |fW/kIX,.m.n(ij|xj)7

k=1

showing that the distribution of W, given X7 depends only on the progressively
Type-II censored order statistic X ;.,,.,. Thus, this applies also to the distribution of
the order statistics Wf = (W, .r s Wi r T R‘/.) yielding the joint density function

R/
W|XZ . -
SV wlx) = R[] £ wjilxg). win < oee < wa,
k=1

If we are interested in the rth order statistic of the lifetimes withdrawn in the jth
censoring step only, the respective density function is

fW].rZR‘/' |X (WIX) — fW].rZR‘/' |X]:m:n (W|x])

_ R;! [F(w) = F(e)l 'L = Fw)lRi ™
~ (r=DUR; 1) [1 = F(xp]®

fw), (16.5)

where w > x,.
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For maximum likelihood prediction, we need the PLF L(@, w; x), where w is the
(future) realization of W ,.g;. From (16.5), we get

L8, w:x) = f0Wj.r:Rj|Xj:m:n (wlx;) - foxﬂ(X)

_ R;! [Fo(w) — Fo(x )" [1 — Fp(w)]®—"
= T DIR, ) 1= FoGe)I® Jotw)
x [ Twitfo Ged (1 = Fo (xi)) ™. (16.6)

i=1

Assuming that € is known, Basak et al. [178] have established weak conditions
guaranteeing the existence of a unique predictor by studying the corresponding
likelihood equation. But, in this case, (16.6) can be seen as

R;! [Fo(w) — Fp(x;)]"'[1 = Fg(w)]® "

HO ) o Ry = (1= Fo (eI

fo(w),

which is the density function of the rth order statistic in a sample of size R;.
Therefore, uniqueness of the predictor is directly connected to unimodality of Fjy
(see Sect.2.7). Applying results of Alam [31] (see also Barlow and Proschan [167],
Huang and Ghosh [460, 461], Dharmadhikari and Joag-dev [339], and Cramer
[286]), we get simple conditions ensuring unimodality of Fp. Namely, convexity of
1/ fy yields the desired result. Moreover, it follows that log-concavity of the density
function is sufficient, too. This includes, e.g., uniform, exponential, normal, Weibull,
gamma, and Cauchy distributions.

Throughout, we assume a location or a scale model as introduced in (11.1a)
and (11.1b). The location—scale model (11.1c) can be treated similarly with some
additional mathematical difficulties. Most of the results are taken from Basak et al.
[178] and Basak and Balakrishnan [175].

16.2.1 Exponential Distribution

In this section, a scale family of exponential distributions Exp(%) is considered for
a sample 77 = (Zi:mms s Zm:mn)- We present the predictors for a censored
observation W; g ; provided that R; > 0. A crucial tool in the derivations is the
conditional density function given in (16.5). It is given by

ij.r:Rj |Zjmen (lej)
R;!

— [1 _ e—(w—zj)/z9]r—le—(Rj—r-i-l))(w—zj)/ﬂ'
(r— DIR, —1)!



16.2 Prediction of Failure Times of Censored Units 359

Then, W ;:r; — Z j:m:n has the distribution of $Z FiR; where Z*., denotes the rth
order statistic in a sample of size R; from a standard exponentlal d1str1but10n This
shows that the distribution of W; ;g : — Z j:m:n is independent of Z ;...

Scale Parameter ¥ > (0 Known

First, we assume that the scale parameter is known. The BUP of W ,.; is given by
ﬁBU(Zﬂ) = Ez?(ij,r:Rj IZj:m:n) = Zj:m:n + Eﬁ(u/j,r:R/- - Zj:m:n |Zj:m:n)

= Zjmn + OEZ}, _Z]mn+ﬂz (16.7)

Ri—k+1

Since this predictor is linear, it equals the BLUP of W ;.. The mean squared
predictive error (MSPE) is directly calculated from the above property as

2
MSPEy (7gy(Z%)) = Eﬁ(Wj,r:R, - ﬁBU(Z%))

=Ey (Wj,r:R, —Zjimn =V Xl_: ﬁ)z

= Var,9 (Wj’r;Rj — ZJ mn) - 79 Var(Z R; )

r

=92 v
C_ 2"

= (Rj—k+1)

For maximum likelihood prediction, we consider the PLF given in (16.6). For a one-
parameter exponential distribution, this objective can be interpreted as a likelihood
function from two-parameter exponential distribution with known scale parameter
¥+ and unknown location parameter w. The sample is given by a single order statistic.
The resulting maximum results as in Kambo [493] and the corresponding MLP are
given by

~ R;
JTML(Y) = Zj:m:n + 9 IOg (R——]J‘—‘r—l) (16.8)
J

Notice that the PLF is decreasing for r = 1 leading to the predictor Ty (Y) =
Z j:m:n of the first failure time of the removed items. This predictor is obviously
biased with bias

Ey(@m(Y) = Wjrg) =10 [log(ﬁ)—éﬁ]'
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The MSPE is given by
= RNy — 92 - 1
MSPE, (R (Z7)) = 9 [;—(R, Ty
R; ! 1 2
+(1°g<Rj—;+1)_ZRj—k+1) |

k=1

Basak et al. [178] showed that the bias is negative and that, for R; — r — oo, the
MLP is an asymptotically unbiased and consistent predictor.

Using the results of Takada [834], Basak et al. [178] obtained that the CMP
7cm(Z#) and the MUP 7y (Z7) are identical in the exponential case with known
scale parameter. They are given by

RM(ZP) = Z jn + O med (F7741),

where Z. - denotes the rth order statistic in a sample of size R; from the standard
exponential distribution.

Scale Parameter ¥ > (0 Unknown

For an unknown scale parameter, we consider first best unbiased prediction.
Replacing ¢ in (16.7) by its maximum likelihood estimator &y, ¢ [see (12.4)], we
get the predictor

~ S~ Y 1
NBU(Z%) = Zj:m:n + 19K/”_E E (169)
k=1

— Ry —k+1

We show that 7gy(Z%) satisfies condition (16.1) for every unbiased estimator
s(Z‘@) of zero and, thus, is the BUP of Wj,,;Rj. Writing ¢ = Z;Fl ﬁ, we get

Ey([Wjrr; — TBu(Z7)]e(Z7))

= Eg(W)rir, — Zjimm — €O iy e)e(Z7))

= Eg(W)rir, — Zjmnle(Z7)) — cEy (D3 e6(Z7))

= Eg(Wrir, — Zjimn — Oc)e(Z?)) + cOEge(Z7) — cEy (D3 e6(Z7))

Here, we have used the fact that, from (16.1), Ey ([Wj,,.;Rj —Zjmn— ﬂc]s(Z'%)) =
0 because EZ .., + ¥c is the BUP of Wj,,.:Rj for a known scale parameter o
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From Theorem 12.1.1, we know that the MLE 5ITALE forms a complete sufficient
statistic and that it is the UMVUE of ¢ (see also Cramer and Kamps [299]). Hence,
we conclude from Zacks [937, Theorem 3.3.1] that

Ey (ﬁfﬂLEs(Z‘% )) = 0 for every unbiased estimator £(Z%) of zero. (16.10)

This proves the desired result. Notice that Tgy(Z?) is a linear predictor so that it
equals the BLUP, too. Since 5:,”_E is also the BLUE of 1, the result for best unbiased
linear prediction can be obtained also using the general result from Doganaksoy and
Balakrishnan [342]: The BLUP can be constructed by replacing the parameter by

its BLUE. The MSPE is given by (¢ = Zk 1 R~—k+1)

2
MSPE; (Tsu(Z”)) = E» (I’Vj,r:R‘/- - fBU(Z‘@))

~ 2
=FEy (Wj,r:Rj — Zj:m:n - CﬂMLE)
= Vary (W g, — Zjmn) + ¢ Vary (93¢
+ 2cEy ((Wj,r:Rj —Zjmn — Cﬁ)(grﬂLE - 19))

= 02 Var(Z}z,) + ¢ Vary (3 y¢)

r

1 1 1 2
‘ﬁz[zm+ @lm) ]

We have used the fact that (16.10) implies
Ey((Wirir, = Zjimn — ) @iipe = 9)) =0

and that Varg (9%, ) = 9%/m (see Theorem 12.1.1).
Following Takada [832, Theorem 3], the best equivariant predictor of ¥ has a
similar form as in (16.9):

7ee(Z”) = Z i + Cgf/.LE

with an appropriately chosen constant ¢. Obviously, this predictor is linear so that
it must equal the BLEP. Therefore, we find the representation of the BEP from a
general result of Balakrishnan et al. [139] which parallels that of Doganaksoy and
Balakrishnan [342] for unbiased estimation. We can replace the unknown parameter
by its BLEE. Since the BLEE of ¢ is given by

1 —~
m+IZ(R DZjomn = (1= - ) e
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[see (11.5)], the BLEP and BEP of W ;.r : have the representation

% 1 3 : 1
7oe(Z”) = Zjsn + (1= —— )7 .
7ee(Z™) jimn t T MLEI; R —k+1

The MLP is derived by considering the logarithm of the PLF. Up to an additive term,
it is given by

—(m—l—l)logﬁ—ﬁ—}-(r—l)log( e_(w_zf)/ﬁ), w>X;,

where T'(w) = > /L (R; + 1)z + (R; —r 4+ 1)(w—z;). Solving the maximization
problem yields the predictor

_ - R,
A = Zj 49" 108 (=)
J

which is (16.8), where the parameter ¥ is replaced by the biased estimator I =
7 2/ (R + 1) Zizm. The MSPE is given by

MSPE, (FmL(Z%))

log (77557) | & I R;
DY ~tor (g =i
m+41 k=1Rj_k+1 Rj—r—i-l
For median unbiased prediction, Basak et al. [178] obtained the predictor
FmU(Z7) = Z i + Oy e med (F70),

where 5,’{‘,|LE denotes the MLE (and UMVUE) of ¢ and Ty, = (Wjrr;, —

Zjmn)/ gMLE. Following arguments as in Lawless [569], Basak et al. [178] found
the survival function

P(Tr:Rj Z Z)

= DR [1+(Rj—r+k+1)t]—m

B(rR—r+ Z=: Ri—r+k+1 m

The CMP has the representation
RM(Z?) = Zjmn + Uiy med (FZ“R./ ).

Hence, it is the CMP for a known scale parameter with ¢ replaced by the
MLE ¥, .
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BUP/BLUP BLEP MLP MUP CMP

Wi 3.98875  3.65222  0.96000  3.15300  3.05937
Wi a3 8.53187  7.69056  4.23481 7.53806  7.25811
Wi 33 17.61813 157672 9.83313 15.98540 15.30198
Wsi 580875  5.47222  2.78000  4.97300  4.87937
Wsa:s 10.35188  9.51056  6.05481  9.35806  9.07811
Wsas 19.43813  17.5872  11.65313 17.80540 17.12198
We 1:5 9.16725  8.96533  7.35000  8.66580  8.60962
Wea:s 11.43881  10.98450  9.15226 10.92206 10.77189
We:s 14.46756  13.67672 11.47577 13.92729 13.64811
We -5 19.01069 17.71506 14.75057 18.36360 17.88066
Wes:s 28.09694 2579172 20.34889 26.86161 25.92652

Table 16.1 Predicted values for censored observations W;,.r ; in Data 1.1.5 taken partly from
Basak et al. [178]

Example 16.2.1. Basak et al. [178] applied the results for the exponential
distribution to Nelson's insulating fluid Data 1.1.5. The results for this approach
are summarized in Table 16.1. The results for the BLUP are also included in
Balakrishnan and Aggarwala [86, pp. 160-162]. Notice that the censoring scheme
is given by Z = (0*2,3,0, 3,0*2, 5) so that progressive censoring takes place only
at the third step (3 items), fifth step (3 items), and at the last step (5 items).

Remark 16.2.2. Prediction of progressively censored failure times with expo-
nentiated exponential distributions has been considered by Madi and Ragab
[627]. They illustrated their results by the insulating fluid Data 1.1.4. They also
analyzed progressively Type-Il censored data discussed by Pradhan and Kundu
[727] which is given in Table 12.5. Using the data belonging to the censoring
scheme # = (15,5, 4,0*%), Madi and Raqab [627] obtained Bayesian predictive
values as well as predictive intervals for the censored failure times.

16.2.2 Extreme Value Distribution

For the extreme value distribution with density function

1 '
fo(t) = Eef/l’e‘ew, teR, 9 >0,

Basak et al. [178] discussed the preceding prediction problem. As for the expo-
nential distribution, the cases of a known and unknown scale parameter have
to be treated separately. Xi.,uum, ..., Xmum:m denotes the informative sample of
progressively Type-II censored order statistics from this extreme value distribution.
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Scale Parameter ¢ > (0 Known

The BUP is calculated as expectation of the conditional density function (16.5) and
has the representation

Teu(X?) = Xjomm + 19E[10g (1 + e_Xj:"“"/&Z;k:Rj)‘Xj:m:n],

where Z R; denotes the rth order statistic in a sample of size R; from the Exp(1)-
distribution. The BLUP has the representation

FwX?) =apd + w2 (X7 - a), (16.11)
where
aw = EWj,.p,.0 = EX” ¥ = Cov(X”), and w = Cov(W) .x,. X”).
(16.12)

The moments have to be calculated numerically. A discussion using representa-
tion (2.25), due to Kamps and Cramer [503], is included in Basak et al. [178,
Appendix A].

The MLP also has an explicit representation. Maximization of the PLF yields the
predictor

RA
P~ Rx — Xjumm /O J
L (X7 ﬁlog[e i +10g(Rj_r+1>]. (16.13)
The CMP is given by
Fam(X?) = 9 log [eX-fm/l’ + med (F774 )]. (16.14)

Scale Parameter ¢ > (0 Unknown

Using the result from Doganaksoy and Balakrishnan [342], the BLUP can be
directly obtained from (16.11) by replacing the parameter ¥ by its BLUE as

S, = X",

VT w0
where o and X' are given in (16.12). The MSPE can be directly computed from
the variance of the BLUE, i.e., from #?/(a’ ¥~'a). The MLP can be deduced from

(16.13) by replacing the parameter ¢ by the predictive MLE 9** obtained from the
equation

~ R s
A Z(Rk + 1) X Skmn/ 27"
m+1 Pt
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BLUP MMLP CMP

Wi 13 356217 0.96000  3.31520
W2 8.68718  5.18736  8.76462
Wiss 20.13858 15.27098 20.57151
Ws 13 7.88749  2.78000  5.36904
Wsa:3 13.43723  7.73934 11.06764
Ws i3 25.46373  18.56257 23.13913
Ws.1:5 8.91500  7.35000  9.06435
Wsa:s 9.70274 10.52387 12.11114
We 3:5 13.63622  15.01828 16.33133
Wea:s 19.94702  21.99980 22.81920
Wes:s 33.13133 35.37716 35.84896

Table 16.2 Predicted values for censored observations W .r ; in Data 1.1.5 taken from Basak
etal. [178]

Basak et al. [178] pointed out that this may cause some computational difficulties.
Alternatively, they proposed the linearized predictive MLE as discussed by Thomas
and Wilson [843]:

m
¥ = —— 3 (Ri + Dk Xpomn.
m+12( k + Dk Xieom:
k=1
where k; = ZLI %, < k < m. The resulting modified MLP of W :g; is

given by

~ = R;
o (X2 = T 1 [ Xjmal® 4 j ]
Tum(XT) = Vlog e * Og(R,—r+1)

Notice that, for r = 1, this predictor simplifies to 7T ym (X%) = X
Since the CMP is also difficult to obtain in this setting, Basak et al. [178]
proposed a modified CMP using (16.14) and replacing the parameter ¢ by the

corresponding BLUE ﬁLu. The resulting predictor is given by
Fmc(X?) = 9y log [eXf”"i”/ﬁLU + med (FZ”R!' )],

where Z , denotes the rth order statistic in a sample of size R; from the standard
exponentiaf distribution.

Example 16.2.3. The preceding predictors are applied by Basak et al. [178]
to the log-times of Nelson's insulating fluid Data 17.5. The resulting predicted
values are transformed back to the original time scale. The results from this
approach are given in Table 16.2 (see also Table 16.1).
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16.2.3 Normal Distribution

The present prediction problem has been discussed by Basak and Balakrishnan
[175] for a normal distribution N(u, 1) with location parameter i € R. As above,
the cases of a known and unknown location parameter have to be handled separately.

Location Parameter ;. Known

Given the sample X1, - - . » Ximemmn, the BUP is calculated from the expectation of
the conditional density function in (16.5) and has the integral representation

R;! 1
(r=DUR; =) (1 = D(Yjimn))

ﬁBU(X%) = Xj:m:n +

r— j=r

< Y ) [+ Y ) =9V )| [1- 00+ ¥ ],

where Y.y = Xjunn — , 1 < j < m, and ¢ and @ denote the density function
and cumulative distribution function of a standard normal distribution, respectively.
The integral has been evaluated numerically but, obviously, is not linear. The BLUP
is given by the expression

AW =pu+ay + @' 27NXZ - pul —a), (16.15)

where ay, o, @, and ¥ are given in (16.12). The moments can be computed using
(2.25). A detailed discussion is provided by Basak and Balakrishnan [175] who
showed that this works quite efficiently. They have pointed out that only single
and product moments of order statistics from a standard normal distribution are
necessary to compute the above quantities. These moments can be taken from
Tietjen et al. [846] up to sample size 50.

The MLP can be obtained by maximizing the PLF w.r.t. the variable w. In this
case, the PLF is proportional to the density function (16.5), or to

h(w) = eW)(P(w) = P(y)) ' [1 = @W)]Y ™, w=y;.

Notice that, according to Basak et al. [178], a unique MLP exists.

Location Parameter ;. Unknown

For an unknown location parameter, the BLUP can be directly obtained from (16.15)
by replacing u by its BLUE iy = 1’2 ' (X# — ) /(1’2 7'1).
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Maximum likelihood prediction has also been discussed in Basak and Balakrish-
nan [175]. They proposed two predictors referred to as one- and two-stage MLPs.
The one-stage MLP is obtained as solution of the predictive likelihood equations
resulting from the derivatives of the log-PLF:

D vk + Y Reh(yi) + (r = Dh*(yj.w— ) =0,
k=1 k=1k#j (16.16)

—w+pu+ =D =hr*(y;,w—w)]—(R; —r)h(w—p) =0,

where h(t) = @(t)/[1 —@(t)], h*(s,t) = @(s)/[P)—DP(s)], t > $, Yk = Xk — 4,
1 < k < m. The corresponding predictor of W, ,. R; is defined as 'ﬁMLl(Xﬁ) =

max{X.mm. )?1}, where X is defined via the solution of (16.16) in w.
For the two-stage approach, Basak and Balakrishnan [175] used the fact that the
PLF can be written as a product of the functions (up to multiplicative constants)

Li(u:y) = [ [{e (1 = (y)}™.
k=1
(@) — d(y;) !

= oQm 1~ 2e =y

La(w: . y) = ¢(w)

Notice that these correspond to the joint density function of Y and the conditional
density function of W; ,:g;, given YZ = y [see (16.5) and (16.6)]. Here, L; depends
only on pu, whereas L, depends on both parameters. Using this decomposition,
Basak and Balakrishnan [175] defined a two-stage MLP based on the solution of
the equations resulting from differentiating the logarithm of L; w.r.t. u and the
logarithm of L, w.r.t. w:

D v+ Rih(y) =0,
k=1 k=1

—w+u+ =D =h*(y;,w—w)]—(R; —r)h(w—p) = 0.

(16.17)

The corresponding predictor of W; ,.g; is defined as
o~ % _ “
]TMLz(X ) - maX{Xj:m:ny X2}a

where X » is defined via the solution of (16.17) in w.

Since explicit solutions of (16.16) generally do not exist, Basak and Balakrishnan
[175] proposed a modified MLP which is defined via the solutions of (16.16)
and (16.17), where the quantities 2(Xgum:n — 1), R(Wj ik, — i), and h* (X o —
w, Wjr.r; — i) are replaced by its expected values. Since the population distribution
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is a N(u, 1)-distribution, it follows that Yj..p = X — i and Wi r:r; — i canbe
seen as the corresponding random variables based on standard normal distribution.
Therefore, the expectations are free of the location parameter ;. Consequently, the
preceding equations are linear in © and w and so can be easily solved provided
that these expected values are available. Basak and Balakrishnan [175] established
explicit but rather complicated expressions of these expected values in terms of
moments of order statistics from a standard normal distribution. For instance, the
expectation of & (Yj.y:,) is given by

k k
ai; k
Eh(Yiemn) = l_[)/i Z mEYtyﬂ 1<k <m,

i=1 i=1

provided that y,, > 1 which means that at least one unit is Type-II censored in the
experiment. If y,, = 1, the last term in the representation of Eh(Y,,.:,) has to be
replaced by

m—1

00 2 m—1
@(1) Vi
Vi )am, / ————dt =0.9031972856- _
(T)enn | 750 5=

i=1
Expressions for EA(W; ,:g; — i) and En*(Xjumm — 1, Wi r:r; — W) are presented
in Basak and Balakrishnan [175].

Introducing the notation ey = Eh(Xkum:n — ), a; = ER(Wj,.r; — p), and
bj = Eh*(Xjumm— M, W; r:r; — t), the solutions of the modified equations (16.16)
are given by

= %(Z-xk + ZRkek +(r— l)bj),

k=1 k=1k#j
Wl = ﬁl + (I'— 1)[1 —bl] —(Rj —r)aj.

For the modified equations (16.17), the resulting solutions are
1 m m
~ _ 1 R )
M2 m(};xk +kZ::l k€k

W2=ﬁ2+(r—1)[1—b1]—(Rj —r)aj.

The corresponding predictors of W; ,.g; are defined as the predictors MM, (X7) =
max{X . mn. )f,-}, where X; is defined via w;, i = 1, 2.

Finally, Basak and Balakrishnan [175] discussed approximate maximum likeli-
hood prediction. Here, the functions A( Xk — ), A(Wj r:r; — i), and h* (X jmzn —
w, Wjrr; — p) are replaced by a Taylor series expansion of order 1 in (16.16)
and (16.17), respectively. For details, we refer to Basak and Balakrishnan [175].
Further, these authors also addressed conditional mean predictors which need to be
computed numerically.
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5.4258 5.4324 5.4410 5.4510 5.4515 5.4634
5.4984 5.5045 5.5146 5.5338 5.5502 5.5771

Table 16.3 Progressively Type-II censored data generated by Basak and Balakrishnan [175]
from data simulated from a normal distribution. The censoring scheme is given by # =
(0%3,2,0%2,2,0%,4),m = 12,n = 20

BLUP MLP;, MLP, MMLP;, MMLP, CMP

Wi 1o 54992 54510 54510 5.4510 54510  5.4802
Wi 56230 5.4921 5.6121 54992  5.6513 5.5784
/2 55107 5.4984 54984 5.4984 54984  5.1023
Wi 22 71781 55423 6.9256 5.5621  7.0156  6.2384
Wis 14 6.2814 55771 55771 55771 55771  5.9123
Wi22:4 78310 55771  7.0562 5.7108 7.1121  6.0256
Wis 34 9.1251 7.2341 92681 7.2108 9.3785  9.0587
Wisaa 112542 9.1081 12.0581 9.0256 113515 11.0568

Table 16.4 Predicted values for censored observations W;,.r y for the data given in Table 16.3
taken from Basak and Balakrishnan [175]

Example 16.2.4. Basak and Balakrishnan [175] generated a progressively Type-
Il data set (see Table 16.3) from simulated log-normal data presented in Cohen
and Whitten [277] (see also Cohen [266]). The data were selected from normal
random samples given in Mahalanobis et al. [628]. The resulting predicted values
are given in Table 16.4.

16.2.4 Pareto Distributions

In this section, a location—scale family of Pareto distributions with cumulative
distribution function

F(z):l—(1+%)_a, x>

is considered. The shape parameter « is supposed to be known. The standard
member of this family is a Lomax(a)-distribution. The conditional density function

fW/"‘Rf IX™ can be taken from (16.5). It can be written as

ij.rZR‘/' [Ximen (W|Xj)

R;! 3 _
= oo T R = HO) TG,z
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where
— o
J
W— X —(a+1)
h(wlx;) = —]u] .

o
— |14+
l9+)€j—,u|: Z9+Xj—

Therefore, we can interpret W ;. g : | X j.m:n = X as the rth order statistic in a sample
of size R; with population cumulative distribution function H(:|x;). Notice that
this is the cumulative distribution function of a Pareto distribution with location
parameter x; and scale parameter ¢ 4 x; — u.

Suppose V;.g ; denotes the rth order statistic from a Lomax distribution
in a sample of size R;. Then, according to Corollary 7.2.6, EVi.g, =

[T, % — 1 provided that «(R; — r + 1) > 1. Given that x4 and ¢

are known, the BUP of Wj,r;Rj is given by
%\BU(X%) = E(I/I/j,r:Rj | Xjimmn) = Xjomm + (@ + X — N)EVr:Rj

Rj—i+1
==+ O+ Xjon — M)]‘[a(“R( —z—i—l)zl (16.18)

Since this predictor is linear, it is also the BLUP for W ,.g; provided that 4 and
1 are known. Representation (16.18) shows that 7gy(X%) > X j:mmm almost surely
and that gy (X%) is increasing in r € {1, ..., R;}.

Raqab et al. [746] considered best linear unbiased and (approximate) maximum
likelihood prediction for a location—scale family of Pareto distributions with known
shape parameter « > 0 and standard member Lomax(«). They obtained explicit
expressions for the BLUPs using the representations of the moments given in
Theorem 7.2.5. They can also be obtained from the BLUEs given in Theorem 11.2.4
and using the result of Doganaksoy and Balakrishnan [342] [see (16.2)]:

7T (X?) = iy + awdiy + @'V (X7 — il — D),

where the expected values ayy = EW,,.z,.0 = EX? V = Cov(X¥), and
w = Cov(W;g;, X“#) are calculated for the standard member of the location—
scale family, i.e., the Lomax(«)-distribution. The representation of the BUP in
(16.18) can be used to derive expressions for ay and w. Suppose © = 0 and
¥ = 1. Then, we get using (16.5)

aw = EWj,.g, = E[E(Wj,r:Rj ‘Xj:m:n):l

a(R; —i+1)
a(R —i+1)—-1

=14+ EXjn+1)- ]"[

_l—[ ayk lL[ a(R; —i+1) _1
aye— 1 Ja(R—i+1)—1 ’
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Brk = E[Xk:m:nWj,r:Rj] = E[Xk:m:”E(Wj'r:Rf |X%)]

= E[Xk:m:nE(VVj,r:Rj |Xj:m:n)]

r

a(R; —i+1)
= E[Xk:m:an:m:n]l_[a(Rj J_l T 1)_1

i=1

Loa(R—i+1)
EXkomom / —1|, 1<k<m,
* k"[l—[a(Rj—i—i—l)—l [ rsksm

i=1

(X(R]—l+1)
aR,—i+1)—1'

P
@i = Cov(X s Xkcumn) 1_[
i=l

Then, we find by the definition of V' that (w'V '), = []'_, % fork = j

and zero otherwise. This leads to the following representation of the BLUP:

a(R; —i +1)

TX?) = Xjomn + [l_[

i=1

- 1](§LU + X — HLU)-

Notice that this is the BLUP for known p and 9 with the parameters replaced by the
corresponding BLUEs [see (16.18)].

The BLEPs can be obtained in a similar fashion using the expressions for the
BLEE:s given in Burkschat [231] and the devolution result due to Balakrishnan et al.
[139]. Notice that moments of progressively Type-II censored order statistics from
a Lomax()-distribution exist only under certain conditions on the parameters and
on « (see Theorem 7.2.5). This has to be taken into account. Raqab et al. [746] also
established the MLP

~

~ A R +1/a 1/« Xjmn — 14
3 ; 14 R Y ) 6019
T (XT) =+ [(Rj—r—i—l-i-l/a) ( " U ) :| ( :

of W, .r s where It = Xy, and 9 are the predictive MLEs. ¥ is obtained as the
solution of the equation

“ v s
“r2 IZ:;[O[( + )+ ]l?+xi—x1+z9+xj—X1

This equation is quite similar to the corresponding likelihood equation given
in (12.22).

Since the right-hand side of this equation is strictly increasing in ¢, the equation
has at most one solution. Since the limit for % — 0 is given by 0 and for  — oo is
given by oy, +m > 0, the equation has a unique solution iff y, > 1/« (and m > 2)
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BLUP MLP; AMLP

Wi 0.0280 0.0141 0.0141
Wias 0.0651 0.0872 0.0869
Wiss 02113 0.3552 0.3918
Wi 1.9146 1.2200 1.2200
Wit 3.1855 2.7200 2.7200
Wi 4.6215 4.7770 4.5104

Table 16.5 Predicted values for the observations W ,.r; censored in the first three censoring steps
for the data given in Table 11.2 taken from Raqab et al. [746]

[see also the comments following (12.22)]. Notice that this means that X5.,,., has
a finite first moment (see Theorem 7.2.5). In order to get an explicit expression for
the estimate of ¥, Raqab et al. [746] used a linearization of the above equation and
proposed an approximate MLP similar to (16.19), where the predictive MLE ¥ is
replaced by the predictive AMLE.

Example 16.2.5. Ragab et al. [746] presented the predicted values for the
censored data as given in Table 16.5

16.3 Prediction of Future Observations

Suppose we observe progressively Type-1I censored order statistics X,y < -+ <
Xyom:n With r < m and censoring scheme %. We are interested in predicting the
future observations X, 1. <+ < Xpumun-

16.3.1 Linear Prediction

Burkschat [231] derived BLUPs and BLEPs in the setting of generalized order
statistics for generalized Pareto distributions as given in Definition A.1.11. The
results are established in a multi-sample scenario. For brevity, we consider only the
one-sample setting as introduced above. Let £ € {r 4+ 1,...,m}. Then, Burkschat
[231] obtained the following result.

Theorem 16.3.1. Letc;,d; be asdefinedin (11.9)and F € X P with q # 0.
Suppose that, for the sample X% ... X%  the censoring scheme Z satisfies

1:im:min> r:m:mn?

¥y + 2q > 0. Then, the BLUP of Xj.,,., is given by

~ ced cedp [ 1~
TLu(Xemn) = Cl_d;Xr:m:n + (1 - Cld;)(mu + C—IﬁLU),
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where the BLUEs 11, y, 5LU are given in Theorem 11.2.4. In the exponential case,
the BLUP is given by

14
~ ~ 1
JTLU(XZ:m:n) = Xr:m:n + ﬂLU Z -

jert1 Vi

As pointed out in Burkschat [231], the BLEPs are obtained from Theorem 16.3.1
by replacing the BLUEs with the BLEEs given in Burkschat [231]. Furthermore,
MSPEs are provided. Burkschat [231] observed that, for reflected power distribu-
tions, the BLUP is a convex combination of the largest observation X,.,,., and the
BLUE of the right endpoint of the support given by iy + g}lu. A similar property
has been reported by Kaminsky and Nelson [495] for order statistics.

16.3.2 Bayesian Prediction

Suppose the population cumulative distribution function is given by Fy with density
function fy and that the prior distribution is defined by the prior density function
7a. 7, (|X) denotes the posterior density function, given X% = x [see (15.1)]. In
this framework, two different setups are considered:

¢ One-sample setup
Given a sample Xiyuum,..., X of progressively Type-II censored order
statistics, we are interested in predicting a future outcome Xj.p:, K > j, from
the same sample. The procedure is based on the predictive distribution of Xj.,:»,
given the observations X‘]% = (Xtzmns - -+ » Xj:mmn). Then, the density function of

Xiezmen, given Xjﬂ = X/, is given by

Ximon X7 =x; KXo X jmin =
fo femn X5 XJ(Xk): okAmAn‘ Jimin x’(xk)» X1seoos Xj, Xk e R.

Due to the Markov property of progressively Type-II censored order statistics,
this conditional density function depends only on the largest observation x ;. The
predictive density function of Xk.,.,, given X‘]% = Xj, is defined via

filtlx;) = /fox’“"’:”‘X""""’:Xj(t)n:(0|xj)d0, x; R/t eR,

where 7} (6|x;) denotes the posterior density function. In fact, from Theorem

k:m:n ‘Xj:m:n=xj

.. . . X, .
2.5.2, the conditional density function f, can be written as

k k
forr =y = (TT %) X aff (= G, ) g0, @),

i=j+1  i=j+1
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where a)) = [Ti=js1 575 Go, () = 1= [1 = Fp@)]/[1 = Fa(x))] is a
VFL

left-truncated cumulthive distribution function, and g ., denotes the correspond-
ing density function.

e Two-sample setup
Given a sample Xi.nu, ..., Xmun:n Of progressively Type-II censored order
statistics (the so-called informative sample), the goal of this method is to predict
outcomes of an independent future sample Y.y < :-- < Yy.n from the same
population. The procedure is based on the predictive distribution of Y.y, given
the informative sample X% . Then, the density function of Y.y is given by

f (y) = k(]Z>fo WA= F) R (), yeR

For a posterior density function 7 (-|x), the predictive density function of
Y.y given XZ% = x is defined via

folo) = / £V ()2 (0)d0. y € R.

Under squared-error loss, the Bayes predictive estimator of Xj.,., (or Yi.y) is
defined as the expected value of the predictive distribution, i.e.,

Fea(X7) = / Vi 1K) dy.

Under absolute error loss, the median 7Tgam (X@) of the predictive distribution is
the Bayes predictor of X.:, and Y.y, respectively.

Bayesian Prediction: One-Sample Case

Schenk et al. [783] have considered a multiply censored sample from an exponential
population in terms of sequential order statistics with different model parameters.
For illustration, we present here only the case of a progressively Type-II right
censored sample. In the one-parameter setting, i.e., an exponential distribution
Exp(?¥) and an inverse gamma prior 7,5 () as in (15.3) is assumed, they found
the posterior density function

t: b)/ ta )
ﬂ;b(lﬂx) — (111(—;——:61)19—(]+u+1)e—(tj+b)/19’ 9 >0, (16.20)

where t; = Zé:l ye(x¢ — x¢—1), xo = 0. Then, the predictive density function
results as

k k A . | »
Se(t|x;) :( l_[ J/i) Z o (j +a)t; +b)

ik i .
icin sy G byt xg)) et
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Suppose j +a—1 > 0. Then, for squared-error loss, integration w.r.t. f > x; yields
the Bayes predictor

k k
~ T:+b 1 ~ 1
nBA(X%):Xj:m:n"f‘.]— Z _:Xj:m:n'i‘ﬁB Z —,
Jra-1, 53,y i=j+1 Vi

where 55 denotes the Bayes estimator of ¢ in this setting [see (15.4)]. For j +a —
2 > 0, the posterior variance is given by

Var(Xk:m:”IX??:Xj)zﬁzB[H%( Z ;)24' Z lz]

i=j+1 Vi i=j+1 Vi

(see Schenk et al. [783]). The predictive survival function is given by

k k ) i
_ a; (T; + b))/t
Fr(t]x)) = yi —k / —
! (i=l/_‘!r1 )i;H vi (Tj +b+yilt —x;)/te

It can be used to compute a (1 — «)-HPD prediction interval [’K\k,ﬁk] for Xi.nm
solving the equations

Fr(li)x)) — Fr(elx)) = 1 —a, felllx;) = fiGi|x;).

The corresponding formulas for conventionally Type-II censored data have been
established by Fernandez [365].

A similar approach can be applied in the setting of a Weibull model with known
shape parameter 8. In this setting, we have to replace the observations x; by the

transformed observations xf resulting in quite similar expressions. This comment
applies to, e.g., Rayleigh distributions, where § = 2. Prediction intervals for a

general class of distributions as given in (15.7), including exponential, Weibull, and
Pareto distributions, are presented in Abdel-Aty et al. [2]. Their results are based
on priors previously used by AL-Hussaini and Ahmad [28]. The scenario is further
discussed in Mohie El-Din and Shafay [652].

Bayesian Prediction: Two-Sample Case

Given the informative sample X1, - - . , Xpun:n Of progressively Type-II censored
order statistics, the goal of this method is to predict outcomes of an independent
future sample Yi.y < -+ < Yy.n from the same population. The procedure is based
on the predictive distribution of Y}y, given the informative sample X . Suppose the
population cumulative distribution function is given by Fy with density function fy.
Then, the density function of Y.y is given by
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N!
1 () = mﬁ) WMF A= Fao)¥ ™. yeR.

Given a prior density function m,, the predictive density function of Y.y, given
XZ% = x, is defined via

felylx) = / FIN ()2 (0)d0,  y € R,

where 7 denotes the posterior density function.

Apparently, Bayesian prediction of future order statistics from an exponential
distribution has not been considered. For completeness, we present the results which
are easy to derive. Using the gamma prior given in (15.3), the posterior density
function (16.20) with j = m results as in the one-sample prediction problem with
tm = Y i vi(xi —xi—1), xo = 0. Then, the density function of Y.y is given by

N\1 _
fﬂYk:N (y) — k(k)ge—(N—k+l)Y/l9(1 _e—y/ﬁ)k 1, y>0,

leading to the predictive density function

NS (k-1 (m + @) (ty + b)"*e
fk(ylx):k(k);(_l)]< j )(tm+b+(N—k+j+1)y)’”+“+1'

Supposing m + a > 1, we get for squared-error loss the Bayes predictor of Yj.y as

FoaX”) = [k ( )Z( 1)f< )(N ket + 17 ]Fe.

where 53 is the Bayes estimator of ¢ [see (15.6)]. Prediction of k-records based on
a progressively Type-II censored sample has been discussed by Ahmadi et al. [17].

Bayesian prediction issues of future order statistics for Rayleigh distributions
have been addressed by Ali Mousa and Al-Sagheer [35], Wu et al. [915], and
Kim and Han [529]. Assuming the prior in (15.8) (see Sect. 15.2), Wu et al. [915]
obtained the Bayesian point predictor of Y.y as

Tea(X?) = ( )\/72( 1)f< )(N k+]+1)‘3/2] g, (16.21)

where 55 = mTijfl denotes the Bayes estimator of ¢ given in (15.9). The

derivations are similar to those for the exponential distribution and therefore
omitted. Kim and Han [529] obtained the same expression of the Bayes predictor
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as in (16.21) when the sample is generally progressively Type-II censored. But,
the Bayes estimator 53 exhibits a much more complicated representation. Ali
Mousa and Al-Sagheer [35] considered Bayesian interval prediction for a future
progressively Type-II censored order statistic using a different prior. Fernandez
[367] discussed Bayes prediction based on a multiply censored sample of order
statistics.

Remark 16.3.2. Bayesian prediction issues have also been addressed for other
distributions. Ali Mousa [34] and Ali Mousa and Jaheen [37] discussed prediction
intervals for Pareto distributions and Burr distributions, respectively [see also
Mohie EI-Din and Shafay [652] in terms of the family (15.7)].



Chapter 17
Statistical Intervals for Progressively Type-II
Censored Data

Though considerable attention is usually paid to point estimation, in many practical
situations an experimenter may also require uncertainty information such as those
conveyed by confidence intervals, tolerance intervals, or prediction intervals for
the life characteristics of interest. The primary motivation in constructing confidence
intervals is that they provide a range of plausible values for the life parameter of
interest based on the observed progressively censored data at a required level of
confidence. The practical relevance of confidence intervals and their construction
has been well demonstrated by Hahn and Meeker [426].

In Sects. 17.1 and 17.2, we discuss the derivation of exact (conditional) con-
fidence intervals for distribution parameters, quantiles, and reliability. We present
parametric and nonparametric approaches. Additionally, asymptotic confidence
intervals are sketched in Sect. 17.3. Finally, this section is supplemented by results
on prediction intervals (Sect. 17.4) and tolerance intervals (Sect. 17.5).

17.1 Exact Confidence Intervals

In this section, we present exact confidence intervals for various parametric families
of distributions as well as a nonparametric approach. The results include confidence
intervals for distribution parameters, quantiles, and other quantities like reliability.

17.1.1 Exponential Distribution

Suppose the progressively Type-II censored order statistics are based on one- or
two-parameter exponential distribution. The construction of confidence intervals for
the distribution parameters is based on the results presented in Theorems 12.1.1
and 12.1.4.

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 379
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_17,
© Springer Science+Business Media New York 2014
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Corollary 17.1.1. Let @ € (0,1) and let )(%(k) and Fg(2,k) denote the B-
quantiles of a y2- and F-distribution with the corresponding degrees of freedom,
respectively. Moreover, let 5EU = % ZTZI(RJ- + 1)(Z;.p:n — ) be the BLUE of
¥ in the scale model and

- - 1 <
AL = Zimn, Dy = mg(& + D(Zjimn = Zrmn)
be the BLUEs of i and ¥ in the location—scale model.

Then, two-sided (1 — &) confidence intervals for ¥ are given by

(I) |: 2m§fu 2m§fu :|

Xiap@m)” 252 (2m)

(i) em-29w  @em—2)9
Hi—ap2@m=2)" f22m=2) |’

A two-sided (1 — &) confidence interval for w is given by
(iii) I:ﬁLU — 2F1_a(2, 2m — 2)19}%, ﬁLU:I-
One-sided confidence intervals may be constructed similarly.

Proof. (i) The result follows directly from Theorem 12.1.1 because 27’”1/9\@ ~
2
x-2m).
(ii) For a I' (¥, m — 1)-distributed random variable U, 2% ~ x*(2(m — 1)). Thus,

% ~ x*(2(m — 1)). Hence, we find for ¢ > 0,

Py (0 22(”1— )dw ’ Zz(m— 1)dwy
Xl_a/z(z(m -1)) Xa/z(z(m -1)

2(m - 1){9\LU
%

=Py <x§/2(2(m -1) < < A1 ayp(2(m — 1))) =1-—a.

(iii) From "Lﬂu/—;" ~ Exp(1) = x%(2), we obtain for

Ty — 2(m — 19
ALl N (m— 1)Ly

v/n s
that U ~ x?Q2), V. ~ x*Q(m — 1)), and U,V are independent by
Theorem 12.1.4. Therefore,
n(@u-p 35U
3 -
291y 20m—1)

~F(2,2(m - 1)).
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This implies, for € R, that

N D
Py (M € |:HLU —2F 1 (2,2(m — 1))%, MLU])

—pfo="PUTH g am—1)) =1-a
20y

which proves the assertion (see also Remark 12.1.5). O

Remark 17.1.2. Under general progressive censoring, Balakrishnan and Lin
[110] utilized an algorithm of Huffer and Lin [466] to compute exact confidence
intervals for the scale parameter ©. The approach is based on the representation
of the BLUEs as a linear function of the spacings. From (11.8) and (2.13), it is
obvious that the BLUEs can be written in such a way.

Simultaneous confidence regions for u and ¥ in the location—scale model have
been obtained by Wu [909] following the ideas of Wu [904]. Wu [909] proposed
two approaches to construct joint confidence regions. The constructions are based
on the independence of the quantities

Ly — 2(m
opHu— R ¥ (2), ¥ﬁ,_u ~ X (2(m—1)),
4 D
and
'uLU ~ F(2,2m —2), 2 (mgfu —n,u) ~ x*2m).
I9Lu v

Theorem 17.1.3 (Wu [909]). Let « € (0,1) and )(%(k) and Fg(2,2k) denote

the B-quantiles of a y?- and F-distribution with the corresponding degrees of
freedom, respectively. Then, the following statistical intervals are joint confidence
regions for u and ¥. Moreover, let - = (1 — v/1—0)/2 and a4+ = (1 +
V1 —w)/2:

. —~ pAR %) 2
(i) = {(M, 9) ) o — 229 < <y - 52,
2(m—1) 1’,?LU <9 < XZ(m—l) 5LU},

12 (2m—2) 2_(2m=2)
. ~ Foy (2.2m=2) & Fo (2.2m—2) 3
(i) = {(M, ¥) ) fLy — —————0 < p < Iy — ===y
ml?LU —np ml?LU n;L}
Xz am <V <2 am

where 9%, = L YR+ DZ o
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M 4 M K
0 i i i 0 - i i i
0 1 2 3 v 0 1 2 3 v

Fig. 17.1 Joint confidence regions .#] and % from Example 17.1.4

1.013 1.034 1.109 1.266 1.509 1.533 1.563
1.929 1.965 2.061 2.344 2.546 2.626

Table 17.1 Progressively Type-II censored data generated by Wu [909] from a sample of duration
of remission of n = 20 leukemia patients

Example 17.1.4. Wu [909] applied the above joint confidence regions to data
taken from Lawless [574]. The data set of duration of remission of n = 20
leukemia patients treated by one drug has been progressively Type-IlI censored
by the censoring scheme #Z = (1,1,0*!°,5) leading to the censored data
(measurements are in years) given in Table 17.1 of m = 13 observations.

The BLUEs in the two-parameter exponential model are given by iy = 1.013
and Ly = 1.45125. Using the above methods, Wu [909] computed the following
simultaneous 95 % confidence regions:

(i) o= {(u,ﬁ) ] 1.013 — 0.2185% < p < 1.013 — 0.0006%, 0.8278 < ¥ < 3.1038},
(i) = {(u, ¥ ‘0.6305 < i < 1.0121,1.5946 — 0.8946p1 < ¥ < 5.6638 — 3.1776u}.

Both confidence regions are depicted in Fig. 17.1. The regions %] and J# have
an area of 0.9746 and 0.9254, respectively. Wu [909] conducted a simulation
study revealing that the second confidence region covers a smaller area than the
first one.

Remark 17.1.5. The multi-sample case has been discussed in Balakrishnan
et al. [130] [see also (12.8)]. In this case, similar confidence intervals have
been established using the fact that the MLEs of u and ¢ are independent
(see Cramer and Kamps [299]). Moreover, the estimates have an exponential
and y2-distribution, respectively. Details can be found in Balakrishnan et al.
[130].

From the above results, we can construct confidence intervals for quantiles of
the exponential distribution. The quantile function of a two-parameter exponential
distribution is given by F* (1) = u — ?log(l —¢), t € (0, 1). Hence, we can
estimate the quantile £,, p € (0, 1), by the estimates

& =—drylog(1—p). &, = fiLu — drylog(l — p)
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if either . = 0 or p is unknown, respectively.
From Theorem 12.1.1, we know that the BLUE 9, has a ['(¢#/m,m)-

distribution. Therefore, /E\; is also gamma distributed but with parameters
—9 log(l — p)/m and m. From Corollary 17.1.1, we get the (1 — «) confidence
2m’§; Zm?;
Ki—a/2@m)" X3y p(2m)
confidence interval can be obtained via the construction

interval

:| for §,. In the location-scale model, a two-sided

[ﬁLu —c_Brylog(l — p) < &, < Ly — e Dy log(l — P)] : (17.1)
Straightforward calculations lead to the equivalent relation

Ec - %U—i—%log(l—p) - Ec
2t = v =277
2m—2

where U = n(fiLy — n)/% ~ Exp(1) = y*(2) and V = 2(m — l)ﬁLU/ﬂ ~
x>(2m — 2) are independent random variables. To compute the bounds, we have to
calculate the distribution of this ratio.

Remark 17.1.6. The calculation of the distribution of the ratio Q =

LUu+2log(1—p) . . . .
w is closely related to calculating the OC curve given in (22.3)
2m—2

(see also Remark 22.5.2). This can be seen from its survival function which can
be written as

PO > k) = P(U - %V > —nlog(l —p)).

In the same spirit, we can calculate exact confidence intervals for the reliability
at a mission time #y. In the scale model, it is easy to see from Corollary 17.1.1 that

_ tOX%—a (Zm) }

A (17.2)
2mvy,

c=exp{

is a lower confidence limit for R(fy) at a confidence level 1 — «. In the location—
scale case, the situation is more involved. The MLE for the reliability R(#) =
exp {—(to—p)/¥} is given by R(ty) = exp {—(to—ﬁ)/ﬁ} provided that #o > 7i. This
problem can be traced back to confidence intervals for a certain quantile. Suppose

we are interested in an upper confidence interval for R(#). Then, for a statistic
T =1(X%),

R(ty) > 1 < pn—">21og(r) >ty < &— > 1.
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Recalling the construction in (17.1), this tells us that [z, 1] is an upper confidence
interval for R(t) if 7y is a lower confidence limit for £_,. Hence, 7 is determined

as the solution of the equation §,_,(x) = #; for a given sample x.

Example 17.1.7. Using the results given in Example 12.1.6, the estimate of the
reliability at ¢y = 2 is given by R(2) = 0.8024 in the scale model. Then, (17.2)
provides an upper 95 % confidence interval for R(2), i.e., [0.6965, 1].

17.1.2 Weibull Distribution

Wu [904] has obtained confidence intervals for the scale and shape parameters
of a Weibull(8, §)-distribution based on progressively Type-II censored data. The
construction is based on the idea that progressively Type-II censored order statistics
Ximns - - o s Xmumen from such a Weibull distribution can be expressed in terms
of exponential progressively Type-II censored order statistics Zi.nun, - -« Zmunen-
Namely, we have

(X jomn)i<jsm = (Z,‘/,ﬁn)l<j<m. (17.3)

From the independence of spacings in the exponential case [see (2.9)], we conclude
that

7, =2xb

19 lim:n>® )zfjfm, (174)

Vi B
ZA (ijn_X] Lim:n
are |ID standard exponential random variables. Moreover, this shows that V =
25X b~ ¥2(2) and

1:m:n
m

=2) 7;=
j=2

are independent random variables. Hence, T} = U/[(m — 1)V] ~ F2(m — 1), 2).
Wu [904] established the confidence interval for B using that, for 1 <, < --- <1,
the function

tblt\)

1 m
V0,00 = (0.00). o yp(p) = oy Y R+ 0@ -1
j=2

is strictly increasing with limg_.o ¥ (8) = 0 and limg_, o ¥ (B) = oco. This shows
that the equation ¥ (8) = x has a unique solution in 8 for any x > 0.

Theorem 17.1.8 (Wu [904]). Let o € (0,1) and XZ = (X1unms - -2 Xpamen)
be a sample of progressively Type-Il censored order statistics from a two-
parameter Weibull distribution Weibull($, §). Then, a (1 —«) confidence interval
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for B is given by
H = [V X7 Fupp@m = 1).2), 9" (X7, Fiao20n — 1).2)) |,

where ¥* (X%, w) is the unique solution for 8 of the equation

" X“m'n B
3 (R +1>(ij ) =y + nln — Do, (17.6)
j=2 m:n

Proof. First, notice that (17.6) is equivalent to the equation ¥ (8) = o with ¢;
replaced by X .../ X1:m:n. Hence, we have a unique solution in 8 for any w > 0.
Therefore, the condition € % is equivalent to

Fio/2(2(m —1).2) < ¥(B) < Fo2(2(m —1),2).
Since ¥ (B) = T1 ~ F(2(m — 1), 2), the assertion is proved. O
Recently, Wang et al. [890] have established a confidence interval for f via a

different approach. Using (17.4), they considered the partial sums S; = Z’j=l Z;,

1 <i < m, and the ratios S;/S,;, | < i < m — 1. These ratios are distributed as
uniform order statistics from a sample of size m — 1 so that the pivotal quantity

m—1
(X7, ) =2 log(S;/S)

Jj=1

m—1 m . B
25 o (Z‘ L1 (R DXy )

j= z]=_ll(R’ + l)Xl:mZn + V]X}'S

jim:n

has a y2-distribution with 2(m — 1) degrees of freedom. Moreover, it is free of the
scale parameter . Wang et al. [§90] showed that 7(x, B) is strictly increasing in
for any x > 0. Additionally, limg—o (X%, ) = 0 and limg—oo T (X%, B) = oo for
0 < x; < --- < x;;. Hence, the equation t(x, ) = ¢ has a unique solution for any
t > 0. This yields the following result.

Theorem 17.1.9 (Wang et al. [890]). Let @ € (0,1) and X¥ = (X1 - - -,
Xynm:n) be a sample of progressively Type-ll censored order statistics from a two-
parameter Weibull(¢}, 8)-distribution. Then, a (1 — «) confidence interval for
is given by

H = [T 2 0m = 1)) T X i 2m = 1))

where t71(X#, ) is the unique solution for B of the equation t(X%,B) = w
with @ > 0.
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Example 17.1.10. The above confidence intervals are computed for Nelson's
progressively Type-ll censored data 1.1.5. Using the approach of Wu [904], the
95 % confidence interval (0.3242, 1.7692) for § results. Wang et al. [890] obtained
the 95% confidence interval (0.3909, 1.4872). Notice that it is included in the
interval of Wu [904] so that it provides a shorter interval in the given situation.

Remark 17.1.11. In general, the confidence intervals proposed by Wu [904] and
Wang et al. [890] need not be subsets. For instance, replacing the largest observa-
tion 7.35 in Nelson's progressively Type-Il censored data used in Example 17.1.10
by 73.5, the estimates [0.2364, 1.1304] (Wu) and [0.2025, 0.6844] (Wang et al.)
result.

Using the substitution method of Weerahandi [894, 895], Wang et al. [890]
proposed generalized confidence intervals for, e.g., the scale parameter ¢ and
quantiles &,. Writing 7(8) = >_7_,(R; + I)Xﬁm:n, it follows that V' = 25, =
%T(,B) has a y?(2m)-distribution. On the other hand, % = 2T (8)/ V. Following
the construction of generalized confidence intervals, Wang et al. [890] make use of

the generalized pivotal quantity

28n
Y= m —lxt)’
2Zj=1(Rj + Dx;
where x = (x1,...,X,) is the given data and ¢ € (0,1). t~!(x,¢) is the solution

of the equation 7(x, 8) = ¢ for the observed data. Conditionally on X% = x, the
distribution of Y; — ¢ and the distribution of Y; are free of any unknown parameter.
For « € (0, 1), the bounds Y, and Y;_, form a generalized confidence interval.
These bounds can be determined by Monte Carlo simulations. A similar approach
can be used to estimate the mean, a quantile £, and the reliability function at a given
point.

The following theorem provides a simultaneous confidence region for the
distribution parameters.

Theorem 17.1.12 (Wu [904]). Let @ € (0,1) and Xé(k) and Fg(k,2) denote

the B-quantiles of a y2- and F-distribution with the corresponding degrees of
freedom, respectively. Then, the following statistical interval is a joint confidence
region for B and . Moreover, let o = (1 — ~/1—a)/2 and ay = (1 +
V1 —a)/2:

H = {9 |¥* (X* Fo 2m = 1),2)) = B = 9" (X7, Fo, (2m = 1).2)),

2 Z;n=l(R] + 1)‘Xjf'g:m:n
Yo, (2m)

22;”=1(R] + 1)‘Xjf'g:m:n
ey U

<9<

where ¥* (X%, w) is the unique solution for B of the Eq. (17.6).
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Proof. From the representationin (17.5), we getthat 7, = U4V = % ZT:I (R; +

15).¢ f .m:p DAS A x>-distribution with 2m degrees of freedom. Moreover, from Johnson

et al. [483, pp. 350], we conclude that 7, is independent of the ratio 7} = ﬁ ~
F(2(m — 1), 2). This implies that
P(Fuc@n—1),2) = T < Fo @m—1),2)) = VI—a,
PR em <1<z, 0m)=Vi-a
Using the independence of 7 and 73, we can multiply these probabilities to arrive at
l—a= P(Fa_(Z(m ~1),2)) < Ti < Fo 2(m—1),2),
12Cm) = Ts < 2, (2m)
= P(w*(xﬁ, Fo_(2(m—1).2)) < B < ¥* (X7 Fa, (2(m — 1),2)),

25 R+ DX 2N (R + 1>Xﬁmm)

22, 2m) 22_(2m)

This completes the proof. O

Example 17.1.13. For Nelson's progressively Type-ll censored data 1.1.5, we
get the joint confidence region

H = {(ﬁ, 9) ‘ 0.2807 < B < 1.9648,

25" ((R; + Dt e 25" (R; + 1)xf}
31.2070 6.0634

The resulting set is depicted in Fig. 17.2. Notice that the shape of the area is
different from that given in Wu [904]. This is due to a different parametrization
of the Weibull distribution. Wu [904] has used the parametrization ##. This leads
to very huge bounds for ## when g is small. In order to represent the region in
graphic form, Wu [904] suggested a logarithmic scaling of the ¢-axis. This is not
necessary in our setting.

Remark 17.1.14. Mann [634] has addressed exact interval estimation for a
distribution quantile 7z, where R denotes a specified survival proportion. In
particular, she was interested in determining a lower confidence bound for the
reliability R(t) for a given time fy. Assuming a Weibull(#'/#, 1/B)-distribution,
she proposed a lower bound which depends on three progressively Type-ll
censored order statistics Yy.un:n = 108 Xoumn, Ypimn = 108 Xpunins Yomn =



388 17  Statistical Intervals for Progressively Type-II Censored Data
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Fig. 17.2 Joint confidence region % for (8, ©) from Example 17.1.13.

log Xg:mm, 1 <v <m, 1 < p<gq=<m. Theresult is based on the derivation of

the exact distribution of the ratio

log(—log R) — Y%,
Y* —Y*

q:m:n p:m:n

Vipag =

where Y . = (Yo —log D) /B.

17.1.3 Pareto Distribution

Exact joint confidence intervals for the parameters of two-parameter Pareto distri-
butions with cumulative distribution function

F(t:k,ﬂ)=1—(§)l/0, t > B, (17.8)

are discussed in Kus and Kaya [566], Parsi et al. [712], Wu [908], and Fernandez

[368]. Let T = % Z’;’ZI(RJ» + 1)1log(X;:m:n/ Xi:m:n). Using arguments similar to
the Weibull case [see (17.3)], i.e., that

1 .
Zj:m:n = Elog(Xj:m:n/,B)a 1< J =m,

are exponential progressively Type-II censored order statistics, Kus and Kaya [566]
obtained the joint (1 — «) confidence set for § and ¢ as

# =89
Xl:m:n eXP{ - r f ,3 f Xl:m:nv
(m —1DF = 2(m —1),2)
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T —log(B/X1:m:n) T —10g(B/ X 1:m:n)
" Xa, (2m) =v=a X2 (2m) }

where o = (1 — V/1—a)/2 and oy = (1 + +/1 —«a)/2. Parsi et al. [712]
established a similar confidence region where the S-part is identical, but the #-part
is not constructed symmetrically. They used levels o} and o} with

o +af=1-V1—«a (17.9)

such that )(f_a* 2m) — )(i* (2m) has minimum width. They found a confidence
1 2

region for (8, 1/1) that always covers a smaller area than that proposed by Kus and
Kaya [566]. Here, for fixed B, the width of the confidence region in direction of ¢
are proportional to the difference

1 1
Zﬁ = 2n|: — i||:T - 10g(,8/X1:m:n)i|s
Xi* (2m) Xi*+m(2m)

where ¢* = 1—af and o) = a*++/1 — « from (17.9). The same comment applies
to the coverage area which can be written in our parametrization as

! 1 .
A= 2n|:Xi*(2m) i s | [T = outp0lap
! 1 _
= zn[xi*@m) - Xium(zm)}m[T —(T +q)e q],

where ¢ = T/[(m — DF ;= (2(m —1),2)] and ¢ € [0,1 — +/1 — a]. Therefore,
we look for o* such that

1 1
22.Cm) (2m)
o a*++/1—a

Al ;m,a) = (17.10)

is minimal for &* € [0, 1 — +/1 — «]. A plot of A(-;5,0.05) is depicted in Fig. 17.3.
The minimum is attained for o* = 0.02445 leading to 1 — o = 0.0245 and o =
0.9991 and A(a*;5,0.05) = 0.2764. Using a4+ and a—, the corresponding values
are ¢— = 0.0127 and o = 0.9873 and A(a—; 5,0.05) = 0.3238. Therefore, the
minimal choice of the a* yields a 15 % smaller coverage area than the proposal by
Kus and Kaya [566]. A similar argument applies to the confidence region (17.7)
obtained for the Weibull distribution.

The cumulative distribution function (17.8) is covered by the approach of Wang
et al. [890] [see (17.11)] with &(t; B) = log(¢/B). Therefore, a (1 — o) confidence
interval for 8 can be directly obtained as in Theorem 17.1.9 using (17.12) with
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o

Fig. 17.3 Plot of A(+;5,0.05) as in (17.10) in the interval [0, 1 — 4/0.95] = [0, 0.0253]

m—1
(X7, B) =2 log

Jj=1

( YR+ D 10X/ ) ) |
SR + 1) 10g(Xiomn/ B) + v, 102(X jomin/ B)

Notice that the ratio log(a/B)/log(b/B), a > b, is decreasing in B so that
the bounds of the confidence interval have to be reversed [see Sect. 17.1.4 and
comments after (17.12)].

Remark 17.1.15 (Doubly). Type-Il right censored samples have been discussed
in Chen [247], Wu [907], and, more recently, Zhang [939] who has provided
simplified versions of the confidence intervals.

Recently, Ferndndez [368] established a generalization of those confidence
regions proposed by Chen [247] using Pareto order statistics. He showed that the
versions of Kug and Kaya [566] and Parsi et al. [712] for progressively censored data
are contained as special cases in his construction. A similar generalization has been
obtained for the confidence region obtained in Wu [908]. Furthermore, smallest area
confidence regions for Pareto parameters are presented in Ferndndez [368]. Using
the fiducial argument due to Fisher [372,374], the optimal joint confidence region
w.r.t. smallest area has been derived and a simple regula falsi procedure is used
to compute the optimal confidence region. The results have been illustrated by a
progressively Type-II censored sample given in Table 17.2 which were generated
from data reported in Wu et al. [918]. Fernandez [368] pointed out that the covered
area is reduced significantly by using the smallest area confidence regions.
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i 1 2 3 4 5 6 7 8
Xi:g:20 0.0098 0.0376 0.0661 0.0849 0.1112 0.1447 0.1904 0.2463

Table 17.2 Progressively Type-1I censored sample as reported in Ferndndez [368] with censoring
scheme # = (1,0,2,0,3,2,0,4)

17.1.4 Other Parametric Distributions

Wang et al. [890] obtained confidence intervals for a distribution parameter by
a method similar to that used in the Weibull case (see Theorem 17.1.9). They
considered exponentiated distributions with cumulative distribution function

F(t:A.p)=1—-(1-Gt:1)?, teR, (17.11)

where G(-; 1) has only the parameter A. For instance, assuming that G(-; 1) can be
written as

G(t: M) =1—e "D 1 eR,

with an increasing function 4 (:; 1), confidence intervals can be established provided
that h(b; L)/ h(a; L), b > a, is either strictly increasing or decreasing in A. Exam-
ples of such distributions discussed in Wang et al. [890] are Gompertz distribution,
ie., h(t; 1) = e* — 1, or Lomax distribution, i.e., 2(t; 1) = —log(1 + At). In these
cases, we get the same result as in Theorem 17.1.9, where

( S R DB i A) ) (17.12)

m—1
X%, ) =2) lo :
Z & Z,J=_11(Rl + l)h(Xi:m:n;A) + yjh(Xj:m:n;A)

J=1

Notice that the bounds have to be reversed when the ratio #(b; 1)/ h(a; A), b > a,
is decreasing. This happens for the Lomax distribution. The case of Gompertz
distribution [see (12.42)] has also been addressed in Wu et al. [914]. A bathtub-
shaped lifetime distribution belonging to this family with cumulative distribution
function F in (12.43) has recently been discussed by Wu [906] and Wu et al.
[923]. In the latter, several proposals for the confidence regions are compared in
a simulation study w.r.t. the criteria of highest power, minimum confidence width,
and the minimum confidence region. Similar results for Burr XII are provided in
Wau et al. [922].

Wang [883] considered a scale family of scaled half-logistic distributions. He
established an exact confidence interval

[ (8 p0m). + (22 2m)]

where 7! (w) is the unique solution of the equation 7(X%,1) = w,t > 0. 1(X%, )
is defined by
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m
T(X7. 1) =2 (R + Dlog (1 4+ e*m2/") —2nlog(2), t>0.
j=1

This approach has been applied to a scale family of distributions including Weibull,
log-logistic, and gamma distributions by Wang [885] for general progressively
censored data. Nigm and Abo-Eleneen [692] established an exact confidence
interval for the shape parameter of an inverse Weibull distribution by adapting the
approach of Wu [904].

17.1.5 Nonparametric Confidence Intervals for Quantiles

Exact confidence intervals for parametric models are widely used. They are
preferable when a parametric model is appropriate. If such model assumptions
are questionable, a nonparametric approach can be considered. We now present
nonparametric confidence intervals for quantiles based on a progressively Type-II
censored sample X, .. Xp:mum. This issue was first addressed by Guilbaud
[418] who transfers an idea well known in nonparametric inference for population
quantiles to progressive censoring. This approach is explained in detail in Arnold
et al. [58, pp. 183-184] and David and Nagaraja [327, Sect. 7.1]. The crucial idea
is to use the quantile representation of the order statistics in terms of uniform
order statistics. In fact, for a sample X.,, ..., X,.,, the coverage probability of a
confidence interval [Xy.,, X¢.p], with 1 <k < £ <nfor§,, p € (0,1), is given by

P(Xk:n < gp < Xl:n) = P(F(_(Ukn) < F<—(P) < F(_(Ul:n))

{—1
= PUkn < p < Usa) = ) (’Z)pi(l -

i=k

This observation dates back to Thompson [844]. For a progressively Type-II
censored sample, an analogous construction can be made as it was observed first
by Guilbaud [418]. To compute the coverage probability P (X < §p < Xeynin),
he made use of the mixture representation of progressively Type-II censored order
statistics in terms of order statistics (see Sect. 10.1 as well as Thomas and Wilson
[843] and Fischer et al. [371]). However, as pointed out in Balakrishnan et al. [144],
this approach is not recommended for computational purposes. Moreover, using
the quantile representation of progressively Type-II censored order statistics given
in Theorem 2.1.1, the necessary coverage probabilities can be easily calculated.
Given a progressively Type-II censored sample Xi.u:, - ., Xp:mm, the coverage
probability of a one-sided confidence interval (—oo, Xy.,:s] considered in Guilbaud
[418] can be directly calculated using the explicit expression for the cumulative
distribution function of Xy, as established by Kamps and Cramer [503] [see also
(2.25)]:

P(EP < le:m:n) = P(P < U(:m:n) =1- FU&M:” (p) (1713)
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¢

p 1 2 3 4 5 6 7 8

0.1 0.1351 0.4203 0.7054 0.9006 0.9746 0.9962 0.9996 1.0000
0.2 0.0144 00829 02369 0.5003 0.7377 0.9114 0.9775 0.9957
0.3 0.0011 00104 0.0462 0.1663 0.3641 0.6492 0.8514 0.9523
0.4 0.0001 0.0008 0.0055 0.0343 0.1139 0.3280 0.5881 0.8028
0.5 0.0000 0.0000 0.0004 0.0042 0.0218 0.1120 0.2960 0.5399
0.6 0.0000 0.0000 0.0000 0.0003 0.0023 0.0241 0.0998 0.2618
0.7 0.0000 0.0000 0.0000 0.0000 0.0001 0.0028 0.0194 0.0792
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0015 0.0109
0.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0003

Table 17.3 Coverage probabilities of one-sided confidence intervals (—oo, X¢::] for £,
computed from (17.13) with censoring scheme # = (0*2,3,0,3,0*2,5). Values for p €
{0.1,0.2,0.3,0.4,0.5} can also be found in Guilbaud [418, Table 1]

¢ ¢
= (H%’) Z %am(l —p)Yi, pe(0,1).
J

i=1 j=1

This formula yields quite an efficient method to compute coverage probabilities for
several confidence intervals.

Example 17.1.16. We apply the method to Nelson's insulating fluid data 1.1.4
considered in Guilbaud [418]. A selection of coverage probabilities for the
particular censoring scheme Z = (0*2,3,0,3,0*2,5) is presented in Table 17.3.
The values show that the maximum coverage probability of a lower nonparametric
confidence interval (—o0, Xg.u:] is given by 0.5399. The corresponding interval
is (—00, Xg:8:19].

As mentioned above, the coverage probabilities may not yield a desired confi-
dence level. In order to overcome this problem, Balakrishnan et al. [144] studied
the problem of adding a second independent sample to increase the coverage
probabilities. Suppose X1, ...y Xpirm and Yiigum, - - ., Ysigun are two independent
progressively Type-II censored samples from a population cumulative distribution
function F with censoring schemes # = (Ry,...,R,) and . = (S1,...,S;),
respectively. Without loss of any generality, let r > s. Then, the two samples are
pooled and ordered leading to the ordered pooled sample

Wi << Wi, (17.14)

Since the quantile function F*~ preserves ordering, it is clear that the ordered pooled
sample exhibits the property

d
Wiy Wiy = (FT W) . F~ W),
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where W(yy, ..., W4y is constructed by analogy but based on two samples from
the uniform distributions. Hence, it follows that, for the calculation of the coverage
probabilities, we can restrict ourselves to a uniform distribution.

Naturally, confidence intervals for a quantile &, of the population cumulative
distribution function F are constructed by, e.g., (—oo, W(Z‘)], where the coverage
probability is given by

P, < W) = P(p < Wy).

Therefore, an expression for the latter quantity has to be established. As presented
in Theorem 2.4.1, the ith progressively Type-II censored order statistic Xj. .,
depends only on the right truncated censoring scheme %Z;,—1 = (Ry,..., Ri—})
and the sample size n. Denoting by fof"_‘ the cumulative distribution function of
the ith uniform progressively Type-II censored order statistic, Balakrishnan et al.
[144] established the following expressions for the marginal cumulative distribution
function of W(y). To condense the notation, we introduce in addition to the notation
used in Theorem 2.4.2 the quantities

s J
np=Y (Si+1.1<j<s dio=[]n.1=j=s
i=; i=1
-
1
b-,S: .
! il:[lﬂi—’lj
i#j

Then, the following expressions for the coverage probabilities result.
Theorem 17.1.17. (i) Fori =1,...,s and 0 < p < 1, F¥(p) equals
=@|>l 1 yl>l 1
1_[ lVl+7]1 (p)+l_[ 1m+y1 (p)
e (Vz + m)

i—k+1

i-1
bpi_
+zd,-_k_1ck_l[z Lkt g ‘(p)]
k=1

k k +
= =i+ 7"

i—1 ikt
‘ Lick4l o Foim
+ 3 cmdier | Y LGy |
k=1

=1 l_[u=1(’7v + ve)

(i) Fori =s+1,...,rand 0 < p <1, F¥(p) equals

G/=im 7 (p) — dy—y G/=i 1 (p)
o 2—:177/ u 1()’v+771) i

i
)/[ QDI 1
+ Giin ()
E (ye+mp) M
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i—1 ik
i—k+1
+ Z di—k—1Ck—1 |: Z k—+ Gart l(P)i|

kin+n
k=i—s+1 = =i +m0) ‘

s i—k+1 a
ikl o Fope
+ D Cimkmdint | D0 G () |
k=1

= =1+ v

(ii) Fori=r+1,....,r+sand 0<p <1, F"(p) equals

G/Zim7 1 (p) — dn G/=i 1 (p)
o 2_2177/ nu 1()’v+771) i

r i—k+1 b{j—k{-] @Dk 1
+ Z di—k—1Ck—-1 Z - (»)

kn+n
k=i—s+1 = =i +m0) ‘

aijr
Gyl>1 =1(p) — Cui — Jo7 .5/’>l —ri—l(p)
i—rim Z—:lyjnu=1(ﬂv+)/1) i—rm+y;

s i—k+1 a
ikl o Fope
+ Z Ci—g—1dp—1 |: Z — km+w(l7)

k=i—r+1 = Ih=iOn +yo)

Remark 17.1.18. The joint distribution of W(T), e W(fﬂ) in (17.14) has been
established in Balakrishnan et al. [154] as a mixture of distributions of certain
progressively Type-1l censored order statistics (see also Theorem 17.1.23). In
particular, they found that

d T T
(I/V(T)’ ey u/(t_l_‘)) = Z Tg P(Xl:r+.\':n+m """ X’"+A:r+A:l'I+”l),
TeC(%..5)

where € (Z,.7) is a set of censoring schemes generated by merging the censoring
schemes #Z = (Ry,...,R;) and ¥ = (S1,...,S) such that the order of the
censoring numbers in each scheme is preserved in .7. The mixing probability 7 &
is defined as
i= Vi) [ ;= )/,(y)
7= 1_[ 1 = 1_[ 1 (g)’
[[iZivi(9)

where #(.7) is the number of all permutations of Ry,..., R,,S1,...,S; leading
to .7 subject to respecting the order within the censoring plans % and ..

The coverage probabilities of the ordered pooled sample exceed the coverage
probabilities of the one-sample confidence intervals. The exact gain is given in the
following lemma.
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Lemma 17.1.19. Let F;.., denote the cumulative distribution function of a
uniform progressively Type-Il censored order statistic U;.,.,. Then, the maximum
gains in the coverage probabilities are given by

(i) A, = (1 _ p)max{n,m}(l _ (1 _ p)min{n,m}) >0,
(i) A¢ = min{F,.0(p), Fogom(p)}(1 — max{Fy.;n(p), Fo:m(p)}) > 0,
(”I) AZ = min{Fr:r:n(p) + (1 - p)n, Fs:s:m(p) + (1 - p)m} - Fr:r:n (p)FS:s:m(p) -
(1—p)y™*" = Ay + A, > 0.

Proof. By construction of the pooled sample, we have the identity W, =
min{ X 1:ri, Yizgm} = min{ X1:, Y.} Hence,

P(VV(I) = Sp) = P(min{Xlzm Yl:m} = Sp) =1-(1- p)n+m-
On the other hand, W(, 45y = max{X,. .y, Yy:sum} so that

P(I’V(r+s) = §p) = P(max{X,;,.;n, Ys:s:m} =< ép) = Frrn(p) Fyom (D).

This yields the second assertion. Combining the previous results, we obtain for the
two-sided interval
Ay = PWu) < §p < Wity)
—max{P(Xiym = p = Xprn)s P(Yisgm < P < Yiegom) }
= 1= (1= p)"" = Fripn(p) Fozson(p)
—max{l — (1 = p)" = Fru(p). 1 = (1 = p)" = Fouom(p)}
= min{Fy2(p) + (1 = p)". Fyom(p) + (1 = p)™}
= Frirn(P) Fgm (p) — (1 = p)" ™"
> min{Fr::n (p), Fyuon(p)} + min{(1 — p)", (1 = p)"}
— Fririn(p) Fizgim(p) — (1= p)" ™"
= Min{ Fyp2n (), Fyogom (p)}(1 — max{Fy.rn(p). Fyzsom (P)})
+ (1= p)y™ (1 — (1 — pyminim
=A+A4,>0.

This proves the assertion. O

Notice that the gains are directly connected to the maximum coverage probabili-
ties of a two-sample confidence interval which are calculated in the previous proof.
In particular, these quantities are given by

(i) CP,=1—(1—p)"*m,

(ii) CP¢ = Fripn(p) Fysom(p),
(i) CPy =1—(1 = p)"™™ — Frpn(p) Fzsom (P)-
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Additional progressively censored data sample
s=4m=9 s=5m=12 s=7T,m=15

(St.....8)  (S1.....S5)  (Sis....S8%)

(0*3’ 5) (0*4’ 7) (0*6’ 8)
0.6567 0.6291 0.6796
(3,0,1*2) (2,0,2*2,1)  (0*2,4,0%2,2%2)
0.8609 0.8525 0.8742
(1,2*2,0) (2,3,0,2,0)  (0,3,0,2*2,0,1)
0.9055 0.9361 0.9429
(1,4,0%) (2,5,0%3) (0,3*2,0*2,2,0)
0.9377 0.9695 0.9705
(5’ 0*3) (7’ 0*4) (8, 0*6)
0.9589 0.9791 0.9950

Table 17.4 Maximum one-sided coverage probabilities for the population median obtained by
adding an independent sample Y=, ..., Y.Z. to Nelson’s insulating fluid data 1.1.4. The table

Lisim» o tsisim

is based on Table 4 in Balakrishnan et al. [144]

It is clear from these calculations that the coverage probability can be increased by
adding more samples. In particular, the coverage probability of a lower confidence
interval in the k-sample situation is given by

k
CP, = l—[ Friirin(p).

i=1

Since F},.;:n(p) € (0,1) for p € (0,1), any desired confidence level 1 — & can
be ensured by adding more samples. An analogous argument holds for the other
confidence intervals.

Example 17.1.20. Nonparametric confidence intervals for a quantile are con-
structed based on Nelson's progressively censored insulating fluid data 1.1.5 (see
also Guilbaud [418]). The maximum one-sided confidence interval [0, Xg:g:19] for
the population median has only a coverage probability of 0.5399 (see Table 17.3).
In Table 17.4, some values of the maximum one-sided coverage probabilities
for the median are presented when Nelson's data is combined with another
independent progressively Type-Il censored sample with censoring scheme .7.
It turns out that the censoring plan has a great impact on the total coverage
probability and so it has to be planned carefully when the procedure is carried
out by design.

Another possibility to improve the coverage probability with one sample has
been discussed by Balakrishnan and Han [98]. Noticing that the censoring
plan influences the coverage probability, they have addressed the problem
of determining an optimal censoring design leading to a maximum coverage
probability. Given that m = 8 and n = 19, they found that the censoring
scheme Zp99 = (0,11,0*%) is optimal ensuring a confidence level of 99 % for
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the interval [X;20% X270 and an expected minimal width in the uniform case.

For a confidence level of 95%, they obtained the interval [X;235. X702 with
K95 = (0¥, 11,0*3). Details are provided in Sect. 26.5.2.

Remark 17.1.21. As seen in the preceding example, the coverage probabili-
ties typically differ from prefixed confidence levels. For this reason, different
approaches have been proposed to construct exact or nearly exact confidence
intervals (up to the maximum confidence level in the sample) (see Zielinski
and Zielinski [947] and Hutson [467]). Obviously, these approaches can be
applied to the two-sample case to construct confidence intervals using the sample
Way, ..., Wi

An extension to the multi-sample case is presented in Volterman et al. [878].

17.1.6 An Excursus: Two-Sample Nonparametric Confidence
Intervals from Type-II Censored Data

In this section, we address a particular case of the above problem discussed by
Balakrishnan et al. [144] in detail. An extension to the multiple sample case is
presented in Volterman and Balakrishnan [876]. Namely, let X;.,,..., X, and
Yium, ..., Y5y be independent right censored samples from a uniform distribution
with sample sizes n and m, respectively. Without loss of any generality, let r > .
As above, denote the ordered pooled sample by

Wiy =+ = Wirts)-
According to Balakrishnan et al. [144], the following probabilities result.

n+m—s
Lemma 17.1.22. () 7o = P(Yo < X1) = ((T))
(II) For i = 1,...,r — 1, we have w; = P(X,';n < Yom < Xi-H:n)
(erz 1)(n+:’n §— z)
(ntm) '
(n+m r)
(iii) 7wy = P(Xpn < Yium) = ~nts

(iv) For i = 1,....,s =1, we have ;¥ = P(Yisn < Xrn < Yig1m) =
(r+l l)(n+m r— l)'
(n-",n-m) -
Up to some sets of measure zero, these events form a decomposition of the
probability space so that Y/} 7 + iy 7 =

From Theorem 17.1.17, it is clear that the marginal cumulative distribution
functions in the ordered pooled sample can be represented as a mixture of
cumulative distribution functions of usual order statistics using Theorem 10.1.1.
But, it turns out that the connection is much deeper. Namely, the distribution of
the ordered pooled sample is a mixture of progressively Type-II censored order
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statistics. Before presenting this result due to Balakrishnan et al. [144], we introduce

. R, . . . .
random variables Ti:rﬁrm a1 S0 =r+5,0=<j <r-—1,as uniform progressively
Type-II censored order statistics based on the one-step censoring scheme

RHj = Ot m—s5,0" " n—r),

R*
and T;.,% ., 0,,(1 <7 <r+s,0=<j <s—1)as uniform progressively Type-II
censored order statistics based on the censoring scheme
Z; = O —r, 0% m—5).

Now, Theorem 17.1.23 shows that the distribution of the ordered pooled sample
Wy, ..., W4 is indeed a mixture of uniform progressively Type-II censored
order statistics with weights given in Lemma 17.1.22. The corresponding censoring
schemes are one-step censoring schemes (with additional right censoring). The
generalization to progressively Type-II censored data due to Balakrishnan et al.
[154] is mentioned in Remark 17.1.18.

Theorem 17.1.23 (Balakrishnan et al. [144]). The joint distribution of the
ordered pooled sample Wy, ..., W4 is a mixture of uniform progressively
Type-Il censored order statistics given by

r—1 p

d 2 j Z j
(I/I/(I)a ey VI/(I‘-FS)) = Z j'[] P(Tl:r+.\':n+m """ T’"+A:r+A:l'I+”l)

J=0
s—1 z* z*
J J
+ E jrj* P(Tl:r+s:n+m """ Tr+s:r+s:n+m)’
j=0

where 7; and 7} are as given in Lemma 17.1.22.

Proof. Letx; = (x1,...,x;) € RF. First, the y’s corresponding to the censoring
schemes #; and %7 are given by

n+m—L0+1, £=1,...,s+ ]
V(%)) = , / . J=0,...,r—1,
n+s—€+1, L=s+j+1,....,r+s
n+m—L0+1, £=1,....,r+j
y(RY) = o L =0 s—1
m+r—L+1, L=r+j+1,...,r+s
(17.15)

This yields, for instance, the normalizing constant

r+s ‘
o (mEm)n— ) o )
zlzllyZ(%j)_(n—lrm—s_j)g(n_r)!v j=0,....,r—1.
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It is sufficient to consider the sets {¥Ys., < X1} and {X;., < Yo < Xjg1m} (for
1 <i <r —1) only, since the remaining cases follow by symmetry arguments. Let
n=- St A={FeX)y <<y <x1 <. < x},and

gWsx) = crmiesm [ [ FOOF ) [[fGOF (x)Lalys %)
k=1 =1

be the joint density function of the two (independent) samples, given y; < x;. Then,
with B = XZ‘:I (—o0, t], we have

P(I/I/(j) 5 tjal 5 ] f r +sa Ys:m < Xl:n) = / g(ySaXr)Xm‘dyS
B

Cs—1Cr—1 .
_ G 7 (%() <tj,1§]§r+s)

= —c(%()) jiur+sin+m —
(n+m—s)
'@ .
- (”‘nf'm) P(Tj5r0+s:n+m <tj,1<j=<r+ys),

where ¢ (%)) is the normalizing constant corresponding to the joint density function
of progressively Type-II censored order statistics with censoring scheme % [see
(17.15)].

Letl <i <r—1, &;4;_1 be the set of permutations of {1,...,s +i — 1} and
GfH_I C Gyti—1 be the set of permutations ¢ with (1) < --- < o(s — 1)
and o(s) < --- < o(s +1 — 1). Moreover, let V, = Yy (1 < k < s5—1)
and Viip—1 = Xpon (1 < k < 0). For {X;,, < Yy < Xit1:), We obtain with
A = {(Vsim1s Yss Xig 1o o X)) V1 S ooe S Vsqio) < Yy < Xig) S oor S X

P(I/V(j) = stl =< ] =r+s, Xi:n < Ys:m < Xi+l:n)

= Y. PWy<=stl<jsr+s,
0€G 41

Vo(l) <-- < V(T(S-‘ri—l)v Xi:n < Ys:m < Xi-H:n)

Z PWjy <t;,1 <j<r-+s,
aeesﬁ*i*l

Voy <+ < Vogsrizny Xion < Yom < Xigim) (17.16)

= Z/ 8i(Vo(1ys -« Volstimt)s Vss Xid1s - - - Xp)dXp ... dXi1dysdVeyig,
B

<
0€6T,;
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where
s+i—1
—-=m—s
& (Votimt Vs Xi1o - X)) = CiCmt || SOOSOOF ()
k=1

r
X 1_[ f(xé)fn_l(xr)]lAi(VS-f—i—lvySs-xi-‘rlv---7xr)-
{=i+1

The probabilitiesin (17.16) are zero if o ¢ &7, ,_,. Since g; is invariant with respect
tooand |65, | = ("T'7"), we find using (17.15) that

s—1

P(I/V(j) = tjvl E/ =r +sti:n < Ys:m < Xi+l:n)

s+i—1
= ( )/g(Vs+i—1,ys,xi+1,...,xr)dxr...dxi+1dysdvs+,-_1
B

s—1
s+i—1\ (m+m—s—i
= % P(T]‘7:zri+s:n+m Et/’l =Jj= F+S),
n
as required. O

Intuitively, the mixture result can be explained as follows. Conditional on the
event {¥.,, < Xi.,}, the ordered sample (W), ..., W 4y)) is given by

(Yl:m7 ey Ys:m7 Xl:na ey Xr:n)‘

Taking into account an IID sample of size n + m from F, this particular sample can
be seen as follows. First, the s smallest observations are noted. Then, m — s larger
variables of the original sample are randomly withdrawn. Afterwards, the next r
observations are considered, which means that the largest n —r variates are censored.
This progressive censoring procedure is associated with the censoring scheme Z.

Similarly, conditional on the event {X;., < Y., < X;41.1}, the ordered sample
Way, - .., Wi4y)) is given by

(Vlv LI ) Vs+i—lv Ys:ms Xi+l$ns L) Xr:n)v

where Vi, ..., Vi4;—1 is an arrangement of the random variables X, ..., X;., and
Yims..., Ys—1.m- Hence, Vi, ..., Vi4i—1, Y5 equal the first s 4+ i order statistics
in a sample of size n + m. Then, m — s larger variables are withdrawn from the
sample, and the remaining ordered observations follow. This sample corresponds to
a progressively Type-II censored sample associated with the censoring scheme %;.

Remark 17.1.24. As mentioned before, Guilbaud [418,419] has expressed the
distribution of progressively Type-ll censored order statistics as a mixture of
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distributions of order statistics. Hence, the distribution of (W(y), ..., W,4y)) is a
mixture of mixtures of the usual order statistics from a sample of size n + m.

Computational aspects of the above procedure have been discussed in
Balakrishnan et al. [155]. They proposed a branch and bound procedure for
efficient computation of the confidence intervals. An extension to the multi-
sample case has been obtained by Volterman et al. [878]. The approach has also
been utilized by Beutner and Cramer [194] in the models of minimal repair and
record values.

17.2 Conditional Statistical Intervals

So far, all the inferential methods we have discussed are unconditional in nature.
In this section, we will demonstrate how exact confidence intervals or prediction
intervals may be obtained using the conditional method. Conditional inference, first
proposed by Fisher [373], has been successfully applied by Lawless [570,571,572,
574,575] to develop inference based on complete as well as conventionally Type-II
right censored samples. As a matter of fact, Lawless [574, pp. 199] indicated the
use of conditional inference based on progressively Type-II right censored data, but
a full length account of this topic has been provided by Viveros and Balakrishnan
[875] which naturally forms a basis for much of the discussion in this section.

17.2.1 Inference in a General Location—Scale Family

Let X% = (Xt:mns -+ - - » Xm:men) be a sample of progressively Type-II censored order
statistics from a location—scale family of distributions as in (11.1), i.e.,

Ty, = {F(_T“))u cR.Y > 0}. (17.17)

Suppose & and ¥ denote the MLEs of w and ¢. Then, & and ¥ are equivariant
estimators, i.e., they satisfy the identities

AdXZ 4+ c1) =diaX%) + ¢ and F(dXZ + cl) = dD(X%)

for any constants ¢ € R and d > 0. This can be directly seen from the likelihood
function

m

Lge %) = [ | [%f(x’;“)[l—F(x";“)]Rj}lﬂ[ﬂ[x,-_l,w(xj)

Jj=1 j=2
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following the arguments as in Lawless [575, pp. 562]. Since equivariance is the
crucial property of estimators in conditional inference, the MLEs may be replaced
by any equivariant estimators 71 and ¢ of u and .

Now, the estimators

9
9

n=E"t wmd 1= (17.18)
U
are pivotal quantities. Their joint distribution is free of the distribution parameters

w and 9. Moreover,

] ~

Aj: (Al:m:ns---sAMSm:n) :( l.m.{;i /"L m,ml_;, ILL)

forms a set of ancillary statistics where only m — 2 are functionally independent
(cf. Lawless [575, pp. 562]). Hence, inference for (i, ¥) may be established on the
distribution of (77, T3), conditional on an observation a of AZ. Writing

Xi — xi—A+A— 5
ﬁu_( M){;:(M u).gzaitﬁtlh,

the density function of (77, T»), given A% = a, = (ai,...,an),is given by

@
le’TZIA (t1, 2]1am)

m
= k(an)y"”" l—[ flaitr + i)l — F(ai + 1) 11 e Rty > 0, (17.19)

i=1

where k(a,,) depends on a,,,, m, %, and n only. k(a,,) can be obtained by integrating
the conditional density function w.r.t. #; and ;. By integrating out the other variable,
one gets the conditional marginal density functions f 71 A% (-|]a) and f TlA% (|lam).
They can be used for conditional inference for the parameters y and ¢. In general,
these integrals may only be computed by numerical methods. However, for the
exponential distribution, explicit expressions result.

Conditional Confidence Intervals for Location and Scale Parameters
Conditional confidence intervals may be constructed via the marginal conditional

density functions. For instance, confidence intervals for the location parameter may
be obtained by the condition

& )
P <Ti <) = / A (laydt = 1 —a
4
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where @ € (0, 1). £; and ¢, depend on a,, but not on p and . They may be chosen
as quantiles of the conditional cumulative distribution function F” A% (|lam).
Although these intervals are obtained by conditioning, the resulting intervals are
common confidence intervals (see Lawless [575, pp. 564]).

Further inferential issues involve inference for quantiles, reliability, and predic-
tion intervals (see also Lawless [572], Fraser [382]). By analogy with the above
approach, conditional confidence intervals for quantiles and reliability as well as
conditional prediction intervals for the lifetimes of future objects can be constructed.

Conditional Confidence Intervals for Quantiles

Given a quantile £,, p € (0, 1), of the baseline cumulative distribution function
F((-—w)/9), wehave p = F((§, — n)/). Obviously,

§p =+ 0F(p),
which can be estimated by

§p =R+ IF(p).
Conditional inference can be developed based on

gp_ﬁ

T, =22 _
! )

which is a pivotal quantity. It can be written as T}, = F(;z(p ) _ T with T} and T, as

in (17.18). Using the density transformation formula, we get the conditional density
function of (T, T2), given A% = a,, as

R
FTA% (1, 1]ay,)

= k,(an)" ! l_[ f@ity —tyts + F<(p)[1 = Flaity — ty, + F(p)]™,

i=1
I, € R, > 0.
Integrating w.r.t. #, yields the marginal conditional density function of 7, given

A% = a,,, which can be utilized to establish conditional confidence intervals for
the quantile £, as described above for the distribution parameters.
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Conditional Confidence Intervals for Reliability

Suppose we are interested in the reliability at a given mission time #y. Then,

R(to) =1—F(t°;“)

denotes the reliability at #y. In order to construct a lower confidence limit for R (%),
we consider a lower confidence bound ¢ p(Xﬁ) for the quantile &, p € (0,1), at
level o € (0, 1). Then, by construction,

P(Ep(Xﬂ) = Sl—p) =1-a
Choosing p as a solution of the equation £ p(X‘% ) = 1o yields the desired confidence
limit. Denoting by py = po(X%) that solution, we get
P(R(t0) = po(X*)) = P(£,(X7) 1)) =1 —«

(see also Remark 17.1.6 and comments following this remark).

Conditional Prediction Intervals for Future Failure Times

A prediction problem considered often in the literature is that of predicting the
minimal and maximal lifetimes in a future sample Yj,...,Y, from the same
population cumulative distribution function F(-; i, 9). This sample is supposed to
be independent of the present data sample X . The density function of the minimum
Y1.r is given by

r—1

r t—u r—u
A (0) = 31=F(—F) (%) 17.20
Aty =5 h-r(SE (5 (1720)
By assumption, it is independent of (T}, T»), given A? = a,,. Therefore, the joint
conditional density function of (7, T», T3), with T3 = Y :Iﬁ:“ , s given by

o
le’TZ’T}‘A (t1, 1, t3]2,,)

= ke(@u)ry ™ [ [ flaita — 1yt + F<(p)[1 = Faita — 1yt + F~(p)))®

i=1
x f((th + 1))l — F((h + )0)] ™", t,5€R, 1 > 0.

Integrating out #; and #,, we arrive at the marginal conditional density function of
T3, given A% = a,. This density function can be used to construct conditional
prediction intervals for Yi.. by analogy with the construction of conditional
confidence intervals using f T5a% (|am).
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A conditional prediction for Y,., can be obtained by replacing (17.20) by

r — =l —
Fe0 =5 (S5

and proceeding as above. With Ty = %, the resulting conditional density
function is given by

”
FIDTIAT (1 t]a)

= kuw(an)rty ™ [ f@its = tpt2 + F=(p)[1 = Flasta — tpt2 + F(p))]"

i=1

x f((t1 + L) [F((t1 + t))] ™", ti.ts € R, 1 > 0.

17.2.2 Exponential Distribution

Suppose the baseline distribution is an Exp(u, 9)-distribution. Then, in the
location—scale family (17.17), we have the cumulative distribution function
F(x) = 1—e¥, x > 0, and density function f(x) = e, x > 0, respectively.
In this case, (i, 3) forms a complete sufficient statistic for (u, ). Therefore,
the pivotal quantities T1, 7>, T, T3, and Ty are all statistically independent of the
ancillary statistic A% according to Basu’s theorem (see Basu [181], Boos and
Hughes-Oliver [215], and Lehmann and Casella [582]). From Theorem 12.1.4, we
have

N < I«
HMLE = Ziyp:n and  Omie = — Z(Rj + D(Zjmn — Zimn)
m =

to be independent, ’@Tl ~ Fyom—2, and 2mT, ~ y*(2m — 2). Using this
result, we arrive at the same confidence intervals given in Corollary 17.1.1. Thus,
the conditional inference approach leads to the same exact confidence intervals as
the direct approach. The same comment applies to confidence intervals for both
quantile £, and the reliability R(f) at a given mission time .

17.2.3 Extreme Value Distribution

Viveros and Balakrishnan [875] considered the location—scale family of extreme
value distributions which forms an important example in the area of lifetime
modeling. For instance, log-times of a two-parameter Weibull distribution belong



17.2 Conditional Statistical Intervals 407

to such a family. This means that, given data from a two-parameter Weibull
distribution, a log-transform leads to the above location—scale family with

f()=¢e", teR.

Substituting the cumulative distribution function and density function in (17.19)
yields the joint conditional density function of 77 and 75, given A% = a,, as

ST 1 1la,,)

= k(ay,)remnitasnt exp { S (R + 1)e“ff2+’1’2},t1 eR,5H >0, (1721

i=1

where de;, = Z};’=1 a;j and k(a,,) is the normalizing constant. In order to compute
the confidence intervals for w,?¥ and a quantile &,, the marginal conditional
cumulative distribution functions have to be calculated. Viveros and Balakrishnan
[875] provided expressions for FliA=an ¢ {p,1,2}, p € (0,1). They have
shown that these distributions can be expressed as

Hi(tlam)

FTI‘A%=3m )= ———,
)= H (colam)

where H;(oola,) = lim,,o H;(t|a,),i € {p,1,2}, p € (0, 1). For the location
parameter u, this expression reads

dt,.

H,(tlay) /‘X’ 1 teten2|G( XML (R; + 1)ei 02 m)
a,) = o

o (SR + D)

The scale case leads to a simpler expression for the conditional cumulative distri-

bution function. Since #; can be integrated out in (17.21), the following expression
results:

I t l;”_lea"”tz d
Hz(t am) :/ 1.
0o {XILi(Ri + Desit}”

For a quantile £, p € (0, 1), the resulting function H,(-|a,,) is given by

©1-1G h)e “2;m
Hy(elan) = [ CrDe™m) s gy,
0 gp(12)
where ¢,(t) = —log(l — p) Y /L (R; + 1)e%™. These quantities have to be

evaluated numerically as pointed out by Viveros and Balakrishnan [875]. They
proposed an application of Simpson’s rule to accomplish the necessary numerical
integrations. The MLEs can be computed by a Newton—Raphson procedure (see
Sect. 12.7.4).
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i 1 2 3 4 5 6 7 8
X0 —1.6608 —0.2485 —0.0409 0.2700 1.0224 1.5789 1.8718 1.9947

Table 17.5 Log-times of Nelson’s progressively Type-1I censored data with censoring scheme
% = (0*2,3,0,3,0*2,5)

Example 17.2.1. For Nelson's progressively Type-1l censored data 1.1.5, Viveros
and Balakrishnan [875] applied the above method to the log-times of the
observations (see Table 17.5) (see also Balakrishnan and Aggarwala [86,
Example 9.1]). Assuming a location—scale model of extreme value distributions,
they obtained the maximum likelihood estimates by numerical optimization:

A=222, ¥=1026.
For a given level 1 —a = 95%, they found by numerical integration that

FTilA%=a; (=1.76) = 0.025and FTi A% =ag (0.574) = 0.975. Hence, an exact 95 %
confidence interval for the location parameter u is obtained from the equations

176 < HZH

<0.574

as 1.63 < u < 4.03. Similarly, they got for the scale parameter ¥ with
FT2IA"=a5(0 472) = 0.5 and F72IA"=25(1 418) = 0.95 the exact 90 % confidence
interval [0.72,2.18]. For the 0.1th quantile &y, they established the maximum
likelihood estimate %\0,1 =+ F‘_(O.l)ﬁ = —0.087. By numerical computations,
they obtained the quantiles of FT01lA"=as from

FToilA"=as(_4 64) = 0.025 and FT01lA"=2(_1345) = 0.975.

This yields the 95% confidence interval [—2.54,0.84] for & ;. Finally, they
considered the reliability R(f) at mission time fop = log2 = 0.693. The resulting
maximum likelihood estimate is /IQ(ZO) = 0.798. For pg = po(x) = 0.637, they
found that £, (x) = 9. Therefore, (0.637, 1] becomes an upper 95 % confidence
interval for R(t).

Remark 17.2.2. As pointed out by Balakrishnan and Aggarwala [86], the exact
90 % confidence interval [0.72,2.18] for the scale parameter ¥ is quite close to
the unconditional 90% confidence interval for & determined by Nelson [676,
pp. 230] from the complete data set.

Remark 17.2.3. The confidence intervals obtained for the location—scale family
of extreme value distributions can be transformed to confidence intervals for the
two-parameter Weibull distribution. For instance, a 90 % confidence interval for
the shape parameter § = 1/9 of the associated Weibull distribution is given by
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[0.46, 1.38]. Similar to Example 17.1.10, the approach of Wu [904] yields a 90 %
confidence interval [0.3798, 1.5665] for B. Applying the method of Wang et al.
[890], we end up with the 90 % confidence interval [0.4492, 1.3677] which is quite
close to the conditional confidence interval. The confidence region computed from
Wu [904] comprises both of them and is wider.

Notice that all these intervals include the parameter 8 = 1. This provides
some evidence that an exponential distribution might be appropriate to model
the original progressively Type-1l censored data.

17.2.4 Log-Gamma Distribution

Lin et al. [602] considered conditional inference for a location—scale family of three-
parameter log-gamma distributions with known shape parameter «. The standard
member is given by the density function

aa—l/Z

0 ="5

exp{\/&t —ae’/“/a}, teR,a>0.

This distribution is deduced from (12.40) by a linear transformation of the random
variables, i.e., o/ (X —loga) (see, e.g., Lin et al. [603]). When « = 1, the extreme
value distribution is included as a particular case.

Lin et al. [602] established conditional confidence intervals for the location and
scale parameters, quantiles, and reliability. The approach is along the lines of the
extreme value distribution, but the resulting expressions are quite complicated.
Therefore, we abstain from presenting details on the representations of the density
functions. Lin et al. [602] conducted an extensive Monte Carlo simulation to com-
pare the conditional confidence intervals with unconditional confidence intervals
obtained by simulation.

Example 17.2.4. From data reported by Lieblein and Zelen [595] (see also
Example 15.2.1), Lin et al. [602] generated several progressively Type-ll censored
data sets. The log-gamma model was fitted to the logarithms of the original data
by Lawless [573] who proposed this distribution to study the effect of departures
from a Weibull or log-normal model (see also Lawless [575, pp. 249-250]). The
data are also analyzed in Balakrishnan and Chan [90, 91]. For illustration, we
consider data set H generated in Lin et al. [602]:

2.884, 3.991, 4.017, 4.217, 4.229, 4.229, 4.232, 4.432,
4.534, 4591, 4.655, 4.662, 4.851, 4.852, 5.156.
It consists of m = 15 observations. Eight measurements were progressively Type-
Il censored according to the first-step censoring plan @5 = (8,0*!*). Choosing
a = 2, the MLEs & = 4.5365 and ¥ = 0.4100 result. The corresponding
95% confidence intervals for w and & are given by [4.3078,4.7817] and
[0.3046, 0.6603], respectively. Results for other values of o and other censoring
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plans are presented by Lin et al. [602]. Moreover, a comparison with unconditional
confidence intervals is also carried out.

17.2.5 Pareto Distribution

Conditional inference for Pareto distribution has been addressed by Aggarwala and
Childs [15] (see also Balakrishnan and Aggarwala [86, Sect. 9.7]). They considered
a location—scale family of Pareto distributions with standard member

Fi)y=1-17 1>1,

where o > 0 is a known parameter. Since the MLEs of @ and ¢ are not explicitly
available in this case (see Sect. 12.5 with a different parametrization), Aggarwala
and Childs [15] based their conditional inference on the BLUEs i y and §LU
of u and ¥ as given in Theorem 11.2.4. These are easily seen to be equivariant
[see the general representation of BLUESs in (11.3)]. Since conditional confidence
intervals are invariant w.r.t. the choice of the equivariant estimators, this yields
a reasonable choice for computational purposes. The conditional density function
given in (17.19) exhibits a quite simple form. Specifically, we have

R
le’TZIA (t1, 21am)

m

mo - 1
= k(ay)— h
t§n+1 bl (a; + 1)@ Ri+D+1

> —ai, (a1 + tl)lz > 1.

The marginal conditional density function of T, given A” = a,,, is obtained via
integration w.r.t. 1, i.e.,

m—1 an M
S am) = k(ay) " | | (@ + )BT = —a.
i=1

f To|A% (t2]a,) has to be evaluated numerically.

Example 17.2.5. For the simulated Pareto data given in Example 11.2.7 with
given @« = 3, 4 = 0, and ¥ = 5, the estimates iy = 1.87680 and 5LU =
3.16207 result. For o = 0.1, the necessary quantiles of FTi A% (-|]a) are given
by £, = —0.5233 and £, = 2.2215 so that £; < T; < {, leads to the 90%
confidence interval [—5.148,3.531] for . In case of the location parameter, the
quantiles £; = 0.3155 and £, = 2.049 result. The corresponding 90 % confidence
interval is given by [1.543,10.021].
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17.2.6 Laplace Distribution

Childs and Balakrishnan [258] developed conditional inference for the Laplace
distribution as given in (12.25). The resulting expressions are quite involved. For
completeness, we present only the necessary expressions, and for more details, one
may refer to Childs and Balakrishnan [258]. The case of Type-II censored data is
addressed in Childs and Balakrishnan [256]. For complete samples, Kappenman
[508] has constructed conditional confidence intervals for p and 9.

The conditional density function f71721A%(.|a,,) is given by

le’TZIA% (11, 2]am) = k(am)Zm_”t;"_le_t2 Yi=ilntajl
m i
X Z ]l(—ai+1,—ai](t1)e_t2 Zii By (tka)) 1_[ [2 - et2<t1+aj)]Rj ’
i=0 j=1
t1eR, 1, >0.

The constant k(a,,) can be explicitly calculated. For k; = (ki,....k;) € N/,
j = 1, we introduce the quantities

J
k(. k) =y — > (ki + 1),

i=1

m J
(k)= Y (Ri+ Dai =Y (ki + Da;.

i=j+1 i=1

J ki
. RiY(=D¥ | _sm g
k3(j. k;) = |:| | (k)(zkl) :|2 Li=j+1Ri,

i=1

For j = 0, these expressions are given by

k1(0,kg) =n, «2(0,kg) = Z(R, + Da;, «3(0,kg) =2"7".

i=1

With
M;={k;|1 <ki<R,1<i<j} andM? ={k; € M, |k1(j. k;) = 0},
the normalizing constant exhibits the explicit representation

k(ay)™ = H(I'(m — 1), ['(m — 1), ['(m — 1)),
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where

Hoyo=Y Yy Sk

X
. . —1
J=0k; €M \MO Kl(J’k’){ [02(). X)) — k1 (j. k) 41]"

y
ANEIAN T

+zZ 3 U, ’)m( ajt1—aj). (17.22)

J=0k;eMf KZ(J’ ])]

The conditional density function f71 A% (-|a,) can be written as

1A% I'(m)is(j,k;)
= Zk(am)ﬂ( neel®) 2 R+ oG P

[ (m)2m=
[nty + k2(0, ko)™

+ ﬂ(—al,w)(tl)k(am)

Denoting by k € {0, ..., m} the unique number —a, 4+ < t; < —ay, the conditional
cumulative distribution function can be expressed as

m
FTIA (11]a,) = Ge(tlam) + Y Gi(—a;lam). (17.23)
j=k+1
where

Gj(tlan) = k(ay)I"(m)

% Z K3(jvkj) % 1
kjeM\MS (/. k)1 =m) [KZ(j’ k;) + K1/, kj)[]m_l

1

. . m—1
[Kz(],kj) - Kl(]vkj)aj+l]

K3(jvkj)
+ k(@) Y Pt aj).
e k;jem! [Kz(j, kj)] ()

The desired confidence interval for the location parameter u is given by the
equations



17.2 Conditional Statistical Intervals 413

FTN (Lija,) =1-3 and FTM(Lfa,) = 3.
with the confidence limits L, L, € R. Finally, the confidence interval
[ﬁ — L9, fi - ng]

results, where [t and ¥ are the MLEs of i and ¥
For the scale parameter, the conditional density function

S ) = k@YY UK

k1(J,Kk;
J=0k; eM\MY 10 k7)

‘tgn—Z {e—tz[Kz(j,kj)—Kl(j,kj)ujJrl] _ e—tz[/cz(j,k,/)—m(j,k,/)uj]}

m
k@) Y Y ks K@y —a)s e Uk
jZijGM?

is needed. Using the function H defined in (17.22) and the incomplete gamma
function IG(:; ), the corresponding conditional cumulative distribution function can
be written as

FTA" (f]a,) = k(am)H(IG([/cz(j, k;) — k1 (i k)t m— 1),

1G([e2(j, k) — k1 (. ka1, m — 1), IG(Kz(j,kj)t,m)).

Solving the equations analogous to (17.23), the desired confidence bounds can be
obtained.

Example 17.2.6. Childs and Balakrishnan [258] applied the method to sim-
ulated data taken from Balakrishnan and Aggarwala [86] (see Data B.1.3)
which have been simulated from a Laplace(25, 5)-distribution with n = 20 and
censoring scheme #Z = (2,0%2,2,0*3,2,0,4), m = 10. The MLEs are given by
1 = 26.31069 and ¥ = 2.67091, respectively. For the location case, Childs and
Balakrishnan [258] obtained the bounds L; = 0.66085 and L, = —0.77611
which gives the 95% confidence interval [24.55,28.38]. In the scale case, the
bounds are given by L; = 1.60544 and L, = 0.45905 yielding the 95%
confidence interval [1.66,5.82] for 9.

Example 17.2.7. For the data given in Table 12.3, Childs and Balakrishnan
[258] postulated a Laplace model and considered conditional inference for the
location and scale parameters. According to Example 12.6.9, the MLEs of u
and ¥ are given by 7 = 1033.81667 and & = 182.86675. A 95% confidence
interval for p results from the bounds L; = 0.38875 and L, = —0.61026 as
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[962.73,1145.41]. From L; = 1.42632 and L, = 0.60950, a 95% conditional
confidence interval for ¥ is obtained as [128.21, 300.03].

17.2.7 Other Distributions

Maswadah [641] considered conditional inference for inverse Weibull distributions
with cumulative distribution function

F(1) :exp{—((xt)_ﬂ}, t>0,a,8>0,

in terms of generalized order statistics. The resulting expressions for a progressively
Type-II censored sample involve integrals which have to be evaluated numerically.
For illustration, the author has presented a numerical study.

17.3 Asymptotic Confidence Intervals

Asymptotic statistical intervals are based on the asymptotic distribution of standard-
ized estimates. In location—scale models, one often uses the pivotal quantities

Y Ll S e B el
19'«/111’ 19'\/111’ '19'«/122

which, under certain regularity conditions, are considered as asymptotically
standard Gaussian distributed. Here, I;;, j = 1, 2, are the respective components of
the asymptotic variance—covariance matrix. For instance, Balakrishnan and Kannan
[104] have considered a location—scale family of logistic distributions with standard
cumulative distribution function as in (12.39), i.e.,

-1
F(1) = [1 + e_’”/‘/g] , teR.
They simulated the probability coverages
P(|¢i| =1.65) and P(|5i| <1.96), i=12.3,

by Monte Carlo simulations leading to approximate confidence intervals with levels
90 and 95 %, respectively. Tables are provided for different censoring schemes.
Instead of the MLEs, approximate maximum likelihood estimators are also used.
Similar approaches are utilized by Balakrishnan et al. [134] for Gaussian distribu-
tions (see also Balakrishnan and Kim [107]), by Balakrishnan and Asgharzadeh [87]
for a scaled half-logistic distribution, and by Asgharzadeh [61] for a generalized
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logistic distribution. Ng [681] considered a modified Weibull distribution with
cumulative distribution function as in (12.35). He illustrated his results by the data
presented in Table 12.4.

In the one-parameter case, a general result for the asymptotic distribution of a
solution of the likelihood equation has been established by Lin and Balakrishnan
[599]. Under some regularity conditions, they showed that the asymptotic distribu-
tion of a solution of the likelihood equation is Gaussian. This extends a result of
Hoadley [442] to progressive censoring. For general progressively Type-II censored
exponential data, Fernandez [364] established the asymptotic normality of both the
standardized MLE and BLUE of the scale parameter. Notice that in this case the
likelihood equation has a unique solution as worked out by Balakrishnan et al. [130].

17.4 Prediction Intervals

17.4.1 Nonparametric Prediction Intervals

Using the mixture representation of progressively Type-II censored order statis-
tics, Guilbaud [419] presented formulas for nonparametric two-sample prediction
intervals based on progressively Type-II censored samples containing at least a
specified number of observations in a future sample. This work has been followed
up by Balakrishnan et al. [144] who established corresponding intervals based on
two ordered pooled progressively Type-II censored samples. They computed exact
prediction levels by applying the mixture representation of progressively Type-
II censored order statistics. The approach has also been utilized by Beutner and
Cramer [193] in the models of minimal repair and record values.

17.4.2 Parametric and Bayesian Prediction

Interval prediction issues with parametric models have been studied extensively in
progressive Type-II censoring. Since the models and assumptions are quite different,
we provide only a survey of the existing literature. The following presentation is
organized w.r.t. the predicted object. In particular, we address the following three
different issues:

(1) Prediction intervals for censored failure times;

(2) Prediction intervals for future observations in the same sample (this is a
particular case of (1) in the sense that the lifetimes of the items removed in
the final progressive censoring step are predicted);

(3) Prediction intervals for observations of an independent future sample from the
same population.

The results are differentiated w.r.t. distributional assumptions and the method of
prediction.
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Prediction Intervals for Censored Failure Times

In Sect. 16.2, the point prediction of censored failure times is discussed extensively.
Basak et al. [178] presented prediction intervals for the censored failure time
Wj,k;Rj, k=1,...,R;,j =1,...,m, assuming exponential and extreme value
distributions, respectively. Using the mean squared predictive errors and standard
errors, they established prediction intervals based on BLUP, MLP, MUP, and CMP
(exponential distribution) and BLUP, MMLP, and CMP (extreme value distribution).
In Basak and Balakrishnan [175], prediction intervals based on various predic-
tors, including BLUP, MLP, and CMP, are discussed for the normal distribution.
For Pareto distributions, we refer to Raqab et al. [746]. Generalized exponential and
Rayleigh distributions are discussed in Madi and Raqab [627] and Raqab and Madi
[745], respectively.

Extending the work of AL-Hussaini [27], Mohie El-Din and Shafay [652]
considered Bayesian prediction intervals for the censored lifetimes assuming the
lifetime distribution in (17.24).

Prediction Intervals for Future Observations in the Same Sample

Given a progressively censored sample X7 ... XZ  with R, > 0, we
might be interested in a predictive interval of the first failure time of the R,,
items exceeding the final observation X . . For population cumulative distribution
functions as in (12.10), i.e., for F(¢) = 1 —exp{—(d(¢) — n)/V}, the following
result holds. We use the notation W, 1.z, , introduced in Sect. 16.2, for this future
observation.

Theorem 17.4.1. Leta € (0, 1), X¥ be a progressively Type-ll censored sample
based on a population cumulative distribution functions as in (12.10) with strictly
increasing d and Z be a censoring scheme with R,;, > 0. Then, a 100(1 — «)%
prediction interval for W, 1.x,, is given by

= [d—l{dorﬁfém) X opa(2,2m — 1),
4 ) + O Ficya(2.20m = D)}

itmmm/) d(Xi%mn))

where 7(X%#) = m V(R + D)(d(XZ

Proof. First, W,, 1.x,, can be seen as a progressively Type-II censored order statistic
in a progressively Type-1I censored sample with concatenated censoring scheme

(R1, ..., Ry—1,0%R»T1) In fact, the experimenter abstains from the right censoring
_ 74
and observes all failures exceeding X% . . Then, with V = d(m"""‘f"’())(%d)(x'"”"i”), we

have
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P(Winiix, € #) = P(Fapp(2.2m = 1) £V = Fiap2.20m— 1))
=1—-aqa,

since V has an F-distribution with degrees of freedom 2 and 2(m — 1). This
results from the comments in Remark 12.1.11 and the independence of the spacings
d(X7,.)—d(X7,,.),2<j<mandd(Wyir,) —d(X;h,..)- O
Remark 17.4.2. The above result can be found in Wu [909] for exponential dis-
tributions who also considered prediction intervals for future spacings W, 1:z, —
xZ .. and Wy g, — Wy i—1:r,, j = 2,...,Ry. For Pareto distributions,
the corresponding result is given in Wu [908]. Moreover, the results for the
ratios Wm,l:Rm/X;ZZ;m;n and W j:r/ Wi j—1:Rr J = 2,..., R, have also been
established in this work.

Bayesian prediction intervals have also been proposed for future failure times.
A general setting has been addressed in Abdel-Aty et al. [2]. They discussed
Bayesian prediction intervals in the model of generalized order statistics based on a

cumulative distribution function
F(t)y=1—eMD >0, (17.24)

where Ag : R — R denotes an appropriately chosen function. Moreover, they
allowed the sample to be multiply censored. The prior is chosen according to

7a(0) o ca(0) exp{—da(0)}.

The results are also presented in the particular case of Pareto distributions. Results
for Weibull distributions are discussed in Huang and Wu [463]. Linear hazard
rate distributions [see (15.10)] are addressed in Lin et al. [604] for a general
progressively Type-II censored sample.

Prediction Intervals for Observations of an Independent Future Sample
from the Same Population

Prediction intervals for future observations of an independent sample from the
same population have also been studied in the literature. In particular, Bayesian
approaches have been studied extensively by choosing an appropriate prior. Since
the results follow along the same lines, we only sketch the results here. For
more details, we refer to the cited references. Ghafoori et al. [397] discussed the
family (17.24) with parameter vector 6 and obtained prediction bounds and Bayes
predictive estimators for the kth-future order statistic Yj.y. They applied their
results to one- and two-parameter Weibull and Pareto families (see also Ali Mousa
[34]). Wu et al. [915] presented HPD prediction intervals for Rayleigh distributions.
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For Weibull distributions, we refer to Huang and Wu [463] and Soliman et al. [§16].
Prediction intervals for Burr-XII distributions are given in Ali Mousa and Jaheen
[37]. One- and two-parameter Gompertz distributions are discussed in Jaheen [474].
For exponentiated modified Weibull distributions, see Klakattawi et al. [535].
Mohie EI-Din and Shafay [652] presented Bayesian prediction intervals for
a future sample of progressively Type-II censored order statistics Y when the
baseline cumulative distribution function is specified by (17.24). Ali Mousa and
Al-Sagheer [35] considered the same problem for Rayleigh distributions.

17.5 Nonparametric Tolerance Intervals

Tolerance intervals are supposed to cover a certain proportion p € (0, 1) of the
probability mass of the population distribution. Given a confidence level 1 — «, a
two-sided tolerance interval [X;.p:n, X jum:n], i < J, is defined by the condition

P(F(Xj:m:n) — F(Xizmn) > p)>1—q, (17.25)

where F' denotes the population cumulative distribution function. Nonparametric
tolerance intervals based on order statistics of an |ID sample are well known (see,
e.g., Krishnamoorthy and Mathew [553]). For progressively Type-II censored order
statistics, it has been first addressed by Guilbaud [419] and further discussed by
Balakrishnan et al. [144]. It turns out that the right hand side of Eq.(17.25) is
given by

P(F(Xj:m:n) - F(Xi:m:n) = p) =1- FUjimin_Ui:m:n (p),

so that the cumulative distribution function of the generalized spacing U ., —Usn:n
from uniform progressively Type-II censored order statistics is necessary to compute
the tolerance interval. The cumulative distribution function can be taken from (2.39)
(see also Lemma 3 in Kamps and Cramer [503]). Guilbaud [419] applied the mixture
representation of progressively Type-II censored order statistics to calculate these
probabilities.

Remark 17.5.1. Pradhan [726] studied the performance of an approximate
tolerance interval for the population distribution when the progressively Type-II
censored lifetime data is observed from a k-unit parallel system. Conditional toler-
ance intervals for Pareto distributions are presented in Aggarwala and Childs [15].

17.6 Highest Posterior Density Credible Intervals

Based on the posterior density function 7} (6 |x) in (15.1), highest posterior density
(HPD) credible intervals can be defined. According to Berger [190, pp. 140], a



17.6 Highest Posterior Density Credible Intervals 419

(1 — @) credible set for 6 is defined by Cy, = {t |7} (t|x) > ci—a}, Where ¢
satisfies the condition P(8 € Cy|x) = 1 — «. For unimodal posterior density
functions, a two-sided HPD credible interval [£, %] is defined by the conditions

~

/\n;(tlx)dt: l—a and 7*(x) = 7 @@x). (17.26)
{

We shall now review the available results. The results are quite sensitive regarding
both the underlying parametrization of the lifetime distributions and the prior
distribution. This leads to many different results although the approach adapted is
usually similar.

HPD credible intervals for exponential distributions and Weibull distributions
with known shape parameter, as discussed in Sect. 15.1, have been established
in Schenk et al. [783] and Kundu [557]. Assuming a gamma prior, the posterior
distribution is a particular gamma distribution and thus unimodal. Therefore, HPD
credible sets for o can be easily obtained. HPD credible intervals assuming a
Rayleigh distribution have been considered in Wu et al. [915] and Kim and Han
[529] (see also Dey and Dey [338] for progressive Type-II censoring with random

~

removals). Wu et al. [915] presented a (1 — «) HPD credible interval [£, %] which
can be directly obtained from (17.26) by solving the equations

N 2(a+m)+1
IG(v1,a +m) —1G(vs,a +m) =1 —a, (?)

V] —V
— gl1™2

where v; = (2?2)_1 (b + W) and v, = (2u®)~' (b + W). A HPD credible interval
for R(¢) can be constructed analogously.

Example 17.6.1. For the data in Example 15.2.1, Wu et al. [915] reported
the 90% HPD credible intervals as (0.4534,0.6989) and (0.0856,0.3568),
respectively.

Kundu [557] discussed Weibull distributions with unknown shape and scale
parameters (see Sect. 15.1).

Example 17.6.2. In the case of Example 15.1.2, Kundu [557] computed the
95 % HPD credible intervals (0.0165,0.1642) and (0.3344, 1.0043) for the shape
and scale parameters, respectively.

Inverse Weibull distributions are discussed in Sultan et al. [827]. HPD credible
intervals for competing risks data from Weibull distributions have been addressed
in Kundu and Pradhan [563]. Mokhtari et al. [654] studied Type-I progressively
hybrid censored data. Further results on Bayesian inference are also presented in
these works. Thus, we refer to the results presented in Chap. 15.



Chapter 18
Progressive Type-I Interval Censored Data

18.1 Parametric Inference

Progressive Type-I interval censoring has been introduced in Aggarwala [11] (see
p. 14 and Fig. 1.8). She assumed a continuous lifetime distribution Fy leading to the
likelihood function

k
L(8) o [] (Fo(T)) — Fo(Tj—) " Fy’ (T)). (18.1)
j=1

where § = (6i,...,6,) € ® C R” denotes the parameter vector and dj, ..., d
are realizations of the number of observed failures Dj,..., Dy in the inspection
intervals (see (1.8)). Ty = —oo < T} < -+ < T are the censoring times,
and Z = (Ry, ..., Ry) is the effectively applied censoring scheme. Obviously, the
equation

k
> i+ Ry)=n

Jj=1

holds.

Aggarwala [11] considered likelihood inference for the scale parameter
when the baseline distribution is exponential. In particular, assuming an Exp(%})-
distribution, the likelihood is proportional to (7y = 0)

k

d;
L(@) o 1_[ [1 - e_(Tj_Tj_l)/ﬂ] L e—d; Ti—1+R;T))/D
Jj=1
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This yields the log-likelihood function

k k k
£(¥) = const + ;dj log [1 —e_(Tf—Tj—l)/ﬂ] _ %[;djTj_l + ;R,Tj].
(18.2)

In general, an explicit expression for the MLE is not available. However, since

oL 1 d;(T; )
@(ﬁ)zﬁ( -X;e(T/ ~Tj— 1)/1’]—11+Zd Ti- 1+ZR T)

j=

we get limy_,o 02 - %(19) = Z];':z diTi—1 + Z];':l R;T; > 0 as well as
limy 00 B2 - %(ﬁ) = —oo provided that at least one failure is observed. Moreover,
it is easily seen that 2 - %(z‘}) is a strictly decreasing function in ¢ showing
that a unique solution of the likelihood equation exists. This has to be computed
numerically in general. Cheng et al. [255] proposed an algorithm to compute the
MLE which is based on “equivalent quantities” as discussed in Tan [836].

For constant inspection intervals, i.e., T; =i -T,0 <i < k, for some T > 0,
the log-likelihood function in (18.2) can be written as

k k
£(9) = const + log [ 1 — &™7/" |duy - %[Z(j ~ D4, T+ Y JRT|.

j=2 Jj=1

Then, as shown in Aggarwala [11], an explicit solution exists. The corresponding
estimator is given by

T

log 1 D |
o8 +Z§=2<;’—1>D,-+Z§=1jR,~

g:

Aggarwala [11] additionally presented a simulation algorithm to generate pro-
gressively Type-I interval censored data (see Sect. 8.3). She illustrated her results
by some simulated data for constant inspection intervals. Furthermore, interval
estimation and hypothesis testing procedures have also been discussed.

Ng and Wang [687] considered progressively Type-I interval censored data from
a Weibull population Weibull(1/%, 8). In order to estimate the parameters, they
proposed several methods as follows:

(i) Mid-point approximation: It is assumed that failures observed in an interval
(Tj—1, T;] occurred at the mid-pointm ; = %(Tj_l + T;). Moreover, the units
withdrawn at the jth step are considered with failure time 7. This yields
a pseudo-complete data set yj,...,y,. Then, the likelihood equations for
the Weibull distribution are solved assuming the complete sample yi, ..., y,.
Similarly, the results for progressively Type-I censored data from the Weibull

distribution, as given in Sect. 13.2, have been applied to the data (mjD’ ),
1<j <k
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Interval in months ~ Number at risk ~ Number of withdrawals

[0,5.5) 112 1
[5.5,10.5) 93 1
[10.5, 15.5) 76 3
[15.5,20.5) 55 0
[20.5,25.5) 45 0
[25.5,30.5) 34 1
[30.5,40.5) 25 2
[40.5,50.5) 10 3
[50.5, 60.5) 3 2
[60.5, 00) 0 0

Table 18.1 Survival times for patients with plasma cell myeloma. Data taken from
Ng and Wang [687]

(i)

(iii)

(iv)

v)

Maximum likelihood estimation/EM-algorithm: After determining the
likelihood equations from (18.1), Ng and Wang [687] proposed an
EM-algorithm to compute the MLEs. As for the exponential case, Cheng
et al. [255] developed an alternative algorithm. They demonstrated that it is
more efficient w.r.t. convergence rate. The results for the data in Table 18.1
correspond to those of Ng and Wang [687]. Wu et al. [921] and Lin et al. [609]
considered MLEs for Weibull(9#, B)-lifetimes.

Method of moments: Using the fact that the vth moment of the Weibull
distribution Weibull(1/9, B) is given by

907 (1 + %)

they established an iterative procedure to compute the method of moments
estimators.

Estimation based on Weibull probability plot: Using the Kaplan-Meier-type
estimator

J
F(Ty) =1-]]a-7.

i=1

with p; = # i = ,k, estimators result by fitting the

function 2(w) = —log? + Bw to the data (wi, zi), where w; = log7; and
= log(—log(1 — F(T ), 1 <i<k.

One—step approximate estimators using Newton—Raphson method: Choosing

an initial value for the parameters, one step of the Newton—Raphson procedure

is computed.

The resulting estimators were compared based on an extensive simulation study.
Moreover, the methods were illustrated by the data in Table 18.1 which originally
was reported by the National Cancer Institute. These data have also been analyzed
in Lawless [575].
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Generalized exponential distributions with cumulative distribution function as
in (12.41) have been addressed by Chen and Lio [252] (see also Peng and
Yan [716]). Adopting the results of Ng and Wang [687], they applied the mid-
point approximation. Moreover, they presented a version of the EM-algorithm
to approximate the MLEs of the parameters. Further, they used the method of
moments to compute estimators. They illustrated their results by the data set given
in Table 18.1. Similar results are presented in Lio et al. [614] for the generalized
Rayleigh distribution and in Xiuyun and Zaizai [931] for the gamma distribution.
For the Gompertz—Makeham distribution, we refer to Teimouri and Gupta [841].
Log-normal distributions are discussed in Amin [44]. Beta kernel distributions in
(12.45) are considered by Teimouri et al. [842].

A general Bayesian approach has been discussed in Lin and Lio [601] using an
MCMC-process. It is illustrated for both the two-parameter Weibull distribution and
the generalized exponential distribution.

Remark 18.1.1. The model of grouped progressively censored data with random
removals has been discussed in Xiang and Tse [924] based on Weibull lifetimes.

18.2 Optimal Inspection Times

Optimal grouping or inspection times for interval censored data have been studied
in Kulldorff [555] and Vasudeva Rao et al. [873].

Lin et al. [606] discussed progressively Type-I interval censored data from a log-
normal population. In particular, they addressed the problem of determining optimal
inspection times 7} < --- < T provided that the censoring scheme is obtained
from the proportions & = (71, ..., 7,) as in (1.9). The resulting solution is called
optimally spaced (OS) inspection times. The objective function is defined in terms
of the expected Fisher information matrix (or the asymptotic variance—covariance
matrix). Denoting by

JD": 1. 9) = (IW If“’), D™ = (Di.....Dy). (18.3)
L Iyy

the expected Fisher information matrix, Lin et al. [606] computed expressions

for the components of . (D”; i, ¥). Optimal inspection times are determined by

maximizing the determinant of the Fisher information matrix, i.e., Lin et al. [606]

addressed the problem

max det. (D" 1, 0) = max (Luulyo = 12y ).

T] <"~<Tk

for given values of the parameters ¢ and ¥ and censoring proportions x. Moreover,
they considered optimally equi-spaced (OES) inspection times defined by
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k—-2i+1)T
== EZ2EDT
2
with an optimally chosen constant inspection time 7'. The corresponding optimiza-

tion problem becomes
max (7, Iys — I )
T>0 ( HuTOY T

As an alternative criteria, Lin et al. [606] proposed maximization of the trace of
either the expected Fisher information matrix or the variance—covariance matrix of
the MLEs. A third method to determine inspection times is called equal probability
(EP) inspection scheme. Here, the inspection times are chosen such that the expected
number of failures falling in each inspected interval is the same. Results are obtained
by applying a simulated annealing procedure as described in Corana et al. [280,281].

The same approach has been employed by Lin et al. [609] to obtain optimal
inspection schemes for the two-parameter Weibull(3#, B)-distribution.

18.3 Optimal Progressive Interval Censoring Proportions

Utilizing the expected Fisher information matrix in (18.3), Lin et al. [606] also
considered the optimal choice of the inspection proportions & in the log-normal
case. They considered the optimization problem

subject to the constraint

k
ED; + ZE(D:'|D1 =n,Ri=¢,....Di1=ni—1,Ri-1 =¢i—1) =n-h,
i=2

where

m=£ED,, ¢ =EMR|D =mn), andfor2=<i <k,

ni = E(Di|Dy=mn1,R1 = ¢1,...,Di—1 = ni—1, Ricy = $i—1),

¢i = E(Ri|Dy =1, Ry = ¢1,...,Di—1 = ni—1, Ri-1 = ¢i—1, Di = ni),
and £ is a proportion of failures prefixed in advance. Numerical results are presented
for OS, OES, and EP inspection times. Moreover, the simultaneous optimization of

inspection times and censoring proportions is addressed. Similar considerations can
be found in Lin et al. [609] for Weibull(9#, B)-distribution.



Chapter 19
Goodness-of-Fit Tests in Progressive
Type-II Censoring

In life testing, parametric distributional assumptions have been widely used.
Therefore, it is essential to test whether the assumed distribution fits the given
data. In the following sections, we present goodness-of-fit tests to decide whether
the model assumption made is reasonable when the data are progressively Type-II
censored.

19.1 Tests on Exponentiality

The first paper on goodness-of-fit tests for progressively Type-1I censored data is by
Balakrishnan et al. [131]. They considered both one- and two-parameter exponential
distributions as null hypothesis. In particular, they addressed the problem

Hy: P =Exp(®),0 >0 <«— H;:P #Exp®). (19.1)

Their test procedure is based on properties of the normalized spacings S,,% ,r =
1,...,m (cf. (2.9)). Given an exponential distribution Exp(¢), ¢ > 0, the spacings

SZ,r = 1,...,m, are independent Exp(®})-distributed random variables (see
Theorem 2.3.2). Then, Balakrishnan et al. [131] proposed the test statistic
m—1 N4 m—l ¢~ &
S —1)S: 1 PR\ ¥
_ iz (m m’) = Yo s=lt (19.2)
(m—1)>0, 8" m_ljzl e 87

An analogue of this quantity has been suggested by Tiku [847] for complete
and doubly Type-II censored samples. In order to use 7 as a test statistic, the
null distribution has to be calculated. An expression for this distribution is based
on the following result (see, e.g., Balakrishnan et al. [131] and Reiss [750,
Corollary 1.6.9]).

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 427
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Lemma 19.1.1. The random variables

SV S+sy XN s

i=1

DS VNI D Y

are distributed as uniform order statistics Uy.—1, - - - s Un—1:m—1-

Hence, (m — 1)T is distributed as the sum of m — 1 IID uniform random

. —1 d —1 . . .
variables because Y '—| Uim—1 = Y i, U; with [ID uniform random variables

Ui,...,Uy,—;. Thisshowsthat ET = % andVarT = W—l) Hence, H is rejected
if T has either too small or too large values:

Reject Hyif T < cg/z orT > clT_a/z,

where cg denotes the S-quantile of the distribution of 7. The cumulative distribu-
tion function of a sum of independent uniform random variables can be found in
Feller [361, p. 27] so that (m — 1)T has the cumulative distribution function (see
also Bradley and Gupta [218])

m—1

1 m—1 '
P((m—-1DT <t) = pr—] Z(—l)f( ; )[r —jIh teR.
Rt

Remark 19.1.2. It should be noted that the density function of the sum of
k independent uniform random variables can be written as a cardinal B-spline.
Using the convolution property of cardinal B-splines Ny, (see Schoenberg [785]),
ie.,

No, = Noy—1 * No1, 1>=2,

where Ny can be seen as the density function of a uniform random variable, it
is clear that the cardinal B-spline Ny, equals the density function of the above
sum. Therefore, we can write for the cumulative distribution function of (m—1)T

P(m—-1DT <t)= /t Nom—1(w)du, t=>0.
0

This relation may be used to compute the percentiles of the distribution of T.

Balakrishnan and Lin [111] applied an algorithm of Huffer and Lin [466] to
compute the exact distribution of 7" under Hy. A table of quantiles for selected
values of m and level 1 — « has been presented. Marohn [638] pointed out that the
distribution of 7" can be found in Kendall et al. [515, Example 11.9] and percentiles
are available in Buckle et al. [224] for m < 30.
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Since it is difficult to obtain exact quantiles for large m, Balakrishnan et al. [131]
and Marohn [638] suggested a normal approximation to test the hypothesis using
the normalized test statistic T7* = /12(m — 1)(T — 5

Reject Hj if |T*| > Z1—a/2,

where zg denotes the $-quantile of the standard normal distribution. Moreover, they
presented an approximation of the power function for this asymptotic test. They
conducted a simulation study for various alternatives including Weibull, Lomax,
log-normal, and gamma distributions.

Applying Basu’s theorem, Sanjel and Balakrishnan [768] showed that moments
of T' can be calculated from the identity

E(Z;’:f(m - i)S;@)k
E(m-1X, %)

Using these moments, they found that the density function of 7' can be expanded in
terms of Laguerre orthogonal polynomials. Critical values obtained by this approx-
imation provide quite accurate approximations to the exact percentiles given in
Balakrishnan and Lin [111], as shown in Table 1 of Sanjel and Balakrishnan [768].

Balakrishnan et al. [131] also proposed two alternative procedures to test
exponentiality. An adaption of a procedure presented in Spinelli and Stephens [821]
uses the ordered spacings S{% ..., SZ and their mean § = L3 §% The
corresponding test statistic A2 is defined by

ETF =

1 m
A = - > (@i — D[log W; + log(1 — Wi)] —m
i=1

where W; = 1 — exp{—SZ /S}, 1 < i < m. Secondly, they considered a

Shapiro—Wilk test statistic comparing the squared mean S” and the sum of squares
" (S7Z)? proposed in Shapiro and Wilk [801].

Wang [882] suggested an alternative test statistic which is also based on the
spacings of the data. He used the statistic (cf. (19.2))

= —2log ]_[ ’—1 -2 Zlog Zl-l (19.3)

j=1 l—l

From Lemma 19.1.1, it follows that

m—1 m—1 m—1
T2 2 logUpmy 2 —logU; £2) 7,
i=1 j=1 j=l
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where Z,...,Z,—; are |ID standard exponential random variables. Hence, T\,
exhibits a y2-distribution with 2(m — 1) degrees of freedom. Wang [882] conducted
a simulation study to assess the power of the corresponding test. He used Weibull,
log-normal, and gamma distributions as alternatives to the exponential distribution.
The results show that the test performs very well. The results suggest that the test
based on 7, has a better performance than that with test statistic 7' in most cases.
For small samples, Marohn [638] suggested Fisher’s « statistic
Km =m - max (ST —S7_)),

I<j<m
s
where S§ = 0,87 = 1, and S;? = Z:f—‘s‘%, j = 1,...,m — 1. The null
i=1"i
hypothesis is rejected if the maximum spacing of S7, ..., S is significantly large.

The cumulative distribution function of «,, is given in Marohn [638] and Brockwell
and Davis [220].

Example 19.1.3. In order to illustrate the preceding tests, Nelson's progres-
sively Type-ll censored insulating fluid data 1.1.5 as presented in Viveros and
Balakrishnan [875] has been considered by the abovementioned authors.

Balakrishnan et al. [131] computed the test statistic 7 = 0.43251 and the
p-value of the asymptotic test as 0.53620. Therefore, the null hypothesis is not
rejected by the test. This decision is consistent with the findings presented in
Nelson [676] and Viveros and Balakrishnan [875]. According to Balakrishnan
and Lin [111], the exact p-value of the test statistic T is 0.72799 showing that
there is strong evidence that the population distribution is exponential. Notice
that, due to the moderate value of m = 8, the normal approximation does not
provide a good estimate of the p-value. Using the Laguerre orthogonal polynomial
approximation, Sanjel and Balakrishnan [768] computed the approximation
0.72968 for the p-value which provides an extremely accurate approximation
of the exact p-value.

The preceding results are also supported by the findings of Wang [882] using
the test statistics T,. He calculated the test statistic 7, = 16.4308 and the p-
value 0.2878. Hence, the null hypothesis of an exponential distribution cannot
be rejected, too.

Using Fisher's « statistic, Marohn [638] computed ks = 1.941 and the critical
value cgo5 = 4.125 at level « = 0.05. This result is in agreement with the
preceding ones.

The procedures presented above have also been adapted to the two-parameter
exponential case. In this case, the test problem reads (cf. (19.1))

Hy: P =Exp(u,?),u eR, 9 >0 <«— H;:P # Exp(u,19).

Given H,, the first spacing S lﬂ = y1(X1:n: — ) depends on the unknown para-
meter w, whereas the remaining spacings Sj% =y Xjmn—Xj—tmm), ] = 2,
..., m,donot depend on the location parameter and have the same property as in the
one-parameter exponential case. Therefore, simple modifications of the preceding
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tests can be applied. Specifically, the modified test statistic results by deleting the
first spacing. From (19.2) and (19.3), this leads to the statistics

i m—1 j 17
T* _ i=2"%i T* _ 1 l{=2Sl:j 94
= Z° . = ZZ Ogm—S'@ (1 . )
j=2 i=2"i

Since these quantities have the same structure as 7" and T, respectively, they have
similar null distributions. In particular, 7* is distributed as the sum of m — 2
uniform random variables, whereas 7* has a y2-distribution with 2(m — 2) degrees
of freedom. Moreover, the above approximations may also be used by taking this
change into account. A modified version of Fisher’s k may also be used as pointed
out by Marohn [638].

Example 19.1.4. The preceding methods are illustrated by analyzing Spinelli's
data B.1.5. According to Balakrishnan et al. [131], T* = 0.75391 and the
corresponding p-value computed by the normal approximation is given by
0.00019026. They concluded that the data provide enough evidence to reject the
null hypothesis. Thus, it should not be assumed that the population distribution
is a two-parameter exponential distribution. This conclusion is consistent with
the results of Spinelli and Stephens [821] who used the complete sample in
their analysis. The exact p-value has been computed by Balakrishnan and Lin
[111] as 0.0000354 which supports the preceding result. The Laguerre orthogonal
polynomial approximation by Sanjel and Balakrishnan [768] yields the p-value
0.00001.

For T, Wang [882] found T} = 15.0875 and the corresponding p-value
P(T} < 15.0875) = 0.00084 so that the null hypothesis H, of a two-parameter
exponential distribution is rejected, too. Thus, all the above findings suggest that
the two-parameter exponential distribution does not provide a good model for
the present data.

19.2 Goodness-of-Fit Tests for Other Distributional
Assumptions

19.2.1 Methods Based on Spacings and Deviation
Jrom the Uniform Distribution

Balakrishnan et al. [135] adopted the spacing-based tests for exponentiality to
a general location—scale family of distributions. Given a cumulative distribution
function G with density function g, they addressed the problem

Hy: F=Guy,neR >0 <«— H :F#Guy. (19.5)
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where F' denotes the population cumulative distribution function and G,  is defined

by Gy = G((-—w)/9).
Analogous to the above tests, they proposed an adjusted version of the test
statistic 7* as given in (19.4):

Se,%

o sz_z
m—2 Z_zse“ﬁ’

where the spacings S; Z are replaced by the normalized spacings SE = =S; Z|E S; z
Notice that 7} is locatlon and scale invariant. The null hypothems is rejected for
either small or large values of 7,*. Since the distribution of 7,* is intractable except
for the exponential distribution, Balakrishnan et al. [135] conducted a Monte Carlo
simulation to examine the null distribution for normal and Gumbel families. They
also presented approximations of the mean and variance of 7,* using first-order
approximations of the single and product moments as given in Balakrishnan and
Rao [115] (see also Sect. 7.6).

Example 19.2.1. Considering Nelson's progressively Type-Il censored insulating
fluid data 1.1.5 in log-time scale, Balakrishnan et al. [135] tested the data for
a Gumbel population distribution. Notice that Nelson [676] and Viveros and
Balakrishnan [875] assumed a Weibull distribution in the original time scale
which yields a Gumbel distribution in the log-time scale. They assumed a normal
approximation of the distribution of 7,* with mean 0.5 and variance 0.013597
leading to the p-value 0.73405. This provides strong evidence that the population
distribution of the log data is indeed Gumbel.

This topic has been further examined by Pakyari and Balakrishnan [701] through
two approaches. Assuming Hy as in (19.5), they considered the progressively

Type-II censored sample U},.......Uy,.,., where UZ . = Gug(Xjmn).

Notice that, provided that the null hypothesis is true, the random variables

Ulns - - Uprone, are distributed as uniform progressively Type-II censored order

statistics U Lmns « - - » Um:mm. The first approach is based on normalized spacings
S%G_y]( ]mn_U}k—l:m:n)’ j:l,...,m,

where Uy,., = 0. An extension to k-spacings is also described. They used the

statistics

G = Z(S )2 Qm:n = Z )2 Z S j+1 G
j=1

j=

previously proposed by Greenwood [414] and Quesenberry and Miller [735] in the
setting of order statistics.
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Secondly, define the normalized random variables Y., = U ;(:m:n — EUj.pn,
Jj = 1,...,m, where an explicit expression of EU;.:, is given in Theorem 7.2.3.

The following tests are based on the deviation of the progressively Type-II censored
order statistics U %, ..., ..., Ux.,.., from the expected values of uniform progressively
Type-II censored order statistics. Pakyari and Balakrishnan [701] considered the
following location—scale invariant statistics adopting methods previously used for
order statistics (see Brunk [222], Stephens [824], Durbin [344], and Hegazy and

Green [437]):

CT = max Y., C = max (=Y.,
m:n 1<j<m J-m:mn m:n 1§j§m( j-mﬂ)v

— + . oy = - +
Conn = max{cm:n’ Cm:n}’ Kinn Cm:n + Cm5n’ (19.6)

1 & 1
Tn(tll)1 = Ezyj:m:ns Tn(12z)1 = EZle:m:nL

J=1 Jj=1

If the null hypothesis is true, the distances should be rather small and so large
values of the distance would support the alternative. Critical values are determined
by Monte Carlo simulations. Pakyari and Balakrishnan [701] tested normal and
Gumbel models versus Student’s ¢ and log-gamma models, respectively.

Example 19.2.2. Pakyari and Balakrishnan [701] generated a new progressively
Type-Il censored sample with m = 10 observations from Nelson's insulating fluid
data (see data B.1.6). They found that the goodness-of-fit tests based on the
statistics given in (19.6) support the hypothesis of a Gumbel distribution for the
log-time scale or of a Weibull distribution for the original data. This agrees with
the above findings.

For King's wire strength connection data B.1.7, Pakyari and Balakrishnan
[701] argued that a normal model would be appropriate for the data. This result
is supported by all tests as can be seen from the computed p-values. This result
is consistent with the analysis of Nelson [676].

Remark 19.2.3. Marohn [638] mentioned that Fisher's k may be used for all
failure time distributions that can be transformed into an exponential model,
e.g., for generalized Pareto distributions and Gumbel distribution. For a Gumbel
distribution with location parameter u, the transformation ¢ > €’ may be used.
The transformation ¢ + log¢ is appropriate for Pareto data with unknown shape
parameter.

An approach for testing goodness of fit for censored samples based on
transformations has also been proposed by Michael and Schucany [647]. They
applied transformations to Type-ll censored data so that the transformed
censored sample behaves under the null hypothesis like a complete sample from
the uniform distribution. An appropriate transformation for progressively Type-II
censored order statistics with a one-step censoring scheme is given on p. 439/440
in Michael and Schucany [647]. A detailed discussion on transformation-based
approaches has recently been presented by Fischer and Kamps [370].
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19.2.2 Tests Based on Empirical Distribution Function

Marohn [638] proposed a Kolmogorov—Smirnov-type goodness-of-fit tests for the

exponential distribution, which can be used for large samples (72 > 30). With S;? =
j SZ
i=1"

m 7K
ZiZISi

~

F,,_; defined by

j =1,...,m — 1, and the corresponding empirical distribution function

m—1

~ 1
Foo(0) = ——=3 Mpa(S7). 1€R,

i=1
he considered the Kolmogorov—Smirnov statistic

A,—1 = max |I?m_1(t) —t|
1€[0.1]

to measure the deviation from the exponential distribution. Hy is rejected if
vm—14,,-1 > cy, where ¢, denotes the a-percentile of the limiting distribution
of v/m — 1A,,—;. The critical values cpg; = 1.63 and cp9s = 1.36 are given in
Marohn [638].

Pakyari and Balakrishnan [700] adopted an approach by Chen and Balakrishnan
[248] for testing the composite (parametric) null hypothesis

Hy:F e Fy,0 €06.

This method is based on a transformation to normality and an application of tests
using goodness-of-fit tests based on empirical distribution functions. It should
be noted that this approach is not only restricted to location—scale families of
distributions. The proposed goodness-of-fit procedures are constructed via modified
versions of the Kolmogorov—Smirnov statistic, the Cramér—von Mises statistic,
and the Anderson—Darling statistic. For details on these statistics, we refer to
D’Agostino and Stephens [318]. As an analogue to the empirical distribution
function, Pakyari and Balakrishnan [700] proposed the nonparametric estimate

0, t<X1:m:nv
Fonn(t) = ®jmns Xj:m:n <r< Xj+l:m:nvj =1,....m—1

Cpemens  Xmemen =1

for the population cumulative distribution function F given a progressively Type-II
censored sample X1, ..., Xpmen (an explicit expression of oy = EUjpz 1s
given in Theorem 7.2.3). Notice that F m:n Will be degenerated except whenn = m
holds (complete sample case). Under the null hypothesis, the cumulative distribution
function F is estimated by F(:; /9\), where /9\ denotes the maximum likelihood esti-

-~

mator of the parameter 6. Introducing the transformed data U ;‘:m:n = F(Xjumn: 0),
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j = 1,...,m, Pakyari and Balakrishnan [700] proposed extended versions of

quantities used for Type-II right censored data (see, e.g., Lin et al. [605]). First,

a Kolmogorov—Smirnov-type statistic is given by
D,,., = max{D+ D

m:n’ m:nl>

(19.7)

where D;L—:n = maxlfjf’”(aj:m:" - U;:m:n)’ Dr;:n = maxlfjfm(U;:m:n _aj_13m:")’
and EUp.,.;;, = 0. A modified Cramér-von Mises statistic is defined via the

quadratic deviation
Uprmn —~ ~
Wrrzz:n = n/ (Fn(F(1;0)) —l)zdl
0

which can be evaluated to

*3
WZ _ nUm:m:n
min

3

m—1
+n Z Ol]AW”:’T(l];<+l:;11:r1 - U;:m:n)(aﬁm:” - (U;-i—l:m:n - U;:m:n))’ (19.8)

=0

where U *

m1:mn = 1. Similarly, the modified Anderson—Darling statistic reads

Ul;lk:m:n ?m,n F<_ ‘A _t 2
P e (e T R
0

t(1—1)

which results in the sample version

m—1 * *
Ut . (1-U* )
A2 = 2 1 ( S =
men ”;{“/-m-n 8 Uj?":m:n(l—U]T"+1:m:n))

+ 20 log( )} —n{log(1 —U%,.) +UZ, Y (19.9)

1- U;:m:n
Adopting the approach of Chen and Balakrishnan [248], Pakyari and Balakrishnan
[700] proposed a five-step procedure to test Hy (@ denotes the cumulative distribu-

tion function of a standard normal distribution):

(O Compute the maximum likelihood estimate 0 for the parameter 6 and the values
U;'k;m:n = F(ijn; 9)’ j = 15 R (N

@ Calculate Y7, = @< (U},,.,). j = 1,....m;

@ Considering Y%,.,..... Y, ., as progressively Type-II censored order statis-
tics from a standard normal distribution with mean yx and standard deviation o,
compute the maximum likelihood estimates [t and & (see Sect. 12.7.2);
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@ Calculate U, = @(Y},,.), J = L....m;

® Compute Dy, Wm - A2 , as given in (19.7), (19.8), and (19.9) and reject Hy
at significance level @ € (0, 1), if the corresponding test statistic exceeds the

critical value.

Critical values for the above procedures can be obtained via Monte Carlo simulation.
Pakyari and Balakrishnan [700] provided a table for « = 0.1. Moreover, they
presented a power analysis for normal distributions against several Student’s ¢
distributions as well as for Gumbel distributions versus log-gamma distributions
and vice versa. The method is applied to Nelson’s fluid data as in Example 19.2.1
and to Spinelli and Stephens’ data as in Example 19.1.4. All the tests supported
the null hypothesis of a Gumbel distribution for Nelson’s log-scaled data (or a
Weibull distribution in the original scale). For Spinelli and Stephens’ data, Pakyari
and Balakrishnan [700] found that a Weibull model is supported by the three tests.

19.2.3 Tests Based on Kullback—Leibler Distance

Balakrishnan et al. [138] and Rad et al. [736] proposed goodness-of-fit tests based
on Kullback—Leibler distance (9.27)

f T (x)

a1 fo) = [ 7¥° ()10 Lz

0

where fy = fo(-;60) denotes the density function under the null hypothesis.
Using (9.28) and the data xi,...,X,, Balakrishnan et al. [138] presented the
approximation

m

fl,...,m:m:n = _nﬁl,...,m:m:n - Z[log f()(xj; 0) + Rj 10gf0(-xj; )]
i=1

of Ix(f |l fo). where Hy__memn = (7 000 (f) +10g(Z))/n (see (9.24)).
Analogous to Park [706], Balakrishnan et al. [138] gave the nonparametric estimate

—-Xi_
H(w.m, 1 jt+wm:in Jj—wim:n
(rom, 1) = Zog(EUj-l-wmn_EU] wmn)

of ﬁl,...,m:m:na where the window size w is a positive integer with 1 < w < m/2
and Xj+w:m:n = Am:m:mn, ] +w=m, Xj—w:m:n = Xl:m:na ] —-—w =< 1. Then’ they
proposed the test statistic
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Tw,m,n)=—H(Ww,m,n)— Z[Iog fo(xj;,é) + R; 10g70(x]';,9\)],
j=1

where @ is an estimator of 6.

Clearly, the null distribution is present only in the second term of T'(w, m, n). For
an exponential distribution, Balakrishnan et al. [138] used the maximum likelihood
estimator ¢ = % Z};’=1 (Rj + 1)X .. as given in (12.4) to construct the test
statistic

T(w,m,n) = —H(w,m,n) + ﬂ(logﬁ +1).
n

A power analysis for several (IFR, DFR, and non-monotone hazard rate) alternatives
has been conducted showing that first-step censoring has a higher power than
the other used censoring plans for IFR alternatives. For DFR alternatives, right
censoring has the best power. For alternatives with non-monotone hazard rate, the
best scheme varies with the particular alternative.

Applying the test to Nelson’s insulating fluid data 1.1.5, they obtained
T(3,8,19) = 0.0724. For the estimate ® = 9.09 of ¥, they calculated the
p-value as

P(T(3.8,19) > 0.0724| Hy : F = Exp(9.09)) = 0.9921.

This shows strong evidence for an exponential distribution in agreement with
previous findings.

The preceding approach has been applied by Rad et al. [736] to other distributions
including two-parameter Pareto distributions, log-normal distributions, and Weibull
distributions. They presented a power analysis of the constructed tests versus several
alternatives with increasing, decreasing, and non-monotone hazard rates. Once
again, these tests have been applied to Nelson’s insulating fluid data 1.1.5. It turned
out that neither the Pareto nor the log-normal model provides a good fit to the data.
In accordance with previous findings (see Example 19.2.2), the Weibull distribution
provides an excellent fit.



Chapter 20
Counting and Quantile Processes
and Progressive Censoring

20.1 Counting Process Approach

Bordes [216] has addressed nonparametric inference with progressively Type-II
censored lifetime data for the population cumulative distribution function F as
well as for the corresponding survival function R = F, the density function f,
the hazard rate function A, and the cumulative hazard function A. Given a sample
Xiamms oo Xmeme:n With observations x; < --- < X, the likelihood function is

given by (xo = 0)

m &,
LAxn) = c(@) [ [ FG)F ™ (xi).
i=1
Therefore, the log-likelihood function can be written in terms of the hazard rate A
and the cumulative hazard function A as

(%) = loge(Z) + Y (1ogx(xi) (R + 1)A(x,»)).
i=1

~

In order to maximize this function with regard to a discrete measure A =
> i, A8y, where §, denotes the Dirac measure in x € R, Bordes [216] obtained
that the optimal weights are given by

The corresponding nonparametric estimator A of the cumulative hazard function A
is given by

-~ ~ " 1
A@t) = A([0,1]) = Z ;ﬂ[xi:,moo)(t), t>0.
i=1 "
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Applying the connection between the survival function and the cumulative hazard
function, Bordes [216] presented the product limit estimator R of R (cf. Andersen
et al. [46]) as

Notice that, for Z = (0*™), R=1-F , Where F denotes the empirical cumulative
distribution function of the data Xy.,, ..., X,., (m = n).
Bordes [216] introduced the associated counting process N = (N(¢));>0 by

-%m
N(Z) = Z ]l[0~t](Xi:m:n)
i=1
with natural filtration .#V = (ZN )r>0 generated by N and censoring numbers
(Rj)jen, ie., ZN is defined as the o-field J(N(s);s < t), R = (Ry,...,Ry).
Then, he established the following result.

Theorem 20.1.1. The process M = (M(t));>0 defined via

t
M(t) = N(t) —/ Y(s)A(s)ds, (20.1)
0
where Y(s) = Z;"ZI(R,- + D1j5.00)(Xizm:n) is @ martingale w.r.t. the filtration
FN.

Bordes [216] applied this connection to establish an estimator of A by neglecting
the martingale part in (20.1)

~ «_ ["dN(s)
A(t)_/o o 120 (20.2)

Remark 20.1.2. Balakrishnan and Bordes [89] presented a smoothed version of
the hazard rate estimator using a kernel function «:

A*(t) = %/OTK(I ;S)dZ(s) = %i %K(W)H[O,t](xy:m:n),

i=1"!

where b is a bandwidth parameter, ¢ € [0, t], and [0, 7] is a fixed interval with
T < 00. For the case of order statistics, the estimator A* reduces to the estimator

T 1 t— Xi _
“Z)—zgn_iﬂ"( ) L0 (Xiu)

proposed by Watson and Leadbetter [892, 893].
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Under some regularity conditions, it has been shown that the kernel estimator
* converges in probability to A. Moreover, asymptotic normality has been
established. Furthermore, Balakrishnan and Bordes [89] discussed the problem
of optimal bandwidth.

Assuming the following regularity conditions for the sequence (R;);>; of
censoring numbers and for 7 € R,

Regularity Condition 20.1.3.
(1) sup,,>; Rn < K < 400,

m—>0Q

(2) % Zz—l Ri — ¢,
(3) t € R satisfies F(z) < 1,

Bordes [216] studied the asymptotic behavior of the estimators R and A. Then, the
following consistency results hold.

Proposition 20.1.4. Under Regularity Condition 20.1.3, the normalized versions
N = N/m and Y = Y/m satisfy the following asymptotic results:

sup [N (1) — (1 — R (1)) 25 o, (20.3)
0<t<rt

sup [Y (1) — (¢ + DR(1)| =5 0. (20.4)
0o<t<rt

Remark 20.1.5. Under some additional conditions, Alvarez-Andrade and Bor-
des [41] showed that the counting process N can be approximated by Poisson
processes M,, with EM,,(t) =t such that

M, (t) logzm
02100 N - Mm(m)‘ - V )

Moreover, they established a Brownian motion approximation for concomitants
of progressively Type-Il censored order statistics.

Using the asymptotic expressions given in Proposition 20.1.4, Bordes [216]
established the weak consistency of the estimators R and A.

Theorem 20.1.6 (Bordes [216]). Under Regularity Conditions 20.1.3,

(i) SuPous < |A(1) — A()| = 0,
(ii) supy; <. |R() — R(t)| —> 0,

Moreover, the following weak convergence of the standardized processes is
true. Let DJa, b] denote the space of Cadlag functions on an interval [a, b] (see,
e.g., Pollard [724, Chap. V]).
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Theorem 20.1.7. Let B be the Brownian motion on [0,00). Then, under
Regularity Conditions 20.1.3,

(i) The estimator A converges to a Brownian motion, i.e.,
Jm(A(t) — At)) = Bov(r) in D[0.1].
where the covariance function v is defined by

1— R*(s A t)
(c + )2RFI(s A1)

Cov (B ov(s), Bov(r)) =v(s At) = s.t €0, 1].

The covariance function v may be consistently (uniformly) estimated on
the interval [0, 7] by

N "dN(s)
v(t) = m/o Y2(s)

(i) The estimator R converges to a Brownian motion, i.e.,

J(R(t) = R(t)) > R(@)Bov(r) in D[0.7].

with Cov (R(s)B ov(s), R(t)B o v(t)) = R(s)R(@)v(s A1), s,t €0, 1].
(i) Finally,

R(1) — R(t
sup ,\KM N sup |B(2)].
o<t<t ¥ V() R(t) 1€0,1]

Bordes [216] used these results to establish asymptotic confidence bounds for
A and R as well as Gill-type confidence bands (see Fleming and Harrington [376,
p- 240]). He applied the results to Nelson’s insulating fluid data 1.1.5 as presented
by Viveros and Balakrishnan [875].

The results of Bordes [216] have been utilized by Alvarez-Andrade et al. [42] to
construct homogeneity tests for several samples of progressively Type-II censored
order statistics. In particular, they compared the hazard rates of K independent
samples testing the null hypothesis

Hy: A =---= Ag = Ag or, equivalently, Hy : F| =--- = Fx = Fp,

where A and Fj are the given hazard rate and cumulative distribution function,
respectively, under the null hypothesis.

Suppose that K samples X .5, 1 < j =< m;, of progressively Type-
IT censored order statistics are given with censoring numbers Ri;,..., Ry, i,
1 < i < K and that Regularity Conditions 20.1.8 are satisfied (see Regularity
Condition 20.1.3).
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Regularity Condition 20.1.8.

(1) There exists a universal bound C with

forall my,...,mg: sup sup Rj; < C < +o0;
1<i<K 1<j<m;

(2) There exist 6,..., 0k such that Z,‘K=1 0; =1, and, for 1 <k <K,

K
K——>9k if Zm,-—>oo;
Dim1 Mk i=1

(3) For1 <k <K,

1 K
—ZRj,k—>ck, if Zm,-—>oo;
mj

j=l1 i=1

(4) t € R satisfies Fo(r) < 1,

Alvarez-Andrade et al. [42] considered the Nelson—Aalen-type estimator of the
cumulative hazard rate A; given by (see (20.2))

~ _ ["dNi(s)
Am‘énm’e

For two-sample tests, i.e., K = 2, the test statistic is based on the discrepancy
process ©,, defined by

mmzﬁwﬁmw&mwm@,ga

where W, is an appropriate nonnegative locally bounded predictable weight
process. These tests are linear in A} — A, and therefore referred to as linear tests.
Then, Alvarez-Andrade et al. [42] showed the following result.

Theorem 20.1.9. Suppose that Regularity Condition 20.1.8 is satisfied. Assume
that a deterministic function w defined on [0, t] exists with

P
sup |W,,(t) —w(t)] — 0, m — oo.
t€[0,7]

Then, under Hy,

D -5 Bov in D0, 1],
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where & is a centered Gaussian martingale with covariance function v defined by

o, I I
Vo _/0 VO (G * T 0O

and y;(s) = (¢; + D(1 — Fi(s))“t, i =1,2, s € [0,1].

Alvarez-Andrade et al. [42] pointed out that tests based on linear functionals
may lead to a poor performance depending on the choice of . Therefore, as an
alternative to ®,,, they proposed a quadratic functional based on the spacings
Dpm(tk) = Dm(tk—1), k =1,...,p,with0 =1y <t <--- <t, = 7. Since

Ve = (D (t0). D (2) = D (1), - ... Din(tp) = Dunltp-1))’
is asymptotically normal with covariance matrix
Y = diag (v(tl), v(t2) —v(t1), ..., v(tp) — v(tp_l)),

Alvarez-Andrade et al. [42] showed that under Regularity Condition 20.1.8 and the
assumption v(f;) — v(tx—1) > 0,k = 1,..., p, the result

~ d
V! 3, — x*(p), asm — oo,

holds, where ! = diag(1/%(t1), 1/[P(12) —=%(11)]. . .., 1/[(tp) —V(t,-1)]) and v
is a uniformly consistent estimator of v defined by

Ji(s) n JZ(S))d(Nl(S) + Na(s))
Yi(s)  Ya(s)/  Yi(s) + Ya(s)

with J; (s) = Lo (Yi(s)), i = 1,2.

) = m/Ot W,,f(s)(

Remark 20.1.10. Further proposals like Kolmogorov—Smirnov-, Cramér—
von Mises-, and Anderson—Darling-type statistics are presented by Alvarez-
Andrade et al. [42]. Details on the corresponding limit results are also provided
by these authors.

In the K-sample setting, Alvarez-Andrade et al. [42] considered a proportional
hazards model, i.e., Ay = Ao with some o > 0,k = 1,..., K. Defining N =
ZiKzl N;and Y = ZiK=1 Y;, they considered a weighted score statistic U™ with
components

0% () = /0 "W ()dNi (s) — /0 I %dm)

with a predictable weight function Wy which simplifies under Hj to
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75(00) Yi(s)
4% (v) = Zl / 6) (3 = )b ).

8;1 denotes the Kronecker symbol and M; is as defined in (20.1). Then, the following
asymptotic result is true.

Theorem 20.1.11. Assume that Regularity Condition 20.1.8 is true and that
Wi, 2 <k < K, are bounded predictable processes such that

max  sup |Wk(s) wk(t)|—>0 m — 00,
2<k=K gef0,1]

for some deterministic functions wy, 2 <k < K.

Then, the process \/%z%') converges in distribution to a centered Gaussian
martingale & o ¥ in XX, D0, 7] with covariance matrix X = (0ij)2<i,j<k on
[0, 7] given by

K - '
0ij = ;91/0 Wi(S)Wj(S)<5i1 y,((SS)))((S yy]ss)))yz(s)/\(s)ds,

where y(s) = Y10, 611(s), s € [0, 7.
Moreover, for ¢ € [0,7], the covariance matrices X'(¢) are consistently
estimated by X (1) = (0y;(¢))2<ij <k, With

Y@»@ Y6

Y(s5) Y(s )dN (8-

5y (1) = 1_1/ Wi W, ) (50

This theorem implies that, for ¢ € [0, t] such that det X' (¢) # 0,

R(1) = @A@Y E@)TAY (1) <> (K = 1),m > oc.
Hence, for given ¢ € [0, ], a homogeneity test proceeds by checking

K(1) < x1o(K—1).

Obviously, the performance of the proposed test depends heavily on the choice
of t € [0, 7]. In order to overcome this drawback, Alvarez-Andrade et al. [42]
constructed a quadratic functional that is asymptotically y>-distributed (see two-
sample problem) Introducing 0 = ¢ < f; < --- < f, = 7 and defining
Ti= Z‘(t,) E(t, 1), =1,..., p,with E(O) = 0, a consistent estimator of [” =
diag(I, ..., Tp)is glvenby I = diag(Ty...., ;). Moreover, V = (V},..., V)
with V; = U ) — u (t;—1) satisfies that /m Vis asymptotically normal. Then,
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K
~ o~ ~ ~_ 1~ d
VT—'y § : VIITTW, — 2 (p(K — 1)),m — oo.

i=1

Details on the performance of the proposed estimators as well as an extensive
simulation study are presented in Alvarez-Andrade et al. [42].

Remark 20.1.12. Nonparametric estimation of the survival function R = F
with progressive Type-l censored data (see Sect. 13) has been discussed in
Balakrishnan et al. [145] and Burke [225]. Burke [225] studied the asymptotic
behavior of product limit estimators of R for two types of progressive Type-I
censoring by means of martingales and empirical processes. As for the Type-
Il censoring scenario, limiting results are established. In particular, he showed
that the presented estimators are asymptotically equivalent to those estimators
applied for Type-Il right censored data. It is illustrated that results for confidence
bands and statistical tests can be directly applied to the progressive censoring
setting.

Balakrishnan et al. [145] discussed nonparametric estimation of R with
progressive Type-l interval censored data which involves only the censoring
number R; (at time T;) and the number of observations D; in a time interval
(T;—1, T;] (see Chap. 18). They proposed Nelson—Aalen- and Kaplan—Meier-type
estimators when the population cumulative distribution functions are specified
by a parametric family (Fy)pco, ® € R. Moreover, asymptotical properties have
been established.

Balakrishnan et al. [145] pointed out that the reliability at 7; can be estimated
nonparametrically by

where

onn—D.j—R.j_l, Ol_-‘—:n—D.j—R.j =0o;

J J /_R/'

As a result, 6 can be estimated by the minimum-distance estimator
m o~
6 = argmin (f T; —7').
gmin Zl o(Tr) = F,
i=

Balakrishnan et al. [145] established weak consistency and asymptotic normality
of 8 under some regularity conditions.
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20.1.1 Semiparametric Proportional Hazards Model

Alvarez-Andrade et al. [43] investigated a semiparametric proportional hazards
model for progressively Type-II censored data assuming the hazard rate
representation

At T) = exp{ByZ}Ao(t), =0,

where By € R? is an unknown regression parameter. A¢ is an unknown hazard rate
and Z is a vector of p covariates.

Forl < j < m,letl; = (i,,_yjH, .. .,in_yj+l), j = 1,...,m, denote
the set of indices which assigns failures and removals to component numbers in
the following way: i,—y;+1 denotes the number of the jth failed unit, whereas
In—yj+2+ -+ in—y;4, denote the numbers of progressively censored units in the
jth censoring step (see also the construction in the proof of Theorem 10.2.1 and
Fig. 10.1).

Assume that the index sets Iy,. .., I,, are known. Defining the filtration .%# N —
(F}N)i0 defined as the o-field o ((Xizn. [i).1 < i < m; Xjpnw < t) and the
counting process

N =2 Ni(0), Ni(0) = L (Xizmn), 1 = 0,
i=1
Alvarez-Andrade et al. [43] established martingale properties, e.g., for the processes
defined by
t
Mi(t) = Ni(t) — / S expiZ;)1 s o (Ximan) hol5)ds.
JEl;i

Z; denotes the covariate of the jth lifetime X;, j = 1,...,n.
gonditional on the covariate Z, the cumulative hazard rate A(-; Z) is estimated
by A(-; Z) defined as

At;Z) = exp {B,Z) Ao(t), 1 >0.

Here, the estimator En of B is given by ;3\,1 = argmaxgerr C,(B), where

GE =Y 2,0 X etpzp)|, 1= U1

i=1 jer j=i
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The nonparametric estimator of the cumulative hazard rate Ay is given by

m —_
A=Y (T ewpz)
Xifr:nlff Jelf

The estimator of the survival function is defined by the product limit estimator R
given by

m

_—  ewifiz)
Raz= ] (i Z,-a;nexp{ﬁ;zj})’ =0

i=1
Xim:n <t

Under some regularity conditions, Alvarez-Andrade et al. [43] obtained asymp-
totic properties:

L P

(1) ,Bn T) ,307

(ii) +/n(B, — Bo) converges in distribution to a centered Gaussian distribution
with covariance matrix ¥ ~!'(r) where T > 0 satisfies fOT Ao(s)ds < oo and

(1) = /0 ‘ v(s, Bo)s (s, Bo)ro(s)ds,

with appropriate functions v(-, 8o) and s (-, Bo),
(iii) X(t) can be consistently estimated.

Moreover, they found that v/ (Z('; Z) — A(+; Z)) converges weakly to a centered
Gaussian process in D[0, t]. The corresponding variance function v(-; Z) has an
explicit integral representation and can be consistently estimated on [0, z]. More
details as well as simulation results can be found in Alvarez-Andrade et al. [43].

20.2 Quantile Process Approach

The notion of quantile processes has been introduced to progressively Type-II
censored order statistics by Alvarez-Andrade and Bordes [40]. They studied the
asymptotic behavior of the quantile process

(XI_Oth :m:”)ae[o.l]

with Xo.,:, = 0 given the following assumptions.
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Regularity Condition 20.2.1.

(C1) « €]0,a] for some a € (0,1),

(C2) The sequence of censoring numbers (R;);en is bounded by K, i.e., R; <
K fori € N,

(C3) R= % Y Ri = ¢4y, where ¢ > 0 and (7n)meny C R satisfies either
(i) nm = o(1) or (i) nm = o(m—l/Z)’

(C4) Let G =1—F " Then, e € [0,a) exists with G<([e.a]) < (c.b) <
(0,00) for some b > ¢ and the hazard rate A of F is continuous with
A@) > 0,1t € (c,b).

For « € [0,a], Alvarez-Andrade and Bordes [40] defined the process

(Y(m)(a))ae[o,a] by
_ n) 70 _
Y " (o) = /m Z B —
i—1 Vj,m
j
where y;n = DL (R +1),1 < j <m,me N (Z;m))lsjsm,mEN defines

a triangular array of 11D exponential random variables. Given (C1)-(C3)(i) from
Regularity Condition 20.2.1, they showed that (Y("’)(oz))ae[o . converges to a

centered Gaussian process on [0, a] with variance function v defined by

o

RGN

~ d
ie., (Y(m)(“))ae[o,a] —> 8, on D[0, a]. They used this limiting result to establish

the following result.

Theorem 20.2.2. Given (C1)—(C3)(i) from Regularity Condition 20.2.1, the
following results hold:

, P
(') SUPgye[0,q] |X|_otmj:m:n - G(_(O{)| — 0,
(i) Let X" = (Vm(X|amjmn — G(_(a)))ae[o,a]' If additionally (C3)(ii)
and (C4) hold, then

x™ % 6, on Dle.al,

where &, is a centered Gaussian process on [g, a] with variance function v
defined by

(@) = 2 € [e.q]
T — (G @y S
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Alvarez-Andrade and Bordes [40] proposed the estimator

o
R _ _ s O, 9
V@ (R + 12(1 = ) A2(X g )ommn) oo

where R = % Z’;’zl R; and 7 is an estimator of the hazard rate A. Using the results
of Bordes [216], they introduced the kernel estimator

/\(M) — _/

where « is a kernel function, b, is the bandwidth, and A s a nonparametric
estimator of the cumulative hazard function A as defined in (20.2). They showed
that under assumptions (C1)—(C4) from Regularity Condition 20.2.1 and for all
« € [0,a], the estimator V() converges in probability to the true value of the
variance function v(c).

Introducing the function g"(a) = 1 — (I — a)®T!, they showed that, given
(C1)—(C3)(i) from Regularity Condition 20.2.1,

A("’)(ds)

P
/q\(()lm) = Xl_g(’")(a)mj:m:n — F(_(Ol)

Moreover, assuming additionally (C3)(ii) and (C4), they established asymptotic
normality, i.e., for @ € (g, a),

V@ — F<(@) =5 N0, v(g(@)

with g(a) = 1 — (1 — &)™, Further results and an extensive discussion of these
results are provided by Alvarez-Andrade and Bordes [40] (see also Alvarez-Andrade
and Bordes [41]).



Chapter 21
Nonparametric Inferential Issues in Progressive
Type-II Censoring

21.1 Precedence-Type Nonparametric Tests

Precedence-type tests are based on two samples X1,..., X,, and Yi,...,Y,, with
population cumulative distribution functions F; and F,, respectively. They are
applied to test the null hypothesis

Hy: Fi = F,. (21.1)

In a life test, F| represents the distribution of products generated in a standard
process, whereas F, would represent the outcome of a new process. Both samples
are tested simultaneously and the subsequent failures are monitored. If additionally
right censoring is employed to the Y -sample, this scenario results in two Type-II
right censored samples X1.,, < -+ < X,.;, and Y1.y,, ..., Y;s,, Where the number
of observations ry in the X-sample is random. In fact, X, .,, is the largest order
statistic in the X -sample not exceeding Y;.,,. The sampling situation is depicted
in Fig. 21.1. In fact, the Y -sample is used to partition the X-sample into groups
by counting X -failures in intervals of adjoint Y -failures. Therefore, prefixing the
sample size of the Y -sample as r, the random variables M; are defined as

ni
M, = Z ]1(—00,1’1:”2](Xj:n1),
j=1

(21.2)

ni
Mi = Z]]'(Yi—l:nznyi:nz](Xj:nl)’ i = 27 s T
j=1

Notice that M, +; = ny, — M., = n, — r; denotes the number of specimens from
the X -sample surviving the rth failure in the Y -sample. Obviously, this number is
determined by My, ..., M,.

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 451
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_21,
© Springer Science+Business Media New York 2014
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Fig. 21.1 Precedence life-test with Type-II censored data

Precedence-type tests will be particularly useful when the statistical analysis
should be based only on early failures. For instance, such a scenario is present
when

(i) Expensive units are put on a life test, and not all of them should be destroyed in
the experiment, or when

(i) The experimenter wants to make a quick and reliable decision at an early stage
of the life test.

For more details on motivation as well as applications, we refer to Nelson [672,673],
Ng and Balakrishnan [685], and the monograph by Balakrishnan and Ng [114].

21.1.1 Precedence-Type Nonparametric Tests
with Progressive Censoring

Precedence-type testing with progressively Type-II censored data has been proposed
in Ng and Balakrishnan [684] (see also Balakrishnan and Ng [114, Chap. 7]).
While the X -sample remains Type-II right censored, the Y -sample is allowed to be
progressively Type-II censored according to a censoring scheme Z = (R;, ..., R;)
with y (%) = n,. Therefore, the data is given by independent samples

(1) X, <--- < X, (lifetimes of standard product),
1) Yiirm, < Yo, < ... < Yy, (lifetimes of new product).

The random variables M;,i = 1,...,r, are defined as in (21.2) with Y;.,, replaced
by Y;.r:n,. The sampling situation is illustrated in Fig. 21.2.

Remark 21.1.1. As an alternative to these hypothesis tests, Maturi et al.
[642] discussed a method called nonparametric predictive inference (NPI) in the
framework of progressive censoring. In order to compare the two groups, lower
and upper probabilities for the event that a single future Y-observation exceeds
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Fig. 21.2 Precedence life-test with progressive Type-II censoring
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a future X-observation are calculated. Details on the methods as well as results
for progressively censored data can be found in Maturi et al. [642].

Extending procedures for Type-II right censored data, Ng and Balakrishnan
[684] proposed the weighted precedence test statistic P* and the weighted maximal
precedence test statistic M (f,) as

Py = Z Yi(Z)M;,

i=1

MGy = max {yi(Z)M;} .
1<i<r

Remark 21.1.2. As an alternative to P and M(f,), one may consider Wilcoxon
rank-sum precedence statistics as introduced in the case of two Type-Il right
censored data by Ng and Balakrishnan [683]. Such a maximal Wilcoxon rank-
sum statistic for progressively censored data is defined by

r+1
Wr:ax,r = Z M; (M'f—l +ny— yl(%) +

i=1

M,-2+ 1)'

As pointed out in Ng and Balakrishnan [685, p. 155], the identity

* _ nl(n1+2n2+l) %
Wmax,r - ) RG]

holds so that W.*  and P(’:) lead to equivalent tests.

max,r

In order to establish critical values for the tests, it is necessary to derive the
distribution of these test statistics under Hy as given in (21.1). In the first step,
the joint probability mass function of M, = (M,,..., M,) is established. Notice
that, given Hj, these probabilities are distribution-free. In order to get compact
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expressions, we use the notation me, = Y .M, jor = Y i ji and Re, =
Y "7_, R; to denote the partial sums of the first r terms.

Theorem 21.1.3. Under the null hypothesis Hy : F| = F,, the probability mass
function of PM- is given by

Pr=p,(M, =m,) =C Z
(J1seesfr—1) €A
> F(nl +n2_r_mor_jor—l + 1)
I'ni+n+1)

= [ Ret — joi
l_[( " .)F(m1+j1+1+1)

I=1 Ji

, (21.3)

where

ni r
C= (ml,,..,mr,nl _m.r) HV/(@),

i=1
2A = {(ils---sir—l)|05il < R|,0<i; < Rej—ie—1,! =2,---,V—1}-

This result has been derived by Ng and Balakrishnan [684] as a special case by
assuming a Lehmann alternative specified by

H :F'=F, A>1. (21.4)

Notice that the alternative implies a stochastic ordering of the distributions Fj, F>,
i.e., F| > F5. Then, the following theorem holds.

Theorem 21.1.4. Under the Lehmann alternative Hj : FlA = F,, the probability
mass function of PM is given by

PF%:FZ(Mr = m,)
r R: r—1
=C)\ Z (_1)]¢rl—[< .‘l) {I—IB(m.k+Aj'k+kk7mk+l+1)
(J1 oo fir ) EQA* i=1 Ji i
X B(mor +Ajor +rk,n1 — Mer + 1)’

where C is as given in Theorem 21.1.3, A* = X/_, {l..... R;}, and B(-,")
denotes the beta function.

Distribution of Test Statistics

Given ny,ny,r, the censoring scheme &%, and the total number of observed

X -failures P(’f)’obs = Z;Zl yi (Z)m;, the p-values o of the tests can be obtained



21.1 Precedence-Type Nonparametric Tests 455

from the expression given in Theorem 21.1.3. For the weighted precedence statistic

Py = 3i_ vi(Z)M;, this is given by
ni
®obs = Z Pr=p,(M; =m,).
(my,...m,)EA°
PG abs <Py Snina
where 2° = {1, ...,n l}r. Therefore, given a level of significance ¢, the null

hypothesis is rejected by the test when oops > .

Replacing P(jf),obs and P(’f by the weighted maximal precedence statistic
M(T‘),obs = maX|<j<r {)/i (%)m,} and M(T,) = maX|<j<r {]/,' (%)M,}, the
corresponding p-values can be computed similarly.

Alternatively, critical lower limits s may be computed for a given level of
significance «v. Near 5 %-critical values s are tabulated in Ng and Balakrishnan [684]
and Ng and Balakrishnan [685, Tables 7.1, 7.2].

Under the Lehmann alternative (21.4), a similar expression for the power
function has been established. In particular, for the weighted precedence statistic,
the power function is given by

a(l.s)= Y. Pp_pM, =m,), Ax1,

(my
sfP(’:)snlnz

where P Fr=F; (M, = m,) is taken from Theorem 21.1.4. An analogous expression
is available for the weighted maximal precedence statistic. Power values under
Lehmann alternative are computed by Ng and Balakrishnan [684] and Ng and
Balakrishnan [685, Table 7.3] for various scenarios and A € {1,...,6}.

Remark 21.1.5. As an alternative to Lehmann alternative, Ng and Balakrishnan
[684] and Ng and Balakrishnan [685] have discussed a location-shift alternative,
i.e.,

H,: F, = F(-+ 0). (21.5)

An extensive Monte Carlo simulation has been carried out for finding power
values of the weighted (maximal) precedence tests with 6 € {0.5, 1} and various
distributions including normal, exponential, gamma, log-normal, and extreme
value distributions.

Finally, we reproduce an example presented in Ng and Balakrishnan [685,
p. 172/3].

Example 21.1.6. Ng and Balakrishnan [684] applied the weighted (maximal)
precedence tests to data generated from Nelson's insulating fluid data (see Nelson
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Sample (no. 3) x;:10 049 0.64 0.82 093 1.08 199 206 215 257 475
Sample(n0.6)ngfr:m 1.34 149 156 212 5.13

Table 21.1 Two subsamples of times to insulating fluid breakdown data as reported in Ng and
Balakrishnan [684]

[676, p. 462]). They chose subsamples no. 3 and no. 6 where progressive censoring
according to the censoring plan Z = (3,0*3,2) was employed on sample
no. 6. The resulting data are presented in Table 21.1. Applying the weighted
precedence tests to the data, they obtained P(5 obs = 67 and M5 obs = 90 with
corresponding p-values 0.009 and 0.006. These small p-values suggest that the
null hypothesis has to be rejected in favor of the alternative. Therefore, we may
conclude that there is strong evidence that the lifetime distributions are different.

In order to compare the results with that in a parametric model, Ng and Bala-
krishnan [685] presented a corresponding analysis assuming that the X-sample
is generated from an Exp(1)-population, whereas the baseline distribution of
the Y—sample is Exp(,). Using the MLEs of #; given in (12.4), the resulting

estimates are 191 mLe = 1.748 and 192 MLe = J.184. From the independence of the
samples and the propert|es of the MLEs (see Theorem 12.1.1), we conclude that
the ratio n; 1.l\,”_E/(rﬁz.,\,”_E) has an F(20,10)-distribution under Hy : ¥ = 9.
Since the corresponding p-value of the two-sided test is given by 0.0185, the null
hypothesis is rejected in this case as well.

Precedence-Type Test Based on Kaplan-Meier Estimator of Cumulative
Distribution Function

As an alternative to the preceding test statistics, Ng and Balakrishnan [686]
proposed a test statistic based on a Kaplan—Meier-type estimator of the cumulative
distribution function F,. As above, the Y -sample is given by Yi::n, < ... < Yripun,.
Then, following Kaplan and Meier [507], a nonparametric estimator of F>(Y;.:n,)
is given by

J
~ 1
o) = 1-[[ (1= —=). j=1....r (21.6)
= ,Ul( @)

The Kaplan-Meier estimator of the cumulative distribution function F is given
by I?I(Xj ) = nf—l, j = 1,...,n;. In order to construct the test statistic, we
consider M;,i = 1,...,r, as defined in (21.2). Suppose 0 < Q; < M; counts the
number of X -failures x;.,, in the interval (y;_1:r:,, ¥ j:r:n,] satisfying the inequality
’ﬁl(xl;nl) > fz(yj;r;nz),j =1,...r. Then, define
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M.;

Q(H(M,) = max(0, M — 1) + 222 MZ +11(?2&,-,;”2),00)(Fl(X’“”l))’
J=2i=Maj—

where M,; = Z{Fl M;.. Here, the information of X -observations exceeding Y.,
is ignored. Another statistic Q(*,,)(M,) can be defined by assuming that all remaining
X -failures occur before the (r + 1)th unobserved Y -failure. This latent failure
Y, 41:r41:m, 1s defined in the sense that no progressive censoring is employed at
the termination time Y,...,, and the process is monitored up to the next failure.
Therefore, it has to be assumed that at least one item is left in the experiment at
the final censoring time, i.e., R, > 1. This corresponds to progressive censoring
according to the censoring scheme (Ry,..., R,—,0, R, — 1) with R, > 1. Then,
Q(*,,)(Mr) is defined by

nj

06 M,) = QM)+ >

i=Mer+1

1(?2(Yr+lir+l:n2)aoo) (Fl (Xi:nl))'

Ng and Balakrishnan [686] proposed to use the average of these two statistics

— 1
Q(r)(Mr) = E(Q(r)(Mr) + szr)(Mr))

1 ~
= Q(r)(Mr) + E ; ]l(?z(Yr+l:r+1:nz)soo)(Fl(Xi:nl))7
i=Me,+1

Large values of @Tr)(M,) lead to a rejection of Hy. The critical values of the

corresponding test can be obtained by using the probability mass function of PM-
as given in (21.3), i.e.,

—x
PF1=F2(Q(r)(Mr) =q) = Z Pr=p,(M;, =m,).
(my,....,m,)EA°
ézkr)(mr)=’1
where A° = {1,...,n1}r. Similarly, results can be obtained for the power

function under the Lehmann alternative. Power comparisons are available in Ng and
Balakrishnan [686]. Their results show that the statistic @:;)(M,.) is more powerful

than the weighted maximal precedence statistic. It is slightly less powerful than FZ,).
Similar simulation results are available under location-shift alternative as well.
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Fig. 21.3 Precedence life-test with progressive Type-II censoring employed to both samples

Two Progressively Censored Samples

In the preceding derivations, it was assumed that only the Y -sample is progressively
censored. It is natural to consider also a progressively Type-II censored sample
for the X-sample as has been done in Balakrishnan et al. [147]. They considered
censoring schemes % and . for the X- and Y -samples, respectively, so that the
data are given by independent samples

i X%  <...<XZ

lrlnl— rlrlnl’

(11) Yl:r:nz =...= Yr riny*

This scenario is depicted in Fig. 21.3. Notice that r| is random as before. Again, the

random variables M;,i = 1,...,r, are as defined in (21.2) with obvious changes.
Balakrishnan et al. [147] proposed two statistics to construct precedence test

in this model. First, they constructed a Wilcoxon-type rank-sum test which is a

modification of the test proposed in Ng and Balakrishnan [682]. Suppose Yl Ll <
X %lm 1 <Y . 1, Lhen, the Wilcoxon rank-sum statistic is computed under the

assumption that the R units progressively censored in the jth step of the X -sample
would have been falled in the interval (X7, ). Then, the rank sum of
X -failures in the pooled sample is given by

jirping? lln2

r+1

Tw, = —ZWk(Wk + 1)+ WiV,
k=2
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where W, = Y (R 4+ 1), Vi = Yo (W + Se+ 1), 1 <1 <r. Hyis
rejected for small values of TW,,. As above, the distribution of Ty, under the null
hypothesis can be obtained as

Pr—p,(Twr=w)= Y Pr=pM,=m,). (21.7)

However, the probability mass function of PMr is more complicated. Under H, it
can be calculated from the probability mass function of the placement statistics M,
discussed in Balakrishnan et al. [141]. In the following, we derive a more compact
form of the probability mass function (see (21.11)).

Letmeg =0, me, 41 =0 YO:r:nz = —0Q, Yr+l:r:n2 = oo. Then,
r+1

P(Mr = mr) = P( ﬂ{Yj—l:r:nz < Xm.jfl-l—l:rl:nl < Xm.j:rl:nl < Yj:r:ng})-
j=1

Conditioning on Y and using the independence of the samples, we arrive at

r+1

/ m{yj 1< Xm.j 1+l < Xm., reng < YJ})szy(Yr)dyr- (21.8)
=1

The probability P(ﬂr+1 (Vi1 < Xome; i+t < Xwgjirimy < ¥j}) canbe written
as (yo = —00, yr41 = 00)

r+1 mo/
/- [/ £ 0T ) |1, (219)
j=1vYi=1 Yi— li_m., 1+1
Now, with A* = {(l1,...,],)|mei—1+1 <; <mej,i =1,...,r}, 7] = Mer+1,

and using the integral identity (2.31) given in Lemma 2.4.8, (21.9) can be written as

1
[0 X (TP )
j=1

oo jr)€A* i=1

(rer) F Vmer+1"Ving,
Xy " ey 41 1 () e T mer i
n r+1 r
( o — = oy
- l_[ vi (%) Z (Haj:’fmoil'f)‘l)(l_[ Fi(yi) V‘“*‘).
j= Glojr)€UA*  i=1 j=1

Jrt1=mer1+1
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For brevity, let y; = y;(%£),i = 1,...,r;,and 5, = yi(S), i = 1,...,r.
From (21.8), we find

r+1
P(M, =m,) = ﬂ I (TTaimsh)
J Jj=1 (1o jr) €A™ i=l1

Jr1=mer1+1

< [ TI[ 00T T o]y, @110

z—l

=h(yr)

For F, = F>, the integrand 4 is proportional to a density function of progressively
Type-II censored order statistics with censoring scheme 7 defined by 7; = S; +
Vi = Vjiqo L = 1,...,7. Hence, the probability mass function is given by

PF1=F2(MI‘ = mr)

r r+1
=[lv X 5’,";;.,11 T L
j=1 oo ]r)€91* i=1 n[ y]l y}r+1
Jr41=mer41+1

A similar expression has been used by Balakrishnan et al. [147] to compute
critical values for the precedence statistics in the two-sample progressive censoring
scenario. This applies to both the Wilcoxon-type statistic (see (21.7)) and to the
Kaplan—Meier-type statistic as introduced above. Moreover, an explicit expression
can be established for the power function under Lehmann alternative (see (21.4)).
For H; : Fl)‘ = F,, A > 1, h(y,) reads

hy) =2 TT[AOOFT G0 Fr(n i (1 = Fri)™ |
i=1
r S Vi Vi

— HZ Z (— 1)k+l( )(yji _Z)/ji+l) [fl(yi)Fl(kH)Hl_l(yi)].

i=1k=1 =1

Clearly, F| can be substituted so that the power function is distribution-free.
Moreover, an explicit multiple-sum expression is directly obtained from the above
formula. The sum can be interpreted as a generalized mixture of dual generalized
order statistics (see Burkschat et al. [234]).

Additionally, Balakrishnan et al. [147] considered the Lehmann-type alternative

H :F,=TF, §e(0.1)
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This implies F > G (see Gibbons and Chakraborti [402, Chap. 6.1]). In thls setting,
the power function can also be derived in an explicit form. With F =T, , ,Weget

r

h(y:) = l_[ I:fz(yi)fz(yi)si""()’fi_Vji+1)/5]'

i=1

Thus, h(y,) is proportional to the joint density function of generalized order
statistics based on F, so that the corresponding integral in (21.10) can be evaluated
similar to (21.11). Therefore, the power function is given by

r+1

r1 8
Prp, ™M =m) =TTy, > I 57":4.,11 L

j=1 (J1smjr)€* =1 '7’8+y/1 Vit
Jr1=me;41+1

Balakrishnan et al. [147] computed critical values for the mentioned tests.
Moreover, they presented extensive power comparisons for the mentioned Lehmann
alternatives as well as for a location-shift alternative (see (21.5)). An application to
two examples has also been illustrated by these authors.

21.1.2 Tests for Hazard Rate Ordering

Suppose Xi:mus - -« » Xmemn 18 @ progressively Type-II censored sample from popu-
lation cumulative distribution function F' with censoring plan % and Y1, ..., Y} is
an |ID sample from cumulative distribution function G. The samples are assumed
to be independent. Sharafi et al. [802] considered testing the hypothesis

Hy: A = Ag
versus the alternative
Hy,:Ar < Ag,
where A r and Ag denote the hazard rates of the cumulative distribution functions.
First, Sharafi et al. [802] adapted an approach of Kochar [537] who considered

the measure

G(F,G) = E[n(X,Y)|X > Y], (21.12)
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Fig. 21.4 Data setting for testing hazard rate ordering when I < k
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where n(x, y) = , X >y > 0. This measure has the representation

G(F,G) = % + /Ooo F(x){% + 1og6(x)}dG(x).

Notice that G(F, F') = 0, so that G(F, G) = 0 under the null hypothesis, whereas
it is positive under the alternative.

As for the precedence-type tests, the Y -sample is used to partition the X -sample
into groups by counting X -failures in intervals of adjoint Y -failures. Thus, as
in (21.2), random counters M; are defined as

m
My = Z ﬂ(_oonlzk](Xj:m:n),
j=1

m
M = "1 v Xjom). 1 =2, k.
j=1

Further, M4+, = ZT=1 11y, 00)(Xjimm) = n — Mgy denotes the number of
progressively Type-II censored order statistics exceeding Yj.x. The random variable
I = k — My, denotes the numbers of Y’s which do not exceed X,;:n. The
situation is depicted in Fig. 21.4.

In the present setting, Kochar’s measure (21.12) leads Sharafi et al. [802]
to the test statistics Spin(1), Smax({), and S4(I), respectively. The calculation
of Smin(/) is based on the assumption that all units progressively censored in
the £th censoring step fail before either the next progressively Type-II censored
order statistic Xy41.,:, Or the next order statistic Y;.,. Moreover, all X-failures
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occur before Yj.x. In fact, these assumptions imply that the combined increasing
arrangement of the X - and Y -samples is of the form

Xl:n

IA

cee < XR1+l:n =< Yl:k =< Xn—yz-i-l:n <. = Xn—y4:n

IA

Y3:k = Y4:k = Xn—y4+1:n <---= Xn:n < YI+l:k‘

Applying Kochar’s construction to this arrangement, a simplified version of the test
statistic presented in Sharafi et al. [802] is given by

k

1< 1 & 1 1
Smin(1) = k Z (n - Vm.‘/+1)aj + A Z aj = A Zaj Tk Zym.jﬂaj’
j=1

j=I+1 j=1 j=1

where a; = 3 +log(1 — j/(k + 1)), j = 1,....k. The calculation of the
statistic Smax (/) is based on the idea that the lifetimes of all progressively censored
units exceed Yj; which means that X;.,., = X;.,, j = 1,...,m. Thus, the
corresponding (simplified) expression of Kochar’s statistic is given by

1 k
1 m
Sma(1) = 22 D mejas 05 D aj.
j=1 j=I1+1

Finally, S4(I) is defined as the mean of Sy,(/) and Syax(1), ie., S4(I) =
%(Smin(l) + Smax(]))~

As an alternative to these test statistics, Sharafi et al. [802] used results of
Balakrishnan and Bordes [89] and proposed test statistics based on a nonparametric
estimator of the hazard rate function as given in Remark 20.1.2 (for a complete
sample, see Watson and Leadbetter [892, 893]). Using a uniform kernel function
and bandwidth 1/2, the corresponding estimates of the hazard rate are given by

~ 1 ~ 1
A X"m'nz_al<.< s A Y :—.,1<.<k.

F( j.-) v =Jj=m G(jk) k—j—‘rl =J =
Further, as detailed earlier (see p. 457), a latent failure time X, +i1m+1: 1S
introduced in the sense that no progressive censoring is employed at X,,.,., and
the process is monitored up to the next failure. Thus, R,, > 1 has to be assumed
leading to a modified censoring plan (R, ..., Ry—1,0, R, — 1). Then,

1\F(Xm+l:m+1:n) = > ZEF(Xm:m:n)-

1
R, R, +1
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Let

k
Nl = Z ]]‘(—OO,XI;”,:n](Yj;k),

j=1
k
Ni = Z Lxivomn Xiomed (Y jik)s 0 =2,.0.m,
j=1
k
Nortt = Y UK Ko 1l (Vi 1)-
j=1

This approach leads to the test statistics

Nej
o1 = Z ) 11[XF(X‘/.:M),OO)O'CG(Yu:k)),
J=1v=Ne;j—1+1
K ~
i-oit NZ:+1]l[,A\F(Xerl:erl:n)voo)(AG(Yv:k))’
1 g -
QZ B QT i 2 u—NZ+1 ]l[//x\"(x"l+11m+1:n),00)(AG(Y":]C))‘

Sharafi et al. [802] derived the exact null distributions of all these test
statistics. They presented critical values for selected censoring schemes for
Smin(1), Smax(1), S4(I), and Q7. Moreover, an empirical power study, including
exponential, gamma, Weibull, and Makeham distributions, has been carried out by
these authors.
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Chapter 22
Acceptance Sampling Plans

Acceptance sampling plans are used to decide whether a lot of product is acceptable
or must be rejected. The topic has been extensively discussed in statistical quality
control where various assumptions are made w.r.t. distributions and data. For
lifetime data, related references are Hosono and Kase [451], Kocherlakota and
Balakrishnan [542], Balasooriya [157], Fertig and Mann [369], Schneider [784],
Balasooriya et al. [163], Balakrishnan and Aggarwala [86, Chap. 11], and Ferndndez
[366]. A detailed introduction may be found in, e.g., Montgomery [656].

Using progressively Type-II censored data XZ = (Xtmuns+ o s X)) for the
lifetimes of units, a lot is accepted if

(i) ¢(X#) = by, or
(ii) ¢(X¥) < by, or
(i) by < ¢(X#) < by,

where the decision rule ¢ and the bounds b; and b, are determined such that the
probability requirements are satisfied.

Cases (i) and (ii) lead to one-sided sampling plans, whereas (iii) yields two-
sided plans. For location-scale families as given in (11.1), the Lieberman—Resnikoff
procedure is employed to construct the decision rule ¢ (see Lieberman and
Resnikoff [592]). For some value k, the decision rule ¢ is constructed via estimates
1 and ¥ of the location and scale parameters p and ¢. In particular, ¢y exhibits the
form

o (X7) =1 — kD,

where k denotes the acceptance constant. Therefore, for a lower specification limit
by, a lot is accepted when ¢ (X#) = i — k% > b;. Furthermore, a quantity of
interest in our analysis is the proportion of censored items given by

m
Z j=1 R; —1— m
n n’
N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 467
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In order to construct acceptance sampling plans for progressively Type-II censored
data, the censoring scheme % has to be incorporated in the sampling plan. Thus,
the acceptance sampling plan is given by the original sample size n, the censoring
scheme Z, and the acceptance constant k and is denoted by (n, %, k). Sometimes,
the censoring proportions ¢; = R;/n,i = 1,...,m, replace the censoring scheme.
With 2 = (qi,---,4m), the acceptance sampling plan is defined as (n, 2, k). For
an exponential baseline distribution, the distribution of the applied estimators is
independent of the censoring scheme %. Therefore, the censoring plan does not
affect the acceptance sampling plan. In this framework, the triple (n, m, k) is called
an acceptance sampling plan. Notice that ¢ = 1 — m/n denotes the fraction of
censored units.

The acceptance sampling plan is assessed by the operating characteristic (OC)
curve defined by

L(p) = L(pin. #.k) = P(A— kb > §,). pe(0.1),

where £, is the pth quantile of the baseline cumulative distribution function F.

Finally, we would like to note that acceptance sampling plans are also called
reliability sampling plans when the acceptance sampling procedure is based on
lifetime data. Since we are discussing only lifetime data, these terms will be used
synonymously throughout this chapter.

22.1 Exponential Distribution

Reliability sampling plans based on exponential progressively Type-II censored
order statistics have been considered by Balasooriya and Saw [161], Balakrishnan
and Aggarwala [86], and Fernandez [366]. For a progressively censored sample
77 = (Ziymens o s Zsmen) from an Exp(u, 0)-distribution, the MLEs of the
parameters are used to estimate the parameters and, thus, to construct the decision
rule. In this scenario, the quantile £, is given by £, = u — ¥ log(l — p). Since
the distributions of the MLEs do not depend on the censoring scheme % (see
Theorems 12.1.1 and 12.1.4), the resulting sampling plans coincide with those for
Type-II right censoring.

22.1.1 Acceptance Sampling Plans Without Consumer Risk

Let o € (0, 1) be the producer risk. Then, given the OC curve L and the acceptance
quality level (AQL) p,, the sampling plan (r, m, k) has to satisfy the inequality

L(py;n,m,k)>1—a.
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In order to determine the sampling plan, we have to calculate the OC curve. The
following presentation is based on Chap. 11 in Balakrishnan and Aggarwala [86]
and Kocherlakota and Balakrishnan [542].

First, we consider one-sided sampling plans.

One-Sided Sampling Plans

Depending on the model assumption, we have to consider three different cases.

4« Unknown, ¢ Known

The MLE of u is given by [t = Zi.,. From Theorem 12.1.4, we get T = "("%‘) ~
Exp(1). Therefore, the OC curve is given by

Li(p) = P(Zi — k¥ > §,) = P(T > n(k —log(1 - p)))

(22.1)

= exp{ —n(k —log(1 — p))}.
For a lower acceptance sampling plan, the lot is accepted when & + k% > b;. Now,
given AQL p, and producer risk e, the condition L;(p,) = 1 — o can equivalently
be written as

log(1 — @)
n

exp {n(kl—log(l—pa))} =l-a & k=— Tlog(1—py). (22.2)

Therefore, given (py, 1 — &), the acceptance sampling plan is given by (n,m, k)
with &k as in (22.2). The lot is accepted iff

i+

) Y

with a given lower limit ;.
For an upper limit, the decision rule has the form /i + k,® < b,. Hence, the OC
curve has the form

Li(p) = 1= Ly(p) = P(Zr — k9 < 1) = 1 —exp | — n(k — log(p)}.
Proceeding as in (22.1), the acceptance constant k; is obtained from the equation

1— exp{ —n(ky —log(pa))} =1l—-«

log
n

with (p, 1 —) as above. This yields the acceptance constant k, = — +log py-
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1« Known, ¥ Unknown

The scale parameter is estimated by 9 = % Z;f;l(Rj + 1)(Z .m0 — ). Using that
2m5/l9 ~ x%(2m), the OC curve is given by

2mlog(1 — p) )

Li(p) = P(u =KD > §) = 1 = Fpom(=—

(22.3)

Hence, for (py, 1 — &) and a lower limit, we get the condition

_ 2mlog(l— p,)

o 12 (@2m)

Proceeding as above, we find for the upper limit the acceptance constant k; =
2mlog pa/ x3_,(2m).

1 Unknown, ¢ Unknown

Using the MLEs from (12.6) and the results from Theorem 12.1.4, the OC curve can
be written as

Li(p) = P(A—kD > £,) = P(V — %kW > —nlog(l — p)), (22.4)

where V ~ Exp(1) and W ~ y*(2m — 2) are independent random variables. For
k > 0, Ferniandez [366] showed that

(1-=p)y

Lis(p) = AT nk/mym=°

p € (0,1).

For k < 0, one has to evaluate the integral
&0 n
/ f)(z(Zm—Z)(t)P(V > 2—kl —n log(l — p))dt
0 m
2mlog(l—p)/k
—a-p | St amen e M dy
0

o0
4 /2 F om0V

mlog(1—p)/k
=1- FXZ(Zm—Z) (2m log(l — p)/k)
(1 _ p)n 2mlog(1—p)/k

S S tm—Ze—(l+nk/m)t/2dt'
Yo rm—1 ),
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Following Ferndndez [366], the OC curve can be written as

T T k=0
1- sz(2m—2)( —2nlog(1l — p))
Lis(p) = +(1—P)"[—(lr1nlggl()l!—p)]'"71 , k=-m/n.
1= Fppm—) (Zm log(1 — p)/k)
+%sz(2m_2) (2(%# + n)log(1 — p)), otherwise

(22.5)
In order to determine the acceptance constant k; for a lower limit decision rule, one
has to solve the equation L;;(p,) = 1 — « for given (py, 1 — ) computationally.

Remark 22.1.1. As pointed out in Balakrishnan and Aggarwala [86], one-sided
acceptance sampling plans are closely related to one-sided tolerance limits. Such
problems have been investigated for complete samples from an exponential
population by Bain and Antle [72], Guenther et al. [416], and Engelhardt and
Bain [351]. For further details, we refer to Yeh and Balakrishnan [934].

Two-Sided Sampling Plans

For two-sided sampling plans b; < qb(X@) < b,, we can utilize the OC curves
established in the one-sided case. According to the Lieberman—Resnikoff procedure,

the decision rules have the form b; < & — k¥ < b,, where [i and ¥} are suitable
estimators for p and . If a parameter is known, the corresponding estimator is
chosen to be constant. Hence, we can write the OC curve as

L(p1,p2) = P(Ep, < —kD <) = P(L—kD > £y) — P(B— kD > ),

where 0 < p; < p, < 1. Thus, we can use the OC curves for the one-sided plans to
find the acceptance constants.
If ¥ is known, we get from (22.1)

Li(p1) — Li(p2)

= 1= p)' = (1= p)'}.

Lia(p1, p2)

Hence, solving L;»(p1, p2) = 1 — « for k yields the solution

1 l—«
ki =—-1o .
! n g(l—Pl)”—(l—Pz)"

For p known, we arrive at the OC curve [see (22.3)]
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2mlog(1 — pz)) _Fpe )(Zm log(1 — pl))
— e e com|l—— ).

Lo(p1. p2) = Fx2<zm>( X k

Solving the equation L, (p1, p2) = 1 — « for k can be achieved only computation-
ally. The same comment applies to the case when both parameters are unknown.
Here, one has to use the OC curve given in (22.5) instead of L.

22.1.2 Acceptance Sampling Plans with Consumer Risk

In practice, acceptance sampling plans are designed according to an agreement
between producer and consumer. This means that the sample size and the acceptance
constants have to be fixed such that the acceptance sampling plan accepts lots with

(1) alow proportion defective p, with a high probability of at least 1 — «,
(ii) a high proportion defective pg with a low probability of at most B.

As mentioned above, p, is called AQL and pg is called rejectable quality level
(RQL). The probabilities « and 8 measure the producer’s and consumer’s risks.
This construction leads to the inequalities

L(pyin,m,k)>1—a, L(pg;n,m, k) < B, (22.6)

which have to be satisfied by the sampling plan (n,m, k). In general, it is not
possible that the inequalities become equations.

For illustration, we consider the case of a known scale parameter and a lower
limit. From (22.1) and (22.2), the OC curve satisfying the first restriction is given as

Li(pp) = P(Ziw = k9 > &5,) = exp | = nlk1 — log(1 = py)|

:(1—a)(i:§i)".

Hence, the condition L;(pg) < B is equivalent to n > log %/log %.

Therefore, the minimal sample size leading to the desired properties is given

by n* = [log - /log }:ZZ] So, each sampling plan (n*,m, k) satisfies the

inequalities (22.6). Notice that the observed sample size m can be chosen as one.
If 11 is known, the inequality L(pg;n,m, k) < B is equivalent to

log(1 — pﬂ) - X%_ﬂ(Zm)
log(1—po) = x2(2m)

(22.7)

(see Pérez-Gonzdlez and Fernandez [717]). Sarkar [779] has shown that the quantile
x2(r) is TPy in (r, &). This implies that the ratio )(%_ 8 (2m)/ x%(2m) is increasing in
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m provided @ < 1 — . Hence, a minimum integer m™ exists with (22.7). Therefore,
an admissible acceptance sampling plan is given by (n,m™*, k). n can be chosen
as m. Alternatively, k may be chosen in the interval [k, kg], where

2mlog(l — pq) 2mlog(1l — pp)
ko =——r 0~ kg=—5
Xe(2m) Xi—p(2m)

As an alternative, Pérez-Gonzalez and Fernandez [717] proposed an approximate
sampling plan using the Wilson—Hilferty approximation of the y2-cumulative
distribution function. In particular, for W ~ y2(n),

2
W/m)'* =1+ 2

3
v 3

is approximately standard normal (see Wilson and Hilferty [897]). Therefore, for
large m, the OC curve L, can be approximated as

L:(p) =1 —@<3ﬂ[{]0g(1 —p)/k}1/3 — 14+ %])

Let u = %, 74 be the «-quantile of the standard normal distribution,
and k = (u'z1_p — z4)/(1 — u'/?). Then, the optimal m is determined by

[(k + ~v/k% + 4)*/36]. Moreover, every acceptance constant k € [kq, k] with

_ log(1 — pe) n — log(1 — pg)
‘ P A= 1/Om) + 215/ Om)?

(1= 1/(9m) + zo/~/9m)3’

is possible. A comparison of exact and approximate sampling plans is provided by
Pérez-Gonzalez and Fernandez [717].

If both parameters are assumed to be unknown, Ferndndez [366] has established
an algorithm to compute an optimal sampling plan. The OC curve is computed from
expression (22.5).

Algorithm 22.1.2 (Fernandez [366]).
(D Choose (pu, 1 —a) and (pg, B) and the censoring proportion ¢ = 1 —m/n;
@ Let mp = no(1 — g) and

_ log(1 — o) I log(B)
“ T log(l—po)’ P log(1=pp)

Solve the equations L(py;no, mo, ko) = 1 —a and L(pg;ng, mo, ko) = B for
(I’l(),ﬂ’l()).
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(1) Case rg = rq: Then, kO = O, and no=rq =71g;
2) Case rg < ry: Then, ko > 0,
B

log(1 — ) — log B
Nno =
7 log(1 = pa) — log(1 — pp)

and

(L paryen=

ko = ko(mo,ng) = 11q[( 1 -«

(3) Case rg > ry: Then, ko < 0. The solution (ng, ko) has to be computed
numerically;

@ n=[nol;

@ m = |mg] if (n,m) satisfies (22.6). Otherwise, let m = [m];

® As acceptance constant k any value from the interval [kq,kp] with
L(pa;n,m,ky) = 1 —«a and L(pgin,m,kg) = B may be chosen.
A reasonable choice may be the center of the interval k = (ko + kg)/2.

For comments on this algorithm as well as more details, we refer to Fernandez
[366]. Using weighted y?-approximations (see Patnaik [714]) and the Wilson—
Hilferty approximation, Pérez-Gonzalez and Fernandez [717] established approx-
imate acceptance sampling plans in the two-parameter exponential case. Moreover,
they provided an algorithm to compute the optimal sampling plan and a comparison
between exact and approximate sampling plans.

22.1.3 Bayesian Variable Sampling Plans with Progressive
Hybrid Censoring

Lin et al. [608, 611] addressed the problem of finding exact Bayesian variable
sampling plans with progressive hybrid censoring when the lifetimes are Exp(?})-
distributed. Using results of Childs et al. [260] (see Sect. 14.1.1), they obtained the
Bayes risk for Type-I and Type-II progressive hybrid censored data for a decision
function

1, 5>§

§(X7) = ,
0, otherwise

where ¥ is the MLE of the scale parameter ¢ in the present scenario. Given A = 1/9
and a gamma prior h(A;ar, B) = %A“‘le_m, A > 0, with o, 8 > 0, they
considered the cost function

LBXZ), A.n) = nCy + 8(X%)(ap + a1 A + a:A?) + (1 — 8§(X%))C,.
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where C; represents the cost of inspecting an item and C, and ay + a1A +
aA*> > 0 measure the loss of rejecting and accepting an item, respectively. Let
D = Z;’Ll 1 (—00,771(Xi:m:n) denote the total number of observed failures (see
Sect. 5.1). Then, Lin et al. [608] showed that, for fixed n, m, Z, T, £, the Bayes risk
R(n,m, 2, T, §) has an explicit representation in both progressive hybrid censoring
settings. Using a simulated annealing algorithm developed by Corana et al. [280],
they computed the minimum Bayes risk as well as the optimal sampling plan
(n*,m*,%*,T*, &) for given «, B, ay, ay,as, Cy, C,. Comments on the accuracy
of the presented results can be found in Liang [589] (see also Lin et al. [611]).

22.2  Weibull Distribution

Balasooriya et al. [163] addressed reliability sampling plans for a
Weibull(##, B)-distribution employing the Lieberman—Resnikoff procedure for
a lower limit. Using the AMLEs given in (12.49), they determined sample size n
and acceptance constant k using asymptotic normality of [ — ko (see pp. 307) with
mean i — k¥ and variance %z[yll(n) — 2ky12(n) + k?yx(n)]. The quantities y;;
are obtained from the approximate variance—covariance matrix

»? (Vn(n) )/12(”))
n \ ya(n yn(n)

of (I, 5). Proceeding as in Schneider [784], Balasooriya et al. [163] presented the
acceptance constant

1-B — Z
k=220 e (22.8)
Za —21-8

where z, denotes the o-quantile of the standard normal distribution and y, =
log(—1log(1 — @)), @ € (0, 1). The sample size is computed from the equation

— 72
"= [Za - ] [y11(n) = 2ky1a(n) + Kyn(n)] (22.9)
Ypa — ypﬁ

with k taken from (22.8). Balasooriya et al. [163] also studied the accuracy of the
approximations in determining acceptance sampling plans for progressively Type-
II censored data. Moreover, they computed tables of reliability sampling plans for
1 —oa =0.95,8 € {0.05,0.10} and various choices of p,, pg matching with MIL-
STD-105D, and censoring schemes.

Remark 22.2.1. Ng et al. [689] reconsidered the above problem using the MLEs
of the distribution parameters. They found that the sample sizes obtained by their
procedure tend to be slightly larger than those computed by Balasooriya et al.
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[163]. They suspected that this may be due to the fact that the approximate
MLEs tend to be less precise with increased censoring. Their claim has been
supported by simulation results.

Jun et al. [489] considered plans from a Weibull distribution with known shape
parameter. However, in this scenario, the data can be transformed to exponential
progressively Type-II censored order statistics with unknown scale parameter and
location parameter & = 0. Therefore, the results for the exponential distribution
can be applied (see pp. 472). Notice that the decision of acceptance and rejection is
based on the MLE of the scale parameter given in (12.12).

It should be noted that Fertig and Mann [369] and Schneider [784] addressed
reliability sampling plans for Type-II right censored data from Weibull distribution.
For progressively Type-II censored order statistics with binomial removals, the
problem has been considered by Tse and Yang [858].

Remark 22.2.2. Sampling plans under progressive Type-l censoring (see
Sect. 4) are discussed in Balasooriya and Low [159] (see also Balasooriya
and Low [160]) for single Weibull failure modes. After transforming the data
to the extreme value distribution, they used the corresponding estimators of
location and scale and end up with a procedure similar to the one described
above for progressively Type-ll censored data. Moreover, they extended this
approach to the case of multiple failure modes when the Weibull distributions
have equal shape parameters.

22.3 Log-Normal Distribution

For a log-normal distribution, Balasooriya and Balakrishnan [158] applied the
Lieberman—Resnikoff approach using approximate BLUEs [i* and 9* for the loca-
tion and scale parameters (see Sect. 11.1.3). Proceeding as described in Sect. 22.2,
they established a reliability sampling plan with the same ingredients as in the
Weibull case. Hence, the acceptance constant is given by (22.8). The sample size is
determined according to (22.9). Balasooriya and Balakrishnan [158] have tabulated
sampling plans for some censoring schemes and with (pe, pg) matching with MIL-
STD-105D.

It is clear that this approach can be adopted to other location-scale families of
distributions as well.

22.4 Reliability Sampling Plans for Interval Censored Data

Using the results of Aggarwala [11] (see Sect. 18.1), Huang and Wu [462] discussed
reliability sampling plans (7, k, 7) when the data are progressively Type-I interval
censored with constant inspection intervals and the population distribution is
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exponential (see Fig. 1.8). Here, n denotes the total number of units involved in the
life test, k is the number of inspections, and 7 is the length of the inspection interval.
They applied a normal approximation to determine the sample size and the lower
specification limit. Moreover, they incorporated costs caused by the implementation
of a progressively interval censored life-test sampling plan. In particular, costs for
installation (C,), sampling (nCy), inspection (kC;), and operation (kt C,) are taken
into account. This leads to a cost function

TCn,k,7) =C, +nCy +kC; + ktC, (22.10)

which has to be minimized w.r.t. some constraints ensuring the level o and the
desired power 1 — B of the reliability sampling plan. The problem is also discussed
in Wu and Huang [911]. Results for two-parameter Weibull distributions in the same
direction are established in Wu et al. [921]. Using a linear cost function (22.10) as
for the exponential distribution, an algorithm is provided to determine the optimal
design.

Lin et al. [608] discussed reliability sampling plans for progressively Type-I
grouped censored data with Weibull(##, B) lifetimes. Tsai and Lin [855] presented
a general method which is based on a likelihood ratio approach. Their results are
illustrated by Weibull lifetimes with fixed shape parameter.

22.5 Capability Indices

Capability indices (also known as lifetime performance indices) are frequently used
to measure the capability of manufacturing processes (see, e.g., Montgomery [656]).
In particular, one-sided versions are widely used in industry and have received
attention in the statistical literature (see Kane [505], Vinnman [868], and Albing
[32]). One-sided capability indices have been introduced by Kane [505, pp. 45]
using the upper and lower specification limits USL and LSL as

USL — u—LSL
=—— Cpo=—%——

30 30

where 1 and o denote the mean and the standard deviation of the population
distribution (see also Montgomery [656, pp. 335], and Ryan [762, pp. 231]).

Cru

22.5.1 Exponential Progressively Type-II Censored Order
Statistics

Generalizing the work of Tong et al. [852] and Lee et al. [580], process capability
analysis has been addressed for progressively Type-II censored samples from an
exponential distribution Exp(1/9) by Lee et al. [S78], where Cp| is defined as
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Cp=*4 _(I;SL. They discussed the problem in terms of lifetime data and interpreted

Cp_ as a lifetime performance index. In the following, we present the corresponding
results for Exp(#})-distribution. In this setting, Cp|_ is
LSL
CPL == 1 - T
A product is called a conforming product if its lifetime exceeds the lower specifi-
cation limit LSL. The probability that the lifetime X exceeds LSL is defined as the
conforming rate. For an exponential lifetime X, it is given by

ppL = P(X > LSL) = P71,

In practice, this connection is used as follows: If a conforming rate exceeding a
given proportion p is desirable, then the condition pp. > p can be written in terms
of the capability index, i.e., Cp. > 1 4 log p.

Lee et al. [578] discussed maximum likelihood estimation of Cp_ based on
exponential progressively Type-II censored order statistics Ziynu,---s Zmunn-
From (12.4), it follows directly that

N LSL u -
CPL=1_A* :1—mLSL(Z(R]+1)Z]mn)
MLE j=1

~
*

Since the MLE 97, ¢ has a [(9/m, m)-distribution, the reciprocal (9%, ¢) " is

inverted gamma distributed with mean ﬁ. Thus, C pL 1s biased. However, the
estimator
~ m — 1)LSL
C;L =1- %
19.*
mvmLe

is unbiased and, thus, by Theorem 12.1.1, C ;L is the UMVUE of Cp_. Moreover,
statistical tests with level a € (0, 1) for the test problem (c fixed)

Hy:CpL<c versus H;:Cp_>c (22.11)

can directly be constructed from these results since 2m5*MLE /O ~ x*(2m). Hence,
defining ¢, as critical value and using Cp| as test statistic, the power function is
given by

2m(1 - CPL))

P(Cp) = Pep (CpL > ¢o) = 1~ FXZ(Z’")( 1—cq

Then, under Hy, the inequality p(Cp.) < p(c) holds. Solving the equation p(c) =
o for ¢, leads to the critical value

B 2m(l —c)

Coy = —_—.
¢ x3_y (2m)
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Similarly, a one-sided confidence interval for Cpi can be established as

(1 - CpL)p3_, 2m) , Oo)'

2m

K=1-

Example 22.5.1. Lee et al. [578] applied their results to Nelson's progressively
Type-1l censored insulating fluid data 1.1.5 (see also Example 12.1.6) with the
lower specification limit LSL = 1.04 and the level of significance 5 %. Assuming
that the conforming rate exceeds 80 %, the lifetime performance index C; must
exceed ¢ = 0.777. Hence, the test problem reads Hy : Cp. < 0.777 versus

: CpL > 0.777. Then, the crltlcal value c¢g 05 is given by 0.876. On the other
hand from Example 12.1.6, Cp._ = 1—- 2% —0.886 so that the null hypothesis

9.086
is rejected. Therefore, the lifetime performance index satisfies the required level.

The results can be extended to progressively Type-II censored lifetime data from
two-parameter exponential distribution as has been done in Lee et al. [581] for Type-
II right censored data. Now, Cp| can be written as

LSL — u

Cr=1- 5

Then, using the UMV UEs of the parameters given in (12.7), we define the estimator

~ 1 —2Z1:m:n — LSL
CPLzl——+m lin.n .
noom=1 9yuvue

Furthermore, we have EZ..y = i + U/n and E(l/ﬂUMVUE) = (m-1)/
[(m — 2)¥]. By the independence of Zi.y:, and z‘}UMVUE, we get ECpL = Cpy.
Then, Theorem 12.1.4 shows that Cp._ is the UMVUE of Cp, .

Clearly, an a-level test for the test problem (22.11) can also be constructed in
this setting using the UMVUE Cpy. Defining Z* = n(Zy0m — n)/9 ~ Exp(1)
and W* = (m— 1)5UMVUE/19 ~ I'(1,m —1), the ratio ZLI;L_LSL can be written as

UMVUE
Zimn —LSL _ m—1 Z*—n(1—-Cp) m—1
T w* N

= Tcp ., say.
YuMVUE

It can be shown that T¢,, has the density function

- m—1
fTCPL (t) =€ n(1—CpL) (1 n Z)ml: [Ooo)(t)

"G4 D, )

+ n(_oo,o)(z)m( - t
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Distribution Data transformation Reference

Rayleigh x? Lee et al. [579]

Weibull(®, 8)  x? (B known) Ahmadi et al. [18] (Progressive first failure censoring)
Burr XII log(1 4+ x¢), c known  Lee et al. [S77]

Pareto(?}) log(x) Hong et al. [447,448] (Type-II right censored data)

Table 22.1 Lifetime performance index for non-exponential distributions which can be trans-
formed to the exponential case

Remark 22.5.2. The distribution of T¢,, can also be determined via the survival
function given by

P(Tcp, > 1) = P(Z* —tW* > n(1 — Cpp)).

This function equals the OC curve given in (22.4). Therefore, the survival function
exhibits the expression given in (22.5).

Noticing that T¢;, is stochastically increasing in Cpi, we get
Tep, <st T, for Cp <c.
Therefore, the critical value for the test in (22.11) can be obtained from the equation

P(T, > ¢c,) = a.

22.5.2 Other Distributions

Process capability analysis for non-exponential distributions with progressively
censored data has been considered in the literature, too. However, most of the cases
result by a transformation of the data. For the sake of completeness, we present
the addressed distributions, the transformation of the data, and, if available, the
corresponding reference in Table 22.1. The results for the Pareto distribution have
been established for Type-II right censored data but can easily be rewritten for
progressively Type-II censored samples. For progressive first failure censoring, we
refer to the comments given in Sect. 25.4.1. Further details are provided by Laumen
and Cramer [568]. Weibull(%, B)-distributions with both parameters unknown are
discussed in Hong et al. [449]. Two-parameter gamma distributions have recently
been discussed in Laumen and Cramer [568].



Chapter 23
Accelerated Life Testing

Products that are tested in industrial experiments are often extremely reliable
leading to large mean times to failure under normal operating conditions. Therefore,
adequate information about the lifetime distributions and the associated parameters
may be quite difficult to obtain using conventional life-testing experiments. For
this reason, the units under test are subjected to higher operational demands than
under normal operating conditions. Such methods are widely used and are known
as accelerated life testing (ALT). Several approaches are adapted in accelerated life
testing, e.g., constant high stress level, progressive stress, or stepwise increasing
stress levels. Such a procedure will enable the reliability experimenter to assess
the effects of stress factors such as load, pressure, temperature, and voltage on
the lifetimes of experimental units. This kind of accelerated life test usually will
reduce the time to failure of specimens, thus resulting in more failures than under
normal operating conditions. Data collected from an accelerated life test then needs
to be extrapolated to estimate the parameters of the lifetime distribution under
normal operating conditions. In the literature, several models have been proposed
to connect the stress levels in the ALT environment to the parameters of the
original distribution. A popular model that will be assumed in the following is the
cumulative exposure model introduced by Sedyakin [788] and discussed further by
Bagdonavicius [67] and Nelson [675, 677]. Detailed accounts to accelerated life
testing are provided by Nelson and Meeker [678], Meeker and Hahn [646], Nelson
[677], Meeker and Escobar [645], and Bagdonavicius and Nikulin [68]. Results for
the exponential distribution are summarized in Basu [182].

23.1 Step-Stress Models

A special type of accelerated life testing is step-stress testing. In such a testing envi-
ronment, the experimenter can choose different conditions at various intermediate
stages of the life test as follows. n identical units are placed on a life test at an

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 481
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7_23,
© Springer Science+Business Media New York 2014
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Fig. 23.1 Simple step-stress model with change time ©

initial stress level of s;. Then, at prefixed times 7y < .-+ < 7, the stress levels
are changed to s5, ..., Sx+1, respectively. The special case of two stress levels s
and s,, wherein the stress change occurs at a pre-fixed time 7, is called simple step-
stress experiment. This situation is depicted in Fig. 23.1 for observed failure times
ti;y < +-+ <ty Further details can be found in Nelson [677, Chap. 10].

The simple step-stress model has been discussed extensively in the literature.
Several models have been proposed to model the change of stress imposed on the
units under test. Sedyakin [788], Bagdonavicius [67], and Nelson [675] studied the
cumulative exposure model and associated inference. Miller and Nelson [649] and
Bai et al. [71] discussed the determination of optimal time t at which to change the
stress level from s; to s,. Bhattacharyya and Soejoeti [200] proposed the tampered
failure rate model introduced by DeGroot and Goel [329] which assumes that the
effect of change of stress is to multiply the initial failure rate function by a factor
subsequent to the stress change time. This model has been generalized by Madi
[625] to the multiple step-stress case. Xiong [928] and Xiong and Milliken [930]
discussed inference for the exponential step-stress model by assuming that the mean
lifetime of the experimental units at the i th stress level s; has a log-linear form. But,
Watkins [891] argued that it would be better to work with the original parameters
of the exponential model even though a log-linear link function provides a simpler
model for inferential purposes. Gouno et al. [408] and Han et al. [430] discussed
inferential methods for step-stress models under the exponential distribution when
the available data are progressively Type-I censored. Xiong and Ji [929] discussed
the analysis of step-stress life tests based on grouped and censored data. While these
discussions all focused on inference for exponential step-stress models, Khamis and
Higgins [524] and Kateri and Balakrishnan [511] examined inferential methods for
a cumulative exposure model with Weibull distributed lifetimes.
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Comprehensive reviews of work on step-stress models have been provided by
Gouno and Balakrishnan [407], Tang [837], and more recently by Balakrishnan [85].
It is important to mention that inference for specific step-stress models has also been
discussed in the general framework of accelerated life testing (see, for example,
Shaked and Singpurwalla [800], McNichols and Padgett [644], Lu and Storer [619],
Van Dorp and Mazzuchi [866], and Bagdonavicius et al. [69]). Balakrishnan [85]
presented an extensive survey on recent work on exact inferential procedures for
exponential step-stress models for different types of censored data.

In the following, results on step-stress models are presented when the data are
progressively censored. Moreover, we assume throughout that the stress changes are
modelled by a cumulative exposure model. For details on this approach, we refer to
Balakrishnan [85, Sect. 2].

23.1.1 Inference for Simple Step-Stress Model Under
Progressive Type-II Censoring

Progressively Type-II Censored Step-Stress Data

Suppose a sample of n experimental units with lifetimes 77, ..., T, are placed on
a simple step-stress test at an initial stress level s;. At a prefixed time t, the stress
level is to be increased to level s, > s;. Moreover, progressive Type-II censoring
with censoring scheme Z = (Ry, ..., R,) is employed in this experimental setting
leading to the data T# = (Ty.rus, ..., Tpipey) With

Ty <+ < Tler:n <t< TN1+l:r:n < oo < T (23.1)

N; denotes the numbers of failures observed before time t, whereas N, = r — N,
counts the failures exceeding . The generation process is depicted in Fig. 23.2 (for
Z = (0*™), see also Fig. 23.1). Formally, the random variable N, is defined by

-
Nl = Z 11(—oo,t](Tj:r:n)- (23'2)
j=1

Obviously, the probability mass function of N; with support {0,...,r} can be
obtained from the relation

P(Nl:i):P(ﬂ:r:n§T<n+l:r:n)s i=0,...,r
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Fig. 23.2 Generation process of progressively Type-II censored stress level data with censoring
scheme #Z = (Ry, ..., R,)

where Ty, = —oo and Ty4y,y = o0. Then, we get from Lemma 2.5.4
and (2.41)

(i) i =0: P(N1 =0) = P(t <Tiyyp) = 1 = Frypn(z) = (1 = F(7))";
(i) i € {1,...,r — 1}: Applying Corollary 2.4.7, we arrive at

PNy = i) = Fryn(t) = Fry 1 (t) = i(l — F(0)) fUn (F(2)

i i+1
- (l_[ Vj) Zaj,i+1(1 — F(0)V;
Jj=1 j=1

(111) i=r: P(N1 = r) = P(Tr:r:n = T) = Fr:r:n(f)'

These expressions will be useful in the derivation of the exact (conditional)
distributions of the MLEs in the exponential case. The distribution of N, is directly
obtained via the identity N, = r — N|.
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Fig. 23.3 Plot of Gy, », in a cumulative exposure model with Exp(%};)- and Exp(¢},)-distributions

Likelihood Function and Maximum Likelihood Estimation

The likelihood inference for the parameters of a simple step-stress model based on a
progressively Type-II censored exponential sample has been developed by Xie et al.
[927]. They imposed a cumulative exposure model with Exp(i})- and Exp(d,)-
distributions. Then, the cumulative distribution function is given by

Fy (1) = 1—e7/™, 0<t<t
G (1) = (L1, . (233)
1,02 Fﬁz(t—( —g—?)f)Zl—et/ﬁz_l—(ﬁZ 191)’ <t

A plot of Gy, , is depicted in Fig. 23.3. The corresponding density function is
given by

1 -
fo (1) = g7/, 0<t<t

9.0, (F) =
8919, (1) fﬁz(t_( _%)T)Zﬂlze—(t—f)/ﬁz—f/ﬁl’ T<t
Depending on the values of Ny, the likelihood function of #; and 1, based on
the progressively Type-II censored sample in (23.1), has different forms. Moreover,
forr =n; 4+ ny (2 < r < n), we define the quantities

ny
Z(Rk + 1)Zk:r:n + TVni+1,
k=1

D,
23.4)
D,

> (Re + Dlterm — 1)

k=n;+1

where we use the convention that ZZ: = 0 whenever p > ¢. Notice that D;
and D, decompose the total time on test D; + D,. These random variables can be
interpreted as time on tests w.r.t. the stress levels with D representing the time on
test at stress level s; and D, corresponding to the part with level s,.
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With Nj as in (23.2), the likelihood function can be written as

1 1
L. talt,) = ——Dy——Ds} . 235
(D, Dolty) = 19nlwexp 523, 2} (23.5)
Depending on the value of Ny, the likelihood function exhibits a simpler form.

(i) First, let Ny = r and N, = 0, i.e., all failures occur before t so that no
information is available on the right of t. This means that no information is
available on ,. In this case, t1.; < -+ < ftrn < 7T and the likelihood
function reads

1
Ll = “tew |50 236
1

(i) For Ny = 0 and N, = r, the data in (23.1) are given by 7 < tj;p < +++ <
ty.r:n < 00 leading to the likelihood

1 nt
L1, 0lt,) = <L exp ) —— Dy — 220 23.7
(1, talt,) 97 xp{ 5, D2 191} (23.7)
(iii) For Ny = ny € {1,...,r — 1}, we have observations below and exceeding t

sothat 0 <t <" < lyyym T <Ilyyt1rm <+ < by < 00. Then, the
likelihood function is given by (23.5) with D, D, > 0.

The expressions of the likelihood function in (23.6) and (23.7) show that MLEs
of the parameters do not exist in any case. The results are summarized in the next
theorem.

Theorem 23.1.1. (i) The likelihood in (23.6) does not involve ¥, so that the
MLE of ¥, does not exist for Ny = r (and N, = 0);
(i) The likelihood in (23.7) is increasing ¥, so that the MLE of ¢; does not
exist for Ny = 0 (and N, =r);
(i) Finally, if at least one failure occurs before t and after 7, the MLEs of &
and 9, exist. They are given by
~ D, = D,
=24 §,=22 238
=N A (23.8)
Notice that in the settings (23.6) and (23.7), the existing MLEs take on the
same form.

Exact Conditional Distributions of MLEs

Xie et al. [927] established the exact conditional distributions of the MLEs 9 1 and
¥, given in (23.8). In the following, we will present a different approach leading to
simpler representations of the density functions. In particular, we utilize the block
independence property and a connection to Type-I progressively hybrid censored
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data. The first part of the sample, i.e., T1:yy < -+ < Tn,:r:n < T, can be interpreted
as a Type-I progressively hybrid censored sample from an Exp(¥};)-distribution.

Moreover, the MLE ¢ of ¥; depends only on this subsample. It exists provided
that Ny > 0. This observation leads directly to the following result taken from
Theorem 5.1.4 and (14.3).

Theorem 23.1.2. Let 1 < ny < r. Then, the conditional density function of
¥, given Ny = n; < r, is given by

ni n+1,
T l_[j=1 Vj

91 IN1=ny —
f ([) d!ﬁnl+lﬁ11+l:m:n(T)

Bnl—l(t|yn1+lrv ey ylf)e_t/z97

0<t<nrt.

For Ny = r, the density function is given by

T 1_[;'=1 Vi

W=7 1/9
r!ﬁrFr:r:n(T) '

fﬁ“N‘Z’(t) = B, 1(t|yr417, ..., p17)Ee” 0 <t < nrt.

The conditional density of 31, given 1 < Ny, is

r

v = s S g
[ —ene/? LY @ =1y

d=1 j

—difp 4>,

X Bd_l(dl|)/d+1l', Cee )/1‘[)6

Using the block independence result established in Theorem 2.5.5, we find that,

given Ny = n; € {1,...,r — 1}, the step-stress sample from (23.1) separates into
two (conditionally) independent samples

Tipw <+ < Tnl:r:n <7 and 7 < Tn1+l:r:n < oo < Trpu.

Since & 1 and 52 are only functions of the first and second subsample, respectively,
it follows directly that the estimators are conditionally independent. Moreover,
we conclude from this result that the sample T, 41:r:m,..., Ir:r:n forms pro-
gressively Type-II censored order statistics Wl;r_m;yn1 S, W,_m;,_,,l;},”1 from a

left-truncated cumulative distribution function G..y, s, defined by Gr.9, 5,(t) =

1 — 1_601.02(”
l_Gﬁl.ﬁz(T),

shows that

t > 7, with Gy, », defined in (23.3). Simplifying this expression

Gy op(t) =1 —e 702 p > ¢
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saying that the sample T, 4+1:m,..., Iy is distributed as the first r — n
Exp(z, ¥,)-progressively Type-1I censored order statistics from a sample of size y,,
with known location parameter t and censoring scheme (R, +1,..., R,). Hence,
we can apply the results of Theorem 12.1.1 because 52 is seen to have the same
form as the MLE in the one-sample setting considered in Sect. 12.1. Theorem 23.1.3
summarizes these findings.

Theorem 23.1.3. Let n; € {0,...,r}. Then:

(i) Given Ny = ny € {l,...,r — 1}, the MLEs 31 and ’z‘;z are conditionally
independent;
(i) Forn; <r, 2(r —nl)ﬁz/ﬁﬂNl =n; ~ y*Q2r —2m).
In particular, E(2|Ny = n)) = 9, and Var(D,|N, = n1) = 92/(r — ny).

The MLE of &, exists provided that N, > 0, i.e., Ny < r. Then, we get the
following result established by Xie et al. [927]. It shows that the conditional density
function of ¥, is a mixture of scaled y>-distributions.

Theorem 23.1.4. Let Ni<r—1land 52 be the MLE of &#,. Then, fort € R,
the conditional density of ¢, given 0 < Ny <r — 1, has the form

r—1

f,l;z\N1<r(t) e — Z(r —d)P(N1 = d) fr@r—2a)

2(r — d)t
T L (55)

th

The conditional densities of 191 and 192 readily 1mply the following expressions
for mean and variance of 191 and 192 The results for 191 can be taken from (5.15)
and (5.16). Notice that the (conditional) distributions of N; and N, respectively,
typically depend on the parameter 9.

Corollary 23.1.5. The (conditional) mean and variance of D1 and O, are
given by

nte—nr/ﬂl

E@|N, >0) =9 — A —e iy

(23.9)

191‘1,’ " 1
+ (1 — e—t/ﬁl)n dz::z d(d _ 1)fdim2n(t)y

MSE@1|N; > 0) = ﬂfE(Ni)Nl > o)

ntle /M 192 2 "2d—1

+ 1- e_f/ﬁl)n - (1- e—r/ﬁl)n Z dz(d —1)2 fd:m:n(f)s
(23.10)
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E@:|Ni <7) = th (23.11)

and

r—1
Var(@a|Ni <) =93 Y P(N; = d|N; < r)-
d=0

= (=

The expressions of the means in (23.9) and (23.11) show that 51 is a biased
estimator of @, while 192 is an unbiased estimator of ©,. The expresswns in (23. 10)
and (23.12) can be readily used to compute standard errors of the MLEs 191 and 192

< r) - ﬁgE(Niz‘Nz > 0). (23.12)

Confidence Intervals for ¢#; and ¥,

Xie et al. [927] proposed several methods of constructing confidence intervals,
including an exact, an approximate, and a bootstrap-based approach. Under the
assumption that Open Problem 14.1.2 holds, Xie et al. [927] constructed a two-sided
exact 100(1 — )% confidence interval for ¥} by solving the equations

~ o -~ o
Pﬁw(ﬁl > ﬁlobs) = 57 Pﬁlu(ﬁl > ﬁlobs) =1- E (23.13)

for 91¢, %1, Where ¥ops is the observed value of 51. Notice that the method of
pivoting the cumulative distribution function as described on p. 331 is based on
the assumption that the equations in (23.13) have solutions. Therefore, the same
comments apply as presented on p. 331 (see also Balakrishnan et al. [156]).

Using the same approach, confidence intervals for ¥, can be obtained given a
similar assumption on the monotonicity of the (conditional) survival function. But,
this property can be proved in the present setting as has been done in Balakrishnan
and Iliopoulos [102, Sect. 4.2] for the case of Type-II censored step-stress data.

Applying the observed Fisher information matrix as well as asymptotic proper-
ties of maximum likelihood estimators, Xie et al. [927] also proposed 100(1 — )%
approximate confidence intervals for ¢, and ¥, using a normal approximation.
Finally, they investigated three bootstrap methods: studentized ¢-interval, percentile
interval, and BCA interval. For a detailed discussion as well as comparisons through
Monte Carlo simulations, we refer to Xie et al. [927] and Balakrishnan [85].
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Optimal Censoring and Optimal Test Plan

For censoring schemes % = (Ry,...,R,), Xie et al. [927] discussed optimal
progressive censoring in a simple step-stress test. Given 1 < N; < r — 1, they
considered two optimality criteria.

(1) Minimum variance:

U(Z) = Var(F |l <Ny <r—1)+Var(@|l <Ny <r —1) —> min;

(2) Minimum mean squared error:

o(#) = MSE@ |l <Ny <r—1)+Var(Bo|]l <Ny <r—1) —> min.

Assuming 1 < N; < r — 1 and using the explicit expressions for the variances
and mean squared errors given in Corollary 23.1.5, Xie et al. [927, Tables 9.5, 9.6]
determined best and worse censoring schemes for the parameter choice ¥ = e'?,
¥, = e and selected values of 7. Moreover, they discussed the problem of finding
an optimal time t* for changing the stress level from s; to s, given a specified choice
of n, r, censoring scheme #Z = (Ry, ..., R;), and pre-fixed parameter values ©; and

1, (see Table 9.7 in Xie et al. [927]).

Open problem 23.1.6. For Type-II censored data, Xiong [928] introduced a link
function which assumes the logarithms of the parameters to be a linear function
of the stress level

log® =+ Bs;, =12, (23.14)

where «, B are unknown parameters. An extension to progressively censored data
is not available so far.

Remark 23.1.7. Yang and Tse [933] discussed a step-stress model for pro-
gressive Type-| interval censored data with random removals and a log-linear
link function between the stress levels and the parameters. Weibull lifetimes are
investigated in Tse et al. [861] (see also Ding et al. [341] and Ding and Tse [340]).
Burr-XII distributions with progressively Type-Il censored data in the presence of
random removals are discussed in Sun et al. [828].

23.1.2 Inference for a Simple Step-Stress Model with Random
Change Under Progressive Type-I1I Censoring

In the previous subsection, the stress has been changed at a pre-fixed time 7. Now,
the stress is changed at the 7, th failure time as depicted in Fig. 23.4. The experiment
terminates at the rth failure time where 1 < r; < r. This approach has the advantage
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Fig. 23.4 Generation process of progressively Type-II censored stress level data with random
change time

that the number of observed failures at each stress level is fixed and no longer
random.

This model has been discussed in Wang and Yu [889] (for similar results
with Type-II censored data, see Kundu and Balakrishnan [558]). Introducing the
quantities (see (23.4))

rl—l
Dy = Z(Rk + 1)l‘k:r:n + Vrilriirns
k=1
(23.15)
r—1
DZ = Z (Rk + 1)(tk:r:n - trl:r:n) + )/r(tr:r:n - trl:r:n)a
k=r1+1

Wang and Yu [889] showed that the likelihood function is proportional to

L(®1,92) oc 9, 195" exp { - — = —}
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Obviously, the MLEs are given by

S ==L §,= . (23.16)

Connection to Sequential Order Statistics

Combining the ideas of Balakrishnan et al. [152] and Beutner [192], the Wang-
Yu step-stress model can also be motivated by an approach based on sequential
order statistics. In particular, the data can be seen as sequential order statistics or
generalized order statistics. To be more precise, we describe the model using the
notation of Cramer and Kamps [301]. Given a population cumulative distribution

function F', let the cumulative distribution functions Fj, ..., F, be defined as
—=7j((n—j+1Dd) .
Fo=11"F 0. =Tl (23.17)
/ LTI
Then, the joint density function of sequential order statistics X (’ﬁ),...,X (”;) is

given by

r

i) = o700 [T (TTF @) 260 F"* 0 10,

j=1 j=1
(23.18)
where
Yio_Yikr - _
5 5 I, j=1,....rn—1
N T = = P
mj D2 2 1’ -] =Tn
Vi Vit - _
5 5 1, j=nrn+l,....,r—1

Obviously, the density function (23.18) is the joint density function of generalized
order statistics with parameters my,...,m,_; and y, from the population cumula-
tive distribution function F (see (2.7)).

For exponential lifetimes, the density function (23.18) simplifies since some parts
can be combined. In particular, we get

r—1
>y + 1ty + 2,
; %
j=1
ri—1 v )/
Z(R + 1), + ” I, rz;Ht" Z (R, + Dt + <1,
] =r;+1
D, D,

ot
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with D and D, given in (23.15). Therefore, the joint density function (23.18) reads

D, Dz}'

ST (t,) = (1:[1 7)o 05 exp | - =

This expression for the density function allows us to derive many properties of the
corresponding failure times 71.;.,, ..., Ir.r:n. In particular, we can directly apply
properties of generalized order statistics from standard exponential distribution and
parameters y1 /U1, ..., Vr—1/P, Vri+1/V2, . . ., ¥/ D2 as given in Kamps [498,499]
and Cramer and Kamps [301]. For instance, normalized spacings of generalized
order statistics are independent exponentially random variables. Therefore, we have

y;(Tj:r:n - Tj—l:r:n), j=1...r

where Ty.,., = 0 and yj’f‘ = vyi/Hh, j =1,....,rn—1, and )/]’." = yj/,
j =ry,...,r,as D standard exponential random variables. Moreover, the random
variables D and D, have the representation

r r
D, = Z Vi (Tj:r:n - Tj—l:r:n) and D, = Z Vj(Tj:r:n - Tj—l:r:n)
=1 j=ri+1
in terms of the spacings. This yields the following properties which are similar to

those presented in Theorem 2 of Balakrishnan et al. [152] for Type-II censored step-
stress data.

Theorem 23.1.8. Let ’51 and 52 be the MLEs of #; and ¢, as given in (23.16).
Then,

() (51, 52) is a complete and sufficient statistic for (¢, ¥,);
(i) 51, 52 are independent;
(iii) 5j is an unbiased estimator of ¥;, j =1,2;
(iv) ©; is the UMVUE of 9;, j = 1,2;

v) The distributions of the MLEs are given by

21‘131 2 2(1‘ — I‘l)gz
~ 2 . _—
Ky x~(2r1) %

(vi) The estimators are strongly consistent and asymptotically normal for r; —
oo and r —r; — 00, respectively.

~ )(2(2r —2r);

Parametrization via Log-Linear Link Function

Wang and Yu [889] introduced a log-linear link function for the parameters of the
step-stress model as given in (23.14). Then, the MLEs of « and § are obtained as
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s1log(D,/(r —r1)) — salog(Dy/r1)
51— 8 ’

log(D1/r1) —log(D>/(r —r1))
S1— 82 ’

Q)

B =

Moreover, given a stress level sy, the MLEs of the mean life % = exp(« + Bso) and
the hazard rate Ay = 1/9 are given by

Do = exp(@ + Bso). Ao = exp(—a — Bso).

Wang and Yu [889] also considered minimum variance unbiased estimation and
showed that the UMVUE of ¥y is given by

T = L (r)I(r2) Dot pho
I(ry+ko+ DI (r —ko)

provided r, > ko = 2=2L. The UMVUE of 1, is given by

S1—82

T = I (r)I(r2) —ko—1
L(ri—ko— DI (ry + ko) '

if r; > ko + 1. Expressions for the variances of the UMVUEs and MLE:s are also
given in Wang and Yu [889]. Finally, it is shown that the mean squared error of an
MLE exceeds that of the corresponding UMVUE. These results are based on the
properties given in Theorem 23.1.8.

Wang [884] established confidence intervals for «, 8, and . Obviously, ,:3\ has a
transformed F-distribution since E can be written as
log Q Dy/r

withQ = ———
S1— 52 Q Dy /(r —r1)

ko
DZ

B =

and Q - % ~ FQ2r,2(r —r)).
1

Hence, the statistical interval

[»Ig_ logF,/2(2r1,2(r —r1)) »Ig_ logFi—p2(2r1,2(r — rl))]
S1— 85 ’ S1— 852

forms a 100(1 — p)% exact confidence interval for 8. Notice that e*1752f = ¢, /8,.
Expressions for confidence intervals for & and ¥y can be written in terms of quantiles
of the cumulative distribution functions

o0
Fy, (w) :/0 Fry O Fp—ry (") F D) dr,

o0
Fw, (w) = /0 Ly O Fpan (W) S+ D)ar,

where ko = 2= ky = 2 W, = 2(r—r)h 1M and Wy = 21T (r —

)90/ 0.
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23.1.3 Inference for Multiple Step-Stress Model Under
Progressive Type-I Censoring

Progressively Type-I Censored Step-Stress Data

In progressive Type-I censoring, R; surviving units are censored at pre-fixed times
0 <1 <1 < -+ < ;. This setting can be extended to a step-stress model by
introducing different stress levels s; < .- < si. Initially, the stress level imposed
on the n units on test is at a level of s;. Then, at a pre-fixed time 7, the stress level
is changed to s; next, at time 1, the stress level is changed to s3, etc. Hence, at
censoring time t;,

(i) A prefixed number R; of items is withdrawn from the experiment provided that
R; items are still on test. Otherwise, the available items are removed and the
experiment is terminated. The effectively applied censoring scheme is denoted
by #* = (R}.....R});

(ii) The stress level is increased from s; to 5, 41.

This scenario is depicted in Fig. 23.5.

Gouno et al. [408] and Han et al. [430] discussed this model with equi-spaced
censoring times, i.e., when t; = jz, j = 1,...,k. The following notations are
used:

(1) n; denotes the number of units that failed at stress level s;, i.e., in the time
interval [(j — 1)z, j1);
(2) R; denotes the number of surviving units progressively censored at time

Tp = jT;

(3) t1jim = --+ = tn; j:n denote the increasingly ordered failure times observed at
stress level s;, j =1,....,k;

4) n; = Rj/n, j =1,...,k — 1, denote the proportion of units censored at 75

(5) Nj=n-— Z’j_:ll nj— Z’j_:ll R; denotes the number of units remaining in the
experiment at ;.

Likelihood Function and MLEs

Gouno et al. [408] and Han et al. [430] considered an exponential lifetime
distribution Exp(1;) at stress level s;, where the mean lifetimes ©; satisfy a log-
linear link function of the form (23.14), i.e., log; = ¢ + Bs;,i = 1,...,k, and
« and B are unknown parameters. Then, under the cumulative exposure model, the
lifetime density function gy of a unit is given by (see (23.3))
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Fig. 23.5 Generation process of progressively Type-I censored order statistics in a step-stress
scenario. The observations are denoted by #1 j.y < -:+ =< Iy, ;s in each interval (tj—1. 7))
provided that the number of observations 7 is positive

Lexpl-£1, 0<r=<t
ﬁizexp —t;—;—ﬁ%}, T<t=<2t
o) = dgexp |-G - £ - &), 2<r<3t . (23.19)

1 t—(k—1 k—1
Wexp{—Tﬁ—ijl E} (k—1)t <1 <oo

Then, given the data m = (ny,...,ng) and t = (t;,...,t) with t; =
(t1.:ns - - -+ In; ), the likelihood function is given by

: Nl' : —n; L Ui
L(ﬁl’”.’ﬂk)zil:[lmil:[lﬂi exp _Zﬁ_l ,

i=1
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where
nj
U= (tjin— G —=D0) + N —njr. i=1...k
j=1

Then, the MLEs of ¢; are given by 51‘ = U, /n; provided that n; > 0. Using the
log-linear link function in (23.14), the corresponding log-likelihood function reads

L, B) = const—azni _IBZ”iSi e ZUie_ﬂSi-

i=1 i=1 i=1

Assuming that we observe at least one failure, i.e., Zi;l n; > 1, £(a, B) can be
bounded from above by

k k k
L(@(B), B) = const — log (Z U,-e_ﬂ“'f) Zn,- -B Zn,-s,-,

i=1 i=1 i=1

where equality holds for ¢ = @(8) with
. Yo UePs
a(B) = log (Zlk— :

Now, it can be shown that h(8) = —log (Zf;l Uie_ﬂ“'i) is a strictly concave func-

tion. Furthermore, defining p; = U; e hsi / Z];'=l U; e Psi | the second derivative of
h w.r.t. B can be written as

2

aigz Z pis? + (Z p,s,) = —(ES?— E*S) = —Var(S) <0,
i=1 i=1

where S denotes a random variable with values in {sl, ...,Sk} and probability mass
function py, ..., pk. Therefore a unique solution ,3 exists so that @ = a(,B) and ,3
are the MLEs of « and S. ,3 can be obtained as the solution of the nonlinear equation

k k - k k ~
|:Z l’l,‘] |:Z UiSie_ﬂSi] — Zl’l,‘Si Z Uie_ﬁsi =0.

i=1 i=1 i=1 i=1

Gouno et al. [408] based further statistical inference on the assumption that
the asymptotic distribution of the MLE («, E)’ is a bivariate normal distribution
with mean (a, B)" and covariance matrix [.%,(a, B)]~!, where .7, (a, B) is the
expected Fisher information matrix. A similar approach has been used in this area
by many authors, e.g., by Nelson [675]. Gouno et al. [408] established the following
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representation of the expected Fisher information matrix:

k k
> Ai(m) X Ai()si

I, By =n| = ! , (23.20)

> Ai(D)si Y Ai(v)s?

i=1 i=1
where
i—1

A0 = 1-Y 25 | Gr@A@, 1=i<k (23.21)

J=1

Fi(t)=1—e% 1<i<k,

J
G =[]0-F@), 1<j<k Gor)=1.

i=1

Optimal Step-Stress Test

The choice of the stress change point t has an impact on the bias and variance of
the estimators. Therefore, it stands to reason to choose t in an optimal way. Using
the preceding results, Gouno et al. [408] proposed the following criteria based on the
expression of the Fisher information in (23.20) or the variance—covariance matrix

of (. B) given by (S (@, B))~".

(i) Variance optimality: The first criterion is based on the idea of minimizing the
variance of the mean life estimator ¥, given a stress so. As a measure for this
quantity, Gouno et al. [408] considered the variance of log ¢y given by

¢(r) = n Var(log Bo) = Var(@ + Bso)
= n(1,50).%, ' (a, B)(1. 50)’

2K 4 i —50)°
= Z’_l (x)(s: = s0) — min; (23.22)

Y Y A A (D) (s — 55)?

(ii) D-optimality: Noticing that the volume of the asymptotic joint confidence
region of («, B) is proportional to the determinant of the square root of the
inverse Fisher information matrix |.7, (a, 8)| =/, Gouno et al. [408] suggested
a minimum volume approach. This yields the criterion
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n=?|F(a, B

k k k 2
> A0 A0 - | X Ao |

i=1 j=1 i=1

g(v)

N =

kk
DD AiA; (D)5 = 5;)* —> min. (23.23)
i=1j=1

Gouno et al. [408] and Han et al. [430] addressed the existence and uniqueness
of optimal 7 for the simple step-stress model in these scenarios. Moreover, they
provided some computational results on the optimal change time t for different
settings. However, given a prefixed censoring scheme #Z = (Ry,..., Rxk—1), it
may happen that either the experiment is terminated before all censoring steps
are employed or no failures are observed before the termination time k7. These
problems are typical for Type-I censoring. In order to overcome these difficulties,
Gouno et al. [408] assumed a large sample size n, small global censoring proportions
m; = R;/n, and a small number of stress levels k. These assumptions guided them
to restrict the search for optimal 7 to the region

C.={t:A4;(x)>0fori =2,...,k},

with A4;(7) as in (23.21). However, Han et al. [430] pointed out that this restriction
works only on an average and not for each sample. Moreover, they argued that the
assumption of large sample sizes may often be violated in practice.

A Modified Progressive Censoring Scheme and Optimal Step-Stress Test

In order to get rid of the problems described above, Balakrishnan and Han
[99] proposed a modified progressive censoring scheme. In contrast to censoring
according to a pre-fixed censoring plan # = (Ry,..., Rx—1), they introduced a
relative censoring scheme which censors a fixed proportion

Tt = (]T;k,"‘ ’7-[]:‘_1)

of the surviving units at the end of each stress level (0 < Jri* <lLi=1,....,k—1).
This yields a random number of removals at each censoring step of the experiment
because the effectively removed number of items depends on the number of
surviving specimens at the particular censoring time. Since all the remaining items
are withdrawn from the test at the end of stress level sy, n,:‘ = 1. Therefore, the
number of censored items at the end of stress level s; may be defined as

Rz* :T((N,-—n,-)ni*) fori = 1,...,k—1,
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where 7'(-) is a discretizing function such as round(-), floor(-), ceiling(-), and
trunc(-). This censoring scheme is an adaptive procedure since it takes into account
how many failures have been observed before the censoring time. From the
condition 0 < n* < 1, it follows that the number of effectively removed items
R satisfies the inequality 0 < R} < N; —n;,i = 1,...,k — 1. If i* denotes the
minimum of such indices satisfying R} = N; — n;, the life test terminates at the
end of the i *th stage. Therefore, the life test is allowed to terminate before reaching
the last stress level sy.

As mentioned above, the employed censoring scheme Z* = (R}, ..., R;_,) is
random. Hence, the proportion of removed units #1 = Z*/n = (7y,..., Tk—1) is
random, too. If progressive censoring is not present in the life test, i.e., if #* =
(0*%=1), the employed censoring scheme is given by #2* = (0**~!). Obviously, this
scenario corresponds to the case of a k-level step-stress testing under Type-I right
censoring. In addition, if R}’ > 0 or n; > 0 (equivalently, Ny = n; + R} > 0), it
implies that the life test has proceeded onto the last stress level s.

Then, under such a modified progressive censoring scheme, Balakrishnan and
Han [99] derived the maximum likelihood estimators of the parameters o and §
as well as an explicit expression for the Fisher information matrix. The Fisher
information has the same form as (23.20) with, 1 <i <k,

i—1 i—1

Ai(0) = F@ [0 = F; @)1 - 7}) = F@G@ [[(1 - x)).

=1 Jj=1

They used these results to design an optimal step-stress test under this setup by
considering the following optimality criteria:

(1) Variance optimality as defined in (23.22);
(2) D-optimality as defined in (23.23);
(3) A-optimality which maximizes the trace of the Fisher information matrix.

With these three criteria, Balakrishnan and Han [99] have presented several
numerical results on optimal time duration t under different settings and have also
made some comparisons and empirical observations with regard to the optimal
T under these criteria. In addition, they have also discussed the existence and
uniqueness of the optimal time duration 7 under all three optimality criteria.

Remark 23.1.9. Finally, we would like to mention that similar considerations
have been addressed in the model of progressive censoring with random removals.
We refer the interested reader to Ding et al. [341], Shen et al. [803], and Ding
and Tse [340].

Step-Stress Test with Link Function Based on Box—Cox Transformation

Assuming exponential lifetimes, the (constant) hazard rate function for the i th stress
level is given by A; = 1/9;,i = 1,..., k. Extending the preceding approach, Fan
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et al. [360] considered a link function based on a Box—Cox transformation which
incorporates the stress in a different way. Given time points 7; < -+ < i, the stress
imposed on the units changes at 7;. The stress environment in the interval (z;—1, ;]
is represented by a vector z; = (1,z,...,z¢) which is connected to the hazard
rate by

A0 =7,
where the hazard rates satisfy a Box—Cox model of the form

-1

ML g #£0

/\l(_f) _ ,
logh;, ifé=0

and B = (Bo, ..., Br)" and £ are unknown parameters. For § = 0,{ = 1, and z; =
(1, s;), this approach reduces to the log-linear link function considered in (23.14).
Fan et al. [360] discussed likelihood as well as Bayesian inference for g and &.
Moreover, they presented a comparative study.

Progressively Type-I Interval Censored Exponential Data

Wu et al. [917] considered progressively Type-I censored data when only the
number of failures is available for each stress level. Figure 23.6 illustrates the
situation based on Fig. 23.5 for arbitrary inspection times 7; < - -+ < 7. Assuming
equi-spaced inspection times 7; = jr, j =0,...,k, for some v > 0, a cumulative
exposure model as in (23.19) is assumed. Moreover, a log-linear link function
log¥; = o+ Bs;,i = 1,...,k, as in (23.14) relates stress levels to the parameters
of the distribution. Then, as pointed out in Wu et al. [917], the likelihood function
is proportional to

k
D.
L@) o [ (1 — e—f/ﬂf) T &= =D)e/b; (23.24)
j=1
where n; =n — Dej—1 — Rej—1, J = 1,..., k. The resulting likelihood equations

for « and B have to be solved numerically. Wu et al. [917] proposed to use a
normal approximation to compute approximate confidence intervals by following
the approach of Gouno et al. [408]. They established a representation of the
expected Fisher information matrix similar to (23.20). Finally, they discussed the
determination of both variance-optimal and D-optimal inspection interval length <.
They applied their results to data given in Table 23.1. For details, we refer to Wu
etal. [917].
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Fig. 23.6 Generation process of progressively interval-censored data in a step-stress scenario

Stress level s

5 10 15 20 25
Number of failures D 1 1 3 1 1
Number of removals R; 1 0 1 0 0

Table 23.1 Outcome of progressively Type-I group-censored step-stress experiment as reported in
Waueet al. [917]. The data are generated from step-stress data (lifetime of cryogenic cable insulation)
reported by Nelson [677, p. 496, Table 2.1]

An extension to arbitrary inspection times 7y, .. ., T has been worked out by Wu
et al. [920] for exponential step-stress data. They discussed likelihood inference
for the parameter B = (Bo,B1,...,Bx) assuming a log-linear link function
logd; = B’s,wheres = (1,s1,...,s;) denotes the vector of stress levels. A model
involving Weibull distributions has been considered in Yue and Shi [935].
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23.1.4 Multiple Step-Stress Model with Progressive Censoring:
An Approach Based on Sequential Order Statistics

Following the ideas of Balakrishnan et al. [152], a multiple step-stress model with
additional progressive censoring can be introduced. In fact, the resulting model
corresponds to that proposed in Wang and Yu [889] and further discussed in Wang
[884]. Given that the stress changes at prefixed failures p; < --- < px, we take
into account additionally a censoring scheme %. As in (23.17), the cumulative
distribution functions in the model of sequential order statistics are given by

—=vj/(—j+1)d;

Fi@t)=1-F ®), J=pi-1+1.-...pi, 1 <i <k,

where pp = O and y; = Z[m:j (R¢+1),1 < j <m = p. The likelihood function
is given by

k

m k
L(@®) = l—[ Vi l_[ﬁi—(Pi—Pi—l) exp{ _ Z %}’

j=1 i=1 i=1
where

Pi

D; = Z vi(Xg)—X-n). i=1,...k
J=1+pi—

As before, it follows from properties of sequential order statistics that the spacings
of the failure times X (”1), . ¢ (”;n) are independent exponential random variables.
Hence, the statistics Dy, ..., Dy are independent random variables with 2D; /1; ~
1>Q2(p; —pi—1)),i = 1,...,k (see also Wang and Yu [889, Lemma 4]). This shows
that the MLE of # is given by 51‘ = D;/(pi — pi-1), i = 1,...,k. Moreover,
the properties presented in Theorem 23.1.8 can be easily extended to the present
model. Wang and Yu [889] discussed likelihood inference assuming a log-linear
link function as given in (23.14). Interval estimation is addressed in Wang [884].

23.2 Progressive Stress Models

Progressive stress accelerated life tests for progressively Type-II censored data have
been studied by Abdel-Hamid and AL-Hussaini [4]. They imposed the following
conditions:

(1) The lifetimes of n units under test have Weibull(a, b)-distributions;

(2) The data are given by k independent progressively censored samples. The ith
sample is drawn from a total of n; specimens employing a censoring scheme
i = (Ri,,..., Ry, ;) and, thus, forms a sample of size m; (n = n.);
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(3) The stress function in each sample is given by s;(f) = v;t, t > 0, where 0 <
v < --- < vk are known stress parameters;

(4) The scale parameter of the Weibull distribution depends on the stress function,
ie.,

R N
T sOF et T

a(t)

(5) The linear cumulative exposure model is imposed to model the stress effect.

As pointed out in Abdel-Hamid and AL-Hussaini [4], the cumulative distribution
function of the unit lifetime under progressive stress is given by a time transforma-
tion, i.e.,

Gi(1) = F(4:(1)),
where A; (1) = cv?t?T1/(d +1),¢ > 0, and F denotes the cumulative distribution

function of a Weibull(1, b)-distribution. Hence, G; is the cumulative distribution
function of a Weibull(9;, b(d + 1))-distribution with

1\ /@+D)
Y = (d + ) . (23.25)

d
oV

Summing up the above assumptions, we have the following data scenario:

(i) The data consists of k& independent progressively Type-II censored samples
Xi,l:mi:nia ey Xi,mi:mi:np i = la cee ak;
(i1) The censoring scheme in the ith sample is given by Z%;;
(iii) The population distribution in the ith sample is given by a Weibull(d;,b(d +
1))-distribution.

Hence, we can interpret the situation as a k-sample problem with independent
samples from possibly different Weibull populations. In this sense, the situation is
similar to the multi-sample settings discussed in Balakrishnan et al. [130] or Cramer
and Kamps [298] in terms of sequential order statistics.

Now, Abdel-Hamid and AL-Hussaini [4] applied a log-transform to the data
which leads to similar data from an extreme value distribution with observations
X=(X1,...,Xk), X; = (X1,4,...,%n; ;). This leads to the log-likelihood function

£(b,c,d;x) = const + melog[b(d + 1)]

- e¥ji\b(d+1)
+2.) [(b(d + D(x)i —logdi) — (Rji + 1)( 9 ) }

i=1j=1
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where ¥; is given in (23.25). This function has to be maximized w.r.t. b, ¢, d which
has to be done computationally. The likelihood equations can be easily derived
(see Abdel-Hamid and AL-Hussaini [4]). Simulation results as well as several
computational approaches to construct approximative confidence intervals may
also be found in Abdel-Hamid and AL-Hussaini [4]. Moreover, they discussed a
graphical procedure to check whether a Weibull model is adequate to the given data.
The method proceeds by a Kaplan—Meier-type estimator based on progressively
censored data (see (21.6)) (see also Lai et al. [567]).

Similar models have been discussed for Burr Type-XII distributions in Abdel-
Hamid [3], for Pareto distributions in Abushal and Soliman [10], and for Rayleigh
distributions in Abdel-Hamid and AL-Hussaini [5].



Chapter 24
Stress—Strength Models with Progressively
Censored Data

In a reliability context, let a random variable Y describe the strength of a unit
subjected to a certain stress represented by the random variable X. The unit fails
when the stress X exceeds the strength Y. Thus, the probability

R=P(X <Y)

may serve as a measure for the reliability of the unit (see, e.g., Tong [849,850,851],
Beg [184], Constantine et al. [279], and Kotz et al. [547]). Stress—strength models
have been widely investigated in the literature. For a detailed account on models,
inferential results, and applications, we refer to Kotz et al. [547]. In particular,
Chap. 7 of this monograph provides an extensive survey on applications and
examples of stress—strength models.

Inference for R has been based on various assumptions regarding the underlying
data. For instance, for two independent samples of Xi,...,X,, and Y1,...,Y,,,
Birnbaum [205] showed that the Mann—Whitney statistic

nyp  np

U= 1))

i=1j=1
yields an unbiased nonparametric estimator of R, i.e.,

1
nina

R = U.

Since this pioneering work, many results have been obtained for various models and
assumptions. For an extensive review, we refer to Kotz et al. [547].
In the following, we are interested in the estimation of R based on two

: : % %
independent progressively Type-II censored samples X3, .. ..... X ., ., and
Yl‘if”:nz, .Y n'f;m L, The sample sizes as well as the censoring schemes may be
different.
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24.1 Exponentially Distributed Stress and Strength

In this section, we assume that the population distribution is exponential, i.e.,
X ~ EXp(M? 191)5 Y ~ EXp(,LL, 192)

with a common location parameter i € R. In this case, R can be easily calculated
as the ratio
)

R=——"". 24.1
U1+ 0 ( )

In the inferential part, we distinguish the cases when p is known or unknown.

24.1.1 Exponentially Distributed Stress and Strength
with Known Location Parameter

For convenience, let 4 = 0. The following results are taken from Cramer and
Kamps [297] and Cramer [283] who considered the problem in the more general
scenario of order statistics from independent samples from Weinman multivariate
exponential distributions. Some of these results were rediscovered for progressively
Type-II censored order statistics by Saracoglu et al. [769].

From (12.4), we conclude that the MLE:s of ¢, and ¢, are given by

~ 1o
=lk,MLE = m_l Z(RJ I)X] myiny 2MLE - Z(S + 1) Jimying?
j=1

respectively. As in Theorem 12.1.1, we have the MLEs to be complete sufficient

statistics. Both estimators are unbiased and 2m ;97\, g/0; ~ x*(2m;) so that
2

Var({}?;‘,MLE) = %, j = 1,2 (see also Corollary 17.1.1). Now, the MLE R, ¢
of R is obtained by plugging in the MLEs of the parameters ¥, so that

A*

R U3 mLe
MLE — 5* 5* .
IMLE T V2 mLE

Using the properties of the MLEzs, it is pointed out in Cramer [283] that ﬁKALE has
a three-parameter beta distribution G3B(m,my, A) with A = m,8/(m1;). The
density function is given by

Amz [mz—l(l _ t)ml_l
B(my,my) [1 — (1 — A)t]rmitm ’

wmlqmz,l(t) = 1 e (Os l)s
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(see also Saragoglu et al. [769]). Further details about this distribution can be found
in Libby and Novick [591], Chen and Novick [253], Pham-Gia and Duong [719],
and Johnson et al. [484].

Let A= (1—R)/Rand 4 = (1 — R}, )/ R ¢ Utilizing the fact that

A v 3
2= 1L.MLE/ L F(myma).

Famie/ D

we have

Faa(mi, my) Fi—a/2(mi,my)
Foja(mi,ma) + A Fi_gp(mi,my) + A

as a (1 — ) confidence interval for R (see Saragoglu et al. [769]).
Cramer and Kamps [297] also obtained the UMVUE of R. The estimator is
piecewise defined via a hypergeometric function

. . ml’l;fMLE g g
F(l—mz,l,ml, = , MmO e < M5 mie
R* _ m205 miLe ’ ’
UMVUE — mz’l;’szLE —~ —~ .
. . N * *
1 —F(l—ml,l,mg,;*—), mﬂ}LMLE >m2192,MLE
1.MLE

The representation can be expressed as a finite sum using expansions of hypergeo-
metric functions. For instance, in the first case, we get

~ 2 . (m;—l) mlﬁ* J
RGMVUE = Z(—l)j mej_l ( I'MLE) .
j=0 ( j )

For Type-II censored samples, this result has been obtained by Bartoszewicz [172].
Tong [849, 850, 851] discussed the case of complete samples. Saracoglu et al. [769]
addressed Bayesian inference for R assuming independent gamma priors. They
found a Bayesian estimate in terms of a hypergeometric function and presented an
algorithm to construct a credible interval.

A*
mzﬂZ,MLE

24.1.2 Exponentially Distributed Stress and Strength
with Common Unknown Location Parameter

In this section, inference for R is addressed for two-parameter exponential distri-
bution with a common unknown location parameter. For complete samples, this
problem has been discussed in Bai and Hong [70] (see also Cramer and Kamps
[296]). The results for progressively Type-II censored order statistics are taken from
Cramer and Kamps [297] and Cramer [283]. Let
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mi
I 74
Wl = Z)/j(%)(xjimlinl - Xj—l:ml:nl)’
j=1

my
Wao =Y Vi (Y s = Y by
j=1

where X§# . =Y ., = 0.Then, it is shown in Cramer [283] that the MLEs of
W, 01, ¥, are given by

~ s R 54
MMLE = mm(Xl:mI:nl’ Yl:mz:nz)’

~

1 R ~ 1 ~
ime = — W1 —niimee),  Pamee = — (Wa — nafivie).
mg ny

Remark 24.1.1. The MLE 51,MLE (and, by analogy, 52,,\/”_5) can be written as

~ 1 &
V1MLE = o Z)’j(%)(X}?mlsm - Xjﬂ;l:mlsnl)
=1

1 g R
m Z(R/ + 1)(X}'/:Zm1:n1 — JAMLE)»
j=1

where XZ = min(X7Z YZ

O:my:ng Iimying? © 1imaying
Cramer [283] obtained that fimie and (31 mLe, Fa.mLe) are independent. [imLe
is Exp(p,, (nl/ﬂl +n2/z92)_1)—distributed. The distributions of ijﬁj,MLE, j=

1,2, are binomial mixtures of y?-distributions. In particular, with n = %,
the distributions can be written as

), say. Using the above expression,

2mi 91 mie ~ 0t @mi —2) + (1= ) 2 2my),
R (24.2)
2madamie ~ (1 —n) x> (2ma —2) + ny*(2my).

Moreover, (fimLe, Wi, W») is a complete sufficient statistic for (u, %, ).
These results can be used to establish the UMVUE of p. Introducing the
estimators

~ m;: ~

T . % mE =12,
Js m;—1 JMLE> J

it is given by

791,* 192,*

MUMVUE = UMLE — —=<——=—
ny0 . + 1192,
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(see Cramer [283]; for complete samples, see Chiou and Cohen [262] and Ghosh
and Razmpour [401]).

Furthermore, the MLE of R is given by

~ o MLE

Ryig=——"—F7—.
U1MLE + P2MLE

The distribution of EMLE is a binomial mixture of generalized beta distributions.
According to Cramer [283],

Rwite ~ nG3B(my — 1,ma, A) + (1 — n)G3B(my, m> — 1, 1), (24.3)
where n = % as in (24.2) and A = (my?)/(m19,). This result can be

used to obtain explicit expressions for the moments of ’IéMLE. Following an idea
of Bhattacharyya and Johnson [199], this connection can be used to establish an
approximate confidence interval for R. Details are presented in Cramer [283].

As in the case of known location parameter, the UMVUE of R can also be
constructed. Cramer and Kamps [297] established the following expression. For

(ml - 1){9\1,* < (I’I’l2 - 1){9\2,*,

nﬁz,* + 51,*[nz - nl]F(2 —my, 1;my; M)
(ma—1)0>..

)

ﬁUMVUE = = —
n1%s . + nat .

while for (ml — 1)51'* > (m2 — 1);}?2’*,

nzﬁl,* + Dol —nz]F(2 —my, 1;my; M)

ﬁUMVUE —1— _ _ (m—1)9 1«
naU . + 1102,
Notice that, for equal sample sizes n; = n;, the representations simplify
considerably:
D 32 *
RumviE = =——————. (24.4)
191,* + 192,*

In this case, Cramer [283] has shown that the distribution of /IQUMVUE is a binomial
mixture similar to (24.3) as is for the MLE /IQMLE. However, as pointed out by
Cramer and Kamps [297], the UMVUE in (24.4) has a special Gaull hypergeometric
distribution (see Armero and Bayarri [48]) with density function
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fR@e) = my+my—2\ (my—1m  A™
mp—1 (my —1ym=1 3 +1

(1 _ [)ml —2[mz—2

(1+ (=ta -1y

nip—

t €(0,1),

)m1+mz—l ’

where A = ¥/, my,my > 2.

The multi-sample case is considered in Cramer [283], i.e., 57 and s, independent
progressively censored samples are considered. As in the two-sample case, expres-
sions for MLE and UMVUE are established. Moreover, it is shown that, under some
regularity conditions, MLE and UMVUE are asymptotically equivalent. Moreover,
they are asymptotically normal. This result may be used to construct approximate
confidence intervals for R.

24.2 Further Stress—Strength Distributions

Asgharzadeh et al. [64] have discussed stress—strength models with progressively
censored data from Weibull lifetime distributions with a common shape parameter,
ie.,

X ~ Weibull(¢1,a), Y ~ Weibull(d,,a), v,9:,a>0.

In this case, the stress—strength reliability R is independent of the shape parameter
and given by the expression (24.1), too. Thus, if a is known, the results for the
exponential model can be directly applied. If a is unknown, the MLE of R can be
obtained from the MLEs

~ 1 & ~ 1o ~
Prame = - Ry + DXE, LD Dame = = DS+ DY )
j=l1 j=l1

where @ is the solution of the equation (m; + m5)/g(e) = « and

mi Y TLI(R; + DxSlogx;  ma Y 72,(S; + 1)y%logy,

gla) =
Z?l:l(Rj + l)xl} Z?il(sj + 1))’?
mi my
- Zlong — Zlogyj.
j=1 j=1

Asgharzadeh et al. [64] proposed a simple fix-point-based procedure to get an
estimate for o. Moreover, they adopted an approach of Kundu and Gupta [559] and
approximated the likelihood equation by transforming the data to a location—scale
model from the extreme value distribution. Using the approximated MLEs of 3,
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i 1 2 3 4 5 6 7 8 9 10
Xioeo 1312 1479 1552 1.803 1.944 1.858 1.966 2.027 2.055 2.098
R 1 0 1 2 0 0 3 0 1 50
yinoes 1901 2132 2257 2361 2396 2445 2373 2525 2532 2575
S; 0 2 1 0 1 1 2 0 0 44

Table 24.1 Progressively censored stress—strength data taken from Asgharzadeh et al. [64,
Table 7]

and 9,, this leads to a different estimator for R. Furthermore, they proposed
interval estimates by using asymptotic normality of an estimator of R as well
as by considering two bootstrap approaches. Finally, Bayesian estimation of R is
discussed using inverse gamma priors for ¢#; and a gamma prior for «.

Example 24.2.1. Asgharzadeh et al. [64] applied their results to progressively
Type-1l censored data generated from data presented in Kundu and Gupta [559].
The data sets are given in Table 24.1. They obtained the estimates 0.176,0.179,
and 0.328 for the MLE, the approximate MLE, and the Bayesian estimate of R.

Remark 24.2.2. Valiollahi et al. [865] addressed a Weibull model with com-
mon scale but different shape parameters, i.e., X ~ Weibull(d,a;),Y ~
Weibull(9, a;). In this case, the stress—strength probability exhibits an integral
representation

a %)
P(Y < X) =1- _1/ tal_le_(tal‘l'l‘az)/l?dt‘
¥ Jo

Likelihood inference, approximate estimation, and Bayesian inference are consid-
ered. The results are applied to the data given in Table 24.1.

Lio and Tsai [613] discussed estimation of R when the data are sampled from a
Burr-XI1I distribution with density functions

fi(t) = Biat* "1+ )P 1> 0,08 >0,i =1,2,

in the presence of progressive first-failure censoring. Then, R is independent of
the common shape parameter ¢ and given as the ratio 8,/(81 + B2). They proved
that, under weak conditions, the MLEs of the distribution parameters uniquely exist.
Plugging this result into R yields the MLE of R. The authors also established
confidence intervals based on Fisher information and bootstrap procedures.

Basirat et al. [180] considered a proportional hazards model with different
proportionality parameters for the population distributions. It includes exponential,
Weibull (with known shape parameter), Pareto, and Burr-XII distributions as special
cases. The stress—strength probability has the form given in (24.1). Then, the
corresponding results are derived along the lines for the exponential distribution.



Chapter 25
Multi-sample Models

25.1 Competing Risk Models

25.1.1 Model and Notation

In competing risk modeling, it is assumed that a unit may fail due to several causes
of failure. For two competing risks, the lifetime of the i th unit is given by

X,‘:mil’l{Xli,le‘}, izl,...,l’l,

where X;; denotes the latent failure time of the ith unit under the jth cause of
failure, j = 1,2. We assume that the latent failure times are independent, where
Xji ~ F;, j = 1,2,i = 1,...,n. This ensures that the distributions of the
latent failure times entirely determine the competing risk model (see, e.g., Crowder
[316], Tsiatis [862], and Pintilie [721]). Additionally, the sample Xi,..., X, is
progressively Type-II censored and it is assumed that the cause of each failure is
known. Therefore, the available data are given by

(Xl:m:ny Cl) l} (XZZm:na CZ) ye ey (Xm:m:na Cm) 5

where C; = 1 if the ith failure is due to first cause and C; = 2 otherwise.
The observed data is denoted by (x1, ¢1), (x2,¢2), ..., (Xm, cpy). Further, we define
the indicators

1, C=j
L€ = 0 ellse '

Thus, the random variablesm; = Y ', 1113(C;) andmy = /L, 1153(C;) describe
the number of failures due to the first and the second cause of failure, respectively.
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Observe that both m| and m, are binomials with sample size m and probability of
success P(X11 < Xz1) and 1 — P(X;; < X»1), respectively. For a given censoring
scheme Z = (Ry, ..., Ry), the joint density function (w.r.t. the measure A" ® #")
is given by (see Kundu et al. [564])

%
fX 'C(Xms Cn)
m

= (TTr) TT[ LAG0Fae)] ™ [ Fie] =

j=1 i=1

x [Fi (xi)fZ(xi)]Ri ]

Denoting by A; the hazard rate of F;, j = 1,2, the density function can be
written as
X C %, ) (25.1)

- (l_[ Vf') l—[ [A1 (e )] B [Ag ()] e () [fl(xi)Fz(x,')]Ri_l—l ’

j=1 i=1

forx; <--- < xp.

25.1.2 Exponential Distribution

Kundu et al. [564] have discussed competing risks for Exp(%};)-distributions,
J =1,2. In this case, the joint density function is given by

FEC (g ) = (ﬁy])ﬁ e exp{ ( ) Z(R +1)z,} (25.2)

j=1

Denotlng by ZZ progressively Type-II censored order statistics from an Exp( +

19%) -distribution and noticing that m, = m — m, the joint density function

factorizes as

2 en) = [ (2) x (ﬁ)’""”l (1 0 il l‘}z)m1

= % (2,) x P(C = o).

This shows that ZZ and C are independent random variables. Therefore, 71, and
the total time on test statistic TTT = Z;":l(Ri + 1)Z;.n.n are independent, too.
Additionally,
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2(3-+ 3)TTT ~ x°(2m) and m ~ bin(m, R), (25.3)
where R = Fp + 5 denotes the stress—strength probability (see (24.1)). Moreover,
representation (25 2) illustrates that (m, TTT) is a complete sufficient statistic.

As pointed out by Kundu et al. [564], the MLEs of ¢, and ¢, existif 0 < m; < m.
In this case, the MLEs are given by

1
= E (Ri + DZip = —TTT, j=1,2. (25.4)
m;

i=1 J

Then, the (conditional) distribution of  ;, given m; > 0, has an explicit expression.
For instance, as shown by Kundu et al. [564], the cumulative distribution function
is given by

Fz?l\m1>0([) _ R)m Z ( )Rl(l R)m_iP<llvTTT < l‘).

Using the distribution given in (25.3), the cumulative distribution function can be
written as

m
FUM=0() = 3 piFpm) (21‘(19% + ﬁlz)t)

i=1

with p; defined appropriately showing that the distribution is a mixture of scaled y>-

distributions. This result yields directly the first two conditional moments of #; as
Y _ 1 1\—1 - Di

E@|m > 0) = m(a + 0—2) Zfs

: 1
i=1

E@3my > 0) = m(m + 1)(3 Z%.

Similar expressions hold for 52, given that m, > 0 (or, equivalently, m; < m).
These results show that the MLEs are clearly biased.

In order to avoid this problem, Kundu et al. [564] considered a different
parametrization of the exponential distributions, i.e., A; = 1/%;, j = 1,2. Then,

R = o + pe —=L— and the MLEs are given by
A= ! =L, j=12
P YL R+ D Zi TTT
These estimators always exist assuming that ;\\j = 0 is a proper value of

the parameter leading to a degenerate exponential distribution. Then, using the
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distribution properties of m; and TTT, we see that 1/ (2()&1 + AZ)TTT) has an
inverse y’-distribution with 2m degrees of freedom. For m > 1 and m > 2, the
mean and variance are given by 1/(2m —2) and 1/[(2m —2)?(m —2)], respectively.
This yields

m

~ 1
EA :mR'2(Al+Az)'2m_2 = m—lkl.

Therefore, ’X’f = ’"7_11\1 is an unbiased estimator of A;. Due to the sufficiency of
(my, TTT), it is the UMVUE of A;. The same arguments lead to the UMVUE of A,.
According to Kundu et al. [564] the variance—covariance matrix of the UMVUE:s is
given by

Cov Y MA (m—14mA/A 1
A5 m(m—2) -1 m—1+mhy/r )"

Again, it is possible to calculate an explicit expression for the cumulative distribu-
tion function of the MLEs. The distributions of the MLEs are binomial mixtures of
scaled inverse y?-distributions. For instance, the cumulative distribution function of
;\\1 can be written as

FR(@) =Y Pni = )P(TTT > i/1)
i=0

= Z (T) R'(1 = R)"™'F p(m)(2i (A1 + A2)/1)
i=0
=1-2 (T) R'(1 = R)" ™ Fppm (i (A1 + 22)/1). (25.5)

i=0

In order to construct a confidence interval for A ;, Kundu et al. [564] assumed that,

= . o . . .
for any A,, F "isa strictly increasing function of A;. However, this can be seen
directly from representation (25.5) using the monotonicity of F,2(,,,), and that

Rl(l _ R)m—i
is increasing in A;, j = 1,2. Then, for fixed A, and ¢ € (0, 1), it follows
that a strictly increasing function c, ), exists with FTI (car,(A1)) = . Due

to the complex structure, the solution has to be computed numerically. Hence,
0, ¢, iz (A1)) provides a 100(1—a)% confidence interval for A;. However, the upper
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limit involves the (unknown parameter) A,. Therefore, Kundu et al. [564] proposed
to replace A, by its MLE or UMVUE. This yields, for example, the approximate
two-sided confidence interval

(i@ @)

Alternatively, approximate confidence intervals can be constructed using the Fisher
information matrix. For instance,

% m 1/A; O
Z7 . C: 1, 2y) =
F(Z7,Ci A1, Ay) A1+Az( 0 m/xz)

and by using a normal approximation. Moreover, Kundu et al. [564] demonstrated
that a bootstrap approach can also be utilized to establish confidence intervals.

Kundu et al. [564] also proposed Bayes estimates of A ; under squared-error loss
assuming that A and A, are independent with gamma priors. Moreover, they showed
that the resulting estimates can be used to construct credible intervals. For more
details as well as a simulation study, one may refer to their work.

Example 25.1.1. Kundu et al. [564] generated a progressively censored mortal-
ity data from a data set originally reported by Hoel [443]. The original data were
obtained from a laboratory experiment in which male mice received a radiation
dose of 300 roentgens. The cause of death for each mouse was determined by
autopsy. Restricting the analysis to two causes of death (reticulum cell sarcoma
= cause 1; other causes = cause 2), n = 77 observations remain in the analysis.
The censoring scheme was given by m = 25 and Z = (2***,4) leading to the
progressively Type-1l censored competing risk sample

(40,2), (42,2), (62,2), (163,2), (179, 2). (206, 2), (222, 2), (228, 2), (252, 2),
(259,2), (318, 1), (385,2), (407, 2), (420, 2), (462, 2), (517,2), (517, 2),
(524,2), (525, 1), (558, 1), (536, 1), (605, 1), (612, 1), (620, 2), (621, 1).

Assuming exponential lifetimes, the estimates for ¥, and 9, are 51 =29082/7 =~
4154.6 and ¥, = 29082/18 ~ 1615.7. For A, and A, the estimates A; =
0.000241 and 12 = 0.000619 result. Notice that the values presented in Kundu
et al. [564] are in error.

Finally, the MLE of the relative risk R is given by

~ xl mi
R = = — =
A+ m




520 25 Multi-sample Models

Obviously, E R = R so that R is unbiased. From the sufficiency of m; we deduce
that R is the UMVUE of R, too.

Remark 25.1.2. Obviously, the preceding results can be directly applied to
Weibull distribution with known shape parameter. Given a Rayleigh distribution,
the MLE of A; is given by

Py R )
Yimi(Ri + X7,

25.1.3 Weibull Distributions

Competing risks with progressively Type-II censored data from Weibull(1/A;, B)-
distributions have been addressed by Pareek et al. [703]. Considering the joint
density function in (25.1), it follows that the log-likelihood function is given by

m
LA, A0, 8) = Zlog)/j +mlogB + milogA; + mologis,
j=1

+(B-1 logx; — (A + 42) Y (R, + Dxf.

j=1 j=1

Defining ’Xj B) = mj/ Z’;’zl xf, Jj = 1,2, and proceeding as in the proof of
Theorem 12.2.1, the log-likelihood is bounded from above by

LB 2a(P). B) =Y logy; +mlogp

=1

+ (B - 1)Zlong —mlogZ(Rj + 1)xf.

=1 Jj=1

This bound coincides with that one for progressively Type-II censored order
statistics from a Weibull distribution as given in the proof of Theorem 12.2.1.

Therefore, the MLE E of B is obtained as the unique solution of equation (12.13).
Hence, A;(B), j = 1,2, are the MLESs of the scale parameters.

Remark 25.1.3. Notice that the density function (25.1) can be written in the
form

X%, ) = X (%) x P(C =),
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where X7 are progressively Type-Il censored order statistics from a Weibull
distribution with scale parameter A| + A,. This is due to the fact that the hazard
rate of a Weibull distribution is given by A;(¢) = X;BtP~!. Therefore, the part
dependent on the data is either included for ¢ = 1 or ¢ = 2. This illustrates
that the quantities m; and m, are independent of X#. Hence, the MLEs and
(my, m,) are independent. Moreover, (m,,m,,X?) forms a sufficient statistic.

Using a log-transformation, Pareek et al. [703] transformed the model to a
location—scale model from an extreme value distribution with the location param-
eters being different but the scale parameter being the same. Then, they derived
approximate MLEs by proceeding as in Sect. 12.9.2.

Example 25.1.4. Pareek et al. [703] analyzed the data presented in Exam-
ple 25.1.1 assuming Weibull lifetimes. Using an iterative solution, they presented
the estimates B = 1.9246, A; = 8.1102- 1077, and A, = 2.0855 - 107°.
The AMLEs vyield the estimates B = 1.9338, A; = 7.6603 - 10~7, and
1\2 = 1.9698 - 107°. Using the observed Fisher information, they also provided
approximate confidence intervals.

The above estimates of B suggest Rayleigh lifetimes. Assuming a Rayleigh
distribution, the estimates of A; as given in Remark 25.1.2 lead to the values

A = 5.07678 x 10~7 and A, = 1.30546 x 107°.

The expected Fisher information can also be obtained in this scenario. This
proceeds analogous to the one-sample case. In particular, the log-likelihood function
can be written as

L(A1, Aa, B) = const + £,,(A1, B) + £(A2, B) — mylog Ay —mylog Ay,

where £,, (-, -) denotes the log-likelihood in the two-parameter setting with sample
size m (cf. (12.14) with A = 1/9). Therefore, the Fisher information matrix in the
competing risk scenario has the following entries:

7, X'%;/\,)L, :ﬂ.E :L,
11( 1,42, 8) )L% mi 00+ A)
7 m m
In(XZ 01,00, B) = — - Emy = ,
2 ( 1,42, 8) 2 my 00 7

T(X7 21, A2, B) = I (X7 41,22, B) = 0,
I5(X7 01 A0 ) = (XA B) + I (X700, B),
Pi3(X7 00,0, B) = F1(X7 00, B),

I3 (X7 1, A2, B) = F1(X7 A2, B).
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The expressions for the Fisher information with two parameters are the Fisher
information in a progressively censored sample from a Weibull distribution with
these parameters and sample size m.

Remark 25.1.5. Bayesian inference for competing risks from Weibull distribu-
tions has been addressed by Kundu and Pradhan [563]. They assumed that the
shape parameter has a log-concave prior density function and that for given shape
parameter, the scale parameters have Beta—Dirichlet priors.

25.1.4 Lomax Distribution

Cramer and Schmiedt [305] discussed the competing risk model for scaled Lomax
lifetimes as an alternative to exponential and Weibull distributions (see also Bryson
[223]) with cumulative distribution functions and hazard rates

1
Fi@t)=1—(0+00) V%) h@t)= 13—(1 +0x)7", >0, =1.2.
J

For % — 0, exponential distributions Exp() result in the limit.
Using the independence of the latent failure times X; and X»;,7 = 1,...,n, the
stress—strength probability is given by

B2
Bi+ B

Applying the identity f; = h; - (1 — F;) for j = 1,2, this yields the likelihood

R=P(Xy; <Xy)=

L@ B Bo) = [T i 7 T(1 + dxyy R/,

j=l1 i=1

where x| < -+ < Xx,,. Using the same argument as in Remark 25.1.3, (m1, m,) and
X7 are independent. Now, Cramer and Schmiedt [305] showed that for given & > 0
and for m, m, > 0, the MLEs of B, and §, exist and can be written as

Bi =B =—= (R +Dlog(l + ¥ Xpwa). j =12.  (25.6)

1
mj v i=1
For ¢ — 0, the expressions lead to those for the exponential distribution given
in (25.4).

If 9 is unknown, Cramer and Schmiedt [305] showed that the MLE of ¢ is
obtained as the value that maximizes the profile log-likelihood
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p(®) = mlog?v —mlog(Z(Rj + 1) log(1 + l?xj)) - Zlog(l +3x;).

Jj=1 Jj=1

It can be shown that p is bounded but the maximum may be attained at zero yielding
the estimate & = 0. This is interpreted in the sense that the underlying distributions
are exponentials. This illustrates that ¥ can be used to construct a test for testing
exponential distribution against Lomax alternatives. For uncensored data, such an
approach has been discussed in Kozubowski et al. [548]. In this case, the MLEs of
B1 and ,32 have the representatlon (25 4).

F0r19>0 the MLE of B, 1s,3,(l9) j = 1,2 (see (25.0)).

Example 25.1.6. The data from Example 25.1.1 have also been discussed in
Cramer and Schmiedt [305]. They found the estimate ¥ =0 showing that
exponential models yield the best fit. Hence, the estimates of 8 and B, are
taken from Example 25.1.1.

25.2 Joint Progressive Censoring

In joint progressive censoring, the sample is based on two baseline samples
Xi,...,X,, (product/Type A) and Yi,...,Y,, (product/Type B) of independent
random variables, where

Xi ~ Fy, Y; ~ F,.
The progressive censoring is applied to the pooled sample
{(Xi,.... X0 Yoo Y}

given a prefixed censoring scheme # € €, . . Moreover, it is assumed that the
type of the failed unit and the types of withdrawn units are known. Therefore, the

sample is given by (C, W#,.7), where

= (Cy,...,Cy) €0, 1},

= (Wl:m:nl-i-nzv ey Wm:m:nl-l-nz)v
Z = (S1.. ) ).

The indicators C; have the value 1 if the failed unit is of Type A, and otherwise
C; = 0. W, denotes the jth failure time in the progressively censored
experiment. Finally, ./ denotes a random censoring scheme. §; is the number of
removed units of Type A in the jth withdrawal. Thus, R; — §; denotes the numbers
of withdrawn units of Type B at the jth censoring step.
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Assuming that F; and F, are absolutely continuous with density functions f
and f5, respectively, the joint density function is given by

R
FEWTT) (e, Wi, S)

Ri—si

= Dlewo) [T [ A7 00) 2 ) FY 00 F

=1

(Wi)],

where w; < .-+ < w,, and D is a normalizing constant. The normalizing constant
D(cp,Sm) is glven by the product D (e, sm)Dz(cm, Sm). Introducing the notation
y](.A) =n - Z’_l(c, + 8i), yj =ny,—YJ21(1 —¢i + R —s;), and y(AB)
ny+n,— Zl = (R + 1) for the number of units of Type A, B, and A/B, respectively,
remaining in the experiment before the jth failure, the factors are defined by

A B
Di(en.sm) = [ Jlejvi® + (1 =)y,
j=1

) yiP =1+,

m (1 N )
Ds(cp.sm) = 1_[ . y(_AB)_R: —.

j=1 j &, )

Notice that y(AB) )/(A) y](B)

Rasouli and Balaknshnan [747] considered inference for joint progressively
censored data from Exp()- and Exp(t},)-distributions extending results for Type-
II right censored data established in Balakrishnan and Rasouli [118]. In this case,
the likelihood function £(19,, ¥,) is proportional to

e
19{“ ﬂ;"_k‘ P o

where k| and k, = m — k; denote the number of observed failures from the X - and
Y -samples, respectively, and

m m
M1=Z(Cj+Sj)Wj, MZZZ(l—Cj+Rj—Sj)Wj.
j=1

=1

Clearly, the MLE of 9, is given by 5j = k—ljU ; provided that k; > 0, j = 1,2.
Rasouli and Balakrishnan [747] obtained explicit but complicated expressions for
the (conditional) moment generating function, the density function, and the survival
function as well as for the mean, second moment, and covariance of the MLEs 5 i»
J = 1,2. Assuming independent gamma priors, they found Bayesian estimates for
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Plane Ordered failure times

7914 35513 14 15 22 22 23 30 36 39 44 46 50 72 79 88 97 102
139 188 197 210

7913 1 411 16 18 18 18 24 31 39 46 51 54 63 68 77 80 82 97 106

111 141 142 163 191 206 216

Table 25.1 Failure times of air-conditioning systems in airplanes 7913 and 7914 taken from
Proschan [730]

Wio 1 3 4 5 5 13 14 15 18 18
Cio 0 1 0 1 0 1 1 1 0 0
S10 1 0 1 2 1 1 1 1 2 0

Table 25.2 Jointly progressive Type-II censored sample that resulted from the data in Table 25.1
withm = 10 and Z = (2*°,23)

¥; and credible intervals. Moreover, different methods of constructing confidence
intervals are also discussed. They also analyzed data generated from Proschan’s
Boeing data as reported in Table 25.1.

Example 25.2.1. Assuming exponential lifetimes, Rasouli and Balakrishnan
[747] analyzed the joint progresswely censored data in Table 25.2. They obtained
the estimates 191 = 62.612 and 192 = 74.23. They also computed the exact 95 %
confidence intervals (25.61, 169.43) and (35.11,225.23), respectively. Alternative
confidence intervals based on other methods and for other censoring schemes are
also presented.

Parsi et al. [713] considered Weibull(@’', B)- and Weibull(®/2, B,)-distri-
butions and presented the likelihood equations and provided computational solu-
tions for the MLEs as well as an extensive simulation study.

25.3 Concomitants

For bivariate 11D data (X1, Y1), ..., (X,, Y,), David [322] introduced the notion of
concomitants of order statistics. The data are ordered w.r.t. the first component
leading to order statistics Xy, < --- < X,.,, while the second component is
accompanying the first one. The value of the second component associated with
X, is called the rth concomitant Y[,.,;. Many results have been established under
various distributional assumptions. For comprehensive reviews, we refer to David
and Nagaraja [326, 327].

In a similar manner, concomitants for progressively Type-II censored order
statistics can be introduced. Suppose (X;,Y;), 1 < j < n, are independent
and have a bivariate density function f. Then, the joint density function of the
concomitants Y[f'{;] = (Ymen]s -+ - » Y[m;m;,,])/ can be written as
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£X0(y) = / PV (3 %00) 57 () d X

Following the same arguments as in Bhattacharya [197], the subsequent conditional
independence result is true (see also Bhattacharya [196] and Yang [932]).

Lemma 25.3.1. Given X# = x,,, the concomitants Yitmn)s o Yimemen) are
independent and identically distributed. The (conditional) joint density function
is given by

SV (g, %) = [T/Gilx). @5.7)

i=1

.. . . XZYZ, . .
The joint density function = "I is given by

i=1

m m
X% Y% —R;i
7Yy = [ [T [ TT/0ibxo) £ F )
j=1
The marginal density function of the concomitants Y[f‘fl] has the representation

Y (y,) = /l_[f(yi|xi)fx'@(xm)dxm. (25.8)

i=l1

Obviously, marginal density functions can be obtained directly from (25.8) by inte-
grating out the corresponding variables. For instance, let 1 <r; <--- <ry < m.
Then,

k
fY[rlimZn]vnsY[rk im:n] (Yk) = / l—[ f(y, |xl‘)fX’13’V‘1”"--erkjmjn (Xk)dxk

i=1

which is given in Izadi and Khaledi [473]. Using (2.28), Bairamov and Eryilmaz
[78] presented the marginal density functions in terms of density functions of
concomitants of minima as

r r

prem) = [ e foldx = ([Ti) 3 2.

i=1 j=1 "/

This formula can be easily applied to compute moments. For instance, Bairamov and
Eryilmaz [78] considered the bivariate Farlie—Gumbel-Morgenstern distribution
with density function

fx,y)=14+a(1-2x)(1-2y), x,y€(0,1),axe(-1,1).
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A direct calculation shows that

r r

N ajrVj — 1
fY[rJnJ?] (y) — 1 + a(l — 2_)/)(1_[ yl) Z L]—
i=1 j=1 Vi Vi !

r Vi
:1+a(1—2y)(1—2| |—) ye(0,1).
i vt

For related results in terms of generalized order statistics based on the Farlie—
Gumbel-Morgenstern distribution, we refer to Beg and Ahsanullah [185].

Izadi and Khaledi [473] studied stochastic orderings of concomitants from pro-
gressively Type-II censored order statistics. Given the assumptions of Theorem 3.2.6
and Remark 3.2.7, they found the properties w.r.t. likelihood ratio order, (reversed)
hazard rate order, stochastic order, and mean residual life order. For instance, let
ny = y1(&),ny = y1(%£). Then, for j <1,

() If f(x,y)is TPy in (x,y), then ¥;7, . <i Y7
(i) If the conditional hazard rate A(y|x) = j _f l("y(l;ﬁx) is decreasing in x, then

4 Z
Y[j:m:nl] Shr Y,

lizm:na]®

25.3.1 Missing Information Principle and EM-Algorithm

Progressively Type-1I censored concomitant data from bivariate normal distributions
with parameter 6 = (uy,ox,My,0y,p) have been considered by Balakrishnan
and Kim [106]. They applied a missing information principle like the one described
in Sect. 9.1.2 to the concomitant data. Let W = (Wy,..., W,,) be the vector of
progressively censored random variables, where W; = (Wji,..., WjRj) denotes
those random variables corresponding to units withdrawn in the jth step of the
progressive censoring procedure. Moreover, let Vi = (V). ..., V},)) be the vector
of corresponding concomitants, where Vi;; = (V). .., V|jr;])- Then, a result
similar to Theorem 9.1.8 has been established by Balakrishnan and Kim [106].
Theorem 25.3.2. Given (X@Yfﬁ) = (X;,Y;), the conditional density function
of (Wi, V). k € {1,..., R;}, is given by

Sfw,v)
1—F(Xj)’

w>x;,veR, (25.9)

ijk,V[,/k]IX?,Y'[?] (wovIxj.y;) = ijksV[jk]‘Xj:m:n (w,v]x;) =

and (Wjk, Vijx)) and (Wje, Vije). k # £, are conditionally independent, given
Xj:m:n = Xj.
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Representation (25.9) yields expressions for the (conditional) moments of the
missing concomitants. In particular, for the bivariate normal distribution, Balakrish-
nan and Kim [106] obtained

EVji) X jumn = X) = iy + poyh(z),
EVii|X janen = x) = 03 (1 + p2h(2)) + 2p0y oy h(@) + 1
EWi Vil X jumn = x) = py (ux + oxh(z))
+ poy (uxh(z) + ox + oxzh(2)),

where z = z(x) = % and h(x) = lf((;()x 5 denote the hazard rate of the standard
normal distribution. These expressions have been used to develop an EM-algorithm
to obtain maximum likelihood estimates of the parameters of the bivariate normal

distribution. For details, we refer to Balakrishnan and Kim [106].

25.4 Progressively Censored Systems Data

Originally, inference for progressively Type-II censored data addresses the popu-
lation cumulative distribution function F of the original sample X1,..., X,, i.e.,
X7 is a progressively censored sample from the cumulative distribution function
F. However, it suggests itself that the original data X, ..., X,, may correspond to
observations of lifetimes of systems. In this case, the system lifetime depends in
some way on the component lifetime cumulative distribution function F.

Example 25.4.1 (First-failure progressively censored data). Wu and Kus
[913] introduced progressive censoring in the presence of first-failure censoring.
Here, the original data can be interpreted as observations from equally structured
series systems with k components. In this case, one has observations of n series
systems with k 1ID components each having a lifetime distribution F'. Therefore,
the system lifetime is given by X; = Yl(jc) =min{Y;i,..., Y}, where Y;; ~ F
denotes the lifetime of the ith component in the jth series system. Hence,
X ..., XZ . is a progressively Type-ll censored sample with censoring
scheme &%, but with lifetime distribution Fy = 1— (1 — F)k. However, inference
is carried out for F and not for Fj.

Extending Example 25.4.1, it is natural to consider lifetimes Xi,..., X, of n
independent systems whose component lifetime cumulative distribution function is
given by F. As an example, we may consider (n — r + 1)-out-of-k systems so that
X; = Yr(fk) is a sample of order statistics. In general, one may consider monotone
systems with structure function ¢ so that the system lifetime Y is given by

Y =¢(Y1,...Yy)

provided that the system has some (I1D) component lifetimes Y7, ..., Y.
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25.4.1 Progressive First-Failure Censoring: Series Systems

As mentioned in Example 25.4.1, progressively Type-II censored order statistics
generated by first-failure censoring can be interpreted as progressively Type-II
censored order statistics from a transformed cumulative distribution function. In
particular, the quantile function of Fy is given by

FE@®)=F(1-01-0"%), te(,1).

Using the quantile representation (2.3.6), we obtain

Xrmm < Fk(_ 1- l_[ Ujl/yj < - 1_[ Ujl/(kyj) , I =r=m.

J=1 J=1

Hence, we can interpret the data as progressively Type-II censored order statistics
from population cumulative distribution function F with parameters ky,, ..., kYn.
The corresponding censoring scheme is given by

S =k + (k—1)(1*), ie.S; =kR; +k—1,j =1,....m.

This connection illustrates that all results obtained for progressively Type-II cen-
sored order statistics can be easily adapted to progressive first-failure censoring.

Therefore, the results of Wu and Kus [913] for the Weibull distribution in the
presence of first-failure censoring parallel those for the Weibull distribution for
standard progressive censoring. The same comment applies to the work on Gom-
pertz distribution by Soliman et al. [817] (see Wu et al. [914]) and to Burr Type-XII
distribution by Soliman et al. [§15,819]. Further papers in this direction are Soliman
et al. [814], Hong et al. [449], Wang and Shi [888], Wu and Huang [912], Lio and
Tsai [613], Ahmadi et al. [18], and Mahmoud et al. [630].

Stress—strength estimation based on the first-failure censored data is considered
in Lio and Tsai [613].

25.4.2 Parallel Systems

For failure data on parallel systems, the structure function is given by ¢(xx) =
maxi<;<k X;. Hence, we consider progressively Type-II censored order statistics
with censoring scheme % and cumulative distribution function Fy = F*. Such a
situation has been considered in Pradhan [726] and Potdar and Shirke [725]. For
instance, Pradhan [726] assumed exponential lifetimes leading to the cumulative
distribution function
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Fe@:) =(1—-e™) >0,

with some A > 0 (see (12.41) but, here, k is known). He then discussed likelihood
inference for A resulting in a nonlinear likelihood equation which has to be solved
numerically. He proposed a Newton—Raphson procedure to compute the estimate.
Moreover, confidence and tolerance intervals are discussed. Potdar and Shirke [725]
generalized this setting by considering a scale family of distributions with standard
member G, i.e.,

Fe(t: 1) = G*(t/)), t>0.

To obtain the MLE, they proposed a procedure based on the EM-algorithm as well
as a Newton—Raphson procedure. As an example, they discussed the half-logistic
distribution.

It is obvious from the model assumptions that the related inference can be seen
as that of progressively Type-II censored order statistics from an exponentiated
distribution, where the shape parameter k is supposed to be known. In this setting,
Asgharzadeh [62] discussed approximate MLEs for the exponentiated exponential
distribution so that his results can be applied to parallel systems.



Chapter 26
Optimal Experimental Designs

The problem of finding optimal elements of ', has been discussed in many setups
since the problem was first addressed in Balakrishnan and Aggarwala [86] (see also
Sect. 10 in Balakrishnan [84]). Many optimality criteria have been proposed, and
many results on optimal censoring designs have been established. In particular,
given some optimality criterion, Burkschat [228] has established general results
using stochastic orders of the underlying progressively Type-II censored samples.
Balakrishnan and Aggarwala [86] and Burkschat et al. [235,237] obtained optimal
censoring designs in terms of minimum variance of best linear unbiased estimators.
Ng et al. [689] considered minimum variance criteria for maximum likelihood
estimates for Weibull distributions. Precision of quantile estimates is considered
in Balakrishnan and Han [98], Kundu and Pradhan [562], Pradhan and Kundu
[727], and Pareek et al. [703]. Fisher information in a progressively Type-II
censored sample is addressed in Balakrishnan et al. [140], Abo-Eleneen [6], Pareek
et al. [703], and Cramer and Schmiedt [305]. Further approaches on optimal
experimental design in progressive censoring are discussed in Hofmann et al. [444]
and Burkschat [227].

Here, it is assumed that progressive Type-II censoring is carried out by design.
The experimenter may fix an appropriate censoring plan prior to the start of the
experiment. Furthermore, we assume that n > m units are available for test and that
m failure times have to be observed so thatn —m = Z;’Ll R; (surviving) units need
to be withdrawn from the experiment. The crucial question is

How should the experimenter choose the censoring numbers Ry, ..., R,,?

A general answer to this problem cannot be expected. In particular, it turns out that
the optimal designs depend heavily on both the optimality criterion to be used and
the distributional assumption made.

Given an optimality criterion, it is clear that an optimal censoring scheme exists
in any case because the optimization is based on a finite number of schemes only.

But, since the set of admissible schemes 4, has (:;ll) elements (see (1.5)), it

n—l) n—>o00 pm—l
~

ol = that enumeration will not work

follows by the approximation (
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even for moderate values of n and m. In particular, a sample size of n = 100
and m = 20 observed failure times will lead to more than 10%° possible schemes.
This illustrates the need for some mathematical theory to tackle this optimization
problem.

Although the number of schemes grows fast, the structure of €' is quite nice.
The convex hull of €, forms a simplex of dimension m — 1 in R™ whose vertices
are given by the OSPs 0, ..., 0,,. This shows that the one-step censoring plans
are extremal points of the set of admissible schemes which are of particular interest
in optimization with regard to this set. In particular, this observation explains why
one-step plans turn out to be optimal in many situations. Before going into further
details, we will discuss a general approach of finding optimal censoring designs as
it can be found in Burkschat [228].

26.1 Preliminaries

First, we formulate the problem as a mathematical optimization problem.

Definition 26.1.1. A mapping ¢ : ¢’ —> R is said to be an optimality
criterion. A censoring scheme . is said to be y-optimal if

Y(S) = min Y (Z). (26.1)
REEC,

It is clear from the above definition that we can consider maximization instead
of minimization. This problem is included by choosing —y instead of { so that
the corresponding solution of the maximization is —y-optimal. Therefore, we can
restrict ourselves to the minimization problem, having in mind obvious changes.

A first, but very effective property, in determining optimal solutions results from
a partial ordering on %), introduced in Definition 7.1.9: For #, .¥ € €,

m,n>

Recalling that
Op=0"""n—-m<xZ<n—-—m0" " =0, (26.2)

(see Lemma 7.1.11), we get the following result.

Theorem 26.1.2. If ¥ has some monotonicity properties w.r.t. <, then &) or
Oy, are Y- or —y-optimal.

This result illustrates that first-step- or right censoring will be optimal provided
that the objective function exhibits some monotonicity properties w.r.t. the partial
ordering <. As can be seen subsequently, this result is a powerful tool to find V-
optimal experimental designs.
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Another important tool in tackling the optimization problem is the following
reformulation. The optimization problem may be rewritten by replacing 4", b
the set (see (1.4))

G ={2 ) EN"Hn >y >y, > 10

Denoting the number of objects remaining in the experiment before the censoring
steps by yx(Z) = ZT:/((R/' + 1),k =1,...,m (see (1.2)), and the corresponding
vector by y (%), we have a one-to-one correspondence y (%) < Z%. Namely, we
have the linear transformation

111 ---1
o1 1 ---1
y(%)=A(%+]1m) withd— |00 1.1
0cenve- 01

Moreover, the image of this mapping is given by

G =1y ym) EN" >y > >y, > 1)

Notice that the first component must equal n. Since A is a regular matrix, we define
k by the inverse relation

Z=k(y#®)=A4"y%) -1

Hence, the optimization problem (26.1) is equivalent to the following problem,
where v is replaced by ¢ = ¢ o k:

V(@) = Juin 10(7(«9?))— (nin V().

*
mn gmn

Obviously, the optimization process depends only on y», ..., ¥,. In many cases, it
is easier to solve the minimization problem

v(y*) = m{;}fﬂlﬂ(}') 2,...,13,,3?e%_ﬁ(("”’2“””””))

than (26.1). Then, the optimal plan is computed from the relation & = «x(y*).
Introducing the componentwise ordering

Y(Z)>y(Y) = n(RB)>w(L). k=1,....m

as a partial ordering on ¢ , this shows

m,n?

X< = y(Z)=>y(). (26.3)
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26.2 Probabilistic Criteria

Burkschat [228] considered several criteria based on the experimental time X% .
of a progressively Type -IT censored experiment and on the total time on test statistic

T = Zm (R + HXZ :m:n- The results are based on stochastic orderings of the

involved random variables. The crucial result used for experimental time X% o 18
based on the following stochastic ordering result due to Burkschat [228] (see also

Balakrishnan et al. [140] and Dahmen et al. [320]).
Lemma 26.2.1. Let 1 < j <m and .%¥ < Z. Then,

X7 < X7 (26.4)

J m:
(26.4) implies with j = m

XZ <« X . providedthat.” < Z.

m:n

Hence, we readily get the ordering (cf. Lemma 7.1.11)

XOn Xz

mimin st

i Sst X;flm n (26.5)
which in turn implies the ordering of the expectations EXf%:n < EXmﬂ o =
EX ,;?‘m.n. This yields the following theorem due to Burkschat [228].

Theorem 26.2.2. Let (%) = EXmmn denote the expected experimental
time. Then, the unique optimal censoring plan is given by &,,, i.e., right censoring
yields the shortest expected experimental time. Moreover, ¥ (&,,) is decreasing
in n and increasing in m.

The result tells us that if we wish to finish the experiment in shortest (expected)
time, then we have to conduct the experiment according to right censoring which is
quite intuitive. Alternatively, we may consider the probability that the experiment
will be finished with high probability before a given threshold 7'. In this case, we
are naturally interested in identifying the censoring plan minimizing the probability
P(XZ emen > T). As can be easily seen, everything to solve this problem is already
done. The solution is directly connected to the stochastic ordering given in (26.5),
and we get the following result. It is worth mentioning that 7" may also be a random

variable independent of X e

Theorem 26.2.3. Let (%) = P(XZ,., > T) with a given threshold T. Then,
the optimal censoring plan is given by &),, i.e., right censoring yields the smallest
exceedance probability. Moreover, ¥ (&,,) is decreasing in n and increasing in m.

Burkschat [228] also considered the variance of the experimental time ¥ (%) =
Var XZ . as an optimality criterion. He established a result for DFR distributions

which is based on the dispersive ordering of the experimental time. In particular,
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given that the baseline distribution is DFR, the following result can be established
along the lines of Theorem 3.4 in Hu and Zhuang [457].

Lemma 26.2.4. Let F be a DFR distribution. Then, . < % implies

Z . 7
Xm:m:n Sd'SP Xm:m:n‘

(26.6)

Proof. Let . < %. Then, we get from (26.3) the ordering y () > y (%) so that
() <p Y(Z). From Theorem 3.2.11, we then conclude the dispersive ordering
in (26.6) O

Since dispersive ordering implies ordering of variance (see Shaked and Shan-
thikumar [799]), we obtain the following result. For the uniqueness part, we refer to
Burkschat [228].

Theorem 26.2.5. Let F be a DFR distribution and (%) = Var XZ, . . Then,
the unique optimal censoring plan is given by &, i.e., right censoring yields the
smallest variance of the experimental time. Moreover, ¥ (&,,) is decreasing in n

and increasing in m.

As noted by Burkschat [228], the entropy of X7 .. ie., (X2 .) =
—Elog fiumn (X;ffm:n), may also serve as a measure of uncertainty. As shown
by Oja [695, p. 160] (see also Ebrahimi et al. [346]), entropies of dispersively
ordered random variables are ordered, too. Therefore, Lemma 26.2.4 yields the
corresponding result for (X2, ).

Finally, Burkschat [228] has addressed the total time on test statistic

m
T = Z(R] + 1)X}'6/:?m:n
j=l

with regard to both minimal expectation and minimal variance. In Theorem 4.7 of
Burkschat [225], he presented an optimality result for the expected time on test
provided that the population distribution is either IFR or DFR. In order to establish
this result, he used the alternative expression in terms of spacings

T% = Z Vi (‘@)(Xjﬂmn - ngf—l:m:n)’

j=1
where X7 .= 0. The proof is based on the multivariate stochastic order of nor-
malized spacings (see Theorem 3.2.29) as given in Theorem 4.5 of Burkschat [228].
Theorem 26.2.6. Let ¥(#) = ET? = YR+ l)Engfm:n denote the
expected total time on test. Then, the unique optimal censoring plan is given by
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(i) O, i.e., right censoring yields the shortest total time on test if F is
a DFR-distribution function. Moreover, ¥ (0,,) is decreasing in n and
increasing in m;

(i) O}, i.e., first-step censoring yields the shortest total time on test if F is an
IFR-distribution function. Moreover, ¥ (&)) is increasing in both n and m.

It is worth mentioning that in the case of exponential distribution—which is both
IFR and DFR—the expected total time on test does not depend on the censoring
plan. Thus, any censoring scheme yields the same expected time.

In case of the variance of the total time on test statistic, i.e., ¥ (%#) = Var(T%),
Burkschat [228] also obtained an optimality result provided that F is a DFR-
distribution function and that S¢ as given in (3.9) exhibits a convex derivative. In
that case, right censoring &), is also optimal. Moreover, he showed that ¥ (&,,) is
decreasing in n and increasing in m1.

26.3 Precision of Estimates

Precision of estimates as an optimality criterion was suggested by Balakrishnan and
Aggarwala [86]. Suppose we are interested in a quantity 8 which could be estimated
by an estimator 0. Then, it is recommended to identify a censoring plan such that
the mean squared error of 9 is as small as possible. This yields the optimization
problem

V(%) = MSE(®) —> min

REC),

In order to solve this problem at least numerically, the objective function must be
calculable for any censoring scheme Z. A closed-form expression is, of course,
preferable. We follow the approach of Balakrishnan and Aggarwala [86] and
present results based on best linear unbiased estimates in location—scale families
of distribution. Results for location families or scale families are just mentioned.
According to (11.1), we assume a location—scale family

T = {F(_T’u)‘,u eR, % > 0},

where F is a given continuous distribution with mean zero and variance one. Thus,
the BLUEs [i y and §LU are used in the estimation process. The optimization
problem is based on the variance—covariance matrix of these estimators, i.e., on
the matrix

92 (X' —b' 271
7922 % - — )
A= (—b’ZJ‘l]l ]1’2—1]1)
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where A = 1’2 "IV X ~'b — (1’27'b)%, b = EY#, ¥ = Cov(Y¥), and Y#
forms a progressively Type-II censored sample based on the standard member F
(see Sect. 11.1.1). Notice that the variance—covariance matrix is proportional to
X (#) which does not depend on the unknown parameters. It should also be men-
tioned that the same comment applies to criteria considered subsequently. Therefore,
we may take # = 1 without loss of generality. Therefore, the optimization problem
can be defined via some function ¢ defined on the set of all admissible matrices

Sun = {Z(RB)R € C" ) ie.,
V(%) = ¢p(Xx(X)) — glin-

The solution of this problem depends heavily on the choice of ¢ and, thus, a general
solution will not be possible in most cases. However, if ¢ exhibits some monotonic-
ity properties w.r.t. the matrices contained in S, ,, a general result will be possible.
For nonnegative definite matrices, the so-called Lowner ordering(see Pukelsheim
[733]) can be utilized to find such a general characterization.

Definition 26.3.1. Let A, B € R™" be nonnegative definite matrices. Then,
A is called smaller than B in the Léwner ordering (A <. B) if B— A is a
nonnegative definite matrix.

Therefore, the problem can be solved in the family of objective functions ¢ which
exhibits some monotonicity properties with respect to Lowner ordering provided
that extremal elements exist in the set S, ,. Such a result can be obtained in the case
of generalized Pareto distributions (see Sects. 11.2.2 and 26.3.2).

We now introduce some particular functions ¢ discussed in this section:

(i) A wide class of criteria can be defined by considering the objective function
$u(Z4(R)) = d' Zs(R)a

for some given @ € R? \ {0}. Notice that this approach means to minimize the

variance of a’ (%LU) which is an unbiased estimator of a’(’j). Choosing @’ =
LU

(1,0) or @’ = (0, 1) corresponds to minimizing the variance of iy and 5|_U,
respectively.

An important example is given by the estimation of quantiles in the
location—scale setting. Suppose we are interested in estimating the pth quan-
tile. Then, the BLUE of &, is given by

Ep =+ F<(p)dw.

Hence, @’ = (1, F< (p)) has to be used in the minimization process.
(ii) Another optimality criteria is given by the trace of X (%), i.e.,

¢ (24(R)) = w(2x(X)).
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Using the terminology from experimental design in regression models, such an
optimal censoring plan is referred to as A-optimal.
(iii) In a similar fashion, we may consider the determinant of X (%), i.e.,

P(Zx(Z)) = det( 2 (7).

Such an optimal censoring plan is referred to as D-optimal.

These criteria have a monotonicity property with regard to the Lowner ordering.
Namely, if a censoring scheme Z* exists such that Xy (Z*) < Yy« (Z) for all
X € €, ,, then Z* is optimal for any of these objective functions. Further criteria
will be defined later. Notice that the results will be numerical in nature except for

generalized Pareto-distributions.

26.3.1 Exponential Distribution

For the exponential distribution, the matrix X (%) is given by (see (11.7))

S R) = - (’” _”).

n2(m—1) \—n n?

Obviously, this matrix does not depend on the censoring scheme employed.
Therefore, any censoring plan yields the same value of the objective function and,
thus, is optimal in the above sense. The same comment applies to the variances of
the BLUE:S in the location and scale cases, respectively.

26.3.2 Generalized Pareto Distributions

Burkschat et al. [235,237] have addressed a location—scale family of generalized
Pareto distributions which includes exponential, Pareto, and reflected power dis-
tributions (see Definition A.1.11). Since the exponential distribution has just been
discussed, it is excluded from the following presentation of the material. Hence, we
have to deal with the location—scale family

Fy = {F(_T’u) ‘f(t) = (1—sgn(g))"4,t > 0,1 > sgn(g)t, u € R, 9 > O},

where sgn(q) denotes the sign of g # 0. In this case, the matrix of interest is given
by (see Theorem 11.2.4)

()= 9 ( v —sgn(q)(¥ + %)) |

Y (n+2q)n—(n+2q)* \ - sgn(q)(d’—f—%) 11/_}_(’“;#
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where ¥ = Z;’;l ]_[,{=1 (1 + )2/_2) It is obvious that X, (%) depends on Z only
via the quantity ¥ so that we can write X« (%) = S(¥). Now, Burkschat et al. [237]
obtained the following ordering result which relates the Lowner ordering on the set
Sm.n to the ordering of ¥.

Lemma 26.3.2. Let ¥, ¥, > "':i be real numbers. Then,
U > & SW) 2L SW).

Notice that y (#) > y () implies that

1) Y(Z) <V¥(¥),ifq > 0, and
(i) (%) =¥ (S),ifqg < 0.

In particular, we conclude that Z < . yields ¥(#) < ¥ (¥) for ¢ > 0 and
U(Z) > V() for g < 0, respectively. Combining these findings, we get Z <
- which implies Y\ (Z) =L Xu(F), q > 0, or Xi(Y) 2L Zu(Z#), q < 0.
Recalling (26.2), this yields the following result due to Burkschat et al. [237].

Theorem 26.3.3. For any objective function ¢ increasing w.r.t. < on S, the
following assertions hold:

(i) If ¢ > 0, then & is ¢-optimal. This case includes the uniform distribution
forg =1;

(i) If ¢ <0, i.e., for Pareto distributions, then &, is ¢-optimal provided that
n—m+14+2g >0.

Moreover, for ¢ > 0, the worst scheme is given by &), whereas 0, is worst for
q <0.

Notice that the additional condition for Pareto distributions ensures the existence
of involved moments. In particular, it guarantees the existence of the BLUEs for any
censoring scheme % € €, ,.

Burkschat et al. [237] applied the so-called ¢,-criteria or matrix means
used in experimental design in regression models to the optimization problem
(cf. Pukelsheim [733, Chap. 6]). Let TAT’ be the spectral decomposition of X' (%)
and let X, (#)? = TAPT’ with A? = diag(ALx. Af;in). Amaxs Amin > 0 denote the
maximum and minimum eigenvalues of X4 (%), respectively. Then, ¢, is defined as

1 1/p
p(Zx (X)) = (5 tf(z*(@)p)) ., p#0.

Taking the limits p — 0 and p — o0, we get the following supplementary
criteria:

Po(Zx(A)) = lim ¢, (2:(#)) = v det Zu(%),
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Poo( () = lim_¢p(Zu(R)) = Amax(Za (),

-0 (Zx(X)) = pErEloo Op(Zx(Z)) = Amin(Zx(Z)).

Remark 26.3.4. Using the spectral decomposition, it is easy to see that ¢, is a
function of the eigenvalues only. Thus, we write ¢,(Amax, Amin) instead and get
the identity

M + A2 N7
@p(/\ma)u Amin) = (Tmm) ., p#O.

For p = 0, we get

(pO(AmaXv Amin) =V A'makain‘

Obviously, the proposed criteria can be interpreted as means of the eigenvalues.
For p = 1, we get the arithmetic mean which corresponds to the trace of X, (%).
Hence, optimization w.r.t. ¢; yields A-optimal censoring schemes. For p = 0,
we have the geometric mean. This objective function leads to the same optimal
censoring plans as the determinant of X (%), and we thus arrive at D-optimal
designs. Finally, p = —1 corresponds to the harmonic mean of the eigenvalues.

Now, taking the Lowner ordering established in Theorem 26.3.3 into account
and using the fact that the ¢,-criteria are isotonic w.r.t. the Lowner ordering
(see Pukelsheim [733, Sect. 5.5]), we arrive at the following result obtained by
Burkschat [228]. It should be noted that the proof in the original paper proceeds
by showing the monotonicity directly without using monotonicity properties of ¢,
on S, , (see also Burkschat et al. [235]).

Theorem 26.3.5. Let p € [—00,00]. Then,

(i) If ¢ >0, then O} is ¢,-optimal. This case includes the uniform distribution
forqg =1;

(i) If ¢ <0, i.e., for Pareto distributions, then &, is ¢,-optimal provided that
n—m+1+42qg >0.

Example 26.3.6. Burkschat et al. [237] have considered the censoring plans
given in Table 26.1. They have computed the trace and determinant of the
variance—covariance matrix for uniform, reflected power (¢ = 2), and Pareto
distributions (¢ = —%) The plots given in Figs. 26.1-26.3 illustrate the
characteristic behavior of the repeated measurements for increasing sample size n.

Figures 26.1-26.3 indicate that the choice of the employed censoring plan
may highly influence the value of the objective function. The gain in efficiency of
the optimal scheme w.r.t. other schemes may be significant. Suppose a reflected



26.3 Precision of Estimates 541

Symbol Censoring scheme
0o

(117210’ 0*8’ 117210)
n—10*10
( )

10
(0*4’ n—lO’ n—210’ 0*4)

2
0

<< O o p

Table 26.1 Symbols and censoring schemes used in the plots presented in Figs. 26.1-26.3 with
m=10,n > 10

trace

10- 102 10 -

810> + 8-

6102 6-

4100 + 4.

2100 1+ 2.

0-102HHHHH” 0 -
0 10 20 30 40 50 60 70 80 90100 0 10 20 30 40 50 60 70 80 90100

(@) (b)

Fig. 26.1 Trace and determinant for censoring schemes given in Table 26.1 for uniform distribu-
tion (¢ = 1) . (a) Trace of censoring schemes. (b) Determinant of censoring schemes

trace det
10-10> 20 - 10°
8-10> ; 16-10°
6-10° 1 12-10°
4-102 4+ 8- 10°
2-10% 4-10°
0-10? = A 0-10° A
0 10 20 30 40 50 60 70 80 90100 0 10 20 30 40 50 60 70 80 90100
(@) (®)

Fig. 26.2 Trace and determinant for censoring schemes given in Table 26.1 for reflected power
distribution. (¢ = 2) (a) Trace of censoring schemes. (b) Determinant of censoring schemes

power distribution, i.e., ¢ > 0, is given. Figure 26.2 shows that trace and
determinant of the optimal censoring scheme &) are decreasing in n. However,
this is not necessarily true for other censoring plans employed. It is even worse as
shown in Fig. 26.2a: The trace may increase if an unfavorable censoring plan is
chosen. Thus, increasing the sample size # may not result in a better precision.

For Pareto distributions, the plots are decreasing in n for any considered
censoring scheme. Thus, a higher sample size n improves the precision of the
estimators. However, considering the trace as an optimality criterion, choosing
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trace

21-10° 20

19-10> - 16

17-10> - 12-

15-10% 8-

13-10° 4.

11-10? 1 . 0- '

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
(@ (b)

Fig. 26.3 Trace and determinant for censoring schemes given in Table 26.1 for Pareto distribution.
(g = —%) (a) Trace of censoring schemes. (b) Determinant of censoring schemes

the optimal plan &,, yields a gain in precision of more than 70 % in comparison
to the worst censoring scheme &). Further plots with ¢ € {%,4} are presented
in Burkschat et al. [237].

Remark 26.3.7. Results similar to those presented above have been established
by Burkschat [227] using BLEEs of the unknown parameters. In Theorem 2.1, he
proved a result similar to Lemma 26.3.2 for the mean squared error matrix. With
this result, the same machinery as above can be applied. Finally, Theorems 26.3.3
and 26.3.5 hold for BLEEs, too. Additionally, uniqueness of the optimal censoring
schemes is proved. Moreover, a multi-sample situation is discussed.

Remark 26.3.8. In the one-parameter settings, the same results can be estab-
lished depending on the sign of the parameter g (see Burkschat et al. [235]).

26.3.3 Extreme Value Distribution

Optimal censoring schemes for the extreme value distribution (Type I) are reprinted
in Table 26.2. Results for the extreme value distribution (Type II) are presented
in Table 26.3. Similar tables are given in Balakrishnan and Aggarwala [86,
pp- 200-210].

26.3.4 Further Distributions

Ng et al. [689] discussed A- and D-optimal censoring schemes for the
Weibull distribution. Computational results on optimal censoring plans are
provided. Tables for normal and log-normal distributions are presented in
Balakrishnan and Aggarwala [86].
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nl/m 2 3 4 5 6 Criterion
15 13,0 12,0,0 11,0,0,0 0,10,0,0,0 0,9,0,0,0,0 D (1st)
0.208880 0.070079 0.037306 0.023838 0.016252
12,1 11,1,0 10,1,0,0 10,0,0,0,0 1,8,0,0,0,0 D (2nd)
0.270716 0.076208 0.038309 0.023859 0.016300
0.061836 0.006128 0.001003 0.000021 0.000048 A
13,0 12,0,0 11,0,0,0 10,0,0,0,0 9,0,0,0,0,0 A (1st)
1.658801 0.683595 0.443825 0.338027 0.277645
12,1 11,1,0 10,1,0,0 9,1,0,0,0 8,1,0,0,0,0 A (2nd)
2.234228 0.751833 0.458666 0.341474 0.277809
0.575427 0.068237 0.014841 0.003447 0.000163 A
20 18,0 17,0,0 16,0,0,0 0,15,0,0,0 0,14,0,0,0,0 D (1st)
0.188199 0.062780 0.033494 0.021174 0.014388
17,1 16,1,0 15,1,0,0 1,14,0,0,0 1,13,0,0,0,0 D (2nd)
0.242727 0.068257 0.034400 0.021208 0.014426
0.054528 0.005477 0.000906 0.000034 0.000037 A
18,0 17,0,0 16,0,0,0 15,0,0,0,0 14,0,0,0,0,0 A (1st)
1.718838 0.688633 0.440165 0.331886 0.270708
17,1 16,1,0 15,1,0,0 14,1,0,0,0 13,1,0,0,0,0 A (2nd)
2.309064 0.760167 0.456499 0.336229 0.271469
0.590226 0.071534 0.016334 0.004343 0.000761 A
25 23,0 22,0,0 21,0,0,0 0,20,0,0,0 0,19,0,0,0,0 D (1st)
0.173793 0.057758 0.030885 0.019333 0.013115
22,1 21,1,0 20,1,0,0 1,19,0,0,0 1,18,0,0,0,0 D (2nd)
0.223363 0.062796 0.031732 0.019364 0.013145
0.049570 0.005038 0.000846 0.000030 0.000029 A
23,0 22,0,0 21,0,0,0 20,0,0,0,0 19,0,0,0,0,0 A (Ist)
1.760666 0.692381 0.438124 0.328188 0.266467
22,1 21,1,0 20,1,0,0 19,1,0,0,0 18,1,0,0,0,0 A (2nd)
2.358473 0.765834 0.455397 0.333120 0.267633
0.597807 0.073454 0.017273 0.004932 0.001166 A
30 28,0 27,0,0 26,0,0,0 0,25,0,0,0 0,24,0,0,0,0 D (1st)
0.162972 0.054020 0.028950 0.017963 0.012175
27,1 26,1,0 25,1,0,0 1,24,0,0,0 1,23,0,0,0,0 D (2nd)
0.208880 0.058735 0.029754 0.017989 0.012199
0.045908 0.004715 0.000804 0.000027 0.000024 A
28,0 27,0,0 26,0,0,0 25,0,0,0,0 24,0,0,0,0,0 A (Ist)
1.791522 0.695133 0.436760 0.325642 0.263531
27,1 26,1,0 25,1,0,0 24,1,0,0,0 23,1,0,0,0,0 A (2nd)
2.393159 0.769775 0.454670 0.330992 0.264993
0.601637 0.074641 0.017911 0.005350 0.001462 A

Table 26.2 A- and D-optimal censoring plans for selected values of m and n for extreme value
distribution (Type I). The values in small font denote the values of the criteria for the particular
censoring scheme. The row A contains the difference between the best and second best censoring

schemes
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nl/m 2 3 4 5 6 Criterion
15 11,2 9,0,3 6,0,0,5 0,5,0,0,5 0,3,0,0,0,6 D (1st)
0.054830 0.025563 0.016220 0.011619 0.008976
12,1 8,0,4 5,1,0,5 1,4,0,0,5 0,2,1,0,0,6 D (2nd)
0.055175 0.025601 0.016228 0.011630 0.008980
0.000345 0.000037 0.000007 0.000011 0.000004 A
12,1 9,0,3 7,0,0,4 5,0,0,0,5 3,0,0,0,0,6 A (1st)
1.005610 0.511761 0.353150 0.275009 0.228228
11,2 10,0,2 8,0,0,3 6,0,0,0,4 3,0,0,0,1,5 A (2nd)
1.008464 0.512453 0.353706 0.275378 0.228463
0.002854 0.000692 0.000555 0.000369 0.000234 A
20 16,2 13,0,4 9,2,0,5 0,10,0,0,5 2,5,0,0,0,7 D (1st)
0.043318 0.020091 0.012710 0.009044 0.006974
15,3 14,0,3 10,0,0,6 0,9,0,0,6 0,2,0,5,0,7 D (2nd)
0.043747 0.020141 0.012710 0.009047 0.007012
0.000429 0.000050 0.000000 0.000003 0.000038 A
16,2 14,0,3 12,0,0,4 10,0,0,0,5 2,5,0,0,0,7 A (1st)
1.012956 0.506423 0.345463 0.266433 0.223349
17,1 15,0,2 11,0,0,5 9,0,0,0,6 5,2,0,1,4,2 A (2nd)
1.015150 0.508953 0.346811 0.266986 0.223717
0.002194 0.002530 0.001348 0.000553 0.000368 A

Table 26.3 A- and D-optimal censoring plans for selected values of m and n for extreme value
distribution (Type II). The values in small font denote the values of the criteria for the particular
censoring scheme. The row A contains the difference between the best and second best censoring
schemes

26.4 Maximum Fisher Information

Fisher information as a criterion for optimal progressive censoring has been intro-
duced in Ng et al. [689] to identify optimal censoring schemes for a two-parameter
Weibull distribution (see Sect. 26.4.2). They handled the problem computationally
by using the missing information principle (see Sect. 9.1.2). Balakrishnan et al.
[140] picked up the idea of optimal Fisher information by exploiting the hazard
rate representation of Fisher information in progressively Type-II censored samples.
This approach leads to some explicit results and also provides a computationally
more efficient approach to address the problem. First, we present results for the
single parameter case.

26.4.1 Single Parameter Case

Let F = {Fyp|6 € ® < R}. To begin, it is worth mentioning that if F forms
an exponential family as in (2.12), i.e., Fo(x) = 1 — e @9 then, according
to (9.11), the Fisher information about 6 is given by
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m
n*(0)

and is therefore independent of the censoring plan. Therefore, all censoring schemes
yield the same information about the parameter and, thus, are optimal w.r.t. Fisher
information. Examples of such distributions are, for instance, exponential distri-
bution (scale parameter), extreme value distribution (location parameter), Weibull
distribution (scale parameter), and Pareto distribution (shape parameter).

Using representation (9.1) obtained by Zheng and Park [943] and the results for
Fisher information in a location or scale family, Balakrishnan et al. [140] showed
that the optimal censoring plan can be calculated w.r.t. the standard member of the
population distribution. In particular, they found the following result. The proof
proceeds by using the partial order < on %, introduced in Definition 7.1.9 and

m.,n
some stochastic ordering result obtained by Burkschat [228].

Theorem 26.4.1. Let wy be defined by

I (X7 0) = [ (0))*

2
X {% log)kg(x)} . (26.7)

Then,

(i) Right censoring &,, = (0*"~!, n — m) has maximum Fisher information if
wy is decreasing in 0;

(ii) First-step censoring &) = (n —m,0*"~1) has maximum Fisher information
if wg is increasing in 6.

Applying this result, Balakrishnan et al. [140] established that wy is decreasing
for location families with log-concave hazard rate function. This applies to location
families based on either a normal or a logistic distribution. Cramer and Ensenbach
[293] showed that the same argument applies to a location family of Gumbel
distributions.

For scale families, an analogous criterion can be formulated by considering the
function w defined as

w(t) = tA()/A@), t>0, (26.8)
where A denotes the hazard rate of the standard member in F. In particular, a
decreasing w yields right censoring to be optimal. An example for a distribution

satisfying this condition is given by a log-concave hazard rate function A introduced
by Block and Joe [207] (see also Pellerey et al. [715]). It is defined by

t
A(t) = —— +1log(1+1¢), t=>0.
()= 7= +log(l +1), 1=
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Notice that the corresponding cumulative distribution function F is given by F(t) =
1 —(1+1¢),t > 0,showing that F does not form an exponential family.

For an increasing function w given in (26.8), first-step censoring is optimal.
A sufficient but not necessary condition for w to be increasing is log-convexity of
the hazard rate A. Examples for such distributions are given by a scale family of
truncated extreme value distributions with cumulative distribution function F given
by F(t) = l—exp{l—e'},t > 0, and a family defined by the cumulative distribution
function F with F(t) = 1 —exp{—t3/6 —t>/2—1t},t > 0.

Although many distributions satisfy the above criteria, some do not. For instance,
scale families of extreme value and normal distributions (or shape families of
Weibull distributions) do not satisfy the aforementioned conditions. In these cases,
almost only computational results are available.

Balakrishnan et al. [140] found the following expression for the Fisher infor-
mation in a scale parameter of an extreme value distribution given by Fy(x) =
1 —exp{—e®*}, 8 > 0. They used the expression

629 (X% 0) = — +Z(yl Yi+1)Ci IZ (y— 1 +logy;)*

i=1 j=1

to compute the Fisher information for any censoring scheme %. Alternatively, (9.12)
may be used. The computations suggest that one-step plans are optimal. Moreover,
as indicated in Table 26.4, optimality moves quite regularly from first-step censoring
0 to right censoring &,,,. A similar behavior is observed for a scale family of normal
and logistic distributions, respectively (see Tables 26.5 and 26.6).

These observations lead to the so-called one-step conjecture meaning that in
many settings one-step censoring schemes are optimal plans. From a heuristic point
of view, this seems to be quite reasonable because the convex hull of %, forms a
simplex and, thus, is a convex set. Moreover, its vertices are admissible and given
by the one-step plans (see Sect. 1.1.1 and Fig. 1.3). If the objective function has
some nice properties, e.g., convexity, the maximum is attained at the border of
the convex hull so that the one-step plans are reasonable candidates for maximum
Fisher information. As far as we know, there is only a proof for the extreme value
distribution with m = 2 (see Balakrishnan et al. [140, Theorem 4.3]).

Optimal One-Step Plans

Due to the relevance of one-step plans in the above optimization problem, Balakrish-
nan et al. [140] established simple formulas to determine the Fisher information in a
progressively Type-1I censored sample for such censoring schemes. Following Park
[704], the Fisher information in the complete sample X1, ..., X,, can be split into
the part contained in the first k order statistics X7.,, . .., Xi., and a remaining part as
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Fisher information

(in units of 1/6%)
n OSP RC
ny,...,np OSp ni nyp ni ny
3,...,10 0 38 6.6 3.1 6.5
11,...,1000 0O, 7.1 744 7.1 744
4,...,10 2 57 81 45 7.0
11,...,19 Oy 85 123 7.6 122
20,...,300 O3 12.7 63.2 12.7 63.2
5,...,10 0 76 95 6.0 7.3
11,...,19 %) 9.9 137 79 129
20,...,28 %) 14.1 18.0 13.5 17.9
29,...,100 Oy 18.5 43.1 18.5 43.1
6,...,10 0, 9.5 11.0 75 7.7
11,...,19 %) 11.4 151 82 13.2
20,...,28 ) 15,5 19.4 13.8 18.7
29,...,37 n 19.8 23.7 19.3 23.7
38,...,50 Os 242 299 242 299

7,...,10 0\ 113 124 91 85
11,...,19 0> 128 165 8.8 134
20,...,28 03 16.9 20.7 14.0 19.2
29,...,35 oy 212 241 198 234

=N e R R B B B o S o S I o I S

Table 26.4 Optimal (max. Fisher information) progressive censoring plans for certain (small) m
and n with respect to the scale parameter of an extreme value distribution (shape parameter of a
Weibull distribution). The Fisher informations are given for the optimal one-step plans (OSP) and
right censored samples (RC) (for both the minimum value 7, and the maximum value 7, of n in
each row). The values are taken from Balakrishnan et al. [140]

nd(X1;0) = J(Xy,.... X,:0)
= cj()(l:nv oo Xiens 9) + j(Xk-f—linv ceey Xn:n|Xk:n; 9)
For a progressively censored sample with censoring scheme Oy, this yields the

identity

1

I (X% 0) = -
n_

{nim —k)I(X;0) + (n —m)I X1y -+ X 0)} .

(26.9)
Notice that . (Xﬁk; f) can be written as a convex combination of the Fisher
information in the complete sample n.# (X;; 8) and the Fisher information in the
first k order statistics. Hence, we get the bounds

I (Xt Xpen: 0) < I (X%:0) < ns (X1 0).
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Fisher information

(in units of 1/6%)
n OSP RC
ni,..., Ny OSP n, ny ni ny
3,...,11 0 44 94 40 93
12,...,200 0O, 10.1 77.3 10.1 77.3
4,..., 11 ) 6.5 10.8 58 9.8
12,...,22 0O, 11.5 185 10.6 18.5
23,...,200 O3 19.2 953 19.2 953
5,...,11 0 85 122 7.6 103
12,...,22 0O, 129 199 11.0 19.0
23,....34 O3 20.6 285 19.8 284
.., 100 Oy 29.2 685 29.2 68.5
6,...,11 0, 106 13.6 9.5 11.0
12,...,22 0O, 143 212 11.6 19.3
23,....34 O3 21.9 29.8 20.1 29.1
35,..., 46 0, 30.5 384 299 384
47,...,50 05 392 414 392 414

7,..., 11 0\ 12.6 150 11.5 12.0
12,...,22 0, 15.7 226 12.5 195
23,..., 34 03 232 31.1 203 294
35,..., 40 o0, 31.8 355 303 344

AN LT R R R R W W W NS
(9%
o

Table 26.5 Optimal (max. Fisher information) progressive censoring plans for certain (small) m
and n with respect to the scale parameter of a normal distribution. The Fisher informations are
given for the optimal one-step plans (OSP) and right censored samples (RC) (for both the minimum
value n; and the maximum value n, of n in each row). The values are taken from Balakrishnan
et al. [140]

Finally, we get from (26.9)

Ok . ) . _ )
me(xl;e)(ﬂx 0) ) I (X Xien: 0) kj(Xl,g)'
n_

mZ(Xy;0) N n—k

(26.10)
The right-hand side of (26.10) depends on &} only via the number k € {1, ..., m}.
Thus, the Fisher information .# (Xﬁ"; 0) is maximized for that k that maximizes the
ratio on the right. Moreover, except for the condition 1 < k < m, the right-hand
side is independent of m. Therefore, given mo € N and a number ko (m0) < mo
such that ko is optimal for that particular m, then ko is optimal for any m > my.
In order to find this k, we have to compute the values of

k 9 I X, Xins 0) k
_’n; f— -
¢ n—K) I (X1.0)  n—k

n k
Vi(0) —
V(@)

, 1<k<m, (26.11)

n—
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Fisher information

(in units of 1/6%)
n OSP RC
ny,...,np OSp ni nyp ni ny
3,...,10 0 31 58 3.0 58
11,...,1000 0O, 6.2 742 62 742
4,...,10 2 46 68 43 6.2
11,...,20 Oy 73 11.3 6.7 11.3
21,...,300 04 11.8 624 11.8 624
5,...,10 0 6.1 79 57 6.8
11,...,20 %) 8.4 123 72 114
21,...,30 %) 12.8 16.9 123 16.9
31,...,100 Oy 17.4 413 174 413
6,...,10 2 75 9.0 72 7.6
11,...,20 %) 94 133 7.8 120
21,...,30 ) 13.8 17.9 126 174
31,...,40 n 18.4 225 179 225
41,...,50 Os 23.0 272 230 272

7,...,10 0\ 89 100 8.6 8.6
11,...,20 0> 10.5 143 88 123
21,...,30 03 14.8 18.9 128 17.7
31,...,35 Oy 194 21.3 183 20.4

= e R R B B I o S o S R o I S

Table 26.6 Optimal (max. Fisher information) progressive censoring plans for certain (small) m
and n with respect to the scale parameter of a logistic distribution. The Fisher informations are
given for the optimal one-step plans (OSP) and right censored samples (RC) (for both the minimum
value n; and the maximum value n, of n in each row). The values are taken from Balakrishnan
et al. [140]

where Vi (0) = W From expression (26.11), we deduce that the
knowledge of V;(0) is sufficient to decide which censoring scheme is optimal.
Moreover, we need to compute only the values of Vi (6) until Vi (6) decreases.
Expression (26.11) shows that the objective function o (% n; 9) is connected to a
relative version of the Fisher information Vi (6). Based on (26.11) and following
Park [704], Balakrishnan et al. [140] proposed information plots as well as a plot of
the critical function. For illustration, we present these plots for the scale family of an
extreme value distribution in Figs. 26.4 and 26.5. Notice that the quantities are inde-
pendent of the scale parameter by Theorem 9.1.3. Similar plots for scale families of
normal and logistic distributions can be found in Balakrishnan et al. [140].

Remark 26.4.2. The determination of optimal one-step censoring plans has
been discussed in terms of the missing information principle in Park and Ng [708].
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Fig. 26.4 Information plot (a) and plot of objective function (b) for n = 20. The optimal one-step
censoring scheme is €3 with maximum 0.23445

Vi o(45.50) /\
0 N L Il Il
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Fig. 26.5 Information plot (a) and plot of objective function (b) for » = 50. The optimal one-step
censoring scheme is 0 with maximum 0.25496

State of the Art

In Table 26.7, we survey the recent results on maximum Fisher information plans
for some selected lifetime distributions. It should be noted that the results on OSPs
are conjectures. The results on optimal right censoring and invariance of the Fisher
information are proven.

Further, it needs to be mentioned that in the framework of maximum Fisher
information, other censoring scheme than those given in Table 26.7 may be
optimal. As an example, we present results for the location parameter of a Laplace
distribution with m = 10 and various values of n in Table 26.8. Notice that the
Fisher information in the sample is increasing until » = 22 and then decreasing.
A conjecture based on these values is presented in Table 26.9.
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Distribution Parameter Optimal
Exponential: F(x;0) =1— e 9. 0>0 Scale (6) ALL
Extreme value (Type I): Location (©)  ALL
F(x;p,0) =1—exp(—e?C=1) 6 >0 Scale (6) OoSP
Gumbel: Location (©) RC
F(x;u,0) = exp(—e™?0=1), 0 >0 Scale (8) OoSP
Location RC
Normal/Log-normal Scale (U)(M) 0SP
Weibull: Scale (6) ALL
F(x;0,8) =1—exp(—(0x)#),x > 0,0, >0 Shape (8) osP
Pareto: F(x;a, ) = 1 — (a/x)?, x > a, 0, >0  Shape (8) ALL
Logistic: Location (u) RC
F(x;p,0) = 1 — 2200 Scale (6) ospP

Table 26.7 Maximum Fisher information plans for selected distributions. The last column gives
the optimal censoring plan w.r.t. the Fisher information criterion (RC = right censoring; OSP =
one-step progressive censoring; ALL = Fisher information invariant)

n

Best scheme

Fisher information Best OSP

Fisher information

11
12
13
14
15
16
17
18
19
20
21
22
23
29
30
1,000
2,000
3,000
4,000

0%, 1)

(0*9’ 2)

(0*9’ 3)

0%, 4)

(0*9’ 5)

(0*9, 6)
0*°,7)

(0*9’ 8)

(0*9, 9)

(0*9, 10)

(0%, 11)
(0*912)
(1,0%3,12)
(7,0%8,12)
(9,0%8, 11)
(979,0%8,11)
(1979,0*8, 11)
(2979, 08, 11)
(3979,0*8, 11)

10.998
11.988
12.956
13.878
14.729
15.481
16.113
16.611
16.970
17.196
17.300
17.300
17.266
17.105
17.086
16.496
16.486
16.483
16.481

(0%, 1) 10.998
(0%9,2) 11.988
(0%, 3) 12.956
(0%, 4) 13.878
(0%, 5) 14.729
(0%, 6) 15.481
(0%9,7) 16.113
(0%2,8) 16.611
(0%2,9) 16.970
(0%, 10) 17.196
(0%2,11) 17.300
(0%, 12) 17.300
(0%9,13) 17.215
(0%2,19) 15.885
(0%, 20) 15.637
(0%, 990) 10.111
(0,0%9,1990) 10.055

(0%90,2990)  10.037
(0%9,3990)  10.028

Table 26.8 Maximum Fisher information plans for Laplace distributions (location) including the
value of the Fisher information
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m n Optimal scheme

10 11-22 0*,n — 10)
23-29 (n —22,0%%,12)
> 30 (n—21,0*%,11)

Table 26.9 Conjecture on maximum Fisher information plans for Laplace distributions (location)

26.4.2 Two-Parameter Case

Optimal Fisher information based censoring plans in a two-parameter setting have
been first addressed by Ng et al. [689] who considered Weibull and extreme
value distributions. As optimality criteria, they used minimum trace/determinant
of the variance—covariance matrix and maximum trace of the Fisher information
matrix. Using the terminology as in experimental design of regression models (see,
e.g., Pukelsheim [733]), A- and D-optimality of censoring schemes w.r.t. the Fisher
information matrix was introduced in Dahmen et al. [320]. The problem has also
been addressed by Abo-Eleneen [6] who provided some computational results for
small sizes of m and n.

Definition 26.4.3. Let .#(X?%;6) denote the Fisher information matrix about
6 in a progressively Type-1l censored sample X%.
A censoring plan Z € € , is said to be

m,n

(i) A-optimal (w.r.t. Fisher information matrix) if
X . _ . .
tr(f(X ,9)) —ynel(agzlﬂtr<f(x ,9)),
(i) D-optimal (w.r.t. Fisher information matrix) if
2. _ .
det(f(x ,9)) = max. det(f(X ,9)).

As in the one-parameter setting, Dahmen et al. [320] established a condition for
A-optimality in terms of the hazard rate.

Theorem 26.4.4. Let 6 = (01,60,) and Ay = fy/(1 — Fp) be the hazard rate of
Fy. If wg, defined by

9 2 9 2
: —log A — log A
vt xm f gl fanco)]

is decreasing for all 6 € @, then right censoring is A-optimal. If wy is increasing
for all 6 € O, then first-step censoring is A-optimal.



26.4 Maximum Fisher Information 553

An example satisfying the above condition is provided by a two-parameter
Lomax distribution with cumulative distribution function in (9.14). From the
representation A,5(x) = ¢ - (1 + 9x)~', x > 0, it can be seen that w,y is
decreasing in x for any ¢,7 > 0. Hence, the trace of the Fisher information
is maximized by right censoring and &, is A-optimal. This is not true for D-
optimality. In this case, the expression for the determinant of .# (X‘% iq, 19) is
(see (9.15))

1
det(.S (X719, 9)) = i1 S = (S2) = 555 (m-e—¢).  @612)

where

ZH( V+1) and 92 = ZH( V+2)

s=1j=1 s=1j=1

Notice that ¢; as well as ¢, are maximal for right censoring. To be more precise, @,
is maximal for right censoring, whereas —¢, is maximized for first-step censoring.
Thus, both terms in (26.12) are competing. Moreover, both expressions depend on
the parameter ¢ so that the optimal scheme will generally depend on ¢. For details,
we refer to Dahmen et al. [320].

Dahmen et al. [320] presented computational results for optimal censoring
schemes for two-parameter Lomax, extreme value, Weibull, and normal distribu-
tions. As an example, we provide some tables for the extreme value distribution
and Weibull distribution in Tables 26.10 and 26.11. Notice that the optimal plans
given in Table 26.10 coincide with those presented in Table 26.4 for a scale family
of extreme value distributions. This is not surprising because the part of the trace
caused by the location parameter, i.e., .71, is constant w.r.t. the censoring scheme.
Finally, it has to be mentioned that the two-parameter Lomax distribution provides
an example for the situation when optimal censoring plans do not move from first-
step censoring to right censoring (see Figs. 26.6 and 26.7). Details can be found in
Dahmen et al. [320].

For Lomax distributions, Dahmen et al. [320] also computed the asymptotic
Fisher information matrix for one-step plans &’;, 1 < j < m. Notice that the Fisher
information in a one-step censoring scheme is given by

m ;
FXO11q.0) = 7 ﬁwl({) '
Tl <p1(1) +02(j)



554 26 Optimal Experimental Designs

Fisher information

(in units of 1/6?)
n OSP RC
m  ny,...,np OSP n, ny ni ny

2 3,...,10 o1 579 863 505 8.5l
11,...,1000 &, 9.05 7642 905 76.42
3 4,....10 6, 872 1108 747  9.98
11,...,19 6, 1150 1528 1059 15.21
20,...,300 &5 1574 66.15 1574  66.15
35,...,10 o 1160 1353  9.98 11.28
11,...,19 6, 13.94 17.68 11.87 16.86
20,...,28 o0 18.14 2199 17.46 21.93
29,...,200 €, 2245 6631 2245 66.31
5 6,...,10 61 1446 1598 1254 12.72
1,...,19 6, 1639 2008 1321 18.18
20,...,28 03 2053 2437 18.82 23.72
29,...,37 0, 2483 2871 2429 28.66
38,...,200 05 29.18 7527 29.18 75.27

6 7,...,10 0o 1730 1843 1514 14.46
11,...,19 0, 18.83 2247 1476 1937
20,...,28 03 2293 2674 2003 25.18
29,...,37 o, 2721 31.08 2579 30.53
38,..., 46 0s 3154 3543 31.10 35.39
47,...,200 0 3590 83.11 3590 83.11

10 11,...,19 0, 2861 3207 2580 24.59
20,...,28 03 3251 36.26 2506 29.85
29,..., 37 o, 36.72 4055 3051 35.88
38,...,46 Os 4101 4488 36.55 41.79
a7, ..., 56 Os 4534 49.70 4243  48.00
57,..., 65 07 5020 54.07 48.60 53.24
66,...,74 0y 5456 5845 5380 58.17
75,..., 83 Oy 5894 6283 5870 62.81
84,...,200 0o 6331 107.22 63.31 107.22

Table 26.10 A-Optimal (max. Fisher information) progressive censoring plans for certain (small)
m and n and an extreme value distribution (Weibull distribution). The traces of the Fisher
information matrices are given for the optimal one-step plans (OSP) and right censored samples
(RC) (for both the minimum value 7, and the maximum value n, of n in each row). Values in
sans-serif font are computed by a genetic algorithm due to Vuong and Cramer [881]. The values
are taken from Dahmen et al. [320]
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Fisher information
(in units of 1/6?)

n OSP RC
m niy,...,n» OSP n, ny ni ny
2 3,...,5000 0y 7.48 79.12 6.09 5.58
3 4,...,5000 0 16.51 159.86 13.41 11.56
4 5...,41 0y 28.75 65.54 2373 19.85
42,...,5000 O, 66.13 281.42 19.84 19.54
5 6,7 0 4421 47.01 37.11 3526

8,...,5000 O, 49.61 42420 34.16 29.54

6 7,...,884 0> 63.15 371.44 5359 41.58
885, ..., 5000 &5 37155 584.08 41.58 41.54

10 11 O, 171.62 151.08
12,...,116 O3 178.46 46455 143.71 111.54
117, ..., 5000 &, 466.03 1473.28 111.54 109.56

Table 26.11 D-Optimal (max. Fisher information) progressive censoring plans for certain (small)
m and n and an extreme value distribution (Weibull distribution). The determinants of the Fisher
information matrices are given for the optimal one-step plans (OSP) and right censored samples
(RC) (for both the minimum value #; and the maximum value 7, of n in each row). Values in
sans-serif font are computed by a genetic algorithm due to Vuong and Cramer [881]. The values
are taken from Dahmen et al. [320]
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Fig. 26.6 Comparison of one-step censoring plans &, ..., 0 form = 6,9 = 1,¢ = 0.1, and
sample sizes n = 6, ..., 100 w.r.t. the determinant of the Fisher information matrix
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-+ O better

0’ better

difference of determinants for 5 and 0,

Fig. 26.7 Comparison of one-step censoring plans &, and 05 form = 6, % = 1,9 = 0.1,
and sample sizes n = 6,..., 100 w.r.t. the differences of determinant of the Fisher information
matrices

Then,y; () =n—i+1,1<i<j,andy;(0;))=m—j+1,j+1=<i=<m.
Hence, for n — oo, the asymptotic Fisher information reads

m 1 .
To(iq. ) = pel ,1—19?1(]) 7
Uia-9) L%n(j) L)

where

L L~ T k
w=tma =i+ ¥ I (1= fpg) k=12

s=j+1e=j+1

In order to find the asymptotically D-optimal plan, the optimal index j has been
identified as illustrated by the following example taken from Dahmen et al. [320].

Example 26.4.5. For ¢ = 1, the above expression simplifies to

. m m
Io(j:1,9) = [m mg}?Zji|
20 307

which shows 120% det( oo (j: 1, 9)) = 4m(m+2j)—3(m+j)? = m*>+2mj—3;2.
Hence, the optimal j* is included in the set {|m/3], [m/3] + 1} so that the
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optimal one-step censoring plan is &,,/3) or O|/3)+1. This means that optimal
progressive censoring is carried out after having observed 1/3 of the data intended
to be observed. For m = 6, this yields j* = 2, so that the D-optimal one-step
censoring plan is given by &,. The corresponding determinant of the asymptotic
Fisher information matrix is given by det(.?»(2;1,1)) = 4. For comparison,
det(Y5(3;1,1)) = det(Fo(1;1,1)) = 3.75. This shows that &) and 05 are
asymptotically equivalent.

26.4.3 Asymptotically Optimal Censoring Schemes

From the preceding considerations, it is clear that the computation of optimal
censoring plans is in most cases a very hard problem particularly for large m
and n. On the other hand, it turns out that one-step plans are optimal in many
cases as suggested by the small-sample results for Fisher information. In particular,
the optimal censoring schemes seem to follow quite a regular pattern: For fixed
m and increasing n, the optimal censoring plan moves from first-step censoring
to second-step censoring, then to third-step censoring, etc., until it reaches finally
the right censoring. This leads us to the conjecture that, for sufficiently large
n, right censoring remains optimal. In order to study this behavior, Cramer and
Ensenbach [293] introduced the idea of asymptotically optimal censoring plans (see
Definition 26.4.6). This concept can be adapted to any optimality criteria but is
illustrated here for maximum Fisher information.

Definition 26.4.6. For n € N, denote by .#*(n) the maximum and by %, (n)
the minimum of . (X%) for Z € €.

A sequence (%,)nen of censoring schemes %, € %), is said to be
asymptotically optimal (w.r.t. Fisher information) if .#(X#") ~ #*(n), i.e.,
if 1im, 00 & (X%1)/.7*(n) = 1.

Cramer and Ensenbach [293] presented a simple criterion in terms of the function
(see (26.7))

ad
w=ws:R—=>R, x> —logi,(x)
377 n=0

First, the following result holds showing that right censoring is asymptotically
optimal provided that the minimal Fisher information .#, (1) tends to co, n — oo.

Theorem 26.4.7. Let w? be decomposable into countably many monotone
pieces. Then, there exists a constant C € R independent of n such that

I*(n) < F(XOmn)y + C  for every n > m,

where 0, = (0*""'.,n —m) € %, denotes the one-step plan corresponding
to right censoring and original sample size n.
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Furthermore, for lim,—co #x(n) = 00, right censoring is asymptotically
optimal, i.e., lim,_ 0 & (X771) /. 7*(n) = 1.

Theorem 26.4.7 shows that, for certain distributions, the values of the Fisher
information for right censoring and for the optimal censoring scheme differ at
most by an additive constant independent of n. A sufficient condition ensuring
lim, o0 Zx(n) = o0 is given by liminfy_ w(x)?/|log F(x)| > 0 (see Cramer
and Ensenbach [293, Theorem 2.7]). As pointed out by these authors, a simple
criterion for asymptotic optimality of right censoring is given by the unboundedness
of the sequence (& (X1.;))nen. Notice that (& (X1.;))nen determines the Fisher
information in the Type-II censored sample (Xi.,...,Xpw), 1 < m < n,
completely (see Park [704], Park and Zheng [709], and Zheng et al. [945]). A similar
result holds for progressively Type-II censored order statistics (see (9.16) and Abo-
Eleneen [7, Theorem 4.1]).

Applying the above criteria to particular distributions, Cramer and Ensenbach
[293] established that right censoring is asymptotically optimal for Type-I and Type-
II extreme value distributions (scale), Weibull distributions (shape), logistic distri-
butions (scale), normal distributions (scale), and Laplace distributions (location).

For a scale Laplace distribution, the situation is different. In this case, Cramer
and Ensenbach [293] showed that all one-step censoring plans have the same
asymptotic Fisher information and, thus, are asymptotically equivalent. In particular,
I (X k) 2% m holds for any k € {1,...,m}.

Finally, Cramer and Ensenbach [293] established the following result providing
a characterization of asymptotic optimality of one-step censoring.

Theorem 26.4.8. Suppose there exists a function g : [1,00) — (0,00) with
g(n) = F(Xy.) for all n € N which satisfies some regularity conditions. Then,

I (X %)
lim —— =
n—oo  g(n)

holds

(i) for k =1 and k = m provided that ng(n) 17 0, and
(ii) forall k € {1,...,m} provided that g(n) 7% respectively.
As a consequence of this result, the following corollaries hold.
Corollary 26.4.9. (i) Let g be as in Theorem 26.4.8(i) and m > 1. Then,
(O n)nen is not asymptotically optimal;
(ii) If additionally g(n) 2%, oo, then (Ok n)nen is not asymptotically optimal
forany 1 <k <m.

Corollary 26.4.10. For a scale-parameter extreme value distribution (Type 1),
right censoring is the only asymptotically optimal one-step censoring plan.
Moreover,
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I (X k)
m —, =
n—oo (log n)2

26.4.4 Maximum Fisher Information Plans in Progressive
Hybrid Censoring

For Type-I and Type-II progressive hybrid censoring, Park et al. [711] have utilized
the expressions in (9.18) and (9.19) to determine maximum Fisher information
censoring plans. Using the expression in (9.18) and the stochastic ordering X9 <
X7 for any censoring scheme Z € ez, (see (26.5)), it follows readily that right
censoring maximizes Fisher information in Type-II progressive hybrid censoring,
too. However, the result can also be established for other distributions provided
that the function wg given in (26.7), i.e., x — wyp(x) = {%logkg(x)}z, is
decreasing or increasing. Obviously, we can formulate the same results as given
in Theorem 26.4.1. Notice that, now, the monotonicity of wy must only hold
on the interval [0, T']. Hence, for location normal and logistic distributions, right
censoring is optimal. Further examples can be taken from the discussion following
Theorem 26.4.1.

For Type-II progressive hybrid censoring, (9.19) shows that right censoring
maximizes Fisher information, too. Noticing that R,, < n —m, a simple calculation
yields the upper bound

jmvT:m:n(ﬁ) = jm/\T:m:n(l?) + % Z an(g)

i=n—Ry+1

< Tnnra () + 53 i=:12+1 Fin():

which is attained for right censoring.

26.5 Other Optimality Criteria and Approaches

26.5.1 Maximum Entropy Plans

Using the entropy expressions given in Sect. 9.4, Cramer and Bagh [291] established
maximum/minimum entropy plans for the sample X%. In particular, it is shown that
the entropy jﬁg?,m:m:n given in (9.20) satisfies the conditions of Theorem 26.1.2

provided F' is a DFR distribution.
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Theorem 26.5.1. Let F be a DFR-cumulative distribution function. Then, 0}
is a maximum entropy plan and &, is a minimum entropy plan.

Important examples for distributions included in Theorem 26.5.1 are exponential,
mixtures of exponential, and Pareto distributions. Moreover, gamma and Weibull
distributions with shape parameter less than one have the DFR-property. For IFR-
distributions, the situation is more involved. It is shown by Cramer and Bagh
[291] that for RPower(v)-distributions, the situation is reversed: &), is the unique
maximum entropy plan and & is the unique minimum entropy plan provided v > 1.
Notice that v = 1 corresponds to the uniform distribution. Moreover, it is shown
that for v < ﬁ, the result is as in Theorem 26.5.1. In the remaining cases, inner
censoring plans may be optimal. For details, we refer to Cramer and Bagh [291].
Similar results can be obtained for IFR-Weibull distributions.

Remark 26.5.2. (i) The same problem has also been addressed in Abo-
Eleneen [9] who presented some numerical results for normal and logistic
distributions;

(ii) Further optimality results in the same directions can be obtained using
Kullback—Leibler divergence and .%,-divergence as an information criteria.
For details, see Cramer and Bagh [291].

26.5.2 Optimal Estimation of Quantiles

For the extreme value distribution, Ng et al. [689] considered optimal estimation
of quantiles w.r.t. the underlying censoring scheme. The maximum likelihood
estimator of the pth quantile is given by

E,=0+9F (p),

where F< (p) = log(—log(l — p)), p € (0,1), and & and ¥ are the maximum
likelihood estimates of the location and scale parameters. Minimizing the variance
of the quantile yields the optimization problem

Var(€,) = Var(fl) + (F<(p))’ Var(®) + 2F(p) Cov(ji, ?)
— min . (26.13)
% cgm

m,n

They illustrated their approach by the scenario used to generate data 1.1.5. For & 5
and &5 and fixed n = 19, m = 8, they found the optimal plans &) and 05,
respectively. They also provided the gain of efficiency using the optimal censoring
plan in favor of the effectively applied censoring scheme % = (0*2, 3,0,3,0%2, 5).
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Since the optimal plan obtained from (26.13) will depend in most cases on the
percentile p, several authors have proposed an integrated version of the criterion
(see, e.g., Kundu [557], Pradhan and Kundu [727], and Pradhan and Kundu [728]).
Inspired by Gupta and Kundu [423], they considered the MLE Ep of the quantile
&,. Given a censoring scheme % and a probability measure W on the unit interval
[0, 1], an information measure is defined via

y@@zp=l;ﬁaw%dwu&

where V,(#) denotes the asymptotic variance of /E\p. Notice that a one-point
measure W, in p yields the criterion proposed by Ng et al. [689]. A similar idea
is present in Zhang and Meeker [940].

For generalized exponential distributions with cumulative distribution function
asin (12.41), Pradhan and Kundu [727] obtained the asymptotic variance égv’ Vv of

the MLE for the quantile §, = —% log(1 — p'/*), where

, p"/*(—log p) 1
‘(aﬁ—mgl—pV%Ml—p”ﬂ’_i)

and V is the asymptotic variance—covariance matrix of the MLEs of (¢, A). They
provided some computational results regarding optimal censoring plans. The same
approach has been used by Pradhan and Kundu [728] for Birnbaum-Saunders
distribution. Sultan et al. [827] applied the approach to the inverse Weibull or
Fréchet distributions.

Remark 26.5.3. Bayesian versions of this criterion have been utilized in Kundu
[557] (Weibull distribution) and Kundu and Pradhan [562] (generalized expo-
nential distribution). For optimal censoring plans in the framework of competing
risks from Weibull distributions, we refer to Pareek et al. [703] and Kundu and
Pradhan [563]. Linear hazard rate distributions are discussed in Sen et al. [792].

Optimal estimation of quantiles in a nonparametric setting has been discussed
in Balakrishnan and Han [98]. Given a progressively Type-II censored sample
YZ. ... Y7  anda,p € (0,1),denote P(Y,Z. > &,) by = {(p). Then,

Balakrishnan and Han [98] proposed to minimize the quantity

MO( ZX) = i s —€ry,
(%) (r,‘s‘}é%j@ er}

where e; = EF(Y{, ) = EUZ, = 1— I yﬁgﬁ_l (see Theorem 7.2.3),

1 < j < m, under the constraints
Se={k, |1 <k<l<m—C>1—a}

The results were illustrated by a numerical study.
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26.5.3 Optimization Based on Pitman Closeness

In case of the exponential distribution, as seen above, most of the criteria discussed
so far are invariant w.r.t. the censoring plans. Volterman et al. [877] proposed Pitman
closeness (see Sect. 9.6) as a criterion to choose a preferable censoring scheme
by comparing the BLUEs based on two censoring schemes % and .¥. Given a
censoring scheme %, denote the BLUE for the scale parameter ¢ of the population
distribution Exp(%) by 5@ Then, the Pitman closeness of the BLUEs 59; and 9 %
is given by

(R, ) =Pz -0 < |95 —0]) = P(0a/0 —1]| <|9.5/0 —1]).

Notice that thls probablhty is independent of the parameter ¢ because the dis-
tributions of ¥ 2/0 and ¥ 70 are parameter-free The calculation of 7(Z,.7)
needs the joint distribution of the BLUEs Y @z = ;, e = (R + 1)Z% . and

jm:n
Dy = Z _(S;+ 1z .m:n Which are dependent in the present situation. This
causes some dlfﬁcultles in deriving an expression for 7 (Z%, .’). In order to find such

an expression, Volterman et al. [877] considered the region where 5@ is Pitman
closer to ¥ than ¥ », i.e., where (w.Lo.g. let ¢ = 1)

9o — 1 <105 — 1.
Some simple calculations show that this inequality is satisfied iff
O =)+ -2) <0.
Therefore, the BLUE ggg will be Pitman closer than the BLUE & o if either
5@>§y and5@+§y<2 or (26.14)
59; < 5y and5@+5y > 2.

Assuming that the original sample is given by n 11D random variables Z, ..., Z,, it
follows that the BLUES are linear functions of the order statistics Z1.,, ..., Zu:n. AS
pointed out by Volterman et al. [877], the BLUEs can be written in terms of these
order statistics with a certain probability. To illustrate this approach, the following
example is taken from Volterman et al. [877].

Example 26.5.4. Let n = 4, m = 3, and consider the one-step plans O,
j =1,2,3. Then,
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R 2714+ 1254 + 1Z34  with probability 1

Vo, =42Z14+ 1254+ 1Z4s  with probability 1,
2714+ 1Z34 + Y Z44  with probability 1

~ 1Zv4+ 2Zy4 + 1Z34  with probability 1

ﬁﬁz = 1 2 ] . e 1’
§Zl;4 + §ZZ;4 + %24;4 with probability 5

Vo= S Zist Zot 22

Oy — 3 1:4 3 2:4 3 3:4.

These expressions can now be rewritten in terms of the normalized spacings
Si14,...,S44 of the order statistics Zj.4,...,Z44. This leads to the linear
representations

1814+ 2S04+ £Sa4 with probability 1
Go, = {1814+ 3504+ £S34 4+ 1544 with probability 1 ,
1814+ 2S04+ 1S54+ 1S44  with probability
5, - 1814+ 384+ £S34 with probability 1
2 . . ’
%S1'4 + %52’4 + éS3,4 + %S4'4 with probability %

1 1 1
Yo, = =S -S —S34.
o3 = 3014 + 3024 + 3034

Volterman et al. [877] obtained 7 (&, &,) = 0.5363 and 7 (0>, 03) = 0.5526
showing that right censoring yields the Pitman closest BLUE.

In general, it is clear that both BLUEs are a random linear combination of
the order statistics Zy.,, ..., Z,:». Using the generation process and denoting the
random indices by K, ..., K, and Ly, ..., L,, respectively, we get

N 1 m . 1 m
ﬂ@:%;(Rj—i—l)Zij and ﬂyza;(s,ﬂ)zw. (26.15)

Clearly, from (2.10), the estimators can always be expressed in terms of the
normalized spacings Sj,,...,S,, which are |ID standard exponential random
variables (see Theorem 2.3.2). Therefore, this leads to the expressions

D=3 wiK)Sju and Ty =D W;(Lu)S;n.
j=1 J=l1
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By construction, K,, = (K;); and L,, = (L), are independent random variables
with probability mass function given in (10.9). In order to derive the Pitman
closeness probability 7 (%, .”), Volterman et al. [877] conditioned on K, and L,
so that

(. S) =Y P(Ky =Ky)P(Lpy =1y

Kin Im
P(‘ Xn:wj(km)sj,,, - 1‘ < ‘Xn:'vvj(lm)sj,,, - 1‘) (26.16)
j=1 J=l1

Hence, the desired Pitman closeness probability is a weighted sum of Pitman
closeness probabilities for two L-statistics.

For any given censoring schemes &% and .¥, Volterman et al. [877] proposed
a general algorithm based on the mixture representation of progressively Type-
II censored order statistics (see Guilbaud [419]) to calculate the exact Pitman
closeness probability.

Algorithm 26.5.5. Let #,.% € %), be censoring schemes. Then, the following
steps lead to the Pitman closeness probability 7 (Z%, .%):

(D Express the density function of the progressively Type-1l censored order
statistics as a mixture of density function of order statistics

R
X = Y g e Sen (), 4, € R

1<k)<-<ky<n

@ For each (Xk:ns ..., Xk,m), let conditionally on X% = Xkyons -+ Xiyn)
(see (26.15))

~ 1 &
o (Kp) = -~ Zl(Rj + D Zg; - (26.17)
iz
Then,
da= Y w,Dak): (26.18)

1<ky<-<ky<n

(3 Rewrite expression (26.17) in terms of normalized spacings as

where S, ..., S, are lID Exp(d)-distributed random variables;
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@ Define the constraints given in (26.14) in terms of 5@(km) and 5y(lm);

® Integrate the joint density function of Sy,,...,S,, over [0,00)" subject to
the constraints (26.14);

® Evaluate the weighted sum given in (26.16).

Clearly, the computational effort grows fast while m (and n) increases. For this
reason, Volterman et al. [877] proposed Monte Carlo simulation of 7 (%, .7) for
large m.

Volterman et al. [877] provided many tables to investigate the Pitman closeness
of the BLUEs. It turned out that right censoring seems to generate the Pitman
closest BLUE among all BLUEs in the progressive censoring setting. Moreover,
they observed that the neighbor Z2* = (0*"~2,1,n —m — 1) has the highest Pitman
closeness probability among all comparisons studied in the simulation.

26.5.4 Optimal Block Censoring

Hofmann et al. [444] determined optimal censoring plans in the asymptotic block
censoring model introduced in Sect. 3.4.6. As a measure of optimality, they chose
minimal determinant of the variance—covariance matrix of the ABLUEs given
in (11.19). They showed that it is equivalent to maximizing the expression V =
K K, - K :,% From (11.18), they obtained the following expression:

V= Z Vi Ve ((A_ ;11)(“kA1:1—Mk—1A/:_11)

1<j<k<m
2
(A Ay AT — u,-_lA;lo) ,

where Aj! = 0. Rewriting A7 = f(u;)/ ]_[3.=1 p; andv; ! as

i—1
—1 Pilo .

Vi = (pjtj), 1<i=<m,
i — pi lj[ ]

this leads to the expression

V=1 >

1<j<k<m

i U — U, 2’
( _Pj)p](l—pk)pk l—[(p t)llj[l(p t)( ik kj)

(26.19)

where Ujr = [f(u;) — p; f(uj—D))uk f(ur) — prug—1 fuk—1)], 1 < j <k <m,
and f(up) = 0.
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Since there is a one-to-one correspondence between Ao, ..., Am, Ay Am
Ao+ X/ (A + X)) =Dand pi,..., pm, lo, ... tm—i (see (3.19)), ie.,

i—1 i—1

Xio=t(=p) [ [pjt). A=t —t)p: [[(pj1)), 1<i<m, (2620)
j=I j=I

the optimization can be carried out w.r.t. py,...,p, € (0,1) and t9,...,t,—1 €
(0, 1]. Hofmann et al. [444] pointed out that V) is positive on the considered region of
the parameters (see (26.19) and notice that V is the determinant of a positive definite
matrix). However, from Example 26.5.7, it follows that VV may be unbounded which
also has been reported for the setting of order statistics (cf. Sarhan et al. [777], Saleh
and Ali [767], and Ali and Umbach [33]). Theorem 26.5.6 provides conditions on
the population cumulative distribution function F for V to be bounded.

Theorem 26.5.6 (Hofmann et al. [444]). Let pi,....pm € (0,1) and F
be an absolutely continuous cumulative distribution function with support
(x(F),w(F)), —oco < a(F) < w(F) < oo, and continuous density function
f on this support. For t € (0, 1], let

g(x) = f(F < (1-1x)), h(x) = F < (1-tx) f(F < (1-tx)),  x €(0.1).

Suppose g; and h; are differentiable on (0, 1). Further, consider the following
conditions:

w(F) < 00 and lim IICO (D1)
x— X
h
o(F) = 00 and lim 1Y) ¢ g (D2)
x—0 X
a(F) > —00 and lim 19 ¢ g (D3)
x—1 ,/1 — X
_ . hi(x)
a(F) = —o0 and }1_)1111 i eR, (D4)
o(F) < 0o and limsup [v/xg](x)| < oo, (D3)
x—0
o(F) = oo and limsup |[/xh](x)| < oc. (D6)
x—0

If F satisfies either (D1) or (D2), and either (D3) or (D4), and either (D5) or (D6),
then V is bounded. If neither (D3) nor (D4) hold, then V is unbounded.

Example 26.5.7. The following results are established by Hofmann et al.
[444]:
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(i) For exponential, uniform, and Pareto(w)-distributions, condition (D3) is
violated so that V is unbounded;

(i) For Weibull(1, B)-distributions, V is bounded iff § > 2;

(iii) V is bounded for the extreme value distribution with density function f(x) =
exp(x —exp(x)), x € R, and for the normal distribution.

If V is unbounded, the optimal censoring plan must include the minimum (or
maximum) of the sample. But, since the minimum and maximum do not have an
asymptotic normal distribution, these cases cannot be handled in the present setup
and have to be excluded.

Hofmann et al. [444] pointed out that V given in (26.19) is an increasing function
of ty, ..., tu—1, so that, for any py,..., py, the optimal solution is given by ;, = 1,
0 <i < m—1.This implies A;, = 0,0 < i < m — 1. Thus, only A, is
positive which corresponds to the usual Type-II right censoring. This means that
the optimal solution of the asymptotic progressive block Type-II censoring scheme
is equivalent to the corresponding asymptotic order statistics problem as discussed
in Chan and Mead [241] (extreme value), Chan and Chan [240] (normal), and
Hassanein [436] (Weibull). Hassanein [435] considered the trace of the covariance
matrix (the total variance) for an underlying extreme value distribution. Here, we
have to determine the quantiles 0 < Xl < Xl + Xz < el < Z,QJ,- < 1 such
that the BLUE based on the order statistics Xz,.,, Xz 1 zyms---» Xy 7.y has
minimum variance (here, minimum generalized variance). Further examples are
provided by Ali and Umbach [33].

Since cost savings are often presented as a motivation for progressive Type-II
censoring, Hofmann et al. [444] introduced a restriction to the progressive block
Type-II censoring scheme by imposing an upper bound on the total proportion of
observed blocks of failures:

i<t (26.21)

for some prefixed t € (0, 1]. Notice that T = 1 corresponds to the unrestricted case.
Then, rewriting (26.21) in terms of p; and ¢;, it follows from (26.20) that (26.21) is
equivalent to the constraint

m i—1
fo Z(l = pi) l_[ piti <. (26.22)

i=1 j=l1

Now, Hofmann et al. [444] established the following result concerning the restricted
optimization problem. It tells us that for an optimal solution, either all #;’s equal 1
such that right censoring is optimal or the constraint in (26.22) is sharp (i.e., equality
holds).
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Theorem 26.5.8. Let (p1,..., pmsto,. .. tm—1) € (0,1)"x(0, 1]™ be an optimal
solution to the problem of maximizing V in (26.19) under condition (26.22). Then,
either tp = --- = t,,—1 = 1 or equality holds in (26.22).

Computational Results

Hofmann et al. [444] provided some computational results for the maximization
of V under restriction (26.22) for the extreme value distribution, the Weibull(1, 3)-
distribution, and the normal distribution.

First, let 7, = Y7 A; = 1 — [[/L, pi, where the A;’s (p;’s) correspond
to the optimal solution in the unrestricted case, i.e., for T = 1. Obviously, the
solution will not change as long as t € [t., 1]. For T < 7., Hofmann et al. [444]
reported the following behavior. If 7 falls slightly below t., the optimal solution for
P1, - .., Pm changes. However, the solution for #, ..., f,,—; remains unchanged so
that A, = --- = A,,—1 = 0, i.e., progressive censoring is not applied. Moreover, it
turns out that a critical value 7, < t, exists, such that the optimal solution is given
by Ay =+ = Ay—1 = 0 for t € (t, 1], but not for T < 7,. Some (numerically
calculated) critical t-values are presented in Tables 26.12-26.14 for different values

of m, which are taken from Hofmann et al. [444].

m 2 3 4 5 10 15 20
7. 09262 09671 0.9789 0.9878 0.9978 0.9993 0.9997
7, 0.8867 0.9054 0.9595 0.9741 0.9960 0.9988 0.9995

Table 26.12 Critical t for the extreme value distribution (see Hofmann et al. [444])

m 2 3 4 5 10

7. 0.8602 0.8745 0.9482 0.9565 0.9903
7, 0.7202 0.7163 0.7212 0.8357 0.9485

Table 26.13 Critical t for the Weibull(1, 3)-distribution (see Hofmann et al. [444])

m 2 3 4 5 10 15 20

7. 0.8666 09167 0.9551 0.9701 0.9941 0.9979 0.9990
7, 0.7370 0.7414 0.8055 0.8669 0.9658 0.9873 0.9940

Table 26.14 Critical t for the normal distribution (see Hofmann et al. [444])

For t < t;, the optimal solutions suggested that one-step censoring plans are
optimal. For illustration, we present a table for the extreme value distribution in
Table 26.15 from Hofmann et al. [444]. There, results for the Weibull(1, 3) and the
normal distribution can also be found.
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m T 0.01 0.05 0.1 0.15 0.2 0.5 1

2 A 0.3998e— 0.1831e—1 0.3462e—1 0.4988k—1 0.6435e—1 0.1398k+0 0.2390k+0
s 0.6002e— 0.3169e—1 0.6538e—1 0.1001e+0 0.13568+0 0.3602e+0 0.6872E+0
Al 0.9881e+0 0.9422e+0 0.8855e+0 0.8291k+0 0.7728k+0 0.4360E+0
A 0.1869e— 0.7838e—2 0.1454e—1 0.2094e—1 0.2718e—1 0.64045—1 0.7378e—1
AVar 90.8% 82.9 % 76.4 % 70.8 % 65.6 % 35.7 %

3 11 0.3960e— 0.1789e—1 0.3339e—1 0.4751e—1 0.6050e—1 0.1164e+0 0.1902E+0
Xz 0.4455e— 0.2411e—1 0.5009e—1 0.7679e—1 0.1038e+0 0.2547e+0 0.5627E+0
3 0.1586e—2 0.7994e— 0.1651e—1 0.2570e—1 0.3566E—1 0.1289e+0 0.2142E+0
Al 0.9893e+0 0.9472e+0 0.8947e+0 0.8421k+0 0.7895e+0 0.4683E+0
A3 0.66625—3 0.2818e—2 0.5336e—2 0.7860e—2 0.1046E—1 0.3166E—1 0.3292E—1
AVar 89.7% 81.3% 74.5% 68.8 % 63.6 % 34.4%

4 X 0.3923e— 0.1738e—1 0.3094e—1 0.4241e—1 0.5269e—1 0.9189e—1 0.9918k—1
s 0.3668e—2 0.1863e—1 0.30126—1 0.3959e—1 0.52058—1 0.1383e+0 0.3017E+0
3 0.1653e— 0.9927e—2 0.2844e—1 0.5039e—1 0.7107e—1 0.2041e+0 0.4581k+0
X4 0.7547e—3 0.4069e— 0.1051e—1 0.1761e—1 0.2419e—1 0.6570e—1 0.1199E+0
Al 0.9897e+0 0.9485e+0 0.8964E+0 0.8442e+0 0.7923e+0 0.4811E+0
Ag 0.3263e—3 0.1501e— 0.3607e—2 0.5798e—2 0.7723e— 0.1890e—1 0.2106E—1
AVar 89.3% 81.0% 74.4 % 69.0 % 64.1 % 37.8%

5 A 0.3884e—2 0.3820e—2 0.7234e— 0.1033e—1 0.1328e—1 0.2992e—1 0.7433e—1
s 0.2947e— 0.1461e—1 0.2721e—1 0.3831e—1 0.4867e—1 0.1033e+0 0.2314E+0
X3 0.1795e—2 0.1845e—1 0.3480e—1 0.4673e—1 0.59055—1 0.1539e+0 0.4011E+0
s 0.9299e—3 0.9268e—2 0.2217e—1 0.4000e—1 0.5838e—1 0.1601e+0 0.2169E+0
X5 0.4448e—3 0.3852e— 0.85958—2 0.1463e—1 0.20625—1 0.5277e—1 0.6418c—1
Al 0.9898k+0
Ao 0.9486e+0 0.8970e+0 0.8451e+0 0.7933e+0 0.4845E+0
As 0.19345—3 0.14415— 0.2995e— 0.4892e—2 0.6695e— 0.1555e—1 0.1216E—1
AVar 89.3% 81.2% 74.9 % 69.8 % 65.2 % 40.9 %

10 A, 0.9900E-0
A3 0.9497e+0 0.8995e+0 .8493k+0  0.7991k+0 0.4980E+0
Ao 0.4686E—4 0.2730e—3 0.5036e—3 0.7196e—3 0.9256E—3 0.2047e—2 0.21955—2
AVar 89.5% 82.1% 76.5% 72.0% 67.9% 46.4%

15 A4 0.9900e+0 0.9499e+0 0.8998e+0 0.8498k+0 0.7997e+0  0.4994E+0
A5 0.20758—4 0.8390e—4 0.1513e—3 0.2132e—3 0.2717e—3 0.5872e—3 0.71396—3
AVar 89.7% 82.4% 77.0 % 72.6 % 68.7 % 47.8 %

20 As 0.9900e+0 0.9500e+0 0.8999&+0 0.8499k+0
A6 0.7999e+0  0.4997k+0
Ay 0.8748e—s5 0.3496E—4 0.6264E—4 0.8784e—4 0.1359e—3 0.2889e—3 0.3133E—3
AVar 89.7% 82.6 % 77.2 % 72.8 % 69.0 % 48.5%

Table 26.15 Optimal block sizes for the extreme value distribution and percentage reduction
(A Var) of the generalized variance compared to right censoring (A; = -+ = A, = 0)

(see Hofmann et al. [444]). The notation ce—k means ¢ - 10~

k
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Table 26.15 shows the optimal censoring plans for selected values of 7 €
{.01,.05,.1,.15,.2,.5,1}. For m = 2,3,4,5, all sizes Xi of the observed blocks
and all nonzero censoring block sizes A; are given. For m = 10, 15,20, only
the nonzero A;’s are provided. The A Var-rows give the percentage reduction in
generalized variance of the optimal censoring scheme compared to Type-II right

censoring (A} = --- = A,,—1 = 0). Therefore,
Var (&™)
AVar=1-— Aopl ,
V ,/iright
ar (ﬁﬁgm)
where (fl;\@') , (fir *") are the ABLUE: of the overall optimal censoring scheme and the
opt right

optimal right censoring scheme, respectively. Notice that for fixed t, the percentage
reduction of the generalized variance by the use of optimal progressive censoring
is quite stable over m. For small t (heavy censoring), the reduction is as high as
75-90 %, 30-50 %, and 50-70 % for the extreme value distribution, the Weibull
distribution, and the normal distribution, respectively. In the extreme value case,
the reduction remains substantial even for 7 as large as 0.5 (35-50 %), whereas for
Weibull and normal, it becomes quite small as 7 increases.

Remark 26.5.9. For = 1, the problem reduces to the case of order statistics
investigated in Ogawa [694] (see also Ali and Umbach [33]). Ogawa [694]
discussed the extreme value distribution and calculated optimal solutions for
small m (m = 2,3,4) which agree with our results. For the Weibull(1, 3)-
distribution, Hofmann et al. [444] pointed out that the tables in Hassanein [436]
seem to be in error. This may have been due to some computational difficulties
because the formulas presented in Hassanein [436] yield the same results as
obtained in Hofmann et al. [444].

26.5.5 Other Criteria for Optimal Censoring Plans

Optimal progressive censoring has also been discussed in special scenarios with
progressively censored data. For instance, optimal Type-I interval censoring has
been discussed already in Sect. 18.3. Under step-stress testing, optimal censoring
results can be found in Sect. 23.1.1.



Appendix A
Distributions

A.1 Definitions of Distributions

Definition A.1.1 (Uniform distribution). The uniform distribution U(a,b),
with parameters a,b € R, a < b, is defined by the density function

f(t):;, a<t<b.
b—a

Fora = 0 and b = 1, it defines the standard uniform distribution U(0, 1).

Definition A.1.2 (Beta distribution). The beta distribution Beta(w, ), with
parameters o, 8 > 0, is defined by the density function

f@t) = A -nf 0<r <1,
B(a. )
where B(w, f) = qul);?fg) denotes the complete beta function and I'(:) denotes

the gamma function.

Definition A.1.3 (Power distribution). The power distribution Power(«), with
parameter « > 0, is a particular beta distribution Beta(a, 1).

Definition A.1.4 (Reflected power distribution). The reflected power dis-
tribution RPower(f), with parameter § > 0, is a particular beta distribution
Beta(1, ).

Definition A.1.5 (Exponential distribution). The two-parameter exponential
distribution Exp(u, ), with parameters t € R and ¢ > 0, is defined by the
density function

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 571
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7,
© Springer Science+Business Media New York 2014
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it
iz

1
f(t)zEe , > .

For = 0, it defines the exponential distribution Exp(%}).

Definition A.1.6 (Weibull distribution). The three-parameter Weibull distri-
bution Weibull(u, 9, B), with parameters u € R and 4, 8 > 0, is defined by the
density function

=2 pype

t—w?
v t> u.

For i = 0, it defines the two-parameter Weibull distribution Weibull(%3, 8).

Definition A.1.7 (Gamma distribution). The gamma distribution [ (3, 8),
with parameters 9, 8 > 0, is defined by the density function

tF=le=v

S

1
STt <0

where I'(-) denotes the gamma function.

Definition A.1.8 (x2-distribution). The y?-distribution y?(n), with degrees of
freedom n € N, is a particular gamma distribution I"(2, ).

Definition A.1.9 (F-distribution). The F-distribution F(n,m), with parame-
ters n,m € N, is defined by the density function
ro(2m) n\% (371
)= ——2rs (=) ——— >0,
r)r(s) () (14 275"

where I'(-) denotes the gamma function.

Definition A.1.10 (Pareto distribution). The Pareto distribution Pareto(x),
with parameter o > 0, is defined by the density function

o
fO =57 121

Definition A.1.11 (Generalized Pareto distributions). The family of gener-
alized Pareto distribution (GP-distributions) is defined by

1—(1—sgn(g))/4, q #0

—t

;1 =0,1—sgn(g)t >0¢,
1—e™, q=0

GPY = {Fq |Fq(t) = {
where sgn(q) denotes the sign of ¢, i.e.,

1, qg>0
sgn(q) =10, ¢ =
-1, ¢g<0
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Remark A.1.12. The GP-family covers the

(i) Exponential distribution (¢ = 0),
(ii) Pareto distribution (¢ < 0),
(iii) Reflected power distribution (¢ > 0).

Definition A.1.13 (Lomax distribution). The Lomax distribution Lomax(x),
with parameter o > 0, is defined by the density function

10 = G 120

Definition A.1.14 (Extreme value distribution (Type 1)). The extreme
value distribution (Type 1) is defined by the density function

4

f@t)=¢e"°%, tekR.

Definition A.1.15 (Extreme value distribution (Type I1)/Gumbel distribu-
tion). The extreme value distribution (Type Il) or Gumbel distribution is defined
by the density function

f(y=e""", teR.

Definition A.1.16 (Cauchy distribution). The Cauchy distribution Cauchy
(u, ), with parameters o > 0, u € R, is defined by the density function

o
f() = A+ a2 =) teR

For u = 0 and @ = 1, it defines the standard Cauchy distribution Cauchy(0, 1).

Definition A.1.17 (Laplace distribution). The Laplace distribution Laplace
(i, ), with parameters ¢ > 0, u € R, is defined by the density function

_ =l

f@) = %e 7, teR.

For = 0 and & = 1, it defines the standard Laplace distribution Laplace(0, 1).

Definition A.1.18 (Logistic distribution (Type 1)). The logistic distribution
is defined by the density function

et
f(l)zm, t eR.



574 A Distributions

Definition A.1.19 (Normal distribution). The normal distribution N(,0?),
with parameters 6> > 0, 1 € R, is defined by the density function

_(t—u)2
e 22, telkR

For uw = 0 and 02 = 1, it defines the standard normal distribution N(O, 1).

Definition A.1.20 (Log-normal distribution). The log-normal distribution
log-N(u, 62), with parameters 62 > 0, 1 € R, is defined by the density function

f(l) 1 _ (IOgt—zmz ‘ 0
= ——e 20 . > 0.
V2mo?t

Definition A.1.21 (Binomial distribution). The binomial distribution
bin(n, p), with parameters n € N,p € [0,1], is defined by the probability
mass function

flk) = (Z)pk(l —p)" %, kel{o,....n}.

A.2 Definitions and Preliminaries

A.2.1 Quantile Function

Definition A.2.1. Let F be a_cumulative distribution function. Then, the
quantile function F< : [0, 1] — R is defined by

Fo@)=inf{xeR: F(x)>1}, 0<t<l.

The values at zero and one are defined by the respective one-sided limits
F<(0) = FT(0+) and F<(1) = F<(1—), respectively.

Lemma A.2.2. Let F be a cumulative distribution function and let F< be the
associated quantile function. Then, F* is a left-continuous and nondecreasing
function. Moreover, for all y € (0,1) and x € R, the following assertions hold:

() Fx)zy <= x= F7(y),

) Fx—) <y <= x < FT(y+),

i) F(FT(y)-) =y = F(F~(»),

) FT(F(x)) <x < FT(F(x)+),

) If F is continuous, then F(F*<(y)) = y.
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A.2.2 Stochastic Orders

Univariate Stochastic Orders

The univariate stochastic orderings are defined for lifetime distributions with
support included in the positive real line. However, they may also be defined on
R.

Definition A.2.3 (Stochastic order). Let X ~ F, Y ~ G be random
variables.
X is said to be stochastically smaller than Y, i.e., X < Y or F <4 G, iff

F(x) <G(x) for all x > 0.

An important characterization of the stochastic order in terms of nondecreasing
functions ¢ : R — R is that

X <4Y < E¢(X)<E¢@p() for all nondecreasing functions
¢:R—R

provided the expectations exist. This property is useful in the definition of the
multivariate version of the stochastic order (see p. 577).

Definition A.2.4 (Failure rate/hazard rate order). Let X ~ F, Y ~ G be
random variables. Then, X is said to be smaller than Y in the hazard rate order,
ie., X <p Y or F <, G, iff

F(x)G(y) < F(y)G(x) forall 0 <y <x.

F(x)

G(x)
where § is defined to be co. If F and G are absolutely continuous cumulative
distribution functions with density functions f and g, respectively, then hazard rate

ordering is equivalent to increasing hazard rates

_ S g
Ar(x) = T~ F) ~T-6@m) = Ag(x) for all x > 0.

The preceding condition means that the ratio

is nonincreasing in x > 0,

Definition A.2.5 (Reversed hazard rate order). Let X ~ F, Y ~ G be
random variables. Then, X is said to be smaller than Y in the reversed hazard
rate order, i.e., X <, Y or F <, G, iff

F(x)G(y) < F(y)G(x) forall0 <y <x.

The preceding condition means that the ratio gzx)
x)

% is defined to be oo.

is nonincreasing in x > 0, where
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X<, Y =——= X<V

XSI'hY _ XSStY

Fig. A.1 Relations between stochastic orders.

Definition A.2.6 (Likelihood ratio order). Let X ~ F, Y ~ G be random
variables with absolutely continuous cumulative distribution functions and density
functions f and g, respectively. Then, X is said to be smaller than Y in the
likelihood ratio order, i.e., X <, Y or F <, G, iff

Fx)g(y) = f(»glx)  forall0 <y =<

The preceding condition means that the ratio A f:) is nonincreasing in x > 0.

These orders are related as depicted in Fig. A.1 (cf. Shaked and Shanthikumar
[799] and Miiller and Stoyan [659]).

An intuitive approach to some partial orders is to compare quantile differences
(cf. Lewis and Thompson [584], Shaked [797,798]) as below.

Definition A.2.7 (Dispersive order). Let X ~ F,Y ~ G be random variables.
Then, X is said to be smaller than Y in the dispersive order, i.e., X <gisp ¥ or
F <4isp G, iff

FCX)—F () <G " (x)—G(y) forall0 <y <x<1.
If G is continuous, then the preceding condition can be written as
FT(Gx)—F(GHy) <x—y forall0 <y < x. (A.1)

This means that F < (G(x)) — x is a nonincreasing function in x > 0. In fact,
this property defines the so-called tail ordering introduced by Doksum [343]. It
was shown by Deshpande and Kochar [336] that the tail order and dispersive order
coincide under weak conditions (cf. Kamps [498, p. 181]).

Lorenz ordering of distributions is defined via the Lorenz curve Ly : [0, 1] —
[0, 1] of a random variable X ~ F given by

_Jo F (0 dr

L = ,
X(M) fol F(_([) di

u € [0,1].
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Definition A.2.8 ((Increasing) convex order, Lorenz order). Let X and
Y be nonnegative random variables with finite expectations and cumulative
distribution functions F' and G, respectively. Then,

(i) X is smaller than Y in convex order, i.e.,, X < Y or F < G, if
Ef(X) < Ef(Y) for all convex functions such that the expectations exist;

(i) X is smaller than Y in increasing convex order, i.e., X <ix Y or F <i
G, if Ef(X) < Ef(Y) for all increasing convex functions such that the
expectations exist;

(iii) X and Y are ordered w.r.t. the Lorenz order, i.e., X < Y or F <. G, iff

Ly(u) > Ly(u) forallu=>0.
The Lorenz order < is related to the convex order <., of random variables as

follows:

X Y

X<Y _<cx_
=t EX — EY

indicating that convex ordering supposes equal expectations of the considered
random variables (cf. Shaked and Shanthikumar [799, p. 116]).

A.2.2.1 Multivariate Stochastic Orderings

Definition A.2.9 (Multivariate stochastic order). Let X = (Xi,...,X,),
Y = (Y1,...,Y,) berandom vectors. Then, X is said to be stochastically smaller
than Y, i.e.,, X <4 Y or Fx <q Fy, iff

E¢p(X) < E¢(Y) for all nondecreasing functions ¢ : R — R

provided the expectations exist.

Definition A.2.10 (Multivariate likelihood ratio order). Let X =
X1,....X,), Y = (Y1,....,Y,) be random vectors with density functions
fx and fy. Then, X is said to be smaller than Y in the multivariate likelihood
ratio order, i.e., X <, Y or Fx <, Fy, iff

fX(Xn)fY(Yn) = fX(Xn A Yn)fY(Xn V'¥n) (A.2)

forall x = (x1,...,x,).y = y1...., yu) € R".
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Orderings of Real Vectors
The following partial orders for real vectors in the n-dimensional Euclidean space
R" are used in the book.

Definition A.2.11 (Majorization). Let x = (x1,..., %),y = V1,...,Vm) €
R™ be vectors. Then, x is said to majorize y, i.e., ¥ <n, X, iff

m

ix,-;m < iyi;m forj=1,...,m—1 and ix,-;m = Zy,-;m;

i=1 i=1 i=1 i=1

X is said to weakly majorize y, i.e. y <Xw X, iff

J J
in:m =< Zyi;m forj=1,...,m.

i=1 i=1

A different ordering concept was introduced by Bon and Péiltdnea [213] (see
also Khaledi and Kochar [520]).

Definition A.2.12 (p-larger order). Letx = (x1,..., %),y = (V1,...,ym) €
[0,00)™ be nonnegative vectors. Then, X is said to p-majorize y, i.e., y <, X, iff

J J
Hxi:m fl_[yi;m forj=1,...,m.

i=1 i=1

As indicated by Bon and Paltanea [213], majorization implies p-majorization.



Appendix B
Additional Demonstrative Data Sets

Many data sets have been used throughout for illustrating various inferential
procedures. In the following, we introduce some further data that are available in
the literature.

B.1 Progressively Type-II Censored Data

Herd [440] presented the following progressively Type-II censored data set which
has also been revisited by Sarhan and Greenberg [776, p. 355] (see also Cohen [273,
Sect. 4.5]).

Data B.1.1 (Herd’s gyroscope data). Eleven gyroscopes are put on a pro-
gressively censored life test with censoring scheme Z = (3,2*2,0). Therefore,
four failures are observed and seven units are progressively censored. The data
set is given by

i 1 2 3 4
Xi:11 34 133 169 237
R; 3 2 2 0

The following data is taken from Cohen [270]. The original sample com-
prises 100 simulated data points from a three-parameter Weibull distribution
Weibull(100, 100, 2).

Data B.1.2 (Cohen’s simulated Weibull data). The original sample
comprises 100 simulated data points from a three-parameter Weibull
distribution  Weibull(100, 100,2). It includes 68 life-span observations, 32
values are progressively Type-1l censored according to the censoring scheme
# = (0*°,10,0*33,15,0*27, 7). The experiment is terminated at the failure time
Xes:68:100 = 249.35 with seven survivors.

N. Balakrishnan and E. Cramer, The Art of Progressive Censoring, Statistics 579
for Industry and Technology, DOI 10.1007/978-0-8176-4807-7,
© Springer Science+Business Media New York 2014
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109.12 130.53 144.09 158.31 177.19 198.11 222.11
113.37 131.98 148.83 158.92 180.57 199.23 224.83
117.73 133.14 150.23 160.13 181.99 203.27 227.27
119.56 134.52 150.79 161.31 184.02 206.55 230.88
119.82 135.73 151.88 162.09 185.43 208.76 235.14
*124.63 136.71 153.07 165.45 187.21 210.69 237.43
12521 137.88 154.18 166.62 189.77 213.32 246.08
126.93 138.63 154.97 168.23 191.63 215.08 *249.35
128.25 141.11 15526 169.98 194.88 218.43
129.41 142.33 156.82 *174.22 196.91 219.37

*

indicates failure times with progressively censored items

The following simulated progressive Type-II censored data sets are given in
Balakrishnan and Aggarwala [86].

Data B.1.3 (Laplace data from Balakrishnan and Aggarwala [86], p. 33).
The following progressively Type-ll censored sample has been simulated from a
Laplace(25, 5)-distribution with n = 20, m = 10, and censoring scheme #Z =
(2,0*2,2,0%3,2,0, 4):

19.2117 21.9736 23.4178 23.6625 23.8022
24.2302 25.6207 25.8699 26.4800 27.5534

Data B.1.4 (Exponential data from Balakrishnan and Aggarwala [86],
p. 40). The following general progressively Type-ll censored sample has been
simulated from an exponential distribution Exp(25, 10) with n = 50 and censoring
scheme Z45 = (2,1,0,2,1,3,2,3,4,3,0,2,1,2,4) (r =5,m = 15):

25.99609 26.17323 26.55884 26.65558 27.32842
27.52826 28.58114 28.58350 28.68850 29.09515
29.17521 29.47387 29.61337 33.44267 35.74206

Data B.1.5 (Progressively Type-ll censored data from Spinelli and
Stephens [821]). The following progressively Type-ll censored sample has been
generated by Balakrishnan et al. [131] from data reported in Spinelli and Stephens
[821] using the censoring scheme #Z = (0,2,0%2,2,0%,2*2 0% 1*2,0,2)
(n = 32,m = 20). The original data consist of 32 observations on measurements
of modulus of repute of wood beams. The quantity of interest measures the
breaking strength of lumber.



B Additional Demonstrative Data Sets 581

43.19 4944 5155 56.63 67.27
78.47  86.59 90.63 94.38 98.21
98.39  99.74 100.22 103.48 105.54
107.13 108.14 108.94 110.81 116.39

Data B.1.6 (Nelson’s progressively Type-ll censored data as given in
Pakyari and Balakrishnan [701]). Pakyari and Balakrishnan [701] generated
a second progressively Type-ll censored sample from Data 1.1.2 with censoring
scheme # = (0,1,0,1,0,1,0,1,0, 1). The values are given as log-times.

i1 2 3 4 5
x; —1.3093 —-0.9163 —-0.3711 -0.2357 1.0116
R; O 1 0 1 0
i 6 7 8 9 10
x; 1.3635  2.7682  3.3250  3.9748  5.3711
R;i 1 0 1 0 1

Data B.1.7 (King’s progressively Type-ll censored wire strength connec-
tion data). Pakyari and Balakrishnan [701] generated a progressively Type-I|
censored sample from wire strength connection data reported by King [533]
(see also Nelson [676], Table 5.1, p. 111). They applied the censoring scheme
Z = (0,2,1,0,3,0%2,2,0,2) to generate m = 10 observations from a total of
n = 20 available data points. The original data with sample size n = 23 were
adjusted by eliminating three observations due to validity suspicion (see Nelson

[676]).

i 1 2 3 4 5

x; 550 750 950 1150 1150
R; 0 2 1 0 3
i 6 7 8 9 10
x; 1150 1350 1450 1550 1850
R; 0 0 2 0 2

B.2 Progressively Type-I Censored Data

Nelson [674] introduced the following progressively Type-I censored data (see
also Nelson [676, p. 318]).

Data B.2.1 (Nelson's fan data). Seventy generator fans were placed on a life
test. The failure and censoring times as well as the censoring numbers are given
in Table B.1.
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Failure Censoring R; Failure Censoring R;

time x; time T} time x; time T}
4,500 46,000
4,600 1 48,500 4
11,500 50,000 3
11,500 61,000
15,600 1 61,000 3
16,000 63,000 1
16,600 1 64,500 2
18,500 5 67,000 1
20,300 3 74,500 1
20,700 78,000 2
20,700 81,000 2
20,800 82,000 1
22,000 1 85,000 3
30,000 4 87,500
31,000 87,500 2
32,000 1 94,000 1
34,500 99,000 1
37,500 2 101,000 3
41,500 4 115000 1
43,000 4

Table B.1 Nelson’s [674] fan data (times are measured in hours)

Data B.2.2 (Nelson's progressively Type-l censored insulating fluid data).
The measurements result from n = 19 breakdown times (in minutes) of an
insulating fluid at 36 kV. The failure and censoring times as well as the censoring
numbers are given in Tables B.2 and B.3. In Table B.2, the effectively applied
censoring plan is Z = (3,0,3,5) and the censoring times are T; = 2j, j =
1,...,5. The sample size and the number of observations are given by n = 19
and m = des = 8.

Failure Censoring {; Failure Censoring {;

time x; time T} time x; time T}
0.19 4 0
0.78 4.67
0.96 4.85
1.31 6 3
2 3 7.35
2.78 8 5

Table B.2 Nelson’s [677] insulating fluid data progressively Type-I censored as in Balakrishnan
et al. [150] (times are measured in minutes)
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In Table B.3, the initially planned censoring plan is Z° = (3,4) to be carried
out at censoring times T} = 1, T, = 5. The termination of the experiment is
scheduled for T3 = 15. The effectively applied censoring plan is Z = (3,4, 3).
The sample size and the number of observations are given by n = 19 and
m = des = 9.

Failure Censoring {; Failure Censoring {;

time x; time T} time x; time T}
0.19 4.67
0.78 4.85
0.96 5 4
1 3 6.50
1.31 12.06
4.15 15 3

Table B.3 Nelson’s [677] insulating fluid data progressively Type-I censored at 7} = 1, T, = 5,
and 75 = 15 (times are measured in minutes)

Data B.2.3 (Wingo's life test data). The data resulted from a life test of
n = 50 specimens. m = 33 failure times were observed (see Table B.4), whereas
17 items were progressively censored during the experiment. The censoring times
aregiven by T, = 70, T, = 80, T5 = 99, T, = 121, and T5 = 150. The effectively
applied censoring plan was Z = (4,5,4,3,1).

37 55 64 72 74 8 8 8 91 92 94
95 97 98 100 101 102 102 105 105 107 113
117 120 120 120 122 124 126 130 135 138 182

Table B.4 Wingo’s [898] life-test data (times are measured in hours)

Data B.2.4 (Wingo's pain relief data). The data were taken from a clinical
trial that was conducted to assess the effectiveness of an anesthetic antibiotic
ointment in relieving pain caused by superficial skin wounds. n = 30 patients
were included in the study where measurements of m = 20 patients are available
and given in Table B.5. Some patients dropped out of the study at censoring
times 71 = 0.25, T, = 0.50, and T3 = 0.75. A final termination was not fixed so
that we assume Tj to be very large ensuring that no observation is right censored.
The effectively applied censoring plan was Z = (5,1, 4,0).

0.828 0.881 1.138 0.879 0.554 0.653 0.698 0.566 0.665 0.917
0.529 0.786 1.110 0.866 1.037 0.788 1.050 0.899 0.683 0.829

Table B.5 Wingo’s [901] pain relief data (times are measured in hours)
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Data B.2.5 (Montanari and Cacciari's XLPE-isolated cable data). Monta-
nari and Cacciari [655] considered testing of XLPE-insulated cable models which
were subjected to electrical and combined thermal—electrical stresses. One of the

aims of the study was the analysis of aging mechanisms. The data are given in
Table B.6.

Failure times x; 445 479 489 607 692 969
Censoring times 7; 445 453 479 489 588 607 766 780 969 1,121
Censoring numbers R; 1 1 1 2 1 1 2 1 1 1

Table B.6 Montanari and Cacciari’s [655] XLPE-isolated cable data (times are measured in
hours)

These data suggest that the censoring procedure might be a mixture of Type-I
and Type-Il progressive censoring since at the time of the first, second, third, and
sixth failures, units have been removed from the life test. However, the data will
be handled as Type-l censored data.



Notation

The following notation are used throughout the book. In selected cases, a page
number is provided in order to refer to the definition.

Notation Explanation Page

Progressively censored order statistics

X l-%m s Ximn i th progressively Type-1I censored order statistic based on
censoring scheme %2

Ui?,;l:n, Ui mn i th uniform progressively Type-II censored order statistic based on
censoring scheme %

Z ,95,, ws Zimen i th exponential progressively Type-1I censored order statistic
based on censoring scheme %

X% U%, 1% Vector of progressively Type-II censored order statistics

Sﬁf ith normalized spacing of progressively Type-II censored order 26
statistic based on censoring scheme %

S, ;92 i th spacing of progressively Type-II censored order statistic based 28
on censoring scheme %

S;,j@ Generalized spacing of progressively Type-1I censored order 46
statistic based on censoring scheme %

R, S Censoring scheme Z = (Ry, ..., R;), etc.

O One-step censoring scheme alternatively represented as 7
(O*kfl n—m, O*mfk)

R Right truncated censoring scheme (R, ..., R,—) 10

Ry Left truncated censoring scheme (R, 41, ..., R;) 10

K Set of admissible censoring schemes in progressive Type-II 5
censoring

Vi Vi(%) Vi = Z};l:f(Rf + 1), 1 <i < m, for a censoring scheme
Z = (Ry,....,Rn)

Cr—1 1_[;=1 )/j

(%) [Ti=1v; (%)

(continued)
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(continued)
Notation Explanation Page
aj, H,’# s lsj=sr
ajf‘,iz) M };J,-l P y k1<) <k

v
Xin ith order statistic in a sample of size n
Ui-n ith uniform order statistic in a sample of size n
Zin ith exponential order statistic in a sample of size n
Sin ith spacing in a sample of size n
X I%Tn ith progressively Type-I censored order statistic with censoring

scheme # and threshold T’
X, l-(l), Z,(I) ith (exponential) Type-I progressively hybrid censored order

statistic
WI-(I) ith normalized spacing of exponential Type-I progressively

hybrid censored order statistic
X, l(”) ,Z ,(”) ith (exponential) Type-II progressively hybrid censored order

statistic
WI-(”) ith normalized spacing of exponential Type-II progressively

hybrid censored order statistic
X, X, Vector of random variables X1, ..., X,
fX, FX Density function/cumulative distribution function of a random

variable X
Fexp Cumulative distribution function of an exponential distribution
fe@) Fra Density function/cumulative distribution function of a

x2-distribution with d degrees of freedom
Simns / o Density function of X 7 Fimn
Fimn, F ]g_fn‘n Cumulative distribution function of X % Fimen
Sins Fjn Density function/cumulative distribution function of X,
Sioommens Fimwm:n Joint density function/cumulative distribution function of

X2 o X2
I (X%, 0), #(X%;0) Fisher informatlon 201
jﬁ?_m:m:n Joint entropy of XZ,.. ... L XZ . 216
I2(f g Kullback-Leibler inforrnatlon 221
Distributions
U(a, b) Uniform distribution 571
Beta(a, B) Beta distribution 571
Power () Power distribution 571
RPower(B) Reflected power distribution 571
Exp(u, 0) Exponential distribution 572
r®,p) Gamma distribution 572
N(u, %) Normal distribution 574
12 (n) x2-distribution 572

(continued)
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(continued)
Notation Explanation Page
F(n,m) F-distribution 572
Pareto() Pareto distribution 572
Cauchy(p, @) Cauchy distribution 573
Laplace(u, ¥) Laplace distribution 573
bin(n, p) Binomial distribution 574
Special functions
exp(t), e Exponential function
log(t) Natural logarithm
I'(x) Gamma function
I1G(t; ) Incomplete gamma function ratio defined as
IG(50) = Fig5 Jo & eTidz, 1 2 0

B(a, B) Beta function
B:(x, B) Incomplete beta function defined as

Bi(a,B) = [y x* "1 —x)fldx,0 <1 < 1
n! n factorial defined by [T} _, j, n € No, where H?‘:l j=1
(Z) Binomial coefficient m, k.,n €Ny, k <n
(kl,ﬁ,k,.) Multinomial coefficient kl'n_lk," ki,n € Ny, Z;=1 ki=n
F(a,b;c;t) Hypergeometric function defined by

F(a,b;c;t) = OXO: M x.—], where Pochhammer’s

=0 (c); J!

symbol (-); is defined by (x); = H{:1(x +i—1),j €N,

x €ER;(x)g=1
Bi(slag.,....a1) Univariate B-Spline By of degree k with knots ay < -+ < a; 131
1y Indicator function on the set A
[x¥]+ = max(x,0)  Positive part of x
[x]= = min(x, 0) Negative part of x
[x] Denotes the largest integer k satisfying k < x
sgn(x) Sign of x
hixj, ..., xy] Divided differences of order v — j at x; > -+ > x,, for function 7 43
Sets
N Integers {1,2,3,...}
Ny NuU{0} ={0,1,2,3,...}
R Real numbers
R” n-fold Cartesian product of R
Rn< {(xlv-”vxn)eR”lxl5"'5)‘:)1}
I Set of all permutations of (1,...,n)
(£2,20) Measurable space with o-algebra 2
(22,2, P) Probability space with o-algebra 2 and probability measure P

(continued)
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(continued)

Notation Explanation Page

Symbols

X~F X is distributed according to a cumulative distribution function F

~ Independent and identically distributed

—d> Convergence in distribution

—P> Convergence in probability

25 Convergence almost everywhere

F< Quantile function of F

F Survival/reliability function F = 1 — F

a(F) Left endpoint of the support of F

w(F) Right endpoint of the support of F

& = F~(p) pth quantile of F

p€(0,1),

A" r-dimensional Lebesgue measure

# Counting measure

er One-point distribution/Dirac measure in T

tr(A) Trace of a matrix A

det(A) Determinant of a matrix A

med(F) Median of cumulative distribution function F

ay (ay,...,a;) € R

(a**) (a,...,a) €RF

1 1=(@,...,1)

gt—) limy ~ g(x)

g(t+) limy g(x)

const Represents all additive terms of a function which do not contain
the variable of the function

Orderings

4 Identical distribution

<st Stochastic order

<hr Hazard rate order

<ih Reversed hazard rate order

<i Likelihood ratio order

<disp Dispersive order

<o Convex order

<iex Increasing convex order

<_ Lorenz order

<m Majorization order

<w Weak majorization order

<p p-larger order

Operations

XAy, x,y€ER min{x, y}

xVyx,yeR max{x, y}

XAy, X,y € R XIA YL s X A V)

XVyx,y €R" X1V Y1, Xn Vo)

dey

A®B

Z;=1 a; fora, € R’
Kronecker product of matrices A and B

(continued)
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Notation Explanation Page
Abbreviations

11D Independent and identically distributed
INID Independent but not necessarily identically distributed
a.s. Almost surely

a.e. Almost everywhere

e.g. For example/exempli gratia

ie. id est

W.LL. With respect to

IFR/DFR Increasing/decreasing failure rate
IFRA/DFRA Increasing/decreasing failure rate on average
NBU/NWU New better/worse than used

BLUE Best linear unbiased estimator

ABLUE Asymptotic best linear unbiased estimator
BLIE Best linear invariant estimator

BLEE Best linear equivariant estimator

MLE Maximum likelihood estimator

AMLE Approximate maximum likelihood estimator
MMLE Modified maximum likelihood estimator
UMVUE Uniform minimum unbiased estimator
MRE Minimum risk equivariant estimator

IE Inverse estimator

BUP Best unbiased predictor

MLP Maximum likelihood predictor

MMLP Modified maximum likelihood predictor
AMLP Approximate maximum likelihood predictor
MUP Median unbiased predictor

CMP Conditional median predictor

BLUP Best linear unbiased predictor

BLEP Best linear equivariant predictor

PLF Predictive likelihood function

HPD Highest probability density

MSE Mean squared error

MSPE Mean squared predictive error

OSP One-step censoring plan

FSp First-step censoring plan

AQL Acceptance quality level

RQL Rejectable quality level
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