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Preface

The 20th century was rich with great scientific and mathematical discoveries. One
of the most influential events in mathematics was the introduction of the Lebesgue
integral (Lebesgue, 1901) followed soon after by Borel’s development of measure
theory (Borel, 1903). Combined with Cantor’s set theory, whose axiomatic form ap-
peared in the beginning of the century (Zermelo, 1907), these sources with their deep
and remarkable ideas made possible the development of a large number of function
spaces that are extremely important in modern analysis, such as L,-spaces (F. Riesz,
1910), Sobolev spaces (Sobolev, 1938), Schwatz’s distributions (Schwartz, 1951),
and many more. Undoubtedly, modern functional analysis, including measure the-
ory, the theory of topological vector spaces, and operator theory, with their various
powerful techniques and methods, ultimately takes their origin from these remark-
able sources.

Another extremely influential series of events was the emergence of the math-
ematical formalism of probability theory (Kolmogorov, 1933) in conjunction with
the introduction of Brownian motion (Einstein, 1905; Wiener, 1927) and Lévy pro-
cesses (Lévy, 1938). These led to a number of deep developments in the theory of
stochastic processes, two of which are the 1t6’s stochastic calculus (Itd, 1948) and
the theory of stochastic ordinary and partial differential equations. An important
attribute in this chain is the Fokker-Planck-Kolmogorov equation (Fokker, 1913;
Planck, 1917; Kolmogorov, 1931), which provides a deterministic way of describ-
ing stochastic processes.

By the 1950s the ideas behind Sobolev spaces were well understood, Schwartz
distributions were introduced (justifying, in particular, the Dirac delta function in-
tensively used in physics), mathematical theories of Brownian motion and Lévy
processes were developed, and mathematical reasoning of stochastic integrals, 1t6’s
stochastic calculus had emerged (justifying the Langevin stochastic differential
equations introduced in 1908). This spawned the rapid development in the 1960s not
only of new powerful methods and generalizations of the above theories, but also the
initiation of a number of new theories. Just to mention a few, these are the theory of
pseudo-differential operators (J.J. Kohn and L. Nirenberg 1965, and L. Hérmander,
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viii Preface

1965) in its modern form, Fourier integral operators (Hormander, 1968—71), contin-
uous time random walks (Montroll and Weiss, 1965), and fractional order Fokker-
Planck and diffusion equations. There was an abundance of applications of these
theories in the natural and social sciences and engineering, including the filtering
theory (Kalman, Bucy, 1961), etc. In the scope of these theories, a number of long-
standing mathematical problems have found their solutions. The related theories of
fractional order differential operators and equations have also led to a huge number
of applications in science and engineering, as well as inside mathematics itself.

Many good books and papers have been written about the classical theories men-
tioned above, and continue to appear, since extensive investigations, discovering
new concepts and developing new theories, are ongoing. With no pretense of com-
pleteness, we refer the reader to the books [Nik77, BIN75, Tri77, Tri83] on func-
tion spaces, [Hor83, Tre80, Tay81, Shu78, Won99] on pseudo-differential operators
and Fourier integral operators, [[W81, Pro91, KSh91, Sit05, App09] on It6 calculus
and stochastic differential equations, and [OS74, SKM87, Rub96, Pod99, KSTO06,
MailO] on fractional calculus and fractional order differential equations.

What is the present book about? This book is an introduction to the theory
of pseudo-differential operators with symbols singular with respect to dual vari-
ables combined with fractional order differential equations and their applications
to various applied fields. One of the essential requirements in the classical theory
of pseudo-differential operators is the symbol must be smooth on the cotangent
bundle, that is a(x,&) € C~(2,R"). However, in the solution of many problems
of mathematical physics pseudo-differential operators with singular symbols arise.
For instance, solution operators of two- or multi-point boundary value problems fre-
quently appear to have symbols singular in dual variables. For example, the symbol
of the solution operator of the following simple nonlocal boundary value problem

d%u(t,x) N d%u(t,x)

ot? ox?
u(0,x) = o(x), u(1,x) = u(2,x),x € R,

(t,x) =0,1€(0,2), x € R,

is (see for details, Section 2.2)

_ cos(&t)[sin& —sin(2& )] — sin(&t)[cos & — cos(28)]
N sin€ —sin(2&) ’

which has irreducible singularities at the points 7k, k = +1,+2,..., and +7/3+
2nm,m = 0,%£1,.... Nonlocal boundary value problems arise, for instance, in
plasma physics, diffusion in porous media, etc. Pseudo-differential operators with
symbols singular with respect to dual variables (¥DOSS) allow us to revisit from
a new angle many classic boundary value problems, as well. Examples include
the Schrodinger operator i% —aVvI— %A, arising in the theory of relativisti-
cally free particles, the theory of Bessel potentials with symbols |€|~%, where o

is an arbitrary positive number. Many other examples, including fractional order

s(t,€)
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pseudo-differential equations with singular symbols, will be considered throughout
the book.

Pseudo-differential operators with symbols singular with respect to dual
variables were first considered systematically by Cordes, Williams [CW77],
Plamenevski [Pla86], and Ju. A. Dubinskii [Dub82], though episodically appeared
earlier in works of other authors (e.g., [Kon67]). Cordes and Williams used meth-
ods of abstract algebra to define algebras of pseudo-differential operators with non-
smooth symbols with respect to dual variables & = (&;,...,&,), and applied these
algebras to solution of singular elliptic pseudo-differential equations. Plamenevski
used the Mellin’s transform approach to the construction of singular pseudo-
differential operators. Dubinskii defined his operators with the help of infinite
order differential operators. The latter requires the analyticity of the symbols in
domains not containing singularities. Hence, the corresponding algebras of pseudo-
differential operators have locally analytic symbols. We also note that pseudo-
differential operators with symbols singular with respect to the current variable were
studied by Nagase in [Nag77].

Our approach is different from those mentioned above. In Chapter 2 of this book
we introduce and study ¥’DOSS in the form

AFG) = oo [ale ©FLAE)e *9ae,

2m)".
]Rn
where F[f]() is the Fourier transform of f and (x,&) = x1&; + ..., +x,&,. Due to
singularity of the symbol a(x, &), this operator is not well defined even on infinitely
differentiable functions with compact support. Indeed, let fy € C5(R"), such that
F[f0](&) = 1 in a neighborhood of a non-integrable singular point &; of the symbol
a(x,&). Then the integral in the above definition of the operator A diverges. There-
fore, we introduce a special class of test functions and the corresponding space of
distributions, for which the operator A with a singular symbol a(x, £ ) is well defined.
The space of test functions denoted by ¥, ,(R"), where G C R" and p € [1,e0), and
the corresponding space of distributions (we call them y-distributions) denoted by
¥’ G (R™), are relatively new and not adequately presented in the literature. These
spaces are studied in detail in Chapter 1. The Fourier transform of any function in
¥, (R"), by definition, has a compact support contained in G. The dependence
of spaces ¥ ,(R") and ‘I’iG‘p, (R™) on the parameter p is not formal (see details
in Section 1.10). L. Hérmander in his book [Hor83] pointed out that the Fourier
transform is not well adapted to Lj,-spaces. However, in the above construction
one cannot avoid working with Fourier transform in L,-spaces, since ¥ ,(R") and
Y p, (R") depend in an essential way on p.

Chapter 4 discusses the existence and uniqueness problem of general nonlo-
cal boundary value problems for ¥'DOSS as well as their applications to vari-
ous problems of analysis. Initial and other types of boundary value problems for
fractional order ¥DOSS are important to include in our book due to their wide
applications in science and engineering. For instance, the fractional order Fokker-
Planck-Kolmogorov (FPK) equations are used as mathematical models of various
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processes in physics, biology, finance, hydrology, etc. In particular, it is well known
that a deep triple relationship exists between the classical FPK equation, its associ-
ated Ito stochastic differential equation, and the corresponding driving process. The
driving process in the classical case is a Brownian motion. If one changes the driving
process, then its corresponding stochastic differential equation and FPK equation
counterparts will also change. In this sense the driving process plays an important
role. What is the driving process in the case of fractional order FPK equations?
And what form does the associated stochastic differential equation assume? These
are natural questions arising in the case of fractional FPK equations. Chapter 7 dis-
cusses these questions in detail. The reader will see that the driving process can be
described as a scaling limit of continuous time random walks, which first appeared
in the literature in 1965 in the paper [MW65] by Montroll and Weiss. The stochas-
tic differential equation associated with fractional FPK equation will take a form
that is driven by a time-changed Brownian motion if there are no jump components.
Random walks, including continuous time random walks, approximating mixed and
time-changed Lévy processes, which will serve as driving processes in SDEs arising
in Chapter 7, will be discussed in Chapter 8.

Chapters 3, 5, and 6 provide fractional calculus background including recent
developments in this area, such as distributed and variable fractional order differen-
tial operators, as well as boundary value problems for fractional order differential
equations. Chapters 5 and 6, in particular, discuss fractional generalizations of the
famous Duhamel principle to various forms of fractional order differential equa-
tions.

Finally, in Chapter 9 we develop a complex analogue of pseudo-differential op-
erators with singular symbols. We note that in this theory many issues still remain
open. In the earlier works, the complex theory was constructed by methods essen-
tially different from the methods used in real analysis. The main reason for that
was the absence of a suitable Fourier transform technique in the complex case. The
existence of the Borel and the Fourier-Laplace transforms do not give appropri-
ate results because of their narrow application. We will develop a new complex
Fourier transform technique on fiber spaces of analytic and exponential functions
and functionals. Based on this construction we will be able to study not only the
new wide classes of differential and pseudo-differential equations but also to im-
prove the existing results. This method allows us also to detect the deep connection
between analytic and exponential solvability of initial and boundary value problems
for pseudo-differential equations with analytic and meromorphic symbols.

Nowadays the number of applications of the theory of ¥'DOSS and fractional
order differential equations is rapidly increasing. The author hopes that the selected
material reflects the current state and will serve as a good source for those who
want to study the theory of ¥DOSS and fractional differential equations and use
their methods in their own research. It seems as though this is the first attempt to
present systematically the theory of ¥DOSS in the chosen format. Therefore, the
style of the book is introductory. Each chapter supplies a section containing histori-
cal and additional notes on related topics for those readers who want further reading
(Tashkent-Boston-New Haven).
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Chapter 1
Function spaces and distributions

1.1 Introduction

This chapter is devoted to function and distribution spaces. We first recall definitions
of some well-known classical function and distribution spaces, simultaneously in-
troducing the terminology and notations used in this book. Then we introduce (see
Section 1.10) a new class of test functions and the corresponding space of distribu-
tions (generalized functions), which play an important role in the theory of pseudo-
differential operators with singular symbols introduced in Chapter 2. By singular
symbols we mean, if not otherwise assumed, symbols singular in dual variables.
We will denote the space of test functions endowed with the strong topology by
¥, p(R"), where G C R" and p € [1,e0), while the corresponding space of distri-
butions, called y-distributions, by ¥’ G (R"). The dependence of spaces ¥ ,(R")
and ¥’ Gy (R") on the parameter p is not formal (see examples in Section 1.10).

For p = 2 these spaces coincide with the spaces H**(4G) introduced and studied
in [Dub82]. The general case of p > 1 was introduced in [Uma97, Uma98]. For
further historical details see Section 1.13.

Pseudo-differential operators with singular symbols in the dual variable (YDOSS)
are important in the modern theory of partial differential equations (see exam-
ples in Section 2.2). To solve boundary value problems for pseudo-differential
equations with ¥’DOSS in the Sobolev, Besov, BMO, Lizorkin, and other clas-
sical spaces one needs to know when ¥DOSS has a continuous closure to these
spaces. The closure of ¥DOSS to classical function spaces requires the denseness
of ¥ ,(R") in these spaces. The necessary and sufficient conditions of the dense-
ness of ¥ ,(R") in L,(R") and other classical function spaces will be studied in
detail in Section 1.11. By definition, elements of ¥ ,(R"), i.e., test functions, are
L,-functions such that their Fourier transforms have compact support. In accordance
with the Paley-Wiener-Schwartz theorem elements of ¥ ,(R") are entire functions
of a finite exponential type whose restrictions to R” belong to L,(R").

© Springer International Publishing Switzerland 2015 1
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2 1 Function spaces and distributions

The class of entire functions of a finite exponential type and its various subspaces
are broadly used by many researchers in different fields of analysis. In our construc-
tion there is one subtlety: G in the definition of ¥ ,(R") allows to localize singu-
larities of symbols of ¥DOSS. At the same time, ¥ ,(R") is a subclass of the class
of exponential functions of a finite type. The smaller is G, the narrower is ¥ ,(R").
It is not hard to indicate such a G so that the corresponding space ¥, ,(R") will not
be dense in L, (R").

Lizorkin type spaces, introduced in Section 1.12, are exact spaces for which
YDOSS’ with symbols singular at the origin are well defined. The exactness used
here means that the number of orthogonality conditions, under which ¥DOSS is
well defined, is minimal.

In this book we use the following notations: R, C, N, and Z denote the set of
real, complex, natural, and integer numbers, respectively. Ny is the set of extended
natural numbers: Ng = NU {0}. For n € N by R” we denote the n-dimensional
Euclidean space of n-tuples x = (x1,...,x,),x; € R, j=1,...,n. Let r be a positive
real number and a be a point in R". Then by B,(a) we denote the n-dimensional
open ball with the radius r and center a, that is B,(a) = {x € R" : |[x —a| < r}, where

|x| = y/x7+...+x2. A nonempty set A C R" is called open if Bg(a) C A for every

a € A with some € = €(a) > 0. By a neighborhood of a point a € A we understand
any open subset of A which contains a. For a given sequence y; € A,k =1,2,...,
its limit, in general, may not belong to A. The set A is called closed if it contains all
its limit points. One can make a set closed adding its all the limit points, which is
called a a closure of A and denoted by A. For instance, B,(a) = {x e R": [x—a| < r}.
A point of A is interior if it has a neighborhood contained in A. By the boundary

of a given set A we understand A \ A, where A is the set of interior points of A,
and the symbol “\” means, as usual, “set-minus.” For the boundary of A we will
use the notation dA. For instance, the boundary of B,(a) is the n — 1-dimensional
sphere S,(a) = dB,(a) = {x € R" : |x —a| = r}. There are sets with no boundary,
i.e., dJA = 0. An example of such a set is Sy(a). The set A is called bounded if there
is a ball with a finite radius containing A. Any closed bounded set in R” will be
called a compact. If A is a compact subset of B, then we write A € B. We will say
that a property P holds almost everywhere (a.e.) in A if P breaks down only in a set
of zero measure in A.

We assume that the reader is familiar with the theory of Borel sets, the Lebesgue
integral, the Lebesgue measure, as well as some basic notions of normed/Banach
and Hilbert spaces, including the notions such as norm, inner product, fundamental
sequence, and completeness. If x is an element of a Banach space X, then the norm
of x will be denoted by ||x|X]|| or ||x||x.

Finally, for the reader’s convenience in Chapter 1 we provide the necessary aux-
iliary results, but not all of them with proofs. In case, when proof is not provided we
refer the reader to other appropriate sources.



1.2 Holder-Zygmund spaces 3

1.2 Holder-Zygmund spaces

Let €2 be a bounded open set in R” with a smooth boundary d€2. We denote by
C(£2) the set of functions f defined and continuous on €2 and by C(£2) the set of
functions defined on the closed set €2 and continuous up to the boundary of Q.

C(L) is endowed with the norm
o) = max|f(x)].
Hf”c(g) me | (x)]

Further, let C™(£2) be the set of functions differentiable in Q up to order m :
C"(Q) = {f €C(Q):D'f e C(R), |yl <m).

And finally,
C"(Q)={feC(Q):D'f€C(Q), |yl <m}

is the set of functions, whose derivatives up to order m are continuous on 2. We

define the norm in C"(2) by

||f|\cm(§) = Z |\D7f||c(§>. (1.D
[M<m
The space C" (ﬁ),m € Ny, is a Banach space with respect to the norm (1.1). For
a continuous function f the set {x: f(x) # 0} is called a support of f and denoted

suppf. Further, we denote by C'(£2) the subset of C™(£2) consisting of functions f
for which DYf(x) =0,x € dQ, |y| < m.

Definition 1.1. Let 0 < A < 1. We denote by C*(£2) the set of functions f € C(Q)
such that

f(x) = ()] < Clx—y[* (1.2)

holds for arbitrary x,y € Q with a positive constant C. C* (Q) is a Banach space
with respect to the norm

f(x) = fO)l
1fller @) = f le@) + i‘g’w

If A =1 then condition (1.2) is called a Lipschitz condition, and the corresponding
set of functions is called a Lipschitz class. The Lipschitz class will be denoted by
Lip(£2). We notice that if 2 > 1 then a function satisfying condition (1.2) is a con-
stant. For A > 1 Holder spaces can be defined as follows. Let A = m + 1, where
m €N, and 0 < u < 1. Then we denote by C*(£2) the set of functions f € C"(Q)
such that

D f(x) = D*f(y)| < Clx—y|*
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holds for all ¢, |ot| = m, and x,y € Q with a positive constant C, not depending
on x and y. Here o = (oy,..., ), &t € No, j = 1,...,n, is a multi-index, || =
o) +---+ oy, and

91"l f(x)

o _
D) = 8x(1x1 Loxg

The Holder space C*(Q) with A = m+u,0 < u < 1, is also denoted by
C™H(Q), emphasizing that m < A < m+ 1. In this notation if 0 < 4 < 1, one has
C*(Q) = C"*(Q) and Lip(Q) = %' (Q). The space C*(Q) = C"*(Q) is a Ba-
nach space with respect to the norm

IDS(3) = DS )]

Jx—y|#

Ifller @) = Ifllon@) —I—sip

We also introduce the space C* () of functions f such that f € C*(K) for arbitrary
compact K € Q. The spaces C*(Q) and C*(Q), where 0 < A # 1,2,..., are called
a Holder spaces of order A. A function in C*(Q) is called uniformly Hélder con-
tinuous, while a function in C* (Q) is called locally Holder continuous. We notice
that the class of Lipschitz continuous functions does not coincide with the class of
continuously differentiable functions, that is C'(Q) # C%!'(Q ) Indeed, a simple
example f(x) = |x| shows that f is Lipschitz continuous on [—1, 1], but not contin-
uously differentiable on this interval.

Definition 1.2. Let 0 < A < 1. We denote by €* () the set of functions f € C(Q)
such that

[f(x—h)+ f(x+h) —2f(x)| < C|h|*

holds for arbitrary x,x 4/ € Q and with a positive constant C not depending on /
and x € Q. The expression A? f(x) = f(x—h) + f(x+h) —2f(x) is called a second
finite difference of f at the point x with the step vector 4 € R". €*(Q) is a Banach
space with respect to the norm

A7 f(x)]
1fllgz @ = Iflc@ +  sup hh—x
x,xtheQ h#0 | |

The space €*(Q) is called a Zygmund space of order A. Obviously, any Lipschitz
continuous function is in ¢! (). On the other hand, Zygmund [Zyg45] showed that
there is a function in ¢! (Q) and nowhere differentiable, and hence, is not Lipschitz
continuous. Thus the inclusions C!(Q) c C%!(Q) C €' (Q) are strict.

For A > 1 Zygmund spaces can be defined as follows. Let A = m + u, where
m €N, and 0 < u < 1. Then we denote by €* (Q) the set of functions f € C"(Q)
such that

AZD* £(2)| < Clal*

holds for all o, [ot| = m, and x,x+h € Q with a positive constant C not depending
on & and x. The space ¢+ (Q) is a Banach space with respect to the norm
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|4; D% f(x))]
Mer @ =W lomy+ sup LD
x,xtheQ h#0 | |

Introduce also a Zygmund space € () of functions f such that f € € (K) for an
arbitrary compact K € Q. Thus, the Zygmund spaces €*(Q) and €*(Q) are de-
fined for all A > 0, including integers. If A = m, then the spaces C"(Q) and C"(Q2)
are strict subspaces of ¢ (Q) and € (Q2), respectively. The following proposition

says that Holder and Zygmund spaces coincide if A is not integer.
Proposition 1.1. [7ri77] Let A > 0 and A ¢ N. Then C*(Q) = €*(Q).

If Q = R”", or unbounded open set, then one needs to take into account the be-
havior of a function near infinity. For instance, the set of functions f : R" — C with
continuous and bounded derivatives D f for all ¢, |ct| < m, endowed by the norm

Ifllemrny = 3, sup [D"f(x)],

|ot| <mXER"

is a Banach space. This space is denoted by C;'(R"). In analysis the set C*(R") of
infinite differentiable functions defined on R" play an important role. This set is not
normalized; however the notion of convergence, or a topology, can be defined in it
(see Section 1.5). An important subsets of C*(R") are infinite differentiable func-
tions with compact support, and functions with bounded derivatives of all orders,
respectively defined by Cy’(R") and C;’ (R").

The following statement known as the Arzela-Ascoli Lemma (see, e.g., [Tri83])
plays an important role in the theory of function spaces.

Lemma 1.1. (Arzela-Ascoli Lemma) Let K € R" and a sequence of functions
{fu}nen C C(K) satisfy the following two conditions:

1. “Uniform boundedness”: for alln = 1,2,. .., there exists a number M > 0, such
that || £,|C(K)|| < M:

2. “Equicontinuity”: for an arbitrary € > 0 there exists a number 6 > 0, such that
ifx,y€K,and |x—y| < 8, then |f(x) — f(y)| < eforalln=1,2,....

Then there is a uniformly convergent subsequence of { fn(x) }nen-

1.3 L,-spaces

Definition 1.3. Let 1 < p < eo. Introduce L,(£2), the set of Lebesgue measurable
functions f : Q — C for which the Lebesgue integral

[ Ir@rax
Q
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is finite; L..(£2) denotes the set of Lebesgue measurable functions bounded almost
everywhere on 2, that is | f(x)| < C < o for almost all x € Q. For f € L..(€) the
smallest number C such that f(x) < C a.e. in Q, is called the essential supremum
and denoted by esssup f. For instance, the function f(x) = x if x rational, and f(x) =
1/(1 +x?) otherwise, belongs to L..(R) with esssup |f| = 1 (even though sup|f| =
o0). It follows from the definition of L,(€2) that two functions f and g are equal in

L,(Q) if f(x) = g(x) a.e. on Q.

LP(Q) is a Banach space for all 1 < p < e with respect to the norm

(JIfCoPdx)t /P, i 1< p < oo;
7, = |
esssup |f], if p=co.

Only the case p =2, i.e., L,(£2) defines a Hilbert space with the inner product

= [ rstas
Q

for f,g € L»(2). Here g is the complex conjugate of g. Functions in L;(Q) are
called “absolutely integrable.”

Proposition 1.2. The two following inequalities hold:

1. Minkowski’s inequality: ||f + gll, < [|fll, + |lgllz, is valid for arbitrary
f,8€Lp(Q), p>1;

2. Holder’s inequality: |(f,g)| < || fllL,lI&ll, is valid for arbitrary f € L,(L2) and
g€ Ly(Q), where p,g>1,1/p+1/g=1.

Two numbers p,q > 1 satisfying the condition 1/p+1/g =1 are called a conju-
gate pair. The Minkowski’s inequality generalizes immediately to a finite number
of functions f; € L,(Q),j=1,...,N

N N
1Y fill,, < X 15l
Jj=1 j=1

In general, if f(x,a) € L,(£2) is a family of functions depending on a parameter a €
A CR™, such that || f(x,a)||z, € Li(A), then the following generalized Minkowski’s

inequality
/ /||f x,a)||1,da (1.3)
A

P

holds.
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Proposition 1.3. Let Q C R" be bounded and py < p;. Then L,,(Q2) C L, ().

In other words this proposition states that for £ bounded, L,(£2) decreases when
p increases. The proof of this proposition can be easily obtained using the Holder
inequality. For unbounded €2 it is not so.

Example 1.1. Indeed, let p; < p,. Then, for instance, the function
Al = (a"+ 1) Fer e L) (RY)

for any positive real €. But, fi(x) ¢ L,, (R"),if 0 < & < pp/p1 — L. On the other
hand, for the function

B |x|~n(=&)/prif x| < 1,
o) = {0, if | > 1,

one can easily verify that f, € L, (R") for any positive &, but f>(x) ¢ Lp,(R"), if
0< & <1—p1/p2.

The proposition below provides some well-known properties of L,-spaces.

Proposition 1.4. Let Q C R". The space L,(2) possesses the following properties:

1. Forall 1 < p < co the space L,(Q) is separable;

2.If 1 < p < oo and q is its conjugate then L,(82) is reflexive, and its dual
(Lp(Q))" = Ly(L2) in the sense of isometric isomorphism. For p =1 one has
(L1(2))* = Lo(Q). However, if p = oo, then the dual (L..(2))* is not isomor-
phic to L1 (Q);!

3. The set of step functions defined on Q form a dense set in L,() for all p €
[1,00). Moreover, C5 (£2) is also dense in L,(L2), p € [1,o0). Here Cj is the set
of infinitely differentiable functions vanishing outside a compact set in £2. (These
denseness statements are not valid if p = eo.)

The second statement in this Proposition is a part of the Riesz representation
theorem on L,-spaces. Namely, for any linear continuous functional defined on
Ly(R), p € [1,00), there exists a unique function g € L,(Q), where ¢ is the con-
jugate of p, so that

L(f) =< f.g >= [ f@g(dx,
Q

and the norm of L is equal to ||g]|z,. Recalling the norm of linear continuous func-

tionals, one has
L(f)]
ILl[= sup

=gl 4(Q)-
o2 feLy (@) I1f 1|z, @) L(2)

' In fact, (L..(£2))* is isomorphic to the space of finite Borel measures with the total variation
norm. The latter contains L;(£2) as a linear subspace, see, e.g., [Tri77].
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The last equality in this chain shows also that for the norm of g € L,(2), g € (0,°9],
the relations

<gf>
lelo@ = sip L8>
oxrer,@) Il @)

— sup | <gf>] 4
FeLp(€), £l @) =1,

hold.

1.3.0.1 The Riesz-Thorin interpolation theorem

Interpolation theorems play an important role in modern analysis, see, for exam-
ple, Bergh and Lofstrom [BL76], or Triebel [Tri77]. The Riesz-Thorin theorem on
interpolation of L,-spaces was the first theorem in this theory.

Theorem 1.1. Let T be a linear mapping on a generic space containing all the
spaces L,(2),1 < p < oo, Q CR". Suppose T) and T, are restrictions of T, such
that operators

Ty:Ly (Q) = Ly (Q) and Ty: L, (Q) — Ly ()

where 1 < p1,p2,q1,q2 < o0, are bounded and have norms My and M;, respectively.
Further, let pg and qg be defined by

where 6 € [0,1]. Then the restriction To of T to Lp, (L) :
To: Ly, (Q) — Ly, (Q) (1.5)
is a bounded operator with the norm

(Toll =M <M ~OMY. (1.6)

1.4 Euler’s gamma- and beta-functions

The function -
r@)= [ et tan K@ >0,
Jo

is called Euler’s gamma-function. I'(z) can be analytically extended to the whole
complex plain C except points z = 0,—1,—2,..., which are simple poles of the
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gamma-function. Using the integration by parts, one can show that I'(1 +z) =
zI"(z). Obviously, I'(1) = 1. These two facts immediately imply I'(n+ 1) = n! for
n € Ny (with the convention 0! = 1).

Forz = %, using the substitution # = 5%, one has

oo ,—I oo
r (l) = / e di :2/ e ds.
2 Jo Vit 0

One can easily show that A = ;° e Sds=n /2. Indeed, changing to the polar coor-
dinates,

| I
A% = /efszds /efuzdu = Z/ef(sz”z)dsdu = g/erzrdr: %
0 0 R2 0

Hence, I'(}) = /7.
Further, Euler’s beta-function B(s,u) is defined by

B(s,u) = /leH(l 0 ldx, R(s) > 0, Ru) >0,

Taking the product I"(s)I" (1) = f2 X1y 1o~ () dxdy, and using the substitution
x+y=z,oneobtains I'(s)I"(u) =I"(s+u)B(s,u). Hence, Euler’s beta- and gamma-
functions are connected through the formula

B(S,M) = m, 9{(5) > 0, EK(M) > 0.

We also note the following property of the gamma-function, which will be used in
our further analysis [AS64]:

rrl—z) = Si:m. (1.7)

(We will prove this equality in Section 3.13).

1.4.0.2 The Fourier transform

Definition 1.4. Let f € L;(R"). The Fourier transform of f denoted by f or F[f],
by definition, is

FE)=FINE = [rwetar, &err, (18)
RV[

where i = v/—1and x§ = (x,&) =x & + - + x5
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The Fourier transform of f € L (R") is continuous. Namely, the following prop-
erty holds (see, e.g., [RS80]):

Theorem 1.2. Let f € Li(R"). Then its Fourier transform f(&) is continuous on
R" and (&) = 0, as |&] — .

It follows from this theorem that F is a linear operator, mapping L; (R") into the
set of functions Cy(R") continuous on R” and tending to zero at infinity. The inverse
Fourier transform F~! is given by the formula

_ _ 1 2 —ix&
10 =FAW = G R/ F(E)eeae. (19)

We note that for f € L;(R") its Fourier transform £ may not belong to L;(R"). In
fact, the Fourier preimage of Co(R") is not L; (R"). In fact, F~1(Co(R")) D L; (R").
Therefore, one must be careful when using the inversion formula (1.9). We will
discuss the question how to extend the Fourier transform to spaces of functions
much larger than L; (R") in Section 1.5.3.

The properties given in the following proposition can easily be verified by direct
calculation.

Proposition 1.5. Ler f € Li(R"). Then for 0 # a € R and y € R" the following
formulas hold:

I FIf(@o)(€) = 5 FIA(G):
2. #FIF(IE) =Flfl(ad):
3. [f +9)](E) =e "*Ff1(8);
4. Fle™ f(0))(8) =F[fI(E +).
In the two propositions below x* and & for a multi-index &t = (¢, . .., &%) mean

x‘f‘1 ...x%n and &1‘1 L. &% These properties of the Fourier transform can be proved
by integration by parts.

—

Proposition 1.6. Let x* f € Li(R"). Then (ix)*f(E) = D*f().
Proposition 1.7. Let D*f € Li (R"). Then DOf(E) = E%F(E).

Consider some examples which will be exploited later.

Example 1.2. 1. Let f(x) = ¢ P, x € R. This function belongs to L; (R). We have

0 0 0

Fle ™M)(&) = /ef‘x‘e"xédx: /ex(lﬂf)dx—l—/e*x(l*ié)dx

—oo —oo 0

1 N 12
ClHiE 1 —iE 14+ EY
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Using the first formula in Proposition 1.5 with a > 0, one obtains

_ 2a
Fle ®M)(g) = 218 (1.10)
One can easily see that in this fortunate case the Fourier transform f (&)= rz»;z

of f is also in Li(R). Therefore one can use the inverse Fourier transform for-
mula (1.9) to equation (1.10), to obtain

S

2. It follows from the previous example that

1
Fl—— =e 4l 1.11
| @)= (L1
Further, using the second formula in Proposition 1.5 and (1.11), one has
Fl—" &)= >0 (1.12)
m(1?+x2) ’

3. Now we find the Fourier transform of the function f(x) = e’xz,x € R. This

function belongs to L; (R). Differentiating f(£) = [ e+ gy and using the

relation ‘
ixe < HiE — —%d(e7x2+ix5) _ %e*xzﬂ‘xé,

A . . . . d 7
one can see that f satisfies the ordinary differential equation {145) = —% (&).

2
The solution to this equation is /(&) = Ce ,where C = f(0) = [p e dx=r.
Hence,

2
Fle™™](&) = Ve T (1.13)
Using again the second formula in Proposition 1.5 with b = v/4z, t > 0, we obtain
1 *2 2
F T (E)=eT. 1.14
e (9

4. Let f(x) = e P x € R". Then it follows immediately from formula (1.13) that

1 e*\x\z :efg n
F{(ﬁ)n }(5) . EER". (1.15)
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Now using this formula and proposition 1.5, one can derive the multidimensional
case of (1.14):

L -] )= erer "
F[(\/m)n ](g) , EER (1.16)

5. The n-dimensional analog of formula (1.12) is

(el
o) ! +1](5>—e’5, 1>0,EER". (1.17)

F ( —
2z (x2+2)7

where I"(s) is Euler’s gamma-function. See Section 1.13 “Additional notes” for
the proof of (1.17).

1.4.0.3 The Laplace transform. Watson’s lemma

Let a function f(¢), defined on [0,), be piece-wise continuous and satisfy the con-
dition |f(r)| < Ce®" for some o > 0. We denote the set of such functions by M.
The Laplace transform of f € M, is defined by

LIfI) = [ e ) >o.

For the Laplace transform of f we also use the notation f(s). The Laplace transform
£(s) is an analytic function of s = p +in in the half-plane R(s) = p > ©.

Here are some well-known properties of the Laplace transform, which follow
directly from the definition.

Proposition 1.8. Let f,g € M. Then for s with R(s) > o

1. Llaf + bg] = aL[f](s) +bL[g](s), a,b € C;
2. [f*g]( ) =L[f](s) - L[g](s);

3. L[eP f)(s) = LIf1(s— B), R(s) > o+ B;
4. LIf)(s )—SL[ J(s) = f(0);
5. &LIf(s) = L[ f1(s)-

In property 2) (f*g)(t) is a convolution of functions f and g defined by

(e = [ @8

One can easily verify that if f, g € My, then fx g € My, as well.
Example 1.3. Let B > 0 be a real number. Then

LI~ (s) = w, 5> 0. (1.18)

sB
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Indeed, using the substitution s = u in the integral

LEP)(s) = [ e ar
JO

we have

L[tﬁfl](s) =P ./Owefuuﬁfldu = Fs(ﬁﬁ)

If B = n, a positive integer, then the latter reduces to the well-known formula

L[l‘”il](s) — (I’l— 1)!'

In particular, if n = 1, then L[1](s) = % Obviously, the formula (1.18) extends for
all complex s with R(s) > 0.

If 0 < B < 1, then (1.18) extends also for all s with R(s) = 0, except s = 0, as
well, that is s = in, n € R, n # 0. In fact, in this case the left-hand side of (1.18)
takes the form

FIT oo p—iNt
LB (in) = /0 e (1.19)
Using the known formulas (see, for instance, [AS64], formulas 6.5.7,8,20)
= cosnt I'(B)co sinn¢ (ﬁ)sm@
/ il Ly and / dt = ,
o t'-B nB t1-B nB
one obtains 5
oo ,—iNt i~
/ ¢y TBE _Th) (1.20)
o 1P nP (im)P
Hence, (1.19) and (1.20) imply the formula
_r (B)
LiB-1
Llt in , Mn#0. (1.21)

Below are two other properties of the Laplace transform important for our further
considerations. The first one is the differentiation formula for the Laplace transform,
which generalizes Property 4 in Proposition 1.8 for arbitrary integer order m > 1.

Proposition 1.9. Let f € C"(0,00) N Mg has finite values f*¥)(0),k=0,...,m—1.
Then the formula

m—1
LIf™](s) = s"L[f)(s) — Y fP(0)sm1F (1.22)
k=0

holds.

The second property is known as Watson’s lemma.
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Proposition 1.10. (Watson’s Lemma) Let f(t) = t"g(t), g(0) # 0, where y > —1,
and g € M. Suppose the function g(t) has the expansion

n
g(t) =Y ai* +Ru(t), 0<t<1,
k=0

with |R,(t)] < Ct""1 t € (0,t9). Then

L[.f](s)—iakr(k+7/+1)+0< ! ) 5§ — oo

k+y+1 n+y+2
=0 s s

1.5 Distribution spaces

1.5.1 Schwartz distributions

Definition 1.5. Let Ci’(€2) be the set of infinitely differentiable functions with com-
pact support in Q. For a sequence of functions ¢, € C5'(2),m = 1,2,..., we in-
troduce the following convergence: ¢, converges to an element ¢y € Cy'(£2) if the
following two conditions are fulfilled:

1. there exists a compact K C €2 such that supp@,, CK forallm=1,2,...;

2. DY@y (x) = DY@p(x) uniformly on K for all |y| =0,1,....

Cy () with the introduced convergence is denoted by ©(£2), and called a space of
test functions.

D(Q) is a linear space. Obviously, if @1, g2 € D(), then for arbitrary complex
numbers ¢y, ¢; € C, one has c1 @) + 20 € D(Q).

Let f be a linear and continuous functional defined on D (€2). This means that
for f: ©(2) — C the following two conditions, namely the linearity condition:

flerpr+ca@) =c1f(@1) +caf (¢2), Ver,c2€C,

and the continuity condition:

Om — 00 = f(On) = f(@0), m—> oo,

are fulfilled. Here f(¢) stands for the value of f on ¢. For instance, the functional
defined as 6,(¢) = @(a),p € D(Q), a € Q, satisfies both conditions.

Definition 1.6. Denote by o' (£2) the set of all linear and continuous functionals de-
fined on ©(L). A sequence f,, € ® () is said to converge weakly to fy € ® () if
for arbitrary ¢ € D () the sequence of numbers f,, (¢) converges to fo(@). D' ()
with this convergence is called the space of Schwartz distributions.

The functional &,(¢) = @(a) introduced in the example above is a Schwartz distri-
bution. This distribution is called the Dirac delta function with mass on a.
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The space @’(.Q) is a vector space. The sum f| + f, of two distributions

fi, f» €D () is defined as (fi + f2)(@) = f1 (@) + f2(¢) for arbitrary ¢ € D(£2).
Similarly, the scalar multiplication ¢ f, where ¢ € C and f € @I(.Q), is defined as
(cf) (@) =cf(@) for arbitrary ¢ € D (£2). Thus, the space of Schwartz distributions,
as well as the space of corresponding test functions, have both structures, the vector
structure and the topological structure (defined through convergence). Therefore,
both spaces D(£2) and D' (L) are topological-vector spaces. Their deeper proper-
ties, such as the completeness, local convexity, and inductive and projective limit
structures, will follow from general assertions presented in Section 1.5.4 in the ab-
stract case.

The following statement provides a criterion for a linear functional defined on
D(£) to be a Schwartz distribution [Sch51]:

Proposition 1.11. A linear functional f defined on D () is in CD,(Q) if and only if
for arbitrary open set £y € £ there exist an integer m = m(£y) > 0 and a constant
C =C(£Qg) > 0, such that for all ¢ € D(Q) the estimate

(@) < Cllollena)
holds.

If m in this Proposition does not depend on €2y, then it is called an order of
distribution f. The Dirac delta function satisfies the estimate

10a(9)| = lo(a)| < ll@llcie)-

Therefore, 6, is a distribution of order 0.

Definition 1.7. The derivative of order o of a distribution f € ®' () is defined by

D*f(¢) = (=1)"f(D"¢), Vo eD(Q).

Let a(x) € C*() and f € D' (). Then the multiplication of the distribution f by
a(x) is defined by

af(@) = flag), Ve ecD(Q).
It follows from Proposition 1.11 that for a Schwartz distribution f both D* f for any

multi-index o and af for any a € C(Q) are Schwartz distributions again. More-
over, the mappings

D*:D(Q) -9 (Q) and ax):D(Q)—D(Q)

are continuous. This statement is a direct implication of Definition 1.7.

The notion of support can be extended to distributions as well. We say that a
distribution f € D' (£2) is zero on an open set Q' C Q, if for all ¢ € D (L), one
has f(¢) = 0. The union of all open sets where f is zero is called a null-set of
the distribution f. By definition, the support of f € ol (€2), denoted by suppf, is the
closure of Q\ Qqy(f), where Qq(f) is the null-set of f, namely, suppf = 2\ Qo(f).
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For example, the support of the Dirac delta function §, is {a}. Indeed, if Q' is an
open set not containing a, then for all ¢ € (L"), one has 8,(¢) = 0. Therefore,
the null-set of &, is 2\ {a}, implying suppd, = {a}.

It is not hard to see that if supp f € €2, then m in Proposition 1.11 can be chosen
independent of all open sets €2y € Q2. Hence, any distribution with compact support
has a finite order.

Example 1.4. 1. Let a function g be locally integrable on (2, that is for arbitrary
compact set A € Q the integral [ |g(x)|dx is finite. Then, g defines a linear func-
A

tional G on D(€2) by the expression
G(9) = [ swplx)ax
Q

Moreover, for each €2y € € the estimate | f(¢)| < C[|@||¢(q), With C = C(£) =
Ja, 18(x)|dx, holds. Due to Proposition 1.11, G is a Schwartz distribution of
order 0. A distribution defined by a locally integrable function is called regular,
otherwise it is called singular. For instance, the Dirac delta function is singular
(try to prove this. It is a good exercise!).

The Heaviside function

1, if 0
0 (x) _ , x> .,
0, otherwise,

is locally integrable on R = (—eo, o), and therefore, is a regular distribution. For the
derivative (in the sense of distributions) of 0(x) one has D6 = &. Indeed, for an
arbitrary ¢ € D(R),

oo

D6(p) = ~6(D) =~ [ ¢ (x)dx = 9(0) = & ().

0
Similarly, one can easily verify that @(x —a) = 0(x; —ay) -+ --- 0 (x, — ayn), where
a=(ay,...,a,) € R"is a fixed point, is a regular distribution, and
Di...D,0O(x—a) = 6,(x). (1.23)

2. Introduce the distribution P.v. )_1{7 where P.v. stands for principal value (in the sense
of Cauchy), and defined by

£—0

—& =)
<P.v.l,(p >= lim /deJr/(P(x)dx .
x X .
E J

d
One can easily verify that for any d > 0 the integral Pv. [ % = 0. Taking this
—d

into account, and assuming supp ¢ C [—d,d|, we have
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oo

/ () —¢(0)

=

1
|<Pv—p>|= dx| <C| oo (r)»

where C = 2d. Hence, P.v.)—lc S CD/(R), singular, and of order 1.

Proposition 1.12. (Sokhotski-Plemelj formulas) The following formulas hold:

1
x+i0

1
x—10

_ —inﬁo(x)—l—V.p.)l—C, (1.24)

— indo(x) +V.p.%. (1.25)

Proof. To prove this statement we calculate the limit limg_q ﬁ in @I(R). Let
¢ € D(R) with the support supp ¢ C [—d,d]. We have

d
. o o(x) o / x—i€E B
lim < e 0(x) > = Jim [ EEdx=lim [ 55 [0(0)+ ()~ 0(0))ax
R —d

= ~2ip(0) limtan"! (g) +/de
R
:—iﬂ?(P(O)—i—/(p(x);(P(o)dx
R

—< —in50(x)+P.v.)—lc,(p(x) >,

obtaining (1.24). Formula (1.25) follows from (1.24) replacing i by —i.

1.5.2 Distributions with compact support

Definition 1.8. Denote by &'(2), Q C R”, the set of functions ¢ € C*(Q) with the
following convergence: a sequence @ € &(2),k =1,2,... is said to converge to
©o € £(Q) in &(Q) if for every multi-index y and any compact set K € Q

sup|DY ¢ (x) — DY o (x)| — 0, (1.26)

xeK
as k — oo,

Definition 1.9. Denote by & '(.Q) the set of all linear and continuous functionals
defined on & (). A sequence f;, € & () is said to converge weakly to fo € & (Q),
if for arbitrary ¢ € & the sequence f,, (@) converges to fo(¢). With this convergence
the set & (€2) is said to be the space of distributions with compact support.
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The name of the space & (£2) is not a game. In fact, any distribution in & (£2) has
a compact support. This fact can be proved by contradiction. Assume the support of
fe & (Q) is not compact. Then there exist a sequence of sets @y, k=1,2,...,and a
sequence of test functions ¢ € &, k=1,2,..., with the following requirements: the
sets ay, k=1,2,...,are compactin 2, @y C w4 forallk=1,2,... and Uwy = Q;
the function ¢ € &() has compact support supp @y C Q \ @y, and f(¢;) = 1 for
all k = 1,2,.... By construction, obviously, @y — 0 as k —  in &(Q). Hence,
f(or) — 0, as k — 0. The letter contradicts to f(¢) =1 - 0.

Example 1.5. As we have seen, the Dirac delta function 8, with mass ona € Q is a
distribution with compact support, supp (6,) = {a}. Hence, 8, € & (Q).

The following two propositions (see, e.g., [V1a79]) describe the structure of dis-
tributions with compact support and distributions concentrated at a point a € R",
respectively.

Proposition 1.13. Let f € é”/(Q). Then f is a distribution of a finite order m and
there exists a function h € Lo.(Q), such that

f@) =3 D"h(x).

loe| <m
An illustration of this proposition is (1.23) for f(x) = 8,(x).

Proposition 1.14. Let a distribution f € & () has the support supp f = {a}. Then
there exist an integer m and numbers by, |a| < m, such that

fx)="Y, baD%84(x).

loe| <m
Proposition 1.15. The general solution of the equation
(x—a)Pu(x) =0 (1.27)
in the space & (R") is

u(x) = Y, CaD%84(x),
o; < ﬁj— 1
j=1,...,n

where Cy, are arbitrary constants.

Proof. First we notice that since (x —a)P € C=(R"), the left side of equation (1.27)
is meaningful in & (). Moreover, equation (1.27) immediately implies
suppu = {a}. Hence, due to Proposition 1.14,

u(x) =Y, CaD*84(x),

jaf<m



1.5 Distribution spaces 19

for some integer m and constants C,,. Substituting the latter to equation (1.27), we
have

0=<(x—a)Pulx),p(x) >=<u(x),(x—a)Po(x) >
= Y Co <D*8(x),(x—a)Pp(x) >

[ <m

=Y (-1)lceD” [(x— a)ﬁfp(x)}

loe| <m

‘x:a

which implies C, =0if o; > B, j=1,...,n.

1.5.3 Tempered distributions

Definition 1.10. Denote by ¢ the set of functions in C*(R") satisfying the follow-
ing condition: for every multi-index y and m € Ny,

Pym(@) = max{(1+[x])"[D7o(x)[} (1.28)

is finite. We say that a sequence ¢, € ¢4,k =1,2,... converges to ¢y € ¢4 in ¥ if for
all multi-indices y and m € Ny,

Pym(G— Qo) =0, k — oo,

Definition 1.11. Denote by ¢ " the set of linear and continuous functionals defined
on ¢. A sequence f, € ¢ is said to converge weakly to fo € &' if for arbitrary
@ € ¢ the sequence f,,(@) converges to fo(@). %' endowed with this convergence
is called the space of tempered distributions. For convenience we use the notation

< f, > for f(@).

The inclusions D(R") C ¥ C &(R") imply & (R") ¢ 4" < ®'(R"). Hence, a
distribution with compact support is also a tempered distribution. The distribution
P.v.)l( is an example of a tempered distribution with non-compact support.

Using Propositions 1.6 and 1.7 one can easily see that if ¢ belongs to ¢, then
the same does its Fourier transform, F[¢] € ¢. In other words ¢ is invariant with
respect to the Fourier transform F, and the mapping

F:9—-9 (1.29)

is continuous. Moreover, the mapping (1.29) is onto, and the inverse F~! is given
by the formula

Flg(x) =

(2715)” Je@e g, gey. (130)
R

n
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The continuity of F in ¢ implies the following assertion:
Proposition 1.16. A sequence @, — 0 as n — o in & if and only if F[p,] — 0 as
n—oin.

Let S and F* be the operators on ¢ defined as S(x) = ¢(—x) and F* = SF, i.e.

F (&) :/q)(x)e*ix@dx, £ cR".
RV!

Obviously, the mapping S : 4 — ¢ is onto with the inverse S~! = §. This implies
that F* = SF is also onto with the inverse operator F*~! = F~15. Notice that (1.30)
and definitions of S and F* yield

1 1

-1 _ *
Pl = it = (zn)nSF. (1.31)

Now assume that ¢ € ¢ and f is a regular distribution in %/, thatis f is identified
with a locally integrable function. In other words, f € L;(K) for any compact K C
R" and grows at infinity at a polynomial rate. Then changing order of integration,
which is legitimate under our assumptions, one has

<fip>= //f(x)(p(éi)e’*‘?dxd& =<f.¢>.

R} R

Making use of this fact and the continuity of the Fourier transform F in ¢ one can

extend the Fourier transform to the space of tempered distributions. Namely, by
o . / . . N

definition, if f € ¢4 then its Fourier transform f is defined by

<fop>=<f,¢> (1.32)
for all ¢ € ¢4. As a direct implication of (1.29) we obtain that the mapping
F:9 49

is also continuous. This fact due to Proposition 1.16 immediately implies
Proposition 1.17. A sequence f, — 0 as n — o in 4’ if and only if Flfa] = 0 as
n—sein® .

Moreover, the pr(l)perties of F indicated in Propositions 1.6 and 1.7 are extended
to distributions in ¢ :

Proposition 1.18. Let f € 4. Then

(1) ()2 f (&) =D*](§).
(2) D2f(S) = & (S)-

Since any function f € LP(IR”)7 p > 1,is also a tempered distribution, the Fourier
transform for these functions is well defined in the sense of distributions. In particu-
lar, L, (R™) is invariant with respect to the Fourier transform. This fact follows from
celebrated Parseval’s equality (see, e.g., [RS80]).
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Theorem 1.3. (Parseval) Let f,g € L,(R"). Then

(f,8) = (2m)"(].8). (1.33)
Corollary 1.1. Let f € Ly(R"). Then

171z, = Cm)" I £1IZ,- (1.34)
Corollary 1.2. The transform F : Ly(R") — Ly(R") is continuous.

L,-spaces are not invariant with respect to the Fourier transform if p # 2. In
particular, for 1 < p < 2 the following statement holds.

Theorem 1.4. (Hausdorff-Young) If f € L,(R"), p €[1,2), then f € L,(R"), where
q=p/(p—1)and| f|lL, < Cpl fllL,, with a constant C;, > 0 not depending on f.

The proof immediately follows from the Riesz-Thorin theorem (Theorem 1.1) tak-
ing p» = g2 = 2 due to Corollary 1.2, and p; = 1, g; = o due to Theorem 1.2.
Moreover, inequality (1.6) implies that C,, < (27)"(!=1/P).,

Definition 1.12. For f, g € ¢ define the convolution f * g by the integral

(f*8)(x /f (1.35)

It is easy to verify that if f,g € ¢, then (1.35) exists and f *x g € 4. The convolu-
tion exists for any pair of functions f € L (R") and g € L..(R"), as well. Moreover,
in this case

1/ * 8l < 1fllzy NIl (1.36)

For functions f € L,(R"), p € [1,e0], and g € L,(R") with g = p/(p — 1), the con-
jugate of p, due to Holder’s inequality, one has

If*glle. <A, llgllz,- (1.37)

Further, for functions f,g € Li(R") using Minkowski’s inequality in the integral
form (1.3), we obtain

If gl = | [ FO)ste=d / F)gr— ),y

< lelo, [ 170)lay = HfuLngHLl. (138
RV!

The following theorem represents the general case.
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Theorem 1.5. (Young) Let 1 < p,q <o, and f € L,(R"), g € Ly(R"). Suppose

111
l+-=—+-. (1.39)
ropoq

Then f x g € L,(R") and the inequality

I1f*glle, < [ f1lz, gL, (1.40)
holds.

Proof. We sketch a brief proof based on the Riesz-Thorin theorem (Theorem 1.1).
Let f € L1 (R") be fixed. Then the operator Ty(g) = f * g is bounded as a mapping:
(@) Ty : Ly (R") — L (R") with the norm || f|z,, due to (1.38); (b) Ty : L(R") —
L..(R") with the same norm || f||z,, due to (1.36). Hence, the Riesz-Thorin theo-
rem yields that the mapping 77 : L,(R") — L,(R") is bounded for any g € [1, 0]
with the norm < ||f]|z,. This conclusion for fixed g € L,(R") can also be inter-
preted as follows: (c) the mapping T, : L; (R") — L,(IR") is bounded with the norm
lgllz,- At the same time inequality (1.37) implies that (d) 7 : Ly (R") = Lo (R") is

bounded with the norm ||g||r,. Here q is the conjugate of g. Now again using the
Riesz-Thorin theorem for 7, as mappings in (c) and (d), we obtain that the opera-
tor Ty : Lp(R") — L,(R") is bounded with the norm < |[g||z,, and r satisfying the
condition (1.39). This is equivalent to desired inequality (1.40).

Remark 1.1. The inequality (1.40) is called Young’s inequality. To feel it better, it is
useful to look at some particular cases. One particular case is p = 1 and g = o in
equation (1.39). In this case one has r = e. Hence, (1.40) recovers inequality (1.36).
In general, for any conjugate pare p and ¢, i.e., 1 /p+1/g = 1, one obtains r = oo,
and (1.40) takes the form | f*g|r. < ||fllz,llgllz,, recovering (1.37). Another
particular case is ¢ = 1. In this case » = p and Young’s inequality (1.40) reduces to

I1f*&llz, < llgllzillfllz,- (1.41)

The latter is valid for p = 1 as well, obtaining (1.38). Inequality (1.38) shows that

TR

L (R") is closed with respect to the convolution operation “x.
Proposition 1.19. Ler f,g € L (R"). Then

Flf=8l(8) = FIAI(S) - Flgl(&)- (1.42)

Formula (1.42) is valid, in particular, for any functions f,g € ¢. Hence, it can be
extended by continuity to any tempered distribution f € 4 and g € 4.
Consider some examples of the Fourier transform of tempered distributions.

Example 1.6. 1. The Fourier transform of the Dirac delta function is

F[d) = 1. (1.43)
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Indeed, for any ¢ € ¥,

<F[&],¢ >=<8,Fp >=F¢(0) = /(p(x)dx =<1,0>,
RV!

which means F[8] = 1 in the distributional sense. Further, applying the inverse
Fourier transform F~! to the letter and using (1.31), one has & = (27) "SF[1].
Now inverting the operator S and taking into account the symmetry of the Dirac
delta function &, we obtain F[1] = (27)" 6.

2. We show that
1 sinx

F|——— =1I_ . 1.44
2 @ =1® (1.44)
The function %%‘ does not belong to L; (R), but it is in L,(R) for any p > 1,
and hence, a tempered distribution. Using formula (1.30), one has

1
<F I y()],@>=<I_1 (&), F lo>= %//@(x)f”édxdé

-1R
1

1 : 1 sinx
_ —ix& _ SaA
2r ./(p(x)(/e dé)dx 2r ./(p(x) X dx
R —1 R
e sinx <
<~

Hence, F~! I-1(8)] = Lsinx iy the sense of ¥ . Now applying the operator F

T x
to both sides we obtain (1.44). Using Proposition 1.5, for arbitrary r > 0, we have

F Psmtx} (&)= %1[7171] (é) = M,

T IXx t t

or, canceling ¢ in the denominators,

{1sintx
Fl=
T X

} &) =10 (©). (1.45)

3. One can easily verify that the right-hand side of (1.45) convergesto 1 in ¢4 /, when
t — oo. Hence, due to Proposition 1.17 and equation (1.43),

1 sintx

T X

— &(x), t—oo.

Similarly, formulas (1.16) and (1.17) imply

ﬁelﬂrz —0(x), t—0 (xeR"),



24 1 Function spaces and distributions

and X
res)

7T (5P 4+2)F

— 8(x), t—0 (xeR"),

respectively, in the topology of 9

4. The Heaviside function 6(x) does not belong to L,(RR) for p € [1,e0), but 6 €
L.(R). Hence, it is a tempered distribution. Since 0(x) = limg_,0 0 (x)e " in
¢, one has

=

F[0](&) = lim F[O(x)e *](€) = lim [ e &1y
£—0 50
0
lim L ¢
e —e+iE E+i0
Due to Sokhotski-Plemelj formula (1.24), the latter takes the form

FI8(0))(E) = w80 (E) + iV.p.» (1.46)

E.

Similarly,

1

£

5. Next, we find the Fourier transform of sign(x). Using the obvious equality
sign(x)=0(x) — 0(—x), and formulas (1.46) and (1.47), one obtains

F[6(=x)](§) = wdo(§) —iV.p. (1.47)

Flsign(x))(&) = FI0())(€) ~ FIO(~x))(&) = 2V.p.

—=. (1.48)
3
6. The Fourier transform of the distribution P.v.% is
1 1, if £ >0;
F[Pv;](é) =insign(§) =in< 0, if &£ =0; (1.49)
-1, if&<o.

Indeed, using the relationship F[f](&) = 2nF ~'[f](—&) (formula (1.31) in the
one-dimensional case), and (1.48), we have

1 _ 1 T . o
F[P.v.;](é) =2rnF 1[P.v.;](—§) = YSlgn(—é) = imsign(§).
7. Consider the function f(x) = ¢/F* | x € R". This function is in Lo.(R"), and hence,

a tempered distribution. We find the Fourier transform of this function. It suffices
to find the Fourier transform for n = 1. First, consider the functions
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\/>/cost dt and S(x \/>/smt

called Fresnel’s cosine and sine integrals. It is known (see [AS64], formula
7.3.20), that

lim C(x) = lim S(x) = =

X—poo X—oo

Using this fact, one has

=

/eixzdx = 2/ (cosx® + isinx?)dx
0

- 2\/§ (C(oo) + iS(oo)) = Ve’ (1.50)

Now, it is easy to compute the Fourier transform of eix2 . Indeed, exploiting (1.50),

Fle™|(&) = /w I Iy = o84 /w e dz = \/Ee’igzz;”
It follows in the n-dimensional case that
FIe)() = ()26 187 dom, (151)

The latter can be rewritten in the form

i [W‘?] () =e i EeRr. (1.52)

8. Let f(x) = —‘,,—a, where x € R and 0 < or < 1. Obviously, f is a tempered (reg-
ular) distribution, but f ¢ L,(R) for all p € [1,0|. The Fourier transform of this
distribution exists in ¢ . In fact, the following relation

F[f1(E) =bal&|7%, (1.53)

where by = 2I" (o) cos &F, holds. In order to compute the Fourier transform of
f, it suffices to compute the oscillatory integral

eixé
R

This is seen from the following relation

<F [M%} ) >z/(p(§)( ;{%dx)dé
R R
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between the Fourier transform of f(x) = |x|~(!=®) and the integral in (1.54).
The integral (1.54) is (conditionally) convergent. In the integral in (1.54) setting
& = |&|u, where u = sign(€), and substituting y = | |x, one has

P%S s ety
N
R R

In fact, the integral on the right-hand side does not depend on it = 1, and hence,
we get (1.53) with constant

ety mcosy arn
R 0

In Section 3.7 we demonstrate a different method of calculation of by,.

. Let f(x) = #, x € R"*, where 0 < o < n. This function is locally integrable,
hence is a regular tempered distribution. We will show that the Fourier transform
in the sense of &' of this function is

1 bo n
F|l— = — eR", (1.55)
e €= e ¢
where
2n70nn/21—~(n720')
bop=——=5—"" (1.56)
o,n F(%)
In order to show this fact we use formula (1.16):
1 2 2
F|————e % —e 61 £ eRr,
e e :
in the sense of 4’ (see (1.32)). Namely, for arbitrary function ¢ € ¢,
(e Flpl(0) = (¢4 (&), (157
(Vam)" ’ ’

Multiplying both sides of (1.57) by 1("=0)/2=1 and integrating over the interval
(0,0), we obtain

7 g 2 T n—o

2 1/z‘</frle*%dh1”[qo]>: </f # e  ar, ).
nh .
0 0

Changing the order of integration performed above is valid. Now using the sub-

2
stitution % = s on the left integral, and #|€|*> = u on the right integral, one gets
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L B znfcﬂ:n/ZF(nEc) 1

proving (1.55), (1.56). We note that the Fourier transform F [W%a](é) serves

as a symbol of, so-called, Riesz potential, considered in Section 3.7. See also
Section 1.13 for additional notes.

Finally, we notice that the Fourier transform in the last example allows the ana-
lytic continuation to all o € C, except those which satisfy the equations:

— 0
n _ 1

-2
2 )

-2

o
d —=-1
3 ) an 2 ) 3

Thus, the following statement holds:
Proposition 1.20. Let 6 € C such that 6 # —2m and ¢ # n+2m, for all m € N.
Then
[ 1 :| (é B 2"7075”/21—‘(”720-) 1
|x|° re) |E|o’
Let f € Ms and s = p+in. We have

E£0. (1.58)

L{f)(s) = L[f](p+in) =./0 " flye gy /R [f(t)e P)e
= Fylf(t)e” (=)

This relation can be taken as the base for the Laplace transform of distributions.
Namely, let f € Z'(R) with the null-set 2o (f) = (—ee,0), and such that f(r)e™ €
%' Then the Laplace transform L[f](s) is defined by

L[f](s) = Fy[f(t)e "')(=n) (1.59)

The reader can easily verify that L[8(¢)](s) = 1 and L[6(¢)](s) = 1 /s, where 0(z) is
the Heaviside function.

Since the Fourier transform is a continuous mapping in ¢ /, the Laplace transform
L[f](p+in) is a tempered distribution in the variable 1 for each fixed p > o. All
the properties of the Laplace transform, mentioned in Section 1.4.0.3, are valid for
distributions as well. Let us briefly discuss the property

LIf )(s) = sL{f](s) = £(0). (1.60)
For distributions this property takes the form

LIDf](s) = sLf](s), (1.61)

where D = d/dt in the sense of distributions. Indeed, using the equality
D[f(t)e P =Df(t)e " — pf(t)e ™, one has
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LIDSY(s) = FylDfe (=) = Fy [DLF(0)e ]| (=) + pFalf (1)e ™) (=)
= (i)LIf)(s) + PLIFY(s) = SLIF)(5),

obtaining /(1.61). This is consistent with (1.60). To see this we use the relationship
Dg(t) = f (t)+ 8o(2) f(0+) between generalized and usual derivatives of a function
f differentiable on R \ {0}, and having a jump f(0+) — £(0) at ¢ = 0, to obtain

LI |(s) = LIDf — 8(1)f(04))(s) = LIDSI(s) — f(0+)LI&](5)
— SLIf)(s) - F(0+).

1.5.4 Some basic principles of distribution spaces

In Sections 1.5.1-1.5.3 we introduced three different distribution spaces. In Sec-
tion 1.10 we will introduce a new space of distributions appeared in the literature rel-
atively recently. In construction of distribution spaces one should follow some basic
principles common for all distribution spaces. Below we briefly discuss these princi-
ples in abstract case referring the reader for details, for instance, to [Hor83, GS53].

In this context Fréchet type locally convex topological vector spaces play an
important role. They generalize Banach spaces and can be defined with the help of
a family of seminorms. By definition, a function p : £~ — R, defines a seminorm
in a vector space 2, if for arbitrary x,y € 2 and A € C,

() px+y) < plx)+py),
(2) p(Ax) = [A|p(x).

If additionally, p(x) = 0 implies x = 0, then p : 2~ — R defines a norm in 2.
An example of a seminorm is p(x) = maxjy yj|¥’'(¢)| for functions x € C ([0, 1]. Let
U={xeZ :px)<e}, where p is a seminorm and € > 0. Then, conditions (1)
and (2) imply that for arbitrary x,y € U and o« > 0,3 > 0 such that ¢+ 8 = 1, one
has ox+ By € U. In other words, U is a convex subset of 2.

Since topology of a topological vector space is translation-invariant, one can
assume that its topology consists of a family of neighborhoods of zero and their
translations. Let 2~ be a topological vector space with a family of neighborhoods
T of zero of 2. We say that 2 is locally convex if it is Hausdorff (that is for
any x and y there exists neighborhoods U, and Uy, such that U, N U, = 0), and
members of T are convex. Locally convex topological vector spaces can be de-
fined with the help of a family of seminorms. Let p;, j € J, where J is an index
set, be a family of seminorms in 2. Then the set of convex neighborhoods of zero
Uje={xe X :pjx) <e, j€ T, e >0} form a base topology of zero of £". Hence,
locally convex topological vector space 2~ has a fundamental base of convex neigh-
borhoods of every point x € 2. If the family of seminorms p; is separating, that
is pj(x) =0 for all j € J implies x = 0, and 2" is complete, then 2" is called a
Fréchet type space. Fréchet type spaces are metrizable, and a metric in 2" can be
introduced by

v ! pix—y)
)= 2 ST )
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Distribution spaces can be constructed as a strict inductive or projective limits of
sequences of locally convex topological vector spaces. Let Z,,n=1,2,..., be a se-
quence of locally convex spaces, such that the inclusion 2, C %, is continuous,
and let

X =U,_ Zn.

The set 2~ equipped with the finest topology such that .2, C 2 is continuous for
each n € N is called a strict inductive limit of the sequence 2, and denoted by

2 =ind lim Z,,.
n—seo

Proposition 1.21. ([R64, SW66]) Let %, be a sequence of locally convex topo-
logical vector spaces, Z, be a closed subspace of Z,+1 for each n € N, and
X = indlim,,_se. Z,. Then

1. a sequence x € X converges to xg € 2 if and only if there exists some n € N
such that all x; are elements of 2, and x;, — xy in the topology of Zy;

2. a subset A of 2 is bounded if and only if there exists some n € N such that
A C Z, and bounded in the topology of Zu;

3. asetKin & is compactin Z if and only if there is some n € N such that K is
compact in Zy;

4. if each %, is complete, then 2 is also complete.

Let %,,n=1,2,..., be a sequence of locally convex spaces, such that the inclu-
sion %11 C %, is continuous, and let

Y =%,

The set % equipped with the coarsest topology such that % C ¢}, is continuous for
each n € N is called a strict projective limit of the sequence %, and denoted by

% =prlim %,
n—yoo
Proposition 1.22. ([R64, SW66]) Let %, be a sequence of locally convex topo-

logical vector spaces, %+ be a closed subspace of Z, for each n € N, and
% = prlim,_,ee %,. Then

1. % is a locally convex topological vector space;

2. a sequence yy € % converges to yo € ¥ if and only if yr — yo in the topology of
%, foralln € N;

3. a subset A of % is bounded if and only if A C %, and bounded in the topology of

%, forall n € N;
4. if each %, is complete, then % is also complete.

As an example consider the space of test functions & () introduced in Sec-
tion 1.5.2. Let K C Q be a compact set and E(K) be the set of functions infinitely
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differentiable in a neighborhood of K. Introduce in E(K) a family of seminorms as
follows:
pi(¢) = sup {[D%(x)[}.
xekK
o =j

The set E(K) is metrizable locally convex space and the metric is

v« 1 rile—w)
dloy)=Y ———1" "7 o yeEK).
(@.v) 257 T+ pilo—y) ¢,y € E(K)

Using the classical theorem on uniform convergence of uniformly continuous func-
tions on a compact set one can easily verify that E(K) is complete. Further, let
Ky, n € N, be a sequence of compact sets in €2, such that K, C K,,4-1 and U?_ | K,, =
Q. Consider the sequence of locally convex spaces &, = E(K,), n € N. Obviously, if
¢ € &,41 then @ € &,. Moreover, since K,, C K11 the topology of &, is coarser than
the topology of &, |, implying continuity of the inclusion &, | C &,. Therefore, we
can define a strict projective limit
£(Q)= prnlgrologn.

The convergence of ¢, to @y associated with the strict projective limit topology
of &(£2) means that for every compact K, C  and for every multi-index o with

ol =,

Pian(@n = @o) = sup [D%gn(x) — Do (x)| = 0, m — =
XEKy
which coincides with the convergence (1.26) of the space &(Q). Completeness of
each &, implies, due to Proposition 1.22, completeness of & (£2). Hence, £(Q) is a
locally convex Fréchet type topological vector space.

Now consider the space of test functions ©(Q). Let K, again be a sequence of
compact sets in €2, such that K;, C K1 and U;,_ K, = Q. Let D, be the set of
infinite differentiable functions ¢ with the support supp ¢ C K,,. We equip ©,, with
the topology of & (K,), which makes ©,, a locally convex topological vector space.
Obviously, ®,, C ®,.+; and since K, C K11, the topology of ©,,; is finer than the
topology of ©,,. Therefore each inclusion ®, C ©,,; is continuous. Moreover,

Hence,
D(Q) =ind 1131 D,

with the finest topology for which each inclusion ©,, C D(£2) is continuous. Since
each ©,, is complete, due to Proposition 1.21, D(£2) is complete. The convergence
of @y to @y in D (L) means, in accordance with Proposition 1.21, that there ex-
ists a natural number ng such that ¢, — @ in the topology of ©,,, which in
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turn, means that there is a compact K C €, such that supp¢,, C K for all m, and
D%@,,(x) — D*@p uniformly on K for all o.. This convergence is exactly the con-
vergence introduced in the definition of ©(£2) (see Definition 1.5 ).

The topology of the space of test functions ¢ also can be defined with the help
of a family of seminorms. Let ¢ € C*(R") and

pn((P):mE‘ls‘X:n{pm,a((p)}, n=0,1,..., (1.62)
where (see (1.28))
Pmal(@) = Seuﬂgn{(lJrlxl)’”lD“(P(X)l}- (1.63)

One can easily verify that p, defined in (1.62) is indeed a norm. Let p,(¢) = 0. Then
it follows from (1.62) and (1.63) that D*¢(x) = 0, |¢t| = n, that is ¢(x) is a polyno-
mial of order less than n. The only polynomial for which the expression in (1.28) is
finite, is zero-polynomial. Therefore, @(x) = 0. This immediately implies that ¢ is
a Fréchet type locally convex topological vector space. The reader can verify as an
exercise what is the metric in ¢ and that the convergence associated with this metric
coincides with the convergence introduced in the definition of ¢ (Definition 1.10).

Thus all the three spaces of test functions D(Q), &(L2), and & are complete.
Moreover, they are dense in L,-spaces. Namely, ©(£) is densely embedded into
L,(Q) (see Proposition 1.4), ¢ is densely embedded into L,(R"), and & () is
densely embedded into L; ;o (£2), where L, ,. is the set of locally square-integrable
functions. These two properties, completeness and denseness, are important in the
construction of corresponding distribution spaces. The denseness of spaces of test
functions in the L,-spaces is important in applications. For instance, a solution space
of a differential equation found in the frame of test functions can be extended to
wider classes of functions (Sobolev, Besov, Triebel-Lizorkin, etc.) if the denseness
in these classes of functions holds. Thus, we assume that

(A) Z is a complete metrizable locally convex topological vector space,
and
(B) 2 is densely embedded into a Banach space X in the sense of the norm of X.

Further, let 2" be the dual space to 2~ with respect to X i.e., the space of linear
continuous functionals endowed with the weak topology. Namely,

() if F€ 2 and @1, ¢» € 2, then
F(M@1+2A202) = MF(@1) + LF (¢2),

forall A1, A, € C.
(ii) if @u — @o in 27, then limy e F (@) = F (o).
It follows from properties (A) and (B) that

C) X*c 2,
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which shows that indeed the space of distributions generalizes elements of the Ba-
nach space X*, containing them as a particular case. In some cases the duality be-
tween the strict inductive and strict projective topologies helps to study a structure
of distribution spaces.

Proposition 1.23. Let a sequence of complete locally convex topological vector
spaces %, form a sequence of embeddings

2 C..ZyC Ly C-C A CX,

where X" = indlim,_,..; , which densely embedded into a Banach space X. Then
the duals %, with the weak topologies form the following sequence of embeddings

!

! ! ! !
Xcx c..Z,,CcZ,Cc---CZy,

where 2 = prlim;_,c 3&””/ and X is the dual of X.

Another important principle in construction of the spaces of distributions is that
all the derivatives of distributions should exist in some weaker sense. Of course,
speaking about the derivatives, we assume that elements of X are functions. Since
by definition the (generalized) derivative of order « of a distribution F € 2~ "is

D“F(¢) = (-1)*F(D”¢) (1.64)
for all @ € 27, then the corresponding test functions must have all the derivatives.
This leads to the following property of the space of test functions:

(D) Z is invariant with respect to differentiation operator D*.
This property together with (1.64) immediately implies that
(E) Fe ¥ " has all the derivatives D®F in the sense of (1.64).

1.6 Fourier multipliers

Now we briefly discuss Fourier L,-multipliers, which play an important role in our
further considerations. Suppose @ € ¢4 and m(&) s a bounded function. Then the
operator T defined as T f = F~'[mF|[f]] performs a mapping T : ¢ — % . In the
multiplier problem we are interested in functions m(&) for which the operator T
extends to a continuous mapping 7' : L,(R") — L,(R") for some p, g € [0,0].

Definition 1.13. A bounded function m(£), & € R, is called a Fourier multiplier
of type (p,q) if for all f € L,(R") the inequality

ITF = IF~ mF[f]]l, < ClIfllz, (1.65)
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holds. Here the constant C > 0 does not depend on f. The operator T is called a
Fourier multiplier operator. The set of Fourier multipliers of type (p,q) is denoted
by M}. If ¢ = p, then m is called an L,-multiplier. Correspondingly, in this case we
write M), instead of M5.

Proposition 1.24. The following assertions hold:

(a) If my, my € M}, and Ay, 2 € C, then Aymy + Aamy € M}L;
(b) Ifmy € My andm, € MI’,, then their product my -my € Mg;
(c) If m € M}, then m(- +c) € M}, for any c € R";

(d) My = L.(R");

(e) M, C L(R"), 1 < p <eo,p#2;

!

(f) M = M:;’ ,where 1 < p,q < o and (p,p/) and (q,q') are conjugate pairs;

(g) M| = M. = F[B(R")], where F[A(R")] is the Fourier image of the set of
bounded Borel measures 2(R").

Proof. Part (a) immediately follows from Definition 1.13. To show (b) we assume
that m; € M{ and m, € M;,. Then it follows from Definition 1.13 that

E= i ma )|l = 1F~ i FF ma F A,
<C[F ' m F[f])le, <Gl |,
Since F~'[m(& + ¢)F[f]] = exp(icx)F~'[m(&)F[f]](§ — ¢), every Fourier multi-
plier of type (p,q) is translation invariant, that is if m € M}, then m(- +c) € M}
for any ¢ € R", yielding (c). Part (d) follows easily from Parseval’s equality, see
Lemma 1.3. Part (e) follows from Mikhlin’s theorem (see Theorem 1.7 below)

when a = 0. Mikhlin’s theorem provides a description of the class M. To show
(f), suppose m € M}, and ¢ € Ly (R"). Then, using relations F~! = (27)™"FS and

F = (2r)"F~'S, where S is a reflection operator acting as Sg(x) = g(—x), one has

(F'mFf,@) = (f,F'mF ).

Therefore,

| F [F D] = |(F [ ()], @) < [F~ mF (1], ],

< CIIfHLpH(PHLq/-
Due to (1.4) this implies
_ JFUmF
1 mFlll, = sup  LLE IOl gy,
P O#AfGLP(R” ||fHLp g

yielding m € M;’, . For the proof of the fact that M., = F[%(R")] see [Ste70].
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Let K(x) € ¢’ denote the inverse Fourier transform of m € M} ie., K =F 'm].
Assume that f € ¢. Then, taking into account the equation F~'[m(&)F[f]] = K * f,
inequality (1.65) can be rewritten in the form

1K+ fllr, < Clfllz, (1.66)

which can be extended to functions f € L, by continuity. Moreover, (1.40) implies
that if K = F~'[m] € L,(R"), where r € [1,o0) and satisfies the condition

1 1 1

I+-=—-+—,

q 1 p
then (1.66) holds with C = ||K||.,. In particular, if p = g, and consequently, K =
F~![m] € Li(R"), then m is a L,-multiplier with C = ||K||, in inequality (1.66).
However, the condition F~![m] € L;(R") is not necessary for m to be an L,-
multiplier. Consider an example. Let m(&) = I_; 17(§), where /_; ;;(&) is the in-
dicator function of the interval [—1,1]. Then F~![m](x) = %‘ ¢ L1 (R). However,
F~![m] € L,(R) for any r > 1. Therefore, m € M}, where 1 < p,q < o, and (p,q) is
a conjugate pair. In particular, m € M>. In the one-dimensional case, in fact, m € M),
forall p > 1.

In dimensions n > 2, surprisingly, the function m = Ij¢|<; (&) is an Lp-multiplier

if and only if p = 2. This fact was proved by Fefferman [Fef71] in 1971.

Theorem 1.6. (Fefferman [Fef71]) Let D be the unit disc in R", n > 2. Then the
Fourier multiplier operator Tyy = F~'IpF is unbounded in L,(R") for every p # 2.

The theorem below is due to Mikhlin [Mih56]. This theorem describes a class of
L,-multipliers in the whole scale 1 < p < oo,

Theorem 1.7. (Mikhlin) Let m(E) € C'*5](R"\ 0), where [a] designates the integer
part of a, and there exists a positive constant C such that

E1 D m(E) <. & eR\{0}, (1.67)
forall |a| <1+ [5]. Thenm e My, 1 < p < oo

Example 1.7. The function m(&) = isign(&), & € R!, satisfies the Mikhlin condi-
tion. Therefore, this function belongs to M, for all 1 < p < oo. The corresponding
multiplier operator T f = F~![m(&)F[f]], due to formula (1.49), has the form

Tf(X)Z%(p.vé*f)(x):% ){(Tyi,d

—oo

)

and is called a Hilbert transform.

Lizorkin [Liz67] proved the following theorem under a weaker condition
than (1.67).
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Theorem 1.8. (Lizorkin [Liz67]) Let m(&) be a function differentiable out of hyper-
planes §; =0, j=1,...,n, and satisfy the condition

sup |E¥D%m(&)] < C, (1.68)
EeRr
forall oo = (ou,..., o) with components o, j = 1,...,n, equal either O or 1. Then

meM, 1 <p<oo.

Example 1.8. 1. It is easy to see that the characteristic function m, (&) of the set
+
Rt ={ eR": & >0,...,& > 0} satisfies the condition (1.68). Therefore,
mM(f) EM,, 1< p<eo.
2. Consider the following radial function for y > 0 :

E1"

m(@)=p(E) = e

EeR".
Y
Taking the derivative of p(7) = (T/(l + ’L’)) , T>0, we have

/ v/ t \" 1 y
=2 <L .
p(®) r<1—|—r) 47~ 17 r>0

Similarly,
["p™ (7)< C, 1>0,

for all m = 2,3,.... Now it is readily seen that these estimates imply that m(&)
satisfies condition (1.68), and hencem € M),, 1 < p < oo.

The theorem below with an integral condition instead of (1.67) is due to
Hoérmander [Hor83].

Theorem 1.9. ([Hor83]) Let m(§) for some integer s > 5 satisfy the condition

D |IR*D*m(&)|dE < C < e, VR>O. (1.69)

<R 12 e <2r

Thenm € M,,1 < p < oo,

Remark 1.2. Condition (1.69) in the Hérmander’s multiplier theorem implies conti-
nuity of m(&). The indicator function of the unit ball obviously does not satisfy this
condition, as well as Lizorkin’s condition (1.68).

1.7 Sobolev spaces and Bessel potentials: case p=2

Let m be a nonnegative integer number. Let a function f € L,(Q), Q C R",
be such that its all the derivatives D*f, || < m, in the sense of distributions,
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belong to L(£2). The set of such functions endowed with the norm

1AW () =Y, ID*F I, (1.70)

la|<m

and denoted by W,"(£2), is called a Sobolev space of order m. Another norm, equiv-
alent to (1.70), is given by

@)l = (3 1001, )

jal<m

For Sobolev spaces as a direct implication of the definition, the following inclusions
hold:
L(Q) DWW (Q) D DW(Q) doWy (@)D (1.71)

Define by W, "(2) the dual space to W;"(£2). In other words W, "(£2) is the set
of linear continuous functionals defined on W;"(L2). The norm in W, "(2) is de-
fined by

_ | <f.9>|
1fIW,™(Q)[[ = sup o :
? 0£peEW(Q) lo[W3"(Q)]

W, ™(Q) is called a negative order Sobolev space. With this definition one can
extend (1.71) to the full scale of Sobolev spaces

e C WZ(’”“)(Q) CWRQ) C--- CW(Q) C Ly(RQ)
cwy (@) c-cwm@) cw, @y (172)

Obviously, the norms satisfy the inequalities

< Wy @) < (W @) < - <
<< W@ S W@ < - (173)

Hence, if a sequence f; € Wy (Q), where m € Z, converges to fo € W3 (Q)
in the norm of W;"™!(Q), then f; — fo in the norm of W3*(Q2), too. This implies
that each of the embeddings in (1.72) is continuous. We use the symbol — for
continuous embeddings. Thus, unifying (1.72) and (1.73) one can write

o WQ) S WP(Q) o WH(Q) > [H(Q)
S Wy, Q)= s W, (Q) = W{(”’H)(Q) .,

Further, each of these embeddings is dense due to Proposition 1.4, Part (3). Applying
Arzela-Ascoli Lemma (Lemma 1.1) and the denseness of Cj'(£2) in Sobolev spaces
one can verify that each of the embeddings in the scale (1.72) is compact.
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Due to Lemma 1.18 and Parseval’s equality D*f € L,(R") is equivalent to
EYF[f] € Lo (R™). Therefore, in the case £2 = R" Sobolev spaces can easily be ex-
tended to fractional order Sobolev spaces. These spaces serve also as local elements
in construction of Sobolev spaces on manifolds .# C R” without boundary.

Definition 1.14. Let s > 0 be a real number. Introduce the space
H =H[R") = {f € L(R"): (1+[§")}F[f] € LR} (1.74)

H? is called a space of Bessel potentials, or Liouville space. Similar to the integer
order Sobolev spaces one can introduce H*(R") as the space of linear continuous
functionals defined on H*(R"). The norm of f € H *(R") we denote by ||f]—s.
Both H*(R") (s > 0) and H *(R") are Hilbert spaces. The inner product and the
norm in H*(R") are defined

(9, w)s = ((1+1ERFlol, (1 + |EDFly])

Ly

and
lolls = (1 +E[*)*2F[@]|L,

respectively. Obviously, H*(R") is equivalent to W)"(R") if s =m € Z. If 5, > 51,
then H*2(R") C H*!(R"), and this inclusion is continuous, dense, and compact. It
is also useful to note that continuous and dense inclusions ¢ C H*(R") C Ly(R")
imply continuous and dense inclusions L,(R") ¢ H5(R") C ¢ .

The definitions of the spaces H*(R") for positive and negative numbers s can be
unified for any real s. Namely, a distribution f in ¢ "is in the space H*(R"), where
s is a real number (not necessarily positive), if

flls = N+ 1EPY ) e, < oo

Assume Ko ={E € R": |€| < 1} and K; = {2/ < |§| <2/}, j=1,2,.... Obvi-
ously, U7 oK)= R". Further, for a given set A denote by 14 (&) the indicator function

of A, i.e.
1, it ea;
IA@_{O, ifE£A.

Then for a f € H*(R") one has
G Y 2 PSIIE, < IAIF < G 3 221, (1.75)
j=0 j=0

where C; < C; are positive constants and f;(x) = F~1(I;(§)F[f](§)) € Lo(R") due
to Proposition 1.24, part (d), since the indicator function I4(£) is a L-multiplier
for any bounded set A C R". Here [;(&) = Ik, (&), and therefore supp F[f;] C K for
each j=0,1,.... Moreover, X7 [;(§) = 1, yielding f(x) = X.7_ f;(x). These facts
and the Parseval equality imply (1.75). This technique of characterization of the



38 1 Function spaces and distributions

spaces H* is called a dyadic (or spectral) decomposition method. A modification of
this idea will be used in the next section for introduction of the Besov and Lizorkin-
Triebel spaces.

We have noted above that L, (R") is invariant with respect to the Fourier trans-
form F. The Hausdorff-Young Theorem (see Theorem 1.4) provides the range of
the Fourier transform F acting on L,(R") in the case p € [1,2). If p > 2, then the
spaces H*(R"), s € R, can be used for description of the range F[L,(R")].

Theorem 1.10. (Hormander) Let p > 2. Then the Fourier transform F maps the
space L,(R") into H* where s > n (% - %) , and the inequality ||F f||-s < C||f||,
holds with a constant C > 0, which does not depend on f.

In Example 1.6 we obtained that F[1] = (27)" . The function f(x) = 1 belongs
to L..(R"), but does not belong to L,(R") for any p € [1,0). Hence, letting p — oo
in Theorem 1.10 one has that the Dirac delta function 6 € H, only if s > n/2.

The classic Paley-Wiener theorem characterizes the Fourier transform of func-
tions f € Ci (R").

Theorem 1.11. (Paley-Wiener [Hor83]) Let ¢ € Ci (R") with a support contained
in the ball Bg = {x: |x| < R}. Then its Fourier transform F(&) = F[@](&) can be
extended analytically to the entire complex space C" and for any m € Ny there exists
a number Cy, > 0, such that

[F(E+in)| < Cu(1+|E]) ™M, & +inecCn. (1.76)

Conversely, if an entire function F({),{ = & +in € C", satisfies the inequal-
ity (1.76), then there exists a function ¢ € C3(R") with a support supp @ C Bg,
such that F[@](&) = F(&).

By construction, the sets of test functions introduced in Sections 1.5.1-1.5.3 are
in the following relation: D(R") C ¢(R") C &(R"). Moreover, the topology of a
larger set in this series of inclusions is finer making each of these inclusions contin-
uous. Therefore, their duals endowed with the corresponding weak topologies are
related as & (R") C &' (R") € ©'(R"), where each inclusion is continuous. In Sec-
tion 1.5.3 we established that every distribution f in ¢ ' (R") has the Fourier trans-
form F[f], which is again a distribution in ¢ (R"). The Paley-Wiener-Schwartz
theorem, proved by Laurent Schwartz [Sch51], shows that if a distribution f has
a compact support, that is if f € & (R™), then its Fourier transform is actually a
function F[f](£) = F (&) =< f,e™* > called a Fourier-Laplace transform, and this
function can be characterized as an entire function on C".

Theorem 1.12. (Paley-Wiener-Schwartz [Sch51, Hor83]) Let f € & (R™) with a
support contained in the ball Bg = {x : |x| < R}. Then its Fourier transform
F(&) = F|0](&) can be extended analytically to the entire complex space C" and
satisfies the estimate

[F(E+in)| < Cu(1+|E])"RM, E+inecC. (1.77)
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for some m € Ny and C,, > 0. Conversely, if an entire function F (), { =& +in €
C?, satisfies the inequality (1.77) for some m € Ny and Cy, > 0, then there exists a
distribution f € & (R") with a support supp @ C Bg, such that

F(E)=<f, "> EcR" (1.78)

Remark 1.3. The Fourier transform of a tempered distribution f € ¢ " was defined as
Ff](¢) = f(F[g]) for all ¢ € 4. This definition works well for a Schwartz distri-
bution f € D' (R"), as well: F[f](@) = f(F|g]) for all ¢ € D(R"). This definition
does not work for distributions with compact support f € & (R"), since F[¢] may
not exist for ¢ € &(R"). However, it follows from Theorem 1.12 that the Fourier
transform of f € & / (R™) can be defined by the Fourier-Laplace transform (1.78).
The Fourier-Laplace transform is valid for functions of complex variables also and
widely used in complex analysis. We will exploit it, in particular, in Chapter 7 in the
context of complex ¥DOSS’.

1.8 Sobolev, Sobolev-Slobodecki, and Besov spaces: general case

Sobolev spaces and spaces of Bessel potentials for arbitrary 1 < p < oo are defined
as follows.

Definition 1.15. Let m € Nand 1 < p < eo. Then

W(Q) = {f €D(Q): If W@ = X [1DfllL, ) <} (1.79)

lot|<m
Definition 1.16. Let s € R and 1 < p < oo. Then
Hy=H)R") = {fe¥ F {(1 +E |2)%F[f]] € L,(R")}. (1.80)
Hj, is a Banach space with respect to the norm

g = ||F " [(1+1€2)2F 1]

. (1.81)
Ly
Elements of Hj, are also called Bessel potentials. Sobolev-Slobodecki spaces inter-
polate Sobolev spaces to noninteger order. Let € (0,1). Then for 1 < p < e the
Sobolev-Slobodecki space of order u is

=IO )

o — y|ppt

W#(-Q) ={feL,(Q): Hf|W14'l('Q)H - (/
Q Q

dh 1/p
_ P - oo
-(/ HAthLP(QHMHW) <o},
|h|<hg
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Here Af(x) = f(x+h) — f(x), the first order finite difference, and hy is a positive
number, 0 < Ao < 1. Note that norms in the above definition for all 4 are equivalent,
and hence, W,ﬁ‘ (Q) does not depend on . In a similar manner, if A = m+ u, where
meNand0 < u <1, then

WH(Q) = {F €W (@) W@ = AW @)
# 3 (] 1m0 ) <)

= ih<ng

It is known (see, e.g., [Tri83]) that for integer 1 = m the Sobolev-Slobodecki space
does not coincide with the Sobolev space W,"(£2). Sobolev-Slobodecki spaces are
important in the study of traces of functions from Sobolev spaces. Namely, the the-
orem below holds. Denote by y the trace operator Yf = fjgq, where d0Q is the
boundary of Q.

Theorem 1.13. Let 1 < p < oo, m > 1, and £ be a bounded domain with a Lipschitz
boundary dQ. Then the trace operator

_1
YWHQ) W, 7 (9Q)
Is continuous.

Definition 1.17. Lets=m+u, 0 < u <1, 1 <p,g<e, 0<hy < l,and Q, = {x €
Q :x+he Q}. The Besov space is a normed space of functions

) " dh
B (@)= eWp@): X [ IAID 1Y, g i <o)

‘a‘:m\hkho
relative to the norm
dh \1a
1B @l =lrwp@l+ 3 (] 14201 0 i)

= in g

if ¢ < oo, and

Bs Q _ Wm Q H hDafHLp Qh
/1B, ()] = IAW ()| + —
|ot|=m |h|<ho Al

if g = oo.

The Besov space is a Banach space and does not depend on Ag. If Q2 =R”, then
obviously, £, = Q. In the particular case g = =, B}, .,(£2) is called Nikol’skii space,
and in the case p = g = o, B, «(Q) 001n01des w1th the Holder-Zygmund space

€¢*(Q). If p=gq =2, then Bi‘z(!)) = W (L) (Sobolev-Slobodecki space). Thus,
the Besov space represents a wide generalization of the spaces introduced above
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and in previous sections. The Besov and Lizorkin-Triebel spaces on the base of
spectral decomposition method will be introduced in the next section.

Remark 1.4. 1. We note that the spectral decomposition method of characterization
of the space of Bessel potentials, we used above in the case p = 2, does not work
in the case p # 2. The reason is indicator functions of the sets Ky = {£ € R" :
|E|<1}andK; = {2/7! <|§| <2/}, j=1,2,..., are not Fourier multipliers for
p # 2,n > 2, due to Fefferman’s theorem, see Theorem (1.6). We will see in the
next section that a suitable modification of the method of spectral decomposition
works for characterization of not only Hj,, but also wider spaces, the Besov and
Lizorkin-Triebel spaces.

2. We also note that one can define the Sobolev space H(£2) for bounded domain
Q C R" with a smooth boundary, as the set

H3(Q) = {g= [, f € HY(R")},
where f|, is a restriction of f onto . The space H,,(£2) relative to the norm

IglH, ()]l = inf [IfIH,
fla=¢

is a Banach space. This space is important in the modern theory of boundary
value problems for linear and nonlinear differential and pseudo-differential equa-
tions (see, e.g., [Tri83, Tre80, Tay81, BL81]).

The relations of the space Wj' () to the spaces L,(£2) and C(£2) are given in
the theorem below, which is known as the Sobolev embedding theorem.

Theorem 1.14. 1. Let 1 < p < oo and 1 < g < e. Assume that L > n(1/p—1/q).
Then the embedding

WH(Q) C Ly(Q) (1.82)

is continuous.
2. Let 1 < p < co. Assume that L > n/p. Then the embedding

W#(Q) C C(Q) (1.83)
Is continuous.

The particular case p = 2 will be used frequently in our further analysis. Namely,
if s >n(1/2—1/q), then the embedding

H>(Q) CLy(RQ) (1.84)
is continuous, and if s > n/2, then the embedding
H3(Q) C C(Q) (1.85)

is continuous.
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Finally, we introduce two topological vector spaces important for our further
analysis. Let 2 C R” be a domain, p > 1, and s € R". Introduce the following
spaces:

Hy comp(€2) = {f € H(R") : supp f € Q};

Hj 1,.(82)={f €Y || f|H}(K)| < e} for all compact sets K C £2.

If s =0, then we write H,?}wmp(.Q) = Ly comp(L2) and HI?JOC(.Q) =Ly 10c(Q).
The spaces H), .,,(£2), H), 1oc(£2) are not normed. We say that a sequence f; €
H), comp(£2) convergesto fo € H}, .,,,,(£2), if there is a compact set K C €2 such that
supp fi € K forall k € N, and || fx — fo|H}(R")|| — 0, when k — oo. Further, we say
that a sequence fi € H; ;,.(£2) convergesto fo € H;, ,.(Q), if || fi — fol Hy(K)|| —
0, as k — oo, for arbitrary compact set K C 2.

Proposition 1.25. Let | < p <ooand p' be its conjugate. Then the spaces H 5 comp(£2)
and HS , () satisfy the following duality relations:

p,loc
1. [H]SJ,L’()m]J(Q)]* = H;floc(g);
2 [H’S)’loc(g)]* - HI??L‘()mP(Q)'

1.9 Besov and Lizorkin-Triebel spaces

Besov and Lizorkin-Triebel type spaces widely generalize the spaces like L,
Holder, Sobolev, Bessel, and other spaces. In Definitions (1.18) and (1.19) below
we assume that 1 < p,g < e and s € R.

Definition 1.18. A function f is said to belong to the Besov space B, (R") if f has
the representation

in the sense of 4 (R"), where aj € L,(R"),
supp Flaj] € M; = {2771 < [§| <271}, j=0,1,...,

and

=

; 1
11Bpgll = (X 27 lajll7, )« (1.86)
j=0

is finite.

In fact, the expression || f|B,, || in equation (1.86) defines a norm. This can be easily
verified. The triangle inequality follows due to Minkowski’s inequality.

Definition 1.19. A function f is said to belong to the Lizorkin-Triebel space F,,(R")
if f has the representation
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f=2a(x)
j=0
in the sense of &' (R"), where a; € L,(R"), supp Fla;] € M;, j=0,1,..., and
S = 10 259 ()| 4 1.87
IF1Fpglls = 110X 2a; (x)) 4 |1z, (1.87)
j=0

is finite.

Notice that these two function spaces differ by the form of their norms (1.86)
and (1.87). Namely, the norm of Bj,,(R") can be interpreted as /;-norm of the se-
quence ||2%a;| 1, while the norm of Fp,(R") as L,-norm of the function 12%a;(x) I,
Now, due to this fact, it is straightforward to extend the definitions of Besov and
Lizorkin-Triebel spaces to the cases p = e or ¢ = oo. For instance, B;W(R”) is de-

fined by the finite norm sup; [|2%/a;]|,,. Similarly, F;..(R") is defined by the finite

. : 1/
norm ( Jrn(sup;[2%a j|)de) " We refer the reader for details to [Tri77, Tri83].

There is a wide class of norms equivalent to (1.86) (or (1.87)) and defined via the
family @ of functional sequences defined below, see [Tri83].

Definition 1.20. A sequence {y;(&)}7_ is said to belong to @y, N € N, if the fol-
lowing conditions hold:

D v € G(RY, Flyj) > 0, ) > 0;
2) suppFly;] C {E e R*: 277N
{1&1 <2}

3) there exists a positive number 17 > 0 such that

< gl <2V, j > 1, and suppFwg] C My =

Flyo+wi+...1(§) > n;
4) for an arbitrary o there exists C(o;) > 0 such that
&P Fy)(8)] < C(e), j=1,2,....
Definition 1.21. @ = Uy_, Dy.

If {y;(§)}7. € P, then the norm equivalent to (1.86) is defined as

N

1Byl = (X 2| F o, F AT, )7 (1.88)
Jj=0
where ¢; = F[y;], j > 0. Similarly, the norm equivalent to (1.87) is defined as

1/ 1Epgll = H(262‘WIF’1[<P1F[J‘]]I")5 I,-
J=
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Hence, the definition of the Besov and Lizorkin-Triebel spaces can be given in the
following equivalent forms:

=

B, ={f€9":||fI1B)l = (262”"]|IF’1 loiFI£11IIZ,)
=

Q=

<o} {F '[pj]=y;} €@,
and

FpyR") ={f € 9" : | fIF,,ll = |\(§,02‘”“’IF’l (O F LN 1, <o}, (F g = v} € .

For the proof of the equivalence of corresponding norms we refer the reader to
[Tri83].

Example 1.9. The example below shows that @y, and hence, @ are not empty. We
construct a sequence of functions {y;};_,, which belongs to @y for N = 1. Con-
sider two functions @y(&) and ¢ (&) with the following properties:

LoeCy(l<2),0eCr(3 <8l <2):
2.(pZO,q)zO,and(pElon{&:|§|§\/f},and¢:10n{§:\/i§§|§|§\/§}.
We set

wo(x) =F'p(&)),
w(x) =F '[027%E)], k=1.2,....

It is not hard to verify that {y;};"_, € @;. By definition, the functions ¢ and ¢ are
infinite differentiable with compact support, and therefore belong to ¢ (R"). This
implies that y, € ¢(R") for each k € Ny. Moreover, by construction, F[y;](§) =
¢(27%E) > 0 for all k € N, and F[wo](&) = ¢(&) > 0. Hence, condition 1) in
Definition 1.20 is fulfilled. Condition 2) is immediate by construction of the sys-
tem {y;(x)}. Further, by construction, F[yp] = 1 on the set || < /2, F[y1] =1 on
the set v/2 < || < 2v/2, F[ys] = 1 on the set 2v/2 < |E| < 221/2, etc. These imply
that F{yo+ y; +...] > 1, yielding Condition 3). Condition 4) is also verified, since
¢, ¢ € Cy(R"). In a similar manner one can easily construct a system { y(x)} € @y
forany N > 1.

Besov and Lizorkin-Triebel spaces represent a wide class of function spaces con-
taining Holder-Zigmund, Soboleyv, Slobodecki, Liouville, and other spaces as partic-
ular cases. For instance, for s € R one has F ,(R") = H,(R"), 1 < p <, (Sobolev
spaces), or B, . (R") = ¢*(R") (Holder-Zigmund spaces) for s > 0. The proposition
below contains some important properties of the Besov space. Similar properties
hold for the Lizorkin-Triebel space. See details in [Tri83].

Proposition 1.26. Let s c Rand 1 < p < co.

1. The spaces 4 (R") and Cg (R") are dense in B), ,(R") if 1 < g < e, and are not
dense if g = oo.
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201 < g1 < g < oo, then B (RY) =5 B, (RY) > By, (R") > B (R");

3. For g > 0and any 1 < q1,qy < oo the embedding B},* (R") — B}, . (R") is com-
pact;

4.1If s > %, then the continuous embedding By, ,(R") — C(R"), holds for every
1 <g <o

5. I1f1<g<p<eo,then B}, ,(R") — F, (R") = B, (R"), andif 1 <p <gq <o,
then B), ,(R") — F, (R") — Bj, ,(R");

6. If 2 < p < oo, then B), ,(R") — H,(R") = B), ,(R"), and if 1 < p <2, then
By, ,(R") = Hy(R") < Bj, ,(R"). Moreover, If 1 < p = q < o, then By, ,(R") =
Fy ,(R") and if p = q =2, then B3 ,(R") = H*(R").

Remark 1.5. 1. Statements 4) and 6) of the above proposition imply the Sobolev
embedding theorem, Theorem 1.14. Namely, taking ¢ = p, for s > n/p one has
H)(R") — B;, ,(R") — C(R"), recovering Theorem 1.14.

2. Besov spaces B, ,(R") are reflexive Banach spaces forall 1 < p < oo, 1 < g < co.
For the conjugate space (B), ,(R"))* to B), ,(R") the following duality relation
holds:

(Byg) =B (R"),

where (p,p') and (q,¢') are conjugate pairs.
3. Similar to Sobolev spaces (see Remark 1.4), if 2 C R” is a bounded domain with
a smooth boundary, then the space

B)o(Q) ={g=fio: f € B (R")},

is a Banach space relative to the norm

181B),4(2)|| = inf ||f1B}, ,(R")]].
fia=¢

1.10 y-distributions

We have introduced three types of distributions above. Now we introduce a fourth
type of distributions space appeared relatively recently and therefore not well rep-
resented in the literature. Therefore, we will study its properties in detail. We will
show that this space possesses all the basic principles discussed in Section 1.5.4.
Moreover, this space is often convenient and preferable for the study of various ini-
tial and boundary value problems for pseudo-differential equations with symbols
depending only on dual variables and with possible singularities.

Let 1 < p <eoand let G be an open set in R". Suppose that {gi};_ is a locally
finite covering of G, i.e., G = U;_,gk, g C G is compact and every compact set
K C G has a nonempty intersection with a finite number of sets g;. For a set K
compact in G we write K € G. We denote by {¢};_, the smooth partition of unity
for G corresponding to the covering {gi}7_.
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Definition 1.22. Denote by ¥ ,(R") the set of functions ¢ € L,(R") such that
suppF|[¢p] € G, i.e., the Fourier transform of ¢ has a compact support in G. We
say that a sequence @, € ¥ ,(R"),m = 1,2,..., converges to ¢y € ¥; ,(R") in
¥, p(R") if the following two conditions are fulfilled:

(i) there exists a compact set K C G such that suppF ¢, C K, Vm € N;
(ii) @m — @o in the norm of L,(R"), as m — oo.

It follows from the Paley-Wiener-Schwartz Theorem (Theorem 1.12) that ¢ €
Y6, p(R") if and only if it has the analytic extension ¢(x + iy) to C", which is an
entire function of a finite exponential type, i.e., there exist constants C > 0, r > 0,
and y € R, such that

@+ iy)| < C(1+[x])7e™.

Since ¢ € L,(R"), obviously ¥ < —n/p. This observation supplies examples of
functions of ¥ ,(R"). Namely, any entire function of a finite exponential type
whose restriction to R” belongs to L, (R"), gives an example of ¥ ,(R").

Example 1.10. 1. Consider the function @;(z) = %, z€ C, r > 0, which is an en-
tire function of type r. The restriction of this function to the real axis @;(x) =
S belongs to Ly(R) for any p > 1. Therefore, ¢ (x) € ¥,,(R"), for all
p > 1, where G is any interval containing [—r,r]. The Fourier transform of ¢@;
is Fl@1](§) = I|_1(§), where I_,. (&) is the indicator function of the interval
[—r, 1], yielding supp F[¢@;] = [—r, r]. This again confirms that @; (x) is a function

in ¥ ,(R"). Similarly, one has

etrx _ 1

,(x) = - € ¥ ,(R"), p>l,and

sin? rx

$3(x) = —= € Y p(R"), p=>1.
2. The function @; (x) in the first example gives rise to n-dimensional case. Let

o(x) = ﬁ sinxj'

j=1 TXj

Then the n-dimensional Fourier transform of this function is F[¢](&) = Ix(),
where K = {—1 <& <1,...,—1 <&, < 1}, is an n-dimensional cub. Ap-
plying Fubini’s theorem we have that ¢ € L,(R") for any p > 1. Therefore,
¢ € ¥ ,(R") for any p > 1 and any domain G C R” containing K.

3. The Bessel function of the first kind Jy(x) with nonnegative integer ¢ admits
the analytic extension to the whole complex plane C. This extension Jy(z) is an
entire function of finite exponential type and of order one. Moreover, Jy(x) €
L,(R) for any p > 2, since it behaves like 1/,/x when |x| — o. Therefore, J; €
Y. p(R™), p > 2.
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4. Consider the function

1
x)=—Ju(|x]), xeR
) = r )

where again J% is the Bessel function of the first kind of order n/2. Passing
on to the spherical coordinates one can show that the Fourier transform of ¢ is
F[9](§) = Ig(&), with B={& € R" : |x| < 1}, the unit ball. Remembering the
asymptotic behavior J,, 5 (x) ~ 1/+/x, when |x| — o, one can see that ¢ € L,(R"),

if p> n2_+n1 Hence,

¢ € ¥ p(R") forall p> nz_—fl’ and G D B.

Remark 1.6. 1. The above examples show that the parameter p in the definition of
¥),.G is essential. The space ‘¥, ¢ in the particular case p = 2 was introduced in
1981 by Dubinski [Dub82] (Dubinski used the notation H(G) for test functions
and H~*(G) for distributions). For arbitrary p € [1,o] the space ¥ ,(R") and
its dual were introduced in 1997 in [Uma97, Uma98].

2. How ¥ ,(R") is related to other spaces of test functions? First, it is obvious
by construction, that ¥ ,(R") N®(R") = 0 for any p > 1 and any G C R".
A function with compact support cannot have Fourier transform with compact
support. Secondly, the space ¥ ,(IR") is a topological subspace of & (R"). This
follows from the fact that any entire function is infinitely differentiable, and the
convergence in ¥ ,(R") implies the convergence in &' (R"). To show the latter
we notice that if ¢, € ¥ ,(R") and || @[, — O, then @, (x) — 0 for every point
x € R". Therefore ¢, — 0 uniformly on every compact K C R". Since ¢,,n € N,
are entire functions, it follows that D*¢, — 0 locally uniformly for all multi-
indices o.. However, the embedding ¥ ,(R") C &(R") may not be dense. The
denseness of this and other embeddings will be discussed in Section 1.11. Finally,
one can see that there is a function ¢ € ¢ such that ¢ ¢ ¥ ,(R"), and vise
versa, there is a function y € ¥; ,(R") such that y ¢ ¢. Indeed, a function
¢ € C5(R"), ¢(0) =1, is also a function in &. On the other hand, ¢ ¢ ¥ ,(R"),
since any analytic function with compact support is identically zero. Conversely,
as we have seen above, the function y/(x) = sin(x)/x € ¥ ,(R) for all p > 1.
However, obviously, y ¢ 4.

Now we turn our attention to the topological structure of ¥ ,(R"). This space
of test functions can be represented as an inductive limit of a sequence of Banach
spaces Py, for instance, defined as follows. Let

N
Grn = U o8 kv(E) =Y du(E). (1.89)
k=0

It is clear that Gy C Gy4+1,N =0,1,...,and Gy — G when N — oco.
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Definition 1.23. Denote by Py ,, the set of functions ¢ € L,(R"), satisfying the fol-
lowing conditions:

1. suppF ¢ C Gu;

2. suppF @ Nsuppp; =0, j > N;

3. pu(9) = [F~ [k Flol]]lz, < o=

One can easily verify that ¥y , is a Banach space for each N € N with norm
llo|'v,pll = pn(@). We want to show that ¥ ,(IR") can be represented as the in-

ductive limit of the sequence of Banach spaces Wy ,. First we prove the following
assertion.

Proposition 1.27. The following continuous embeddings hold:
1. %Wy p C¥vi1,p VN 2 0;
2. W, CL,(R"), N>0.

Proof. Let ¢ € Wy, ,, which implies supp F[¢] C Gy. Hence, suppF[¢@] C Gy1.
Since supp -1, Nsupp F[@] = 0, we obtain

pn1 (@) = |F~ v Flo]]lle,
<|IF~ kv F @)z, + IF~ [on-1F @] I,
= pn(0).

Since ¢ € Wy p, then its Fourier transform has a compact support. Furthermore,
supp F ¢ has empty intersection with each g, kK > N. Therefore, one has

llz, =|/F =

FULY oF o]
=0

i O F ]
=0

Ly L,

= IF~" [kvl@lllL, = pv(9)<e=.
Proposition 1.28. ¥; ,(R") = ind limy_,e. Py -

Proof. We show that the topology of the inductive limit agrees with the topology
of ¥ ,(R"). In other words, we show that the inductive limit agrees with the limit
in the sense of the convergence introduced in Definition 1.22. In fact, let ¢,, — ¢
in ¥ ,(R"). Then there exists a compact set K C G such that supp ¢,, C K. Since
K has a finite number of nonempty intersections with the system {g;}, there is a
number N such that K C Gy. Moreover, ky is a multiplier in L,, for arbitrary N > 0.
Therefore,

PN (@m = @0) = |F ' [kvF [ — g0]]IL,
< CN,pH(Pm_(POHLp — 0, asm — o0, YN € N.

Vice versa, let py (@ — @o) — 0, as m — o, for all N > Ny. Then supp F @] C G-
Hence, there exists a compact set K C Gy, C G such that supp F[¢,,] C K for all
m € N. Moreover, due to Theorem 1.27, one has
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1@ = Pollz, < PN (@ — Po) = 0,m — oo, N > No.
Theorem 1.15. ¥ ,(R") is complete.

Proof. Let f,, m=1,2,..., be a fundamental sequence, i.e., for all m = 1,2,...
there exists a compact set K € G such that

i) suppf CK, m=1,2,...;
i) || fin— fallL, — 0,m,n — oo.
Since L, (IR") is complete, then there exists fy € L,(R") such that f,, — fp in the
norm of L,(R"). Besides, it is easy to see that suppF'[fy] C K.

Theorem 1.16. The Fourier transform F is continuous as the mapping:

Ly G ) if1 < < 2’.
F: lPG,];(R”) _>{ pf-,YC()mp( ) ifl<p<

- (1.90)
HZ,;‘()mp(G)v lf2 < p < oo

where s is any number satisfying the inequality s > n (% — %) .

Proof. The inclusion f € ¥ ,(R") implies immediately that supp F|[f] € G. Be-
sides, in accordance with Theorem 1.27, ¥; ,(R") C L,(R"). If p € [1,2], then
Young’s inequality implies F[f] € L, (R"), where p' = p/(p —1). Hence, in this
case F[f] € L (G). If p > 2, then in accordance with Theorem 1.10, one has

p ,comp
n —S n 1 1
FIL(R] = HO (), 5> (5~ )

Further, let f,, — 0 in ¥ ,(R"). Then there exists a total compact set K € G with
supp F[fim] C K forevery m € N. If 1 < p < 2, then using Young’s inequality again,
we obtain

HF[fm]”Lp/ Scp”fm”lzp SCppN(fm) _>07 m — oo,

for all N > 0. This implies continuity of mapping (1.90) in the case 1 < p < 2.
Similarly, one can readily see that F is continuous in the case p > 2, as well. Indeed,
in this case due to Theorem, we have the estimate

||Ffm||H*S(]R") <G Hfm”Lp < CPPN(fm)u
which implies the continuity of the mapping (1.90) in the case p > 2, as well.

Denote the right side of (1.90) by F[¥5 ](G). Theorem 1.16 implies the follow-
ing assertion (cf. Proposition 1.16):

Proposition 1.29. A sequence ¢, — 0 asn — oo in ¥g ,(R") if and only if F[¢@,] — 0
asn— oo in F[¥; ,](G).
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Due to the relation F~! = (27)"SF (see (1.31)), or the same F~![p](x) =
(2m) "F|[@](—x), Theorem 1.16 implies also

Ly (—G), ifl<p<2;
F*l :lfIG,p—> Pf,L‘()mp( ) 1 SpsS (191)
’ HQ,z()mp(_G)u if 2 < p < oo.

Theorem 1.16 shows that unlike ¢ the space ¥ ,(R") is not invariant with re-
spect to the Fourier transform F. It follows from the statement below that, in general,
¥, »(IR") is not closed with respect to the convolution operation as well.

Theorem 1.17. Let ¢; € ¥5 ), (R") and ¢ € ¥, (R"). Then @1 * @2 € W5 p(R"),
where p satisfies the equation 1 +1/p=1/p;+1/p>.

Proof. The equality F[@; * @](&) = Fl@1](&) - F@:] (&) immediately implies that
suppF @) * 2] € G. The fact that p satisfies the equation 1+ 1/p=1/p; 4+ 1/p»,
follows from Theorem 1.5.

We note that the space ¥ ,(R") is closed with respect to the convolution opera-
tion only if p = 1.

Definition 1.24. Let 1 < p < co. We denote by ‘I{GP/ (R"),p = p(p—1)"", the

space of linear continuous functionals defined on ¥ ,(R"). A sequence f,, €
!

lI:G y (R") is said to converge weakly to fy € ‘PLG y (R™) if for arbitrary
¢ € ¥ p(R") the sequence f,(¢) converges to fo(¢). The elements of the space

!

v Gy (R") will be called y-distributions. The duality of a pair of elements f €
‘PLG J (R") and ¢ € ¥; ,(R") we will denote by < f, @ >. Two elements f and g

in ‘PLG g (R™) coincide if and only if < f, >=<g,¢ > for all ¢ € ¥; ,(R").

It follows from Propositions 1.23 and 1.28 that
/ o . /
lP—G,p’ (R") = prl\lllgzo Py s

where ‘P]\/,’p is dual to the Banach space Yy, introduced in Definition 1.23.

Proposition 1.22 implies that ‘f’i Gy (R") is a locally convex topological vector
space. ’

Definition 1.25. The differentiation operator D* (with multi-index o) on ‘f’L G (R™)

Pl
is defined by
<Df,9>= (-1 < f,D%p >, (1.92)

where f € ‘PLG g (R") and @ is an arbitrary function in ¥ ,(R").

Proposition 1.30. The differentiation operator D* maps continuously the space
¥, g (R") into itself.
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Proof. Let ¢ € ¥, ,(R"). Then, obviously, D*¢ € ¥, ,(R") for each multi-index
a. Therefore, the right-hand side of (1.92), and consequently its left-hand side de-
fine a linear continuous functional on ¥ ,(R"). This yields D* f € ¥, g (R™).
Definition 1.26. Let f € ‘PL 6p (R") and y € ¥4 Then the convolution fx y is
defined by < f*y, ¢ >=< f,l//* ¢ > for an arbitrary ¢ € ¥ ,. Here p, g, and
r are connected through the relation 14 1/p = 1/g+ 1/r. Due to Theorem 1.17
v * @ € ¥ p(R"). Therefore, the convolution f * y is well-defined.

Theorem 1.18. Let f € ¥ (R and y € ¥ (R"). Then [+ y € ¥ (RY),

where 1 is the conjugate of r, which satisfies the equation 1/r=14+1/p — l/q

Proof. By the above definition the convolution of f € 'PLG g (R") and y € Y54
(R™) is '
<f*‘I/7(P>:<f=‘I/*(P>7 v(pelPG,r(]Rn)-

Since y * ¢ € ¥; ,(R") (Theorem 1.17), the right-hand side is well defined for all
¢ € ¥,,(R") and v fixed. This means that the left-hand side is well defined for all
¢ € ¥, (R"), implying fxy € ¥ _ (R").

Since ¥ ,(IR") is not invariant with respect to the Fourier transform, one has
to be careful in extending the Fourier transform F to ‘PLG (R™). First, if f, ¢ €

7
L, (R"), then the following Parseval relation

(Firlo) = [, [ F0)o(E)edxde = (1.Flg) (1.93)

holds. Here (-,-) is the inner product of L, (R").

Now suppose that f € 'PLG ) (R™). Then, in order to have a well-defined quantity
on the right-hand side of (1.§3), the Fourier transform of ¢ must be in ¥, p(R”).
Denoting ¢ = F[@], one can write < F[f],¢ >=< f,¢ >, where ¢ € ¥; ,(R")
is an arbitrary function, and @ = F~![¢]. By virtue of relations (1.91) we have
¢ € Xp comp(G), where

L, (=G), ifl <p<2;
Xp.comp(G) = { b (<G), if2<p<e.

2,comp

(1.94)

These facts lead to the following definition of the Fourier transform in the space
of y-distributions.

Definition 1.27. The Fourier transform of a y-distribution f € ‘I’LG S (R") is an
element F[f] defined by the relation '

< F[fl,o >=<f,Flo] >, (1.95)

for all @ € X, comp(G).



52 1 Function spaces and distributions

Sometimes we will use the following form of the Fourier transform for a y-
distribution f, which is convenient from the calculations point of view:

<F[f1(8),0(8) >=<f(x),0(x) >,

where, as was mentioned above, ¢ = F[¢] € ¥; ,(R"), or equivalently,
<Ff,F[9] >= (2n)" < f,0 >, V¢ € ¥5,(R"). (1.96)

Theorem 1.19. Let 1 < p < o and (p,p') be a conjugate pair. Then the Fourier
transform F acts continuously as the mapping

Fo¥ o (RY) = Ly joc(G) (1.97)
in the weak topology.

Proof. Let 1 < p < 2. Then the proof of this assertion follows 1mmediately from
Theorem 1.16 and Proposition 1.25. Suppose that p > 2 and f € ‘P Gy ,(R™). Then

again using Theorem 1.16 and the duality relationship stated in Proposition 1.25,
one obtains that F[f] € H} , (G), where s > n (5 - —) Let K;y,m € N, be a
sequence of expanding compact sets such that lim,, ;.. K, = U, K, = G. We

have F[f] € H5(K;,) for each m. Therefore, due to Theorem 1.14 it follows that
F[f] € L,(Ky,) for each m, thatis F[f] € L, 1o¢(G).

To prove continuity of mapping (1.97), assume that the sequence f;,;, € 'PLG ) (R")

weakly converges to zero in ‘f’i Gy (R™), that is for an arbitrary element ¢ €
¥, p(R"), we have < f,,¢ >— 0: as m — oo. Then relation (1.95) implies that
< F[fm),@ >— 0 for all ¢ € X}, comp(G). In the case 1 < p <2, due to defini-
tion (1.94) of X, comp, the latter immediately implies the weak convergence of the
sequence F[f,,] to zero in Ly, j,.(G). If p > 2, then again due to (1.94) we have the
convergence < F[fy], ¢ >— 0as m — oo for an arbitrary element ¢ € H, 7, .(—G),

where s > n(1/2 —1/p). Further, Theorem 1.14 by duality implies the inclusion
L omp(G) CHy (G). Hence, < F(fu],¢ > 0forallo € L ; (G), yield-

2,comp p ,comp

ing F[fu] — 0, as m — oo, in the weak topology of L,, ;o¢(G).

As a corollary we obtain the following assertion:

Proposition 1.31. A sequence f, — 0 as n — oo in the space 'PLG g (R™) if and only
ifF[fa) = 0asn— eoin L, 1,.(G). '

Proposition 1.32. Let f, € ¥ _ (R) and € o, (R"). Further, let r satisfy

the equation 1/r =1+1/p—1/q and r be the conjugate number to r. Then the
sequence f, x Y converges to [ x  in ‘PLG J (R™), if and only if the sequence

FIf:)(&) - FIW](&) converges to F[f](£) - F[y](£) as n — o in Lyjoc(G).
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Proof. Due to Theorem 1.18, f, x y € ‘PLG ’ (R™). Now the statement of the propo-

9

sition follows from Proposition 1.31.

Now we prove the structure theorem for y-distributions.

Theorem 1.20. Let 1 < p < oo and p' be its conjugate. For each distribution f €

‘PLG g (R") there exist a function A(E) analytic in G and a function fy with the

Fourier transform F[fo] € L,(G), such that the representation

S DGA@)(D £)% folx), xE R, (1.98)

holds for any fixed & € G.

Proof. Let f € ‘f’ (R") Then, in accordance with Theorem 1.19, for the Fourier

transform of f one has F[f] € L), 10¢(G). The Fourier transform of the distribution
f in (1.98) has the form

> D) ¢ _g)riple) = @RI, (199

for all £ in a neighborhood of any point & € G. More precisely, equation (1.99)
holds for all & € {& : |& — &| < dist(&y,dG)}, where dist(&y,dG) is the distance
between &y and the boundary of G. Therefore, the theorem will be proved, if one
proves the following statement:

Lemma 1.2. Every function g € Ly, 1o(G) can be represented in the form g(&) =
A(€)go(&), where A(§) is an analytic function in G and go(&) € Ly(G).

Proof of Lemma. We recall that for G there exists a locally finite covering {gx}7"_;,
that is G = limy_,e.gr = Uyp_, 8k, With compact sets gy € G. Let h € L, ;,.(G) be
fixed. We will construct functions A(&) and hy(&), which will satisfy all the re-
quirements of the statement. We choose g, and A(€) so that the following condition

is satisfied:
C

1
<
D A = M

Eear

where

M= [le(6)rae.
8k

Such a function A(&) exists since analytic functions may grow arbitrarily fast when
it approaches to the boundary of domain. Further, defining the function

go(&)—f%, Eea, (1.100)
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one obtains

_y @ ! 3 su 1
G/|go<&>|Pd& ‘%Z’A(é)’ dg <3 sup |A(€)|,,g[|g<é>|"d§

k=1&€gy
M, <1

<C =C ) — <eoo.
Zoae S

From equation (1.100) the desired result follows.

Hence, for F[f] € L, j,.(G) there exist an analytic function A(&) defined on G
and iy € L,(G), such that

FIFI(E) = A(E)ho(E) = i D“/;_Eéo)

|o|=0

(& —&0)%ho(&), (1.101)

for & € B, (&), r < dist(&,dG), & € G. The proof of the theorem is complete.

Remark 1.7. 1. Theorem 1.20 requires that F[fy] € L,(G). Extending F[fy] by zero
outside of G, one can assume F|[fy] € L,(R") (the extension is again denoted
by F[fo]). If 1 < p <2, due to Hausdorff-Young’s Theorem (Theorem 1.4), for
F[fo] € L,(R") one can find the inverse Fourier transform F~![F[fo]] = fo €
Ly (R"), where p' = p/(p— 1) is the conjugate number to p. Since 1 < p < 2,
its conjugate satisfies p/ > 2. Thus, if 1 < p <2, then for a distribution f €
¥, y (R™) there exist an analytic function A (&) defined on G and a function fp €
Lp' (R™) with suppF[fo] C G (note that supp F[fy] is not necessarily compact),
such that the representation

D*A(E)
o!

f)=23 (D—8)*fo(x) (1.102)
|oe|=0

holds. Thus, for 1 < p <2, in Theorem 1.20 one can assume that fy € Lp/ (R™)

with supp F[fo] C G.

As the following example shows this argument, in general, is not valid if p > 2.
Indeed, consider a y-distribution

=3 -

|a[=0

D8 (x).

This distribution belongs to ‘PLG y (R") with G > 0. However, F[f](£) = ¢*1(&),
and FIAp)(£) = 1(6) & Ly(R").

2. In representation (1.102) the order of the differential operator is not bounded
from above. Therefore, in general, y-distributions may have infinite order, unlike
tempered distributions and distributions with compact support.

3. In Section 2.3 we reformulate Theorem 1.20 in terms of pseudo-differential op-
erators with singular symbols.



1.11 Denseness of ¥ ,(R") in Besov and Lizorkin-Triebel spaces 55

1.11 Denseness of ¥ ,(R") in Besov and Lizorkin-Triebel spaces

In this section we prove the denseness theorem of ¥ ,(R") in the Besov and
Lizorkin-Triebel type spaces, and in particular in L,(R"). For a set A C R" we de-
note by U, (A) its n-dimensional Lebesgue measure. First we prove the following
denseness lemma.

Lemma 1.3. (Denseness lemma) For the embedding
Y ,(R"NY — 9 (1.103)

to be dense the condition [,(R"\ G) = 0 is necessary if 1 < p < oo, sufficient if
2<p<oo,

Proof. Sufficiency: Let the complement of G in R” have the n-dimensional mea-
sure zero, i.e., m,(R"\ G) = 0. Let f € ¢ and the collection {y;(§)} € @ (see
Definition 1.20 for @y ). Namely, let the functions yy, W € ¢ satisfy the conditions:

L O<wyo, y<1;

2. supp W C {|€] <2}, supp vC {1<[8]<4}

3. Xovi(8) =1, y(§) =w(27778), j=0,1,2....
Then due to (1.88) the sequence of functions

m

fu(x) =Y F'yF[f]](x), m=0,1,...

j=0
tends to f in the norm of L,(R") as m — o. Obviously,

supp F[f] C {|§] <2""'} = B

So we can assume supp F[f] C B,,. As an approximating sequence we take the se-
quence of functions

fn(x) =F '[)yF[f]](x), N=0,1,...,

where functions ky(&) are defined in (1.89). By construction, fy € ¥, ,(R") for all
N > 0. We have

@) = fvl) = F [ (1= k) FIA] (0) = F ' [F LA (),

where w(§) =1 — xn(&). Putting wy,n = supp (W - X8,,), Where xg, (&) is the
characteristic function of the ball B,,, we see that the set w, 5 is a compact subset
of (R"\ Gy) N B, Evidently, t,(wy, n) — 0 as N — oo for each fixed m =0, 1,...,
since U, ((R™\ Gy) NByy) — 0 for N — oo,

To prove the lemma we have to show that the sequence of functions F ! [yNF [f ]]
converges to zero in the norm of L,(R") for all p € [2,00) when N — oo. Since



56 1 Function spaces and distributions

the functions yy € C=(G) for all N =0,1,..., and |w(&)| < 1, & € G, we have
WFfeL, (R"), where p' = p/(p — 1), the conjugate to p. Using the Housdorff-
Young inequality (Theorem 1.4), we obtain

!

IE F AN < CoOImFIAIG =Cp [ @ rine)| ag
R”?

<c, / ‘F[f](é)‘p,dé. (1.104)

Wi, N

The integral on the right-hand side tends to 0 as N — o, since F[f] € ¢, and there-
fore,

!

[ P& ag < cutmun) 0, N (1.105)

Wmn,N

Estimates (1.104) and (1.105) imply F~! [WF[f]] = 0 as N — e in the norm of
Ly(R™).

Necessity: Suppose that m,,(R" \ G) > 0. Then there exists a compact V C R"\ G
such that m,(V) > 0. Let us take a function f € L,, f # 0 and let suppFf = V.
Then for any v € ¥; ,(R") we have supp F f Nsupp Fv = 0. For p = 2 this yields

If = VI3 = (F =v.f =v)e, = IF I3+ VI3 = 1112 > 0.

For 1 < p < 2 we obtain the analogous estimate using the Hausdorff-Young lemma.
In fact,

@m)a||f =vllp = |Ff = Fvllg = (IF Al + IFv|)' > [IF £l > .
For 2 < p < oo and for an arbitrary fixed g € L,(R"), ||gll; =1, g=p/(p—1),

we have |(f h)|
—v,

If=vlp= sup B

heLy,h0 Al

=|(f=we)l

We choose g € L,(R") (note that g € (1,2)) satisfying the following conditions:
()supp Fg=V; (i) Fge HP (R"), B> n(} - 5 (D fen f(x)g(x)dx #0.
It is not difficult to verify that such function exists. According to the Hausdorff-
Young lemma the Fourier transform of g belongs to L,(R") and ||Fgl|, < (27)7||gl|4-
For any v € ¥ ,(R") its Fourier transform has a compact support in G by the defini-
tion of the space ¥, ,(R"). Moreover, the Fourier transform of v is an element of a
Sobolev space H;B (R") for some 8 > n(% — %), because v € L,(R") (see Theorem
1.10). Hence

(g,v) = /ng(x)v(x)dxz @ < Fv,Fg>,
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where < F'v,F'g > means the value of the functional Fv € H, P (R") on Fg.Itis well

defined due to Fg € Hg (R™). Moreover, < Fv,Fg > = 0, since supp FvNsuppFg C
GNV =0.Hence, ||f—v|,>|(f,g)] > 0.

Since ¢ is dense in the spaces Bj,,(R") and F};, (R") if g < e, Lemma 1.3 imme-
diately implies the following theorem.

Theorem 1.21. Let 1 < p,q < oo, —0co < 5§ < o0,

1. Then the following embeddings

o, (R") <= Byy(R") > ¥ (R"), (1.106)

¥ p(R") < F3 (R") < ¥ 6, B (1.107)

are continuous.

2. Moreover, if R"\ G has the n-dimensional zero measure and 2 < p < s, then
the left embeddings in (1.106) and (1.107) are dense. Conversely, the dense-
ness of the left embeddings in (1.106) and (1.107) implies that R" \ G has the

n-dimensional zero measure, that is lL,(R"\ G) = 0.

Proof. We prove only Part 1. Part 2 of this theorem, as was noted above, is the di-
rect implication of the denseness lemma (Lemma 1.3). Let f € ¥, ,(R") and s > 0.
Assume that supp F[f] C Gy C {|€| <2}, where N and N; are positive integers.
Since the functions @;(§), j =0,...,Ny, are multipliers in L,(R"), 1 < p < oo, there
exist constants Cj, > 0 such that |[F~'[@;F[f]]||lz, < Cjpllfllz,, i =0,...,Ni.
These estimates and Proposition 1.27 imply

S

N
1Byl = (Z 2”q||Fl[<PjF[f]]|Z,,> < Cpy(f)-

j=0

Thus, the embedding ¥5 ,(R") < B;,,(R") is continuous. The latter also implies
the continuity of the embedding ¥ ,(R") — F, (R"), since according to Proposi-
tion 1.26 the embedding B), (R") — F, (R") is continuous. Now the continuity of
the right embeddings in (1.106) and (1.107) follows by duality.

Remark 1.8. What concerns the case 1 < p < 2, then in the particular case, when
R"\ G is a quasi-polygonal set the space ¥5 ,(R") is dense in the spaces Bj},,(R")
and Fj,(R") forall s € R and 1 < g < o. For details see Section “Additional notes.”

1.12 Lizorkin type spaces

It is known that the classical Neumann boundary value problem for the Laplace
equation in a bounded domain has a unique solution if and only if the boundary
function is orthogonal to 1 (a polynomial of order 0). This is natural if the boundary
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operator is a (pseudo) differential operator of order > 1 with the homogeneous
symbol. The spaces of functions orthogonal to polynomials provide solution spaces
for boundary value problems with such boundary operators. Lizorkin [Liz63, Liz69]
studied some spaces of functions orthogonal to monomials of selected variables with
the induced topology of ¢ and their dual spaces. Therefore, the spaces of functions
orthogonal to a collection of monomials with an appropriate topology will be called
Lizorkin type spaces. In this section we construct Lizorkin type spaces, originating
from Besov and Lizorkin-Triebel spaces endowed with topologies of strict inductive
or projective limits of sequences of Banach spaces. These spaces will be exploited
in Chapter 5 in the context of boundary value problems with special fractional order
boundary operators.

Lizorkin spaces ¥(R") and @(R") are defined as follows. Let ¥ (R") be the set
of functions v € ¢ satisfying the conditions:

D"(0)=0, |y=0,1,..., (1.108)

and @(R") is the Fourier pre-image of the space ¥'(IR"). We assume that both spaces
have topologies induced from ¢. Hence, ®(R") = {¢p € ¥ : F[p] € ¥(R")} and it
follows from (1.108) that any function @ € @(RR") satisfies the orthogonality condi-
tions

/ Xox)dx=0, |y|=0,1,....

We need also the spaces @ (R") and ¥ (R"), which are topologically dual to @(R")
and W(R"), respectively. For ¥ (R") the factorization ¥ (R") = ¢/ ‘f{; holds,
where ‘PO/ is the set of all functionals of the form

M,
v(x) =Y a,D¥8(x).

|7/=0

Here 6 is the Dirac distribution and M, is a finite number depending on v. Analo-
gously, @’ (R™) can be represented as the quotient space 7 /P, where P is the set
of all polynomials on R”. The Lizorkin spaces were studied in [Liz63, Liz69], and
more general Lizorkin type spaces in [Sam77, Sam82]. See more in Section “Addi-
tional Notes.”

Now we introduce other variations of Lizorkin type spaces, which will be defined
on the base of Besov and Lizorkin-Triebel spaces. In this section we assume that
§>0,1<p<e,and 1 < g <oo.

Definition 1.28. Let a function f € B}, (R") has a compact support suppf C R" and
satisfies the following orthogonality conditions

(f,xﬂ):/f(x)xﬁdxzo, forall B |B| <m—1.
RV!
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oS

We shall denote the class of such functions by qu‘m(R”). The topology of this space

is defined below as a strict inductive limit of a sequence of Banach spaces.

o8 sn

Definition 1.29. Similarly, we introduce the class B R") of functions f in non-

paan(
!

isotropic Besov space B);"(R"), s’ = (s1,...,5,—1), with a support in the strip

{|x,] <N}, N >0, and satisfying the orthogonality conditions

oo
/x’,;f(x)dx,,zo,kzo,...,m—l.

Let Ry, N =1,2,..., be a sequence, such that Ry — co. We introduce a sequence of
Banach spaces Xy :

Xy = {f € By (R") : supp f C By (0)},

with the induced norm || f[Xy|| = || f|B;, ,||. Obviously,

4l

XiCXpC---CXvC...,

with the norms
1A = N fPall - = (I f XNl > (1.109)

oS
It is not hard to see that B, ,,(R") = Uy_, Xy in the theoretical-set sense. Now
taking into account the norm relations (1.109) we can define the inductive limit
space
X =ind lim Xy,
N—roo
s

The space X.. coincides with B, (R"), if the latter is endowed with the strict in-

pq,m
oS

ductive topology of X... Hence, B, ,,(R") is a locally convex topological vector

pg,m

o8’ s
space. In a similar manner B, ,,(R") also can be defined as a strict inductive limit
of Banach spaces, thus being a locally convex topological vector space.

Theorem 1.22. Let f € B), (R"), s > 0, and supp f C Oy = {|x;| < N;},N; > 0.
Then the inequality

IF1AICE] = sup [FUAG)] < Cu Bl 110
€b

holds. Here B is the unit ball in R’é with the center at the origin, and Cﬁp is a
positive constant independent on f.

Proof. First suppose that f € L,(R") and has a compact support in Q. Then
f € &R"), that is a distribution with compact support. In accordance with the
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Paley-Wiener-Schwartz theorem the Fourier transform F[f] is an entire function.
This function is bounded on R”. Indeed,

)| < [ Irelax < 1ol 171, (1111
O%

where |Qy| is the volume of Qy, and p/ is the conjugate number to p. Now esti-
mate (1.110) follows from (1.111) taking into account the embedding B;q(R”) —
By, (R") valid for any r > s and 1 < p,q < .

Remark 1.9. Analogously, one can show that for the derivatives of order § =
(B1,--.,Bn) of F[f] the inequality

IDPE(fICB)| < CTINY P (0 B+ 1) /7 |18, (1.112)
j=1

holds with a conjugate pair (p,p).

Theorem 1.23. Let f € B;;, ,,(R"). Then there exists a function v € By, (R"), such
that

(i) F[f1(§) = [E["Fv(S);

(ii) ||[v[Bpg" || < Ci [ f1Byg I:
(iii) [[FV|C(B)| < Co| f 1Byl

where Cy,C, are positive constants depending on the size of supp f.

Proof. Since f € By, ,,(R") the orthogonality conditions ( f,xB)y =0, Bl <m-1,

hold. These conditions imply that
DPF[f](0)=0, |B|<m—1. (1.113)

Further, since f has a compact support, due to the Paley-Wiener-Schwartz theorem
F[f] is an entire function. Therefore, taking into account (1.113), we have

oo B B
F[f](&) = 2 %@_ Z Mg“ﬁ\gﬁ
|B|=0 ’ |B|>m )
—Em Y |é|‘ﬁ‘*m§DﬁF[f]<o>eﬁ, (1114)

1B|=m

where we have used the substitution § = |£|6, 8 = £/|&| € S, and S is the unit
sphere in R" with the center at the origin. Hence, F[f](§) = |&|™"V (&), where

vE) =3 |¢|‘ﬁ‘*m§DﬁFm<o>eﬁ.

1B|=m
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We set v = F~![V], and show that, in fact, v € B)™(R"). Indeed, using the repre-
sentation (1.114) and conditions DBF[f](0) =0, |B| < m— 1, we obtain

q
HV|BY+qu7 22 (s+m)jg Oz 2 |§|\miDﬁFf( )Qﬁ] |L
pt |‘5| gz P!
- - q
<cY 2| g ¥ ,DBF[ AOEP|IL,
j=0 F1=m B
= Y 2Y4||F i F[f]] IL, |7 = C| f1B}, 1%
j=0

In the second inequality of this chain we used the fact that suppp; C M;
= {2/71 < |&] < 2/*1}, and consequently, in the j-th term of the sum, 1/|&|" <
my—im,

Now let us prove Part (iii). Suppose |€| < 1. Then it follows from (1.112) that

) L ips /v N
POl 3 gD OISV I 3
N v
<) @ DB

This inequality immediately implies the desired estimate (iif).

Theorem 1.24. Let 1 < p < oo, p' the conjugate of p, and o a positive number
satisfying the condition ap’ < n. Further, let ¢y € C5(B1) and f € L,(R") has a
compact support. Then the following estimates hold:

i) [Pt [ 1] 1L, < cillsiz, ),
(i) |[F [ £ F ' 101] IL|| < Call 7L

where C| and C, are positive constants depending on the size of supp f.

Proof. First assume that p € [2,e0). Let f € L,(R") has a compact support. The
Paley-Wiener-Schwartz theorem implies that F*[f] is a smooth function on R”.
Therefore supg g, |[F£[f](€)| < C1 1, with some constant Cy; > 0. Using this fact
and supp (@oF[f]) C By, one can verify that

R g er,, (1.115)

1§l

if o satisfies the condition o p/ < n. Indeed, making use of Theorem 1.22,
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FEUSP N\
H =] d) ?

&7

+1
et Ly sc(Bl

dég
< Csup|F*! 2 < : 1.116
< Csup [an[ o ol (1.116)

As the conjugate of p, the number p’ belongs to the interval (1,2]. Therefore,
Hausdorff-Young’s inequality is applicable implying the estimate in part (i) in the
case p € [2,00) :

g

Now we show that this estimate is valid for p € (1,2], too. Let g be an arbitrary
function in L ; , where p/ is conjugate of p, and hence, p, € [2,00). Then, in
p ,comp

scl,anﬁﬂmwn <ClfiL). @1

accordance with estimate (1.117), we have F {E%F -1 [g]} (x) €L,y (R"). Moreover,

HF|€|OCF Il < CillglLy - (1.118)

Further, using the form of the L,-norm given by (1.4) and estimate (1.118), we
obtain

F [ @F] 0| |F [Eer ]|
pol { % . ] L ’ N _ |
[ ] o] s R P
_ IllE [ e el i
su .
= o lsILy S

In the L,-norm given by relation (1.4) the sup is taken over all functions g € Lp/ (R™).

(R™) is dense in L, (R™). Therefore, it
suffices to take sup over all functions g € L , (R") in the definition of the L,-
p ,comp

norm. The proof of part (i) is complete. The proof of part (ii) is similar.

It is not hard to see that the space L /
p ,comp

Remark 1.10. 1. Obviously, Theorem 1.24 remains valid if one changes |£|* in con-
ditions 1) and 2) to a function h(&) satisfying the condition ¢|&|* < h(§) <
C|&|*, where ¢, C are positive constants.

2. We note that constants in all the estimates obtained in this section (Theo-
rems 1.22—1.24) depend only on the size of the supp f, but not on the function
f itself. This is important, since such estimates are coherent with the inductive

topologies of spaces qu (R") and B 4, m(R") In the sequel we will use this fact
for the study of the uniqueness of a solution of some initial-boundary value prob-
lems, as well as the continuous dependence on boundary and initial functions.
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1.13 Additional notes

1. The Lebesgue integral and the Lebesgue space. The Lebesgue measure and Lebesgue inte-
gral were introduced in 1901 by H. Lebesgue in his seminal paper [LebO1]. The first paper on
L,-spaces seems was [Ri10] by Friedrich Riesz published in 1910. Let (£2,X, ;1) be a measure
space, where Q2 C R" ¥ is a o-algebra of subsets of €2, and u is a measure defined on the
measurable space (Q,X). Let f: Q — R be a X-measurable function: for any open interval
A C R the inclusion f~!(A) € X holds. Then the Lebesgue integral [, f(x)dx and Lebesgue
space L, (£2), discussed in Section 1.3, can be generalized to the integral [, f(x)du with re-
spect to the measure (1, and to the space

L,(Q;u) = {fis Z-measurable : / |[f]Pdu < oo}, p>1,
Ja

respectively. L,(€;u) is a Banach space with the norm | f|L,(€2;u)|. The Holder and
Minkowski inequalities in the general form take the following forms, respectively:

s < ([seoran)” (soran)”

where f € L,(Q;1), 8 € Ly(Q;p),and p,g>land 1/p+1/q=1;

(, pdﬂ); <[ (. f(x,a)f’du)’l’da

where f(x,a) € L,(; ), p > 1, is a family of functions depending on a parameter a € A C R™,
such that || f(x,a)|L,(2;u)| € L1 (A).

/A f(x,a)da

Theorem 1.25. (Lebesgue’s dominated convergence theorem [RS80]) Let a sequence f,(x) be
defined on a measure space (,X, 1), such that f,(x) — f(x) as n — o for u-a.e. x € Q, and
|fu(x)| < g(x), where g € L1 (Q; ). Then f € L (Q;u) and f, — f as n — oo in the norm of
Li(Q; ). Moreover,
tim [ fudu = [ feodu.
n—eJjQ Q
2. Holder-Zygmund spaces. Holder-Zygmund spaces appear naturally in the context of solution
of boundary value problems for Poisson equation Au = f in an open domain €2 with a smooth
boundary d€2; see, e.g., [GT83]. In fact, a solution of the Poisson equation with the Dirichlet
boundary condition u9 = @, can be represented as

: "~ dG
- Gd+/ 2 pds,
u(x) /!2 fdx 90 an 74

where G(x) is the Green function, and n is the outside normal. The continuity of f is not
sufficient for the solution u(x) to be in class C2(£2). However, if f € C*(€Q),0 < A < 1, then
the twice differentiable unique classic solution exists for any continuous boundary function @;
see details in [GT83].

Ifm<A<u<m+1,and Q is bounded, then C* () C C*(Q). This fact is seen from
the inequality

f=f0) _ f)=FB) N fH)=F)

=yt =y e —y[H

where d = diam(€2). The above inequality implies || f |C*(Q)|| < C||f|C*(22)]]. However, in
general, the inclusion C* (Q) € C* (@) for A < y may not be valid. Here is an example [GT83]:
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Let Q = {(x,y) € R? : x> +y? < 1,y < \/]x|}. Then the function

sign(x)y*, ify>0,
Fly) = gn(x)y®, ify>0,
0, ify <0,

where 1 < o < 2, defined on €, belongs to C! (), and hence, is Lipschitz continuous. At the
same time f ¢ C*(Q) for all 4 satisfying the inequality /2 < A < 1.

3. Function spaces and distributions. Sobolev spaces W,"(£2) were introduced by S.L. Sobolev
in his papers [Sob35, Sob36, Sob38] in 1935-38, and with comprehensive presentation in his
book [Sob50] published in 1950. His monograph [Sob74] uses completion procedure to de-
scribe W} (). The dyadic approach for description of Besov and, in particular, Sobolev spaces
was used by Peetre in [Pee76]. Various results related to function spaces are provided in mono-
graphs by Nikolskii [Nik77], Besov, II’in, Nikolskii [BIN75], and Triebel [Tri77, Tri83], which
now became classic books in the theory of function spaces. Methods used in these spaces dif-
fer. Nikolskii [Nik77] used a technique based on the approximation by exponential functions.
Anisotropic Sobolev, Besov, and other spaces are studied in [BIN75]. Triebel [Tri77, Tri83]
uses modifications of the dyadic approach and Fourier multiplier theorems to describe Besov
and Lizorkin-Triebel spaces. The theory of distributions was published in 1951 by L. Schwartz
[Sch51]. The fundamental spaces (test functions) in building of Schwartz distributions are C*-
functions. Wider classes of distributions, called ultra-distributions, use as a fundamental spaces
versions of non-quasi-analytic classes. Fundamental spaces of y-distributions are entire func-
tions of finite exponential type belonging to L,-spaces. Examples in Section 1.10 show that the
dependence of these spaces on p is not formal.

4. Lizorkin type spaces. The Lizorkin spaces V(R") and @(R") and their duals were introduced
in [Liz63]. Samko [Sam77] introduced more general spaces ¥, (R") and @y (R"), where V is
a closed subset of R”". The space ¥, (R") consists of functions ¢ € ¢ such that D*@(x) =
0,x €V, for all || =0,1,.... The space @y (R") is the Fourier pre-image of ¥ (R"). The
topologies of both spaces are induced from the topology of 4. If V = {0}, then the latter
spaces coincide with Lizorkin spaces ¥ (R") and @(R"). In the paper [Sam82] Samko studied
the denseness of these spaces in L,(IR"). He established that if the n-dimensional measure of
V is zero, then: (a) ¥ (R") is dense in L,(R") for all 1 < p < oo; (b) @y (R") is dense in
L,(R") for all 2 < p < eo. He also proved that if V is a quasi-polygonal set, then @y (R")
is dense in L,(R") in the case 1 < p < 2, as well. A set in R" is called quasi-polygonal if
in each finite ball it can be embedded in the union of a finite number of hypersubspaces of
dimension < n— 1. Samko [Sam95] announced a conjecture on the density of @y (R") for
any V satisfying p,(V) = 0, which still remains an open problem. Finally, we note that the
fundamental space ¥, ,(R") of y-distributions as a set of functions is isomorphic to @y (R")
(with different topologies), where V = R" \ G. This fact immediately implies the denseness of
Yo p(R") in By, ,(R"),s €R, 1 < g <o, forall 1 <p<2,if R"\ G is quasi-polygonal.

5. The Fourier transform.

(a) Proof of formula (1.17). In order to prove formula (1.17) we first find the Fourier transform
of the function

Fh) 1

flx)=—2 —, x€RM (1.119)
@ T (1+x2)"T
We have » :
I hrl . eix dx
FIf1(§) = (é)/ —- (1.120)
7 (1+ 2=

Rn
Using the transformation x = Ty, where T is an orthogonal matrix with entries #; ; :

&~ .
tk,lzia ztk,jgk:()v J:27"'7n7
e &
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(b)

©

65
one can reduce (1.120) to
. F(n+l) < ' dy,...dy
FUAE) = —2 [ el [ ey,

nr e R (L yf 4 4y7) 2
1" ntl o

é)/ MIEH (yy)dyy. (1.121)
T2 -

Setting > = 1+ y% + et yi1 and integrating the inner integral with respect to y,, we

have
H(yl):/ / 2 T o aAl 'dyn—l
R"-2 (02 +y2) T
g /‘w _d@)
= — dy...dyn—1
r2 o ( 1+ '
" 1
:Cn/ dyy...dy, )
Rn—2 (1+y%++y§_l)n/2 y2 Yn—1
where C, =2 [ ﬁ Repeating this with respect to y,_1,...,y2, one obtains

1 o dz
H =G Cy_1..Ch—, C-:Z/ =2,...,n.
(1) 1 21+y% J b

1120z /

Further, using substitution s = 1/(1 +z?), one can verify that C; = M Hence,

TG+
e TATG) T3 1w
H(y1)= (V) Fé)pé)" r(”il) Ly T(5h) 1407

Therefore, substituting the latter to (1.121) and using relation (1.11), one obtains

1 = elelgy,
FIf :,/ Ayt _ -l
N© =7 [ Gt =

Finally, due to Proposition 1.5, formula (1.17) follows.
Let

I 1

f(A’/va): - el il 0 XERna

AT (1 )T )

where A is a positive definite n X n-matrix and pt = (Ui,.. ., l,) is a fixed vector. The func-

tion f(A, u,x) generalizes (1.119), coinciding with it if A =, the identity matrix, and 4 =0,

zero vector. The Fourier transform of f(A, tt,x) is

Ff(A,u,x)](E) = M VEMAE £ cRrr,

The function f(A, u,x) is the Cauchy-Poisson density function, a particular case of the
multivariate Student’s z-distribution with one degree of freedom. See [Sut86] for the Fourier
transform (characteristic function) of Student’s z-distribution with an arbitrary degrees of

freedom.
Let

\/d@t(A) (x— M)TA(X—/J)

g(A’“vx):T ) XERna
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where again A is a positive definite matrix and p € R”" is a fixed vector. Then,
Fle(A.p2))(§) = s 74, £ crr,

The latter generalizes formula (1.15). The function g(A, 1, x) represents the density of the
multivariate Gaussian variable with a position t and a covariance matrix A.
(d) Similarly, one can generalize formula (1.51), as well. Let A be a positive definite n x n-
matrix. Then )
F[eiXTAx]( — "/ efi'(éTA’léfmr) _
det(A)
This formula is important in the study of solution properties of the Cauchy problem for the
Schrodinger equation.

The Bochner-Schwartz theorem. A continuous function f(x) defined on R” is called positive
definite, if for arbitrary xi,.. ., xy € R" and complex numbers zj,...,z,, one has

N
D f(xi—x))zizj 2 0.

ij=1

One can reduce the latter to
énf(x—y)¢(X)¢(X)dx20, (1.122)

where @ € 2(R"). Using (1.122) one can extend the definition of positive definite functions to
any distribution f € Uj/(R”). Namely, a distribution f is positive definite if < f, @* @ >> 0 for
all € Z(R"). The Bochner-Schwartz theorem describes positive definite distributions through
the Fourier transform.

Theorem 1.26. A Schwartz distribution ¢ is positive definite if and only if it is the Fourier
transform of a tempered positive measure L.

Sato’s hyperfunctions. The statement of Proposition 1.15 can be generalized to equations of the
form
(x—a)Pu(x) = f(x), (1.123)

where f € & (R"). If ug(x) is a particular solution to equation (1.123), then the general solution
has the representation
u(x) = up(x) + Z CoD%8,(x),
o <Bj—1
j=1,....n

where Cy, are arbitrary constants. In fact, this is valid for arbitrary hyperfunction f, as well (see,
e.g., [Gral0]). The space of hyperfunctions was introduced by M. Sato in papers [Sat59, Sat60],
in 1959. By definition, a hyperfunction defined on an interval / C R is an equivalence class of
differences f(x) = F (x+1i0) — F» (x—i0), where Fj (z) and F»(z) are analytic functions on upper
and lower complex neighborhoods of the interval /, respectively. Sato showed that the functions
Fy, F,, called defining functions of the hyperfunction f, can also be selected harmonic. Any
Schwartz distribution is also a hyperfunction. Moreover, there is a hyperfunction, which is not a
Schwartz distribution. Hence, the space of hyperfunctions is wider than the space of Schwartz
distributions. The following statement on the structure of hyperfunctions is due to Kaneko
[Kan72]:

Theorem 1.27. Any hyperfunction f is globally represented as

f=J(D), (1.124)
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where J(D) is a local operator with constant coefficients, that is, J(D) is an infinite order
differential operator J(D) =Y., agD* with the coefficients satisfying

lim ¢/]ag|o! =0,

|t —>eo
and g is an infinitely differentiable function.

Thus, hyperfunctions may have the infinite order singularity like w-distributions (see
Remark 1.7.2.). This fact and Kaneko’s structure theorem in conjunction with the structure
theorem for y-distributions (Theorem 1.20) shows that y-distributions are in close relation-
ship with hyperfunctions. However, what is the exact relationship between them is currently an
open question.



Chapter 2

Pseudo-differential operators with singular
symbols (‘DOSS)

2.1 Introduction

We begin Chapter 2 with simple examples of initial and boundary value problems,
solution operators of which have singularities of one or another type in the dual
variable. The presence of a singularity often causes a failure of well posedness of the
problem in the sense of Hadamard. Let A be a linear differential operator mapping
a function space X into another function space F. The differential equation Ax = f
is (X, F) well posed in the sense of Hadamard," if

(1) for any f € F asolution x € X exists,
(2) the solution is unique, and
(3) the solution continuously depends on the data in terms of norms of F and X.

A classical example of the boundary value problem, which can be found in textbooks
and is not well posed in the sense of Hadamard, is the initial value problem for the
Laplace equation

%u(t,x)  d%u(t,x)

Au(t,x) = P2 92 =0, r>0,xeR,
u(0,x) =0, aug(;,x) -0, xeR.

The operator A in this example is the pair A = (A, B), where B is the boundary opera-
tor Blu(t,x)] = (u(0,x), 24220 x = C2(R"1), and F = C(R’H") x C(R") x C(R").
Obviously, u(t,x) = 0 solves this problem. If one changes the initial conditions to

du(0,x)
Jt

u(0,x) =0, zesing,

1 Jacques Hadamard introduced the notion of well posedness in his 1902 paper [Had02].
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where £ > 0 is a small number, then the corresponding solution is v(z,x) = &2 sin 3
sinh é Taking, for instance x = €7/2 and ¢ = 1, one can see that a small change of
the data affected to an arbitrarily large (exponential) change of the solution. Text-
books usually ignore mathematical explanation of this ill-posedness phenomenon,
just giving a physical explanation, that the elliptic equations describe a stationary
processes, and therefore, initial-value problems for them are not physical. However,
mathematical reason can easily be explained in terms of singularities of the solution
operators.

As we will see in Section 2.2, in the above example the symbols of the solution
operators have a singularity at infinity causing ill-posedness. Examples discussed
there show that depending on the problem formulation different types of singular-
ities may arise for the solution operators. In Section 2.3 we introduce an algebra
of pseudo-differential operators with singular symbols (‘DOSS) and study their
properties. In the subsequent sections we develop a periodic and an abstract form of
YDOSS, namely an operator calculus with symbols which have singularities on the
spectrum of the generic operator.

2.2 Some examples of boundary value problems
leading to ¥'DOSS

2.2.0.1 The Cauchy Problem

The first example is the Cauchy problem for the one-parameter family of differential
equations

2
%‘FAZDZM(I,X) =0,1>0,x€R, 2.1)
0.9 = 0, 200 _y ) 2, 22)

where D = —id/dx, A = 0o +it € C. As is well known, (2.1),(2.2) represents the
Cauchy problem for the wave equation if A = 1, and it is well posed in the classical
sense of Hadamard. However, if A = i, then (2.1),(2.2) represents the Cauchy prob-
lem for the Laplace equation, which, as discussed in Introduction, is not well posed
in the sense of Hadamard. Now we will take an attempt to understand why it is so
in terms of symbols of solution operators.

Let us temporarily replace in (2.1) D by a parameter &, assuming that £ takes
values in R. Then we have a linear ordinary differential equation depending on
parameters £ € Rand A € C

() +A2E%u(t) =0, t > 0.
Solving this equation, we obtain

u(t) = Cycos(EAt) + Cosin(EAr),t >0,
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where C1, C; do not depend on ¢. Further, taking into account conditions (2.2), we
have

u(t, &) —@(é)cos(&mw&)%,

where @ and ¥ are the Fourier transforms of ¢ and y, respectively.
The well posedness of problem (2.1),(2.2) essentially depends on the behavior of
two functions, namely

sin(EAr)

cos(éAr) and —2E (2.3)

In fact, a solution, as we will see later, can be written in the form (returning
back to D)

u(t,x) = [cos AtD]g(x) + {S“’Agl) ] w(x), 2.4)
where
cos AtD and sin AtD
AD

are pseudo-differential operators with symbols in equation (2.3), respectively. So,
these two important functions in (2.3) are symbols of solution operators. Now, as-
sume A = 1 (in fact, A may be any real number). Then, both symbols cos(£¢) and

—Si“ggt) are well defined and bounded on R :

in ¢ C
coseg <1, T8 < G
S 1+
These estimates imply well posedness in the sense of Hadamard (see Chapter 4) in
this case. If A =i (or A € C\ R), then the symbols of solution operators become

EeRr.

cosh(&r) and %@) These functions are not bounded on R, exponentially increas-

ing at infinity. That is, the symbols of the solution operators now have asymptotic
behavior

sinh (&)
S

resulting the failure of the problem to be well posed in the sense of Hadamard. We
keep in mind that in this particular case a singularity appears at infinity.

The solution operators in this example are examples of ¥DOSS. We will see in
Section 2.3 that such operators are well defined on the spaces ¥ ,(R"), where G is
determined by singularities of the symbol. Therefore, depending on singularities of
the symbols of solution operators the problem is well posed in certain space. This
space we will call a well-posedness space. In our example the well-posedness space
corresponding to 4 = i is the most narrow space in terms of ¥ ,(R") and it is not
closable up to classical Sobolev, Besov, or Lizorkin-Triebel spaces, thus is not well

cosh(t&) = 0('°), =0(%), 1 >0, |E] — oo, (2.5)
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posed in the sense of Hadamard. Vice versa, in the case A = 1 the well-posedness
space is the widest among the spaces ¥, ,(R"), and in this case it is closable up to
Sobolev and other classical function spaces of finite order, making the problem well
posed in the sense of Hadamard.

Finally, one can notice that the representation (2.4) is just a different form of the
well-known D’ Alembert’s formula. Taking into account that the operator [expt%]
acts as a translation operator

expr o] 0() = 0. +1),

and accepting

(500 = [ p&)das +e

one can see that (2.4) can be reduced to the usual form of D’ Alembert’s formula

O(x+ A1)+ @(x—At) N 1 /’”M
2 Jx

u(t,x) = ; RZGE 2.6)

Remark 2.1. Instead of differential equation (2.1) one can consider the equation

d%u(t,x)

T—F/'LZAM(Z‘,X) =0,1>0,xeQ,

where A is an elliptic operator with an appropriate domain 2(A) containing func-
tions defined on 2 C R". However, the essence of the question concerning the sin-
gularity of the symbols of solution operators remains the same.

2.2.0.2 The Dirichlet problem

The second problem we want to consider is the Dirichlet problem in the infinite strip
{(t,x) : 0 <t < 1,x € R} for the same one-parameter differential equation as in the
previous example. A peculiarity of this problem is now we observe totally different
type of singularities of the solution operators. Namely, in this case for A = 1 the
symbols of the solution operators have a pole type singularities. Ergo, consider the
following boundary value problem:

d%u(t,x)
—g A2D*u(t,x) =0, 2.7)
u(0,x) = @(x), u(1,x) = y(x), (2.8)

where again A = o + it € C. It is well known that if A = i, then this problem rep-
resents the Dirichlet problem for the Laplace equation, which is well posed. In con-
trary, if A = 1, then we have the Dirichlet problem for the wave equation, which is
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not well posed in the sense of Hadamard. Similar to the previous example, applying
the operator method we obtain the following representation for a solution

] y(x).

u(t,x):[w] - [sinAtD

sin AD sin AD
The symbols of solution operators in this case are

sin (1—1)AE  sin tAE

sin A6 7 sindA&
They are bounded if A = i
sinh (1—1¢ é sinh &
_ <1 R,0<t<1.
smhé sinhé |~ §ER 0<r<

In accordance with results obtained in Chapter 4 this fact implies a possibility of
closure of the well posedness space up to classical spaces. At the same time if A = 1
the symbols of the solution operators

sin (1—¢)&  sin 7€
sin € ’ sin&

have pole type singularities at points & = km, k # 0. Again from the results of
next sections it follows that the well-posedness space is not closable up to classical
spaces. This fact implies ill-posedness in the sense of Hadamard of the considering
problem in the case when A is a real number, i.e., the Dirichlet problem for the wave
equation.

We note that in the multi-dimensional case, that is x € R” in (2.7), (2.8), the
symbols of solution operators when A = 1, are

sin (1—1)|&| sin ||
sin [§] 7 sin[&]

In this case singularities occur on concentric hyperspheres {& € R" : |€| = km, k =
1,2,...).

2.2.0.3 Diffusion equation

The classical diffusion process without drift can be described by the Cauchy
problem
du(t,x)
ot

= KAu(t,x), t >0, x e R", (2.9)

u(0,x) = f(x), (2.10)



74 2 Pseudo-differential operators with singular symbols (¥DOSS)

where A = —(D3+...+D2),D; = —iaixj,j =1,...,n, is the Laplace operator, and
K > 0 is a (constant) diffusion coefficient. The operator method leads now to the
following representation for a solution

u(t,x) = e f(x)

= (2;),, / e MEFf(E)eedE, 1> 0, .11

Rn

where f(&) = F[f](&), the Fourier transform of f. The symbol of the solution oper-

ator e is e=*I€* This is a “nice” function in the sense that it belongs to C=(R"),
bounded, and decreases exponentially when |£| — oo with all its derivatives. These
properties of the solution operator ‘make’ problem (2.9),(2.10) not only well posed
in the sense of Hadamard in the classical spaces, but also provide hypo-ellipticity.
By definition, a pseudo-differential operator A acting on distributions defined on
Q C R is called hypo-elliptic, if for any distribution u € 2'(Q"), Q' C Q, Au e C™
implies u € C*(Q’).

The solution in the variable x is the inverse Fourier transform of the product
e el f (&). Due to the convolution formula (1.42) and relation (1.16) the solution
in the variable x is represented in the form

1 r—y[?
- T . 2.12
) = e R/ e f(y)dy 2.12)

The Cauchy problem (2.9)—(2.10) and its solution (2.12) have a clear probabilistic
interpretation. In fact, if the initial function f is the Dirac delta function, then the
equation (2.9) is the Fokker-Planck equation (or forward Kolmogorov equation)
for the density function of Brownian motion B;. In this particular case the solution
u(t,x) in (2.12) is a Gaussian density> evolved in time:

1 2
M([,X) = G,(x) = Wef%. (213)

If the initial function is the density function of a random variable Y, then the solution
u(t,x) in (2.12) represents the density function of the random process X; =Y + B;.
In the theory of stochastic processes it is well known that Brownian motion has
a continuous path. This implies that the random process X; also has a continuous
path. We will return to stochastic applications of differential and pseudo-differential
equations in Chapter 7 where more detailed discussion will be provided.

In Chapter 7 we will discuss non-Gaussian random processes, sometimes called
anomalous diffusion processes, the mathematical model of which is given by the
equation

du(t,x)
ot

2 With mean 0 and correlation matrix /

= Ko (—A)*?u(t,x), 1 >0, x e R", (2.14)
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where « is a positive real number, (—A)% is the fractional power o of the positive
definite operator —A, see Section 3.9. This operator has the symbol —|&|*. In this
case the solution operator has the symbol e’ €I*  Even though this function de-
creases at infinity at an exponential rate, but in contrast to the classical case (o = 2)
it is not so “nice.” This symbol is continuous, but not differentiable at the origin.
This type of singularity again effects in the well-posedness space, which as we will
see later (Chapter 4), is narrower than the well-posedness space of the classic diffu-
sion equation.

Note that for o < 2 the continuity path discussed above breaks down. Let us
check this for @ = 1. In this case the solution u(¢,x) of equation (2.14) satisfying
the initial condition u(0,x) = f(x), due to the convolution formula (1.42) and rela-
tion (1.12),is (n=1)

1 <

If the initial function f(x) is the Dirac delta function, then the latter reduces to
1 ¢
£X) = —5—s.
M( x) 7T 12 4 x2
This is an evolved Cauchy distribution, which is a representative of stable distri-
butions with pure jumps. The next example discusses a model of the general jump
processes which, in particular, covers all the values of a € (0,2].

2.2.0.4 Equations associated with jump processes

Let p(x), x € R", be a function defined as

2, if [ < 1
X)) =
pEx) {1, if x| > 1.

Definition 2.1. A measure v defined on R” is called a Lévy measure if it satisfies
the conditions

v({0}) =0 and / p(x)dv < oo.
Jrn
Consider the following equation on {(z,y) € R**! : ¢ > 0,y € R"}
du(t,x) | Z
- _/( ult,x+y) — u(t,x) — 2 ax, ) v(y), (2.15)

o -

where b(y) is a bounded function, so that the integral in (2.15) is finite. For instance,

if [ |yldv(y) < e, then b can be selected identically zero; if [ [y|dV(y) < o,
yl<t y[>1
then b can be the constant function b(y) = 1. If both of these conditions are not
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fulfilled, then b possesses the following properties: b(y) — 1 when |y| — 0, and
b(y) = 0(+ o] ) when |y| — e-. Equation (2.15) arises in the study of random processes

accompanied with “pure jumps.” In order to see that, let us take b = 0 and dv(y) =
64(y)dx, where 6, is the Dirac delta function with mass on a, 0 # a € R”. Then
the right-hand side of equation (2.15) takes the form Ju(r,x) = u(t,x+a) — u(t,x).
Using the formula F[f (x+a)] (&) = e F[f] (&), where aé = a1 &+ - - - +an&y, itis
easy to check that the Fourier transform of Ju is F[Ju](t,&) = (€% — 1)F[u](z,&).
Therefore, the solution operator of the equation (2.15) with the initial condition

u(0,x) = &(x) has the symbol ¢“““~1. The latter is the characteristic function of
the Poisson process with intensity parameter A = 1 and values ak, k € N (see, e.g.,
[Fel68]). It is well known in the probability theory that the Poisson process is a
purely jump process. In particular, in our example the jump size is |a|. In general,
the measure Vv identifies all the possible jump sizes, and intensity of these jumps.
Now, denote the operator on the right-hand side of equation (2.15) by A, that is

n

A1) = [ (1) = 109 =00)

RV!

) ). (2.16)
Computing the Fourier transform of A f, one has

PAIE) = FLIE) [ (¢4 1) & )avts)

Rn
It follows that the symbol of operator A in (2.16) is

oA(g)z/( Y1 —ib(y ié,)dv (2.17)

Rn
Hence, due to the formula for the inverse Fourier transform the operator A can also
be represented in the form

Af(x) = ﬁ R/ OA(E)Ff(E)e S dE.

Suppose that there is a finite measure A defined on the unit sphere S = {x € R" :
|x| = 1}, such that for any Borel set E C R”

/ /IE (r0) (m ) (),

where o € (0,2]. Then the symbol 64 (&) in (2.17) of the operator A can be written
in the form

oo

ox&)= [ ([1e50 ~1-niroyrzo) 2

S 0
with €0 = £,0,...£,0,, E€R", 0 €5.

)ar (o),
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Let 0 < o < 1. Then the condition [, [y|dV(y) < e is verified and we can set
b(y) = 0. Using the substitution r£ 6 = 1, we have
on6)— [0 ( [l - 121 )axco)
A - . . e n o+1 :
0
Obviously, the internal integral in this equation is finite and does not depend on &
and 6. Let us denote it by j,. Hence,

oA(é)—ja|§I“/<%e)adﬂt(e). (2.18)
S

If we require additionally that the measure A is uniform on S then the integral
J5616dA(0) does not depend on 6y, i.e., this integral is constant depending only
on . Since £/|&| € S, the integral in (2.18) does not depend on &. Therefore, the
symbol o4 (&) has the representation

Oa(E) = —Ku|€|, where Kaz—ja/(ele)due). (2.19)
S

The constant K, is positive and corresponds to the diffusion coefficient k in the
classic diffusion equation (2.9).

Further, let 1 < o < 2. Now the condition [ |y|dVv(y) < o is verified, and
[y>1]

therefore we can take b(y) = 1. In this case performing similar calculations, as we

did in the case 0 < o < 1, we arrive again at the same representation (2.19), where

the constant j is defined as jo, = [(eM—1-1n) %. Not going into details we note

that representation (2.19) is validofor o =1 as well under the additional condition
on the measure 4 : [{0dA(6) = 0.

Thus, the anomalous diffusion equation (2.14) is a particular case of equa-
tion (2.15) describing jump processes. This fact explains the nature of anomalous
diffusion processes modeled by equation (2.14), which is very different from the
continuous nature of the classic diffusion modeled by equation (2.9). The gen-
eral case of random processes, in which both continuous and jump components are
present, will be discussed in Chapter 7.

2.2.0.5 The Schrodinger equation

If one takes the parameter D in equation (2.9) equal to 2, where ® is a positive
constant depending on the light velocity, mass of a particle, and Planck’s constant
h, then (2.9) becomes the Schrodinger equation

du(t,x)

i :%Au(t,x), t>0, xeR", (2.20)
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which describes the probability of particle distribution in the quantum mechanics.

Now the symbol of the solution operator takes the form ¢’ #1151  This function is not
so “nice” to compare to the symbol of the solution operator of the diffusion equa-
tion (2.9), or anomalous diffusion equation (2.14). Unlike the symbols of solution
operators of (2.9) and (2.14), the symbol #1157 does not decrease at infinity. It
does not increase at infinity either, unlike the symbols in (2.5). In fact, this symbol
is an oscillatory function with the amplitude equal to one, and hence, is in L..(R").

The solution of the Schrédinger equation is frequently interpreted as a density of
dispersive waves. Therefore, their L,-estimates are useful. The Riesz-Thorin theo-
rem can be used to get such an estimates. Indeed, if the solution satisfies the initial
condition u(0,x) = f(x), x € R", then, we have

u(t,x) =

L et pen
(2n)n/ﬁ[mzf@)f”‘éd& t>0,xeR", @21
]Rn

or, inverting the latter in the distributional sense (see formula (1.52)),

h
i4rwt

n/2 b2
) /e’ETf(x—y)dy, 150, xR (2.22)

RV[

u(t,x) =S,f(x) = (
It follows from (2.22) that

1
t < — .
691 < (el

This estimate shows that S; : L (R") — L. (R") with the norm

11812, () () < (470cor) ™3,

where co = @/%. On the other hand, for f € L,(R") equation (2.21) together with
Parseval’s equality yields S; : Ly (R") — Ly (R") with the norm ||S; || 1, &)1, (r) =1
Now applying the Riesz-Thorin theorem, we obtain

1

[Jut, X)L, < (@rcon) 72 17m)

I fllL,t >0, (2.23)
where p > 2 and ¢ is the conjugate of p. Estimate (2.23) shows the rate of decay
when ¢ — co. Estimates when f is an element of Besov or Lizorkin-Triebel spaces
will be discussed in Chapter 4, as a corollary of general well-posedness theorems.

For relativistically free particles J. Bjorken and S. Drell [BD64] (see also [Dub82,
Samg83]) considered the Schrodinger equation in the following form

du(t,x)
ot

=DVI—Au(t,x), (2.24)
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where again D = % A peculiarity of equation (2.24) is that the equation itself is
given as a pseudo-differential equation. The symbol of the corresponding solution

P 2 . . . .
operator now has the form ¢’ AV el , which either does not decrease at infinity.

2.2.0.6 Multi-point problems

Consider a problem

2
%—Au(z‘,x}zo, t€(0,2), x e R", (2.25)
u(0,x) = @(x), u(1,x) = u(2,x), (2.26)

in which the values of a solution at three time instants are involved. This is a typical
example of multi-point nonlocal boundary value problems. Multi-point and other
nonlocal boundary value problems arise in various fields, including the plasma
physics, fluid flows in porous media, etc. Equation (2.25) is included to the fam-
ily of equations (2.1) with A = i. The same method used in the previous examples
gives a representation u(t,x) = S(¢,D)@(x) for a solution, where the solution oper-
ator S(z,D) has the symbol

_ cos(|G[)[sin|§| —sin(2|])] —sin(|§ |¢)[cos |§] — cos(2[&])]
sin|G| —sin(2[&]) '

This symbol has non-integrable strong singularities at concentric spheres || =
kr, k€ Z\ {0}, and |&| = £m/3 + 2tm, m € Z. Due to these singularities the exp-
ression S(¢,D)@(x) loses its meaning even on infinitely differentiable functions with
compact support. Hence, one cannot expect the well posedness of this problem in
the classical function spaces.

Later, when we gather enough information about ¥'DOSS, we will return to these
examples and discuss their well-posedness spaces in detail. We will also see other
examples and applications of ¥DOSS, such that boundary values (traces) of har-
monic functions (cf. with Sato’s hyperfunctions; see Section 1.13 “Additional notes”
to Chapter 1), uniqueness of a solution of polyharmonic equation, etc.

s(t,8) (2.27)

2.3 YDOSS: constant symbols

As we have seen in the previous section, in many boundary value problems of math-
ematical physics symbols of solution operators have different type of singularities:
strong singularities on a finite part of the space, singularities due to increase or
non-sufficiently fast decrease at infinity, or singularities due to irregular points of
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symbols. These kind of operators have two distinction from the standard pseudo-
differential ones. First, their symbols contain singularities with respect to dual vari-
able, and second, their orders, generally speaking, are not bounded.

In this section we determine ¥ DO whose symbols have singularities with respect
to dual variables.

Definition 2.2. Let A(&) € C~(G), G C R". We determine an operator A(D) by the
formula

1

D)) = i [ AGFIfIE)e S dE, 2.28)
G

provided the integral on the right-hand side exists. The function A(§) is called a
symbol of A(D).

In definition 2.2 the function A(£) may have arbitrary type of singularities outside
G or on its boundary. Generally speaking, operators A(D) with symbols A € C*(G),
may not be meaningful even for functions in the space Ci’(R"). Indeed, let &) € R"
be a non-integrable singular point of A(£) and denote by O(&y) some neighbor-
hood of &. Let us take a function fy € Cy'(R") with F[fp](§) > 0 for & € O(&)
and F[fp](&) = 1. Then it is easy to verify that A(D)fy(x) = . However, for
functions f € ¥ ,(R") the integral in (2.28) is convergent due to the compact-
ness of supp F[f] C G, and therefore, A(D)f is well defined. In this sense the space
¥, »(R") serves as a domain of pseudo-differential operators with symbols singular
in the dual variable. We use the abbreviation WDOSS for pseudodifferential opera-
tors with singular symbols.

Theorem 2.1. The space ¥; ,(R"),1 < p < eo, is invariant with respect to any
operator A(D) with the symbol A(§) € C(G). Moreover, the mapping A(D) :
¥6.p(R") — W5 ,(R") is continuous.

Proof. Let f € ¥ ,(R") and supp f C Gy for some N € N. Then f € ¥y, (see
Definition 1.23). It is obvious that

supp F[A(D)f] = supp (A(§)F|f]) = supp F[f] C Gy.

Moreover, since ky € Ci (Gy) the product my (&) = ky(E)A(E) € C5(G). Mikhlin’s
theorem implies that any infinitely differentiable function with compact support is
an L,-multiplier. Therefore,

pn(AD)f) = IF~ v (§)AE)F[fTll, < Cy, lIflle, < Cy,pa(f) <oo, (2.29)

where Cy , > 0 is a constant not depending on f. It follows that A(D) f € Py p,. Since
Wv.p C Ly(R") for each N € N, we have A(D)f € ¥ ,. Estimate (2.29) together
with Proposition 1.28 implies the continuity of A(D) in ¥, .

Theorem 2.2. The set of operators A(D) with symbols A € C*(G) and defined on
Y¥5.p forms an operator algebra which is isomorphic to the algebra of symbols
C=(G). This isomorphism is given by the correspondence A(D) +> A(&), i.e.
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aA(D)+ BB(D) < aA(E)+BB(E),a, B e C',
A(D)-B(D) <> A(§)-B(&).

If 1/A(&) is also in C*(G), then the operator A~ (D) corresponding to the symbol
1/A(&) is the operator inverse to A(D).

Proof. The proof is clear.

In the definition of the operator A(D) for a fixed p € [0, 9], it is not necessary that
the symbol A(§) was in C*(G). For example, assume that p = 1. Then the Fourier
transform of f € ¥, belongs to Le com(G). Therefore, for any A € Ly j,.(G), one
has

IAD)f ()] < [JA[Ly (K)[[F ]| Leo]| < oo,

where K is any compact subset of G containing supp f. The latter together with the
Housdorf-Young inequality implies

lAD)flr. <C||fllr.-

If p =2, then a similar result holds true for the class of symbols A € L., 10c(G).
Namely, for any symbol A € L., ;,.(G) the corresponding operator A(D) in (2.28)
is meaningful for any function f € ¥ », and maps ¥ (R") into ¥5»(R"). These
two examples show that classes of symbols, for which (2.28) is meaningful, depends
on p.

Let S,(G) denote the class of symbols for which (2.28) is well defined on the
space ¥, ,(R"). Theorem 2.1 shows that C**(G) C S,(G) for each fixed p > 1. For
a class of symbols X (G) defined on G we set

XS,(G) ={a € S,(G) for some p € [1,e0], such that a € X(G)}.

For example, C*S,(G) = C~(G). The class CS,(G) consists of continuous symbols
in S,(G). Further, we denote by OPS,(G) and OPXS,(G) the classes of operators
corresponding to the classes of symbols S,(G) and XS, (G), respectively.

Example 2.1. Consider the symbols of solution operators of boundary value prob-
lems discussed in Problems 2.2.0.1-2.2.0.6 of the previous section.

1. Problem 2.2.0.1: The symbols of solution operators in this problem given in
equation (2.3), namely a;(A,t,&) = cos(EAr) and ax(A,1,€) = sin( ’SM both be-
long to the class C*S,(R) for every A € C and fixed r > 0.

2. Problem 2.2.0.2: The symbols of solution operators in this problem az(4,¢,&) =

% and as(A,1,&) = Siriln’ff are in the class C*S,(G), where G = R\

{& = ’Zk, k=+1,+2,...} forevery fixed A € Candt > 0.
3. Problem 2.2.0.3: The symbol of the solution operator of the Cauchy prob-
lem (2.9), (2.10)is as(t,&) = exp(—t|&|?) € C=S,(R") for every ¢ > 0.
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4. Problem 2.2.0.4: The symbol of the solution operator of the Cauchy problem
for equation (2.15) is ag(¢,&) = exp(to4(€)), where 04 (&) is defined in equa-
tion (2.17). In particular, under some conditions to the Lévy measure v one has
0a(§) = —k4l€]%, 0 < a < 2; see equation (2.19). This particular case shows
that the symbol o4 (&) is not differentiable. This is true in the general case as
well. Thus, we have 04(&) € CS,(R") and ae(t,§) € CS,(R") for every fixed
t>0.

5. Problem 2.2.0.5: The symbol of the solution operator of the Cauchy problem for
the Schrodinger equation (2.20) is a; (¢, &) = exp (z%t|§ |2) € CS,(R") for each
fixedr > 0.

6. Problem 2.2.0.6: The symbol ag(r,€) = s(¢,&) of the solution operator for the
three-point problem (2.25), (2.26) is defined in equation (2.27), and belongs to
the class of symbols C*S,,(G), where G =R\ .#, and

M = Ugep jo 18] =k} UUpez{|E| = £7/3 + 2mm}.

The following theorem provides an extension of Theorem 2.2 to the general case
of algebras of pseudo-differential operators.

Theorem 2.3. Let X(G) be an algebra of functions defined on G C R" with respect
to operations ® and ©. Then OPXS,(G) forms an operator algebra which is iso-
morphic to the algebra of symbols XS,(G). This isomorphism is given by the corre-
spondence A(D) +» A(&), i.e.

aA(D) @ BB(D) + aA(E) @ BB(E),a, B e Cl,

A(D)®B(D) < A(§) ®B(&).

If 1/A(&) is also in XS,(G), then the operator A~ (D) corresponding to the symbol
1/A(&) is the operator inverse to A(D).

Theorem 2.4. The space ¥, p, is invariant with respect to any operator A(D) with a
symbol A(&) € H2'* (G) for some € > 0. Moreover, the mapping A(D) : ¥g, ,(R") —

loc
¥, p(R") is continuous.

Proof. Let f € ¥ ,(R") and suppf C Gy. It is obvious that
supp (F[A(D)f]) € suppF[f].
Hence, A(D) f € ¥, ,(R"). Moreover, since ky € Cy (Gy) the product
my (&) = Kn(§)A() € Heom' (G). € > 0.

The function my for each fixed N satisfies the condition of Mikhlin-Hormander’s
multiplier theorem 1.9, and therefore is an L,-multiplier. Hence, for each N € N,

pn(AD)f) = IF " [kv(E)AE)F(f]] I, < ConllfllL, < Conpn(f) < oo, (2.30)



2.3 ¥DOSS: constant symbols 83

where C, y > 0 is a constant not depending on f. Estimate (2.30) together with
Proposition 1.28 implies the continuity of A(D) in ¥ ,(R").

Let A¥(—D) be a weak extension of A(D), i.e.
<AY(=D)g,f>=<gAD)f >, fe¥,R"),gc¥;, ([R"). (231

Theorem 2.5. The space V' G (R™) is invariant with respect to any weakly ex-

P
tended operator A¥(—D) with a symbol A(E) analytic in —G. Moreover, the map-

ping A*(=D): W' ,(R") =¥ (R") is continuous.

Proof. Let g € ¥ ; »(R") be an arbitrary element. We show that A*(—D)g €
‘PLG‘I), (R™), as well. It is obvious from definition (2.31) that A¥(—D)g is a linear
functional. Assume that f; € ¥, ,(R") is an arbitrary convergent sequence. We have

<A"(-D)g,f; >=<g,A(D)fj >=<g,v; >, (2.32)

where v; = A(D) f;. It follows from Theorem 2.1 that v; — 0 in ¥ ,(R") if f; — 0
in ¥ ,(R"). Since g € 'PLG’P,(R”), it follows that < g,v; >— 0, as j — oo. Hence,
AY(—D)g is a continuous linear functional, implying A”(—D)g € ¥, »(R"). Now
let g € ¥’ 6. (R") be a sequence convergent to 0 in b G, (R"). Then evidently,
<AY(=D)gm, [ >=<gm,v>—0,m — oo, since v=A(D)f € ¥; ,(R"), obtaining
the continuity of the operator A" (—D) in ¥’ ; (R

Theorem 2.6. The set of operators A¥ (—D) with symbols A(§) € XS,(G) and def-
ined on ‘PLG‘I),(R”) forms an operator algebra which is isomorphic to the algebra

of functions XS »(G). This isomorphism is given by the correspondence A¥(—D) <>
A(&), ie.
aA"(=D) + BB"(=D) > aA(&) + BB(E), o, B € C',
A"(=D)-B"(=D) <+ A(§) - B(&).

-1
If 1/A(&) is also in XS,(G), then the operator (Aw) (—D) corresponding to
the symbol 1/A(&) is the operator inverse to A (—D).

Proof. Follows immediately from Theorem 2.2.

Theorem 2.7. Let 1 < g < o0, —o0 < s < 40 and U(R"\ G) = 0. For a pseudo-
differential operator
A(D) : ¥62(R") = ¥6.2(R")

there exists a closed extension

~

A(D) : By, (R") = By, (R"),

if and only if the symbol A(&) satisfies the estimate
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A <C(L+E])", C>0,E R (2.33)

Proof. First we show that the estimate
IA(D) f1B5y(R")|| < CI| B3, (R (2.34)
where @y = F[y;], holds for any test function f € ¥52(R"). Using the Parseval

equality (1.34), one has ||F ! [@F[f]] |L>| = (27) || @F[f]|L>||. This implies

IAD)F1BS, (B = (3 2%1F ! [uFlaD) 1] )
k=0

oo

= (2m) " (X 2" e(E)AC)FIAE)E,)

k=0

<ci(3 24 o] 1)
k=0

Q=

<

= Ci[|£1B3, (R,

since for & € supp @y the estimate |A(E)| < C;206~9% holds due to condition (2.33).

Extension of inequality (2.34) to an arbitrary function f € B q(R") one can pro-
ceed in a standard way. Indeed, since the space of test functions ¥ »(R") is dense in
B),, then f € B (R") can be approximated by a sequence f; € ¥;2(R") in the norm
of B}, q(R"). Due to the invariance theorem (Theorem 2.3 for p = 2) the sequence
hj=A(D)f; € ¥52(R"), and since ¥5(R") is dense in ng(R") as well, one has
hje ng(]R”), Jj=1,2,.... Further, since B’éq(R”) is a complete Banach space, the
sequence /; converges to a limit 4 in the norm ng(R"). Define an extension A of
the operator A(D) to ng(R”) by setting A(D)f = h = lim; e hj = lim;_,. A(D) ;.
The inequality (2.34) implies the estimate

|A(D) f|BS, || < C|.f1B,lI, (2.35)

valid for all f € B q(R"). Indeed, one needs to replace f by its approximating se-
quence f; € ¥, ,(R") in (2.34) and let j — oo, obtaining the estimate (2.35), and
proving first part of the theorem.

Necessity. Let in a neighborhood of a point &, € R" the inequality |A(E)| >
N(1+]&])*~* holds. Here N is an arbitrary number. We shall show that there exists a
function w € B (R") such that |\A(D)W|ng|| > |[w|B3, ||. Let 0 # w € B3 (R") and
supp F[w] C U(&,). Without loss of generality we can take U(&,) C {2L < |€| <
2E+1Y with some L. Tt is evident that w € W52 (IR"). Using the Parseval equality we
have
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oo

IA(D)w|BS, || =Y 24||F ! [@;F[A(D)w]] |Lo |
j=0

q
i 2
24 g FIADWL| > 29 ([ IAE)PIFIwPdE)
U(&)
> N2H| g FwlLal| = N || By |

Jj=0

Theorem 2.8. Let 1 < p,q < oo, —o0 < 5 < 400, m,(R"\G) = 0 and the symbol A(§)
of an operator A(D) : ¥g ,(R") — ¥, ,(R") satisfies the condition

E1IDEAE)| < Call + ) .Ca >0, E€Glal<E]+1.  (236)

Then

(i) there exists a unique continuous extension A(D) : B, (R") — Bf,q(R”) of the
operator A(D);

(ii) there exists a unique continuous closed restriction A.(—D) : B;é,(R”) —
B ./(R") of the operator A*(—D) ;

(iii) the equality A7 (—D) = A(D), where A} (=D) is the conjugate to A.(—D), is
valid.

Proof. The sufficiency of condition (2.36) can be proved similar to the previous
case, however, now we use the multiplier property instead of Parseval’s equality.
Let again f € ¥, ,(R") and the symbol A(§) of the pseudo-differential operator
A(D) satisfy condition (2.36). Let {yi};_, € @. For test functions f € ¥ ,(R")
we show the estimate

IADYB = (2 2%IF o D)) < ClrB L @3

where @ = F[y;], k > 0. Due to Part 4) of Definition 1.20, ¢ € M), 1 < p < oo,
for each k = 0,1,.... Since f € ¥; ,(R"), there exists a compact set K C G,
such that suppF[f] C K. Moreover, there exists a natural number m, such that
oF[A(D)f](§) = 0 for all k > m. Therefore, inequality (2.37) for f € ¥ ,(R")
takes the form

|A(D)f1BS, || = (k_zoz”quF*1 [(ka[A(D)f]] 17,07 < ClfIB I

with some natural number m depending on f.
Now consider a collection of functions

2Vk

W) k=0,1,2,....,

o) = F~" (9u()-
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with v = s —[. One can check that the functions ¢ (x) satisfy conditions (1) - (4) of

Definition 1.20. Hence, {¢ };_, € @. Since, both collections { yi }7, and {¢}7_,
belong to @, the respective norms || f|B;,, ||y and || f|B),,[|¢ are equivalent. Hence,

D) Byl < CIAD) 1B, lls = (Y 217~ (Flou]- FIAWD)A) I, )

k=0
U 1
=C(Y, 2" g+ AD)SI] )7, (2.38)
k=0
where C > 0 is a constant. Further, it is easy to see that
| | vk
ADYf=F "(Fo-FA(D)f)=F" —A(E)Ff).
Ok A = F - (Foc FAD)) = F (00 g (OF)

Denote by m(&) the function A(E)- (1 + |€|?)~2. It follows from the Michlin’s
Theorem (see Theorem 1.7) that m(&) is a Fourier multiplier in the space L,. We
have

O *A(D)f =25 (F 'mx g f).

Using the multiplier property of m(£) we obtain the estimate

|5+ A(D)FILp || = 2V (1F " (m(8)F [@n (&) £ (E)]) 1Lyl
< G2l ux fILp |- (2.39)

Estimates obtained in (2.39) and (2.38) imply that

IA(D) f1BY, Il < c%zlkqnm <A(D)f|Ly||")7

U 1
< CC( Y, 2N gk 1L ||9) 7
k=0

=CC, | /1By [l = CCyllf1B;,

rq q”

Thus, estimate (2.37) is valid for any test function f € ¥, (R™). The extension of
inequality (2.37) to an arbitrary function f € B}, (R") repeats exactly the extension
process proceeded in the previous theorem. Hence, part (i) of the theorem is proved.

Now let g € B;,f], (R") and f € B),,(R"). Since f = lim; e f}, fj € ¥6,p(R"), the
restriction A.(—D) to B;,i7 ,(R™) of the operator A" (—D) : ‘PLG g (R") — ‘I{G g (R™)
we determine by ! !

<Ac(—D)g,f >=lim < g A(D)f; >=<g,A(D)f > . (2.40)
Jreo

Here A(D) is the extension of the operator A(D) : ¥, ,(R") — ¥, ,(R") constructed
above. We have the estimate

A —L A ! —L s
| <Ac(=D)g,f > [ <18|B |l - [AD)f|Bpyll < Clig|B |l - 1 £1B)gll-
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It follows that
| <Ac(=D)g.f >
1 £1B3ql

—0
< CllgIB4 1l 2.41)

|Ac(D)g|B,1 || = sup
1#0

proving part (ii).
Finally, when both operators A(D) and A.(—D) are determined, it follows from
(2.40) that < A.(—D)g, f >=< g,A(D)f > valid for arbitrary g € B;,fl, (R") and

f € B},,(R"). The latter yields the equality A¥(—D) = A(D), completing the proof.
Theorem 2.8 remains valid for Lizorkin-Triebel spaces Fj, (R") as well.

Theorem 2.9. Let 1 < p,q < oo, —o0 < 5 < 400, m,(R"\G) = 0 and the symbol A(§)
of an operator A(D) : ¥g ,(R") — ¥, ,(R") satisfies the condition

EIDEAE) < Call + ) ,Ca > 0,8 €Gllal S [S]+1. (242)

Then

(i) there exists a unique continuous extension A(D) : Fp,(R") — F[fq(R”) of the
operator A(D);
(ii) there exists a unique continuous closed restriction A.(—D) : F[;j,(R”) —
Fo(R") of the operator A*(—D) ;
(iii) the equality A} (—D) = A(D), where AY(—D) is the conjugate to A.(—D), is
valid.

Returning to properties of pseudo-differential operators with singular symbols
defined on ¥’ Gy (R") one can reformulate the representation Theorem 1.20 in
terms of pseudo-differential operators.

Theorem 2.10. Let 1 < p < oo and p' = p/(p— 1), the conjugate number of p. For
each distribution f € ¥’ »(R") there exist a pseudo-differential operator A(D)

with the symbol A(&) analytic in G and a function fy with F fy € L,(G) such that
the representation f(x) = A(D) fo(x) holds.

Remark 2.2. This result has an independent interest for analysis. We will use it es-
sentially in proofs of uniqueness theorems in the next chapter.

2.4 Pseudo-differential operators with continuous symbols
and hypersingular integrals

In Example 2.2.0.4 of Section 2.2, related to jump processes, the solution opera-
tor appeared to be a pseudo-differential operators with a non-differentiable symbol.
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Moreover, the symbol 04 (&) = —k4|€|%, 0 < o < 2, in equation (2.19) is contin-
uous on R”, but not differentiable at the origin. Pseudo-differential operators like
this will play an important role in the various random walk models discussed in
Chapter 8 and used for description of fractional order diffusion processes.

Assume that G is an open domain in R”. Let a function f be continuous and
bounded on R", i.e., f € C,(R"), and have a Fourier transform F[f](&) in the sense
of distributions, which has a compact support in G. The set of all such functions
endowed with the convergence in the following sense is denoted by C¥g(R"): a seq-
uence of functions f;,, € C¥5(R") is said to converge to a function fy € C¥;(R") if:

1. there exists a compact set K C G such that suppF[f,,] C K forallm=1,2,..;
2. |[fm = SolCbll = sup,cgn | fin — fol — 0 as m — eo.

In the case G = R" we write simply C¥(R") omitting R” in the subindex of
C¥;(R™). Note that according to the Paley-Wiener-Schwartz theorem (Theorem
1.12) functions in C'¥g(IR") are entire functions of finite exponential type. In acc-
ordance with Theorem 1.10 a function f € L,(R") with p > 2 has the Fourier trans-
form F[f] belonging to H *(R"),s > n(3 — %) Letting p — o we have F[f] €
H™*(R"),s > 5 for f € L..(R"). Taking into account this fact and the Paley-Wiener-
Schwartz theorem we have that the Fourier transform of f € ¥;(R") belongs to the

space
() Heomp(G),

n
§>35

where H,.,,,,(G) is a negative order Sobolev space of functionals with compact sup-

port on G. Moreover, since 1211 I fllz, = I fllr.. for f € Leo(R") (see, for example,
P =51
[RS80]), it follows from Theorem 1.10 that

IF[f1ll-s < ClIflL.- (2.43)

Thus, F[f] is a distribution well defined on the space of continuous functions with
the topology of locally uniform convergence.

Denote by C‘I{G(R") the space of all linear bounded functionals defined on the
space C¥5(R") and endowed with the weak topology. Namely, we say that a se-
quence of functionals g, € C 'PLG(R”) converges to an element gy € C 'PLG(R”) in
the weak sense, if for all f € C¥5;(R") the sequence of numbers < g, f > con-
verges to < go, f > as m — 0. By < g, f > we mean the value of g € C'PLG(R”) on
an element f € C¥5(R").

Let A(&) be a continuous function defined in G C R". By definition, a pseudo-
differential operator A(D) with the symbol A(&) is

1

A(D)o(x) = W<F [p.A(E)e ™), (2.44)

which is well defined on functions of C'¥g(IR"). We recall that x& in equation (2.44)
is the dot product of vectors x € R?, £ € R}, thatis x& = x1 & + -+ - +x,&,. If F|@]
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is an integrable function with supp F[@] C G, then (2.44) becomes the usual form of
pseudo-differential operator

1

AD)OW) =z [AGFlol(E)e d,
G

with the integral taken over G. Note that, in general, this may not be meaningful
even for infinitely differentiable functions with finite support (see Remark 2.3).

We define the operator A(—D) acting on the space C‘PLG(R”) by the extension
formula

<A(=D)f,¢>=<fAD)p >, f €C¥ (R"), p € C¥z(R").  (2.45)

Lemma 2.1. The pseudo-differential operators A(D) and A(—D) with a continuous
symbol A(E) are continuous mappings:

A(D) : W(R") = W5(R"), A(=D): ¥ ;(R") — ¥ 4(R").

Proof. Indeed, since supp F[A(D)f] C supp A(&)F[f], one has suppF[A(D)f] € G
for any function f € C¥s(R"). Further, suppose that f,, — 0 in ¥;(R"), that
is there exists a compact K € G such that suppF[f,,] C K for all m > 1, and
sup |fin| = 0, m — oo. Since F|[f,] € H *(K) for some s > n/2, using (2.43) we
have the estimate

AD) fu )] = | oo (F L (E),A(E)e )

Q)"
< C|IF[ful H(K)IAE)e ™ |H (K) |
< Ctl full_ IIAE)e ™5 |H* (K)||. (2.46)

Further, since A(£) is a function uniformly bounded over any compact, one has
IA(E)e ™| H (K)|I = /IA(é)IZ(l +E[7)dE = Cx <.
K

Taking this and estimate (2.46) into account, we finally get

sup |A(D)fm(x)| < CCk|| finll = 0 as m — oo.

xeR?

The continuity of the second mapping in the lemma now follows by duality.

Lemma 2.2. Let A(&) be a function continuous on R". Then for & € R"

A(D){e ™} = A(E)e ™5, xeR". (2.47)
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Proof. For any fixed & € R" the function e~% is in C¥(RR"). By definition (2.44)
of A(D), we have

3 Fle ) Am)e )

= (8(n=&),A(Me ™M) = A(§)e .
Corollary 2.11 The following relations hold:
i) A(E) = (A(D)e "% )e"%;

ii) A(E) = (A(D)e ") =0;
iii) A(E) =< A(=D)&(x),e ™ >, where & is the Dirac distribution.

AD){e ™} =

Proof. The first two assertions immediately follow from (2.47). To prove (iii), we
have

< A(=D)y(x),e ™ >=< 8y(x),A(D)e *° >=< 8y(x),A(E)e ¢ >=A(E).

Remark 2.3. Equality (2.47) holds in the space C¥'(R"), and therefore, understood
in the usual pointwise sense. It is a valid equality, as indicated in many sources
(see, e.g., [Hor83, Tre80]), in the space & (R") of test functions, as well. However,
since the function e*¢ does not belong to S(R”) and Z(R"), the representations
for the symbol obtained in Lemma 2.2 and Corollary 2.11 are not applicable in these
spaces.

Example 2.2. Consider the operator

1 Alf(x) 1 /A§f(x)
d 1

DY f(x) = =
= e ) e e 4

[y|<N

where 0 < o < [, [ is a positive integer, Ayl is the finite difference of order / in
the y direction, either centered or non-centered, and d(a,/) is a constant defined
in dependence on what type of difference is taken (see for details [SKM87]). Due
to a strong singularity in the integrand, this operator is also called a hypersingular
integral. As we will show in Section 3.8 (see Theorem 3.4), this operator is a pseudo-
differential operator with the continuous symbol —|£|%, and plays an important role
in random walk constructions studied in Chapter 8.

Note that in this book we consider only the centered case of the finite difference
A)l, in the definition of DJ. In this case d(¢t,1) is defined as (see [SKM87])

gltn /2 A ( OC)

N = S 1 T DT (%) sin(an/2) (249)

with A;(a) determined by the formula

-5 () (49

k=0
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Moreover d(a,l) # 0 for all & > 0 and for even /, but d (o, 1) is identically zero for
odd orders [. Let [ be a given positive integer. Denote by 7, a shift operator with
spatial vector-step y

(1)) = flx—=y), xyeR"

Using this operator we determine the symmetric difference operator of order [

@N =0y - w00 = 3 0 () (o G ).

For [ =2, we have

Az(d)z—z,
2n1+n/2
d(0,2) = —
(e,2) 202 () (52 sin(ax/2)’

(AFf)(x) = flx—y) = 2f(x) + f(x+).

Hence, the operator D§ in the case / = 2 can be written in the form

D¢ F(x) na/ fx=y) |y|”(+i+f(x+y)dy, (2.50)
where
ol (%) (25 )sin &
Blna) =~ S22 @2.51)

It is seen from (2.51) that the value o = 2 is degenerate. For 0 < a < 2, it follows
from Lemma 2.2 (and some calculations provided in Section 3.8, see Theorem 3.4)

that
. Azeixg
D¢ (EUC&)\,O:B(n’a) (/R”yﬁmd)) =—|&|%0<0o<2.

‘x:0

Therefore, for f € H*(R"), s € R, one has

IDg £~ = /(1 +HIEPYTUEPAF(A1E)PdE < CILfIH.

RV[

Thus, the mapping Df : H*(R") — H*~%(R") is continuous.

We note also that D§ in (2.50) can be considered as a fractional power of the
Laplace operator, namely D¢ = —(—A)%*/2. Fractional powers of positive definite
operators are discussed in Section 3.9.
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2.5 ¥DOSS: variable symbols

In this section we briefly discuss algebras of pseudo-differential operators with sym-
bols a(x, ) depending on both variables x and £. J. Kohn and L. Nirenberg first con-
structed an algebra of pseudo-differential operators OPS™(£2) with smooth symbols
a(x,&) € C*(Q,R"\ {0}), satisfying the condition

IDPDEa(x,§)| <C(1+]E)" 1", xeK, & eR", (2.52)
for all multi-indices & and 3. Here a = (o, ..., 04) and B = (B, ..., By) are multi-
indices, || = o + --- + o, is the length of o; Dy = (—id/dxy,...,—id/dxy),
D¢ = (—id/d&y,...,—id /dE,); K C L is acompact subset, and C = C(a, B,K) is a
positive constant. By definition, A € OPS™(Q) with the symbol a(x,§) € §"(Q), if

1 .
A = gy [ Al I Sag, xe o

RV[

A differential operator
A(x,D)= Y aq(x)D*

jaf<m

with coefficients ag € C*(€) is an example of the operator in OPS™(£2). The cor-
responding symbol is a polynomial in the variable &,

a(x,§)= 3, aa(x)&”.

jal<m

Thus, the algebra OPS™(Q) contains all the differential operators of order m with
infinite differentiable in £ coefficients. In the algebra OPS™(Q2) the addition and
multiplication (composition) operations are well defined, as well as the adjoint ope-
rator. The reader is referred to books [Tay81, Tre80, Hor83] for details. Below we
briefly mention the main ideas laid behind the construction of the algebra OPS™ ()
and its generalizations. The algebra OPS™(£2) is constructed so that it contains the
parametrices of all the elliptic operators of order m. A differential operator A(x, D)
with the symbol a(x, &) is called elliptic, if its main symbol

an(x.8) = 3, aq(x)&”

lo|=m

satisfies the condition
am(x,€) > ColE|" (2.53)

for all x € Q and & € R”". For the symbol a(x, ) of an elliptic differential operator
it is obvious that |a(x,&) — ap(x,&)| < (1+|&|)! for all £ such that |§| > R for
some R > 0. Therefore, using this fact and (2.53), one can see that there exists a
constant C > 0, such that the estimate



2.5 ¥YDOSS: variable symbols 93

la(x, §)| = lam(x,§) +[a(x,§) — am(x, S]]
> lam(x,8)| = la(x,§) — am(x, )|
> C(1+ &))"

holds for all x € Q and for all |£| > R, where R is sufficiently large. This property
can be used for extension of the definition of ellipticity for operators in OPS™(Q).
Namely, an operator A € OPS™(Q) is called elliptic, if there exists a constant C > 0,
such that the symbol of A satisfies the condition

la(x,§) = C(L+ )™, x€Q, [E[ >R,

with some number R > 0. Further, an operator P € OPS™(Q) with the symbol
p(x, &) is called a parametrix for an elliptic operator A € OPS™(€2) with the symbol
a(x, &), if the following relations

a(x,&)p(x,f) = 1+b(x7§)
p(x,&)a(x,&) =1+c(x,8),

hold, in which the symbols b(x,§),c(x,&) € S7(Q2) =N, 5" (L2). As it follows
from Proposition 2.1, Part (3) below, that the operators with symbols in S~*°(Q)
possess the smoothing property: these operators transfer distributions to infinitely
differentiable functions.

Though within OPS™ () one can describe parametrices of elliptic operators,
the class OPS™(Q) is too restrictive to describe, so-called, hypo-ellipticity of
(pseudo) differential operators. If for arbitrary f € C*(£2) a distributional solution
ue®d(Q"), Q' c Q, of the equation Au = £, is in C= (L"), then A is hypo-elliptic.
Any elliptic pseudo-differential operator is hypo-elliptic [Hor83]. Another example
of hypo-elliptic operators is the heat operator % — A, which is not an elliptic opera-
tor. The hypo-ellipticity of differential operators was studied in works by Hormander
[Hor61, Hor67], Egorov [Ego67], etc. The class of symbols S;”‘ s (Q) depending on
parameters p € (0,1] and 8 € [0, 1] was introduced by Hérmander [Hor65]. By def-
inition, a symbol a(x,&) € C(2,R"\ {0}) belongs to the class S:)”‘S(.Q) ifa(x,&)
satisfies the condition '

IDPDEa(x,&)] <C(1+|E)" PPl xek, &R, (2.54)

for all multi-indices o and 8, and compacts K C Q. The corresponding class of
pseudo-differential operators OPS/'J"’ 5(€2) is wider than OPS™(€2) and within this
class one can describe the hypo-ellipticity property of (pseudo) differential opera-
tors. The class of operators OPS! 5(£2) coincides with OPS™(Q) if p =1, 6 = 0.
We write ™, S:)”ﬁ, OPS™, and OPS:)"ﬁ7 if Q =R".

Proposition 2.1.(1) Let A € OPS;”‘S(.Q). Then the mapping A : 2(Q2) — &(Q), and

by duality the mapping A : &' (Q) — 2'(Q) are continuous;
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(2) Let A € OPS:)”’a, 0 < 1. Then the mapping A : 9 — &, and by duality the mapping
A: 9" — 9 are continuous;

(3) Let A € OPSJ 5,0 < 0 < p < 1. Then the mapping A : H*(R") — H*"™(R") is
continuous for all s € R;

(4) Let A € OPS:)”‘é. Then the mapping A : ‘¥, (R") — &(R"), and by duality the
mapping A : & (R") — ‘I’;, 7G(R”) are continuous; If additionally the Fourier
transform of the symbol a(x,&) of the operator A with respect to the variable x
has a compact support K, for all & € G, then the mapping
A: ‘P&G(R”) — 'Pp’(;,a (R™), where G, = G+ Ky, and by duality the mapping

A: ‘I—’p, . (R") — ‘I—’p, 7G(R") are continuous.

Proof. Parts (1)—(3) are known (see, e.g., [Tay81, Hor83]). Part (4) is a particular
case of the more general statement established in Theorems 2.12 and 2.13.

One can notice that the symbols of solution pseudo-differential operators obt-
ained in Section 2.2, except some of them, do not belong to S:)”‘ s for any finite m. For
instance, the symbols a;(1,7,&) = cos(t&) and ay(1,¢,E) = £ 'sin(¢€) (these sym-
bols do not depend on x) emerged in Problem 2.2.0.1, do not satisfy estimate (2.54).
Indeed, for ¢ = 0 one has

|a1(1at7§)| <1, |a2(17ta§)| SC;(1+|§|)71,§ ER,

One can easily verify that derivatives of a;(1,z,£) and ay(1,¢,€) in the variable &
satisfy the inequalities

|Dr§na1(17tvé)| <G, and |Dr§na2(17tvé)| < Cl(l + |‘£|)717

for all £ € R. These facts show that (2.54) does not hold for any finite m and positive
p,0<p <1

Remark 2.4. Notice that if one includes p = 0 in the definition of S 5, then a; € 500

and a; € S& (1). Calderon and Vaillancourt [CV71] showed that operators with sym-
bols in S ,, where 0 < p < 1 are bounded in the Sobolev spaces H*(IR"). This fact
implies well posedness in the sense of Hadamard in spaces H*(R") of the Cauchy
problem in Example 2.2.0.1 in the case A = 1.

On the other hand, both symbols a; (1,#,&) and ax(1,¢,&) can be expanded to the
Taylor series

o 2+

(18 =F e w(ag)=F L
1(“"5)‘;@1-)!5 ’ xm@-; i (2.55)

In other words ay, a; € S*. The class of corresponding pseudo-differential operators
OPS~ represents differential operators of infinite order. The differential operators of
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infinite order play an important role in the modern theory of differential equations
[BG76, Dub82, K73], complex analysis [Dub84, Leo76], and functional analysis
[Sat60, Kan72, GralO].

Similarly, the solution operator exp(i$tA) in Example 2.2.0.6 for the
Schrodinger equation is also a differential operator of infinite order with the sym-
bol a7(r,&) = exp(i%t|&|?), which does not belong to Sp ¢ for any finite m and
p € (0,1]. Unlike the previous example a3 does not belong S:)”p for any finite m
even for p = 0. However, this symbol does belong to $~, with the power series
representation
& (iot)

ar(t.8) =3, 1%, (2.56)

= 1l

The reader can verify that symbols a3z(A4,t,&), as(A,1,&),a6(t,&),as(t, &) also
do not belong to S;," for any finite m and positive p. All these symbols can be
represented as differential operators of infinite order locally or globally. The symbol
as(t,&) is an exception. Due to infinite differentiability and exponential decay at
infinity, this symbol belongs to S’” for any finite m and 0 < p < 1. Hence, as(t,&) €

S 0.0 confirming that the operator — A is hypoelliptic.
The power series for the symbols a(1,2,€) and ay(1,£,€) in (2.55), and for
a7(t,&) in (2.56) converge for all £ € R and for all & € R”, respectively. However,

power series representations of the symbols
sin (1 —¢
Cl3(1,t,§):(—)§, a4(15t7§):

sin €
of the solution operators arising in Problem 2.2.0.2 converge locally in the open set
G =R\ {km,k=+1,42,...}, and are functions of C*(G).
Now we introduce a class of symbols which contains all the above symbols.

Definition 2.3. Let G C R and Q C R} be open sets. We denote by S(£2) the class

of symbols a(x,&) € C~(2 x G). We do not require any conditions for the growth
in the variable & like estimates in equations (2.52) and (2.54). Symbols in S°G°(.Q)
as functions of variables (x,&) are jointly infinite differentiable in Q x G, or in
general, functions in C*(G) on the cotangent bundle 7*(£2), and may have any type
of singularities on the boundary of G or outside of G. The class of corresponding
pseudodifferential operators will be denoted by OPS(£2). We write Si; and OPSg
if Q =R"

sin t&
sin&

Theorem 2.12. Let a(x,&) € S¢.
1. The mapping
A: ¥ ,(R") = &(R") (2.57)

is continuous;
2. If a(x,&) has compact support in x, then the mapping

AW, (RY) — 2(R") (2.58)

is continuous,
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3. If the Fourier transform of the symbol a(x,&) of the operator A with respect to
the variable x has a compact support K, for all & € G, then the mapping

A 6(R") = ¥, 6,(R"), (2.59)
where G, = G+ K, is continuous.

Proof. Let a(x,&§) € S& be the symbol of the operator A. Then for f € ‘¥, g(R"),
one has

AFE) = o [ aw DFIfE)e ae. (.60

Moreover, since F[f] has a compact support in G, the integral in (2.60) is taken over
a compact set. This implies that Af € C(R"). Now we show the continuity of the
mapping (2.57). Let f,, € ¥ ,(R") be a sequence converging to 0 in the topology
of ¥5 ,(IR"). Recall that ¥ ,(R") is the inductive limit of the Banach spaces ¥y ,
(see Section 1.10). Therefore, one can assume that f,, € ¥y, for all m € N, and
fm — 0 in the norm of Py ,. Moreover, since f,, € Py, p, then supp F[f,,] C G, and
| fon Bl = I1F~ [ka(E)F[f]]IL, || (see Definition 1.23). We show that Af,, — 0 in
the topology of &(R"). Let K C R” be an arbitrary compact. For the derivative of
order ot of Af,,, we have

AR = (o 3, () | phte 681 (@ IS

2( )/bxyfm Yy, xeK, 2.61)
B=a

where

b(x

/ DBa(x,£)(i€)* Pry(&)e 1 VEdE.
G

The function b(x,y) for every fixed x € K is a function of L,;(R}), where g is the
conjugate of p, thatis g~! + p~! = 1. Indeed, putting for convenience

o (1.8) = 5 D2l E)GE) v ()
one has
o) gy = [ | [entx&lee%ag"ay = [ | [entu&ye 20z ay
R" G y—x|<1 G
+ / ‘ / cN(x,g)e*“X*y)id.»g)qdy. 2.62)
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The first integral on the right of (2.62) is finite, since the integral is taken over a
compact set {|y — x| < 1} x g C R?". For the second integral using integration by
parts and taking into account that ¢y (x, &) has a compact support suppcy (x,-) C Gy
for every fixed x € K, one has

[ | [oisrisagfone | ] foissiotetaslin
G

[y—x>1 G [y=x[>1

= G/(Dg)ycN<x,é>e"<”>5dé)"dy

[y—x|>1

1
<Cy / mdy <o,
[y—x[=1

where |y] = M and Mg > n, and Cy is a positive constant. Applying the Holder
inequality to (2.61), one obtains the desired estimate

sup [D*A fiu (x)| < Cw | fin| Fov p -
xekK

The proof of Part 1 is complete. The proof of Part 2 is similar to the proof of Part
1. Therefore, we leave it to the reader. To prove Part 3 we notice that the Fourier
transform of A f(x) is

Flafi(n) = [a(n—E.OFI(E)E, n ek .63
RV[
where
a(n, &) = ﬁ R/ a(x,&)e M dx. (2.64)

It follows from (2.63) that F[Af](n) = 0if n ¢ G+ K, implying
suppF[Af] = suppF[f] + K, C G+ K,.

Further, let ¥ g, p = indlimg ;.. @ ,, where @, is a sequence of Banach spaces,
corresponding to a locally finite covering {h; }7_, of G+ K,, and the smooth parti-
tion of unity {v.}7_,. Since, this inductive limit does not depend on the partition of
unity, one can construct it in the form

vi(n) = o(E)we(n - &), (2.65)

where j =k+{,1 € G+K,, & € G, and ¢ and wy are smooth partition of unities
of G and K, respectively. Let

N
Ke(n) =3, v(n), &u(§) =3 w(f), and KN(€)=I§1¢J<(§)-
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The numbers L, N, and M are such that L = N + M. Using (2.65), one can easily
verify that X.(n) = kv (&) & (N — &). Exploiting this and (2.63), we have

7 [Rrian) i | - H@ /@(n) (/ﬁ(n — EE)FIfI(E)dE )e ™dn]L|
R R

1 ' — A —inx
- IW(ZFU}(&)(R/” RL(m)a(n — &,E)e Mdn )dE L, |

[=@FIAE) ([ Ru(@)a(C e dg)e gL, |

2m)n
( )G J,

= llen)F [k (E)F ! (Ru($)a(, &) ) FIAE)] 1L, . (266)

In the third equality of this chain we used the change of variable 1 = & + {. Now,
due to definition of the symbol a(x, &) the function

(8 = wn(OF  [fu(©)a(6.8)] = D8] [ ru(acg. e ar on
]Rn

is infinite differentiable and has a compact support as a function of & for every
fixed x, and therefore can be considered as a symbol in S~ (R"). It is known (see
[Hor83, Tay81]) that if the order of the pseudodifferential operator with a symbol
in §”'(IR") is negative, then this operator maps L,(IR") to itself. Using this fact, one
obtains from (2.66) that

JAfL ] = 1 [RemF AR Lyl = [Py D) £ |
< Cnllf1¥vpll, (2.68)

where Py(x,D) is the pseudo-differential operator with the symbol in (2.67). The
estimate obtained in (2.68) implies the continuity of mapping (2.59).

Theorem 2.13. Let a(x,&) € S¢.

1. The mapping

A8 R =¥ ;B

is continuous,
2. If a(x, &) has compact support in x, then the mapping
A: 2 R")— leG,p/ (R™)

is continuous,

3. If the Fourier transform of the symbol a(x,&) of the operator A with respect to
the variable x has a compact support K, for all & € G, then the mapping
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Y74 n ! n
AV, (B, (R,

where G, = G+ K, is continuous.
Proof. The proof of this theorem follows from Theorem 2.12 by duality.

Theorem 2.14. Let 1 < p,g < oo, —0o < 5 < +o0, G C R", and the symbol a(x,&) of a
pseudo-differential operator A(x, D) belong to S;. Assume the following conditions:

(i) my(R"\G) =
(ii) the Fourier transform of the symbol a(x, &) of the operator A(x, D) with respect
to the variable x has a compact support containing in a compact K, for all
£ €G;
(iii) there are a function k € L (R") and a number m € R such that the inequality
la(r, &)l < k)(1+[EP)"2, xeR", E€G, (2.69)
holds.

Then the mapping A(x,D) : H*(R") — H*™(R") is continuous.
Proof. Due to Theorem 2.12 condition (ii) implies that
A(x, D) : %6 p(R") = ¥, p(R").

Condition (i), in accordance with Theorem 1.21, implies that ¥, ,,(R") is dense in
the Sobolev spaces H*(R") and H*~"(R"). Therefore, in order to prove the Theorem
we need to estimate the A(x, D) f(x), f € ¥5,,(R"), in the norms of the correspond-
ing Sobolev spaces. Recall that f € H*(R") if (1+ |[E?)*2F[f](§) € Ly(R™), or
equivalently, (I — A)*/?f(x) € Ly(R"). The norm of f € H*(R") is (see Parseval’s
equality (1.34))

LFIHS | = [(1+ 8172 F(f]|L2 ]| = 2m)"|[F [(1 + Iélz)s/zF[f]} L2 |-
Let f € ¥ ,(R") with supp f = Gy € G. Then, taking into account (2.63), one has

At DY H " = x| [(1+ ) ¥ FlAG D)) La]
—H/1+MI /'n EEIFINENE)e

where @(£, &) is defined in (2.64). Further, changing order of integration and using
substitution n — & = {, one can reduce (2.70) to

, (2.70)
Ly

[AGe, D)fIH ]| = (27)"

P [ 18+ EP)Y a8, D ag ] FIAE)

RV[

= llge, S)FIF1(E)Ls (271

Ly
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where

a8) = [(1+1E+EP)Falg. E)e ra.

Ka
Here K, is a compact set due to condition (ii). Further, it follows from condi-
tion (2.69) and equation (2.64) that
@)z, n
q < dx < 1 2 2.72
ACEN < s [ b Blax < TR gD @)

Moreover, for all &, { € R”, the inequality 1+ |& +n|> < 2(1+ |E[*)(1+[¢]?)

holds. Taking into account this inequality and estimate (2.72), one has

(V2)* " k() I,
(27)"

&) < (116D} [(1+1gP) T dg < c+IEP),

Kq

where C is a positive constant. Thanks to this estimate for g(x,&), it follows
from (2.71) that

IAG,D)fFIE ™| < CI(1+|EP)EFIF1(E)le, = CILFIH].

Theorem 2.15. Let 1 < p,q < oo, —oo < 5§ < +-o0. Let the set G C R" and the symbol

a(x, &) of a pseudodifferential operator A(x,D) satisfy the following conditions:

(a) my(R"\G) =0

(b) a(x,&) has a compact support K, in the variable x for all £ € G;

(c) for all x € K, and & € G there exist numbers s,1 € R and a constant Cy > 0,
such that

€1[Dga(x,&)| < Ca(1+ £} ,Ca > 0, <[T]+1.

Then
. . . . LA s )
(i) there exists a unique continuous extension A(x,D) : By, (R") — By, (R") of the
operator A(x,D);
(ii) there exists a unique continuous closed restriction A;(x,—D) : B;,g, (R") —
B;,‘;, (R™) of the operator A (x,—D) ;
(iii) the equality AS (x,—D) = A(D), where A} (=D) is the conjugate to A.(x,—D),
is valid.

2.6 YDOSS in spaces of periodic functions and periodic
distributions

In this section we briefly consider pseudo-differential operators with singular sym-
bols introduced above in the spaces of periodic functions and distributions.
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Let Z" be the n-dimensional integral lattice and T” be an n-dimensional torus,
namely T" = {x e R": |x;| < m,j=1,...,n} is an n-dimensional cube whose opp-
osite sides are identified. Let ¢ € L;(T") and its formal Fourier series is

o)~ Y @™, xeT", (2.73)
kezn

where @, k € Z", are Fourier coefficients of ¢, i.e.

o = (1) /T px)e .

Since ¢ € L (T") its Fourier coefficients are finite: |@¢| < (27)7"||@||z,. However,
the Fourier series on the right-hand side of (2.73), in general, may not converge to
@(x) in the norm of L; (T"). In fact, Kolmogorov [Kol26] constructed an example of
a function f € L|[—m, ] whose Fourier series is divergent everywhere on [—7, 7).
Even for continuous function its Fourier series may not converge (see Additional
Remarks to this chapter). In multidimensional case the situation is much more com-
plicated. Now, convergence of the Fourier series depends on how partial sums are
formed. We refer the reader to survey papers [Ste58, AP89, Weil2] where the con-
vergence of Fourier series in different norms (uniform, Ly, etc.) for various forms
of partial sums (spherical, cubic, rectangular, etc.) are discussed.

In order to avoid such difficulties we consider only functions @ € L(T"). In this
case the Fourier series on the right side of (2.73) converges to ¢(x) in the norm of
L, (T"), no matter how the corresponding partial sum is formed. The inner product
of f, g € L,(T") is denoted by (f,g). For f, g € L,(T"), Parseval’s equality reads

(f7g) = (277:)” 2 fkglm
kezn
which immediately implies the following relation for the norm:
IF1L2(T") = 27)" 3 1/l
kezn

The Sobolev space with the smoothness order s and denoted by Wy = W, (T") is
defined as the set of functions f € Ly(T"), such that

IFIWSIP = 3 (LK) [ fil® < eo.

keZ"

Now we develop periodic analogs of the spaces ¥ »(R") and 'Picz(Rn)- Let
9N, be the set of entire functions of the form

=

d(é) = z aa§2a7 é E]an

|o|=0

where ag > 0 and limy—e {/X|q|—¢da = 0. In other words, any function a € 9,
admits an analytic (entire) continuation to C".
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Definition 2.4. We introduce the space

Wi ={@ € Ly(T") : |ollz = Y a(k)|gx|* < o,V a € My},
kezn

where @, k € Z", are Fourier coefficients of ¢, and a(k) is the value of a(§) at the
lattice point k = (ki,...,k,) € Z". A sequence @y, (x) € Wy, is said to converge to
@ in W™ if for every a € M, the sequence || @, — ||« — 0.

Theorem 2.16. A function ¢ belongs to W,ﬂfr,,“ if and only if there exists integer N(@)
such that @, = 0 if |k| > N.

Proof. The sufficiency is obvious. Let us show the necessity. We will prove it by
contradiction. Let @ € L,(T"). Assume that for every natural N there exists k € Z"
such that |k| > N and @, # 0. We choose two sequences R; and o; which satisfy the
following conditions:

1) Rj — 00,1 — oo}
ii) 270:1 0;T] = oo, Where 7) = Zkezf |(Pk|2, Zf = {k cZ": R; < |k| < Rl+1}.

Let for k € Z} the inequality

nmy k2(x
ak)="Y, a7 = O (2.74)
o =my_y Rl

holds. This inequality can always be achieved by an appropriate choice of numbers
m;. Consider the function

0 ny 5205

=§m@=z X S

I=1|a|=m_ R

In fact, ao(&) is an entire function. Indeed, due to condition i) we have

1

1 2]a]
lim lim | —— =0,
koo || o0 RIZ\OC\

which shows that the radius of convergence of the power series expansion of ay is
infinite. Now taking into account assumptions i), ii), and inequality (2.74), we obtain

||(P|\a0 Zao |(Pk|2 szz |(Pk| >ZGITI oo,

lot|=0 =1keZ) I=
i.e., ¢ does not belong to Wrﬂf,,‘”.

Definition 2.5. Wi, is the space of linear continuous functionals defined on Wfr,,""
and endowed with the weak convergence. The value of f € W..,” on the element
¢ € W, will be written in the form < f, ¢ > .
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Let f € W;,,” and the series ), fre™ be its formal Fourier series. Here
fi=Q2rm) "< fx),e > kez"
One can show that this series converges to f in the weak sense and the equality

<f0>=02n)" Y, fap, @ €W,
keZ"

holds.

Theorem 2.17. Let s € R. Then the embedding Wg,” — W (T") is continuous and
dense.

Proof. Since the embeddings
W5 (T") < Lp(T") — W, *(T"), s>0,

are continuous and dense, it is sufficient to show that W,ﬂfr,,“ is continuously and
densely embedded to L, (T"). It follows from Theorem 2.16 that the convergence of
a sequence @y, to ¢ in WTT" is equivalent to the following:

(i) there exists a natural number N such that (plgm) =0forallk: |k| >N, and m =
1,2,...;

) |om—@oll, = 0, m — oo.

This immediately implies the continuity of the embedding in the theorem. Further,

suppose @ € Wy (T"). We take as the approximating sequence

on(x) = 2 Qe e Wi
k| <N

Then
lo—onlz, = 2n)" Y |o* (14 [k]*)* =0, N — eo.
[k| <N

Definition 2.6. Let A(k) : Z" — C be a discrete function defined on the integer lat-
tice Z". We define a pseudo-differential operator with the symbol A(k) by

AD)f(x) =Y A(k)fre™, xeT" (2.75)
kezn

Theorem 2.18. The space WTT" is invariant with respect to the operator A(D).
Moreover, the mapping A(D) : Wz, — Wi, is continuous.

Proof. Let f € W/, i.e. there is a natural number Ny, so that

f)=3Y fe™.

k| <Ny
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Then

S A(k) fe™ € Wi
[k[<Ny

Moreover, one has the estimate

IAD)flla =3, a®)[[AD)fIkI> = Y, ak)AK)PIfil* < CIIFIE,

kezZ ‘k‘ng

where C = max <y, |A(k)|. This inequality immediately implies the continuity of
the mapping A(D) : W™ — Wy,

Further, we determine a weak extension of A(D) to the dual space Wz, by the
formula

<A"(D)f,¢ >=<f,A(-D)¢ >, feWp", ¢cWp .

Theorem 2.18 implies the following corollary.

Corollary 2.19 W=,” is invariant with respect to the operator A" (D). Moreover,
the mapping
A"(D) : W™ — W™

is continuous.

Theorem 2.20. Let A(D) : W,,” — Wq,” be a pseudo-differential operator defined
in (2.75). This operator has a unique closed extension A(D) : W3 (T") — WA(T") if

and only if the condition |A(k)| < C(1+4 |k|?)'2,C >0,k € Z", is fulfilled.

Proof. Sufficiency. Let f € W, Then

[AD)fI7 = 2r)" Y |AK)PIfil>(1+ K>
kezn
"N CHALP L+ =CPIf3. (2.76)

kezn

If f € W5 (T"), then according to Theorem 2.17 there exists a sequence f,, € Wr,”
converging to f in the norm of Wy (T"). We put g = A(D) fi. Due to Theorem 2.18
gk € Wi It follows from (2.76) that ||gx — gmll; < Cka — fmlls- Since f;, is con-
vergent in Ws (T"), it follows that g,, is fundamental in W} (T"). Hence, there exists
a function g € Wy (T") such that A(D) f; — g in the norm of W3 (T"). We set Af = g.
It is easy to see that this definition does not depend on the choice of f,,,. Closing the
estimate (2.76) we obtain that A(D) is bounded.

Necessity. Assume that there is a sequence ky,N = 1,2,..., such that |ky| — oo,
and

A (k)| > N(1+ k)2 @.77)
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Consider the sequence of functions
Sy (x) = fi €™, x € T",

with fi, = (1 + |ky|?)~*/2. It is clear that || fy||; = 1 for all N, i.e., fy € W5. More-
over, due to inequality (2.77), one has the estimate

IAD)fwllF = @) |AGkN) | fiog (1 + [k ) > N2,

This estimate contradicts to the continuity of A(D).

2.7 Pseudo-differential operators with complex arguments

In this section we briefly discuss pseudodifferential operators with symbols a(&)
depending on complex variables § = ({j,...,{,) € C". If one follows the procedure

AD)u(z) = F~ [a(¢)Fu(¢)]] 2) 2.78)

for construction of classes of pseudo-differential operators, then one needs to know
what is the Fourier transform F and its inverse F~! for functions depending on
complex variables. There are two classical alternatives for the complex Fourier
transform: the Fourier-Laplace transform and the Borel transform. We have seen
the Fourier-Laplace transform, when we formulated the Paley-Wiener-Schwartz
theorem, Theorem 1.12. Below we introduce the Fourier-Laplace transform in gen-
eral case and establish a connection with the Borel transform. For simplicity we
show this connection in the case n = 1. Then we introduce a complex version of
the Fourier transform F, which actually is an extension of the Borel transform to
the class of analytic functionals. The operator F' is very convenient for construction
of pseudo-differential operators using the procedure (2.78). In Chapter 9 we will
go further and will study pseudo-differential operators and equations with singular
symbols depending on n complex variables.

Let &(C") be the space of entire analytic functions endowed with the topol-
ogy of uniform convergence. Taking a sequence of compacts K, C C", such that
K, C K11, and C" = U;;_,K,, and introducing Banach spaces .7, of functions f
analytic in a neighborhood of K, with the norm || f|.<7,| = maxg, |f(z)|, one can
see that &(C") can be represented as the inductive limit of <7,. Therefore, due to
Proposition 1.21 &/(C") is a locally convex topological vector space of Fréchet type.
The conjugate space of &'(C") with the weak topology is called analyric functionals
and denoted by ¢ (C"). The value of it € & (C") on f € 0(C") we denote by ()
or < U, f > . For each analytic functional u there exists a compact set K, determin-
ing  (see, [Hor90]). Also, linear combinations of functions of the form exp(z, §),
where § € C" and (z,§) =z 81 + - - - + 24§y, form a dense subset of &(C") [Hor90].
Let Exp(C") be the space of entire functions of finite exponential type, that is

Exp((cn) = {f c ﬁ((cn) : |f| < Cerl\z1\+...+rn\z,,\},
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with some constant C > 0 and r = (rq,...,r,), r1 > 0,...,r, > 0. Taking a sequence
r) = (r’l‘,..,rf,k)),k: 1,2,..., such that r’]?“ > rﬁk),j: 1,...,n, and ¥ — oo, as
k — oo, one has a sequence of Banach spaces

(k) (
Zi={f € 0(C): |f] < Gt ltinlaly,

with the norm || f|2k|| = sup.cc» (e’rgk)‘z“"””’(“k)‘z"‘|f(z)|). It is easy to see that
2k C Zi41 1s a continuous inclusion for each k, and Exp(C") is the inductive limit
of 2. Hence, Exp(C") is a locally convex topological vector space of Fréchet type.
The conjugate of Exp(C") denoted by Exp' (C") with the weak topology is called a
space of exponential functionals.

Definition 2.7. The Fourier-Laplace transform of an analytic functional u is
fi(8) = u(exp(z, ) =< pu(z),exp(z,¢) >, §€C"

The Fourier-Laplace transform of i € & ' (C™) is well defined due to above-mentioned
denseness of linear combinations of exp (z,{) in &(C"). Moreover, one can readily
see that fi({) is an entire analytic function (see, e.g., [Hor90]).

Further, assume n = 1. By definition, the Borel transform B[f] of an entire func-
tion f € Exp(C) with the power series representation

f@:imk (2.79)
k=0
is
> apk!
Bmm:%%q (2.80)

The series in (2.80) converges absolutely if |{| > r, where r is the exponential type
of f. Indeed, for coefficients a; of f, an entire function of exponential type 7, one
has the estimate [Leo76]
k k
ef(r+e)
Kk

where € is an arbitrary positive number. Using Stirling’s inequality k! < e' ~*v/kk¥,
it follows from (2.81) that

] < 2.81)

Klad _ e p(r+e)t
s |¢|\/E< 4 ) ’

for all k sufficiently large. Hence, for the absolute convergence of (2.80), one needs

lim

k—yoo

(k!|ak| )1/k7 r+¢e ]

= <
[4ian [9
which yields |§]| > r.
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The inverse Borel transform is given by (see, e.g., [Hor90, Leo76])

f(z) 27rz/B Jexp(z8)d¢, ze€C, (2.82)

where the closed contour ¥ lies in the region |§| > r. For a function g analytic in the
domain |§| > r the expression

L) = 5 [s©exp(g)ag, zec,

2mi . Y

defines a linear functional. The latter can be extended to an analytic functional with
defining compact K = {{ : |§| < r} [Hor90], that is L[g](z) =< g,exp(z,{) >.
Therefore, one can rewrite formula (2.82) for the inverse Borel transform in the
form

f(2) =<B[f1(§),exp(z§) >, || >r,

In other words, the inverse Borel transform is the Fourier-Laplace transform.

Proposition 2.2. Let f € 2. Then for its Borel transform B[f]({) the estimate

(k+l)‘

Ce"

IB[f1(E)] < =

||f|<%/}<+1 ||7 |C| >, (283)

holds.

Proof. First we obtain an estimate for the coefficients a; of the power series repre-
sentation of f. Using the relation [GR09]

_ f(€)dg

aj=— 4
Y Cl=r G

j=0,1,...,

where r®) < r < F**1) one has

f(Q)e *edl

1 i
= 5 - <C|lf1X =l
|a}| 27‘[’ IC|=r C/Jrl = Hf| k+1||j!€

(k+1) ‘Z‘

r .
§C||f|Xk+1||7€ j=0,1,....

Taking this into account, for |§| > r,

- |]' C pk+1) I J
g T < 7l 11 Xeralle™ 2 (ﬂ)

obtaining (2.83).
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Example 2.3. An entire function f of the form
f(z) =cre+ - 4 cpe* (2.84)

is called a quasi-polynomial. We want to find the Borel transform of f. Since the
Borel transform is a linear operator, it suffices to calculate B[e®?]({). Using the Tay-
lor expansion of the exponential function %%, one can easily obtain that B[e%*]({) =
(¢ —a)~'. Hence, the Borel transform of the quasi-polynomial f in (2.84) is

m
ci
BIfI(§) =Y, . ¢|>max{ai,....an}.
= C—ay
i=
Let a € 0(C") with a power series representation a({) = Ziol=0 coC*. Define a
differential operator of infinite order a(D), where D = a%v e 3%1) , in the form
a(D)= Y caD". (2.85)
|a[=0
Proposition 2.3. Let a € 0(C"). Then the mapping
a(D) : Exp(C") — Exp(C") (2.86)

is continuous.

Proof. Let f € Exp(C"). Applying the operator a(D) in (2.85) to f one has a(D) €
¢(C"). This immediately follows from the fact that any analytic function f satisfies
the Cauchy-Riemann equationd;f =0, j=1,...,n. Applying the Cauchy-Riemann
operator d ; to a(D) f, one has

=

3,laD)f@)] =Y, caD%d,;f(2) =0, j=1,....n,

|a[=0

which yields a(D) f € &(C").
Further, let f € Exp(C"). Then f € 2} C Zj41 for some k € N. We show that
1a(D)f| Zesrl| < ClLf 1 Zesrll, (2.87)
which implies that a(D) f € Exp(C"). We have
S S 1 a(§)d¢
aD)f(z) = caD%f(z) = D%f(z —/ —
I \a\z:o DI \06\2:0 ( )[(2771)” (0,0 got!
s DY) [ o! / a(C)dC}
a!  L@2mi)" Jnomy ot

b O;Z(Z) é,iﬁl)a(é’)d{. (2.88)

=0

= @ o (
o (2mi)" 1(0,-%))

B
M
o



2.7 Pseudo-differential operators with complex arguments 109
Here I1(0, r(k>) is the polydisc with the center 0 and polyradius r%)_ The expression

i D%f(z) o!

o! Coc+1

|oe|=0
is the Borel transform of the entire function

h(w) = i mw“, weC",

=0 o!
which is related to f through h(u) = f(u+ z). Therefore, (2.88) takes the form

ADIE) = T oy, B N1,

Due to Proposition 2.2, it follows from the latter that

(k+l)‘

r z+u|

e k+l)‘z‘
)

/ r(
(D) @) < Congalal 12 |y <€ M1 2l

(
ey =

implying estimate (2.87).

Finally, to show the continuity of the mapping (2.86) we assume that a sequence
fm € Exp(C™) converges to zero in the topology of Exp(C"). That is, fi, € Zi+1
for some k for all m € N, and f,, — 0 in the norm of %}. Due to estimate (2.87),
one has

|a(D) fil Zics1 | < Cllful Zica || =0,

as m — oo, hence a(D) f;, — 0 in the topology of Exp(C").

Proposition 2.4. Let a € G(C"). Then the mapping a(—D) : Exp (C") — Exp (C")
is continuous.

Proof. The proof follows from Proposition 2.3 by duality, since
<a(-D)f, ¢ >=< f,a(D)¢p >
for arbitrary f € Exp (C") and @ € Exp(C").
The following propositions can be proved similar to Propositions 2.3 and 2.4.

Proposition 2.5. Let a € Exp(C"). Then the mapping a(D) : 0(C") — O(C") is
continuous.

Proposition 2.6. Let a € Exp(C"). The mapping a(—D) : € (C") — &' (C") is also
continuous.
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Definition 2.8. Let f € €(C"). Then the exponential functional
J(§) = @n)"f(=D)8(8) (2.89)

is called a Fourier transform of the analytic function f. Similarly, if f € Exp(C"),
then the analytic functional f (&) defined by the same formula in (2.89) is called a
Fourier transform of the entire function of a finite exponential type f. In either case
we use both notations () and F|[f]({) for the Fourier transform of f.

Proposition 2.7. The following statements hold:

1. The mappings F : 0(C") — Exp (C") and F : Exp(C") — &' (C") are continu-
ous;

2. If f € Exp(C"), then F[f] = (2r)"B|[f], where B[f] is the Borel transform of f,

3. The inverse Fourier transform F~' satisfies the relation

FUAGR) = f(z) = @r) ™" < fLexp(z,8) >,
where f = F[f].

Proof. Part 1 immediately follows from Propositions 2.4 and 2.6. To prove Part
2, suppose f is an entire function of a finite exponential type, that is satisfies the
condition | f(z)| < Ce'tltl++mlanl \where r| > 0,...,r, > 0. We show that in this
case the equality < F[f],¢ >= (2m)" < B[f], ¢ > holds for an arbitrary function

@ € 0(C"). Indeed, let ag, = iy Using the Taylor expansion of f, one has

ol

<Ff(6),0(8) >=(2m)" < i ag(=D)*8(8),0(8) >

=0

—@n)" S ag < 8(0),D%(C) >
o|=0

oo

=(2nm)" Y aeD%p(0). (2.90)
|a|=0

Due to the Cauchy formula,

D%¢(0) = (27ri)’"a!/y(p

where Y=y ® - - - ® 7, the direct product of closed contours ¥;, j =1, ... ,n, contain-
ing the discs |§;| <rj,j=1,...,n, respectively, and oo +1 = (a1 +1,..., 0, + 1).
Using this fact in (2.90), and taking into account the absolute and uniform conver-
gence of the series ¥, aq0!E %! outside of the polydisc IT(0,r) = @i {1g] <

3

(£)d¢
Ca+l

rj} with the center at the origin and polyradius r = (ry,...,r,), one obtains
1 - dgO! _ "
<FUQ0) > g [ ( 3 7657 o(0ag = m)" < B 0(0) >,

as desired.
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To show Part 3, one has

1
(27)

< frexp(z, ) > =< f(=Dg)8(¢),exp(z. §) >

=< 08(8),f(Dg)exp(z, §) >=< 86(8), f(z)exp(z,§) >
= f(z) < 6(8),exp(z,8) >= f(2).

Remark 2.5. Proposition 2.7 Part 2 shows that the complex Fourier transform F int-
roduced in Definition 2.8 is an extension of the Borel transform to the space of
exponential functionals Exp’(C"). Part 3 of this proposition says that the inverse of
the complex Fourier transform is exactly the Fourier-Laplace transform, that is

1
(2m)"

F'g(O))z) = < g(8),els) >, 2.91)

Formula (2.91) can be used to prove shift, similarity, and delay properties of com-
plex Fourier transform. Indeed, for a € C", one has

Ffl[e*(aﬁ)F[f]](z) - @ < e*(“’C)F[f],e(Z’C) >— @ < F[f]7e(C,zfa) >
= f(z—a).

This implies the shift formula: F[f(z — a)](§) = "¢ F[f]({). Similarly, one can
easily verify that

1
FIB)(E) = FIA(S). beT.b#0,
and
Fl&“If@)(Q) = FIfI({ —a), acC". (2.92)

The following properties of the complex Fourier transform also follow from the
definition of F and Proposition 2.7:
1. Flaf +bg)(§) = aF[f](§) + bF[g]({), for any constants a,b € C;
2. FIDZf1(6) = C*F[f1(S);
3. F[EYS1(E) = (=Dg)“F[f1(E);
Further properties of the complex Fourier transform in some Banach spaces of ana-
Iytic and exponential functions and functionals will be discussed in Chapter 9.

Example 2.4. 1. Let f(z) =1 € O(C"). Then F[1]({) = (27)"6(&).
2. Let f(z) = e %,z € C. Then

Fle9)(8) = 2mexp(D)3() = 2 EOIL,@
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This is an analytic (or exponential) functional acting on analytic (or exponential)
functions. The formula (2.92) shows that this functional can be written in the

form Fle ?|(§) =2m6({ +1) =2m6-1(§), or

<F[e(6), 0(8) >=2mp(L— 1)

for arbitrary entire (or exponential) function ¢({).

3. Now let f(z) = exp(z?). This function does not belong to Exp(C), but is an entire
function. Therefore, we find its Fourier transform as of an element of &'(C). Due
to Proposition 2.7 the Fourier transform of f is an analytic functional, that is
F [ezz](é’ ) € Exp'(C). We use the following representation for the Dirac delta
function [Dub96]:

1 —aD? ¢

= 2\/ﬁe g[eiT]. (2.93)

2
Applying the operator 27’ to both sides of (2.93) with a = 1, we have

d(¢)

CZ

FI&)() =Vme ™, (eC,

obtaining the complex analog of relation (1.13).

2.8 Functional calculus with singular symbols

Previous sections discussed pseudo-differential operators with singular symbols in
various cases. In this section we develop the abstract theory of pseudo-differential
operators with singular symbols. In the abstract case we assume that singularities
occur in the spectrum of a generic operator A defined on a Banach space. Let X be
a reflexive Banach space with a norm ||v||,v € X. Let A be a closed linear operator
with a domain & (A) dense in X and with a spectrum o(A) C C. We assume that
o(A) is not empty.

We will develop an operator calculus f(A) for analytic functions f(4) in an open
domain G C C. If G contains 6(A), then we define

)= [ @A, 294

where Vv is a contour in G containing 6(A), and Z({, <), { € C\ o(), is the
resolvent operator of A.

In the case when f has singular points in the spectrum ¢ (A) of the operator A
the construction in equation (2.94) is invalid. Below we show how f(A) can be
constructed in presence of singularities of f in the spectrum ¢ (A). Assume that G is
an open set in C not necessarily containing 6(A). Further, let 0 < r < 4ecand v < r.
Denote by Exp, , (X) the set of elements u € N> Z (AF) satisfying the inequalities
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|Aku|| < Cv* for all k = 1,2,..., with a constant C > 0 not depending on k. An
element u € Exp, , (X) is said to be a vector of exponential type v. A sequence of
elements u,, n=1,2,..., is said to converge to an element ug € Expy , (X) if:

1) All the vectors u,, are of exponential type v < r, and
2) ||un —up|| = 0, n — oo

Obviously, Expy y, (X) C Expy y,(X), if vi < va. Let Exp, ,(X) be the inductive
limit of spaces Epr’v(X) when v — r. For basic notions of topological vector
spaces including inductive and projective limits we refer the reader to [R64]. Set
Aj =A—AI, where A € G, and denote Exp, 5 (X) = {u; € X :uy € Expy, (X)},
with the induced topology. Finally, for arbitrary G C 6(A), denote by Exp, (X) the
space whose elements are the locally finite sums of elements in Exp, ,.; (X), A €
G, r < dist(A,dG), with the corresponding topology. Namely, any u € Exp, (X),
by definition, has a representation u = ¥, u; with a finite sum. It is clear that
Epr7G(X) is a subspace of the space of vectors of exponential type if r < oo, and
coincides with it if = 4-eo. Exp, (X) is an abstract analog of the space ¥ ,(R)
introduced in Chapter 1, where A = —i%, GCR, X=L,(R), 1 < p <eco. Inthe
case A = —i%, X = L(R), the corresponding space is H*(G) [Dub82].

Further, let f(4) be an analytic function on G, represented as a finite sum. Then
for u € Exp, (X) with the representation u = Y3 cquy, up € Expy , 5 (X), the
operator f(A) is defined by the formula

= f(n)
FAu="Y fr(A)uy, where f;(A)uz =Y, ! E)L)(A—AI)”M;L. (2.95)
n=0 :

AEG n

In other words, each f; represents f locally in a neighborhood of A € G, and for u;,
the operator f (A) is well defined.
Additionally assume that there exists a one-parameter family of bounded invert-
ible operators
Uy, X—X (2.96)

such that AU, — U, A = AU,,, or the same

A—-AI=U,AU; ', A €o(A). (2.97)
Obviously, Uy maps Expy 5 (X) onto Expy »(X) and it is a bijective mapping.
Example 2.5. For example,if X =L, =[,(R) and A = —i% : L, — L, with domain

P(A) ={vE Ly:Av € Ly}, then the operators Uy, : v(x) — e**v(x) satisfy

AUy v(x) = —i% (e™u(x)) = A p(x) — ,-eiw;’_)vc

= AU v(x) + Uy Av(x),
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obtaining (2.97). The relationship A — Al = U, AU 1 ! follows from the latter mul-
tiplying from the right by the inverse operator U, !, which is the multiplication

operator by ¢ iA*,

This example tells us that condition (2.97) is essentially a shift of the spectrum of
operator A to A. It follows from equation (2.97) that (A — A1)" = U, AU, ! for all
n=1,2,..., yielding

= fln)(),
fAu=3Y73 f nf )U;LA"U;‘M =Y U f(A)U; 'y,

reG

Let X* denote the dual of X, and A* : X* — X* be the operator adjoint to A.
Further, denote by Expy« - (X*) the space of linear continuous functionals defined
on Epr!G(X), with respect to weak convergence. Specifically, a sequence u}, €

Exp;‘*’(;* (X*) converges to an element u* € Exp;‘*’(;* (X*) if for all v € Exp, (X)
the convergence < u;, — u,v >— 0 holds as m — eo. For an analytic function f"
defined on G* = {z € C: 7 € G}, we define a weak extension of f(A) as follows:

<A u>=<u’, f(A)u >, Vu € Expy 6(X),
where u* € Exp;‘*!G* (X*).

Lemma 2.3. Let X be a reflexive Banach space and A be a closed operator defined
on 2(A) C X. Let f be an analytic function defined on an open connected set G C C.
Then the following mappings are well defined and continuous:

1. f(A): EXpA,G(X) - EXPA7G(X)5
2. fY(A") : Expys - (X*) — Expy- G- (X*).

Proof. We will prove that f(A) maps Exp, ;(X) into itself. Let u € Exp, (X) has
arepresentationu = 35 uy,, u; € Exp, ,,(X). Then for f(A)u defined in (2.95), one
has the following estimate

= n A,
148 Al < 3 B 4 anrat g < evilu . (2.98)
n=0

n!

with some v < r. It follows that f; (A)u; € Expy, ,(X) with the same v. Hence,
f(A)u has a representation ¥ wy, where wy = f; (A)u; € Exp,, ,(X), and there-
fore f(A)u € Expy (X). The estimate (2.98) also implies continuity of the mapping
f(A) in the topology of Exp, 5(X).

Now assume that a sequence u}; € Exp;ﬁ’G* (X*) converges to 0 in the weak topol-
ogy of Exp;ﬁ’G* (X*). Then for arbitrary u € Exp, (X) we have
< AN Uy u >=<u), f(A)u >=<u),v>,

where v = f(A)u € Exp, (X) due to the first part of the proof. Hence, " (A*)uj, —
0, as n — o, in the weak topology of Exp;ﬁ’G* (X*).
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Remark 2.6. Note that if 6(A) is discrete then the space Exp, 5(X) consists of the
root lineals of eigenvectors corresponding to the part of 0(A) with nonempty inter-
section with G. If the spectrum ¢ (A) is empty, then an additional investigation is
required for solution spaces to be nontrivial [Uma88].

Definition 2.9. Let 2 be a topological vector space and two operators A and B lin-
ear operators mapping 2 into 2. Let X and X, be closed subspaces of 2. Sup-
pose, there is a linear bounded invertible operator U defined on 2", with bounded
inverse U~!, and U : X; — X, such that A = UBU . Then operators A and B are
called similar and U is called a transformation operator for A and B. If U is unitary,
then A and B are called unitary equivalent.

Example 2.6. 1. The operator U, defined in equations (2.96) and (2.97) is a trans-
formation operator for similar operators A — Al and A. Here 2" = Exps g(X),
X1 = Expa, v(X), and X = Expa v (X).

2. Let P(D), D=—i(d/dxy,...,d/dx,) be a differential operator and p() its sym-
bol. Then for all f € 4(R") one has P(D)f = F~'[p(§)F[f]], where F is the
Fourier transform. Hence, the differential operator P(D) and the multiplication
operator by p(&) are unitary equivalent with the transformation operator F.

3. Let 2" = C'[0,%) with the topology of uniform convergence on any compact

interval in [0,e0). Consider operators A; = —% +q(x), j=1,2, where q; €
C[0,). Further, let X; = {f € 2 : f (0) = o; f(0)}, otj € C, j= 1,2, and 0y #
op. Then operators A; and A, are similar with the transformation operator

X
USW) = W)+ [ Ke)f0dy. e o),
where the kernel K (x,y) satisfies the partial differential equation

K — Ky = (qZ()’) - qz(x))K,

and conditions:

K() = (= o)+ 3 [ 1)~ ),

dK(x,0)

T 04K (x,0) = 0.

For the proof the reader is referred to [LS70], where many other examples, simi-
lar operators, and their applications to harmonic analysis can be found.

It follows from Definition 2.9 that if A and B are similar with the transforma-
tion operator U, then operators A" and B" are similar for any n € N with the same
transformation operator U, namely

A"=UB'U™", n=23,.... (2.99)

This implies the following proposition
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Proposition 2.8. Let operators A and B are similar. Then

1. the spaces Expa (X ) and Expp (X) are isomorphic;
2. for any f analytic in G both mappings f(A) : Expac(X) = Expac(X) and
f(B) : Expp.(X) = Expp c(X) are continuous simultaneously.

Proof. Letu € Expay(X). Thenw = U~'u € Expg y(X). Indeed, using (2.99) we
have

1B"w] = [lU™A"Uw]| = [U'A"u]| < C||A"ul| < Crv"Jul| < Cv"|[wll,
which implies both statements of the proposal.

Further, let I, 4 be a projection operator of the space X to a subspace Expy y 3
(X), 2 € G, v < dist(A,dG). We want to build a projector-valued measure E with
the help of IT,, ;. It is easy to see that o(IT, 5 ) C Dy(A), where Dy (4) C G is the
disc with the radius v and center A. Let £ be a union of finite number nonintersect-
ing discs Dy (4;), j=1,...,M. We set E(Q)=E|+...+Ey, where E; = IT,, 3,
It is evident that £(€) is a projector and if £2; N €2, = 0, then

E(Q))0E()) =0, and E(QUQ) =E(Q))+E(,). (2.100)

Let X be the smallest o-algebra containing all possible finite unions of discs
D,(1). Due to conditions (2.100) there exists an extension of £ to X, which is
denoted by E.

Lemma 2.4. Let E(6(A) \ G) = O and Dy(0) "o (A)NG C U7_; Dy, (4;), where
Aj € G, rj <dist(Aj,G), j > 1. Then the limit

lim ||ITy0— (E1+...+Ey)| =0
M—o0

holds.
Proof. We set .
u= |J Dr4)).
j=M+1
Taking into account
m, = —(2mi) ! Ry (A)dA,

Ivye

where R (A) is the resolvent of A and I, = dDy1(0) is the circle of the radius
v + €, and the condition of the lemma, we have

M
i g = 3B = fim [E(40)]l = [E((0(4)\G)NKu(0)| =0
J=

In the theorem below Exp4(X) is the space of vectors of exponential type, cor-
responding to the operator A, and G = C.



2.9 Additional notes 117

Theorem 2.21. For density of the space Expa (X ) in Expa(X) it is sufficient (if X
is a Hilbert space, then it is necessary) that E(6(A)\ G) = 6.

Proof. Sufficiency. Let x € Exps(X), i.e., there exists v > 0, such that
X € Epr7v7o(X). We set xyr = (El +... +EM)X. It is clear that xy; € Eprg(X).
Moreover, it follows from Lemma 2.4 that xp; — x as M — o in the norm of X.

Necessity. Suppose that X is a Hilbert space and E(o(A) \ G) = E° > ©. One can
find a number v such that 0 # x € (E° oI, o)X . For arbitrary element y € Exps ¢(X)
we have

e =yIX 12 = (r =y, —y) = X |[* = 22m(x,y) + |yIX > > [|o|X %,
since due to the selection of x the equality (x,y) = 0 holds.

Denote by 7 the class of operators for which Exp,(X) is dense in X. For ins-
tance, it is known [39,41] that if A is a generator of a bounded strongly continuous
group of operators, then Exp, (X) is dense in X. Theorem 2.21 implies the following
statement.

Theorem 2.22. Let A € o7 . For density of Expa g(X) in X it is sufficient (if X is a
Hilbert space, then it is necessary also) that E(c(A) \ G) = O.

2.9 Additional notes

1. Pseudo-differential operators in its modern form first was introduced by Kohn and Nirenberg
[KN65] and Hormander [Hor65]. The algebra of pseudo-differential operators constructed
in these works, which now became classic, contained differential operators, singular inte-
gral operators of Calderon and Zygmund [CZ58], and parametrices of elliptic operators.
A symbol a(x, &) of such a pseudo-differential operator was assumed to be infinite differ-
entiable on co-tangent bundle of €, that is a(x,&) € C*(2 x R"). The class of symbols of
pseudo-differential operators of order m was denoted by $™(£2). Hormander [Hor68] also
introduced the class of symbols SZ; 5(€2) containing parametrices of hypo-elliptic operators.
Many researchers contributed to the classic theory of pseudo-differential operators; see, for
instance, books [Hor83, Tay81, Tre80, Shu78, Ego67, RSc82] and the references therein.
Pseudo-differential operators with non-smooth or singular symbols were studied by Cordes and
Williams [CW77], Plamenevskii [Pla86], and Dubinskii [Dub82], using different approaches.
Cordess and Williams used abstract algebra methods for construction of pseudo-differential
operators with non-regular symbols. Plamenevskii considered symbols with pole type singu-
larities and used the Mellin transform to build corresponding pseudo-differential operators.
Dubinskii used differential operators of infinite order for construction of pseudo-differential
operators. The corresponding symbols are defined on a domain G C R” and locally ana-
lytic functions, with arbitrary type of singularities on the boundary of G. For properties of
such defined pseudo-differential operators and their applications, we refer the reader to books
[Dub91, VH94]. Our approach developed in this chapter combines the ideas of differential op-
erators of infinite order with the original form of pseudo-differential operators, and considered
in the papers [Uma97, Uma98, GLUOO]. In Chapter 9 of this book we will also present a ver-
sion of complex pseudo-differential operators with analytic and meromorphic symbols studied
in the papers [Uma91-1, Uma91-2, Uma92, Umal4]. There we will apply this theory to general
boundary value problems for systems of complex pseudo-differential operators.
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2. Hypersingular Integrals. A class of pseudo-differential operators, qualified as ¥DOSS, is given
by hypersingular integrals [Sam80, Rub96]. An example of such operators is the operator

1 Alf(x)
DEF0) =~ g6 /R Ly 0<a<l

introduced in Example 2.2 with the symbol —|&|% (see Proposition 3.4 in Chapter 3). This op-
erator is a model case of the class of hypersingular integrals. The general form of hypersingular
integrals is

Aaf(x)=/n7(b‘m o/ )dy, a>0,

|y‘n+oc

where ®(x) is a kernel function defined on the unit sphere and satisfying some conditions. The
symbol of A, has the representation through the surface integral [Sam80]:

(n+

01, (8) = | o). o) sien(&, 0)do

(QH)TF(IT )Z

where X,_; is the unit sphere in R” with the center at the origin, and (x,0) = X101+ +x,0p.
Hypersingular integrals with variable o(x) are studied by Almeida and Samko in their recent
paper [AS09]. These hypersingular integrals are examples of variable fractional order differen-
tial operators. In Chapter 3 we will introduce time-variable fractional order derivatives. Variable
order fractional derivatives based on the Liouville-Riemann fractional derivative were studied
by Lorenzo and Hurtley in [LHO2]. Variable order derivatives based on the Caputo-Djrbashian
fractional derivative, their memory properties, and the Cauchy problem for associated differen-
tial equations are studied in [US09] by Umarov and Steinberg. In Chapter 3 we also introduce
a pseudo-differential operator of the form

2
0= [ Dffwdp(e), xew,

where p is a finite measure defined on the interval [0,2]. This operator, called a distributed
order differential operator, has the symbol

- [lerapte), ¢ew.

3. Another interesting class of pseudo-differential operators, also containing D{, consists of in-
finitesimal generators of strongly continuous semigroups, associated with, so-called, Feller
processes, discussed, for instance, in Applebaum [App09], Jacob [JacO1], Jacob and Schilling
[JSc02], and Hoh [HohOO]. These operators have the following generic form [App09, JSc02]

00 &, Fow
ox;  ox;dx

A@(x) = co(x)@(x) + ;b_l( x)

jk=
+ Lo [0 —<p(X)—X\y\g(y)(V<P(X)~,y)]dV(y)7 @.101)

where functions ¢g and b, j=1,...,n, are continuous from R" to R, such that ¢ (x) < 0 for all
x € R"; mappings a;; : R" - R, i, j=1,...,n, such that each (a;;(x)) is a positive symmetric
matrix for each x € R” and the map x — (y,a(x)y) is upper semicontinuous for each y € R";
v is a Lévy measure, that is a measure satisfying the condition [, min(1,|x|?)dv(x) < o; and
Xly<1(y) is the indicator function of the unit ball B;(0) C Ry. Symbols of these operators are
not differentiable, therefore, according to our terminology, these operators can be classified
as ¥DOSS. The symbol corresponding to the operator A in (2.101) has the form (see, e.g.,
[JSc02])
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P&) = eo(x) + (b(x). &) — (/ (1)5.£)
JEN) |
+~/]R"\{0}[ Vel XMSQ’)(&Y)] dv(y)

Symbols of this form, by construction, are negative definite. By definition, a continuous func-
tion ¢ (&) defined on R” is called negative definite, if for any &;,...,&, € R" and zy, ...,z, € C,
the inequality

m

> (6 +0(&) — (& —&)lzjz > 0

Jok=1

holds. It turns out that the class of negative definite symbols is in one-to-one correspondence
with the class of pseudo-differential operators which are infinitesimal generators of strongly
continuous semigroups. We refer the reader to [App09, JacO1] for further properties of oper-
ators of the form (2.101) and their relation with stochastic processes. We will return to these
operators in Chapter 7 in connection with fractional Fokker-Planck-Kolmogorov equations.
Taira [Tai91] considered boundary value problems to describe Markovian diffusion processes
in a bounded domain.

4. The Fourier transform plays a vital role in the theory of pseudo-differential operators of real
variables. A pseudo-differential operator A(D) with the symbol A(&) in Definition 2.2 can be
written in the form A(D) f = F~'[A(E)F][f]], that is both direct and inverse Fourier transforms
are involved. Therefore, introduction of a complex Fourier transform with properties similar to
the real Fourier transform, and for which the inverse Fourier transform is explicitly determined,
would allow to develop complex theory of pseudo-differential operators. In 1984 Dubinskii
[Dub84] introduced a complex Fourier transform of a complex function in the form

FAI(G) = f(=D)8(E). (2.102)

This Fourier transform inherits many properties of the real Fourier transform and was used
for the construction of PsDO with analytic symbols [Dub84, Dub90, Dub96]. The complex
Fourier transform F defined in Section 2.7 is equivalent to (2.102) and differs from it only by
the constant factor (27)". Due to this constant factor the complex Fourier transform becomes
consistent with its real version (1.8), thus generalizing it. In Chapter 9 we apply the complex
Fourier transform F to develop complex ¥'DOSS with meromorphic symbols and study sys-
tems of pseudo-differential equations.

5. In Section 2.8 we introduced the Frechet type topological vector space Exps (X ) and its dual

Exp;{G(X ), where G is an open subset of the complex plain C. These spaces represent an
abstract modification of the space ¥ ,(R") and y-distributions 'f’é_’p(R”). In the particular

case G = C the spaces Expy c(X) and Epr_C(X ) were used in [Rad82] as solution spaces of
the Cauchy problem for abstract differential-operator equations. We note that in some particular
cases of the operator A the space Exps (X), and hence its dual can effectively be described.
Below we consider some examples of such operators. Let A be a linear closed operator defined
in a Hilbert space H, that is ©(A) C H. A is called normal, if A*A = A*A. For any normal
operator there exists an operator-valued measure E , such that

A= [ dE,
G(A)

where o (A) is the spectrum of A. The widest class of operators, for which a spectral decom-
position formula holds true, is the class of spectral operators studied by Dunford and Schwartz
[DS88]. Spectral operators defined in a Banach space X, in general, have the form A = S+ N
(see [DS88]), where S is the spectral part, and N is the quasi-nilpotent part of A. If A is a spec-
tral operator, then for any function f analytic in a neighborhood of the spectrum of the spectral
part S, the representation
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fau=3 "0 [ fOE@s)
=0 ol
holds for all u € X in the domain of f(A). In particular, if f(s) = 5", then
Alu= z (Z)Nk / S"FE(ds)u.

k=0 o)

We show that u € Expa v (X) if u = E(|s| < v —&)x, where x € X, for some € > 0. Indeed, this
follows from the following estimate

n

n n
< 3 ()| [ st < (04 ) el < v,
k=0
ls|<v—e
since the norm of a quasi-nilpotent operator is arbitrarily small ([DS88]), |N|| < &, where
0<dé<e.



Chapter 3

Fractional calculus and fractional order
operators

3.1 Introduction

Fractional order differential equations are an efficient tool to model various processes
arising in science and engineering. Fractional models adequately reflect subtle inter-
nal properties, such as memory or hereditary properties, of complex processes that
the classical integer order models neglect. In this chapter we will discuss the theo-
retical background of fractional modeling, that is the fractional calculus, including
recent developments - distributed and variable fractional order differential operators.

Fractional order derivatives interpolate integer order derivatives to real (not
necessarily fractional) or complex order derivatives. There are different types of
fractional derivatives not always equivalent. The first attempt to develop the frac-
tional calculus systematically was taken by Liouville (1832) and Riemann (1847)
in the first half of the nineteenth century, even though discussions on non-integer
order derivatives had been started long ago.! In the 1870s Letnikov and Griinwald
independently used an approach for the definition of the fractional order derivative
and integral different from that of Riemann and Liouville. The Cauchy problem
for fractional order differential equations with the Riemann-Liouville derivative is
not well posed (Section 3.3), that is the Cauchy problem in this case is unphysical.
In the 1960s Caputo and Djrbashian introduced independently, so-called, a regu-
larization of the Riemann-Liouville fractional derivative, which was later named a
fractional derivative in the sense of Caputo-Djrbashian (Section 3.5). The useful-
ness of the Caputo-Djrbashian derivative is that the Cauchy problem for fractional
order differential equations with the Caputo-Djrbashian derivative is well posed.
Thus the definition used by Caputo and Djrbashian returned the “physicality” of the

! The first existing documented record on fractional derivatives goes back to year 1695. Leibniz
in his letter (dated September 30, 1695) to L’'Hdopital wrote on the derivative of order 1/2 of the
function f(t) =1.

© Springer International Publishing Switzerland 2015 121
S. Umarov, Introduction to Fractional and Pseudo-Differential Equations

with Singular Symbols, Developments in Mathematics 41,

DOI 10.1007/978-3-319-20771-1_3



122 3 Fractional calculus and fractional order operators

Cauchy problem for fractional order differential equations. For the detailed history
of fractional calculus, we refer the reader to books [0OS74, SKM&7].

Starting from the 1960s an intensive growth of the fractional modeling has been
observed. A number of new approaches have been developed and extensive appli-
cations in various fields have been found. Sections 3.11, 3.12 present two novel
concepts appeared relatively recently, namely distributed and variable order frac-
tional differential operators. Initial and boundary value problems with distributed
and variable order differential operators and their applications will be discussed
in Chapters 6-8. Distributed order differential equations model ultraslow diffusion
[CGSGO03, MSO06], fractional kinetics with accelerating super-diffusion and decel-
erating sub-diffusion, macromolecule movement in cell membrane [SJ97, AUS06],
etc. They model stochastic processes with mixed diffusion regimes; see Chapter 7.
Variable order differential equations are used in modeling of processes arising in vis-
coelastic materials [LHO2], in modeling of relaxation processes and reaction kinet-
ics of proteins [GN95], in the study of rheological properties of fluids [KM67], etc.

What is a fractional order derivative and what is the key idea behind the definition
of it? To answer this question let us first review the usual integer order derivative and
integral. Let D = 4 4 pe the differentiation operator and J be the integration operator,
that is Jf(t) = J; f(7)dt. Then the fundamental theorem of calculus states that for
a continuous function f

In the operators language one can write the latter in the form DJ = I, where [ is
the identity operator, which means that the operator D is a left inverse to the opera-
tor J. One can easily check that D is not a right inverse to J, since, according to the
same fundamental theorem of calculus, for any differentiable function f the equality
JDf(t) = f(¢t) — £(0) holds. The similar relations are true by induction for opera-
tors D" and J", where D" = dz"’ “n-th derivative,” and J" is the n-fold integration
operator. Namely,

D' f(1) = f(1), (3.D
and
n—1 nk
"D ()= f(t) =Y, b i '(O) . (3.2)
k=0 '

Thus D" is the left inverse to J”, and is the right inverse to J" in the class of
functions satisfying additional conditions: f (k) (0)=0,k=0,...,n— 1. These re-
lations between “differentiation” and “integration” operators valid forn =1,2,...,
form the basis for the definitions of fractional derivatives in the sense of Riemann-
Liouville and Caputo-Djrbashian, as soon as the fractional order integration operator
is defined.
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3.2 Fractional order integration operator

In this section we introduce the fractional order integration operator of order oc > 0
(R(a) > 0). One can verify (by changing order of integration) that the n-fold inte-

gration operator
! (7]
0= [ [7 s ds,
N—_——

n—times

can be represented as

70 = 1 [ = e

(n—1)!

Taking into account the relationship I'(rn) = (n— 1)!, where
I(s) = / e dr, R(s) >0,
0

is the Euler’s gamma-function (see Section 1.4, Chapter 1), one can define a frac-
tional order integral for any o, R(ot) > 0, by

JUf(r) = ﬁ ./O't (1 — )% 1 f(1)dx. (3.3)

Incidentally, we recall also Euler’s beta-function defined for all «, B € C, with
R(a) >0, R(B) >0, as B(e,B) = jol 5%~ 1(1 —s)B~1ds, which is connected with
the gamma-function through the following relationship (Section 1.4)

C(a)I(B)

G

(3.4)

Before embarking on the world of fractional calculus let us make two important
notes. The first note is about integration end-points, which are also called terminal
points. So far we have used only the origin for the lower terminal point. In the
general case the fractional integration operator can be defined with arbitrary lower
terminal point a € [—eo, ). Indicating terminal points in the notation, the fractional
integration operator can be written in the form

JEF(1) = %a) [ =0 s, (3.5)

where f is a continuous function in the interval (a,b). In what follows, if the lower
terminal point is finite, then we preferably work with the interval (a,b) = (0,)
and denote oJ* = J%, unless otherwise specified. This is convenient for the study of
initial value problems, as well.
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Second, the family {J* a > 0} (as well as the family {,J*, & > 0} for an
arbitrary —eo < g < o) possesses the semigroup property: JeJB = jo+B Indeed,
for any o > 0 and f3 > O changing order of integration, we have

128 F(r) = r%x) /0’ (t— 1) (ﬁ ./OT(T — )P f(w)du) dz
1

_ m/otf(u)(/ut(t— 0 (2wt du.

The internal integral after substitution T = ¢ — (t — u)s takes the form
1
(t — u)@ B / 91 (1 = )P~ ds = B(ot, B) (1 — u)* B,
0

Therefore, due to (3.4) we obtain the equality J*JB f(r) = J*tB £(z).

Example 3.1. Let a > 0 and ¥ > —1. Then

JOY — r'(l+y) e

= , t>0. 3.6
T+7+a) (3-6)

To show this, one needs to use the substitution T = 7s in the integral J*[¢"], and
property (3.4). Then,

JoY 1 ! o—1 Yd 1ot 1 a—1 Yd
V= —— -7 Tat= —S s'ds
F(a)/o( ) F(a)/o( )
1oy I'(l+vy)
= —B(o,y+1)= —— 17"
o 2" )= Fiyr o)
In the particular case Y = 0, we have
t(X
Jl= ———.
I'l+o)

Example 3.1 shows that if —1 < ¥ < 0 and o+ y < 0, then lim,_,oJ*[7] = co.
However, if y > 0, then for any o > 0, the limit lim,_,o J*[¢¥] = 0. The latter is valid
for any function continuous up to zero. In fact, the following statement holds.

Proposition 3.1. Let T > 0 be an arbitrary number and f € C[0,T)|. Then

lim J%f(1) =0, 0<r<T, (3.7
t—0+

forany a > 0.

Proof. We can assume that 7 < 1. Making use of the substitution 7 = t¢s in the

integral
1

JEA() = m/ot(f — 1) ! f(r)d,
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one obtains
tOC

JEfI() = ) /01(1 —5)* 1 f(ts)ds.

I'(a)

Due to continuity of f on the interval [0, 1], we have |f(st)| <M < oo, 0 < s < 1.
Therefore, the estimate

o Mt* ! o1,  Mi“
501 <= Frg | -9 s = < Fa

holds, yielding (3.7) whent — 0+ .

The fractional integral ,J is called left-sided. The fractional integral, called right-
sided, and defined as

210 = s [ =0 e 69

@)

is also frequently used. In fact, the operators ,J;* and ;J;* are mutually adjoint oper-
ators. Namely, for arbitrary functions u,v € L,(a,b), the relation [SKM87]

(i u(t),v(2)) = (u(t), J5v(1))

holds.
The proposition below states the continuity of the operators ,J* and ,JJ in L,
and Holder spaces.

Proposition 3.2. ([SKMS87]) Fractional order integration operators 4J andtJlf‘ are
continuous mappings:

oI 1 Ly(a,b) — Ly(a,b), Jy :Ly(a,b) — Ly(a,b),

oI CHa,b) = CHH¥a,b],  JE: CHa,b] — CM%a,b),
where p > 1,and 0 < A < 1, A + o # 1. Moreover, the following estimates hold:
(b—a)”
ol (a)

(b—a)*
ol ()

lad £ (£)|Lp(a,b)[| <

1£1Lp(a; )],

675" () Lp(a, b)|| < 1f1Lp(a,b)[-

In particular, the mappings .J;* : Cla,b] — C%[a,b] and ;J{ : C[a,b] — C%|a,b] are
continuous.
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3.3 The Riemann-Liouville fractional derivative

Riemann and Liouville defined the fractional derivative as the left inverse to the
fractional integration operator of order o > 0.

Suppose that 0 < o < 1 and consider the operator DJ'~%. We claim that this
operator is the left-inverse to J*. In fact, using the above-mentioned semigroup
property, one has DJ!~%J% = DJ = I. Hence, for 0 < o < 1 the definition of the
fractional derivative of order o in the sense of Riemann-Liouville would be

D% =DJ'"°. (3.9)

This operator, as we checked above, satisfies D*J% = I, extending the relation
D"J" = I to any real number o € (0, 1). Obviously, this form of fractional derivative
extends to o = 1 giving D' = D. However, in the explicit form written below one
has to assume that 0 < o < 1, accepting conventionally D! = D.

Definition 3.1. The fractional derivative of order o, 0 < o < 1, of a function f
defined on [0,) in the Riemann-Liouville sense, is

1 d [t f(r)dr
DYf(t) = —/‘ , >0, 3.10
) I'(l—a)dtJo (t—1)* ©-10)
provided the right-hand side exists.
In a similar manner for ¢ satisfyingm —1 < oo <m,m=2,3,..., one can easily
verify that the operator
dm
D% = —J" ¢ 3.11
o (3.11)

is the left-inverse to J%, that is D*J* = [. Since 0 < m — o < 1, due to (3.9)
%J’"’O‘ = D% ™+l Therefore, one can write (3.11) in the form

m—1
d DOC*WH’l

o __
D _dtm71 ’

m—1<o<m.

Thus, one has the following definition of the fractional derivative in the sense of
Riemann-Liouville for an arbitrary o > 0.

Definition 3.2. Let o > 0. The Riemann-Liouville derivative of order o of a func-
tion f is

ﬁ% é%, if 0 < a < 1 (associated with m = 1),

DOf(t) = L pemtif(), ifm—1<a<m m=23,..., (3.12)
d’g,,@, a=m=0,1,...,

provided the right-hand side exists in each case. Sometimes, to avoid a confusion,
we denote the Riemann-Liouville fractional derivative of order o by DY .



3.3 The Riemann-Liouville fractional derivative 127

Remark 3.1. 1. The explicit form of D*f(t) for @ € (m — 1,m), as it follows from
equations (3.10) and (3.11), is

1 "t f(rydr
DYf(t) = —/ >0 3.13
FO= Fon—aydm Jo =gy (3.13)
Here one can put o« = m — 1. In this case, as it is readily seen, D*f(z) =
j[—r,n,,J f(t) = j:l—:ll f(t). However, in the explicit form (3.13) one cannot replace

o with its upper bound m, since in this case a strong singularity appears in the
integral. On the other hand, the operator form of the fractional derivative in equa-
tion (3.13) is
dm
D% = —Jjm¢ 3.14
A (3.14)

where o satisfies the condition m — 1 < o« < m. Here one can formally put oc =m
obtaining D% = D" = [‘ft—',",,, which is consistent with Definition 3.2. In our further
considerations we sometimes write m — 1 < o < m, assuming informal setting
o =m— 1 in the explicit form (3.13), or m — 1 < a <m, assuming formal setting
o = m in the operator form (3.14) of the fractional derivative of order .

2. The fractional derivative operator defined in (3.14) is called left-sided, since
the corresponding fractional integral J”™~% is left-sided. A right-sided Rieman-
Liouville fractional order derivative is defined in a similar manner: ;D% =
(=D)™ ;J7'~ % (see formula (3.16) below).

3. The fractional derivative D* for non-integer o, unlike the integer order differen-
tiation operator, is not a local operator. It depends on the whole interval (0,z).
If the interval where the fractional derivative is defined is (a,b), then the corre-
sponding left-sided Riemann-Liouville fractional derivative is denoted by ,D¥,

and defined as

1 da™  f(r)dr

D¢ t:——/— t b). 3.15

a tf() F(m—ot)dt'" g (t—T)“7m+l7 E(Cl, ) ( )

Similarly, the right-sided Riemann-Liouville fractional derivative is defined by
1™ dam b f(r)dr

DY t:(——/— t b). 3.16

t bf( ) F(m—OC) drm f (t—T)“7m+l7 € (Cl, ) ( )

Example 3.2. Let f(t) = t, where y > —1. Then for o > 0 one has
r(l+y .,
DYf(t) = —————""%  >0. 3.17
0= Firya G.17)

Suppose m— 1 < o < m. Then formula (3.17) follows immediately, if one uses (3.6)
in the relation D*[¢"](z) = D"™J™ *[¢t?](¢). In (3.17) one needs to use the analytic
extension of Euler’s gamma function to the left complex plane, if 1+y— o <0,
which has simple poles at points —1,—2,.... Therefore, D*[t¥] =0, if o« = 1 + y+
k,k=0,1,....
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Consider two important particular cases in equation (3.17):

(1) y=1. In this case
1

o —o
D 1_F(1—oc)t . (3.18)
This shows that the fractional derivative of a constant is not zero! (unlike
the usual derivative). However, recall that the function I'(s) has the analytic
extension to the complex plane except points {0,—1,—2,...}, which are sim-
ple poles. So,
I(s)=c if s=0,—1,-2,.... (3.19)

Therefore, it follows from (3.18) that D¥1 =0if ¢ =1,2,....
(2) y= a —1.In this case
D% 1 =0. (3.20)

This shows that the kernel of the operator D* (with the domain in L1 (0, 1)) is
not trivial!

Example 3.3. Consider the fractional order homogeneous differential equation
D%u(t)=0, >0, (3.21)

where 0 < & < 1. Introduce the set % (o) = {h(t) : h(t) = Ct*~!, C € R}. It follows
from (3.20) that any function i € ¢ (o) satisfies equation (3.21). In fact, the kernel
of operator D* consists of all functions 2 € ¢ (o) and not other functions, i.e.,
Ker(D*) = ¢ (o). Assuming Ker(D%) = J# (), one can see that the initial value
problem

D%u(t)=0, >0, (3.22)
u(0) =a, (3.23)

where a # 0, has no solution. Therefore, the Cauchy problem (3.22)—(3.23) is ill-
posed. On the other hand, if the initial condition (3.23) is replaced by

(J'7%)(0) = a, (3.24)

then due to Example 3.1 for a function h(t) = Ct*~! € # (c) one has J!=%h(t) =
CT' (o). (Notice that & is not continuous at ¢ = 0, therefore Proposition 3.1 is
not applicable here.) Therefore, the choice C = % provides a unique solution
to the Cauchy type problem (3.22)—(3.24). We note that the initial value prob-
lem (3.22), (3.24) is not a Cauchy problem, since the initial condition (J'~%u)(0) =
a is not a Cauchy condition. This crucial observation is valid for the homogeneous
fractional order differential equation



3.3 The Riemann-Liouville fractional derivative 129
forany ¢ > 0, m—1 < a0 < m, with the initial conditions
(DXJ"%u)(0) = ay, k=0,...,m—1.

In this case # (o) = {h(r) : h(r) = 22";01 CromHk

Example 3.4. Let h € J# (at), o« > 0. Then (3.20) immediately implies that for f§ €
(0, cx), such that o — B is not integer:
1. 0= DPDh(r) # D*DPh(r) # 0;
2.0=DPD%n(r) # D*Ph(r) £ 0.

A natural question arising in connection with the Riemann-Liouville derivative is
for what class of functions f one can ensure the existence of the fractional derivative

D®f(t) of order . Below we reproduce one well-known and useful statement (see
Samko et al. [SKM8&7], p. 239) answering this question.

Proposition 3.3. ([SKM87]) Let b be any positive number and f € C*[0,b],0 < A <
1. Then for any o < A the fractional derivative D f (t) exists and can be represented
in the form
f(0)
_— t 3.25
F(l_a)tww(), (3.25)

where y € C*~%[0,b], and w(0) = 0. Moreover, the estimate || yw|C*~%|| < C||f|C*||
holds with some constant C > 0.

D% f(t) =

Representation (3.25) carries an important information related to Riemann-
Liouville fractional derivatives. Namely, if f is continuous at # = 0 and its Riemann-
Liouville derivative of order ¢ exists, then this derivative has the singularity of or-
der o at t = 0. Therefore, the fact that the Cauchy problem (3.22)—(3.23) is not well
posed is not surprising.

Proposition 3.4. Let o > 0. Then the Laplace transform of J* f(t) is
LI f](s) = s~ “L[f](s), s>0. (3.26)

Proof. By definition,

L[J*f](s / S’/ VL f(t)dde, s> 0. (3.27)

Changing the order of integration (Fubuni is allowed) the right-hand side of (3.27)
can be written as

1 w w _ \o—1 —st
) /0 #(1) /T (t—1)% e didt, 5> 0. (3.28)

The substitution # — T = u/s in the internal integral reduces it into

—sT

/ (-0 e dr =T(@) -, 5>0.
T

The latter and equations (3.27), (3.28) imply (3.26).
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Proposition 3.5. Let m—1 < oo <m,m=1,2,.... Then the Laplace transform of
DYf(t) is
m—1

LID®f(s) = s“LIf)(s) = Y, (DI~ f)(0)s™ '~ (329

k=0

Proof. Making use of the equation D% = D" J™~% and Proposition 3.4, one has

m—1
LIDf](s) = LD f)(s) = "L f)(s) = ¥ (DA% f)(0)5" 1+
k=0
m—1
= sPL[f](s) = Y, (DA ) (0)s™ K.
k=0

Let 0 < a < 1. Then formula (1.22) with m = 1 reduces to

LD f)(s) = s*L[f](s) — ('~ £)(0). (3.30)

Example 3.5. In Example 3.3 we introduced the set J# (¢t) of functions h(r) =
Ct*~1 1 > 0, satisfying the fractional order differential equation D%u(t) =0, 0 <
o < 1. Now we show that .#"(cr) exhausts all possible solutions of this equation.
Suppose h(t) satisfies the equation D*A(r) = 0, > 0. Then in accordance with for-
mula (3.30) one has

L[D%R](s) = s*L[h](s) — (J'"%h)(0) =0, s > 0.
Solving this for L[A](s),
L) =

R
SUC

s> 0,

where b = (J'=%h)(0) is a constant. Hence, see Example 1.3, h(t) = %t“’l €
(). This yields Ker(D%) = ¢ ().

Example 3.6. Consider Abel’s integral equation
Jou(t)=nh(r), t>0, O<a<l, (3.31)

where h € C*t(0,b], b > 0, with A satisfying 0 < A < 1 — e, and h(0) = 0. This
equation has a unique solution in c* [0,D]. Moreover, the solution has the represen-
tation

u(t) = D%h(r). (3.32)
To see this we take the Laplace transform of both sides of (3.31), obtaining
s~ *L[u](s) = L[h](s). This can be written as

L[u](s) = s*LIK](s) = s*L[] (s) — (J'R)(0). (3.33)

since J'~%h(0) = 0 due to Example 3.1 and continuity of / at t = 0. Equation (3.33)
immediately implies u(¢) = D*h(t), in accordance with (3.30). The fact that u(z) €
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c* [0, D] follows from Proposition 3.3. The case o > 1 can be reduced to (3.31) by
differentiating.

If A is not continuous up to t = 0, then we cannot rely on the fact that
J'=%n(0) = 0. In the general case the following statement holds.

Proposition 3.6. (/Djr66]) Let h € Li1(0,b). Then equation (3.31) has a unique
solution u(t) € L1(0,1), which is represented in the form (3.32), if and only if

1. D"V J"=%R(t) is absolute continuous on [0,b);
2. J"%h(0) = -+ = (D" I *h)(0) = 0.

Example 3.7. Consider the fractional differential equation
D%u(t) =h(t), t>0, (3.34)
subject to the initial conditions
J"%u(0) =ag, ..., D" " U(0) = a,_1, (3.35)

where m — 1 < o < m, and A is a continuous function. This problem has a unique
solution

u(t) +Z—a m+k+1)t“*m+’<, t>0. (3.36)

Indeed, applying the Laplace transform to equation (3.34), one has
m—1
sLlu](s) — Y, DX u)(0)s™ * 1 = L[n](s), s>0,
k=0

or solving it for L[u|(s) and taking into account conditions (3.35),

Llu](s) = —i-z = m+k+1, s> 0.

Now (3.36) follows from the latter due to Proposition 3.4 and (1.18).

3.4 Mittag-Leffler function and its Laplace transform

The Mittag-Leffler function E4(z), z € C, is an entire function defined as a power
series
oo n

z
Eg0) =Y — >
a(?) ,ZO I'(on+1)
where I'(-) is Euler’s gamma function. Obviously, Ey(z) = exp(z) if o = 1. For
real z = x the Mittag-Leffler function E, (x) increases exponentially (~ exp(x'/®)),
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when x — oo, and tends to 0 behaving like E4 (x) ~ 1/|x|, when x — —eo. Therefore,
the Laplace transform of the function e(t) = E(—t) defined on the half-axis R, is
well defined. In our considerations the function e(A1%) = Eq(—At%), i.e

o A% )LZIZOc
Eq(—At ):1_F(a+1)+1"(2a+1)+"' (3.37)

for A € C, will emerge frequently. Therefore we find its Laplace transform.

Proposition 3.7. For the Laplace transform of Eq(—At%*),t > 0, where A € C, the
following formula holds:

a—1

L[Eq(—At%)](s) = h s> A (3.38)
Proof. Using the formula (see (1.18) )
/Ow e t%dr = L[t*"(s) = %, s>0,
one has
< n)L” “ —st.on
L[Eq gb Flant 1) / et dt
o n o1
= %20 (—%) = ;+—sa (3.39)

The geometric series in (3.39) converges if |A /s%| < 1, or the same, if s > |4|!/.

Let 0 < o < 1. Differentiating E(—A¢%) in (3.37) in the variable ¢, one has

d Ar0—1 A2p20—1
By ) M= ————— 4+ ——— + ...
dt a(=A17) I' (o) + I'(2a) tees
which implies |Eq(—At%)| = (tl =), — 0. Similarly, if m — 1 < a < m, then m

times differentiating Eq (—At%), one obtains that ’ GiEa(=At%)| = (tm%a), when

t — 0. Thus we have proved the following proposition.

Proposition 3.8. Let m — 1 < o < m. Then for each fixed A € C the asymptotic

behavior :
—0( — >, t—0, (3.40)

tmOC

dm
—E 1
g a(=41%)

holds.

An integral representation of the function Ey(—t%*) was provided by R. Gorenflo
and F. Mainardi in [GMMO2]. The proposition below reproduces this representation
for Eq(—At®) with an arbitrary positive real A. Introduce the function
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Ko(r) 1 r*sin(ar)
r)=—
“ 7T r2% 4+ 2r%cos(arm) + 1

. r>0. (3.41)

Proposition 3.9. Letr A be a positive real number. Then for Eq(—At®) the following
representations hold:

1 if0<a<1,then
Eo(—A1%) = / K (F)dr. (3.42)
0
2.0l <o <2, then

o o 2 o n

Eq(—A1%) = / e g ()dr + aef’“/ €3 & cos (ml/“ sin g) (3.43)
0

Proof. 1t follows from Proposition 3.38 that

a—1 O+ioo 00—1 st
Ea(—lta) 1! |: s ] (t) = L/ ud&

s+ A 27 Jo—iew A+ ¢

where ¢ > A/, Since o is not an integer, the function H(s) = fail under the

integral has a branching point at s = 0. We take values in the main branch. Moreover,
H(s) has poles at points s = A/ %¢/™/*(2k+1) 'k ¢ 7, The poles which are in the main
branch satisfy the condition — 7 < arg(s;) < . Further, deforming integration path
to the Hankel path He, which starts at —eo along the lower side of the cut negative
real axis of the complex s-plane, along the circle of radius € centered at zero, and
then goes to —eo along the upper side of negative axis, one can reduce the above
integral to

g 1 & . Socfl
S,
E(x(— / A ts ads—l— 2 e"Res\Y Sk |:A,+SO‘:|7

sEP
s=Tetim

where & is the set of relevant poles of the function H(s), and Res)_, means
the residue at the pole s = a. Obviously, the function H(s) has simple poles and

Res|_,, b”o‘} 1/0. Hence, Eq(—At%) = My (1) + Ny (t), where
1 socflest 2

My(t) = — / ——ds and Ny(t)=— e'

znls:reim At s & e

In computing the integral along two sides of the negative axis, one can see that the
real parts cancel out and the imaginary parts are added, so

Mo(t) = - 7 Ao [ S dr. (3.44)
“ n )L'i‘sa‘s:‘re"” ’ ’

0
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where 3 (z) means the imaginary part of z. It is easy to verify that

3 so1 - At Lsin(am)
A5 |s—rein | A2+ 2A7%cos(am) + 72
Substituting this into (3.44) and changing T = rA1/ one obtains

My (t) = /0 Mg, (r)dr,
where K (r) is defined in (3.41). Now notice that if 0 < o < 1, there are no poles
of H(s) satisfying —m < arg(sy) < 7. Hence N(7) = 0, and in this case we have
Eo(—At%) = My(t), obtaining (3.42).
If 1 < o < 2, then there are two poles A!/%¢*%/® in the main branch. This
implies
2

n
No(t) = ae’ll/a €08 % cos(tA /% sin a)

Hence, in this case Eq(—At%) = M (t) + Ng/(2), obtaining (3.43).

Remark 3.2. The function Eq(—t%*) has the following asymptotes near zero and
infinity [GM97]:

o t2(x

T+l TRatD) 7
o fza

ri—o) I'(1-2a)

Eq(—t%)~1—

t — +0,

Eq(—t%) ~ +..., t—eo, (0<a<?2).

3.5 The Caputo-Djrbashian fractional derivative

The fractional derivative in the Caputo sense, introduced by Caputo [Cap67] in
1967, contrary to Riemann-Liouville derivative, is more convenient for the study of
the Cauchy problem. This is important in the study of fractional models of various
physical problems. On the other hand, the Caputo derivative is restrictive to compare
to the Riemann-Liouville one, since to define the derivative of order o € (m— 1,m)
in the sense of Caputo, one requires the existence of the derivative of order m.

Definition 3.3. By definition, the Caputo fractional derivative of order o > 0 is

f(t)v a:()a

(D) =1 rritar Jo %%, 0< o<1 (associated with m = 1),  (3.45)

m—1
Df’mHjtTrf(t), m—1<oa<m m=2.73,...

provided the right-hand side exists in each case.
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The third line of this definition requires some explanation. If m — 1 < o0 < m, then
0 < oa—m+1 < 1. Hence, one uses the first or second line to define the fractional
derivative D% "+1g(r) of the function g(r) = f"~1(z).

Let 0 < o < 1. Then it follows from Definition 3.3 (second line) that

D% =J'"*D. (3.46)
This is an operator form of D%. Equation (3.46) implies that
JEDLf(1) =TI “Df (1) = IDf (1) = £(t) = £ (0), (3.47)

which means that DY is the right-inverse to J* up to the additive term — f(0). Recall
that the fractional derivative D% in the sense of Riemann-Liouville was the (exact)
left-inverse to the operator J*. In general, if m— 1 < o <m,m=1,2,..., then the
operator form of D% becomes

o o dm
DY =J"%— 3.48
° ot (3.48)
and relation (3.47) takes the form
m—1 Dk 0
JODYf(t) =TT ODf () = JD" (1) = f(1) = Y, ]f '( ) i , (349
k=0 :

showing that D? is the right-inverse to J* up to the additive polynomial

—1 k
' D) W
iz K
Now again assume that 0 < o < 1. Then the definition of D% f(¢) uses the first
derivative f/ (t). Therefore, if one works with Definition 3.3, then one must ensure
the existence of the first derivative of f in some sense. However, the relationship

DIf(t) = D*[f(1) = f(0)]. (3.50)

between D” and DY, obtained by applying D* to both sides of (3.47), can be
used to overcome the restriction connected with the presence of the first deriva-
tive. Obviously, the expression on the right-hand side of (3.50) exists representing
an extension of D¥ to the class of functions f for which the fractional derivative in
the sense of Riemann-Liouville exists, and f(0) is finite. If additionally, f is dif-
ferentiable (or absolutely continuous), then D¢ f(¢) in (3.50) and in Definition 3.3
coincide. Moreover, equation (3.50) shows that D% and D” coincide in the class of
functions satisfying f(0) = 0.

In the general case the Caputo fractional derivative is related to the Riemann-
Liouville one through the following formula
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S <o>>

T 3.51)

DIf(t) = D" <f(f) -

k=0

which shows that these two derivatives coincide if f")(0) =0,n=0,...,m— 1.
To prove (3.51) let us denote g(¢) = D% f(¢). Applying the fractional integration
operator J*, one has (see (3.49))

m—1 (k)
JOg(1) =JJ"AD" (1) = J"D" f(1) = f(t) = Y, ! k'(o) &
k=0 :

Now since D is the left-inverse to J*, one obtains

m—1 tk ¢(k)
D"Ig(t) = 8(1) = D" <f(t) ) tf,#) ,
k=0 :
thus (3.51).

The relationship (3.51) was noted by M. Djrbashian in his 1966 monograph
[Djr66] with the aim to prove existence of the Riemann-Liouville derivative of or-
der o. The fractional derivative D justly called the Caputo-Djrbashian fractional
derivative. From now on we will also call D% the Caputo-Djrbashian fractional

derivative.

Proposition 3.10. (Djrbashian [Djr66]) Let D"~ f(t) be absolutely continuous on
[0,b] for any b > 0. Then D*f(t) exists a.e. in (0,b) for any o € (0,m]. And if
m—1<o <m,then

m—1 (k)
DI = D110) = S, et

k=0

(3.52)

Proof. Formula (3.52) follows from (3.51) immediately if one takes into account

k!
DOC tk — tk*ll;
iy I'l+k—a)

see Example 3.2.

Remark 3.3. 1. Notice that the functions #*~* k=0,...,m—1,in (3.52) are singular
at t+ = 0. The Caputo-Djrbashian derivative “removes” all the possible singu-
larities of the RL derivative arising intrinsically as an action of D%. Therefore,
D2 f(¢) is also called a regularization of the RL derivative D% f(¢).

2. If m—1< o <m, f(t) is defined on the interval [a, b], and D" ! f(¢) is absolutely
continuous on [a,b], then the relationship between the Riemann-Liouville and
Caputo-Djrbashian fractional derivatives takes the form

N~ o ([ R
oDy f(t) = IZE) TTtk—a)

+a DS f(1). (3.53)
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Here ,DY is defined in (3.15), and

t (m)
oDZ f(t) = 1 )./a(f (®) dt, te(a,b). (3.54)

I'm—a t—1)o-mtl

3. The derivative ,DY, in (3.54) is the left-sided Caputo-Djrbashian fractional
derivative. The right-sided Caputo-Djrbashian fractional derivative is defined as

_pym ()
D%, £(1) = —— 1 )/tb( O 40 e (ab).

rm—o t—r)o-mtl
Proposition 3.11. Let m — 1 < oo < m. The Laplace transform of the Caputo-
Djrbashian derivative of a function f € C™[0,0) is

m—1

LID%f](s) = s*L[f](s) = Y, fO(0)s* 17K, s> 0. (3.55)

k=0
Proof. Since D f = J"*D™f we have

LIDYf)(s) = L™ D" f](s) = s~ "~ IL[D" f)(s)

=5 0 (mm OR W <o>sm1k>
k=0

=s*L[f](s) — mi‘l f<k) (O)s“il*k, s> 0.
k=0

Example 3.8. 1. It follows from the definition of the Caputo-Djrbashian fractional
derivative that D%1 =0, Vo > 0;
2. Let o > 0and y > 0. Then

Fy+) 4o

)

Indeed, suppose m — 1 < o < m. Then, using the formula

Fy+h)  ym

D) = T(y—m+1)

)

and relationship (3.6), one obtains

r 1 r 1
Y+ 1—m 'y+1-o)
Example 3.9. Let m — 1 < a0 < m. Consider the following fractional order differen-
tial equation
D%u(t) =h(t), t >0,
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where A(t) € C[0,T]. We solve this equation under the assumption that u(z) satisfies
the initial conditions

u®O0)=ar, k=0,....m—1.

Applying the Laplace transform and taking into account formula (3.55), one has
m—1
Llu)(s) = s “L[k)(s)+ Y, u®(0)s7*1.
Inverting the latter, one obtains a unique solution

u(t) = J%(r) 2 ek,
Example 3.10. Consider the following Cauchy problem:
D%u(t)+ Au(t) =0, t>0,

uk(0)=ar, k=0,....m—1,

where A is a complex number. Applying the Laplace transform, one has

(s*+A)L Z ars®~

Hence, due to Proposition 3.7,

m—1 | 1 Socfl m—1 .
= L | ——| = JEq(—At%). 3.56
kgf)ak [Skso‘+7t] kgaak o ) (3.56)

where Ey (z) is the Mittag-Leffler function.

3.6 The Liouville-Weyl fractional derivative

Consider the pseudo-differential operator Ay (D) for o > 0 with the symbol

01, (§) = (i5)"%, ie.

3.57)

° e*ixé
Aa(D)f(x) = = / FIA(&)e4dg

2 - (i&)«

Obviously, A is a YDOSS whose symbol has a strong singularity at £ =0if oc > 1.
In Section 2.3 we saw that this operator is well defined on the space ¥ ,(R), or on

its dual ‘PLG 5 (R). Moreover, since the symbol of A is isolated and is of finite order,
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this operator can be extended to a Lizorkin type spaces introduced in Section 1.12
with the base spaces of Besov or Lizorkin-Triebel. The number of orthogonality
conditions depends on .

Now we show that the operator Ay (D) in (3.57) is related to the fractional inte-
gration operator of order ¢. Let 0 < or < 1. Due to Corollary 2.11 (ii) one can write
the symbol in the form

7~ () = AaD) ), E 0 (3.58)

In equation (3.58) one can assume that the operator Ay (D) acts on the space
¥,»(R), or on ‘I{G ) (R). On the other hand, by virtue of formula (1.21), one has

o 1 - o—1 iyé _ 1 / o—1 _—iyE

~ T /0 y* e dy ') (=) ey

—im—— [ (x—y)* le DS qy. (3.59)
=0T (o) J oo

)
Equation (3.59) shows that (i&)~® is also the symbol of the fractional integral with
the lower terminal point —eco :

o — ; * a1
) = gy [ oy (3.60)
Indeed, one can rewrite (3.59) in the form
1 ,
— 700]06 71)65 =0, 0
(ié)a ( € )\ 0 & 7£

Hence, the two operators Ay (D) and _..J* have the same symbol, and therefore co-
incide, if one considers them on the spaces ¥ ,(R) or lIILGJ?/ (R), p> 1, or Lizorkin
type spaces.

The dual to Ay (D) operator A}, (D) has the symbol (—i§)~%. Analogously, one
can verify that the dual fractional integral operator can be written in the form

JEf(x) = ﬁ | =0 r)a. (3.61)

Example 3.11. 1. Let a > 0. Then for an arbitrary o¢ > 0 one has _..J%[e™] =
a %e™.

2. Similarly, for a > 0 one has ,J%[e~*] = a~%e™ .
Further, similar to the Riemann-Liouville fractional derivatives, one can define

fractional derivatives exploiting the fractional integrals _..J* and ,J& with terminal
points £oeo. Letm —1 < ¢ <m,m=1,2,.... Introduce the operators
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DOC _ Dm Jmf(x
oo = —oo ,

and
DI =(-D)".JZ %,

which are called Liouville-Weyl forward (LWf) and backward (LWb) fractional
derivatives, respectively. Explicit forms of LWf and LWb fractional derivatives are

o 1 dam [« f
and
o —_1yr  gm o f

Notice that the LWf and LWb fractional derivatives are related to the usual inte-

ger order derivatives through _..D™ = D™ and D! = (—D)™. It follows from the

explicit representations (3.62) and (3.63) that for the existence of Liouville-Weyl

fractional derivatives the function f must satisfy some differentiability and decay

conditions. Namely, it is not hard to see that

(a) LWf derivative exists on (—ee, a] if f € C*(—oo,a] has the asymptotic behavior
|f(x)| ~ |x|7™+T*=€ x — —co, and

(b) LWb derivative exists on [b,e) if f € C*[b,) has the asymptotic behavior
[FOO] ~ [ EEE, x = oo,

where C’L, A > a, is the Holder space, a and b finite numbers, and € is an arbitrary
positive number. Moreover, Liouville-Weyl fractional derivatives can be interpreted
as WDOSS. Namely, for functions f € ¥ ,(R"), 0 ¢ G, we can write

—=D*f(x) = D"Ap—a(D)f(x),
as well as for y-distributions F,
WDZF (x) = (=D)"A,,_o(D)F ().

Using the properties of the Fourier transform and symbols of Liouville-Weyl
integrals one can easily derive the symbols of LWf and LWb fractional derivatives.
Namely,

F[_D*f|(§) = FID" —J" “f](&) = (ié)'”(l.g)TaF[f](é)
= (i)*F[f1(&),
and
F[:DZf1(§) = F[(=1)"D" JZ “f1(§) = (—l)m(ii)m%ﬂf](&)

= (=i8)*F[f1(5)-
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Proposition 3.12. The symbols of operators _.D* and D% are
6 ul&) = (€ and o, (£) = (—iE)". (3.64

Example 3.12. Show that for an arbitrary a > 0 the following formulas are valid:

1. _D%e™ = a%e™,
2. D% ™ = q%e~ 9%,

3.7 Riesz potential. Connection with ¥YDOSS
Let 0 < o < 1. The integral

Baf(x) = Cq [ LD (3.65)
R Jx—y|!m*

defined for f € L (R) is called the Riesz potential. Here the constant Cy, is normal-
ized in such a way that o5, (§) = |&|*. Since Zof(x) = (& * f)(x), that is a
convolution operator with 2" = ‘X‘C‘ia , Proposition 1.20 implies that

1

|x|17(x

0w (8) = FLXNE) =CaF | 1 | @) = 1217 (3.66)
where we set Cy = % Therefore, in order to determine C, one needs to know

by, which appears in the Fourier transform of |x|’(1’°‘>, see Example 1.6, 8. How-
ever, instead of computing b, one can find Cy, applying the symbolic calculus for
YDOSS introduced in Chapter 2.

Indeed, we show that there is a constant d,, such that

da{0a, (§) + 01 (6)} = 0, (S)-

First, notice that ¢(§) = 04,(&) 4 04z (§) = 2R{04, (&)} = 2%{@}, where R
stands for the real part. Second, the function ¢ (&) is symmetric, i.e., §(—&) = ¢ (&).
Therefore, it suffices to find %{ﬁ} only for & > 0. We have
1 iZg 1 1 o
R{——1=R{e 2%~} = —— cos —, > 0.
e =M e T ¢

This immediately implies that

1 o
da{044(8) + 043 (§)} = 27z cos -,
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which yields
1

d -
o= 2cos 2% 2

Proposition 3.13. Ler o € (0, 1). Then for the one-dimensional Riesz potential X,
the following relations hold:

1. 02, (8) = 55,77 {01 () + 04, (§)} = €] 7%
2. Ry = Zcosm {Aa(D) +A3(D)};

3. R = sogiar { -+ JZ}
Since
e ¥+ TG
Ao f(x) = T}f()
_ 1 (/* f()dy +/"° f()dy )
2l (a)cos BN\ (x—y)l=® /i (y—x)I-¢
_ 1 = SOy
2 (o) cos B Joo |x — y[1 =’
obviously,

1

Co=r——F7-
* 7 2l (a)cos &

Hence, the constant b, in Example 1.6, 8 is
o
by =2I' () cos %

Now we extend the definition of the Riesz potential for arbitrary o setting

1
—m{ T4+ IO 0< a#£2k+1,k=0,1,.. (3.67)

X,
7 2cos %

The operator %, with the symbol o, (&) = ‘—51‘—11, where o >0and o #2k— 1,k =

1,2,..., has the strong singularity at £ =0, 1f a > 1. Hence, Z is a ¥YDOSS if we
conmder it on the space of y-distributions ‘P ,(R"). Therefore, all the properties

related to ¥YDOSS are valid for Z,. The operator P, 1s well defined on the Lizorkin
spaces @(R"), as well. Additionally, we note that %, is the inverse operator to
the fractional power o of the operator D> = —%, i.e., (D?)*/?, whose symbol is
|€|*. The Riesz-Feller derivatives, which we are going to introduce, tell us how to
construct such fractional powers.

By definition, the Riesz-Feller derivative of order o (analogously to (3.67)) is

—1
7 f(x) = m( —Df(x) + :D2f(x), O<a#2k+1,k=0,1,...,

(3.68)
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where _..D% and ,DZ are LWf and LWb fractional derivatives of order o defined
in (3.62) and (3.63), respectively.

Proposition 3.14. The symbol of the Riesz-Feller derivative is

0, () = ~IEI"
Proof. Taking into account (3.64) one has
0,5(6) = ~30rz (0 ()0, (6))
= oo (8" 4 ()%} = —5 g 2((8))
= el g eos 5 = I8l

Introduce the shift operator 1, f(x) = f(x+ &), where 0 < || < 1. Then the ¢-th
order central finite difference operator A, can be defined in the form

A f () = (14— 1) f (). (3.69)

In particular, for £ = 0, 1, and 2, the operators A f(x), A} f(x), and A7 f(x) take the
form

AP (x) = If(x) = f(x);
Apf(x) = f(x+h/2) = f(x—h/2);
A f(x) = flx+h)—2f(x) + f(x—h).

Proposition 3.15. Let 0 < a < 2. Then the Riesz-Feller derivative of order a. of a
function f in the Holder space c* (R)NLw, A > «, has the representation

ooAZ
PEf(x) = @y /0 I;l%%)dh, (3.70)

where 0q = (1/m)I" (ot + 1) sin ZX.

Proof. We show (3.70) for 0 < o0 < 1. The general case follows from Theorem 3.4
(in the particular case n = 1). By definition,

—1
m( —eD% + :DZ) f(x)
2
~ -D
2cos G

_ -D ( /x fydy /:’ f(y)dy ) 3.71)

2I'(1 — o) cos G\ Jowo (x —y)* (y—x)&

T f(x) =

(—ed O+ L) f ()
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The substitutions x —y = u and y —x = v in two integrals on the right-hand side
of (3.71) give

%xf(x)zzru—_ cos & (/ e /fHu )

dh
u htx+1

=

By virtue of the equality u™
have

< 1
2F(1— o) cos St (/ fix “/M hoc+1d du /f X+ )/u haﬂd du)

_ flx—h) =2f(x)+ f(x+h)
S ar(1 cos—/ plto dh.

and changing the order of integration, we

Now using the known property

o
I'(l—a)I(1 =
(1=l (1+a) sinwo
of Euler’s gamma function, we obtain
(04 o
_— =1 I'(og+1)sin—
2I°(1 — o) cos ¢ (1/m)I(e+ Dsin 27

and, consequently, the representation (3.70).

Theorem 3.1. For the Fourier transforms of Z§ f(x) and 2§ f(x) for o« > 0 the
following formulas are valid:

1. F[25 £1(8) = & *F(£):
2. FIZ5 f1(8) = —I&1°/ (&)

Part 2 of this theorem implies that the o values in the operator Z§ f(x) can

naturally be extended to oc =2 as @0 = dz

3.8 Multidimensional Riesz potentials and their inverses

The natural generalizations of the one-dimensional Riesz potential Z{ and Riesz-
Feller derivative @(‘)" to the n-dimensional case, respectively, are the n-dimensional
Riesz potential (with the normalizing constant Cy, ¢)

d
Rgf(x):cw/n%,a>o,a7én,n+2,..., (3.72)



3.8 Multidimensional Riesz potentials and their inverses 145

and the n-dimensional hyper-singular integral (the inverse Riesz potential) defined
as (see (2.48))

o _ 1 A;f(x)
DEF) = g0 /R S 0< @t ommen. (3.73)

The normalizing constant in (3.72) is

o T
n,o ZOCIT"/ZF(%).

In equation (3.73) [ is integer, [ > «, Ayl is the centered finite difference of the
order / in the y direction, and d(e.,1) is constant defined by (2.49). For our further
considerations it suffices to consider the case [ =2 and 0 < & < 2. In this case the
operator DY takes the form (see Section 2.4)

=2
D¢ £ (x) :Bw/ S 22O SO g g cqen (34
R |y[r+e
where ) (Ha) wr
Buo = e (3.75)

Below we will derive (3.75) (see Theorem 3.4). It is seen from equation (3.75) that
the value or = 2 is degenerate.

Theorem 3.2. Let o > 0 and o # n,n+2,.... Then for the symbol Ogg (&) of the
n-dimensional Riesz potential the formula

ong(E) = |E]"%, EeR, (3.76)

holds.

Proof. The Riesz potential can be expressed as a convolution. Namely,

C
R0 = (o o1 ) 0
Applying the Fourier transform, one has

FIRGf1(§) = org (§) - FIA1(E),

where

0y () = Cuaf | 12| ©)

|x|n7(x

In Proposition 1.20 of Chapter 1 setting © = n — o, one has

Pl e | )= buslel
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where
20 /20 (&
bmn = nf(x( 2 )
r*)
Obviously, C, b, = 1, and we obtain (3.76).

Theorem 3.3. Let 1 < p,q < oo, s € R. Then the following mappings are continuous:

Lifo<a<?® ( D , then
RS : B (R") B;Z“(R”); 3.77)

2. i]”@+2(m—l)<a<@+2m—l,meN, then

oS

]Rg : qu,mel (R”) - B;ZQ(R”); (378)

3. #@+2m—1§a<@+2m,mel\?,men

oS

RY : B

:Bpyom(R") = BZZQ(RH)- (3.79)

Proof. One can easily verify that the symbol of the operator R considered as a
¥YDOSS defined on ¥ ,, where G = R" \ {0}, satisfies the condition (2.36) with
I = s+ o. Due to Theorem 3.2 the symbol of R has a singularity of order ¢ at
E=0.Letac[0,n(p—1)p~") and ¢ € B, (R") with suppe C Q.. Further, let
{0 j1}17:0 with {F~ ¢ }7-0 € @, define the norm of the Besov space B, (R"). Then
we have

5 o0iB517 = ([ 1P o0 Folra)

145
+ 22 (srodia)p=lg, |§|aF<plL pll7- (3.80)

Since a.p’ < n, the first term on the right of (3.80), in accordance with Theorem 1.24
of Chapter 1, can be estimated as

p p
[P oo rerdx < clois, |

where C is a positive constant depending on Q, ¢, and p. Further, since supp ¢; C
{2/ <|&| <2/}, j=1,..., the second term in (3.80) can be estimated as

=

2 s+a /qHF ¢j|€|aF(P|LPHq<C22W”F q),F(p|Lprl
=1 J=t

=Cllo()|B, " (3.81)
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Estimates (3.80)—(3.81) imply [[R§ o (x)|B},!%|| < [[@(x)|B3,l, and thus, the conti-
nuity of the mapping in (3.77).

Now suppose that & € (2(m—1)+n(p—1)p~',2m—1+n(p—1)p ') and ¢ €
N \y

o

Bgom—1,0r 0 € (2m—1+n(p— Dp ' 2m+n(p—1)p~ ) and ¢ € B, 2m- Then
due to Theorem 1.23 there exists a function v € B;,Jg’h such that F¢ = |E|™Fv. Here
m = 2m — 1 in the first case, and /s = 2m in the second case. In both cases this fact
yields the following estimate for the first term of (3.80)

(m—a)p’ p-1 s+ p s ||p
(o, 177 4)" 1BLiTIP < ClolBy I

where C is a positive constant depending on Q, o, p, and m. One can estimate the
second term on the right side of (3.80) as in the previous case, and hence, obtain the
continuity of mappings in (3.78) and (3.79). The proof is complete.

Theorem 3.4. Let 0 < o < 2. Then for the symbol G]D)g(é) of the n-dimensional
Riesz-Feller derivative the formula

ong (&) = —[€]%, & ER?, (3.82)
holds.

Proof. Due to Corollary 2.11, Part ii) for the symbol of DY, we have

) Zefixij
opa (&) = Dfe ™m0 = Bu.o - Wdybzoa

where B, ¢, is defined in (3.75). Therefore, in order to prove the proposition we need
to show that

Aje i &
/ Dm0 = — 2. (3.83)
A B
For the left-hand side we have
A2e g e—iHE o 4 p—iley)E
y _
Wdyh:o = / e dylx=o
RV!
e DS 24 elt
- [
RV[
=F ! 2F ! 0)+F !
= [W](—é) - [W]( )+ [W](é)
1
_ A2
= A2 g ](0)
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In Proposition 1.20 taking ¢ = n+ o/, we have

{ 1 ](g :2*%"/2F(—%)

e r(5e)

51%,

where I'(—§) is the value at z = —a/2 € (—1,0) of the analytic continuation of the

Euler gamma-function I"(z) to the interval (—1,0). It follows from this equality that

1 2l-opn/2r(—2)
s~ 2o
= Lyl (%)

€], (3.84)

Finally, using the relationship (see [AS64], formula 6.1.17)

()G -G

in equation (3.84), we obtain (3.83).

Theorem 3.5. Let 1 < p,g < oo, s € R, and 0 < o < 2. Then the mapping
D : B}, ,(R") — B}, *(R")
is continuous.

Proof. Due to Theorem 3.4 operator D can be considered as a ¥'DOSS defined on
¥, p(R") with G = R"\ {0}. Now the proof follows from Theorem 2.8, since the
symbol of D satisfies all the conditions of this theorem.

Remark 3.4. 1. Riesz potentials form a semigroup. Namely, if R(a) >0, R(f) >0,
and R(oe+ B) > 0, then Rg‘]Rgf = Rg+ﬁf for f € ¢. It is not hard to see that
the mapping Rff : 4 — ¢ is continuous. By duality, the mapping Rf : ¢ s
is continuous, and thus the semigroup property extends to ¢ /, as well.

2. The operator Df in (3.74) is defined for 0 < ¢ < 2. As was noted above in this
definition the value o = 2 is degenerate. However, the symbol of this operator is
meaningful for o =2, as well:

lim opg (&) = —|§]*.
o—2
We know that this function is the symbol of the Laplace operator. Therefore, it is
natural to extend D{f to o = 2, setting DZ =A.
3.9 Fractional powers of positive definite operators

The relationship between the symbols of the operator D and the (negative) Laplace
operator —A, i.e.
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ong(§) = —I§1% = —(1EP)*/* = ~[o-a(§))*",

obtained in the previous section, at least at the formal level, gives an idea to represent
D§ as a fractional power of —A, namely D = — (—A)%/2_ Therefore, in this section
we briefly discuss fractional powers of positive definite operator. By definition, a
closed linear operator A with a domain Z(A), dense in a Banach space X, is called
positive definite, if its spectrum does not contain the negative axis (—oe,0], and the
estimate ||(A — A1)~ 1| < C(1+|A])~! holds for A € (—eo,0].

First, as is known from the spectral theory of linear operators [DS88], that for
an arbitrary positive self-adjoint operator A defined in a Hilbert space H and with
a spectrum X(A) and a spectral decomposition E, one can define the fractional

powers of A :
/ AYdE,,

whose domain is
DAY = (feH: [ APELf.f) <)
(A

For instance, the Laplace operator A = —A in L, (R") is a positive self-adjoint oper-
ator, whose spectrum is £(—A) = (0,e0), so one can define its fractional powers in
the form

(—A)‘W:/ A%2dE,, o >0,
JO

where E) is the spectral decomposition corresponding to —A. Though this approach
is nice from the theoretical point of view, however it is not always practical. To use
this approach one needs to know how to find and work with the spectral decompo-
sition of A.

The following statement will be used in our further considerations.

Proposition 3.16. Let i > 0 and 0 < oo < m. Then

=

/ 5% lds _ 7,,,1“(05)1“(171—05)' (3.85)
J (s I(m)
Proof. The substitution s = 1“+u in the integral yields

/Sa lds _ oc m/utx 1 m o— ldu /.Lo‘*mB(oc,m—oc),

0 R 0

where B(-,-) is Euler’s beta function. Now using formula (3.4), one obtains (3.85).
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Let A be a positive definite operator and 0 < ¢ < 1. Then for f € Z(A) fractional
powers of A is defined by

A%f = () (1—

) /A“’I(A—l—?d)’lAfdk. (3.86)
0

This definition was first given by Balakrishnan in 1960 [Bal60]. To feel this defini-

tion better let us assume that A =¢, thatis Af =t f, where 7 is a positive number, then

the expression on the right side of (3.86) becomes *f (= A*f). Indeed, changing

A/t — s, one has
A1 = 5% 1ds
/0 tJrﬂtfd)L ( /0 1+s >f'

The integral on the right-hand side equals I"(o)I" (1 — o). This follows from (3.85)
taking 4t = 1 and m = 1. Balakrishnan in his paper [Bal60] proved that this idea
works for any positive definite operators.

The definition (3.86) can be generalized to the case 0 < o < m, where m € N;
see [Kom66]. Namely, for arbitrary f € 2(A™)

a0p - Lm) //’L“’l[(A+AI)’1A]’”fdA.

I'o)l'(m—a) /

In particular, if m =2, 0 < & <2, and A = —A, then for f(x) € H*>(R"), where
H?(R") is the Sobolev space, we have

— (AP f () = Fr s / (—A+AD " (AP f(x)dA. (3.87)
0

Applying the Fourier transform to the right side of (3.87), and changing the order of
integration, we have

W(lz—a)o/ A=A+ A (AP
_ [ P
) O/ o+ gt

:—|§|“.

In the last stage of this calculation we used (3.85) with m =2 and u = |E]> > 0.
Thus, the operator D defined in (3.74) and the fractional power operator — (—A)O‘/ 2
defined in (3.87) have the same symbol, and therefore these two operators coincide
in the space H?(R").
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3.10 Griinwald-Letnikov fractional derivative

In the numerical calculation of fractional derivatives the Griinwald-Letnikov
approximation or its modifications are frequently used.

Definition 3.4. By definition, the Griinwald-Letnikov fractional derivative of order
o >0is ;2% defined fort € (a,b) as

«Zf(t) = lim [CRl0)

-0 h% (3.88)

provided the limit exists, where A,‘l" means the finite difference of fractional order o
with step & > 0:

@ =3, ()50 (3.89)
m=0
Here
Ma+1
<Z> _m£++1))m’m_o’l’”” (3.90)

If oo =0, then AP f(¢) = f(t), since

0\ 1 1 iftm=o0,
m) T(l—mm! |0 ifm=1.2,....

due to poles of the gamma function I'(z) at points z = 0,—1,—2,.... Hence,
a@,O =1, where [ is, as usual, the identity operator. If & = 1, in a similar way
we get Al f(¢) = f(t) — f(t — h), and therefore, in this case the Griinwald-Letnikov
derivative coincides with the first order derivative:

f)—ft—h)

«2/ f(t) = lim - =f(t).

h—0

Analogously, it can easily be verified that , 2" f(t) = f")(¢) for every integer ot =n:

(1) = Tim — 2 (—1)™ (Z)f(t—mh), (3.91)

n
h—0 b &,

(Z) - m!(nni myl m!;(,(anjn;it 1)

What concerns non-integer o, the definition of ,Z in (3.88) and (3.89) is essen-
tially obtained from (3.91) replacing n by o.. Hence, the binomial coefficients take
the form (3.90), and apart from the integer case, the binomial coefficients never
vanish. However, if m > (t — a)/h, then t — mh < a, that is t — mh will be out of

where
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interval (a,b). Therefore, in the case of non-integer ¢, the upper limit of the sum
in the Griinwald-Letnikov derivative is N = | (t — a)/h], and N — e when h — 0.
If the interval (a,b) coincides with the real axis (—eo,o0), then the upper limit in
the summation becomes oo. Thus in this case the Griinwald-Letnikov derivatives are
defined through infinite series.

We note that ,Z;* defined in (3.88) and (3.89) is called a forward Griinwald-
Letnikov derivative, in accordance with the forward finite difference in its definition.
If one replaces the step size h to —h, h > 0, in the definition of ,Z, then the ob-
tained expression is called a backward Griinwald-Letnikov derivative and is denoted
by ,@If‘. Hence, by definition, the backward Griinwald-Letnikov derivative is

12
. 1 ¢ —1"
z%?‘f(l)Z(—l)“F(a—i-l)}llg% h_a ZO mf(l‘ﬁ‘mh) . (3.92)

Now we present two important assertions related to Griinwald-Letnikov deriva-
tives without proof. The first one is due to Letnikov proved in his original work
[Let68] published in 1868.

Proposition 3.17. (Letnikov) Letn — 1 < oo < nand f € C"[a,b]. Then

a@zaf(t) =

n=1 (k) _a)k«@ t fn)
@)t Ly

& Ik—oa+1) IF'h—a+1)Ja t—1)%"

Comparing (3.93) with (3.53) one can see that the Griinwald-Letnikov derivative
«Z% and the Riemann-Liuoville derivative ,D* coincide in the class of functions
satisfying the conditions of Proposition 3.17. Therefore, both Riemann-Liuoville
and Caputo-Djrbashian derivatives can be numerically evaluated using the
Griinwald-Letnikov approximation.

The second result is on the order of accuracy of the Griinwald-Letnikov approx-
imation. The reader is referred to paper [Gor97] for details.

Proposition 3.18. Let f € C"[a,b]. Then for all o. € (0,n],

D7 f) = (A;IZ# +0(h), h—0,

where (A7 f)(t) is defined in (3.89).
Remark 3.5. 1. Similar results hold for the backward GL derivatives and approxi-
mations

2.1If (a,b) = (—eo,o0), then the forward and backward Griinwald-Letnikov deriva-
tives of order & € (m — 1,m) take the forms

DO (1) = lim — i (—1)" (2‘1) F(t —mh), (3.94)

o
h—=0 h% =
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1 & o
a — lim _1\mto
EF0) = fim 7 3 (1) (&), (3.95)
respectively, and coincide with the corresponding forward and backward
Liuoville-Weyl derivatives of order ¢ in the class of suitable functions (see
[SKMS&T7]).

3.11 Generalized fractional order operators. Distributed order
operators

A distributed fractional order differential operator generalizes fractional order
derivatives.

Definition 3.5. Let 7 > 0 be an arbitrary number and function f € C™[0,T]. Let
U be a bounded measure defined on the interval [0, V], where v € (m—1,m], m €
N, and such that the function a@ — D% f(¢), where D% is the Caputo-Djrbashian
derivative of order a, is y-measurable for all € [0, T]. The operator D, defined by

Duf() = [ DEfduta), 0<i=<T, (3.96)

is called a distributed fractional order differential operator with mixing measure U.

Since the integral in (3.96) is carried out with respect to a measure, some explana-
tion is needed. First, for any function f € C™[0,T] the function @(ct,#) = D f(¢) is
an analytic function of & on the complex domain R(¢r) < m (see [0S74], page 49).
Therefore, in general, i can be a measure defined on the complex plane with the
support on R(er) < m. However, we will consider only measures defined on the in-
terval (0,m], to have a generalization of fractional order differential equations.

Second, since ¢(c,7) is an analytic function of o for each fixed ¢ the inte-
gral (3.96) is well defined for any Borel measure y € £[0,m]. In particular, if u
is a linear combination of the Dirac delta functions concentrated on integer points
Ji € (0,m], then Dy, defines a differential operator.

Third, the specification of (3.96) is that the integration is carried out in the
variable o, the order of differentiation. Therefore, it is named a distributed order
differential operator. In what follows we use the abbreviation DODO for distributed
fractional order differential operators, and DODE for distributed fractional order
differential equations. Models with DODO arise naturally in various fields, for in-
stance, in the kinetic theory [CGSGO03] when the exact scaling is lacking or when
diffusion is too slow (ultra-slow diffusion), in the theory of elasticity [LHO02] for
description of rheological properties of composite materials. Caputo [Cap67] was
first who introduced DODO to model waves in viscoelastic media.

Fourth, Definition 3.5 is based on the Caputo-Djrbashian fractional derivative.
Similarly, one can introduce the DODO based on the Riemann-Liouville fractional
derivative, i.e.
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wDuf(0) = [ D fdu(e), 0<r <, (3.97)

There is a connection between these two approaches, which will be established
later on; see Proposition 3.23. In Chapter 7 we also introduce DODO based on
the Liouville-Weyl fractional derivative.

Consider some examples of DODO.

Example 3.13. 1. Let u = dg, i.e., Dirac’s delta with mass on 8 € (0,v]. Then one
has D, = DP.
2. Let 4 = Y a;0q;, where aj € R and o € (0,v], j=1,...,J. Then

J
Duf(t)= Y, a;D f(1):
j=1
3. Letdu(o) = a(t)dt, where a € C[0, V] is a positive function. Then

1%
Duf(t)= [ at)p%s(ar
Jo
In the theory of DODOs the following functions play an important role:

J t./.*afld'u(a)
A it :/ P Y 0 i=1,....m, 3.98
”!]() i1 F(]—OC) J m ( )

which will be called kernel functions, and
By (s) :/ s%dp(a), R(s)>0,ue (0,v]. (3.99)
0

Since supput C [0, v], for J#,(¢) one has

_ v lduy(a)
'%/1177"0)_/’”71 F(m—(;)

The substitution ot — (j — 1) = P reduces the operators K; to

P Pau(B)
0= [

where u;(f) = u(B + (j—1)). Therefore, it suffices to study the properties of the

kernel function 5
_ Li=Pav(B)
t%/\/(l‘) - 0 F(l _ B) )

where v is a bounded measure defined on [0, 1].

Proposition 3.19. (Kochubey [Koc08]) Let dv(B) = a(B)dB,a € C3[0,1], and
a(l) #0. Then
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1 (1) = s + Ok
2. @y(s) = (1)+0(_1>Z)73%m7
3.IfaEC[O,l]anda(O);éO,thenqﬁl()N& § 0.

Ins (Ins
slns?

), t = 0;

Another description of the kernel function J# = %, is due to Meerschaert and
Scheffler [MS06]. Denote by RV..(7) the set of functions regularly varying at infinity
with exponent ¥, that is eventually positive functions with behavior g(At)/g(t) =
AV, t — oo, for any A > 0. Similar meaning has the set of functions regularly varying
at zero, which is denoted by RV, (7).

Proposition 3.20. (MMM) Let dv(B) = a(B)dB, where a € RVy(PB — 1). Then there
exists K* € RVwo(0) such that # (t) = (Int)"BK*(Int). Especially, # (t) = M(Int)
for some M € RVo(—f) and & € RV.(0), so () is slowly varying at infinity.
Conversely, if for # (t) we have & = M(Int) for some M € RVo.(—) and 8 > 0,
then a € RVy(B —1).

Proposition 3.21. Let m € N and v € (0,m]. Then the distributed fractional order
operator D, defined in (3.96) has the representation

Duf(t) = 3 (5 £ (o), (3.100)
Jj=1

where x denotes the convolution operation and the kernel functions J7; = 7, ;,
j=1,...,m, are defined by equation (3.98).

Proof. Dividing the interval (0,m] into subintervals (j— 1, ], j=1,...,m, one has
Duf (1) / DY f(1)dp ().

Since, the Caputo-Djrbashian derivative of order o € (j — 1, ]) of a function f is a

convolution K} s £, K7 (1) = 1’_]( 5> then

Duf(t) / K% fDau(a) =Y (A f))(e
j=1
obtaining (3.100).

In the same manner one can prove the following proposition.

Proposition 3.22. Ler m € N and v € (0,m]. Then the distributed fractional order
operator riD,, defined in (3.97) has the representation

m dj
RLDuf(t) = j;m(%/j*f)(f)’
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where x denotes the convolution operation and the kernel functions ¢, j=1,...,m
are defined by equation (3.98).

3

The following proposition generalizes relation (3.52) establishing a connec-
tion between DODOs based on the Caputo-Djrbashian and Riemann-Liouville
derivatives.

Proposition 3.23. The two DODOs Dy, and gri.Dy, are related to each other through
the formula

Dy f(t) = reDyf(t) 2 Fa(0 (3.101)

where

/ F1—|—k Olta T(+k—o)t2Fk k=0,....,m—1.

Proof. The proof of this statement immediately follows from (3.52) by integration
with respect to the measure p (o).

Proposition 3.24. For the Laplace transform of the kernel function %, j=1,...,m
the following formulas hold:

3

2116 = [ s au(a)

®;(s)— ;.
10 b/ T C) B T (3.102)

s/

Proof. The Laplace transform of J¢j(r) is

Now the result follows due to formula (1.18) and the definition of @;(s) given in
equation (3.99).

Proposition 3.25. Ler f € (") [0,00). Then for the Laplace transform of Dy f the
following formula holds:

ZIDuf)(s) = B zf 22O o G0y

where @,(s) is defined in (3.99).

Proof. Due to Proposition 3.21, one has Dy, f(t) = XL (%] s fU))(t). This implies
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Further, using (3.102) and the first differentiation formula for the Laplace transform
(see (1.22)), one obtains

m s ) j—1 .
Z[Duf](s g —“ <sf§f[f] (s) —gof(") <0>sf”‘>

(‘P./(S) - (s)) o $>0 (3.104)

Taking into account @y(s) = 0 and Py,(s) = Dy (s) due to the assumption that
supp i C (0,v], where v € (m — 1,m], one has 37| (cbj(s) - (Dj,l(s)) = @, (s).
Therefore, the first term on the right-hand side of (3.104) equals @y (s).Z[f](s).
Changing order of summation in the second term,

m j—1 (k) m=1 (k) m
) Z ( Pj- 1(5)) fskJr(?) =2 fskf?) > (‘Dj(s)—@jfl(s))
j=1k=0 k=0 Jj=k+1
m—1 r(k)
=5 L0 (a9 auts).

yielding (3.103).

Proposition 3.26. For the Laplace transform of LDy, f the following formula holds:

m—1
LIRDuf(s) = Dy (s)L[f)(s) — Y, Ms" 5> 0, (3.105)
k=0

where N, = [/ (DX % £)(0)du(a).

Proof. The proof of this statement immediately follows from (3.29) by integrating
with respect to the measure p(a) on the interval [0, v).

3.12 Variable order fractional derivatives and the memory effect

Another generalization of fractional order derivatives are fractional variable
order differential operators. We will use the abbreviation VODO for fractional vari-
able order differential operators. The study of variable fractional order derivatives
and operators started in the middle of the 1990s by N. Jacob et al. [JL93], S. G.
Samko et al. [SR93, Sam95], W. Hoh [Hoh00]. A. V. Chechkin et al. [CGS05] used
a version of variable order derivatives to describe kinetic diffusion in heterogeneous
media. Lorenzo and Hartley [LHO2] introduced a wide class of variable fractional
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order derivatives, which can be used for modeling of processes with various types
of memory effects.

Definition 3.6. Let a function 3(¢), ¢ > 0, satisfies the condition 0 < B(¢) < 1. By
definition, a variable order fractional derivative is

d !
7010 =5 | A or@ar, (3.106)

where U and v are real parameters, t > 0, and

1
AP (1,1) = 0 . 3.107
w0 = F vy — P 0Tl GI0D

The function fB(¢) is called an order function. If B(¢t) = 1 for some #, > 0, then
df(t)

T whenever

we agree that the integral on the right-hand side of (3.106) equals

Ut +v1 =1ty. The operator @5 ’(\i) depends on parameters it and v. These parameters
run in the parallelogram IT shown in Figure 3.1, which we call Lorenzo-Hartley
causality parallelogram (or LH-parallelogram). Therefore, we call the operator

@ﬁfvt) a Riemann-Liouville type (i, v)-VODO with the order function f3.

Similarly, one can introduce the Caputo-Djrbashian type (i, v)-VODO with the
order function 3.

Definition 3.7. Let a function 3(¢), ¢ > 0, satisfy the condition 0 < 3(¢) < 1. By def-
inition, a Caputo-Djrbashian type (i, v)-VODO with the order function f3 is

t
PP f (1) = / %é\gt)(t,r)%(:)dr. (3.108)
| | A
A%
N
AN
AN
AN
v>0 \\
N
\\
0 T K
v<0
I I

Fig. 3.1 The Lorenzo-Hartley (LH) causality parallelogram IT.

where parameters tt and v and the kernel function Jifuﬁ \(,t) (t,7) are defined as in

Definition 3.6.
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The Caputo-Djrbashian type (u,v)-VODOs can be defined for any positive
bounded piecewise continuous order functions. Denote by [ (¢)] the integer part of

B () foreacht > 0, and by {3(¢)} its fractional part. Then one can rewrite 7P Lﬁtz, f@)
in equation (3.108) in the form

"
@fﬁf)vf(f) _ /0 %{e}(t,r)f[ﬁ(“Hw)Hl(T)dr- (3.109)

Obviously, if B(¢) < 1, then [B(ut + vt)] = 0 and {B(ut + vt)} = B(ut + vi).
Therefore, (3.109) coincides with (3.108). For those values of #y > 0 for which
B(t) = 1, as we did in Definition 3.6, we agree that the integral on the right-

hand side of (3.109) equals %(tt) whenever ut + vt = t9. The definition (3.109)
is valid for any bounded (not necessarily bounded with 1) piecewise continu-

ous function B(¢) with the additional agreement that if B(zp) = m € N for some

to > 0, then the right-hand side of (3.109) equals % whenever Ut + vT = 1.
To verify validity of this claim, assume that m — 1 < (¢r) < m, in some interval
(a,b). Then [B(ur+vt)]=m—1and {B(ut+v1)} = B(ur+ vr) —m+ 1 when
Ut + vt € (a,b). The latter makes the integral in (3.109) consistent with the Caputo-

Djrbashian form of the fractional derivative.

Remark 3.6. The role of the Lorenzo-Hartley causality parallelogram (see Fig-
ure 3.1) IT = {(u,v) ER?*:0< pu < 1,0< p+ v < 1} in the VODOs (3.106) and
(3.108) or, in more general case, in (3.109), is that tf + v runs in the interval
(0,7) when (u,v) € IT. Indeed, the conditions (u,v) € IT and 7 € (0,t) yield
ut + vt € (ut,(u+ v)t) C (0,¢). In other words, the condition (u,v) € IT pre-
determines the causality, since 0 < ut+ vt <tforallr >0and 0 < 7 <.

Remark 3.7. In Chapter 5 we will use VODOs to model complex diffusion processes
in heterogeneous media with different diffusion modes in different time intervals
(see Definition 3.8). The corresponding mathematical model is the Cauchy problem
for a pseudo-differential equation with a singular symbol and a variable fractional
order time derivative. Such a model takes into account the memory effects of the past
in computing present or future states of the underlying diffusion process. Diffusion
processes in heterogeneous media are accompanied by frequent changes of diffusion
modes. It is known that a non-Markovian random process possesses a memory of
past (see [MKOO, Zas02]). For instance, protein movement in cell membrane, as is
recorded in [SJ97, Sax01], follows a non-Markovian (anomalous) diffusion process.
Descriptions of such processes using random walk models also show the presence
of non-Markovian type memory [AUS06, GMMO02, LSATO05]. It turns out there is
another type of memory noticed first by Lorenzo and Hartley in their paper [LHO02]
in some particular cases of y and v. This kind of memory arises when the diffusion
mode changes. Below we study memory effects in the case when the order function
is piecewise constant.
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The kernel (3.107), and thus, both the operators (3.106) and (3.108) are weakly
singular for (u,v) € IT. Further, denote

1
= 11
H(t,7T,s) ST IORIEIEEE t>00<7t<r,0<s<t, (3.110)

where 0 < B(s) <M, for some M < oo, is an order function. Let 0 =Ty < 71 <
.. < Ty < Ty41 = o be a partition of the interval (0,e<) into N + 1 sub-intervals
(T, Tiv1)- Let B(2) be a piecewise constant function

N
=D B Ai(r), 1€(0,), (3.111)

where .7 is the indicator function of the interval (T;, ;1) and 0 < By < 1,k =
0,...,N, are constants. Under these conditions, the function (3.110) becomes

1
K(t,7,s) sz t>0,0<t<t,0<s<t, (3.112)

F( =B~ 0f’

and the kernel of the fractional order operator (3.108) becomes

%‘?\(,t)(l‘,T):K(I,T,NI-FVT), >0, 0<t<t. (3.113)
with K(z,7,s) defined in (3.112).
Theorem 3.6. Let the order function (3 (t) be a piecewise constant. Then the mapping
75, . cm(0,T] = €[0,T]
is continuous.

Proof. For simplicity we assume m = 1. The proof for m > 1 does not have an

essential difference. Let f € C'[0,7.] Then h(t) = @fu(t)v f(¢) is continuous. Indeed,
exploiting (3.112) and (3.113), we have

d
,“,f |—/Ktr/.1t+vr)df

_ /k ,LLZ‘—FVT) ar Bi
_kz l—ﬁk / o dr-%]k Df(r)

dt

where JE * is a fractional order integration operator. Since Df = % € C[0,T], it fol-

lows from Proposition 3.2 that JE"Df(t) € C[0,1] for each k = 0,...,N. Moreover,
since the kernel K;(t,7) = _#i(ut +v1)(t — 1) P € L;(0,1) foreach k=0,...,N
it follows that
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d
|J£"Df(t)|§|\Kk|L1H[soup Fl k=0,

i

implying the continuity of Qf pv
Remark 3.8. With slight modification of the proof one can show that Theorem 3.6
can be extended to any piecewise continuous order functions.

Definition 3.8. Let the order function 3(¢) be defined as in (3.111) and (u,v) € I1.
We say that the triplet (B, i, V) determines a diffusion mode in the time interval
(Tke, Tiet1)-

Remark 3.9. If one assumes that the input is a triplet (S, i, V), then the output is
determined by the fact that which values of f(¢) are used to compute the variable
order derivative, or in other words, by the fact that which interval (7}, T, 1) the
point s = it + vt belongs to. Since (i, v) € IT implies put + vt € (ut, (UL + v)i),
this means that the operators @ﬁfé) and @f ,j’)v use information taken in the time sub-
interval (ur, (u 4+ v)t) if v is positive and from the sub-interval ((u + v)t, uz) if v
is negative. In both cases, the length of this interval is |v|z.

Now we analyze the memory effects in a special case of a single change of dif-
fusion mode, that is, a diffusion mode given by a triplet {1, i, v} changes at time
T to a diffusion mode corresponding to another triplet {f,, i, v}.

Definition 3.9. Let {1, 1, v} and {3, i, v} be two admissible triplets which deter-
mine two distinct diffusion modes. Assume the diffusion mode is changed at time
t =T from {f,u,v}-mode to {f,, i, v}-mode. Then the process is said to have a
‘short-range’ (or short) memory, if there is a finite 7* > T such that for all r > T*
the {f,, 1, v}-mode holds. Otherwise, the process is said to have a ‘long-range’ (or
long) memory.

Remark 3.10. According to Definition 3.9, a diffusion mode has a long memory if
the effect of the previous diffusion mode never vanishes, even the diffusion mode is
changed, i.e., the particle never forgets its past. In the case of short memory, particle
remembers the previous mode until some critical time, and then forgets it fully,
recognizing the new mode.

Theorem 3.7. ([US06]) Let v > 0 and [t # 0. Assume the { B, 1L, v }-diffusion mode
is changed at time t =T to the {35, L, v }-diffusion mode (Figure 3.2). Let T* =T/l
andt* =T /(L + V). Then the process has a short memory. Moreover,

(i) for all 0 <t < t* the { By, 1,V }-diffusion mode holds;
(ii) for all t > T* the { By, 1L,V }-diffusion mode holds;
(iii) for all t* <t < T* amix of both {B1, 1, v} and { B, i, v }-diffusion modes hold.
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Fig. 3.2 These figures illustrate Theorem 3.7. Moving from the upper curve to the lower curve (left
figure), and from lower curve to the upper one (right figure) does not occur at time 7', when one
diffusion mode changed to another mode. Instead, it occurs at time 7% > T fully accepting a new
diffusion mode. The curves in these figures are kernel functions corresponding to two diffusion
modes.

Proof. Let B(s) =B for0 < s< T and B(s) = B for s > T. Assume v > 0. Denote
s=ut+v7t. So, the {B, 1, v}-diffusion mode holds if ur+ vt <T.Let0 <7 <t* =
T/(u+ v). Then for every T € (0,¢) we have us+ vt < (i + v)t < T. This means

that the order operator f(s) in @f {(;ZV} takes the value B giving (i). If t > T/,
then for all 7 > 0, ur+ vt > T. Hence, B(s) = B, obtaining (ii). Now assume
T/(u+v)<t<T/u.Denote 1y = (T — ut)/v. Obviously 7 > 0. It follows from
(W+v)t > T dividing by v thatt > T /v —tu/v = 19, 1.e., 0 < 19 < t. It is easy to
check that if 0 < T < 19 then ur+ vt € (ut,T) C (0,7), giving B(s) = Bi, while if
To < T <tthen ut+ vt e (T,(u+v)t) C (T,), giving B(s) = B,. Hence, in this
case the mix of both {f, u, v} and { B, i, v}-diffusion modes is present.

Theorem 3.8. ([US06]) Let v < 0 and [l + v # 0. Assume the {1, 1L,V }-diffusion
mode is changed at time t = T to the {3, lL, v }-diffusion mode. Let = T/u and
T = T /(1 + V). Then the process has a short memory. Moreover,

(i') forall0 <1t < 1" the {B1, 1, v}-diffusion mode holds;
(ii') forall t > T the {B2, 1, v}-diffusion mode holds;
(iii') for all ' <t <T* a mix of both {B1,u,v} and {Ba, 1, v}-diffusion modes
hold.

Proof. Letv <0. Assume again 3(s) = for0<s < T and B(s) = B fors > T. As
in the previous theorem, denote s = (¢ + v 7. First we notice thatif 0 < r < T'/u then
ut + vt < T, which implies B(s) = B1, giving (i ). Now let # > T /(1 + v) be any
number. Then for 0 < T < we have ur+ vt > T, which yields 3 (s) = B,. So, we get
(if'). Now assume T /i < t < T /(1 + V). Again denote T = (T — ut)/v. Obviously
7o > 0. It follows from (1 + v)r < T dividingby v <O thats > T /v —tu/v = 1,
i.e., 0 <1 <t.Itiseasy tocheck thatif 0 < T < 7y then ut + vt € (T, ut) C (T, ),
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giving B(s) = B, while if 19 < T <t then ut +vt e ((u+v)t,T) C (0,T), giving
B(s) = Bi. Hence, in this case the mix of both {B;,u, v} and {f,, u,v}-diffusion
modes is present, obtaining (iii/).

Corollary 3.9 Let v =0 and u # 0. Assume the {fi, U,V }-diffusion mode is
changed at time t = T to the {P,,l, v }-diffusion mode. Let T* = T /u. Then the
process has a short memory. Moreover,

(a) forall 0 <t < T* the {B,u,Vv}-diffusion mode holds;
(b) forallt > T* the {Ba, U, V}-diffusion mode holds.

Proof. If v =0, then we have B(s) = B(ut) = B fort < T/u and B(s) = 3, for
t>T/u.

Corollary 3.10 Let u =0 or u+ v = 0. Assume the {B1, 1, v}-diffusion mode is
changed at time t =T to the {f, 1L,V }-diffusion mode. Then the process has the
long memory.

Proof. According to the structure of LH-parallelogram pt = 0 implies v > 0. In this
case T* =oo. If u+v =0, then v < 0 and ¢* = co. In both cases we have long
memory effect.

Remark 3.11. Notice, that if v = 0 then there is no intervals of mix of modes. More-
over, if v=0,u =1, then T* =+* = T. In this sense we say that a process has
no memory. For all values of {u1, v} except the bold lines in the LH-parallelogram
(see Figure 3.1), the operator Df {(2
the region v < 0 and weaker in v > 0. On the dashed line y + v = 1 we have
t* =T < T*. The bold lines 4 =0, v > 0 and u + v = 0 identify the long range
memory.

v} has a short memory. Memory is stronger in

3.13 Additional notes

1. The starting point of fractional calculus goes back to 1695, when L'Hopital wrote a letter to
Leibnitz asking him about the notation d" f /dx" for f(x) = x, if n = 1/2. Leibnitz responded
stating that “An apparent paradox, from which one day useful consequences will be drawn.”
Contributions to factional calculus were made by classics Euler, Laplace, Fourier, Abel, Liou-
ville, Riemann, Griinwald, Letnikov, Hadamard, Heaviside, Weyl, Lévy, Marchaud, Zygmund,
M. Riesz, etc. Several books devoted to fractional calculus are written among which we would
like to mention the encyclopedic book by Samko, Kilbas, and Marychev [SKM87] published
first in Russian in 1987, the earlier books by Djrbashian [Djr66], Oldham and Spanier [0S74],
Miller and Ross [MR93], books appeared relatively recently and written by Kiryakova [Kir94],
Podlubni [Pod99], Rubin [Rub96], Hilfer [Hil00], Kilbas, Srivastava, and Trijillo [KST06], etc.
The survey papers written by Gorenflo and Mainardi [GM97], Metzler and Klafter [MKO00],
contain a vast material including recent developments and historical facts.
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2. Example 3.4 shows that the semigroup property J*JB = jo+tB — jBj% valid for fractional
integrals and for integer order derivatives, in general, fails in the case of Riemann-Liouville
fractional derivatives. However, as is shown in [OS74], if f satisfies the condition f = JBDP f,
then the rule D®DP f = D**B £ called a composition rule, holds. Some differentiation rules and
properties valid in the classical calculus generalize to the fractional calculus as well. Obviously,
all the different versions of fractional derivatives and operators introduced in this chapter, in-
cluding distributed and variable order derivatives, are linear. The product rule, or in the general
case the Leibniz rule (n € N)

(fo)™ = 2 (n>f<”‘k)g(k),
k=0 k

in the case of fractional Riemann-Liouville derivatives takes the form [OS74]

< /o B

Di1rel0 = 3 (§)api 47060,
k=0

where (§) =I'(a+1)/(k!I" (o —k+1)). To generalize the chain rule to fractional derivatives

one needs first the chain rule for n-th order derivative, called the Faa di Bruno formula (see

[AS64]):

n . nooq g(j) Fi

)™ =nt Y fOFT] il

k=1 j=15 I

where the sum inside is over all combinations of nonnegative integer numbers P, ..., P, such
that

iij:I’l7 and in:k.
Jj=1 Jj=1

Then the fractional generalization of the chain rule for the Riemann-Liouville derivative reads
[0S74]

f(g(t)
ri-o)i—a)®

R P;
< o (tia)n_q n S (k) - L g(])(t) '
2 () a2 (g(t”z,nlfw{

il
n=1 \" k= J:

DI f(8(t)) =

with the same meaning of P;, j = 1,...,n, as in the Fad di Bruno’s formula. For further frac-
tional generalizations of the Leibniz and chain rules, we refer the reader to papers [Osl72,
SKM87, FGT12]. In particular, for suitable functions f(z) and g(z) we note the representation
of the fractional derivative of order o > 0 of f(z) with respect to g(z), that is Dg(z) flz) =

D%F(g~'(w)) [FGT12]:

« _I'(a+1) f0)g (1)
Dg(:)f(z)i 2mi /c (g(t)—g(z)>a+ldt’
and [FGT12]
Dty (s 1)) = e_ff}fiﬁil)/ O (3.114)

© (s0)-2) "

where contours C and C; are special Pochhammer contours.
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3. Proof of formula (1.7). The formula (3.6) can be used for the proof of the following property
of the Gamma-function:

F'ao)(1-o)= 0<o<l. (1.14)

sinwo’

First, we note that using the contour integrals method one can easily verify that

oo —0
/ X =T (3.115)
JO

1+x sin o

Further, taking Y = —o in equation (3.6),

oo 1 Tt

The substitution T =t —1/(x+ 1) in the latter integral implies

—a

d
1+x *

F(e)r(1—a) :/: a

Comparing this with equation (3.115) we obtain (1.7).

4. Marchaud fractional derivative. One can use the idea of analytic continuation of _..J f(x)
defined in (3.60) (or ,JZ f(x) in (3.61)) to the domain R (o) < 0, in order to define a fractional
order derivative for suitable functions f(x). This idea leads to the following definition of the
Marchaud fractional derivative:

Definition 3.10. The fractional order derivative in the sense of Marchaud is defined by

f(x), ifo=0;
(DY) f(x) = { =& [ LOSOE) gy 0 < o < 1 (3.116)
+ T(—a) J0 e ’ :
LDk y(y), ifk<o<k+1,k=1,2,...,

subject to the integral on the right is finite.

Indeed, let 0 < o < 1. Then, one can write formally

=

1"( Ot plta dh.

T (x)

However, the integral on the right diverges due to the strong singularity of the integrand at
h = 0. Regularizing (and using the equality I'(1 — &) = —oI"(—a)), one obtains a meaningful
integral

070 = gy [ e

convergent for suitable functions. Hence, the Marchaud fractional derivative in Definition 3.10
is “a regularization” of _.J~% f(x). Similarly, the regularization of ,J_ % f(x), 0 < & < 1, gives

< fx+h)—f(x ) dh
1"(1 hlto ’

(D%)f(x) =

The derivatives DY and D% are called, respectively, a forward and backward Marchaud frac-
tional derivatives. We note that if for a function f € L,(R), 1 < p < oo, one of the fractional
derivatives (DY) f(x) (Marchaud), _..D*f(x) (Liouville-Weyl), and _.Z& f(x) (Griinwald-
Letnikov) exists, then other two also exist and all the three coincide (see [SKM87]):
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(DE)f(x) =—o DU f(x) =0 Z f ().

The same is true for backward versions of Marchaud, Liouville-Weyl, and Griinwald-Letnikov
fractional derivatives. Further, it follows from Example 3.12 that if B§ is a one-sided Marchaud,
Griinwald-Letnikov, or Liouville-Weyl fractional derivative of order ¢, then

BEet™ = g%t a>0. (3.117)

This formula will be used in our further considerations.
For functions defined on a finite interval (a,b) the general forms of forward and backward
fractional Marchaud derivatives are (0 < a < 1):

(DE ()= 773 —J.;()ch—a)a - 1"(10i @) /a {ixz;)ﬁsyl)d% X € (a,b),
and
o _ f(x) o b)) - f)
DE)W) = F =607 T =g / ey x€ (@)

5. Generalized Mittag-Leffler function. Mainardi’s function. The Mittag-Leffler function is an en-
tire function of the complex variable z € C and depends on two parameters, & and f3 :

Eo“ﬁ(z):gor(#rlﬁ)’ a>08>0.

The function Eg(z) introduced in Section 3.4 corresponds to the case = 1. For various
properties of the Mittag-Leffler functions, we refer the reader to [GK14, HMS11]. For the
reader’s convenience, below we provide some of them, which will be used in subsequent
chapters. It is easy to see that in particular cases Mittag-Leffler functions are related to the
exponential, cosine, and sine functions. Namely, the equalities E|(z) = ¢, E(—z%) = cosz,
and Ej 5(—z%) = (sinz)/z hold. The function E, g(z) is an entire function of exponential order
1/ 0, and the following asymptotic behavior is valid for 0 < o < 2, B = 1, as |z| — o through
different sectors [GK14]:

1 1/a oo 7% H an
—exp(z > T , if |z < &5,
EOZ(Z) ~ { o p( ) k=1 (1-ak) ‘ | 2

- Z| = oo,
2,‘:’:1”%2,{)7 if &F <argz<2m— %F, &
The formula
B-1 o s> P 1/a
L [z Eqp(—At )] ()= g7 K>

generalizes (3.38). One can derive from the latter the following useful formula valid for all
k=0,1,---:

klso P

1k
L [tak+ﬁ lE((x’)ﬁ(—kza)] (s) = T

R(s) > [A]Ve, (3.118)

Further, the function, called M-Wright or Mainardi function, and defined as

-5 (="
Mp(2) _,Zon!r(—ﬁ(nﬂ)ﬂ)’

0<pB<l,

is useful in description of Lévy distributions. In fact, for Mg(t),t > 0, and 0 < B < 1 the
following relations hold [Mail0]:
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_ B 1 b
L[Mﬁ](&‘) = Eﬁ (*S), L |:WMﬁ lﬁ (s) —e* ,

L L%Mﬁ (riﬁ)] (s)=sP1e .

We note also the following connection with the Gaussian density evolved in time (see (2.13)
with k = 1) |
X2

2\[M1/2(x/\/) G (x) = 27\/567$7 t>0,xeR.

6. Distributed fractional order differential operators. The idea of a distributed order fractional
derivative was first appeared in the paper [Cap69] by Michele Caputo in 1969 in connection
with modeling of wave propagation in viscoelastic media. In the papers [Cap95, Cap0O1] he
applied DODE models to other processes arising in filtering, dielectric induction, and diffu-
sion. Distributed order derivatives can be used to model complex processes with a simultane-
ous effect of different modes, and therefore, become an attractive tool for many researchers.
For instance, Chechkin et al. [CGSGO03, CSK11] used DODE for modeling of hereditary and
ultra-slow diffusion, Podlubny [Pod99] for control and signaling systems, Kazemipour et al.
[KAN10] for Klein-Gordon distributed order equation, Andries et al. [AUS06] for cell biol-
ogy, etc. Mathematical foundations of distributed fractional order derivatives are studied in
[BTOO] by Bagley and Torvik, [UG05-2] by Umarov and Gorenflo, [MS06] by Meerschaert
and Scheffler, and [Koc08] by Kochubei. Section 3.11 also contains new mathematical proper-
ties of DODO:s. In the papers [SCKO04, CSK11] fractional diffusion processes are modeled by
two different forms of time-DODEs and two different forms of space-DODE:s.

a. The natural time-DODE form:

d%p(t,x)

o2 t>0, xeR,

[ B0t xap =

where w(f3) is a nonnegative dimensionless function satisfying the condition jol w(B)dp =
1, 7> 0, and K is the diffusion coefficient;
b. The modified time-DODE form:

20— [Cw@rpint? |24 | ap. 1>0.xek

where w(B) has the same properties as in the natural form, and K(B) = 7' 75
c. The natural space-DODE form:

W) [P e [0%0(1,%)
Y 7K./o p(o)f* g o0 do, t>0,xeR,

where ¢ and K are positive constants, and p () is a nonnegative dimensionless function
satisfying the condition f02 p(a)do = 1; and
d. The modified space-DODE form:

2 %p(t
/ p (o) DE % p(t,x)do: = —K%, >0, xR,
Jo
where ¢, K, and p (o) have the same meaning as in the natural space-DODE form. In all
the four cases the initial condition p(0,x) = 8y(x) is required.

7. Variable fractional order differential operators. Another mathematical apparatus, relatively
young and being intensively developed last two decades, is the variable fractional order deriva-
tives. Variable order derivatives can be effectively used for modeling of diffusion processes in a



168 3 Fractional calculus and fractional order operators

heterogeneous media, processes with changing regimes in time, etc. A variable fractional order
derivative was introduced and studied by S. G. Samko and his collaborators in 1993-95 [SR93,
Sam95]. In the papers [LHO2] Lorenzo and Hartley introduced several types of fractional vari-
able order derivatives based on the Riemann-Liouville derivative and applied them to engi-
neering problems. A. V. Chechkin at al. [CGS05] used variable fractional order derivatives to
describe kinetic diffusion in heterogeneous media. Umarov et al. [US09] studied variable frac-
tional order derivatives based on the Caputo-Djrbashian fractional derivatives. In this paper the
memory effects provided by variable order differential operators are studied in detail. For nu-
merical approximations of fractional variable order derivatives, see papers [SCWC11, VCI11],
and the references therein.

8. Fractional order integrals. In Section 3.2 we showed that the families of operators ,J and

+J, where o0 > 0, form semigroups of operators. These semigroups are strongly continuous
on Banach spaces Ly, (a,b), p > 1, and Cla, b]. See the definition of strongly continuous semi-
groups in Section 7.3.
In Section 3.7 we established the equality of the ¥DOSS A4 (D) and the fractional Liouville-
Weyl integral operator _..J* in ¥, ,(R), 0 ¢ G. The equality of these operators remains valid
in the scale of Sobolev spaces, as well, with some orthogonality conditions. To feel it better
let us consider some examples. Let 1 < o < 2. Then A¢(D)f(x), f € H*(R), is meaningful
if f is orthogonal to 1, i.e., < f,1 >=0, or, the same, F[f](0) = 0. It is easy to see that
Ay (D)f € H*T*(R). On the other hand, _..J%f € H***(IR) also implies [~ _ f(x)dx = 0, that
is F[f](0) = 0. For example, the function

flwy =)

belongs to H(R) = L, (R) and satisfies the condition < f,1>= 0. For o = 1 we have

o J=ZF+tan"'x, ifx>0
=l ) = {g —tan"lx, ifx<O.
This function is continuous and has asymptotics 1/x as x — +eo. Hence, _.J%*f(x) € H'(R).
However, we note that, in general, for the operator _..J* to be meaningful, it is not necessary
that f € H*(R) was orthogonal to 1. But, now one cannot guarantee that _.J” f € H**(R).
An example, again for o = 1, is the function g(x) = (1+x?)~! € H'(R), but _..J%(x) =
tan~!(x) ¢ H'(R). Obviously the function g does not satisfy the condition < g,1 >=0.



Chapter 4

Boundary value problems for pseudo-differential
equations with singular symbols

4.1 Introduction

Let 2 C R" be a bounded domain with a smooth boundary or £2 = R”". This chapter
discusses well-posedness problems of general boundary value problems for pseudo-
differential and differential-operator equations of the form

My m—1 8ku
Lal = G+ XA GE = [0, (€ TT) x€Q0 @D
k=
m—1
2 k]a Mat[kjj7 ):(pk(-x)7 xG.Q,k:Ov---vm_l’ (42)

where f(¢,x) is defined on (T}, T5) X Q, —o0 < T} < Tp < oo, and @ (x),x € Q, k=
0,...,m—1, are given functions; A(t) and b, k=0,....m—1,j=0,....m—1,
are operators acting on some spaces (specified below) of functions defined on €2;
and tj; € [T1,T»], j,k=0,...,m— 1. For example, when £ = R", the latter opera-
tors may act as ¥'DOSS defined on the space of distributions lIILG,p, (R") with an
appropriate G C R". '

Examples discussed in Section 2.2 showed that the solution operators of simplest
boundary value problems can be interpreted as ¥'DOSS. Moreover, the equation
in Examples 2.2.0.4 and 2.2.0.5 (that is, equation (2.24)) is a pseudo-differential
equation with a symbol singular in the dual variable.

The classes OPXS,(G) of YDOSS’ introduced in Chapter 2) are convenient in
the study of boundary value problems of the form (4.1)—(4.2). The role of the set G is
to localize singularities of the coefficients, as well as the solution operators. This al-
lows to construct algebras of ¥ DOSS’ complete in the sense that not only operators
A (1) and by j, but also solution operators of boundary value problem (4.1)—(4.2) be-
long to the same algebra. Moreover, this approach (being a variation of the operator
method) works independently of the type of equation (4.1).
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In general, due to singularity of symbols of operators Ai(r) and by;,
problem (4.1)—(4.2) is not well posed in the sense of Hadamard in classical func-
tion spaces. However, as we have seen in Chapter 2, one can always find a space
(possibly too narrow) in which the problem is well posed in the strong sense. By
duality, this can be extended to the dual space of distributions, but now the solu-
tion is understood in the weak sense (the exact definitions are given in Section 4.2).
Depending on the symbol of solution operators sometimes the well-posedness space
can be extended up to Sobolev, or Besov and Lizorkin-Triebel spaces. In this chap-
ter we obtain general conditions of well posedness in classical Sobolev, Besov, and
Lizorkin-Triebel type spaces.

4.2 General boundary value problems for YDOSS:
homogeneous case

Consider the following general boundary value problem for a pseudo-differential
equation

L(t,%,D)u(t,x) - alJ“ ZAk (t D)?k = f(t,x), t€(T1,T), xER",
4.3)
zbk/ auattkf’ ):(Pk(x), xeR", k=0,....m—1,
(4.4)

where m > 1, —co < Ty < Tp < oo, 1y € [T}, T3], D= (Dy,...,Dy), Dj = —i%; op-
erators Ay(t,D), k=0,...,m—1,and b;;(D), k, j =0,...,m—1, are YDOSS with
respective symbols Ag(t,&) and by (), k, j =0,...,m— 1; the functions f(¢,x) and
©Or(x), k=0,...,m— 1, are given functions in certain spaces that will be specified
later. Problem (4.3)—(4.4) cover all the examples (Examples 2.2.0.1-2.2.0.6) dis-
cussed in Section 2.2.

Definition 4.1. Let f € C°[T1, ;% ,(R")], and ¢ € ¥ ,(R"), k= 1,....m
A function u(t,x) € C"[T1,T>;%¥,,(R")] is called a strong solution to boundary
value problem (4.3)—(4.4) if it satisfies both relations (4.3) and (4.4) pointwise.

A y-distribution valued function u(r,x) € C™ [Tl,Tz,‘P (R”)] is said to be a

weak solution to boundary value problem (4.3)—(4.4) if the followmg relations hold
for every ¢ € ¥ ,(R") and all 1 € (T1,T»):

0Mu m_1 - oky
< W’d) > +1§E) < WaAk(ta_D)q) >=<f(t,x),9 >,

m—1 aj .
B9 >= 3 < TN D)) sz gy 00 >
j=0
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If at least two points f;; in the boundary conditions (4.4) are distinct, then
(4.3)—(4.4) are nonlocal multi-point boundary value problems. If #;; =1y € (T1,T5]
for all k,j = 0,...,m — 1, and operators by; = &;I, where &; is the Kronecker’s
symbol and [ is the identity operator, then (4.3)—(4.4) represent the Cauchy
problem:

L(I,%,D)u(t,x) = f(t,x), t>1y,x<€R", 4.5)
Qku(t,x) "
i =@(x), xeR" k=0,....m—1, (4.6)

=10

where L(t, % ,D) is the operator defined in (4.3). Cauchy problem (4.5)—(4.6) for an
inhomogeneous equation (f(z,x) # 0) can always be reduced to the Cauchy problem
for the corresponding homogeneous equation

Lz, %,D)u(l,x) =0, r>r, 4.7
oku(t,x)

atk :Wk(x)v k:O,...,m—l, (48)

for some 7 > g, and with nonhomogeneous Cauchy conditions with the initial data
W, which depend on functions (or functionals) ¢ and f(¢,x). Here the operator
L(t, %,D) is the same as in equation (4.3), however it acts on functions (func-
tionals) defined on the interval (7,73). The reduction procedure was first found by
Jean-Marie-Constant Duhamel in the 1830th, and therefore it is called the Duhamel
principle. We will discuss the Duhamel principle in the general case later on and
obtain its generalizations to various classes of boundary value problems, including
fractional order pseudo-differential equations. However, here we introduce the no-
tions of the Duhamel integral and Duhamel principle in a simple case. The classical
Duhamel integral (see, e.g., [TS66, BJS64]) is used for representation of a solution
of the Cauchy problem for a given inhomogeneous linear partial differential equa-
tion with homogeneous initial conditions via the solution of the Cauchy problem
for the corresponding homogeneous equation. Consider the Cauchy problem for the
second order inhomogeneous differential equation

0%u
o2

with homogeneous initial conditions

(t,x) =Au(t,x)+ f(t,x), t>0' xeR", (4.9)

u(0,x) =0, —(0,x)=0, (4.10)

! For simplicity here it is assumed that 7y = 0.
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where A is a linear differential operator containing the temporal derivatives of order,
not higher then 1. Further, let a sufficiently smooth function v(¢,7,x),t > 1, T > 0,
x € R”", be a solution of the homogeneous equation

0%y

W(r,r,x) =Av(t,T,x), t > T,

satisfying the following conditions:

P
W(t,7,%)|—r = 0, a—:(t,r,x)|,:T = f(r,x).

Then the solution of Cauchy problem (4.5)—(4.8) is given by means of the Duhamel
integral

u(t,x) = /Otv(t,z',x)dr.

The formulated statement is called the “Duhamel principle” (see for details, e.g.,
[BJS64] or [TS66]).

An analogous construction is possible in the case of the Cauchy problem with a
homogeneous initial condition for the first order inhomogeneous partial differential
equation

du
ot
where B is a linear differential operator containing only spatial derivatives.

Now we prove the Duhamel principle, for simplicity, in the case of second order
(in the sense of time-derivatives) pseudo-differential equations with singular sym-
bols. Namely, consider the Cauchy problem

(t,x) = Bu(t,x)+ f(t,x), t>0,xeR",

0%u du
W +A1(t7anx)E

w0 = o) and 2409 = gu(v), xeB"

+Ao(t,x,Dy)u=h(t,x), t>0,xeR"

We assume that symbols a;(z,x,), j = 0,1, of the pseudo-differential operators
Aj(t,x,Dy), j=0,1, belong to S for some G C R” for every fixed # > 0 and con-
tinuous in the variable ¢ > 0. In this case the Duhamel principle is formulated as
follows.

Proposition 4.1. Let a twice differentiable in the variable t function U(t,7,x) €
¥).G.t > T >0, be a solution of the Cauchy problem for a homogeneous equation

0°U oU
57 +A1(I7X7Dx)§ +Ao(t,x,D,)U =0, 0<t<t,xcR" 4.11)
U(t,1,x)|=r =0, xeR" (4.12)
U

E(t,‘c,x)h:f = f(t,x), xeR", (4.13)
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in the domain D = {t > t,x € R"}, where T > 0. Then the function
'
u(t,x) = / U(t,7,%)dt 4.14)
0

is a solution of the Cauchy problem

d%u du "
P +A(t,x,Dy) = 5 +Ao(t,x,Dy)u=h(t,x), t>0,xeR" (4.15)
u(0,x) =0 and %(O,X) =0, xeR. (4.16)

Proof. Obviously u(0,x) = 0. Further, for the first order derivative, one has

@(t U(t,t, +/ Ult,t,
al‘ x X (9 x

:/o EU(r,r,x)dr,

since U(z,,x) = 0 for any ¢ > 0 due to condition (4.12). It follows that % (0,x) =0.
Therefore, the function u(z,x) in (4.14) satisfies the initial conditions (4.16). Fur-
ther, for the second derivative, using condition (4.13), one obtains

J? d 192
wu(t,x) = EU(Z,t,x)—i—/o wU(l,T,x)dT

t 32
:h(t,x)—l—/o Ut

Moreover,

82

t 92
P —i—A()(t,x,Dx)u:h(t,x)—i—/o WU(I,T,x)dT

+A1(t,x, Dy )‘z;t’

t t
+A1(t,x,Dx)/ ;U(t,r,x)dr—i—Ao(t,x,Dx)/o Ut 7,x)d7

U
h(t,x) +/ A0, D0) S + Ag(t,x, D)UAT = h(t,x),

oJt
since U (¢, 7,x) is a solution to equation (4.11). Hence, u(t,x) in (4.14) satisfies the
equation (4.15) as well.

Remark 4.1. The Duhamel principle for abstract differential-operator equations of
arbitrary order m will be proved in Section 4.7, and for fractional order differential
equations in Sections 5.5 and 6.4.

Unfortunately, the Duhamel principle is not valid for multi-point problems. It is
convenient to split the general boundary value problems (4.3)—(4.4) into two partial
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problems. Namely, the boundary value problem with the homogeneous equation and
inhomogeneous boundary conditions

d o*u "
L(t, E’D)u(t’x)w =0, te(N,h),xeR", 4.17)
Bi(D)[u] = ¢r(x), xeR" k=0,....m—1, (4.18)

and the boundary value problem with the corresponding inhomogeneous equation
and homogeneous boundary conditions

L, 2 Dyl )a—k“— (t,x), 1€ (T, D), xeR" 4.19)
7at7 u 7'x atk_f "x7 6 17 27x€ ) .

Bi(D)u] =0, x€R" k=0,....m—1. (4.20)

In this section we will study boundary value problem (4.17)—(4.18). The bound-
ary value problem (4.19)—(4.20) will be studied in Section 4.3. Since the Duhamel
principle does not work for general multi-point value problems, we will use the
Green’s function or fundamental solution approaches to solve boundary value prob-
lem (4.19)—(4.20).

Consider in the interval (77,T») the following ordinary differential equation,
called a characteristic equation of pseudo-differential equation (4.17):

m—1
u™ )+ Y A(t,&)uP (1) =0, 1 € (1, 1), 4.21)
k=0

which depends on the parameter £ € G. Assume that the symbols A, (¢, &) are con-
tinuous in the variable ¢ for each fixed value of the parameter &. Then there exist
m linearly independent solutions u(z,£), k = 1,...,m, of equation (4.21) which
are defined on the interval (7;,T») and m-times differentiable in this interval, that
is u(1,€) € CU")(Ty,T>) for each fixed value of &. The set {u(r,&)}, is called
a fundamental system of solutions of the characteristic equation (4.21). It is clear
that a fundamental system of solutions is not defined uniquely. Depending on our
purposes we will construct different fundamental systems of solutions.

Letu;(r,&), where j € {0,...,m— 1}, be a solution to differential equation (4.21)
satisfying the conditions

W 1,8) =8, k=0,....m—1. (4.22)

It is known [Nai67] that u;(t,§) € C™(Ty,T>) exists and unique. Moreover, the set
of solutions uy(¢,&), ... ,uy,—1(¢,&) are linearly independent, and hence, form a fun-
damental system of solutions.

Theorem 4.1. Let the symbols Ax(t,&), k =0,....m—1, and by;(§), k,j=
0,...,m—1, of the operators Ay(t,D) and by j(D) in equation (4.17) belong to
S¢ for some open set G C R". Then there is a subset Gy of G, such that for
all o € ¥5,p(R"), 1 < p < oo, there exists a unique strong solution u(t,x) to the
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multi-point value problem (4.17)~(4.18) in C(™) (T1,1»), ¥,,p(R")]. Moreover, the
solution has the representation

m—1
= > Sk(t,D)pi(x),
k=0

where solution operators Si(t,D), k=0, .. — 1, have symbols s (t,&) € SGyr k=
0,...,m—1, which form a fundamental system ofsoluttons to (4.21).

Proof. Consider the boundary value problem for ordinary differential equation with
a parameter & :

d Cdmu ! dku
Lt g &)ut:8) = o+ X AL g =0, 1€, (4.23)
m—1 d’ .
BulE) ) = zbk,-<é>”;+f@=F[<pk1<é>, k=0, m—1, @24)
j=0

where F[@](&) is the Fourier transform of ¢ (x). We look for a solution of prob-
lem (4.23)—(4.24) in the form

m—1
&)= fi&)u(1,€), (4.25)
k=0

where the set u(¢,&), k =0,...,m— 1, is a fundamental system of solutions
of (4.21) satisfying Cauchy conditions (4.22). It is clear that u*(¢,&) € C™(T1,T»)
and satisfies (4.23). Substituting it into (4.24) we get a system of linear algebraic
equations

~

M(E)F(5) = D(S)- (4.26)

Here M(&) is the square matrix of order m with entries

m—1 .
ma =Y By(E)u (4;,€), k1=0,... .m—1, (4.27)
=0
F(E) = (fo(€),.-., fu—1(E)) is an unknown vector, and (&) is the transpose of
the vector (F[(PO](é)a - aF[(qu](é)). Denote by M, the set of points & € G at

which the determinant of M(&) vanishes, that is DetM(£) = 0. If £ & My, then
equation (4.26) has a unique solution

2~

F(&)=M"(&)P(&). (4.28)

We note that My is the singular set for the symbols of the solution operators.
Substituting the representation (4.28) of the vector F(&) = (f(&),..., fu-1(&))
into (4.25) and applying the inverse Fourier transform one obtains the solution of
the general multi-point value problem (4.17)—(4.18) in the form
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m—1
M([,X) = z Sk(tuD)(pk(x)v (429)
k=0

where the Si(t,D), k =0,...,m — 1, are solution pseudo-differential operators
of (4.17)—(4.18) with the symbols

st(t,E) = ul (1,8) = ((M*)’l(f)u(t,é))k, k=0,....m—1, (4.30)

where the symbol (-); means k-th component of a vector (-), (M*)~!(&) is the ma-
trix inverse to the Hermitian conjugate of M(&). Indeed, the symbols s;(7,&) €
C"(T\, 1), k=0,...,m—1,forall &£ € Gy C G\ My. This together with Theorem 2.1
implies u(t,x) € C"((T1,T2), ¥, »(R")]. The system {so(t,&),...,sm—1(t,E)} is
linearly independent, otherwise the system {ug(¢,&),...,u,—1(¢,€)} would not be
linearly independent due to the fact that the matrix M (&) has nonzero determinant
if & € Gy. The proof is complete.

Remark 4.2. 1. The vector-function S(¢,&) = (so(t, &)y Smen (2, 5)) , components

of which are symbols of solution operators Si(¢,D), k= 1,...,m, depends on op-
erators Ag(t,D),k=0,...,m—1,and By;j(D),k=0,....m—1,j=0,....,m—1,
given in (4.17), (4.18), respectively. Its behavior may be of different nature: it
may have singularities in variables (§i,...,&,) in G if Mo NG # 0, or may in-
crease or decrease when |£| — oo. The well posedness of boundary value prob-
lem (4.17)-(4.18) in the classical Sobolev, Besov, and other spaces essentially
depends on the behavior of the vector function S(z,&); see Section 4.4.

2. It is useful to have a maximal Gy in this theorem, which is actually G \ Mp. In
accordance with Theorem 1.21, ¥, ,(R") is dense in classical spaces if Gy is a
dense subset of R”.

Theorem 4.2. Let f = 0 and let the symbols Ar(t,&), k =0,...,m — 1, and
bij(&), k,j=0,...,m—1,of the operators Ai(t,D) and by ;(D) in equations (4.3)—
(4.4) belong to S, for some open set G C R". Then there is a subset Gy of G, such

that for all g € ¥' Gor (R™), 1 < p < oo, there exists a unique weak solution w(t,x)
—Go,

t0 the multi-point value problem (4.17)~(4.18) in C"™[(Ty, T»), ¥’ Goup! (R™)]. More-
~Go,

over, the solution has a representation
m—1
W(t,x) = Y S{(t,—D)gu(x), (4.31)
k=0

where solution operators S)'(t,—D),k = 0,....,m — 1, have symbols si(t,&),k =
0,...,m— 1, which form a fundamental system of solutions to (4.21).
Proof. Let @ € 'PLG (R"),k=0,...,m—1, and ¢ be an arbitrary function in

0.0
¥, p(R"). We only need to show that w(z,x) defined in (4.31) is a weak solution

of boundary value problem (4.17)-(4.18) with weak extensions “A,V("(t, —D)” and
“by;(—D)” instead of operators “Ax(,D)” and “by;(D).” Let

W(t,x) =Wo(t,x)+ -+ Wy_1(t,x), (4.32)
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where W(,x) = S}(t,—D)@;(x), that is the j-th term in representation (4.31).
We have

< Lwa,g,—mvvj(r,x), o(x) >
» I"S™ (1 3;” )<pj(x) +YI:12;A/‘3'(Z=—D) aksf(t,a—tkD)fpj(x)’ o) >
:x%@,as +2m 4%#ﬁ¢m>

=< (pj(x),F

(‘9 2045 8—2€§)>F[¢](§)1 >

=0, WVre (T],Tz),

since by construction s (¢, &) satisfies equation (4.23). Similarly,

<BY(-D)Wj].¢ :><2b —ﬂ%Jﬂ¢m>
—1 )
=< @j(x Z bie(D —a S"(gtt"f’ )¢(X) >

=< @j(x

<Zb %)FW@] >
=< (%), 0, jO(x) >=< O j@;(x), ¢(x) >, k,j=0,....m—1. (4.33)

Now summing up (4.33) by index j =0,. — 1, and taking into account (4.32),
we have B} (—D)[W]| = ¢i(x) in the sense of ‘P o ,(R"). Thus, W (t,x) given by

in (4.31) satisfies boundary value problem (4.17)— (4 18) in the weak sense.

4.3 General boundary value problems for ¥DOSS:
inhomogeneous case

Theorems 4.1 and 4.2 establish well posedness of boundary value problems for
homogeneous equations with nonhomogeneous boundary conditions in the spaces

¥5,.p(R"), and ¥’ Go (R™), where Gy C G\A(;I Here M defined as
: —Y0,

M={EcR": detM(E) =0}, (4.34)

where M (&) is the matrix with entries defined in equation (4.27).
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Now consider an inhomogeneous equation with homogeneous boundary
conditions

L(I,%,D)u:h(t,x), re (T, 1), xR (4.35)
Bi(D)u=0, xeR" k=0,...,m—1, (4.36)

where operators L(t, %,D) and B(D) are defined in equations (4.3) and (4.4), re-
spectively. As was noted above the Duhamel principle is not applicable in the case
of multi-point boundary value problems. Below we show the well posedness of
problem (4.35)—(4.36) in the spaces ¥, ,(R") and ‘P Goup ,(R™).

Applying the Fourier transform in x in equations (4.35) and (4.36) one obtains the
following multi-point boundary value problem for an ordinary differential equation
with the parameter & € R" :

Lt & =h(8), 1 (T, T), (437)
Bi(EWw=0, k=0,...m—1, (4.38)

where v(t,£) = Flu(1, ) and h(t, &) = FI)(1,£).
One can find a solution to problem (4.35)—(4.36) using the fundamental solution

of the operator

dk

dt’ dt’” + kz;) dtk

in a suitable space of distributions. Since symbols Ay (7,€) by assumption are
continuous functions in the variable ¢ for each fixed £ € G C R", this operator
has a fundamental solution (see, e.g., [V1a79]) &(t,s,&) satisfying the differential
equation

S8sE) =80, 1€(T.T), @39)

for arbitrary s € (T}, 7). From the general theory it follows also that the function
& (t,s,&) is m times differentiable on each of the intervals T} <t <sand s <t < T».
The function

L(r,

o(1.8) = [ Et.5.8)h(s.E)ds

Jny

obviously solves equation (4.37). Let E(f,x) be the inverse Fourier transform of
e(t,&) in the sense of distributions, that is E(t,x) = F~'[e](t,x). Then, one can
easily verify that

T
B = [ * &(t,5,D)h(s,x)ds, (4.40)
s 11

and by construction it satisfies the equation

L(t D)E(t,x) = h(t,x).

757
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Indeed,
d I 0
L(t,—,D)E(t,x) = L(t,=,D)&(t,s,D)h(s,x)ds
at JTy ot
)
= O ($)h(s,x)ds = h(t,x).
T

In fact, we would like to have a fundamental solution which would satisfy not only
equation (4.39), but also boundary conditions (4.38). Therefore, we fix &(t,s,&)
adding an additional term, namely

&(t,s,8) =&(t,s,8) +Wo(t,s,8), (4.41)

where Wy (t,s, &) is a solution to the boundary value problem

L(tu%aé)WZ(L re (T17T2)7 X e an (442)
Bk(é)w:q)k(s,é), x€ Gy, k=0,....m—1, (4.43)
with
m—1 d}g
O (s5,8) = —Bi(§)[6] = — Zbkj(g)m(h&@ - (4.44)
j=0
=t

Since & ¢ M , boundary value problem (4.42)—(4.43) has a unique solution
Wol(t,s,E) € C(’")(Tl,Tz), which represents the second term in (4.41). Moreover,
the desired fundamental solution &y(,s, &) has the representation

m—1
go(tvsaé):@@(tusué)_ Zsk(tvé)q)k(saé)a (445)
k=0

where s¢(£,€), k=0,...,m— 1, are the symbols of solution operators to prob-
lem (4.42)—(4.43). Now one can readily verify that

T
utx) = | * &(t,5,D)h(t,x)ds (4.46)
1

satisfies both equation (4.35) and boundary conditions (4.36). The latter can be rep-
resented in the form
u(t,x) = E(t,x) +w(t,x,) (4.47)

where E(t,x) is defined in (4.40) and

i)
w(t,x) = . W(t,s,D)h(s,x)ds.
i

Here W (¢,s,D) is the pseudo-differential operator with the symbol Wy(z,s, ).
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Another approach to the solution of problem (4.35)-(4.36) is based on the
Green’s function of the operator L(, %, &) with boundary conditions (4.38) for suit-
able values of parameter €.

By definition, the Green’s function of the operator L(z, (%, ) with boundary con-
ditions (4.38) is a function G(¢, s, £ ) defined on (71, T3) x (T1,T2) x G, and satisfying
the following conditions:

1. all the derivatives in the variable ¢ up to order m — 2 are continuous;
2. m times differentiable on intervals 7} <t < sands <t < T5;
3. (m— 1)-st derivative satisfies the jump condition at t = s :

6" Vsg) 6" Vsl =1
t=5+0 t=s—0
4. satisfies the equation L(z, %, )G(t,s,&) =0onintervals T} <t < sand s <t <

T», and boundary conditions B;(D)[G] = 0.

Let {uo(t,&),...,um—1(t,€)} be a fundamental system of solutions of the operator

L(t,%,&). Then one can look for G(t,s,£) in the form
(¢ if Ty <t
G(Z‘,S,g): G (asaé) 1 1 <t <s,
Gi(t,5,8) ifs<t<D.
where
m—1 o
G-(1,5.8) = 3 ¢;(Euj(t.6), 1<s5E¢M,
j=0

m—1 o
Gi(t,5,8) = ;)dj(é)uj(hé% t>5,6 ¢ M.

Here ¢j(&), dj(&), j=0,...,m— 1, are 2m unknown coefficients to be found. Due
to the definition of G(z,s, &) for these unknowns we have the following 2m relations

Bk.(D)[G(t,s,é)].zo, k=0,...,m—
GQ(S-F,S,&)—GJ,(S—,S, ):O J
G (s+,5,E) — G (s—,5,) = 1.

This system of equations has a unique solution if & ¢ A(jl , thus identifying the Green’s
function. Once G(t,s, &) is found, one can find the solution to problem (4.35)—(4.36)
using the formula
4]
u(t,x) = G(t,s,D)h(s,x)ds.
JT
Theorem 4.3. Let the symbols Ax(t,§), k =0,....m—1, and by;(§), k,j=
0,...,m—1, of the operators Ay(t,D) and by ;(D) in boundary value problem (4.3)—



4.3 General boundary value problems for ¥DOSS: inhomogeneous case 181

(4.4) belong to S for some open set G C R". Then for any f € C[(T1,T»), ¥G,,»(R")]

and @x € ¥5, p(R"), k=0,...,m—1,where 1 < p <eoand Gy C G\ M, there exists
a unique strong solution u(t,x) € C"[(Ty, 1), ¥6,.»(R")] of problem (4.3)~(4.4).
Moreover, the solution has the representation

m—1 T,
“(tvx) = Z Sk(taD)(Pk(x) +~/T go(l‘,S,D)f(S,X)dS, (448)
k=0 1

where &(t,s,€) is the fundamental solution of the operator L(t, % &) defined
in (4.45) and the solution operators Si(t,D), k = 1,...,m, have symbols s;(t,&) €
SGor k=1,...,m, which form a fundamental system of solutions to equation (4.21).

Proof. Recall that general boundary value problem (4.3)—(4.4) was split into two
problems: problem (4.17)—(4.18) with homogeneous equation and nonhomoge-
neous boundary conditions, and problem (4.35)—(4.36) with nonhomogeneous equa-
tion and homogeneous boundary conditions. Taking into account Theorem 4.1,
which summarizes problem (4.17)—(4.18), and equation (4.46), which resumes prob-
lem (4.35)—(4.36), one obtains representation (4.48).

By duality it follows from Theorem 4.3 the following theorem.

Theorem 4.4. Let the symbols Ax(t,8), k =0,....m—1, and by;(§), k,j=

0,...,m—1, of the operators Ai(t,D) and by j(D) in problem (4.3)~(4.4) belong

to Sg, for some open set G C R". Then for all f € C[(Tl,Tz),‘I'"G g (R™)], and
—00,

O € ‘I"LGO » (R"), 1 < p < oo, there exists a unique weak solution u*(t,x) in the

space C™[(T1, 1), ¥ Go? (R™)]. Moreover, the solution has a representation
—Go,

m—1 )
W([,X) = z Slv(v(tv _D)(Pk(x) +/ (?6"([757 —D)f(S,X)d)@
k=0 T

where symbols si(t,€),k = 1,...,m, of solution operators, and &y(t,&) is defined
as in Theorem 4.3.

Remark 4.3. In Theorems 4.3 and 4.4 one can replace operators &(t,s,D), &'
(t,s,—D) by G(t,s,D), G*(t,s,—D) with the symbol being the Green’s function
G(t,s,&), respectively.
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4.4 Well posedness of general boundary value problems
in Besov and Lizorkin-Triebel spaces

This section discusses well posedness in the sense of Hadamard of boundary value
problem (4.3)-(4.4) in the classical function spaces, including Sobolev, Besov, and
Lizorkin-Triebel spaces. Let X denote one of these spaces. The approach we want
to use to establish well posedness in X is based on the possible closability of solu-
tion operators Si(¢,D), k = 1,...,m, defined on the space ¥ ,(R") up to bounded
operators acting on the scales of X. This strategy requires a verification of two
conditions:

1. the denseness of ¥ ,(R") in X; and
2. the closability of solution operators Si(¢,D), k = 1,...,m, up to bounded opera-
tors acting on the scales of the space X.

The denseness of ¥ ,(IR") in the Besov and Lizorkin-Triebel spaces was studied
in Section 1.11 of Chapter 1; see Theorem 1.21. The existence of a closed extension
in the Sobolev, Besov, and Lizorkin-Triebel spaces of pseudo-differential operators
defined on ¥ ,(R") was studied in Section 2.3 of Chapter 2; Theorems 2.7-2.9.
Thus, we are prepared to investigate conditions for the well posedness of general
multi-point boundary value problem (4.3)—(4.4) in the classical function spaces. We
start from the definition of well-posed problems in the Besov spaces.

Definition 4.2. Let ¢ = ({y,...,ln) € R™1 5 = (s0,51,...,5,) € R™"!, and
1 < p,q <oe. The problem (4.3)—(4.4) is said to be (¢,5) - well posed in the
scale of Besov spaces if for every ¢;_i(x) € B;,’;,(R”), j=1,...,m, and for every
h € CO[Ty, T>; B, (R")] there exists a functional u(t,x) € CU"[(Ty, T»); 'PLG g (R™)]
for some G C R”, such that !

() u (1,x) € CP[(Ty, T): B, (RN k=0,...,m;
(ii) u(t,x) satisfies the considering problem in the weak sense;
(iii) the estimate

m m
k .
sup 3 [uV BN <CY @i 1Byl + sup [|A(e,x)|BYll,  (4.49)
te(Ty 1) k=0 j=1 te(T1,12)

holds with C > 0 independent on ¢;(x), j =0,...,m — 1, and h(t,x). Recall that
here || - |Bf,q|| is a norm of the Besov space Bf,q(R").

Similarly one can define a (¢,5) - well-posed problem in the scale of Lizorkin-
Triebel spaces Fy, (R™). For shortness, we will say that boundary value prob-
lem (4.3)~(4.4) is (¢,5; B)-well posed and (,5; F )-well posed if it is (¢,5)-well posed
in the scale of Besov and Lizorkin-Triebel spaces, respectively.

In formulations of the well-posedness theorems below s;(7,&), j =0,...
are symbols of the solution operators constructed in Theorem 4.1.

3
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Theorem 4.5. Let ¢;(x) € Byj,(R"), j=0,...,m— 1, and f € C°[T}, T>; B}%(R")],

where 1 < p,q < eo. Let the symbols s;(t,§), j=0,....,m—1, and &(t,&) for all
k=0,...,m,and |a| < [5] + 1 satisfy the estimates

dks;(t
|§|‘“‘|D§‘L’§)| <Co(1+[E) % te (T, T], EERY, j=0,...,m—1,

drk
(4.50)
k& t, — n
g1pg ZE0E)) < o g el m) g e s

where Cq is a positive constant. Then boundary value problem (4.3)~(4.4) is
(¢,5; B)-well posed.

Proof. Let@; € B;,’;I(R"), j=0,...,m—1.Consider ¢, ..., ¢,_1 as y-distributions
in ¥ G.p' (R™), with some G dense in R". Then, in accordance with Theorem 4.4,

the problem has a unique solution u(r,x) € C"™[(T},T5), ¥ G (R™)]. Moreover,

/
~Go,p
u(t,x) has the representation

m—1 o)
u(t0) = 3 SY-D)oulx) + [ & (1 =5, ~D)h(s, 0,
k=0 1

Further, it follows from Theorem 2.8 that there are closed restrictions S je(t,=D), j=
0,...,m— 1, of operators S;V(t, —D) mapping continuously the space B;,i’i to the
space B;,‘;’;, and a closed restriction &y.(t —s,—D) of the operator & (t —s,—D)

mapping continuously the space B;,g", to the space B;,;‘) for each fixed ¢ and s. Their

adjoint operators, §70(t,—D) = 8;(1,D) : By, — B, and &-(t,—D) = &(t,D) :

By, — Bf,‘ﬁl serve as solution operators of the considered problem. That is, for the
solution we have the representation

m—1 . Lo,
u(t,x) =Y, Si(t,D)pr(x) +/ éo(t — s,D)h(s,x)ds, (4.52)
k=0 Y

Indeed, u(t,x) defined in (4.52) satisfies all the three conditions of Definition 4.2.
Condition (i) of this definition immediately follows from the conditions 4.50 and
4.51 of the theorem. Condition (ii) is fulfilled due to construction of the solution
u(t,x). Condition (iii) follows from conditions 4.50 and 4.51 of the theorem and
Theorem 2.8.

Remark 4.4. Theorem 4.5 remains valid for Lizorkin-Triebel spaces, as well.

For p = 2 the inverse assertion is fulfilled under weaker assumption.
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Theorem 4.6. Let p =2, 1 < g < oo. The problem (4.3)~(4.4) is (¢,5,B) (or ({,5;F))
-well posed if and only if for any t € [T, T] and k =0,... ,m the estimates

oksi(t
I—s—35k7§)|Sc(1+|§|)‘*f*€k, C>0,6€eR", j=0,....m—1.
and o
Ey(t
| aofk7§)| SC(1+|€|)Y07&(7 C> 0, é eRnu
hold.

Proof. We only need to prove the “only if” part. Assume that the condition of the

Theorem is not fulfilled. For simplicity, assume that the first estimate is not verified.

This means that for some component s;,(z,&) of the system S(7,&) there exists a
o]

neighborhood U (&,) of a point & € M, such that for any N > 0 and L > 0 the
inequality

Isjo (1,E) > N(IE = &) 75, & €U, (4.53)

holds. If the condition is not verified at infinity, then for large |£| and for some
to € (T, 1»), ko € {0,...,m}, and jo € {0,...,m— 1}, the inequality

| %5, (10,8)
dtko

holds. Inequalities (4.53) or (4.54) imply that

| > N(1+|&])%0~ % (4.54)

r

" 4 ..
557810 (10: D) 03 B3, | > Nl | By I 4.55)

where @}, € B;jq‘), suppF @y C U(&,) and ris 0 or ko. Further, setting @; = 0if j # jo,
it follows from (4.55) that

r

d ‘) Si
|55 t0.2)|By, | > Ny By |

The latter contradicts to the (/,5;B)-well posedness of boundary value
problem (4.3)-(4.4).

4.5 On sufficient conditions for existence of a solution

If conditions of Theorems 4.5 and 4.6 are not fulfilled, then generally speaking, the
problem (4.3)—(4.4) is not well posed in the scales of Besov and Lizorkin-Triebel

spaces. However, if the structure of the set M deﬁned in (4.34) is simple, then one
can find effective sufficient conditions for ¢; € B;’Q(R”) under which a solution
exists. One of such problems is a boundary value problem for uniformly elliptic
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operator of the order 2¢ with a boundary operator containing normal or oblique
derivatives of higher order. Here for simplicity we assume that £ = 1. Thus, let us
consider the problem

%u "
2 +LMDu=0, t>0,xeR" (4.56)
Bou(t,x)|i—0 = @(x), x€R", 4.57)

where L(D) is a second order pseudo-differential operator whose symbol L(&) sat-
isfies the two-side estimate C)|E|*> < —L(E) < G2|EJ%, C1,C, > 0; By = DY or
By = Dy, where o > 0 is an integer number. For example, let o = 1 and L(D) = A,
the Laplace operator. Then, if the boundary operator is By = D;, then we have the
Neumann problem for the Laplace operator. In this case, as is known, the necessary
and sufficient condition for the existence of a unique solution is the orthogonality of
the boundary function ¢ to 1. Similarly, if the boundary operator is By = Dy, then
we have a boundary problem with the oblique derivative (which is tangent to the
boundary in our case). In this case, the solution exists if ¢ is orthogonal to 1(x,),
that is [ @ (x)dx, =0, for all (x1,...,x,—1) € R""L.

Fractional generalizations of these boundary conditions will be discussed in de-
tail in Chapter 5.

Remark 4.5. For higher values of o some consistency relationship between equa-
tion (4.56) and boundary condition (4.57) may appear. For instance, if B, = D and
o > 2, then one has
o(x) +D,O‘72L(D)u(t,x)‘ =0.
t=0
The solutions found below (e.g., (4.59)) automatically satisfy this relationship.
Therefore, we do not emphasize this condition in formulations of theorems.

Theorem 4.7. Let By, = DY, 1 < p < oo, 1 < g < o0 and the following conditions are
Sulfilled:

1ifo<a<n(p—1)p~\, then ¢ € B, has a compact support;
oS

2)ifm—1+n(p—V)p ' <a<m+n(p—1)p~', m > 1 integer, then ¢ € By ms
N

where B, ,, is a Lizorkin type space defined in Section 1.12.

Then there exists a unique solution u(t,x) of problem (4.56)—~(4.57) with By, = D
in the space L™ (F+;B;fon). Moreover, for the solution the estimate

(4.58)

gl

SugHM(hﬂlBZZﬁ‘nll <Clo|B,
t>

holds, where C > 0 depends on the size of supp ¢.

Remark 4.6. The case 1) is associated with m = 0. Hence, in estimate (4.58) one

s+0 _ psto _ ps+o
needs to put By, = B, o = B,
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Proof. One can easily verify that a bounded solution of problem (4.56)—(4.57) with
By = DY can be represented in the form

u(t,x) = Py(t,D)@(x), (4.59)

where Py (#,D) is the pseudo-differential operator with the symbol

_ exp(=ty/—L(§))
Palt.t) == 870 (4.60)

The latter has only singular point & = 0, and its order of singularity equals c.
Therefore, u(t,x) is well defined only under some conditions on ¢. Depending
on « the sufficient conditions for ¢ are given in items 1) and 2) of the theorem.
To verify these conditions one needs to show the validity of estimate (4.58). Let
a € [0,n(p—1)p~"') and ¢ € B}, (R"). Further, let the collection {037 with
{F*Iqu};":o € @, define the norm of the Besov space Bj,(R"). Using repre-
sentation (4.59), (4.60) of the solution u(¢,x) and the definition of the norm of the
Besov space (see, (1.88)), one has
r
p q
dx)

N exp(~1y/~L(E))
Ju(e,2)|By | = </| [ W”"’]]

exp(—1y/—L(§))
/L) F[fp]l ILp

We will estimate each term on the right of (4.61). For the first term, since op’ < n,
in accordance with Theorem 1.24 and Remark 1.10 of Chapter 1, one obtains

[, e/ TE)
e [% (VL@ F["’]]

where C is a positive constant depending on the size of the support of @, ¢, and p.
Further, taking into account the fact supp¢; C {2/ < || < 2/t1} j=1,..., the
second term in (4.61) can be estimated by the expression

q
+ z 2(s+(x)jq F71

Jj=1

0; (4.61)

P
dx<Clo|By|?,  (4.62)

C ‘212~”“1||F*1 (9, F o] |Ly||7.
£

The latter together with (4.61) and (4.62) implies estimate (4.58).

Now let us assume o € [m—1+n(p—1)p~ ' m+n(p—1)p~ ') and ¢ € qum

Then in accordance with Theorem 1.23 there exists a function v € B:qrm such that

¢ = |£|"™Fv. Thanks this fact the first term on the right-hand side of (4.61) can be
estimated by

’ p—1
C( [ 17 az ) pigme < ClolBy,
Jsupp ¢
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where C is a positive constant depending on the size of the support of ¢, o, p, and m.
One can estimate the second term on the right side of (4.61) as in the previous case.

The theorem below uses the oblique derivative in the boundary condition in the
form By, = DY . Its proof is similar to the proof of Theorem 4.7. We leave it for the
reader as an exercise.

Theorem 4.8. Let By, = DY, 1 < p < oo, 1 < g < oo, and the following conditions
are fulfilled:

1)if oo =0, then ¢ € B‘,Y,/f” and has a support in the strip {|x,| < N} with a width
2N,N >0;

o8’ sy o8 sy
2)ifa=1,2,..., then p € B where B,
Section 1.12.

pa.00 is a Lizorkin type space defined in

Then there exists a unique solution u(t,x) of the problem (4.56)—(4.57) with By, =
— !

Dy in the space L (R+;B;,gii’&+a). Moreover, the estimate

! /
sup lu(z,2)|Bpgla™ | < CllglBy" |, € >0,
>

holds.

4.6 Examples and applications

In this section we demonstrate a few examples and discuss some applications of
YDOSS. We start with a brief analysis of Problems (examples) 2.2.0.1-2.2.0.5
discussed in Section 2.2 with a nonhomogeneous term. Then we will discus appli-
cations of established theorems to the analysis of boundary values of harmonic func-
tions

(hyperfunctions) and the uniqueness problem of a solution of polyharmonic
equation.

4.6.1 Examples

1. Problem 2.2.0.1: This is the Cauchy problem

d%u(t,x)

5 +2A2D%u(t,x) = h(t,x), t>0,xeR,

w09 =00, 20Dy, rem

where A = u +iv and D = d/idx. Here the Duhamel principle is applicable.
Therefore, we first consider the case h(t,x) = 0. In this case the symbols of
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solution operators are so(A4,t,&) = cos(EAr) and s1(A,t,&) = sin( 57” . These

symbols satisfy the conditions of Theorem 4.5 only if A is real, Wthh corre-
sponds to the Cauchy problem for the wave equation. Moreover, in accordance
with the Duhamel principle we need to solve the following Cauchy problem for
arbitrary 7> 0:

AV (t
% +A2D*V(t,1,x) =0, t>1,x€R,
oV
V(t,71,x) =0, % =h(t,x), x€R,
Exploiting the solution operators with symbols so(4,7 — 7,&) and 51 (4,1 —7,&),

we have
_ [sinA(t—1)D
V(t,1,x) = {)L—D} h(t,x).

Hence, if A is real, then the problem is well posed in the Besov spaces. Namely,
forany ¢ € B), ,(R"), y € BY+1 and h € C[t > 0;B;, ,(R")] there exists a unique
solution u(z,x) in the space

2 X . R 1 . ps+1
2t > ;B (R NCr > 0; B, (R)]NC' [t > 0; B3} (R™).

If A has nonzero imaginary part, and in particular, purely imaginary, then the
problem cannot be well posed in Besov or Lizorkin-Triebel spaces, because of
an exponential growth at infinity of the symbols of solution operators.

2. Problem 2.2.0.2: This is the Dirichlet problem

d%u(t,x)
or?

“(Oax):q)(x)a “(Lx): W(x)v

where again A = +iv and D = d /idx. The Duhamel principle is not applicable
for this problem. Again, we first assume that 4(7,x) = 0. Then the symbols of

solution operators are so(A,7,&) = % and s1(A,z é) = trlln’}:l; These

symbols belong to the class C*S,(G), where G =R\ {& = /l Jhk==+1,4£2,...}
for a fixed A € C and ¢ > 0. Obviously, conditions of Theorems 4.5 and 4.6 are
not verified if A is real (the Dirichlet problem for the wave equation). If A € C\ R,
then conditions of Theorem 4.6 is verified. Moreover, one can readily verify that
the Green function G(¢,7,&) for the operator

+ A2D?u(t,x) = h(t,x),

d d>

L(5 )= 5 1228 () =v(1) =0,

e A8 JAE
sinAtsin(t—1 .
G(t,1,6) = AEsnAE ift <1,

TESnAE ift > 1.
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Therefore, for any ¢, y € H*(R) and & € C[[0,1]; B, ,(R")] there exists a unique
solution of the problem in the space C?[(0,1); H*(R)] N C[[0,1]; H*(R)]. If A is
real, then the problem cannot be well posed in Besov or Lizorkin-Triebel spaces,
because of pole type singularities of the symbols of solution operators.

3. Problem 2.2.0.3: This is the Cauchy problem
du(t,x)

ot
u(0,x) = f(x), xeR"

= KAu(t,x)+h(t,x), t>0,xeR"

We apply the Duhamel principle. The symbol of the solution operator of this
problem when A(t,x) = 0 is s(¢,& ) = exp(—tk|&|*) and belongs to C=S,(R") for
t > 0. The conditions of Theorems 4.5 and 4.6 are verified if ¥ > 0 (forward heat
equation). The function V (7, T,x), which solves the Cauchy problem

av(t,1,x)

ot
V(t,1,x) =h(1,x), xeR™.

=KkAV(t,1,x), t>7T, x€R",

has the form
V(t,7,x) = " DAh(1,x).

Hence, in the case k > 0 for any functions ¢ € B), ,(R") and 1 € C[t > 0; B}, ,(R")],
1 < p,q <o, s€R, there is a unique solution

u(t,x) € C*[(0,1),B;, (R")]NC[[0,1],B5, ,(R")].
In fact, it is known from the classical theory that u(¢, x) is infinite differentiable in
R = {(t,x) :1 >0, x € R"}. If k < 0 (backward heat equation), then evidently
the conditions of Theorems 4.5 and 4.6 are not verified. Due to Theorem 4.1, in
this case a solution exists for ¢ € ¥ ,(R"), but the solution operator cannot be
closed up to Besov and Lizorkin-Triebel spaces.

4. Problem 2.2.0.4: We consider this problem in a particular case, namely the
Cauchy problem

8u§tt,x) — DSu(t,x) +h(t,x), t>0,xeR", (4.63)
u(0,x) = o(x), xeR"Y (4.64)

Equation (4.63) is a fractional order differential equation. Fractional order dif-
ferential equations are studied in detail in the next chapter. Here, we consider the
case o = 1. The symbol of the solution operator of the Cauchy problem (4.63)—
(4.64) when h(r,x) = 0is s(t,&) = exp(—t|&|). This symbol is not differentiable
at the origin. Thus, we have s(1,&) € CS,(R") for every fixed t > 0. We note that
the integrand V (¢, 7,x) in Duhamel’s principle has the form

V(t,1,x) =e "OV-Ap(1 x).
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Like the previous example the symbol of the solution operator also satisfies
the conditions of Theorems 4.5 and 4.6, and hence, is well posed in the Besov
and Lizorkin-Triebel spaces. However, there is a crucial difference between so-
lutions of these two problems. The inverse Fourier transform of the symbol
s(t,&) = exp(—t|&|) due to formula (1.12) is Ct(¢> + |x|?)~!. Thanks to this fact
the fundamental solution &'(¢,x) has a power law decay when |x| — oo, while the
fundamental solution of the previous problem has an exponential decay at infin-
ity. This is true in the general case of 0 < o < 2, as well.

5. Consider the following boundary value problem with a nonlocal integral bound-
ary condition:

augt’x)zAu(t,x)—i—h(t,x), 0<r<1,xeR", (4.65)
1
/ u(t,x)di = f(x), x€R™ (4.66)
0

The Duhamel principle is not applicable for this problem. It is not hard to verify
that the symbol of the solution operator of this problem in the homogeneous case
(h(z,x) =0)is
[§PeEF
t =
S( Y ) 1 _ ei‘é ‘2 k)

and the Green function for the operator

i@ o=Ligp [Mar=o
4 e 4 . _
dt’ dt " Jo ’
has the form

e*t\élzielg‘(lf:ﬂ)lé\z’ ifr <1,

G(t,1,&)= S
o1IEl ,e;o—mé\  ifr>1
eflé‘ —1

From the forms of (¢, &) and G(z, 7, € ) it follows that the problem in (4.65), (4.66)
is well posed in the sense of Hadamard in the Besov and Lizorkin-Triebel spaces.

4.6.2 The Cauchy problem for the Schrodinger equation
of a relativistically free particle

This is Problem 2.2.0.5 in Section 2.2. The state function of a relativistically free
particle, as is shown in [BD64], satisfies the following Cauchy problem for a
Schrodinger equation
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du(t
; uét,X):% /T— A u(t,x), t>0,xeR",

u(0,x) = o(x), xeR’,
where [ is the identity operator; @ = .=, c is the speed of light, m is the mass of
the particle, 7 is the Planck’s constant. It is easy to see that in this case the symbol
of the solution operator is s(t,&) = exp(—iothi~'\/1+ w?|E[?) and the solution
u(t,x) belongs to C[R: B}, (R")]NC'[R: B, ' (R")], provided ¢ € B}, (R"). The
well posedness of this problem in H=*(+G) was studied in [Sam83], in the Sobolev
spaces H*(R") in [Uma98].

4.6.3 On uniqueness of a solution of the polyharmonic equation

Edenhofer [Ede75] proved the uniqueness theorem for the m-polyharmonic equation
with zero levels on m given concentric hyperspheres with the center at the origin.
Applying Theorems 4.1 and 4.2, one can prove similar result in the case of half-
space Rf‘ﬁl ={(t,x) :t > 0,x € R"} with zero levels on m given hyperplanes parallel
to t = 0. Namely, consider

2?2 m

(W+Ax) W, x) =0, >0, xR, 4.67)
u(tj,x) =@j(x), xeR", j=1,....m, (4.68)
lu(t,x)| =O(1), t— oo, (4.69)

2 2 .
where A, = % +...+ % is the Laplace operator, and 0 <t} < ... <y, < oo. The
1 n

characteristic equation corresponding to (4.67) is

2
(45~ &) =0.

Its m linearly independent solutions, due to constraint (4.69), are the 18l k =
0,...,m— 1. Therefore, in order to find the symbols s;(z,&), j = 1,...,m, of so-
lution operators one needs to solve the system of linear algebraic equations

L 28T colé) 0
1L n g ... | () 0
Lo 2o e&) | T el

1oty 22 .ot [em-1(8) 0



192 4 Boundary value problems for pseudo-differential equations with singular symbols

One can write this system in the form VC(E) = B;e'i%!, where V is the Vander-

monde matrix, and B; € R™ is the vector, whose the only nonzero component is
bj = 1. Since, Det (V) = [T <k« j<m(t —1t;) # O, this system has a unique solution

Cj(é):v]:jlet]‘é‘7 k:o"_'7m_1’

where v;jl, k=0,...,m—1,j=1,...,m, are entries of the inverse matrix V!, It
follows from this fact that the symbols s;(¢,x), j = 1,...,m, have representations

(ZV 1k) =lEl G =1,...,m.

Obviously, the symbol s;(¢,x) has a singularity at infinity if 0 < ¢ < tj, and has
no singularities if # > ¢;. Hence, corresponding operators S;(t,D), j=1,...,m, are

¥YDOSS defined on ¥ ,(R") and ‘f” (R”) forany G CR" and 1 < p < eo.

Now it follows from Theorem 4.1 (Theorem 4.2) that for ¢; € ¥5,,(R") (@ €
‘PLG ) (R")) there exists a unique solution u(t,x) € C?[Ry; ¥ ,(R")] (u(t,x) €

Cc? [R+;‘f’ (R”)]) of boundary value problem (4.67)—(4.69). In particular, if

Pi(x)=0 (zero levels), then u(,x) = 0 in R"". We note that the solution oper-
ator S;(z,D) is closable up to the class of functions ¢ € %', such that

[Fo;(£)] < Ce ekl j=1,..m.

where C > 0, € > 0 are some constants.

4.6.4 On derivatives of harmonic functions
with a given trace (hyperfunction)

The space of hyperfunctions, introduced by Mikio Sato [Sat59, Sat60] in 1959, con-
tains distributions, ultra-distributions, and analytic functionals as subclasses. A hy-
perfunction on an open set 2 C R” is defined as a boundary values of a pair of holo-
morphic functions (F,F_) defined on “upper” and “lower” tubular neighborhoods
D1 C C" of Q. In the theory of hyperfunctions it is well known [Sat59, SKK73]
that hyperfunctions can be represented as boundary values of harmonic functions.
In particular, for any hyperfunction /(x) there exists a defining harmonic function
u(t,x) defined on (0,7) x R", such that u(¢,x) — h(x), as r — 0+, in a suitable
inductive topology.

Here we consider the problem of existence of a function u(f,x), harmonic in
R"™!, whose derivative of order a € Ny tends to a given trace ¢ € ‘I’éﬁdR”) ina
certain topology. We note that in two cases, namely if 0 ¢ G or o =0, it follows from
Theorem 4.4 (in the case of p = g = 2) that for any ¢ € ‘PLG‘Z (R™) there exists a



4.6 Examples and applications 193

harmonic function u(z,x), such that D¥u(t,x) — @(x) as t — 0+ in 'PLGZ(R”).
Below we assume that 0 € G and o € N, the cases which are not covered by
Theorem 4.4. The case of arbitrary real o > 0 will be discussed in Chapter 5.

Definition 4.3. Denote by Hg(G), B > —3 + @, the class of functions ¢ € ¥5 (R"),
such that for any € € (0,¢;), 0 < & < 1, the estimate

EIPIFlR)(§)] < C<eo [E] <&,

holds in the &-neighborhood of the origin. Evidently, if B; > B, > o —n/2, then
Hpg (G) C Hg,(G). We introduce the space Z, (G) as an inductive limit of Hg(G) as
B — (o —n/2) from the right, i.e.

Z,(G)=ind lim  Hg(G).
alG)=ind Moy (@)

Let Hﬁ*(—G) be the space, conjugate to Hg(G). Then, it follows from Proposi-
tion 1.23 that the topological dual to Z/, (G) is the projective limit

Z,(-=G)=pr lim  H;(-G).
«(=G)=p B om0 ﬁ( )

Since Z; (G) < ¥ p(R™"), then the topological inclusion ‘I’LG‘Z (R") — Z,(—G) is
valid. '

Lemma 4.1. The pseudo-differential operator P(ct;t, D) with the symbol
plost,8) = (exp(—t[¢| —imar)) /|| (4.70)
for any fixed t > 0, is continuous as the mapping
P(o;1,D) : Z3 (G) — o2 (R").

Proof. Let ¢ € Z§(G), i.e., there is the By > —4% + a such that || 7P| F[g] ()| < C
for |&| < &, where € > 0. It follows that the Fourier transform F[P(ct;t,D)@(x)](&)
has the asymptotic behavior O(|&|Po~%) as |&| — 0. Since o — fy < %, then we have
F[P(o;t,D)p] € L»(R?). Hence, due to Parseval’s equality, P(a;t,D)p € Ly(RY).
Moreover, it is obvious that

supp F[P(oi;¢,D) @] C suppF[o] € G. 4.71)

Thus, P(0;1,D)¢ € W5 2(R"). Further, let the sequence ¢y € Z (G), £ = 1,2,...,
converge to zero in the topology of Z; (G). This means that there are a general
compact Ky C G, anumber 3y > n/2 — o, and a number & € (0, 1), such that

1. suppgy C Ky forall £ =1,2,...,
2. |E| Po|Fey(E)| < C provided |E| < & < &, and
3. ||(p[HL2—>Oan—>°°.
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It follows from (4.71) that supp F[P(a;t,D) @] C Ko for all £ > 1. Further, since
2(a — Bp) < n, one has the estimate

1 e(—tlE|—ima)
1P(ast, D)Ll = el g —FlediLa]”
dg
- C/\::\<e|g|2<Tm+Ksl\<pzlellz7 (4.72)

where C > 0, K, > 0 are positive constants. Now suppose that J is an arbitrary
preassigned positive number. Choosing € small enough so that the first term on the
right-hand side of (4.72) is less than /2, and /¢ large enough so that the second
term is less than & /2, we obtain that P(ct;1,D) @y — 0 as £ — oo, in the topology of
¥e2(R").

By duality we immediately obtain the following statement.

Lemma 4.2. A pseudo-differential operator P(a;t,D) with the symbol in (4.70) is
continuous for every fixed t as the mapping

P(01,D) : ¥ 5 (R") = Z5 (—G).

Lemma 4.3. Let ¢(x) € Z (G). Then there exists a harmonic function u(t,x) such
that
lim D¥u(t,x) = @(x)

t—+0

in the topology of Wi 2 (R").

Proof. Suppose that the harmonic function u(f,x) solves the boundary value
problem

(D} 4 A)u(t,x) =0,1 € (0,T), x € R",
DXu(0,x) = @(x), |u(T,x)] <o, x € R,

where D; = d/dt and A is the Laplace’s operator. One can then easily verify
(see also the proof of Theorem 4.7) that u(z,x) = P(ct;t,D)@. Due to Lemma 4.1
u(t,x) € ¥52(R") for every fixed r € (0,T). Moreover, its derivative D u(t,x) =
P(0;¢,D)@(x) represents the Poisson’s integral for ¢(x). It follows from this fact
that lim,, 1o D{u(t,x) = @(x) in the topology of ¥5»(R").

Theorem 4.9. Let h(x) € ‘I"LG‘Z(R”). Then there exists a harmonic function u(t,x)
such that lim,_, 1o D u(t,x) = h(x) in the topology of Z,, (—G).

Proof. By duality, u(t,x) = P(o;t,—D)h(x) is harmonic in the weak sense in
(0,T) x R". In accordance with the Weyl’s lemma [Shu78] it is an ordinary har-
monic function. Moreover, it follows from Lemma 4.2 that it is as an element of the
space Z, (—G) for any fixed ¢. Let v be an arbitrary function in Z} (G). One has
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< DZu(t,x) — h(x),v(x) >=< h(x),[DFP(o;t,D) — Iv(x) > .

Now Lemma 4.3 implies that D*u(z,x) — h(x) as t — +0.

4.6.5 Boundary values of harmonic functions

We have seen above that y-distributions ¥ .2 (R") are boundary values of harmonic
functions in a special topology. Continuing the discussion on boundary values of
harmonic functions, we note that Gorbachuk [G84] found the necessary and suffi-
cient conditions for boundary values of harmonic functions to belong to the Sobolev
spaces Wy (R") for arbitrary s € R. Below we will study boundary values of har-
monic functions in spaces B, q(R") (or Fzsq(R")) for arbitrary s € R and 1 < g < oo,

generalizing the results of [G84].

Theorem 4.10. A harmonic on (0,T) x R”" function, u(t,x) has boundary values as
t — +0 belonging to the space By (R"), s > 0, if and only if the estimate

sup lu(t,x)[B3, || <C <o (4.73)
O<r<e

holds for some € > 0.

Proof. The necessity of condition (4.73) is the particular case of Theorem 4.7,
corresponding to the case of & = 0 and p = 2. Suppose condition (4.73) is fulfilled.
The sufficiency of this condition follows from the following estimate

C = u(e.2)|B3, |17 = ¥ 27 F~" [ gre ¥ IFlu(0.%)]] |2

j=o
>0 Y 29 F gy [u(0,)]] Ll
Jj=0
= C1[[u(0,x)[B3, 1. (4.74)

Here we used the inequality e’ ¥l <1 on the support of each ¢ and the Parseval’s
equality.

Theorem 4.11. A harmonic in (0,T) x R" function u(t,x) has boundary values as
t — 40 belonging to Bg;(R”), s > 0, if and only if the estimate

€
/ 957 e, )| BY, |t < C < oo 4.75)
0

holds for some € > 0.
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Proof. Necessity. Suppose for the harmonic function u(z,x) its limit u#(0,x) as t —
0+ in the norm of B, (R") exists and belongs to B, /(R"). Then, as we have seen

above,
u(t,x) = P(0;¢,D)u(0,x),

where the operator P(0;7,D) has the symbol P(0;1,&) = eI/, Let a collection
{9;(£)}7( define the norm of the Besov space B, (R") in accordance with (1.88).

Recall that supp ¢; C {2/71 < |€| < 2/*!}. Further, for & € supp ¢; the inequality
2T < el < 2! (4.76)

holds for the symbol P(0;¢,&). Therefore, using the right inequality in (4.76) and
the Parseval’s equality, one has

1 £ oo q
/ﬂH|\u(t,x)|ng||qczt=/ ﬂH2HF*l[wje*f\i\F[u(o,x)]} }LZH
0 0 )
< [ [€ g1 it _
<y ([ ete an) | gFO. il @77)
j=070

Now consider the function

€ 1
u(d) = / 1 e Mg A > 3 (4.78)
0
The substitution A = 7 in this integral yields the estimate
re
W) =A% / 5l T < T(gs)A~%, (4.79)
0

where I"(-) is the Euler’s gamma function. Using the latter estimate with A = g2/*!
in inequality (4.77), one obtains

=

€ .
/ 19 e, x) [ B | %dr < €Y 27| F g F [u(0,x)]] L2 |17

= Cllu(0,x)|B[|7 < oo,
proving (4.75).
Sufficiency. Assume that (4.75) holds for some € > 0. We need to show that

u(0,x) € B,/ (R"). Using the left inequality in (4.76) and the Parseval’s equality, we
have

et = [t 5 [ oS a0, 01] e

< € gs—1 _—12i"14 -1 . q
ZC,'ZE)(/Ot e dt) |F~" [ F[u(0,x)]] L2 (4.80)



4.7 Duhamel principle for differential-operator equations 197

Further, replacing A by its lowest value 1/2 in the upper integration endpoint in the
integral in (4.79), we have t(A) > C:A % . Now using this estimate with A = g2/~!
in inequality (4.80), we obtain

-8 oo .
o0 > / 1 u(t,x) [BY,||9dt > Ce ¥, 279 ||[F~ [ F [u(0,x)]]|La ||
Jo —
Jj=0
= Cellu(0,x)|By, [,

which shows that u(0,x) € B, (R").

4.7 Duhamel principle for differential-operator equations

Recall that in Section 2.8 of Chapter 2 we introduced the space of exponential ele-
ments Exp,, (X) and its dual Exp;v’G* (X*), where X is a reflexive Banach space
and A is a closed operator with a dense domain Z(A) C X, and defined operators
of the form f(A) with symbols f analytic in a domain G. Using this construction
one can study abstract boundary value problems for differential operator equations
of the form

m—1
L(z,%,A)u(t) =u™ (1) + 2 fet,AuP (@) =h(r), te€(T1,1),  (4.81)
2 bij (A (1)) =i, k=1,...,m, (4.82)
where h(f) and y;, k = 1,...,m, are given elements. Boundary value problem

(4.81)-(4.82) generalizes problem (4.3)—(4.4) for ¥DOSSs considered above to
the case of abstract differential-operator equations. The next section (Section 4.8)
presents generalizations of the results obtained for ¥'DOSSs to the abstract case of
boundary value problem (4.81)—(4.82). In this section we will discuss the Duhamel
principle for abstract Cauchy problem for differential-operator equations.

Consider the Cauchy problem

m—1
")+ Y, k@A) =ht), >0, (4.83)
k=0
u®(0) =, k=0,....m—1. (4.84)

The Duhamel principle establishes a connection between the solutions of the Cauchy
problem for nonhomogeneous equation (4.83) with the homogeneous initial
conditions

u®0)=0, k=0,....m—1, (4.85)



198 4 Boundary value problems for pseudo-differential equations with singular symbols

and the Cauchy problem for the corresponding homogeneous equation

omuU ml kU
W(laf)‘i‘%fk@)ﬁ(lﬂ):oa 1>7, (4.86)
ak

Sr (6 Dl=er0 =0, k=0,...m-2, (4.87)
omlu

St (6 Dli=rr0 = h(1). (4.88)

Note that if A(t) is a continuous Exp,, (X)-valued (Exp;mc* (X*)-valued) func-
tion then the solution of (4.86)—(4.88) is an m times differentiable Eprl,G(X)-

valued (Exp;‘*ﬁ* (X*)-valued) function (see [Uma98]). Taking this fact into account,
in the following theorem we assume that the vector-functions A(¢) and U (¢, 7) are
Exp,, (X)-, or Exp;‘* o+ (X*)-valued, h(t) is continuous, U (¢, T) is m times differ-
9! U(”) ,0<j<k—1,are
jointly continuous in the topology of Exp, l’G(X), or of EXPA*,G* (X*), respectively.

entiable with respect to the variable 7, and the derivatives

Lemma 4.4. Suppose v(t,7) is a X-valued function defined for all t > T > 0,
INv(t.T)

the derivatives ,0 < j <k—1, are jointly continuous in the X-norm, and

o1
ok v(t 7) ELl(O t X)forallt > 0. Let M( ) = jO v(t,T)dT. Then
dk k— ldj ak 1—j
ark" u(t) = dﬂ[atk =Y Do +/ 8" vt ) 59

Proof. For a fixed t > 0 and small 4 one can easily verify that

_ h
w:%(/oﬁ v(t+h,1:)dr—/tv(t,r)d1:)
1 rth v(t+h,T)—v(t,T)
[ e mdrs / ; dr.  (4.90)

Due to the continuity and differentiability conditions of the lemma, in the X-norm
we have

1 t+h 1 t+h
”Z/ Wt +h,T)dT—v(t,0)|x = ”Z/ (e + T — v(1,0))d7] x
t t

< sup |V(t+h ) —v(t,0)llx = o(h), h—0, 4.91)
t<t<t+h
t _
||/ V(Hh’ri)l V(”)dr—/ avg D gtly =o(h), h—0.  (4.92)
JO 0

Now, letting & — 0, estimates (4.91), (4.92) and equation (4.90) imply the formula

T —vtt—l—/—vtr (4.93)

Formula (4.89) follows from (4.93) by repeated differentiation.
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In the general case of abstract differential-operator equations the Duhamel
principle is formulated as follows.

Theorem 4.12. Let U(t,T) be a solution of the Cauchy problem (4.86)—(4.88). Then
a solution of the Cauchy problem (4.83), (4.85) is represented via Duhamel’s inte-
gral

= /0 I U(t,7)dT. (4.94)

Proof. Let u(t) be as defined by (4.94). Obviously u(0) = 0. Further, for the first
order derivative of u(t), using (4.89) in the case k = 1, one has

d“ tt+/
dt

By virtue of (4.87) (k = 0) the latter implies that @ #(0) = 0. Further, differentiating

k times,
d*u ok 1U
a0 =g +/ 8t’<tT

which due to condition (4.87) implies that % (0)=0, k=2,...,m— 1. Therefore,

the function u(r) in (4.94) satisfies initial conditions (4.85). Moreover, substitut-
ing (4.94) to (4.83), and taking into account (4.88), we have

m—1
(m) 1)+ Z fk(A)u(k)
k=0
dm t m—1 dk "
_W/O U(f,T)dT-i-kgE)fk(A)W/o U(t,t)dt

oy t oMy m=1 t ok
= ST 0+ [ Sarendrs 3 ) [ SEendn

:ht)+/(:

Hence, u(t) in (4.94) satisfies equation (4.83) as well.

omu m_l kU
(97@,7) + kz(,)fk(A)W(hT)] dt = h(?).

Remark 4.7. In Chapters 5 and 6 we will discuss fractional generalizations of the
Duhamel principle for a wide class of fractional and distributed order differential
equations.
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4.8 Well posedness of general boundary value problems
for differential-operator equations

In this section we prove an abstract analog of Theorems 4.3 and 4.5. On the base of
these results we consider broad class of boundary value problems (see § 6).
Consider the following nonlocal boundary value problem for differential operator

equations
m—1

u™ () + Y an(t,A)uP (1) =0, te(T1,D), (4.95)
k=0
Zbkj tkj = Yk, k=1,...,m, (4.96)

where the ai(t,A), k=0,...,m—1, and the b;(A), k,j+1=1,...,m, are oper-
ators defined in the sense of (2.95), Section 2.8, by functions a;(f,1) and bj(A),
analyticin G; f; € [Tl ,T»]. Assume that the operator A commutes with £ ot

Let {Uy(t,A),...,Un—1(t,A)} be a fundamental system of solutions to the char-
acteristic equation

m—1
")+ Y a(t,)u® () =0, AeC,
k=0

corresponding to equation (4.95), and satisfying the Cauchy conditions

W0 =84, jk=0,...m—1.

Further, introduce the set

M={2eC:detM(A) =0} CC, 4.97)

where M(A) is the m x m matrix with entries
my = 2 bi(A tk,,/'L), k,1=0,...,m—1.

We also introduce a vector-function U*(r,A) = (u(t,A),...,u;,_,(t,A)) defined as
U () = (M (1)U (1), (4.98)

where M* is the Hermitian adjoint of the matrix M(A), and U(z,A) is the vector-
function with components uo(#,1),... up_1(t,1).

Theorem 4.13. Let y; € Expag(X) and MG = 0, where M is defined in (4.97).
Then there exists a unique solution u(t) of the problem (4.95)—(4.96) in the space
C™ (T, T2); Expa.G(X)], and for the solution the representation
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m
2 (t,A)yr, (4.99)

holds. Here uj(t,A), k=0,...,m— 1, are operators with the corresponding symbols
ug(t,A), k-th component of the vector-function U*(t,A) in (4.98).

Proof. We set

wj(t)—u (t,A)y; = ZM (t,A)yn;, JEA{l,...,n},
reG

where y; ; € Expy 2 (X), v <R(A). By substituting w;(¢) to (4.95) and taking into
account the equality
k *(k
w0y =3 w1, A,
AeG
we have

m—1
WO+ Y @AW =Y {2 D” [ ;1)

k=0 A€G n=

m—1
+3 ak(t,l)u;m(t,l)} (A= AL}y, =0, (4.100)
k=0

because the expression in the square brackets in (4.100) vanishes. Similarly, one can
verify that the solution u(z) defined in (4.99) satisfies boundary conditions (4.96),
as well.

Remark 4.8. If one changes the operators ay(t,A) and by;(A) in (4.95)-(4.96) to
their weak extensions, then the similar assertion is valid in the dual space. Namely,
for any y, € Exp;ﬁ‘G* (X*), k=1,...,m, under the condition M NG = 0, there

exists a unique weak solution in the space C")[(Ty, T2); Explys g+ (X™)]. In this case
in representation (4.99) the operators u;(t,A) also change to their weak extensions.

In the next theorem we assume that for A the space Exp,(X) is dense in X and
b >0,k=0,....,ms5;>20,j=1,....m

Theorem 4.14. Let the set M does not contain unremovable singularities of the
vector-function U*(t,A). Moreover, let for |A| > L, A € 6(A), L > 0, the estimate

A ;
|a S A)| S CIAPT R, j=1,...,m, k=0,...,mt € [T}, T], C>0,
holds. Then for any y; € D(A%), j=1,...,m, there exists a unique solution
u(t) € C[(1,1); D(A%)], u® (r) € CO"N((Ty, T3); D(A%)], k=1,...,m, of the
problem (4.95)—(4.96), for which the estimate
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m

max [y 2(||A‘fu 1)I1X])] cz Z |A%u;|X|, C >0, (4.101)

1€l ] 1 =0 =0 j=1¢=0
holds.

Proof. We sketch the proof, since it is similar to the proof of Theorem 4.5. We first
assume that y; € Expa g(X). Then, due to Theorem 4.13 there exists a unique solu-
tion u(t) in the form (4.99) through the solution operators u; (t,A), k=0,...,m—1.
Further, if u; (¢, ) satisfies the condition of the theorem, then due to denseness of
Expa,c(X) in X, there exists a unique closure 7 to the space D(A’) of the operator
u;(t,A), and consequently, estimate (4.101) holds. In conclusion we note that the
construction of the closure U*(z,A) is standard.

Remark 4.9. 1.1f £ < 0 and s; < O for certain j € {1,...,m}, then one can show
that the estimate

< u*Jr t,A)yi, x> <Vyix>
o SO |
T E, A w0 3 [ATxX]

holds. Here i.(t,A) is the closed restriction of u}"(t,A) which is the weak
extension of u (t A). Taking this into account we can conclude that Theo-
rem 4.14 remalns valid in this case also, however with appropriate understanding
of estimate (4.101).

2. If A is defined in a Hilbert space and self-adjoint, then one can show that the con-
dition of the theorem is also necessary for well posedness of the problem (4.95)—
(4.96). This statement extends for arbitrary spectral operators of the scalar type,
in particular, for normal operators.

As an application of Theorems 4.13 and 4.14 let us consider two examples: the
general boundary value problem in the space of periodic functions and a differential-
operator equation with a self-adjoint elliptic operator.

Example 4.1. 1. The first application is to the theory of periodic boundary value
problems. In other words, we set X = L(T"), where T" is the n-dimensional
torus, and A = (17871’ "T) Consider the following general boundary value
problem for a homogeneous pseudo -differential equation on T" :

amu m—1 ak

= ZAk (t,D) = a -7 =0, 1€(N,T),xeT" (4.102)
3 u(ty;,
zbkj 8tk/j ):(pk(x), k=0,....m—1, (4.103)

where ; € [T1,T2),m>1;D=(Dy,...,D,),D; = —i%; the operators Ay (¢,D)
J
and by;(D) are defined in Section 2.6, and ¢ (x) are given periodic functions
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in certain spaces indicated below. Recall that the spaces W,ﬂfﬁw of periodic test
functions and functionals, as well as Sobolev spaces W*(T") were introduced in
Section 2.6.

Theorem 4.15. a. Let ¢ € Wy ,k = 1,...,m. Then there exists a unique func-
tion u(t,x) € C"[Ty,T>r; W] that satisfies problem (4.102)—~(4.103) pointwise.
Moreover; for the solution u(t,x) the following representation holds:

m—1
u(t,x) = Y, Si(t,D)pe(x),
k=0

where Si(t,D) is a pseudo-differential operator with the symbol s;.(t,m), m €
7, defined in (4.30).

b. Suppose there exist a unique weak solution u(t,x) € C"[(T1,T);Wr."] of
problem (4.102)—(4.103), such that for all yw € Wy, and all t € (Ty,T):

My m—1 ku
<87,l[/>+2 <W,Ak(l‘,—D)l[/>:0,
=0

m_l o Qiu(ty;,x
<Bw.y>= Y < 2D b D)y smc gy >
j=0
c. Let 0= (Lo,....0m 1), 5= (50,51,--,85m_1) € R™. Let symbols s;(t,A), k =
0,...,m— 1, satisfy the conditions

sp—1,
s (t,m)] < C(1+|m) T me 2",

Then problem (4.102)—(4.103) is (zj)-well posed in the scale of Sobolev
spaces Wy (T").

2. As the second application consider the following example. Let 2 C R” be a
bounded domain with a smooth boundary S = dQ. Let A = A(x,D) be an el-
liptic self-adjoint operator of order 2m of the form

A(x,D) = Z aq(x)D%,

|| <2m

om

where a, (x) are smooth functions on Q. The domain D(A) = W3 (Q)NW, (Q).
Consider the boundary value problem

k

%JFA(X,D)M(M):O, 1€ (0,T), xeQ, (4.104)
Hu(t,x) | .

TS| =0, j=0. . m—1, 1€(0.T), (4.105)
u(0,x) — pu(l,x) = @p(x), x € Q, (4.106)
9u(0.%) — o (x), xEQ, (4.107)

ot
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where T is a positive number, 7 > 1; n is the normal to S, u is a complex
parameter, k = 1 or k = 2. If k = 1, then the condition (4.107) has to be removed.
We introduce the space

s _ y2sm (2s—1)m . i k ‘ _
W = W3 (Q)ﬂ{ueWz (2): 5 o0aku| =0,

kzo,...,s—l,jzo,...,m—l},

with the norm induced from WZZ‘Y’”(.Q). In order to apply Theorem 4.14 to this

problem one should reduce it to the differential-operator form. We assume that
A=A(x,D)andX ={p € D(A): % & 0, j=0,...,m—1}. Then one can
easily calculate symbols of solution operators. Namely,

(i) if k = 1, then
st M) =e (1 —pe™) ™!, Aea(A)C0,0);

(ii) if k = 2, then
s1(t,A) = costVA(1 — peos VA) !,

sintv/A + usinvVA(1 —1)
s2(t,A) = .
uvVA(1 = cosvA)
Let k = 1. It is obvious that if i € [1,0), then there exists the A, € Rl (since
o(A) C R, it is sufficient to consider only A € R.), namely the A, = Inp,

which is an unremovable singular point of s(¢,4). Thus, we have the following
assertion.

Proposition 4.2. (The case k = 1) Let p1 € C'\ [1,0). Then for any @y € W* there
exists a unique solution u(t,x) of (4.104)—(4.106) belonging to CJ[[0,); W~].
Moreover, the estimate

sup lu(@)[W3 ()] < CllooW ()], €>0,
=

holds.

Fork=2,if i € (—eo,—1]U[1,e0), then s;(f,A), j = 1,2, have no unremovable
singularities. Moreover, it is easy to verify that the symbols satisfy the following
estimates: |s1| < C, |si;| <C(1+A)"2, |s2] <C(14+21)~ /2, |sy| < C. Therefore,
it follows from Theorem (4.14) the following statement.

Proposition 4.3. (The case k =2) Let p € C'\ [(—oo,—1]U[1,)]. Then for any
@ € W* and @, € WS~ ! there exists a unique solution u(t,x) € C[(0,T);W*] N
C'(0,T); WS~ of (4.104)~(4.107) and the estimate
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sup. (e, 01W3 ()| + s (1.3 WS>~ (2)]])
t€(0,T)

<(llgows @)1+ lguws* (<)1)

holds.

4.9 Additional notes

1. General well-posedness conditions. The well-posedness condition for general boundary value
problems for differential and pseudo-differential equations was a focus of many researchers.
There is a rich literature on this topic; see, e.g., [Pet96, Hor83, ADN69, Tre80, Gar98]. From
the general results we mention Petrovsky’s “A-condition” (1945-48) [Pet96] for the well posed-
ness of the Cauchy problem for higher order hyperbolic equations and for 2b-parabolic equa-
tions. The Shapiro-Lopatinskii condition (1953) [Sha53, Lop53] provides the well-posedness
condition of general boundary value problems for elliptic equations. Assuming the equations
and boundary conditions have coefficients not depending on x, these conditions are given in
terms of roots of characteristic equations and, in essence, eliminate strong singularities aris-
ing in solution formulas. The boundary value problems in (4.3)—(4.4), in general, represent
multi-point nonlocal boundary value problems for general pseudo-differential equations (with
WYDOSS coefficients), the type of which is not specified. Therefore, Theorem 4.5 generalizes
both cases.

Indeed, if byj(&) = &k, where 8 is the Kronecker symbol, and ; = 1o, then conditions (4.4)
become the Cauchy conditions. In this case the condition of the well-posedness theorem (The-
orem 4.5) essentially represents Petrovsky’s “A-condition.” Indeed, the latter declares the equa-
tion is hyperbolic, if R(A;(£)) < C, where A;() are roots of the characteristic equation. For
instance, for the Laplace equation R(A;(£)) = £|&], j = 1,2, which does not satisfy the
“A-condition,” and hence is not hyperbolic. Similarly, for the heat equation R(A(&)) = |&|%.
However, for the wave equation R(4;(£)) =0, j = 1,2, and hence it is hyperbolic. Now if
one applies Theorem 4.5 to the Cauchy problem for an equation hyperbolic in the sense of
Petrovsky, then

1) the set Aol consist of only 0, so Gg = R" \I\O/I is dense in R", thereby getting well posedness
in ¥g,,,(R"); and

2) the symbols of solution operators have the form s;(z, &) = h;(€)e%(8) with functions h;(&)
of polynomial growth, and hence the conditions in (4.50) are verified with some ¢, and Sjs
thereby obtaining boundedness of solution operators in Sobolev spaces.

These imply the well posedness of the Cauchy problem for hyperbolic equations in appropriate
Sobolev spaces. Schwartz [Sch51] showed that the “A-condition” is necessary and sufficient
for the well posedness of the Cauchy problem for equations with coefficients depending on ¢
smoothly in the space of tempered distributions.

What concerns elliptic (local) boundary value problems the condition of Theorem (4.5) es-
sentially represents the Shapiro-Lopatinskii condition. We note that any elliptic equation nec-
essarily is of even order, that is m = 2p. Moreover, the characteristic equation of an elliptic
equation has p roots with positive imaginary parts, and p roots with negative imaginary parts.
This implies that the number of boundary conditions is p. Under these assumptions, if one
applies Theorem 4.5, then

a) M =0, so Gy =R", thereby getting well posedness in ¥g» ,(R"); and
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b) the symbols of solution operators have exponential decay at infinity, and hence the conditions
in (4.50) are verified with some ¢ and s, thereby obtaining boundedness of solution oper-
ators in Sobolev spaces.

These imply the well posedness of boundary value problems for elliptic equations, satisfying
the Shapiro-Lopatinskii condition, in appropriate Sobolev spaces.

2. General nonlocal boundary value problems. As is was noted above, the boundary value prob-
lems in (4.3)—(4.4) are general nonlocal boundary value problems for ¥'DOSS equations of
any type, and therefore, in general, are not well posed in the sense of Hadamard. Singulari-
ties arising in solution formulas, also called a “small denominators problem,” can be treated
with the help of Diophantine equations/approximations [Pta84]. The construction and estima-
tion of Green’s function for Vallee-Poussin boundary value problem, that is with multi-point
conditions u(t;) = aj, t; € [a,b], for ordinary, or partial differential equations, are studied in
the papers [Pok68, Tsk94] and for convolution type operators in [Nap82, N12]. Uniqueness
classes for multi-point nonlocal boundary value problems for differential equations are stud-
ied in [Bor69, Bor71]. In works [Pta84, FIGOS8, Pul99, Zh14] various nonlocal boundary value
problems, including multi-point and integral ones, and their applications, are studied. Theo-
rem 4.5 is not valid if p = co. The main barrier here is non-denseness of ¥ ,(R") in Besov
and Lizorkin-Triebel type spaces, if p = eo. Saydamatov [Say06, Say07] modified the method
developed in this chapter to the case p = « and obtained existence results. Nazarova [Naz97]
studied multi-point boundary value problems generated by a singular Bessel type operators.

3. Uniqueness of polyharmonic function with given zero levels. The question of uniqueness of
polyharmonic function of order m, vanishing at m pairwise distinct hypersurfaces S;, j =
1,...,m, is an important question in many applications, including polyharmonic interpola-
tion [HKO7], wavelet analysis [BRVO05], etc. It is known [HK93] that the uniqueness does not
hold for the set of arbitrary smooth hypersurfaces S;. For instance, in the paper [Ata02] in the
2-D case, the author constructed two curves y; and 9, with y; inside 9, such that there ex-
ists a nonzero biharmonic inside 9 function u(x,y), which vanishes on both curves y;,7. In
the paper [Ede75] of Edenhofer the uniqueness of a polyharmonic function of order m vanish-
ing at m concentric hyperspheres is proved. As is shown in the paper [HK93], the uniqueness
holds for m arbitrary (not necessary concentric) hyperspheres as well. Moreover, one of these
hyperspheres can be replaced by a smooth hypersurface. The more general result is proved in
[Ren08]: Let 1, ..., W be nonhyperbolic, sign-changing irreducible polynomials in n variables
of degree 2. If the polynomial f vanishes on the pairwise different sets {x € R" : y;(x) = 0}
for j=1,...,k, and A¥f =0, then f is identically zero. The result obtained in Section 4.6.3
represents an analog of the Edenhofer’s result. From this point of view the question, whether
hyperplanes {r = #,} C R"*! can be replaced by other hyperplanes/hypersurfaces, is a chal-
lenging open question.

4. Duhamel principle. The role of the classical “Duhamel principle,” introduced by Jean-Marie-
Constant Duhamel [Du33] in 1833, is well known. The main idea of this famous principle is
to reduce the Cauchy problem for a given linear inhomogeneous partial differential equation to
the Cauchy problem for the corresponding homogeneous equation, which is more simpler to
handle. The classical Duhamel principle is not directly applicable in the case of fractional dif-
ferential equations. In Chapters 5 and 6 we establish fractional generalizations of the Duhamel
principle for wide classes of fractional differential equations and DODEs.



Chapter 5

Initial and boundary value problems
for fractional order differential equations

5.1 Introduction

In this chapter we will discuss boundary value problems for fractional order dif-
ferential and pseudo-differential equations. For methodological clarity we first
consider in detail the Cauchy problem for pseudo-differential equations of time-
fractional order B, m—1< B <m, (m € N)

Dfu(t,x)=A(D)u(t,x)+h(t,x), >0, xeR", 5.1
k
%ﬁk’x):(pk(x), XER", k=0,...,m—1, (5.2)

where h(t,x) and ¢, k=0,...,m — 1, are given functions in certain spaces de-
scribed later, D = (Dy,...,D,), Dj = —iz%, j=1,...,n,A(D) is a ¥DOSS with a
J

symbol A() € XS, (G) defined in an open domain G C R”, and D is the fractional
derivative of order 3 > 0 in the sense of Caputo-Djrbashian (see Section 3.5)

Boy_ L t [ (r)dr
D*f(t)_r(m—ﬁ)/o(;-r)mfﬁfl’ t>0. (5.3)

Then we will focus on general boundary value problems for distributed order differ-
ential equations

g4
/ A(B.1,D)Du(t,x)u(dB) = h(t,x), >0,xER", (5.4)
JO
m—1 ak .
ZH;‘(D)%:@(@), k=0,....m—1,xeR", (5.5)
j=0

where o € (m—1,m], A(f,t,D) is a family of ¥YDOSSs with symbols A(f3,7,&) €
XS,(G), and p is a finite measure with suppu = [a,b] C (0,a], b > m—1, and
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I;j(D), k,j=0,...,m— 1, are ¥DOSSs whose symbols I};(§) € XS,(G), k, j =
0,....m—1, t;; € [0,T], 0 <T < oo, and h(t,x) and @, k =0,...,m— 1, are
given functions/functionals. Equation (5.4) contains, as a particular case, pseudo-
differential equations of fractional order

m—1
DY u(t,x)+ Y, Ar(D)D*u(t,x) + Ao(D)u(t,x) = h(t,x), t€(0,T),x€R",
k=1
(5.6)

with the highest order o, € (m — 1,m]. In turn, the Cauchy problem (5.1), (5.2) is a
particular case of boundary value problem (5.6), (5.5).

For the study of the Cauchy and multi-point boundary value problems we use
the properties of pseudo-differential operators with singular symbols developed in
Chapter 2 and the properties of fractional derivatives developed in Chapter 3. In the
case of Cauchy problem we establish the fractional generalization of the Duhamel
principle. The fractional Duhamel principle differs from the classic Duhamel prin-
ciple. As we have seen in Section 4.7, in the case of integer order differential equa-
tions the Duhamel principle moves the source term A(t,x) to the initial condition
for the (m — 1)-th derivative, changing it to V,(mfl) (1,x) = h(7,x). In the fractional
case the updated boundary condition contains a fractional derivative of the source

=V (7,x) =

function. Namely, the updated initial condition appears in the form V,
D"~ %h(t,x). This fact will be rigorously proved in Sections 5.5 and 6.4.

We recall that the Duhamel principle is not valid for multi-point problems. Sec-
tions 6.2—6.3 discuss general boundary value problems for distributed fractional or-
der differential equations of the form (5.4)—(5.5). Here we derive a representation
formula for a solution and study their continuity properties as mappings in appro-
priate function and distributions spaces.

Boundary value problems for elliptic operators with boundary conditions involv-
ing fractional order pseudo-differential operators is a subject of Section 5.7. The
results obtained there generalize theorems proved in Section 4.5 of the previous
chapter. These results also allow to study limits of fractional derivatives of harmonic
functions in certain topologies, leading to a new representations of hyperfunctions
as boundary values of fractional derivatives of harmonic functions (cf. with Sec-
tion 4.6.5). Section 6.7 discusses the Cauchy problem for variable order differential
equations with a piecewise constant order function and some of their applications to
sub-diffusion processes.

5.2 Some examples of fractional order differential equations

To illustrate the Cauchy problem (5.1), (5.2) consider three examples.

1. Time-fractional differential equation. The first example is the time-fractional
differential equation

D%u(t,x) = Au(t,x), t>0,xeR" a>0,



5.3 The Cauchy problem for fractional order pseudo-differential equations 209

where A is the Laplace operator. The Cauchy problem for this equation represents
a fractional model of sub-diffusion processes in the case 0 < o < 1, and processes
intermediate between diffusion and wave propagation in the case 1 < o < 2.
In Section 5.4 we prove the relaxation property of the solution in the case 0 <
a < 1, and the oscillation-relaxation property in the case 1 < o0 < 2.

2. Space-fractional differential equations. The second example is the space-
fractional equation

du(t,x)
ot

where ]D)g is the operator introduced in Section 3.8 and whose symbol is —|& |ﬁ.
This equation models jump processes (cf. with Example 2.2.0.4 in Chapter 2)
arising in various applied sciences. We recall that the pseudo-differential operator
Dg can be represented as the inverse operator to the fractional Riesz potential and
can be written in the form

:Dgu(t,x), t>0,xeR" >0,

Df f(x) = dh,

1 (4,5) ()
dn1(B) /R Ifill”*ﬁ

where A,l, is the centered finite difference of an even order [ > f with the vector-
step i € R" and d,, () is the normalizing constant. In the one-dimensional case
and under the condition 0 < 8 < 2 this equation describes symmetric Lévy-Feller
diffusion processes [Fel52]. Approximating random walk models for Lévy-Feller
diffusion processes were presented by Gorenflo and Mainardi in a series of works
[GM98-1, GM98-2, GM99].

3. Space-time fractional differential equations. The third example is the time-
and space-fractional differential equation

D%u(t,x) =Dgu(t,x), t>0,xeR" a,B>0.

This equation generalizes the equations in the first two examples and models
sub-diffusive processes accompanying with jumps. With 8 = 2 we obtain the
first, with oo = 1 the second equation. In Section 5.4 we prove the smoothness
theorem for a solution of the Cauchy problem for this equation in the Sobolev
spaces H*(R"), s € R, for all values o € (0,2].

5.3 The Cauchy problem for fractional order pseudo-differential
equations

In this section we will discuss the existence and uniqueness of a solution of Cauchy
problem (5.1)~(5.2) in the spaces ¥, g(R") and leG 5 (R™), and derive a repre-
sentation of a solution through the solution operators with symbols through the
Mittag-Leffler function. Since the fractional Duhamel principle is valid for Cauchy
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problem (5.1)—(5.2) (see Section 5.5), it suffices to consider a homogeneous equa-
tion, so we will assume that /(¢,x) = 0 in equation (5.1). Thus, consider the Cauchy
problem

DPu(t,x) =A(D)ult,x), t>0, xeR", (5.7)
k
%z@k(x), XER" k=0,...,m—1, (5.8)

where m — 1 < B < m, and Df is the Caputo-Djrbashian fractional derivative, and

A(D) is a ¥DOSS with the symbol A() € XS,,(G). The class XS,(G) in this section
is either C*S,(G), the class of symbols smooth in G, or class CS,(G) of symbols
continuous in G. Recall that symbols may have arbitrary type of singularities on the
boundary of G. Recall also that if A(§) € C™(G), then the corresponding operator
A(D) is continuous in ¥ ,(R") (see Section 2.3), and if A(§) € C(G), then A(D) is
continuous in ¥5(R") (Section 2.4).

It should be noted that, for the dual theory, we always assume that the operator
A(D) on the right-hand side of equation (5.7) is replaced with its weak extension
AY(D) = A(—D). Namely,

DPu(t,x) = A(—D)u(t,x), >0, xeR", (5.9)
oku(0
”(;(tkax) =@(x), xeR" k=0,...,m—1, (5.10)

First, performing formal manipulations, we get a representation for the solu-
tion of Cauchy problem (5.7)—(5.8). We note that the solution operators are again
pseudo-differential operators with symbols from the same class XS,(G). Then we
study the properties of their symbols and use them to prove existence and unique-
ness theorems. Applying formally the Fourier transform to equations (5.7) and(5.8),
we get

DPa(,&) =A(&)a(r,&), 1>0,E€G, (5.11)
*a(0
L0 _ o). e h=0.m-1 512

This is an initial value problem for an ordinary differential equation of fractional
order f3, that depends on the parameter £ € G. This problem is a particular case of
Example 3.10 (in Section 3.5 of Chapter 3) with A = —A(§) and a; = @ (&), k =
0,...,m—1. Due to formula (3.56), one obtains the representation

0(1.8) = 3 I By (1°AE)) frr ()
k=1

for the solution of (5.11)—(5.12). In this formula J*~! is the (k— 1)-st order integra-
tion operator with the lower limit 0, and Eg(z) is the Mittag-Leffler function; see
Section 3.4. Introducing the notation

Bi(B;t,&) = I 'ER(A(E)P), k=1,...m (5.13)
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and applying the inverse Fourier transform, one obtains the solution of the Cauchy
problem (5.7)—(5.8) in the form

M=

u(t,x) = ) Bi(B:t,D)pr—1(x). (5.14)

k=1

Here the pseudo-differential operator Bi(f;¢,D), k = 1,...,m, has the symbol
Bi(B;1,&) given by (5.13). We call it the k-th solution operator of the Cauchy prob-
lem (5.7)~(5.8).

Example 5.1. Let 0 < B < 1. Then the symbol of the solution operator B(f3;¢,D) =
Bi(B;t,D)is B(B;t,&) = Eg (—A(&)tP). 1t follows, in the particular case of a fun-
damental solution, corresponding to the initial condition u(0,x) = @(x) = & (x),
1 B
ult.5) = Ep(-ADI" )80 = o [ Ep(-A@N)eag. (s19)

Definition 5.1. Letm—1 < 8 <m, m € N. A function
u(t,x) € C"(t > 0% ,(R"))NC™ V(1 > 0, % ,(R"))

is called a strong solution of the problem (5.7)—(5.8), if it satisfies the equation (5.7)
and the initial conditions (5.8) pointwise.

Definition 5.2. Let m — 1 < B <m, m € N. A function
u(t,x) € C™(t > 0% (R))NC™ V(e > 0;¥ (RY))

is called a weak solution of the problem (5.9)—(5.10), if it satisfies the equation (5.9)
and the conditions (5.10) in the following sense: for arbitrary v € ¥g ,(R") the
equalities

< DPu(t,x),v(x) > = < u(t,x),A(D)yv(x) >, >0,

lim; s 1o < u® (£,x),v(x) > = < e(x),v(x) >, k=0,....m—1,
hold.

To prove existence and uniqueness theorems we need some auxiliary assertions.
First we introduce some notations. Denote by C*[ > 0;C(G)] the space of functions
f(t,&) continuous with respect to & at any fixed ¢ € [0,0), and having continuous
derivatives up to order ¢ with respect to ¢ on ¢ > 0 for each fixed &. The similar
meaning has the space C'[t > 0;C(G)]. Analogously, we denote by C*[t > 0;C(G)]
the space of functions infinitely differentiable with respect to the variable 7 in the
interval ¢ € (0,e0).
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Lemma 5.1. For k= 1,...,m the following assertions are valid:

(i) Bi(B:1,€) € C"2[r > 0:C(G));
(ii) By(B;t,&) € C[t > 0,C(G)).

Proof. The symbol B(f;t,&) = Eﬁ(—A(é)tﬁ) is a composition of the Mittag-
Leffler function Eg(z), which is an entire function, and of the function y(&,1) =
—A(E)rP. The continuity of A(&) implies that for every fixed 7 > 0 the function
By (B;1,€) is also continuous in the domain G. Moreover, the function ¢ (r) = ¢P
is infinitely often differentiable at any point ¢ > 0. Hence, B (f;1,£) € C™[r >
0;C(G)]. For m—1 < B < m it is easy to check that ¢(r) = P has all derivatives
up to order m — 1, which are continuous up to t = +0. This implies B1(f;¢,&) €
C" [t > 0;C(G)]. Further, we have (J*~! acting with respect to the variable ¢)

Bi(B:1,8) = Eg(A(&)P) = I By (Bs1,8).

This function is m + k — 2 times differentiable with respect to ¢ for a fixed & due to

the fact that the integration operator J*~! increases the order of differentiability of
B1(B;t,&) by k— 1. Hence, By(B;t,&) € C™*2[t > 0;C(G)].

Lemma 5.2. Let m — 1 < B < m. Then the following relations hold:

()%%1ast—>0forallk=l,...,m;

(ii) “ka—f/f) —0ast—0forall{=0,....m—1,k=1,....m [ £k—1.
Proof. In accordance with the definition of the solution operators, one has

k—1 .
%W =Eq(AE)P), k=1,...,m.

This relation and the fact that Eg(0) = 1 obviously implies (i). Now suppose that

k—1< ¢ <m—1.lItis not difficult to verify that the derivative %t—é) is a linear
combination of expressions of the type

PIEDAE)P), j<t. (5.16)

Since m — 1 < B < m, then all the functions in (5.16) tend to zero if ¢ — +0. In the
case 0 </ < k—1, one has

9'By(B:1,€)

RS P B (A8

- m /OIO — o) 2B (A(E)B)dT — 0 as 1 — +0.

Theorem 5.1. Letm—1 < B <m,m € Nand ¢; € ¥ ,(R"), j=0,...,m—1. Then
the Cauchy problem (5.7)—(5.8) has a unique strong solution. This solution is given
by the representation (5.14).
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Proof. Let ¢; € ¥;,(R"), j=0,...,m— 1. By construction each term on the
right-hand side of (5.14) satisfies (at least formally) the equation (5.7) and, due
to Lemma 5.2, conditions (5.8). It follows from Lemma 5.1 that for the symbol of
the k-th solution operator, we have the inclusion

Bi(Bs1,6) € C" 21 > 0:C(G)]NCT[r > 0;C(G)].
Theorem 2.1 (or Lemma 2.1 in the case of continuous symbols) yields
Bi(B:t,D)@r_1(x) € ¥5,,(R") for every fixed ¢ > 0,

Bi(B:t, D)y (x) € C"2(r > 0)NC™(t > 0) for every fixed x € R".
Hence,

u(t,x) € C™[t > 0; ¥ ,(RM)]NC™ [t > 0% ,(R"),

and u(z,x) is a strong solution of the Cauchy problem (5.7)—(5.8). Its uniqueness fol-
lows from the representation formula (5.14) and the ¥ ,(IR")-continuity of pseudo-
differential operators with symbols in CS,(G).

Theorem 5.2. Let m—1 < B <mand ¢; € ¥ ; (R"), j=0,...,m— 1. Then the
Cauchy problem (5.9)~(5.10) has a unique weak solution. This solution is given by

M=

u(t,x) = D Bi(Bst,—D)@r—1(x), (5.17)

k=1

where By(B;t,—D), k = 1,...,m, is the k-th solution operator with the symbol
By (ﬁ e é)

Proof. Let@; € ‘f’iaq(R”), j=0,...,m—1. Theorem 2.5 implies that each term on
the right-hand side of (5.17), namely, u (t,x) = Br(B;t,—D) @1 (x),k=1,...,m, is
a functional in the space ‘PLG’ q(R"). Further, to prove the theorem we have to show
that u(1,x), k= 1,...,m, satisfies the equation (5.9) and initial conditions (5.10) in
the weak sense. Let v € ¥ ,(R") be an arbitrary function. We have

< Dfuk(t,x) —A(=D)ui(t,x),v(x) >
=< [DEB(Bt,~D) ~ A(~D)Bx(B:1.~D)| g1 (x).v(x) >
= < @ 1(2), [DEB(B:1.D) — A(D)Bi(Bit. D)v(x) >
In accordance with the definition of Bx(f;¢,D), one has DP Bi(B;t,D) = A(D)By

(B;t,D). Hence, uy(x,t) satisfies the equation (5.9) in the weak sense. Moreover,
Lemma 5.2 implies

k—1
WBk(a;O,D):&(’g'I, k:l,...,m,ﬁ:l,...,m,

where 1 is the identity operator and & ¢ is Kronecker’s symbol. This, in turn, yields
initial conditions (5.10) in the weak sense.
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Definition 5.3. Denote by BC(r > 0, ¥;(R")) the set of functions f(¢,x), such that

1. f(z,x) as a function of x is in the space ¥ (R") for every fixed r > 0;

2. f(t,x) € C[t > 0; ¥ (R")];

3. ||f(t,x)]]2 < Cforallt € [0,T], where T is an arbitrary (but fixed) positive number
and C is a constant not depending on f (C may depend on T').

Similarly, let BC(t > 0, 'PLG(]R”)) be the set of functions f(¢,x) such that

(a) f(z,x) is in ‘PLG(R”) for every fixed r > 0;
(b) f(1.x) € Clt > 0:¥ (R")];
(c) for a fixed T < oo the estimate | < f(#,x),v(x) > | < C holds for all ¢ € [0, T]

and for all v € ¥5(R") with a constant C not depending on f (C may depend on
vand 7).

Lemma5.3. Letm—1< B <m. Forallk=1,...,m, and & € K € G there exists a
positive constant Cg x such that the inequality

Dka(ﬁ’taé) SCﬂJ(u t>07 (518)

holds.
Proof. Using the definition fo =J"BD"f we have

DUB(B:1.§) =" PD"B(B:1.&)
=J"Ppm G (A(E)P) = g P DR ER (A(E)P)
1 t
- - f— mfﬁlemkarlE A B d
Fon By 9P D s ey
where Dy is differentiation with respect to the variable 7, and Eg(z) is the Mittag-

Leffler function. It is easy to see that the most irregular case in the latter integral is
k=1,1.e.,

DPBy(B:1,&) = ﬁ/ot(t — )" P IDrEg(A(E)TP)dr. (5.19)

Due to Proposition 3.8, for any fixed & € K € G, we get the asymptotic behavior
(for A(&) #0)

DrEg )| =0 ), 10,

Therefore, the integral on the right-hand side of (5.19) is absolute integrable and it
does not exceed the expression

t(t—r)m 1P
Iﬁ = Ca’]{‘/o Td'f,

where Cp g is a positive constant dependent on 3 and the compact K. Using the
substitution T = ¢s in this integral, one has
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1
Ip :C&K/o sPHEmL (L — gy Pl

where B(-,-) is Euler’s beta function. Hence,
D28 (Bir.8)| < Cpul (B +1—m) <=
proving (5.18).

Theorem 5.3. Let m — 1 < B < m and the conditions of Theorem 5.1 be fulfilled.
Then the strong solution of the Cauchy problem (5.7)—(5.8) given by (5.14) possesses
the following properties:

(a) u(t,x) € C=[t > 0;¥:(R™)];
(b) DPu(t,x) € BC[t > 0, %;(RM)).

Proof. Part (a)is an implication of properties of symbols By(f;t,£),k=1,...,m, of
the solution operators Bi(f;t,D), k = 1,...,m, indicated in Part (ii) of Lemma 5.1.
Let us prove Part (b) of the theorem. We need only to show condition 3) of Defini-
tion 5.3. Suppose supp @y C Ky € G, k=0,...,m— 1. Using the Parseval equality
and Lemma 5.3, we have

||D5u(t,)c)|L2H2 < i /|D5Bk(a;t,D)(pk,l(x)|2dx
k=1,
=3 [ 08BBr &) i 6
1

k=
Ki—1

m
2 2
<CY Gy Npi|la]* <.
k=1

Theorem 5.4. Let m — 1 < B < m and the conditions of Theorem 5.2 be fulfilled.
Then the weak solution of the problem (5.9)—(5.10) given by (5.17) possesses the
following properties:

(i) u(t,x) € C=[t > 0; ¥ ,(R")];
(ii) DP u(t,x) € BC[t > 0, %' ,(R")].

Proof. Let oy € ¥6(R"), k=0,...,m— 1. Again Part (a) is an implication of proper-
ties of symbols Bi(B;¢,&), k=1,...,m, of the solution operators B, (f3;t,—D), k =
1,...,m, indicated in Part (ii) of Lemma 5.1. We prove Part (ii). Let ¢ be an arbitrary
element of ¥5(R"), whose Fourier transform has the support suppF[¢] C K € G.
We have seen in Section 2.4 that F[¢] € H,,,(G) for some s > n/2. We recall that
for g € ‘PLG(R”) the equality (see equation (1.96))

<g(x),0(x) > = (2m)" < Flg|(§), F[¢)(S) > (5.20)
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holds. This equality shows that F[g| € H} (G) C L ,.(G), that is F[g] is locally

square-integrable in G. Moreover, one has the following estimate

| <& ¢>[=2r)"| <F[gl(5),FIol(S) > | < CIIF[g]|H* (K)|[[|F[9]|H ™ (K)|
< ClFlgllL2(K) |F[o)|H (K] (5.21)

Taking into account relation (5.20) and estimates (5.21) and (5.18), we have

| <DEu(t,x),¢(x) >| < i | <DEBk(l};E*D)(Pkfl(x)a(P(x) > |
k=1

< ci | < FDP By(Bs1,—D)gx 1], F[9] > |

k=1

< 3 IDPBU(B:.&)F o] [La(K) || FlO)IH (K|
k=1

<G kil sup D25 (8211 1l 12(K) 8]~ K]

< i kil |E Lo )l (K) | [F O] (K)] < <.

5.4 Well posedness of the Cauchy problem in Sobolev spaces

In this section we extend the results on the existence and uniqueness obtained in the
previous section to Sobolev spaces. We start with establishing a general result.

Consider the symbol (&) = Eg(A(& )tB), wherer >0, Eg(-) is the Mittag-Leffler
function, and A(&) is a continuous symbol defined on a domain G C R". Recall (see
Remark 3.2 in Section 3.4), that for 0 < B < 2 the Mittag-Leffler function Eg(z)
has asymptotic behavior ~ exp(z!/P), |z| — o, if |arg(z)| < Bm/2, and Ep(z) ~
1/|z], |z] = o, if Br/2 < |arg(z)| < 2w — B7/2. Therefore, if the symbol A() is
complex-valued, then ¢(&) may have an exponential growth when |&| — oo, even
though A(&) has a polynomial growth at infinity.

Theorem 5.5. Let ¢ € H*(R"), k=0,...,m—1, s; € R. Suppose that the estimate
Eg(AE)P)] < C(1+[&]), 0<i<T, EeR"

holds for any T > 0 and some ¢ € R. Then there exists a unique solution of the
Cauchy problem (5.7)—(5.8) in the space

C"0 <t <T;HO(R)NC™ 0 <t < T;H(R")],
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where by = min{so—¢,...,s,—1 — £}. This solution is given by the formula

u(t,x) =Y Bi(B:t,D)pr—1(x), (5.22)

ZE

where By(B;t,D) is the closure in the Sobolev space H(R") of the k-th solution
operator By(B;t,D),k=0,...,m— 1, with the symbol Bi(B;t,&) defined in (5.13).

Proof. Let ¢ € H*(R"), k=0,...,m— 1. We can choose any domain G whose
complement R" \ G has zero measure. In particular, one can take G = R”. Then due
to Theorem 1.21 the denseness ¥ (R") = H%(R") holds for each k=0,...,m— 1.
Hence, for each ¢ we have an approximating sequence of functions @y y € ¥(R"),
N =0,1,2,..., such that ¢ y — ¢ in the topology of ¥5(R"). For fixed N, due
to Theorem 5.1, there exists a unique solution of the Cauchy problem (5.7)—(5.8)
(where the initial data ¢, k=0,1...,m—1, arereplaced by ¢ 5, k=0,1...,m—1)
represented by the formula

3

un(t,x) = > Br(B:t,D)pr_1 n(x).
k=1

We recall that By(B;¢,8) = Ep (A(E)tB). Since this symbol satisfies the estimate
IB1(B:1,E)] < C(1+ &)Y, 0<t<T, &R, it follows from Theorem 2.7 (the
case ¢ = 2) that there exists a unique continuous closure B (f3;¢, D) of the operator
Bi(B:tD), such that By (B:t,D) : H* (R") — H*~(R") is continuous. Further, it is
not difficult to verify that if Eg(A(& )tB) satisfies the condition of the theorem then
its k-th integral with respect to ¢ also satisfies the same condition, namely

Bi(B;t,&)| < C(1+[E]), 0<t<T, EcR"

Indeed, for k = 2 we have

BB, 8l = | [ Eg(A©)eP)dr| < ClEg(AE)P)
<CI(1+]EDY, 0<r<T,EcR"

Therefore, there exists a unique continuous closure By (B;¢, D) : H*! (R") — H*1~¢(R")
of the operator B,(f3;tD). By induction, for each k = 3,...,m — 1, there is a
unique continuous closure By(f;7,D) : H%1(R") — H%-1~¢(R") of the operator
By (B;tD). Thus for the solution u(#,x) we have representation (5.22). The k-th term
in this representation is an element of H%-1—(R") for each fixed ¢ € [0, T]. There-
fore, u(t,x) € H'(R"), where £y = min{so —£,...,Su_1 — {}.

Now we apply Theorem 5.5 to the particular case A(D) = D, where 0 < ot < 2
and the operator D§ is defined in Section 3.8. For ot = 2 we assume that A(D) is
the Laplace operator, that is D7 = A. With this convention one can assume that
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0 < a <2 We also assume 0 < 8 < 2. In other words we consider the Cauchy
problem

DPu(t,x) =D%u(t,x), t>0, xeR", (5.23)
k
%z@k(x), XER" k=0,...,m—1, (5.24)

where m = 1 or m = 2. We recall that the operator D has the symbol —|& I (see
Theorem 3.4) and acts continuously from H*(R") to H*~*(R") (Example 2.2).

The Cauchy problem (5.23)—(5.24) model sub-diffusion (0 < 8 < 1) and super-
diffusion (1 < B < 2) processes with jumps. Therefore, it is convenient to proceed
these two cases separately, as well as integer values B = 1 and 8 = 2.

1. The case 0 < 8 < 1. Consider the Cauchy problem for the space-time fractional
equation

DPu(t,x) =Dgu(t,x), >0, xeR", (5.25)
u(0,x) = p(x), xeR™. (5.26)

Then we have only one solution operator, namely, B;(f3;#,D) whose symbol is
B(B;t,8) = Ep ( — 1€ |°‘t’3) . The Mittag-Leffler function E4(—t),¢ > 0, has the

asymptotic behavior Eq(—¢) = O(1/t) when t — oo (see Sections 3.4 and 3.13).
Using this fact, we obtain

Bi(Bst,8) <C(1+1[6))™% 0<1<T,§eR" (5.27)

Applying Theorem 5.5 and estimate (5.27) we get the following result:

Theorem 5.6. Let 0 < 3 < 1 and ¢ € H*(R"). Then the Cauchy problem (5.25)—
(5.26) has a unique solution in the space C*(t > 0; H*T*(R")) NC(t > 0; H*(R")).
This solution is given by the formula

u(t,x) =B1(B;t,D)p(x). (5.28)
Moreover, there exists a positive constant C, such that for the solution the estimate
(e, x)[H | < TP || H|| (5.29)

holds for allt > T.

Proof. We only need to prove estimate (5.29). Due to Proposition 3.9 in the case
0< B <landA=|E|*>0, we have for the symbol By (B;t,&) = Eg(—|&|%P) the
representation (see Proposition 3.9)

Bi(B:t,E) = /O e P Ky (r)ar, (5.30)
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where
1 rB=1sin(Br)
- B2 cos(Br) +1°

For t > T the representation (5.30) can be rewritten in the form

Kg(r)

o0 2a 20
Bi(Bir.&) = [ e e e D Ky (ryar,
which gives the estimate'
oo 20
BB < [ e Ky(ar 1=, (5.31)

Notice that the right-hand side of (5.31) represents the Laplace transform of Kp(r)
evaluated at T|&[2*/B

B1(Bir. &) < LIKy)(TIEPP ), 12T,

Moreover, Kg(r) ~ rB=1 as r — 0. Therefore, due to Watson’s lemma (Proposi-

tion 1.10), we obtain for large values of 7€ |% the following asymptotic relation for

large T :
1

This implies
Cﬁ 2\—o n
[Bi(B:1.8)l < Zp(1+[c)7%, 1>T,c€R™
Using the latter, we obtain

Jutr.2) 2 = [ 1By (Bt E)PIGP(1 + 1)
CZ
B 5112
< —isllolE% 1>,
proving (5.29).

Corollary 5.1. Under the conditions of Theorem 5.6 for the solution of the Cauchy
problem (5.25)—(5.26) the following asymptotic relation holds:

lim [Ju(t, x)H %] = 0. (5.32)
t—ro0

Remark 5.1. If the initial function @(x) > 0 and [z @(x)dx = 1, then the solution
u(t,x) > 0 forall ¢ > 0. This fact follows from (5.28) and Bochner’s theorem, since

"Kg(r)>O0forall r>0if 0 <f <1.
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F|@](&) is positive definite and Kg(r) > 0, r > 0. Therefore, property (5.32) of the
solution of the Cauchy problem (5.25)-(5.26) expresses its relaxation property. We
note also that if s > 5 — o, then it follows from the Sobolev embedding theorem that
the convergence to zero is uniform for all x € R”.

2. The case 1 < 3 < 2. Consider the Cauchy problem for the space-time fractional
differential equation

D%u(t,x) = D§u(t,x), >0, xeR" (5.33)
u(0,x) = @(x), u(0,x) = y(x), xeR" (5.34)

In this case we have two solution operators, Bi(f;¢,D) and B,(B;t,D) with
the symbols By (f3;¢,&) :Eﬁ(—|§|0‘tﬁ) and B,(f3;1,&) :JEﬁ(—|§|“tﬁ),respec-
tively. The symbol B, (f;7,£) has the same asymptotics (5.27) for |E| — oo as
By(B:1,8).

Theorem 5.7. Let 1 < 3 <2, ¢ € H*(R"), and y € H*(R"). Then the Cauchy prob-
lem (5.33)—(5.34) has a unique solution

u(t,x) € C[t > 0;H*Y*(RM)|NCHr > 0;H*(R")].
This solution is given by the formula
u(t,x) = Bi(B:1,D)¢(x) + B2(B:t, D)y (x). (5.35)

Moreover; there exists a positive constant C, such that for the solution the estimate

S C (pHS S
ot < i (L2 e (5.36)

holds for allt > T.

Proof. Again we need only to prove estimate (5.36). Other conclusions of the the-
orem follow from Theorem 5.5 and estimate (5.27). Due to Proposition 3.9 for the
symbol By (B;7,§) = Eg (—|&|*B) with 1 < B < 2and A = |E]* > 0, the represen-
tation

oo 20 2 g o
Bi(B;t,&) = /0 e sl? Kg(r)dr+ %etm P ek cos (t|§|2ﬁ sin%) (5.37)

holds. One can verify by integration of (5.37) that for the symbol B,(8;t,&) =
JEg(—|¢€ |%tB) the following representation

Ba(Bir. &) = § 2% [ e8I Ky y(r)ar

2P e cosf { 3 <7r> n]
+—0e Bcos |(t|E|Fsin| — | —=], (5.38)
; &% sin () -3
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holds, where Kg {(r) = —r~'Kg(r). Obviously cos(m/B) < 0 for 1 < B <2, so
the second terms in representations (5.37) and (5.38) have exponential decay when
|E| — 0. Therefore, asymptotic behaviors of symbols By (f3;¢,&) and B,(B;¢,&) are
determined by the first terms of these representations. Thus, similar to the previous
case, we use Watson’s lemma to obtain the asymptotics (r > T')

L[Kﬁ](T|§|2“/ﬁ) ~-0 (W) T >> 1,

and .
200/B\ _
LKy 1] (TIEPP) = 0(—(“5'2“”})[31), T>>1,
which imply
G 2\—o n
[Bi(B:1.8)l < g (1+[6)7%, 1>T,c€R™
and
G 2\—a n
Ba(Bit, &) < i (141ED) %, 1> T.E R

Taking these estimates into account we have

&)
TB-1

C
|B1(Bst,D)p|H | < ﬁ||<P|H‘YH, |B2(Bst, D)w|H || < w|H,

for all + > T, which imply the estimate (5.36).

Corollary 5.2. Let the conditions of Theorem 5.7 be verified. Then for the solution
of the Cauchy problem (5.33)—(5.34) the following asymptotic relation holds:

lu(t,x)|[HTY|| = o(1), t— oo (5.39)

Remark 5.2. The property (5.39) of the solution of the Cauchy problem (5.33)—
(5.34) expresses its oscillation-relaxation property. Oscillation of the solution is due
to second terms in presentations (5.37) and (5.38) of the symbols of solution oper-
ators. We note also that if s > 5 — ¢, then the convergence to zero holds uniformly
for all x € R™.

Apart from non-integer 3, for § = 1 and 8 =2 we have a pure relaxation and pure
oscillation, respectively. We formulate the corresponding results without proofs,
which can easily be obtained analogously to the classical cases.

3. The case 3 = 2. First we consider the Cauchy problem for the space-fractional
equation with the time derivative of second order:

d%u(t,x)

01?2
u(0,%) = @(x), w(0.x) = w(x), xeR" (5.41)

=Dfu(t,x), t>0,xeR" >0, (5.40)
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It is easy to see that the solution operators have the symbols

sin(z|€|%
B1.8) = eoslE[), Ba0.8)= "=,
satisfying the estimates
1
Bi(t,E)| <1, |By(t,E)| < ———, eR".
BT B0 < g

Theorem 5.8. Let o0 > 0, ¢ € H*(R"), y € H* %(R"). Then the problem (5.40),

(5.41) has a unique solution in the space
Clt > 0;H*(R")]NC'[t > 0; H**(R")].
This solution is given by the formula
u(t,x) =By (t,D)p(x) + Ba(t, D)y (x).

4. The case B = 1. The solution operator of the Cauchy problem for the space-
fractional equation with the time derivative of the first order

a“gt’x) =D%(t,x), t>0,xeR", o>0, (5.42)
u(0,x) = p(x), xeR" (5.43)

has the symbol .
Bl(t,&) = eit‘é‘ )

and for every [/ > 0 there exists a positive constant C; such that the estimate
Bi(1,6)] < G(L+1E) ", &R
holds. Correspondingly, we arrive at the result:

Theorem 5.9. Let > 0 and ¢ € H*(R"). Then the problem (5.42), (5.43) has a
unique solution in the space

C™[t > 0:NyerH’ (R")]| NCle > 0:H(R™)).
This solution is given by the formula
u(t,x) = B1(t,D)p(x).

Remark 5.3. The technique used above for the Sobolev spaces H*(R") remains ap-
plicable for the general Sobolev spaces Hj,(R"), Besov spaces Bj,,(R"), and Triebel-
Lizorkin spaces F,,(R") as well, provided 1 < p,q < .
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5.5 Fractional Duhamel principle

In this section we establish a fractional analog of the Duhamel principle, which al-
lows to extend the results obtained in previous sections to inhomogeneous equation.
Thus, consider the Cauchy problem for inhomogeneous time-fractional pseudo-
differential equations

DEu(t,x) =A(Dy)u(t,x)+h(t,x), t>0,x€eR", (5.44)

o*u .

W(O,x)z(pk(x), xeR" k=0,....m—1, (5.45)
where B € (m— 1,m], m > 1 is an integer; h(t,x) and @(x), k =0,...,m—1
are given functions in certain spaces defined later; D, = (Dy,.. ,D,,) D; =
—iaixj, j=1,...,n; A(Dy) is a pseudo-differential operator with a symbol A(é)

defined in an open domain G C R".

In this section we also prove the Duhamel principle for fractional order differen-
tial equations with the Riemann-Liouville derivative (Subsection 5.5.3). More gen-
eral case of the Duhamel principle for inhomogeneous distributed order abstract
differential-operator equations will be discussed in Section 6.4.

Note that the classical Duhamel principle is not valid for fractional order in-
homogeneous differential equations. The fractional generalization of the Duhamel
principle established below can be applied directly to inhomogeneous fractional or-
der differential equations reducing them to corresponding homogeneous equations.

Recall the following relationship between the Riemann-Liouville and Caputo-
Djrbashian fractional derivatives (cf. (3.53) with a = 0):

D r(t) = DL £(r) 2 T ;sln P, (5.46)

Recall also that for the Cauchy problem (5.44), (5.45) in the homogeneous case (i.e.,
for f(z,x) = 0 in equation (5.44)) the following representation formula for a solution
was obtained in (5.14):

x)= > I Eg((PADL) o (), (5.47)
=1

where J* is the k-th order integral operator, Eg (tBA(D,)) is a pseudo-differential

operator with the symbol Eg (tBA(E)) and Eg(z) is the Mittag-Leffler function (see
Section 3.4).

Lemma 5.4. For all B € (m—1,m] and 'y > 0 the relation
TP f(e) = 1D () (5.48)
holds.
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Proof. Obviously, the relationship (5.48) is fulfilled, if B =m. Letm—1 < 3 < m.
Then 0 < m — B < 1. It follows from (5.46) that

f(0)Pm
r(l—m+pB)

Taking into account (5.49) and the definition of the Caputo-Djrbashian fractional
derivative fofﬂ = JB+1-mp (see (3.48)), we have

D P p(e) =D P p(e) + £ > 0. (5.49)

J”’”D’fﬁ f(t) = Jrimpn=p f)+ __fO JrimgB—m

rl—-m+p)
=L+ %W
Further, using (3.2) with n = 1, we obtain
o 0
5D l0) =B [£0) - FO)] + g

The last equation immediately implies (5.48), if we take into account the well-

known formula J®1 = #‘11), 6 >0.

Corollary 5.10 Assume f(0) =0. Then for all B € (m— 1,m] and y > O the relation
TP £y = D P p(r) (5.50)
holds.

Proof. We notice that m — 8 < 1. Now the relation (5.50) immediately follows
from (5.48) and (5.46).

5.5.1 Fractional Duhamel principle: the case 0 < < 1

The following heuristic observation is useful in understanding of the fractional
Duhamel principle. Assume 0 < f8 < 1. Consider the Cauchy problem for the non-
homogeneous fractional heat equation

DPu(t,x) = kg Au(t,x) + h(1,x), (5.51)

with the initial condition u(0,x) = 0. Using the notations introduced in Section 4.7,
the solution is represented as the Duhamel integral

1
u(t,x)z/ V(t,t,x)dr,
0

where V (¢, 7,x) is a solution of the Cauchy problem for the corresponding homoge-
neous equation
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DPV(1,1,x) =kgAV(1,7,x) =0, 1>7, x€R", (5.52)

with the initial condition V (7, 7,x) = H(t,x). Here DP is the Caputo-Djrbashian
fractional derivative of order 8 with the initial point 7, and H(7,x) is a function re-
lated to A(f,x) in a certain way. In order to see this relationship between H(z,x)
and h(z,x), suppose that 7 is small and the initial temperature is zero. Then ig-
noring the heat flow during the time interval (0,t), that is kAu ~ 0, the tempera-
ture change is Dfu(t,x) ~ h(t,x), or taking into account ol J'"BD, we have
Du(t,x) ~ D' P h(t,x). For small t this implies V(0,0,x) ~ Du(0) ~ D} Ph(0,x).
Repeating these heuristic calculations for small time interval (T, T+ €) we obtain the

relationship H(7,x) ~ DE:B h(t,x). Hence, one can expect that the initial condition
for V(¢,7,x) in equation (5.52) has the form

V(t,7,x),_. =D\ Ph(z,x),

=7

where h(t,x) is the function on the right-hand side of equation (5.51). Below we
will prove this fact rigorously.

First we formulate a formal fractional generalization of the Duhamel principle
and then we discuss applications of this principle in various situations.

Theorem 5.11. Suppose that V(t,7,x),0 <t <t,x € R", is a solution of the Cauchy
problem for homogeneous equation

DPV(t,7,x) —AD)V(t,7,0) =0, t>71, xER", (5.53)
V(t,7,x) =D} Ph(t,x), xeR", (5.54)

where h(t,x) € C'[t > 0; 2(A(Dy))], and satisfies the condition f(0,x) = 0. Then

v(t,x) = /OlV(t, 7,x)dT (5.55)

is a solution of the inhomogeneous Cauchy problem
DPy(t,x) —A(DV(t,x) = h(t,x), (5.56)
v(0,x) =0. (5.57)

Proof. Notice that in accordance with (5.47) a solution of the Cauchy problem
(5.53)-(5.54) is represented in the form

V(t,7,x) = Eg((t — )PA(D,))DL P h(z,x). (5.58)

Further, we apply the operator J B to both sides of equation (5.56) and use the relation
JBDP v(t,x) = v(t,x) — v(0,x), to obtain an integral equation

v(t,x) — JPA(D)(t,x) = JPh(1,x).
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It follows from the general theory of operator equations that a solution of the last
equation can be represented in the form

x) = i JPHBAM (D (1, x). (5.59)
n=0

Further, (5.50) implies that if Y= Bn and m = 1, then for arbitrary function g(r)
satisfying the condition g(0) = 0, the equality JB"+Bg(r) = JB"™1D! P (1) holds.
Taking this into account we have

ZJﬁn+1An(D ) lfﬁh( ,x)

f—TﬁA”(D) pl-B
/ Bn—l—l) h(T,x)d7

_ /0 E,;((t—r)ﬁA(Dx))Di*ﬁh(r,x)dr. (5.60)

Due to equation (5.58) the integrand in (5.60) coincides with V (¢, 7,x), and we ob-
tain (5.55).

Remark 5.4. 1. The series in (5.59) converges, for instance, if h € C![t > 0; ¥, p(R™)].
In this case there exist positive numbers C and a, not depending on x and ¢, such
that py(A"(Dy)h) < Cd"py,(h). It follows from (5.59) that

v(t,x S ; ! _ \Bn+p— n
P00 < X |y € P Ao
= (gl/BpyB+B
< Cpm(h)a P 0% = Cpm(h)tﬁEﬁﬁ (atP) <

where Eg g(z) is the generalized Mittag-Leffler function (see, Section “Addi-
tional notes” to Chapter 3). This estimate means that the series on the right
of (5.59) converges in the topology of ¥ ,(R").

2. The condition h € C![t > 0;%; ,(R")] for h(z,x) is too strong. In Sections 6.4
and 6.5 we will prove two fractional generalizations of the Duhamel principle
for distributed order differential equations, using a different method, weakening
conditions for A(,x). We recall (see Proposition 3.10) that the fractional deriva-
tive D,lfﬁh(t), 0< P <lexistsae.,if h(t) € AC[0 <t <T], where T is a positive
finite number and AC[0, T] is the class of absolutely continuous functions.

3. The condition A(0,x) = 0 in Theorem 3.1 is not essential. If 4(z,x) does not
satisfy this condition, then in the formulation of the theorem the Cauchy condi-
tion (5.54) has to be replaced by

V(t,t1,x) =D Ph(t,x), xeR",
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where Drﬁ is the operator of fractional differentiation of order 1 — 8 in the
Riemann-Liouville sense. The case § = 1 recovers the classic Duhamel principle.
Theorem 3.1 coincides with the classic Duhamel principle in the set of functions
h(t,x) with 2(0,x) = 0.

Theorem 5.12. Let y(x) € Y52 (R"), h(t,x) € C'[t>0; Y62 (R")], and f(0,x) =
0. Then the Cauchy problem (5.44)—(5.45) (with 0 < B < 1) has a unique solution

u(t,x) € Cljt > 0; W52 (R™)] NC[t > 0; ¥5.2(R™)).

This solution has the representation
t
u(t,x) = Eq(tPA(Dy)) o (x) + / Ep((t—1)PAD,))DL Ph(t,x)dt.  (5.61)
0

Proof. The representation (5.61) is a simple implication of (5.47) and Theorem 5.11.
The first term in (5.61) was studied in Section 5.3 in detail. Denote by v(z,x) the sec-
ond term in (5.61). For a fixed r > 0 making use of the semi-norm of ¥y we have

PL00) = I 2P, = Pl
= [ (@R 1 [ Bl =P AE)FD! Ph(z,E)arPa.

For y,, (&) there exists a compact set K,, C G such that supp x, (&) C K,,. Using the
Holder inequality we get the estimate

PO < [ @ [ (= 0P a@)Paz- [ 1FDL (&) Pana.

The function [ |Eg((t — 7)BA(E))Pdt is bounded on K,. Consequently, there
exists a constant C,, > 0, such that

2 2. ! 1-p 2
R0 <6 [ (@) [ Dt g Pasas

<G, [ [ Il©P 1FD! Phe.£)Pagas
=G, [ I ©FD! Phr.8)lde =, [ 0! Phzar.

It follows from the condition D! P h(t,x) € Clt > 0; ¥52(R")] that the function

Dy (Difﬁh(‘c,x)) is continuous with respect to 7 € (0;¢) and for a fixed >0 and
some N; the estimate

P0(t.x) <€yt sup p2 (DY Ph(r.)) < Cy 1 sup 2 (h(r.))

o<t<t o<r<t

holds. Hence, for every fixed ¢ € (0;4-c0) the function v(¢,x) in (5.55) belongs to
the space ¥;»(IR"). The analogous estimate is valid for %v(r,x). Thus v(z,x) €
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Clt > 0; ¥2(RM)] N Ct > 0; W52(R™)]. Hence, u(t,x) € C'[t > 0; ¥2(R")] N

Clt > 0; W5 2(R™)], as well. The uniqueness of a solution follows from the represen-
tation formula for a solution of the homogeneous Cauchy problem.

5.5.2 Fractional Duhamel principle: the case of arbitrary 3 > 0

Now we consider the Cauchy problem (5.44)—(5.45) for arbitrary order 3 satisfying
m—1< B <m, mé&N. Obviously, in thiscase 0 <m— f§ < 1.

Theorem 5.13. Assume m > 1,m—1 < B < m, and V(t,7,x) is a solution of the
Cauchy problem for the homogeneous equation

DPV(t,7,x) —ADOV(t,T,x) =0, t>71, xeR", (5.62)

with the Cauchy conditions

otv

W([,T,X”;:T:O, k=0,...,m—2, (563)
om-lv _
W(I,T,x)b:‘r = D*m ah(T,X), (564)

where h(t,x),t > 0,x € R", is a given function as in Theorem 5.11. Then

v(t,x) = /OIV(t, T,x)dT (5.65)
is a solution of the Cauchy problem for the inhomogeneous equation
DPy(t,x) —A(DV(t,x) = h(t,x), (5.66)
with the homogeneous Cauchy conditions

oy
S0 =0, k=0,..m—1. (5.67)

Proof. 1t follows from the representation formula (5.47) that
V(t,7,0) =" Ep((r— 1)PA(D))D P f(x,) (5.68)

solves the Cauchy problem for equation (5.62) with the initial conditions (5.63),
(5.64). Further, apply the operator J? to both sides of the equation (5.66) and obtain

L ivi(0,x
v(t,x) — Z w

i —JBAD)(t,x) = JBh(1,x). (5.69)
Jj=0 '
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Taking into account the conditions (5.67), we rewrite equation (5.69) in the form
v(t,x) = JPA(D ) (t,x) = JPh(1,x).
A solution of this equation is represented as’
x)= Y JPPAYD (1, x).
n=0

It follows from (5.50) (with y = Bn) that for arbitrary function g(¢) satisfying the
conditions g(0) = 0, one has JA"Bg(r) = Jﬁ”“”(DT*ﬁg(t)). Taking this into ac-
count, we have

x)= Y P AN DD P, x)

n=0
et o (t=T)P"AYDy) g
—/ J ;T—FI)D* h(T,x)dT
_ /O IV Eg (1= T)BADL))DY P iz x)dr. (5.70)

Comparing (5.68) and (5.70) we obtain (5.65), and hence, the proof of the theorem.

The condition /(0,x) = 0 in the theorem is not essential. If this condition is not
verified, then the formulation of the fractional Duhamel principle takes the following
form.

Theorem 5.14. Assume m > 1,m—1 < B < m, and V(t,7,x) is a solution of the
Cauchy problem for the homogeneous equation (5.62) with the Cauchy conditions

kv

s (t,7,%)[i=c =0, k=0,....m—2,
oy _
S (Tl = DY Pi(r, ),

where h(t,x),t > 0,x € R", is a given function. Then v(t,x) defined in (5.65) is a
solution of the following Cauchy problem for the inhomogeneous equation

DEv(t,x) —A(Dy)v(t,x) = h(t,x),

kv
W(O’

Remark 5.5. Note that if B = m, then Theorems 5.11 and 5.13 recover the classic
Duhamel principle discussed in Section 4.7.

x)=0, k=0,....m—1.

2 Regarding the convergence of this series see Remark 5.4.
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The theorem below generalizes Theorem 5.12 for higher orders 3.

Theorem 5.15. Let m — 1 < B < m and @¢(x) € ¥52(R"), k =0,...,m—1,
h(t,x) € AC[t > 0; W5,(R")], DI Ph(t,x) € Clt > 0; Ws2(R")] and £(0,x) = 0.
Then the Cauchy problem (5.44)—(5.45) has a unique solution. This solution is given
by the representation

u(t,x) = i FE(tPA(DL)) @i (x)
k=1
+ /O IJ'"*lEB((t— 1)PA(D))D" P h(r,x)dT. (5.71)

Proof. Splitting the Cauchy problem (5.44)—(5.45) into the Cauchy problem for the
equation (5.44) with the homogeneous initial conditions and the Cauchy problem for
the homogeneous equation corresponding to (5.44) with the initial conditions (5.45),
and applying Theorem 5.13 and representation formula (5.47), we obtain (5.71). The
fact that

> S E(PA(DL)) i1 (x) € C™ [ > 0;¥52(RM]NC™ Ve > 03 W5(R")]
k=1

is proved in Section 5.3. Further, since the m — 1-th derivative with respect to ¢ of
the last term in (5.71) belongs to AC[[0, T]; W52 (R")]?, then the estimation obtained
in the proof of Theorem 5.12 holds in this case as well.

Remark 5.6. If h(t,x) does not vanish at + = 0, then in accordance with Theo-
rem 5.14, the representation formula (5.71) takes the form

m

u(t,x) =Y JEG((PA(DY)) r1 (x)
k=1

+ /Ot J’”*lEﬁ((t - T)BA(DX))DTﬁf(T,x)dT.

Example 5.2. 1. Let 0 < 8 < 1 and h(t,x) be a given suitable function satisfying
f(0,x) = 0. Consider the Cauchy problem for the fractional order heat equation
with nonzero external force

Dfu(t,x) = Au(t,x)+h(t,x), t>0,xeR" (5.72)
u(0,%) = go (), (5.73)
where A is the Laplace operator. In accordance with the fractional Duhamel prin-

ciple the influence of the external force A(z,x) to the output can be counted from
the Cauchy problem

3 T is an arbitrary positive finite number.
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TDEV(I,T,x) =AV(t,1,x), t>T,xeR"
V(t,71,x) :D,lfﬁh(r,x).

The function V (¢, 7,x) = Eg((t — 7)B A)Difl3 h(t,x) solves this problem. Hence,
the solution of the Cauchy problem (5.72)—(5.73) is given by

t
u(t,x) = Eg(tPA)go(x) + / Eg((t— )P A)DL P f(z,x)dr.
Jo
2. Let 1 < f3 <2,and F(z,x) is a given function. Consider the Cauchy problem
Dfu(t,x) = Au(t,x)+F(t,x), t>0,xeR",
u0,) = @o(x),  w(0,x) = @1(x).

Again in accordance with the fractional Duhamel principle the influence of the
external force F (¢,x) appears in the form

TDEV(I,T,x) =AV(t,1,x), t>T1,xER"

V(t,7,x) =0, aa—‘t/(r,r,x) = DiﬁﬁF(r,x).

The unique solution of the latter is V(¢,7,x) = JEg((t — T)ﬁA)DfBF(T,x).
Hence,
u(t,x) = Ep(tP A) go(x) + JER (1P A) i (x)

" /ot JER((t— )P A)DT PF(1.x)dr.

5.5.3 Fractional Duhamel principle: the case of Riemann-Liouville
derivative

A fractional generalization of Duhamel’s principle is also possible when the frac-
tional order differential equation is given through the Riemann-Liouville fractional
derivative. In this section we briefly discuss this important case proving the corre-
sponding theorem in the abstract differential-operator case

DPu(t) = Bu(r,x) + h(z),

where 0 < 8 < 1, and B is a closed operator, independent of 7, and with a domain
2(B) dense in a Banach space X. The initial value problem, called the Cauchy type
problem, in this case has the form
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Llu](t) =h(t), t>0, (5.74)
JU%U(tH) =g eX. (5.75)
where (L[] = DP — B. The initial condition (5.75) can be rewritten as the weighted

Cauchy type initial condition lim, 7, (t — 7)!~%u(t) = ¢ (see, e.g., [KSTO06]).

Theorem 5.16. Suppose that V(t,7), t > T > 0, is a solution of the Cauchy type
problem for the homogeneous equation

DV (t,7)+BV(t,7) =0, t>T1, (5.76)

JUV( T =h(1), (5.77)

=7+

where 0 < a < 1 and h(7), T > 0, is a continuous vector-function. Then Duhamel’s
integral

/= /O "V, o) (5.78)
solves the Cauchy type problem for the inhomogeneous equation
D%u(t) + Bu(t) = h(t), t > 0, (5.79)
with the homogeneous initial condition J'~%u(04) = 0.

Proof. Let V(t,7) satisfy the conditions of the theorem. Then for the Duhamel in-
tegral (5.78), by virtue of Lemma 4.4, we have

dr
Du() + Bult /jo 5,7) /B
u(t)+ Bu(t) = Fi—ad T ds+ V(t,7)dt

d
dt

— SV (D) + /0 [:DV(1,7)+BV(t, )T = h(1).  (5.80)

/ JUV(@, r)d1:+/BV(t,1:)dr

On the other hand, changing the order of integration and using the mean value the-
orem, we obtain

t
ol =) [ VD] <o SV (58D

where T, € (0,¢), and the operator 7, J'~* on the rightmost term of (5.81) acts in the
variable ¢. Condition (5.77) implies that lim, .o, J!~*V(¢,7) = h(0) in the norm
of X. It follows from (5.81) that lim, o, J'~%u(¢) = 0 in the norm of X.

Remark 5.7. Theorem 5.16 can be generalized to differential-operator equations of
higher order o > 1, as well. In Section 6.5 we will generalize the Duhamel principle
for higher fractional order distributed order differential-operator equations defined
through the Riemann-Liouville fractional derivatives.
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5.6 Multi-point value problems for fractional order
pseudo-differential equations

Equation (5.1) contains only a single fractional derivative. However, in modeling
of real processes equations with several fractional derivatives emerge frequently. In
this section we discuss general multi-point value problems for partial differential
equation of fractional order of the form

m—1
D& u(t,x)+ Y, A(D)DFu(t,x) +Ao(D)u(t,x)
k=1

=h(t,x), t€(0,T), xeR", (5.82)

1
zncj étkk]’ )Z(pk(x), k=0,....m—1, xeR", (5.83)

where Ay(D),k=0,...,m, and I};(D), k, j =0,...,m— 1, are pseudo-differential
operators whose symbols Ax(§),k =0,...,m, and I};(§), k, j=0,...,m— 1, are
in the class of symbols S,(G); tx; € [0,T], 0 < T < oo; and ¢, k=0,...,m—1,
are given functions. We assume that the orders of fractional derivatives satisfy the
ordering

O<o <], I<mm<2 ,..., m=2<0op_1<m—1, m—1<oy <m.

Boundary value problem (5.82)—(5.83) is a particular case of boundary value prob-
lems for distributed order differential equations, studied in Chapter 6.
Denote by A(s, &) the “characteristic function” of equation (5.82), namely,

m—1 o
A(s,8) ="+ X A(E)s™ +40(§), EeG\M.
k=1

Introduce the function

I
a

C5(t7§

where 0 < § < @y, and L~! means the inverse Laplace transform. This function
will be used in the construction of symbols of solution operators to the considering
problem. Since

for each fixed § € G\A(jl, we have c;(t,&) € Cl99)(R ).
We first consider the Cauchy problem for the equation (5.82) with the initial
conditions
u®(0,x) =y (x), k=0,...,m—1. (5.84)
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Applying the Fourier transform with respect to the variable x in equation (5.82) and
Cauchy conditions (5.84), we have

Dot +2Ak (1,8) +A0(£)i(1,E) =0, (5.85)
t€(0,T), E€G,
kA
%ﬁ’g):qfk(g), k=0,....m—1,E €G, (5.86)

where 4(t,€) = F[u](¢,&), the Fourier transform of u(¢,x). Further, the Laplace
transform, due to formula (3.55), reduces equation (5.85) to

LI—)S

e +2Ak E)D%a(r, &) +Ao(8)alr, 5)1 (5)

—sa'"L 2” 05 ocmfé 1
j—1

+2A SLLA(s &>—:2ﬁ‘“<o,s>s“f“ +Ao(§)L)(5.8) = 0.
/=0

It follows from the latter that

m—1

st Y AL(§)s™ +Ao(§)] La](s,&)

k=1

or

4% .
P A(s@ (0,6)

Now, inverting first the Laplace transform and then the Fourier transform, and taking
initial conditions (5.86) into account, we have the representation

m—1
= Y Bi(t,D)yi(x),

for the solution of the Cauchy problem (5.82)—(5.84), where

Bi(1,8) = Coyy— k(t 2 A Coc, (t,8). (5.87)

j=k+1
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We notice that formula (5.87) for the symbols By (t,£),k = 0,...,m — 1, of
the solution operators of boundary value problem (5.82)—(5.84), generalizes for-
mula (5.13) for the symbols obtained in the case of one single fractional derivative
(see equation (5.7)), thatis a,, = B,A;(§) =0, j=1,...,m— 1. Indeed, if o;,, = B3,
where m —1 < B <m, and Aj(§) =0,j=1,....m—1, and Ap(§) = —A(&),
then (5.87) implies

GB—k—1

Bi(t,8) = cp(1,8) = [m](ﬂ
=JEg(~A(E)P), k=0,....m—1,

recovering (5.13).

Now we construct the system of solution operators of the general problem (5.82)—
(5.83). Applying the Fourier transform to boundary conditions (5.83),
we have

ZFk/ ((;;:,é) (), k=0,....m—1,EcG. (5.88)

We look for a solution of multi-point value problem (5.85)—(5.88), in the form

m—1
&)=Y fil&)B(1,€) (5.89)
k=0

with Bi(7,€), k=0,...,m— 1, given by (5.87), and unknown coefficients f;(&),
k=0,...,m—1.1tis clear that ii(t, &) satisfies (5.85). Substituting it into (5.88) we
obtain a system of linear algebraic equations

M(S)F(E)

2

where F(G) = (fo(5),-- - fm-1(8)), P(S) = (@0(S), -+, Pm-1(&)), and M(S) is a

square matrix of the order m with entries

d(E), (5.90)

m—1

my = ZEj(é)BEJ)(tkjaé)7 k,l=0,...,m—1.
j=0

Denote by M the set of all points £ € G such that Det M(&) = 0. If & & M, then the
equation (5.90) has a unique solution

F(E)=M"(&)D (). (5.91)

We note that My is the singular set for the symbols of the solution operators. Sub-
stituting (5.91) of the vector F(&) = (fo(&),..., fiu—1(&)) into (5.89) and apply-
ing the inverse Fourier transform we get the solution of general multi-point value
problem (5.82)—(5.83) as
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m—1

u(t,x) =Y, Ux(t,D) (), (5.92)
k=0

where the U (7,D), k=0,...,m— 1 are solution pseudo-differential operators with
the symbols

Up(t, &) = ((M*)’l(é)B(t,é))k, k=0,....m—1. (5.93)
Here (M*)~!(£) is the matrix inverse to the Hermitian adjoint of M(&), and B(t, &)
is the transpose of the vector row (By(t,&),...,By—1(t,£)) with the components
given by (5.87).

A behavior of the vector-function U (¢,&) with components Uy (z,&),...,Up—1
(t,&) near singular points and at infinity depends on operators Ay (D), k=0,...,m—
1,and I} (D), k=0,...,m—1, j=0,...,m—1, in problem (5.82)—(5.83). The well
posedness of the multi-point value problem (5.82)—(5.83) in the classical Sobolev,
Besov, and other function spaces depends on the behavior of the vector function
U (t,&). In particular, we have the following result:

Theorem 5.17. Let ¢y € W5, »(R"), k = 0,....m — 1, Go = G\ M. Then multi-
point value problem (5.82)~(5.83) has a unique solution in the space C"[(0,T);
Y¥G,.p(R")]. This solution is represented by formula (5.92).

Similar theorem is valid for the dual problem too. Under the dual problem we
mean a problem obtained by replacing the operators Ag(D), k =0,....m —1,
and I;;j(D), k=0,...,m—1, j=0,...,m—1, by their dual operators (see for-
mula (2.45)).

Theorem 5.18. Let g € ¥ (R"), k=0,...,m— 1, Go = G\ Mo. Then the dual

multi-point value problem has a unique solution in the space C™[(0,T); ‘I"LGM (R™)].
This solution is given by the formula

m—1
u(t,x) =Y, Uk(t,—D)gy(x).
k=0

For the Sobolev spaces H® we get the following result:

Theorem 5.19. Let the n-dimensional measure ofl\ol is zero and for all t € (T}, T»)
and for the symbols U;(t,§) defined in (5.93), the estimates

|(9"Uj(t,§)
otk
hold forallk=0,...,m—1withsomes; €R, {; €R, j=0,...,m—1. Then for any

¢; € HI(R"), j=0,...,m— 1, there exists a unique solution u(t,x) of boundary
value problem (5.82)—(5.83) such that

|<C1+ €)%, Cc>0, E€R", j=0,...,m—1
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Ku(t,x)

7 € UM, 1) H* (RY)], k=0, ,m— 1,

and satisfying the estimate

l
sup 2 H |Hk|\ <CZ ;[ H* .
1€(T1,12) k=0

5.7 Boundary value problems for elliptic operators
with a boundary operator of fractional order

In Section 4.5 we briefly studied existence and uniqueness conditions for boundary
value problems for elliptic differential equations on the half-space with boundary
operators of integer order. However, the exact existence conditions can be obtained
only if one extends the class of boundary operators to fractional order boundary op-
erators. In this section we present a detailed analysis of such problems. Important
questions arising in this context are “What type of fractional derivatives can be used
as a boundary operator?” and “What values of the order of the boundary operator are
critical, in terms of changing of orthogonality conditions?” As a boundary operator
one can consider fractional derivatives in the sense of Marchaud, Liouville-Weyl,
Griinwald-Letnikov, or operators in the form of a hypersingular integral. The ex-
act number of orthogonality conditions for the existence of a solution depends on
solution spaces.
Consider the boundary value problem

92
a—I;—I—A(Dx)u(y,x) —0, y>0,xeR" (5.94)
y
“u(+0,x) = @(x), xeR" (5.95)
|u(y,x)] =0 asy — oo, uniformly for x € R”, (5.96)
where D, = —i(aixl, ey 8%,,)’ A(Dy) is an elliptic pseudo-differential operator of

order 2m, m € N, acting on u(y,x) with respect to the variable x. Its symbol A(&) is
a smooth function satisfying the condition

CEPP" < —A(E) < GIEP™, € >0, C, >0, (5.97)

and B% is a boundary operator depending on a positive real parameter o acting on
u(y,x) with respect to the variable y. As the model operator B* we consider the one-
sided Marchaud fractional derivative D* defined in (3.116) (see Section “Additional
notes” of Chapter 3), defined for y > 0 as

y+h)

o /)
DZf0) = F(1+k o) dyF / T ook

dh,



238 5 Initial and boundary value problems for fractional order differential equations

ifk<a<k+1,k=0,1,.... We recall that in L,-spaces, 1 < p < oo, the Marchaud
derivative coincides with the one-sided Griinwald-Letnikov fractional derivative ¢
(see Section 3.10). Moreover, in the class of well-behaved functions both the Mar-
chaud and Griinwald-Letnikov derivatives coincide with the one-sided Liouville-
Weyl fractional derivative _..D% (see Section 3.6).

We also recall that if B, = D%, then one has (see Example 3. 12)*

Bge @ = (—a)% ¥, Va>0. (5.98)

This formula plays an essential role in our constructions in this section.

We denote the problem (5.94)—(5.96) by Py. As particular cases of the problem
Py, we obtain the Dirichlet problem, Py, if & = 0 and the Neumann problem, Py,
if oo = 1. When o is non-integer and a € (0,1) the problem P, interpolates these
two problems, which are used in description of stationary states. It is well known
that the Dirichlet problem is unconditionally solvable, while for solvability of the
Neumann problem an additional condition on orthogonality is necessary. We will
show that for ¢ in the Sobolev space H*(R) (one-dimensional case) the problem Py,
preserves unconditional solvability for all & € [0, 3). At the same time, if & € (5, 1],
the corresponding problem Py, is solvable only if ¢ is orthogonal to 1. We will also
show that if o increases, then the number of orthogonality conditions increases as
well. A new orthogonality condition appears exactly when o passes through the
critical values |

Otj =j+ E,

Let N(a) be the number of conditions necessary for solvability of P, and let
I(a) = [mo — 5 + 1], where [s] stands for the integer part of s, and [s]; = [s], if
[s] > 0 and [s]+ =0, if [s] <O0. Then the formula

j=0,1,2,.... (5.99)

(o) +n—1)!

M) = =Ty

holds. It is easy to see that, if # = 1 (one-dimensional case) and m = 1, then

N(e) = 1(@)/U() = 1)1 = (o) = [ + 3]

justifying the critical values (5.99) in the one-dimensional case. Indeed, if 0 < o <
1/2,then N(a) =0,if 1/2 < o < 3/2, then N(et) = 1, and so forth.

Critical values depend on solution spaces. We consider three different types of
function spaces. The first one is a subspace of the Sobolev space H*(R") satisfying
some orthogonality conditions. The number of these conditions depends on the or-
der o of the operator By, in (5.95) and on the order 2m of the pseudo-differential
operator A(D) in (5.94). This space is the most suitable one in terms of the exact
number of conditions necessary for solvability of the problem P,.

The second type spaces are Lizorkin type spaces. On one hand, these spaces are
natural from the point of view of describing the solvability of P, for any o > 0.

4 With the sign correction effected by the definition of D%.
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On the other hand, unfortunately, it is not possible to provide the exact number of
solvability conditions of P, in these spaces for a given o.

The third type spaces are some modifications of the spaces (¥, ,(R"), ‘PLG ,

(R™)) introduced in Section 1.10. As a simple corollary we obtain in Section 5.9
that such distributions may be treated as boundary limits of fractional derivatives of
harmonic functions in the sense of Marchaud (or Griinwald-Letnikov or Liouville-
Weyl).

/

5.8 Existence theorems for the problem P,

In this section we will study the existence and uniqueness of a solution of the bound-
ary value problem P,. A solution of P, will be understood in the following sense.
Let @ be an element of a topological space X. A function u(y,x) € L*(y > 0;X)
is said to be a solution of the problem Py, if it satisfies the equation (5.94) in the
distributional sense and the boundary conditions (5.95), (5.96) in the sense of the
topology of X. Let C’[y > 0;X] be the space of X-valued functions u(y,x), hav-
ing derivatives up to the order ¢ with respect to y continuous up to the boundary
y = 0. The corresponding meaning is given to C*[y > 0;X]. Analogously, we write
C=[y > 0;X] for the space of functions infinitely often differentiable with respect
to y. As the space X we will use the spaces considered in Section 2. We recall
la) = [am—54+1],.

Theorem 5.20. Let ot >0, 9 € Hy 1) (R™), s > 0. Then Py has a unique solution
u(y,x) and for this solution the following inclusions hold:

(i) u(y,x) € Cly = O;H*"*"(R")];
(ii) B*u(y,x) € Cly > 0; H*(R")];
(iii) u(y,x) € C=[y > 0; H*T*™(R")].

Proof. Let0 < a < 5., ¢ € Hy,,,,(R") and supp @ C Q. By using (5.98) it can be
straightforward verified that the solution of the problem P, has a representation in
the form

u(y,x) = Hﬂt(va)(p(x)v
where Iy (y, D) is the pseudo-differential operator with the symbol
He(y,8) = [-A(8)]”exp(—iom — y\/~A(E)), (5.100)

Further, since |exp(—imo — y/—A(€))| < 1, then taking into account (5.97), we
have
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ey, ) [ || = || T (y, D), ) [ H* |2

2
<C/ 1+|§| )v+am|F|[§|]2§m)| dé

= C(/\f:\ﬁl{'”}dé + le{...}dé) =L+hL, (5101

where I}, I are integrals over {|§] < 1} and {|&| > 1}, respectively. Since 20um < n,
Theorem 1.24 (see Remark 1.10) implies

d
5 Cv|lo|H*||*. (5.102)

I < Cyllo|H’|? TEran <Cy
<t | [2om

For the second term in the right-hand side of (5.101) we have the estimate
L< C/Wl(l +1E17)’IF[9](§)PdE < Cllo|H’||*. (5.103)

Further, let o > 5 be an arbitrary number, ¢ € Hmmp o )(R") and supp@ C On.

Then, according to Theorem 1.23, there exists a function v € H5H(@) guch that
(&) = [E[(@H(E) and ||v|HH(®)| < Cy||@|H?||. We note that in this case the
solution of Py is represented in the form u(y,x) = IT,,(y, D)v(x), where IT,,(y, D) is
the pseudo-differential operator with the symbol

o (,8) = &7 (@ exp(—iam —y/~A(E))

and am — (o) < 5. So, one can use the same technique used above in the case
0<a< ﬁ Hence, we have the estimate

(o
(e, ) H* | < CylVE ) < Oyl @]H,

which, together with (5.102) and (5.103), gives the inclusion (i) in the theorem.
Now we show that the boundary conditions are verified. Indeed,

1B u(y,x)— ¢ (x)H’||=|| (exp(—iom—yy/A(=E)) = 1)|F[] (§) P(1+[& *)°|L2 ]| — 0

as y — +0 according to Lebesgue’s dominated convergence theorem.
Further, let Y > 0 and y > Y. Using again the representation

Flol(§) = [EI"WFDI(E), ve (R,

we obtain
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)
[V B exp(ifam 1)~ (s~ V)V A L

1
2v/~A() :

s+1 ¢
< C|v|H )| ./|§|2ma—21(a)(1+|§|2)l((x)d§

< CH(p|HS|| .Y2moc72l(oc)fn7 y> Y, x€ R™.

Since 2mo —21(a) < n, letting ¥ — oo, one can see that boundary condition (5.96)
is also verified.

Moreover, it is easy to see that B*u(y,x) = Iy(y,D)@(x), where ITH(y,&) =
exp(—yy/—A(&)). Hence, B*u(y,x) can be represented as a Poisson type integral,
that is B®u(y,x) = 2(y,x) * ¢(x), where Z(y,x) = F~'[ITy(y,&)](x). So, the con-
tinuity property of B%u(y,x) in the variable y is an implication of the continuity
property of this integral. Further, since , |exp(—y+/—A(£))| < 1, one has

1B u(y,2)|H*|| = [l exp(—yv/=A@)IF[@](E)I(1+ |E)/*IL2 ] < Cllo|H"]

proving (ii).
Finally, if y > 0, then

k k—a
j—ykna@,é)—(—l)"m(&)]zexp(—ian—wA(—é)), k=12.....

Taking into account (5.97) we have

ok m
Ia—ykﬂa(yvi)l = 0@ k"), [g]se

with some € > 0. This yields the assertion (iii).

The next two assertions follow immediately from Theorem 5.20 and from the
fact that the total number of n-dimensional monomials up to order K is
(K+n—1)!
(K—1)!n! "~

Corollary 5.3. For the dimensions of the kernel and co-kernel of the operator

Py, a >0, corresponding to the problem Py the formulas

l —1)!

dimKerPy = 0, dimCoKerPy = N(a) = (L) T =11
(I(o) — 1)n!

hold.
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Corollary 5.4. Let ¢ € C5(R"). Then there exists a unique solution u(y,x) of Py
and for this solution the following inclusions hold true:

(@) u(y,x) € Cly > 0;C=(R")];
(b) B®u(y,x) € Cly > 0;C=(R")];
(c) u(y,x) € Cly > 0;C(R")].

Now we consider the problem P, in the Lizorkin space ®@(R"). First we prove
the following auxiliary lemma.

Lemma 5.5. For every fixed y > 0 the pseudo-differential operator Iy (y,D) acts
continuously from ®(R") into ®(R").

Proof. Let ¢ € ®(R"). We will first show that I, (y,D)@(x) € @(R") as well. In-
deed, using the well-known Leibnitz formula, we have

DLIF (I, (y. D)9 (x))] = DL (I (y,§)F[9] (£))

TV DY Py (y,£)DE Flo) (€),
%<ﬁ>é gt

where F stands for the Fourier transform operator, Dlg for the derivative with respect
to & of the “order” § = (By,...,B,), and

(3) g -l

The function Dg Iy (y,£) has a singularity of the order am + |6 only at the origin.

Since @ € @(R"), in accordance with he definition of ®@(IR") (see Section 1.12), we
have

DY (IMa(y.D)9(x))(0) = 0

for all multi-indices y. Furthermore, for arbitrary real number / and multi-index 7,
there exists a real number /; such that

(1+IEP) IDLF (Ha (3, D)e(x))| < C(1+[E[*)MDEG(E)]-
This implies the continuity of ITy(y,D).

Theorem 5.21. Let ¢ € O(R"). Then for arbitrary o > 0 there exists a unique so-
lution u(y,x) of Py and for this solution the following inclusions hold true:

(i) u(y,x) € Cly > 0; @(R")];
(ii) B*u(y,x) € Cly > 0, ®(R")];
(iii) u(y,x) € C7[y > 0; ®(R")].

Proof. (1) is a simple consequence of Lemma 5.5. (ii) and (iii) can be proved analo-
gously to Theorem 5.21.
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Theorem 5.22. Let ¢ € @' (R"). Then the problem Py, has a solution u(y,x) unique
to within an arbitrary additive polynomial, and for this solution the following inclu-
sions hold true:

(a) u(y.x) € Cly > 0; @' (R"));
(b) B*u(y,x) € Cly = 0; @' (R")];
(c) u(y,x) € Cly > 0; @' (R")].
The proof of Theorem 5.22 is based on the following lemma.
Lemma 5.6. For every fixed y > 0 the pseudo-differential operator Iy (y,—D) with
the symbol defined by (5.100) acts continuously from @ (R") into @ (R™).
Proof. Let @ € @ (R"). Then for arbitrary v € @(R") the equality
<o (y,—D)@,v >=< @, I1a(y,D)v >

holds. In accordance with Lemma 5.5, Iy (y,D)v € ®(R"). The continuity of
Iy (y,—D) in @ (R") follows from the continuity of IT, (y, D) in @ (R").

Finally, we solve the problem P, in the spaces Zi (£G), which was introduced
in Section 4.6.4 (see Definition 4.3). Recall that ¢ € Z} (G), if ¢ € ¥;2(R") =
Y5(R") and |E|B|F[@](£)] < C < o in the neighborhood of the origin for some
B>o—n/2.

Theorem 5.23. Let ¢ € Z;,(G). Then there exists a unique solution u(y,x) of Py
and this solution has the properties:

(i) u(y,x) € Cly > 0; ¥z (R")];
(ii) B*u(y,x) € Cly > 0; ¥ (R")];
(iii) u(y,x) € C[y > 0; ¥ (R")).

The proof of the theorem is based on the following auxiliary result:

Lemma 5.7. For every fixed y > 0 and o > 0 the pseudo-differential operator
Iy (y,D) : Z},(G) — WG (R") (5.104)
is continuous.

Proof. Let ¢ € Z},(G). We show that Il,(y,D)@ belongs to ¥;(R"). Indeed, by
definition, for ¢ € Z, (G) there exists a number 8 > mo — 5 and a constant C > 0
such that

EIPIFp)(E)] < C <

in some neighborhood of the origin. Hence,

Mo (3, E)F[@)(§)] = O(IEIP ™), [&] = o=.
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Since mor — B < 5, then I, (y,§) (&) € Lo(R"). In accordance with the Plancherel
theorem Iy (y,D)@(x) € Lo(R™). Moreover, supp F [I1y(y,D)@] C suppF[¢] C G.
Thus we have I (y, D) € ¥5(R").

Now we show the continuity of the mapping (5.104). Let a sequence of functions
O € Z,},(G) tend to zero in the topology of Z,} ,(G). This means that there exists a
compact set K C G and numbers 8 > mo; — 5 and C > 0 such that:

(i) suppFpx] CK, k=1,2,...;
(i) [E[PIFl@(E)| SC <o k=1,2,...3
(i) [[@xllo — 0, k — co.

Obviously, supp F [I1y(y,D) @] C K forall k = 1,2,.... Moreover,

1o (3, D) @i ()16 = (2”)n/l<|Hoc()’7§)|2|F[(P](é)|2d§

dé )
c A o Flelld
a /\5\35 |€|2(m0ffﬁ)+ £/Rnl (o] |~dE,

with some positive real numbers € and Ce. Let § > 0 be an arbitrarily small number.
Then we can choose € small enough to ensure that

dE s
C —5 o2
oo TR <2

Further, we can take k large enough to ensure that

9
Ce [ IFlpIPdE < 5.
R" 2

These inequalities imply || Ty (y,D)@i]|o — 0, k — oo.

Theorem 5.24. Let ¢ € ‘PLG(R”). Then there exists a unique solution u(t,x) of Py,
and this solution has the properties:

(@) u(y,x) € Cly > 0:Z,,,(—G)];

(b) B*u(y,x) € Cly 2 0;Z,,4(=G)];

(c) uly,x) € C7ly > 0:2,,4(-G)].

The proof of this theorem is based on the following lemma:

Lemma 5.8. For every fixed y > 0 and o > 0 the pseudo-differential operator
Ho(y,=D) : ¥_(R") = Z,,4(=G)

is continuous.
Lemma 5.8 follows from Lemma 5.7. Its proof is analogous to that of Lemma 5.6.

Remark 5.8. The obtained results can be easily extended to the more general Sobolev
spaces Hj, with arbitrary 1 < p < o, Besov or Lizorkin-Triebel type spaces. In the
paper [Uma98] the case m = 1 was considered in these spaces.
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5.9 On fractional derivatives of harmonic functions
with given traces

In Section 4.6.4 we discussed the problem of the existence of a function u(z,x),
harmonic in Rﬁ“, whose derivative of integer order o@ € Ny converges to a given
hyperfunction ¢ € 'PZ/‘fG(R”) in a certain topology. We can extend these results to
arbitrary oo € R using the theorems established in the previous section.

Assuming m = 1 and A(Dy) = A, the Laplace operator, in the problem P, we
have

2

)
(8_))2 +A)u(y,x)=0, y>0,xeR"

B u(0,) = 9(x),  lim Ju(y, )] <o, x € R,

A solution u(y,x) of this problem is a harmonic function in R’jjl whose fractional
derivative of order ¢t has a given trace ¢. The following proposition directly follows
from Theorem 5.23.

Proposition 5.1. Let ¢ € Z,,(G). Then there exists a function u(y,x), harmonic on
the upper half-spacey > 0, x € R", such that limy_, . B*u(y,x) = @(x) in the topol-
ogy of the space ¥5(R™").

Using this proposition we prove the following theorem on a harmonic function
. . . . . /
whose fractional derivative of order ¢ has a given trace in the space ¥_;(R") (a
subclass of hyperfunctions).

Proposition 5.2. Let ¢ € 'PLG(R”). Then there exists a function u(y,x), harmonic
on the upper half-space y > 0, x € R", such that limy_, 1o B*u(y,x) = ¢(x) in the
topology of the space Z,, (—G).

Proof. Let ¢ € ‘PLG(R”). Then the functional u(y,x) = Iy (y,—D)@(x) is a har-
monic function in the distributional sense. Here Iy (y, —D) is the pseudo-differential
operator with the symbol Iy (y,&) = |E|“exp(—am — y|&]|). According to Weyl’s
lemma?, u(y,x) is an ordinary harmonic function. Moreover, due to Lemma 5.8
u(y,x) is an element of Z, (—G) for any fixed y. Let v be an arbitrary function in
Z4 (G). We have

< B%u(y,x) — o(x),v(x) >=< ¢(x),[B*P(a;y,D) — Iv(x) > .

Due to Proposition 5.1 the right-hand side of the latter tends to 0 as y — 0, implying
B%u(y,x) = @(x) as y — +0.

3> Weyl’s lemma [Hor83] states that a distribution f(x), satisfying the equation A f = 0 on an open
set 2 C R" in the weak sense, is an ordinary harmonic function.
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5.10 Additional notes

1. Perhaps the first application of fractional integro-differential operators was the Abel’s integral
equation of first kind (with oo = 1/2) connected with the famous rautochrone problem (see de-
tails, for instance, in [OS74], pp. 183—186). Abel published his paper in 1826. In this paper
the solution is obtained essentially in the form of the Riemann-Liouville fractional derivative
of order 1/2. We note that Abel also solved the problem in the general case, i.e., for arbitrary
o € (0,1) [A26]. A historical perspective on the fractional calculus in linear viscoelasticity is
given in Mainardi’s book [Mail0]. Recent review paper [RSh10] by Rossikhin and Shitikova
contains the novel trends and recent results in applications of the fractional calculus to solid
mechanics (containing over 300 citations). Seems Gerasimov [Ger48] was first who modeled
movement of a viscous fluid between two moving surfaces using partial differential equations
of fractional order in 1948, though earlier Gemant (1936) and Scott-Blair (1944) used frac-
tional order ODEs (of order 1/2) to analyze experimental results obtained from elasto-viscous
bodies. Oldham and Spanier, in their book [OS74] published in 1974, discussed fractional gen-
eralizations of transport and diffusion equations. Note that in the same year (June, 1974), the
University of New Haven hosted the first international conference on fractional calculus and
its applications. Proceedings of this conference edited by Ross [Ros75] was published in 1975.
Starting from the 1980th applications of fractional calculus to various fields profoundly in-
creased. In particular, Nigmatullin [Nig86] studied anomalous diffusion in a porous media,
Wyss [Wis86] and Schneider and Wyss [SW89] fractional diffusion processes, Fujita [Fujo0]
investigated fractional diffusion-wave processes, Schneider [Sch90] used fractional differen-
tial equations to describe the “grey”’-noise. Moreover, applications to cell signaling and protein
movement in cell biology [Sax01, SJ97], bioengineering [Mag06], zoology [ScSO1], and to
many other fields have appeared [MKO00, MKO04, Lim06, LH02, McC96, RSh10]. These in-
vestigations revealed many important intrinsic properties of processes, modeling by fractional
equations, including hereditary properties and memory effects, oscillation-relaxation proper-
ties, connection with Lévy processes and subordinating processes, and many other proper-
ties, which cannot be captured by integer order models. The theoretical background of frac-
tional calculus, its historical development, and various applications can be found in books
[SKM87, OS74, MR93, Pod99, Hil00, Mag06, KST06, Mail0]. In Chapter 7 of this book
we will discuss further applications of fractional models establishing a triple relationship be-
tween fractional Fokker-Planck-Kolmogorov type equations, stochastic differential equations,
and their time-changed driving processes.

2. Diffusion. Diffusive processes can be classified according to the behavior of their mean square
displacement (MSD), MSD(¢) = (X?) — (X,)?, as a function of time 7. If the MSD is linear,
then the process is classified as normal, otherwise anomalous. For many processes, the MSD
satisfies the power-law behavior, MSD(r) ~ Kﬁtﬁ, t — oo, where Kp is a constant. If 8 =1
the diffusion is normal, if B > 1 the process is super-diffusive, while if f < 1 the process is
sub-diffusive (see, for instance, [MKO0O, Zas02]). There are many interesting processes, arising
in physics, cell biology, signaling, etc., which do not have the above-mentioned power-law
behavior. For example, the ultra-slow diffusion processes studied in [CKS03, MS01, Koc08]
have MSD with logarithmic behavior for large . The MSD of a more complex process with
retardation [CGSGO03, CGKS8] behaves like P> for t small, and P for ¢ large, where f3; < [3,.
We will consider models of such processes in Chapter 6.

3. The Cauchy and multi-point problems for fractional differential equations. There is a vast liter-
ature on the Cauchy problem for integer order abstract differential-operator equations. The first
order evolution equations u () = Au(r) in the spaces of abstract exponential vector-functions of
a finite type, Expa (X) (and in more general bornological spaces) were studied in [Rad82]. What
regards to fractional order differential-operator equations, Kochubei [Koc89] studied existence
and uniqueness of a solution to the abstract Cauchy problem D%u(r) = Au(t), u(0) = ug, with
Caputo-Djrbashian fractional derivative for 0 < ¢ < 1 and a closed operator A with a dense do-
main Z(A) in a Banach space. El-Sayed [ES95] and Bazhlekova [Baz01] investigated Cauchy
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problem for 0 < o < 2. In the papers [Koc89] and [Baz98] the necessary and sufficient con-
ditions for solvability of the abstract Cauchy problem in the case 0 < or < 1 were given, by
extending the conditions of the Hille-Yosida theorem from o = 1 to o € (0, 1]. Kostin [Kos93]
proved that the abstract initial value problem (Cauchy type problem)

D%u(t) = Au(t), D**u(0) = @, k=1,....m,

where o € (m— 1, m], D* is the Riemann-Liouville derivative of order ¢/, and A is a linear
closed operator with a dense domain in a Banach space, is well posed. For more information
about recent results on the Cauchy problem for abstract fractional differential-operator equa-
tions, we refer the reader to [Baz0O1, EK04, KJ11, KMSL13].

4. Fundamental solutions of fractional differential equations. The fundamental solution of the
Cauchy problem for a fractional diffusion-wave equation can be interpreted in terms of Lévy’s
stable probability distribution [SW89, MPG99]. This fact leads to a range of applications of
fractional diffusion-wave equations connected with the description of various stochastic pro-
cesses arising in science and engineering. The explicit formula for the Green function for the
relevant Cauchy problem was given by Mainardi et al. [MPG99]. In the paper [MLPO1] the
convergent and asymptotic power series forms of fundamental solutions for space-time frac-
tional differential equations were given. The spatial derivative used in this paper is the Riesz-
Feller fractional derivative with a skewness parameter. In particular, for the density function
f(1t), T> 0, of Lévy’s stable subordinator the following asymptotic behavior at zero and infin-
ity is obtained (see also [UZ99]):

(%)2(211%) 7(1713)(%)**1/3,3 o
f(f)Nian(liﬁ)e , T 0
B
f(r) ~ BB’ T — oo,

In the paper [MPGO7] fundamental solutions of some DODE:s are obtained in the integral form
with the Fox-Wright function involved in the integrand. We note that fundamental solutions
to fractional diffusion-wave equations are closely related to the random walk approximation
models developed in a series of papers by Gorenflo and Mainardi and their collaborators (see,
for example, [GM98-1, GM99, SGM00, GM01, GMMO02, GV03, GARO04]). In Chapter 8 we
will discuss random walk approximations of time-changed stochastic processes, generalizing
some of the results obtained in these series of publications.

5. Fractional boundary value problems. As to boundary value problems for partial differen-
tial equations of fractional order in bounded and unbounded domains, there are a lot of
applications including computer tomography, electrodynamics, electro-statics, and elasticity
theory. For mathematical investigations of such problems we refer, for example, to the works
by Piivérinta and Rempel [PR92] and Natterer [Nat86], where the equation A2y = fin
two dimensions was studied in domains having piecewise smooth boundaries without sharp
peaks. Boundary value problems for elliptic and fractional differential equations with boundary
operators of fractional order is currently the focus of increasing number of researchers. For in-
stance, in the papers [Nak75, Uma94, TU94, Naz97, Uma98, GLUO0Oa, Gool10, GK10] various
boundary value problems with fractional order boundary operators are studied.

6. Fractional Duhamel principle. The fractional Duhamel principle is established in the papers
[US06, USO7] in the case of single time fractional differential equation, and extended for wider
classes of distributed fractional order differential equations in [Umal2]. For various applica-
tions of the fractional Duhamel principle we refer the reader to papers [ZhX11, Stol3, Ibrl4,
MN14, KO14, Tat14, WZh14].



Chapter 6

Distributed and variable order
differential-operator equations

6.1 Introduction

In Section 5.6 we studied the existence of a solution to the multi-point value problem
for a fractional order pseudo-differential equation with m fractional derivatives of
the unknown function. This is an example of fractional distributed order differential
equations. Our main purpose in this chapter is the mathematical treatment of bound-
ary value problems for general distributed and variable order fractional differential-
operator equations. We will study the existence and uniqueness of a solution to
initial and multi-point value problems in different function spaces.

In the general setting the distributed time fractional order differential-operator
equation has the form

/0' " A(DTu()A (dr) = Bu(t)+h(t), £ > 0, 6.1)

where 1 € (m— 1,m],m € N; A is a finite Borel measure with suppA C [0, u];
A(r) (for a fixed r € (0, u]) and B are linear closed operators defined in a certain lo-
cally convex topological vector space X, h(t) € C(R4;X); the vector-function u(t)
is unknown and belongs to the space C") (0,T;X) with some T > 0 and D, is the
operator of fractional differentiation of order r in the sense of Caputo-Djrbashian
(see, Section 3.5). An essential distinctive feature of that model is that integration
in (6.1) is performed by the variable r, the order of differentiation. Such models
arise naturally in the kinetic theory [CGSGO03] when the exact scaling is lacking
or in the theory of elasticity [LHO2] for description of rheological properties of
composite materials. The list of practical applications where distributed order dif-
ferential equations arise can be continued (see [CapO1, BT00, Lim06, CSK11] and
references therein). Mathematical theory of the Cauchy problem for distributed or-
der differential equations was developed in works [BT00, UG05-2, MS06, Koc08].

The equation (6.1) is a generalization of fractional/non-fractional differential
equations. To illustrate this consider a few examples.
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Example 6.1. 1. Let A(dr) = 8(r — B)dr, where 6 is the Dirac delta-function
(distribution), A(r) = I, the identity operator, and B = A(D) is a ¥DOSS. Let
X =¥ ,(R") or its dual X = ‘PL 6y (R™). In this case we have the following
fractional differential equation

DPu(t,x) = A(D)ult,x), >0, xeR", B >0,

discussed in Chapter 5.
2. Let A(dr)=06(r—B)dr, B €(0,2],A=1,and B(D) =D§, 0 < o <2. Then we
have the space-time fractional differential equation

Déu(t,x) =D{u(t,x), t>0,xeR",

studied in Section 5.4. As we will see in the next chapter, this equation models
non-Gaussian non-Markovian stochastic processes.

3. The next example relates to sub-diffusion equation with retardation, studied in
[CGSGO3]. Let A(dr) = [b16(r — 1) + b26(r — Bo)]dr, with 0 < B; < B <
1,b1 > 0,by > 0,b; +by = 1, A(r) = I and B(D) = k25 (n= 1). Then we have

the equation
2

b DP u(t,x)+ szgzu(t,x) = k%u(t,x),
X

which describes a subdiffusion process with retardation. In [CGSGO03] the Cauchy
problem for the equation

1 P 02
B-1 P g — 2P
/() v wip) otB P ox2
referred to as the “normal form” of the distributed order fractional diffusion is
also studied. Note that this equation corresponds to the case A (dr) = "~ 'w(r)dr
with 7> 0, w(r) >0,A(r) =1, and B(D) = k;—;.
4. The authors of [LH02] derived the equations of the form

[ Haptyg + PO = 1), 150

which describes properties of composite materials. Note that k(q), F (y), and f(¢)
are given functions connected with different characteristics of viscoelastic and
viscoinertial materials with rheological properties.

5. Let A(V) = A(}’;D)) = ZZLZI 5(}’— ﬁk)Ak(D) with k — 1 < ﬁk <k, Ak(D), k=
0,...,m— 1, are pseudo-differential operators with symbols A (&) continuous in
G, and A (dr) = dr. In this case we obtain the equation

m—1
DPru(t,x)+ Y Ar(D)DPru(t,x) +Ao(D)u(t,x) =0, 1€ (0,T), x€R", (6.2)
k=1
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discussed Section 5.6. In the case B, € N, k = 1,...,m, the Cauchy problem
for this equation with analytic symbols or with symbols having singularities was
studied, for example, by Dubinskij [Dub81], Umarov [Uma86], and Tran Duc
Van [Van89]. Antipko and Borok [AB92], Borok [Bor71], Ptashnik [Pta84], and
Umarov [Uma97, Uma98] (see also references therein) considered multi-point
value problems with integer og. For fractional ¢y the Cauchy and multi-point
value problems are studied in [GLUOO].

6.2 Distributed order fractional differential-operator equations

In this section we find a representation formula for a solution of the Cauchy problem
for the distributed order differential-operator equation

/“A(r)D;u(t)A (dr) = Bu(t), 1>0, 6.3)
JO

94u(0)

W:q)]{, k=0,,m—1 (64)

To do that we apply a formal operator method. Namely, we assume that A(r) and B
complex-valued function and parameter, respectively. Whenever, a formal represen-
tation is obtained, we give an informal meaning, depending on the problem being
considered.

We split the problem (6.3), (6.4) into m Cauchy problems, one for each index j €
{0,1,...,m— 1}, for the same DODE (6.3) with the following Cauchy conditions

37 1u(0)
u(0)=0,..., ST = 0,
2iu(0)
Py U (6.5)
7+ 1u(0) " 1u(0)
W :O,...,W :0

If one denotes by u;(¢) a solution to (6.3), (6.5) then the general solution to (6.3),
(6.4) due to its linearity, has the form

We rewrite the left-hand side of (6.3) in the form

H r S k r
/0 ADPU(A W) = 3, /k | AWDLu()A ),
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and apply the Laplace transform to both sides. Recall that if k — 1 < r < k, then the
formula (see (3.55))

LIDLf(1)](s) = L[f](s)s —Zf s
holds. Making use of this formula, we have

k k
| ACLDL6)A @) = Lids) [ wAAr)

-1

L) ko,
SY A [ sAwawEn, 60

where L[u](s) is the Laplace transform of u. Now summing up over the indices
k=1,...,m in equation (6.6), we obtain the following equation for the Laplace
transform of u :

L{u](s) /()“A(r)srA(dr) k+1 / )s"A(dr) = BL[u](s). (6.7)

Further, let us introduce the functions @y(s), ..., Dy (s) by

By (s) = 0; (Dj(s)z/ojsrA(r)A(dr), i=1,..m. 6.8)

Then it follows from (6.7) and the hypothesis that only the j-th Cauchy condition
contains nonzero (see (6.5)) right-hand side, that

Di(s) — Dj(s)

L[u](s):slﬂ[(Dm(s)—B](pj’ j=0,....m—1. (6.9)

Now inverting (6.9), we obtain the j-th solution u;(t) = S;()@;, through the opera-
tor S;(z), in the form

Din(s) — @j(s)
SICAORS)

Example 6.2. 1. Let 0 < oo < 1 and A (dr) = 8¢ (r)dr. Then @y(s) =0, @) (s) = s*.
Hence

Si(t)y=L" (t), j=0,...,m—1. (6.10)

oa—1

S(B;t) =L [;—B] (1) = Eq(Bt%).

2. Letl <u<2and0< B < 1.Suppose A(dr) = [6,(r)+adg(r)]dr, where a > 0.

Then the operator on the left of (6.3) simplifies to D u(t) +a Df u(t). Moreover,
@ (s) =asP, @(s) = s* + asP. Therefore

sH1 4 gt

So(Bit) =L | ——F—
o(B31) st +asP —B

sh—1
] (t), Si(B;t)=L" {m} (t).
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Using the equality
o o Pnp

s/"—l—asﬁ B nzb sH=B 4 q)n+!

(—B)"

and formula (3.118), one can easily find power series representations of S;(B;t),
Jj =0, 1. Leaving the details to the reader, we give the final forms of these series.
Namely,

So(Bst) = S.(Bst) +at" PS,.(Bir), Si(Bit) =JS.(Bst), (6.11)
where
. o (=BH)" ) By,
S*(B,I)Z’E)TEuiﬁlnﬁH(—at“ By, (6.12)
. < (_Bt”)n (n) _
S**(B,t)Z’E)TEufﬁlnﬁfﬁjLuH(—at” B. (6.13)

Remark 6.1. The operators in (6.10) have informal meaning in concrete situations.
For example, let A(r) = A(r,D) and B = B(D) be WDOSS with respective symbols
A(r,&) and B(§). We assume that these operators are defined on X = ¥ ,(R") (or
on its dual), where G C R”" is an open set. Let £ € G be fixed. Denote by so(&) the
greatest positive root of the equation @, (s,&) = B(§), where

By(s, &) = /Oms’A(r,g)A(dr).

If A(r, &) preserves its sign for every 0 < r < m, then it follows from the inequality
s] < s for 0 < s1 < s, and r > 0 that @, (s,§),s > 0, is a monotone function.
Hence, the equation @,,(s,£) = B(&) may have no more than one positive root for
every fixed & € G. Thus, the function

Wi(s,&) = ‘ (6.14)

where ;
0,(5.8) = [ vAGE)A ),

is well defined for s > so(&) if the equation @,,(s,&) = B(&) has a positive root,
or for s > 0 if there is no such a root. Moreover, it is not difficult to verify that the
collection of functions @y(s,&), ..., D,—1(s,&) is linearly independent. In this case
the solution operators S;(t,D), j =0,...,m— 1, are ¥DOSS, whose symbols are the
Laplace preimages of s/ (s, &), that is

S;(t,D) =J'U;(t,D), j=0,....m—1, (6.15)
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where U;(t,D), j=0,...,m— 1, are YDOSS with symbols

U./'(taé) =L

D, (s,&) — Di(s,&)
)

s(q)m& T )], j=0,....m—1 (6.16)

and J/ is the j-th power of the integration operator with lower limit 0. Using the
theorem on uniqueness of the inverse Laplace transform, we can conclude that the
collection So(#,&),...,Sm—1(¢,&) is linearly independent as well. Thus for u;(z,x)
we get the representation

M/(tvx) = Sj(tvD)(pj(x)a

where S(¢,D) is the pseudo-differential operator with the symbol S;(z, & ). Here, for
the solution of (6.3), (6.4) we have the representation

m—1
x)= Y S;(t,D)g;j(x), (6.17)
j=0

Now returning to the abstract case we have the representation for the solution

2 Si(t)e;, (6.18)

where S (t) is defined in (6.10). We note that in the abstract case also we can write
S;(r) =J/Uj(t), where

Dy () — q)j(s)

Uj(t)=L" S(@n(s)—B)

, j=0,....m—1

Remark 6.2. The obtained representation formula is useful both from mathemat-
ical and physics point of views. This representation is obtained as the action of
the operators J/U;(t,&),j=0,...,m— 1, called j-th solution operator, to the given
functions. These operators have the same structure. The formula (6.18) says that
no matter how many different fractional order derivatives in the sense of Caputo-
Djrbashian are there between two consecutive integers, only the initial data with
integer order derivatives define the solution. Moreover from this formula it can be
derived that if the maximal order of the derivatives in the equation is not greater
than m — 1, then the Cauchy problem with m given data becomes ill-posed. Indeed
ifA(r)=06(r—a),a <m— 1, rewriting (6.14) for j = m — 1 in the form

S s"A(r & )dr

lf’mfl(svg) = S[(Dm(své) —B(é)]

we have S,,_1(t,&) = 0.
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Further, to describe solution spaces of Cauchy problem (6.3)-(6.4) we need to
study properties of symbols of solution operators. Below we establish necessary
properties of symbols of solution operators. Let

Fy(k; f) == / “ o f(H)A(dt), keR, (6.19)
0

where a is a fixed positive real number, A (dt) is a finite measure on the interval
[0,d], and f is a distribution with supp f C [0,q].

Lemma 6.1. [. For a regular distribution f(t) with suppf C [0,u], d<a

[Fak £)] = O(eH), k= e=;
2. For a singular generalized function f(t) with suppf = {d}
|Fu(k; )| = o(e®+9%), k= oo;
where € > 0 is arbitrarily small.

Proof. Let first f € Lo.(0,a), | f(t)] <M <« and suppf C [0, ut]. Then
u
\Fa(k f)| = |/ M f(1)di] < M A ([0,a]) = Ct, Kk — oo,
JO

For a regular generalized function f with suppf C [0, u] there is a sequence f,, €
Lo (0,a), all supported in [0, 1] and with common constant M bounding above, and
such that f,, — f,m — oo in the weak sense. For f,, we have |F,(k; f,)| < Ce* with
positive constant C. Letting m — oo we obtain the desired result.

If f is a singular generalized function with support supp f ={o},0 < a < a,
then due to Proposition 1.14, f is a finite linear combination of & ) (r— o), where
6 is the Dirac function. Substituting this linear combination to (6.19), one has
|F.(k; £)] = O(kN e®) for some N, and hence, |F,(k; f)| = 0(el*+&)*) for any & > 0
as k — oo.

Lemma 6.2. For @j(s),j =0,...,m, defined in (6.8) the following assertions hold:

1. If A(r) is a regular distribution with suppA(r) C [0, 1], then @;(s) = O(s"),
§ — oo, where V.= min{ll, j};

2. If A(r) is a singular distribution with suppA(r) = {u}, then ®@j(s) = o(s"*¢),
where € is arbitrarily small, s — oo, in the case ) < j and @;(s) =0 when pt > j.

Proof. The function @;(s) can be reduced to F,(k; f). In fact,
J J
Di(s) = / s"A(r)A(dr) = / e""™A(r)A(dr) =: Fi(Ins;A(r)), s> o(B) >0,
0 Jo

where o(B) is a positive number depending on the operator B. Now it is an easy
exercise to apply Lemma 6.1 and obtain the asymptotics in cases 1) and 2).
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Corollary 6.1 Let
j=0,...,m. (6.20)

Then ¥j(s) = O(L),s — oo, for each j=0,...,m.
Lemma 6.3. Forevery j=0,....m,andk=0,1,...,j— 1, the equality

Ins; MA(r)
<Dj(.k) (s) = ( F(;kkH) ) , s>0p(B)>0,

holds.

Proof. Computing first, second, etc. derivatives consecutively, we have

D (s) = /0 1A (dr) = é /0 DA A (dr) = TN TA)

N

D! (s) = / = 1) A A (dr) = slz /O  r— YA (dr)

0

Fi(Ins;r(r—1)A(r)) (1 S’FE:+BA(r))

Sz o Sz

Similarly for the k-th derivative,

D (s) = / jr(r— 1)...(r—k+1)s"*A(r)A(dr)

Fr+1)tj‘
IO A ) — Fi(Ins; fZ05A(r))
sk Fr—k—l—l sk '

Corollary 6.2 For j=0,...,m—1, %" (s) = O(r),s = 00, k=0,...,j— L.

Lemma 6.4. For U;(t) = L}, ¥(s),j =0,...,m— 1, the following assertions hold:
1.Uj(t) > last—+0, j=0,...,m—1;
2.01(t) = 0ast —+0,Yj=0,....om—L—1,0=1,...,m—1.

Proof. It follows from the representation (6.20) for ¥j(s) and the fact that ¥j(s) =
O(1/s) for large s (see Corollary 6.1), that ¥;(s) is Laplace invertible. Thus Uj(r)

exists for all j =0,...... ,m — 1. Further, we use the following relation [DP65],
[Wid46]
lim sL[f 1 21
fm 1)) =t 10 2

which is an implication of tauberian theorems, valid for functions bounded below,
meaning that if one of these limits exists, then the other limit also exists and the



6.2 Distributed order fractional differential-operator equations 257

equality holds. It is easy to see that Corollary 6.1 implies s'¥j(s) — 1, or the same
SL[Uj|(s) — 1, as s — eo. Hence, due to (6.21), we have U (r) is continuous near zero
and U;(t) — 1, as t — +0. Part 1) of the lemma is proved.

Further, the Laplace transform of U; (r)is

: _ Duls) — Di(s)

LIU')(s) = s%(s) — Uy (+0) L —®5)+B

on =B " anw B ‘B!

which is O(1/s#7/) for large s, where u = supsuppA(r). Note that y > m — 1.
Otherwise the Cauchy problem is meaningless (see Remark 6.2). Hence, sL[U'] (s) =
O(1/s#=7=1) which due to relation (6.21) implies U}(—I—O) =0ifu—j—1>0,0r
forall j=0,...,m— 2. Thus, we have

U;j(+0)=0, j=0,...,m—2.
Similarly, the Laplace transform of U ;-/ (r) is

1
1)

"

LIU"|(s) = 5 ¥j(s) = U;(+0) — sU;(+0) = s [s%;(s) — 1] = O § = oo

which implies sL[U"](s) = O(1/s*~7~2), s — oo. Hence, due to relation (6.21), we
have U" (4+0) = O forall j=0,...,m—3.

Continuing this process for the Laplace transforms of derivatives Uj@ (1),
{=3,4,....,m— 1, by induction we obtain

LU} )(s) =5 s95(5) ~Uj(+0)] = O(1/s# ), s e (622)

Consequently, we have sL[Uj@](s) = O(1/s#=771), s — oo. Using this and rela-

tion (6.21) we obtain 2). The proof is complete.
Lemma 6.4 can be reformulated in the following more convenient form:

Lemma 6.5. For U;(t) = L, [¥;(s)|(t), j = O,...,m — 1, the following assertions

hold:

1. Uj(t) > last—+0, j=0,...,m—1;

2.01(t) = 0ast —+0,9j=0,....om—1, £=1,... .m—j— L.

Lemma 6.6. For every j=0,...,m— 1 the following assertions hold:

1. Uj(t) € C"I710,00);

2. If the upper bound of suppA(r) = U = m, then U](mfj)(t), j=0,....m—1, exists
Sor almost all t € (0,00).

Proof. Proving the previous lemma we have noticed that the U;(¢), j=0,...,m—1,
exist. Now we will check their differentiability properties. It is known that if for
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given f(¢) its Laplace transform L[f](s) additionally to (6.21) satisfies the condition
sL[f](s) = 0, when s — oo, then f is a continuous function. This fact directly follows
from the inverse Laplace transform formula. It follows from (6.22) that

LU (s) = O(1/sH7177), 5 — oo, (6.23)

Let = m— j— 1. Then (6.23) takes the form sL[Uf] (s) = O(1/sH=mF1) 5 — oo,
Hence, sL[Uf](s) vanishes as s — oo, since 4 > m — 1. Thus, U=/~ (¢) is contin-
uous on [0,e0). Now assume that 4 = m and ¢ = m — j. Then it follows from (6.23)
that L[U}mij)](s) = 0(1/s), as s — oo, which implies U;mﬁ)(t), ji=0,....m—1,
exists for a.e. t € (0,e0).

Remark 6.3. If m — 1 < y < m one can show that foij(t,é),j =0,....m—1,
exists and bounded for a.e. . Compare with Lemma 7 in [GLUOO].

Lemma 6.7. For S;(t) = J/U;(t), j=0,...,m— 1, the following assertions hold:

—~

1. -j)(t)—> last —-+0, j=0,....m—1;
2.5 5 0ast—+0,Vj,6=0,....m—1, L+ j;
3.8;(t) € C" 0, 0).

~

Proof. Since S;j ) (1) = Uj(r), the first statement immediately follows from
Lemma 6.5. Further, if 1 </ < j, then obviously, Sﬁ(t) =JU;(t) = 0,ast —0+.

If j < ¢ <m—1, then Sﬁ(t) = Uffj(t) — 0, as t — 0+, due to Part 2 of Lemma 6.5.
Finally, the third statement is a simple implication of Part 1 of Lemma 6.6.

The established properties of solution operators (of course, in the formal level)
play an important role in the description of solution spaces for boundary value prob-
lems (6.3)—(6.4). In particular, these abstract results combined with properties of
YDOSS, studied in Chapter 2, can be applied for the Cauchy problem for distributed
order fractional pseudo-differential equations with singular symbols. Consider the
following distributed order time-fractional differential equation with spatial pseudo-
differential operators

m
/ A(r;:D)Du(t,x)dr = B(D)u(t,x), 1>0,x€R", 6.24)
0

with the Cauchy conditions

*u(0,x)
ark
where the ¢, k=0,...,m— 1, are given functions in certain spaces described later,
D = (Dy,...,Dy), Dj = —i%, j=1,...,n, A(r;D) (for every fixed value of the
J

parameter r € [0,m]) and B(D) are pseudo-differential operators with the symbols
A(r;&) and B(&) in CS,(G), respectively.

=@x), xeR" k=0,....m—1, (6.25)
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The following two corollaries, which immediately follow from Lemmas 6.7
and 6.6, will be used in the next section.
Corollary 6.3 For symbols S;(t,&) = J'U;(t,&),j = 0,...,m — 1, of operators
S;(t,D) defined in (6.15), for any fixed & € G, the following assertions hold:
1. Sj(t,&) = 1 fort - +0, j=0,....m—1;

lq.
5 aSét(t"5>—>Of0rt—>+0, Jy £=0,...om—1,LF#].

Corollary 6.4 Forevery j=0,...,m— 1 the following assertions hold:

1. Si(t,&) € "1t > 0;C(G));

2. If the upper bound of suppA(r,E) = m, then Uj(-mij)(t,é) exists for almost all
t € (0,00).

6.3 Solution of the Cauchy problem for distributed order
pseudo-differential equations

In this section we describe solution spaces using the properties of solution opera-
tors and their symbols established in the previous section. Consider the following
Cauchy problem for distributed order fractional differential operator

u
A= / F(0,A)D%u(r)dA (@) = B(A)u, >0, (6.26)
0
u®O0)=q, k=0,....m—1, 6.27)
where it € (m— 1,m| and ¢, k =0,...,m — 1, are elements of a locally convex

topological vector space Exp, (X), defined in Section 2.8. The operator B(A) and
the family of operators f(o,A) are defined through the symbol B(z) and the family
of symbols f (o, z), that are continuous in the variable & € [0, t], and analytic in the
variable z € G C C; see definition in Section 2.8. The operator A is a closed linear
operator in a reflexive Banach space X with a dense domain Z(A). The measure A
is finite and defined on [0, u].

The strong and weak solutions of the Cauchy problem (6.3), (6.4) are understood
in the following sense.

Definition 6.1. A function u(¢) is called a strong solution to the Cauchy prob-
lem (6.3), (6.4) if the following conditions are verified:

Lou(t) e C™ [t > 0;X];
2. u™ (1) € X exists for almost all 7 > 0; and

3. it satisfies the equation (6.3) for almost all 7 € (0,°) and initial conditions (6.4)
pointwise.

Definition 6.2. A function u(¢) is called a weak solution to the Cauchy prob-
lem (6.3), (6.4) (replacing A by A*, the adjoint of A) if
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1. u(t) € C" [t > 0;X'] (X' is the dual space to X);
2. u™ (t) € X' for almost all 7 > 0 and
3. the following equalities hold true for arbitrary v € X

m
/ < DZu(r),f(o,A)v > A(da) = <u(t),B(A)v >,
0
for almost all # € (0, ) and

limy 19 < u(k)(t),v> =< @,v>, k=0,....m—1.

Theorem 6.5. Let G be a domain of continuity of the symbols A(r,z) (r fixed) and
B(z). Let ¢; € Expy (X), j=0,...,m— 1. Then the Cauchy problem (6.26), (6.27)
has a unique strong solution. This solution is given by the following representation

(cf. (6.18))

m—1
u(t) = 3, S;(t,A)¢;, (6.28)
j=0
where S;(t,A) is the operator with the symbol S;(t,z) = J'U,(t,z), U;(t,z) =
Lo, [¥i(s,2)](t), and ¥(s,2), j=0,...,m — 1, are defined in (6.14).

Proof. Let G C C be a domain of continuity of the symbols A(#,z) and B(z) and
@;€X,j=0,...,m—1. By construction of the representation (6.28) each of its
term satisfies the equation (6.26) and, by virtue of Corollary 6.3 (part 1), the
conditions (6.27). Moreover, due to Corollary 6.4, for every j =0,...,m — 1, the
inclusion J/Uj(t,z) € C"!(t > 0;C(G)) holds and D%J/U;(t,z) is bounded for al-
most every t € (0,). Lemma 2.3 in Section 2.8 yields J/U;(t,A)¢; € Exp, (X),
j=0,...,m—1, for every fixed 7 > 0. Hence, u(t,x) € C"'[t > 0;Exp, 5(X)],
and u(t,x) is a strong solution of the Cauchy problem (6.26), (6.27). Its unique-
ness follows from the representation formula (6.28) and the Exp, ;(X)-continuity
of operators S;(t,A) with continuous symbols S;(t,z) = J/U;(t,z) (see Lemma 2.3).

Theorem 6.6. Let ¢; € Exp;mG* (X*), j=0,...,m— 1. Then the Cauchy prob-
lem (6.26)—(6.27) has a unique weak solution. This solution is given by

m—1
u(t,x) = S¥(1,A") e, (6.29)
j=0

where S}”(t,A*), j=1,...,m, is the j-th solution operator with the symbol S;(t,z).

Proof. Let ¢ € ‘PLG‘CI(R”), j=0,...,m—1. It follows from Lemma 2.3 that ev-
ery term on the right-hand side of (6.29), namely, u;(t) = JjS;”'(t,A*)(pk,l, j=
0,...,m—1, is a functional from the space Exp;‘*’(;* (X*). To prove the theorem we

have to show that u;(r), j =0,...,m— 1, satisfies the equation (6.26) and the ini-
tial conditions (6.27) in the weak sense. Let v € Exp, (X) be an arbitrary element.

Then for u;(1) = J/SY(1,A*)@; we have
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/Ou <D%uj(t), f(e,A)v>A(da) — <uj(t),B(A)v >
—< / DS (1,A%)9;, A0, A)v > A(dar) — < S¥(1,A") @, B(A)v >
— <o, [/0 DPA(t, A)S;(1,A)A(dot) — B(A)S;(1,A) | v > . (6.30)

Since, by construction, S;(z,A) for each j =0,...,m — 1, satisfies equation (6.26),
we conclude that the expression in the square brackets on the right of equation (6.30)
is zero for a. e. 1 € (0,°0). Moreover, Corollary 6.3 yields

(k) _ . = _
ngo <u; (t),v>=<8j1p,v>, Jjk=0,....m—1.
Hence, u(t) defined by (6.29) satisfies Cauchy problem (6.26)-(6.27) in the weak
sense.

The following two theorems follow immediately from Theorems 6.5 and 6.6,
respectively.

Theorem 6.7. Let G be a domain of continuity of the symbols A(r,&) (r fixed) and
B(&). Let 9; € ¥ ,(R"), j=0,...,m— 1. Then the Cauchy problem (6.24)-(6.25)

has a unique strong solution. This solution is given by the representation (6.17).

Theorem 6.8. Let ¢; € ‘f’iG’q(R"), j=0,...,m—1. Then the Cauchy problem
(6.24)-(6.25) has a unique weak solution. This solution is given by

m—1

”(tvx) = z Sj(tv _D)(Pj(x)a

Jj=0

where Sj(t,—D), j=1,...,m, is the j-th solution operator with the symbol S;(t,&)
=JIU;(t,&) defined in equations(6.15) and (6.16).

6.4 Abstract Duhamel principle for DODE with fractional
Caputo-Djrbashian derivative

Let X be a reflexive Banach space and A :  — X be a closed linear operator with a
domain & C X. In Section 2.8 we introduced a Frechét type topological vector space
Exp, (X) and its dual, where G is an open subset of the complex plain C. We also
introduced a functional calculus f(A), where f is an analytic function defined on G.
The function f is called the symbol of the operator f(A).

The goal of this section is to generalize the Duhamel principle for the Cauchy
problem for general inhomogeneous fractional distributed order differential-operator
equations of the form
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u
[Afu] = /0 F(0,A)D%u(1)dA () = B(A)u(t) +h(r), >0,
uBO0)=q, k=0,....m—1,

where (L € (m— 1,m] and h(t) and @, k=0,...,m— 1, are given X -valued vector-
functions. The family of operators f(ct,A) is defined through the family of symbols
f(o,z) that are continuous in the variable o € [0, 1], and analytic in the variable
7€ G C C. The measure A is defined on [0, u], and such that the DODO L is well
defined (see, Section 3.11). The integrals are understood in the sense of Bochner if
the integrand is a vector-function with values in some topological-vector space.

Let A = &, + A, where p is a number such that m — 1 < < m, and A is a finite
measure with supp A C [0,m — 1]. Consider the operator

m—1

LED (1) = D ult) + A flo,A) :D&u(t)A(dor), (6.31)

acting on m-times differentiable vector-functions u(t),t > 7 > 0. If T = 0, then
instead of oL [u](r) we write L) [u](r).
Consider the Cauchy problem for the inhomogeneous equation

LEM () =h(r), >0, (6.32)
with the homogeneous Cauchy conditions
u¥0)=0, k=0,....m—1. (6.33)

The fractional Duhamel principle establishes a connection between the solutions of
this problem and the Cauchy problem for the homogeneous equation

LENWYV (D) =0, 1>, (6.34)
kv
W(I,T”[:TJFOZO, k:O,...,m—Z, (6.35)
om-ly .
et (6 Dli=er0 = DA (7), (6.36)

where h(t) is a given vector-function and DK is the Riemann-Liouville fractional
derivative of order y. In Theorem 6.9 we assume that the vector-functions A(t), r > 0,
and V(1,7),1 > T > 0, are Exp,, 5(X)-, or Exp;ﬁyc* (X*)-valued, h(t) is differ-
entiable, V(7,7) is an m times differentiable with respect to the variable ¢, and
1V (t,7)
ot ,
Exp,, (X), or of Expy. - (X*), respectively.
We start with the following lemma proved in Section 3.3, Example 3.6.

the derivatives

,0 < j <k—1, are jointly continuous in the topology of

Lemma 6.8. Let h(t) be a continuously differentiable function for all 0 <t < T < oo,
Then the equation J%u(t) = h(t),0 <t < T, where 0 < o0 < 1, has a unique contin-
uous solution given by the formula

u(t)=D%h(t), 0<r<T. (6.37)
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Lemma 6.8 is essentially the well-known result on a solution of Abel’s integral
equation of first kind. Tonelli [Ton28] sowed that if / is absolutely continuous on
[0,T], then a unique solution to J%u(r) = h(z) is given by (6.37) and u € L;(0,T).
If 72 is in a Holder class C?[0,T], o < y < 1, then u € CP[0, T] for some B < y— c.
See [GV91, SKM87] for further details.

Theorem 6.9. Suppose that V(t,7) is a solution of the Cauchy problem (6.34)—
(6.36). Then Duhamel’s integral

u(t) = /O "V, 1)dr (6.38)

solves the Cauchy problem (6.32), (6.33).

Proof. First notice that since m—1 <y <m,or 0 <m—pu <1, due to Lemma 6.8,
the equation J™ Hg(r) = h(¢) has a unique solution

g(t) =D"""h(r). (6.39)

Let V(#,7) as a function of the variable # be a solution to Cauchy problem (6.34)-
(6.36) for any fixed 7. We verify that u(t) = [{V(¢,7)d7 satisfies equation (6.32),
and conditions (6.33). Splitting the interval (0,m — 1] into subintervals [0, 1], (1,2],
ooy (m—2,m— 1], we have

m—1
WA (1) = D u “u . .
L) = Pute) + 3, /(H’k] F(o,A)DCu(t)A(de).  (6.40)

Foro € (k—1,k), k=1,...,m— 1, using Definition (3.3) of DY, we have

D%u(t) = ;/t(t—s)k*“’ld—k/xv(s 7)dtds
* _F(k—OC) 0 ds* Jo ’ ’

Lemma 4.4 and conditions (6.35) imply that
dk s s ak
W/o V(s,‘c)dT:/O WV(S,‘L’)dT, k=1,....m—1. (6.41)
Hence,
t 1 t pls
D%u(t :/—/ t—s) OV (s, 1)dsdr. 6.42
)= | Fame L Vs ndsan 6

Again due to Lemma 4.4 and condition (6.36),

am $ m—1 s gm
d?/o V(S’T)dT:WV(SJ)u:s‘F/O WV(S’T)dT

) s gm
_ pn—Hu _
—p" h(s)+./0 E V(s ).
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Therefore the first term on the right-hand side of (6.40) takes the form
Diu(t) = _ /t(t—s)”““*lﬂ /SV(S T)dtds
'(m—u) Jo ds™ Jo ’
1 t _ X am
= ) /O (t—s)m 11 (Dﬁ Hh(s)+ /O SV T)dr) ds. (6.43)
Furthermore, by virtue of (6.39),

1 ! _ym—u—lpym—u _ gm—upym—i _
F(m—/.t)/o(t SR (s) = EDT R = h().  (6.44)

Now equations (6.40), (6.42), (6.43), and (6.44) imply that

L)1) :h(r>+r(m;_m [a—sysr [ Py s
nl ok 1 t e s ak
+ ,Z‘l ./kqf(a’A)m /0 (t_s)k ! A WV(S,T)deS?L(da),

(6.45)

Changing the order of integration (Fubini is allowed) in (6.45) we get

m

LERNg(0) = he) + | ’ / e (ml_ u)(t_s)mﬂl(%x/(s,r)dsdr
m—1 . ck t 1 v ok

+kzl/0/klf(oc,A)/T —F(k_a)(t—s)k 1wv(s,r)dsl(da)dr

—h(r) + /0 " DOV (1, 7)d T + /0 t /0 " Pl A) DAV 1A (da)d

— )+ /0’ LDV D) ()T = h).

Finally, using the relations (6.41) it is not hard to verify that u(¢) in (6.38) satisfies
initial conditions (6.33) as well.

If the vector-function /4 satisfies the additional condition 2(0) =0 then condi-
tion (6.36), in accordance with the relationship (7.41), can be replaced by

om-ly

S (6 E)le = DI M),

with the Caputo-Djrbashian derivative D} " of order m — p1. As a consequence the
formulation of the fractional Duhamel principle takes the form:

Theorem 6.10. Suppose that for all T: 0 < T <t a function V (t,7), is a solution to
the Cauchy problem for the homogeneous equation
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LBV D)) =0, 1>,

otV

W(I7T)|I:T+0:05 k:()a"'am_zv
o 'v -

(1 Dlimer0 = DI h(x),

where h(t) is a given differentiable vector-function such that h(0) = 0. Then
Duhamel’s integral u(t) = [jV(t,7)dT solves the Cauchy problem for the inhomo-
geneous equation (6.32), (6.33).

Remark 6.4. In Theorems 6.9 and 6.10 we assumed that f(u,A) is the identity oper-
ator (see equation (6.31)). In the general case, with appropriate selection of G, we
can assume that the inverse operator [f(i,A)]~! exists. Then with the condition

8m71V -
&T(IJT)I,ZH = [f(1,A)] ' D h(7)

instead of (6.36), Theorems 6.9 and 6.10 remain valid.

6.5 Abstract Duhamel principle for DODE with fractional
Riemann-Liouville derivative

The operator ;LA in Theorem 6.9 is defined via the fractional derivative in the
sense of Caputo-Djrbashian. A fractional generalization of the Duhamel princi-
ple is also possible when this operator is defined via the Riemann-Liouville frac-
tional derivative. In this section we prove the fractional Duhamel principle in
the case A(da) = [0y (o) +2;{”:’11 Ou—k(a)ldor, where m —1 < p < m. Namely,
consider the following Cauchy type problem for a nonhomogeneous differential-
operator equation

m—1
LA u) = D u(t) + Y. BeD* *u(t) + Bou(t) = h(t), >0, (6.46)
k=1
D" u(t),_,, =0, j=1,....m—1, (6.47)
J"Hu(t),_,, =0. (6.48)

where By, k =0,...,m — 1, are linear closed operators independent of the variable
t, and with domains dense in X .

The following lemma will be used in the proof of the Duhamel principle for
Cauchy type problem (6.46)—(6.48).
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Lemma 6.9. Suppose V (¢,7) is a X-valued function defined for all t > © > 0 and
Jjointly continuous in the X -norm. Then for any B > 0 the equality

JB (/Otv(t,r)dr> = /Ol JPV (e, T)dT

holds.

Proof. We have

Jﬁ</Vtrdr> ﬁ/(f—sﬁ 1</Vtz’d1:>d
F(lﬁ / $)P=V(t,7)dsdt

:/Ot (ﬁ/f (t—S)BlV(s,’L’)ds> dt
:/ITJFV(t,‘L')dT.

Theorem 6.11. Suppose that V(t,7) is a solution of the following Cauchy type
problem:

m—1
LAV (7)) = DIV (e, 7)+ Y B DI MV (1,1) +BoV (1,7) =0, 1>1,

(6.49)
DV (7)., =h(2), (6.50)
DI V(D). =0, j=2,...m—1, 6.51)
V(7)) =0. (6.52)
Then the Duhamel integral
t
u(t) = / V{1, 7)dt 6.53)
JO

solves the Cauchy type problem (6.46)—(6.48).

Proof. Let V(t,7) as a function of the variable ¢ be a solution to Cauchy type prob-
lem (6.49)-(6.52) for any fixed 7. We show that u(t) = [3V(t,7)dT satisfies equa-
tion (6.46), and conditions (6.47) and (6.48). Wesetoc =y —k, k=0,1,...,m—1.
Then m —k — 1 < a < m — k. Using the definition D% = D*\J*=¢ of D% and
Lemma 6.9, we have

dmfk

D%u(t) = D"k k= “</ V(s,T dr) Y= k/ JEY (1 ) dT. (6.54)
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For a solution V(z,T) of problem (6.49)-(6.52) the function Tth*“V(t, T) satisfies
the conditions of Lemma 4.4. Using Lemma 4.4, we have

dmfk t e m—k—1 dj amfkflfj e
W/O ‘L-Jtm k aV(f,T)dT: et ﬁ {ertm k aV(t,T)‘T:r
J=
t amfk
+ /0 —atmikfl,’”*k*“V(t,r)dT. (6.55)

Conditions (6.51) and (6.52) imply that forallk=1,....m—1

gm—k=1-j
Jmkeey (g 1)

atm,k,I,j :0, JZO,,k—l (656)

o=

Indeed, since o € (m —k—1,m —k), we have 0 <m —k — o < 1. Therefore,

amfkflfj

(R T » e A G ()

atmfkfla/ le=r [r=¢

=Dy V@), =D VD), =0 (6.57)

o=

The special case is k = 0. In this case, when j = 0, in equation (6.56) due to condi-
tion (6.50) we have

amfl

_ _ —1—(u—1
Sl OV (), = D" Ly g

[r=¢ [r=rT

=D 'V(1,7),,_, = h(1). (6.58)
Taking into account (6.57) and (6.58), it follows from (6.54) and (6.55) that
D* Ry () = /Ol DMV vdr, k=1,...m—1, (6.59)
DHu(r) = /(: DiV(t,7)dT+h(t). (6.60)
Substituting (6.59) and (6.60) into equation (6.46), we have
L[] = h(e) + /0 AV, D)]de = h0).

Thus, the Duhamel integral u(¢) in (6.53) satisfies equation (6.46). Finally, letting
t — 0+ in (6.59) one can see that u(t) satisfies initial conditions (6.47). Evidently,
u(r) satisfies condition (6.48), as well.
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Corollary 6.1. Suppose that V(t,7) is a solution of the following Cauchy type
problem:

DIV(t,T)+ BV (t,7) =0, >1,

DIV (7)., = h(T),
DIV, =0, j=2,...,m—1,
V(7)) =0.

Then the Duhamel integral

solves the Cauchy type problem

DHu(t) + Bou(t) = h(t), >0,

Dl’lil“(t)\t:w =0,
D" u(t),_, =0, j=2,....m—1,
" Hu(t),_,, =0.

Remark 6.5. Theorem 6.11 represents a fractional generalization of the Duhamel
principle for integer order differential-operator equations proved in Theorem 4.12
in Section 4.7, recovering it in the case [l = m.

6.6 Applications of the fractional Duhamel principles

Theorems 6.9, 6.10, and 6.11 can be applied to general boundary value problems
for distributed order differential equations, in terms of analysis of the existence
and uniqueness of a solution. Below we demonstrate this in two different cases,
namely in the case of an abstract Cauchy problem for DODEs determined by the
Caputo-Djrbashian derivative, and in the case of a Cauchy type problem for DODEs
determined by the Riemann-Liouville derivative.

Case I. Let L be the distributed fractional order abstract differential operator
defined in (6.31), that is

D0 = Dhu() + [ o) DU (),

with the lower endpoint of the time interval T = 0. The characteristic function of
this operator is

m—1
A(s,z) =s* + flo,z)s%dA,
0
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where U is a fixed number in the interval (m — 1,m], A is a finite measure with
suppA C [0,m — 1], and f(a,z) is a function continuous in & and analytic in z €
G C C. Denote by ¥(s) = .Z[v|(s), the Laplace transform of a vector-function v(z),
namely

L(s) = /O Tetu(n)de, s> so,

where 5o > 0 is a real number. It is not hard to verify that if v(¢) € Expa g(X) for
each ¢ > 0 and satisfies the condition ||v(r)|| < Ce,r > 0, with some constants
C > 0 and v, then ¥(s) exists and the inequality

C
||Ak‘7(s)H < ﬁ/vh 5>,

holds, implying V(s) € Expa (X) for each fixed s > y. The lemma below gives a
formal representation formula for a solution of the general abstract Cauchy problem
LMu)(t) = h(t), t>0, (6.61)
uPO0+) =g, k=0,....m—1. (6.62)

Let 8; . denote the Kronecker delta, that is §;x = 1if j =k, and §;x = 0, if j # k.

Lemma 6.10. Let cg(t,z) = Z7! [A‘(’fz)](t), 7€ G C C, where £~ stands for the

inverse Laplace transform, and

m—1

Sk(t,Z) = C/.L*kfl(tvz) + L f(a,Z)Ca,k,I (Z‘,Z)l(da), k=0,....,m—1. (6.63)
Then Sy (t,A) @y solves the Cauchy problem
LAul =0, u(0) =840, j=0,....,m—1.

Proof. Applying formula (3.55) we have

LA [u](s) = s*a( Z u' s”ﬂ;l
+2/ flo,A)(s Zuf 0)s* " HA(da) = 0.
Due to the initial conditions u/(0) = §;4¢;, j =0,...,m— 1, the latter reduces to

m—1

A(s,2)ii(s) = @k (S“kl + ) f(a,z)so‘klk(doc)) .

Now it is easy to see that the solution in this case is represented as uy = Si(¢,A) ¢y,
k=0,....m—1.
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Corollary 6.12 Let S;(t,A),k=0,...,m— 1, be the collection of solution operators
with the symbols Sy(t,z) defined in Lemma 6.10. Then the solution of the Cauchy
problem

AMul=0, uV(0)=¢;, j=0,...m—1. (6.64)

is given by the following representation formula
m—1
M(t) = z Sk(th)(pk'
k=0

Remark 6.6. 1. Corollary 6.12 can easily be extended to the operator ;LA in (6.64)
as well with the initial conditions u/(7) = ¢;, j = 0,...,m — 1. In this case
the symbols of solution operators depend on T and have the form Si(¢,7,z) =
Si(t—1,2),k=0,...,m— 1, where Si(t,7) is defined in (6.63).

2. A particular case of Lemma 6.10 when A = 7" 50%7 k—1< og <k, is proved
in [GLUOO].

A vector-function u(t) € C™ [t > 0; Expa. (X)] NC" V]t >0; Expa (X)) is
called a solution of the problem (6.61), (6.62) if it satisfies the equation (6.61) and
the initial conditions (6.62) in the topology of Expa ¢(X).

Theorem 6.9 and Corollary 6.12 imply the following results.

Theorem 6.13. Let ¢ € Expa (X), k=0,...,m—1, and for any T > 0 the vector-
function h(t) € AC[0 <t < T; Expa, G(X)|. Then the Cauchy problem (6.61), (6.62)
has a unique solution. This solution is given by

m—1

u(t) =, Si(t,A)pp+ /Ot Sm—1(t —1,A)D" *h(1)d. (6.65)
k=0 ~

Proof. We split the Cauchy problem (6.61),(6.62) into two Cauchy problems

[AUY(t)=0, >0, (6.66)

uR0+) =g, k=0,....m—1, (6.67)
and

LA)(2) =h(r), t>0, (6.68)

v (04)=0, k=0,....m—1. (6.69)

Due to Corollary 6.12 the unique solution to (6.66),(6.67) is given by

m—1
Ut) =Y, Si(t,A)px. (6.70)
k=0
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Lemma 2.3 implies that U(r) € C"[t > 0;Expa ¢(X)]. For the Cauchy
problem (6.68)—(6.69), in accordance with the fractional Duhamel’s principle
(Theorem 6.9), it suffices to solve the Cauchy problem for the homogeneous
equation:

JAV (1)) =0, >,
kv (t,71)
BT
"1V (1, 7)
W‘I:T+

=0, k=0,...m-2
=D h(1).

The solution of this problem, again using Corollary 6.12 (with the note in Remark
6.6), has the representation

V(t,T) = Sp_1(t —1,A)D" " h(7).

Again it follows from Lemma 2.3 that V(z,T) € C™[t > T; Expa,g(X)| forall T >0,
as well as its Duhamel integral. Thus, the Duhamel integral of V (¢, T) and represen-
tation (6.70) lead to formula (6.65). The uniqueness of a solution also follows from
the obtained representation (6.65).

By duality we immediately obtain the following theorem.

Theorem 6.14. Let ¢ € Exp;ﬁ o (X*), k=0,. — 1, and the vector-functional

h*(r) e AClt <t <T; Epr* o+ (X")]. Assume also that Expa (X) is dense in X.
Then the Cauchy problem (6. 6]) (6.62) (with A switched to A*) is meaningful and
has a unique weak solution. This solution is given by

ZSktA (pk+/sm1 —1,A"D ¥ (t)dr.
k=0

Assume that Exps ¢(X) is densely embedded into X. Besides, let the solution
operators Si(¢,A) foreach k =0,...,m — 1, satisfy the estimates

where ¢ € Expa, (X ), and C > 0 does not depend on ¢. Then there exists a unique
closure Sj(t) to X of the operator S (¢,A) which satisfies the estimate || Sy (z)u|| <
C||u|| for all u € X. Using the standard technique of closure (see Section 2.3), we
can prove the following theorem.

Theorem 6.15. Let ¢, € X, k=0,....m—1, h(r) € AC[0 <t < T, X] for any
T >0, and D" "h(t) € Cl0 <t < T;X]. Further let Expa,g(X) be densely
embedded into X, and the estimates (6.71) hold for solution operators Si(t,A),
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k=0,...,m— 1. Then the Cauchy problem (6.61), (6.62) has a unique solution
u(t) € C"[0 < t < T;X|. This solution is given by

m—1 1
u(t) = 3 5o+ [ Surt- D! Fh(z)ar.
k=0 0

Case II. Consider the following Cauchy type problem

D*%u(t) +bD"?u(t) + Au(t) = h(r), t>0, (6.72)

(D'2u)(0+) = g1 (6.73)

(J'2u)(0+) = o (6.74)

where b € R, D* is the Riemann-Liouville derivative of order ¢, and A is a closed
operator defined on a Hilbert space .7, has a discrete spectrum A;, A, ..., with
corresponding eigenvectors ¢y, ¢, ..., which form a base in 7. We assume that

Ox € Expa(X),k=1,2,and h(t) € C[t > 0;Exps g(X)], where G C R".

Remark 6.7. Equation (6.72) belongs to the family of fractional differential equa-
tions (also interpreted as a fractional diffusion-wave equation)

aD%u(t) +bDPu(t) + Au(t) = £ (1),

where 0 < B <1 < a <2, a and b are constants, and A is a linear operator. The
case « =2, B =1/2,and A = d*/dx* is studied by Agraval [Agr04], and the case
o =2, B=3/2, and A is constant, by Bagley and Torvik in [BT00].

Let us first solve the Cauchy type problem for homogeneous equation (6.72) with
nonhomogeneous conditions, namely

D¥?u(t) 4+ bD"?u(t) + Au(t) =0, >0, (6.75)
(D'2u)(0+) = g1 (6.76)
(J12u) (0+) = o (6.77)

Applying the Fourier transform to (6.75), we have
M(s)Lul(s) = (s+D)y+ @, s> no,

where M(s) = s3/2 4+ bs'/? + A, and 19 > 0 is a number such that M(s) # 0 for all
s >1o.! Let 81(t,A) = L™'[1/M(s)] and Sy(¢,A) = L~'[(s +b)/M(s)]. The power
series representations of operators S;j(r,A) can be obtained similar to (6.11)—(6.13).
Then the solution to problem (6.75)—(6.77) has the representation

u(t) =S1(t,A) @1 + S2(t,A) @2,

! We assume that such 1 exists.
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where
(tA O = sztA’ (Pkn(PrH k:1,2,

n=1
Here ¢y, = (¢, ¢n), Fourier coefficients of elements ¢y, k = 1,2.

Now, we return to the nonhomogeneous problem (6.72)—(6.74); however, we as-
sume now that ¢ =0, k = 1,2. To solve this we apply the fractional Duhamel princi-
ple. In accordance with Theorem 6.11 the solution is given by the Duhamel integral
JoV(t,7)dt, where V (t,7) is a solution to the following problem:

DYV (1) +beD)V (1, T) + Au(t) =0, 1> 1, (6.78)
D}V (1+4,7) = h(7), (6.79)
TJI/Z V(t+,7) =0. (6.80)

It is not hard to verify that the solution of the Cauchy type problem (6.78)—(6.80)
can be obtained from the solution of problem (6.75)-(6.77) by translation t — ¢ +
7. Namely, V(¢,7) = Si(t — 7,A)h(7). Hence, the solution to the given problem
in (6.72)—(6.74) has the representation

u(t) = S1(t,A) @1 + S2(t,A) 2 + /Olsl (t—1, A)h(1)dT.

6.7 The Cauchy problem for variable order differential
equations

In this section we study the Cauchy problem for variable order differential equations
with a piecewise constant order function f3(r) = ZQ’:O I Br, where 7 is the indica-
tor function of [Ty, T+ 1), and 0 < B <1,k =0,...,N. We assume that the diffusion
mode change times 71 < T3, ..., Ty are known, and set Ty =0, Ty | = . We assume
that the solution will stay continuous at the diffusion mode change times. Hence, the
Cauchy problem for variable order differential equations has the form

95{” yyult,x) =/ (D)u(t,x), 1>0,xeR", (6.81)
u(0,x) = ¢(x), (6.82)
w(l, —0,x) =u(T;+0,x), k=1,...,Ty,x € R". (6.83)

where .@f {(u) v} is the Caputo-Djrbashian type (u,v)-VODO, defined as (see

Definition 3.7)
s = [ e s

with the kernel function
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1
P t,7T) = , O<1<t.
) = E v opme O

The parameters v and U belong to the following causality LH-parallelogram: I1 =
{(/.L,v) ER?:0<u<1,-1<v<+1,0<pu+v< 1} (see Figure 3.1).

An interesting phenomenon related to variable order fractional differential equa-
tions is that an internal memory quantified as an inhomogeneous term in the equa-
tion may be generated. Consider a simple example, which demonstrates how such
an inhomogeneous term arises in a single change of diffusion mode. Assume the
function f(r) takes only two values B, if 0 <t < T and f,, if t > T. In other
words, the diffusion mode changes at time t = T from a sub-diffusive mode f3; to
a sub-diffusive mode f3,. Since the first mode is sub-diffusive, a non-Markovian
memory arises, which effects on the actual change of diffusion mode occurring at
time T, > T. Here T, depends on the parameters [l and v; see Section 3.12, where
the value of T is calculated. For simplicity, suppose v =0 and y = 1. In this case
T. = T, and we assume the following continuity condition at the change of mode
timet =T :

u(T)=u(T —0). (6.84)

For 0 < r < T, equation (6.81) is a fractional equation of order f3;, so a solution to
the Cauchy problem (6.81)—(6.82) can be found by standard methods in this interval
(see, Section 5.3). If > T, then one has

r d ! du(t
B(1) _ Bi ”(T) / B2 ( )
P u(t) —/0 Jl//l,o (z‘,‘L’)—17 dt+ . Jf/m (t,T)—T dr.

Hence, equation (6.81) takes the form
ru(t) = Au(t) + h(r), 1>T, (6.85)

with the initial condition (6.84). Equation (6.85) is no longer homogeneous, due to
the nonhomogeneous term

T u
h(t) = — /0 A0 df)dr.

Therefore, the Duhamel principle developed for fractional order differential equa-
tions play an important role in the theory of the Cauchy problem for variable order
fractional differential equations.

We note that, since the order f3(¢) depends on the variable 7, the fractional inte-
gration operator becomes

B(r) S
POy =80 1(0) =Y I f (1),
k=0
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where

" Ji(ut+v) (e — T)PRVO £ (g)
I (B(ut+vr))
Lemma 6.11. Suppose that mino< j<n{B;} = B+ > 0 and [kP.] is the integer part of

kBs. Let v(t) be a function continuous in [0,). Then for arbitrary T > 0 and every
k=1,2,... the estimate

ka(t):/o dt, k=0,...,N.

k—1
maxogzgﬂjﬁ(’)kv(tﬂ < %ma}coggﬂv(m (6.86)
holds with
ﬁ* /
™ if o<t <,
y(1) = :
T, if T>1.

Proof. Let v(t) be a function continuous in [0,). For k large enough, such that
Bik > 2, we have minI” (k3 (ut + vt)) = I' (kB.). Taking this into account, for all
such k and for all 7 € (0,7] we obtain the estimate

VD) i puio),

t (+ _ \kB(ur+vt)—1
|Jﬁ(t)kv(t)| _ / (t—1) v(1)dt <
0 '(kB.) o<i<t

T kBt +v1))

and hence, the estimate in equation (6.86).

Lette.; =T;/(u+Vv),j=1,...,N, be critical points corresponding to diffusion
mode change times 7}, j =1,...,N. We accept the conventions t..o0 = 0, e, n41 =
o. Let Eg(z) be the Mittag-Leffler function with parameter 8 € (0, 1]. Now we in-
troduce the symbols which play an important role in the representation of a solution.
Let

Sj(t,6) = Eg,((t —ter )PA(E)), > terj, j=0,...,N, (6.87)
and

k—1
Mk(tag) = Sk(t_tvr,ka€> HSj(tcanrl _tL‘r,ja€>a t> tcr,ka k= 17---7N- (688)
j=0

Further, we define recurrently the symbols

1 er1 %50(155)
%l(taé):_r(l_ﬁl)/() a(t_r)ﬂl dt
_ —BA(E) [ B, (TPAE))dr
- 1"(1_[31)/0 Tlfﬁo([_q:)ﬁl ’
Py (1,£)=0, P(t,6)=1,

t
Pl(t,&): Sj(t+t6‘r7l_Tvg)lcr,lD‘lriﬁlgl(Tv&)dTa

tcrl
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and if .
17 .
PE)= [ S)lt-+iery = 7.8)s,, D Py (r.E)dT
er

is defined for ¢t > t.,.; and for all j < k— 1, then for ¢ > 1.,

Zi(t,8)
| kot e af[ (T, 8)+Si(t—terj  E)Pj1(terj, &) + Pi(1,&)]
B (1_ﬁk>z, a A
(6.89)
fork=2,...,N

The case v = 0. First we solve problem (6.81)—(6.83) in the particular case v = 0.

Theorem 6.16. Assume v = 0 and ¢ € ¥, ,(R"). Then Cauchy problem (6.81)-
(6.83) has a unique solution u(t,x) € C([0,T], ¥ ,(R")), T < oo, which is repre-
sented in the form u(t,x) = . (t,D)@(x), where . (t,D) is the pseudo-differential
operator with the symbol

F(6,8) = Aot +sz ){ Mi(1.€)

tLr,k _
+5:0.8) [ S Atk o1~ TE) 1 DE A5, E

tcrk 1
[ S+ —.8) DY P ). (6.90)
Terk
Here ﬂkl = (%[tcr,k7tcr,k+l)(t)’ k=0,...,N, are indicator functions of the intervals

[l‘cnk,tEr’kJr]),kZO,...,N,'Sj(l‘,&),jZO,...,N,Mk(t,g)andﬁk( &) —1 N
are defined in (6.87), (6.88) and (6.89), respectively.

Proof. 1t is not hard to verify that

Ta by 22 gyt Zf”mdhﬁﬂ‘ﬂtx g%%umb)+ﬂﬁﬂ
(6.91)
where

N, B k=l p
t = f _— . k tL’ i 5 .
g( 7'x) kg,l kr(l+ﬁk) gotcr,j@*{”,()}u( 7,j+1 X)
Multiplying both sides of equation (6.81) by Jf ;5 ())} and applying the formula (6.91),
we obtain

Z%W%U Zﬁqu g(t,x). (6.92)
k=0 k=0
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Letr € (0,ts.1). Then B(ut) = Bo and g(,x) = 0. In this case taking into account
the initial condition (6.82), we can rewrite equation (6.92) in the form

u(t,x) — JP.c7 (Dyu(t,x) = @(x), 0<t<te. (6.93)

The obtained equation can be solved by using the iteration method. Determine the
sequence of functions {ug(¢,x),...,uy(f,x)} in the following way. Let ug(¢,x) =
¢(x) and by iteration

U (1,%) = TP (D)t (1, %) + @(x), m=1,2,... (6.94)

We show that this sequence is convergent in the topology of the space C[0,T; ¥ (R")]
and its limit is a solution to the Cauchy problem (6.81)-(6.82). Moreover, this solu-
tion can be represented in the form of functional series

u(t,x) = i TPk o7k (D)o (x). (6.95)
k=0

Indeed, it follows from the iteration process (6.94) that
t (1,5) = JPOM g7 (D) @ (x) + JFO=D /=1 (DYo(x) + ...+ @(x).  (6.96)

Now we estimate u,, (¢, x) applying Lemma 6.11 term by term in the right-hand side
of (6.96). Indeed, let N € N. Then taking into account the fact that the Fourier
transform in x commutes with JB( >, we have

) vy (1)
max py (/A (D)o () < T o)

Further, since A(§) is continuous on G there exists a constant Cy > 0, such that
MAXE cgupp iy |A(E)| < Cy, or, by induction MAXE cgupp iy |AK(&)] < Cllf,. Hence, for
every N € N we have

oy 'yl

pv(IPO A (D)p(x) < [0l (6.97)

I"(kpo)
It follows from (6.97) that
n Chyk(T)
ma m(f,x)) < —_—

SC‘”(p(x)”[’E'ﬁ()(C‘N W(T))a N= 1727"'7

where Ep (7) is the Mittag-Leffler function corresponding to Bo. Since the right-
hand side of the latter does not depend on m, we conclude that u,,(f,x) defined
in (6.96) is convergent. Again making use of Lemma 6.11 we have

> k
pu(ut.0) ~ e, 0) < o, 3 D)

VD) N—12,.... (698
ity T (Bok+1)
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The function .

n
) k:§+1 ' (Bok+1)
on the right side of equation (6.98) is the reminder of the (convergent ) power series
representation of the Mittag-Leffler function Eg (), and, hence, %n(1) — 0, when
m — oo for any real (or even complex) 1. Consequently, u, (t,x) — u(z,x) for every
N=1,2,...,, thatis in the inductive topology of the space C [t > 0; ¥ ,(R")]. Thus,
u(t,x) € C[t > 0; ¥ ,(R")] is a solution. Moreover, it is readily seen that u(z,x) in
(6.95) in the interval (0,7..1) can be represented through the pseudo-differential
operator S(¢, D) with the symbol So(t,&) = Eg, (tPoc7 (€)) in the form

u(t,x) =ui(t,x) =So(t,D)@(x), 1€ (0,t0r1). (6.99)

By construction, the solution u(#,x) is unique and continuous in #. So, the limit

lim u(1,x) = Eg, (;f;jl,gz(p)) o(x)

t%t”,l -0

exists in ¥, (R"). Further we extend u; (¢,x) to [tcr.1,1.r2). We denote this extension
by u»(t,x). Equation (6.81) in the interval (z.,1,%..2) reads

Dflu(tvx) = %(D)u(l,x), re (tvr,latcr,z)-

Splitting the integration interval (0,7) on the left-hand side of the last equation into
subintervals (0,7.1) and (t,1,t), we can rewrite it in the form

Dflu(tv'x) = *(Z{(D)M(tax)'i'Fl(tax)a re (tCr,lutCr,2)7

Terl

where

J
1 Ter LU (‘L’,x)
Fl(tu'x):_r )/0 Jt d

(1-pB; (t—1)P B

Taking into account relation (6.99), it is not hard to see that F (¢,x) = %, (t,D) ¢ (x),
where

‘%lavé)

_ —BAE) [ By (tRA(S))
- T(1-By) /0 tl-Po (¢ — 7)Pr *

Due to continuity condition (6.83), we have also
ltery = 0,2) = 1 (ter1 +0,) = Eg, (18,7 (D)) ().
In the general case, assuming that solutions u;(¢,x),...,u(t,x) are found in the

respective intervals [0,..1),. . ., [ferk—1,%crk ), We have the following inhomogeneous
Cauchy problem for the interval (fe,k,feri+1) :
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i DPu(t,x) = o (D)u(t,x) + Fit,%), 1 € (orksterasr), (6.100)

Ullterges X) = g (ler e, X), (6.101)
where 5
1 k2l pterjnr Zuj(T,x)
F(t,x) = ——=———~ / NIRRT} )
F(l - ﬁk) j=0 Yierj (t - T)Bk

The solution of this problem we denote by w1 (z,x). It is not hard to verify that
F(t,x) can be represented in the form % (¢, D) ¢(x) with a pseudo-differential oper-
ator % (t,D), whose symbol is given in (6.89). A unique solution to (6.100),(6.101)

can be found by applying the fractional Duhamel principle (see Section 5.5)

1
Uy 1(t,x) = Sic(t, D)ug (terg, x) + /t Skt — (T —1erk), D) [cr,kD‘lfiﬁka(Tu'x)dru
Ylerk

k=1 N, Terk <t <Ierk+1-

gy

Now taking into account the equality

o(x)

k
U (tcr,kax) = [H Sj (tcr,jJrl - tcnjaD)
=0

tzrch 1—
+/ St (terk — (T = terk—1):D)toyi_ D ﬁHkal (t,x)dr,
lerk—1
we obtain a solution u(t,x) = . (¢,D)¢(x) through the solution operator .7 (¢,D),
whose symbol is given by equation (6.90).

Remark 6.8. Assume in equation (6.81) B(r) = 3, where 3 is a constant in (0, 1].
Then the representation formula in (6.90) is reduced to

u(t,x) = Eg(tP o (2)) 9 (x),
which coincides with the result obtained in Section 5.3.

Applying the technique used in Section 5.3 and the duality of the spaces ¥ ,(R")
and ‘PLG’ q(R") one can prove the following theorem.

Theorem 6.17. Assume v=0and ¢ € ‘f’iG’q(R”). Then the Cauchy problem (6.81 )—
(6.83) (with *-D’ instead of ‘D’) has a unique weak solution u(t,x) € C[[O,T],
‘I’iaq(R”)], T < oo, which is represented in the form
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! N !
u(t,x) = FoSo(t,~D)p() + ¥, 7 (1) { My(1,~D)(x)
k=1

Terk
+Sk(t,—D)/ Sk—1(terk +terk—1—T,—D) 1, D %k(T —D)op(x)dt

tcrk 1

+ [ Sl + o=, -D) ,C,,knifﬁk%m,—D)@(x)dr},
Terk

Corollary 6.2. If v = 0, then the fundamental solution of equation (6.81) with the
continuity conditions in (6.83) is represented in the form

1
"
Nflt ! Ep ((t —1)Pear (- E 1) ot

2 k<>wfm{ﬁk<<*k Hﬁ ti1— )P ot (~8))

Tk

Ul3) = S0 s | By 17 (<))

+Ep (1= t)*A(=8)) [ Ep_ (e —T)P1A(=8)) o ,DF P By (7,~E)dn

RS

+/t:Eﬁk(([— 1)BA(—E)) tkD_lt_ﬁk%k(n_é)dT}eixé i

where tj =t ;. Moreover, U (t,x) € ‘f’icyq(R”)for every fixed t > Q.

The case —1 < v < 1. Now we derive asymptotic behaviors for large and small ¢
of the solution of Cauchy problem (6.81)-(6.83) in the general case of v, that is
—-l<v<L

The solution u(t,x) = .7 (¢t,D)@(x) obtained in Theorem 6.16 in the case v =0
has the structure u(¢,x) =¥ (¢, D) ¢(x) + 5 (¢, D) @(x), where ¥, (¢,D) and ¥;(¢,D)
are operators with symbols

i(1,8) = foSO +ka Mi(t,8),

k=1
and
(t,8)
N / tcr,k
= A1) {Sk(taé)/t Skt (Terk +terk—1=7,8) 1y, D Dy ﬁke@k(f §)dr
k=1 crk—1

1
+ Sk(t—i_tvr!k - T’é) lcr,kDiiﬁk‘@k(Tv&)dT

tcr,k

The term v(z,x) = ¥(r,D) @(x) reflects the effect of diffusion modes, while the term
w(t,x) = W5(¢,D)@(x) reflects the memory of past. We note that this structure re-
mains valid in the general case v € (—1,1] also; however, the symbols of solution
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operators get further restructuring, depending on the intervals of mixture of (two or
more) modes. The theorems below concern time intervals free of mixed modes, that
is time intervals, where a new diffusion mode is established, or not yet started to
effect.

Theorem 6.18. Assume |1 # 0, L+ v # 0 and ¢ € Y5 ,(R"). Then there exists a
number T* > 0 and pseudo-differential operators 7*(D) and Z*(t, D) with contin-
uous symbols, such that fort > T* the solution of the Cauchy problem (6.81)-(6.83)
coincides with the solution of the Cauchy problem

T*DENu(t,x) =/ (D)u(t,x)+ f*(t,x), t>T" xeR" (6.102)
u(T*,x) = 0*(x), xeR". (6.103)

where f*(t,x) = Z*(t,D)@(x) and ¢*(x) = 2*(D)p(x).

Proof. Without loss of generality one can assume that v > 0. Then as it follows
from Theorem 3.7 that the actual mode changes occur at times Tj* =T;/u and
1= Tj/(u+v), j=1,...,N, if diffusion modes change at times 7}, j = 1,...,N.
Obviously, t{ < ... <ty and T} < ... < Ty if T1 < ... < Ty. The order function

B(ut + vt) under the integral in Df {(2 v takes the value By for all + > T and

7 > 0. Hence, the variable order operator on the left side of (6.81) becomes DEN
if r > Tyj. Analogously it follows from Theorem 3.8 that if v < 0, then B (uz + v71)
takes the value By for all # > 73 and 7 > 0. Thus, if v # 0, then for all t > T* =
max{Ty,t%} and 0 < T < t we have B(uz+ vt) = PBy. Similar to the case v =0,
splitting the interval (0,7), > T*, into subintervals, we can represent the equa-
tion (6.81) in the form (6.102). Further, from the continuity condition (6.83) we have
u(T*,x) = lim,_,7+_ov(t,x), where v(z,x) is a solution to the Cauchy problem for
fractional order pseudo-differential equations in sub-intervals of the interval [0, Ty )
constructed by continuation. Therefore there exists an operator S*(¢, D), such that
v(t,x) = $*(¢,D)@(x). Denote 2*(D) = §*(T*,D). Then u(T*,x) = Z*(D)p(x).
This means that for # > T* solutions of problems (6.81)-(6.83) and (6.102),(6.103)
coincide. If v = 0, then the statement follows from Theorem 6.16.

Theorem 6.19. Assume ¢ € ¥ ,(R"). Then there exists a numbert* > 0, such that
for 0 <t < t* the solution of the Cauchy problem (6.81)—(6.83) coincides with the
solution of the Cauchy problem

Dfou(t,x) =/ (D)u(t,x), t>0, xeR" (6.104)
u(0,x) = p(x), xeR". (6.105)

Proof. 1t follows from Theorems 3.7 and 3.8 that the order function B (ut+ v71)

{(2‘\/} takes the value By for all # <t* = min{t{,T{"} and

0 < 7 < t. Hence, the variable order operator in (6.81) becomes Df" if 0 <t <t*.
The order f3; (or diffusion mode {f;, i, v}) has no influence in this interval. For
t > t* two diffusion modes {fo, i, v} and {Bi, u, v} are present. If r < min{t;, T, },

under the integral in Df
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then for all 7 > 0 we have ur+ vt < 7. That is, there is no influence of the mode
{B2,u,v} if t < min{t;,T;}. In the same manner the other values of 8 have no
influence in the interval 0 < ¢ < ¢*. This means that for 0 < ¢ < t* solutions of
problems (6.81)—(6.83) and (6.104)—(6.105) coincide.

6.8 Additional notes

1. Models with DODEs . A distributed fractional order differential operator was first considered in
the paper [Cap67] by Michele Caputo in 1967 in connection with modeling of linear dissipation.
In Equation (3) of this paper, generalizing a stress—strain relation used earlier by Knopoff, he
writes the following relation:

Ty —/bl fl(rz

where 4 W in this expression is understood in the sense of Caputo-Djrbashian derivative D%, the
definition of which is given in Equation (5) on the same page. Both integrals on the rlght of
equation (x) are distributed order differential operators in the sense of Definition 3.5. Namely,
the first term corresponds to u(do) = fi(r, o)dor, and the second term to u(da) =21, (r,a)da.
In the sense of Definition 3.5 differential equations with a finite number of fractional derivatives
in the sum are also qualified as DODEs. In this case u is defined as u(dot) = X7, C;8q,; (er)d ot
An example is the Bagley-Torvik equation [Pod99]

d*
(g grveht d7+2/ f2 rZ)

P (ers)dz (%)

dt?

d2
W" +aDY*u+ cu=hr), (6.106)

arising in the theory of viscoelastic materials and corresponding to the case p(do) = [& (o) +
ads (o) +cdo(a)]dar. The solution to equation (6.106) satisfying the homogeneous initial
conditions can be represented in the form u(¢) = (G = h)(t), where the function G is defined as

( l)k Kk 2k+1

P
%l Eyp, 2+3k/2(7“\ﬁ)7

Mz

G@t) =

k=0

with the generalized Mittag-Leffler function Ey, , (z). Agraval [Agr04] used the model

d?
” 124 +aDl/2u+Au =h(t),

which corresponds to the measure p(da) = [62(0r) +ad, 5 (o) +cdo(e)]d e, to describe frac-
tionally damped beam. Podlubny [Pod99] investigated general m-term equations of the form

m
Y, CD%u = h(t),
k=0

and found the corresponding Green function assuming ¢, > Q1 > -+ > 0p. DODEs are
broadly used by many researchers to model various processes arising in modern science and
engineering, see, e.g., [Pod99, Cap01, LH02, CSK11, JCP12, AUS06, KAN10, HKU10]. Nu-
merical methods of solution of DODEs are discussed in [DF09, DFO1, Kat12]. See also papers
[BT00, UG05-2, MS06, Koc08], where abstract properties of DODE:s, not tied to any physical
model, are presented. DODE:s also arise in the theory of factional Fokker-Planck-Kolmogorov
equations discussed in Chapter 7.



6.8 Additional notes 283

2. Models with VODEs. The theory of variable order differential equations is a relatively new

branch of fractional differential equations. In the last few decades a number of publications ap-
peared where VODEs were used to model processes with changing in time diffusion exponents.
We recall the classification of diffusion processes through their mean square displacement
(MSD), which is a function of time: MSD(¢) ~ Kg 1Bt — 0o, where the exponent f indicates
the actual diffusion mode. For instance, if a diffusion process has the normal mode, then § =1,
if it has a sub-diffusive (slower) mode, then f3 < 1, and if the process has a super-diffusive
mode, then 8 > 1. In many applications the exponent 3 turns out to depend on time, that is
B = B(t), or some other parameters of the model. In the paper by Lorenzo et al. [LH02] a num-
ber of examples of such a dependence arising naturally in applied sciences are given. Chechkin
et al. [CGS05] modeled the evolution of a composite system with different sub-diffusion ex-
ponents using a space-variable fractional differential equation. Papers [SCKO05, RC10] used
VODE for analysis of viscoelastic oscillators.
The mathematical theory of initial and boundary value problems for VODE:s is not yet satisfac-
torily developed. The Cauchy problem studied in Section 6.7 partially shows difficulties arising
in such an analysis. Even for piecewise order functions at every mode change time an inhomo-
geneous term emerges, making analysis complicated. It is not clear into what form turns this
phenomenon in the case of more general, for instance, continuous order functions.

3. Fractional Duhamel principle for DODEs and VODE:s. the fractional Duhamel principle for
general DODEs formed with the help of a bounded measure A is discussed in the paper
[Umal2]. In this paper the basic fractional derivative is the Caputo-Djrbashian derivative. In
this case A can be rather general measure. However, in the case of DODEs defined with the
Riemann-Liouville derivative, the problem on the fractional Duhamel principle is more chal-
lenging. In Section 6.5 we proved the fractional Duhamel principle only in the case of measures
of the form

m—1
Alda) = {éu(a)Jr Yy ckéﬂ_k(a)} dot.
k=1

Note that there is another way to prove Theorem 6.11. Namely, applying the operator JH 71
to both sides, one can reduce it to an integer order integro-differential equation (differential
equation if By = 0) for which the classic Duhamel principle is applicable. Is the Duhamel
principle valid for more general measures of the form

A(do) = {Sﬁ(a) +mil ckéak(a)} do,
k=1

with arbitrary oy € [k — 1,k)? If the answer is “Yes,” then in what form? This is a challeng-
ing open question, as well as the Duhamel principle in the case of variable order differential
equations.



Chapter 7

Fractional order Fokker-Planck-Kolmogorov
equations and associated stochastic processes

7.1 Introduction

This chapter discusses the connection between pseudo-differential and fractional
order differential equations considered in Chapters 2—6 with some random (stochas-
tic) processes defined by stochastic differential equations. We assume that the reader
is familiar with basic notions of probability theory and stochastic processes, such
as a random variable, its density function, mathematical expectation, characteris-
tic function, etc. Since we are interested only in applications of fractional order
YDOSS, we do not discuss in detail facts on random processes that are already
established and presented in other sources. For details of such notations and related
facts we refer the reader to the book by Applebaum [App09] (or [IW81, Sat99]). We
only mention some basic notations directly related to our discussions on fractional
Fokker-Planck-Kolmogorov equations.

Fokker-Planck-Kolmogorov (FPK) equations are partial differential equations in-
troduced first by Fokker (1913) and Planck (1917) for time evolution of the density
function of the velocity of a minute substance diffusing in a white noise environ-
ment. Later Kolmogorov (1931) developed a mathematical theory [of a broad class
of such equations] obtaining forward and backward Kolmogorov equations. FPK
equations are closely related to stochastic differential equations. Historically, first
stochastic differential equation was introduced and studied by Langevin (1908),
three years after a theoretical explanation of Brownian motion by Einstein (1905).
Wiener (1927) showed that Brownian motion is nowhere differentiable and its path
has infinite total variation over an arbitrary time interval. Due to these facts, mathe-
matically, both differential and integral versions of stochastic differential equations
were not justified. In the second half of the 1940s It6 developed a strict mathemati-
cal theory of stochastic differentials and integrals, which now is referred to as an 1t6
stochastic calculus. Section 7.4 discusses briefly Brownian motion, It6’s stochastic
differential equations driven by Brownian motion, and associated FPK equations.

© Springer International Publishing Switzerland 2015 285
S. Umarov, Introduction to Fractional and Pseudo-Differential Equations

with Singular Symbols, Developments in Mathematics 41,

DOI 10.1007/978-3-319-20771-1_7



286 7 Fractional Fokker-Planck-Kolmogorov equations

Fractional FPK equations model sub- and super-diffusion and other complex
stochastic processes revealing subtle intrinsic properties of such processes. For ins-
tance, in the last few decades, fractional FPK equations have appeared as an essen-
tial tool for the study of dynamics of various complex stochastic processes arising
in anomalous diffusion in physics, finance, hydrology, cell biology, etc. Complexity
includes phenomena such as the presence of weak or strong correlations, simul-
taneous presence of different sub- or super-diffusive modes, and various types of
jump effects, which occur in various real world processes. Consider one exam-
ple from cell biology. Experimental studies of the motion of proteins and other
macromolecules in the cell membrane show apparent subdiffusive motion (see det-
ails in [Sax01]). Moreover, these experiments show that several diffusive modes
simultaneously affect the motion. An experiment describing such a phenomenon
is provided in [GW94], which recorded that approximately 50 % of case mea-
surements on the LDL receptor labeled with diILDL show subdiffusive motion,
with diffusion mode parameter 8 between 0.2 and 0.9. Subdiffusive motion with
0.1 <3 <0.9orwith 0.22 < 3 < 0.48 were found in [GW94, WEKNO04], depend-
ing on a type of macromolecules and cells. Protein molecules diffuse 5 to 100 times
slower [Edi97, GW94, Sax01, SJ97] than free Brownian motion at different times
and regions. Here, the smaller the parameter 3, the more slowly the particles scat-
ter, whereas the case § = 1 corresponds to the classical diffusion. Examples can be
drawn from numerous other fields.

Boundary value problems for fractional order differential equations discussed in
Chapters 5 and 6 can be used to model random processes driven by time-changed
stochastic processes. A deeper relationship between processes modeled by stochas-
tic differential equations driven by a time-changed stochastic process and their
associated deterministic fractional order differential equations (fractional Fokker-
Planck-Kolmogorov equations) is the main subject of study in this chapter.

The SDEs associated with fractional FPK equations are driven by Brownian mo-
tion subordinated to a special time-change process, the first hitting time of a Lévy’s
stable subordinator. Section 7.6 presents a description of Lévy’s stable subordinators
of stability index 3 € (0,1) and their inverse (first hitting time) processes.

Driving processes of stochastic differential equations play a key role in mod-
eling of complex stochastic processes. Therefore, understanding of the properties
of the driving process elucidate many properties of the process itself. Driving pro-
cesses can be approximated by random walks. For instance, as is shown in the next
chapter, Brownian motion without drift (the definition is given in Section 7.2) can
be approximated by a simple random walk. Moreover, the transition probabilities
pi(x,y) from a point x to a point y at a time 7 satisfies the following initial value
problem:

Ip(x,y) _ 1%pi(x,y)
ot 2 dy?

po(x,y) = 8:(y). (7.2)

;6> 0, (7.1
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Equation (7.1) is the Fokker-Planck-Kolmogorov equation associated with Brow-
nian motion. The stochastic processes associated with fractional order Fokker-
Planck-Kolmogorov equations are usually driven by complex processes. Even in
the simplest case of the fractional equation

10%u
DPM = E a—yz,

where DP is a fractional derivative of order 0 < 8 < 1, the driving process belongs to
the class of non-Markovian semimartingales (see Section 7.16, “Additional notes”).
We note that semimartingales form the largest class of processes for which 1t6’s
stochastic calculus is valid. Driving processes play a key role for processes def-
ined by stochastic differential equations. As we will see, driving processes of frac-
tional Fokker-Planck-Kolmogorov equations are time-changed processes. These
time-changed processes are scaling limits of, so-called, continuous time random
walks (CTRW). The connection between CTRW and fractional order differen-
tial equations will be discussed in detail in Chapter 8. Thus, in the theory of
fractional Fokker-Planck-Kolmogorov equations a triple relationship between a
driving process, the corresponding stochastic differential equation, and the asso-
ciated Fokker-Planck-Kolmogorov equation, is apparent. This triple relationship for
SDEs driven by a time-changed Lévy processes was recently studied in the papers
[HKU10, HKU11, HU11].

For additional comments and historical notes see Section 7.16.

7.2 1t6’s stochastic calculus and stochastic differential equations

In this section, for the reader’s convenience, we introduce some basic notions related
to stochastic processes, Itd’s calculus, and Itd’s stochastic differential equations
(SDEs). In Probability Theory, one always assumes that random variables (vectors)
under consideration are given in a probability space consisting of a triple (Q,.%,P),
which depends on an underlying model. Here €2 is a set of elementary events (sam-
ple set), .# is a o-algebra of subsets of €2, and P is a measure defined on %,
such that P(2) = 1. By definition, an n-dimensional random vector X is a mapping
X : Q — R", such that X! (A) € .7 for any Borel set A C R". We denote the density
function of X by fx (x) and the mathematical expectation of X by E(X), which, by
definition, is

E(X) = /Q XdP, (7.3)

or if the density function fy is known, then

E(X)z/Rfo(x)dx. (7.4
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A real (complex) function g(X) of the random variable X defines naturally as a
mapping g: A X Q2 — R (A x 2 — C), where A C R" is in the range of X. Note that
the expectation of g(X) is

Ele(x)) = [ s0)aP= [ s(fe(v)d.

generalizing (7.3) and (7.4). For given events A,B and a random variable X we
frequently use notations P(A|B) and E[X|B], called a conditional probability and
conditional expectation, respectively, and meaning the probability of the event A
and the expectation of the random variable X, under the condition B.

Definition 7.1. Let T be a set of indices. A family of random variables {X;, r € T},
is called a stochastic process.

It follows from this definition that for each fixed ¢+ > O the stochastic process X;
is a random variable defined on (Q,.%,P). Frequently one needs to consider a
stochastic process adopted to a certain filtration. By definition, a filtration .%; is
an increasing family of sub-c-algebras of .%, that is %#; C %, if 0 < s <r. A fil-
tration .%, is called right-continuous, if % = Nes0.%4+e = % for each t > 0. We
say that the stochastic process X; is adapted to the filtration .%;, or .%;-adapted if X;
is .%;-measurable for each t > 0.

Definition 7.2. Brownian motion B; is a stochastic process {B;, t > 0}, such that

1. Bo = 0;

2. for all nonoverlapping intervals (¢1,,) and (s1,s, ) random variables (increments)
B;, — By, and By, — By, are independent;

3. for arbitrary 0 < s < ¢ the random variable B, — B, has the density

2

1 _
_ = — e — 2(t—s) 75
IB,—B,(x) = p(t —5,x) 2n(t_s)e 7 (7.5)

that is B; — B, is normal with mean O and variance ¢ — s;
4. B; has a continuous path.

N. Wiener [Wie28] proved that B, is nowhere differentiable and has the infinite
total variation over arbitrary interval (t1,7,). Hence, the integral [ f(s)dB; is mean-
ingless if one understands it in the Lebesgue-Stieltjes sense. It6 developed a special
stochastic calculus in the frame of which the above integral becomes meaningful.
Below we briefly reproduce the definition of the It6 integral and its properties with-
out proofs. For details we refer the reader to nicely written book [TW81].

Introduce the space %5 of .%;-measurable stochastic processes X;, such that for
an arbitrary 7 > 0

T
IX|4|7 =E [ /O X?ds] < co, (7.6)
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%, is a complete metric space with respect to the metric

p(X,Y)

z (X -Y) Ilelk/\l

where the symbol a A b means min{a,b}. A random variable Y is said to belong to
L(P),if E[|Y|] < e=. Hence, equation (7.6) means that fOT X2ds € L(PP) for each fixed
T > 0. We also introduce a class L[0, T'; L(P)] of stochastic processes ¥;, such that
Y, € L(P) for each fixed t € [0,T], and sup,c (o 7 E[Y;] < ee.

Let % be a subspace of .% containing stochastic processes X; with the following
property: there exists a partition 0 =#) <t} < --- <1, < ..., and a sequence of
1, -measurable random variables fi, k=0, 1,..., with sup; || fx|L«|| < e, such that

Xl = anﬁz:O(t) + z fk‘ﬂ(tlml]ﬁ,]] (t)
k=0

Here .7, 5 is the indicator function of the interval (a,b). Elements of %} are called
simple processes.

Proposition 7.1. 1. %, is a complete metric space;
2. X is dense in 2.

Define an operator / in %y by

n—1
X)) = . fi(By., — By) + fu(B: = By,)
=0

fort € [ty,tyy1],n=0,1,.... I(X;) is called a stochastic integral of a simple process
X, € £ with respect to Brownlan motion B;, and denoted by

t
1(X) = / X,dB.
0

Using the independence of increments of Brownian motion and the fact that the
variance E(B, — B;)? =t — s, one has

n—1 t
BIG)) = 3 Bl —1) + A1) = | [ ]|

Hence we have the following equality

f 2 t
(/ Xsst> ] _EU stds}, VX, € %. (7.7)
0 0

Now let X; € %5 be an arbitrary process. Due to Proposition 7.1 there exists a
sequence Xy, € %, such that X, — X; in the sense p(X;,,X;) — 0, when n — oo,
We set
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r r
X)) = / X,dB; = lim [ Xyds = Tim I(X,»).
0 0

n—oeo n—oeo

Using Lebesgue’s dominated convergence theorem it follows from (7.7) that

([n)

which is called the It6 identity. This identity shows that the mapping

El(X)*)=E

t
=E U stds] . VX e 5, (7.8)
0

1: % — L”[0,T;L((P))],

is continuous for each fixed 7 > 0.
Thus, for each X; € %, the stochastic process defined by the integral

t
/ X,dB
0

is well defined and is called 170 ’s stochastic integral. The proposition below contains
some important properties of Itd’s stochastic integral.

Proposition 7.2. 1. (Linearity) [[aX;+ BY]dB; = o [ X;dBs + B [§ YsdBs, where
o, BeC,andX;, Y; € L,

2. (1t6's idenity) E [ (3 X,dBy)| = E[f X2ds]

3 E [jé Xsst] =0forallt >0,

Proof. The linearity property immediately follows from the definition of It6’s inte-

gral. It6’s identity is proved above. The third property (called a martingale property)

follows from the fact that E(B;) = 0 for each ¢ > 0 and from the independence of
Brownian motion B; and the stochastic process X;.

Let b(x) and o (x) be Lipschitz continuous functions with linear growth! for large
x € R. Consider a stochastic differential equation (SDE)
dX, = b(X;)dt + o(X,)dB;, (7.9)
with the initial condition
Xi=0 = Xo, (7.10)

where X, is a random variable independent of B;. The meaning of SDE (7.9) with
initial condition (7.10) is

t t
X =Xo+ [ b(X)ds+ [ o(x)dB, (7.11)
0 0

where the first integral is a usual integral and the second one is in the sense of 1t6
stochastic integral.

! The Lipschitz and linear growth conditions in n-dimensional case are given in (7.12) and (7.13),
respectively.
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Further, suppose B; is an m-dimensional Brownian motion, that is
B, = (By,-..,Bm), where By;,...,By, are independent Brownian motions in the
sense of Definition 7.2. Then n-dimensional analog of SDE (7.9) takes the follow-
ing component-wise form

m
dXjr =bi(Xu,. ., Xu)dt + Y, 0 (Xis, .. Xu)dBre, j=1,....n,

k=1
where the mappings b = (by,...,b,) : R" - R" ¢ = {ij};f’:rszl (R — R
satisfy the conditions:
Lipschitz: — [[b(x) =b(y)l[ + [[lo(x) —o )| < Cllx=yl, xyeR", (7.12)
Linear growth: ||b(x)| + |[lc(®)]|| < C(1+ ||x]|), xeR™ (7.13)

Here the vector-norm ||4|| and the matrix-norm |||c ||| are defined

n n m
16117 =" 16 Mol =Y, Y loql,
j=1

j=lk=1

respectively.

In the theory of Ito’s stochastic differential equations Ito’s formula plays an im-
portant role. Below we formulate Ito’s formula in a particular case. In the proposi-
tion below we assume that b(¢) and o (¢) are .%;-adapted stochastic processes, where
Z; is a filtration associated with B;.

Proposition 7.3. (1t6’s formula) Let f € Cg (R) and X; be a stochastic process of the
form

t t
X, = Xo + / b(s)ds + / o (5)dB,.
0 0

Then
(X)) :f(X0)+/0t [b(s)f/(Xs)—i—%oz(s)f”(Xs)] ds+/oto(s)f’(xs)d3s. (7.14)

For the proof see, e.g., [IW81]. See Section “Additional Notes” for more general
forms of It6’s formula.

7.3 Connection between stochastic and deterministic
descriptions of random processes:
Fokker-Planck-Kolmogorov equations

In Section 8.2 we will show that the limiting stochastic process of the so-called
simple random walk can be described with the help of the diffusion equation (7.1),
whose solution satisfying the initial condition (7.2) is the Gaussian density function
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(7.5) (with s = 0), evolved in time. This limiting stochastic process is Brown-
ian motion without drift. Thus, Brownian motion B; and the partial differential
equation (7.1) for the density of B, are related. Equation (7.1) is the Fokker-Planck
equation associated with B;. Such a relationship holds for a wide class of stochastic
processes.

The aim of this section is to give a precise formulation of the connection between
certain classes of stochastic processes and their associated deterministic partial dif-
ferential equations (FPK equations). Let (Q,.% P) be a probability space with a
complete right-continuous filtration (.%;). Consider an example ¥; = oB; + bt of an
n-dimensional Brownian motion (with constant drift bz, b € R", and a constant cov-
ariance (n X m)-matrix o) defined on this filtered probability space. This example
is useful for understanding of the general form of operators appearing in partial dif-
ferential equations associated with stochastic processes. Let A C R” be a Borel set
and P%(t,x,A) = P(Z, € A|Zy = x) be the transition probability (from a point x € R"
to A) of the process Z, with density pZ(¢,x,y), i.e., p?(t,x,y)dy = P*(t,x,dy). Then
4 (t,x,y) satisfies (in the weak sense) the following partial differential equation (see
Section 7.4)

Ip(txy) i b, IpA(t,xy) | i P (1,x,y)

—— >0,x,yeR"
W dyidy; Y

ij=1

with the additional condition pZ(0,x,y) = 8,(y), where &, is the Dirac delta function
with mass on x. Here, the matrix g;; is a square (n x n)-matrix equal to the product
of o by its transpose o’ .

A deep generalization of this relationship between a stochastic process and its
associated partial differential equation is expressed through the Fokker-Planck-
Kolmogorov forward and backward equations. As we will show in Section 7.4 that

this concept is based on the relationship between two main components:

(D the Cauchy problem

augt’x)zdu(t,x), t>0,xcR", (7.15)
u(0,x) = @(x), xeR" (7.16)

where <7 is a differential operator

n n 82
- ; axj z 8x,8xl (7.17

with coefficients b;(x) and a; j(x) satisfying some mild regularity conditions;
and
(IT) the associated class of I1td6 SDEs given by

dX, = b(X,)dt + o(X,)dB,, Xo=x, (7.18)
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where B; is an m-dimensional Brownian motion. Here X; is a solution, and the
coefficients are connected with the coefficients of the operator .o/ as follows:
b(x) = (b1(x),...,by(x)) and g; j(x) is the (i, j)-th entry of the product of the
n x m matrix o (x) with its transpose ¢’ (x). Finally, x is a random variable,
independent of B, and with the density ¢(x).

Example 7.1. Letin equation (7.18) the coefficients b(x) = 0, identically zero vector,
and o(x) = I, the identity matrix. In this case, X; = By, and as follows from the
definition of B, and equations (8.4) and (8.5) that the density of B, satisfies the
Cauchy problem

dp 1 "
5?_§An t>0,xeR", (7.19)
p(0,x) =@(x), xeR™. (7.20)

That is, in this case &/ = A.

One mechanism for establishing the relationship between (i) and (ii) is via semi-
group theory of linear operators. Let 2~ be a Banach space and 7;, t > 0, be a one-
parameter family of linear operators mapping 2" to itself. The family 7; is called a
strongly continuous semigroup if

1. Tp = I, the identity operator;
2. T,T; = T+, for all t,s > 0; and
3. T, = T,,¢ for all ¢ € 2" in the norm of 2" ast — fo.

A linear operator A defined as

. To—9
Ap = tlﬁu& — (7.21)
provided the limit exists, is called an infinitesimal generator of the semigroup 7;. In
fact, the set of elements @ € 2~ for which the limit (7.21) exists is a dense subset of
& and is the domain of the operator A. We will denote the domain of A by Dom(A).
Returning to our discussion on the connection of the stochastic process X; defined
by SDE (7.18) and the operator .« in (7.19), we notice that the operator .o is rec-
ognized as the infinitesimal generator of the semigroup 7;¢(x) := E[p(X;)|Xo = ¥]
(defined, for instance, on the Banach space Cy(R") with sup-norm), i.e., & @(x) =
lim; o (T; = I)@(x)/t, @ € Dom(.< ), the domain of <. A unique solution to (7.15)—
(7.16) for o/ in (7.17) is represented by u(t,x) = (T;¢)(x) (see details, e.g., in
[App09)).

Example 7.2. Suppose again b(x) =0 and o (x) = I. Then

Tip(x) = Elp(B,)|Bo = x] = ﬁ [ ota.
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Due to relationships (2.11) and (2.12) with k¥ = 1/2 the latter can be written in the
form of ¥YDOSS

[ et FlglE)aE =1 o).

Tip(x) = oy

In terms of the semigroup theory the latter is advantageous, since it shows the direct
connection between the semigroup 7; and its infinitesimal generator </ = %A, ie.,

T, = ¢'(34) | Recall also that the unique solution of (7.19)-(7.20) is given by the
right-hand side of (7.22) (see (2.12) of Section 2.2 with k¥ = 1/2): u(t,x) = T, @(x).

The relationship between (I) and (II) says that the equation given in (7.15), with
the first order time derivative on the left and the operator .27 on the right defined in
equation (7.17), is related to SDE in (7.18) driven by a Brownian motion with drift,
as long as the coefficients satisfy appropriate conditions. In such cases we say that
the deterministic partial differential equation in (7.15) (or Cauchy problem (7.15)-
(7.16)) is associated with SDE (7.18), or vice versa, SDE (7.18) is associated with
deterministic equation (7.15).

The mechanism for establishing the relationship reveals that the transition prob-
abilities PX(t,x,dy) = P(X; € dy|Xo = x) of a solution X; to (7.18) satisfy in the
weak sense the following partial differential equations (this is discussed in the next
section):

X

W — o PX(1,x,dy), (& acts on the variable x) (7.23)
X

W — " PX(1,x,dy), (&/* acts on the variable y) (7.24)

where «7* is the formal adjoint to 2/. Equation (7.23), in which &7 acts on the
backward variable x, is called a backward Kolmogorov equation. Equation (7.24),
where 7" acts on the forward variable y, is called a forward Kolmogorov equation
or, in the Physics literature, a Fokker-Planck equation. We call them Fokker-Planck-
Kolmogorov equations, of for short, FPK equations.

In subsequent sections we will establish FPK equations, including space and
time fractional, as well as DODE FPK equations, associated with various classes
of SDEs.

7.4 FPK equations associated with SDEs driven
by Brownian motion

There are different ways of derivation of FPK equations. Below we show the deriva-
tion of FPK equations (7.23) and (7.24) based on I1t6’s formula (7.14).
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Suppose a process X; solves the stochastic differential equation
dX; = b(X;)dt + o(X;)dB:, Xo=x. (7.25)
Consider the conditional expectation
u(t,x) = EX[f (X)) = E[f(X)|Xo =2, (7.26)

of f(X;) given Xp = x. Here f(y), y € R", is an arbitrary twice differentiable function
with compact support. If p(¢,y;x) is the density of X; (in the variable y), given that
Xp = x (transition probability from x to y during the time period t), then we have

u(t,x) /f p(t,y;x)d

We will show that u(z,x) satisfies the following Cauchy problem

2

A2 (bute,0) + 5 o (Wt w00 = f(x).

Applying Ito’s formula (Proposition 7.3) to the stochastic process X;, that is

t t
X, = Xo+ / b(X,)ds+ / o(X,)dBs
0 0

we have
106 = F00)+ [ [/ 060600+ 3" (61020 Jas+ [ ()
Then, the expectation of f(X;) under the condition Xy = x becomes
BLF ()Xo =] = /() + B / 1 0B(X) + 3 (X))
= [ [ 0p0)+ 5 O0psyndsas, 727

since

Bl [ f (X)o(x)aB] <o

due to the martingale property of 1t6’s stochastic integral. Therefore, differentiat-
ing (7.27) with respect to the variable ¢, we have

[ PLI gy [ )4y

where
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Due to arbitrariness of f it follows from the latter that
Ip(t,y;x)
ot

in the weak sense, and p(z,y;x) as the density of X; with the condition Xy = x,
satisfies the initial condition

=A"p(t,y;x), (7.28)

p(0,y;x) = 8c(y),

where 8;(y) is the Dirac delta function concentrated at x. Equation (7.28) is the
Fokker-Planck, or Kolmogorov forward equation associated with stochastic differ-
ential equation (7.25).

Now let A be the formal adjoint operator to A*, that is

9¢(x)  0°(x) 9?9 (x)
ox + 2 oxz

A¢(x) = b(x)

Then, as an adjoint equation to (7.28), we obtain the backward Kolmogorov equa-
tion in the form
Ip(t,y;x)
— " — Ap(t.v:
> p(t,y:x),

with the initial condition
p(0,y:x) = 8,(x).
In the n-dimensional case the operator A takes the form (c.f. (7.17))

S I9(x) 1< 9’9 (x)
A =) bj = ii , 7.29
¢(X) jgl ](x) axj + 2 i‘jZZIa](x) axiaxj ( )
where a;j(x),i,j =1,...,n, are entries of the matrix obtained by multiplying the

matrix o (x) by its transpose & (x) .

7.5 Lévy processes and Lévy stable subordinators

Fractional Fokker-Planck-Kolmogorov equations are connected with the SDEs driven
by a specific time-changed stochastic process. A time-change process is the inverse
to, so-called, a stable Lévy subordinator, which is a Lévy process. Below we intro-
duce Lévy processes and stable subordinators. Lévy processes form a wide class of
stochastic processes. For us particular Lévy processes, namely, Lévy stable subor-
dinators, and symmetric stable Lévy processes will be of interest.

Definition 7.3. By definition, a Lévy process L € R", t > 0, is an adapted stochastic
process satisfying the following conditions:

1. Ly =0;

2. has independent stationary increments;

3. forall €, > 0, lim;_,, P(|L, — L,| > €) =0.
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Comparing with Definition 7.2 of Brownian motion, we notice that a Lévy process
is not required to have the density (7.5), and the path wise continuity condition is
weakened to the “continuity in probability.” Hence, Lévy processes may have jumps
in a countable number of points. To study jumps it is convenient to introduce a class
of cadlag processes. A cadlag process, by definition, is right continuous with left
limits. Any Lévy process has a cadlag modification, which is again Lévy process
[App09]. Moreover, any Lévy process is a semimartingale. (See the definition in
Section 7.16 “Additional notes”).

Lévy processes are characterized by three parameters (b, X, V), called a charac-
teristic triple, where b € R", X is a nonnegative definite (n X n)-matrix, and v is a
measure defined on R\ {0}, such that

/ min(1, [x[2)dv < eo. (7.30)
Rn

The measure Vv is called a Lévy measure. The Lévy-Khintchine formula character-
izes a Lévy process (as an infinitely divisible process) in terms of its characteristic
function

@ (E) = E(e5) = & 7(8), (7.31)

with

W(E)=ib,§) - 5(ZE.8)+ /. o€ TR )i () V(dw). (732)

The function Y is called the Lévy symbol of L;.
Another characterization of Lévy processes is given by the Lévy-It6 decomposi-
tion theorem, which states that

Ly = bot+ 0B: + wN (t,dw) + wN(t,dw), (7.33)

[wl<1 [w|>1

where by € R”, ¢ is an n x m-matrix such that o’ = X, B, is an m-dimensional
Brownian motion, and N(¢,dw) is a Poisson random measure and N(t,dw) =
N(t,dw) —tv(dw) is a compensated Poisson martingale-valued measure; see
“Additional notes” for the definition.

The first two terms in equations (7.32) and (7.33) characterize a Brownian com-
ponent of the Lévy process and the other terms are responsible for jumps. In Lévy-
Ito’s decomposition (7.33) small and large jumps are classified by the third and
fourth terms.

Consider some examples of Lévy processes. Two important subclasses of Lévy
processes (examples 2 and 3 below), called symmetric a-stable Lévy processes and
B-stable Lévy subordinators will essentially be used in our further considerations.
Symmetric ¢-stable processes will be used as alternatives to Brownian motion, and
inverses to stable subordinators as time-change processes.
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Example 7.3. 1. Let in the triple (b, X, v) the Lévy measure v = 0. Then the corre-
sponding Lévy process is Brownian motion, that is L, = B, with the drift b and
the correlation matrix X. This is the only class of Lévy processes with no jump
components.

2. Lévy’s symmetric o-stable processes. Let b =0, X =0 in the triple (b,X,V),
and the Lévy measure v is defined so that the Lévy symbol is

W(E)=—|E]%, 0<a<2. (7.34)

In this case the corresponding Lévy process is called a symmetric a-stable pro-
cess. Let, for example, the Lévy measure v depend only on the radial variable

r=y/x3+ - +x2, and be defined as

v(dx) = Codx

- |x|tx+n’

where Cy, is the normalizing constant specified below. This measure satisfies the
condition (7.30) if 0 < & < 2. One can show that in this case the Lévy symbol
has the form (7.34). Indeed, it follows from (7.32) that

ei(w7§) -1

8 1 —i(w, &)
|W|a+n

¥©)=Cu [

[w<1 [w|>1

The substitution w = x/|£|, & # 0, leads

™0 1 —i(x,0) |
(&) =Cul|* / PG dx / o

I<lel x[>[¢]

dx |,

where |0] is a point on the unit sphere in R” with the center at the origin, and
therefore, the expression in parentheses does not depend on 6. Taking into ac-
count the equality

/,, (x,")(’[;ls”lm hosie) 4,
one has
W(E) = Calel” [ (¢ =1 ~i(.0)11) o = I
R
where we set
-1
Co=— / (ei(x79) —1- i(x,@)l‘x‘gl) |x|de+ndx

Rn
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We denote Lévy’s m-dimensional symmetric o-stable process by L ;. A stochas-
tic differential equation driven by LL,; we write in the form

dX; = g(th)dLa,z, Xi—o = Xp,

where g(x) is (n x m)-matrix valued function satisfying the Lipschitz continuity
and growth conditions.

3. Lévy’s B-stable subordinators. One-dimensional nonnegative, nondecreasing
Lévy processes are called subordinators. This implies X to be the zero ma-
trix, b > 0, v(—e,0) = 0 and [min(1,|x|)v(dx) < e. We will not consider
in this book subordinators in such a general form. We will be interested only
in the subclass of Lévy’s stable subordinators. For f € (0,1), a B-stable sub-
ordinator is a strictly increasing subordinator W;, which is self-similar, i.e.
W, = 11/B W) in the sense of finite-dimensional distributions, and with the Lévy
symbol ¥(s) = —sP, s> 0. Due to equations (7.31) and (7.32), the latter can be
written as

5P

Ele™™]=¢, s>0. (7.35)

This in terms of the density function fw, (7), T > 0, of the random variable W;
takes the form

oo

Ble ™) = [ iy ()T =Lifin)(s) =,

0

where L[fw, |(s) is the Laplace transform of f, (7). Since the Laplace transform
of fw, (7) decays exponentially at infinity, it follows from the general theory of
Laplace transforms and Watson’s lemma that fy, (7) is infinitely differentiable
on (0,c), and vanishes at zero at an exponential rate. In fact, fi, (7) has the
following asymptotic behavior at zero and infinity: [MLPO1, UZ99]:

E)TF gy
fw, (1) ~ T— e B , T—0; (7.36)

27B(1-B)
fw, (7) ~ - , T oo, (7.37)
A (R
The Lévy-Ito decomposition (7.33), in fact, gives a clue how the stochastic differ-
ential equation (7.11) driven by Brownian motion can be extended to SDEs driven
by a Lévy process L;. Namely, by SDE driven by a Lévy process we understand the
equation

Xi = X0+/b dS+/ X;)dB; -I—/ l H(X_s,w)N(ds,dw)
wl<1

+ ./o -/\w\zl K(X_s,w)N(ds,dw), (7.38)
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where the continuous mappings b(x) : R” — R", o(x) : R" — R™™ and G(x,w) =
X(w)<1) (WH (x,w) + X (jwj=1) (W)K (x,w) : R" x R" — R” satisty the following Lip-
schitz and growth conditions, respectively:

[6(x) = b()]* + o (x) = o()* + /M<1 | (x,w) —H (3, w)[*v(dw)

<Cilx—yP, VxyeR" (7.39)
[‘|H@WWWMW§QO+MW,VXQW. (7.40)
Jlw|<1

7.6 Inverse processes to Lévy’s stable subordinators

Let E; be the first hitting time process for a stable subordinator W, with stability
index B € (0,1). The process E; is also called an inverse to W;. The relation between
E, and W, can be expressed as E; = min{7 : W; > ¢}. Since W, is strictly increasing,
its inverse process E; is continuous and nondecreasing, but not a Lévy process.
Likewise the time-changed process Bg, is also not a Lévy process (see details in
[HKU10]).

We denote by f,(7) the density function of E;. If fi, (t) is the density function of
Wi, then

J P
fi(t) = =_P(E, < 1) = = (1 - P(W: <1))
J ¢ 0 ¢
— J ﬁ . t t
— _Z./o Jw, (u)du = —BTH%fW1 (T—%), 7>0. (7.41)

Since f, (1) € C™(0,0), it follows from representation (7.41) that f;(7) € C* (R2),

where R? = (0,0) x (0,0). Further properties of f; () are represented in the fol-
lowing lemma.

Lemma 7.1. Let f;(7) be the function given in (7.41). Then

(@) limy— 19 f; (T) = 8o(7) in the sense of the topology of the space of Schwartz
distributions 9'(R);

. -p

(b) lim;_, 4o f;(7) = ﬁ, t>0;

(¢) lime fi (1) =0, £ > 0;

(d) L [f(D)](s) =P~ 1™ 5> 0, 7> 0,

where L;_,s denotes the Laplace transform with respect to the variable t.
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Proof. (a) Let w(7) be an infinitely differentiable function with compact support.
We have to show that lim,_, .o < f;,y >= y(0). Here < f;, y > denotes the value
of f; € 2'(R) on y. We have

lim < f,(1),y(t) > = hm/ £(D)w(t)dt = lim /wfw1 (u)q/((i)ﬁ)du

t—+0 t—+0 t—+0J0
—y(0) [ iy, (0= (0).

Parts (b) and (c¢) follow from asymptotic relations (7.37) and (7.36), respectively.
Part (d) is straightforward. One needs just to compute the Laplace transform of
£ (7) using the representation f; (1) = —%[wa1 (5 7B ). Indeed,

Lol O6) = Lo | 5o 10|

- _E%Lﬁs [fwl (wa)] ()

Due to part (b) of Lemma 7.1, f; € C*(0,0) for each fixed 7 > 0. Hence, the

fractional derivative DEJ f:(7) in the variable 7 is meaningful and is a generalized
function of the variable 7. Notice also that Part (d) means

L [P (0 = hito).

Lemma 7.2. The function f;(t) defined in (7.41) for eacht > 0 satisfies the equation
=B

ra-g)

Remark 7.1. Equality (7.42) is understood in the sense of distributions. The frac-

D2, fi(2) = ~ 2 () - & (2). (7.42)

tional derivative Df’, and the partial derivative % in this equation are in the usual
sense, since f;(7) € C°(R%).

Proof. The Laplace transform (in variable ¢) of DEJ /1(7), due to formula (3.55) in
the case 0 < 3 < 1, and using Parts (a) and (d) of Lemma 7.1, equals

Ll DE D)) = P (D)) = i ()
= 2Bt — P18 (1), s>0.

On the other hand, computing the inverse Laplace transform of both sides of this
equality, one obtains
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D fi() = L, [l ™ — P a(o)] (1)
1 [ S 0 - st |55 |0
-B
- jLY S R
9 P
= ft() m&)(ﬂa

completing the proof.

Proposition 7.4. The function f;(t) defined in (7.41) for each t > 0 satisfies the
equation

d

f() =50 fi(0). (7.43)
Proof. Applying the fractional integration operator JB to equation (7.42), we have
J B %(t) ., p
1 - _Z __O\Y) B,
f( ) t:}%#ﬁ( ) aT‘]t ﬁ(T) F(l_ﬁ)‘ll ’

in the sense of distributions. Due to part (a) of Lemma 7.1 we have lim;_,o;. f;(7) =
80(7). This fact together with the equation JBr=# = " (1 — B) implies (7.43).

7.7 Fractional FPK equations

Suppose X; € R" is a solution to the stochastic differential equation
dXt = b(Xt)dt+G(Xt)dBt, X[:O =X,

where vector-functions b : R” — R” and ¢ : R” — R™" satisfy the Lipschitz and
linear growth conditions, By is an m-dimensional Brownian motion, and x € R" is a
fixed point. We have seen above (Section 7.3) that in this case the associated FPK is

ngt,x) :JZ{M(I,X), t>0,x€R", (744)
u(0,x) = p(x), xeR" (7.45)

where .o/ is a differential operator defined in (7.17). The solution u(t,x) to Cauchy
problem (7.44)—(7.45) is connected with the stochastic process X; via the relation-
ship u(z,x) = E[o(X;)|Xo = x].

Below we will show that the FPK equation associated with the time-changed
process Xg,, where E; is the process inverse to the Lévy’s stable subordinator with
the stability index 3, has the form

DEv(t,x) =av(t,x), t>0,xeR" (7.46)
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with the initial condition
v(0,x) = o(x), (7.47)

where Df is the fractional derivative in the sense of Caputo-Djrbashian. We note
that solutions to equations (7.44) and (7.46) are connected via a certain relationship.
Namely, a solution v(¢,x) to equation (7.46) satisfying the initial condition (7.47)
can be represented through the solution u(f,x) to equation (7.44), satisfying the
same initial condition (7.45), by the formula

v(t,x) = /wa,(r)u(r,x)dr,

where f;(7) is the density function of E; for each fixed ¢ > 0. Indeed, conditioning
on the event [E, = 1], T € (0,0),

v(t,x) = B¥(9(Xz,)) = /0 wEx((p(XE,)|E, =7 )P(E € dr)
:/Owu(r,x)ft(r)dr.

Using Lemma 7.2, we have
B _ [T B
D*,Iv(tvx) - D*Jﬁ(T)M(T,X)dT
; 0 ;

. 7 d =B .
__./0 {Eﬁ(THm&)(ﬂ}u(nﬂ T
= — lim [/2(7)u(7,2)] + }:gl(l)[ﬁ(f)u(f’x)]

o 0 B
+/O f,(T)%u(T,x)dT—m

Due to Lemma 7.1, part (¢) implies the first term vanishes since u(7,x) is bounded,
while part (b) implies the second and last terms cancel. Taking into account (7.44),

u(0,x).

DP v(t.x) = / " () u(t,x)dT = (i, x).
0

Moreover, by property (a) of Lemma 7.1,

lim v(f,x) =< 8(7),u(t,x) >=u(0,x) = @(x).

t—+0
Thus, we proved the following theorem:

Theorem 7.1. Let u(t,x) be a solution of Cauchy problem (7.44)—(7.45). Then the
Sunction v(t,x) =[5 fi(T)u(7,x), where f;(7) is the density function of E;, satisfies
the Cauchy problem for fractional order differential equations (7.46)—(7.47).
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7.8 Mixed time-changed processes

Let W, be an (% )-adapted strictly increasing cadlag process, or equivalently, a
strictly increasing (% )-semimartingale, and E, = inf{t > 0 : W; > ¢}, the first
hitting time process. Then it follows from the definition of E; that E; is a contin-
uous (% )-time-change and P(E, < 1) = P(W; > 1). If W, = Wy, + W,,, where
Wi, and Wy, are independent (.7 )-adapted strictly increasing cadlag processes,
then W, also possesses the same property and its inverse process, E;, satisfies

P(E, < 1) = 1 — (F{" « F{?)(t), where for k = 1,2, F) (1) = P(Wy.; <) with
density fék), and x denotes convolution of cumulative distribution functions or den-
sities, whichever is required. For notational convenience, if a,b > 0, let

G- o= [0 () )

which through the density functions can also be written as

HY G ()] =1 [ o (52)

where J is the usual integration operator.

Lemma 7.3. Let W; = c1W; ; + coWa s, where ¢, ¢y are positive constants and Wy ;
and Wy, are independent stable subordinators with respective indices 1 and B, in
(0,1). Then the inverse E; of W; satisfies

F1(1)< - >*F1(2)< - )1 (1) (7.48)
c1Th cyTB2
and has density

fE,(T)=—i{%l(Jff”)< _ >*f1‘2>< ~ )](r)}. (7.49)
Jt cTh2 c1Th1 cyTh2

Proof. Since Wi ; and W, ; are independent and self-similar processes,

]P)(EIST):l_

1 1
P(E, < T)=P(W; >1) =1 —P(mﬁ Wi+ eatPaWy, < t)

F1(1)< .L )*F1(2>< 'L >‘| (1),
c1th crTh2

from which (7.49) follows immediately upon differentiating with respect to 7.

=1-

The following lemma provides an estimate for the density function fg, (7).
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Lemma 7.4. For any t < oo, the density fg,(T) in (7.49) is bounded and there exist
a number B € (0,1) and positive constants C, k, not depending on 7, such that

1
e, (7) < Cexp(—krlfﬁ ) (7.50)
for T large enough.

Proof. Suppose for clarity that 0 < fB; < B, < 1 in representation (7.49). It follows
that fg, (7) =1 + I, + I5, where

1 4 1 S 2 t—s
h=——r | (1] >)< T ) f)<—n>dsv
ﬁchT B2 0 ClTﬁl CQTﬁZ

1 4 s t—s
h=——T / 5 1(1)< ; ) 1(2)( : )ds,
Bicicat BB 0 c1Th1 crTh2

) ( — )ds
cﬂﬁz

It is easy to see that mtegratlon by parts reduces /3 to the sum of integrals of types

and

L=

£ [0 (=)

cTh c1th

I and I, namely, Is = ﬁzczr 5211 + Bi7tl,. Therefore, it suffices to estimate I;
and I,. First notice that both functions f(1 , (2) are continuous on [0,), and

J fl( D () < 1. Consequently, in accordance with the mean value theorem, there exist
numbers s., 5. € (0,7) such that

t Sk
n<———7 =), (7.51)
ﬁzCQT +E C2‘L’EZ

IS5k 1 Sk — Syx
12: 1+L+Lf1( ) < )fl ( 1 ) . (752)
Bicicat A B C]‘L'ﬁl crTh2

For 7 small enough, (7.37) implies

and

L <C, L<Ct and I < G377,

where C1,C,, and C3 are constants not depending on 7. These estimates and conti-
nuity of convolution imply boundedness of fg, (7) for any T < oo,

Now suppose that 7 is large enough. Then taking into account (7.36) in (7.51)
and (7.52), it is not hard to verify that

Cs 1
I < 5, ©XP (—klrlﬁz),
12(0-By)
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and
Cy

I -

b -
¢ ) AR

IN

ST
exp (—kz(r‘l‘l +1'-h )),

where C3,Cs4 and ki,kp are positive constants not depending on 7. Selecting
B = B; = min(f,B), C = max(C3,C4), and k = min(k;,2k;) — €, where
€ € (0,min(k;,2kz)), yields (7.50).

Two lemmas proved above can be extended to weighted averages of an arbitrary
number of independent stable subordinators. It is easy to verify that the process
W, = 22[: 1 CkWi, satisfies

N
=— z cfksﬁk, s> 0. (7.53)
k=1

InE[e ]

t=1

The function on the right-hand side of (7.53) can be expressed as the integral
— fol sBdu(B), with u the finite atomic measure,

N
du(B) =Y sy (B)dp.

k=1

Definition 7.4. Let 1 be a finite measure defined on the interval [0, 1]. Let S desig-
nate the class of strictly increasing (.%; )-semimartingales V;, Vy = 0, whose Laplace
transform is given by

InL[fy, (7)](s) = lnE[ef‘YV’} = —t/olsﬁdu(ﬁ), s>0,

where fy,(7), T > 0, is the density function of the process V;. This class obviously
contains stable subordinators and all mixtures of finitely many independent stable
subordinators. By construction, V) = 0 a.s., and V; can be considered as a weighted
mixture of independent stable subordinators. For the process V; € S corresponding
to a finite measure i, we use the notation V, = W* to indicate this correspondence.
In particular, if du () = a(B)df3, where a is a positive continuous function on [0, 1],
we write V; = W£.

Remark 7.2. Lemma 7.4 remains valid for the inverse E of any mixture W}" of
independent Lévy’s stable subordinators with a mixing measure [t whose support

suppu C (0, 1].

7.9 Distributed order FPK equations

The technique used in Section 7.7 extends to the more general case when the
time-change process is the first hitting time for an arbitrary mixture of indepen-
dent stable subordinators. Let ¢(s) = [) sPdu(B), where u is a finite measure
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with suppu C (0,1]. Let W/ be a nonnegative stochastic process satisfying

u . .
E(e W )= 90) and E}' = min{7: W} > t}. The process W} represents a mix-
ture of independent stable subordinators with a mixing measure (.

Theorem 7.2. Let u(t,x) be a solution of the Cauchy problem

8u((9tt,x) =u(t,x), t>0,xeR" (7.54)
u(0,x) =@(x), xeR™. (7.55)

Then the function v(t,x) = [;° fI'(T)u(t,x), where f!'(t) is the density function of
El, satisfies the initial value problem for the distributed order differential equation
1
Dyv(t,x) = / Df‘,v(t,x)du(ﬁ) =v(t,x), t>0,xeR", (7.56)
o ®
v(0,x) = @(x), x € R". (7.57)

The proof of this theorem requires two lemmas which generalize Lemmas 7.1
and 7.2. Define the function

5
q>u(t)=/()l ﬁdu(ﬁ), £>0. (7.58)

Lemma 7.5. Let f (1) be the function defined in Theorem 7.1. Then

(a) timy o £ (7) = (%), T2 0;

(b) limy 1o ' (T) = Dy (1), t > 0;

(¢) limy e f1(7) =0, £ > 0;

(d) ZislH (D)(5) = &e ™0, 5> 0, 7> 0.

Proof. First, notice that (1) = Jer (1) = —%[J fW,“](t)v where J is the usual int-

egration operator. The proofs of parts (a) — (¢) are similar to the proofs of parts
(a) — (c) of Lemma 7.1. Further, using the definition of W},

ol D)) =~ 2 Bl (O)5) = @e’”’m,

>0,
sdT s

which completes the proof.

Lemma 7.6. The function f!' (t) defined in Theorem 7.1 satisfies for each t > 0 the
following equation

Dusf(8) = (1)~ (D) 0) (1.59)

in the sense of tempered distributions.
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Proof. Integrating both sides of the equation

S [DP (D)) = P L[ ()] (s) — 5P 160 (1),

and taking into account part (d) of Lemma 7.5, yields
2
s) _ s
o [Dpett (0] = e - ),
It is easy to verify that the latter coincides with the Laplace transform of the right-

hand side of (7.59).

Proof (of Theorem 7.2). Using Lemma 7.6, we have

Dy v(t,x) = /Owaf,”(T)u(T,x)dT

= = lim [ (D)u(z,x)] + lim £ (7)u(7, )]

> d > d
+ | A O SouEdr = @uu(0.0) = [ (05 u(z0dr,

since the limit lim; o[£ (T)u(7,x)] = 0 due to parts (c) of Lemma 7.5, and
limo o[£ (*)u(t,x)] = @y (¢)u(0,x) due to part (b) of Lemma 7.5. Now taking
into account equation (7.54),

Dyuv(t,x) = /0 ") u(t,x)dT = (i, x).

The initial condition (7.55) is also verified by using property (a) of Lemma 7.5:

lim v(f,x) =< 8(7),u(t,x) >=u(0,x) = @(x),

t—+0

which completes the proof.

Corollary 7.1. Let the Cauchy problem (7.54)—(7.55) represent the FPK equation
associated with stochastic differential equation dX; = b(X;)dt + o (X;)dB; with the
initial condition Xy. Then the fractional FPK equation associated with the time-
changed stochastic process XE,“ is given by Cauchy problem (7.56)—(7.57).

Unfortunately, this method does not provide any information about stochastic
differential equations associated with fractional order FPK equations. To establish
the connection between fractional FPK equations and their associated stochastic
differential equations we further need to study properties of densities of time-change
processes, and to establish some auxiliary results. This is done in the next section.
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7.10 Connection with semigroups and their infinitesimal
generators

In Example 7.2 we saw that Brownian motion B; is associated with a semigroup
T; : Co(R") — Co(R") (or Ty : Lr(R™) — Ly(R™)) of linear bounded operators with
the infinitesimal generator ./ = %A, which is a closed operator with the domain
9(ef) = C(R™) (or D(/) = H'(R")).

This relationship is true for wide class of (Markovian) stochastic processes. For
every Lévy process (see, e.g., [App09]) there is an associated semigroup {7;,t > 0}
defined on Co(R") with infinitesimal generator <7 whose domain contains C3(R").
The infinitesimal generator of the Lévy process with characteristics (b, X, V) is a
pseudo-differential operator o7 = W (Dy) with the symbol ¥(£) defined in (7.32).
The explicit form of this operator with the domain C3(IR") is

- g‘ i&xj 2 4 8x18xj

lj 1
+./Rn\{0} [(P(x—w)—(p(x X(w<1)( Zw,a ] (dw). (7.60)

Indeed, due to definition (7.32) of the symbol ¥ (&), one has

2n) Jo
i = (09 =100 )10y () viaw) | F[o)(§ )

= Zb/ 3 Uil oij aij;; :

" Jengo) [(2;)'1 Lo OFgl(&)a *@ [ e EFlp)(E)ag

n do
—X(wi<ny(W) ¥ wi=—|v(d
(wl<1) FZI fax,}

Now changing the order of integration, valid for functions ¢ € C%(R”),
implies (7.60).

We note that {7;,7 > 0}, associated with the Lévy process L;, is also a semigroup
on L?(R") and the domain of its infinitesimal generator ¥ (D,) is the anisotropic
Sobolev space W (R") = {@ € L2(R") : [ |P(&)?|Q(E)[>dE < o} (see [JacO1]).
If L, is a symmetric ¢-stable process, then W (R") coincides with the Sobolev space
H*(R™).
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Further, if X; solves SDE (7.38), then (T;¢)(x) = E[o(X;)|Xo = x] is a strongly
continuous contraction semigroup defined on the Banach space Cy(R"). Moreover,
its infinitesimal generator is the operator [App09, Sit05]

B n a(P 1 & 32([)
LxD)ot) = R o0 3E+ 5 3 o) 5
v f l<p<x—c<x,w>)—<p<x> () 3 ) 20 (),
j=1 J

R"\{0}
(7.61)

with G(x,w) = H(x,w) if [w| < 1, and G(x,w) = K (x,w) if [w| > 1. This is a pseudo-
differential operator with the symbol

¥(x,8) =i(b(x),§) - %(Z(x)é,é) (7.62)
i Rn\{ogei(G(x’Wm — 1=i(G(x,w), &) X (wl<1)(W)) v (dw),

Indeed, for ¢ € C3(R") C D(Z(x,D)), one has

LD = g [ ¥R EIFIEIE
Ril
1 ' —i(x, . 1
= W/e ( é)[l(b(x)f)—i(z(x)g@

R~

o {Ogef<0<"=w>=€> 1 i(G e w). E) gy <) (00)) vidw) | Flp)(§)dé
a 82
o 2 bi( qj 3 2 8xl8xj

J’_

(2;),1 / e !f) [ / (MOIE) — 1~ (G, w), )X ety (W) vIdw) | Flg)(£)dE

R~ R”\{O}

Changing the order of integration in the last line, which is valid for any ¢ € C(Z) (R™),
we reduce it to

1 efi(xf (x,w),8) _ ; eii(X’é)
/]R”\{O} {(27r)”R[ ¢ Flol(8)ds (Zn)nR{ Flo](§)dS

\w\<1 2 x,wW ;pij)} v(dw).

Further, using properties of Fourier transform, the expression under the outer inte-
gral in the latter can be written in the form
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@ (x—Glx,w)) = @(x) = X(wi<1)( Z‘ a<p(x)

XW .
8xj

Thus, the infinitesimal generator £ (x,Dy) of the solution of SDE (7.38) has the
form (7.61). Moreover, if vector-functions b(x), X(x), and G(x,w) satisfy Lipschitz
and linear growth conditions, then the mapping . (x,Dy) : C3(R") — Co(R") is
continuous, that is C}(R") C Dom(.# (x,Dy)).

A time-changed stochastic process, in general, does not have an associated semi-
group. This is the case when the time-change process E; is the inverse to Lévy’s
B-stable subordinator. However, if a stochastic process X; has an associated strongly
continuous semigroup 7; with an infinitesimal generator <7, then this information
can be effectively used in description of the time-changed process Xg, or X Fl where
U is a mixing measure. Below we establish two important abstract theorems in this
context which are required for the main results of Section 7.11.

Let {T;,t > 0} be a strongly continuous semigroup defined on a Banach space
2 with norm || - ||, such that the estimate

T o]l < Mo (7.63)

is valid for some constants M > 0 and @ > 0. This assumption implies that any
number s with Re(s) > @ belongs to the resolvent set p(27) of the infinitesimal
generator <7 of T; and the resolvent operator is represented in the form R(s,.«7) =
Jo e T, dr [EN99].

Theorem 7.3. Define the process W, = c{W1 ; +coWa ;, where Wy ; and W ; are ind-
ependent stable subordinators with respective indices P, € (0,1) and constants
c1 >0, ¢ > 0. Let E; be the inverse process to W;. Suppose T; is a strongly continu-
ous semigroup in a Banach space X satisfies (7.63), and has infinitesimal genera-
tor &/ withDom(</') C 2 . Then, for each fixedt > 0, the integral [y fe,(T)Tr@dT
exists and the vector-function v(t) = [y° fg,(T)Tr@dt, where ¢ € Dom(</), sat-
isfies the abstract Cauchy problem for the distributed order fractional differential
equation

C\DP(t) + CDPv (1) = av(t), >0, (7.64)

v(0) = o, (7.65)

where D[3 is the fractional derivative of order B in the sense of Caputo-Djrbashian,
and C| = C?l and C) = ng_

Proof. First, define a vector-function p(t) = Tr@, where ¢ € Dom(.«7). In accor-
dance with the conditions of the theorem, p(7) satisfies the abstract Cauchy problem

ag(;) =dp(1), p0)=0, (7.66)
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where the operator o7 is the infinitesimal generator of 7;. Now consider the integral
Jo fe,(T)Tr@dz. 1t follows from Lemma 7.4 and condition (7.63) that

| [ moat| < [ s oimolar a7
e

<Cllgll [ et 0 ar <,

where 8 € (0,1) and C, k > 0 are constants. Hence, the integral [y f, (7)Tr@dT
exists in the sense of Bochner for each fixed r > 0. Denote this vector-function by

i) = [ e (9Tgdr.

It follows immediately from the definition of the semigroup 7; that

v(0) —hm/ fE, (D) Te@dt =Top = ¢,
t—0+

in the norm of Z". By (7.49),

__[a) 1 (1) : o -
T s R

Ly ) () (5)] 0= %i (aim(aw) (o7 09)

using (7.35), the Laplace transform of v(¢) takes the form

~ _ ~d gl 71051351 7Tcﬁ2sﬁ2
v(s)——/o 81:{ e }Tr(pdr (7.68)

= (5Pt +c§2sﬁ2’l)/w eff(c?lsﬁ'“gzsﬁz)ﬂfpdr
0

= (Clsm*l +C2sﬁ271) m(clsﬁl —|—C2sﬁ2)

= (C1Sﬂ171 +C2sﬁ2*1)[5(C1s[31 —I—Czsﬁz),

which is well defined for all s such that C; sPr 4+ Cgsl32 > w, where C;, = cﬁ" k=1,2.
On the other hand it follows from (7.66) that

(s—)p(s) =@, Vs> . (7.69)
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Let @y > 0 be a number such that s > @y iff C;sPt + CosP2 > @. Then (7.68)
and (7.69) together yield

[C1sPr + CosPr — 5(s) = (CisP T+ CosP o, 5> .
Writing this in the form
Ci[sP3(s) — P10 (0)] + o [sP29(s) — s 10(0)] = i(s), s>y,  (7.70)

recalling the formula L[DEv(z‘)] (s) = sPLV](s) — sP~1v(0) for 0 < B < 1 (see Propo-
sition 3.11), and applying the inverse Laplace transform to both sides of equa-
tion (7.70), we obtain

C1DP (1) + CDP2 (1) = a7 v(2).

Hence v(¢) satisfies the Cauchy problem (7.64)—(7.65).

This theorem can easily be extended to the linear combination of a finite number
of processes Wy ;, k =1,...,N. The proof has no essential difference.

Theorem 7.4. Define the process W, = 22]:1 Wi, where Wy, k=1,....N, are
independent stable subordinators with respective indices B, € (0,1) and constants
cy > 0. Let E; be the inverse process to W;. Suppose T, is a strongly continuous
semigroup in a Banach space 2, satisfies (7.63), and has infinitesimal generator
o withDom(/) C Z . Then, for each fixedt > 0, the integral [y fe,(T)T;@dT ex-
ists and the vector-function v(t) = [y fE,(T)T:@dt, where ¢ € Dom(</), satisfies
the abstract Cauchy problem for the distributed order fractional differential equa-
tion

N
D CDPoy(t) = (), >0,
k=1

v(0) = o,
where Df is the fractional derivative of order B in the sense of Caputo-Djrbashian,
ande:cE", k=1,...,N.

The next theorem provides an extension of Theorem 7.4 to an arbitrary time-
change process W' € S; see Definition 7.4.

Theorem 7.5. Assume that W} € S where p is a positive finite measure with
supplt C (0,1), and let E! be the inverse process to W . Then the vector-function
v(t) =[5 Jen (t)Tr@dt, where T; and @ are as in Theorem 7.4, exists and satisfies
the abstract Cauchy problem

1
Duv(r) = /0 DPu(t)du(B) = #v(t), >0, (7.71)
%(0) = 9. (1.72)
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Proof. We briefly sketch the proof, since the idea is similar to the proof of Theorem
7.4. Since suppu C (0,1), the density - (1),7 > 0, exists and has asymptotics

(7.36) with some 3 = By € (0,1) and (7.37) with some § = f3; € (0, 1). This implies
existence of the vector-function v(r). Further, one can readily see that

= [ 20, 0) Tl

Now it follows from the definition of W/ that the Laplace transform of v(¢) satisfies

L[v] (S) _ f()1 Sﬁd.u(ﬁ) /Owefrfol Sﬁd”(ﬁ)(TT(p)dT

N

=210, s>a. (7.73)

where ¢(s) = f; sPdu(B). p(t) is a solution to the abstract Cauchy problem (7.66),
and @ > 0 is a number such that s > @ if p(s) > (@ is uniquely defined, since
¢(s) is a strictly increasing function). Combining (7.73) and (7.69),

(0(s) = )o(s) =p——, s> 0. (1.74)
Applying the Laplace transform to (7.71) yields (7.74), as desired.

Remark 7.3. If @ = 0 in (7.63), that is the semigroup 7; satisfies the inequality
||| < M, then the condition suppu C (0,1) in Theorem 7.5 can be replaced by

suppp C [0,1).

Example 1. Time-changed Lévy process. The operator 7 associated with the Lévy
process L, with characteristics (b, X, v) is a pseudo-differential operator with the
symbol ¥ (&) given in (7.32). The corresponding Cauchy problem takes the form

du(t,x)

yr =/ (Dy)u(t,x), u(0,x)=¢(x).

Theorem 7.5 implies that if E is the first hitting time of the process W/ defined
in this theorem and if £ is independent of L;, then the Cauchy problem associated
with the time-changed Lévy process LE,“ is the initial value problem for the time-
fractional distributed order pseudo-differential equation

Dyu(t,x) = o/ (Dy)u(t,x), t>0,xeR",
u(0,x) = @(x), xeR"
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7.11 Fractional Fokker-Planck-Kolmogorov equations associated
with SDEs driven by a time-changed Lévy process

Suppose L, is a Lévy process and E; is a continuous time-change process, both with
respect to a filtration .%;. Consider the following SDE driven by the time-changed
Lévy process Lg,:

°t
X,:x—i—/ b(X,_ )dE, +/ dBEY—i—/ H(X,_,w)N(dE;,dw)
Jo [wl<1
t
+ / / K(Xo,w)N(dE,,dw), (1.75)
0 Jw|>1

where the mappings b(x) : R” — R", 6(x) : R" — R and H (x,w), K(x,w) : R" x
R" — R” satisfy the same conditions as in SDE (7.38). SDE (7.75) is obtained from
SDE (7.38) upon replacing its driving process L, by a time-changed process Lg, . It
is known [Jac79] that, if L, is an (.%; )-semimartingale and E, is a continuous time-
change process, then Lg, is an (%, )-semimartingale. Thus, (7.75) is the integral
form of an SDE driven by an (.Zg, )-semimartingale. We use the following shorthand
differential form of SDE (7.75):

dX, =F(X,_)®dLg,, Xo=ux, (7.76)

where F(x) = (b(x), 0(x),G(x,-)) indicates the triple of coefficients controlling the
drift, Brownian, and jump terms, respectively. Similarly, the SDE in (7.76) we write
in the following shorthand differential form (to avoid confusion with SDE (7.76)
we use letter Y for the unknown process and 7 for the time variable):

dY; =F(Y;_)®dL;, Yy=x. (7.77)

SDE (7.77) has been a focus of many researchers (see, [Sit05, App09] and the ref-
erences therein). In particular, the following theorem is proved.

Theorem 7.6. ([Sit05, App09]) If F (x) = (b(x),c(x),G(x,")) satisfies the Lipschitz
and growth conditions (7.39) and (7.40), respectively, then SDE (7.77) has a unique
strong solution with cadlag paths.

Theorem 7.7. Let W, be a (% )-adapted strictly increasing cadlag process and E;
be its inverse. Suppose a stochastic process Yz satisfies SDE (7.77). Then X; =Yg, is
an (Fg,)-semimartingale and satisfies SDE (7.76).

Proof. Since W, is a strictly increasing (.%;)-adapted process, its inverse E; is a
continuous (% )-time-change. Suppose Y; satisfies SDE (7.77) and let X; = Yg,.
Then due to well-known time-change formula [Jac79], we have

E f
X =x+t | F(s,YS,)QdLs:)H—/O F(E,Yg(s) ) ©dLg,. (7.78)
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X; will satisfy SDE (7.76) provided X;— = (Y o E);_ can replace Yg ,)_ in (7.78). The
equality Yz () = (Y o E),_ fails only when s > 0 and E is constant on some closed
interval [s — &, ] C (0,7] with € > 0. However, the integrator Lo E on the right-hand
side of (7.78) is constant on this interval. Hence, the difference between the two
values Yg(,)_ and X;— = (Y o E);— does not affect the value of the integral. Conse-
quently, (7.78) is valid with X_ in place of YE(S),. Thus, X; satisfies SDE (7.76), as
desired.

Remark 7.4. There is a general duality between the classes of SDEs (7.76) and
SDE (7.77) studied in detail in [Kob11]. Theorem 7.7 is an adopted case to to our
special case.

Theorems 7.7 and 7.6 together yield

Corollary 7.2. If F(u,x) satisfies the Lipschitz and growth conditions (7.39) and
(7.40), respectively, then SDE (7.76) has a unique strong solution with cadlag paths.

Now we are ready to prove the following theorem, which generalizes
Theorem 7.3.

Theorem 7.8. Let W ; and W, ; be independent stable subordinators of respective
indices i, Br € (0,1). Define W; = ciWy; + caWa,, with positive constants ¢y
and ¢y, and let E; be its inverse. Suppose that a stochastic process Yy satisfies the
SDE (7.77) driven by a Lévy process L;. Let X; = Yg,. Then

1) X; satisfies the SDE (71.7716) driven by the time-changed Lévy process Lg, .
2) if Yr is independent of E, then the function u(t,x) = E[@(X;)|Xo = x| satisfies the
following Cauchy problem

C1DPu(t,x) + C\DPru(t,x) = £ (x,Dy)ult,x), t>0,xeR",  (1.79)
u(0,x) = ¢(x), (7.80)

where @ € C3(R"), C; = CEk, k = 1,2, and the pseudo-differential operator
Z(x,Dy) is as in (7.61) with symbol in (7.62).

Proof. The proof of part 1) easily follows from Theorem 7.7. Notice that since
W, is a linear combination of stable subordinators, which are cadlag and strictly
increasing, it follows that W; is also cadlag and strictly increasing. Hence, X; = Y,
satisfies SDE (7.76).

2) Consider TY ¢(x) = E[@(Y;)|Yo = x|, where Y is a solution of SDE (7.77).
Then TTY is a strongly continuous contraction semigroup in the Banach space Cy(R")
(see [App09]) which satisfies (7.63) with @ = 0, has infinitesimal generator given
by the pseudo-differential operator £ (x, D,) with symbol ¥ (x, &) defined in (7.62),
and C3(R") C Dom(-Z(x,D,)). So the function p¥ (7,x) = TY ¢(x) with ¢ € C3(R")
satisfies the Cauchy problem

ap” (t,x)

- = Z(x,Dy)p" (1,x),  pY(0,x) = @(x).



7.11 Fractional FPK associated with SDEs driven by a time-changed Lévy process 317

Furthermore, consider pX(¢,x) = E[o(X;)|Xo = x] = E[@(Yg,)|Yo = x] (recall that
Eo = 0). Using independence of the processes Y; and E;,

) = [ Bl = Yo =i (Ddr = [ fr (0T gz, (78D
0 0

Now, in accordance with Theorem 7.4, pX (¢,x) satisfies the Cauchy problem (7.79)-
(7.80).

Theorem 7.9. ([HKU10]) Let Wy;, k = 1,...,N be independent stable subordina-
tors of respective indices By € (0,1). Define W; = Ziv: 1 ckWis, with positive con-
stants cy, and let E; be its inverse. Suppose that a stochastic process Yr satisfies the
SDE (7.77) driven by a Lévy process L;. Let X; = Yg,. Then

1) X; satisfies the SDE (71.7716) driven by the time-changed Lévy process Lg, .
2) if Yr is independent of E, then the function u(t,x) = E[@(X;)|Xo = x| satisfies the
following Cauchy problem

N
Y CkDE"u(t,x) =Z(x,Dy)u(t,x), t>0,xeR"
k=1

u(O,x) = (p(x),

where ¢ € C}(R"), C = cE", k=1,...,N, and the pseudo-differential operator
Z(x,Dy) is as in (7.61) with symbol in (7.62).

Theorem 7.10. (fHKU10]) Assume that W(l;t) € S, where W is a positive finite
measure with supp L C [0,1), and let E; be its inverse. Suppose that a stochastic
process Y; satisfies SDE (7.77), and let X; = Yg,. Then

1) X; satisfies SDE (7.76);

2) if Yr is independent of E;, then the function u(t,x) = E[p(X;)|Xo = x] satisfies
the following Cauchy problem for the time-fractional distributed order pseudo-
differential equation

Dyu(t,x) = Z(x,Do)u(t,x), t>0,xeR",

and the initial condition

u(0,x) = @(x).

Proof. The proof of part 1) again follows from Theorem 7.7. Part 2) follows from
Theorem 7.5 in a manner similar to the proof of part 2) of Theorem 7.9.

Remark 7.5. Theorems 7.9 and 7.10 reveal the class of SDEs which are associated
with the wide class of time fractional distributed order pseudo-differential equations.
Each SDE in this class is driven by a semimartingale which is a time-changed Lévy
process, where the time-change is given by the inverse of a mixture of independent
stable subordinators. Therefore, these SDEs cannot be represented as classical SDEs
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driven by a Brownian motion or a Lévy process. The general extensions provided
by these two theorems were motivated by their requirement in many applications,
such as the cell biology example considered in the introduction.

Corollary 7.3. Let the coefficients b, o, H, K of the pseudo-differential operator
Z(x,D,) defined in (7.61) with symbol in (7.62) be continuous, bounded, and sat-
isfy Lipschitz and growth condition. Suppose ¢ € Cg (R™). Then the Cauchy problem
for the time-fractional DODE

Dyu(t,x) = Z(x,Dy)u(t,x), t>0,xeR",
u(0,x) = ¢(x), xeR’,

has a unique solution u(t,x) € C3(R") for eacht > 0.

Proof. The result follows from the representation (7.81) in conjunction with esti-
mate (7.67).

Example 7.4. Time-changed a-stable Lévy process. Let Ly(t) be a symmetric n-
dimensional a-stable Lévy process, which is a pure jump process. If pl(t,x) =
E[@(Ly(t))|La(0) = x], where @ € C3(R") (or, ¢ € H*(R"), the Sobolev space of
order ), then p*(t,x) satisfies in the strong sense the Cauchy problem

dp*(t,x)

ot
pH0,x)=0(x), xeR", (7.83)

= —Ke(—A)*?pH(t,x), >0, xR, (7.82)

where Ky is a constant depending on ¢« and (—A)“‘/ 2 is a fractional power of the
Laplace operator. The operator on the right-hand side of (7.82) can be represented
as a pseudo-differential operator with the symbol y(&) := |£|*. Tt can also be rep-
resented as a hyper-singular integral (Section 3.8), which is more convenient in
random walk approximation of ¢-stable Lévy processes (see Chapter 8).

Example 7.5. Let SS be the set of Lévy processes X, , such that

(") = wi(e) = - [ “dp (o0

Evidently, if p(da) = 84, (t)da, then X = Lg, (t). Hence, the set SS contains all
the symmetric a-stable Lévy processes. Moreover, if Ly, (f) and L, (¢) are inde-
pendent symmetric o - and op-stable Lévy processes, respectively, then ALg, (1) +
BLq, (t) € SS with p(do) = [Ady (ot — o) +Bdp (0t — o) ]d .
Now let Xgu be the time-changed process, where E/ is the inverse to a process
t
W (u;t) €S. Then due to Theorem 7.10, the FPK equation, associated with X g ., has

the form
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Dyuft,x) = /OZ]D)S‘M(t,x)dp(a),
u(0,x) = o(x).
Now suppose ¥; solves SDE
dY; = g(¥-)dLa(t), Yo=x,

where g(x) is a function satisfying the growth and Lipschitz conditions, and such
that g(x) # 0, x € R”. In other words each for each component Y;(z) of the n dimen-
sional stochastic process Y;, we have SDE

de(t) = g(Yj(t—))dLaj(l), Yj(O) =Xj, j=1,...,n,

where Ly (¢) is j-th component of the process Ly (f). In this case, the forward FPK
equation takes the form

Ip* (1,%)
ot
In order to prove this statement we recall that the forward FPK equation uses the

adjoint operator .«/* (see (7.24)). In our case Ly (z) is SaS-process, and therefore,
the operator &7 = ¥(x,D), due to formula (7.61), is

= —Ka(—2)"*{|gx)|*p (t,x)}, >0, xER" (7.84)

D)ol = [ lple— () = 9 = 8(3) 00 V(o) a0

R\ {0}

where ¢ € (¥ (x,D)) = H'(R"). Using the substitutiony; = —g(x)w;, j=1,...,n,
in the latter integral, one has

d
¥(x,D)o(x) = / [(P(x+y)—¢(x)+(y,V¢(x))xy§g<x)(y)]lgl(yxﬁ#
R™\{0}
Therefore, for arbitrary v € H'(R"),
(D)), v())
=[] v@lete) - 0w+ 0.To i) (Y)]%#dx
R*R"\{0} y
:/ / "’(x)[(|g|av)(x*w*(lgI“V)(X)*(y,V(IgI“V)(X))X\y\gl(y)]%dx
RrRri (0} v

— (9. ¥ (.0) (|¢(x)|“v(x) ) ) = (@), %" (. D)v()).

Hence, the adjoint operator is ¥* (x,D)v(x) = ¥(x,D) (| g(x)|°‘v(x)) , and we obtain
(7.84).
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Application of Theorem 7.10 implies that X; = Y, satisfies the SDE
dX; = g(X,—)dLa g, Xo=x, (7.85)

where E; is the first hitting time of the process D(u;¢) described in this theorem.
Moreover, if E; is independent of ¥;, then the corresponding forward Kolmogorov
equation becomes a {time-fractional DODE/pseudo-differential } equation

Dyup™(1,%) = —Ka(—2)*{[gx)]*p" (1,2)}, 1>0,xeR", (7.86)

where 2, is the operator defined in (7.71). When the SDE in (7.85) is driven by
a nonsymmetric o-stable Lévy process, an analogue of (7.86) holds using instead
of (7.84) its analogue appearing in [SLDYLO1].

Example 7.6. Fractional analogue of the Feynman-Kac formula. Suppose Y, is a
strong solution of SDE (7.77). Let ¥ € R" be a fixed point, which we call a terminal
point. Let g be a nonnegative continuous function. Consider the process

ya_ | Y if 0<1< 7,
Ly, it 1>,

where 7, is an (% )-stopping time satisfying

1
?(7;> 170 =exo (- [ atroas).
0
The process Y/ is a Feller process with associated semigroup (see [App09])

(19)0) = |exp (~ [/ a(k)as ) o0%)

Yo= y] : (7.87)

and infinitesimal generator .Z,(x,Dy) = —q(x) + .2 (x,Dy), where .2 (x,Dy) is the
pseudo-differential operator defined in (7.61). Let E; be the inverse to a [-stable
subordinator independent of Y;. Then it follows from Theorem 7.9 with N = 1 that
the transition probabilities of the process X; = Y, solve the Cauchy problem for the
fractional order equation

DPu(t,x) = [—q(x) + L(x,D)u(t,x), >0, xecR",
u(0,x) = p(x), xeR™

Consequently, (7.87), with X; = Yg, replacing Y;, and dE; replacing dt, represents a
fractional analogue of the Feynman-Kac formula.
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7.12 Fractional Brownian motion

Brownian motion does not adequately model stochastic processes having corre-
lations arising in a range of diverse applied fields, including finance, biology,
hydrology, solar physics, turbulence, etc. A better mathematical model for such pro-
cesses is achieved using fractional Brownian motion (fBM). Our next goal is to de-
rive fractional Fokker-Planck-Kolmogorov type equations, associated with stochas-
tic differential equations driven by a time-changed fBM.

By definition, a one-dimensional fBM B is a zero-mean Gaussian process with
continuous paths and covariance function

Ru(s,1) = E(BYB{!) = 5 (s* +12M — |s —1*1),

| —

where the parameter H, called a Hurst parameter, takes values in the interval (0, 1).
IfH = 1 , then B coincides with the standard Brownian motion. In this case, obvi-
ously, R1 /z(s t) = min(s,#), which is a well known property of Brownian motion.
Fractional Brownian motion, as a driving process for SDEs, does not satisfy con-
ditions required for 1t0’s calculus,” unless H = % (see Section “Additional notes”).
Nevertheless, there are several approaches [Ben03, BHOZ08, DU98, Nua06] to a
stochastic calculus in order to interpret in a meaningful way as an SDE of the form

X, = Xo+ / b(Xy)ds + / X,)dBY, (7.88)

driven by an m-dimensional fBM B | where mappings b : R” — R" and ¢ : R" —
R™™ are Lipschitz continuous; Xy is a random variable independent of Bf. We
do not discuss here these approaches referring the interested reader to [BHOZ08,
DU98, Nua06]. Instead, we focus our attention on the FPK equation associated with
SDE (7.88) driven by fBM whose generic form is given by

du(t,x)

5 = Blx,Dou(t,x) +HPH A (x, Dy u(t, x), (7.89)
where . 5
B(x,Dy) = bj(x)=—, (7.90)
j=1 Jx;

a first order differential operator, and A(x,D;) is a second order elliptic differential
operator

-3 o

aplx (7.91)
Pt J 8x18xk

Functions aj(x), j,k = 1,...,n are entries of the matrix «/(x) = o(x) x o7 (x),

where o7 (x) is the transpose of matrix o (x). By definition <7 (x) is positive definite:

2 It is not a semimartingale
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forany x € R" and & € R" one has 31, _; au(x)§;& > C|E |2, where C is a positive
constant. The operator A(x, D) can also be given in the divergent form

o J
AD) =Y a—xj(ajk(x)a—%). (1.92)

Jk=1

The right-hand side of (7.89) depends on the time variable ¢, which, in fact, reflects
the presence of correlation. Additionally, u(,x) in equation (7.89) satisfies the initial
condition

u(0,x) = o(x), xeR"Y (7.93)

where ¢(x) belongs to some function space, or is a generalized function. In the
particular case of FPK equation associated with SDE (7.88), ¢(x) = fx, (x), the
density function of Xo. If Xo = xo € R", then ¢(x) = &y (x), Dirac’s delta with mass
on x¢. In this case the solution to the FPK equation is understood in the weak sense.

In the one-dimensional case with H € (?lw 1), as is shown in [BC07], the function
u(t,x) = Ex[@(X;)] solves the equation (7.89) with initial condition (7.93) when X;
solves SDE (7.88) with b = 0 and a stochastic integral in the sense of Stratanovich.
The operator A(x, D) appearing in (1.3) is expressed in the divergence form (7.92).

7.13 Abstract theorem

In this section we prove an abstract theorem for a class of differential operator equa-
tions, containing (7.89) as a particular case. Let A and B be linear closed operators
with 2(A) C Z(B) C X, where X is a Banach space. Introduce the operator

1
L) =B+ %N’A, >0, (7.94)

where y € (—1,1). The parameter Y is related to the Hurst parameter H through
Y= 2H — 1. The introduction of Yy is made so that the operators Gy arising below
(see (7.99)) will have the semigroup property.

Our starting point is the differential-operator equation

du(r)
dt

=Ly(t)u(t), t>0, (7.95)
with an initial condition
u(0) =up €X. (7.96)

If y=0, or equivalently H = %, and operators B = B(x,D,) and A = A(x,Dy) are
defined in (7.90) and (7.91), respectively, then the operator Lo(¢) = Lo(t,x,Dy) has
a form with coefficients not depending on #:

Lo(t,x,Dy) = L(x,Dy) = B(x,Dyx) + %A(x,Dx),
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and equation (7.95) coincides with the FPK equation associated with the SDE driven
by Brownian motion (see Section 7.4)
du(t,x)
ot

As before, integrals below are understood in the sense of Bochner, if integrands
are vector-functions with values in a topological vector space.

=L(x,Dy)u(t,x) t>0,xeR"

Theorem 7.11. Let u(t) be a solution to initial value problem (7.95)—(7.96). Let
f1(T) be the density function of the process inverse to a Lévy’s stable subordinator
of index B. Then the vector function v(t) = [ f;(T)u(t)dT satisfies the following
initial value problem for a fractional order differential-operator equation

DPv(t) = By(r) + %IAG%,V( 1), >0, (7.97)

v(0) = o, (7.98)

where the operator Gy, is defined through u(t) by

Gyv(t) = /wat(r)ryu(r)dr.

Moreover, for Gy, the following explicit representation holds:

Grov(0) = Brire )3 P2 [ [ I o, )

where 0 < C < s, and 78 = eﬁLn(Z), Ln(z) being the principal value of the complex
In(z) with cut along the negative real axis.

Proof. Letv(t) = [y fi(T)u(t)dT, where u(r) satisfies initial value problem (7.95)-
(7.96). Using relation (7.42) valid for f;(7), we have

- 5
Dlote) = [ Dhuseu(ear = [ [ 250+ g d@]uteie
=—Tlgg[ﬁ(f)u(f)]+}igg)[ﬁ(f)u(f)]
-B
+/ fie dT—F(tl_B)u(O).

Due to Lemma 7.1, part (c) the first term vanishes since u(7,x) is bounded, and due
to part (b) of the same lemma the second and last terms cancel. Moreover, taking
into account (7.95), one has
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Dot = [ s = [ a0e) [Buce) + L eraue)| ae
=B >+%Acm< 1),
where
Gyv(1) / T)t"u(t)dr. (7.100)

It follows from the definition of v(z) and equation (7.100) that if y = 0, then
Go; = [y fi(T)u(t)dT =v(t), that is the identity operator. To show representa-
tion (7.99) in the case y # 0, we find the Laplace transform of Gy, v(t). In accordance
with the property (d) of Lemma 7.1, we have

LIGyv(1)](s) =sP~! / ¢ u(t)dr = P LITu (1)) (sP).
0

Obviously, if y = 0, then L[Go,v(t)](s) = sP1i(sP), which implies #(s) = sP~!

i(sP). If y # 0, then

1ot Dyt 1)

Y — Y i
LITu(n))(s) = LI (s) #a(s) = 5 / o ogprt@dsaon
where * stands for the convolution of Laplace images of two functions and

0 < ¢ < 5. Now using the substitution z = PL0() | with Ln({) the principal part
of the complex function In(&), the right-hand side of (7.101) reduces to

LiTu(t)](s) = % Cc:o %

B[S L(y+1)
270 Jo—ie (s—Cﬁ)Y+1

EPLu)(6P)ag (7.102)
Lpv](&)d¢.

The last equality uses the relation #({) = ¢{P~1i({B). Further, replacing s by sP
and taking the inverse Laplace transform in (7.102) yields the desired representa-
tion (7.99) for the operator Gy, since Z[J' P f](s) = sP~! f(s). In accordance with
part (a) of Lemma 7.1 we have v(0,x) = u(0,x) as well, which completes the proof.

In the more general case when the time-change process E/ is the inverse to W}*,
the mixture of stable subordinators with the mixing measure {, a representation for
the abstract fractional FPK equation is given in the following theorem.

Theorem 7.12. Let u(t) be a solution to initial value problem (7.95)—(7.96). Let
s (T) be the density function of the process inverse to WH . Then the vector-function
v(t) = [ fI (7)u(t)d7 satisfies the following initial value problem for a fractional
order differential equation
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1
Dyv(t) =Bv(t) + %AG%V([), >0, (7.103)

v(0) =@ eX. (7.104)

The operator Gé’,l’, acts on the variable t and is defined by

G (1) = /0 " (0T u()dx.

Moreover, for Gy, the following explicit representation holds:

dz|(t),  (7.105)

G%ngmwzgﬁﬁiﬁ/““ mu(2)7(2)

i Jeie (p(s) = p(2))7*!

where x denotes the usual convolution of two functions, 0 < C < s, @y (t) is defined
in (7.58), and

_ JoBPau(B)

P = [ P au(p), mu(o) — L

Proof. The proof is similar to the proof of Theorem 7.11. We only sketch how to
obtain representation (7.105) for the operator

Gyv(t) = /:f,”(r)ryu(r)dr.

The Laplace transform of G, v(t), due to part (d) of Lemma 7.5, is

Lo [G40]5) = P2 L] (p(5))5 > .

N

Since L[®y](s) = £6) 5> 0, we have

s

Gy v(t) = @u(1) * L, [LITu(n))(p (5))] (1).

Further, replacing s by p(s) in (7.101), followed by the substitution z = p({) =
fol L&) du(B) in the integral on the right side of (7.101), yields the form (7.105).

The following theorem represents the general case when the time-change process
E, is not necessarily the first hitting time process for a stable subordinator or their
mixtures.

Theorem 7.13. Let v € (—1,1). Let E; be a time-change process and assume that
its density K(t,7) = fg, () satisfies the hypotheses:

i) lime_, o [K(1,7)777] < oo forallt > 0;
ii) limr—ye[K (¢,7)T Yu(t,x)] =0 forall t > 0 and x € R",
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where u(t) is a solution to the initial value problem (7.95)—(7.96). Let H; be an
operator acting in the variable t such that

mK@ﬂ:_E{Kmﬂeyy4mﬂnm[emeﬂ]

a1 T—+0
Then the function v(t) = [," K(t,7)u(t)d7 satisfies the initial value problem

_ 1
Hyv(t) =17G_y,Bv(1) + rel

tYAv(r), 1>0, (7.106)
v(0) = u(0), (7.107)
where G_y,v(t) = [ K(t,7)T Tu(t)dT.

Remark 7.6. Obviously, if v # 0, then H; cannot be a fractional derivative in the
sense of Caputo (or Riemann-Liouville). A representation of H; in cases when E; is
the inverse to a stable subordinator, is given below in Corollary 7.4.

Proof. We have
H[V / Hl t T )d

= [ kaay ]+ s jim [(ko,o)] Juwar

=~ lim [K (1, 7)7 (@) + 7 Jim [K(,0)7 u(o)
)

ydu(T . t
/ K(1,7)(2) dT—TgTO[(;)VK(t,T)}u(O). (7.108)

The first term on the right of (7.108) is zero by hypothesis ii) of the theorem. The
sum of the second and last terms, which exist by hypothesis i), also equals zero.
Now taking equation (7.95) into account, we have

o 1
Hpyv(t) = tVB/ K(t,7)t Tu(t,x)dt+ %ﬂAv(r}.
0
Further, since Ey = 0 it follows that

hmﬂﬂ:%m&ﬁWWﬂrzwm,

t—0
which completes the proof.
Let IT, denote the operator of multiplication by ¢, ie. IT/h(t) = t7h(z),

h € C(0,0). Applying Theorem 7.13 to the case K(¢,7) = f;(7) in conjunction with
Theorem 7.11, we obtain the following corollary.

Corollary 7.4. Let y € (—1,0] and K(t,7) = f;(T), where f;(7) is defined in (7.41).
Then (i) Gy, = Gy)'; (ii) Hy = I1,G_y, DY
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This corollary yields an equivalent form for equation (7.97) in the case when E;
is the inverse to the stable subordinator with index f and y € (—1,0]:
1
Hyv(t) =1t"G_y;Bv(t) + %tyAv(t), (7.109)
with H; as in Corollary 7.4.
Suppose the operator in the “drift” term B = 0. Then equation (7.109) takes the
form
1
Hv(t) = %tVA(x,Dx)v(t). (7.110)
Notice that equation (7.109) is valid for y € (0,1) as well. Indeed, part (ii) of
Corollary 7.4 can be rewritten in the form Gy, = G:JI,J for y > 0. For y < 0 part (if)

of Corollary 7.4 also implies (G, ) G,%, ; = Gy;. Now applying operators G_,
and Iy consecutively to both sides of (7.97) we obtain (7.109) for all y € (—=1,1).

Analogously, the fractional order equation (7.103) obtained in Theorem 7.12 with
the mixing measure { can be represented in its equivalent form as

1
H'v(t) = ﬂG’;‘%,Bv(t) + %IYAV(I), >0, 17>0, (7.111)

where H!' = HVGWD# We leave verification of the details to the reader as an exer-
cise.

The equivalence of equations (7.97) and (7.109) and the equivalence of equa-
tions (7.103) and (7.111) are obtained by means of Theorem 7.13. This fact can also
be established with the help of the semigroup property of the family of operators
{Gy,—1<y<1}:

Gyglr) = /0 " (o) h(T)dT = Fh(), (7.112)

where h € C~(0,e0) is a nonnegative bounded function. Denote the class of such
functions by U. Functions g and % in (7.112) are connected through the relation
g(t) = [y fi(t)h(t)dt = Fh(t). It follows from the behavior of f;(7) as a func-
tion of ¢, that g € C*(0,0). On the other hand, obviously, operator .% is bounded,
I-Zh|| < ||A|| in the sup-norm, and one-to-one due to positivity of f; (). Therefore,
the inverse Z ! : FU — U exists. Let a distribution H(z,7) with suppH C R?
be such that # ~1g(t) = [ H(t,7)g(7)d7. Since f;(7) € ZU as a function of ¢ for
each T > 0, for an arbitrary & € U one has

ht) = F Fh(r) = / THit,s) ( /0 " f(0)h(t)d)ds
_/ / (t,5)1;(t )ds)dr:< /wH(t,s)fs(r)ds,h >r.
0
We write this relation between H (¢, 7) and f;(7) in the form

/OWH(t,s)fs(‘c)ds: 8(7). (7.113)
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Proposition 7.5. Let —1 <y<1,—-1<a<1l,and =1 <y+o<1.Then GyoGy =
Gyia-

Proof. The proof uses the following two relations:

(1) Gyg(t) = J§” FyeH(1,5)8(s)ds, v € (=1,1);

Q) Jo FyiH(t,85)FoH(s,T)ds = FyroH(t,T), with —1 < 7,00 < 1, and
—-l<y+a<l.

Indeed, using (7.112) and changing the order of integration, we obtain the first
relation

G,g(t) / fi(z rV / H(t,s)g ds)dr (7.114)
:/0 / fi(D)H(7,5) rVdr ds_/ FyH(t,5)g(s)ds.

It is readily seen that the internal integral in the second line of (7.114) is mean-
ingful, since f;(7) is a function of exponential decay when T — oo, which follows
from (7.36). Further, in order to show the second relation, we have

/ﬁytH t,8) FosH(s,T ds—/ /fz p’s)l’ydp)(/()O;?(Q)H(q,r)q“dq)ds
:/O/Oft(p)H(an)qua(/OwH(p,s)fs(q)ds)dpdq.

Due to (7.113), this equals

/0 wfr(p)py ( /0 H (4, T)qa5p(61)dq) dp= /0 H (P, )P fi(p)p¥dp = FyraiH(1,T).

Now we are ready to prove the claimed semigroup property. Making use of the two
proved relations,

(Gyo Goc)f(f) = Gy[Gag(1)] ) 3
:GY[./O ﬁwH(t,s)g(s)ds} 2/0 FyiH(t,s) [/0 FosH(s,T)g(t)dt|ds

_ /0 (1) /O Ty H(t,5) FopsH (s, T)dsdT = /O FyraeH(t,1)g(1)dT = Gy ag(t),

which completes the proof.

Similarly one can prove the semigroup property of the family of operators G%.

Proposition 7.6. The operator G‘;’, possesses the semigroup property. Namely, for

anyy,8 € (—1,1),y+ 8 € (=1,1), one has G, 0 G _G¢+6z_G ,0Gly,, where

“o” denotes the composition of two operators.
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Remark 7.7.

1. FPK equations associated with SDEs driven by Brownian motion and time-
changed Brownian motion had very simple connection. Namely, retain the right-
hand side of FPK equation corresponding to SDE driven by Brownian motion and
change the left-hand side to a fractional derivative, to obtain FPK equation corre-
sponding to SDE driven by the time-changed Brownian motion. Equation (7.110)
shows that this drastically changes in the case of fBM. Moreover, if a fractional
derivative is desired on the left-hand side in the time-changed case, then (3.4)
shows that the right-hand side must be a different operator from that in the non-
time-changed case.

2. Proposition 7.5 immediately implies that G;l = G_, for arbitrary
y€ (—1,1). Indeed, Gyo G_y = Gy =1, as well as G_yo G, = I, where [ is the
identity operator. Thus, the statement in Corollary 7.4 is valid forall y € (—1,1).

3. Theorem 7.12 generalizes Theorem 7.5. In fact, if B=0and y =0, then Gy, =1,
where [ is the identity operator, so Theorem 7.12 represents Theorem 7.5 in a
slightly disguised formulation. Notice that Theorem 7.12 does not use the semi-
group structure. The Cauchy problem (7.95)-(7.96) is important from the appli-
cations point of view too. Indeed, if B=0, y=2H — 1 and A = A, then (7.95) is
the FPK equation associated with the fractional Brownian motion with the Hurst
parameter H € (0,1).

7.14 Applications of the abstract theorem

7.14.1 Fractional FPK equations associated
with time-changed fBM

Now let us focus on the FPK equation associated with SDE driven by a time-
changed fBM Bg :

rt 't
X,:Xo+/0 b(Xs)dEs—F/O o(X,)dBy

where E; is the inverse process to the Lévy’s stable subordinator of the stability
index f € (0, 1). Recall that the FPK equation associated with an SDE driven by an
fBM (without time-change) has the form

du(t,x)
ot

where Ly(r,x,D,) is defined in (7.94) with operators B and A defined in (7.90)
and (7.91), respectively. Here the Hurst parameter H is connected with y via
2H — 1 = y. Again for simplicity, we first consider a time-change process E; in-
verse to a single stable subordinator W, and then E/, the inverse to a mixture of
stable subordinators with mixing measure (L.

= Ly(t,x,Dy)u(t,x),
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Theorem 7.14. ([HKU11]) Let u(t,x) be a solution to the initial value problem

1
a“gt’x) :B(x,Dx)u(t,x)+%tVA(x,Dx)u(z,x), 1>0,xeR", (7.115)

u(0,x) = ¢(x), x € R". (7.116)

Let f;(T) be the density function of the process inverse to a stable subordinator of in-
dex B. Then v(t,x) = [y fi (T)u(T,x)d7 satisfies the following initial value problem
for a fractional order differential equation

DPo(t,x) = B(x, Do)v(1, )+%Gy,A(xD)(t,x), 150, xeRY, (7.117)

v(0,x) =9(x), xeR", (7.118)
where the operator Gy, acts on the variable t and is defined by (7.99).

Theorem 7.15. [HKU11] Let u(t,x) be a solution to the initial value problem
(7.115)~(7.116). Let f!(t) be the density function of the process inverse to W}.

Then
v(t,x) / H(v)u(r,x)dt

satisfies the following initial value problem for a fractional order differential
equation

1
Dyv(t,x) = B(x,D)v(t,x) + %G#JA(X, Dov(t,x), t>0,xeR" (7.119)

v(0,x) = @(x), x € R". (7.120)

The operator G% acts on the variable t and is defined by (7.105).

Proof. The proofs of these theorems follow immediately from abstract Theorems
7.11 and 7.12, respectively.

Example 7.7. 1. If H = 1/2, then B is Brownian motion. In this case Theorem 7.11
implies the fractional FPK equation obtained in (7.46)—(7.47). Similarly, Theo-
rem 7.12 reduces to Theorem 7.1.

2. Consider the following equation (0 < H < 1):

E(z‘,x) = 2Ht a5 (t,x).

This equation was obtained in the paper [MNXO09] as a governing equation for

fBM. Theorem 7.11 and Proposition 7.5 imply that the governing equation for

the corresponding time-changed fBM is either of the following equivalent forms:
9%h

th(t,x) 2HGoH- 110 = 5.2 5 (2,%),

2

G o1y DPh(t,x) = 2Ha3 h(r X).
x
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Remark 7.8. The formula v(¢,x) = .Zu(t,x) for a solution of FPK equations asso-
ciated with time-changed fBM provides a useful tool for analysis of properties
of a solution to initial value problem (7.97)-(7.98), (7.103)—(7.104), and (7.106)—
(7.107).

7.14.2 Fractional FPK equation for LFSM

The method used above can be applied for derivation of the fractional FPK equation
for SDEs driven by time-changed Lévy’s stable processes and linear fractional stable
motions (LFSM).

The Lévy symbol of a one-dimensional Lévy’s o-stable (not necessarily sym-
metric) process L, fort = 1 is given by

W(E) = iat —b|&|“{1—iﬂ|§—|w<&,a>}, (.121)

where a,b, o, 3 are constants, aisreal, b > 0,0 < ¢ <2, —1 < f3 < 1 and

tan(a), if o # 1;

w@*”:{%mga,ﬁa_L

One can easily see that the case a = 0, 8 = 0 corresponds to the symmetric distribu-
tion. The corresponding FPK equation in the 1-D case has the form

u du 2%u 2%u
~ O TP e PP ame

ot ox
where D is some constant depending on ¢, p >0, g >0 and p+¢g =1, and in
multi-dimensional case has the form [MBBO01]

du(t,x)
Jt

t>0, xeR,

= —aVu(t,x) + DVju(t,x), t>0,xeR",
where a € R” and V?* is the pseudo-differential operator with the symbol
| (-it.0)"mae)

6]=1

with M(d9), a probability measure on the unit sphere. If a = 0 and

r(1+3)de
MO =
then we get the symmetric case considered above. Setting y = 0, B = —aV, and

A =DV, in Theorem 7.12, we obtain the following assertion.
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Theorem 7.16. Let L; be an n-dimensional Lévy’s o-stable process. Let E; be the
inverse to the mixture of Lévy’s stable subordinators with a mixing measure [, and
independent of L;. Then the density function p(t,x) of the time-changed process L,
satisfies the following initial value problem

Dyplt,x) = —aVp(t,x) + DVp(t,x), >0, xR,
p(0,x) = 8y(x), xeR"
Theorem 7.17 below is an application of Theorem 7.11 to linear LESM. Let

Lon,0<a<2,0<H<<]1,bealLFSM. Then its density solves the following
equation [MNX09]

du(t,x)
oJt

= aHt*" apd®u(t,x) + agd® u(t,x)| (7.122)

where p+¢q = 1, d% and 9%, are space-fractional order derivatives in the sense
of Liouville. Denoting y = aH — 1 and A = 2alapd® + aqd®,], one can rewrite
equation (7.122) in the form (7.95) with B = 0 and the initial condition

u(0,x) = @(x), x€ (—oo,00). (7.123)

Theorem 7.17. Let u(t,x) be a solution to the Cauchy problem (7.122), (7.123). Let
11 (1) be the density function of the process W}'. Then v(t,x) = [ fI'(T)u(t,x)dt
satisfies the following initial value problem for a fractional order differential equation

Dyv(t,x) = aHtaH*lGé',l’, l[apdZu(t,x) + aqo®u(t,x)]v(t,x),
t>0,x € (—oo,00),
V(O,X) = (P(x)a RS (—00700)’

where the operator G‘;’,, Y= 0H —1, acts in the variable t, and is defined in (7.105).

7.14.3 Fractional FPK equation associated with time-changed
infinite-dimensional Wiener process

Theorem 7.12 can be applied to fractional FPK equations in the infinite dimensional
case. Below we consider only the simplest case. Let H be an infinite dimensional
separable Hilbert space, and Q be a positive definite trace operator on H. In this
section we suppose B, is the infinite dimensional Wiener process associated with
the operator Q. We refer the reader to [DPZ02] for the definition and properties of
the infinite dimensional Wiener process. Then the corresponding FPK equation has
the form (see [DPZ02])

du(t,x)
ot

1
= ETr[QDzu(t,x)], t>0,x€H, (7.124)
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where Tr stands for the trace, and D? is the second order Fréchet derivative. Note
that equation (7.124) is the FPK equation associated with the simplest Itd6 SDE
dX, = dB,. Denote A(-) = $Tr[QD?-] with Dom(A) = UC2(H), the space of func-
tions u : H — R such that D?u is uniformly continuous and bounded. Then applying
Theorem 7.12 with B = 0 and y = 0, one obtains the following theorem.

Theorem 7.18. Let u(t,x) be a strong solution to equation (7.124) with the initial
condition u(0,x) = @(x), ¢ € UCy(H). Let f!(1) be the density function of the
process W', Then v(t,x) = [ fI'(t)u(t,x)d7 is a strong solution to the following
initial value problem for the infinite dimensional time-fractional distributed order
differential equation

1
Dyv(t,x) = ETr[QDzv(t,x)], t>0,xeH,

v(0,x) = @(x), x€H.

Remark 7.9. The associated stochastic process is, obviously, the time-changed Wiener
process X; = By, .

7.15 Filtering problem: fractional Zakai equation

The filtering problem is a wide generalization of the concept discussed in this chap-
ter. Namely, in the filtering problem one is interested in a stochastic process under
additional information obtained from observation/measurement. The FPK equations
correspond to the particular case, when additional information consists of only the
initial condition. The additional information obtained through certain measurements
form a sigma-algebra of events. Given this sigma algebra one needs to optimize the
state process. As a result, the FPK counterpart of the filtering process is not deter-
ministic, but is a stochastic partial differential equation. The latter is called a Zakai
equation, which was first derived by Zakai [Zak69] in 1969.

In this section we are interested in the fractional Zakai type equations, which
describe filtering problems whose state and observation processes are driven by a
time-changed Brownian motion (or other standard driving processes). Below we
will show a derivation of the fractional Zakai equation, in which the time-change
process is the inverse to a Lévy stable subordinator with the stability index 8 € (0,1)
and discuss existence and uniqueness of a solution, as well as some methods of
solution.

We have seen above that if one is interested in a solution of an SDE conditioned
on the value at the initial time ¢ = 0, then the associated FPK equation is a deter-
ministic PDE (Section 7.4). In the filtering problem one has information of the past
for all times s, 0 < s < ¢, coming from observations (measurements). Suppose

r
Z, :/ h(X)ds + W, (7.125)
0
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are R"-valued measurements, or observations related to the process X; in the noisy
environment. Let 27 be a o-algebra generated by the measurement process Z;. One
of the formulations of the filtering problem is to find the best estimation of X; at
time ¢ in the mean square sense, given Z;. Namely, to find a stochastic process X;*
such that

E[|X, - x|’ = {irylgE[HXr ~Y|7,

where inf is taken over all stochastic processes ¥; € L?(PP) under the condition
that the sigma-algebra % is given. It follows from the abstract theory of func-
tional analysis that X;* is the projection of X; onto the space of stochastic pro-
cesses £ (Z,) = {Y € L*(P) : given Z;}. The latter can be written in the form
X =E[f(X;)| 2], generalizing (7.26) from the initial condition Xy = x to the entire
history 2. Hence, the filtering problem comprises of SDEs

dY, =b(Y,)dt+o(Y;)dB;, Y,—o = Xo, (7.126)
called a state process, and
dZ; = h(Y;)dt +dW,, Zy =0, (7.127)

called an observation process obtained from (7.125) by differentiating. Brownian
motion W, is assumed to be independent of B; and the initial random variable Xj.

This problem was first posed and solved in the linear case by Kalman and Bucy
[KB61] in 1961. The filtering problem is still under active development due to its
significant applications. In the linear case Kalman and Bucy [KB61] reduced the fil-
tering problem to a linear SDE and a deterministic Riccati type differential equation.
In the case of nonlinear filtering Kushner [Kus67], Lipster and Shiryaev [LS02], and
Fujisaki, Kallianpur and Kunita [FKK72] obtained a nonlinear infinite dimensional
stochastic differential equations for the posterior conditional density of X; given 2.
However, two issues arise:

(1) itis not easy to solve these equations, and
(2) it is computationally ‘expensive’ due to the two-stage calculation procedure
(prediction and correction) in the real time.

In 1969 Zakai [Zak69] suggested a simpler approach, reducing the solution of the
filtering problem to a partial stochastic differential equation for the posterior unnor-
malized conditional density @(z,x) = p(t,x|27) for X;. Below we briefly sketch this
method. Introduce the process

p)=exp(= 3. [ miryaw, -5 [ s}

and the probability measure dPPy = p (¢)dP. Further, let

_ dP
~ dp,

1 9
%
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and E be the expectation under the reference measure Py. Then, as is known, the
optimal solution of the filtering problem (7.126), (7.127) is given by the following
Kallianpur-Striebel’s formula (see, e.g., [R0z90])

Blr(r)A 2]

E[f(Y)| 2] = BlA|Z]

(7.128)
Moreover, under some mild conditions the unnormalized filtering measure p, (f) =
E[f(Y;)A;|Z] satisfies the following stochastic differential equation, called the
Zakai equation:

_ t m t "
pr(f)—po(f)Jr/Ops(Af)ds+k§/0 ps(hef)dZE, (7.129)

where A is a second order elliptic differential operator given by equation (7.29).
Further, introducing the filtering density U (¢,x) through

p(f) = | f)U(t,x)dx,
]Rn

one can show that U (¢,x) solves the following partial stochastic differential equation
(called an adjoint Zakai equation)

dU (t,x) = A*U (t,x)dt + th U(t,x)dZ(t), (7.130)
k=1

with the initial condition U (0,x) = po(x). Here A* is the adjoint operator of A def-
ined in (7.29). Thus, if one has a solution of equation (7.130), then one will be able
to establish a solution to the original filtering problem using Kallianpur-Striebel’s
formula (7.128). Equation (7.130) reduces to FPK equation (7.28) if the observation
process Z; stays constant in time, which means no additional information is obtained
from measurement/observation.

Now consider a filtering problem with the state process and observation process
driven by time-changed Brownian motions. Namely, suppose the state process is

dX, = f(X,)dT, + o(X;)dBy,, Xi—o = Xo, (7.131)
and the observation process is
dZ, = h(t,X,)dT, +dWr,, Zy=0, (7.132)

where 7; is the inverse of the Lévy stable subordinator with the stability index
B €(0,1), and independent of B, and W,;. We show that the Zakai equation cor-
responding to this problem has the form

D(t,x) = /A(szdT—i—/h D(s,x)dZr,. (7.133)

A few remarks before deriving this equation. The stochastic integral in equa-
tion (7.133) is well defined in the sense of Itd’s integral. If § — 1, then we recover



336 7 Fractional Fokker-Planck-Kolmogorov equations

the classical Zakai equation, since 7; = ¢ in this case. Hence, equation (7.133) gen-
eralizes the classic Zakai equation (7.130) for the case of filtering problem with
time-changed driving processes. Note also that the time-changed process Br is not
Markovian and has no independent increments. Therefore, the model (7.131), (7.132)
can be applied to a class of correlated state processes. An important question is the
existence and uniqueness (in an appropriate sense) of a solution for this new Zakai
equation. We will discuss this question in this section as well as some solution meth-
ods useful from the application point of view.

The fractional, or time-changed version of the Zakai equation in the general case
of time-changed Lévy processes is obtained in the paper [UDN14] for filtering prob-
lems driven by Lévy processes. For completeness, we demonstrate the derivation of
the fractional Zakai equation in our particular case of filtering problem (7.131)-
(7.132). We assume that the following conditions on the input data of the filtering
problem:

(C1) the vector-functions f(x), h(x), and n x m-matrix-function o (x) satisfy the
Lipschitz and linear growth conditions:

1£(x) = FO) + [h(x) — k) 1P+ [[lo(x) — o (y)|I]?
<Cilx—yll*, VxyeR"
16() 1>+ [RE@)[1* + [lo@)[|]* < (1 + [Ix]*), VxeR",

where || - || and ||| - ||| are vector- and matrix-norms, respectively.
(C2) the time-change process 7; and Brownian motions B, and W; are independent
processes;

(C3) the initial random vector Xj is independent of processes By, W;, and T; and
has an infinite differentiable density function po(x) decaying at infinity faster
than any power of |x]|.

Theorem 7.19. Let the conditions (C1)-(C3) be verified. Then the filtering density
@(t,x) associated with the filtering measure ¢,(f) = E[f(X;)Ar| %], where ¥} is
the filtration generated by V; = Zr,, satisfies the following Zakai equation

O(t,x) — D(0,x) = /A(szdT+Z/hk D(s,x)dZy.  (7.134)

Proof. Let conditions (C1)-(C3) be verified. Then, in particular, the conditions for
the existence of an unnormalized filtering distribution p; (f) = K[f(Y;)A;| 2] which
solves the Zakai equation (7.129), are also verified. Here ¥; is a solution to stochas-
tic differential equation (7.126). According to Theorem 3.3 in [HKU10] the time-
changed process X; = Y7, solves stochastic differential equation (7.131).

The connection X; = Y7, between the state processes X; and Y; implies the
connection V; = Zz, between the observation processes V; and Z;. Indeed, letting
T, = 7, or the same D; = 1, one obtains from the relation dV, = h(Yr,)dT; + dWry,
and from (7.127) that Z; = Vp,, or the same V; = Zy,. It follows that the filtra-
tion ¥; coincides with the filtration 2 0 .7} = %5 generated by the time-changed
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observation process Zz,. Hence, the unnormalized filtering distribution ¢ (f) =
E[f(X:)Ag;|Z o F] corresponding to the filtering problem (7.131), (7.132) is the
time-changed process

o (f) = pr, (f)- (7.135)

Therefore, due to equation (7.19) the process ¢ (f) satisfies

" 5 " (t
0 =pr() =N+ [ pands+ Y [ ptmnazt. @136

Further, using the change of variable formula (see [Jac79], Proposition 10.21)
OT’ HdS, = fé Hr, dSr,, for stochastic integrals driven by a semimartingale S;, we
obtain

I N N
(" putanas = [ Blarm)ag 2i)azy) = [ BAF)A| 25lazy)

! (k)
- [ eanaz. (7.137)
and
m T m t N
> / p(f)dz =y / Bl (Yr,) f (Y5, Az, | 2,)dZy)
=170 k=170

t A
Blh(X,) f(X,)Ar,| 23;)dZY)

[l
TV
S—

! k
[ o f)azy). (7.138)

Il
s
S—

Equations (7.136), (7.137), and (7.138) imply the desired equation (7.134).

Let T; be the inverse to a stable Lévy subordinator D; of a stability index § €
(0,1) and let the stochastic processes IT;( f) and IT; z(f) are defined by

1) =Ap(f) = [ a@pe()dz, (7.139)
I z(f) =Cpi(f) = ./Owgz(r)pf(f)dzf. (7.140)

where g;(7) is the density function of the process T; and p;(f) is the unnormalized
filtering distribution of the Zakai equation (7.129) corresponding to the filtering
model (7.126)—(7.127). Then it follows from equation (7.134) that the following
stochastic relation holds:

1L(f) = po(f) = JF (Hz(Af) + i 1, 4 (hkf)) : (7.141)

k=1

where J,ﬁ is the fractional integration operator of order f3.
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Let B map the class of stochastic processes IT;(f) to the class of processes
IT, 7(f), that is IT, 7(f) = BIL(f). One can verify easily that the operator B can
be expressed with the help of operators A and C in equation (7.139). Namely,

B=cCA.

Using L?(IP)-norm and calculus of stochastic processes one can show that A is a
one-to-one bounded linear operator and C is a bounded linear operator. Therefore,
it follows that operator B is well defined bounded linear operator. We note that
equation (7.141) can be written in the form

1.0 - polr) =22 (1A + 3, BTl ).

k=1

where
ByIL (f) = I, 5 (f)-

The differential form of (7.141) involves a fractional derivative in the Riemann-
Liouville sense

dIn(f) = 2, P af)dr + i 2 PBIT (hef)dt, T—o(f) = po(f). (7.142)
k=1

The latter in terms of unnormalized densities associated with the process I, (f) can
be represented in the form

DPU(r,x) = AUtx+2hk )BU(t,x), U(0,x) = f(x), (7.143)
k=1

where Df is the fractional derivative in the sense of Caputo. Equation (7.143) gener-
alizes the forward version (that is A* instead of A) of fractional FPK equation (7.46)
to the case of fractional adjoint Zakai equation.

Theorem 7.20. Let the conditions (C1)-(C3) be verified. Then there exists a unique
filtering density ®@(t,x) satisfying the fractional Zakai equation (7.134). Moreover,
there exist uniquely defined stochastic processes in equation (7.139) satisfying ini-
tial value problem (7.142).

Proof. Suppose there are two filtering densities @ (¢,x) and @, (¢,x) such that both

satisfy equation (7.134). Then the process ¥(t,x) = @, (t,x) — @ (,x) satisfies the
following equation

¥ (t,x) /A‘I"sxdT—i—Z/hk sde()

This is an SDE driven by time-changed processes Ty given Zr,. Its counterpart with
non-time-changed process has the form
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’ 5 [ (0)
V(1,x) = Volx) = / AV(s.0)ds+ Y / () (s,x)dz®) (7.144)

with Vp(x) = 0. The solutions V(¢,x) and ¥(¢,x) are related through ¥(¢,x) =
V(T;,x). Equation (7.144) has a unique solution (see, e.g., [Roz90]). Since the ini-
tial condition is V (0,x) = 0, then the corresponding solution V (¢,x) = 0 in the sense
of L?(PP). This implies ¥ (¢,x) = 0, or the same, @ (¢,x) = ®,(¢,x) in the sense of
L?(IP). The latter, in turn, implies that the process defined in equation (7.139) is
unique.

How to solve a fractional filtering problem? Knowing a solution of a nonlinear
filtering problem one can use it for solution of the associated fractional nonlinear
filtering problem. Two approaches to the solution of nonlinear filtering problems
are commonly used. Namely,

(1) direct solution of filtering problem (7.131)—(7.132).
(2) solution of the Zakai equation followed by the Kallianpur-Striebel formula.

For the filtering problem with no time-changed driving processes both approaches
are well studied; see, e.g., works [Ku90, Roz90, Da87, IX00] for the first approach,
and [Zak69, BGR90, BK96, LMR97] for the second approach. Both type of Zakai
equations (7.134) and (7.142) (or its adjoint form (7.143)) are of great interest in var-
ious applications of fractional filtering problems. For solutions of these equations,
due to relations (7.135) and (7.140), the following formulas are important:

@, (f) =DPr (f)
and

1) = [ s(ope(a.

where p;(f) is the solution of non-time-changed filtering problem and g;(7) is the
density function of the time-changed process 7;. Therefore, in the first step one
needs to find the stochastic process p;(f) which solves the classical Zakai equation.
Then using the above formulas one can find solutions to fractional Zakai equations.
Like the non-fractional case, one can develop analytic and numerical methods, and
methods for solution of filtering problem directly, or through the associated Za-
kai equation. Accordingly, in the fractional case the methods can be developed for
solution of the three following situations:

(a) Direct solution of the fractional filtering problem;

(b) Solution of the fractional filtering problem through the Zakai equation (7.134);

(c) Solution of the fractional filtering problem through the adjoint Zakai equation
(7.143).
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7.16 Additional notes

1. Brownian motion. The term “Brownian motion” was coined in one of Albert Einstein’s Annus
Mirabilis 1905 papers, titled “Uber die von der molekularkinetischen Theorie der Wirme
geforderte Bewegung von in ruhenden Fliissigkeiten suspendierten Teilchen” (“On the Motion
of Small Particles Suspended in a Stationary Liquid, as Required by the Molecular Kinetic
Theory of Heat”). In this paper A. Einstein first provided theoretical explanation of Brown-
ian motion from the point of view of thermal diffusion. A little earlier (in 1900) Bachelier
published his doctoral dissertation “Théorie de la spéculation” (“The Theory of Speculation”)
modeling Brownian motion from the economics point of view, founding financial mathematics.
In 1908 Langevin published his work with a stochastic differential equation which was “und-
erstood mathematically” only after a stochastic calculus was introduced by Itd in 1944-48.
The Fokker-Planck equation, a deterministic form of describing of the dynamics of a random
process in terms of transition probabilities, was invented in 1913-17. Its complete “mathe-
matical understanding” become available after the appearance of the distribution (generalized
function) theory (Sobolev, 1938; Schwartz, 1951) and was embodied in Kolmogorov’s back-
ward and forward equations (1931). Deep mathematical properties of Brownian motion, like
nowhere differentiability and infinite total variation over arbitrary time interval, were studied
by N. Wiener in his paper [Wie28] published in 1927.

2. Fractional FPK equation. The classic FPK equation establishes a relationship between 1td’s
stochastic differential equation driven by Brownian motion and its associated partial differential
equation. In fact, this is a triple relationship. Indeed, changing the driving process, one gets a
different FPK equation. In the paper [MGZ14] a fractional Fokker-Planck equation is obtained
in the form

du B JF(t,x) 1 82D(t,x)

o | ox T2 ae
with the initial condition u(0,x) = 8 (x). Here D!~ is the Riemann-Liouville fractional deriva-
tive, F(t,x) and D(t,x) are the drift and diffusion coefficients, respectively. If F(¢,x) = F(x)
and D(t,x) = D(x), i.e., do not depend on the time variable ¢, then one can easily verify using
Proposition 3.1 that (7.145) is equivalent to the forward version of the fractional FPK equation
in (7.46). Equation (7.145) in the case F(x,t) = F(x) and D(t,x) = const was first established
using CTRW approach in [MBK99], in the case F(x,t) = F(¢) and D(t,x) = const in [SK06],
and in the case F(x,t) = F(x)f(¢t) and D(¢t,x) = D(x)d(t) in [LQR12]. Fractional FPK equa-
tions associated with SDEs with time-independent coefficients and driven by a time-changed
Lévy processes are studied in the papers [HKU10, HKU11, HU11, HKRU11]. Another app-
roach to the theory of FPK is based on the Tsallis entropy, which leads to a nonlinear equation
of the form [Tsa09]

D% >0, xeR, (7.145)

PR 2]
- _ u
o = ox P+ D=5

t>0,xeR,

where (i, v) € R?, D > 0 is a diffusion constant, and F(x) is a drift coefficient. The solution
of this equation under certain conditions is given by Tsallis’ g-Gaussian.

3. Feynman-Kac formula. The relationship between the stochastic process X; in (7.18) and another
associated partial differential equation

D g, w(0,9) = 9(2).

for a nonnegative continuous function g, is given by the Feynman-Kac formula:

w(t,x) = E |:exp (7 /0 tq(Xx)ds) o (X)X :x} .



7.16 Additional notes 341

4. Martingales, Poisson processes and random measures. Brownian motion B, adapted to a fil-
tration .%; possess the following property: E[B;|.%;] = Bs. This property is called a martingale
property of Brownian motion. A stochastic process X, adapted to a filtration .%; is called a
martingale, if it satisfies the following conditions:

a. E[|X;|] <eoforallz >0;
b. E[X,|.Z] = X, forall 0 <s <r.

One of the general properties of martingales is E[X;] does not depend on ¢, that is constant, if
X; is a martingale. For example, for Brownian motion E[B,] = 0 for all > 0.

A process N(t) with values on Ny, defined on a probability space (£2,.%#,P), and adapted to
a filtration .%, is a Poisson process with an intensity A > 0, if N(0) = 0, N(¢t) — N(s) and
N(b) — N(a) are independent for any nonoverlapping intervals (s,#) and (a,b) of the semiaxis
R, has stationary increments, and

P(N(t) =n) = (7:') e neNy, Vi>0.

It is easy to see that the characteristic function of &, is
Elexp(iEN(1))] = M1, (7.146)

The Poisson process N(¢) is not a martingale. Indeed, its expected value E[N(¢)] = At, that is
t-dependent. However, the process N(t) = N(t) —tA, called a compensated Poisson process, is
a martingale (try to show this!). Let ¥; be a sequence of independent and identically distributed
random variables independent of the Poisson process N(¢). Then the process

N(t)
X; = 2 Y;
i=1

is called a compound Poisson process.

Let 1 be a measure defined on a measurable space (S, &), that is for each set A € & its measure
WU(A) is defined. Let (2,.#,P) be a probability space. By Poisson random measure we mean a
(random) measure N : (2,&) — R, such that

a. For each fixed o, N(®,A) is a measure on (S,&), and for any fixed A € & the random
variable N(w,A) is P-measurable;

b. N(w,0) = 0;

c. For arbitrary disjoint collection of sets Aj,...,A, € & random variables N(A;),...,N(A,)
are independent;

d. Forall A € & with 1(A) < oo, the random variable N(®,A) has the Poisson distribution with
the intensity parameter E[N(A)] = u(A).

The first integral on the right of equation (7.33) is performed with respect to the compensated
Poisson random measures N(t,dw) = N(t,v(dw)) —tv(dw), where v is a Lévy measure. The
random measure N (t,dw) is a martingale-valued measure. The second integral in this represen-
tation is performed with respect to the Poisson random measure N(¢,v(dw)), and this integral
represents a compound Poisson process [Sat99, App09].

5. Lévy processes. Lévy processes were introduced in the 1930th by Paul Lévy. Today there are
many books on Lévy processes among which we would like to indicate Bertoin [Ber96], Sato
[Sat99], Barndorff-Nielsen, Mikosch, Resnick (Editors) [BMRO1], Rong [Sit05], and Apple-
baum [App09]. One of the important properties of Lévy processes is they are infinite divisible.
Such processes are characterized by Lévy-Khinchin representation. Namely, for a Lévy process
L, its characteristic function E[¢’S%] = ¢/¥(%) where ¥(&) has the form given in (7.32):

W(E) = i0.5) = 5(EEL)+ [ () 1l i ()vlaw). (134
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The function ¥ (), called a Lévy symbol, is continuous, Hermitian, conditionally positive def-
inite, and satisfies ¥(0) = 0 [App09]. The triplet (b, X, V) uniquely defines the corresponding
Lévy process. If b =0 and X = ©, then the Levy process is a purely jump process. Compar-
ing (7.146) with (7.32) one can be convinced that any Poisson process is a purely jump Lévy
process.

6. Semigroup. The semigroup theory and boundary value problems for YDOSS are powerful
tools for the study of Markovian diffusion processes. Many researchers have contributed to
the development of the interrelation of semigroups, pseudo-differential operators, and Markov
processes; see [Bo55, Co65, Tai9l, FOT94, JacO0l, App09, JSc02, HohO0] and the refer-
ences therein. In the fractional case solution operators do not possess the semigroup prop-
erty. Bazhlekova [Baz98] studied strong continuity and analyticity of abstract solution oper-
ators to the Cauchy problem for fractional order differential-operator equations of orders o
and 3,0 < o < B <2, with a closed operator A on the right, satisfying some conditions. In
particular, she established the following relationship, called a subordination principle:

So(t) = /Om Or,y(5)Sg (s)ds, >0, (7.147)

where y= B/, and ¢y o(s) =17 "M, (st~ 7). Here M,(z) is the M-Wright or Mainardi function
discussed in Section 3.13. In the case oo = 1 and § = 2 relationship (7.147) implies the known
fact S (t) = e, which is a semigroup with the infinitesimal generator A. Relation (7.147) also
allows to get a solution of the Cauchy problem for a fractional order & equation, through the
solution of the second order equation (B = 2) with A = k?d? /dx* :

1 .
Saf(x) = W‘/RMO‘/2 (kll%) f(x—s)ds.

This representation was obtained earlier in [Mai96].

7. Cadlag and semimartingales. A cadlag process, by definition, is right continuous with left lim-
its. Any Lévy process has a cadlag modification, which is again a Lévy process [App09]. Lévy
processes are an important subclass of the so-called semimartingale processes. By definition,
an (% )-semimartingale is a cadlag process Z; which allows a decomposition

Zy =Zy+M;+ A, (7.148)

where Zj is .%p-measurable, M; is an (% )-local martingale, and 4, is an (.% )-adapted cadlag
process of finite variation on compact sets. Rearranging the Lévy-Itd decomposition given
in (7.33) of a Lévy process L;, one can write it in the form L, = M, + A;, where

M, = oB, + wiN(t,dw), A; = bot + + wN(t,dw), (7.149)

Jlw|<1 Jiw|>1

confirming that L, has form (7.148) with Zy = 0 and M; and A, in (7.149). Hence, L, is a
semimartingale. Semimartingales are the widest class of integrators for which the stochastic
calculus in the sense of It6 can be extended; see details, for instance, in [Pro91].

8. Time-change process. 1t6’s formula. In our discussions in this chapter semimartingales have
appeared in the context of time-changed Brownian motion or time-changed Lévy processes.
By definition, an (.%)-time-change is a cadlag, nondecreasing family of (.%; )-stopping times.
Let E; be an (.%;)-time-change and define a new filtration (%) by % := .%,. Then the right
continuity of .%; and E; yields that of ¢;. The following statement justifies that all the stochastic
integrals, considered in this chapter and driven by a time-changed Brownian motion or time-
changed Lévy process, are meaningful.

Proposition 7.7. ([Jac79]) Let Z; be an (%;)-semimartingale and let E; be an (.F)-time-
change. Then the time-changed process Zg, = (Zo E); is a (%;)-semimartingale, where

4, = T,
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The I1t6’s formula plays an essential role in the theory of SDEs driven by semimartingales. It
states that if Z; is a semimartingale and f € C2(R), then f(Z) is again a semimartingale and

/f _)dZ;+ = /f”(Z Z,Z)S

+ 2 {f(ZY *f(fo)ff(fo AZs}-

0<s<t

We also note that Kobayashi [Kobl1] proved an analog of It6’s formula for time-changed
stochastic processes and applied it to solution of various SDEs driven by a time-changed pro-
cess and to derivation of fractional FPK type equations.

Theorem 7.21. (Time-changed Ité6 Formula [Kobl1]) Let Z; be an (%;)-semimartingale. Let
Dy be a strictly increasing (F;)-semimartingale with lim;_,..D; = o and let E, denote the
inverse of Dy. Define a filtration (¢,) by %, = F,. Let X, be a process defined by

1 t 1
X ::/ Asds-i-/ FsdEs—i—/ GydZp,
0 0 0

where A; € L(m,%,), F, € L(E,%,), G, € L(ZoE,%,), and m is the identity map on R corre-
sponding to Lebesgue measure. If f € C2(R), then f(X,) is a (4;)-semimartingale and with
probability one, for allt > 0,

/f Adv+/f (Xp(s—) ) Fp(syds

+/0 f/(XD(sf)f)GD(s—)dZS+E‘/O f//(XD( NHGp(s— }2d[Z Z5

+ Y {f(X) — f(Xo) = f1(X- ) AKX}

0<s<t

Here L(;,.%;) is the set of % -adapted processes H; for which the stochastic integral [i H;d s
exists.

9. Fractional Brownian motion. Fractional Brownian motion was introduced by Kolmogorov
[Kol40] in 1940. Mandelbrot and Van Ness in their paper [MVNG68] coined the name “frac-
tional Brownian motion” and studied its self-similarity, path continuity, dependent increments,
and other properties, and indicate various applications of fBM B . The parameter H is called
the Hurst exponent, due to British hydrologist E.H. Hurst, who studied statistics of water lev-
els of Nile river. Fractional Brownian motion, like standard Brownian motion, has nowhere
differentiable sample-paths and stationary increments, but the increments over nonoverlapping
intervals are no longer independent. Namely, the covariance between increments over nonover-
lapping intervals is positive, if % < H < 1, and negative, if 0 < H < % In particular, when
% < H < 1, increments of B exhibit long range dependence. B has the integral representa-
tion

t
Bfl :/O KH(tvs)sta

where B, is a Brownian motion. We refer the reader to [ST94, Nua06, BHOZ08] for details
of the above properties, including various representations for Kp(z,s). Fractional Brownian
motion is not a semimartingale [BHOZ08, Nua06], unless H = %, and hence, as a driving
process for SDEs, does not satisfy conditions required for Itd’s calculus, However, it works
[Ben03, BHOZ08, DU98, Nua06] several different approaches are used to develop an appro-
priate stochastic calculus in order to interpret in a meaningful way SDEs of the form

X, = X0+/ b(X,) dv-i—/ X,)dBY (7.114)
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driven by fBM B . What concerns FPK equation associated with fractional Brownian motion,
it is derived with different methods in [BC07, BHOZ08, MNX09]. In the general setting, a
FPK equation associated with SDE (7.88), to author’s best knowledge, is not yet known. In the
paper [BCO7], in the case b =0 for H € (1/4,1), it is shown that u(z,x) = E[o(X;)|Xo = «]
solves the equation of the form d,u = Ht*~1A(x, D)u, when X, solves SDE (7.88) and the
stochastic integral in the sense of Stratanovich. Fractional Black-Scholes partial differential
equations are obtained in [Mag09] when the driving process is Brownian motion, and in [LW12]
when the driving process is fBM. In the paper [LW12] also a fractional Fokker-Planck equation
associated with the fractional geometric Brownian motion is derived.



Chapter 8

Random walk approximants of mixed
and time-changed Lévy processes

8.1 Introduction

Random walks are used to model various random processes in different fields. In this
chapter we are only interested in random walks as approximating processes of some
basic driving processes of stochastic differential equations discussed in the pre-
vious chapter. There is a vast literature (see, e.g., [GK54, Don52, Bil99, Taq75,
GM98-1, GMO01, MSO01]) devoted to approximation of various basic stochastic pro-
cesses like Brownian motion, fractional Brownian motion, Lévy processes, and their
time-changed counterparts. In the context of approximation, the question in what
sense a random walk approximates (or converges to) an associated stochastic pro-
cess becomes important. We will be interested only in the convergence in the sense
of finite-dimensional distributions, which is equivalent to the locally uniform con-
vergence of corresponding characteristic functions (see, e.g., [Bil99]).

We start our discussion with the model case - a simple random walk (Section 8.2),
which approximates Brownian motion. The idea of convergence of random walks
to associated mixed and time-changed stochastic processes, used in subsequent sec-
tions, is given here in the simplest case. In Section 8.3 we construct random walks
approximating symmetric o-stable Lévy processes Ly, which was used as driv-
ing processes for SDEs in Section 7.5. Random walks approximating stable Lévy
processes (not necessarily symmetric) in the one-dimensional case were studied
in a series of papers [GM98-1, GM99, GMO01], and symmetric multi-dimensional
case in [UGO5-1]. In Section 8.4 we construct random walks approximating mixed
symmetric Lévy processes with some mixing measure. And finally, in Section 8.5
we will construct continuous time random walk (CTRW) approximants of time-
changed mixed symmetric Lévy processes and develop an analytic method for the
convergence.

Note that CTRW was first introduced by Montroll and Weiss in their paper
[MW65] in 1965, and by definition, is a random walk subordinated to a renewal
process. More precisely, this means that CTRW comprises of two i.i.d. sequences
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of random variables (vectors), one expressing jumps, and another one expressing
waiting times between successive jumps. The mathematical definition of CTRW
and some of its properties are provided in Section 8.5.

8.2 Simple random walk as an approximant

Suppose a variable X takes randomly two values, £, with probability 1/2 each,
ie.,P(X=h)=1/2and P(X = —h) = 1/2. Here IP(A) means the probability of a
random event A. With the help of the variable X one can model random movement of
a particle on the one-dimensional uniform lattice x; = jh, j € Z. Indeed, the position
of the particle, initially located at some point x;, (Yo = xj, = 0), after n movesis ¥, =
X1 +...+X,, where each X is the same as X, and each movement is independent of
other movements. In probability theory X;, k = 1,... ,n, are called an independent
and identically distributed (i.i.d.) random variables, which represent “n independent
copies of X,” and the sequence Yy, Y], ... , is called a (simple) random walk. Suppose
the probability of the particle being at x; in n-th movement is y;?, that is P(Y, =
xXj) = yj- Since the particle can arrive at x; only from two neighboring points x;_
and x;1, with probability 1/2, then for the (n+ 1)-st movement we have

1 1
1 0 ;
Vit =it vo=1, neNo jeL (8.1)
From this recursive equation one gets a unique solution {y;?, Jj €Z,n €Ny} for the
probability distribution of the above random walk model.

Simple random walk models serve as discrete approximations of, the so-called,
Gaussian stochastic processes (diffusion process in physics terminology). There-
fore, if one is interested in the limiting process of the above random walk, then a
natural question would be what is a “continuous” version of equation (8.1) and its
solution? In fact, the answer to this question can be obtained by letting # — 0 in
equation (8.1). For this purpose we subtract y’; from both sides of equation (8.1) to
obtain

1
1
Vi =y = 5 Ve =2 +i)
Dividing by h* and assuming that the time step T = 1,1 — t, for each movement
equals 42, that is T = h%, we have
+1
Vit =Y 1V =Y

p =5 i , 8.2)

Let p(t,x) be the probability of being the particle at the position x at time ¢. Then,
taking into account the equality Y} = p(xj,1,), one can rewrite equation (8.2) in the
form

pltn+ T,xj) = pltn,xj) _ 1 p(tn, x;j+h) = 2p(tn, X)) + p(tn, x; — h)
T 2 h? '
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Now letting i — 0, for (¢,x) = (f,,x;) one obtains the equation

Ip(t:x) _ 19%p(t.x)

ot 2 ox? (83)

Due to arbitrariness of the pair (#,,x j), in fact, equation (8.3) is valid for all > 0,
x € R. The initial condition ¥y = 0 implies p(0,x) = dy(x).

In the d-dimensional case' the simple random walk is constructed with the help
of the random vector X taking 2d values (+4,0,...,0),...,(0,...,0,4k), with prob-
ability % ThenY, =X;+...+X,, Yo =0, where random vectors X ;, j=1,...,n,
have the same distribution as X and independent, represent a random walk on
the d-dimensional uniform lattice hZ¢ = {hk = (hky,...,hky) : (ki,...,kq) € Z7}.
Repeating the above arguments, for the probability p(t,x) of finding the particle at
x € RY at time ¢ > 0, one has the equation

dp(t,x) 1 d
L — _Ap(t t R 4
P 54p(tx), 1>0,xeRY, (8.4)
where A is the d-dimensional Laplace operator, with the initial condition
p(0,x) = o(x). (8.5)

The unique solution to this initial value problem is given by the following function?
1 L2
Qmyirt

We have seen (see Section 1.5.3) that G, (¢,x) — d(x), as t — 0, in the weak sense.
These heuristic calculations show that the simple random walk introduced above
converges to a Brownian motion, whose density for each fixed ¢ is given by (8.6).
Below we show that in fact the random walk Y, converges as n — oo to a d-
dimensional Brownian motion B; = (Byy,...,By;) in the sense of finite-dimensional
distributions.
The characteristic function §,(£) = E {eiY"‘?} of Y,, has the form

G (t,x) = t>0,xeRY. (8.6)

In(€) = E (X&) -+Xnl)l) — HE X&)y =[(E)", EeRr?,

where

d
(&) =E(™) =T]

j=1

a1 e 4 cos(h&;)
A g L g |y costhEs)
[2518 "taac ’} jl;[l d

Therefore, taking into account the relation t = nt = nhz, we have

1 [eoti5)
i [coshéj}_tin[ d }

! For the dimension in this chapter we use the letter d, since 7 is overloaded.
2 The Gaussian density function with mean 0 and correlation matrix / evolving in time.
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. a1 . _ s(hé;
Now, applying L’ Hopital’s rule, one has lim,_,o4~>In {%} = —&7/2. Hence,

lim $,(h&) _ o F [—1 e22} =E [e"Bt’?]

noo? ") L (2me)d/2 B ’
with B, =& By, +---+&4Bg;. Thus, for each fixed ¢ > 0 the characteristic function
of the random walk Y,, locally uniformly converges as n — oo to the characteristic
function of the standard Brownian motion B; with mean zero and variance ¢. The
latter convergence is equivalent to the convergence in distributions (in law). Now,
since ¢ is an arbitrary fixed number, it follows the convergence in the sense of finite-
dimensional distributions, as well. Concluding, we have that the simple random
walk on the lattice #Z¢ approximates Brownian motion.

8.3 Random walk approximants for Lévy-Feller processes

Now consider the fractional order differential equation

1
8u((9tt,x) = EDgu(t,x), t>0,xeR?, (8.7)

which generalizes equation (8.4), and where D, 0 < a < 2, is the pseudo-
differential (hyper-singular) operator

2 X
DEr) = bia) [, T

o e (8.8)

defined in Section 3.8, with the symbol —|& |*. See equation (3.75) for b(ot) = by(or)
in (8.8). In accordance with limy ;5 |E|* = |E| one can accept D} = A, where A
is the Laplace operator. In the general case we have formally D = —(—A)%/? (see
Section 3.9). A weak solution, namely a distribution G¢(#,x), which satisfies (8.7)
and the condition

u(0,x) = &(x), xeR? (8.9)

with the Dirac delta-function & (x), concentrated at 0, in the sense of distributions,
is called a fundamental solution of the Cauchy problem (8.7), (8.9).

It is clear that in the case @ = 2 we have equation (8.4) whose fundamental
solution is the Gaussian probability density function evolving in time, given by (8.6).
In the case o = 1 the corresponding fundamental solution is given by the Cauchy-
Poisson probability density function evolving in time (c.f. (1.119)):

Fﬂ) t

I
Gi(r,x) = 27r(dﬁl>/2 (|XI2+ (I/Z)z)

@tz
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It is well known that for the Fourier transforms of the functions G,(7,x),q = 1,2,
the relations (cf. formulas (1.16) and (1.17))

Gy(t,€) = e 317 and Gi(1,&) = e 218l

hold. For other values of o, 0 < o < 2, applying the Fourier transform to equa-
tion (8.7), and then the inverse Fourier transform to the solution of the equation
in the Fourier domain, one can find the fundamental solution to the Cauchy prob-
lem (8.7), (8.9), represented in the form

1 —LIE|® ix
Gol(t,x) = L /Rde 2151 E g (8.10)

The question we want to explore is the existence of a random walk approximating
the diffusion process governed by equation (8.7). Let X be an d-dimensional random
vector [MSO01] which takes values in 2Z¢ with the probability mass function p; =
P(X = hk), k € Z¢. Notice that in the case of simple random walk

1 .

=, if |k|=1,
pr=19 2 | |.

0, otherwise.

Further, let the random vectors X{,X,..., be an independent and identically dis-
tributed random vectors, all having the same probability distribution as X does.
We introduce a spatial grid {x; = jh, j € Z4}, with h > 0, and a temporal grid
{t,=n1,n=0,1,2,...} with a step T > 0. Consider the sequence of random vectors

S, =X +Xp+---+X,, n=12,...

assuming Sy = 0, for convenience. We interpret X, X», ..., as jumps of the particle
being at x = xo = 0 at the starting time # = #y) = 0 and making a jump X, from
the position S,,_ to the position S,, at the time instance ¢ = t,,. Then the position
S(¢), t > 0, of the particle at time ¢ is

St)=Y, Xy 1>0.

1<k<t/t

Due to independence of random vectors Xi,...,X,, the probabilities p; =
P(X; = x;) can be interpreted as transition probabilities from a point x; € hZ4 to
a point x4 € hZ?. By this we automatically assume that the particle jumps are
isotropic in all directions. They satisfy the following nonnegativity and normaliza-
tion conditions:

(@ pr>0,keZ%
(®) Ypezapk=1.
We recall a fact from probability theory that for two random vectors X and Y

with probability mass functions p; and g, k € Z¢, the probability mass function of
X +7 is defined as a convolution p * g, by the rule
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(pxq)k= Y, pjak—j, ke 8.11)
jezd

Also for a random variable X its characteristic function is defined by the formula

PE) =Y pes, EcRrY, (8.12)
kezd

where kx = ky x| + - - - + k4&;. We will consider the solution u(z,x) of diffusion equa-
tion (8.7) with initial condition (8.9) as a probability density function (with respect
to x). Namely, for given time ¢ > 0, u(z,x) is the probability of sojourn of a dif-
fusing particle at x € R?. For the discrete random walk introduced above we use
the notation y’; for the (discrete) probability of sojourn (in the time instant 7,,) of the
wandering particle at the point x;. Heuristically, we consider y; as an approximation
of hlu(ty,x;) ~ fcj u(ty,x)dx, the total probability of sojourn inside a cubical cell C;
with the center x; and side length .

We also will use the fact that for a continuous function f(x) integrable over RY,
the following convergence of the Riemann sum

h Y f(jh) — / f(x)dx. (8.13)
jezd R
as h — 0, holds.

Lemma 8.1. For the probabilities y;? the following statements hold:

+1
1. yf,’- =
k

2.yj=(px--*p);j.
———

ntimes

Y P €LY
c7d

Proof. The first statement follows from the recursion S, = S, + X, and (8.11).
The second statement follows from the first one by induction.

Lemma 8.2. Let 5(7), T > 0, be a differentiable function, such that

(a) s(T) = 80, T — oo,
(b) Ts/(r) — 0, T —> 0. Then

T
lim (1 n s—> — %, (8.14)
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Condition (@) implies that the function s(7) is bounded at infinity, and therefore,
one can apply the L’Hépital’s rule to find the limit of g(7) when T — co. Then, due
to conditions (a) and (b)

lim g(7) = =
rawg( ) _172 1_’_&) %0

The latter implies (8.14).

Theorem 8.1. Let X, X, ..., be an independent and identically distributed random
vectors with the probability mass function py = P(X; = hk),k € 74, of each random
vector X, j=1,...,n. Assume that

(a) if 0 < o < 2, then

1 . —0-
{1-Hb(a)2mezdw0};;ﬁva ifk=0; ®.15)

b (o) k| -4+, ifk #0,

with U satisfying the condition

1
O<u< ;
b(0) ez joy Iml =4~

and the space and time steps h and T being connected by the scaling relation
T =1(h) = uh*
(b) if o =2, then

1 .

55, Iflk|l=1;
po= {20 T

0, k=0,

. _n?
with T= .
Then the sequence of random vectors S, = X1 + ...+ X, converges as n — oo in the
sense of distributions to the random vector whose probability density is the funda-

mental solution of the Cauchy problem (8.7), (8.9), i.e., to G(t,x) defined in (8.10).

Proof. Let 0 < a < 2. We will show that the sequence of random vectors S,, con-
verges as n — oo to the random vector whose probability density function evolving
in time is of the form

G(t,x) = /def%t‘é‘aeixédf, t>0,xeRY.
R

(2m)?
It is obvious that the Fourier transform of G(¢,x) with respect to the variable x is the

function G(z,&) = e 2% Let Pr(&) be the characteristic function correspond-
ing to the random vector X; € hZ¢ with the probability mass function p; defined
in (8.15), that is (see (8.12))
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&)=Y pre™s.
kezd

Due to Lemma 8.1 the characteristic function of S,, can be represented in the form

Minr &) = 3, vie™ s = [pn(8)]".

kezd

Taking this into account it suffices to show that
[pn(&)]" = e 21" n— co, (8.16)

The latter is equivalent to

Inp;(8)
i T(h))2

=gl

where 7(h) = £ = uh®. Below we show the validity of the limit in (8.16). Using the
definition of p; given in equation (8.15), we have
R n 1 ikéh n
[Ph(&)} = [1 —ﬂb( ) 2 |k|d+oc +‘Ub(a) 2 |k|d+oc}
0#kezZd 0#£kezZd
1= etkéh n
0#£kezd
Further, one can easily verify that
2 1— eikéh 1— efikéh
Tldre T T lkldto
0£keZd [kl 0+£kez4 [kjre

Due to the definition of the symmetric second finite difference of the function s
at the origin, this implies

2 1 — eikEh B 1 2 2 — ok | p—ikEh
o [Kdre 2 ’ K|+
0#4keZ: 0#4keZ
1 (A khel é)\x:O
—— s (8.18)
2 07ékZE‘Zd |k|d+a

Now in equation (8.17) substituting 4 = 7 and using equality (8.18), one obtains

(A5 s
5b(0) Tyeza oy kh—dﬂxohd}

n

[ﬁh(é)r = [1 + (8.19)
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Further, it follows from Lemma 8.2 that if a sequence s, = s(n), n=1,2,..., con-
verges to s when n — oo, and TS/(‘L') — 0, T — oo, then

lim (14 22)" = ¢, (8.20)

n—oeo n

Due to (8.13) and Corollary 2.11 the expression

J (Algheix;;)\x:o d
=) = 2b(0) D e
kezd\ {0}

converges to

A2 ixE —
s = Eb(a)/lwdy
Re

; t
2 |y|d+a (DgelX€)\X:0 = _§|§|a7

. t
2
as h — 0 (or, the same, n — oo ) for all o € (0,2). Moreover, utilizing the equality
h* =t /(un) the function s(7) can be written in the form
7(cos % -1)

| k|d+a

s(t) = ub(a) Y,

kezd\{0}

Exploiting the dominating convergence theorem, it is not hard to see that s (1) =0,
as T — oo. Hence in accordance with (8.20), letting n — oo in (8.19), we have

1, &) = [pr(E))" — e 2, E e R,

The case o = 2, with probabilities p; given in Part b) of Theorem 8.1, corre-
sponds to the N-dimensional simple random walk and was shown earlier.

Remark 8.1. The constructed random walk can be generalized to the class of sta-
ble motions L,, characteristic functions of which in the one-dimensional case have
the form exp(tw(&)), with y(&) defined in (7.121). In multidimensional case the
symbol w(&) has the form

w(8) =—i(a, &)+ ‘9‘:1(—1'579)“1"1(619), £ eRY,

where a € R? and M(d@) is a probability measure defined on the unit sphere. If
a=0and M(d6) = const - d6, then we get the symmetric case considered above.
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8.4 Random walk approximants for mixed Lévy processes

The objective of this section is twofold. The first objective is to describe the driving
process of SDEs considered in previous sections, approximating it by a discrete
random walk. To achieve this we develop a DODE model in this section and CTRW
model in the next section. The second objective is to generalize the random walk
construction discussed in Section 8.2 and some random walks models introduced
and studied in the papers [GMO1, US06].

Definition 8.1. Let p be a finite measure with the support suppp C (0,2]. Denote
by SS the class of (.%;)-semimartingales Z;, Zy = 0, whose characteristic function
is given by

2

E[e*%] :exp{—t/|§|“dp(a)}, EeRY. (8.21)

0

If fz,(x),x € R, is the density function of the process Z, then equation (8.21) can
be expressed as the Fourier transform E [e""ng} = F[f7](&). The class SS obviously
contains Lévy’s SaS-processes and all mixtures of their finitely many independent
representatives. For the process Z; € SS corresponding to a finite measure p, we use
the notation Z, = X/ to indicate this correspondence.

Suppose X/ is a stochastic process obtained by mixing of independent Lévy’s
SouS-processes with a mixing measure p, suppp C (0,2).° Then its associated FPK
equation has the form

2
:/ w(t,x)dp(a), >0, xR, (8.22)
0

where Df is given by (8.8). Indeed, it is seen from (8.21) that the Lévy symbol of
XP equals

2
- [ leIedp. (8.23)
On the other hand, due to the formula F[D$¢](&) = —|&|*F[@] (&) (see (3.82)), the

Fourier transform of the right-hand side of (8.22) is

F[ [ piowap(@)] = [ FIpgel€ap(a) = (- [ 161%ap) Flel).

Hence, the symbol of the pseudo-differential operator on the right-hand side of (8.22)
coincides with /(). This means that the FPK equation associated with X/ is given
by equation (8.22). Since X{; = 0 the function u(#,x) in (8.22) satisfies the initial

3 The set (0,2) can be replaced by (0,2], but this requires an additional care (see [US06]).
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condition u(0,x) = &(x). Using the Fourier transform technique, one can verify
that the solution of (8.22) satisfying the latter initial condition can be expressed in
the form

1 —ix
GP(1,x) = W/Rd &TE -8 ge (8.24)

The following theorem provides a random walk approximation of the stochastic
process X,p .

Theorem 8.2. Let X; € hZe, j > 1, be i.i.d. random vectors with the probability
mass function

1-21%,,0 2 W‘a ifk=0;

=P(X, =k)= 8.25
Pk (X1 ) 2TQ‘];(‘(5), ifk+£0, ( )
where T >0, h > 0, and
_ [2b(o)dp()

Om(h) = /0 e " #0. (8.26)

Assume that N
o(t,h) =21 Q|:l(|d) <1. (8.27)

m#0

Then the sequence of random vectors S, = X\ + ...+ X,,, converges in law to X! as
n — oo,

Proof. In order to construct a random walk relevant to (8.80) we use the approxi-
mation (8.13) for the integral on the right-hand side of (8.22), namely

— 2u(t) + uj (1)
|k|d+ochoc ’

Dgu(l‘,xj) ~b(a) z uj+k(t)

kezd

(8.28)

and the first order difference ratio

814 j(tn1) —uj(tn)
at T

for “ with the time step T=1/n, and u;(¢) = u(x;,t), x; € hZ*. Following notations
in Sectlon 8.2, we denote the probability of walker being at x; at time 7, by y; =
u(tn,x;), t, = nt,x; = hj. Then, taking into account the recursion S, = S, + Xy,
one has
Y=Y p ok j€Zn=0,1,.... (8.29)
kezd

with the transition probabilities

1 —2rzm¢0%{}>, if k=0;

PE=1 2¢ T2, if k0,

(8.30)
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where Q,,(h) is defined in (8.26). Assume that the condition (8.27) is fulfilled. Then,
obviously, the transition probabilities satisfy the properties:

Y pe=1, and p>0, keZ (8.31)
kezd

Introduce the function

1 - My
a): 2 |k|d+a = 2 md+o’ 0<a<2,
k#0 m=1

where M,, = z 1. (In the one-dimensional case % () relates to the Riemann’s
|k|=m
zeta-function through Z(a) = 2{ (1 + o)) The inequality (8.27) can be rewritten as

o(t,h) =21 /02 %dp(a) <1.

It follows from the latter inequality that & — O yields T — 0. This, in turn, yields
n=t/7 — oo for any finite ¢.

In order to prove the theorem we have to show that the sequence of random vec-
tors S, tends to the random vector with the density function GP (¢,x) (for a fixed )
in (8.24). This means that the discrete function y;(#,) tends to G (,x) as n — oo, It
is obvious that the Fourier transform of G” (¢,x) with respect to the variable x is the
function GP (t,E) = (&) Let p(&) be the characteristic function corresponding to
the discrete function py, k € 74, that is

=Y pres. (8.32)
kezd

It follows from the recursion formula (8.29) (which exhibits the convolution) and the
well-known fact that convolution goes over in multiplication by the Fourier trans-
form, the characteristic function of y;(#,) can be represented in the form

9i(tn, &) = 9j(ta-1,8)p(E) = --- =9,(0,E)[p(E)]"
=[pE)N, n=12,....

Taking this into account it suffices to show that [p(h&)]" — ¢¥(®)| n — . The next
step of the proof uses (8.20). We have

p(E))" <fz|k|d m)

k£0
oy L Pab@dp@) | e )
_<1 T,g;)|k|d./o Kene )>

2 (42), o o !
+ffo{b(05) el tp(o)

n
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In Section 8.2 we have proved that the expression

(48"¢),

‘.170 hd

b(a) 2 |kh|d+oc

kezd

tends to (Dge™®)
Hence

o = —|&|* as h — 0 (or, the same, n — <o ) for all o € (0,2).

2 A20ikER .,
s =5y = | (B T bpla) [ El7dp(a)

=Y¥(&), n—oe(h—0).

Moreover, the function sT (s, = s(n)) satisfies condition s () — 0, T — eo. Thus,
in accordance with (8.20) we have

(&))" — ™ &), oo,
completing the proof.

The random walk related to the multiterm fractional diffusion equation can be de-
rived from Theorem 8.2. Assume that dp () has the form

M
= anby;(a)do
m=1

with 0 < o < ...og7 < 2. So, we again exclude the case {2} € singsuppp.

Theorem 8.3. ([US06]) Let the transition probabilities p; = P(X = x;),k € Z4, of
the random vector X be given as follows:

2]#0 WZM l'lm(m—amm lfk 0;

P = m@mb (O
‘k‘d Zm: u(‘lj‘—o((ma)a lfk¢0y

2T p=1,..

where Uy = 55 ,m ..M. Assume,

M
> amb(0tm) R () thin < 1.
m=1

Then the sequence of random vectors S, = hX1 + ...+ hX,, converges as n — o
in law to the random vector whose probability density function is the fundamental
solution of the multiterm fractional order differential equation
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du(t,x)

M
~= = > auD§ u(t,x), t>0, xe R

m=1

Remark 8.2. 1. Theorem 8.2 in the particular case of the measure p (da) = a(a)do,
where a(a) € C[0,2], is proved in [US06].

2. The condition {2} ¢ singsupp p is required, because the value o = 2 is singular
in the definition of D§ (see (3.75)). The particular case of p(da) = 8 (ot —2)do
reduces equation (8.22) to the classic diffusion equation and as was seen in Sec-
tion 8.2, the corresponding (simple) random walk converges to Brownian motion.

8.5 Continuous time random walk approximants
of time-changed processes

8.5.1 Continuous time random walk. Montroll-Weiss equation

Driving processes of the SDEs associated with time-fractional FPK equations ap-
pear to be time-changes of basic processes like Brownian motion, Lévy process,
fractional Brownian motion, etc. Donsker’s theorem states that Brownian motion is
the limit in the weak topology of a scaled sum of a sequence of independent and
identically distributed (i.i.d.) random variables {X;}, with X; € L*(PP). This fact is
important from the approximation point of view since an approximation of the basic
driving process B; yields, under some conditions, an approximation of other pro-
cesses X; driven by B;. Natural approximants of time-changed processes By, Ly,
etc., where W is the inverse to a stable subordinator, are continuous time random
walks (CTRWs). A CTRW is a random walk subordinated to a renewal process.
CTRWs are described by two sequences of random variables: one representing the
length of the jump, and the other one representing the waiting time between succes-
sive jumps. More precisely, let Y1, Vs, ..., Y,..., (Vi€ Rd), be a sequence of i.i.d.
random vectors, and let 7y, T3, ... , Ty,..., (7 € R) be ani.i.d. sequence of positive
real-valued random variables. Then

S,=Y+--+Y, (8.33)
is the position after n jumps, and
T,=71+ - +71, (8.34)

is the time of the nth jump. Assume that Sp = 0 and 7y = 0. The stochastic process

N
X, =Sy, =YY, (8.35)
i=1
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where
Ny =max{n>0:T, <t}, (8.36)

is called a continuous time random walk. We assume that the random variable 7|
and random vector Y| are independent. This case is referred to as uncoupled CTRW.
Suppose ¢(t,x) = ¢(t)w(x), T > 0,x € R, is the joint density of (71,Y;), where
¢(r) and w(x) are density functions of 7| and Y}, respectively. Then the probability
p(t,x) of being the walker at x at time  satisfies the following integral equation (see,
e.g., [MKO00, SGM00, GMO05])

plt.x) = 5O(x)<p(t)+/0’ [ o—Dwlx—y)p(ry)dydr, (B3]

called a master equation. In this equation ®(¢) = 1 — [j ¢(7)dt = [ ¢(7)d7. One
can easily verify that the Laplace transform of @(t) is

B(s) = Ljo](s) = =29 %) >0, (8.38)

Applying the Laplace transform and then the Fourier transform to both sides
of (8.37), one has

_ o)
1- (p(svg),

Equation (8.39) is known as the Montroll-Weiss equation, and first was obtained
by Montroll and Weiss in [MW65] using a different argumentation, which does
not use the master equation. In our case of uncoupled CTRW @(s,&) = ¢ (s)W(&).
Therefore, taking into account (8.38), one can write the Montroll-Weiss equation in
the form

p(s,8) R(s) >0, & e RY. (8.39)

=6 1
s 1=9(s)Ww(&)’

Our aim is to study limit processes of CTRWs. For this purpose, consider 77,
where 7 > 0 is a nonrandom parameter. Due to (8.34), this is equivalent to the change
of the sequence T, to the sequence 7 - T,. The density function of the latter is ¢;(r) =
77'¢(¢/7) and the corresponding Laplace transform is ¢;(s) = ¢(ts). Similarly,
with a nonrandom parameter & > 0 consider AS,,, which is equivalent to the change
of ¥, in (8.33) to hY,. The density function of the vector 1Y, is wy,(x) = h "w(x/h),
and the corresponding characteristic function is Wy, (&) = Ww(h&). In this case the
CTRW process takes the form X,T’h = hSy, ., with the corresponding Montroll-Weiss
equation

p(s,&) = R(s) >0, & e RY. (8.40)

/o0

. _ 1—¢(s) 1
Pen(s:§) = — e E) R(s) >0,& eR7. (8.41)
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Now assume that .
d(s)~1-2AsP, s—o0, (8.42)

with some A > 0, and
Ww(E) ~1+A(E), [§[—0, (8.43)

where A() is a continuous radial function taking negative values, and such that
A(0) = 0. Further, assume that parameters 7 and / are connected so that T BA(h&) —
AA(&), as T — 0. The validity of the latter limit yields also that 4 is a function of T,
and i(t) — 0 if T — 0. Under these assumptions equation (8.41) implies

R AtPsP-1
Pei($:6) ~ 75 p — A(hE) + ATPsBA(RE)
B-1
) i _ (8.44)
5P — LpA(hE) + sPA(E)

Hence, letting T — 0, or 7 — 0, in (8.44), one obtains locally uniform convergence

2 sﬁ’l

ﬁr7h(s,§)—>m, T—>0(h—>0), (845)

since A(hE) — 0 as h — 0. It follows from Proposition 3.7 that the right-hand side
of (8.45) is the Laplace transform of Eg (tBA(E)), which, in turn, is the Fourier
transform of the distribution

&(t,x) = Eg(1PA(D))&y(x), t>0,xeR?

Due to Theorem 5.2 the latter is a (unique) solution of the Cauchy problem for the
fractional order differential equation

DPu(t,x) = A(D)u(t,x), >0, xeR?, (8.46)
u(0,x) = &(x), xcR (8.47)

Thus, the limiting process of the CTRW under conditions (8.42) and (8.43) is a
process associated with the initial value problem (8.46)—(8.47) for the fractional
order FPK type equation. Consider an example.

Example 8.1. Let 71 be Levy’s stable subordinator with the stability index 0 < § < 1.
The density function of 7; has the asymptotic behavior (see (7.37))

—ﬁ oo
¢(I)N1—v(1_ﬁ)t1+ﬁu [ —> oo,
It follows that . |
/t q)(u)du ~ m, t — oo. (848)
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Further, we use the following fact [GMOS5]: the Laplace transform of a density ¢(¢)
satisfying the condition

/[w(p(u)duwﬁ%, [ =500, C>0, (8.49)
has the asymptotic behavior (8.42) with
P S—
r'(1+p)sin(zp)
In our case C = 3/I'(1 — ). Hence, using the relationship (1.7), one has
A= pr = i =1

r(+p)r(—p)sin(zp) B (1-p)sin(zp)
Thus, the density of the stable subordinator 7; with the stability index 0 < < 1
satisfies (8.42) with A = 1.

Further, let 0 < o < 2 and Y} be a Lévy’s symmetric a-stable distribution, that is
W(E) =e 151" ~ 14 (—|E|%), |€] — 0. Hence, the density of ¥, satisfies (8.43) with
A(&) = —|&|”. This is the symbol of the operator D{ (see Proposition 3.4). Thus, in
this particular example the CTRW approximates the process X; associated with the
fractional FPK equation

Dfu(t,x) =D¢u(t,x), t>0,xcR

It follows from Theorem 7.10 (the case of one subordinator W;) that the process X; is
a time-changed process with the time-change process E;, the inverse to the Lévy’s
stable subordinator W; with the stability index f, that is X; = Yg,, where ¥; is the
Lévy’s a-stable process.

With appropriate scaling parameters this example can be extended to an arbitrary
process Y € SS, as well. That is, the limiting process is associated with the Cauchy
problem

DPu(t,x) =¥(D)u(t,x), 1>0, xeR?, (8.50)
u(0,x) = 8(x), xeR?, (8.51)

where ¥(D) is the pseudo-differential operator with the symbol V(&) defined
in (8.23). For the sake of clarity, we consider a particular case, namely

m
p(da) =" a;jby(a)do.
j=1
Suppose i.i.d. random vectors Yy in (8.33) have the structure

m .
Y=Y Al
=1
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where A; = a j/ % and Y(J ) are symmetric ¢;-symmetric distributions independent

for all k € N. The densities of Y ) are w i(x) with the corresponding characteristic
functions w;(§) = exp(—|& |°‘1) By construction, the characteristic function w(&)

of the random vector Y; is the product of characteristic functions of Yk( ), that is

u:s

(4;8) —eXp< iajlilaf)Nl—iainI“’} 1 —0.

Jj=1 Jj=1

Like the previous case we again rescale 7 and Y; introducing nonrandom parameters
tand h = (hy,... h,). Namely, we change 7 in (8.34) and Y} in (8.33) respectively
by 7- 7 and ¥y = Allek(l) 4+ +AmhmYk(m>. Then, it follows from the correspond-
ing Montroll-Weiss equation that

. B sh-1
P S B — PP a
sP-1
sﬁ+2 LT PR a (g% — P X ah g% (832
If one selects the multi-scaling parameter h € R™ suchthathj:rﬁ/ % j=1,...,m,

then (8.52) implies the locally uniform convergence
sP-1

Pen(s.8) & g
' sP + X0 aj|E]%

7—0 (Jh| —0).

Hence, in this case the constructed CTRW approximates the process X; associated
with the time-fractional distributed order FPK equation

DPu(r,x) ZakD u(t,x), t>0xeR%

8.5.2 Continuous time random walk approximants of time-changed
processes

Now we construct a CTRW approximation (called fully discrete random walk model
[GMMO02, GV03]) of the time-changed process associated with the fractional FPK
equation (8.50) with initial condition (8.51). Note that the solution u(z,x) is the den-
sity function of the time-changed process X; = Yy, , where ¥; is a driving process and
W, is the inverse to a -stable subordinator. Since X; is non-Markovian, an approxi-
mating random walk also can not be independent. Therefore, transition probabilities
split into two different sets of probabilities:

(a) non-Markovian transition probabilities, which express a long non-Markovian
memory of past; and
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(b) Markovian transition probabilities, which express transition from positions at
the previous time instant.

Suppose that non-Markovian transition probabilities are given by (see [GMMO2])

omcoe(8)- )

=30 (h), 859

=0

and Markovian transition probabilities {p }rczn are given by

c1 —2tPQ(n), ifk=0;

PE=Y 248 all, if k0,

(8.54)

where Qk(h), k # 0, is defined in (8.26), and Q(h) = ¥40 Qk(h)|k| ™. Then the
probability ¢! of the walker being at the site x i=Jh,j€ 74, at the time instant

X j
Iny118
1 0, % ‘
4 =%} + D cnrr1d+ (61 —7 Qo(h))q;! + > pidi i
=1 k#0

It follows from Theorems 8.2 and 7.10 that the density function of the process
X; =Yg, satisfies the equation

DEu(t,x) = Y¥(Dy)u(t,x), (8.55)

where the pseudo-differential operator ¥'(Dy) has the symbol ¥(£) defined in equa-
tion (8.23), that is

2
¥(D)p(x) = [ D pwdp.

with a finite measure p, suppp C (0,2), and the initial condition u(0,x) = J(x).
Due to Theorem 5.1, the unique solution to (8.55) with this initial condition is given
by (see Example 5.1 and equation (5.15))

u(t,x) = Eg(¥(D)P) 8o (x) = ﬁ [ Ep(¥(& )Py e qE .

Therefore, the Fourier-Laplace transform of u(z,x), in accordance with
Proposition 3.7, is

LIF[u)(§))(s) = LIEg (¥(£)P)](s) s>0,6 R (8.56)
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Theorem 8.4. ([Umal5]) Fixt >0 and let h>0,7T=1t/n. Let Y; € Z¢, j > 1, be
identically distributed random vectors with the non-Markovian and Markovian tran-
sition probabilities defined in (8.53) and in (8.54), respectively. Assume that

T< (i)% (8.57)
QO(h)
Then the sequence of random vectors S, = hY1 + ...+ hY,, converges as n — < in
law to X; = Yg, whose probability density function is the solution to equation (8.55)
with the initial condition u(0,x) = 8(x).

Proof. For the Caputo fractional derivative on the left-hand side of (8.55) we will
use the backward Griinwald-Letnikov discretization (3.94):

n+l n+l-m _ 0
Bon_ BN pymBYY uj

where '} = u(ty,xj),n=0,1,...,j €724 x; € ZZ, and #, = nt, T > 0. Using nota-
tions (8.53) and rearranging terms, equation (8.58) can be expressed in the form

1 n+1
DE 7 =~ 5 (1,17.Jrl — Clu7 - 2 cmul’]’-H*m - y,m?) . (8.59)
m=2

For the discretization of the right-hand side of (8.55), due to approximation (8.28),
valid for all 0 < & < 2, one obtains

h
2Q|ZT d), k0,
YD~ Y, dadi g, dii= 0ulh) (8.60)
keZd ) |]/€c|d k=0,
k£0

where Oy (h) is defined in (8.26). Setting the discretizations for the time and space-
fractional derivatives in (8.58) and (8.60)) equal to each other, we get

1 n
@ (“?“—cw;’-— >, Cmu;’-“’"—w?> = 3 dati . ®6D)

m=2 kez

Rearranging terms and solving for u;?“

constructed:

, the following recursion equation is
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”“ = }/,,u + Z c,,,u”Jrl Y gy, (8.62)
kezd

rﬁdk_rﬁ/ < ) wm?,k;éo

_ZQku k

k#0

(8.63)

qk

|
e

By construction, uo =1if j=0=(0,...,0), and u? = 0 otherwise.

The update u”le in equation (8.62) is determined by Markovian contributions
(those values of u at time ¢t = t,,) and non-Markovian contributions (those values of
u at times t = {fg,#1,...,t,—1 })- The order of the time fractional derivative 3 deter-
mines the effect that the non-Markovian transition probabilities (¥, and c,...,cn)
has on u’]’-“. This effect can be measured by sum of all of the transition probabilities
in equation (8.62):

<yn+ icm>+ > ar=1

m=2 kezd
where
n
> ar=(c1—qo)+ Y qx =ci and Tt D, em=1-c1.
kezd k#0 m=2
As aresult, when f =1 onehasc; =1, ¢, =--- = ¢, =¥, = 0, and hence, equa-

tion (8.62) simply reduces to (8.29), with g; = py, where py, k € Z¢, are defined
by (8.30).

Let " (&) be the characteristic function of the discrete sequence u” for a fixed n =
0,1,..., (see the definition in (8.32)). Then equation (8.62), in terms of characteristic
functions, takes the form

PE =t S ™ E) +(E)I(E), (8.64)
m=2

since #1°(&) = 1. Further, let U, (s, &) be the discrete Laplace transform of #"*!(&),
namely

*TZ AH(E)e™, 5> 0.
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Then multiplying both sides of (8.64) by Te™ "™ and summing over the index n, one
obtains

oo n+1 oo
0:(5:8) = 7(5)+ 7%, ( %cmﬁ"“m@) AT R (@)
oo n+1
— _72 (i (ﬁ)ﬁﬁlm(é)) efn‘rs

m=1 m

1+ﬂ 2 7&'}1‘5 (865)

where
_ - —SntT __ - n+1 ﬁ *SﬂT
$)=TY e =1 2 :
n=0 n=0m=

Changing the order of summation one can show that

()5t

Further, in accordance with relation (8.56), in order to prove the theorem we need
to show that Uz (s, hE ) converges as h — 0 (that implies T — 0 too) to

sﬂ’1
B+ (—W¥(&))’

the Laplace transform of the Mittag-Leffler function Eg(x) composed by w(E)P.
Here ¥(&) = — [ |€|%dp(et); see (8.23). Indeed, this convergence implies the con-
vergence 4" (h§) — Eg (P(E)ePB), as n — oo, uniformly for all & € ¢, where % is
an arbitrary compact in R?. In turn, the latter convergence is equivalent to the con-

vergence in law of the sequence S, to the process Yy,. To show the convergence
U (s,hE) — L[Eg (P(E)rP)](s), we notice that

LIEg(¥(E)P)](s) = §>0, & eRY

tY @M(E)e T = T4 UL(5,8),

n=0
and changing the order of summation

ri (2 (f)ﬁmm(é))

m=1

=~ + (17 + Ue(s,8)) (i (-1)" (ﬁ> e 1) . (8.66)
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It follows from equations (8.65)—(8.66) that

eI (Z Te " — r) + 7 B(tBd (&) + B +€)

U8 = 1<)~ d(E)e e

: I $ 1\ ﬁ —snT __ B st _ B
}%T—ﬁgo( 1) <n>e - (,wg, ¢ ),:o_s , (8.68)
lim <§rem - r) =5 (8.69)
}lmg)d(hé) (), (8.70)
lim 7' A (tPd(&)+ B+ 7)) =0, (8.71)

7—0

The relation (8.68) follows from the definition (3.94), the first equality in Exam-
ple 3.12, and the fact that the Griinwald-Letnikov fractional derivative coincides
with Liouville-Weyl derivative in the class of suitable functions (see Remark 3.5).
The relations (8.69) and (8.71) can be easily verified by direct calculation. To show
the relation (8.70) we have

J(hE) = ) ) jikne _ 55 Ceh) e

) ,#0 |k|d 3 S 25 e -
ikhE ikh& Ok (h ) 2 ixE

-3 & |k|d ( 2re ) 2, I (Akhe )\x:o

k20 k20

/2b(oc) (1' Y A z;hd> dp(a)
= 1m .
0 N g o [KAITH? =0

Letting & — 0, due to (8.13) and the second formula in Corollary 2.11, we obtain

o 2 . A2 ixE
limd(he) = [“blo) | fim [ Tmdv|  dp(e)

<
<N [x=0

2 2 lxi,‘
= [ ot / Simdr|  dple)= [ 08, dp(@)

|x=0

- 2|é|2dp<a> = ()
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Now taking into account the relations (8.68)—(8.71) it follows from (8.67) that

sﬁ’1

> R4
FwE) s>0, & eR”,

1'1110 h =
hl 0 ‘L'(sa é)
as desired.

Remark 8.3. 1. The authors of paper [LSATO05] use a different discretization for
DE u:?. Namely,

In+1 I/l/j(t,H,l — S)

R

Dgul’]’- ~ ds

= # ([u;!Jrl _ u;’] + mz:b[(l’f’l'i‘ 1)1*/3 _ mlfﬁ] [M;H’l*m _ M;gmL) (8.72)

where v =I"(2— ). Setting

a(B,7) = (viP)™, (8.73)
Yo = (m+ DB =By —0, .., (8.74)
Gk=Y-1—Y k=1,...,n, (8.75)

and rearranging terms, equation (8.72) can be expressed in the form

n
Déu.’]’- ~a(B,7) (u}’-“ —cuj— 2 cmu:&l*m — ynu(}> . (8.76)

m=2

The latter unifies both discretizations. Indeed, in the case of the Griinwald-
Letnikov time-fractional derivative, a(f3,7), ¥, and c; are re-defined as the
following:

1
a(B,t) = B (8.77)
T=1-Ya (8.78)

i=1
CkZ(—l)k(i)Z(l—l—};ﬁ>Ck1, k=1,2,... (C()Zl). (879)

Note that for 0 < f < 1, % = 1. In addition, for B =1, j, =0 form = 1,...n,
ci1=1,¢,=0fork=2,....,n and v = 1. As a result, when 3 = 1, both dis-
cretizations reduce to the standard forward-time discretization of du/dt:

n+l _ n

Dlurg:@,&_,u./ u]
I ot T
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2. Theorem 8.4 extends to the case when the left-hand side of equation (8.55) is a
time distributed fractional order differential operator with a mixing measure u,
whose support satisfies supp it C [0, 1], that is

Dyu(t,x) = ./01 Dgu(t,x)du(ﬁ) =¥ (D)u(t,x), t>0,xcR’, (8.80)

where ¥(D) is a pseudo-differential operator with the symbol ¥(£) defined
in (8.23). In this case for the left-hand side of (8.80) we again have a discretiza-
tion of the form (8.76). Namely, we have

n
Dyu} = a() <u7+1 —cui— Y cfnuj&l*m - ﬁu?) ,

1 1
a(t) = [ a(e.Blau(B). ci = — [ a(z.Beu(B)au(B),k=1.....n
(8.81)

%= o BB (B) n=12..... (8.82)

In equations (8.81) and (8.82) the integrands a(7, ), cx(B), and y,(B) are de-
fined in (8.77)—(8.79) or (8.73)—(8.75) depending on whether the Griinwald-
Letnikov approximation or approximation (8.72) is used for discretization of
DPu(r,x) in (8.80).

3. We also note that condition (8.57) takes the form

2-21"B \j
< (2
r2-po)
if the non-Markovian probabilities are selected as in (8.73)—(8.75). This condi-
tion as well as (8.57) generalize the well-known Lax’s stability condition 7 <
h? /2 arising in the finite-difference method for solution of an initial value prob-

lem for the heat equation, which corresponds to the case § = 1 and ¥ (D) = A,
the Laplace operator. In this case Q(/) reduces simply to Q(h) = 2/h>.

8.6 Additional notes

1. Random walk. CTRW. The random walk problem was first set in a note by Karl Pearson in the
journal “Nature” in 1905 [Pea05]. Nowadays it is a mathematical tool broadly used in modeling
of various problems arising in science and engineering. For the general theory of random walks
and their relation to mathematical problems we refer the reader to books [SpiOl, L10]. Some
aspects of the modern state of the random walk theory are presented in the following survey
papers: various applications of random walk to fractional dynamical processes arising in natu-
ral and social sciences in [MKO00, MKO04], random walk in graphs in [Lov93], applications of
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random walk to finance in [SGMOO]. Continuous time random walk was introduced by Montroll
and Weiss [MW65] in 1965. CTRWs have rich applications in many applied sciences and the lit-
erature on CTRWs is still increasing at a rapid rate. See papers [MK00, MK04, SGM00, MS05]
and references therein for a discussion of the history of development of the CTRW theory and
its connections to fractional differential equations and other relevant fields. There are various
approaches to the study of weak CTRW limits, depending on the topology and methods used
for the proof of convergence. The methods used include master equations, constructive random
walk approximations, and use of abstract continuity theorems. CTRWs also serve as approxi-
mate for driving processes of SDEs. Driving processes of the SDEs associated with fractional
FPK equations appear to be independent time-changes of basic processes like Brownian mo-
tion, Lévy processes, fractional Brownian motions, etc.

2. Approximation of Brownian motion. Donsker’s theorem.
Let Xy, k=1,2,..., be a sequence of independent and identically distributed mean zero, vari-
ance one random vectors. Consider the sequence of scaled sums

1 |nt|
Su(t) = ZX (8.83)

where |r| means the greatest integer not exceeding . Denote by D([0,c0),R?) the Skorohod
space D([0,0), R?) of cadldg processes with the Skorohod topology; see definition in [Bil99].

Theorem 8.5. (Donsker) The random walk S, (t) in (8.83) converges weakly to d-dimensional
standard Brownian motion in the Skorohod space D([0,%0), R?).

If one modifies the path of the nth term making it continuous by linear interpolation of the
normalized partial sums, then the same kind of convergence holds in C([0,c<),R?) with the
uniform topology.

3. Approximation of fBW. In the case of Hurst exponent H > 1/2 the weak convergence of scaled
sums of random variables to a fractional Brownian motion was studied by Taqqu [Taq75]. He

described the class of functions G(s ) such that ;- ZLm G(X;) with d, ~ n*!L(n), L is slowly

varying, converges weakly to cBf | ¢ = E[XG(X)]. Sottinen [Sot01] proved that the following

random walk
m

Za(t) = 2 / (|t /n,5)ds \}ﬁx_,-,

where z(t,s) = cpy (H — 1/2)s'/>H fs’ ulf =12 (4 — s)H-1/24u, converges weakly to a fractional
Brownian motion B

4. Approximation of time-changed stable laws. The CTRW approximation in different topologies
of time-changed stable Lévy processes with the time-change process being the inverse of Lévy’s
stable subordinator is studied in the paper [MSO05]. Suppose that 7; belongs to the strict domain
of attraction of a stable law with index 8 € (0,1) and ¥} belong to the strict domain of attraction
of a generalized full operator stable law. Then, under some condition to 7; and Y}, there exists
a regularly varying function B(c), ¢ > 0, and slowly varying function L, such that B(c)S; -1
converges t0 A, , as ¢ — oo, in the sense of finite-dimensional distributions. Here S; is CTRW
associated with i.i.d. 71, T,...,, and i.i.d. Y},Y>,...; A; is an operator stable motion, and E; is
the inverse to the stable subordinator W, with index 3. In the paper [BMS04] the convergence of
CTRW approximation of time-changed stable Lévy processes in M;-topology of the Skorokhod
space D([0,0), RY), is proved.

5. Constructive random walk approximations. Gillis and Weiss [GW70] modeled random walk
with jump probabilities p(r) = p(—r) = Ar~ (1) 0 < a <2, in the 1-D case, and p(r) = r 8,
where r2 = rf + r%, 1 < B <2,inthe 2-D case. Here A is a normalizing constant. They found the
estimated number of distinct lattice points visited in the course of the random walk. In a series
of papers (see [GM99, GMO01, GMO05]) Gorenflo and Mainardi constructed several classes of
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random walk models (Gillis-Weiss, Griilnwald-Letnikov, globally binomial, Chechkin-Gonchar,
fully discrete, etc.) approximating space- and space-time fractional diffusion processes. For
one of these models, called a Gillis-Weiss model, for the case of 0 < o < 2 they proved the
following result (see [GMO1]). Let X; € Z, j > 1, be i.i.d. random variables with the probability
mass function

1—2ub(e)l(a+1), ifk=0;
=PX, =k) = b .
Pi=PXi=h) {‘;é‘ﬁ, ifk#0,

where T >0, h > 0, o = h~ %1, {(s) is Riemann’s zeta-function, and b(a) = 7~ 'I" (o +
1)sin(am/2). Assume that g < 1/(2b(e){ (o + 1)). Then the sequence of random variables
Sy = hX) + ...+ hXy, converges as N — oo in law to the process S;, whose density function

(for each fixed ) is G,(a) (x) = F~'[e~"I51%)(x), where F~! is the inverse Fourier transform.

Another model called fully discrete random walk model is presented in [GV03, GAR04]. In
particular, the following statement is obtained. Fix r > 0 and let 2 > 0, 7 = 7 /n. Let variables
X; € Z, j > 1, be identically distributed random variables whose non-Markovian transition
probabilities are defined as in (8.53) and Markovian transition probabilities are defined as

¢ =2, ifk=0;
=14 tu, k=1
0, if k| > 2,

where u = 812, Assume that u < /2. Then the sequence of random vectors S, = hX; +
...+ hX,, converges as n — oo in law to X; = Xy, whose probability density function is the
solution to the equation

d%u(t,x)
ox2

satisfying the initial condition u(0,x) = 8(x). A similar result is obtained in [LSAT05] with
further analysis of stability and convergence using a numerical approach. The random walk
constructed by Abdel-Rehim [A13] approximates in the weak sense the process whose density
solves the equation, jold u(t,x) = 7§ u(t,x), 0< B <1, 0 < o0 <2, generalizing the above two
results. In the paper [USO06] a random walk approximating the (multivariate) stable process,
whose density function solves the equation (8.22) (in the case p(da) = a(o)da, a € C[0,2]),
is constructed. Theorem 8.4 generalizes the results obtained in the papers [GMO1, A13, US06].

Dfu(t,x): t>0,xeR, (0<B<1)



Chapter 9
Complex YDOSS and systems of complex
differential equations

9.1 Introduction

In Chapters 4-7 we discussed pseudo-differential equations of integer and fractional
orders with YDOSS depending on real variables r € R and x € R”. In this section
we will discuss differential and pseudo-differential equations depending on complex
variables t = T+ ic € C and z = x+ iy € C". Consider two simple examples with
the one-dimensional “spatial” variable:

(i) “complex wave” equation, and
(i) “complex heat” equation.

The first equation is obtained from the wave equation

82
% = —D%u(t,x), T>0,xeR, 9.1)
where D = —id /dx, by “complexifying” the variables ¢ and x, that is

D?u(t,z) = Du(t,z), t€C,z€C, 9.2)

where D; = % + i% and D; = % + i(%. The solution to (9.1), satisfying the initial
conditions u(0,x) = ¢(x) and 1 (0,x) = y(x), was obtained in Section 2.2 in the
form

sintD]
u(t,x) = [cosTD] @(x) + { D y(x). 9.3)
Replacing D in (9.3) by D, one obtains
sintD, |
u(t) = leosDp(a)+ | M52 v 0.4
Zz i
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Is u(t,z) in equation (9.4) a solution to complex equation (9.2) satisfying the “initial”
conditions u(0,z) = ¢(z) and D;u(0,z) = y(z)? If yes, in what sense the operators
costD; and SthD < must be understood, and in what spaces these operators act? It is

not hard to Verlfy that d’ Alembert’s formula in this case takes the form

M([,Z): (p(Zelt) Z(P(Zeflf) +% Zijt W(C)dC7

where the integral is the line integral over a smooth curve connecting points z — ¢
and z+¢ on the complex plane.
The second equation is obtained from the heat equation
du(t,x)
ot

complexifying the variables 7 and x, that is

= —D%u(t,x), 1>0,x€eR, 9.5)

Dyu(t,z) = D?u(t,z), t€C,z€C. (9.6)

Again, replacing D by D, in the solution representation u(t,x) = exp(—tD?)¢(x) of
equation (9.5), satisfying the initial condition u(0,x) = ¢(x), can we state that

u(t,z) = e ¢(2)

solves complex equation (9.6) with the “initial” condition u(0,z) = ¢(z)? If the
answer yes, how should we understand the operator exp(th), and in what class of
functions it is meaningful?

We note that the complex “wave” equation has a unique solution in the class
of analytic functions near (0,0) € C? if ¢ and y are analytic in a neighborhood
of 0 € C, while the complex “heat” equation does not possess this property. This
is due to the fact that the complex “wave” equation is Kowalevskian (definition is
given below), while the complex “heat” equation is not. Hence, in the theory of
complex differential and pseudo-differential equations new features appear, making
this theory very distinct from its “real” counterpart.

Thus, in this chapter we will discuss the problem of existence and uniqueness of
a solution to systems of complex differential and pseudo-differential equations in
the complex (n + 1)-dimensional space. These systems in the general form can be
represented as

N p—1

Duj(t,2)+ Y, ZA (t,2,D.)D{u(t,2) = fi(t,2), j=1,...,N, 9.7)
k=1 g=0

N Pk~

2 Z 2 (2,D;)Di w1, z)‘ =Qjm(z), m=0,....,p;—1,j=1,....N

k

1 g=0
(9.8)
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where t € 2, a connected domain in C, and z € C". The operators A;I.k(t,z,Dz),
g=0,....,pj—Lik,j=1,...,N, andB;."kq(Dz),q,m:O,...,pj—l;k,j: 1,...,N,
are, in general, pseudo-differential operators with analytic symbols (see the defini-
tion in Section 9.6) in a domain G C C”, and the functions f;(t,z), j = 1,...,N,
and Qju(z),m=0,...,p;j—1;j=1,...,N, satisfy certain conditions clarified in
Section 9.7; p; > 1, j =1,...,N, are integers. We note that symbols of ¥DO have
singularities of finite order at the boundary of G or finite exponential type if G = C".

The Cauchy problem is a particular case, corresponding to B;';{q (z,D;) = 5;.7{41 :
where [ is the identity operator, and

s _ 1, ifg=m, and k= j,
Jjk ;
0, otherwise,

is the generalized Kronecker symbol. It is not hard to see that boundary condi-
tions (9.8) can be reduced to the Cauchy conditions

D,quj(t,z)‘ m:‘l/jq(z), g=0,....,pj—1,j=1,...,N, 9.9)

=i

where the vector function yj,(z) of length p; +--- + p, is a solution to the system
of pseudo-differential equations

N pj—1
2 z Bﬂq(z,DZ)qu(z) =Qju(z), m=0,....,p;j—1,j=1,...,N. (9.10)
k=1 g=0

Hence, the general boundary value problem (9.7)—(9.8) splits into two problems:

1. the system of pseudo-differential equations (9.10), and
2. the Cauchy problem (9.7), (9.9).

A brief history. We start with a brief history, since it casts light on the ques-
tion: “Where did the conditions for orders of operators A% (1,z,D,) and B! (z,D:)
appeared in the theorems of this chapter came from?”

The Cauchy problem, the most important and the most studied amongst boundary
value problem (9.7)—(9.8), was always a focus of many classics (d’ Alembert, Euler,
Fourier, Poisson, Cauchy, Hadamard, Holmgren, Petrovskii, Sobolev, etc.). Mizo-
hata in his book [Miz67] emphasized four problems related to the Cauchy problem:

1. existence of a local solution;

2. uniqueness of a solution;

3. continuous dependence on data;
4. existence of a global solution,

which to some extent reflect the development of the general theory of the Cauchy
problem for partial differential equations in the twenties century.

First result on the existence of a local solution was the Cauchy-Kowalevsky
theorem (see, e.g., [Miz67, Hor83]). This theorem in the case of differential ope-
rators A% (,z,D;) of finite order m, i.e.
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A tZD Za/katz

‘O‘Kmk

states that if the coefficients and data of the non-characteristic Cauchy problem are
analytic functions, then there exists a unique local solution in the class of analytic
functions. An essential contribution to the modern theory of the Cauchy problem
was made by Petrovskii [Pet96], Schwartz [Sch51], Hormander [Hor83], Gérding,
Kotake, Leray [LGK67], Mizohata [Miz67, Miz74], Ovsyannikov [Ovs65], Treves
[Tre80], Gindikin, Volevich [VG91], Kitagawa [Kit90], etc. The Cauchy problem
in the case of infinite order differential operators A".k (D;) (not depending on z, i.e.,
with constant coefficients) were studied by Korobeynik [K73], Leont’ev [Leo76],
Baouendi, Goulaouic [BG76], Dubinskii [Dub84], Napalkov [Nap82], and others.
We note that yet Cauchy and Kowalevsky had known that if the orders m‘jl.k of

operators Aq7 . (z,D;) satisfy the condition m? < pj —q, then there exists a unique
local solut10n to the Cauchy problem in the class of analytic functions. Kowalevsky
[Kow1874] in examples showed that this condition is essential for the analytic solv-
ability, namely, if this condition is not verified then the Cauchy problem may not
have a solution in the class of analytic functions. Therefore, systems satisfying this
condition are called Kowalevskian; see [Miz74]. In the case of one equation (that is
N=1)

m—1
Dl'u(t,2) = Y, Aw(t,2,D:)Dju(t,2) + £ (1,2),
k=0
this condition takes the form
m<m—=k, k=0,....m—1, 9.11)

where my, is the order of differential operator A.(¢,z, D;). Obviously, equation (9.2)
satisfies condition (9.11), while equation (9.6) does not. In 1974 Mizohata [Miz74]
showed that in the case of one equation, condition (9.11) is also necessary for ana-
lytic solvability; see also [Kit76].

The sufficient condition for the general system, as was shown by Leray et al.
[LGK67] in 1964, is the Leray-Volevich (LV) condition

m7k§l«lj—ﬂk+l7]—%

where 1, ...,y are collection of natural numbers (related to the orders of singu-
larities near the boundary). What concerns the necessity of the LV-condition, then
as was noted by Dubinskii [Dub90], it depends essentially on the problem setting.
Namely, if the singularities of solutions evolve cylindrically, then the necessary con-
dition for existence of a local analytic solution is m‘]’.k < uWj— Hg; however, if the
singularities evolve along the characteristic cone, then the LV-condition becomes
necessary [Dub90].

Apart from analytic theory, well posedness in classes of exponential functions
were studied. Tikhonov [Tik35] was the first, who in 1935 indicated the exact
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exponential growth conditions for uniqueness of a solution of the heat equation.
For general parabolic systems the uniqueness and well-posedness classes in terms
of exponential classes of functions were studied, in particular, in works [Tac36,
GS53, Hay78, K81]. In the above-mentioned references [Dub84, Dub90] Dubinskii
showed that the analytic and exponential theories are in a dual relationship.

In the case of real z € R" in the system (9.10) and p; =1, =1,...,N, and
B(]?O (z,D;) = Bji(z,D;) are differential operators of finite order

Bi(z,D;)= 3, bz

‘a‘<vjk

the elliptic systems were studied by Bernstein [Ber28], Petrovskii [Pet96],
Hormander [Hor83], Douglis and Nirenberg [DN55], Morrey [Mor58], Oleynik and
Radkevich [OR73], etc. An important question of analyticity of a solution was al-
ways in the focus of many authors; see, e.g., [Ber04, Ber28, MN57, Mor58, OR73,
Pet96] and the references therein. Douglis and Nirenberg [DN55] studied elliptic
systems under the following conditions for orders of operators B jx(z,D;) :

vjké.uj_vkv kajzla"'aNa 9.12)

where Ug,..., Uy and vq,..., vy are some collection of integers. In the modern liter-
ature conditions (9.12) are referred to as the Douglis-Nirenberg, or DN conditions.
Mizohata [Miz62] and Suzuki [Suz64] found examples of elliptic equations, smooth
solutions to which are not analytic. Therefore, finding necessary and sufficient con-
ditions for analytic solvability of systems is a challenging question. See more on the
history and other contributions in Section “Additional notes.”

In this chapter we will present resent results on necessary and sufficient con-
ditions for analytic and exponential solvability of general boundary value prob-
lem (9.7)—(9.8) with pseudo-differential operators A?k(t,z,DZ) and B (z,D;) with
analytic symbols (Section 9.7). For this purpose we construct an algebra of pseudo-
differential operators with meromorphic symbols defined on a complex domain
(manyfold) (Sections 9.5 and 9.6).

The main tool of the construction of PsDOs in the real case is the Fourier trans-
form (Chapters 2—7). However, in complex analysis there is no primary analog of the
Fourier transform. The existing Borel and Fourier-Laplace transforms, introduced
in Section 2.7, do not give desired results. In 1984 Dubinskii [Dub84] introduced a
complex Fourier transform of f as an analytic functional, defined as an image of the
PsDO with the symbol f on the Dirac delta function (see Section 2.7). This trans-
form inherits many properties of the real Fourier transform and can be easily adapted
for the construction of PsDO with analytic symbols defined on a complex many-
fold 2 € C". We note that symbols may have singularities on the boundary of £2.
This construction can be extended to the class of meromorphic symbols, as well
[Umal4]. However, in this case the corresponding ¥DOSS become multi-valued
(Section 9.5).
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We have seen in Section 2.7 that the complex Fourier transform is an extension
of Borel’s transform to the space of analytic and exponential functionals and the
inverse to the Fourier-Laplace transform. The complex Fourier transform in this
spirit is adapted to spaces of analytic and exponential functions and functionals,
introduced in this chapter and studied in Section 9.4. In contrast to spaces used
in [Dub84] (see Section 2.7) we introduce new spaces of analytic and exponential
functions and functionals. Under the conditions

mly <Wj—W+pi—q, Vi <pj—+q—m,
g=0,....,pj—1, m=0,....pr—1, k,j=1,...,N,

to orders of operators A?. and B;f'kq we show the existence of a unique local solution
of (9.7)—(9.8) in the introduced spaces.

9.2 Some Banach spaces of exponential and analytic functions
and functionals

Let £ € R” and o be a multi-index, that is o = (¢,...,0,), and ¢ are non-
negative integers. We use notations |ot| = oy + -+ o, |E| = & + -+ + &, and
%= la ' &% Introduce the function

e'lél
G<é>=cz,r<é>=%, ECRY, ©.13)

where 7 > 0 is real and p is integer fixed numbers and R’} = {{ e R" : §; >
0,...,& > 0}. Obviously, this function is continuous, differentiable, and strictly
positive on R’} . If one of the components of « is zero, say o, = 0, then the domain
of G(&) extends to the hyperplane §j, = 0. It follows from the definition of G(§)
thatif o; #0,j=1,...,n, then G(&) — coas & — IR U{eo}. If ¢ =0=(0,...,0),
then

G(0)=1 ifu>-—r
infG(&) = o
R” e BT (7—%) if g <—r.
Also it is not hard to see that if 4 > —r and «, = 0 for some jo € {1,...,n}, then
the infimum is attained on the hyperplane &;, = 0. If all the components of o are
not zero, then the following statement on the infimum of G(&) holds.

Proposition 9.1. For each multi-index o, a; #0, j=1,...,n, there is a unique infi-
mum of G(&) attained at §* € R}, for which the asymptotic behavior |E*| ~ O(|et|)
for large || holds. If 4 =0, then &F = o /1, j=1,...,n.
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Proof. To prove this proposition we consider the system of equations

G
(&) =0, j=1,...,n,
9&;
which reduces to
r§lej+u+r)gj—algl = o, j=1,....n. ©.14)
Summing the latter over the indices j = 1,...,n, we obtain the quadratic equation
for || :
rl&)? — (lof = —r)I€| ~|a| =0. 9.15)

This equation has one positive and one negative roots if |¢t| > 0. The point £* cor-
responding to the negative root of (9.15) is out of the domain of G(£), and hence,
the only stationary point £* delivering the infimum (minimum) corresponds to the
positive root of equation (9.15), i.e., |§*| > 0. The fact that £* € R’} follows from
equations (9.14):

o
5,*:117’>07 j=1,...,n, 9.16)
where
1§ +1
N=—sr—"r. 9.17)
&+ 1+u/r

The latter is obviously positive if 4 > 0. If u < 0, then using the root representation
of equation (9.15), one can see that r(|E*|+ 1) < || — it + r, which implies 1 >
(IE*I+1)/(la| +r) > 0. Further, it follows from (9.16) that if u = 0, then & =
oj/r, and |E*| = |o|/r, and if u # 0, then |§*| ~ O(|at]), |a| — e=. Additionally,
equation (9.16) also implies that if it > —r and o, = 0 for some j = jo, then 51’8 =0.
Thus, the infimum of G(&) in this case is attained on the hyperplane &;, = 0.

Define a Banach space &), as the set of entire functions ¢(z) satisfying the
inequality

lp(z)| <C(1+|z*e, zeC, 9.18)

where C > 0 is a constant. The smallest constant C = C in (9.18), that is

wr = sup (1+z)) e "lp(2))|
zeCn

o]

is anorm in &), . It follows immediately from (9.18) that if v > u and/or s > r, then
the embedding

Enr Céyg 9.19)

is continuous.
Let % (a)= (o) = Gz‘,(é*):[;irﬁf Gy ,(£). Due to Proposition 9.1 % ()
, ery M

is well defined for all multi-indices o.
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Proposition 9.2. Let ¢ € &, ;. Then

D% ()]

1 Slloluru @+ e, Jaf=0,1,.... (9:20)

Proof. In accordance with the Cauchy theorem on integral representation, for arbi-
trary §; >0, j = 1,...,n, one has

o B Q1

DY) = (€ =)o)’

) 9.21)
Gi-21l=E  |G—znl=En

where o+ (1) = (0 + 1,..., 0, + 1). The substitution § = z+&e® (ie., {; =z +

&;e'%, j=1,...,n), where 6 runs over the n-dimensional torus 7" = {§ € R": 0 <
0; <2m,j=1,...,n}, reduces (9.21) to
D*¢(z2) 1 0\ i(6) -
o~ (n)yEa /<p(z+ £l O +0) g, 9.22)
TV!

Further, multiplying and dividing the integrand in (9.22) by (1 + |z + Ee'f))
Herlzge’ |, and taking into account ¢ € &yu,r, one has the following estimate:

[D%¢(2)]

T < 0l GE) (1 + |2l He™,

where G(&) is defined in equation (9.13). Minimizing G(&) over all £ € R, one
obtains (9.20).

Corollary 9.1. 1. Let ¢ € &) . Then

ID%(0)]

P < Hura)lolr lal=0.1,.... 923)

2. Let o € &, . Then
1D @llpr < !y () @llpr, o] =0,1,.... (9.24)

The converse to the first statement in Corollary 9.1 is also true in the following
sense.

Proposition 9.3. Let an entire function ¢(z) satisfy the inequalities

o
'Daﬂ < CHur(@), o 2N, 9.25)

where C > 0 is a constant not depending on o/, and N is a nonnegative integer. Then
Q€ &y,
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Proof. Consider the function
o /'l
2 | | er)” o (9.26)
This function belongs to &), . Indeed, since

1 o
= limsup | |a| '} _(er)a =r,
€ Jale o

it follows from the theory of entire functions (see, e.g., [GR09, Hor90]) that the
function ¢(z) is an exponential function of type r. The function ¢(z) majorizes
@(z). To verify this we recall that %7, (o) = G(§*), where §* = %n,n = (||
+1)(|EF|+1+u/r) L. If >0, then 0 < n < 1.If u < 0, then due to the asymp-
totics |£*| = O(]a|), for large || one obtains from (9.17) that 1 < 1+ ¢, where € is
arbitrarily small. Moreover, for large |¢| it is easy to see that lim)g| e nlel = 4,
Therefore, there exists an integer N, such that for all || > N the inequality
nl® > ¢=H — ¢ holds, where 0 < £ < ¢ *. Making use of these facts and taking
€ small enough, one has

(1+ @n)ue\amr\a\ - C|a|u(w)\a\

e < o C>0 9.27)

Hyr(0) =

The latter together with (9.25) implies that series (9.26) for ¢(z) is a majorant for
¢(z), and hence, ¢ € &), as well.

We denote the space conjugate to the Banach space &), » by & .. The space & .. is
a Banach space with the norm

[1(z), @(2))] (9.28)

[|2[|};, = sup :
Hr 940 llollur

where h € &7, ¢ € &, and the symbol (,-) stands for the duality pair of the
spaces & , and &)y .
Proposition 9.4. Let h € & . Then
Al = 2 K 2%). (9.29)
|| =0
Proof. Suppose ¢o(z) # 0 is a function in &}, , that delivers sup in equation (9.28),

that is
[{(2), 9o(2))|

12llyr =
o @0l .r
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Expanding ¢y(z) to Taylor series and using (9.23), we have
IRl < 3 Hur()(h,2®)].
|oe|=0

On the other hand, for an arbitrary ¢ € &), ,,

. < h(2),0(2))]
Weller = ==on,

We pick the function

<h,zo‘> p
0 =C (o) ———=z7%, 9.30
7£ (P O‘%O /.1 |<h,Z0‘>|Z ( )

where (j is a positive real number. Due to Proposition 9.3, ¢* € &), ;. Therefore,
|@*||u,r < oo. We set Cp = ||@* ||, in (9.30). One can easily see that by definition
of @*, the expression (i, ©*) is a real positive number. Hence, we have

(o) o (ho") a
> = Hur(a)|(h,z)],
0T = TorThs — 2, o (@102

completing the proof.

Proposition 9.5. Let 1t > 0. Linear combinations of quasi-polynomials z* 5, where
loo| < wand || <r, form a dense set in &) .

Proof. Let h be an arbitrary element in &; .. Assume that (h,z @b ) =0 for all
o, la<pland §, |E|=|C1|+ -+ 8| < r. To prove the statement we have to show
that 7 = 0. Let, first, g = 0, i.e., (h egz> 0 for all £, |§| < r. Then, in accordance
with Proposition 9.4, we have

1All5,, = Z%r |(h,2%) |—Z%, ’Dghe>

lo[=0 lo[=0

e-o| =05

which implies 2 = 0. If ¢ > 0, then obviously, go = 7%h € &,

N .
P In particular,

when |c| = u, the functional g, € &, Therefore,

0= (h %) = (2%h,e*) = (g €*), Y : [E] <1,

implies that g = 0. Hence, h = ¥4|<; aaD%8(z), where ay are complex con-
stants and 8 is the Dirac delta function. Since, in particular z vanishes at monomials
B, |B] < u, in fact, ag =0, |ot| < . Thus, h = 0.

Remark 9.1. Proposition 9.5 is not valid if either the condition || < p or |§| < ris
replaced by |a| < u or |{| < r, respectively. Indeed, assuming n =1 and u = 1, one
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can prove this claim showing that the function ¢(z) = (1 +z)e’* cannot be approxi-
mated in &, , by linear combinations of quasi-polynomials e k=0,1,|¢| <r,or
exponentials e%, |{| < r. We note also that linear combinations {e%?}, || < r, form
a dense set in & , if y < 0 due to embedding (9.19).

Further, introduce a Banach space 0, , of functions analytic on the polydisc U, =
{§eC":|{j| <r,j=1,...,n}, with the norm

[q)]u,r = z %,r(a)|¢a|a
|ot|=0
where ¢ = D%¢(0), || =0,1,.... With each function ¢ € 0, it is associated a
differential operator of infinite order defined as

oD)pi) = 3 o). ©.31)

Proposition 9.6. The operator ®@(D) associated with the function ¢ € Oy , maps
continuously the space &), , into itself. Moreover, for any ¢ € &, , the inequality

1PD)()lnr < [9lurll@llr (9:32)

holds.

Proof. Let ¢ € &,,. Then using Proposition 9.2, we obtain

209 < 3 16al 2N < gl (141 T ()]0l

|ec|=0 : |ot]=0
This immediately implies inequality (9.32).
By duality, one can define a differential operator of infinite order @(—D) associated

with the function ¢ € Oy, in the space &; ,, as well. Namely, for h € & ,, by
definition,

<(D(_D)h7q)> = <h=(D(D)(p>7 Voeope gll,r-

Proposition 9.7. The operator ®@(D) associated with the function ¢ € Oy , maps
continuously the space & . into itself. Moreover, for h € & , the inequality

[@(=D)h(@),r < [9]url

hl

o (9.33)

holds.
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Proof. Let ¢ € &), be an arbitrary function in &), ,. Using (9.32), we obtain

(D(=D)h(z), ¢(2))| = [{h(2), ( Je(2)] < o(D)g||
<[9lu.

This immediately implies inequality (9.33).

9.3 Complex Fourier transform

Now we define a complex Fourier transform F for functions of the space 0 ,.

Definition 9.1. The Fourier transform of a function ¢ € &), , is

F[9](8) = (2m)"®(=D¢)S(E). (9.34)

That is the Fourier transform of ¢ is the value of the differential operator of infinite
order (27)"®(—D), associated with (277)"¢, at the Dirac delta function. It follows
from Definition 9.1 and Proposition 9.7 that the mapping

F:Ou,— 6, (9.35)

is continuous. Let ¢ € &), . Using the definition (9.31) of @ (D), for arbitrary ¢ €
O, - we have

(F[9](S), 0(8)) = (2m)"(8(5), @(D)9 (L)) = (27r)”‘ i %<5(C)7D2‘¢(C)>
al=0 7"

oo

= @n)" 3, D6(0)DEP(0). 9.36)

|a[=0

One can derive useful implications from this representation. Namely, due to esti-
mate (9.23) (see Corollary 9.1) it follows from (9.36) that

[(FIe1(6): e (EN)] < (27)" | @] pu.r i Hur(0)|9a| = (27)"[9]u,

|o|=0

or

1E (01, < 27)"[9]u,r-

Another implication from representation (9.36) is a formula for the inverse Fourier
transform F~!. Namely, taking ¢({) = e, where z{ = 2, ) + - - - + 2,{,, we have

(F[9I(0).%) = (2n)" ¥ =

|o|=0

= (27)"(2).
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Rewriting the latter in the form

0(z) =F ' [F[9]](z) = (F[9)(£),e%), (9.37)

we can see that the inverse Fourier transform coincides with the known Fourier-
Laplace transform. This formula implies the following two important formulas:

F[DZ9](¢) = C*FIo](£), (9.38)
Fl(=2)*¢()I(§) = DZF[9](S)- (9.39)

Further, differentiating (9.37), we have D¢ (0) = ¢ = (2m) " (F[9]({),{*). Us-
ing this fact and Proposition 9.4, we obtain

Ol = 3 10al%00(0) = 7 3. Hi ()| (FO)0).L = 15

a0 (2m)" o Q@ay

1F (]l

This equality expresses a complex analog of the Parseval’s equality (Theorem 1.3) of
the Fourier transform acting in L (R"). Summarizing, we have proved the following
statement.

Theorem 9.1. The Fourier transform operator F : Oy » — & . is isometric isomor-
phism. The inversion formula is given in equation (9.37).

The representation for the Fourier transform obtained in equation (9.36) is symmet-
ric with respectto ¢ € &), , and ¢ € &), ,. Therefore, with an appropriate interpreta-
tion of the definition of the Fourier transform, similar to Theorem 9.1, one can prove

Theorem 9.2. The Fourier transform operator F : &, , — O}, . is isometric isomor-
phism. The inversion formula is again given in equation (9.37).

Theorems 9.1 and 9.2 imply the following corollary.
Corollary 9.2. The following commutative diagram holds:

* *
Euy é”w

F'1lF F'1F

*

.
ﬁu,r — Oy,
“«“ * » ((F71 ”» “«“ F ”» . e
where symbols “<,” “—,” and “— " stand for the passage to conjugate, the inverse
Fourier transform, and the Fourier transform, respectively.

Now, when the Fourier transform F is defined on &), as well, we note that repre-
sentation (9.36) can also be interpreted as the Parseval equality

(F[](8),0(8)) = (9(5),Fl@)(E)), &€ Our, @€
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Proposition 9.8. Ler 1 > 0. A function f(z) analytic on the polydisc U, belongs to
O, if and only if it satisfies the inequality

M
(r—lzhr=t

1f(2)| < ze U, (9.40)

where M > 0 is a constant.

Proof. For the sake of simplicity we show this fact forn = 1. Let f € (U, ) satisfy

the estimate
M

(r=lz)v’

with a positive integer v. Without loss of generality one can assume that f(z) =
% + v(z), where ¢(z) is regular at z = r and a singularity of y(z) at z = r
is weaker than the first term of the above representation of f. Then one can easily

verify that

1f(2)] <

ze Uy,

" fv-1) M
[l = D20 ~ TS e ©41)

Using inequality (9.27) and the Stirling formula, we have

- - a+v-—1)!
flpr= 2 Hpr(@)|fal ~C Y %u,r(a)w
o=0 o=0 :
<Ci ala’ ! (er)® > 1 ,
T L adta%r T S vy ’

if v<u-—1.Hence, f€ O_,,,if f € 0(U,) and satisfies condition (9.40).
Further, if | f(z)| > # near the boundary of the disc |z| < r, then using the
asymptotic relations

(er)” AN

~ 1~ (=)

Ty r(a) o O (e) 2ra,
when o — oo, and (9.41), one obtains [f],#,r =oo, thatis [ ¢ Oy r

Remark 9.2. Dubinskii denoted the class of functions f € €/(U,) satisfying esti-
mate (9.40) by Z,,_1,; see [Dub90]. Proposition 9.8 immediately implies that the
space Zy_1,, 4 > 0, is isomorphic to the space &' .. Therefore, it follows from
Corollary 9.2 that

Dyrr— Dy,
F'1lF F'1F

*
Eryy > s

where Z;,_, , is the dual space to Z, 1.
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9.4 Complex Fourier transform in fiber spaces of analytic
and exponential functions and functionals

In this section we introduce fiber spaces of exponential and holomorphic functions
and locally convex topological vector spaces and extend the Fourier transform int-
roduced in the previous section to these spaces. Note that these spaces will serve
as solution spaces for differential and pseudo-differential equations with complex
variables.

Suppose Q is a connected domain (or connected manifold) in C" and let § € Q.
Let ¢t and r be a nonnegative and positive real numbers, respectively, such that r <

dist(£,C"\ Q). Denote by é’ﬁf, the set of entire functions ¢(z) = e*v(z), v € &,
where the Banach space &), , was defined in the previous section. The space @ﬁf, is
also a Banach space with the norm || ][, ,.» = e ||

Further, we introduce a fiber bundle (E,Q,7) = Eff +(C") with the base £ and
projection

m:(E,Q,m)— Q,

where 771(¢) = é’ﬁf,, ¢ € Q. Tt follows from this definition that the fibers E,, ,., =

exp(zC)éjE, are Banach spaces with the respective norms |l@|l, ., =

l|exp(—28)@||u,- It is obvious that 71(&;) and £~ 1({,) are isomorphisms for ar-
bitrary {1, , € Q. The dual space to Eﬁ,(@”) is also a fiber bundle (E*,—Q,m,) =

(E£.(Cn) with fibers E;, . = (Ey), with the base —, and with the
projection

nl (BN, -Q,m) — —Q.
Schematically the relationship between introduced fiber bundles can be repre-
sented as

EZ () = (ER(@)

m N Sml

Q

Since fibers in the above constructions are endowed with norms, one can introduce
the structure of convergence. Namely, we say that a sequence ¢, € E fﬁ,(@”) con-
verges to @ € Eﬁ,(@”), if for arbitrary { € Q we have ¢, — @y as m — o in
(&) =E 1,r,¢ - In the dual space we introduce the weak convergence: a sequence
@, € (E,,¢)" converges weakly to @ € (E,, )", if for arbitrary { € Q we have
®,, — Dy as m — oo in 1, 1({) =E}

Similarly, let (0,0,1) = 0 ,(£2) be a fiber bundle with fibers &, ,. - with the
base £ and the projection 7: (€,Q,7) — Q, where T ({) = 0, ¢, { € Q. The
space O, ., § € Q, is a Banach space of analytic functions ¢(z) defined on the



388 9 Complex WDOSS and systems of complex differential equations

polydisc with the center at { and “poly-radius” (r,...,r), i.e., U.(§) = {z € C":
|zj— ¢l <r,j=1,...,n}, with the norm

Wure= 3 1000 Har(@). 0a(l)=D"6(0).

lo|=0

The dual space to 0y ,(£2) is also a fiber bundle (0*,-Q,m.) = 0, () with

fibers ﬁ;,r,(; = (ﬁ#’,‘yg)* , with the base —(2, and with the projection

(07, -Q. 1) - —Q.
Schematically the relationship between these fiber bundles can be represented as

Our(Q) «— 0 ,(Q)

(ERNEE

Q

Since fibers in these constructions are endowed with norms, one can introduce
the structure of convergence. Namely, a sequence h,, € Oy ,(£2) converges to
ho € Oy »(R), if for arbitrary { € Q we have hy, — hgasm —eoin T 1 ({) =0y, ¢
In the dual space we introduce the weak convergence: a sequence H, € 0}, ,(£2) con-
verges weakly to f, € 0} ,(£2), if for arbitrary § € € we have Hy, — Ho as m — oo
in7, () = ﬁ;,r,g'

Finally we introduce the Fourier transform on the spaces &), ,(€2) and Eﬁ,((C”)
as the Fourier transform defined fiberwise, i.e., on fibers {t7!({), { € Q} and
{n=1({), { € Q}, respectively. For this purpose we need the following isomor-
phisms:

fg : ﬁu,r,{ — ﬁ“’r, fg : ﬁ;,r’g — ﬁ;)r,

gC IEM’,,’C — Eu,ra gZ« : E;,r,(; — El:,f'

By definition, the Fourier transform in the fiber space 0 ,(€2) is the family of
mappings Fy, : Oy ) — E;,r,§07 8o € Q, defined as

FIn(§) =g, oF[fg,ohl(C), e,

where F([fg, oh] is the Fourier transform given in equation (9.34). Similarly, the

Fourier transform in the space Eﬁ,((C”) is the family of mappings Fy : E} ¢ —
ﬁ; vy’ $o € Q, defined as

Flol($) = fy,' oFlgg, 0 0l(8), e
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For simplicity the Fourier transform in both fiber spaces €}, ,(£2) and E ﬁ) A(CM) will
also be denoted by the same letter F. The following statement follows immediately
from Corollary 9.2.

Theorem 9.3. The following commutative diagram holds:
ER,(C") - (ER, ()
F'1LF FUUTF
0, ,(2) «— Oy ,(2)

Remark 9.3. Dubinskii [Dub84] introduced the space Expg(C") defined as an in-
ductive limit of Banach spaces composed with the help of E, , ¢. This space and its
dual were used as solution spaces for the Cauchy problem for pseudo-differential
equations with holomorphic symbols. The Fourier transform in Expo(C") is de-
fined by the formula F[f]({) = (27)"f(—D;)0 (&), which maps Expo(C") onto
the space 0*(£2) of analytic functionals concentrated on compact sets in €. There
is a relationship similar to commutative diagram in Theorem 9.3:

Expo(C") s Exph (C")
F'1)F FUTF

0 (Q) <5 0(Q).
For details we refer the reader to [Dub84, Dub90].

9.5 An algebra of matrix-symbols with singularities

In Sections 9.6 and 9.7 we will use linear differential operators of the form
z a(x 7

lo|<m

with meromorphic coefficients ay(z), || < m, and pseudo-differential operators of
the form

D27Z Z i aoc

<

with meromorphic symbols a(z) defined in a domain G C C". Therefore, in this
section we will study the symbols of the form

0= 2 au(f)

o] <m
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By definition, a symbol of degree m is an ordered collection a = {aq/(&) }o|<m Of
functions a, from some space X, which is specified below. The class of symbols of
degree m is denoted by S(m, X ). Note that if m is a degree of the symbol a, then m+k
for an arbitrary nonnegative integer k is also a degree. The least degree m for which
there is o, || = m, such that a¢ (&) # 0, but ag = 0 for all |cr| > m is called the
exact degree of the symbol a, and denoted deg(a). The identity symbol j € S(0,X)
is the symbol with a¢({) = 1. For the zero-symbol 6 the functions a, = 0 for all
|a| < m. We use the following convention: if deg(a) < 0, then we accept a = 0 and
write deg(a) = —ee. By this convention deg(6) = —eo, and 8 € S(—e0,X).

The sum a + b and product a o b of two symbols a € S(m;,X) and b € S(my,X)
are, respectively, defined by

a+b={au(8) +ba(8)}|a|<max(m my)s (9.42)
and
B > B+y—oa
aob= bg(&)D ay(¢ , (9.43)
{ iy <m \ﬁ\%mz <ﬁ+y—a ﬁ( ) ¢ 7 )}\a\§m1+m2
r<sa Broa-y
where y < o means y; < j, j=1,...,n, and (§) for multi-indices ¢ and § means

o\ 1 o;!
<5) ,,-1:[15/'!(0./'—5/')!'

The formula (9.43) for composition of two symbols follows from the Leibniz rule
for pseudo-differential operators. It is easy to see that, in general, aob # boa.
Indeed, for a = {ao(§),a;(§)} =4{0,{} withm; =1 and b = {bo({)} = {{} with
my = 0 formula (9.43) implies that

aob={bo({)ao(£),bo($)ar(£)} = {087},

while
boa={ap(§)bo($) +a1(§)by(8),ar(§)bo(§)} = {¢, ¢}

Hence, the product of two symbols is not a commutative operation. The following
properties of symbols immediately follow from the above definitions of the sum and
the product of symbols.

Proposition 9.9. Let a € S(m;,X) and b € S(my,X). Then

1. deg(a+ b) = max{deg(a),deg(b)};
2. deg(aob) = deg(a) + deg(b);
3.a+0=0+a=a;
4.a0j=joa=a.

Let 2 C C" be an n-dimensional complex domain and .Z () and €(Q) be
sheaf of germs of meromorphic and holomorphic functions, respectively. We assume
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that f € .#(£2) has a local representation f(z) = g(z)/h(z), where g,h € O(Q),
in a neighborhood of any point of . We denote by Py and Ny the set of poles
Pr={z€ Q:h(z) =0}, and the set of zeros (or null-set) Ny = {z € Q : g(z) =0}
of the meromorphic function f.

Let M be an N X N-matrix whose entries m; j, i, j = 1,...,N, are allowed degrees
of symbols (i.e., nonnegative integers, or —eo). We denote by S(M,.# (£2)) the set
of N x N matrix-valued symbols with entries

Clij(ZaC): z ZaaiLa(C)a iajzlu"'uNu

Joe|<myj

where z € C", { € Q, and a;j o € #(Q), |a| < mj,i,j=1,...,N. Introduce the
following analytic sets of co-dimension 1:

N

Pj= U U Paal.j )

=1\ |ot|<mj

J
Qj:(UNaOkk)U U U ( U Paakl)
k=1

1<k<j—1 \k+1<I<) | <my

Let Ag(&) be the constant part of A(z,§) € S(M, #(R2)), i.e., the matrix Ao({) =
(aij,O(C))f‘\,[j:l and let A({) be its determinant A({) = detAy(&). Obviously A({)
is also meromorphic and let the following local representation hold:

A =g GHEO@), 044

We call the set Py = {{ € Q : H({ = 0)} a polar set and the set Ny = {{ € Q:
G(§) = 0} a null set of the matrix symbol A(z,§). It follows from general theory
of determinants that for the inverse matrix A, 1(¢) one has a local representation
det(A~1(¢)) = H({)/G(¢), and therefore, P,—1 = Ny and N,—1 = P. Further, we
introduce the sets:

Z(A) =PAUNyg, Zpg(A) =Z(A)\ (PANNa), and Z.o0(A) = QNZ(A).

It is obvious that these sets are invariant with respect to inversion of the symbol

Az, ).

Since symbols in S(M,.#(£2)) have entries a;j.o € S(m; j, . #(£2)), one can
define the addition, composition, and involution operations in S(M,.#(£2)) using
operations introduced in (9.42) and (9.43).

Theorem 9.4. A symbol A(z,{) € S(M,.#(Q)) has the inverse A™'(z,{) €
S(M,.# (L)) if and only if there exists a collection of integers |1, ..., Uy such that
the inequalities

deg(al]) S:ul_:uja laJ: 157N7 (945)
hold.
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Remark 9.4. Under the condition of this theorem S(M,.# (£2)) is a noncommutative
involutive algebra.

Proof. Sufficiency. Let us first assume that the numbers ly,... , Uy are strictly or-
dered in the decreasing order: u; > ... > uy. Then, due to conditions (9.45),
deg(aij) < 0if i > j, and hence a;; = 0. Thus, in this case the symbol A(z,{) is
represented in the form:

wheredeg(a;;) =0, j=1,... ,N,and a;; € S(u; — uj, # (L)) if j > i. Letbij, i, j =
1,...,N, be entries of the inverse symbol A~!(z,{). The requirement A=!(z,{) €
S(M,.///(.Q)) implies b,‘j =0ifi>j, deg(ajj) =0,j=1,...,N,and b,’j S S([.L,'—
Wj, (L)) if j > i. This is natural, since the inverse of the right triangular matrix
is again a right triangular matrix. The symbols b;; are defined from the system of
algebraic equations

ajjobjj=1, j=1,...,N,
Y _agoby=0, ifi<j, (9.46)
b,;,-:@, ifi > j.

These equations define all the components of symbols b;; uniquely. Indeed, it fol-
lows from (9.46) immediately that

bjj=1/ajj, j=1,...,N.
Setting j =i+ 1, we have
aii o bijt1+aiit10bit1i41 =0,

which implies
1 .
bii+1:—;[aii+10bi+li+l]a i=1,...,N—1.

Similarly, if all the symbols b;; ¢ 1,i =1,... ,N — £+ 1, are found for some 1 <
¢ < N -2, then b;; is defined as

i+{
bijyr=—— 2 agObgisy, i=1,....N—L.
Qii k=it
Now assume that the numbers py,...,uy satisfy the ordering yy = -+ =y, >
Mk 41 =" = Mty > -+ > Wi, 41 = - = Wy. In this case the symbol A(z,{) is

represented in the block-matrix form:
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A1 A ... Alp
Aeg)=| O A
0 0 .. A,

where ki +...+k, =N, Aj;, j=1,...,p, are kj x kj-matrix-symbols in S(O,
A (L)), and Ajj, i < j, are k; x kj-matrix-symbols that belong to S(M,.#(L2))
with a degree-matrix M, entries of which are positive numbers. The inverse sym-
bol A~1(z,{) is of the structure

By By ... Blp
~ © By .. B
ANz,0) = 2 7],
© O ...B,,

where the block B;; belongs to the same class of symbols as the corresponding block
A;j does. The blocks B;; are defined from the system of algebraic equations

AjjOBjj=1, j=1,...,p,
Z/j(:iAikOBkj:Oa 1fl<‘]7
Bij:@, ifi > j.

These equations define all the blocks B;; uniquely. Indeed,

-1 .
Bjj:Ajja lea"'vpv

and if all the blocks B;; y_1,i=1,...,p—£¢+1, are found for some 1 </ < p—2,
then B;; 1 is defined as

i+l

—1 .
Biio=—A;" Y, AgoByire, i=1,....p—L.
k=i+1
Finally, if yy,...,uy are arbitrary numbers, then rearranging rows and columns of

the matrix-symbol A(z,§) € S(M,.# (£2)) we obtain a matrix-symbol A(z, {), for
which fi,..., [y are ordered. Indeed, if for indices i and j, i < j, of the collec-
tion Uy,..., Uy the relation y; < u; holds, then switching i-th and j-th columns,
and then switching i-th and j-th rows of A(z, ), we obtain a collection /.Li, e ,[,L]/V,
with [,L; =U;j> U= u}. These two switchings are equivalent to the multiplication
by two matrices C; and R; with determinants det(C;) = det(R;) = —1. Performing
these operations finitely many times we arrive to the symbol A(z, §) € S(M,.# (R2)),
where M is a matrix of degrees corresponding to the ordered collection fiy, ..., fiy.
Hence, the symbol A(z,{) is connected with A(z,{) through A(z,{) = CA(z,{),
where C = RCy,...R|C} is an invertible N x N matrix not depending on z and {.
Therefore, A~'(z,{) = A~!(z,{)C. As we have seen above in the ordered case the
symbol A~!(z,{) also belongs to the same class S(M,.# (£2)). The multiplication
of A=!(z,¢) by C from the right is equivalent to switching of columns and rows
exactly in the reverse order. This implies that A=!(z,§) € S(M,.# (Q)).
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Necessity. Assume that the inverse symbol A~!(z,{) = B(z,{) € S(M,.#(Q))
exists. The relations

N
Y aigoby=&;j, i,j=1,..,N,
(=1

that indicate that the symbols A(z, {) and B(z, {) are mutually inverse, contain

_1S3y [max; (deg(aix) +my;+n)]!
K ; g [max; (deg(a) + my;)]!

. . . )
equations. On the other hand, since each symbol b;; contains ('f: Tn”,)
!

components,
then the total number of components of B(z,{) is

1 ii m,l—i—n

i=1j= U
Due to our assumption on the existence of the inverse symbol, we have L = K. This
implies
max (deg(aw) +my;) =myj, i,j=1,...,N. (9.47)
It follows from (9.47) that the inequalities
deg(ap) < mjj —my; (9.43)

are valid for all j =1,...,N. Let y; and v; are the integer and fractional parts of
(mj1 +...+min) /N, respectively. Then, equation (9.48) can be rewritten in the form

deg(ai) < fi — g+ (Vi — Vi) (9.49)
Finally, since deg(a;) are integers and |v; — vi| < 1, it follows from (9.49) that

deg(aik)g.ui_.uka iakzla"'aNa
proving the necessity of the condition (9.45).
Under the additional condition Ny N Q2 = 0 to A(z,§) the class of symbols

S(M, 0 (£2)) becomes an involutive algebra. Namely, the following theorem is valid
[Uma9li-1]:

Theorem 9.5. A symbol A(z,{) € S(M,0(Q)) has the inverse A~'(z,¢) € S(M,
0 (Q)) if and only if the following two conditions hold:
(i) there exists a collection of integers U1, ..., Uy such that the inequalities
deg(alj)glul_nulv ivjzlv"'va

are fulfilled, and
(ii) NN Q2 = 0.
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The proposition below proved in [Vol63] (see also [Miz67]) provides a sufficient
condition for the matrix m;; = deg(a;;) to exist a collection L, k =1,...,N, satis-
fying the condition (9.45).

Proposition 9.10. Let a matrix M with rational entries m;; (including —eo) satisfy
the condition: m;; =0,i=1,... N, and for any permutation 7 of the set {1,... N}
the inequality 2?/:1”11‘@(1') < 0 holds. Then there exists a collection [y,...,Uyx of
rational numbers satisfying m;; < 4 — Ui, i,j=1,...,N.

Remark 9.5. If entries of M are integers, then in the proposition above the numbers
Hi,..., 4y also can be selected integer. Obviously, if m;; < u; — y; for all i,j =
1,...,N, then the transposed matrix satisfies mlT] <u;—pujforalli,j=1,...,N.

9.6 Algebras of pseudo-differential operators with complex
symbols with singularities

Let a symbol a = {aq(8) }joj<m € S(m,X), where X is a class of symbols specified
below. We define the pseudo-differential operator with the symbol a as

Af = 3 F aa(OF[A)(), (9.50)

o[ <m

where F is the complex Fourier transform defined in (9.34). The class of pseudo-
differential operators with symbols in S(m,X) will be denoted OPS(m, X ). We also
write deg(A) having in mind the degree of the corresponding symbol. The sum
A+ B and composition A o B of operators A € OPS(m,X) and B € OPS(my,X) are
defined as operators with symbols a + b and a o b, respectively. Hence, OPS(m,X)
is an algebra isomorphic to the algebra S(m,X).

Proposition 9.11. Let A € OPS(m, 0y, ,.¢, ), Go € L. Then the mappings

A=A(LD,) gy = Euimagy and A =A(2,=Dy) 16, 0 =60 e

are continuous. Moreover, for the norms of the operators A and A* the estimate

Al =1A"1< X [aalung 9.51)

lot|<m
holds.

Proof. Since the spaces &), ,.¢ for different {y € £ are isomorphic, it suffices to
consider the case {p = 0. Let ¢ € &, be an arbitrary element. It is readily seen
that the multiplication operator by a function y(z) € &),.r, is continuous from &},
t0 &t g,r+ro - In particular, for z% € &y o, taking into account Proposition 9.6, one
has



396 9 Complex WDOSS and systems of complex differential equations

1AQlumr < Y 2% (D)@l urmr < 3, llaa(D)@|pr

lot|<m lot|<m

2 [aa]u,r-

o] <m

The second part of the statement now follows by duality.

Introduce the following spaces of direct products with the corresponding direct
product topologies:

Sty = @ Syt gg,r@o g” 607

ﬁﬁ7’7€0 =

E,(C") - %Eﬁiw(@”% (£2.@) = & (£, ()"

j=

N
* _ *
ﬁu & ﬁﬁ,r,é'o - Elﬁumio’

N N
ﬁﬁr(‘g) = ]_glﬁ/'lj-,r(g)v ﬁEyr(Q) = i§1ﬁ2j7r(g),

and

N
M () = & My, (),

where .4, ,(Q) = (.#,L, ) is a fiber space of meromorphic functions with the
base €2, fibers .#,, ., , and projection

n: (M Q)= Q,

where 71(8o) = 4, ,.,, § € Q. An element of the fiber .#), ., in a neighborhood
of the point { € Q has a local representation m(z) = f(z)/8(z) € Ou,r(Q2\ Py).
Hence, one can define a dual space .7 () of meromorphic functionals as well,
similar to their analytic and exponential counterparts.

Let A(z,D;) be a pseudo-differential operator with the matrix-symbol <7 (z,{),
whose entries <7j(z, §) € S(mjj, ﬁmj,r,éo)v i,j=1,...,N. We define the adjoint oper-
ator A*(z,D;) as a pseudo-differential operator with the matrix-symbol &/*(z,{) =
/T (z,—§), that is with entries <7(z,8) = Zji(z,—§) € S(mji, O, 1), 1, =
1,...,N.

Proposition 9.12. Let </ (z,) be a matrix-symbol with entries < € S(m;j,
ﬁmj,r,Co)’ and let mi; < U; — U foralli,j=1,... ,N. Then the mappings

A(Z D ) IJ rCO ﬁ’r’é’o; A*(Z,Dz) N g,.—ir’go — é()*rg()

are continuous. Moreover, for the norms of these operators the estimate
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N

Al = fla*l < | max . [aaly; g (9.52)

i=1 1§J§N‘a‘§mij

holds.

Proof. Since the operator A;; € OPS(mj;, ﬁu,-,r,é’o)v it follows from Proposition 9.11
that it maps the space 5”.’,‘40 continuously onto é"ﬂj AminGo” The latter is continu-
ously embedded into &, ,.¢ due to inequality u; +m;; < y; forall i,j=1,...,N.
These imply the COl’ltll’lLIlty of the operator A(z,D;) : & ¢, — i, §0

i,
To show (9.52) one can use estimate (9.51) for the operator A, i

||Al](p/(z) H/.L,',V,C() S z [ai,fa]uj,r,C() H (p./.”/.lj,r,gov

o <myj

where @; € @@uj,r,é'o' It follows that

1AQ)llsrgo = 1llz gy max Y laijaly; g

<j<N
o <myj

Here (A@); is the i-th component of the vector-function A(z,D;) ¢(z). Summing the
latter inequality over all i = 1,...,N, one obtains estimate (9.52). The rest of the
statement of the theorem follows by duality.

Proposition 9.13. Let 2/ (z,§) be a matrix-symbol with entries <j € S(mjj,
Oy, r(£2)). Suppose that the collection of integers {1, ... ,Un} such that mij <
—Uiforalli,j=1,... ,N. Then the mappings

A(z,D;): ER,(C") — EZ,(C"),
A D) : (ER(CM) — (ER,(C)
are continuous.

Proof. Follows easily from Proposition 9.12.

Proposition 9.14. Let o/ (z,§) be a matrix-symbol with entries <j € S(mjj,
My; (). Suppose that the collection of integers {1, ...y} satisfy inequal-
ities mjj < Wj— W; for all i,j =1,... ,N. Then the pseudo-differential operators
corresponding to symbols <7 (z,§) and </*(z,§) are continuous as mappings

A(z,D:): Eg A (C") — E£,(C); (9.53)
A*(z,D) : (Egr(c"))* N (Ef)PA ((C”)) (9.54)

Moreover, the inverse operator A~ (z,D;) exists and is continuous as a mapping

Q\N

A7Nz,D,) 1 E; ) U (C) — EZ2(C"). (9.55)
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Proof. Let ¢; € guj’,‘ygo(@”), j=1,...,N, where {; € Q\ P;. In accordance with
the definition of .7}, ,(£2) all the functions a;j¢ (&) in the symbol <7;(z, {) belong
to Oy ., with r < dist (o, d(Q \ P;)). Therefore, 7;(z,C) € S(mij, O, (2 \ P))).
Now the continuity of mappings (9.53) and (9.55) follow from Proposition 9.13.
This fact implies the continuity of the inverse operator A~!(z, D) in mapping (9.55)
too, since due to Theorem 9.4 the inverse symbol <7 ! (z, ) has entries Q/Jl (z,8) €
S(mij, My;.r(Q)).

Pseudo-differential operators with meromorphic symbols in S(M, . (£2)) behave
differently. Unlike the previous cases they act in factor-spaces. To formulate the con-
tinuity theorem first we study kernels of pseudo-differential operators with mero-
morphic symbols.

For an operator A € OPS(M,.# (2)) we denote by ki the dimension of the
kernel of A*! :

K = ki (A, Q) = dimKer(A*!).

The meaning of k4 is obvious. If k. = m, then the image of the operator A is a
factor space factorized by the m-dimensional space KerA~!. Thus, the operator A in
this case is multi-valued. The operator A € OPS(M,.# (R2)) is single-valued if and
only if k. =0.

Let 9,?, k=1,...,Ky, be connected irreducible components of P +1 NZy 0
and L,f ,k=1,..., Ky, be their respective orders. Denote by W,j (<) the span of all
linear combinations

fio@) = F ' [8D(pF(O)(z), €=0,....Lf k=1,...,Kx, (9.56)

where 0 is the Dirac distribution, and pki(C ) are holomorphic functions, locally
representing &, thatis 27 = {{ : pi£ () = 0}.

Theorem 9.6. Let A € OPS(M,.#(R2)) and there exists a collection of integers
{u1,...,un} such that mij < pj—p; foralli,j=1,... ,N. Then

o Ky [Li-1 .
Ker(A™' )= @ ® Wi,(A)].
@)= | & W)
Proof. We will show that V € Ker(A~!) if and only if V € Ker(A,'), where Ag
is the constant part of the operator A. Indeed, without loss of generality, one can
assume that 1, ..., Uy are ordered, i.e., ) = -+ = g, > Mgy 41 =+ = Mgy > -+ >
Mg, +1 =+ = Uy, ki +---+k; = N. Otherwise, with the help of permutations of
rows and columns, which correspond to the multiplication of A by a scalar invertible
matrices, one gets a desired ordering. Hence, the operator A has the form

A A ... Ay

A | © An o Au| ©.57)
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where Aj; € OPS(0,.#(L2)) form the constant part of the operator A. Due to
Theorem 9.4 the inverse matrix A~! also has the same block-matrix structure
as (9.57) with entries Al-;l of the same size of A;;. Accordingly, one has V =
(V1,...,V;), where Vj, j = 1,...,1, are vector-functions of length k;. Let V €
Ker(A™1), that is A='V = 0. It follows from matrix structure (9.57) of the inverse
operator A~! immediately that Aljlw = 0. Further, since

Aziluflvlfl "’Azill,zvl =0, and Azilu = —Aljl”71 oAlflloAz?lv
which also follows from (9.57), one has
Alilllflvlfl = _Alilllfl oAl-1 OAfllVl =0.

Consecutively, one obtains A;;V; = 0,j =1—2,...,1. This implies Ker(A™") C
Ker(A, ). Making use of these formulas on reverse order, we conclude that
Ker(Ay') C Ker(A™"). Hence, Ker(A™!) = Ker(A, ). Therefore, it suffices to con-
sider the equation Ay 1(DZ)V(z) = 0. Due to isomorphic property of the Fourier
transform, the latter is equivalent to the system of algebraic equations ,Q/O*I(C )

F[V](¢) = 0 with a parameter § € Q. Here </, '({) is the symbol of Aj"'. It is
not hard to see that there exists a matrix B({), detB(&) # 0, such that

% (OFVIE) =B (HEFIVIE)) =0, 9.58)

where H({) € €0(Q) is defined in a local representation of det(<%) given in
equation (9.44). Recall a local representation of the meromorphic function
det(«, '(£)) = H()/G(E) (see (9.44)). To show (9.58) one can take B({) =
(H($)) "7, '({). Then it can be easily verified that det(B($)) = det(«7, '({))
(G(£))' #0, ¢ € Q. Equation (9.58) means that the problem on description of the
kernel of A~! is reduced to equations

H({)F[Vj|({)=0, j=1,...,N, (9.59)

for each component F'[V] of the vector-function F[V]({), considered on the space of
analytic functionals 0*(Q). Now let &, , k=1,...,K_, be irreducible components
of the analytic set Z,,., o M P4-1 with orders L, . Then solutions to equation (9.59)
have the form F[V;]({) = 8 (p(¢)), £ =0,...,L, ,k=1,...,K_, for each j =
1,...,N, where p;({) locally represents &7, . Taking the inverse Fourier transform,
one has V({) = fis(z)v € Ker(A™1), where fi s are defined in (9.56), and v is an
arbitrary scalar vector, obtaining the desired result.

Corollary 9.3. 1. Let o7 (z,8) € S(M, 0 (Q)) with a Runge domain Q and a matrix
M, entries of which satisfy m;; < U; — Uj,i,j = 1,...,N, for some collection
Uiy un. Then k_(A,Q) =0;

2. Let 9/ (z,§) € S(M,0(Q)) with a Runge domain Q and a matrix M, entries
of which satisfy m;j < W, — W;,i,j =1,...,N, for some collection li,...,un. If
NasNQ =0, then k. (A,Q2) =0.
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It is known [Chi89] that an analytic set in a neighborhood of any regular point
represents an analytic submanifold (of co-dimension one in our case). Therefore,
for n > 2 it follows from Theorem 9.6 that ks = e, as long as QNZ,,, 41 # 0, and
K+ = 0, otherwise. Hence, if n > 2 only two possibilities may arise. It is not so in
the one-dimensional case.

Theorem 9.7. Let n = 1. Let L]JCr and Ly be orders of poles C,:r EPy,k=1...,K;,
and zeros §;_ € Ny, k=1,...,K_, respectively. Then,

ki (A,Q)= Y L and k- (A,Q)= Y L. (9.60)
C]:EQHNA C;EQQPA

Proof. In the one-dimensional case solutions of equation (9.59) are F[V;]({) =
gie(8) = 80 - ), 0=0,....L  k=1,...,K,. Their Fourier inverses are
Vi(z) = fre(z) = e 0=0,... L, k=1,...,K. Obviously, this set of func-
tions is linearly independent. This implies the second formula in (9.60). Since
K (A, Q) =Kk (A", Q), the first formula is also correct.

Theorems 9.6 and 9.7 show that if £2 contains nonempty polar- or null-set of the
symbol of a pseudo-differential operator, then the latter has a nontrivial kernel or
co-kernel. Therefore, one needs factor-spaces to formulate a continuity statements
in this case.

We will use traditional notations: if 2~ is a generic topological space and K is its
subspace, then 2" /K denotes the factor-space (with the topology of factor-space)
of elements ¢ + ¢, where ¢ € 2" and ¢ € K. Elements @ = ¢ + ¢ for all ¢ € K
are considered identical. The conjugate (2" /K)* to a factor-space 2" /K consists
of elements G € 2* orthogonal to K : < G,¢ >= 0, Ve € K. We will denote the
conjugate space 2, .

Proposition 9.15. Let <7 (z, ) be a matrix-symbol with entries </;; € S(mjj, 4 (Q2)).
Suppose that the collection of integers {li,... ,n} satisfy inequalities m;j <
wj— i foralli,j=1,... ,N. Then the pseudo-differential operators correspond-
ing to symbols </ (z,§) and «/*(z,§) are continuous as mappings

A(z,D;) : Ef,/Ker(A) — E, /Ker(A™');

A*(Z7DZ) : (Eg’r);;er(A)L - (Eéz’r)Ker(Afl)L'

Proof. The proof follows from Theorem 9.6 and Proposition 9.14.

Consider the following examples illustrating Theorem 9.6 and 9.7.

Example 9.1. 1. Let a symbol a € S(m, 0(L2)), where 2 is an arbitrary Runge do-
main. Then x_(A,Q) = 0, and hence the corresponding operator A is single-
valued (uniquely defined).

2.Letn=1and 0 € Q. Let the symbol a({) =1/ € S(0,.#(L2)). Then, k_ (A, Q)
= 1, and the corresponding operator A(D;) = D_ ! (the primitive) is defined up
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to an additive constant. Note that if 0 ¢ €, then D;l is uniquely defined and
represents the “natural integral” (see [Dub96]):

D:f(@) =nat [ F(§)AE, € Expa(©).

Now, suppose n =2 and a({;,8) = 1/&;. Assume that Q is a Runge domain
containing (0,0). Then Py = {({1,8) € 2 : § = 0}. In this case the corre-
sponding operator A(D.,,D.,) = Dz’l1 represents the integral with respect to the
variable z; and is defined up to an arbitrary function of the variable z,. Hence,
K_(A, Q) = oo,

9.7 Systems of pseudo-differential equations with meromorphic
symbols

In this section we discuss the existence and uniqueness problems for general bound-
ary value problem (9.7)—(9.8). We first consider a system of pseudo-differential
equations

B(z,D;)¥(z) = @(z), (9.61)

and the Cauchy problem for a system of first order evolution pseudo-differential
equations

D,V (t,z) =A(t,z,D,)V(t,z) + H(t,z2), (9.62)
V(0,2) = Vo(2), (9.63)

where B(z,D;) € OPS(M,X), A(t,z,D;) € OPS(M,,X) for each fixed ¢; the space
of symbols X, as well as vector-functions (functionals) ®@(z), H(t,z), and Vy(z) will
be specified below.

Theorem 9.8. Let B(z,D;) € OPS(M, % (2)) and assume that there exists a col-
lection L = Uy, ..., Un, such that the entries of the matrix M satisfy the inequalities
mij < Wi —Uj, i,j=1,...,N. Then for any vector-function ®(z) € Eﬁr/Ker(B’l)
there exists a unique solution W (z) to system (9.61) in the factor-space E Ffl) ./Ker(B).

Proof. Due to Proposition 9.15 the pseudo-differential operator B = B(z,D,) with
the symbol %(z,8) € S(M,.# (L)) is well defined in the space Efir/Ker(B).
In accordance with Theorem 9.4 there exists the inverse symbol %~ !(z,{) €
S(M,.#(R2)). The corresponding inverse operator B~! = B~!(z,D;) is well defined
in the space E5},/Ker(B™'). Let @(z) € E, /Ker(B™"), i.e., ®(z) = ¢(2) + 9(2),
where ¢ € ES?  and ¢ € Ker(B~'). Now one can show that ¥(z) = B~ ! (z,Dz)®(z) +

i
y(z), for arbitrary y € Ker(B), solves the system (9.61). Indeed,
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B(z.D:)¥(:) = B(, D) (B~ (2. D) ®() + v
= @(2)+B(z, D)y (z) = D(2).

Theorem 9.9. Let B(z,D;) € OPS(M,.#(R2)) and there exists a collection [i =
Hi,...,UN, Such that the entries of the matrix M satisfy the inequalities m;; <

Wj— Ui, i,j=1,...,N. Then for any ®(z) € (E/:?r) | there exists a unique

Ker(B*)
*

weak solution P (z) to system (9.61) in the space (Eﬁzr)K (-1
’ er((B*)~

Proof. Let @(z) € (E F?r) Ker(@*)L Then for arbitrary U € E;?r /Ker(B*) one has

(B(z,D;)¥(2),U(2)) = (®(2),U(2)),

(¥(2),B"(2,D:)U () = (@(2),U(2)).

Due to Proposition 9.15 the operator B*(z,D;) is continuous from Eflz ./ Ker(B*) to
the space Effr /Ker(B*)~!. Note that due to Theorem 9.4 there exists the inverse
symbol Z~1(z,¢) € S(M,.# (L)), and hence, the corresponding inverse operator
(B*)~! exists and well defined in the space E;?r /Ker(B*)~!. Therefore, if one sets
B*(z,D;)U(z) =V (z), where V(z) € Eﬁ%r/Ker(B*)’l, then due to Theorem 9.8 one
has U(z) = (B*(z,D;)) 'V (z). This implies that the functional ¥(z) defined by

(#(2),V(2) = (@(2), (B (z,D2))"'V(2)) = (((B"(z:D2)) ") @(2),V(2)) (9.64)

solves system (9.61) in the weak sense. Representation (9.64) also shows that for
the inverse the formula B~!(z,D;) = ((B*(z,D;))"")" holds, and (¥(z),f(z)) =0
if f € Ker(B*)™!.

If one considers the operator A € OPS(m,.# (£2)) in the space EF?>PA, then it
follows from the definition (9.50) of a pseudo-differential operator with a meromor-
phic symbol, that the polar set of the symbol of A does not intersect with Q \ P4.
This implies that the symbol belongs to S(m, &y ). In this case Ker(A) = {0}, and

therefore, the above theorems take the form:

Theorem 9.10. Let B(z,D;) € OPS(M, .# (R2)) and assume that there exists a col-

lection L = Uy, ..., Un, such that the entries of the matrix M satisfy the inequalities

Q\Ng
r

mij < Wi —Mj, i, j=1,...,N. Then for any vector-function @(z) € E; "* there ex-

ists a unique solution W (z) to system (9.61) in the space EF'?>PB.

Theorem 9.11. Let B(z,D;) € OPS(M,.# (R2)) and assume that there exists a col-
lection [l = Uy,..., Uy, such that the entries of the matrix M satisfy the inequalities

mij < Wj— Wi, i,j=1,...,N. Then for any ®(z) € ( §>PB

weak solution ¥ (z) to system (9.61) in the space (E[?>N3) .

*
) there exists a unique
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Remark 9.6. 1. In Theorems 9.10 and 9.11 one can replace the spaces E2\Ne

aroo
§>PB, and their conjugates by the spaces Expg\n,(C"), Expg\p,(C") defined

in Section 9.4 and their respective conjugates.
2. Similar to the proof of Theorem 9.4 one can show that the conditions m;; <
U; — u; in the above theorems are also necessary for existence of a solution.

Using formulas (9.38) and (9.39) and the scheme (see Theorem 9.3)

F
—_ *
onr(@) _ (ER)
F-1
one can obtain dual results in terms of the Fourier transform. Namely, applying the
Fourier transform to equation (9.61), one has

B(Dg,§)H(G) = G(G), §eQ\Ps,

or, the same

N
Y X (1)%aa(8)D¢R;(C) =8i(0), (€Q\Pgi=1,....N, (9.65

J=1o|<m;

where H(8) = (m(8),....hv(£))" and G(£) = (81(£),--.,en ()"

Theorem 9.12. Let the matrix-symbol B(z,§) € S(M, .# (L2)) and there exists a col-
lection L = Uy, ..., Un, such that the entries of the matrix M satisfy the inequalities
mi; < Wj— Wi, i,j =1,...,N. Then for any vector-function G(§) € Oy (£ \ Pg)
there exists a solution ¥ (z) to system (9.65) in the space O (L2 \ Np).

Proof. Consider the system (9.65) in the scale of spaces O (£2). Applying the
inverse Fourier transform F~! we have

B(z,D.)F'[H](z) = F'[G]() (9.66)

in the scale of spaces (E F?r) . In accordance with Theorem 9.11, under the con-

Q\Pg

dition of our theorem, for any F~![G] € ( ir

*
) there is a unique solution

Q\Np

F~H] € ( ir ) to system (9.66). Now applying the Fourier transform and

Q\Np

oy ) — Op-(£2\ Np) one obtains the desired result.

using isomorphism F : (E

Similarly, using the scheme (see Theorem 9.3)

F1

NN Q
@) - Eg,

F

we can establish the existence of a solution of the system (9.65) in the space of
analytic functionals.
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Theorem 9.13. Let B(z,D;) € OPS(M, .# (R2)) and assume that there exists a col-
lection L = Uy, ..., Un, such that the entries of the matrix M satisfy the inequalities
mij < Wi — Wj, i,j =1,...,N. Then for any vector-functional ®(z) € 0y .(£2\ Np)
there exists a solution ¥ (z) to system (9.65) in the space O} ,(£2\ Pg).

Now assume that 2 C C is a domain containing #y and 2~ be a topological vector
space. Below we use the spaces of the form €[2; 2], elements f(¢) of which for
each fixed 7 belong to 2" and analytic in the variable 7 in the topology of .Z".

Theorem 9.14. Let A = A(t,z,D,) € O[2;0PS(M,.# (2))| and there exists a col-
lection [l = Uy,..., Uy, such that the entries of the matrix M satisfy the inequalities
i <MUi—Wj+1,i,j=1,...,N. Thenthere exist numbers r > 0 and 6 > 0 such that

for any vector-functions H(t )€ [@ EI?XAG‘[ to\} and Vy(z) € E§>PA a unique

solution V (t,z) to the Cauchy problem (9.62)—(9.63) exists in a 0-neighborhood of

to and belongs to the factor-space O [|t — 19| < 6; E;?X:Ac\z IOJ

Proof. The Cauchy problem (9.62)—(9.63) can be written in the equivalent integro-
differential form

V(t,z) = Vo(z) + tA(T,z,DZ)V(T,z)dT—i— /ZH(T,Z)dT.

fo

Consider the operator

t
AV (t,7) = | A(1,2,D;)V(1,z)dT.

fo

For i-th component of this operator one has

(AV(1,2)) 1—2 A,,rzD)V( 2)dt

fo

N

-y / t Y aijo(t,D:)Vi(1,2) | dr. 9.67)

j=17% |o| <mi;

In order to prove the theorem it suffices to show the existence of a unique solution
for arbitrary fiber of the space Eu > +Ac‘t e Let {y € Q\ Py be an arbitrary fixed
point, and consider equation (9.67) in the fiber &% ;.\ 51 —4|.,- Since o is located
out of the polar set of the operator A(t,z,D;), the symbol of this operator belongs
to Oy ¢, Therefore, making use of Proposition 9.11 and taking into account the

evolution of V (¢, 7) over the scale & [@; Sy +6\t*to\,§o} , one obtains the estimate

e <Y 3 H9 [ el 0

J=1|a|<m;;

I(|t —1o]) Z 1+1z]) m,,+/.t, SupHvHuﬁrﬂﬂt 101,80 Z SuP[aijOC]uj,r,Coa

‘a‘gmijte
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where

t— —
It —1o)) = / 0 e aleokl g g < =10l rroioid,
JO

olz]

Taking this and the inequality m;; +u; < y; + 1,7, j = 1,...,N, into account, one
has

|t —to] ‘ g
AVl < 51 =DM sup V(2,2 gyt ol 2o SUP L
j:lte@ teg

This implies

|t —1o]

AV (t,2)); < V(t o A;i(t,z,D;)||.
[I(AV( >Z))1H/,1;r+(7|t7t0|,§0 > fgg“ ( >Z)H,u,r+(7|t7t0|,§0 lgljang,SélgH u( 15Dl

Now summing up by index i = 1,...,N, we have

|t—l‘0|
IAVE g rob-n.0 < 5

sup [|A(,z,D:)[[sup [V (#,2) | g r+ o110
ey tey

It follows from this estimate that A is a contraction operator if the condition

|t —to|sup||A(r,2,D;)|| < o
ey

holds. Hence, taking 8 < o/ sup,c ||A(,2,D;)|| we have that in the 6-neighborhood
of 7o a unique solution to the Cauchy problem (9.62)—(9.63) exists.

Theorem 9.15. Let A= A(t,z,D;) € O|D; M, # ()] and assume that there exists a
collection [l = Uy, ..., Uy, such that the entries of the matrix M satisfy the inequali-

tiesm;; < pj—Ui+1,i,j=1,...,N. Then there exist numbers r >0 and ¢ > 0 such
that for any vector-functionals H(t,z) € O [9; (EF_?>PA) } and Vy(z) € ( §>PB)
there exists a unique solution V(t,z) to the Cauchy problem (9.62)—(9.63) in the

space O [|t —1p| < 0 (Eﬁ-?yg)*} with some 8 > 0.

Proof. Since the proof follows from Theorem 9.14 by duality, we only briefly sketch

itsidea. Let V(t,z) €€ €0 [.@; (E§>PA) } andv(r,z) € O [‘@;E;?,XAG\F:O\] . Then the

relation
Dy(V (t,2),v(t,2)) = (DiV(t,2),v(t,2)) + (V(t,2), Dyv(t,2))
implies
(V(t,2),v(t,2)) = (V(t0,2),v(t0,2))

—l—/t(DSV(s,z),v(s,z))ds—i— t(V(s,z),st(s,z»ds.

fo fo
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The latter due to equation (9.62) and the initial condition in (9.63) takes the form

<V(l,Z),v(t,z)> = <(D(Z)7v(t07z)> +. tot <A(3727Dz)V(S,Z) +H(S,Z),V(S,Z)>ds
+ [ WV(5.2).Dev(s.2))ds
- <(D(Z)’V(O’Z)> + ./tol <V(S,Z),DXV(S,Z) +A*(S,Z,DZ)V(S,Z)>ds

+ [ (H(s,z),v(s,2))ds. (9.68)

fo

Since the latter is valid for arbitrary v(z,z), it is also valid for v(¢, 7,z), which solves
the Cauchy problem

Dov(t,1,2) +A*(1,2,D)v(1,2) =0, fh<T<T{, (9.69)

V(t,7,2) 1= = v(t,2). (9.70)
For the symbol of the adjoint operator A*(¢,z,D;) the order-matrix m;; satisfies
the inequality mjj < u—p;j+1,i,j=1,...,N. Therefore, in accordance with
Theorem 9.14 the Cauchy problem (9.69)—(9.70) has a unique solution in the space
O||lt—1| < S;Ep?XAa\rszJ for any fixed v(z,z), if |t — 19| < &, where § > 0 small
enough. Substituting v(,7) in equation (9.68) by v(z, 7,z), we have

(V(t,2),v(t,2)) = (@(z),v(t,10,2)) + t(H(s,z),v(t,T,z))dT, [t —10] < 8. (9.71)

fo
The functional V(z,z) defined by (9.71) is a unique solution to the Cauchy problem
(9.62)—(9.63). It can be readily seen that V(z,z) € O {|t —19] < 8; ( §>NB) } , and
hence is a desired solution.

Now consider general boundary value problems for the first order systems

D,V (t,z) =A(t,z,D,)V(t,z) + H(t,z), 9.72)
B(z, D)V (t, Z)\I:O = P(2), (9.73)

This problem can be reduced to the equivalent Cauchy problem for system (9.72)
with the initial condition
V(0,2) = IP(Z)v

where 'P'(z) is a solution to the system of pseudo-differential equations
B(z,D;)¥(z) = @(2).

Combining the above proved Theorems 9.8 and 9.14 (in the dual case Theo-
rems 9.9 and 9.15) one can prove the following statements.
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Theorem 9.16. Let  operators A = A(t,z,D.) € O|2;0PS(M,.#(RQ))| and
B(z,D;) € OPS(N, 4 (R2)). Suppose there exists a collection [l = Uy, .., N, such
that

i) the entries of the matrix M satisfy the inequalities m;; < [; — pj+1,i,j =
1,....N;

ii) the entries of the matrix A satisfy the inequalities n;j < [ — WUj, i,
j=1,...,N.

Then there exist numbers r > 0 and o > 0 such that for any vector-functions
H(t,z) €O [.@ E2\ } and ®@(z) € Eﬁ—'?’r/Ker(B*l) a unique solution V (t,7)

B,r+olt—to]

to the Cauchy problem (9.72)—(9.73) exists in a §-neighborhood of ty and belongs

Q\Py
to the space O [|t—to| < 8; En ol

isomorphic to the kernel of the operator B(z,D;).

Theorem 9.17. Let operators A = A(t,z,D.) € O|2;0PS(M,.#(RQ))| and
B(z,D;) € OPS(N , M ()). Suppose there exists a collection [l = lj,..., Uy, such
that

} Moreover; the kernel of this problem is

i) the entries of the matrix M satisfy the inequalities m;; < pj — H; + 1,1,
j=1,...,N;
ii) the entries of the matrix A satisfy the inequalities ni; < W; — W;, i,j=1,...,N.

Then there exist numbers r > 0 and ¢ > 0 such that for any vector-functionals
Q\P, Q\P )

H(t Z) €0 {@ (E/" r+oli—o ‘) } » and Q)(Z) € (Eﬁ’r )Ker(B*)J-

V(t,2) to the Cauchy problem (9.72)~(9.73) exists in a d-neighborhood of ty and

a unique solution
_ A R2\Pa *
belongs to the space O {|t 1| < 8; (Eﬁar+0‘t710‘)Ker((B*) : } .

As an example of application of these theorems consider the following boundary
value problem for a pseudo-differential equation of higher order

m—1
Dl'u(t,z)+ Y, A(t,2,D;)Dfu(t,z) = h(t,z), t€2,z€C", (9.74)
k=0
m—1 .
Y Biy@DDlu(t,2)| = ¢la), zeChi=0..m1, (9.75)
Jj=0 =

where Ay (t,z,D;), k=0,...,m— 1, are pseudo-differential operators with symbols

IZC zakoc

o] <y
This problem is equivalent to the following system:
Dyv(t,2) +A(t,z,D;)v(t,2) = H(t,2),
B(z,D:)v(t,2)| _ = ¢(2),
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where the vector-functions v(¢,z) = (u(t,z),.. b ( )T, H(t,z) = (0,...,
h)T, 0(z) = (@o(2),...,Pm_1(z))7, and the operator A(t,z,D ) has the matrix-
symbol with entries

(m

1, if j=i+1,i=0,....m—2,
Aij(t,2,8) =< Aj(t,2,), ifi=m,j=0....m—1,
0, otherwise.
In the matrix form
0 1 0 0
6 6 0 7]
(t,7z,8)=1| ...... ,
6 6... 6 1
Ao Ay ... Ap—2 Ay
Applying Theorem 9.16 one has u; = j,j = 0,. — 1. Therefore, bound-
ary value problem (9.74)-(9.75) have a local solutlon in the scale Efxf; =10

it =(0,...,m—1), if the polynomial degrees m; and m;; of symbols <7(t,z,{)
and %;(z,{), satisfy, respectively, the following inequalities:

m<m—k, k=0,....m—1,

and

ml-jgi—j, i,j:O,...,m—l.

9.8 Reduction to a system of first order

The general system of pseudo-differential equations (9.7) can be reduced to a sys-
tem of first order of the form (9.72). Boundary condition (9.8) in this process also
changes to the form (9.73). We prove the following statement:

Lemma 9.1. Let a vector-function u(t,x) = (uy(t,x),...,un(t,x)) solve the general
problem (9.7)—(9.8). Then the vector-function

V(tax) = (Ml(l,x),. .- 7Dtl,171“1(t7x)a cee a“N(tvx)a cee 7DtPN71“N(t7x))

of length p + --- + pn solves a problem of the form (9.72)—(9.73), with vector-
Sfunctions H(t,z) and ®(z)

H(t,z) = (h(t,2),...,hn(t,2)), hj(r,2) = (0,0,..., fi(1,2)), (9.76)
D(z) = (91(z ),---,¢N( ): 0(2) = (@jo(2);---, Qjp;—1), 9.77)
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where h;(t,z) is a vector of length p; with only nonzero p j-th component f;(t,z);
and the matrix-operators A(t,z,D;) = A;j(t,z,D;) and B(z,D;) = Bjj.p.), i,j =
1,...,N, are block-matrices with respective blocks of sizes p; X p;j :

o 1 )
0 0 0 0
...... . ifi=],
6 6 ... 6 1
0 4l pj=2 ,pj—1
[AGj Ajj - A A
Aij(t,z,D;) = 9.78)
0 6 ] ]
0 6 ... 6 0
...... . if i
0 6.. 6 0
pj=2 ,pj—1
A AL AT AT
and
BY BY .. B
10 11 Ipj—1
Bi(z,D;) = By By - By : (9.79)
pgri—10 Bfl’.i:“ pgri—tri—l
f nel LB

Proof. In accordance with the definition of the vector-function V(z,z), it can be
represented in the form V (r,z) = (vi(t,z),...,Vn(t,2)), where

vi(t,2) = (V1,...,vp) = (ul(t,z),...,D,p'flul(t,z)) ,

-1
V2(1,2) = (Vpy 415 Vprap) = (uz(t,z),...,D,p2 uz(t,z)) ,

-1
VN(taZ) = (Vp1+“'+p1v,1+la' . 'avp1+"'+[7N) = (MN(Z‘,Z),. .. aDtpN MN(taZ)) .

This together with equation (9.7) implies that

N
pj—1
Dyvp, (t,2) = 2 |:A(1)ij1+“‘+Pj—l+1(t7Z)+"'+A1;‘ VP1+"'+Pj(t7Z):| +fi(t,2),
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Dtv[7|+“‘+PN7|+l (t7Z) = v[)]+~“+pN,]+2(t7Z)7
Dtv[71+“‘+[7N71+2(tvz) = v[)]+~“+pN,]+3 (t7z)7

Dvp, yoipy—1(t, Z)—Vm+ oy (1,2);

=4

Divp, 4t py(1,2) Z [AN,Vpl+ p1(6,2) 4 AR i (1 2)} +n(t,2).
=

These equations show that the vector-function V (¢,z) satisfies equation (9.72) with
the operator A(t,z,D;) in (9.78) and H(z,z) in (9.76). Similarly, one can show that
V(t,z) satisfies boundary conditions (9.73) with the operator B(z,D;) in (9.79) and
vector-function @(z) in (9.77).

9.9 Existence theorems for general boundary value problems

Theorem 9.18. Let operators A = {A;I.k(t,z,Dz)} € 0(2:0PS(M4, .#(2))] and
B= {B;’;{q(z,DZ)} € OPS(N™  # (Q)). Suppose there exists a collection I =
Ui, .., Uy, such that

i) the entries of the matrices M4,q =0, ...,p; — 1, satisfy the inequalities
m?kgluj_:uk—i_pj_qv J?kzlaaNaqzovvpj_l’

ii) the entries of the matrix /™, m=0,...,p;—1,q=0,...,px — 1, satisfy the
inequalities

n;r;(qguj_“k+m_q7 jakzla"'7N7 mzou"'apj_la q:Oa"-aPk_L

Then there exist numbers r > 0 and ¢ > 0 such that for any vector-functions
H(t,z) € 0 [.@ E2\ }, and @(z) € Ey \PA/Ker( Y a solution V(t,z) to

fr+olt—t|

boundary value problem (9.7)~(9.8) exists in a §-neighborhood of ty and belongs
Q\P,

to the space O [|t—t0| < 9 SEp >+A6‘[ o

isomorphic to the kernel of the operator B.

} Moreover, the kernel of this problem is

Proof. Applying Lemma 9.1 we can reduce problem (9.7)—(9.8) to the first order
system of the form (9.72)-(9.73). Now the proof follows immediately due to Theo-
rem 9.16.

The theorem below follows from the previous by duality.

Theorem 9.19. Let operators A = {A;I.k(t,z,Dz)} € 0(2:0PS(M4, .#(2))] and
B= {B;’;{q(z,DZ)} € OPS(N™, 1 (Q2)). Suppose there exists a collection fi =
Ui, ..., Uy, such that
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i) the entries of the matrices M?,q =0, ...,p; — 1, satisfy the inequalities
m;]kguk_.uj—i_pj_qa jak:177N7q2077pj_1’

ii) the entries of the matrix /™, m=0,...,p;—1,q=0,...,px — 1, satisfy the
inequalities

nquSI»lk—ﬂj‘Fm—qv jvkzlv"'va m:()a"'vpj_lv q:()a"'apk_l-

Then there exist numbers r > 0 and ¢ > 0 such that for any vector-functionals

H(t,z) €O [.@ (Ef>iAc‘t m\) } yand B(z) € ( ’?)PA)ZW(B*)L

the Cauchy problem (9.7)—(9.8) exists in a 8-neighborhood of ty and belongs to the
[ Q\P *
space O [|t —19] < 8 (Eﬁ7’+AGllo)Ker((B*)l)L:| .

Finally, using the duality relations between exponential and analytic functions
and functionals through the Fourier transform established in Theorem 9.3, we can
prove the existence results for general boundary value problems for systems of dif-
ferential equations of the form

a solution V (t,z) to

N pi—1
CRUOIEDY sz (1D ODI(1.0) = Gi(1,0), (9.80)
=0
tr€92, {eQ, j=1,... N,
N Pk~
> 2 ik (D¢, ODIUEE)| = Fm (D). ©.81)
k=1 g=0 =

eQ, m=0,....,p;—1, j=1,...,N

where & C C is a connected domain containing #o; £ C C”" does not contain polar
sets P4 and Pg associated with operators A‘J].k and B;f'kq, whose symbols are

A28 = Y, apalt,§)* € O12:S(M9,.4(Q))], (9.82)
o<,

B0 = Y bup(O)P e .a(Q)), (9.83)
Bl<ny!

qg=0,....p;—1, m=0,...,p—1, jk=1,...,N.

Due to formulas (9.38) and (9.39), applying the Fourier transform, one can re-
duce boundary value problem (9.80)—(9.81) to the problem of the form (9.7)—(9.8).
Hence, by duality, Theorems 9.18 and 9.19 imply the following statements.

Theorem 9.20. Let the symbols of differential operators A = {Aq (t,D¢,8)} and

B= {B !(D¢,§)} satisfy conditions (9.82) and (9.83), respectively. Suppose there
exists a collectlon o= Uy,...,un, such that
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i) the entries of the matrices M?,q =0, ...,p; — 1, satisfy the inequalities

m? < e~ W+ pj— gy jk =1, N, g =0,...,pj— I;

ii) the entries of the matrix /™, m=0,...,p;—1,g=0,...,px — 1, satisfy the
inequalities

nﬁqéluk_UI_'—q_mv jak:17"'7N7m:05"'7pj_lquoa"'vpk_1'

Then there exist numbers r > 0 and o > 0 such that for any vector-functions
H(t,2) € O[2:0p 161, (R)], and ®(z) € Op (2 \Np) a solution U(t,z) to
boundary value problem (9.80)—(9.81) exists in a d-neighborhood of ty, where
8 < r/o, and belongs to the space O [|t —to| < 8O i 54—, (2)] -

Theorem 9.21. Let the symbols of differential operators A = {A‘]’.k(t,DC, &)} and
B= {B;’;f (D¢, €)} satisfy conditions (9.82) and (9.83), respectively. Suppose there
exists a collection [l = 1, .., N, such that

i) the entries of the matrices M?,q =0, ...,p; — 1, satisfy the inequalities

ml <~ e+ pj— gy jok =1, N, g =0,...,pj— I;

ii) the entries of the matrix /™, m=0,...,pj—1,g=0,...,px — 1, satisfy the
inequalities

nﬂqﬁlh_ﬂk*’m—qv jak:17"'7N7m:05"'7pj_lquoa"'vpk_1'

Then there exist numbers r > 0 and ¢ > 0 such that for any vector-functions
H(t,z) e O [9; ﬁ;,rﬂy\z—m\(g)] ,and ®(z) € 0} () a solution U (t,z) to bound-
ary value problem (9.80)—(9.81) exists in a 8-neighborhood of ty, where 8 < r/ o,

and belongs to the space O [|t —1g| < O O rvli—t| (Q \NB)} .

9.10 Additional notes

1. The Cauchy problem. The Cauchy problem has a long and rich history. We refer the reader to
survey papers [Miz67, VG91, S88, Dub90] on the history and modern state of this theory. In the
general form the Cauchy problem was first posed by Augustin Louis Cauchy and the existence
of a unique local solution of this problem was proved in his paper [Cau42] in 1842. Sophie
von Kowalevsky' was not aware of Cauchy’s result and reproved [Kow1874] this theorem in
1875. The theorem was later named the Cauchy-Kowalevsky theorem. Kowalevsky showed the
importance of the condition my <m —k, k =0,...,m— 1, for existence of an analytic solution
of the Cauchy problem for equation (9.74) in the following example:

! Under this name she published her paper [Kow1874]. Her original Russian full name is Sofia
Vasilyevna Kovalevskaya.
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D,u(t,z):Dgu(t,z), [t <1, |z <1,
u(0,2) =0(2), |z <1,

with analeptic function ¢(z) in the unit disc |z| < 1. The solution of this problem has the
representation

oo

2n
) =P = 3 220D
n=0 :

Now taking ¢(z) = (1 —z)~!, one can see that D!¢(z) = n!(1 —z) "', one obtains a power
series
< (2n)! "
tz)= . —
u(t,2) 2 (T—gel

n=

divergent for all # and z in any neighborhood of the origin (except t = 0).

2. On necessary conditions for existence of a solution. Mizohata [Miz74] (see also [Kit76])
showed that the condition m, < m—k,k=0,...,m— 1, is necessary for the existence of an
analytic solution of the Cauchy problem for equation (9.74). More precisely, he proved the
following statement.

Theorem 9.22. (Mizohata [Miz74]) In order that the Cauchy-Kowalevsky theorem for the
Cauchy problem for equation (9.74) hold at the origin, it is necessary that

me<m—k,k=0,....m—1, (9.84)

Let p = maxy {|a|/(k+n(k, o))}, where n(k, o) = min{u : a} , % 0}, and afg) are coef-
ficients of the operator Ay (t,z,D;) = X, dr ot* DY Mizohata showed that p < 1, which is
equivalent to condition (9.84). Kitagawa [Kit90] introduced weights py and p, by

s =I2%X{\a|/(k+n(kaa))v | < k} and p* = max{|a|/(k+n(k, @), |e| > k},

and proved that in order that the Cauchy-Kowalevsky theorem for the Cauchy problem for
equation (9.74) hold at the origin, it is necessary that p* < p.. The latter again implies condi-
tion(9.84).

Leray-Volevich’s (LV) condition (9.1), that is

mi; < —pi+pi—q, kj=1,...,N,

first appeared in Volevich [Vol63] in 1963, and in the context of the Cauchy problem for sys-
tems of differential equations in Garding-Kotake-Leray [LGK67], in 1964. Mizohata [Miz74]
called systems satisfying LV conditions (9.1) Kowalevskian in the sense of Volevich. The case
W = k was used by Leray in 1953 [Ler53]. Usual Kowalevskian systems correspond to the case
w=0k=1,...,N.

3. Infinite order differential operators. Differential operators of infinite order obviously do not
satisfy LV conditions, and therefore, the corresponding system with such operators are not
Kowalevskian in the sense of Volevich. The Cauchy problem for equations and systems with
differential operators of infinite order was studied by Korobeynik [K73], Leont’ev [Leo76],
Baouendi and Goulaouic [BG76], Dubinskii [Dub84], Napalkov [Nap82], and others. The rel-
ated theory of analytic pseudo-differential operators is in the focus of many researchers; see
survey paper [S88] on results up to 1988, and in works [Dub96, Ren10] on its current state.
The analytic solutions of differential equations with the real time variable and complex spatial
variables are studied in [GalO8] in model cases.

4. On uniqueness of a solution. Holmgren [HolO1] in 1901 showed that the Cauchy problem for
equations with analytic coefficients, but not necessarily analytic data, cannot have more than
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one solution. However, if coefficients of the equation are C* functions, then the Cauchy prob-
lem may not have a unique solution. Namely, Plis [P154] in 1954 constructed an example of
fourth order equation with C*-coefficients for which the uniqueness does not hold. Later other
examples were constructed; see [Met93]. Calderon [Cal58] in 1958 proved the uniqueness the-
orem, which played a key role for further development of the Cauchy theory. Later, other vari-
ations or weaker versions of uniqueness conditions were found. In particular, the uniqueness of
a solution to the Cauchy problem for differential equations with partially holomorphic coeffi-
cients is obtained in works [Hor83, Uch04] and for systems of such equations in [Tam06].
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