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Preface

Any type of statistical inquiry in business, government, or academics in
which principles from some body of knowledge enter seriously into the
analysis is likely to lead to a nonlinear statistical model. For instance, a
model obtained as the solution of a differential equation arising in engineer-
ing, chemistry, or physics is usually nonlinear. Other examples are eco-
nomic models of consumer demand or of intertemporal consumption and
investment,

Much applied work using linear models represents a distortion of the
underlying subject matter. In the past there was little else that one could do,
given the restrictions imposed by the cost of computing equipment and the
Jack of an adequate statistical theory. But the availability of computing
resources is no longer a problem, and advances in statistical and probability
theory have occurred over the last fifteen years that effectively remove the
restriction of inadequate theory.

In this book, I have attempted to bring these advances together in one
place, organize them, and relate them to applications, for the use of
students as a text and for the use of those engaged in research as a
reference. My hopes and goals in writing it will be achieved if it becomes
possible for the reader to bring subject matter considerations directly to
bear on data without distortion.

The coverage is comprehensive. The three major categories of statistical
models relating dependent variables to explanatory variables are covered:
univariate regression models, multivariate regression models, and simulta-
neous equations models. These models can have the classical regression
struciure where the independent variables are ancillary and the errors
independent, or they can be dynamic, with lagged dependent variables
permitted as explanatory variables and with serally correlated errors. The
coverage is also comprehensive in the sense that the subject is treated at all

vii
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levels: methods, theory, and computations. However, only material that I
think is of practical value in making a statistical inference using a model
that derives from subject matter considerations is included.

The statistical methods are accessible to anyone with a good working
knowledge of the theory and methods of linear statistical models as found
in a text such as Searle’s Linear Models. It is important that Chapter 1 be
read first. It lays the intuitive foundation. There the subject of univariate
nonlinear regression is presented by relying on analogy with the theory and
methods of linear models, on examples, and on Monte Carlo simulations.
The topic lends itself to this treatment, as the role of the theory is to justify
some intuitively obvious linear approximations derived from Taylor’s ex-
pansions. One can get the main ideas across and save the theory for later.
Generalized least squares can be applied in nonlinear regression just as in
linear regression. Using this as a vehicle, the ideas, intuition, and statistical
methods developed in Chapter 1 are extended to other situations, notably
multivariate nonlinear regression in Chapter 5 and nonlinear simultaneous
equations models in Chapter 6. These chapters include many numerical
examples.

Chapter 3 is a unified theory of statistical inference for nonlinear models
with regression structure, and Chapter 7 is the same for dynamic models.
Some useful specialization of the general theory is possible in the case of
the univariate nonlinear regression model, and this is done in Chapter 4.
Notation, assumptions, and theorems are isolated and clearly identified in
the theoretical chapters so that the results can be reliably applied to new
situations without need for a detailed reading of the mathematics. These
results should be usable by anyone who is comfortable thinking of a
random variable as a function defined on an abstract probability space and
understands the notion of almost sure convergence. Aside from that,
application of the theory does not rise above an advanced calculus level
probability course. There are examples in these chapters to provide tem-
plates.

Reading the proofs requires a good understanding of measure theoretic
probability theory, as would be imparted by a course out of Tucker’s
Graduate Course in Probability, and a working knowledge of analysis, as in
Royden's Real Analysis. For the reader’s convenience, references are con-
fined to these two books as much as possible, but this material is standard
and any similar textbook will serve.

The material in Chapter 7 is at the frontier. This is the first time some of
it will appear in print. As with anything new, much improvement is still
possible. Regularity conditions are more onerous than need be, and there is
a paucity of worked examples to determine which of them most need
relaxing. I have included full details in the proofs, and have supplied the
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details of proofs that seemed too terse in the original source, in hopes that
readers can learn the ideas and methods of proof quickly and will move the
field forward.

As to computations, one must either use a programming language, with
or without the aid of a scientific subroutine library, or use a statistical
package. Hand calculator computations are out of the question. Using a
programming language to present the ideas seems ill advised. Discussion
bogs down in detail that is just tedious accounting and has nothing to do
with the subject proper. For pedagogical purposes, a statistical package is
the better choice. Its code should be concise and readable, even to the
uninitiated. I chose SAS®, and it seems to have served well. Computational
examples consist of figures displaying a few lines of SAS code and the
resulting output. For those who would rather use a programming language
in applications, the algorithms are in the text, and anyone accustomed to
using a programming language should have no trouble implementing them,
the examples will be helpful in debugging.

I have debts to acknowledge. The biggest is to my family. Hours—no,
years—were spent writing that ought to have been spent with them. 1 owe a
debt to my students Geraldo Souza and Jose Francisco Burguete. The
theory for models with regression structure is their dissertation research.
The theory for dynamic models was worked out while Halbert White and
Jeffrey Wooldridge visited Raleigh in the summer of 1984, and much of it is
theirs. 1 owe a special debt to my secretary, Janice Gaddy. She typed the
manuscript cheerfully, promptly, and accurately. More importantly, she
held every annoyance at bay.

Support while writing this book was provided by National Science
Foundation Grants SES 82-07362 and SES 85-07829, North Carolina
Agricultural Experiment Station Projects NC03641, NC03879, and
NC05593, and the PAMS Foundation. SAS Institute Inc. let me use its
computing equipment and a prerelease version of PROC SYSNLIN for the
computations in Chapter 6 and has, over the years, provided generous
support to the Triangle Econometrics Workshop. Many ideas in this book
have come from that workshop.

A. RONALD GALLANT
December, 1986
Raleigh, North Carolina
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CHAPTER

Univariate Nonlinear
Regression

The nonlinear regression model with a univariate dependent variable is
more frequently used in applications than any of the other methods
discussed in this book. Moreover, these other methods are for the most part
fairly straightforward extensions of the ideas of univariate nonlinear regres-
sion. Accordingly, we shall take up this topic first and consider it in some
detail.

In this chapter, we shall present the theory and methods of univariate
nonlinear regression by relying on analogy with the theory and methods of
linear regression, on examples, and on Monte Carlo illustrations. The
formal mathematical verifications are presented in subsequent chapters. The
topic lends itself to this treatment because the role of the theory is to justify
some intuitively obvious linear approximations derived from Taylor’s ex-
pansions. Thus one can get the main ideas across first and save the
theoretical details until later. This is not to say that the theory is unim-
portant. Intuition is not entirely reliable, and some surprises are uncovered
by careful attention to regularity conditions and mathematical detail.

1. INTRODUCTION
One of the most common situations in statistical analysis is that of data
which consist of observed, univariate responses y, known to be dependent

on corresponding k-dimensional inputs x,. This situation may be repre-
sented by the regression equations

yr=f(xn00)+e, I=1,2,..,,n
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where f(x, 8) is the known response function, §° is a p-dimensional vector
of unknown parameters, and the e, represent unobservable observational or
experimental errors. We write §° to emphasize that it is the true, but
unknown, value of the parameter vector 8 that is meant; & itself is used to
denote instances when the parameter vector is treated as a variable—as, for
instance, in differentiation. The errors are assumed to be independently and
identically distributed with mean zero and unknown variance o2 The
sequence of independent variables {x,} is treated as a fixed known se-
quence of constants, not random variables. If some components of the
independent vectors were generated by a random process, then the analysis
is conditional on that realization { x,} which obtained for the data at hand.
“See Section 2 of Chapter 3 for additional details on this point, and Section
8 of Chapter 3 for a device that allows one to consider the random regressor
setup as a special case in a fixed regressor theory.
Frequently, the effect of the independent variable x, on the dependent
variable y, is adequately approximated by a response function which is
linear in the parameters

f(x,0) = x'6 = ZP: x,0,.

i=1

By exploiting various transformations of the independent and dependent
variables, viz.

o) = L o(x)0,+ e,

im]l

the scope of models that are linear in the parameters can be extended
considerably. But there is a limit to what can be adequately approximated
by a linear model. At times a plot of the data or other data analytic
considerations will indicate that a model which is not linear in its parame-
ters will better represent the data. More frequently, nonlinear models arise
in instances where a specific scientific discipline specifies the form that the
data ought to follow, and this form is nonlinear. For example, a response
function which arises from the solution of a differential equation might
assume the form

f(x,0) =8, + 8%,

Another example is a set of responses that is known to be periodic in time
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but with an unknown period. A response function for such data is
f(1,8) = 8, + 6,cos 8¢ + O,sinb,1.

A univariate linear regression model, for our purposes, is a model that
can be put in the form

P
9o y,) = E Pi(x,)6; + e,
i=1
A univariate nonlinear regression model is of the form

*Po(}’:) =f(xn0) te,

but since the transformation ¢, can be absorbed into the definition of the
dependent variable, the model

yl =f(x{’0) + el

is sufficiently general. Under these definitions a linear model is a special
case of the nonlinear model in the same sense that a central chi-square
distribution is a special case of the noncentral chi-square distribution. This
is somewhat an abuse of language, as one ought to say regression model
and linear regression model rather than nonlinear regression model and
(linear) regression model to refer to these two categories. But this usage is
long established and it is senseless to seek change now.,

EXAMPLE 1. The example that we shall use most frequently in illustra-
tion has the response function

f(x,0) = 0,x; + O,x; + B,e%%.

The vector-valued input or independent variable is

X1
x = | X
X3

and the vector-valued parameter is
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Table 1. Data Values for Exampie 1.

t Y x1 x2 X3
] 0.98610 1 1 6.28
2 1.03848 0 1 9.86
3 0.98482 1 1 8.1
4 1.04184 0 1 6.43
6 1.02324 1 1 8.1
6 0.90475 o 1 1.62
7 0.96283 1 1 6.58
8 1.08026 [ 1 5.02
9 0.966861 1 ] 6.52
10 1.03437 o 1 3.76
1" 0.989862 1 1 9.86
12 1.01214 0 1 7.31
13 0.66768 1 1 0.47
14 0.55107 (] 1 0.07
15 0.96822 1 1 4.07
16 0.980623 0 1 4.61
17 0.59759 1 1 0.17
18 0.99418 0 ] 6.99
19 1.01962 1 1 4.39
20 0.69163 [ 1 0.39
21 1.04256 1 1 4.713
22 1.04343 [ 1 9.42
23 0.97526 1 1 8.%0
24 1.049698 0 1 3.02
28 G.80219 1 1 Q.77
26 1.01046 [ 1 N
27 0.95196 1 1 4.51
28 0.97858 [ 1 2.65
29 0.50811 1 1 0.08
30 0.91840 0 1 6.11%

Source: Gallant (1975d).

so that for this response function X =3 and p = 4. A set of observed
responses and inputs for this model which will be used to illustrate the
computations is given in Table 1. The inputs correspond to a one way
“treatment-control” design that uses experimental material whose age
(= x,) affects the response exponentially. That is, the first observation

x = (1,1,6.28)

represents experimental material with attained age x; = 6.28 months that
was (randomly) allocated to the treatment group and has expected response

f(x,,6%) =8 + 6 + §0e528%3.
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Similarly, the second observation
x, = {0,1,9.86)’

represents an allocation of material with attained age x, = 9.86 to the
control group, with expected response

f(x,,8°%) = 69 + 80536

and so on. The parameter 8} is the treatment effect. The data of Table 1 are
simulated. o

EXAMPLE 2. Quite often, nonlinear models arise as solutions of a system
of differential equations. The following linear system has been used so often
in the nonlinear regression literature (Box and Lucus, 1959; Guttman and
Meeter, 1965; Gallant, 1980) that it might be called the standard pedagogi-
cal example.

Linear System

2 A(x) = ~6,4(x)
‘-?x—B(x) =0,A(x) ~ 8,B(x)

4 ¢(x) = ,8(x)

Boundary Conditions
A(x) =1 B(x)=C(x)=0 attime x=0

Parameter Space
6,20,=20

Solution, 8, > 6,
A(x) = e
B(x) = (8, - 6,) (817 ~ b,e7%*)
C(x)=1- (8, - 8,) (8,9 — e~ %)
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Solution, 0, = 6,

A(x) = e~ %>
B(x) = 6,xe™%*

C(x)=1-e " - g xe =

Systems such as this arise in compartment analysis where the rate of flow
of a substance from compartment A into compartment B is a constant
proportion 8, of the amount A(x) present in compartment 4 at time x.
Similarly, the rate of flow from B to C is a constant proportion 8, of the
amount B(x) present in compartment B at time x. The rate of change of
the quantities within each compartment is described by the system of linear
differential equations. In chemical kinetics, this model describes a reaction
where substance 4 decomposes at a reaction rate of 8, to form substance
B, which in turn decomposes at a rate 8, to form substance C. There are a
great number of other instances where linear systems of differential equa-
tions such as this arise.

Following Guttman and Meeter (1965), we shall use the solutions for
B(x) and C(x) to construct two nonlinear models (see Table 2) which they
assert “represent fairly well the extremes of near linearity and extreme
nonlinearity.” These two models are set forth immediately below. The
design points and parameter settings are those of Guttman and Meeter
(1965).

Model B
01(8'—”’ - e—xo,)
6,+90
f(x,8) = 0,-9 vee
8, xe™ "4 6, =0,
0°=(14,.4)

{x,} ={25,51,15,2,4,25,5,1,15,2,4}
n=12

0% = (.025)°
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Model C

l _ ole—xo’ - OZe-xol
f(x, g) = 6,- 6,
1-e 1~ xfe*  §,=0,

6, +0,

8° = (1.4,.4)

{x.} ={1,2,3,4,5,6,1,2,3,4,5,6}
n=12
02 = (.025)°

Table 2. Data Values
for Example 2.

t \ 4 X

Mode! 8

0.316122
0.421297
0.601996
0.573076
0.5646661
0.281509
0.273234
0,416292
0.603644
0.621614
0.515790
0.278%507

sncﬂﬂlmbun-
832388832383 %

-t
hey
AN 20O AN—~OO

-
~

Hodel C

0.137780
0.409262
0.638014
0.736366
0.786320
0.693237
0.183208
0.372145
0.6991588
10 0.749201
" 0.8351685
12 0.905045

VR ARANDWN -

DRBWN AP ER W -~
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A word regarding notation. All vectors, such as 8, are column vectors
unless the contrary is indicated by 6’, which is a row vector. Strict
adherence to this convention in notation leads to clutter, such as

d=(a,b,c).
We shall usually let the primes be understood in these cases and write
d=(a,b,c)

instead. Transposition will be carefully indicated at instances where clarity
seems to demand it.

2. TAYLOR’S THEOREM AND MATTERS OF NOTATION

In what follows, a matrix notation for certain concepts in differential
calculus leads to a more compact and readable exposition. Suppose that
5(6) is a real valued function of a p-dimensional argument &. The notation
(3/98)s(8) denotes the gradient of s(8),

2
70—13(0)

a
-a%-s(ﬂ) = 5321(0)

a.
=a-s(8
39,,s( )

P 1

a p by 1 (column) vector with typical element (3/26;)s(@). Its transpose is
denoted by

m‘?ﬂ(ﬁ) = x( -3%—1-.9(0), -5%—25'(0),..., —%;s(ﬁ)

P

Suppose that all second order derivatives of s(#) exist. They can be
arranged in a p by p matrix, known as the Hessian matrix of the function
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5(8),

82 9? 82
30125(0) ;01'3325(0) 3gla§ps(9)
3 3? 92
st - | T e @ )
2 K 3t
] 3,95, 598,20 o ggel®)

14

If the second order derivatives of s(8) are continuous functions in @, then
the Hessian matrix is symmetric (Young’s theorem).

Let f(@) be an n by 1 (column) vector valued function of a p-dimen-
sional argument 8. The Jacobian of

£(8)!
@
f(0) - fz(: )
MYACIEN
is the n by p matrix
a 3 P
L= |0 awhO gkl

Let 4’(8) be a 1 by n (row) vector valued function

1(8) = [ (8), 1y (6)..... h,(6)].
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10
Then
d /] d
3’9’;":(0) ‘371"'2(0) "ﬂ'l'hn(o)
d d d
%h'(())= gm0 Fgh0) - gk, (8)
IO Frhas) 7,%;;,,(0)"

4

In this notation, the following rule governs matrix transposition:

(35/(®)) = 757(0).

And the Hessian matrix of s(8) can be obtained by successive differentia-
tion variously as

d( d ‘
33(795()

9
A

]

a07w°(0) = 35 37+(9)
(

—;3 s(@ )) (if symmetric)

(if symmetric).

- 37 (32

One has a product rule and a chain rule. They read as follows. If f(8) and
h’(8) are as above, then (Problem 1)

OV B8) = K(8) (75/(8)) + 11(0) (75:h(8))

Let g(p) be a p by 1 (column) vector valued function of an r-dimensional
argument p, and let f(8) be as above: Then (Problem 2)

31860 = (751 ®) | Fee)
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The set of nonlinear regression equations
y,=f(x,,0°)+e, 1=1,2,...,n
may be written in a convenient vector form
y=1(8% +e

by adopting conventions analogous to those employed in linear regression;
namely

N
Y2

AFA)
f(xho)
f(xz’g)
L0

LA
€,

1
The sum of squared deviations
SSE(8) = ¥ [y, - f(x,.0)]°
=1

of the observed y, from the predicted value f(x,, 8) corresponding to a trial
value of the parameter # becomes

SSE(8) = [y — £(0))' [y — £(8)] =lly - f(0)

in this vector notation.

The estimators employed in nonlinear regression can be characterized as
linear and quadratic forms in the vector e which are similar in appearance
to those that appear in linear regression to within an error of approximation
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that becomes negligible in large samples. Let

F(8) = 50£(6);

that is, F(8) is the matrix with typical element (3/38,)f(x,, 8), where ¢ is
the row index and j is the column index. The matrix F(#°) plays the same
role in these linear and quadratic forms as the design matrix X in the linear
regression:

“yr=XB +e.

The appropriate analogy is obtained by setting “y” = y — f(8°%) + F(8°)8°
and setting X = F(0°). Malinvaud (1970a, Chapter 9) terms this equation
the “linear pseudo-model.” For simplicity we shall write F for the matrix
F(8) when it is evaluated at 8 = §°

F = F(8°).

Let us illustrate this notation with Example 1.

EXAMPLE 1 (Continued). Direct application of the definitions of y
and f(0) yields

0.98610
1.03848
0.95482
y= |104184

0.50811

101091840 [,

8, + 6, + 6,652
6, + §,e5-8%

0, + 0, + 8,51

£(6) = 0, + 6,680

8, + 8, + 0,e°%

6118
10 0, + 0,e°
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Since

aa a7 f(x,8) = ((a,x1 + 0yx, + B,e%) = x,

f(x 8) = 6’02( Xy + Oyx; + Be®0) = x,

d d
%;f(x, 8) = '5@;(0!"1 +0,x, + 0490”") = 04x3e”3"!

Tf(x #) = (01x1 + 0,x, + 0,e”"’) = ¢
the Jacobian of f(8) is

6,(6.28)e%%%% ¢
04(9.86)89'860‘ e9.&603
0,(9.11)e%118

F(8) = 04(8.43)e9""3 RN I O

LD - O e
P e ek et

1 1 6,(0.08)e%0%0 0086,
00 1 04(6.11)86'“0’ eb 1t

Taylor’s theorem, as we shall use it, reads as follows:

TAYLOR’S THEOREM. Let s(#) be a real valued function defined over
©. Let © be an open, convex subset of p-dimensional Euclidean space R *.
Let 8° be some point in 6.

If 5(8) is once continuously differentiable on 8, then

5(6) =56 + ¥ (77())(8, - 89

i=1

or, in vector notation,
0 a Y 0
s(8) = s(8°) + (aos(a)) (8 - 6°)

for some 6 = A% + (1 — A\)0 where 0 < A < 1.



14 UNIVARIATE NONLINEAR REGRESSION
If s(#) is twice continuously differentiable on @, then

5(0) = 5(09) + £ (569 (6, - 67)

i1

+1 L £ 0-9) 735:0)(6-9)

jml jm1
or, in vector notation,

0 9 a0y 0

s(8) = s(8°) + (Ws(ﬂ )) (6 - 6°)

o 92
+4(8 - 6°) (Ws(f))(a - 8%
for some § = A% + (1 — A)8 where 0 <A < 1. a

Applying Taylor’s theorem to f(x, #), we have
£(x,8) = 1(x,8%) + (55/(x,69) (8 - 0°)
2 -
+3(6 - 0% ( 5735 8)) (8 - 6°)

implicitly assuming that f(x, 8) is twice continuously differentiable on
some open, convex set 6. Note that ¢ is a function of both x and 4,
0 = 8(x, 8). Applying this formula row by row to the vector f(#), we have
the approximation

78) = £(8°) + (35:1(6%)) (6 - 0°) + R(8 - 8°)

where a typical row of R is

= 406 - 09 ( g e 2)

§=8(x,.8)
alternatively

f(8) = f(8% + F(8°)(6 — 8°) + R(8 - 8°).
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Using the previous formulas,

5 SSE(8) = 535 [y - ()] [y - £(6)]
= 1y = £O) 555 [y = (O] + Ly = F(8)) 5 Ly - 1(8)]
= 20y - f(O)) - 39:1(0))
= -2y - f(O)]'F(8).

The least squares estimator is the value § that minimizes SSE(8) over the

parameter space 8. If SSE(#) is once continuously differentiable on some
open set ©° with € ©° c 8, then § satisfies the “normal equations”

F'()[y-f(h)] =o.

This is because (3/38)SSE(4) = 0 at any local optimum. In linear regres-
sion,

y=XB+e
least squares residuals é computed as
E=y-x8 B=(XxX)"'Xxy
are orthogonal to the columns of X, viz,,
Xé=0.

In nonlinear regression, least squares residuals are orthogonal to the col-
umns of the Jacobian of f(8) evaluated at § = 0, viz.,

F()ly - f(6)] =o0.

PROBLEMS

1. (Product rule.) Show that

2 (8)£(8) = (8) 35 £(8) + 17(6) 75h(8)
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by computing (3/360,)L%. h,.(8)f.(8)fori=1,2,..., p to obtain

3 (O10) = L k(075 1(0) + T 1(0) ggrha(0).

Note that (3/38°)f,(8) is the kth row of (d/38°)f(8).
2. (Chain rule.) Show that

3/ 180 = 35/ (80} 778(0)

by computing the (i, j) element of (3/3p')f[g(p)},(3/3p;)f[8(p))
and then applying the definition of matrix multiplication.

3. STATISTICAL PROPERTIES OF LEAST SQUARES
ESTIMATORS

The least squares estimator of the unknown parameter 8° in the nonlinear
model

y=f(8° +e

is the p by 1 vector § that minimizes

SSE(8) = [y - f(8)]'[y ~ ()] =lly - f(O)II".

The estimate of the variance of the errors e, corresponding to the least
squares estimator f is

. SSE(4)
n—p '

In Chapter 4 we shall show that

6=06°+ (F'F)“‘F'e+op(—}:)
{1 - F(FF)'F’
sz=e[ rf—p) ]e+op(;1l-)

where, recall, F = F(8°) = (3/30’)f(8°) is the matrix with typical row
(3/36'){(x,,8°). The notation o,(a,) denotes a (possibly) matrix valued
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random variable X, = o,(a,) with the property that each element X,
satisfies
> c] =0

for any ¢ > 0; {a,)} is some sequence of real numbers, the most frequent
choices being a, =1, a,=1/vn,and a,= 1/n.

These equations suggest that a good approximation to the joint distribu-
tion of (6, s?) can be obtained by simply ignoring the terms 0,(1/ vn) and
0,(1/n). Noting the similarity of the equations

ijn

n—+oo n

lim P[

§=0°+ (FF) 'Fe
e'[1 - F(F'F)'F']e

2
§< =
n—p

with the equations that arise in linear models theory and assuming normal
errors, we have approximately that § has the p-dimensional multivari-
ate normal distribution with mean #° and variance-covariance matrix
oX(F'F)7},

6~ N,[0° 02(FF)Y];

(n — p)s?*/0? has the chi-square distribution with n — p degrees of free-
dom,

2
n—p)s
(n=p)s’ f) ~x*(n-p);
o
and s? and # are independent, so that the joint distribution of (4, s?) is the
product of the marginal distributions. In applications, (F’F)~! must be
approximated by the matrix

C=[F(d)F(6)]".

The alternative to this method of obtaining an approximation to the
distribution of #—characterization coupled with a normality assump-
tion—is to use conventional asymptotic arguments. One finds that §
converges almost surely to 6° s converges almost surely to o2,
(l/n)F'(ﬁ)F(é) converges almost surely to a matrix Q, and \/;)—(6 - 8% is
asymptotically distributed as the p-variate normal with mean zero and



18 UNIVARIATE NONLINEAR REGRESSION

variance-covariance matrix 020"},
(6= 6°) 3 N,(0,06%07).
The normality assumption is not needed. Let
6 = 2 F/(B)F(6).
Following the characterization-normality approach it is natural to write
[ N,,(o",szc‘) (= Ny[oo,sz(l/n)é“])
Following the asymptotic normality approach, it is natural to write
Vn (6 - 0% = NP(O,SZQ“‘) (=NP(0,s2né))

—natural perhaps even to drop the degrees of freedom correction and use

62 = %sse(é)

to estimate o2 instead of s2 The practical difficulty with this is that one
can never be sure of the scaling factors in computer output. Natural
combinations to report are:

4, 5%, C;
4, s, s2C;
, 62,078

8,6% 6207,

and so on. The documentation usually leaves some doubt in the reader’s
mind as to what is actually printed. Probably, the best strategy is to run the
program using Example 1 and resolve the issue by comparison with the
results reported in the next section.

As in linear regression, the practical importance of these distributional
properties is their use to set confidence intervals on the unknown parame-
ters 6° (i=1,2,..., p) and to test hypotheses. For example, a 95%
confidence interval may be found for 6° from the .025 critical value ¢ g5 of
the s-distribution with n — p degrees of freedom as

é«' + '.ozsvszéu .
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Similarly, the hypothesis H : §° = 6> may be tested against the alternative
A:0° =+ 8* at the 5% level of significance by comparing

- 16,-06"
)= =
8 Cil

with |7 q,| and rejecting H when |f)| > |t hs|; ¢, denotes the ith diagonal
element of the matrix C. The next few paragraphs are an attempt to convey
an intuitive feel for the nature of the regularity conditions used to obtain
these results; the reader is reminded once again that they are presented with
complete rigor in Chapter 4.

The sequence of input vectors { x,} must behave properly as n tends to
infinity. Proper behavior is obtained when the components x;, of x, are
chosen either by random sampling from some distribution or (possibly
disproportionate) replication of a fixed set of points. In the latter case, some
set of points ag, a,,..., dr_, is chosen and the inputs assigned according
t0 X, = @, noa 7. Disproportionality is accomplished by allowing some of
the a, to be equal. More general schemes than these are permitted—see
Section 2 of Chapter 3 for full details—but this is enough to gain a feel for
the sort of stability that {x,} ought to exhibit. Consider, for instance, the
data generating scheme of Example 1.

EXAMPLE 1 (Continued). The first two coordinates x;, x,, of x, =
(xy,5 Xq,5 X3,) consist of replication of a fixed set of design points de-
termined by the design structure:

(xlvxz)l = (Ll)
(xpxz)z = (0’1)

(x;,x;),=(1,1) if tisodd

(x;,x,),=(0,1) if riseven

That is,
(xl’ xZ)r = a4, mod2
with
aO = (0’1)
a, = (1,1).
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The covariate x,, is the age of the experimental material and is conceptu-
ally a random sample from the age distribution of the population due to the
random allocation of experimental units to treatments. In the simulated
data of Table 1, x;, was generated by random selection from the uniform
distribution on the interval [0,10]. In a practical application one would
probably not know the age distribution of the experimental material but
would be prepared to assume that x, was distributed according to a
continuous distribution function that has a density p,(x) which is positive
everywhere on some known interval [0, b], there being some doubt as to
how much probability mass was to the right of b. m]

The response function f(x,f8) must be continuous in the argument
(x, 8); that is, if im; _, _(x;,8;) = (x*, 8*) (in Euclidean norm on R**?)
then hm,_  f(x; 8;) = f(x* 8*). The first partial derivatives (d/36,)
f(x, 8) must be continuous in (x, #), and the second partial derivatives
(3%/4a9, 36,)f(x, 8) must be continuous in (x, ). These smoothness re-
quirements are due to the heavy use of Taylor’s theorem in Chapter 3. Some
relaxation of the second derivative requirement is possible (Gallant, 1973).
Quite probably, further relaxation is possible (Huber, 1982).

There remain two further restrictions on the limiting behavior of the
response function and its derivatives which roughly correspond to estima-
bility considerations in linear models. The first is that

1 e 2
s(8) = lim o ¥ [/(x.8) = f(x,,6°)]
n— =1
has a unique minimum at @ = °, and the second is that the matrix
0= Lim LF/(8°)F(8°)
n-—+ oG n

be non-singular. We term these the identification condition and the rank
qualification respectively. When random sampling is involved, Kolmogorov's
strong law of large numbers is used to obtain the limit, as we illustrate with
Example 1 below. These two conditions are tedious to verify in applica-
tions, and few would bother to do so. However, these conditions indirectly
impose restrictions on the inputs x, and parameter #° that are often easy to
spot by inspection. Although 8° is unknown in an estimation situation,
when testing hypotheses one should check whether the null hypothesis
violates these assumptions. If this happens, methods to circumvent the
difficulty are given in the next chapter. For Example 1, either H: 82 = 0 or
H: 62 = 0 will violate the rank qualification and the identification condi-
tion, as we next show.
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EXAMPLE 1 (Continued). We shall first consider how the problems
with H:02 =0 and H: 60 = 0 can be detected by inspection, next con-
sider how limits are to be computed, and last how one verifies that
s(8) = lim,, _, (1/m)L"_,[f(x,,8) — f(x,,8%)? has a unique minimum at
g =8°

Consider the case H: 8 = 0, leaving the case H: 62 = 0 to Problem 1.
If 69 = O then

1 1 6,xy 1
0 1 8,x,, 1
1 1 8,xy 1
F(0) = |0 1 0,x, 1
1 Oux3,-1 1
0 O,x;, 1

F(8) has two columns of ones and is thus singular. Now this fact can be
noted at sight in applications; there is no need for any analysis. It is this
kind of easily checked violation of the regularity conditions that one should
guard against. Let us verify that the singularity carries over to the limit. Let

0.(6) = ZE)F®) = 1 T (7502, 0)( 75 (x,0))

The regularity conditions of Chapter 4 guarantee that lim, _, Q,(8) exists,
and we shall show it directly below. Put X’ = (0,1,0, —1). Then

n

XQ,(8)ls,~0M = %’}_:x (A'a%f(x,, a)L)_o)2 =

Since it is zero for every n, X[lim, _, ,@,(8)]s,-o]A = 0 by continuity of
NAX in A,

Recall that {x,,} is independently and identically distributed according
to the density p,(x,). Since it is an age distribution, there is some (possibly
unknown) maximum attained age ¢ that is biologically possible. Then for
any continuous function g(x) we must have [§|g(x)|p;(x) dx < oo, so that
by Kolmogorov’s strong law of large numbers (Tucker, 1967)

lim LY g(x,) = [&x)ps(x) ax.

1-1
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Applying these facts to the treatment group, we have

Z [7(x,.0) - f(x,,8%)]

-—om”

=j(; [7(x,8) - f(x, 00)]2173("3) dx,

(xbxz)'(l-l)

Applying them to the control group, we have

lim = ): [7(x,.8) - f(x,,0°)]

t even

= f0 [£(x, 8) - £(x,8°)] ps(x;)dx,

(x1, x2)~(0,1)

Then

LS [£(x,,8°) - 7(x,, 0]

B—'W " =1

-} tm 2 {):[f(x,,o) £(x,.6%)]?

+ Z [f(x,.0) —f(x,,0°)]’}

f even
Q,1

Z f[f(x 8) - f(x, 00)] Py(x3) dx;.

(x;,x5)=(0,1)

[ ST

Suppose we let F,(x,, x,) be the distribution function corresponding to
the discrete density

bo(xg,xy) =(0,1)
bo(xnx)=(1L,1)

and we let F3(x;) be the distribution function corresponding to p,(x). Let
r(x) = F5(x,, x3) F3(x;3). Then

Pu(x, x;) = {

J1£(x,8) - £(x,6°)] du(x)
a1

L [1r(x8) = 1(x, 0] ps(x) dx

(%1, %2)=(0,1)

NI =t
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where the integral on the left is a Lebesgue-Stieltjes integral (Royden, 1968,
Chapter 12; Tucker, 1967, Section 2.2). In this notation the limit can be
given an integral representation

tim £ [10500) = 15,01 = [1705.0) = 5.0 ).

These are the ideas behind Section 2 of Chapter 3. The advantage of the
integral representation is that familiar results from integration theory can
be used to deduce properties of limits. As an example: What is required of
f(x, 8) such that

5 lim ¥ /(x,0) = lim 3 Fpf(x,. 00

n—® uy t=1

We find later that the existence of b(x) with (d/d8)f(x,8)| < b(x) and
f{b(x)dp(x) < oo is enough, given continuity of (3/38)f(x, #).
Our last task is to verify that

s(8) = [[£(x,8) = £(x,8°)] du(x)
1,1

L [1(x8) = 1(x.60] ps(x3) dx;

(xy, Xz)'(onl)

= %fc[(oz = 07) + O™ — a‘oeo?x]zps(x) dx
0

| -

1 ¢
+ ij(; {(01 - 67) + (02 - 0:?) + " ~ 04099?“}2193(4‘) dx

has a unique minimum. Since s(#) = 0 in general and s(#°) =0, the
question is: Does s(#) = 0 imply that § = 8°? One first notes that 80 = 0
or 82 = 0 must be ruled out, as in the former case any # with 8, = 0 and
9, + 8, =07 + 6 will have s(8) = 0, and in the latter case any # with
6, =0, 8, =02, 6, =0 will have s(8) = 0. Then assume that 8 # 0 and
69 # 0, and recall that p,(x) > 0 on [0, c]. Now 5(#) = 0 implies

0, — 00 + Ge%* — 0%%5 =0 O<x<ec.
Differentiating, we have

0,0, - 0%0%% =0 Osx<ec.
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Putting x = 0, we have 8,8, = 0262, whence

ethr-#x = 0<x<c

which implies 6, = 8. We now have that
s(8) =0, 80%0, 80#0 = 6 =6° 6, =86y
But if 6, = 870, 6, = 82, and s(8) = 0, then
s(8) = 1(6, - )" + 3[(6, - 07) + (8, - 07)]* = 0
which implies 8, = 8 and 8, = 8. In summary
s(8)=0, 82+#0, 80#0 = @&=248° a

As seen from Example 1, checking the identification condition and rank
qualification is a tedious chore to be put to whenever one uses nonlinear
methods. Uniqueness depends on the interaction of f(x, #) and p(x), and
verification is ad hoc. Similarly for the rank qualification (Problem 2). As a
practical matter, one should be on guard against obvious problems and can
usually trust that numerical difficulties in computing § will serve as a
sufficient warning against subtle problems, as seen in the next section.

An appropriate question is how accurate are probability statements
based on the asymptotic properties of nonlinear least squares estimators in
applications. Specifically one might ask: How accurate are probability
statements obtained by using the critical points of the r-distribution with
n — p degrees of freedom to approximate the sampling distribution of

4 2a

§°C;;

;_8-60,

Monte Carlo evidence on this point is presented below using Example 1.
We shall accumulate such information as we progress.

EXAMPLE 1 (Continued). Table 3 shows the empirical distribution of
computed from 5000 Monte Carlo trials evaluated at the critical points of
the r-distribution. The responses were generated using the inputs of Table 1
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Table 3. Empirical Distribution of ¢, Compared with the 1-Distribution.

Tabular Values Empirical Distribution Sud
td.
< P(tse¢)y Py sc) P(,se¢) P(iysc) P(fy<c) Emor
- 3.707 .0005 .0010 0010 .0000 .0002 .0003
-2.779 .0050 .0048 .0052 0018 0050 0010
—2.056 0250 0270 0280 0140 0270 .0022
-1.706 .0500 0522 .0540 0358 0494 0031
—1.315 1000 1026 1030 0866 .0998 0042
~1.058 1500 .1552 1420 .1408 1584 0050
~0.856 .2000 .2096 1900 .1896 2092 0057
-0.684 .2500 2586 2372 .2470 2638 0061
0.0 .5000 .5152 .4800 4974 5196 0071
0.684 .7500 .7558 1270 .7430 .7670 .0061
0.856 .8000 .8072 7818 1872 .8068 0057
1.058 .8500 .8548 .8362 .8346 8536 .0050
1.315 9000 9038 8914 .8776 .9004 .0042
1.706 .9500 9552 .9498 9314 .9486 0031
2.056 9750 9172 9780 9584 9728 0022
27179 9950 .9950 9940 9852 9936 0010
3.707 .9995 .9998 9996 9962 9994 0003

Source: Gallant (1975d).

with the parameters of the model set at

8°= (0,1, -1, -.5)
o= 001.

The standard errors shown in the table are the standard errors of an
estimate of the probability P(f < ¢) computed from 5000 Monte Carlo
trials assuming that 7 follows the t-distribution. If that assumption is
correct, the Monte Carlo estimate of P[f < c] follows the binomial distribu-
tion and has vanance P(r < ¢)P(¢ > ¢)/5000.

Table 3 indicates that the critical points of the r-distribution describe the
sampling behavior of f, reasonably well. For example, the Monte Carlo
estimate of the Type I error for a two tailed test of H: 80 = —1 using the
tabular values +2.056 is .0556 with a standard error of .0031. Thus it seems
that the actual level of the test is close enough to its nominal level of .05 for
any practical purpose. However, in the next chapter we shall encounter
instances where this is definitely not the case. a
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PROBLEMS

1. Show that H: 82 = 0 will violate the rank qualification in Example 1.
2. Show that Q = lim,_ (1/n)F’(8)F(8) has full rank in Example 1 if
62 # 0 and 6 # 0.

4. METHODS OF COMPUTING LEAST SQUARES ESTIMATES

The more widely used methods of computing nonlinear least squares
estimators are Hartley's (1961) modified Gauss-Newton method and the
Levenberg-Marquardt algorithm (Levenberg, 1944; Marquardt, 1963).

The Gauss-Newton method is based on the substitution of a first order
Taylor series approximation to f(#) about a trial parameter value 8, in the
formula for the residual sum of squares SSE(#). The approximating sum of
squares surface thus obtained is

SSE.(8) = |y — f(8;) - F(0:)(8 ~ 6;)|".

The value of the parameter minimizing the approximating sum of squares
surface is (Problem 1)

8y, = 6+ [F(0;)F(0,)] "' F'(6;)]y — f(67)].

It would seem that 8,, should be a better approximation to the least
squares estimator § than 0, in the sense that SSE(4,,) < SSE(8;). These
ideas are displayed graphically in Figure 1 in the case that & is univariate
(p=1).

As suggested by Figure 1, SSE(8) is tangent to the curve SSE(#) at the
point 8,. The approximation is first order in the sense that one can show
that (Problem 2)

=

Lo ISSE(O) — SSE-(8)]
108710 16— 8,

but not second order, since the best one can show in general is that
(Problem 2)

. |SSE(8) — SSE[(8)]
lim sup =
§-040-0,1<8 16 — 6.})

It is not necessarily true that 8,, is closer to § than 8, in the sense that
SSE(#8,,) < SSE(8;). This situation is depicted in Figure 2.
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SSE
A

SSE(8)

Figure 1. The linearized approximation to the residual sum of squares surface, an adequate
approximation.

But as suggested by Figure 2, points on the line segment joining 8, to 8,,
that are sufficiently close to 6, ought to lead to improvement. This is the
case, and one can show (Problem 3) that there is a A* such that all points
with

6=208,+\(8,,—0;) 0<A<A*

SSE()

SSE ()

|
!
]
]
!
I
!
|
|

|
|
|
[
| |
i |
i 1
6 6

Figure 2. The linearized approximation to the residual sum of squares surface, a poor
approximation.
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satisfy

SSE(6) < SSE(6).

These are the ideas that motivate the modified Gauss-Newton algorithm
which is as follows:

0. Choose a starting estimate ;. Compute

D, = [F’(OO)F(OO)]—‘F’(OO)[}) - 1(6)}.
Find a A, between 0 and 1 such that
SSE(8, + A\,D,) < SSE(4,).

1. Let 6, = 6, + AyD,. Compute

D, = [F/(8,)F(8)] 'F(6,)[y - /(8))].
Find a A, between 0 and 1 such that
SSE(#, + A\, D,) < SSE(8,).
2. Let 6, =6, + \,D,, ....

There are several methods for choosing the step length A, at each
iteration, of which the simplest is to accept the first A in the sequence

1,9,8,7,6,4, 1,4, ...
for which
SSE(8, + AD,) < SSE(¢,)

as the step length A, This simple approach is nearly always adequate in
applications. Hartley (1961) suggests two alternative methods in his article.
Gill, Murray, and Wright (1981, Section 4.3.2.1) discuss the problem in
general from a practical point of view and follow the discussion with an
annotated bibliography of recent literature. Whatever rule is used, it is
essential that the computer program verify that SSE(§, + A, D,) is smaller
than SSE(8,) before taking the next iterative step. This caveat is necessary
when, for example, Hartley’s quadratic interpolation formula is used to
find A,
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The iterations are continued until terminated by a stopping rule such as
18; — 6,1t < (i8]l + )
and

|SSE(6,) — SSE(8,,,)| < ¢[SSE(8,) + 7]

where ¢ > 0 and T > 0 are preset tolerances. Common choices are ¢ = 10~*
and 7 = 107>, A more conservative (and costly) approach is to allow the
iterations to continue until the requisite step size A, is so small that
the fixed word length of the machine prevents differentiation between the
values of SSE(, + A, D;) and SSE(8,). This happens sooner than one might
expect and, unfortunately, sometimes before the correct answer is obtained.
Gill, Murray, and Wright (1981, Section 8.2.3) discuss termination criteria
in general and follow the discussion with an annotated bibliography of
recent literature.

Much more difficult than deciding when to stop the iterations is de-
termining where to start them. The choice of starting values is pretty much
an ad hoc process. They may be obtained from prior knowledge of the
situation, inspection of the data, grid search, or trial and error. A general
method of finding starting values is given by Hartley and Booker (1965).
Their idea is to cluster the independent variables { x,} into p groups

Xij

i=12...,n i=12...p

and fit the model

Vi =f;(9) + ¢
where
_ 1 &
Y=g E Yij
ll_l
. 1o
£(8) == ¥ f(x,.6)
i jeml

for i = 1,2,..., p. The hope is that one can find a value §, that solves the
equations

}71=f:(0) is]vz"”vp
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exactly. The only reason for this hope is that one has a system of p
equations in p unknowns; but as the system is not a linear system, there is
no guarantee. If an exact solution cannot be found, it is hard to see why
one is better off with this new problem than with the original least squares
problem

minimize SSE(4) = % f: [y: —f(xno)lz'

=1

A simpler variant of their idea, and one that is much easier to use with a
statistical package, is to select p representative inputs x, with corre-
sponding responses y, and then solve the system of nonlinear equations

yo=f(x,.8) i=12,...p

for 8. The solution is used as the starting value. Even if iterative methods
must be employed to obtain the solution, it is still a viable technique, since
the correct answer can be recognized when found. This is not the case in an
attempt to minimize SSE(#) directly. As with Hartley and Booker, the
method fails when there is no solution to the system of nonlinear equations.
There is also a risk that this technique can place the starting value near a
slight depression in the surface SSE(#) and cause convergence to a local
minimum that is not the global minimum. It is sound practice to try a few
perturbations of 8, as starting values and see if convergence to the same
point occurs each time. We illustrate these techniques with Example 1.

EXAMPLE 1 (Continued). We begin by plotting the data as shown in
Figure 3. A “1” indicates the observation is in the treatment group, and a
*“0” that it is in the control group. Looking at the plot, the treatment effect
appears to be negligible; a starting value of zero for #, seems reasonable.
The overall impression is that the curve is concave and increasing. That is,
it appears that

d
7,;;/(1,0) >0
and
32
E;S‘f(x,o) < 0.
Since

d
s/ (x.6) = 08,67 > 0
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SAS Statements:

DATA WORKO1; SET EXAMPI

PX1='0"'; !é X1s1 THEN P)ﬁ-"‘

PROC PLOl’ DATA=WORKO1

PLOT YAX3xPX? / HAXIS = 0 TO 10 8Y 2 VPOS = 34;

Output:
STATISTICAL ANALYSIS SYSTEMNM

PLOT OF Y*X3 SYMBOL IS VALUE OF PX1

0.9 ¢+ [

0.8 ¢+ 1

0.7

,.
(-]

[ S Y
[~

X3
Figure 3. Plot of the data of Example 1.

and

i 2f(x 8) = 826,e%% < 0

31

we see that both 4, and 6, must be negative. Experience with exponential
models suggests that what is important is to get the algebraic signs of the
starting values of 6, and 8, correct and that, within reason, getting
the correct magnitudes is not that important. Accordingly, take —1 as the
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starting value of both #, and 6, Again, experience indicates that the
starting values for parameters that enter the model linearly such as 8, and
8, are almost irrelevant, within reason, so take zero as the starting value of
6,. In summary, inspection of a plot of the data suggests that

8 =(0,0-1,-1)

is a reasonable starting value.
Let us use the idea of solving the equations

yl,=f(x1‘10) i=1,2,...,p

for some representative set of inputs

to refine these visual impressions and get better starting values. We can
solve the equations by minimizing

é [}',' '"f(xr" 0)]2

using the modified Gauss-Newton method. If the equations have a solution,
then the starting value we seek will produce a residual sum of squares of
zero. The equation for observations in the control group (x, = 0) is

f(x,0) =8, + 8,e5x,

If we take two extreme values of x; and one where the curve is bending, we
should get a good fix on values for 8,, 8,, 8,. Inspecting Table 1, let us select

x14 = (0, 1,0.07)'
xg = (0,1,1.82)'
x, = (0,1,9.86)".

The equation for an observation in the treatment group (x; = 1) is
eq group (x;
f(x,8) =8, + 6, + ,e%.

If we can find an observation in the treatment group with an x, near one of
the x;’s that we have already chosen, then we should get a good fix on 6,
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SAS Statements:

DATA WORKOY; SET EXAMPLEY:

IF Te2 OR T=6 OR Te=11 OR Tw14 THEN OUTPUT; DELETE;

PROC NLIN DATA=WORKO1 METHOD=GAUSS ITER=50 CONVERGENCE=?1.0E-5;
PARMS T1a20 T2=0 T3a-1 Td=-1,

MODEL YuT1%X14T2%X2¢TA%EXP(TI®*XI);

OER.T1=X1; DER.T2eX2; DER.T3wT4*XI*EXP(TI*X3); DER.TA=EXP(T3#*X3);

Cutput:
SYATISTICAL ANALYSIS SYSTEM 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: BAUSS-NEWTON

ITERATION T T2 T3 RESIDUAL S8
T4

0 0.000000E+00  O.000000E+00 -1.00000000 5.39707160
~-1.00000000

1 -0.04866000 1.03859589 ~-0.82674151 0.00044694
-0.51074741

2 ~0.04866000 1.03876874 -0.729756636 0.00000396
-0.51320803

3 ~-0.04868000 1.036883445 -0.73786415 0.00000000
-0.51361959

4 -0.04866000 1.03683544 -0.73791851 0.00000000
~0.51362268

5 -0.04866000 1.03883544 ~0.737918562 0.00000000
~0.51362269

NOTE: CONVERGENCE CRITERION MET.

Figure 4. Computation of starting values for Example 1.

that is independent of whatever blunders we make in guessing 8,, 8,, and
6,. The eleventh observation is ideal:

X3 = (1, 1,986)’
Figure 4 displays SAS code for selecting the subsample x,, x4, X, x4
from the original data set and solving the equations
v, =f(x,,8) =2,611,14
by minimizing

Z [yl—f(xl’o)]2

1=2,6,11,14
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using the modified Gauss-Newton method from a starting value of
8=(0,0,-1,-1).
The solution is

~0.04866

G- | 103884
~0.73792 |
~0.51362

SAS code using this as the starting value for computing the least squares
estimator with the modified Gauss-Newton method is shown in Figure 5a
together with the resulting output. The least squares estimator is

—0.02588970

6= 1.01567967
-1.115769714 |
- 0.50490286

The residual sum of squares is
SSE(6) = 0.03049554

and the variance estimate is

st= -S—EE—(-é—)- = (0.00117291.
n—p

As seen from Figure 5a, SAS prints estimated standard errors 6; and
correlations §;,. To recover the matrix 52C one uses the formula

2a A A
$%,=6,6,p,,.

For example,

5%, = (0.01262384)(0.00993793)( — 0.627443)
= —0.000078716.

The matrices s*C and C are shown in Figure S5b. Q
The obvious approach to finding starting values is grid search. When

looking for starting values by a grid search, it is only necessary to search
with respect to those parameters which enter the model nonlinearly. The



SAS Statements:

PROC M.IN DATA=EXAMPLEY
PARMS ¥

Ti=-0.04866 T2=1.038

MODEL YsT1%X14T2%X2+ TA*EXP
DER.T1=X1; DER.T2=X2; DER.

Output:

ITERA

0

1

STATIST

METHOD=0GAUSS ITER=50 CO'NEROEM:E-‘I 0E-13;

l# T3#-0.73792 T4=-0,.851362
-n*))dtexp(ratxa), DER. TJ-EXP(T3'X3)3

ICAL ANALYSIS SYSTEM 1

NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
TION T T2 T3
T4
-0.04866000 1.03884000 -0.73792000
~0.51362000
~-0.02432099 1.00985922 -1.01871093
-0.49140162
-0.02573470 1.01631500 -1.11610448
-0.50457486
~-0.02508979 1.015679599 ~1.11668229
~-0.50490158
-0.02588969 1.0156796¢6 -1.11569767
-0.50490291
-0. 02888970 1.01667987 ~1.11569712
-0.50490288
-0.02688970 1.01667987 ~1.116698714

~-0.50490286

NOTE: CONVERGENCE CRITERION MET.

RESIOQUAL SS

0.060775631

0.03236162

0.03049761

0.03049564

0.03049554

0.03049554

0.03049554

STATISTICAL ANALYSIS SYSTEMNM 2
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES NEAN SQUARE
REGRESSION 4 26.34594211 6.58648563
RESIDUAL 26 0.03049864 0.00117291
UNCORRECTED TOTAL 30 26.37643764
(CORRECTED TOTAL) 29 0.71095291
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 96 %
STD. ERROR mC‘ggFIMNCE INTERVAL
n -0.02580970 0.01262304 ~0.05183816 0.00005877
72 1.01567987 0.00993793 0.99525213 1.03610721
13 -1.11589714 0.16354199 -1.45185986 -0.77953442
T4 -0.50490208 0. 02585721 -0.55764189 ~0.45216413
ASYMPTOTIC CORRELATION MATRIX QF THE PARAMETERS
Tt T2 T3 T4
11 1.000000 -0.627443 -0.085786 -0.136140

T2 ~0.827443 1.000000 0.373492 -0.007261
13 -0.085786 0.373492 1.000000 0.561633
T4 ~0.136140 -0.007261 0.561633 1.000000

Figure 5a. Example 1 fitted by the modified Gauss-Newton method.

35
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sic

coL 1 coL 2 coL 3 coL 4

ROW 1 0.00015936 -7.87160-05 -0.00017711 -4.40850-06
ROW 2 -7.87160-08 9.8762D-05 0.00060702 -1.86140-06
ROW 3 -0.00017711 0.00060702 0.026746 0.00235621
ROW 4 -4.4095D0-05 -1.8514D-08 0.00235621 0.00065829

c
coL coL 2 coL 3 coL 4
ROW 1 0.13687 -0.067112 -0.15100 -0.037594
ROW 2 -0.067112 0.084203 0.61784 -0.00157848
ROW 3 ~0.15100 0.51754 22.8032 2.00887
ROW 4 -0.037594 -0.00157848 2.00887 0.56125

Figure 5b. The matrices s2C and C for Example 1.

parameters which enter the model linearly can be estimated by ordinary
multiple regression methods once the nonlinear parameters are specified.
For example, once 8, is specified, the model

Yo =0,x;, + 0,x,, + 0,,2”"2' + e,

is linear in the remaining parameters 4, 6,, 6,, and these can be estimated
by linear least squares. The surface to be inspected for a minimum with
respect to grid values of the parameters entering nonlinearly is the residual
sum of squares after fitting for the parameters entering linearly. The trial
value of the nonlinear parameters producing the minimum over the grid
together with the corresponding least squares estimates of the parameters
entering the model linearly is the starting value. Some examples of plots of
this sort are found toward the end of this section.

The surface to be examined for a minimum is usually locally convex.
This fact can be exploited in the search to eliminate the necessity of
evaluating the residual sum of squares at every point in the grid. Often, a
direct search with respect to the parameters entering the model nonlinearly
which exploits convexity is competitive in cost and convenience with either
Hartley’s or Marquardt’s methods. The only reason to use the latter
methods in such situations would be to obtain the matrix [F/(§)F(§)]7},
which is printed by most implementations of either algorithm.
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Of course, these same ideas can be exploited in designing an algorithm,
Suppose that the model is of the form

f(p.8) = A(p)B

where p denotes the parameters entering nonlinearly, A(p) is an n by K
matrix, and B is a K-vector denoting the parameters entering linearly.
Given p, the minimizing value of 8 is

B=14(p)4(p)] 'A(p)y.

The residual sum of squares surface after fitting the parameters entering
linearly is

I

SSE(p) = {y = A(p)[4'(p)A(p)] '4'(p)y}
x{y— A(p)[A'(p)A(p)] ‘4'(p)y).

To solve this minimization problem one can simply view

f(p) = A(p)[ () A(p)] ' 4(p)y

as a nonlinear model to be fitted to y and use, say, the modified Gauss-
Newton method. Of course, computing

’53;7 {A(p)[4() 4(p)] ' 4(p) )}

is not a trivial task, but it is possible. Golub and Pereyra (1973) obtain an
analytic expression for (3/3p’)f(p) and present an algorithm exploiting it
that is probably the best of its genre.

Marquardt’s algorithm is similar to the Gauss-Newton method in the use
of the sum of squares SSE,(8) to approximate SSE(§). The difference
between the two methods is that Marquardt's algorithm uses a ridge
regression improvement of the approximating surface

85 = 8, + (F'(8;)F(8;) + 81) ' F(8:)[y - £(87)]

instead of the minimizing value §,,. For all § sufficiently large 85 is an
improvement over 8, [SSE(;) is smaller than SSE(8;)] under appropriate
conditions (Marquardt, 1963). This fact forms the basis for Marquardt’s
algorithm.
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The algorithm actually recommended by Marquardt differs from that
suggested by this theoretical result in that a diagonal matrix S with the
same diagonal elements as F'(6;)F(8;) is substituted for the identity
matrix in the expression for §,. Marquardt gives the justification for this
deviation in his article and also a set of rules for choosing § at each
iterative step. See Osborne (1972) for additional comments on these points.

Newton’s method (Gill, Murray, and Wright, 1981, Section 4.4) is based
on a second order Taylor series approximation to SSE(#) at the point 6,:

SSE(8) = SSE(8,) + (;%—,ssy:(o,))(a - 8,)
+3(8- a.,)'(gga—,ssm,))(o ~8y).

The value of # that minimizes this expression is

32 -l g
0, =0+ (— WSSEMT)) WSSE(OT).
As with the modified Gauss-Newton method, one finds A, with
SSE[8, + A,(8,, — 6;)] < SSE(6;)

and takes 8 = 8, + A(0,, — ;) as the next point in the iterative sequence.
Now

32 L . 92
- 095 SSE(8:) = 2F(0r)F(8r) = 1% &g (x07)

where
5,=y,—j(x,,0,) t=1,2,...,n.

From this expression one can see that the modified Gauss-Newton method
can be viewed as an approximation to the Newton method if the term

n . 32
2 €, gyag:f(xn 0r)
=1

is negligible relative to the term F'(8;)F(8;) for 8; near 0—-say, as a rule
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of thumb, when

DI (é,g%;@f(x,,é))zr

t=1 =] j=1

is less then the smallest eigenvalue of F'(§)F(§), where &, = y, — f(x,, §).
If this is not the case, then one has what is known as the “large residual
problem.” In this instance it is considered sound practice to use the Newton
method, or some other second order method, to compute the least squares
estimator, rather than the modified Gauss-Newton method. In most in-
stances analytic computation of (32/3638°)f(x, @) is quite tedious and
there is a considerable incentive to try and find some method to approxi-
mate

n . a‘z
1§1 eer(xn 01')

without being put to this bother. The best method for doing this is probably
the algorithm by Dennis, Gay, and Welsch (1977).

Success, in terms of convergence to § from a given starting value, is not
guaranteed with any of these methods. Experience indicates that failure of
the iterations to converge to the correct answer depends both on the
distance of the starting value from the correct answer and on the extent of
overparametrization in the response function relative to the data. These
problems are interrelated in that more appropriate response functions lead
to greater radii of convergence. When convergence fails, one should try to
find better starting values or use a similar response function with fewer
parameters. A good check on the accuracy of the numerical solution is to
try several reasonable starting values and see if the iterations converge to
the same answer for each starting value. It is also a good idea to plot actual
responses y, against predicted responses §, = f(x,, J); if a 45° line does not
obtain then the answer is probably wrong. The following example illustrates
these points.

EXAMPLE 1t (Continued). Conditional on p = 8;, the model
f(x,0) = 8,x, + O,x, + 0,5

has three parameters 8 = (0,, 8, 4,)’ that enter the model linearly. Then as
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Table 4. Performance of the Modified Gauss-Newton Method.

Least squares cstimate Modified Gauss-Newton
True value iterations from a

of §,° b, d, 4, 0, s? start of §, — .1
- .5 —-.025% 102 -112 ~-.505 00117 4
-3 —-.0260 1.02 -1.20 ~.305 00117 5
-1 ~.0265 102 -171 ~.108 00118 6
-~ .05 -.0272 102 -316 —-.0641  .00117 7
-.01 —~.0272 101 -0.0452 .00758 .00120 b
-.005 ~.0268 101 -0.0971 0106 00119 b
—.001 -0266 101 -0134 0132 00119 202

0 ~.0266 101 -0.142 .0139 00119 69

Source: Gallant (1977a).
?Parameters other than 8, fixed at 8, = 0, 8, = 1, 8, = —1, ¢ = ,001.
Algorithm failed to converge after 500 iterations.

remarked earlier, we may write

/(p) = A(p)[4°(p) 4(p)] "4’ (p)y
where a typical row of A(p) is
a;(p) = (xy,, x3,, €**>)
and treat this situation as a problem of fitting f(p) to y by minimizing

SSE(p) = [y = f(p))'ly - £(p)].

As p is univariate, § can easily be found simply by plotting SSE(p) against
p and inspecting the plot for the minimum. Once § is found,

B=14(p)A(3)) ' a(p)y

gives the values of the remaining parameters.
Figure 6 shows the plots for data generated according to

= olxlt + 02x21 + 04e9333, + €,

with normally distributed errors, input variables as in Table 1, and parame-
ter settings as in Table 4. As 8, is the only parameter that is varying, it
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serves to label the plots. The 30 errors were not regenerated for each plot;
the same 30 were used each time, so that 8, is truly all that varies in these
plots.

As one sees from the various plots, the fitting of the model becomes
increasingly dubious as |8,| decreases. Plots such as those in Figure 3 do not
give any visual impression of an exponential trend in x, for |4,| smaller
than 0.1.

Table 4 shows the deterioration in the performance of the modified
Gauss-Newton method as the model becomes increasingly implausible—as
{6, decreases. The table was constructed by finding the local minimum
nearest p = 0 (6, = 0) by grid search over the plots in Figure 6 and setting
, = p and (4, 32, d,) = A. From the starting value

ofi=6-01 i=1234

an attempt was made to recompute this local minimum using the modified
Gauss-Newton method and the following stopping rule: Stop when two
successive iterations, 8 and (.8, do not differ in the fifth significant
digit (properly rounded) of any component. As noted, performance de-
teriorates for small {6,|.

One learns from this that problems in computing the least squares
estimators will usually accompany attempts to fit models with superfluous
parameters. Unfortunately one can sometimes be forced into this situation
when attempting to formally test the hypothesis H : 8, = 0. We shall return
to this problem in the next chapter. ]

PROBLEMS

1. Show that
2
SSEr(8) =|ly — f(0;) — F(6,)(8 - 01)"
is a quadratic functicn of 8 with minimum at

Oy =07+ [F'(GT)F(OT)]—IF’(oT)[y ’f(er)]-

One can see these results at sight by applying standard linear least
squares theory to the linear mode] “y” = XB + e with “y” =y —
f(6y) + F(8;)8,, X = F(8;),and B = 8.
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2. Set forth regularity conditions (Taylor’s theorem) such that

SSE(8) = SSE(6,) + [}ssa(ar)]'(o - 8,)

+4(0 - 01)'[53‘3;@—,585(07)](0 =~ 8r) +o(l16 - 6-1).
Show that
SSE(0) — SSE1(8) = (8~ 6:)'A(8 — 87) + o(110 ~ &)%)
where A is a symmetric matrix. Show that |(6 — 8;) 4(8 — 8,) |10 -
0,1 is less than the largest eigenvalue of A4 in absolute value,

max|A ;(A)| Use these facts to show that

|SSE(#) — SSE-(8)] _

18— Bylj—0 e — 6l 0
and
|SSE(8) — SSE,(8)|
lim su < maxjA;(4)|.
50 uo—a,l?mw e - 6.1 ()]

3. Assume that 8, is not a stationary point of SSE(#); that is,
(3/38)SSE(0;) # 0. Set forth regularity conditions (Taylor’s theorem)
such that

SSE[0, + A(8,, - ;)]
= SSE(8,) + A[—G%SSE(GT)]'(BM - 8,) + o(A).

Let Fr = F(0;), ér =y — f(8y), and show that this equation reduces
to

SSE{0, + A(6,, — 0,)]

3 ’ -1 A O(Az)
= SSE(8;) + | =287 Fp(FiFy) Fiér+ —5— |A.

There must be a A* such that

2

—284Fp(FiFy;) ' Fiép + o(%‘—) <0
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for all A with 0 < A < A* (why?). Thus

SSE[8, + A (8,, ~ 6;)] < SSE(8;)

for all A with 0 <A < A%,

(Convergence of the modified Gauss-Newton method.) Supply the
missing details in the proof of the following result.

THEOREM. Let
0(8) = )Elly,—f(x,,ﬂ)lz-

Conditions: There is a convex, bounded subset S of R” and 8, interior
to S such that:

1. (8/38)f(x,, 8) exists and is continuous over § for r = 1,2,..., n;
2. & € S implies the rank of F(8) is p;

3. Q(6,) < @ = inf{Q(8): 8 a boundary point of S };

4. there does not exist 8/,8” in § such that

J d A
2528 = 550(8”) =0 and Q(8") = 0(6").
Construction: Construct a sequence {8,}2., as follows:

0. Compute Dy = [F'(8,)F(6,)) 'F'(6,)ly — f(8)]. Find A, which
minimizes @8, + A D,) over

Ag={A:0<A<1,6,+AD, € S).

1. Set 6, = 8, + A\;D,. Compute D, = [F(8,)F(8,)) 'F'(8,)ly —
f(8))). Find A, which minimizes Q(6, + AD,) over

A={A:0<A< 1,6, +AD, €S}

2. 8et8,=6, + \\D,....
Conclusions. Then for the sequence {8,}%., it follows that:

1. 8, is an interior point of S fora =1,2,....
2. The sequence {#,} converges to a limit §* which is interior to S.
3. (8/06)Q(8*) =0.
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Proof. We establish conclusion 1. The conclusion will follow by induction
if we show that 6, interior to S and Q(8,) < @ imply that A, minimizing
Q(8, + AD,) over A exists and 8, , is an interior point of S. Let =
and consider the set

S={8eS:0=6,+AD,0<\<1}.

S is a closed, bounded line segment contained in S (why?). Thereis a 8’ in
S minimizing Q over S (why?). Hence, there is a A, (6'=6, + A_D,)
minimizing Q(8, + AD,) over A . Now 8’ is either an interior poim of §
or a boundary point of S. By Lemma 2.2.1 of Blackwell and Girshick (1954,
p. 32) § and S have the same interior points and boundary points. In 6’
were a boundary point of S, we would have

0<0(8)<0(6,) <0

which is not possible. Then 8’ is an interior point of S. Since 8, ,, = 8’, we
have established conclusion 1.

We establish conclusions 2, 3. By construction 0 < Q(8,,,) < Q(4,);
hence Q(8,) —» Q* as a = oo. The sequence {§,} must have a convergent
subsequence {8, )5, with limit 8* € S (why?). 0(6;) — Q(8*) so Q(8*)
= Q* (why?). 6* is either an interior point of S or a boundary point. The
same holds for §, as we saw above. If §* were a boundary point of S, then
0 < 0(8*) < Q(8°), which is impossible because Q(8,) < . So 8* is an
interior point of S.

The function

D(8) = [F(8)F(8)] ' F(8)y - f(8)]
is continuous over S (why?). Thus
ﬁli:nwoﬁ = Jim D(6;) = D(8*) = D*.

Suppose D* # 0, and consider the function g(A) = Q(8* + AD*) for
A €f—-n,n), where0 <5 < 1and 8* + nD* are interior points of §. Then

q'(0) = ;,Tg(awxm)m .

= (-2)[y - f(6*))'F(8*) D*
= (-2)D*F'(8*)F(0*)D*
<0
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(why?). Choose ¢ > 0 so that ¢ < —¢’(0). By the definition of derivative,
there is a A* € (0, 49) such that

Q(8* + A*D*) — Q(6*) = g(I*) - q(0)
< [g’(0) + €] A*.

Since Q is continuous for § € S, we may choose y > 0 such that —y >
[g’(0) + €]A* and there is § > O such that

18 + A*Dy — 8* — A*D*|| < §
implies
(6 + A*D) — Q(8* + A*D*) <.
Then for all B sufficiently large we have
(8 + MDy) — 0(8*) < [¢°(0) + ]A* + y = —c2.

Now for 8 large enough 63 + A*Dy is interior to S, so that A* € A, and we
obtain

Q(0ﬁ+l) - Q(0*) < =%
This contradicts the fact that Q(6;) — Q(8*) = Q* as 8 — oo; thus D*
must be the zero vector. Then it follows that
d
570(8%) = (=2)F/(8%)[y - £(6*)]

- (~2)F/(6*)F(6*) D*
= (.

Given any subsequence of {6,}, we have by the above that there is a
convergent subsequence with limit point 8’ € § such that

750(6) = 0= 750(6%)
and
0(0) = 0% = 0(6%).

By hypothesis 4, 8 = 8*, so that 8, — §’ as a — o0.
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5. HYPOTHESIS TESTING

Assuming that the data follow the model
y=f(8°)+e e~ N,(0,0%)
consider testing the hypothesis
H:h(8°) =0 against A:h(8°) =0

where h(8) is a once continuously differentiable function mapping R? into
R 9 with Jacobian

H(8) = 557h(6)
of order ¢ by p. When H(#) is evaluated at & = ¢ we shall write H,
H = H(§)
and at 8 = 6° write H,
H=H(8%

In Chapter 4 we shall show that 4(8) may be characterized as

h(6) = h(6°) + H(F'F) 'F'e + op(%)

where, recall, F = (3/38°)f(8°). Ignoring the remainder term, we have
h(d) = N,[1(6°), 0*H(F'F) 'H’|

whence

w(§)[H(FF) 'H] " h(h)

[

is (approximately) distributed as the noncentral chi-square distribution
(Section 7) with ¢ degrees of freedom and noncentrality parameter

_ w0 H(F'F) ' H'] ' h(0°)

A
202
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Recalling that to within the order of approximation o,(1/n), (n — p)s?/o?
is distributed independently of 0 as the chi-square distribution with n — p
degrees of freedom, we have (approximately) that the ratio

h'(ﬁ)[H(F'F)“H']"‘h(é)/(qaz)
(n - p)s¥l(n - p)o?]

follows the noncentral F-distribution (see Appendix, Section 7 of this
chapter) with ¢ numerator degrees of freedom, n — p denominator degrees
of freedom, and noncentrality parameter A; denoted as F’(q,n — p, A).
Canceling like terms in the numerator and denominator, we have

w(§)[H(F'F) 1’| 'h(h)
' (g5%)

In applications, estimates H and € must be substituted for H and (F’F)"},
where, recall, C = [F/(§)F(#))™*.The resulting statistic

~ F'(q,n—p,\)

W= h'(é)(ﬁéli')“h(a’)
qs

is usually called the Wald test statistic.
To summarize this discussion, the Wald test rejects the hypothesis

H:h(8° =0

when the statistic

y - KONREH) b

exceeds the upper a X 100% critical point of the F-distribution with g
numerator degrees of freedom and n — p denominator degrees of freedom,
denoted as F~!(1 — a; ¢, n — p). We illustrate.

EXAMPLE 1 (Continued). Recalling that
f(x,8) = 0,x; + 8,x, + Oe>*
consider testing the hypothesis of no treatment effect,

H:8,=0 against A:8, #0.
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For this case

h(6) = 6,
H(6) = 7h(8) = (1,0,0,0)
h(f) = —0.02588970 (from Fig. Sa)
H= ao,h(é) (1,0,0,0)
HCI ? = ¢, = 0.13587 (from Fig. 5b)
= 0.00117291 (from Fig. 5a)
g=1
wo ((i)(HCH ) "'h(8)

qS

_ (~0.02588970)(0.13587) "'( - 0.02588970)
1 X 0.00117291

= 4.2060.

The upper 5% critical point of the F-distribution with 1 numerator degree
of freedom and 26 = 30 —~ 4 denominator degrees of freedom is

F71(.95;1,26) = 4.22

so one fails to reject the null hypothesis.
Of course, in this simple instance one can compute a f-statistic directly
from the output shown in Figure 5a as

_ —0.025887970
—0.01262384

= —2.0509

and compare the absolute value with
171(.975; 26) = 2.0555. |

In simple examples such as the proceeding, one can work directly from
printed output such as Figure 5a. But anything more complicated requires
some programming effort to compute and invert HCH’. There are a varnety
of ways to do this; we shall describe a method that is useful pedagogically,
as it builds on the ideas of the previous section and is easy to use with a
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statistical package. It also has the advantage of saving the bother of looking
up the critical values of the F-distribution.
Suppose that one fits the model

E=FB+u
by least squares and tests the hypothesis
H: HB = k() against A: HB # h(#).
The computed F-statistic will be

_ BB - n(@[AGFF) A LA - h(6)] /g
[é - FR]'[é - FBB)/(n - p)

but since
0= Wsse(é) —2F%
we have
0=(FF)'Fe=4

and the computed F-statistic reduces to

A AA

Y (0)(HCH ) h(é)
qS

W=

Thus, any statistical package that can compute a linear regression and test a
linear hypothesis becomes a convenient tool for computing the Wald test
statistic. We illustrate these ideas in the next example.

EXAMPLE 1 (Continued). Recalling that the response function is
f(x,8) =0,x, + 6,x, + 855

consider testing

a 1 . d 1
Ef(x,0) =3 against A!b-;;f(x,O) #* 3

xy=1 Xy=1
or equivalently

H:80.,e% =1 against A:0,0,e% + }.
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We have

h(6) = 0,0, — |
H(8) = 507h(8) = [0,0,,(1 + 8,)e%, e
h(6)

(]

(~1.11569714)( — 0.50490286) e =1 113694 _ 02
—0.0154079303 (from Fig. 5a)
H = (3/86")h(6)

= (0,0,0.0191420895, —0.365599176)
(from Fig. 5a)

’ ol AN
h (0‘)(1?01'1 ) h(8) _ o 0042964 (from Fig. 7)
s* = 0.001172905 (from Fig. 5a or 7)
W = 3.6631 (from Fig. 7 or
by division).

Since F~1(.95;1,26) = 4.22, one fails to reject at the 5% level. The p-value
is 0.0667 as shown in Figure 7; that is 1 — F(3.661; 1, 26) = 0.0667.

Also shown in Figure 7 are the computations for the previous example as
well as computations for the joint hypothesis

H:0,=0and 8,0, =1} against A:0, #0or 00, + |
The joint hypothesis is included to illustrate the computations for the case

q > 1. One rejects the joint hypothesis at the 5% level; the p-value is 0.0210.
(]

We have noted in the somewhat heunistic derivation of the Wald test that
W is distributed as the noncentral F-distribution. What can be shown
rigorously (Chapter 4) is that

W=Y 1
= + op( ;
Y~ F'(qg,n—p,A)

_ w(80) [ H(82)[F/(8°) F(8%)] *H (8%} h(6°)
20? '

A
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SAS Stetements:

DATA WORKO1; SET EXAMPLEY;

T1=-~0.02588970; T2=1,01667967; T3=-1.11669714; T4=-0.50490208;

E=Y-(TI#X1+T2RX2+TA*EXP{TI*X3) ) ;

DER_T1aX1; DER_T2eX2; DER_T3=TAXX3I*EXP(T3%X3); DER_TA=EXP(T3#X3);

PROC REG DATA=WORKO1; MODEL E = DER_T1 DER_T2 OER_T3 DER_T4 / NOINT;

FIRST: TEST DER_T1=0,02588970;

SECOND: TEST 0.0191420895%DER_T3-0.365599176+DER_T4=-0.0154079303;

JOINT: TEST DER_T1=0.02588970,
0.0791420895%0ER_T3-0.365599176+DER_T4=-0.0164079302;

Qutput:
STATISTICAL ANALYSIS SYSTEMN 1

DEP VARIABLE: E

SUM OF MEAN

SOURCE DF SQUARES SQUARE F VALUE PROB>F
HODEL 4 3,29597E-17 8.23894E-18 0.000 1.0000
ERROR 26 0.030496 0.001172906
U TOTAL 30 0.030496

ROOT MSE 0.034248 R-SQUARE 0.0000

DEP MEAN 4.13616E-11 ADJ R-SQ -0.1164

c.v. 82600642118

NOTE: NO INTERCEPT TERM IS USED. R-SQUARE IS REDEFINED.

PARAMETER STANDARD T FOR HWO:
VARIABLE DF ESTIMATE ERROR PARAMETER=D PROB > |T|
DER_T1 1 1.91639E-09 0.012624 0.000 1.0000
DER_T2 1 -6.79166E-10 0.009937927 -0.000 1.0000
DER_T3 1 1.52491E-10 0.163642 0.000 1.0000
DER_T4 1 -1.50709€E-09 0.026657 -0.000 1.0000
TEST: FIRST NUMERATOR : .0049333 OF: ¥ F VALUE: 4.2060

OENOMINATOR: .0011729 DF: 26 PROB >F : 0.0606
TEST: SECOND NUMERATOR : .0042964 OF: 1 F VALUE: 3.6631

DENOMINATOR: .0011729 OF: 26 PROB >F : 0.0867
TEST: JOINT NUMERATOR : .0052743 DF: 2 F VALUE: 4.4968

DENOMINATOR: .0011729 DOF: 26 PROB >F : 0.0210

Figure 7. lllustration of Wald test computations with Example 1.

That is, Y is distributed as the noncentral F-distribution with g-numerator
degrees of freedom, n — p denominator degrees of freedom, and non-
centrality parameter A (Section 7). The computation of power requires
computation of A and use of charts (Pearson and Hartley, 1951; Fox, 1956)
of the noncentral F-distribution. One convenient source for the charts is
Scheffé (1959). The computation of X is very little different from the
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computation of W itself, and one can use exactly the same strategy used in
the previous example to obtain

n(8°){ H(8°)[ F(6°) F(8°)] " H"(6°)}) 'n(8°)
q

and then multiply by g/(202) to obtain A. Alternatively one can write code
in some programming language to compute A. To add variety to the
discussion, we shall illustrate the latter approach using PROC MATRIX in
SAS.

EXAMPLE 1 (Continued). Recalling that
f(x,8) = 08,x; + O,x, + e

let us approximate the probability that the Wald test rejects the following
three hypotheses at the 5% level when the true values of the parameters are

6° = (03,1, -1.4, - .5)
o’ = .001.
The three null hypotheses are
Hy:8, =0
Hy: 0,8,% =}
H,: 0, = 0 and 8,0,e% = 1.
PROC MATRIX code to compute

_ W8 {H(8)[F(6°) F(87)] *H(6°)} " n(8%)

202

A

for each of the three cases is shown in Figure 8. We obtain

A, =3.3343 (from Fig. 8)
A, =565508  (from Fig. 8)
A, = 988196 (from Fig. 8).

Then from the Pearson-Hartley charts of the noncentral F-distribution in
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SAS Statements:

PROC MATRIX; FETCH X DATA=EXAMPLE!(KEEP=X1 X2 X3);

T1=.03; T2«1; T3m=-1.4; T4=-.5; S=.001; N=30;

Fiux(,1); F2aX(,2); F3=TAR(X(,3)8EXP(T3"X(,3))); FA=EXP(TI*X(,3));
FeFt[{F2(|F3||F&; CaINV(F'#*F);

SMALL_H1sT1; Hlel D 0 O;

LAMBDA=SMALL W) *SINV(HT*CRH1* ) ¥SMALL_H18/({2%S); PRINT LAMBOA;
SMALL_M2=(TINTABEXP(TI)-18/6); H2=0[|0[|T48(1+T3)SEXP(T3) | |TISEXP(T3);
LAMBOA=SMALL_H2' RINV(H2¥C*H2' )#SMALL_H28/({2%S); PRINT LAMBOA;
SMALL_H3=SMALL_H1//SMALL_H2; H3=H1//H2;
LAMBOA=SMALL_H3 ' RINV(HINCHH3 ' )ASHALL_HIN/(2%5); PRINT LAMBOA,

Output:
STATISTICAL ANALYSIS SYSTEMNM 1
LAMBDA coLt
ROW1 3.3343
LAMBDA coLt
ROW1 5.65508
LAMBDA co
ROWY 9.88196

Figure 8. Illustration of Wald test power computations with Example 1.

Scheffé (1959) we obtain

1 - F’(4.22;1,26,3.3343) = 70
1 - F’(4.22;1,26,5.65508) = .90
1 - F'(3.37;2,26,9.88196) = .97.

For the first hypothesis one approximates P(W > F,) by P(Y > F,) = .70,
where F, = F71(.95;1,26) = 4.22, and so on for the other two cases.

The natural question is: How accurate are these approximations? In this
instance the Monte Carlo simulations reported in Table 5 indicate that the
approximation is accurate enough for practical purposes, but later on we
shall see examples showing fairly poor approximations to P(W > F,) by
P(Y > F,). Table 5 was constructed by generating 5000 responses using the



HYPOTHESIS TESTING 55
Table 5. Monte Carlo Power Estimates for the Wald Test.

Hy: 0, = Oagainst H,: 6, # 0 Hy: 8y = —1 against Hy : 8, = —1

Parameters® Moeonte Carlo Monte Carlo
Sid. Sud.

6, 8 A P[Y>F) PIW>F] Ex. A P[Y>F] PI[W>F,) Erm.
0.0 -10 00 050 050 003 0.0 .050 056 .003
0008 —-11 0.2353 101 .094 004 02220 098 .082 004
0015 -—-1.2 0.8309 m .231 .006 0.7332 215 183 .006
0030 -14 33343 700 687 006 2.1302 511 513 007

Source: Gallant (1975d).
%9, = 1,8, = —.5, o = 001

response function
f(x,8) = 0,x, + 8,x, + 85

and the inputs shown in Table 1. The parameters used were 8, =1,
8, = —.5, and o? = .001 excepting 8, and 6,, which were varied as shown
in Table 5. The power foratestof H: 8, = 0 and H: §; = —1is computed
for P(Y > F,) and compared with P(W > F,) estimated from the Monte
Carlo trials. The standard errors in the table refer to the fact that the Monte
Carlo estimate of P(W < F,) is binomially distributed with n = 5000 and
p = P(Y > F,). Thus, P(W > F,) is estimated with a standard of error of
{P(Y > F)[1 — P(Y > F,)}/5000}"/%. These simulations are described in
somewhat more detail in Gallant (1975b). o

One of the most familiar methods of testing a linear hypothesis
H:RB=r against A:RB#r
for the linear model
y=XB+e
is: First, fit the full model by least squares, obtaining

SSE, = (¥ — XB)'(y — Xf)
B=(xx)"xy.
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Second, refit the model subject to the null hypothesis that RB = r, obtain-
ing

SSE reducea = (¥ = Xﬁ)l(}’ - Xﬁ)
B =8+ (xx) 'R|R(XX)'R]7(r - RA).
Third, compute the F-statistic

o e = SSEu)/q
(SSEfun)/(" -p)

where ¢ is the number of restrictions on 8 (number of rows in R), p the
number of columns in X, and n the number of observations—full rank
matrices being assumed throughout. One rejects for large values of F. If one
assumes normal errors in the nonlinear model

y=/f(8)+e e~N,(0,0%)
and derives the likelihood ratio test statistic for the hypothesis
H:h(8) =0 against A:h(8)+#0

one obtains exactly the same test as just described (Problem 1). The statistic
is computed as follows.
First, compute

6 minimizing SSE(9) = [y - /() [» - £(6)]
using the methods of the previous section, and let
SSE, = SSE(¥).
Second, refit under the null hypothesis by computing
0 minimizing SSE(#) subjectto h(8) =0
using methods discussed immediately below, and let
SSE . 4.ccd = SSE(4).
Third, compute the statistic

£ w SSEcopen ~ sss,,,l)jg'
(SSEqw)/(n — p)
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Recall that #(#) maps R” into RY so that g is, in a sense, the number of
restrictions on 8. One rejects H: h(8°%) = 0 when L exceeds the a X 100%
critical point F, of the F-distribution with ¢ numerator degrees of freedom
and n — p denominator degrees of freedom; F, = F™!(1 — a; q, n — p).
Later on, we shall verify that L is distributed according to the F-distribu-
tion if A(8°) = 0. For now, let us consider computational aspects.

General methods for minimizing SSE(#) subject to #(8) = 0 are given in
Gill, Murray, and Wright (1981). But it is almost always the case in practice
that a hypothesis written as a parametric restriction

H:h(6° =0 against A:h(8°) =0
can easily be rewritten as a functional dependence
H:8° = g(p) for some p° against A:8°+ g(p) foranyp.

Here p is an r-vector with r = p — g. In general one obtains g(p) by
augmenting the equations

h(8) =~
by the equations
o(8)=p
which are chosen such that the system of equations
h(8) =r
o(0) =»
is a one to one transformation with inverse
8=y(p.7).
Then imposing the condition
9 =4(p,0)
is equivalent (Problem 2) to imposing the condition
h{8) =0
so that the desired functional dependence is obtained by putting

¢ =g(p) = ¥(p.,0).
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But usually g(p) can be constructed at sight on an ad hoc basis without
resorting to these formalities, as seen in the later examples.
The null hypothesis is that the data follow the model

¥, =f(x,,0°) + e,
and that 0 satisfies
h(8°) = 0.
Equivalently, the null hypothesis is that the data follow the model
%= f(x,8°) +e,
and
0° = g(p) forsome p°.

But the latter statement can be expressed more simply as: The null
hypothesis is that the data follow the model

Y =f[JC,, g(po)] + e,.
In vector notation,
y=f[g(e")] +e.

This is, of course, merely a nonlinear model that can be fitted by the
methods described previously. One computes

p minimizing SSE[g(p)] = (¥ - f[g(o)]) (¥ - /[8(p)])
by, say, the modified Gauss-Newton method. Then

SSE requcea = SSE[8(5)]

because § = g(3) (Problem 3).
The fact that f[x, g(p)] is a composite function gives derivatives some
structure that can be exploited in computations. Let

G(p) = 33780))

that is, G(p) is the Jacobian of g(p), which has p rows and r columns.
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Then using the differentiation rules of Section 2,

ﬁ’;/[x. g(e)] = 3%7][x, g(p)].a%g'(p)

2/ 1800} = Fls(e)1G(o).

These facts can be used as a labor saving device when writing code for
nonlinear optimization, as seen in the examples.

EXAMPLE 1 (Continued). Recalling that the response function is
f(x,0) = 8,x, + O,x, + G,e%%,
reconsider the first hypothesis
H:0)=0.
This is an assertion that the data follow the model
¥, =0,x,, + 0,5 + e,

Fitting this model to the data of Table 1 by the modified Gauss-Newton
method, we have

SSE, jucea = 0.03543298 (from Fig. 9a).
Previously we computed
SSE,; = 0.03049554 (from Fig. Sa).

The likelihood ratio statistic is

(SSE requeed ~ SSEun)/g
(SSEmn)/(" -p)

(0.03543298 — 0.03049554)/1
003049554726

= 4 210.

L=

=
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SAS Statesents:

PROC NLIN DATASEXAMPLE1 METHMOD=GAUSS ITER=60 CONVERGENCEs=1.0E-13;
PARMS 72-1.ougz:gvrza--li;;g:g'lu Té=-0,50490286; Tis0;

MODEL YaT1%X1+T +TA*EXP :

DER.T2=X2; DERJS-TA*XS*EXP(TS*X“; DER . TAsEXP(TI*XI);

Output:
STATISTICAL ANALYSIS SYSTEM 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION T2 T3 T4 RESIOUAL §S
0 1.01667967 -1.11668714 -0.6504902086 0.04054968
1 1.00289158 ~1.14446360 -0.51206647 0.03543349
2 1.00297335 -1.14002057 -0.51178607 0.03643299
3 1.00296493 -1.14128672 -0.51182738 0.035643298
4 1.00296804 ~1.14122718 -0.51182219 0.03643298
5 1.00296590 -1.14123524 -0.51182286 0.03543298
6 1.00296692 -1.14123430 -0.61182276 0.03643298
7 1.00296592 ~1.14123442 -0.51182277 0.03643298

NOTE: CONVERGENCE CRITERION MET.

STATISTICAL ANALYSIS SYSTEM 2
NOR-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 3 26.34100487 8.768033489
RESIDUAL 27 0.03543298 0.00131233
UNCORRECTED TOTAL 30 26.37643764
(CORRECTED TOTAL) 29 0.71895291
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 96 %
STD. ERROR CONF IDENCE INTERVAL
LOWER UPPER
T2 1.00296592 0.00813063 0.90628369 1.01964826
T3 -1.14123442 0.17446900 -1.49921246 -0.78325638
T4 -0.51182277 0.02718622 -0.56760385 -0.45604169

ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS

T2 A e T4
T2 1.000000 0.400991 -0.1208668
T3 0.400991 1.000000 0.5652356
T4 -0.120866 0.565236 1,000000

Figure 9a. Illustration of likelihood ratio test computations with Example 1.

Comparing with the critical point
F1(.95;1,26) = 4.22

one fails to reject the null hypothesis at the 95% level.
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Reconsider the second hypothesis
H:00,% =1}
which can be rewritten as

1
50,

H:0,=

Then writing

(3]
(1))

glp)=| P3
1

5p,e”
an equivalent form of the null hypothesis is that
H:8° = g(p) for some p°.

One can fit the null model in one of two ways. The first is to fit directly the
model

-1 -
Yi= Xyt pyxy (593) ePr () 4 €.

The second is as follows:

1. Given p, set 8 = g(p).

2. Use the code written previously (Figure 5a) to compute f(x, ) and
(8/38")f(x, 8) given 8.

3. Use

g%‘f[X, g(p)] = (3%7/’[):. g(p)])G(p)

to compute the partial derivatives with respect to p; recall that
G(p) = (3/30')8(p).

We use this second method to fit the reduced model in Figure 95. We
have

1 0 0

0 1 0
Ge)=10 o 1

0 0 —(5pse™) (5 + Spye)
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PROC MLIN DATA=EXAMPLE1
PARMS R1=-0.02588970 R2=1.01667967 R3=-1
T1eR1; T2=R2; T3=R3; Té=1/ 5*R3*EXP(RJ));
MODEL YeT1AX14T24X24 TA%EXP(T

DER_T1=X1; DER 72-X2; DER
DER” R!-DEQ ¥1: DER.R
DER.R3=DER" TSODER Tl*(

METHOD=GAUSS ITER=60

CONVERGENCE=1.0E-0;

11569714

*X3) ;
3-74*)(3*5)(? (T3%X3); DER_T4=EXP({TI*X3);
—7"*2 ‘*(S*EXP(RJ)OG'RS*EXP(R:!) )i

Output:
STATISTICAL ANALYSIS SYSTEM 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION R R2 R3 RESIDVAL SS
0 -0.028888170 1.01567967 ~1.11669714 0.03644046
1 -0.02286308 1.01860306 -1.19237681 0.03502382
2 ~0.02314184 1.02019397 -1.13249988 .03500414
3 -0.02291882 1.01903284 -1.18169666 0.03497186
4 -0.02309964 1.02003852 -1.14220287 0.03496229
] -0.02298240 1.01926378 ~1.17465123 0.03495011
[ ~-0.02307276 1.01992190 -1.14831668 0.0349452386
7 -0,02297427 1.01940189 -1.17003037 0.03494040
8 ~0.02305508 1.01904017 -1.15230734 0.03493808
9 -0.02298878 1.01948877 -1.16691829 0.03493597
10 -0.02304322 1.01978214 -1.16496732 0.03493488
2; -0.02301940 1.01966026 -1.16023896 0.03493222
29 ~-0.02301806 1.01965320 -1,18052942 0.03493222
30 ~-0.02301917 1.01965901 -1.18029088 0.03483222
3 ~-0.02301828 1.0196842)3 ~1.160408899 0.03493222
NOTE: CONVERGENCE CRITERION MET.
STATISTICAL ANALYSIS SYSTEMNM 2
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 3 26.34150543 68.78050161
RESIDUAL 27 0.03493222 0.00129379
UNCORRECTED TOTAL 30 26.37643764
(CORRECTED TOTAL) 29 0.71895291
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 §
STD. ERROR CW!DENCE INTERVAL
R -0.02301828 0.01315496 -0.05000901 0 00397323
R2 1.01965423 0.01009676 0.99893755 .04037092
R3 ~1.16048899 0.16302087 -1.49497559 -0.02599333

ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS

R1
R2
R3

R1 R2 R3

1.000000 -0.671463 -0.056283
-0.671463 1.000000 0.392338
-0.0566283 0.392338 1,000000

Figure 95. Nlustration of likelihood ratio test computations with Example 1.

62
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If

5%7f(x, 6) = (DER_T1, DER_T2, DER_T3, DER_T4)
then to compute

aip,f[x, g(p)] = (DER.R1, DER.R2, DER.R3)

one codes

DER.R1 = DER_T1

DER.R2 = DER_T2

DER.R3 = DER_TY3+DER_T4 * ( - T4a*2) * (S#EXP(R3) +

S*R3I*EXP(R3))
where
1
T4 = 35;3?

as shown in Figure 9b.
We have
SSE,.gucea = 0.03493222 (from Fig. 9b)
SSE,; = 0.03049554  (from Fig. 5a)

(0.03493222 — 0.3049554) /1

L= 0.03049554 /36

= 3.783.

As F1(.95;1,26) = 4.22 one fails to reject the null hypothesis at the 5%
level.
Reconsidering the third hypothesis

which may be rewritten as
H:0°= g(p) for some p°
with

P2
glp)=1|
1

SPJBP’



SAS Statements:

PROC MLIN DATA=EXAMPLE1 HETHO(‘)-GAUSS ITER=60 CONVERGENCE=?.0€-8;

PARNS R2»1.01965423 R3=-1.16048699; Ri=0,

TisR1; T2=R2; T3=R3; Td=1/ 5*R3"IXP(R3));

MOOEL Y-H"XHY!*XZOT“EXP Ta*xd

DER_T1aX1; DER_T2sX2; 3!1"*)(3*5)(?(1’3*&3: DER TA=EXP(T3*X3);
DERTR2=DER_T2; OER. ni-oen TI+DER_TAR(-Tann2 ) H(SHEXP(R3) +5 {R3));

Output:

STATISTICAL

ANALYSTIS

SYSTEM

NON-LINEAR LEAST SQUARES ITERATIVE PHASE

DEPENDENT VARIABLE:
ITERATION R2
0 1.01966423
1 1.00779498
2 1.00807441
3 1.00784845
4 1.00803764
] 1.00788362
6 1.00801198
1 1.00790702
8 1.00799423
9 1.00792211
10 1.00796200
18 1.00798079
20 1.00795944
21 1 00195231
22 1.0079581
23 1. 0019533‘
24 1.007956738

NOTE: COMVERGENCE CRITERION MET.

STATISTICAL

NON-LINEAR LEAST SQUARES SUMMARY STATISTICS

SOURCE DF
REGRESSION 2
RESIDUAL 28
UNCORRECTED TOTAL 30
(CORRECTED TOTAL) 2%

PARAMETER ESTIMATE

R2 1.00796738

R3 -1.168108683

Y METHOD: GAUSS-NEWTON
R3 RESIDUAL SS
~1.16046698 0.04207983
~1,17638081 0.03890362
~1,16332560 0.03890234
~1.17411590 0.03890127
-1,16523771 0.03890066
-1.17267272 0.03890018
-1.16683150 0.03889989
-1.17152004 0.03889967
-1.16740905 0.03889954
-1.17080393 0.038089944
-1.16800508 0.03889937
-1.16949660 0.038089924
-1.16908756 0.03889823
-1.16942508 0.036889923
-1.16914663 0.036889923
-1.18937636 0.03889923
-1.189108683 0.038089923
ANALYSIS SYSTEM 2
OEPENDENT VARIABLE Y
SUM OF SQUARES MEAN SQUARE
26.33753841 13.16876921
0.03889923 0.00138926
26.37643784
0.71896291
ASYMPTOTIC ASYMPTOTIC 95 %
STD. ERROR CONF IDENCE INTERVAL
LOWER UPPER
0.00769931 0.99218613 1.02372888
0.17039162 -1.61821559 -0.82015808

ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS

R2
R3

R2

1.000000 0.467
0.487769 1.000

769
000

Figure 9¢. Iilustration of likelihood ratio computations with Example 1.
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we have

SSE, qucea = 0.03889923  (from Fig. 9¢)
SSE, = 0.03049554  (from Fig. 5a)
- (SSE pegueed — SSEfuﬂ)/(p -r)
(SSEqu)/(n - p)

_ (0.03889923 — 0.03049554)/(4 — 2)
B (0.03049554)/(30 — 4)

L

= 3.582.

Since F~1(.95; 2,26) = 3.37, one rejects the null hypothesis at the 5% level.
0

It is not always easy to convert a parametric restriction hA(8) =0 to a
functional dependence § = g(p) analytically. However, all that is needed is
the value of @ for given p and the value of (3/dp’)g(p) for given p. This
allows substitution of numerical methods for analytical methods in the
determination of g(p). We illustrate with the next example.

EXAMPLE 2 (Continued). Recall that the amount of substance in
compariment B at time x is given by the response function

0l(e—x0, - e—-x',)

f(x,@) = Fl__?z .

By differentiating with respect to x and setting the derivative to zero one
has that the time at which the maximum amount of substance present in
compartment B is

4o 6 —Ing,
31—32 )

The unconstrained fit of this model is shown in Figure 10a. Suppose that
we want to test

H:2=1 against 4:2+ 1.
This requires that

Ind, — Iné
h(8) = —7;—:"_—9'2‘—3 -1



SAS Statements:

PROC NLIN DATA=EG2B METHOD»GAUSS ITER«50 CONVERGENCEs1.E-10;

PARMS Tiw1.4 T2=.4;

MODEL YoTIR{EXP({-T2%X)-EXP{-T1%X})/(T1-T2};
DER.T1a~T2R(EXP(-T2%X) -EXP(-TIX) ) /(T1-T2) M2+ TIAXMEXP(-T18X) /(T1-T2);
DER. T2=T1%{EXP{-T2%X ) -EXP(-T1%X) } /{T1-T2)AW2-TINXREXP (-T2#X}/(T1-T2);

Output:

STATISTICAL ANALYSIS SYSTEM 1

NON-LINEAR LEAST SQUARES ITERATIVE PHASE

OEPENDENT VARIABLE: Y METHOO: GAUSS-NEWTON
ITERATION T T2 RESIODUAL SS
[ 1.40000000 0. 40000000 0.00567248
1 1.37373983 0.40266678 0.00545778
2 1.37396974 0.40265518 0.00545774
3 1.37396966 0.40265518 0.00645774

MOTE: CONVERGENCE CRITERION MET.

STATISTICAL ANALYSIS SYSTEM 2

NON-L.INEAR LEAST SQUARES SUMMARY STATISTICS DEPENOENT VARIABLE Y

SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 2 2,68129496 1.34064748
RESIDUAL 10 0.00645774 0.000545677
UNCORRECTED TOTAL 12 2.68676270
(CORRECTED TOTAL) n 0.21369486
PARAMETER ESTINATE ASYMPTOTIC ASYMPTOTIC 95 %
STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER
Tt 1.37396966 0.04864622 1.26557044 1.48236088
T2 0.40265618 0.01324390 0.37314574 0.43216461

ASYMPTOTIC CORRELATION MATRIX OF YHE PARAMETERS

™ T2
n 1.000000 0.236174
T2 0.236174 1.000000

Figure 10a. Dlustration of likelihood ratio test computations with Example 2.
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be converted to a functional dependence if one is to be able to use
unconstrained optimization methods. To do this numerically, set 8, = p.
Then the problem is to solve the equation

0,=Inb,+p—~Inp
for 8,. Stated differently, we are trying to find a fixed point of the equation
z=1Inz + const.

But In z + const is a contraction mapping for z > 1—the derivative with
respect to z is less than one—so that a fixed point can be found by
successive substitution:

zy = In 2, + const

z, = In z; + const

z,,, = Inz, + const

This sequence { z,,,} will converge to the fixed point.
To compute (3/3p)g(p) we apply the implicit function theorem to

8,(p) — In[8,(p)] =p — Inp.
We have

77 (8:(0) - 1[8,(0)]) 750,(p) = 75(0 — Inp)

or
1-1/p

Z6,(p) = T-16,(p)
! 1-1/6,(p)"

Then the Jacobian of 8 = g(p) is

() |6
|~ 1(p)

1
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and

(el 2

1
A

75/ 1% 8(0)] = + 3g) (5. 0)

O=g(p)

SAS Statements:

PROC NLIN DATA=EG28 METHOD=GAUSS ITER=50 CONVERGENCE=1.E-10;

PARMS RHO=.40265518;

T2=RHO;

Zi=1.4; Z2aQ; C-?!-LOO‘ *

Li: IF ABS(Z1-22)>1.E-13 THEN 00; I2=21; 21=L0G(Z1)+C; GO YO L1, END;

T1s21;
NUZeT* (EXP(-T2%X)-EXP(~ vax%)/(r1 12);

Tie-T2% XP(-??*X)-EXP( 1 T?Lzlbﬂﬁx*ﬂ("(-Tl'x)/;l’l-f!):

DER
DER_T2uT1#( (-T2 txrs "'X},oé 1-T2)AN2-TIRXNEXP (~T2%X) /(T1-T2);
DER"RHO=OER_T 1 -1/ z)/( -1/71}40ER_T2;
MODEL Y=NU2; ne .RHO=DER_R
Output:
STATISTICAL ANALYSIS SYSBTEN 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION RHO RESIDUAL S8

0 0.40265518 0.07004286

1 0.46611176 0.04654320

2 0.47688375 0.04621215

3 0.47750162 0.04621056

4 0.47754034 o 04821055

5 0.47764274 0.04621068

6 0.47754289 0.04821066

NOTE: CONVEROENCE CRITERION MET,

STATISTICAL ANALYSIS SYSTEM 2
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 1 2.64054214 2.64054214
RESIDUAL 11 0.04821055 0.00420096
UNCORRECTED TOTAL 12 2.80875270
(CORRECTED TOTAL) 11 0.2135%488
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 98 %
STD. ERROR CONFIDENCE INTERVAL
LOMER UPPER
RHO 0.47754289 0.03274044 0.40648138 0.54960429

ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS
RNO
RHO 1.000000

Figure 105. llustration of likelihood ratio test computations with Example 2.
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These ideas are illustrated in Figure 105. We have

SSE,; = 0.00545774  (from Fig. 10a)
SSE, .qucca = 0.04621055  (from Fig. 10b)
_ L(SSE seed ~ SSE ) /g
(0.00545774)/(12 - 2)
= 74.670.
As F1(.95;1,10) = 4.96, one rejects H. u]

Now let us turn our attention to the computation of the power of the
likelihood ratio test. That is, for the data that follow the model

¥ =f(x,,8°) + e,
e, iid N(0,0?)
t=1,2,...,n
we should like to compute
P(L> F,|8°0% n)
the probability that the likelihood ratio test rejects at level a given 6°, o2,

and n, where F, = F}(1 — a; q, n — p). To do this, note that the test that
rejects when

P SSE u)/a
(SSEMI)[(" ~p)

is equivalent to the test that rejects when

> F,

SSE eucea
“SSE,, ‘e

where

In Chapter 4 we shall show that

n_ " (
SSEny  ePie %
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where
P# =1I-F(FF) 'F;

recall that F = (3/30')f(8°). Then it remains to obtain an approximation
to (SSE, 4uceq)/n in order to approximate (SSE  4,..q4)/(SSEy)- To this
end, let

o = g(e?)

where

o minimizes 3 { f(x,.0°) - /[x,. 5(o)])%

t=]1

Recall that g(p) is the mapping from R’ into R that describes the null
hypothesis— H : 8° = g(p) for some p°% r = p — g. The point * may be
interpreted as that point which is being estimated by the constrained
estimator &, in the sense that vn (§, — 6;*) converges in distribution to the
multivariate normal distribution; see Chapter 3 for details. Under this
interpretation,

8 =1(6°) - £(8y)

may be interpreted as the prediction bias. We shall show later (Chapter 4)
that what one’s intuition would suggest is true:

)

n

SSE equcea _ (€ +8) Pig(e + 8) (
22 Credvend +o
n n P

where
P =1— FG(G'F'FG) 'G'F’
F = o0:(8°)
G= 7‘}8(:’2)-

It follows from the characterizations of the residual sum of squares for the
full and reduced models that

SSE,cguced 1
“SSE,, ~X° Op(;]
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where

_(e+8)P(e +9)

X
e'Pile

The idea, then, is to approximate the probability P(L > F, |8° a2, n) by
the probability P(X > c_|8° o2, n). The distribution function of the ran-
dom vanable X is for x > 1 (Problem 4)

H(x: 2, 9, A, A,)

© t 2xA, A,
=1 - G + D Vs, t; vy, Ay ) dt
j; (x - 1 (X“ 1)2 2 (x~ 1)2 g( 1 l)

where g(1; », A) denotes the noncentral chi-square density function with »
degrees of freedom and noncentrality parameter A, and G(r; », A) denotes
the corresponding distribution function (Section 7). The two degrees of
freedom entries are

pw=q=p-r

v,=n-—-p

and the noncentrality parameters are

8(P F = Prg)8
20!
8PS
202
where Pp = F(F'F)"'F’, Pr; = FG(G'F'FG)™'G’F’, and P@ =1 — P,.
This distribution is partly tabulated in Table 6. Let us illustrate the
computations necessary to use these tables and check the accuracy of the

approximation of P(L > F,) by P(X > ¢,) by Monte Carlo simulation
using Example 1.

Al=

A2=

EXAMPLE 1 (Continued). Recalling that
f(x,0) = 8,x, + O,x, + 8¢5

let us approximate the probability that the likelihood ratio test rejects the
following three hypotheses at the 5% level when the true values of the
paramneters are

0°=(.03,1,-14, - 5)
o= 001.



Table 6. Power of the Likelibood Ratio Test at the 5% Level.

A, A =0 5 1 2 3 4 5 6 8 10 12

(a)v,=1,», =10
0.0 050 148 249 440 599 722 813 .876 .949 980 .992
0001 .050 148 .249 440 599 722 813 .876 .949 980 .992
001 050 .148 249 440 599 723 813 876 .949 980 .992
01 051 150 251 442 601 .724 814 877 .949 980 .992
1 063 168 272 462 617 .735 .821 .882 951 .980 .992

(B)yr, =1,9,=20
0.0 050 159 271 478 645 768 .853 909 967 989 .996
0001 050 .15 271 478 645 .768 853 909 967 .989 .99
001 050 159 271 478 645 .768 .853 909 .967 .989 .99
01 051 161 273 480 .647 .769 853 909 .967 .989 .99

1 065 181 296 501 .663 .780 .860 913 .968 989 .99
() py =19 =30
0.0 050 163 278 490 .659 781 .864 917 972 991 .997

0001 050 .163 .278 490 .659 .781 .864 917 972 991 .997
001 050 163 278 491 .659 .781 .864 917 972 .991 .997
.01 051 165 .280 .493 .661 .782 .864 918 .972 991 .997
1 065 185 .303 .514 676 .792 871 921 973 991 .997

(d)r, =2,9,=10
0.0 050 111 178 318 454 575 677 159 873 936 .969
0001 050 111 178 318 454 575 677 759 873 936 969
001 050 111 .178 318 454 575 677 .759 873 936 .969
01 051 112 179 320 456 .576 678 .760 873 .936 969
1 0S8 122 192 334 469 588 688 767 877 938 970

(e)v,=2,», =20
0.0 050 121 199 .364 517 .647 .749 .827 .922 968 .987
0001 050 121 199 364 517 647 .749 827 922 .968 .987
001 050 121 200 .364 517 .647 .750 827 922 968 .987
01 051 122 201 .365 .519 .648 .750 .828 .923 968 .987

1 060 135 216 .382 534 660 .759 834 925 969 .987
(f) = 2 vy, = 30
0.0 .050 124 208 381 .839 671 .773 .847 936 975 991

0001 050 124 .208 .381 .539 .671 .773 .847 936 975 991
001 050 125 208 381 539 671 .773 84T 936 975 .991
.01 051 126 210 .382 .541 .672 .774 848 936 .975 991
1 060 139 .226 400 .556 .684 .782 .854 .938 976 .991



HYPOTHESIS TESTING
Table 6. (Continued)

A, A=0 5 1 2 3 4 5 6 8 10 12
v, =3, »=10
0.0 050 094 .145 255 .368 477 .576 662 .794 .881 .933
0001 .050 .094 .145 255 .368 477 .576 .662 .794 881 .933
001 050 095 .145 255 368 477 576 .662 .794 .881 .933
.01 051 095 .146 .256 .369 478 .577 .662 .795 .881 .934
1 056 103 .155 .267 .381 .489 .586 .670 .800 .884 .935
(B)yv,=3,»,=20
0.0 050 104 165 300 436 .561 668 .755 874 940 973
.0001 .050 104 .165 300 436 .561 .668 .755 .874 .940 973
001 050 104 165 300 437 .561 .668 .755 .874 940 973
.01 051 105 .166 .302 438 562 .669 .755 .875 940 973
1 057 114 178 316 452 574 679 .763 878 942 973
(iYvy=3,v,=30
0.0 050 107 173 318 462 591 699 .785 .897 .954 .981
0001 .050 107 .173 318 462 591 699 .785 897 .954 .981
001 050 107 173 318 462 592 699 785 897 954 981
.01 051 108 .175 320 464 593 .700 .785 .897 .954 981
1 058 119 .187 .335 478 605 .710 .792 900 .956 .981

Source: Gallant (1975a).

The three null hypotheses are
Hl: 01 = 0
Hy: 0.8,e% =1

H,: 8, =0and 8;6,e® = 1.
The computational chore is 10 compute for each hypothesis

pg mnmmlz.ing i {f(xy) 00) "/[xn g(p)]}

t=1

8=/(6°—1(87), 6r=2g(el)
8'Pp8,  8'PpS, and 8.

2
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With these, the noncentrality parameters

8'Ppb — §'Ppcb

A= 20?2
A 8’86 — 8P 8
2 202

are easily computed. As usual, there are a variety of strategies that one
might employ.
To compute §, the easiest approach is to notice that minimizing

n

Y {f(x,6°) - f[x,. g(o)]}’

=1

is no different than minimizing
- 2
Zl {yt - f[xv g(P)]} .
-

One simply replaces y, by f(x,, 8°) and uses the modified Gauss-Newton
method, the Levenberg-Marquardt method, or whatever.

To compute 8’P;8 one can either proceed directly using a programming
language such as PROX MATRIX or make the following observation. If one
regresses 8 on F with no intercept term using a linear regression procedure,
then the analysis of variance table printed by the program will have the
following entries:

Source d.f. Sum of Squares
Regression P 8’'F(F'F) 'F’8
Error n-p 88 — 8'F(F'FY 'F'8
Total n 88

One can just read off
8'P.8 = 8'F(F'F) 'F%
from the analysis of variance table. Similarly for a regression of 8 on FG.

Figures 11a, 115, and 11¢ illustrate these ideas for the hypotheses H,,
H,, and H,.



HYPOTHESIS TESTING 75

For the first hypothesis we have

8’8 = 0.006668583  (from Fig. 11a)
8'Pr8 = 0.006668583  (from Fig. 114)

8'Ppc8 = 325 x 10~°  (from Fig. 11a)

whence
s’P’:s - B'PFGS
202

.. 0.006668583 — 3.25 X 10-°
2 x 0.001

A, =

= 3.3343
86 — 8'Pp8
M T
_ 0.006668583 — 0.006668583
2 x 0.001

=0
qF,
n—p
W(.22)
26

c,=1+

=1+
= 1.1623.

Computing 1 — H(1.1623;1,26, A, A,) by interpolating from Table 6, we
obtain

P(X>c,) =700

as an approximation to P(L > F,). Later we shall show that tables of the
noncentral F will usually be accurate enough that there is no need for
special tables.
For the second hypothesis we have
88 = 0.01321589 (from Fig. 115)
8'P:8 = 0.013215 (from Fig. 115)
8’8 — 8'P.8 = 0.00000116542 (from Fig. 115)
8'Prs8 = 0.0001894405 (from Fig. 11b)



SAS Statements:

DATA WORKO1; SET EXAMPLEY; Ti=.03; T2=1; T3=-1,4; Té=-.5;
YOURIY=T18X1 e T20X24 TAREXP(T303)

FlaX1; F2eX2; FIaTANX3SEXP(T3%X3); FA=EXP(T3%X3);

OROP T1 T2 T3 T4;

PROC NLIN onn-nom(m WETHOD=OAUSS TER=60 CONVERGENCE=1.0E-13;
PARNS T2=) T3e-1.4 Td=-.B

P ey Ixk e T aRX3 4 A%EXP (F3%X3 x3);

DER.T2aX2; DER.T3=TASXI*EXP(TI*X3); DER.TA=EXP(TI*X3);

Output:
STATISTICAL ANALYSIS SYSTEMNM
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: YDUMMY METHOD: GAUSS-NEWTON
ITERATION T2 T3 T4 RESIDUAL SS
[ 1.00000000 ~1.40000000 -0.50000000 0.01350000
1 1.01422090 -1.397175672 -0.49393589 0,00666859
2 1.01422435 -1.39603401 -0.49391057 0.00686858
3 1.01422476 -1.39679638 ~0,49390747 0.00866858
4 1.01422481 -1.39679223 ~0.49390713 0.0066686568
5 1.01422481 -1.39679178 -0.49390709 0.00666858
6 1.01422481 ~1,39679173 -0,49390708 0.00666858

MNOTE: COMVERGENCE CRITERION MET.

SAS Statements:

DATA WORKO2; SET WORKO1;

TinQ; T2=1,01422481; TI=-1.39879173; T4=-0.49390708;
OELTA=YOUMMY -~ (T1#X14T2%X2+ TAEXP(TI*XI) );

FG1=F2; FO2=F3; FG3sF4; DROP TV T2 13 T4:

PROC REG DATA=WORKQ2: MODEL DELTA=F1 F2 F3 F4 / NOINT;
PROC REG DATA=NORKO2; MODEL DELTA=FG1 FG2 FG3 / NOINT;

Output:

STATISTICAL ANALYSIS SYSTEMN

DEP VARIABLE: DELTA

SUM OF MEAN
SOURCE DF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.006668583 1“7146 999999.99%0 0.0001
ERROR 26 2.89364E-13 11294

U TOTAL 30 0.006868583

STATISTICAL ANALYSIS SYSTENMNM

DEP VARIABLE: DELTA

SUM_OF MEAN
SOURCE OF SQUARES SQUARE F VALUE PROB>F
MODEL 3 3.25099€-09 1.00366£-09 0.000 1.0000

ERROR 27 0.00666858 0.0002469844
U TOTAL 30 0.008868583

Figure 11a. Nlustration of likelihood ratio test power computations with Example 1.

76



SAS Statements:

DATA WORKO1; PLET, n-.oa, T2=1; T3m=-1.4;
voumv-n*xiorztxzou*e
FIaki, 'F2ex2; F3aT4exd xpna x:m FA=EXP(TINX3) ;

DROP T1 T2 T3 T
PROC nu

T4s-.5;

u-ubaxo u!nm-eAuss ITER=50 CONVERGENCE=1.0E-13;

PARNS Ri=.03 R2=
TisR1; TZ-RZ n-aa “Tiad Xsma*exv(aa));
MODEL tebanxze Xp(TanX3)
DR T1=X1; D nzn ;r’g-xg DER_Ta=T4SX34EXP{T34X3); DER_T4=EXP(T3MX);
-
DER.RI-DER-TSSDER Ta%( TARNE | #(SHEXP (R3 )+ S*RI*EXP(RI) )5
Output:
STATISTICAL ANALYSIS SYSTEM
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: YOUWMY  METHOD: GAUSS-NEWTON
ITERATION Rt R2 R3 RESIOUAL SS
) 0.03000000  1.00000000  -1.40000000 0.01867856
1 0.03363136  1.01008796  -1.12533963 0.01588546
2 0.03440842  1.00692167  -1.28648656 0.01344947
L]
14 0.03433974  1.00978676  -1.27330943 0.01321589
NOTE: CONVERGENCE CRITERION MET.
SAS Statements:
DATA WORKOZ; WORKO1,
R100. 09439814 : Sohamy BY R=:1.2133043;
T1aRi; T2eh2; T3sR3; 14-1/ St Sahastxp
DELTAe YDUMY; TAX14T2XX2+ TAME, ‘_
FOIF1" FO2aF2; FO3F3eFan(-TH 2 S BAEXP (RD ) +6RITEXP(RD) ) ;
PROC REG DATA=MOAKOZ2: MODEL DELTA=F1 F2 F3 F4 / NOINT;
PROC REG DATA=WORKOZ; MODEL DELTA=FG1 FG2 FG3 / NOINT:
Output:
STATISTICAL ANALYSIS SYSTEM
OEP VARIABLE: DELTA
SUM OF MEAN
SOURCE  OF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.013216 0.003303681  73703.561 0.0001
ERROR 26 .00000116542 4.48239€-08
UTOTAL 30 ~ 0.013218
STATISTICAL ANALYSIS SYSTEM
DEP VARIABLE: DELTA
SuM OF MEAN
SOURCE  OF SQUARES SQUARE F VALUE PROB>F
MODEL 3 0.0001894405 00006314682 0.131 0.9409
ERROR 27  0.013026 0.0004824611
UTOTAL 30  0.013216

Figure 115. Ilustration of likelihood ratio test power computations with Example 1.



SAS Statements:

DATA WORKO1: *3 Ti=.03; T2e1; Ti=-1.4; Tds-.5;

YOUNMY: T1*x5012'X20T4*EXP
Fl-x1f: z- z. rs-rt X3 xp(ralxsy, FAREXP(TI*X3);

PROC NLIN N OATAYWORKO! METHOD=GAUSS ITERwSO CONVERGENCE=1.0E-13;
ARKS Rze) R3s-1.4; R1%0;
el dhes T L e
- +
DER_T1ex1, DER_T2oX2; DER T3a=TANXSHEXR{Tasxs); DER Ta-exp(1ama);
DER-R2=0ER_T2;" DE ‘S-DER,T;#DER_TA'(l!l'*2k*(5*€!?(ﬁ3)0 *RINEXP(RI)) ;

OQutput:

STATISTICAL ANALYSIS SYSTEM
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: YDUMMY METHOD: GAUSS-NEWTON

ITERATION R2 R3 RESIQUAL SS
] 1.00000000 -1.40000000 0.044310%)
1 1.026898331 -1.10041642 0.02839361
2 1.02383184 ~1.26840577 0.02235564
13 1.02709006 -1.26246439 0.02204771

NOTE: CONVERGENCE CRITERIOM MET.

SAS Stataments:

DATA WORKOZ: SET uoa 01;
1-0‘ 09006; R3=-

TieRY; T2eR3; T3aR3; Tds1/ 5-33* x 1&5

DEL TA=YDUMMY= ( T1AX1+T2%X2+ TAREXP ( TI%X

FA1F2; " Fazer3s aora*(-ra**z)*(s*exr(a3)4 ‘aatexp(na));

DROP T
PROC REG DATA-UO‘KOZ; MODEL DELTA=F1 F2 F3 F4 / NOINT;
PROC REG DATA=WORKO2; MODEL DELTA=FG1 FG2 / NOINT;

Output:
STATISTICAL ANALYSIS SYSTEM
DEP VARIABLE: DELTA
SUM OF MEAN
SOURCE OF SQUARES SQUARE F VALUE PROB>F
022046 0.0056611516 86947.729 0.0001
B88E-08

4 0.
ERROR 28 .00000164811 6.33
U TOTAL 30 0.022048

STATISTICAL ANALYSIS SYSTEM

DEP VARIABLE: DELTA

SUM OF MEAN
SOURCE DF SQUARES SQUARE F VALUE PROB>F
MODEL 2 0.0001252636 .00006262677 0.080 0.9233
ERROR 28 0.021922 0.0007829448
U TOTAL 30 0.022048

Figure 11¢. Dustration of likelihood ratio test power computations with Example 1.
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whence

8'PF8 - S’PFGS

o= 20?2

_ 0.013215 — 0.0001894405

(2 x .001)

= 6.5128
88 — 8'P.6
20?

_ 0.00000116542
- 2 X .001

= 0.0005827

A2=

1)(4.22
IPPUICE)

= 1.1623.

Computing 1 — H(1.1623; 1,26, A, A,) as above, we obtain

P(X>c,) =935

as an approximation to P(L > F,).
For the third hypothesis we have

85 = 0.02204771
8'Pr8 = 0.022046
86 — 8'Pp8 = 0.00000164811
8'PrsS = 0.0001252535

whence

_ 8’PF8 - G’PFGS

A
1 202

{from Fig. 11c)
(from Fig. 11¢)
(from Fig. 11¢)
(from Fig. 11¢)

_ 0.022046 — 0.0001252535

2 x .001
= 10.9604
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86 — 6,8
202

0.00000164811
2 X .001

= 0.0008241
1+ gF,
€= 7o

-1+ Q03D

= 1.2592.

A, =

Computing 1 — H(1.2592;2,26, A,, A,) as above, we obtain
P(X>c,) = 983,

Once again we ask: How accurate are these approximations? Table 7
indicates that the approximations are quite good, and later we shall see
several more examples where this is the case. In general, Monte Carlo
evidence suggests that the approximation P(L > F,) = P(X > ¢ ) is very
accurate over a wide range of circumstances. Table 7 was constructed
exactly as Table 5. a

In most applications A, will be quite small relative to A,, as in the three
cases in the last example. This being the case, one sees by scanning the
entries in Table 6 that the value of P(X > ¢,) computed with A, =0
would be adequate to approximate P(L > F,). If A, = 0 then (Problem 5)

H(cg 91,93, 1,,0) = F'(F, vy, 93, 0)
with
’IFa

ca=l+—;;—.

Recall that F’(x; »,, »,, A) denotes the noncentral F-distribution with »;
numerator degrees of freedom, », denominator degrees of freedom, and
noncentrality parameter A (Section 7). Stated differently, the first rows of
parts a through i of Table 6 are a tabulation of the power of the F-test.
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Thus, in most applications, an adequate approximation to the power of the
likelihood ratio test is

P(L > Fa) =1- F'(Fa; Y1, VZ)AI)'

The next example explores the adequacy of this approximation.

EXAMPLE 3. Table 8 compares the probability P(X > ¢,) with Monte
Carlo estimates of the probability of P(L > F,) for the model

Y, =0, + e,

Thirty inputs {x,}3%, were chosen by replicating the points 0(.1).7 three
times and the points .8(.1)1 twice. The null hypothesis is H: 8% = (4, 1).
For the null hypothesis and selected departures from the null hypothesis,
5000 random samples of size 30 from the normal distribution were gener-
ated according to the model with ¢? taken as .04. The point estimate p of
P(L > F,) is, of course, the ratio of the number of times L exceeded
F, to 5000. The variance of p was estimated by Var(g) = P(X > ¢, )P(X
< ¢,)/5000. For complete details see Gallant (1975a).

To comment on the choice of the values of §° # (4, 1) shown in Table 8,
the ratio A, /A, is minimized (= 0) for 8° # (4, 1) of the form (8,, ) and is
maximized for ° of the form (3}, }) + r(cos(57/8), sin(57/8)). Three
points were chosen to be of the first form, and two of the latter form.
Further, two sets of points were paired with respect to A,. This was done to
evaluate the variation in power when A, changes while A, is held fixed.

Table 8. Monte Carlo Power Estimates for an Exponential Model.

Power

Parameters Noncentrality Monte Carlo

8, 2 A A, PIX > c,] P SE(p)
5 .5 0 0 .050 0532 00308
5398 .5 09854 O 204 .2058 00570
4237 6849 0.9853 0.00034 204 2114 00570
.5856 .S 4556 0 127 7140 00630
3473 8697 4556  0.00537 728 7312 00629
.62 .5 8958 0O 957 .9530  .00287

Source: Gallant (1975a).
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These simulations indicate that the approximation of P(L > F,) by
P(X > c,) is quite accurate, as is the approximation P(X > c¢,) =
1 - F(F,;q,n—-pA). g

EXAMPLE 2 (Continued). As mentioned at the beginning of the
chapter, the model

el(e_olxt — e'alxl)

B:y(' gl_fz te,

was chosen by Guttman and Meeter (1965) to represent a nearly linear
model as measured by measures of nonlinearity introduced by Beale (1960).
The model

8670 — e x
C:y=1- ! 01__02 +e,

is highly nonlinear by this same criterion. The simulations reported in Table
9 were designed to determine how the approximations

P(W>F,)=P(Y>F)
P(L>F,) = P(X>c,)

hold up as we move from a nearly linear situation to more nonlinear
situations. As we have hinted at all along, the approximation

P(W>F)=P(Y>F)

deteriorates badly, while the approximation
P(L>F)=P(X>c,)

holds up quite well. The details of the simulation are as follows.

The probabilities P(W > F,) and P(L > F,) that the hypothesis H: §°
= (1.4, .4) is rejected shown in Table 9 were computed from 4000 Monte
Carlo trials using the control variate method of variance reduction
(Hammersley and Handscomb, 1964). The independent variables were the
same as those listed in Table 2, and the simulated errors were normally
distributed with mean zero and variance o2 = (.025)2. The sample size in
each of the 4000 trials was n = 12 as one sees from Table 2. An asterisk
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Table 9. Monte Carlo Estimates of Power.

Wald Test Likelihood Ratio
6,-14 6,- 4
—L—u—l—— —2—0——— P{Y> F] P[W > F,] Std. Err.® P[X > ¢,] P[L > c,} Std. Err.
i 2
(a) Model B®
—-45 1.0 9725 9835 0017+ 9889 9893 0020
-3.0 05 6991 7158 0027* 7528 7523 0035
-15  -15 2943 2738 .0023* 3051 3048 .0017
15  —-05 2479 2539 .0018* 2379 2379 0016
30 -40 9938 .9948 .0008 9955 9948 0006
20 30 7127 N2 0017 6829 6800 0028
-1.5 1.0 .3295 3223 0022* 3381 3368 0015
05 -05  .0885 .0890 0016 0885 0892 0009

0.0 0.0 .0500 0525 0012* 0500 0501 .0008

(b) Model C*
~25 05  .9964 9540  .0009*  1.0000  1.0000  .0000
~10 00  .5984 4522 .0074* 7738 7137 0060
20 -15 4013 4583 .0062* 2807 2182 .00
05 -10 2210 2047 .0056* 2877 2892 0041
45 -30 9945 8950  .0012* 9736 9752 0025
0.0 10 .5984 M27T  0054* 5585 5564 0032
-20 35 9795 7645 .0022* 4207 4192 0078
-0s5 1.0 2210 3710 .0055* 1641 1560 .0040*
0.0 00  .0500 1345 0034* 0500 0502 0012

“Asterisk indicates difference significant at 5% level.
®Model B: o, = 0.052957, o, = 0.014005.
‘Model C: o, = 0.27395, o, = 0.029216.

indicates that P(W > F,) is significantly different from P(Y > F,) at the
5% level; similarly for the likelihood ratio test. For complete details see
Gallant (1976). a

If the null hypothesis is written as a parametric restriction

H:h(8% =0
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and it is not convenient to rewrite it as a functional dependence 8 = g(p),
the following alternative formula (Section 6 of Chapter 3) may be used to
compute Pr.:

0* minimizes 2": [f(x,,oo) —_f'(.\:,.,O)]2 subject to  h(8) =0

" t=1
= H(8?) = -5:h(82)
n a6’ "\
Pro = Pp— F(F'FY '"H'[H(FF)'H| 'H(FF)F.
We have discussed the Wald test and the likelihood test of
H:h(8°%) =0 against A:h(6°) =0
equivalently,

H:0°=g(p)forsome p° against A:8° = g(p) for anyp.
There is one other test in common use, the Lagrange multiplier (Problem 6)
or efficient score test. In view of the foregoing, the following motivation is
likely to have the strongest intuitive appeal. Let

¢ minimize SSE(#) subjectto h(8) =10
or equivalently,
§=g(p) where j minimizes SSE[g(p)].

Suppose that # is used as a starting value; the Gauss-Newton step away
from § (presumably) toward f is

D= (FF)'Fly-f(8)

where F = F(§) = (3/360°)f(§). Intuitively, if the hypothesis A(8°) = 0 is
false, then minimization of SSE(8) subject to h(f) = O will cause a large
displacement away from 6 and D will be large. Conversely, if #(8°) is true
then D should be small. It remains to find some measure of the distance of
D from zero that will yield a convenient test statistic.
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Recall that

6* minimizes f:[f(x,,O")—f(x,,ﬂ)]z subject to  h(8) =0

t=1

or equivalently,

0r = g(p?) where p? minimizes i {f(x,,0°) - fx, g(p)]}2

tm=1
and that
8=1(0% - f(8)
Pe.= F(F'F) 'F’
Prc = FG(G'F'FG) 'G'F’
where G = (3/3p')g(p?). Equivalently,
Peo = Py~ F(F'F) 'H'|H(FF)'B') 'H(FF)'F’

where H = (3/36’)h(8.*). We shall show in Chapter 4 that

D(FF)D _ (e+8)(Pr=Prgle+8) (_1_)

§ e+ 8)(J—Pe;)e+8
sSE(b) _ (ex YU P)lerd) (1)

SED) _ U= Frle (1)
n n \n
These characterizations suggest two test statistics

- D'(F'F) D-/q
SSE(8)/(n - p)

R,

and

R. = nﬁ'!f’F-!ij

> SSE(§)

The second statistic R, is the customary form of the Lagrange multiplier
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test and has the advantage that it can be computed from knowledge of §

alone. The first requires two minimizations, one to compute 6 and another

to compute . Much is gained by going to this extra bother. The distribu-

tion theory is simpler and the test has better power, as we shall see later on.
The two test statistics can be characterized as

R, =2Z, + 0,(1)
R,=2,+ op(l)

where
_ (e +8) (Pr— Prg)(e + G)Zq
‘ e'(1- P;)e/(n - p)

z - n(e+ 8)(Pp— Prg)e + 8)
27 (e + 8) (I - Prg)(e + 8).

The distribution function of Z, is (Problem 7)
F'(z;9,n—p,\))

where
_ 8(Pp— Ppg)b
202 ’

AL

That is, the random variable Z, is distributed as the noncentral F-distribu-
tion (Section 7) with ¢ numerator degrees of freedom, n — p denominator
degrees of freedom, and noncentrality parameter A,. Thus R, is approxi-
mately distributed as the (central) F-distribution under the null, and the
test is: Reject H when R, exceeds F, = F"}(1 — «; ¢, n — p).

The distribution function of Z, is (Problem 8) for z < n

Wf(n—p)z.
F (q(n_z),q,n—p,kl,)\z

where

- 8'(})1-" FG)8
20°

_ &I - Pp)b
202

Ay

A,
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and F”(t; q,n — p, A;, A;) denotes the doubly noncentral F-distribution
(Section 7) with g numerator degrees of freedom, n — p denominator
degrees of freedom, numerator noncentrality parameter A,, and denomina-
tor noncentrality parameter A, (Section 7). If we approximate

P(R,>d)=P(Z,>d)

then under the null hypothesis that h(8%) = 0 we have § = 0, A, = 0, and
A, = 0, whence

P(R,>d{A =h,=0)=1- (fi?n p‘)i) q,n-p)

Letting F, denote the a X 100% critical point of the F-distribution, that is,
a=1~F(F;q,n-p)
then that value d, of d for which

P(Rz>du[>\1=k2=0)=a

is

or

.= (n—-p)g+F,

The test is then: Reject H: k(8°%) = 0 if R, > d,. With this computation
of d,,
P(R,>F,)=P(Z,>F,)
=1~ F(F;q,n—p,A)
<1=F"(F;g,n~p, LX)
=P(2,>d,)
=P(Ry>d,)

and we see that to within the accuracy of these approximations, the first
version of the Lagrange multiplier test always has better power than the
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second. Of course, as we noted earlier, in most instances A, will be small
relative to A, and the difference in power will be negligible.

In the same vein, judging from the entries in Table 6, we have (see
Problem 10)

1-F(F;q.n—-p,A\)<1~H(c;q,mn~p, AL N,)
whence

P(L>F)=P(X>c,)
=1-H(cyi g,n = p, A Ay)
21- F'(Fa; q,n -p'xl)
=P(Z,> F)
= P(R, > F,).
Thus the likelihood ratio test has better power than either of the two
versions of the Lagrange multiplier test. But again, A, is usually small and
the difference in power negligible.
To summarize this discussion, the first version of the Lagrange multiplier
test rejects the hypothesis
H:h(8%) =0
when the statistic
_ _D(FF)blq
SSE(0)/(n - p)

exceeds F, = F~(1 — a; g, n — p). The second version rejects when the
statistic

R,

_ nD'(F'F)D
SSE(4)

~
|

exceeds

nF

o= (n-p)a+F,

As usual, there are various strategies one might employ to compute the
statistics R; and R,. In connection with the likelihood ratio test, we have
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already discussed and illustrated how one can compute § by computing the
unconstrained minimum § of the composite function SSE[g(p)] and setting
§ = g(p). Now suppose that one creates a data set with observations

é=y—f(x,0) t=1,2,....n
f7'=3%7f(x,,i) (=1,2,...,n
or in vector notation
e=y-f(6) F=551(0).

Note that F is an n by p_matrix; F is not the n by r matrix (3/3p)f[g()}.
If one regresses é on F with no intercept term using a linear regression
procedure, then the analysis of variance table printed by the program will

have the following entries:

Source d.f. Sum of Squares
Regression P EF(F'F)'Fe
Error n—p &- &F(FF)y'Fe
Total n ée

One can just read off

.,
5
I

e
t

D'(F'F)D = &'F(
SSE(9) = é%¢

from the analysis of variance table. Let us illustrate these ideas.

EXAMPLE 1 (Continued). Recalling that the response function is
f(x,8) =0,x, + 0,x, + 6,5

reconsider the first hypothesis

H:8?=0.
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SAS Statements:

DATA WORKO1; SET EXAMPLE1;

Ti1=0.0; T2=1.00296592; T3=-1.14123442; T4»-0.51182277;
EaY-(TI*X14T20X2+TA*EXP{TI*X3));

FiaX1; F2aX2; F3=T4AXI*EXP(TI*XI); FA=EXP(T3aX3);
DROP TV Y2 T3 74;

PROC REG DATA=WORKO1; MOOEL E=F1 F2 F3 F4 / NOINT;

Output:

STATISTICAL ANALYSIS SYSTEM 1

DEP VARIABLE: E

SUM OF MEAN

SOURCE DF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.004938382 0.001234598 1.063 0.3996
ERROR 26 0.030495 0.001172889
U TOTAL 30 0.035433

ROOT MSE 0.034247 R-SQUARE 0.1394

DEP MEAN -5.50727E-09 ADJ R-SQ 0.0401

C.v. -621054209

NOTE: MO INTERCEPT TERM IS USED. R-SQUARE 1S REDEFINED.

PARAMETER STANDARD T FOR HO:
VARIABLE OF ESTIMATE ERROR PARAMETERs0 PROB > |T)
Ft 1 ~-0.025868 0.012616 -2.0582 0.05604
F2 1 0.012719 0.009874181 1.208 0.2081
F3 1 0.026417 0.185440 0.160 0.8744
F4 1 0.007T033215 0.0256929 0.271 0.7883

Figure 12a. INustration of Lagrange multiplier test computations with Example 1.

Previously we computed

0.0
_ 1.00296592 .
6= 114123442 (from Fig. 9a)
-0.51182277
SSE(§) = 0.03543298 (from Fig. 9a or Fig. 12a)
SSE(#) = 0.03049554 (from Fig. Sa).

We implement the scheme of regressing é on F in Figure 12a (note the
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similarity with Fig. 114) and obtain
D'(F'F)D = 0004938382  (from Fig. 12a).
The first Lagrange multiplier test statistic is
- D'(F'F)Dlq
SSE(6)/(n - p)

_ (0.004938382)/(1)
(0.03049554)/(26)

= 4.210.

R,

Comparing with the critical point
F71(95;1,26) = 4.22

one fails to reject the null hypothesis at the 95% level.
The second Lagrange multiplier test statistic is

R, = nD"(F'F)b
SSE(§)
(30)(0.004938382)
0.03543298

= 4.1812.

Comparing with the critical point

nF

[+

d =
¢ (" - p)/q + Fa
_ (30)(a.22
=26/1) 1 4.2
=419

one fails to reject the null hypothesis at the 95% level.
Reconsider the second hypothesis

H: 00,5 =1
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which can be represented equivalently as

H:8° = g(p) for some p°
with

(4}
P

glp)=| P
1

Spye™

Previously we computed

—0.02301828
=1 101965423 (from Fig. 95)
—1.16048699
SSE(d) = 0.03493222 (from Fig. 9b or Fig. 12b)
SSE(4) = 0.03049554 (from Fig. 5a).

Regressing € on F, we obtain
D'(F'F)D = 0.004439308  (from Fig. 12b).
The first Lagrange multiplier test statistic is

_ _DB(FF)Dlq
SSE(§)/(n -p)

_ 0.004439308 /1
0.03049554,/26

R,

= 3,7849.

Comparing with
F(.95;1,26) = 4.22

we fail to reject the null hypothesis at the 95% level.
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SAS Statements:

DATA WORKO1; SET EXAMPLEY;

R1x=-0.02301828; R2=1.01966423; R3=-1.16048699;
Ti=R1; T2=R2; T3=R3; Td=1/(S*RI*EXP(R3));
EmY-(TIAX14T2%X24 TAREXP(TI*X3) ) ;

FixX1; F2aX2; F3sTAAXIREXP(T3®A3); FA=EXP(T3%X3);
DROP T1 T2 T3 T4;

PROC REG DATA=WORKO1; MODEL E=F1 F2 F3 F4 / NOINT;

Cutput:

STATYTISTICAL ANALYSIS SYSTEM 1

OEP VARIABLE: E

SUM OF NEAN

SOURCE of SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.004439308 0.001109827 0.946 0.4531
ERROR 26 0.030493 0.001172804
U TOTAL 30 0.034932

ROOT MSE 0.034246 R-SQUARE 0.1271

DEP MEAN 7.59999E-08 ADJ R-8Q 0.0264

c.v. 450609078

NOTE: NO INTERCEPT TERM IS USED. R-SQUARE IS REDEFINED.

PARAMETER STANDARD T FOR HO:

VARIABLE OF ESTIMATE ERROR PARAMETER=O0 PROB > |T|
F1 1 -0.00205742 0.012611 -0.227 0.8226
F2 1 -0.00396546 0.009829362 -0.408 0.6865
F3 1 0.043503 0.156802 0.277 0.7036
Fa 1 0.045362 0.026129 1.736 0.0944

Figure 125. Nlustration of Lagrange multiplier test computations with Example 1.

The second Lagrange multiplier test statistic is

nD'(F'F)D

R, = 4
SSE(#)

(30)(0.004439308)
0.0349322

3.8125.

]
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Comparing with

L PR
* (n-p)/q+F,
_(30)(4.22)
T (26/1) + 422

= 4.19

d

we fail to reject at the 95% level.
We reconsider the third hypothesis

H:8, = 0and 6,0,e% =}
which may be rewritten as
H: 8° = g(p) for some p°

with

P2
glp) = ‘;3

Spse®?

Previously we computed

0-2(92) =( 1.00795735) (from Fig, 9¢)

ps ~1.16918683
SSE(4) = 0.03589923 (from Fig. 9¢ or Fig. 12¢)
SSE(#) = 0.03049554 (from Fig. 5a).

Regressing & on F, we obtain

D'(F'F)D = 0.008407271  (from Fig. 12¢).
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SAS Statements:

DATA WORKO1; SET EXAMPLE1;
Ri=0; R2=1.00795735; R3=-1.16918683;

T1sR1; T2eR2; T3=R3; Ta=1/(S*RIEXP(R3));
E=Y-(TINX1+T2AX2¢TAREXP(TI*X3));

FiaX1; F2mX2; F3aTAWXI*EXP(TI*X3); F4=EXP(TI*XI);
DROP T1 T2 T3 T4;

PROC REG DATA=WORKO1; MODEL E=F1 F2 F3 F4 / NOINT;

Qutput:

STATISTICAL ANALYSIS SYSTEMN 1

OEP VARIABLE: E

SUM OF MEAN
SOURCE OF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.008407271 0.002101818 1.792 0.1607

ERROR 26 0.030492 0.001172768
L TOTAL 30 0,038899

ROOT MSE 0.034246 R-SQUARE 0.2181
DEP MEAN -2.83174E-09 ADJ R-SQ 0.1267
c.v. ~1209350370

MOTE: NO INTERCEPT TERM IS USED. R-SQUARE IS REDEFINED.

PARAMETER STANDARD T FOR HO:

VARIABLE OF ESTIMATE ERROR PARAMETER=0 PROB > |T}
F1 1 -0.025668 0.012608 -2.062 0.0504
F2 1 0.007699193 0.00980999 0.7886 0.439¢
F3 1 0.052092 0.157889 0.330 0.7441
F4 1 0.046107 0.026218 1.7569 0.0904

Figure 12¢. lllustration of Lagrange multiplier test computations with Example 1.

The first Lagrange multiplier test statistic is
B/(F'F) Bl
SSE( §)/(n -p)
0.008407271 /2
0.03049554 /26

3.5840.

R,

]

Comparing with
F~1(.95;2,26) = 3.37
we reject the null hypothesis at the 5% level.
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The second Lagrange multiplier test statistic is
- nD'( F'F)D
SSE(#)

(30)(0.008407271)
0.03889923
= 6.4839.

2

=

Comparing with
nF,

Y= n=p)/q+F,

_(30)(337)
(26/2) + 3.37

= 6.1759
we reject at the 95% level. 0

As the example suggests, the approximation
D'(F'F)D = SSE(f) — SSE(§)
is quite good, so that
R, =1L
in most applications. Thus, in most instances, the likelihood ratio test and
the first version of the Lagrange multiplier test will accept and reject

together.
To compute power, one uses the approximations

P(Rl > Fa) & P(zl > Fn)
and

P(R,>d,)=P(Z,>d,).

The noncentrality parameters A, and A, appearing in the distributions of
Z, and Z, are the same as those in the distribution of X. Their computa-
tion was discussed in detail during the discussion of power computations
for the likelihood ratio test. We illustrate

EXAMPLE 1 (Continued). Recalling that

f(x,8) =0,x; + 8,x, + §,e*
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let us approximate the probabilities that the two versions of the Lagrange
multiplier test reject the following three hypotheses at the 5% level when the
true values of the parameters are
0°=(.03,1,-14, -.5)
a? = 001.
The three hypotheses are the same as those we have used for the illustration
throughout:
H:6,=0
H,: 8, = 0 and 6,0,¢% = .

In connection with the illustration of power computations for the likelihood
ratio test we obtained

Hi:X; =33343,A,=0
H,: Ay = 6.5128, A, = 0.0005827
H,y: A, = 10.9604, X\, = 0.0008241.
For the first hypothesis -
P(R,>F,)=P(Z, > F,)
=1-F'(F;q,n—p,}\)
1 - F(4.22;1,26,3.3343)
= 700
P(R,>d,) = P(2,>d,)
=1-F"(F;q,n—p,A,7y)
=1- F"(4.22;1,26,3.3343,0)
= 700;

for the second

P(R,>F,)=P(Z,>F,)
=1~ F(F;q,n~-p,7)
=1- F’(4.22;1,26,6.5128)
= 935

P(R,>d,)=P(Z,>d,)
=1~ F"(Fiq,n—p.ALX,)
=1- F"(4.22;1,26,6.5128,0.0005827)
= 935;
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and for the third

P(R, > F} = P(Z,> F,)
=1~F'(F;q,n~-p,A)
=1 - F’(3.37; 2, 26, 10.9604)
= 983

P(R,>d,) =P(Z,>d,)
=1-F"(F;q,n—p,A,A,)
=1 - F"(3.37; 2,26,10.9604, 0.0008241)
= 983.

Again one questions the accuracy of these approximations. Tables 10a
and 104 indicate that the approximations are quite good. Also, by compar-
ing Tables 7, 10a, and 105 one can see the beginnings of the spread

P(L>F,)>P(R,>F,)>P(R,>d,)

as A, increases which was predicted by the theory. Tables 10a and 10b
were constructed exactly the same as Tables 5 and 7. (]

PROBLEMS
1. Assuming that the density of y is p(y; 8, 0) = 2762) " ?exp{— 3y
~ f(O))'[y — f(8)])/6?}, show that
max, op(; 0, 0) = [20SSE(§)/n] /e /2
max, g0, .P(y; 8, 0) = [27SSE(d)/n] =" ?e "/

presuming, of course, that f(#) is such that the maximum exists. The
likelihood ratio test rejects when the ratio

max,,(,)_o.,p(y; 6,0)
maxﬂ,up(y; 0’ 0)
is small. Put this statistic in the form: Reject when

[SSE() — SSE(6))/q
SSE(J)/(n -p)

is large.
2. If the system of equations defined over 8
h(8) =1
e(8) =p
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has an inverse
o=y(p,7)
show that
{6€0:h(8)=0) = (0:8=y(p,0)forsomepin R}
where R = {p: p = ¢(8#) for some § in 8 with A(8) = 0}.
3. Referring to the previous problem, show that
max{SSE(#): h(#) = 0and 8 in ©} = max{SSE[y(p,0)] : p in R}
if either maximum exists.
4. [Derivation of H(x; »,, v;, A}, A,).] Define H(x; v,, v, Ay, A;) to be
the distribution function given by

0,
x<s1l A,=0

G + 1y, tovy, A dt
jo (x—-l (x-—l)z 2 (x—l)z g( 1 x)

x<1 A,>0

wa(— 6,20,,80,)g(1; vy, N dr
0

=1 A,>0

® ] 2xA, A, )
1-] G + s V2, 1 vy, Ay)dt
-/o (x-—l (x—l)z 6] (qu)z gltiv, Ay)

x>1.

where g(#; », A) denotes the noncentral chi-square density function
with » degrees of freedom and noncentrality parameter A, and
G(¢; », \) denotes the corresponding distribution function (Section 7).
Fill in the missing steps. Set z = (1/0)e, Yy = (1/06)8,, and R = P, —
Py;. The random variables (z,, z,,..., z,) are independent with
density n(t;0,1). For an arbitrary constant b, the random variable
(z + by)'R(z + by) is a noncentral chi-square with ¢ degrees of
freedom and noncentrality b2y’Ry /2, since R is idempotent with rank
q. Similarly, (z + by)’P*(z + by) is a noncentral chi-square with
n — p degrees of freedom and noncentrality b2y’P * y/2. These two
random variables are independent because RP* = 0 (Section 7). Let
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a > 0. Then

Plx>a+1]1=Pl(z+v)P&(z+Y)> (a+ 1)2'P* ]
= Pl(z+vY)YR(z+7Y)>az’P*z - 2yP 2z - yP*y]
=Pl(z+yYR(z+7y)>a(z-a"'y)
xPt(z—aly)-(1+a)yPty]
= I:OP[I >a(z-a %y)P+(z-a'y)
-1+ a“‘)y’P*y]g(r; q, l’—gl) dt
= Lwl’((z ~a Wy)YPi(z-aly)

-NYupd ’
<t+(1-1~a )Y'P 7)8( YRY)dt

a 54 3
© (1t (a+)yPry ~ yP'y
j:) G(“ * a’ R AP

Xg(t; q, l-gl) dt.

By substituting x =a -1, A, = yRy/2, and A, = y'P y/2 one
obtains the form of the distribution function for x > 1. The deriva-
tions for the remaining cases are analogous.

S. Show that if A, = 0, then

)(e+8)'(PF~PFG)(e+8) > F
ge’Pie “l

P(X>c,) = P((n -p

Referring to Problem 4, why does this fact imply that

H(Ca; Vis Y2, 7\1’0) = F’(Fa; 71, ¥2, A1)?

6. (Alternative motivation of the Lagrange multiplier test.) Suppose that *
we change the sign conventions on the components of the vector
valued function A(8) in a neighborhood of § so that the problem

minimize SSE(8)

subject to h(8) < 0
is equivalent to the problem

minimize SSE(#)

subject to h(8) = 0
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on that neighborhood. The vector inequality means inequality compo-
nent by component.
Now consider the problem

minimize SSE(8)
subject to A(8) = x

and view the solution # as depending on x. Under suitable regularity
conditions there is a vector A of Lagrange multipliers such that

77 SSE(f) = XH(6)

and (9/3x")8(x) exists. Then
nl8(x)] = x
implies
H(0)5:0(x) = I
whence

S SSE[0(x)] = 57SSEL(x)] 526(x)

i i00] 26
= XH[0(x)] 5370(x)
=X,
The intuitive interpretation of this equation is that if one had one
more unit of the constraint h,, then SSE(8) would decrease by the
amount A, Then one should be willing to pay |A;| (in units of SSE) for
one more unit of h,. Stated differently, the absolute values of the
components of A can be viewed as the prices of the constraints. With
this interpretation any reasonable measure d(A) of the distance of the
vector A from zero could be used to test

H:h(8) =0 against A:h(6)=0.
One would reject for large values of d(X). Show that if
d(X) = AXH(F'F) 'H'X
is chosen as the measure of distance where H and F denote evaluation
at § = ¢ then
d(\) = D(F'F)D
where, recall, Db = (F'F)~'F'[y - f(§)].
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7. Show that Z, is distributed as F'(z; ¢, n — p, A)). Hint: Po(J — Py)
= 0 and Pp;(I — Pf) = 0.

8. Fill in the missing steps: If z < n,
P(Z, <z) = P((e + 8) (Pr— Prg)(e +8)
< 2(e+8)(1 - Pegle + 8))

P( (e + 8)(Pp— Ppc)(e + 8)/‘1 < (n "'P)Z)
(e+8)Pt(e+8)/(n-p) 4ln-2)

n— 4
= F”(L——Elj; q,n —'p, A‘,Az).

qg(n -z

9. (Relaxation of the normality assumption.) The distribution of e is
spherical if the distribution of Qe is the same as the distribution of e
for every n by n orthogonal matrix Q. Perhaps the most useful
distribution of this sort other than the normal is the multivariate
Student ¢ (Zellner, 1976). Show that the null distributions of X, Z,,
and Z, do not change if any spherical distribution is substituted for
the normal distribution. Hint: Jensen (1981).

10. Prove that P(X > ¢,) > P(Z, > F,). Warning: This is an open ques-
tion.

6. CONFIDENCE INTERVALS

A confidence interval on any (twice continuously differentiable) parametric
function y(#) can be obtained by inverting any of the tests of

H:h(8°) =0 against A:h(8°) =0

described in the previous section. That is, to construct a 100 X (1 — a)%
confidence interval for y(8) one lets

h(8) = v(8) - ¥°
and puts in the interval all those y° for which the hypothesis H: #(8%) = 0
is accepted at the a level of significance (Problem 1). The same is true for
confidence regions, the only difference being that y(6) and y° will be
g-vectors instead of being univariate.
The Wald test is easy to invert. In the univariate case (¢ = 1), the Wald

test accepts when
[¥(6) - ¥°|

—_——s S t,
(s*HCA)V? ~ 7
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where
- a 0 3
H= 5 [v(6) - ¥°] = 7g7v(6)

and 1, , = 17'(1 — a/2; n — p); that is, ¢, , denotes the upper a/2 criti-
cal point of the t-distribution with n — p degrees of freedom. Those points
¥© that satisfy the inequality are in the interval

v(8) £ 1, ,,(s*HCAH")'.

The most common situation is when one wishes to set a confidence interval
on one of the components f, of the parameter vector 8. In this case the
interval is

24
6+ Lajpa V857°C;

where &, is the ith diagonal element of é= [F '(5)1’(9')]“'. We illustrate
with Example 1.

EXAMPLE 1 (Continued). Recalling that
f(x,8) =8,x, + O,x; + O,

let us set a confidence interval on 8, by inverting the Wald test. One can
read off the confidence interval directly from the SAS output of Figure 5a
as

[ —0.05183816, 0.00005877]
or compute it as

8, = —0.02588970  (from Fig. 5a)
é,, = 13587 (from Fig. 5b)
s? = 0.00117291 (from Fig. 5b)
£71(.975; 26) = 2.0555
6, 1 1,,,s%,, = —0.02588970 + (2.0555)//(0.00117291)(.13587)
= —0.02588970 + 0.0259484615

whence

[-0.051838, 0.000588].
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SAS Statements:

PROC MATRIX;

C= 0.13587 -0.067112 ~0.16100 -0.037694/
-0.067112 0.084203 0.51764 -0.00157048/
-0.15100 0.51764 22.8032 2.00887/
-0.037694 -0.00157848 2.00867 0.56128;

He= 0 0 0.0191420895 -0.365599178;

HCH = HAC*H'; PRINT HCH;

Output:
STATISTICAL ANALYSIS SYSTEMNM 1
HCH coLt
ROM1Y 0.0582583

Figure 13. Wald test confidence interval construction illustrated with Example 1.

To put a confidence interval on

d
¥(8) = g/ (x.0) = b8e"

Xy}

we have

H(8) = 59:7(8) = [0,0,0,(1 + 6,)¢®, 6,6%]

v(0) = (—1.11569714)( —0.50490286) ¢ ~! 113694 (from Fig. Sa)
= 0.1845920697

H = (0,0,0.0191420895, —0.365599176) (from Fig. 5a)
HCH'’ = 00552562 (from Fig. 56 and 13)
s =0,00117291. (from Fig. Sa).

Then the confidence interval is

v(8) + 1, ,(s*HCH")'?

= 0.184592 + (2.0555)[(0.00117291)(0.0552563)]'/>
= 0.1845921 + 0.0165478

or

[0.168044,0.201140]. a
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In the case that y(8) is a ¢g-vector, the Wald test accepts when

[x(8) - ¥°J'( ﬁi’ ) "[v(d) - v°] <F.

The confidence region obtained by inverting this test is an ellipsoid with
center at y(#) and the eigenvectors of HCH’ as axes.

To construct a confidence interval for y(#) by inverting the likelihood
ratio test, put

h(8) = y(0) - v°
with y° a ¢-vector, and let
SSE,o = min{SSE(8) : y(#) = v°}.
The likelihood ratio test accepts when

(SSE,o — SSE.)/q
(SSEmn)/(" -p)

where, recall, F, = F''(1 — a; q,n — p) and SSE,, = SSE({) =
min SSE(6). Thus, a likelihood ratio confidence region consists of those
points y® with L(y%) < F,. Although it is not a frequent occurrence in
applications, the likelihood ratio test can have unusual structural character-
istics. It is possible that L(y?) does not rise above F, as ||y°| increases in
some direction, so that the confidence region can be unbounded. Also it is
possible that L(y°) has local minima which can lead to confidence regions
consisting of disjoint islands. But as we said, this does not happen often.

In the univariate case, the easiest way to invert the likelihood ratio test is
by quadratic interpolation as follows. Take three trial values v, v{, vy
around the lower limit of the Wald test confidence interval, and compute
the corresponding values of L(y), L(v$), L(¥?). Fit the quadratic equa-
tion

L(y%) =

L(x*) =a(+®) +b(x?) +¢c i=123
to these three points, and let £ solve the equation
F,=ax®+ bx + c.

One can take £ as the lower limit or refine the estimates by taking three
trial values y?, v?, v{ around % and repeating the process. The upper
confidence limit can be computed similarly. We illustrate with Example 1.
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EXAMPLE 1 (Continued). Recalling that
f(x,0) = 0,x; + 0,x, + 8,5
let us set a confidence interval on 8,. We have
SSE,. = 0.03049554  (from Fig. 5a).

By simply reusing the SAS code from Figure 9a and embedding it in a
MACRO whose argument y° is assigned to the parameter §,, we can easily
construct the following table from Figure 14a:

¥ SSE L(v%)

- .052 0.03551086 4.275980
—.051 0.03513419  3.954837
—-.050 0.03477221 3.646219
—-.001 0.03505883  3.890587
000 0.03543298  4.209581
001 0.03582188  4.541151

Then either by hand calculator or by using PROC MATRIX as in Figure 145,
one can interpolate from this table to obtain the confidence interval

[ -0.0518, 0.0000320].

Next let us set a confidence interval on the parametric function

= 030‘3 o .

V(68) = 30 1(x. )

x3=1
As we have seen previously, the hypothesis
H:808,e% =+

can be rewritten as

B\ !
» .

H:O‘-( 5

Again, as we have seen previously, to compute SSE ¢ let

P
(1]

14
pie”s

| ¥

g,o(p) =
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SAS Statesents:

SMACRO SSE{GAMMA);

PROC NLIN DATA=EXAMPLE? METHOD=GAUSS ITER=50 CONVERGENCE=1.0E-13;
PARMS T2=1.01667967 T3w=-1.11569714 T4=-0.50490206; VI=LGAMMA;

MOODEL YuTIWXT4T2AX24TAREXP(TINXI);

DER.¥2eX2; DER.TV3sT4MXINEXP(TI®X3); DER.T4=EXP(T3I*X3)};

SMEND SSE;

XSSE(-.052) XSSE(-.081) ¥SSE(-.050) ASSE(~.001) $SSE(.000) SSSE(.001)

Qutput:
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION T2 T3 T4 RESIDUAL SS
] 1.02062742 ~1.08498107 -0.49767910 0.03851088
5 1.02812866 -1.08627326 -0,49786606 0.03513419
6 1.02763014 -1.08764637 -0.49815400 0.0347722%
7 1.00345514 -1.14032673 ~-0.51166096 0.035068823
7 1.00296592 -1.14123442 -0.51182277 0.03643298
? 1.00247682 ~1.14213734 ~0.51208418 0.03582188

Figure 14a. Likelihood ratio test confidence interval construction illustrated with Example 1.

and SSE . can be computed as the unconstrained minimum of SSE[g._.(p)].
Using the SAS code from Figure 95 and embedding it in a MACRO whose
argument y° replaces the value 4 in the previous code, the following table
can be constructed from Figure 14c:

v° SSE.0 L(¥%

166 0.03591352  4.619281
167 0.03540285  4.183892
168  0.03491101  3.764558
200 003493222 3.782641
201 0.03553200 4.294004
202 0.03617013  4.838063

Quadratic interpolation from this table as shown in Figure 14d yields

[0.1669, 0.2009]. u]
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SAS Statements:

PROC MATRIX;
A= 1 -.082 ,002704 /

1 -.081 .002601 /

1 -.060 .002600 ;
TEST= 4.275980 / 3.954837 / 3.646219 ; B=INV(A)*TEST;
ROOT=(~B(2,1)¢SQRT(B(2,1)88(2,1)-488(3,1)#(B({1,1)-4.22)))#/(288(3,1});
PRINT ROOT;
ROOT=(-B(2,1)-5QRT(B(2,1)#8(2,1)-488(3,1)8(B(1,1)-4.22)))8/(288(3,1));
PRINT ROOT;
A= 1 -.001 ,000001 /

1 .000 .000000 /

1 .001 .00000% ;
TEST= 3.890587 / 4.209681 / 4.541161 ; B =INV(A)*TEST;
ROOT=(-B(2,1)+SQRT(B(2,1)8B(2,1)-488(3,1)#(B(1,1)-4.22)))8/(288(3,1)):
PRINT ROOT;
ROOT=(-8(2,1)~SQRT(B{2,1)#8(2,1)-488(3,1)8(B(1,1)-4.22)))8/(288(3,1));
PRINT ROOT;

Qutput:
STATISTICAL ANALYSIS SYSTEM 1
ROOY cout
ROW1 0.000108776
ROOT coLt
ROW1 -0.0518285
ROOY coLt
ROW1 .0000320109
ROOY coL1
ROW1 -0.0517626

Figure 145. Likelihood ratio test confidence interval construction illustrated with Example 1.

To construct a confidence interval for y(#) by inverting the Lagrange
multiplier tests, let

h(6) = y(8) - ¥°
6§ minimize SSE(#) subject to h(8) = 0
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F=F(f) = 551(6)
D=(FF)'Fly-f)
0 D"(F-'F-)Ijjq
R(x°) = SSE(8)/(n - p)
Ry(10) = "DEE)D

SSE(f)
The first version of the Lagrange multiplier test accepts when
R,(v°) < F,
and the second when
Ry(Y°) s 4,

SAS Statements:

SMACRO SSE(GAMMA);

PROC NLIN DATA=EXAMPLE! METHOD=GAUSS ITER=80 CONVERGENCE=1.0E-8;
PARMS R1a-0.02508970 R2=1.01567967 RI=-1.11569714; RG=1/&GANMA;
Ti=R1; T2wR2; Y3=RI; Tdn1/{RGWRIYEXP(RI));

MODEL Y=TI*X1+T28X2+TA*EXP(TI*X3};

DER_TV1=X1; DER_T2=X2; DER_TIsTAAXINEXP(TI*XI); DER_T4=EXP(TI*XAI);
OER.RI=DER_T1: DER.R2=DER_T2;
DER.R3I=DER_T3I4DER_TAX(-T4**2 )X (RG*EXP (RJ ) +RGARIEXP(RI) ) :

AMEND SSE;

ASSE(.168) NSSE(.167) NSSE(.168) SSSE(.200) XSSE(.201) ¥SSE(.202)

Output:
NOM-L INEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTOM

ITERATION R1 R2 R3 RESIDUAL SS

8 -0.03002338 1.01672014 -0.91765508 0.03591362

8 ~0.02978174 1.01642383 -0.93080113 0.03540285

8 -0.02954071 1.01614385 -0.94412676 0.03491101

3 ~-0.02301828 1.01965422 -1.160408699 0.03493222

43 -0.02283734 1.01994671 =1.16201915 0.03853200

13 ~0.02265799 1.02024775 -1.163192686 0.03617013

Figure 14¢. Likelihood ratio test confidence interval construction illustrated with Example 1.
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SAS Statements:

PROC MATRIX;
A= 1 .166 .027656 /

1 .167 .027889 /

1 .168 .028224 ;
TEST= 4.619281 / 4.183892 / 3.764558 ; B=INV(A)*TEST;
ROOT=(-B(2,1)+SQRT(B(2, 1)8B(2,1)-488(3,1)#(B(1,1)-4.22)))8/(28B(3,1)});
PRINT ROOT;
ROOT=(-B8(2,1)-SQRT(B(2,1)8B(2,1)-488(3,1)8(8(1,1)-4.22)))8/(288(3,1));
PRINT ROOY;
A= 1,200 .040000 /

1 .201 .040401 /

1 .202 .040804 ;
TESTa 3.782641 / 4.294004 / 4.638063 ; B =INV(A)*TEST,
ROOTw(-B(2,1)+SQRT(B(2,1)88(2,1)~488(3,1)8(B(1,1)-4.22)))8/(288(3,1));
PRINT ROOT;
ROOT=(-B(2,1)-SQRT(B(2,1)#B(2,1)-488(3,1)8(B(1,1)-4.22)))8/(288(3,1));
PRINT ROOT;

Output:
STATISTICAL ANALYSIS SYSTEM 1
ROOY coLt
ROW1 0.220322
ROGT coLt
AOMY 0.166916
ROOT coLt
ROW1 0.200859
ROOT cot1
ROWY 0.168661

Figure 14d. Likelihood ratio test confidence interval construction illustrated with Example 1.

where F, = F Y1 - a;q,n—p), d,=nF,/l(n — p)/q + F,], and ¢ is
the dimension of y° Confidence regions consist of those points y° for
which the tests accept. These confidence regions have the same structural
characteristics as likelihood ratio confidence regions except that disjoint
islands are much more likely with Lagrange multiplier regions (Problem 2).

In the univariate case, Lagrange multiplier tests are inverted the same as
the likelihood ratio test. One constructs a table with R (y°) and R,(y?)
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evaluated at three points around each of the Wald test confidence limits
and then uses quadratic interpolation to find the limits. We illustrate with
Example 1.

EXAMPLE 1 (Continued). Recalling that
f(x,0) = 8,x, + 8,x, + G,eh%
let us set Lagrange multiplier confidence intervals on 8,. We have

SSE(§) = 0.03049554  (from Fig. 5a).

Taking § and SSE(@) from Figure 14a and embedding the SAS code from
Figure 12a in a MACRO as shown in Figure 154, we obtain the following
table from the entries in Figure 15a:

Y D@FEFD  RG) R

—.052 0.005017024 4277433 4.238442
—.051 0.004640212 3.956169  3.962134
—.050 0.004278098 3.647437  3.690963
—.001 0.004564169 3.891336 3.905580
000 0.004938382 4.210384 4.181174
001 0.005327344 4.542001 4.461528

Interpolating as shown in Figure 155, we obtain

R, : [-0.0518, 0.0000345]
R,:[—0.0518,0.0000317).

In exactly the same way we construct the following table for
v(8) = 8,6,¢®
from the entries of Figures 14¢ and 15¢:

Y D(FF)YD  R(Y)  R,(YY

166 0.005507692 4.695768  4.600795
167 0.004986108 4.251074  4.225175
168 0.004483469  3.822533  3.852770
200  0.004439308  3.784882  3.812504
201 0005039249 4296382  4.254685
202 0.005677511  4.840553  4.709005
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SAS Statements:

SMACRO OFFD(THETA1, THETA2, THETAI, THETA4 ,SSER);

DATA WORKO1; SET EXAMPLEY;

T1a&THETAY; T2=&THETA2; TI=s&THETA3; TA=KTHETA4;
EaY-(TINX1+T2HX2¢ TANEXP(TI*XI) ) ;

FlaX1; F2aX2; FIsTAMXI®EXP(TI*NA3); FA=EXP(TI*X3);

OROP TV T2 T3 T4;

PROC REG DATA=WORKO1; MODEL Es=F1 F2 F3 F4 / NOINT;

SMENG OFFO;

XOFFD(-.062, 1.020862742, -1.08498107, -0.49757910, 0.03551086)
SOFFO(-.061, 1.02812866, -1.08627326, -0.49786688, 0.03513419)
SDFFO(-.080, 1.02763014, -1.08764637, -0.49815400, 0.03477221)
AWFFO(-.001, 1.00345614, -1.14032673, -0.51166098, 0.035066883)
ADFFD( .000, 1.00296582, -1.14123442, -0.51182277, 0.03643298)
NOFFO( .001, 1.00247682, -1.14213734, ~0.61208415, 0.03582188)

Output:

SUM OF MEAN
SOURCE DF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.006017024 0.001254256 1.069 0.3916
ERROR 26 0.0304%4 0.00117284
U TOTAL 30 0.035511
MODEL 4 0.004540212 0.001160053 0,989 0.4309
ERROR 26 0.030494 0.001172845
U TOTAL 30 0,0356134
MODEL 4 0.004276098 0.001069524 0.912 0.4717
ERROR 26 0.030494 0©.001172861
U TOTAL 30 0.034772
MOOEL ¢ 0.004564169 0.001141042 0.973 0.4392
ERROR 26 0.0304956 0.001172871
U TOTAL 30 0.035069
MODEL 4 0.004938382 0.001234596 1.063 0.3996
ERROR 26 0.030495 0.001172869
U TOTAL 30 0.036433
MODEL 4 0,006327344 0.001331836 1.136 0.3617
ERROR 26 0.030495 0.001172867

U TOTAL 30 0.035822

Figure 1Sa. Lagrange multiplier test confidence interval construction illustrated with
Example 1.

Quadratic interpolation from this table as shown in Figure 154 yields
R, :[0.1671,0.2009]
R, :[0.1671,0.2009]. O

There is some risk in using quadratic interpolation around Wald test
confidence limits to find likelihood ratio or Lagrange multiplier confidence
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SAS Statements:

PROC MATRIX;
A= 1 -.052 .002704 /
1 - 051 .

ROOT4=(-B(2,2)-SQRT(B
PRINT ROOT) ROOT2 R
As 1 -.001 ,000001 /
1 .000 .000000 /
1,001 .000001
TEST= 3, 8?&338 3. 905580

ROGT 1= —8§2.1;¢ RT(J(2,1
ROOT2=(-B(2,1)-SQRT(B{2,1
ROOT3=(-8(2,2)+SQRT(8(2,2
2,2
T3 R

&h
.
3
A

.«
pivgy
o
-

STATISTICAL

ROOT!
ROW1

ROOT2
ROW1

ROOT3
ROW?

ROOQT4
ROWY

RQOOT?
ROW1

ROOT2
ROW 1

ROOT3
ROW1

ROOT4
ROW1

CcoL 1t
.0000960422
<ol
-0.061824%
cott
0.0564016
CoL
-0.051826
coLr
.0000344662
coLt
0.00720637
coLl
.0000317425

cotL1
-0.116828

-4.22)) )8/
..zzm-/

ANALYSIS

i

-4
-4.19)) )8/

SYSTEM
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Figure 154. Lagrange multiplier test confidence interval construction illustrated with

Example 1.

intervals. If the confidence region is a union of disjoint intervals then the
method will compute the wrong answer. To be completely safe one would

have to plot L(y°), R,(v°), or R,(¥°) and inspect for local minima.

The usual criterion for judging the quality of a confidence procedure is
the expected length, area, or volume, depending on the dimension ¢ of
¥(8). Let us use volume as the generic term. If two confidence procedures
have the same probability of covering y(6°), then the one with the smallest
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SAS Statements:

AMACRO DFFD(GAMMA,RHO1,RHO2,RHO3,SSER) ;

DATA WORKO1; SET EXAMPLET;

T1s&RHO1; T2=&RHD2; T3m&RHO3; Té4«=1/(&RHOIXEXP (&RHO3)/&GAMMA);
EnY~(TI*X14T2ZMX2+ T4*EXP(TI*X3));

FieX1; F2=X2; F3aT4RXI*EXP(TI*XI); F4AsEXP(TI*XI};

DROP T1 T2 T3 T4;

PROC REG DATA=WORKD1; MODEL E=F1 F2 F3 F&4 / NOINT;

XMEND DFFD;

SOFFD( .166, -0.03002338, 1.01672014, -0.91765508, 0.03691352)
SDFFD( .167, -0.02878174, 1.01842383, -0.93080113, 0.03640286)
SDFFD( .168, -0.02854071, 1.01614385, -0.94412575, 0.03491101)
SOFFD( .200, -0.02301828, 1.01965423, -1,16048699, 0.03493222)
NOFFD( .201, -0.02283734, 1.01994671, -1.16201918, 0.03553200)
SOFFD( .202, -0.02265799, 1.02024778, -1.16319256, 0.03617013)

Output:

SUM OF MEAN
SOURCE OF SQUARES SQUARE F VALUE PROB>F
MODEL 4 0.005607692 0.001376923 1.477 0.3438
ERROR 26 0.030406 0.001169455
U TOTAL 30 0.035914
MODEL 4 0.004986108 0.001246527 1.066 0.3938
ERROR 26 0.030417 0.001169876
U TOoTAL 30 0.035403
MODEL 4 0.004483469 0.001120867 0,958 0.4471
ERROR 26 0.030428 0.00117029
U TOTAL 30 0.034911
MODEL 4 0.004439308 0.001109827 0.946 0.4531
ERROR 26 0.030483 0.001172804

U TOTAL 30 0.034932

MODEL 4 0.005039243 0.001269812 1.074 0.3894
ERROR 26 0.030493 0.001172798

U TOTAL 30 0.036532

MOOEL 4 0.005677511 0.001419378 1.210 0.3303
ERROR 26 0.030483 0.001172793

U TOTAL 30 0.036170

Figure 15c¢. Lagrange multiplier test confidence interval construction illustrated with
Example 1.

expected volume is preferred. But expected volume is really just an attribute
of the power curve of the test to which the confidence procedure corre-
sponds. To see this, let a test be described by its critical function

1 reject H:y(0) = +°

0
y,v°%) =
#(r.7°) 0 accept H: y(8) = y°.
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SAS Statements:

PROC MATRIX;
A= 1 166 .Q27586 /
1 .167 .027689 /
1 .168 .028224 ;
TEST= 4.696768 4.600795 /
4.261074 4.225175 /

3.822833 3.852770 ; B=INV AJrTEST,
ROOT1«(-8(2,1)+ rfs{z.t #8(2.1 -ou{ . amm -4.22 ;a/ 208(3,1 ;;
RDOT2=(-B{2,1}-5QRT{B(2,1}88(2,1}-48B(3 118(B(1,1}-4.22)} u/{288(3 1)}
ROOT3=({-B(2,2)+SQRT(B(2,2)#B(2.2)-4#B(3,2 amt.z -4,19)))8/(2#8(3,2});
ROOT4=(-B{2,2)-SQRT(B{2,2)#B(2,2)-488(3,2)8(B(1,2)-4.19}))#/{288{3.2}}]
PRINT ROOT1 ROGTZ2 ROOT3 ROOTA;

A= 1 .200 .040000 /
1 .201 .040401 7
2 .040804

0 6 ; BuINV(A)*TEST;
ROOT1=(-8B{2,1)+SQRT(B(2,1)#8(2.1)-480(3,1)8(B(1,1)-4.22 )./ #B(3,1)):
ROOT2=(-8(2,1 -S%T B8(2,1)88(2,1)-488(3,1)#(B(1,1)-4.22 #8(3,1}1});
ROOT3=(-B(2,2)+SQRT(B(2,2)#8(2,2}-4#8(3,2)8(B(1,2}-4.19 2’8 3,2));
ROOT4=({-B(2,2)-SQRT(B(2,2)88(Z,2)-4#8(3,2)8(8(1,2)-4.19 /{288(3,2)};
PRINT ROOT1 ROOT2 ROOT3 ROOT4;

Output:

STATISTICAL ANALYSIS SYSTEM 1

ROOT1 CoL1
ROW1 0.220989
ROOT2 coL1
ROW1 0.167071
ROOTI CoL1
ROW1 0.399573
ROOT4 coLY
ROW1 0.167094
ROOTY CcoLI
ROW1 0.200855
ROOT2 coLy
ROW? 0.168833
ROOT3 COoL 1Y
ROWY 0.2008565
ROOT4 coLt
ROW1Y 0.127292

Figure 15d. Lagrange multiplier test confidence interval construction illustrated with
Example 1.

The corresponding confidence procedure is
R, = {v°:9(5.v") = 0}.
The expected volume is computed as

Expected volume(¢) = fmfn dydN,|y; 7(8°), 0]

= f“,fmll - ¢(y, v)] dvdn,[y; £(8°).01].
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As Pratt (1961) shows by interchanging the order of integration,
Expected volume(¢) = -[nv/w[l —¢(y,v)] dN,[y; 1(8°), 60U} dy
= /R'P[qh(y, v) = 0]6°, 03] dv.
The integrand is the probability of covering v,

co(¥) = Plo(»,v) = 0[8°, 67|

and is analogous to the operating characteristic curve of a test. The essential
difference between the coverage function c,(y) and the operating character-
istic function lies in the treatment of the hypothesized value y and the true
value of the parameter §°. For the coverage function, 8 is held fixed and y
varies; the converse is true for the operating characteristic function. If a test
¢(y, v) has better power against H: y(8) = y° than the test y(y, v°) for
all v°, then we have that

ce(¥°) = P[«p(y, Y°) = 0l6°, 02]
< Plv(r,v°) = 0/6°, o7
= ¢y (v°)
which implies
Expected volume(¢) < Expected volume(y ).

In this case a confidence procedure based on ¢ is to be preferred to a
confidence interval based on .

If one accepts the approximations of the previous section as giving useful
guidance in applications, then the confidence procedure obtained by invert-
ing the likelihood ratio test is to be preferred to either of the Lagrange
multiplier procedures. However, both the likelihood ratio and Lagrange
procedures can have infinite expected volume; Example 2 is an instance
(Problem 3). But for y # y(8°) the coverage function gives the probability
that the confidence procedure covers false values of y. Thus, even in the
case of infinite expected volume, the inequality c,(y) < ¢ (y) implies that
the procedure obtained by inverting ¢ is preferred to that obtained by
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inverting . Thus the likelihood ratio procedure remains preferable to the
Lagrange multiplier procedures even in the case of infinite expected volume.

Again, if one accepts the approximations of the previous section, the
confidence procedure obtained by inverting the Wald test has better struc-
tural characteristics than either the likelihood ratio procedure or the
Lagrange multiplier procedures. Wald test confidence regions are always
intervals, ellipses, or ellipsoids according to the dimension of y(#), and
they are much easier to compute than likelihood ratio or Lagrange multi-
plier regions. The expected volume is always finite (Problem 4). It is a pity
that the approximation to the probability P(W > F,) by P(Y > F,) of the
previous section is often inaccurate. This makes the use of Wald confidence
regions risky, as one cannot be sure that the actual coverage probability is
accurately approximated by the nominal probability of 1 — a short of
Monte Carlo simulation in each instance. Measures of nonlinearity are
intended to help remedy this defect; they are discussed in the next chapter.

PROBLEMS

1. In the notation of the last few paragraphs of this section, show that
Ploly. v(87)] = 0l6%0) = [ aN,[y; 7(67).071].

2. (Disconnected confidence regions.) Fill in the missing details in the
following argument. Consider setting a confidence region on the entire
parameter vector 8. Islands in likelihood ratio confidence regions may
occur because SSE(8) has a local minimum at 8* causing L(6*) to fall
below F,. But if 8* is a local minimum, then R,(6*)= R,(8*)=0
and a neighborhood of 8* must be included in a Lagrange multiplier
confidence region.

3. Referring to Model B of Example 2 and the hypothesis H: ° = y°,
show that because 0 < f(x,y) <1, we have P(X > c¢,) <1 — ¢ for
some e > Oandall yin 4 = {y:0 <y, <v,}, where X and ¢, are as
defined in the previous section. Show also that there is an open set £
such that for all ¢ in E we have

sup fle + 8(y) || < ¢, inf e + 8(y) |
yEA YyEA

where 8(y) = f(8°) — f(y). Show that this implies that P(L > F,) <
1 — ¢ for some € > 0 and all y in 4. Show that these facts imply that
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Table 11. List of Distributions

Random Density Distribution Quantile
Variable Function Function Function
Generic: X p(x) P(x) = [* p(t)dt P YNa)=x
that solves
P(x)=a
Univariate normal with mean g n(x; p, 0%) N(x;p,0?) N Y a; p, 0%)
and variance o?; n(x; p, 0%) = or N(u, 0%)

(2mo?)™ 1 Zexp{ ~ jl(x — p)/0]?)

Mul'tivari?te normal with n(xp, 2) Ny(x;p, Z) N, Ya; p )
dimension p, mean u, and or N, (u, X)
variance-covariance matrix Z;
n,(xip, Z) = [det2#Z)] " */* x
expl(~ {Hx - pyEN(x - p))

Chi-square with g degrees of - x(x; q) () (e )
q
freedom; X = )’_‘,i_lz}, where or x}(q)
the Z, are independent,
Z, - N(O,1).
Noncentral chi-square with ¢ — x2(x; g, A) (x1) Hai g \)
degrees of freedom and non- or x'*(¢q.A)

centrality parameter A,

¢ n
X = ZI_lZ, , where the Z, are
independqcm. Z, ~ N(p, 1),

A=3Y e

F-distribution with ¢, —_ F(x; ¢1. q3) FYa; q, ¢2)
numerator degrees of freedom and or F(q,. 43)
g, denominator degrees of
freedom; F = (X,/4,)/(Xy/4,),
where the X, are independent,

X, - Xz(‘l,)-

the expected volume of the likelihood ratio confidence region is infinite
both when the approximating random variable X is used in the
computation and when L itself is used.

4. Show thatif Y ~ F'[q, n — p, A(y?)], where
A(v")
_ (82 — ) {H(80)[F(8°) F(67)] "*H(8%)) ' [v(6°) — ¥°]
(20)’

and ¢y (Y%) = P(Y < F,), then fgpecy(y)dy < co.
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Table 11. (Continued)

Random Density Distribution Quantile

Variable Function Function Function

Noncentral F-distribution — F(x:q. 4. \) F' YNai gy g3 0)
with g, numerator degrees of or F/(qy.q5.\)

freedom, ¢, denominator degrees

of frecdom, and noncentrality
parameter A: F = (X, /9))/(X1/4;).
where the X, are independent,

X, ~ xq 0 X ~ Xy

Doubly noncentral #- _ F Oxi g gs. A Ay F Naig gh A A,
distribution with ¢, numerator of F"(gy. g1. A X5)
degrees of freedom, ¢,
denominator degrees of freedom,
and noncentrality parameters A,
and A,: F = (X /a)/(Xy/q2)
where the X, are independent,

X, ~ g\
t-distribution with g degrees -_ 1(x: ) i a
of freedom; 1 = X/‘/Y/q. where or t{¢)

X and Y are independent,
X~ NOILY = X (g)

Noncentral r-distribution — t(x: q. ) e g )
with g degrees of freedom or1'(g. 1)
and noncentrality parameter
u: £ = X/\JY/q, where X and ¥
are independent, X ~ N(u, 1),
Y~ x*q)

7. APPENDIX: DISTRIBUTIONS

Table 11 lists the conventions used to denote various distributions that arise
in linear regression analysis together with the few facts regarding them that
we shall use. More details are in Section 2.4 of Searle (1971).

We shall assume familiarity with the salient facts regarding linear and
quadratic forms in normally distributed random variables. In terms of the
notation of the table, they are:

L If X~Ny(gL) and A is a symmetric matrix, then £X =y,
C(X, X)=8(X—pXX—p)Y =L, and &X'AX = trace(AL) +
PApR.
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2 X~N(pZX) and H is a q by p matrix, then HX ~
N,(Hu, HLH'),

3.If X~ N,(p,Z) and 4 is a symmetric matrix, then XAX ~
X *{rank(4), p‘Ap/2] if and only if AT is idempotent.

4. If X - N,(u,X) and 4 is a symmetric matrix, then X4X and HX
are distributed independently if and only if HLA = 0.

5 If X~ N,(p,L) and A4, B are symmetric matrices, then XAX and
X'BX are distributed independently if and only if BY 4 = 0.

For proofs and additional details see Section 2.5 of Searle (1971).
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CHAPTER?2

Univariate Nonlinear
Regression:
Special Situations

In this chapter, we shall consider some special situations that are often
encountered in the analysis of univariate nonlinear models but lie outside
the scope of the standard least squares methods that were discussed in the
previous chapter. '

The first situation considered is the problem of heteroscedastic errors.
Two solutions are proposed: Either deduce the pattern of the heteroscedas-
ticity, transform the model, and then apply standard nonlinear methods, or
use least squares and substitute heteroscedastic invariant variance estimates
and test statistics. The former offers efficiency gains if a suitable transfor-
mation can be found.

The second situation is the problem of serially correlated errors. The
solution is much as above. If the errors appear to be covariance stationary,
then a suitable transformation will reduce the model to the standard case. If
the errors appear to be both serially correlated and heteroscedastic, then
least squares estimators can be used with invariant variance estimates and
test statistics.

The third is a testing problem involving model choice which arises quite
often in applications but violates the regularity conditions needed to apply
standard methods. A variant of the lack-of-fit test is proposed as a solution.

The last topic is a brief discussion of nonlinearity measures. They can be
used to find transformations that will improve the performance of optimiza-
tion routines and, perhaps, the accuracy of probability statements. The
latter is an open question, as the measures relate to sufficient conditions,
not necessary conditions, and little Monte Carlo evidence is available.

123
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1. HETEROSCEDASTIC ERRORS

If the variance o2 of the errors in the nonlinear model
yi=f(x,0°)+e t=1,2,...,n

is known to depend on x,, viz.

2

$*(x,)

2 _
o, =

then the situation can be remedied using weighted least squares—see Judge
et al. (1980, Section 4.3) for various tests for heteroscedasticity. Put

“»7=v(x)y
“f7(x.0) = ¥(x,)f(x,.0)

and apply the methods of the previous chapter with “y,” and “f "(x,, §)
replacing y, and f(x,, 8) throughout. The justification for this approach is
straightforward. If the errors e, are independent, then the errors

ue‘n=uyrn_ “f"(xnoo) [ = 1’2,.”"1

will be independent and have constant variance ¢? as required.
If the transformation

2
o
ol =

C (%, 1°)

depends on an unknown parameter 7, there are a variety of approaches that
one might use. If one is willing to take the trouble, the best approach is to
write the model as

q(y" Xer 00’ 1,0) = \b(xn 70)[)’: - f(xr, 00)] ="

and estimate the parameters A = (4, 7, 0?) jointly using maximum likeli-
hood as discussed in Section 5 of Chapter 6. If not, and the parameters 7 do
not depend functionally on #—or one is willing to forgo efficiency gains if
they do—then a two step approach can be used. It is as follows.
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Let § denote the least squares estimator computed by minimizing
"

z [y = f(x,. 0)]".
Put

léd =1y, - f(x, )|
and estimate 7° by 7 where (£, ¢) minimizes

n

£ i1+ g

t=1

¢ will be a consistent estimator of y20%/7 if the errors are normally
distributed. The methods discussed in Section 4 of Chapter 1 can be used to
compute this minimum. Put
3" = (5, F),
“f7(x,.8) = ¥(x, F)f(x,0)

and apply the methods of the previous chapter with “y,” and “f"(x,, 8)
replacing y, and f(x,, 8) throughout. Section 3 of Chapter 3 provides the
theoretical justification for this approach.

If one suspects that heteroscedasticity is present but cannot deduce an
acceptable form for J(x, 7), another approach is to use least squares

estimators and correct the variance estimate. As above, let 6 denote the
least squares estimator, the value that minimizes

5u(8) = 2 T [ f(x,. 00

t=~1
and let €, denote residuals
él=yl*f(xn§) 1=1,2,...,n.

Upon application of the results of Section 3 of Chapter 3,
/n (8- 8°) 2 N,(0,7)
with

V=gl5g1,
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# and _# can be estimated using

F= 5 L & gS (5 0) g2, 0))

and
F= 5 (10 0))( 205 0))

(=1
For testing
H:h(6°) =0 against 4:h(8°) #0

where A:R? — RY, the Wald test statistic is (Theorem 11, Chapter 3)

= nh'(6)[HVH'] 'h(§)
where H = (3/36")h(f) and ¥ = _#~ 14" 1. The null hypothesis H : 2(8°)
= 0 is rejected in favor of the alternative hypothesis 4 : h(8°%) # 0 when

the test statistic exceeds the upper a X 100 percentage point x2 of a
chi-square random variable with ¢ degrees of freedom, x2 = (x2)°}

(1 —a q)
As a consequence of this result, a 95% confidence interval on the ith
element of 8° is computed as

b, + 2.0257;"

where g = — (x2)7'(.95;1) = N7}(025;0,1).

Let § denote the minimizer of s,(#), subject to the restriction that
h(8) = 0. Let H, £, and _f denote the formulas for H, £, and ¢ above,
but with @ replacing § throughout; put

V= ggg
The Lagrange multiplier test statistic is (Theorem 14, Chapter 3)
R = n( 355.(8)) FH(AVAY A7 555,().

Again, the null hypothesis H : A(6°) = 0 is rejected in favor of the alterna-
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tive hypothesis A : h(6°) # 0 when the test statistic exceeds the upper
a X 100 percentage point x2 of a chi-square random variable with g
degrees of freedom, x2 = (x3)~!(1 — a, q).

The likelihood ratio test cannot be used, because f # ¢, see Theorem 15
of Chapter 3. Formulas for computing the power of the Wald and Lagrange
multiplier tests are given in Theorems 11 and 14 of Chapter 3, respectively.

2. SERIALLY CORRELATED ERRORS

In this section we shall consider estimation and inference regarding the
parameter 8° in the univariate nonlinear model

yl=f(xn00)+u, t=l,2,...,n

when the errors are serially correlated. In most application—methods for
handling exceptions are considered at the end of the section-—an assump-
tion that the process {u,}2 _  generating the realized disturbances {u,}7.,
is covariance stationary is plausible. This is to say that the covariances
cov(u,, u,,,) of the time series depend only on the gap & and not on the
position ¢ in time. In consequence, the variance-covariance matrix [, of the
disturbance vector

u=(u,uy,...,u,) (nx1)

will have a banded structure with typical element vy;; = y(i — j), where
v(h) is the autocovariance function of the process, viz.

y(h)=cov(ulvu(+h) h=0‘ il, :i:2,....

The appropriate estimator, were I', known, would be the generalized
nonlinear least square estimator. Specifically, one would estimate 8° by the
value of 8 that minimizes

[y - 70Ty - s(0)]
where

y=nyn.- ) (1x1)

and

f(0) = [f(x,,8), f(x3,0),.... f(x,.0)] (nx1).
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The generalized nonlinear least squares estimator is seen to be ap-
propriate from the following considerations. Suppose that I! can be
factored as

I ! = (scalar) - P'P.
If we put
“yr =Py “fU(8) = Pf(8) “e”=Pu
then the model
“y=uf(8) + e

satisfies the assumptions—&(*e”) = 0, €(“e”,“e”’) = g’ /—that justify
the use of the least squares estimator and associated inference procedures.
However, the least squares estimator computed from the model

“y”:uf ”(0) + uen

is the same as the generalized least squares estimator above. This justifies
the approach. More importantly, it provides computational and inference
procedures—one need only transform the model using P and then apply
the methods of Chapter 1 forthwith. For this approach to be practical, the
matrix P must be easy to obtain, must be representable using far fewer
than n? storage locations, and the multiplication Pw must be convenient
relative to the coding requirements of standard, nonlinear least squares
statistical packages. As we shall see below, if an autoregressive assumption
is justified, then P is easy to obtain, can be stored using very few storage
locations, and the multiplication Pw is particularly convenient.

When T, is not known, as we assume here, the obvious approach is to
substitute an estimator [, in the formulas above. Section 4 of Chapter 7
furnishes the theoretical justification for this approach provided that f‘,,
depends on a finite length vector 7, of random variables with vn (7, — 79)
bounded in probability for some 7°. A proof that f‘,, computed as described
below satisfies this restriction is given by Gallant and Goebel (1975).

An autoregressive process is a time series that can be reduced to a white
noise process by using a short linear filter. Specifically, the time series
{u, ) _ . is assumed to satisfy the equations

u taw,  +au, ,+ s tau,  =e t=0,+1,+2,...

where {e,}% _  is a sequence of independently and identically distributed
tit -]
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random variables each with mean zero and variance o2 In addition, we
assume that the roots of the characteristic polynomial

mi+am’ +amiiy o ta,
are less than one in absolute value. The necessity for this assumption is
discussed in Fuller (1976, Chapter 2); Pantula (1985) describes a testing
strategy for determining the validity of this assumption. A time series

A{u, )} . . which satisfies this assumption is called an autoregressive pro-
cess of order q.

EXAMPLE 1 (Wholesale prices). The Wholesale Price Index for the
years 1720 through 1973 provides an illustration. The data are listed Table
1 and plotted as Figure 1. Using least squares, an exponential growth model

y,=01e92‘+u, t=1,2,...,n=254

was fitted to the data to obtain residuals {&,}2%4. From these residuals, the

autocovariances have been estimated using

ln—h
(k) =~ L ag,, h=0]1,.,60

t=]

and plotted as “autocovariance” in Figure 2. Using the methods discussed
below, a second order autoregression

u, + q, + au,_, = e,

was fitted to the residuals {&,}23 to obtain

(4, d,,6%) = (—1.048,0.1287, 34.09).

Estimates of the autocovariances can be calculated from these estimates
using the Yule-Walker equations as discussed in Anderson (1971, p. 174).
Doing so yields the estimates plotted “autoregressive” in Figure 2. The two
plots in Figure 2-—autocovariance (unrestricted estimates requiring that 60
population quantities be estimated) and autoregressive (restricted estimates
requiring that only three population quantities be estimated)—are in rea-
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Table 1. U.S. Wholesale Prices.

Year Index Year Index Year Index Yeor Index
1720 16.98 1761 25.48 1802 39.04 1843 25.06
12 16.48 1762 28.42 1803 39.29 1844 25.20
1722 16.07 1763 27.43 1804 43.30 1648 27.47
1723 16.60 1764 24.85 1805 47.84 1846 21.62
1724 17.61 1766 24.41 1806 43.94 1847 31.99
1725 19,03 1766 25.23 1807 41.85 1848 28,02
1126 19.89 1767 26.82 1808 37.01% 1049 27.79
17271 19.22 1768 24.90 1809 42.44 1850 28.17
1728 18.28 1769 25.00 1810 45.03 1851 27.717
1728 18.22 1770 25.63 1611 46.12 1852 29.37
1730 19.30 177 26.80 1612 45.77 1863 32.71
1 17.16 1772 29.67 1813 63.76 1854 38.34
1732 16.47 1773 28.07 1814 65.06 1855 40.81
1733 17.73 1774 26.08 1815 59.92 1886 36.38
1734 17.18 1175 25.74 ‘1816 53.12 18617 37.17
17356 17.29 1776 29.51 1817 53.95 1858 31.56
1736 16.47 1777 2.2 1818 50.48 1859 32.97
1737 17.94 1778 46.04 1818 41,88 1880 31.48
1738 17.94 1779 77.58 1820 34.70 18861 .
1739 16.19 1780 77.21 1821 32.07 1862 36.35
1740 17.20 1781 74.12 1822 35.02 1863 46.49
1741 22.18 1782 57.44 1823 34.14 1864 67.47
1742 21.33 1763 44.52 1824 31,76 1885 64.67
1743 18.83 1764 34.50 1825 32.682 1866 60.82
1744 17.90 1785 31.58 1826 31.67 1867 56.63
1748 18.26 1786 29.94 1827 3t.62 1868 §5.23
1748 19.64 1787 208,99 1828 31.84 1869 52.78
1747 21.78 1788 25.73 1829 32.35 1870 47.19
1748 24.56 1789 27.45 1830 29.43 1871 45.44
1749 23.93 1790 31.48 1831 31.38 1872 47.54
1750 21.69 1791 29.51 1832 31.69 1873 46.49
1751 22.57 1792 30.96 1833 32.12 1874 44.04
1762 22.65 1793 34.60 1834 30.50 1875 41.25
1183 22.26 1794 36.63 1835 33.97 1876 38.45
1764 22.20 1795 44.43 16836 39.69 1877 37.086
1765 22.19 1786 50.25 1837 41.33 1878 31.81%
1756 22,43 1797 45.20 1838 38.45 1879 31.48
1767 22.00 1798 42.09 1839 /N 1880 34.96
1758 23.10 1799 43.47 1840 31.63 1881 36.00
1769 26,21 1800 44.51 1841 29.87 1882 37.78
1760 26.28 1801 48.99 1842 26.62 1883 36.31

sonable agreement, and the autoregressive assumption seems to yield an
adequate approximation to the autocovariance. Indeed, it must for large
enough g if the process {u,}{2 _ is, in fact, stationary (Berk, 1974). a

The transformation matrix P based on the autoregressive assumption is

computed as follows. Write the model in vector form

y=f(6° +u
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Table 1. (Continued).

Year iIndex Year Index Year Index Year Index
1884 32.61% 1908 32.08 1932 33.16 1956 90.70
1885 28.7 1908 34.48 1933 33.63 19867 93,30
1886 28,68 1910 35.91 1934 38.21 1968 94.60
18687 29.71 1911 33.10 1935 40.84 19569 94.80
1868 30.08 1912 35.24 1936 41.24 1960 94.90
1889 28,31 1913 36.60 1937 44.03 1961 94.50
1890 28.86 1914 34.7 1938 40.09 1962 94.80
1891 26.46 1915 36.45 1939 39.36 1963 94.50
1892 26,62 1916 43.61 1940 40.09 1964 94.70
1693 27.24 1917 59,93 1941 44.69 19686 96.60
1894 24.43 1918 68.97 1942 50.39 1966 99.80
1898 24.89 1919 70.69 1943 52.67 1967 100.00
1896 23.72 1820 18.75 1944 53.06 1968 102.50
1897 23.77 1921 49.70 1945 54.01 1969  108.50
1898 24.74 1922 49.32 1946 61.72 1970 110,40
1899 26.62 1923 51.3) 1947 76.68 19 113.90
1900 28.61% 1924 £0.03 1948 83.08 1972 119.10
1901 28.20 1925 52.79 1949 18.48 1973 136.560
1902 30.04 1926 $1.00 1950 81.68

1903 30.40 1927 48.66 1951 81.10

1904 30.45 1928 49.32 1952 88.60

1908 30.85 1929 48.60 1953 87.40

1906 31.82 1930 44.11 1954 87.60

1907 33.2% 1931 37.23 1955 87.80

Source: Composite derived from: Wholesale Prices for Philadelphia, 1720 to 1861, Series
E82, U.S. Bureau of the Census (1960); Wholesale Prices, All Commodities, 1749 10 1890,
Series E1, U.S. Bureau of the Census (1960); Wholesale Prices, All Commodities, 1890 to
1951, Series E13, U.S. Bureau of the Census (1960); Wholesale Prices, All Commodities,
1929 to 1971, Office of the President (1972); Wholesele Prices, All Commodities, 1929 to
1973, Office of the President (1974).

compute the least squares estimator §, which minimizes

SSE(8) = [y - £(6)) [y - f(®));

compute the residuals

i =y~ f(6);

from these, estimate the autocovariances up to lag g using

9(h) = 5

n—h

2: a1a1+h

(=1

h=

0,1,...

» 45
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put
1(0) (1) o 9(g-1)
(1) 7(0) e §lg-2)
f,=1" \ \ (gxq)
¥(g-1) 9(¢-2) --- 900
.= [#(1),9(2),.... ()} (gx1)
and compute 4 using the Yule-Walker equations
i=-~Ij'v,  (qgx1)
6*=y(0) +d'§, (1 x1);
factor
rqwl = Pq’ﬁq
using, for example, Cholesky’s method, and set
- S -
J;—qu : }qrows
ﬁ = éq ai-l é al {
aq g—-1 a4, 1 n - g IOWS
a, 4, 4 1

As discussed above, P is used to transform the model y=f(8)+uto
the model “y” =*f"(8) + “e” using

“yr=Py  9f7(8) = Ff(8)  “e”=Pu.

Thereafter the methods discussed in Chapter 1 are applied to “y” and
“f "(8). This includes computation of the estimator and methods for testing
hypotheses and for setting confidence intervals. The value § left over from
the least squares estimation usually is an excellent starting value for the
iterations to minimize

“SSE"(8) = [y~ “f (@) [y~ "(8)].
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Note that after the first g observations,
“yl” =N + &ly:—l + é‘2.))1—-2 + o +aqyr—-q
t=g+1,g+2,...,n
“f ”(X,, 0) = f(xn 0) + &lf(xt~lr 0) +ooe +éqf(x,*q, 0)
t=qg+1,9+2,...,n

which is particularly easy to code. We illustrate with the example.
EXAMPLE 1 (Continued). Code to compute 4 for the model

y, = 0, + y, t=1,2,...,n=254

u,+au,_,+au, ,=e, t=0,+1,+2, ...

using the data of Table 1 as shown in Figure 3.

Most of the code has to do with the organization of data sets. First, the
least squares estimator §d is computed with PROC NLIN, and the residuals
from the fit are stored in WORKO1. The purpose of the code which follows is
to arrange these residuals so that the data set WORKO3 has the form

GCy ” ‘(X”
a 0 0
0 ] 0
0 0 i

so that standard regression formulas can be used to compute

1 ’
f,= Sxx

- (252.32 234.35)
23435 252.32

a=-(x'x)"'xy

- ( 213.20 )
234.35

62 =y'y ~ &'X'Xé
= 34.0916

using PROC MATRIX. Note that the columns of “X” have been permuted to



SAS Statements:

PROC NLIN DATA=EGO! METHOD=OAUSS ITER=50 CONVERGENCE=1.E-10;
OUTPUT OUT=WORKO1 RESIDUALSUHAT;

PARMS Ti=1 T2=,003;

MODEL Y=TIREXP(T2*X); DER.TI«EXP(T22X); DER.T2aTI1*X*EXP(T24X)};

DATA WORKO2; SET WORKO1; KEEP UMAT; OUTPUT;
IF _N_=254 THEN DO; UMAT=0; OUTPUT; OUTPUT; END;

DATA WORKO3; SET WORKO2;

UHAT_O=UHAT; UHAT_1=LAGT(UHAT); UHAT_2uLAGZ(UNHAT);

IF _N_=1 THEN DO; UMAT_1=0; UHAT_220; END; IF _N_s=2 THEN UHAT_220;

PROC MATRIX;

FETCH Y DATA=WORKOJ(KEEP=UHAT_0); FETCH X DATA«WORKO3I(KEEP=UHAT_2 UHAT_1);
GG=X'*X#/254; GuX'*YR/264; An-INV(GG)*G; SSeY'*YR/254-A'*GG¥A;

SPQ=HALF (SSBINV(GG));

ZERO=0/0; ONEw1; P=SPQ||ZERO; ROWs«A'||ONE; DO I=1 TO 252; P=P//ROW; END;
QUTPUT P QUTaWORKO4 ;

DATA WORKO5: SET EGO1;

YaxY; Y2uLAGI(Y); Y1=LAG2(Y); X3=X; X2«LAO?(X}; X1=LAG2(X);
IF _N_=3 THEN DO; OUTPUT; QUTPUT; END; IF _N_>2 THEN OUTPUT;
DATA WORKOS; MERGE WORKO4 WORKO5; DROP ROW Y X;

PROC NLIN DATA=NORKO6 METHOD=GAUSS JTER=50 COMVERGENCE=1.E-10;

PARMS Tiel T2=.003;

Y = COLY*Y1 ¢ COL2%Y2 + COL3*Y3;

F = COLIATI*EXP({T2%X1) ¢ COL2*T1%EXP(T2#X2) +COL3*TI*EXP(T2*X3);

D1 = COLI*EXP(T2%X1) + COL2*EXP(T2%X2) +COLIREXP(T2%X3);

02 » COLIATIMXIXEXP(T2*X1) + COLZ*TI*X2%EXP(T2%X2) +COLI*TIAXINEXP (T24X3);
MODEL Y = F; DER.TY = D1; DER.T2 = D2;

OQutput:
SAS 5

NON-LINEAR LEAST SQUARES SUNMARY STATISTICS OEPENDENT VARIABLE Y

SOURCE OofF SUM OF SQUARES MEAN SQUARE
REGRESSION 2 4428.02183844 2214.01091922
RESIDUAL 262 5656.56502716 22.44668662
UNCORRECTED TOTAL 254 10084 .68686559
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 %
STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER
T 12.19756397 3.45880524 5.30562777 19.00950018
T2 0.00821720 0.00133383 0.00859029 0.01084410

Figure 3. Example 1 estimated using an autoregressive transformation.
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permute the columns of 4 in this code. The transformation 2 is put in the
data set WORKO4, whose first two rows contains (\/53 ﬁq }0) and remaining
rows contain (d,, d;,1). The transformation is merged with the data, and
lagged values of the data, and stored in the data set WORK06. The
appearance of the data set WORKO06 is as follows:

08s coL1 coL2  coL3 Y1 Y2 Y3 X1 X2 X3
1 0.991682 -0.9210 O 16.98 15.48 16.07 1 2 3
2 0.000000 0.3676 0 16.98 15.48 16.07 1 2 3
3 0.128712 -1.0483 1 16.98 15.48 16.07 1 2 3
4 0.128712 -1.0483 1 15.48 16.07 16.60 2 3 4

254 0.128712 -1.0483 1 113.90 119.10 135.50 522 253 254

Using PROC NLIN one obtains

§ = (12.1975,0.00821720)’

as shown in Figure 3.

A word of caution. This example is intended to illustrate the computa-
tions, not to give statistical guidance. Specifically, putting x, = ¢ violates
the regularity conditions of the asymptotic theory, and visual inspection of
Figure 1 suggests a lack of stationarity, as the variance seems to be growing
with time, a

Monte Carlo simulations reported in Gallant and Goebel (1976) suggest
that the efficiency gains, relative to least squares, using this procedure can
be substantial. They also suggest that the probability statements associated
to hypothesis and confidence intervals are not as accurate as one might
hope, but they are certainly an improvement over least squares probability
statements. These statements hold true whether the series {u,}, _. that
generates the data is actually an autoregressive process of order ¢ or some
other covariance stationary process such as a moving average process that
can be approximated by an autoregression.

The order g of the autoregressive process which best approximates the
error process {u,} is unknown in applications. One approach is to attempt
to determine ¢ from the least squares residuals {&,}.

This problem is very much analogous to the problem of determining the
appropriate degree of polynomial to use in polynomial regression analysis.
The correct analogy is obtained by viewing f'qa = —§, as the normal
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equations with solution vector 4 = — f‘q?q and residual mean square s2 =
[¥(0) + a'4,)/(n — q). The hypotheses H:a, =0 against A:a,+0,
i=1,2,...,q, may be tested using ¢, = |4,|/ ys?$"*, where "' is the ith
diagonal element of f’q‘ !, by entering tables of + with n — g degrees of
freedom. Standard techniques of degree determination in polynomial re-
gression analysis may be employed, of which two are to test sequentially
upward, or to start from a very high order and test downward (Anderson,
1971, Section 3.2.2).

Akaike’s (1969) method is a variant on the familiar procedure of plotting
the residual mean square against the degree of the fitted polynomial and
terminating when the curve flattens. Akaike plots

n q 2
FPE = (1+ £22) ! Z(a,+ ):ajﬁ,_J)

n_q—‘pt-l §=1

against ¢ for all ¢ less than an a priori upper bound; in this computation
put iy, &i_,,..., &4 _, = 0. That g at which the minimum obtains is selected
as the order of the approximating autoregressive process.

The methods discussed above are appropriate if the error process {u,} is
covariance stationary. If there is some evidence to the contrary, and a
transformation such as discussed in the previous section will not induce
stationarity, then an alternative approach is called for. The easiest is to
make no attempt at efficiency gain as above, but simply correct the
standard errors of least squares estimators and let it go at that. The method
is as follows.

As above, let 6 denote the least squares estimator, the value that

()= 3 % [~ (x. 00

and let 2, denote residuals
ﬁ,=y,"f(xl,6) t=1,2,...,n.

Upon application of the results of Section 4 of Chapter 7, approxi-
mately—see Theorem 6 of Chapter 7 for an exact statement—

Vn (6 - 6°) ~ N,(0,V)
with

V=glsg
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# and # can be estimated using

i(n)

f= L w(l(;))j"'

T=—l{n)

and

=5 X3t 0))( 75120 )

-1

where /(n) is the integer nearest n'/?,

( )_{1—6|x|2+6|x|3 0<x<}

2(1 - |x))? isxsl
and
1 & (.9 4 '
5. = ;,.%,(“.-gaf(xﬁ))(ﬁ'-fWf(x'—v”)) =0
(j;,_,)' T <.
For testing

H:h(6°) =0 against A:h(8%°) #0

where h:R?” — RY, the Wald test statistic is (Theorem 12, Chapter 7)

A A A

W = ni’(0)[AVH’) "'h(6)

where H = (3/38")h(f) and V = £ 541, The null hypothesis H : h(8°)
= 0 is rejected in favor of the alternative hypothesis 4 : h(8°) # 0 when
the test statistic exceeds the upper a X 100 percentage point x2 of a
chi-square random variable with g degrees of freedom, x2 = (x2)7!
1 - a; 9).

As a consequence of this result, a 95% confidence interval on the ith
element of 4° is computed as

7

4:‘:2.025 =
n

where z 5 = — (x?) '(.95;1) = N7'(.025;0,1).
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Let § denote the minimizer of s5,(8), subject to the restriction that
h(8) = 0. Let H, £, and # denote the formulas for H, #, and ¢ above
but with § replacing § throughout; put

V=41l

The Lagrange multiplier test statistic is (Theorem 16, Chapter 7)
R = n{ 25, (0)) FH(AVA) " AF - 75s,(8)

Again, the null hypothesis H: h(8°) = 0 is rejected in favor of the alterna-
tive hypothesis A4: h(8°%) » 0 when the test statistic exceeds the upper
a X 100 percentage point x2 of a chi-square random variable with ¢
degrees of freedom x2 = (x?)~!(1 - a; q).

The likelihood ratio test cannot be used, because £ + #; see Theorem 17
of Chapter 7. Formulas for computing the power of the Wald and Lagrange
multiplier tests are given in Theorems 14 and 16 of Chapter 7, respectively.

3. TESTING A NONLINEAR SPECIFICATION
Often, it is helpful to be able to choose between two model specifications:
H:y =g(x,¥) +e,
and
Ay, =g(x,, ) + th(x, ) +e,.

The unknown parameters are ¥, 7, and o of dimension u, 1, and v,
respectively. The functional forms g(x,{) and h(x, w) are known. The
errors e, are normally and independently distributed with mean zero and
unknown variance o2, Parametrically, the situation is equivalent to testing

H:7=0 aganst A:7+#0

regarding ¢, w, and o? as nuisance parameters.

It would be natural to employ one of the tests discussed in Section 5 of
the previous chapter. In the formal sense, the Lagrange multiplier test is
undefined because w cannot be estimated if + = 0. The likelihood ratio test
is defined in the sense that the residual sum of squares from the model

H:y =g(x,¢y) +e,
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can be computed and used as SSE(#). But one must also compute the
unconstrained estimate of

0= (y,0,71)

to obtain SSE(#) in order to compute the likelihood ratio test statistic; the
Wald test statistic also requires computation of §. When H is true, this
dependence on § causes two difficulties:

1. It is likely that the attempt to fit the full model will fail or, at best,
converge very slowly, as seen in Figure 6 and Table 4 of Chapter 1.

2. The regularity conditions used to obtain the asymptotic properties of
the unconstrained least squares estimator f—and also of test statistics
that depend on §—are violated, as neither the identification condition
or the rank condition discussed in Section 3 of the previous chapter is
satisfied.

It is useful to consider when the situation of testing H against A using
data which support H is likely to arise, It is improbable that one will
attempt to fit a nonlinear model which is not supported by the data if one is
merely attempting to represent data parametrically without reference to a
substantive problem. For example, in the cases considered in Table 4 of
Chapter 1, plots of the observed response y, against the input x,, failed to
give any visual impression of exponential growth for values of |6, less than
.1. Consequently, substantive rather than data analytic considerations will
likely have suggested A. As we shall see, it will be helpful if these same
substantive considerations also imply probable values for w.

The lack-of-fit test has been discussed by several authors (Beale, 1960;
Halperin, 1963; Hartley, 1964; Turner, Monroe, and Lucas, 1961; Williams,
1962) in the context of finding exact tests or confidence regions in nonlinear
regression analysis. Here the same idea is employed, but an asymptotic
theory is substituted for an exact small sample theory. The basic idea is
straightforward: If 7% = 0, then the least squares estimator of the parame-
ter 8 in the model

Ay =glx,¥) +28+e,

where the w-vector z, does not depend on any unknown parameters, is
estimating the zero vector. Thus any (asymptotically) level a test of

H:y =g(x,y)+e against A: y=g(x,¥) +z8 +e,
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is an (asymptotically) level a test of
H:.y= g(x,, “’) +e, against A:y = g(xn \l’) + Th(wi) te,.

Note that since z, does not depend on any unknown parameters, the
computatlonal problems that arise when trying to fit 4 by least squares will
not arise when fitting A.

When H is true, any of the tests considered in Section 5 of Chapter 1 are
asymptotically level a. Regularity conditions such that the Wald and
likelihood ratio test statistics for H against A follow the noncentral
F-distribution plus an asymptotically negligible remainder term when 4 is
true are in Gallant (1977a). Simulations reported in Gallant (1977a) suggest
that the problem of inaccurate probability statements associated with the
Wald test statistic are exacerbated in the present circumstance. The simula-
tions support the use of the likelihood ratio test; the Lagrange multiplier
test was not considered. The likelihood ratio test is computed as follows.

Let ({, §) denote the least squares estimator for the model A, and define

SSE(¢, §) = Z [5 - g(x,. §) + 28]

G(y) = the n by u matrix with rth row g%g(x,, V)
Z = the n by w matrix with fth row z;
Qs =1-G(¥)[G"(¥)G6(¥*)] "6 (v°).
Let ¢ denote the least squares estimator for the model H, and define
SSW(9) = L [5 - g(x. ¥)]"
tw=1

The likelihood ratio test for H against A rejects when

; - ISSE(Y) = SSE(J, §)]/w
SSE(y, 8)/(n — u — w)

exceeds F,, the upper a X 100 percentage point of an F-random variable
with w numerator degrees of freedom and n — ¥ — w denominator degrees
of freedom; F, = F 'l —a;w,n—u-—w).

The objective governing the choice of the vector z, of additional regres-
sors is to find those which will maximize the power of the test of / against
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A when A is true. The asymptotic power of the likelihood ratio test is given
by the probability that a doubly noncentral F-statistic exceeds F, (Gallant,
1977a). The noncentrality parameters of this statistic are

2WQGZ(Z'Q50,2) ' Z'Qh
202

A= ("'o)
for the numerator, and

h'Qh
Ay= ("’0)2‘—2';%‘ - A

for the denominator, where
h = [h(xl, «®), h(x,, «®),..., h(x.,, w°)]'.

Thus one should attempt to find those z, which best approximate A in the
sense of maximizing the ratio

hQ.Z(Z'Q,0:Z) ' Z°Qsh
h’Q;h

while attempting, simultaneously, to keep the number of columns of Z as
small as possible. We consider, next, how this might be done in applica-
tions.

In a situation where substantive considerations or previous experimental
evidence suggest a single point estimate & for w° the natural choice is
2, = h(x,, &).

If, instead of a point estimate, ranges of plausible values for the
components of w are available then a representative selection of values
of w,

(6;:i=1,2,...,K)

whose components fall within these ranges can be chosen—either determin-
istically or by random sampling from a distribution defined on the plausible
values—and the vectors h(&;) made the columns of Z. If, following this
procedure, the number of columns of Z is unreasonably large, it may be
reduced as follows. Decompose the matrix

B = [A(&;)] - |h(6x)]

into its principal component vectors, and choose the first few of these to
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Figure 4. Preschool boys’ weight /height ratio.

0.3

make up Z; equivalently, obtain the singular value decomposition
(Bussinger and Golub, 1969) B = USV’ where U'U= V'V =VV’ =],
and S is diagonal with nonnegative entries, and choose the first few
columns of U to make up Z. We illustrate with an example.

EXAMPLE 2 (Preschool boys’ weight /height ratio). The data shown in
Figure 4 are preschool boys’ weight /height ratios plotted against age and
were obtained from Eppright et al. (1972); the tabular values are shown in
Table 2. The question is whether the data support the choice of a three
segment quadratic-quadratic-linear polynomial response function as op-
posed to a two segment quadratic-linear response function. In both cases,
the response function is required to be continuous in x (age) and to have a
continuous first derivative in x. Formally,

H:y =808, +0,x,+6,T,(0, — x,) +e,
and
Ay, =0 +0,x, +0,T,(0, — x,) + 6,T,(6; — x,) + e,
where

k
T =]2° when 220
«(2) {0 when :z<0;
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Table 2. Boys’ Weight / Height Versus Age.

W/H Age W/H Age W/H Age
0.46 0.5 0.88  24.5 0.92  48.5
0.47 1.6 0.8 26.5 0.96  49.5
0.56 2.8 0.83  26.5 0.92  $0.5
0.61 3.5 0.82  27.5 0.91  51.5
0.61 4.5 0.82  28.5 0.95  52.5
0.67 5.5 0.86  29.5 0.93  53.5
0.68 6.5 0.82  30.5 0.93  54.5
0.78 7.5 0.85  31.6 0.98  55.5
0.69 8.5 0.88  32.6 0.95  56.5
0.74 9.6 0.86  33.5 0.97  571.5
0.77 10.5 0.91  34.5 0.97  §8.5
0.78 1.8 0.87  356.§ 0.96 59.5
0.75 12.5 0.87  36.5 0.97  60.6
0.80 13.5 0.87 37.5 0.94  61.5
0.78  14.5 0.86  38.5 0.96  62.5
0.82  16.5 0.90  39.% 1.03  63.5
0.77  16.5 0.87  40.5 0.99  64.5
0.80 17.§ 0.91  41.5 1.0  66.5
6.81 18.5 0.90  42.5 0.99  66.5
0.78  19.5 0.93  43.6 0.99  67.5
0.87  20.6 0.89  44.5 0.97 68.5
0.80  21.5 0.89  45.5 1.00  69.5
0.83  22.5 0.92  46.5 6.99  70.§
0.81 23.5 0.89  47.6 1.0 71,6

Source: Gallant (1977a).

see Gallant and Fuller (1973) for a discussion of the derivation and fitting
of grafted polynomial models.
The correspondence with the notation above is
¥ = (6, 6,8, 04)’
T = 05
w =
g(x,¥) = ¢y + ¢yx + ;T (Y, — x)
h(x, @) = Th(w - x).
The parameter « is the join point associated with the quadratic term whose
omission is proposed.
Suppose plausible values for w are &, = 4, &, = 8, and &; = 12. The
matrix B, described above, has typical row
B = [T(4 - x), ,(8 - x,), T,(12 - x,)].
The first principal component vector of B, with elements

z,= [(2.08)T,(4 — x,) + (14.07)T,(8 - x,) + (39.9)T,(12 - x,)] x 10~*
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SAS Statements:

DATA B; SET €0602;

212 (4-AGE>0)*(4-AGE)**2; Z2«(8-AGE>0)}*(B-AGE)**2; Z3=(12-AGE>0)*(12-ACE)**2;
PROC MATRIX; FETCH B DATA=B(KEEP=Z1 22 Z3); SVD U Q V B: OUTPUT U OUT=WORKO1;
DATA WORKO2; MERGE EGO2 WORKOY; XEEP AGE WH 2; Z=COLY;

PROC NLIN DATA=WORKO2 METHOD®GAUSS ITER«S50 CONVERGENCE=1.E-10;
PARMS Ti=1 Y2«.004 T3e-.002 Tds=12; X=(T4-AGE>Q)*(T4-AGE);
MODEL WH = T1+TZNAGE+TINX#*2;

OER.TYx1; DER.T2=AGE;: DER.TIsX**2: DER.T4=24TI*X;

PROC NLIN DATAsWORKO2 METHOO=GAUSS ITER=50 CONVERGENCE=1.E-10:
PARMS T1x=.73 T2=.004 T3=-5.E~5 TA=21.181 D=-_4; X=(T4-AGE>Q0)*(T4-AGE);

MOCEL WH o T14T2%AGE+TIAXAR24Z%0;
DER.T1=1; DER.T2=AGE; DER.TI=X#*2; DER.T4=2*T3%X; DER.D=Z;

Output:
SAS 3

NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE WM

SOURCE OF SUM OF SQUARES MEAN SQUARE
REGRESSION 4 53.67750135 13.41937834
RESIDUAL 68 0.03789865 0.00055733
UNCORRECTED TOTAL 72 63.71540000

SAS 5

NON-LINEAR LEAST SQUARES SUMMARY STATISTICS OEPENDENT VARIABLE WH

SOURCE OF SUM OF SQUARES MEAN SQUARE
REQRESSION 5 53.67770969 10.73554194
RESIDUAL 87 0.03769031 0.00086264
UNCORRECTED TOTAL 72 . 53.71840000

Figure 5. Lack-of-fit test illustrated using Example 2.

was chosen as the additional regressor. This choice yields

SSE(¢) = 0.03789865  (from Fig. 5)
SSE({,5) = 0.03769031  (from Fig. 5)

_ (003789865 — 0.03769031)/1
0.03769031/(72 — 4 — 1)

= 0.370
P[F(1,67) > 0.370] = .485.

L

These data give little support to A.
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Simulations reported by Gallant (1977a) indicate that the best choice for
z, in this example is to take as Z the first principal component of B. For
practical purposes, the power of the test is as good as if the true value °
were known.

4. MEASURES OF NONLINEARITY
Consider the nonlinear model
y=1(6%+e

with normality distributed errors. The lack-of-fit test statistic for H: §° = 8*
against 4 : 0° # 9%,

Ly = £(89)) F(8*)[ F'(8*) F(8*)] ' F'(8*)Ly - 7(6")}/p
[y - £(6*)) [1 - F(8%)[ F'(8*) F(6*)) " F/(0%)| [y - 7(6*)}f(n ~ p)

is distributed exactly as an F with p numerator degrees of freedom and
n — p denominator degrees of freedom when H is true. Beale (1960)
studied the extent to which confidence contours constructed using the
lack-of-fit test statistic coincide with contours constructed using the likeli-
hood ratio test statistic

_ [SSE(8*) — sSE(D)]/p

L= TTSSE(6)](n - p)

On the basis of this study, he constructed measures of nonlinearity that
measure the extent of the coincidence and suggested corrections to critical
points based on these measures to improve the accuracy of confidence
statements. Coincidence is a sufficient condition for accurate probability
statements, not a necessary condition. Thus a large value of Beale’s nonlin-
earity measure does not imply inaccurate probability statements, and it is
possible for Beale’s corrections actually to be counterproductive. Simula-
tions reported by Gallant (1976) indicate that there are such instances.
Bates and Watts (1980) take a geometric approach in deriving their
measures of nonlinearity, an approach somewhat related in spirit to Efron’s
(1975); Ratkowsky (1983) summarizes their work and contains FORTRAN
code to compute these measures. The most interesting aspect of their work
is that they break their measure into two pieces, one a measure of intrinsic
curvature and the other a measure of parameter effects curvature. The latter
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can be reduced by reparametrization; the former cannot. In their examples,
which are rather extensive, they find the parameter effects curvature is more
important than the intrinsic in each case.

What is interesting about this decomposition is that it sheds some
intuitive light on the question of why the likelihood ratio statistic leads to
more accurate probability statements regarding the size of tests and level of
confidence regions than the Wald statistic. We have seen that the Wald test
is not invariant to nonlinear transformation, which means that there may
exist a transformation that would make the total nonlinearity nearly equal
to the intrinsic nonlinearity and so improve accuracy. The Bates-Watts
measure provides some guidance in finding it; see Bates and Watts (1981).
The likelihood ratio test is invariant to reparametrization, which means that
it can be regarded as a statistic where this transformation has been found
automatically, so that it is only the intrinsic nonlinearity that is operative,
This is, of course, rather intuitive and speculative, and suffers from the
same defect that was noted above: the measures, like Beale’s, represent
sufficient conditions, not necessary conditions; see Cook and Witmer (1985)
in this regard.

The advice given in Chapter 1 was to avoid the whole issue as regards
inference and simply use the likelihood ratio statistic in preference to the
Wald statistic. A reparametrization will usually destroy the principal ad-
vantage of the Wald statistic, which is that it provides ellipsoidal confidence
regions on model parameters. After a reparametrization, the ellipsoid will
correspond to new parameters that will not necessarily be naturally associ-
ated to the problem, and one is no better off in this regard than with the
likelihood ratio statistic. As regards computations, reparametrization can be
helpful; see Ross (1970).
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CHAPTER3

A Unified Asymptotic Theory

of Nonlinear Models
with Regression Structure

Models have a regression structure if the predictor or explanatory variables
either are design variables, (variables subject to experimental control) or are
ancillary (variables that have a joint marginal distribution that does not
depend on model parameters). With this type of structure, the analysis can
be made conditional on the explanatory variables, and it is customary to do
so. Models with lagged dependent variables as explanatory variables are
excluded by this definition, and as a matter of convenience we shall also
exclude models with serially correlated errors. Models with either lagged
dependent variables or serially correlated errors, or both, are classified as
dynamic models. An asymptotic theory for them is developed in Chapter 7.

The estimators customarily employed with models having a regression
structure are defined as solutions of an optimization problem. For instance,
the least squares estimator is defined as the parameter value that minimizes
the residual sum of squares. This fact provides the unifying concept. In this
chapter, an asymptotic theory is obtained by borrowing from the classical
theory of maximum likelihood estimation, treating the objective function of
the optimization problem as the analog of the log-likelihood. A theory of
inference is obtained in the same way. The objective function is treated as if
it were the log-likelihood to derive a Wald test statistic, a “likelihood ratio”
test statistic, and a Lagrange multiplier test statistic. Their asymptotic null
and nonnull distributions are found using arguments fairly similar to the
classical maximum likelihood arguments. The differences from the classical
theory are caused by conditioning the analysis on the explanatory variables.
Observations are independently distributed, as in the classical theory, but

148
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they are not identically distributed, since, at the minimum, location param-
eters are being shifted about by the explanatory variables.

The model that actually generates the data need not be the same as the
model that was presumed to generate the data when the optimization
problem was set forth. Thus, the results of this chapter can be used to
obtain the asymptotic behavior of estimation and inference procedures
under specification error. For example, it is not necessary to resort to
Monte Carlo simulation to determine if inferences based on an exponential
fit would be much affected if some other plausible growth model were to
generate the data. The asymptotic approximations we give here will provide
an analytical answer to the question that is sufficiently accurate for most
purposes. An analytical solution also provides a qualitative understanding
of the effect of misspecification that cannot be obtained otherwise.

An early version of this chapter appeared as Burguete, Gallant, and
Souza (1982) together with comment by Huber (1982), Phillips (1982a), and
White (1982). This chapter differs from the earlier work in that the Pitman
drift assumption is isolated from the results on estimation. See especially
Phillips’s Comment and the Reply in this regard.

1. INTRODUCTION

An estimator is the solution of an optimization problem. It is convenient to
divide these optimization problems into two groups and study these groups
separately. Afterwards, one can ignore this classification and study in-
ference in unified fashion. These two groups are least mean distance
estimators and method of moments estimators. We shall define these in
turn.

Multivariate nonlinear least squares is an example of a least mean
distance estimator. The estimator for the model

y=f(x,8)+e t=12,....n

where y, is an M-vector, is computed as follows. Least squares residuals &,
are obtained by fitting the univariate models

Vi =fi(x,,8) + e, i=1,2,...M t=1,2,....,n
individually by least squares. Let é, = (é,,, é,,,..., €,,), and put
n
Y éé.
=1

The multivariate nonlinear least squares estimator is that value § which

Tf =

3|
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minimizes
& Al = e 1) = fx )]

A general description of estimators of this type is: A least mean distance
estimator is that value A, which minimizes an objective function of the
form

1 ¢ n
SII(A) = -;l_ Zs(yf’ I,,Tn, A)'

=1

The literature subsumed by this definition is:

Single equation nonlinear least squares—Jennrich (1969), Malinvaud
(1970b), Galiant (1973, 1975a, 1975b).

Multivariate nonlinear least squares—Malinvaud (1970a), Gallant
(1975c¢), Holly (1978).

Single equation and multivariate maximum likelihood— Malinvaud
(1970a), Bamett (1976), Holly (1978).

Maximum likelihood for simultaneous systems— Amemiya (1977),
Gallant and Holly (1980).

M-estimators— Balet-Lawrence (1975), Grossman (1976), Ruskin (1978).
Iteratively rescaled M-estimators—Souza (1979).

Two stage nonlinear least squares is an example of a method of moments
estimator. The estimator for the ath equation,

9ol x,0) =, 1=12,....n

of a simultaneous system of M such equations—y, is an M-vector—is
computed as follows. One chooses instrumental variables z, as functions of
the exogenous variables x,. Theoretical discussions of this choice consume
much of the literature, but the most frequent choice in applications is low
order monomials in x,, viz.

- 2 2 ’
Z’ - (Xl, xl, x2, X2, xlxz, x3,-..)‘.

The moment equations are

1 n
mﬂ(a) = ; Zzlqﬂ(yl’ xl’ﬂ)

=1
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and the true value of # is presumed to satisfy &m,(8°) = 0. [Note that
q.(¥, x,,8) is a scalar and z, is a vector.] The two stage least squares
estimator is defined as the value § which minimizes

5. (0) = m(0)[ z,z:)”m,.w).

=1

A general description of estimators of this type is as follows. Define
moment equations

1 ¢ "
mn(‘\) = n Z m(yn X Tus }‘)

t=1
and a notion of distance
d(m, %)

where we permit a dependence on a random variable 7, via the argument 7
in m(y,x,7,A) and d(m, ) so as to allow preliminary estimates of
nuisance parameters as in three stage least squares. The estimator is that X,
which minimizes

sa(A) = d{m,(X),4].

Estimators which are properly thought of as method of moment estima-
tors, in the sense that they can be posed no other way, are:

The Hartley-Booker estimator—Hartley and Booker (1965).
Scale invariate M-estimators— Ruskin (1978).
Two stage nonlinear least squares estimators-—Amemiya (1974).

Three stage nonlinear least squares estimators—Jorgenson and Laffont
(1974), Gallant (1977b), Amemiya (1977), Gallant and Jorgenson (1979).

In both least mean distance estimation and method of moments estima-
tion, one is led to regard an estimator as the value A, which minimizes an
objective function s,(A). This objective function depends on the sample
{(yx):t=12,...,n) and possibly on a preliminary estimator 1, of
some nuisance parameters. Now the negative of s,(A) may be treated as if
it were a likelihood function, and the Wald test statistic W,, the “likelihood
ratio” test statistic L, and the Lagrange multiplier test statistic R, may be
derived for a null hypothesis H: A(A) = 0 against its alternative A4 : h(A)
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# (0. Almost all of the inference procedures used in the analysis of nonlin-
ear statistical models can be derived in this way. It is only a matter of
finding the appropriate objective function s,(A).

We emerge from this discussion with an interest in four statistics—A ,,
W,, L,, R,—all of which depend on s,(A). We should like to find their
asymptotic distribution in three cases: the null case where the model is
correctly specified and the null hypothesis A(A) = 0 holds, the nonnull case
where the model is correctly specified and the null hypothesis is violated,
and in the case where the model is misspecified. By misspecification, one
has in mind the following. The definition of an objective function s,(A)
which defines the four statistics of interest is motivated by a model and
assumptions on the error distribution. For example, the multivariate nonlin-
ear least squares estimator is predicated on the assumption that the data
follow the model

y=f(x,8)+e t=12,...,n

and that the errors have mean zero. Misspecification means that either the
model assumption or the error assumption or both are violated. We find
that we can obtain an asymptotic theory for all three cases at once by
presuming that the data actually follow the multivariate implicit model

q(yl’xlaYp?):el l=1,2,...,n

where y, ¢, and e are M-vectors and the parameter y may be infinite
dimensional. That is, we obtain our results with misspecification and
violation of the null hypothesis presumed throughout, and then specialize to
consider correctly specified null and nonnull situations. The following
results are obtained.

The least mean distance estimator X,,, the estimator which minimizes

1 2 n
Sn(A) =% Zs(yn Xes Tus )\)
=1

is shown to be asymptotically normally distributed with a limiting
variance-covariance matrix of the form #~'£#"!. Consistent estimators .)f,
and #, are set forth. Two examples—an M-estimator and an iteratively
rescaled M-estimator—are carried throughout the development to illustrate
the regularity conditions and results as they are introduced.

Next, method of moments estimation is taken up. The method of
moments estimator X,,, the estimator that minimizes

si(A) = d[m,(A), 7]
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is shown to be asymptotically normally distributed with a limiting
variance-covariance matrix of the form #~1%#-! Again, consistent estima-
tors £, and }i are set forth. The example carried throughout the discus-
sion is a scale invariant M-estimator.

Both analyses—least mean distance estimation and method of moments
estimation—terminate with the same conclusion: A, minimizing s,(\) is
asymptotically normally distributed with a limiting variance-covariance
matrix that may be estimated consistently by using #, and #, as inter-
mediate statistics. As a result, an asymptotic theory for the test statistics
W,, L,, and R, can be developed in a single section, Section 5, without
regard to whether the source of the objective function s,(A) was least mean
distance estimation or method of moments estimation. The discussion is
illustrated with a misspecified nonlinear regression model fitted by least
squares.

Observe that a least mean distance estimator may be cast into the form
of a method of moments estimator by putting

m(h)=—1-2":—a—s( x,, %, Q)
n n = a)\ yn 1 no
and d(m, r) = m’m, because A which minimizes

1 .
n E s(y,, Xes Tns }‘)

t=l

solves
1 & 9 N
_';,;1 ﬁs(y,,x,,f,,,)\) = (.

If one’s only interest is the asymptotic distribution of X,‘, then posing the
problem as a method of moments estimator is the more convenient ap-
proach, as algebraic simplifications of the equations m,(A) = 0 prior to
analysis can materially simplify the computation of the parameters of the
asymptotic distribution. However, one pays two penalties for this conve-
nience: The problem is no longer posed in a way that permits the use of the
statistic L,, and consistency results are weaker.

2. THE DATA GENERATING MODEL AND LIMITS OF
CESARO SUMS

The objective is to find asymptotic approximations in situations such as the
following. An analysis is predicted on the assumption that the data were
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generated according to the model
f(x,A)+e, t=1,2,...,n
when actually they were generated according to
v=g(x)+e t=12,...,n

where the errors have mean zero and variance o2. One estimates A by A,
that minimizes

800 =4 X =1, V)

and tests H: A = A* by rejecting when the test statistic
W, =n(R, - M) (F U)K, - )

exceeds some critical value. Later we shall show that A is estimating A
that minimizes

20 =7+ 1 3 [8(x) = £z, VI

Thus, one is actually testing the null hypothesis H : A° = A*. Depending on
the context, a test of H: A° = A* when the data are generated according to

y=g(x)+e t=12,..n
and not according to
ylgf(xnx)"'e; t=1,2,...,n

may or may not make sense. In order to make a judgement as to whether
the inference procedure is sensible, it is necessary to have the (asymptotic
approximation to the) sampling distribution of W,.

A problem in deriving asymptotic approximations to the sampling
distribution of W, is that if A° # A*, then W, will reject the null hypothesis
with probability one as n tends to infinity, whence its limiting distribution
is degenerate. The classical solution to this problem is to index the parame-
ter as A% and let it drift at a rate such that vn (A% — A*) converges to a
finite lumt called a Pitman drift. Thus, we need some mechanism for
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subjecting the true model g(x) to drift so as to induce the requisite drift on
0

) One possible drift mechanism is the following. Suppose that the indepen-
dent variable x is univariate, that 2 = [0, 1], and that f(x, A*) is continu-
ous on 2. Then f(x, A*) has a polynomial expansion

fx A0 = Ty

i=0

by the Stone-Weierstrass theorem. If the data are generated according to
the sequence of models

silx) =¥ + vx n=1
82(x) = ¥¢ + vi'x + ¥fx’ n=2
gx)=yr +yx+yx?+ i} =3

then A° will converge to that A* specified by H: X = A* (Probiem 2).
Convergence can be accelerated so that lim yn (A%, — A*) is finite by chang-
ing a few details (Problem 2). The natural representation of this scheme is
to put

v = (v& v*.0,...)
Y= (v¢, v v20....)
v = (v&, v v2, v2.0,...)

and let

oo
g (x) = g(x.v0) = L v2x".
j=0

We see from this discussion that the theory should at least be general
enough to accommodate data generating models with an infinite dimen-
sional parameter space. Rather than working directly with an infinite
dimensional parameter space, it is easier to let the parameter space be an
abstract metric space (I, p). To specialize to the infinite dimensional case,
let T be the collection of infinite dimensional vectors and put p(y, Y%) =
L2 oly: — v0] or some other convenient metric (Problem 2). To specialize
further to the finite dimensional case, let T = R® and put p(y,y°%) =
&by — YAHVA
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Moving on to the formal assumptions, we assume that the observed data

()ﬁ: xl)’ (»2, xz)’ (¥3,x3)5...

are generated according to the model

q(yl"xl’.Y’?)=e' t=1,2,....n

with x, € ¥, y,€ ¥, ¢,€ &, and y? € I'. The dimensions are: x, is a
k-vector, y, and e, are M-vectors, and (T, p) is an abstract metric space
with y? some point in T. The observed values of y, are actually doubly
indexed and form a triangular array

Ju n=1
N12Y22 n=2

Y13)23V33 n=3

due to the dependence of y? on the sample size n. This second index will
simply be understood throughout.

ASSUMPTION 1. The errors are independently and identically distrib-
uted with common distribution P(e).

Obviously, for the model to make sense, some measure of central
tendency of P(e) ought to be zero, but no formal use is made of such an
assumption. If P(e) is indexed by parameters, they cannot drift with the
sample size as y? may.

The assumption appears to rule out heteroscedastic errors. Actually it
does not if one is willing to presume that the error variance-covariance
matrix depends on the independent variable x,,

f(e,,e,’) = 2(x,).
Factor £7!(x,) as R’(x,)R(x,) and write
R(x)q( ¥, x,, 7)) = R(x,)e,.

Then R(x,)e, is homoscedastic. If one is willing to assume a common
distribution for R(x,)e, as well, then Assumption 1 is satisfied. Note that
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the actual construction of R(x,) is not required in applications, as the
estimation is based only on the known function s,(A). Similarly, many
other apparent departures from Assumption 1 can be accommodated by
presuming the existence of a transformation ¢{g(y, X, v4,), X, Y3 that will
yield residuals that satisfy Assumption 1.

The model is supposed to describe the behavior of some physical,
biological, economic, or social system. If so, to each value of (e, x, Y°) there
should correspond one, and only one, outcome y. This condition and
continuity are imposed.

ASSUMPTION 2. For each (x,y) € X I the equation ¢(y, x,y) = ¢
defines a one to one mapping of & onto ¥, denoted as Y(e, x, v).
Moreover, Y(e, x, v) is continuous on £X £ X I' and T is compact.

It should be emphasized that it is not necessary to have a closed form
expression for Y(e, x, v), or even to be able to compute it using numerical
methods, in order to use the statistical methods set forth here. Inference is
based only on the known function s,(A). The existence of Y{(e, x, v) is
needed, but its construction is not required. This point is largely irrelevant
to standard regression models, but it is essential to nonlinear simultaneous
equation models, where Y(e, x, y) is often difficult to compute. Since T
may be taken as {y*,v,,v;...} if desired, no generality is lost by
assuming that I is compact.

Repeatedly in the analysis of nonlinear models a Cesaro sum such as

1 & 1 &
; Zf(ynxnk) = '"_ Zf[Y(e,,x,.yo), an]
t=1 t=1

must converge uniformly in (y°, A) to obtain a desired result. If the results
are to be useful in applications, the conditions imposed to insure this
uniform convergence should be plausible and easily recognized as obtaining
or not obtaining in an application. The conditions imposed here have
evolved in Jennrich (1969), Malinvaud (1970b), Gallant (1977b), Gallant
and Holly (1980), and Burguete, Gallant, and Souza (1982).

As motivation for these conditions, consider the sequence of indepen-
dent variables resulting from a treatment-control experiment where the
response depends on the age of the experimental material. Suppose subjects
are randomly selected from a population whose age distribution is F,(-)
and then subjected to either the treatment or the control. The observed
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sequence of independent variables is

x, =, ayp) treatment
x, =(0, a,) control
x; =(1, a;) treatment

x,=(0,a,) control

Let F,(-) denote the point binomial distribution with p = 1, and set
du(x) = dF,(x,) X dF,(x,).

Then for any continuous function f(x) whose expectation exists,

n 1
Gim 2T /()= ¥

t=1 i=0

710, a)dE(a) = [ 1(x) dn(x)

for almost every realization of {x,}, by the strong law of large numbers.
The null set depends on the function f(x), which would be an annoyance,
as the discussion flows more naturally if one has the freedom to hold a
realization of {x,} fixed while permitting f(x) to vary over a possibly
uncountable collection of functions. Fortunately, the collection of functions
considered later is dominated, and we can take advantage of that fact now
to eliminate this dependence of the null set on f(x). Consider the following
consequence of the generalized Glivenko-Cantelli theorem.

PROPOSITION 1 (Gallant and Holly, 1980). LetV, r=1,2,..., bea
sequence of independent and identically distributed s-dimensional random
variables defined on a complete probability space (L, .o/, P,) with common
distribution ». Let » be absolutely continuous with respect to some product
measure on R, and let b be a nonnegative function with [bdv < cc. Then
there exists £ with Py(E) = O such that if w & E,

N
lim o ¥ f[Vi(@)} = [1(v) dr(v)
n—+o0 t=1
for every continuous function with |f(v)| < b(v).

The conclusion of this proposition describes the behavior that is required
of a sequence v, = x, or v, = (e,, x,). As terminology for it, such a sequence
is called a Cesaro sum generator.
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DEFINITION (Cesaro sum generator: Gallant and Holly, 1980). A se-
quence {v,} of points from a Borel set ¥ is said to be a Cesaro sum
generator with respect to a probability measure » defined on the Borel
subsets of ¥ and a dominating function b(v) with [bdy < oo if

tim 13 f(0) = [£(0)dr(0)

for every real valued, continuous function f with |f(v)} < b(v).

We have seen that independent variables generated according to an
experimental design or by random sampling satisfy this definition. Many
other situations such as stratified or cluster sampling will satisfy the
definition as well. We shall assume, below, that the sequence {x,} upon
which the results are conditioned is a Cesaro sum generator as is almost
every joint realization {(e,, x,)}. Then we derive the uniform strong law of
large numbers.

ASSUMPTION 3 (Gallant and Holly, 1980). Almost every realization
of {v,} with v, = (e, x,) is a Cesaro sum generator with respect to the
product measure

»(A4) =j

[ Lule. x) dP(e) du(x)
r'e

and dominating function b(e, x). The sequence {x,} is a Cesaro sum
generator with respect to p and b(x) = [.b(e, x) dP(e). For each x € &
there is a neighborhood N, such that f supy b(e, x) dP(e) < co. [I (e, x)
= 1if (e, x) € A4, 0 otherwise.}

THEOREM 1 (Uniform strong law of large numbers). Let Assumptions
1 through 3 hold. Let (B, o) and (T, p) be compact metric spaces, and let
f(y, x, B) be continuous on ¥ X ¥ X B. Let

[f(y, x,B)| <|b[q(y, x.v), x]|

or equivalently

f{Y(e, x, 7). x, B]| < b(e, x)

for all (y, x) € X ¥ and all (B,y) € B X T, where b(e, x) is given by
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Assumption 3. Then both
1 n
n Z f(.yn Xy B)
t=1
and
1 n
w L [f¥(e.x, 7). x,. 8] dP(e)

t=1

converge uniformly to

LLf[Y(e, x,7), x, B] dP(e) dp(x)

over B X I except on the event E with Py(E) = 0 given by Assumption 3.
Recall that the uniform limit of continuous functions is continuous.

Proof. (Jennrich, 1969). Let v = (e, x) denote a typical element of ¥'=
X, let a = (B, v) denote a typical element of 4 = B X A, and let {v,}
be a Cesaro sum generator. The idea of the proof is to use the dominated
convergence theorem and Cesaro summability to show that

:l-—-\

ih(v,,a)

where
h(l), a) =f[Y(e) X, 7)7 X, B]

is an equicontinuous sequence on 4. An equicontinuous sequence that has
a pointwise limit on a compact set converges uniformly; see, for example,
Chapter 9 of Royden (1968).

In order to apply Cesaro summability, we show that sup, . ,n(v, a) and
inf ¢ oh(v, a) are continuous for any O C A; they are obviously dominated
by b(e, x). Put 7(a, a%) = [02(3 B%) + p’(v, )I'/%, whence (4, 7) is a
compact metric space. Let v° in ¥ and ¢ > 0 be given. Let ¥ be a compact
nexghborhood of v°, and let O be the closure of O in (4, 1), whence
(O 7) is compact. By assumption, 4(v, @) is continuous on ¥'X 4, so it is
uniformly continuous on ¥ x 0. Then there is a 8 > 0 such that for all
lv — v’ <8and a € O

h(0% a) —e < h(v,a) < h(v®, a) + ¢
This establishes continuity (Problem 4).
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A sequence is equicontinuous if for each € > 0 and a® in A there is a
8 > 0 such that r(a, a®) < 8 implies sup,|h,(a) — h,(a®)] < . When each
h,(a) is continuous over 4, it suffices to show that sup, , ylh,(a) — h,(a®)|
< ¢ for some finite N. Let ¢ >0 and &6 > 0 be given and let O; =
{a: 7(a, a®) < 8}. By the dominated convergence theorem and continuity

. - 0
}T:)L/sg?h(u,a) h{v,a®) dv(v)

= f lim suph(v, a) — h(v, a®) dv(v)
¥ 8—-0 foX
= 0.
Then there is a 8 > 0 such that 7(a, a®) < § implies
/ suph(v, a) — h(v, a®) dv(v) < ;_-
¥ 0,
By Cesaro summability, there is an N such that n > N implies

suph,(a) — h,(a”) — f suph(v, &) — h(v, a®) dv(v) < %
05 7 o

whence

h(a) ~ h,(a°) < suph,(a) - h,(a®) <e
0y

for all n > N and all 7(a, a®) < §. A similar argument applied to inf o)
yields

—e<h,(a) - h,(a°) <e

for all n > N and all 7(a, a®) < 8. This establishes equicontinuity.
To show that

1 n
= Lhx
where
R(x,a) = Lf[Y(e,x,Y),x,ﬂJ dP(e)

is an equicontinuous sequence, the same argument can be applied. It is only
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necessary to show that h(x, a) is continuous on ¥ X 4 and dominated by
b(x). Now

lh(x,a)| < L{h(v,a){dl’(e) < j;b(e,x) dP(e) = b(x)

which establishes domination. By continuity on ¥"X A4 and the dominated
convergence theorem with supy ,b(e, x) of Assumption 3 as the dominating
function,

lim h{x,a) =/ lim h(e, x,a) dP(e)
) £ (

(x,a)=(x% a x, a)—=(x°, a%

h(e, x°, a®) dP(e)

=S

x°, a%).

This establishes continuity. O

In typical applications, an error density p(e) and a Jacobian

I, %7%) = 354l % 7°)
are available. With these in hand, the conditional density

p(y1x,7°) =|det J(», x,¥°) |p[a(», x,¥°)]

may be used for computing limits of Cesaro sums, since
J s ¥ (e x.v0), x,v] dP(e) du(x)

=f1fgf(y, x,)p(y1x,v°) dydp(x).

The choice of integration formulas is dictated by convenience.
The main use of the uniform strong law is in the following type of
argument:

lim A, = A

tim supls,(A) = s*(A)| = 0
n— o0 A

s*(\) continuous
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implies

tim s5,(X,) = s*(M)

n—oC
because

Isn(xn) - S‘(A‘)I =lsn(xn) - S‘(xn) + s‘(;‘n) - S*(A‘)I
s sup|s,(A) = s* (W) +[s*(R,) = s*()].

We could get by with a weaker result thai merely stated
lim s,(X,) = s*(A*)
n—o

for any sequence with

lim X, = A*.

n-=*00

For the central limit theorem, we shail make do with this weaker notion of
convergence, called continuous convergence.

THEOREM 2 (Central limit theorem). Let Assumptions 1 through 3
hold. Let (T, p) be a compact metric space; let T be a closed ball in a
Euclidean space centered at 7* with finite, nonzero radius; and let A be a
compact subset of a Fuclidean space. Let {y?} be a sequence from I' that
converges to y*; let { ¥, } be a sequence of random variables with range in T
that converges almost surely to 7*; let {7’} be a sequence from T with
Vn (%, — 12) bounded in probability; let {A%) be a sequence from A
that converges to A*. Let f(y, x, 7, A) be a vector valued function such
that each element of f(y, x, 7, A), f(y, x, 7, A)f(y, x, 7, A), and
(3/3%)f(y, x, 7, A) is continuous on ¥ X X T X A and dominated by
blg(y, x,v), x] for all (y,x) € X % and all (y,7,A\)eTl X T X A;
b(e, x) is given by Assumption 3. If

%LLf{Y(e,x.y*),x,'r*, A*] dP(e) du(x) =0

then

1

£
n [f(yl'xr"?n’)\?l) "}1(1,, Yr?’ Tnov Aon)] —’Np(O, I*)

™=

~
1
—
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where
p(x,vy,7,A) = f‘f[Y(e, x,v), x, 7, A} dP(e)

I* = LL/[Y(e,x,y‘),x,'r‘, A*]
xf'[¥(e, x,¥*), x, 7*, A*] dP(e) du(x) — %*

U = f#(x,v‘,T‘,A‘)u’(x,v*,f‘, A*) dp(x).
x

I'* may be singular.
Proof. Let
Z(e, x, v, 7, A) =f[Y(e, x,v), x, 7, A}
- f‘f[Y(e, x,v), x,7,A] dP(e).

Given ! with ||{/|| = 1, consider the triangular array of random variables
Z,=1Z(e,x, x> 10,X) t=12,...,n n=12,....

Each Z,, has mean zero and variance
o‘u=l’/Z e, %, 70, 70, ) Z"(e, x,,v2, 12, A%} dP(e) .

Putting V, = L' 02, by Theorem 1 and the assumption that
hm,,_.m(y,,, 79, X%) = (v*, 7%, A*) it follows that hm,,,,w(l/n)V = ['I*
(Problem 5). Now (1/n)¥, is the variance of (1/vVn)L'.,Z,,, and if
I'I*l = 0, then (1/ Vn)L!.,Z,, converges in distribution to N(O 1'I*ly by
Chebyshev’s inequality. Suppose, then, that /’/I*/ > 0. If it is shown that for
every € > 0 one has lim B, = 0, where

n—oon

1 ”n
B, =4 g .LI[IZP‘{‘Z][I’Z(C" x, 0, 72, A(:l)]
x[1z(e, x,, v2, 12, M )]2dP(e)

then lim, _, (n/V,)B, = 0. This is the Lindeberg-Feller condition (Chung,
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1974); it implies that (1/Vn)L]_,Z,, converges in distribution to
N, I'T*]). _

Let 7 > 0 and ¢ > 0 be given. Choose a > 0 such that B(y*, 7%, A*) <
n/2, where

B o A = Iisearll7Z(e, x, v*, 77, A
(v*, 7%, X*) L]; el 7Z(e, x, v*, 7%, A*)]
X [I'Z(e, x,v*, 1%, A*))? dP(e) dp(x).

This is possible because 5(7‘, T*, y*) exists when a = 0. Choose a con-
tinuous function ¢(z) and an N, such that, for all n > N,

I[Itl>¢/7;](z) <e¢(z) < I[|z|>¢a](z)

and set

B(y,mA\) == Z ](p [Vz(e, x,, v, 1, 7\)][ 'Z(e, x,, v, 7, 7\)] dP(e).

r-l

By Theorem 1, B (Y, 7, ) conveges umformly on I' X Tx A to, say,
B(y, 7, M). By assumption lim,,_ (v}, 7, A%,) = (y*, 7%, A*), whence
lim, _ ,B,(y?, 70, }\0) = B(y*, * ). Then there is an N, such that, for
all n>N,, B (y%1%2%) < B(y*,7*,A*) + 1/2. But for all n> N =
max{ N;, N}, B, < B,(v%, 7%, A3), whence

B, < B,(v2, 70, 0) < By, 7%, 3) + 3 s B(y*, 7%, M) + 7 <.

By Taylor’s theorem, expanding about 72,

J_ 21 [f )’nxuf’}‘i)“#(xnn' n’Ao)l

t=1

1 n
—Yz
WTE in

1 &, 9 - 10 2 0
;l_ le -(_')?f(y,.X,,‘T,,,}\.) ‘/;(T" - T")

where 7, lies on the line segment joining 7, to 7, , thus 7, converges almost
surely to r*. The almost sure convergence of (y,, , T, A2)to (v*, 7%, A*) and
the uniform almost sure convergence of

15,
;,g:ll Wf(yv Xea Ty A)
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over I' X T x A given by Theorem 1 imply that

1 2 d _
;'— z ”Wf(yn Xir Tns A(23)

t=1

converges almost surely to

/;f‘l’—é%—,f[Y(e, X, v*), x, 7%, X*] dP(e) du(x) = 0.

Since vn (%, — 'r,,°) is bounded in probability, we have that

n

1 5

_‘/;: Z [f(yn X5 Tns xz.) - P'(xn 'Y,?, 7,,0, A(3,)]
t=1

1 &

—-— )Y Z,+0,(1

/;;‘ ,§ n op( )

&
— N(0, 1'1*!).
This holds for every [ with ||/|] = 1, whence the desired result obtains. [}

In the main, small sample regression analysis is conditional. With a
model such as

y=f(x,0)+e 1=12,..,n

the independent variables are held fixed and the sampling variation enters
via the errors e,, e,,..., e,. The principal of ancillarity seems to provide
the strongest theoretical support for a conditional analysis of regression
situations (Cox and Hinkley, 1974, Section 2.2.viii). It seems appropriate to
maintain this conditioning when passing to the limit. This is what we shall
do in the sequel, excepting dynamic models. In a conditional analysis, one
fixes an infinite sequence

X = (X0, X53,...)

that satisfies the Cesaro summability property, and all sampling variation
enters via the random variables {e,}?.,. To give an unambiguous descrip-
tion of this conditioning, it is necessary to spell out the probability
structure in detail. The reader who has no patience with details of this sort
is invited to skip to the fourth from the last paragraph of this section at this
point.
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We begin with an abstract probability space ({2, ,, P,) on which are
defined random variables { £,}72, and { X,}2; which represent the errors
and independent variables respectively. Nonrandom independent variables
are represented in this scheme by random variables that take on a single
value with probability one. A realization of the errors can be denoted by an
infinite dimensional sequence

e, = (e, €5,...)
where ¢, = E,(w) for some « in Q. Similarly for the independent variables
X = (x1,x3,...).

Let £, = X2 € and 2, = X2, Z so that all joint realizations of the
errors and independent vaniables take their values in &, X 2 and all
realizations of the independent variables take their values in 4.

Using the Daniell-Kolmogorov construction (Tucker, 1967, Section 2.3),
this is enough to define a joint probability space

(6’00 X ‘Q‘oo* de.x’ "oo)

such that if a random variable is a function of (e_, x), one can perform
all computations with respect to the more structured space (&, X
2., A, . v,), and one is spared the trouble of tracing preimages back to

the space (R, &, P,). Similarly one can construct the marginal probability
space

(2., H b))

Assumption 3 imposes structure on both of these probability spaces. The
set on which Cesaro summability fails jointly,

F.=URN lj{(ew,xm):fll/(e,x)l<b(e,x)

€>0 j=0n=j

Xs.t.

v % flewn) = [frapan

g

has »_-measure zero. And the set on which Cesaro summability fails
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marginally,

£.=URA G{xm:BIf(X)Rb(x)

€>0 j=0n=j

Xs.t.

L e - frau

t=]

> }
has u . -measure zero.

By virtue of the construction of (&, X %, #, ., »,) from countable
families of random variables, there exists (Loeve, 1963, Section 27.2,
Regularity Theorem) a regular conditional probability P( A4 | x_) connecting
the joint and the marginal spaces by

vo(4) = ng(Alxw)dum(xm).

Recall that a regular conditional probability is a mapping of &, , X Z_
into {0, 1] such that P(A4|x,) is a probability measure on (&£, X Z,, #, )
for each fixed x_, such that P(4|x,) is a measurable function over
(%, #,) for each fixed A4, and such that [pP(A|x_ )dp_(x,.) = v [4 O
(£, X B)} for every B in &,. The simplest example that comes to mind is
to assume that { E,}, and { X,}, are independent families of random
variables, to construct (£, #,, P,), and to put

P(A1x) = [ Lilew, %) dP.(es,).

Define the marginal conditional distribution on (&£, %,) by
P, (E|x,)=P(E X %, |x,).

All probability statements in the sequel are with respect to P, (E|x,).
Assumption 1 puts additional structure on P, (E|x,). It states that
P, .(E|x,) is a product measure corresponding to a sequence of indepen-
dent random variables each having common distribution P(e) defined over
measurable subsets of &. This distribution can depend on x . For example,
{e, }2, could be a sequence of independently and normally distributed
random variables each with mean zero and variance-covariance matrix
lim,, |,  (1/m)IZ2 ,T(x,)T(x,). But as indicated by the discussion following
Assumption 1, this dependence on x, is very restricted. So restricted, in
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fact, that we do not bother to reflect it in our notation; we do not index P
of Assumption 1 by x,.

If all probability statements are with respect to P, (E|x,), then the
critical question becomes: Does the set where Cesaro summability fails

conditionally at x_ = x2,

F,=U N G{ewtalf(e.x)kb(e,x)

€>0 j=0 n=j

Xs.t.

LS fews?) - [frapay

t=1

s

have conditional measure zero? The following computation shows that the
answer is yes for almost every choice of x2:

Pelx(Fﬂx |x20)

= [ Is(eo)dP,  (en|x2) (marginal | x°)
‘m etx

=j Imxx(,&}(em,x&) dP,, (e, 1x2) (marginal | x°)
‘Q

= f Irj’,,x(x&)(ew’ xgo) dP[(eoo) xoo)(xgo] (jOiﬂt !xO)
&, %X,

o0

= wa! Iﬁ‘ll,x(x&)(ew, xw)dP[(ew, xw)|xg] (joint Ixo)

< j;wx!mla"(em,xm)dl’[(em,xw)lxg] (joint | x°)
= P(F, .1x2).
Since
ol Fon) = [ P(F o 1x0) dig(x3) = 0
we have
P, (FO0x8) =0 ae (%, o, 1)

Since the parameter y? is subject to drift, it is as well to spell out a few
additional details. For each n, the conditional distribution of the dependent
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variables { y,}7., given x,, and y? is defined by

P(A!xao’Yn) t[x{eooegeo:[Y(el’xl’.Y'?)""’
Y(e,, x,,v°)] € 4|x,,

for each measurable subset A of X7_ #. A statement such as A » Converges
almost surely to A\* means that X 1s a random variable thh argument
(Vis-vs Yus Xp5. -+, X,,), and that P ,,,(E|x ) = 0 where

E=U ﬁ G{ewzlf\,,—x“|>c}

€0 j=1n=j O, x)=(Y(e,, x,. ¥, %]

A statement that yn (X,, — A*) converges in distribution to a multivariate
normal distribution N,(-|8, V') means that for 4 of the form

A= (-00,A] X (-0, ;] X - x(~00,],]

it is true that
lim P,(Vn (R, = X*) € dx,, ¥{) = Lde(zls,V).

There is very little qualitative difference between an analysis that condi-
tions on {x,} and an analysis that takes {x,} to be a nonstationary,
random process, as can be seen by a comparison of the results of this
chapter with the results of Chapter 7. However, one can be seriously misled
if one assumes that { x,} is a stationary process, particularly if one assumes
that { x,} is a sequence of independently and identically distributed random
variables. The details are spelled out in Section 8.

We shall assume that the estimation space A is compact. Our defense of
this assumption is that it does not cause problems in applications as a
general rule and it can be circumvented on an ad hoc basis as necessary
without affecting the results. We explain.

One does not wander haphazardly into nonlinear estimation. As a rule,
one has need of a considerable knowledge of the situation in order to
construct the model. In the computations, a fairly complete knowledge of
admissible values of A is required in order to be able to find starting values
for nonlinear optimization algorithms. Thus, a statistical theory which
presumes this same knowledge is not limited in its scope of applications.
Most authors apparently take this position, as the assumption of a compact
estimation space is more often encountered than not.
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One may be reluctant to impose bounds on scale parameters and
parameters that enter the model linearly. Frequently these are regarded as
nuisance parameters in an application, and one has little feel for what
values they ought to have. Scale parameter estimates are often computed
from residuals, so start values are unnecessary, and, at least for least
squares, linear parameters need no start values either (Golub and Pereyra,
1973). Here, then, a compact parameter space is an annoyance.

These situations can be accommodated without disturbing the results
obtained here as follows. Our results are asymptotic, so if there is a
compact set A’ such that for each realization of {e,} there is an N where
n > N implies

sups,(A) = sups,(A)

Y A
then the asymptotic properties of X,, are the same whether the estimation
space is A or A’. For examples using this device to accommodate parame-
ters entering linearly, see Gallant (1973). See Gallant and Holly (1980) for
application to scale parameters. Other devices, such as the use of an initial

consistent estimator as the start value for an algorithm which is guaranteed
to converge to a local minimum of s,()), are effective as well.

PROBLEMS

1. Referring to the discussion following Theorem 2, show that if { X,} and
{ E,} are independent sequences of random variables, then P, .(E|x,)
does not depend on x.

2. (Construction of a Pitman drift.) Consider the example of the first few
paragraphs of this section where the fitted model is

yo=f(x,A)+u, 1=12,...,n
but the data actually follow

y=g(x,v) +e, t=12,...,n

where

o0
g(x,v) = X yx’.
j=0

The equality is with respect to uniform convergence. That is, one



172 A UNIFIED ASYMPTOTIC THEORY: REGRESSION STRUCTURE

restricts attention to the set T'* of y = (v, v;,...) with

J
lim sup |} yx/|< o0
J—oo x€{0,1]{ j=0

and g(x, v) denotes that continuous function on [0, 1] with

J
glx,y) - L yx’|=0.

j=0

im sup

J—~o0 x€{0,1]

Take y as equivalent to y°, and write y = y° if g(x, y) = g(x, Y°) for
all x in [0, 1]. Define

J
p(v,7°) = lim sup | ¥ (v, - v0)x’|.
J—=oo x€(0,1]}] =0

Show that (I'*, p) is a metric space on these equivalence classes
(Royden, 1968, Section 7.1). If the model is fitted by least squares, if
f(x, A) is continuous over [0,1] X A, and if the estimation space A is
compact, we shall show later that
. 1
XS, minimizes sO(A) = o2+ = T [g(x.v0) - f(x. V)],

=1

Assume that f(x,A) and {x,} are such that s2(A) has a unique
minimum for »n larger than some N. By the Stone-Weierstrass theorem
(Royden, 1968, Section 9.7) we can find a y° in I'* with

8(x,70) = f(x 20 + )

That is, lim,_,wsupxslo'l,ﬁf_oyfxf ~ f(x,\* + A/ Vn)| = 0. Show
that it is possible to truncate y° at some point m, such that if

Y,? = (YO"Y]V“,Ymn»O’-")
then

A
}\0 — A‘ —_— ——
" Vn
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for n > N. Hint: See the proof of Theorem 3. Show that
lim p(y?,v*) = 0.
n— a0

Let T = {y2}=. .. Show that (T, p) is a compact metric space.

3. (Construction of a Pitman drift.) Let g(x) be once continuously
differentiable on a bounded, open, convex set in R* containing 2. By
rescaling the data, we may assume that ¥ C Xf‘_l[O, 27) without loss
of generality. Then g(x) can be expanded in a multivariate Fourier
series. Letting r denote a multiindex—that is, a vector with integer
(positive, negative, or zero) components—and letting |r| = L¥_,|r|, a
multivariate Fourier series of order R is written L, _ zv,e”* with
e"’* = cos(r’x) + isin(r'x) and i =y—1. The restriction v, = ¥_,,
where the overbar denotes complex conjugation, will cause the Fourier
series to be real valued. We have (Edmunds and Moscatelli, 1977)

lim supig(x) — X ye"*| =0.
R—oo & s R

Construct a Pitman drift using a multivariate Fourier series expansion
along the same lines as in Problem 2.

4. Show that if for any e > O there is a 8 > 0 such that v — v% < §
implies that

h(v®, a) — e <h(v,a) <h(v° a) + ¢

for all a in @, then sup, . oA (v, a) and inf_ . ,h(v, a) are continuous.
5. Referring to the proof of Theorem 2, show that

{I'f[Y(e! x, 7). %, 7, )\]}2 < b(e, x)

tmplies that

{L(',‘[Y(e,x,y),x,‘r, Al dP(e)}2
s [{f[¥(e,x,v), x, 7. ]} dP(e) < b(x).

Show that lim, , (1/n)V, = l'[*l.

6. Show that if 7, converges almost surely to 7* and Vn(f, — 7°) is

0

bounded in probability, then lim, _, 1,) = 7*.
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3. LEAST MEAN DISTANCE ESTIMATORS

Recall that a least mean distance estimator A, is defined as the solution of
the optimization problem

minimize s,(A) = ;1" Zs(ynxu'fn')‘)
=1

where £, is a random variable which corresponds conceptually to estimators
of nuisance parameters. A constrained least mean distance estimator A, is
the solution of the optimization problem

minimize s,(A) subjectto A(A) =0

where A(A) maps R? into R?.

The objective of this section is to find the almost sure limit and the
asymptotic distribution of the unconstrained estimator &, under regularity
conditions that do not rule out specification error. Some ancillary facts
regarding the asymptotic distribution of the constrained estimator X, under
a Pitman drift are also derived for use in later sections on hypothesis
testing. In order to permit this Pitman drift, and to allow generality that
may be useful in other contexts, the parameter y? of the data generating
model is permitted to depend on the sample size n throughout. A more
conventional asymptotic theory regarding the unconstrained estimator & , is
obtained by applying these results with y? held fixed at a point y* for all n.
These results are due to Souza (1979) in the main, with some refinements
made here to center &, about a point A% so as to isolate results regarding
A, from the Pitman drift assumption.

An example, a correctly specified iteratively rescaled M-estimator, is
carried throughout the discussion to serve as a template in applications.

EXAMPLE 1 (Iteratively rescaled M-estimator). The data generating
model is

y1=f(xp7,?)+e, "":1,2,...,".
An estimate of scale is obtained by first minimizing
1 n
- el - f(x,80)]

r=1

with respect to 8 to obtain 0:,, where

p(u) = lncosh(%)
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and then solving

_'1; zn: q,z(}’: ‘f(:‘uén)) _ f‘l’z(e) dd(e)

te=1

with respect to 7 to obtain 7,, where

¥(u) = Zp(u) = btanh(5)

and @ is the standard normal distribution function. The parameters of the
model are estimated by minimizing
1 & - f(x,,A
s,,(M-’-‘;;ZP(ymr ff; )),
t=1 n

whence
-“(}’,xy"’, )\) = p(!_:[é—x,_k')')

The error distribution P(e) is symmetric, puts positive probability on every
open interval of the real line, and has finite first and second moments, See
Huber (1964) for the motivation. D

The first question one must address is: What is X,, to be regarded as
estimating in a finite sample? Ordinarily, in an asymptotic estimation
theory, the parameter y° of the data generating model is held fixed, and \,
would be regarded as estimating the almost sure limit A* of X,, in each
finite sample. But we are in a conditional setting and have both misspecifi-
cation and a parameter v that is subject to drift. In a conditional setting,
either of these situations is enough to make that answer unsatisfactory,
since if we regarded X,, as centered about its almost sure limit A* (Theorem
3), we would find it necessary to impose a Pitman drift, accelerate the rate
of convergence of Cesaro sums generated from {x,}{2,, or impose other
regularity conditions to show that vn (X,, — A*) is asymptotically normally
distributed. Such conditions are unnatural in an estimation setting. A more
satisfactory answer to the question is obtained if one regards 5\,, as
estimating A% that is the solution to

minimize s2(A) = % Y fs[Y(e,x,,y,?),x,,f,?, A] dP(e);
(=178

70 is defined later (Assumption 4). With this choice, one can show that

Vn (X,, — A%) is asymptotically normally distributed without unusual regu-
larity conditions. Moreover, in analytically tractable situations such as a
linear model fitted by least squares to data that actually follow a nonlinear
model, it turns out that A is indeed the mean of A, in finite samples.
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We call the reader’s attention to some heavily used notation and then
state the identification condition:

NOTATION 1.

1 ¢ "
Sn(A) — Z s(y,,x,,‘r,,,)\)
=1
s2(A) = —'1; p fs[Y(e,x,,y,?), x,, 70, ] dP(e)
(1€

s*(A) = LLS[Y(e, x,7*), x,v*, A dP(e) du(x)

X, minimizes s,(\)
X, minimizes s,(A) subject to A(A) = 0
A% minimizes s°(A)
A* minimizes sO(A) subject to A(A) = 0
A* minimizes s*(A).

ASSUMPTION 4 (Identification). The parameter y° is indexed by n,
and the sequence {2} converges to a point y*. The sequence of nuisance
parameter estimators is centered at 70 in the sense that Va(#, — 70) is
bounded in probability; the sequence {70} converges to a point 7*, and
{,) converges almost surely to 7*. The function s*(A) has a unique

minimum over the estimation space A* at A*.

The critical condition imposed by Assumption 4 is that s*(A) must have
a unique minimum over A* In a correctly specified situation, the usual
approach to verification is to commence with an obviously minimal identifi-
cation condition. Then known results for the simple location problem that
motivated the choice of distance function s(y, x, T, A) are exploited to
verify a unique association of A* to y* over A*. We illustrate with the
example:

EXAMPLE 1 (Continued). We are trapped in a bit of circularity in that
we need the results of this section and the next in order to compute the
center 12 of the nuisance parameter estimator 7, and show that vVn (7, — 7°)
is bounded in probability. So we must defer verification until the end of
Section 4. At that time we shall find that 70 > 0 and 7* > 0, which facts
we shall use now.

To verify that s*(A) has a unique minimum one first notes that it will be
impossible to determine A by observing {y, x,} if #/(x, A) = f(x, y) for
XA # vy at each x in & that is given weight by the measure u. Then a
minimal identification condition is

A#y = p{x:f(x,A)# f(x,v)} >0.
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This is a condition on both the function f(x, A) and the infinite sequence

{x )
Now for r > 0

9(8) [ o <) a(e)

is known (Problem 9) to have a unique minimum at § = 0 when P(e) is
symmetric about zero, has finite first moment, and assigns positive probabil-
ity to every nonempty, open interval. Let

8(x) = f(x,7) = f(x,2).

If A # y then @[8(x)] = ¢(0) for every x. Again, if A # y the identification
condition implies that p{8(x)] > ¢(0) on some set A of positive g measure.
Consequently, if X # v,

s* (v, 1 0) = [@[8(x)] du(x) > [ #(0) du(x) = 9(0).

Now s*(A) = s*(y*, 7%, A), so that s*(A) > @(0) if A # y* and s*(A) =
@(0) if A = y*, which shows that s*(A) has a unique minimum at A = y*.
A similar argument can be used to compute A°. It runs as follows. Let

s207.0) = 3 Lols(x)] = 7 X 9(0) = 0(0).

=1

Since s9(A) = s2(¢2, 70, A), s%(A) has a minimum at A = y2. It is not
necessary to the theory which follows that A% be unique. Existence is all
that is required. Similarly for 70. O

We shall adjoin some technical conditions. To comment, note that the
almost sure convergence of 7, imposed in Assumption 4 implies that there
is a sequence which takes its values in a neighborhood of 7* and is tail
equivalent (Lemma 2) to 7,. Consequently, without loss of generality, it
may be assumed that 7, takes its values in a compact ball T for which 7* is
an interior point. Thus, the effective conditions of the next assumption are
domination of the objective function and a compact estimation space A*.
As noted in the previous section, a compace estirnation space is not a
serious restriction in applications.

ASSUMPTION 5. The estimation space A* is compact; {#,} and {70}
are contained in T, which is a closed ball centered at r* with finite,
nonzero radius. The distance function s(y, x, 7, A) is continuous on ¥ X &
X T X A* and |s(y, x, 7, A)| < blg(y, x, ¥), x] on X IX T X A* X T,
b(e, x) is that of Assumption 3.
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The exhibition of the requisite dominating function b(e, x) is an ad hoc

process, and one exploits the special characteristics of an application. We

illustrate with Example 1:

EXAMPLE 1 (Continued). Now p(u) < }ju| (Problem 9), so that

e+ f(x,v) "f(x»k))

Is(y, x,7,A)| = p(
< e+ f(x,v) = f(x, )]

< le] + supp| f(x, ¥)| + suppe| f(x, A)]
min T :

Suppose that I' = A* and that sup )f(x, y){ is p-integrable. Then

el + 2suprlf(x, v)|

by(e, x) = min T

will serve to dominate s(y, x,r, A). If & is compact, then b,(e, x) is
integrable for any u. To see this observe that f(x, y) must be continuous
over I X T to satisfy Assumption 2. A continuous function over a compact
set is bounded, so suppf(x, v) is a bounded function.

Later (Assumption 6) we shall need to dominate

[P W P RS CR BV CAM LIS AN

< suppll(3/30) f(x, M) |
minT

since |¥(u)| = K1/2)tanh(u/2)| < 1/2. Thus

ba(erx) = SBl(/N) M)

serves as a dominating function.

One continues the construction of suitable b,(e, x), by(e, x),... to
dominate each of the functions listed in Assumptions 4 and 6. Then the
overall dominating function of Assumption 3 is

b(e,x) = Zb.'(e’ x).
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This construction will satisfy the formal logical requirements of the theory.
In many applications 2 can be taken as compact and P(e) to possess
enough moments, so that the domination requirements of the general theory
obtain trivially. D

We can now prove that 5\, is a strongly consistent estimator of A*. First
a lemma, then the proof:

LEMMA 1. Let Assumptions 1 through 5 hold. Then s,(A) converges
almost surely to s*(\) uniformly on A*, and s2(A) converges to s*(A)
uniformly on A®*.

Proof. We shall prove the result for s,(A). The argument for s2(X) is
much the same (Problem 1). Now

s:yls,(k) - s*(A)]

< sup

1 ¢ o
up % £ s [¥er 50 18). 50 A

t=1

—f fS[Y(e’ X, Yr?); X, T A] dP(e) dp(x)
X's

+ s:.p LLs[Y(e, x,v?), x, #,, A} dP(e) dp(x)

—LLs[Y(e,x.y“‘),x,r‘,)\] dP(e) du(x)

n

1
— L s[¥(e, x,,7), %, 7, A]

tm=1

< sup
TxXTxA*

—f fs[Y(e,x,Y),X.‘f.}\] dP(e) du(x)
r/e

+supf

A T

Lls[¥(e.x92). x,7.2]
-s[¥(e, x,v*), x, v*, A} |dP(e) du(x)

= sup f,(y,7,A)+ supg(v2 7. A).
IXTXA® A*
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Since I' X T X A* is compact, and s(y, x, 7, A) is continuous on ¥ X 2'X

T X A* with |s(y, x, 7, A)| s blg(y, x,v), x} for all (y,x) in ¥X&
and all (y,7,A) in T' X T X A*, we have, by Theorem 1, that
SUP . racSa( Y, T, A) converges almost surely to zero. Given any sequence
{(Y., 7,,» A,)) that converges to, say, (v°, 7%, A°) we have, by the dominated
convergence theorem with 2b(e, x) as the dominating function, that
im, _, 8(Y,, 7., A,) = 8(¥°, 70, A°). This shows that g(v, 7, A) is continu-
ous in (Y, 7, A). Moreover, sup,.g(v, 7, A) is continuous in (y, 7); see the
proof of Theorem 1 for details. Then, since (y?, ,) converges almost surely
1o (v*, 7*), sup,.g(¥?, 7°, A) converges almost surely to zero. 0

THEOREM 3 (Strong consistency). Let Assumptions 1 through 5 hold.
Then X, converges almost surely to A*, and A° converges to A*.

Proof. If a realization {e,} of the errors is held fixed, then {A,) becomes
a fixed, vector valued sequence and {s,(A)} becomes a fixed sequence of
functions. We shall hold fixed a realization {e,} with the attribute that
s,(A) converges uniformly to s*(A) on A*; almost every realization is such
by Lemma 1. If we can show that the corresponding sequence { X,,}
converges to A*, then we have the first result. This is the plan.

Now A, lies in the compact set A*. Thus the sequence {4} has at least
one limit point A and one subsequence {4, } with lim,,_,wf,,n = A. Now,
by uniform convergence (see Problem 2),

s*(R) = li_!’n s,,_(x,,m)

< lim s, (A*)

- a0

=52 ()

where the inequality is due to the fact that s,,(x,,) < s,(A*) for every n as

, 18 a minimizing value. The assumption of a unique minimum, Assump-
tion 4, implies A = A*, Then {4, } has only the one limit point A*.

An analogous argument implies that A° converges to A* (Problem 3). O

The f;\)llowing notation defines the parameters of the asymptotic distribu-
tion of A,.
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NOTATION 2.
‘?Iz()\) = /(f -—Xs[Y(e x,7*), x, 7%, A} dP(e))

ﬂs[}’(e x,v*), x,7*, A] dP(e) ) du(x)

],
.I:(A)-——‘ LL(-JXS[Y(e,x,y‘),x,-r‘,)\])

x( 9 s[Y(e, x,y*), x, 7 .)\]) dP(e)dp.(x)—-QI(A)

() = ss{Y(e, x,y*), x,7%, \] dP(e) d
F(r) LLW” (e, x,¥*), x,7%, A] dP(e) dp(x)
Fr=0(\), Fr=g(\), ¥*=4(I).
If this were maximum likelihood estimation with s(y, x,7,A) =
—In p(y|x, A), then #£* would be the information matrix and #* the

expectation of the Hessian of the log-likelihood. Under correct specification

one would have #* = 0 and £ * = _#* (Section 7).
We illustrate the computations with the example.

EXAMPLE 1 (Continued). The first and second derivatives of
s(y, x, 7, A) are

—é-axs(y,x,T,A) = %9(2;4&)
- qf(y M, A)) f(x, )
ﬁgﬁs(y, X, 7,A) =~ (—;)‘P(‘y'—fw)axf(" A)
= Lo LM s ) Frs e n))

e

T

Evaluating the first derivative at y = f(x,y) + e, 7= 7% and A = vy, we
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have

L%S[Y(e, x,v), x, 7, A] dP(e)

y=A

- _;};L\P(;‘—)dP(e) gaxf(x,h)
~ RO xS
=0

because ¥(e/7) is an odd function f[i.e., ¥(u) = ¥(—u)], and an odd
function integrates to zero against a symmetric error distribution. Thus,
«* = 0. In fact, ¥* is always zero in a correctly specified situation when
using a sensible estimation procedure. To continue, writing £¥2(e/7*) for
[e¥(e/T*) dP(e) and &¥'(e/7*) for Je(d/du)¥(u)j,.. .. dP(e), we have

f;(‘—;zxs[Y(e, x,v), x, 1%, }\])(%s[}’(e, x,7), x, %, A])'dP(e)

y=A

- (& et o o]

and
L%TS[Y(e, x,v), x, 7, A] dP(e) o
NEE T TR E Y
Thus,
S = (;1—.-)28?’(%)&%/(& J\‘))(%f(x, A‘))'du(x)
and

I = (%)ZN'(%)L(;Xf(x, )5/ ) du(x). o
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In Section 5, the distributions of test statistics are characterized in terms
of the following quantities:

NOTATION 3.
@ () = %'Zj:l(j;%s[}’(e, X, v2), %, 70, A dP(e))
x (L%S[Y(e, X0 10)s %0 12, A dP(e))'
A0 = 3 B [[Fxelv(e.x ), 50 n02])
X (%s[)’(e, X, ), x,, 70, A])'dp(e) - ()

70 = 3 & g (Yl x 2. x oA 42

£ =A(N),  E2=AX), v =4, (X)
Sr=F),  =A0), =%,

We illustrate their computation with Example 1:

EXAMPLE 1 (Continued). Let

p,(x)=f}(”f("”"?{f("’”)dP(e)

or(a) = | SHAEEIR ) ) i)

"

(e+f(x,y,?) ~f(x’>‘))dP(e)

Tn

B,(A) = f;v'

Note that if one evaluates at A =A%, then p,(A%) =0, ¢%(N) =
&Y2(e/10), and B,(A%) = £¥'(e/1?), which eliminates the variation with
r; but if one evaluates at A = A*, then the variation with ¢ remains. We
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have by direct computation that

70 - (%) 3 £ 0 ese))(Forta )

ORI l>: o )7/ Cxo M) (3 V))

50 = ()L £ 800 Frrtn ) Fs )
%;‘,— % (0 gz /(5 A). .

Some plausible estimators of #* and #*—or of (£2, £°) and (S?*, #*)
respectively, depending on one’s point of view—are as follows:

NOTATION 4.

n

20 = 5 T (75500 50 8 M) 75500 %0 41

=1

f()\) =a E ms()'nxn n» A)

=g (8), I=gR). F=a(R). F=g(5).

We illustrate the computations and point out some alternatives using
Example 1.

EXAMPLE 1 (Continued). Let
\t,_q"(yl_f(xﬂ n))

'l

¥, = w(&:-f—(:’-‘i——-)-)

Then
4= (1)'3 £ 92t 10 Forten A0
21 (3] £ 0 sna ) Bt A

‘i’:TTf(xn ;‘ )
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Alternatives that are similar to the forms used in least squares are

21 &y d d '
f" =T n Z (ﬂf(xn xu))(ﬁf(xn Xn))
n t=1
& ﬁ,, 1 " 8 a ’
2= B 1 (Gt ) e 1)
with
21 g
o, = — Z \i't
=1
1 n
h=r L
The former are heteroscedastic invariant, the latter are not. O

Some additional, technical restrictions needed to prove asymptotic nor-
mality are:

ASSUMPTION 6. The estimation space A* contains a closed ball A
centered at A* with finite, nonzero radius such that the elements of
(3/3N)s(y, x, 1, X), (3%/8X AN)s(y, x, 7, A), (3%/3rdN)s(y, x, T, A),
and [(3/dN)s(y, x, 1, M(3/3N)s(y, x, 7, A)] are continuous and
dominated by b[q(y, x,v),x] on ¥X XX I' X T X A. Moreover, #* is
nonsingular and

f,f,afi;rle(e,m‘),m*, X*] dP(e) du(x) = 0

The integral condition is sometimes encountered in the theory of maxi-
mum likelihood estimation; see Durbin (1970) for a detailed discussion. It
validates the application of maximum likelihood theory to a subset of the
parameters when the remainder are treated as if known in the derivations
but are subsequently estimated. The assumption plays the same role here. It
can be avoided in maximum likelihood estimation at a cost of additional
complexity in the results; see Gallant and Holly (1980) for details. It can be
avoided here as well, but there is no reason to further complicate the results
in view of the intended applications. In an application where the condition
is not satisfied, the simplest solution is to estimate A and 7 jointly and not
use a two step estimator. We illustrate with the example:
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EXAMPLE 1 (Continued).

2
—drg-a-x;s[l’(e, x,v*), x, 7, A*)]

-
= [¥(E) + ¥ (5)5 s,

Both ¥(e/7) and ¥'(e/rXe/1) are odd functions and will integrate to zero
for symmetric P(e). a

The derivative of the distance function plays the same role here as does
the derivative of the log density function or score in maximum likelihood
estimation. Hence, we use the same terminology here. As with the scores in
maximum likelihood estimation, their normalized sum is asymptotically
normally distributed:

THEOREM 4 (Asymptotic normality of the scores). Under Assump-
tions 1 through 6

d K4
y/;?—xs,,()\‘f,) SN, (0, 5%).
J* may be singular,

Proof. By Theorem 2

7 & Fsnmt2)

n -
d
- Lﬁs[Y(e, X ¥0)s Xy T, }\0"] dP(e))
2
- N, (0, *).
Domination permits the interchange of differentiation and integration
(Problem 11), and A% is defined as a minimizing value, whence

by f%s{}’(e, X, ¥2)s x,, 12, o] dP(e)

=14

- Zl %L‘[Y(‘" X, ¥ ), X, 10, A%] dP(e)
=
= 0. a
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We can now show that X,, is asymptotically normally distributed. First
we prove two lemmas:

LEMMA 2 (Tail equivalence). Let {A,} be a sequence of vector valued
random variables that take their values in A* C R”? and that converge
almost surely to a point A* in A*. Let {s5,()A)} be a sequence of real valued
random functions defined on A*. Let g(A) be a vector valued function
defined on A*. Let A° be an open subset of R? with A* € A” € A*. Then
there is a sequence {A,} of random variables that take their values in A°,
that satisfy

g(A,) =g(A,) +o,(n"")

for every a > 0, and such that:

1. 1f (8/3X)s,(A) is continuous on A, and A, minimizes s, ()) over
A*, then

a(R,) = 0,(n™%)

for every a > 0.

2. If (3/8MN)s,(A) and (3/dN)h(M) are continuous on A°, if
(3/3NX°)h(M) has full rank at A = A*, and if A, minimizes s,(A) over
A* subject to #(A) =0, then there is a vector 8, of (random)
Lagrange multipliers such that

a5 (R2) + G(K,)] = 0,(n2)
h(X,) = o,(n™%)

for every a > 0.

Proof. The idea of the proof is that eventually A, is in A® and itself has
the desired properties, due to the almost sure convergence of A, to A*.
Stating that the residual random variables are of almost sure order o,(n™%)
is a way of expressing the fact that the requisite large n depends on the
realization {e,} that obtains; that is, the convergence is not uniform in
(e.).

We shall prove part 2. By Problem 5, (3/3dA")A(A) has full rank on some
open set @ with A* € 0 C A°, Define

s [N i Neo0
"TAN, if A, €0

L]
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Fix a realization {e,} for which lim,_, _ A, = A*; almost every realization
is such. There is an N such that » > N implies A, € 0 for all n > N. Since
O is open and A, is the constrained optimum, we have that §, exists and
that

A=A,
ad 5
v [5.(A) + Gr(A )] =0
h(A,) =0
(Bartle, 1964, Section 21). Then, trivially,
tim nfg(%,) - 8(A,)] = 0

lim n*®

n-—+oo

g ls (R + B = o,
sim nJ4(R,) ] = 0. @

LEMMA 3. Under Assumptions 1 though 6, interchange of differentiation
and integration is permitted in these instances:

a-ax-s‘()\) = L/;—;X-s[)’(e,x,y‘), x, ™, A) dP(e) du(x)
9 s‘()\)-—-—ff 3 s[Y(e, x,v*), x, 7*, \] dP(e) dp(x)
N IN g JgON IN YT B
3 1 & d
5N =+ 1 L;ﬁ-s[}’(e,x,, 2}, x,, 12, A} dP(e)
=1
i s2(A) = 1 if ik sl¥(e, x,, 72), x,, 72, A] dP(e)
FNIN Lt JX?'X? 2o T )Xo Tas :
Moreover,
. ] d .
nl:n:o Iasn(A) = 735 (A) uniformly on A
42 32
Lim msf(l) = ms'()\) uniformly on A
n—oQ
.9 J ., .
= A , f
”lin:o TS (A) I (A) almost surely, uniformly on A

2 2
"lgl:o 3 38 75, (A) = 3—{-99—7\—,:*0) almost surely, uniformly on A.
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Proof. Interchange: We shall prove the result for (d/dA)s*(A), the argu-
ment for the other three cases being much the same. Let A be in A, and
{h,,) be any sequence with lim,,, . .k, =0and A — h_£, in A, where §, is
the ith elementary vector. By the mean value theorem,

s{¥(e, x,v*), x, 7%, N = s[Y(e, x,v*), x, 7%, A — hé/]

m

= %s[Y(e, X, %), x, 7, N = h,(e, x)§]

where |k, (e, x)| < h,,. [One can show that & (e, x) is measurable, but it is
not necessary for the validity of the proof, as the composite function on the
right hand side is measurable by virtue of being equal to the left.] Thus

s*(A) = s*(A - h,8)
]

= LL&SIY(& x, "), x, 7 A — h,(e, x)¢,] dP(e) dp(x).

By the dominated convergence theorem, with b(e, x) as the dominating
function, and continuity,

s*(A) = s*(A = h,£)

m—»oc "

=fflhm a)\sY(exy)x*r‘

m— o0

3;‘ s*(A) =

A - h,(e x)¢] dP(e) du(x)
= LL;%S[Y(e,x,y'),x,r*,A] dP(e) dp(x).

Uniform convergence: The argument is the same as that used in the proof
of Lemma 1. o

THEOREM 5§ (Asymptotic normality). Let Assumptions 1 through 6
hold. Then:

(R, =) SN [0, () ()7

# converges almost surely 10 S* + ¥*,
£0 converges to S*,

# converges almost surely to #*,

ALY converges to #*.
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Proof. By Lemma 2, we may assume without loss of generality that
A, A2 € A and that (3/9M)s.(X,) = o,(n~13), (3/3N)s2(N) =
o(n~1/?): see Problem 6.

By Taylor’s theorem

Vi s, (05) = Vi gxsa(R,) + A (- R,)

where # has rows

Jd 4 T
-;-X-" @'X;Sn(hm)

and X,, lies on the line segment joining A% to &,. Now both A% and A,
converge almost surely to A* by Theorem 3, so that X, converges almost
surely to A*. Also, (3/dX'X3/3N,)s,(A) converges almost surely to
(3/9N'X3/3A,)s*(A) uniformly on A by Lemma 3. Taking these two facts
together (Problem 2), # converges almost surely to (32/3X dA\)s*(A*). By
interchanging integration and differentiation as permitted by Lemma 3,
F* = (3%/3X 3X)s*(A*). Thus we may write fF=_¢* + o(1) and, as
(3/3N)s,(X,) = o,(n~1/?), we may write

(% + 0, (DA (R, = X) = =Vt 255,(X2) + o,(1).

The first result follows at once from Slutsky’s theorem (Serfling, 1980,
Section 1.5.4, or Rao, 1973, Section 2c.4).

By Theorem 1, with Assumption 6 providing the dominating function,
and the almost sure convergence of (v?, 7,, X,,) to (v*, 1%, A*) it follows
that lim,,_,m[f,,(x,,), },,(5\,,)] = (S* + ¥*, #*) almost surely (Problem
7). Similar arguments apply to £° and _£°. o

As illustrated by Example 1, the usual consequence of a correctly
specified model and a sensible estimation procedure is:

v2=y* forall n implies A° =A* forall n.

If A = A* for all n, then we have
i _ .
(K, - a%) SN, [0, (0 ()
But, in general, even if vy, = y* for all n, it is not true that

(A= A0) SN, [A, () () ]
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for some finite A. To reach the conclusion that yn (&, — A*) is asymptoti-
cally normally distributed, one must append additional regularity condi-
- tions. There are three options.

The first is to impose a Pitman drift. Estimation methods of the usual
sort are designed with some class of models in mind. The idea is to embed
this intended class in a larger class Y(e, x, y) so that any member of the
intended class is given by Y(e, x, y*) for some choice of y*. For this choice
one has

v =y* foralln implies A% =A* forall n.

A misspecified model would correspond to some y* such tha( Y(e, x,¥*)
is outside the mtended class of models. Starting with y? = y¥, one chooses
a sequence vy, vy, ... that converges to y* fast enough that lxm,,_,w\/* \°
— A*) = A for some finite A; the most natural choice would seem to be
A = 0. See Problem 14 for the details of this construction. Since y can be
infinite dimensional, one has considerable latitude in the choice of
Y(e, x, Y¥).

The second is to hold y, = y* and speed up the rate of convergence of
Cesaro sums. If the sequence {Jc,}f‘;l is chosen such that

lim y/_(-—xso()\) - xS ()\)) K(A) uniformlyon A

where K(A) is some finite valued function, then (Problem 15)

lim Va (25, - A*) = A

n-—+o0

for some finite A. For example, suppose that 1" = 1* and the sequence
p pp q

{x,}72, consists of replicates of T points—that is, one puts X, = @y podr
for some set of points ay, a,,...,ar_,. Thenfor i =1,2,.

e (x)‘

S[Y e, a,,y*),a,T ,)\]dP(e)

< —‘/nisup Z
A j=0

whence K(A) = 0. See Berger and Naftali (1984) for additional discussion
of this technique and applications to experimental design.

The third is to hold y? = y* for all n and assume that the x, are iid
random variables. This has the effect of imposing A% = A* for all n. See
Section 8 for details.
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Next we establish some ancillary facts regarding the constrained estima-
tor for use in Section 5 under the assumption of a Pitman drift. Due to the
Pitman drift, these results are not to be taken as an adequate theory of
constrained estimation. See Section 7 for that.

ASSUMPTION 7 (Pitman drift). The sequence (y?} is chosen such
that lim, _, vV (A, — A*) = A. Moreover, h(A*) = 0.

THEOREM 6. Let Assumptions 1 through 7 hold. Then:

X, converges almost surely to A*,
A% converges to A¥,
J converges almost surely to S£* + @/*,
£ ¥ converges to S,
# converges almost surely to #*,
Fr converges to f*,
&
Vn(3/3X)s,(A%) — Vn(3/aN)si(A%) = N,(0, #%),
Vn (3/3X)sO(A*) converges to —7*A.

Proof. The proof that A, converges almost surely to A* is nearly word for
word the same as the proof of Theorem 3. The critical inequality

lim snm(xnm) < lim s, (A*)
m-— oo m-— oo
obtains by realizing that both h(x,,m) = ( and h(A*) = 0 under the Pitman

drift assumption. . _
The convergence properties of £, £¥, #, #* follow directly from the
convergence of A, and A* using the argument of the proof of Theorem 5.

Since domination implies that (Problem 11)
d 1 « d
Fxse(AL) = — 1 j;ﬂS[Y(e,xn‘/.?),xn‘fno, Az dP(e).
tm1
We have from Theorem 2 that
¢
/n 7x5.(A1) = ¥ g st() S N,0,5).

Note that convergence of {A%} to A* is all that is needed here; the rate
lim, _, V7 (X% — A*) is not required up to this point in the proof.

By Taylor’s theorem, recalling that (/3A)s2(A%) = o(n~172),

V1 sS(A2) = o(1) + AVh (A% - X3
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where } is similar to # in the proof of Theorem 5 and converges to #* for
similar reasons. Since ¥ (A% ~ A%) converges to —A by Assumption 7, the
last result follows. o

& w

PROBLEMS

Prove that s?()\) converges uniformly to s*(A) on A*.

Hold an {e,} fixed for which lim, _, sup,.|ig,(A) — g*(A)|l = 0 and
"WX,, = A*. Show that lim, _, _g,(A,) = g*(A*) if g*(A) is con-

tinuous,

Prove that A% converges to A*.

Prove Part 1 of Lemma 2.

Let (3/dN)h(A) be a matrix of order ¢ X p with ¢ < p such that

each element of (d/3A\")h(A) is continuous on an open set A° contain-

ing A*. Let (8/3X’)A(A) have rank g at A = \*. Prove that there is an

open set containing A* such that rank[(d/dA)Yh(A)] = g for every A

in @. Hint: There is a matrix K’ of order (p — q) X p and of rank

p — q such that

A = (a/aw)h(x)}
KI
has rank A(A*) = p (why?). Also, det A(A) is continuous and @ =
{A: |det A(A)| > 0} is the requisite set (why?).
Verify the claim of the first line of the proof of Theorem 5. The

essence of the argument is that one could prove Theorem 5 for a set of
random variables A, X,, and so on given by Lemma 2, and then
VA, = Vi X, + o,1), Vi (3/N)5, () = Vi (3/8N)s,(Xy) + o,(0),
and so on. Make this argument rigorous.

Use Theorem 1 to prove that [£,(}), #,(A)] converges almost surcly,
uniformly on A, and compute the uniform limit. Why does (v?, 7, A
converge almost surely to (y*, 7%, A*)? Show that [.£, (5\ ) P (5\ )]
converges almost surely to (S£*, #*).

Show that Assumption 6 suffices to dominate the elements of

j;-é%\-s[}’(e. x,v), x, 7, A} dP(e)Lg—ays[Y(e, x,v), x,7, A} dP(e)

by b(x). Then apply Theorem 1 to show that #° converges to #*.
Show that if p(u) = Incosh(u/2) and P(e) is symmetric, has finite
first moment, and assigns positive probability to every nonempty,
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10.

11

12.

13.
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open interval, then ¢(8) = [,p(e + 8) dP(e) exists and has a unique
minimum at § = 0. Hint: Rewrite p(u) in terms of exponentials and
show that p(u) < %|u|. Use the mean value theorem and thc dominated
convergence theorem to show that ¢’(8) = [,¥(e + 8) dP(e). Then
show that ¢(0) = 0, ¢'(8) < 0if 8 <0, and ¢’(8) > 0if § > 0.

Suppose that A, is computed by minimizing
1 & x,, A
0 = § ¥ o(2Le))

where 7* > 0 is known, but that the data are actually generated
according to

v, =8(x,,70) + e,

Assuming that sJ(A) has a unique minimum A% which converges to
some point A*, compute #°, £°, and #°.
Prove that under Assumptions 1 through 6,

La—a}‘s[Y(e, x,v), x,7, A} dP(e)
- gx/:[y(e,x,y),x, , A] dP(e).

Hint: See the proof of Lemma 3.

Suppose that G, is a matrix with (3/dA)YA(A*)G, = 0 and lim, _, . G,
= (. Show that under Assumptions 1 through 6

ad ¥
Vn Gy 3a(A%) = N,(0,G'$*G);

Assumption 7 is not needed. Hint: There are Lagrange multipliers 4,
such that (3/dAX)s,(A%) + 8h(AY)] =0
Suppose that there is a function @(A) such that

T =h(\)

p=9(A)

is a once continuously differentiable mapping with a once continu-
ously differentiable inverse

A=¥(7p).
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Put
g(p) = ¥(0, p)
P2 = 9(A2)

H, =Wh(k )

G, = 3—‘,8(03)-

Show that G, is the matrix required in Problem 12. Show also that

kG"'—
rank| '] =p.

n

14. (Construction of a Pitman drift.) Fill in the missing steps and supply
the necessary regularity conditions. Let

A%(y) minimize

st A) = 5 X [s[¥(e, x.v), x,. 0 A] dP(e)

tw]

st

and let
A*(y) minimize

s*(y,A) = LJ;S[Y(e, X, ), x, 7, A] dP(e) dp(x).

Suppose that there is a point y* in I' such that
vd=y* foralln implies A (y*) = A*(y*) forall n.

Suppose also that T is a linear space and that (d/da)Y(e, x, y* +
ay#) exists for 0 < a < 1 and for some point y* in I'. Note that T
can be an infinite dimensional space; a directional derivative of this
sort on a normed, linear space is called a Gateau derivative (Luen-
berger, 1969, Section 7.2, or Wouk, 1979, Section 12.1). Let

y(a) = y* + ay®
M a) = 2% [y* + ay¥]
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and
A*(a) = A[y* + av®].

Under appropriate regularity conditions, (3/3a)X’ (a) exists and can
be computed from

1 " 32
0 = 7,‘ Z Lm—?s{yie$ xn Y(a)l’ X,,T,?, A(:l(u)}
t=1
X 35 ¥ [e, %, v(@)] dP(e)

+ FXQ;WSS[Y(“), 2 (a)] ;,%x(a).

Again under appropriate regularity conditions,

lim sup
ne® 0gaxl

d d
3202 = ger ()] - 0.
Then by Taylor’s theorem, for i = 1,2,..., p,

Vi (X0, (a) = X, (0)] = Vi a e Aou(d)

where 0 < a; < a. Let {a,)7.; be any sequence such that
lim,_ Vrna,=8 with 8 finite. Since A%(0) = A*(0) for all n and

(3/9a)X°(a) converges uniformly to (3/da)A*(a), we have
lim V7 [X2(a,) = A*(0)] = 52%(0).

If the parameters of the data generating model are set to vy = y* +
a,y®, then

lim yn (X% ~ A*) = A

n—ao0
for some finite A as required. Note that «, can be chosen so that
A=0

Suppose that the parametric constraint h(A) = 0 can be equiv-
alently represented as a functional dependence A = g(p); see Problem
13 or Section 6 for the construction. What is required of g(p) so that
lim, _ VA (p® — p*) = B? Put A* = g(p?). What is required of g(p)
so that lim,, _, _vn (A* — A*) = A*? Note that lim, _, _vn (A% — A*) =
A — A* in this case.
15. Use Taylor’s theorem twice to write

i e (8) = Fxs2)] = 200 + o(WIVa (X, - M¥);
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recall that (3/3A)s*(A*) = (3/3X)s%(A%) = 0. Referring to the com-
ments following Theorem 5, verify that speeding up the rate at which
Cesaro sums converge will cause vn (X, — A*) to be asymptotically
normally distributed.

4. METHOD OF MOMENTS ESTIMATORS

Recall that a method of moments estimator A, is defined as the solution of
the optimization problem

minimize s,(A) = d{m,(A), %]

where d[m, ] is a measure of the distance of m from zero, 7, is an
estimator of nuisance parameters, and

1 & n
m"()\) = n Z m(y,.x,,f,,, )‘)

=1

The constrained method of moments estimator X, is the solution of the
optimization problem

minimize 5,(A) subjectto A(A) = 0.

The objective of this section is to find the almost sure limit and the
asymptotic distribution of the unconstrained estimator A, under regularity
conditions that do not rule out specification error. Some ancillary facts
regarding the asymptotic distribution of the constrained estimator A, under
a Pitman drift are also derived for use in the later sections on hypothesis
testing. This section differs from the previous section in detail, but the
general pattern is much the same. Accordingly the comments on motiva-
tions, regularity conditions, and results will be abbreviated. These results
are due to Burguete (1980) in the main, with some refinements made here to
isolate the Pitman drift assumption.

As before, an example—a correctly specified scale invariant M-estimator
—is carried throughout the discussion to illustrate how the regularity
conditions may be satisfied in applications.

EXAMPLE 2 (Scale invariant M-estimator). The data generating model
is

y,=‘f(x,,7,?)+e, '=1’2y'-»,n-
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Proposal 2 of Huber (1964) leads to the moment equations

m, () = .1.2": \P(“_é(iﬁ’-a—)) 3g/(x..0)

" q,z(y, —f(x,,ﬂ)) i
[
with A = (8, ¢)'. For specificity let
¥(u) = ftanh(5),
a bounded odd function with bounded even derivative, and let

B = f‘l’z(e)d(b(e)

where @ is the standard normal distribution function. There is no pre-
liminary estimator 7, with this example, so the argument 7 of m(y, x, 1, A)
is suppressed to obtain

(y - f(x, 0)) 2 1(x,8)

mirxA) = \,,z(y—f(x,a))_ﬁ

The distance function is
d(m) = im'm,

again suppressing the argument 7, whence the estimator X,, is defined as
that value of A which minimizes

5,(A) = im,(X)m, (7).

The error distribution P(e) is symmetric and puts positive probability on
every open interval of the real line. o

We call the reader’s attention to some heavily used notation and then
state the identification condition.

NOTATION S.

Ni"()u) n ZM(_Y,,X,, mA)

l-l

mi(A) = —'1; ¥ Lm[Y(e, X, v2), x,, 70, A] dP(e)
=1
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m*(A) = f fm[Y(e, x,¥*), x, 7, A] dP(e) dp(x)
(274

s.(A) = d[m,(A),7,]

se(A) = d[ma(N), =)

s*(A) = d{m*(¥), +*]

minimizes s,(A)

A, minimizes s,()\) subject to A(A) = 0
A%  minimizes s2(A)

A%  minimizes sJ(\) subject to A(A) = 0

A*  minimizes s*(A).

ASSUMPTION 8 (Identification). The parameter y° is indexed by n,
and the sequence {y”} converges to a point y*. The sequence of nuisance
parameter estimators is centered at a point 7° in the sense that yn (7, — 1°)
is bounded in probability; the sequence {0} converges to a point t*, and
{ 7,) converges almost surely to 7*. Either the solution A* of the equations
m*(X) = 0 is unique or there is one solution A* that can be regarded as
being naturally associated to y*. Further, (3/3X)m*(A*) has full column
rank (= p).

The assumption that m*(A*) = 0 is somewhat implausible in those
misspecified situations where the range of m,()A) is in a higher dimension
than the domain. As a sensible estimation procedure will have m*(A*) = 0
if Y(e, x, y*) falls into the class of models for which it was designed, one
could have both m*(A*) = 0 and misspecification with a Pitman drift:
Problem 14 of Section 3 spells out the details; see also Problems 2 and 3 of
Section 2. But this is not really satisfactory. One would rather have the
freedom to hold y? = y* for all n at some point y* for which m*(A*) # 0.
Such a theory is not beyond reach, but it is more complicated than for the
case m*(A*) = 0. As we have no need of the case m*(A*) # 0 in the sequel.
we shall spare the reader these complications in the text; the more general
result is given in Problem 6.

For the example, m*(A*) = 0:

EXAMPLE 2 (Continued). Let o* solve [,¥*(e/0) dP(e) = B; a solu-
tion exists, since G(a) = [,¥?(e/0)dP(e) is a continuous, decreasing
function with G(0) =1 and G(oc) = 0. Consider putting A = (y’, o*)’.
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With this choice
Jml¥(e. x,v), x. (v, o)) dP(e) = [m[e+ f(x, 7). x.(v', 0*)] dP(e)
& (4

[¥( ) apte) 751 (x.7)

‘\I'Z(;e;)dl’(e) iy

- (o)

o)
As the integral is zero for every x, it follows that m*(A*) = 0 at A* =
(y*, o*). Similarly m2(A%) = 0 at A%, = (v, 0*). [

The following notation defines the parameters of the asymptotic distri-
bution of A,. The notation is not as formidable as it looks; it merely
consists of breaking a variance computation down into its component parts.

NOTATION 6.
K(A) = /fm[Y(e, x,v*), x, 7*, A\] dP(e)
Tle

X fm’[}’(e, x,v), x, ™, A} dP(e) du(x)
<

S(A) = LLm[Y(e,x,y‘),x,*r‘,?\]
xm'[Y(e, x,v*), x, 7*,A] dP(e) du(x) — I?()\)

M) = LL;%;m[Y(e,x,y'),x, Al dP(e) dp(x)
DA = ﬁ;?d{m'()\),f‘]
F(N) = M(A\)D(A)S(A)D(A)M(A)
FO) = MMDMMN)
@(\) = M(A\)D(A)K(A\)D(A)M(N)
=S S =) =)
S* =S(A\*)  M*=M(A*) D*=D(A\*) K*=K(A*).
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We illustrate the computations with the example:

EXAMPLE 2 (Continued). For A = (y’, 0*) we have
) e 33/(x.7)
oo | (&) arte) - 8

(0

Thus I?(A") = (, whence #* = 0. Further computation yields

j;m[Y(e, x,v), x,A] dP(e)

~ f\lﬂ( 2 ) dp(e) 75 0
S(A*) = ,
o L[wz(-&e—) - 8] ap(e)
;1;]?(;‘}) dP(e) F'F 0
M(A*) = ‘ .
o —2(;-,-) ];\I/(;e;)\lf(——;)edP(e)
D(A*) =1
where

#'5= [ (75100, 0)) 7. 0)) du(x)

As will be seen later, it is only V* = (_#%) *(#*) ! that is needed.
Observing that M()) is invertible, we have

= () M)

= (M) 7[S9 [ar(a)] ™

(0¥ (e/o%) o
(o CF) 0

G=y*

() 8[¥*(e/o*) ~ B]
4[&e¥(e/a*)¥'(e/0%)]*

OI
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In Section 5, the distributions of test statistics are characterized in terms
of the following quantities:

NOTATION 7.

‘m[Y e, x,,v0), x,, 7 A] dP(e)

!I
N |
M™M=

..
1
—

X

f‘m’[Y e, x,v0), x,, 10, A] dP(e)

o

= Z‘,fm[Y e, x,,y,, s Xpo T, ,,,)\]

t=1

Xm’[Y(e, X, ¥2), x,, 12, A] dP(e) — K,(N)

M) = 3 T [gpm¥(e,501), x 70 \] dple)
t=1

B,(A) = g d[m2(A), 7]

F,(A) = M;(A)D,(A)S,(A) D,(A)M,(7)

£, (L) = M;(\)D,(A\)M,())

@,(\) = M(A\)D,(AM)K,(A)D, (M) M, ()
FL=A(X)  EL=A4() ) =4,(X)
Sr=S0) A=A  wr=2,().

We illustrate the computations with the example:

EXAMPLE 2 (Continued). Computations similar to those for #* and
F* yield

Vo= (L) (N

(0*)E¥?(e/0%) (ppy-1
| Tewtee P ’
o ()2 [¥(e/o*) - B]®

a[Se¥(e/0*) ¥ (e/a*)]?
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where
, 1 &(d d ,
FF= 1% (757000 00) (750050 00))- o
Some estimators of £* and #* are:

NOTATION 8.

l = " ’ A
SA) =+ Y m(y,, x,, By )M ( 3y, X, %00 A)

=1

1o @ .
Mn(x) = ; E gs’m(yl’xl"rn’ A)
te}

D,(N) = gz lma(A). 3]
£,(X) = M(A)D,(A)S,(A) D, (M) M,(X)
Fu(N) = M () D,(A) M, (A)
£=s(K,) F=£()
F=2(L)  F=A(R)
For Example 2, there are alternative choices:
EXAMPLE 2 (Continued). Reasoning by analogy with the forms that

obtain from Notation 6, most would probably substitute the following
estimators for those given by Notation 8:

Ly e(G)FF 0
S:,= t=1 g ; ;
o L3 [vi(%)-4]
=]
—:—2% Z\P’(%)f" 0
M - (=1
" . 21 ¢ ANNIAW
0 -wn X3 (3)e
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where
é,=y,—f(x,.4,)
#F = LY (G105 6))( (5. 8. 0

(=1

We shall adjoin some technical assumptions. As before, one may assume
that , takes its values in a compact ball 7 for which 7* is an interior point
without loss of generality. Similarly for the parameter space I'. This leaves
domination as the essential condition. We have commented previously
(Section 2) on the implications of a compact estimation space A*. In the
previous section we commented on the construction of the requisite
dominating function b(e, x).

ASSUMPTION 9. There are closed balls A* and T centered at A* and 7*
respectively with finite, nonzero radii for which the elements of
m(y, x,7,X),(3/dN)m (y, x, 7, A),(3%/3X, I\ Im (y, x, 7, \) are con-
tinuous and dominated by b{g(y, x,v),x] on FXETXTXA*XT;
b(e, x) is that of Assumption 3., The distance function d(m, ) and
derivatives (3/dm) d(m, 7),(3%/3m 31’y d(m, 7),(3%/3m dm’) d(m, 1)
are continuous on F X T where # is some closed ball centered at the zero
vector with finite, nonzero radius.

The only distance functions that we shall ever consider have the form
d(m,7) =m¥(1)m

with ¥ (1) positive definite over T. There seems to be no reason to abstract
beyond the essential properties of distance functions of this form, so we
impose:

ASSUMPTION 10. The distance function satisfies: (d/dm)d(0,7) =0
for all 7 in T [which implies (32/3m d1")d(0,7) = 0 for all r in T}, and
(38%/3m dm’) d(0, 7) is positive definite for all 7 in T.

If the point A* that satisfies m*(A) = 0 is unique over A*, then s*(A)
will have a unique minimum over A* for any distance function that
increases with [|m]||. In this case the same argument used to prove Theorem
3 can be used to conclude that A, converges almost surely to A*. But in
many applications, the moment equations are the first order conditions of
an optimization problem. In these applicftions it is unreasonable to expect
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m*(A) to have a unigque root over some natural estimation space A*. To
illustrate, consider posing Example 1 as a method of moments problem:

EXAMPLE 1 (Continued). The optimization problem
" —
Minimize s5,(A) = ;1’. y p(g_'r___f:;(_M)
{=1 n

has first order conditions m (&) = 0 with
1 & X, A
m8) = 5 o[ LN B,

We have seen that it is quite reasonable to expect that the almost sure limit
s*(A) of s,(A) will have a unique minimum A* over A*. But, depending on
the choice of f(x, 8), s*(\) can have local minima and saddle points over
A* as well. In this case m*(A) will have a root at A*, but m*(A) will also
have roots at each local minimum and each saddle point. Thus, if Example
1 is recast as the problem

Minimize s,(A) = 3m,(A)m, ()
we cannot reasonably assume that s*(\) will have a unique minimum. O
Without the assumption that m*(A) has a unique root, the best con-
sistency result that we can obtain is that s,(\) will eventually have a local
minimum near A*. We collect together a list of facts needed throughout this

section as a lemma and then prove the resuit:

LEMMA 4. Under Assumptions 1 through 3 and 8 through 10, inter-
change of differentiation and integration is permitted in these instances:

—a—ax:m;(ik) = L};‘—?%:m,[}’(e, x,v*), x, 7*, A] dP(e) dp(x)

32 FE:
ax, %, = [ fanax mlvie s ). xort AL dP(e) da(x)

m2,(\) = & z f-g%ma[Y(e,x,y,?),x, 9, A] dP(e)

mm"()\) = - L fmm [Y(e x,v?), x, A]dP(e).
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There is a closed ball A centered at A* with finite nonzero radius such

that
lim m8(A) = m*(A)
. d d
Jim 797‘7'"2()\) = ﬁ_,'"'(}‘)
e, a2
Jim ax,ax; (M) = gxgx,me(2)

lim m_ (A) = m*(\)
9 3
Jim 797("".,(?\) = 3—)\‘_'"'0\)
L 82
Jim g%, ax, " (M) = axan (M)

lim s2(A) = s*(A)

n—»oc

. d d
lim 8_)\-3’?()‘) = ax5*(A)

Y L 9?
Jim gxan (M) = gxgn st (d)
lim 5,(A) = s*(A)

” - 00

lim gaxs,,(h) = %s'(}\)

H— o0

. a2 3?
lim Fxax (M) = gxan (V)

uniformly on A
uniformly on A
uniformly on A
almost surely, uniformly on A
almost surely, uniformly on A
almost surely, uniformly on A
uniformly on A

uniformly on A

uniformly on A

almost surely, uniformly on A

almost surely, uniformly on A

almost surely, uniformly on A

and
M = om*(A*)
LA =0
32
aNd /S‘(A‘) =j*.
Proof.

The arguments used in the proof of Lemma 3 may be repeated to

show that interchange of differentiation and integration is permitted on A*
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and that the sequences involving m2(A) and m,(\) converge uniformly on
A*. So let us turn our attention to s,(A) = d[m_(N), 7,].
Differentiating, we have for m,(A\) € ¥ that

(A = E oz [m (). 4] 35 m0n )

and
a2 d? .1 0 d
3 3)\3(7\) 2%md[mn(’\),Tn]gx;mm(’\)jx:mgn(”

d .\ 82
+X 3—,,,:4['""(7\), 7, ‘grig—)\jmm.()\).

Fix a sequence {e,} for which 7, converges to 7* and for which m_(\A)
converges uniformly to m*(A) on A*; almost every {e,} is such. Now
m*(A*) = 0 by assumption, and m*(A) is continuous on the compact set
A*, as it is the uniform limit of continuous functions. Thus there isa 8§ > 0
such that

A=A <8 = [m*(A)] <n

where 7 is the radius of the closed ball % given by Assumption 9. Then
there is an N such that

n>N, A-Mj<8 = |m,(A)]<n

Set A= {A:}]A =A% <8}

Now (d/dm,)d(m, r) is a continuous function on the compact set
F X T, so it is uniformly continuous on #x T: see Problem 1. Then since
m,(X) converges uniformly to m*(A) and 7, converges to 7*, it follows that
(8/0m )d{m, (), 7] converges uniformly to (d/dm )d[m*(A), r*]; simi-
larly for d[m,(X), 7,] and (3%/dm, dmg) d[m (M), %,). The uniform con-
vergence of s5,(A),(3/9X))s, (), and (82/62\ 3X,)s,(X) follows at once.
Since the convergence is uniform for almost every {e }, it is uniform almost
surely. Similar arguments apply to s2(A).

By the interchange result M* = (3/3X)m*(A*). Differentiating,

3 a d
xS (W) = Lo d [m* (W), v 5 me(A%).
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As m*(A*) = 0 and (3/3m)d(0, r*) = 0, we have (d/dA)s*(A*) = 0. Dif-
ferentiating once more,

a2 a? a d
FAW)Y /s"(}\') = g%———amn amﬂd(O, 'r‘)?-x:m:()\‘)jx—jm;()\‘)
___a_... L az ] *
+ E amad(O,T )ak, aAJma(A ).

The second term is zero as (d/dm)d(0, r*) = 0 whence

32 * a * ) |/ az * a L *
7 a0 ) = (g5 O Zor g 400, ) 337m* O)

= (M*)YD*M* = g*. o

THEOREM 7 (Existence of consistent local minima). Let Assumptions
1 through 3 and 8 through 10 hold. Then there is a closed ball A centered at
A* with finite, nonzero radius such that the sequence {i,} of &, that
minimize s,(A) over A converges almost surely to A* and the sequence
{X%) of A% that minimize s2(A) over A converges to A*.

Proof. By Lemma 4 and by assumption, (d/dA)s*(A*) = 0 and
(8%/3X AN)s*(A*) is positive definite. Then there is a closed ball A’
centered at A* with finite, nonzero radius on which s*(A) has a unique
minimum at A = A* (Bartle, 1964, Section 21). Let A” be the set given by
Lemma 4, and put A = A’ N A”. Then s*(A) has a unique minimum on A,
and both s,(A) and s2(A) converge almost surely to s*(A) uniformly on A.
The argument used to prove Theorem 3 may be repeated here word for
word to obtain the conclusions of the theorem. 0

The following additional regularity conditions are needed to obtain
asymptotic normality. The integral condition is similar to that in Assump-
tion 6; the comments following Assumption 6 apply here as well.

ASSUMPTION 11. The elements of m(y, x, 7, A)m’(y, x, v, A) and
(8/3rYm(y, x, v, A) are continuous and dominated by b{g(y, x, v), x] on
XXX Tx A* XT; b(e, x) is that of Assumption 3. The elements of
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(8%/873m") d(m, ) are continuous on FX T, and

fgf—a—%;m[}’(e, X, v*), x, 7*, A*] dP(e) dpu(x) =
&

Next we show that the *“scores” (3/d\)s,(A°%) are asymptotically nor-
mally distributed. As noted earlier, we rely heavily on the assumption that
m*(A*) = 0. To remove it, see Problem 6.

THEOREM 8 (Asymptotic normality of the scores). Under Assump-
tions 1 through 3 and 8 through 11

Vi s, (1) SN (0, 5%).

S * may be singular.

Proof. By Lemma 2, we may assume without loss of generality that
and A° lie in the smallest of the closed balls given by Assumptions 9 and
11, Lemma 4, and Theorem 7 and that (8/3M)s,(A,) = o(n"1/*) and
(3/3N)s¥(A%) = o(n™17?).

A typical element of the vector vn(d/3m)d[{m,(A2),#,] can be ex-
panded about {m?%(\°), 1%} to obtain

) 7, ] = \[— d['”o(}“) ]
+Ta ( )‘/’T('Fn—'r"o)
+ 7%3%:(1(:7. F)n [m,(A) = mO(2S,)]

where (#, 7) is on the line segment joining [m,(A%), 7,] to [m2(X%), 7°].
Thus (m, 7) converges almost surely to (m*, v*) where m* = m*(A*).
Noting that yn (#, — 1°) is bounded in probability by Assumption 8 and
that

Va[m, () - mo(X)] 3 N (0, 5*)
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by Theorem 2, we may write (Problem 3)
g [m,(X5), 4]
= Vi g d[m2(08),70] + g d(m*, ) (4, - 50)
+ g d(mt, v )i [m,(08) = m2(38)] + o,(1).
Then
Vi gx5.(8) = Vi 35, (82) = v xs2008) + 0(1)
- ﬁu;(x".);;%d[mn(xa),al
—Vn M(X) 5 d[m %), 2] + o,(1)
= R [M,(8) = i,(0)] g2 d [m2(X0), 7]
M0 )(—J—Td(m", ) Va (4, - =?)
+ M08) g dmt, #) Vi [, (36) — m2(30)]
+0,(1).

Note that by Theorem 2, Vn[M,(X°) — M_(X%)] is also bounded in prob-
ability, so that we have (Problem 3) the critical equation of the proof:

W 5a(08) = Vi [ M,(08) = IT,(38)]' 5 d(m,
(Y|l e e (5, - 22)
+(M*YD*n [m,(2S) — m3(A%)] + o,(1).

We assumed that m* = (, so that the first two terms on the right hand side
drop out by Assumption 10. Inspecting the third term, we can conclude at
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once that
‘/— d pU ol *)/ X CH e AL*
n 'a'Xsn( ') = N,[0,(M*yD*S*D*M*].
In general the first two terms must be taken into account (Problem 6). O

Asymptotic normality of the unconstrained method of moments estima-
tor follows at once:

THEOREM 9. Let Assumptions 1 through 3 and 8 through 11 hold.
Then:

iR, = X0 SN0, )
# converges almost surely 10 S* + ¥*,
F£2 converges to S*,

g converges almost surely to #*,

Y converges to #*.

J* may be singular.

Proof. By Lemma 2, we may assume without loss of generality that X,,
and A9 lie in the smallest of the closed balls given by Assumptions 9 and
11, Lemma 4, and Theorem 7 and that (3/d\)s,(R,) = o,(n"'/?),

(3/3M)s (X)) = o(n™'7?).
By Taylor’s theorem and arguments similar to the previous proof,

VA D5 (R0) = v s (8,) + [£* + o (VA (R - R,)
= 0,(1) + [#* + o, ()Y (X, - &,).

Then by Slutsky’s theorem (Serfling, 1980, Section 1.5.4, or Rao, 1973,
Section 2c.4)

z _ _
a(x - &,) >N [0.(#) e ()Y
This establishes the first result.

We shall show that # converges almost surely to S* + #*. The argu-
ments for £°, #, and £° are similar. Now £ is defined as

F=M,(A,)D,(X,)s.(A,)D,(X,)M,(R,).
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Since the Cesaro sum

X |-

n

Y m{Y(e, x,.v), x,, 7, A]m'[Y(e,, x,,¥), x,, 7, A]
t=1
converges almost surely to the integral

Lj;m[}’(e. x,v), x, 7, \]m’[Y(e, x,v), x, 7, A\] dP(e) du(x)

uniformly on T X T X A by Theorem 1, with Assumption 11 providing the
dominating function, and since (2,7, A,) converges almost surely to
(v*, 7%, A*), we have that

lim 5,(,) = [ fml¥(e, x,v%), x, 7, 2]
n— oo F 4
xm'[Y(e, x,y*), x, 7*, A*] dP(e) dp(x)
=S*+K*
almost surely. A similar argument shows that M,(,) converges almost
surely to M®*. Since (32/dm dm’)d(m, ) is continuous in (m, 1) by
Assumption 9 and [m,,(X,.), 7,} converges almost surely to (0, r*) by

Lemma 4, Theorem 7, and Assumption 8, we have that D,,(X,,) converges
almost surely to D*. Thus

lim # = (M*)'D*(S* + K*)D*M*
n-»00

=5+ @

almost surely. a
The variance formula

J gl = (MDM) (M’ DSDM)(M'DM) ™"

is the same as that which would result if the generalized least squares
estimator

B = (M'DM)™'M'Dy
were employed for the linear model
y=MB +e, e~ (0,5).

Thus, the greatest efficiency for given moment equations results when
D* = (§*)L.
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A construction of 70 for Example 1 was promised:

EXAMPLE 1 (Continued). Assume that f, u, and P are such that
Assumptions 1 through 6 are satisfied for the prelmnnary estimator 0,
Then 4, has a center 2 such that v (4, - 8°) is bounded in probability
and lim 60 = y*. Let

m(y,x,0,1)= ‘l’z(l—:—-q—xi)—) - f‘Pz(e) dd(e)
and
)=+ EM(}’“ s 7).

The almost sure limit of m,(7) is
m*(r) = [ [m(¥(e. x,v*), x, 7%, 7] dP(e) du(x)
jqﬂ( )dp(e) — [¥¥(e) do(e).

Since 0 < [¥%(e)d®(e) <1 and G(r) = [,¥*(e/7) dP(e) is a continu-
ous, decreasing function with G(0) = 1 and G(o0) = 0, there is a 7* with
m*(r*) = 0. Assume that f, g, and P are such that Assumption 8 through
11 are sansﬁed for 5,(r) = im?(7). Then by Theorem 7 and 9, 7, has a
center 7° such that \/— n (%, — 1°) is bounded in probability and lim =

’l"‘wﬂ

T, )

The argument used in the example is a fairly general approach for
verifying the regularity conditions regarding nuisance parameter estimators.
Typically, a nuisance parameter estimator solves an equation of the form

1 & o
m (1) = - Y m(y,x,8,7)=0
=1

where 6,, minimizes an s,(8) that is free of nuisance parameters. Thus 0,
comes equipped with a center 2 as defined in either Section 3 or 4. Let

ml(r) = — Z}fm[)’ e, x,,v>), x,, 6 ,'r] dP(e)

and let d(m) = m’m/2; then the appropriate center

70 minimizes s,?(‘r)=d[m2('r)].
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Next we establish some ancillary facts regarding the constrained estima-
tor under a Pitman drift for use in Section 5. As noted previously, these
results are not to be taken as an adequate theory of constrained estimation;
that is found in Section 7.

ASSUMPTION 12 (Pitman drift). The sequence {y?} is chosen such
that lim,_, _vVn (X% — A*) = A, Moreover, h(A*) = 0.

THEOREM 10. Let Assumptions 1 through 3 and 8 through 12 hold.
Then there is a closed ball A centered at A* with finite, nonzero radius such
that the constrained estimator X, converges almost surely to A* and A*
converges to A*. Moreover:

S converges almost surely to S* + @*,

S} converges to £,

& converges almost surely to #*,

2 converges to f*,

&

Vn(3/9X)s,(A%) — Vn(3/0N)s](A%) = N, (0, £*),

Vn(3/3N)s2(A%) converges to —#*A.
Proof. The argument showing the convergence of {A,} and (A%} is the
same as the proof of Theorem 7 with the argument modified as per the
proof of Theorem 6. The argument showing the convergence of £, £, #,

and #* is the same as in the proof of Theorem 9. The same argument used
in the proof of Theorem 8 may be used to derive the equation

i xsa(A)
Vi rs2(An) = Vi (M, (A5 ~ B, O] g (me, %)
+ () (g d (ot #9) io (5, = 79)
+(MAY D [m, (N3) = my(A3)] + 0,(2).

We assumed that m* = 0 so that the first two terms on the right hand
side drop out. By Theorem 2,

Vit [m,(A%) = mO(A%)] = N0, 5*)
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whence
/— d » /— d O(A* < *\/ ) Cx Jy* A S %
n axsa(A%) = Vn ax5)(A%) = N, [0, (M*)D*S*D*M*|

and the first result follows.
The argument that Vn(3/3 A)s2(A*) converges to —#*A is the same as
in the proof of Theorem 6. ]

PROBLEMS

1. A vector valued function f(x) is said to be uniformly continuous on X
if given € > 0 there is a 8§ > 0 such that for all x,x’ in X with
flx — x’f < & we have || f(x) — f(x")]| < e. Suppose f(x) is a continu-
ous function and X is compact; f(x) is uniformly continuous on X
(Royden, 1968, Chapter 9). Let g,(¢) take its values in X, and let
{ g.(1)} converge uniformly to g(z) on T. Show that { f{g,(1)]} con-
verges uniformly to f{g(s)] on T.

2. Prove that lim,_ _m%X) = m*(\) uniformly on A*. Prove that
lim, |  s2(A) = s*(A) uniformly on A*.

3. A (vector valued) random variable Y, is bounded in probability if given
any € > 0 and 8 > O there is an M and an N such that P(||Y,|| > M)

L7
< 8 for all » > N. Show that if Y, = N, (g, V) then Y, is bounded in

probability. Show that if X, is a random matrix each element of which
converges in probability to zero and Y, is bounded in probability, then
X,Y, converges in probability to the zero vector. Hint: See Rao (1973,
Section 2c¢.4).

4. Prove that £° converges to #* and that 5 converges almost surely to
7

5. Compute K, (A), AT,,()\). and S, (\) for Example 2 in the case A # AL

6. Let Assumptions 1 through 3 and 8 through 11 hold except that
m*(A*) # 0; also, (3/dm)d(0, r) and (32/dm dN")d(0, 7) can be non-
zero. Suppose that the nuisance parameter estimator can be written as

ﬁ(;n - 7"0) = nr Zf(yn Xy n) + Op(l)

=1

where lim, , 62 = 6%, lim,_, A4, = A* almost surely, and f(y, x, §)
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satisfies the hypotheses of Theorem 2. Let m* = m*(A*), and define
m[Y(e, x, v*), x, v*, A¥]
Z(e,x) = | vec ;xm'[Y(e, x, v*), x, 7%, A*]
flY(e, x,y*), x, %]

e L(LZ(e,x)dP(e))(LZ(e,x) dP(e))’dy(x)

&* = f Z(e,x)Z'(e, x) dP(e) du(x) — X"*
e

. . 2
ot = [(M‘)’D‘ : 3—37d(m‘.1-‘) L3 (M‘)’g;n%?d(m‘,f‘),{‘]
F* =d‘y'(&f‘)'
92
I = gxans ()
Show that
5 5.(18) S N,(0, 5%)
(R, - ) SN0, () e

Hint: Recall that if 4 of order r by ¢ is partitioned as 4 =
[a,ia,i--- ia], then

and vec AB = (B’ ® I,)vec A, where ® denotes the Kronecker product
of two matrices. See the proofs of Theorems 8 and 9.

7. Under the same assumptions as in Problem 6, show that
¥
Vi s (A2) = Vi 7 s2(AD) 3 N, (0, %)

where #* is defined as in Problem 6.
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5. TESTS OF HYPOTHESES

One arrives at the same destination following either the least mean distance
or the method of moments path. The starting point, which is the description
of the data generating process given in Assumptions 1 through 3, is the
same. Then the road forks. One can follow the least mean distance path
with Notations 1 through 4 defining the quantities:

X, X, A%, and A%;
s,(A) and s2(A);
£, £, £° and £,
F A 20 and 22
«° and ¥}

Or one can follow the method of moments path with Notations 5 through 8
defining these quantities. In either case the results are the same and may be
summarized as follows:

SUMMARY. Let Assumptions 1 through 3 hold, and let either Assump-
tions 4 through 7 or 8 through 12 hold. Then on a closed ball A centered at
A* with finite, nonzero radius:

s,(A) and s%(A) converge almost surely and uniformly on A to s*(A);

(8/3M)s, (M) and (3/3N)s2(N\) converge almost surely and uniformly
on Ato (3/dN)s*(A);

(3%/3X dN)s,(A) and (3%/dX dN)s2(A) converge almost surely and
uniformly on A to (92/3A dX")s*(A), and (32/3A IN)s*(A*) = F*;

VR(3/3N)8,(A3) = Vv (3/N)s2(A3) 5 N,(0, £*);
(R, =20 S N0,(F9 (),
Vn (X% — A*) converges to A, and v (3/9X)sO(A*) converges to —#*A;

A, and X converge almost surely to A* and A(A*) = 0;

£ and £ converge almost surely to #* + #*, and £2 and £* converge
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to S*,

& and # converge almost surely to #*, and #° and #* converge to
I

#? and ¥* converge to ¥*.
Taking the Summary as the point of departure, consider testing
H:h(X) =0 against A4:h(A%) =0
Three tests for this hypothesis will be studied: the Wald test, the Lagrange
multiplier test (Rao’s efficient score test), and an analog of the likelihood

ratio test. The test statistics to be studied are defined in terms of the
following notation.

NOTATION 9.
=(£2) 520 =g e
;?=j L1 V=gYg!
h=hn(A), h=h(}X,)
H(A) = 527h(A)
H=H(\,), H=HR).
In Theorem 11,

V=V s=4° g=¢° u=%0 H=H
In Theorems 12, 13, 14, and 15
V=V, S=S5r F=0 U= H=H!
In some applications it is more convenient to take
v=v> =20  g=g0 4=

in Theorems 12, 13, 14, and 15. The asymptotics remain valid with these
substitutions.

The following assumption imposes full rank on the matrices H and V.
This assumption is not strictly necessary, but the less than full rank case
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does not appear to be of any practical importance, and a full rank
assumption does eliminate much clutter from the theorems and proofs.

ASSUMPTION 13. The function h(A) that defines the null hypothesis
H: h(\%) = 0 is a once continuously differentiable mapping of the estima-
tion space into RY. Its Jacobian H(A) = (3/dA)h(A) has full rank (= q)
at A = A*. The matrix V =_¢"£¢-1 has full rank. The statement *the
null hypothesis is true” means that #(X%) = 0 for all » or, equivalently,
that A% = A% for all » sufficiently large.

The first statistic considered is the Wald test statistic
W = nk(AVH)'h

which is the same idea as division of an estimator by its standard error or
studentization. The statistic is simple to compute and may be computed
solely from the results of an unconstrained optimization of s,(A). It has
two disadvantages. First, its asymptotic distribution is a poorer approxima-
tion to its small sample distribution than for the next two statistics if Monte
Carlo simulations are any guide (Chapter 1). Second, it is not invariant to
reparametrization. With the same data and an equivalent model and
hypothesis, two investigators could obtain different values of the test
statistic (Problem 6).
The second statistic considered is the Lagrange multiplier test statistic

. -

a - 1. -
R = n( x5, (X)) £ CAVE) " A5 3xs,(K,)).
Since (3/dM)s,(X,) + :h(X,)] = 0 for large n, an alternative form is
R =nf HF\H(AVA) 'HF A,

which gives rise to the term Lagrange multiplier test. Quite often V' = st
=_#1 so that 5! could be substituted for ¥ and £~ ! in these formulas
resulting in a material simplification. The statistic may be computed solely
from a constrained optimization of s,(A). Often, the minimization of s,(A)
subject to A(A) = 0 is considerably easier than an unconstrained minimiza-
tion; H: A% = 0 for example. In these cases R is easier to compute than W.
There are several motivations for the statistic R, of which the simplest is
probably the following. Suppose that the quadratic surface

a(A) = 5,(K,) + gxsu(K)A -1,) + HA - K,y F(A - R,)
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is an accurate approximation to the surface s,(A) over a region that
includes A ,. The quadratic surface is minimized at

A=K, - s (R,)

so that
=, 0
Xo =K, =571 5xs.(R,).

Thus, j*‘(a/ax)sn(x,) is the difference between 7\" and 5\,, induced by
the constraint A(A) = 0, and R is a measure of the squared length of this
difference. Stated differently, F H3/3M)s,(X,) is a full Newton iterative
step from A, (presumably) toward X,,, and R is a measure of the step
length.

The third test statistic considered is an analog of the likelihood ratio test

L =2n[s,(A,) - 5,(,)].

The statistic measures the increase in the objective function due to the
constraint h(x,,) = (J; one rejects for large values of L. The statistic is
derived by treating s,(A) as if it were the negative of the log-likelihood and
applying the definition of the likelihood ratio test.

Our plan is to derive approximations to the sampling distributions of
these three statistics that are reasonably accurate in applications. To
illustrate the ideas as we progress, we shall carry along a misspecified model
as an example:

EXAMPLE 3. One fits the nonlinear model
v, =f(x,,A) + u, t=1,2,...,n
by least squares to data that actually follow the model
y, = g(x,v2) + e, t=1,2,...,n

where the errors e, are independently distributed with mean zero and
variance o?. The hypothesis of interest is

H:1l=r* against A:10#1*
where

A = (pl' TI)I
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p is an r-vector, and 1 is a g-vector with p = r + g. As in Chapter 1, we
can put the model in a vector form:

y=fM) +u y=g(s¥) +e  FO) = 55/,

We shall presume throughout that this model satisfies Assumptions 1
through 7, and 13. Direct computation yields

s(yp x, A) = [, = f(x, M)]?
sa(M) = %y = FO)I = +1y = 7Oy = F(V)]
) = = 2FO)y - 1)
s90) =% + 1 8(x) ~ 70|
RS20 = = 2FO)[g(x0) - F()]
N, minimizes [lg(+?) - f(V)|
6, minimizes L[y~ f(p, )|’
X, = (B, ™)
p* minimizes %”8(%‘.’) —f(o. ™

AL =(py, )
Fl=F(X), Fr=F(A), F=FQR\,), F=F@QX,)

£ = 2 F()FO)

0 = ZPOVFR) = 2 e 92) - 00 M) g )

™M=

4,(2)

i

[8(x 1) = £ VI 75/ G M) (35S G5 M)’

[ = 1Ge A 751G A0 (75 (0 A)

LN
L]
M= 1

~
1
—

3>
SN XS X e XN

2
[y: - f(xn xn)] ﬂ%—x"f(xn xn)

H=[oi1]

1
o
|
3o
=

-
1
-

s,
f

where I is the identity matrix of order g.
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The estimator
V=(F)"4(H"

obtained according to the general theory is not that customarily used in
nonlinear regression analysis as we have seen in Chapter 1. It has an
interesting property in that if the model is correctly specified—that is, y
and A have the same dimension and g(x, y) = f(x, y)—then ¥ will yield
the correct standard errors for 5\,, even if Var(e,) = o?(x,). For this reason,
White (1980) terms V' the heteroscedastic invariant estimator of the vari-
ance-covariance matrix of X,,.
The estimator customarily employed is

Q= ns?(FF)"!
with
s2=(n=p) Ny - R

We shall substitute & for ¥ in what follows, mainly to illustrate how the
general theory is to be modified to accommodate special situations. 0

The limiting distributions that have been derived thus far have been
stated in terms of the parameters Sf*, #* and ¥*. To use these results, it
is necessary to compute Sf*, #* and #* and to compute them it is
necessary to specify the limit of X,, and %, and to specify the limiting
measure p on Z. Most would prefer to avoid the arbitrariness resulting
from having to specify what is effectively unknowable in any finite sample.
More appealing is to center A, at A% rather than at A*, center 7, at °, and
use the empirical distribution function computed from {x,}/., to ap-
proximate u. What results is £°, £° and @ as approximations to S*,
F*, and ¥*. The next theorem uses a Skorokhod representation to lend
some formality to this approach in approximating the finite sample distri-
bution of W. For the example we need an approximation to the limit of Q:

EXAMPLE 3 (Continued). The almost sure limit of & is
@ = (a4 [le(xr") = f(x. A9 du(0))
T

x| [ (s w0 (s x|

Following the same logic that leads to the approximation of f*, #*, and
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@* by £, £, and 40, we obtain

,(0) = n(o? + 318(x2) - /OO LFO)FO)
and
0 2, 1 0 o VW3 porpoy !
99 = n(o+ ;8(38) = 709 ) (EE?)
where F2 = F(A%). O

THEOREM 11. Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Let

-

W= ni'(HVA’) 'h.
Under Assumption 13,
W~Y+o,(1)
where
Y=2'[HgF (f+ @) 0] 2
and
Z ~ N,[Vnh(X), HVH'].
Recall: V= V0 =50 #=g0 &= and H=H? If # =0, then
Y has the noncentral, chi-square distribution with ¢ degrees of freedom and

noncentrality parameter a = nh’(AS X HVH’) *h(X%)/2. Under the null
hypothesis « = 0.

Proof. By Lemma 2, we may assume without loss of generality that X,,.

A% € A and that (8/8N)s,(R,) = o,(n 172, (8/8N)s2(A%) = o(n'/?). By
Taylor’s theorem

\/'_l’[h,(x") - h,(A‘:’)] = E_ayhl(xm)‘/;;(xn - A(21) i= 1’23"" q
where [|X,, — A%l s [IA, — AS|l. By the almost sure convergence of A%
and A, to A* lim,__JIA,, — A*}) = 0 almost surely, whence

lim, _ (3/3N)h,(X,,) = (3/3N)h,(A*) almost surely. Thus we may write
vn[r(R,) = h(X)] = [H* + o, ()]Vn (R, - 2%).
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Since vn (A — X°) —{NP(O, V' *), we have
W [a(R,) = R(A8)] 3 N0, H*VoH*).

By Problem 3, lim,_ vnh(X%) = HA so that ynh(),) is bounded in
probability. Now H VH' converges almost surely to H*(fF*)!
(F* + ¥*)#*) 'H* which is nonsingular, whence

(HVH) ' = [HF s+ @) FH'] " +0,(1).

Then
w=ni'(8,)[HF (5 + @) g1 ] 'R(R,) +0,(1).

By the Skorokhod representation theorem (Serfling, 1980, Section 1.6), there
are random variables Y, with the same distribution as v A(& ) such that
Y, - Vnh(X%) = Y + o(l), where Y ~ N0, H*V*H*"). Factor
H*V*H* as H*V*H* = P*P*', and for large n factor HVH’ = QQ’
(Problem 1). Then

Y, = Vnh(X8) + Q(P*) 'Y + [1 - @(P*) '] Y + 0,(1).

Since Y is bounded in probability and / — Q(P*)™! = o,(1) (Problem 1),
we have

Y,=vVnh(AS) + Q(P*)7'Y + 0,(1)

where Q(P*)™'Y ~ N0, HVH’). Let Z = ynh(A%) + Q(P*)"! ¥ and
the result follows. 0

Occasionally in the literature one sees an alternative form of the Wald
test statistic

- n A

w=n(X,-X,)VH(HVA") 'H(}, - X,).

The alternative form is obtained from the approximation & = H(X, - X ),
which is derived as follows. By Taylor’s theorem

r(X,) =h(X,) + HA, -},)

where H has rows (8/3XN)h,(X) and X is on the line segment joining X, to
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A,. By noting that h(X,) = 0 and approximating H by H, one has that
ﬂ HA, - X .). Any solution of A(A) = 0 with (3/dXN)H(A) = H would
serve as well as A, by this logic, and one sees other choices at times.

As seen from Theorem 11, an asymptotically level a test in a correctly
specified situation is to reject H: A(X%) = 0 when W exceeds the upper
a X 100% critical point of a chi-square random variable with g degrees of
freedom. In a conditional analysis of an incorrectly specified situation, %,
h(A%), and a will usually be nonzero, so nothing can be said in general.
One has a quadratic form in normally distributed random variables. Direct
computation for a specified g(y, x, v?) is required. We illustrate with the
example.

EXAMPLE 3 (Continued). The hypothesis of interest is
H:10=1* against A:10#71*
where
A=(p, 7).
Substituting § for ¥ the Wald statistic is

(4, = ) [H(FF)Y 1] 75, - %)

W = 3

5

where H = [0: I ). Thus H( F'F ) H is the submatnx of (F’F)~} formed
by deleting the ﬁtst r rows and columns of (F'F)~'. W is distributed as

W~ Y+o,1)
where
1 -1 -1
z'[H(;F,?'F,P) H'] z
ot + 2 le(v) - (R
Z ~ N,[Vn (50 - +*), HVH']

V=gl
2
F= _4__;(:_1;:'0117"0

I= —F°’F°— o E [e(x. v?) = f(x. X, ]ax awf(x 22).

1—1

If the model is correctly specified, then g(x,,v.) = f(x,, A%) and these



226 A UNIFIED ASYMPTOTIC THEORY: REGRESSION STRUCTURE
equations simplify to
n

Y=
02

1 -1 -1
Z'[H( F,,°'F,,°) H'] z

-1
zZ~ Nq[ﬁ(rno - 1*), ozH(-;—F,,o’Fno) H’}

whence Y is distributed as a noncentral chi-square random variable with ¢
degrees of freedom and noncentrality parameter

Lo e [HGER) ] (e~ ) .
o’ '

The statistic R is a quadratic form in (t?/c”\)s,,(f\,,),~ and for n large
enough that # (A) can be inverted in a neighborhood of A, the statistic L
is also a quadratic form in (3/dX)s,(X,,) (Problem 8). Thus, a characteriza-

tion of the distribution of (3/3X)s,(X,) is needed. We shall divide this
derivation into two steps. First (Theorem 12), a characterization of
(3/3X)s,(A%) is obtained. Second (Theorem 13), (d/dN)s,(A,) is char-
acterized as a projection of (d/dA)s,(A%) into the column space of H*'.

THEOREM 12, Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Then

ad
/;-a—xs,,(}\',',) ~ X+ o,(1)
where
X~ Np(v/-n_%s,?(}\‘;'), J;‘).
Proof. By either Theorem 6 or Theorem 10,
d ad &
i gxsa(A%) = Vi gy s(NL) = N,(0,5%).

By the Skorokhod representation theorem (Serfling, 1980, Section 1.6), there
are random variables Y, with the same distribution as vn(3/3X)s, (A%)
such that Y, — yn(8/3A)s)(A%) = Y + o(1), where Y ~ N (0, #*). Then

factor £* as F* = P*(P*) and for large n factor £* as S* = QQ’
{Problem 1). Then

Y, = Vi mesS(0) + 0(P*) 'y + [1- 0(P*) '] ¥ + 0,(1).
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Let X = yn(8/3X\)s%(A*%) + Q(P*)"'Y, whence

X ~ N,[Vn(8/a0)s2(xs), £,*]
and, since lim,, , ,@ = P* (Problem 1), [1 — Q(P*)"']Y = o,(1). o

In Theorem 12, any matrix that is equal to #,* to within o(1) can be
substituted for £* and the result will be corrected. In most applications,
#0 is a far more convenient choice because it is much easier to compute
and its use in derivations permits many helpful algebraic simplifications;
the derivations in Chapter 4 provide an illustration. Nonetheless, £*
seems the more natural choice, because it is the exact small sample variance
of Vn(3/3A)s,(A%) when s,(A) does not depend on any estimators of
nuisance parameters. Moreover, in the nonstationary case where one has
rather less flexibility, #,* arises naturally from the theory; see Theorem 13
of Chapter 7. The same remarks apply to #,* and 4} in the theorems that
follow. #* and % arise naturally, but the theorems remain true if #°
and @ are substituted, and these choices are more convenient in applica-
tions. Actually, these matrices will only differ by O(1/ vn ) in most applica-
tions, as in the example:

EXAMPLE 3 (Continued). In a correctly specified situation we have
g(x, ¥%) = f(x, \%), and from previous computations we have

£ = 2P FO)
£(A) = 2P (NFQO)

~2 £ 11009 = o M e (e

ala

= % % 170 82) = £ DI s 00 A 1)

2, = n(o’ + 2l ) = P)lE

A verification that Z(A), £.(A%), and ¥ (A*) differ from £,(X%), £, (N

and &, (A%) by terms of order O(1/ f ) is a fairly straightforward apphca-
tion of Taylor’s theorem. Using #£,(A*) to illustrate, an apphcatxon of
Taylor’s theorem, with X, denoting a point on the line joining A% to A%,
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together with Theorems 1, 3, 6 yields

= }: [£(x. 20) = f(x, )]——x—rf(x.,x )

t-l

i:Tm—f(x,,A ) (xR W (3% = A2

L2
( (o X G 5 A ) + o00)

ﬂl 'wl

2y

t=1

f(x A‘L)Wf(x,,A‘z.) - gr,f(x.,x:)g;f(x,.m

D
- S
[ 8]

):( 1R 3 o (xR (% = 33)

=1

‘,?; > (M [(x, X, )T—x'f(xn )\/'T(A?. - A)

=

o=

2 01 (5, 20) g A (5. )8 du(x) + (1)

-
——

<+

S

(2 J?;f(x, A) o ;%;f(x, X*)A dp(x) + 0(1))
whence

- F (am) L

FACARTALD) o(ﬁ). o

THEOREM 13. Let Assumptions 1 through 3 hold, and let either
Assumptions 4 through 7 or 8 through 12 hold. Under Assumption 13,

Vi s, (R,) = H(HFH) " Hp i s, (8) + 0,(1)

where #=_#* and H = H>.

Proof. By Lemma 2, we may assume without loss of generality that
A, X, A% A* € A. By Taylor’s theorem

Vi Srsa(R,) = Vi S, () + Sl (K, - A
h(R,) = Vah(Ne) + @Vn (X, - \%)
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where # has rows

d 4 < ,
?’)‘)\75’)\‘.‘"()\"») i=12,...,p

1

and H has rows

3, (5 :
k(A i=12...9

with X,  and A on the line segment joining A, to A%. By Lemma 2,
Vnh(A) = ,(1) Recalhng that Ynh(X%) = 0, we "have Hf (X, -2 =
0,(1). Since A, and A% converge almost surely to A*, each X, A , converges
almost surely to A*, whence # converges almost surely to } * by the
uniform almost sure convergence of (32/3A dX)s,(A); H converges al-

most surely to H* by the contmmty of H(A). Thus f£=_¢+ o(1) and
H = H + o,(1). Moreover, there is an N corresponding to almost evcry
realization of {e,} such that det(#) > 0 for all n > N. Defining ¢!
arbitrarily when det(_#) = 0, we have

S Hn(X, - x)=Vn (R, - ¥)

for all n > N. Thus, £ FVn(X, - M%) = Vn(X, — A*) + o,(1). Combin-
ing these observations, we may write

V(R =2 = o,(1)
V(R = A) =V s (K,) i Srs,(A) + 0,(1)
whence
HF W rsu(K,) = BF W s, (M) + 0,(1).

Since vn (9/3\)s,(A%) converges in distribution, it is bounded in probabil-
ity, whence

— - d d
HF'Wn 335,(R,) = HF ' n 335,(N) + 0,(1).
By Lemma 2, there is a sequence of Lagrange multipliers §, such that

7 3xsa(R,) + AR, = 0,0).
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Substituting into the previous equation, we have
e _ d
HF 'Hinl, = HF ‘\/,T;ﬁs,,(x;) + 0,(1).
By Slutsky’s theorem (Serfling, 1980, Section 1.5.4, or Rao, 1973, Section

2c.4), Vnd, converges in distribution. In consequence, both vné, and
Yn(3/3\)s,(,) are bounded in probability and we have

H(H g H") " HE Vs, (A%)
= H(HFH) " Hp i xs.(K,) + 0,)
= —~H'(HF'H') '"HF 'HVn b, + 0,(1)
= —H'Vnd, + 0,(1)
= Vi rsu(K,) + 0,(1). a

A characterization of the distribution of the statistic R follows im-
mediately from Theorem 13:

THEOREM 14. Let Assumptions 1 through 3 hold and let either
Assumptions 4 through 7 or 8 through 12 hold. Let

R = (s (X)) S (V) T A (5xs (L)),
Under Assumption 13
R~Y+o,(1)
where
Y=29 H[HF S5+ %) g 'H| 'HF 2
and
z- N,(/Z-;;s:’(?\:), ).

Recall: V=V}2, S=572 JF=4* =4 and H = H. Altematively,
V="V> F=s50 F=4° and ¥ =42 1f =0, then Y has the non-
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central chi-square distribution with ¢ degrees of freedom and noncentrality
parameter

a=n[(3/0N)sS(N)) £ H (HVH ) T HE [(3/00)s2(M)] /2.
Under the null hypothesis, a = 0.

Proof. By Lemma 2, we may assume without loss of generality that
X, € A. By the Summary,

FH(AVA)Y I =g\ [Hp (s + @) £ H ) T THE + 0,(1).

By Theorem 13, vVn (3/8A)s,(X,) is bounded in probability, whence we
have

R = n{Fxeu(8,)) 50 [+ @) g0
x(7x51(K2)) + 0,(1)

= "('g‘?xsa(’\f.))'}"'ﬂ'[llj"‘(f+ %) g 'H'] 'Hg!
x(;xs,,()\‘,,)) + 0,(1).

The distributional result follows by Theorem 13. The matrix
S H'[H F S H'| 'H #F is idempotent, so Y follows the noncentral
chi-square distribution of & = 0. m]

The remarks following Theorem 11 apply here as well. In a correctly
specified situation one rejects H: h(A%) = 0 when R exceeds the upper
a X 100% critical point of a chi-square random variable with ¢ degrees of
freedom. Under correct specification and A : h(A%) # 0 one approximates
the distribution of R with the noncentral chi-square distribution. Under
misspecification one must approximate with a quadratic form in normally
distributed random variables.

In many applications j‘ ! = gV for some scalar multiple a. In this event
the statistic R can be put in a simpler form as follows. Since rank(H) = g
and H is g by p, one can always find a matrix G of order p by r with
rank(G)=r = p — q and HG = 0. For such G we shall show in the next
section that
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Recalling that there are Lagrange multipliers §, such that

Ses(R,) = 14,
we have
GVt s, (R,) = aGHG, = 0.

Consequently we may substitute V™' for H'(HVH')"'H in the formula for
R to obtain the simpler form

R= azn(%sn(xn))’ﬁ(%sn(xn)).
We illustrate with Example 3:
EXAMPLE 3 (Continued). Substituting
0 = nsY(FF)™!
with
F=(m-p+) ly-rAIF

for V, and substituting

for #, we have

J = (257)7'(
whence

l ' el By Y
R= [y = fRIVEFF)Fly - 1(R,)].
Putting
FP=F(X,) FE*=F(\)

R is distributed as

R~Y+o,1)
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where
Y=2ZJU ‘H'(HQH') 'HJ 'Z
s = 2 (EE)
@ = n(o® + Ls(s2) - 1) ) (E0E9) "
H=[0:1] (I, is the identity matrix of order ¢)

zZ~ N(T_—F"[g(y) - ()], 10)

_"0 = ____FO/FO

n

When the modet is correctly specified, these equations reduce to

Y~ z%;z'(F,,°'F,,°)"H'[H(Fn°'1~",,°)“H']"H(F,,"'F,,")"’z

z~~,,( 2R (0) - g0 F°'F°))

Y is distributed as a noncentral chi-square random variable with g degrees
of freedom and noncentrality parameter

o= (202) [ f(X) - FO)) Fr(FOF) !
xH'[H(ESES) 1 H(ESES) ' Ee [ 1(09) - £()].
The noncentrality parameter may be put in the form (Problem 9)

_ L) - r OOV ER(EYEY) R LA() - £(8)]
202 )

THEOREM 15. Let Assumptions 1 through 3 hold, and let either
Assumptions 4 through 7 or 8 through 12 hold. Let

L =2n[s,(,) - 5,(8,)].
Under Assumption 13,
L~Y+o,(1)
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where
Y=2Z¢ H(HI W) 'Hg'Z
and
z~ N (v Sso(n), 5
- Ny n axsn( n)' ¢
Recall: V =V* SF=JS% F=g* U=4r and H = HY. Alternatively:
V=V s=52 F=00 and =40 1f HVH' = H# 'H’, then Y has

the noncentral chi-square distribution with g degrees of freedom and
noncentrality parameter

a=n(3/dN)sO(N) £ H(HIH') " HE 1 (3/8M)s0(M%) /2.

Under the null hypothesis, a = 0.

Proof. By Lemma 2 we may assume without loss of generality that X,,,
X, € A. By Taylor’s theorem

2[5,(%,) = 5,(8.)] = 2n( 355 (8,)) (K, - &,)
#n(Ry = K (g (R)) (R, - £,)

where ||A, — Al <liX, = A, By the Summary, (X,, X,) converges al-

most surely to (A*, A*), and (32%/dA dXN)s,(A) converges almost surely

uniformly to (4%/dA dX)s*(A) uniformly on A which implies

gaz/ax aN)s,(A,) =F+ o(1). By Lemma 2, 2n[(3/3N)s (A, -
») = 0,(1), whence

2n[sn(xn) - s,,(;\,,)] = n(xn - xn),[j.’. 0:(1)](xn - xn) + 0,(1).
Again by Taylor’s theorem
[£+ oIV (K, - K,) = VR gxsa(K,)-

Then by Slutsky’s theorem (Serfling, 1980, Section 1.5.4, or Rao, 1973,
Section 2c.4), vyn(X, — X,) converges in distribution and is therefore
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bounded. Thus

2n[sn(xn) - Sn(xn)] - n(x,, - X,)'}'(X" - Xn) + op(l)
(R, =8,) =2 Vi gxa(R) + 0,(1)

whence

2n[5,(R,) = 5,(8.)] = n( x5a(52)) 7 FralRa)) + 0,0)

and the distributional result follows at once from Theorem 13. To see that
Y is distributed as the noncentral chi-square when HVH’ = H_# 'H’ note
that # 'H'(H # 'H’)"'H # ¥ is idempotent under this condition. n}

The remarks immediately following Theorems 11 and 14 apply here as
well. One rejects when L exceeds the upper a X 100% critical point of a
chi-square with g degrees of freedom, and so on.

In the event that #= a.#+ o(1) for some scalar multiple a, the “likeli-
hood ratio test statistic” can be modified as follows. Let 4, be a random
variable that converges either almost surely or in probability to a. Then

d,L ~ a¥ + 0,(1)
where
a¥ = Z' 'H/(HsH') 'Hs 7.

Since ST 'H/(HS 'H’YH.# 'F is an idempotent matrix, aY is distributed
as the noncentral chi-square distribution with g degrees of freedom and
noncentrality parameter

~ n(3/3X)sYN) S H(HE HY) T HE Y (8/90)s2(M)
- . )

We illustrate with the example:

EXAMPLE 3 (Continued). Assuming that the model is correctly
specified,

2
S= 4o E‘O'E.O
n
l= z_FOfFO
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Thus we have
F=(26?)"'s.
An estimator of o2 is
st=(n-p) Iy -s(AI.
The modified “likelihood ratio test statistic” is

@)L= 25?7 )51y - 7RI - 2l - 7B 1F)
Py (O] e PR (ST )

N

A further division by ¢ would convert (2s?)"'L to the F-statistic of
Chapter 1. Assuming correct specification, (252) 'L is distributed to within
0,(1) as the noncentral chi-square distribution with ¢ degrees of freedom
and noncentrality parameter (Problem 9)

oo LIS - OOV EX(EVR) EX[7(8) - 7(0)]

202

Under specification error
(252)"'L ~ aY + 0,(1)
where
Zg'H(HF ‘H') 'HF'Z
207+ (2/n)||2(x8) - FOS) I
2 opo_ 2 v ' YK 3? 0
fg ;{F;r Fn - n Z [g(x,,)’,,) -/(xn An)] mf(xu Am)

(32D

2w 0 A* 40’ 00
Z - N\ =B a(n) - FO0)] S-EOR?). o

PROBLEMS

1. (Cholesky factorization.) The validity of the argument in the proof of
Theorems 11 and 12 depends on the fact that it is possible to factor a
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symmetric, positive definite matrix 4 as 4 = R'R in such a way that
R is a continuous function of the elements of the matrix 4. To see
that this is so, observe that

ay,  ag
__‘.:__j‘l
a
A= (1): 22
i
I
]
L 1
i ] |
0§10 i M r,
cdea M et Y - B Py
= "{25 Ijj0 E D 0 E I
S R
UTH ] ]
L. lpl I i

where
'y = yay

31k
= e k=2,...,
Tk \/a—n P

1
Dy =Ap - Ka(l)ah)'

The r,, are the continuous elements of 4 and D, is a symmetric,
positive definite matrix whose elements are continuous functions of
the elements of A, why? This same argument can be applied to D, to

obtain
o \ - -
l—"n 0 | 1 0 o2 ns Ny
] I {
) 0 , 0 i
I‘n rzz : 0 1: 0 "22: r23 fzp
A R ] mm e a———-— A=} - dmoem | e R e e
Ny ) H '
. . I 1 t
. ol I 0 ! D, 0 : I
BT ERCT R AL i i

with continuity preserved. Supply the missing steps. This argument
can be repeated a finite number of times to obtain the result. The
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recursion formula for the Cholesky square root method is

a,

ru= k=1,2,3,...,p

1 o . .
'}kz;j;(ajk- Z’U"m) j=23,...,p k=j,j+1,...,p.
i=1

Observe that on a computer A4 can be factored in place, using only the
upper triangle of 4 with this recursion.

Suppose that 8° converges to 8*, and 4, converges almost surely to
0*. Let g(8) be defined on an open set 8, and let g(8) be continuous
at 8* € 8. Define g(8) arbitrarily off 8. Show that

g(d,) = g(6?) + 0,(1).

Let 8 be a square matrix and g(#) a matrix valued function giving the
inverse of 8 when it exists. If #* is nonsingular, show that there is an
open neighborhood © about 6* where each # € © is nonsingular and
show that g(@) is continuous at 8*. Hint: Use the facts that ||6]] =
(Z,021'2, l1gll = [Z,,;82)'/%, the determinant of a matrix is continu-
ous, and an inverse is the product of the adjoint matrix and the
reciprocal of the determinant. Show that if Vr (3/dA)s,(A%) con-
verges in distribution, then vn(3/dA)s,(N\%) is bounded in prob-
ability. Show that

[ + o, ()] [£+ 0, D] Vi s, (A)
= Hp ' S5, (M) + 0,(1).

Expand vn h(A%) in a Taylor’s series and show that lim,, _, v #(A%)
= HA.
Verify that if the linear model

Yo=x;B+u,
is estimated by least squares from data that actually follow
yi=g8(x, 1) +e

with e, independently and normally distributed, and if one tests the
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e

linear hypothesis
H:RB=r against A:RB+r
then

x5 (%) = N[V 3 s20), 7).

Verify that « = 0 when the null hypothesis is true in Theorem 14.
(Invariance.) Consider a least mean distance estimator

. 1 ¢ N
X minimizes s,(A) = - Y s(y.x,.%,A)
r=1

and the hypothesis
H: X =X* against A4:X0 =)\~

Let g(p) be a twice differentiable function with twice differentiable
inverse p = @(\). Then an equivalent formulation of the problem is

p minimizes s,[g(p)] = % % 5Ly o s 8(0)]

t=]
with the hypothesis
H:pY=@(A*) against A:p? # @(A*).

Show that the computed value of the Wald test statistic can be
different for these two equivalent problems. Show that the computed
value of the Lagrange multiplier and “likelihood ratio” test statistics
are invariant to this reparametrization.

(Equivalent local power.) Suppose that #* = _#* and that #* = 0,
so that each of the three test statistics— W, R, L—is distributed as a
noncentral chi-square with noncentrality parameter a,. Show that
lim, , .a, = AH'(HVH')"'HA/2 in each case, with H =

(8/3X)h(A*) and V = (F*) "\ F*(F*)"".

Fix a realization of the errors. For large enough n, A, and X, must be
in an open neighborhood of A* on which (32/3A 3X)s,(A) is invert-
ible. (Why?) Use Taylor’s theorem to show that for large enough n, L
is exactly given as a quadratic form in (3/ AN)s, (X,).
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9. Using the identity derived in Section 6, verify the alternative form for
a given in the examples following Theorems 14 and 15.

10. Verify the claim in Assumption 13 that h(A%) = 0 for all » implies
that there is an N with A% = A* for all n > N.

6. ALTERNATIVE REPRESENTATION OF A HYPOTHESIS

The results of the previous section presume that the hypothesis is stated as
a parametric restriction

H:r()%) =0 against 4:h(X%) = 0.

As we have seen, at times it is much more natural to express a hypothesis as
a functional dependence
H: )\ =g(p®) forsomeplin &
against A:X% # g(p) foranypin R.

We assume that these hypotheses are equivalent in the sense that
{A:h(A)=0,Ain A*} = (A: A =g(p), pin R}

where A* is the set over which s5,(A) is to be minimized when computing
X,,, and append the following regularity conditions: h:R” - R% g:R" —
R?, p=r+ g, HQA) = (3d/dN)h(A) is continuous and has rank g on A*,
G(p) = (3/dp")g(p) is continuous and has rank r on R, and H[g(p)IG(p)
= 0,

Given a once continuously differentiable function h(A) mapping A* C
R’ into RY a construction of the function g(p) and domain @ can be
obtained as follows. Suppose that there is a once differentiable function
@(A) defined on A* such that the transformation

7=h(A)
p=o(A)

has a once differentiable inverse

A=¥(p, 7).

g(p) = ¥(p,0)
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and
R={p:p=p(A), H{A) =0, Ain A*}.
We have immediately that
{A:A(A)=0,Ain A*} = (A:A=g(p),pin R)
and by differentiating the equations

0=rh[g(p)]
p=olg(p)]

we have
9, = H[z(p))G(p)
4= 3x912(p)1G(p)

which implies that the rank of G(p) is r.

Let us now consider how g(p) can be used instead of A(A) in implement-
ing Theorems 14 and 15. X, can be computed by minimizing the composite
function s,[g(p)] over R to obtain 5, and putting A, = g(p,). Similarly,
A% can be computed by minimizing s2{g(p)] over # to obtain pl and
putting A* = g(p?). The statistics R and L, the vector (/3A)s2(A%), and
the matrices £, #, %, and V can now be computed directly. What remains
is to compute matrices of the form H'(HAH’)"'H where A is a comput-
able, positive definite, symmetric matrix and H = (d/3N)h(A%). Let

9
G = 558(e)-
We shall show that
H'(HAH') 'H=A4"'-4"'G(G'4A7'G) ‘G4

for any positive definite symmetric A. Factor A as 4 = PP’ (Problem 1 of
Section 5). Trivially HPP~'G = 0, which implies that there is a nonsingular
matrix B of order g and there is nonsingular matrix C of order r such that
0, = P'H’B has orthonormal columns, @, = P~'GC has orthonormal col-
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umns, and the matrix & = [0, : @,] is orthogonal. Then

I=|o, ;02][2]
= 0,0 + 0,0,
= 0,(010,)7'0; + 0,(0;0,)"'0;
= P’H'B(B’HPP'H’'B) ' B'HP
+P7GC[C'G(PYYPIGC] TICG (P
= P'H'(HAH')"'HP + P7'G(G'4™'G)”'G(P~')’
whence
ATt =(PYI(PY)
= H'(HAH') 'H + A7'G(G'A7'G) 'G'4~".

To illustrate, suppose that # =_# in Theorem 15. Then the noncentrality
parameter is

o = nes2(M) S H (HE H) " HE Fst(W)
= ngg () - 6(66) 16! ] Frs2 (M)
= nggs2(X8) £ 2 s2(A%)

since (3/dA)s%(A%) = H’0, where @ is the Lagrange multiplier.

7. CONSTRAINED ESTIMATION

Throughout this section we shall assume that the constraint has two
equivalent representations:

parametric restriction: h(A) = 0, A in A*,
functional dependence: A = g(p), p in @,

where A:R?” - RY, g:R"— R?, and r + g = p. They are equivalent in
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the sense that the null space of A(A) is the range space of g(p):
Ap={A:h(A)=0,Ain A*} = {A: X =g(p), pin R}.

We also assume that both g(p) and A(A) are twice continuously differentia-
ble. From

hlg(p)] =0

we have
a d
Fwhls(e)] 778(p) = HG=0.

If rank{H’:G)=p, we have from Section 6 that for any symmetric,
positive definite matrix &£

G(G'¥G)'G' =¥ ' - S 'H'(HY ‘H') 'HL \.

Section 6 gives a construction which lends plausibility to these assumptions.

Let the data generating model satisfy Assumptions 1 through 3. Let the
objective function s,{g(p)] satisfy either Assumptions 4 through 6 or
Assumptions 8 through 11. Let

p, minimize s,{g(p)},
pd minimize sJ[g(p)},
p* minimize s*(g(p)].

Then from either Theorem 3 or Theorem 7 we have that

lim g, = p* almost surely

n—w

lim p? = p*  almost surely

n—o0

and from either Theorem 5 or Theorem 9 that
&£ _ -
Va (B, — 00) S N[0, (£2) () Y

The matrices £,* and £* are of order r by r and can be computed by
direct application of Notation 2 or Notation 6. In these computations one is
working in an r-dimensional space, not in a p-dimensional space. We
emphasize this point with the subscript p: £*, #.* and %*. To illustrate,
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computing according to Notation 2, one has

a; = [ [ [ s [¥exve)xnt. go)] dp(e)
X( [ 1¥Ce, 5y xr, ()] aP(e)) dn(x)
22 = [l 7pstrte xv)x, v 561
x(—a%s[Y(e, x,¥%), x, 7%, g(p“)])'d}’(e) du(x) - ¥

32
F AR Ty ridi Gl

Estimators of £* and #,* are computed according to Notation 4 or
Notation 9. To illustrate, computing according to Notation 4, one has

= 2 3 (sl 8801 2 s %70 881

{1

30075 LYo %00 % 2(8,)].

As to testing hypotheses, the theory of Section 5 applies directly. The
computations according to Notation 3 or Notation 8 are similar to those
illustrated above.

Often results reported in terms of

X, =2g(5,)

are more meaningful than results reported in terms of ,. As an instance,
one wants to show the effect of a restriction by presenting X,, and its
(estimated) standard errors together with A, and its (estimated) standard
errors in a tabular display. To do this, let

N = g(p})
A* = g(p*).
By continuity of g(p)
lim X, =A*  almost surely

n-— o0
lim A% = A%,

n— o0
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Note that A* is not equal to A* of either Section 3 or Section 4 unless the
Pitman drift assumption is imposed. From the Taylor series expansion

g(,) = 8(87) = [G* + 0,(1)]Vn (5, - o)
where G* = (3/3p')g(p*), we have that
s -t -1
(X, = X) > N [0.6 (") g (A) 6],
The variance-covariance matrix is estimated by
A ay—1 A -1 a
G(£) 4(£) ¢
where G = (3/3,)8(8,).
To use these results given the parametric restriction A(A) = 0, one
would actually have to construct the equivalent functional dependence
A = g(p). This construction can be avoided as follows.

Let d, be the Lagrange multiplier for the minimization of s,(A) subject
to h(A) = 0, and let

. FE Y
P= gxaw [5.(X.) + Ga(R,)].
One can show that (Problem 1)
4= 66

and using the chain rule with either Notation 4 or Notation 9, one finds
that

£ = GSG
where F= (). Thus
G(£) ' E(L) ¢ = G(626) G FC(G26) 6.
Using the identity given earlier on, one has
G(4) " 4(A) ¢
- &1 - B(AS0) AP 51 - FH(HSH') A ) &

where H = (d/3X)h(X,). The right hand side of this expression can be
computed from knowledge of 5,(A) and h(A) alone.
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Similarly, if
A* minimizes s*(A) subjectto A(A) =0
with Lagrange multipliers 8%
G‘(,z,‘)"l.{,‘(};")'lG"
=21 - H(HL W) 'HL V| S[1 - 2 H(HL W) H) 27

where

H = S5h(A")

= L [s2 (%) + 6% (0")]

S=F(2\).

Under a Pitman drift, 8% = 0, and the expression that one might expect
from the proof of Theorem 13 obtains.

PROBLEM
1. Show that the equation h{g(p)] = 0 implies
P 5 32
/)-:1 mh.[g(l))] W&(P)
w92 3 9
=-L X m’luls(n)]gﬁ;gk(p)mg:(p)-

im]l k=1

Suppose that A = g(5) minimizes s(A) subject to 2(A) = 0 and that §
is the corresponding vector of Lagrange multipliers. Show that

P a 82
Y ms[x(ﬁ)]m&(ﬁ)

l=1 P P 9 92 P) 3 )
- I§ kgx “2_:15..8}(* gx,h"(x)"gp'“jgk(ﬁ')gagl(l’)-

Compute (32/dp, dp;)s[g(p)), and substitute the expression above to
obtain

g%s[g(ﬁ)] = (%g(ﬁ))'gxa—;-y[sd) + i'h(X)](%g(ﬁ))‘
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8. INDEPENDENTLY AND IDENTICALLY DISTRIBUTED
REGRESSORS

As noted earlier, the standard assumption in regression analysis is that the
observed independent variables { x,}7., are fixed. With a model such as

y=g(x,70) +e, t=12,...,n

the independent variables { x, };., are held fixed and the sampling variation
enters via sampling variation in the errors {e,}7.,. If the independent
variables are random variables, then the analysis is conditional on that
realization {x,}/., that obtains. Stated differently, the model

ylﬂg(x1’Y,?)+e, I=1,2,...,n

defines the conditional distribution of {y,}/.; given {x,}{.,, and the
analysis is based on the conditional distribution.

An alternative approach is to assume that the independent variables
{x,};., are random and to allow sampling variation to enter both through
the errors {e,)]., and the independent variables {x,}/.,. We shall see that
the theory developed thus far is general enough to accommodate an
assumption of independently and identically distributed (iid) regressors and
that the results are little changed save in one instance, namely the mis-
specified model. Therefore we shall focus the discussion on this case.

We have seen that under the fixed regressor setup the principal conse-
quence of misspecification is the inability to estimate the matrix #£* from
sample information because the obvious estimator .# converges almost
surely to Sf* + %* rather than to S* As a result, test statistics are
distributed asymptotically as general quadratic forms in normal random
variables rather than as noncentral chi-square random variables. In con-
trast, a consequence of the assumption of iid regressors is that #* = 0,
With iid regressors test statistics are distributed asymptotically as the
noncentral chi-square. Considering least mean difference estimators, let us
trace through the details as to why this is so. Throughout, f= £°, #= #£0
and ¥ = 0.

With least mean distance estimators, the problem of nonzero #*
originates with the variables

;xs[Y(e,,x,,y,?),x,,f,?.A] t=1,2,...,n

that appear in the proof of Theorem 4. In a correctly specified situation,
sensible estimation procedures will have the property that at each x the
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minimum of
Ls[y(e, x,72), x, 70, A] dP(e)
will occur at A = AJ,, Under the regularity conditions, this implies that
0= 3 fs[¥(e.x.v8). 5.7, 20] dp(e)
= f‘%s[}’(e, x,v8), x, 70, X dP(e).
Thus, the random variables

d
Z(e,) = ﬂs[}’(e,, X ¥8)s x4 70, }\‘f,]

have mean zero and their normalized sum

= Y Z,(e,)

=1

has variance-covariance matrix

s= 1% [z(e)zi(e) dP(e)
&

(L3}

which can be estimated by . In an incorrectly specified situation the mean
of Z(e)is

d
“’ = Lﬁs[}’(e’ xl’ ‘Yp?)! xn 7"0, Aon] dP(e)

with, as a rule, p, # 0, so that pu, varies systematically with x,. Under
misspecification, the normalized sum

has variance-covariance matrix

5= 3 T 12 - m11Ze) - ) dp(e)

(=1
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as before, but £ is, in essence, estimating

l n
S+ L pnp.

=1

Short of assuming replicates at each point x,, there seems 10 be no way to
form an estimate of

Y =

3|

n
I
t=1

Without being able to estimate %, one cannot estimate 5.

The effect of an assumption of iid regressors is to convert the determinis-
tic variation in p, to random variation. The g, become independently
distributed, each having mean zero. From the point of view of the fixed
regressors theory, one could argue that the independent variables have all
been set to a constant value so that each observation is now a replicate. We
illustrate with Example 3 and then return to the general discussion.

EXAMPLE 3 (Continued). To put the model into the form of an iid
regressors mode! within the framework of the general theory, let the data be
generated according to the model

= 0
Yay = 8()’(2):» Yn ) + eqy

Yoy = By + eay
which we presume satisfies Assumptions 1 through 3 with x, = 1 and u the
measure putting all its mass at x = 1; in other words, x, enters the model
trivially. The y,;), are the random regressors. Convention has it, in this type

of analysis, that y,, and e, are independent, whence P(e) is a product
measure

The fitted model is
y(l),=f(y(2),,)\)+p, r=12,...,n

and X is estimated by X, that minimizes

n

s,(A) = ;l,' Y [Y(m ‘f()’(zw A)]z'

=1
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Let » be the measure defined by

_/ g(yay) dv(yg) = f glue + ew) dPy(e)
¥a) LN

where %/;, is the set of admissible values for the random variable y,. We
have

s(y,x,A) = [)"u) “f(}'(z)’ }‘)]2

-’3(") = 0(%) + fg [8()’(2)’71?) "f()’a)» A)]zd”()’(z))
(3/8)\).;,?()\) = '2[g [3(}’(2)’7:?) "f()’(z)’ X)} ﬁqxf()"(z)v ’\) d"()’(:))

)\2, minimizes ];[g(y(z),‘f,?)‘f(}'(z)’x)lzd"()’(z))-
()

The critical change from the fixed regressor case occurs in the computa-
tion of

j;Z,(e) dP(e) = L%s[l’(e, %, 70), x,, NS] dP(e)

x, ™1

Let us decompose the computation into two steps. First compute the
conditional mean of Z,(e) given that y, = y,,

B, = L Z,(e(,),em) dP(l)(e(l))
®

= _2[8(,)'(2):»%?) f Yo N ]_Xf Yoy A )

Second, compute the mean of g,

f‘y l‘,d"()’(z)) =f - 2[8()’(2)"{'?) ‘f )’(2)’ ]—‘Xf Yoy, n) d"()’(z))

(1)
a
=3xS 2(X%)
=0
because A% minimizes s®(A). Consequently

fZ,(e) dpP(e) =
;
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and = %* = (. One can see that in the fixed regressor case the condi-
tional mean p, of (d/3\)s[Y(e, x, v?), x, A%] given the regressor is treated
as a deterministic quantity, whereas in the iid regressor case the conditional
mean p, is treated as a random variable having mean zero.

Further computations yield

a
Sf= 4"(%>fg Ia—xf()’(zr )3‘X‘f(y(2)v %) dv(¥a)
= 2[ "Xf )’(2)’ )axf(Y(z)' n) d”()’(z))

~2f9' [8()’(2):7;?) .V(z): ]Tﬁf )’(z), )d’()’(z)) g
)

Returning to the general case, use the same strategy employed in the
example to write

a(rx®) = |

e(l)) - Qa)(yu)- Yy 7'?)
€2 Yoy — B

with x = 1 and

dP(e) = dP,,(e;,) ¥ dPg(em):
Y 1is the iid regressor. The reduced form can be written as

. 0
Yo = Ym(eu)’ Yo Y,,)
Yoy = By t €y

Let » be the measure such that
j g(ra) dv(yy) = f glrg + ey) dPy(ey))
L% L

where &, is the set of admissible values of the iid regressor y,s,.
The distance function for the least mean distance estimator will have the
form

s()’u)v Yay» s A)-
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Since the distance function depends trivially on x,, we have

s9(AS) = LS[Ya)(em’Pa) + e V) By + ey TS "(3-] dP(e)

= f s[ Yo (eqy Yo 1), Yoo 70 o] dPy(eq) dv(ya)).
"4

Since (3/3X)s2(A%) = 0 and the regularity conditions permit interchange
of differentiation and integration, we have

3
'L"h) ., -a—xs[y(l)(e(x), Yy 7,?), Yo, r”", A‘:,] de(eu)) d"()’(z)) =0
(¢13

whence ¥ = #* = (. Other computations assume a similar form, for
example

s~/

@

32
f‘ Y ax‘[Ya)(em» Yay ¥0)s Yays 0. Ao] dPoy(eq)) dv(yy)-
433

Sample quantities retain their previous form, for example

n 2

1 a .
j“ n Z )] 3x5(}’<1)n Yyer Tns Xn)‘
t

-]

For a method of moments estimator, in typical cases one can exploit the
structure of the problem and show directly that

f m[Y(l)(e(l)’ Yoy Y:?)» Yy A A‘:] dP(l)(e(l)) dv(ya) = 0.
80y €

This implies that K = K* = 0 whence % = #* = 0. The remaining com-
putations are modified similarly to the foregoing.

The critical operative in the above discussion is the word identically. A
sequence of fixed regressors {x,} is a sequence of independent random
variables, but not a sequence of identically distributed random variables
except in the trivial case x, = const. Thus, a theory that is general enough
to permit nonidentically distributed errors would be general enough to
include the fixed regressors model as a special case, and the inability to
estimate % * under specification error ought to be a characteristic of such a
theory. We shall see that this is indeed the case in Chapter 7.
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CHAPTER4

Univariate Nonlinear
Regression:
Asymptotic Theory

In this chapter, the results of Chapter 3 are specialized to the case of a
correctly specified univariate nonlinear regression model estimated by least
squares. The specialization is basically a matter of restating Assumptions 1
through 7 of Chapter 3 in context. This done, the asymptotic theory follows
immediately. The characterizations used in Chapter 1 are established using
probability bounds that follow from the asymptotic theory.

1. INTRODUCTION

Let us review some notation. The univariate nonlinear model is written as
5 =f(x,0% +e t=12,..,n

with 8% known to lie in some compact set ©*. The functional form of
f(x, @) is known, x is k-dimensional, # is p-dimensional, and the model is
assumed to be correctly specified. Following the conventions of Chapter 1,
the model can be written in a vector notation as

y=f(6°) +e
with the Jacobian of f(#) written as F(8) = (3/38")f(8). The parameter 8
is estimated by § that minimizes

1 1 ¢
si(0) = 21y = 1O = 5 T [y - f(x, 0]
=1
We are interested in testing the hypothesis
H:h(8°) =0 against A4:h(8°) =0
253
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which we assume can be given the equivalent representation

H: 8° = g(p°) for some p° against A:6°+ g(p) for anyp

where #:R? — R? g:R"— R” and p = r + q. The correspondence with
the notation of Chapter 3 is given in Notation 1.

NOTATION 1.

General (Chapter 3) Specific (Chapter 4)

e =q(¥o X1 Yn) e =y~ f(x,6))

YyeT 0 0"

y = Y(e,x,v) y=f(x,8)+e

s(y,, Xs ‘;m A) [y, - f(xn 0)12

A€ A* 6cor

sa(A) su(8)

= (1/n)Zio1S(YVp X,0 Ty X) = (1/mE;_ Ly, — f(x,, 0}
Sp(A) 50(0) = a?

= (1/mZ]oy fesY(e, X0 ¥)), X 7 A] + (/ML S (%, 6) — flx,, O)F°
xXdP(e)

s*(A) 5*(8)

= fff,s{Y(e, X, Y.)r X, T‘v Al

X dP(e) du(x)
A, minimizes s,(\)

X, minimizes s,(\)
subject to h(A) =0

A% minimizes s’(\)

A* minimizes sJ(A)
subject to A(A) = 0

A* minimizes s*(A)

=a’+ Iﬂ'[f(xv 0‘) - f(x1 0)]2
Xdp(x)

8, minimizes s,(0)

8, = g(p,) minimizes s,(0)
subject to h(8) = 0

6° minimizes s2(0)

0 = g(p;) minimizes 5,(6)
subject to h(8) = 0

6* minimizes s*(9)
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2. REGULARITY CONDITIONS

Application of the general theory to a correctly specified univariate nonlin-
ear regression is just a matter of restating Assumptions 1 through 7 of
Chapter 3 in terms of Notation 1. As the data are presumed to be generated
according to

yl=f(xl’0no)+e( 181,2,...,73
Assumptions 1 through 5 of Chapter 3 read as follows.

ASSUMPTION 1. The errors are independently and identically distrib-
uted with common distribution P(e).

ASSUMPTION 2'. f(x, 8)is continuous on ¥ X 8*, and 8* is compact.
ASSUMPTION ¥ (Gallant and Holly, 1980). Almost every realization

of {v,} with v, = (e, x,) is a Cesaro sum generator with respect to the
product measure

v(4) = [ [1u(e, x) dP(e) dp(x)
and dominating function b(e, x). The sequence {x,} is a Cesaro sum
generator with respect to g and b(x) = [.b(e, x) dP(e). For each x € &
there is a neighborhood N, such that [ supy b(e, x) dP(e) < coc.

ASSUMPTION 4’ (Identification). The parameter §° is indexed by n,
and the sequence {8} converges to 8*.

s*(8) = o2+ [[f(x,6%) - f(x,0)] du(x)
T
has a unique minimum over 8* at §*.

ASSUMPTION 5°. ©* is compact, [e + f(x, 8°) — f(x, 8))? is dominated
by b(e, x); b(e, x) is that of Assumption 3.

The sample objective function is
: 1 2
5(0) = =y - 7(8)
with expectation

s2(8) = o% + 1| 7(62) - £(O) .



256 UNIVARIATE NONLINEAR REGRESSION: ASYMPTOTIC THEORY

By Lemma 1 of Chapter 3, both s,(#) and s°(8) have uniform, almost sure
limit

s*(8) = o>+ [[f(x,0%) = f(x,0)] dn(x).

Note that the true value 82 of the unknown parameter is also a minimizer
of 50(8), so that our use of §° to denote them both is not ambiguous. We
may apply Theorem 3 of Chapter 3 and conclude that

lim 69 = §*

R— 00

lim §, = 8*  almost surely.

n—+og
Assumption 6 of Chapter 3 may be restated as follows.

ASSUMPTION 6°. ©* contains a closed ball © centered at * with
finite, nonzero radius such that

g%is[r(e, x,0°,x,8] = —2[e + f(x,0°%) ~ f(x,0)] a—i:f(x,ﬂ)
%%S[Y(e,x,ao),xﬁ] = 2(-5%f(x,o))(§%/(x,o))
~2fe + 1(x,8) = 1(x.0)] 35 (. )
(g%;s[}’(e, x,0°),x,al)(-a—%s[Y(e,x,ﬂo),x,0l)
= dle + 1(x,8%) = 12, 0P (5. 0)) | 7 (5.9)

are continuous and dominated by b(e, x) on FX X 8* X 8 for i, j =
1,2,..., p. Moreover,

7+ =2 (55/0x 0))(55/(x. 04)) du(x)

is nonsingular.
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Define

NOTATION 2.

L(Tf(x, 0“))(-{%“% 9")),0';;(1)

03 = 1 F(82) F(82)
01 = ~F{(62)F(8?).

Direct computation according to Notations 2 and 3 of Chapter 3 yields
(Problem 1).

S*=4q%Q

F*=20

Y* =0

£0 = 40700

A =208

% =0

S+ = 4070}

£ =207 = 2 5 [1(x,,69) - £(x,. )] 59 (5,0 67)

=1

2

L (£ ) = £x0 80 55/ (e 8)) 77050 0))

t=1

=|A

Noting that
d 2 ., 0
255:(8) = — = F(8)[e + /(82) - f(8))

we have from Theorem 4 of Chapter 3 that

1
L F(82)e £ ,(0,07)
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and from Theorem $ that

Vi (6, ~ 6°) 3 N,(0,0%07")
lim Q¢ = Q.

n-—sot
The Pitman drift assumption is restated as follows.

ASSUMPTION 7’ (Pitman drift). The sequence 82 is chosen such that
lim, _ Vn (6° — 6*) = A. Moreover, h(8*) = 0.

Noting that

2520) = = 2F(0)[ £(6) - 1(9)]
we have from Theorem 6 that

lim 4, = 6*  almost surely

n-+ 00

lim 82 = 6*

n-+» 00

lim 03 = 0

‘/-F(O‘)e—*N(O 02Q)

. 1
lim —=F(87)[1(67) - /(67)] = 0A.
n-—-soc yNn
Assumption 13 of Chapter 3 is restated as follows.
ASSUMPTION 13. The function k(8) is a once continuously differentia-
ble mapping of © into R¥. Its Jacobian H(8) = (d/36’)h(8) has full rank
(=gq)at 8 =0*
PROBLEM
1. Use the derivatives given in Assumption 6’ to compute £ (0) }'(0),

(0) and S(8), F(8), %(0) as defined in Notations 2 and 3 of
Chapter 3.
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3. CHARACTERIZATIONS OF LEAST SQUARES ESTIMATORS
AND TEST STATISTICS

The first of the characterizations appearing in Chapter 1 is

b,= 62+ [F(62)F(8D)] ' F/(8)e + o, ).

It is derived using the same sort of arguments as used in the proof of
Theorem S of Chapter 3, so we shall be brief here; one can look at Theorem
5 for details. By Lemma 2 of Chapter 3 we may assume without loss of
generality that §, and 6° are in © and that.(3/38)s,(f,) = 0,(1/ Vn).
Recall that Q% = Q + o(1), whence £° =_#* + o(1). By Taylor's theorem

Vi 255,(82) = Vi Fys.(6,) + Al (62 - 6,)
where j=]‘ + 0,(1). Then
[#* + 0, (D]Vn (6, - 8°) = — Vi 55, (8°) + 0,(1)
which can be rewritten as
Sn(6,-6)) = —/'79%3,(0.?) ~[£* =22+ o, ()] Vn (6, ~ 67)
+0,(1).
Now #* — #0 + 0,(1) = o,(1) and Vn (f, — §%) = N,(0, 0°Q), which im-

plies that v (, - 87) = O,(1), whence [ #* ~ £° + o, ()Vn (6, - 67) =
0,(1). Thus we have that

Z (6, - 69) = Vi 35,(69) + 0,(1).
There is an N such that for n > N the inverse of £ exists, whence

Y (6, - 69) =~y (£2) ™" s, (62) + 0,(1)

or

6= 00 - (22) " 355.(6) + o, ).
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Finally, —(#°)"1(3/30)s,(6°) = {F’(82)F(8%))'F'(8°)e, which com-
pletes the argument.
The next characterization that needs justification is

el FO) (00 F80)) (82 ) e

n-—p

+ 0,(1/n).

The derivation is similar to the arguments used in the proof of Theorem 15
of Chapter 3; again we shall be brief, and one can look at the proof of
Theorem 15 for details. By Taylor’s theorem

n[5,(69) = 5,(6)] = n( 755.(8,)) (6, - 89)
506, - 09) ( 70ggrsn(8)) (6. - 82)
=,.o( )(4-00)

10— 0[50+ o 0)(4, - 9)
%( 00) A ( - 0"0) + op(l).

+

From the proceeding result we have

8,- 6= [F(62)F(62)] ' F'(80)e + "(Vl‘i)

whence

n[5.(82) = s.(4.)] = ne'F(62)[F(67)F(67)] "' F'(6)e + 0,(1).
This equation reduces to

Iy = 7O = {1 - F(62)[F(82) F(82)] " F(89) e + o,( )

which completes the argument.
Next we show that

W(0.) = h(62) + H(O2) [ F/(82) F(80)] ' F(89)e + o = ).
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A straightforward argument using Taylor’s theorem yields
Vnh(6,) = Vnh(6)) + Hin (6, - 67)

where H has rows (8/30")h(6,) with §, = A,():, + (1 = X,)8? for some A,
with 0 < A, < 1, whence

Vnh(8,) = ynh(67) + [H(67) + o, ()]Vn (4, - 67).
Since v (4, — 6°) is bounded in probability, we have
Vnh(4,) = Vnh(6)) + VnH(8)(6, - 67) + 0,(1)
= Vah(89) + H(62 ) ([ F(62)F(82)] ' F(89) e

1
+0p(7—;‘)} +o,(1)
= Vnh(6°) + Va H(00)[ F/(8°) F(62)] 'F'(82)e + o,(1).

We next show that

Lo ()
s2  e(I—Pg)e P\n

where

Pr=F(67)[F/(60) F(8)] "F'(8)).
Fix a realization of the errors (e,} for which lim,_ s =0? and
lim, . e/(I = Pg)e/(n — p) = 6% almost every realization is such (Prob-
lem 2). Choose N so that if n > N then s2 > 0 and e’(I — Py)e > 0. Using

2 €U = Pre
$t=—u +0,(1/n)

and Taylor's theorem, we have

1
—2==

5 e’(;’:;;)e - (e’(;:gr)e)zo”(%)'

The term [(n — p)/e’(I — Pg)e])? is bounded for n > N because
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lim, . [(n — p}/e'(I - Pr)e]* = 1/0* One concludes that 1/s% = (n —
p)/€’(1 — Pg)e + o,(1/n), which completes the argument.
The next task is to show that if the errors are normally distributed, then

We=Y+o,l)
where
Y~ F'(q,n-p,}7)
w(60){ H(62)[F(89) F(82)]) "' H(82)) 'n(62)
202 )
Now

w(d,){Bl(/n)F(8,)F(8,)] A"} "n(4

W =
n qs2

and as notation write
ynh(4,) = Vnh(8?)
+Vn H(67)[F(67)F(8)] ' F(67)e
+0,(1) = p+ U+ 0,(1)
a5 r ) r@)) " a| " = (o) Lran re) o]
+0,(1)
=A"1+0,(1)

whence

=[p+ U+o,(1)]a " [p+ U+o(1)][7___£)— +o(1)]

_ (s+ UYA7(p+ U)/(g0?)
e'(1 - P)el[oa*(n - p)]
=Y+ 9,(1).

+ 0,(1)

Assuming normal errors, then

U~ N,(0,0%4)
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which implies that (Appendix to Chapter 1)
(b + UYA Y (p+ U)

o2 -~ XZI(qr }‘)
with
_ 47
A= 20?
_ (o) (o) [ /my F1(02) F(o2)] " h(82)) "h(82)

20?

Since A(f — Pr)=0, U and (I — P;)e are independently distributed,
whence (g + UYA (g + U)and e’(I — Pple = e’(I — PpY(I — Pp)e are
independently distributed. This implies that Y ~ F’(q, n — p, A), which
completes the argument.

Simply by rescaling 52 in the foregoing we have that

n

[}
n n P

SSE;n e'Pge ( 1 )

SSl";‘,uu - e’I:,'r*e * 0"(%)
where
Pr=1-P.=1-F(6%)|F(6°)F(82)] 'F(89);
recall that
SSEpy =]y - £(4,) [
SSE eaucea = |7 = FE) " =11y = (8B

The claim that

SSE,, +8)Pih(e+8 1
nduoed - (e ) nm(e ) +op(;)
with
8 =1(82) - £(8r) =1(8°) - f[8(p?)]
P =1~ Pgg

= 1= F(8)6(e2)[6" (o) F(8) F(87)G(8)) " '6"(03) F(67)
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comes fairly close to being a restatement of a few lines of the proof of
Theorem 13 of Chapter 3. In that proof we find the equations

A/ (8, - 7) = 0,(1)
Vi (8, - 87) =5V ggsu(8) - F Vi s, (62) + 0,(1)

which, using arguments that have become repetitive at this point, can be
rewritten as

HYn (8, - 82) = o,(1)
Vi (8, - 87) =V 35.(8) = Vi 555,(87) + 0,(1)

with #=_¢°% and H = H(8*). Using the conclusion of Theorem 13 of
Chapter 3, one can substitute for vn (3/38)s,(6,) to obtain

| o558 VA (6, - 8) = 0,1
(6, - 67) = |- H(HIH) T H] 57 0 s, (87) + 0,(1).
Then using Taylor’s theorem
n{s.(4,) - s,(82)]
= —n(5g5.(8)) (@ - 62) - F(6, - 82V [+ 0 DI(4, - 62)
- 58— 67) (6, - 87) + 0,1
=575 [~ (1) | gsaen),

]

Using the identity obtained in Section 6 of Chapter 3, we have
S -FH(HY O H) I = G(GFG) TG
whence
n5,(6,) = ns,(82) = 3( 355.(69)) 6(6#6) 6" 355.(69)) + 0,1).

Using Taylor’s theorem, the uniform strong law, and the Pitman drift



CHARACTERIZATIONS 265
assumption, we have

as (0 )="= —-Z[el+f xnoo) f(xnon )]Wf(xno )

t=1

= —; Z [e,+[(x,,0,?) —‘f(xv n )] 30‘[ xl’oo)

1

n

IN

7L Lo (30 80) = £(5,62)]

d
a_o—Tf(xvoln)

X
=N
p—
-3

|

- )
T
A

Substitution and algebraic reduction yields (Problem 3)
ns,(0) =(e+8)(e+8)—(e+ 8) Prgle + 8) + 0,(1)
which proves the claim.

The following are the characterizations used in Chapter 1 that have not
yet been verified:

SSE equced _ (€ + 8) Pr(e + 8) 1
SSEM - e’PF‘Le + Op(;)

n n

B(FE)'D _ (e+8)(Pr— Prg)(e +8) +o (_1_)

ﬁ'(f’F)D'/q (e+8) (Pr— Prg)e + 8)/q

SED(n-p) = ed-Pefin—py %W
"ﬁ'(f'F)ﬁ - n(e +8)(Pr— Pr;)(e + 8) +a(1)
SSE(§) (e +8)' (1~ Prg)(e + 8) P

Except for the second, these are obvious at sight. Let us sketch the
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verification of the second characterization:
D'F'FD = [y - [(8,)) F(F'F) " F'[y - 1(6,)]
a = 1 ~,=\"
355(0)) (37 F) (Fg(4)
d

255

e

(8)) 1o+ 0] 5.(4)
35580 7 H (B 1) HE 35, (80) + 0,(1)

(
(
(

n
4
n
2
n
2
n
2

(Fs.00m) [ - 6(676)7'6")( p5.(8)) + 0,1)

= ~(e+8YF(8))](29) ™ - 6(60%) '¢']
XF'(82)(e + 8) + 0,(1)

= 1(e+8YF(89)[(09) ™ - 6(670%) '¢']
XF'(8°)(e + 8) + 0,(1)
= (e + 8)'(Pr— Prg)(e + 8) + 0,(1).

PROBLEMS

1. Give a detailed derivation of the four characterizations listed in the
preceding paragraph.

2. Cite the theorem which permits one to claim that lim,_ s*=o
almost surely, and prove directly that im,, _, e’(I — Pg)e/(n — p) =
o2 almost surely.

3. Show in detail that (3/38)s,(8*) = (—2/n)F'(8%Xe + 8) +
0,(1/ Vn) suffices to reduce

2

nforor'o{ e

to (e + 8) Py (e + 8).



Nonlinear Statistical Models
A. RONALD GALLANT
Copyright © 1987 by John Wiley & Sons, Inc,

CHAPTERS

Multivariate Nonlinear
Regression

All that separates multivariate regression from univariate regression is a
linear transformation. Accordingly, the main thrust of this chapter is to
identify the transformation, to estimate it, and then to apply the ideas of
Chapter 1.
1. INTRODUCTION
In Chapter 1 we considered the univariate nonlinear model
yo=f(x,0%) +e, t=12,...n
Here we consider the case where there are M such regressions
Yao=fu%,00) + e, t=12,...n a=12,.... M
that are related in one of two ways. The first arises most naturally when
Yo a=12,....M
represent repeated measures on the same subject—height and weight meas-
urements on the same individual for instance. In this case one would expect

the observations with the same ¢ index to be correlated, viz.

V(}'a,, )’ar) = Oug
267
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often called contemporaneous correlation. The second way these regressions
can be related is through shared parameters. Stacking the parameter vectors
and writing

one can have

0 =g(p)

where p has smaller dimension than 8. If either or both of these relation-
ships obtain (contemporaneous correlation or shared parameters), estima-
tors with improved efficiency can be obtained—improved in the sense of
better efficiency than that which obtains by applying the methods of
Chapter 1 M times (Problem 12, Section 3). An example that exhibits these
characteristics that we shall use heavily for illustration is the following.

EXAMPLE 1 (Counsumer demand). The data shown in Tables 14 and 1)
is to be transformed as follows:
y, = In(peak expenditure share) — In(base expenditure share)
y, = In(intermediate expenditure share) — In(base expenditure share)
x, = In(peak price/expenditure)
x, = In(intermediate price/expenditure)

x, = In(base price /expenditure).

As notation, set
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These data are presumed to follow the model
_ a, + xby, .
Yu a, + x;b(;) u

a; + xjby,
Yu = 0GF x1bg €

where
a;
a=|%
a,
bll blZ b13
B=|by bn by
by, by, by

and b(;, denotes the ith row of B, viz.

b('u') - (bm bz, bi3)‘

e = el:
! €y,

are assumed to be independently and identically distributed, each with
mean zero and variance-covariance matrix 2.

There are various hypotheses that one might impose on the model. Two
are of the nature of maintained hypotheses that follow directly from the
theory of demand and ought to be satisfied. These are:

The errors

H, : a, and b ,, are the same in both equations, as the notation suggests.
H,: B is a symmetric matrix.

There is a third hypothesis that would be a considerable convenience if it
were true:
3 3
Hy: Ya,=~1, ¥ b, =0fori=1,2,3.
im1 Jj=1

The theory supporting this model specification follows; the reader who
has no interest in the theory can skip over the rest of the example.
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The theory of consumer demand is fairly straightforward. Given an
income Y which can be spent on N different goods which sell at prices
P1 Py>---» Py, the consumer’s problem is to decide what quantities
¢1» 42> - - - » qx Of each good to purchase. One assumes that the consumer has
the ability to rank various bundles of goods in order of preference.
Denoting a bundle by the vector

9=(491,92--,qx)

the assumption of an ability to rank bundles is equivalent to the assumption
that there is a (utility) function u(q) such that u(q®) > u(q*) means
bundle ¢° is preferred to bundle ¢*. Since a bundle costs p’g with
P’ = (P P2+ -+ Pn), the consumer’s problem is

maximize u(q)
subjectto pig=Y.

This is the same problem as

maximize u#(gq)
subjectto (p/Y)gq =1

which means that the solution must be of the form

q=q(v)

with v = p/Y. The function ¢(v) mapping the positive orthant of R” into
the positive orthant of R™ is called the consumer’s demand system. It is
usually assumed in applied work that all prices are positive and that a
bundle with some g, = 0 is never chosen.

If one substitutes the demand system g(v) back into the utility function,
one obtains the function

g(v) = u[q(v)}

which gives the maximum utility that a consumer can achieve at the
price/income point v. The function g(v) is called the indirect utility
function. A property of the indirect utility function that makes it extremely
useful in applied work is that the demand system is proportional to the
gradient of the indirect utility function (Deaton and Muellbauer, 1980), viz.

- (9/0v)g(v)
1) = 5ta780)5(v)
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This relationship is called Roy’s identity. Thus, to implement the theory of
consumer demand one need only specify a parametric form g(v|@) and then

fit the system
_ (8/3v)g(vi6)
= 3/3v)g(v]6

to observed values of (g, v) in order to estimate 8. The theory asserts that
the fitted function g(v}#) should be decreasing in each argument,
(3/3v,)g(v|0) < 0, and should be quasiconvex, v'(3%/dvdv’)g(v|d)v > 0
for every v with v’(d/dv)g(v|@) = 0 (Deaton and Muellbauer, 1980). If
g(v}6) has these properties, then there exists a corresponding u(q). Thus, in
applied work, there is no need to bother with u(gq); g(v|8) is enough.

It is easier to arrive at a stochastic model if we reexpress the demand
system in terms of expenditure shares. Accordingly let diag(v) denote a
diagonal matrix with the components of the vector v along the diagonal,
and set

s = diag(v) q

s(vl6) = diag(v) %l%

Observe that

P4,
=04, ="y

so that s, denotes that proportion of total expenditure Y spent on the ith
good. As such, s = XN 5, = 1 and 1's(v|8) = 1.

The deterministic model suggests that the distribution of the shares has a
location parameter that depends on s(v|#) in a simple way. What seems to
be the case with this sort of data (Rossi, 1983) is that observed shares
follow the logistic-normal distribution (Aitchison and Shen, 1980) with
location parameter

p = Ins(v)6)

where In s(v}|8) denotes the N-vector with components In 5,(v|8) for i =
1,2,..., N. The logistic-normal distribution is characterized as follows. Let
w be normally distributed with mean vector ¢ and a variance-covariance
matrix €(w, w’) that satisfies 1’¢(w, w’)1 = 0. Then s has the logistic-
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normal distribution if

w

e

$= o
LN e™
where e" denotes the vector with components e for i =1,2,..., N. A

logarithmic transform yields

lns=w—ln(§e‘"')l

i=1
whence

Ins, - Insy=w, - wy i=12,..., N-1.

Writing w, —wy =pn, ~pyte for i=12,...,N ~ 1, we have equa-
tions that can be fitted to data

Ins,— Insy = lngi—g(uW) - lngg—-g(vlﬂ) +e i=12,...,N-1.
i N

The last step in implementing this model is the specification of a
functional form for g(v|#). Theory implies a strong preference for a low
order multivariate Fourier series expansion (Gallant, 1981, 1982; Elbadawi,
Gallant, and Souza, 1983) but since our purpose is illustrative, the choice
will be governed by simplicity and manipulative convenience. Accordingly,
let g(v|@) be specified as the translog (Christensen, Jorgenson, and Lau,
1975)

N N N
1
g(vid) = Z a;In(v;) + b3 Z Z bijln(vi)ln(vj)
i=1 =1 jml
or
g(v]8) = a’x + ix'Bx
with x = In v and
a’ = (a,, a3, a,)
by by by
B=|by by by
by by by
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Differentiation yields

%g(vla) = (diag(v)] "'[a + 4(B + B')x].

One can see from this expression that B can be taken to be symmetric
without loss of generality. With this assumption we have

d . -
2-g(0l6) = [diag(v)] ~Y(a + Bx).
Recall that in general shares are computed as

s(v]|0) = diag(v) B%%%

which reduces to

a+ Bx
$(v18) = (e + Bx)

in this instance. The differenced logarithmic shares are

a; + x'b;,
In s,(le) - lIlSN(Uw) = mm

The model set forth in the beginning paragraphs of this discussion follows
from the above equation. The origins of hypotheses H, and H, are
apparent as well.

One notes, however, that we applied this model not to all goods
¢1,42,---,gn and income Y but rather to three categories of electricity
expenditure—peak = g,, intermediate = ¢,, base = g;—and to the total
electricity expenditure E. A (necessary and sufficient) condition that per-
mits one to apply the theory of demand essentially intact to the electricity
subsystem, as we have done, is that the utility function is of the form
(Blackorby, Primont, and Russell, 1978, Chapter 5)

“[“u)(‘lb 92, 93)s 9ar-- - qN].

If the utility function is of this form and E is known, it is fairly easy to see
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Table la.

Household Electricity Expenditures by Time of Use,
North Carolina, Average over Weekdays in July 1978.

Expenditure Share

Expenditure

t  Treatment Base Interssdiate Peak (S per day)
1 1 0.086731  0,280382 0.662886 0.46931
2 1 0.103444 0.252128 0.644427 0.79639
3 1 0.1568363 0.270089 0.571858 0.45758
4 1 0.108076 0.306072 0.686863 0.94713
5 1 0.083921 0.211666 0.704423 1.22084
[ 1 0.112185 0.290532 0.597302 0.93181
7 1 0.071274 0.240618 0.686208 1.79152
8 ] 0.076810 0.210603 0.712987 0.51442
9 1 0,066173 0.202999 0.730828 0.76407
10 1 0.094836 0.270281 0.834883 1.01354
1 1 0.078501 0.293963 0.6275646 0.83854
12 1 0.089530 0,228152 0.711718 1.53957
13 1 0.208982 0.3200583 0.462965 1.06694
14 1 0.083702 0.297272 0.619027 0.82437
15 1 0.138705 0.358329 0.502966 0.80712
16 1 0.111378 0.322564 0.566058 0.53169
17 1 0.092919 0.259633 0.647448 0.85439
18 1 0.039353 0.168205 0.802442 1.83326
19 1 0.066577 0.247454 0.685970 1.371160
20 2 0.102844 0.244335 0.652821 0.92768
21 2 0.126486 0.230305 0.644210 1.80934
22 2 0.154316 0.235136 0.610849 2.41501
23 2 0.168718 0.276980 0.557308 0.84858
24 2 0.148370 0.173112 0.681518 1.60788
25 2 0.184467 0.268865 0.546668 0.73838
26 2 0.16226% 0.2080939 0.556792 0.81116
27 2 0.112018 0.220850 0.667133 2.01503
28 2 0.226863 0.257833 0.515304 2.32035
29 2 0.118028 0.219830 0.662142 2.401172
30 2 0.137761 0.3451117 0.517122 0.567141
3 2 0.079115 0.257319 0.663666 0.94474
32 2 0.185022 0.2856051 0.549928 1.63778
33 2 0.144524 0.276133 0.579343 0.75816
LT} 2 0.201734 0.241986 0.5568300 1.00136
k1 2 0.094890 0.227651 0.877459 1.11384
36 2 0.102043 0.264515 0.632642 1.07186
37 2 0.107760 0.214232 0.678009 1.53669
38 2 0.166552 0.236422 0.607026 0.24099
39 2 0.008431 0.222746 0.686822 0.58066
40 2 0.146236 0.301884 0.551880 2.82983
41 3 0.080802 0. 199005 0.720192 1.14741
42 3 0.100711 0.387788 0.511531 0.97934
43 3 0.073483 0.336260 0.591237 1.09381
“ 3 0.059458 0.259823 0.680722 2.19468
45 3 0.076198 0.378371 0.545434 1.98221




Table 1a. (Continued).
Expenditure Shere
Expenditure
t  Trestment Base Intermediate Peak ($ per day)
46 3 0.076928 0.3256032 0.598042 1.70194
47 3 0.088082 0.339853 0.674296 3.24274
48 3 0.069369 0.278369 0.6852272 0.47593
49 3 0.071268 0.273888 0.6548¢69 1.38269
50 3 0.100562 0.308247 0.893191 1.87831
81 3 0.080203 0.2942685 0.685513 2.16900
62 3 0,069627 0.311932 0.620442 2.11878
83 3 0.081433 0.328604 0.589962 0.36681
54 3 0.076762 0.285972 0.838265 1.85278
[ 13 3 0.042910 0.372331 0.584754 1.06308
56 3 0.086846 0.340184 0.572970 4.02013
57 3 0.102537 0.335535 0.561928 0.60712
8 3 0.068766 0.310782 0.620452 1.15334
59 3 0.058408 0.307111 0.634485 2.43797
80 4 0,085227 0.300839 0.643934 0.10082
81 4 0.107438 0.273937 0.618628 0.69302
82 4 0.106958 0.291205 0.602837 1.12692
83 4 0.132278 0.279429 0.588293 1.84426
64 4 0.094195 0.3288686 0.576940 1.57972
65 4 0.115269 0.401079 0.483663 1.27034
66 4 0.160229 0.3176866 0.5631905 0.56330
67 4 0.168780 0.307669 0.5235651 3.43139
68 4 0,118222 0.318080 0.563698 1.00979
69 4 0.103394 0.307671 0.588936 2.08468
10 4 0.124007 0.362115 0.513879 1.30410
kA 4 0.197987 0.280130 0.521884 3.48146
72 4 0.108083 0.337004 0.564913 0.53206
73 5 0.088796 0.232568 0.678634 3.26987
T4 5 0.100508 0.272139 0.827353 0.32678
5 5 0.127303 0.298519 0.574178 0.52452
76 .1 0.109718 0.228172 0.682109 0.38622
77 5 0.130080 0.231037 0.638883 0.63788
18 [ 0.148562 0.323579 0.527869 1,42239
7 5 0.106308 0.252137 0.641566 0.935638
80 5 0.,080877 0.214172 0.704961 1.26243
81 1] 0.081810 0.136665 0.7825625 1.51472
82 5 0.131749 0.2783238 0.589913 2.07858
83 5 0.059180 0.254533 0.686287 1.60881
84 5 0,070620 0.267252 0.654128 1.54708
a5 s 0,090220 0.293831 0.616949 2.61182
86 5 0.086918 0.193987 0.719117 2.96418
a7 5 0.132383 0,230409 0.837127 0.26912
o8 6 0.0866580 0.252321 0.862120 0.42564
89 [ 0.071368 0.276238 0.652393 1.01926
90 ] 0.061198 0.245026 0.693780 1.53807
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Table 1a. (Continued).
Expenditure Share
Expenditure
t  Treatment Sase Intermediate Peak (§ per day)}
91 5 0.086608 0.233981 0.679411 0.75711
92 1 0.106628 0.306471 0.588901 0.83847
93 5 0.078168 0.202536 0.719307 1.92096
1) ] 0.048632 0.216807 0.734560 1.677196
95 s 0.094527 0.224344 0.681128 0.83216
26 5 0.092809% 0.209154 0.698037 1.39364
97 5 0.035781 0.16623) 0.798018 1.72697
98 5 0.065205 0.208058 0.729736 2.04120
99 ] 0.092561 0.193848 0.71359 2.04708
100 $§ 0.06311% 0.234114 0.702787 3.43969
101 ] 0.091186 0.224488 0.684328 2.68918
102 [ 0.047291 0.2682622 0.680088 2.71072
103 ] 0.081575 0.206400 0.712028 3.36603
104 [ 0.108165 0.243650 0.648185 0.65682
106 5 0.079834 0.320450 0.600017 0.95623
1086 [ 0.084820 0.247188 0,687984 0.61441
107 5 0.063747 0.210343 0.725910 1.85034
108 5 0.081108 0.249960 0.868932 2.11274
109 5 0.089942 0.208601 0.703457 1.64120
110 S 0.046717 0.224784 0.728499 3.54351
11 5 0.114925 0.27227% 0.612796 2.61769
12 s 0.115085 0.264415 0.620530 3.00238
113 5 0.081511 0.223870 0.694618 1.74166
114 [ 0.109658 0.343593 0.646760 1.17640
118 5 0.114263 0.304761 0.580976 0.74566
116 3 0.115089 0.226412 0.65849% 1.30392
117 13 0.040622 0.198986 0.760392 2.13339
118 [ 0.073245 0.238522 0.688234 2.83039
119 ] 0,087954 0.287450 0.624696 1.62179
120 ) 0.091967 0.208131 0.701902 2.18534
121 s 0.142746 0.302939 0.554315 0.26503
122 s 0.117972 0.263811 0.628217 0.05082
123 11 0.071573 0.248324 0.680103 0.42740
124 5 0.073628 0.2905686 0.635786 0.47979
128 £l 0.1210756 0.350761 0.528145 0.59551
126 5 0.077338 0.339358 0.683307 0.47506
127 5 0.074766 0.167202 0.758032 2.11887
128 5 G.208580 0.331363 0.460058 1.1362?
128 5 0.080195 0.210619 0.709185 2.61204
130 5 0.0686156 0.204118 0.729726 1.48227
3 5 0.112282 0.252638 0.635080 0.79071
132 5 0.041310 0.093106 0.865584 1.30697
133 1] 0.102676 0.297009 0.600316 0.93691
134 5 0.102902 0.270832 0.626266 0.98718
1356 & 0.118932 0.250104 0.6309684 1.40085




Table 1a. (Continued).
Expenditure Share
Expenditure
t  Treatment Base Intermediaste Peak (8 per dey)
136 5 0.139780 0.322394 0.537846 1.78710
137 [3 0.121616 0.214626 0.663758 8.46237
138 ] 0.065701 0.263818 0.670481 1.58683
139 s 0.034029 0.175181 0.790790 2.62538
140 L] 0.074476 0.194744 0.730780 4.29430
149 1] 0.059588 0.229708 0.710727 0.65404
142 5 0.0088128 0.295546 0.61632¢ 0.41292
143 5 0.0758822 0.213622 0.7100856 2.02370
144 5 0.0567089 0.195720 0.747190 1.76998
148 5 0.096331 0.301692 0.601977 0.99691
146 [ 0.120824 0.280280 0.628896 0.27942
147 6 0.034529 0.193456 0,772018 0,91673
148 [ 0.026971 0.1800848 0.792181 1.16617
149 s 0.045271 0.141894 0.812835 1.567107
160 [] 0.067708 0.219302 0.712990 1.24615
1561 [ 0.0793358 0.230693 0,88997T2 1.70748
182 [ 0.022703 0.17889¢6 0.798401 1.79959
183 8 0.0430523 0.157142 0,799806 4.61665
154 [ 0.0587167 0.245931 0.696912 0.59604
1113 6 0.063229 0.136192 0.800578 1.42499
156 6 0.076873 0.214209 0.708918 1.3437T
187 6 0.027383 0.124894 0.847753 2.74908
158 6 0.067823 0.146994 0.786183 1.84628
169 6 0.056388 0.1891885 0.754428 3.82472
160 6 0.036841 0.194994 0.7668165 1.18199
161 ] 0.059180 0.138681 0.802158 2,.07338
162 6 0.051980 0.215700 0.732320 0.80376
163 6 0.027300 0.145072 0.827628 1.62316
184 6 0.014790 0.179639 0.806591 3.11526
165 6 0,047866 0.167561 0.784574 3.307%4
166 6 0.115629 0.231381 0.652990 0.72458
167 7 0.104970 0.147528 0.747508 0.50274
168 7 0.119254 0.187409 0.693337 1,.226T1
169 7 0.042564 0.112839 0.844596 2.13534
170 7 0.096756 0.150178 0.753086 5.56011
17 7T 0.063013 0.168422 Q,768585 3.11728
172 7 0.080060 0.143934 0, 776006 0.99796
173 1 0.097493 0.173391 0.729118 0.67859
174 7 0.102528 0.220954 0.676520 0.79027
178 7 0.085538 0.195686 0.718776 2.24498
176 7 0.068733 0.166248 0.7658019 2.01993
177 7 0.094915 0,140119 0.764966 4.07330
176 1 0.076163 0.132046 0.791792 3.66432
179 7 0.099943 0.176885 0.723172 0.40768
180 7 0.081494 0.175082 0,743428 1.09065

7



Table 1a. (Continved).
Expanditure Share
Expenditure
t Treatment Base Intermediate Pesk {$ per day)
18 7 0.196026 0.299348 0.504626 1.35000
102 7 0.093173 0.235816 0.671011 1.06138
183 7 0.172293 0.173032 0.654675 0.99219
104 7 0.087736 0.159800 0.772662 3.69199
188 7 0.102033 0.171697 0.72627% 2.36676
166 7 0.067977 0.151109 0.780914 1.84563
187 8 0.071073 0.2369a88 0.689942 0.18316
188 8 0.049453 0.286780 0.66375¢ 2,23986
189 [] 0.062748 0.2585129 0.682123 3,48084
190 ] 0.032378 0.154905 0.81271¢ 7.26138
191 [} 0.0585068 0.225296 0.719648 1.68614
192 8 0.037829 0.1790861 0.783120 1.13804
193 ] 0.020102 0.172396 0.807502 1.40894
184 8 0.021917 0.149082 0.828992 3.47472
1985 8 0.0475%0 0.174738 0.777676 3.37689
196 8 0.083446 0.235823 0.700731 3.14810
197 [} 0.0341719 0.1569388 0.806083 .a1mnme
198 8 0.058428 0.200488 0.744084 1.13941
199 8 0.088074 0.254823 0.6887103 2.85414
200 8 0.080719 0.209763 0.728618 0.29807
201 8 0.045881 0,206177 0.7468142 1.21336
202 [} 0.040151 0.263161 0.696688 1.02370
203 8 0.072230 0.281460 0.646210 1.40880
204 8 0.064366 0.269816 0.6886018 0.97704
208 8 0.035993 0.191422 0.772585 2.09909
206 9 0.091638 0.215290 0.6893073 1.03679
207 9 0.072171 0.236658 0.691171 2.36708
208 9 0.0566187 0.195346 0.748468 3.45808
209 9 0.095868 0.229586 0.674526 3.63796
210 9 0.069809 0.219858 0.710633 2.66887
M1 9 0.142920 0.223001 0.6332719 2.00319
212 9 0.087323 0.196401 0.716276 2.40644
213 9 0.064517 0.218711 0.718712 2.58552
214 9? 0.086882 0.194778 0.718341 8.94023
218 9 0.067463 0.219228 0.713309 3.76278
216 9 0.106610 0.230861 0.663730 0.34082
217 9 0.138992 0.203123 0.57708% 1.62649
218 9 0.081364 0.186967 0.731670 2.31678
219 9 0,114535 0.221751 0.6863714 1.77709
220 9 0.069940 0.280622 0.649438 1.38765
21 9 0.073137 0.143219 0.783643 3.46442
222 9 0.096326 0.243241 0.660434 1.74696
223 9 0.003284 0.202951 0.713768 1.28612
224 9 0.179133 0.299403 0.521468 1.15887

Source: Courtesy of the authors, Gallant and Koenker (1984).
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that optimal allocation of E to ¢,, ¢,, and g, can be computed by solving

maximize u,(qy, 43, 93)

3
subjectto Y. p,q, = E.

(LD}

Since this problem has exactly the same structure as the original problem,
one just applies the previous theory with N = 3and Y = E.

There is a problem in passing from the deterministic version of the
subsystem to the stochastic specification. One usually prefers to regard
prices and income as independent variables and condition the analysis on p
and Y. Expenditure in the subsystem, from this point of view, is to be
regarded as stochastic with a location parameter depending on p, on Y, and
possibly on demographic characteristics, viz.

E =f(p,7,etc.) + error.

For now, we shall ignore this problem, implicitly treating it as an errors in
variables problem of negligible consequence. That is, we assume that in
observing E we are actually observing f( p, Y, etc.) with negligible error, so
that an analysis conditioned on E will be adequate. In Chapter 6 we shall
present methods that take formal account of this problem.

Table 15. Experimental Rates in Effect on a Weekday in July 1978.

Price (cents per kwh)

Treatment Base Intermediate Pesk
1 1.08 2.86 3.90
2 1,78 2.86 3.9
3 1.08 3.90 3.90
4 1.78 3.90 3.90
5 1.37 3.34 5.08
6 1.06 2.86 6.56
7 1.78 2.86 6.56
8 1.06 3.9 6.56

9 1.78 3.90 6.56




Table 1c. Consmuer Demographic Characteristics.
Residence

Air Condition.
Heat Elec. e
Femily Income Size Loss Range Washer Oryer Central Window
t Size (8 per yr) (SqFt) (Btuh) (1=yes) (1syes) (I=yes) (i=yes) (Btuh)
1 2 17000 600 4305 0 1 0 [} 13000
2 [ ] 13500 900 9931 1 1 0 0 [
3 2 7000 1248 18878 1 1 0 0 (/]
4 3 11000 1787 17377 1 1 [ '] 4]
5 4 27500 2900 24894 1 0 (] 1 65000
6 3 13500 2000 225268 1 1 1 0 24000
7 4 22500 3800 17335 1 1 1 1 1]
8 7 3060 216 4498 1 0 [ 0 0
9 3 7000 1000 8792 (] 1 1 0 18000
10 1 6793 1200 14663 0 0 0 ] .
1 [3 11000 1000 14480 1 1 (] 0 1]
12 5 17000 704 3192 1 1 1 1 24000
13 3 5500 2100 8631 1 1 1] 1 ]
14 2 13500 1400 19720 1 1 1 0 19000
15 4 22500 1282 7386 1 1 1 0 24000
18 7 17000 918 7194 [} 1 o [ 0
17 2 11000 1800 17967 1 1 1 1 [+]
18 2 13600 780 4641 ] 1 ] 1 /]
19 3 6670 960 11396 1 1 1] 0 24000
20 4 2000 168 8198 1 1 1 <] ]
F3 2 11000 1200 7812 1 1 1 1 10000
22 L} 13500 800 88178 1 1 1 1 1]
23 3 40000 2200 16098 1 1 1 0 0
24 5 7000 1000 7041 1 1 0 0 10000
25 3 13600 720 5130 (] 1 1 0 (]
26 2 13500 560 1632 1 1 (] [ 12000
217 4 17000 1600 9674 1 1 1 1 [
28 4 27500 2300 13706 1 1 0 1 0
29 6 15797 1000 10372 1 1 1 0 10000
30 2 11000 880 7417 0 1 1 1] 19000
3t 4 9000 1200 14013 1 1 1 0 [}
32 4 17082 2200 16230 1 1 [+} [+ o
33 2 14812 1080 13170 1 ] Q ] 0
34 3 27500 870 10843 1 1 1 0 18500
36 2 4862 800 9393 1 1 1 [} 6000
3as 2 7000 1200 11398 1 1 4 [} 0
37 3 9000 900 6175 1 1 a 1] 23000
38 2 4711 1500 17885 1 [} 0 0 [+]
k1] 5 14852 1500 11916 1 1 1 (] 0
40 4 70711 2152 165662 1 1 1 1 ]
41 2 7000 832 4316 1 1 1 1 [}
42 3 22500 1700 9209 1 1 1 1 (]
49 11 4500 1248 9607 1 1 ] [} [+
44 5 11000 1808 19400 1 1 1 [} 28000
48 6 22800 1800 19981 1 1 1 1 [}




Table Ic. (Continuved).
Res idence
Air Condition.
Heat Elec.

Family Income Size Loss Rangs Washer Drysr Centrsl Window

t Size (8§ per yr) (SqFt) (Btuh) (i1=syes) (1syes) (1=yes) (1syes) (Btuh)
46 4 22600 1800 18673 [} [} 4] 1 0
47 3 40000 4200 16264 1 1 1 1 [/}
48 2 2000 1400 10841 1 ) 1 [} 24000
49 2 13500 2800 29231 1 1 [} 0 18000
50 6 17000 1300 5808 1 ] 1 [} 21000
51 3 11000 780 5894 1 1 1 1 0
52 1 4500 1000 13774 0o 0 [} ] 6000
53 2 11267 960 7863 1 1 0 0 ]
54 3 2500 1000 12973 1 1 [+ 0 0
(13 1 7430 1110 9361 1 1 1 0 0
56 4 17000 2900 12203 1 1 1 1 (/]
57 1 22500 1000 10131 0 1 0 0 1}
58 3 22800 1250 12173 1 1 1 (1} 12000
59 3 7000 1400 1101 1 1 1 0 29000
60 1 2500 83s 12730 1 [} 0 [ [}
3] 1 135600 1300 7196 1 1 0 0 32000
62 1 11000 540 7798 1 1 0 (1] 0
63 4 14381 1100 8700 1 1 1 1} 30000
64 2 9000 900 5726 1 [ 0 0 12000
66 3 11000 720 3854 1 1 1 1 0
66 5 5600 180 6236 1 1 0 1 1]
67 4 40000 1450 8160 1 1 1 1] 28000
(1] 2 3500 1100 10102 1 1 1] ] 12000
69 2 17000 3000 36124 1 1 [} 1 0
70 4 11000 1534 16711 t 0 [} 0 [}
T 2 40000 2000 11250 1 1 1 1 [}
72 2 2500 1400 15040 0 [} [} [} 6000
73 4 17000 1400 13644 1 0 1 1 0
74 2 1500 656 17383 1 [+} 0 0 0
75 3 9000 1712 13229 1 (/] 0 0 1800
76 1 9000 600 4036 1 1 [+] 4] [}
1 1] 5600 600 6110 1 [} 0 0 0
7e 3 13500 1200 11097 1 1 1 [/} 10000
79 2 13590 1300 12869 1 0 [} 0o 24000
80 4 11000 1046 11224 1 1 [} 0 0
81 2 9687 768 7565 1 1 1 0 10000
82 2 17000 1100 9159 [} 1 1 1] 10000
83 11 4500 480 6099 1 1 0 0 0
84 5 13600 1976 12488 1 1 1 0 0
.1 4 40000 2600 23213 1 1 1 [} .
[.1] 5 22500 2100 12314 1 1 1 1 [}
87 3 3500 1196 14728 [} [ [ 0 o
[:1.] 3 12100 960 11174 0 [+ 0 [+] 0
89 3 3800 1080 12188 1 [} 0 [} 0
90 2 7000 1400 10050 1 1 0 0 28000

!
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Table 1c. (Continued).

Res idence
Air Condition.
Heat Elec.
Family income Size Loss Range Washer Oryer Central Window

t Size (8 per yr) (SqFt) (Btuh) (lsyes) (i1=yes) (Ieyes) (layes) (Btuh)

91 2 3500 1800 16493 1 1 1 [+ 2000
92 2 7000 1456 17469 0 1 0 1] 18000
93 4 9000 1100 8177 1 1 1 0 23000
94 2 3500 1800 21659 1 1 1 0 18000
95 4 9894 720 6133 1 1 )] 0 6000
96 1 226800 1600 7952 1 0 Q 1 0
97 4 13500 1500 10768 1 0 1 1 0
88 4 17000 1900 10176 1 1 1 1 [1]
9 2 17000 1100 10869 1 1 1 0 23000
100 5 27600 2300 16610 1 ) 1 1 0
101 3 13500 1500 11304 1 1 1 1 0
102 2 27500 3000 ann 1 1 1 1 0
103 4 24870 2280 18602 1 1 1 1 Q
104 2 3500 970 10085 1 1 0 [ 0
108 H 17000 1169 10810 1 1 o 0 30000
108 2 13500 1800 20614 1 1 1 [ L}
107 2 13500 728 4841 1 1 1 1 [
108 2 11000 1600 11238 1 1 1 A} 0
109 3 17000 1600 9774 1 1 [} 1 Q
10 5 5500 900 12085 1 1 0 0 23000
m 3 17000 1500 17859 1 1 1 1 0
112 1 70711 2600 16661 1 1 1 1 ]
13 3 7000 180 5692 1 1 1 0 20000
114 4 22600 1600 8191 1 1 1 1 0
15 2 13600 600 5086 0 1 1 (1] 2000
118 3 4500 1200 14178 1 1 1 ) 1000
117 6 17000 900 8966 1 1 1 0 18000
118 4 13600 1500 11142 1 1 1 1 0
119 - 17000 2000 196556 1 1 1 1 0
120 3 23067 1740 10183 1 1 1 0 42000
121 1 17000 696 5974 1 0 0 [ 0
122 1 2500 900 10111 1 1 (1] 0 (]
123 2 7266 970 20437 1 1 0 0 0
124 2 10416 1500 9619 1 0 0 0 0
126 3 5600 160 16986 0 Q 1 Q 18000
126 2 4500 824 11647 1 1 o 0 0
127 1 22500 1900 11401 1 0 1 1 0
128 4 40000 2500 16206 1 ) 1 1 0
129 2 4500 840 5984 1 1 1 1 0
130 1 22500 1800 18012 1 1 1 1 o
131 2 5500 1200 8447 1 1 [} ] 1000
132 1 3683 676 12207 0 0 0 0 ]
133 3 16386 1600 16227 0 1 1 [ 28500
134 4 11000 1360 170486 1 1 0 0 )
138 3 5500 600 4644 (] 1 [+] ] 9000
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Table 1¢c. (Continued).

Residence

Air Condition.

Heat Elec.
Family Income Size Loss Renge  Washer Dryer Central Window
t Size (8 per yr) (SgFt) (Btuh) (iwyes) (isyes) {1syes) (1=syes) {Btuh)

1368 3 17000 2000 16731 1 1 1 1 2300
137 2 32070 6000 61737 1 1 1 1 0
138 2 27500 1260 7397 1 1 1 1 o
138 4 17000 840 5426 1 1 1 1 [
140 4 27500 3300 11023 1 1 1 1 0
141 2 11000 1200 108688 1 0 0 ] 18000
142 1 . 1000 5448 1 0 0 [ 0
143 3 36919 1200 0860 1 1 1 1 0
144 5 9000 120 5882 1 1 1 Q 10000
145 5 21400 1300 62713 1 1 1 0 [¢)
146 1 1500 378 67217 0 0 0 [ 0
147 2 5063 1008 7198 1 0 [+] 0 0
148 1 3500 1660 13164 1 0 0 1 1]
149 1 9488 850 9830 0 0 1 /] 10000
160 1 27500 1200 6463 1 1 1 1 0
151 5 17000 1000 8006 0 1 1 ¢} 16000
152 3 11000 2000 12608 1 1 1 1 1]
183 1 22500 1228 11506 1 [ 0 1 0
154 6 3500 1200 16682 1 1 0 0 0
156 3 9273 600 5078 1 b 1] 0 15000
156 8 17000 1100 17912 1 o 0 0 0
157 3 17459 980 1984 0 1 1 1 0
158 5 11000 1200 14113 1 1 1 [ 18000
159 3 $000 1600 21529 1 1 1 [ 6000
160 2 11000 .14 8731 0 1 1 0 28000
1614 3 12068 1360 16331 1 1 1 [ 6000
162 2 7000 672 8876 1 1 0 0 0
163 3 22600 1200 10424 1 1 [*} 0 23000
164 2 5500 1300 8636 1 1 1 t 0
166 2 12519 1000 24210 1 1 1 1] 37000
166 2 2939 1400 128317 1 1 1 1 0
167 2 9000 400 4519 1 [ [ 0 0
188 3 4664 1238 14274 1 1 0 [¢] 6000
168 4 11000 720 6333 0 1 1 0 23000
170 . . . . . . . .
mn 3 18125 2300 16926 1 1 [ 1 0
172 . . . . . . . . .
173 5 9000 120 6439 1 1 1 0 0
174 6 5500 1000 13651 1 1 [+ 0 [+]
178 s 14085 1400 14563 1 1 0 0 15000
176 2 9000 720 6540 0 1 1 1 0
177 (] 17000 1470 8429 1 1 1 1 )
178 4 27500 1900 12348 1 1 1 1 18500
119 3 7000 460 3798 0 o 0 0 10000
180 3 13500 1300 7382 1 1 0 0 23000




Table 1c. (Continued).
Res idence
Air Condition.
Heat Elec.

Family Income Size Loss Renge Washer Oryer Centrsl Window
t Size (8 per yr) (SqFt) (Btuh) (1=yes) (i=yes) (isyes) (1syes} (Btuh)
181 3 13437 1200 9502 1 1 1 1 ]
182 3 14150 1300 8334 1 1 0 1] 0
183 3 7000 1200 11941 1 1 [} 4] 21000
104 4 27800 1350 7686 1 1 1 1 [
185 2 32444 2900 15168 1 1 [+ 1 (/]
188 1 4274 400 7859 1 o 0 0 [}
187 1 3500 600 14441 0o [} [} 0 o
188 4 275600 2000 15482 1 1 1 1 )]
189 4 40000 2900 13478 1 1 0 1 0
190 6 17000 5000 24132 1 0 1 1 [+]
191 1 2600 1400 17016 1 1 o 0 2000
192 7 9000 1400 13293 1 1 0 0 0
193 . . . B 0 (1] 0 . 0
194 4 13500 780 5629 1 1 0 1 ]
195 5 13500 1000 7281 1 1 1 1 0
196 2 13500 1169 11213 1 1 0 0 12000
197 2 40000 2400 13518 1 1 1] 1 [}
198 4 27500 1320 9865 1 1 1 0 29000
199 4 27500 1250 8759 1 ] 1 1 0
200 1 3449 1200 18358 [ [+] [} 0 0
201 2 3500 425 4554 1 0 [} [+} .
202 2 27500 1400 13496 1 1] 0 1 1]
203 4 7000 1300 115585 1 1 1 )] 14000
204 2 3500 1800 23271 1 1 1] 0 0
205 4 11000 720 5879 1 1 A} ] 16000
206 7 9000 €80 11528 1 [} 1} ] [}
207 4 14077 780 4829 1 1 1 0 10000
208 3 13500 2200 22223 1 1 1 1] 24000
209 4 17000 1342 12050 1 1 1 t ¢}
210 4 3500 628 5369 1 1 1 ] 24000
211 2 11000 920 8590 1 1 1 1 0
212 H 2000 1300 11510 1 |} 1 0 13000
213 3 6500 1400 18684 1 1 1 0 23000
214 5 27500 2300 15480 1 1 1 1 0
218 3 20144 1700 11212 1 ] 3 1 0
216 5 3500 1080 13867 1] 1] [} 0 (1]
21 2 22600 1800 17688 1 1 (1] o 23000
218 [ 22500 1800 16116 1 1 1 ] 22000
219 5 6758 1200 16868 1 1] 4] 0 [+]
220 8 11000 2200 21084 1 1 1 1 0
221 3 17000 1500 11504 1 1 1 1 [}
222 2 9000 600 5828 1 0 1 1 0
223 2 15100 1932 16760 1 1 1 [ ]
224 1 7000 979 11700 1 1 1 [+] 1000




Table 1c. (Continued).

Typs of Residence

Elec.
Ouplex or Mobile Hater
Detached Apertaent Home Heater Freexer Refrigerator

t {i=yes) (1syes) (Vayes) (i=yes) (kw) (kw)
1 0 0 1 1 o 0.700
2 1 0 [ 1 1.320 0.700
3 1 0 0 1 1.320 0.700
4 1 0 [ 1 1.320 2.498
5 ' 0 o 0 1.320 3.590
6 ’ 0 0 1 0 1.798
? 1 (1] 0 3 0 1.798
(] 1 0 ] 0 1.320 0.700
] 1 0 [ 1 1.320 0.700

10 1 0 o ° 1.986 1.196

1" 1 0 0 ) 2.640 0.700

12 (] 0 1 1 1.985 1.798

13 1 ° 0 ) 1.320 1.798

" 1 0 0 1 1.320 1.798

15 1 0 [ 1 1.320 1.798

16 0 0 1 1 0 1.795

1 1 0 0 1 1.985 1.798

18 0 ) 1 1 ° 0.700

19 1 ° 0 1 1.320 1.795

20 1 o ] 1 0 1.196

21 1 [ [ 1 1.320 0.700

22 1 ] 0 1 1.320 0.700

2 1 (] 0 1 3.308 1.796

24 0 1 0 1 [ 0.700

26 0 0 1 1 1.320 0.700

26 1 0 0 1 1.985 0.700

27 1 ° ¢ 1 1.320 1.795

28 1 0 0 1 1.320 1.788

29 1 0 0 1 0 1.798

30 [ 0 1 1 0 0.700

31 1 0 [} 1 1.320 0.700

32 1 ] 0 1 [ 1.798

33 1 0 0 1 1.320 3.590

34 1 o 0 1 0 1.795

a5 1 0 0 1 1.320 1.795

28 1 0 0 1 1.320 0.700

n 1 ] 0 1 1.320 1.198

I8 1 0 0 1 0 0.700

39 | 0 [ 1 0 1.795

40 1 [ 0 ' 1.320 1.400

@ 1 (i [ 1 1.985 1.795

42 1 0 0 1 2.640 0.700

43 1 (] 0 1 1.320 1.798

4 1 ° 0 1 3.970 1.798

45 1 o 0 1 1.988 1.795




Table 1c. (Continued).

Type of Residence

Elec,
Duplex or Mobile Water
Detached Apsrtment Home Heater Freezer Refrigerator

t {1=yes) (I=yes) (layes) (isyes) (kw) (kw)
46 1 [} [} 0 (] 1.796
4 1 0 [ 1 0 1.795
48 1 0 0 1 0 0.700
4“3 1 0 0 1 [ 2.496
80 1 0 0 1 1.985 1.795
51 [} 0 1 1 1.985 G.700
52 1 0 0 0 1.320 1.196
63 0 0 1 1 0 0.700
54 1 0 0 1 1.320 1.796
55 1 0 0 1 1.320 1.796
56 1 0 0 1 1.320 1.795
57 1 0 0 1 1.320 1.796
58 1 0 ] 1 1.320 1.795
59 1 0 0 1 1.320 1.796
60 1 o 0 0 0 0.700
61 1 0 0 1 1.320 0.700
62 1 0 0 1 1.320 0.700
63 1 0 0 1 1.320 0.700
64 0 1 0 1 0 1.795
113 0 0 1 1 [} 0.700
66 0 [ 1 1 0 1.795
67 1 0 0 1 1.320 1.796
68 1 0 0 1 1.320 0.700
69 1 0 0 1 0 1.400
70 1 0 0 1 1.320 1.796
7 1 0 0 1 1.985 1.796
72 1 0 0 [ 1.320 1.795
73 1 0 (] 0 0 1.796
74 1 0 ] 0 0 0.700
75 1 (4 0 0 1.320 0.700
76 1 0 0 1 0 0.700
77 0 1 0 0 1.320 0.700
78 1 0 0 1 0 1.795
79 1 ] 0 0 1.320 1.796
80 1 0 ] 1 1.320 1.795
81 0 0 1 1 1.320 2.496
82 1 0 0 1 1.986 1.798
83 1 0 ] 1 1.320 0.700
84 1 0 0 1 1.988 1.795
85 1 0 0 1 0 1.798
86 1 [ [} 1 1.320 2.495
87 1 0 0 o 0 1.796
88 1 0 0 0 3.308 0.700
89 1 0 0 1 1.985 0.700
90 1 0 0 1 1.985 1.796




Table 1¢. (Continued).

Type of Residence

Elec.
Duplex or Mobile Water
Detached Apsrtment Home Hester Freezer Refrigerator

t {(1=yes) (i=yes) (i=yes) (leyes) (kw} (kw)
91 1 0 0 1 o 1.795
92 1 0 [} 1 1.986 1.798
93 1 0 [} 1 1.320 1.796
94 1 0 0 1 0 1.795
95 0 0 1 1 ] 1.795
98 1 0 0 1 1.985 0.700
97 1 0 0 0 1.320 0.700
o8 1 0 0 1 1.320 0.700
99 1 [ 0 1 2.640 1.796
100 1 0 0 1 1.320 1.196
101 1 0 0 1 1.320 1,798
102 1 0 0 1 0 2.438
103 1 0 0 1 1.320 1.796
104 1 0 0 1 1.320 0.700
108 1 0 0 1 1.320 0.700
106 1 0 0 1 0 1.796
107 1 0 0 1 1.320 0.700
108 1 0 0 1 1.320 0.700
109 1 0 [ 1 0 1.796
110 1 [ 0 1 1.320 0.700
1 1 0 0 1 1.320 1.795
12 1 0 0 1 3.970 1,796
113 0 0 1 1 ] 1.795
137 1 0 0 1 1,320 1.795
118 0 0 1 1 0 0.700
116 1 0 0 1 0 1.795
"7 1 0 0 1 1.320 1.795
118 ] 0 0 1 1.986 0.700
119 1 0 0 1 (] 0.700
120 0 0 1 1 1.320 1.796
121 0 (1] 1 1 0 1.798
122 1 0 0 1 o 0.700
123 1 0 ] 1 0 0.700
124 1 0 ] 1 0 1.795
128 1 0 o 0 1.320 1.795
126 1 0 0 1 0 0.700
127 1 [ 0 0 1.320 1.795
128 1 0 0 1 0 2.496
129 0 0 1 1 1.320 1.796
130 1 [} 0 1 0 1.795
131 1 0 0 1 0 0.700
132 1 0 0 0 1.320 1.795
133 1 0 0 1 1.320 0.700
134 1 o 0 1 1.320 0.700
138 0 0 1 1 0 0.700




Table 1¢. (Continued).

Type of Residence

Elec.
Duplex or Mobile Water
Datached Apartment Home Hemter Freezer Refrigsrator

t (1ayes) (1=yes) (i=yes) (1=yes) (kw) (kw)
136 ] [} 0 t 1.985 1.796
137 1 [} 0 1 1.985 1.400
138 0 1 (4 1 ] 1.796
139 0 0 1 1 Y 0.700
140 [ 1 0 1 7.268 1.795
141 1 ] ¢ 1 1.320 C.700
142 ] ) 0 1 0 1.798
143 0 1 0 1 0 0.700
144 0 0 1 1 0 0.700
145 0 0 1 1 0 1.796
148 1 o 0 0 0 1.796
147 1 0 ] 0 0 0.700
148 1 0 0 0 Q 1.705
149 1 0 0 0 1.320 1.796
150 0 1 ) 1 Q 1.795
151 1 [ [ 3 2.640 1.795
152 1 0 0 1 0 1.796
183 1 0 o 0 1.320 1.798
154 1 o 0 ] 1.320 G.700
186 [} 0 1 1 [ 0.700
166 1 [ (4] 1 1.320 0.700
157 [1] 0 1 1 1.320 1.798
158 1 0 9 1 3.970 2.496
159 1 [} 0 1 0 0.700
160 1 [ 0 1 1.320 1.796
161 1 Q0 0 1 1.320 1.798
162 1 Q 0 1 1.320 0.700
163 1 [ [ 1 0 1,796
164 1 0 0 1 [ 1.786
165 1 Q 9 1 2.640 3.690
166 1 0 [ 1 1.320 0.700
167 [ 1 0 1 0 a.700
168 1 0 Q 1 2.640 0.700
169 [+ 0 1 1 ] 1.796
170 . . . . . .
m 1 [ [} 1 1.320 1.798
172 . . . . . .
173 0 [} 1 1 1.320 0.700
174 1 [} 1] 1 1.320 0.700
176 1 [} (] 1 1.988 1.795
178 0 [ 1 1 [ 0,700
177 1 [ o 1 3.970 1.795
178 1 [ o 1 1.986 1.798
179 [} g 1 [ o 0.700
180 1 0 0 1 1.320 1.798




Table 1c. (Continued).

Type of Residence

Elec.
Duplex or Mobile Water
Detached Apsrtment Home Hester Freezer Refrigerator

t (1syes) (i=yes) (I=yes) (lI=yes) {kw) (kw)
181 1 0 [ 1 1.985 0.700
182 1 0 0 1 1,905 1,195
183 1 (] 0 1 1.320 1.795
184 1 ° () 1 1.820 1.798
185 1 0 0 ] ] 2.496
188 1 0 0 1 0 1.798
187 1 0 0 ] 1.320 0
168 1 0 [} 1 1.320 1.795
189 1 1] 4] 1 [1] 1.795
190 1 4] )] 1] 1.885 2.498
191 1 0 ()] 1 0 1.795
192 1 o 0 1 0 1.795
193 1] 0 1 0 /] (3]
194 ] 0 1 1 1.320 1.795
1958 1 [} 0 1 1.320 0.700
196 1 0 0 1 1.985 1.796
197 1 [} 0 1 1.985 1.795
198 ] o 1 1 0 1.198
199 1 i ] 0 1 1.320 1.795
200 1 0 0 ) 0 0.700
200 0 1 0 1 1.985 [
202 0 1 0 1 0 1.795
203 1 [}] 0 1 1.320 0.700
204 1 ] [ 1 0 0.700
205 0 0 1 1 1.320 0.700
206 1 0 0 0 1.320 6.700
207 [+] ] 1 1 [ 0.700
208 1 0 1] 1 1.320 2.495
209 1 0 0 1 1.320 1.795
210 1 [+] ] 1 0 0.700
n 0 1 o 1 0 0.700
212 1 0 0 1 o 1.795
213 1 0 0 1 1.320 1.795
214 1 (i} 0 1 1.985 1.796
215 1 0 0 1 1.320 1.798
216 1 0 0 0 (] 0.700
217 1 0 0 1 1.320 1.795
218 1 1] [+ 1 1.988 1.798
219 1 0 (] 0 0 0.700
220 1 0 0 1 1.320 1.795
27 ¥ 0 0 1 1.320 1.798
222 0 1 ] 1 0 1.798
223 1 0 (] 1 1.320 1.795
224 1 0 0 1 ) 1.795

Source: Courtesy of the authors, Gallant and Koenker (1984).
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In this connection, hypothesis H, implies that g(v|@) is homogeneous of
degree one in v, which in turn implies that the first stage aliocation function
has the form

f(p’ Y’ th.) cf[n(pl’ P2 p3): Psr---2 Pn> Y’ th']

where II( p,, p,, py) is a price index for electricity which must itself be
homogeneous of degree one in p,, p,, p, (Blackorby, Primont, and Russell,
1978, Chapter 5). This leads to major simplifications in the interpretation of
results, for which see Caves and Christensen (1980).

One word of warning regarding Table lc, all data are constructed
following the protocol described in Gallant and Koenker (1984) except
income. Some income values have been imputed by prediction from a
regression equation. These values can be identified as those not equal to one
of the values 500, 1500, 2500, 3500, 4500, 5500, 7000, 9000, 11,000, 13,500,
17,00, 22,500, 27,500, 40,000, 70,711. The listed values are the midpoints of
the questionnaire’s class boundaries except the last, which is the mean of an
open ended interval assuming that income follows the Pareto distribution.
The prediction equation includes variables not shown in Table 1c, namely
age and years of education of a member of the household—the respondent
or head in most instances. a

2. LEAST SQUARES ESTIMATORS AND MATTERS OF
NOTATION

Univariate responses y,, for t =1,2,....n and a = 1,2,..., M are pre-
sumed to be related to k-dimensional input vectors x, as follows:

ya,=/a(x,,03)+e,, a=1,2,....M t=1,2,...,n

where each f,(x,0,) is a known function, each 8° is a p,-dimensional
vector of unknown parameters, and the ¢, represent unobservable observa-
tional or experimental errors. As previously, we write 8° to emphasize that
it is the true, but unknown, value of the parameter vector §, that is meant;
8, itself is used to denote instances when the parameter vector is treated as
a variable. Writing

the error vectors e, are assumed to be independently and identically
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distributed with mean zero and unknown variance-covariance matrix X,
T==¢(e,e}) t=12,....n

whence

0,5 (=5
#lewen) = { Op t# s

with 0,4 denoting the elements of X.

In the literature one finds two conventions for writing this model in a
vector form. One emphasizes the fact that the model consists of M separate
univariate nonlinear regression equations

Ya=fu(08) +e, a=12,...M

with y, an n-vector as described below, and the other emphasizes the fact
that the data consists of repeated observations on the same subject

yo=f(x,0°)+e, t=12,...,n

with y, an M-vector. To have labels to distinguish the two, we shall refer to
the first arrangement of the data as grouped by equation, and the second as
grouped by subject.

The grouped by equation arrangement follows the same notational
convention used in Chapter 1. Write

Ya
Va2

]

Ya




292 MULTIVARIATE NONLINEAR REGRESSION

In this notation, each regression is written as
Ya=1(00) +e, a=12,...M
with (Problem 1)
€ (e, ep) = 0,51

of order n by n. Denote the Jacobian of f,(4,) by
d
F,(0,) = 7g:/a(68.)

which is of order n by p,. Hlustrating with Example 1, we have:

EXAMPLE 1 (Continued). The independent variables are the loga-
rithms of expenditure normalized prices. From Tables 1a and 15 we obtain
a few instances

. {(3.90,2.86,1.06)
"x“‘“( 0.46931

L ((3.90,2.86,1.06)
)‘2"'“( 0.79539

) = (2.11747,1.80731, 0.81476)’

) = (1.58990,1.27974,0.28719)’

- 1 (3:90,2.86,1.06)
*19 = "( 1.37160

= 1of (3:90,2.86,1.78)
*20 = ( 0.92766

) = (1.04500,0.73484, —0.25771)’

) = (1.43607,1.12591,0.65170)’

_ 1| (3:90,2.86,1.78)
Yoo = "( 2.52983

— 1of (3:90.3.90,1.06)
Xq =0t 114741

) = (0.43282,0.12267, ~0.35154)'

) = (1.22347,1.22347, ~0.079238)"

[ (6:56.3.90,1.78)
X224 = ”( 1.15897

) = (1.73346,1.21344, 0.42908)’.
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The vectors of dependent variables are for a = 1

1n(0.662888 /0.056731) 2.45829

y In(0.644427 /0.103444) 1.82933

224 In(0.521465,/0.179133) |, 2 1.06851 /4
and fora = 2

1n(0.280382,/0.056731) 1.59783

In(0.252128 /0.103444) 0.89091
YVua ™ . = .

1| 0(0.299403/0.179133) |, 2221051366/

Recall that

et Xby, +e
Yu ay + X/b xibg 1

az + x:b(z)
M ARRAL . TS
Y2, ™ n03 e X5b(3) €

with b,, denoting the ath row of

by by, by
B=|by by by
by by by

and with a’ = (a,, a,, a;). Note that if both g and B are multiplied by
some common factor § to obtain @ = 8a and B = 8B, we shall have

Thus the parameters of the model can only be determined to within a scalar
multiple. In order to estimate the model it is necessary to impose a
normalization rule. Our choice is to set a, = —1. With this choice we write
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the model as
= 0
Yu= fl(xv 01 ) + €y,
[
Yau = f2(xn 02 ) + ey
with

a, + byyx
fulx.b) == s a=12

b; = (axv byys byas by, by, by, bss)
0; = (az:bzhbzz-bza»bsnbszsbn)- o
Recognizing that what we have is M instances of the univariate nonlin-

ear regression model of Chapter 1, we can apply our previous results and
estimate the parameters 82 of each model by computing 0}‘ to minimize

SSE,(6,) = [ y. — £.(8)] [ ya ~ fu(6.)]

for a = 1,2,..., M. This done, the elements ¢,; of Z can be estimated by

. [a _fa(gf)]'[yﬂ“’fﬂ(éﬂ#)]

Uap n

a,B=12,..., M.

Let £ denote the M by M matrix with typical element 6,5. Equivalently, if
we write

then

We illustrate with Example 1.

EXAMPLE 1 (Continued). Fitting

»n=h(6,) + €y



SAS Statements:

PROC NLIN DATA=EXAMPLE! METHOD=GAUSS ITER=50 CONVERGENCEH\ E-1
PARMS B11=0 B12e0 B13=0 B31s0 B32e0 83320 Al=-9;
PEAK=A1+811%X148124X2+B13%X3;  BASE=A3+B31*X1 033 2*)(20833*)(3
MODEL Y1i=LOG PEM/BASE);

DER.AY =1/PE

DER. 011-‘/PEAK*X1; DER.BI 1= 1/BASE*XT;

DER.B12=1/PEAK*X2; DER.B32=-1/BASE*X2;

DER.B13=1/PEAK*X3; OER.BI3=-1/BASE*X3;

OUTPUT OUT=WORKO2 RESIDUAL=E1;

3;

Output:
STATISTICAL ANALYSIS SYSTEM 1
NON-L INEAR LEAST SQUARES 1TERATIVE PHASE
DEPENDENT VARIABLE: Y1 METHOD: GAUSS~-NEWTON
ITERATION B11 812 813 RESIOUAL SS
831 B32 B33
Al
[}] 0.000000E+00 0.000000E+00  0.000000E+00 T2.21326991
0.000000E+00 0.000000E+00  0.000000F +00
-9,00000000
-
18 -0.838627680 -1.44241315 2.01535661 36.50071896
0.46865734 -0.19468166 -0.38299626
~1.98254683

NOTE: CONVERGENCE CRITERION MET.

STATISTICAL ANALYSIS SYSTEM 3
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y1
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 7 1019.72335676 145.6T7476625
RESIDUAL 217 36.50071896 0.16820608
UNCORRECTED TOTAL 224 1056.22407572
(CORRECTED TOTAL) 223 70,01946081
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 96 %
STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER
811 -0.830627680 1.37158782 -3.654194099 1.86468538
812 -1.44241015 1.87671707 -5.14138517 2.26655887
B13 2.01535561 1.4450128)3 -0.83273696 4.86344716
B31 0.46865734 0.12655508 0.21921988 0.71809482
832 -0.19468166 0.21664114 -0.62561901 0.23625569
833 -0.38299628 0.09376286 -0.56780098 -0.19819153
At ~1.98254583 1.03138455 -4.01538427 0.05029260

Figure 1a. First equation of Example 1 fitted by the modified Gauss-Newton method.



SAS Statements:

PROC NLIN DATA=EXAMPLE1 METHOD=GAUSS
PARMS 821s0 822»0 823=0 B31s0 B32=0 B833w0 A2u-3; Ads-
INTER®A2+B21#X1+48224X2+B823%X3;

MODEL Yz-LOG KNTER/BASE) :

DER.A2 =1/1

DER.B21 -I/XNTER*XI
DER.B22=1/INTERAX2;
DER,B23a Y/ INTER*X);
OUTPUT OUT=WORKO3 *ESIDUAL-EZ ;

1TER=50 CO'NERGENCE-! E-13;

BASE=A34B31%XY 0632*X20833*X3 $

OER.B831=-1/BASERX
DER 832-—1/BASE*X23
R.B3II=-1/BASEAX];

Output:
STATISTICAL ANALYSIS SYSTEM 4
NON-LINEAR LEASY SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y2 METHOD : GAUSS-NEWTON
ITERATION B21 22 823 RESIDUAL SS
831 832 833
A2
0 0.000000E+00  0.000000£+00  0.000000E+00 37.16568980
0.000000E+00 0.000000E+C0  0.000000E+00
-3.00000000
16 0.41684196 -1.30951752 0.73966410 19.70439406
0.2477739 0.07675306 -0.39514717
-1.11401781
NOTE: COMVERGENCE CRITERION MET.
STATISTICAL ANALYSIS SYSTEM [
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y2
SOURCE DOF SUM OF SQUARES MNEAN SQUARE
REGRESSION 7 265,36866902 37.90980843
RESIDUAL 211 19.70439408 0.09080368
UNCORRECTED TOTAL 224 265.07306307
(CORRECTED TOTAL) 223 36.70369496
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTQTIC 95 &
STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER
B21 0.41684196 0.44396622 ~0.45620663 1.29189056
822 -1.30951762 0.60897020 -2.50978587 ~0.10924936
823 0.73956410 0.64937638 -0.34324562 1.82237401
831 0.24777391 0.13857700 ~0.02535860 0.52090642
832 0.07675308 0,18207332 ~-0.28210983 0.43861595
833 -0.39514717 0.08932410 ~-0.57120320 -0.21909114
A2 -1.11401781 0.34304923 ~1,79016103 -0.43787460

Figure 15, Second equation of Example 1 fitted by the modified Gauss-Newton method.
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by the methods of Chapter 1 we have from Figure 1a that

dl
by, —1.9825483
5 ~0.83862780
12 —1.44241315
6F = |by] =1{ 2.01535561
by, 0.46865734
5 —0.19468166
32 ~0.38299626
833
and from Figure 1b that
az
by ~1.11401781
5 0.41684196
n -1.30951752
62 = |by| =| 073956410 |.
by, 0.24777391
5 0.07675306
532 -0.39514717

el
w

Some aspects of these computations deserve comment. In this instance,
the convergence of the modified Gauss-Newton method is fairly robust to
the choice of starting values so we have taken the simple expedient of
starting with a value 0, with f,(x,0,) = y,. The first full step away from

B
s = B + [F2e8.) FuloB)] "' FlB) ya — 1u(o8u)]

is such that
19, + 1b(,)x
’—1 + lb(’;)x

is negative for some of the x,; this results in an error condition when taking
logarithms. Obviously one need only take care to choose a step length (A,
small enough that

10a - 00¢ + 0A¢[F;(00a)Fa(00a)] _IF’(Ooa)[ya - fa(Ooa)}
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SAS Statements:

DATA WORKO4; MERGE WORKO2 WORKO03; KEEP T EY E2;
PROC MATRIX FW=20; FETCH E DATA=WORKO4(KEEPwE? E2);
SIGMASE'#E#/224; PRINT SIGMA; PsHALF(INV(SIGMA)); PRINT P;

Output:
STATISTICAL ANALYSIS SYSTEMNM 7

SIGMA coL1 coL2
ROW1 0.1629486382006 0,09015643320394)
ROMW2 0.0901543320394) 0.08796604486026
e cott coL2
ROW1 3.7648141823903 ~3.85846958764
ROM2 1} 3.371649857133

Figure 1¢. Contemporancous variance-covariance matrix of Example 1 estimated from single
equation residuals.

is in range to avoid this difficulty. Thus, this situation is not a problem for
properly written code. Other than cluttering up the output (suppressed in
the figures), the SAS code seems to behave reasonably well. See Problem 7
for another approach to this problem.

Lastly, we compute

$ - ( 0.1629496382006 0.09015433203941)
0.09015433203941  0.08796604486025

as shown in Figure lc. For later use we compute

p= (3.764814163903 —3.85846955764 )
0 3.371659857133

with $-1 = p/p, )

The set of M regressions can be arranged in a single regression

y=f(8° +e
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by writing

aM yMl

f(6) =

nM IM(.BM) 1

with p = TM_ p_. In order to work out the variance-covariance matrix of e,
let us review Kronecker product notation.

If Aisa k by / matrix and B is m by n, then their Kronecker product,
denoted as 4 ® B, is the km by In matrix

auB alzB ree a“B

ayB a,B --- a,B
AeB=| 2 2 2

anB an,B --- a,B

The operations of matrix transposition and Kronecker product formation
commute; viz.

(A® B) =4'® B

If 4 and C are conformable for multiplication, that is, C has as many rows
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as A has columns, and B and D are conformable as well, then
(A ®B)(C® D) =AC ® BD.
It follows immediately that if both 4 and B are square and invertible, then
(A®B) '=4"'® B!

that is, inversion and Kronecker product formation commute.
In this notation, the variance-covariance matrix of the errors is

€(ee]) €(ee5) - €(eyel)
€(e,, € €(e,, ¢, €(e,, e}
é(e, ') = ( 2 1) (e5.€3) (€3, eh)

‘f(e”,e{) €(ey.e3) - €(epy.el)
0111 0121 e U‘MI

- 0211 022[ e oZMl
ol opd - OM.MI

=3 ® [

the identity is 7 by n, while 2 is M by M, so the resultant £ ® [ is nM by

nM.
Factor £~ ! as 2~! = P’P, and consider the rotated model

(Pel)y=(PeI)f(8)+ (Pe&I)e

or
“pr=“f (@) + “e”.
Since
€(“e”“e”)=(PoI)Z®I)P®IY
=(PZP)®1I
= [ppy(P) P 01
= uly ® .1,
= amdnm
the model

“y”n“f ;’(00) + “en
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is simply a univariate nonlinear model, and #° can be estimated by
inimizing

5(0,Z) = [“y"= (O] [“y"~ “f"(6)]
=[y—-s@®}(Pe1)y(Penly-[(4)]
=[y-r(O)(Z ' e 1)y - f(8)].

Of course X is unknown, so one adopts the obvious expedient (Problem 4)
of replacing = by £ and estimating 6° by

¢ minimizing S(9, £).

These ideas are easier to implement if we adopt the grouped by subject
data arrangement rather than the grouped by equation arrangement.
Accordingly, let

Y

Y2
»n= : t=1,2,...,n

MyMll

fl(x’ 01)

7(x,8) = fz(x.: 6,)

M fu(x.v 6r) 1

M
6= 1| . P= X Pa

a=1

1
whence the model may be written as the multivariate nonlinear regression

yo=f(x,,0°) +e, 1=1,2...,n
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In this scheme,

$(0,3) = ¥ [y~ fx OV, = f(x,,0)].

t=]

To see that this is so, let 0*# denote the elements of = ! and write

56.) = £ [~ flx 012 [~ £(x,)]
= él gl pglaap[ym _fa(xr’od)][yﬂl - fﬂ('xl’ aﬂ)]
= é élv“”[y, — 18] [ 76 — 1(65)]

=[y-f(O))(Z e 1]y - f(8)].

In writing code, the grouped by subject arrangement coupled with a
summation notation is more convenient because it is natural to group
observations ( y,, x,) on the same subject together and process them serially
fort=1,2,..., n. With §(8, Z) written as

$(6, %) = illy, [ OFE [y, f(x 0]

one can see at sight that it suffices to fetch (y, x,), compute [y, -
f(x,, OV Z"Yy, — f(x,, 8)], add the result to an accumulator, and continue.

The notation is also suggestive of a transformation that permits the use
of univariate nonlinear regression programs for multivariate computations.
Observe that if ! factors as 27! = P’P then

S(o, 2) = Z [Py, - Pf(xno)]llp}'r - Pf(xn 9)]
tm1
Writing p/,, to denote the ath row of P, we have

n M
S(0,2) = ¥ ¥ [playy — Pl f(x. 0)]’.

t=]la=]

One now has S(8, 2) expressed as the sum of squares of univariate entities;
what remains is to find a notational scheme to remove the double summa-
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tion. To this end, put
s=M(t-1)+a
“ys” = p(la)yl
” 7 , ’
= (pl, x;)
“f7(4x,”, 0) = playf(x,, 8)

(13
xs

fora=1,2,...,Mand t = 1,2,..., n, whence

nM
S(o, 2) = Z [uy’u_ uf ”» “x,”,a)]z.

sl
We illustrate these ideas with the example.
EXAMPLE 1 (Continued). Recall that the model is

b4T) ‘fl(xnol) + €n
Y =f2(xn 02) + L7]
with

a,+ b/

=1 det b -
fu(x,6,)=In T ¥ byx a=1,2

87 = (ay, by, bz, bys, by, b3y, byy)
8; = (@, by, by, byy, by, by, bys).
As the model is written, the notation suggests that b3, is the same for both

a =1 and a = 2, which up to now has not been the case. To have a
notation that reflects this fact, write

a, + b('a)

fo(x,8) =InF 5

a=1,2
a(3)X

0 = (ay, by, byy, by, byay, bysys bys3)
6, = (“2’ bys byy,s by3, by3ys basa,s bm)

to emphasize the fact that the equality constraint is not imposed. The
multivariate model is then

yI =f(xl’0) + el
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with

ay + b;,x, + byyxy, + biyx,,
—T1 4 bypxy, + biaaxy + binxsy,

In

f(xn 0) =

n—22 + by Xy, + bpXy, + Xy,
=1+ by Xy, + bypy Xy, + bysaXy,

and

- Y e = € .
Vi Yas ! €]’

x, as before. To illustrate, from Table 1a for 1 = 1 we have

_ [ 1n(0.662888,/0.056731) | _ (2.45829)
In(0.280382,/0.056731) |  \1.59783

W
and for ¢t = 2

b

- 1n(0.644427,/0.103444) } _ (1.82933)
! In(0.252128 /0.013444) 0.89091

as previously, from Tables 1a and 15 we have

2.11747 1.58990
x; = | 1.80731 |, x; = 1127974 }.
0.81476 0.23719
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To illustrate the scheme for minimizing S(4, $) using a univariate

nonlinear program, recall that

P= (3‘7648 B 3'8585) (from Figure 1c)

0 3.3716

whence

“y” = (3.7648, -3.8585)( %ggggg) = 308980

wy 245829 _
=0 3.3716)(1_59783) 5.38733

“py = (3.7648, — 3.8585)((1)'25333) = 3.44956

“, o 1.82933) _
yr=0 3.3716)(0‘89091) 3.00382

*x,” = (3.7648, —3.8585,2.11747, 1.80731, 0.81476y’

“x,” = (0 ,  3.3716,2.11747,1.80731, 0.81476)’

“x4" = (3.7648, —3.8585,1.58990, 1.27974, 0.28719)"

“x4"” = (0 . 3.3716,1.58990,1.27974,0.28719)’
g e s a, + xiby,
f ( Xy ,0)'3.76481nm
_ 185851021 Xiba)

"'1 + x{bz(g)

az + x{b(z)

(", 0) = 3376y -



SAS Statements:

DATA WORKO1; SET EXAMPLE!;
P1=3.764814163903; P2=-3.85846955784; YsPIRY14P2%Y2; OUTPUT;
P120; P2=3.371849857133; YwPI1*Y14P2WY2; OUTPUT; DELETE;
PROC NLIN DATA=MORKO? METHOD=GAUSS ITER=60 CONVERGENCE=1.E-8;
PARMS 8112-.8 B12=-1.4 B132 B131=.§ B132=-.2 B133a-.4

B21=.4 B22=-1.3 823=.7 B231=.2 B232+.1 B233m-.4

Ats-2  A2=-1; A3s-1;
PEAK sA1+B11AXT+BT12AX2+4813%X3; BASE1=A3+B131*X148132%X2+8133*X3;
INTER=A2+821%X14B22%X24823%X3; BASEZ2=A3I+B2314X1+82327X2+8233%X3;
MODEL YsP1%LOG(PEAK/BASE1)+P2%LOG( INTER/BASE2) ;

DER.A1 =P1/PEAK:; DER.A2 =P2/INTER;

DER.B811=P1/PEAK*X1; DER.B21=P2/ INTER®X1;
DER.B12=P1/PEAK*X2; DER.B22=P2/INTER®*X2;
DER.B13=P1/PEAK*X3; DER.B23=P2/ INTER*X3;

DER.B131=-P1/BASEI*X1; ODER.B231s-P2/BASEZ*X1;
DER.B132=-P1/BASE1*X2; DER.B232u-P2/BASE2*X2;
DER.B133s~P1/BASEI*X3; DER.B233»-P2/BASE2%X3;

OUTPUT OUTsWORK02 RESIDUAL=EHAT;

PROC UNIVARIATE DATA=WORKO2 PLOT NORMAL; VAR EHAT; 1D T;

Output:
STATISTICAL ANALYSIS SYSTEM
NON-L INEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION an 812 813 RESIOUAL SS
B131 8132 8133
821 B22 B23
8231 8232 B233
Al A2
0 ~-0.80000000 -1.40000000 2.00000000 631.16222217
0.50000000 ~-0.20000000 ~0.40000000
0.40000000 ~1.30000000 0.70000000
0.20000000 0.10000000 -0.40000000
-2.00000000 -1.00000000
] -2.98669766 0.90158533 1.66353998 442.65919898
0.26718358 0.07113302 -0.47013242

0.200408925 -1.33081048% 0.850483564
0.18931302 0.10756268 ~0,40539911
-1.525673841 -0.96432128

Figure 2a. Example 1 fitted by multivariate least squares, unconstrained.
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STATISTICAL ANALYSIS SYSTEM 2

NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y

SOURCE DF SUM OF SQUARES MEAN SQUARE

REGRESSION 14 6540.63680955 467. 18848640

RESIDUAL 434 442.85919896 1.01995207

UNCORRECTED TOTAL 448 6983, 298008561

(CORRECTED TOTVAL) 417 871.79801949
PARAME TER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 %

STD. ERROR CONFIDENCE INTERVAL
LOMER UPPER

B -2.98669756 1.2717777%8 -5.49613789 -0.47526724
B12 0.90158633 1.41306198 -1.87676226 3.67892291
813 1.663563998 1.3169236% -0.92484026 4.25182022
8131 0.28718356 0.10864198 0.05365048 0.48071663
8132 0.07113302 0.17067332 ~0,26432109 0.40658712
8133 -0.47013242 0.07443326 -0.61842910 -0.32383574
821 0.20848925 0.41960687 -0.61839489 1.03337319
B22 -1.33081849 0.48058515 -2.27533780 ~0.38629949
823 0.85048384 0.64542139 -0.2215284) 1.92249650
8231 0.18931302 0.12899074 -0.08421501 0.44284105
8232 0.10756268 0.14261811 -0.17255306 0.38767842
823 -0.4083991 0.07932163 ~-0.56130357 ~0.24949465
Al -1.52573841 0.98851033 -3.46863040 0.41715388
A2 -0.96432128 0.34907493 -1.66041924 -0.27822332

L Figure 2a. (Continued).

SAS code to implement this scheme is shown in Figure 2a together with the
resulting output.

Least squares methods lean rather heavily on normality for their validity.
Accordingly, it is a sensible precaution to check residuals for evidence of
severe departures from normality. Figure 2a includes a residual analysis of
the unconstrained fit. There does not appear to be a gross departure from
normality. Notably, the Kolmogorov-Smirnov test does not reject normal-
ity.

Consider, now, fitting the model subject to the restriction that b, is the
same in both equations, viz

H, 1 byyy = byay, byyy = bayzy, by33 = baas.

As we have seen before, there are two approaches. The first is to leave the
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Figure 2a. (Continued).
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model as written and impose the constraint using the functional depen-
dence

a,
by, {1
by, P2
bn P
P4
bl3l ps
b132 p6
2 P
o= 1, = |07 | = o).
by, Ps
by, Pro
b pll
23 ps
by Ps
b3z ]
by

One fits the model
e 'f[xv g(pO)] +e,

by minimizing S{g(p), $}; derivatives are computed using the chain rule

5%‘7 "[“x,”, g(p)] = ;;p(‘.,f [x,, g(p)]

, 3 3
= Plw 397/ (%o B)L-,(,,a_dg(")‘

These ideas were illustrated in Figure 95 of Chapter 1 and will be seen
again in Figure 2d below.

The second approach is to simply rewrite the mode] with the constraint
imposed. We adopt the second alternative, viz.

ay + by xy, + byyxy, + bygxs,
=14 by xy, + byyxy, + byyx,,
ay + byxy + bypxy, + bysx,,
=1+ by xy, + byyxy, + byyxy,

In

f(xn 0) =
In

0’ = (a,, b1y byz, by, @2, by, byg, B, by, by, by3).
SAS code to fit this model is shown in Figure 2b.



SAS Statements:
DATA WORKO!; SET EXAMP

P1e3. 704674163963 ; - Pro- a diseasossres; Y=PISY1aP2RYZ, OUTPUT;
P1=0: P2=3.371640857133; YeP1RY14P2hv2; OUTPUT; DELETE;
PROC NLIN DATA=NORKO! METHOD=GAUSS I1TER=b0 c ésucs-v £-8;

PARMS B;\-E.g B|$--1A4 81322 B21e.4 822=-1.3 B23=.7 BII=.§ 852--.2 833=-.4
-— 2a~-
PEAK-AHBH*XHBI&*X“NB'IJ*X{! INTER®=A2+4821%X14822%X2+823%X3;
BASEsAI+B3 14X 14B3I2AX2+BIIAX3
MODEL Y-Pl*PE‘y‘EAK/BASE)QPzﬁ.DOi INTER/BASE ) ;
P2/INTER:

nen s11- PEAK*X1; DER azl-Pz/xnren&xv; DER.B31w(-P1-P2)/BASE*X1;
12-91/PEAK*x2 DER.B22aP2/INTER*X2; DER.B32=(-P1-P2}/BASE*X2;
BER; B13=P1/PEAK*X3; DER.B23:P2/INTER*X3; DER.B33=|-P1-P2)/BASE*X];

Output:
STATISTICAL ANALYSIS SYSTEM 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION 811 812 813 RESIDUAL SS
B21 822 B23
831 832 B33
Al A2
0 -0.80000000 -1.4000000 2.,00000000 641,48045300
0.40000000 -1.3000000 0.70000000
0.50000000 -0.2000000! -0, 4( )0
~2.00000000 -1.00000000
8 -3.27643130 1.30488351 1.66561680 447,31829119
0.40180449 -1.11931853 0,41058766
0.23944183 0.10826154 ~0.458082238
-1.58236942 -1.20266408

NOTE: CONVERGENCE CRITERION MET.

STATISTICAL ANALYSIS SYSTEM 2
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE OF SUM OF SQUARES MEAN SQUARE
REGRESSION 11 6536.97971731 594.17997430
RESIDUAL 437 447.31829119 1.02361163
UNCORRECTED TOTAL 448 6963.29600851
(CORRECTED TOTAL) 447 871.79801949
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 96 %
STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER
811 -3.27643190 1.27198559 -5.77643960 -0.77642431
812 1.304883561 0.86321400 -0.56859860 3.17836662
813 1.66561680 1.01449051 ~-0.32830042 3.66953403
821 0. 40100“9 0.29689462 -0.18172319 0.985633217
822 -1.1183185% g.3 761 -1.83870310 0.399% 5
823 0,41050766 0.33172431 -0.24139¢ 1.06257090
831 0.23944103 0.09393101 0.05 0.42408730
B32 0.10826154 0.1160!5620 ~0.121839€ 0.33436270
833 -0.45982238 0.054092566 -0.56613790 0.3536
Al -1.58236942 a. 85869333 ~3.26908056 0.10614171
A2 ~1.20266408 0.23172071 ~1.65809655 0.74723161

Figure 25, Example 1 fitted by multivariate least squares, /1 imposed.
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Following these, same ideas we impose the additional constraint of
symmetry,

H,: byy = by, byy = by, by; = by
by writing
| + byxy, + biyxy, + bisxy,
f(x,,8) = =1 4 byyxy, + byyxy, + by;xy,
“ 1n-22 + byXy, + byyxy, + byyxy,
=1 % biyxy, + byyxy, + byyxy,

6 = ("1’ by1s 13y b1, @y, byy, byy, byy).

SAS code is shown in Figure 2¢.
The last restriction to be imposed, in addition to H, and H,, is the

homogeneity restriction

3 3
Ya=-1 Yb;=0 fori=123.

im1 j=1
As we have noted, the scaling convention is irrelevant as far as the data are
concerned. The restriction a, + a, + a, = —1 is just a scaling convention,

and, other than asthetics, there is no reason to prefer it to the convention
a; = —1 that we have imposed thus far.* Retaining a, = — 1, the hypothe-
sis of homogeneity can be rewritten as the parametric restriction
3
Hy: Y, b, =0for j=1,2,3.

i=1

Equivalently, H; can be written as the functional dependence

a, a,
bul| | ~bu-bu| b,
by by, P2
b b
o={al=] o |=| n |-z
by, =byy - by ~Ps — P2
by; bys _ P
b, =by - bys Ps = b3

*In economic parlance, it is impossible to tell the difference between s linear homogeneous
and a homothetic indirect utility function by looking at a demand system.



SAS Statements:

OATA WORKO1; SET EXAMPLE
Pia3, 76481"63903; P2-'3 ‘ﬁl“
P1=0; P2e3,371649867133; YsP1i
PROC NLIN DATA=WORKO1 METHOOs

PARNS B11=0 B12s0 B13w0 822+0 82320 B3I=0 Als-1

PEAK=A14B114X148124X2+813%X3;

GAUSS I1TER=S0 CME“OE

956764

VePI¥Y14PZNY2
"Y1eP2NY2; OELE

OUTPUT;
ETE;
NCEw1.E-8;
A2s-1; A3s-1;
INTER=A24B 122X 1+822%X2+8237X3 ;

BASE=A3+8134X1+823%X2+83 rxa
MODEL Y-PI*LOG(PEAK/BASE +P2

Loa( INTER/BASE ) ;

DER.AY «P1/ DER.A2 -PZ/INTE& DER. mt-n/?mtm;
DER. 812-?1/?5“‘)(20?2 /INTER*X1; R.B822=P2/INTER*X2;
OER.813=P 1 /PEAK*XI+ -P?-PZ)/IASE'X\, DER. IQS-P?/INTMS#(-PI-PZ)/MSE*XZ.
DER.B33=(-P1-P2)/I
Output:
STATISTICAL ANALYSIS SYSTEM 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERAT ION 811 B12 813 RESIDUAL SS
B22 823 833
Al A2
0 0.000000£+00 0,.000000E+00  0.000000€+00 6983.29800851
0.000000E+00 0.000000E+00 O.000000E+00
-1.00000000 ~1.00000000
" -1.28362479 0.81889299 0.36108759 450.95423402
-1.04835591 0.03049767 -0.46735947
-2.92727122 -1.83786463
NOTE: CONVERGENCE CRITERION MET.
STATISTICAL ANALYSIS SYSTEM 3

NON-LINEAR LEAST SQUARES SUMMARY STATISTICS

DEPENDENT VARIABLE Y

SOURCE DF SUM OF SQUARES MEAN SQUARE

REGRESSION 8 6532.34377448 816.54297181

RESIDUAL 440 450.96423403 1.02489589

UNCORRECTED TOTAL 448 6963.29800851

(CORRECTED TOTAL) 447 871.79601949
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 X

STD. ERROR CONFIDENCE INTERVAL
LOWER UPPER

811 -1,20362479 0.22679438 ~1.72936637 ~0.83788321
B12 0.081889299 0.06096691 .65976083 0.9760283%
813 0.36108759 0.03024703 .30162008 0.42051610
822 -1.04835591 0.08389301 ~1.21264961 -0.868406221
823 0.03049767 0.0360894) -0.04043249 0.10142763
833 ~0.46736947 0.01923198 -0.506156801 -0,42956093
Al ~2.92727122 0,27778075 -3.47322147 -2.38132098
A2 -1.53786463 0.09187461 -1.71804189 -1.35768737

Figure 2c. Example 1 fitted by multivariate least squares, H1 and H2 imposed.
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SAS Statements:
DATA WORKO1; SEY E

XAMPLE

D e 4i6296; Procs b6846955764 TPl LRy ouTRUT;

Pin0; P2n3. 311346;51133 YsP1AY14P2 oéL

PROC. NLIN DATA=WORKO) METHODSGAUSS xrea-so convs RbeNcESS Ele:

PARNS R1s-3 Az-.8 A Pt

Al=B1; B11a 62-R B12=R2; a1a-«a A3oka; 8220 RE-R2; B23<RE; B31=-R5-RS3;
ARok158 1tx1oa\2*xzoa1a B ER D SB1 24K +B2ZWAD +B 2R3 |

unse-aa’er AX14823%%248

nooeL ou PEAK ASE)‘P!*LOG&I“TESéBASE‘

DER_A A2 =P sP1/PEAK*X1;

oen‘nvz-pt/pEAx&xzopz rnrsn* 1; néa B22&P2/INTER*
ggs_g;g-pz 7 pz 1-P2)/BASE*X1;™ DER aza-pz/rnréatxso( ~P1-P2)/BASE*XZ;
-l -P1-
DERTRY -oén  AY; .Rz--oéa B11+DER_B12-DER azz; DER.R3=-DER_B811+DER_B13-DER_833;
OER.R4=DER-A2; DER.RS»-DER”B22+DER"B23-DER”B

Output:
STATISTICAL ANALYSIS SYSTEM 1
MON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON

ITERATION R1 R2 R3 RESIDUAL SS
Ré RS

0 -3,00000000 0.60000000 0. 40000000 560.95959664
~-1.50000000 0.03000000

1 ~2.70479542 0.85805995 0.37705186 478.82185398
-1.59048135 0.05440110

2 -2.72429979 0.85764215 0.37433283 478.79661285
~1.59215078 0.05770645

3 ~2.72817893 0.85757097 0.37413074 478.79654696
-1.59211417 0.05794017

4 -2.72623507 0.85786494 0.37411703 478.79654866
-1.69210876 0.05796637

NOTE: CONVERGENCE CRITERION MET.

STATISTICAL ANALYSIS SYSTEMNM 2
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS OEPENOENT VARIABLE Y
SOURCE OF SUM OF SQUARES MEAN SQUARE
REGRESSION 5 6504.50146188 1300.90029237
RESIDUAL 443 476.79654666 1.08080485
UNCORRECTED TOTAL 448 6983.29800851
(CORRECTED TOTAL) 447 871.79801949
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 X
STD. ERROR CONF IDENCE INTERVAL
LOWER UPPER
R -2.72523507 0.17799072 ~3.07605148 -2.37641867
R2 0.85756494 0.06718212 0.72652768 0.968960220
R3 0.37411703 0. 09873 0.32085818 0.42737687
R4 -1.59210976 0.07719368 -1.74382378 -1.44039576
RS 0.056796637 0.03403316 -0.00893116 0.12484390

Figure 2d. Example 1 fitted by multivariate least squares, H1, H2, and H3 imposed.
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with Jacobian

]
l

G(p) = 378(p) =

COMOOM~O

e O OO OO

COO~OOOO

COOOOCOO =
-~ OOOmO O

SAS code implementing this restriction is shown in Figure 2d.

The results of Figures 2a through 2b are summarized in Table 2.

As was seen in Chapter 1, these regressions can be assessed using the
likelihood ratio test statistic

£ = (B ries = SSE,“L)@.
(SSEr)f(n - p)

As with linear regression, when one has a number of such tests to perform,
it is best to organize them into an analysis of variance table as shown in
Table 3. For each hypothesis listed under source in Table 3, the entry listed
under d.f. is g, as above, and that listed under Sum of Squares is (SSE 4, cq
— SSE), as above. As an instance, to test H1, H2, and H3 jointly one
has

SSE,cguced = 478.79654666 (from Fig. 2d)
SSE,; = 442.65919896 (from Fig. 2a)
with 443 and 434 degrees of freedom respectively, which yields
SSE cquces — SSEy = 36.1374
g=443 — 434 =9

as shown in Table 3, In general, the mean sum of squares cannot be split
from the total regression sum of squares, but in this instance it would be
possible to fit a mean to the data as a special case of the nonlinear model by
setting B = 0 and choosing

(7 ])



Table 2. Parameter Estimates and Standard Ervors® for Example 1.

Subject to
Parameter Unconstrained H1 Hl & H2 Hl, H2 & H3
a, —1.5257 -1.5824 -2.9273 —-2.7252
(0.9885) (0.8586) (0.2778) (0.1780)
by, —-2.9867 —3.2764 —-1.2836 -1.2317
(1.2778) (1.2720) (0.2268)
by, 0.9016 1.3049 0.8189 0.8576
(1.4131) (0.9532) (0.0810) (0.0672)
by, 1.6635 1.6656 0.3611 0.3741
(1.3169) (1.0145) (0.0302) (0.0271)
a, —0.9643 -1.2027 —1.5379 —1.5921
(0.3491) (0.2317) (0.0917) (0.0772)
by, 0.2085 0.4018 0.8189 0.8576
0.4197) (0.2969)
by, —1.3308 -1.1193 —1.0484 -0.9155
(0.4806) (0.3660) (0.0836)
by, 0.8505 0.4106 0.0305 0.0580
(0.54549) {0.3317) (0.0361) (0.0340)
a, -10 -1.0 -1.0 -1.0
(0.0) {0.0) 0.0) 0.0)
by /by, 02672 0.2394 0.3611 0.3741
(0.1086) (0.0939)
by32/b;53 0.0711 0.1063 0.0305 0.0580
0.1707) (0.1161)
b133/ b3y -0.4701 -0.4598 —-0.4674 -0.4321
(0.0744) (0.0541) (0.0192)
by 0.1893
(0.1290)
byss 0.1076
(0.1425)
bn, - 0.4054
(0.0793)

“Standard errors shown in parentheses.
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Table 3. Analysis of Variance.

Source df.  Sumof Squares = Mean Square F P>F

Mean 1 6111.5000 6111.5000

Regression 4 393.0015 98.2504 96.324  0.00000

H1, H2, H3 9 36.1374 40153 3937 0.0001
Hl 3 4.6591 1.5530 1.523  0.206
H?2 after H1 3 3.6360 1.2120 1.188 0313
H3 after 3 27.8423 9.2808 9.099  0.00001
H1, H2

Error 434 442.6592 1.0200

Total 448 6983.2980

The existence of a parametric restriction that will produce the model

43 ”ﬂ l 4" "
-

justifies the split. The sum of squares for the mean is computed from

SSE, 4uced = 6983.29800851 (from Fig. 2d)
SSE,, = 871.798001949  (from Fig. 2d)

with 448 and 447 degrees of freedom respectively, yielding

q=448 — 447 = 1

which is subtracted from

SSE egression = 6504.50146185 (from Fig. 2d)
with 5 degrees of freedom to yield the entry shown in Table 3.

From Table 3 one sees that the model of Figure 2¢ is reasonably well
supported by the data and the model of Figure 24 is not. Accordingly, we
shall accept it as adequate throughout most of the rest of the book, realizing
that there are potential specification errors of at least two sorts. The first are
omitted variables of which those listed in Table 1c are prime candidates
and the second is an erroneous specification of functional form. But our
purpose is illustrative and we shall not dwell on the matter. The model of
Figure 2¢ will serve. a
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As suggested by the preceding analysis, in the sequel we shall accept the
information provided by $-1a prp regarding the rotation £ that will
reduce the multivariate model to a univariate model, as we must to make
any progress, but we shall disregard the scale information and shall handle
scaling in accordance with standard practice for univariate models. To state
this differently, in using Table 3 we could have entered a table of the
chi-square distribution using 27.8423 with 3 degrees of freedom, but instead
we entered a table of the F-distribution using 9.099 with 3 and 434 degrees
of freedom.

The idea of rewriting the multivariate model

y,=f(x,,8)+e, t=12,...,n
in the form
“pr=cfr(“x,”,0) + “e,”  s=12,...,nM
using the transformation
“V=Py  s=M(-1)+a
in order to be able to use univariate nonlinear regression methods is useful
pedagogically and is even convenient for small values of M. In general,

however, one needs to be able to minimize S(4, ) directly. To do this note
that the Gauss-Newton correction vector is, from Section 4 of Chapter 1,

-1

s=-

o0~ B (dys-cnodoereno]
< (7??17 ”,9))[“%”— “f "(“x,”, 8)]

= [f: E( f(x,, 0))P(a)P(a)( Z'f(xno))]*l

l-lna y
X Z Z ( xno))P(a)P(a)[}’, (xna)]
t=1a=l
- [£ Gz {gpsen)]

x X (77 0x0 )27 1= 15, 0)]
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The modified Gauss-Newton algorithm for minimizing S(8, Z) is then:

0. Choose a starting estimate 6,. Compute D, = D(4,, £), and find a A,
between zero and one such that

S(8, + A, Dy, £) < S(8,, Z).

1. Let 6, = 8, + Ay D,. Compute D, = D(8,, Z), and find a A; between
zero and one such that

S(6, + \\Dy, Z) < §(8,, 2).
2. Let 6, =6, + \,D,. ...

The comments in Section 4 of Chapter 1 regarding starting rules, stopping
rules, and alternative algorithms apply directly.

PROBLEMS
1. Show thatif e, is an n-vector with typical element e, fors = 1,2,...,n
and a = 1,2,..., M, and ¥(e,, €5,) = 0,5 if ¢ =5 and is zero other-

wise, then

g(ea, eé) = o‘apl.

2. Reestimate Example 1 (in unconstrained form, subject to H,, subject to
H, and H,, and subject to H,, H,, and H,) using the normalizing
convention a, + @, + a, = —1 (instead of a, = —1 as used in Figs.
2a, 2b, 2¢, 2d).

3. Using the grouped by equation data arrangement, show that the
Gauss-Newton correction vector can be written as

D(8,2)=[F(8)= '@ 1)F(8)] 'F (o=~ 8 I)[y ~ f(8)]

where F(8) = (3/06°)f(8) = diag[ F(8,), ..., Fy,(8,)]

4. Show that S(8, Z) satisfies the integral condition of Assumption 6 of
Chapter 3, which justifies the expedient of replacing T by £ and
subsequently acting as if £ were the true value of 3.

5. If the model used in Exampie 1 is misspecified as to choice of
functional form, then theory suggests (Gailant, 1981, 1982; Elbadawi,
Gallant, and Souza, 1983) that the misspecification must take the form



LEAST SQUARES ESTIMATORS AND MATTERS OF NOTATION 319

of omission of additive terms of the form
a,;c08( jkix) — b, sin( jk,x)
from the indirect utility function
g(xj@) = a’x + 1x'Bx;

recall that x = In( p/E). Test for the joint omission of these terms for

o (8 e

and j = 1,2, a total of 24 additional parameters.
Instead of splitting out one degree of freedom for the model

k =

” 1 45 »”
Ys u(1)+ e

“

from the five degree of freedom regression sum of squares of Figure 2d,
as was done in Table 3, split out two degrees of freedom for the model

4 ” “l [ ”
e (1) 4 ver

(Out of range argument.) Show that the constants 1,,1,,a,b,¢,a, 8
can be chosen so that the function

a+ Bx -0 <x <1,
slog(x) ={a+bx+cx? f<sx<t,
In x 1, <x <

is continuous with continuous first derivative

4 B -0 <X <t
Ex—-slog(x) =(b+2ex 1, Sx51,
1/x LHSx<o0.

Verify that slog(x) is once continuously differentiable if the constants
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are chosen as

tz = 10_7
a = —299.999999999999886
B = 5667638086.9808321

a = —299.999999999999886
b = 5667638086.9808321
¢ = —28288190434904165.

Use slog(x) in place of In(x) in Figures 1a through 2d, and observe
that the same numerical results obtain.

3. HYPOTHESIS TESTING

We shall derive our results on hypothesis testing in a summation notation
using the grouped by subject data arrangement. We do so mainly for
pedagogical reasons, although, as remarked earlier, this form is more
natural for translating results to machine code.

The prevalent form in the literature is a vector notation using the
grouped by equation data arrangement. To provide convenient access to the
literature, the results are restated in this notation at the end of the section.
There are no new ideas or different results involved in this restatement, just
an algebraic rearrangement of terms.

The data follow the model

y,=f(x,0%+e, t=12,...,n
with the functional form f(x, #) known, x, a k-vector, 8 a p-vector, y, an
M-vector, and e, an M-vector. Assume that the errors {e,} are indepen-
dently and normally distributed, each with mean zero and variance-covari-
ance matrix . The unknown parameters are 6° and Z.

Consider testing a hypothesis that can be expressed either as a paramet-
ric restriction

H:h(0°) =0 against A:h(8°) =0
or as a functional dependence

H:6°=g(p°)for some p° against A:8°+ g(p) for anyp.
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Here, 2(8) maps R” into R? with Jacobian

H(8) = 55:h(8)

which we assume is continuous and has rank g over the parameter space;
g(p) maps R" into R? and has Jacobian

6(p) = 775(p).

The Jacobians are of order ¢ by p for H(8) and p by r for G(p); we
assume that p = r + ¢, and from h{g{(p)] = 0 we have H]g(p)IG(p) = 0.
For complete details see Section 6 of Chapter 3. Let us illustrate with the
example.

EXAMPLE 1 (Continued). Recall that the model
yo=f(x,8°) +e 1=1,2,...,224
with

a, + by xy + bpyx, + biyx,
"‘1 + b”x‘ + b23x2 + b33x3
ay t byx + byyx, + byyx,
"'1 + b13x1 + b23x2 + b33X3

In

f(x,8) =
In

6 = (ah b1y byg, b3, a3, by, by, b33)

was chosen as a reasonable representation of the data of Table 1 on the
basis of the computations reported in Table 3. Since we have settled on a
model specification, let us henceforth adopt the simpler subscripting scheme

0, + 0,x, + 8;x, + b,x,
NI ¥ O,x, + Ox, + Ogx,
05 + Oyx, + O,x, + 0,x,4
=1+ 8,x, + 0,x; + Ogx,

0= (01' 02? 03, 8,, 0s, 06! 077 03),'

I

f(x,8) =

In this notation, the hypothesis of homogeneity may be written as the
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parametric restriction

0,+6,+8,
h(8)=]0,+8+8,] =0
6,+8,+6
with Jacobian
6 1.1 10 0 0 O
H@)=10 0 1 0 0 1 1 0}
0 0 01 0 0 1 1

6, 0,
b, 6, = 0, ~P— P
b, b, P,
9, 6, P
o=lol=| & [-| n |=&®
8 ~9, - 6, —Ps— P
0 P Ps
7 7 —Ps — P
‘A -8,- 46,
with Jacobian
1 0 0 0 0
0 -1 -1 0 0
0 1 0 0 0
- 10 0 1 0 0
6=l o o1 o
0 -1 0 0 -1
0 0 ¢ O 1
0 6 -1 0 -1

which is, of course, the same as was obtained in Section 2. In passing,
observe that H{g(p)]G(p) = 0.

Throughout this section we shall take $ to be any random variable that
converges almost surely to £ and has vn (ﬁ ~ X) bounded in probability.
To obtain a level a test this condition on £ need only hold when
H: h(6°) = 0 is true; but in order to use the approximations to power
derived below, the condition must hold when A4 : 4(6°) # 0 as well.
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There are two commonly used estimators of I that satisfy the condition
under both the null and alternative hypotheses. We illustrated one of them
in Section 2. There one fitted each equation in the model separately in the
style of Chapter 1 and then estimated 2 from single equation residuals.
Recalling that

$(0.2) = £ [5= 12, O Z 7[5, (3, )]

an alternative approach is to put £ = /, minimize S(#, I) with respect to 6
to obtain §*, and estimate T by

$= 1 £ [ 10 601 1, %))

If there are no across equation restrictions on the model, these two
estimators will be the same. When there are across equation restrictions,
there is a tendency to incorporate them directly into the model specification
when using the grouped by subject data arrangement as we have just done
with the example. (The restrictions that 8,, 8,, 8,, and 8; must be the same
in both equations are the across equation restrictions, a total of four. The
restriction that 8, must be the same in the numerator and denominator of
the first equation is called a within equation restriction.) This tendency to
incorporate across equation restrictions in the model specification causes
the two estimators of Z to be different in most instances. Simply for
variety’s sake, we shall use the estimator computed from the fit that
minimizes S(6, I) in this section.

We illustrate these ideas with the example. In reading what follows,
recall the ideas used to write a multivariate model in a univariate notation.
Factor £ ' as £-1 = PP, let Play denote a typical row of P, and put

s=M{-1)+a
“V." = Bl
“x,7 = (Blay> X1
“f (“x,", 8) = Bloyf(x,.8).
In this notation

nM

$(6.2) = L [“5n"- "/ Cx," 0)]

sm=i
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SAS Statesents:

DATA WORKO1; SET EXAMPLE!;

Pis1.0; P2s0.0; YwPinY14P24Y2; OUTPUT;

P120.0; P2=1.0; YsPi*Y1+P2%Y2; OUTPUT; ODELETE;

PROC NLIN DATA=WORKO! METHOOsGAUSS ITER=50 CONVERGENCEs?.E-13,
PARMS T1=-2.9 T2=-1.3 T3=.82 T4=.36 TE=-1.5 Tée-1. T7=-,03 T8=-.47;
PEAKaT1+T2%*X1+TI®X24T4¥XI; INTER=TS+TI®X1+TENA2+TTHXI;
BASE=-14T4*X 14 TTAX2+T8#X3;

MOOEL Y»P1%L0G(PEAK/BASE ) +P2*LOO( INTER/BASE),

DER.T1«P1/PEAK; DER.T2=P1/PEAKAX1; DER.T3sP1/PEAK*X24P2/INTER™X1;
DER.T4sP1/PEAK*X3+({~-P1-P2)/BASE*X1; DER.T5«P2/INTER;
DER.TG6=P2/INTER*X2; DER.TT7=P2/INTER*X3+(-P1~P2)/BASE*X2;
OER.T8=(-P1-P2)/BASE*X3;

OUTPUT OUT=WORKO2 RESIDUAL=E;

Output:
SAS 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENOENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION T T2 k] RESIDUAL SS
T4 15 76
T7 T8
0 -2.90000000 -1,30000000 0.82000000 68.32779625
0.36000000 -1,60000000 -1.00000000
~0.03000000 ~0.47000000
14 ~2.98025942 ~1.16088895 0.78692676 57.02306899
0.35308087 -1.50604388 -0.99985707
0.05407441 -0.47436347

Figure 3a. Example 1 fitted by least squares, across equation consiraints imposed.

EXAMPLE 1 (Continued). SAS code to minimize S(4, I') for
6, + 0,x, + 8,x, + 8,x,
£(x.0) = -1+ 8,x, + 0,x, + Ox,

! ln 05 + 03x1 + 06X2 + 0713

In

is shown in Figure 3a. A detailed discussion of the ideas is found in
connection with Figure 2a, briefly they are as follows.

Trivially the identity factors as I = P’P with P = I. The multivariate
observations y,, x, for t = 1,2,...,224 = n are transformed to the uni-
variate entities

€ = 2 7\’
‘y_" —p(’a)yt ‘xs = (p(’a)’ X,)



HYPOTHESIS TESTING 328

SAS Statements:

OATA WORKO3; SET WORKOZ2; EteE; IF MOD( _N_,2)=0 THEN DELETE;
DATA WORKO&; SET WORKOZ; E2sE; IF MOD{ _N_,2)=% THEN OELETE;
DATA WORKOS; MERGE WORKO2 WORKO4; KEEP EV1 E2;

PROC MATRIX FWw20; FETCH E DATA=WORKOS (KEEP=EY E2);

SIGMA=E '*E#/224; PRINT SIGMA; PsHALF(INV(SIGMA)): PRINT P;

OQutput:
SAS 4

SIGMA coL1 coL2
ROW1 0.16492462883581 0.09200572942276¢
ROW2 0.09200672942276 0.00964264342294
P cot coL2
ROW? 3,76639099219 ~3,8656677509
ROW2 [} 3.339370820524

Figure 35. Contemporancous variance-covariance matrix of Example 1 estimated from least
squares residuals, across equation constraints imposed.

for s = 1,2,...,448 = nM, which are then stored in the data set WORK®1 as
shown in Figure 3a. The univariate nonlinear model

“y;”=“f n(ux:n’o) + ue’n 5= 1’2'.”’448 . RM
with

“f ”(“xs”’ 0) = p(’a)f(xl’ 0)

s=M{-1)+a

A

is fitted to these data using PROC NLIN, and the residuals “é.” for s =
1,2,...,448 = nM are stored in the data set named WORK®2.

In Figure 3b the univariate residuals stored in WORK®2 are regrouped
into the residuals €, for + = 1,2,...,224 = n and stored in a data set
named WORK®5; here we are exploiting the fact that P = I. From the
residuals stored in WORK®S, 2 and P with £-! = PP are computed using
PROC MATRIX. Compare this estimate of = with the one obtained in Figure
lc. Imposing the across equation restrictions results in a slight difference
between the two estimates.
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Using P as computed in Figure 3b, S(8, 2) is minimized to obtain

—2.92458126

—-1.28674630
0.81856986
0.36115784 .

§= 153758854 (from Fig. 3¢)

—1.04895916
0.03008670

—-0.46742014

as shown in Figure 3c; the ideas are the same as for Figure 3a. The
difference between £ in Figures 1c and 3b results in a slight difference
between the estimate of @ computed in Figure 2¢ and § above. 0O

The theory in Section 6 would lead one to test H: h(8) = 0 by com-
puting, for instance,

L'=5(4,%)-5(,%

and rejecting if L’ exceeds the a-level critical point of the x2-distribution
with ¢ degrees of freedom, recall that § minimizes S(8,S) subject to
h(8) = 0 and that § is the unconstrained minimum of S(#, £). This is what
one usually encounters in the applied literature. We shall not use that
approach here. In this instance we shalt compute

_[s(4,%) - s(4,2)/q

L= 503 m - p)

and reject if L exceeds the a-level critical point of the F-distribution with ¢
numerator degrees of freedom and nM — p denominator degrees of free-
dom. There are two reasons for doing so. One is pedogogical: we wish to
transfer the ideas in Chapter 1 intact to the multivariate setting. The other
is to make some attempt to compensate for the sampling variation due to
having to estimate =. We might note that S(§*, £) = nM (Problem 1), so
that in typical instances S(0,%) = nM. If nM is larger than 100, the
difference between what we recommend here and what one usually encoun-
ters in the applied literature is slight.

In notation used here, the matrnix ¢ of Chapter 1 is written as (Prob-
lem 2)

¢= [il(a%f(x,,ﬁ))’ﬁ‘l(%f(x,,é))]—l

-



SAS Statements:
DATA WORKO1; SET E

NAMPLE 1 ;
P1=3.76639099219; P2=-3,865677509;

P1=0.0;

PARMS Tiw-2.9 T2=-1
PEAK-Tl072*X1073*X2074*X3.

P223,339970820524; YaP18Y1+4P20Y2;
PROC NLIN DATA=WORKO1 METHOD»QAUSS ITER-GO CONVERQENCE=1.E-13;
T6e-1, TTx-.02 T8x-.47;

BASE=-14TA*X14TTAX2+TBX,
MOOEL Y-Pi*LOO(PESE‘OASSA#PZ*LOG(INTER/BASE)
1/PEAK /PEAK*X1; DER.T3=P1/PEAKAX24P2/INTER*X1;

DER.T1=P

DER.T4=P1/PEAK*X34(-P1-P2) /BASE*X1;
DER.T6=P2/INTER®X2;

3 Ti=.02 Td=,36 T6=-1.5
INTER-T50T3*X1078*X2077*X3;

YaPi#Y1eP2%Y2; OUTPUT;

OUTPUT; DELETE;

DER. TB=P2/INTER;
DER.T7=P2/INTER*X3+(-P1-P2) /BASE*X2;

OER . T8=(-P1-P2)/BASE*X3;
Output:
SAS 6
NONM-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS~-NEWTON
ITERATION T T2 T RESIDUAL SS
T4 T6 16
T T8
(4] -2.90000000 -1.30000000 0.82000000 543.55788176
0.36000000 -1.50000000 -1.00000000
-0.03000000 -0.47000000
.
4 -2.92458126 -1.28674630 0.81856986 446.85695247
0.36115784 -1.53768054 ~1.04085916
0.03008670 -0.48742014
NOTE: CONVERGENCE CRITERION MET.
SAS 7
NOM-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 8 6468,84819992 808.60602499
RESIODUAL 446.05695247 1.01558398

PARAMETE

440
UNCORRECTED TOTAL 448
(CORRECTED TOTAL) 447

R ESTIMATE

-2.92458126
-1.28674630
0.81856988
0.36116784
-1.53758864
~1.04895916
6.03008670
-0.46742014

6915.70515239
866.32697285

ASYMPTOTIC
STD. ERROR

0.27790948
0.22671234
0.08086226
0.03029067
0.08192958
0.08367724
0.0361414S
0.01926170

ASYMPTOTIC 95 X
CONF IDENCE INTERVAL

LOWER UPPER
-3.47078451 -2.37837801
-1.73232670 -0.64116589
0.65960389 0.97753584
0.30162474 0.42069093
-1.71826892 ~1.35691016
~-1.21341839 -0.808449993
-0.04094570 0.10111%09
-0.505627708 -0.42986320

Figure 3¢. Example 1 fitted by multivariate least squares, across equation constraints imposed.
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and

nM—p"’
Writing h= h(é) and H = H(é), the Wald test statistic is
w o )
gs
One rejects the hypothesis
H:h(6% =0

when W exceeds the upper a X 100% critical point of the F-distribution
with ¢ numerator degrees of freedom and nM — p depominator degrees of
freedom that is, when W > F}(1 - a; ¢, n — p).

Recall from Chapter 1 that a convenient method for computing W is to
compute a vector of residuals é with typical element

&=y, L "(“x," ) = Bayyi = BiwpS(x,. 6)
compute a design matrix F with typical row
fr = 3 (4%, 6) = Bz (1 0)
fit the linear model
é= iﬂ + u
by least squares, and test the hypothesis
H:f?ﬁn}; against A:ﬁﬁ#ﬁ.
We illustrate.

EXAMPLE 1 (Continued). We wish to test the hypothesis of homogene-
ity,
H:h(6° =0 against A:h(6°)+0
8, + 0, +0,
h(8) = |6, +8;+0,
4, + 0, + 6
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in the model with bivariate response function
In 0, + 0,x; + 0,x, + 0,x,

-1 4 0,x, + 8,x, + O4x,

f(x.6) = 1 05t Bixy + Bex, + Oyx,

using the Wald test. To this end, the multivariate observations (y,, x,) are
transformed to the univariate entities

“

’
“y:”-p('«)yf x”’z (p(’a)’ x:)

which are then stored in the data set named WORK®1 as shown in Figure 4.
Using parameter values taken from Figure 3¢, the entities

o < ” [ e s " ’ a “ I f ¢ "
€, =Y — f .X,,J) £=W/ xs,é)

are computed and stored in the data set named WORK®2. We are now in a
position to compute

’ Y51 -1

W ﬁ(HCIi) h
gs

by fitting the model

é’ = J’B + u.l
using least squares and testing
H:HB =h against A: HB + h.

We have

h=1| 081856986 — 1.04895916 + 0.03008670
0.36115784 + 0.03008670 — 0.46742014

—1.28674630 + 0.81856986 + 0.36115784
(from Fig. 3c)

—0.10701860

= | —0.20030260
—0.07617560

{001 1100 0 0

H=[0 0 1 0 0 1 1 0
000100 11



SAS Statements:

DATA WORKO1; SET EXAMPLEY;

P1=3.76639099219; P2=~3.865677509; YsPI1®Y14P2#Y2; OUTPUT;

P1e0.0; P2e3,339970820524; YsPIAY1+P2%Y2; OUTPUT; DELETE;

DATA WORKO2; SET WORKOT;

T12-2.92458126; T2#-1.28674630; T3=0,81866986; T4=0.36115704;

T6=-1.53758854; T6a-1.04895916; T7=0,03008670; T8=-0,46742014;

PEAKRTT+T2NX14TINX24TANX3;  INTER=TS+T3#X14TEMX2+TTAXI;

BASE=-1+TANKT+TTAX2+TB#X3

E=Y-(PI%LOG(PEAK/BASE ) +P23.0G( INTER/BASE) ) ;

OER_T1«P1/PEAK; DER_T2=P1/PEAK*XY; DER_T3=P1/PEAK*X2+P2/INTER*X1;

DER_T4=P1/PEAK*X3+(-P1-P2) /BASE¥X1; DER_T5=P2/INTER;

DER_T6=P2/INTER#XZ; DER_T7xP2/INTERAX3+{-P1-P2)/BASE*X2;

OER_T8e(-P1-P2) /BASE#XS;

PROC REG DATASNORKOZ;

MODEL € = DER_TY DER_T2 DER_T3 DER_T4 DER_TS DER_TE DER_TT DER_TS / NOINT;

HOMOGENE: TEST OER_TZ+DER_TI+DER_T4=-0.10701860,
DER_TI+DER_TS+DER_T1=-0.20030260,
DER_T4+DER_TT+DER_T82-0.07617660;

Qutput:
SAS
DEP VARIABLE: E
SUM OF MEAN

SOURCE OF SQUARES SQUARE F VALUE PRO8>F
MODEL 8 4.32010E-12 5,40012E-13 0.000 1.0000
ERROR 440 446.857 1.015584
U TOTAL 448 446.857

ROOT MSE 1.007762 R-SQUARE 0.0000

DEP MEAN 0.001628356 ADJ R-SQ -0.0159

c.v. 618686.34

NOTE: NO INTERCEPT TERM IS USED. R-SQUARE IS REDEFINED.

PARAMETER STANDARD T FOR HO:

VARIABLE DF ESTINATE ERROR PARAMETER«0 PROB > |T{
DER_T1 1 ~2.37028E-07 0.277909 -0.000 1.0000
DER_T2 1 3. VINITE-07 0.226712 0.000 1.0000
DER_T3 1 5.36973E-08 0.080882 ¢.000 1.0000
OER_T4 1 1.84816E-08 0.030281 0.000 1.0000
DER_TS 1 -5.10689E-08 0.091930 -0.000 1.0000
DER_T6 1 7.81229E-08 0.083677 0.000 1.0000
DER_Y7 1 b5.88637E-10 0.0368141 0.000 1.0000
DER_T8 1 2.78200E-08 0.019262 0.000 1.0000
TESY: HOMOGENE  MUMERATOR: 7.31208 OF: 3 F VALUE: 7.1998
DENOMINATOR: 1.01668 OF: 440 PROB >F : 0.0001

Figure 4. Illustration of Wald test computations with Example 1.
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h'(HCH') 'h/3 = 7.31205 (from Fig. 4)
s*=1.015584  (from Fig. 3c or 4)
W = 7.1998 (from Fig. 4 or by division).

Since F~1(.95;3,440) = 2.61, one rejects at the 5% level. The p-value is
smaller than 0.001, as shown in Figure 4. ]

Again following the ideas in Chapter 1, the Wald test statistic is
approximately distributed as the noncentral F-distribution, with ¢ numer-
ator degrees of freedom, nM — p denominator degrees of freedom, and
noncentrality parameter

_ h'(o")[H(o")C(e;)H'(w)]“h(o")

A

c(8) - [Z (3%7!()&.,0))'2“(3%#(::,,0))]4;

=]

written more compactly as W ~ F‘(g, nM — p, A). As noted in Chapter 1,
the computation of A is little different from the computation of W itself;
we illustrate.

EXAMPLE 1 (Continued). Consider finding the probability that a 5%
level Wald test rejects the hypothesis of homogeneity

0, + 8, +8,
H:h(8)=|0,+6,+6,|=0
6,+6,+ 46,

at the parameter settings

—2.82625314
—1.25765338

0.83822896
40 0.36759231
—1.56498719 |
—~0.98193861

0.04422702
—0.44971643

S = (0.16492462883510 0.09200572942276)
0.09200572942276  0.08964264342294 ]’

n =224

I
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SAS Statements:

DATA WORKO?1; SET EXAMPLET;

P1s3.76639099219; P2=-3.888677609; VYaPi%Y14P2%Y2; OUTPUT;

Pi=0.0; P2#3,339970820524; VYeP14Y1+P2%Y2; OUTPUT; OELETE;

DATA WORKO2: SET WORKO1;

Ti= -2.82626314; 7Y2= -1.26765338; 7T3= 0.83822896; T4= 0.36759231;
6= -1.56488719; T6s -0.98193881; T7= 0.04422702; T8= -0.44971643;
PEAK=T1+T2AX14TIRX2+TARXI; INTER=TB+TIRXT1+TOAX24TTHKI;
BASE=-1+T4*XT14TTAN24TO*X3;

DER_T1sP1/PEAK; OFER_T2=P1/PEAK*X1; DER_T3=P}/PEAK*X24P2/INTERAXY;
OER_T4=P1/PEAK®X3¢(-P1-P2) /BASE*X1; DER_TS5=P2/INTER;

DER_T6=P2/INTER*X2; DER_T7=P2/INTER*X3+({-P1-P2)/BASE*X2;
DER_T8=(-P1-P2)/BASEMI;

PROC MATRIX; FETCH F DATA=WORKO2(KEEP=DER_T1-DER_T8); C=INV(F'*F); FREE F;
FETCH T 1t OATA=WORKOZ({KEEP=T1-T8);
H=01110000/00100110/00010071 1 ; HO=HsT';
LAMBOA=HO ' #*INV(HACAH' ) *HO#/2; PRINT LAMBOA;

Qutput:
SAS 1
LANBODA coL
ROWY 3.29906

Figure 5. Illustration of Wald test power computations with Example 1.

for data with bivariate response function

In 0, + 0,x; + 0;x, + 6,x,4

0 '—1 + 94x1 + 07X2 + 03x3
S 8) =1 g 4o, +8x, + 0x,
=1+ 8,x, + 0,x, + O;x,

the value of #° chosen is midway on the line segment joining the last two
columns of Table 2.
Recall (Figure 3b) that 7! factors as £~ ! = P’P with

P = (3.76639099219 —3.865677509 )
0 3.339970820524 }°

Exactly as in Figure 4, the multivariate model is transformed in Figure 5 to

a univariate model, and the Jacobian of the univariate model evaluated at

#°—denote it as F—is stored in the data set named WORK®2. Next

A= HUHCHIE L 329906 (Fig.5)
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with A = h(8%), H = (3/30")h(8°), and

n -1

c= (F7y" = | £ (e 00) 3 ggostx,00)|

t=1

is computed using straightforward matrix algebra. From the Pearson-
Hartley charts of the noncentral F-distribution in Scheffé (1959) we obtain

1 ~ F’(2.61; 3,440,3.29906) = .55

as the approximation to the probability that a 5% level Wald test rejects the
hypothesis of homogeneity if the true values of §° and £ are as above. O

A derivation of the “likelihood ratio” test of the hypothesis
H:h(8°) =0 against A:h(0°) #0
using the ideas of Chapter 1 is straightforward. Recall that § is the
unconstrained minimum of S(6, $), that § minimizes S(8, $) subject to
h(8) = 0, and that #(6) maps R? into R%. As we have seen, an alternative
method of computing # makes use of the equivalent form of the hypothesis
H: 8% = g(p°) for some p° against A:0° = g(p) for anyp.

One computes the unconstrained minimum § of S[g(p), i] and puts
8 = g(p). Using the formula given in Chapter 1,

L (SSE seduced — SSEsu)/g
(SSEmn)/(“""" p)

and using
nM 5
s(o’ 2) - z [uy,n__ “f ”» “x,”, 0)]
s=1

one obtains the statistic

= [S(i, ﬁ) - S(ﬁ’ ﬁ)]/q .

L= 563 =)

One rejects H: h(6°) = 0 when L exceeds the a X 100% critical point F,
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of the F-distribution with ¢ numerator degrees of freedom and nM — p
denominator degrees of freedom, F, = F~'(1 — a; ¢, 1M — p).

We illustrate the computations with the example. In reading it, recall
from Chapter 1 that one can exploit the structure of a composite function
in writing code as follows. Suppose code is at hand to compute f(x, §) and
F(x,8) = (3/38")f(x, 8). Given the value g, compute 8 = g(p) and G =
(8/3p')g(p). Obtain the value f[x, g( #)] from the function evaluation
f(x,8). Obtain (3/3p')f{x, g(p)] by evaluating F(x, #) and performing the
matrix multiplication F(x, #)G.

EXAMPLE 1 (Continued). Consider retesting the hypothesis of homo-
geneity, expressed as the functional dependence

H: 6% = g(p°) for some p° against A:8°# g(p) for anyp
with

.
~P2 T P;
P2
P
glp) = Py
—Ps T P
Ps
—Ps — P

in the model with response function

n 0, + 0,x, + 8,x, + 0,x,4
=14 8,x; + 8;x, + Ogx,

f(x,8) =
’ In O + O0yx, + Ox, + 0,x,4
"‘1 + 0‘x1 + 67x2 + 08.X3

using the “likelihood ratio” test; # has length p = 8 and p has length
r = 5, whence ¢ = p — r = 3. The model is bivariate, so M = 2, and there
are n = 224 observations. We adopt the expedient discussed immediately
above, reusing the code of Figure 3c; the Jacobian of g(p) was displayed
earlier on in this section. The result is the SAS code shown in Figure 6. We
obtain

SSE(4, $) = 474.68221082  (from Fig. 6).



SAS Statements:

DATA WORKO1; SET EXAMPLEY

Pin3. 76639099219; P2=-3, 065671509, YuPIRY14P2%Y2; OUTPUT;
P1=0.0; P2=3.339970820824; VY=P1*Y1+P2%Y2; OUTPUT; DELETE;
PROC KLIN DATA»WORKO! METHOD=GAUSS ITER-SO CONVERGENCE=1.E-13;
PARMS R!-—3 R2=.8 R3I=.4 R4=-1.5 RE6=.0

TieR1 2=-R2-R3; YIsR2, Yl-R:); TS-RI 76--R$-R2; T7=RE; T8=-R5-R3;
Psm-furz*n 073")(241'4*)(3 i INTER=TS+TINX1+T6WX2+TT#X3;
BASE=-14T4*X1+TT*N24TBNX.

MODEL Y=P1%LOO(PEAK/BASE )OPZ*LOG( INTER/BASE ) ;

DER_T1=P1/PEAK: DER _T2=P1/PEAX*X1: OER Ta-pvwemtxzwz/mrenm
OER Tl-P‘l/?EAK‘xao(-Fi -P2)/BASE*X1; DER™TE=P2/INTE
DER™T6=P2/INTER*X2; nga -Pz/lNTERtxao'(-Pl~92)/BASE'X2

OER Ta-(-Pl P2)/BASE*X.
DERTR1=DER_T1; DER.R2=-DER_T2+0DER_T3-DER n DER.R3=-DER_T2+DER_T4-DER_T8:
OER. Rl-DER "T5: DER.RS=-DER_TG6+DER_T7-DER_TO
Gutput:
SAS 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION R R2 R3 RESIDUAL SS
R4 RS
(1] -3.00000000 0.80000000 0.40000000 656.82802354
-1.80000000 0.03000000
] ~2.724826806 0.85773951 0.37430609 474.66221082
-1.59239423 0.05768367

NOTE: CONVERGENCE CRITERION MET.

SAS 2
NON-L INEAR LEAST SQUARES SUMMARY STATISTICS OEPENDENT VARIABLE Y
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION [] 6441.02294156 12086.20458831
RESIDUAL 443 474.68221082 1.07T161741
UNCORRECTED TOTAL 448 6916.70516239
{CORRECTED TOTAL) 447 866.32697265
PARAME TER ESTIMATE ASYMPTOQTIC ASYMPTOTIC 95 %
STD. ERROR CONF IDENCE INTERVAL
LOWER UPPER
R} -2.72482606 0.11837791 -3.07540344 ~2.37424867
R2 0.85773951 0.06707057 0.72692147 0.98955756
R3 0.37430609 0.02713134 0,.32098318 0.42762902
R4 -1.89239423 0.07748068 -1.,74468762 -1.44010083
RS 0.05768367 0.03407531 -0.00920668 0.12465402

Figure 6. Example 1 fitted by multivariate least squares, across equation constraints imposed,
homogeneity imposed.

335



336 MULTIVARIATE NONLINEAR REGRESSION

Previously we computed
SSE(4, ) = 446.85695247  (from Fig. 3c¢).
The “likelihood ratio” test statistic is
_15(6.%) - s(4,%)/q
s(4, 2)[(nM -p)

_ (474.68221082 — 446 85695247) /3
446.85695247/(448 — 8)

= 9.133.

L

Comparing with the critical point
F~1(.95; 3,440) = 2.61

one rejects the hypothesis of homogeneity at the 5% level. This is, by and
large, a repetition of the computation displayed in Table 3; the slight
change in 3 has made little difference. a

In order to approximate the power of the “likelihood ratio” test we
proceed as before. We formally treat the transformed model

“}',”"‘“f » uxln,a) + “e’n 5= 1,2"“, nM

as if it were a univariate nonlinear regression model and apply the results of
Chapter 1. In a power computation, one is given an expression for the
response function f(x, 8) (with range in R™), values for the parameters 8°
and Z, a sequence of independent variables {x,}7_,, and the hypothesis

H:6°= g(p°) for some p° against A:8°+ g(p) for anyp.

Recall that the univariate response function is computed by factoring !
as £~! = P’P and putting

“f "(“X,”, 0) = p(,a)f(xl! 0)
for
s=M(it-1+a a=1,2,.... M t=1,2,...,n.

Applying the ideas of Chapter 1, the null hypothesis induces the location
parameter

0r =g(pd)
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where p? is computed by minimizing

nM

5 (7705709 = 7 "[w g0l
s=1

= ¥ (f(x,.0° — fx. 8(p)])

t=1

M
X le(a)p('a){f(xn 00) _f[xn g(P)]}

- % (£(x,,8°) = fx,, 8(p)]} = { f(x,,8°) - 7 [x., 8(p)]).

t=1

8, 'f(xn 00) —f[x,, g(p,?)]
F = 5 (%0 6°).

Similar algebra results in the following expressions for the noncentrality
parameters of Section 5 of Chapter 1:

S’PFG - 8'Pp08
Al B ey

2
A, = 88 —28 P8
85 =Y 821,
te]
n n ~1y n
#pes = | Loze)( £rao) | £ )
-1 =1 t=1

n n -1 n
8'Pp;8 = ( ¥ 3,'2-11?,0)(0' Y F,’Z“F,G) (G’ Yy F,’Z"8,).

to=] 1=1 fm-)
One approximates the probability that the “likelihood ratio” rejects H by
P(L > Fa) = 1 - H(ca; q, nM —'p’AhAZ)
where

qF,

=1+ nM-—p;
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H(x; vy, vy, Ay, Ay) is the distribution defined and partially tabled in Sec-
tion 5 of Chapter 1. Recall that if A, is small, the approximation

P(L>F)=1-F'(F;q,nM—p,\))

is adequate, where F’(x; v,, v,, A) denotes the noncentral F-distribution.
We illustrate with the example.

EXAMPLE 1 (Continued). Consider finding the probability that a 5%
level “likelihood ratio” test rejects the hypothesis of homogeneity

H:8°=g(p°) for some p° against A:6°# g(p)foranyp
with

4]
Py T Py

(]

o3
gle)=1
~Ps T P2

Ps
T

at the parameter settings

—2.82625314
~1.25765338
0.83822896
go— | 036759231
~1.56498719 |
—0.98193861
0.04422702
—0.44971643

S = (0‘16492462883510 0.09200572942276)
0.09200572942276  0.08964264342294 /°

n =224

for data with bivariate response function

In 4, + 8,x, + 0,x, + 0,x,
j‘( 0) - _l + 04):1 + 07x2 + GSX3
X In 05 + Oyx; + bx, + O,x,4
-1+ 0,x, + 0,x; + Oyx,

The value of 8° chosen is midway on the line segment joining the last two
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SAS Statements:

DATA WORKO1; SET EXAMPLE?;

P1s3.76638099219; P2=-~3.865677509; YwP14Y1+P20Y2; OUTPUT;

P1=0.0; P2%3.339970020824; VYePI1AY1eP2hY2; OUTPUT; ODELETE;

DATA WORKO2; SET WORKO!:

Tis -2.82626314; T2e -1.26768338; T3= 0.83822896; T4= 0.36759231;
To= -1.56498719; 7T6= -0.9819386%; T7= 0.04422702; T8= -0.44971843;
PEAKaTT14T2AX 1+ T3WX24TA*X3; INTERaTS+TIAX1+TEAX2+TTAX3;
BASE=~14+T4*X1+TTAN24TO*XI;

FisP1/PEAK; F2eP1/PEAK*X1; FI=P1/PEAKAX2¢P2/INTER*X1;
F4=P1/PEAK*X3+{-P1-P2)/BASE*X1; FBeP2/INTER;

FG=P2/INTER*X2; FTwP2/INTER®X3¢(-P1-P2)/BASE*X2; FB8a(-~-P1-P2)/BASE*X3;
YDUMMY=P 1%L00 (PEAK/BASE ) +P2*LOG( INTER/BASE); OROP T1-T8;

PROC NLIN DATA=WORKO02 METHOD=GAUSS ITER=S50 CONVERGENCEs1.E-13;

PARMS R1=-3 R2=.8 R3=.4 R4=-1,5 R56=,03;

TisR1; T2=-R2-R3; T3=R2; T4=RI; T5=R4; T6=-RE5-R2Z; TT=RE; TBe-R5-R3;
PEAK=T 1+ T2AXT4TIAX24T4*XNI; INTER=TE+TINXV+TENX2+TTAXI;
BASEw~1+T4*X1¢TT#X2+TBAX3;

MODEL YOUMMY=P 1%L OG(PEAK/BASE ) +P2*LOG( INTER/BASE) ;

DER_T1=P1/PEAK; DER_T2=P1/PEAK*X1; DER_T3=sP1/PEAK*X2+P2/INTER*X1;
DER_T4=P1/PEAK*XI+(-P1-P2) /BASE*N1; OER_T8=P2/INTER;

DER_T6=P2/INTER*X2; DER_T7=P2/INTER*X3+(-P1-P2)/BASENX2;
DER_T8a{-P1-P2)/BASE*X3;

DER.R1=DER_T1; DER.R2=-DER_T2+DER_T3-DER_T6; OER.RIw-DER_T2+DER_T4-DER_T8:
OER.R4=DER_T5: DER.RG6=-DER_TG+DER_TT7-DER_TH;

Output:
SAS 1
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
1TERATION Rt R2 R3 RESIOUAL SS
R4 RS
o -3.00000000 4.80000000 0.40000000 90.74281456
-1.50000000 0.03000000
.
4 -2.73217450 0.85819875 0.37461886 7.43166668

-1.59899262 0.05540598
Figure 7. Illustration of likelihood ratio test power computations with Example 1.

columns of Table 2. Recall (Fig. 3b) that £~! factors as =~ ! = PP with

P = (3.76639099219 - 3.865677509 )
0 3.339970820524 }

Referring to Figure 7, the multivariate model is converted to a univariate
model, and the entities “f "(“x,”, 8°) and (3/36')"f "(“x,”, 8) are com-
puted and stored in the data set named WORK®2. Reusing the code of
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SAS Statements:

DATA WORKO3; SET WORKO2;

R1=-2,73217450; R2=0.85819876; R3I=0.37461686; R4i=-1.59699262; RGEx0.05640598;
TiaR1; T22-R2-R3; TI=R2; T4=R3I; THSsR4; T6=-RE-R2; TT7=R5; T8e-R5-R3;
PEAKaT14T2WX1+TIRX2¢T4A*X3; INTER=TB4TI®X14TEAX24TTAXI;
BASE=-1¢T4AXT+TTAN2¢TBAXI;

OELTA=P12LOG(PEAK/BASE ) +P2%1.0G( INTER/BASE ) - YOUMNY ;

FO1=F1; FG2=-F2¢F3-F6; FGIn-F24F4-FB;F0d=FE; FGS=-FE§+FT-F8;

PROC REG DATA=WORKO3; MODEL DELTA = F1-F8 / NOINT;

PROC REG DATA=WORKOJ; MODEL DELTA » FG1-FGS / NOINT;

Output:
SAS 3
DEP VARIABLE: DELTA
SUM OF MEAN
SOURCE OF SQUARES SQUARE F VALUVE PROB>F
MODEL ] 7.401094 0.9286137 13368.456 0.0001

ERROR 440 0.030472 .00006925477
U TOTAL 448 7.431567

SAS 4
DEP VARIABLE: DELTA
SuM OF MEAN
SOURCE OF SQUARES SQUARE F VALUE PROB>F
MODEL 5 0.134951 0.026990 1.639 0.1472
ERROR 443 7.296618 0.016471

U TOTAL 448 7.431667 )
Figure 7. (Continued).

Figure 6, p? to minimize

M
E (2,700 = 15 (o))

s=1
is computed using PROC NLIN. From this value and setting 8* = g(p%), the
entities
us’n = “f »” ux’"’ 00) - uf ”» “X‘,”, 0:.)
a wenfa_ »n 0 a 0
30 /"%, 0 )378(9,.)

are computed, adjoined to the data in WORK®2, and stored in the data set



HYPOTHESIS TESTING 41

named WORK®3. Then, as explained in connection with Figure 1la of
Chapter 1, one can regress “8,” on (d/38) “f ”(*x,”, 8°) 10 obtain 8’6 and
8'P8 from the analysis of variance table and can regress “8,” on
(3/08)f(“x,”, 8°%3/3p")8(p?) to obtain 8'Pr;8. We have
86 = 7.431567  (from Fig. 7)
8'P.8 = 7.401094  (from Fig. 7)
8'Pp;8 = 0134951  (from Fig. 7)

whence

8’PI:8 - 8’?,’68
A = e

7.401094 — 0.134951
= 2

= 3.63307
86 — 8'P.b
A, = __._Z_ff_
- 7.431567 — 7.401094
2

= (.01524
qF,
nM - p
2.61

= 1.01780.

c,=1+

Direct computation (Gallant, 1975b) yields

P(L > 261) =1 — H(1.01780; 3,440, 3.63307,0.01524)
= 0.610.

From the Pearson-Hartley charts of the noncentral F-distribution (Scheff¢,
1959) one has

P(L >261) =1 — F’(2.61; 3,440, 3.63307)
= 0.60. o
In Chapter 1 we noted that the Lagrange multiplier test had rather

bizarre structural characteristics. Take the simple case of testing H: ° = §*
against A : 8% # @*. If 8* is near a local minimum or a local maximum of
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the sum of squares surface, then the test will accept H no matter how large
is the distance between § and 8*. Also we saw some indications that the
Lagrange multiplier test had poorer power than the likelihood ratio test.
Thus, it would seem that one would not use the Lagrange multiplier test
unless the computation of the unconstrained estimator 8 is inordinately
burdensome for some reason. We shall assume that this is the case.

If 6 is inordinately burdensome to compute, then §* will be as well.
Thus, it is unreasonable to assume that one has available an estimator
with yn (2 — ) bounded in probability when 4(8°) = 0 is false, since
such an estimator will almost always have to be computed from residuals
from an unconstrained fit. The exception is when one has replicates at some
settings of the independent variable. Accordingly, we shall base the Lagrange
multiplier statistic on an estimator £ computed as follows.

If the hypothesis is written as a parametric restriction

H:h(8°) =0 against A:h(8° #0

then let §* minimize S(4, I) subject to A(8) = 0, and put

n

£ = 1% [~ 100 0], - A2 67)]

-1
If the hypothesis is written as a functional dependence
H:8° = g(p°) for some p° against A:8° = g(p) foranyp
then let 5* minimize S{g(p), ] and put

$- %’é{y, = f[x0 86N} {3~ £ 1% 8(5)))

’

The constrained estimator corresponding to this estimator of scale is § that

minimizes S(6, $) subject to h(@) = 0. Equivalently, let § minimize
S[g(p), 2], whence § = g(ﬁ)_ . .

Factoring £~! as £-! = P'P, denoting a typical row of P by p{,, and
formally treating the transformed model

“PU=f("x,",0) + “e,” s=1,2,...,nM
withs =M - 1)+ a
“y,” = BLy,
“x," = (Blay» x1)’
“r” “x,”, 0) = ﬁ(,a)f(xl' 0)
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as a univariate model, one obtains as the second version of the Lagrange
multiplier test given in Chapter 1 the statistic

b Sl )

<[ £ (st )50 9)]
7/ (%, 6)) 5, —f(xnf)]}-

n
X [ Y (
t=}
One rejects H: h(8°%) = 0 if R > d_, where
nMF,

P_AL—_-_p..\LFa
q

-

Qslm

and F, denotes the a X (100%) critical point of the F-distribution with ¢
numerator degrees of freedom and nM — p denominator degrees of free-
dom that is, a = 1 ~ F(F,; q, nM — p). _

One can use the same approach used in Chapter 1 to compute R. Create
a data set with observations

“8, == s (%, 6) = By~ Pl f (2., )
£r a wgnfa, » 5 , a =
£ =g "(“x.. ) = plyggf(x.. 6).

Let & be the nM-vector with “£,” as elements, and let F be the nM by p
matrix with f’ as a typical row. A linear regression of € on F with no
intercept term yields the analysis of variance table

Source d.f. Sum of Squares
Regression P EF(F'Fy 'Fe
Error nM — p &% — eF(F'Fy \Fe
Total nM é'e

From this table R is computed as

Let us illustrate.
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EXAMPLE 1 (Continued). Consider retesting the hypothesis of homo-
geneity, expressed as the functional dependence

H: %= g(p°) for some p° against A:8°# g(p) foranyp

with

SAS Statements:

DATA WORKO1; SET EXAMPLEY;

Pis1.0; P2=0.0; Y=PYIAY14P2%Y2;
P120.0; P2=1.0; YsPI*Y1+p20y2;

glp) =1 o

/M
—h P
)]

P

— 05— Py
Ps
—Ps — P3

OUTPUT;
OUTPUT; DELETE;

PROC NLIN DATA=WORKO! METHOD=GAUSS ITER»50 CONVERGENCE=1.E-13;
PARMS Riea-3 R2=.8 R3w.4 Rd=-1.5 A6=.03;
TieR1; T2uw-R2-R3; T3=R2; T4=R3;: TE=R4; T6=-R5-R2; TT7=RS; T8s-R6-RI;

PEAK=T14T2%X14TIRN24T4*X3;
DASE=-14+TANX 1+ TTRX24TANXI;

INTERuTS + T3AX14TEAX24TTAXI ;

MOCEL YsP1%.0G(PEAK/BASE )+P22L 08( INTER/BASE )

DER_T1=P1/PEAK; OER_T2=P1/PEAK*X1; DER_T3=P1/PEAK*X2+P2/INTER*X1;
DER_T4=P1/PEAK®X3+(~P1-P2) /BASE*X1; DER_TSaP2/INTER;
DER_T6=P2/INTER*X2; ODER_TTw=P2/INTER*X3+(-P1-P2)/BASE*X2;

DER_T8=(-P1-P2)/BASE*X3;

DER.R1=DER_T1; DER.R2a-DER_T2+DER_T3-DER_T6; DER.RI=-DER_T2+DER_T4-DER_TB;
OER.R4=0ER_T6; DER.RS=-0ER_TE+DER_T7-DER_T8;

OUTPUT OUT=WORKO2 RESIDUAL=E;

SAS 1

NON-LINEAR LEAST SQUARES ITERATIVE PHASE

DEPENDENT VARIABLE: Y

Output:

ITERATION RY
R4
Q -3.00000000
-1.50000000

.
6 -2.71996278
~1.53399610

METHOD: GAUSS-NEWTON

R2 R3 RESIDUAL SS
RE
0.80000000 0.40000000 63,33812691
0.03000000
0.80870662 0.36225861 60.25116542
0.08112412

Figure 8a. Example 1 fitted by least squares, across equation constraints imposed, homogene-

ity imposed.
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SAS Statements:

OATA WORKO03; SET WORKO2; E1=f; IF MOD(_N_,2)=0 THEN OELETE:
DATA WORKO4; SET WORKO2; E2eE; IF MOD(_N_,2)=1 TMEN DELETE:
DATA WORKO05; MERGE WORKOJ WORKO4; KEEP E1 E2;

PROC MATRIX FWe20; FETCH E DATASWORKOS(KEEP=E! E2);

SIGMA=E '*E$/224; PRINT SIGMA; Pe«HALF(INV(SIGMA)); PRINT P;

Output:
SAS 3

SIGMA CoLy coL2
ROW1 0.178736689442 0.09503830224405
ROW2 0.09503630224406 0,09023972761352
P cot coL2
ROW1 3.5657284086712 -3.75626011819
ROW2 0 3.328902782166

Figure 8b. Contemporaneous variance-covariance matrix of Example 1 estimated from least
squares residuals, across equation constraints imposed, homogeneity imposed.

in the model with response function

6, + 0,x; + 8;x; + 0,x;5
O + Ox; + Ox, + 0,x,
"1 + o4x1 + 07x2 + OSX3

!
f(x,8) =

In

using the Lagrange multiplier test. Note that 8 is a p-vector with p = 8, p
is an r-vector with r = 5, g = p — r = 3, and there are M equations with
M = 2 and n observations with n = 224, .

Before computing the Lagrange multiplier statistic R one must first
compute d* as shown in Figure 84, $ as shown in Figure 8b, and § as
shown in Figure 8c. The SAS code shown in Figures 8a through 8¢ is
simply the same code shown in Figures 3a through 3¢ modified by
substitutions from Figure 6 so that S[g(p), Z] is minimized instead of
S(8, Z). This substitution is so obvious that the discussion associated with
Figures 3a, 3b, 3¢, and 6 ought to suffice as a discussion of Figures 8a, 8b,
8c.
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We have

P = (3.565728486712 —3.75526011819 ) (trom Fig. 8b)

0 3.328902782166

~2.73001786
0.85800567
0.37332245 (from Fig. 8¢)
| —1.59315750
P =\ 0.05863267

B, ~2.7300179

~py — by -1.2313281

P 0.8580057

F = g(5) = ps _ | 03733224
gLp P -1.5931575
—Ps — By —0.9166373

Ps 0.0586317

~ps ~ By —0.4319541

and

S(8,3) = 447.09568448  (from Fig. 8¢).

As shown in Figure 9, from these values the entities

“EJ” = “-yJ”“ “f ’,(“x.!’,’ J) = p.'(’a)yl - ﬁ(ﬂ)f('xl’ ;)

and

~

Fo a wp e 4 -y a 3
fr = gt (“%,7, ) = Blaygg7/ (%, 6)
are computed and stored in the data set named WORK®2 as

“8,” = ETILDE

f! = (DER_T1,DER_T2,...,DER_T8).
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DATA NORKO1; SET EXAMPLET;

P1=3.566720486712; P2e-3.76626011819; YaP1%Y1+P2%Y2; OUTPUT;

P1s0.0; P2=3.328902782166; Y=Pi*Y14P2%Y2; OUTPUT; ODELETE,

PROC NLIN OATA-HORKO! METHOD=GAUSS ITER=50' CONVERGENCE=1.E-1;

PARMS Ri=-3 R2s.8 R3s.d Rde-1.5 R6=.03

T1eR1; T22-R2-R3; TI=R2; TdeR3; TEaRd; ' y6a-RE-R2; TTeRS; T8a-RE-RI;

PEAKET14T24X14T3 xznm(s, xnﬁn-nna*xunwxzon*xa;

BASE=-1+T4AX1+TT#X2+T8

MODEL Y-PI*LOG(PEAK/BASE )wz*Loe( INTER/BASE ) ;

DER_T1sP1/PEAK; OER TZwP1/PEAK*X1; OER_ rawl/wsnx-xzwz/xurm-xv;

OER_T4=P1/PEAK*X3+(-P1-P2) /BASE*X1; DER_T5=P2/INTE

osn ~76aP2/ INTER®X2; DER_TT=P2/INTER*X3+7- n-n)/use-xz;
R™T8a(~P1-P2) /BASE#X3; ™

Output:
SAS 4
NON-LINEAR LEAST SQUARES ITERATIVE PHASE
DEPENDENT VARIABLE: Y METHOD: GAUSS-NEWTON
ITERATION RY R2 R3 RESIOUAL SS
R4 RS
[ -3.00000000 0.80000000 0.40000000 522.756796568
-1.50000000 0.03000000
.
.
6 -2.73001786 0.86800567 0.37332246 447,09666448
-1.59315750 0.05863167
NOTE: CONVERGENCE CRITERION MET.
SAS 5
NON-LINEAR LEAST SQUARES SUMMARY STATISTICS DEPEMOENT VARIABLE Y
SOURCE oF SUM OF SQUARES MEAN SQUARE
REGRESSION 5 5699.23816229 1179.84763246
RESIDUAL 443 447.09568448 1.00924534
UNCORRECTED TOTAL 448 6346.33384677
(CORRECTED TOTAL) 447 806.65977490
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95 X
STD, ERROR CONF IDENCE INTERVAL
LOWER UPPER
R1 -2.73001786 0.17961271 -3.08302208 -2.37101364
R2 0.85800567 0.06701664 0.72629569 0.98971574
R3 0.37332246 0.02732102 0.31962871 0.42701818
R4 -1.89315750 0.07560872 -1.74175216 -1.44456284
RS 0.05863187 0.03396211 -0.00811621 0.125379566

Figure 8¢c. Example 1 fitted by muitivariate least squares, across equation constraints imposed,

homogeneity imposed.

397
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SAS Stetementa:

DATA WORKO1; SET EXAMPLET;
P123.566728486712; P2=-3.76626011819; YsP1*Y1+P24Y2; OUTPUT;

P1=0.0; P223.328902782168; Y=P1*Y1+P24Y2; OUTPUT; DELETE;

DATA WORK0Z2; SET WORKO1;

R12-2.73001786; R2=0.85800567; R3=0.37332245; Ra=-1.59316750; RE=0,05863167;
T1eR1; T2e-R2-R3; T3=R2; T4=R3; TS=R4; T6=-RE-R2; TT=RS; T8a-RE-R3;
PEAK=T1+T2¥X1+TINA24TA%XS;  INTER=T5+TI®X14TERX20TTHX3;
BASEs-1+T4%X1+TTAX2+TE#X3;

YTILDE=P1#L0G(PEAK/BASE ) +P2*LOG( INTER/BASE); ETILDE=Y-YTILOE;
DER_T1=P1/PEAK; DER_T2sP1/PEAK®X1; DER_T3sP1/PEAK®X2+P2/INTER*X1;
OER_T4=P1/PEAK*X3+(-P1-P2)/BASE*X1; DER_TS5=P2/INTER;

DER_T6xP2/INTER*X2; DER_T7=P2/INTER¥X3+({-P1-P2) /BASE*X2;

DER_T8=(-P1-P2) /BASE#X3;

PROC REG DATA=WORK02; MODEL ETILOE=OER_T1-OER_T8 / NOINT;

Output:
SAS 1
DEP VARIABLE: ETILOE
SumM OF MEAN

SOURCE OF SQUARES SQUARE F VALUE PROB>F
MODEL 8 24.696068 3.087007 3.216 0.0018
ERROR 440 422.400 0.959999
U TOTAL 448 447.096

ROOT MSE 0.979795 R-SQUARE 0.0652

DEP MEAN 0.001515266 AlJ R-SQ 0,0402

c.v. 64661.62

NOTE: NO INTERCEPT TERM IS USED. R-SQUARE IS REDEFINED.

PARAMETER STANDARD T FOR HO:
VARIABLE OF ESTIMATE ERROR PARAMETER=0 PROB > |T|
DER_T1 1 -0.182493 0.284464 -0.642 0.5218
DER_T2 1 -0.045933 0.2268965 -0.201 0.8411
DER_T3 1 ~0.029078 0.075294 -0.386 0.6996
DER_T4 1 -0.012788 0.027678 -0.462 0.6443
DER_T6 1 0.055117 0.091764 0.601 0.5484
DER_T8 1 -0.126929 0.076238 -1.852 0.0993
OER_T7 1 ~-0.019402 0.033583 -0.878 0.6637
DER_TO 1 -0.039183 0.021008 ~1.864 0.0630

Figure 9. Illustration of Lagrange multipler test computations with Example 1.

From the regression of &, on f we obtain
&F(F'F) 'Fe = 24.696058  (from Fig. 9).

Recall that the parameter estimates shown in Figure 9 are a full Gauss-
Newton step from § to (hopefully) the minimizer of S(8, $). It is interest-
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ing to note that if these parameter estimates are added to the last column of
Table 2, then the adjacent column is nearly reproduced, as one might
expect; replacing £ by £ is apparently only a small perturbation.

From the computations above, we can compute

&F(F'F) 'Fe
s(6,3)

24.696058
= 448 14709568448
= 24.746

R =nM

which we compare with
F,

nM-p F,
q
2.61

B e

= 783,
The null hypothesis of homogeneity is rejected. 0

d,=nM

a

= 448

Power computations for the Lagrange multiplier test are rather onerous,
as seen from formulas given at the end of Section 6. The worst of it is the
annoyance of having to evaluate the distribution function of a general
quadratic form in normal variates rather than being able to use readily
available tables. If one does not want to go to this bother, then the power of
the likelihood ratio test can be used as an approximation to the power of
the Lagrange multiplier test.

We saw in Chapter 1 that, for univariate models, inferences based on the
asymptotic theory of Chapter 3 are reasonably reliable in samples of
moderate size, save in the case of the Wald test statistic, provided one takes
the precaution of making degree of freedom corrections and using tables of
the F-distribution. This observation would carry over to the present situa-
tion if the matrix P with P’P = ™! used to rotate the model were known.
It is the fact that one must use random P instead of known P that gives
one pause in asserting that what is true in the univariate case is true in the
multivariate case as well.

Below we report some simulations that confirm what intuition would
lead one to expect. Dividing the Wald and “likelihood ratio” statistics by
S(6, £)/(nM — p) and using tables of F instead of tables of the x-distri-
bution does improve accuracy. The Wald test is unreliable. The sampling
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Table 4. Accuracy of Null Case Probability Statements.

Monte Carlo
Sample Asymptotic

Variable Size Approximation Estimate Standard Error
P(W > F) 46 .05 .084 0051
P(L>F) 46 05 067 .0046
P(R > d) 46 .05 047 0039
P(W' >xH) 46 05 094 0092
P(L > x%) 46 05 072 0082
E(sY) 46 1.00 1.063 00083
P(W > F) 224 05 067 0056
P(L>F) 224 .05 045 .0046
R(R > d) 224 .05 045 .0046

variation in P is deleterious and leads to the need for larger sample sizes
before results can be trusted in the multivariate case than in the univariate
case. Since P has less sampling variation than P, the null case Lagrange
test probability statements are more reliable than “likelihood ratio” test
probability statements. These interpretations of the simulations are subject
to all the usual caveats associated with inductive inference. The details are
as follows.

EXAMPLE 1 (Continued). The simulations reported in Table 4 were
computed as follows. The data in Table 1la were randomly re-sorted and
the first n = 46 entries were used to form the variables

~In (peak price, intermediate price, base price) \’
d expenditure

for t =1,2,...,46. For n = 224, Table 1a was used in its entirety. At the
null case parameter settings

—2.72482606
—1.23204560
0.85773951
0.37430609
—1.59239423
—0.91542318
0.05768367
—0.43198976

0.1649246288351  0.09200572942276 )
0.09200572942276  0.08964264342294

0° =

-
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independent, normally distributed errors e, each with mean zero and
variance-covariance matrix 2 were generated and used to compute y,
according to

yo=f(x,,8°) +e t=12,..,n
with

6, + 0,x, + 0,x, + 0,x,
‘1 + 04xl + 07x2 + 08X3
0 + O,x; + Ox, + 8,x;4
"1 + 04xl + 07)(2 + Daxa

In

f(x,8) =

From each generated sample, the test statistics W, L, R discussed in this
section and the statistics W', L' of Section 6 were computed for the
hypothesis

6, +6,+6,
H: 03+06+07 =O.
0, + 0, + 6,

This process was replicated N times. The Monte Carlo estimate of, say,
P(L > F)is p equal to the number of times L exceeded F in the N Monte
Carlo replicates divided by N; the reported standard error is yp(1 — p)/N .
The value of F is computed as .95 = F(F; 3, nM — p). &(s?) is the average
of s? = S(@, 2)/(nM — p) over the N Monte Carlo trials with standard
error computed as

1 N o

‘/ 1IN (st~ )
i .

The formulas which follow for test statistics that result from a vector
notation using the grouped by equation data arrangement are aesthetically
more appealing than the formulas presented thus far as noted earlier. Aside
from aesthetics, they also serve nicely as mnemonics to the foregoing,
because in appearance they are just the obvious modifications of the
formulas of Chapter 1 to account for the correlation structure of the errors.
Verification that these formulas are correct is left as an exercise.

Recall that in the grouped by equation data arrangement we have M
separate regressions of the sort studied in Chapter 1:

ya=18%) +e., a=12,.... M
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with y,, f.(0,), and e, being n-vectors. These are “stacked” into a single
regression

y=1(8°% +e
by writing
) 41
b o]
y= .
aM\ VM 1
AH(6)
8
nM fu(ou) 1
€,
€,
e= .
nM e.M 1
6,
o= | *
» Om |y
with

f(e)=0 ¥(e,e’)=Z0 1l

We have available some estimator £ of X, typically that obtained by
finding §* to minimize

$(6,.2) = [y - 7O (Z o 1)y - £(0)]
with £ = 7 and taking as the estimate the matrix £ with typical element
6:.3 = ’,1;[)"« ‘fa(éf)}’[}’ﬁ - fp(ép*)]-

The estimator § minimizes S(8, ﬁ). Recall that the task at hand is to test a
hypothesis that can be expressed either as a parametric restriction

H:h(0°) =0 against A:h(8%°) #0
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or as a functional dependence
H:0° = g(p°) for some p° against A:8°+# g(p) foranyp

where p is an r-vector, h(#) is a g-vector, and p = r + ¢q. The various
Jacobians required are

H(0) = 557k (0)

6(e) = 578(p)

F(8) = 37(0)

being g by p, p by r, and nM by p respectively.
The Wald test statistic is

with
C=[F(6)E e 1)F(H)]™
$ S(4.%)

= hnM - p
h=nhn(6), H=H(6).

One rejects H: h(0°) = 0 when W exceeds F~Y(1 — a, g, 1M ~ p).
The form of the “likelihood ratio” test is unaltered

L= 1500.2) ~s(8.8)l/g
S(f, 2)/(nM -p)

where § = g(p) and p minimizes S{g(p), ﬁ]. One rejects when L exceeds
F 1 - a; g, nM — p).

As noted above, one is unlikely to use the Lagrange multiplier test unless
S(8, Z) is difficult to minimize while minimization of S[g(p), 2] is rela-
tively easy. In this instance one is apt to use the estimate 2 with typical
element

Gap = ;l;[}’. ~ 108 [3s = 15(45)]
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where §* = g($*) and 5* minimizes S{g(p), I]. Let 5==_g(ﬁ), where $
minimizes S[g(p), £]. The Gauss-Newton step away from § (presumably)
toward ¢ is

b=[F(EeNF|'F(2 e D[y -]
where F = F(i), and f= f(O;). The Lagrange multiplier test statistic is
R =nMD'|F(S-1 @ I)F]'D/s(4, 3).
One rejects when R exceeds

nMF

W=
P,
q &

d

with F, = F"(1 — a; g, nM - p).

PROBLEMS

1. Show that if 6* minimizes S(6, I) and £ = (A/n)X0 [y, —
(%, 0y, - f(x,, %), then S(8, 2) = nM.
2. Show that the matrix C of Chapter 1 can be written as

nM F) 3 -1
C = ( Z _a_o_“f 1 “xs”’ é)w“f ,,(‘.x",,,é‘))

s=1

using the notation of Section 2. Show that (3/38")f”(“x,”, 0) =
Play(3/38°) f(x,, d), whence

¢ - [')j:l(g%f(x,,5))’2—1(3?0_,f(x,,é))]"1.

3. Show that the equation s = M(r — 1) + a uniquely defines ¢ and « as
a function of s provided that 1 < a < M and s,1, a are positive
integers.

4. Verify that the formulas given for W and R at the end of this section
agree with the formulas that precede them.
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4. CONFIDENCE INTERVALS
As discussed in Section 6 of Chapter 1, a confidence interval on any (twice

continuously differentiable) parametric function y(#) can be obtained by
inverting any one of the tests of

H:h(8°) =0 against A:h(8°) #0
that were discussed in the previous section. Letting

h(0) = v(8) - v°

one puts in the interval all those y° for which the hypothesis H: #(6°) = 0
is accepted at the a level of significance. The same approach applies to
confidence regions, the only difference is that y(#) and y° will be g-vectors
instead of being univariate.

There is really nothing to add to the discussion in Section 6 of Chapter 3.
The methods discussed there transfer directly to multivariate nonlinear
regression. The only difference is that the test statistics W, L, and R are
computed according to the formulas of the previous section. The rest is the
same.

5. MAXIMUM LIKELIHOOD ESTIMATION

Given some estimator of scale £, the corresponding least squares estima-
tor §, minimizes S8, $,), where (recall)

$8,2) = ¥ [y, - f(x0 O [y, - f(x,,0).

te=1

A natural tendency is to iterate by putting

2H»l = ;1; Zj:l [.V: —f(xn é:)”yr —f(xn é:)],

and
§d+l = arg;ninS(O, 2i+1)

where argmin,S(8, £) means that value of ¢ which minimizes S(4, Z).
Continuing this process generates a sequence of estimators

$, 0,28 b, 8,56, ..
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If the sequence is terminated at any finite step /, then & ; is a consistent
estimator of scale with Vn (2 ; — Z2) bounded in probability under the
regularity conditions listed in Section 6 (Problem 1). Thus, §, is just a least
squares estimator, and the theory and methods discussed in Sections 1
through 4 apply. If one iterates until the sequence {(f, £,)}22., converges,
then the limits

$,=lim$,
t— oo
6, = lim 4,

will be a local maximum of a normal errors likelihood surface provided that
regularity conditions similar to those listed in Problem 4, Section 4, Chapter
1 are imposed. To see intuitively that this claim is correct, observe that
under a normality assumption the random variables { y,}7., are indepen-
dent each with density

nulvlf(x,.8), 2] = (27) M (det £) et x L ONE My~ f(x,. 0],

The log-likelihood is
In [Tnp{ylf(x..0). 2]
=

= const — i %{lndetz + [yl _f(x‘,o)]'z-l[y‘ —f(xno)]}

=1

so the maximum likelihood estimator can be characterized as that value of
(8, 2) which minimizes

5,(0, %) = ils{lndetz + D= FGxn V= s - f(x,0 0)])

— |

)

Further, s,(8, 2) will have a local minimum at each local maximum of the

likelihood surface, and conversely. By Problem 11 of Section 6 we have that
s,,(é.,, SHI) < sn(éi’ 2.)

provided that £,,, # £, By definition S, ,,3,,,) < S, $,,)). Pro-
vided 4., # §,, arguments similar to those of Problem 4, Section 4,
Chapter 1 can be employed to strengthen the weak inequality to a strict
inequality. Thus we have

sn(ét‘*’h 21-&1) < Sn(é;, 2:)

(mdetz + (s, 2)).
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unless (ﬁiﬂ, ﬁ,ﬂ) = (ﬁ,, ﬁ,), and can conclude that (QH, 53”1) is down-
hill from (4, £,). By attending to a few extra details, one can conclude that
the limit (4., ) must exist and be a local minimum of s,(d, Z).

One can set forth regularity conditions such that the uniform almost sure
limit of s,(8, Z) exists and has a unique minimum (6*, £*) (Gallant and
Holly, 1980). This fact coupled with the fact that (§,, £,) has almost sure
limit (8%, £*) under the regularity conditions listed in Section 6 is enough
to conclude that (4, £ ) is tail equivalent to the maximum likelihood
estimator and thus for any theoretical purpose can be regarded as if it were
the maximum likelihood estimator. As a practical matter one may prefer
some other algorithm to iterated least squares as a means to compute the
maximum likelihood estimator. In a direct computation, the number of
arguments of the objective function that must be minimized can be reduced
by “concentrating” the likelihood as follows. Let

$(8) =1 L [~ S 0]~ 1x O
and observe that by Problems 8 and 11 of Section 6
mzins,,(o,z) =5,[8,2(0)] = {{indet £(0) + M].

Thus it suffices to compute
g, = argmin,lndet £(9)
and put

$.=2%(4,)

to have the minimizer (0;,, 2,,) of 5,(0, 2). As before, the reader is referred
to Gill, Murray, and Wright (1981) for guidance in the choice of algorithms
for minimizing In det £(8).

If Assumptions 1 through 7 of Chapter 3 are specialized to the multi-
variate regression model with normally distributed errors and sample
objective function

5,(0,%) = = ¥ 5(3,, x,,0. %)
=1

s(y,x,0,2) = §{Indet 2 + [y - f(x,0)]'=y - f(x,08)]}

one obtains a list of regularity conditions that do not differ in any essential
respect from the list given in Section 6; see Gallant and Holly (1980).
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Under these regularity conditions the following facts hold: ﬁm is consistent
for 2¢, vn(2,_ — 2% is bounded in probability, and 4, minimizes
S(9, 2,0). It follows that 0;0 is a least squares estimator, so that one can
apply the theory and methods of Section 3 to have a methodology for
inference regarding € using maximum likelihood estimates. We shall have
more to say on this later. However, for joint inference regarding (8, £) or
marginal inference regarding Z one needs the joint asymptotics of 4., o)
This is provided by specializing the results of Chapter 3 to the present
instance.

In order to develop an asymptotic theory suited to inference regarding =
it is necessary to subject 2% to a Pitman drift. For this, we need some
additional notation. Let o, a vector of length M(M + 1)/2, denote the
upper triangle of = arranged as follows:

!’
o= (all’012’022’013’023'033""'01M’02M"'-’°MM) .

The mapping of o into the elements of Z is denoted as Z(o). Let vec 2
denote the MZ%vector obtained by stacking the columns of X =
(Z4y 2y - - - » Z(any] according to

2(1)

p
vec X = .‘z)

Z )
The mapping of o into vec £(o) is a linear map and can be written as
vec Z(o) = Ko

where K is an M? by M(M + 1)/2 matrix of zeros and ones. Perhaps it is
best to illustrate these notations with a 3 by 3 example:

’
a-e= (on' 032 033, 0135 03, 03:)
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03 O Op3
(o) =|0%12 On On
03 0y Oy
1 1 0 0 0 0 0
12 010 0 0 0fjg,
013 0 0 01 0 0jig,
%2 01 0 0 0 Offy)
ol =10 0 1 0 0 0|y
O3 0 0 0 0 1 0}i,
oy 0001 0 0f/2
073 0 0 0 0 1 O 3
05, 0 0 0 0 0 1
—
vec (o) Ko

The notation !/? denotes a matrix such that £ = (£'/2)(Z'/?), and the
notation =~'/? denotes a matrix such that £~ ! = (2~ 1/2)(Z~1/%). We
shall always assume that the factorization algorithm used to compute 272,
and 22 satisfies 3'/22" V2 = .

The data generating model is

Y= x,. 00 [2( ]1/2

with 8° known to lie in some compact set * and o) known to lie in some
compact set * over which £(o) is a positive definite matrix; see Section
6 for a construction of such an &*. The functional form of f(x,#8) is
known, x is k-dimensional, 8 is p-dimensional, and f(x, ) takes its values
in R¥;, y, and e, are M-vectors. The errors e, are independently and
identically distributed each with mean zero and variance-covariance matrix
the identity matrix of order M. Note that normality is not assumed in
deriving the asymptotics. The parameter to be estimated is

= (67, a7).

Drift is imposed, so that

lim A = (8%, 0%) € 8* X &%

n—u0

The correspondences with the notations of Chapter 3 are given in Nota-
tion 1.
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NOTATION 1.
General (Chapter 3)

MULTIVARIATE NONLINEAR REGRESSION

Specific (Chapter 6)

el = q(yl’ xl’ Y!?)

yer*
y=Y(e,x,7)

s(y, x, 7, A)

1 n
= ; Z S(,V,, X,, ‘ﬁn A)

l n
= = T [si¥(e, x,19), %, 70, Al

=17
X dP(e)
s*(A)

= US[Y(e, x,7*), x, 7% A}
&
X dP(e) du(x)

A, minimizes s,(\)
X, minimizes s5,(\)
subject to A(A) =0
A% minimizes s2(\)
A*, minimizes s2(A)
subject to A(A) = 0

A* minimizes s*(A)

e, = [Z(e)) 1y, — f(x,,6D]
= (6,0'),0€ 8% 05"
y = f(x,8) + [Z(0)]'%

s(y, x, A) = 4 Indet (o)

+iy ~ f(x, OV Z o)y — f(x, 0)]

No preliminary estimator

A=(#,0),8€08*0cs"
5.(A) = $Indet T(o)

+1 ’2_"31 Hy = f(x, O
X~ oy, — f(x, O)]
so(A) = indet (o) + M

+2 é H/(x, 09) = (x, O
XS~ oW f(x,, 8) = f(x,, 8)]
s*(A) = iindet 2(o) + IM
+ [ 3,80 = f(x 0))

XZ N o*) f(x,8%) = f(x,0)] du(x)

X, minimizes s,(})

A, = g(#,) minimizes 5,(A)
subject to A(A) = 0

A% minimizes s2(A)

A* = g(p°) minimizes s2(\)
subject to A(A) = 0

A* minimizes s*(\)
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In order to use the formulas for the parameters of the asymptotic
distributions set forth in Chapter 3 it is necessary to compute
(3/dN)s[Y(e, x,¥%), x, A] and (32/9A aN)s[Y(e, x,v%), x, A). To this
end, write

s[Y(e,x,yo),x,)\]
= iIndet 2(o0) + 4{u + 8(x,0))’T " "(o){u + 8(x, 8)]

where u = 2V/%(¢%e and §(x, 8) = f(x,8°) — f(x, §). Note that u has
mean zero and variance-covariance matrix Z0. Letting £, denote a vector
with a one in the ith position and zeros elsewhere, we have (Problem 2)

—(%;s[Y(e,x,yo),x, Al

= ~{u+ s(x,a)]'z”(o);,%f(x, 8)
%S[Y(e.x,yo),x.h]

= 3tr(2 o) Z(6) {1 - ZHo)[u - 8(x,0)][u - 6(x.8)]'})
ﬁ%s(y(e,mv),x,x]

= (/0] 270)| 7 s0x.9))

-L ¥ [6:27(0) &) [ua + 8.0, 0)];,—Tf,;(x 8)

am1 8=1
gg%s[}’(e, x,v°), x, A
~fu+ 8(x,0)1'2-‘(o)2(e,.)z~"‘(o)%/(x,o)

a2

3o, 30 s[}’(e x,v°), x, A}

= = 3u(27(0)2(4,)Z (o) 2(£)
X {1 -227"(o)[u—~8(x,8)}[u~ 6(x,8)]'}).
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In order to write (3/d0)s[Y(e, x, ¥°), x, A] as a vector we use the fact
(Problem 3) that for comformable matrices 4, B, C

vec(ABC) = (C’ ® A)vec B
tr(ABC) = (vec4’)'(I ® B)vecC

where (recall) vec A denotes the columns of A stacked into a column vector
as defined and illustrated a few paragraphs earlier, and 4 ® B denotes the
matrix with typical block a,;B as defined as illustrated in Section 2 of this
chapter. Recalling that vec f( a) = Ko, we have

d
FES[Y(e’ x,v°), x, A

= (S 1(0)2(6)2 (o) {2(0) ~ [u - 8(x, )] [u - 8(x,0)]')
= %vec'[E(f,-)E'l(o)][I ® E"(o)]
xvec{Z(o6) — [u— 8(x, 8)][u - 8(x,8)]'}
= dvec’2(¢,)[Z o) ® I][1 ® 27%(0)]
xvec{Z(a) — [u— 8(x,8)}{u — 8(x,0)]'}
= }/K'[27 (o) ® 27(0)]
xvec{Z(a) — [u—8(x,0)][u—8(x,0)])'}.
From this expression we deduce that
(—1)(8/3A)s[Y(e, x,v2), x, X2

(3%7}'():,0))’(22)_114
1K (20 @ 28) " 'vee|wn ~ (29)7']
We now define

NOTATION 2.
0~ [ (3g/(x.8%) T7o*) 7 (5, 0°) du(x)
F= [ 5/(x.0°) du(x)
9 = 1 3 (5970 (x62)) 27 (a8 7/ (5., 00))
1

> 297/ (x.87).
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The form of &£(3%/30da’)s[Y(e, x,v"), x, A\°] can be deduced as fol-
lows:

Ja—z—:—,—&;s[)’(e, %,70), x, A0
= — e (22) "2 ()(20) T B(e)] 1 - 2(29) (2]
= jvec’[2(¢,)(22) '|[7 8 (52) "]vec 2(5,)
= 36K (20 ® 22) 7 K¢,
Since £(32/d0, 36,)s[Y(e, x,¥7), x, A,] = 0, we have

Qo 0
0 1k(=0ex?) 'k

|

Normality plays no role in the form of #2°.
In summary we have

NOTATION 3a (In general).

o 20 (&)[(22) ] €le vecr(ee)) (20 ® 28) K
" {ym  3k(22 @ 22) 7V Var[vec(ee')] (29 @ £2) 7K
. (e 0

5= ( 0 1Kk(20e3) 'K

%% =0

NOTATION 3b (Under normality).

0 _

n

Q0 0

0 Kk(=0es0) 'k
jD = #0

@0 = 0.
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The expressions for #*, #£*, and * have the same form as above with
(R, F, 2*) replacing (Q°, £°, £9) throughout.

_Let X,, = (9;,, 200) denote the minimum of s,(4, ), and let X, =
0, ﬁw) denote the minimum of s,(#, ) subject to A(A) = 0. Define:

NOTATION 4.
01 £ (e 32 )]
oo (awreeta)s2e

1K(8, ®2,) 'vec| i) ~ 23]
ﬁl =Y f(xn éeo)

The expressions for {3, S, and @, are the same with (4, £_) replacing
(Qn,ﬁm) throughout.

We propose the following as estimators of #* and §*.
NOTATION S5a (In general).

n
F= L LSS
t=1

A

& 0
#= (0 K8, @ 2,,)“1()'

NOTATION 5b (Under normality).

Faps ) 0
""(o sK'(Swﬁm)"K)'

The expressions for £ and _# have the same form with (&, £, §) replacing
&, £, S throughout.

A test of the marginal hypothesis

H:h(6°) =0 against A:h(6°) =0
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where h(8) maps R” into R? is most often of interest in applications. As
mentioned earlier, maximum likelihood estimators are least squares estima-
tors, so that, as regards the Wald and the Lagrange multiplier tests, the
theory and methods set forth in Section 3 can be applied directly with the
maximum likelihood estimators

éao’ 200’ Jw’ ie-o

replacing, respectively, the estimators
6,%.4,8

in the formulas for the Wald and Lagrange multiplier test statistics. The
likelihood ratio test needs modification due to the following considerations.
Direct application of Theorem 15 of Chapter 3 would give

L1 = 2"[8,,(6@, iw) - s"(éw, 2m)]
= n(lndet £, — Indet )

as the likelihood ratio test statistic, whereas application of the results in
Section 3 would give

- lS(J, ) - S(Qﬂ_ﬁ_,,)]/q
L2 s(d,,2.,.)/(nM - p)

_ [s(4,%,) - nM]/q
nM/(nM -p)

where § minimizes S(0, ﬁm) subject to A(#) = 0. These two formulas can
be reconciled using the equation
dindetZ = tr(2-1dZ)
or
Indet(Z + A) — IndetZ = tr(Z'A) + 0(A)
derived in Problem 4. To within a differential approximation
$(4.8,) - S(0,,8.) = nu[E8(F)] - nue(8218,)
- ntr $2[8(0) - 8.
=nuw {8, -2, ) +nul}[2(0) - 5,]
=L1+nte33}2(0)-2,]
=L1+[S(6,2,)-5(0,,2.)]
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Thus one can expect that there will be a negligible difference between an
inference based on either L1 or L2 in most applications. Our recommenda-
tion is to use L1 = n{lndet £ — Indet ﬁw) to avoid the confusion that
would result from the use of something other than the classical likelihood
ratio test in connection with maximum likelihood estimators. But we do
recommend the use of degree of freedom corrections to improve the
accuracy of probability statements.

To summarize this discussion, the likelihood ratio test rejects the hy-
pothesis

H:h(6% =0
where 4(8) maps R” into RY, when the statistic
L=n(lndetS_ - Indet$ )

exceeds gF,, where F, denotes the upper « X 100% critical point of the
F-distribution with ¢ numerator degrees of freedom and nM — p de-
nominator degrees of freedom; F, = F~Y(1 — a; q, nM — p).

We illustrate.

EXAMPLE 1 (Continued). Consider retesting the hypothesis of homo-
geneity, expressed as the functional dependence

H:8° = g(p°) for some p° against A:8°« g(p) foranyp
with

(4
“ Py~ P3

]

(14
glo) =1 o
—Ps T Py

Ps
~Ps— P3

in the model with response function
0, + O,x, + Oyx, + O,x,4
"‘1 + 04x1 + 07x2 + OBX3

05 + Oyx, + Osx, + 0,x,

In

f(x,0) =
In

using the likelihood ratio test; 8 has length p = 8 and p has length r = 5,
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SAS Statements:

PROC MOOEL OUT=MODELO1;
ENOCGENOUS Y1 Y2:
EXOGENOUS X1 X2 X3;
PARMS T1 -2.98 T2 -1.16 T3 0.787 T4 0.353 75 -1.51 76 -1.00
T7 0.054 T& -0.474;
PEAK=TT1+4T2%X14TI®X2¢T4*X3; INTERTE+TI®X1+TERX24TTHXI;
BASEw-1+T4*X1+TT*X24TB¥X3;
Y1=LOG(PEAK/BASE); Y2=LOG(INTER/BASE);
PROC SYSNLIN DATA=EXAMPLE1 MOOEL=MODELOT ITSUR NESTIT METHOD=GAUSS OUTS=SHAT;

Output:
SAS 5
NONLINEAR ITSUR PARAMETER ESTIMATES
APPROX . APPROX .
PARAMETER ESTIMATE STO ERROR ‘T’ RATIO PROB>|T|
ia) -2.92345 0.2781988 =10.51 0.0001
T2 ~1.208826 0.226682 -5.68 0.0001
73 0.8184883 0.08079815 10.13 0,000
T4 0.3612072 0.03033416 1.9 0.0001
75 ~1.53769 0.09204265 -16.71 0.0001
T8 ~1.04928 0.0836858177 -12.54 0.6001
T? 0.02986769 0.03617161 0.83 0.4099
T8 ~0.467411 0.01927763 -24.25 0.0001
SYSTEM STATISTICS: SSE = 447.9999 MSE = 2 08S= 224

COVARIANCE OF RESIDUALS

Y1 Y2
Y1 0.1656141 0.0925046
Y2 0.0925046 0.0898862

Figure 104. Example 1 fitted by maximum likelihood, across equation constraints imposed.

whence ¢ = p — r = 3. The model is bivariate, so M = 2 and there are
n = 224 observations.

In Figure 10a the maximum likelthood estimators are computed by
iterating the least squares estimator to convergence, obtaining

~2.92345
-1.28826
0.81849
4 - | 036121
© = | ~1.53759
-1.04926
0.02987
~0.46741

$w=(0.165141 0.92505) (from Fig. 10a).

(from Fig. 10a)

0.092505 0.08989
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SAS Statements:

PROC MODEL OUT=MODELO2;

ENDOGENOUS Y1 Y2:

EXOBENOUS X1 X2 X3:

PARMS R! -~2.72 R2 0.868 RJ 0.374 R4 -1.59 RS5 0.057;

T1=RY; T2=-R2-R3; T3I=R2; T4=R3; TBeR4; T6=-R5-R2; TT=R5; T8=-RE-RI;
PEAK»TY+T2AX1+TINX24TA*X3; INTERwTE+TINXT+TE*X24TT2XI;
BASE=-14T4*X14TT#X2+TB*XI;

Y1=LOB(PEAK/BASE): Y2=LOG(INTER/BASE);

PROC SYSNLIN DATA=EXAMPLE! MODEL=MODELO2 ITSUR NESTIT METHOD=GAUSS OUTS=STILOE;

Output:
SAS 10
NONLINEAR ITSUR PARAMETER ESTIMATES
APPROX . APPROX.
PARAMETER ESTIMATE STD ERROR 'T' RATIO PROB>|T|
R1 ~2.7303 0.1800168 -15.17 0.0001
R2 0.8581672 0.08691972 12.82 0.0001
R3 0.3733482 0.02736511 13.64 0.0001
R4 -1.59345 0.07560367 -21.08 0.0001
RS 0.050854239 0.0338787 1.12 0.0863
SYSTEM STATISTICS: SSE = 448 MSE = 4 OBS= 224

COVARIANCE OF RESIDUALS

Y1 Y2
Y1 0.179194 0.0953651
Y2 0.0983657 0,0901983

Figure 10b. Example 1 fitted by maximum likelihood, across equation constraints imposed,
homogeneity imposed.

Compare these values with those shown in Figures 3b and 3¢; the difference
is slight.

In Figure 10b the estimator 5, minimizing In det 2{ g(p)] is obtained by
iterated least squares; put §, = g(5,) to obtain

—-2.7303
-1.2315

0.8582
b, =2(b,) = _?g;gg (from Fig. 10b)
—-0.9167

0.0585
-0.4319

5 =(0.179194 0.095365)
® 0.095365 0.090199

(from Fig. 10b).
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SAS Statements:

PROC MATRIX;

FETCH SHAT DATASHAY(KEEP=»Y1 Y2);

FETCH STILDE DATA«STILDE(KEEP=Y) Y2);

N=224; L=N8(LOG(DET(STILDE))-LOG(DET(SHAT))): PRINT L;

Output:
SAS 11
L COoL1
ROW1 26,2573

Figure 10¢. Illustration of likelihood ratio test computations with Example 1.

Compare these values with those shown in Figure 6; again, the difference is
slight.
In Figure 10c¢, the likelihood ratio test statistic is computed as

L=n(lndetS_ —Indetd )
= 26.2573 (from Fig. 10¢).
F, = F71(.95; 3, 440) = 2.61, so that
gF, = (3)(2.61) = 7.83.
One rejects
H: 08° = g(p°) for some p°

at the 5% level. With this many denominator degrees of freedom, the

difference between gF, and the three degree of freedom chi-square critical

value of 7.81 is negligible. In smaller sized samples this will not be the case.
It is of interest to compare

n(lndetE_ — Indet$ ) = 26.2573  (from Fig. 10c)
with
S(4,2) - 5(4,%) = 474.6822 — 446.8570  (from Figs. 6 and 3c)
= 27.8252.

The differential approximation dIndetZ = tr 2! d3 seems to be rea-
sonably accurate in this instance. 9]
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A marginal hypothesis of the form
H:h(6%) =0 against A:h(o®) #0

is sometimes of interest in applications. We shall proceed under the
assumption that the computation of (ém, é,,) is fairly straightforward but
that the minimization of s5,(f, o) subject to h(s) = 0 is inordinately
burdensome, as is quite often the case. This assumption compels the use of
the Wald test statistic. We shall also assume that the errors are normally
distributed.

Under normality, the Wald test statistic for the hypothesis

H:h{(0%) =0 against A:h(a®)+#0
where h(o) maps R¥M*1/2 into RY, has the form
W =nk'(HVH) 'h
where
h=h(d,)
. d .
H = 5-5h(4,)
v=[ik(8,0%,) k]| "
The test rejects when W exceeds the upper a X 100% critical point of a
chi-square random variable with ¢ degrees of freedom.
In performing the computations, explicit construction of the matrix X
can be avoided as follows. Consider w defined by
vecuu’ = Z(w) = Kw

where u is an M-vector. The subscripts are related as follows:

oy ] i Wy 1
ity W
vec uy’ = Ulp |~ i=B(f-1)/2+a~ W
uM".M~l W +1y/2-1
| umtin ] [ Wmmnens |
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If u ~ N, (0, Z), then for

i

j_—_.g_’iélz_—_l_)_

BB

+

we have (Anderson, 1984, p. 49) that

C(w,,w;) = E(ugup = op)(ugtp — oup)
= O, Opg + 0,008,

Thus, the variance-covariance matrix ¢(w, w’) of the random variable w
can be computed easily. Now consider the asymptotics for the model
y, = u, = Z/%, with e, independent N,,(0, 7). The previous asymptotic
results imply

Vr (6, = @) = Nyquray {0, [21K(Z © 2) k] 7

~

but in this case ¢

' = (1/n)L;.,w, and the central limit theorem implies
that

\/'7(500 —-0) ‘-?” NM(M+1)/2[0’ €(w, W')]~
We conclude that
v=[ik(Ze =)'k = ¢(w,w)
and have the following algorithm for computing the elements v,, of V:

pofor8 =1to M,
pofora=1tof;
i=B(B-1)/2+a
po for B’ = 1 to M,
pofora’ =1t p
J=BB -1)/2+a;
U;j = Oq0gp + 0,5.05,;
END;
END;
END;
END;

We illustrate with an example.

EXAMPLE 2 (Split plot design). The split plot experimental design can
be viewed as a two way design with multivariate observations in each cell,
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which is written as
yj=utp trte,

where y,, u, etc. are M-vectors and

i=1,2,...,1=no.of blocks
Jj=1,2,...,J = no. of treatments

€(e;,e/)=2.
In the corresponding univariate split plot analysis, the data are assumed to
follow the model

Yg=mtrnt+n,+5+ (rs)p + ('s)kj + €4

where k = 1,2,..., M, Latin letters denote parameters, and Greek letters
denote random variables, Var(y,;) = u,f, Var(e,,;) = o2, and random vari-
ables with different subscripts are assumed independent. It is not difficult to
show (Problem $5) that the only difference between the two models is that

Table 5. Yields of Three Varieties of Alfalfa (Tons Per Acre)
in 1944 Following Four Dates of Final Cutting in 1943,

Date

t variety Block A 8 c 1]

1 Ledek 1 2.17 1.68 2.29 2.23
2 Cossac 1 2.33 1.38 1.86 .27
3 Ranger 1 1.78 1.62 1.56 1.56
4 Ladak 2 1.88 1.26 1.60 2.00
5 Cossec 2 2.01 1.30 1.70 1.81
[ Ranger H 1.98 1.47 1.61 1.72
7 Ladak 3 1.62 1.22 1.87 1.82
8 Cossac 3 1.70 1.88 1.81 2.01
] Ranger 3 2.13 1.80 1.82 1.99
10 Ladak 4 2.34 1.59 1.91 2.10
1)) Cossac 4 1.78 1.09 1.54 1.40
12 Renger 4 1.78 1.37 1.56 1.55
13 Ladak ) 1.58 1.26 1.39 1.68
14 Cossac H 1.42 1.13 1.67 1.3
A1 Ranger 5 1.31 1.01 1.23 1.51
18 Ladek 6 1.66 0.94 1.12 1.10
17 Cossac [ 1.36 1.08 0.88 1.08
18 Ranger 6 V.30 1.31 1.13 1.33

Source: Snedecor and Cochran (1980, Table 16.15.1).
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the univariate analysis imposes the restriction
2 2
Z=0/l+0,J
on the variance-covariance matrix of the multivariate analysis; 7 is the

identity matrix of order M, and J is an M by M matrix whose entries are
all ones. Such an assumption is somewhat suspect when the observations

Y= G Yaigs s Yraij)

represent successive observations on the same plot at different points in
time (Gill and Hafs, 1971). An instance is the data shown in Table 5. For
these data, M = 4, n = 18, and the hypothesis to be tested is H: h(s°) = 0,
where

%n
1 0 -1 0o 0 o0 o0 o0 o 0} | %z
1 0 0 (] 0o -1 0 0 0 0f | %2
1 06 0 0 0 0 0 0 0 -1| |%
0 1 0 -1 0 0 0 0 0 0 |o»
Me)=1o 1 o o -1 0o o0 o o0 0f]on
0 1 0 0 0 0 -1 0 0 0} |0
0o 1 o 0 o0 o0 0 -1 0 0f |0
0 1 0 0 o0 o0 0 o0 -1 0/ |oy
H s
R g
g
SAS Statements:
PROC ANOVA DATA=EXAMPLEZ;
CLASSES VARIETY BLOCK;
MODEL A B8 C D = VARIETY BLOCK;
MANOVA / PRINMTE;
Output:
SAS 1
ANALYSIS OF VARIANCE PROCEOURE
E = ERROR SS&CP MATRIX
DF =10 A 8 [ o
A 0.56965556 0.23726111% 0.25468089 0.365708689
8 0.23726111 0.46912222 0.26341111 0.31137778
[+ 0.25468889 0.26341111 0.42496556 0.25678809%
D 0.36570889 0.31137778 0.256708889 0.60702222

Figure 11. Maximum likelihood estimation of the variance-covariance matrix of Example 2.
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The maximum likelihood estimate of Z is computed in Figure 11 as

0.0316475 0.0131812 0.0141494 0.0203216

$ - 0.0131812 0.0260623 0.0146340 0.0172988 3(6.)
bt 0.0141494 0.0146340 0.0236086 0.0142660
0.0203216 0.0172988 0.0142660 0.0337235

whence

0.00558519

0.00803889
—0.00207593
—0.00096821
—-0.00145278 | -
—0.00714043
—0.00411759
~0.00108488

h(3,,)

SAS Statements:

PROC MATRIX;
SSCP = 0.58985558 0.23726111 0.2546888% 0.36578889/
0.23726111 0.46912222 0.26341111 0.31137778/
0.254666889 0.26341111 0.42495586 0.25676889/
0.36570889 0.31137778 0.256788689 0.60702222;
] = (0.56985558 0.23726111 0.46912222 0.25468889 0.26341111
0.42495556 0,36578889 0.311377768 0.25678889 0.60702222)';

W = 1 0 -1 0 0 0 0 0 0 0O/
1 0 0 0 O0-1 0 O 0 O/
t 0 0 000 O 0 O0-
ot 0 -1 0 0 0 0 0 O/
6t 0 0~t 0 60 O 0 0O/
¢t 0 0 0 O0-1 0 O O/
o1 0 060 0 0-1 0 0O/
o1 0 000 0 0-1 O

N=108; SIGMA=SSCPE/N; HeHH*SS/N;

Mad; Va{OR(1:M*(N1)8/2)) ' H(0*(1:M*(Me1)8/2));

00 B=1TOM; DO A= 1TO B; 1« B* B-1)8/2+ A;
DO BB =1 TOM; DO AA = 1 TO 88; J = BE*(BB-1)8/2+AA;
V(I,J)=SIGMA{A,AA)*SIGMA(D,B8 ) +SIGMA(A,BB)*SIGMA(B, AA);
END; END; END:; END:

WALD=N#*(H'RINV(HHAVAHN ' )*H); PRINT WALD;

Output:
SAS
WALD CcoLY
ROW1 2.26972

Figare 12, Wald test of a restriction on the variance-covariance matrix of Example 2,
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SAS Statements:
PROC VARCOMP DATASEXAMPLE2 METHOD=ML ;
CLASSES VARIETY DATE 8LOCK;
MODEL
YIELD = BLOCK VARIETY DATE DATE*BLOCK DATEAVARIETY BLOCKAVARIETY /
FIXED = 5;
Output:
SAS 2
MAXIMUM LIKELIHOOD VARIANCE COMPONENT ESTIMATION PROCEDURE

DEPENDENT VARIABLE: YIELD

ITERATION OBJECTIVE VAR(VARIETY*BLOCK) VAR(ERROR )
0 -280.481735608 0.01664182 0.01311667
1 -280.48173608 0.01564182 0.01311867

Figure 13. Maximum likelihood “estimation of the variance-covariance matrix of Example 2
under the ANOVA restriction.

Figure 12 illustrates the algorithm for computing V discussed above, and we
obtain

W = 226972 (from Fig. 12).

Entering a table of the chi-square distribution at 8 degrees of freedom, one
finds that

p=P(W>226972) = 0.97.
A univariate analysis of the data seems reasonable.

This happens to be an instance where it is easy to compute the maximum
likelihood estimate subject to h(¢) = 0. From Figure 13 we obtain

0.0287605 0.0156418 0.0156418 0.0156418
3 - 0.0156418 0.0287605 0.0156418 0.0156418
® 0.0156418 0.0156418 0.0287605 0.0156418 |

0.0156418 0.0156418 0.0156418 0.0287605

For a linear model of this form we have (Problem 6)
L =2n[s, (6., 2,) - 5.(4,. 2)]

=n[lndetE, + 0228, — Indet £, - M]
= 2.61168 (from Fig. 14)
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SAS Statements:

PROC MATRIX;
SSCP = 0.56965856 0.23726111 0.25468889 0.36578889/
0.23726111 0.46912222 0.26341111 0.31137778/
0.25468889 0.26341111  0.42495666 0.25678889/
0.36578889 0.31137778 0.25678869 0.60702222;
N=18; M=4; SHAT2SSCPR/N; STILDE=0.01311867#1(M)+J(M . M,0.01564162);
LeNS(LOG(DET(STILOE)} )+ TRACE ( INV(STILDE )*SHAT)-LOG(DET{SHAT})-M}; PRINT L;

Output:

SAS 1

L coLt

ROWY 2.61168

Figure 14. Likelihood ratio test of a restriction on the vanance-covariance matrix of
Example 2.

which agrees well with the Wald test statistic. 0
A test of joint hypothesis
H:h(6°32°) =0 against A:h(8° 2°) =0

is not encountered very often in applications. In the event that it is,
application of Theorem 11, 14, or 15 of Section 5, Chapter 3 is reasonably
straightforward.

PROBLEMS

1. Show that Vn (£ ; — 20) is bounded in probability. Hint: See Problem
1, Section 6.

2. Show that (d/d0,)2(0) = Z(£,). In Problem 4 the expressions
(8/30)2 (o) = -~ 27 Yo)[(39/30,)2(0)]2 (o) and
(3/30)Indet (o) = {2 Yo} d/d0;)Z(0))] are derived. Use them to
derive the first and second partial derivatives of s[Y(e, x, y°), x, A]
given in the text.

3. Denote the jth column of a matrix A by 4, and a typical element by
a,;. Show that

(ABC);, = (AB)C,,,
- 5 (e 4)(B)

= [(c,,))" ® A]vec B.
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Then stack the columns (4BC);, to obtain

vec(ABC) = (C’ ® A)vec B.
Show that

tr(AB) = Y. Y a,.b,, = vec'(A’)vec B
ik

whence
te{ ABC) = vec’( A’)vec(BCI) = vec’( A’)(I ® B)vec C.

4. Show that (3/36)2(0) = 2(¢,). Use I = £-1(a)Z(0) to obtain 0 =
[(8/30,)27Y(0)]Z(0) + 27}(0)(3/d0,)2(0)), whence (3/30,)Z7(a)
= —X~1(0){(8/30)Z(0)|=" (o). Let a square matrix A have ele-
ments a,;, let ¢;; denote the cofactors of 4, and let a'/ denote the

elements of A~'. From det 4 = ¥,a,.c,, show that (3/da,,)det 4 =
¢;; = a’/det A. This implies that

d
Tvecq det 4 = det A vec "(A~ty.

Use this fact and the previous problem to show
d T d
34 det 2(o0) = det =(o)vec’ |2 (o)]vec 75 2(0)
i i
= det E(G)tr( l(o) E(a))

Show that (3/3¢,)Indet (o) = t{S (o} 3/36,)Z(0)).
5. Referring to Example 2, a two way multivariate design has fixed part

J)’u =p+p+T
whereas the split plot ANOVA has fixed part
Eypu=m+r+t,+s,+(rs) + (15)

Use the following correspondences to show that the fixed part of the
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designs is the same:

=y B i) =(m,...,m,...,m)

0= (Prire s Prir- -2 Ppas)
=(r,+ (r)yrooen it (58 pinee oy 1+ (1) pi)
7= (T T o0 Tay)

= (14 (1) a4 (1) gjeen s 8+ (15) 05).

Show that under ANOVA assumption £ = o2l + oJ.
6. Suppose that one has the multivariate linear model

y=xB+e t=1,2,...,n

where B is k by p and y; is 1 by M. Write

»n X1
» x5
Y=|". x=|.
Y x,

and show that

tr SUY - P,YJ[Y - P,Y]
n

L WE[PyY — XBY[PyY ~ XB]

n

25,(B, Z) = IndetS +

where Py = X(X'X)~ 1X”. One observes from this equation that B will
be computed as B = (X'X)~'X'Y no matter what value is assigned to
Z. Thus, if (B,, £, ) minimizes s,(B, %) subject to = = (o), h(o) =
0, and (B 2 ) is the unconstrained minimizer, then

25,(B_, 2. ) =IndetS  +1r£'8_ +o0.

6. ASYMPTOTIC THEORY

As in Chapter 4, an asymptotic theory for least squares estimators of the
parameters of a multivariate nonlinear regression model obtains by restat-
ing Assumptions 1 through 6 of Chapter 3 in context and then applying
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Theorems 3 and 5 of Chapter 3. Similarly, the asymptotic distribution of
test statistics based on least squares estimators obtains by appending
restatements of Assumptions 7 and 13 to the list and applying Theorems 11,
14, and 15. That is what we shall do here.

Recall that, using the grouped by subject data arrangement, the multi-
variate nonlinear regression model is written as

yo=f(x,8% +e, 1=12..,n

with 8° known to lie in some compact set ©* The functional form of
f(x, 0) is known, x is k-dimensional, @ is p-dimensional, and f(x, 4) takes
its values in R™; y, and e, are M-vectors. The errors e, are independently
and identically distributed, each with mean zero and nonsingular variance-
covariance matrix Z; viz.

2 t=5

&e, =0, W(e,,e;)-—-{o fe s

The parameter #° is estimated by 8, that minimizes

& 1 - -
S’I(a’ 2") = ;; E [yl ——f(xl7 0)] ﬁ’l ][yl - f(xl7 a)]'
(=1
Here we shall let 2,, by any random variable that converges almost surely
to = and has yn (£, — 2) bounded in probability; that is, given & > 0,
there is a bound b and a sample size N such that

P(\/ﬂéa,,,, — 0,4 < b) >1-8

for all n > N, o,, being a typical element of Z. Verification that the
estimator of Z proposed in Section 2 satisfies this requirement is left to
Problem 1.

Construction of the set T which is presumed to contain 2,, requires a
little care. Denote the upper triangle of Z by

s
T= ("uv 0125022, 013,023,033, - -, Oy prs Oppgs - - OMM)

which is a column vector of length M(M + 1)/2. Let Z(r) denote the
mapping of 7 into the elements of I, and set 2(7,) = 2,,, 2(v*) =
€ (e,, e/). Now det Z(1) is a polynomial of degree M in 7 and is therefore
continuous; moreover, for some § > 0 we have det 2(+*) - § > 0 by
assumption. Therefore the set

{r:detZ(7) > det Z(7*) — §}
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is an open set containing *. Then this set must contain a bounded open
ball with center 7*, and the closure of this ball can be taken as 7. The
assumption that vn (ﬁ,, — Z) is bounded in probability means that we have
implicitly taken 72 = 7* € T, and without loss of generality (Problem 2) we
can assume that 7, is in T for all n. Note that det Z(7) > det Z(+*) — 8
for all 7 in T, which implies that £~!(7) is continuous and differentiable
over T (Problem 3). Put

B=sup{o®(r):7€T,a,f=1,2,..., M}
where 0°#(7) denotes a typical element of E~!(r). Since = (1) is
continuous over the compact set T, we must have B < co.
We are interested in testing the hypothesis
H:h(6° =0 against A:h(8°)#0
which we assume can be given the equivalent representation
H:8°=g(p°) for some p® against A:8°+ g(p) foranyp

where A:R? - R, g:R" > R” and p = r + q. The correspondence with
the notation of Chapter 3 is given in Notation 6.

NOTATION 6.

General (Chapter 3) Specific (Chapter 6)

e, = q(¥, X, V) e, =y~ f(x,67)

vyer* 8 B*

y=7Y(e x,v) y=f(x,0)+e

S(Yp Xpp T A) [y =[x, OVETNENY, = f(x,, 0))
£ eT €T, t0=r*

A€ A* 90

5a(0) (0 =1 ¥ 1y - px 00

=1

12
= n 23(}’” X ;n’A) xz—l('fn){y:——f(xno)]

foml
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General (Chapter 3) Specific (Chapter 6)
s2(M) s2(8) =M
1¢ 1 ¢ ,
= ';,- ,?1 f‘S[Y(e, Xy yuo)’ Xy Tn()’ }‘] + n (gl [f(xt’ onO) - f(xn 0)
X dP(e) XZ N f(x, 80 ~ f(x,, 8))
s*(A) s*OHM
= [ Jst¥(e, x y®), x %0 + [1f(x,0%) = f(x OE7N(r*)
& T
x dP(e) dp(x) X[f(x,8%) — f(x,8)}dpn(x)
X, minimizes s ()) 4, minimizes s, (6)
X, minimizes s, (\) 8, = g(p,) minimizes s,(8)
subject to A(A) = 0 subject to k(8) = 0
A% minimizes s®()) 62 minimizes s2(8)
A* minimizes s2(A) 6, = g(p?) minimizes s%(8)
subject to A(A) = 0 subject to h(8) = 0
A* minimizes s*(A) #* minimizes s*(4)

Assumptions 1 through 6 of Chapter 3 read as follows in the present
case.

ASSUMPTION 1. The errors are independently and identically distrib-
uted with common distribution P(e).

ASSUMPTION 2. f(x, 8)is continuous on 2 X 8* and B* is compact.

ASSUMPTION ¥ (Gallant and Holly, 1980). Almost every realization
of {v,} with v, = (e, x,) is a Cesaro sum generator with respect to the
product measure

v(4) = MIA(e,X)dP(e)du(x)

and dominating function b(e, x). The sequence {x,} is a Cesaro sum
generator with respect to p and b(x) = [,b(e, x) dP(e). For each x € &
there is a neighborhood N, such that [ supy b(e, x) dP(e) < .
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ASSUMPTION 4’ (Identification). The parameter #° is indexed by n,
and the sequence {4°) converges to 8*; 10 = r*, Vn(#, - r*) is bounded
in probability, and 7, converges almost surely to 7*.

s*(0) =M+ [[/(x.0%) - f(x,0)'Z7(s*)
X[f(x,8%) — f(x,6)] du(x)
has a unique minimum over ©* at §*.

ASSUMPTION §’. ©* is compact; {4,}, T, and B are as described in
the first few paragraphs of this section. The functions

[en + fu(x,8°) = fo(x,8)][es + fo(x,6°) — f3(x. )]

are dominated by b(e, x)/M?2B over £ X X 8* X ©*; b(e, x) is that of
Assumption 3.

This is enough to satisfy Assumption 5 of Chapter 3, since
s[Y(e, x,0°, x, 7, 0]

= [e + f(x,0% — f(x,0)]'="}(7)|e + f(x,8°) - f(x,8)]
< BZ}p:le. + fo(x,0°) = fy(x,0)||eg + fo(x, 8°) ~ fu(x, 0)|

< BM?b(e, x)

M?*B
= b(e, x).

The sample objective function is

$q(0) = -,‘; % [y = £(x0 O'Z7H3) 3, = £(x,,8)].

t=1
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Replacing 7, by 7.0 = 7*, its expectation is
1 o ’
s2(0) = L ele +f(x,6)) - f(x,,0)]
=1

xZ-Y(r*)|e, + f(x,,8°) - f(x,,0))
’;1"' i fe;z—l(‘r‘)e,

(=1

+ ;1,- 2": [f(xn 0"0) - /(xv 0)]’2_l(7‘)[f(xu 0,?) - f(xn 0)}

tes]

=M+ T [(x80) = 1(x,, 0))

t=1
xE- ()| f(x,,6°) - f(x,,0)]:

the last equality obtains from

LY gz (rm)e,
(=1
1 n
= Y T (r*)&ee;
{1
= —}; Yl
(=1

=M.
By Lemma 1 of Chapter 3, both 5,(8) and s2(8) have uniform almost sure
limit
s*(8) = M + [[f(x,0%) - f(x. O)]'
£
XxZ7U ) f(x,6%) - f(x,8)] du(x).

Note that the true value 8° of the unknown parameter is also a minimizer
of s9(8), so that the use of 4 to denote them both is not ambiguous. By
Theorem 3 of Chapter 3 we have

lim §, = 6* almost surely.

n-*a

Continuing, we have one last assumption in order to be able to claim
asymptotic normality.



ASYMPTOTIC THEORY

385

ASSUMPTION 6’. ©* contains a closed ball © centered at #* with

finite, nonzero radius such that
lew+ 1u(x.0%) = 1,(x. )] 7 (. )]
(7:5.0))( 55(5.9))

[e, + f.(x,8°) — f.(x, 0)](?0—(?—-;9;/(,:, 0))
and

[{e., +£ulx,0°) — fulx, 0)](;‘}_&():.. 0))]2

are dominated by b(e, x)/BM*over £X Ix 8 x O fori, j=1,2,...,

and o, 8 = 1,2,..., M. Moreover,
7 =2 (g /(x.60)) 2 ()| 7 (x, 7)) du(x)
is nonsingular.

One can verify that this is enough to dominate

—go—is[)’(e,x,ﬂo), x, 7,0}
= —2fe + f(x,6°) ~ f(x,8)]'E7}(7) 3 f(x 8)
35%—;?;3[)’(& x,8°), x,7,6]
=2(%f(x,9))’2“"(7)(5%f(%0))

r

-2 Z Z [e +f(x 00) f(x 0)] GB( )39 30fp(x )

a=1 8=1

('5’0:3[)’('3’x'oo),X,Tral)(ﬁS[Y(e.x,0°),x,'r,0])
= 4[3%f(xy9)],2~‘(7)[e + f(x,0° - f(x,0)]

x|e + f(x,0% - f(x,8)]'S ‘(7)(;0—]/(&0))
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to within a multiplicative constant. Since (Problem 4, Section 5)

237(r) = =37 &3] 2()

we have

2
agaajs[Y(e, x, 8%, x,7,0)

= 2[e + f(x,0°) ~ f(x, a)]'z-l(f)(%zm)z*m%m,o).

Evaluating at § = 8% = 6* and integrating, we have
az
Y(e, x,0%), x,7*,0*} dP(e) d,
[ L 7wags ¥, x.6%), x,7%,6*] dP(e) du(x)

- f-2 ;ar(e)z-*«-)(;,—iz(f-))z-l(f—)3%;/(:«,a-)dn(x)
=0

because [,edP(e) = 0. Thus, Assumption 6’ is enough to imply Assump-
tion 6 of Chapter 3.

The parameters of the asymptotic distribution of 5 and various test
statistics are defined in terms of the following.

NOTATION 7.
j‘[§%7 (x, a*)]z ‘[59—f(x 8')]dn(x)
Q8= 7 X (s (2o 00)) =g (x, 00)
o1 3 £ (st 5 05,0)
NOTATION 8.
=49
A =20
v =0

0 - 49
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£ =29,
¥° =0
S =402

n

4';‘ = 29: - % 2 z": z": [fa(xt'ov?) _.fa('xl’o:)]

t=]am=l =l

az
Aoz fo (%0, 6)
ql. - X (Wj(xn 0‘ ) l{f xnao) f(xn 0*)]

X [£(x082) = £ 8127 3 (0 82)).

One can sce from Notation 8 that it would be enough to have an
estimator of { to be able to estimate £ * and £ *. Accordingly we propose
the following.

NOTATION 9.

0= % % (g 8)) 2 /(. )

!

0= 7 % (55020 8)) 87575 8)

Since (F*) U *(F*)"' = 27, we have from Theorem 5 of Chapter 3
that

»
‘/;(01: - 0,?) - NP(O’ ﬂvl)
§ converges almost surely to Q.
Assumptions 7 and 13 of Chapter 3, restated in context, read as follows.

ASSUMPTION 7/ (Pitman drift). The sequence 82 is chosen such that
lim,_, Vn(8° — 6*) = A. Moreover, h(8*) = 0.

ASSUMPTION 1¥. The function h(#) is a once continuously differentia-
ble mapping of © into RY. Its Jacobian H(#) = (3/38’)h(#) has full rank
(=q)at §=0*
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From these last two assumptions we obtain a variety of ancillary facts,
notably that @, converges almost surely to §*, that { converges almost
surely to §, and that (Problem 6)

g 20+ o[ L)

The next task is to apply Theorems 11, 14, and 15 of Chapter 3 to obtain
Wald, “likelihood ratio,” and Lagrange multiplier test statistics as well as
noncentral chi-square approximations to their distributions. With some
extra effort, we could derive characterizations theorems as in Chapter 4 to
formally justify the degrees of freedom corrections used in Section 3. But
we shall not, letting the analogy with univariate nonlinear regression
developed in Sections 2 and 3 and the simulations reported in Table 4 serve
as justification.

Consider testing

H:h(8°) =0 against A:h(62)=0
where (recall) #(8) is a g-vector with Jacobian H(8) = (d/36")h(8), H(6)

being a g by p matrix. Writing A = h(f,) and H = H(4,) and applying
Theorem 11 of Chapter 3, we have that the Wald test statistic is

W' =nk'(HQH) A,

and that the distribution of W'’ can be approximated by the noncentral
chi-square distribution with ¢ degrees of freedom and noncentrality param-
eter

h(0°)[H )(92) " H(02)] 'h(8?)
)

Multivariate nonlinear least squares is an instance where JS* # #*
but £* = (1 /25> + 01/ Vn) (Problem 6), whence the hkehhood ratio
test statistic is

L = nls,(6,) - s.(6,)].
In the notation of Section 3,
L'=5(6,2%,) - 54,2,

It is critical that £, be the same in both terms on the right hand side of this
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equation. If they differ, then the distributional results that follow are invalid
(Problem 8). This seems a bit strange, because it is usually the case in
asymptotic theory that any v -consistent estimator of a nuisance parameter
can be substituted in an expression without changing the result. The source
of the difficulty is that the first equation in the proof of Theorem 15 is not
true if £, is not the same in both terms.

Applying Theorem 15 of Chapter 3 and the remarks that follow it, we
have that the distribution of L’ can be approximated by the noncentral
chi-square with g degrees of freedom and noncentrality parameter (Prob-
lem 7)

a= ( Y:ll[f(x,.ﬂ.?) - f(x,.80)]'z 5%7f(x,.0:))

9:"‘{ T [£(x,.00) = f(x,, 60)]'= 5%7“""”"')}

(=1

X 2n

Up to this point, we have assumed that a correctly centered estimator of
the variance-covariance matrix of the errors is available. That is, we have
assumed that the estimator £, has yn (5’.,, — Z) bounded in probability
whether h(8°) = 0 is true or not. This assumption is unrealistic with
respect to the Lagrange multiplier test. Accordingly, we base the Lagrange
multiplier test on an estimate of scale £, for which we assume

vn (2, - £2) bounded in probability
lim * = 3.

n-—+o0

Of such estimators, that which is mostly likely to be used in applications is
obtained by computing 8* to minimize s,(#, /) subject to h(#) = 0, where

S"(o, V) = % Zl [yl _f(xn 0)]'V~l[y: —f(xn 0)]
and then putting
2n = % Zl [yt —f(xn 5:)][)’: —'f(xn éu#)],'

The center is found (Problem 10) by computing * to minimize s2(6, I)
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subject to h(8) = 0, where
s2(0,V)=uv'z

+ Z [£(x,,8°) = f(x,, )V [f(x,.8) - f(x,,8)]

r-l

and putting

2* = 2 + — Z [f x 00 f Xy n )][f xt’oo) f(xl’ )]l

:—1

Using the estimator £, the formulas for the constrained estimators are
revised 1o read: §, minimizes 5,(8, $,) subject 10 ~(8) = 0 and

B, = 2 % (557 (20 &) 57 57(x.6)

The form of the efficient score or Lagrange muitiplier test depends on
how one goes about estimating ¥'* and #* having the estimator 8, in

hand. In view of the remarks following Theorem 14 of Chapter 3, the
choices

p=0-1 =28

lead to considerable simplifications in the computations, because it is not
necessary to obtain second derivatives of s,(#) to estimate #* and one is
in the situation where # ! =gV for a = }. With these choices, the
Lagrange multiplier test becomes (Problem 9)

R,=%(f;[y, % 0)) 8715 (%, 5))

=1
" : ; dJ =\
‘X(Z[y:_f ',9" ]i;l'[_fg—lf(xnon))‘
-1
Let 8** minimize s9(6, =*) subject to 4(#) = 0, and put

Qre = 1 z (W_/(x,,o")) ()" ( Z'f(""”""))‘

r-l
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Then the distribution of R’ can be characterized as (Problem 9)
R=7+ 0,(1)
where

Y= Z’(Q;")—IH:"[H""(Q:‘)_lﬂn“’] _IH"*‘(Q:‘)VIZ.

and
-~ 1 n a ’
Z~ Np[‘ 3 (Wf(xn".,"))
(=1
1 0 };‘am
X (28) [ f(x. 80) = 1 (x 0%)],
";t! _ 1 n a - ’
- ;,_1(5?/(%‘% )

x(20)'2(22) " 79/ (5 67)
H2t = Sih(Er).

The random variable Y is a general quadratic form in the multivariate
normal random variable Z, and one can use the methods discussed in
Imhof (1961) to compute its distribution. Comparing with the result derived
in Problem 5, one sees that the unfortunate consequence of the use of £,
instead of 2,, to compute R’ is that one can not use tables of the
noncentral chi-square to approximate its nonnull distribution. The null
distribution of ¥ is a chi-square with ¢ degrees of freedom, since if the null
is true, 6** = §° and Z* = .

PROBLEMS
1. Show that the regularity conditions listed in this section are sufficient
to imply the regularity conditions listed in Section 2 of Chapter 4 for
each of the models
Yo=/f(0)+e, a=1.2,... .M.

Show that this implies that §* converges almost surely to #* and that
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Vn(d* — 6°) is bounded in probability, where 0;:" and 82 are
defined by Assumption 4’ using

8 =(6;,65,....8.,....60}).

0,8(8) = = [y, = (80 [ 35 — fo(88))-

Show that o,,p(ﬁ" ) converges almost surely to o,4(8*) and that
Vn [aaﬂ(ﬁ") - o,,p(0,,°)] is bounded in probability. Hint: Use Taylor’s
theorem to write

1/'7[0“3(6*) - oaﬁ(o,?)]
= (',1,‘ )_El [yor — f(x,,0)] mé—,fp(x,, 0_))/1;(6— 8°)

o= 3 £ D= 100 D] ol O 8- ).

Apply Lemma 2 of Chapter 3 to conclude that one can assume that 7,
is in T without loss of generality.

Use 2~ !(7) = adjoint £(7)/det Z(7) to show that £ ~!(7) is continu-
ous and differentiable over T.

Verify the computations of Notation 8.

(Lagrange multiplier test with a correctly centered estimator of scale.)
Assume that an estimator £ is available with v (£, — =) bounded in
probability. Apply Theorem 14, with modifications as necessary to
reflect the choices ¥ = ! and F= 28, to conclude that the Lagrange
multiplier test statistic is

R = 3 £ b s OIS s (5,
xS B ) A
<[ £ 1= s 8 55105 )

where H = H(§,) with a distribution that can be characterized as

R =Y +9,(1)
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6.

where
Y=2Z'Q 'Hr[HQ ' HY] THQr 1z

and

z -~ N[ }Z(—,,—f(x..o*) (.. 67) f(x,.o:)].n:]

with H* = H(8?). Show that the random variable Y has the non-
central chi-square distribution with g degrees of freedom and non-
centrality parameter

a=(2[f x,, 67) f(x,,o:)]'z-*7"’0—,1():.,0:))

(=1

XQ#”IHQI[H.Qt-IHQI] ‘1Ht9t—l

|5 [105089) = 1058012 g 508 |

=1
2n

X

Now use the fact that ¥ = (1/2) " to obtain the simpler form

Ro= 3 £ =1 018 G (5,8

l‘-‘l('g[y,—f(x,, 6,)]'8" 133' (xno))

Use the same sort of argument to show that

o= ( Z [f xu /(x,,a")] z! 30'f(x” ))

a:"( 2 /(50 ) = fx,00)]' 2 3 o ”"'))

X in

Hint: Sec the remarks and the example which follow the proof of
Theorem 14 of Chapter 3.

Verify that #* = (1/2)4,* + O(1/ Vn). Hint: See the example fol-
lowing Theorem 12 of Chapter 3.
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Show that

(Fgsston) - (mpas ) " Hpos Y gys2(en))
= (zgss0on) 0z~ 3s262)-
Suppose that £, is computed as

$, =1 % 1= 5 81D - 130 8]

t=}

and that £ is computed as

%f_/"_‘l = 10, G35 — £(x,. 8))

]

2,

Take it as given that both £, and 3, converge almost surely to £ and
that both vn (2, — Z) and Vn (£, — Z) are bounded in probability.
Show that both S(d,, £,) = M and S(4,, £,) = M, so that

5(4,.2,) - 5(4,,8,) =0

and cannot be asymptotically distributed as a chi-square random
variable. However, both

L=5(6,.2,)-M
and
L=M-5(4,%,)
are asymptotically distributed as a chi-square random variable by the

results of this section.

(Lagrange multiplier test with a miscentered estimator of scale.)
Suppose that one uses an estimator of scale £, with Vn (2, — =#)
bounded in probability and lim,_ 2* = Z, as in the text. Use the
same argument as in Problem 5 to show that the choices V=40
and = 2 allow the Lagrange multiplier test to be written as

B = 3| £ 110 00 25 (58

xa;l( £ —f(x.,mrﬁ;lm%f<x,,o;)) .
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Show that the distribution of R’ can be characterized as R’ = ¥ +
o0,(1) with ¥ as given in the text. Hint: Let H = H** 5= 42>

= (3%/3636’)s2(82*, 2*), and & = Q**. Note that f= 2Q** +
0(1). Use Theorems 12 and 13 of Chapter 3 to show that

R = 5 (Vi s, (8)) B (v 55, ())
- L ()2 (5 Fysa(d)) + 0,0
= 3 (VA ggs.0m0) sm () R
xH'(H;“‘H')"H;“*(fE %s,(ou)) +0,(1)
- 1 (V7 ggs.(0r)) 0w (am )
xHQ~ (¥ 25,(8%)) + 0,1
- (—’25)'a-‘m(na-*w)"ua-l(%) +0,(1)

where

X
3 ~N,

P

( a(a/a0)si(6) %)

10. (Computation of the value Z* that centers £,.) Assume that h(8) = 0
can be written equivalently as § = g(p) for some p. Use Theorem 5 of
Chapter 3 to show that if one computes §, to minimize

52(0) = 3 £ (5= /Lo go)]) (0= /L2 8(0)])

then the appropriate centering value is computed by finding p? to
minimize

200) = 5 [{ e+ £(x009) = f L5 8(0)])
X(e +/(X,,0,?) —f[xn g(P)]} dP(e)
~wZ+ 1% (7,00 - fx. g0)])

(=1

x{f(x,.87) = .. 8(p)]}.
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Now

2=+ X (= /[0 80]) (0= £ 50 £08)])

is the solution of the following minimization problem (Problem 11):
minimize

s.(V.8,) = 5 Z In det(V')

i
+ {3 = fx. gBINY V3~ f 2,0 8(8)])
subject to
V positive definite, symmetric.

Use Theorem 5 of Chapter 3 to show that the value S* that centers 3,
is computed as the solution of the problem

minimize
sV, o?)
subject to
V positive definite, symmetric
where

SS(VaP)=lndet(V)
+ - Zf e+f x,,00) f[x”g(p)]}'V-l

1—1

x{e+f(x,8°) — f{x.. 2(p)]} dP(e)
= Indet(V) + (V" 1Z)

*% 2”:1 {£(x,.6°) = f1x,. g(p)]} V!
x{£(x089) = 1 [x,. 5(p)]).

The solution of this minimization problem is (Problem 11)

30-3+ 1 5 (f(x,80) - 7[x0 8(s2)])

t=1

x{£(x,.69) = /1%, 8(s2)]} -
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11.

12.

Let
f(V) =IndetV + tr(V4)

where A is an M by M positive definite symmetric matrix. Show that
the minimum of f(V) over the (open) set of all positive definite
matrices V is attained at the value V' = 4. Hint:

1(V) = f(A) = —Indet(V"Y) + (V" 14) — M.

Let A, be the cigenvalues of ¥V ~'A. Then
M

f(V)-f(A)= Z(Ai—I'D)‘i— 1).
i=1
Since the line y = x plots above the line y = In x + 1, one has
f(V)Y—-f(4)>0 ifany X, #1
f(V)-f(4)=0 ifall A, =1,

(Efficiency of least squares estimators). Define 0* as the minimizer of
s,(0, V,) where Vn (¥, ~ V) is bounded in probability, lim, , V, = V
almost surely, and V is positive definite. Show that under Assumptions
1’ through 7’
¥
Vn (6% - 62) > N,(0, 775,21
with
J * "yt 9 *
Fv= 2f 357/ (%, 0%)| V| = f(x, 0 )) dp(x)
a ’ _l _1 a
£y = 4 f[ 312, 0%)) V2 /(5. 0%)) du(x).
Show that a’#;'¥, #,'a is minimized when V = Z. Note that the

equation by equation estimator has V' = I.

7. AN ILLUSTRATION OF THE BIAS IN INFERENCE CAUSED
BY MISSPECIFICATION

The asymptotic theory in Chapter 3 was developed in sufficient generality
to permit the analysis of inference procedures under conditions where the
data generating model and the model fitted to the data are not the same.
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The following example is an instance where a second order polynomial
approximation can lead to considerable error. The underlying ideas are
similar to those of Example 1.

EXAMPLE 3 (Power curve of a translog test of additivity). The theory
of demand states that of the bundles of goods and services that the
consumer can afford, he or she will choose that bundle which pleases him or
her the most. Mathematically this proposition is stated as follows: Let there
be N different goods and services in a bundle, let ¢ = (g,, q,,..., gy)’ be
an N-vector giving the quantities of each in a bundle, let p =
(P1s P2s--.» Py) be the N-vector of corresponding prices, let u*(g) be the
pleasure or utility derived from the bundle ¢, and let Y be the consumer’s
total income. The consumer’s problem is

maximize u#*(g) subjectto p'g < Y.
The solution has the form ¢(x), where x = p/Y. If one sets

g*(x) = u*[q(x)]
then the demand system ¢(x) can be recovered by differentiation:

a(x) = (v ggn(x)) Fg(x).

The recovery formula is called Roy’s identity, and the function g*(x) is
called the consumer’s indirect utility function. See Varian (1978) for regu-
larity conditions and details.

These ideas may be adapted to empirical work by setting forth an
indirect utility function g(x, A) which is thought to approximate g*(x)
adequately over a region of interest . Then Roy’s identity is applied to
obtain an approximating demand system. Usually one fits to consumer
expenditure share data g,p,/Y, i = 1,2,..., N, although, as we have seen
from Example 1, fitting In(q,;p,/Y) — In(gypn/Y) to In[x,q(x)/xnq(x)]
is preferable. The result is the expenditure system

‘—Ii}gi.—.f}(x,k)'{'ei izl’z’...’N__l
with

-1
750 = (%3585 0) xigk80x 0).
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The index i ranges to N — 1 rather than N because expenditure shares sum
to one for each consumer and the last may be obtained by subtracting the
rest. Converting to a vector notation, write

y=f(x,A)+e

where y, f(x, ), and e are (N — 1)-vectors. Measurements on n con-
sumers yield the regression equations

yl=f(xnk)+e‘ t=1.2,...,n.

Multivariate nonlinear least squares is often used to fit the data, whence,
referring to Notation 1, Chapter 3, the sample objective function is

1 ¢ yr A
si(A) = = L 4y = f(x. MY(S) 7y - £(x0 M)
=1
and
s(r, %, S0 =4y = f(x, M))'S7Hy - f(x, M)
where S is a preliminary estimator of €(e, e’).
Suppose that the consumer’s true indirect utility function is additive:
N
g*(x) = X gr(x)).
im1

Christensen, Jorgenson, and Lau (1975) have proposed that this supposition
be tested by using a translog indirect utility function

N N N
glx,A)= Y amnx,+ Y Xﬂ,jlnx,lnxj
jml f=] jm1

to obtain the approximating expenditure system

a;,+ZY,B;,Inx;
"l + Z;’_lﬂMjln xj

fi(-xs A) =
with

A= (“1’ oy, .eos @y_1, Biis Buzs Bazs Brss Bays Bass - By Bans - - s BNN)’
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and

N-1 ud
ay=-1-Ya B,=p,; fori<j By=Xh,

Jj=1 f=]
then testing
H:B, ,=0foralli+j against A:p; # 0forsomei# ;.

This is a linear hypothesis of the form
hA(AY=HA=0
with
W =nX H(HVH') ‘HA,

as a possible test statistic where 5\,, minimizes s,(A) and ¥ is as defined in
Section 5, Chapter 3.

The validity of this inference depends on whether a quadratic in loga-
rithms is an adequate approximation to the consumer’s true indirect utility
function. For plausible alternative specifications of g*(x), it should be true
that

P(W>c)=a if g* isadditive
P(W>c)>a if g* is not additive

if the translog specification is to be accepted as adequate. In this section we
shall obtain an asymptotic approximation to P(W > ¢) in order to shed
some light on the quality of the approximation.

For an appropriately chosen sequence of N-vectors k,, a = 1,2,3,...,
the consumer’s indirect utility function must be of the Fourier form

g(x,v) =ug+ b'x + 1xCx

+ i {an + i [uj,cos(jk;x) - u,,,sin(jk{,x)]}

a=1 j=1

where y is a vector of infinite length whose entries are » and some

triangular arrangement of the u,, and v;,; C = — L. 45,k k. In conse-
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quence, the consumer’s expenditure system f(x, v) is that which results by
applying Roy’s identity to g(x, v). The indirect utility function is additive if
and only if the elementary N-vectors are the only vectors k, which enter
g(x, v) with nonzero coefficients—that is, if and only if
1 X
g(x,v) =ug+ bx — 5 ¥ uo,xl

a=]

+ i Uge + i [“jacos(jxa) - vjuSi“(jxa)] .

a=1 j=1

See Gallant (1981) for regularity conditions and details,
The situation is, then, as follows. The data are generated according to

yl=f(xu70)+e, t=12,...,n.
The fitted model is
y=f(x,A)+e 1=12,...,n

with A estimated by A minimizing

1 « s
Su()‘) = n Z S()’,, Xy Sn’ A)
(=1
where

s(yyx, SA) = 4y = 7Gx, MI'S™Hy - f(x, M)].

The probability P(W > ¢) is to be approximated for plausible settings of
the parameter y® where

W =nXH'(HVH') ‘HA.

For simplicity, we shall compute the power assuming that (y,, x,) are
independently and identically distributed. Thus, * and #° of Notations
2 and 3, Chapter 3, are zero, and the asymptotic distribution of W is the
noncentral chi-square. We assume that &(e) =0, ¥(ee’) = Z, that S
converges almost surely to 2, and that vVa (S, — =) is bounded in probabxl-
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ity. Direct computation using Notations 1 and 3 of Chapter 3 yields

A’ minimizes s%(A) = = Z 18(x,, A, v*)27%8(x,, A, v°) + y

0= 7 I (s (x0) 2
X[2 + 8(x,, A% v°)8(x,, A% y°)]=?
X(E—i—,f(x,,)\o))

n

5oe L E (et st

-]

1 N-1N-1 Y
a5 I E e T e V)

o = nAH'(HV°H’) ' HX
2

Vo= (g0 'so(g0)!
where
8(x,, X% v) = f(x,7°) = f(x,, \°)

and =Y denotes the elements of =71,
Values of y® were chosen as follows. The parameter y° was truncated to
vector of finite length by using only the multiindices

BB

and discarding the rest of the infinite sequence {k,}%_,. Let X denote the
root sum of squares of the parameters of g(x, y) which are not associated
with k_ = k,, k,, or k. For specified values of X, the parameters y° were
obtained by fitting f(x, y°), subject to specified X, to the data used by
Christensen, Jorgenson, and Lau (1975), which are shown in Table 6. This
provides a sequence of indirect utility functions g(x, y®) which increase in
the degree of departure from additivity. When K = 0, g(x, v°) is additive,
and when K is unconstrained, the parameter vy is free to adjust to the data
as best it can.




Table 6. Data of Christensen, Jorgenson, and Lau (1975).

Ourables Non-durables Services
Year Quentity Price Quantity Price Quantity Price
1929 28,9645 33.9 98.1 38.4 98.1 31.6
1930 29.8164 32.2 93.5 36.4 89.5 32.14
193 28.9645 31.4 93.1 31.9 84.3 30.9
1932 26.8821 23.9 85.9 26.5 77.1 28.8
1933 25.3676 31.3 82.9 26.8 76.8 26.1
1934 24.6104 27.17 88.5 30.2 16.3 26.8
1936 22.3387 28.8 93.2 31.8 19.5 26.8
1936 24.131 32.9 103.8 31.8 83.8 27.2
1937 24.13M 29.0 107.7 32.17 88.5 28.3
1938 26.6928 20.4 109.3 na 83.7 29.1
1939 26.4088 30.6 115.1 30.5 86,1 29.2
1940 27.0714 29.4 119.9 30.9 08.17 29.5
1941 28.4912 28.9 127.6 33.¢ 91.8 30.8
1942 29.6328 31.7 129.9 39.1 96.8 32.4
1943 28.580¢ 38.0 134.0 43.7 100.1 34.2
1944 20.8699 3.7 139.4 48.2 102.7 36.1
1946 28,3966 3%9.0 150.3 47.8 106.3 37.3
1946 26.6928 44.0 158.9 52.1 116.7 38.9
1947 28.3966 65.3 154.8 8.7 120.8 4.7
1948 31.6148 60.4 185.0 62.3 124.8 44.4
1949 35.8744 50.4 167.4 60.3 126.4 46.1
1950 38,9980 59.2 161.8 60.7 132.8 47.4
1951 43.5414 60.0 168.3 85.8 137.1 49.9
1952 48,0849 64.2 171.2 68.6 140.8 52.6
1953 49.8833 57.5 178.7 66.3 145,85 55.4
1964 §3.1016 68.3 177.0 66.6 180.4 57.2
1955 56.4680 63.5 185.4 86.3 157.5 568.8
1966 68.8758 62.2 191.5 67.3 164.8 60.2
1987 61.6208 58.% 194.8 69.4 170.3 62.2
1968 65.3122 86.7 196.8 71.0 176.8 64.2
1959 65.70654 63.3 206.0 71.4 184.7 66.0
1960 68.6251 73.1 208.2 72.6 192.3 68.0
1961 70.6129 72.1 211.9 73.3 200.0 69.1
1962 71.5594 72.4 218.5 73.9 208.7 70.4
1963 73.5472 72.8 223.0 74.9 211.6 1.7
1964 77.23817 76.3 233.3 75.8 22917 T2.8
1965 81.9718 82.3 244.0 7.3 240.7 74.3
1966 87.4615 84,3 258.5 80.1 251.8 78.5
1967 93.8981 81.0 259.6 81.9 264.0 78.8
1968 99.5774 81.0 270.2 85.3 275.0 82.0
1969 106.7710 94.4 276.4 89.4 207.2 88.)
1970 109.1380 85.0 282.7 93.6 297.3 90.6
1971 115.2900 88.5 267.5 96.6 308.3 95.8
1972 122.2000 100.0 299.3 100.0 322.4 100.0

Source: Gallant (1981).
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Table 7. Tests for an Additive Indirect Utility Function.

Fourier Translog

K Noncentrality Power Noncentrality Power

0.0 0.0 0.010 8.9439 0.872
0.00046 0.0011935 0.010 8.9919 0.874
0.0021 0.029616 0.011 9.2014 0.884
0.0091 0.63795 0.023 10.287 0.924
0.033 4.6689 0.260 14.268 0.987
0.059 7.8947 0.552 15.710 0.993
0.084 82.875 1.000 13.875 0.984
Unconstrained 328.61 1.000 10.230 0.922

Source: Gallant (1981).

The asymptotic approximation to P(W = c) with ¢ chosen to give a
nominal .01 level test are shown in Table 7. For comparison, the power
curve for W computed from the correct model—the Fourier expenditure

system—is included in the table.

We see from Table 7 that the translog of explicit additivity is seriously
flawed. The actual size of the test is much larger than the nominal
significance level of .01, and the power curve is relatively flat. The power
does increase near the null hypothesis, as one might expect, but it falls off
again as departures from additivity become more extreme.

O
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CHAPTERG

Nonlinear Simultaneous
Equations Models

In this chapter, we shall consider nonlinear, simultaneous equations models.
These are multivariate models which cannot be written with the dependent
variables equal to a vector valued function of the explanatory variables plus
an additive error, because it is either impossible or unnatural to do so; in
short, the model is expressed in an implicit form e = ¢(y, x, #) where e
and y are vector valued. This is as much generality as is needed in
applications. The model g(e, y, x, 8) = 0 offers no more generality, since
the sort of regularity conditions that permit an asymptotic theory of
inference also permit application of the implicit function theorem so that
the form e = g(y, x, #) must exist; the application where it cannot actually
be produced is rare. In this rare instance, one substitutes numerical meth-
ods for the computation of e and its derivatives in the formulas that we
shall derive.

There are two basic sets of statistical methods customarily employed
with these models, those based on a method of moments approach with
instrumental variables used to form the moment equations and those based
on a maximum likelihood approach with some specific distribution specified
for e. We shall discuss both approaches.

Frequently, these models are applied in situations where time indexes the
observations and the vector of explanatory variables x, has lagged values
Y1 Vg €lc. of the dependent variable y, as elements: models with a
dynamic structure. In these situations, statistical methods cannot be derived
from the asymptotic theory set forth in Chapter 3. But it is fairly easy to see
intuitively, working by analogy with the statistical methods developed thus
far from the asymptotic theory of Chapter 3, what the correct statistical
procedures ought to be in dynamic models. Accordingly, we shall lay down

405
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this intuitive base and develop the statistical methods for dynamic models
in this chapter, deferring consideration of an asymptotic theory that will
justify them to the next.

1. INTRODUCTION

In this chapter, the multivariate nonlinear regression model (Chapter 5) will
be generalized in two ways.

First, we shall not insist that the model be written in explicit form where
the dependent variables y,, are solved out in terms of the independent
variables x,, the parameters §,, and the errors e,,. Rather, the model may
be expressed in implicit form

aa(yp x,, 82) = e,, t=1,2,....,.n a=12,.... M

where each q.(y, x, 8,) is a real valued function, y, is an L-vector, x, is a
k-vector, each 62 is a p,-dimensional vector of unknown parameters, and
the e, represent unobservable observational or experimental errors. Note
specifically that the number of equations (M) is not of necessity equal to
the number of dependent variables (L), although in many applications this
will be the case.

Secondly, the model can be dynamic, which is to say that ¢ indexes
observations that are ordered in time and that the vector of independent
variables x, can include lagged values of the dependent variable (y,_,, y,_,,
etc.) as elements. There is nothing in the theory (Chapter 7) that would
preclude consideration of models of the form

qa,(y,,...,yo,x,,.‘.,x0,0f) =e,, t=1,2,....n a=1,2,.... M

or similar schemes where the number of arguments of ¢,,(+) depends on 1,
but they do not seem to arise in applications, so we shall not consider them.
If such a model is encountered, simply replace g¢.(y, x,, 8,) by
Qo Vesevs YVor Xpo- -5 Xg, 0,) at every occurrence in Section 3 and there-
after. Dynamic models frequently will have serially correlated errors
[€(eqs €,) # 0 for s # ¢], and this fact will need to be taken into account
in the analysis.

Two examples follow. The first has the classical regression structure (no
lagged dependent variables or serially correlated errors); the second is
dynamic.
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EXAMPLE 1 (Consumer demand). This is a reformulation of Example
1 of Chapter 5. In Chapter 5, the analysis was conditional on prices and
observed electricity expenditure, whereas in theory it is preferable to
condition on prices, income, and consumer demographic characteristics;
that is, it is preferable to condition on the data in Table 15 and Table 1c of
Chapter 5 rather than condition on Table 15 alone. In practice it is not
clear that this is the case, because the data of Tables 1a and 15 are of much
higher quality than the data of Table 1c; there are several obvious errors in
Table 1¢, such as a household with a dryer and no washer or a freezer and
no refrigerator. Thus, it is not clear that we are not merely trading an errors
in variables problem that arises from theory for a worse one that arises in
practice.

To obtain the reformulated model, the data of Tables 14, 1b, and 1c of
Chapter 5 are transformed as follows:

¥; = In(peak expenditure share) — In(base expenditure share)

y, = In(intermediate expenditure share) — In(base expenditure share)
y; = In(expenditure)

r, = In{peak price)

r, = In{intermediate price)

ry = In(base price)

dy=1

10 X peak price + 6 X intermediate price + 8 X base price
dy=1In 73

d, = In(income)

d, = In(residence size in sq ft)

{ 1 if the residence is a duplex or apartment
0 otherwise
_ { 1 if the residence is a mobile home
0 otherwise
In(heat loss in Btuh) if the residence has
= central air conditioning
0 otherwise

In(window air Btuh) if the residence has
window air conditioning
0 otherwise

dy
d,
dq
d,
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In(number of household members + 1)

{ if the residence has an
{ 1
0

clcctnc water heater
if the residence has both an

electric water heater and a washing machine
otherwise

In(number of household members + 1)

if r&cxdence has an electric dryer

ln(refngcrator kW) if the residence has a refrigerator

otherwise

h\(freezer kW) if the residence has a freezer
otherwise

dn = { if the residence has an electric range
10 otherwise.

As notation, set

dO
N n d
y= }’2) r=(’2 d= .l x=(2)
»s r :
dU
dy,
Yu Ty d“ 1,
yo=1|rx r,=|"u d, = . x,=(d).
Y r3, . ¢
le,r

These data are presumed to follow the model

i, = In a;, + ’:’bm —~ 13 1'b,,
o ay + r/bgy — y,1'by,
Yy, = In a, + /by, — y,1'b,
2' ay + r/bay — y,1'bg,

Y =dic+ e,



INTRODUCTION 409

where 1 denotes a vector of ones and

, o
a; by by by by, ¢
a= 02 R B = bZl b22 b23 = bZZ) s C = :
o by by by b, 'Cu
The matrix B is symmetric and e, = —1. With these conventions, the

nonredundant parameters are

ay, by, bygs byyy @y, by, b3, by3, ¢, ¢4, 03

€1
e, = €3
€3,

are taken to be independently and identically distributed each with zero
mearn.

The theory supporting this model was given in Chapter 5. The functional
form of the third equation

The ertors

’
Y3 = dtc + €3,

and the variables entering into the equation were determined empirically
from a data set of which Table 1 of Chapter $ is a small subset; see Gallant
and Koenker (1984). !

EXAMPLE 2 (Intertemporal consumption and investment). The data
shown in Table 1a below are transformed as follows:

_ (consumption at time ) / (population at time )
< (consumption at time ¢ — 1)[(population attimer — 1)

. deflator at time ¢ — 1
x, = (1 + stock returns at time f) —g-— Al tme 7

These data are presumed to follow the model

B(3)x,~1=e, 1=1,2,...,239.
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zl = (1’ yl-‘l’ xl—l)l'
What should be true of these data in theory is that

&(e,®2,)=0 1=2,3,...,239
£(e,®z)(e,®2,y =3 t=2,3,...,239
&(e,®z2)(e,®2,) =0 (#s5.

Even though ¢, is a scalar, we use the Kronecker product notation to keep
the notation consistent with the later sections.

The theory supporting this model specification follows; the reader who
has no interest in the theory can skip over the rest of the example.

The consumer’s problem is to allocate consumption and investment over
time, given a stream W, w;, #,,... of incomes; w, is the income that the
consumer receives at time {. We suppose that the various consumption
bundles available at time ¢ can be mapped into a scalar quantity index ¢,
and that the consumer ranks various consumption streams ¢, ¢;, €3, ...
according to the utility indicator

U({e,)) = 3 Blule,)

t=0

where B is a discount factor, 0 < 8 < 1, and u(c) is a strictly concave
increasing function. We suppose that there is a corresponding price index
Por» 50 that expenditure on consumption in each period can be computed
according to p,,c,. Above, we took ¢, to be an index of consumption per
capita on nondurables plus services and p,, to be the corresponding

implicit price deflator.
Further, suppose that the consumer has the choice of investing in a
collection of N assets with maturities m s J = 1,2,..., N; asset j bought

at time ¢ cannot be sold until time ¢ + m, or equivalently, asset j bought
at time ¢ — m, cannot be sold until time 1. Let g;, denote the quantity of
asset j held at time ¢, p;, the price per unit of that asset at time ¢, and let
, denote the payoff at time ¢ of asset j bought at time  — m,. If, for
example the jth asset is a default free, zero coupon bond W1th term to
maturity m; then 7; (4m, is the par value of the bond at time ¢ + m ; if the
Jjth asset is a common stock, then by definition m; = 1 and 7, pj, + dﬂ,
where d, is the dividend per share of the stock paid at ume t, if any.
Above, we took the first asset to be NYSE stocks weighted by value.
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In Tables 1a and 15, ¢ is interpreted as the instant of time at the end of
the month in which recorded. Nondurables and services, population, and
the implicit deflator are assumed to be measured at the end of the month in
which recorded, and assets are assumed to be purchased at the beginning of
the month in which recorded. Thus, for a given row, nondurables and
services divided by population is interpreted as c,, the implicit price deflator
as py,, the return on stock j as (p;, +d;, — p; ,_1)/P; ,_,, and the return
on bill ]as(P; t+m—1 ijl 1)/5/1 1

As an example, pumng F,/Po, and p;, = p;,/Py,, if a three month
bill is bought February 1 and soh{ April 30, its return is recorded in the row
for February. If ¢ refers to midnight April 30, then the value of ¢ is
recorded in the row for April and

¢, _ __(April nondurables and services) / (April population)
€,-m, (January nondurables and services)/ (January population)
it January implicit deflator
Pi—m, = (February return + 1) April implicit deflator

As another, if a one month bili is bought April 1 and sold April 30, it is
recorded in the row for April. If ¢ refers to midnight April 30, then

& _ (April nondurables and services) / {(April population)
¢-m, (March nondurables and services)/(March population)

March implicit deflator
p, m, = (April retum + 1) Apnl implicit deflator -

With these assumptions, the feasible consumption and investment plans
must satisfy the sequence of budget constraints

N N
Poci+ L Budusw + E 1) tm,

t=1

0<gq,

The consumer seeks to maximize utility, so the budget constraint is effec-
tively

N N
=Wt Ll m — L Pl
=] !

=]

0<gq,
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where w, = W /py,, r;, = F,,/Po,» and p;, = p,/Py,, 01, in an obvious vector
notation,

c,=w + ’t’ql—m - pt,q:
0<g,.

The sequences {w,}, {r,}, and { p,} are taken to be outside the consumer’s
control, or exogenously determined. Therefore the sequence {c,} is de-
termined by the budget constraint once {q,} is chosen. Thus, the only
sequence that the consumer can control in attempting to maximize utility is
the sequence {g,}. The utility associated to some sequence {g,} is

V({4.})

U((wl + ’l’ql~m - Ptht})

Y B'u(w, +r/q,_,— pia,).
(=0

We shall take the sequences {w,}, {r,}, and { p,} to be stochastic
processes and shall assume that the consumer solves his optimization
problem by choosing a sequence of functions Q, of the form

Q(Woreo oy W Fgseeas Ty Por-es £,) 20
which maximizes
- -3
J()V({Ql)) = J0 Z B‘u(w, + rt'Ql—-m + pl'Qr)
t=0

where
£(X) =6’[X|(w0,...,w,, Poseees Ty po,...,p,)].

It may be that the consumer can achieve a higher expected utility by
having regard to some sequence of vector valued variables {v,} in addition
to {w,}, {r,}, and { p,}, in which case the argument list of Q and & above
is replaced by the augmented argument list

(Woseaes Wys Tgsevns Tyy Poseens Prs Ugsenes Uy)e

Conceptually, v, can be infinite dimensional, because anything that is
observable or knowable is admissible as additional information in im-
proving the optimum. If one wishes to accommodate this possibility, let &,
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be the smallest g-algebra such that the random variables
{w,, 1, Pbyis=0,1,...,1, j= 1,2,...}

are measurable, let Q, be #-measurable, and let &,( X) = £(X | 4,). Either
the augmented argument list or the o-algebra &, is called the consumer’s
information set, depending on which approach is adopted. For our pur-
poses, the augmented argument list provides enough generality.

Let Q,, denote the solution to the consumer’s optimization problem, and
consider the related problem

maximize £V({Q,)2,) =&, X B'u(w, + r/Q,_, — Q)

=3
subjectto Q,=Q,(Wg,..., Wy Tou oo s Ta Posevos ProUgs..,0,) 20
with solution Q,,. Suppose we piece the two solutions together:

d Qo O0<t<gs~1
! Q, Ss<t<o0.

Then
-~ m ~ -~
EV({0,)) =& L Bulw, + 170, .~ PiQ)
=0
s—1
= 6;'0 Z ﬂ'u(w, + rr,QOI—m - pt’QOt)
1=0
3
“”fogs Z B'u(w, + rl’Q.vl—m - p:Qu)
t=s
-1
2 J() Z B'“(Wr + ’I'QOl—m - p:QOr)
t=0

+€0€: Z B’“(Wx + rrlQOI—m - p;QO:)

t=s
o0
= 60 Z B‘u(wr + 1 Q0-m ™ pt’QOl)
(=0

= JOV({Q(N})‘

This inequality shows that Q,, cannot be a solution to the consumer’s
optimization problem unless it is also a solution to the related problem for
each s.
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If we mechanically apply the Kuhn-Tucker theorem (Fiacco and Mc-
Cormick, 1968) to the related problem

maximize £V({Q,}2,) =& 2 Bu(w,+ r/Q,_.. — p.Q)

=3

subjectto Q,>0

we obtain the first order conditions

-a-g—;[JOV({Qt}) + Aj:st] = {)

Aj.er.v = 0
Aps<O

where the A, are Lagrange multipliers. If a positive quantity of asset j is
observed at time s—if Q, > 0—then we must have A ; = 0 and

J :
0= :9.6;{;23'“(“’1 + 10 m "‘P;Q,)

t=3

9 s ’ s
- ansg;B u(w: +1Q m PJ‘QJ)

d ,
+ 3QJ’J:B:+»‘]“(W:+MI + rs+ij(:+m,)—m - p;+ij:+m1)

a s+m a
= ~Bigzu(e)p + B E 5o u(Coim ) i
A little algebra reduces the first order conditions to

(8/3¢)u(Cium) 7 1am,
O 77 7S T 3

fort=0,1,2,... and j = 1,2,..., N. See Lucas (1978) for a more rigorous
derivation of these first order conditions.

Suppose that the consumer’s preferences are given by some parametric
function u(c, a) with u(c) = u(c, a®). Let y = (a, 8), and denote the true
but unknown value of y by y° Let z, be any vector valued random
variable whose value is known at time ¢, and let the index j correspond to
some sequence of securities {g;,} whose observed values are positive. Put

(8000 @) 7, m
m(y) =|B™ (3/dc)u(c,, a) P -1l ez

-1=0

If we could compute the moments of the sequence of random variables
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{m(v°)), we could put
m,(y) = %; L m(y)
=1

and estimate y° by setting m,(y) = &m _(y°) and solving for v.

To this point, the operator £(+) has represented expectations computed
according to the consumer’s subjective probability distribution. We shall
now impose the rational expectations hypothesis, which states that the
consumer’s subjective probability distribution is the same distribution as
the probability law governing the random variables {w,}, {r,}, { p,}, and
{v,}. Under this assumption, the random variable m,(y°) will have first

,,,j( a/d C) ( t+m 0) UNEL)

moment
®
(8/3c)u(c,,a ) Pu z,]

(a/ac) ( t+m ’ao) htem,
(0/dc)ufc,, ) P —les

-1

em,(v°) = 4’6".[((/3")

'ﬁ((ﬁo)
=£8[0®2]=0

For s + m, < ¢ the random variables m,(y?) and m (y°) are uncorrelated,
since

em, (v°)m',(v°)
0 ( /3(‘) ( 4+ m, ao) Yit4m,
.—_-Jd’,[ (8°)™ (8/3¢)u (c,,a ) P 1) 82’]

x[((ﬂo) (a/aC)u( o 0) st - 1) ® z,}'

(37dc)u(c,, a a®) P
ao r
_J[Jt (a/a(') ( t+m ) Jottm, _ 1) ®zr}
|

(d/dc)u (c,,a ) Pje
c)ulc a®) r. !
(a/a ) ( s+m;> ) jostm, - 1) ® Zs}
= &[0 GZJ[((B")M’
=0,

(B°)™

(B)™

(3/3c)ulc,,a®) Py

(a/ C) (:+m’ 0) rj.s+mj
(a/ac) (csaa ) Pys

-1} @z,
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Table 1a. Consumption and Stock Returns.
Nondurebles Value Weighted Implicit
t Year Month and Services Population NYSE Returns Deflator
0 1969 1 381.9 176.6850 0.00936956102 0.6818639
1 . 2 383.7 176.9050 0.0093310997 0.6823039
2 . 3 388.3 177.14860 0.0049904501 0.6814319
3 . 4 385.5 177.3850 0.0383739690 0.6830091
4 . [ 389.7 177.6910 0.0204769890 0.6846292
5 . [ 1 390.0 177.08300 0.0007165600 0.6876923
6 . 7 389.2 178.1010 0.0371922290 0.6893628
7 . a 390.7 176.3760 -0.0113433900 0.6910673
8 . 9 393.6 178.8570 ~0.0472779090 0.6930894
9 . 10 394.2 178.9210 0.0164727200 0.6845713
10 . " 394.13 179.1530 0.0194594210 0.685001)
11 . 12 396.5 179.3860 0.0296911900 0.6958386
12 1960 1 396.8 178.5970 -0.0664901060 0.6960685
13 . 2 395.4 179.7080 0.0114439700 0.6967628
14 . 3 399.1 180.0070 -0.0114419700 0.6983212
16 . 4 404.2 180.2220 -0.0163223000 0.7013856
16 . 5 399.8 1680.4440 0.0328373610 0.7016008
17 . [3 401.3 180.6710 0.0231378990 0.7024870
18 7 402.0 160.9450 -0.0210754280 0.7034826
19 8 400.4 181.2380 0.0296860300 0.7047952
20 9 400.2 181.5280 -0.0568203400 0.7061469
21 10 402.9 181.7960 -0.0045937700 0.7078680
22 11 403.8 182.0420 0.04725665%0 0.7100049
23 . 12 401.6 182.2870 0.0478186380 0.7109064
24 1961 1 404.0 182.5200 0.0654135870 0.7106436
26 . 2 405.7 182.7420 0.0364446900 0.7108701
26 . 3 409.4 182.9920 0.03168523910 0.7105520
27 . 4 410.1 183,2170 0.0068811302 0.7100707
28 . 5 412.1 183.4520 0.0251120610 0.7100218
29 . 6 412.4 183.6910 -0.0296279510 0.7109602
30 . 7 410.4 183.9580 0.0303546690 0.7127193
3 . 8 411.5 184.2430 0.0251564590 0.7132442
32 . 9 413.7 184.5240 ~0.0189705600 0.7138023
kX . 10 415.9 184.7830 0.0265103900 ©0.71362331
34 . 1" 419.0 186.0160 0.0470347110  0.7136038
35 . 12 420.5 185.2420 0.0006585300 0.7143876
36 1962 1 420,8 186.4520 -0.0356958100 0.7165418
a7 . 2 420.6 185.6500 0.0197925490 0.7177841
38 . 3 423.4 186.8740 -0.0055647301 0.7191783
39 . 4 424.8 186.0870 -0.061511241¢  ©.7203390
40 . 5 4217.0 186.3140 -0.0824698080 0.7206089
41 . 6 426.2 166.5380 ~0,0809235570 0.7208373
42 B 7 421.0 186.7900 0.0859098630 0.7203747
43 . [} 428.5 187.0580 0.0226466300 0.7218203
44 . 9 431.8 187.3230 -0.0487761200 0.7264938
45 . 10 431.0 187.5740 0.0039394898 0.7262181
46 . " 433.8 187.7960 0.1114882000 0.7268373
47 . 12 4341 188.0130 0.0139081300 0.7270214




Table 1a. (Continued).
Nondurables Value Weighted Implicit

t Year Month and Services Population NYSE Returns Deflator

49 1963 1 434.7 188.2130 0.0508059190 0.7292386
49 . 2 433.7 168,3870 -0.0226500000 0.7299977
50 . 3 436.2 188.5600 0.0347222910 0.7297111
61 . 4 4317.0 188.7900 0.,0479695880 0.7296194
62 . s 436.9 169.0180 0.0206833590 0.7308308
53 . 6 440.2 189.2420 -0.0178168900 0.7319400
64 . 7 442.1 169.4960 -0.0018435300 0.7335444
65 . 8 445.6 189.7610 0.0536292610 0.7349641
66 . 9 443.8 190.0260 -0.0126571200 0.T7347905
57 10 444.2 180.2650 0.0286585080 0.7361549
58 " 445.8 190,.4720 -0.0047020898 0.7375505
59 . 12 449.5 190.6680 0.0221840800 0.7385984
60 1964 1 450.1 190.8580 0.0256042290 0.7398356
61 2 453.7 191.0470 0.0181333610 0.7399162
62 . 3 456.6 191.2450 0.01734652890 0.7402540
63 4 456.7 191.4470 0.0061271599 0.7407488
64 5 462.1 191.6660 0.0166149310 0.7406324
1] ) 463.8 191.8890 0.0158939310 0.7416990
€6 7 4656.0 192.1310 0.0202899800 0.7429185
67 8 468.5 192.3760 -0.0109651800 0.743223
(.1} 9 468.0 192.6310 0.0316313120 0.7448718
€9 10 470.0 192.8470 0.0100851200 0.7457447
70 n 468.0 193.0390 0.0013465700 0.7465012
71 . 12 474.4 193.2230 0.0034312201 0.7476813
72 1965 1 474.5 193,3930 0,0377800500 0.7481560
73 . 2 477.4 193.5400 0.0066147698 0.7488479
74 3 474.5 193.7080 -0.0107356800 0.7506849
75 4 479.8 193.8880 0.0345496910 0.7525021
76 . 5 481.2 194.0870 -0.0047443998 0.7554032
77 . 6 479.5 194.3030 -0.0505878400 0.7693326
78 . 7 484.3 194.5280 0.0169978100 0.7602726
18 . 8 485.3 194.7610 0.0299301090 0.7601464
80 9 488.7 194.9970 0.0323472920 0.7605893
ai 10 497.2 195.1950 0.0293272190 0.7626710
82 1" 497.1 196.3720 0.0008636100 0.7648361
83 . 12 499.0 195,5390 0.0121703600 0.7671343
84 1866 1 §00.1 196.6880 0.0100367400 0.7696461
8s . 2 501.8 196.8310 -0.01028756900 0.7730808
86 . 3 502.9 195.9990 -0.0216729900 0.7757008
87 . 4 505.8 196.1780 0.0233628400 0.7785606
88 H 504.0 196.3720 -0.0509349700 0.7793185
as 6 507.% 196.5600 -0.0109703900 0.7812808
90 7 510.9 196.7620 -0.0118703500 0.7827363
81 8 508.3 196.9840 -0.0748946070 O0.T867401
92 9 510.2 197.2070 -0.0066132201  0.T894943
93 10 509.8 197.3960 G.0464050400 0.7910945
94 1 512.1 197.5720 0.0138342800 0.7922281
95 12 513.8 197.7360 0.0047225100 0.7933788

417
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Table 1a. (Continued).
Nondurab les value Weighted Implicit

t Year Month and Services Populetion NYSE Returns Deflator
96 1967 1 516.0 197.8920 0.0838221310 0.79410881
97 . 2 517.7 198.0370 0.0098126497 0.7848819
98 . 3 §19.0 188.2060 0.0433843100 0.7969638
99 . 4 52t.1 198.3630 0.0420966220 0.7965842
100 . $ 821.0 198.53170 -0.0415207000 0.7988484
101 . 8 523.1 198.7120 0.0232013710 0.8015676
102 7 622.1 198,9110 0.0482556600 0.8038690
103 8 §28.8 199.1130 -0.0056581302 0.8058991
104 . 9 528.2 198.3110 0.0336121990 0.8076488
108 . 10 $24.9 199.4980 -0,0276738710 0.8094876
108 . " 527.9 198.6570 0.0078005102 0.8124645
107 B 12 631.9 199.8080 0.0307225010 Q.0155668
108 1968 1 533.0 199.9200 ~0.0309630280 0.82007150
109 . 2 §33.9 200.0560 ~0.0311505910 0.8221879
110 . 3 539.8 200.2080 0.0068653398 0.8262219
(23] . 4 640.0 200.3610 0.0898963210 0.8285185
112 . 5 541.2 200.56360 0.0230161700 0.8318551
113 . 6 547.8 200.7060 0.0118528200 0.8335159
114 . k] 560.9 200.8980 =0.0211607900 0.8359049
115 . 8 562.4 201.0950 0.0163246690 0.8388849
116 . 1 581.0 201.2800 0.0422958400 0.8421053
17 . 10 562.1 201.4660 0.0111837600 0.8462235
118 . 11 566.7 201.6210 0.0562653110 0.8492905
119 . 12 554.1 201.7600 -0.0372401890 0.8521928
120 1969 1 §57.0 201.8810 -0.0072337599 0.8560144
121 . 2 561.2 202.0230 -0.0502119700 0.8578047
122 . 3 560.6 202.1610 0.0314719300 0.8619336
123 . 4 561.9 202.3310 0.0213753300 0.6667023
124 . [ 566.5 202.5070 0.0029276999 0.8704325
12§ . [ 1 663.9 202.6770 -0.0823450020 0.8751552
126 . 7 §65.9 202.8770 ~0.0630705430 0.8784238
127 ] 569.4 203.0900 0.0504970810 0.8816298
126 . 9 566.2 203.3020 -0.0220447110  0.8856037
129 . 10 673.1% 203.5000 0.0547974710 0.8888501
130 . 11 572.5 203.6760 -0.0314589110 0.8939738
131 . 12 672.4 203.68490 -0.0180749090 0.89814681
132 1970 1 577.2 204.0080 -0.0763489600 0.9019404
133 . F4 678.1 204. 1560 0.05971856420 0.9058908
134 . 3 577.7 204.3360 ~0.0023488899 0,9077376
135 . 4 677.1 204.5050 ~0.0995834470 0.9123202
136 . 5 580.3 204.6920 -0.0611347710 0.9155609
137 . 8 582.0 204.8780 -0.0802832790 0.917697¢
138 . 7 682.8 206.0060 0.0745088620 0.9208991
139 . 8 684.7 206.2940 0.0502020900 0.9235508
140 . 9 568.5 206.5070 0.0426676610 0.9276126
14 . 10 567.3 206.7070 -0.0160901810 0.9324025
142 B 7 587.8 205.8840 0.0521628200 0.9361911
143 . 12 5§92.6 206.0760 0.0617986200 0.9399258




Table 1a. (Continued).
Nondurables Value Weighted Implicit

t Year Month and Services Population NYSE Returns Deflator
144 19M 1 592.2 206.2420 0,0492740680 0.9414049
145 . 2 §84.5 2086,23330 0.0149685600 0.9434819
146 . 3 §92.4 206.5670 0.0441647210 0.9489853
147 . 4 596.1 206.7260 0.0341992900 0.9506794
148 . 1] 596.3 208.8910 -0.0385711710 0.9548885
149 . 8 598.5 207.0530 0.00436891501 0.9597327
150 . 7 §97.3 207.2370 -0.0388038400 0.9630002
151 . a8 599.1 207.4330 0.0409017500 0.9679519
152 . 9 601.1% 207.6270 -0.0056930701 0.9698885
153 . 10 601.7 207.8000 -0.0395274310 0.9729101%
154 . " 604.9 207.9490 -0.0000956400 0.9752025
155 . 12 608.8 208.0880 0.0907427070 0.9797963
156 1972 1 607.9 208.1960 0.0241155400 0.9826629
157 . 2 610.2 208.3100 0.0308808110 0.98754T1
168 . 3 618.9 208.4470 0.0091922097 0.9891743
159 4 620.6 208.5690 0.0066767102 ©0.99112376
160 . s 622.3 208.7120 0.03176741590 0.9942150
181 . 6 623.7 208.8460 -0.0221355410 0.9961520
162 . 7 627.6 208.9660 -0.0018799200 0.9996813
163 . 8 629.7 209.1530 0.03820156890 1.0031760
164 9 631.7 208.3170 -0.0084313002 1.0079150
166 10 638.2 209.4570 0.00994953298  1.0117520
166 . 1 639.8 209.5840 0.0497901590 1.0151610
167 . 12 640.7 209.7110 0.0116306100 1.0190420
168 1973 1 643.4 209.8080 -0.0253177100 1.0247120
169 B 2 645.3 209.9050 ~0.0398146990 1.0309930
170 . 3 643.3 210.0340 ~0,0064650399 1.0399500
171 . 4 642.1 210.1540 -0.0464594700 1.0478120
172 s 643.2 210.2860 -0.0183557910 1.0541040
173 6 646.0 210.4100 -0.0088413004 1.0603720
174 1 681.9 210.5560 0.0521346010 1.0632000
178 8 643.4 210.7150 -0.0302029100 1.0792680
176 . 9 6581.2 210.8630 0.0522540810 1.0818290
177 . 10 649.5 210.9840 -0.0018884100 1,0896070
178 . n 651.3 211.0970 -0.1165516000 1.0993400
179 . 12 647.7 211.2070 0.0153318600 1.1093100
180 1974 1 648.4 211.3110 -0.0013036400 1.1216300
181 . 2 646.2 211.4110 0.0038444500 1.1363350
182 3 645.9 211.5220 -0.0243075400 1.1489390
183 4 648.6 211.8370  -0.0433935780 1.1558740
184 [ 649.3 211.7720 -0.0382610800 1.1887950
185 [} 6%50.3 211.9010 -0.0193944290 1,1737660
186 7 653.8 212.0870 -0.0730255170  1.1802600
187 8 654.5 212.2160 -0.0852853730 1.1926660
188 . 9 652.17 212.3830 -0.1098341000 1.2043820
189 10 654.5 212.5180 0.1671694000 1.2122230
190 . " 681.2 212.6370 -0,0397416390 1.2205160
191 . 12 650.3 212.7480 ~0.0234328400 1.2278950
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Table 1la. (Continued).
Nondurasbles Value Weighted Implicit

t Year Month and Services Population NYSE Returns Oeflator
192 1976 1 653.7 212.8440 0.1358016000 1.2337480
193 . 2 657.4 212.9380 0.0607054380 1.2376030
194 . 3 659.4 213.08680 0.0283418310 1.2408730
196 . 4 659.7 213.1870 0.0470072290 1.2457160
198 N 5 870.4 213.3930 0.0546762990 1.2502980
197 . 8 669.17 213.5890 0.0517648310 1.2593700
198 7 668.3 213,7410 -0.0637501480 1.2721830
199 8 €70.1 213.9000 ~-0.0203062710 1.2786150
200 ] 670.2 214.0550 -0.03656309580 1.2821560
201 10 670.8 214.2000 0.0809995690 1.2904000
202 " 614.1 214.3210 0.0314961600 1.2986920
203 . 12 677.4 214.4460 -0.0106694800 1.3039560
204 1976 1 684.3 214.5610 0.1261743000 1.3081980
208 . 2 682.9 214.6850 0.0012425600 1.3069260
206 . 3 687.1 214.7620 0.0300192200 1.3092710
207 . 4 690.6 214.8810 -0.0108725300 1.3132060
208 . 5 688.17 216.0180 -0.0088088503 1.3208040
209 . 6 695.0 215.1520 0.0472505990 1.3266120
210 . 7 896.8 216.3110 -0.0073768499 1.3307980
2 8 699.6 215.4780 0.0006799900 1.3381930
212 9 702.5 215.6420 0.0261333100 1.3449110
213 . 10 705.6 215.7920 -0.0214380810 1.3520410
214 . 11 708.7 215.9240 0.0046152598 1.3587430
215 . 12 715.8 216.0570 0.08856772800 1.3667450
216 1977 1 117.6 216.1860 -0.0390427810 1.3720740
217 . 2 719.3 216,3000 ~0.0162227190 1.3831500
218 . 3 716.6 216.4360 ~0.0106609200 1.36884160
219 . 4 718.1 216.58580 0.0038967901 1.3953650
220 . 5 722.6 216.7120 -0.0126387400 1.4014670
221 8 721.5 216.8630 0.0509454310 1,4105340
222 7 728.3 217.0300 -0.0156951400 1.415%000
222 8 727.0 217.2070 ~0.0140849800 1.4244840
224 . 9 729.1 217.3740 0.0006794800 1.4295710
226 . 10 T38.7 217.5230 -0.039454479%0 1.4350960
226 . " 739.4 217.6550 0.04197198%0 1.4442790
227 . 12 740.1 217.7850 0.0052549900 1.45008850
228 1978 1 736.0 217.8810 -0.0566409600 1.4581300
229 . 2 744.8 217.9870 -0.0121089800 1.4663000
230 3 760.5 218.1310 0.0318689010 1.4743600
2N 4 750.4 218.2610 0.0833722430 1.4862740
232 . 5 760.3 218.4040 0.0186665390 1.5033990
233 . 6 183.1 218.5480 -0.0129163500 1.5146730
234 ki 765.86 218.17200 0.0564879100 1,.5199840
2356 . 8 761.1 218.9090 0.0372171590 1.5284460
236 . 9 765.4 219.0780 -0.0063229798 1.5412860
237 . 10 765.2 219.2360 -0.1017461000 1.5541030
238 . 1 768.0 219.3840 0.0313147900 1.5640820
239 12 774.1 219.5300 0.0168718100 1.5694350

Source: Courtesy of the authors, Hansen and Singleton (1982, 1984).



Table 15.

Treasury Bill Returns.

Holding Period

t Year Month 1 Month 3 Months 6 Months

0 1989 1 0.0021 0.0067620277 0.0149484810
] . 2 0.0019 0.0087054033 0.0153853490
2 . 3 0.0022 0.0069413185 0.0156810010
3 . 4 0.0020 0.00719773177 0.0164365770
4 . 6 0.0022 0.0072308779 0.0162872080
[ . 6 0.0024 0.0076633692 0.0175679920
6 . 7 0.0028 0.0080869463 0.0190058950
7 . 8 0.0019 0.0075789690 0.0191299920
8 . 8 0.0031 0.0097180605 0.0230187180
9 . 10 0.0030 0.0103986260 0.0247714520
10 . 1 0.0026 6.0101703410 0.0219579940
11 . 12 0.0034 0.0112402440 0.0246732230
12 1860 1 0.0053 0.0111309290 0.0263483060
13 . 2 0.0029 0.0101277830 0.0230150220
14 ' 3 0.0038 0.0106238130 0.0226163700
15 . 4 0.0019 0.0076928947 0.0172802210
16 . 5 0,.0027? 0.0076863037 0.0174299480
1 . 6 0.0024 0.0079696178 0.0172280070
18 . 1 0.0013 0,0065410862 0.0131897930
19 . ] 0.0017 0.0065702925 0.0127488370
20 . 9 0.0018 0.0057606505 0.0142772200
21 . 10 0.0022 0.00588456282 0.0143817660
22 . " 0.0013 0.0063367615 0.0121047500
23 . 12 0.0016 0.0080379505 0.0130461590
24 1961 1 0.0019 0.0055921078 0.0121916920
25 . 2 0.0014 0.0058113337 0.0127418850
26 . 3 6.0020 0.0065517428 0.0141991380
27 . 4 0.0017 0.0080853687 0.0131639240
28 . [ 0.0018 0.0057235956 0.0120902060
23 . [} 0.0020 0.0059211254 0.0130860810
30 . 7 0.0018 0.0057165623 0.01231145690
31 . 8 0.0014 0.00566213140 0.0128748420
32 . 9 0.0017 0.005695021286 0.01356632620
33 . 10 0.0019 0.0056616068 0.0136462450
34 . 1 0.001§ 0.0067950020 0.0132193570
35 . 12 0.0019 0.0064492226 0.0142288210
38 1962 1 0.0024 0.0067474842 0.0148699280
ka4 . 2 0.0020 0.0066224669 0.0148422720
38 . 3 0.0020 0.0063684818 0.0148569350
39 . 4 0.0022 0.0069818497 0.0147231820
40 . 5 0.0024 0.00689578086 0.0145040750
4 . [ 0.0020 0.00683342341 0.0141808580
42 . 7 6.0021 0.0073847771 0.01498925670
a3 . 8 0.0023 0.0072803497 0.0155196190
a“ . 9 0.0021 0.0071101129 0.0151846220
45 . 10 0.0025 0.0069708824 0.0148054360
46 . 1 0.0020 0.00687565160 0.01434373%0
47 . 12 0.0023 0.0072676943 0.0150818170
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Table 15. (Continued).
Holding Period

t Year Month 1 Month 3 Months 6 Months
4 1963 1 0.0028 0.0073993208 0.0151520120
49 . 2 0.0023 0.0074235201 0.0163222080
50 . 3 0.0023 0.0073300600 0.0160877240
51 . 4 0.0026 0.0073734822 0.0152206230
52 . 6 0.0024 0.0073573589 0.0163070690
83 . [ 0.0023 0.0078377392 0.0150174040
54 . ki 0,0027 0.00758254523 0.0157427790
66 . 8 0.0026 0.00831079408 0.0174001460
58 9 0.0027 0.0086047649 0.0178933140
57 . 10 0.0029 0.0085899830 0.0179922580
se . AR) 0.0027 0.0088618994 0.0184588430
59 . 12 0.0029 0.0068895569 0.0187247990
60 1964 1 0.0030 0.0089538097 0.0187361240
3] . 2 0.0026 0.0088821650 0.0186148720
62 . 3 0.0031 0.0091063978 0.0192459820
[X] 4 0.0028 0.0069648962 0.0188522340
64 B 5 0.0026 0.0087850094 0.0184568430
&5 . 8 0.0030 0.0088352694 0.0184062720
[:1] 7 0.0030 0.0087610483 0.0180916790
87 8 0.0028 0.0088040829 0.0182579760
68 . 9 0.0028 0.0087461472 0.0181269650
1 10 0.0029 0.0090366802 0.01689048860
70 " 0.0029 0,0089949369 0.0189671380
7 . 12 0.0031 0.0096279383 0.0203764440
72 1965 1 0.0028 0.0097374916 0.0201922680
13 . 2 0.0030 0.0097503662 0.0203632120
74 3 0.00368 0.0101563930 0.02072392%0
% . 4 0.0031 0.0098274846 0.0205006800
76 ) 0,0031 0.0099694729 0.0204553600
ka4 . 6 0.0035 0.0098533630 0.0202448370
78 1 0.0031 0.0096805096 0.0197677610
79 . 8 0.0033 0.0086729994 0.0199424030
8o . 9 0.0031 0.0096987486 0.0202448370
a1 . 10 0,0031 0.0102273230 0.0216147900
82 . 11 0.0035 0.0102949140 0.0214861770
83 . 12 0.0033 0.0104292630 0.0217467550
84 1966 1 0.0038 0.0114099980 0.0241273640
1 . 2 0.003%6 0.0117748980 0.0235883000
86 . 3 0.0038 0.0116740470 0.0246782140
a7 . 4 0.0034 0.0115190740 0.0244190680
a8 . 6 0.0041 0.0118079180 0.0243724560
29 . 6 0.0038 0.0116353030 0.0239523650
80 7 0.0036 0.01168611720 0.0240478520
91 . .} 0.0041 0.0120524170 0.0255184170
92 ] 0.0040 0.0125415330 0.0282398460
93 10 0.0045 0.0136061180 0.0286009310
94 B 1" 0.0040 0.0133793380 0.0278792380
95 . 12 0.0040 0.0131638240 0.0271854400




Table 1. (Continued).
Holding Period

t Year Month 1 Month 3 Months 6 Months
96 1967 k] 0.0043 0.0122823720 0.0254547600
917 . 2 0.0038 0.0114994050 0.0231827500
98 . 3 0,0039 0.0115102530 0.0232950450
99 B 4 0.0032 0.0102146670 0.0208503010
100 . 5 0.0033 0.0094506741 0.0197293760
101 . ] 0.0027 0.0087846518 0.0192024710
102 . 7 0.003% 0.0100209710 0.0223804710
103 . 8 0.0031 0.01057587710 0.0241383050
104 . 9 0.0032 0.0111052990 0.0248435740
108 . 10 0.0039 0.0111956400 0.0259439950
106 . 1" 0.0036 0.01151442560 0.02580800980
107 . 12 0.0033 0.0126451250 0.0286339520
108 1968 1 0.0040 0,0127922300 0.0286719800
109 . 2 0.0039 0.0123600960 0.0262685550
110 3 0.0038 0.0128250120 0.0269453530
111 . 4 0.0043 0.0130800930 0.0273784400
112 . 6 0.0045 0.0138714310 0.0293196440
113 . 6 0.0043 0.0146449800 0.0308105610
114 . 17 0.0048 0.0135078430 0.0283122060
118 . ] 0.0042 0.0131379370 0.0273113250
116 . 9 0.0043 0.0132876360 0.0269986390
17 . 10 0.0044 0.0130808350 0.02726642%0
118 . 11 0.0042 0.0140209200 0.0285472870
119 . 12 0.0043 0.0139169690 0.0287613870
120 1969 1 0.0083 0.0156394240 0.0327807660
121 . 2 0.0048 0.0158472060 0.03290545%0
122 . 3 0.0048 0.0159218310 0.0330774780
123 . 4 0.0053 0.0152308940 0.0315673350
124 . 5 0.0048 0.0150020120 0.0310289860
125 . [] 0.0061 0.0155957940 0.0331374410
126 . 7 0.0053 0.0153739260 0.0361030830
127 . 8 0.0050 0.0181180240 0.0373669860
128 . 9 0,0062 0.0177775620 0.0368773940
129 . 10 0.0060 0.0182124380 0.0373669860
130 . 11 0.0062 0.0178167620 0.0382032390
n . 12 0.0064 0.0192197560 0.0406687260
132 1970 1 0.0060 0.0201528070 0.0415455100
133 . 2 0.0062 0.0201848170 0.0399875230
134 . 3 0.0057 0.0175420050 0.0353578330
135 . 4 0.0050 0.0160622460 0.0327900650
136 . 8 0.0053 0.0176727770 0.0373940470
137 . ) 0.0058 0.0176465510 0.03686872550
138 . 7 0.0052 0.0163348910 0.0338231330
139 . 8 0.0063 0.0161306670 0.0333294870
140 . 9 0.0054 0.0157260890 0.0328800680
AL )] . 10 0.0046 0.0148160460 0,0320979490
142 . " 0.0046 0.0148533580 0.0315511230
143 B 12 0.0042 0.0125738380 0.0254547600
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Table 15. (Continued).
Holding Period

t Year Month 1 Month 3 Months 6 Months
144 197N 1 0.0036 0.0123342260 0.0249764920
145 . 2 0.0033 0.0104724170 0.0216226220
146 . 3 0.0030 0.0085597038 0.0180971620
147 4 0.0028  0.0086690187 0.01%0056950
148 . 5 0.0029 0.01008546840 0.0215620990
149 . 6 0.0037 0.0109068320 0.0232796870
180 B 7 Q.0040 0.0131714340 0.0277613400
151 . 8 0.0047 0.01344560200 0.0293101070
152 . ° 0.0037 0.0109868320 0.0238093140
1563 . 10 0.0037 0.0116611720 0.0252420900
154 . 1M 0.0037 0.0109502080 0.0227504970
188 . 12 0.0037 0.0108597280 0.0224862100
156 1972 1 0.0029 0.0091836452 0.0203764440
157 . 2 0.0025 0.0084762573 0.0186685320
158 B 3 0.0027 0.00854056303 0.0192197560
159 . 4 0.0029 0.0096729984 0.0224862100
180 . 5 0.0030 0.0091643333 0.0206764770
161 6 0.002% 0.0096213818 0.0212192840
162 . 7 0.0031 0.0102015730 0.0230324270
163 . 8 0.0029 0.0093638897 0.0218169690
164 . 9 0.0034 0.0115317110 0.0257205960
165 . 10 0.0040 0,0114973780 0.0267322060
166 . n 0.0037 0.0118292570 0.0260753630
167 B 12 0.0037 0.0123860840 0.0266788010
168 1973 1 0.0044 0.0129822490 0.0277190210
169 . 2 0.0041 0.0144283770 0.0300337080
170 . 3 0.0046 0.0148630410 0.0311747790
m . 4 0.0052 0.0163263080 0.03635768330
172 . ] 0.0051 0.01569218310 0.0365923390
173 . ] 0.0051 0.01767271770 0.0383070960
174 . 7 0.0064 0.0192872290 0.03984820080
175 B 8 0.0070 0.0212606190 0.0439169410
176 . 9 0.0068 0.0221503970 0.0455587840
11 . 10 0.0065 0.0179196800 0.0393607620
178 . 11 0.0058 0.0186183760 0.0385221240
118 . 12 0.0064 0.0187247990 0.0404498580
180 1974 1 0.0063 0.0191034080 0.03789484560
181 . 2 0.00568 0.0192459820 0.0377205810
182 . 3 0.0056 0.0191277270 0.0383199450
183 . 4 0.0075 0.0215357540 0.0431109670
184 B 3 0.0076 0.0226162940 0.0460462570
185 . 6 0.0060 0.0207901000 0.0436338190
186 . 7 0.0070 0.0189310310 0.0415712690
187 B 8 0.0060 0.0196549880 0.0430125000
188 . 9 0.0081 0.0232796670 0.0497723820
189 . 10 0.0081 0.0157541040 0.0382287500
190 . 1 0.0054 0.0199817420 0.0407782790
191 . 12 0.0070 0.0190396310 0.0393673180




Table 15. (Continued).

Holding Period

t Year Month 1 Month 3 Months 6 Months
192 19715 1 0.0088 0.0180318380 0.0361442570
193 . 2 0.0043 0.0144213440 0.030315639%0
194 . 3 0.0041 0.01377656410 0.0290288930
198 . 4 0.0044 0.0141247510 0.0309050810
195 . s 0.0044 0.0138258930 0.0305682420
197 . [ 0.004) 0.0132120850 0.0280882780
198 . 7 0.0048 0.0151025060 0.0319100820
199 . 8 0.0048 0.0159218310 0.0347880850
200 . 8 0.00863 0.0162349940 0.03586888450
201 . 10 0.0056 0.0166865590 0.0402698520
202 . 11 0.0041 0.0141117570 0.0294487210
203 . 12 0.0048 0.0141172410 0.0310940740
204 1978 1 0.0047 0.0131934880 0.0284404750
208 . 2 0.0034 0.0120286940 0.0256840130
2086 . 3 0.0040 0.0127384660 0.0284404750
207 . 4 0.0042 0.0126932690 0.0277762410
200 . 8 0.0037 0.0125379660 0.0275914670
209 . 6 0.0042 0.0140357020 0.0308911470
210 . 7 0.0047 0.0136423110 0.0298480990
21 . 8 0.0042 0.0132002700 0.0288162930
212 . 9 0.0044 0.0129737850 0.0276085140
213 . 10 0.0041 0.0129562620 0.0273720030
214 . 11 0.0040 0.0124713180 0.0261569020
218 . 12 0.0040 0.0112657550 0.0235443120
2186 1977 1 0.0036 0.0110250710Q 0.0232798670
217 . 2 0.0035 0.0120649340 0.025682689310
218 . 3 0.0038 0.0119823350 0.0266673100
219 . 4 0.0038 0.0115835670 0.0246578450
220 . 5 0.0037 0.0119640830 0.0254743100
221 . 6 0.0040 0.0127894880 0.0269986390
222 . 1 0.0042 0.01272296890 0.0288921850
223 . 8 0.0044 0.0137810440 0.0295736790
224 . 9 0.0043 0.0142168270 0.0304151770
226 . 10 0.0049 0.0160077240 0.0321971180
226 . 11 0.0050 0.01569218310 0.0339560510
227 . 12 0.0049 0.0154412980 0.0331406400
228 1978 1 0.0049 0.0166871080 0.0336524980
229 . 2 0.0046 0.0164700750 0.0349206%20
230 . 3 0.0083 0.0164960820 0.0349899530
231 . 4 0.0054 0.0186230200 0.0351681710
232 . ] 0.0051 0.0163058040 0.0359042080
233 6 0.0054 0.0170561080 0.0374787050
234 B T 0.0066 0.0180656910 0.0388967990
236 . 8 0.0056 0.0175942180 0.0384653810
236 . 9 0.0062 0.0193772320 0.0403403040
237 . 10 ¢.0088 0.0206398580 0.0438841170
238 . " 0.0070 0.0223728420 0.0483363140
239 . 12 0.0078 0.0232532020 0.0490025280

Source: Courtesy of the authors, Hansen and Singleton (1982, 1984).
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426 NONLINEAR SIMULTANEOUS EQUATIONS MODELS

If we specialize these results to the utility function u(c, @) = c¢*/a for
a < 1 and take g, to be common stocks, we shall have u'(c, @) = ¢* and
m; = 1, which gives the equations listed at the beginning of this discussion.

A final point: in the derivations we treated (w,}, {r,}, and {p,} as
exogenous to each individual; each individual takes account of the actions
of others through the conditional expectation &, This determines the
consumer’s demand schedule. Aggregation over individuals—hold {w,},
{r.}, and {p,} fixed and add up the {g,} and {c,}—determines the
demand schedule for the economy. This demand schedule interacts with the
aggregate supply schedule (or whatever) to determine (the distribution of)
{w.}, {r.}), and { p,}. Thus, when the model is applied to aggregate data, as
here, {w,}, {r,}, and { p,} are to be regarded as endogenous. ]

2. THREE STAGE LEAST SQUARES

Multivariate responses y,, L-vectors, are assumed to be determined by
k-dimensional independent variables x, according to the system of simulta-
neous equations

4u( Y x,80) =e,, a=12,..,L t=12,...,n

where each ¢,(y, x,0,) is a real valued function, each 62 is a p,-dimen-
sional vector of unknown parameters, and the e,, represent unobservable
observational or experimental errors. The analysis is conditional on the
sequence of independent variables {x,} as described in Section 2 of
Chapter 3, and the x, do not contain lagged values of the y, as elements.
See the next section for the case when they do.

For any set of values e, e,, . .., €, of the errors, any admissible value for
the vector x of independent variables, and any admissible value of the
parameters §,, 0,,..., 8,, the system of equations

gy, x,8,) =e, a=1,2,..., L

is assumed to determine y uniquely; if the equations have multiple roots,
there is some rule for determining which solution is meant. Moreover, the
solution must be a continuous function of the errors, the parameters, and
the independent variables. However, one is not obligated to actually be able
to compute y given these variables, or even to have complete knowledge of
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the system, in order to use the methods described below: it is just that the
theory (Chapter 3) on which the methods are based relies on this assump-
tion for its validity.

There is one feature of implicit models that one should be aware of. If an
equation of the system

9(y. x,0,) = ¢,

is transformed using some one to one function (e) to obtain

¥[g.(y. x, 0)] = u,

where
u, = y[e,]

the result is still a nonlinear equation in implicit form, which is equivalent
to the original equation for the purpose of determining y from knowledge
of the independent variables, parameters, and errors. Setting aside the
identity transformation, the distribution of the random variable u, will
differ from that of e,. Thus one has complete freedom to use transforma-
tions of this sort in applications in an attempt to make the error distribu-
tion more nearly normally distributed.

However, one must realize that transformations of this sort can either
destroy consistency or redefine the population quantity 8°, depending on
one’s point of view. If one takes the view that the model q,(y, x, 80) = ¢ is
correct, then nonlinear transformations will destroy consistency in typical
cases. If, as is often true, the equations q.(y, x, 8°) = 0 obtain from a
deterministic theory and are interpreted to mean that some measure of
central tendency of the random variables g,(y,, x,,02), t =1,2,...,n, is
zero, then it would seem that one model g,(y, x,8%) = 0 has as much
standing as the next y{q,(y, x,6))] = 0 provided that (0) = 0. The
choice of various () is roughly equivalent to the choice of mean, median,
or mode as the measure of central tendency to be employed in the analysis.
See Section 4 of Chapter 3 for the theoretical considerations behind these
remarks; in particular see Theorem 7 and Problem 6 of that section.

In an application it may be the case that not all the equations of the
system are known, or it may be that one is simply not interested in some of
them. Reorder the equations as necessary so that it is the first M of the L
equations above that are of interest, let § be a p-vector that consists of the
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nonredundant parameters in the set 8,,8,,..., 8,,, and let
@iy, x,8;) ey

q(y, x,0) = (Zh(y,x,ﬂz) e= “

a7, %, 60) ew

(¥ Xys 01) €y,

a(y,, x,, 0) = ‘:12()’:'&’02) e, = fz'

D (Yo X0 Our) e

We assume that the error vectors e, are independently and identically
distributed with mean zero and unknown variance-covariance matrix =,

Z=¢€(e,e) t=1,2,...,n.
Independence implies a lack of correlation, viz.
€(e,e)=0 t+s.

This is the grouped by subject or multivariate arrangement of the data
with the equation index a thought of as the fastest-moving index and the
observation index ¢ the slowest. The alternative arrangement is the grouped
by equation ordering with ¢ the fastest-moving index and a the slowest. As
we saw in Chapter 5, the multivariate scheme has two advantages: it
facilitates writing code, and it meshes better with the underlying theory
(Chapter 3). However, the grouped by equation formulation is more preva-
lent in the literature because it was the dominant form in the linear
simultaneous equations literature and got carried over when the nonlinear
literature developed. We shall develop the ideas using the multivariate
scheme and then conclude with a summary in the alternative notation. Let
us illustrate with the first example.

EXAMPLE 1 (Continued). Recall that the model is

ay + r/byy ~ y31'by,
ay + r'by, — y;1'b,

Yu = In + €y

Yy, = naz + 17bg, — y31'bg, .
2 ay + r'bs, ~ y;1°b, H

Y3 = d;c + €3,
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where 1 denotes a vector of ones,

do:
Y ry, d“ r,
Y= |V, r,=| ", d," . . x,=(d)
Y ry, : !
dl].r
and
, I
9 by by by by c?
a= |}, B=|by by bu|=|bgy|, c=|.
43 by by by o) 13

The matrix B is symmetric and a, = —1.
Our interest centers in the first and second equations, s0 we write

81 + 02’1 + 03"2 + 0"'3 - (02 + 03 + 0‘))’3
—'1 + 04’; + 07"2 + 08r3 - (04 + 07 + as)ys

O+ 0, + Ory + 0,0y — (0, + 0, + 0,) 3,
—1 + o"l + 07"2 + 08’3 - (0‘ + 07 + 08)y3

6 = (8,,6,,0,, 0,0, 6,0,,0,)

’
= (“1’ bi1s 12, by3,s a3, by, by, bu) .

nh- In
q9(y, x,8) =

y—In

Taking values from Table 1 of Chapter 5, we have

x, = (r{ldp)
= (1.36098, 1.05082, 0.058269 |

1,0.99078, 9.7410, 6.39693, 0, 1, 0.0000,
9.4727,1.09861, 1, 0.00000, — 0.35667, 0.00000, 0)

x5 = (1.36098,1.05082,0.058269 |

1,0.99078, 9.5104, 6.80239, 0, 0, 0.0000,
0.0000, 1.94591, 1, 0.00000, —0.35667,0.27763,1)’

x,0 = (1.36098,1.05082,0.058269 |

1,0.99078, 8.7903, 6.86693, 0, 0, 0.0000,
10.0858, 1.38629, 1, 0.00000, 0.58501,0.27763, 1)
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X0 = (1.36098,1.05082,0.576613 |

1,1.07614, 9.1050, 6.64379, 0, 0, 0.0000,
0.0000,1.60944, 1,1.60944, 0.58501, 0.00000, 1)’

X 4 = (1.36098,1.05082,0.576613 |

1,1.07614,11.1664,7.67415,0,0,9.7143,
0.0000, 1.60944, 1, 1.60944, 0.33647,0.27763,1)’

x4 = (1.36098,1.36098,0.058269 |

1,1.08293,8.8537,6.72383,0,0,8.3701,
0.0000, 1.09861,1,1.09861,0.58501, 0.68562, 1)’

X4 = (1.88099,1.36098,0.576613 |

1,1.45900, 8.8537, 6.88653, 0, 0, 0.0000,
9.2103,0.69315,1,0.69315,0.58501, 0.00000, 1)’

for the independent or exogenous variables, and we have

y, = (2.45829,1.59783, —0.7565)’
¥, = (1.82933,0.89091, —0.2289)’

10 = (2.33247,1.31287, 0.3160)’
vy = (1.84809,0.86533, —0.0751)’

Yoo = (1.32811,0.72482,0.9282)'
Yo = (2.18752,0.90133,0.1375)'

Ypa = (1.06851,0.51366,0.1475)’

for the dependent or endogenous variables.

One might ask why we are handling the model in this way rather than
simply substituting d’c for y, above and then applying the methods of
Chapter 5. After all, the theory on which we rely is nonstochastic, and we
just tacked on an error term at a convenient moment in the discussion. As
to the theory, it would have been just as defensible to substitute d’c for y,
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in the nonstochastic phase of the analysis and then tack on the error term.
By way of reply, the approach we are taking seems to follow the natural
progression of ideas. Throughout Chapter 5, the variable y, was regarded as
being a potentially error ridden proxy for what we really had in mind. Now,
a direct remedy seems more in order than a complete reformulation of the
model. Moreover, the specification £y, = d’c was data determined and is
rather ad hoc. It is probably best just to rely on it for the purpose of
suggesting instrumental variables and not to risk the specification error a
substitution of d’c for y, might entail. ]

Three stage least squares is a method of moments type estimator where
instrumental variables are used to form the moment equations. That is,
letting z, denote some K-vector of random variables, one forms sample
moments

1 n
mn(a) = ;'- Z m(y" x('”)

t=1

where

@Yo x,, 8,) * 2,
(% 8) = gl %, 8) ® 2, = qz(y.,x,:, 0,) -z,
MK QM()’:, x;, au) 204
equates them to population moments

m,(8) = &[m,(6°)]

and uses the solution § as the estimate of §°. If, as is usually the case, the
dimension MK of m (@) exceeds the dimension p of 8, these equations
will not have a solution. In this case, one applies the generalized least
squares heuristic and estimates 8° by that value § that minimizes

$(8,V) = [nm,(8)'V-"[nm,(8)]
with
V=% [nm,(89)], [nm,(8°)]'}.

To apply these ideas, one must compute &[m,(8°)] and €[m, (8°),
m’,(8%)]. Obviously there is an incentive to make this computation as easy
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as possible. Since

1 L)
m,(0°) = n Ye®:¢z,

=1

we shall have &[m,(8°)] = 0 if z, is uncorrelated with e,, and

¢([rm (69)], [im (8]} = £ (E®22) =28 ¥ 2,2

t=1 =1

if {z,} is independent of {e,}. These conditions will obtain (Problem 1) if
we impose the requirement that

Z, = Z(x:)

where Z(x) is some (possibly nonlinear) function of the independent
variables.

We shall also want z, to be correlated with g(y, x,, #) for values of 8
other than 6° or the method will be vacuous (Problem 2). This last
condition is made plausible by the requirement that z, = Z(x,), but, strictly
speaking, direct verification of the identification condition (Chapter 3,
Section 4)

lim m, () =0 = @#°=¢

is required. This is an almost sure limit. Its computation is discussed in
Section 2 of Chapter 3, but it usually suffices to check that

&m () =0 = 6°=4.

As we remarked in Chapter 1, few are going to take the trouble to verify
this condition in an application, but it is prudent to be on guard (or
violations that are easily detected (Problem 3).

The matrix ¥ is unknown, so we adopt the same strategy that was used
in multivariate least squares: Form a preliminary estimate §* of 6° and
then estimate V' from residuals. Let

6* = argmms(o, Ie Y z,z;)
6

t=1

and put

P (4 £ a0 50000 208%)) @ | £ 1)

=] t=1
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There are two alternative estimators of V in the literature. The first of
these affords some protection against heteroscedasticity:

V= 12:‘:1 l¢(y., x.. 6*) ® 2 ][a( 5, x,. 6%) ® 2]

The second uses two stage least squares residuals to estimate 2. The two
stage least squares estimate of the parameters of the single equation

qa(ylvxna¢)=ea, t=l,2,...,n
is

g = arg:nm( r q.(y.,x.,ﬂ..)Z.)

tw=]
X( Zn: znz:)- ( Zn: Qa()’n xl’oa)zl)'
t=1 t=1

Two stage least squares is vestigial terminology left over from the linear
case (Problem 4). Letting

n

~ 1
Oup ™ n Z Qa(yn Xys 6:)‘];;(}’,. Xys é‘ﬁ*)

te=1
the estimate of = is the matrix = with typical element O,p ViZ.
f = [‘;aﬁ]
and the estimate of V is
- - n
V=@ ) zz.
t=1

Suppose that one worked by analogy with the generalized least squares
approach used in Chapter 5 and viewed

y _f(o) = Zq(y,,x,,ﬂ) ® 2z,

=1

as a nonlinear regression in vector form, and
5(8,7V)=[y-f(O)V'[y - f(8)]
= ( ): 9(y» x,,0) ® z,)'V“( Z q(y, x,,0) ® z,)

t=1 (=1
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as the objective function for the generalized least squares estimator of 8.
One would conclude that the estimated variance-covariance matrix of § was

A

C =

(351~ 7O (35 Ly - )|

- [(£ o mobr oo £ ratrnnatro)|

(=] (=1

= ( ’Zj:lQ(y,, x,0)® z,),ﬁ—‘( '};Q(y,, x,,f)® z,)]-l.

This intuitive approach does lead to the correct answer (Problem §5).
The Gauss-Newton correction vector can be deduced in this way as well
(Problem 6):

-1

t=1

D(8,V) = - [( Y 00, %,,0) ® z,)lV“(‘?lQ(y,, x,,0) ® z)]

X [( 2": o(y, x,,0) ® z,)’V’l( i q(y, x,0) @ z,)].

t=1 =1
The modified Gauss-Newton algorithm for minimizing S(8, V') is:

0. Choose a starting estimate §,. Compute D, = D(8,, V'), and find a A
between zero and one such that S(8, + AyD,, V) < S(6,, V).

1. Let 8, = 6, + Ay D,. Compute D, = D(6,,V), and find a A, between
zero and one such that S(6, + A, D,, V) < S(8,, V).

2. Let8,=0, + A\ D,. ...

The comments in Section 4 of Chapter 1 regarding starting rules, stopping
rules, and alternative algorithms apply directly.

In summary, the three stage least squares estimator is computed as
follows. The set of equations of interest are

@ %, 01)

‘lz()'u Xy 92)

q(y,,x,,0)= l=1,2,...,n

qM(Yn Xy 0M)
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and instrumental variables of the form
z,= Z(x,)

are selected. The objective function that defines the estimator is

n 4 n
560.9) = (£ a0 02| V| Latrxn0) 01
t=1 =1
One minimizes S(#, I ® L. z,z;) to obtain a preliminary estimate 0%, viz.
”n
0* = argminS(O, I® Y z,zf),
8 t=1

and puts

V= (% % a(re %0 6%)a (3 %, 6%)
{1

o ( ¥ )

=1

The estimate of 8° is the minimizer § of S(8, V), viz.

0 = argminS(8,V).
0

The estimated variance-covariance matrix of § is

n 4 n -1
C= H Y o(y.x.0)® Z.) V"( Y 9(y.x.0) @ z,”
te1 =1
where
0
Q(yl’ Xe» 0) = Wq(yn Xy 0)
We illustrate with the example.

EXAMPLE 1 (Continued). A three stage least squares fit of the model

0, + Oyr, + Oyr, + O,r; — (6, + 0, + 8,) yy
=1+ 0,r, + 0,0, + Gery — (0, + 6, + B5) y,
05+ Oyr, + Ogry + 8,r, — (0, + 6, + 0,) yy
DT T 0,r, + 8,1, + Ogr, — (8, + 6, + 65) »,

q(y, x,8) =

»n-1

to the data of Table 1, Chapter 5, is shown as Figure 1.



SAS Statesents:

PROC MODEL OUT=MODO1;

ENDOGENOUS Y1 Y2 Y3;

EXOGENOUS R1 R2 R3 DO DY D2 O3 D4 D5 D8 D7 08 D9 D10 DIV D12 DI13;

PARMS T1 T2 T3 T4 T5 Y6 T7 T8 CO C? C2 C3 C4 C5 C8 C7 C8 C9 C10 C11 C12 C13;

PEAK= T1+¢T2%R1+TI2R2+TARRI~(T2+T3+T4)*Y3;

INTER=TS5+TI*RI¢TEAR24TTARI-(TI+TE+TT)*YI;

BASE= ~14TA*RI+TIMR2+TOARI- (T4+TT+T)*Y3;

Y1sLOG(PEAK/BASE); Y2wLOG({INTER/BASE);

Y3=DO*CO+D1%C 14D2RC2+4DINCI+DANRCA+DEXCE+DOWCE+OTRCTHOBXCB+DINCH+DI10™C104D1I%C11

+012%C12+013*C13;

FPROC SYSNLIN DATA=EGO1 MODEL»MODO1 MISLS METHOD=GAUSS MAXITwS80 CONVERGE=1.E-8
SDATA=IDENTITY OUTS=SHAT OUTESTeTHAT;

INSTRUMENYS Rt R2 R3 DO DY D2 D3 O4 D5 D6 D7 D8 D9 D10 D11 D12 D13 / NOINT;

FIT Y1 Y2 START=(T1 -2.98 T2 -1.16 Y3 0.787 T4 0.353 715 -1.51 76 -1.00
T7 0.054 78 -0.474);

PROC SYSNLIN DATA=EGO1 MODEL=MODO! N3ISLS METHOD=GAUSS MAXIT=50 CONVERGE=1.E-8
SDATA«SHAT ESTOATA=THAT;

INSTRUMENTS Rt R2 R3 DO D1 D2 03 D4 D5 D06 D7 08 D9 010 DY D12 D13 / NOINT;

Qutput:
SAS
SYSNLIN PROCEOURE

NONLINEAR JSLS PARAMETER ESTIMATES

APPROX . ‘T'  APPROX. 1ST STAGE
PARAMETER  ESTIMATE STD ERROR RATIO PROB>!T!  R~SQUARE
T -2.13788 0.58954 -3.63 0.0004 0.6274
T2 -1,98939 0.76%921 -2,62 0.0094 0.5473
T3 0.70939 0.15867 4.53 0.0001 0.7406
T4 0.33663 0.05095 6.6 0.0001 0.7127
T8 -1.40200 0.156228 -8. 21 0.0001 0.7008
16 -1.13890 0.18429 -6.18 0.0001 0.5226
T 0.029813 0.04580 0.64 0.5236 0.5468
T8 ~0.50050 0.04517 -11.08 0.0001 0.4646
NUMBER OF OBSERVATIONS STATISTICS FOR SYSTEM
USED 220 OBJECTIVE 0.16893
MISSING 4 0BJECTIVEMN  34.96403

COVARIANCE OF RESIDUALS MATRIX USED FOR ESTIMATION

s Yt Y2
Y1 0.17159 0.09675
y2 0.09676 0.09545

Figure 1. Example 1 fitted by nonlinear three stage least squares.
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We obtain

d,
6, ~2.13788
J -1.98939
63 0.70939
_ 1%} _ | 0.33663 .
) Js —1.40000 (from Fig. 1)
0 ~1.13890
6 0.02913
4, —0.50050
b

$ - (0.17159 0.()9675)
0.09675 0.09545

S(8, %) = 34.96403 (from Fig. 1).

(from Fig. 1)

These estimates are little changed from the multivariate least squares
estimates

{ 51
4, —2.92458
é —1.28675
63 0.81857
_|%| _| o.36116 ,
i- é, ~1.53759 (from Fig. 3¢, Chapter 5).
4 —1.04896
6 0.03009
b, ~0.46742
b,

The main effect of the use of three stage least squares has been to inflate the
estimated standard errors. O

The alternative notational convention is obtained by combining all the
observations pertaining to a single equation into an n-vector

qa(yl' X1 00:)

qu(y2’ X2 oa)

9.(4,) = (a=1,2,..., M)

n qa(yn’xu’ac) 1



438 NONLINEAR SIMULTANEOUS EQUATIONS MODELS

and then stacking these vectors equation by equation to obtain

9,(8,)

q(8) = :42(02)

nM qM(oM) 1

with

M., 8u )

If desired, one can impose across equations restrictions by deleting the
redundant entries of 0. Arrange the instrumental variables into a matrix Z
as follows:

3

2
z= 1.

!
nz"l(

and put

P,=2(22Z)'Z.
With these conventions the three stage least squares objective function is
S[6.(2® z2)] = ¢(8)(="" ® P,)q(6).
An estimate of 2 can be obtained by computing either
g% = arg;m'ns[ﬂ,(l ® Z'Z)]

or

g = argming(6,)P2qu(8) (@ =1,2,.... M)
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and letting $ be the matrix with typical element

. 1,
%ap = ;qa(ﬁf)qﬁ(da")-
The estimate of #° is

6 = argminS[4,(2 ® 2'2)]
]
with estimated variance-covariance matrix

¢ = |(7540) (57 & 2,)(3570(0))]

These expressions are svelte by comparison with the summation notation
used above. But the price of beauty is an obligation to assume that the
errors e, each have the same variance £ and are uncorrelated with the
sequence { z,}. Neither the correction for heteroscedasticity suggested above
nor the correction for autocorrelation discussed in the next section can be
accommodated within this notational framework.

Amemiya (1977) considered the question of the optimal choice of
instrumental variables and found that the optimal choice is obtained if the
columns of Z span the same space as the union of the spaces spanned by
the columns of £(3/36.)q(6°). This can necessitate a large number of
columns of Z, which adds to the small sample bias of the estimator and
reduces the small sample variance, leading to very misleading confidence
intervals. The intuition is: As instruments are added, three stage least
squares estimates approach least squares estimates because P, approaches
the identity matrix. Least squares estimates have small variance but are
biased (Tauchen, 1986). Amemiya (1977) proposes some alternative three
stage least squares type estimators obtained by replacing 7' ® P, with a
matrix that has smaller rank but achieves the same asymptotic variance. He
also shows that the three stage least squares is not as efficient asymptoti-
cally as the maximum likelihood estimator, discussed in Section 5.

The most disturbing aspect of three stage least squares estimators is that
they are not invariant to the choice of instrumental variables. Various sets
of instrumental variables can lead to quite different parameter estimates
even though the model specification and data remain the same. A dramatic
illustration of this point can be had by looking at the estimates published
by Hansen and Singleton (1982, 1984). Bear in mind when looking at their
results that their maximum likelihood estimator is obtained by assuming a
distribution for the data and then imposing parametric restrictions implied

-1



440 NONLINEAR SIMULTANEOUS EQUATIONS MODELS

by the model rather than deriving the likelihood implied by the model and
an assumed error distribution; Section 5 takes the latter approach, as does
Amemiya’s comparison.

One would look to results on the optimal choice of instrumental vari-
ables for some guidance that would lead to a resolution of this lack of
invariance problem. But they do not provide it. Leaving aside the issue of
having either to know the parameter values or to estimate them, one would
have to specify the error distribution in order to compute &(3/38.)q(82).
But if the error distribution is known, maximum likelihood is the method of
choice.

In practice, the most common approach is to use the independent
variables x,, and low order monomials in x,, such as (x,)? or x,x;, as
instrumental variables, making no attempt to find the most efficient set
using the resuits on efficiency. We shall return to this issue at the end of the
next section.

PROBLEMS
1. Consider the system of nonlinear equations
ad + alln yy, + a3x, = e,

bg + b‘l’ylr +yt ngv = €3,
1=12,...

where the errors e, = (e,,, e,,) are normally distributed and the inde-
pendent variable x, follows the replication pattern

x,=0,1,2,3,0,1,2,3,....

0= (bo’ blv bz)'
Z,= (lv Xy¢s xrz),

m(yn Xy¢s 0) = (bo + byt + bz":) ® 2z,

m,(0) = 1 5 m(3, x,0).

te=1
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Show that

lim m,(8°) = &m,(6°%) =0,

1 X3 _gexp(—adx) 1.5
lim m,(8) = | 1.5 3 _,xexp(—adx) 3.5
n-—=o0

3.5 X3 o x%xp(—adx) 9

almost surely, where ¢ = (1/4)exp[Var(e,)/2 — al].
2. Referring to Problem 1, show that if @, # 0 then

lim m,(8) =0 = §°=4.

n-— a0

441

bo ~ b3
b, ~ b
by, — b3

3. Referring to Problem 1, show that the model is not identified if either

a,=0orz,=(1,x,)
4. Consider the linear system

»I' =x,B+ e, t=12,...,n

where T is a square, nonsingular matrix. We shall presume that the
elements of y, and x, are ordered so that the first column of T’ has
L’ + 1 leading nonzero entries and the first column of B has &k’ leading
nonzero entries; we shall also presume that y,, = 1. With these conven-

tions the first equation of the system may be written as
~ Y12

—TNv
Y= (}’2:’ Vagseeos Yprs Xy Xggs e e Xx) B,

Bk

=w;8+e,,.

+ ey,

The linear two stage least squares estimator is obtained by putting
z, = x,; that is, the linear two stage least squares estimator is the

minimizer § of

50 = ( £ - wode ) £xxt) (£ 00

=1 t=1

wj8)x,).
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Let w, denote the predicted values from a regression of w, on x,, viz.

n -1 q
W;=x§(zx,x1) > xw! t=1,2,...,n.

s=1 s=1

Show that a regression of y;, on W, yields §; that is, show that

n =1 p
5 = ( Z W,W:) z wlyll'
t=1 t=~1

It is from this fact that the name two stage least squares derives; the
first stage is the regression of w, on x,, and the second is the regression
of y,, on w,.

5. Use Notation 8 and Theorem 9 of Chapter 3 to deduce the estimated
variance-covariance matrix of the three stage least squares estimator.

6. Use the form of the Gauss-Newton correction vector given in Section 2
of Chapter 5 to deduce the correction vector of the three stage least
squares estimator.

3. THE DYNAMIC CASE: GENERALIZED METHOD
OF MOMENTS

Although there is a substantial difference in theory between the dynamic
case, where errors may be serially correlated and lagged dependent vari-
ables may be used as explanatory variables, and the regression case, where
errors are independent and lagged dependent variables are disallowed, there
is little difference in applications. All that changes is that the variance V of
nm,(8°) is estimated differently.

The underlying system is

gu(y, x,0%) =€, t=0,%1,+2,... a=12,..., L

where ¢ indexes observations that are ordered in time, g,(y, x, 8,) is a real
valued function, y, is an L-vector, x, is a k-vector, 82 is a p,-vector of
unknown parameters, and e,, is an unobservable observational or experi-
mental error. The vector x, can include lagged values of the dependent
variable (y,_,, y,_, etc.) as elements. Because of these lagged values, x, is
called the vector of predetermined variables rather than the independent
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variables. The errors e,, will usually be serially correlated:
€(e,.e5) =0,5,+0 a,f=12,... .M s,1=1.2,....

We do not assume that the errors are stationary, which accounts for the
indices st; if the errors were stationary, we would have Oag-
Attention is restricted to the first M equations and a sample of size n:

9y, x,0%) =e,, 1=12,...,n a=1,2,..., M.

As in the regression case, let @ be a p-vector containing the nonredundant

parameters in the set 8,,6,,...,0,,, and let

‘h(}’s xvol) e,
‘h()’» X, 02) €2

q(y’ X,0) = : e = .
qM(y’ X, oM) eM
QL(ynxnal) €y,
4(ye %, 6;) 27

q(yn x,,0) = :2 ! ! e,= :
are( Vi X1 00) Em

The analysis is unconditional; indeed, the presence of lagged values of y,
as components of x, precludes a conditional analysis. The theory on which
the analysis is based (Chapter 7) does not rely explicitly on the existence of
a smooth reduced form as was the case in the previous section. Let r,
denote those components of x, that are ancillary; lagged dependent vari-
ables are excluded. What is required is the existence of measurable func-
tions W,(+) that depend on the doubly infinite sequence

Up = (eees Uy, 09, Upy-.-)
where v, = (e,, r,) such that
(yen x,) = u/r(vao)

and mixing conditions that limit the dependence between v, and v, for
t # 5. The details are spelled out in Sections 3 and 5 of Chapter 7.
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The estimation strategy is the same as nonlinear three stage least squares
(Section 2). One chooses a K-vector of instrumental variables z, of the form

z,=2Z(x,)

(recall that x, can contain lagged exogeneous and endogenous variables),
one forms sample moments

m,(8) = 1 5 m(3 %,0)

t=1

where

(¥, x,,01) 2,
m(y, x,,0) =q(y,x,,0) ®z = (:)2(y,,x,,02)z,
x| aae (s 500002,
and one estimates #° by that value § that minimizes
5(8,V) = [nm,(6)]'V~[nm,(8)]
with
V= ¢{[nm,(8°)], [nm,(6°)]).
In this case, the random variables

m(y,,x,,0°)=e,®z, t=1,2,...,n

are correlated and we have

V=é’( ane,'&z,)( )n: eﬂ‘:)'

t=1 s=1
n a
=2 Y &(e,®z)(e, ®2,)
t=1g=1
n—1

=n Z S’Iof

r=—(n—1)}

= nS?
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where

o Jam T seoz)e  0zy r20

ny tel+r

(s?2_.) T<0.

To estimate V, we shall need a consistent estimator of S0, that is, an
estimator S, with

lim P(1S0 g~ S, 0pl >€) =0  «,B=12,... M

n— o0

for any € > 0. This is basically a matter of guaranteeing that

lim Var($, ,5) = 0;

n—+oo

see Theorem 3 in Section 2 of Chapter 7.
A consistent estimate S,, of S2, can be obtained in the obvious way by

putting

(/n) ¥ l¢( 5, x.. 6*) ® 2} [(a(yerr %, 6%) @ 2, )

R t=1+7
Snr = =0
(Sn,—v),
<0

where

0* = argmin S
9

8, 1@ E z,z;).

~1

However, one cannot simply add the S, for 7 ranging from —(n — 1) to
n — 1 as suggested by the definition of S? and obtain a consistent estima-
tor, because Var(f,,) will not decrease with increasing n. The variance will
decrease if a smaller number of summands is used, namely the sum for =
ranging from ~/(n) to /(n), where /(n) is the integer nearest n'/>.

Consistency will obtain with this modification, but the unweighted sum
will not be positive definite in general. As we propose to minimize S(6, V)
in order to compute §, the matrix ¥ = nS, must be positive definite. The
weighted sum

S= % ol

7o ~1(n)
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constructed from Parzen weights

1-6x2+6|x)? 0<x<}

WiXx) =
) 2(1 ~ |x))’ J<xs<l
is consistent and positive definite (Theorem 3, Section 2, Chapter 7). The
motivation for this particular choice of weights derives from the observa-
tion that if {e, ® z,} were a stationary time series then S would be the
spectral density of the process evaluated at zero; the estimator with Parzen
weights is the best estimator of the spectral density in an asymptotic mean
square error sense (Anderson, 1971, Chapter 9, or Bloomfield, 1976, Chapter
7.

The generalized method of moments estimator differs from the three
stage least squares estimator only in the computation of V. The rest is the
same: the estimate of 8° is the minimizer § of S(6, V), viz.

¢ = argmin S(6, V);
9

the estimated variance-covariance of § is

n i’ n -t

é- [( £ 0 x0) @) P £ 0nx0) 0 )]
1=1 =1

where

Q(y,x,,0) =(3/36")q(y, x,,6);

and the Gauss-Newton correction vector is

'V"'( ilQ(y., x,,0) ® z)]

D(ar V) = —[( _i Q(Ynxno) @z

=1

x[( i‘, 2(y,x,0)® z,)'V“l( i q(y, x,,0) ® z,”.

=1 =1
We illustrate.

EXAMPLE 2 (Continued). Recall that

9(y,x,.8)=B8(y)'x,—1 1=1,2,...,239.
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where, taking values from Table 1a,

_ (consumption at time ) / (population at time 1)
(consumption at time ¢ — 1)[(population at time ¢ — 1)

) deflator at time ¢t — 1
x, = (1 + stock returns at time 1) deflator at ime 7

Vi

The instrumental variables employed in the estimation are
z,= (1, y,_1, %x,_,)-
For instance, we have
y,= 101061 x,=100628 2z, = (1,1.00346,1.008677)".
Recall also that, in theory,

&(e,®2,)=0 t=2,3,...,239
&(e,®z2,)(e,®z2,) =32 1=23,...,239
&(e,®2,)(e,®z,) =0 t#s.

Because the variance estimator has the form

ban S o{ 155 S

T —f(n)

447

where
i(n) = n'/3,
1-6x)2+6lx° 0<sx<i
w(x) = 3
2(1 - |x}) l<sxx1
and
1 & ,
¢ _|E E laOuxed®) 0 llalx ) 02, ) r20
nt te=1+17
(S, -.) T <0.

whereas PROC SYSNLIN can only compute a variance estimate of the form

;}= _}; iIQ(y,,X,,é”)q'(y“xné”)) ® ( i Z;Z;)

(=1

we are on our own as far as writing code is concerned. Our strategy will be
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to use PROC MATRIX as follows:

DATA WORKO1; SET EGO2;

NDSPER = NDS / PEOPLE; Y = NDSPER / LAGCNDSPER); X = (1 ¢ STOCKS)*LAG(DEFLATOR) /

DEFLATOR;

DATA WORK02; SET WORKO1; Z0=1; Z1sLAG(Y); 22=LAG(X); IF _N_=1 THEN

DELETE;

PROC MATRIX; FETCH Y DATA=WORKO2(KEEP=Y); FETCH X DATA ® WORKOZ2(KEEP =X);
FETCH 2 DATA = WORKO2(KEEP =20 21 22); 1(1,)=0 0 0;

As~_4; B=.9; Vs2'+2; IGAUSS DO WHILE (S>OBIN(1+1.E-5)); XGAUSS END;

TSHARP=A // B; PRINT TSHARP;

XVARIANCE V= VHAT; XGAUSS DO WHILE (S>08JF(1+1.E-5)); XGAUSS END;

THAT=A /7 B; PRINT VHAT THAT CHAT §;

where XGAUSS is 2 MACRO which computes a modified (line searched)
Gauss-Newton iterative step:

XMACRO GAUSS;
M=0/0/0; DELN=0 0/0 0/0 0; ONE=1;
PO T=2 TO 239;
QT = BHY(T, 1)#RANX(T,1) - ONE;
DELQTA = BHLOGCY(T, 1)X8Y(T 1IMNANX(T, 1); OELQTB=Y(T, 1INNANX(T,1);
MY=QT 8 Z(T,)XSTR(X'); DELNT = (DELQTA || DELQTB) @ Z(T,)XSTR(X');
M=M+NT; ODELM=DELRODELNT;
END;
CHAT = INV(DELMXSTRC(X ' IS INVC(VI*DELM); 0= -~CHAT#DELRXSTR(X')I*INV(V)I*N;
S=MASTR(X'IVINVIVISN; O0BJ=§; L=2; COUNT=0; AO=A; BO=8;
00 WHILE (0BJ>®=S & COUNT<=40);
COUNT = COUNT +ONE; L=L#.5; ASAOOLAD(1,1); B=BO+L#D(2,1); M=O;
00 T=2 TO 239; MM+ (BRY(T,1)MWANX(T, 1) ~ONE)BZ(T, IXSTR(X'); END;
OBJ = RXSTR(X'I*INVIVIAN;
END;
XMEND GAUSS:

and XVARIANCE is a MACRO which computes a variance estimate:

XMACRO VARIANCE;
$0=0 00/000/000; $S1=000/000/000; S22000/000/000;
ONE=1;
0O T=2 TO 239;
NTO = (BHY(Y,1INNANXCT, 1) ~ONE) @ 2(T,)XSTR(X'); SO® S0 +NTO*MTOXSTR(X');
IF T>3 THEN DO;
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MT1 = CBAYCT -1, 1 JANANXCT ~ 1,1) ~ONEDSZ(T - 1,)X8TR(X'); S1=51+
MTO*MTIXSTR(X'); END;

IF T>4 THEN DO;

MT2 = (BAY(T -2, 1)8NANX(T -2,1) ~ONE)QZ(T-2,)XSTR(X'); S2=82+
MTOXMT2XSTR(X'); END;

END;

WO 1; WImONE-6NCIH/3INN2+68CIN/3ON83; W2=2N(ONE-(2#/3))W83; W3=0;
VHAT = (WONSO + W1#S1 + WINSIXSTR(X' ) + W2WHS2 + W2HS2XSTR(X'));

XMEND VARIANCE;

The code is fairly transparent if one takes a onc by one matrix to be a
scalar and reads ’ for XSTR(X*), * for #, » = for ##, / for #/,and ®
for &.

SAS Statements:

AMACRO GAUSS:
M=0/0/0; DELM=0O 0/0 0/0 O; ONE=1;
00 T=2 TO 239;
QT = BRY(T,) )B8ASX{T,1)-ONE;
DELQTA = BSLOG({Y(T,1))8Y(T,V)@RABX(T,1); DELQYB = Y(T,1)#BASX(T,1);
MT = QT @ Z(T,)XSTR(X'); DELMT = (DELQTA || DELQTB) @ Z2(7,)%STR(%'}):
M=MeMT; DELM=DELM+DELMT;
END;
CHAT=INV(DELNSSTR(R ' )*INV(V)*DELM); D=-CHATXDELMESTR(X' }*INV(V)*M;
S=MXSTR{X' J*INV(V)*M; 0BJsS: (=2; COUNTsQ; AQ=A; B80=8;
00 WHILE (0BJ>=S & COUNT<=40);
COUNT=COUNT+ONE; Le=L®.5;: AsAG+L8D(1,1); B=B0+L#0(2,1); M=0;
00 Tm2 TO 239; MeM+(BOY(T,1)88A8X(T,1)-ONE)BZ(T,)¥STR{%'): END;
0BJsMESTR(N ' )¥INV(V)*M;
END;
SMNEND GAUSS;
SMACRO VARIANCE;
S0=0 0 0/0 0 O/0 O O; S1=0 0 0/0 0 0/0 O O; S2=0 0 0/0 0 0/0 O 0; ONE=1;
DO T=2 TO 238; \
MTO=(BRY(T, 1) #RASX(T,1)-ONE) @ Z(T,)RSTR(X'): SO=SO+MTOMMTOXSTR(X'):
IF T>3 THEN DO;
MT1s(BRY(T-1, 1)#S8ASX(T-1,1)-ONE)@Z(T~1, )XSTR(%"); S1=S1+MTO*MTINSTR(%'); END;
IF T>4 THEN DO;
MT2=(BRY(T-2,1)88ARX(T-2,1)-ONE)@Z(T-2,)8STR(X'); S2aS2+NMTO*MT28STR(X'); END;
ENO;
WO=1; Wia0; W2w0; W3=0;
VHAT= (WOSSO+WISST+WINSIKSTR(X ' ) +W28S2+W28S25STR(Y') )
SMEND VARIANCE;
DATA WORKO1; SET EGO2;
NDSPER=NDS/PEOPLE; Y=NDSPER/LAG(NDSPER); X={1+4STOCKS)*LAG(DEFLATOR)/DEFLATOR;
DATA WORKO2; SET WORKO1; 20s1; Z1eLAG(Y): Z2=LAG(X); IF _N_=1 THEN DELETE;
PROC MATRIX; FETCH Y DATAsWORKO2(KEEP=Y); FETCH X DATAsWORKO2{KEEP=X);
FETCH Z DATA=WORKOZ2({KEEP=ZO0 21 22}; 2(1,)=0 0 0;
Am-.4; B=.9; Va2'%2; RCAUSS DO WHILE (S>0Bu#(1+1.E-5)); NGAUSS END:
TSHARP=A // B: PRINT TSHARP;
SVARIANCE VoVHAT: XGAUSS 00 WHMILE (S>OBJS(141.E-5)); XGAUSS END;
THAT=A // B; PRINT VHAT THAT CHAT S;

Figure 2. The generalized method of moments estimator for Example 2.
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Output:

SAS 1

TSHARP coLy

ROMY ~0.848862

ROWZ 0.998929
VHAT cot1 cot2 coL3
ROW1 0.406822 0.406434 0.398737
ROW2 0.406434 0.407085 0.399363
ROW3 0.398737 0.393363 0.392723

THAT coLy

ROM1 -1.03362

ROW2 0.998256

CHAT coL1 CoL2

ROW1 3.58009 -0.007212687

ROW2 ~-0.00721287 .0000206032

S coL

ROWY 1.05692

Figure 2. (Continued).

While in general this code is correct, for this particular problem
(e, ®z,)(e,®z) =0 t#s
so we shall replace the line
WO=1; W1=ONE-GHCIN/3)NU2+6H(1H/3)883; W23 20(ONE-(28/3))003; W3=0;
in XVARIANCE, which computes the weights w[r//(n)], with the line
WO=1; Wi=0; W2=0; W3s0;
The computations are shown in Figure 2. 0
Tauchen (1986) considers the question of how instruments ought to be

chosen for generalized method of moments estimators in the case where the
errors are uncorrelated. In this case the optimal choice of instrumental
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variables is (Hansen, 1985)

a -
Z, = é'lwq(yn Xy 00)[5,(8,8:)] '

where &,(+) denotes the conditional expectation with respect to all variables
(information) relevant to the problem from the present time ¢ to as far into
the past as is relevant; see the discussion of this point in Example 2 of
Section 2. Tauchen, using the same sort of model as Example 2, obtains the
small sample bias and variance for various choices of instrumental vari-
ables, which he compares with the optimal choice. He finds that, when short
lag lengths are used in forming instrumental variables, nearly asymptoti-
cally optimal parameter estimates obtain, and that as the lag length
increases, estimates become increasingly concentrated around biased values
and confidence intervals become increasingly inaccurate. He also finds that
the test of overidentifying restrictions (Section 4) performs reasonably well
in finite samples.

The more interesting aspect of Tauchen’s work is that he obtains a
computational strategy for generating data that follow a nonlinear, dynamic
model-—one that can be used to formulate a bootstrap strategy to find the
optimal instrumental variables in a given application.

PROBLEMS

1. Use the data of Tables 1a and 1b of Section 1 to reproduce the results
of Hansen and Singleton (1984).

2. Verify that if one uses the first order conditions for three month
treasury bills, z, = (1, y,_,, x,_,) with s chosen as the smallest value
that will insure that &£(q(y,, x,.8°) ® z,) =0, and Parzen weights,
then one obtains

TSHARP coL

ROW1 -4.38322

ROW2 1.02499
VHAT cort coL2 coL3
ROW1 0.24656 0.248259 0.246906
ROW2 0.248259 0.249976 0.248609

ROW3 0.246906 0.248609 0.247256
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THAT coL1
ROW1 ~4.37803
ROM2 1.02505
CHAT coL coL2
ROW1 22.8898 -0.140163
ROW2 ~0.140163 0.00086282

Should Parzen weights be used in this instance?

4. HYPOTHESIS TESTING

As seen in the last two sections, the effect of various assumptions regarding
lagged dependent variables, heteroscedasticity, or autocorrelated errors is to
alter the form of the variance estimator ¥ without affecting the form of the
estimator §. Thus, each estimator can be regarded as, at most, a simplified
version of the general estimator proposed in Section 5 of Chapter 7, and in
consequence the theory of hypothesis testing presented in Section 6 of
Chapter 7 applies to all of them. This being the case, here we can lump the
preceding estimation procedures together and accept the following as the
generic description of the hypothesis testing problem.
Attention is restricted to the first M equations

qa,(y,,.x,,0a°)=em t=12,....n a=1,2,.... M

of some system. Let § be a p-vector containing the nonredundant parame-
ters in the set 8,,4,,...,8,,, and let

a1y, x,0,) €y

, X, 8,
a(y, x,8) = ?z()’x ) o= e:z
qM(y!xsaM) €

To estimate #°, one chooses a K-vector of instrumental variables z, of the
form

z,=2(x,)
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(recall that x, can include lagged endogenous and exogenous variables), one
constructs the sample moments

1
== ; m(y,, x,,6)
with
(¥, x,,8)z,
m(y, x,,0)=q(y,x,0)®z = fh(y,,x,,02)z,
MK ;IM(Y:9x:s Oy) 2, 1
and one estimates 8° by the value § that minimizes
5(6,7) = [nm,(0))V*[nm,(0)]
where V is some consistent estimate of
V= ‘f{[nm"(Oo)], [nm,,(0°)]'}.
The estimated variance-covariance matrix of § is
n , n -1
C= [( 'g,lQ(y,, x,0)® z,) V"(E:IQ(y,, x,0)® z,)]
where
2(y. x,,8) = ;;%—:q(y,, x,8).
The Gauss-Newton correction vector is

D(8.V) = - [( 5 0(yx6) ® )V( % 0(3 x,.0) @ )]

t=1 tel

x[( i Q(yl’ x!’ 0) ® Z,)’V"l( i q(y{’ x!’a) ® zt)]'

t=1 (=1

With this as a backdrop, interest centers in testing a hypothesis that can
be expressed either as a parametric restriction

H:h(8°% =0 against A:h(8° =0
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or as a functional dependence
H:0°=g(p°) for some p® against A:8°+ g(p) for anyp.

Here, h(#) maps R? into R? with Jacobian
0
H(8) = Wh(ﬂ)

which is assumed to be continuous with rank ¢; g(p) maps R’ into R? and
has Jacobian

d
G(p) = 778(r).
The Jacobians are of order ¢ by p for H(#) and p by r for G(p); we
assume that p = r + g, and from h[g(p)] = 0 we have H[g(p)]G(p) = 0.
For complete details, see Section 6 of Chapter 3. Let us illustrate with the
example.

EXAMPLE 1 (Continued). Recall that

01 + 02r1 + 03"2 + 04’3 - (02 + 03 + 0‘)}’3

. yl—ln..l +0‘r‘+07r2+08f3“(04+07+08)y3
q(y, x,0) = ' 8, + O,r, + Ory + 8,1y — (0, + 8, + 8,) y,
Y2 —148,r, + 0,5, + O,r; — (04 + 8, + 03))"3

with

6= (01’ 6,,0,,0,, 05’ 0(” 6, as)'-

The hypothesis of homogeneity (see Section 4 of Chapter 5) may be written
as the parametric restriction

0,+6,+0,
h(8)=|0,+8,+0,| =0
8, + 0, + 6
with Jacobian
0 111 0 0 0 O
H@8)=10 0 1 0 0 1 1 ©
0 06 01 0 0 1 1



HYPOTHESIS TESTING 455

or, equivalently, as the functional dependence

9, 6, P
8, ~0, ~ 8, TP P
6, o, P2
6, 0, P
0 = = = =
6, 6, 0. g(p)
65 ‘07“‘03 —Ps ~ P2
6, 8, Os
by —0,~ 0, —Ps ~ Py
with Jacobian
1 0 0 0 0
60 -1 -1 ¢ 0
0 1 0 0 ¢
=~ 10 0 1 0 0
Ged=1lp o o1 of =
0 -1 0 0 -1
0 0 0 0 1
0 ¢ -1 0 -1

The Wald test statistic for the hypothesis
H:h(8°) =0 against A:h(8°)+0
is
W= h(ACH) 'h

where & = h(#), H(0) = (3/36)h(8), and H = H(f). One rejects the
hypothesis

H:h(8°) =0

when W exceeds the upper a X 100% critical point x2 of the chi-square
distribution with ¢ degrees of freedom; x2 = (x2)7'(1 — «, ¢).

Under the alternative 4 : h(8°) # 0, the Wald test statistic is approxi-
mately distributed as the noncentral chi-square with g degrees of freedom
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and noncentrality parameter

A = HEOHENC(O) H (6°)] “'h(6°)

where

C= 2 e[o(y, x,,8°) ® Z(x,)]'V!

=1
-1

X i‘[Q(}’n Xy 00) ® Z(xr)}

=1

m(8) = 1 T a(3,%,.8) ® 2(x,)

t=1

V= ‘f{[nm"(Oo)], [nm,,(ﬂo)]'}
3
Q(YH Xys 0) = Wq(yv Xy 0)-
Note, in the formulas above, that if x, is random, then the expectation is
10y, X, 0°) ® Z(x))], not &[Q(y, x,,8°)] ® Z(x,). If there are no

lagged dependent variables (and the analysis is conditional), these two
expectations will be the same.

EXAMPLE 1 (Continued). Code to compute the Wald test statistic
W= h(HCH) 'k
for the hypothesis of homogeneity

8, + 0, + 6,
h(@)=|6,+6+6,|=0
8, + 0, + 6,

is shown in Figure 3. The nonlinear three stage least squares estimators )
and C are computed using the same code as in Figure 1 of Section 3. The
computed values are passed to PROC MATRIX, where the value

W=1301278 (from Fig 3)

is computed using straightforward algebra. Since (x?)~'(.95, 3) = 7.815, the
hypothesis is accepted at the 5% level.
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SAS Statements:

PROC MODEL OUT=MODO1;

ENDOGENDUS Y1 Y2 Y3;

EXOGENOUS R1 R2 R3 DO Ot 02 D3 D4 05 D6 D7 08 D9 D10 D11 D12 D13;

PARMS TV T2 T3 T4 756 V6 T7 T8 CO CY C2 C3 C4 C5 C8 C7 C8 C9 C10 CtY C12 C13;

PEAK= T14T2*R1+TI*R2+TA*R3I-(T24T3+T4)*Y3;

INTER=TS5+TI*R1+TE*R2+TT*RI-(TI+TE+TT ) *Y3;

BASEw ~1+4T4*RI+TT*R2+TO*R3I- (TA+TT+T8)*Y3;

Y1=LOG(PEAK/BASE); Y2sLOG(IMTER/BASE);

Y3=00*CO+D1RC14D27C24D3*#CI+DANCA+DEACE+DECE4DTATT+DOYCH+DI*CI+D10*C104D11%C 11
«D124%C12+D13%C13;

PROC SYSNLIN DATA=EGO1 MODEL=MODO1 N3ISLS METHOD=GAUSS MAXIT=S50 CONVERGE=1.E-8
SDATA=IDENTITY QUTS=SHAT QUTEST=TSHARP;

INSTRUMENTS RY R2 R3 DO D1 D02 03 D4 DS 06 D7 D8 D9 D10 D11 D12 D13 / NOINT;

FIT YV Y2 START = (T1 -2.98 T2 -1.16 73 0.787 T4 0.353 75 -1.51 V6 -1.00

T7 0.054 T8 -0.474);

PROC SYSNLIN DATA=EGO1 MODEL=MODO1 N3SLS METHODeGAUSS MAXIT«60 CONVERGE=1.E-8
SDATA=SHAT ESTDATA=TSHARP OUTEST=WORKOY COVOUT;

INSTRUMENTS Rt R2 R3 DO D1 D2 D3 04 D5 06 D7 D8 D9 D10 D11 D12 D13 / NOINT;

FIT ¥t Y2;

PROC MATRIX; FETCH W DATASWORKO1(KEEP =« TV T2 T3 T4 76 T6 T7 T8);
THAT=MW(1,)'; CHAT=W(2:9,);

H=0 1 1 10000/00100110/000100°1 1;

WaTHAT " WH* R INV{HACHATAH' JXHRTHAT; PRINT W;

Output:
SAS -]
w coLt
ROW? 3.01278

Figure 3. Nllustration of Wald test computations with Example 1.

In Section 4 of Chapter S, using the multivariate least squares estimator,
the hypothesis was rejected. The conflicting results are due to the larger
estimated variance with which the three stage least squares estimator is
computed with these data, as one would expect from Tauchen’s (1986)
work. As remarked earlier, the multivariate least squares estimator is
computed from higher quality data than the three stage least squares
estimator in this instance, so that the multivariate least squares results are
more credible. 0

Let 4 denote the value of 6 that minimizes S(#, V) subject to k() = 0.
Equivalently, let 3 denote the value of p that achieves the unconstrained
minimum of S[g(p), V), and put § = g(p). The “likelihood ratio” test
statistic for the hypothesis

H:h(8%) =0 against A:h(8°) #0
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is
L=S(8,V)~S(4,V).
It is essential that P be the same matrix in both terms on the right hand
side; they must be exactly the same, not just “asymptotically equivalent.”
One rejects H: h(6°) = 0 when L exceeds the upper a X 100% critical
point x2 of the chi-square distribution with g degrees of freedom; x2 =

(x)7'1 ~ a, q).
Let 8* denote the value of 8 that minimizes

$%8,V) = [n&m,(6)) V' [&m,(6)]
subject to
h(8) = 0.

Equivalently, let p° denote the value of p that achieves the unconstrained
minimum of S° g(p), V], and put 8* = g(p°).

Under the alternative, A : h(8°%) # 0, the “likelihood ratio” test statistic
L is approximately distributed as the noncentral chi-square with ¢ degrees
of freedom and noncentrality parameter

A= %( ilé"[q(y., x,0% @ Z(x.)])’V"‘( Zn:lf[Q(y., x, 0%) ® Z(x,)])

x JVH'(HJ‘H'YHI !

*{ £ 610005087 8 2:))| V| £ elatrx. 0% 0 2(:)))

t=1

where
V= €{[nm, ()], [nm,(89)]')

0(5 %, 8) = 37a(y, x,,0)
7| Eelotn .0 21|

=1

X V"( )z:ld’[Q(y,, x,0%) @ Z(X:)])

H = H(8%) = 55:h(6%).
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Alternative expressions for A can be obtained using Taylor’s theorem and
the relationship H'(HJ 'H) " 'H = J — JG(G'JG) 'G’J from Section 6 of
Chapter 3; see Gallant and Jorgenson (1979).

EXAMPLE 1 (Continued). The hypothesis of homogeneity in the model

0, + 0,5, +0,,+0,r;—(8,+0,+8,)y,
~1 4+ 0,r, + 0,1, + Ogr, — (6, + 0, + 6;) y,
O+ Ory + Ory + 0,1 — (6, + 0, + 6,) yy
—1 40, + 6,0, + bgry— (0, + 6, + 6;) y,

h-— ln
q(y, x,0) =

y;— In

can be expressed as the functional dependence

8, 8, Py
0, —0, - 0, ~ Py P
0, 0, P2
b, b4 [
b= 0 - b - 04 = 8(p).
0 —8, - 6 TP T P2
0, 0, Ps
b, —b,— 8, —Ps — Py

Minimization of S[g{p), l7] as shown in Figure 4 gives
S(4,V) = 38.34820  (from Fig. 4)
and we have
S(f,V) =3496403  (from Fig. 1)
from Figure 1 of Section 2. Thus
L=2S(4,7)~5(6,7V)

= 38.34820 — 34.96403
= 3.38417.

Since (x?)~1(.95; 3) = 7.815, the hypothesis is accepted at the 5% level.
Notes in Figures 1 and 4 that V is computed the same. As mentioned
several times, the test is invalid if care is not taken to be certain that this is
SO.
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SAS Statements:

PROC MODEL CUT=MODO02;

ENDOGENOUS Y1 Y2 Y3;

EXOGENOUS R1 R2 R3 0O D1 D2 03 04 D6 D6 D7 D8 09 D10 D11 D12 D13;

PARMS RO1 RO2 ROJ RO4 ROS CO C1 €2 C3 C4 C5 C6 CT7T €8 C3 C10 C11 C12 C13;

T1=R01; T2=-R02-RO3; T3I=RO2; T4=R0OI; TEaR04; T6=-RO5-R02; TT=ROS5; T8=-RO5-RO3;

PEAK= T1+4T2%R1+TIMR2¢TAMRI-(T24TI+T4)*Y3;

INTER=TE+4TI*R1+T6AR2+4TTARI- (TI+T6+TT)*Y3;

BASE= ~1+T4*RI+TT*R2+TERI-(T4+TT+T8)*YI;

Y1=LOG(PEAK/BASE): Y2=LOG({INTER/BASE);

Y3=DOACO+01#C 1 +02%C24D3WCI+DARCA+DEXCE+DEXCE+DTHCT +DEACH+DINCI+DI10*C10+DI1%C 1Y
+D12*C12+D1I*CI3;

PROC SYSNLIN DATA=EGO1 MODEL=MODO2 N3ISLS METHOD=QAUSS MAXIT=50 CONVERGE=1.E-8

SDATA=SHAT;
INSTRUMENTS R1 R2 R3 DO D1 02 D3 D4 D5 D8 D7 08 D9 D10 D11 D12 D13 / NOINT;
FIT Y1 Y2 START = (RO1 -3 RO2 .8 RO3 .4 RO4 -1,5 ROS ,03);

Output:
SAS 8

NONL INEAR 3SLS PARAMETER ESTIMATES

APPROX. 'T'  APPROX.
PARAMETER  ESTIMATE STO ERROR RATIO PROB>!TY
RO? -2.66873 0.17608 -15.14 0.0001
RO2 0.84953 0.06641 12.79 0.0001
RO3 0.37691 0.02686 13.99 0.0001
RO4 -1.56638 0.07770 -20.16 0.0001
RO5 0.06129 0.03408 1.80 0.0736
NUMBER OF OBSERVATIONS STATISTICS FOR SYSTEM
USED 220 OBJECTIVE 0.17431
MISSING 4 OBJECTIVEAN  38.34820

COVARIANCE OF RESIDUALS MATRIX USED FOR ESTIMATION

S Yi Y2
Y1 0.171569 0.0967%
Y2 0.09675 0.09545

Figure 4. Example 1 fitted by nonlincar threc stage least squares, homogeneity imposed.

The Lagrange multiplier test is most apt to be used when the constrained
estimator § is much easier to compute than the unconstrained estimator é
so it is somewhat unreasonable to expect that a variance estimate 1%
computed from unconstrained residuals will be available. Accordingly, let

n
§* = argminS|8,1® Y 2,2,
R(8)=0 =1
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If the model is a pure regression situation, put

- 12 _ _ n
V=% Xaly,x.6*)q(y. x,,6*)| @ L z:;

t=1 t=1

461

if the model is the regression situation with heteroscedastic errors, put

V= ZI[Q()'H Xes 5*) ® z:”‘l()’w Xy 0.") ® Z!]';
P

or if the model is dynamic, put

V=nS

n
where, letting /(n) denote the integer nearest n'/3,

i(n)
~ T -
= 1-§(n)w(l(") )SM
1-6x2+6)x> 0<x<}
(x) = 3
2(1 - |x)) lsxx<i

2% (a0 %0 %) © 2)[a(3err %,0n 6%) © 2, )

t=l+7

Sue =
(8, -+)

d = argminS(8, V).
h(8)=0

The Gauss-Newton step away from ] (presumably) toward 4 is
b =D(4, V).
The Lagrange multiplier test statistic for the hypothesis

H:h(8°) =0 against A:h(6°) %0

720

T <0,
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is
R = D'JD
where
n - / n .
J= (Z‘,IQ(y,, X, f) ® z,) V“‘(lZlQ(y,, X, 0') ®z|.

One rejects H: h(8°) = 0 when R exceeds the upper a X 100% critical
point x2 of the chi-square distribution with g degrees of freedom; x2 =

(x)7'1 ~a,9)
The approximate nonnull distribution of the Lagrange multiplier test
statistic is the same as the nonnull distribution of the “likelihood ratio” test

statistic.

EXAMPLE 1 (Continued). The computations for the Lagrange muiti-
plier test of homogeneity are shown in Figure 5. As in Figure 4, PrROC
MODEL defines the model g{y, x, g(p)]. In Figure 5, the first use of PROC
SYSNLIN computes

p* = argmin (g(P)J@ 22.2{)

4 t=1

. 12 ~ n
7= (% £ a5 00 (56| @ L

tm=1 (=1
where
6* = g(5*).
The second use of PROC SYSNLIN computes

p = argmin S[g(p), V].
P

The subsequence DATA W01 statement computes
ql = q(y“ xly 9’)
~ aJ =
Q.= Wq(yn X é')

where

§ = g(5).
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SAS Statements:

PROC MODEL OUT=MOD02;

ENCOGENOUS Y1 Y2 Y3,

EXOGENOUS R1 R2 R3 DO D1 02 03 D4 D5 D6 D7 D& D9 D10 D11 D12 DI3;

PARMS RO1 RO2 ROJ RO4 RO5 CO CV C2 C3 C4 C5 C6 C7 C8 C9 C10 €11 C12 C13;

T1=RO1; T2=-RO2-R03; T3=R0Z; T4=RO3; T5=RO4; T6=-RO5-RO2; T7T=RO5; TB=-ROS-RO3;

PEAK= T1+T2#R1eTIHR24TAMRI-(T2¢TI¢TA)NY3;

INTER=TS+T3#R14T6AR2+ TTHRI- (T3+T6+TT)*Y3;

BASEs -1¢TAYRI+TT*A24TENRI-(T4+TT4T8)*Y3;

Y1=LOG(PEAK/BASE); Y2=LOG(INTER/BASE);

Y3=DORCO+D1*C14D2*C2+DINCI+O4NCA+DENCS 4DERCE+DTHCT +DB*CE+DI*C+DI10*C104D1 1¥C1 1
+D12%C124D13%C13;

PROC SYSNLIN DATA=EGOY MODEL=MODO2 N3SLS METHOD=GAUSS MAXIT=30 CONVERGE=1.E-8
SDATA=IDENTITY QUTSsSTILDE QUTEST=TSHARP;

INSTRUMENTS RY R2 R3 DO D) D2 03 D4 D5 D6 D7 D8 09 D10 D11 D12 D13 / NOINT;

FIT Y1 Y2 START = (ROY -3 ROZ .8 RO3 .4 RO4 -1.5 ROS .03);

PROC SYSNLIN DATA=EGO1 MODEL=MODO2 N3SLS METHOD=GAUSS MAXIT=50 CONVERQEs1.E-7
SDATA=STILOE ESTDATA=TSHARP OUTESTsRHOMAT;

INSTRUMENTS R1 R2 R3 DO DY D2 D3 D4 05 D8 D7 D8 D9 D10 D11 D12 D13 / NOINT;

FIT YV v2;

DATA W01; 1IF _N_=1 THEN SET RHOMAT; SET EGO1; RETAIN RO1-ROS;

T1=ROY; T2=-RO2-RO3I: T3=R0O2; T4=RO3; V5=R04; T6=-RO5-RO2; T7aROS; T8=-ROS-RO3;
PEAKs T1+T2*R1+TI*R2¢TA%RI-(T2+T3+T4)*Y3;
INTERuTE4TIARISTEMR24TTHRI-(T3+T6+TT)RY3;

BASEs -T+TAMRI+TTARZ+TEARI- (T4+TT+T8)*Y3;

Qi=Y1-LOG(PEAK/BASE); Q2~Y2-LOG(INTER/BASE);

DQ1T1=-1/PEAK; 0Q271=0;

0Q1T2=-({R1-Y3)/PEAK; 0DQ27220;

0Q1T3=-({R2-Y3)/PEAK; DQ2T3=-(R1-Y3)/INTER;
DQ1T4=-(R3I-Y3)/PEAK+(R1-Y3)/BASE; DQ2T4=(R1-Y3)/BASE;

DQ1T8=0; 0Q2T6x-1/INTER;

DQ1T6=0; 0Q276=-(R2-Y3)/INTER;
DQITT=(R2-Y3) /BASE; DQ2T7=~(R3-Y3)/INTER+(R2-Y3) /BASE;
DQ1T8=(R3-Y3)/BASE; 0Q2T8=(R3-Y3) /BASE;

IF NMISS(OF DO-D13) > O THEN DELETE;
KEEP Q1 Q2 DQ1T1-0Q1T8 DQ2T1-DQ2T8 R1-R3 00-D13;

Figure 5. Tlustration of Lagrange multiplier test computations with Example 1.

Finally PROC MATRIX is used to compute
n ’ n
J= ( ZQ.@’Z.) V"(ZQ,QZ.
te=] (=1
57 Lo.ex)7(La0s)
=1 te1
and
R=DJD
= 3.36375  (from Fig. 5).
Since (x?)7!(.95, 3) = 7.815, the hypothesis is accepted at the 5% level. O
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PROC MATRIX;

FETCH Q1 DATA=WO1(KEEP=Q1); FETCH DQ1 DATAsWO1(KEEP=DQIT1-DQ178);
FETCH Q2 DATA«WO1({KEEP=Q2); FETCH DQ2 DATA«WO1(XEEP=DQ2T1-0Q278);
FETCH Z DATAsWO1(KEEP=R1-R3 DO-D13); FETCH STILDE DATA=STILOE(KEEP=Y1 Y2);
M=J(34,1,0); DELM=J(34,8,0); V=J(34,34,0);

DO T=1 TO 220;

QV=Q1(T,)//Q2(T,); DELQT=OQI(T,)//0Q2(T,};

MY = QV @ Z(T,)'; DELMT = DELQT @ Z2(T7,)°':

M=M+MT;: DELMsDELM+DELNT; VaV+STILDE @ (Z(T,)'*2(7.}):

END;

CHAT®INV(DELM' XINV(V)*DELM); O=-CHAT*DELM'*INV(V)*M;
Re0'*INV(CHAT)*D; PRINT R;

Output:
SAS 8

R cot1

ROW1 3.36375
Figure 8. (Continued).

There is one other test that is commonly used in connection with three
stage least squares and generalized method of moments estimation, called
the test of the overidentifying restrictions. The terminology is a holdover
from the linear case; the test is a model specification test. The idea is that
certain linear combinations of the rows of Vn mn(é\) are asymptotically
normally distributed with zero mean if the model is correctly specified. The
estimator § is the minimizer of S(8, V'), so it must satisfy the restriction
that [(3/88)m (8)YV"'m, (8) = 0. This is equivalent to a statement that

[Vam, ()] - #H=0

for some full rank matrix H of order MK — p by MK that has rows which
are orthogonal to the rows of [(d/ 360)m (6)'V~'. This fact and arguments
similar to either Theorem 13 of Chapter 3 or Theorem 14 of Chapter 7 lead
to the conclusion that vn m,,(§ ) is asymptotically distributed as the singular
normal with a rank MK — p variance-covariance matrix. This fact and
arguments similar to the proof of Theorem 14 of Chapter 3 or Theorem 16
of Chapter 7 lead to the conclusion that S(8, V) is asymptotically distrib-
uted as a chi-square random variable with MK — p degrees of freedom
under the hypothesis that the model is correctly specified.

One rejects the hypothesis that the model is correctly specified when
S(8, V) exceeds the upper a X 100% critical point x2 of the chi-square
distribution with MK — p degrees of freedom; x2 = (x2)"'1 - a,
MK ~ p).
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EXAMPLES 1,2 (Continued). In Example 1 we have
S(6,V) = 34.96403 (from Fig. 1)
MK—-p=2x17-8=26 (from Fig.1)
(x?)7'(.95,26) = 38.885
and the model specification is accepted. In Example 2 we have
S(4,7) = 1.05692 (from Fig. 2)
MK—-p=1x3-2=1  (fromFig.2)
(x2)7'(.95,1) = 3.841

and the model specification is accepted. a

PROBLEMS

1. Use Theorem 12 of Chapter 7 and the expressions given in the example
of Section 5 of Chapter 7 to derive the Wald test statistic.

2. Use Theorem 15 of Chapter 7 and the expressions given in the example
of Section 5 of Chapter 7 to derive the “likelihood ratio” test statistic.

3. Use Theorem 16 of Chapter 7 and the expressions given in the example
of Section 5 of Chapter 7 to derive the Lagrange multiplier test statistic
in the form

R = D'H'(Hi'\H") ' HD.
Use
H(HI /) 'A = J - JG(GJTG) '6J
3‘% [S(,V) + @h(6)]) =0  for some Lagrange multiplier fi
and HG = 0 to put the statistic in the form
R =D'JD.
5. MAXIMUM LIKELTHOOD ESTIMATION

The simplest case, and the one that we consider first, is the regression case
where the errors are independently distributed, no lagged dependent vari-
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ables are used as explanatory variables, and the analysis is conditional on
the explanatory variables.

The setup is the same as in Section 2. Multivariate responses j,,
L-vectors, are assumed to be determined by k-dimensional independent
variables x, according to the system of simultaneous equations

Gy %,00) =e, a=1,2,...,L t=12,...,n

where each ¢,(y, x, 8,) is a real valued function, each 82 is a p,-dimen-
sional vector of unknown parameters, and the e,, represent unobservable
observational or experimental errors.

All the equations of the system are used in estimation, so that, according
to the notational conventions adopted in Section 2, M = L and

a(y, x, 8,) e,
a(y, x,8) = ?z(y’ x, 6,) o= f’z
;IM(ersau) ;‘M
(¥ x,, 8,) €1
a(3, x,,8) = ‘:12()’nxn02) ¢, = fz:
;1M(y,,x,,0”) ‘;Mc

where 8 is a p-vector containing the nonredundant elements of the parame-
ter vectors 0,, a = 1,2,..., M. The error vectors e, are independently and
identically distributed with common density p(e|s®), where o is an
r-vector. The functional form p(e|o) of the error distribution is assumed
to be known. In the event that something such as Q(y,, x,, 8) = u, with
p(u,) = p(u,|x, 1,0) is envisaged, one often can find a transformation
¥ (@, x,, ) which will put the model

q()’n Xygs 0) = 4’[Q(.yv X B)- X¢s 7] = 4’(“1’ T) =€,
into a form that has p,(e,) = p(e,| o) where 8 = (8, 7).

Usually normality is assumed in applications, which we indicate by
writing n(e | o) for p(e|a), where o denotes the unique elements of

Z= ?(e,, et’)
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viz.
o= ("u» 01216225 013,023, 033, - > Oy pgs Oapgs oo Opgpg )

Let £ = Z(0) denote the mapping of this vector back to the original matrix
Z. With these conventions, the functional form of n(e|a) is

n(ejo) = (27) ¥ det[=(0)] ~l/zcxp{ —1e’'[2(0)] e}

The assumption that the functional form of p(e|o) must be known is
the main impediment to the use of maximum likelihood methods. Unlike
the multivariate least squares case, where a normality assumption does not
upset the robustness of validity of the asymptotics, with an implicit model
as considered here an error in specifying p(e| o) can induce serious bias.
The formula for computing the bias is given below, and the issue is
discussed in some detail in the papers by Amemiya (1977, 1982) and
Phillips (1982b).

Given any value of the error vector e from the set of admissible values
& R¥, any value of the vector of independent variables x from the set of
admissible values 2'C R, and any value of the parameter vector § from
the set of admissible values ® C R?, the model

q(y,x,0) =
is assumed to determine y uniquely; if the equations have multiple roots,

there is some rule for determining which solution is meant. This is the same
as stating the model determines a reduced form

y = Y(e, x,8)
mapping € X 2 X 6 onto ¥ C R¥; for each (x, 8) in 2 x 6 the mapping
Y(-,x,0): 6> %
is assumed to be one to one, onto. It is to be emphasized that while a
reduced form must exist, it is not necessary to find it analytically or even to

be able to compute it numerically in applications.
These assumptions imply the existence of a conditional density on &

p(71x,0,0) =|detzira(7. %.0)|pla(y. x. 0)f].
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A conditional expectation is computed as either
&(T1x) = [T()p(y1x.0,0)
or
#(T1x) = [T[¥(e,x.0)] ple]o) de
whichever is the more convenient.

EXAMPLE 3. Consider the model

6,+1ny +6;x
9(y, x.6) = (03+0‘y1 +y+0x)

The reduced form is

Y(e, x,8) = ( exp(e, — 8, ~ 6,x) )

e~ 0; — Gexp(e, — 6, — 6,x) — Ox

Under normality, the conditional density defined on % = (0, ) X (— 0, ®0)
has the form

p(y)%.6,0) = (21) "'(det )™ S-expl - 403, x, 6)2 (7, x,0)]

where I = Z(o). 0

The normalized, negative log-likelihood is

5u(8,0) = L 3 (<) p(y1x,0,0)

t=1

and the maximum likelihood estimator is the value (4, §) that minimizes
5,(8, 0); that is,

(6,6) = ax(’gmins,,(ﬂ,a)
2 0)
Asymptotically,

/E(é - ”0) ZN,..0,V).

- o°
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Put A = (0, o). Either the inverse of

. 1 &9 . d Y
S = ; Z (ja—x(-l)lnp(y,lx,,f,0))(§-X(—l)lnp(y,lx,, év 0))
or the inverse of
32
F= axgnsa(6.6)
1« 42 ¢
== Z}mp('l)lﬂ p(51x,0,6)
‘-
will estimate V consistently. Suppose that V=4" is used to estimate V.

With these normalization conventions, a 95% confidence interval on the ith
element of # is computed as

i

b+ 2.0257;-

and a 95% confidence interval on the ith element of o is computed as

«jp-kc‘,p-ﬂ'

6, + 2 p—F
i 2o 2
where £/ denotes the ijth element of the inverse of a matrix #, and

z0s = N71(.025;0,1).
Under normality

5,(8,0) = const - ;lt- Y In
r=1

detgg—,q(y,, x, 0)' + 4Indet Z(o)

a1y ,
a2 1 £ gl 2000 50
t=-1
Define
d
J(y, x,0) = '5');74(}% x,0).

Using the relations (Problem 4, Section 5, Chapter 5)
d -1 0
g Inldet 4(6) | = tr[4(8)] ! 2.4(9)

2120 = = [2()] 2@ [2(e))
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where §; is the ith elementary M(M + 1)/2-vector, and using
(-Din p[y|x,0,0] = const — In|det J(y, x,8)| + iIndet =(o)
+1¢'(y, x,0)[2(0)] "'q(y, x,0)

we have
3.~ ply1x,0.0] = -t (7. %, 001 * 74(7. x.0)]
+q'(y, x,0)[2(a)] 3%4()', x,0)

35 (= Din ply1x,6,0] = hur{[Z(a)] '2(8)

~4q'(y, x, 0)[2(0)] 7' [2(¢))]
x[Z(a)] 'q(y, x,8).

Interest usually centers in the parameter 8, with o regarded as a nuisance
parameter, If

o(0) = argmins, (4, o)

is easy to compute and the “concentrated likelihood”
5,(8) = 5,(8,0(8)]

has a tractable analytic form, then alternative formulas may be used. They
are as follows.
The maximum likelihood estimators are computed as

6 = argmins, ()
¢
é = a(f)

and these will, of course, be the same numerical values that would obtain
from a direct minimization of s,(8, g). Partition # as

JOU ‘,Oa p rows
’= (";0 "oa)

P r
cols cols

r rows
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Partition V similarly, With these partitionings, the following relationship
holds (Rao, 1973, p. 33):

- -1
VOO = ("00 - Jﬂo‘,aal"io) .
We have from above that, asymptotically,
¥
Vn (6 - 8°) > N,(0, Vyy).

One can show (Problem 6) that either

#= 3 L (gt ol b.o(O]) 550 o, 60O

I
or

82

£- 300 ’sn(é)
Ly 2 6,0(d
=% 213‘93'97(-1)111 plylx. 6, e(6)]

-

will estimate
S19 — F9a550Tus

consistently. Thus, either #~! or #~! may be used to estimate V,,. Note

that it is necessary to compute a total derivative in the formulas above; for
example,

757 (= D)in p[y|x. 8, 0(0)]
-1
= POIx69)

d ad d
(3572 (r1%.6.0) + 7P (y1x.8,0)ggr0(8)

o—u(@).

Suppose that ¥,y = #! is used to estimate V,,. With these normalization
conventions, a 95% confidence interval on the ith element of & is computed
as

it

0.' t onzs"‘"/;—_
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where X'/ denotes the ijth element of the inverse of the matrix X°, and
Z 25 = N- 1(.025; 0, 1)-
Under normality,

n
5,(8, 0) = const — % Yin
t=1

detg%;q(y,,x,,O)! + Jindet (o)

3 (2™ 3 X 0l 50 00 5,))
which implies that
2(0) = 2(a(0)] = 7 T 203 2,000 (3 5,.0)
whence

1 < d
s.(8) =const — ~ ¥ In deth(y,, x,,0)

t=1

1 n
+iindet— X ¢(y;, x,, 0)¢'( 5, x,, 8).

fo=1
Using the relations (Problem 4, Section 5, Chapter 5)
Frinldet A(8)| = 1 [A(8)] ™" o7 A(8),
B0 = - (201 520 (2(0)]
and
(- n p[y|x, 0, 0(8)] = const — In|det J(y, x, 8}
+4Indet 2(8) + 4q'(y, x, 0)

x[Z(8)] "q(», x,6)
we have

2. (~Din p(yix.0,0(0)]
= —tr([.l(y, x, 0]t 5%:"(}" x, 0))
+ 4 (20 5 20)) (1 - (360 a7, 5.004(5.5.0))

+q'(y, %, 0)[Z(0)] " Fya(y. x.0)
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where
9 2 ¢ '
76, 2(0) = ;;Eq(y, x,0)5g9(y, x, 6).

In summary, there are four ways that one might compute an estimate V,,
of Vg, the asymptotic variance-covariance matrix of vn (§ — 6°). Either £

or # may be inverted and then partitioned to obtain V,,. or either ¥ or £
may be inverted to obtain V,,

As to computations, the full Newton downhill direction is obtained by
expanding s,(8, o) in a Taylor’s expansion about some trial value of the
parameter A, = (871, 04)"

. d
52(0,0) = 5,(8r,07) + (55407 07) | (A = A)
(82
+4A = A7) (msn(ar, 01))(7\ = Ap).
The minimum of this quadratic equation in A is

a? A
Ay =Ar-— (msn(aT’ "r)) ('3‘):5..(07’ "r))

whence a full Newton step away from the point (8, ¢) and, hopefully,
toward the point A= (§’. ')y 1s

3?2 "3
D(8.9) = ~( 7x355+(8.9)) (7xs.(0.9)
A minimization algorithm incorporating partial step lengths is constructed

along the same lines as the modified Gauss-Newton algorithm, which is
discussed in Section 4 of Chapter 1. Often,

#(0.0) = 1 % (gx(=Dia p(3,1,8.0)

p ,
X(gx(—l)ln p(ylx,8, 0))
can be accepted as an adequate approximation to {(32/3\ dN)s, (6, 0)];

see Problem 5.
To minimize the concentrated likelihood, the same approach leads to

2(8) = - 73550 [ 252.(0))
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as the correction vector and

X (8) = "1;’2::1(3%1“ plrlx,. 6, 0(0)])('{3%11‘ p[y,lx,,G,o(ﬂ)])'

as an approximation to (3%/3830")s,(8).

As remarked ecarlier, the three stage least squares estimator only relies on
moment assumptions for consistent estimation of the model parameters,
whereas maximum likelihood relies on a correct specification of the error
density. To be precise, the maximum likelihood estimator estimates the
minimum of

5(8,0,7°) = % > fg(-l)ln p(y1x,.0,0)p(y1x.7°) dy

t=1

where p(y|x,v°) is the conditional density function of the true data
generating process by Theorem 5 of Chapter 3. When the error density
p(e o) is correctly specified, the model parameters # and the variance ¢ are
estimated consistently by the information inequality (Problem 3). If not, the
model parameters may be estimated consistently in some circumstances
(Phillips, 1982b), but in general they will not be.

Consider testing the hypothesis

H:h{(8°) =0 against A:h(8°) #0

where A(#) maps R?” into R? with Jacobian

d
H(8) = wh(ﬂ)
of order ¢ by p, which is assumed to have rank ¢q. The Wald test statistic is
W = n'(6)[H()Vou H'(8)] "'h(6)
where V,, denotes any of the estimators of V, described above.
Let ¢ denote the minimizer of s,(8, o) or s,(8) = s5,[8, a(8)] subject to
the restriction that h(@) = 0, whichever is the easier to compute. Let ¥y,

denote any one of the four formulas for estimating V4 described above, but
with § replacing ) throughout. The Lagrange multiplier test statistic is

R = n{ 355.(8)) Voo 755,(8))
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The likelihood ratio test statistic is

L =2n[s,(8) - 5,(8)].

In each case, the null hypothesis H: h(8°) = 0 is rejected in favor of the
alternative hypothesis A : h(6°) # 0 when the test statistic exceeds the
upper a X 100 percentage point x2 of a chi-square random variable with g
degrees of freedom; x2 = (x?)"!(1 — a; q). Under the alternative hypothe-
sis, each test statistic is approximately distributed as a noncentral chi-square
random variable with g degrees of freedom and noncentrality parameter

h'(o")[H(o"m;H'(o")] “'h(8°)

A=n

where ¥V}, is computed by inverting and partitioning the matrix
1 ¢ ad
5= 15 [ [ 0m a0

x(Fx (=i p(y1x,,8% %) p(y1x,,0°,0°) .

The results of Chapter 3 justify these statistical methods. The algebraic
relationships needed to reduce the general results of Chapter 3 to the
formulas above are given in the problems. A set of specific regularity
conditions that imply the assumptions of Chapter 3, and a detailed verifica-
tion that this is so, are in Gallant and Holly (1980).

In the dynamic case, the structural model has the same form as above:

q(y,,x,,9°)=e, (‘:1’2"""7)

with ¢(y, x, 8) mapping ¥ X X 8 C R¥ X R* X R? onto #c R and
determining the one to one mapping y = Y(e, x, #) of & onto %¥. Unlike
the regression case, lagged endogenous variables

}Il—l’ .Vt—z"'-» yl—l

may be included as components of x,, and the errors e, may be correlated.
When lagged values are included, we shall assume that the data

Yos V-preees N1y

are available, so that ¢(y,, x,, #) can be evaluated for ¢ = 1,2,..., /. Let #,
denote the elements of x, other than lagged endogenous variables.
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The leading special case is that of independently and identically distrib-
uted errors where the joint density function of the errors and exogenous
variables,

P ns€ntreeer @y Yor ¥ treeos Yits TasTucis-res 1)

has the form

‘_I_IlP(erlo)P()'o’nw .Vl—l)P("nv'-’ "1)-

In this case the likelihood is (Problem 1)

n

Il

t=1

d
detWQ(Yn X¢s U)IP[‘I(yn Xy 0)'“] P()’o;- ) yl—l)p(’m' sy rl)

and the conditional likelihood is

I

=1

d
det 3374030 5 8) |pla(3, 5., 0)lo].

One would rather avoid conditioning on the variables y,, y_q,-.., ¥; -,
because they are not ancillary—their distribution involves 8. However, in
most applications it will not be possible to obtain the density
P{Yos - -+» ¥1 ). Taking logarithms, changing sign, and normalizing leads to
the same sample objective function as above:

5.(8,0) = 1 T (=)in[ p(31x,,0)]

tw]

= %’g(-l)m('det%q(y,,x,,0)'p[4(ynxu9)|°])-

An application of the results of Sections 4 and 6 of Chapter 7 yields the
same statistical methods as above. The algebraic relationships required in
their derivation are sketched out in Problems 3 through 6.

Sometimes models can be transformed to have identically and indepen-
dently distributed errors. One example was given above. As another, if the
errors from u, = Q(y, r,, B) appear to be serially correlated, a plausible
model might be

Q(yn xno) = Q(yn T B) - TQ()’:—U T 1 ﬁ) =U, - TU,_ = e
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with x, = (y,_y, 7, 1,—y) and 8 = (B, 7).

As noted, these statistical methods obtain from an application of the
results listed in Sections 4 and 6 of Chapter 7. Of the assumptions listed in
Chapter 7 that need to be satisfied by a dynamic model, the most suspect is
the assumption of near epoch dependence. Some results in this direction are
given in Problem 2. A detailed discussion of regularity conditions for the
case when g(y, x, 8) = y — f(x, 8) and the errors are normally distributed
is given in Section 4 of Chapter 7. The general flavor of the regularity
conditions is that in addition to the sort of conditions that are required in
the regression case, the model must damp lagged y’s in the sense that for
given r, and @ one should have [{y, || > IIY(0, y,_\.-.., ¥,_p 7, DI

In the general dynamic case, the joint density function

Pl€nsen 1oy Yoseeos Viets s Tacire- s 11 | 0)

can be factored as (Problem 1)

'_Ig[lp(e,le,_l,...,el,r,,....r,,y(,,...,yl_,,o)
XP(Voreror Viets Tar-oor 11, 0).
Letting x, contain r, and as many lagged values of y, as necessary, put
P(yxp X, _yseey X1 Yooy 1o 0, 0)
= det—a-%—,q(y,,x,,O)

xP[q(yu Xy 9)]4(%—1' Xe—1» 0)’ try q(yl’ X1» 0)’

Fesevos Fys Yosoo oo )"1—19‘7]'

Thus, the conditional likelihood is
P()’m---’yll’m-“"b yO!"" yl—-l’o’a)

= I-llp(y:‘xn xl—l"“’xl’ Yor-o» yl—l'a’o);
L

the sample objective function is

1
S,,(a,d) =7 Z (—l)mlp(yrlxnxl—lv-“sxlr .VO"'-'yx—lsoro)];

=1
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and the maximum likelihood estimator is

(é’ 6) = argmins, (8, c).
(€. 0)

A formal application of the results of Section 4 of Chapter 7 yields that
approximately (see Theorem 6 of Chapter 7 for an exact statement)

w00 M 0p)
with
V=g iagt,

# and _# can be estimated using

and
9?2 R
F= sxaws.(0,6)
where /(n) denotes the integer nearest n'/*, and

1-6/x2+6/x}> 0sxx<4
(x) =

2(1 - |xP° lgxs1
1 < J 6 s
n ; (ﬁm[p(yclxt""’xlvyO""’yl—l’ ,0)])
(=1l+r
nr a é\ n ’
X(—‘—?Tln[p(y,_,]x,_,,...,xl, Voseves Vit ,o)]) 720
) r<0

If the model is correctly specified, one can usually show that the
conditional expectation of (3/dA)In p(¥Ix, ..., X1y Yor--or Yi-1n 8% 0%)
given (¥,_,, X,_,s---s X5 Yos - - -» Y1) is zero whence one can take £ = Fos
see Problem 3. Also, using an argument similar to Problem 5, one can
usually take ¥V = £ or # ! if the model is correctly specified.

For testing

H:h(X°) =0 against A:h(X°) +0
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where A = (8, o), the Wald test statistic is (Theorem 12, Chapter 7)

W = nh' (M) HVH’] 'h(R)

with H = (8/dN)h(A). The null hypothesis H: h(A°) = 0 is rejected in
favor of the alternative hypothesis 4: h(A°) # 0 when the test statistic
exceeds the upper a X 100 percentage point x2 of a chi-square random
variable with g degrees of freedom; x2 = (x*)7'(1 — «a; q).

As a consequence of this result, a 95% confidence interval on the ith
element of 8 is computed as

o
b + Z.ozs‘f;“

and a 95% confidence interval on the ith element of o is computed as

where z 5 = ~ (x2) '(.95;1) = N"1(.025;0,1).

Let A = (4, 6) denote the minimizer of s, ()\), subject to the restriction
that A(A) = 0. Let H, £, and ¢ denote the formulas for H, £, and ¢
above, but with A replacing A throughout; put

P =g,

The Lagrange multiplier test statistic is (Theorem 16, Chapter 7)
R= n(ﬂsn(X))j F(BVI) 'AF (—a—xs,,(X)).

Again, the null hypothesis H: h(A%) = 0 is rejected in favor of the alterna-
tive hypothesis 4: h(A%) # 0 when the test statistic exceeds the upper
a X 100 percentage point x2 of a chi-square random variable with g
degrees of freedom; x2 = (x*)~}(1 - a; q).

The likelihood ratio test cannot be used, unless one can show that
S =g, see Theorem 17 of Chapter 7. Formulas for computing the power of
the Wald and Lagrange multiplier tests are given in Theorems 14 and 16 of
Chapter 7, respectively.
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PROBLEMS

This problem set requires a reading of Sections 1 through 3 of Chapter 7
before the problems can be worked.

1

(Derivation of the likelihood in the dynamic case.) Consider the model
gy, x,0°)=¢, t=12,...,n
where
X, = (Yimts Yemzoevs Yeoir 1)
Define the (n + /)M-vectors { and e({) by

€, ( Q(yu’xn’a) Yn
€n-1 q(Yp-15%0-1,8) Yn-1
e(§) = | = ‘I(J’hxba) * =11
eo yo )’0
é1—/ )’1.—1 3’1—1

Show that (3/3¢')e({) has a block upper triangular form, so that

det-—a—e(f) = ﬁdet—a— (3, x,,8)

ar 1L ay'q Yoo X, @)
Show that the joint density function
p(en’en—ls'--’ elr Yos e-s )’1_..[, Ty rn—l?"'t rl)
can be factored as
n
‘I—Ilp(el’el—l""’el’rl""’rl’ yO""’yl—I)

Xp(yo,..., PicisTarevs rl)

and hence that the conditional density

P(Paseos Vil Fuseeos P Youooes Y1)

can be put in the form

n
I_IlP()’:lxn Xeotreoos X103 Yoo s Y112 8).
Iz
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2. (Near epoch dependence.) Consider data generated according to the
nonlinear, implicit model

q(y!’ y{—l’ rnoo):e‘ t=1,2,...
=0 1<0

where y, and e, are univariate. If such a model is well posed, then it
must define y, as a function of y,_,, r,, 8° and e,. That is, there must
exist a reduced form

Y = Y(ev Yi-15 Iys 00)

Assume that Y(e, y, r, §) has a bounded derivative in its first argu-
ment:

d
!ﬁy(e’y’r’o)l <A
and is a contraction mapping in its second:
d
lg)—,Y(e, ¥y, r,B)l <d<1.

Let the errors {e,} be independently and identically distributed, and
set ¢, = 0 for ¢ < 0. With this structure, the underlying data generating
sequence {¥,) described in Section 2 of Chapter 7 is ¥, = (0,0) for
t<0and ¥,= (e, r)fort=12... .Suppose that §° is estimated by
maximum likelihood; that is, # minimizes

1
S"(a) = n Z 3(}’,, y,_,,r,,0)
=1

= ;1,— Y ~nlp(yly-1n.0)]

=1

i

15

t=1

3
det>q( ¥ yi-1. 70 0) pla(r yi-ro 7 0)]

where p(e) is the density of the errors. We have implicitly absorbed the
location and scale parameters of the error density into the definition of

q(Ves Vi 1o ).

Let
©
Z,=4 Z djlel~jl’
Jj=1
R “n p()’t(yx—h r,,0) - lnp(y, + hl)l)’:—l + hl’ rl’o)l
¢ = Sup

tho + Ayl
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where the supremum is taken over the set
A, = {(hy, h,0):\h)<s Z,_, 0€8).
Assume that for some p > 4
llesli, < B < o0

IR, < B < oo,

Show that this situation satisfies the hypothesis of Proposition 1 of
Chapter 7 by supplying the missing details in the following argument.
Define a predictor of y, of the form

ﬁls,m = )",(V‘, Vt—l"' ° Vl—m)

as follows:
=0 t<0
7=Y(0,5_,,1.6°)  0<:
Iom=7 s < max(t — m,0)

Pim=Yle, 9575, 7,0°)  max(¢e-m,0)<s<1.

t.m

By Taylor’s theorem, there are intermediate points such that for r > 0
by, = 5l =|Y(e, yio1, 7, 8°) = (0, 5,_,, 7, 8°)|

a = =
<7 Y(é,, 31,1 0%)e,

d = = =
+ "a—y‘ Y(el’ )’,_1, Iy 00)()’I—X - YI"X)’

s d'yl—l - )71—1‘ + Alerf
s dzly:—2 - j;l-ll + dA!el~ll + A|e,|

-1

Ssdly=-Jl+A Y djle:—jl
Jj=0

—1

=A4) dle,_.

J=0
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For m > 0 and ¢t — m > 0 the same type of argument yields

1= 9wl =Y (ess yeys 1. 0°) = Yle,, 5130 7,, 6°) |

a = Ar—
sl?ﬁ Y(e), Yiors 70 8° Wiy = 9020)

s db’:-x - yrr'—;”l l

< dmlyl-—m - ﬁr’,.;um
= dm‘yt-—m - E—m!
t—-m-—1 )
=Ad"™ Y dlle,_,,_,l
j=0

where the last inequality obtains by substituting the bound for |y, — y|
obtained previously. For t — m < 0 we have

IYJ -ﬁt’,ml = dm*")’o - yOl = 0.

In either event,

t-m-—1
: BA4™
Wy = i mll, < 447 2:0 dlle,m My < T—7-
j=
Letting
u’t = (yu y(—l’ rc)
ﬁ’tim = (ﬁl',m’ ﬁ’l';l’ I',)
k
jaj= Y la) (fora inR*)
iml
we have
l n
sn(o) = ;l' Z g{("’t! 0)
(=1
with
g(W,0) = ~In p(y.| y-1, 1, 0).
Fort=1

Igl(”,l’ 0) - gt(ﬁ,t’—m’a)l < R!!u/l - Pf/"_ml
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Letting g = p/(p + 1) <p, r =p/2 > 4, and

B(W,,W',) =R,

we have

1B(W, W), s (0 +1RNZ)Y < (1 + BP) < oo

| B8(w, W W, - Wil <|B(W, #e )0 1w~ W,
B2BAd™
STT-a <

o= sup] W~ W], < 320 <o

The rate at which %, falls off with m is exponential, since d <1,
whence 7, is of size —g(r — 1)/(r — 2). Thus all the conditions of
Proposition 1 are satisfied.

(Information inequality.) Consider the case where the joint density
function of the errors and exogenous variables

P €n € rseer € Yos Yorseeos Vicis Far Tacts- s T1)

has the form

1 PICIDTICOEA TR
and let
p(3,12,A) =det (i, 0 |pla3i, .. 0]

Assume that p(y|x, A) is strictly positive and continuous on ¥. Put

u(y,x) =1t p(yix,A\) —np(yix, \°)

and supply the missing details in the following argument. By Jensen’s
inequality

exp[[a(u(y,x)p(ylx, A%) dy] < 'f;“"""p(ylx, A°) dy

= fp(y!x,?\)dy= 1.
¥
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The inequality is strict unless u(y, x) = 0 for every y. This implies that

L= p(r 12 M) p(y1x, X) dy

> L(—l)lnp(ylx,k°)p(y|x, 2°) dy

for every A for which p(y|x, A) # p(y|x, A°) for some y.

4. (Expectation of the score) Use Problem 3 to show that if
(3/3N)/(—Dlin p(y|x, A)p(y|x, A%) dy exists, then it is zero at A =
A, Show that if Assumptions 1 though 6 of Chapter 7 are satisfied, then

0= [(Fx(-Dinp(rixN)p(rix )|

x)

S. (Equality of # and #.) Under the same setup as Problem 3, derive the
identity

a2
P ylx, MaxaxrUlx A)

32
= axlalenp()'[x)\)
a d
+ m.lnp(ylx,)\) aA,lnP()"lx’)\) .
i J
Let £, denote the ith elementary vector. Justify the following steps:

Lp-‘[y(e, x,0)|x, A](m%x;p[}’(e, x,08)|x, ?\])p(e |o) de

limh™ [ o7 (1 M[(3/8,)p(y 1%, A + ht,)

=(3/37,)p(¥1x, M) p(y]x,A) dy
= lima~t [ p=(y1x, M[(3/03)p(y1x, A + 4]
xp(y|x,\)dy

a
— Yo A=t
= limh Lm—jp(ylx,?\’rh&)dy

= LmA-? [ -2
= mh j;ja—x;lﬂlp(ﬂx,?\"'hfi)]

Xp(y|x, A+ h¢,)dy

= limh™'.0=0.
h—0
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This implies that

Yor--sVicp Byr-oonn = 0.

_ 9?2
£lp l()’:lxn )\)mp(}’t‘xn A)

(Derivation of X and .#.) Under the same setup as Problem 3, obtain
the identity

a2 d
+ 7= u,s,,[ﬂ, o(9)] Wa(ﬂ)

62
0= msn(a,o)

oma(d)
and use it to show that

32 32
Ws,,[o,o(O)] =283 75,(0,06)

a=a(f)

a? a2 -1
(77775400, 9))(goga74(8.9))

2
x( gaggsn6.9))
=20 = Foo( Fos) "' Fr.

o=a(f)

Obtain the identity

%ln plyix.0,0(0)] = —‘%ln p(yix,0,0)

o=0(8)

S0 So) " 0 p(y1x,8,0)

0—0(0)'

Approximate 5,, and S,, by %, and £, and use the resuiting
expression to show that

% % (330 2l 8.0(0)])( 750 £l 0.0(0)])

= Sge — foo(v’;o) _l“‘oﬂ‘
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CHAPTER7

A Unified Asymptotic Theory
for Dynamic Nonlinear Models

The statistical analysis of dynamic nonlinear models, for instance a mode!
such as

Vo= f(Yor, x,,0°) +e, t=0,%1,%2,...

with serially correlated errors, is little different from the analysis of models
with regression structure (Chapter 3) as far as applications are concerned.
Effectively all that changes is the formula for estimating the variance £° of
an average of scores. Thus, as far as applications are concerned, the
previous intuition and methodology carry over directly to the dynamic
situation.

The main theoretical difficulty is 10 establish regularity conditions that
permit a uniform strong law and a continuously convergent central limit
theorem that are both plausible (reasonably easy to verify) and resilient to
nonlinear transformation. The time series literature is heavily oriented
toward linear models and thus is not of much use. The more recent
martingale central limit theorems and strong laws are not of much use
either, because martingales are essentially a linear concept—a nonlinear
transformation of a martingale is not a martingale of necessity. In a series
of four papers McLeish (1974, 1975a, 1975b, 1977) developed a notion of
asymptotic martingales which he termed mixingales. This is a concept that
does extend to nonlinear situations, and the bulk of this chapter is a
verification of this claim. The flavor of the extension is this: Conceptually y,
in the model above is a function of all previous errors e, e,_,,... . But if y,
can be approximated by §, that is a function of e,,..., e,_,, and if the error
of approximation ||y, — | falls off at a polynomial rate in m, then smooth

487
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transformations of the form g(y,..., y_p X,5..., X,_;, ¥) follow a uni-
form strong law and a continuously convergent central limit theorem
provided that the error process is strong mixing. The rest of the analysis
follows along the lines laid down in Chapter 3 with a reverification made
necessary by a weaker form of the uniform strong law: an average of
random variables becomes close to the average of the expectations, but the
average of the expectations does not necessarily converge. These results
were obtained in collaborative research with Halbert White and Jeffrey M.
Wooldridge while they visited Raleigh in the summer of 1984. Benedikt M.
Potscher provided helpful comments. National Science Foundation and
North Carolina Agricultural Experiment Station support for this work is
gratefully acknowledged.

The reader who is applications oriented is invited to scan the regularity
conditions to become aware of various pitfalls, isolate the formula for £
relevant to the application, and then apply the methods of the previous
chapters forthwith. A detailed reading of this chapter is not essential to
applications.

The material in this chapter is intended to be accessible to readers
familiar with an introductory, measure theoretic probability text such as
Ash (1972), Billingsley (1979), Chung (1974), or Tucker (1967). In those
instances where the proof in an original source was too terse to be read at
that level, proofs with the missing details are supplied here. Proofs of new
results or significant modifications to existing results are, of course, given as
well. Proofs by citation occur only in those instances when the argument in
the original source was reasonably self-contained and readable at the
intended level.

1. INTRODUCTION

This chapter is concerned with models which have lagged dependent
variables as explanatory variables and (possibly) serially correlated errors.
Something such as

q(yl’ Yi-1r Xps 710) =y,
u,=e, + yfe,_l
t=0,4+1,+2,...

might be envisaged as the data generating process, with {e,} a sequence of,
say, independently and identically distributed random variables. As in
Chapter 3, one presumes that the model is well posed, so that in principle,
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given y,_,, x,, y{, u,, one could solve for y,. Thus an equivalent representa-
tion of the model is

Yo = Y(un Yee1s Xp» Ylo)
u,=e, + Yge:—l
t=0,+1,4+£2,....
Substitution yields
= Y[er + Y2€,-1s Y(el-—l + Y2€i-25 Vi-20 Xy-2s 710)» Xy 710]

and if this substitution process is continued indefinitely, the data generating
process is seen to be of the form

y,==Y(t,em,x°°,'y°) t=0,+1,42,...
with
e, =(....e_j,eq,€,...)
Xo = (s Xy, Xgs Xqp--0 )

Throughout, we shall accommodate models with a finite past by setting
¥, X, e, equal to zero for negative ¢; the values of y,, x,, and e, are the
initial conditions in this case.

If one has this sort of data generating process in mind, then a least mean
distance estimator could assume the form

A, = argmins, ()
A
with sample objective function
1 n ~
Sn(A) = ;; Z s(t’ yl’ yl—l"“’ yl—l’ xl’xt—l""’ xl—-l" T", A)

=1
or

l n

S”(A) = ',; 25,(}’,; Yicrreros Yors X Xy e e ey xo’fm A)

t=1

—the distinction between the two being that one distance function has a
finite number of arguments and the number of arguments in the other
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grows with . Writing

1 ¢ o
S"(A) =n zst(yn y,_‘,...,y,_,',x,,x,_),...,x,_,:,‘r,,,)\)

11

with {, depending on ¢ accommodates either situation. Similarly, a method
of moments estimator can assume the form

A, = argmins,(A) = d[m,(A), 7,]
A
with moment equations
1 n
m,,(A) = n z mr(yn Yemtseeos YVemgy Xps Xyopre v s Xi-ip» 'an A)
te1

In the literature, the analysis of dynamic models is unconditional for the
most part, and we shall follow that tradition here. Fixed (nonrandom)
variables amongst the components of x, are accommodated by viewing
them as random variables that take on a single value with probability one.
Under these conventions there is no mathematical distinction between the
error process {e,} _, and the process {x,}22 _  describing the indepen-
dent variables. The conceptual distinction is that the independent variables
{x, )2 ., are viewed as being determined externally to the model and
independently of the error process {e,}{% _; that is, the process {x,} is
ancillary. In Chapter 6 we permitted x, to contain lagged dependent
variables and used r, to denote the ancillary components. Here all compo-
nents of x, are ancillary unless specifically stated otherwise. Usually, we
shall account explicitly for lagged dependent variables as a separate argu-
ment of the function they enter. In an unconditional analysis of a dynamic
setting, we must permit the process { x,}% _ to be dependent, and, since
fixed (nonrandom) variables are permitted, we must rule out stationarity.
We shall also permit the error process {e,}2 _. to be dependent and
nonstationary, primarily because nothing is gained by assuming the con-
trary. Since there is no mathematical distinction between the errors and the
independent variables, we can economize on notation by collecting them
into the process {v,}i2 _, with

vl = (el’ xl);
denote a realization of the process by

Op = (.. Uy, Ugy Uysent )
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Recall that if the process has a finite past, then we set v, = 0 for ¢ < 0 and
take the value of v, as the initial condition.

Previously, we induced a Pitman drift by considering data generating
processes of the form

W= Y(erv Xy 7}?)

and letting v? tend to a point y*. In the present context it is very difficult
technically to handle drift in this way, so instead of moving the data
generating model to the hypothesis as in Chapter 3, we shall move the
hypothesis to the model by considering

H:h(X%) = h? against A:ha(N%) #h?

and letting A(A%) — h* drift toward zero at the rate O(1/vn). This
method of inducing drift is less traditional, but in some respects is philo-
sophically more palatable. It makes more sense to assume that an investiga-
tor slowly discovers the truth as more data become available than to assume
that nature slowly accommodates to the investigator’s pigheadedness. But
withal, the drift is only a technical artifice to obtain approximations to the
sampling distributions of test statistics that are reasonably accurate in
applications, so that philosophical nitpicking of this sort is irrelevant.

If the data generating model is not going to be subject to drift, there is
no reason to put up with the cumbersome notation

¥, = Y(t, €o0s X0 ¥°)

1 n
sn(A) = ',; Z sr(yn Yic1reeos }'t-l,' Kps Xyoqseves x:—-l," TAm >‘)
te=1

Much simpler is 1o stack the variables entering the distance function into a
single vector

Y

and view w, as obtained from the doubly infinite sequence

Uw = (...,U_l’vo,vl,...)
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by a mapping of the form
w, = u’((voo)-
Let w, be k,—diinensional. Estimators then take the form

A, = argmins, (\)
A
1 & .
SIVEE S IO RY
(=1

in the case of least mean distance estimators, and
X, = argmins,(A)
A
s.(A) =d[m,(7), %]

(A)=—Z Wor fus A)

f=]

in the case of method of moments estimators. We are led then to consider
limit theorems for composite functions of the form

L% e Wi(e) ]

=1

which is the subject of the next section. There y is treated as a generic
parameter which could be variously v° (7, A), or an arbitrary infinite
dimensional vector.

Two norms that are used repeatedly in the sequel are defined as follows:
If X is a vector valued random variable mapping a probability space
(Q, o, P) into R*, then

nxi, = [2 [ixa) dP(w)]

i~1

& 172
XY =1 X] = ( pN Xf) :

i=1
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2. A UNIFORM STRONG LAW AND A CENTRAL LIMIT
THEOREM FOR DEPENDENT, NONSTATIONARY
RANDOM VARIABLES

Consider a sequence of vector valued random variables
V(w) t=0,%1,+2,...

defined on a complete probability space (£, &, P) with range in, say, R,
Let

Up = (o0y 01,05, 05,..)

where each v, is in R/, and consider vector valued, Borel measurable
functions of the form W,(v_) with range in R* for 1 =0,1,.... The
subscript ¢ serves three functions. It indicates that time may enter as a
variable. It indicates that the focus of the function W, is the component v,
of v, and that other components v, enter the computation, as a rule,
according as the distance of the index s from the index ¢; for instance

VVI(vao) = Z )\jvr—-_;'
Jj=0

And it indicates that the dimension &, of the vector w, = W, (v, ) may
depend on r. Put

Vo(o)=(...,V_j(w), Vy(w) Vi(w),...).

Then W,[V_(w)] is a k-dimensional random variable depending (possibly)
on infinitely many of the random variables V,(w). This notation is rather
cumbersome, and we shall often write W,(w) or W, instead. Let (T, p) be a
compact metric space, and let

{gﬂl(wl’y):n= 1v2'~~‘;’=071y-.-}
{8,(W,,Y):t=0,l,,,,}

be sequences of real valued functions defined over R* X I'. In this section
we shall set forth plausible regularity conditions such that

.
nlgl:o Sl[l‘p n Z [g,(W,. Y) - ggt(u/t’ Y)] =0

=1
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almost surely (2, &, P) and such that

E (20 (W, 70) — &2, (W, ¥0)] S N(0.1)

l—l

for any sequence {y.} from T, convergent or not. We have seen in Chapter
3 that these are the basic tools with which one constructs an asymptotic
theory for nonlinear models. As mentioned earlier, these results represent
adaptations and extensions of dependent strong laws and central limit
theorems obtained in a series of articles by McLeish (1974, 1975a, 1975b,
1977). Additional details and some of the historical development of the
ideas may be had by consulting that series of articles.

We begin with a few definitions. The first defines a quantitative measure
of the dependence amongst the random variables {V,} _

STRONG MIXING. A measure of dependence between two o-algebras &
and ¥ is

ao(F,9)= sup |P(FG) - P(F)P(G)|.
Fe¥F, K Ge¥

The measure will be zero if the two o-algebras are independent and positive
otherwise. Let {V,}2 _ be the sequence of random variables defined on
the complete probability space (£, &, P) described above, and let

y;nn = U(Vm’ Vm+l"”’ V)

n
denote the smallest complete (with respect to P) sub-o-algebra such that the
random variables ¥, for t = m, m + 1,..., n are measurable. Define
a, = supa( %, fm)

..w)

Observe that the faster a,, converges to zero, the less dependence the
sequence {V,}% _ . exhibits. An independent sequence has a, > 0 for

m =0 and a,, = 0 for m > 0.

Following Mchish (1975b), we shall express the rate at which such a
sequence of nonnegative real numbers approaches zero in terms of size.

SIZE. A sequence {a,,}3.., of nonnegative real numbers is said to be of
size —q if a,, = O(m?) for some § < —gq.
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This definition is stronger than that of McLeish. However, the slight
sacrifice in generality is irrevelant to our purposes, and the above definition
of size is much easier to work with. Recall that «,, = O(m®) means that
there is a bound B with |a,,| s Bm® for all m larger than some M.

Withers (1981, Corollary 4.a) proves the following. Let {¢,: =
0,+1,+2,...} be a sequence of independent and identically distributed
random variables each with mean zero, variance one, and a density p (1)
which satisfies [ _|p(¢) — p(t + h)|d¢t < |h|B for some finite bound B.
If each ¢, is normally distributed, then this condition is satisfied. Let

ac
e,= 3 die,_;

Jj=0

where d; = O(;*) for some » > 3/2 and L7..d;2/ # 0 for complex
valued z with |z| < 1. Suppose that Jj¢ }|s < const < oo for some § with
2/(v = 1) <8 <»+1/2 Then {e,} is strong mixing with {a, } of size
—[8(v — 1) — 2}/(8 + 1). For normally distributed {¢,} there will always
be such a 8 for any ». These conditions are not the weakest possible for a
linear process to be strong mixing; see Withers (1981) and his references for
weaker conditions.

The most frequently used time series models are stationary autoregres-
sive moving average models, often denoted ARMA( p, q),

e, tae, |+ - tae_,=¢€+tbe_;+ - +be

P g t—gq

with the roots of the characteristic polynomials

mf+amP 4 ... +a,=0

mi+bmi 4 o +b =0

less than one in absolute value. Such processes can be put in the form

00
e= L die,;
J=0

where the d, fall off exponentially and £7.(d;z/ # 0 for complex valued 2
with |z| < 1 (Fuller, 1976, Theorem 2.7.1 and Section 2.4), whence d; =
O(;j~*) for any » > 0. Thus, a normal ARMAC(p, q) process is strong
mixing of size —gq for ¢ arbitrarily large; the same is true for any
innovation process {¢,} that satisfies Withers’s conditions for arbitrary §.
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It would seem from these remarks that an assumption made repeatedly
in the sequel, “(V,} _ is strong mixing of size —r/(r — 2) for some
r > 2,” is not unreasonable in applications. If the issue is in doubt, it is
probably easier to take {¥,} to be a sequence of independent random
variables or a finite moving average of independent random variables,
which will certainly be strong mixing of arbitrary size, and then show that
the dependence of observed data W, on far distant V, is limited in a sense
we make precise below. This will provide access to our results without the
need to verify strong mixing. We shall see an example of this approach
when we verify that our results apply to a nonlinear autoregression (Exam-
ple 1).

We shall not make use of the related concept of uniform mixing, because
it requires the innovations {¢,} in the process

o0
€ = Z dj‘t-—j
j=0

to be bounded (Athreya and Pantula, 1986).
Consider the vector valued function W,(V,,), which, we recall, depends
(possibly) on infinitely many of the coordinates of the vector

Ve=(....V_1, Vo, Vir...).

If the dependence of W,(V,) on coordinates V, far removed from the
position occupied by V, is too strong, the sequence of random variables

w,=w(V.,) 1=01,...

will not inherit any limits on dependence from limits placed on {V,} _..
In order to insure that limits placed on the dependence exhibited by
(V. )2 - carry over to {W,}{%,, we shall limit the influence of ¥, on the

values taken on by W,(V, ) for values of s far removed from the current
epoch t. A quantative measure of this notion is as follows.

NEAR EPOCH DEPENDENCE. Let {¥,}22__ be a sequence of vector
valued random variables defined on the complete probability space
(2, o, P), and let & denote the smallest complete sub-o-algebra such
that the random variables V, for ¢t = m, m + 1,..., n are measurable. Let
W, = W(V,) for t = 0,1,... denote a sequence of Borel measurable func-
tions with range in R* that depends (possibly) on infinitely many of the
coordinates of the vector

Vo =(..0a Vo Vo, Wy, ).
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Let {g,(w)} for n=1,2,... and ¢=0,1,2,... be a doubly indexed
sequence of real valued, Borel measurable functions each of which is
defined over R*. The doubly indexed sequence { g,,,(W,)} is said to be near
epoch dependent of size —gq if

v, = SuUp sup “ gm(u/r) - &[gm(m)ljﬁ‘_*m’"] "2
n (4

is of size —gq.

Let (T, p) be a separable metric space, and let {g, (w,, v)} be a doubly
indexed family of real valued functions each of which is continuous in y for
each fixed w, and Borel measurable in w, € R* for fixed y. The family
{ 8..(W,, v)} is said to be near epoch dependent of size —gq if:

1. The sequence (g2(W,) = g, (W,, v?)) is near epoch dependent of
size —¢ for every sequence y? from I’

2. The sequence
{g.W)= s g, (W.1)
p(y.v°)<8

and

{g..,(W,) = inf g,.,(W.,v)}

ply, Y')<8

are near epoch dependent of size —q for each y° in T and all positive
8 less than some 8° which can depend on v°.

The above definition is intended to include singly indexed sequences
{8,(W,))%., as a special case with

v, = s\:p "g,(u’,) - J[Er("’;)l*ﬁ'fmm] "z

in this instance. For singly indexed families {g,(W,, Y)}i%,, the definition
retains its doubly indexed flavor, as {gl(W,) = g,(W, v?)} is doubly
indexed even if { g,(W,, v)} is not.

Note that if W, depends on only finitely many of the V,, for instance

W, = 2,: fj(V:»—j)

j=0
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then any sequence { g,,(w,)} or any family { g, (w,, v)} will be near epoch
dependent, because

| & (W) - €[e ()| F 50|, =0
for m larger than /; similarly for {g3(w,)}, { £,/(w,)}, and {g,(w)}.

The situations of most interest here will have the dimension of W, fixed
at k, = k for all ¢, and g,,(w) or g, (w, y) will be smooth, so that

N d _ N
g,,,(w, 7) - gnl(w’ Y) = Wgnl(w! Y)(W - W)

where w is on the line segment joining w to w. Letting

. d —
B, (w,w,y) = ;wlgm(w’ Y)
where |x| = [Z¥_,x2]'/2, we have

180w, ¥) = 80 (W, ¥)| < B, (w, 0, y)|w — W|

using [Xx,y,| < |x||yl For functions g, (w) or g, (w, y) that are smooth
enough to satisfy this inequality, the following lemma and proposition aid
in showing near epoch dependence.

PROPOSITION 1. Let {V,}2_., {W,}i2e, and {g,(w,y):t =
0,1,2,...; n=1,2,...}) be as in the definition of near epoch dependence,
but with k, = k for all ¢. Let

| 8ae(w, ¥) = 2 (®,¥)| < B, (w, W, y)|lw — R

where [w — | = [EX,(w, = ¥,)?]'/? or any other convenient norm on R*.
Suppose that there exist random variables W,"* ™ of the form

Wom = W Vi Vi)

such that for some r > 2 and some pair p,q with1 <p,g< o0, 1/p +
1/q = 1, we have:

1. {B, (W, W™ v)} dominated by random variables d,,, with
ldyimlly < & < oo,

2. (B, (W, W1, v)|W,— W'*"} dominated by random variables d
with ||d,,}l, < A < co.

nim
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If

N, = sup ||W, ~ W],
’
is of size —2g(r — 1)/(r — 2), then {g,,(W,, v)} is near epoch dependent
of size —gq.
First, we prove the following lemma.

LEMMA 1. Let {V}2 _ and {W,}, be as in Proposition 1, and let
{g..(w)) be a sequence of functions defined over R* with

lgnl(w) - gnl(w)l < B,"(W, ‘0)|w - Wl

For (Pf’,'_",,’,"}, r, and g as in Proposition 1 let ||B, (W, Pf’,i*,,’.”)llq <A<
and let ||B, (W, W, MW, — W22, < A < oo. Then {g,,(W,)} is near

epoch dependent of size —gq.
Proof. Let g(w) =g, (w), W=W, W= W' and F=F'"" For

e = {[1BOW, W)W - W1, ) [1BCw, Wy - ), )~ ) "

let

B(W,W) B(W,W)W - W|<c
0 B(W, W)W - W|>c

B(W, W) = {
and let B,(W, W) = B(W, W) — B(W, W). Then
W ~ &(gW|#F)|, < lgW — gWii;

[because £(gW|F) is the best Fmeasurable approximation to gl in
L,-norm and W is Fmeasurable]

<|B(w,Ww)yw - wil,

<||B, (W, W)w - wil,
+ || By (W, W)W — Wi,
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{by the triangle inequality]]

- {f[Bx(W, W)W - ledP}l/z
+{f[Bz(W, W)]2|W._ ledP}l/z
< cl/z{jB,(W, W)W — Wldp>m

172
+c(2~r)/2{fc—2+r[B2(W’ W)lzlw__ WIZ dP}

< | By (W, W) |\ lw - Wl

q
R R 1,2
+c<2-'>ﬂ(f[a,(w, W)W - Wl’dP}
[by the Holder inequality]
A 1/2 Y
= B (w, W) |l - W,
+c@=2| B(W, W)W - W

= 21/2“|W - WIH(;/2)('*2)/0-1)
2 A/ —-D/(r- 1) 2 2 1/2)r/(r~
x || B(W, W) |1/ | B(W, W)W — w2 e

after substituting the above expression for ¢ and some algebra. If
| B(W, W)llq < A and ||B(W, W)|W — W]||, < A, then we have

lsW — &(aWIF), < 2/7alw - Wil
whence
o = sup sup | g, W, ~ (£, WIFT) |,
s 2 Asup W, - W '“(‘:/2)0—2)/0-1)
= 21/2A11§.:/2’('" DAr-1),

If n,, is of size —2g(r — 1)/(r — 2) then v, is size —gq. 0
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Proof of Proposition 1. Now

(8 (. ¥} — £, (B, 7)| < B, (W, 0, ¥)|w = W]
implies

_8nl(w’ Y) = B,"(W, w, Y)IW - W‘ - gnl(w’ Y)

- g,"(ﬁ, Y) < BM(W, w, Y)iw - ‘f’( - gnr(wv 7)

whence, using sup{ —x} = —inf{x}, one has

inf gnl(“” 7) - inf g»,(‘:’, Y)
p(r.Y") <8 ply, %) <8

< sup B, (w,W,y)lw— W]
piy. vH<8

A similar argument applied to
8 (w,y) < B, (w,%,y)iw—w|+g,(W,7)
8(W,v) < B, (w, %, ¥)lw — %] + g,,(w,v)

yields

sup g (w.v) - sup g, (®,v)
p(y,v%)<8 o(y, %) <8

< sup B, (w,W,y)w - wl
Py, ") <8

We also have

12, (w. 72) = 8 (W, ¥2)| < B, {w, %, v2)Iw ~ ).

All three inequalities have the form

|8ne (W) ~ £, (%)| < B, (w, W) jw — %

501

with ||B, (W, W,*")ll, < A < o0 and ||B, (W, W)W, — W, < A
< oo, whence Lemma 1 applies to all three. Thus part 1 of the definition of
near epoch dependence obtains for any sequence {v?)}, and part 2 obtains

for all positive 8.

a
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The following example illustrates how Proposition 1 may be used in
applications,

EXAMPLE 1 (Nonlinear autoregression). Consider data generated
according to the model

y = {f(y'-l’xl’oo) +e1 t= 1,2,...
"o t<0

Assume that f(y, x, 8) is a contraction mapping in y; viz.

'%f(y, x.0)'5d< 1.

Let the errors {e,} be strong mixing with Jle,||, < K < oo for some p > 4;
set ¢, = 0 for ¢t < 0. As an instance, let

!
e,= Y ve_,, 6¢=0, &l sK<ow
j=0
with / finite. With this structure, V, = (0,0) for t < 0 and V, = (e, x,) for

t=1,2,.... Suppose that 8° is estimated by least squares—#, minimizes

5u(8) = 2 5 [ - 100 xa O

t=~1

We shall show that this situation satisfies the hypotheses of Proposition 1.
To this end, define a predictor of y, of the form

.9!3,m = j}s(;/l’ Vl—l’ R l/l—m)
as follows:

- 0 150
Ye= (}7,__1,1:,,00) 0<¢t

N 7, s < max(t — m,0)
Yiom (924 x,,8% + e, max(t~m,0) <s<t
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For 1 > 0 there is a , on the line segment joining y, to y, such that

|y, — yt‘ =‘f(}'t—l’ Xt 00) +e f(.)—’:~1s X¢» 00)‘

“!%f(in xnoo)(yr—-l - )71-!) t e,

sdly_y = Yl tlel
< dzlyt-Z - yI—Z‘ + d‘eh-ll + e,

t—1
<d'lyy = yol + L dlle,}|
j=0
-1 )
= Y dile,_j.
j=0

For m > 0 and ¢t — m > 0 the same argument yields

,yl - ﬁ:,m! =lf(yl—l’ Xes 90) + L7 —f( l‘.-;nl’ Xes 00) - e'l
b d!}’,_l _'.91‘._»”

<A™y~ Ji-ml
t-m-1 )

<dm 3 dlle, |
=0

where the last inequality obtains by substituting the bound for |y, — y|
obtained previously. For 1 — m < 0 we have

|y1 - ﬁtl,m‘ s dm_‘lyo - )70| =0.
In either event,
t—m-—1 dm
"}'t - f’.',mllp <d™ Z nel-m—j"p < KT—:—E'

Jj=0

This construction is due to Bierens (1981, Chapter 5).
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Letting
W = (yn yl—l’ xl)

ﬁ’rL (y( m? tm’ t)
we have

3§ (0) = = th(u/uo)

o
with
g (W,.0) = [y —f(3_1. x,.8)}".

Fort > 1

|8.(W,,8) - g(W.,.8)]
=05 = fGrs %0, OF = [910 = £(5E o %, 8)]|
=24 3 m =T ers 0, 0) = F( 9} s %1, 6)]
X|y, = 9y = fDimr %0, 8) + f(5) s %,,0) |
=|2e, + f(¥i-1, %, 6°) = F(31-1, . 6)
1 (5 mr %0 0°) = f( 9/ s 2., 8}
X| 9= 9 m = f(Yeers %, 8) + F( 9 x,.0) |
< 2led + diy,y = N1y = 5l + dlyicy = 50

t-m-—2
<2 Ie:l +d™ Z d"let—m-—l—ﬂ (Iyl - ﬁl‘,m‘ + |y1-~l - ﬁr’,;")
=0

= B(W, W._, )\W,— W.,|
where we take as a convenient norm

W, = Wl =1y, = Pl + ey = DI+ Ix, = x,).
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We have at once

|B(w, W), < 2K[1 + 1—"_—7—(1-] <A<w allm,t

m

hw, ~ u‘/,'_,,||lpszx—d;—-‘;sA< ® all m, 1.
Using the Holder inequality, we have for r = p/2 that

|B(W, W)W, - Wl

<|B(w, W) I, W, ~ W,
< A%

Note that B(W,, W' ) is not indexed by 8, so the above serve as dominat-
ing random variables. Put ¢ = p/(p + 1) < p, whence

. . y
|8(w, W), < (1 + 18w, W) )7 < 80 < co.

Thus, the example satisfies conditions 1 and 2 of Proposition 1. Lastly, note
that

- an
T = sup [|W, = WL, ||, < 2Ky—73.
{

The rate at which 7, falls off with increasing m is exponential, since d < 1,
whence 1, is of size —g(r — 1)/(r — 2) for any r > 2. Thus all conditions
of Proposition 1 are satisfied.

If the starting point of the autoregression is random with y, = Y where
IY}l, < K, the same conclusion obtains. One can see that this is so as
follows. In the case of random initial conditions, the sequence (V,} is taken
as V, = (0,0) for t <0, ¥; = (Y,0), and V, = (e,, x,) for t > 0. For t — m
> 0 the predictor y/,, has prediction error (Problem 2)

f—m-1

'yr - )’rﬁm‘ < d“Y‘ +d™ Z djleh-m--jl
j=0

t—-m-1
sdmy|+d™ ¥ dlle,, .
=0

For t — m < (0 one is permitted knowledge of Y and the errors up to time ¢,
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so that y, can be predicted perfectly for 1 — m < 0. Thus, it is possible to
devise a predictor j/ , with

t~m-1
Y, = Pl sd™Y|+d™ X dlle,_,_|
j=0

The remaining details to verify the conditions of Proposition 1 for random
initial conditions are as above. [m]

McLeish (1975b) introduced the concept of mixingales—asymptotic
martingales—on which we rely heavily in our treatment of the subject of
dynamic nonlinear models. The definition is as follows

MIXINGALE. Let
(X, :n=1,2,...;t=12,...}

be a doubly indexed sequence of real valued random variables in
L,(Q, o, P), and let F*, be an increasing sequence of sub-o-algebras.
Then (X,,, #',) is a mixingale if for sequences of nonnegative constants

nt?

{c,,} and (‘p,,,} with lim,, _, ¥, = 0 we have for all t 21, n 2 1, and
m 2 0 that

"d’( l'fl m)"Z s ¢m nre
2. " J( lf—‘:am)’b s ¢m+lcnl'
The intention is to include singly indexed sequences { X, }?, as a special
case of the definition. Thus (X,, # ) is a mixingale if for nonnegative ¢,
and ¢, with lim, _, .y, = 0 we have

L E(XIFIN 2 < dutoo
2. 1X, = E(XIFL 2 S b i

There are some indirect consequences of the definition. We must have
{Problem 3)

&( X dF m ), sl e (Xl F22) |,
I X, — e( X, F2 L D) |, <) X - (X NFLL7)

Thus, ¢,, appearing in the definition could be replaced by ¥/, = min,, _ ¥,
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so that one can assume that y, satisfies ¢, ., < ¢, without loss of
generality. Letting #-2 =N% _ #F‘', and letting $%  denote the

smallest complete sub-o-algebra such that all the ¥, are measurable, we
have from

le( Xl F=2) ), < (XA F2 M, S Y

and lim, ¥, =0 that |&( X, |F )|, =0 whence &( X, |F-2)=0
almost surely. Consequently, £(X,,) = 0 for all n, ¢ 2 1. By the same sort
of argument X,, — £( X, |%.%,) = 0 almost surely.

Every example that we consider will have X, a function of the past, not
the future, so that X,, will perforce be #_-measurable. This being the
case, condition 2 in the definition of mixingale will be satisfied trivially and
is just excess baggage. Nonetheless, we shall carry it along through Theorem
2 because it is not that much trouble and it keeps us in conformity with the
literature.

The concept of a mixingale and the concepts of strong mixing and near
epoch dependence are related by the following two propositions. Recall that
if X is a random variable with range in R*, then

k

1/r
X, = (Z /IX.-n'dP) :

=]

PROPOSITION 2. Suppose that a random variable X defined over the
probability space (2, &, P) is measurable with respect to the sub-o-algebra
% and has range in R* Let g(x) be a real valued, Borel measurable
function defined over R* with £g(X) =0 and ||g(X)|l, < oo for some
r > 2. Then

1€(gX|1F ), < 20272 + 1)[a(F,9)] 27"

for any sub-o-algebra .

Proof. (Hall and Heyde, 1980, Theorem A.5; McLeish, 1975b, Lemma
2.1.) Suppose that U and V are univariate random variables, each bounded
in absolute value by one, and measurable with respect to % and 4
respectively. Let v = sgn[&(V|F ) — £V), which is F measurable. We



508 A UNIFIED ASYMPTOTIC THEORY: DYNAMIC MODELS

have
|EUV — EUEY| =|&{U[e(VIF) - ¢V]}]

< U E(VIF) - eV
s &le(VIF) - eV
< &v[e(V|F) - ev]
=&[E(WI|F) - &veV]
=&(vW) — &EvEV.

The argument is symmetric, so that for u = sgn{&(U|¥) — £U] we have

|CUV — EUEV| < &(pU) — EuéU.

But » is just a particular instance of an % measurable function that is
bounded by one, so we have from this inequality that

|EvV — EvEV| < E(prv) — Epév.
Combining this inequality with the first, we have
|eUV — QUEV| < E|E(V|F) — V| < &(uv) — Epév.

Put F_,={w:r=~-1}, ={w:iv=1},G_, = {w:p= —1},and G,
= {w:p=1}. Then
E(pv) — Epév
= P(F—IG—I) - P(F—I)P(G-—l) + P(Fxcl) - P(FL)P(GI)
—P(F_,G,) + P(F_,)P(G,) - P(F,G_,) + P(F)P(G_,)
< da(F,9).

We have
|EUV — ULV | < EEVIF)-8V|x< da(F,9)

of which the second inequality will be used below and the first is of some
interest in its own right (Hall and Heyde, 1980, p. 277).

The rest of the proof is much the same as the proof of Lemma 1. Put
a=a(F,9), c=aVgX|,, X,=1(gX|s ), X,=gX~— X,, where
I(lgX] < ¢) = 1if |gX] < ¢ and zero otherwise. If # and ¥ are indepen-
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dent, we have a« = 0 and &£(gX|#) = 0. Fora > 0
I€(gX 1)), =l €(X|F) + £(X,|F) - £X, + J’Xx"p
< E(X)F) — X, + | E(X,1F) |, + N€Xl,
[by the triangle inequality]
<|le(x|F) - €X, "p +Xall, + I Xal,
[by the conditional Jensen’s inequality (Problem 4) and the fact that
1X,| 2 ¢ 2 £X)
1/p
= [f|a'(x,|9r) - EX P NE(XF) - X, |dP]
1/p
+2[c”"fc’"’|)(21’ dP]
p-1 \/p
< |2o)"" fle(x#) - 8x,|aP
i/p
+2[c”"/|X2|2dP]

[because X, < ¢ < X,]
- 1
= (20)7 7V [ele(x)#) - ex,|]”
+2c(p—r)/p”X2”;/p

< (26)777(aca)'* + 27 X /P

{by the inequality derived above the fact that {gX| > | X.
2
< 2(2Y7 + 1)a'/P" V7)),

after substituting the above expression for ¢ and some algebra. ]

PROPOSITION 3. Let {V,} __, be a sequence of vector valued random
variables that is strong mixing of size —2¢r/(r — 2) for some r > 2 and
q > 0. Let W, = W, (V) denote a sequence of functions with range in R*

that depends (possibly) on infinitely many of the coordinates of the vector
Vm = (..., V—'l’ VD’ Vl"")'

Let {g,,(w,)) for n=1,2,... and ¢=10,1,2,... be a sequence of real
valued functions with &g, (W,) = 0 and {|g,,(W,)|l, < oo that is near epoch
dependent of size —g. Let #"_ denote the smallest complete sub-o-alge-
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bra such that the random variables ¥, for r = n, n — 1, ... are measurable.
Then

1. “J(gmu/[[f_';"')”z = ‘pmcnv
2. "g’"u’; - J(gmu/t‘f—l;m)“z S V¥me1Cnp

with {y,,} of size —q and ¢,, = max{1, |Ig, ¥, }.

Proof. Recall that #,! denotes the smallest complete sub-o-algebra such
that ¥,V .., ..., V, are measurable. Let m be even. Then

e (g WuF2m )|, = | e[ (s W am)| F2 i V] |

[by the law of iterated expectations]
<l e(g.mi# "),

[by the conditional Jensen's inequality (Problem 4))
<|ele(emigems) = am |,
+| e (g WiF
R A S e )

[by the triangle inequality]

<22 +1)
x [a( F2om, FLm )] g, Wi,

8. W, ~ &(g.WIF i),

[by Proposition 2 applied to the first term and by the conditional Jensen’s
inequality (Problem 4) applied to the second]

+

< 222 + 1)@ )" U Will, + V2

by the definition of near epoch dependence. Put y,, ., =y, = 2(2}/? +
X, )27 + v, , and ¢, = max{1, (|g, Wi, }, whence (part 1)

(81 F ) |, S Vumne

forall m>0,n21, ¢t 21, and ¥, is of size —¢q. Again, let m be even,
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whence
lgw = €(a.aF2 i )|, <l - €(2aWaF2Lm),

[because &£(g, W,|F ™) is the best L, approximation to g, W, by an
FLitm*l measurable function and &(g, W, F 2" is F2"*! measurable
(Problem 5))

< “gntu/t - é’(gmu/"_?;’_*m”') “z
[by the same best L, approximation argument]}
<,
[by the definition of near epoch dependence]
< ‘pm+l
[by the best L, approximation argument], We have (part 2)
[ 8n W, — E(8uWAF L), < ¥mesCo
forall m > 0. a
A mixingale ( X,,, #' ) with {{,,} of size ~1/2 will obey a strong law
of large numbers and a central limit theorem provided that additional
regularity conditions are imposed on the sequence {c,,}. An inequality that

is critical in showing both the strong law and the central limit theorem is
the following.

LEMMA 2 (McLeish’s inequality). Let (X,,, #.,) be a mixingale, and
put S, =L/, X,,. Let {a,)}%_ _,, be a sequence of constants with a, =
a_,and L2_YiHa;! — a;!)) < . Then

{ 0
é"(maxS,,zj) 54(Zc3,)( )) a,)( Yot vi +2Z¢k( b —ail)
ey i~1 fm ~ o0 kw1
Proof. (McLeish, 1975a.) We have from Doob (1953, Theorem 4.3) that
hm é”( AFm) = &(X, | F-2) =0
hm .g'( JFIEm) = E( X, N\ F2) = X,

almost surely. It follows that

Xu= T [6(XF15) - 6(X, %10

nt
k= — 00
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almost surely, since

k_};_l[a(x,,,mj;") — &( X, |F k1)

=&(X, | F:5m) - e(X,1#: ).
Put
7
Y= L &(X,|F LK) - (X, |F o

=1

whence S, = L. _ Y, almost surely. By the Cauchy-Schwartz inequality

$2 = E a)/*—t ,/zs( i a,‘)( i -ii:'f)

k= - 0o k= —o0 k= — o0
whence
00 sz
maxS:is| Y a Z max =
isl P, k= —oo S Bk

By the monotone convergence theorem
e ® &{max;_ Y}
&(maxs?,) < ( )y ak) ) --(-71-'—!!‘-1
Jj=l k= -0 k= —oc .

For fixed k, {(Yj, £/5*):1 < j < 1} is a martingale (a definition precedes
Lemma 4), since

é”( )jklik;j—x) =Y_ .+ J[f n/,gryj;k) - é’( X”j‘fwj;k—l),f‘k;_,.~1]

N J‘f

-1,k

A martingale with a last element /, such as the above, satisfies Doob’s
inequality

&{ max Y,,i) < 4&(¥2)
st
(Hall and Heyde, 1980, Theorem 2.2, or Doob, 1953, Theorem 3.4), whence

J(r;ngf,)S(‘( 5 ak) )3 s(ri)

k= —o k= —o0 %k
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Now (Problem 6)
8V L 8 (X \FY) 88X, FIH)

a, El a, a;

Let Z,, = X,, — 6(X,|F ), whence E[XE(X|R)|B] = £ X|HB) im-
plies

EZL, = EXL — 86 (X, |F ik

and

(M’(Xn,lf_';") &S X, F ! )

ay a;

00
)Y
ko= — 00

_ M X,\F!,) 88X, \FL
B ap - as

&Z gzjl k—l)
_ ): ( .

+ Z (‘M( XAF1L)  eeM (X, FiL 1))

k=1 ak ak
e8* (X, \F!,) €8 (X, IF1
= ay - ag
€22, £6X(X,\F! )
*7a, T a,
o
+ E JZ:'k(a;ll - al:l)

k=1

+ EMZ( AF ) agt - a;l))  (Problem 7)

Cm“’() + Cnt¢1

ag a4
+ }: nr‘lbk+l(al:4l-l _0;1)
kw1

+ E Cf:‘l’i(a;l - a;}-l)
k=1

¥ ‘“+2Z¢k( ).

nt a ao
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Thus,

© Ly { 4/ +¢ o0 _ _
)3 —aiis(cht)(—gzo—-l+zz‘l’i(ak1‘akll) - B
k=1

k= — a0 t=]

A consequence of Lemma 2 is the following inequality, from which the
strong law of large numbers obtains directly.

LEMMA 3. Let(X,, #',) be a mixingale with (¢, } of size —1/2, and
let S,, = £{_,X,,. Then there is a finite constant K that depends only on
{¥,,} such that

6’(1}1::,(8,,2]) < K( Zl: c},).

=1

If ¥,, > 0 for all m, then

K=16

0 k -1/212
£ 2w ]
k=0\m=0

Proof. (McLeish, 1977.) By Lemma 2 the result is trivially true if ¢, = 0
for some m, since ¢, = ¢, ;. Then assume that ¢, > 0 for all m, put
ay = ¥4, and put a, = [, (Y} + 4a,_)"/* - y}i)/a,_, for k 2 1, whence
a, is positive and solves

a
-1 -1 k
ak - ak_l = —=.
Vi
Then
-2 -1 -1 -1 -1 ~2 -2
Yels(agt + ak~l)(ak - ak—-l) =a;" - a0,
so that
k
-2 -2
ak 2 Z “’m
m=0
o0 o k ~172
Zh52(2¢f).
k=0 k=0 \ m=0

Now y,, < Bm® for some 6§ < —1/2, and using an integral approximation
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we have £ _ 4.2 < B'k~2*! for some B’. Thus 0 < I¥ ¢i(a;! -
a;l)y =L a, < TP (XK Lo¥n ) V2 < (B)) VTP k° 712 < 0. Fur-
ther, (y2 + ¢3)/a, < 2a, because v, is a decreasing sequence and a} =
y2. Putting a_, = a, and substituting into the inequality given by Lemma
2 yields the result. 0

A strong law of large numbers for mixingales follows directly using the
same argument used to deduce the classical strong law of large numbers
from Kolmogorov's inequality, for details see Theorem 2, Section 5.1, and
Theorem 1, Section 5.3, of Tucker (1967).

PROPOSITION 4. Let (X,, #! ) be a mixingale with ¢, of size —1/2.

1. If £2,c} < oo then I*_, X, converges almost surely.
2. 1 X% ,c2/1* < oo then lim, , ,(1/n)Z"., X, = O almost surely.

We are now in a position to state and prove a uniform strong law of
large numbers. The approach follows Andrews (1986). First we define a
smoothness condition, due to Andrews, and then state and prove the
uniform strong law.

A-SMOOTH. Let {W,}2, be a sequence of random variables defined on
the probability space (2, &, P), each with range in R*. A sequence of
functions { g,(W,, v)} defined over a metric space (T, p) is 4-smooth if for
each y in T there is a constant 8 > 0 such that p(v, v®) < § implies

’gl(m9 7) - gr(u,n YO)I = B,(W’,)h[p('y, Yo)]

except on some E C © with P(E) = 0 where B,:R* > R* and h:R* »
R ™ are nonrandom functions such that B,(w,) is Borel measurable,

-};ZJB,(W,)SA<00 for all n

t=1

and h(x)} h(0) =0 as x — 0; &, B,(-), and h(-) may depend on y°.

THEOREM 1. (Uniform strong law.) Let {V,};2 __ be a sequence of

vector-valued random variables defined on the complete probability space
(R, o, P) that is strong mixing of size —r/(r — 2) for some r > 2. Let
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(I, p) be a compact metric space and let W, = W,(V_) = W,(w) be a Borel
measurable function of

V =(...,V_1,V0,Vl,...)

L]

with range in R*. Let {g,(w,, v)}2, be a sequence of real-valued func-
tions, each Borel measurable for fixed y. Suppose:

1. {8AW, v)}Z, is a near epoch dependent family of size — .
2. {8(W,, v)}iZo is A-smooth.
3. There is a sequence {d,} of random variables with

sr;plg,[W.(w),vHs d,(w)

lldll, < & < o0
fort=0,1,2,....
Then
12
"lin:o sx:‘ ;,‘rgl[gl(WuY) “d’gf(wu‘)')] =0

almost surely and
1& "
- 288 (W,.Y)
=1 n=1
is an equicontinuous family.

Proof. (Andrews, 1986). A compact metric space is separable (Problem
8). Let

h(W,v°, 8) =sup{g (W, v):p(y,7°) <8}
kW, v° 8) = inf{g(W,v):0(y,v°) < &)

The continuity of g,(w,, v) in ¥ implied by the A-smooth condition and the
separability of (I, p) insure measurability.
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Using the A-smooth condition,

0 < lim sup|- Zé”h (W,.v°,8) ~ &g,(W,,v°)

O pat

shmsup Zlé’h( v%.8) — &g,(W,.v°)]|

nzl =1

< lim sup o Zé’lh (W,,v°,8) — g,(W,,v°)|

0nzl -1

< hm sup - ZJ]B(W)lh(&)

nZl =1

8) =
SA}T})h( )

A similar argument applies to h,(W,, v, 8). Then given ¢ > 0 and y® in T,
8° can be chosen small enough that for all n > 1 and all y in O, =
{v:e(y, %) < 8%

l n
n Lo (W.v°) - B
-

n
<Y eh(W,.y°.8°)

=1

s = 2:6%A Y)

l-l

< - Zé’h( ,v°%,8°%)

1-1
< EIE%J?A’K’Y°)+'§

whence

n n

LY #g(W.v) - 1 L &0,(W.v°.8%) | <

tw-] =]

1< 1 &

= Z«fg.(w,.v) ~ = L &n(W,v°,8%)| <«
-] t=1

1 1 & . p

= Zlé'g.(W,,Y) -~ Elé’g,(W,,y )< 5.
tm -
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The third inequality establishes the second conclusion of Theorem 1; we
will use the first and second inequalities below.

The collection {00} 0er is an open covering of the compact set T so
there is a finite subcovermg {0, o}, -1- For every v in 0,0 we have

WAL AIEES) pRAC

r-l

S" Zh(WnY,J")— —Zé’h(WnY,J")

1-1
Every y in T must be in some 0,0 so we have

1y 1
+ L &(W,v) - - Lég(W,v)
=1

{=1

< max[ 3R, y.,a(’)——wh(m,y.,a")] e
1si<K (=1 1
=,fn+¢

for all vy in I'. A similar argument gives
1 ¢ 1 &

n Zgl(u/u ‘Y) “n 23&(”’ Y
r=1 t=1

{i":( 7:’80)"‘26%( y,,so]

(=1 =1

for all v in T, whence

Eg,(W,,v)-—Zé’g,( N SK, - X, +e

1-1 =]

sup |—
T

_In consequence of the definition of near epoch dependence, the sequence
(h (W, v 8°) — &h (W, v? 80)} satisfies the hypotheses of Proposi-
tion 3 whence the sequcnce is a rmxmgale with {y,} of size ~ } and
¢, = max{l, |k (W, v°, 8°) — €h,(W,, v%, 8D|I,] < 1 + 2A < w. Now

Lr_c2/t? < oo and Proposition 4 applies, whence

lim — Zh( 0. 80) — eh (W, 70, 80) =0

n— oo 1-1
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almost surely for i = 1,2,..., K which implies X, converges almost surely
to zero. Similarly, for X, whence

. 1 ¢ 1y
lim sup|— 3 g(W,v) — 5 Lég(W.v)| se

e T (=1 t=1
Now e is arbitrary, which establishes the first conclusion of Theorem1. O

As seen in Chapter 3, there are two constituents to an asymptotic theory
of inference for nonlinear models: a uniform strong law of large numbers
and a continuously convergent central limit theorem.

THEOREM 2 (Central limit theorem). Let {V,}2 _ . be a sequence of
vector valued random variables that is strong mixing of size —r/(r — 2) for
some r > 2. Let (T, p) be a separable metric space, and let W, = W,(V_) be
a function of

Vo=(...V_,VoVsi...)

@

with range in R*. Let
{8u(Wy):in=12,...;1=0,1,2,...}

be a sequence of real valued functions that is near epoch dependent of size
- 1. Given a sequence {vy.}%., from T, put

0"2=Var(zg,,,(W,,y,?)) n=12...

t=]

[ns) 0y _ & 0
W"(S) = Z 81"(",1"771) p gnl(}‘,ny")

=1 "

0<s<1

where [ns] denotes the integer part of ns—the largest integer that does not
exceed ns—and w,(0) = 0. Suppose that:

1. 1/02 = O(1/n).
2. lim,_, Var{w,(s)]=50<s< 1
3. Ugne(W ¥) — €W, SA< o0, 1s15sn, 1=1,2,....

Then w,(-) converges weakly in D[0, 1] to a standard Wiener process. In
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particular,

ﬁ: 8. (W, v?) — &g, (W, v?)

[+
=1 n

= w (1) 3 N(0,1). a

The terminology appearing in the conclusion of Theorem 2 is defined as
follows. D[0,1] is the space of functions x or x(-) on [0, 1] that are right
continuous and have left hand limits; that is, for 0 st <1, x(t+ ) =
lim,  ox(¢ + h) exists and x(+ +) = x(¢), and for 0 <1< 1, x(¢+ ~ ) =
lim,  ,x(¢t — h) exists. A metric d(x, y) on D[0,1] may be defined as
follows. Let A denote the class of strictly increasing, continuous mappings
A of [0, 1] onto itself; such a A will have A(0) = 0 and A(1) = 1 of necessity.
For x and y in D{0,1] define d(x, y) to be the infinum of those positive ¢
for which there is A in A with sup,|A(¢) — ¢] < € and sup,|x[A(1)] ~ y(1}}
< ¢. The idea is that one is permitted to shift points on the time axis by an
amount ¢ in an attempt to make x and y coincide to within ¢; note that the
points 0 and 1 cannot be so shifted. A verification that d(x, y) is a metric is
given by Billingsley (1968, Section 14). If @ denotes the smallest o-algebra
containing the open sets—sets of the form &= {y: d(x, y) < §}—then
(D, @) is a measurable space. 2 is called the Borel subsets of D[0, 1). The
random variables w,(-) have range in D[0,1] and, perforce, induce a
probability measure on (D, 2) defined by P,(A) = Pw Y (A4) = P{w: w, ()
in A} for each 4 in 2. A standard Wiener process w(-) has two
determining properties. For each ¢, the (real valued) random variable w(¢)
is normally distributed with mean zero and variance ¢. For each partition
0<ty<t 5 --+ <t <1, the (real valued) random variables

w(ty) = wl(tp), w(ty) —w(n)....,w(t,) —w(t,_))

are independent; this property is known as independent increments. Let W
be the probability measure on (D, 2) induced by this process; W(A4) =
Pw l(A4) = P{w:w(:)in A}. It exists and puts mass one on the space
C10, 1} of continuous functions defined on [0, 1] (Billingsley, 1968, Section
9). Weak convergence of w,(-) to a standard Wiener process means that

lim ]; fdp, = fD fdw

n-*00
for every bounded, continuous function f defined over D[0,1]. The term
weak convergence derives from the fact that the collection of finite, signed,

regular, and finitely additive set functions is the dual (Royden, 1968,
Chapter 10) of the space of bounded, continuous functions defined on
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D[0,1), and lim,, _,  ffdP, = [fdW for every such f is weak* convergence
(pointwise convergence) in this dual space (Dunford and Schwartz, 1957,
Theorem 1V.6.2.2, p. 262). If h is a continuous mapping from D{0, 1] into
R!, then weak convergence implies lim, _, . [pghdP, = [,ghdW for all g
bounded and continuous on R!, whence by the change of variable formula
lim, , [agdP,h ! = [agdWh™!. Thus the probability measures P4~}
defined on the Borel subsets of R! converge weakly to Wh~!. On R!
convergence in distribution and weak convergence are equivalent
(Billingsley, 1968, Section 3), so that the distribution of hw,(-),

Fy(x) = P[w,(-) < x] = B,i"(~ 0, 5]

converges at every continuity point to the distribution of Aw(-). In particu-
lar the mapping m,x(-) = x(1) is continuous because lim, _, .d(y,, x) =0
implies lim, _ _»,(1) = x(1); recall that one cannot shift the point 1 by
choice of A in A. Thus we have that the random variable w (1) converges
in distribution to the random variable w(l), which is normally distributed
with mean zero and unit variance.

The proof of Theorem 2 is due to Wooldridge (1986) and is an adapta-
tion of the methods of proof used by McLeish (1975b, 1977). We shall need
some preliminary definitions and lemmas.

Recall that {V(w)}Z ., is the underlying stochastic process on
(2, , P);, that #! denotes the smallest complete sub-o-algebra such

that ¥V, ¥, .. ..., V, are measurable, F_ 2 =N __ F' A6 F2X =
o(UR _  F ) that W,(V,)is a function of possibly infinitely many of the

V, with range in R* for t = 0,1,...; and that g, (w,, v°?) maps R* into
the real line for n = 1,2,... and r = 0,1,... . Set

an = gnx(u/n 'Yno) - é"g,,,(W,, Yr?)

for t 2 0, and X, = 0 for 1 < 0, whence

n
ol = var( 5 xn,)

t=1

[ns]

Y X,
w,(s) = —'-10!-2-——.

n

By Proposition 4,( X, #' )forn=1,2,... and ¢t = 1,2,... is a mixingale
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with {y,,} of size —1/2 and c,, = max{1, ||X,,}|,}. That is,

L E(X A F N2 S Yakan
2. 11Xy = E(X | F M2 S Vs 1€

for n 21, t 21, m 2 0. We also have from the definition of near epoch
dependence that

m

¥, = sup sup|| X,, — £( X, 1F27) |,
n 4

is of size —1/2. Define

[ns}

S.(s) = L X,,
t=1

and

J ,
Snj = Z Xm = Sn( )

(=1

X~

Take S,(0) = S, = 0.

MARTINGALE. Note that #° , #! ... is an increasing sequence of
sub-o-algebras. Relative to these os-algebras, a doubly indexed process

((Zo F')in=1,2,..51=0,1,...}

nie -0
is said to be a martingale if

1. Z,, is measurable with respect to %/,
2. 8|2, < oo,
3. &2, |F) =2, fors <t

The sequence

(Fa %

nt> - o0

Jin=1,2,..;t=1,2,...}

with Yo =2.,, Y, =2, —-Z,,., for t=12,..., and (Z,, F',) as

above is called a martingale difference sequence.



A UNIFORM STRONG LAW AND A CENTRAL LIMIT THEOREM 523

UNIFORMLY INTEGRABLE. A collection { X,: A € A} of integrable
random variables is uniformly integrable if

im sup | X,|dP = 0.
M=o AeA[X\i>M
LEMMA 4. Let (X, ‘) be a mixingale, and put
J
Y= L 8(X,|F0) - £( X%,
=1
Then for any y > 1 and nonnegative sequence { a,} we have
-1
y y ®© Y oc -
J(I}\:}(}S,,jl’) s (Y ] ) (z‘};wa’) k-;mak Y,

Proof. (McLeish, 1975b, Lemma 6.2.)

LEMMA S. Let (V,, #',) for n=12,... and r=12,... be a
martingale difference sequence [so &(Y, |#£/™") = 0 almost surely for all
t 2 1], and assume that |Y, | < Kc,, almost surely for some sequence of
positive constants {c,,}. Then

n 4 n 2
J( Y Y,,,) < 101(‘( Zc,%,) .
(=1 (=1

Proof. (McLeish, 1977, Lemma 3.1.)

LEMMA 6. Let (X,,, ') be a mixingale with {y,} of size ~1/2 and
Cue = max(1, || X, Jl,) for r > 2.1f

{X,,z,:tﬂ= 1,2,...,n; n=l,2,...}

is uniformly integrable, then

zk#l 2

2
ma"js/(sn.ju - Snk)
t=k+1Cns

:lsk+15n,k20,n21}

is uniformly integrable.
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Proof. (McLeish, 1977.) For ¢ > 1 and m to be determined later, put

X:l = anl(!Xntl S ccnl)

Y, = 8(X:\F ) — E( X F 1L
Uy, = X, — E( X \FILm) + &( X, | FLLT

Z, = J( D X:tl"g—‘:om) - J(Xm - X:rl‘?—'o—om)
and note_that X, =Y, +Z, + U, Let EX= [, ,XdP, Y, =
TiYe Z,;= Y12, U,;=Zi U, ¢ =Li. ., Jensen’s inequality
implies that (L p,x,)? < Lp;x}? for any positive p, with Lp, = 1, whence

2 724 724 72
sy <30L+ T2+ Z2)

by taking p, = 1/3. In general

(X + Y+Z>a)c(X>%)u(Y>%)u(Z>%)

whence
(X+Y+Z2)I(X+Y+Z>a)
< 3xi(x > %) +3vi(Y > 1;-) +321(z> gi)
and

E(X+Y+2Z)< 3E, X + 3E, ,Y + 3E, 5 2.
It follows that

max, _,S2;
(——-—-—-——éi’ ’) < 9(y+z+u)
nl

where

jsitnj

max; _,Y?
y= Ea/J ~2 4
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For some & < —1/2 we have

0 <y, =0(k®) = o[k*(in k) 7.

Note that for k < m

VUni = €U ), <l X — (XA F ), S ot

and for m > k

NU, = €(UIZ 2, =1 X = (X dF22) |, < corits-

Similarly |&(U, |# ), is less than c,,,\pz for k < m and is less than

,,,¢k for k = m. Therefore (U,,, %) is a mixingale with $, = ¥ imax(m, &)

of size ——1/2 and ¢, < B/[k‘/zlnz(k)] for all kK > m. By Lemma 2 with
= mIn*m for |k] < m and a, = 1/(k In’k) for |k) > m we have

o

us4( p a,)(const¢,2,,mln2m+ Z vi(a;' - a;t))|

j=— g k=m+1

Now [°x~YIn x)"?dx = [®,u"?du < oo implies that 0 < L¥___a, < 0.
Further, by Taylor's theorem 0 < k In*k — (k — Dn*(k — 1) < k[In*k —
In’(k — 1)) < 2Ink for k — 1 < k < k, whence 0 < 2_,¢3(a; ! — a;l))
< 2Y_,(In k)/(k In*k) < oo. Thus, for arbitrary € > 0 we may choose
and fix m sufficiently large that ¥ < ¢/27. Note the choice of m depends
only on the sequence {{,}, not on n. Also note that if some of the leading
U,, were set to zero, U,, would be a mixingale with the same ¥, but the
leading c,, would be zero. Thus the choice of m does not depend on where
the sum starts.

Similarly, for k <m, ||Z,, ~ J(Z;|n|‘9-”k)l|‘z and ||8(Z, |F k)"l are
less than ||Z,,,lj, and

" r“2 = " X:,”z < maxd’ XZ

ctnt”

For k > m, ||Z,, ~ E(Z,\F N, = 16(Z,|F )|, = 0. By Lemma 2,
witha, =a,_,=1fork<m+landa_,=a,=k?>fork>m+1we
have

z<4(2m + 4)( maxd’cX,,z,).
tsn
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For our now fixed value of m we may choose ¢ large enough that z < ¢/27,
since { X7} is a uniformly integrable set. Note again that ¢ depends neither
on n nor on where the sum starts.

With ¢ and m thus fixed, apply lemma 4 to the sequence {Y,,} with
y=4and a = 1 for |i| < m and a, = i? for |i| > m to obtain

¢(max72) s (3)"2m + 3’ T e
Js k= —m

where
i
Y= L &(Y,\F:) - (Y, |#F0).
=1
By Lemma 5, £7. _, £(Y,)* < 10(2¢)*(T).\c2)% so

max, ¥,
J(——-ﬁ—‘——i) 10(4)*2m + 3)’(2¢)%.

n

For fixed m and c as chosen previously, one sees from this inequality that
there is an a large enough that y < ¢/27. Thus

Sn
</
o)

Note once again that the choice of a depends neither on » nor on where the
sum starts; thus

2

max S _'Sn
{ JSI("J*" 'k) 1<sk+i<nkz0,n21

k+1
El:k +1€ ru
is a uniformly integrable set. a

TIGHTNESS. A family of probability measures {P,} defined on the
Borel subsets of D{0, 1] is tight if for every positive ¢ there exists a compact
set K such that P (K) > 1 — ¢ for all n. The importance of tightness
derives from the fact that it implies relative compactness: every sequence
from { P,} contains a weakly convergent subsequence.
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LEMMA 7. Let w, be a sequence of random variables with range in
D[0, 1], and suppose that

2
@ = {maX:s.vSHG[WS,(S) Wn(’)l n> N(,’s),o <t<1,0<8< 1}

is a uniformly integrable set, where N(¢,8) is some nonrandom finite
valued function. It is understood that if ¢+ + § > 1, then the maximum
above is taken over {¢,1). Then { P,} with

P,(4) = P{w:w,(-) € 4)

is tight, and if P’ is the weak limit of a subsequence from P,, then P’ puts
mass one on the space C[0,1].

Proof. The proof consists in verifying the conditions of Theorem 15.5 of
Billingsly (1968). These are:

1. For each positive 7 there exists an a such that P{w: |w (0)] > a) <1
fornz 1.

2. For each positive € and v, there exists a 6, 0 < § < 1, and an integer
ny, such that

P{w: sup |w,(s) —w,(2)] 2 c} <

[s—ti<8
for all n > n®.

Because w,(0) = 0 for all n, condition 1 is trivially satisfied. To show
condition 2, let positive ¢ and 7 be given. As in the proof of Lemma 6, let
E,X denote the integral of X over the set {w: X 2 a}. Note that

’

Em( max, ., ¢ ol Wals) = W,,(r)|2)

[
P2 }\21’( max |w,(s) - w,(1)| 2 }\»/5)

1ss5r+8

By hypothesis A can be chosen so large that both €2/A? < 1 and the left
hand side of the inequality is less than ne? for members of #. Set
8 =¢€2/X%, and set n° equal to the largest of the N(i8,8) for i=
0,1,...,[1/8]. If |s — t| < 8, then either both ¢ and s lie in an interval of
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the form [i§, (i + 1)8] or they lie in abutting intervals of that form, whence

P{w: sup |w,(s) - w,(1)] 2 31}

Is—1tj<8
(1/8]
P { : - w, (id)] = }
= iL_JO :65.\‘5(:+1)8|w (S) Wa l )' ¢
Al max 4 {w,(s) - w,(i8) [
_ s (i+1)8
S 2 A zExl( sssl 8 )
=0
and if n > n® this is
1/8}
< Y A ipe?
i=0
1
< (1 + 5)87)
< 2. 0

CONTINUITY SET. Let Y be a (possibly) vector valued random vari-
able. A Y-continuity set is a Borel set B whose boundary 3B has P(Y € dB)
= 0. The boundary dB of B consists of those limit points of B that are also

. . . . il
limit points of some sequence of points notin B. If Y, —» Y, P/(B) = P(Y,

€ B), P/(B) = P(Y € B), and B is a Y-continuity set, then lim, _  P/(B)
= P/(B) (Billingsley, 1968, Theorem 2.1).

LEMMABS. letV, .Y . Y fori=12,...,k berandom variables defined

ni» “nir T4

on a probability space (&2, =&/, P) such that

LV, - Y, 50fori=12...k
¥
2.Y,»Y fori=12..,k
3. lim, . { PINK.(V,, € 4)] ~ TT}L,P(V,, € 4)} = 0.

Condition 3 is called asymptotic independence; the condition must hold for
all possible choices of Borel subsets A4, of the real line. Then for all
Y-continuity sets B,

lim [P(rk](y;u’GBi)) - ﬁP(Ym‘EBi)] =0.

n—oo fml i=1
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2
Proof. Conditions 1 and 2 imply that ¥,, — Y,, whence for Y-continuity
sets B, we have

n-* o0

lim P( ﬁ;(V"" € Bi)) = P( F\ (Y, € B)

lim ﬁP(V... €B)= IEIP(Y: € B)
j=1

n—oG jw]

since X% B, is a Y-continuity set of the random variable Y =

(Y, Yy,..., ¥,) with boundary X%_ 3B, (Problem 9). Condition 3 implies
the result, 8

Proof of Theorem 2. Recall that we have set
Xm = gnc(u,n 'Yv?) - é"g,,,(W,, 7'?)

o) = Var( Y X,,,)

(=1

[ns]

X,
w,,(s)=z—;'1'- 0<sx1

=1 N
and that we have the following conditions in force:

1/02 = O(1/n).

lim, | Var{w (s)]=5,0<s< 1.

(X, ll, sA<o0,r>2,1<t<n n=12,....

(X,, #!,) is a mixingale with {¢,} of size -1/2 and ¢, =
max{1, || X, I, }.

5. », = sup,sup || X,, — &(X,JF ), is of size —1/2.

6. a,, = sup,a( F' ., F.5,,) is of size —r/(r — 2).

sow oo

Condition 3 implies that
{(x2:1=12,..,mn=12,.}

is a uniformly integrable set (Billingsley, 1968, p. 32). This taken together
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with condition 4 implies that

2

lsk+lsn, k20,n21

_ maxjsl(sn.j+k_snk)
K+l .2
2:-k+lcm

is a uniformly integrable set by Lemma 6. Condition 1 implies that for any
t,0<t1<1l andanyd,0<8<1,iftr<s5s<t+8 then

}:_(i"-:amlc:j = E&'E{nllmax(l’ "X'"“E)
502 80}

BUAEICAITS

n

< (n+ 1) 842

2
8o,

< (n+ 1)A0(n 1)
< BA?

for n larger than some n°. For each ¢ and 8 put N(1, 8) = n,, whence

mxlsssr+8[wn(s) - wu(’)lz

is dominated by BA? times some member of ¥~ for n > N(1,8). Thus

Lemma 7 applies whence { P,} is tight, and if P’ is the weak limit of a

sequence from { P, }, then P’ puts mass one on C[0, 1]; recall that P, is

defined by P,(A4) = P{w: w,(-) in 4} for every Borel subset 4 of D[0,1].
Theorem 19.2 of Billingsly (1968) states that if

i. w,(s) has asymptotically independent increments,

ii. {w2(s)}=., is uniformly integrable for each s,

iii. £w,(s) = 0 and #w(s) - s as n — oo,

iv. for each positive ¢ and 7 there is a positive §, 0 <8 < 1, and an
integer n, such that P{w:sup,_, 4lw,(s) — w,(1)] 2 €} <7 for
all n > ny,

then w, converges weakly in D[0, 1] to a standard Wiener process. We shall
verify these four conditions.
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We have condition iii at once from the definition of X, and condition 2.
We have just shown that for given ¢ and § the set

{ maxls.lSI+8[wn(s) - wn(’)lz }
& n=N(1,8)

is uniformly integrable, so put § = 1 and ¢ = 0 and condition ii obtains.

We verified condition iv as an intermediate step in the proof of Lemma 7. It

remains to verify condition i.
Consider two intervals (0, a) and (b, ¢) with 0 < a < b < ¢ < 1. Define

U, = é’[w,,(a)lf_‘;':’
Vn = J[wu(c) - w"(b)',g'[fc’],
Thus

Ei [ X — (X E)]

w,,(a) - Un = o

By Minkowski’s inequality and condition §

{na]
“W"(G) - Un“2 < o;l Z " X'l! - 8’( an‘f—[::]) "2

11

{na}
<o ' T || X, — (X, 0F 50|

(=1

[na]

-1
< o, Z v[na]—:
=1

(na]

sa 'Yy v,

me=0

Since (v, } is of size —1/2, L%2_,»,,m /2 < co. By Kronecker’s lemma
(Hall and Heyde, 1980, Section 2.6)

(al (na)
[na)* L m*(r,,m™'2) = [na]"* L v,

me1 m=1
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converges to zero as n tends to infinity. Since o, ! is O(n;‘/ 2), we have
that f{w,(a) — U,}l; = 0 as m — 0, whence w,(a) — U, — 0. A similar

P
argument shows that [w,(c) — w_(b)] — ¥, — 0. For any Borel sets 4 and
B, U Y(4) € #1721 and V7 X(B) € #5,;; thus

|P(U, € 4) 0 (V, € B) ~ P(U, € A)P(V, € B)| < o #15), #7,))

which tends to zero as n tends to infinity by condition 6. We have now
verified conditions 1 and 3 of Lemma 8. Given an arbitrary sequence from
{P,}, there is a weakly convergent subsequence { P,.} with limit P’ by
relative compactness. Since, by Lemma 7, P’ puts mass one on C[0, 1], the
finite dimensional distributions of w, converge to the corresponding finite
dimensional distributions of P’ by Theorem 5.1 of Billingsley (1968). This
implies that condition 2 of Lemma 8 holds for the subsequence, whence the
conclusion of Lemma 8 obtains for the subsequence. Since the limit given
by Lemma 8 is the single value zero and the choice of a sequence from { P,}
was arbitrary, we have that condition i, asymptotically independent incre-
ments, holds for the three points 0 < @ < b < ¢. The same argument can be
repeated for more points. 8]

Theorem 2 provides a central limit theorem for the sequence of random
variables

(8u(Wo¥0):in=1,2,..51=0,1,...}.

To make practical use of it, we need some means to estimate the variance of
a sum, in particular

0"2 = Var{ Z gm(W,, y,?)].
t=1

Putting
X, = 8al(Wos ¥7) — €8, (W, ?)

this variance is

(n—-1)

2 _
%, = Z Rnr
7= -(n-1)
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with

n
R.,= Y €(X,X,,.,) 7=0,£1,42,..,+(n-1).

(=1+]7|

The natural estimator of o2 is

I(n)
62 = E wVR"‘l’

n
r=—i{n)
with

n
Rvn: Z Xan.t——m
te=1+|7|
where w, is some set of weights chosen so that 67 is guaranteed to be

positive. Any sequence of weights of the form (Problem 10)

I(n)

w,= ) 3,8,y
J=1+j7|

will guarantee positivity; the simplest such sequence is the modified Bartlett
sequence

T

- I

w,=1-— i(n)"

The truncation estimator 62 = £%7_, R, does not have weights that
satisfy the positivity condition and can thus assume negative values. We
shall not consider it for that reason.

If { X,,} were a stationary time series, then estimating the variance of a
sum would be the same problem as estimating the value of the spectral
density at zero, There is an extensive literature on the optimal choice of
weights for the purpose of estimating a spectral density; see for instance
Anderson (1971, Chapter 9) or Bloomfield (1976, Chapter 7). In the
theoretical discussion we shall use Bartlett weights because of their ana-
tytical tractability, but in applications we recommend Parzen weights

_ 6t 6 1
1*(n) + 13}(n) 0< 1(n) <3

7 1 1 7|
2[1—%] 751(',)51
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with /(n) taken as that integer nearest n'/>. See Anderson (1971, Chapter 9)
for a verification of the positivity of Parzen weights and for a verification
that the choice /(n) = n'/> minimizes the mean squared error of the
estimator.

At this point we must assume that W, is a function of past values of V,,
so that W, is measurable with respect to %' _. This is an innocuous
assumption in view of the intended applications, while proceeding without
it would entail inordinately burdensome regularity conditions. The follow-
ing describes the properties of 62 subject to this restriction for Bartlett

weights; see Problem 12 for Parzen weights.

THEOREM 3. Let {V,}2 __ be a sequence of vector valued random
variables that is strong mixing of size —2gr/(r — 2) with ¢ = 2(r ~ 2)/(r
— 4) for some r > 4. Let (I, p) be a separable metric space, and let
W, = W,(V,,) be a function of the past with range in R that is, W, is a
function of only

(. Ve Vi V).
Let
{8a(W,¥):n=1,2,...;1=0,1,...}

be a sequence of random variables that is near epcoh dependent of size —g.
Given a sequence {y?}%., from T, put

an = gru(u/n Yr?) - Jgnl(u’n Yr?)

and suppose that || X, ||, A <ooforl st <nm nt=12,... . Define
" 2
a,,2=€(EX,,,) n=1,2,..
=1

ﬁn‘rg Z men,r—m T=0’ i'lp :tzy---, i(n" 1)

fo=1+]r}

i(n)
a2 _ T A _
8= ¥ (1 %)Rm l1<l(rn)sn-1.

=~ [(n)
Then there is a bound B that does not depend on n such that
lo} — £62| < Bnl™(n)

, B
P(|62 - £62| > ¢) < ?nl‘(n).



A UNIFORM STRONG LAW AND A CENTRAL LIMIT THEOREM 535
It £1g,(W,, v2)| < A then

I(n) n
P{ T (-] T xs )]

7= —[(n) t=1+j7]
Proof. To establish the first inequality, note that
i(n) n

lof — &6 <2 (n) v X |6(X,X,, )]

7—0 =14y

+2 Z Y le(x, P Ay |

rel(n) t=1+7

<20 ‘(n)Z > le(x, =0

T=0 tmis+r

c} < Zars(n)
€

Now
|&(X,. X, )| =|exX, _ (X, 175
<X, ,uzué’( X% ),

< (V+IX, %) e,

where 0 < ¢,, < max{1, | X,}|,}) < (1 + &A7?) and 0 < T= 1y, < o0 by
Proposition 3; note that ¢ > 2. Thus, we have

oC
lo? - &62 < 21 + &72)’ni"Y(n) L 7y,

=0

which establishes the first inequality.
To establish the second inequality note that

p[ ]

T (1- 4 )k, - e,

v= —[(n)

I(n) . .

* P'-Ol(n)( ) Ry, = 6R, 1 < ERW)
I(n) .

o P*—L—J«n{l -S> 3 )
z1- I(Z? Var(|R,, -~ éR,.)) [2(n) + 1] [1 — |elfi(m)]?

T —{{n)

i(n) ,

21- ¥ &R, - Jﬁ,,lz_li’L"_c)__.,;ll_

= —{(n)
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so that

P(162 -6l >¢)< ¥ &(R,.)

@ ~ 2 [20(n) +1]?
—.
re —I(n) €

Suppress the subscript n, and put X, =0 for 1 < 0. By applying in
succession a change of variable formula, the law of iterated expectations,
and Hélder's inequality, we have

s(R,)=¢ L L X_ XX_X
s=l+ritml+r
(n—1-7) n
=& Z ): X - XKoo X2 X,

b= —(n—1—1) t=1+71+h|

522 Z [ (X, _p_ X, n X, . X))

h=Q t=l+7+h

+22 E €KX, ho o X X, X))

hely tml+rt+h

2T ”n
=23 Y |e(X_h.X_ WX _.X)|

h=0r=1+7v+h

28 % e[ X Xt (X x)F )

h=m2rt=1+7+h

27 n
<2y Y X X X X,

h=0r=l+7+h

+2 Y L X X sl le(X_ X F ),

hw2r t=1+1+h

< 47n(1 + AY4)

+2 Y Y XXX XA F ) ],

h=2r 1=1+7+h

o0 n
<consttn +const 3, 3. [€(X_,X\F )|,

hm2r g=l+7+h

Write X,_, = £(X,_|%, %) and X, + £(X,|#,}4%). By applying the
triangle inequality twice, and the conditional Jensen's inequality (Problem
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4), we obtain
le(x,_, x| &2 M),
sfle(X_ XiF ), +]e(x.- X1,
sllé’(xf-. .w;")nﬁllé”[&(x,,,— .—f)lf' <1,
+ua[x’,_,(x - %)=,
sle( i RIE ), +1 XX = X, I XX~ R) ],

The argument used to prove Lemma 1 can be repeated to obtain the
inequality

" Xl( Xr—‘r - XAI—'Y) “2 < 21/2”Xl—'f b A,-,"gl/z)“_z)/‘s”l)”X‘“g/le"z)/(-\'—l)
% " X:(ch - )2‘_7) "(SI/Z)S/(J—U

for s = r/2 > 2. Then we have

" Xt(xr—f - i,-,) “2 s 21/2"X,_f - XA"_'"“/Z)(S‘Z)/(S~1)
x(l + A'/Z)(1/2Xs—2)/(:—l)

X (X XN, + XX, ]2

A/2Ur =) /(r-2)
N

h/2
=-const[ n - 1_8( n,t- wah/z

where the constant does not depend on n, h, or 7. By the definition of near
epoch dependence we have

|

provided that 7 < h/2. Thus we have

Xn.l—f - g( Xn,!—«f"%’—jrhzz) “2 s l'h/Z—-r

“ Xl( Xr—r - Xl—f) "2 < const (Vh/2~1)(1/2)(’—4v(r—2)
and by the same argument

“ Xt-v(Xl - X‘) "2 < const (vh/z)(l/z)(’—4)/(r'-2)

< (const.) (v, ,_, /- 9/4-D
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where the constant does not depend on n, h, or r. Using Proposition 2, we
have

|&(2,_, RiF2M) |, < 20272 + D]a( #2354 F582)] 271X,
<222 + 1)A(a, ,) 27
Soonst(a,,/z_,)("z)/z'.

Combining the various inequalities, we have

i{(n) N 2
Y &(Rr,)
T —I(n)
W .- A/2Ar -/ (r— D) (r—=2)/1
r— r— - r
<constn ), (f+ > [(V;./z-f) +(anp-)” ])
r—-—l(ﬂ) A=2r

{(n) oo
=constn 3, (1‘ + Y m /- 9/- 4 m"’)

T —I(n) m=0

< const n[12(n) + I(n)].

Thus we have
2
P(162 - &62 > ¢€) < [21("32+ ! const n[12(n) + I(n)]

which establishes the second inequality.
Using the same argument as above,

|

i (1 - L}l) Z": X868, v

2

T —{ Te1+j7|
! n 2 2
201+ 1
= Z J( Z X,é’g,_m) ( 2 )
e -1 \t=l+]r €

n 2 3
20+ 1
< max 5( Z X,@g,_m) L——;;—)-*

~lgrsl | ey
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Now

n 2
3( Z X-"&—m)

tw1-+iT)

=& i 2": (58,_',,€g,_|,|)(X,XJ)

s=1 47| 1] +ir}
(n—l—-|1|) n
=& Z Z (Jgr-vfgx—;h]—m)(X:X:—m)
h=—(n—1=17) t=1+|r|
(n—1-)7p n
< Z Z ’ng-grlgmm—m*
M= —{n—1-}r]) t=1+|r}]
(n—1-}7p n
<8 ¥ T X wlfe(x 122 .M,
hom (=1 ~TD t=14|7|
(n-1-{7D n

< const Y Y Y

how —(n—1~|7) t=1+|r]

J’X,_wd’( X f-';lhl) I

Qo0
sconstn ) ¢y
he= -0

< const n
which establishes the third inequality. 0

PROBLEMS

1. (Nonlinear ARMA.) Consider data generated according to the model

y - {f(y[—l) x:! 00) + g(e,9 e"‘l""’e”’q’ Bo) t = 1,2,...
‘ 0 ts0

where {e,} is a sequence of independent random variables. Let
llsupg gle, €,_1, ..., €, Bli, £ K < oo for some p > 4, and put

&(W,,0) = [y~ f(3-0 x,, 0)]*.

Show that {g,(W,, 8)} is near epoch dependent. Hint: Show that
g =g8le,e,_y....e_ B°) is strong mixing of size — g for all posi-
tive gq.

2. Referring to Example 1, show that if V,=(Y,0) then §', has
prediction error |y, — §/ .| < d'[Y| + d™L'7 'd/le,_,,_,| for t — m.
Use this to show that {y, — f(y,_,, x,, #)]? is near epoch dependent.
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Show that the definition of a mixingale implies that one can assume
that Y, ., <y, without loss of generality. Hint: See the proof of
Proposition 3.

The conditional Jensen’s inequality is g{&(X | #)] < £(gX | F) for
convex g. Show that this implies £[{&(X|F)}? < £XP, whence
He(X 1N, s I Xll, for p 2 1.

Show that if X and Y are in L, (R, &, P) and Y is #measurable with
Fcof, then | X - E(X|F), <||X — Y|,. Hint: Consider [X —
E(X|F)+ &X|F)- Y]* and show that &{[X -

E(X|FNE(X|F)-Y]}=0.

Show that the random variables

Ui = J(Xnt|§—l:ok) - g(an'fJ;k‘l)

appearing in the proof of Lemma 2 form a two dimensional array with
uncorrelated rows and columns where ¢ is the row index and k is the
column index. Show that

! i
Var( )> U,k) = L &6 (X, | F1) - 682X, | #1071,
t=l 1=~1
Show that the hypothesis Ly2|a; ! — a;!;|< oo permits the reorder-
ing of terms in the proof of Lemma 2.

Show that a compact metric space ( X, p) is separable. Hint: Center a
ball of radius 1/n at each point in X. Thus, there are points
Xipre-es Xy, Within p(x, x;,) < 1/n for each x in X. Show that the
triangular array that results by taking n = 1,2,... is a countable
dense subset of X.

Show that the boundary of x* B, is X[, 8B, where 3B, is the
boundary of B, C R.

Write
X, 0 0 0 |
X, X 0 0
X, X, X, 0
X= ‘A,n .A’n—l ;‘,n—Z .A,n-l(n)
0 X, X, .
0 0 X, :
n+i(n) _0 0 0 . Jim)
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and show that a = a'X'Xa, where
a=1(ay,a,...,48,,)

and hence that o 20ifw, =L, aa;_ oy Show that the trunca-
tion estimator 6 = L_, R, can be negative.

11. Prove Theorem 3 for Parzen weights assuming that ¢ > 3. Hint:
Verification of the second inequality only requires that the weights be
less than one. As to the first, Parzen weights differ from one by a
homogeneous polynomial of degree three for /(n)/n < 1/2 and are
smaller than one for {(n)/n 2 1/2.

3. DATA GENERATING PROCESS

In this section we shall give a formal description of a data generating
mechanism that is general enough to accept the intended applications yet
sufficiently restrictive to permit application of the results of the previous
section, notably the uniform strong law of large numbers and the central
limit theorem. As the motivation behind our conventions was set forth in
Section 1, we can be brief here.

The independent variables {x,}2 __ and the errors {e}2 . are
grouped together into a single process {v,}% _ . with v, = (e,, x,), each v,
having range in R'. In instances where we wish to indicate clearly that v, is
being regarded as a random variable mapping the underlying (complete)
probability space (&, &, P) into R/, we shall write V,(w) or ¥, and write
{V,(w)}2 _ . or {V,}% _, for the process itself. But for the most part we
shall follow the usual convention in statistical writings and let {v,}}2 _
denote either a realization of the process or the process itself as determined
by context.

Recall that & is the smallest sub-o—algebra of o, complete with
respect to (9 &, P), such that V,,V,_ ., ..., V, are measurable; F_F =
N _ . F' ., Situations with a finite past are accommodated by putting
V,=0 for r < 0 and letting V;, represent initial conditions, fixed or random,
if any. Note that if {V,} has a finite past, then ' _ will be the trivial
o-algebra {¢, 2} plus its completion for ¢ < 0.

ASSUMPTION 1. {V,(w)}2 _, is a sequence of random variables each
defined over a complete probability space (£2, &, P) and each with range in
R’
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U =(....v_1, 00, 0,...)

denote a doubly infinite sequence, a point in X2 _ _R’. Recall (Section 1)

that the dependent variables { y,}%2 _  are viewed as obtaining from v, via
a reduced form such as

yo=Y(t,v,,v°) 1=0,£1,42,...

but, since we shall be studying the limiting behavior of functions of the
form

1 ¢ "
s,(A) = n Z Sr()’n Yectseoos Yoot Xps Xpqoeoos Xy gy Tys A)

tm1
it is more convenient to group observations into a vector

Ve

X

dispense with consideration of Y(¢, v, v°), and put conditions directly on
the mapping

w, = u/r(voc)

with range in R*, k, =/, + I/. The most common choices for k, are
k, = const, fixed for all ¢, and k, = constt. Recall that the subscript ¢
associated to W,(V,,) serves three functions. It indicates that time may enter
as a variable, it indicates that W,(v,,) depends primarily on the component
v, of v, and to a lesser extent on components of v, of v, with |t — 5| > 0,
and it indicates that the dimension k, of the vector w, = W,(v,) may
depend on t. As W(u,) represents data, it need only be defined for
t=0,1,..., with W, representing initial conditions, fixed or random, if
any. We must also require that W, depend only on the past to invoke
Theorem 3.

ASSUMPTION 2. Each function W,(u,) in the sequence {W,}%, is a
Borel measurable mapping of R® , = X2 __R'into R*. Thatis, if Bisa
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Borel subset of R*, then the preimage W, '(B) is an element of the
smallest o-algebra £ containing all cylinder sets of the form

<« XR'XB,XB,, X - XBXR'x -

where each B, is a Borel subset of R’. Each function W,(v, ) depends only
on the past; that is, it depends only on (..., v,_,, v,_,, v,).

The concern in the previous section was to find conditions such that a
sequence of real valued random vanables of the form

{gr(u,nY):Ye r,f———O,l,_,,}

will obey a uniform strong law and such that a sequence of the form
{g",(l'l’,,y,?):y,f’el‘;t=0,1,...; n= 1,2...}

will follow a central limit theorem. Aside from some technical conditions,
the inquiry produced three conditions.

The first condition limits the dependence that {¥,}2 _, can exhibit.
ASSUMPTION 3. ({V,} _ is strong mixing of size —4r/(r — 4) for
some r > 4.

The second is a bound ||d ||, < A < co on the rth moment of the
dominating functions d, = |g,(W,, v)| in the case of the strong law and a
similar rth moment condition ||g, (W, v°) — €8, (W,, Y)ll, < A < 0 in
the case of the central limit theorem; r above is that of Assumption 3.
There is a trade off: the larger the moment r can be so bounded, the more
dependence (¥, } is allowed to exhibit.

The third condition is a requirement that g (W,,y) or g, (W, v) be
nearly a function of the current epoch. In perhaps the majority of applica-
tions the condition of near epoch dependence will obtain trivially, because
W,(V,,) will be of the form

W) =WV p.-, V)

for some finite value of m that does not depend on ¢. In other applications,
notably the nonlinear autoregression, the dimension of W, does not depend
on t, g(w, y)or g,,(w,y) is smooth in the argument w, and W, is nearly a
function of the current epoch in the sense that 5, = ||W, — &(W, | F,.""|,
falls off at a geometric rate in m, in which case the near epoch dependence
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condition obtains by Proposition 1. For applications not falling into these
two categories, the near epoch dependence condition must be verified
directly.

4. LEAST MEAN DISTANCE ESTIMATORS

Recall that a least mean distance estimator A, is defined as the solution of
the optimization problem

minimize s,(A) = = 3 s,(w,, £, A).
=1

As with {v,}% _ ., we shall let {w,}2, denote either a realization of the
process—that is, data—or the process itself, as determined by context. For
emphasis, we shall write W,(v_) when considering it as a function defined
on R®_, and write W (V_), W, W,[V_(w)], or W,(w) when considering it
as a random variable. The random variable £, corresponds conceptually to a
preliminary estimator of nuisance parameters; A is a p-vector, and each
s,(w,, 7, A) is a real valued, Borel measureable function defined on some
subset of R% X R“ X R”. A constrained least mean distance estimator X,
is the solution of the optimization problem

minimize s,(A) subjectto h(X) = h}

where A(A) maps R? into RY.

The objective of this section is to find the asymptotic distribution of the
estimator 5\,, under regularity conditions that do not rule out specification
error. Some ancillary facts regarding the asymptotic distribution of the
constrained estimator A, under a Pitman drift are also derived for use in
later sections on hypothesis testing. We shall leave the data generating
mechanism fixed and impose drift by moving h?*; this is the exact converse
of the approach taken in Chapter 3. Example 1, least squares estimation of
the parameters of a nonlinear autoregression, will be used for illustration
throughout this section.

EXAMPLE 1 (Continued). The data generating model is

y'{f(yt-l’x1’70)+e| ’=1,2,...
0 t<0

with (3/dy)f(y, x,¥)] < d < 1 for all relevant x and 7.
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The process

V =

]

(e, x,) 1=1,2,...
(0,00 <0

generates the underlying sub-c-algebras % that appear in the definition
of strong mixing and near epoch dependence. The data consist of

W,‘-=(y,,y,-1,x,) f=0,1,2,....

As we saw in Section 2, |le|, < A < co for some p > 4 is enough to
guarantee that for the least squares sample objective function

W) = 2% 1= O 20 D)

tw=1

the family

s(Wod) = [y = fGonxa M =01,

is near epoch dependent of size —gq for any ¢ > 0. The same is true of the
family of scores

d d
x5 W) = g5y = fOin 3o M) (=01,

assuming suitable smoothness (Problem 2).

If we take ||V]l, < A < oo for some r > 4 and assume that {V,} is strong
mixing of size —r/(r — 2), then Theorems 1 and 2 can be applied to the
sample objective function and the scores respectively. If {¥,} is strong
mixing of size —4r/(r — 4), then Theorem 3 may be applied to the scores.

As we shall see later, if the parameter A is to be identified by least
squares, it is convenient if the orthogonality condition

Jerg(y:—lv xl) =0

holds for all square integrable g( y,_,, x,). The easiest way 10 guarantee that
the orthogonality condition holds is to assume that {e,} is a sequence of
independent random variables and that the process {e,} is independent of
{x,}, whence e, and (y,_,, x,) are independent. a

In contrast to Chapter 3, s5,(A) and, hence, 5\,, do not, of necessity,
possess almost sure limits. To some extent this is a simplification, as the
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ambiguity as to whether some fixed point A* or a point A% that varies with
n ought to be regarded as the location parameter of X, is removed. Here,
A% is the only possibility. This situation obtains due to the use of a weaker
strong law, Theorem 1 of this chapter, instead of Theorem 1 of Chapter 3.
The estimator 7, is centered at 7 defined in Assumption 4.

NOTATION 1.

5.(A) = (1/n)Zio 5wy, 7, A).
S,?(A) = (1/n)Li.E5.W,, ,,."0’ A).
, minimizes s,{(}).
X, minimizes s,()) subject to A(A) = 0.
A% minimizes s2()).
A* minimizes s2(A) subject to A(A) = 0.

In the above, the expectation is computed as
&s, (W, 1,A) = fs,[W,(w), 7, A} dP(w).
Q

Identification does not require that the minimum of s(A) become stable
as in Chapter 3, but does require that the curvature near each A°, become
stable for large n. )

ASSUMPTION 4 (Identification). The nuisance parameter estimator 7,
is centered at 10 in the sense that lim,, _, ,.(, — 77) = 0 almost surely and
Vn (%, — 10) is bounded in probability. The estimation space A* is com-
pact, and for each ¢ > 0 there is an N such that

inf inf [s2(A) - s2(X%)] > 0.

n>NA-2j=¢

In the above, |A — A% = [Zf. (A, = A%)?]}/2 or any other convenient
norm and it is understood that the infimum is taken over A in A* with
A=2A%>e

For the example, sufficient conditions such that the identification condi-
tion obtains are as follows.
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EXAMPLE 1 (Continued). We have

sr?()‘) = % Zlg[el +f()’t—1s X5 70) -_f()’:—-l’xv A)]Z

1 o 2 ¢
= ;,_ E%Je'z + ;; Zlgel[f(yl—l’ Xy¢s Yo) —f(.VI—l’xu )\)]
- L=

+% Zgif(yr-—lvxn Yo) -f(yhl»xv A)lz

r=-1

13 1<
; Z 0’2 + ;; ZIJ[f(Yr—-lv ) 70) —f(y,_l.x,,)\)lz.
Lo

re=1

[

Using Taylor’s theorem and the fact that y° minimizes s (),
s2(A) = s2(+°)
= (= 1) |5 T FS O 2o V) F/ O 2 V) |1 = 10)
Y n = TN V-1 X art V-1 %o Y )
A sufficient condition for identification is that the smallest eigenvalue of

SO = 7 X &(gx/ im0 (7S Ot 2]

is bounded from below for all A in A* and all n larger than some N. We
are obliged to impose this same condition later in Assumption 6. nj

We append some additional conditions to the identification condition to
permit application of the uniform strong law.

ASSUMPTION 5. The sequences {#,} and {7} are contained in T,
which is a closed ball with finite, nonzero radius. On T X A*, the family
{5 [W,(w), 1, A]}72, is near epoch dependent of size —1/2, it is A-smooth
in (7, A) (Problem 1), and there is a sequence of random variables {d,}
with sup,, se|s W, (w), 7, A}l < d,(w) and ||d,}], < & < oo for all ¢, where
r is that of Assumption 3.

LEMMA 9. Let Assumptions 1 through 5 hold. Then
lim sup|s,(A) = s2(A)|=0
n=*00 A®

almost surely, and {s2(A))=., is an equicontinuous family.
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Proof. Writing &s,(W,, 7,, A) to mean &s,(W,, 7, A)|,., we have

sup|s,(A) — s7(A) |
A

1 < N .
n Z [sl(u/v T» A) - JS,(;V,,T,,, A)]l

< sup
A* t=1
1 n
+ sX.p 7 El&',(W,, £, A) — &s,(W,, 12, )\)’
§ -
1 n
< sup |1 8 [s, (W 0) —es,(w,,f,x)]]
A*xT =1
1 n
+ s:.p = Zld’s,(W,, £, A) — &5, (W, 10, A)‘
t-

Except on an event that occurs with probability zero, we have that the first
term on the right hand side of the last inequality converges to zero as n
tends to infinity by Theorem 1, and the same for the second term by the
equicontinuity of the average guaranteed by Theorem 1 and the almost sure
convergence of 7, — 10 10 zero guaranteed by Assumption 4. 0

THEOREM 4 (Consistency). Let Assumptions 1 through 5 hold. Then

im (A, - X)) =0

n—oc

almost surely.

Proof. Fix « not in the exceptional set given by Lemma 9, and let € > 0
be given. For N given by Assumption 4 put

8=inf inf [s2(A) - s2(X%)].

>N A=K

Applying Lemma 9, there is an N’ such that sup,.|s,(A) — s2(A)| < §/2
for all n > N”. Since s5,(},) < 5,(A%), we have for all n > N’ that

2(8,) - 3 <5,(R,) 5,(00) 5 50(A) + 5

or |s%A,) — s%X%)| < 8. Then for all n > max(N, N’) we must have
R, =2 <e a
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The asymptotic distribution of A, is characterized in terms of the
following notation.

NOTATION 2.

I(n)
M= L vy )0

T —{(n)

1-6ix)>+6jx)> 0<|x|<}
(x) = 3
2(1 — |x)) i<ix|<g1

/(n) = the integer nearest n'/*

1 & (g9 3 ,
% n J——_ W1 09A )(J— =T m.-v’ "O’A) 0
%, (\)= n'_%f( ;\S:( i ey A) TN ( A 2

n -—Y(A) <0

iN= T A0

- t=14+7r

Jnr(A)= _ 720
r<0

j(A)“—Z" aNS( " nO’A)

F=£(X) S =4(X) ¥ =%,)
Sr=4(\)  Er=L0)  @r=4,(\).

We illustrate their computation with the example.

EXAMPLE 1 (Continued). The first and second partial derivatives of

sl(w!’ A) = {.VI - f()'r—l’ Xy A)]2
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are
d d
g’xs(wn }‘) = _2[}’1 —f(y:—-lv Xys A)] 'a_x./(}’t—lv Xys >‘)
2 ’
.57\8_5_}\73(“’1’ )‘) = 2(%./()’1—1» Xys A))(_a—aXf(y(~lv Xy A))
2
—2[y,~f(y,,-1,xn?\)] E%Wf(yr—l’an)'

Evaluating the first derivative at A = y° and y, = f(y,_,, x,,Y) + e,,
we have, recalling that ¢, and (y,_,, x,) are independent,

F} 7]
‘fﬁxs(Wn A)L_yo = —ZJ’e,Jm‘f(y’_h Xgy YO) =0

whence #? = 0.

Put
d
—Xf(yl x,x,,K) 10
o? = fe?.
Then
a( 9w A))(—a—s(W A))'
ﬂ r 3A ” A-y“
_ 48eX6FF/ s=1
4fe,Be FF; s <1t
_ { 4028FF/ s5=1
0 s<t
and
32 d
&g S (Wi M) T 28FF; — 26e, 8w f(yio1, X, ¥°).
-
In summary,

S0 = — Z o 6FF’

t=-1

I = ',; Zﬂ}ﬁ'- a

fe=1
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General purpose estimators of (£°, £°) and (£*, £.*)—(5, £, and
£, &) respectively—may be defined as follows.

NOTATION 3.

PYES TR st (N PO

1= —1(n)

£e(A) = 71",_}::”(%"(”" M) (Fxs i N 20

"’nl,wr(k) r<(

1-6x2+6)x) O0<ixj<}
(x) = 3
2(1 - |x)) Isixls1

{(n) = the integer nearest n'/*
)

20 =18 s v )

r-l

=58,  F=£K), F=5K), F=£0).

The special structure of specific applications will suggest alternative
estimators. For instance, with Example 1 one would prefer to take £, (A)
=0 for 7 + 0.

The normalized sum of the scores is asymptotically normally distributed
under the following regularity conditions, as we show in Theorem 4 below.

ASSUMPTION 6. The estimation space A* contains a closed ball A with
finite, nonzero radius. The points { X%} are contained in a concentric ball of
smaller radius. Let g,(W,, 7, A\) be a generic term that denotes an element
of (3/dN)s (W, 7,A), (32/3A3N)s, (W, 7,X), (32/313X)s, (W, 7, ),
or [(3/aN)s(W,, 7, M(3/3N)s(W,, 7, A))’. On T x A, the family
{ giW.(w), 7, A]} is near epoch dependent of size —g with g = 2(r — 2)/(r
— 4), where r is that of Assumption 3, g [W,(w), 7, A] is 4-smooth in
(r. A), and there is a sequence of random variables {d,} with
SUP Al &I W (w), 7, Al} S d(w) and ||d ||, < A < o for all . There is an
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N and constants ¢, > 0, ¢; < oo such that for all 8 in R? we have

cAE<8F(A)8<c,88 all n>N, all AeA
cd8 < 85% < ¢c,8% al n>N
c 8% < §*8 < ¢80 al n>N

lim (4, ) g0 (£2) 6 =8% all 0<s<1

n-— o0

lim 8(£) 2o, (£) ¥ 8=68 all 0<s<1.
Also,

lim - 24’ n’) ,s(w,,f,,,x )=0.

l‘l“‘wn’ 1

Recall that [ns) denotes the integer part of ns, that & /2 denotes a
matrix with S! = (£ VY)(FV2) and S/? a matrix with SF=
(F2Y #1172y, and that factorizations are always taken to be compatible so
that F1/25 /2 = |

As mentioned in Chapter 3, the condition

lim — 2; 55, (W, 12, 0%) =0
" o0 fm=1
permits two step (first 7, then A) estimation. If it is not satisfied, the easiest
approach is to estimate 7 and A jointly.

The requirement that

tim 8/(£2) /80, £) V8 = 58

n—*a0

is particularly unfortunate because it is nearly the same as requiring that

lim £ =+

n-> o0

as in Chapter 3. This has the effect of either restricting the amount of
heteroscedasticity that (3/3\)s,(W,, 72, A%) can exhibit or requiring the
use of a variance stabilizing transformation (see Section 2 of Chapter 3).
But the restriction is dictated by the regularity conditions of the central
limit theorem and there is no way to get around it, because asymptotic
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normality cannot obtain if the condition is violated (Ibragimov, 1962). We
verify that the condition holds for the example.

EXAMPLE 1 (Continued). For the example,

y,.__{f(y,-l-x.‘v°)+e, (=1,2,...
0 t<0

with K3/3y)f(y, x,Y®)| < d < 1, we shall verify that

4 n
“‘no"‘== n Z&e?gG(y,_l,x')

t=1

6(r. %) =( 25/ 0 2. M) 75/ 0 x|

Amy?

satisfies the condition

lim 8(£0)"2#2,,(£0) "8 = 8.
n— o0
To do so, define
_ 0 t<0
PG x07°) 0 <t

Py s < max(f — m,0)
e f( .’,;.l,x,,vo)+e, max(t - m,0) <s <t

t—1

Y,= ) dlle,_|
j=0

g(y, x) = a typical element of G(y, x)
and assume that {e,} and {x,} are sequences of identically distributed

random variables, and that || and [(d/3y)g(y, x)| are bounded by some
A < oo. As in Section 2, for m > 0 and r > O there is a j, on the line
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segment joining y, to y, such that

lyr _)_'ll ==|f(y,,,, Xys 70) + e, ~f(j",-,,x,,y°)‘

d .. -
= 'éy.f(yn Xy, 70)()’1—1 "')':-1) + e,
= dlyl-—l _y:—l' + 'ell

-1

<dly—Jol + X dlle,)
Jj=0
=Y

.
For t — m > 0 the same argument yiclds
by - ﬁll.m' = lf(yl—l’ X¢s 70) + e, — f(ﬁtl,:rvl’ Xy 70) - etl
s d[yt—l - ﬁl‘—mll
<A™yl

<d™ o+ d7Yiem ~ Vil
<sd™(A+7Y,_,).

The assumption that the sequences of random variables {¢,} and {x,}
are identically distributed causes the sequence of random variables
(G($!2} mr x,)} to be identically distributed. Thus

E26G(HIL o x,) =V allL

But

-1
'yl—-l - ﬁr'—l, m‘

- Jd -
glg(IVr—l’ xl) - g(.)‘):’—-ll,m» xl) | < é"'-—a—;g(y’_h X,)
= AJD’:—-I —y“t‘:ll_ml
<Ad"€(A+7Y,_,,)
< Ad"‘(A + ) d’é’{eol)

=0
= constd™
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where the constant does not depend on » or . Thus

tim 8(£0) " (S0) ()78

n-—sco

= 8'{V+ O(d'n)] “‘1/2[V+ 0(d"‘)][V+ O(d'")]_l/z’a_

Now m is arbitrary, so we must have

tim 8/(£9) " (#0,) " (£9) 8 = 8. o

With Assumption 6 one has access to Theorems 1 through 3, and

asymptotic normality of the scores and the estimator X" follows directly

using basically the same methods of proof as in Chapter 3. The details are
as follows.

LEMMA 10. Under Assumptions 1 through 6, interchange of differentia-
tion and integration is permitted in these instances:

a 1 &,
ﬂs,‘,’(k) = ; Zlg—a—xs,(u/,, T,?,A)
o=

i 0 —lia 8 (w,, 72, x)
axann )“n‘_l NGNS\ e Tar A
Moreover,
lim supl-;xs,,(A) - %s,‘,’(k)! =0  almost surely
n~+a0 A
. 9l a?
,,li.“:o s:x\p axs,,(A) W ,s,?()\)|==0 almost surely

and the families

{xss0}

are equicontinuous on A.

00 az had
. and { a,s,‘,’()\)}

1 n=1

Proof. The proof that interchange is permitted is the same as in Lemma 3
of Chapter 3. Almost sure convergence and equicontinuity follow directly
from Theorem 1 using the same argument as in Lemma 9. 0
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THEOREM 5§ (Asymptotic normality of the scores). Under Assump-
tions 1 through 6,

i (£9) 7 Fxsa() SN0, 1)

lim (£° + @? - J) =0  in probability.

n—+o0

Proof. For each i where i = 1,2,..., p we have

i csa(N) = = L s W8, )

:lv— Hl

Pk
t3 X gages (W XA (o)

where 7, is on the line segment joining 7, to 7°. By Assumption 4,
lim, _, 7, — 70 = 0 almost surely and Vn (%, — 10) = O (1), whence

lim =~ E [s -5, (W, 72, )|V (%,-12) =0

n—-co” P

almost surely. By Assumption 6 we have

him Z ax, a.,'S( W,, 10 K, Wn (4, ~ 7)) =0

n—* o0

almost surely. As the elements of (#£,°)"!/2 must be bounded (Problem 3),
we have, recalling that (3/dX)s%(A%) =0

l -1 @ 3
E(f..") (g'xsf(Wn 70, No) = Egxs (W, 7, N, )) +0,(1)
where the interchange of integration and differentiation is permitted by
Lemma 10. Let § be a nonzero p-vector, and put

8o (Wi v2) = 8(£0) 2 s (W, 10, W),
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Assumption 3 guarantees that {¥,}{2 _  is strong mixing of size —4r/(r —
4) with r > 4, so {V,} _, is strong mixing of size — } as required by
Theorem 2, and Assumption 6 guarantees that { g, (W, v2)} is near epoch
dependent of size —g with ¢ = 2(r — 2)/(r — 4) > 1 (Problem 4). We
have

[ns]
olzns] = Var( Z gnl(w’l’ Yr?))
te=1

= [ns)87(£2) 20 (£9)

L
which, by Assumption 6, satisfies

1. 1/0} = 1/0},; = O(1/n),
2. lim, _, o}, /02 = 5.

Further, Assumption 6 and Problem 3 implies

3 "g,,,(u’,, Y,?) - Jgnl(u,n ‘Yr?)'r

< [81(0)8] max | s, (W, 79,08) - s, (W, 28, )

1<isp

r

Co

1 1/2
< ( s'a) (141, + I l).
Thus,

me(£9) " Hos ()

7}-'1— é (80 (W, ¥0) — &8, (W v0)]

1 n
= (89)7 - L g.(W,v°)
1

L.

£ N, 8)

by Theorem 2. This proves the first assertion.
To prove the second, put

X, = 8’(%3,("’,, 70, A%) - J;,i’xs,(w,, 2, A‘i,)).
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Referring to Theorem 3, note that

" 2
= é“( Y X,,,) = n8'#'

l-1+|f|
2 I(Z") ( T A
6; = w )R,"
7= —{(n) { n)
= nd' (S~ «2)8

where w(x) denotes Parzen weights. By Assumption 3, {¥,} is strong
mixing of size —4r/(r — 4) for r > 4, as required by Theorem 3; by
Assumption 2, W, depends only on the past; by Assumption 6, { X, }
is near epoch dependent of size — g with ¢ = 2(r — 2)/(r — 4); so we
have from Theorem 3 that

3
B M)

lim P(-—{ZQ>¢)= an:ot p

n~ o0

—\o - £6% = hm Bi"'(n) =0

n—oc

__B%I(n) 0
¢

n

lim p[-—wz - &6} > c} = lim

n—> 00 n—o0
whence

lim 8°(£° ~ £+ #2)6 =0  in probability

n-—o0c

for every 8 + 0. O
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THEOREM 6 (Asymptotic normality). Let Assumptions 1 through 6
hold. Then

Vr (£9) 7 228, - ) S N,(0, 1)

lim (£°-#)=0  almost surely.

L had--]

Proof. By Lemma 2 of Chapter 3 we mai assume without loss of gener-
ality that A,, A € A and that (3/8)A)s,(X,) = o,(n"1/2), (3/3A)s°(2%)
= o(n~1/2),

By Taylor’s theorem

Vi s (20) = Vi s, (R,) + A (X, - 8,)

where # has rows (3/3NX3/9X,)s,(X,,) with X, — A2|| < [IA, = Ao
Lemma 10 permits interchange of differentiation and integration, we have
lim, _,w||5\,, — X%l = 0 almost surely by Theorem 4, so that application of
Theorem 1 yields lim, _, . #° — #= 0 almost surely (Problem 5). Thus, we
may write

i (£9) 7182 + 0,(](K, - ) = =V (£2) 7 s, () + 0,(1)
recalling that (3/3M)s,(A,) = o,(n"'/?) and that (£°)"'/* = 0(1) by
Assumption 6 (Problem 3). The right hand side is O,(1) by Theorem 5, and
(£°)/? and (£°)! are O(1) by Assumption 6, so that Va (X, — A%) =
0,(1) and we can write

VR (£2) 28R, = 20) = =y (£2) 7 s, (1) + 0,(1)

which proves the first result. R
The same argument used to show lim,, _, . #£.° — #= 0 almost surely can
be used to show that lim, _ _ #.° — &= 0 almost surely. o

Next we shall establish some ancillary facts concerning the estimator A,
that minimizes s,(A) subject to H: h(A) = h* under the assumption that
the elements of the g-vector Yn[h(A%) — h*] are bounded. Here h* is a
variable quantity chosen to adjust to A% so that the elements of the vector
are bounded, which contrasts with Chapter 3, where A% was taken as the
variable quantity and h* was held fixed at zero. As in Chapter 3, these
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results are for use in deriving asymptotic distributions of test statistics and
are not meant to be used as a theory of constrained estimation. See Section
7 of Chapter 3 for a discussion of how a general asymptotic theory of
estimation can be adapted to estimation subject to constraints.

ASSUMPTION 7 (Pitman drift). The function h(A) that defines the
null hypothesis H: h(A%) = h* is a twice continuously differentiable map-
ping of A as defined by Assumption 6 into R¢ with Jacobian denoted as
H(A) = (3/3X)h(A). The eigenvalues of H(A)H’(A) are bounded below
over A by ¢ > 0 and above by ¢} < 0. In the case where p = ¢, h(A) is
assumed to be a one to one mapping with a continuous inverse. In the case
q < p, there is a continuous function ¢(A) such that the mapping

(%) - (qb(?\))
T h(}A)
has a continuous inverse

A= ‘P(P’T)

defined over S = {(p, 7): p = $(A), T = h(A), A € A}. Moreover, ¥(p, T)
has a continuous extension to the set

RxT={p:p=9¢(A)} X {r:7=h(A)}.
The sequence { %} is chosen such that
v [R(AS) - k2] = 0Q1).
There is an N such that for all § in R”

S'U% <88 al n>N
0'UM < c 68 all n>N.

The purpose of the functions ¢(A) and ¢ (p, 7) in Assumption 7 is to
insure the existence of a sequence {A*) that satisfies h(A%) = 0 but has
lim, (A% — X%) = 0. This is the same as assuming that the distance
between A% and the projection of A% onto A% = {A: h(A) = h*} decreases
as |h®* — h(A%)} decreases. The existence of the sequence (A%} and the
identification condition (Assumption 4) is enough 1o guarantee that |A? —
A*| decreases as |h(A%) — h*| decreases (Problem 7). The bounds on the
eigenvalues of H(A)H'(A) (Assumption 7) and 7 (A) (Assumption 6)
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guarantee that |A% — \*| decreases as fast as |h(A°) — h*| decreases, as we
show in the next two lemmas.

LEMMA 11. Let ¢ be a symmetric p by p matrix, and let H be a matrix
of order g by p with g < p. Suppose that the eigenvalues of _# are bounded
below by ¢, > 0 and above by ¢; < o0, and that those of HH’ are bounded
below by ¢Z and above by c}. Then there is a matrix G of order p by p — ¢
with orthonormal columns such that HG = 0, the elements of

Gl
A=
%)
are bounded above by pc,, and |det 4] > (c)*.

Proof. Let
H = USV};,

be the singular value decomposition (Lawson and Hanson, 1974, Chapter 4)
of H, where § is a diagonal matrix of order ¢ with positive entries on the
diagonal, and V{j, is of order ¢ by p and U'U = UU’ = Vj)¥;, = I of
order g. From HH’ = US?U’ we see that ¢ < s} < c. Choose V3, of
order p — g by p such that
it
@

I'=Vv=Vyi, + Vo
_ (V(i)V(l) e _ (’m 0 )
0 I,

Vava YalVo
Put G’ = V3, note that HG = 0, and consider

Vs
) . ,
USV(;) (}Vb) : V(l)SU )

Vol Ve Vo VaSU’
USV4 SV, — USWU’

=& 0)(/ 0)(V<1> Va)) Yo, 1 (f 0)("(2) 0)
o uv/jlo sSI\r o/\Vy OO0 S/to v’

= BCDD'C’'B’.

satisfies

AA =




562 A UNIFIED ASYMPTOTIC THEORY. DYNAMIC MODELS

The elements of B and D are bounded by one, so we must have that each
element of BCD is bounded above by pc,. Then each element of AA4’ is
bounded above by pcZ Since a diagonal element of A4’ has the form
X,a}, we must have |a, | < pc;. Now (Mood and Graybill, 1963, p. 206)

det A4’ = def(US™U ')det[Vé,JJ Vor = Va2 VaySU’
X (US2U’) " USV§) SV,
= det S™del(V3) LF Vi — Vi IV Vo # Vin)
= det Sdet( V3, IV VisF Viry)
= (Co)zpdelz(Vé)fVa))'
But

Cox'x = coxVig)Vyx < x'Vi, I Vipyx
whence (¢o)p < det V5, FV,; and
(c0)* < det 4’4 = det™d. 8]

LEMMA 12. Under Assumptions 1 through 7 there is a bound B that
does not depend on n such that JA% — A% < BJh(A%) — h*|, where |A| =
EL DV

Proof. The proof for the case ¢ = p is immediate, as the one to one
mapping 1 = A(A) has a Jacobian whose inverse has bounded elements.
Consider the case g < p.

Let € > O be given. For N, given by Assumption 4 put

8= inf inf |s2(A) —s2(X%)]

>Ny A=231>¢

Let ¢ (p, 7) be the continuous function defined on R X T given by As-
sumption 7. Now h? = h(A%) by definition, and put p¥ = ¢p(A%), hd =
h(X%), and p? = ¢(A%). The image of a compact set is compact, and the
Cartesian product of two compact sets is compact, so R X T is compact. A
continuous function on a compact set is uniformly continuous so
lim, , |A% — h* = 0 implies that

lim sup|y(p, h9) — ¥(p, h2)| = 0.

n—os R
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In particular, putting A* = (2, h*), we have
lim fA* - A0|=0.
n-+ 00

By Assumption 6 the points { A%} are in a concentric ball of radius strictly
smaller than the radius of A, so we must have A% in A for all n greater
than some N,. By Lemma 9, the family {s%(A)} is equicontinuous, so that
there is an N, such that |A — A%| < n implies that

[s3(A) = s2(X%)] < 8

for all n > N,. Choose N, large enough that |]A% — X%} < ¢ for all n > N;.
The point A% satisfies the constraint h(A%) = h?*, so we must have sO(A*%)
< s%(A%) for n > N,. For n > max(N,, N;, N,, N;) we have

sa(W%) < s2(A%) < s2(X) + 8
whence [s2(A%) — s2(A%)} < 8 and we must have [A* — X%} < ¢. We have

shown that A% — A* = o(1) as |h% — h*| tends to zero.
The first order conditions for the problem

minimize s°(A) subjectto h(A) = A*

are

d

WS,?(X:) + 68’H(A%) =0

h(A%) = h*.
By Taylor’s theorem we have
D50(08) = st(Mn) + [ + o] (X, - A1)
h(X,) =kt = k(X)) =kt + [HE + o(D] (X, - 1),

Using (3/dX)s2(X%) = 0 for large n and h(A%) — h* = 0, we have upon
substitution into the first order conditions that

[£% + oINS, =A%) = —H>o
[H2 + o()](2% =A%) = h(XS) — h2.

Let G be the matrix given by Lemma 11 with orthonormal columns,
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H?*G? = 0,0 < (c,)*” < det A3, and max;, |a},| < pc;, < oo, where
Let a,; denote the elements of matrix A, and consider the region

{0;1:0 < (CO)ZP — €S detA, 'aljl Spcl -+ €>.

On this region we must have |a”/| £ B < oo, where a'/ denotes an element
of A~ For large n the matrix A¥ is in this region by Lemma 11, as is the
matrix

A = Gn‘l[In. + 0(1)]
" H? + o(1)

since the elements of G* are bounded by one. In consequence we have

(2% - ) =A;‘(,,(Ac;;)_ ,,:)

where the elements of 4! are bounded above by B for all n larger than
some N. Thus we have |A% — A%| < Bih(AS) — A*|for large n. O

THEOREM 7. Let Assumptions 1 through 7 hold. Then

Va (A5, - ) = 0(1)
lim X, — A% =0 almost surely,

n—a0
V(£ (s, 00) = 2] Z 8,0, 1)
lim (£* + ¥* ~F) =0  in probability

n—aoc

lim £* -~ #=0 almost surely.

n— 0

Proof. The first result obtains from Lemma 12, since vn[h(A%) — h?] =
0(1) by Assumption 7.

The proof of the second is nearly word for word same as the first part of
the proof of Lemma 12. One puts

8= inf inf |s2%(A) —s?(A)]
n >Ny A-A>e
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and for fixed « has from Lemma 9 that |]A — A%| < n implies

5 0) = 5209)| < 3
for all n larger than N,. For n larger than N, one has
A% - X<

as in the proof of Lemma 12. The critical inequality becomes, for the same
fixed w,

9(8,) - 3 <5 (R,) s5,(08) <sp(0) + 3

whence s%(X,) — s9(A%) < 8 and we must have |X, — A%| < e. Combining
this with the first result gives the second.

The proof of the third and fourth results is the same as the proof of
Theorem S, recalling that (9/3A)s(A%) is the mean of (d/dA)s,(A%) by
Lemma 10.

The fifth result is an immediate consequence of Lemma 10 and the
second result. O

PROBLEMS

1. Suppose that w, has fixed dimension k, = k for all ¢, that the depen-
dence of s,(w,, 7, A) on ¢ is trivial, s,(w, 7, A) = s(w, 7, A), and that
the partial derivatives of s(w, 7, A) with respect to 7 and A are
dominated by integrable {d,}. Show that s,(W,(w), 7, A) is A-smooth.

2. Referring to Example 1, show that the family {(d/3A)]y, —
f(¥-1, x,» A)}?) is near epoch dependent of size —g for any g > 0.
List the regularity conditions used.

3. Let ¢, be the smallest eigenvalue of £?, and c,, the largest. Prove that
Assumption 6 implies that ¢, < ¢y, < ¢, < ¢, all n > N. Prove that
det £2 > (¢,)” for all n > N and that §/(£°)"18 < (1/¢,)8'8 for all
n > N. Show that (£°) ! can always be factored in such a way that the
elements of (£2)"'/? are bounded.

4. Show that if the elements of (3/d\)s,(W,, 12, A%) are near epoch

1" 'n»?
dependent of size —gq, then so are the elements of 84,(3/9N)
s,(W,, 72, %) if A, has bounded elements.
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S. Let lim, _  supp a KI/MZM fi(7, X)) — &f (7, A)| = 0 almost surely,
let {(1/n)L}. &f(7,A)}7., be an equicontinuous family on T X A,
and let lim,_ _K7,A,) — (7% A%)] = 0 almost surely. Show that
lim, _ K1/7)Z0_ £ (%0 X,) — €1(12, X)| = 0 almost surely.

6. Prove Lemma 11 with # not necessarily symmetric but with the
singular values of # bounded below by ¢, > 0 and above by ¢, < 0.

7. The purpose of the function Y(p, r) in Assumption 7 is to guarantee
the existence of a sequence {A%} that satisfies A(A%) =0 and
lim A* — A% = 0. Prove Lemma 12 using this condition instead of

n—~sO""n

the existence of {(p, 7).

5. METHOD OF MOMENTS ESTIMATORS

Recall that a method of moments estimator A, is defined as the solution of
the optimization problen

minimize s5,(A) = d[m,(}), 7]

where d(m, r) is a measure of the distance of m to zero, 7, is an estimator
of nuisance parameters, and m,(A) is a vector of sample moments,

X |-

mn(}‘)"—‘ ilml(wl’é\n’x)‘

The dimensions involved are as follows: w, is a k,-vector, r is a u-vector, A
is a p-vector, and each m (w,, 7, A) is a Borel measurable function defined
on some subset of R X R* X R” and with range in R*. Note that v is a
constant; specifically, it does not depend on (. As previously, we use
lowercase w, to mean either a random variable or data as determined by
context. For emphasis, we shall write W,(v_ ) when considered as a function
on R _, and write W(V,), W,, W[V (w)], or W,(w) when considered as a
random variable depending on the underlying probability space (&, &, P)
through function composition with the process {V(w)}®2 _.. A con-
strained method of moments estimator A, is the solution of the optimiza-
tion problem

minimize s,(A) subjectto A(A) = h2
where A(A) maps R” into RY.

As in the previous section, the objective is to find the asymptotic
distribution of the estimator A, under regularity conditions that do not rule
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out specification error. Some ancillary facts regarding A, under a Pitman
drift are also derived for use in the next section. As in the previous section,
drift is imposed by moving A*.

As the example, we shall consider the estimation procedure that is most
commonly used to analyze data that are presumed to follow a nonlinear
dynamic model. The estimator is called nonlinear three stage least squares
by some authors (Jorgenson and Laffont, 1974; Gallant, 1977b; Amemiya,
1977; Gallant and Jorgenson, 1979) and generalized method of moments by
others (Hansen, 1982). Usually, the term three stage least squares refers to a
model with regression structure, and generalized method of moments to
dynamic models.

EXAMPLE 2 (Generalized method of moments). Data are presumed to
follow the model

q,(y,,x,,y°)=e, t=0,1, ...

where y, is an L-vector of endogenous variables, x, is a k-vector with
exogenous variables and (possibly) lagged values of y, as elements (the
elements of x, are collectively termed predetermined variables rather than
exogenous variables due to the presence of lagged values of y,), Y% is a
p-vector, and ¢,(y, x, y) maps RZ X R x R” into R™ with M < L. Note
that M, L, and p do not depend on . Instrumental variables—a sequence
of K-vectors {z,)}—are assumed available for estimation. These variables
have the form 2z, = Z,(x,), where Z,(x) is some (possibly) nonlinear, vector
valued function of the predetermined variables that are presumed to satisfy

be, ®z,=0 t=0,1,...
where, recall (Chapter 5, Section 2),
ellzl
82,2,
e®z= .

VLS

More generally, z, may be any K-vector that has &e, ® z, = 0, but since a
trivial dependence of ¢,(y,, x,, v) on elements of x, is permitted, the form
z,= Z,(x,) is not very restrictive. Also, z, may depend on some pre-
liminary estimator ¥, and be of the form

2, =2Z(x,,1) with &e, ® Z,(x,, 10} =0
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or depend on the parameter y° (Hansen, 1982a) with
&e, ® Z,(x,, yo) =0,

The moment equations are

1 & n
mn(x) = n Z mr(wnfmx)

t=1
with w} = (y/, x}) and

m (W, % A) = 4,(y,, x,,A) ® Z,(x,)

m:(wn Ts ’\) = qr(yu Xys A) ® Zr(xn 'Fn)
or
ml(wn é‘n' )\) = ql()’n X4 A) ® Zr(xn >‘)

Hereafter, we shall consider the case z, = Z,(x,) because it occurs most
frequently in practice. Our theory covers the other cases, but application is
more tedious because the partial derivatives of m,(w,, r, ) with respect to
7 and A become more complicated.

If v=M X K= p, one can use method of moments in the classical
sense by putting sample moments equal to population moments, viz.
m,(A) = 0, and solving for Ato get A,. But in most applications M X K > p
and the equations cannot be solved. However, one can view the equation

12
m"(YO) = n Zle’ @z,
t-

as a nonlinear regression with p parameters and M X K observations, and
apply the principle of generalized least squares to estimate y°. Let °
denote the upper triangle of [(1/n)&(X"_ e, ® z, X" e, ® z,)’]"}, and

put
l n n 211
D('r,,n) = {;&( Ye® z,)( Yeo z,) ] .
=1 s=1
Using the generalized least squares heuristic, one estimates y° by X, that
minimizes
. 1, R
d[m,(r),%,] = 3m,(A)D(%,)m,(}).

Py

We shall assume that the estimator 7, satisfies lim, _, 7, — 7° = 0 al-
most surely and that vn (%, — 7°) is bounded in probability. The obvious
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approach to obtain such an estimate is to find the minimum A* of
my,(MI ® (1/n)E- 2,2/} 'm,(A), and put

I(n)

D(«;>=[ X w1ty ))sn,(f\*)}

v= —[(n)

-1

where

S|

Y la(oxoA)ez)la . (y,x_A)® 2z, ]
1

Snf(A)= o 120'
" —V(A)

<0

If e, ® z, and e, ® z, are uncorrelated for all time gaps |s — ¢| larger than
some [, as in many applications to financial data (Hansen and Singleton,
1982), then we can obtain the conditions lim #, — 7> = 0 and Vn (, — 7°)
bounded in probability using Taylor’s expansions and Theorems 1 and 2
with /(n) =/ and w(x) = 1. But if ¢, ® z, and e, ® z, are correlated for
every s,! pair, then this sort of approach will fail for any /(n) with
lim, . /(n) = oo, because Theorem 3 is not enough to imply the critical
result that Vn8'[D~}(4,) — D™ Y(x)]8 is bounded in probability. But as
noted in the discussion preceding Theorem 3, §’D " !(£,)8 is an estimate of
a spectral density at zero, so that if {e, ® z,} were stationary we should
have the critical result with w(x) taken as Parzen weights and /(n) = [n!/®].
It is an open question as to whether v 8’[ D~ (,) — D™ '(r?)]8 is bounded
in probability under the sort of heteroscedasticity permitted by Theorem 2,
or if stationarity is essential. a

We call the reader’s attention to some heavily used notation and then
state the identification condition.

NOTATION 4.

m,,()\) = (1/")2?—1"':(“’" s A),
my(A) = (1/m)E.Em (W, 17, M),
5.(A) = d[m,(A), 7],
so(A) = d[m{(A), 77,
, minimizes s,(A),
A, minimizes s,(A) subject to A(A) = 0,
A’ minimizes s%(A),
A* minimizes s2(A) subject to A(A) = 0
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ASSUMPTION 8 (Identification). The nunsance parameter estimator 7,
is cemercd at 10 in the sense that lim, _, %, — 70 = 0 almost surely and
Vn(#,—10) is bounded in probability. Either the solution A% of the
moment equations m®(A) = 0 is unique for each n, or there is one soluuon
that can be regarded as being naturally associated to the data generating
process. Put M2 = (3/dN)ym2%(A\%) and M* = (3/3N)m2(A%); there is an
N and constants ¢, > 0, ¢; < oo such that for all § in R” we have

c28'8 < 'MOMO8 < 18’6
285 < S'MH'M*8 < c26'8.

As mentioned in Section 4 of Chapter 3, the assumption that m%(A\%) = 0
is implausible in misspecified models when the range of m,(A) is in a
higher dimension than the domain. As the case m%(A%) # 0 is much more
complicated than the case m%(A%) = 0 and we have no need of it in the
body of the text, consideration of it is deferred to Problem 1. The example
has m%(X%) = 0 with X%, = y° for all n by construction.

The following notation defines the parameters of the asymptotic distri-
bution of X,

NOTATION 5.

FOTI T .a) HE0
K,(A) = K, (A
v —I(n) ,( )
1-6lx*+6jx}> 0<|x|<s}
(x) = 3
2(1 — |x)) P<ixis1

/(n) = the integer nearest n'/*

I?,,,(?\) _ ,..21:+r[é’m( ”d’m, , I AR )\)]' 20
n —T(A) r<(

(n—1)

SM)= X S.0)

7= ~(n—1)

Z em (W, 10, \)m_ (W,_., 10 A) - K,.(A) 720

t=1+1

$n(A) = f
$.-.(0) <0
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A0 = 25 alom (w500
e &
D,(\) = gmgmd{ma(M), 7]
£.(X) = M;(\)D,(A)S,(A) D,(A)M,(A)
Fo(N) = M;(A\)D,(N) M,(N)
%,(A) = M;(A)D,(A)K,(\) D, (M) M, ()
£=F(X) A =A) ) =4,(X) 52=35(X)
Sr=5(\1)  Ar=A0)  wr=4,0) sr=S().
We shall illustrate the computations with the example,

EXAMPLE 2 (Continued). Recall that the data follow the model

Q:(Yr»x,,70)=€, I=1,2,...,n

with
ml(wl’ A) = q:(yn Xy A) @ Z(X:)
= QI(yv Xy A) ®z,
and
12
mn(A) — z m,(w,, >‘)
te=}
Since

m(y?) =85 L e,®2,-0

t=1

we have X}, = y° for all n, and since, for each t, &m (w,, X)) = e, ® z, =
0, we have K° = 0. Further,

1 n
s ()\0) i Y Gee _.®zz,_, 120
ne\Nn) = t=li+7

S, _:(X%) <0
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We have

0 =1 Zf{xm(wnx)

n

1 d
n ’§l&§7 [ql(yl’ Xis )‘) ® Z,]

- ;1,- y J‘[(g?vq.()'.» X A)) ® z']

=1

I

Lyelomn ez

t=1
Recall that
d(m, 2} = m'D(10)m
with
1 n n -1
D(7?) = [;é’( Yeo® z,)( Ye®z, ]
t=1 s=1
= (897

Thus,

_ 32 - -

D) = o g 3 (S7) m| = (s))”

and

o= (1L e0) e (503 Lao(e)es)

(=1 t=1
= g0
An important special case is the one where the x, are taken as fixed

(random variables with zero variance) and the errors {e,} are taken as
independently and identically distributed with &ee; = 2. In this case

-l n
S,?——-E@-;Ez,z;

(e}
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573
and
1 & !
50 = (;EJQ,(A"") ® z,
12 Moz
x(ze -~ Zz,z;) (— Y £0,(2) e .,
n =1 n tm]
=40 O

General purpose estimators of (£°, #,0) and (£2, #), denoted (£, #)
and (£, #) respectively, may be defined as follows.

NOTATION 6.

I(n)

SN = T w(ihy)s-

rm —d(n) I(n)
1 n
n Z ml(wn'?m}‘)m:-v(w —r’é\nv}‘) 120
Sn(x) = {ml+r '
S, --(A)

r<0
{1 ~6jx|2+ 6jx° 0<x<}
w(x) = 3
2(1 — |x)) 1<xx1
1(n) = the integer nearest n'/*
M,(0) = 5 E g (i)
r;z
D,(N) = mgard ma(A), 7]
(X)) = M (M) D,(M)S, (M) D, (M) M, (A)
Fu(A) = M(M)D, (MM, ()
F=£(R,)  F=4(4)
F=s5R,)  F=2QR,).
For the example (generalized method of moments) one is presumed to

have an estimate D(%,) of (S) ! available in advance of the computations.

In applications, it is customary to reuse this estimate to obtain an estimate
of £° rather than try to estimate S? afresh. We illustrate:



574 A UNIFIED ASYMPTOTIC THEORY: DYNAMIC MODELS

EXAMPLE 2 (Continued). Recali that by assumption lim, ,  D(7,) —
(S9! = 0 almost surely and Vn[D(%,) — (S°)"!] is bounded in prob-
ability. Thus, for the case

m (w,,A) = q,(y.x,.1) ® 2
we have
j= ;lz- z Q,(X") ® Z,) D(TA,,)(;I; Z Qr(xn) ®z,
r=1

(=1

a

-7

where, recall,

d
Q:(A) = 'a_qu'(yu Xy )\)

In the special case where {e,} is a sequence of independent and
identically distributed random variables with &ee; = £ and z, taken as
fixed, we have

” "‘l
‘D('?n) = (2 ® _,1; Ez,z;)
t=1
and
4= (% Lok, ex)
(=1

X(ﬁ ® ;11- éz,z;)_ (%’23 0,(A,) e z,)

Py

=4 0

The following conditions permit application of the uniform strong law
for dependent observations to the moment equations, the Jacobian, and the
Hessian of the moment equations.

ASSUMPTION 9. The sequences {7,} and {70} are contained in T,
which is a closed ball with finite, nonzero radius. The sequence (A%} is
contained in A*, which is a closed ball with finite, nonzero radius. Let
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g,(W,, 7, X) be a generic term that denotes, variously,

2
mal(u,r!T’}\) Lmat(Ms T, )‘) _—é———fma;(u,;' T, A)
ax. 3%, 0%,

d d J
%mat(mv""}‘) or ﬂ:mar(m’f'k)?frjmﬁt(u/r’f'k)

fori, j=1,2,...,p,1=12,...,u,and a=1,2,...,0. On T X A*, the
family {g,[W,(w), 7, A]} is near epoch dependent of size —g with ¢ =
2(r — 2)/(r — 4), where r is that of Assumption 3, g[W/(w), 7, A] is
A-smooth in (7, A) and there is a sequence of random variables {d,} with
SUPy A& W (w), 7, A] £ d(w) and ||d,||, < A < oo for all ¢.

Observe that the domination condition in Assumption 9 guarantees that
m%(\) takes its range in some compact ball, because

1 n
max sup sup |m2,(A)| < sup ~ L &d,
« n AEA* n t=1

<1+ 4l < co.

We shall need to restrict the behavior of the distance function d(m, ) on a
slightly larger ball .#. The only distance functions used in the text are
quadratic:

d(m,t) =m'D(7)m

with D(r) continuous and positive definite on T. Thus, we shall abstract
minimally beyond the properties of quadratic functions. See Problem 1 for
the more general case.

ASSUMPTION 10. Let .# be a closed ball with a concentric ball of
smaller radius that contains U%.,{m = m%(A): A € A*). The distance
function d(m, r) and derivatives (3/dm)d(m, 1), (3%/3m dm’)d(m, r),
(8%/3m d7')d(m, 1) are continuous on .# X T. Moreover, (3/3m)d(0, t)
=0 for all 7 in T [which implies (92/dm 31")d(0, ) = 0 for all = in T},
and (32/dm dm’yd(m, 7) is positive definite over # X T.
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Before proving consistency, we shall collect together a number of facts
needed throughout this section as a lernma:

LEMMA 13. Under Assumptions 1 through 3 and 8 through 10, inter-
change of differentiation and integration is permitted in these instances:

0 mgn(x) o Zng ( i "O,A)

2, 3 .
7%, 9%, (M) = 5 E‘ax ax; e W), A).

Moreover,

hm sup[mn,,(}\) -m3(A)| =0  almost surely
lim sup T[m,,,()\) m2,(A)]| =0  almost surely
lim su mg,(A) —md (A)]| =0  almost surel
Jlim_sup m[ () - my.(N)] y
lim sup[s,,(?«) -s2(A)| =0  almost surely
lim sup W{s (M) ~s2(A)]{=0  almost surely

n—oc A.
lim su 5.(A) —s2(A)]| =0  almost surel
om AP 'a'xi‘g)\'"j[ (A) ( )] Yy

and the families {m2 (\)}, ((3/3X)m2, (X)), {(?%/3X; A PLONPIIR
{s3(V)}, {(3/3X,)s2(N))}, and {(%/3N, 3N )s)(N)} are equncommuous,
indices range over i, j = 1,2,..., p,a=1,2,...,0,and n = 1,2,..., 0 in
the above.

Proof. The proof for the claims involving m,(A) and mI(A) is the same
as the proof of Lemma 10.
For m_(A) in .# we have
sa(A) = d[m,(R), 7]

35 (A) =  gmd[m(N), 4] g3 men(A)
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and

N

J

3 >;§ T amyd ma(A). 4 ]—ymn(x)—,\—mpnm

2
+L amad[m,(:\),;n]gr‘fmmu(x).

Consider the second equation. A continuous function on a compact set is
uniformly continuous; thus (3/3m )d(m, 1) is uniformly continuous on
# X T. Given € > 0, choose § small enough that |m — m® < 8 and|? — 7|
< 8 imply {(3/dm ) d(m, 1) — d(m° 79| < e Fix a realization of {V},_1
for which lim,_,  |f, — 72| = 0 and lim,_,  sup,.im (A) — mO(\)| =
almost every realization is such, by Assumption 9 and Theorem l.
Choose N large enough that n > N implies sup,.m (A) — my(A)| < &
and |f, — 70| < 8. This implies uniform convergence, since we have
sup,.l3/am){d{m (X)), £,) — d[m®(X), 101}] < e for n > N. By equicon-
tinuity, we can choose 1 such that |A — A% < 7 implies |m(A) — m%(A%)|
< 8. For |]A — A% < 7 we have

sup {d[mo(X) 2] = d[md(X5), 7]}

which implies that {((3/dm_)d,[m2(N), 7]} is an equicontinuous family.
As (3/3A,)s, () is a sum of products of uniformly convergent, equicon-
tinuous functions, it has the same properties.
The argument for 5,(A) and (32/3\,, dAg)s,(A) is the same. 0

As we have noted earlier, in many applications it is implausible to
assume that m%(Q) has only one root over A*. Thus, the best consistency
result that we can show is that s,(A) will eventually have a local minimum
near A° and that all other local minima of s5,(A) must be some fixed
distance 8 away from A%, where 8 does not depend on AO itself. Hereafter,
we shall take A, to mean the root given by Theorem 8.

THEOREM 8 (Existence of consistent local minima). Let Assumptions
1 though 3 and 8 through 10 hold. Then there is a § > 0 such that the value
of A, which minimizes s,(A) over |A — \%| < 8 satisfies

lim (xn_x(zl)'—'

n— 90

almost surely.
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Proof. By Lemma 13 the family { M (A) = (3/3N)mS(N)} is equicon-
tinuous over A*. Then there is a § small enough that (A — A%| < § implies

(A = XYM (R)M(X) = MIMP)(A - X)) > - %’Z—IA - A5

where ¢} is the eigenvalue defined in Assumption 8. Let », be the smallest
eigenvalue of (32/dm dm’)d(m, 1) over 4 X T, it is positive by Assump-
tion 10 and continuity over a compact set. Recalling that m9(A\%) =
d@©, 7) = 0, and (d/dm)d(0, 1) = 0, we have by Taylor’s theorem that for
N given by Assumption 8

inf  inf  |s9(A) - 52(20)]

n>N esiA-N|<8

92
= jor inf (A (——ﬁd i, 70 )m‘; A
>N esA-2|<8 ( ) omadm ( T) ( )
= v, inf inf  m¥(AN)m®(N)
n>N esA-N|<8
= v, inf inf (A= A0)VMLX)M, (X)X - X))
n>N <sp-Xs<8

2w, inf  inf (A= A% YMI(AL)IMA(AS A - X%)
n>N «sA=X%s8

B - a0

2
p3 ,,0%062
where 7 is on the line segment joining the zero vector to m, and X is on the
line segment joining A to A°,
Fix @ not in the exceptional set given by Lemma 13. Choose N’ large
enough that n > N’ implies that sup,.|s,(A) — s2(A)| < woede?/4 for all
n > N’. Since s (7\ ) < 5,(A%), we have for all n > N’ that

2,2
uococ

s2(K,) - °c°€ ss,(R,) <5,(0%) <58(X9) + L

or 0 < s%X,) — s%A%) < vyc2e?/2. Then for all n > max(N, N') we must
have |, — A% < e. o

We append some additional conditions needed to prove the asymptotic
normality of the score function (d/dX)s,(A%).
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ASSUMPTION 11. The points { A%} are contained in a closed ball A that
is concentric with A* but with smaller radius. There is an N and constants
co > 0, ¢, < oo such that for 8 in R” we have

88 <8 F(N)S<cdd alln>N all AeA
€88 <85% < ¢, 88 all n>N
008,8 < 8'«’”‘8 < Cl 8’8 all n>N

n]-i-oH:OSI(Sno)—l/zslon:](Sr?)'x/r §=14568 all 0<sx<1
lim 8/(87)” Visp (S V¥ 6=8% all 0<s<1.

Also,

hm-—Zé’rm( Wl A%) = 0.

n— oo

THEOREM 9 (Asymptotic normality of the scores). Under Assump-
tions 1 through 3 and 8 through 11,

(£9) ™ Fxea(20) SN, 0,1)
lim (£°+ @%-F)=0  inprobability.

n—on

Proof. By the same argument used to prove Theorem 5 we have
W (59) 2 [my(X) = m2(8)] S N0, 1)
lim [$2+ K2~ §,(X,)] =0  almost surely.
n— o0

A typical element of the vector \/;(a/am)d[m"()\‘f,), f,} can be ex-
panded about [m?(A%), 7.2] to obtain

i

'r]——\/— d[m /\"

8m
d . .
+ 357 (W (5, = 20)
+-0
t Im

?—q—»d(m FWn [m, (A%} — m2(2S,)]
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where (i, 7) is on the line segment joining [m,(A%), 7,] to [m%(A%), 7).
We have that Vn[m,(A) — m%(A\%)] converges in distribution and so is
bounded in probability; we have assumed that va (%, —~ 7°) is bounded in
probability. Then using the uniform convergence of m_(A) — m%(A) to
zero given by Lemma 13, the convergence of 7, — 7° to zero, and the
continuity of d(m, 7) and its derivatives, we can write

Ve dm, (), 4]
= ﬁg—%d[mf’,(}\g)’ 70
2
g m200), A (5, - )

+ W%d[mg(“)’ "nol\/;[m,,(k‘f') - mg(/\(;)]
+0,(1).

Since A% is an interior point of A* by Assumption 11, we have
Vr(3/3A)s®(X°) = O(1), whence

Vi o 3a(30) = Vit s, (08) = Vit s + o(1)
= Vi M;(3) g [m, (X0), 7]
VR H(38) g d [m(2), 70] + (1)
= Va[M(08) - M) g d [ mO(X), 7]
+ M) g [m2008), 701 i (4, - =?)
+M00) gz d [m202), 751
i [, (32) = m$(3)] + o, (1).

We have assumed that m%(A%) = 0, whence (3/dm)d{m%(A%), 701 =0
and (3%/3m 377)d[m%(X%), 72] = 0, and this equation simplies to

v Fs,(X0)

= M;(A",)(y,;,f’;—,,,—,d{m‘:(x‘z), ]V [ma(32) = m3(2)] + 0,0,
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In general this simplification will not obtain, and the asymptotic distri-
bution of va (3/3X)s, (%) will be more complicated than the distribution
that we shall obtain here (Problem 1).

Now

(£0)77% = (s2) 7 (00) (M)

Assumptions 8, 10, and 11 assure the existence of the various inverses and
the existence of a uniform (in 7) bound on their elements. Then

P (£2) M B, (00) = Vi (S9) Y m, (X0) — mO(X5)] + o,(1).

and the first result obtains. Lemma 13 and Theorem 8 guarantee that

lim,_ (M°—- M,)=0 almost surely, Assumption 10 and Theorem 8
guarantee that hm,,_,m,(DO ~ D,) = 0 almost surely, and we have already
that im,,_, (S°+ K% - §,) = 0 almost surely, whence the second result
obtains. a

Asymptotic normality of the unconstrained estimator follows at once.

THEOREM 10 (Asymptotic normality). Let Assumptions 1 through 3
and 8 through 11 hold. Then

Va (£2) ™2 298, - R) SN0, 1)
lim (£°-4) =0  almost surely.
n—+ 00
Proof. The proof is much the same as the proof of Theorem 6. a

Next we establish some ancillary facts regarding the constrained estima-
tor subject to a Pitman drift for use in the next section.

ASSUMPTION 12 (Pitman drift). The function A(A) that defines the
null hypothesis H: h(A%) = k% is a twice continuously differentiable map-
ping of A as defined by Assumption 11 into R? with Jacobian denoted as
H(\) = (3/3N\)hr(A). The eigenvalues of H(A)H'(A) are bounded below
over A by c¢2 > 0, and above by ¢} < co. In the case where p = ¢, hA(\) is
assumed to be a one to one mapping with a continuous inverse. In the case
P < g, there is a continuous function ¢(A) such that the mapping

-6
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has a continuous inverse
A=y(p,7)

defined over § = {(p, 7): p = ¢(A), 7 = h(A), A € A }. Moreover, ¢ (p, 1)
has a continuous extension to the set

RXxT={p:p=¢(N)} x {r:7="h(N)}.
The sequence { 4%} is chosen such that
v [n(A%) - h2] = 0(1).
There is an N such that for all § in R”

SUMB <88 all n>N

S <cdd all n>N.
THEOREM 11. Let Assumptions 1 through 3 and 8 through 12 hold.
Then there is a > 0 such that the value of A, which minimizes s5,(A) over
A — A%| < 8 subject to h(A) = h? satisfies

lim (XA, - A%) =0  almost surely.

Moreover,
(X, = A3) = 0(1)
W (507 B [, 08) - 2] S 8,0, 1)
"lgx:o (£*+4*-F)=0 in probability
nliﬂj,,“‘ ~-F=0 almost surely.

Proof. The proof is much the same as the proof of Theorem 7. a

PROBLEMS

1. Let Assumptions 1 through 3 and 8 through 11 hold except that
mS(A\%y = 0; also (3/3m)d(0, v) and (3%/3m dm’)d(0, r) need not be
zero. Presume that the estimator of the nuisance parameter 7.0 can be
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put in the form

"

. oy g0 1 )
vn (4, - 1?2) A%Ef,(w,n ,(1)

where { f,(W,)} satisfies the hypotheses of Theorem 2 and ¢ 8’8 <
8°(A2Y(A%)8 < ¢,88 for finite, nonzero ¢y, ¢, and all n larger than
some N. Define

m,(W,, 50, 2%)
Z = vec?%—m’,(W,,f,,“, x%)
£(w)
1 s (ez)6z_y 20
Hd= (", Ter

0, '
X, . 7<0

n—-1
S= L e

T —(n—1)

l n
po_ | L $ZZi ~X 120
nr = I=l+r

2 r<0

. . ,
A= | MODY " 70d(m?, 10) @ I, 0 MY =J o d(mO, 10) 40
SRR )@, MY g

J;O =J/0‘9::0Mn01
82
2= g se (M)
Show that
(£ s (8) SN0, 1)

Va(£2) 72 g%, - %) Z v (0, 1).
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6. HYPOTHESIS TESTING

The results obtained thus far may be summarized as follows:

SUMMARY. Let Assumptions 1 through 3 hold, and let either Assump-
tions 4 through 7 or 8 through 12 hold. Then on a closed ball A with finite,
nonzero radius

s,(A) = s2(A) 20 uniformly on A
;X [s.(A) = s2(M)] 2o uniformly on A

2
7;‘%—7[5',,()\) - s2(A)] 20 uniformly on A

{s%(X)},., is equicontinuous
D o™
3) ¢
{ Taia(A) __ Is equicontinuous

32, } . L
a7 S (A is equicontinuous
{ax ax (M)} iseq

i (22) 35 )508) T M0, 1)
V(52077 Bl (A3) - 2] S0, 1)
(M -A3)=0(1)  Vn[h(X) - k] = o(1)

L, -0 X, - A5

£+ @350, srrar-5h0

Ad.8. -2.8.

A =IO, I =IO
cPd8<8F(AN)8<c,88 all n>N all 5eR?, all AeA
c0'8 < 8’8 < 88 al n>N all 5€R?
cd'8 < 858 < ¢,88 all n>N all §€R”

8'UO8 < ¢80 SUN<cd8 all n>N all R’

where 0 < ¢, < ¢; < co. Moreover, A, and A, are tail equivalent to
random variables that take their values in the interior of A, and A% and A*
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are interior to A for large n. Thus, in the sequel we may take A, X,, A2,
and A% interior to A without loss of generality. O

Taking the Summary as the point of departure, consider testing
H:h(X) =h% against A:h(X) * At

where A(A) maps A C R” into R9. As in Chapter 3, we shall study three
test statistics for this problem: the Wald test, the “likelihood ratio” test,
and the Lagrange multiplier test. Each statistic, say T as a generic term, is
decomposed into a sum of two random variables

T.=X,+a,

where a, converges in probability to zero and X, has a known, finite
sample distribution. Such a decomposition permits the statement

nlin:g[l’(T,, >1) - P(X,>1)] =0.

Because we allow specification error and nonstationarity, we shall not
necessarily have T, converging in distribution to a random variable X.
However, the practical utility of convergence in distribution in applications
derives from the statement

lim [P(T,>1)-P(X>1)] =0

because P(X < ¢) is computable and so can be used to approximate
P(T, > 1). Since the value P(X, > ¢) that we shall provide is computable,
we shall capture the full benefits of a classical asymptotic theory.

We introduce some additional notation.

NOTATION 7.

Ve =(22) A0 v =) (e

P = F 1A P = FUg
h=h(}) H(A) = 55:h(\)
H? = H(A\%) Hy = H(A})

H=H(X,) H=H(}).
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In Theorem 12,

V=¥v0  sF=4° =40  w=?  H=H
In Theorems 13, 14, 15, and 16,
V="V S=52 F=9, U=y, H=H}.
The first test statistic considered is the Wald test statistic
W =n(h—nty(HVPH) "(h - h*).

As shown below, one rejects the hypothesis H: A(A°) = A* when W
exceeds the upper a X 100% critical point of a chi-square random variable
with ¢ degrees of freedom to achieve an asymptotically level « test in a
correctly specified situation. As noted earlier, the principal advantage of the
Wald test is that it requires only one unconstrained optimization to
compute it. The principal disadvantages are that it is not invariant to
reparametrization and its sampling distribution is not as well approximated
by our characterizations as are the “likelihood ratio” and Lagrange multi-
plier tests.

THEOREM 12. Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Let

W=n(h-nY(HVHE) (k- ht).

Then
W~Y+o,(1)
where
Y=Z|HF(s+u) s H) 'Z
and

Z ~ N (VR [R(30) — ha], HVH).

(Recall that V = V0, S= 59 F=g° =0 and H=HO) If ¥ =0,
then Y has the noncentral chi-square distribution with g degrees of
freedom and noncentrality parameter « = n[h(A%) — A*V(HVH')™!
[A(A%) — h*]/2. Under the null hypothesis a = 0.
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Proof. We may assume without loss of generality that A , A% € A and
that (3/8A)s,(A,) = o,(n"V%), (3/3N)s%(A°) = o(n~'/2). By Taylor’s
theorem

i h(R) - ()] = Faeh (R Wa(R, - X0)  i=12....q

where fIX,, — A)l < fiA, — A°)l. By the almost sure convergence of
1A%, — All to zero, lim ,,_,NHJ\,,, — A% = 0 almost surely, whence
lim, _ [(8/3M)h,(X,,) = (8/3N)h,(X%)] = O almost surely. Thus we may
write

F[h(8,) - B(S)] = [ + A (K, - 1),
Again by Taylor’s theorem
i A () = Vasin Fs (8,)
+£7V2 [ g+ o, ()N (R, - X).

By the Summary, the left hand side is O,(1), and #'/? and #' are both
O(1), whence »/rX(X -3 = 0,(1) and’

Vi x5,08) = (R, = 28 + 0,1).
Combining these two equations, we have
va[h(X,) - h(X%)] = [H + ox(l)]}”‘.f‘/zf“/zjﬁ(ﬂ -A%)
= [H + 0,(1)] #1725~ 1/2( —-—-s J22) + op(l))
= Hg gl/ig-1/2 \/;-3%5,,()\‘3,) +0,(1)

because all terms are O,(1) save the o,(1) and 0,(1) terms. The equicontinu-
ity of { £, (M)}, the almost sure convergence of nf\ — A%l to zero, and
det #(A) = A > 0 imply that

(HVE) ' - [Hp s+ @) 1] ' = 0,1).
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Since

Vn[h(R,) = k] = Vn[A(X,) - 3]

FHF SV S (00) + 0,(1)
and all terms on the right are bounded in probability, we have that
w=n[h(R,) - m]"(AVA) [A(R,) - h3]
=n[h(R,) - BV [HF (s + @) 7] [R(R,) - B3] + 0, (1),

By the Skorokhod representation theorem (Serfling, 1980, Section 1.6), there
are random variables X, with the same distribution as #~/%/n(3/dM\)
5,(A%) such that X, ~ X + o,(1) where X ~ N,(0, I). Then

v [h(R,) = k3] ~ Vi [R(X) - k3] + HF 12X + 0, (1)

because H, #°!, 5!/ are bounded. Let Z = yn[h(A%) — h*] +
H_# '$1/2X, and the result follows. o

In order to characterize the distribution of the Lagrange muitiplier and
“likelihood ratio” test statistics we shall need the following characterization
of the distribution of the score vector evaluated at the constrained value A%.

THEOREM 13. Let Assumptions 1 through 3 hold and let either Assump-
tions 4 through 7 or 8 through 12 hold. Then

x5, (W) = X+ o,1)
where
X~ N, (Vi gxs2A0), )
Proof. By either Theorem 7 or Theorem 11
(I s (W) — Vi (597 xs0(As) 2 N0, 1),

By the Skorokhod representation theorem (Serfling, 1980, Section 1.6) there
are random variables Y, with the same distribution as vn (£*)"1/2(3/3\)
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s,(A*) such that Y, — Vn (£*)"2%(3/3\)s°(A%) ~ Y + o,(1), where ¥ ~
N,(0, 7). Let

X=(£2)"Y - Vn jaxs:’(m
whence
x ~ N, [vn 2-s00a%) J‘)
P ﬂ n n/>“n |
Since (£2)'7? is bounded, (S£*)""%0,(1) = o0,(1) and the result follows. O

Both the “likelihood ratio” and Lagrange multiplier test statistics are
effectively functions of the score vector evaluated at A,. The following
result gives an essential representation.

THEOREM 14. Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Then

i Frsu(R,) = H(HS ) " HE s, (M) + ,(1)
= 0,(1)
where fF= _#* and H = H}.

Proof. By Taylor'’s theorem

s, (R,) = Vi sa(AD) + A (K, - A3)
Vnh(X,) = Vrh(A%) + Hjn (X, - A%)

where _# has rows
J d < .
v anse(a)  i=12.p

and H has rows
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with X, and A . on the line segment joining X, to A%. Now Vn[h(},) -
h*1=o (1) Recallmg that yn[A(A*) — %] = 0, ‘we have Hin(X, - %) =
o,(1). Since |IA, — A3|| converges almost surely to zero, A, — A% and
A \jn A% converge almost surely to zero and F=F+ o,1) by the equicon-
tinuity of gA (}\)},,_1, continuity of H(A) on A compact implies equicon-
tinuity, whence H=H+o ,(1). Moreover, there is an N corresponding to
almost every realization of (V,} such that det(#) >0 for all n> N.
Defining #! arbitrarily when det(_#) = 0 we have

I A (X, =23) =Vn (X, - A1)

for all n > N. Thus, F (X, - A%) = Vn (X, ~ A*) + ¢,(1). Combin-
ing these observations, we may write

Hin(X, — A%) = 0,(1)
V(R = A3) =2 s, (R,) = F 1V s, (M%) + 0,(1)

whence
5V gx5a(Ra) = BV g3, (03) + o,(0).

Now Vn#~1Y2[(3/3N)s,(A%) — (3/N)s2(A%)] converges in distribution,
and by Taylor’s theorem

Vn 172 %S'?(A:) = s\ _3%3’?()‘2') + ﬁj~1/y(X§ -x%)
=o0(1) + 0(1)

so we have that VnSf '%(3/3X)s%(A*) is bounded. Since #£7'/? is
bounded, vn(3/3A)s,(A*) is bounded in probability. By Lemma 2 of
Chapter 3, there is a sequence of Lagrange multipliers §, such that

Vi gxsa(X,) + BVRE, = 0,(1).

By continuity of H(A) and the almost sure convergence of HX,,_~ At to
zero we have H = H + o,(1). Defining (H_# 'H) ! similarly to #~! above
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and recalling that V1 (3/3))s,(A*) is bounded in probability,

H(HFH) " Hp s, (A3)

= H(HF ) SV s,(08) + 0,1)

- B(EF ) SR gy, (K,) + 0,0)

= B(HF'H) "HF AV 6, + 0,(1)

= HVnf, + 0,(1)

= \/E;Xs,,(i,,) +0,(1). o
The second test statistic considered is the “likelihood ratio” test statistic

L=2n[s,(X,) - 5,(R,)].

As shown below, one rejects the hypothesis H: A(X%) = h* when L ex-
ceeds the upper a X 100% critical point of a chi-square random variable
with g degrees of freedom to achieve an asymptotically level « test in a
correctly specified situation. The principal disadvantages of the “likelihood
ratio” test are that it takes two minimizations to compute it and it requires
that

(H)(I) T (ENID T (HY = (H(ED) (HY + 0(1)

to achieve its null case asymptotic distribution. As seen earlier, when this
condition holds, there is Monte Carlo evidence that indicates that the
asymptotic approximation is quite accurate if degree of freedom corrections
are applied.

THEOREM 1S5. Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Let

L =2n[s,(X,) - s.(},)].
Then
L~Y+o(1)
where

Y=2Z 8 \H(Hg 'H) 'He'Z



592 A UNIFIED ASYMPTOTIC THEORY: DYNAMIC MODELS

and
zZ~ N,(,/;;,‘zxsg()\;), J).
Recall that ¥ = V¥, S=g* gF=g% & =& and H = H?.

If HVH' = H ¢ 'H’, then Y has the noncentral chi-square distribution
with g degrees of freedom and noncentrality parameter

o = o 27AN)s2N3) S H(HEH) " HETH(8/30)s3(Ms)
- , .

Under the null hypothesis, a = 0.

Proof. By Taylor’s theorem
2n[s,(8,) = 5,(8,)} = 2n( 3%, (R)) (K, - &,)
’ 32 < -
+n(X, - 1,) (msn(’\n))(h -4,)
where [|X, — &,I| < X, — A,||. By the Summary, X, — A% and A, — A%)|
converge almost surely to zero and {(32/3\ dN')s,(A)}=., is equicontinu-
ous, whence (3%/dX IN)s,(X,) = F+ o,(1). By Lemma 2 of Chapter 3,
2n{(3/3N)s, (A (X, ~ X,) = o(1), whence
2'1[5,.(X,,) - sn(xn)l = n(xn - xn)’[:"‘*_ 0:(1)](Xn - xn) + o:(l)'
Again by Taylor’s theorem
[+ oA (X, = K,) = ¥ xs.(K,)
whence, using the same type of argument as in the proof of Theorem 14,
(X, = K,) = [F+ o] [+ o,V (X, - K,) + 0,(1)
= [#+ 0] Vi Fxs(K,) + 0,(1)
which is bounded in probability by Theorem 14. Thus
2n [S,,(x,,) - sn(xn)] = "(Xn - x»)’J(x» - xn) + op(l)
(R, = 8,) =V gxs(R,) + 0,1)
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whence

2n[5,(%,) = 5,(8,)] = n{ Fxs. (K Frsa(R,) + 0,1

and the distributional result follows at once from Theorem 13 and 14. To
see that Y is distributed as the noncentral chi-square when HVH' =
H# 'H’, note that S 'H'(H# 'H") 'H # '¥ is idempotent under this
condition. m]

The last statistic considered is the Lagrange multiplier test statistic
R = n( gx s A NFH(HI G5 ) HF Y 55s.(8,).

As shown below, one rejects the hypothesis H: h(A%) = h* when R ex-
ceeds the upper a X 100% critical point of a chi-square random variable
with ¢ degrees of freedom to achieve an asymptotically level a test in a
correctly specified situation. Using the first order condition

B B(R,8) = 25 (s.(0) + 8[R(K,) - m]} =0
for the problem
minimize s,(A) subjectto h(A) = h*

one can replace (3/dA)s,(A) by §(3/dA)h(X,) in the expression for
R—whence the term Lagrange multiplier test; it is also called the efficient
score test. Its principal advantage is that it requires only one constrained
optimization for its computation. If the constraint h(A) = h? completely
specifies X, or results in a linear model, this can be an overwhelming
advantage. The test can have rather bizaare structural characteristics.
Suppose that A(A) = h% completely specifies 7\,,. Then the test will accept
any h* for which X, is a local minimum, maximum, or saddle point of
s,(\), regardless of how large is ||h() — h*|. As we have seen, Monte
Carlo evidence suggests that the asymptotic approximation is reasonably
accurate.

THEOREM 16. Let Assumptions 1 through 3 hold, and let either As-
sumptions 4 through 7 or 8 through 12 hold. Let

R = n{gxeu(K,)) £ (V) B gy (R,)).
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Then
R~Y+g,(1)

where

Y=2ZF 'H|HF(s+ ) g \H]| 'Hg 'Z
and

Z~ Np(ﬁ-;xs,?(}«:), J).

Recall that V = V*, $=5% F= g% & =&* and H = H*.

If =0, then Y has the noncentral chi-square distribution with g
degrees of freedom and noncentrality parameter a = n{(d/3N)s3(A*)Y
FIH'(HVH")Y 'H #71(3/3X)s2(A*)]/2. Under the null hypothesis, a = 0.
Proof. By the summary,

S (HVE) g
=S HW[HF S+ ¥) g 'H] " HF ' +0,(1).

By Theorem 14, Vn(3/3A)s,(X,) is bounded in probability, whence we
have

R = n( x5 (R,)) #
x[Hp (s + )01 HE  xs.(R) + 0,1

= n( x5 0m))
x[HF s+ ) 770 HE x5, () + 0,1,

The distributional result follows by Theorem 13. The matrix
S H[HF ‘£ 'H') 1 H #~\F is idempotent, so Y follows the noncentral
chi-square distribution if % = 0. m]
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