
The starting point of this book is Spemer's theorem, which answers the question: 
What is the maximum possible size of a family of pairwise unrelated (with respect 
to inclusion) subsets of a finite set? This theorem stimulated the development of 
a fast growing theory dealing with extremal problems on finite sets and, more 
generally, on finite partially ordered sets. 

This book presents Spemer theory from a unified point of view, bringing combi­
natorial techniques together with methods from programming (e.g. flow theory and 
polyhedral combinatorics), from linear algebra (e.g. Jordan decompositions, Lie­
algebra representations, and eigenvalue methods), from probability theory (e.g. 
limit theorems), and from enumerative combinatorics (e.g. Mobius inversion). 



ENCYCLOPEDIA OF MATHEMATICS AND ITS APPLICATIONS 

EDITED BY G.-c. ROTA 

Editorial Board 
R. Doran, M. Ismail, T.-Y. Lam, E. Lutwak, R. Spigler 

Volume 65 

Spemer Theory 



ENCYCLOPEDIA OF MATHEMATICS AND ITS APPLICATIONS 

4 W. Miller, Jr. Symmetry and separation of variables 
6 H. Minc Permanents 

II W. B. Jones and W. 1. Thron Continued fractions 
12 N. F. G. Martin and J. W. England Mathematical theory of entropy 
18 H. O. Fattorini The Cauchy problem 
19 G. G. Lorentz, K. Jetter, and S. D. Riemenschneider Birkhoffinterpolation 
21 W. T. Tutte Graph theory 
22 J. R. Bastida Field extensions and Galois theory 
23 J. R. Cannon The one-dimensional heat equation 
25 A. Salomaa Computation and automata 
26 N. White (ed.) Theory ofmatroids 
27 N. H. Bingham, C. M. Goldie, and J. L. Teugels Regular variation 
28 P. P. Petrushev and V. A. Popov Rational approximation of real functions 
29 N. White (ed.) Combinatorial geometries 
30 M. Pohst and H. Zassenhaus Algorithmic algebraic number theory 
31 J. Aczel and J. Dhombres Functional equations in several variables 
32 M. Kuczma, B. Chozewski, and R. Ger Iterative functional equations 
33 R. V. Ambartzumian Factorization calculus and geometric probability 
34 G. Gripenberg, S.-O. Londen, and O. Staffans Volterra integral and functional equations 
35 G. Gasper and M. Rahman Basic hypergeometric series 
36 E. Torgersen Comparison of statistical experiments 
37 A. Neumaier Interval methods for systems of equations 
38 N. Korneichuk Exact constants in approximation theory 
39 R. A. Brualdi and H. J. Ryser Combinatorial matrix theory 
40 N. White (ed.) Matroid applications 
41 S. Sakai Operator algebras in dynamical systems 
42 W. Hodges Basic model theory 
43 H. Stahl and V. Totik General orthogonal polynomials 
44 R. Schneider Convex bodies 
45 G. Da Prato and J. Zabczyk Stochastic equations in infinite dimensions 
46 A. Bjorner, M. Las Vergnas, B. Sturmfels, N. White, and G. Ziegler Oriented matroids 
47 G. A. Edgar and L. Sucheston Stopping times and directed processes 
48 C. Sims Computation with finitely presented groups 
49 T. Palmer Banach algebras and the general theory of * -algebras 
50 F. Borceux Handbook of categorical algebra I 
51 F. Borceux Handbook of categorical algebra 1/ 
52 F. Borceux Handbook of categorical algebra 11/ 
54 A. Katok and B. Hasselblatt Introduction to the modern theory of dynamical systems 
55 V. N. Sachkov Probabilistic methods of discrete mathematics 
56 V. N. Sachkov Combinatorial methods of discrete mathematics 
57 P. M. Cohn Skew fields 
58 Richard Gardner Geometric tomography 
59 George A. Baker Jr. and Peter Graves-Morris Padi approximants 
60 Jan KrajIcek Bounded arithmetic, propositional logic, and complexity theory 
61 H. Groemer Geometric applications of Fourier series and spherical harmonics 
62 H. O. Fattorini Infinite dimensional optimization and control theory 
63 A. C. Thompson Minkowski geometry 

ENCYCLOPEDIA OF MATHEMATICS AND ITS APPLICATIONS 

Sperner Theory 

KONRAD ENGEL 
Universitiit Rostock, Germany 

CAMBRIDGE 
UNIVERSITY PRESS 



PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE 

The Pitt Building, Trumpington Street, Cambridge CB2 IRP, United Kingdom 

CAMBRIDGE UNIVERSITY PRESS 

The Edinburgh Building, Cambridge CB2 2RU, United Kingdom 
40 West 20th Street, New York, NY 10011-4211, USA 
10 Stamford Road, Oakleigh, Melbourne 3166, Australia 

© Cambridge University Press 1997 

This book is in copyright. Subject to statutory exception 
and to the provisions of relevant collective licensing agreements, 

no reproduction of any part may take place without 
the written permission of Cambridge University Press. 

First published 1997 

Printed in the United States of America 

Typeset in Times Roman 

Library of Congress Cataloging-in-Publication Data 

Engel, Konrad, 1956-

Sperner theory / Konrad Engel. 

p. cm. - (Encyclopedia of mathematics and its applications; v. 65) 

Includes bibliographical references and index. 
ISBN 0 52145206 6 (hardback) 

1. Sperner theory. 2. Partially ordered sets. I. Title. 
II. Series. 

QA171.485.E537 1996 96-20967 
511.3'2 - dc20 

A catalog record of this book is available from 
the British Library 

ISBN 0 521 452066 hardback 

CONTENTS 

Preface page vii 

1 Introduction 1 
1.1 Sperner's theorem 
1.2 Notation and terminology 4 
1.3 The main examples 9 

2 Extremal problems for finite sets 16 
2.1 Counting in two different ways 16 
2.2 Partitions into symmetric chains 29 
2.3 Exchange operations and compression 33 
2.4 Generating families 50 
2.5 Linear independence 61 
2.6 Probabilistic methods 71 

3 Profile-polytopes for set families 84 
3.1 Full hereditary families and the antiblocking type 86 
3.2 Reduction to the circle 90 
3.3 Classes of families arising from Boolean expressions 93 

4 The flow-theoretic approach in Spemer theory 116 
4.1 The Max-Flow Min-Cut Theorem and the Min-Cost Flow Algorithm 117 
4.2 The k-cutset problem 125 
4.3 The k-family problem and related problems 131 
4.4 The variance problem 140 
4.5 Normal posets and flow morphisms 148 
4.6 Product theorems 166 

5 Matchings, symmetric chain orders, and the partition lattice 179 
5.1 Definitions, main properties, and examples 179 
5.2 More part Sperner theorems and the Littlewood-Offord problem 187 
5.3 Coverings by intervals and sc-orders 194 
5.4 Semisymmetric chain orders and matchings 198 

v 



vi Contents 

6 Algebraic methods in Sperner theory 
6.1 The full rank property and Jordan functions 

208 
209 

6.2 Peck posets and the commutation relation 229 
6.3 Results for modular, geometric, and distributive lattices 248 
6.4 The independence number of graphs and the Erdos-Ko-Rado Theorem 276 
6.5 Further algebraic methods to prove intersection theorems 295 

7 Limit theorems and asymptotic estimates 
7.1 Central and local limit theorems 
7.2 Optimal representations and limit Sperner theorems 
7.3 An asymptotic Erdos-Ko-Rado Theorem 

8 Macaulay posets 
8.1 Macaulay po sets and shadow minimization 
8.2 Existence theorems for Macaulay posets 
8.3 Optimization problems for Macaulay posets 
8.4 Some further numerical and existence results for chain products 
8.5 Sperner families satisfying additional conditions in chain products 

Notation 

Bibliography 

Index 

304 
304 
317 
328 

332 
333 
351 
356 
367 
378 

390 

395 

413 

PREFACE 

Sperner theory is a very lively area of combinatorics and combinatorial optimiza­
tion. Though nobody knows the exact age of it, we may assume that it was born in 

the end of the 1920s and that at least F.S. Macaulay and E. Sperner belong to the 
set of parents. Macaulay's contribution is discussed in the chapter on Macaulay 

posets. Sperner's theorem is the starting point ofthis book. It answers the following 

question: Given a family of pairwise unrelated (with respect to inclusion) subsets 

of a finite set, what is the maximum size of this family? In the 1930s the set of 

parents was enlarged by P. Erdos, C. Ko, and R. Rado, who studied intersection 
conditions, and in the beginning of the 1950s, R.P. Dilworth entered this set by 

proving his famous min-max theorem on partially ordered sets. We should not 
forget the grandfather. At the end of the last century R. Dedekind failed to find an 

explicit formula for the number of monotone Boolean functions, and this difficult 
problem was later attacked by several authors. It is impossible to mention all the 
offspring and descendants of Sperner theory. Many of them can be found in the 

references. The list of names there shows that many well-known mathematicians 
of this century have contributed to the development of the theory. 

Several aspects make Sperner theory so interesting. The problems often may be 
clearly and simply formulated. For the solutions one indeed needs creativity, and 

the techniques are frequently surprising. Concerning applications and methods, 
there are several unexpected relations to other branches of mathematics, such as 
programming, algebra, probability theory, number theory, and geometry. Thus, 

studying Sperner theory means learning many important techniques in discrete 
mathematics and combinatorial optimization on a particular theme. 

Ten years ago H.-D.O.F. Gronau and I wrote the monograph "Sperner theory in 
partially ordered sets" [161]. This work was followed by the books ofB. Bollobas 
[73], LA. Anderson [32], and C. Berge [50] that also discuss aspects of Sperner 
theory. Since I saw that a revision of [161] would be insufficient, I decided to write 
a new book. It has been my main goal to present a unifying theory that covers many 

vii 



viii Preface 

seemingly distant and separate results, including as far as possible all important 
and famous theorems related to the subject. To meet this goal, I took a completely 
new approach toward selection, organization, and presentation of the material. Of 
course I also tried my best in order to give an updated presentation reflecting the 
modem development of the last ten years. More attention is paid to algorithmic 
aspects and much more space is devoted to the study of the Boolean lattice. 

Up to a small epsilon everything is given with complete proofs (matched to 
the "theory"), so that the reader need not consult the original papers. The book is 
self-contained, and the reader needs only basic knowledge of mathematics. I hope 
that enthusiasm for the subject increases exponentially with the number of pages 

read. 
Recognizing that it is impossible to refer to all of the large number of papers 

related to Spemer theory, I have put the emphasis on the main results and methods 
of the theory and not on a complete survey of all related results. Consequently, 
many topics are presented only in examples, and I apologize for omitting several 
interesting results. 

I also intended to keep intersections with existing and forthcoming books small. 
For instance, I wrote nothing on dimension theory (WT. Trotter [452]) and design 
theory (e.g., T. Beth, D. Jungnickel, H. Lenz [53]). The probabilistic methods are 
not discussed extensively because they are covered in the book by N. Alon and 
J.H. Spencer [29], Some further algebraic methods will be contained in the forth­
coming book by P. Frankl and L. Babai [35]; and L.H. Harper and J.D. Chavez 
[261] are building up a theory for discrete isoperimetric problems. Since there exist 
excellent books of problems as well as books containing problems with solutions 
like those of G.P. Gavrilov and A.A. Sapozhenko [220] and L. Lovasz [354] and 
I.A. Anderson [32], I did not include exercises. However, several theorems, lem­
mata, propositions, corollaries, and claims in this book are suitable for exercises 
(which thus have complete solutions). Some open problems are mentioned in the 
text, and the corresponding page numbers can be found using the index. 

The "easiest" examples for an author are those the author has studied. So my 
own list of references may seem inappropriately long. I included also some new 
results that will not be published elsewhere. Thus I hope the book might shed new 
light on some topics also for people who already do active research in the field. 

I wish to thank Larry Harper, who initiated this project and who contributed with 
stimulating discussions. Many other mathematicians gave hints and indications to 
new results, and I gratefully acknowledge their contributions. Beyond that, I wish 
to express my gratitude to all my teachers, direct and indirect. In particular I would 
like to thank Christian Bey, Frank Ihlenburg, and Uwe Leck, who read the whole 
or at least parts of the manuscript very thoroughly. They found several unpleasant 
typographical and substantive errors, and I hope that their number is minimized 
now. 

Preface ix 

I am indebted to all involved in the production of this book. Cynthia Benn and 
Rena Wells were of great assistance in improving the style in many ways. 

My deep thanks go to my parents Helga and Wolfgang Engel for (among many 
other things) introducing me early into mathematics as well as encouraging and 
supporting my occupation with it. 

Above all I am grateful to my own family for opening widely happy new pages 
of my life, for their continuous encouragement and understanding. I leave it as an 
exercise to discover the names of my wife and my children in the book. 
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Introduction 

1.1. Spemer's theorem 

We start our investigations with the theorem that was the cornerstone for the whole 
theory. In the thirties, forties, and fifties few further results of a similar kind were 
published. But beginning with the sixties, the combinatorics of finite sets has 
undergone spectacular growth. Not only have subsets of a finite set been studied, 
but also more general objects like partially ordered sets. Many important results 
in this area can be found in this book. 

Theorem 1.1.1 (Sperner [436]). Let n be a positive integer and F be a family 
of subsets of [n] := {l, ... ,n} such that no member of F is included in another 
member of F, that is, for all X, Y E F we have X (j:. Y. Then 

(a) 

ifn is even, 

ifn is odd. 

(b) Equality holds iff 

{ 
{X~ [n]: IXI =~} 

F-
{X~ [n]: IXI = n2i} or{X~ [n]: IXI = ntl} 

ifn even, 

ifn odd. 

Proof. The following presents Sperner's original approach. Clearly the families 
given in (b) satisfy the conditions of the theorem and have the corresponding size. 
Hence we must show that there do not exist "better" Crespo "other") families. Let 
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F be any family of maximum size satisfying the conditions of the theorem. Let 

I(F) := min{i : there is some X E F with IXI = i}, 

u(F) := max{i : there is some X E Fwith IXI = i}. 

For brevity we write 1 instead of I(F) if F is clear from the context. Let 

9 := {X E F : IXI = I}, 

H := {Y ~ [n] : IYI = 1 + 1 and there is some X E 9 with X c Y}, 

F' := (F - 9) U H. 

Claim 1. The family F' satisfies the conditions of the theorem. 

Proof of Claim 1. The only obstacle could be the existence of some Y E H 
and some Z E F - 9 such that Y c Z. But by definition of H we would find 
also some X E 9 ~ F with X C Y. Thus X C Z, contradicting the fact that F 

satisfies the conditions of the theorem. D 

Claim 2. Let 1 ::: n;:l. Then IF'I ::: IFI, and IF'I = IFI implies 1 = n;:l. 
Proof of Claim 2. Let us count the number N of pairs (X, Y) with X E 9, 

Y E H, X c Y in two different ways. For a fixed member X of 9, we can find 
exactly n - I corresponding sets Y since Y can be obtained in a unique way from 
Xby adding one element of [n] - X. Thus 

N = 191(n -I). (1.1) 

For a fixed member Y of H, we can find analogously 1 + 1 sets X with X C Y, 

IXI = I. But it is not necessary that all these sets X belong to 9. Thus 

N::: IHI(l + 1). (1.2) 

By (1.1) and (1.2) and because of I ::: nzl, 
191(n -I) ::: IHI(l + 1), (1.3) 

IHI n -I n ._ n-I 
> __ > 2 = 1, 

191 1+ 1 - n;:1 + 1 

where the last inequality is only an equality if I = nzl. Since F satisfies the 
conditions of the theorem, F n H = 0. Thus 

IF'I = IFI - 191 + IHI ::: IFI (equality implies 1 = n ~ 1). 
D 
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Recall that we have already chosen F as a family of maximum size that satisfies 
the conditions of the theorem. We obtain from Claims 1 and 2 

n-l n+l 
I(F) ::: -2- and (analogously) u(F) ::: -2-

because otherwise we could construct a family F' of larger size. If n is even, we 
are already done. So let n be odd. If I(F) = u(F), both values are either n;:1 or 
nil and, consequently, 

IFI::: (n:l) = (n!l). (1.4) 

Thus assume that I(F) = n;:l, u(F) = nil. In this case we will obtain a contra­

diction. By Claim 2, 

IFI ::: IF'I ::: (n!1 ). (1.5) 

Since F is of maximum size, we must have equality in (1.5), thus also in (1.2), 

and this is possible only if for every Y E H each I-element subset of Y belongs 
to 9. But consider under all pairs (Y, Z) with Y E H, Z E F - 9 such a pair for 

which IY n ZI is maximum. Since IYI = IZI = 1 + 1, Y i= Z, there exist some 
y E Y - Z and some z E Z - Y. In view of the preceding remarks, Y - {y} must 

belong to 9; thus y' := (Y - {y}) U{z} belongs to H. Now IY' n ZI = IY n ZI + 1 

is a contradiction to the maximality of I Y n Z I. • 
This result (or at least part (a)) was obtained independently by several other 

mathematicians. As examples we mention here Gilbert [223] and the succeeding 
paper of Mikheev [369]. Using 

l ~J := I ~ if n is even, 

2 n;:1 if n is odd, 

part (a) of Theorem 1.1.1 reads: IFI::: (L~J)' 
Sperner's theorem can be always appli~d if one works with families of subsets 

that are pairwise incomparable with respect to inclusion. Here we consider only 
one example. It was found by Demetrovics [130] in a study of the relational model 
of data structures proposed by Codd [118] and Armstrong [33]. Suppose we are 

given m persons PI, ... , Pm and n attributes A I, ... , An like last name, first name, 
date of birth, place of birth, weight, and so forth. For each person, each attribute 
takes on a unique value. Using a right coding, we may suppose that each such 
value is a natural number. Thus all data on the persons can be represented by an 
m x n-matrix D = (dij), where dij is the value of A j for person Pi. We say that 
a set of attributes {A j : j EX}, and, briefly, the set X ~ [n], is a key iffor fixed 
values of A j, j E X, there exists at most one person Pi that has these values - that 
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is, if 

dij = d;, j for all j E X implies i = i' 

(one already "knows" the person if one knows his values of the attributes of a key). 
A key X £; [n] is called a minimal key if there is no key X' with X' c X. 

Corollary 1.1.1. For n attributes the number of minimal keys is not greater than 

(l~J)' and this bound is the best possible. 

Proof. It is trivial to see that the family F of minimal keys satisfies the conditions 
of Theorem 1.1.1, which proves the upper bound. To see that this bound can be 
attained, we must construct a corresponding matrix D. We do this here in a simple 

way with a large m, namely m := (l~J-I) + 1. Set all entries of the first row of D 

equal to 1. Then order all n -dimensional rows with l ~ J - 1 ones and n + 1 - l ~ J 
zeros in any way, but count them from 2 up to (In J-I) + 1. Define the ith row 
of D to be the ith row from above, but with all 1eros replaced by the number 

i, i = 2, ... , (l"J-I) + 1. Then every l~J-element subset of [n] is a key since 
either we find iJ the corresponding places only ones - and this can be the case 
only in the first row, or we find some number i i= 1 - and this can be the case only 
in the ith row. Moreover, it is easy to see that there is no key of size smaller than 

l~J; thus we have indeed (l~J) minimal keys. • 

The preceding construction is due to Demetrovics and Katona [131]. For more 
information on similar combinatorial problems of data structures, see, for example, 
Demetrovics and Katona [131] and Demetrovics and Son [132]. 

1.2. Notation and terminology 

The main objects considered in this book are partially ordered sets (abbreviated 
as posets), which are sets equipped with a reflexive, antisymmetric, and transitive 

relation (order relation). Throughout we suppose that the po sets are finite. For 
the sake of brevity we will not distinguish between the poset and the underlying 
set. For two comparable (i.e., related) elements p, q of a po set P, we write in 
the usual way p ::: q or, equivalently, q 2: p. Two po sets P and Q are called 
isomorphic (denoted by P ~ Q) if there is a bijective mapping cp from Ponto Q 
(called isomorphism) such that p ::: q iff (i.e., if and only if) cp(p) ::: cp(q). An 
automorphism of P is an isomorphism from Ponto P. 

Sometimes we study more general objects, namely graphs. An (undirected, 

simple) graph G = (V, E) is a set V, called the vertex set or point set, together 
with a set E of two-element subsets of V, called the edge set. The degree d (v) 

of a vertex v E V is defined as the number of edges containing v. The graph 
is called regular of degree d if d (v) = d for all v E V. We speak of directed 
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graphs (digraphs) G = (V, E) if E consists of (ordered) pairs (p, q) of different 
elements p, q of V and we call the elements of E arcs. For e = {p, q} (p, q are 
the endpoints of e) (resp. e = (p, q), p is the starting point, q is the endpoint), we 
write briefly pq, and in the directed case we use the notation e- := p, e+ := q. 

Moreover in the directed case we allow more than one arc between points p and 
q; thus E is a multiset of arcs. 

The element q of a poset P is said to cover the element p (denoted by p «: q 

and q y p) if q > p and if q 2: q' > p implies q = q'. Obviously, the order 
relation is the reflexive and transitive closure of the cover relation. A poset P can 
be illustrated by its Hasse diagram, which is a digraph H(P) = (P, E(P» whose 
vertex set is P and whose arc set E(P) consists of all pairs (p, q), where p «: q. 

In figures we always have q y p if P and q are joined by a straight line and q lies 
higher than p. The Hasse graph is the underlying undirected graph of the Hasse 
diagram. An element p of P is called minimal (maximal) if q ::: p (q 2: p) implies 
q =:!" p. For two elements p, q of P, we define the interval [p, q] to be the set of 
all elements of P lying between p and q; that is, [p, q] = {v E P : p ::: v ::: q}. 

A subset of pairwise comparable elements of a poset P is said to be a chain. We 
denote chains by C = (co < ... < Ch), which gives us not only the elements but 
also the relation between them. The number h is called the length ofC. The height 

function assigns with each element of P the length of a longest chain with p at the 
top. A chain is called saturated if it has the form C = (co «: ... «: Ch), and it is 
called maximal if, in addition, Co and Ch are minimal and maximal elements of P, 

respectively. 
An antichain is a subset of pairwise incomparable elements of P. Subsets of a 

poset will often be called families too (motivated by families of subsets of a set). 
Antichains are also called Sperner families. A k-family is a family in P containing 
no chain of k+ 1 elements in P, thus a I-family is an antichain. Usually we denote 
families by roman letters F, G, and so on. If P is the Boolean lattice (to be defined 
in the next section) or if P is very similar to the Boolean lattice we also use script 
letters F, g, and so forth. 

We speak of maximal families and maximumfamilies satisfying various condi­
tions. "Maximal" means not contained in any other; "maximum" means maximum­
sized. 

For graphs G = (V, E), we define a subset C of V to be a clique if any two 
elements of C are joined by an edge (i.e., are adjacent), and a subset I of V is 
called independent if no two elements of I are adjacent. A matching in a graph 
G = (V, E) is a subset M of E of pairwise nonadjacent edges; that is, no two 
edges of M have a common endpoint. 

We often consider extremal problems not in a poset but in a weighted poset 
(P, w), which is a poset P together with a function (called a weight function) w 
from P into the set IR+ of nonnegative real numbers. If w(p) > 0 for all PEP, 
then (P, w) is called a positively weighted poset. The weight w (F) of a family F of 
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(P, w) is defined by w(F) := LpEF w(p). Every poset P can be considered as a 
weighted po set (P, w) where w == 1; that is, w(p) = I for all pEP. We identify 
P and (P, 1). The maximum weights of an antichain and a k-family in (P, w) are 
denoted by d(P, w) and dk(P, w), respectively. The parameter d(P, w) is called 

the width of (P, w). 
Given a weighted poset (P, w) and a subset F of P, the poset whose underlying 

set is F and whose elements are ordered and weighted as in (P, w) is called the 
poset induced by F. The dual (P*, w) of (P, w) has the same underlying set and 

the same weight function as (P, w), but it is ordered by p :'S P' q iff p ::: P q. 
The (direct) product P x Q of the posets P and Q is defined to be the set of 

all pairs (p, q), PEP, q E Q, with the order given by (p, q) :'SPxQ (p', q') iff 
p :'SP p' and q :'SQ q'. Moreover, the product (P, v) x (Q, w) of the weighted 

posets (P, v) and (Q, w) is the product of P and Q together with the weight 
function v x w defined by (v x w)(p, q) := v(p)w(q), PEP, q E Q. We denote 
a product of n copies of (P, w) by (P, w)n, and for (PI, WI) x ... X (Pn, wn) we 

write briefly TI7=1 (Pi, Wi). 
Given a group G of automorphisms of a poset P, a nonempty subset A of P is 

called an orbit if for all p, q E A there is some cp E G such that cp(p) = q and 

if A is maximal with respect to this property. It is easy to see that the union of all 

orbits is a partition of P. Now the quotient of P under G (denoted by PIG) is 
the po set of all orbits ordered in the following way: A :'S P / G B iff there are some 

a E A, b E B such that a :'SP b (it is easy to see that PIG is really a poset). The 
weighted quotient is the quotient together with the weight function wiG defined 

by wIG(A) := IAI, A E PIG. 
Given two posets P and Q, a mapping cp : P ---+ Q is called order preserving 

if p :'S q implies cp(p) :'S cp(q). If Q is the set lR with the natural ordering, we 
speak of increasing functions. Decreasing functions are defined in an analogous 
way. The characteristic function of a subset S of P is defined and denoted by 

otherwise. 
cps(p) := [ ~ if pES, 

The support of a function f : P ---+ lR is the set supp(f) := {p E P : f(p) i= O}. 
A subset F of a poset P is called a filter (ideal) if p E F and q ::: p (q :'S p) 

imply q E F. Sometimes filters (ideals) are also called upper ideals (lower ideals). 

A filter (ideal) F is said to be generated by a subset S of P if F = {p E P : p ::: 
q (p :'S q) for some q E S}. If S contains only one element we speak of principal 
filters and ideals. 

Given two elements p, q of P, the element v is called supremum (infimum) of p 
and q - denoted by v = p v q (v = P /\ q) - if v ::: p, v ::: q and if w ::: p, w ::: q 
imply w ::: v (if v :'S p, v :'S q and if w :'S p, w :'S q imply w :'S v). In an 
analogous way we define the supremum (infimum) of any subset A of P, which 
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we denote by sup A (inf A). Most of the examples considered in this book are 
lattices, that is, po sets P in which p v q and p /\ q exist for all p, q E P. 

Further, almost all po sets that we will study are ranked posets, that is, po sets 
together with a rank function. Here a rank function of a poset P is a function 
r from P into the set N of all natural numbers such that rep) = 0 for some 
minimal element p of P and p "'- q implies r(q) = rep) + 1. Note that we do 
not suppose - as traditionally - that rep) = 0 for all minimal elements p of P. If 
in a ranked poset every minimal element has rank 0 and every maximal element 
has the same rank, we speak of a graded poset (note that in any po set there is at 
most one rank function with this property). Given a ranked po set P, rp denotes 
throughout its rank function, but generally we omit the index P and merely write 
r. The number reP) := max{r(p) : pEP} is called the rank of P (note the 
difference from the weight w(P) of a weighted po set (P, w), which we defined 

by w(P) := LPEP w(p)). Very often we set for the sake of brevity n := reP). 
A subset F of a graded lattice is called t-intersecting (t-cointersecting) if rep /\ 

q) ::: t (r(p v q) :'S reP) - t) for all p, q E F. Intersecting (cointersecting) is an 
abbreviation for I-intersecting (l-cointersecting). 

The dual of a ranked poset P is the dual P* of P together with the rank function 
r p. := rp(P) - rp(p) for all pEP. Moreover, the product of two ranked posets 

P, Q is defined to be the poset P x Q together with the rank function r P x Q 

given by rpxQ(p, q) := rp(p) + rQ(q). For a ranked po set P, we define the ith 

level by Ni(P) := {p E P : rep) = i}; its size Wi(P) := INi(P)1 is called 
the ith Whitney number, i = 0, ... , reP) (when there is no danger of ambiguity, 

we write briefly Ni and Wi). It is useful to define Ni := 0 and Wi := 0 if 
i ¢. {O, ... , r(P)}. Obviously, each level of a ranked poset is an antichain, and the 
union of k levels is a k-family. The rank-generating function F(P; x) of a ranked 
po set is defined by F(P; x) := LPEP xr{p) (= L~~) WiXi). It is easy to see that 
F(P x Q; x) = F(P; x)F(Q; x) if P and Q are ranked. For S ~ {O, ... , reP)}, 

we define the S-rank-selected subposet (Ps, ws) as the subposet induced by Ps := 
{p E P : rep) E S} together with the induced weights ws. 

For ranked po sets P, Q of the same rank, we define the rankwise (direct) product 
P Q b h r(P)N .. 

Xr to et esetUi=o i(P)xNi(Q)togetherwlththerelatlOn(p,q) :'SPx/,Q 
(p', q') if p :'SP p' and q :'SQ q'. If we have, in addition, weights v and w on P 

and Q, resp., then, as for usual products, (v Xr w)(p, q) := v(p)w(q). 
Given a family F in a ranked poset P, the set of rank i elements of F is denoted 

by F;, and the numbers f; := IF;! are called parameters of F, i = 0, ... , reP). 
The vector f = (fo, ... , fr(p))T is called the profile of F. If F = F; for some i 
then we call F i-uniform. 

For an element p of P, we define and denote the upper (resp. lower) shadow 
of p by V(p) := {q E P : q 3> p} (resp. /),,(p) := {q E P : q "'- pD. More 
generally, if P is ranked, let the upper (resp. lower) k-shadow of p be defined and 
denoted by V~k(p) := {q E Nk : q ::: p} (resp. /),,~k(p) := {q E Nk : q :'S pD. 
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The (k-) shadows of a subset of P are the unions of the (k-) shadows of its 

elements. 
More generally, given a weighted and ranked po set (P, w), the weight w(Nj) of 

the ith level Nj of P is called the weighted ith Whitney number. We mostly use the 
following definitions in the w '= 1 case (where Wi = w(Nj)). The weighted and 
ranked poset (P, w) is said to have the k-Sperner property if the maximum weight 
of a k-family in (P, w) equals the largest sum of k weighted Whitney numbers in 
(P, w), that is, if 

dk(P, w) = max{w(Nj\) + ... + w(Nik) : 0 ~ il < ... < ik ~ reP)}. 

In the k = 1 case we also say briefly that (P, w) has the Sperner property or 
(P, w) is Sperner. Further, (P, w) has the strong Sperner property ((P, w) is 

strongly Sperner) if (P, w) has the k-Sperner property for all k = 1,2, .... 
A sequence of nonnegative real numbers {an} is called unimodal if there is a 

number h such that ai ~ ai+l for i < hand aj ::: aj+l if i ::: h. It is called 
logarithmically concave (or log concave) if at ::: ai-lai+l for all i. For a fi­
nite sequence (ao, ... , an), we say that it is symmetric if ai = an-i for all i. 
If the (weighted) Whitney numbers of (P, w) are unimodal (resp. symmetric), 
then (P, w) is said to be rank unimodal (resp. rank symmetric). If {an} and ibn} 

are two infinite sequences of real numbers, the following notations for n -+ 00 

are well known: an ~ bn if limn->oo an/bn = 1; an = O(bn) if there exists 
some c E IR such that Ian I ~ clbn I for all n; an = o(bn) if limn->oo an/bn = 0 
and an ;S bn if an ~ bnO + 00». All logarithms in this book are to the basis 
e = 2.718 .... 

As usual, we denote the largest integer that is not greater than a given real 
number x by Lx J. For the smallest integer that is not smaller than x, we write r x 1-
The set {I, ... , n} we abbreviate by [n]. For the family of k-element subsets and 
for the power set of [n], we use the notation ([~l) (resp. 2[n1), which is motivated 
by the corresponding sizes. A S; B means that A is a subset of B, whereas strict 
inclusion is denoted by A c B. For the set difference of sets A and B, we write 
A - B. Moreover, we denote the complement of A in [n] by A; that is, A := [n] - A. 

For F S; 2 [n I, let F : = {A : A E F} be the complementary family. 

Before considering some concrete examples of posets and lattices in the next 
section, let us look at some larger classes of ranked posets. For a general study of 
these lattices, see, for example, Aigner [21] and Stanley [441]. In a lattice P, the 
elements covering the minimal element are called atoms. The rank function of P 
is called modular (resp. semimodular) if 

rep /\ q) + rep V q) = (resp. ~ ) rep) + r(q) for all p, q E P. 

A (finite) lattice is called modular if it has a modular rank function. Moreover, 
a lattice is said to be geometric if it has a semimodular rank function and every 
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element is a supremum of atoms. Finally a lattice is called distributive if the 
following identities hold for all p, q, v E P: 

p/\ (q v v) = (p/\q) V (p/\ v), 

P V (q /\ v) = (p v q) /\ (p V v). 

We note that each of these identities implies the other. All (finite) distributive lat­
tices are ranked, for the proof see, for example, [21, p. 38]. Obviously, distributivity 
implies modularity. 

1.3. The main examples 
The following are several examples of posets we will consider in this book. Most 
of these posets can easily be shown to be lattices. Hence in all traditional examples 
the word lattice will be used instead of poset. Further, it is mentioned without 
proof that all following posets are ranked. The reader will learn in the book that 
all po sets up to the last one have the Sperner property. 

Example 1.3.1. The Boolean lattice Bn. 

The po set of all subsets of an n-element set, ordered by inclusion, is the Boolean 
lattice. Obviously, Bn is isomorphic to (0 «: l)n as well as to the poset of all faces 
of an (n - I)-dimensional simplex (including the empty set as a face), ordered 
by inclusion. It is easy to see that Nk(Bn ) consists of all k-element subsets; thus 
Wk(Bn) = (Z). The Hasse diagrams of B3 and B4 are illustrated in Figure 1.1. 

Figure 1.1 

Example 1.3.2. Chain products S(kl, ... , kn). 

The poset S(kl, ... , kn) consists of all n-tuples of integers a = (al, ... , an) 

such that 0 ~ aj ~ ki, i = 1, ... , n, and we have a ~ b iff ai ~ bi for all 
i. We will adopt the convention k/ ::: ... ::: kn. Obviously, S(k/, ... , kn) ~ 
n7 = / (0 «: 1 «: ... «: k j ), and therefore S(k/, ... , kn) is called a chain product. 
Given n distinct primes PI, ... , Pn, S(k/, ... , kn) is isomorphic to the lattice 
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of all divisors of p~l ... p~n, ordered by divisibility. The Boolean lattice Bn is 
isomorphic to S(l, ... ,1). From the product representation we obtain that the 
rank of an element a of S(kl, ... , kn) is given by rea) = al + ... + an, and the 
rank-generating function is n7=1 (l + x + ... + Xki). 

Example 1.3.3. The cubical poset Qn. 

Qn is the poset of allfaces of an n-dimensional cube (not including the empty set 
as a face), ordered by inclusion. Here we consider only the discrete cube {a = 
(ai, ... ,an) : ai E to, I}}. Its faces are all subsets of the form {a : ai E to, I} if 
i ¢. I, ai = (Xi if i E I(i = 1, ... , n)}, where I is a subset of [n] and (Xi(i E I) are 
fixed elements of to, I}. Clearly the faces are exactly the intervals in the Boolean 
lattice Bn. If one notes that a face corresponds to an n-tuple b = (bl,"" bn) 
where bi = 2 if i ¢. I and bi = (Xi if i E I, then it is not difficult to see that Qn 
is isomorphic to a product of n factors given in Figure 1.2. Thus we consider Qn 

2 

° 1 

Figure 1.2 

mostly as the set of all n-tuples b = (bl, ... , bn) with bi E to, 1, 2} for all i and 
ordered by b ::::: c iff Ci = 2 or bi = Ci for all i. Obviously, the rank of b equals 
the number of "twos" in band Wk(Qn) = G)2n- k. 

We get the cubical lattice Qn if we add to Qn a minimal element (which is 
smaller than all elements of Qn). 

Example 1.3.4. The function poset FJ:. 

FJ: consists of all partially defined functions of an n-element set into a k-element 
set. For a function f of FJ:, let D(j) be its domain. Two elements of FJ: are 
ordered in the following way: f ::::: g iff D(j) S; D(g) and f(x) = g(x) for 
all x E D(j). A partially defined function of {XI, ... , xn} into {YI, ... , Yk} can 
be represented as an n-tuple a = (al, ... , an), where aj = ° if Xi ¢. D(f) and 
ai = j if Xi E D(j) and f(Xi) = Yj. Thus FJ: is isomorphic to a product of n 
factors given in Figure 1.3. It follows that Fi is isomorphic to the dual of Qn. The 
rank of an element a of the po set FJ: is given by the number of nonzero elements 
in a, and we have ~i (FJ:) = GW. If we add a maximal element to FJ:, we get 
the function lattice FJ:. 

Example 1.3.5. Star products T (kl, ... , kn). 
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° 
Figure 1.3 

This po set consists of all n-tuples of integers a = (ai, ... , an) such that kn - ki ::::: 
ai ::::: kn, i = 1, ... , 11, and we have a ::::: b iff, for all i, ai = bi or bi = kn. We 
suppose throughout that kl ::::: ... ::::: kn . Obviously, T (kl, ... , kn) is isomorphic 
to a product of stars presented in Figure 1.4. Thus it is a natural generalization 
of the cubical po set and the dual of the function poset. The rank of an element 
a of T (kl, ... , kn) is given by the number of components equal to kn, and the 

rank-generating function is n7=1 (ki + x). 

Figure 1.4 

Example 1.3.6. The poset Int(S(kl, ... , kn)). 

This is the poset of all nonempty intervals in S(kl, ... , kn), ordered by inclusion; 
that is, its elements are sets of n-tuples of the form {a : (Xi ::::: ai ::::: f3i (i = 
1, ... , n)}, where (Xi and f3i are fixed integers, ° ::::: (Xi ::::: f3i ::::: ki (i = 1, ... , n). 
It is easy to see that Int(S(ki)) is isomorphic to the "upper half" of S(ki, ki) 
(see Figure 1.5). The corresponding isomorphism is the mapping that assigns 
the interval {(X, (X + 1, ... , f3}, ° ::::: (X ::::: f3 ::::: ki' to the pair (f3, ki - (X). If 
we interpret the elements of S(kl, ... ,kn) as points of a discrete (rectangular) 
parallelepipedon, then Int(S(kl, ... ,kn)) consists of all subparallelepipedons of 
a parallelepipedon, ordered by inclusion. Note that I nt (SO, ... , 1)) is isomorphic 
to Qn. 

Example 1.3.7. The poset M(kl, ... , kn). 

The elements of this poset are subsets of S(kl, ... ,kn) of the form {a E S(kl, ... , 
kn) : ai E Ai, i = 1, ... , n} where the Ai are nonempty subsets of {O, ... , ki}, 
i = 1, ... , n, and the ordering is again by inclusion. It is easy to see that M(kl, ... , 
kn ) is isomorphic to B~l+1 x ... X Bt+1 where B~ denotes the Boolean lattice 
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Int(S(4)) 

Figure 1.5 

Bn without the minimal element. In the case n = 2, this poset can be interpreted 
as the poset of submatrices of a matrix with (kl + 1) rows and (k2 + 1) columns, 
ordered by containment. We speak also for n ~ 2 of the poset of submatrices of a 

matrix. 

Example 1.3.8. The posets SQk,n and SMk,n' 

The elements are subsets of S(k, ... ,k) of the form {a E S(k, ... , k) : ai E 

Ai, i = 1, ... , n} where the Ai are for SQk,n intervals in [0, k] of same sizes 
and for SMk,n subsets of [0, k] of same sizes, and the ordering is by inclusion. 
If we consider S(k, ... ,k) as a discrete cube, then SQk,n can be interpreted as 
the poset of subcubes of a cube. In the case n = 2, SMk,n can be interpreted 
as the poset of square submatrices of a square matrix (with k + 1 rows (resp. 
columns)), but we use this notation also for n ~ 2. It is easy to see that SQk,n ~ 

Int(S(k)) Xr ... Xr Int(S(k)) and SMk,n ~ Bk+1 Xr ... Xr Bk+1 (rankwise 
product). 

Example 1.3.9. The linear lattice Ln(q). 

This is the poset of all subspaces of an n-dimensional vector space over a field 
of q elements (the Galois field G F(q)), ordered by inclusion. The rank of an 
element V of Ln(q) equals its dimension dim V (as a subspace). In Figure 1.6 
we illustrate L3 (2) (the triples indicate the coordinates of vectors that generate 
the corresponding one-dimensional subspace). It is not difficult to see that each 
nonempty interval [V, W] in Ln(q) is isomorphic to LdimW-dimV(q) (consider 
the mapping that assigns to each U E [V, W] the factor space U / V). It is well 
known (cf. [21, p. 78]) that the ith Whitney number of Ln (q) equals the Gaussian 
coefficient m q' which is defined by 

(
n) := (qn -. l)(qn-I _ 1) ... (qn-i+1 - 1) , 

i q (ql - l)(ql-1 - 1) ... (q - 1) 
Os i S n. 

The linear lattice Ln(q) (as also Bn and S(kl, ... , kn)) is isomorphic to its dual: 
If the vector space is realized as the set of all n-tuples with components from 
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G F(q), then an isomorphic image of some subspace V is the subspace {x 

(XI, ... , xn)T : VI XI + ... + VnXn = ° for all v = (VI, ... , vn? E V}. 

Example 1.3.10. Projective space lattices. 

13 

A projective space lattice is the poset of all subspaces of a projective geometry, 
ordered by inclusion. For a definition of a projective geometry and its subspaces, 
see references [21, pp. 55ff] and [450, pp. 105ff]. Note here that if such a po set has 
rank ~ 4, then it is isomorphic to some linear lattice Ln (q) (see [450, p. 203] and 
note that we have the general supposition that all posets are finite). In the rank = 
3 case, the projective geometry is a projective plane [450, Theorem 13.7]. Finally, 
in the rank = 2 case, projective space lattices have the form given in Figure 1.7. 

Figure 1.7 

Example 1.3.11. Modular geometric lattices. 

These are lattices that are both modular and geometric. We only need the fact that 
the modular geometric lattices are exactly the products of a Boolean lattice and 
projective space lattices, which was proved by Birkhoff (cf. [21, p. 64], where 
two-element chains are also considered as projective space lattices). 

Example 1.3.12. The affine poset An (q). 

The poset of cosets of subspaces (affine subspaces) of an n-dimensional vector 
space over G F(q), ordered by inclusion, is the affine poset An (q). The rank of an 
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element a + V equals the dimension of V, and the ith Whitney number is given by 
Wi(An(q)) = qn-i (7)q' Every nonempty interval [a + V, b + W] (i.e., we may 

suppose a = b) is obviously isomorphic to Ldim W -dim V (q). If we add a unique 
minimal element, we obtain the affine lattice An (q). 

Example 1.3.13. The poset L(m, n). 

The elements oftheposet L(m, n) are the n-tuplesa = (aI, ... ,an) with 0 :::: al :::: 
. .. :::: an :::: m. They are ordered componentwise; that is, a :::: b iff ai :::: bi for 
all i. L (m, n) is isomorphic to the poset of all ideals in SCm - 1, n - 1), ordered 
by inclusion (note that the mapping which assigns a E L(m, n) to the ideal in 
SCm -I, n -1) generated by the set{ (al -1, n -1), (a2 -1, n -2), ... , (an -1, O)} 
- an element (-1, i) is considered nonexistent - is an isomorphism). The rank 
function is given by rea) = al + ... + an. 

Example 1.3.14. The poset M(n). 

This is the po set of all n-tuples a = (al, ... , an) with 0 = al = ... = ah < 

ah+1 < ... < an :::: n, h E {O, ... , n} (h = 0 means al > 0), with the order 
given by a :::: b iff ai :::: bi for all i. For the rank of an element a, we have 
rea) = al + ... + an; thus r(M(n)) = n(ntl). 

Example 1.3.15. The graph poset Gn. 

The elements of the graph poset G n are the simple graphs on n unlabeled vertices 
(i.e., the isomorphie classes of the graphs on the vertex set en] without loops and 
multiple edges). These graphs are ordered by containment (embedding). The rank 
of such a graph (as an element of the poset Gn ) equals the number of edges in it. 

Example 1.3.16. The partition lattice fl n. 

The elements of this lattice are the partitions of en], and they are ordered by 
refinement. We denote, for example, the partition {4} U {2, 5, 6} U {I, 3} of [6] 
briefly by 41256113 (or 52611314, ... ), and this partition covers 412156113, 
412516113,415126113,412561113. Let b(TC) stand for the number of blocks in TC. 
Then the rank function is given by r(TC) = n - b(TC). Figure 1.8 illustrates fl4 (the 
two-element blocks of the atoms are depicted). For the Whitney numbers, we have 
Wi (fln) = Sn,n-i, where Sn,k is the corresponding Stirling number of the second 
kind, which is defined by the number of partitions of en] into exactly k blocks. If 
TC :::: a and a = BII .. . IBk. where Bi contains ni blocks of TC, then obviously 
[TC, a] ~ flnl x ... x fl nk . The following basic recurrence holds for the Stirling 
numbers: 

Sn,k = kSn-l,k + Sn-I,k-I, n, k:::: 1, (1.6) 
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and the Bell numbers Bn := I IIn I (do not confuse them with the Boolean lattices 
Bn) can be determined by the formula of Dobinski (cf. [354, pp. 14f]): 

1 00 in 
Bn = - L:-. 

e i=O i! 
(1.7) 

It is well known [441, p. 127f] and can be easily proved directly that fln is a 
geometric lattice. 
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Extremal problems for finite sets 

Many results in Spemer theory have their origin in theorems on families of subsets 

of a finite set, that is, in the special case of the Boolean lattice. So we start our 

investigations with the Boolean lattice. Because of the richness of the literature, 

we must be selective. In particular, this chapter presents several important methods 

(together with related results). The linear programming approach is discussed in 

a separate chapter. 

2.1. Counting in two ditTerent ways 

We have already seen this method in the proof of Claim 2 of Spemer's theorem. 

It can be illustrated with a bipartite graph, which is a graph G = (V, E) whose 

vertex set V can be partitioned into two sets A and B such that lenAI = lenBI = 1 

for all e E E. The method of counting in two different ways is then given by the 

trivial equality 

lEI = L d(v) = L d(v). 
VEA VEB 

But the problem is the construction of the "right" vertex set V = A U B and of 

the "right" edge set E. Edges in a bipartite graph can be written also as pairs of 

vertices. If we say in the following proofs that we count the number of pairs with 

" ... " in two different ways, then the set A (domain of the first coordinate), the 

set B (domain of the second coordinate), and the edge set E (all pairs with the 

corresponding property) are implicitly given. For the sake of brevity the graph will 

not be presented (and drawn) explicitly. 

2nd Proof of Theorem 1.1.I(a). Let Sn be, as usual, the set of all permutations 
of [n]. We count the number N of pairs (X,:rr) where X E F,:rr E Sn, X = 
(:rr(l), ... , :rr(IXI)}, in two different ways. For fixed X E F, a corresponding 

16 
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permutation must map {I, ... , I XI} bijectively onto X and {I XI + 1, ... , n} bijec­

tively onto [n] - X. Thus we find IXI!(n - IXI)! such permutations (this is also 

true for X = 0), and it follows that 

N = L IXI!(n -IXI)!. (2.l) 
XEF 

However, for fixed :rr we find at most one corresponding X E F because of the 

inclusion condition. Thus 

N ~ L 1 = n!. 
7fESn 

From (2.1) and (2.2) we obtain (after division by n!) 

1 
L-n-<l. 
XEF (IXI) -

(2.2) 

(2.3) 

It is trivial to verify that the binomial coefficients are rank unimodal and rank 
symmetric; that is, 

(~) ~ C) ~ ... ~ (L;J) = (r;l) ~ ... ~ C ~ 1) ~ (:). 
Thus (2.3) implies 

L (!) < 1, i.e., IFI ~ (L:2J). XEF L~J -

• 
This proof is due to Lubell [357]. The inequality (2.3) was also found (in a 

different way) by Yamamoto [471], and Meshalkin [364], and therefore inequality 

(2.3) is known as the LYM-inequality. Generalizations to other posets are discussed 
in Section 4.5. 

Note that each permutation:rr E Sn corresponds in a bijective way to a maximal 
chain C = (0 <i: (:rr(I)} <i: (:rr(l), :rr(2)} <i: ... <i: (:rr(l), :rr(2), ... , :rr(n)}) in the 

Boolean lattice (realized on 2[n)). Thus, in another interpretation, we counted the 

number of pairs (X, C) with X E F, C a maximal chain, X E C, in two different 

ways. In (2.2) we had only an inequality because there might exist maximal chains 

C that do not contain any member of F. Now we change the situation in order 
to meet every chain exactly once. Let V be an ideal in 2[n), and U := 2[n) - V. 

Clearly, U is a filter. Moreover, let 

E(V,U) := {(Y, X): Y E V, X E U, Y <i: X}. 

In the Hasse diagram of the Boolean lattice, this set is the set of arcs that leave V 
and enterU. 

, 
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Lemma 2.1.1. If 0 E V and [n] E U, then 

IYI!(n -IX!)! = n!. (2.4) 
(Y,X)EE(D,U) 

Proof. We count the number of pairs ((Y, X), C) with (Y, X) E E(V, U), C a 
maximal chain, Y, X E C, in two different ways. As before, we obtain that for 
fixed (Y, X) E E(V, U) there exist exactly IYI !(n - IX!)! such chains. But since 
each maximal chain C starts in V and ends in U and since V is an ideal, C must 
leave V in a unique element Y and enter U in the next element X. Thus, for fixed 
C, there exists exactly one corresponding (Y, X) E E(V, U). • 

The following identity was found by Ahlswede and Zhang [18], and can be 

considered a sharpening of the LYM-inequality. 

Theorem 2.1.1 (AZ-identity). Let F be afamily of non empty subsets of[n]. Let 
w : 21n) -+ N be the weight function defined by 

w(X) := I n AI, where X r:;;, [n] 
AEF:A<;X 

(here the intersection is defined to be empty if there is no A E F with A r:;;, X). 

Then 

Proof. Let U be the filter generated by F, and let V := 21n) - U. Then we may 

apply Lemma 2.1.1 to obtain (2.4). For fixed X, let N(X) be the number of pairs 
(Y, X) E E(V, U). It is easy to see that 

(
0 

N(X) = 
I{x EX: X - {x} E V}I 

Clearly, X E V iff there is no A E F with A r:;;, X. 

if X E V, 

if X E U. 

For X E U and x E X, we have X - {x} E V iff x E A for all A E F with 

A r:;;, X, that is, iff x E nAEF:A<;X A. Consequently, 

w(X) = N(X) for all X r:;;, [n]. 

From (2.4) and (2.5) we obtain 

L N(X)(IXI-l)!(n -IXI!) = n!, 
X<;ln) 

(2.5) 

• 
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Note that the LYM-inequality follows indeed from Theorem 2.1.l since for a 
Spemer family F and a member X of F clearly w(X) = IXI. 

In the preceding investigations we worked with a set of arcs in the Hasse diagram 
that intersect (the arcs of) each maximal chain. Deletion of the set E(V, U) means 
that we "cut" every maximal chain. Instead of arcs we may consider also vertices. 
We say that a family C of subsets of [n] is a cutset if each maximal chain meets C. 
For instance, {0} and {[n]} are cutsets that are, in addition, minimum and, of course, 
minimal. Since we will study cutsets in more detail in Section 4.2, we consider 
here also one result for cutsets, though in the proof the method of counting in two 
different ways is not really used. Answering a question of Lih (see also [342]), 
Fiiredi, Griggs, and Kleitman [210] discovered that there exist "large" minimal 
cutsets. Let c(n) be the maximum size of a minimal cutset in 2In). 

Theorem 2.1.2. We have 

c(n) ~ 2n as n ---+ 00. 

Proof. First we will show that we may restrict ourselves to "special" values of n. 
c(n) c(n + 1) 

Claim 1. We have -- < I for all n. 
2n - 2n+ 

Proof of Claim 1. Let C be a minimal cutset in 21n) of size c(n). Then clearly 
0, [n] ¢. C. It is easy to verify that C U {C U {n + I} : C E C} is a minimal cutset 
in 21n+ I). Thus c(n + 1) 2: 2c(n), which yields the assertion. 0 

By Claim 1, it is sufficient to find a sequence nk with nk -+ 00 as k -+ 00 such 
that 

(2.6) 

Let us fix some kEN and let n := ak where a is some natural number that we 
will specify later. Let Uf=1 Si be a partition of [n] into classes of size k and let 

C:= {C r:;;, [n]: 0 < lSi nCi < kforalli} 

U {C r:;;, [n] : lSi n CI = 0, ISj n CI = k for some i and j}. 

Claim 2. The family C is a cutset. 
Proof of Claim 2. Let (0 = Xo <:: XI <:: ... <:: Xn = [n]) be any maximal 

chain and define t as the largest integer such that X t is still disjoint from some Si. 

Then X t+ I intersects all Si. If X t+ I does not contain any Sj, then it belongs to the 
first part of C; otherwise XI belongs to the second part of C. 0 

Let 

Co := {C r:;;, [n] : 0 < lSi n CI < k for all i} 

n {C r:;;, [n] : lSi n CI = 1, I Sj n CI = k - 1 for some i and j}. 
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Claim 3. For any C E Co, the family C - {C} is not a cutset. 

Proof of Claim 3. Let C E Co where ISi* n CI = 1, ISj* n CI = k - l. 
Consider any chain of the form ( ... <i: C - Si* <i: C <i: C U Sj* <i: ... ). Assume 
that this chain contains a member X with X E C - {C}. For brevity we assume that 
X < C (the case X > C can be treated analogously). Obviously, IX n Si*1 = 0; 
thus X could only belong to the second part of C. But ISj n XI = k would imply 
ISj n CI = k, a contradiction to C E Co. 0 

By deleting certain members of C step by step, we obtain finally a minimal 
cutset C,. By Claim 3, C, :2 Co; that is (using inclusion-exclusion), 

c(n) :::: ICol = (2k - 2)a - 2(2k - k - 2)a + (2k - 2k - 2)a 

:::: (2k _ 2)a _ 2(2k _ k)a = 2n ( (1 _ ~ ) a _ 2 (1 _ 2: ) a) . 

With a : = l2k 'zg k J we obtain for the second factor 

( 
2 ) ~ 21'kgk +0(') ( k ) t-log k+ O(') 

1 - 2k - 2 1 - 2k = 1 - 0(1) as k ~ 00. 

Thus, for nk := l2k 'Zgk J k, the inequality (2.6) holds. • 

In fact, Fiiredi, Griggs, and Kleitman [210] strengthened the lower bound (using 
some random construction, for a similar result see Theorem 2.6.2) to 

( (logn)3/2) 
c(n) :::: 2n 1 - Y "fii , where y is some constant. 

Let us return to the LYM-inequality and generalize it in another direction. 

Theorem 2.1.3 (Bollobtis [71]). Let {(X" f,), ... , (Xm,Y m)} be a family of 
pairs of subsets of [n] such that for aliI :s i, j :s m, Xi n fj = 0 iff i = j. Then 

m 1 

L (IX;l+IYiI) :s l. ,=, I Xii 

Proof. We count in two different ways the number N of pairs (i, n), where 
i E [m], n E Sn with the following property: 

For all k, 1 E [n], n(k) E Xi, n(l) E fi imply k < I. (2.7) 

Let i be fixed. We may classify corresponding permutations by those sets Zi that 

are mapped onto Xi U f i . Clearly, we have (IXi 1:1 Y;I) possibilities to choose Zi. If 
Zi is fixed, then (because of property (2.7)) the first IX;! elements of Zi must be 
mapped onto Xi (i.e., IXi I! possibilities), the rest of Zi must be mapped onto fi 
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(i.e., If;!! possibilities), and [n] - Zi must be mapped onto [n] - (Xi U fi) (i.e., 
(n - (I Xi I + If;!))! possibilities). Thus, 

N = t ( . n . )IX;!!lf;!!(n -IX;!-If;!)! = t IXi~IYil . 
i=' IX, I + If,l i=' ( I Xii ) 

(2.8) 

Now let n be fixed. Assume that there are two different numbers i, j corresponding 
to n. Since, by supposition, Xi nfj # 0, we find some h E [n] such that n(h) E Xi 
and n(h) E fj. But then in view of property (2.7), n(k) E Xj implies k < h, and 
n(l) E fi implies h < I. Consequently, Xj n fi = 0, a contradiction. Thus 

(2.9) 

The assertion follows from (2.8) and (2.9). • 
Let us emphasize that the LYM-inequality is a special case of Theorem 2.l.3. 

Indeed, let:F = {X" ... , Xm} be a Sperner family of subsets of [n]. Then it is 
easy to verify that {(X" X,), ... , (Xm, Xm)} satisfies the conditions of Theorem 
2.1.3. Consequently, 

L~=t 1 :sl. 
XEF (IXI) i=' (lXill,tl(iI) 

BolloMs's theorem was published (as a lemma in a slightly modified version) 
one year before Lubell's proof of Sperner's theorem. As for the LYM-inequality, 
Ahlswede and Zhang [18] lifted the inequality in Theorem 2.1.3 to an identity, and 
Ahlswede and Cai [4] gave a further generalization. We omit the details. Instead, we 
consider another generalization. Earlier we worked with ordered partitions (X, X) 

of [n] into two classes. Now we look at ordered partitions (X" ... , Xk) of [n] into 
k classes where empty classes are allowed. We speak of ordered k-partitions of 
[n]. Two such partitions (X" ... , Xk), (f" ... , fk) are called inclusion-unrelated 
(resp. cross-unrelated) if there is no i E [k] such that Xi C fi or fi C Xi (resp. 
if there are i, j, h, I such that i < j, h > I, Xi n fj # 0, Xh n f, # 0). 

Theorem 2.1.4. Let {(Xl. ... , XU' ... , (X:", ... , xt)} be afamity of ordered 
k-partitions of[n] that are pairwise inclusion-unrelated or cross-unrelated. Then 

m 1 L :sl. 
i=' (IX:I,.~.,lxil) 

Proof. The proof is analogous to the proof of Theorem 2.1.3. We only replace 
condition (2.7) by the following condition: 

X{ = {n(1), ... , n(IX{i)}, Xi = {n(IX{1 + 1), ... , n(IX{1 + IXii)}, ... , 

xi = {n(IX; 1+ ... + IxL,1 + 1), ... , n(n)}. 



22 Extremal problems for finite sets 

Then it is easy to see that for fixed i there are exactly IX! I! ... IX£ I! corresponding 
permutations, and for fixed rr there is at most one i. This yields 

m 

L IX!I!' "IX£I! ~ n!, 
i=1 

and finally the assertion. • 
It is an easy exercise to verify that (at ,.~.,ak) with al + ... + ak = n attains 

its maximum if all numbers aj are "almost" equal. Since the ordered k-partitions 
(XI, ... , Xk) of [n] with IXj I = L n+t l J, j = 1, ... , k, are pairwise inclusion­
unrelated as well as pairwise cross-unrelated, there follows a corollary. 

Corollary 2.1.1. The maximum size of a family of pairwise inclusion- or cross­

unrelated ordered k-partitions of [n] equals Ct,.~.,ak) where aj = L n+t l J, j = 
1, ... ,k. 

In the case of pairwise inclusion-unrelated ordered k-partitions Corollary 2.1.1 
(resp. Theorem 2.1.4) is due to Meshalkin [364] (resp. Bollobas [74]). For cross­

unrelated ordered k-partitions, the results were obtained (in a slightly different 
notation) by Bandt, Burosch, and Drews [37]. 

Of course, one may assume also other conditions on the ordered (resp. un­
ordered) k-partitions of [n]. For example, motivated by the study of independent 
random variables, Renyi [397, p. 16] called two unordered k-partitions {XI, ... , 

Xkl, {YI, ... , Ykl of [n] qualitatively independent if Xi n Yj =1= 0 for all 1 ~ i, 

j ~ k (more generally, also k must not be constant). The determination ofthe max­
imum size of a family of k-partitions which are pairwise qualitatively independent 

is very difficult. Only for k = 2 is an exact answer known (see the Profile-Polytope 
Theorem 3.3.1 and the third remark after it). For k :::: 3, only asymptotic bounds 
and estimates are known (see Poljak and Tuza [383], and Gargano, Komer, and 
Vaccaro [216, 217]). As an example we study the following condition: Two or­

dered 3-partitions (XI, X2, X3), (YI, Y2, Y3) of [n] are called KS-independent if 
XI n Y3, X2 n Y3, YI n X3, Y2 n X3 =1= 0. Let KS(n) be the maximum size of 
a family of pairwise KS-independent ordered 3-partitions of [n]. The following 
result is due to Komer and Simonyi [314]: 

Theorem 2.1.5. We have limn~oo V K S(n) = I +2v1s. 

Proof. First we show the inequality "~." Let F be a family of size K S(n). 

We classify the members (XI, X2, X3) of F with respect to the cardinalities of 
IXII and IX21. Since these cardinalities belong to {O, ... , n} (more exactly to 
(I, ... , n - I}), (lXII, IX21) can take on only (n + 1)2 different pairs of values. 
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Thus there are numbers a, b, and a subfamily FI of F such that IXt! 
IX21 = b for all (XI, X2, X3) E FI and 

KS(n) 
1Ft! :::: (n + 1)2 . 
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= a and 

(2.10) 

The families of pairs (XI, X3) and (X2, X3), where (XI, X2, X3) E FI, satisfy 

the conditions of Theorem 2.1.3; thus 

IFII ~ (a+(n-a(a+b))) = (n:b). 

IFII ~ e + (n -b (a + b))) = (n ~ a). 

(2.11 ) 

(2.12) 

Let H(A) := -A log A - (1 - A) 10g(l- A), 0 < A < 1. In Section 2.6 (Corollary 

2.6.2) we will prove that 

G) ~ enH(k/n). 

From (2.11)-(2.13) we obtain (with a := ~, f3 := ~) 

~ log IFII ~ min {(l -a)H C ~ a)' (l - (3)H C : (3) } 

< ~H(_f3 )+~H(_a ). 
- 2 I-a 2 I-f3 

(2.13) 

(2.14) 

Since H(A) is concave (see, e.g., the proof of Claim 1 in Theorem 2.6.6), we derive 

from Jensen's inequality (with y := "';fl) 

~ log 1Ft! ~ (1 - y)H C ~ y) . 

Straightforward computations show that the RHS attains in (0, 1) its maximum at 

y = ! - -a, and for this value we obtain (noting (2.10)) 

1 l+vfs 
-;; log IFII ~ log-2-' 

n/ITIIF I < 1 + vfs 
"I.TII - 2 ' 

Now we prove the inequality"::::." We construct a family whose size is large 
enough. Let F(n) be the family of all ordered 3-partitions (XI, X2, X3) of [n] 

(empty classes are allowed) with the property 

1 rf. X2, n rf. XI and i E XI iff i + 1 E X2, i=l, ... ,n-1. 
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It is easy to verify that 

IF(I)1 = 1, IF(2)1 = 2, IF(n + 1)1 = IF(n - 1)1 + IF(n)l. 

Consequently IF(n)1 equals the (n + l)th Fibonacci number, implying 

lim \!IF(n)1 = 1 + ./5. 
n-+oo 2 

As before, we may argue that there are numbers a, b and a subfamily FI (n) of 

F(n) such that IXII = a and IX21 = b for all (XI, X2, X3) E FI (n) and IFI (n)1 ::: 
IF(n)! h' h' l' l' n ~F 1+J5' (n+l) ,w IC Imples Imn-+ oo YJ"I(n) = -2-' Fmally we classify the members 
(XI, X2, X3) E FI (n) with respect to the sum of the elements of XI. Clearly, the 
sum can take on at most n(nt l ) different values. Thus there exist a number c and 

a subfamily F2(n) of FI (n) such that LiEXI i = c for all members (XI, X2, X3) 

of F2(n) and IF 2(n)1 ::: ~Itt{j, which implies limn-+ oo !!jF2(n) = ¥. Now 
it is sufficient to show that the members of F2(n) are pairwise KS-independent. 
Let (XI, X2, X3), (YI, Y2, Y3) be different members of F2(n). We have to show 
that XI n Y3 =1= 0 and X2 n Y3 =1= 0. To show the first relation, let j be the 
smallest integer from [n] such that j ¢ (XI n YI) U (X2 n Y2) U (X3 n Y3). 

Then j ¢ X2 U Y2, since otherwise j could be replaced by j - 1. If j E XI, 

then j E Y3, and XI n Y3 =1= 0 follows. Thus let j E X3 and j E YI. Let 
XI = {UI, ... , Ua}, where UI < ... < Ua, and YI = {VI, ... , va}, where VI < 
... < Vk-I < Vk = j < ... < Va for some k. By the choice of j, we have UI = 
VI,···, Uk-I = Vk-I, j = Vk < Uk, and by construction of F2(n), L~=I Ui = 
L~=I Vi· Thus there must exist a smallest integer I such that VI > UI. Then it is 
easy to verify that UI E Y3, hence also in this case XI n Y3 =1= 0. The relation 
X2 n Y3 =1= 0 can be proved in the same way by looking at the correspond­
ing largest integers from [n] (note that also the sum of all elements in X2 is 
constant for all (XI, X2, X3) E F2(n) because of the construction of F(n». • 

Gargano, Komer, and Vaccaro [216]-[218] studied more general problems of 
the following kind: Let G = (V, E) be a directed graph. What is the maximum size 
of a family of n-tuples of vertices of G such that for all (VI, ... , vn ), (WI, ... , 
wn ) E F there are i, j E [n] such that ViWi E E and WjVj E E (resp. for all 
(VI, ... , vn ), (WI, ... , wn ) E F, and for all e E E there are i, j E [n] such that 
e = ViWi = WjVj). 

Now we study a class of families that is as important as the Spemer families. In 
the Boolean lattice the family F of subsets of [n] is intersecting if for all X, Y E F 

it holds X n Y =1= 0. In the case of cutsets we have seen that minimal families may 
have very different sizes. For maximal intersecting families, Erdos, Ko, and Rado 
[170] observed that we have a completely different situation: 

Theorem 2.1.6. Each maximal intersectingfamity in 2[n] has size 2n-l. 
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Proof. Let F be a maximal intersecting family in 2[n]. We count in two different 
ways the number N of pairs (X, (A, A» with X E F, A S; [n], X E (A, A). On 
the one hand, for fixed X, there exist exactly two "second components," namely 
(X, X) and (X, X). Thus 

N=2IFI· (2.15) 

On the other hand, for fixed (A, A) there exists at most one X E Fwith X E (A, A) 
(note that A, A cannot both belong to F because of A n A = 0). Since we have 
2n pairs (A, A) it follows that 

(2.16) 

From (2.15) and (2.16) we derived IFI :::: 2n-l. Assume that we have strict in­

equality. Then there must exist some A such that A, A ¢ F. Since F is maximal, 
we cannot add A and A to F. Thus there must exist some X, Y E F such that 
X n A = 0, Y n A = 0. But then X S; A, Y S; A; that is, X n Y = 0, a 
contradiction. • 

Now we restrict ourselves to one level. The following result is a classical one. 
Erdos, Ko, and Rado [170] discovered it as early as in the thirties (see Erdos [169]). 
More than twenty years later it was published. 

Theorem 2.1.7 (Erdffs-Ko-Rado Theorem). Let F be a k-uniform intersecting 
family in 2[n). Then 

ifk :::: ~, 

otherwise, 

and the bound is the best possible. 

Proof. In order to see that the bound cannot be improved take 

otherwise. 

Now we prove that the bound is true. The case k > ~ is trivial. Thus let k :::: ~. 

In contrast to the second proof of Spemer's theorem, we are working this time not 
with the set Sn of all permutations of [n], but only with the set Cn of all cyclic 
permutations of [n]. Recall that a permutation ~ of [n] is cyclic if n is the smallest 
integer with ~n (1) = 1. Wecountthe number N of pairs (X, n, where X E F, ~ E 

Cn, and there is some i E [n] with X = {~i (I), ~i+1 (I), ... , ~i+k-I (I») in two 

different ways. For fixed X, we must determine the number of cyclic permutations 
in which the elements of X (i.e., also the elements of [n] - X) appear consecutively. 
We obtain k!(n - k)! such permutations since we may permute the elements of X 
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and of [n] - X independently, and each such ordering on X and [n] - X yields a 
unique cyclic permutation. Consequently, 

N = IFlk!(n - k)!. (2.17) 

Next we have to estimate the number d(O of members X of F for which there is 
some i E [n] such that X = U· i (I), ... , ~i+k-I(1)}. 

Claim. If k .:::: ~ then d(O .:::: k. 

Proof of Claim. Supposing that d (~) > 0, we may - after a suitable renumber­

ing - assume that ~ is the cycle (12 ... n), that is, ~(i) = i + l(modn) and, 
moreover, that X* := {l, ... ,k} E F. Then d(O = {i E [n] : {i, i + 1, ... , i + 
k - I} E F} (the addition is always modulo n). Let 

S := {j E [k] : {j, j + 1, ... , j + k - I} E F, 

E := {j E [k] : {j, j - 1, ... , j - k + I} E :F. 

If X = {i, i + 1, ... , i + k - I} E F, then we must have i E S or i + k - 1 E E 
since Xmustintersect X*. Note that for X* we have 1 E S as well as 1 +k-l E E. 
Thus 

d(~) .:::: lSI + lEI - 1. (2.18) 

Further, because of the intersection property of F and k .:::: ~, j E E implies 
j + 1 ¢ S. Thus 

lSI.:::: k - (lEI - 1) (2.19) 

(we cannot exclude k+ 1). Together with (2.18) we obtain the assertion d(~) .:::: k. 
D 

Since there are exactly (n - I)! cyclic permutations, it follows from the claim 
that 

N'::::k(n-l)!' 

Finally, from (2.17) and (2.20) we derive 

IFlk!(n - k)! .:::: k(n - I)!, 

(2.20) 

• 
The method of proof is due to Katona [295] and known as Katona's circle 

method. It is fundamental for a whole theory that is presented in Chapter 3. The 
situation is more difficult if one replaces the condition X n Y =1= (3 by I X n Y I ~ t, 
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where t is some natural number. This case of t-intersecting families is treated in 

Sections 2.4, 2.5, 6.4, and 6.5. 
Let F be a family in 2lnl. We say that a subfamily FI of F is a star if there is 

some i E [n] such that i E X for all X E Fl. Let Ik := (I~l) U ... U (IZl). From 

Theorems 2.1.6 and 2.1.7, it easily follows that the maximum size of an intersecting 

family inIk equals 2:7=1 e=D if k .:::: ~ ork = n (by the way, this result is also true 
for the remaining values of k, which follows from the Profile-Polytope Theorem 

3.3.1). Obviously, the size of each maximal star in Ik also equals 2:7=1 e=D. 
Thus we have seen that a special case of the following conjecture of Chvatal 

[101] is true: Let I be any ideal in 2lnl. Then the maximum size of an intersecting 

family in I equals the maximum size of a star in I. For more information on this 

conjecture, we refer to Anderson [32], Berge [50], and Snevily [432]. Frankl [192] 

also mentions this and many other interesting problems. 
Let f.L be a positive integer. We say that a family F of subsets of [n] is f.L-wise 

intersecting (resp. f.L-wise cointersecting ) if, for all XI, ... , XJL E F, there holds 

XI n· .. n XJL =1= 0 (resp. XI u· .. U XJL =1= [n]).1t is easy to see that the maximum 
size of a f.L-wise intersecting (f.L-wise cointersecting) family is 2n -I if f.L ~ 2. The 

restriction to one level gives the following generalization of the Erd6s-Ko-Rado 

Theorem, our 2.1.7, which was proved by Frankl [187] and in a different way by 

Gronau [247]. 

Theorem 2.1.8. Let F be a k-uniformfamily in 21nl and let f.L ~ 2. 

(a) ifF is f.L-wise intersecting. then 

{ (z=D 
IFI.:::: 

m 
(b) ifF is f.L-wise cointersecting. then 

Both bounds are the best possible. 

ifk':::: ~n, 

otherwise. 

ifk ~ ~, 

otherwise. 

Proof. First observe that (a) and (b) are equivalent since F is f.L-wise intersecting 

iff F (the complementary family) is f.L-wise cointersecting. Thus it remains to 
prove (b). The bound cannot be improved since 

if k ~ ~, 

if k < ~ 
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is JL-wise cointersecting. Further we follow the proof of Theorem 2.1.7. We have to 

replace ~ by ~ and (with the same notations) we then have to prove the following 
new claim: 

Claim. If k 2: ~ then den .:::: n - k. 
Proof of Claim. Suppose again that ~ = (12 ... n) and X* = {I, ... , k}. Let 

this time 

S:= {i E [n] : {i, i + 1, ... , i + k - I} E F}, 

that is, 

den = lSI· (2.21) 

Note that 1 E S. We partition [n] into k sets SI, ... , Sk, namely, the residue classes 
modulo k. We show that 

ISj n SI .:::: ISjl - 1 for all j E [k]. (2.22) 

Assume the contrary, that is, Sj = S n Sj for some j E [k]. Then (with addition 

modulo n) the sets XI := {j, j + 1, ... , j + k - I}, X2 := {j + k, ... , j + 
2k - I}, ... , Xa := {j + (a - l)k, ... , j + ak - I} would belong to .1', where 

j + (a - l)k .:::: n, j + ak - 1 2: n. From the first inequality we derive a-I < f, 
that is, a .:::: JL. If ak 2: n, then U1=1 Xl = [n] in contradiction to the fact that .1' is 
JL-wise cointersecting. But if ak < n then a < JL, hence a + 1 .:::: JL and we have 

U1=, Xl U X* = [n], which is again a contradiction. From (2.21) and (2.22) we 
obtain 

k k 

d(~) = L ISn Sjl .:::: L(ISjl- 1) = n - k. 
j=1 j=1 

o 

The rest of the proof is analogous to the proof of Theorem 2.1.7. • 
If both conditions are combined we have the following result [162], which is a 

refined version of a result of Gronau [248] (based on a method of Frankl [188]). 

Theorem 2.1.9. Let .1' be a k-unifonn JL-wise intersecting and v-wise cointer­
secting family in 2[n1, and let JL, v 2: 4. Then 

I (n-I) 
k-I 

1.1'1.:::: G=~) 

(nkl) 

ifk < n~l + I, 

if !!.=.! + 1 < k < 1!:=! (n - 1) 
v - - /-L ' 

ifk> 7(n - 1). 
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The proof is omitted, but note that the first and third case follows from The­
orem 2.1.8 and that in the second case an exchange operation is applied that is 
discussed in Section 2.3. For example, for JL = v = 3 a complete solution is not 
known. 

2.2. Partitions into symmetric chains 
The following fact can be considered as a special case of the method of counting 
in two different ways. Suppose we are given a set S and look for the maximum 
size of a subset F of S satisfying a certain condition. To obtain an upper bound 
we partition S in an appropriate way into subsets Sl, ... , Sk such that a "good" 
upper bound for IF n Sj I, j E [k], can be proved. If, for example, IF n Sj I .:::: aj 
for all j, then IFI .:::: L:J=l aj follows. Actually, we applied this method already 
in the proof of Theorem 2.1.8. Here we show that Sperner's theorem can also be 

proved in this way. 

3rd Proof of Theorem 1.1.1(a). Take the set S to be 2[nl, and the classes Sj will 

be chains of the form e = (Xo «: ... «: Xh) such that IXol + IXh I = n. These 
chains are called symmetric. 

Claim. There exists a partition of 2[nl into symmetric chains. 
Proof of Claim. We proceed by induction on n and look only at the step n -+ 

n + 1. So let ([(n) be a symmetric chain partition of 2[n). For each chain e = 
(Xo «: ... «: Xh) E ([(n), we construct new chains 

e' := (Xo «: ... «: Xh «: Xh U (n + I}), 

e" := (Xo U {n + I} «: ... «: Xh-I U (n + I}), 

(2.23) 

(2.24) 

but e" must be omitted (it does not exist) if h = O. Now it is easy to verify that 
all these new chains form a partition ([(n + 1) of 2[n+l) into symmetric chains 
(distinguish the cases where members X of 2[n+l) contain (resp. do not contain) 

n + 1). 0 

Since each symmetric chain in 2[n) contains exactly one member X E 2[n) 
with IXI = L~J, each symmetric chain partition ([(n) of 2[n) contains exactly 
(L~J) chains. If .1' is a Sperner family in 2[n), then IF n q < 1 for each chain. 

2 . 
Accordmgly, 

1.1'1.:::: L IFnq = ( ~ ). 
CEIt(n) L2"J 

• 
This proof is due to de Bruijn, Tengbergen, and Kruyswijk [87] (who considered, 

more generally, chain products) and, independently, to Hansel [252]. Since there 
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are many generalizations and related results, a separate chapter (Chapter 5) is 
devoted to this topic. Griggs [241] collected many interesting problems. Here only 

two applications will be presented. Let cp(n) be the number of order-preserving 
maps from Bn into BI, that is, the number offunctions f : 2[n) --+ {O, I} such that 
X~ Yimpliesf(X):::: f(Y) for all X, Y E 2[n). If we interpret f : 2[n) --+ {O, I} 

as the characteristic function of a family F, then obviously f is order preserving iff 
F is a filter. Since there is a bijection between filters and antichains (associate with 

a filter the set of its minimal elements), our number cp (n) also equals the number 
of filters and the number of Spemer families in 2[n). The problem of determining 

cp(n) goes back to Dedekind [127] and is very difficult. The following bounds are 
due to Hansel [252]. 

Theorem2.2.1. Foralln 2: 1, 2(L~J):::: cp(n):::: 3(LV. 

Proof. The lower bound is trivial since every subset of (~~~) is a Spemer family. 

To prove the upper bound, let ([(n) be the symmetric chain partition of 2[n), which 

was constructed inductively in the third proof of Theorem 1.1.1 (a). 

Claim. For each chain C of ([(n) and three consecutive members Xa-I <:: Xa <:: 
Xa+1 of C, there is some Xa such that Xa-I <:: Xa <:: Xa+1 and Xa is contained 
in a chain D of ([(n) with IDI = ICi - 2. 

Proof of Claim. We proceed by induction on n and study the step n --+ n + 1. 

Case 1. The three members Xa-I, Xa, Xa+1 belong to the chain C' of type 
(2.23). If n + 1 <l. Xa+l, then the three members belong to the chain C of ([(n), 

and we can find by the induction hypothesis a corresponding chain D E ([(n) with 
the corresponding member Xa which also belongs to the chain D' E ([(n + 1). 

Since IDI = ICi - 2, also ID'I = IC'I- 2. Ifn + 1 E Xa+l, then Xa = Xh, and 
we can take Xa := Xh-I U {n + I}. The corresponding chain is C". 

Case 2. The three members Xa-I, Xa, Xa+1 belong to a chain C" of type 
(2.24). Then Yj := Xj - {n + l}, j = a-I, a, a + 1, belong to C E ([(n), and 
we find, ~y induction, a corresponding chain D E ([(n) with the corresponding 

member Ya. Because Ya+1 cannot be the maximal element of C, the member fa 
is not !he ma~imal element of D (otherwise we would have IDI < ICi - 2). 
Thus Xa := Ya U {n + I} belongs to D", and Xa is the desired element since 

ID"I = IDI - 1 = ICi - 3 = IC"I - 2. D 

We order the members of ([(n) by increasing size; that is, ([(n) = {Cj : 1 :::: j :::: 

d} and ICII :::: ... :::: ICdl, where d := (L~J)' We construct (in a nondeterministic 

way) step by step all filters Fin 2[n) by deciding whether the members of Cj, j = 
1, ... , d, should belong to F or not. For the chains of size at most two, we have 
at most three choices, namely, taking no, the maximal, or both members into F. 
Suppose that we are done with all chains before C = (Xo <:: ... <:: Xh) and 
we have fixed some part of a filter F. Let XI, ... , Xh -I be the corresponding 
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members described in the claim. Of them we know already whether they belong to 

F or not. Let 1 (resp. u) be the largest (resp. smallest) index such that Xl <l. F (resp. 
XII E F) (if there is no such index put 1 := 0 (resp. u := h)). Clearly, u -I :::: 1. 

In order to obtain a filter, we need that XI, ... ,Xl-I <l. F and X II+ I, ... ,Xh E 

F since XI <:: ... <:: Xl-I <:: Xl and XII <:: X II+ I <:: ... <:: Xh. Thus we have at 

most three choices to extend the fixed part of F. This is clear if 1 2: u. If 1 + 1 = u 
at most Xl and Xu are free, but if Xl E F, then certainly Xu E F. Thus, all in all, 

we have at most 3 (L ~ J) possibilities for constructing all filters. • 

From this theorem it follows that 

(L;J) log 2 :::: logcp(n) :::: (L;J) log3. 

Kleitman [301] found the asymptotic formula 

logcp(n) ~ ( ~ ) log2 as n --+ 00, 

h:J 
considering not only one fixed symmetric chain partition but all such partitions 

that arise by permuting the elements of [n], and using complicated averaging argu­

ments. An improvement of the remainder was given by Kleitman and Markowsky 

[308], and an asymptotic formula for cp(n) itself was finally found by Korshunov 

[317] in a very complicated way. A simplification (in a more general form) was 

given by Sapozhenko [413]. More details on the history of this and related problems 

are contained in the survey of Korshunov [319]. 

Theorem 2.2.2 (Korshunov Theorem). We have for n --+ 00 in the case of even 

resp. odd n 

Let us conclude this section by a game. Suppose there is given a filter F in 2[n) 

(resp. an order-preserving map from Bn into Bd, but only a stage manager (our 

oracle), say Heidrun, knows it. Someone, say Sebastian, wants to get to know F. 
He may pick, step by step, members of2[n), and Heidrun will tell him whether they 

belong to F or not. The clever Sebastian will certainly not test all elements of2[n). 

For example, if 0 E F, then automatically F = 2[n). Let 1/I(F) be the smallest 

number of Heidrun answers that enable (using the right sequence of Sebastian 
questions) the determination of:F. Finally let 

1/I(n) := max{1/I(F) : F is a filter in 2In ]}. 
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The number 1/!(n) is sometimes called the Shannon complexity of the problem of 

the recognition of monotone Boolean functions. It was studied the first time by 
Korobkov and Reznik [316]. The following result is again due to Hansel [252], 
who improved an earlier estimation of Korobkov [315]. 

Theorem 2.2.3. We have 1/!(n) = (l ~ J) + (l ~ J)' 

Proof. "::::." Let F* := {X S; [n] : IXI :::: Lnt l J}. Obviously, for all X S; 

[n] with IXI = L ntl J, also F* - {X} is a filter, and, for all X S; [n] with 
I XI = L n 21 J, F* U {X} is a filter. Thus, knowing the Heidrun answers for all 

Y E 2[nl - {X}, where X E (l !~~ J) U (l !:It J)' Sebastian cannot determine the 

filter uniquely. Consequently, he ~ust ask iTeidrun about all these X. 
"S." Sebastian asks Heidrun, step by step, about the members of the chains 

Cj of the symmetric chain partition considered in the proof of Theorem 2.2.1. 
From this proof it follows that at most two elements of C are "suspicious" if he 
already inspected all chains ahead of C. Thus, for chains of more than one element, 
two answers suffice. For one-element chains, Sebastian needs of course only one 
question. It is easy to see that there are (l n!t J) - (l n~t J) one-element chains. 
Thus 2 2 

• 
Sokolov [434] found another algorithm that achieves this bound. Alekseev [25] 

provided estimations for the recognition of order-preserving maps from S(kl, ... , 
kn ) into {O, I} (in special cases, such as kl = ... = kn = 2, he has exact val­
ues) and Gronau [244] slightly generalized the above proof to the recognition of 
order-preserving maps from Bn into {O, ... , k}. Moreover, independently, Serzhan­
tov [424] and I [151] each found exact values for the case of order-preserving 
maps from S(kl, ... , kn ) into S(k) if kl = k2, k3 = k4, ... , k2j-1 = k2j for 
some j S ~ and kj S 2 for all 2j < i S n, where still some further gen­
eralization, for example, with results of Mahnke [359] can be formulated. Fi­
nally, Serzhantov [425] solved completely the case of order-preserving maps 
from S(k, ... , k) into {O, l}. Applications and similar problems appear in the 
maximization of submodular functions on discrete structures; see, for example, 
Kovalev and Moshchenski [323]; and in many other areas, see the survey of 
Sapir [411]. 
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2.3. Exchange operations and compression 
In the first proof of the Sperner Theorem 1.1.1 we selected a subfamily 9 of 
a Sperner family F and constructed a new family H (namely H := V (9) or, 
though not explicitly mentioned, H := 1l(9)) such that:F' := (F - Q) U H is 
still a Sperner family. Moreover, we had H n F = 0, so that IFI and IF'I are 
related in the same way as 191 and IHI. In other words, we exchanged the Sperner 
family by a new Sperner family, or we pushed (shifted) the old family upward (resp. 
downward). The general idea of exchanging something works in many cases. Here, 
we study that operation which was introduced by Erdos, Ko, and Rado [170]. Let 

for i, j E [n] the mapping <Jij : 2[nl ~ 2[nl be defined by 

<Jij(X) := (X - {jD U Ii}, 

and, as usual, for a family F S; 2[n1 let 

We will apply this operator only to a part of F, namely to 

Fij := {X E F : i ¢ X, j E X and <JijCX) ¢ F}. 

Finally, the ij-shifting of the family F is defined by 

sij(F) := (F - Fij) U <Jij(Fij)' 

Hence Fij and <Jij (Fij) play the role of 9 and H from above. Note that by definition 

IFijl = I <Jij(Fij) I and <Jij(Fij) n F = 0 implying 

ISij(F)1 = IFI· 

Lemma 2.3.1. Let i, j E [n], i =f. j, and let F be intersecting (resp. cointersect­

ing). Then sij(F) is intersecting (resp. cointersecting), too. 

Proof. We prove the assertion only for intersecting families. Thus let X, Y E 

sij(F). If X, Y E F - Fij, then X n Y =f. 0 by supposition, and if X, Y E 

<Jij (Fij), then i E X n Y. Thus it remains to study the case X E F - Fij, Y = 

<Jij (Z) for some Z E Fij' 
Case 1. i E X. Then i E X n Y. 

Case 2. i ¢ X. 
Case 2.1. j ¢ X. Then X n Y = X n Z =f. 0 by supposition. 
Case 2.2. j E X. Then <Jij(X) E F because otherwise X E Fij. Since F is 

intersecting, there is some I E <Jij(X) n Z where obviously I ¢ Ii, j}. But then 

~o/EXnY • 
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Lemma 2.3.2. Let i, } E [n], i #- }, and let F be k-uniform. Then 

Proof. Let X E sij(F) and Y E ~(X). We must show that Y E sij(~(F». Let 

X = Y U {I}, Y = X - {I}. 
Case 1. X E F - Fij' Then clearly Y E ~(F). We will show that 

which implies that Y E sij(~(F». 

Case 1.1.1 = }. Then} ri- Y, which shows (2.25). 
Case 1.2.1 = i. 

(2.25) 

Case 1.2.1. } E Y. Then <lij(Y) = X - {j} E ~(X) S; ~(F). Thus 

(2.25) holds. 
Case 1.2.2. } ri- Y. Then (2.25) is trivial. 

Case 1.3. I ri- {i, }}. We may suppose that i ri- Y,} E Y because otherwise 

(2.25) is clear. But then also i ri- X, } E X. Since X ri- Fij' we have <lij(X) E :F. 
But then also <lij(Y) E ~(F), which shows (2.25). 

Case 2. X = <lij(Z) for some Z E Fij. Then} ri- X; that is, I#- }. 
Case 2.1.1 = i. Then Y = Z - {j}; that is, Y E ~(Z) S; ~(F). Since 

} ri- Y, it follows that Y ri- (~(F»ij and consequently Y E sij(~(F». 

Case 2.2.1 #- i. Then Y = <lij(Z - {I)) and Z - {I} E ~(F). 

Case 2.2.1. Y E ~(F). Then Y E sij(~(F» since clearly <lij(Z - {I)) ri­

(~(F»ij . 
Case 2.2.2. Y ri- ~(F). Then (Z - {I)) E (~(F»ij, which shows that 

Y = <lij(Z - {I)) E sij(~(F». • 

Now several results can be proved by applying induction and considering fam­
ilies that are invariant with respect to certain i}-shiftings. For F S; 2[n1, let 

b(F):= L Li. 
XEF iEX 

2nd proof of Theorem 2.1.7. The only difficult part is the upper bound in the case 

k :::: ~. For n = 2k, the proof is trivial since from each pair (X, X) with I XI = k 
at most one component may belong to a k-uniform intersecting family F; that is, 

IFI :::: ! e:) = et:/)· Now we proceed by induction on n and consider the step 
n --+ n + 1 > 2k. Of all maximum k-uniform intersecting families, we choose 
such a family F for which b (F) is minimum. Then 

Si.n+1 (F) = F for all i < n + 1 (2.26) 

2.3 Exchange operations and compression 35 

since otherwise, in view of Lemma 2.3.1, F could be replaced by Si,n+1 (F) for 
some i. Let 

FI :={XEF:n+lri-X}, 

F2:= {XEF:n+1EX}, F~ := {X - {n + I} : X E F2}. 

By the induction hypothesis (note that FI S; 2[n1), 

( n -1) 
IFII:::: k - 1 . 

Claim. F~ is intersecting. 

(2.27) 

Proof of Claim. Assume that there are XI, X2 E F~ such that XI n X2 = 0. 
Since I XII + I X21 = 2(k -1) :::: n - 2, there are different numbers ii, i2 E [n] such 
that il ri- XI, i2 ri- X2. Let YI := XI U {n + I}, Y2 := X2 U {n + I}, ZI := XI U 
{id, Z2 := X2 U{i2}. Then YI, Y2 E F and ZI = <lil,n+1 (YI), Z2 = <li2,n+1 (Y2). 
We have ZI, Z2 E F in view of(2.26). But obviously ZI nZ2 = 0, a contradiction. 

The induction hypothesis applied to F~ yields 

( n -1) 
IF21 = IF~I:::: k- 2 . 

By (2.27) and (2.28), 

(n - 1) (n - 1) (n) 
IFI = IFII + IF21:::: k _ 1 + k _ 2 = k - 1 . 

From (1.3) in the proof of Theorem 1.1.1 it follows that 

n -I 
IV(9)1 :::: 191 1 + 1 ' 

if 9 is an I-uniform family. Analogously, 

I~(F)I :::: IFI ~ 1 
n- + 

o 

(2.28) 

• 

if F is a k-uniform family. Now we ask for a better lower bound for the size of the 
shadow if the size of F is fixed. First we prove a result of Lovasz [354] which is a 
weaker version of the Kruskal-Katona Theorem, 2.3.6, but often easier to handle. 
Denote for real x and natural k, 

if k = 0, 

if k > 0, 

if k < 0. 
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Theorem 2.3.1. Let F be a k-uniformfamily in 21n ] and let IFI = G), k ::: x ::: n. 

Then 

Proof. We proceed by induction on the parameter t := k + IFI. Note that we 
suppose IFI 2: 1. If t = 1 we have k = 0, IFI = 1, and all is trivial. Consider 
hence at the step t -+ t + 1 = k + IFI. Obviously, we may suppose k > O. 
Under all k-uniform IFI-element families with minimum shadow we choose such 
a family for which ~ (F) is minimum. It is enough to prove the assertion for this 
family. We have 

sl,;(F) = F for all i E {2, ... , n} (2.29) 

since otherwise, in view of Lemma 2.3.2, F could be replaced by sl,;(F) for some 
i. Let, similar to the previous proof, 

Fl : = {X E F : 1 ¢ X}, 

F2 := {X E F: 1 E X}, F~ := {X - {I} : X E F2}. 

Claim. We have ~ (Fl) £; F~. 

Proof of Claim. Let Y E ~(Fl); that is, X := Y U {l} E Fl for some I E 

{2, ... , n}. Since, by (2.29), <11,1 (X) = Y U {l} E F, it follows that Y E F~. 

o 

Since F i= 0 we have, in view of the claim, F~ i= 0. 
Case 1.IF~1 < G::::)· Then IF~I < (z) = IFI; that is, Fl i= 0. 

Case 1.1. k ::: x < k + 1. Then IF~I < k. But I~(F})I 2: k, since one 
member of Fl already produces a k-element shadow. Thus the claim yields the 
contradiction IF~ I 2: k. 

Case1.2.k+1 :::x.WehaveIFll = IFI-IF212: (z)-G:::D = (X;I).Since 

1 ::: 1Ft! < IFI we may apply the induction hypothesis to obtain I ~ (Fl) I 2: G::::), 
and again the claim yields the contradiction IF~ I 2: G::::). 

Case 2. IF~I 2: (Z:::D. By the induction hypothesis, I~(F~)I 2: G:::D. Hence 

I~(F)I = I~(F~)I + IF~I 2: (x - 1) + (x - 1) = ( x ). 
k-2 k-l k-1 

• 
The preceding proof is due to Frankl [191]. Let us look at some consequences. 

Repeated application of Theorem 2.3.1 gives the following estimation: 

.-.. 
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Corollary 2.3.1. Let F be a k-uniform family in 21n] with IFI = (Z), where 

k ::: x ::: n. Let 0 ::: i ::: k. Then 

I~---+;(F)I 2: G)' 
Daykin [121] observed that the Erd6s-Ko-Rado Theorem 2.1.7 can be easily 

derived from this corollary. Indeed, if k ::: ~ and F is a k-uniform intersecting 

family, then obviously F n ~---+k(F) = 0. The assumption IFI > (~:::D (Le., 

IFI > (~:::D) would yield in view of Corollary 2.3.1 (with x 2: n - 1, k := n - k, 
i := k) 

( n) - (n - 1) (n - 1) (n) k 2: IFI + 1~---+k(F)1 > k _ 1 + k = k . 

But in our approach this is only an apparent simplification of the (original) second 
proof of Theorem 2.1.7, since we needed the exchange operation also to prove 
Theorem 2.3.1. 

Corollary 2.3.2. Let F be a nonempty k-uniformfamily in 2 In ], n 2: 3. 

(a) Ifk 2: ~ + 1 then I~(F)I - IFI 2: ~. 

(b) Ifk::: ~ - 1 then IV(F)I- IFI 2: ~. 

Proof. (a) Let k 2: ~ + 1 and IFI = (Z), where k ::: x ::: n. By Theorem 2.3.1 

IMF)I-IFI2: ( x ) _ (x) = ~( x )(2k-l-X) =: I(x). 
k-l k kk-l 

The polynomial I(x) of degree k has the k simple roots 0,1, ... , k - 2, 2k - 1. 
Then I' (x) obviously has in each interval between these roots a simple root. This 
shows that I(x) is in [k - 2, 2k - 1] increasing up to some value ~ and then 
decreasing. Consequently, for k ::: x ::: n (note that n ::: 2k - 2), 

I(x) 2: minU(k), 1(2k - 2)} = k - 1 2: ~. 

(b) Let k ::: ~ - 1. Then by (a) 

- - n 
IV(F)I-IFI = I~(F)I- IFI 2: 2' 

• 
Corollary 2.3.3. Let F be a Spemer family in 21n ], I := min{i : there is some 

X E F with IXI = i}, u := max{i : there is some X E F with IXI = i}. 
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(a) Ifl.:::: ~.:::: uthen 

I ( n ) - (lI-l)n 
L 1 J 2 

IFI.:::: 
( n ) _ (lI-I-I)n 
L 1 J 2 

ifn is even, 

ifn is odd. 

(b) 

ifl ~ ~. 

I ( n ) - <L1 J- I )n 
L1 J 2 

IFI.:::: 
( n ) _ (II-L ~ J)n 

L1 J 2 

Proof. The cases n = 1, 2 are trivial, hence let n ~ 3. The proof is analogous to 
the proof of Theorem 1.1.1. If we replace F by F' := (F - Q) U V(9), where 
g := F n ([~1) (resp. F' := (F - g) U ~(9) where g := F n ([7,1), then we 
obtain a Sperner family for which by Corollary 2.3.2 

n 
IF'I ~ IFI + 2' 

An induction argument concludes the proof. • 
Let us again playa game. This time suppose that there is given an ideal I in 

2[n1. Only our amiable stage manager Heidrun knows it. Jana is more modest than 
Sebastian. She does not want to get to know I completely; she is only interested 
in an element of I of maximum rank. The rules are the same as in Section 2.2. Let 
X (I) be the smallest number of Heidrun answers which enable the determination 
of an element of I of maximum rank. Then 

x(n) := max{x(I) : I is a nonempty ideal in 2[n1} 

is the Shannon complexity of our problem. The following result is due to Ka­
terinochkina [287]: 

Theorem 2.3.2. We have x(n) = (L~J) + 1. 

Proof. Let m := L~j. 

"~." Let I* := {X ~ [nl : IXI < mI. Obviously, for all X E ([;1), I* U X is 
an ideal; moreover, I* - U~I) is an ideal. Thus Jana must ask Heidrun about all 

elements of ([;1) and about at least one element of U~I) in order to be sure. 
".::::." Jana proceeds as follows. She chooses an arbitrary member Xm of ([;1). If 

Heidrun says that Xm ~ I, she takes an element Xm-I of ~(Xm); if the answer for 
Xm-I is Xm-I ~ I, she takes an element Xm-2 of ~(Xm-I), and so on. Since we 
suppose that I =1= 0 (which is not really essential), Jana eventually chooses some 
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Xl-I E ~(Xl) for which Heidrun says: Xl-I E I (l ~ 1). Put YI-I := Xl-I. 

Now Jana inspects step by step the members of ([~1) different from Xl. Say, for 
the members of the family Fl, Heidrun's answers were X ~ I, but Yl is the first 
element of e~l) for which Jana hears Yl E I. Then Jana inspects the members of 
(l~n that are not in the upper shadow of FI U {Xl} (they cannot be in I - here the 
ideal property is used). Let Fl+ I be the family of those X for which the answer is 
X ~ I and let YI+1 be the first member with the answer YI+I E I. Further Jana 
inspects members of (l~~) that are not in the upper shadow of Fl U {Xd U FI+1 

(they cannot be inI) and so on. This procedure leads to families FI, Fi+I, ... , and 
sets YI-I, Yl, Yl+ I , .... Let us say that the procedure stops in the level ([7,1), that 
is, either Jana found some YII E I but the (u + I)-shadow of FI U {Xl} U ... U FlI 

is the complete level e~ll) or, though Jana inspected some family F lI , she could 
not find an element Yll E I. Obviously, Yll (resp. YII-I) is the desired element of 
I of maximum rank. It is easy to see that 

F:=FIU{XdUFI+I U···UFIIU{YII } 

is a Sperner family (Xl and Yll may not exist). The number of Heidrun answers is 
equal to IFI + (m - I) + (u - I) + 1, and this number is not greater than (;) + 1 
by Corollary 2.3.3 if n ~ 4 (in the case that already Xm E I, that is, 1- 1 = m, 
one may delete the summand m - I, and in the case n odd, I = m, u = m + lone 
may apply Theorem 1.1.1(b». The cases n .:::: 3 can be easily settled separately. 

• 
Note that the problem of finding an element of an ideal with maximum rank 

occurs, for example, if one looks for solutions of the integer programming problem 

Ax < b, 

where A and b contain nonnegative numbers only, Bn is realized as the set of n­

dimensional O,I-vectors, and IT = (1, ... ,1). Katerinochkina [288] generalized 
her result to chain products S(k, ... , k), and Kuzyurin [330] found an asymptotic 
formula for powers pn of a finite po set P. 

Now we look for the "best" lower bound for the shadow size. Instead of solving 
this problem directly, we study a more general problem. Let G = (V, E) be an 
undirected graph and A ~ V. The boundary B(A) of A is defined to be the set of 
vertices not in A that are adjacent to vertices in A; that is, 

B(A) := {v E V - A : there is some W E A with vw E E}. 

Moreover, let Ein (A) and EOllt (A) be the set of inner edges (resp. of outer edges); 
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that is, 

Note that 
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Ein(A) := (e E E : e ~ AJ, 

Eout(A) := {e E E: Ie n AI = I}. 

Ld(v) = 2I Ein(A)1 + IEout(A)I· 
veA 

(2.30) 

Now the following problems are of interest (applications will be discussed later): 

Given G = (V, E) and a natural number m, find 
min {IEout(A)I: A ~ V, IAI = m} edge-isoperimetric problem (EIP), 
min {IB(A)I : A ~ V, IAI = m} vertex-isoperimetric problem (VIP), 
max{IEin(A)I: A ~ V, IAI = m} maximum-edge problem (MEP). 

If the graph G is regular, then in view of (2.30) the EIP and the MEP are 
equivalent. In general, these problems are difficult from an algorithmic point of 

view (NP-complete [215]). However, there is a whole theory for the solution of 

these problems for several classes of graphs and we recommend the surveys (resp. 
papers) of Aslanyan [34], Bezrukov [57,58], and Ahlswede and Cai [5] as well 

as the forthcoming book of Harper and Chavez [261]. We will restrict ourselves 

to one special case, namely to the Hasse graph of the Boolean lattice Bn (which 
is regular of degree n). Let N be a finite set of natural numbers. On 2N we define 

two new linear orders: For X, Y ~ N, X =1= Y, let 
X -<rl Y iff max(X - Y) < max(Y - X), 
X -<vip Y iff IXI < IYI or (IXI = IYI and Y -<rl X) 

(here we define max(Z) := max{i : i E Z} and set max(0) := 0). The (reflexive) 

order :5.rl is called the reverse lexicographic order (if we write the sets as O,l-words, 
the most important letter is the last one). The two orders are illustrated in Figure 

2.1 for B4. Let Crl(m, 2N) (resp. Cvip(m, 2N)) be the families of the first m subsets 

of N with respect to :5.rl (resp. :5. Vip) (we omit in the following the indices rl (resp. 

1234 

12 34 12 

o 
order ~rl order ~vip 

Figure 2.1 
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vip) if we mean both cases or if the case is clear from the context). The family 

C(m,2 N) is called compressed and the operation of exchanging an m-element 

family F by C(m, 2N) is called compression. Similarly, we define C(m, (~)) and 

£(m, (~)) , where I :::: m :::: (I~I), to be the set of the first (resp. last) m elements 

of (~), here only with respect to :5.rl. Families of the form £(m, (~)) are called 

£-compressed. If L:1,:ci (7) < m :::: L:1=o (7), and I := m - L:1,:ci (7), then 
obviously, 

(2.31) 

(2.32) 

Lemma 2.3.3. For any m, 1 :::: m :::: 21NI, there exists some m' such that 

Proof. In view of (2.31) and (2.32) it is enough to show that (with the notations 

from above) V(£(l, (~)n is £-compressed. We suppose N = [n] and proceed by 

induction on n. Look at the step n - 1 -+ n. Let F:= £(l, (~)) and let 

Fl := {X E F: n rf. X}, 

F2 : = {X E F : n EX}, F~ := {X - in} : X E F2}. 

Case 1. Fl = 0. Then V(F) = {Y U In} : Y E V'(F~)}, where V' means 
that we consider the upper shadow in 2[n- 1l. Since F is £-compressed, F~ is also 
£-compressed in ([Z:::::l). By the induction hypothesis, V'(F~) is £-compressed in 

([nkl1), and consequently also V(F) is £-compressed in (1~\). 
Case 2. Fl =1= 0. Then F contains all members of (lZl) that contain n.1t follows 

that V(F) = V'(Fl) U {X E (1~\) : n E X}. Since F is £-compressed, FJ 
is also £-compressed in ([nkl 1). The induction hypothesis implies that V'(Fd is 

£-compressed in (lZ~:l) and consequently V(F) is £-compressed in (1~11). • 

The solutions of the MEP (i.e., also of the EIP) and of the VIP are given by 

the following theorem, which is mainly due to Harper [254, 255] (the optimality 

of the ordering for the MEP was conjectured by Hales [254], and the MEP was 
also solved by Bernstein [51] and Hart [263]; the VIP was independently settled 
by Ahlswede, Gacs, and Komer [11], Wang and Wang [459], and Gavrilov and 
Sapozhenko [220, Ch. I]). 
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Theorem 2.3.3. Let N be a finite set of natural numbers, V := 2N and E := 
{XY: X, Y ~ N, IX - YI + IY - XI = I}. Further let I .:::: m .:::: 21NI. Then,for 

any m-elementfamily F in 2N, 

(a) IEin(F)I.:::: IEin(Crl(m, 2N»I, 

(b) IB(F)I :::: IB(Cvip(m, 2N»I. 

Geometrically, part (b) can be interpreted as follows: For given "discrete volume" 
(i.e., size), the minimum boundary is attained at an incomplete sphere. 

Proof. We prove (a) and (b) simultaneously and proceed by induction on n := INI. 
The cases n = 1,2 are trivial, so we consider the step n - I --+ n :::: 3. Obviously, 
we may suppose that N = [n]. For X ~ [n], let o(X) be the position of X in the 
linear order :::;; that is, X is the o(X)th element in :::;. Further let, for F ~ 2[n], 

o(F) := L o(X). 
XEF 

Of all m-element families that have the maximum number of inner edges (resp. 
minimum) boundary, we choose a family F for which o(F) is minimum. It is 
enough to show that F = C(m, 2[n]). For i E [n], let 

FI (i) := {X E F : i (j. X), 

F2(i) := {X E F: i EX}, F~(i) := (X - {i} : X E F2(i)}. 

Moreover, let ml (i) := IFI (i)I, m2(i) := IF2(i)I(= IF~(i)I). Note that F = 
FI (i) U F2(i), m = ml (i) + m2(i) for each i. 

Claim. We have, for every i, 

and 

Proof of Claim. For brevity, we set 

{II (i) := C(m I (i), 2[n]-{i), 

9~(i) := C(m2(i), 2[n]-{i), 92(i) := {XU {i} : X E 9~(i)}. 

Finally let 9 := 91 (i) U 92(i). We will show that the objective functions for 9 are 
at least as good as for F. Since obviously 0(Q) .:::: o(F), the choice of F leads to 
the result F = 9, which is our assertion. Here we study both parts of the theorem 
separately. The notations E;n and B' mean that they are considered in 2[n]-{i}. 

L. 
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(a) We have 

IEin(F)1 = IE;n(FI (i»1 + IE;n(F~(i))l + IFI (i) n F~(i)1 

.:::: IE:n(QI(i»1 + IE:n(Q~(i»1 + 191(i) n9~(i)1 = IEin(Q)1 

(for the first two summands apply the induction hypothesis, and for the third 
summand note that IFI (i) n F~(i)1 .:::: min{ml (i), m2(i)} = 191 (i) n 9~(i)1 since 
both parts of the last intersection are related by inclusion). 

(b) Let, without loss of generality (w.l.o.g.), m I (i) .:::: m2(i); that is, 91 (i) ~ 

9~(i). Because of Lemma 2.3.3, 91 (i) U B'(QI (i» and 9~(i) are related by inclu­
SIOn. 

Case 1. 91 (i) U B' (QI (i» ~ 9~ (i). Then 

IB(Q)I = 19~(i)1-191(i)1 + IB'(Q~(i))l 

(the elements of 9~ (i) that are not in 91 (i) are in the boundary of 9, I B' (Q~ (i» I 
counts the members of the boundary of 9 that arise from 92(i) and contain i). 
However, 

IB(F)I :::: IF~(i)1 - IFI (i)1 + IB'(F~(i»I, 
and the induction hypothesis gives IB(F) I :::: IB(Q)I. 

Case 2. 91 (i) U B' (QI (i» 2 9~ (i). Then 

IB(Q)I = IB'(QI(i»1 + IB'(9~(i))l. 

Clearly, however, 

and again the induction hypothesis yields IB(F)I :::: IB(Q)I. 

From this claim we derive that 

X E F, Y :::; X, Y i= X imply Y E F 

o 

(2.33) 

since, if Y i= X, there is an i (j. X U Y or a j E X n Y (FI (i) (resp. F~ (j» 

are compressed). Now we assume that F i= C(m, 2N ). Then there must be a set 
A ~ [n] with A (j. F for which the next set E (with respect to :::;) belongs to F. 
In view of (2.33), E = A, and no further set X with A -< X can belong to F. 
Moreover, every set X except A with X -< E belongs to F. It is easy to see that a 
set A for which the next set is its complement is uniquely determined, namely 

!{I, ... ,n-I} 

A = {{ I, ... , n ;-1 } if n is odd, 

{ I, ... , g - 1, n} if n is even 
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Without difficulties we may verify that for the family 9 := (F - {ED U {A} we 

have, respectively, 

In -IJ IBW)I = IB(F)I - -2- < IB(F)I· 

This is a contradiction to the choice of F. • 
As we have seen, the sets 

are solutions of the EIP and MEP (resp. VIP). Obviously (we used this fact already), 

We say that there is a nested structure of solutions (NSS) (which need not exist for 

other graphs). The existence of an NSS of the EIP for a graph G = (V, E) enables 

the solution of an optimal numbering problem: Let I V I = n. We wish to minimize 

aG(I):= L I/(w) -/(v)1 
vWEE 

over all bijective mappings I : V --+ [n]. 

Theorem 2.3.4. Let So S; ... S; Sn be an NSS for the EIP of G = (V, E), and let 

Vj be the (unique) element of Sj - Sj-l, i = 1, ... , n. Define the bijective mapping 

1* : V --+ [n] by I*(vj) := i, i = 1, ... , n. Then 

aG(l*) :s aG(I)forali bijective mappings I: V --+ [n]. 

Proof. Let I : V --+ [n] be bijective. We orient the edges of G such that l(e+) > 

l(e-). This leads to a directed graph G = (V, if). Let Tj := {v E V : lev) :s i}. 
We have 

aG(l) = LI(e+) -/(e-) 

eEE 

n-l 

=L L I=L L 
eEE ;:l(e-):::::kl(e+) ;=1 eEE:I(e-):::::kl(e+) 

n-l n-l 

= L IEollt(T;)1 :::: L I EOIa(S;) I = aG(l*). 
;=1 j=l 

• 
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Theorems 2.3.3 and 2.3.4 have the following application in coding theory: We 
want to encode the integers 0, ... , 2n - 1 by binary O-I-vectors; that is, we look 
for a bijective mapping 2[n] ~ {O, ... , 2n - I}. 

We suppose that during the transmission at most one digit may be received 

falsely, with the result that after the decoding a false integer is obtained. Our goal is 

that the difference to the right integer be small. More exactly, we want to minimize 
the expected value of the difference under an equidistribution assumption. It is 

easy to see that this expected value is ag(l) times a constant (we have here I : 
2[n] --+ {O, ... , 2n - I} instead of I: 2[n] --+ [2n], but this does not influence the 

solution). Theorems 2.3.3 and 2.3.4 show that, interestingly, the binary expansion 

of an integer is an optimal encoding (more exactly, Theorem 2.3.3 leads to the 

binary expansion, which must be read from the right to the left, but it does not 

matter to reverse all vectors). In [52] Bernstein, Hopcroft, and Steiglitz also admit 
other sets of integers to be encoded. 

In addition to the NSS we have in the case of the VIP for the Hasse graph of 

the Boolean lattice in view of Lemma 2.3.3 an additional property: 

for all i there is some j such that Sj U B(Sj) = Sj. 

We speak of the strong nested structure of solutions (SNSS). Now we wish to 
minimize 

bG(I) := max I/(w) -/(v)1 
VWEE 

over all bijective mappings I : V --+ [n]. 

Theorem 2.3.5. Let So S; ... S; Sn be an SNSSfor the VIP ofG = (V, E) and 

let 1* be defined as in Theorem 2.3.4. Then 

bG (1*) :s bG(I) for all bijective mappings I : V --+ [n]. 

Proof. Let I: V --+ [n] be bijective and Tj := {v E V : I(v) :s i}, i = 1, ... , n. 

Let B(T;) i= 0. Since for all w E B(T;), clearly I(w) > i, there must exist some 

WE B(T;) with/(w) :::: i + IB(T;)I. By definition ofthe boundary, w is adjacent to 

some v E Tj. We have I(w) -/(v) :::: i + IB(Tj)l- i = IB(l!) I and thus (including 
also the cases B (T;) = 0) 

bG(l) :::: max{IB(Tj)l, i = 1, ... , n} :::: max{IB(Sj)l, i = 1, ... , n}. (2.34) 

Furthermore, let vw be an edge with Il*(w) -1*(v)1 = bG(l*), where w.l.o.g., 
l*(v) < l*(w). Let i := l*(v). Then v E S;, w E B(S;). By the SNSS there is 
some j such that Sj U B(S;) = Sj. Consequently, l*(w) :s j = i + IB(S;)I, which 
implies (noting (2.34)) 

bG(l*) = /*(w) -/*(v) :s IB(S;)I :s max{IB(S;)I, i = 1, ... , n) :s bG(l) . 

• 
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With a graph and a numbering I of its vertices we may associate its adjacency 
matrix AG, which is defined by 

if vw E E, where lev) = i, lew) = i, 
otherwise. 

Now the (horizontal and vertical) distance of the entry aij to the main diagonal is 
Ii - il· The bandwidth problem, which is related to the efficiency of numerical 
algorithms, consists of finding such a numbering for which the maximum distance 
of a nonzero entry to the main diagonal is minimal. Thus Theorems 2.3.3 and 2.3.5 
yield a solution of the bandwidth problem in the case of the Hasse graph of the 
Boolean lattice. 

Theorems 2.3.4 and 2.3.5 are also due to Harper [254, 255], whose main goal 
was the solution of the optimal numbering problems that led to Theorem 2.3.3. 
As noticed by Bjomer [64] (see also [253, 336]), the following classical result 
was formulated (also in its numerical version, see Corollary 2.3.4) the first time 
by Schiitzenberger [422] (he used (i, i + I)-shiftings, but this need not result in 
a compressed family). Independently Kruskal [325], Harper (though not explic­
itly mentioned in [255]), Katona [292], and Clements and Lindstrom [117] (see 
Theorem 8.1.1) found the following theorem. 

Theorem 2.3.6 (Kruskal-Katona Theorem). Let F ~ ([Zl), IFI = m. Then 

(a) IV(F)I:::: IV(.c(m, ([Zl)))I, 

(b) 1!l(F)I:::: 1!l(C(m, ([Zl)))l. 

Proof. (a) Let 

Fl := F U {X: IXI < k}, 

F2 := .c(m, ([Zl) U {X: IXI < k}. 

Then, by (2.32) and Theorem 2.3.3(b), 

IV(F)I = IB(F() I + m - G) :::: IB(F2)1 + m - G) = IV(.c(m, ([Zl)))l. 

(b) Note that X ~rl y iffY ~rl X. Thus, by (a), 

1!l(F)1 = IV(F)I :::: IV(.c(m, U~lk))1 = 1!l(C(m, ([Zl)))l. 

• 
Other proofs of this theorem were given by Hansel [253], Daykin [121], Eckhoff 

and Wegner [141], Hilton [267], and Frankl [191]. Mors [374] and Fiiredi and 
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Griggs [209] determined the values of m = IFI such that C(m, ([zl) is up to 
permutations of the elements the only family with minimum lower shadow. 

We may calculate also the minimum size of the lower shadow of an m -element 

k-uniform family numerically. If m = (Z), then F = ([Zl) and 1!l(F)1 = (k~J 
So let 1 ::: m < (Z). Let X* = {il,"" id, where 1 ::: il < ... < h ::: n, be the 
(m + l)th element in ([Zl) with respect to ~rl. Further, let t be the smallest integer 
for which it - 1 :::: t. Obviously, 

C( m, C;])) = {X ~ C;]) : max(X) < ik} 

U {XU {ik} : X ~ (k[~] 1). max(X) < ik-I } 

U··· U {XU {it+l, ... , h} : X ~ C~])' 

max(X) < it}, (2.35) 

!l(C( m, C;]))) = {X ~ (k[~\) : max(X) < ik} 

U {XU {ik}: X~ (k[~]2). max(X) < ik-I} 

U ... U {XU {it+l, ... , ik} : X ~ (/~\). 

max(X) < it}. (2.36) 

Since on the RHS there are disjoint unions, we have 

m = Ic ( m, C;]) ) I = Ck; 1) + Ck; ~ ~ 1) + ... + Ct ~ 1). 

1!l(C( m, C;])))/ = (~~ n + Ck;~~ 1) + ... + C: ~ n· 
Thus, we found a representation of m, called k-representation ofm, in the form 

_ (ak) (ak-I) (at) m - + + ... + 
k k - 1 t 

where n :::: ak > ... > at :::: t :::: 1 (2.37) 

(in fact we have for m < G) the relation n - 1 :::: ak, but we may include also 
m = (Z). The minimum size of the shadow of an m-element family in ([Zl) is then 

, (ak) (ak-I) ( at ) m := + + ... + . 
k-l k-2 (-1 (2.38) 



48 Extremal problems for finite sets 

Lemma 2.3.4. The k-representation (2.37) of an integer m with 1 :s m :s G) is 

unique. 

Proof. We use the following identity, which can be easily proved by induction: 

For natural numbers u, v, 

(2.39) 

Assume that there exists a second representation 

m = (b;) + ... + e: ) where n ::: bk > ... > bs ::: s ::: 1. 

It is easy to see that we may suppose, w.1.o.g., that there exists an integer I such 

that ak = bk, ... ,al+l = bl+l, al > bl. Then 

m - m = el ) + ... + et ) - (el ) + ... + e:)) 
> el ) - el ) - ... - e:) 
> el) - (a l ~ 1) -el ~:) _ ... - el - ~ - 1) = 0, 

a contradiction. • 
By the interpretation from which we derived the k-representation of m, it is 

obvious that ak is the largest number for which (an :s m, ak-l is the largest 

number for which (~k:::n :s m - en, and so forth. 
If t > 1, then (2.38) is the (k - 1)-representation of the minimum size of 

the shadow, and we may compute the minimum-size mil of the shadow of the 

minimum-sized shadow: 

However, if t = 1, we first must find the (k - I)-representation of m'. Let I be the 
smallest integer for which al+l > al + 1 (with ak+l := 00). Then, in view of the 
identity (2.39), 

, _ ( ak ) (al + 1) m - k-I + ... + I ' 

which implies (again using (2.39)) 

mil = ( ak ) ... (al + 1) 
k-2 + + 1-1 

( ak ) + ... + ( al ) + ... + ( at ) 
k-2 1-1 t-2 

III 
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(with (~) := 0 if v < 0). Iterated application of the preceding arguments leads to 
the following numerical version of the Kruskal-Katona Theorem: 

Corollary 2.3.4. Let F be a k-uniformfamily in 2[nl, and let IFI = (an + ... + (a:) 
with n ::: ak > ... > at ::: t ::: 1 be the k-representation of the size of F. Then, 

for 0 :s i :s k, 

and the bound is the best possible. 

Looking back at (2.35) we see that we may stop the classification of C(m, ([Zl)) 
already at that stage where the containment of il+l, ... , h is fixed (I > t). This 
leads to 

_ (h - 1) (il+ 1 - 1) (x) m- + ... + + 
k 1+1 I 

where il - 1 :s x < il. 

Now the same arguments as above combined with Theorem 2.3.1 (resp. Corollary 
2.3.1) yield: 

Corollary 2.3.5. Let F be a k-uniformfamily in 2[n1, and let IFI = (~) + ... + 
e~D + m where n ::: ak > ... > al+l > x ::: I. Then,for 0 :s i :s k, 

(ak ) (al+l ) ( x ) /D.---+i(F)/::: . + ... + + . 
I I+I+i-k I+i-k 

We encourage the reader to prove this corollary (for i = k - 1) directly by the 
proof method for Theorem 2.3.1. Katona [292] found the Kruskal-Katona Theorem 
when solving a problem of Erdos: 

Theorem 2.3.7. Let F = {XI, ... , Xm} be a k-uniform family in 2[n 1, 0 :s i :s k, 

and let 

* ._ (k + i) (k + i - 2) (k + i - 4) (k - i) m .- + + + ... + . 
k k-I k-2 k-i 

If 0 < m :s m* then there exist distinct sets YI, ... , Ym in eZ1) such that Yj s:; Xj 
for all j. The bound is the best possible. 

Proof. Because of Hall's theorem (Theorem 5.1.2) we only must show that 

I D.---+;(F')/ ::: IF'I for each subfamily F' of F. 

Since IF'I :s IFI :s m *, there exist an integer I E {k - i, ... , k} and a real x with 
I :s x :s 21 + i - k such that 

IF'I = (k+i) + (k+i -2) ... (2/+2+i -k) (x) 
k k-I + + 1+1 + I . 
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By Corollary 2.3.5, 

l:!.. . F' I > (k + i) (k + i - 2) . . . (21 + 2 + i - k) ( x ) 
I -->1 ( ) - i + i-I + + 1 + 1 + i - k + 1 + i - k . 

Note that (~) ::: C) for 0 :s u :s v :s x :s u + v, which can be checked in a 
straightforward manner. Hence 

The bound is the best possible since the i -shadow of C (m * + 1, ([Zl)) is obviously 
smaller than m * + 1. • 

Leek [333] studied the problem of minimizing the size of the i-shadow of 
F = {Xl, ... , Xml S; ([Zl) for m > m* under the supposition that there are sets 
Y" ... , Y m E ([71) such that Yj S; Xj for all j. 

2.4. Generating families 
In the last decades several methods for proving theorems on families satisfying a 
certain intersection condition have been worked out. We have seen some of them in 
the previous sections. We will not discuss those methods that yield the maximum 
size of the families under consideration if n is sufficiently large. We refer here only 
to Frankl [189] and Schmerl [416] who built up a theory that is based on a theorem 
of Erdos-Rado [171]. The powerful method that is described in this section is very 
new. It was developed by Ahlswede and Khachatrian [15]. Though it is much more 
far-reaching, we will restrict ourselves to the highlight in extremal set theory: the 
complete determination of the maximum size of k-uniform t-intersecting families 
by Ahlswede and Khachatrian [15]. 

Let F S; ([Zl). A family 9 S; 2[nl is called a generating family for F if 

V-->k(Q) = F. Let Qj(F) be the class of all generating families for F. Note 
that FE Qj(F). We will study generating families for special families. A family 
F is called left (resp. right) shifted if 

sij(F) = F for alII :s i < j :s n (resp. for alII :s j < i :s n). 

We may also define these families in an equivalent way as follows: On 2[nl we 
consider the relation :Ss which is the reflexive and transitive closure of the relation 
UI~i<j~n{(X, Y) : X = <lij(Y)' i rt. Y, j E Y}. Clearly, (2[nl , ~s) is a po set, and 
the following proposition is immediate: 

Proposition 2.4.1. A family F is left (resp. right) shifted iff F is an ideal (resp. 
filter) in (2[n l, ~s). 
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In Section 2.3 we defined for Fe 2[nl the number ~(F) '= " " i In - . L...XEF L...iEX . 
addition, we introduce for X E 2[n l, F S; 2[nl the number 

max(F) := maxmax(X) = maxmaxi. 
XEF XEF iEX 

Moreover, for F S; ([Zl), let 

ak(F):= min max(Q). 
QEI5(F) 

Thus, ak(F) denotes the smallest number i such that there is a family 9 S; 2U1 
which is generating for F. 

Proposition 2.4.2. Let F S; ([Zl) be left shifted. Then there is a left-shiftedfamily 
9 that is generating for F such that max(Q) = ak(F). 

Proof. Under all families 9 E Qj(F) with max(Q) = ak(F), take one of max­
imum size. This family 9 is left shifted. Assume the contrary. Then there are 
X rt. g, Y E 9 such that for some 1 :s i < j :s n, X = <lij(Y) wherei rt. Y, j E Y. 

If we can show that V -->k(X) S; F, we obtain the desired contradiction, since 
then 9 U {Xl is also generating for F (recall that 9 is of maximum size). So let 
X S; Z E ([Zl). If j E Z then Y S; Z, which implies Z E F since Y E g; that 
is, V-->k(Y) S; F. If j rt. z, let W := <lji(Z). It is easy to see that Y S; W E F. 
Because F is left shifted, it follows that Z = <lij(W) E F. • 

Since with each family g, also the (Spemer) family g* of minimal elements of 
9 is generating for F, we derive from Proposition 2.4.2: 

Proposition 2.4.3. Let F S; ([Zl) be left shifted. Then there exists a Sperner family 
g* that has the following properties: 

(a) g* is generating for F, 

(b) max(Q*) = ak(F), 

(c) if Y ~s X and X E g* then there exists some Z E g* such that Z S; Y. 

We call a family g* that has the properties described in Proposition 2.4.3 an 
Ahlswede-Khachatrianfamily (briefly AKlamily) for F. For X E g*, let 

V' ([n]) -->k(X) := {Y E k : X S; Y and Y - X S; {max(X) + 1, ... , n)), 

and, as usual, we define V~k(Q) := UXEQ V~k(X), 

Proposition 2.4.4. Let F S; ([Z I) be left shifted and g* an AK-family for F. Then 
the sets V~k(X), where X E g*, partition the family F. 
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Proof. Since Q* is generating, V~k(X) ~ F for all X E Q*. First we show 

that all members of F are covered. Let Z E :F. Since Q* is generating, there 

is some X E Q* with Z E V --->dX). Under all such sets X we take one for 

which IXI is minimal and, in second instance, I(Z - X) n {I, ... , max(X)}1 

is minimal. It is enough to show that this intersection is empty. Assume there 

is some i E (Z - X) n (l, ... , max(X)}. Note that i < max(X). Let Y := 

<li,max(X) (X). Obviously, Z E V--->k(Y) and I(Z - Y) n (l, ... , max(y)}1 is 

smaller than the previous value for X. Moreover, Y E Q* by Proposition 2.4.3(c) 

and the minimality of I XI. Thus we obtain a contradiction to the choice of X. Now 

we show that we have indeed a partition. Assume that there are different X, Y E Q* 

and some Z E (IZl) such that Z E V~k(X) n V~k(Y)' If max(X) = maxCY), 

then clearly Z - X = Z - Y, which implies X = Y, a contradiction. If, for 

example, max(X) < maxCY), then it is easy to see that X ~ Y, which is again a 

contradiction since Q* is a Spemer family. • 

Proposition 2.4.5. Let F ~ (IZl) be left shifted and Q* an AK-family for :F. 

Moreover, let Hi := (X E Q* : IXI = i and max(X) = ak(F)(= max(Q*))}. 

Let 01-£i be the family of those members from F that are generated only by Hi; 

that is, 

Then 

I (n - ak(F)) 01-£i = V--->k(Hi) and 101-£i l = IHil . ' 
k-l 

Proof. The second equality is an immediate consequence of the first one, which 

we will prove now. Let Z E V~k(Hi)' that is, Z E V~k(X) for some X E Hi. 

Assume that Z E V --->k(Y) for some Y E Q* - Hi. Then Z - Y2 Z - X since 

max(Y) ::: max(X) = max(Q*). Consequently, Y ~ X, and since Q* is a Spemer 

family, Y = X, a contradiction. Thus Z E 01-£;' Let, conversely, Z E 01-£;' Assume 

that Z ¢:. V~k(1ii)' Then by Proposition 2.4.4, there is some Y E Q* - Hi such 

that Z E V~k(Y)' a contradiction. • 

Now we specialize the investigations to maximum k-uniform t-intersecting 

families. We may suppose throughout that n > 2k - t since for n ::: 2k - t every 

k-uniform family is automatically t-intersecting. As a candidate for a maximum 

family we have 

So := (X E e~]) : [t] ~ X}. 

Erdos, Ko, and Rado [170] have already shown that So is indeed a solution if n is 
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sufficiently large. But there are other candidates, namely the families 

([n]) 
Sr := {X E k : Ixn [t + 2r]1 ~ I + r}, r = 0, ... , k - I 

which are easily seen to be t-intersecting. Frankl [188] conjectured that for any 

n the "best" of these families Sr is the solution. So let us first determine the best 
family Sr. 

Lemma 2.4.1. We have 

(a) ISrl = t ( 1+ 2r .) ( n - t - 2r .), 
i=O I + r + I k - I - r - I 

(b) ISrl < (resp. =) ISr+11 iffn < (resp. =) (k - 1+ 1) (2 + 1- 1). 
r+l 

Proof. (a) Sr is the disjoint union of the sets {X E (IZl) IX n [t + 2r]1 = 
1+ r + i}, i = 0, ... , r. 

(b) It is easy to see that 

Sr+1 - Sr = (X E e~]) : IXn [t + 2r]1 = I + r - 1, 

{I + 2r + 1, t + 2r + 2} ~ X}, 

Sr - Sr+1 = (X E e~]) : Ixn [t + 2r]1 = t + r, 

{t + 2r + 1, 1+ 2r + 2} n X = el}. 

Thus ISrl < (resp. =) ISr+11 is equivalent to the following relations: 

ISr -Sr+11 
< (resp. =) 1, 

ISr+1 -Sri 

(t+2r) (n-t-2r-2) 
t+r k-t-r 

-( -'-:t+'-=-2r-)-(-"n--t-'-:2='-r---'2'-) < (resp. =) 1, 
t+r-I k-t-r-I 

n < (resp. =) (k - I + 1) (2 + t - 1) . 
r + 1 

• 
Inparticularitfollowsforn ~ (k-l+l)(t+l)thatISol ~ ISII > IS21 > .... 

Frankl [188] (for I ~ 15) and Wilson [470] (for any t) proved that So is indeed 

a maximum k-uniform I-intersecting family if n ~ (k - I + 1)(t + 1). We will 
present Wilson's algebraic approach in Section 6.4. Some further special cases of 
Frankl's conjecture were settled by Frankl [188] and Frankl and Ftiredi [196]. But 
the complete solution is due to Ahlswede and Khachatrian [15]: 
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Theorem 2.4.1 (Complete Intersection Theorem). Let 1 ::: t ::: k 

2k - t. Let r E to, ... , k - t} be that number for which 

( t-l) ( t-l) (k - t + 1) 2 + r + 1 ::: n < (k - t + 1) 2 + -r-

::: n, n > 

(2.40) 

(with the definition 00 := b for all i EN). Then Sr is a maximum k-uniform 
t -intersecting family. 

Before we prove this theorem we need some further preparations. 

Lemma 2.4.2. 

(a) Let i, j E [n], i i= j, and let F be k-uniform t-intersecting. Then sij(F) is 
k-uniform t -intersecting, too. 

(b) There exists a maximum k-uniform t-intersectingfamily that is left shifted. 

Proof. (a) Generalize in an obvious way the proof of Lemma 2.3.1. 

(b) Look at maximum families for which I;(F) is minimum. • 
Lemma 2.4.3. Let F be a left-shifted k-uniform t -intersecting family and let 9* 
be an AK jamily for :F. Let n > 2k - t. Then for all X\, X2 E 9*, 

(a) IX\ n X21 :::: t, 

(b) IXI nX21 :::: t+ 1 if there are i, j E [n] with i < j, i rj. X\ UX2, j E X\ nX2. 

Proof. (a) Assume that there are X\, X2 E 9* with IX\ n X21 ::: t - 1. For the 
set A := [n] - (X\ U X2), we have 

IAI = n - IX\ U X21 :::: 2k - (t - 1) -IX\ U X21 

= k-IXII +k-IX21 + IX\ nX21- (t -1). 

Thus we find in A two subsets YI, Y2 with IYII = k-IXII, 1= 1,2, and IY\ nY21 ::: 
(t - 1) - IX\ n X21· Since 9* is generating for F, for I = 1,2, Zl := Xl U Y/ 

belongs to:F. Obviously, IZ\ n Z21 ::: t - 1, a contradiction. 

(b) Assume that there are XI, X2 E 9*, i, j E [n] with IX\ n X21 = t, i < 

j, i rj. XI U X2 j E X\ n X2. Let Y\ := <lij(X\). Then IYI n X21 = t -1, and by 

property (c) of Proposition 2.4.3, there is some Z\ E 9* with Zl ~ YI implying 

I Z \ n X21 ::: t - 1. This contradicts (a). • 

Now we formulate the main lemma: 
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Lemma 2.4.4. Let F be a left-shifted maximum k-uniform t-intersecting family 

and let n > 2k - t, t :::: 1. Iffor some r E to, ... , k - t} 

n > = ( - t + 1) 2 + -- , (2.41) (k - t + l)(t + 2r + 1) (k (t - 1 )) 
r+l r+l 

then 

ak(F) ::: t + 2r. (2.42) 

Proof. If n = 2k - t + 1, then by (2.41), r :::: k - t + 1, and hence (2.42) trivially 

holds. Thus let n :::: 2k - t + 2. Let 9 (we omit the asterisk) be an AK-family for 
F (see Proposition 2.4.3). Assume that 

max(Q) = t + 2r + 8 for some 8 > O. (2.43) 

Let 

9\ := {X E 9 : t + 2r + 8 rj. X), 

92 := {X E 9 : t + 2r + 8 E X), 9~ := {X - {t + 2r + 8} : X E 92}. 

Since 9 is a Spemer family, 9\ and 9~ are disjoint. 

Claim 1. If Xl, X2 E 9. u9~ and IXlnX21 < t, then Xl, X2 E 9~, IX.nX21 = 
t - 1, IX\I + IX21 = 2t + 2r + 8 - 2 and IXiI :::: k - (n - t - 2r - 8), 1= 1,2. 

Proof of Claim 1. By Lemma2.4.3(a), IX\ nX21 < t can hold only if Xl, X2 E 

9~ and (X\ U {t + 2r + 8)) n (X2 U (t + 2r + 8)) = t, that is, IXI n X21 = t - 1. 
But Lemma 2.4.3(b) implies that there is no i < t + 2r + 8 with i rj. X\ U X2. 
Thus 

IXII + IX 21 = IXI n X21 + IXI U X21 

= t - 1 + t + 2r + 8 - 1 = 2t + 2r + 8 - 2. 

If, for example, IX\I ::: k - (n - t - 2r - 8) - 1, then IX21 :::: n - k + t - 1 :::: k 

(recall n > 2k - t). This is a contradiction since obviously IX21 ::: k - 1. D 

Now we classify 92 and 9~ with respect to the size of the elements (and use a 
new letter): 

Hi := {X E 92 : IXI = iJ, H; := {X E 9~ : IXI = i-I} 

(thus we make an exception from our general rules: The members of H; have size 

i-I, but note that they can be obtained from the members of Hi by deleting the 

element t + 2r + 8). Clearly we may restrict i to t ::: i ::: t + 2r + 8. 
If Ht i= 0, then 191 = 1 since 9 is a Spemer family that is by Lemma 2.4.3(a) 

t-intersecting. From Proposition 2.4.3(c) it follows that 9 = {[t]}, in contradiction 
to (2.43). 
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If 'Ht+2r+& 1= 13, then g2 = {[t + 2r + 8]} = g because g is a Spemer family 
and max(g) = t + 2r + 8. Since F has maximum size, necessarily 8 = 0, in 
contradiction to (2.43). 

Thus we may suppose that 

g2 = U 'Hi and g~ = U 'H;. 
t<i<t+2r+& t<i<t+2r+& 

If'Hi = 0 for all ; > k- (n -t -2r -8), then by Claim I, g, Ug~ is t-intersecting, 
and thus also:F' := 'V->k(g, U g~) is t-intersecting. Obviously, F ~ :F'. By the 
maximality of F we have F = :F'. But g, U g~ is generating for F = :F', and 
max(g, U g~) < max(g) = ak(F), a contradiction to the definition of ak(F). If 
'Hi = 13 for all ;, then g2 = 13; that is, max(g) < t + 2r + 8, a contradiction to 
(2.43). Thus we may suppose that there is some;, such that 

k - (n - t - 2r - 8) < ; < 1 + 2r + 8 and 'Hi 1= 13. (2.44) 

Case 1. ; 1= 2t+~r+&. Let 

g' := g, U (g2 - ('Hi U 'H2t+2r+&-i» U 'H;, 

g" := g, U (g2 - ('Hi U 'H2t+2r+&-i» U 'H2t+2r+&-i. 

In view of Claim I, g' and g" are both t -intersecting. Thus also 

F' := 'V->k(g') and F":= 'V->k(g") 

are t -intersecting. The next claim yields the desired contradiction to the maximality 
of IFI. 

Claim 2. We have max{l:F' I , IF"I} > IFI. 
Proof of Claim 2. The family F - :F' contains exactly those sets that are 

extensions only of the members of 'H2t+2r+&-i. By Proposition 2.4.5, 

( n-t-2r-8 ) 
IF - F'I = 1'H2t+2r+&-i I k _ 2t _ 2r _ 8 +; . (2.45) 

Next we estimatel:F' - Fl. Let X E 'H;. We have XU {t + 2r + 8} E g, hence 
X ¢ g. Consequently, for all Y ~ {t +2r +8 + 1, ... , n} with IYI = k-; + 1 we 
have XU Y E :F' - F (if we had XU Y E F, then in view of max (g) = t + 2r + 8, 
it could be generated only by a set Z E g with Z ~ X, but this is impossible since 
g is a Spemer family). Moreover, we have obviously 

XU Y 1= X' U Y' for all X, X' E 'H;, Y, Y' E {t + 2r + 8 + 1, ... , n} 

with (X, y) 1= (X', Y'). 

Therefore 

( n - t - 2r - 8) 
IF' - FI ~ I 'Hi I k _ i + 1 . (2.46) 
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In the same way we may derive 

( n - t - 2r - 8) 
IF - F"I = l'Hd k _ ; , (2.47) 

IF" - FI ~ 1'H2t+2r+&-i I (k _ ;1 -=- t2~ ~r8 ~ 8; + 1). (2.48) 

Now assume that our claim is false; that is, I:F' - FI ::: IF - :F'I and IF" - FI ::: 
IF - F"I. In view of (2.45)-(2.48) it follows that 

( n - t - 2r - 8) ( n - t - 2r - 8 ) 
l'Hd k _ i + 1 ::: 1'H2t+2r+&-d k - 2t - 2r - 8 + i ' (2.49) 

( n - t - 2r - 8) (n - t - 2r - 8) 
1'H2t+2r+&-d k _ 2t - 2r - 8 + ; + 1 ::: l'Hd k - i . (2.50) 

Because of (2.44) we have 'H2t+2r+&-i 1= 13. Thus (2.49) and (2.50) imply 

(n + t - k - ;)(n - t - 2r - 8 - k + ;) 

::: (k - ; + l)(k - 2t - 2r - 8 + ; + 1). 

But this is a contradiction since n ~ 2k - t + 2 implying n + t - k -; > k - ; + 1 
aswellasn-t-2r-8-k+; >k-2t-2r-8+;+1. 0 

Case 2.; = 2t+22r+&. Recall that for all X E 'H' 8' IXI = t + r + -2& - 1 and 
t+r+i 

X ~ [I + 2r + 8 - 1]. Let 

ICj := {X E 'H'+ +8 : j ¢ X}, 
t r ,; j E [t + 2r + 8 - 1]. 

Counting the number of pairs (X, j) with X E 'H' 8' j E [t + 2r +8 -1], j ¢ X 
t+r+,; 

in two different ways we obtain 

t+2r+&-' ( 8) 
~ IICjl = 1'H;+r+! I r + 2 . 

Consequently, there is some j such that 

& 

IIC I r + '2 I'H' I 
j ~ t + 2r + 8 - 1 t+r+!· 

By Lemma 2.4.3(b), ICj is t-intersecting. In view of Claim 1 

g' := (g -'Ht+r+!) U ICj 

is t-intersecting; thus also 

(2.51) 
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is t-intersecting. The next claim also yields in this case the desired contradiction 
to the maximality of IFI. 

Claim 3. We have IF'I > IFI. 

Proof of Claim 3. We partition F into the sets 

£2 := 'V ..... k('Ht+r+~) - 'V ..... kW - 'Ht+r+~)' 
and F' into the sets £ 1 and 

Our claim is equivalent to 

By Proposition 2.4.5, 

( n-t-2r-8) 
1£21=I'Ht+r+~1 k-t-r-~ . 

(2.52) 

(2.53) 

Similarly to the estimation of IF' - FI in Case 1 we lower estimate £3: For any 

X E Kj, X ¢ g. Consequently, for all Y !:; {t+2r+8, ... , n} with IYI = k-i + 1 

we have XU Y E £3, and different pairs (X, Y) yield different sets XU Y. Thus 

1£31 ::: IKjl (n - t - 2r -88 + 1). 
k-t-r- 2 +1 

(2.54) 

According to (2.51), (2.53), and (2.54) the following (equivalent) inequalities are 
sufficient for (2.52): 

r+~ (n-t-2r-8+I) (n-t-2r-8) 
t+2r+8-1 k-t-r-~+I > k-t-r....;~ , 

(r + ~) (n - t - 2r - 8 + 1) > 

n > 
r+~ 

(2.55) 

Since 8 is even (i is an integer) it follows that 8 ::: 2. Consequently (noting t ::: 1) 

t+2r+l 
r+I 

> 
t+2r+8-1 

r+§. 
2 

(2.56) 

From (2.41) and (2.56) we derive that (2.55) is true; hence also (2.52) and the 
claim are proved. o 
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Thus in both cases we obtained a contradiction. Hence our assumption 8 > 0 
was false, and we have 8 :s o. • 

Lemma 2.4.5. Let F be any k-uniform t-intersecting family and F the comple­
mentary family. Let 9 and 'H be generating for F and F, respectively. Then. for 
all X E g, Y E 'H. we have I XU Y I ::: n - k + t. 

Proof. Assume the contrary, that is, 

IXU YI :s n - k + t - 1 for some X E g, Y E 'H. 

Choose any Z 2 XU Y with I Z I = n - k + t -1. The inequalities n > 2k - t , t ::: 1 
imply that n - k + t - 1 ::: max{k, n - k}. Thus we find some X* E 'V ..... k(X) 
and some Y* E 'V ..... n-k(Y) such that X* !:; Z and Y* !:; Z. Since 9 and'H are 
generating, we have X* E F and Y* E F, that is. y* E F. Now the inequality 

IX* n Y*I = IX* U Y*I- IY*I :s n - k + t - 1 - n - k = t - 1 

contradicts the fact that F is t-intersecting. • 
After all we are able to prove the Complete Intersection Theorem: 

Proof of Theorem 2.4.1. By Lemma 2.4.2(b) and Lemma 2.4.4 we find a maximum 

k-uniform t-intersecting family F that is left shifted and a generating family 9 for 
F such that 

I
t +2r 

maxW) :s 
t+2r+2 

if n > (k - t + 1) (2 + ~:;:!) , 

if n = (k - t + 1) (2 + ~:;:!) . 
It is easy to see that the complementary family F is a right-shifted maximum 

(n - k)-uniform (n - 2k + t)-intersecting family. If we replace in the members 

of F every element i by n + 1 - i. then we obtain a maximum (n - k)-uniform 
(n - 2k + t)-intersecting family F* that is left shifted. It is easy to verify that 
under our suppositions the inequality (2.40) is equivalent to 

( n-2k+t-I) 
(k - t + 1) 2 + k 1 

-t-r+ 

( n-2k+t-I) 
< n :s (k - t + 1) 2 + k 

-t-r 
(2.57) 

(also the case r = k - t is covered by our definition 00 := b for i EN). If we set 
k' := n - k, t' := n - 2k + t, r' := k - t - r, then (2.57) reads: 

( t' 1) ( t' 1) (k' - t' + 1) 2 + r' ~ 1 < n :s (k' - t' + 1) 2 + -;;-- . (2.58) 
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By Lemma 2.4.4 we find a generating family g* for F* such that 

max(Q*) ~ t ' + 2r'. 

Making again a replacement i ~ n + 1 - i, we obtain a generating family H for 
F such that (note n + I - t ' - 2r' = t + 2r + 1) 

H ~ 2(t+2r+I ..... nj. 

Case 1. Both inequalities in (2.40) are strict. If IXI ::: t + r for all X E g, then 
clearly F = Sr. Analogously, if IYI ::: t ' + r' = n - k - r for all Y E g* then 
F* = Sr'; that is, IFI = IF*I = ISr,1 = ISrl = ISrl. Thus we may assume that 
there is some X E g with IXI ~ t+r-l and some Y E Hwith IYI ~ n-k-r-1. 

But then IXU YI ~ n - k + t - 2, which is a contradiction to Lemma 2.4.5. 
Case 2. The first inequality in (2.40) is an equality. If IXI ::: t + r + 1 for all 

X E g, then F = Sr+l, which by Lemma 2.4.1 has the same size as Sr. The 
arguments of Case 1 explain here as well that we may assume that there is some 
X E g with X ~ t + r and some Y E 1i with IYI ~ n - k - r - 1. But then 
IXU YI ~ n - k + t - 1, and we obtain again a contradiction to Lemma 2.4.5. 

• 
We mention that Ahlswede and Khachatrian [15] proved with some additional 

effort that the sets Sr (and in case of equal size also the sets Sr+l) are - up 
to permutations of the elements - the only maximum k-uniform t-intersecting 
families if n ::: 2k - t + 2 or n = 2k - t + 1 and t ::: 2. 

For the special case t = 2, n = 4m, k = 2m, we have obviously r = m - 1. 

Thus {X ~ e~:)) : IX n [2m]1 ::: m + I} is a maximum 2m-uniform 4m­

intersecting family. This was a famous conjecture of Erdos, Ko, and Rado [170]. 
Some previous results concerning this conjecture were obtained by Calderblank 
and Frankl [89]. 

A t-intersecting family F is called nontrivial if InxeF XI < I. By Theorem 
2.4.1, in the case n ~ (k - t + l)(t + 1), there exist maximum k-uniform t­
intersecting families that are nontrivial. For the remaining cases, the following 
family is also a candidate of a maximum nontrivial family: 

I ([n]) SI := {X E k : [t] ~ X, X n {t + 1, ... , k + I} i= 0} 

U {[k + 1] - {i} : i E [tl}. 

With the method of generating families Ahlswede and Khachatrian [16] found the 
following result, mentioned here without proof: 

Theorem 2.4.2. Let n > (k - t + l)(t + 1). Then in the case k ~ 2t + 1 the 
family SI, and in the case k > 2t + lone of the families SI, S; is a maximum 
nontrivial k-uniform I-intersecting family. 
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This generalizes earlierresults of Hilton and Milner [268] (t = 1) and Frankl [189] 
(n sufficiently large). 

2.5. Linear independence 
An important method for finding an upper bound for a family F of combinatorial 
objects can be described as follows: Try to find a vector space V of a certain 
dimension d and to associate with the elements of F injectively certain vectors 
of V. If the associated vectors are linearly independent, then clearly IFI ~ d. 
In this section we will present some examples where this method can be applied 
successfully. Further algebraic methods, in particular the use of eigenvalues, are 
studied in Chapter 6. A systematic treatment of algebraic methods, including, for 
example, exterior algebra methods, can be found in the forthcoming book of Babai 
and Frankl [35]. 

The following result has its origin in the design of experiments. Fisher [181] 
found an inequality that was later reproved by Bose [80] in a very short way using 
the algebraic approach (in terms of matrices) sketched previously. First uniform 
families were considered, only. Nonuniform families were investigated starting 
with the paper of de Bruijn and Erdos [86]. Majumdar [360] and, independently, 
Isbell [276] adapted Bose's method to prove the succeeding theorem. 

Theorem 2.5.1 (Nonuniform Fisher Inequality). Let F be afamity in 2[n) with 

the property that I X n YI = I for all X, Y E F, X i= Y. If I > 0 then IFI ~ n. 

Proof. The "easiest" vector space is the vector space V = JRn of all column vectors 
with n real entries over the field K = JR, and the "easiest" way to associate a vector 
with a set X ~ [n] is to take the characteristic vector. Let F = {XI, ... , Xm} and 
x I, ... , X m be the associated characteristic vectors. It is enough to show that these 
vectors are linearly independent for I > O. Assume the contrary, that is (with 
0:= (0, ... , O)T), 

O=oqXI+···+amXm 

where not all coefficients are zero. Obviously, 

ifi = j, 
otherwise. 

Consequently, 

(2.59) 

(2.60) 
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Clearly, I Xi I > t for all i and I Xi I = t for at most one i, since otherwise the 
intersection condition would not be satisfied. But then the RHS is greater than 0, 
a contradiction. • 

It is interesting that we may generalize this theorem significantly if we restrict 
ourselves to uniform families. Let L = {II, ... , Is} be a set of integers, 0 :s 
11 < ... < Is :s n. A family F in 2[n] is called L-intersecting if IX n YI E L 

for all X, Y E F, X =1= Y. In the previous theorem we found a bound for {t}­

intersecting families. Note that intersecting families are exactly the {I, 2, ... , 
n - I}-intersecting families. For L s;:: [n], let gcd(L) denote the greatest common 
divisor of the elements of L. The next result was found by Babai and Frankl [36] 
(for further information, refer also to Deza and Frankl [135]). 

Theorem 2.5.2. Let F be a k-uniform L-intersecting family in 2[n] and let k ¢ 
o (modgcd(L». Then IFI :s n. 

Proof. We start as in the previous proof, but we work with V = Qn, K = Q, 
that is, over the field of rational numbers. Then in (2.59) we may suppose that 
all coefficients (Xi are integers (otherwise multiply by the least common multiple), 
and, in addition, we may suppose that 

(2.62) 

(otherwise divide by the LHS). Instead of (2.61) we discuss the equalities (i 

1, ... , m) 

(2.63) 

With I := gcd(L) we may write (2.63) also in the form 

k(Xj + ail = 0, i = 1, ... , m, (2.64) 

where ai is some integer. Since k ¢ 0 (mod I), there is some prime power ph such 
that 1== 0 (mod ph), but k ¢ 0 (mod ph). Now (2.64) implies that (Xi == 0 (mod p) 

for all i, a contradiction to (2.62). • 

Up to now we worked with infinite fields. We want to emphasize that in particular 
in the case of finite fields linear independence is not the only way to obtain bounds. 
The following observation can be considered also as a "method": If the elements 
of a family F can be injectively associated with the elements of ad-dimensional 
vector space over the Galois field G F(q), then IFI :s qd. As an example we 
consider a variant of a theorem of Ahlswede, EI Gamal and Pang [12] on pairs 
of binary codes (for generalizations and related problems, see Ahlswede [2] and 
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Ahlswede, Cai, and Zhang [7]). In the succeeding proof we follow the paper of 
Delsarte and Piret [129]. 

Theorem 2.5.3. Let F and 9 be families in 2[n] with the property that IX n YI 
has the same parity for all X E F, Y E 9. Then 

for even parity, 

for odd parity. 

Proof. Let V be the n-dimensional vector space over G F(2) whose elements 
are the n-dimensional O,I-column vectors. With each X s;:: [n] we associate its 
characteristic vector x as an element of V. Let F and G be the sets of characteristic 

vectors of F and 9, respectively. Clearly, we may suppose that F, G l' 0. L~tyo 
be a fixed element of G and Go := {y + Yo: Y E G}. Moreover, let F and Go be 
the subspaces generated by F and Go, respectively. Then 

(2.65) 

The key point is that (in G F(2» 

xT z = 0 for all x E F, z E Go (2.66) 

since (with z = y + Yo, Y E G) in view of the supposition 

xTz = xTy +XTyo == IXn YI + IXn Yol == 0 (mod 2). 

Consequently, 
~ ~ 

dim Go :s n - dim F (2.67) 

(the vectors XT, x E F, form a coefficient matrix of rank dim F, and all z E Go 
are solutions of the system (2.66) of linear equations). The inequalities (2.65) and 
(2.67) already yield IFI191 :s 2n. Thus let IX n YI be odd for all X E F, Y E 9. 
Letxo be a fixed element of F and Fo := {x +xo : x E F}. We have Fn Fo = 0, 
since otherwise x + Xo = x' for some x, x' E F, which implies for all y E G 

0== IXn YI + IXo n YI == (x +XO)Ty = x'Ty == IX' n YI == 1 (mod 2), 

a contradiction. Let F' := F U Fo and let F' be the subspace generated by F'. 
Then in (2.66) and (2.67) obviously F can be replaced by F'. As before, we obtain 

IF'II G I :s 2n . Now IFI = ! I F'I, and the assertion follows. • 

Let us come back to linear independence. In the next examples the basic vector 
space is more difficult, so we need some preparation. We will work with subspaces 
of the vector space R[XI, ... , x n ] of all polynomials in the independent variables 
XI, ... , Xn over some field R (usually the real orrational numbers). 
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Lemma 2.5.1. Let Pi (x I, ... , Xn), i = 1, ... , m, be polynomials. Suppose that 
there exist m n-tuples ai = (ail, ... , ain) such that 

1-0 
Pi (a .) 

J # 0 

if 1 S i < j S m, 

if 1 S i = j Sm. 

Then the polynomials Pi, i = 1, ... , m, are linearly independent. 

Proof. Assume the contrary. Then we find coefficients a I, ... , am, not all equal 
to zero, such that L~=I ai Pi is the zero polynomial. Let i* be the largest index 
with ai # O. Then 

a contradiction. 

m 

L ai Pi (ai') = ai' Pi' (ai') # 0, 
i=1 

• 
Lemma 2.5.2. Let Pi (XI , ... , Xn), i = 1, ... , m, andqh(XI, ... , Xn), h = 1, ... , 
t, be polynomials. Suppose that there exist m n-tuples ai and tn-tuples bh such 
that for all possible i, j, h 

1-0 
Pi(a') 

J #0 

if i # j, 

if i = j, 

ifh < j, 

ifh = j. 
Then the polynomials Pi, i = 1, ... , m, and qh, h = 1, ... , t, are linearly inde­
pendent. 

Proof. Assume the contrary. Then we find coefficients aI, ... , am, f31, ... , f3t, 

not all equal to zero, such that L::I aiPi + L~=I f3hqh is the zero polynomial. 
In particular, for j = 1, ... , m, 

m t / 

0= LaiPi(aj) + Lf3hqh(aj) = ajpj(aj) 
i=1 h=1 

implying aj = 0 for all j. Thus L~=I f3hqh is a nontrivial linear combination of 
the zero polynomial, a contradiction to Lemma 2.5.1. • 

A polynomial p(XI , ... , xn) is called homogenous of degree k if 

pO"XI, ... ,AXn) = A k p(XI, ... ,xn). 

The homogenous polynomials of degree k form a subspace RdxI, ... , xn] of 
R[XI, ... ,Xn]. All monomials of the form X~I ... x~n with il + ... + in = k ob­
viously yield a basis of this vector space. Consequently, for the dimension we have 

. (n +k -1) dlmRk[XI, ... ,Xn] = k (2.68) 

(k-combinations with repetitions; cf. [441, p. 15]). 

2.5 Linear independence 65 

The following theorem was stated by Frankl [190] and Kalai [283], but it was 
essentially prepared by a result of Lovasz [353] who introduced exterior algebra 
methods. Fortunately the proof can be formulated in a more elementary way (we 
follow Babai and Frankl [35]). 

Theorem 2.5.4. Let {(AI, B)), ... , (Am, Bm)} be afamity of pairs of subsets of 

[n] such that IA;I = a, IB;I = b for all i, and 

Then 

iflSi<jsm, 

iflSi=jsm. 

( a +b) m< . - a 

If n :::: a + b, the bound is the best possible. 

Proof. We associate with each member (Ai, Bi) of the given family the homoge­
nous polynomial in the variables xo, ... ,Xb of degree a (over R = 1R) 

Pi(XO, ... ,Xb) := n (l°xo + II XI + ... + IbXb). 
lEA; 

In view of (2.68) it is sufficient to prove that these polynomials are linearly inde­

pendent. With every i we associate a nontrivial solution Yi = (YiQ, ... , Yib) of the 
system of b equations 

(2.69) 

Then 

Pi (y) = 0 for 1 S i < j S n (2.70) 

since we find by supposition some I E Ai n Bj' and 1° YjO + ... + Ib Yjb = 0 by 
construction. However, 

Pi (y i) # 0 for 1 SiS n, (2.71) 

because otherwise there is some 1b+1 E Ai such thatYi is a solution of (2.69) and, 
in addition, of 

(2.72) 

But the determinant ofthe coefficient matrix of the system (2.69), (2.72) is Vander­
monde's determinant, that is, nonzero; hence Y i = 0, a contradiction. Now (2.70), 
(2.71), and Lemma 2.5.1 imply that PI, ... , Pm are linearly independent. 

In order to see that the bound is best possible for n :::: a + b, take the family 
{(A, [a +b] - A): A ~ (la~bl)}. • 
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Note that the result follows for the stronger condition Ai n Bj = 0 iff i = i 
from Theorem 2.1.3. Blokhuis [70] and in a similar way Yu [472] used resultants of 
polynomials (resp. Bezoutians) to prove these results and further a generalization 
of Alon [26]. For related questions, see Tuza [453]. 

We call a polynomial in the variables XI, ... , Xn multilinear if it has the form 

( ) '""' at an P XI,···, Xn = ~ aaXI .. 'Xn 
aEBn 

where Bn is realized as the set of all n-tuples a = (al, ... , an) with entries 
0,1, and the coefficients aa belong to the given field R. In other words, in a 
multilinear polynomial no variable appears in a power greater than 1. The degree 
of P is the largest value of rea) = al + ... + an, extended over all a E Bn with 
aa =f:. O. Again, the set of all multilinear polynomials of degree at most k forms a 
subspace Rk,I[XI, ... , xn] of R[XI, ... , xn]. Sincethemonomialsx~t ... x~n with 
al + ... + an S k, a E Bn, form a basis, we have 

dim Rk,I[XI, ... , xn] = t (~). 
i=O I 

(2.73) 

We will reprove the following result of Frankl and Wilson [202] and its predecessor, 
the theorem of Ray-Chaudhuri and Wilson [394], in a more general setting in 
Section 6.5. 

Theorem 2.5.5. Let F be an L-intersecting family in 2[n). Then 

ILl ( ) 
IFI s ~ ~ . 

Proof. Let F = {A I, ... , Am} and let a I, ... , am be the associated characteristic 
vectors. We may assume, w.l.o.g., that I A II 2: ... 2: I Am I. With each Ai we 
associate first the polynomial 

Pi(XI, ... ,Xn):= n (a!x-/) (2.74) 
IEL:I<IAil 

where, as usual, x = (XI, ... , xn)T. Then we expand Pi (theoretically) and re­
place every power xf with b 2: 1 by Xi. This leads to a multilinear polynomial 
Pi (XI , ... , Xn) of degree not greater than ILl. Note that for a E Bn, i E [m], 

(2.75) 

since x2 = X for X E {O, I}. In view of (2.60), (2.75), and the ordering of the Ai, 
we have 

iflSi <ism, 

if1Si=ism. 
(2.76) 
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According to Lemma 2.5.1 these polynomials are linearly independent. Now the 

asserted inequality follows from (2.73). • 

The proofs ofthis and the next theorem are due to Alon, Babai, and Suzuki [28]. 

Snevily [433] conjectures that the upper bound can be improved to Ll~o C7 1) if L 
contains only positive integers. This conjecture is a generalization of a conjecture 
of Frankl and Fiiredi [193], who considered the special case L = {I, ... , k}. Up 

to now Snevily has proved his conjecture only for sufficiently large n as well as 
the Frankl-Fiiredi Conjecture for k = 2 (see [433]), and, after a result of Pyber 

[393], together with Lichtblau [340] for n S 2k + 3. 

Theorem 2.5.6 (Ray-Chaudhuri and Wilson [394]). Let F be a k-uniform L-in­

tersectingfamily in 2[n) where k 2: ILl. Then 

Proof. Clearly we may suppose that I < k for alII E L. We start as in the previous 

proof and obtain polynomials PI, ... , Pm and n-tuples a I, ... , am. Note that, in 
view of the uniformity, (2.74) can be rewritten as 

Pi(XI, ... ,xn) = n(a!x -I). 
IEL 

Following an idea of Blokhuis [69], we introduce more polynomials. Let 

{BI, ... , Bd be the family of all subsets of [n] of size less than IL I (do not con­
found these sets with the Boolean lattices), and let b I, ... , b t be the associated 

characteristic vectors. Thus we have t = Lj~ol (j). Here we suppose that the 
members are numerated in such a way that IBII 2: ... 2: IBtl. We define the 
polynomials qh, h = 1, ... ,t, by 

qh(XI, ... ,xn):= (tXj - k) n Xi, 
j=1 iEBh 

and reduce them, as before, using xJ = Xj, to the multilinear polynomials 
qh (XI, ... , xn). It is easy to verify that the conditions of Lemma 2.5.2 are sat­
isfied. This lemma together with (2.73) implies 

ILl ( ) 
m+tSL ~, 

j=O } 

m < C~I). 
• 
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Note that for "bad" sets L the bound may be far from being best possible. If 
L = to, 2, 4, ... , 2t}{t ~ 1) and if k is odd, k > 2t, then according to Theorem 
2.5.2 we get IFI :s n whereas Theorem 2.5.6 gives IFI :s C~I) only. As for 
Theorem 2.5.1, there exist several modular variants of the preceding theorems, 
which are sometimes not as "easy" to prove as Theorem 2.5.2. We mention here 

only one "easy" variant: 

Theorem 2.5.7. Let P be a prime and L be a set oJintegersJrom {O, ... , P - I}. 
Let F be aJamity in 2[n) with the property thatJor all different members X, Y oj 

F there is some IE L with IXn YI == I (modp) andJorall members X oj F 

there is no I E L with IXI == I (mod p). Then 

ILl ) 
IFI:s t; G . 

Proof. We modify slightly the proof of Theorem 2.5.5. First of all we are working 
this time over the Galois field G F(p). We need not order the members of F by 
decreasing size. We may (again) define (instead of (2.74» 

Pi(XI, ... ,xn ) = n(ajx -I), 
leL 

and obtain as before the polynomials Pi. Then we have a still stronger relation 
than (2.76): 

(
-0 if i i= j, 

pJaj) -
i= ° ifi = j 

(note that ajai == IAi I ¢ I (mod p) for aliI E L by supposition). Lemma 2.5.1 
and (2.73) yield the assertion. \. 

Theorem 2.5.7 and related results have interesting geometric appiications. Es­
sential contributions in that direction were given by Frankl and Wilson [202]. The 
constructions may be often restricted to the case of primes because of the Prime 
Number Theorem (see, e.g., Kratzel [324, p. 116]): 

Theorem 2.5.8 (Prime Number Theorem). Let n(x) be the number oj primes 

less or equal to x. Then 

x 
n(x) ~ -- as x ~ 00. 

logx 

Corollary 2.5.1. Let Pn be the largest prime less or equal to n. Then 

Pn ~ n as n ~ 00. 

\ , 
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Proof. Choose any E > 0. We have to show that there exists some no such that 
Pn ~ (1 - E)n for all n ~ no. By Theorem 2.5.8, 

n(n) n logn + 10g(1 - E) > I 

n«1 - E)n) (1 - E)n logn 

if n is sufficiently large. Thus there exists a prime in the interval « 1 - E)n, n]. 

• 
The diameter of a finite set of points in the n-dimensional Euclidean space IRn 

is the maximum distance between any two points of the given set. Let bd (n) be the 
smallest number such that every finite set in IRn of diameter d can be partitioned 
into bd(n) sets of diameter smaller than d. Using contractions one can easily see 
that bd(n) does not depend on d, so we write briefly b(n). Moreover, it is left 
to the reader to show that b(n) is finite. Taking the vertices of a regular simplex 
in IRn one immediately obtains b(n) ~ n + 1. In 1933 Borsuk [79] conjectured 
that equality holds (also for infinite, closed sets). Not until sixty years later did 
Kahn and Kalai [281] kill this conjecture and show that the lower bound can be 
significantly improved: 

Theorem 2.5.9. We have b(n) ~ (1.2)Jn as n ~ 00. 

Proof. First we prove the relation for a subsequence of the natural numbers. 
Note that b(n) is clearly increasing. Let P be a prime (tending to infinity) and let 
m := 4p. We will construct a set T of points in the m2-dimensional Euclidean 
space of diameter d := v'2m. Let S be the set of points x = (XI, ... , xm)T for 
which Xi E {-I, I} for all i, XI = 1, and the number of negative components 
equals T. Obviously, lSI = 1 e::)· With each XES we associate the set X : = 

2 
{i E [m] : Xi = I} E ([~)). For any x, we put 

2 

x * x := (XIXI, XIX2, ... , XIXm, X2XI, ... , X2Xm, ... , xmxml. 

Now let T := {x * x : XES}. Since x * x i= y * y if x i= Y, 

ITI = ~(;). (2.77) 

In order to compute distances, we must be able to calculate the standard scalar 
product (, ). In a straightforward way one may verify the identity 

(2.78) 

It is easy to see that for x, YES and the associated sets X, Y (with X .­
[m] - X, Y:= [m] - Y) 

(x,y) = IXnYI+lxnYI-(IX-YI+IY-XI) 

= m - 21XI- 21YI +41Xn YI; 
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that is, 

(x, y) = 41Xn YI - m. (2.79) 

Thus we have for the distance p between two points x * x and y * y of T: 

p2(X*X,y*y) = (x,x)2+(y,y)2_2(x,y)2 

= m 2 + m2 - 2(41Xn YI - m)2 :::: 2m2, 

and equality; that is, the diameter d = -J2m is attained iff I X n Y I = '!t = p. 
Let U be a subset of T of diameter smaller than d and let F be the family of 

those sets X that are associated with the vectors x for which x * x E U. From 
the preceding discussion we know that F is a 2p-uniform family in 2llnJ with the 

property given in Theorem 2.5.7, where L := {l, ... , p - I}. Consequently, 

p-l (m) (m) (p p p - 1 ) IFI < < + + ... - t; i - P m-p+l m-p+lm-p+2 

Thus, in order to partition T into sets of smaller diameter, we need at least I T I / 1 G) 
sets. Accordingly (noting 2.77)) 

b m 2 > (~) ~ v3 (_3_)1n = v3(1.140)1n ( ) ( ) - GD 2 2~ 2 as p -+ 00 
4 

(here we make an anticipation - the asymptotics follow from (7.7) or by Stirling's 
formula (Theorem 7.1.7)). Though we constructed T in the m 2-dimensional space, 
it is in fact contained in an affine subspace of dimension G) since we have for 
the components the equalities XiXi = 1 for all i and XiX} = X}Xi for all i, j. This 

. ·th' (In) gIves, WI n:= 2' 

# 
v3 ( 3)1n v3 [( 3 )./2] ben') ;::""2 2~ :::: ""2 2~ ;:: (1.203)# as p -+ 00. 

Finally, if n is arbitrary, let p be the largest prime such that n' := CY) :::: n. From 
Corollary 2.5.1 one obtains easily that n' = n - o(n). Consequently, 

ben) :::: ben') ;:: (1.203)# ;:: (1.2)vIn as n -+ 00. 

• 
The construction is a reformulation of that given by Kahn and Kalai [281]. For 

the computations, we used ideas of NiUi and his best friend Alon [378], who also 
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noticed that one can enlarge the set S by taking those x for which the number of 

negative components is even (instead of 1- ). 
Let cd(n) be the smallest number of colors with which the points in IRn can be 

colored such that no two points of the same color have distance d. Again, cd(n) 

does not depend on d, so we write c(n). It is an easy exercise to show that c(n) is 

finite. 

Corollary 2.5.2. We have c(n) ;:: (1.2)vIn as n -+ 00. 

Proof. Take a set of points of diameter d that cannot be partitioned into less than 
b(n) sets of diameter smaller than d. Every "good" coloring (with respect to the 
distance d) of this set needs at least ben) colors since the color classes are sets of 
diameter smaller than d. Thus (by Theorem 2.5.9) 

c(n) :::: ben) ;:: (1.2)vIn as n -+ 00. 

• 
This result is due to Frankl and Wilson [202], who proved a conjecture of 

Larman and Rogers [332] more than ten years before Kahn and Kalai [281] found 

Theorem 2.5.9. The original proof of Frankl and Wilson is similar to the proof of 
Theorem 2.5.9, only the construction is easier. 

2.6. Probabilistic methods 
Our general aim is the maximization of the size of families satisfying certain 
conditions. For example, for Sperner families and k-uniform intersecting families 
we could first "guess" a maximum family of the kind in question, and then prove 
that these families are optimal. But sometimes we do not have an idea how to 
produce such a large family. Here it is useful to apply the probabilistic method, 

sometimes also called the Erdos method in honor of P. Erdos, who not only is the 

founder of this area but also developed it with numerous deep results and still more 
intriguing problems. This method can be described as follows: In order to prove 
the existence of a family of "large" size satisfying the given condition, one has 

to construct an appropriate probability space and to show that a randomly chosen 
element (corresponding to a family) in this space has the desired properties with 
positive probability. Only a few instructive examples are presented here together 
with modifications of the method. The interested reader may learn much more in 
the monographs of Erdos and Spencer [172] and Alon and Spencer [29]. Certainly, 
also other facts from probability theory are useful in combinatorics. One example 
is the entropy inequality (Theorem 2.6.5). The application of limit theorems is 
studied in Chapter 7, where some standard definitions and results can also be 
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found. Working in this area, one must be clever in calculus; in particular, it is 

useful to have many inequalities at hand. Here is an important one: 
, 

Proposition 2.6.1. 

(a) For all x E lR, 1 + x ~ eX, and equality holds only for x = O. 

(b) For all y > 0, log y ~ y - 1, and equality holds only for y = 1. 

Proof. (a) The function I(x) := eX - x-I has a unique minimum at x = O. 
(b) By (a), y ~ ey - I ; that is, for y > 0, log y ~ y - 1. • 

Our first example is due to Kleitman and Spencer [311] and also presented in 

the survey of Alon [27]. A family F in 2[n] is called k-independent if, for every k 

distinct members XI, ... , Xk of F, all the 2k intersections n7=1 Yi are nonempty 

where each Yj is either Xi or Xi. 

Theorem 2.6.1. The maximum size of a k-independent family in 2[n] is at least 
L~k!llkenl(k2k) J for all k ::: 2. 

Proof. Let, for X S; [n], Xl := XandXo := X. Consider the random family F = 
{XI, ... , Xm}, where (XI, ... , Xm) is a sequence of m randomly, independently 

chosen subsets of [n] and equidistribution is assumed (i.e., the probability of the 

choice of any particular subset equals 2-n ). More precisely, the elements of our 

probability space are the n x m-arrays whose entries take on only the values 0,1, 

and the (classic) probability of such an array equals 2-nm . The columns of the 

array are the characteristic vectors of the members of F. Note that up to now the 

members are not necessarily different. We have 

P(F is not k-independent) 

< L P({Xil' ... , Xid is not k-independent) 
" 

< 

It is easy to see that Xi~l n ... n X i:k = 0 iff the corresponding subarray does not 

contain E as a row. Hence the probability of this event equals (1 - 2-k )n, and we 

conclude 

P(F is k-independent) = 1 - P(F is not k-independent) 

::: 1- (~)2k(l_2-k)n. 

. . 

: I 
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If m = L~k! II kenl(k2k) J then, in view of Proposition 2.6.1, 

and finally, 

P(F is k-independent) > O. 

The members of a k-independent family are automatically pairwise different; thus 

we find indeed a k-independent family of the size given in the assertion. • 

We already mentioned in Section 2 that for k = 2 (qualitative independence of 

unordered 2-partitions) the exact maximum size (L~ J) can be extracted from the 

Profile-Polytope Theorem 3.3.1. 

Before the next example we will consider the probabilistic method in a more 

general form. Let Sbean at most countable subsetoflR and lete = (~I, ... ,~n) bea 

discrete random vector which takes on only values from sn . Further let g : lRn -+ lR 

be given. Then g(~I, ... , ~n) is a discrete random variable whose expected value 

equals 

E(g(e)) = 

if the sum on the RHS is absolutely convergent. The "generalized" probabilistic 

method is the application of the trivial fact that there exist Sl, ... ,Sn E S such that 

g(SI, ... ,sn) ::: (resp.~) E(g(e)). 

In Theorem 2.3.3(b) there is given an exact solution of the vertex-isoperimetric 

problem for the Hasse graph of the Boolean lattice: Find 

min{l(Ll(F) U V(F)) - FI : F S; 2[n] and IFI = m}. 

A related problem of Zuev [474] is the following: Find 

max{ILl(F)1 : F S; 2[n] and F is a Spemer family}. 

If we take F to be a complete level in the middle of the Boolean lattice, then Ll (F) 

is again a complete level and using 

CiJ) ~ff2n 
(which follows from (7.6)) we obtain 

2n 
ILl(F)1 ::: c ..;n for some constant c. 
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It was shown by Kospanov [320] and Fiiredi, Kahn, and Kleitman [211] that this 
bound can be improved significantly. The strongest lower bound is due to Chukhrov 
[100] (factor 0.2), but we follow the simpler proof of Fiiredi, Kahn, and Kleitman: 

Theorem 2.6.2. For sufficiently large n, there exists a Sperner family F ~ 2[n] 

such that I~(F)I 2: 0.059 * 2n. 

Proof. Let k := l fiJ ' 1:= r ~ - lil, and u := r ~ + lil· We will restrict 

the shadow to the [I, u]-rank-selected subposet of Bn which we denote by Q. For 
its size, we have by (7.1) 

IQI = t(~) 
j=i ] 

(2.80) 

We will see that for sufficiently large n there exists a Spemer family Fin 2[n] such 
that 

1~(F)I2: 0.1146* IQI. (2.81) 

Together with (2.80), this yields for sufficiently large n, 

Let t := u + 1-1, c := e(log(e + 1) - 1) = 0.8515 ... , and p be the solution of 

Clearly, limn->oo m = 00; thus, 

lim tp = O. 
n ..... oo 

(2.82) 

Let ~ be a random variable taking on values from S : = {I, ... , t, t + I} such that 

P(~ = i) = I p 
1 - tp 

ifi=I, ... ,t, 

ifi=t+1. 

Let {~K : K E ([~])} be a set of (completely) independent copies of ~ (in the 
following K always 'belongs to ([~])). For j = 1+ 1, ... , u + 1, we define the 
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random families 

u+l 

F:= U Fj. 
j=i+l 

75 

Note that then the random family ~(F) is contained in Q and that I~(F)I is a 
random variable which is a function of the ~K, K E ([~l). 

Claim. F is a Spemer family in 2[n]. 

Proof of Claim. The existence of some j, j' with I + 1 :s j < j' :s u + 1 and 

of some X E 0, x' E 0' such that X ~ X' could be the only obstacle. Since 
X E 0, there is some K ~ X such that ~K = j -I. But then also K ~ X' and 
min{~K : K ~ X'} :s j -I < j' -I in contradiction to X' E 0" 0 

For each A E Q, we define the random variable TJ A by 

Then 

if A E ~(F), 

if A rt ~(F). 

E(I~(F)I) = E (L TJA) = L E(TJA) = L P(A E ~(F)). 
AeQ AeQ AeQ 

If we can show that P(A E ~(F)) 2: 0.1146 for all A E Q, then there must be 
a realization of the ~K, K E ([~]), that is, also a realization of F, such that (2.81) 
holds. 

Claim. P(A E ~(F)) 2: 0.1146 if A E Q. 
Proof of Claim. For sake of abbreviation, always let i := j + 1 - I. Let 

A ~ [n], IAI = j, I :s j :s u. Then 

P(A E ~(F)) = P(3b E [n] - A : min{~K : K ~ AU {b}} = i) 

2: P(min{~K : K ~ A} > i and 

3b E [n] - A : min{~K : K ~ AU {b}} = i) 

= P(min{~K : K ~ A} > i and 

3b E [n] - A : min{~K'U(b) : K' ~ A, K' E (f~U} = i). 

In the following, K' always denotes an element of (f~ll)' The events in the last 
conjunction are independent since the index sets of the corresponding random 
variables,namely{K: K ~ A}and{K'U{b}: K'~ A,b E [n]-A} are disjoint 
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and the ~K, K E (I~]) are (completely) independent. Thus we may continue: 

peA E ~(.1'» = P(min{~K : K ~ A} > i)P(3b E [n] - A : 

min{h'U{b} : K' ~ A} = i). (2.83) 

Now we compute and estimate both factors. We have (note (2.82» 

P(min{~K : K ~ A} > i) = n P(~K > i) = (1 - ip)({) ::: (1 - tp)({) 
KC;A 

::: (l - tp)G) = (1 - tpt/tp = e-C(l + 0(1». 

For the second factor, we need a little bit more effort: 

P(3b E [n] - A : min{~K'U{b} : K' ~ A} = i) 

= 1 - P(Vb E [n] - A : min{~K'u{b} : K' ~ A} =I- i) 

= 1 - n P(min{~K'U{b}: K' ~ A} i= i) 
beln]-A 

= 1 - n (1 - P(min{~K'u{b) : K' ~ A} = i). 
beln]-A 

(2.84) 

Next we estimate for all b E [n] - A the probability in the RHS of formula (2.84). 

Wehavemin{~K'u{b}: K' ~ A} = i iff for all K' ~ A, ~K'U{b}::: i and not for 

all K' ~ A, ~K'U(b} > i. Thus 

P(min{~K'U(b} : K' ~ A} = i) = (l - (i - l)p)(k~l) - (1 - ip><k~l) 

j ( j ) ::: (l - ip)(k-l) k _ 1 P 

(for the last estimation we used the Binomial Theorem and the relation 0 < 1-i P < 

1 for sufficiently large n in view of (2.82». For the first factor of the RHS, we have 

by Bernoulli's formula, 

I ::: (1 - ip)(k~l) ::: 1 - (k ~ I}P::: 1 - (k: I}P 
= 1- (U)tp k = 1 +0(1). 

k u-k+l 

To estimate the second factor, we first observe / 

( j) (u) j j - k + 1 (u) (j - k + l)k (u) (I - k + 1 )k 
k = k ;···u-k+l::: k u-k+l ::: k u-k+l 

= (u) (1 _ u -I ) "~~tl lI~k~1 k = (U)e- I (1 + 0(1». 
k u-k+l k 

I I 

II 

II 

II 

II 
II II 

I I 

I: 
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Thus 

( j) (j) k 
k-l p= k j-k+l P 

(u) kill e 
::: tp k t(j _ k + 1) r- (l + o(l» = el (l + 0(1», 

and we derive 
e 

P(min{h'u{b}: K' ~ A} = i)::: el(1 +0(1». 

Insertion into (2.84) yields 

P(3b E [n] - A : min{~K'U(b} : K' ~ A} = i) 

::: 1 - (l - :1 (l + o(l»n- j ::: 1 - e-ifI (I+o(l»(n- j) 

= (l - e-~)(1 + 0(1» 
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(here we used Proposition 2.6.1(a». Thus the estimation of both factors in (2.83) 
yields 

peA E ~(.1'» ::: (1 + o(l»e-c (1 - e-~). 

Fore = e(log(e+ 1) -1), the function on the RHS attains its maximum O. 1147 .... 
Thus, for sufficiently large n, 

peA E ~(.1'» ::: 0.1146. 

• 
Without proof we mention the following upper bounds of Kostochka [322]: 

Theorem 2.6.3. Ifn is sufficiently large then for any Sperner family .1' in 21n] 

(a) 1~(.1')I:s 0.725 * 2n , 

(b) 1~(.1') U V(.1')1 :s 0.9994 * 2n. 

A related result for the boundary of a filter was previously obtained by Kostochka 
[321]. The next modification of the probabilistic method for the construction of 
large families without forbidden configurations has the following basic idea (see, 
e.g., Kleitman [305]): Construct a collection (i.e., repetitions are allowed) of m 
members entirely at random. Then compute the expected number of forbidden 
configurations in it (e.g., comparable elements, nonintersecting members, etc.). If 
this number is at most Am, then there must be some collection having no more 
than Am forbidden configurations, so that, by omitting at most Am members, we 
can obtain a collection (often automatically without repetitions, i.e., a family) of 
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the desired form of size (1 - A)m. Now let us illustrate this idea (with a slight 
modification). We are looking for large (p, q )-Spemer families in En (see [157]). 
Here a family:F of subsets of [n] is called a (p, q)-Spemerfamily if the intersection 
of any p members of :F is not contained in the union of any other q members of 
:F. Note that a (1, 1)-Spemer family is a usual Spemer family. Let dn;p,q be the 
maximum size of a (p, q )-Spemer family in En. 

Theorem 2.6.4. We have 

( 
2p+q ) p+;-I 

dn;p,q ::: c 2p+q _ 1 

I 

'- ( p!q! ) p+q-I where c .- (p + q - 1) (p+q)p+q . 

Proof. Let (XI, ... , X p, Xp+I,"" X p+q) be a sequence of p + q randomly, 
independently chosen subsets of [n], where equidistribution is assumed (analogous 

2p+q 
to the proof of Theorem 2.6.1). Let a := 2p+q -I . 

Claim. The probability of the event XI n·· ·nxp ~ Xp+1 U·· ·UXp+q equals 
(~)n . 

Proof of Claim. As in the proof of Theorem 2.6.1, we consider the random 
sequence as a random 0, I-array with n rows and p + q columns where the jth 
column is the characteristic vector of Xj. We have XI n· .. n Xp ~ Xp+1 U· .. U 

X p+q iff in the corresponding array there is no row oftheform (l, ... , 1, 0, ... , 0) 

(p ones and q zeros). This gives the probability e~::;1 r . D 
Now we construct at random a sequence (XI, ... , Xm) of m subsets of [n] and 

after that we pick, step by step, p + q of them in all possible ways, which gives 
m (m - 1) ... (m - p - q + 1) sequences of the form (XiI' ... , X ip ' Xip+I' ... , 
Xi ). By Claim 1 we obtain for the expected number J.L of events Xi In· .. n Xip ~ p+q 
Xip+1 U ... U Xip+q the value 

J.L = m (m - 1) ... (m - p - q + 1) (~r 
For A > 0, we choose the largest m such that J.L :s Am. We then have 

I 
since for m :s r(Aa n ) p+q-'l 

J.L :s m(m - I)p+q-I (~r :s m(Aan) (~r = Am. 

Clearly there must be a fixed sequence (XI, ... , Xm) with at most Am "bad" events 
described above. We may destroy such an event by taking away, for example, Xi I . 
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Then simultaneously p!q! events are destroyed, namely those that are obtained 
by permuting ii, ... , i p and i p+ I, ... , i p+q, respectively. After all these events 
are destroyed, we retain a sequence whose members form a (p, q )-Spemer fam­
ily of size at least m - \m, (note that repetitions always yield a "bad" event). p.q. 
Consequently, 

dn;p,q ::: I(A)a p+;-I 
I 

where I()..) = (1 - -f:-,»).. p+q-I . The function I(A) attains its maximum in lR.+ at p.q. 
A = .E.!'L!.+! !. The corresponding value of I equals the constant c from the assertion. p q 

• 
The concluding example of this section shows that other parts of probability 

theory also can be applied successfully. First we need some preparations. Let S 
again be an at most countable subset of R Let e = (~I, ... , ~n) be a discrete 
random vector that takes on only values from sn. Further let (lJI, ... , lJr) be that 
random vector which takes on values from sr with probabilities 

P(lJI = Sl,···, lJr = sr) = 

Here we call this vector marginal random vector. Clearly, it can be considered as 
the restriction of the old vector to the first r components, so we denote also the new 
vector by (~I, ... , ~r) instead of (lJI, ... , lJr)' For 1 :s i I < ... < ir :s n, we may 
define in the same way the marginal random vector (~il' ... '~ir)' The components 
~i can also be considered as one-dimensional marginal random vectors. It is easy 
to see that "being marginal" is transitive, in particular we have: 

Proposition 2.6.2. If(~I, ... , ~n-I) is marginal to (~I, ... , ~n) and~1 is marginal 
to (~I, ... , ~n-d, then ~I is marginal to (~I, ... , ~n)' 

The entropy of any n-dimensional discrete random vector e taking on values from 
sn is defined and denoted by 

H(e) := - L pee = s) log pee = s). 
SESn 

Here ° log ° is defined to be 0. 

Theorem 2.6.5 (Entropy Inequality). Let e be an n -dimensional discrete random 
vector and let ~I, ... , ~n be its components, that is, the one-dimensional marginal 
vectors. Then 

n 

H(e) :s L H(~i). 
;=1 
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Proof. We proceed by induction on n. The case n = 1 is clear. For the step 
n - 1 -+ n, let.,., := (~!, ... , ~n-!) be the corresponding (n - I)-dimensional 
marginal random vector. We write briefly 1 := (S!, ... , Sn-!), Pt,s • . - P(.,., = 
I, ~n = sn), Pt := P(.,., = I), Ps. := P(~n = sn). Then we have 

H(£J = - L Pt,s. log Pt,s., 
(t,S.)ES· 

H(.,.,) + H(~n) = - L Pt log Pt - L Ps. log Ps. 
IES.- 1 S.ES 

= - L PI,s. log PI - L PI,s. log Ps., 
(t,S.)ES' (t,S.)ES" 

We restrict the summation to those elements (I, sn) for which PI,s. > O. Then 
(noting Proposition 2.6.I(b)) 

'"' (PIPS,) '"' (PIPS, ) H(e) - (H(.,.,) + H(~n)) = ~ PI,s. log -- :s ~ Pt,s. -- - 1 
PI,s. Pt,s. 

= LPIPs. - LPt,s. = 1-1 = O. 

From the induction hypothesis and Proposition 2.6.2 we infer finally 

• 
The notion of entropy stems from physics and is also used in information theory. 

The entropy inequality has many applications, for example, in search theory, cf. 
Aigner [22]. Here we will reflect briefly the set theoretic point of view. We use 
again the letter H for the definition of the function H ()..) . - -).. log).. - (1 -
)")log(l- )..), 0 <).. < 1. 

Corollary 2.6.1. Let F be afamity of subsets oj[n], F(i) := {X E F : i EX}. 

and (Xi := IfJ?I. Then 

n 

log IFI :s L H«(Xi). 
i=! 

Proof. Let m := IFI. We identify F with the set C F of its characteristic vectors, 
that is, CF ~ {O, l}n and m = ICFI. Let e = (~!, ... , ~n) be the discrete randc{m 
vector that takes on values from {O, I}n with probabilities 

otherwise. 

I I 
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Then obviously P(~i = 1) = (Xi, P(~i = 0) = 1 - (Xi, i = 1, ... , n. We have 

1 1 
H(e) = - L -log- =logm 

SECy m m 

H(~i) = -(Xi log (Xi - (1 - (Xi) log(l - (Xi) = H«(Xi). 

Now the asserted inequality is a direct consequence of Theorem 2.6.5. • 
Frankl (see [27]) observed that the following frequently used inequality can be 

easily derived: 

Corollary 2.6.2. For every 0 :s P :s 1 andfor every natural number n. 

.L C) :s enH(p). 

l;:Snp 

Proof. We use the notations from Corollary 2.6. 1. LetF := {X ~ [n] : IXI :s np}. 

Counting the number of pairs (i, X) with i E [n], X E F, i E X in two different 
ways, we get 

n 

L IF(i)1 = L IXI· (2.85) 
i=! XEF 

According to IF(l)1 = ... = IF(n)1 and IXI :s pn, we obtain for all i 

nlF(i)1 :s pnlFI, 

(Xi :s p. 

Since H()") is increasing in [0, 1], it follows by Corollary 2.6.1 that 

n 

log IFI :s L H«(Xi) :s nH(p), 
i=! 

which is equivalent to the assertion. • 
As a "real" combinatorial application of Corollary 2.6.1, we present a result of 

Kleitman, Shearer, and Sturtevant [310] answering a question of Erdos. 

Theorem 2.6.6. Let k > I and let F be a k-uniformfamily in 2[n] such that all 

intersections of two different members ofF are pairwise different. Then there is 
some E > 0 such that 

IFI < (2 - El. 
Before we look at the proof of this theorem, note that the bound 2k is trivial since 
for some fixed X* E F the sets X n X*, X E F, are pairwise different subsets of 
X*, and IX*I = k. 
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Proof. Let us define F(i) and (Xi, i = 1, ... , n, as in Corollary 2.6.1, and let 

m := IFI. Observe that we may suppose 

1 
m> _k2 

2 ' (2.S6) 

since otherwise the proof is trivial. Moreover, we can suppose that 0 < (Xi < 1 for 

all i; otherwise delete the corresponding element in the basic set [n]. Let 9 be the 

family of intersections of two different members of F, 

9(i) := {Y E 9 : i E Y}, 
R . • _ 19(i)1 
PI'- 191' i = 1, ... , n. 

It is easy to see that 

191 = m R. = _2_ = _2_ = 2 _ (Xi(l-(Xi) ( ) 
( t.F(i)t) (O/im) 

2 ' PI G) (~) (X, m - 1 ' 
i=I, ... ,n. 

We apply Corollary 2.6.1 to the family 9 with the corresponding numbers (3i and 

obtain 

log (~) :s ~ H({3i). (2.S7) 

In order to estimate the RHS we need some preparations: The equality (2.S5) reads 

in the present case 

n 

L IF(i)1 = klFI, 
i=1 

n 

i.e., L (Xi = k. 
i=1 

Claim 1. We have for all i, H({3i) :s H«(Xl) + n:~1 (Xi. 

(2.SS) 

Proof of Claim 1. We have for 0 < A < 1, H' (A) = -log A + log(1 -

A), HI/(A) = -(t + 1~)') < 0; thus H'(A) is decreasing, and by the mean-value 
theorem, 

Hence 

2 (Xi (Xi 1 
H«(Xi) - H({3i) :::: --(1- (Xi) log(l- (Xi) :::: ----. 

m-l m-le 

Claim 2. We have L.:7=1 H«(Xl) :s k H~:2), where 1..* := L.:7=1 (¥ )(Xi. 
H().2) 

Proof of Claim 2. Let f(A) := -).-,0 < A < 1. We have for 0 < A < 

1, f"(A) = - ).3(1~).2) (21..2 + (1 - 1..2) log(l - 1..2») < 0 since for the function 
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g(l) := 2/ + (1 -I) log(l -I) there holds g(O) = 0 and g' (I) = 1 -log(1 -I) :::: 
0,0 :s / :s 1. Thus f is concave and by Jensen's inequality and (2.SS) we have 

o 

From (2.S7), (2.SS), Claim 1, and Claim 2, we infer 

log (m) :s t H«(Xl) + t ~(Xi :s k H(A**2) + ~. 
2 i=1 i=1 m - 1 A m - 1 

The function f(A) attains its maximum at A = 0.4914 ... , and its value is there 
1.1249 .... With (2.S6) we obtain for k -+ 00 

(~) :s eI.125k+o(k) :s 3.0Sk+o(k). 

Thus 

m :s ~ + J ~ + 2 * 3.0Sk+o(k) :s (2 - El for some E > O. 

• 
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Profile-polytopes for set families 

In this chapter we will discuss from a linear programming point of view profiles of 
families of subsets of [n] belonging to certain classes. Concerning the terminology 
we refer to Schrijver [421] and Nemhauser and Wolsey [377]. The investigations 
were initiated by Erdos, Frankl, and Katona [175]. 

With each family F we associate its (reduced) profile 1= p(F), where 1= 
(fl, ... , 1n_I)T and, as always, Ji := I{X E F: IXI = i}l, i = 0, ... , n. Since 
in some cases the empty set 0 and the whole set [n] playa special role, we will 
restrict ourselves to the reduced profiles - without /0 and In - although for the 
sake of brevity we omit the word "reduced." In applications, one should not forget 
to add these special sets if possible and necessary. Given a class Qt of families, 

J,t(Qt) := (p(F) : F E Qt} 

is a finite set of points in IRn -I. The convex hull of a set J,t ~ IRn -I is denoted as 
conv(J,t). (The convex hull of a set J,t of points is the set of all convex combinations 
of finite subsets of J,t, that is, the set {A Iii + ... + Ar Ir where {fl' ... , Ir} ~ J,t 

and 0 ~ Ai for all i and L~=I Ai = 1 }.) The set conv(J,t(Qt)) is called the profile­
polytope of Qt. (A polytope is the convex hull of a finite set of points. The dimension 
of a polytope is the smallest dimension of an affine subspace of the Euclidean space 
containing the given polytope.) Let E(J,t) be the set of extreme pOfnts of conv(J,t). 
(A point of a convex set is an extreme point if it cannot be written as a convex 
combination of two other points from the given set.) Clearly E(J,t) ~ J,t. It is easy 
to see that 

conv(J,t) = conv(dJ,t)). 

The profile-polytopes conv(J,t(Qt)) for the class of Sperner families and the class 
of intersecting families, respectively, are illustrated for n = 3 in Figure 3.1 (the 
encircled points are the essential extreme points, which will be introduced later). 
Often there arise optimization problems of the following kind: 
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Sperner intersecting 

Figure 3.1 

Let w = (WI, ... , wn_dT be a given vector. Determine for a class Qt offamilies 

M(Qt, w) := max [ L wlXI : FE Qtj = max{wTI: IE J,t(Qt)}. (3.1) 
XEF 

Obviously, 

M(Qt, w) ~ max{wTI: IE conv(J,t(Qt))} 

= max{wTI: IE conv(E(J,t(Qt)))}. 

Let 1* E E(J,t(Qt)) be chosen such that 

wTf* ~ wTI' for all l' E E(J,t(Qt)). 

For I = Lf'E£(Jl(2(» AI'I' E conv(E(J,t(Qt))) (where 0 ~ AI' for all I' and 
L Af' = 1), we then have 

hence 

wTI = L Af,wTI' ~ 
f'EE(Jl(2()) 

M(Qt, w) = max{wTI: IE E(J,t(Qt))}. (3.2) 

In general we have far fewer extreme points than profiles and the maximization on 
the extreme points is only a numerical problem. So it is of great interest to have 
an overview of the extreme points for several classes. This is the main aim of this 
chapter. 

Note that a polytope may be also defined as a bounded polyhedron where 
a polyhedron is the set of solutions of a system Ax ~ b; cf. [421, p. 89]. As 
before, any linear objective function attains its maximum at some extreme point. 
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A point x E ~n is an extreme point iff it satisfies all constraints and n independent 
constraints (i.e., the corresponding rows of A are linearly independent) are satisfied 
as equalities, cf. [421, p. 104]. 

Moreover, we would like to know "all" inequalities that are satisfied by all 
profiles of families belonging to some class. For instance, if Qt is the class of 
Spemer families in 2[n] we have derived the LYM-inequality L7::i J; /(7) :s 1. 
The strongest inequalities are those which represent facets of conv(tL(Qt)). An 
inequality C T x :s b defines afacet F of a polytope P if this inequality is satisfied 
by all x E P and if F := {x E P : c T x = b} is one dimension lower than P. All 
other valid inequalities (i.e., those that are satisfied by all elements of the polytope) 
can be obtained by taking a nonnegative linear combination of these facet -defining 
inequalities and by increasing the RHS; cf. [377, p. 88 ff] and [421, p. 93]. Note 
that, if the polytope P is given by a system P := {x : Ax :s b}, then all facets 
can be defined in the form aT x = bi for some i where aT (resp. bi) is the ith row 
of A (resp. the ith coordinate of b); cf. [377, p. 89]. The second objective of this 
chapter is to derive the facet-defining inequalities. 

3.1. Full hereditary families and the antiblocking type 
Let tL be a finite set of points in Nn. This set tL is called full if all unit vectors e i 
(with 1 at coordinate i) belong to tL, and it is called hereditary if x E tL, x' :s 
x, x' E Nn imply x' E tL (i.e., if it is an ideal in the direct product Nn, where N 
is, as usual, linearly ordered). We will study full hereditary sets of points since we 
will investigate later on only full hereditary classes of families of subsets of [n]. 

Here a class Qt is calledfull iffor all X S; [n] the one-element family {X} belongs 
to Qt, and it is called hereditary if 9 S; F E Qt implies 9 E Qt. It is obvious that 
the set tL(Qt) of points from Nn-I is full hereditary if Qt is full hereditary (in our 
general investigations we work with Nn instead of Nn -I). In fact, we may also 
replace everywhere N by ~+, then in the definition of fullness we only need that 
(Xei E tLforsome(X > O(i = 1, ... ,n). 

Lemma 3.1.1. Let tL be full and hereditary. 

(a) For all i, Xi 2: 0 is afacet-defining inequality for conv(tL). 

(b) All other facet-defining inequalities for conv(tL) have the form alXI + ... + 
anxn :s b with ai 2: 0 for all i and b > O. 

Proof. (a) Let us consider the inequality XI 2: 0, which is true for all x E conv(tL). 
Let F := {x E conv(tL) : XI = O}. The points 0, ei, i = 2, ... , n, are affine 
independent (i.e., e2, ... , en are linearly independent) and belong to F. Hence 
dim F = n - 1 and F is a facet. 
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(b) Since tL is full, for all i, Xi :s 0 cannot be a valid inequality, so all other 
facet-defining inequalities for conv(tL) must have the form alxl + ... +anxn :s b, 
where at least two coefficients, say al and a2, are nonzero. Assume, for example, 
that al < O. Let F := {x E conv(tL) : alxl + ... + anxn = b} be a facet. There 
exists some extreme point x of F (which is also an extreme point of conv(tL), 
i.e., belongs to tL) with XI > 0 since otherwise F would satisfy two independent 
equalities L7=, aixi = b, XI = 0 and thus have dimension less than n - 1. Now 
let x' be the vector that can be obtained from x by changing the first coordinate 
into zero. Then x' E tL, but alxi + ... + anx~ = b - alXI > b, a contradiction. 
From al > 0 we may derive b > 0 since el E tL. • 

Of course, we can divide the facet-defining inequalities of the form (b) in 
Lemma 3.1.1 by b, and the RHS becomes 1. Furthermore, for each i there must 
be some facet-defining inequality with ai > 0, since otherwise there would be no 
restriction from above for Xi and conv(tL) would be unbounded. Thus we obtain: 

Theorem 3.1.1. Let tL be a full hereditary set of points in Nn. Then there exists a 

nonnegative matrix A with no zero column such that 

conv(tL) = {x E ~~ : Ax :s I}. 

A full-dimensional polytope (i.e., a polytope of dimension n) in ~n of the form 
given in Theorem 3.1.1 is said to be of antiblocking type. The theory of blocking 
and antiblocking polyhedra was developed by Fulkerson in [206, 207, 208]. 

If, in general, P is any polytope of antiblocking type, P = {x E ~~ : Ax :s I}, 
where A is a nonnegative matrix with no zero columns, then the antiblocker pc 
of P is the polytope 

p c := {y E ~~: yTX:S 1 for all x E Pl. 

Let C I, ... , C r be the extreme points of P and let C be the (r x n )-matrix whose 
rows are cT, ... , c~. 

Theorem 3.1.2. We have 

(a) pc = {y E ~~ : C y :s I}, 

(b) (PC)C = P. 

Proof. (a) Let y E pc. Then cT y = yTCi :s 1 for all i since the Ci are 
special elements of P. Hence C y :s 1. Conversely, let y E ~~, C Y :s 1. 
Every point x of P can be written as a convex combination of the extreme 
points: x = L;=I (XiCi, (Xi 2: 0 for all i, L~=I (Xi = 1. Consequently, yTx = 
L~=I (Xi(yT Ci ) :s L~=I (Xi = 1. Hence y E pc. 
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(b) Let x E P. Then x T y = yTx S 1 for all y E pc. Thus x E (PC)c. 
The rows a J of A belong obviously to pc. Thus, if, conversely, x E (PC)C, then 
xTa; = aJ x S 1 for all i; hence Ax S 1, that is, x E P. • 

In Figure 3.2, we illustrate the antiblockers (conv(tL(21)))C where 2l is - as for 
Figure 3.1 - the class of Spemer (resp. intersecting) families and n = 3. 

Y2 

1 1 
3 ~~ 3 

Yl Yl 
1 1 1 3 3 

Sperner intersecting 

Figure 3.2 

We call an extreme point c of a polytope P essential if there is no other point 
d of P with c S d. 

Theorem 3.1.3. Let A be a nonnegative matrix with no zero column and define 
p := {x E lR+ : Ax S I}. 

(a) If c is an extreme point of p, then there exists some essential extreme point d 
of P such that, for all j, Cj > 0 implies Cj = dj . 

(b) Besides y :::: 0 the facet-defining inequalities for pc are given by 

dT y s 1, i = 1, ... , s, 

where d I, ... , ds are the essential extreme points of P (these are called the 
essential facet-defining inequalities for PC). 

Proof. (a) Let c be an extreme point of P. Without loss of generality, we assume 
that Ct+l = '" = Cn = 0, but Ct, ... , Ct > O. Let c' := (Cl, ... , Ct)T and 
e" := (Ct+l, •.. , Cn)T. In Ax S 1 there must be t inequalities that are satisfied 
bye as equalities, and these equalities together with Xt+l = ... = Xn = 0 must 
be independent. Consequently we can divide A into the form A = (A'IA") and, 
more precisely, 

(
A' 

A= I 

A' 2 

AT) 
A" 2 
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where A; c' = 1, rank A; = t, A;c' < 1. Since A; does not contain a zero 
column (otherwise we would have rank A; < t), we cannot increase in cone 
of the coordinates j = I, ... , t without changing the others. Now consider the 
coordinates j = t + 1, ... , n. 

Case 1. The jth column of AY is not a zero column. Then we cannot increase 
coordinate j without changing the others. 

Case 2. The jth column of A'; is the zero column, for example, for j = t + 1. 
Then we can increase the (t + I)th coordinate until a strict inequality becomes a 
new equality (note that the (t + l)th column of A~ cannot be the zero column). 
The resulting point d is an extreme point since 

(
A' 

rank * .. ~* o ) = t + 1, 
#0 

and we have, together with Xt+2 = ... = Xn = 0, n linear independent equalities. 
So we have seen: Either there is no d E P with d :::: e, d # e (and thus e is an 
essential extreme point) or there is some extreme point d with the property that 
for all j, C j > 0 implies C j = dj and d has one more nonzero coordinate than c. 
Now we can argue for d in the same way and since there are at most n nonzero 
coordinates we find after a finite number of steps the desired essential extreme 
point. 

(b) The inequalities y :::: 0 are facet defining by a similar reason as in Lemma 
3.1.1(a). Let c be an extreme point of P that is not essential and let d be an 
essential extreme point with the properties of (a). Suppose, w.l.o.g., that CJ = 0 
but dl > 0 and assume that F := {y E pc : e T y = I} is a facet. Then there must 
be some y* E F with yr > 0, since otherwise we would have two independent 
equalities e T y = 1, Yt = 0 for F, and thus F would be at most n - 2 dimensional. 
But obviously y*Td = d T y* > eT y* = 1, a contradiction to y* E pc. Now 
let e be an essential extreme point and assume that F := {y E pc : cT y = I} 
is not a facet. We shall use the notations before Theorem 3.1.2 and suppose that 
e = e r. Let p' be the convex hull of e I, ... , e r-l and let C' be obtained from 
C by deleting the last row. Of course, p' ~ P. But if F is not a facet, then 
pc = {y E lR+ : C' y S I} and by Theorem 3.1.2(a), P'c = pc. In view of 
Theorem 3.1.2(b), P = (PC)C = (P,c)C = p', a contradiction. • 

In form of Theorems 3.1.2 and 3.1.3 the facet-defining inequalities for P are 
given by the essential extreme points of pc. So our goal in this section is the 
following: Given a full hereditary set tL of points in Nn , find the essential ex­
treme points of conv(tL) and (conv(tL»c. Suppose we are given candidate lists 
{e I, ... , c s} and hi, ... , "'Ya } for these extreme points. How can we prove that 
these lists are correct and complete? Let tL' be the hereditary set in Nn (resp. lR+) 
determined by c t, ... , c s; that is, let tL' be the ideal generated by c I, ... , e s, 
and let P := conv(tL'). All our lists will have the property that tL' is full; thus 
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by Theorem 3.1.1, p is of antiblocking type. Note that, by the definition of P, 
its essential extreme points belong to {CI, ... , cs }. Moreover, we define Q analo­
gously, using "Y I, ... , "YO" Our method of proof is as follows: 

Step I. Verify that C j E JL for all i. This yields P ~ conv (JL). 

Step 2. Verify that "YJx :s 1 for all j and for all x E JL. This yields JL ~ QC; 
that is, conv(JL) ~ QC. 

Step 3. Show that QC ~ P or Q :2 pc. This yields (using Theorem 3.1.2(b» 
that P ~ conv(JL) ~ QC ~ p; that is, P = conv(JL) and Q = (conv(JLW. Either 
we can show that for every element x of QC there exists a convex combination of 
C I, ... , C s which majorizes x (it suffices, of course, to test the maximal elements 
x of QC) or we can determine algebraically the essential extreme points of pc 

by considering the corresponding system of inequalities. We are done if these 
essential extreme points are contained in {"Y I, ... , "YO'}' 

Step 4. Show that the candidate points are in fact essential extreme points. The 
test of being essential will be in our cases trivial. To see that the points from the 
list are extreme points we need only verify that they cannot be majorized by a 
nontrivial convex combination of other points from the same list, and this will 
also be easy. Of course, we could also verify that the points satisfy n (resp. for 
the reduced profiles of set families n - 1) independent equalities in the system of 
linear inequalities defining QC (resp. PC). 

Now let us come back to our set families. We denote the set of essential extreme 
points of conv(JL(Ql» (resp. of conv(JL(QlW) by E*(JL(Ql» (resp. cp*(JL(Ql))). Note 
that our objective function (3.1) satisfies by (3.2) and Theorem 3.1.3(a), 

M('ll. c) ~ max I ~ maxIe;. OJ/; : f u'(j,('ll)) ). 

The determination of E* and cP* is still too difficult. But we can reduce the problem. 

3.2. Reduction to the circle 
We start with a general fact for polytopes of antiblocking type. For a matrix D and 
a poly tope P, let DP := {Dx : x E P}. -

Theorem 3.2.1. Let P := {x E lR~ : Ax :s I} and pi := {x E lR~ : A'x :s I}, 
where A and A' are nonnegative matrices with no zero columns. Further let 
D := diag(dl, ... , dn ) be a diagonal matrix with positive diagonal elements. 
Let C I, ... , C s be the essential extreme points of P'. If P ~ D pi and Dc j E P 
for all i then 

(a) P = D pi and Dc I, ... , Dc s are the essential extreme points of P. 

(b) pc = D-Ip'c . 
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Proof. (a) Let x = DX' with x' E P'. We have to show that x E P. Since 
x' can be written as a convex combination of extreme points of pi we have by 
Theorem 3.1.3(a): 

s s 

x' :s L ajCj with aj ~ 0 for all i and L aj = 1. 
j=1 j=1 

Then x = DX' :s Ef=1 ajDcj. Since P is convex and in view of the supposition, 
the sum on the RHS belongs to p, but then obviously x belongs to P. The point 
Dc I is an extreme point of P since otherwise it could be written as a nontrivial 
convex combination DCI = AXI + (1 - A)X2 with XI, X2 E P. Withxj = Dx;, 

x; E pi, i = 1,2, we obtain CI = AX~ + (1 - A)X;, a contradiction. Moreover, 
Dc I is essential by an analogous argument. 

(b) We have 

pc = {y E lR~ : y T X :s 1 for all x E P} 

= {y E lR~ : yT DX' :s 1 for all x' E Pi} 

= {D-Iz E lR~: ZTX':s 1 for all x' E Pi} = D-I piC. 

• 
We use Katona's circle method [295] together with this theorem to solve a much 

easier problem for set families. Let I; be a cyclic permutation of [n]. A subset X 

of [n] is called consecutive in I; if its elements are consecutive on the circle; see 
Figure 3.3. If Ql is a class of families of subsets of [n], let Ql(I;) be the class of 

Figure 3.3 

those families from Ql whose elements are consecutive in I; and let JL(2l(I;» := 
(p(F) : F E Ql(I;)}. For a permutation rr: of [n], a subset X of [n], a family F 
of subsets of [n] and a class Ql of such families we put rr:(X) := (rr:(i) : i EX}, 
rr:(F) := (rr:(X) : X E F}, and rr:(Ql) := (rr:(F) : FE Ql}. The class Ql is said to 
be permutation invariant if rr:(Ql) = 2l for every permutation rr: of [n]. 
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Lemma 3.2.1. Let 2l be pennutation invariant and let ~I, ~2 be two cyclic per­
mutations. Then JL(2l(~d) = JL(2l(~2». 

Proof. Let1r be the permutation that sends ~:(l) onto ~4(1), i = 1, ... , n. Then 
F E 2l(~d iff 1l'(F) E !2l(~2). • 

In the following we consider only permutation-invariant classes, so we restrict 
ourselves to the permutation 

C:= (~ 2 

3 

n-l 

n 

As for 2l, we can introduce the sets conv(JL(2l(C))), €(JL(!21(C))), €*(JL(!21(C))). If 
2l is hereditary then also !21(C) is hereditary. If 2l is full, then for every X ~ [n] that 
is consecutive in C, the family {X} belongs to !21(C). Thus under these two suppo­
sitions, conv(JL(!21(C))) also has the form of Theorem 3.1.1, and moreover there 

exists the antiblocker (conv(JL(2l(C»W and the set CP*(JL(!21(C))) of its essential 
extreme points. 

Theorem 3.2.2. Let 2l be a full hereditary pennutation-invariant class and let 
D := ~ diag«(~), ... , (n~I)' Then conv(JL(!21» ~ Dconv(JL(2l(C))). 

Proof. Let CI,··., Cr be the extreme points of conv(JL(!21(C»). Let FE !21 and 
let f be its profile. We have to show that I can be written as a convex combi­
nation of DCI, ... , Dcr • For any cyclic permutation ~,let F(~) := {X E F : 
X is consecutive in ~} and let I(S) be its profile. Since I(~) belongs to JL(2l(C», 
we can write I(S) in the form 

r r 

I(s) = I>~;(S)c; with a;(~) ~ 0 for all i, I: a;(~) = 1. 
;=1 ;=1 

With each X E F we associate the profile I x of the family {X}, which is a unit 
vector with 1 at coordinate IXI. Finally, let 

E := {(X, S) : X E F, ~ is a cyclic permutation, X is consecutive in ~}. 

Obviously, 

1= I: Ix· 
Xe:F 

For fixed~, 

I(s) = I: Ix· 
X:(X.neE 

For fixed X, X =j:. 0, X =j:. en], there exist IXI !(n - IXI)! = (n -- I)! (:) cyclic 
IXI 

3.3 Classes of families arising from Boolean expressions 

permutations ~ with the property that X is consecutive in ~ . Hence 

(n ~ 1)!D I: Ix =fx· 
(:(X.()eE 

Summarizing we obtain 

1 I:DI(~)= 1 II: I: Dlx 
(n - I)! ( (n - 1). ( X:(X.()eE 

= I: 1 I: Dlx= I: Ix =1· 
Xe:F (n - I)! (:(X.()eE Xe:F 

So we have 

1 r r (1 ) 
1= I: I: a; (S)Dc; = I: ( -1)1 I:a;(S) Dc;, 

(n-l)! (;=1 ;=1 n . ( 
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which is obviously a convex combination of the vectors Dc; since there are in 
total (n - I)! cyclic permutations. • 

3.3. Classes of families arising from Boolean expressions 
We say that a two-element family {X, Y} of subsets of [n] has the property 

S iff X ¢. Y and Y ¢. X (Spemer), 
I iff X n Y =j:. 0 (Intersecting), 

C iff XU Y =j:. [n] (Cointersecting). 

We speak of property S, I, C if {X, Y} does not have property S, I, C, re­

spectively. Le~B = B(S, I, C) be a Boole~ express~on of S, I, C; for ex~pl~, 
B = (SAI)vC (we write briefly B = SIvC). Afamtly F of subsets of[n] IS saId 
to be a B-family if each two-element subfamily of F satisfies the Boolean expres­
sion B. For instance, F is an (SI v C)-family iffor all different X, Y of F, X, Yare 
not comparable with respect to inclusion and have a nonempty intersection or their 
union is the whole set. Note that the class !21B of B-families is full, hereditary, and 
permutation invariant for every Boolean expression B. Determining the maximum 
size of B-families Gronau [246] developed a reduction technique that allows us 

, .. 23 
to consider only a small number of Boolean expressIons mstead of all 2 Boolean 
expressions. This reduction method was generalized by Derbala and me [134] in 
connection with the study of profile-polytopes. I will not address these technical 
questions here. Instead we will study only those Boolean expressions that are most 
interesting from the point of view of profile-polytopes. Interesting, but unsolved, 
are the questions for B = Ie (cf. [199]) and B = IC vIC (cf. [246]), so we will 
not discuss these expressions. The following theorem consists of a list containing 
the sets €*(JL(!21B» and CP*(JL(2lB» and the maximum size of B-families for eight 
Boolean expressions B. From the preceding section we know that this list gives 
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deep informations for B-families. Certainly the complete proof will be tiring for 

the reader. Skipping the "long" cases at first reading is recommended. Later one 

can look, if necessary, at the other cases. We use the following notations for vectors 
and families of i-element subsets of [n]: 

ej := (0, ... ,0, 1,0, ... , O)T, where 1 is at coordinate i, i = 1, ... , n - 1, 

Uj := (7)ej 

II '- I e 
,-j .- G) j 

(n-I) Vj:= j-I ej 

Vj := (~~I) ej 
I-I 

(n-I) Wj:= j ej 

Wj:= (+)e j, 

Clearly, Uj, Vi, Wi are the profiles of Uj, Vi, Wi. Note that Vi + Wi = Uj, i = 
1, ... ,n-l. 

Theorem 3.3.1 (Profile-Polytope Theorem). Let 21B be the class of B1amilies. 
Then we have the following essential extreme points and essential facet-defining 
inequalities (given by the vector of coefficients) of the convex hull of the profiles 
offamiliesfrom 21B; see Table 3.1. 

Here (and in the following proof) all vectors with index ~ (resp. ntl) must be 
deleted ifn is odd (resp. even). Sums in which the lower bound is greater than the 
upper bound are defined to be zero. 

Before we start with the proof let us make several remarks. 

(1) Throughout we may suppose that the B-families do not contain 0 and [n] as 

members since we are only considering reduced profiles (without fa and In). 
(2) The difference between an 1- and an I v C-family is that pairs of comple­

mentary sets are allowed in the second one. The same is true for SI and 
SI v C-families, which are both Sperner families. 

(3) SIC-families are also called families of qualitatively independent sets. Here, 

two subsets X and Y of [n] are said to be qualitatively independent if they 
divide [n] into four nonempty parts (X - Y, Y - X, X n Y, [n] - (X u Y». 
(It is easy to see that a family with the property that any two members are 
qualitatively independent is an SIC-family and vice versa.) 

(4) It is easy to see that one can add to each member X of an SIC v IC-family its 

complement X := [n]-Xsuch that the new family is still an SICv IC-family. 
A self-complementary Spemer family is a Sperner family F with the property 

that X E F implies X E F. Obviously, F is a maximal self-complementary 
Sperner family iff it is a maximal SIC vIC-family. 

(5) A complement-free Sperner family is a Sperner family F with the property that 

X E F implies X ¢ F. The S(lvC)-families are exactly the complement-free 
Sperner families. 

lliJ 
max IFI 

IIvcl 
2n- 1 + 
( n-I ) 
Ln "22 J 

ISIcl 
( n-I ) 
L9J 

I SIC v Ici 

2((~J) 

I S(/ v C) I 
(L~J) 

3.3 Boolean expressions 

Table 3.1 

Essential extreme 

points E*(JL(21B» 

{Uj : I :::: i :::: n - I} 

{ nf! Vj + y~1 Uj: 1 :::: 
j=i j=n-i+1 

i < n+l} - 2 

{
n-i-I n-I 

~. Vj + . L . Uj : 1 :::: 
]=1 ]=n-I 

i < !!.} - 2 

{Vi: 1 :::: i :::: ~} U 

{Wj:~<j::::n-l} 

{Vi + Wn-i : 1 :::: i < H u 
{u~ } 

{Ui : I :::: i :::: n - 1} 

if n is odd, 

{Ui: 1 ::::i::::n-I, 

ii=~}U 

{Vj + Wj : I :::: i < ~,j = ~ 

or i = ~, ~ < j :::: n -l} 
if n is even 

Essential facets 

qi* (JL (21 B» 

In-I I L I-'j 
j=1 

{!!.II. : 1 < i < !!.} U 1'-1 - - 2 

{~(Vi +Wj): j > 

~,i + j :::: n} 

{ T I-'i : I :::: i < H U 

{~(Vj +Wj): j 2: 

~,i + j < n} U Hwn-d 

{ L~J n-I } 
LVi+ L Wj 
i=1 j=L~J+I 

L~Vj+ 
L Wj + I-'~ : 

~ <j:s,n-I:n-NT 

T r;;; {I, ... , Ln2I J}} 

r~: I-'j} 

ifn is odd, 

{ t(l-'j+l-'n- j )+ 
j=1 

(1-l.)vn + 
n 2" 

~-I 

~ L (Vj+wn-j): 
j=i+1 

I :::: i < ~ } U {v~} 
ifn is even 
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