The starting point of this book is Sperner’s theorem, which answers the question:
What is the maximum possible size of a family of pairwise unrelated (with respect
to inclusion) subsets of a finite set? This theorem stimulated the development of
a fast growing theory dealing with extremal problems on finite sets and, more
generally, on finite partially ordered sets.

This book presents Sperner theory from a unified point of view, bringing combi-
natorial techniques together with methods from programming (e.g. flow theory and
polyhedral combinatorics), from linear algebra (e.g. Jordan decompositions, Lie-
algebra representations, and eigenvalue methods), from probability theory (e.g.
limit theorems), and from enumerative combinatorics (e.g. Mobius inversion).
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PREFACE

Sperner theory is a very lively area of combinatorics and combinatorial optimiza-
tion. Though nobody knows the exact age of it, we may assume that it was born in
the end of the 1920s and that at least F.S. Macaulay and E. Sperner belong to the
set of parents. Macaulay’s contribution is discussed in the chapter on Macaulay
posets. Sperner’s theorem is the starting point of this book. It answers the following
question: Given a family of pairwise unrelated (with respect to inclusion) subsets
of a finite set, what is the maximum size of this family? In the 1930s the set of
parents was enlarged by P. Erdds, C. Ko, and R. Rado, who studied intersection
conditions, and in the beginning of the 1950s, R.P. Dilworth entered this set by
proving his famous min—max theorem on partially ordered sets. We should not
forget the grandfather. At the end of the last century R. Dedekind failed to find an
explicit formula for the number of monotone Boolean functions, and this difficult
problem was later attacked by several authors. It is impossible to mention all the
offspring and descendants of Sperner theory. Many of them can be found in the
references. The list of names there shows that many well-known mathematicians
of this century have contributed to the development of the theory.

Several aspects make Sperner theory so interesting. The problems often may be
clearly and simply formulated. For the solutions one indeed needs creativity, and
the techniques are frequently surprising. Concerning applications and methods,
there are several unexpected relations to other branches of mathematics, such as
programming, algebra, probability theory, number theory, and geometry. Thus,
studying Sperner theory means learning many important techniques in discrete
mathematics and combinatorial optimization on a particular theme.

Ten years ago H.-D.O.F. Gronau and I wrote the monograph “Sperner theory in
partially ordered sets” [161]. This work was followed by the books of B. Bollob4s
[73], I.A. Anderson [32], and C. Berge [50] that also discuss aspects of Sperner
theory. Since I saw that a revision of [161] would be insufficient, I decided to write
anew book. It has been my main goal to present a unifying theory that covers many

vii



viii Preface

seemingly distant and separate results, including as far as possible all important
and famous theorems related to the subject. To meet this goal, I took a completely
new approach toward selection, organization, and presentation of the material. Of
course I also tried my best in order to give an updated presentation reflecting the
modern development of the last ten years. More attention is paid to algorithmic
aspects and much more space is devoted to the study of the Boolean lattice.

Up to a small epsilon everything is given with complete proofs (matched to
the “theory™), so that the reader need not consult the original papers. The book is
self-contained, and the reader needs only basic knowledge of mathematics. I hope
that enthusiasm for the subject increases exponentially with the number of pages
read.

Recognizing that it is impossible to refer to all of the large number of papers
related to Sperner theory, I have put the emphasis on the main results and methods
of the theory and not on a complete survey of all related results. Consequently,
many topics are presented only in examples, and I apologize for omitting several
interesting results.

I also intended to keep intersections with existing and forthcoming books small.
For instance, I wrote nothing on dimension theory (W.T. Trotter [452]) and design
theory (e.g., T. Beth, D. Jungnickel, H. Lenz [53]). The probabilistic methods are
not discussed extensively because they are covered in the book by N. Alon and
J.H. Spencer [29]. Some further algebraic methods will be contained in the forth-
coming book by P. Frankl and L. Babai [35]; and L.H. Harper and J.D. Chavez
[261] are building up a theory for discrete isoperimetric problems. Since there exist
excellent books of problems as well as books containing problems with solutions
like those of G.P. Gavrilov and A.A. Sapozhenko [220] and L. Lovész [354] and
LA. Anderson [32], I did not include exercises. However, several theorems, lem-
mata, propositions, corollaries, and claims in this book are suitable for exercises
(which thus have complete solutions). Some open problems are mentioned in the
text, and the corresponding page numbers can be found using the index.

The “easiest” examples for an author are those the author has studied. So my
own list of references may seem inappropriately long. I included also some new
results that will not be published elsewhere. Thus I hope the book might shed new
light on some topics also for people who already do active research in the field.

I wish to thank Larry Harper, who initiated this project and who contributed with
stimulating discussions. Many other mathematicians gave hints and indications to
new results, and I gratefully acknowledge their contributions. Beyond that, I wish
to express my gratitude to all my teachers, direct and indirect. In particular I would
like to thank Christian Bey, Frank Ihlenburg, and Uwe Leck, who read the whole
or at least parts of the manuscript very thoroughly. They found several unpleasant
typographical and substantive errors, and I hope that their number is minimized
now.

Preface ix

I am indebted to all involved in the production of this book. Cynthia Benn and
Rena Wells were of great assistance in improving the style in many ways.

My deep thanks go to my parents Helga and Wolfgang Engel for (among many
other things) introducing me early into mathematics as well as encouraging and
supporting my occupation with it.

Above all I am grateful to my own family for opening widely happy new pages
of my life, for their continuous encouragement and understanding. I leave it as an
exercise to discover the names of my wife and my children in the book.
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Introduction

1.1. Sperner’s theorem

We start our investigations with the theorem that was the cornerstone for the whole
theory. In the thirties, forties, and fifties few further results of a similar kind were
published. But beginning with the sixties, the combinatorics of finite sets has
undergone spectacular growth. Not only have subsets of a finite set been studied,
but also more general objects like partially ordered sets. Many important results
in this area can be found in this book.

Theorem 1.1.1 (Sperner [436]). Let n be a positive integer and F be a family
of subsets of [n] := {1, ..., n} such that no member of F is included in another
member of F, that is, forall X, Y € F we have X ¢ Y. Then

(@
( n ) if n is even,
Fl<i?
(_'.2‘_1 ) if n is odd.
(b) Equality holds iff

(X< n:|x1=14%} if n even,
(X< 1XI=2t}or (XS n): | XI =241} ifnodd.
Proof. The following presents Sperner’s original approach. Clearly the families

given in (b) satisfy the conditions of the theorem and have the corresponding size.
Hence we must show that there do not exist “better” (resp. “other”) families. Let

1



2 Introduction

F be any family of maximum size satisfying the conditions of the theorem. Let
I(F) := min{i : there is some X € F with | X| = i},
u(F) := max{i : there is some X € F with | X| = i}.
For brevity we write / instead of /(F ) if F is clear from the context. Let
G:={XeF:|X|=1)},
H :={Y C[n]:|Y| =141 and there is some X € G with X C Y},
=(F-G)UH.

Claim 1. The family F satisfies the conditions of the theorem.

Proof of Claim 1. The only obstacle could be the existence of some ¥ € H
and some Z € F — G such that Y C Z. But by definition of H we would find
also some X € G C F with X C Y. Thus X C Z, contradicting the fact that F
satisfies the conditions of the theorem. |

Claim 2. Let/ < % Then |F'| > |F|, and |F'| = |F| implies / = ”T"

Proof of Claim 2. Let us count the number N of pairs (X, Y) with X € G,
Y € ‘H, X C Y in two different ways. For a fixed member X of G, we can find
exactly n — I corresponding sets Y since Y can be obtained in a unique way from
X by adding one element of [n] — X. Thus

=1Gl(n = D). 1.1)

For a fixed member ¥ of H, we can find analogously / + 1 sets X with X C Y,
| X| = 1. But it is not necessary that all these sets X belong to G. Thus

N < |H|( + 1). (1.2)
By (1.1) and (1.2) and because of / < %,
Gl(n —1) < H|(+ 1), (1.3)
_n=l
IHI n —l 2 n T
Igl =41

2
where the last inequality is only an equality if /| = 5’-5—1 Since F satisfies the
conditions of the theorem, F N ’H = @. Thus

-1
|F'| = |F| = 1G] + M| = | F]| (equallty implies / = —2—)

1.1 Sperner’s theorem 3

Recall that we have already chosen F as a family of maximum size that satisfies
the conditions of the theorem. We obtain from Claims 1 and 2

n+1

I(F) > "2 and (analogously) u(F) < —

because otherwise we could construct a family F’ of larger size. If n is even, we
are already done. So let n be odd. If /(F ) = u(F), both values are either ”—5' or

n+l
17| < (n";l) = (n"i) (1.4)
2 2

“Z= and, consequently,
Thus assume that /(F) = 5L, u(F) = —*2'— n this case we will obtain a contra-
diction. By Claim 2,

Fl < |1F| < (,,"i,) (15
2

Since F is of maximum size, we must have equality in (1.5), thus also in (1.2),
and this is possible only if for every Y € H each /-element subset of ¥ belongs
to G. But consider under all pairs (Y, Z) with Y € H, Z € F — G such a pair for
which |Y N Z| is maximum. Since |Y| = |Z| =1+ 1,Y # Z, there exist some
y€Y —Zandsomez € Z—Y.In view of the preceding remarks, ¥ — {y} must
belong to G; thus Y’ := (Y — {y}) U{z} belongs to H.Now |Y'NZ| = |Y N Z|+1
is a contradiction to the maximality of |Y N Z|. [ |

This result (or at least part (a)) was obtained independently by several other
mathematicians. As examples we mention here Gilbert [223] and the succeeding
paper of Mikheev [369]. Using

n 5 ifniseven,
|-2-l . [ 2=l if n is odd,
part (a) of Theorem 1.1.1 reads: | F| < (lgl)'

Sperner’s theorem can be always applied if one works with families of subsets
that are pairwise incomparable with respect to inclusion. Here we consider only
one example. It was found by Demetrovics [130] in a study of the relational model
of data structures proposed by Codd [118] and Armstrong [33]. Suppose we are
givenm persons Py, ..., P, and n attributes 4y, ..., A, like last name, first name,
date of birth, place of birth, weight, and so forth. For each person, each attribute
takes on a unique value. Using a right coding, we may suppose that each such
value is a natural number. Thus all data on the persons can be represented by an
m x n-matrix D = (d;;), where dj; is the value of 4 ; for person P;. We say that

a set of attributes {4; : j € X}, and, briefly, the set X C [n], is a key if for fixed
values of 4, j € X, there exists at most one person P; that has these values — that
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is, if
dij =dy;forall j € X impliesi =i’

(one already “knows” the person if one knows his values of the attributes of a key).
A key X C [n]is called a minimal key if there is no key X’ with X’ C X.

Corollary 1.1.1.  For n attributes the number of minimal keys is not greater than
(lf.; 1) and this bound is the best possible.

Proof. It is trivial to see that the family F of minimal keys satisfies the conditions
of Theorem 1.1.1, which proves the upper bound. To see that this bound can be
attained, we must construct a corresponding matrix D. We do this here in a simple
way with a large m, namely m := (Ln]'_l) + 1. Set all entries of the first row of D
equal to 1. Then order all n-dimensional rows with | 5| — 1 onesandn + 1 — 3]
zeros in any way, but count them from 2 up to (|}_,) + 1. Define the ith row
of D to be the ith row from above, but with all zeros replaced by the number
Li=2,..., (L%T—l) + 1. Then every |} |-element subset of [n] is a key since
either we find in the corresponding places only ones ~ and this can be the case
only in the first row, or we find some number i # 1 —and this can be the case only
in the ith row. Moreover, it is easy to see that there is no key of size smaller than
L51; thus we have indeed ( Li.; J) minimal keys. [ ]

The preceding construction is due to Demetrovics and Katona [131]. For more
information on similar combinatorial problems of data structures, see, for example,
Demetrovics and Katona [131] and Demetrovics and Son [132].

1.2. Notation and terminology

The main objects considered in this book are partially ordered sets (abbreviated
as posets), which are sets equipped with a reflexive, antisymmetric, and transitive
relation (order relation). Throughout we suppose that the posets are finite. For
the sake of brevity we will not distinguish between the poset and the underlying
set. For two comparable (i.e., related) elements p, g of a poset P, we write in
the usual way p < g or, equivalently, g > p. Two posets P and Q are called
isomorphic (denoted by P = () if there is a bijective mapping ¢ from P onto Q
(called isomorphism) such that p < g iff (i.e., if and only if) p(p) < ¢(g). An
automorphism of P is an isomorphism from P onto P.

Sometimes we study more general objects, namely graphs. An (undirected,
simple) graph G = (V, E) is a set V, called the vertex set or point set, together
with a set E of two-element subsets of ¥, called the edge set. The degree d(v)
of a vertex v € V is defined as the number of edges containing v. The graph
is called regular of degree d if d(v) = d for all v € V. We speak of directed
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graphs (digraphs) G = (V, E) if E consists of (ordered) pairs (p, q) of different
elements p, g of ¥ and we call the elements of E arcs. For e = {p, q} (p, q are
the endpoints of e) (resp. e = (p, q), p is the starting point, q is the endpoint), we
write briefly pg, and in the directed case we use the notation e~ := p,e* := q.
Moreover in the directed case we allow more than one arc between points p and
q; thus E is a multiset of arcs.

The element g of a poset P is said to cover the element p (denoted by p < g
andg > p)ifq > pandifq > q' > p implies ¢ = g’. Obviously, the order
relation is the reflexive and transitive closure of the cover relation. A poset P can
be illustrated by its Hasse diagram, which is a digraph H(P) = (P, E(P)) whose
vertex set is P and whose arc set E(P) consists of all pairs (p, g), where p < q.
In figures we always have g > p if p and g are joined by a straight line and g lies
higher than p. The Hasse graph is the underlying undirected graph of the Hasse
diagram. An element p of P is called minimal (maximal)if ¢ < p (¢ > p)implies
g =~ p. For two elements p, g of P, we define the interval [p, q] to be the set of
all elements of P lying between p and g; thatis, [p,gl ={ve P: p<v < gq}.

A subset of pairwise comparable elements of a poset P is said to be a chain. We
denote chains by C = (cg < - -+ < ¢p), which gives us not only the elements but
also the relation between them. The number 4 is called the length of C. The height
Junction assigns with each element of P the length of a longest chain with p at the
top. A chain is called saturated if it has the form C = (cp < .-+ < ¢p), and it is
called maximal if, in addition, cp and ¢, are minimal and maximal elements of P,
respectively.

An antichain is a subset of pairwise incomparable elements of P. Subsets of a
poset will often be called families too (motivated by families of subsets of a set).
Antichains are also called Sperner families. A k-family is a family in P containing
no chain of £ + 1 elements in P, thus a 1-family is an antichain. Usually we denote
families by roman letters F, G, and so on. If P is the Boolean lattice (to be defined
in the next section) or if P is very similar to the Boolean lattice we also use script
letters F, G, and so forth.

We speak of maximal families and maximum families satisfying various condi-
tions. “Maximal” means not contained in any other; “maximum” means maximum-
sized.

For graphs G = (V, E), we define a subset C of V to be a clique if any two
elements of C are joined by an edge (i.e., are adjacent), and a subset / of V' is
called independent if no two elements of I are adjacent. A matching in a graph
G = (V, E) is a subset M of E of pairwise nonadjacent edges; that is, no two
edges of M have a common endpoint.

We often consider extremal problems not in a poset but in a weighted poset
(P, w), which is a poset P together with a function (called a weight function) w
from P into the set R of nonnegative real numbers. If w(p) > Oforall p € P,
then (P, w) is called a positively weighted poset. The weight w(F) of a family F of
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(P, w) is defined by w(F) := Y peF w(p). Every poset P can be considered as a
weighted poset (P, w) where w = 1; thatis, w(p) = 1 forall p € P. We identify
P and (P, 1). The maximum weights of an antichain and a k-family in (P, w) are
denoted by d (P, w) and d (P, w), respectively. The parameter d(P, w) is called
the width of (P, w).

Given a weighted poset (P, w) and a subset F of P, the poset whose underlying
set is F and whose elements are ordered and weighted as in (P, w) is called the
poset induced by F. The dual (P*, w) of (P, w) has the same underlying set and
the same weight function as (P, w), but it is ordered by p <p= q iff p >p gq.

The (direct) product P x Q of the posets P and ( is defined to be the set of
all pairs (p, q), p € P,q € Q, with the order given by (p, q) <pxg (7', q’) iff
p <p P’ and q <p q’. Moreover, the product (P, v) x (Q, w) of the weighted
posets (P, v) and (Q, w) is the product of P and Q together with the weight
function v x w defined by (v x w)(p, q) := v(p)w(g), p € P,q € Q. We denote
a product of n copies of (P, w) by (P, w)", and for (P, wy) X - - - X (P, w,) we
write briefly [Ti_, (P, w;).

Given a group G of automorphisms of a poset P, a nonempty subset 4 of P is
called an orbit if for all p,q € A there is some ¢ € G such that ¢(p) = g and
if 4 is maximal with respect to this property. It is easy to see that the union of all
orbits is a partition of P. Now the quotient of P under G (denoted by P/G) is
the poset of all orbits ordered in the following way: 4 <p, B iff there are some
a € A,b € Bsuchthata <p b (it is easy to see that P/G is really a poset). The
weighted quotient is the quotient together with the weight function w/G defined
by w/G(A4) :=|4|, 4 € P/G.

Given two posets P and O, a mapping ¢ : P — Q is called order preserving
if p < q implies p(p) < @(g). If Q is the set R with the natural ordering, we
speak of increasing functions. Decreasing functions are defined in an analogous
way. The characteristic function of a subset S of P is defined and denoted by

1 ifpes,
es(p) = _
0 otherwise.

The support of a function f : P — Ris the set supp(f) :={p € P: f(p) # 0}.

A subset F of a poset P is called a filter (ideal) if p € Fandg > p(q < p)
imply g € F. Sometimes filters (ideals) are also called upper ideals (lower ideals).
A filter (ideal) F is said to be generated by a subset Sof Pif F={pe P: p >
q (p < q) for some g € S}. If S contains only one element we speak of principal
filters and ideals.

Given two elements p, g of P, the element v is called supremum (infimum) of p
and g —denotedby v = pvqg (v= pAg)-ifv> p,v>gandifw > p,w > g
imply w > v (ifv < pv <gandifw < p,w < q imply w < v). In an

analogous way we define the supremum (infimum) of any subset 4 of P, which
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we denote by sup 4 (inf 4). Most of the examples considered in this book are
lattices, that is, posets P in which p v g and p A g exist for all p,q € P.

Further, almost all posets that we will study are ranked posets, that is, posets
together with a rank function. Here a rank function of a poset P is a function
r from P into the set N of all natural numbers such that r(p) = 0 for some
minimal element p of P and p < q implies r(g) = r(p) + 1. Note that we do
not suppose — as traditionally — that (p) = 0 for all minimal elements p of P. If
in a ranked poset every minimal element has rank 0 and every maximal element
has the same rank, we speak of a graded poset (note that in any poset there is at
most one rank function with this property). Given a ranked poset P, rp denotes
throughout its rank function, but generally we omit the index P and merely write
r. The number r(P) := max{r(p) : p € P} is called the rank of P (note the
difference from the weight w(P) of a weighted poset (P, w), which we defined
by w(P) := Zpep w(p)). Very often we set for the sake of brevity n := r(P).

A subset F of a graded lattice is called ¢-intersecting (¢-cointersecting) if r (p A
q) =t (r(pvq) <r(P)—t)forall p,q € F.Intersecting (cointersecting) is an
abbreviation for 1-intersecting (1-cointersecting).

The dual of a ranked poset P is the dual P* of P together with the rank function
rpx :=rp(P) —rp(p) forall p € P. Moreover, the product of two ranked posets
P, Q is defined to be the poset P x Q together with the rank function rpx o
given by rpx o(p, q) :=rp(p) + ro(q). For a ranked poset P, we define the ith
level by N;(P) := {p € P : r(p) = i}; its size W;(P) := |N;(P)| is called
the ith Whitney number, i = 0, ..., r(P) (when there is no danger of ambiguity,
we write briefly N; and W;). It is useful to define N; := @ and W; := 0 if
i ¢{0,...,r(P)}. Obviously, each level of a ranked poset is an antichain, and the
union of k levels is a k-family. The rank-generating function F(P; x) of a ranked
poset is defined by F(P;x) := Y . px" P (= Y8 wixt). 1tis easy to see that
F(P x Q;x) = F(P; x)F(Q; x) if P and Q are ranked. For S C {0, ..., r(P)},
we define the S-rank-selected subposet (Ps, ws) as the subposet induced by Pg :=
{p € P :r(p) € S} together with the induced weights wg.

Forranked posets P, Q of the same rank, we define the rankwise (direct) product
P x, Q tobe the set U;(:;)Ni (P) x N;(Q) together with the relation (p, g) <px, o
(P, q") if p <p p'and g <g ¢'. If we have, in addition, weights v and w on P
and Q, resp., then, as for usual products, (v x, w)(p, q) := v(p)w(q).

Given a family F in a ranked poset P, the set of rank i elements of F is denoted
by F;, and the numbers f; := |F;| are called parameters of F,i = 0, ..., r(P).
The vector f = (fo, ..., fr(p))" is called the profile of F. If F = F; for some i
then we call F i-uniform.

For an element p of P, we define and denote the upper (resp. lower) shadow
of pby V(p) :={q € P : qg> p} (tesp. A(p) := {q € P : q < p}). More
generally, if P is ranked, let the upper (resp. lower) k-shadow of p be defined and
denoted by V_x(p) :={q € Ni : q > p} (resp. Ax(p) :={q € Ny : g < p}).
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The (k—) shadows of a subset of P are the unions of the (k—) shadows of its
elements.

More generally, given a weighted and ranked poset (P, w), the weight w(N;) of
the ith level N; of P is called the weighted ith Whitney number. We mostly use the
following definitions in the w = 1 case (where W; = w(N;)). The weighted and
ranked poset (P, w) is said to have the k-Sperner property if the maximum weight
of a k-family in (P, w) equals the largest sum of k£ weighted Whitney numbers in
(P, w), that is, if

dp (P, w) = max{w(N;) + -+ wV;):0<iy <--- <iy <r(P)}.

In the £ = 1 case we also say briefly that (P, w) has the Sperner property or
(P, w) is Sperner. Further, (P, w) has the strong Sperner property ((P, w) is
strongly Sperner) if (P, w) has the k-Sperner property forallk =1, 2,....

A sequence of nonnegative real numbers {a,} is called unimodal if there is a
number % such that @; < a;41 fori < hand a; > a;4) if i > h. Itis called
logarithmically concave (or log concave) if a,.2 > a;_1a;4 for all i. For a fi-
nite sequence (ao, - ..,ay), we say that it is symmetric if a; = a,—; for all i.
If the (weighted) Whitney numbers of (P, w) are unimodal (resp. symmetric),
then (P, w) is said to be rank unimodal (resp. rank symmetric). If {a,} and {b,}
are two infinite sequences of real numbers, the following notations for n — 0o
are well known: a, ~ b, if lim, ,cca,/by, = 1; a, = O(b,) if there exists
some ¢ € R such that |a,| < c|by| for all n; a, = o(b,) if lim,_,0a,/b, = 0
and a, < by, if ap < by(1 + o(1)). All logarithms in this book are to the basis
e=2718....

As usual, we denote the largest integer that is not greater than a given real
number x by |x]. For the smallest integer that is not smaller than x, we write [x].
The set {1, ..., n} we abbreviate by [n]. For the family of k-element subsets and
for the power set of [n], we use the notation ([',:]) (resp. 2["]), which is motivated
by the corresponding sizes. 4 C B means that A4 is a subset of B, whereas strict
inclusion is denoted by 4 C B. For the set difference of sets 4 and B, we write
A— B. Moreover, we denote the complement of 4 in [n] by A;thatis, 4 := [n]—A4.
For F C 2[", let F := {4 : A € F} be the complementary family.

Before considering some concrete examples of posets and lattices in the next
section, let us look at some larger classes of ranked posets. For a general study of
these lattices, see, for example, Aigner [21] and Stanley [441]. In a lattice P, the
elements covering the minimal element are called aroms. The rank function of P
is called modular (resp. semimodular) if

r(pAg)+r(pVvg)= (resp. <)r(p)+r(q)forall p,q € P.

A (finite) lattice is called modular if it has a modular rank function. Moreover,
a lattice is said to be geometric if it has a semimodular rank function and every
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element is a supremum of atoms. Finally a lattice is called distributive if the
following identities hold for all p, g, v € P:

PA@VY)=(pAg)V(pAv),
pV(@Av) =(pVg)A(pVo).

We note that each of these identities implies the other. All (finite) distributive lat-
tices are ranked, for the proof see, for example, [21, p. 38]. Obviously, distributivity
implies modularity.

1.3. The main examples

The following are several examples of posets we will consider in this book. Most
of these posets can easily be shown to be lattices. Hence in all traditional examples
the word lattice will be used instead of poset. Further, it is mentioned without
proof that all following posets are ranked. The reader will learn in the book that
all posets up to the last one have the Sperner property.

Example 1.3.1. The Boolean lattice B,,.

The poset of all subsets of an n-element set, ordered by inclusion, is the Boolean
lattice. Obviously, B, is isomorphic to (0 < 1)" as well as to the poset of all faces
of an (n — 1)-dimensional simplex (including the empty set as a face), ordered
by inclusion. It is easy to see that Ni(B,) consists of all k-element subsets; thus
Wi(Bn) = () The Hasse diagrams of B3 and By are illustrated in Figure 1.1.

B3 By
Figure 1.1

Example 1.3.2. Chain products S(ky, ... , k).

The poset S(ki, ..., k,) consists of all n-tuples of integers @ = (ay,...,a,)
such that 0 < a; < k;, i = 1,...,n, and we have @ < b iff a; < b; for all
i. We will adopt the convention k; > ... > k,. Obviously, S(ky, ..., k,) =

i—1(0 <1 < --- < k;), and therefore S(ky, ..., ky,) is called a chain product.
Given n distinct primes py, ..., p,, Sk, ..., k,) is isomorphic to the lattice



10 Introduction

of all divisors of p’l‘l pl,f", ordered by divisibility. The Boolean lattice B, is
isomorphic to S(1, ..., 1). From the product representation we obtain that the
rank of an element a of S(ky, ..., k,) is given by r(a) = a; + --- + a,, and the
rank-generating function is [T/_; (1 +x + - - - + x¥i).

Example 1.3.3. The cubical poset Q.

QOn is the poset of all faces of an n-dimensional cube (not including the empty set
as a face), ordered by inclusion. Here we consider only the discrete cube {a =
(ay,...,an) : a; € {0, 1}}. Its faces are all subsets of the form {a : a; € {0, 1} if
i¢l,a;=0a;ifi e I(i=1,...,n)}, where I isasubsetof [n] and «; (i € I) are
fixed elements of {0, 1}. Clearly the faces are exactly the intervals in the Boolean
lattice B,. If one notes that a face corresponds to an n-tuple b = (by, ..., b,)
where b; = 2if i ¢ I and b; = «; if i € 1, then it is not difficult to see that Q,
is isomorphic to a product of »n factors given in Figure 1.2. Thus we consider Q,

2

N\

0 1

Figure 1.2

mostly as the set of all n-tuples b = (by, ..., b,) with b; € {0, 1, 2} for all i and
ordered by b < ¢ iff ¢; = 2 or b; = ¢; for all i. Obviously, the rank of b equals
the number of “twos” in & and Wi(Qn) = (2"

We get the cubical lattice Q) if we add to Q, a minimal element (which is
smaller than all elements of Q,).

Example 1.3.4.  The function poset F}.

F}! consists of all partially defined functions of an n-element set into a k-element
set. For a function f of F}, let D(f) be its domain. Two elements of F} are
ordered in the following way: f < g iff D(f) € D(g) and f(x) = g(x) for
all x € D(f). A partially defined function of {xi, ..., x,} into {y1, ..., y} can
be represented as an n-tuple @ = (ay, ..., a,), where a; = 0if x; ¢ D(f) and
a; = jifx; € D(f) and f(x;) = y;. Thus F! is isomorphic to a product of »
factors given in Figure 1.3. It follows that F} is isomorphic to the dual of O,,. The
rank of an element a of the poset F}! is given by the number of nonzero elements
in @, and we have Vlf;(F,:’) = (})k’. If we add a maximal element to F}', we get
the function lattice F}] .

Example 1.3.5. Star products T (ky, ..., kn).
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1 2 k

0
Figure 1.3

This poset consists of all n-tuples of integers @ = (ay, ..., a,) such thatk, —k; <
ai <k,, i =1,...,n, and we have a < b iff, for all i, a; = b; or b; = k,. We
suppose throughout that k; < --- < k,. Obviously, T'(ky, ..., k,) is isomorphic
to a product of stars presented in Figure 1.4. Thus it is a natural generalization
of the cubical poset and the dual of the function poset. The rank of an element
a of T(ky,...,ky) is given by the number of components equal to k,, and the
rank-generating function is [T;_, (ki + x).

kn
kn—kikn—ki+1 kn—1
Figure 1.4

Example 1.3.6. The poset Int(S(ki, ..., kn)).

This is the poset of all nonempty intervals in S(ky, ..., k), ordered by inclusion;
that is, its elements are sets of n-tuples of the form {a@ : «; < a; < B (i =
1,...,n)}, where ¢; and B; are fixed integers, 0 < o; < Bi <ki(i=1,...,n).
It is easy to see that Int(S(k;)) is isomorphic to the “upper half” of S(k;, k;)
(see Figure 1.5). The corresponding isomorphism is the mapping that assigns
the interval {@, ¢ + 1,...,8}, 0 < @ < B < kj, to the pair (8, k; — ). If

we interpret the elements of S(ky, ..., k,) as points of a discrete (rectangular)
parallelepipedon, then Int (S(ki, ..., k,)) consists of all subparallelepipedons of
a parallelepipedon, ordered by inclusion. Note that /nz (S(1, ..., 1)) isisomorphic
to Q.

Example 1.3.7. The poset M(ky, ..., ky).

The elements of this poset are subsets of S(k, ..., k,) of the form {a € S(ky, ...,
kn) 1 a; € Aj, i =1,...,n} where the 4; are nonempty subsets of {0, ..., k;},
i = 1,..., n,and the ordering is again by inclusion. It is easy to see that M (ky, ...,
kn) is isomorphic to B,’(| 4 X e X B,"" 41 Where B, denotes the Boolean lattice
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Int(S(4))
Figure 1.5

B, without the minimal element. In the case n = 2, this poset can be interpreted
as the poset of submatrices of a matrix with (k| + 1) rows and (k2 + 1) columns,
ordered by containment. We speak also for n > 2 of the poset of submatrices of a
matrix.

Example 1.3.8. The posets SQk,n and SMy p.

The elements are subsets of S(k, ..., k) of the form {a € S(k,...,k) : a; €
A;, i = 1,...,n} where the 4; are for SQk , intervals in [0, k] of same sizes
and for SMy, , subsets of [0, k] of same sizes, and the ordering is by inclusion.
If we consider S(%, ..., k) as a discrete cube, then SQk, , can be interpreted as
the poset of subcubes of a cube. In the case n = 2, SM , can be interpreted
as the poset of square submatrices of a square matrix (with k + 1 rows (resp.
columns)), but we use this notation also for n > 2. It is easy to see that SQx , =
Int(S(k)) x, -+ x, Int(S(k)) and SMy n = Bi41 Xr -+ + Xr Br41 (rankwise
product).

Example 1.3.9. The linear lattice L,(q).

This is the poset of all subspaces of an n-dimensional vector space over a field
of g elements (the Galois field G F(g)), ordered by inclusion. The rank of an
element V' of L,(g) equals its dimension dim ¥ (as a subspace). In Figure 1.6
we illustrate L3(2) (the triples indicate the coordinates of vectors that generate
the corresponding one-dimensional subspace). It is not difficult to see that each
nonempty interval [V, W] in L,(q) is isomorphic to Lgim w—dim v (¢) (consider
the mapping that assigns to each U € [V, W] the factor space U/ V). It is well
known (cf. [21, p. 78]) that the ith Whitney number of L,(q) equals the Gaussian
coefficient (,;)q’ which is defined by

(”) _ @ =@ =D @ -
i/g @ -D@-"'-1D---(g-1

The linear lattice L,(q) (as also B, and S(ki, .. ., k»)) is isomorphic to its dual:
If the vector space is realized as the set of all n-tuples with components from

s 0<i<n.
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L3(2)

Figure 1.6

G F(q), then an isomorphic image of some subspace V is the subspace {x =
1, x)T vy -+ upxy =0forally = (vy, ..., v,)T e V).

Example 1.3.10. Projective space lattices.

A projective space lattice is the poset of all subspaces of a projective geometry,
ordered by inclusion. For a definition of a projective geometry and its subspaces,
see references [21, pp. 55ff] and [450, pp. 105ff]. Note here that if such a poset has
rank > 4, then it is isomorphic to some linear lattice L,(g) (see [450, p. 203] and
note that we have the general supposition that all posets are finite). In the rank =
3 case, the projective geometry is a projective plane [450, Theorem 13.7]. Finally,
in the rank = 2 case, projective space lattices have the form given in Figure 1.7.

xSy

Figure 1.7

Example 1.3.11. Modular geometric lattices.

These are lattices that are both modular and geometric. We only need the fact that
the modular geometric lattices are exactly the products of a Boolean lattice and
projective space lattices, which was proved by Birkhoff (cf. [21, p. 64], where
two-element chains are also considered as projective space lattices).

Example 1.3.12. The affine poset A,(q).

The poset of cosets of subspaces (affine subspaces) of an n-dimensional vector
space over G F(g), ordered by inclusion, is the affine poset 4,,(g). The rank of an
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element a + V' equals the dimension of V, and the ith Whitney number is given by
Wi(An(q)) = q”"'(”.’)q. Every nonempty interval [a + V, b + W] (i.e., we may
suppose a = b) is obviously isomorphic to Ldim w—dim v (¢). If we add a unique

minimal element, we obtain the affine lattice A, @
Example 1.3.13. The poset L(m, n).

The elements of the poset L (m, n) are the n-tuplesa = (ay, ..., a,) with0) < a; <

. < a, < m. They are ordered componentwise; that is, @ < b iff a; < b; for
all i. L(m, n) is isomorphic to the poset of all ideals in S(m — 1, n — 1), ordered
by inclusion (note that the mapping which assigns @ € L(m, n) to the ideal in
S(m—1, n—1) generated by the set {(a; —1,n—1), (a2—1,n-2), ..., (@, —1,0)}
— an element (—1, i) is considered nonexistent — is an isomorphism). The rank
function is given by r(a) = a; +--- +a,.

Example 1.3.14. The poset M(n).

This is the poset of all n-tuples a = (aj,...,ap) With0 = a; = --- = a, <
apy) < - < ap <n,h €{0,...,n} (h = 0 means a; > 0), with the order
given by @ < b iff a; < b; for all i. For the rank of an element a, we have
r(@) =ay+---+ ap; thus r(M(n)) = ﬁ";’—l)

Example 1.3.15. The graph poset G,.

The elements of the graph poset G, are the simple graphs on » unlabeled vertices
(i.e., the isomorphie classes of the graphs on the vertex set [#] without loops and
multiple edges). These graphs are ordered by containment (embedding). The rank
of such a graph (as an element of the poset G,) equals the number of edges in it.

Example 1.3.16. The partition lattice I1,.

The elements of this lattice are the partitions of [n], and they are ordered by
refinement. We denote, for example, the partition {4} U {2, 5, 6} U {1, 3} of [6]
briefly by 4/256|13 (or 526/13|4,...), and this partition covers 4|2|56|13,
4|25|6/13, 4|5|26|13, 4]256|1|3. Let b(r) stand for the number of blocks in 7.
Then the rank function is given by (;r) = n — b(rr). Figure 1.8 illustrates I14 (the
two-element blocks of the atoms are depicted). For the Whitney numbers, we have
Wi(Il,) = Sy n—i, where S,  is the corresponding Stirling number of the second
kind, which is defined by the number of partitions of [#] into exactly k blocks. If
m < o and 0 = Bj|...|By, where B; contains n; blocks of 7, then obviously
[r,0] =1, x - x I,,. The following basic recurrence holds for the Stirling
numbers:

Suk =kSn—1k + Sp—1,k-1, nk=>1, (1.6)
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Figure 1.8

and the Bell numbers B, := |T1,| (do not confuse them with the Boolean lattices
By) can be determined by the formula of Dobinski (cf. [354, pp. 14f]):

1 & i
B, = - 'l— 1.7
e = i!

It is well known [441, p. 127f] and can be easily proved directly that IT, is a
geometric lattice. '
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Extremal problems for finite sets

Many results in Sperner theory have their origin in theorems on families of subsets
of a finite set, that is, in the special case of the Boolean lattice. So we start our
investigations with the Boolean lattice. Because of the richness of the literature,
we must be selective. In particular, this chapter presents several important methods
(together with related results). The linear programming approach is discussed in
a separate chapter.

2.1. Counting in two different ways

We have already seen this method in the proof of Claim 2 of Sperner’s theorem.
It can be illustrated with a bipartite graph, which is a graph G = (V, E) whose
vertex set V' can be partitioned into two sets 4 and B such that |eNA4| = [eNB| = 1
for all e € E. The method of counting in two different ways is then given by the

trivial equality
|E|=) dw)=)_d).
veAd veB

But the problem is the construction of the “right” vertex set ¥ = 4 U B and of
the “right” edge set E. Edges in a bipartite graph can be written also as pairs of
vertices. If we say in the following proofs that we count the number of pairs with
“...” in two different ways, then the set 4 (domain of the first coordinate), the
set B (domain of the second coordinate), and the edge set E (all pairs with the
corresponding property) are implicitly given. For the sake of brevity the graph will
not be presented (and drawn) explicitly.

2nd Proof of Theorem 1.1.1(a). Let S, be, as usual, the set of all permutations
of [n]. We count the number N of pairs (X, ) where X € F,wr € Sy, X =
{m(1),..., (XD}, in two different ways. For fixed X € F, a corresponding
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permutation must map {1, ..., | X} bijectively onto X and {| X|+1, ..., n} bijec-
tively onto [#n] — X. Thus we find | X|!(n — | X|)! such permutations (this is also
true for X = @), and it follows that

N = Z X[t — | XD .1
XeF

However, for fixed m we find at most one corresponding X € F because of the
inclusion condition. Thus

N< 1=n 22)
TES,
From (2.1) and (2.2) we obtain (after division by n!)
1
XeF (|X|)

It is trivial to verify that the binomial coefficients are rank unimodal and rank
symmetric; that is,

(g)5(,;)5"'5(L’";J)=(rg1)z"'z(nil)z(Z)‘

Thus (2.3) implies

1 n
—_ <1, ie, |Fl< ( ; )
Xze.:?(L%J) L3)

This proof is due to Lubell [357]. The inequality (2.3) was also found (in a
different way) by Yamamoto [471], and Meshalkin [364], and therefore inequality
(2.3) is known as the LYM-inequality. Generalizations to other posets are discussed
in Section 4.5.

Note that each permutation v € S, corresponds in a bijective way to a maximal
chainC =@ < {mr()} < {7#(1), 7))} < --- < {7w(1),7(Q2),...,7w(n)}) in the
Boolean lattice (realized on 2["l). Thus, in another interpretation, we counted the
number of pairs (X, C) with X € F, C a maximal chain, X € C, in two different
ways. In (2.2) we had only an inequality because there might exist maximal chains
C that do not contain any member of . Now we change the situation in order
to meet every chain exactly once. Let D be an ideal in 2["], and i/ := 2["] — D,
Clearly, U is a filter. Moreover, let

ED,U) ={(Y.X):YeD, Xel,Y < X}.

In the Hasse diagram of the Boolean lattice, this set is the set of arcs that leave D
and enter U.
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Lemma 2.1.1. If @ € D and [n] € U, then

[Y|'(n — | X! =nl. (2.4)
(Y. X)eE(D,U)

Proof. We count the number of pairs ((¥, X), C) with (Y, X) € E(D,U),C a
maximal chain, ¥, X € C, in two different ways. As before, we obtain that for
fixed (Y, X) € E(D, U) there exist exactly |Y|!(n — | X[)! such chains. But since
each maximal chain C starts in D and ends in I/ and since D is an ideal, C must
leave D in a unique element Y and enter I/ in the next element X. Thus, for fixed
C, there exists exactly one corresponding (Y, X) € E(D, U). ]

The following identity was found by Ahlswede and Zhang [18], and can be
considered a sharpening of the LYM-inequality.

Theorem 2.1.1 (AZ-identity). Let F be a family of nonempty subsets of [n]. Let
w : 2[") — N be the weight function defined by

w(X) = | ﬂ A|, where X C [n]
AeF:ACX
(here the intersection is defined to be empty if there is no A € F with A C X).
Then
w(X)

XC[n] |X|(|;’(|)

Proof. Let U be the filter generated by F, and let D := 2[" — /. Then we may
apply Lemma 2.1.1 to obtain (2.4). For fixed X, let N(.X') be the number of pairs
(Y, X) € E(D,U). It is easy to see that

0 if XeD,
fxeX: X—{x}eD} ifXel.

Clearly, X € D iff thereisno 4 € F with 4 C X.
For X e Y and x € X, we have X — {x} € Diff x € 4 for all 4 € F with
A C X, thatis, iff x € Nger:.4cxA. Consequently,

N = [

w(X) = N(X) forall X C [n]. 2.5)
From (2.4) and (2.5) we obtain
Z NX)(X] = Dl — | X]Y)

XC[n]

n!,

w(X)

— =1L -
XC[n] I‘/Yl(lf\’l)
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Note that the LYM-inequality follows indeed from Theorem 2.1.1 since for a
Sperner family F and a member X of F clearly w(X) = | X]|.

In the preceding investigations we worked with a set of arcs in the Hasse diagram
that intersect (the arcs of) each maximal chain. Deletion of the set £ (D, I{) means
that we “cut” every maximal chain. Instead of arcs we may consider also vertices.
We say that a family C of subsets of [n] is a cutset if each maximal chain meets C.
For instance, {8} and {[n]} are cutsets that are, in addition, minimum and, of course,
minimal. Since we will study cutsets in more detail in Section 4.2, we consider
here also one result for cutsets, though in the proof the method of counting in two
different ways is not really used. Answering a question of Lih (see also [342]),
Fiiredi, Griggs, and Kleitman [210] discovered that there exist “large” minimal
cutsets. Let c(n) be the maximum size of a minimal cutset in 2],

Theorem 2.1.2. We have

c(n) ~2"asn — oo.

Proof. First we will show that we may restrict ourselves to “special” values of ».

. cn) ctn+1)
Claim 1. We have —n < TE

Proof of Claim 1. Let C be a minimal cutset in 2] of size c¢(n). Then clearly
@, [n] ¢ C. It s easy to verify that CU {C U {n + 1} : C € C} is a minimal cutset
in 2[**1 Thus c¢(n + 1) > 2¢(n), which yields the assertion. O

for all n.

By Claim 1, it is sufficient to find a sequence ny with ny — 0o as k — oo such
that.
c(ng)
2nk
Let us fix some & € N and let n := ak where a is some natural number that we
will specify later. Let U?_, S; be a partition of [r] into classes of size k and let

>1—o0()ask — oo. (2.6)

C:={CC[n]:0<]|SNC| < kforall i}
U{C c[n]:|S5iNC|=0,|S;NC| =k for some i and j}.
Claim 2. The family C is a cutset.
Proof of Claim 2. Let (3 = Xp < X| < --- < X,, = [n]) be any maximal
chain and define ¢ as the largest integer such that X; is still disjoint from some S;.

Then X, intersects all ;. If X, does not contain any S, then it belongs to the
first part of C; otherwise X; belongs to the second part of C. o

Let
Co:={C<C[n]:0<]|SNC| < kforall i}
N{CCIn]:ISiNC|=1,|S;NC|=k— 1 for some i and j}.



20 Extremal problems for finite sets

Claim 3. For any C € Cp, the family C — {C} is not a cutset.

Proof of Claim 3. Let C € Cp where |SxNC| = 1,|S» NC| = k — 1.
Consider any chain of the form (--- < C — S§x < C < CU Sj» < ---). Assume
that this chain contains a member X with X € C — {C}. For brevity we assume that
X < C (the case X > C can be treated analogously). Obviously, | X N ;x| = 0;
thus X could only belong to the second part of C. But |S; N X| = k would imply
|S; N C| = k, a contradiction to C € Cp. 0O

By deleting certain members of C step by step, we obtain finally a minimal
cutset C;. By Claim 3, C; 2 Cy; that is (using inclusion-exclusion),

cn) > |Col = 2K —2)7 — 22k —k —2)® + (2 — 2k —2)7

k a a n 2 N k “
> 2k -2 —20% - k)2 =2 ((1-27) —2(1_F) )

k
With a := [%g—kj we obtain for the second factor

) g 2ok o) i % logk+0(1)
(1_2_k) _2(1_57) =1—-—o0(l)ask — oo.

Thus, for ny := I_ilk‘ﬂ“, k, the inequality (2.6) holds. [ ]

In fact, Fiiredi, Griggs, and Kleitman [210] strengthened the lower bound (using
some random construction, for a similar result see Theorem 2.6.2) to

(logn)*/2
YT

Let us return to the LYM-inequality and generalize it in another direction.

c(n) > 2" (1 —

), where y is some constant.

Theorem 2.1.3 (Bollobds [71]). Let {(X}, Y1), ..., (Xm, Ym)} be a SJamily of
pairs of subsets of [n] such thatforalll <i, j <m, X;NY; =@ iff i = j. Then

i :
oy = 1
# (IX,|+|Y.I)

i= i
Proof. We count in two different ways the number N of pairs (i, 7), where
i € [m], w € S, with the following property:

Forallk,l € [n], n(k) e X;,n(l) € Y; imply k < I. 2.7

Let i be fixed. We may classify corresponding permutations by those sets Z; that
are mapped onto X; U ¥;. Clearly, we have (I X1, |) possibilities to choose Z;. If
Z; is fixed, then (because of property (2.7)) the first |.X;| elements of Z; must be
mapped onto X; (i.e., | X;|! possibilities), the rest of Z; must be mapped onto Y;
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(i.e., |Y;|! possibilities), and [#] — Z; must be mapped onto [n] — (X; U Y;) (i.e.,
(n — (| X;| + |Y;]))! possibilities). Thus,

2 n!

N = Z (m 1T )lxiumu(n — Xl - 1Y) = ; =y 2.8)
Now let 7 be fixed. Assume that there are two different numbers i, j corresponding
to ir. Since, by supposition, X;NY; # @, we find some & € [n] such thatr (k) € X;
and m(h) € Y;. But then in view of property (2.7), w(k) € X; implies k < h, and
() € Y; implies & < I. Consequently, X; NY; = @, a contradiction. Thus

N < Zl:n!. (2.9)
TeS,
The assertion follows from (2.8) and (2.9). |

Let us emphasize that the LYM-inequality is a special case of Theorem 2.1.3.
Indeed, let F = {X}, ..., X;y} be a Sperner family of subsets of [n]. Then it is
easy to verify that {(X{, X)), ..., (Xm, Xm)} satisfies the conditions of Theorem
2.1.3. Consequently,

XeF (|X| i 'X‘H"X‘

m
i=1

Bollobds’s theorem was published (as a lemma in a slightly modified version)
one year before Lubell’s proof of Sperner’s theorem. As for the LYM-inequality,
Ahlswede and Zhang [18] lifted the inequality in Theorem 2.1.3 to an identity, and
Ahlswede and Cai [4] gave a further generalization. We omit the details. Instead, we
consider another generalization. Earlier we worked with ordered partitions (X, X)
of [n] into two classes. Now we look at ordered partitions (X, ..., X;) of [#] into
k classes where empty classes are allowed. We speak of ordered k-partitions of
[n]. Two such partitions (X1, ..., Xk), (Y1, ..., Yi) are called inclusion-unrelated
(resp. cross-unrelated) if there is no i € [k] such that X; C Y; or ¥; C X; (resp.
ifthere are i, j, h,Isuchthati < j, h > 1, X;NY; # 0, XpNY; #0).

Theorem 2.1.4. Let {(X!, ..., X,l), v (XL X)) be a family of ordered
k-partitions of [n] that are pairwise inclusion-unrelated or cross-unrelated. Then

Z <1.

i=1 |X’ |Xk|)
Proof. The proof is analogous to the proof of Theorem 2.1.3. We only replace
condition (2.7) by the following condition:

= (x(D), ..., 7(X{DL X5 = {m (X[ + D, .o (X[ +1XD),
X{ = AX I+ X+ D, 7w )
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Then it is easy to see that for fixed i there are exactly | X, l’ 1P, ¢ ,: |! corresponding
permutations, and for fixed 7 there is at most one i. This yields

m
P IR ALETIR

i=1

and finally the assertion. n

It is an easy exercise to verify that ( a " ak) with a; + - -+ + a; = n attains
its maximum if all numbers a; are “almost” equal. Since the ordered k-partitions
(X1, ..., Xg) of [n] with | X;| = L—L——J j=1,...,k, are pairwise inclusion-

unrelated as well as pairwise cross-unrelated, there follows a corollary.

Corollary 2.1.1. The maximum size of a family of pairwise inclusion- or cross-

.. -1, .
unrelated ordered k-partitions of [n] equals (, " , ) where a; = 1=, ) =
1,...,k.

In the case of pairwise inclusion-unrelated ordered k-partitions Corollary 2.1.1
(resp. Theorem 2.1.4) is due to Meshalkin [364] (resp. Bollobds [74]). For cross-
unrelated ordered k-partitions, the results were obtained (in a slightly different
notation) by Bandt, Burosch, and Drews [37].

Of course, one may assume also other conditions on the ordered (resp. un-
ordered) k-partitions of [n]. For example, motivated by the study of independent
random variables, Rényi [397, p. 16] called two unordered k-partitions { X1, ...,
X}, (Y1, ..., Yi} of [n] qualitatively independent if X; NY; # @ forall 1 < i,
J < k (more generally, also £ must not be constant). The determination of the max-
imum size of a family of k-partitions which are pairwise qualitatively independent
is very difficult. Only for £ = 2 is an exact answer known (see the Profile-Polytope
Theorem 3.3.1 and the third remark after it). For £ > 3, only asymptotic bounds
and estimates are known (see Poljak and Tuza [383], and Gargano, K&rner, and
Vaccaro [216, 217]). As an example we study the following condition: Two or-
dered 3-partitions (X, X2, X3), (Y1, Y2, Y3) of [n] are called KS-independent if
XiNY;, X,NY3, YN Xs, YN X3 # @. Let KS(n) be the maximum size of
a family of pairwise KS-independent ordered 3-partitions of [n]. The following
result is due to K6rner and Simonyi [314]:

Theorem 2.1.5. We have lim,_, 0o /KS(m) = 155,

Proof. First we show the inequality “<.” Let F be a family of size KS(n).
We classify the members (X, X3, X3) of F with respect to the cardinalities of
|X1) and | X>2|. Since these cardinalities belong to {0, ..., n} (more exactly to
{1,...,n —1}), (IX1], | X2|) can take on only (n + 1)? different pairs of values.
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Thus there are numbers a, b, and a subfamily F; of F such that | Xj| = a and
| X2| = b forall (X1, X2, X3) € Fi and

KS(n)

Fil = S (2.10)

The families of pairs (X, X3) and (X2, X3), where (X1, X2, X3) € F1, satisfy
the conditions of Theorem 2.1.3; thus

Al < <a+(n —(a+b))> _ (n —b), @11

a a

Fil < <b+(n —b(a+b))) _ (n;a). 212)

Let H(A) := —AlogA — (1 —2)log(1 —21), 0 < A < 1.In Section 2.6 (Corollary
2.6.2) we will prove that

k
From (2.11)—(2.13) we obtain (witha := %, 8 :=

l10g|.7-'1| < minl(l -—a)H( ) ﬁ)H( )}
n - B
l -« B - B o
=3 H(l—a)+ 2 H<1—ﬂ>’

Since H () is concave (see, e.g., the proof of Claim 1 in Theorem 2.6.6), we derive
from Jensen’s inequality (with y := %‘2)

(") < H /), (2.13)

=Ie~

(2.14)

—log|f1|<<1—y)H(lf )

Strajghtforward computations show that the RHS attains in (0, 1) its maximum at
=1_ and for this value we obtain (noting (2.10))

-2 10’
14+4/5
2 9

1
;loglfll < log

VI < 1+2“/§,

YKSin) < Y(n+ 122

+4/5
=

Now we prove the inequality “>"" We construct a family whose size is large
enough. Let F(n) be the family of all ordered 3-partitions (Xi, X2, X3) of [n]
(empty classes are allowed) with the property

1¢ Xo,n¢ X1andi € X;iffi+1 € Xp, i=1,...,n—1
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It is easy to verify that
IFDI=1L|FQI=2,|F(n+ 1| =|F@n— D]+ |F®)|.

Consequently | (n)| equals the (n + 1)th Fibonacci number, implying
145

nlggo |[Fn)| = 7
As before, we may argue that there are numbers a, b and a subfamily F; (n) of
F(n) suchthat | X| = aand | X;| = bforall (X1, X2, X3) € F|(n) and | Fi(n)| >
-(L::_#'l';%,which implieslim,_, o 2/Fi(n) = 1—*‘2-@ . Finally we classify the members
(X1, X2, X3) € Fi(n) with respect to the sum of the elements of X. Clearly, the
sum can take on at most "—(”2'"—” different values. Thus there exist a number ¢ and
a subfamily F5 (n) of Fy(n) such that ZieX. i = c for all members (X;, X3, X3)
of F»(n) and | Fr(n)| > %'(f%l))', which implies lim,_, o, 2/F3(n) = % Now
it is sufficient to show that the members of F,(n) are pairwise KS-independent.
Let (X1, X2, X3), (Y1, Y2, ¥3) be different members of F»(n). We have to show
that X1 N Y3 # @ and X, N Y3 # @. To show the first relation, let J be the
smallest integer from [n] such that j ¢ (X; N Y}) U (X2 N Y,) U (X3 N Y3).
Then j ¢ Xz U Y2, since otherwise j could be replaced by j — 1. If J € X,
then j € Y3, and X; N Y3 # @ follows. Thus let J € X3 and j € Yj. Let

X1 = {uy,...,ug), where u; < --- < uy,and ¥; = {vi, ..., v.}, where v| <
* < Vg1 <V = j < -+ < v, for some k. By the choice of j, we have u; =
VI, ... Uk—1 = Vk—1, j = Vg < ug, and by construction of Fa(n), ¥4, u; =

ZL 1 Vi Thus there must exist a smallest integer / such that v; > u;. Then it is
easy to verify that u; € Y3, hence also in this case X, N Y3 # 0. The relation
X2 NY3 # @ can be proved in the same way by looking at the correspond-
ing largest integers from [n] (note that also the sum of all elements in X is
constant for all (X}, X2, X3) € F»(n) because of the construction of F (n). nm

Gargano, Kdrner, and Vaccaro [216]-[218] studied more general problems of
the following kind: Let G = (V, E) be a directed graph. What is the maximum size
of a family of n-tuples of vertices of G such that for all Wi,y tp), (wy, ...,
wy) € F there are i, j € [n] such that viw; € E and w;v; € E (resp. for all
1, ..., vp), (wy,...,wy) € F, and for all e € E there are i, j € [n] such that
e =Viw; = wjvj).

Now we study a class of families that is as important as the Sperner families. In
the Boolean lattice the family F of subsets of [n] is intersecting if forall X, Y e F
itholds XN Y 3 @. In the case of cutsets we have seen that minimal families may
have very different sizes. For maximal intersecting families, Erd6s, Ko, and Rado
[170] observed that we have a completely different situation:

Theorem 2.1.6. Each maximal intersecting family in 2!") has size 2"~1.
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Proof. Let F be a maximal intersecting family in 2["). We count in two different
ways the number N of pairs (X, (4, A)) with X € F, 4 C [n], X € {4, 4). On
the one hand, for fixed X, there exist exactly two “second components,” namely
(X, X) and (X, X). Thus

N =27 (2.15)
On the other hand, for fixed (4, A) there exists atmostone X € F with X € {4, A}

(note that 4, 4 cannot both belong to F because of 4 N 4 = @). Since we have
2" pairs (4, A) it follows that

N <2". (2.16)
From (2.15) and (2.16) we derived |F| < 2"~!. Assume that we have strict in-
equality. Then there must exist some 4 such that 4, 4 ¢ F. Since F is maximal,
we cannot add 4 and 4 to F. Thus there must exist some X, Y € F such that
XNA=0,YNAd=0.Butthen X C 4,Y C 4; thatis, XNY = @, a
contradiction. |

Now we restrict ourselves to one level. The following result is a classical one.
Erdds, Ko, and Rado [170] discovered it as early as in the thirties (see Erdds [169]).
More than twenty years later it was published.

Theorem 2.1.7 (Erdés—Ko—Rado Theorem). Let F be a k-uniform intersecting
family in 21", Then
(o) k=3

®) otherwise,

|Fl <
and the bound is the best possible.

Proof. In order to see that the bound cannot be improved take
Xe@:1exy ifk<i,

([Z]) otherwise.

Now we prove that the bound is true. The case k > % is trivial. Thus let k£ < Z.
p 2 2

In contrast to the second proof of Sperner’s theorem, we are working this time not
with the set S, of all permutations of [n], but only with the set C,, of all cyclic
permutations of [r]. Recall that a permutation ¢ of [n] is cyclic if n is the smallest
integer with £" (1) = 1. We count the number N of pairs (X, {),where X € F, ¢ €
Cy, and there is some i € [n] with X = {¢/(1), £/T'(1), ..., "tF=1 (1)} in two
different ways. For fixed X, we must determine the number of cyclic permutations
in which the elements of X (i.e., also the elements of [n] — X) appear consecutively.
We obtain k!(n — k)! such permutations since we may permute the elements of X
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and of [n] — X independently, and each such ordering on X and [#] — X yields a
unique cyclic permutation. Consequently,

N = |Flk\(n — k). (2.17)

Next we have to estimate the number d(¢) of members X of F for which there is
some i € [n] such that X = {¢/(1), ..., ! TA=1 (D).

Claim. If k < 5 thend(¢) < k.

Proof of Claim. Supposing that d(¢) > 0, we may — after a suitable renumber-
ing — assume that ¢ is the cycle (12...n), that is, (i) = i + 1(modn) and,
moreover, that X* :={1,...,k} € F. Thend(@) ={i e [n] : (i,i +1,...,i +
k — 1} € F} (the addition is always modulo n). Let

S={jelkl:{jj+1,...,j+k—1)eF,
E={jelkl:{jij—1,....j—k+1} € F.

fX={i,i+1,...,i+k—1} e F,thenwemusthavei € Sori+k—1¢c E
since X must intersect X *. Note that for X* wehave 1 € Saswellas14+k—1 € E.
Thus

d@) <|SI+|E| - 1. (2.18)

Further, because of the intersection property of F and k < 5, J € E implies
j+1¢S. Thus

S| <k—(EI-1) (2.19)
(we cannot exclude k + 1). Together with (2.18) we obtain the assertion d(¢) < k.
O

Since there are exactly (n — 1)! cyclic permutations, it follows from the claim
that

N <k(n-1" (2.20)
Finally, from (2.17) and (2.20) we derive

|Flkt(n —k)! < k(n — 1),
n—1
IFl < (k_ 1).

The method of proof is due to Katona [295] and known as Katona’s circle
method. Tt is fundamental for a whole theory that is presented in Chapter 3. The
situation is more difficult if one replaces the condition XNY # @ by | XNY|>¢,
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where ¢ is some natural number. This case of ¢-intersecting families is treated in
Sections 2.4, 2.5, 6.4, and 6.5.

Let F be a family in 2["). We say that a subfamily F| of F is a star if there is
some i € [n]suchthati € X forall X € Fy.LetZ; := ([8]) U.--uU ([Z]). From
Theorems 2.1.6 and 2.1.7, it easily follows that the maximum size of an intersecting
family in 7 equals f.__l (’,':11) ifk < 5 ork = n (by the way, this resultis also true
for the remaining values of &, which follows from the Profile-Polytope Theorem
3.3.1). Obviously, the size of each maximal star in Z; also equals 3°%_, ().

Thus we have seen that a special case of the following conjecture of Chvital
[101] is true: Let Z be any ideal in 211, Then the maximum size of an intersecting
family in Z equals the maximum size of a star in Z. For more information on this
conjecture, we refer to Anderson [32], Berge [50], and Snevily [432]. Frankl [192]
also mentions this and many other interesting problems.

Let u be a positive integer. We say that a family F of subsets of [n] is pu-wise
intersecting (resp. p-wise cointersecting ) if, for all X1, ..., X, € F, there holds
XN NX, # 0 (resp. X1U---U X, # [n]). Itis easy to see that the maximum
size of a p-wise intersecting (u-wise cointersecting) family is 2"~ ! if u > 2. The
restriction to one level gives the following generalization of the Erd6s—Ko—Rado
Theorem, our 2.1.7, which was proved by Frankl [187] and in a different way by

Gronau [247].

Theorem 2.1.8. Let F be a k-uniform family in 2"} and let 1 > 2.
(a) If F is u-wise intersecting, then
< G2 ik < &in,
® otherwise.
(b) If F is u-wise cointersecting, then
(%) k=,

)] otherwise.

|F| <
Both bounds are the best possible.

Proof. First observe that (a) and (b) are equivalent since JF is p-wise intersecting
iff F (the complementary family) is p-wise cointersecting. Thus it remains to
prove (b). The bound cannot be improved since
xe@h:1¢xy ifk>2z,
* .

(" o ifk< 2

m
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is p-wise cointersecting. Further we follow the proof of Theorem 2.1.7. We have to

replace 5 by % and (with the same notations) we then have to prove the following
new claim:

Claim. If £ > ﬁ thend(¢) <n —k.
Proof of Claim. Suppose again that { = (12...n) and X* = {1, ..., k}. Let
this time

S={iehl:{i,i+1,...,i+k—-1}eF)},
that is,
) =18|. 2.21)

Note that 1 € S. We partition [»] into k sets Sy, .. ., Sk, namely, the residue classes
modulo k. We show that

[S; N S| < |Sj| — 1forall j € [k]. (2.22)

Assume the contrary, that is, §; = SN S; for some j € [k]. Then (with addition
modulo n) the sets X1 := {j,j+ 1,...,j+k — 1}, Xp := (j+k,....j+
2k—1},..., X, :={j+ (@a— Dk,..., j+ak — 1} would belong to F, where
J+(@—1Dk <n, j+ak—1 > n. From the first inequality we derivea — 1 < %
thatis,a < u.If ak > n, then Uj_, X; = [n] in contradiction to the fact that F is
u-wise cointersecting. But if ak < n then a < u, hence a + 1 < u and we have
Uj_; X1 U X* = [n], which is again a contradiction. From (2.21) and (2.22) we
obtain

k k
d§)=) 1SN <Y (- =n—k
Jj=1

J=1
0O

The rest of the proof is analogous to the proof of Theorem 2.1.7. |

If both conditions are combined we have the following result [162], which is a
refined version of a result of Gronau [248] (based on a method of Frankl [188]).

Theorem 2.1.9. Let F be a k-uniform pi-wise intersecting and v-wise cointer-
secting family in 2"), and let 11, v > 4. Then

Go) k<4
FIl<qi G r5t+isks&lo-,

(") k> Elm—).
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The proof is omitted, but note that the first and third case follows from The-
orem 2.1.8 and that in the second case an exchange operation is applied that is
discussed in Section 2.3. For example, for 4 = v = 3 a complete solution is not
known.

2.2. Partitions into symmetric chains

The following fact can be considered as a special case of the method of counting
in two different ways. Suppose we are given a set S and look for the maximum
size of a subset F' of S satisfying a certain condition. To obtain an upper bound
we partition S in an appropriate way into subsets S, ..., S such that a “good”
upper bound for |F N §;|, j € [k], can be proved. If, for example, |F N §;| < a;
for all j, then |F| < ij:l a; follows. Actually, we applied this method already
in the proof of Theorem 2.1.8. Here we show that Sperner’s theorem can also be
proved in this way.

3rd Proof of Theorem 1.1.1(a). Take the set S to be 2], and the classes S; will
be chains of the form C = (Xg < --- < Xp) such that | Xo| 4+ | X»| = n. These
chains are called symmetric.

Claim. There exists a partition of 2"! into symmetric chains.

Proof of Claim. We proceed by induction on »n and look only at the step n —
n + 1. So let €(n) be a symmetric chain partition of 21, For each chain C =
(Xo < -+ < Xp) € €(n), we construct new chains

Ci=Xo< - <Xp<XpUln+1), (2.23)
C" = XoUn+1}< - < Xp_1Ufn+1)), (2.24)

but C” must be omitted (it does not exist) if & = 0. Now it is easy to verify that
all these new chains form a partition €(n + 1) of 2["*!) into symmetric chains
(distinguish the cases where members X of 2("*!] contain (resp. do not contain)
n+1). m|

Since each symmetric chain in 2("} contains exactly one member X e 2["]
with | X| = | 7], each symmetric chain partition €(n) of 2["] contains exactly
(Lg ;) chains. If 7 is a Sperner family in 21"}, then | N C| < 1 for each chain.
Accordingly,

Fls Y |fnC|=<ff).
L5]

CeC(n)
]

This proof is due to de Bruijn, Tengbergen, and Kruyswijk [87] (who considered,
more generally, chain products) and, independently, to Hansel [252]. Since there
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are many generalizations and related results, a separate chapter (Chapter 5) is
devoted to this topic. Griggs [241] collected many interesting problems. Here only
two applications will be presented. Let ¢(n) be the number of order-preserving
maps from B, into By, that is, the number of functions f : 21"] — {0, 1} such that
X C Yimplies f(X) < f(Y)forall X, Y e 2[") If we interpret £ : 2I") — {0, 1}
as the characteristic function of a family F, then obviously f is order preserving iff
F is a filter. Since there is a bijection between filters and antichains (associate with
a filter the set of its minimal elements), our number ¢(n) also equals the number
of filters and the number of Sperner families in 2("]. The problem of determining
¢(n) goes back to Dedekind [127] and is very difficult. The following bounds are
due to Hansel [252].

Theorem 2.2.1. Foralln > 1,22 (L%J).

<em <3

Proof. The lower bound is trivial since every subset of (L[Z]J) is a Sperner family.
2

To prove the upper bound, let €(n) be the symmetric chain partition of 2("], which
was constructed inductively in the third proof of Theorem 1.1.1(a).

Claim. For each chain C of €(n) and three consecutive members X,_; < X, <
Xa+1 of C, there is some X, such that X, < )A(a < Xg+1 and f(a is contained
in a chain D of €(n) with |D| = |C| —

Proof of Claim. We proceed by induction on » and study the stepn — n + 1.

Case 1. The three members X,_{, X,, Xz+1 belong to the chain C’ of type
(2.23).If n + 1 ¢ Xgz41, then the three members belong to the chain C of €(n),
and we can find by the induction hypothesis a corresponding chain D € €(n) with
the corresponding member X’a which also belongs to the chain D’ € €(n + 1).
Since |D| = |C| — 2, also |D/| = |C'| —2.Ifn + 1 € X441, then X, = X}, and
we can take )?a := Xp—1 U {n + 1}. The corresponding chain is C".

Case 2. The three members X,_1, X,, X,+1 belong to a chain C” of type
(224). ThenY; := X; —{n+1}, j=a—1l,a,a+1, belong to C € &€(n), and
we find, by mductlon, a corresponding chain D € €(n) with the correspondmg
member ¥,. Because Ya+1 cannot be the maximal element of C, the member ¥,
is not Athe maximal element of D (otherwise we would have |D| < |C| — 2).
Thus X, := ¥, U {n + 1} belongs to D”, and X, is the desired element since
ID"|=|D|-1=|C|-3=|C"|-2. m|

We order the members of €(n) by increasing size; thatis, €(n) = {Ci:1<j<
d}and |Cy| <--- < |Cy|, where d := (L J) We construct (in a nondetermmlstlc

way) step by step all filters F in 2171 by dec1d1ng whether the members of C;, j =
1,...,d, should belong to F or not. For the chains of size at most two, we have
at most three choices, namely, taking no, the maximal, or both members into F.
Suppose that we are done with all chains before C = (Xp < --- < Xj) and
we have fixed some part of a filter F. Let X, ..., X’h_l be the corresponding
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members described in the claim. Of them we know already whether they belong to
F ornot. Let/ (resp. u) be the largest (resp. smallest) index such that X 1 ¢ F (resp.
/i’,, € F) (if there is no such index put / := O (resp. u := h)). Clearly, u — [/ < 1.
In order to obtain a filter, we need that X, ..., Xj— ¢ F and X,41,..., Xp €
Fsince X| < --- < Xj_; < Xy and X, < Xy41 < --- < Xj. Thus we have at
most three choices to extend the fixed part of F. Thisis clearif/ > u. If [+ 1 =u
at most X; and X, are free, but if X; € F, then certainly X,, € F. Thus, all in all,

we have at most 3(L%J) possibilities for constructing all filters. [

From this theorem it follows that

(L J)'°g2<l°g“’(”) = (L J>l°g3

Kleitman [301] found the asymptotic formula
logo(n) ~ ( : >log2 asn — 00,
5]

considering not only one fixed symmetric chain partition but all such partitions
that arise by permuting the elements of [r], and using complicated averaging argu-
ments. An improvement of the remainder was given by Kleitman and Markowsky
[308], and an asymptotic formula for ¢(n) itself was finally found by Korshunov
[317] in a very complicated way. A simplification (in a more general form) was
given by Sapozhenko [413]. More details on the history of this and related problems
are contained in the survey of Korshunov [319].

Theorem 2.2.2 (Korshunov Theorem). We have for n — o0 in the case of even
resp. odd n

n n n2 n
2(%)6(%—1)(2nl/§ +2n+5 _2n+4)
p(n) ~

n
(n 1)+1 (" 3)(§(T+T)/'§ =) A O] )(2<n+n/z+5n)

Let us conclude this section by a game. Suppose there is given a filter 7 in 2["]
(resp. an order-preserving map from B, into Bj), but only a stage manager (our
oracle), say Heidrun, knows it. Someone, say Sebastian, wants to get to know F.
He may pick, step by step, members of 2", and Heidrun will tell him whether they
belong to F or not. The clever Sebastian will certainly not test all elements of 271,
For example, if @ € F, then automatically F = 2["]. Let ¥(F ) be the smallest
number of Heidrun answers that enable (using the right sequence of Sebastian
questions) the determination of . Finally let

Y (n) := max{y(F) : Fis a filter in 20y,
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The number Y (n) is sometimes called the Shannon complexity of the problem of
the recognition of monotone Boolean functions. It was studied the first time by
Korobkov and Reznik [316]. The following result is again due to Hansel [252],
who improved an earlier estimation of Korobkov [315].

Theorem 2.2.3. We have y(n) = (1221)) + (Ln_irl )

Proof. “>” Let F* := {X C [n] : |X]| > L%J}. Obviously, for all X C
[n] with | X| = I_%lj, also F* — {X} is a filter, and, for all X C [n] with
| X = L"z;lj, F* U {X} is a filter. Thus, knowing the Heidrun answers for all
Y € 2"l — (X}, where X € (L,E'i]. J) U (L,!ﬁ]. J), Sebastian cannot determine the
filter uniquely. Consequently, he _nfl-ust ask l?e_idrun about all these X.

“<.” Sebastian asks Heidrun, step by step, about the members of the chains
C; of the symmetric chain partition considered in the proof of Theorem 2.2.1.
From this proof it follows that at most two elements of C are “suspicious” if he
already inspected all chains ahead of C. Thus, for chains of more than one element,
two answers suffice. For one-element chains, Sebastian needs of course only one
%llllestion. It is easy to see that there are (L,_,'zﬁ J) - (l"n‘_r' J) one-element chains.

us

n n n " "
- 2 -

Wn)f(@]) (L"—;‘J)+ ((L%J) (L”—’{-'J)Jr(L"—E—]J))
= (1) + (i)
—\emty) sty

Sokolov [434] found another algorithm that achieves this bound. Alekseev [25]
provided estimations for the recognition of order-preserving maps from S(ky, ...,
kn) into {0, 1} (in special cases, such as k; = --- = k, = 2, he has exact val-
ues) and Gronau [244] slightly generalized the above proof to the recognition of
order-preserving maps from B, into {0, . . . , k}. Moreover, independently, Serzhan-
tov [424] and I [151] each found exact values for the case of order-preserving
maps from S(ki, ..., k) into S(k) if ky = ko, k3 = k4, ..., kzj—1 = kyj for
some j < 5 and k; < 2 forall 2j < i < n, where still some further gen-
eralization, for example, with results of Mahnke [359] can be formulated. Fi-
nally, Serzhantov [425] solved completely the case of order-preserving maps
from S(k, ..., k) into {0, 1}. Applications and similar problems appear in the
maximization of submodular functions on discrete structures; see, for example,
Kovalév and Moshchenski [323]; and in many other areas, see the survey of
Sapir [411].
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2.3. Exchange operations and compression

In the first proof of the Sperner Theorem 1.1.1 we selected a subfamily G of
a Sperner family F and constructed a new family H (namely H := V(G) or,
though not explicitly mentioned, H := A(G)) such that F' := (F —G) UH is
still a Sperner family. Moreover, we had H N F = @, so that | F| and |F'| are
related in the same way as |G| and |H|. In other words, we exchanged the Sperner
family by a new Sperner family, or we pushed (shifted) the old family upward (resp.
downward). The general idea of exchanging something works in many cases. Here,
we study that operation which was introduced by Erdés, Ko, and Rado [170]. Let
for i, j € [n] the mapping <;; : 2"} — 2["] be defined by

(X)) =X = {jhUli},
and, as usual, for a family F C 207 Jet
Qi (F) = {Qij(X): X e F}).
We will apply this operator only to a part of F, namely to
Fij :={Xe.7-”:i¢X,jeXand<1,~j(X)¢.7-'}.

Finally, the i j-shifting of the family F is defined by

5ij(F) = (F = Fij) U i (Fiy)-
Hence F;; and <1;;(¥i;) play therole of G and H from above. Note that by definition
|Fij] = 1<;(Fij)| and <ij(Fij) N F = @ implying

Isij (FOI = | F1.

Lemma 2.3.1. Leti, j € [n],i # j, and let F be intersecting (resp. cointersect-
ing). Then s;;(F) is intersecting (resp. cointersecting), t0o.

Proof. We prove the assertion only for intersecting families. Thus let X,Y €
sij(F). If X,Y € F — Fij, then XNY # @ by supposition, and if X,Y €
<jj(Fij), theni € XNY. Thus it remains to study the case X € F — F;, ¥ =
<ij(Z) for some Z € Fij.
Casel.i € X.Theni € XNY.
Case2.i ¢ X.
Case2.1. j ¢ X. Then XNY = XN Z # @ by supposition.
Case 2.2. j € X. Then <;;(X) € F because otherwise X € F;;. Since Fis
intersecting, there is some / € <;;(X) N Z where obviously / ¢ {i, j}. But then
alsol e XNY. |



34 Extremal problems for finite sets

Lemma 2.3.2. Leti, j € [n],i # j, and let F be k-uniform. Then

A(sij(F)) C sij(A(F)).

Proof. Let X € s;;(F) and ¥ € A(X). We must show that Y € 5;;(A(F)). Let
X=YU{l},Y=X-{l}
Casel. X € F — F;;. Thenclearly Y € A(F). We will show that

Y ¢ (A(F))ij. (2.25)

which implies that ¥ € s;;(A(F)).

Case 1.1./ = j. Then j ¢ Y, which shows (2.25).

Casel1.2./=1.

Case 1.2.1. j € Y. Then <;;(Y) = X — {j} € A(X) € A(F). Thus
(2.25) holds.
Case 1.2.2. j ¢ Y. Then (2.25) is trivial.

Case 1.3./ ¢ {i, j}. We may suppose thati ¢ Y, j € Y because otherwise
(2.25) is clear. But then also i ¢ X, j € X. Since X ¢ F;;, we have <(;;(X) € F.
But then also <;;(Y) € A(F ), which shows (2.25).

Case 2. X = <;;(Z) for some Z € F;j. Then j ¢ X; thatis, [ # j.

Case 2.1./ =i.ThenY = Z — {j}; thatis, ¥ € A(Z) € A(F). Since
J ¢ Y,itfollows that Y ¢ (A(F));; and consequently ¥ € s;;(A(F)).

Case2.2.]/ #i.ThenY = <;;(Z —{l}) and Z — {I} € A(F).

Case2.2.1.Y € A(F).ThenY € s;;(A(F)) since clearly <i;;(Z —{I}) ¢
(A(F))ij-

Case 2.2.2. Y ¢ A(F). Then (Z — {I}) € (A(F))ij, which shows that
Y = <i;(Z —{I}) € 5i;(A(F)). u

Now several results can be proved by applying induction and considering fam-
ilies that are invariant with respect to certain i j-shiftings. For F C 2["], let

D(F)=) Y i

XeFieX

2nd proof of Theorem 2.1.7. The only difficult part is the upper bound in the case
k< % For n = 2k, the proof is trivial since from each pair (X, X) with | X| =k
at most one component may belong to a k-uniform intersecting family F; that is,
|F| < %(2,(") = (2,{"_”11). Now we proceed by induction on n and consider the step
n — n+ 1 > 2k. Of all maximum k-uniform intersecting families, we choose
such a family F for which X (F) is minimum. Then

Sin+1(F)=Fforalli <n+1 (2.26)
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since otherwise, in view of Lemma 2.3.1, F could be replaced by s; 4.1 (F) for
some i. Let

Fii=(XeF:n+lgXx)
Fy={XeF:n+1e X} Fy={X—{n+1}: X e F).

By the induction hypothesis (note that F;  2[71),

n—1
< . .
[Fil < (k _ 1) (2.27)
Claim. F; is intersecting.

Proof of Claim. Assume that there are X, X, € F such that X; N X, = 0.
Since | Xi|+|X2| = 2(k—1) < n—2, there are different numbers i1, i, € [n] such
thatiy ¢ X1,ip ¢ Xp. LetY) .= X1 Un+ 1}, =X U{n+1},Z, =X, U
{i1}, Z2 := XoU{ix}. Then ¥y, Y2 € Fand Z) = < uy1(Y1), Z2 = iy nt1(Y2).
Wehave Z|, Z, € Finview of (2.26). Butobviously Z;NZ, = @, a contradiction.

O
The induction hypothesis applied to 7, yields
n—1
|F2l = 173l < (k_ 2). (2.28)
By (2.27) and (2.28),
n—1 n—1 n

F = < = .

IFI = |Fil + | F2l < (k— 1) + (k—z) (k— 1)
|

From (1.3) in the proof of Theorem 1.1.1 it follows that
n—1
v©)| > IG]—,
V@) = IQIH_1
if G is an /-uniform family. Analogously,
AF)| = |F|l———
A 2 Flo—y
if F is a k-uniform family. Now we ask for a better lower bound for the size of the
shadow if the size of F is fixed. First we prove a result of Lovasz [354] which is a

weaker version of the Kruskal-Katona Theorem, 2.3.6, but often easier to handle.
Denote for real x and natural %,

1 ifk=0,

(x) S S T )
k

0 ifk <0.
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Theorem 2.3.1. Let F be a k-uniform family in 2" and let | F| = (), k < x <n.
Then

X
IAF)| = (k_ 1)‘

Proof. We proceed by induction on the parameter ¢t := k + |F|. Note that we
suppose |F| > 1. If t = 1 we have k = 0, |F| = 1, and all is trivial. Consider
hence at the stept — ¢ + 1 = k + |F|. Obviously, we may suppose k > 0.
Under all k-uniform | F|-element families with minimum shadow we choose such
a family for which X (F) is minimum. It is enough to prove the assertion for this
family. We have

51,i(F)=Fforalli €(2,...,n} (2.29)

since otherwise, in view of Lemma 2.3.2, F could be replaced by s ; (F ) for some
i. Let, similar to the previous proof,

Fir={XeF:1¢ X},
Fr = {XE]::IEX},};::{X—{I}:XE}}}.

Claim. We have A(F)) C F;.
Proof of Claim. Let Y € A(F)); thatis, X := Y U {l} € F, forsome [ €
{2,...,n}. Since, by (2.29), <; (X)) =Y U {1} € F,itfollows thatY € .7-'5.
O

Since F # @ we have, in view of the claim, F, # #.
Case 1. |F}| < (57}). Then |F}| < (}) = |F]; that is, Fy # 0.

Case 1.1. k < x < k + 1. Then |F}| < k. But |A(F})| > k, since one
member of F| already produces a k-element shadow. Thus the claim yields the
contradiction | 75| > k. :

Casel2.k+1 < x.Wehave | F\| = |F|—|F2| = (5)-(iZ}) = (*}")- Since
1 < |F| < |F| we may apply the induction hypothesis to obtain | A (F)| > (’,::}),
and again the claim yields the contradiction || > (5 }).

Case 2. |7)| > (i::) By the induction hypothesis, |A(F,)| > (i:;) Hence

, , x—1 x—1\ x
[AF)] = [AF)] + |F5] = (k—2)+(k—1) = (k—l)'
]

The preceding proof is due to Frankl [191]. Let us look at some consequences.
Repeated application of Theorem 2.3.1 gives the following estimation:
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Corollary 2.3.1. Let F be a k-uniform family in 21" with |F| = (3), where
k<x<n.LetO<i <k Then

IALi(F)| = (’f)

Daykin [121] observed that the Erd6s—Ko—Rado Theorem 2.1.7 can be easily

derived from this corollary. Indeed, if ¥ < 7 and F is a k-uniform intersecting

family, then obviously F N A_x(F) = 0. The assumption |F| > (Z:}) (ie.,
|71 > (°;)) would yield in view of Corollary 2.3.1 (withx > n — 1,k :==n —k,

i:=k)
n — n—1 n—1 n
(k) > |Fl+ |Ask(F) > (k—-l)+( k )=(k)-

But in our approach this is only an apparent simplification of the (original) second
proof of Theorem 2.1.7, since we needed the exchange operation also to prove
Theorem 2.3.1.

Corollary 2.3.2. Let F be a nonempty k-uniform family in 21"), n > 3.

@ Ifk>%+1then|A(F)| - |F| =
®) Ifk <5 —1then |V(F)| = |F| 2

NI NI

Proof. (a) Letk > 4 + 1 and | F| = (), where k < x < n. By Theorem 2.3.1

1
|AF)| - || 2 (kf‘_ 1) - (i) = ;(kf‘_ 1)(2k— 1—x)=: f(x).

The polynomial f(x) of degree & has the k simple roots 0, 1, ...,k — 2,2k — 1.
Then f”(x) obviously has in each interval between these roots a simple root. This
shows that f(x) is in [k — 2, 2k — 1] increasing up to some value £ and then
decreasing. Consequently, for £ < x < n (note that n < 2k — 2),

f(x) > min{ f(k), fRk—-2)} =k—1>

[SHIRN

(b) Let k < 5 — 1. Then by (a)

IV(F)| = |F| = |AF)| - |F| =

NS

Corollary 2.3.3. Let F be a Sperner family in 21", | := min(i : there is some
X € Fwith|X| =i}, u :=max{i : there is some X € F with | X| = i}.



38 Extremal problems for finite sets

(@) Ifl <5 < uthen

(LZJ) - @ if n is even,
2
IF| <
(LZ;J) - w ifn is odd.
®)
(L5]=Dn .
(L"z’ij) ) fu<s,
|Fl < "
(w=["FPn .
(4)- LB sy

Proof. The cases n = 1, 2 are trivial, hence let n > 3. The proof is analogous to
the proof of Theorem 1.1.1. If we replace F by F’ := (F — G) U V(G), where
G:=FnNn (['1']) (resp. F' := (F — G) U A(G) where G := F N ([::]))’ then we
obtain a Sperner family for which by Corollary 2.3.2

|| > |f|+§.

An induction argument concludes the proof. |

Let us again play a game. This time suppose that there is given an ideal Z in
2["1_ Only our amiable stage manager Heidrun knows it. Jana is more modest than
Sebastian. She does not want to get to know Z completely; she is only interested
in an element of 7 of maximum rank. The rules are the same as in Section 2.2. Let
X (Z) be the smallest number of Heidrun answers which enable the determination
of an element of Z of maximum rank. Then

x(n) :=max{x(Z) : Z is a nonempty ideal in 2["]}

is the Shannon complexity of our problem. The following result-is due to Ka-
terinochkina [287]:

Theorem 2.3.2. We have x (n) = (L:’-'J) +1.
2

Proof. Letm :=|7].

“>”Let I* := {X C [n] : |X| < m). Obviously, forall X € (")), 7* U X is
an ideal; moreover, Z* — ( ”E"_ll) is an ideal. Thus Jana must ask Heidrun about all
elements of ([::]) and about at least one element of ( ,,{'111) in order to be sure.

“<. Jana proceeds as follows. She chooses an arbitrary member X, of ([,"',]). If
Heidrun says that X, ¢ Z, she takes an element X,,_; of A(X,,); if the answer for
Xn—11s X;y—1 ¢ Z, she takes an element X,,,_3 of A(X,,_1), and so on. Since we
suppose that Z # @ (which is not really essential), Jana eventually chooses some
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Xi_1 € A(X)) for which Heidrun says: X;—y € Z (I > 1). Put Y = Xj_i.
Now Jana inspects step by step the members of (['1']) different from X;. Say, for
the members of the family F;, Heidrun’s answers were X ¢ Z, but Y is the first
element of ([;’]) for which Jana hears Y; € Z. Then Jana inspects the members of
(1[:]1) that are not in the upper shadow of F; U { X;} (they cannot be in Z — here the
ideal property is used). Let F;4 be the family of those X for which the answer is
X ¢ T and let Y74 be the first member with the answer Y;41 € Z. Further Jana
inspects members of ( 1[4':]2) that are not in the upper shadow of F; U { X} U Fi4
(they cannot be in Z') and so on. This procedure leads to families F;, Fj+1, ..., and
sets Y;_1, Y1, Yi41, . ... Let us say that the procedure stops in the level ([:]), that
is, either Jana found some Y,, € Z but the (# + 1)-shadow of F; U {X;}U---UF,
is the complete level (u[:'_]]) or, though Jana inspected some family F,,, she could
not find an element Y,, € Z. Obviously, Y, (resp. Y,,—1) is the desired element of

7 of maximum rank. It is easy to see that
Fi=FU{X}UFa U UFU{Y,}

is a Sperner family (X; and Y;, may not exist). The number of Heidrun answers is
equal to | F| 4+ (m —I) + (u — I) + 1, and this number is not greater than (,’,'l) +1
by Corollary 2.3.3 if n > 4 (in the case that already X,, € Z, thatis,/ — 1 = m,
one may delete the summand m — /, and in the case n odd, / = m,u = m + 1 one
may apply Theorem 1.1.1(b)). The cases n < 3 can be easily settled separately.

| ]

Note that the problem of finding an element of an ideal with maximum rank
occurs, for example, if one looks for solutions of the integer programming problem

Ax < b,
X € B,,

1"x —> max

where 4 and b contain nonnegative numbers only, B, is realized as the set of n-
dimensional 0,1-vectors, and 1T = (1, ..., 1). Katerinochkina [288] generalized
her result to chain products S(%, ..., k), and Kuzyurin [330] found an asymptotic
formula for powers P” of a finite poset P.

Now we look for the “best” lower bound for the shadow size. Instead of solving
this problem directly, we study a more general problem. Let G = (V, E) be an
undirected graph and 4 C V. The boundary B(A) of A is defined to be the set of
vertices not in A that are adjacent to vertices in 4; that is,

B(4) :={veV — A4: thereis some w € 4 with vw € E}.

Moreover, let E;, (A4) and E,,: (A) be the set of inner edges (tesp. of outer edges);
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that is,

Ein(A) .={ee€ E:eC A4},
Ey(4) :=={ec E:lend|=1)}.

Note that

> d@) = 2| Ein(A)] + | Eur (A). (2.30)
ved
Now the following problems are of interest (applications will be discussed later):
Given G = (V, E) and a natural number m, find
min {|E,;(A)|: A CV,|4| =m} edge-isoperimetric problem (EIP),
min {| B(4)] : A CV,|A| =m} vertex-isoperimetric problem (VIP),
max{|E;n(A)|: ACV,|A| =m} maximum-edge problem (MEP).

If the graph G is regular, then in view of (2.30) the EIP and the MEP are
equivalent. In general, these problems are difficult from an algorithmic point of
view (NP-complete [215]). However, there is a whole theory for the solution of
these problems for several classes of graphs and we recommend the surveys (resp.
papers) of Aslanyan [34], Bezrukov [57, 58], and Ahlswede and Cai [5] as well
as the forthcoming book of Harper and Chavez [261]. We will restrict ourselves
to one special case, namely to the Hasse graph of the Boolean lattice B, (which
is regular of degree ). Let N be a finite set of natural numbers. On 2" we define
two new linear orders: For X, Y C N, X # 7, let

X=<pY iff max(X—7Y) <max(¥ — X),

X <yipY iff |X| <|Y|or(|JX|=[Y|andY <, X)
(here we define max(Z) := max{i : i € Z} and set max (@) := 0). The (reflexive)
order =, is called the reverse lexicographic order (if we write the sets as 0,1-words,
the most important letter is the last one). The two orders are illustrated in Figure
2.1 for By. Let Cpy(m, 2N) (resp. Cyip(m, 2¥)) be the families of the first m subsets
of N with respect to <,; (resp. <y;p) (we omit in the following the indices r/ (resp.

1234 1234

123‘4—13 234
12+=T3+23+14<+24%r34
1+<=2~ 34

0

order =<,; order =<yip

Figure 2.1
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vip) if we mean both cases or if the case is clear from the context). The family
C(m,2") is called compressed and the operation of exchanging an m-element
family F by C(m, 2V) is called compression. Similarly, we define C(m, (1,:' )) and
L(m, (]Z )) . where 1 <m < ('2’ |), to be the set of the first (resp. last) m elements
of (}}f’ ), here only with respect to <,;. Families of the form L(m, (1,\6/ ) are called
L-compressed. 1t Y*Z0 (") <m < Yr (7). and ! := m — Y425 (%), then
obviously,

Coipm,2V) = LU, () U{X S N :|X| <k}, (2.31)

B(Cuip(m,2M)) = () — @, ) uvca, (). (2.32)

Lemma 2.3.3. Foranym, 1 <m <2V, there exists some m’ such that

Coip(m, 2N) U B(Cyip(m, 2V)) = Cyip(m’, 27).

Proof. In view of (2.31) and (2.32) it is enough to show that (with the notations
from above) V(L(, (IZ ))) is L-compressed. We suppose N = [n] and proceed by
induction on n. Look at the stepn — 1 — n. Let F := L(l, (IZ)) and let

Fir={XeF:n¢ X},
Fr={XeF:nelX} Fy={X—{n}: X € F).

Case 1. F; = §. Then V(F) = {Y U {n} : Y € V'(F;)}, where V' means
that we consider the upper shadow in 2["~1). Since F is £-compressed, F} is also
L-compressed in ([Z:]‘]). By the induction hypothesis, V'(F}) is L-compressed in
([";”), and consequently also V(F ) is £-compressed in ( k[-’:-]l)'

Case 2. F; # 0. Then F contains all members of ()) that contain n. It follows
that V(F) = V(F)) U (X € (k[-nr]l) i n € X}. Since F is L-compressed, F)
is also [,-compress[ed ]1]11 (" !). The induction hypothesis implies that V'(F}) is

—

L-compressed in (‘') and consequently V(F) is L-compressed in (k[j’r]l) [ |

The solutions of the MEP (i.e., also of the EIP) and of the VIP are given by
the following theorem, which is mainly due to Harper [254, 255] (the optimality
of the ordering for the MEP was conjectured by Hales [254], and the MEP was
also solved by Bernstein [51] and Hart [263]; the VIP was independently settled
by Ahlswede, Gics, and K&rner [11], Wang and Wang [459], and Gavrilov and
Sapozhenko [220, Ch. I]).
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Theorem 2.3.3. Let N be a finite set of natural numbers, V := 2N and E :=
(XY : X,Y CN,|X—Y|+|Y = X| = 1}. Furtherlet 1 < m < 2!N|. Then, for
any m-element family F in 2V,

@ |Ein(F)| < |Ein(Cri(m, 2M)),

() |B(F)| = |B(Cyip(m, 2M)).

Geometrically, part (b) can be interpreted as follows: For given “discrete volume”
(i.e., size), the minimum boundary is attained at an incomplete sphere.

Proof. We prove (2) and (b) simultaneously and proceed by inductiononn := |N|.
The cases n = 1, 2 are trivial, so we consider the stepn — 1 — n > 3. Obviously,
we may suppose that N = [n]. For X C [n], let o(X) be the position of X in the
linear order <; that is, X is the o(X )th element in <. Further let, for F C 2”1,

o(F) := Z o(X).

XeF

Of all m-element families that have the maximum number of inner edges (resp.
minimum) boundary, we choose a family F for which o(F) is minimum. It is
enough to show that 7 = C(m, 21"1). For i € [n], let

FiG) ={XeF:i¢ X},
Fr(@) ={XeF:ie X}, Fy(i) :={X —{i}: X € Fa(i)}.

Moreover, let m (i) := |F1()|, ma2@) = |F20)|(= Ifé(i)l). Note that F =
Fi1@) UFr@G), m =m () + ma() foreach i.
Claim. We have, for every i,

Fi@i) = Clmy (i), 2"~
and
Fyi) = Clma(i), 2"~y
Proof of Claim. For brevity, we set
Gi(i) = C(my (i), 21y,
Gyi) = Clma(), 2"y, Gy(i) :=={XU{i}: X e G5(D)}.

Finally let G := G (i) U G»(i). We will show that the objective functions for G are
at least as good as for F. Since obviously 0(G) < o(F), the choice of F leads to
the result 7 = G, which is our assertion. Here we study both parts of the theorem
separately. The notations E/, and B’ mean that they are considered in 20"1—{i},
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(a) We have
|Ein(F)| = |Ej, (FIG)| + | E}, (Fo ()] + | F1G) N Fy(0)|
< |EL (G| + | Ej, Gy + 1G1G) N Gy()| = | Ein(D)]
(for the first two summands apply the induction hypothesis, and for the third
summand note that | F (i) N F;(i)| < min{m; (i), m2(i)} = |G, (i) N G5 ()] since
both parts of the last intersection are related by inclusion).

(b) Let, without loss of generality (w.l.0.g.), m{(i) < m,(i); that is, G| (i) C

G5 (i). Because of Lemma 2.3.3, G (i) U B(G (i)) and G5 (i) are related by inclu-
sion.

Case 1. G, (i) U B'(G,(i)) < G5(i). Then
IB@)| = 1G,()] — 1G1G)] + | B (G5 ()|

(the elements of G} (i) that are not in G (i) are in the boundary of G, |B' (G, (i))]
counts the members of the boundary of G that arise from G,(i) and contain i).
However,

[B(F)| = 1F,0)] = 1F1()] + |B' (F)),

and the induction hypothesis gives | B(F )| > |B(G)|.
Case 2. G, (i) U B'(G1(i)) 2 G (i). Then

|B(G)| = |B'(Gi()| + | B (G5 ().
Clearly, however,
|B(F)| = |B' (F1G)| + | B (F5()),

and again the induction hypothesis yields | B(F )| > | B(G)|. O

From this claim we derive that
XeF,Y<X,Y# XimplyY ¢ F (2.33)

since, if ¥ # X, thereisani ¢ XUY ora j € XN Y (F, (i) (tesp. Fy())
are compressed). Now we assume that F # C(m, 2V). Then there must be a set
A C [n] with 4 ¢ F for which the next set E (with respect to <) belongs to F.
In view of (2.33), E = 4, and no further set X with 4 < X can belong to F.
Moreover, every set X except A with X < E belongs to F. It is easy to see that a
set 4 for which the next set is its complement is uniquely determined, namely

{1,...,

n— 1) for =,
A=1{ ({1,..., 5 if n is odd,

n for =vip -
{1,...,-2- —1,n} ifniseven
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Without difficulties we may verify that for the family G := (F — {E}) U {4} we
have, respectively,

|Ein(D| = |Ein(F)I = 1+n—1> |Ein(F)I,

n—1

|B@)| = |B(F)| - [TJ < |B(F)I.

This is a contradiction to the choice of F. [ ]

As we have seen, the sets
S = C(m,2N)
are solutions of the EIP and MEP (resp. VIP). Obviously (we used this fact already),
So S8 S C S

We say that there is a nested structure of solutions (NSS) (which need not exist for
other graphs). The existence of an NSS of the EIP for a graph G = (V, E) enables
the solution of an optimal numbering problem: Let |V'| = n. We wish to minimize

ag():= Y llw) —1(v)|
vweE

over all bijective mappings/ : V' — [n].

Theorem 2.3.4. Let Sy C --- C S, be an NSS forthe EIP of G = (V, E), and let
v; be the (unique) element of S; — S;_1,i = 1, ..., n. Define the bijective mapping
I*:V — [n]lbyl*(v;) :=i,i=1,...,n. Then

ag(I*) < ag(l) for all bijective mappings 1 :V — [n].

Proof. Let/ : ¥ — [n] be bijective. We orient the edges of G such that /(e*) >
I(e™). This leads to a directed graph G = (V, E). Let T; :={v € V : l(v) < i}.
We have

ag) = Y 1e) —I(e7)
ecE

n—1

D D YRES S DR

ecE itl(e™)<i<l(e*) i=1 ee E:l(e~)<i<l(e*)

n—1 n—1
= Y BT = 3 [ Eoua(S)] = aG ).
i=l i=l
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Theorems 2.3.3 and 2.3.4 have the following application in coding theory: We
want to encode the integers 0, ..., 2" — 1 by binary 0-1-vectors; that is, we look
for a bijective mapping 2"l «— (0,...,2" — 1}.

We suppose that during the transmission at most one digit may be received
falsely, with the result that after the decoding a false integer is obtained. Our goal is
that the difference to the right integer be small. More exactly, we want to minimize
the expected value of the difference under an equidistribution assumption. It is
easy to see that this expected value is ag(/) times a constant (we have here / :
2071 5 40, ..., 2" — 1} instead of / : 2"l — [2"], but this does not influence the
solution). Theorems 2.3.3 and 2.3.4 show that, interestingly, the binary expansion
of an integer is an optimal encoding (more exactly, Theorem 2.3.3 leads to the
binary expansion, which must be read from the right to the left, but it does not
matter to reverse all vectors). In [52] Bernstein, Hopcroft, and Steiglitz also admit
other sets of integers to be encoded.

In addition to the NSS we have in the case of the VIP for the Hasse graph of
the Boolean lattice in view of Lemma 2.3.3 an additional property:

for all i there is some j such that S; U B(S;) = .

We speak of the strong nested structure of solutions (SNSS). Now we wish to
minimize
bg(l) := max |l[(w) — I(v)|
vweE

over all bijective mappings/ : V — [n].

Theorem 2.3.5. Let Sy C --- C S, be an SNSS for the VIP of G = (V, E) and
let I* be defined as in Theorem 2.3.4. Then

b (I*) < bg () for all bijective mappings1: V — [n].

Proof. Let/: V — [n]bebijectiveand T; :={v eV :l(v) <i},i=1,...,n.
Let B(T;) # 9. Since for all w € B(T;), clearly /(w) > i, there must exist some
w € B(T;) with/(w) > i+ |B(T;)|. By definition of the boundary, w is adjacent to
some v € T;. We have l(w) —I(v) > i +|B(T;)| —i = | B(T;)| and thus (including
also the cases B(T;) = @)

bg() = max{|B(T;)|,i =1,...,n} > max{|B(S;)|,i =1,...,n}. (2.34)

Furthermore, let vw be an edge with |I*(w) — I*(v)| = bg(I*), where w.lo.g.,
I*(v) < I*(w). Leti := I*(v). Then v € S;, w € B(S;). By the SNSS there is
some j such that S; U B(S;) = §;. Consequently, /*(w) < j = i +|B(S;)|, which
implies (noting (2.34))

bg(I*) = I*(w) —I*(v) < |B(S;)| < max{|B(S)|,i =1,...,n) < bg().
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With a graph and a numbering / of its vertices we may associate its adjacency
matrix 4G, which is defined by

1  ifvw € E, where l(v) =i, l(w) = J,
ajj =
Y 0 otherwise.

Now the (horizontal and vertical) distance of the entry g;; to the main diagonal is
|i — j|. The bandwidth problem, which is related to the efficiency of numerical
algorithms, consists of finding such a numbering for which the maximum distance
of a nonzero entry to the main diagonal is minimal. Thus Theorems 2.3.3 and 2.3.5
yield a solution of the bandwidth problem in the case of the Hasse graph of the
Boolean lattice.

Theorems 2.3.4 and 2.3.5 are also due to Harper [254, 255], whose main goal
was the solution of the optimal numbering problems that led to Theorem 2.3.3.
As noticed by Bjorner [64] (see also [253, 336]), the following classical result
was formulated (also in its numerical version, see Corollary 2.3.4) the first time
by Schiitzenberger [422] (he used (i, i + 1)-shiftings, but this need not result in
a compressed family). Independently Kruskal [325], Harper (though not explic-
itly mentioned in [255]), Katona [292], and Clements and Lindstrém [117] (see
Theorem 8.1.1) found the following theorem.

Theorem 2.3.6 (Kruskal-Katona Theorem). Let F C ([Z]), |F| = m. Then

@ IVF) = VL, ()1,
®) |AF)| = |ACm, ().

Proof. (a) Let
F1 = FU{X:|X]| <k},
Fo = Lm, () UX:1X] < k).

Then, by (2.32) and Theorem 2.3.3(b),

n

IV(F)| = |BEFD| +m — (” "

k) > |B(F)|+m— (

) = |V (L(m, ().
(b) Note that X <,; Y iff Y <,; X. Thus, by (a),

IAF) = IVE)| = VL, ()] = 1a€m, ().
[ ]

Other proofs of this theorem were given by Hansel [253], Daykin [121], Eckhoff
and Wegner [141], Hilton [267], and Frankl [191]. Mérs [374] and Fiiredi and
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Griggs [209] determined the values of m = |F| such that C(m, ([Z])) is up to
permutations of the elements the only family with minimum lower shadow.

We may calculate also the minimum size of the lower shadow of an m-element
k-uniform family numerically. If m = (}), then F = (%)) and |A(F)| = ")
Soletl <m < (}).Let X* = {if, ..., ix}, where | <ij <--- < i} <n,be the
(m + 1)th element in ([Z]) with respect to <,;. Further, let ¢ be the smallest integer
for which i; — 1 > ¢. Obviously,

C(m, ([Z]>) = [Xg ([Z]) :max(X) < ik}
UlXU{ik} L XC (k[fll), max(X) < ik_,}
U~~-U[Xu{i,+1,...,ik}:X§ ([’t']),
max(X) < i,}, (2.35)
A(C(m, ([Z]>)) = {Xg (k[jll) :max(X) < ik}
U {XU {ix}: X C (k[ﬁ]2)’ max(X) < ik_l}
U---uU {XU{iH.l,...,ik} X C (t[f]l)’

max(X) < i,}. (2.36)

Since on the RHS there are disjoint unions, we have
[n])) ir—1 i1 —1 ip—1
=|C(m, =
" '(’"(k ) () (),
[n])))’ ir—1 ir—1 —1 ip—1
A C m, = .
' (e (% i)+ () +(:2))
Thus, we found a representation of m, called k-representation of m, in the form

ak Qf—1 ay
m = (k)+(k—l)+.+(t) wherenzak> e > ay ztzl (2.37)

(in fact we have for m < (}) the relation n — 1 > ay, but we may include also
m = (;)). The minimum size of the shadow of an m-element family in (") is then

' ag ak—1 ay
m = (k—1)+(k-—2)+ +(t—1)' (2.38)



48 Extremal problems for finite sets

Lemma 2.3.4. The k-representation (2.37) of an integer m with 1 <m < () is
unique.

Proof. We use the following identity, which can be easily proved by induction:
For natural numbers u, v,

(u)+(u+l)+m+(u+v>=(u+v+1>' (239)
0 1 v v
Assume that there exists a second representation

m=(l;:)+---+<bs) wheren > by > -+ > by > s> 1.
s

It is easy to see that we may suppose, w.l.0.g., that there exists an integer / such
that ax = bk, ...,ai+1 = bi+1,a; > by. Then

e () (0)-(C) )
(0)-()--)
(TG )

a contradiction. [ ]

By the interpretation from which we derived the k-representation of m, it is
obvious that ay is the largest number for which (‘}C‘) < m, ak_ is the largest
number for which (}*-}) <m — (%), and so forth.

If t > 1, then (2.38) is the (k — 1)-representation of the minimum size of
the shadow, and we may compute the minimum-size m” of the shadow of the
minimum-sized shadow:

,,‘— ak DR at
m= (%) (1)

However, if t = 1, we first must find the (k — 1)-representation of m’. Let / be the
smallest integer for which a;+| > a; + 1 (with az4 := 00). Then, in view of the
identity (2.39),

[ ak o a1+1
m _(k—1>+ +( ] >,

which implies (again using (2.39))
[ ak “ee a’ + 1
= () +(1—1)
ak aj a;
= (k—2)+"'+(1—1)+"'+(z—2)
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(with (¥) := 0if v < 0). Iterated application of the preceding arguments leads to
the following numerical version of the Kruskal-Katona Theorem:

Corollary 2.3.4. Let F be a k-uniform family in2"), and let | F| = (H+-+()
withn > ay > --- > a; >t > 1 be the k-representation of the size of F. Then,

for0<i <k
ak a;
A > s
| '(f)l"(i)+ +(t+i_k)

and the bound is the best possible.

Looking back at (2.35) we see that we may stop the classification of C(m, ([Z]))
already at that stage where the containment of ij41, ..., ii is fixed (! > ¢). This
leads to

ip—1 iy — 1 X . .
= 4+ + h - .
m ( r ) (l 1) (l) whereij — 1 <x <

Now the same arguments as above combined with Theorem 2.3.1 (resp. Corollary
2.3.1) yield:

Corollary 2.3.5. Let F be a k-uniform family in 21"}, and let | F| = (§) + -+ +

(7{,‘_”1') + (}) wheren > ay > -+ > ajy1 > x > 1. Then, for0 < i <k,

ai a4+ X
A .
I .(f)lz(l,>+ +(1+1+l,_k)+(l+i_k)

We encourage the reader to prove this corollary (for i = k — 1) directly by the
proof method for Theorem 2.3.1. Katona [292] found the Kruskal-Katona Theorem
when solving a problem of Erdds:

Theorem 2.3.7. Let F ={Xj, ..., Xn)} be ak-uniform family in 210 <i <k,
and let

m*._(k+i)+(k+i—-2 N k+i—4 . k—i
TN\ & k—1 k-2 k—i)

If 0 < m < m* then there exist distinct sets Y1, . ..., Y, in (%) such that Y; € X;
Jor all j. The bound is the best possible.

Proof. Because of Hall’s theorem (Theorem 5.1.2) we only must show that
|A_;(F)| > |F'| for each subfamily F’ of F.

Since | F'| < |F| < m*, there exist an integer ] € {k —i, ..., k} and areal x with
!l < x <2l +i— ksuchthat

k+i k+i—2 2042+i—k x
I—— TR
'f"(k>+( k—1)+ +( 141 )*(1)'
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By Corollary 2.3.5,

o (kP (k+i-2 204240k x
'A*"(}—)'Z< i >+< i—1 >+"'+(1+1+i—k>+(1+i—k)'

Note that (}) > () for 0 < u < v < x < u + v, which can be checked in a
straightforward manner. Hence

, , X _ X
Ao (F] = 1F| = (l+i—k) (,) > 0.

The bound is the best possible since the i-shadow of C(m* + 1, (1)) is obviously
smaller than m* + 1. u

Leck [333] studied the problem of minimizing the size of the i-shadow of
F={X1,....,Xm} C ([Z]) for m > m* under the supposition that there are sets
Yi,....,.Yn € ([';]) such that ¥; € X; for all j.

2.4. Generating families

In the last decades several methods for proving theorems on families satisfying a
certain intersection condition have been worked out. We have seen some of them in
the previous sections. We will not discuss those methods that yield the maximum
size of the families under consideration if » is sufficiently large. We refer here only
to Frankl [189] and Schmerl [416] who built up a theory that is based on a theorem
of Erdés—Rado [171]. The powerful method that is described in this section is very
new. It was developed by Ahlswede and Khachatrian [15]. Though it is much more
far-reaching, we will restrict ourselves to the highlight in extremal set theory: the
complete determination of the maximum size of k-uniform z-intersecting families
by Ahlswede and Khachatrian [15].

Let F € (). A family G € 2 is called a generating family for F if
V_k(G) = F. Let &(F) be the class of all generating families for F. Note
that 7 € &(F). We will study generating families for special families. A family
F is called left (resp. right) shifted if

sij(Fy=Fforalll <i < j<n(resp.foralll < j<i<n).

We may also define these families in an equivalent way as follows: On 2] we
consider the relation <; which is the reflexive and transitive closure of the relation
Ul<i<j<nl(X, Y) 1 X = <;;(Y),i ¢ Y, j € Y}. Clearly, (2], <;) is a poset, and
the following proposition is immediate:

Proposition 2.4.1. A family F is left (resp. right) shifted iff F is an ideal (resp.
filter) in 2", <().
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In Section 2.3 we defined for F C 2["! the number T(F) := D oxer X

iexi-In
addition, we introduce for X e 21", F < 2["] the number

max(F ) := max max(X) = max max i.
XeF XeF ieX

Moreover, for F C ([Z]), let

ak(F) =
(F) ggg&)maX(g)
Thus, ak(F ) denotes the smallest number i such that there is a family G < 201
which is generating for F.

Proposition 2.4.2. Let F C (!)) be left shifted. Then there is a left-shifted family
G that is generating for F such that max(G) = ak(F).

Proof. Under all families G € &(F) with max(G) = ak(F), take one of max-
imum size. This family G is left shifted. Assume the contrary. Then there are
X ¢G,Y € Gsuchthatforsomel <i < j <n, X = <ij(Y)wherei ¢ Y, je€ Y.
If we can show that V_,;(X) C F, we obtain the desired contradiction, since
then G U {X} is also generating for F (recall that G is of maximum size). So let
XCcZe ([”]) If j € ZthenY C Z, which implies Z € F since Y € G; that
is, Voy(Y) S F.If j ¢ Z,let W := <;(Z). Itis easy to see that Y C W € F.
Because F is left shifted, it follows that Z = <; (W) eF. [ |

Since with each family G, also the (Sperner) family G* of minimal elements of
G is generating for F, we derive from Proposition 2.4.2:

Proposition 2.4.3. LetF C ([" ]) be left shifted. Then there exists a Sperner family
G* that has the following properties:

(a) G* is generating for F,
(b) max(G*) = ak(F),
(©) ifY =5 X and X € G* then there exists some Z € G* such that Z cvy.

We call a family G* that has the properties described in Proposition 2.4.3 an
Ahlswede—Khachatrian family (briefly AK-family) for F. For X € G*, let

[n
Vo (X):={Ye (k]) XCY and Y -XC{max(X)+1,...,n}},
and, as usual, we define V', (G) := Uxeg V1 (X).

Proposition 2.4.4. Let F C (%) be left shifted and G* an AK-family for F. Then
the sets V', (X), where X € G*, partition the family F.
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Proof. Since G* is generating, V', (X) € F for all X € G*. First we show
that all members of F are covered. Let Z € F. Since G* is generating, there
is some X € G* with Z € V_;(X). Under all such sets X we take one for
which |X| is minimal and, in second instance, |(Z — X) N {1, ..., max(X)}|
is minimal. It is enough to show that this intersection is empty. Assume there
issome i € (Z— X)N{l,...,max(X)}. Note that i < max(X). LetY :=
< max(x)(X). Obviously, Z € V_,(Y) and |(Z — Y) N {l,...,max(Y)}| is
smaller than the previous value for X. Moreover, Y € G* by Proposition 2.4.3(c)
and the minimality of | X'|. Thus we obtain a contradiction to the choice of X. Now
we show that we have indeed a partition. Assume that there are different X, Y € G*
and some Z € (%)) such that Z € V/_,(X) N V', (¥). If max(X) = max(¥),
then clearly Z — X = Z — Y, which implies X = Y, a contradiction. If, for
example, max(X) < max(Y), then it is easy to see that X C Y, which is again a
contradiction since G* is a Sperner family. u

Proposition 2.4.5. Let F C (%)) be left shifted and G* an AK-family for F.
Moreover, let H; := {X € G* : | X| = i and max(X) = ak(F )(= max(G*))}.
Let Oy be the family of those members from F that are generated only by H;;
that is,

Oy, = Vo (M) — Vo1 (G* — Hy).

Then
—ak
om=V;k(Hi)and|0Hi|=|Hi|(” ak(r )).

k—i

Proof. The second equality is an immediate consequence of the first one, which
we will prove now. Let Z € V', (H;), thatis, Z € V', (X) for some X € H;.
Assume that Z € V_,;(Y) forsome ¥ € G* —H;. Then Z — Y D Z — X since
max(Y) < max(X) = max(G*). Consequently, Y C X, and since G* is a Sperner
family, ¥ = X, acontradiction. Thus Z € Oy;.Let, conversely, Z € Oy, . Assume
that Z ¢ V' , (H;). Then by Proposition 2.4.4, there is some ¥ € G* — 'H; such
that Z € V’, , (Y), a contradiction. u

Now we specialize the investigations to maximum k-uniform z-intersecting
families. We may suppose throughout that n > 2k — ¢ since for n < 2k — ¢ every
k-uniform family is automatically ¢-intersecting. As a candidate for a maximum
family we have

[n]
Sp:={Xe ( i

Erdds, Ko, and Rado [170] have already shown that Sy is indeed a solution if 7 is

):[t]gX}.
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sufficiently large. But there are other candidates, namely the families

[n]
k

which are easily seen to be -intersecting. Frankl [188] conjectured that for any
n the “best” of these families S, is the solution. So let us first determine the best
family S,.

3,:={Xe< ):lXﬂ[t+2r]|2t+r}, r=0,...,k—t

Lemma 2.4.1. We have
" t+2r n—t-—2r
S| =
(@ 15 ;(t+r+i)(k—t—r—i)’
. t—1
®) 1S < (resp. =) |Syq1] iffn < (resp. =) (k —t + 1) (2 + m)

Proof. (a) S, is the disjoint union of the sets (X € (%)) : XN [r +2r]| =
t+r+i},i=0,...,r.

(b) It is easy to see that
Srv1—-8 ={Xe€ ([Z]) XN +2r]l=t+r -1,
{t+2r+1,64+2r+2) C X},

[n]
k

{ft+2r+1,t4+2r+2}Nn X =0}

S =841 = {XG( ):IXﬁ[t+2r]|=t+r,

Thus |S,| < (resp. =) |S,+1] is equivalent to the following relations:

|Sr - Sr+1 | _
m < (resp. —) 1,
(EDCF52)
———5- < (resp.=) 1,
(tf:f-rl) (nk—tt —zrr— 12)

t—1
n < (resp. =) (k—-t+l)(2+r—+—l>.

In particular it follows forn > (k — 7 +1)(t +1) that |Sp| > |S)| > |S2| > ...
Frankl [188] (for # > 15) and Wilson [470] (for any t) proved that Sy is indeed
a maximum k-uniform ¢-intersecting family if n > (k — ¢t + 1)(t + 1). We will
present Wilson’s algebraic approach in Section 6.4. Some further special cases of
Frankl’s conjecture were settled by Frankl [188] and Frankl and Fiiredi [196]. But
the complete solution is due to Ahlswede and Khachatrian [15]:
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Theorem 2.4.1 (Complete Intersection Theorem). Let1 <t <k <n, n >
2k —t. Letr € {0, ..., k — t} be that number for which

(k—t+1)<2+t—_—1)5n<(k—t+1)(2+t—_—l> (2.40)
r+1 r

(with the definition oo := (’;) for alli € N). Then S, is a maximum k-uniform
t-intersecting family.

Before we prove this theorem we need some further preparations.

Lemma 2.4.2.
(@) Leti, j € [nl,i # j, and let F be k-uniform t-intersecting. Then s; (F) is
k-uniform t-intersecting, too.

(b) There exists a maximum k-uniform t-intersecting family that is left shifted.

Proof. (a) Generalize in an obvious way the proof of Lemma 2.3.1.
(b) Look at maximum families for which £ (F) is minimum. [ ]

Lemma 2.4.3. Let F be a left-shifted k-uniform t-intersecting family and let G*
be an AK-family for F. Let n > 2k — t. Then for all X1, X» € G*,

(@ | XinXy| >t

(b) | XiNXa| > t+1iftherearei, j € [n)withi < j, i ¢ X|UXa, j € XiNXo.

Proof. (a) Assume that there are Xj, X, € G* with | X; N X5| < ¢ — 1. For the
set 4 := [n] — (X; U X3), we have

Al =n— X1 UXa| > 2k~ (¢t —1) — | X1 U X
=k—1X|+k— X+ X1 N X2 — (- 1).

Thus we find in 4 two subsets Yy, Y, with |Y;| = k—|X;|,/ = 1, 2, and Y1 NY| <
(t — 1) — | X; N X,|. Since G* is generating for F, forl = 1,2, Z; := X; U Y;
belongs to F. Obviously, |Z; N Z3| < ¢ — 1, a contradiction.

(b) Assume that there are X1, X, € G*,i,j € [n] with | X, N Xa| = ¢, i <
LHi¢XiUuXyje XiNXy LetY) := <;j(X1). Then [Yi N X2| =t — 1, and by
property (c) of Proposition 2.4.3, there is some Z| € G* with Z; C Y implying
|Z1 N X2| <t — 1. This contradicts (a). [ ]

Now we formulate the main lemma:
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Lemma 2.4.4. Let F be a left-shifted maximum k-uniform t-intersecting family
andletn > 2k —t, t > 1. If for somer € {0, ...,k — ¢t}

"> (k—t+1)(t+2r+1)(=(k_t+1)(2+g)>, 2.41)
r+1

r+1
then

ak(F) < t+2r (2.42)

Proof. If n = 2k —t + 1, then by (2.41), » > k — ¢ + 1, and hence (2.42) trivially
holds. Thus let n > 2k — ¢ + 2. Let G (we omit the asterisk) be an AK-family for
F (see Proposition 2.4.3). Assume that

max(G) =t + 2r + 8 for some § > 0. (2.43)
Let
G ={XeG:t+2r+4¢ X},
G ={XeG:t+2r+8e X}, Gy ={X—{t+2r+68: XeG)

Since G is a Sperner family, G; and G are disjoint.
Claim1.If X}, X3 € glUgéand|XlﬂX2| < t,then X1, Xp € gé, | X1NX3| =
t—1L X+ | X2 =2t+2r+8—2and |X)| >k—(n—t—2r—28),1=1,2.
Proof of Claim 1. By Lemma 2.4.3(a), | X; N X»| < t canhold only if X, X, €
Gyand (X Ut +2r +8) N (Xa U {t +2r +68}) =1, thatis, [ X; N Xp| =1 — 1.
But Lemma 2.4.3(b) implies that there isnoi < ¢ + 2r + 8 withi ¢ X; U X5.
Thus

[ X1+ [ X2 = [ X1 N X2| + | X U Xy
=t—14+t4+2r4+86—-1=2t+4+2r+6-2.

If, forexample, | X;| <k—(n—t —2r —8) —1,then | X3| >n—-k+t—-1>k
(recall n > 2k — t). This is a contradiction since obviously | X,| < k — 1. O

Now we classify G» and G; with respect to the size of the elements (and use a
new letter):

Hi={Xe€G:|X|=i}), H, ={XeG):|X|=i-1}

(thus we make an exception from our general rules: The members of H; have size
i — 1, but note that they can be obtained from the members of H; by deleting the
element ¢ + 2r + §). Clearly we may restricti tot <i < ¢+ 2r + 6.

If H, # 0, then |G| = 1 since G is a Sperner family that is by Lemma 2.4.3(a)
t-intersecting. From Proposition 2.4.3(c) it follows that G = {[¢]}, in contradiction
to (2.43).
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If Hit2r45 # 0, then Gy = {[t + 2r + 8]} = G because G is a Sperner family
and max(G) = ¢ + 2r + 8. Since F has maximum size, necessarily § = 0, in
contradiction to (2.43).

Thus we may suppose that
= U H ad = |J M.
t<i<t+2r+8 t<i<t+2r+38

IfH; = @foralli > k—(n—t—2r—8§),thenby Claim 1, G; UG, is t-intersecting,
and thus also F' := V_,;(G; U G)) is t-intersecting. Obviously, F C F'. By the
maximality of 7 we have F = F'. But G| U G, is generating for ¥ = F’, and
max(G; UG)) < max(G) = ak(F), a contradiction to the definition of ak(F ). If
‘H; = @ for all i, then G, = @; that is, max(G) < ¢ + 2r + 8, a contradiction to
(2.43). Thus we may suppose that there is some i, such that

k—(m—t—-2r—8) <i<t+2r+8 and H; #0. (2.44)
Casel.i # 242r+8 e
G = GIU (G — (Hi UHars2r46-1)) UM,
G" == G1U (G2 — (Hi UHas2r45-i)) Uy o5
In view of Claim 1, G’ and G” are both ¢-intersecting. Thus also
F =V (G) and F":=V_1(G")

are f-intersecting. The next claim yields the desired contradiction to the maximality
of | F|.

Claim 2. We have max{|F’|, |F"|} > |F|.

Proof of Claim 2. The family 7 — F’ contains exactly those sets that are
extensions only of the members of Hz;42,+5—;. By Proposition 2.4.5,

n—t—2r-—9§
k—2t—2r—6+i)’

Next we estimate |7’ — F|. Let X € H,. We have X U {t + 2r + 8} € G, hence
X ¢ G. Consequently, forall Y € {t+2r+8+1,...,n}with|Y| =k—i+1we
have XUY € F'— F (if we had XUY € F, then in view of max(G) = t +2r +38,
it could be generated only by aset Z € G with Z C X, but this is impossible since
G is a Sperner family). Moreover, we have obviously

|F - F| = |H2t+2r+8—-i|( (2.45)

XUY#X' UY' forall X, X' e H,,Y,Y e {t+2r+58+1,...,n)
with (X, Y) # X', Y.
Therefore

(2.46)

—t—2r—3
|f’—f|zm,-|(” -2 )

k—i+1
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In the same way we may derive

—r—2r -5
|f—f”|=|H.~|(" P ) 2.47)

(2.48)

n—t—2r—2§
|F" = F| = |H2t+2r+8—i|< )

k—2t—-2r—8+i+1
Now assume that our claim is false; thatis, | 7' — F| < |F — F'| and | F" — F| <
|F — F”|. In view of (2.45)-(2.48) it follows that

n—t—2r—3§ n—t—2r—3§
I'Hil( k—itl )5|H2’+2'+8_i|(k—2t—2r—8+i)’ (2.49)

n—t—2r—34§ n—t—2r—24
|H2t+2r+8—i|(k__2t o —s4i4 l) < IHi|< — i ) (2.50)
Because of (2.44) we have H;42,15-; # ©. Thus (2.49) and (2.50) imply
m+t—k—i)n—t—-2r—-8—k+1i
<Gk —-i+D)Gk—-2t-2r—-56+i+1).

But this is a contradiction since n > 2k —t +2 implyingn +¢t —k—i > k—i +1
aswellasn —t —2r -8 —k+i>k—-2t—2r—8+i+1. ]

Case 2.i = #4235 Recall that for all X € M/’

pyar [ XI=t4r+§—land
X Ct+2r+8—1] Let ’

ICj:={XeH:+r+%:j¢X}, jelt+2r+6—1).

Counting the number of pairs (X, j) with X € H’

Lrays J €42 5-1], j ¢ X

in two different ways we obtain
t+2r+6—1 8
—_ / —
Z IK;| = A (r + 2) )
Jj=1
Consequently, there is some j such that
r+ 532-
t+2r+48-—1
By Lemma 2.4.3(b), K; is t-intersecting. In view of Claim 1

g =G- Hire ) VK

IKjl = H (2.51)

' |
t+r+% '

is t-intersecting; thus also

F = k(G
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is ¢-intersecting. The next claim also yields in this case the desired contradiction
to the maximality of | F|.

Claim 3. We have |F'| > |F|.

Proof of Claim 3. We partition F into the sets

ﬁ] = V—»k(g - Ht+r+%)’

Lo = Vok My, 8) = Vor(G - Hirs)s
and F’ into the sets £ and

L3 1= Vor(K)) = Voor(G =M,y 9)-
Our claim is equivalent to

IL3] > |La]. (2.52)
By Proposition 2.4.5,

n—t—2r— 8>. 2.53)

|L2| = IHH'H'%I(k 8

—t—r—3%
Similarly to the estimation of |F” — F| in Case 1 we lower estimate £3: For any
X € Kj, X ¢ G.Consequently, forallY C {t+2r+38,...,n}with|Y|=k—i+1
we have X UY € L3, and different pairs (X, Y) yield different sets X U Y. Thus
—t—2r—456+ 1)

Cmr—i41 (2.54)

n
(L3 = IICjI(k

According to (2.51), (2.53), and (2.54) the following (equivalent) inequalities are
sufficient for (2.52):

r+$ n—t—2r—58+1 n—t—2r—3§
t+2r+8—1\k—r—r-241 g k—t—r—=3%J°

8 8
<r+5)(n—t—2r-8+1) > (k—t—r—§+1)(t+2r+8-—l),

k—t+D@E+2r+6—1
psy EIFDURZHIZD g
r—+ 3
Since § is even (i is an integer) it follows that § > 2. Consequently (noting ¢ > 1)

t+2r+1 >t+2r+5—1
r+1 = r+% ’

(2.56)

From (2.41) and (2.56) we derive that (2.55) is true; hence also (2.52) and the
claim are proved. |
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Thus in both cases we obtained a contradiction. Hence our assumption § > 0
was false, and we have § < 0. [ ]

Lemma 2.4.5. Let F be any k-uniform t-intersecting family and F the comple-
mentary family. Let G and 'H be generating for F and F, respectively. Then, for
al Xe€ G,Y €e H,wehave | XUY|>n—k+1t.

Proof. Assume the contrary, that is,
[XUY|<n—k+t—1 forsome XegG,Y eH.

Choose any Z 2 XUY with |Z| = n—k+t—1. The inequalitiesn > 2k—¢,t > 1
imply thatn — k + ¢t — 1 > max{k, n — k}. Thus we find some X* € V_;(X)
and some Y* € V_,,_x(Y) such that X* € Z and Y* C Z. Since G and ‘H are
generating, we have X* € F and Y* € F, thatis, Y* € . Now the inequality

I X*NY* = | X*UY* = |Y*| <n—k+t—1—-n—k=t—1

contradicts the fact that F is -intersecting. n

After all we are able to prove the Complete Intersection Theorem:

Proof of Theorem 2.4.1. By Lemma 2.4.2(b) and Lemma 2.4.4 we find a maximum
k-uniform ¢-intersecting family F that is left shifted and a generating family G for
F such that

t+2r ifn>k—r+1)(2+54),
max(G) <
242 =G+ D) (24 51).

It is easy to see that the complementary family F is a right-shifted maximum
(n — k)-uniform (n — 2k + t)-intersecting family. If we replace in the members
of F every element i by n + 1 — i, then we obtain a maximum (n — k)-uniform
(n — 2k + t)-intersecting family F* that is left shifted. It is easy to verify that
under our suppositions the inequality (2.40) is equivalent to

n—2k+t—-1
k—t+1) (2422270
( + )< +k—t—r+l)
- ~1
<n5(k—t+l)<2+%) 2.57)
—t-r

(also the case r = k — t is covered by our definition co := 3 for i € N). If we set
K:=n—kit :=n—-2k+t,r :=k—t—r, then (2.57) reads:
!

-1 -1
K -t +1 (2+r,+1) <ns=®-r+1) (2+7). (2.58)
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By Lemma 2.4.4 we find a generating family G* for 7* such that
max(G*) < ¢’ +2r'.

Makmg again a replacement i — n 4+ 1 — i, we obtain a generating family H for
F such that (note n + 1 — ¢’ — 2/ =t+2r+1)

HC 2{t+2r+l ..... n]’

Case 1. Both inequalities in (2.40) are strict. If | X| > ¢ 4 » for all X € G, then
clearly 7 = S,. Analogously, if |Y| > ¢’ +r' =n —k —r forall Y € G* then
F* = Sp;thatis, | F| = |F*| = |Sy| = |S,| = |S,|. Thus we may assume that
there is some X € G with | X| <¢+r—1andsomeY € Hwith|Y| <n—k—r—1.
Butthen |[XU Y| < n — k + ¢ — 2, which is a contradiction to Lemma 2.4.5.

Case 2. The first inequality in (2.40) is an equality. If |.X| > ¢ + r + 1 for all
X € G, then F = S,4, which by Lemma 2.4.1 has the same size as S,. The
arguments of Case 1 explain here as well that we may assume that there is some
XeGwith X <t+randsomeY € H with |[Y| <n—k—r — 1. But then
[ XUY| <n—k+t—1, and we obtain again a contradiction to Lemma 2.4.5.

]

We mention that Ahlswede and Khachatrian [15] proved with some additional
effort that the sets S, (and in case of equal size also the sets Sr4+1) are — up
to permutations of the elements — the only maximum k-uniform t-intersecting
familiesif n > 2k — ¢ +2orn =2k —¢t+1andt > 2.

For the special case ¢ = 2,n = 4m, k = 2m, we have obviously » = m — 1.

Thus {X C ([;:]) XN R2m]l > m+ 1] is a maximum 2m-uniform 4m-

intersecting family. This was a famous conjecture of Erdss, Ko, and Rado [170].
Some previous results concerning this conjecture were obtained by Calderblank
and Frankl [89].

A t-intersecting family F is called nontrivial if |Nycr X| < t. By Theorem
24.1, in the case n < (k — ¢ + 1)(¢ + 1), there exist maximum k-uniform ¢-
intersecting families that are nontrivial. For the remaining cases, the following
family is also a candidate of a maximum nontrivial family:

= {Xe ([Z]):[t]gX,Xﬂ (t+1,... k+1)#6)
U {lk+ 11— {i} : i € 1))

With the method of generating families Ahlswede and Khachatrian [16] found the
following result, mentioned here without proof:

Theorem 2.4.2. Letn > (k —t + 1)(t + 1). Then in the case k < 2t + 1 the
family Sy, and in the case k > 2t + 1 one of the families S, S| is a maximum
nontrivial k-uniform t-intersecting family.
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This generalizes earlier results of Hilton and Milner [268] (# = 1) and Frankl [189]
(n sufficiently large).

2.5. Linear independence

An important method for finding an upper bound for a family F of combinatorial
objects can be described as follows: Try to find a vector space V' of a certain
dimension d and to associate with the elements of F injectively certain vectors
of V. If the associated vectors are linearly independent, then clearly |F| < d.
In this section we will present some examples where this method can be applied
successfully. Further algebraic methods, in particular the use of eigenvalues, are
studied in Chapter 6. A systematic treatment of algebraic methods, including, for
example, exterior algebra methods, can be found in the forthcoming book of Babai
and Frankl [35].

The following result has its origin in the design of experiments. Fisher [181]
found an inequality that was later reproved by Bose [80] in a very short way using
the algebraic approach (in terms of matrices) sketched previously. First uniform
families were considered, only. Nonuniform families were investigated starting
with the paper of de Bruijn and Erd&s [86]. Majumdar [360] and, independently,
Isbell [276] adapted Bose’s method to prove the succeeding theorem.

Theorem 2.5.1 (Nonuniform Fisher Inequality). Let F be a family in 2"! with
the property that | XN Y| =t forall X, Y € F, X £ Y. Ift > O then |F| < n.

Proof. The “easiest” vector space is the vector space ¥ = R" of all column vectors
with » real entries over the field K = R, and the “easiest” way to associate a vector
with a set X C [n] is to take the characteristic vector. Let ¥ = { X1, ..., X;»} and
X1, ..., Xy be the associated characteristic vectors. It is enough to show that these
vectors are linearly independent for ¢+ > 0. Assume the contrary, that is (with
0:=(0,...,00D),

O=aix1+- +apxm (2.59)

where not all coefficients are zero. Obviously,

x'ir xj = (2.60)
t otherwise.
Consequently,
m m
=70 = (£ o) o) =i+ ams
-1 i=l1 I<i,j<m,i#j

m

m 2
=Y af(Xil— 1)+t (Zai) . (2.61)
| i=1 '
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Clearly, | X;| > ¢ for all i and |X;| = ¢ for at most one i, since otherwise the
intersection condition would not be satisfied. But then the RHS is greater than 0,
a contradiction. ]

It is interesting that we may generalize this theorem significantly if we restrict
ourselves to uniform families. Let L = {/,...,/5} be a set of integers, 0 <
I, <+ <l < n. A family F in 2" is called L-intersecting if | XNY| € L
forall X,Y € F, X # Y. In the previous theorem we found a bound for {¢}-
intersecting families. Note that intersecting families are exactly the {1,2,...,
n — 1}-intersecting families. For L C [n], let gcd(L) denote the greatest common
divisor of the elements of L. The next result was found by Babai and Frankl [36]
(for further information, refer also to Deza and Frankl [135]).

Theorem 2.5.2. Let F be a k-uniform L-intersecting family in 21"} and let k %
0 (mod gcd(L)). Then |F| < n.

Proof. We start as in the previous proof, but we work with ¥V = Q", K = Q,
that is, over the field of rational numbers. Then in (2.59) we may suppose that
all coefficients ¢; are integers (otherwise multiply by the least common multiple),
and, in addition, we may suppose that

ged({ay, ...,an}) =1 (2.62)

(otherwise divide by the LHS). Instead of (2.61) we discuss the equalities (i =
1,....,m)

m m
0=x]0=ux] (Zajxj) = ka; + Z ojx]x;. (2.63)
j=1

Jj=1,j#i
With / := gcd(L) we may write (2.63) also in the form

kaj +a;l=0,i=1,...,m, (2.64)

where g; is some integer. Since k % 0 (mod /), there is some prime power p? such
that/ = 0 (mod p?), but k % 0 (mod p®). Now (2.64) implies that o; = 0 (mod p)
for all i, a contradiction to (2.62). n

Up to now we worked with infinite fields. We want to emphasize that in particular
in the case of finite fields linear independence is not the only way to obtain bounds.
The following observation can be considered also as a “method”: If the elements
of a family F can be injectively associated with the elements of a d-dimensional
vector space over the Galois field GF(g), then |F| < g%. As an example we
consider a variant of a theorem of Ahlswede, El Gamal and Pang [12] on pairs
of binary codes (for generalizations and related problems, see Ahlswede [2] and
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Ahlswede, Cai, and Zhang [7]). In the succeeding proof we follow the paper of
Delsarte and Piret [129].

Theorem 2.5.3. Let F and G be families in 2") with the property that | X N Y|
has the same parity forall X € F,Y € G. Then
2" for even parity,

Fligl <y ,
2"=%  for odd parity.

Proof. Let V be the n-dimensional vector space over G F(2) whose elements
are the n-dimensional 0,1-column vectors. With each X C [n] we associate its
characteristic vector x as an element of V. Let F and G be the sets of characteristic
vectors of F and G, respectively. Clearly, we may suppose that F, G ;é @.Lety,
be a fixed element of G and Gg := {y + Yy, : y € G}. Moreover, let F and G be
the subspaces generated by F and Gy, respectively. Then

IFIIGI = |FIIG| = [FlIGol < |FIIGol = 29mFodimGo. (265
The key point is that (in G F(2))
xTz =0forallx € F,z € Gy (2.66)
since (withz =y + yq, ¥ € G) in view of the supposition
xTz=x"y +x"y, = |XNY|+|XN Y| =0 (mod?2).
Consequently,
dim Gy <n —dim F (2.67)

(the vectors xT, x € F, form a coefficient matrix of rank dim F ,and all z € Gy
are solutions of the system (2.66) of linear equations). The inequalities (2.65) and
(2.67) already yield |F||G| < 2". Thus let |[ XN Y| be odd forall X € F,Y € G.
Let xg be a fixed element of F and Fy := {x +x¢ : x € F}. Wehave FN Fp =0,
since otherwise x 4+ xo = x’ for some x, x’ € F, which implies forally € G

=|XNY |+ [XNY|=@x+x0)Ty=x"Ty=|X'NY|=1(mod2),

a contradiction. Let F’ := F U Fy and let 7’ be the subspace generated by F.
Then in (2.66) and (2.67) obviously F can be replaced by F’. As before, we obtain
|F'||G| <2". Now |F| = %lF'l, and the assertion follows. [ |

Let us come back to linear independence. In the next examples the basic vector
space is more difficult, so we need some preparation. We will work with subspaces
of the vector space R[xi, ..., x,] of all polynomials in the independent variables
X1, ..., X, over some field R (usually the real or rational numbers).
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Lemma 2.5.1. Let pi(xy,...,x,), i = 1,...,m, be polynomials. Suppose that

there exist m n-tuples a; = (a;y, ..., ain) such that
=0 ifl<i<j<m,
pi(a;)
#0 ifl<i=j<m.
Then the polynomials p;, i =1, ..., m, are linearly independent.
Proof. Assume the contrary. Then we find coefficients «y, . . ., &, not all equal

to zero, such that ) ;" | &; p; is the zero polynomial. Let i* be the largest index
with ; # 0. Then

m
Y wipi(ai) = s pir (@) #0,
i=1
a contradiction. m

Lemma 2.5.2. Let pi(xy,...,xy),i=1,...,m,andgp(x1,..., %), h=1,...,
t, be polynomials. Suppose that there exist m n-tuples a; and t n-tuples by, such
that for all possible i, j, h

=0 ifi# ], =0 ifh <,
pi(a;) o qn(aj) =0, qn(bj)
#0 ifi=, #0 ifh=j
Then the polynomials p;,i = 1,...,m,and qp,h = 1,...,t, are linearly inde-
pendent.
Proof. Assume the contrary. Then we find coefficients «, ..., om, B, ..., B,

not all equal to zero, such that ) ;" | o; p; + Z;,=l Brgn is the zero polynomial.
In particular, for j =1, ..., m,

m ' /
0= Zaipi(aj) + Zﬂh%(aj) = a;pj(a;)
i=1 h=1

implying a; = 0 for all j. Thus Y"}_, Brqn is a nontrivial linear combination of

the zero polynomial, a contradiction to Lemma 2.5.1. [ ]
A polynomial p(xy, ..., x,) is called homogenous of degree k if
PAX1, ..., Axy) = Akp(xl, ey Xn).
The homogenous polynomials of degree & form a subspace Rg[xi, ..., x,] of

R[xy, ..., x,]. All monomials of the form x'l‘ -'-x,"," with iy + .- +1i, = k ob-
viously yield a basis of this vector space. Consequently, for the dimension we have

dim Re[xy, ... x,] = (”+]’§_ 1) (2.68)

(k-combinations with repetitions; cf. [441, p. 15]).
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The following theorem was stated by Frankl [190] and Kalai [283], but it was
essentially prepared by a result of Lovdasz [353] who introduced exterior algebra
methods. Fortunately the proof can be formulated in a more elementary way (we
follow Babai and Frankl [35]).

Theorem 2.5.4. Let {(Ay, B1), ..., (Am, Bn)} be a family of pairs of subsets of
[n] such that |A;| = a, |B;| = b for all i, and
#0 ifl<i<j<m,

4; N B;
l jl:ﬂ fl<i=j<m.

<a+b)
m< )
a

Ifn > a + b, the bound is the best possible.

Then

Proof. We associate with each member (A4;, B;) of the given family the homoge-
nous polynomial in the variables xy, .. ., x5 of degree a (over R = R)

pixo, ..., xp) i= [ [ @0 +1'x1 + - +1°xp).
IGA,'

In view of (2.68) it is sufficient to prove that these polynomials are linearly inde-
pendent. With every i we associate a nontrivial solution y; = (¥;0, - .., yip) of the
system of b equations

Pyo+1'yn+-- 4+ =0, IeB,. (2.69)
Then
pi(y;))=0forl <i<j=<n (2.70)

since we find by supposition some / € 4; N B;, and onjo +-+ lbyjb = 0 by
construction. However,

pi(y;))#0 forl<i=<n, (2.71)

because otherwise there is some Ip+1 € A4; such that y; is a solution of (2.69) and,
in addition, of

B o+ it 4+ v =0. 2.72)

But the determinant of the coefficient matrix of the system (2.69), (2.72) is Vander-
monde’s determinant, that is, nonzero; hence y; = 0, a contradiction. Now (2.70),
(2.71), and Lemma 2.5.1 imply that py, ..., pn, are linearly independent.

In order to see that the bound is best possible for n > a + b, take the family
{(A,[a+b]—A):A§(“’;‘“)]. =
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Note that the result follows for the stronger condition 4; N B; = @iff i = j
from Theorem 2.1.3. Blokhuis [70] and in a similar way Yu [472] used resultants of
polynomials (resp. Bezoutians) to prove these results and further a generalization
of Alon [26]. For related questions, see Tuza [453].

We call a polynomial in the variables x1, ..., x, multilinear if it has the form
PGty oy X)) = ) agx{l - xin
a€B,
where B, is realized as the set of all n-tuples a = (ay, ..., a,) with entries

0,1, and the coefficients ¢, belong to the given field R. In other words, in a
multilinear polynomial no variable appears in a power greater than 1. The degree
of p is the largest value of r(a) = a; + - - - + a,, extended over all @ € B, with
a, # 0. Again, the set of all multilinear polynomials of degree at most & forms a

subspace Ry, 1[x1, ..., xn] of R[x1, ..., x,]. Since the monomials x{" - - - x;" with
ay+---+ay, <k,a € By, form a basis, we have
k
. n
dim Ry, 1x1, o, Xal = 3 () 2.73)
. i
i=0

We will reprove the following result of Frankl and Wilson [202] and its predecessor,
the theorem of Ray-Chaudhuri and Wilson [394], in a more general setting in
Section 6.5.

Theorem 2.5.5. Let F be an L-intersecting family in 21", Then

lﬂsuzl(';).

i=0

Proof. Let F = {A4y,...,An}andletay, ..., a, be the associated characteristic
vectors. We may assume, w.l.o.g., that |41| > --- > |Ap]. With each 4; we
associate first the polynomial :

Pite,..ox) =[] @fx-D (2.74)
leL:1<|A4;|

where, as usual, x = (xj,...,x,)T. Then we expand P; (theoretically) and re-

place every power x{’ with b > 1 by x;. This leads to a multilinear polynomial
pi(xy, ..., x,) of degree not greater than |L|. Note that for a € B, i € [m],

pi(a) = pi(a) (2.75)

since x2 = x forx € {0, 1}. In view of (2.60), (2.75), and the ordering of the A4;,
we have
=0 ifl<i<j<m,

pi(a;) = pi(a; (2.76)

)
#0 ifl<i=j<m.
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According to Lemma 2.5.1 these polynomials are linearly independent. Now the
asserted inequality follows from (2.73). |

The proofs of this and the next theorem are due to Alon, Babai, and Suzuki [28].
Snevily [433] conjectures that the upper bound can be improved to Y l‘f_-lo (" l_l) if L
contains only positive integers. This conjecture is a generalization of a conjecture
of Frankl and Fiiredi [193], who considered the special case L = {1, ..., k}. Up
to now Snevily has proved his conjecture only for sufficiently large n as well as
the Frankl-Fiiredi Conjecture for £ = 2 (see [433]), and, after a result of Pyber
[393], together with Lichtblau [340] for n < 2k + 3.

Theorem 2.5.6 (Ray-Chaudhuri and Wilson [394]). Let F be a k-uniform L-in-
tersecting family in 2"} where k > |L|. Then

(3

Proof. Clearly we may suppose that/ < k forall/ € L. We start as in the previous
proof and obtain polynomials py, ..., p, and n-tuples ay, ..., a,,. Note that, in
view of the uniformity, (2.74) can be rewritten as

Pixi, ... x) = [ J@@fx = 1D).
leL
Following an idea of Blokhuis [69], we introduce more polynomials. Let
{B1, ..., B} be the family of all subsets of [n] of size less than |L| (do not con-
found these sets with the Boolean lattices), and let by, ..., b; be the associated
characteristic vectors. Thus we have ¢t = Zy_‘__la ! (;) Here we suppose that the
members are numerated in such a way that |By| > -.- > |B;|. We define the

polynomials g, A =1,...,¢, by

qh(xh ceay Xp) = (ij —k> 1—1 Xi,
=1

i€By
and reduce them, as before, using xj? = xj, to the multilinear polynomials
qn(x1, ..., xp). It is easy to verify that the conditions of Lemma 2.5.2 are sat-

isfied. This lemma together with (2.73) implies
Ll
m+t < Z ( .)v
j=0 M
(i)
m < .
IL1)-
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Note that for “bad” sets L the bound may be far from being best possible. If
L=1{0,2,4,...,2t}(t = 1) and if k is odd, k > 2¢, then according to Theorem
2.5.2 we get |F| < n whereas Theorem 2.5.6 gives |F| < (,il) only. As for
Theorem 2.5.1, there exist several modular variants of the preceding theorems,
which are sometimes not as “easy” to prove as Theorem 2.5.2. We mention here

only one “easy” variant:

Theorem 2.5.7. Let p be a prime and L be a set of integers from {0, ..., p — 1}.
Let F be a family in 2"} with the property that for all different members X, Y of
F there is some | € L with | XN Y| =1 (mod p) and for all members X of F
there isnol € L with | X| =1 (mod p). Then

Iﬂs%(';).

i=0

Proof. We modify slightly the proof of Theorem 2.5.5. First of all we are working
this time over the Galois field G F(p). We need not order the members of F by
decreasing size. We may (again) define (instead of (2.74))

B, o) = [J@Fx =D,
leL

and obtain as before the polynomials p;. Then we have a still stronger relation
than (2.76):

=0 ifi#}],
pilaj)
T 20 ifi=
(note that aiTai = |A4;| # I (mod p) for all I € L by supposition). Lemma 2.5.1
and (2.73) yield the assertion. [ ]

\

Theorem 2.5.7 and related results have interesting geometric applications. Es-
sential contributions in that direction were given by Frankl and Wilson [202]. The
constructions may be often restricted to the case of primes because of the Prime
Number Theorem (see, e.g., Kritzel [324, p. 116]):

Theorem 2.5.8 (Prime Number Theorem). Let 7(x) be the number of primes
less or equal to x. Then

T(x) ~ as x — oo.

log x

Corollary 2.5.1. Let py be the largest prime less or equal to n. Then

Pn ~ nasn— 0o.
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Proof. Choose any € > 0. We have to show that there exists some ng such that
pn = (1 —é€)nforall n > ng. By Theorem 2.5.8,
7 (n) n  logn +log(l —e¢) o

n((l—€)n) (A —¢€)n logn !

if n is sufficiently large. Thus there exists a prime in the interval ((1 — €)n, n].
n

The diameter of a finite set of points in the n-dimensional Euclidean space R”
is the maximum distance between any two points of the given set. Let bz (n) be the
smallest number such that every finite set in R” of diameter d can be partitioned
into by (n) sets of diameter smaller than 4. Using contractions one can easily see
that by(n) does not depend on d, so we write briefly b(n). Moreover, it is left
to the reader to show that b(n) is finite. Taking the vertices of a regular simplex
in R" one immediately obtains b(n) > n + 1. In 1933 Borsuk [79] conjectured
that equality holds (also for infinite, closed sets). Not until sixty years later did
Kahn and Kalai [281] kill this conjecture and show that the lower bound can be
significantly improved:

Theorem 2.5.9. We have b(n) = (1.2)V" asn — oo.

Proof. First we prove the relation for a subsequence of the natural numbers.
Note that b(n) is clearly increasing. Let p be a prime (tending to infinity) and let
m := 4p. We will construct a set T of points in the m2-dimensional Euclidean

space of diameter d := +/2m. Let S be the set of points x = (xy,...,Xy)T for
which x; € {—1,1} for all i, x; = 1, and the number of negative components
equals %. Obviously, |S| = %(’m: )- With each x € S we associate the set X :=

fiem:x;i=1}e ([',,7'3]). For any x, we put
X %X = (X1X1, X1X2, « oo, X1Xms X2X 15 e ey X2Xpns o v oy XmXm) .

NowletT :={x*x:x € S}.Sincex xx Zy*yifx #y,

1/m
IT| = 5(%) .77

In order to compute distances, we must be able to calculate the standard scalar
product (, ). In a straightforward way one may verify the identity

(x*xx,y*xy) = (x‘y)z. (2.78)

It is easy to see that for x,y € S and the associated sets X, Y (with X :=
[m]— X,Y :=[m]-7Y)

(x, ) =1XNY|+[XNY| - (X-Y|+|¥Y - X))
=m—2|X|-2|Y| +4|XNY];
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that is,
(x,y)=4|XNY|—m. 2.79)

Thus we have for the distance p between two points x xx and y x y of 7'

pz(x*xvy*y) = (x,x)2+()’sy)2—2(x’)‘)2
=m?+m?—20@4|XNY|—m)? <2m?

and equality; that is, the diameter d = V2m is attained iff [ XN Y| = =0
Let U be a subset of T of diameter smaller than d and let F be the family of
those sets X that are associated with the vectors x for which x * x € U. From
the preceding discussion we know that F is a 2 p-uniform family in 20m) with the
property given in Theorem 2.5.7, where L := {1, ..., p — 1}. Consequently,

p—1

m m -1

17l <) ()5()( P_,_ P L +>
ar AN p/\m—p+1 m—-—p+1lm—p+2

- m 1 + 1\? + _ 1/m
~\p/\3 3 T 2\p/)
Thus, in order to partition 7 into sets of smaller diameter, we need atleast |T'|/ % (';)
sets. Accordingly (noting 2.77))
m) «/_ m
(m 3( 3 V3
b(m? szv—( ) = —2(1.140)" (as p — oo
(m*) (,Lg) 2 \25 ) (as p )
(here we make an anticipation — the asymptotics follow from (7.7) or by Stirling’s
formula (Theorem 7.1.7)). Though we constructed 7 in the m?2-dimensional space,
it is in fact contained in an affine subspace of dimension (';’) since we have for
the components the equalities x;x; = 1 for all i and x;x; = x;x; for all 7, j. This
gives, with n’ := (7), ’

N

N
m J3
b(n') 2 ‘/; <2§/§) > ‘/; [(2%) ] > (1.203)Y"  as p - oo.

Finally, if » is arbitrary, let p be the largest prime such that n’ := (42” ) < n. From
Corollary 2.5.1 one obtains easily that n’ = n — o(n). Consequently,

b(n) = b(') 2 (1.203)¥" = 1.2)V" asn — co.
]

The construction is a reformulation of that given by Kahn and Kalai [281]. For
the computations, we used ideas of Nilli and his best friend Alon [378], who also

)
[
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noticed that one can enlarge the set S by taking those x for which the number of
negative components is even (instead of 5).

Let cg(n) be the smallest number of colors with which the points in R” can be
colored such that no two points of the same color have distance d. Again, cq(n)
does not depend on d, so we write c(n). It is an easy exercise to show that c(n) is
finite.

Corollary 2.5.2. We have c(n) 2 (1.2)V" asn — oo.

Proof. Take a set of points of diameter d that cannot be partitioned into less than
b(n) sets of diameter smaller than d. Every “good” coloring (with respect to the
distance d) of this set needs at least b(n) colors since the color classes are sets of
diameter smaller than d. Thus (by Theorem 2.5.9)

cn) > bn) = (1.2)V" asn — oo.

This result is due to Frankl and Wilson [202], who proved a conjecture of
Larman and Rogers [332] more than ten years before Kahn and Kalai [281] found
Theorem 2.5.9. The original proof of Frankl and Wilson is similar to the proof of
Theorem 2.5.9, only the construction is easier.

2.6. Probabilistic methods

Our general aim is the maximization of the size of families satisfying certain
conditions. For example, for Sperner families and k-uniform intersecting families
we could first “guess” a maximum family of the kind in question, and then prove
that these families are optimal. But sometimes we do not have an idea how to
produce such a large family. Here it is useful to apply the probabilistic method,
sometimes also called the Erdds method in honor of P. Erdgs, who not only is the
founder of this area but also developed it with numerous deep results and still more
intriguing problems. This method can be described as follows: In order to prove
the existence of a family of “large” size satisfying the given condition, one has
to construct an appropriate probability space and to show that a randomly chosen
element (corresponding to a family) in this space has the desired properties with
positive probability. Only a few instructive examples are presented here together
with modifications of the method. The interested reader may learn much more in
the monographs of Erd6s and Spencer [172] and Alon and Spencer [29]. Certainly,
also other facts from probability theory are useful in combinatorics. One example
is the entropy inequality (Theorem 2.6.5). The application of limit theorems is
studied in Chapter 7, where some standard definitions and results can also be
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found. Working in this area, one must be clever in calculus; in particular, it is
useful to have many inequalities at hand. Here is an important one:

Proposition 2.6.1.

(a) Forallx € R, 1 4+ x < €%, and equality holds only for x = 0.
(b) Forally > 0,logy < y — 1, and equality holds only for y = 1.

Proof. (a) The function f(x) := e* — x — 1 has a unique minimum at x = 0.
(b) By (a), y < e, thatis, for y > 0,logy < y — 1. -

Our first example is due to Kleitman and Spencer [311] and also presented in
the survey of Alon [27]. A family F in 2["! is called k-independent if, for every k
distinct members X1, ..., Xi of F, all the 2% intersections ﬂf.‘= 1 Yi are nonempty
where each Y; is either X; or X;.

Theorem 2.6.1. The maximum size of a k-independent family in 21") is at least
L1t /ken/ 62 | for all k > 2.

Proof. Let, for X C [n], X! := Xand X© := X. Consider the random family F =
{X1,..., X}, where (X1, ..., Xn) is a sequence of m randomly, independently
chosen subsets of [n] and equidistribution is assumed (i.e., the probability of the
choice of any particular subset equals 27"). More precisely, the elements of our
probability space are the n x m-arrays whose entries take on only the values 0,1,
and the (classic) probability of such an array equals 27"". The columns of the
array are the characteristic vectors of the members of . Note that up to now the
members are not necessarily different. We have

P(F is not k-independent)
< E P({X;,, ..., Xi} is not k-independent)
. . N
I<ij<-<ig<m
> > PXS' NN X7E =),

I<i) < <ig<m e=(e),...,ex)€(0, 1}k

IA

It is easy to see that Xf]' Nn---NX, iik = @ iff the corresponding subarray does not
contain € as a row. Hence the probability of this event equals (1 — 27%)", and we
conclude

P(F is k-independent)

1 — P(F is not k-independent)

™ Nk _ H—kyn
> 1 (k)Z(l 279",

|
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Ifm = [1k11/ken/®2) | then, in view of Proposition 2.6.1,
k
M\okoy _n—kyn _ ™ ok _—nj2k
(k>2(l 2 )<k!2e <1,
and finally,
P(F is k-independent) > 0.

The members of a k-independent family are automatically pairwise different; thus
we find indeed a k-independent family of the size given in the assertion. |

We already mentioned in Section 2 that for £ = 2 (qualitative independence of

unordered 2-partitions) the exact maximum size (|s— ) can be extracted from the
1%5=]
Profile-Polytope Theorem 3.3.1.

Before the next example we will consider the probabilistic method in a more
general form. Let S be an at most countable subsetof Rand let§ = (4, ..., &,) bea
discrete random vector which takes on only values from S”. Furtherletg : R* — R
be given. Then g(&, ..., &,) is a discrete random variable whose expected value
equals

E@QE)= D  g1,....s)PE =516 = 5n)

if the sum on the RHS is absolutely convergent. The “generalized” probabilistic
method is the application of the trivial fact that there exist sy, ..., s, € S such that

g(s1,...,8,) > (resp. <) E(g(§))-

In Theorem 2.3.3(b) there is given an exact solution of the vertex-isoperimetric
problem for the Hasse graph of the Boolean lattice: Find

min{|(A(F) U V(F)) — F|: F € 2" and | F| = m).
A related problem of Zuev [474] is the following: Find
max{|A(F)| : F € 2" and F is a Sperner family}.

If we take F to be a complete level in the middle of the Boolean lattice, then A (F)
is again a complete level and using

n 2
~ [ Z0n
(i) =V

(which follows from (7.6)) we obtain

n
|A(F)| > ¢— for some constant c.
J/n
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It was shown by Kospanov [320] and Fiiredi, Kahn, and Kleitman [211] that this
bound can be improved significantly. The strongest lower bound is due to Chukhrov
[100] (factor 0.2), but we follow the simpler proof of Fiiredi, Kahn, and Kleitman:

Theorem 2.6.2. For sufficiently large n, there exists a Sperner family F < 2]
such that |A(F )| > 0.059 = 2",

Proof. Letk := L\/gJ = |_§ - \/g-l and u := I-% + \/g_l We will restrict

the shadow to the [/, u]-rank-selected subposet of B, which we denote by Q. For
its size, we have by (7.1)

o-50)

( )
j
2 2 ~ .

We will see that for sufficiently large 7 there exists a Sperner family F in 2"! such
that

¢

[A(F)| = 0.1146 x | Q. (2.81)
Together with (2.80), this yields for sufficiently large n,

|A(F)| = 0.059 % 2".

Lett :=u+1—1,c:=e(logle+1)—1) =0.8515..., and p be the solution of

Q-

Clearly, lim,_, o () = 00; thus,

-
nlggo tp=0. (2.82)
Let £ be a random variable taking on values from S := {1, ..., ¢, t + 1} such that
P ifi=1,...,¢,
PE=i)= )
1—tp ifi=t+1.

Let {éx : K € ([Z])} be a set of (completely) independent copies of & (in the
following K always belongs to (I7))). For j = I+ 1,...,u + 1, we define the
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random families

7= e () cmintec K < 2= -,

u+1

F= F

Note that then the random family A(F) is contained in Q and that [A(F)|is a
random variable which is a function of the £k, K € ([Z])‘

Claim. F is a Sperner family in 2["],

Proof of Claim. The existence of some j, j’ with/ +1 < j < j/ <u+ 1 and
of some X € Fj, X' € Fj such that X € X’ could be the only obstacle. Since
X € Fj, there is some K C X such that &k = j — . But then also K € X’ and
min{éx : K € X'} < j —1 < j/ — I in contradiction to X’ € Fi. m|

For each 4 € Q, we define the random variable 7 4 by

1 ifdeAF),
n4g =
0 ifdé¢AF).
Then

E(AF)) =E (Z nA) =D EMma) =Y P(4 € AF)).

AeQ AeQ AeQ

If we can show that P(4 € A(F)) > 0.1146 forall 4 O, then there must be

a realization of the £x, K € (})), that is, also a realization of , such that (2.81)
holds.

Claim. P(4 € A(F)) > 0.1146if 4 € Q.
Proof of Claim. For sake of abbreviation, always let i := Jj+1—1 Let
ACn], |[Al=j, 1 < j<u.Then

P(Ae A(F)) = P@be[nl— 4 :min{tg : K C AU {b}} = i)
> P(min{éx : K C 4} > i and
b en]—A:minféx : K € AU {b}} =)
= P(min{éx : K C 4} > i and
b € [n] — 4 : minfégryp) : K/ C 4, K € (M)} =i).
In the following, K’ always denotes an element of (k[f]l) The events in the last

conjunction are independent since the index sets of the corresponding random
variables, namely {K : K € A4} and {K'U{b): K" C 4,b € [n] — A} are disjoint
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and the £, K € (7)) are (completely) independent. Thus we may continue:
P(4 € A(F)) = P(min{éx : K C 4} > DP@Ebe[n]—4:
min{éx upy 0 KW C 4) =10). (2.83)
Now we compute and estimate both factors. We have (note (2.82))

P(min{éx : K S 4)> i) = [| Pk > =1~ in® > 1 —1p®
KCA

A —tp)® = (1 —tp)/"? =e°(1 +0(1)).

v

For the second factor, we need a little bit more effort:
P@ben]— A :min{ég yp): K' cAy=1i)
=1—P(Vbe[n]l— A4 :min{fgyup: K C A4} #10)

=1- [] Pminexup: K S A} #D)
be[n]—A4

=1- [] - Pmingxup : K’ S 4} =0. (2.84)
be[n]—-4

Next we estimate for all b € [n] — 4 the probability in the RHS of formula (2.84).
We have min{&x/yp) : K' € A} =i iffforall K’ € 4, Exruge) 2§ and not for
all K’ € A4, Exrupy > i. Thus

Pmin(xop : K' € 4) =) = (- G = Dp)&™) — (1 —ipdD)

(for the last estimation we used the Binomial Theorem and the relatioq 0<l-ip<
1 for sufficiently large » in view of (2.82)). For the first factor of the RHS, we have
by Bernoulli’s formula,

(1= ip) &) 21— (ki l)ip > 1- (kﬁ l)‘tp

u k
— — =1 1).
1 (k)tpu—k+1 +o(1)

To estimate the second factor, we first observe

1

v

p
. . . Nk _ k
N\ 2 (“ 1...1_—_"+_1>(”)(J_‘_"L1) ><”)(’_"_ti)
k k)u u—k+1 " \kJ\u—-k+1) ~\k)\u—-k+1

l u—k+1 u—ilk "

u u— w=I u-Fk 1

— o = 1 D).
- () (-7) (i) a+ow
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Thus

J (7 k
(k— 1)" - (k)m”
> tp(:)r_k]iTl—);e_l(l +o(l)) = -:—1(1 +o(1)),
and we derive
Pmin(gxu : K' S 4)=1) = S(1+o(D).
Insertion into (2.84) yields

P@b e[n] — 4 :min{égry ) : K cA4)y=1i0)

> 1= (1= (L +o()' ™ = 1 = ma o)
e

=1 —e &)1 +o(1))

(here we used Proposition 2.6.1(a)). Thus the estimation of both factors in (2.83)
yields

P(4 € A(F)) > (1 +o(1)e (1 —e¢).

Forc = e(log(e+1)— 1), the function on the RHS attains its maximum 0.1147 . ...
Thus, for sufficiently large n,

P(4 € A(F)) = 0.1146.

Without proof we mention the following upper bounds of Kostochka [322]:

Theorem 2.6.3. If n is sufficiently large then for any Sperner family F in 21"]

(@) |A(F)| <0.725% 2",
() 1A(F)UV(F)| < 0.9994 2"

A related result for the boundary of a filter was previously obtained by Kostochka
[321]. The next modification of the probabilistic method for the construction of
large families without forbidden configurations has the following basic idea (see,
e.g., Kleitman [305]): Construct a collection (i.e., repetitions are allowed) of m
members entirely at random. Then compute the expected number of forbidden
configurations in it (e.g., comparable elements, nonintersecting members, etc.). If
this number is at most Am, then there must be some collection having no more
than Am forbidden configurations, so that, by omitting at most Am members, we
can obtain a collection (often automatically without repetitions, i.e., a family) of
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the desired form of size (1 — A)m. Now let us illustrate this idea (with a slight
modification). We are looking for large (p, ¢)-Sperner families in B, (see [157]).
Here a family F of subsets of [n] is called a (p, q)-Sperner family if the intersection
of any p members of F is not contained in the union of any other g members of
F. Note that a (1, 1)-Sperner family is a usual Sperner family. Let d; 5 4 be the
maximum size of a (p, ¢)-Sperner family in B,.

Theorem 2.6.4. We have

2ptq p+;—l
. > e
dn;pg = C Pt —1 )

1
Iq! =
where ¢ 1= (p+q—1)(G_%‘§m)p+q .

Proof. Let (Xi,..., Xp, Xp+1, ..., Xp+q) be a sequence of p + g randomly,
independently chosen subsets of [n], where equistribution is assumed (analogous
to the proof of Theorem 2.6.1). Leta := 5,%%.

Claim. The probability of the event X1 N---N X, C© Xpy1U---UXpiq equals
@

Proof of Claim. As in the proof of Theorem 2.6.1, we consider the random
sequence as a random 0, 1-array with n rows and p + g columns where the jth
column is the characteristic vector of X;. We have X;N---N X, C X4 1 U---U
Xp.q iff in the corresponding array there isnorowof the form (1, ...,1,0,...,0)

2p+q

n
(p ones and g zeros). This gives the probability (2p+q'l) . m]

Now we construct at random a sequence (X1, ..., X») of m subsets of [n] and
after that we pick, step by step, p + g of them in all possible ways, which gives
m(m —1)---(m — p — q + 1) sequences of the form (Xj,, ..., Xi,, Xi,,\, ...,
Xi,ig)-By Claim 1 we obtain for the expected number p of events X; N---NX;,
)GP+IU---U)(ip+q the value ’

1 n
u=mm-=1---(m—p—q+1) (;) .
For A > 0, we choose the largest m such that 4 < Am. We then have

m > (Aa") e

1
since form < [(Aa")P+4-T] P
1\" 1\"
w<m@m—1)Pra-! (;) < m(ra") (-) = Am.
a
Clearly there must be a fixed sequence (X1, ..., X;;) with at most Am “bad” events

described above. We may destroy such an event by taking away, for example, Xj, .
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Then simultaneously p!q! events are destroyed, namely those that are obtained
by permuting iy, ...,ip and iy, ..., iptq, respectively. After all these events
are destroyed, we retain a sequence whose members form a (p, g)-Sperner fam-
ily of size at least m — % (note that repetitions always yield a “bad” event).
Consequently,

An;pg = f(Ma PR

—-—] . . . .
where f(A) = (1— p!Lq!)A p+¢=T_The function f(A) attains its maximum in R at
A= ;’;—;"_qé. The corresponding value of f equals the constant ¢ from the assertion.
|

The concluding example of this section shows that other parts of probability
theory also can be applied successfully. First we need some preparations. Let .S
again be an at most countable subset of R. Let & = (&1, ..., &,) be a discrete

random vector that takes on only values from S”. Further let (51, ..., n,) be that
random vector which takes on values from $” with probabilities
P =s1,...,0r=8,) = Z P& =s1,...,& = sp).

(Sr41seems Sp)eS"

Here we call this vector marginal random vector. Clearly, it can be considered as
the restriction of the old vector to the first » components, so we denote also the new
vector by (&1, ..., &) instead of (1, ..., n,).Forl <i; <-.- <i, <n, we may
define in the same way the marginal random vector (&;,, . . ., &;,). The components
&; can also be considered as one-dimensional marginal random vectors. It is easy
to see that “being marginal” is transitive, in particular we have:

Proposition 2.6.2. If (&1, ..., &—1) ismarginalto (&1, ..., §,) and&| is marginal
to (&1,...,84—1), then & is marginal to (&1, ..., &,).

The entropy of any n-dimensional discrete random vector £ taking on values from
S” is defined and denoted by

HE:=-)_ PE=s)logPE=5s).

ses"

Here 0log 0 is defined to be 0.

Theorem 2.6.5 (Entropy Inequality). Let £ be an n-dimensional discrete random

vector and let &, ..., &, be its components, that is, the one-dimensional marginal
vectors. Then

HE) <> HE).
i=1
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Proof. We proceed by induction on n. The case n = 1 is clear. For the step
n—1— n,letn:= (&,...,&,—1) be the corresponding (n — 1)-dimensional

marginal random vector. We write briefly ¢ := (s1,..., Sa—1), Pr,s, := P(n =
t, & = sn), pt := P(m=1), ps, == P(§, = sn). Then we have
HE) = — Z Pr.5, 108 Pr.s,»
(t,5n)ES"
H+HE) =~ ) pilogpi— ) pslogps,
tesn-! sn€S
=— 3 puslogpi— Y. Pislogps,.
(t,sp)€S" (t,sp)eS"

We restrict the summation to those elements (¢, s,) for which p, 5, > 0. Then
(noting Proposition 2.6.1(b))

H(© — (Hm + HE) = ) pus, log (%&) =D P, (pz::ps" - 1)

= ZPtPs.. —ZPt.sn =1-1=0.

From the induction hypothesis and Proposition 2.6.2 we infer finally
H < Hm) + H&) < (HE) + -+ HEr-1) + H(Ep).

The notion of entropy stems from physics and is also used in information theory.
The entropy inequality has many applications, for example, in search theory, cf.
Aigner [22]. Here we will reflect briefly the set theoretic point of view. We use
again the letter H for the definition of the function H(A) := —AlogA — (1 —
AMlog(l —1), 0 <A< 1.

Corollary 2.6.1. Let F be a family of subsets of [n], F(i) :={X e F:ie X},

and o; = LJI%(;I-)' Then

log |F| <) He).

i=1

Proof. Let m := |F|. We identify F with the set Cx of its characteristic vectors,
thatis, Cx C {0,1})* and m = |C£|. Let € = (&1, - . ., &,) be the discrete random
vector that takes on values from {0, 1}"” with probabilities

L ifs e Cy,
PE=s)=

0 otherwise.

|
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Then obviously P(§; = 1) =«;, P(§, =0)=1—q;,i = 1,...,n. We have
1 1
HE) = - Z —log — =logm
seCx m m
H(i) = —ajloga; — (1 — a;) log(l — ;) = H(a;).
Now the asserted inequality is a direct consequence of Theorem 2.6.5. |

Frankl (see [27]) observed that the following frequently used inequality can be
easily derived:

Corollary 2.6.2. Forevery(0) < p < % and for every natural number n,

> (n> <P,
e

i<np

Proof. We use the notations from Corollary 2.6.1. Let F := {X C [n] : | X| < np}.
Counting the number of pairs (i, X) withi € [n], X € F,i € X in two different
ways, we get

n

DIFGI= Y IXI. (2.85)

i=1 XeF
According to |F(1)| = --- = |F(n)| and | X| < pn, we obtain for all i

n|F @)l

A

pnlFl,

o; < p.

Since H(A) is increasing in [0, %], it follows by Corollary 2.6.1 that

log|F| <) H(x) <nH(p),

which is equivalent to the assertion. |

As a “real” combinatorial application of Corollary 2.6.1, we present a result of
Kleitman, Shearer, and Sturtevant [310] answering a question of Erdés.

Theorem 2.6.6. Let k > 1 and let F be a k-uniform family in 2" such that all
intersections of two different members of F are pairwise different. Then there is

some € > 0 such that
IF] < 2 —e)k.

Before we look at the proof of this theorem, note that the bound 2* is trivial since
for some fixed X* € F the sets XN X*, X € F, are pairwise different subsets of
X* and | X*| = k.
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Proof. Let us define F(i) and «;,i = 1,...,n, as in Corollary 2.6.1, and let
m := |F|. Observe that we may suppose

1
m> —k?, (2.86)
2
since otherwise the proof is trivial. Moreover, we can suppose that 0 < o; < 1 for
all i; otherwise delete the corresponding element in the basic set [n]. Let G be the
family of intersections of two different members of F,

Gl)i=(YeG:ieT), ﬂ,-:=%)',

It is easy to see that

|F@| ajm (1 — v
|g|=(m),ﬂ,-=(3l)=(3,)=ai2—a'—(l—a’), i=1,...,n.
2 (%) (%) m—1 ]

We apply Corollary 2.6.1 to the family G with the corresponding numbers 8; and
obtain

log (';’) <Y HB). 2.87)
i=1

In order to estimate the RHS we need some preparations: The equality (2.85) reads
in the present case

n n
YIFOI=kFl, e, Y ai=k (2.88)
i=1 i=1

Claim 1. We have forall i, H(8;) < H(@?) + L% ;. !
Proof of Claim 1. We have for 0 < A < 1, H'(A) = —logA + log(l —

A, H'(AW) = «(% + ITIA) < 0; thus H’()) is decreasing, and by the mean-value

theorem, ‘

He}H-HEB) _ ., ,
a2 H@)zlgll—a). |
m—1
Hence ‘
ai a 1
H@}) — HB) > ——(1 —a;) log(l — ;) > ————.
m—1 m-—1le

e |

*2
Claim 2. We have 37, H(e?) < k%—), where A* := Y1 (D). H
Proof of Claim 2. Let f(}) := f’—%——),O <A < 1. Wehave for0 < A <

L") = —m (222 4+ (1 — A%)log(1 — A%)) < 0 since for the function
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g() :=21+ (1 —I)log(1 — ) there holds g(0) =0 and g'(/) = 1 —log(l — 1) >
0,0 <1 < 1. Thus f is concave and by Jensen’s inequality and (2.88) we have

n

n n i i H A*Z
Y HEh =k (Z %f(ai)) <kf (Z ";a,-) = ko =k,
i=l i=1

i=1

O
From (2.87), (2.88), Claim 1, and Claim 2, we infer
m " " 1/e H(A*?) ke
1 < H(a? i <k .
og(z) —g (a')+;m—1°” N U R
The function f(A) attains its maximum at A = 0.4914 ..., and its value is there
1.1249.... With (2.86) we obtain for k — 00
(’;’) < el 125k+o(b) < 3 ogk+olk)
Thus
11 .
m < 5 + ) + 2 % 3.084+o() < (2 — €)* for some € > 0.
]
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Profile-polytopes for set families

In this chapter we will discuss from a linear programming point of view profiles of
families of subsets of [#] belonging to certain classes. Concerning the terminology
we refer to Schrijver [421] and Nemhauser and Wolsey [377]. The investigations
were initiated by Erdds, Frankl, and Katona [175].

With each family F we associate its (reduced) profile f = p(F), where f =
(fi,...» fu—1)T and, as always, f; := |{X € F:|X|=i}|, i =0,...,n. Since
in some cases the empty set @ and the whole set [n] play a special role, we will
restrict ourselves to the reduced profiles — without fj and f;, — although for the
sake of brevity we omit the word “reduced.” In applications, one should not forget
to add these special sets if possible and necessary. Given a class 2 of families,

w@) = {p(F): F e}

is a finite set of points in R”~!. The convex hull of a set u € R”~! is denoted as
conv(u). (The convex hull of a set u of points is the set of all convex combinations
of finite subsets of u, that is, the set {A; f; +-- - + A, f, where {f}, ..., f,} S u
and 0 < A; for all i and z,;] A; = 1}.) The set conv(u(2A)) is called the profile-
polytope of . (A polytope is the convex hull of a finite set of points. The dimension
of a polytope is the smallest dimension of an affine subspace of the Euclidean space
containing the given polytope.) Let (i) be the set of extreme points of conv(u).
(A point of a convex set is an extreme point if it cannot be written as a convex
combination of two other points from the given set.) Clearly e(u) C . It is easy
to see that

conv(u) = conv(e(u)). P

The profile-polytopes conv(u (1)) for the class of Sperner families and the class
of intersecting families, respectively, are illustrated for n = 3 in Figure 3.1 (the
encircled points are the essential extreme points, which will be introduced later).
Often there arise optimization problems of the following kind:
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fa f2

fi fi
Sperner intersecting

Figure 3.1

Letw = (wy, ..., wy,—1)T be a given vector. Determine for a class 2 of families

M@, w) := max { Y wxy:Fe m] =max{wTf: feu@)}. (3.1)
XeF

Obviously,
M@, w) < max{w'f: f € conv(u()))
= max{w'f: f € conv(e(u()))}.
Let f* € e(u(2)) be chosen such that
wif* > wif' forall f' € e(u(@)).

For f = Zf’ee(/.t(Ql)) Apf' € conv(e(u(A))) (where 0 < Asr for all f’ and
>_As = 1), we then have

wa= Z A.f'wa, < Z A'f' wa* - wa*’
f'ee(u(A)) See(u(A))

hence
M®, w) = max{w"f: fee(u@))). (3.2)

In general we have far fewer extreme points than profiles and the maximization on
the extreme points is only a numerical problem. So it is of great interest to have
an overview of the extreme points for several classes. This is the main aim of this
chapter.

Note that a polytope may be also defined as a bounded polyhedron where
a polyhedron is the set of solutions of a system Ax < b; cf. [421, p. 89]. As
before, any linear objective function attains its maximum at some extreme point.
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A point x € R" is an extreme point iff it satisfies all constraints and independent
constraints (i.e., the corresponding rows of A4 are linearly independent) are satisfied
as equalities, cf. [421, p. 104].

Moreover, we would like to know “all” inequalities that are satisfied by all
profiles of families belonging to some class. For instance, if 2 is the class of
Sperner families in 2"! we have derived the LYM-inequality i) <
The strongest inequalities are those which represent facets of conv(u(2)). An
inequality ¢"x < b defines a facer F of a polytope P if this inequality is satisfied
byallx € Pandif F:= {x € P : ¢"x = b} is one dimension lower than P. All
other valid inequalities (i.e., those that are satisfied by all elements of the polytope)
can be obtained by taking a nonnegative linear combination of these facet-defining
inequalities and by increasing the RHS; cf. [377, p. 88 ff] and [421, p. 93]. Note
that, if the polytope P is given by a system P := {x : Ax < b}, then all facets
can be defined in the form a] x = b; for some i where af (resp. b;) is the ith row
of A (resp. the ith coordinate of b); cf. [377, p. 89]. The second objective of this
chapter is to derive the facet-defining inequalities.

3.1. Full hereditary families and the antiblocking type

Let p be a finite set of points in N”. This set u is called full if all unit vectors e;
(with 1 at coordinate i) belong to u, and it is called hereditary if x € u,x’ <
x, x' € N" imply x’ € u (i.e., if it is an ideal in the direct product N”, where N
is, as usual, linearly ordered). We will study full hereditary sets of points since we
will investigate later on only full hereditary classes of families of subsets of [n].
Here a class 2L is called full if for all X C [n] the one-element family { X'} belongs
to 2, and it is called hereditary if G C F € implies G € 2. It is obvious that
the set () of points from N”~! is full hereditary if 2 is full hereditary (in our
general investigations we work with N” instead of N"~!). In fact, we may also
replace everywhere N by R, then in the definition of fullness we only need that
ae; € puforsomea >0(@G =1,...,n).

Lemma 3.1.1. Let yu be full and hereditary.

(@) Foralli,x; >0isa facet-defining inequality for conv(p).
(b) All other facet-defining inequalities for conv(i) have the form a\xy + - -+ +
anxy < bwitha; > 0 foralli and b > 0.
Ve
Proof. (a) Let us consider the inequality x; > 0, which is true for all x € conv(u).
Let F := {x € conv(u) : x; = 0}. The points 0, e;,i = 2,...,n, are affine

independent (i.e., e, ..., e, are linearly independent) and belong to F. Hence
dim F = n — 1 and F is a facet.
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(b) Since w is full, for all i, x; < 0 cannot be a valid inequality, so all other
facet-defining inequalities for conv(u) must have the form a;xj + - - - +apx, < b,
where at least two coefficients, say a; and a;, are nonzero. Assume, for example,
thata; < 0. Let F := {x € conv(u) : ajxy + -+ + anx, = b} be a facet. There
exists some extreme point x of F (which is also an extreme point of conv(u),
i.e., belongs to ) with x; > 0 since otherwise F would satisfy two independent
equalities Z;’___l a;x; = b, x; = 0 and thus have dimension less than n — 1. Now
let x” be the vector that can be obtained from x by changing the first coordinate
into zero. Then x’ € u, but a1 x| + --- + anx, = b —ayx; > b, a contradiction.
From a; > 0 we may derive b > 0 since e; € u. [ ]

Of course, we can divide the facet-defining inequalities of the form (b) in
Lemma 3.1.1 by b, and the RHS becomes 1. Furthermore, for each i there must
be some facet-defining inequality with a; > 0, since otherwise there would be no
restriction from above for x; and conv(u) would be unbounded. Thus we obtain:

Theorem 3.1.1. Let 1 be a full hereditary set of points in N". Then there exists a
nonnegative matrix A with no zero column such that

conv(u) = {x e R} : Ax < 1}.

A full-dimensional polytope (i.e., a polytope of dimension n) in R” of the form
given in Theorem 3.1.1 is said to be of antiblocking type. The theory of blocking
and antiblocking polyhedra was developed by Fulkerson in [206, 207, 208].

If, in general, P is any polytope of antiblocking type, P = {x € R]} : 4x <1},
where A is a nonnegative matrix with no zero columns, then the antiblocker P°¢
of P is the polytope

PCi={yeR}:y"x <1lforallx € P}.

Letcy, ..., ¢, be the extreme points of P and let C be the (» x r)-matrix whose
rows are ¢}, ..., cr.

Theorem 3.1.2. We have
(@ P°={yeR}:Cy<1}
b) (P = P.

Proof. (a) Let y € P¢. Then c,T y = yTc¢; < 1 for all i since the ¢; are
special elements of P. Hence Cy < 1. Conversely, lety € R?,Cy < 1.
Every point x of P can be written as a convex combination of the extreme
points: x = Y [ a;ci,; > Oforalli, Y _ o = 1. Consequently, y"x =
i ai(yTe)) <Y i_yai =1.Hence y € P°.
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(b) Letx € P.Then x"y = y"™x < 1 forall y € P Thus x € (P°)°.

The rows a] of 4 belong obviously to P¢. Thus, if, conversely, x € (P€)¢, then
x"Ta; = alx < 1foralli; hence Ax < 1, thatis, x € P. ]

In Figure 3.2, we illustrate the antiblockers (conv(u(2)))¢ where 2 is — as for
Figure 3.1 — the class of Sperner (resp. intersecting) families and n = 3.

Y2 Y2
1 1
3 3
n + Y
1
3 3 1
Sperner intersecting
Figure 3.2

We call an extreme point ¢ of a polytope P essential if there is no other point
dof Pwithe <d.

Theorem 3.1.3. Let A be a nonnegative matrix with no zero column and define
P:={xeR}:4x <1}

(@) Ifc is an extreme point of P, then there exists some essential extreme pointd
of P such that, for all j, c; > 0 implies c; = d; .

(b) Besides y > O the facet-defining inequalities for P€ are given by
d,-Ty <1, i=1,...,s,

whered\, ..., ds are the essential extreme points of P (these are called the
essential facet-defining inequalities for P°).

Proof. (a) Let ¢ be an extreme point of P. Without loss of generality, we assume

that ¢,y = - = ¢, = 0,butey,...,¢, > 0. Let ¢’ := (cy,...,c,)" and
"o.__ . .. .

¢” = (Ct+1,...,¢cn)T. In Ax < 1 there must be ¢ inequalities that are satisfied

by ¢ as equalities, and these equalities together with x,4| = --- = x, = 0 must

be independent. Consequently we can divide A into the form 4 = (4’| 4”) and,

more precisely,
Al AII
(5 )
4; A
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where 4|¢’ = 1,rank 4] = ¢, A5¢’ < 1. Since A4 does not contain a zero
column (otherwise we would have rank 4| < ?), we cannot increase in ¢ one
of the coordinates j = 1,..., ¢ without changing the others. Now consider the
coordinates j =t +1,...,n.

Case 1. The jth column of 4 is not a zero column. Then we cannot increase
coordinate j without changing the others.

Case 2. The jth column of 4 is the zero column, for example, for j = ¢ + 1.
Then we can increase the (¢ + 1)th coordinate until a strict inequality becomes a
new equality (note that the (¢ 4 1)th column of Ai_,’ cannot be the zero column).
The resulting point d is an extreme point since

A} 0
rank =t+1,
*¥...x #0

and we have, together with x;1 = - -+ = x,, = 0, n linear independent equalities.
So we have seen: Either there isno d € P withd > ¢, d # ¢ (and thus c is an
essential extreme point) or there is some extreme point d with the property that
for all j, ¢; > O implies ¢; = d; and d has one more nonzero coordinate than c.
Now we can argue for d in the same way and since there are at most » nonzero
coordinates we find after a finite number of steps the desired essential extreme
point.

(b) The inequalities y > 0 are facet defining by a similar reason as in Lemma
3.1.1(a). Let ¢ be an extreme point of P that is not essential and let d be an
essential extreme point with the properties of (a). Suppose, w.l.o.g., that ¢y = 0
butd; > 0 and assume that F := {y € P : ¢Ty = 1} is a facet. Then there must
be some y* € F with y} > 0, since otherwise we would have two independent
equalities ¢Ty = 1, y) = Ofor F, and thus F would be at most n — 2 dimensional.
But obviously y**d = d"y* > ¢"y* = 1, a contradiction to y* € P°. Now
let ¢ be an essential extreme point and assume that F := {y € P° : c¢Ty = 1}
is not a facet. We shall use the notations before Theorem 3.1.2 and suppose that
¢ = c,. Let P’ be the convex hull of ¢y, ..., c,—; and let C’ be obtained from
C by deleting the last row. Of course, P’ & P. But if F is not a facet, then
P¢ = {y € R} : C'y < 1} and by Theorem 3.1.2(a), P’ = P°. In view of
Theorem 3.1.2(b), P = (P°)¢ = (P'°)° = P’, a contradiction. ]

In form of Theorems 3.1.2 and 3.1.3 the facet-defining inequalities for P are
given by the essential extreme points of P°. So our goal in this section is the
following: Given a full hereditary set y of points in N, find the essential ex-
treme points of conv(u) and (conv(w))€. Suppose we are given candidate lists

{c1,...,es}and {1, ..., vo) for these extreme points. How can we prove that
these lists are correct and complete? Let u” be the hereditary set in N* (resp. R%)
determined by ¢y, ..., ¢g; that is, let ' be the ideal generated by cy,...,cs,

and let P := conv(w'). All our lists will have the property that w’ is full; thus
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by Theorem 3.1.1, P is of antiblocking type. Note that, by the definition of P,
its essential extreme points belong to {c, ..., ¢ s}. Moreover, we define Q analo-
gously, using 71, ..., ¥o. Our method of proof is as follows:

Step 1. Verify that ¢; € u for all i. This yields P C conv(u).

Step 2. Verify that 'yJT.x < 1forall j and for all x € u. This yields u C QF;
that is, conv(u) C QF°.

Step 3. Show that Q° € P or Q D P°. This yields (using Theorem 3.1.2(b))
that P C conv(u) € Q° C P;thatis, P = conv(p) and Q = (conv(u))°. Either
we can show that for every element x of QF there exists a convex combination of
¢y, ..., ¢s which majorizes x (it suffices, of course, to test the maximal elements
x of Q) or we can determine algebraically the essential extreme points of P¢
by considering the corresponding system of inequalities. We are done if these
essential extreme points are contained in 15,70}

Step 4. Show that the candidate points are in fact essential extreme points. The
test of being essential will be in our cases trivial. To see that the points from the
list are extreme points we need only verify that they cannot be majorized by a
nontrivial convex combination of other points from the same list, and this will
also be easy. Of course, we could also verify that the points satisfy n (resp. for
the reduced profiles of set families n — 1) independent equalities in the system of
linear inequalities defining Q° (resp. P°).

Now let us come back to our set families. We denote the set of essential extreme

points of conv (i (2)) (resp. of conv(u(A))©) by €* (1 (2A)) (resp. * (u(2A))). Note
that our objective function (3.1) satisfies by (3.2) and Theorem 3.1.3(a),

n—1
M, ¢) = max lZmax{ci,O}fi i fe e*(p,(Ql))} .

i=1

The determination of €* and ¢* is still too difficult. But we can reduce the problem.

3.2. Reduction to the circle

We start with a general fact for polytopes of antiblocking type. For amatrix D and
apolytope P,let DP := (Dx : x € P}.

Theorem 3.2.1. Let P := {xeRl:Ax <1}and P':={x e R" : A'x <1},
where A and A’ are nonnegative matrices with no zero columns. Further let
D := diag(d,...,d,) be a diagonal matrix with positive diagonal elements.
Letc,...,cg5 be the essential extreme points of P'. If P € DP’ and Dc; € P
Jor all i then

(@ P=DP and Dcy, ..., Dcg are the essential extreme points of P.
(b) P¢=Dlpr,
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Proof. (a) Let x = Dx' with x’ € P’. We have to show that x € P. Since
x’ can be written as a convex combination of extreme points of P’ we have by
Theorem 3.1.3(a):

S s
x < Zaici with o; > 0 for all i and Za,- =1.
i=1 i=1
Thenx = Dx’ < Y_;_, @i Dc;. Since P is convex and in view of the supposition,
the sum on the RHS belongs to P, but then obviously x belongs to P. The point
Dc is an extreme point of P since otherwise it could be written as a nontrivial
convex combination D¢y = Axq + (1 — A)xp withxy,x2 € P. Withx; = Dx:.,
x} € P',i = 1,2, we obtain ¢; = Ax| + (I — A)x), a contradiction. Moreover,
Dc is essential by an analogous argument.
(b) We have

P ={yeR}:y'x <lforallx € P}
={yeR}:y'Dx' <lforallx’ € P’}
= (D77 eR} :z"x < 1forallx’ e P’} = Dl pe.

We use Katona'’s circle method [295] together with this theorem to solve a much
easier problem for set families. Let ¢ be a cyclic permutation of [z]. A subset X
of [n] is called consecutive in ¢ if its elements are consecutive on the circle; see
Figure 3.3. If 2 is a class of families of subsets of [n], let 2(¢) be the class of

¢t —
¢ (1)

Figure 3.3

those families from 2 whose elements are consecutive in ¢ and let w(A(¢)) =
{p(F) : F € A($)}. For a permutation 7 of [n], a subset X of [n], a family F
of subsets of [#] and a class 2 of such families we put 7(X) := {m (i) : i € X},
a(F):={n(X): Xe F},and n(A) := {w(F) : F € A}. The class U is said to
be permutation invariant if 7 () = 2 for every permutation  of [r].
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Lemma 3.2.1. Let 2 be permutation invariant and let &1, §2 be two cyclic per-
mutations. Then u(A(81)) = w(AL2)).

Proof. Let 7 be the permutation that sends g'l(l) onto {2(1), i=1,...,n. Then
F e A& iff m(F) € A(%2). [ |

In the following we consider only permutation-invariant classes, so we restrict
ourselves to the permutation

o 1 2 ... n-1 n‘
2 3 ... n 1

As for 2, we can introduce the sets conv(u(A(C))), €(u(AC))), e*(UEA©C))). If
2 is hereditary then also A(C) is hereditary. If 2 is full, then for every X C [n] that
is consecutive in C, the family {.X'} belongs to 2A(C). Thus under these two suppo-
sitions, conv(u (A(C))) also has the form of Theorem 3.1. 1, and moreover there

exists the antiblocker (conv(u(2A(C))))¢ and the set ©*(L(RA(C))) of its essential
extreme points.

Theorel’m 3.2.2. Let A be a full hereditary permutation-invariant class and let
5 diag((}), ..., (,71))- Then conv(u(21)) < D conv(u(A(C))).

Proof. Letcy,..., ¢, be the extreme points of conv(u(A(C))). Let F € A and
let f be its profile. We have to show that J can be written as a convex combi-
nation of Dcy,..., De,. For any cyclic permutation ¢, let F(¢) = {X € F :

X is consecutive in ¢} and let £ (¢) be its profile. Since f (¢) belongs to 1.(A(C)),
we can write f(¢) in the form

f@) = Zm(;)m with &;(¢) > O foralli, Y a;(¢) = 1.
i=l :

i=l

With each X € F we associate the profile S x of the family { X'}, which is a unit
vector with 1 at coordinate | .X]|. Finally, let

E={X¢): XeF, tisa cyclic permutation, X is consecuti‘ve in ¢}.

Obviously,
f=> fx
XeF
For fixed ¢,
foO= > fr
X:(X,0)eE

For fixed X, X # @, X # [n], there exist [X|'(n — | X! = n-- 1)v( 3 i~ cyclic
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permutations ¢ with the property that X is consecutive in ¢. Hence

D Y fx=fx

$(X.0)eE

Summarizing we obtain

1),2 Df @) = l),Z Y. Dfx

¢ X(X.$)eE
‘2_4.21%=Zh#.
fer (=D ¥ ek XeF
So we have
=4 l,ZZw(()Dc:Z( ,Za.(;)) De;,
)l T\ —D

which is obviously a convex combination of the vectors Dc; since there are in
total (n — 1)! cyclic permutations. [ ]

3.3. Classes of families arising from Boolean expressions

We say that a two-element family {X, Y} of subsets of [n] has the property
S iff X¢ZYandY ¢ X (Sperner),
I iff XNY#O (Intersecting),
C iff XUY #|[n] (Cointersecting).

We speak of property S, 1, C if {X, Y} does not have property S, I, C, re-
spectively. Let B = B(S, I, C) be a Boolean expression of S, I, C; for example,

= (SAI)VC (we write briefly B = SIv C). A family F of subsets of [1] is said
to be a B-family if each two-element subfamily of F satisfies the Boolean expres-
sion B. For instance, F is an (S7 vf)-family if for all different X, Y of F, X, Y are
not comparable with respect to inclusion and have a nonempty intersection or their
union is the whole set. Note that the class 2 g of B-families is full, hereditary, and
permutation invariant for every Boolean expression B. Determining the maximum
size of B-families, Gronau [246] developed a reduction technique that allows us
to consider only a small number of Boolean expressions instead of all 22’ Boolean
expressions. This reduction method was generalized by Derbala and me [134] in
connection with the study of profile-polytopes. I will not address these technical
questions here. Instead we will study only those Boolean expressions that are most
interesting from the point of view of profile-polytopes. Interesting, but unsolved,
are the questions for B = IC (cf. [199]) and B = IC v I C (cf. [246]), so we will
not discuss these expressions. The following theorem consists of a list containing
the sets €*(u (2 p)) and ¢* (1 (2 p)) and the maximum size of B-families for eight
Boolean expressions B. From the preceding section we know that this list gives
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deep informations for B-families. Certainly the complete proof will be tiring for
the reader. Skipping the “long” cases at first reading is recommended. Later one
can look, if necessary, at the other cases. We use the following notations for vectors
and families of i-element subsets of [n]:

e :=(0,...,0,1,0,...,0)T, where 1 is at coordinate i, i = 1,...,n — 1,
wi= (e vii= (e, wiim (e

;= (,,,%)ei v = Tllrei w;j = ﬁei,

U= vi=xe®):lex) wi=(xe(:1¢x)

Clearly, u;, v;, w; are the profiles of U;, V;, W;. Note that v; + w; = u;,i =
1,...,n—1.

Theorem 3.3.1 (Profile-Polytope Theorem). Let A be the class of B-families.
Then we have the following essential extreme points and essential facet-defining
inequalities (given by the vector of coefficients) of the convex hull of the profiles
of families from Ap; see Table 3.1.

Here (and in the following proof) all vectors with index 2 5 (resp. ”“) must be
deleted if n is odd (resp. even). Sums in which the lower bound is greater than the
upper bound are defined to be zero.

Before we start with the proof let us make several remarks.

(1) Throughout we may suppose that the B-families do not contain @ and [n] as
members since we are only considering reduced profiles (without foand f).

(2) The difference between an /- and an / v C-family is that pairs of comple-
mentary sets are allowed in the second one. The same is true for SI and
81 v C-families, which are both Sperner families.

(3) SIC-families are also called families of qualitatively independent sets. Here,
two subsets X and Y of [r] are said to be qualitatively independent if they
divide [n] into four nonempty parts (X —Y, ¥ — X, XNY, [n] — (XUY)).
(It is easy to see that a family with the property that any two members are
qualitatively independent is an S7C-family and vice versa.)

(4) Itis easy to see that one can add to each member X of an SIC v T C- farmly its
complement X := [n]— X such that the new family is stillan SICV T C-family.
A self-complementary Sperner family is a Sperner family F with the property
that X € F implies X € F. Obviously, F is a maximal self-complementary
Sperner family iff it is a maximal SIC v T C-family.

(5) A complement-free Sperner family is a Sperner family F with the property that
X € Fimplies X ¢ F.The S(IvC)-families are exactly the complement-free
Spemer families.
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Table 3.1

95

Essential extreme
points €*(1.(Ap))

Essential facets
*(u(Ap))

{fui:1<i<n-1}

n—1
[Z Hil
i=1

Ev,+ Z uj:l< {%uizlsisg}u
2n-1 = JEnmi (=L +w)):j >
zs”—;f—'} 2i+j<n)
— n—i n—1
IvC lwaZ witl< {1 <i<3}u
Al D (e +w): )=
(j222)) 15%} 24 j<n}U{tw,)
5]
SIC {vi:1<i<%}u v+ Z wj]
-1 .n : i=1 Jj=151+1
(L':’—’rZJ) {wi:5<j=<n-1}
SICVIC vitwaiz1<i<3}u v+
-1 ieT
2(z2)) {ug) )3 wj+py

g<jsn—1ln—j¢T

Tg{l,...,L%J}}

{u;:1<i<n-1}
if n is odd,
{wi:l1<i<n-—1,

i#%}u

{v,+wj 1<i<?% _]——

or1_2,ﬂ<]§n—1}

if n is even

n—1
IZ Hil
i=1
if n is odd,
i
z:l(“j + ”‘n—j) +
j=
1- ﬁ)Vg +

n

o3~
Z (Vj+wn—j):
l<i<? lU[un}

if n is even
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Table 3.1 (cont.)

i—1
{ui:5<i<n-1ju [Zu,+z(l b=l
1

(15 | Ditwii=isy, k11 Ly
i+j>nju{v} > ovi+ Ly
i=iy
n—ip+1
wj +
Jenig 42

p#:l<i1<-~<

rp1 = f"—42'11 }

1
O (TP
() | {vitwi =l
i<%,i+j>n} > ovit+ ks
i=iy
n—iy

Y witpy:
J=n—igy1+1

IA

1< <--'<ir+1=f%]]

(6) For B = I and B = I v C, we could have written in the third column v;
instead of % u;. However, we prefer our notation because of the nice analogy
with €*(u( g, 7)) (resp. o* (u(As)))).

(7) If B is the Boolean expression that can be obtained from B by interchanging
the letters C and I, then obV1ously Fis a B-family iff F := (X : X € F} is
a B-family since XN Y # @iff XUY # [n]. Thus the extreme points for B-
families can be obtained by reversing the extreme points for B-families; that
is, (1, x2, ..., xp—1)T = (Xn—1,...,x2, x1)T (note that Ui —> Up_i, Vi —>
Wneis Wi = Vp_j, i = My, Vi = Wy—j, Wi = Up_;).

(8) Since many mathematicians contributed to this theorem, it cannot be attributed
to any author in particular. Some historical remarks follow the proof.

Proof. The maximum sizes in the left column of the table follow from a calcula-
tion of max{1¥¢ : ¢ € €*(u(Ap))), using the symmetry and unimodality of the
binomial coefficients (by this maximization we find only maximum B-families
that do not contain @ and [n] since we consider only reduced profiles; only in
the cases 7 and 7 v C we have to add [r] to the families in order to obtain the
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real maximum). As an example we show this for B = I v C. Let ¢; be the ith
vector in the set €*((2)). Then we have ¢;, — c, = —v; + wp_;_1; that is,
1"(cir1— ) =—(7)) + (7)) 2 0iff 1 < < %. Hence

i-1 i

-1
max{17c : ¢ € €*(u@)} =1"cy; =2""" + (L" zJ) 1
and the addition of 1 (corresponding to [r]) gives the maximum.
Let us note here, that the vectors given in the second column of the list are
profiles of B-families. Indeed, all these vectors have the form

c=Zu,~+Zv,~+Zw,-,

ieJ; ieh iels

and it is easy to see that, in each case, c is the profile of the B-family

(U)o (Ur)e(um)

To proceed with the proof, we introduce new vectors

u;:=ne; v;:=ie; Ww;:=({n-—ie;

W= %e; vii=le, w!:=-Le,.

Obviously, u; = Duj,v; = Dvj,w; = Dw}, u; = D~'p},v; = D'/,
= D7'wi,i = 1,...,n — 1, where D := % diag((}), ..., (,",))- Let us
replace in the list of the theorem every vector by its “dashed” vector, for example,
u; — u;.If we can show that the “dashed” list is the list for the classes 23(C),
then we are done by Theorem 3.2.2, Theorem 3.2.1, and the fact that the undashed
vectors belong to 1 (A g), that is, also to conv (i (2 g)) — see the remarks earlier. So
let us restrict ourselves to the classes 2(C) and read the list always as a dashed
list. For k, [ € [n], let

{k,k+1,...,1} ifk<l,
kk+1,...,n,1,...,1} ifk>1.

[k, Nmodn =

Thus [k, /lmod» is consecutive in C. For the sake of brevity, we will omit below
the index mod 7 since this will be clear from the context. We say that k& is the
starting point and [ is the endpoint of [k, Ilmod ». Conversely, every consecutive
set different from [#] has a unique representation [k, /1mod -

For the proof, we have to verify that the dashed list is correct and complete.
We are doing this by the method described after Theorem 3.1.3. We use also the
notations P and Q. Step 1 is easy to verify since we can argue as before for the
undashed vectors. We have only to use the sets U/, V/, W/, which are defined
the same as U;, V;, W; but with the additional »condmon that the elements are



98 Profile-polytopes

consecutive in C. Step 4 is easy, too, and therefore omitted here. We still have to
verify Steps 2 and 3. As a warm-up, we start with the easiest case.

Case B = S.

Step 2. We have to show that ) ]' fi/n < Lforevery F € Ag(C), that is, for
every Sperner family of being subsets of [1] consecutive in C. This inequality is
true since no point can be a starting point more than once.

Step 3. We have f € Q°iff f > 0 and ;:=—11 fi/n < 1. The convex com-
bination Z;’;,Z(fi/n)u; + (l - :';12 f,-/n) u;,_, majorizes f . This proves the
case.

Before we consider the other cases, we will prove two lemmas. Let N; (C) be
the family of all i-element subsets of [1] that are in C consecutive. For F C N;(C),
let

Ve(F) :={Y € Ni;1(C) : Y 2 X for some X € F},

and let A¢ be defined analogously. We say that a set B of starting points of members
of F forms a block if B = [k, I] for some k and / but k — 1 (mod 7) and / + 1 (mod n)
are not starting points of any member of F.

Lemma 3.3.1. Let F C N;(C),i = 1,...,n — 1, and suppose that the set of
starting points of members of F consists of m blocks. Then

IVe(F) = |Fl+mifi <n-2,

[Ac(F)| = |Fl+mifi >2.

Proof. Under the conditions on i, a block [#, /] of starting points for F yields the
block [k — 1(mod n), I] of starting points for V¢ (F ) and the block [k, [ +1 (mod n)]
of starting points for A¢(F), and these new blocks are disjoint for different old
blocks. ]

Lemma 3.3.2. Let F C N;(0),1<i < 2, and let F be mtersectmg Then

(@ |7 <4,

b Fefl> 2,

Proof. (a) Suppose, w.lo.g., that [1,i] € F. By the suppositions of the lemma
every member of 7 must have a starting point or an endpoint in [1, i]. Let S (resp.
E) be the set of starting points (resp. endpoints) of elements of F lying in [1, i].
In particular, 1 € S,i € E. Clearly, [1, ] is the only element of F having both
a starting point and an endpoint in [1, /]. Consequently, | F| = |S| + |E| — 1.
The elements of E + 1 := {k + I(modn) : k € E} cannot be starting points
by the suppositions. Thus |S| < i — (|E| — 1) (we cannot exclude i + 1) and
IFI<i—|E|+14+|E|l-1=i.
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(b) Since |F| < i and, by Lemma 3.3.1, |Ve(F)| > |F| + 1, there holds

IVc(J")IZl LZH.-I'
|71 |71 i

Cases B=/and B=1VC.

We treat these cases together. The proof is outlined for B = I; the particularities
for B = I v C are attached in boxes.

Step 2. The inequalities < L <laretrueforalli <5 |i <

, F € Ap(C) by

[ ST

Lemma 3.3.2(a)| note that F; is intersecting for i < 5; Jfa—1 < nisclear|. More-

over, we have to verify the inequalities

n_Jf+ j}<1forj>%,

i+j<n [j=%i+j<n

and, equivalently,
n-— j)é + fj <n.
Using Lemma 3.3.2(b) we obtain for our i and j
hi_ 1V E
i i n—j
No element of Vg~ J=1(F;) can be a complement of an element from F; by our

suppositions. Accordingly,

Ve TN FD <n - f,

and we conclude

ne i
Jﬁ <n-— f.

Step 3. Let f be a maximal vector satisfying the inequalities
fi n n
=<1, l1<i<-= 1<i<3%
7 = _1_2 <i<j

n—j 1 ._on
- f,+;fj5 , j>5,z+15n

Ilz%,i+j<n, andf,,_lsn].

Since f is maximal we have

.flsf, 2<i<
i —

: n

(otherwise we could increase f; up to ,_iT fi—1 without disturbing the inequalities).

NS
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We denote the points from the list by

J=i J=n—i+1
=0+ XL w1 i<},
With
N
ay = Ta
R SR P Laay N P
i Q- 2
R Ty
L3]-1
aL#J =1- I-”'HJ | ola)i=1- 2]

we obtain the desired convex combination, satisfying

ntl
L5 3]

f=) ae |fY e
i=1

To see this, consider the kth coordinate of the RHS. We have in the kth coordinate
forl<ks<|® -1 [1<k<|3]-1

k(al+"‘+ak)=k%=ﬁn

andfori’-‘{—lsksn—l S<k<n-1

k(ay + -+ an_g) +n(en—g+1 + - +al%l)

K@i+t anok—)) + 1@k + - +ogz)

which equals
kf'T_k];+n(l—nﬁ'__;) ket n (1- £1) [

and these terms are not smaller than f; since f satisfies, in particular, the inequality
At 1< [+ A< 1]

Efk = n — 1, we arrive at the inequality f,_; < n, which is evident.—l If n is
even there remains the value k = 5 | k = 251 |. Here we obtain for the kth

coordinate &, which is not smaller than f; by {’i <l
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Case B = SIC.
Step 2. We have to show that

L3 f n—1 f

2 AN Z L < 1forall F € u(A(C)).
—~ | g J

i=1 J=13]+1

Letr := min{|X| : X € F}and s := max{|X| : X € F}. We may suppose
that » + s < n, because otherwise we could consider the complementary family
F which is an S7 C-family, too. Suppose further that [1, 7] € F. By the Sperner
property, every i € [n] can be at most once a starting point (resp. an endpoint) of a
member of F. Since F is an SIC-family, every member of F different from [1, ]
must have either the starting point or the endpointin [1, r]. Let S (resp. E) be these
sets of starting points (resp. endpoints) in [1, r]. The elements of E + 1 cannot be
starting points since F is intersecting and cointersecting. By the arguments used
in Lemma 3.3.2, | F| < r. Consequently, using r + s < n,

151 fi n—1 fi s fi |7
Do+ . Ly A Tl
prlll j=L%J+ln—] = r r

Step 3. Since we have, besides f > 0, only one facet-defining inequality for
Q°, the essential extreme points of Q¢ must have exactly one nonzero coordinate
and they must satisfy the essential facet-defining inequality. This gives the points
from the list.

Case B=SICVIC.

Step 2. As mentioned in the fourth remark after Theorem 3.3.1, we can add the
complements of members of F to F, and the resulting family is still a B-family.
So we may suppose that f; = f,_;,1 <i < 5. Consequently we only need to
prove that

> /NEL (33)
7l n

I<i<t

Let

Fi o= [Xe}':IX|<§]

u[Xef:|X|=§, 1eX], Fri=F—F.

Then F, and F; are SI1C-families. From Step 2 of the preceding case we obtain

fi T3 fi
27+?’+ » —=s2

I<i<} §<i5n—ln

This verifies (3.3) because fi = f,_;, 1<i < 3.
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Step 3. We have f € Q€ if f > 0 and

i Lo B n—1
ZT+ Z n—_—i+7_lforallT§l1,...,L 5 “

ieT S<i<n—1
n—ig¢T
Let
1 n fu
o = —max{fy, fumih 1 <i<z, ani=2
i 2 2 n

Then f is majorized by Z|5i<g @i(vi + Wni) + aguy and we have
leis% o < 1 (takethesetT := {i € {1,..., L%J} : fi > fa=i}). Now
we can increase one of the o’s such that the sum becomes 1 and we get the desired
convex combination majorizing f.

Case B=S( v ).

Let n be odd. Since the points u;, 1 <i < n—1,belongto u(As/vc)) we have
conv(u(Rsrvcy)) 2 conv(u(As)). Every S(I v C)-family is an S-family; hence
conv(u(Asrvey)) S conv(u(As)). Thus we can apply the results for B = S.

In the following let n be even, n = 2m.

Step 2. We have to verify that f,, < m (this follows directly from Lemma 3.3.2)
and that

i m—1
Z(fj+fn_j)+i Z (ﬁ + —é'_—j) +(n —i)z'1 < nforall F € Ag(C),
=1 j=it1 N/ J m
1<i<m. 3.4

Take a family F for which the LHS is maximum. If f,, = 0 then the LHS is not
greater than n, since we already derived for S-families the relation Z;’;l' Ji<n
So assume that f,, > 0.
Claim 1. If [1, m] € F, then either [2, m + 1] or [m + 2, 1] is in F.
Proof of Claim 1. Suppose that [m+2, 1] ¢ F. Wetrytoadd [2, m+ 1] to F aif
itis not already there). The only obstacle could be a member X of F that is either
contained in [2, m + 1] or contains [2, m + 1]. In the first case, X has to contain
m + 1, because otherwise it would be a subset of [1, m]. Thus X = [ Jsm+1] for
some 2 < j < m+ 1. Similarly, if X contains [2, m + 1] then X = [2, /] holds for
some m + 1 < ] < n. Since F is an S-family, at most one of these possible sets
X can be in F. Delete this X and add [2, m + 1] to F. This change increases the
LHS of (3.4), which is a contradiction to our choice of F, and the claim is proved.
O

A pair of complementing, in C consecutive, m-element subsets is called an
equipartition. We say that an equipartition is represented in F iff one of the parts
is a member of . Claim 1 states that if an equipartition is represented in F then
the neighboring equipartition is also represented. By induction, this results in
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Claim 2. All equipartitions are represented in F; that is, f,, = m. ]

Claim 3. Let X and Y be members of F with sizes different from m. Then
XNnY #£0.

Proof of Claim 3. Let | X| < |Y| and, w.lo.g., ¥ = [1, j]. First suppose j < m.
By Claim 2 and since F is an S-family we have [j + 1, j +m], [m + 1,n] € F.
If X is disjoint to Y, then X must be contained in the union of [ + 1, j + m] and
[m + 1, n], but neither of these sets can contain it alone. Hence [m, j4+m+1] C X
follows. But then | X| > j, a contradiction. The case j > m is easier. The set
[m + 1, n] (belonging to F, as above) covers the complement of ¥; therefore X
cannot be a subset of Y since F is an S-family. a

Claim 4. Let X and Y be members of F with sizes different from m. Then

XUY #[n].
Proof of Claim 4. In Claims 1-3 we may replace everywhere the family F by
the family . However, Claim 3 with F is equivalent to Claim 4 with F. ]

The last two claims result in:
Claim 5. F — F,, is an STC-family. ]

Now we are in position to prove inequality (3.4). We use the corresponding
inequality in Step 2 for B = SIC. We have

i m—1 ] .
Z(f,—+fn—,-)+i Z (ﬁ+b) +(n—i)ﬁ
j=1 j=it1 \J J m

m—1 ] X
5i2(1{+f"—,")+(n—i)£"l5i+(n—i)—fﬂ=n.
j=I1 J J m

m

Step 3. We use the algebraic method to determine the essential extreme points
of P¢. The polytope is characterized by the system

ny, <l,1<i<n-1, l‘?é%’

. n
lyi+mym S 19 151<§s
. no.
mym + (n— jy; <1, 5<J§n—1,
yi >0, l<i<n-1.

Suppose that y is an essential extreme point. We have

min{y, t(1—my,)},  ifl<k<?2,
Yk = .
mln{%, n—lk-(l—my,,,)}, if3 <k<n-1,
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because otherwise we could increase yx. If y,, = Othen y is obviously not essentlal
Ifym = —theny, =0,1<j=<n-1,j+# 3;thatis, y = v,,.Solet0 < y, < L
Then there must exist some i with 1 < i < 5 or some j withs < j<n-—1 such
that

ny; = landiy; + my, = 1 (resp. ny; =1and my, + (n - DNyi=1,

since otherwise we had at most n — 2 linearly independent equalities for y. For the
case 1 <i < 3 (the case § < j < n — 1 can be treated analogously), we derive

A-5Hil jfj=m

,l, ifl<j<iorn—i<j<n-1,
Yi=13 . .

jL ifi <j<m,

m ifm<j<n-—i,

that is, y has the form given in the table.

Cases B= S/and B = SI v C.

We treat these cases again together, the particularities for B = SI v C are
attached in boxes. This time we change slightly our method of proof. In Step 2
we show that f € (P€)¢ for all F € Ap(C). This yields the desired inclusion
conv(u(Ap(C))) € P.In Step 3 we determine the extreme points of P¢, which
will be exactly the points from the table. For both steps, the following lemma is
useful.

Lemma 3.3.3. Let y be an essential extreme point of P€. Then

(a) y1=landy#='ll y%___%’

(b) (i—l)yi—lziy,', 2515% 25i<%,

© =)y =®n—j—Dy1, Lo j<n—2,

@ i+ —=Dyp_ipr1 =1, 25i_<__% iyi+iyp_i =1, 15i<% .

Proof. P° is characterized by the following system:

n <1, 3.5)

ny; <1, §<j_<_n—-1 5<j<n-1{, (3.6)
ivi+(n— )y < 1, 151‘52, i+j>n

Isi<$ i+jzn, (.7

Yi =0, I<i<n-1. (3.8)

3.3 Boolean expressions 105

Let y be an essential extreme point of P€.

(a) These equalities are satisfied, because we could otherwise increase the com-
ponent up to 1 (resp. },) and no other inequality would be violated.

(b) If wehad (i —1)y;—; < iy;, then we could increase yi—1 until we get equality
in the last inequality without violating any other inequality, so y could not be
essential.

(c) fwehad (n — j)y; < (n—j—1) Yj+1, then we could increase y; and use
analogous arguments.

(d) Suppose thatiy; + (i — Dyy_iy1 < 1 Ly; Fiyp—i < 11 for some i. Then
we have by (c),

-1 =22 < < — Dypeip1 < 1 —iy

| Yn-1 S Sy < l_iyil

so that we can increase y; such that the supposed inequality becomes an
equality without violating any other inequality of our system. ]

Step 2. In order to prove f € (P€)° it is sufficient to show that

Y <1, ie, ) ypx<1 (3.9)

XeF

for all y satisfying the inequalities in Lemma 3.3.3 and the inequalities (3.5)—
(3.8). Let r := min{|X| : X € F} and 5 := max{|X| : X € F}. Recall that we
may exclude the whole set [n] to be a member of F. Thus an SI Vv C-family is
always an S-family.

Ifr>1% |r>% ’ then, by our conditions on y, we have ¥y - yx| <

Y xer ;l,- and the last sum is not greater than 1 since F is a Sperner family (look
atthe case B = §). The case r = 1 is trivial. So we can suppose that

n
n
257‘55 2§r<§.

Let, wlo.g., [1,7] € F.

Casel.r+s<n+1 . (For B = SI v C, we can suppose that
[r +1,n] € F, since we could otherwise add this member to F. .) By the Sperner
property no i € [n] can be more than once a starting point (resp. an endpoint) of
a member of F. By the e intersecting property of  every member (up to [r + 1, n]
in the case B = S7 v C) must have either a starting point or an endpoint in [1, r].
Let S (resp. E) be these sets of starting points (resp. endpoints) in [1, r]. Let

yixy ifi € E,
e =
0 ifi ¢ E,
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where in the first case X is the unique member of F having endpoint i,

P =

YIX| ifi € S,
0 ifi ¢S,

where in the first case X is the unique member of F with starting point i.
Claim 1. We have

1 Yn—r+1 ,
eit+sipi<-+——— |e+sp<i|l<i<r-1.
r r

Proof of Claim 1. The case ¢; = s;4+1 = Oisclear. If ¢; > 0, s;4) = 0, we have
e; = y|x| for some X € F and consequently e; < % < for% <|X|<sn-1

1
r
'215|X|5n—1|ande,-5|—,‘(,5}for15|X|sg 1<|X|<5|If

e; = 0 and s;4+1 > 0 we can use the same arguments.
So let e; = yx| and s;41 = yz for some X,Z € F. We must have

| X|+|Z] > n |X|+|Z| = n |in order to ensure the condition XN Z # 0
lorXUZ=[n]| If X and Z have both cardinalities > 4 |=>12

then e¢; + 5,41 < ,% < %
n

So let us, w.l.o.g., assume that r < |X| < 3 r<|Xl<3 |and|Z| > 3

|Z| = 5 | Since we are in Case 1 we have

1Zl<s<n+l-r [|Z]<s<n—r|.

If |Z| <n —rthen by (3.7)
ryixi+yiz) 2 1 Xlyix + @ —1ZDyz) < 1,
thatis, e; +s;41 < } If |Z] = n+ 1 —r, then by the inequalities in Lemma 3.3.3,

r(yix1+y1z) < 1 X1yix) + rVn—r+1
S+ = Dyurtt + Yoers1 = 1+ Yooy,

thatis, e; + si41 < L(1 + yu_rs1). o

Now we can use this claim to derive for B = ST (note Lemma 3.3.3(d))

r—1

Dovixi =y + Y (e +sit1)

XeF i=l

IA

1
;(ryr + (= DA+ Yu—r+1))

Te—14n=1
-
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andfor B=SIvC

r—1
1 1
YK =H At Y it sip) <=+ —D-=1.
XeF i=1 r r

This shows (3.9).

Case2.r+s>n+1 . We proceed by induction on r + s. We
can startatr +s =n + 1 , which we settled already in Case 1.

Soletr+s>n+2 |r+s>n+1| Consider the subfamily F; := {X €

F : | X| = s} of F. We can divide the set of starting points of members of F; into
blocks as before Lemma 3.3.1. Suppose we have m such blocks.

Case 2.1. Every block contains at most #n —s elements. It is easy to see that F/ :=
F — Fs U Ac(Fy) is a B-family, too (the Sperner property is clear and property

I | resp. C |follows by the inequality  + s > n + 2 ).

Claim 2. We have

Fsl _ AcFy)
n—s n—s+1
Proof of Claim 2. By Lemma 3.3.1, |Ac(Fy)| = |Fs| + m. In view of the
supposition of Case 2.1, |[F;| < m(n — s); hence
| Fs|
n—s

(n—s+ DIFs| < (n—9)|Ac(F).

IA

m = |Ac(Fs)| — | Fsl,

O
Now we have
dovixi =Y yixi +1Flys = 1Ac(Fy)lys—i
XeF XeF'
Fsl Ac(Fy)l
= Z y|X|+( s (n—S)ys—l—c—s—(n—S+1)ys—1 <1
Xer n—s n—s+1

by the induction hypothesis, Claim 2 and Lemma 3.3.3(c).

Case 2.2. There exists some block B of starting points of members of F; with
|B| > n—s.In this case we do not need the induction hypothesis. Let us remember
that [1, 7] € F. The following starting points are possible for s-element members
of F in order to ensure that the corresponding sets do not contain [1, r]:

2,3,...,n—s+1landn—s+2,n—s+3,...,r
andr+1,r+2,...,r+n—s.

Since B contains more than n — s elements, there must be some member of Fs
with starting point u € B satisfyingn — s +2 < u < r. Denote R := [I, rl, Z .=
[u,u + s — 1 — nlmodn- Let us use the notion boundary point for either starting
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point or endpoint. Note that we have

RUZ =[n], (3.10)

any element of [n] — Z is a boundary point of a member from F;
(consider the members having starting points in B), (3.11)

R N Z is the union of two nonempty intervals
I'=[1,u+s—1—nland J :=[u,r]. (3.12)

Claim 3. There are at most 7 + s + 1 — n members of F containing [n] — Z.

Proof of Claim 3. Let W # R be a member of F satisfying W O [n] — Z. One
boundary point of W mustbe in 7 U JU {u — 1, u + s — n} because otherwise one
of the conditions W D [n] — Z, W ¢ Z, W 2 R would be violated. Moreover, if
both boundary points of W belong to /U J U {u — 1, u + s — n}, then they are
both either in 7 U {# + s — n} orin J U {u — 1}. Let ¢ (W) denote the boundary
point of W beingin /U JU {u — 1, u + s — n} if there is only one. If there are two
such boundary points, let ¥ (W) denote the one that is closer to [n] — Z; in other
words, the boundary point that is larger in 7 U {u + s — n} and that is smaller in
JU{u —1}. Itis easy to check that y (W) is an injection and that ¥ (W) cannot be 1
orr. Therefore (W) canhave atmost |/UJ| = u+s—1—n+r—u+1=r+s—n
different values. Consequently, the number of sets W # R, W D> [nl—Z, W € F
is at most 7 + s — n. Including R, we obtain the claim. 0O

Claim 4. For all X € F, there holds

1
Y S -U= = Dynrp1) | yix1 < 70~ ryny)

Proof of Claim 4. If | X| < § |X] < 5 |then the inequality follows from

GND.IIX| > 5 | IXI=5 |thenyixy < land yypis <1 | yues <

3=

yield the desired inequality since 1 < 1(1 — =1 1< la- DL o

n

1
n

Claim 5. There are at most 2(n — s — 1) sets X € F satisfying X U Z # [n]
and X # Z, and at least n — s — 1 of them are of size s.

Proof of Claim 5. Such a set X must have one of its boundary points in [n] — Z
(otherwise either XU Z = [n] or X C Z). As always, by the Sperner property,
every point of [n] — Z is a starting point (resp. an endpoint) of at most one member
of F. The point u +s —n cannot be a starting point and u — 1 cannot be an endpoint.
Hence we have at most 2(n — s) — 2 such sets. By (3.11) atleastn —s > n—s— 1
of them are of size s. O

\
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Now we have finally by Claims 3-5 and Lemma 3.3.3(c) (note s > n — r + 1

[=n=r)iorn=5I

Z Yix| = yiz1 + Z yix| + Z Yix|

XeF XeF:XUZ=[n] XeF:XUZ#[n), X#£2Z
r+s+1-—n
< ¥+ %(l —-(r—- l)yn—r+1) +n—-s— Dy,

n—s—1
+—r——(l = = Dyn—rs1)

=Mm—=8)ys+ 1= —Dyp—ry1 <1

and for B=SIvC
r+s+1—-n

, (I =ryn_y)

Z yixi = ys+
XeF

n—s—1
+m—s—Dys+ ——A —ry—)
=@m—-9)ys+1—ry,—r <1

Step 3. We know already that every essential extreme point of P° must sat-
isfy the inequalities in Lemma 3.3.3 and (3.5)—(3.8). So there must exist integers

Il <iy < < < |5 1<i <--~<i,5|_”—§—lj such that with the

definition i1 := [ | ipyy :=[2]

l=yp=2p=-=>G—-Dyy-1>i1y, ="
=@ =Dyp-1>-->ikyy =---
= (k+1 — DYiyy-1 > o> bpyy, = -+
= (r+1 = DYipy—1 (3.13)
and, for B = S1,

Iyn1 = =01 = Dyn—iy+2 < (1 — Dyp—iy41 =
= (2= DYn—ip+2 <+ < (k= Dyp—ipg1 = - --
= (k1 = DYn—ipp42 < -+ < (r = Dypoipt1 = - - -
= (r41 = 2)Yn—ipy 42 (3.14)
and, for B = S/ v C,

Lynot =+ =01 = Dyn—iyt1 < ityp—iy =---
=2 = Dyny41 <o <igYpoijp =+
= (k1 = DYnoipyy 41 <o+ <ldpypj, =---
= (r+1 = DYnoipy 41 ' (3.14)
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We must find » — 1 linearly independent equalities satisfied by y in (3.5)—(3.8).
We already have by Lemma 3.3.3(a) and (3.14)
1

and for the variables yi, ..., yi,—1, Yn—i +2 , -..» Yu—1 the indepen-

dent equalities (with the definition y, := 0) for B = S/

it —=Dyp—ivi=1 i1 =0 (1 =i<iyp) (3.16)
and, for B = SI v C, ‘
iyitiyn—i =1, Wm—i=0 (1<i<iy). (3.16)

Let us consider the 2(ix4 — i) variables yi,, ..., Vi, —1» Yn—iz+1 ,

ey Ynmigp142 , k = 1,...,r. We have by Lemma 3.3.3(d) and

(3.13),

iyi+m— )y = lforig <i<igy —1

andn—i<j<n—ir+1

ln—i<j<n—i | (3.17)

and these are the only equalities in the inequalities (3.7) for the variables consid-
ered. If, conversely, (3.17) is satisfied then, for B = S,

ikyik == (ik+l - l)yik+,—1,
Gk = Dyn—iz+1 = = (k41 = 2 Yn—igy142, ikVig + Gk — Dyn—ip41 = 1,

and, for B = SIv C,

Yip = = (k1 — DYipp =1,
Wk Yn—ipy =+ = (k1 — DYnoipyy+1,
ikYig + ik Yn—ip = 1.

Accordingly, in the system (3.17) we can choose arbitrarily y,_;, 11
and then the other variables are uniquely determined. Thus the rank of the system
(3.17) is exactly 2(ix+1 — ix) — 1 and we need one more equality in (3.5)—(3.8)
(independent from the others) for one of the considered variables. By (3.13) this
can only be the equality

1
Yn—ip+1 = In—ip. = 5 |5

S| =

which implies

1 ik — 1 ‘
yik=-._(1_lk ) Y=ty |, (3.18)
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We have seen: If y is an essential extreme point with associated indices i Ly evnsip,
then it must satisfy (3.15)~(3.18). Conversely, (3.15)~(3.18) yield a unique y,
which satisfies (3.5)-(3.8), so it is an extreme point, which is easily seen to be
essential. In detail, (3.15)—(3.18) yield

1
Yi= 7, 151511_1’
1

=0, n—-1>j>n—ij+2 |n—lzjzn—i1+l—|

andfork=1,...,r,

1 ir—1 ; , ..
J’i=l—.(1_ p ) y=11-% | Ik <0 < igg1 — 1,

and in the case B = S1,

1 -1
n—j n

Y= , n—ig+1>j>n—ir 1 +2
whereas in the case B = SI v C,

1 i

yj = n—ig>j>n—ig+1.

n—jn’
Consequently, we obtain the extreme points given in the “dashed” list. Thereby
the Profile-Polytope Theorem is proved. ' ]

Before examining some applications, let us consider the origins of this theorem.
First the maximum size (together with some inequalities) of families satisfying
certain condition was determined. The starting point was Sperner’s theorem (B =
S, easily this gives also the solution for B = S v C), and the trivial case B = I
was mentioned in [170]. The case B = SI was settled by Milner [370] and the
case B = I v C follows from a result of Erdés [167]. The problems for B = SIC
and B = SIC v IC were solved by Brace and Daykin [83], Bollobas [72],
Katona [297], Kleitman and Spencer [311], and Schonheim [418]. The solution
for B = S(I v C) was given by Purdy [392] (see also Greene and Hilton [231]).
Concerning polytopes the case B = § is trivial. As already mentioned, extreme
points have been determined for the first time by Erdds, Frankl, and Katona [175]
(B = S81),[176] (B = I). This was continued by Erd3s and me [158] (B = SIC,
B =SICVIC, B = S(IVC),byDerbalaandme [133] (B = SIvC), and by me
[153]1(B =1 v?). The first nontrivial complete description of essential facets was
obtained by Katona and Schild [298] (B = ST). The rest was completed by me. We
considered here only some conditions, though there exist several other interesting
results. Concerning the maximum size of families satisfying various conditions we
refer to West [464] and the references therein. Sometimes the polytopes may be
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studied also without Katona’s circle method; see the papers of Frankl and Katona
[199] and of Erdds and me [159].

Now let us come to some applications. As in the proof of the theorem we can find
the maximum size of B-families F with the additional property thata < | X| < b
for all X € F where a and b are some fixed numbers. To do so, one has to use in
(3.2) the objective function given by the vector w with

1 ifa<i<b,
w; =
0 otherwise.

I will not list all the formulas here (for reference cf. [249]). Moreover, we can
derive several LYM-type inequalities (originally not proved in this context) by
specializing some facets, but this is not my aim. I provide instead four examples
with a more interesting objective function w.

Leté&, ..., & be independent random variables, each taking value 1 with prob-
ability p and value O with probability 1 — p. Liggett [341] proved the following
lower bound for a convex combination of the £/s, I [153] added the upper bound.

Theorem 3.3.2. Letay, ..., ay be positive real numbers with Z?=1 o; =1, and
let p> 4. Let

0 if n is even,
Py 1)PT =P T ifnisodd
Then

n n 3 i
PSP+ +ag =)< Y (,-)P'(l -p" " +R,
i=|41)

and the bounds are the best possible.

Proof. Let Fi :={X C [n]: > ;. yoi < 7} and 7 :={X C[n]: ) ;cyai >

2} Obviously, F; is a C-family (containing @) and JF; is an I v C-family (con-
taining [n]). We have

P(alé"l 4+t any < %) = Z pIXI(l _p)n—|X|‘
XeF

Plargt + - +onkn 2 3) = > p¥I(1 - pyr %1,
XeF,
Let f; be the full profile of F; (i.e., with coordinates fy and f;), and let w =
(wo, ..., w,)T be given by w; := p'(1 — p)"~,i = 0,...,n. In order to ob-
tain the lower bound (resp. the upper bound) we have to maximize w™f for
S € u@c) (resp. for f € pA 1ve))- For the lower bound, we take the “re-
versed” vectors from the table (extreme points) for B = I, add a 1 at a new
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0-coordinate, a 0 at a new n-coordinate, yielding the vector

D G e o

. on+1
1<ic< .
2

We then have to maximize w¥e¢;, 1 <i < 2t Ttis easy to calculate

-1\ . . — . .
WT(Ci+l — ci) = <?— l)pl(l _ p)n—t _ (: B :)pn—t(l _ p)l
-1 ) ) n—2i
= (,-_ 1) (p'(l - p (1 - (Tf—p) )) <0,
. n+1
1_1,...,[ > J—l.

Hence the maximum is attained at the vector ¢ 1, and we have

n—1
-1 X .
w'l‘ — h (1 = p)—i _
cr=) ( ; )paA-p=1-p

i=0

Consequently,

Plajgi+- - +ankn > 3) = 1- P(@ié +- - +anky < )
21-(0-p=

For the upper bound, we take the vectors from the table (extreme points) for
B =1V C,adda0atanew 0-coordinate, a 1 at a new n-coordinate. By the same
method we find that the maximum is attained at the last vector of the list (i =13D.

This gives the value mentioned in the assertion. To see that the bounds are the best

possible, take for the lowerbound oy := 1, oy := = ap := 0 and for the upper
bounde; = .- :=q, = % if niseven and ) := n42-1’°’2 = =, = n+l
if n is odd. [ |

Let P ={py,..., p,,} be a set of pairwise different prlmes Let & be a positive

integer and m = pl p,, We say that two divisors z and 2’ of m are qualitatively
independent if there exist p, ¢ € P with p|z, p|z’, q t z, q | Z and if the existence
of some r € P withr|z, r { 2/ implies the existence of some s € P with s {1z, 5|2

Theorem 3.3.3. Let Q be a set of pairwise qualitatively independent divisors of
m= p1 p" Then

n—1) .« . k
Q] < ( o )k/ Where j* = l_(n - l)m—‘,

and the bound is the best possible.
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Proof. Forz € Q,let D(z) := {i € [n] : p;|z}. Obviously, Fp := {D(z) : z € Q}
is an SIC-family. For X C [n], there are exactly kX! divisors z of m with X =
D(z). Thus | Q] < ¥ yer, K*]. We take w = (wi, ..., wy—)T with w; := &',
To obtain an upper bound for | Q| we have to maximize w'f for f € u(@s/c).
Consider the extreme points of the list for B = SIC. It is not difficult to show that
the upper bound is attained at w j« with j* = [(n — l)k_"‘_——l-'l. To see that the upper
bound is the best possible, take O := {z|m : |D(z)| = j* and p; 1 z}. |

A family F in § = S(ky, ..., k,) is called statically t-intersecting if for all
X, y € Fthereexist? coordinates iy, ..., i suchthatx;j, Yi; = Iforj=1,...,¢t
For x € §, we define the support of x by supp(x) := {i € [n] : x; > 1} and the
support of F by supp(F) := {supp(x) : x € F}. The following fact is immediately
clear:

Proposition 3.3.1. F C Sis statically t-intersecting iff supp(F) is t-intersecting.

For an application of the polytope method, we consider the special case t = 1 and
k = ki = --- = k; and look for maximum statically 1-intersecting families in
Ni(S), 1 <i < kn. Examples of such statically 1-intersecting families are the
families Fj := {x € N;(S) : j < |supp(x)| <n— jandx; > 1} U {x € N;(S) :
| supp(x)| > n — j}.

Theorem 3.3.4. One of the families F; is a maximum statically 1-intersecting
Sfamily in N;(S).

Proof. Let W; (k, n) := |N;(S(k, ..., k))|. For any statically 1-intersecting family
in N;(S) and for any 4 € supp(F), we can add to F all x € N;(S) satisfying
supp(x) = A. This gives W;_, 4/(k — 1, | A|) possibilities. Thus the maximum size
of a statically 1-intersecting family is given by

max I Z Wijqk—1,14]): G < 207 g intersecting] .
Aeg

Theorem 3.3.1, case I, shows that the maximum is attained at one of the families Fj.

|

It appears to be difficult to determine the right value of j exactly. In Section 7.3
we treat the problem (also for ¢ > 1) from an asymptotic point of view. We will see
that for i = [An] in almost all cases the desired maximum is either asymptotically
equal to F) orto W;(k, n).

The following fourth application was given by Erds, Frankl, and Katona [175].
Consider injective words with letters from the alphabet 1, . . ., n, that is, sequences
x =x1...x; withx; € [n]foralli and x; # x; whenever i # j. A subword of x
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is a sequence of the form Xip ... Xy, 1 =iy < -+ <i; < k. Let W, be the poset
of injective words over [n] ordered by “being subwords.”

Lemma 3.3.4. The width of W, is given by d\(Wy) = n!.

Proof. Writing the n! permutations of [r] as injective words gives an antichain of

size n!; hence dy (Wy,) > n!. The n! chains x; < xjx < -+ < xj.. . X, where

X1 ...Xp is a permutation of [n], cover the whole poset W,,; hence d; W) <n!.
]

Theorem 3.3.5. Let A be an antichain in W, with the property that for any
X, y € Athereis some letter i being neither inx norin y. Then |A| < (n—1)!+1,
and the bound is the best possible.

Proof. With each word x = x| ...x; we associate the set of its letters Lx) =
{x1,..., x¢}. Let 4 be an antichain with the aforementioned properties, let G :=
{L(x) : x € 4}, and let F be the family of maximal elements in G. If X € F,
then by Lemma 3.3.4, 4 can contain at most |.X|! members x with L(x) C X.

Consequently,
14l < ) 1x.
XeF
Obviously, F is an SC-family, and we can suppose @, [1n] ¢ F. This time we take
the weight-vector w = (wy, ..., w,—1)" with w; := i!, and we have to maximize
wTf for f € w(Asc). We take the reversed vectors from the list (extreme points)
for B = SI. For the vectors u;,1 <i < 5, we have

u(’l’) <(m-1D!+1,

and for the vectors v; +wi+j<n, % < j <n-—1 wehave

n—1 n—1 i(n—1)! (n—1)!
] —
'( —1>+"( j )‘ (n —i)! +<n—1—j)!

< m—j—1m-1) (n—=1)!
G+ 1! n—1-))!
<m-D!'+1

(for j =n—1and j =n-2 thlS can be calculated directly and for 2 5<j<n-2
one uses mL]_)—,l <53 L and m < 2) Also the vector w,_; gives only the value

(=D))< (n — D!+ 1. Consequently we derived the upper bound. To see
that it is the best possible, take all words with n — 2 letters from [n — 1] and the
one-letter word n. ]
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The flow-theoretic approach in
Sperner theory

The general Sperner problem consists in determining the maximum weight of an
antichain or a k-family in a weighted poset and in describing all or at least some
optimal families (in the k-family case it is sometimes called the Sperner—Erdds
problem — as early as in 1945 Erdds [165] proved that the Boolean lattices have
the k-Sperner property). There are several other min (resp. max) problems related
to the Sperner problem, and we will discuss them in this chapter, too.

If the poset is not specialized in any way, we can, of course, only derive some
general formulas for the maximum weight. Min-max theorems are very impor-
tant. In order to give the reader an impression of such theorems we discuss Dil-
worth’s theorem, which is as fundamental as Sperner’s theorem. It relates an-
tichains of a poset to partitions of P into chains — that is, to sets D of pairwise
disjoint chains in P such that each element of P is contained in exactly one such
chain.

Theorem 4.0.1 (Dilworth’s theorem [136]). The maximum size of an antichain
in a finite poset P equals the minimum number of chains in a chain partition.

Proof (Perles [381]). The inequality “<” follows from the fact that each chain can
contain at most one element from some fixed antichain. Thus it is sufficient to find
for each P an antichain 4 and a chain partition D with | 4| chains. We prove this
existence by induction on | P|. The case | P| = 1 is trivial. So consider the step
< |P| > |P|.

Case 1. There is a maximum antichain 4 that is different from the set of minimal
elements and from the set of maximal elements of P. Let F (resp. I) be the
filter (resp. ideal) generated by 4. Clearly, F C P and I C P (strict inclusion).
Moreover, FN I = A (p € F N I implies the existence of ay,a; € A with
ay = p<a,ie,ag =p=ar€ A;AC FNIlisclear)and FUJ = P
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(if there was some p € P — (F U I) then 4 U { p} would be a larger antichain).
Since 4 is also a maximum antichain in the posets induced by F and I there are
chain partitions © r and ©; of F and I into | 4| chains. Obviously, each chain of
D (resp. D) must start (resp. end) in 4. Thus we may glue them together in the
elements of 4, which gives a chain partition of P into | 4| chains.

Case 2. If 4 is a maximum antichain, then 4 consists of all minimal or of all
maximal elements of P. We choose a minimal element p and a maximal element
q with p < g. Obviously, the maximum size of an antichain decreases from P to
P —{p, q} by 1. The induction hypothesis gives us a chain partition of P —{ p, q},
which together with the chain p < g is a desired chain partition of P. [ ]

Generally, min—max theorems can be derived from the Duality Theorem in lin-
ear programming together with often nontrivial considerations on integer optimal
solutions. Instead of this Duality Theorem our starting point will be the Max-Flow
Min-Cut Theorem of Ford and Fulkerson [183] and Elias, Feinstein, and Shannon
[145] and its generalization to min—cost flow problems.

Pioneering work in this direction was undertaken by Ford and Fulkerson [184]
deriving Dilworth’s theorem from the Max-Flow Min-Cut Theorem, and by Gra-
ham and Harper [228] relating the shifting technique to flow problems. Another
pioneer, Frank [186], proved with the min-cost flow approach simultaneously
deep min-max results for k-families (i.e., unions of k antichains) by Greene and
Kleitman [233] and for unions of k chains by Greene [229]. The advantage of
this method is that it not only gives the min-max results in question, but it also
provides algorithms that efficiently determine the optima. Though this method
was used mainly in the nonweighted case, I present it here for the weighted case
because in several circumstances large posets can be reduced to small posets by
flow morphisms, a notion that was introduced and first investigated by Harper
[258]. The algorithms then run much more quickly if they are applied to the
small weighted posets. For instance, if the small weighted posets are chains, the
problems become more or less trivial and structural results can be derived for
the original poset. Because of the importance of these flow techniques, we will
not refer to other books but present main results in a separate section.

4.1. The Max-Flow Min-Cut Theorem and the
Min-Cost Flow Algorithm

Let G = (V, E) be a directed graph. Let s and ¢ be two distinguished points of
V', the source (resp. the sink), and letc : E — R be a given nonnegative valued
function, the capacity. Then the S5-tuple N = (V, E, s, ¢, ¢) is called a network;
in the following we are dealing with such networks. A flow on N is a function
f : E — R satisfying the following conditions:
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Z fle) = Z f(e)forall pe V—{s,t} (conservation of flow)  (4.1)
e~=p et=p
and,

0< f(e) <c(e)forallec E (capacity constraints). 4.2)

Forany A, B C V, put
fA4,B):= Y flo),
e~€d,eteB

and let us define c(4, B) analogously. An ordered partition (S, T) of V (i.e.,
SNT =0, SUT =V,and S,T # @) iscalledacutifs € Sand¢ € T. For

example, ({s}, V' — {s}) and (V' — {¢}, {¢}) are cuts. The value v(f) of the flow f
is defined by

v(f) = f({s}), V = {s) — f(V — (s}, {s]).

Moreover, (S, T) is called the capacity of the cut (S, T). Not surprisingly, the
flow f is called maximal and the cut (S, T) is called minimal if v( ) =v(f)
for all flows f” and c(S, T) < c(S’, T’) for all cuts (S’, T"). We speak of integral
flows f (resp. integral capacities c) if f,c: E — N.

Lemma 4.1.1.

(a) For any cut (S, T) and any flow f in N, we have f(S,T) - f(T,S) =
v(f) <c(S, 7).

(b) If for the flow f and the cut (S, T) the equalities
cle) ife" eS8, et eT, ie,ifeissaturated,
0 ifet €S,e" €T, ie.,ifeisvoid

f(e)=[

are satisfied then f is maximal and (S, T) is minimal. Furthermore, v( =
c(S, T).

Proof. (a) In view of (4.1), (4.2), and ¢ ¢ S we have
v(f) = fAs}h,V —{sh) — f(V = {s}, {s}) + 0

Y fe- Zf(e)+( Y. feo- > f(e))
e =s et=s e~ eS—{s}) eteS—{s}
=) f@-Y 1@

e"e§ eteS
= f(5,8)+ f(S,T) - (f(S, S) + f(T, 8))
= f(S,T) - f(T,S) <e(S, T)—0.

I
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(b) From the proof of (a) we observe that v(f) = (S, T)if f(S,T) =¢c(S, T)
and f(T, S§) = 0 - that is, if the conditions of the lemma are satisfied. But then
for any other flow f’ and cut (S, T’) because of (a)

v(f) = eS8, T) =v(f) <c(S, T).

Remark 4.1.1. Note that we do not need the capacity constraints (4.2) to define
v(f'). Also without these constraints we have f(S,T) — f(T,S) = v(f), since
in the proof of (a) we needed for this equality only the conservation of flow (4.1).

Now we are able to prove the central result of Ford and Fulkerson [183] and Elias,
Feinstein, and Shannon [145], which we formulate first only for integral capacities
since this case is interesting for combinatorial applications.

Theorem 4.1.1 (Max-Flow Min-Cut Theorem). Let N = (V,E,s, t,c) be a
network with integral capacity. The maximum value of an integral flow in N equals
the minimum capacity of a cut in N.

Proof. By Lemma 4.1.1 we only have to show that there is an integral flow f and
a cut (S, T') such that the condition of Lemma 4.1.1(b) is satisfied. We determine
f recursively. We start with fy = 0 and assume that we have already constructed
integral flows fo, ..., fi. Then we build recursivcly a vertex set S; which we
consider later as a set of labeled vertices. We start with S;o := {s} and assume that
Sio, - - . » Sij are given. Let

Fij:={q eV —§;j: thereissome p € §;; such that pg € E and
fi(pq) < c(pq) orqp € E and fi(gp) > 0}.

Case 1. F;; # (0. Then we take some g € Fj; and set §; ;41 := §;; U {g}; that
is, we label vertex q.
Case 2. F;; = @; thatis, forall p € S;j,qg € V — §j;

c(pg) ifpg € E,
Jilpg) =
0 ifgp e E.
Since V is finite, Case 2 must hold for some j. At that moment or if earlier ¢ € §;;
we put §; 1= ;.
Now again two cases are possible:
Case 2.1. ¢ € S;. Then there must be a sequence of pairwise distinct points
(po, p1, ..., pr) (called the flow-augmenting path) with an associated sequence
(e1, ..., ex) of arcs such that pyg = s, py =t and
either e =p_1pr and fi(e)) <cle;) (e isaforward arc)
or ee=pipi-1 and  fi(e)) >0 (ey is a backward arc).
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Let

et := min{c(e;) — fi(e)) :eisaforwardarc, I=1,..., k),
€~ = min{f;(e) ‘erisabackwardarc, I =1,...,k},
€ := min{et, e}

Then we obtain the new flow f;, by
file) + € ifeisaforward arc,
fi+1(e) :={ fi(e) —€ ifeisabackward arc,
fi(e) if e is not an arc in the flow-augmenting path.

As illustrated in Figure 4.1, the flow conservation condition (4.1) is satisfied by
fi+1. The capacity constraints (4.2) are satisfied by definition of €. Obviously,

fi+1 is an integral flow since € is an integer, and v(fi+1) = v(f;) + €. Note that
€ is positive, hence € > 1.

t ottt
S S

ST LSS

S ) S S

Figure 4.1

Case 2.2.1 ¢ S;. Then f = fiand (S, T) = (S;,V — S;) are a flow and a

cut satisfying the conditions of Lemma 4.1.1(b).
Since the value of any flow is bounded, for example, by the finite capacity of
the cut ¢({s}, ¥ — {s}) and since the flow value increases in each step by at least
1, after a finite number of steps Case 2.2 must appear. n

Remark 4.1.2. (a) The Max-Flow Min-Cut Theorem remains true if there is not
given for any arc e a capacity constraint f(e) < c(e). For such arcs, we write
c(e) := 0o. But we must suppose that there is at least one cut of finite capacity
(this was the only condition we needed at the end of the proof).

(b) Instead of integral flows and capacities we can work with rational flows

and capacities. The result remains true since we can multiply by the common
denominator of the capacities.

From the practical point of view it is enough to consider rational capacities. If
we have real capacities we do not have a better lower bound for € than 0. So
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we cannot show that the preceding procedure terminates. Moreover, there exist
examples (cf. Lovdsz and Plummer [356, p. 47]) where the flow values v(f;)
do not converge to the maximum flow value. But we still have some indeter-
minacy in our procedure. We have not specified which point ¢ we label, that
is, include into §; ;41 in Case 1 of our procedure. The possible points, the el-
ements of Fj;, are called fringe vertices. We collect iteratively the fringe ver-
tices in a queue and take them by the principle “first in, first out” (FIFO). Tak-
ing the point g from the queue and putting it into the set S; ;41, we obtain
the following new fringe vertices, which we append at the end of the queue:
{reV —=Si+1:9r € Eand fi(qr) < c(gr), orrqg € E and fi(rq) > 0}. In
order to find the flow-augmenting path in Case 2.1, we store in the queue together
with the fringe vertices r the point g (with + or —) which led to r (by a forward,
resp. backward, arc). Then the path can be determined recursively beginning from
t. Moreover, we store together with r the largest possible € = € () with which
the flow change works. Obviously we have €(r) := min{e(q), c(qr) — fi(qr)},
for a forward arc (resp. €(r) := min{e(g), f;(rq)}, for a backward arc). In Case
2.1 we have then € := €(¢). This is the so-called labeling algorithm using breadth
first search (BFS).
Without proof we mention the result of Edmonds and Karp [144]:

Theorem 4.1.2. The labeling algorithm using BFS determines after O(|V || E|?)
steps the maximum flow and minimum cut in the network N = (V, E, q, s, ¢) with
c: E—> R+.

Since by this theorem the algorithm terminates (or because of a continuity argu-
ment) we have in particular:

Corollary 4.1.1. Let N = (V,E,s,t,c) be a network withc : E — R,. Then
max{v(f): fisaflowin N} = min{c(S, T) : (S, T) is a cut in N}.

The presented algorithm is easy to understand and to implement; see also Sedge-
wick [423] and Syslo, Deo, and Kowalik [449]. For more refined versions of flow
algorithms, we refer to Tarjan [451], Jungnickel [279], and Mehlhorn [363].

Now let us assume that we have for N a further integral functiona : E — N,
the cost function. The cost a(f') of the flow f is defined by

a(f):=)_ fleale),
eeE
and we are interested in a flow having minimal cost and some value vy given
in advance. The idea of Ford and Fulkerson [184] is to use a further function
7 1V — N, the so-called potential function, for a primal-dual approach. Let us
first prove an important lemma.



122 The flow-theoretic approach

Lemma 4.1.2. Let f be a flow of value vy in the network N with integral cost a.
Then f has minimum cost with respect to all other flows of value vy if there is a
function t : V — N with the following property:

0 if m(q)—n(p) <a(pg),
f(pg) = ' forall pg € E, (4.3)
c(pq) if m(g)—n(p)>a(pg)

and

n(s) =0. 4.4)

Proof. For all pg € E, define a(pq) := a(pq) + n(p) — n(g). Further let gbe
any flow of value vp. Then (using Lemma 4.1.1(a) and the conservation of flow)

a®) = ) _g@aE) -y 1(p) Y g+ 1@ Y. g

ecE pev e =p qevV et=q

=Y g@a@+ Y x(p)gV - (p). (p) — g}, V — (p})
ecE pevV

= ) g(@)ale) + 7 (t)vo — m(s)vo
ecE

=Y gl@)le) + vom ().
ecE

Consequently,

a(g) —a(f) =) (gle) — f(e)ale) > 0
ecE
since every item of the last sum is nonnegative:
Ifa(pg) <0, ie,m(g)—7n(p) >a(pg) then f(pq) = c(pq) > g(pg).
Ifa(pg) >0, ie,nm(g) —n(p) <a(pqg) then f(pg) = 0 < g(pg).
[

Remark 4.1.3. If f and 7 satisfy the conditions of Lemma 4.1.2, then we derive
Jfrom the proof

a(f)= ) cle)ae) +vom().

ecE:a(e)<0

The following theorem shows that the converse of Lemma 4.1.2 is also true. Its
algorithmic proof is of practical (and for us also of theoretical) interest.

Theorem 4.1.3. Let N be a network with integral cost a. Let v* be the maximum
value of a flow in N and let 0 < vo < v*. Then there are a flow fin N of value
vo and a function w : V — N such that (4.3) and (4.4) hold.
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Proof. We will construct f and 7 iteratively, starting with fo = 0 and mp = 0.
For fixed m, consider the network N; = (V, Ex, s,t,c), where E; :={e € E :
m(eT)—m(e”) = a(e)}. Observe that changing a flow satisfying (4.3) and (4.4) on
N, does not violate these two conditions. Assume that we are given some flow fi
and some potential function ;r;. Now we apply the preceding labeling algorithm to
Ny, , but starting with f;. More exactly, in looking for a flow-augmenting path we
admit only arcs from Ep, ; thatis, a point q is a fringe vertex if there is some labeled
point p such that pg € Ey, and fy(pg) < c(pq) orqp € Ey, and fr(gp) > 0. As
before, we come after finitely many steps (repeatedly augmenting the flow along
paths) to a flow fz41, a set Sg+1 of labeled vertices and a set T of unlabeled
vertices with ¢ € T such that

cle) ifmet) —m(e")=a(e)ande” € Sy, et € Tiyy,
Jer1(e) = )
0 if mp(et) —mi(e™) =ale) ande™ € Tryq, e € Spqt
4.5)

(the finiteness is clear if we have rational capacities, and for real capacities we can
use the arguments of Edmonds and Karp in Theorem 4.1.2).

We change in this phase the flow value from v( f;) to v(fx+1). Note that we
can also obtain every value between these two values since in Case 2.1 we need
not change the flow by the maximum possible value € (we can take every €’ with
0 < € < €). Given fy+1, Sk+1, and Ti41, we change the potential function
defining

i (p) if p € Sp+1,

Tr+1(p) i= .
{ m(p)+ 1 if p € Tiqr.

It is important to note that (4.3) and (4.4) remain valid in this case: (4.3) could be
violated (using the integrality of a and 7) only if 74(q) — mx(p) = a(pq) and
P € Si+1,q € Tty (butthen (4.5) gives fit1(e) = c(pq)) orif mi(q) —mi(p) =
a(pq) and p € Tiy1,9 € Sk+1 (but then by (4.5), fi+1(e) = 0). Now we
may continue with the labeling algorithm on the new network Ny, ,. We show
that if fr41 is not maximal in N, then we change the potential function only
a finite number of times. Assume the contrary. Then we obviously have Si4+; C
Sik+2 € ....Sothere mustbe an index / such that S; = Sy = ....But fz4 isnot
maximal; hence by Lemma 4.1.1 there exists an edge e € E such that f(e) < c(e)
ande” € S;,e € Tyor f(e) > 0and et € S, e € T;. In view of (4.3), (4.4),
and (4.5) (with / instead of k + 1), we must have m;(e*) — m;(e™) < a(e) (resp.
mi(et)—m(e™) > a(e)).Soaftera finite number of changes of the potential, the arc
eisincluded into the network N, forsomem > I,butthen S, 2 SjU{e*} D §;
(resp. Sm+1 2 81U {e”} D §)), a contradiction.

Summarizing, the algorithm works as follows: We change the flow a finite
number of times, then the potential a finite number of times, then the flow a finite
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number of times, and so on such that (4.3) and (4.4) are satisfied. It is easy to see
that there cannot be a flow-augmenting path in N, fromstotif 7 () > > ccgale).
By the preceding remarks we come to the maximal flow after at most Y ek ae)
changes of the potential function and then the algorithm terminates. [ |

Remark 4.1.4. If for fixed potential 7 the flow value in the network Ny is in-
creased by €, then the cost increases by 7 (t)e since the first sum in Remark 4.1.3
remains constant.

Let us prove finally a technical lemma concerning flows in networks on directed
acyclic graphs (dags). Here a dag is a digraph G = (V, E) in which there are no
points po, ..., px such that p;p;1y € E,i =0,...,k—1,and pypy € E. For
example, the Hasse diagram of a poset is a dag. A directed elementary flow ( def)
in a network N is a flow f for which there exist points s = pg, py, ..., =t
(forming a directed chain) such that p; p;y1 € E,i =0,...,1 — 1, and

1 ife=pipit1,i =0,...,1-1,
0 otherwise.

o-|

We define and denote the support of a flow in N by supp(f):={e € E :
f(e) > 0}.

Lemma 4.1.3. Let N be a network on a dag with a directed chain from the source
10 the sink, and let f be a flow in N. Then f is a nonnegative combination of
directed elementary flows; that is, there are defs fi, ..., fi and nonnegative real
numbers Ay, ..., A such that f = A\ fi + -+ + Ay fi. If f is integral, the X’s can
be taken to be integral, too.

Proof. We construct this combination by decreasing recursively | supp(f)|. We
may assume that |supp(f)| > 0. Then there is some arc p; pj;; such that
S(pipi+1) > 0. Suppose first that p; # s and p;4, # t. By the conservation
of flow, (4.1), there must be arcs pi—1p; and pj1 pi+2 with positive flow. In the
same manner we find arcs p; 2 p;—1 and p; 4 p;+3 and so on. No point can appear
twice, because we have a network on a dag. Thus the procedure must end after
finitely many steps, say at pop; and pi—; Pk Stop is possible only if py = s and
Pk = t.Now define Ay := min{ f(p; pi+1),i =0, ..., k—1)}. Obviously, A; > 0.
Further set

1 ife=pipit1,i =0,...,k—1,

0 otherwise.

file) := I

Evidently /' := f — A} fi(e) is a flow on N with smaller support. Now we do the
same for f”, finding A, and f; and so on. We are done if supp(f) = @. The claim
concerning integrality is clear by construction. [ ]
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4.2. The k-cutset problem

Although we are more interested in k-families, we start with k-cutsets (defined in
this section) since the application of the flow method is a little bit easier for them,
and of course we also need them later. For the poset P, let €(P) be the set of all
maximal chains in P. A subset F of P is called a k-cutset if |F N C| > k for
all C € €(P). Let kg be the smallest number of elements in a maximal chain of
P. Obviously, k-cutsets exist only for 0 < k < kg. The k-cutset problem is the
following: Given a weighted poset (P, w), determine

ck (P, w) := min{w(F) : F is a k-cutset}.

Here we set ¢, (P, w) := oo if k > ko. The k-cutset problem can be considered as
an integer linear programming problem. If we relax it we arrive at the definition
of a fractional k-cutset. This is a function x : P — R such that

> x(p) > kforall C € €(P),
peC

0<x(p) < lforall pe P.

In the fractional k-cutset problem we have to determine

c;(P, w) := min Z w(p)x(p) : xisafractional k-cutset] .
peP

Note that the fractional k-cutset problem reduces to the k-cutset problem if we
require, in addition, that the solutions are integral.

Here and in the following we deal simultaneously with the given problem and
its dual. Given a general primal linear programming problem of the form

Ax+ By +Cz <

a
Dx+Ey+Fz = b
Gx + Hy + Kz

v
)

v
=

X

IA
(]

Z
de_'_eTy +sz

{

max

where 4, ..., K are matrices and a, ..., f are vectors of suitable dimension, its
dual is defined to be the problem

ATu + D" + Gw
B'u+E™W+H'W = e

v
LW
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C'u+Fv+K"™w < f
u>0
w <0

a"u+b"v +c"w — min.

Itis easy to verify that the objective function at an admissible solution of the primal
problem cannot be greater than the objective function at an admissible solution
of the dual problem. The Duality Theorem in linear programming (cf. Schrijver
[421]) states that both optima are equal to each other provided that both problems
have admissible solutions or that one problem has an optimal solution.

The dual problem to the fractional k-cutset problem is the following: Find
y:€(P)—> Ryandz: P — Ry such that

Y. YO —z(p) < w(p)forall pe P, 4.6)
Ce€(P):peC
and the function

2=k Y yC)= z(p)

Cee(P) peP
is maximized.

By duality we have for any fractional k-cutset x (resp., in particular, for any
k-cutset F) and any functions y, z satisfying (4.6)

Do wDx(P) 2 ve(y.2) (resp. w(F) > yi(y, 2)). 4.7)
peP

We can see this inequality also directly: We have

2 =k Y yO-Y zp)

Ce€(P) pepP
< > (}:x(p)y(C)) - z(p)
Ce€(P) \peC peP
=> ( Y. O - z(p)) < 2 x(pw(p).
peP \Ce€(P):peC peP

Theorem 4.2.1. Let kg be the smallest number of elements in a maximal chain of
the weighted poset (P, w). Then foreach 0 < k < ko — 1 there exist a k-cutset
Fy, a (k + 1)-cutset Fyy| and functions y : €(P) — R4,z : P — Ry satisfying
(4.6) such that

w(Fi) = y(y,2) and w(Fiq1) = ypp (3, 2).
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Fy and Fyy\ are optimal k- (resp. (k + 1)-) cutsets and y, z are optimal solutions
of the dual to the fractional k- and (k + 1)-cutset problem. In the case k = 0, we
can choose z = 0.

If w is integral then y and z can be chosen integral, too.

Proof. We will apply the algorithm of the proof of Theorem 4.1.3 in order to
find Fi, Fr+1, ¥, and z. With our poset (P, w) we associate the network N =
(V, E, s, t, c) with cost function a as follows: V := {s,t}U{p: pe P}U {p:
p € P} (where s and ¢ are new vertices), E := {sp : p is minimal in P} U {p't:
p is maximal in P}U{eﬁ,l) =pp :pE P}U{e},z) =pp' i pe PYU{pip2:
p1 < pa}.

Here the union is understood in the multiset sense; we have two arcs from p to
p’, one denoted by ell, the other by eﬁ,z). The capacity and cost are defined by

w(p) ife= e},l) for some p € P,
cle) :=

00 otherwise ,

1 ife= e§,2) for some p € P,
ale) =

0 otherwise .

The construction of the graph is presented in Figure 4.2 (the arcs are directed
upward). Obviously, G = (¥, E) is a dag. Moreover, with a directed elementary

t
57
5 . 1]
3 4
3 4 3 ] U,
v 2
1 2 ) ] (5
P
s
G=(V,E)
Figure 4.2
flow falongs, pi1, P}, P2, P5.---, pI, P}, t of value 1 we can associate the (max-

imal) chain C = (pp < py < -+ < p;) € €(P).If f is any flow in N then, by
Lemma 4.1.3, f can be written in the form

f=Mmfi++Amfm, A =0, fiisadefforalli.
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Thus we may associate with f the function y : €(P) — R, defined by

A;  if C corresponds to f; as above,
e = )
0  otherwise.
Note that in this correspondence
fEM+fEeP)y=3 w0, (4.8)
Cee(P):peC
a(f) =) fe?), 4.9)
peP
()= ) ¥O). (4.10)
Cee(P)

Moreover, if 7 is a fixed potential function and 7 (¢) < ko, then N,; has a cut of finite

capacity, because otherwise there would have to be a flow with arbitrarylarge value.

That is, there must be a def s, pj, Diseees Dl P, t going through e},zl), e, eg)
and this is by the construction of N, only possible if 7 ( p1)—n(s) =0, m( p’l) —
m(p)) =1, m(p2) —7(p) =0,..., w(p) —n(p) =1, n(t) —n(p)) = 0
which implies 7 (¢) — 7 (s) = 7 (¢t) = > ko = minimal number of elements in a
maximal chain, a contradiction to 7 () < ky.

Accordingly, the finiteness of our algorithm is ensured until 7 (¢) is changed
from ko — 1 to ko. Now consider a situation where 7 is some actual potential with
7(t) = k,0 < k < ko, and f is a corresponding actual flow. Define F := {pe
P:r(p)—n(p) =1}.

Claim 1. F is a k-cutset.

Proof of Claim 1. During the algorithm, condition (4.3) is always satisfied;
hence (since c(eﬁ,z)) = 00) w(p’) —m(p) < lforall p € P and w(e*) —
7(e~) < 0 for all arcs in E which are not of the form pp’. Consequently, if
C = (p1 < p2 < --- < py) is a maximal chain in P then n(s) =0, w(py) —
m(s) =0, m(p}) —w(p) < 1, w(p2) —w(p}) < 0,..., n(p)) —n(p) <
1, (@) —a( p;) < 0. Because the sum of the values on the LHS is 7 (¢) = k, we
must have at least k-times on the RHS a one; that is, we find at least k points p in
{p1,..., pi} with w(p") — m(p) = 1. Therefore |[F N C| > k. a

Claim 2. w(F) = kv(f) — a(f).
Proof of Claim 2. Let F; ;= {(pe F: n(p) = i (e, n(p)=i+1)}, i =
0,...,k— 1. Of course,
k—1

w(F) =Y w(F). @.11)
i=0

The set S; of all points of ¥ having potential value < ; and the complement
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T; :=V — §; define a cut (S;, T;) in the network N . By Lemma 4.1.1(a) we have
v(f)=f(S.T) - fT:,8), i=0,....,k—1. 4.12)

Moreover, we have
ST, 8)=0 (4.13)

since for every arc e € E withe™ € T;, et € S; there holds w(et) — n(e”) <
i — (@ + 1) < 0, which implies by (4.3) that f(e) = 0. We have f(S;, T;) =
> peF; f (ef,l)) + f (e},z)) since (see the proof of Claim 1) the potential difference
of the arcs can be at most 1, and it is equal to 1 only for arcs of the form pp’.

Moreover, we know by (4.3) that the arcs ef,l) with p € F; must be saturated;

consequently f (ef,l)) = w(p) forall p € F; and

STy =wF) + ) fe?). (4.14)

PEF;
From (4.11)—(4.14) we derive that

kv(f) =w(F)+ ) f(e?).

peF

Because of (4.3) we have

a(f)=Y 1 =Y s,

peP peEF

which yields the assertion. a

The actual flow f corresponds to a function y : €(P) — R, as presented
earlier. Define z : P — R4 by z(p) := f (ef,z)). Then, in view of (4.8) and
f (efpl)) < c(e,(,l)) = w(p), y and z satisfy condition (4.6). Because of (4.9) and
4.10),

ey, 2) = kv(f) —a(f).

Claim 2 then yields w(F) = y(y, 2).

In the situation where the potential of ¢ changesfromktok+1, 0 < k < kg—1,
the actual flow f;.; defines the functions y and z, and the two potentials 7y
(before the change) and 4| (after the change) define as previously a k-cutset
Fy and a (k + 1)-cutset Fp,, with the desired properties. Since by (4.7), for
any other k-cutset F, and for any other functions y’, z’ satisfying (4.6) it holds
w(F) > vy, 2) = w(F) = w(y', 2"), Fy and ¥, z are optimal, and the same
is true for Fy4 . Until 7 () changes from O to 1, the arcs ef,z), p € P, arestill void
since they are not included in the graph G,. Thus for k = 0 the defined function
z satisfies z(p) = O for ail p € P.

If w is integral, then the flow algorithm and the algorithm of Lemma 4.1.3 work
only with integer values; thus also y and z are integral. [ |



130 The flow-theoretic approach

Many min-max theorems of this nature can be found in the survey of Schrijver
[420]. The fact that there are y and z corresponding to a k-cutset as well to a
(k + 1)-cutset is called ¢-phenomenon by Hoffman and Schwartz [270]. The flow-
theoretical approach gives a natural insight into this ¢-phenomenon.

Corollary 4.2.1.

(a) We have cy(P, w) = cf(P, w) for0 < k < ko.
(b) There is a function y : €(P) — Ry such that ¢| (P, w) = y1(, 0).

Proof. (a) Obviously, cx(P, w) > c;(P,w). Take from Theorem 4.2.1 some
k-cutset F and functions y, z. This gives, in view of (4.7),

ck(P,w) < w(F) = w(y, 2) < (P, w).

(b) We have in our construction co(P, w) = yo(y, z) and ¢; (P, w) = y1(y, z)

with z = 0. . [ I

Let us finally look at the important case when w = 1 — that is, at unweighted
posets P.

Corollary 4.2.2. We have

(a) min{|F| : Fisak-cutsetin P} = max{kt + |Ci U--- U C,| — ¥I_, |Ci]}
where the maximum ranges over all t > 0 and collections of maximal chains
Ci,...,C; in P. Moreover, the chains Cy, ..., C; can be chosen in such a
way that for them the maximum in the above equation is attained not only for
the parameter k but also for the parameter k + 1.

(b) The minimum size of a I-cutset equals the maximum number of pairwise
disjoint maximal chains.

Proof. (a) The LHS equals w(Fy) (resp. w(Fi41)) in Theorem 4.2.1. So we
have to show that the RHS equals y(y, z) (resp. Yk+1(y, 2)) in Theorem 4.2.1.
Given our optimal integral y and z satisfying (4.6) we find a collectien Cy, ..., C,
of maximal chains by taking each chain C € €(P) exactly y(C) times; that is,
t = ZCGG(P) Y(C). Let us put £(p) := |{i : p € C;}|. Then because of (4.6),
0<t(p) <1+ z(p). Moreover,

Uiz Cil = {p e P:¢(p) = 1)

and

t
Y =Y ip=Y |Gl
i=1

PeEP:L(p)=1 PEP
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Thus
o =ki— Y 2p)—- Y zZp<kt— Y GE-D
PEP:L(p)=0 pePL(p)z1 pPEPL(p)=]

t
=kt =Y _|Cil + Ui, Cil.
i=1
This means that the optimum yx (y, z) is not greater than our RHS.

Conversely, if Cy, ..., C; is such an optimal collection of maximal chains,
we define y’(C) to be the number of times that C occurs in that collection and
Z'(p) := max{0, £ (p) — 1}, where ¢ (p) is defined as above. Then y’ and 2’ satisfy
(4.6) and

t
w2 =kt— Y @) —D=kt-Y |Ci|+]|U_ Cil.
PeEPL(p)=>1 i=1

This means that our RHS is not greater than yx()’, z’) < y(y, z) where y and z
are the optimal functions.

(b) Clearly, the maximum number of pairwise disjoint maximal chains is a lower
bound for the minimum size of a 1-cutset. To prove that it is an upper bound we
use (a). Consider an optimal collection Cy, ..., C; for the RHS in (a) with k = 1
where ¢ is minimal. Then these chains are pairwise disjoint. Assume the contrary,
for example, C;— | NC; # @. Then |C{U---UC|—|C1U---UC_1| < |Cs| - 1;
hence, (¢ = 1) +|C1U---UCr_t| = XiZ1 ICil = £ +1C1U--- UG = Xl [Cil,
contradicting the optimality of C4, ..., C; and the minimality of ¢. [ ]

By the way, it is not true that the minimum size of a family F in P meeting
every maximal antichain at least once (called fibre) equals the maximum number
of pairwise disjoint maximal antichains. This is shown by the following example
of Lonc and Rival [351]; see Figure 4.3.

PAL

Figure 4.3

4.3. The k-family problem and related problems

In contrast to a k-cutset, a k-family is a subset F of P satisfying | FNC| < k for all
C € €*(P), where €*(P) is the set of all chains in P. This definition is obviously
equivalent to the one in Section 1.2. It is also easy to see that we could restrict
ourselves to the set €(P) of all maximal chains, but in the succeeding construction
we find also some nonmaximal chains. Recall that the k-family problem is the
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following: Given a weighted poset (P, w) determine
dp(P, w) := max{w(F) : F is a k-family}.

Before we proceed further with k-families, note that in a certain sense the k-family
problem is nothing more than the 1-family problem — that is, the Sperner problem.
Let 2A(P) be the class of all antichains in P. It is easy to verify that 2(P) becomes
a poset if we define for 4, 4’ € A(P) that 4 < A’ if for all D € A there is some
p e A withp<p.

Lemma 4.3.1. If F is a k-family in P, then there exist k pairwise disjoint an-
tichains Ay, ..., Ay suchthat Ay < --- < Ay and F = Uf.‘=1Ai. Conversely, the
union of k pairwise disjoint antichains is a k-family.

Proof. The second claim is trivial and the first one follows by induction on k: Let
A\ be the set of all maximal elements of F (which is an antichain). Then F — 4,

is a (k — 1)-family and by the induction hypothesis we find the corresponding

antichains A4,, ..., 4;. [ ]

Let Cy be the chain (0 < 1 < --- < k — 1). Given the poset (P, w) we define
the poset (P, wx) by Py := P x Ci, wi(p, i) := w(p) for all p € P,i €Cy.
The following theorem goes back to an idea of Saks [405].

Theorem 4.3.1. We have dy(P, w) = d, (P, wg) fork=1,2,....

Proof. “>" Let 4 be an antichain in (P, wy) such that wi(A) = di(Py, wy).
Define F := {p € P : (p,i) € Aforsomei}. Then F is a k-family in P with
w(F) = wi(4).

“<.”Let F be ak-family in P with w(F) = dy(P, w). We partition F according
to Lemma 4.3.1 into & (possibly empty) antichains, where 4} < - - - < Aj. Then
we define 4 := Uf.‘=](A,~, i) where (4;,i) := {(p,i) : p € A4;). Then 4 is an
antichain in P with wy(4) = w(F). n

In the preceding construction we have constructed a “larger” poset. Berenguer,
Diaz, and Harper [46] proposed a flow algorithm for the determination of di (P, w)
where the number of vertices is essentially (k + 1)| P|. We may avoid the factor
k + 1 in the size of the network if we use the method described below, which also
gives more theoretical insight into the optimization problems.

A fractional k-family is a function x : P — R such that

D x(p) < kforall C € €*(P),
peC

0<x(p) <l1foral pe P,
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and the fractional k-family problem consists in the determination of
di (P, w) := max Z w(p)x(p) : x is a fractional k-family ; .

peP

Dual to this linear programming problem is the following: Find y : €*(P) — R,
and z : P — R, such that

Y YO +z2(p) = w(p)forall pe P (4.15)
CeC*(P):peC

and the function

2=k Y yCO+) z(p)

Ce€*(P) peP

is minimized. It follows by duality (and can be seen, as for the k-cutsets, directly)
that for any fractional k-family x (resp. in particular for any k-family F)

Y w(p)x(p) < 8(y,2)  (tesp. w(F) < &(y, 2). (4.16)
peP

Theorem 4.3.2. For each k = 0,1, ..., there exists a k-family Fy, a (k + 1)-
family Fyy and functions y : €*(P) — Ry, z: P — Ry satisfying (4.15) such
that w(Fy) = 8 (y, z) and w(Fi41) = 8k+1(p, z). The families Fy and Fiyy are
optimal k- (resp. (k + 1)-) families and y, z are optimal solutions of the dual to
the fractional k- and (k + 1)-family problem. If w is integral, then y and z can be
chosen integral, too.

Proof. Let us apply again the algorithm of the proof of Theorem 4.1.3. This time
we consider the following network N = (V, E, s, t, ¢) with cost function a:
Vi={s,t}U{p:pe P}U(p': pe P} (s and ¢ are new vertices),
E:={sp:pe PYU{p't:pe PYU{pp' :pe PYU{qp': p <q).
The capacity and cost are defined by
w(p) ife=spore= p't forsome p € P,
cle) :=

00 otherwise,

1 ife= pp’forsome p € P,
ale) :=

0 otherwise.

For the construction of the network, see Figure 4.4. First of all we will discuss
a correspondence between flows f in N and functions y : €*(P) — R4 and
z:P—> Ry, '
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t
5
3 4
1 2
P
s
G = (V,E)
Figure 4.4

Let f be given with value v( ') and costa( f). Let Jp be the directed elementary
flow (def) through s, p, p/, t. Obviously,

f=7r=>fep) s,
peP
isaflowin N of value v(f’) = v(f) —a(f). Since f’(pp’) = Oforall p € Pwe
can consider f” also as a flow in the network N’ which arises from N by deleting
all arcs pp’.

Now consider a third network Np = (Vp, Ep, sp, tp) (without a capacity),
where Vp := P U {sp,tp}, Ep := {spp: pe PYU{ptp : p e P}U
{pg:p<gq)

For the construction of the new network, see Figure 4.5. For given f” in N’

tp
5 5
3 4 3 4
1 2 1 2
p
sp
Np
Figure 4.5

(which was obtained from f in N), we define a flow fp € Np as follows: We set
f'gph ife= pg,
Jr@@) = w(p)— f(pp) — f'(sp) ife=spp,
w(p) — f(pp) — f'(P't) ife= ptp.
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Then the conservation of flow is satisfied for fp, since forall p € P

Y fele) = w(p)— fpp) — [P+ ) f'ap))

e~ =p q9>p

= w(p) — f(pp), (4.17)
Y fe(e) = w(p)— f(pp) = f'Gsp) + ) ['(Pa")
et=p q<p

= w(p) — f(pp"), (4.18)

and the capacity constraints fp(p) > 0 are satisfied by the definition of the capacity
in N (resp. N'). We have

v(fp) =) frispp) = w(P) —a(f) —v(f) = w(P) = v(f). (4.19)

peP
(Vp, Ep) is a dag; hence we can write again fp as a nonnegative combination of
defs:
fP=A1fl +"‘+)\-mfm,Ai > 0.
Each f; goes through certain vertices sp, p1, ..., pi,tp where C := (p; < --- <

p1) € T(P).
Thus we may define

A; if C corresponds to f; as above,
y(C) = )
0  otherwise.
Then
v(fp)=A+ o thn= D y(O), (4.20)
CeC*(P)

and in view of (4.17) and (4.18)
wp)— fpp)= ), WO “.21)

Cee€*(P):peC
Finally, if we define z(p) := f(pp’) for all p € P, we have y : €*(P) - R,
and z : P — Ry satisfying (4.15) with equality and
8y, 2) = kv(fp) +a(f) = k(w(P) —v(f)) +a(f). 4.22)

Of course, we can also go this way backward; that is, having functions y and z we
can construct a flow f in our original network N such that (4.22) holds.

So our final task is the construction of a k-family Fj, a (k 4 1)-family Fy as
well as a flow f in N such that

w(F) = k(w(P) —v(f)) +a(f),
w(Fit1) = (k+ Dw(P) —v(f) +a(f).
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Now let us run the algorithm of the proof of Theorem 4.1.3. Consider some actual
potential w with 7(f) = k and some actual flow f. Define F := {p € P :
n(p')—n(p)=1}.

Claim 1. F is a k-family.
Proof of Claim 1. Assume that there are Pl ..., Pk+1 € F such that p; <
< pr+1. Since the arcs p; Pi_1»i = k+1,...,2, have infinite capacity

and because of (4.3) we have ( p;_l) — m(pi) < O for all i. Consequently,
O<ap)=nm(P)-1<m(p)—1=n(p)) —2<-- < n(ps1) —k =
n(p;H_l) —(k+1) <m@)— (k+1) <0, a contradiction. 0

Claim 2. w(F) = k(w(P) — v(f)) + a(f).

Proof of Claim 2. Let F; := {p € F : n(p) = iGen(p)=1i+1)},
i =0,...,k— 1. We repeat the beginning of the proof of Claim 2 for k-cutsets
(Theorem 4.2.1) and find that

v(f) = f(Si, T, - (423)

where S; is the set of all points of V having potential value < i, T; := V — §;,
i=0,...,k—1.
Letd;i:={peP:n(p)>i},Bi:={peP: w(p’) <i). Then

STy =) fsp+ Y. f(pr) + > f(rg)
PEA; PEB; peP—4;,qeP-B; q<p

wd) +w(B)+ Y f(pp") (4.24)
PEF;

I

since the arcs sp, p € 4;, and p't, p € B, are saturated by (4.3) (note 7 (s) =
0, () = k), and the only arcs pq’ with 7(p) < i,m(q') > i are arcs pp’ with
n(p) =i,n(p’) =i+1,again by (4.3) (these arcs all have infinite capacity). We
have

Fi =P —(4;U By, (4.25)

since p € P — (4; UBy)iff m(p) <i,n(p’) > i — that is,iff 7 (p) =i, n(p’) =
i + 1. Moreover, .

w(4; N B;) =0. (4.26)

Assume the contrary. Then there is some P € 4; N B; with w(p) > 0 and
7(p) > i,m(p') < i. The arcs sp and p't are saturated and the arc pp’ has zero
flow by (4.3). Thus there must be further points g, 7 € P such that f(pqg’) > 0
and f(rp’) > 0 implying 7(¢’) = m(p) > i and n(r) = m(p') < i.Butby
the construction of the network, ¢ < p and p <r;thatis,qg < randrq’ € E.
This is impossible since 7(q’) — 7(r) > 0 and rq’ has infinite capacity. From
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(4.23)—(4.26) we derive
v(f) = w(P)—w(F) + Y f(pp),

PEF;

and summing up these equalities fori =0, ...,k — 1 gives
kv(f) = kw(P) — w(F) +a(f),
w(F) = k(w(P) —v(f)) +a(f).

]

In the situation where the potential of ¢ changes from k to k + 1 we get our
desired k-families F and Fj,. The additional assertions in the theorem follow
as for k-cutsets. [ ]

Corollary 4.3.1. We have d(P, w) = di (P, w) for all k.

Let us look also at the case of unweighted posets — that is, w = 1. Here Dilworth’s
Theorem 4.0.1 comes out very easily.

Corollary 4.3.2. We have
(a) (Greene and Kleitman [233]).
max{|F| : F is a k-family in P}

= min I Z min{|C|, k} : D is a chain partition ofP]
Ced

Moreover, the chain partition © can be chosen in such a way that the minimum
in the above equation is attained not only for the parameter k but also for the
parameter k + 1.

(b) (Dilworth [136]). The maximum size of an antichain equals the minimum
number of chains in a chain partition of P.

Proof. Of course, (b) follows from (a) with k£ = 1. So let us prove (a). If F is any
k-family and D is any chain partition, then

IFl= 3 IFNCl < ) min{|C], k).
Ced Ced
Furthermore, let y and z be our optimal functions from Theorem 4.3.2. In the proof
we noted that y and z satisfy (4.15) with equality. Since w = 1, y:C*(P)— {0,1)}
andz: P — {0, 1}. If y(C) = 1, then |C| > k, since otherwise we could change
Y(C) to zero and z(p), p € C, to 1 obtaining a smaller value in the objective
function. The functions y, z provide the chain partition ® whose chains are all
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C € €*(P) with y(C) = 1 and the one-element chains { p} with z( p) = 1. Finally,

Z min{|C|, k} = & (y, z) = max{|F| : F is a k-family},
Ce®

which proves the claim. a

A partition D is called k-saturated if the minimum on the RHS of Corollary
4.3.2 is attained at D. This corollary says that for each k there exist chain partitions
that are simultaneously k- and (k + 1)-saturated. There are posets for which chain

partitions being k-saturated for every k do not exist. An example was given by
Greene and Kleitman [233]; see Figure 4.6. Moreover West [466] constructed

Figure 4.6

posets having no chain partition that is k-saturated for any two nonconsecutive
values of & (not exceeding the largest number of elements in a chain).

Corollary 4.3.3. The difference dy+1 (P, w) — dy(P, w) is decreasing.

Proof. Again take the optimal families Fy, Fj | from Theorem 4.3.2 and consider
the flow f yielding these families. Then (note Claim 2 in the proof of Theorem
4.3.2)
diy 1 (P, w) — dp (P, w) = w(Frq1) — w(Fr)
= (k+ DW(P) —v(f) +a(f)
—k(P) —v(f) +a(f)) = w(P) — v(f).

Since the flow value increases during the algorithm with increasing k, the difference
w(P) — v(f) decreases. [ ]

We sitill continue the discussion of the proof of Theorem 4.3.2. An antichain
partition 2 of P is defined similarly to a chain partition. Remember that every
k-family is a union of k antichains.

Corollary 4.3.4. We have
(a) (Greene [229])
max{|F| : F is a union of k chains in P}

= minl Z min{| 4|, k} : 2 is an antichain partition of P]
Ae2d ’
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Moreover, the antichain partition 2 can be chosen in such a way that for it
the minimum in the preceding equation is attained not only for the parameter
k but also for the parameter (k + 1).

(b) (Mirsky [371]) The maximum size of a chain equals the minimum number of
antichains in an antichain partition of P.

Proof. Again (b) can be derived from (a) with k = 1, but I encourage the reader
to prove (b) directly.

For any union of & chains and any antichain partition 2, we have |F| =
e |FNA <Y Aeg Min{| 4|, k} since each antichain 4 can contain at most
min{| 4|, k} elements of F. Consequently, max < min. Let us look at the proof of
Theorem 4.3.2 in order to prove max > min . Since w = 1, we are working with
integral flows and integral functions y, z. For fixed potential 7, let us increase the
flow value always only by 1 (one could possibly do more along flow-augmenting
paths, but in that case increase iteratively by 1). The maximum flow value in N is
w(P) = | P|. We achieve a situation where v(f) = |P| — k. Let 7 be the actual
potential. Then by (4.19)

v(/P) =IP| = (P| - k) =k

In view of (4.20) there are at most k chains C with y(C) > 0. Thus the union F of
these chains is a union of k (possibly empty) chains. Because of (4.15) F contains
at least all elements p with z(p) = 0, hence

|F| =PI =" z(p) = |P| - a(f)
PEP

(remember that z(p) = f(pp’)).

We find as follows the partition into antichains: Suppose that ko := 7(¢). In
the proof of Claim 2 we worked with sets Fj,i = 0, ..., kg — 1. Each F; is an
antichain, since otherwise there would be p,q € F; with p < ¢ and 7(p) =
n(g) = i,m(p’) = m(¢') = i + 1, which is impossible since gp’ is an arc of
infinite capacity but having potential difference greater than its cost. Look at the
antichain partition 2 whose antichains are Fp, ..., F,—1 and the one-element
classes {p} with p € P — F. Then, noting Claim 2,

Y min{|Al, k} < kko+|P| - |F|
Aed
= kko + |P| — ko(IP| — v(f)) — a(f)
= kko + |P| — kok — a(f) = |P| — a(f).
Thus we found F and 2 with

IFl = > min{|4], k)

Aed
yielding the desired inequality max > min.
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The situation where for fixed potential 7 the flow value f changes from | P|
— (k + 1) to | P| — k yields the antichain partition 2, which is optimal for the
parameters k and k + 1. [ |

There exist several proofs of the results in Corollaries 4.3.2-4.3.4. Let us men-
tion here Fomin [182], Hoffman and Schwartz, [270], Saks [405], and in partic-
ular Frank [186], whose proof for the unweighted case is the basis of our proof
of the weighted case. Generalizations and related results are by Edmonds and
Giles [143], Linial [348], Berge [48], Hoffman [269), Saks [404], Gavril [219],
Cameron [91], Cameron and Edmonds [90], Felsner [180], and Sarrafzadeh and
Lou [414]. In particular for Dilworth’s theorem there are a lot of different proofs,
for example, by Dantzig and Hoffman [120], Fulkerson [205], Tverberg [454],
and Harzheim [264]. For more informations, we refer to the above paper of Saks
[404] and to the surveys of Hoffman [269], Schrijver [420], Berge [49], and
West [465].

4.4. The variance problem

Given a poset P, a function x : P — R s called a representation of P if
x(g@) —x(p) = 1forallg > p.

This notion was introduced by Alekseev [23] in order to find an asymptotic formula
for the width of products of posets; see Section 7.2. An example of a representation
is the rank function r if P is ranked, and, in general, the height function 4. Note
that 4 can be calculated as a special case of the critical path method (cf. Sedgewick
[423]): Label the minimal elements p of P with A(p) := 0. Let, after some steps,
S be the set of labeled vertices. Then look in the next step for some minimal
unlabeled point g (i.e., there is no unlabeled point below ¢) covering a labeled
point p with largest label and put 4(q) := h(p) + 1. Continue until all points are
labeled. By induction it follows easily that the calculated value 4 ( p) is really the
height of p.

The height function of a small poset is illustrated in Figure 4.7. Now consider
again positively weighted posets (P, w). For the representation x of ¢P, w) (i.e.,
x is a representation of P), we define the expected value (also called mean) Wy
and the variance o? by

1
Wy = w(P) Z w(p)x(p)

peP
1 1
of = —— Y w(P)x(p) — ) = —— 3 w(p)x2(p) — p,
w(P) ,,Z; w(P)
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S = N W

Figure 4.7

respectively. Note that u, and o? can be defined for any function x : P —
R. The variance problem is the following: Given a weighted poset (P, w), find
a representation x such that o2 is minimal with respect to all representations.
Such a representation is then called optimal. Though it follows easily from a
compactness argument that optimal representations really exist — in other words,
that the minimum is attained — we will derive this fact from the finiteness of the
algorithm below. The variance of an optimal representation is called the variance
of (P, w) and denoted by o%(P, w). First we need some technical details. The
following lemma is obvious.

Lemma 4.4.1.  Let x be a representation of (P, w), and let y(p) = x(p) +c
Jor all p € P. Then also y is a representation of (P, w), and Ky = ux +c,

2 _ 52
o, =oy.

For a nonempty subset F of P, we define its expected value by

1

ux(F) = )

Y wpx(p),

PpeEF

and put px (@) := oo. Note that puy = p,(P).

Lemma 4.4.2. Letx : P — R be any function and let F and I be disjoint subsets
of P with 1 (F) < py, and px(I) > piy. Define y. : P — R by

x(p) +ew() ifpecF,
Ye(p) = x(p) —ew(F) ifpel,

x(p) otherwise.

Then py, = py and oyze is strongly decreasing for 0 < € <

1
w(F)+wd) (nx (1) —
ux(F)) =: €.

Proof. The equality Uy, = Uy is easy. Moreover, if 0 < € < ";}g?;'_lz((,’;),
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d d 1
—o? = (of + 5P (Z w(p)((x(p) + ew(N)? — x*(p))

Ye o
de de oy

+ ) w(p)(((p) — ew(F))* - xz(p»))
pel
_ Qw(Hw(F)

ux(I) — ux(F)
w(P) (w(F)+w(I))(e——-—-—)< .

w(F)+w()
]

Lemma 4.4.3. If g is an increasing (resp. decreasing) function from P into R,
then g is the sum of a constant and a nonnegative combination of characteristic
Junctions of filters (resp. ideals); that is, there are filters (resp. ideals) Fy, ..., F;
and real numbers Ay, A1, ..., A\ with Ay, ..., A; > O such that

]
g=2Xo+ ) \ioF.

i=1

Proof. We consider only increasing functions, the other case is analogous. It is
enough to prove the statement for nonnegative functions g with A9 = 0 since
each function can be written as a nonnegative function plus a constant, say Ag.
Now we prove this special case by induction on the support | supp(g)|. The case
| supp(g)| = 0O is clear. If | supp(g)| > 0, put F; := supp(g). Obviously, Fj is a
filter. Further putA; := min{g(p) : p € F1}. Theng’ = g—A,¢p, is nonnegative,
increasing, and has smaller support size. The induction hypothesis applied to g’
gives the result. [ |

Let E be the arc set of the Hasse diagram H(P) of P. For a given representation
x, define

Ey:={ec E:x(et) —x(e7) =1}.

The graph Gy = (P, E) is said to be the active graph. The poset whose Hasse
diagram is G, is called the active poset and denoted by P,. Finally, a function
S+ P > Ry such that

D S@© =Y fl©) = w(p)(x(p) — py) forall pe P,

et=p e~=p
fe»=0 foralle e E — E,
is called a representation flow on (P, w) relative to x. For the sake of brevity, we
set
py= ) fe).
et=p

The following theorem was proven for unweighted posets by Alekseev [23]. We
present our own proof of the weighted case.
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Theorem 4.4.1. Let x be a representation of (P, w). Then the following conditions
are equivalent:

(i) x is an optimal representation.
@ Y peP w(p)g(p)(x(p) — nx) = O for all increasing functions g : P, — R.
(iii) ux(F) > uy for all filters F in Py.
@(iv) ux(I) < uy forall ideals I in Py.
(v) There exists a representation flow on (P, w) relative to x.

Proof. In view of Lemma 4.4.1 we may restrict ourselves to representations x
with u, = 0.

(ii) — (i). Let y be another representation of P with u, = 0. Then g = y—x is
an increasing function from P, into R since fore € Ey we have y(e™)—y(e™) > 1
(y is a representation) but x(e™) — x(e~) = 1. We want to show that o*f > ax2;
that is,

Y w@PP) =Y wipxd(p). 4.27)

peEP PpeEP

From (ii) with 4y, = 0 and g = y — x we obtain

2) w@ypx(p) =2 w(p)x*(p). (4.28)
peEP peP
Evidently,
> w(p((p) - x(p))? = 0. (4.29)
pEP

Addition of (4.28) and (4.29) gives the desired inequality (4.27).
(i) — (iii). Let x be optimal and assume that there is some F in P, with
MUx(F) < 0= uy.Let I := P — F. Then obviously u, (/) > 0. Let

e s +y -y _1- —
€] = w(1)+w(F)mm{x(e) x(e7)—1: ee€ E—E,}.

By definition of E,, €; > 0. Now consider the function Ye from Lemma 4.4.2 for
0 < € < min{eo, €;}. By the following reason, y is a representation: Since x is a
representation we must consider only arcs pg with p € F, ¢ € I. The set F is a
filterin P, thus pg € E — E,. Finally

Ye(@) — ye(p) = x(q) — x(p) — e(w(I) + w(F))
> x(q) —x(p) —min{x(e?) —x(e7)—1:e€ E — E,} > 1.

From Lemma 4.4.2 we obtain a}%‘ < 02, a contradiction.
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(iii) — (ii). Write g in the form of Lemma 4.4.3. Then

i
Z w(p)g(p)x(p) = Z w(p) (Ao + Z wp,.) x(p)

peP peP i=1
1
=Y (Z w(p)x(p)soﬂ-(P))
i=1 PEP

!
= > hw(F)ps(F) 2 0.
i=1

(iii) «> (iv). This assertion follows from the facts that F is a filter in P, iff
I =P— Fisanidealin P, and uy(F) > py iff uy (P — F) < py.

(iii) < (v). For each representation x with u, = 0, let us define the network
N =y, En,s,t,cyx), where Vy := PU /{s, t}(s and ¢ are new vertices), Ey :=
EU{sp: pe P}U{pt: p € P} (remember that E = {pq : p < q}),

max{0, —w(p)x(p)} ife=sp,pe P,
max{0, w(p)x(p)} ife=pt,pe P,
0 ifee E — E,,

cx(e) :=

%) ifee E,.

An example of the new network is illustrated in Figure 4.8.

S

Figure 4.8

Claim. Condition (iii) holds iff ({s}, Vv — {s}) and (V¥ — {¢}, {¢}) are minimal
cutsin N.
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Proof of Claim. First note that

cV =t} {th —c(s}h, V = {sh) = Z max{0, w(p)x(p)}

peP
— max{0, —w(p)x(p)}

=) w(px(p) =0;
peP

that is, both these cuts have equal capacity. Let (S, T') be any cut of finite capacity
inNandlet F:=S—{s},I:=T —{t} (= P—F).Then F and I are a filter and
an ideal in Py, respectively, since otherwise there would be some p € F, g € |
with p < g and pg € Ey, but then c¢(pq) = oo in contradiction to the finiteness
of the cut capacity. Conversely, if F is a filter in P, and ] := P — F, then
§:= FU({s}, T := I U {t} define a cut of finite capacity. For these cuts, we have
c({s}, V. —{sh < (S, T) iff

Yoexlsp) = Y exlsp) + Y ex(pr),

pepP pel peF
D elsp) < ex(pr),
peF PpeEF
0 < ) (max{0, w(p)x(p)} — max{0, ~w(p)x(p)}),
peEF
we =0 < w(F)pe(F) = Y w(p)x(p).
peP

Thus ({s}, ¥ — {s}) has minimal capacity iff 1, (F) > 0 for every filter F in P,.
O

By the real version of the Max-Flow Min-Cut Theorem (Corollary 4.1.1) and
in view of Lemma 4.1.1, the cuts ({s}, ¥y — {s}) and (Vy — {t}, {¢}) are minimal
iff there exists a flow fy in N (the maximal flow) such that the arcs sp and pt
(p € P) are saturated. Given such a flow fy, its restriction to E has the properties
of a representation flow since for e € E

cx(sp) + pf = p; +ex(pr),

pf = py = max{0, w(p)x(p)} — max{0, —~w(p)x(p)} = w(p)x(p)

and, of course, f(e) = 0 (since c(e) = 0) foralle € E — E x. Conversely, given a
function f satisfying the condition of a representation flow, we can extend fina
natural way to a flow fv in N such that the arcs sp and pt ( p € P) are saturated.

]

If we consider the variance problem as a quadratic optimization problem with
linear constraints and convex objective function then the equivalence i) o (v)
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follows from the theory of Kuhn and Tucker (cf. Martos [362, pp. 123 ff]): The
Lagrange functionis L(x, ) :== 02+ . f(e) (1 = x(e*) +x(e7)), and the
necessary and sufficient conditions for an optimal solution read:

x(et)—x(e”) > 1foralle € E,

2
pf—p; = TP VPP — ) forall p € P,

0

> fE@) (1 —x(e™) +x(e)

ecE

with f: E — R,.Of course, we may omit the factor w—(z?r) in the second condition,
so the arc-values of the representation flow can be interpreted as the Lagrange
multipliers. '

We can use condition (iv) and the flow algorithm to construct an optimal rep-
resentation together with the function f yielding then also o2( P, w). In order to
do this we need some further condition: :

Let us say that (P, w) is in equilibrium with respect to the representation x if
for every connected component C of the active graph G, there holds w, (C) = 0.
Recall that a (connected) component in a directed graph is a maximal set C
of vertices such that for any two elements v, w in C there exists a sequence
(v = v, v1,..., v, = w) of vertices with the property that v;v;4 is an edge
in the underlying undirected graph for all i € {0, ..., k — 1}. The graph is called
connected if it has only one connected component.

Lemma 4.4.4. Let (P, w) be in equilibrium with respect to x. Then the values
x(p), p € P, can be uniquely determined from the active graph.

Proof. The value of x on any point of any component C determines the values of
x on all other points of C. The value of the first point must be chosen in such a
way that the expected value of C becomes zero. [ ]

Lemma 4.4.5. Given a representation x, we can construct in a finite number of
steps a representation y such that orx2 > a}% and (P, w) is in equilibrium with
respect to y. )

Proof. Noting Lemma 4.4.1, we may assume that i, = 0.LetCy, ..., Cy, be the
components of G,. Let

Jo = efl, .. k) pue(C) < O} Fi=Ujey<Cj,
Jo = ell, .o k) pue(C)) =0k R:=Ujey=Cj,

Joor={i el .. k) pe(C)) > 0 1 :=Uje > Cy
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We may assume that F' # @, that is, I # @ since otherwise (P, w) is already in
equilibrium with respect to x. We put

€1 = Wimmin{x((#) —x(e)—1: etel,e eF)
€ = ﬁmin{x(eﬂ“) —x(e)—1: et eR,e” € F),

€3 = w(lp) min{x(e*) —x(e”) —1: e* el,e” € R},

= o min(—u(C): e Jy)

es = ;(%min{ux(cj) L jeJr),

and carry out the shifting y, defined in Lemma 4.4.2 with € := min{e), €3, €3, €4,
€s}, which is obviously greater than 0. By checking all types of arcs we see that
Ye is indeed a representation. Moreover,

1 1
€ <€ < W#x(l) = m(#x(]) — pux(F)).

Lemma 4.4.2 implies that a}i <ol

Consider the parameter & := 2k, — |J;°| (kx = number of components of G,
| /5| = number of components of G in equilibrium). Of course, 1 < & <2|P|.

Claim. §,, < &,.

Proof of Claim. Consider the new (undirected) graph G, = (V,, E.), where
Ve:={1,...,ke}and jj' € E.iff thereis somearce € E suchthatet e Cj,e” €
Cj and ye(e) — ye(e™) = 1 (i.e., € = €1, € or €3). If E, = @ then € = ¢4 or
€s, hence |Jy, | > |J| (the component for which the minimum is attained in the
calculation of €4 (resp. €s) has after the shifting y. the expected value zero), but
ky. = k. implying the statement in the claim.

If E. # @ let a be the number of elements of J; that are an endpoint of some
edgeof G..Ifo = 0,then|J;| = |J¢ Ibutky,, < k. andwearedone.Ifa > 0,then
[J5c| = |J7| — & (if a component in equilibrium is joined with a component that
is not in equilibrium, then the resulting set is not in equilibrium), but ky, < ky —«
(a components C; with j € J= are joined with other components). Consequently,
£y <2kx —) = (IJT|—a) = & —a. o

If we repeat this shifting several times, then, in view of the claim, after at most
2| P| steps we must arrive at a representation y such that (P, w) is in equilibrium
with respect to y. We observe that in each shifting step the variance decreases;

2 2
hence o < o;. » n
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Theorem 4.4.2.  For any poset (P, w) and any real number p, there is exactly
one optimal representation with expected value p, and this optimal representation
can be constructed in a finite number of steps.

Proof. We may suppose u = 0. Uniqueness: Assume that x and y are distinct op-
timal representations with expected value 0. Then z = ’%Z is also a representation
with expected value 0. But

2 _ x(p) + y(p)
a,_w(P)Zw(m(p) (P)Z()< > )

pEP peP
1 3 AW 1 N,
<w(P)peP 2 —§(0x+0'y)—0x,

which contradicts the assumption that x is optimal.

Existence and algorithm: Construct the height function 4 as in the beginning

of this section and shift it down by the value 1, to obtain a representation with
expected value 0. Moreover, apply the procedure discussed in Lemma 4.4.5 to
obtain a representation x such that (P, w) is in equilibrium with respect to x. Now
iterate as follows: Apply the labeling algorithm to obtain a maximal flow in the
network N defined in the proof of (iii) <> (iv) of Theorem 4.4.1. If every arc
sp, p € P, is saturated, then stop because by this proof the actual representation
is optimal. Otherwise we find in Ny a cut (S, T) of smaller capacity than the
capacity of ({s}, V — {s}); that is, a filter F := § — {s} with u,(F) < 0. Carry
out a shifting as in the proof of (i) — (iii) of Theorem 4.4.5 and change the
resulting representation by the procedure from Lemma 4.4.5. This yields a new
representation x” with the property that (P, w) is in equilibrium with respect to
x', but af, < o2. Since the variance strongly decreases, in view of Lemma 4.4.4
active graphs cannot appear twice in this iteration. There is only a finite number
of subgraphs of H(P) = (P, E) (which are candidates for active graphs); hence
this iteration ends after a finite number of steps. |

In [156] we proved for the unweighted case that we have to call the max-flow
algorithm at most % | P|® times to obtain the optimal representation. Test examples
of Stendal [447] suggest that O(| P|) calls already suffice. We do not know whether
the algorithm of Theorem 4.4.2 is strongly polynomial, whether it has complexity
O(| P[*) for some k.

4.5. Normal posets and flow morphisms

The following definition of a class of posets has its origin in the proof of Sperner
[436] that the Boolean lattices possess the Sperner property (see the proof of
Theorem 1.1.1). It was introduced by Graham and Harper [228).
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Let (P, w) be a positively weighted poset with rank function r. For the sake
of brevity we put throughout n := r(P). We say that (P, w) has the normalized
matching property (NMP) if

wd) _ w(V(4)
w(Ni) ~ w(Nit1)

foral ACN;, i=0,...,n—1. (4.30)

Briefly a poset with the NMP is called a normal poset.

Proposition 4.5.1.  Let (P, w) be a normal poset. Then all minimal and maximal
elements of P have rank 0 and n, respectively; that is, (P, w) is graded.

Proof. Assume p € P is minimal, (p) = i > 0. Then
_w(Ni—1) _ w(V(N;i—yp)

= 2 > A a contradiction.
Assume g € P is maximal, 7(g) = j < n. Then
wiig) | wVdgD) _,
w(N;)  w(Njt+1) ’
contradicting the NMP. |

Proposition 4.5.2. A ranked and positively weighted poset (P, w) is normal iff it
has the dual normalized matching property, that is, iff
wd) _ wA4)
w(N;) ~ w(N;i-y)

forallACN;, i=1,...,n. (4.31)

Proof. We only prove that (4.30) implies (4.31).Let A S N;, i = 1,...,n, and
observe that V(N;_; — A(4)) € N; — A. Thus by (4.30)

_wAM4) _ wNi-) — A(4)) < WOWi1 - M) _ w(N; — 4)

w®WNi-1) — w®Wi—) w(N;) T wy)
O}
w(N;)’
and (4.31) follows immediately. n

Proposition 4.5.3. Let (P, w) be normal. Then for any S C [0, n] the S-rank-
selected subposet is normal, too.

Proof. We get the upper shadow in the subposet by taking several times (as often
as necessary) the upper shadow in P. ]
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Now we will discuss two other criteria of the NMP. Let (P, w) be ranked. For
the sake of brevity let N” := N, () (the level containing p). A regular covering
of (P, w) is a function f : €(P) — R, such that

Z f(C) = wip) forall p € P,

Ce(P):peC w(NP)
Y f©) =1
CeC€(P)

Moreover, we say that (P, w) satisfies the k-LYM inequality or briefly (P, w) is
k-LYM if for all k-families F of P

YDy 432)

peF w(NP) ‘

In the case k = 1 we speak of LYM instead of 1-LYM. The following theorem
is in the unweighted case due to Kleitman [304]. For arbitrary weights see also
Harper [257] and [150].

Theorem 4.5.1. Let (P, w) be graded and positively weighted. The following
conditions are equivalent:
(@) (P, w) is a normal poset,
(i) (P, w) satisfies the LYM-inequality,
(iii) (P, w) satisfies the k-LYM inequality for everyk = 1,2, ...,
(iv) there exists a regular covering of (P, w).

Proof. (i) — (ii). Let F be an antichain (1-family). Let/ := min{i : FNN; # @}.
We prove (4.32) (for k = 1) by inductionon!/ =n, n —1, .... Thecasel = n
is trivial. Thus consider the step/ + 1 — [ < n. Let 4 := F N N;. We have
V(4) N F = @ because F is an antichain. Obviously, F* := (F — 4) U V(4) is
an antichain, too. Using (4.30) and the induction hypothesis we obtain

w(p) _ w4 w(p)
2 otvn = v T 2w

PeF peEF—-A4
w(V(4)) w(p) w(p)
= 1
= Wi +pe;,, w(N?) ,,EZ,;, w(NP) =

(i) —( iii). This implication is clear since every k-family is a union of k an-
tichains (see Lemma 4.3.1).

(iii) — (iv). We define the new weight v on P by v(p) := w—"é%% forall p € P.

Claim. ¢ (P, v) = 1.

Proof of Claim. Obviously N is a 1-cutset of weight v(Np) = 1. Let F be
any other 1-cutset of P. Then P — F is an n-family in P. By condition (iii) with

4.5 Normal posets and flow morphisms 151

k=n,v(P-F)= Zpep_,;v(p) < n, hence, v(F) = v(P) —v(P — F) >
n+1)—n=1.

O
In view of Corollary 4.2.1(b), there exists f : €(P) — R, such that
> f(©) < v(p)forall pe P, (4.33)
Ce€(P):peC
Y fo =1
CeC€(P)

Assume that strict inequality holds for some p* € N; in (4.33). Since each maximal
chain has exactly one member in the ith level of P, we conclude

1= Y 0= Y f(C)<Zv(p)=Zwu;§51)’)=l’

Ce€(P) peN; Ce€(P):peC PEN; PEN;

a contradiction.
(iv) — (i). Let A € N;, B := N;4| — V(4), and let y be a regular covering of
(P, w). Since each maximal chain in P contains at most one member of 4 U B,

w(p) w(p)
1= 2 J©z ) ) fO=) o5+ i

CeC€(P) pEAUB Ce€(P):peC peA pEB
Cw@) L w(V()
w(N;) w(Niy1)’
and (4.30) is proved. ]

Note that Wei [461] found a further equivalent condition in terms of solutions
of a certain convex programming problem and its dual.

Let G; = (P;, E;) be the Hasse diagram of the {i, i + 1}-rank-selected subposet
of the graded poset (P, w); thatis, P, = N;UN;4+1, Ei ={pq : p€ Ni, p < q}.
Let w; be the induced weight.

Corollary 4.5.1. Let (P, w) be graded and positively weighted. Then (P, w) is
normal ifffori =0, ..., n — 1 there exist functions f; : E; — Ry such that

- _ . w(p) :
p; = eeEin:pﬁ(e) A forall p € N;,

+ w(p)
Pr, file) = forall p € Niyy.
. ees,gr:p l w(Nit1) '

Proof. (P, w) is normal iff (P;, w;) is normal for all i, by definition. The arcs of E;
are exactly the maximal chains in (P;, w;). The result follows from the equivalence
(i) © (iv) in Theorem 4.5.1. : [ ]
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We encourage the reader to derive Corollary 4.5.1 directly from the real version
of the Max-Flow Min-Cut Theorem (Corollary 4.1.1).

An unweighted poset P is called regular if P is graded and both the number
of elements that cover any element p of P and the number of elements that are
covered by p depend on the rank of p, only.

Corollary 4.5.2. Let P be a regular poset. Then P is normal.

Proof. Define fore € E;,i =0,...,n —1,

1
i(e) .= —.
S |E;|
Then it is easy to see that the conditions of Corollary 4.5.1 are satisfied (with
w=1). n

Example 4.5.1.  The following posets are regular: The Boolean lattice B,, the

linear lattice L,(q), the affine poset 4,(q), projective space lattices, the cubical
poset Qn and the function poset F}!.

Using the existence of regular coverings we can estimate the weight of subsets (with
certain properties) of normal posets by considering only the maximal chains.

Theorem 4.5.2 (Kleitman [304]). Let (P, w) be a normal poset and G C P.
Then

w(G) < max w(NP).
G) Cew)ng (NP)

Proof. Let f be a regular covering of (P, w) that exists by Theorem 4.5.1. Then
w@® =) wEp=Y Y  w’)fC)

peG peG Ce€(P).peC
= > f© > w(NP) < max > wNp).
cee(p) PeCnNG CeeP) cene

In analogy to the k-Sperner property, we say that (P, w) (with n = »(P)) has
the k-cutset property if

a(P,w)=__min  (w(Ny)+---+w(Ny)).

0<iy<-<iy<n

It has the strong cutset property if it has the k-cutset property for every k =
1,2,...,n+1.
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Lemma 4.5.1.

(a) (P, w) has the k-cutset property iff (P, w) has the (n+1—k)-Sperner property.
(b) (P, w) has the strong cutset property iff (P, w) has the strong Sperner prop-
erty.

Proof. Observe that F is an (optimal) k-cutset iff P — F is an (optimal) (n +1—k)-
family. [ ]

Corollary 4.5.3. Let (P, w) be normal. Then it has the strong Sperner and the
strong cutset property.

Proof. Let F be a k-family, 1 < k < n + 1. Then every C € €(P) contains at
most k elements. By Theorem 4.5.2
wF) < max  (w(N;y)+ -+ w(iNy)).
0<ij<--<ix<n
The bound is attained by the union of the corresponding levels for which the
maximum is attained. The strong cutset property follows from Lemma 4.5.1.
]

A subset F of the graded poset P is called a mod-k-family if p;, p2 € F, p; <
p2imply r(p2) —r(p1) > k.

Corollary 4.5.4 (Katona [293)). Let (P, w) be normal and rank unimodal. Then
the maximum weight of a mod-k-family equals the largest sum of the form
> W(Nntki).

Proof. Again by Theorem 4.5.2 the weight of any mod-k-family can be bounded
by max; Y jeJ w(N;), where the maximum is extended over all J C [0, n] with
the property that ji, j € J imply |ji — j»| > k. The unimodality permits the
restriction to subsets J of the form {h,h + k, h + 2k, ...}. The union of the
corresponding levels for which the maximum is attained gives the optimal mod-
k-family. n

Up to now we used normality for upper estimates of certain families. Let us
consider two results for lower estimates with the assumption of log concavity of
the Whitney numbers. Examples of such posets can be found in the next section.
First we need some preparations. Let / be an interval of integers.

Lemma 4.5.2. Let {a;},i € I, be a log concave sequence of positive numbers.
Then the sequence {;}7} is convex.
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Proof. We havefori —1,i4+ 1€/

aj—1 +aiy
aj—1Qi+1 < aj\/aj—1aiy+) < a; (T s

1 1
1 _(mtag)
a; 2 -

Lemma 4.5.3. Let {b;} be a convex sequence of positive numbers. Then for all
Jok,lelwithj<k<l

hence

(= ©)bj + (k= Nbr = (I — j)bx.

Proof. Though this inequality follows from a discrete version of Jensen’s in-

equality, we give a direct proof. We may suppose j < k < I. We have by the
convexity

bj+1 —bj < bjy2 — bjy1 <+ < bk — bp—1 < bry1 — by
Summation of the k — j terms on the left yields
(bk — bj) < (k— j)(bks1 — br)
which is equivalent to
by — b; - bi+1 — b;

k—j T k+1—j
This gives finally an inequality which is equivalent to the asserted one:

by — bj < by — b;
k—j — 1-j°

Lemma 4.5.4. Let {a;},i € I, be a log concave sequence of positive numbers.
Let the new sequence {b;},i € I, be defined by

b,' = Z a;.

Jjel:j<i
Then for j, k,l1 € I with j <k <1
(a1 — ap)bj + (ax — an)b; > (a1 — a;)by.

Proof. Let j < k < I. From the log concavity we derive easily

qj+1—4j

aj42 — aj ay — ap— -
s 42 J+l>_”z k ak1>ak+l ak.

S Y 2 T k4l
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Similarly to Lemma 4.5.3 we obtain
% —aj _ Gktl — Gk
by —bj T bry1 — by

hence

ak—aj _ Gk+1 =4
by —bj = bg+1 — bj
This gives an inequality equivalent to the asserted one:
ak—aj _ a—da
by —b; — bl—bj'

Theorem 4.5.3. Let (P, w) be normal with log concave weighted Whitney num-
bers. Let {w(N;)},i = 0, ..., h, be strictly increasing, let 0 < k < h, and let
A C P be an antichain such that w(A) > w(Ny). Finally let I be the ideal
generated by A. Then

(a) (Kleitman and Milner [309]) w,(A4) > k.

(b) (Kleitman [302]) w(l) > Z{F:o w(N;).

Proof. Leta; := w(N;) and x; := w(ANN;),i =0,...,n. Then

0<x <a, (4.34)
in view of the supposition
n
D% = ap, (4.35)
=

and by the LYM-inequality, see Theorem 4.5.1,

Z; < 1. (4.36)

(a) We have to prove that

n n
Z ix; > ka,-. (4-37)
i=0 i=0

Thus it is enough to show that the minimum of the objective function ) [_ (i —k)x;
under the constraints (4.34), (4.35), and (4.36) is not less than zero. Because the
minimum is attained at an extreme point of the polytope defined by (4.34)—(4.36)
we have to prove (4.37) only for all these extreme points. Let x = (xg, ..., X»)
be such an extreme point. It satisfies n + 1 independent inequalities from (4.34)—
(4.36) as equalities, cf. p. 86.
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Case 1. (4.35) or (4.36) is a strict inequality. Then in view of (4.34) and (4.36)
at most one component of x, say x;, is nonzero. Moreover a; > x; > ay which
implies / > k. Consequently,

DG -bx > (- ka > 0.
i=0

Case 2. (4.35) and (4.36) are satisfied as equalities. Then it is easy to see that
at most two components of x are nonzero, say xj and x;. If j,1 > k then trivially
;’=0(i —k)x; > 0.1f j,I < k, then by the equations (4.35) and (4.36) and the
strict monotony
Y% _Xtn
a  a ay
a contradiction. Thus we may assume that J <k <. Assertion (4.37) reduces to

1=

=1,

G=Kkxij+U-kx >0
and we know that by (4.35) and (4.36)

xXj X
Xj+x=ap, L+ =1.
a; aj

Solving this system of equations and inserting into the reduced assertion yields
U —kajla — ar) + ( — k)ai(ax — a;) > 0,
which is equivalent to
1 1 1
k-=PD—+l-kb— > (- j)—,
J)al ( )aj > ( J)ak
but this inequality is true because of Lemma 4.5.2 and Lemma 4.5.3.
(b) Let y; ;= w(INN;),i =0,...,n. Obviously, Aj:={ped:r(p >
JWU{peNj:p¢l},j=0,..., n,isanantichain. Again by the LYM-inequality

n . .
ﬁ+1—&51;

that is,
n
Xi .
4

We have, using b; := Z;___O aj,

n

n n no_. o .
w(1)=jZOyIEZaJZ:—:=Zz—:zoaj=i?bl
= J=

Jj=0 i=j i=0 i=0 !
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Consequently it is sufficient to prove that the minimum of the objective function

=0 ;—‘:}b,— under the constraints (4.34)—(4.36) is not less than b. Let us look again
at an extreme point x of the polytope defined by (4.34)—(4.36). The Case 1 of (a)
can be treated easily, so assume that (4.35) and (4.36) are satisfied as equalities.
Moreover, as for (a), we may assume that

a; — ag ap — aj .
Xj = aj l ) x=a|—=2), J<k=l,
a—a; a; —aj

and all other components of x are zero. Inserting these values into the objective
function yields the asserted inequality

(a1 — ax)b; + (ak — aj)b; > (a — aj)by,

which is true by Lemma 4.5 .4.

In the original proofs (in Greene and Kleitman [234] partially attributed to
Odlyzko), duality arguments were used; that is, by an inspired guess one finds
an admissible solution of the dual problem with a corresponding large value of
the (dual) objective function. We used the primal approach to be a little bit more
straightforward. In [174] Erdds, Faigle, and Kern generalized part (a) of Theo-
rem 4.5.3 to the case of k-families.

In the proofs of Corollary 4.5.3 and 4.5.4, we considered instead of the poset P
only chains C. This idea of reduction to smaller posets was generalized by Harper
[258], who introduced the notion of flow morphisms: Let (P, v) and (Q, w) be
weighted posets. A flow morphism is a mapping ¢ : P — Q such that

(i) ¢ is surjective,

(i) p1 < pp2 implies p(p1) < g@(p2),

(iii) w(q) = v(p~'(q)) forallg € Q,

(iv) the poset induced by ¢~!(g1) U ¢~'(g2) is a normal poset of rank 1 for all

91,92 € Q with g1 < gq.

Here ¢~!(q) is, as usual, the set of all p € P with ¢(p) = q. We note that
from condition (ii) it follows that the poset considered in (iv) cannot contain three
distinct elements lying on a chain in P, but without (iv) it could be an antichain.
Moreover, in view of Proposition 4.5.1, in that poset the elements of rank 0 and

1 are the elements of ¢! (g1) and ¢! (q2), respectively. Immediately from the
definition we obtain:

Proposition 4.5.4.  The graded poset (P, v) is normal iff the rank function r is
a flow morphism from (P, v) onto (C, w), where C = 0 <1< --- < n) and
w() = v(N;(P)),i =0,...,n.

Part (a) of the next theorem is due to Harper [258]. In the proof we use the approach
of [150], [154]. :
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Theorem 4.5.4. If there is a flow morphism ¢ from (P, v) onto (Q, w), then for
allk

(@ di(P,v) =di(Q, w),

®) ck(P,v) =c(Q, w).

Proof. We prove only (a) since the proof for (b) is similar. We have
dk(P,v) > di(Q, w)

since for any k-family F in Q, its preimage ¢~!(F) is a k-family in P and
v(¢~1(F)) = w(F). Thus we must show that

di(P,v) < dk(Q, w).

Claim. If D is any chain in Q then the poset induced by ¢! (D) is normal.

Proof of Claim. Let D’ be any maximal chain in Q containing D. Then, by
our conditions, the poset induced by ¢~!(D’) is normal. Since (¢~!(D), v) is a
rank-selected subposet of (¢~ (D’), v) (v is restricted to the corresponding sets),
(p~'(D), v) is normal, too (see Proposition 4.5.3). O

Let fp be a regular covering of (¢~!(D), v) which exists by Theorem 4.5.1.
This means that we have

v(p) -1
C) = for all D),
>, J© wo(py A peeT (D)

Ce€(p~1(D)):peC

Y. o =1

Cee(p~!(D)

Let further yg : €*(Q) — R4 and zg : O — Ry be functions such that

Y. yo(D)+zp(g) = w(g)forallg € Q,

Dee*(Q):qeD
kY yoD)+ Y z0(g) = di(Q, w),
Dee*(Q) q¢€Q

which exist by Theorem 4.3.2.
Define yp : €*(P) > Ry andzp : P — Ry by

yp(C) = fo0)(C)yo(p(C)), C € €*(P),

v(p)
, P.
w(‘p(p))zg(fp(p)) PE

zp(p) ==
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Then we have for all p € P (with the notation g := ¢(p))
Y »pO+ze= Y. yoD» Y. fo(C)
Ce&*(P):peC Dee*(Q) CeC(p~!(D)):peC
v(p)
w(q)

v(p)  v(p)
DeC"(XQ:):quyQ( )w(q) w(q)ZQ(q)

+

zg(q)

v(p)
2 E-W(q) = v(p);
w(q)
that is, yp, zp satisfy the inequality (4.15).
Moreover,
Sypoze) =k ) yp(O)+ ) zp(p)
Ce€*(P) peP

=k ) Y. fo©yo(D)
Dee*(Q) CeC*(P):¢p(C)=D

v(p)
+ ) —=220(9)
q€Q peP;;)ml w(g)

=k Y yoD)+ ) zp(@) = d(Q, w).
Dee*(Q) qe0

From Theorem 4.3.2 we finally derive
dr(P,v) < 8k(yp, zpP) = di(Q, w).

The reader should observe that we also may obtain Corollary 4.5.3 from Propo-
sition 4.5.4 and Theorem 4.5.4 since the k-family problem on a chain is solved by
taking those & elements of the chain whose weight sum is maximal (analogously
for the k-cutset problem).

Let us weaken slightly condition (ii). We say that ¢ : P — Q is a weak flow
morphism if it satisfies (i), (iii), (iv), and

(i)  p1 <p p2 implies p(p1) <g @(p2).

An example of a weak flow morphism that is not a flow morphism is given in
Figure 4.9. Note that in this example c| (P, v) = 6 # ¢ (Q, w) = 3. But:

Corollary 4.5.5. If there is a weak flow morphism ¢ from (P, v) onto (Q, w),

then di (P, v) = di(Q, w) forallk =1,2,....

Proof. Let (P*, v) be the poset that has the same elements and weight as (P, v),
but where p; < pxp2 iff p; < pps and @(p;) < 0¥ (p2) (we omit in the Hasse
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2 2 2 6
Pl |
2 2 2 6
Figure 4.9

diagram of P those arcs that are not mapped onto an arc of the Hasse diagram of
Q). By construction, ¢ is a flow morphism from (P*, v) onto (Q, w). Accordingly,
by Theorem 4.5.4 and the fact that each k-family in P is a k-family in P*,

di (P, v) < di(P*, v) = dr(Q, w).

However, as in the proof of Theorem 4.5.4, the preimage of a k-family in Q is a
k-family in P of the same weight; thus

d (P, v) = dp(Q, w).
]

Theorem 4.5.5 (Weighted Quotient Theorem). IfG is a group of automorphisms
of P, then dy(P) = dy(P/G,w/G) fork=1,2,....

Proof. [150] The mapping ¢ that assigns to each p € P the orbit containing pisa
weak flow morphism from (P, 1) onto (P/G, w/G). Indeed, conditions (i)—(ii)
are satisfied evidently and condition (iv) is satisfied because the poset induced by
¢~'(4)Up~!(B), 4, B € P/G, A < B, is a regular poset of rank 1 and hence
normal by Corollary 4.5.2. Theorem 4.5.4 yields the assertion. n

Corollary 4.5.6 (Kleitman, Edelberg, and Lubell [306]). For every poset P and
Jor every positive integer k there exists a maximum k-family that is invariant under
every automorphism of P.

Proof. Let G be the group of all automorphisms of P and let F’ be a maximum
weighted k-family in (P/ G, w/G). Here F' is a set whose elements are orbits of P
under G. Let F be the union of these orbits. Then F is a k-family in P that is invari-
ant under every automorphism of P, and |F| = w/G(F') = di(P/G, w/G) =
di(P) by Theorem 4.5.5. Thus F is even a maximum k-family in P. ]

Freese [204] observed that this corollary can be derived in the ¥ = 1 case
from the result of Dilworth [137] that the maximum antichains of a poset form a
distributive lattice.
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In [152] we proved that not only the k-family problem but also the variance
problem is preserved by weak flow morphisms:

Theorem 4.5.6. Let x and y be optimal representations of (P, v) and (Q, w)
with pux = w. If there is a weak flow morphism ¢ from (P, v) onto (Q, w), then
x(p) = y(¢(p)) for all p € P. In particular, 62(P, v) = az(Q, w).

Proof. If we define the function z : P — R by z(p) := y(¢(p)) for all PEP,
then we must prove z = x. Since ¢ is a flow morphism we have v(P) = w(Q),

_ 1 _ -1
M = Sop I;v(p)Z(p) P v~ (9)y(@)
1
= FQ)quw(q)y(q) = Ly,
2 _ 1 20y o2 1 20\ _ 2 2
= P)};v(mz ) Mw(q)y @ - ui=0l.

By Theorem 4.4.2 it remains to show that z is an optimal representation. Since ¢ is a
flow morphism, p’ > pimpliesp(p’) > ¢(p). Thusforall p’ > p, z(p')—z(p) =
¥(@(p") — y(p(p)) > 1; that is, z is a representation. In order to show that z is
optimal we use the equivalence (i) <> (v) of Theorem 4.4.1. It is easy to see that )
is a flow morphism from (P;, v) onto (Q), w). Forq,q’ € 0, q < q' let hyy be
a regular covering of the poset induced by ¢~!(g) Up~!(g’) (note Theorem 4.5.1
and the definition of a flow morphism). So we have

> hgg(pp) =
p'ip’>pp(p)=q’

v(p’ -
Y hagep) = D forall p € o7 ).
Pip<p.p(p)=q vtp

v(p)
w(p(p))

forall p € 9~ '(q),

Let g be a representation flow on (Q, w) relative to y. We define f : E(P) - R
by
S (pP) := hy(pygry (PP (0 (P)@(p")) for all pp’ € E(P).

Then z(p’) — z(p) > 1 implies ¢(p’) — p(p) > 1; that is, g(p(p)p(p")) = 0 and
Sf(pp") = 0. Moreover, by simple computation we obtain

v(p)
w(p(p))

Consequently, f is a representation flow on (P, v) relative to z and hence by
Theorem 4.4.1, z is an optimal representation. - |

pf—p; = @P)F —9(P)7) = v(P)(z(p) — ).
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We define a graded poset (P, v) to be rank compressed if the rank function r is
an optimal representation of (P, v) (of course r is a representation). It is easy to see
that, for example, weighted chains are rank compressed. Note that the existence of
a flow morphism (not of a weak flow morphism) implies that (P, v) is graded iff
(Q, w) is graded. Directly from Theorem 4.5.6 and Proposition 4.5.4 we derive:

Corollary 4.5.7.  If there exists a flow morphism from the graded poset (P, v)
onto the graded poset (Q, w), then (P, v) is rank compressed iff (Q, w) is rank
compressed. In particular, normal posets (P, v) are rank compressed.

In connection with Section 4.3, consider the following conjecture of Griggs [235]:
If P is a normal poset, then there is a partition into chains which is k-saturated for
alk=1,2,....

Automorphisms are not only useful in the study of k-families (see Corollary
4.5.6), but they can be applied also to other classes of families. Let P be a ranked
poset. We say that a group G of automorphisms of P is rank transitive if G acts
transitively on the levels of P, that is, if P/G is a chain. For p € P,let F, be the
principal filter generated by p, thatis, F, := {g € P : q > p}, and let G p be the
subgroup of G that fixes the element p; that is, Gp={peG:pp =p.lf
there exists a rank-transitive automorphism group G of P, then obviously F, = F,
if r(p) = r(q). In the following we use the notation Q := Fy, for some pg € Ny
(up to isomorphism Q does not depend on the concrete element pg of Np).

Lemma 4.5.5. Let G be a rank-transitive automorphism group of P. We have

Wi(P) = IG 'Iforallp € N;(P),i=0,.

Proof. We find a bijection between N; (P) and the left cosets of G relative to G »
by taking for ¢ € N;(P) the coset { € G : Y (p) = q}. By Lagrange’s Theorem
the number of left cosets equals I%Gpl_l’ which implies the equality. n

For a subset (family) F of P and an automorphism g, let ¢(F) := {¢(p) : pE
F}. Given an automorphism group G of P, we say that a class 2 of families in P
is G-invariant if p(F) € 2 for all F € 2. Let us recall that F; := FN N;(P) and
that the parameters of F are defined by f; := | F;|. The following theorem is (in a
different formulation) due to Erdés, Faigle, and Kern [173].

Theorem 4.5.7. Suppose that there exists a rank-transitive automorphism group
of P.LetC = (pg < p1 < --- < pp) be a fixed maximal chain in P, let Q be the
filter generated by po, and let R be a system of representatives of the left cosets of
G relative to G p, (i.e., No(P) = {e(po) : @ € R}, 01(po) # 02(po) for o1 # 02).

4.5 Normal posets and flow morphisms 163

Let w: P — R, be defined by

Wi(P)

Wo(P) Wi(Q)

and let A be a G-invariant class of families. If for all F € 2

Y weEC)nF) <1, (4.38)
0€ER

w(p) := if p € N;(P),

then forall F € A

"
1. 4.39
L@ = @)

Proof. Since 2 is G-invariant we have, by the supposition, that for all ¢ € G

Y weC)ne ' (F)) <1

0€R
that is,
Y wpe(C©)NF) <1,
0€R
Z Z Zw(¢Q(Pi)ﬂF}) < |G|,
9€G g€eR i=0
L Wip) 1
i) N Fi| < |G|
ggeZRWo(P) W,~(Q)¢;|¢’Q(P) | <IG|

For a fixed element g € F; there are |G y( ;)| many elements ¢ of G that map o(p;)
onto g (they form a left coset relative to G5 (p;)). By Lemma4.5.5, 1Gop)| = 1G]
for every ¢ € R. Consequently,

Y loa(p) N Fil = £i1Gpl;
¢eCG
hence we may rewrite the last inequality (using Lemma 4.5.5 and |R| = Wy(P)):

wiP) 1
D WP W) 1On < 161,

n ﬁ l

= WiQ) T
n

This theorem is relatively abstract. In applications we have to choose the chain
C, the group G, and the system R of representatives in a convenient way.
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A family F in the affine poset 4, (n) is called intersecting if forall X, Y € Ag(n)
the infimum X AY exists — that is, if in a realization of the poset as affine subspaces
of an n-dimensional vector space V,,, we have XN Y # @.

Corollary 4.5.8 (Erdés, Faigle, and Kern [173]). Let F C Ag(n) be an inter-
secting Sperner family. Then

M=
==
IA

i=0 (':

Proof. Each bijective affine transformation of the underlying space ¥, induces an
automorphism of P := 4,(n), and all such automorphisms form a rank-transitive
automorphism group G. Note that the class of intersecting Sperner families is G-
invariant. Let C = ({0} = Xp < X) < --- < X, = V},,) be a chain of linear (i.e.,
also affine) subspaces of V,. Finally let R be the set of automorphisms g of Ag(n)
that are induced by translations z, : V,, — V,, where 17,(x) := x + a for all
x €V, (aeVy,).

The filter F, contains all affine subspaces with the zero vector; thus Q = F. Xo
is isomorphic to the linear lattice L,(g). Accordingly, W;(Q) = (:?)q. Thus we
must verify condition (4.38) of Theorem 4.5.7. For an affine subspace X of rank i
we have
w1 0,1
WP g (), 4

1

w(X)

The set (Upere(C)) N F contains at most one element: Assume the contrary;
then there exist a, b, i, j such that different affine subspaces ¥ = a + X; and
Z = b + X; belong to F. Since F is intersecting, there is some ¢ such that
Y = ¢+ Xi,Z = ¢ + Xj, and because F is a Sperner family we have i = j
and thus Y = Z, a contradiction. If the preceding set is empty, then (4.38) clearly
holds, so let

{Y} = (Ueere(©)NF, r(1)=i.

We may obtain Y by a translation from X;; that is, ¥ = a + X, in exactly |Y|
ways (we need @ € Y); hence in this case

1
we@ONF)=|Y|- =1,
% 7

and (4.38) is verified. [ |
For a second example let us look at the function poset Fy'. A family F in F}'

is called intersecting if for all a,b € F,a A b # 0 holds (equivalently, if for
all a,b € F there is some index i € [n] such thata; = b; € {l,..., k}). The
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following corollary, which was proved by me in [147], was the predecessor of
Theorem 4.5.7.

Corollary 4.5.9. Let F C F (k > 2) be an intersecting Sperner family. Then

~_fi

i=1 \j—1

Proof. We will apply Theorem 4.5.7 to the poset P which can be obtained from
F} by deleting the minimal element 0. In our usual terminology we then have
Wi(P) = Wit1(F),i = 0,...,n — 1. But in order to avoid this shift of the
index we make the exception that the minimal elements of P have rank 1, and
in Theorem 4.5.7 we work with C = (p; < -+ < pp), Gp, and so on. Then
Wi(Py=Wi(F)= k', i=1...,n.

Let S, be the symmetric group on [n] and Sk the set of permutations of
{0, 1, ..., k} that leave O invariant. For 7w = (o, 71, ..., 7n) € Sp X Sgo X -+ X
Sk,0 define o : F! — F]' by

exar,...,an) = (b, ..., by) iff byyiy = mi(ai),i =1,...,n.

Thus ¢x(a) can be obtained by applying simultaneously 7; to the ith component
ofa,i = 1,...,n, and then permuting the components according to mg. It is
easy to see that ¢ is an automorphism of F}! and that the set G of all such auto-
morphisms is rank transitive. Again the class of all intersecting Sperner families
is G-invariant. Let C := (@ < --- < a,), where a; = (1,...,1,0,...,0) (i
ones),i =1,...,n.

The filter Q = F,, is obviously isomorphic to F,;"l, thus W;(Q) = (';:})k’ -1
i =1,...,n (here again the minimal element is considered to have rank 1). Let ¢
be the identical permutation of {0, 1, ..., k} and define

( 12 ... n-1 n)
fo = )
2 3 ... n 1
(0 1 2 ... k-1 k)
tn 1= .
o 2 3 ... k 1
Finally let ¢ := (%o,¢,...,t, ). The automorphism @¢ acts as follows on
the elements of P: It first increases (modulo k) the nth component if it is not
zero and it then shifts the components cyclically. We introduce for an element
o,...,0,1,0,...,0), where / is at the mth component, the short notation (/, m).
Soa; = (1, 1). If we iteratively apply ¢, to a; we obtain the “cycle” (1, 1), (1, 2),

s (Ln), (2,1),...,2,n), ..., (k—1,n), (k,1),..., (k,n), (1,1). Thus R =
{(pé, (pg, cees (’;"'} is a system of representatives of the left cosets of G relative to
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G, . It remains to verify (4.38). For @ € N;(P) we have

GMF 1
(R 7T
Let a be such an element of J := (UQE RQ(C)) N F that has smallest rank, say
r(a) = j.

Claim. |J| < j.

Proof of Claim. Obviously a; = (1, 1) v---Vv (I, i) andgoé(ai) = (pé((l, 1) v
eV (pz.((l, i)); that is, (p(’;(ai) corresponds to i consecutive elements from the
preceding cycle, i = 1,...,n,I = 1,..., kn. Moreover, two such consecutive
sets that belong to two different elements of J cannot have the same starting point
or endpoint, because F (thus also J) is a Sperner family, and they must intersect
since F (thus also J) is intersecting. Now we may use the arguments from the first
proof of the Erd§s—Ko-Rado Theorem (Theorem 2.1.7) to convince ourselves that
|J] < j (take for X the consecutive set corresponding to @ and note that in the
proof of the claim in the proof of Theorem 2.1.7 we needed only that the sets have
size not greater than 7, which is in our case ’%), m]

w(a) = i=1,...,n.

Now we quickly see that (4.38) is satisfied since

1
Y w@O)NF) < ~|Upre@NFl<i=1
0€ER J

~. I~

In the special case that F C Ni(F,z‘) is intersecting, we clearly have |F| <
(7~})k*~!. This result was independently obtained by Frankl [135] and up to some
details by Meyer [368].

4.6. Product theorems
Let us first study the direct product in connection with flow morphisms.

Theorem 4.6.1 (Harper [258]).

(@) If i is a (weak) flow morphism from (P;, v;) onto ( Qi,w;),i = 1,2, then the
mapping ¢ defined by ¢(pi, p2) := (¢1(p1), 9(p2)), pi € P, i =1,2,isa
(weak) flow morphism from (Py, vy) x (Ps, v3) onto (91, w1) x (Q2, wy).

(b) If ¢ and r are (weak) flow morphisms from (P, v) onto ( 0, w) and from
(Q, w) onto (R, u), respectively, then the mapping x defined by x(p) =
Y (p(p)), p € P, is a (weak) flow morphism Jfrom (P, v) onto (R, u).
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Proof. In both cases it is easy to check that the conditions (i), (ii) resp. (ii’), (iii)
of a (weak) flow morphism are satisfied. We prove (iv).
(a) Let (91, 92) < 0,x0,(41. 93), that is, without loss of generality

91 < 0,9 and g2 = gj. (4.40)

‘We have to show that
(v1 X v2)(4) < (v1 x 12)(V(4))

< forall 4 € 97! (q1, q2)
(w1 x w2)(q1,42) ~ (w1 x w2)(qy,q})

where the upper shadow V is taken in the poset induced by ¢~ (g1, g2) U
(p"(qi, q5). Let { p._}, p%,' ..., p3} be the list of second components appearing
in A. In particular, ¢2(pé) =gq2,j = 1,...,s. Our set 4 can then be written
as a disjoint union 4 = (4, p}) U -+ U (4, p3), where 4; € ¢~'(¢1) and
(4, p3):={(p1,py) : L€ 4}, j=1,...,5 Wehave

V(4) 2 (V(41), pp) U--- U (V(4y), p3) (4.41)
where this time the shadows V(4;), j =1, ..., s, are taken in the poset induced
by ! qnu (p‘l(qi). Since ¢ is a (weak) flow morphism we have

v1(4;) < v1(V(4)))
wi(q) —  wi(gy)

Eventually, from (4.40)—(4.42) we obtain

=1,...,s. (4.42)

W X)) Z v1(4))v2(ph)

(w1 x w2)(q1,92) o1 wil@Dw2(q2)

<A (1 x )V ()
wi(gPwa(gy) ~ (wi x w2)(g],q5)

< 2
(b) Let r; < gra. By Theorem 4.5.1 we only have to show that there exists a

regular covering of the poset induced by x “lpu x~1(r) whose two levels are
obviously x ~1(r) and x ~!(r,). Let

E:={pp2:pr<pp2, x(pi)=r, i=12}

and

F={qq:q1<992.¥@)=r, i=12}
Finally, let

EquZ = {plpZ €E: ‘P(Pt) =4, i= 112}'

Then E = Ug,g,er Eq,q, (disjoint union). Since v is a (weak) flow morphism,
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there exists a regular covering of the poset induced by ¥~!(r) U ¥~ (r;) — that
is, a function g : F — R such that

w -
Y gqq) = @0 for all g1 €y~ (),
Q21926 F u(r)
w -
Y g@en = 292 toraligy ey,
q1:9192€F u(r2)
Y glqig) = 1.
q192€F

Analogously, for all g1¢> € F there exists a regular covering Jana  Eqig, = Ry
of the poset induced by ¢~ (g1) U ¢~!(g2). We define f : E — R, by

S(P1P2) = fopiyo(pa) (P1P2) g0 (PP (P2)).

Then f is a regular covering of the poset induced by x ~!(r1) U x~!(r;) since
(with g1 := @(p1))
Y. fp) = > Yo fan(pp2e@a)

p2:p1p2€E 92:9192€F pa:pipr€Eg g,

Y. @) vipy) _ wig) v(p) _ v(p1)
w(q)  u(r) wig)  u(r)

92:9192€F

for all p; € x~1(r)), the corresponding inequality for all p, € x~!(r,) holds
analogously, and

Y floipo) = Y Y faampg@a) = > gqg) =1.

pPIp2€E 91926F p1p2€Eqy, q1926F

Using these results for flow morphisms, we are able to prove in a relatively
short way the following result of Harper [257], which was re-proved in a different
way by Hsieh and Kleitman [273].

Theorem 4.6.2 (Product Theorem). If (P, v) and (Q, w) are normal posets with
log concave weighted Whitney numbers, then (P, v) x (Q, w) also is a normal
Pposet with log concave weighted Whitney numbers.

Proof. For the sake of brevity, we set a; := v(N;(P)), b == w(N;(Q)), c; =
(v x w)(Ni(P x Q)), i € Z. At first we prove the statement (cf. Karlin [285,
p- 394]) about the log concavity of the sequence {c;} (more information on log
concavity (2-positivity) can be found, for instance, in the books of Karlin [285]
and Brenti [84] as well as in the papers of Chase [99] and Bender and Canfield
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[44]). Obviously, ¢; = Z;":O ambi_m (there is only a finite number of nonzero
items). We must prove that ci2 > cit+1ci—) forall i € Z; that is,

00 00 00 00
Z Zambi—manbi—n = Z Zambi—m-i-lanbi—n—l- (4.43)
m=0 n=0

m=0 n=0

Since the sequences {a;} and {b;} are log concave and we admit only positive
weights,

ﬂza_zz...EM_, (444)
ay ~ a ar(p)-1
b, bo (4.45)
bo T b brg)-1
Consequently,
(aman — am—18n41)(bi—mbi—n — bi—m+lbi-n—l) >0 (4.46)

for all integers m, n since the term in each parenthesis is nonnegative if m < n
and nonpositive, otherwise. The inequality (4.46) is equivalent to

Ambi _manbi_p + am—lbi—m+lan+1bi—n—l

> am—1bi—many1bicm + ambi—mi1anbi_n_,.

Summing up the last inequality over all integers m, n and dividing the resulting
inequality by 2 we obtain (4.43).

Now we prove the statement about normality. By Proposition 4.5.4 there exist
flow morphisms ¢; and ¢, from (P, v) onto (C, v’) and from (Q, w) onto (D, w')
where C = 0<1l< --- <r(P)), D=0<1l< --- <r(Q), V@) = a;,
w'(}) = b;, i = 0,1,..., and we have to show that there is a flow mor-
phism x from (P, v) x (Q, w) onto (E, u) where E = O<l< - --- <r(P)+
r(Q,u@@) =c¢,i=0,1,.... By Theorem 4.6.1(a) there exists a flow morphism
¢ from (P, v) x (Q, w) onto (C, v') x (D, w'), and by Theorem 4.6.1(b) we must
show only that there is a flow morphism ¥ from (C, v') x (D, w’) onto (E, u); that
is, we must prove that (C, v’) x (D, w’) has the normalized matching property.

Let A € Ni(C x D) = {(i, k — i) : max{0, k — r(Q)} <i < min{r(P), k}}.
Suppose at first that

A= {(m,k—m),(m+l,k—m—1),...,(n,k—n)},

m<n. 4.47)
Then

V) ={(m,k—m+1),(m+1,k—m),...,(n+1,k—n)}, (4.48)
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and, if we set Sg(h, j) := Z{=h ajbi_;, we have to show the inequality in
W' x w)(4) _ Sk(m,n) < Skr1(m,n+1)
(W' x w)(N(C x D))~ 8k(0,00) =  Sp41(0, 00)

_ (' x w)(V(4))
(V' X W) (Nig+1(C x D))’

(4.49)

There holds

Sk(m,n) — Sg(m,n)  Sg(m,n+ 1)
Sk(m,00) — Sp(m,n+1) St(m,n+2) """’

Sk(m1 ’l) _ Sk(m$n) Sk(ms OO) Sk(m - 1,00) Sk(lv 00)
8k(0,00) — Sp(m, 00) Si(m — 1, 00) Sg(m —2,00) " S¢(0, 00)°

After writing % as a telescoping product, too, we see that it suffices to

prove that

Sk(m, j) < Sk1(m, j+1)

- < - forall j > n 4.50
Sk(m, j+1) = Sep1(m, j+2) / *30
(which implies i) < Sl(rrt )y apg
Sk (j, Sk41Us
K00 _SntGho) p i< i<m @sD)

Sk(j—1,00) 7 Sk41(j —1,00)
The inequality (4.50) is equivalent to

Z(ai+laj+l — 4iaj42)bk—ibk— j—1 + amaj 41Dk p1—mbr—j—1 > 0,
i=m

and (4.51) is equivalent to

(]

Z(bk—i+lbk—j+l — bk—ibg—j+2)aiaj_; > 0.

i=j
These two inequalities are true because of (4.44) and JZi(i=mm+1,...,))
and because of (4.45) and j <i (i = j, j + 1,...), respectively. Hence (4.49) is
true and the theorem is proved for the special case that 4 has the form (4.47). If

A does not have that form we partition 4 into sets (blocks) Ay, ..., A; such that
each 4; has the form

dj={tmj, k—mj),(mj+ 1L, k—mj—1),...,(n;k—n),

mysnp<my<ny<---<m<ny,
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and ¢ is minimal with respect to this property (i.e., mjyy —n; > 2, j=1,...,
t —1). Then V(A1) U--- U V(4,) is a partition of V(4), and we have

(v’ x w’)(A) W x w’)(AJ
X
i (W x w’)(V(A,)) (W x w)(V(4)

=1 Ck+1 Ck+1

~.

IA
<.

since each 4; has the form (4.47). Thus (C, v') x (D, w’) is normal, and the proof
is complete. [ ]

Since the Product Theorem can be generalized by induction in a natural way to
a product of » normal posets with log-concave (weighted) Whitney numbers, we
can apply it to the following classes of (unweighted) posets:

Example 4.6.1. The following posets are normal (i.e., also strongly Sperner) and
have log-concave Whitney numbers: chain products S(ky, ..., k), the function
poset F, star products T(ki, ..., kn), the poset Int(S(ky, ..., k,)) (note that
Int(S(ky, ..., kn)) is a product of “halved” posets S(k;, k;)), modular geometric
lattices (see Examples 1.3.11 and 4.5.1; the log concavity can be easily verified).

The case of chain products was already settled by Anderson [30]. See Section 6.3
for examples of a modular and of a geometric lattice that are not Sperner, hence,
also not normal. In [259] Harper proved further that /nz(L,(q)), the poset of all
nonempty intervals in the linear lattice L,(q) ordered by inclusion, is a normal
poset with log-concave Whitney numbers.

Let us discuss further the unweighted posets. A ranked poset P is said to have
the strict k-Sperner property if all maximum antichains are unions of complete
levels. In [146, 149] we sharpened the definition of normality and log concavity
to prove the strict k-Sperner property for several posets. In the following we de-
note the intervals {o, ¢ + 1,...,8 — 1} and {@ + 1,..., 8 — 1} by [, B) and
(, B), respectively, and consider them to be empty if @ > Bora > B — 1, re-
spectively. A graded poset P is said to be I-normal (I < [0, n)) if it is normal
and if

4] V(A

— <

Wi  Win
A strictly normal poset is an #-normal poset. There is an easy criterion for I-
normality. Look at the Hasse diagram G; = (P, E;) of the {, i + 1}-rank-selected
subposet of P. We say that P is I-level connected if G; is connected for all
i € [0,n) — I.In the case I = @ we speak of strictly level connected posets.
Strengthening Corollary 4.5.1 we have: :

forall@#ACN;, ie€[0,n)—1
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Theorem 4.6.3. Let P be anormal poset. The following conditions are equivalent:
(i) P is I-normal,

(i) P is I-level connected and for all i € [0,n) — I there exist functions f; :
E; — Ry — {0} such that

> fito = W, forall p € N;,

ecEj:e~=p

Z file) = —— forall pe Niy,.
+1

ecEjet=p

Proof. Throughout leti € [0, n) — 1.

(i) — (ii). Assume that G; is not connected. Let F be a component of G;.
Then @ # A := F N N; # N;. Moreover, V(4) € F,but V(N; — A) N F = 0.
Consequently,

[A] + |N; — A| |V(A)I +|V(N; — A)|

1 = 9
4 Wit -

a contradiction.
Consider the network N = (V, E, s, t, c), where V := N;UN; U{s, t}, E :=
EiU{sp: pe N;}U{pt: pe Nip},

1 .
A if e = sp for some p € N;,

cle) . =1 © ife € E;,
#H if e = gt for some g € N;y;.
Let € > 0. Send, for every pq € E;, € units of flow through s, p, g, ¢. This gives

aflow fc with f;(e) =€ > Oife € E; and lime_, fe(e) = O forevery e € E.
Now change the capacity of N by defining the new capacity

ce(e) :=c(e) — fe(e) forallec E.

Claim. If € is small enough, ({s}, ¥ — {s}) (and (V — {t}, {t})) is a minimal
cut.

Proof of Claim. We have c.({s},V — {s}) = EpeN fe(sp) < 1. In
looking for cuts of smaller capacity we must cons1der only those cuts (S, T') for
which@ #£ 4:= SN N; ;ﬁ N, and V(4) C S. But we have

v
ce(s, 1y 2 A - 3 ke P+ DS

peN— Wit &

IV |4
=1+(T+.'Wi)‘ X Ll = Y felgn

PEN;—A qeV(A)

4.6 Product theorems 173
tending to
v(4 A
V@l 141
Wi Wi
if € — 0. Since there is only a finite number of subsets 4 of N; and for every
proper subset there holds 'Vf’m % > 0, we find some small € such that for
every cut in question c¢ (S, T) > 1 > c({s}, V — {s)). 0

By the Max-Flow Min-Cut Theorem (Theorem 4.1.1 and Corollary 4.1.1) and
in view of Lemma 4.1.1(a), this claim implies that there is some flow g, in the
new network such that the arcs sp, p € N;, and gt, g € N, are saturated. The
restriction of f. + ge to the set E; gives the desired function f;.

(n) — (i). Assume that there is some 4 C N; such that @ # 4 # N; and

.~ JM Consider again the (first) network N. The cut (S, T) with S :

{s}UAUV(A) T := (N;— A)U(N;11 —V(A))U{r} has capacity N4l ""V(A.)' =
1. Extend in a natural way the function f; to a flow f in N Wthh has value
v(f) = 1. By the suppositions there must be some arc from N; — 4 to V(4)
which is not void, that is, having positive flow. From Lemma 4.1.1(a) we obtain

= f(S,T)—f(T, §)with f(T, S) > 0.Consequently, c(S, T) > f(S,T)>1,
a contradiction. [ |

From the proof of Corollary 4.5.2 we easily derive:

Corollary 4.6.1. A graded poset P is I-normal if it is regular and I-level con-
nected.

It is straightforward to verify that all posets given in Example 4.5.1 are strictly
level connected and consequently strictly normal.

The Whitney numbers of a ranked poset P are called I-log concave if they are
log concave and if W2 > W;_(W;y foralli € (0,n) — I.If I = @ we also
say strictly log concave. In looking carefully for strict inequalities in the proof
of the Product Theorem, we found the following result whose proof (with several
technical details) is given in [149].

Theorem 4.6.4 (Strict Product Theorem). Let P be an [a;, Bi)-normal poset
with (a2, B)-log-concave Whitney numbers, where 0 < a; < r(P), 0 < B <
r(P), 0 < ap < r(P), 0 < By < r(P). Further, let 0 be a strict normal poset
with log-concave Whitney numbers. Then P x Q is [0, T)-normal with (o, t)-log-
concave Whitney numbers, where

{ r(P) [ r(Q) ifr(P) <r(Q),
o = . T =
r(Q) + minf{a,, as} max{B1, B2}  ifr(P) > r(Q).
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From this theorem one can derive by induction (see again [149]):

Corollary 4.6.2. Let Qy, ..., Qn, n = 2, be strict normal posets and let P :=
[Tici Qi r(QV) < -+ < P (Qw).
(a) If the Whitney numbers of the posets Q;, i = 1,...,n, are log concave,

then P is [, B)-normal and has («, B)-log-concave Whitney numbers, where
o= Y72/ r(00), B :=r(Qn).

(b) If the Whitney numbers of the posets Q;, i = 1,...,n, are strictly log con-
cave, then P is strictly normal and has strictly log-concave Whitney numbers.

This corollary is helpful in proving the strict k-Sperner property:

Theorem 4.6.5. If P is an [a, B)-normal poset with (a, B)-log-concave Whitney
numbers, then P has the strict k-Sperner property for all k > max{1, § —a + 1}.
For these k, there are at most two maximum k-families.

Proof. Let us look first at the case k = 1 and « > B — that is, P is strictly
normal and has strictly log-concave Whitney numbers. It is easy to see that there
is some index A suchthat Wo < Wy < -+ < Wp > Wy > -+ > W,. From the
LYM-inequality (see Theorem 4.5.1), we derive for every antichain F

2 |FNN;
ﬂ<zl '|51, and hence, |F| < Wy,

Wh - i=0 Wi
where the first inequality is an equality iff F € N and Wy > Wy or F C
NpUNp 1 and Wy = Wy Inthe first case we have only one maximum antichain,
namely F = Nj. Assume that in the second case there is some maximum antichain
different from Ny and Nj4 . Then @ # F N Nj # Np, consequently

|F N Np| - IV(F N Np)|
Wh Whti

but V(F N Nj) and F N Np4) are disjoint since F is an antichain. Thus |F| =
|F O Nyl + |FN Npg1]| < [V(FNNp)| + |FN Npyy| < |Npy1l, a contradiction
to the maximality of F.

Now let 1 < k < n and consider the chainCy = (0 <1 < --- < k—1). Then
P, := P x Cy is strictly normal and has strictly log-concave Whitney numbers
by Theorem 4.6.4. Let F be any maximum k-family in P. Then we construct the
antichain 4 as in the proof of Theorem 4.3.1, which is by that theorem a maximum
antichain in P;. From the case k = 1 we know that we have at most two possibilities
for A, and 4 must be a complete level in P;. Thus F is a union of £ complete
(neighboring) levels in P, and there are at most two possibilities for F. [ ]
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Example 4.6.2. From Theorem4.6.5, Corollary4.6.2, and the remark after Corol-
lary 4.6.1, we obtain that the following posets have the strict k-Sperner prop-
erty and that there are at most two maximum k-families for all k = 1,2, ...:
By, Ln(q), An(q), projective space lattices, Qn, F}}, Int(S(ky, ..., kn)), modu-
lar geometric lattices and S(ky, ..., ky) ifky > - > kyandky + - -+ ky, > Ky
(the last result is due to Clements [110), other proofs can be found in Katerinoch-
kina [289] and Griggs [240]).

In [239] Griggs proved the Sperner property for the following poset Pg: Suppose
that [n] is partitioned into sets Ay, ..., Ay, andlet I; :=[a;,b;], i =1,...,m,be
nonempty intervals of numbers (we could also consider arithmetic progressions).
Let Pg be the class of all subsets X of [n] with the property | X N 4;| € I,
i =1,...,m, and order these elements (i.e., subsets) by inclusion.

Corollary 4.6.3. The Griggs poset Pg is strictly normal and has strictly log-
concave Whitney numbers.

Proof. Let P; be the poset of all subsets X; of 4; with |X;| € I;, ordered by
inclusion. Obviously, P; is isomorphic to the I;-rank-selected subposet of the
Boolean lattice B, 4;|, which by the preceding remarks is strictly normal and has
obviously strictly log-concave Whitney numbers. Moreover, Pg is isomorphic to
Py x -+ x Py where the isomorphism is given by X C [n] <> (X; N 44, ...,
X N Ap). The statement follows from Corollary 4.6.2(b). |

Instead of partitions, West, Harper, and Daykin [467] took chains A1 C A, C
-++ C Am < [n] and defined similarly to the above poset Py g p of all subsets X
of [n] with | XN 4;| € I;, i =1, ..., m, ordered by inclusion.

Corollary 4.6.4. The West—Harper-Daykin poset Py yp is strictly normal and
has strictly log-concave Whitney numbers.

Proof. Observe at first that we can assume, w.l.0.g., that for our intervals I; =
[ai, b;] the inequalitiesa; < --- < ap and by < --- < b,, hold and that 4,, = [n]
(otherwise add [n] as a new element of the chain together with the last interval
In). Let Py be the poset of all subsets X of 4y with | XN 4;|e L, i=1,..., k.

Obviously, Py yp = P,,. We prove by induction on k that Py is strictly normal
and has strictly log-concave Whitney numbers. The case k = 1 is easy. Now
consider the step 1 < k —1 — k < m. Let Qy be the poset of all subsets
of Ay — Ak-1, ordered by inclusion; that is, Q¢ = B|4,|-|4,_,- By induction
and Corollary 4.6.2(b) Py—; x Q is strictly normal and has strictly log-concave
Whitney numbers. But P is that rank-selected subposet of Pr_; x Ok whose
members have cardinality in Ji; thus the result follows. [ ]
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The variance problem can be easier handled with respect to the direct product
[152].

Theorem 4.6.6. Let x and y be optimal representations of (P, v) and (Q, w),
respectively. Then the functionz : Px Q — Rdefinedbyz(p, q) := x(p)+y(q) is
an optimal representation of (P, v) x (Q, w). In particular, 0‘2((P, v) X (Q, w)) =
o%(P,v) +a%(Q, w).

Proof. Obviously, z is a representation of P x Q. Further it is easy to verify that
Mz = Ux + iy Let f and g be representation flows on (P, v) relative to x and on
(Q, w) relative to y, respectively, which exist by the supposition and by Theorem
4.4.1. Define the function & : E(P x Q) — R4 by

w(g) f(pp') if pp’ € E(P;)andq = ¢/,
h((p, (P, 4) = { v(p)glaq’)  ifqq’ € E(Q,)and p = p/,

0 otherwise.

Then ((p,9)(p',q")) € E(P x Q) and z(p’,q") — z(p,q) > 1 imply x(p’) —
x(p) > landg = q"or y(q') — y(q) > 1and p = p; thatis, h((p, 9)(p', ¢")) =
0. Moreover,

(2.9 — (p. @)y = w@p} +v(P)gg — w(@)p; +v(p)gy)
= w(@v(p)(x(p) — nx) + v(PIw(g)(¥(g) — py)
= (v x w)(p, 9)(z(p, q) — u2);

that is, 4 is a representation flow relative to z, and by Theorem 4.4.1 z is an optimal
representation. Finally,

o2((P,v) x (0, w))
- 2
T (wxw)(Px Q) Y. xw)(p)P(pq) — 42

(P.9)ePxQ
__ 1 ) X
~ vPw(Q) PegeQ PW@E(P) +y(@) = (x + 11y)

=0%(P,v) +0%(Q, w),
and the proof is complete. n
We have seen that the direct product of normal posets is normal under some

suppositions on the Whitney numbers. One cannot totally omit these suppositions.
The product of the two unweighted normal posets in Figure 4.10 does not have

4.6 Product theorems 177

%, &

Figure 4.10

the Sperner property; that is, it is not normal. Because of Theorem 4.6.6 the direct
product of rank-compressed posets is rank compressed. The situation is different
if we consider rankwise direct products (this result is essentially due to Sali [409]).

Theorem 4.6.7. If (P,v) and (Q, w) are normal posets of same rank, then
(P, v) x, (Q, w) is normal, too.

Proof. Let f; : E;(P) > Ry and g : E;(Q) — R, be functions satisfy-
ing the conditions of Corollary 4.5.1, correspondingly. Define 4; ((p, ¢)(p'q")) :
Ei(Px, Q)= Ry,i=0,...,r(P)—1,by

hi((p, (P, q") := fi(pp")gi(qq’), pp’ € Ei(P), qq’ € Ei(Q).

Then

) ) ) o v(p) w(q)
Py, = Y fipp)gad) = pjay = v(N; (P)) w(N;(Q))
p’,>p‘ l l
q >q

_ (v x, w)(p, q)
(v xr wY(N;(P x, Q))’

and the corresponding equality for (p, q),’;, holds, too. By Corollary 4.5.1,
(P, v) x, (Q, w) is normal. [ ]

More generally, using Theorem 4.6.3 and straightforward calculations, we ob-
tain that the rankwise direct product preserves /-normality and / -log concavity.

Example 4.6.3. The poset of subcubes of a cube S Q(k, n) and the poset of square
submatrices of a square matrix SM(k, n) are strictly normal with strictly log
concave Whitney numbers.

However, the rank-compression property is not preserved by rankwise direct prod-
uct that can be seen by the unweighted rank-compressed poset given in Figure 4.11
(see [59]): The indicated elements form a filter F. It is easy to see that F x, Fin
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P x, P does not satisfy the inequality (iii) in Theorem 4.4.1; that is, P x, P is
not rank compressed.

Figure 4.11

5

Matchings, symmetric chain orders,
and the partition lattice

This chapter should be considered as a link between the preceding flow-theoretic
(resp. linear programming) approach and the succeeding algebraic approach to
Sperner-type problems. The main ideas are purely combinatorial. The powerful
method of decomposing a poset into symmetric chains not only provides solutions
of several problems, it is also very helpful for the insight into the algebraic machin-
ery in Chapter 6. In particular, certain strings of basis vectors of a corresponding
vector space will behave like (symmetric) chains.

5.1. Definitions, main properties, and examples

Throughout let P be a ranked poset of rank n := r(P). We say that the level N;
can be matched into the level N;4 (resp. N;_;) if there is a matching of size W;
in the Hasse diagram G; = (P, E;) (resp. G~ = (P;_1, E;_1)) of the {i, i + 1}-
(resp. {i — 1, i}-) rank-selected subposet (recall that a matching is a set of pairwise
nonadjacent edges or arcs).

Theorem 5.1.1. If there is an index h such that N; can be matched into N
for 0 < i < h and N; can be matched into N;_\ for h < i < n, then P has the
Sperner property.

Proof. If we join the arcs of the corresponding matchings at all points that are both
starting point and endpoint, we obtain a partition of P into saturated chains (isolated
points are considered as 1-element chains). Each such chain has a common point
with Nj,. Consequently, we have W}, chains and Dilworth’s Theorem 4.0.1 implies
d(P) < Wp, thatis, d(P) = W, ]

There exist several criteria for the existence of such matchings.

179
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Theorem 5.1.2 (Hall’s Theorem [251]). Let P be a poset of rank n = 1. Then
No can be matched into Ny iff for all A C Ny there holds |A| < |V (4)|.

Proof. The inequality |4| < |V(4)| for every 4 C Ny is clearly necessary, so let
us look at the sufficiency. Let S be a maximum antichainin P, 4 := NyN S, B :=
N1 N S.Then V(4) N B = @; that is, |S| = |4| + |B| < |V(4)| + |B| < W).
Consequently, d(P) = Wj. By Dilworth’s Theorem 4.0.1, P can be partitioned
into W) chains. Obviously, every chain must contain exactly one element of Nj.
The 2-element chains form the desired matching. n

Theorem 5.1.3 (R. Canfield [96]). Let P be a poset of rank n = 1 without iso-
lated minimal points. If for all p,q € P with p < q there holds |V (p)| > |A(g)|,
then Ny can be matched into N.

Proof. We consider the network N = (V, E, s,t,c) where ¥V := Ny U N U
{s;,t}, E:={sp: pe No}U{pg : p <q}U{qt:q € N1} and c(sp) := 1 for
D € No,c(pq) := oo for p < q,c(qt) := 1forq € N;. We define f: E - R,
by f(sp) := L for p € No, f(pg) := iz for p < q, f(gt) := %, )
for g € Ny. Then it is easy to see that f is a flow (note that by supposition

VICOEDD

1
Z1A@)]

A

We have v(f) = Wy. Consequently, the minimum capacity of a cut in N equals
Wo, and by Theorem 4.1.1 there exists an integral, that is, 0,1-flow in N of value
Wo. The arcs between Ny and N of flow value 1 form the desired matching. ®

We will apply this condition only later. First we will study cases where the
construction of the matchings can be carried out in a certain global and symmetric
way.

A chain C of P is called symmetric if it has the form C = (py < --- < Dh)
with 7(po) + r(pr) = n. A set € of chains of P is called a symmetric chain
partition (or symmetric chain decomposition) if all chains C € € are symmetric
and each element of P is contained in exactly one chain of €. Finally, our ranked
poset P is said to be a symmetric chain order (briefly sc-order) if there exists a
symmetric chain partition € of P. We have already seen an example of an sc-order:
From the third proof of Theorem 1.1.1 in the beginning of Section 2.2 it follows
that the Boolean lattice is an sc-order. But we will find many more sc-orders. In
the following we use the notation

C:={CeC:[Cl=i), i=1,....n+]1.
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Lemma 5.1.1. If P is an sc-order then P is rank symmetric and rank unimodal.

Proof. W; equals the number of chains of a symmetric chain partition of P meeting
N;,i =0, ...,n. Now the rank symmetry follows from the fact that a symmetric
chain meets N; iff it meets N,_;. The rank unimodality can be derived in the same
way: If a symmetric chain has a rank i member, i < '21, then it contains also a rank
i + 1 member. [ |

Lemma 5.1.2. Let € be a symmetric chain partition of P. Then, fori =1, ...,
n+1,

ifn —iis even,

€| = [
Wn-i+1y2 — Wn-i-1y2  otherwise.

Proof. Let C = (pp < -+ < p;_1) be any symmetric chain with |C| = i. Then
r(po)+r(pi—1) = 2r(co) +i—1 = n;thatis, n —i is odd. Consequently, €; = @ if
n —i is even. Moreover, C must start in N(,—;11)/2 and end in N(s4;_1)/2. In order
to count the number of such chains, observe that this number equals the number
of chains meeting N,—;+1)/2 (i.e., W(n_i4+1)/2) reduced by the number of chains
meeting N@-i-n,2 (e, Wn-i-1)/2) |

Let us order the Whitney numbers such that they are decreasing. We can use
the permutation 7 of {0, ..., n + 1} defined by

0 1 2 3 4 - n—=1 n n+l
B I R RS

if n is even,

T o=
(0 1 2 3 4 - n—-1 n n+1)
—1 1 -3 3 -5
el el e el A R
if » is odd.

The formula in Lemma 5.1.2 reads:
ICil = Wai-1) — Wagy,i=1,...,n+1

(recall that W, = 0 and note Lemma 5.1.1).
Now we present the key theorem.

Theorem 5.1.4. If P is an sc-order, then P has the strong Sperner property.

Proof. We must prove that the size of any k-family F in P is not greater than
the largest sum of £ Whitney numbers of P. In view of Lemma 5.1.1 we have to
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show that | F| < f.:& Wi Let € be a symmetric chain partition of P. Clearly,
|C N F| < min{|C|, k} for all C € €. Accordingly,

k—1 n+1
IFl < ) min{ICl,k} = ) il&i| + Y kig|
CeC i=1 i=k

k-1 n+1

= ) iWni-1) — Wxu)) + kZ(Wn'(i—l) — Wriy)
i=1 i=k
k=1

= W,,(,').
i=0

Remark 5.1.1.  Note that we proved more: Every symmetric chain partition is
k- satumted foreveryk = 1,2, ... (see the remarks after Corollary 4.3.2 and note
that Ut i—0 N,,(,) is a maximum k- famlly)

Now, of course, it is interesting to have examples of sc-orders. A large class can
be obtained in applying the following product theorem. The key idea goes back to
de Bruijn, Tengbergen, and Kruyswijk [87], who considered products of chains.
The product theorem was then proved (resp. re-proved) by Alekseev [24], Aigner
[20], Griggs [236], Koester [313], and others.

Theorem 5.1.5. If P and Q are sc-orders, then P x Q is an sc-order, too.

Proof. Let € and D be symmetric chain partitions of P and O, respectively. For
each pair (C, D), where C = (pp < --- < pp) € Cand D = (o< - <qp)e
D, we form the following chains of P x Q (see Figure 5.1).

Ej(C, D) :==((po,qj) < -+ < (Ph—j»q;) < (Pr—js qj+1)
© < (Pr—j, qi)), Jj=0,..., min{A, k).
Then we have
r(po, 4;) +r(Ph—j, qk) = r(po) + (r(qo) + j) + (*(pr) — ) + r(qx)
=r(P)+r(Q)=r(P x Q);

that is, the chains E; i(C x D) are symmetric. Moreover, & := U;E;j(C,D)isa
partition of C x D; thatis, Ucee Upep U; ); E;(C, D) is asymmetric chain partition.
]

Example 5.1.1.  Clearly, Theorem 5.1.5 can be extended to the case of a product
of n sc-orders. Hence the Boolean lattice B, and, more generally, chain products
Sk, ..., ky) are sc-orders.
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(Ph,Qk

Ph—]»Qk
/' (pos gk)
(Ph,QO)
PO,

va qO)

Figure 5.1

Using Theorem 5.1.5 we obtain a recursive procedure to determine a symmetric
chain partition of S(ky, ..., k). But there are also direct methods to do this.
We present here the parenthesization method of Leeb (unpublished), Greene and
Kleitman [232] and then calculate explicitly the upper and lower neighbors in such
symmetric chains. This is closely related to the so-called lexicographic method of
Aigner [19] (see also [21, pp. 432ff ]).

Withevery a = (ay, ..., a,) € S(ky, ..., kp) (here we do not need the general
supposition k; > --- > k), we associate a sequence of ) ., k; left and right
parentheses as follows: first a) right parentheses, then k; — a left, then a; right,
k> — ay left, and so forth. For example, fora = (1,2,0,1,3) € $(2,3,1,2,5)
we obtain the following sequence:

>y ()Y )y ) ) ) ) <«

Note that the number of right parentheses equals the rank of a. Every sequence of
left and right parentheses has a unique parenthesization obtained in the following
way: Close all pairs of left and right parentheses that are either adjacent to or
separated by other such pairs, repeating the process until no further pairing is
possible (one may use stacks to produce this parenthesization algorithmically).
The remaining unpaired parentheses form a sequence of right followed by left
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parentheses; in our example we have

) ) ) (

Now we define the partition of S(ky, ..., k,) by saying that two elements are in
the same block iff they have the same parenthesization. Considering the remaining
sequences of parentheses it is not difficult to see that each block is a symmetric
chain (if we have 2x paired and y unpaired parentheses, then the first element of
the chain has rank x, the last has rank x + y, and x +x +y = 2x + y = Yo ki),
and thus we have obtained a partition into symmetric chains. In the following table
we see which elements lie in the same symmetric chain as a (in our example).

remaining sequence sequence element  rank
(CC(( (MmdmC ©1,012) 4
) (((( yhammr e @,10,12) 5
) ((( YINAOMIC (1,2,0,1,2) 6
N YINAGMNC (1,2,0,1,3) 7
I amammnc 1,20,14) 8
) YMAm M) 1,20,15) 9

How do we find for an element a the element b (if it exists) that covers a and lies
in the same symmetric chain as a? We already mentioned that one can use stacks,
but it is also possible to calculate explicitly that component i for whicha; = b; — 1
(for the other components we must have equality because of a < b). Atleast one of
the k; — a; left parentheses belonging to the ith component must remain unpaired
if we build the parenthesization sequence from the left to the right. So we must
have k; —a; > a;4). Atthe (i + 1)th component we close a; right parentheses
with the preceding left parentheses and create k;,., — a;+1 new left parentheses.
If we recall that at least one left parenthesis from the ith component must remain
unpaired, we see that we must have k; — a; + kit1 —ait1 > aiy1 + aj42. At the
(i + 2)th component we close a;, right parentheses and create k;, — aj4+2 New
left parentheses. If we continue in the same way, we see that we must have

t—1 t
Z(kj —aj) > Z ajforeveryi <t <n. é.1)
J=i J=i+l
Since we come from a to b by changing the leftmost unpaired left parenthesis into
aright parenthesis, the desired index i is the smallest integer in [n] satisfying (5.1)
(if there is not such an integer, we puti :=n+1).Letfora € Sky, ..., k),

i—1 i
fi@:=) j—a) - aji=1,....n+1,
J=1 Jj=1
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where a,+1 := 0. It is easy to see that the searched after index i can be found by
determining the largest integer i for which f;(a) attains its minimum. In a similar
way we find for our element a the element ¢ (if it exists) that is covered by a and
lies in the same symmetric chain as a (we have to look into the sequences from
the right to the left and must note that 3 °7_, (k; —a;) — 37_ a; is constant). The
index i for which a; = ¢; + 1 is the smallest integer in [n] for which f;(a) attains
its minimum (here i = 0 means that there is no such c).

Note that the chains that are constructed by the parenthesization (resp. explicit)
method are the same as those chains that are obtained if one applies Theorem 5.1.5.
This follows easily by induction on n. From a more theoretical point of view,
Gansner [214] studied the parenthesization and explicit methods in distributive
lattices as well. Of course, we may specialize the preceding results to the Boolean
lattice. Let us represent it as subsets of [#] (a € S(1, ..., 1) is the characteristic
vector of the corresponding subset). We call the symmetric chain partition from
above the parenthesization partition of B,. Moreover, if S and §' := S U {i}
belong to the same symmetric chain, we speak of a link § — S’ in a chain of the
parenthesization partition. Later we will need the following proposition.

Proposition 5.1.1. Let € be the parenthesization partition of B,.

(a) In each chain of €, elements are added in increasing order.
(b) n is an element of the last set in each chain.

(¢c) If S - SU{i}is alink in a chain of €, theni + 1 ¢ S and eitheri = 1 or
i—1les.

Proof. (a) We turn the unpaired parentheses from the left to the right.

(b) Either the last parenthesis is paired, and then it must be a right parenthesis,
and thus n belongs to every set of the chain, or the last parenthesis is unpaired,
and then we change it in the last step into a right parenthesis, and thus n belongs
to the last set of the chain.

(c) Since i ¢ S, the ith parenthesis is a left one. If we had i + 1 € § then
the (i + 1)th parenthesis would be a right one; that is, the ith and the (i + 1)th
parentheses were paired and thus the ith parenthesis could not be changed into a
right one. If wehad i > 1 andi — 1 ¢ S, then the (i — 1)th parenthesis would be
a left one. It cannot be paired since otherwise the ith parenthesis had also to be
paired. Hence the next link would be S — SU {i — 1} instead of S — S U {i}.

n

Metropolis and Rota [365], [366], and Metropolis, Rota, Strehl, and White
[367] worked out an analogous parenthesization algorithm to partition Q, and F, 4
into chains. Vogt and Voigt [457] presented a similar explicit, but more difficult
partition of L, (g). Not only with the help of the product theorem may we construct
sc-orders. We also have a nice link to the normal posets.
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Theorem 5.1.6 (Griggs [235]). Every rank-symmetric and rank-unimodal nor-
mal poset P is an sc-order.

Proof. We proceed by induction on n := r(P). The case n = 0 is trivial. For
n=1orn =2,letD be a 1- (resp. 2-) saturated partition of P into chains that
exists by Corollary 4.3.2. We will show that D is a symmetric chain partition. Let
Di:={DeD:|D|=i},i=1,2,.... Werecall that P has the strong Sperner
property by Corollary 4.5.3. In the case n = 1 we have

Wo=Wi=di(P)= ) min{|D|, 1} = D] + D2},
De®

and since D is a partition of P, the following holds:
Wo+ W1 = D1 +2|D,],

from where we derive |D| = 0; that is, all chains of D are symmetric.
In the case n = 2 we have

Wo+ Wi =W+ Wy =dy(P) = Z min{|D|, 2} = |D;| + 2|D,| + 2|D3|
De®

and
Wo+ Wi+ Wy =|D1| +2|D2| + 3|D3].

We conclude that |D3| = Wy = W»; that is, all elements of Ny U N, are covered
by 3-element chains. Consequently, there cannot be 2-element chains, and the 1-
element chains consist of elements of rank 1. Thus all chains of ® are symmetric.

Now we consider the stepn—2 — n, where n > 3. By the induction hypothesis
for the {1, ..., n — 1}-rank-selected subposet (which is of course rank symmetric,
rank unimodal, and normal) there exists a partition €* into symmetric chains.
Again put & | := {C € €* : |C| = n — 1}. Let P’ be the poset of rank 2 for
which No(P') := No(P), N\(P’) := €_,, No(P') := N,(P) holds and which
is ordered in the following way: Let py € No(P'),C = (p1 < -++ < pp_1) €
Ni(P"), pn € No(P'). Then

p<pCiff pp< pp;, and C < pp,iff p,—) < ppy.

It is easy to see that P’ is rank symmetric, rank unimodal, and normal. Conse-
quently, by the already proved case n = 2, there is a symmetric chain partition
D of P'. If we consider the 1- and 3-element chains of €* in the obvious way as
(n — 1)- (resp. (n + 1)-) element chains of P and add all chains of ¢* — < we
obtain the searched after symmetric chain partition of P. |

Example 5.1.2.  The following posets are sc-orders: L,(q), projective space lat-
tices, and modular geometric lattices (use Theorem 5.1.5).
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Sc-orders also behave nicely with respect to the rankwise direct product:

Theorem 5.1.7 (Sali [409]). If P and Q are sc-orders (of the same rank) then
P x, Q is an sc-order, too.

Proof. Let n := r(P) = r(Q) and consider chains C = (p; < -+ < pp_;),
r(p)) =i,and D = (gj < --+ < qu—j), r(p;) = j. We define C x, D to be the
chain ((px, k) < -+ < (Pn—k, gn—i)) Where k := max{i, j}. Note that C x, D s
really a symmetric chain in P x, Q. Now it is easy to see that for given symmetric
chain partitions € and ® of P and Q, respectively, the set Ucee Upen C x, D is
a symmetric chain partition of P x, Q. [ |

It is still open whether the poset L(m, n) and related posets are sc-orders as
asked by Stanley [439]. Up to now the conjecture is confirmed for min{m, n} < 4
by Riess [399], Lindstrom [346], and West [463].

5.2. More part Sperner theorems and the
Littlewood—-Offord problem

Symmetric chain partitions allow us to prove stronger forms of Sperner’s theorem.
These observations go back to Katona [291] and Kleitman [299]. We define a subset
F of a product P x Q of two posets P and Q to be a semiantichain if there are no
(P1,41), (P2, 92) € Fsuchthat p; = pandq) < qz20r p; < prandq; = g2. We
say that a product P x Q of two ranked posets has the two-part Sperner property
if the largest size of a semiantichain equals the largest Whitney number of P x Q.

Theorem 5.2.1 (Katona [294]). If P and Q are sc-orders, then P x Q has the
two-part Sperner property.

Proof. Let h = | "7 | Clearly, Ny (P x Q) is a semiantichain since it is
an antichain. Moreover, W, (P x Q) is the largest Whitney number of P x Q
(by Lemma 5.1.1 and Theorem 5.1.5). Let F be a semiantichain in P x Q. We
must prove |F| < W;(P x Q). Let € and © be symmetric chain partitions of
P and Q, respectively. In the proof of Theorem 5.1.5 we formed for every pair
(C, D) of chains of the corresponding partitions min{|C|, | D|} chains E i (C, D),
and taking these chains together we obtained a symmetric chain partition of P x Q
that consists of exactly W, (P x Q) chains since each chain meets N, (P x 0).
Consequently,

>~ Y min{|C|, |D|} = Wx(P x Q).

CeC Ded
Since F is a semiantichain, we have for every C € €, D € ®

|F N0 (C x D)| <min{|C|, | DI}
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(use Dirichlet’s principle). Accordingly,

IFI=2 Y IFNC =D)<Y > min([C|,|Dl} = Wi(P x Q).

Ce€ De® Ce€ DeD

More generally, one may consider products P := P x --- x Py of M ranked
posets Py, ..., Py. A subset F of P is called an M-part k-family if there are no
k + 1 elements of F lying on a chain in P that are identical in M — 1 components
(thus a semiantichain is a two-part 1-family). In contrast to the k-family problem,
Theorem 5.2.1 cannot be generalized to two-part k-families. All elements of a
product P of two 3-element chains form a two-part 3-family, but its size is larger
than the largest sum of three Whitney numbers of P (if one changes the definition
of an M-part k-family such situations can be avoided, see Katona [294]). Also
three-part 1-families do not behave as nicely. Look at a product P of three 2-
element chains (0 < 1). The elements (0, 1, 1), (1,0, 1), (1, 1, 0), (0, 0, 0) form
a three-part 1-family, but its size is greater than the largest Whitney number of
P. Katona [296] and Griggs and Kleitman [243] added further conditions on a
three-part 1-family in order to bound their size by the largest Whitney number
of P.

Theorem 5.2.2 (Sali [407]). Let Py, ..., Py be sc-ordersandlet F be an M -part
k-familyin P := Py x --- x Py Then

|F| < Mkd(P).

Proof. First we consider the special case that P; is a chain of length k;,i =
l,..., M; thatis, P = S(ky, ..., ka). Take any chain of the symmetric chain
partition that is constructed by the parenthesization method. If we are going from
the bottom to the top we see (as in Proposition 5.1.1(a)) that the first component
is changed (or not changed at all), then the second component is changed (or
not changed at all), and so on. Hence the intersection of F and this chain cannot
contain more than Mk elements. We have exactly d(P) chains in the symmetric
chain partition; hence,

where as always n := r(P).
In the general case we work with symmetric chain partitions €; of P, i =
I,.... M. IfC; € €;,i=1,..., M, we have by the preceding special case

|F N (C x---xCM)|5Mkac-c. x-~-xCM:r(p)=|_§_|}|.
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Hence by the pairwise disjointness of the chain products

IFl= ) IF0(Cix-xChu)l
Cie€y,...,.CyeCy

Mk Z “peClx-nxCM:r(p):[gJ”
Ce€y,....CyeCy
— MkW'_%J = Mkd(P).

IA

In [408] Sali observed that one can replace the factor M by cv/M, where the
constant ¢ is independent of P, M, and k. Moreover, infinitely many P’s show
that this result is best possible for every M and apart from the constant factor c.
We postpone an analogous asymptotic result to Section 7.2 where we consider
products of arbitrary posets of bounded size. PL. ErdGs, and Katona [177] and
Sali [410] studied convex hulls of M-part k-families.

There is another class of posets which allows the determination of the maximum
size of semiantichains. A ranked poset P is called a skew chain order if it can be
partitioned into ¥y saturated chains (which then must contain an element of rank 0).

Theorem 5.2.3 (West and Kleitman [468]). Let P and Q be skew chain orders.
Then the (ground set of the) rankwise direct product P x, Q is a semiantichain
of maximum size.

Because the proof is analogous to the proof of Theorem 5.1.5, it is left to the reader
as an exercise. The result can be applied to Int(S(ky, k2)). Thus, in the poset of
subrectangles of a rectangle (we speak of rectangles instead of parallelepipedons),
the squares form a maximum semiantichain. Again one cannot generalize the
result to higher dimensions, for example, to Int(S(ky, k2, k3)). For example, in
03 (= Int(S(1, 1, 1))) Ny is an antichain — that is, a three-part 1-family of size
12 —but Q1 x, Q1 %, Q1 is of size 9. Peck [379] modified the conditions slightly
to obtain a bound of this kind.

If one considers semiantichains as optimal integral solutions of a corresponding
linear programming problem (packing problem) one has to ask also for the dual
(covering) problem. The dual objects here are chains in which one of the coordi-
nates remains fixed, called unichains. The following interesting problem of West
and Saks (see [465]) is still open: Is it true that the largest size of a semiantichain
in P x Q equals the minimum number of unichains needed to cover P x Q? For
several related results, we refer to West [465].

One of the earliest examples where Sperner-type theorems were applied is
the Littlewood—Offord problem from 1943: Given complex numbers zi, ..., z,
such that |z;j| > 1 for each j, how many sums of the form Z}':l €;zj, where
€j € {—1, +1} for each j, can lie inside any circle of radius r?
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Littlewood and Offord [349] themselves found an upper bound of the form
cr? logn/4/n, and in 1945 Erd&s [165] showed — using Sperner’s theorem — that
the log term can be omitted. After that many further results were obtained. In the fol-
lowing we present some of the nicest. Instead of complex numbers we consider vec-
tors z1, ..., Z, in the d-dimensional space R¥; that is,z; = (21,5, ..., 24,), ] =
1,...,n.Let LO(n,d, r) be the smallest natural number such that for any choice
of vectors z1,...,2, € R? with llzjll = 1 for each j and any choice of an
open sphere of radius r there are no more than LO(n, d, r) sums of the form
Z;f:, €z, where €; € {—1, +1}, in that sphere. We realize the Boolean lattice
By, as the chain product (—1 < 1)" and for € = (i, ..., €,) € B, we put briefly
s(e) = Z;;, €;2, where it is assumed that 2y, . . ., 2, are clear from the context.

First we study the case r = 1. Taking z; := (1,0, ..., 0) for each j we see that

LO®n,d, 1) > (LZJ) (5.2)
2

(note that s(€) remains constant if € runs through a fixed level of B,).

If d = 1 the vectors z; are real numbers (we write z /), and we may assume that
zj > 1 foreach j (ifz ; < —1 for some j one has to take in the sums —e ; instead of
€;). For e < €, we have s(€’) —s(€) > 2 since s(€') —s(€) = 2z; for some j. Thus
for each open (or half closed) interval 7 of length 2, the set {€ € B, : s(€) € I} is
an antichain. Sperner’s theorem immediately yields (together with (5.2)):

Proposition 5.2.1. We have LO(n, 1,1) = (ng).

Let us mention that our function s divided by 2 is a representation of the Boolean
lattice. In Section 7.2 we will define antichains in the same way using representa-
tions.

In the case d = 2 the two-part Sperner Theorem yields the same bound.

Theorem 5.2.4 (Katona [291), Kleitman [299]). LO(n,2,1) = (L'%' J).

Proof. As before, we may assume that z; ; > 0 for each j. Moreover, we may
assume 22 1,...,22,p > 0and z3 py1,...,22,, < 0. We consider the n-tuples €
as elements of B, x B,_,. For different n-tuples €, € with € < ej’., jedJc
{p+1,....n}and¢; = ej’. otherwise, we have

s(€) —s(e) =2 (21,5, 22.)).

jeJ

Let j* € J. Clearly, Zje_,zl,j > z),j» > 0and ZjeJZZ,j < z3,j+ < 0. Conse-
quently,

ls(e") — s(@)1? = 22[I(z1, jx, 22, j)II* > 4;
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that is, s(e) and s(€’) cannot both lie in an open sphere S of radius 1 (diameter 2).
The same holds if €; < ej’. forje JC{l,...,pland ¢; = ej’. otherwise. Thus
the set {€ € By x By—p : s(€) € S} is a semiantichain that has by Theorem
5.2.1 (recall that B, is an sc-order for any n) cardinality not larger than the largest
Whitney number of B, x By_p, that s, (L:'; ) |

In the general case (d > 1) we define for a fixed choice of z1, ..., z, the graph
G = (V, E), where
V = {e=(e1,...,€) : € € {—1, 1} forall j},
E := {e€ : |s(€) —s(e)|> > 4}.

For d = 1 and d = 2, any independent set of G (which is an antichain (resp.
semiantichain) in B,) has cardinality not greater than (Lg J). This is also true for
d>2:

Theorem 5.2.5 (Kleitman [303]). We have LO(n,d, 1) = (L:’; J).

Proof. By (5.2) all we have to do is to show that our graph G = G(n; 2y, ..., Zn)
can be covered by (Lg J) cliques. We construct our cliques in a similar way as the
chains in a symmetric chain partition of B, (see third proof of Theorem 1.1.1 in
Section 2.2 and Theorem 5.1.5). Let us only look at the step n — n + 1 and let
C = {ep, ..., €4} be a clique that was produced for the parameter n. We assume,
w.lo.g., that (s(ep), Znt1) = (s(€j), Zn41), j =0, ..., h (here (-, -) denotes the
standard scalar product in R?). We define the new sets

C := {(eo, —1), ..., (en—1, —1), (e, =1), (en, +1)},
C' := {(eo, +1), ..., (en—1, +1)}.

We claim that C and C’ are cliques in G:=Gn+1;21,...,2n 2Zns1). This is
clear for C’ because for 0 < i < j < h — 1 there holds

lIs(es, +1) — s(er, + DI = Is(€) + Znt1 — (s(&) + Zat )|
= lis(e;) — s(enl|* = 22.

Up to the last element we can apply the same arguments to C. Finally, for 0 <
i < h, we have

lIs(en, +1) — s(&i, =DII?> = lIs(en) — s(€:) + 22n111I
= |Is(en) — s()* + 4lzns1 112
+4(s(ep) — s(€i), Zn+1) =20+ 4+ 0 =4.
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Thus, as in the Boolean case, we obtained for a clique (chain) of size h + 1 a new
clique (chain) of size A (if h > 1) and a new clique (chain) of size h + 2. It follows
that the total number of cliques equals the total number of chains in a symmetric
chain partition, and for B, this number is (Lg J). - [

Now we study the case r > 1. As for » = 1 we obtain the lower bound
LO(n,d,r) > sum of the [#] middle binomial coefficients. 5.3)

If d = 1 this bound is best possible:

. . - [

Proposition 5.2.2 (Erdds [165]). We have LO(n, 1,r) = il (L"%ﬁ | +i).
Proof. It is easy to see that for each open (or half closed) interval I of length
2r, the set {€ € B, : s(€) € I} is an [r]-family. Thus the result follows from the
k-family property of B, for every k (see Corollary 4.5.3 and Example 4.5.1). =

For d > 1, we prove only an upper bound, which can be derived from the
M-part Sperner Theorem and ideas of Griggs [237].

Theorem 5.2.6 (Sali [407)). We have LO(n,d, r) <2¢~'[rv/d | (12)

Proof. As in the proof of Theorem 5.2.4 we assume that z 1,i > 0 foreachi. We
can partition the index set [n] into M := 29~ gubsets (empty sets are allowed)
such that for each such subset J the components 22,j, j € J, all have the same
sign,. . ., the components z,, j»J € J, all have the same sign. Let S be any open
sphere of radius r.

Claim. F := {e : s(e) € S} is an M-part I'r«/g]-family.

Proof of Claim. Let us look at one of the M subsets J. We suppose, w.l.o.g.,
thatz; ; > Ofori =1,...,d, j e J. Letk := [7+/d ] and assume that there is a
chain €y < ... < € in F such that the components of the members are identical
outside J. Then

s(ex) — s(€0) =2 z; forsome J' C J, |J'| > k.
jeJ'

Geometrically we look at the projections onto the vector 1 = (1, . . ., 1). We have
d
@) =) zij 2 J2 + 422 21 el
i=1
It follows that

(s(er) = s(e0), 1) =2 (z;,1) = 2|/,
jeJ
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and finally by Cauchy’s inequality

1 4J'% 4%
lIs(ex) — s(eo) > > W(S(Gk) — s(€p), 1)? > % > ra, ,
that is,
ls(ex) — s(e0)ll = 2r,
a contradiction. O

The statement in the theorem now follows immediately from the claim and
Theorem 5.2.2. n

An almost final answer to the Littlewood—Offord problem was given by Frankl
and Fiiredi [195].

Theorem 5.2.7. Suppose that r is not an integer. Then
(@ LO(n,d,r) = ([r] +o(1)) (ng) asn — 0o,

(b) Ifthereisanintegers suchthats—1 <r <s—1+ ﬁ;, then LO(n,d,r) =
LO(n, 1, r) ifn is sufficiently large.

We omit the proof but mention that deeper geometrical insight is necessary to
establish this result. Frankl and Fiiredi [195] posed the problem to determine
lim,_, 00 LO(n, d, r)/(LZ'J) for integers r.

If one considers closec? spheres instead of open spheres one has the same formula
as in Theorem 5.2.7. One can use these formulas also for integers r if one replaces
[rlby lr] +1.

Note also a “dual” variant of the Littlewood—Offord problem which goes back
to ErdSs, Sarkézy, and Szemerédi [168]: Change the condition ||z il = 1 into
llz;ll < 1forall jand ask for the number of sums 27=1 €;zj(wheree; € {—1, +1}
for all j) which lie in a sphere of radius . The following result is presented without
proof:

Theorem 5.2.8 (Beck [41]). Letz,, ..., z, bevectorsin R? with llzjll < 1forall
J. Then at least c¢(d)2"n=%/2 sums of the form Y __ | €z, where € € {—1,+1},
lie in a closed sphere of radius \/d around the origin. The constant c(d) depends
only on the dimension.

Sérkdzy and Szemerédi (unpublished) showed that for d = 1 this bound can be
replaced by (Lg J) which has asymptotically the same order.
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5.3. Coverings by intervals and sc-orders

Let us recall that Dilworth’s Theorem 4.0.1 tells us how many chains we need to
cover a given poset P. What is the situation if we replace chains by intervals? In
[81] we showed together with Bouchemakh that the corresponding problems are in
general NP-complete (cf. [215]). But if we restrict ourselves to special symmetric
chain orders, we find some Sperner-type theorems.

Let P be a ranked poset and let 0 < I/ < u < n := r(P). Consider the
[/, u]-rank-selected subposet Py, ;) of P (i.e. Py, = UY_;Ni). Let o(Py1,.7) be the
minimum number of intervals of the form [p,q]l :={ve P: p<v < q}, where
I < r(p) < r(q) < u, which cover Py,,]. Since no two elements of N; (resp. N,)
can be covered by one such interval, we have clearly

o(Py,u)) = max{W;, W,}. (5.4)

We say that the ranked poset P has the strong interval covering property (briefly
strong IC-property) if equality holds in (5.4) for all 0 </ < u < n. To find
examples, we introduce the following class: A ranked poset P is called a special
symmetric chain order (briefly ssc-order) if there exists a symmetric chain partition
€ of P with the additional property (*):

If C = (p1 < -+ < pp) is achain of the partition that has less than maximum
length then there exists a chain D of the partitionsuchthat D = (go < -+ < qj41)
and go < p; as well as pp < gp41.

Theorem 5.3.1. If P is an ssc-order, then P has the strong IC-property.

Proof. First we consider the special case / + u = n (i.e., W; = max{W;, W,} =
Wy). Let € be a symmetric chain partition of P satisfying property (*). With each
P € N; we associate the element f(p) of N,_; that lies on the same chain of
C0<ic< % Then the W intervals [p, f(p)), p € Ny, cover Py ). This can be
proved by induction on 7 —2/: The cases n —2/ = 0 or 1 are easy. For the induction
step, consider any element v of Py , ). If v € Nj or N, then v is clearly covered.
Thuslet p € Py41,n—@+1)])- By the induction hypothesis v is covered by an interval
[g, f(g)], where ¢ € Nj,i. Let C be the chain of € containing ¢ and f(g). If
g has on C a predecessor p then v is covered by [p, f(p)]. If q is the starting
point — that is, f(g) is the endpoint of C — then there is, because of property
(*), some chain D of € of the form D = (p< --- < f(p)), where p € N; and
P <q < f(g@) < f(p). Hence v is covered by [p, f(p)].

For the general case, let us assume, w.lo.g., | +u < n, that is, W, =
max{W;, W,}. Restricting the chains of € to Bi,n—u) we find W, chains of the
form (g < --- < p), where p € N,_,, which cover Bi,n—u).- Now we join the
chains (¢ < -+ < p)and (p < --- < f(p)) and replace the resulting chain by
the interval [g, f(p)]. By the first part of the proof these W,, intervals cover P,y

|
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Theorem 5.3.2. Let P and Q be ssc-orders.

(a) Then P x Q is an ssc-order, too.
(b) If, in addition, r(P) = r(Q), then P x, Q is an ssc-order, too.

Proof. (a) We take symmetric chain partitions € and ® of P and Q, respec-
tively, which have property (*). Then we construct the symmetric chain partition
€ of P x Q as in the proof of Theorem 5.1.5. All we need is the verification
of (*) for €. Property (*) is evident for the nonmaximal chains in the partition
of each “rectangle” C x D. Let us consider the maximal chain Ey(C, D) =
((po,q0) < -+ < (pn,qr)) of such a rectangle. If it does not have maximum
length in &, then C or D does not have maximum length in € or D, respec-
tively. By symmetry, suppose this for C. Since € has property (*), there must be
achain C' = (py < -+ < p;,) in € such that py < po and p < pj,. But
Eo(C', D) = ((ph, q0) < -+ < (p;,_H, qx)) belongs to € and is thus the desired
chain for E¢(C, D).

(b) Here we use the construction in the proof of Theorem 5.1.7. The verification
of (*) is an easy exercise. [ |

Since single chains are clearly ssc-orders we derive immediately:

Example 5.3.1. The following posets are ssc-orders, and thus have the strong
IC-property:

(a) the Boolean lattice By, and chain products S(ki, ..., k,),

(b) the poset SMy, ,, of square submatrices of a square matrix.

We found the last two theorems together with Bouchemakh [81]. The IC-property
of B, was first proved by Voigt and Wegener [458] using the parenthesization
method. They used this result for the construction of minimal polynomials of
symmetric Boolean functions. Let us describe this application in more detail:
Every Boolean function f: {0, 1}" — {0, 1} can be represented as a family F
in B, where B, is represented as {0, 1}" and F, 7= {x: f(x) = 1}. A monomial
is a conjunction of negated and nonnegated variables — for instance, x;X3x4%.
With each monomial we can associate in an obvious way a Boolean function f.
The corresponding family F; is obviously an interval in B,. In Figure 5.2 we
illustrate F for our example in Bs. A polynomial or disjunctive normal form is a
disjunction of monomials. The corresponding family in B, is a union of intervals.
Itis well known (and in this interpretation obvious) that each Boolean function can
be represented as a polynomial. Let d( /') be the smallest number & such that f can
be represented by a polynomial with k monomials. Thus 7 is a union of d( ') but
not fewer intervals. Any polynomial representing. / with the least possible number



196 Symmetric chain orders
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Figure 5.2

of monomials is called a minimal polynomial. Without proof we mention that by
a result of Korshunov [318] there exist constants cy, ¢, such that

n n

<d(f)<ec

°l lognloglogn 2 lognloglogn

holds for almost all Foolean functions f. Sapozhenko [412] gave a simple algo-
rithm that provides a polynomial with ,—fé—’; monomials for some constant ¢ and
almost all Boolean functions. An exact result can be obtained for the following
special case: A Boolean function f is called symmetric if the number of ones in the
input completely determines its value (the value f(xy, ..., x,) does not change if
we permute the input variables). In other words, f is symmetric iff F, 7 is a union
of complete levels of B,. If, more precisely, F = Bugyyupy Y-+ U Byy, ) Where
0<li<u<ni=1,...,kanduy; <lit1—-2,i=1,...,k— 1, then by the
strong IC-property of B,,

d(f) = éma"{(z) (n)]

Let us mention in this context another result on Boolean functions. Suppose we are
given some logical expression representing the function /. We say that a monomial
is a prime implicant of this expression if trueness of the monomial implies trueness
of the expression but deletion of variables in the monomial destroys this property.
Obviously, a monomial is a prime implicant iff its corresponding interval belongs
to F and if no extended interval has this property. Let p(n) be the maximum
number of prime implicants of a Boolean function with » variables.

Theorem 5.3.3 (Vikulin [456)). For any € > 0, there is some ng such that for
n > ngp

n

" 3
(a —6)37 < p(n) <(c2+€)—&

N

where ¢| := % and cp := %
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Proof. Let f be the symmetric Boolean function for which f = Bny,,_; with
I := | 3] holds. Counting the maximal intervals in By ,_;, yields the lower bound
(7)(n”:211)’ which is by Stirling’s formula (Theorem 7.1.7) asymptotically equal to
the lower bound (one may derive this also from a.mn).

For the upper bound, recall that the intervals in B, are exactly the elements of the
cubical poset Q. From the definition of a prime implicant we derive immediately
that the corresponding elements in Q, form an antichain. Thus

p(n) < d(QOn).

It is easily seen that the maximum Whitney number in On equals (7)2” ~! with
as in the beginning of the proof. From Example 4.5.1 and Stirling’s formula (resp.
(7.7)) we obtain d(Qy) ~ c3 % (which follows also directly from Theorem 7.2.1 ).
This proves the assertion. [ |

See the end of this section for two further examples of ssc-orders.
Example 5.3.2 (Greene [230]). The poset of shuffles Wp,.,.

It is defined as follows: Let x = x;x;. .. x,, and Y = y1y2 ...y, be words formed
from m + n distinct letters. Now W,,, is the set of all words w with letters from x
and y such that the restriction of w to the letters of x (resp. to y) is a subword of x
(resp. of y), and we have w < w' iff w’ can be obtained from w by deleting letters
of x and adding letters of y. For example, if x = ABCDEFG and y = rstu then
BrDFuG < rDsuG in W7 4. Note that x is the minimal and y is the maximal
element in W,,, and that the structure of W,,, depends really only on m and n
and not on the words x and y. Given w € W,,,, the interface of w, denoted
by I(w), is the set of all pairs of letters (y, x) where x € x and y €y,and x
immediately follows y in w. For any set I of pairs (y,x),x € x,y € y, we set
Wonlll:={w € Wy : I(w) = I}.In our example we have I = {(r, D), (u, G)}.
The minimal element of W7 4[I]is ABCr DE FuG and the maximal element is
rDstuG. In general, the minimal element of a nonempty Wp,,[I] has rank |/|
and the maximal element has rank m + n — [1|. Thus Wp,,[1] lies for every I
in the “middle” of W,,,. For any word w € Wonn, let Rx(w) and Ry (w) be the
set of letters of x (resp. of y) which do not appear as components in the pairs of
I(w). For fixed I, we write also Ry (/) and Ry (I). It is not difficult to see that for
W, W' € Wnn(I) we have w < w’ iff Ry (w) D Rx(w’) and Ry (w) C Ry (w').
Thus Wy,,[1] is isomorphic to the product of the dual of the subset lattice of Ry )
with the subset lattice of Ry (1), that is, to By n—2)1)- Since for different sets 7 and
I the sets W, [I] and W,,,[I'] are disjoint and since each W,,,[I] is an sc-order
(the corresponding symmetric chains in W,, n[I] are also symmetric in W,,,,), Wpn
is also an sc-order. Moreover, W,,, is an ssc-order: Since each W,,,[1] is an ssc-
order, for the proof we need only to examine the maximal chains C in the Boolean
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sublattices Wy, [1], where I # @ (these chains are not maximal in W,,,). Delete in
I exactly one pair yielding I’. Then the maximal chain D in W,,[I’] (belonging
to the symmetric chain partition) is a desired chain for property (*).

Note that Doran IV [139] introduced the “shuffling” of lattices. Here the poset
Womn is obtained by shuffling two Boolean lattices.

Example 5.3.3 (Simion and Ullmann [431)]). The lattice of noncrossing parti-
tions NC(n).

The lattice NC(n) is an induced subposet (moreover, a sublattice) of the partition
lattice I1,. Here a partition of [n] is called noncrossing if, whenever 1 < a <
b < ¢ < d < n with qa, ¢ in the same block and b, d in the same block, then in
fact all four elements are in the same block. Thus, for example, 138/2|4|576 is a
noncrossing partition of [8] while 138|24|57|6 is crossing. We decompose NC (n)
as U/_| R;, where Ry := {m € NC(n) : {1}isablockof 7}, and R; := {7 €
NC(n) : i = min{j : j # 1, j is in the same block of w as 1 }} for i > 2. It is
easy to see that Ry = R, = NC(n — 1), and that Ry U R, = NC(n — 1) x
(0 < 1) since each partition Ry is covered by only one partition of R,, namely the
partition obtained by merging the block {1} with the block containing the element
2. Moreover, fori > 3, R; = NC(i —2) x NC(n —i + 1) (realized as noncrossing
partitions of {2,3,...,i — 1} and {i,i + 1,...,n}). The posets R; U R, and
R;,i > 3, lie in the “middle” of NC(n) since in Ry U R, the minimal (resp.
maximal) element 1]2|... |n (resp. 12...n) has rank O (resp. #(NC(n)) = n — 1)
and in R; the minimal (resp. maximal) element 1i|2|...|i — 1|i + 1|...|n (resp.
liG+1)...n]23... (i — 1)) has rank 1 (resp. n — 2). In a straightforward way we
may apply induction and Theorem 5.3.2(a) to derive that NC(n) is an ssc-order
(note that in the symmetric chain partition the maximal chain in R; U R; is a
desired chain concerning property (*) for the maximal chain in R;, i > 3).

5.4. Semisymmetric chain orders and matchings

There exist some generalizations of sc-orders. For example, Griggs [238] intro-
duced the nested chain orders, which are posets that can be partitioned into sat-
urated chains such that for any two chains C = (pp< --- < p) and D =
(90 < --- < gy), the inequality r(py) > r(qo) implies (pp) < r(qx). It is left
to the reader to prove that nested chain orders have the Sperner property. See also
Griggs [242] who listed several properties of ranked posets together with their mu-
tual relations. We consider in more detail another generalization, which implies
the strong Sperner property at least in the lower half of the poset.

Let P be a ranked poset of rank » := r(P). We call a chain C of P semisym-
metric if it has the form C = (pg < --- < py) with 7(po) + r(ps) > n, and we
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call P a semisymmetric chain order (semi-sc-order) if P can be partitioned into
semisymmetric chains.

Theorem 5.4.1. If P is a semi-sc-order then Wo < W| < ... < Wr%], and the

[o, T %]]-rank selected subposet Q (induced by Uiri(])Ni) has the strong Sperner
property.

Proof. The inequality W; < W; 11,0 <i < [51, follows as in Lemma 5.1.1. Let
us restrict the chains of the semi-sc-partition to Q. This yields a collection € of
chains. Obviously € has W; — W;_, chains of size 1—-i+1,i=0,..., 1.
Thus for any k-family F in Q,

==
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IFI < ) min{ICl,k} = > i(Wrgqie1 — Wig—i)
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that is, O has the strong Sperner property. n
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Theorem 5.4.2. Let P and Q be semi-sc-orders.

(a) Then P x Q is a semi-sc-order; too.
(b) If, in addition, r(P) = r(Q) then P x, Q is a semi-sc-order, too.

Proof. The constructions in the proofs of Theorem 5.1.5 and Theorem 5.1.7 yield
the desired semi-sc-partitions. ]

Proposition 5.4.1.  Let P be a ranked poset of rank n. If, for 0 < i < n, N; can
be matched into N;| then P is a semi-sc-order.

Proof. If we join the matchings as in the proof of Theorem 5.1.1 we obtain a
partition of P into semisymmetric chains (each with top at level N,,). |

It is not known whether each geometric lattice is a semi-sc-order, but an attrac-
tive special case is covered by the next theorem.

Theorem 5.4.3 (Loeb, Damiani, and D’Antona [350]). The partition lattice T1,
is a semi-sc-order.
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Proof. We will first partition IT, (or better IT, 1) into some smaller sets. In order
to explain this we need some further definitions. For each S C [n], we define
recursively

0 ifi €8,

i-Yilici(8) ifigs,
i =1,...,n+ 1. The vector ¢(S) = (c1(S), ..., cny1(S)) is called the code of
S. For example, the code of § = {1,2,3,7,11,12,16,18,19} C {1, ..., 20} is

ci(8S) :=

c(§)=(0,0,0,4,1,1,0,2,1,1,0,0,3,1,1,0,2,0,0, 3, 1).

We call a vector @ = (a1, ...,an41) € Z"*! a coding vector if apyy # 0
and for all i € {1,...,n + 1) either &; = O or ¥_j_, @ = i (in particular

;’_i_' 1] @; = n +1). Induction on i easily yields that each component of a coding
vector is nonnegative. Moreover, it is obvious from the definition that the code
of any set S is a coding vector and that ¢;(S) = 0 iffi € S. Conversely, for
each coding vector o there exists exactly one set S such that ¢(S) = a, namely
S := {i : &; = 0}. Not only the zero elements of a coding vector a determine
the corresponding set S. It is enough to know the nonzero elements of c, since
a nonzero element @ must be preceded by exactly a — 1 zeros. Let ¢/(S) be the
vector that can be obtained from ¢(S) by deleting all zeros. In our example we
have

CI(S) = (4’ 1’ 1’21 19 19 37 19 1’ 2’ 3’ 1)'

For a block B in a partition =, let m(B) := min{i : i € B}. We will enumer-
ate the blocks By, ..., By of w always in such a way that m(B;) < m(By) <
*++ < m(By). Under this supposition we may uniquely define the antitype of by
at(w) := (|Bkl, |Bi-1l, ..., |B1]). If, for example, = € Iy, equals 1|2, 5,7|3,
16/4/6|8, 10, 12(9]11|13, 20{14|15|17, 18, 19, 21, then at(r) = (4,1,1,2,1,1,
3,1,1,2,3,1) = ¢’(S) from our preceding example. Now we put for S C [n]

Mg := {7 € Npyy :at(w) = (S)).

By the preceding considerations, the sets I1g, S C {1, ..., n}, partition the lattice
I1,+1. Each r € I15 has as many blocks as ¢/ (S) has components; thatis, n+1—|S]|.
Consequently,

r(@my=n+1-((n+1)—|S)) =S|

Let € be a symmetric chain partition of 2/ obtained by the parenthesization
method. For C = (Sp < --- < §p), let

Ie := U:'=0Hs,. .

We will consider the subposets that are induced by ¢, C € € (they partition
also Iy4y). If 7 (resp. o) is a minimal (resp. maximal) element in IT¢ then

—
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r(m) +r(o) = n = r(Il,4) since C is symmetric. Thus it is sufficient to show
that each I is a semi-sc-order. For that, we may apply Proposition 5.4.1. We
have to find for each link S — &’ := SU {i} in a chain of € a matching from
I1s into Ig. Let k := ¢;(S). Note that k # 0. By Proposition 5.1.1(c) we have
i+1¢S,thatis, ¢;11(S) = 1. Now, it is easy to verify that
0 if j =i,

cj(S')= k+1 ifj=i+1,

cj(S) otherwise.

Let w € Is and let 4 (resp. B) be the block of 7 that corresponds to the k (resp.
the 1) in the substring (... k%, 1...) which is being replaced by (...0, k+1...).
Let f(r) be the partition that can be obtained from 7 by replacing the blocks A
and B with their union AU B. Itis easy to see that v < f(m)and that f(m) € M.
Moreover, we can recover 4 and B from 4 U B since B contains only one element,
say b, and b = min{j : j € 4 U B}. Thus we can also recover 7 from f(r) and
consequently, {(, f()) : # € I} is a desired matching from I1g into MMy, W

From the preceding theorem it follows in particular that in IT,, the level N; can
be matched into N, fori < 1’;—' This was first proved by Kung [329] using an
algebraic machinery. We even have the following stronger result:

Theorem 5.4.4 (Canfield [96]).

(@) For every § > 0, there exists an ny(8) such that, Jor all n > ny(8), the
Jollowing holds: In the partition lattice T1,, the level N; can be matched into
Niwtifi <n—(1+8)782,

(b) In T, the level N; can be matched into N;_, ifi>n— "l—(l:;%z andn > 5.

Proof. (a) Lete := (1+8)1282, b := (1 — $) 1224, i < n(1 - €). Without loss
of generality, we may assume § < % We consider the subposet Q; of rank 1
whose levels are N; and N, |, and where 7 < & (m € Ni,o € Niyy) if w can
be obtained from o by splitting a block B of size not larger than 2b into two
blocks By and B, each of whose sizes is not larger than b. Obviously, m € N;
cannot contain more than % blocks whose size exceeds b. Thus 7 contains at least
n—i—% > (n—i)(1— 4) blocks of size not larger than . By choosing any
two of them we derive for Q; that

. 1
V)| > ((" - ’);‘ - E’).

We have be = (1+8)(1—8/3) = 75; thatis, 1 — ik > . Let n be sufficiently
large such thater := §(n—i) > 30. An easy calculation shows that then ("‘43) > g—;.
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We conclude that
@ 5.5)
\% > —. .
V()| = 20 (
Now consider any 0 € N;41. Ithasn —i — 1 < n — i blocks. We find the
predecessors of o in Q; by splitting a block of size 2b or less under additional

conditions. Consequently,
A@@)| < (n = )22 = (n — i)n' 03, (5.6)

Let n be sufficiently large such that 2¢ > 20n~%/3. Then we obtain from (5.5)
and (5.6) by straightforward computation

V()| = |Ao)]

and by Theorem 5.1.3 the level N; can be matched into N;4; in our poset Q; —
that is, also in IT,,.

(b) Since there are 2811 —1 possibilities to partition a block B into two blocks,
we have, for 7 € N; and with ¥ := n — i = number of blocks in 7,

Aml= Y @ -n =k -
B block in 7
where the last inequality follows by applying Jensen’s inequality to the convex
function f(x) = 2*~! — 1. We have } > }%g—'z', which implies 2"/ > n and
further

IAGT)| > k (g - 1) .

Moreover, for o € N;_; obviously,

k+1
|V(a>|=( : )

We have (k*z") < k(5 — 1) iff k < n — 3, and this is true for n > 6. Thus in this
case |A()| = |V(0)|, and Theorem 5.1.3 (in its dual form) gives the matchings.
For n = 5, the assertion of the theorem is easily checked by inspection. |

It is very interesting that the bounds in Theorem 5.4.4 are the best possible.

Theorem 5.4.5 (Canfield [96]). For every § > 0, there exists an no(8) such that
JSor all n > ng(8) there holds in the partition lattice T1,:

(a) The level N; cannot be matched into Niy ifi > n — (1 — 8)%.

(b) The level N; cannot be matched into N;_, ifi <n — (1 + 6)%%8,,—2.

We will prove only part (a) by a construction that is partly due to Shearer [428].
The proof of part (b) relies on the application of a local limit theorem (together

i

|
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with an estimation of the remainder). Since we will not use the result of part
(b) further in this book, the interested reader is referred to [96], but note that in
Chapter 7 we will discuss applications of local limit theorems.

Proof of (a). Let, w.l.o.g.,8 < landleti > n—(1—36) nlogd By Theorem 5.1.2

logn

it is enough to find some 4 C N; such that |V(4)| < |A4|. Let

- logn
"= [(1 -—8)log4J'

Every elementof N; hasn —i < n Q%gﬁ < ﬁ blocks. Let 4 be the set of those
partitions from N; at least n!~%/2 of whose block sizes equal 2m, at least n'=%/2 of
whose block sizes equal or exceed 3m, and all of whose block sizes belong to the
set M := {m,2m,3m,3m + 1,3m + 2, .. .}. Since we have for every fixedc > 0
and sufficiently large n that

clogn

1-8/2
" n2(1—5)logd -

cm<n

our set 4 is not empty if n is large enough. Let 7* € 4 and * < o. Since the
block in o that was created by joining two blocks of 7* and the blocks in o of
size 2m can be partitioned in at least (resp. exactly) %(2,;”) ways into two blocks
of sizes belonging to M, we have

1/2
{red:m<o}| > 5(:);:‘“8/2 forallo € V(4).

(This bound is also easily seen to be true if o was obtained from 7* by merging
two blocks of size 2m because we have then an item § (37).) Obviously,

n—i 1 /n\2
\% 103 = -{— .
o € V(4) : 0 > )] ( ) )52(m) forallz € 4

Counting the pairs (7, o) with ¥ € 4, 7 < o in two different ways we obtain

1 2 1/2
413 (%) > |V(A)|5(,;")n"5/2. .7

Using the fact that (2,;”) is the largest of 2m + 1 binomial coefficients whose sum
is 22", we obtain

(2m) > L om > L 2(cdig-) _r
m 2m + 1 2m +1 42m + 1)

1/(1-8)

Consequently, by straightforward computation,

12m\ |\ _5, 1 1-8/2+1/(1—8) _ 1 [ n\2
2(m )” T 8em+ )" 732 (Z) (5-8)

if n is sufficiently large. Now from (5.7) and (5.8) we derive 4] > |V(4)|. [ ]
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In addition to this result, Canfield [96] proved, using some earlier results of
Mullin [376], that the transition from the existence to the nonexistence of matchings
between neighboring levels is not chaotic but abrupt — that is, there are sequences
L, and R, such that N; can be matched (resp. cannot be matched) into N;y if
i < L, (resp.i > L,), and analogously for R, and N; — N;_;. Moreover, both
L, and R, grow by at most 1 when  is increased by 1.

We may use this result to show that the partition lattice IT,, does not have the
Sperner property if n is large enough. Before doing so, we need a localization
of the largest Whitney number of I1,, or, equivalently, of the maximum Stirling
number of the second kind.

Lemma 5.4.1. The sequence of Stirling numbers {S, x : k = 1, ..., n} is strictly
log concave.

Proof. We proceed by induction on n and use the basic recurrence S, ¢ = kS,—1 ¢+
Sn—1,k—1 (applied to S, k, Spk—1, and S, x+1). The cases n = 1,2 are trivial.
Concerning the induction step we have (for2 <k <n —1)

82 k= Snk=1Sn a1 = (S2_y 4_y — Su—1k=25n—1,6)
+ (K S3_y  — (= 1) Su1 k-1 Su—1.k41)
+ (b + D (Sn—1,k=18n-1,k = Sn—1,k=28n—1k+1)-
The first two summands are positive by induction. Moreover, by induction,
Sf_l,k_lS,z,_,,k > (Sn—1,k-28n—1,6) (Sn=1,k+1Sn—1,k—1),

which implies that the third summand is also nonnegative. |

Note that this result shows that IT,, is rank unimodal. Let &, be that number
for which S,1 < 852 < -+ < Spky = Snkotl > Suky+2 > o0 > Spns
that is, W,_y, is the largest Whitney number of IT,. Canfield [94] determined
kn precisely for sufficiently large n. Almost the same formula was obtained by
Jichang and Kleitman [277]: Let x be the root of (x + %)logx = n — 2. Then
kn € {lx + %J, lx + %J + 1}. Moreover, k, = |x] + 1 in “almost all cases.”
The proof is very complicated. From a recent result of Benoumbhani [45] on the
maximum coefficient of a polynomial whose roots are all negative real, it follows
that (for all n) |k, — (n — pu,(T1,))| < 1 where u,(I1,) is the expected value of
the rank function of IT,. With (6.50) this implies |k, — B—,'_E,;',i + 1| < 1. Here we
need only a slightly weaker result:

Theorem 5.4.6 (Harper [256)). We have k, ~ To;_n asn — 00.
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Proof. We present a short proof that is essentially due to Rennie and Dobson
[395].
It is enough to show that for every € > 0 we have

(1 —&)—— 4+ 0(1) <kn < (1 + )—— + 0Q1). 5.9)
logn logn

Claim L.If 1 <k <n, then k"* < §, , < ("Z1)kn+,

Proof of Claim 1. Let us construct partitions with k blocks by putting » balls
labeled with the numbers 1, ..., n into & indistinguishable boxes such that each
box obtains at least one ball. We put the balls with numbers L,...,k into the
boxes such that in each box there is exactly one ball. For the remaining (n — k)
balls, we have k"~* possibilities for the distribution. This yields k"~* pairwise
different partitions. Thus the first inequality is proved. However, every partition
can be constructed in the following way. Put ball number 1 into one box. Choose
k — 1 other balls (in (Z:]l) different ways) and put them into the remaining boxes
such that in each box there is exactly one ball. Distribute the remaining n — k balls
as before. This yields the upper bound (}~|)"~*. O

Claim 2.1f | < k < n, then () < grs -

Proof of Claim 2. There are n” possibilities to put n balls labeled with 1, ..., n
into n boxes labeled with 1, ..., n. Some of them can be obtained as follows:
Choose k balls ((Z) possibilities). Put them into the boxes 1, ..., k (k* possibil-
ities). Put the remaining n — k balls into the boxes k + L...,n ((n — k)" *
possibilities). Clearly we obtain pairwise different distributions. Consequently,
())**(n — k)"* < n", and Claim 2 is proved. m

Let

ke = c—n— + O(1), (cisapositive constant),
logn

=" 4 oq)
logn

(we have the term O(1) to ensure that k and k* are integers).

Claim 3. We have S,, 1, < S, 4« if ¢ # 1 and n is sufficiently large.

Proof of Claim 3. We write briefly k := ,. In view of Claims 1 and 2 (together
with the trivial inequality (Z:;) < (})). it is enough to show that

n" —k *n—k*
P LA

which is equivalent to

nlogn + (n —2k)logk — (n — k) log(n — k) < (n — k*) log k*.



206 Symmetric chain orders

If we subtract the LHS from the RHS and use log(1 + x) = x + o(x) we obtain
the term

n (1 — L) (logn —loglogn + o(1)) —nlogn
logn
n (1= 25 Goge + logn — loglogn + o(1))
logn g g g log

c
+n (1 - @) (logn + o(1))
=n(c —logc — 1+ 0(1)).

From Proposition 2.6.1(b) it follows that for sufficiently large n the last term is
positive if ¢ # 1, and this proves the statement in the claim. O

From Claim 3 we derive for € > 0 that k;_¢ < k* < k4 which is our desired
inequality (5.9). |

As already mentioned we are now able to prove Canfield’s result, which was a
markstone in the development of the Sperner theory. It answers a question of Rota
[402] negatively. Simplifications of the first complicated proof have been given by
Shearer [428] and Jichang and Kleitman [277].

Theorem 5.4.7 (Canfield [93]). For sufficiently large n, the partition lattice T1,,
does not have the Sperner property.

Proof. Take some small § > 0 and let n be large enough such that (1 — §) x
log4]0'g‘—" > kn + 1 (apply Theorem 5.4.6). Leti :==n — k, — 1 (i.e., Wi, is the
largest Whitney number of IT,,) and take the set A C N; from the proof of Theorem
5.4.5(a). We have seen that for sufficiently large n, | 4| > |V(4)|. Obviously, the
set S := AU (Ni+1 — V(4)) is a Sperner family whose size is greater than ;.

]

Theorem 5.4.7 and Corollary 4.5.3 imply that IT, cannot be normal if 7 is
sufficiently large. There is a sharper result:

Theorem 5.4.8 (Spencer [435]). The partition lattice I, is not normal ifn > 20.

Proof. First let n be even. Let A be the set of those partitions from N,_, both of
whose block sizes equal 5. Then A(4) consists of those partitions from N, _3 that
have one block of size 5. We have

W2 = Sp2=12"-2),

Wnz = Sp3=43"—3.2"43),
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1/n

AU = (Z)Sg,z-

2
In a straightforward way one obtains

Al _ 1AM)]

< iff 37! < 23n/2 _on on/2+1 +3,
Wn2 Wn-3

which is false iff n > 20. For n odd, we may use the same arguments if we work
with the set 4 of partitions from N, _3 that have {n} as one block and whose other
block sizes both equal % | |

With the partition lattice one can also associate the poset Pi, of unordered
partitions of an integer, ordered by partitioning the items. More precisely, Pi, :=
{o = (o1,...,00) € N" : 37 _io; = n}, and we have o < T iff there are
i,j €[n]suchthatoiyj=14;—1lando; = 1; + 1,05 =1; + 1ifi # j (resp.
0; = 1; +2ifi = j). The symmetric group S, on [n] induces in an obvious way a
group G of automorphisms of I1,. It is easy to see that the quotient I, /G equals
Piy. Moreover, if we define w : Pi, — R, by

n!

w(o) := —_Ll TR

then (Piy, w) is the weighted quotient of (I1,, 1), and it does not have the Sperner
property for large enough n by Theorem 4.5.6 and Theorem 5.4.7. However, the
following problem is still open: Does the unweighted poset Pi, of unordered
partitions of an integer have the Sperner property?



6

Algebraic methods in
Sperner theory

In this chapter we are concerned with unweighted, ranked posets only. Algebraic
characterizations for the existence of certain matchings in graphs have been known
for many years (cf. Lovasz and Plummer [356], and note in particular the results
of Kasteleyn [286], Perfect [380], and Edmonds [142]). We have seen that chains
in posets can be constructed by joining matchings between consecutive levels. By
Dilworth’s theorem, the size of chain partitions is related to the width of a poset.
For these (and other related) reasons, it is worthwhile to develop an algebraic
machinery that answers many questions in Sperner theory. An essential step in
this direction was undertaken by Stanley [439], who used deeper results from
algebraic geometry (the Hard Lefschetz Theorem) in order to prove the Sperner
property of several posets. Further work (in particular that of Proctor [388]) allows
us to stay on a more or less elementary linear algebraic level. It is interesting that
Erdés—Ko-Rado type theorems can also be proved using this approach. Important
contributions were those of Lovdsz [355] and Schrijver [419] and some culmination
was achieved by Wilson’s [470] exact bound for the Erds—Ko-Rado Theorem in
the Boolean lattice. Besides this result, Wilson strongly influenced, in general, the
development of the algebraic extremal set theory and, together with Kung (e.g.,
[327, 328]), the theory of geometric (and related) lattices. Kung’s main tool is the
finite Radon transform discovered by E. Bolker (see [328]), but we will formulate
the results in the language of injective linear operators. Extremal set problems are
discussed in Section 2.5. In this chapter (Section 6.5) we apply the fundamental
observation that the image of a subspace of a vector space by a linear mapping has
dimension not greater than the dimension of the preimage. For further information,
the reader is referred to the book of Babai and Frankl [35].

Though the theory is easier to present under the supposition of rank symme-
try we will consider first the general case and later specify the results to rank-
symmetric posets. An important tool is the Jordan decomposition of nilpotent
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maps considered by Saks [406] and Gansner [213]. We introduce here the Jordan
function in order to derive many results by algebraic manipulations only. We pre-
fer to work throughout this chapter with linear operators instead of (incidence)
matrices.

6.1. The full rank property and Jordan functions

Throughout, let P be a ranked poset with rank function r of rank n := r(P).
With P we associate the poset space P, which is the vector space of all functions
¢ : P — R with the usual vector space operations. With the element p of P we
associate its characteristic function ¢p, € P defined by

1 ifg =p,
vp(q) = l
0

otherwise.

For the sake of brevity, we write p mstead of ¢,, but 0 denotes the Zero vector.
Obviously, {p : ‘P € P} is a basis of P. Thus every element ¢ of P has the form
¢ =Y e p pP, Where u, is areal number, and P can be considered as the vector
space of all formal linear combinations of elements of P with real coefficients.
With the standard scalar product

<Z wpB, Y. "pi”> = Upvp

PpEP peP peEP

the space P becomes a Euclidean space (here we are working only with the field
of real numbers). With a subset F of P we associate the subspace Fof P, Wthh
is generated by {7 : PEF } Obv1ously, the dimension of 7, denoted by dim F,
equals | F|. Note that P= No DB N,,, where @ denotes the direct sum. Any
basis B of P with the property B = U?_,BN N;, that s, all basis elements belong
to some N, is said to be a ranked baszs In particular, {7 : p € P} is a ranked
basis.

In the following we consider linear operators P — P.We define ®W to be the
operator for which ®W(¢) = & (¥ (¢)) for all Y €E P. Further let O =d... 0
(i times) if i > 1.1t is useful to define ®/ to be the identity operator T if Jj=0.
For a subspace E of P let ®(E) := {®(¢) : ¢ € E} and ®|f be the restriction
of & to E. Let ®* be the adjoint operator of &, that is, ®* : P — P with
(@), ¥) = (p, D*(¥)) forall g, ¥ € p.

If j ¢ {0,...,n}, let Nj = {0} A linear operator v P - P (rcsp A
P - P) is called a raising (resp. lowering) operator if V(N,) C N,+| (resp.

A(N,) - N, 1 for all i). A raising (resp. lowering) operator v (resp. A) defined
on the basis {7 : p € P} by

V@) =Y cp.a)d (resp. AG) =) d(p,q);;,) (6.1)

q:9>p ©opip<q
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with ¢(p, q), d(p. q) € R, is called an order-raising (resp. order-lowering) op-
erator (here the empty sum is defined to be the zero vector). Thus order-raising
(resp. -lowering) operators are defined by functions E(P) — R, where E(P) is,
as before, the arc set of the Hasse diagram of P. If ¢(p, g) = 1 (resp.d(p,q) = 1)
forall p<gq we speak of the Lefschetz raising (resp. lowering) operator. In all
that follows, v (resp. A) denotes a raising (resp. lowering) operator, whereas
VL = VL(P) (resp A L= A 1 (P)) denotes the Lefschetz raising (resp. low—
ering) operator in P. Intuitively speaking, the Lefschetz raising operator V,,
when acting on a poset element, produces the sum of poset elements covering
that element.

Lemma 6.1.1.

(a) Let ¥V and A be an (order-) raising (resp. lowering) operator. Then V* and
A* is an (order-) lowering (resp. raising) operator.

) Let V and A be deﬁned asin (6 ). Ife(p,q) = d(p,q) forall p < q, then
A=V*In particular, Aj = VL

Proof. (a) We consider only V and V*. Let q € N;4 for some i. Then (p,
V*@)) =(V(P),q) #Oonlyif pe N;and p < q.
(b) We have for all p,q € P

~ o~ e(p,q)=d(p,q) ifp<gq,
(V(p),q) =(p, A(q)) =

otherwise.

Let 5,, = V- ’|~ (resp. A,, = A ’|~) Then V,J IV, - [Vj (resp.
ZJ, N] — N,) Ifwe fix the bases {p : PE N,} and {q:q¢ Nj;}, we can, as
usual, associate with the linear operator V, j (resp. A ji) @ matrix R;; (resp. Lj;)
whose columns (resp. rows) and rows (resp. columns) are indexed by rank i and
rank j elements and whose entry in P ’s column (resp. row) and q ’s row (resp.
column) equals (V,j(p),q) (resp. (P, A,,(q)) P € Nj,q €N, IfA = V* then

Lj; = R}, forall i, j. (6.2)

For a fixed raising (resp. lowering) operator v (resp. Z) andfor0 <i < j <k <n,
we have

6]/(6,7 = 6,-[( (resp. Zj,' ij = Zki), (6.3)
which implies
RjxRij = Ry (resp. LjiLyj = Ly;). 6.4
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Ifv (resp. A)is the Lefschetz raising (resp. lowering) operator, we use the notation
LR;; (resp. LLj;)instead of R;; (resp. Lj;). In particular, L R; ;11 is the incidence
matrix of rank i 4+ 1 versus rank i elements, and the entry in p’s column (resp. row)
and g’s row (resp. column) of LR;; (resp. LLj;) equals the number of saturated
chains from p to g, p € N;, g € N;, which can be easily derived from (6.4). Note
that, as above, LLj; = LR,.TI.. We call the matrices L R;; the Lefschetz matrices
of P.

Let ker;; (V) be the kernel of V,j, that is, ker;; (V) ={pe N, YT, ((p) }
and let rank ;; (V) be the rank of V, j» that is, the dimension of V, 3 (N,) Often we
use the shorthand notatlon ker;; and rank;;. From linear algebra we know that
ker;; is a subspace of N and that rank ;; equals the matrix theoretical rank of the
matrix R;; and, moreover,

rank;; + dimker;; = dim N; = w;, (6.5)
rankij = rank R,'j < min{Wi, Wj}. (66)

If rank; j = min{W;, W;} we say that R;; and V, ; have full rank. Moreover, we
say that V has the full rank property if all V, j» 0 < i < j < n, have full rank.
The definitions for lowering operators are analogous. For the sake of brevity, only
raising operators are mentioned in the following. From (6.2), (6.5), (6.6), and
Lemma 6.1.1 we derive immediately:

Lemma 6.1.2.

(@) W; <Wjand 6; j has full rank iff 6,' j is injective,
b) Wi >W;and Vi ; has full rank iff 6}", is injective,

(©) Vs of full rank iff V* is of full rank.

Lemma 6.1.3. If there exists in P a raising operator v of full rank, then P is
rank unimodal.

Proof. Assume that there are i < h < j such that W) < min{W;, W; i}. Then
by (6.4) R = RpjRip, implying min{W;, Wi} = rank;; < mm{rank Ryj,

rank R;,} < Wy, a contradiction. [ |

Later we will see that the full rank property is a criterion for the strong Sperner

property. But let us look first at a weaker condition that already implies the Sperner
property.

Theorem 6.1.1. Let P be rank unimodal. If there exists an order-raising operator

V in P such that V, i+1 is of full rank for all 0 < i < n — 1, then P has the
Sperner property.
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Proof. Let W), be the largest Whitney number and let S € N;. We show that for
i <h,|S| <|V(S)|,and fori > A, |S| < |A(S)|. By Theorems 5.1.1 and~5.l.2
this is sufficient for the proof. Indeed, if i < h, W; < Wi impyi\né that V; ;41

is injective. Since V is order raising, 6,_,~+. (§) is a subspace of V(S). Hence

S| = dim S = dim ¥; ;11 ($) < dim V() = [V(S)|.

If i > h, we may argue analogously using v n

i+1,i*

For a product of two chains, there is a nice way to compute the rank of Lefschetz
matrices:

Theorem 6.1.2. LetP=(0<1< --- <n)x (0 <1< --- <np). Then Vy,
has the full rank property.

Proof. Though this result can be obtained by calculating determinants with bino-
mial coefficients as entries in an elementary, but nontrivial way, we will do a little
bit more by giving a combinatorial interpretation of corresponding determinants.
This approach is due to Gessel and Viennot [222]. Letn := r(P) = ny + n. First
we show that the square matrices LRy -k, 0 < k < %, have nonzero determi-
nant, that is, full rank. We index the elements in the kth resp. (n — k)th level from
left to right according to Figure 6.1. Thus we have the elements py, ..., py (resp.
q0, - - - » qk)- Let € ,_k be the set of all saturated chains C starting at some point
5(C) in the kth level and ending at some point e(C) in the (n — k)th level. For each
C € Cpn—k,let A(C)bea ((k+1) x (k + 1))-matrix whose entry a;j(C) equals
Lif s(C) = p; and e(C) = g;, and 0 otherwise. Obviously,

LRink= ). A(O).

CeCypi

By Leibniz’s definition of a determinant

det LRy p—i
= ) x(m Y a0x0©]... D kaw(©)
TESk41 CeCh i CeCh i

= Z Z X (m)ao,x©0)(Co) - - - ak,x ) (Ci),

(Co,.., CYEEH! | TESks1

where S is the symmetric group on {0, ..., k} and x (;r) is the character of 7.
It is easy to see that we may restrict the first sum to the set D of (k + 1)-tuples
(Co, ..., Ct) for which e(C;) = ¢; holds and for which the set of all starting
points is the whole kth level. For each (Cp, ..., Cy) € D, there exists exactly
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Figure 6.1

one permutation 7 € i) such that agp »)(Co) .. Q) (Cr) = 1 (we need

s(Ci) = pr@.i = 0,...,k), all other items in the second sum are zero. Let
sgn(Co, . .., Ct) be the character of that permutation. So we have
detLRenk= Y.  sgn(Co,...,Cp).
(Co.....C)ED

Now we define a mapping 7 : ® — D in the following way: Let (Cyp, ..., Cy) €
D. If the chains Cy, ..., Cy are pairwise disjoint, let t(Cy, ..., Cy) := (Co, ...,
Ck). Since we indexed the elements in the corresponding levels from the left to the
right, this can be the case only if the corresponding permutation 7 is the identity
— that is, only if sgn(Co, ..., C¢) = 1. If the chains Cy, ..., Cj are not pairwise
disjoint, look at all intersection points and choose the lexicographically smallest
point p (first minimize the first coordinate, then the second coordinate). Let o be
the least integer for which C, and C, intersect in p for some y # «, and let B
be the least integer for which C,, and Cp intersect in p. We construct Cy by first
following C, to p and then following Cjg to the end. Similarly we construct C;
by following Cg to p and then C,, to the end. Now let

7(Co, ..., Cyy ..., Cp, ..., Cy) = (Co,...,C;,...,C;‘...,Ck).

Noting that the set of intersection points is invariant with respect to t, it is easy

to see that 72 is the identity map, thus 7 is an involution. Moreover, in the case of
intersection

sgn(t(Co, ..., Cx)) = —sgn(Co, ..., Cy)
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since the corresponding new permutation is obtained by transposing two elements
in the corresponding original permutation. Thus

det LRy n_k = > 1+ > sgn(Co,...,Ch)
(Co,...,Cr)eD (Co,....Cr)ED
pairwise nonintersecting with intersections

{(Co, ..., Cy) € D : pairwise nonintersecting}|

+% Y. (sen(Co,..., Cp) +sgn(x(Co, ..., Ck))
with intersections

= |[{(Co, ..., Cy) € D : pairwise nonintersecting}|.

Thus we obtained a nice combinatorial interpretation of our determinant. From our
results on symmetric chain partitions of products (see the proof of Theorem 5.1.5),
we know that there really exist k+ 1 pairwise nonintersecting saturated chains from
the kth to the (n — k)th level; hence

det LR n—i #O.

Let us now consider all matrices L R; j» 0 <i < j<n Weassumethati+ j < n,
since the other case can be treated analogously. Obviously, W; < W;. From the
symmetric case solved previously and the rank inequality for products of matrices,
we obtain W; = rank LR; ,,_; = rank LRjn-iLR;j < rank LR;; < W;; that is,
rank LR;j =W;. |

Now we will use this result to calculate the ranks of our matrices (resp. operators)
for products of arbitrary ranked posets. To do this, we need several preparatrons Let
Vbe araising operatorin P. A \ set S={b,bi*,. .. b } of elements of Piscalled
a ranked Jordan string from Nito N; i with respect 10 Vif b* € Nk, k=i,...,J,
and V(oF) = pF+1 k=, ..., j-1, V(/) = 0. Note e that a ranked Jordan string
generates an invariant subspace of P with respect to V denoted in the followrng
by Vijn (h enumerates the ranked Jordan strings from N, to N; ;). A basis of P that
is a union of ranked Jordan strings is said to be a ranked Jordan basis of P with
respect to V. Soon we will see that such a basis really exists. But let us first define

~ rank;; +rank;_j j41 — rank;_; j —rank; ;1 if0<i<j<n,
5ij(V):=

otherwise
(if the operator V is clear from the context we will write briefly s;;).

Lemma 6.1.4. In every ranked Jordan baszs B of P with respect to V there

are exactly s;; ranked Jordan strings from Ni to N with respect to V, where
O<i<j<n

6.1 The full rank property and Jordan functions 215

Proof. Let B; := BN ﬁ, Obviously, B; is a basis of ﬁ, and the elements of
B, belong to ranked Jordan strings startmg in some N, with u < i. Obvrously,
V, g (N,) is generated by the elements V, j(b) with b € B, We have V, j(b) = 0
1f b belongs to a ranked Jordan string ending in some Nv with v < j; otherwise
V, j(b) belongs to B. Consequently, rank;; = dim V, j (N,) = number of ranked
Jordan strings from N,, to Nu with u < i,v > ] Hence rank;; —rank; i1
equals the number of ranked Jordan strings from Nu to N; /; with u < i and finally
sij = (rank;; —rank,‘,+1)~— (rank,_l'j —rank;_j, j+1) equals the number of
ranked Jordan strings from Ny to Nj, 0 <i < j <n. ]

Theorem 6.1.3. Let V be a raising operator in P.

(a) We have s;; > 0 foralli, j.

(b) There exzsts a ranked Jordan basis of P= No [ RN ) Nn with respect to V
that is, P can be written in the form P= Do<i<j<n €Bh _1 Vijn where each
Vijn is a subspace generated by one of the s;; ranked Jordan strings from N,
to N;.

Proof. Let0 < i < j < n. Obviously, ker;; C ker;, j+1; hence we may look at
the factor space ker; ;11 / ker;;. Its elements U are of the form v + ker;; where v €
ker; j11 (visa representatwe) Furthermore, V(ker, 1,j) C ker;; ij- So we define
the mapping V,j ker;—y j+1/keri—1,; — ker; j41/ker;; by V,j(v) = V(v)
where v € ker;_1, j41. This mappmg is well defined since, for orv—we ker;_1,j,
we have §(v —w) = ?7(1)) V(w) € ker;;. Furthermore V, j is injective since
1'Vw;(_ ) = O iff V(v) € ker;; iff v e ker;_y ; iff U = O Consequently,

dim Vij(kel‘i_l,j.;.] /ker;_l,j) = dim keri_lyj.,_l /keri_y, j
= dimker;_y, j+| —dimker;_; ;.
Let B;; be a basis of ker; ;.41 / ker;;/V;j(ker;_y, j+1 / ker;_1, ;). Then
|-B_,;| = dimker; j;| —dim ker;; —dimker;_; j4| +dim ker;_y,;
= rankij + l‘al‘lk,'_l'j+1 - rank,-_l,j - rank,~,,~+1 = Sij.
In particular, 0 < [B;;| = s;}, so (a) is proved.
Now take for each element of B_,, (which is a class of classes) one representative
lying in ker; ;1 /ker;; (which is a class), and then take for this class again a

representative lying in ker; ;1. This procedure gives us first a set B;; and then a
set B;; of elements of N; where | B; jl = sij. Let

B:=J U®Io.....¥ 7).

0<i<j<n bGBij
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We have finally to show that B is the desired ranked Jordan basis. First of all, the
set {b,...,V/=i(b)},b € B; ;, is a ranked Jordan string from N; to ﬁ, because
(1) its elements belong to ]7,-, cees IVj, (2) they are not the zero vector because
of b ¢ ker;;, and 3) V(V/~/(b)) = Vit!1~i(b) = ¥, ;;,(b) = 0 because of
be kel‘,', J+1 -

In the following we often use the fact that, if U is a subspace of a vector space
V and By is a basis of U and By is a set of representatives of all elements from
a basis of the factor space V' /U, then By U By y is a basis of V. It is sufficient
to show that BN ﬁi is a basis of ﬁ, for 0 < i < n. We proceed by induction on i.
First note that for all i

{0} = ker;; C kerjiy1 € - C Kerj iy = Nj.

In order to realize the induction we prove a little bit more:
Claim. Forall 0 <i < j <n + 1, the set
Jj-1 -
Bnker;; = (BuU{V(b):be BN (keri_y 141 — ker;_11)})
I=i
is a basis of ker; j and B N (ker;; — ker;, j—1) is a set of representatives of a basis
of ker;; / ker;, j—1.

lirom this claim we obtain in particular that B N keriy+1 = BN ]Vi is a basis
of N; and we are done.

Proof of Claim. Let i = 0. Note that ker_; ; = {6} for all j. So we have only
to prove that U,Col Bo,; is a basis of kerg, ;, but this follows easily by induction on j.
In particular, By ;_; = BN (kero,; —kero, j—1), j > 1, is a set of representatives
of a basis of kerg, j / kerg, j_1 by construction.

Now consider the step i — 1 — i. We prove our claim by induction on ;.
Usually we have to start with j = i + 1. But we turn immediately to the induction
step j — j + 1 since the arguments are analogous. The set B N ker; ;4 can be
obtained from B N ker; j by adding the elements from B; U {%(b) :be BN
(ker;—1, j41 — ker;_1,;)}. Since by induction (on i) BN (ker;_1 j41 — ker;_y ;) is
asetof rgl)resentatives of abasis of ker;_, j+1/ker;_y jandsince ?j isinjective,
the set {Z&) :b € BN (kerj_, j+1 —ker;_y ;)} is a set of representatives of a
basis of V;, j(l@_l, j+1/ker;_y_ ;) that is a subset of ker; ji1/ker;, ;- This basis
togetheL with B;; forms a basis of ker;, j+1/ker;;. Thus B N (ker;, j+1 —ker;;) =
Bij U{V():b e BN (ker;_ 1,j+1 —ker;_p ;)} is indeed a set of representatives
of a basis of ker;, j+1/ker;;, and these elements together with a basis of ker; ; form
a basis of ker;, j41. [ ]

XVe call asubspace V of P a ranked subspace if V is the direct sum of subspaces
of N;,i =0,...,n—thatis, if V = EBLOV N N;. If, moreover, V is invariant with
respect to some raising operator V, then by Theorem 6.1.3 there exists a ranked
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Jordan basis of ¥ (in the proof of Theorem 6.1.3 we must only always take V' N ﬁi

instead of Nj;). o o
With a raising operator V in P we associate now its Jordan function J(V, P;

x, y) defined by
J(%, ﬁ;x, y) = Z s;j(xi +xith 4 -I-xj)yH'j,
0<i<j<n

that is, a polynomial in the variables x and y with nonnegative (lly Theorem
6.1.3(a)) integer coefficients. For an invariant ranked subspace V' of P, we define
the Jordan function J(V, V; x, y) in the same way; except that here s;; counts the
number of ranked Jordan strings from N; to N; belonging to a ranked Jordan basis
of V. Let us write J(V, P; x, y) in the form

JV, Pix, ) =Y au@)xty,
Kl

where here and in the following, the summation is extended over all pairs of integers
(resp. over all integers) (there is only a finite number of nonzero items). We call
the numbers ay; = ak,(%) the Jordan coefficients of 6, whereas the numbers
Sij = S j($) are said to be the string numbers of v. Directly from the definitions
and Theorem 6.1.3(a) we obtain:

Lemma 6.1.5. The Jordan coefficients of V have the Jfollowing properties:
(@ aw =0ifnot0<k<l<k+n<2n,
b)) 0<ap =aj—1 < aky1,0 =ai—k-1,1 forall 0 <2k <1 < 2n,

(©) ar = 3 <minik,i—k) Sil—i-

Knowing the Jordan coefficients, we may determine the string numbers, and from
both we may derive the rank numbers:

Lemma 6.1.6. Letay, k,! € Z, be the Jordan coefficients of V. Then
@ sij=aii+j—ai—1,i+jif i <J,
(B) rankij =3, > ; Suv,
(c) rank;; = lei+j aj + 212i+j+1 aiif i < j.
Proof. (a) If i < j then by Lemma 6.1.5(c)
Aii+j — Ai—L,i+j = Zsu,i+j—u - Z Su,i+j—u = Sij.
u<i u<i—1

(b) This fact follows from the proof of Lemma 6.1.4. It can also be derived by
the observation that every other item is canceled in the summation if we write Suv
in the form given by its definition.
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(c) From (a), (b), and Lemma 6.1.5(b) it follows that for i < ;:

I"'fu'lkij = Z Quu+v — Au—1,u+v

u<i,v>j

= Z Qul —ay—1,1 = Z Z: ayl —ay—1,]
u<il—u>j I u<min{i,/—j}

= Z a-j1 + Z ail
I—j<i I—j>i

Tt Y w
Isi+j Izi+j+1

The preceding results hold analogously for invariant ranked subspaces. Fur-
thermore, if V' is the direct sum of invariant ranked subspaces, V = V| @ V5, then

evidently, V' is also an invariant ranked subspace and directly from the definition
it follows that

IV V1@ Vaix,y) = IV, Visx, ) + IV, Vi x, ). (6.7)

Let us consider chains of the form C;; : ji=0<i+1l< .- < j), wherer(l) =
I, i <1 < j. Here make an exception from the usual condition that r(p) = 0 for

some minimal element p. Obviously,
IV, Cijix, ) = & + x4 +xlyyitd,

Moreover, by Theorem 6.1.2, VL has in C;, ;, x Cj,, j» the full rank property.
Hence, for i) +iy <k <1 < ji + js,
Wi ifk+1<ii+ir+ ji+ js,

ranky =
W;  otherwise

(note that this chain product is rank symmetric and rank unimodal). Consequently,

S ’Wk—Wk—l ifk+1=ii+iy+ ji + jo,
kl =

otherwise.
Since
b g . - -
O e b X)X 4o xI2) = Wy 1V Wy it
4.+ le+j2le+j2’
we obtain

JOVL Ciji X Cig i %, 3) = J(VL, G 2, IV, Cop i %, ). (6.8)
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This product property can be generalized to direct products of ranked ed posets. In
order to avoid the notion of the tensor product, let ¢ : Pl X P2 — P x P2 be the
bilinear mapping defined by

‘( Z ap Pl Z ﬂpzﬁZ) = Z op Bp, (1;,\1’/2)-

p1eP PP (p1,p2)EPIX P2

Since dim Pl X Py = |Py x P;| = |Pi||P2| = dim P1 dim P2, it follows easily
by proving linear independence that for given bases Bm of By, m = 1,2, the set
B :={1(b1, by) : by € By, by € By} is abasis of P x P2 For the sake of brevity,
we omit in the following the letter ¢ and write (b1, b2) instead of ¢(b1, b2) and so
on.IfV, isa subspace of 13',,, and B, is a basis of V;y,m = 1,2, thenlet V| x 1
be the subspace of Pl x P, generated by {(b1,b2) : by € B),,m =1, 2} (thlS
definition is 1ndependent of the basis). In particular we can then write Pl X Pz
instead of Pl x P;.

For linear operators &, : ﬁm — 13,,,, m = 1,2, we define their product
P x Dy sz - Pl/;'l/’g on the basis {(1;,\})/2) :(p1, p2) € P1 x P2} by

(@) x D) ((p1, p2)) := (@1(p1), P2(p2)).

If V,, is an (order-) raising operator and Z,, the identity operator on ﬁm ,m i}’/ 2,
then obviously Vi x I + I} x V3 is an (order-) raising operator on P; x P;.
Moreover, for the Lefschetz operators we have

V(P x P)=V(P) x b+ 1 x Vi.(Py),

and analogous results hold for lowering operators.

Theorem 6.1.4. Let ¥, be raising operators on Pp.m =1,2. Then

JVi x L+ 1 x Vo, P X Py x, ) = J(Vy, Pi; x, J(Va, Pos x, ).

Proof. Roughly speaking, we are concerned with the generating function statement
that a product of two du'ect sums of strmgs is the sum of the products If we
have, for example J(Vl, Pl X, y) = 0 +x! +x2+ x3)y + (3 + x4)y

and J (Vz, Pz, X, y) (x + x4 x2)y? y then multlphcatlon with the result
(x9 +x +x +x3 +x* +x5)y + o+ xS+ 223y +
3 4+ x* + x5 +x6))° y + (x + x5) y’ can be 1llustrated asin Flgure 6.2. Briefly,
let P:= P x P, and V := V, X 12+I| X Vz Let us write each Pm,m =1,2,

in the form of Theorem 6.1.3, where each V;,, ;.»,, is generated by some ranked
Jordan string (B, Vi (b)), - . ., V" ™™ (b,y)} (b depends also on iy, Jms hm))-
It is easy to see that Vj, j 5, X V,2 Jahy is an invariant ranked subspace of P with
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&

Figure 6.2

respect to V. We have
Tms Vi g %2 9) = (7 o o gy yim+im 6.9)

Asbefore,letC;,, j, = (im < -++ < jp)and D := C,l j1 X Ciy j,. To calculate the
Jordan function of V;, ;, hi X V,2 jahs With respect to V, consider the linear mapping
S Vijihg X Vigjohy = Dglven by

SONGD, V2(02) = Gin, 42), O <t < jm — iy m=1,2.

Of course, f is bijective. But the most important fact is that f and the raising
operators commute in the following sense:

SN=D) S, e, fT'ED) =
Consequently, applying f ~! to a ranked Jordan basis of D with respect to VL (D)
gives a ranked Jordan basis of V;, jihi X Viyjoh, with respect to V with the same
string numbers. In view of (6.8) and (6.9) we obtain
J(%, Vi1j1h1 X Vi2j2h2; X, y) = J(€L9 5; X, y)

= TV Vi juins % )T (V2, Vi iy %, 9). (6.10)

For the sake of brevity, let form = 1, 2,
Zm = {(im, Jmshm) 10 <ip < Jm < r(Pn), I <h, < Simjm(em))-

Now we have

=@ Gy, ji,hez, Vivjihi X Vigjyhy.
(i2,j2,h2)€Z;
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From (6.7) and (6.10) we finally obtain
J(V, P;x, y)

= > IO Vijh X Vigjahai X, )
(1. j1,h)eZy
(i2,j2,h2)€Z>
Yo IOV x NIV, Vi %, )

(i1, J1,h)€EZ)
(i2,j2,h2)€Z>

=( > J(%,Vi,jlh,;x,y))( > J(vz,V,-zjzhz;x,y)>
@1, j1,h)€eZ)

(i2,j2,h2)€Z>

= J(V1, Pi;x, ) J(V, Po; x, ).

As in the case of normality, the situation is easier for rankwise direct products.
Let P, be ranked posets, m = 1,2, and let n := r(P;) = r(P,). As for direct

products we use, fori =0, ..., », the short notation
( Z ap, P1, Z Bp» 52) op, Bp,(p1, P2).
PLEN;(Py) P2€N;(P2) (p1,p2)EN; (P %, P2)

If By, is aranked basis of By, m = 1,2, then B := U7_((b1, by) : by eN(P,)n
31 by e N,(Pz) N B} is a ranked basis of Pl/;_r/Pz Moreover if &, : Pm
Pm, m =1, 2, are linear operators we may define @ x, @, : P1/>_<\7’2 - P1/>_<\,_7’2
on the basis U7_o((p1, p2) : (p1, p2) € Ni(Py) x Ni(P2)},i =0, ...,n, by

(P ><r¢2)((171, p2) = (®1(p1), P2(p2)), p1 € Ni(P1), p2 € N;i(P).

If V, is an (order-) raising operator on P,,,m = 1,2, then V; x, V5 is an (order-)
. — N
raising operator on P, x, P,; moreover,

VL(Py %, Py) = V1 (P) x, Vi (Py),
and analogous relations hold for lowering operators.
Theorem 6.1.5. Let 6,,, be raising operators on 13;,,, m=1,2, and let r(P)) =
r(Py).
(a) Fori < j, rankij(el X, 52) = rank ij(el)rank ij(§2),

®) If Yy and ¥, have the full rank property, then ¥y x, ¥, has the full rank
property, too.
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Proof Clearly (b) follows from (a) so let us prove (a). Let P := P| x, P, and
V= Vl Xr V2 Choose for each V,,,, m=1,2,a ranked Jordan basis B,n with
respect to Vom. Then we obtain a ranked Jordan basis B of P with respect to Vinthe
following way: Take all pairs of Jordan strings from B (resp. B), for instance,
the Jordan strings {bjy, bir ™', ... bi"}m = 1,2. Let i := max{i, iz}, j o=
min{ji, j2}, and form {(&', b2) (b"H b”"), @, b’)} Then obviously
bF, b%) € Nu(Pr %, Py), V(B b8) = **H! b5y k= 4,...,j— 1, and
Y~7((bj s bi)) = 6 that is, we obtain ranked Jordan strings. The umon B of these
strings has the form B = U]_,{(b1, b2) : by € N,(Pl) NBy, by € N,(Pz) N B};
that is, it 1s a ranked Jordan basis. The construction gives a ranked Jordan string
meetmg N, (P %, P2) and N; ,(Pl X, P3) 1ff the taken ranked Jordan strings also
meet N, (P1) and N,(Pl) (resp N, (P,) and Nj(Pz)) By Lemma 6.1.6(b) we have
rank; (Vl) (resp rank;; (Vz)) (independent) choices. Consequently, we obtain
exactly rank;; (Vl) rank;; (V2) ranked Jordan strings meeting N, (Pl Xy P2) and
N,(Pl xr P,), and by Lemma 6.1.6(b) this number equals rank; (Vl Xy Vz)

]

The proof of Theorem 6.1.2 motivates the following definition. We say that the
ranked poset P of rank n := r(P) has property T if forall 0 < i < j < n there
exist min{W;, W} pairwise disjoint saturated chains starting at some point in the
ith level and ending at some point in the jth level. The following theorem is mainly
due to Stanley [439] and Griggs [238] ((i) < (ii)); see also [391].

Theorem 6.1.6. Let P be a ranked poset. The following conditions are equivalent:
(i) P is rank unimodal and has the strong Sperner property,

(ii) P has property T,
(iii) there exists an order-raising operator V on P with the full rank property,
(iv) there exists an order-lowering operator A on P with the Jull rank property.

Before proving this theorem, we need a lemma that is interesting for itself.

Lemma 6.1.7. If P has the strong Sperner property then for any S C [0, n] the
S-rank-selected subposet Pg has the strong Sperner property, too.

Proof. We order the Whitney numbers using a permutation 7 of [0, ] : Wroy) <

- < Wam. Let S = {mw(@G1),...,m@)} withiy > .. > jjandletl < k < 1.
Assume that Pg has not the k-Sperner property. Then there is some k-family Fy in
Pssuchthat | Fy| > Y%_ 1 Wiy But F' := (U”_,k Nz(j)— 1Nﬂ(t,)) UFgisan
(n —ix +1)-family of size greater than Y =it W) contradlctlng the (n —iy +1)-
Sperner property of P. |

Proof of Theorem 6.1.6. (i) — (ii). Let 0 < i < J < n.ByLemma 6.1.7, in
particular the [, j]-rank selected subposet has the (j — i)-Sperner property and
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by Lemma 4.5.1(a) the 1-cutset property. Moreover min{W;, W;} is the smallest
Whitney number of that subposet by rank unimodality. Now Corollary 4.2.2(b)
implies the existence of min{/;, W;} maximal chains in that subposet.

(ii) — (iii). We proceed by induction on the rank n of P. If n = 0 we do not
have to prove anything. Let n = 1. By the supposition, there exist min{Wo, W}
pairwise disjoint chains (p; < g;), pj € No,q; € N1, j = 1,..., min{Wo, Wy}.
If we define V by

g; if p= p;forsome j=1,..., min{Wo, W1},
V() =

0 otherwise,

then V is obviously an order-raising operator with the full rank property. Now
consider the step n — 1 — n (n > 2). Suppose first that Wy < W,. Let P’
be the [1, n]-rank selected subposet of P. Obviously, P’ has property~T, and by
the induction hypothesis, there exists an order-raising operator V' on P’ with the
full rank property. We extend V' to an order-raising operator on P by setting
v (p) := 0if p € Nyp. By the supposition there exist Wy pairwise disjoint chains
(pon < - <p,,;,)suchthatpkheNk,k-0 ,nh =1,...,Wyo. We
define the order-ralsmg operator V= V(a) on P dependmg ona real number o
(to be defined later) in the following way: Let

- [6'(5)+a;k+l,h fp=pep k=0,....n—1,h=1,...Wy),

V(p) =1 .
vV'(p) otherwise.

Obviously, Visan order-raising operator for any & € R. We have to prove that o
can be chosen in such a way that V has the full rank property. Letl <i < j<n
and consider the associated matrix R;; = R;;(«). Since the entries of R; ;4| are
linear functions of @ and R;; = Rj_1,;- -+ Rit1,i+2R; 41, the entries of R;; are
polynomials in o of degree not greater than j — i, in particular not greater than .

By the choice of V' there exists in R;; a minor of order min{W¥;, W;} which has
nonzero determinantif @ = 0. Since this determinant is a polynomial in & of degree
not greater than » min{W;, W}, itis nonzero for all but a finite number of values of
a. Thus all matrices R;; j» that is, all operators 5, j» 1 <i < j < n,have full rank
for all but a ﬁmte number of values of &. Now consider Ry ,j and Vo pl1<j=<n

If we write Vo Jj (Po.k), k=1,..., Wy, as alinear combination of the basis vectors
of N; ;, it is easy to see that the coefﬁcient of pj x is a polynomial in « of degree j
with leading coefficient 1, and all other coefficients are polynomials in « of degree
less than j. Thus the minor of Ry, ; (of order W) which is formed by the columns
indexed by po x and rows indexed by p;«, k = 1, ..., Wy, has the property that in
each row and each column there exists exactly one entry that is a polynomial in &
of degree j while all other entries are polynomials in « less than j. Consequently
its determinant is a polynomial in & of degree jW (and not the zero polynomial).
It is nonzero; that is, Rp,; and 50_ j are of full rank for all but a finite number
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of values of . Since we have only a finite number of exceptions, we find some
a € R such that V is of full rank. If Wo > W, we may argue similarly using the
[0, n — 1]-rank-selected subposet.

(iii) « (iv). This equivalence follows from Lemma 6.1.2(c).

(iii) — (i). By Lemma 6.1.3, P is rank unimodal. Let C; ;=0 < 1 < .-+ <«
k—1) and Py := P x Ci. By Theorem 4.3.1 we have dy(P) = d;(P:). Since each
Whitney number of Py equals the sum of at most ¥ Whitney numbers of P, it is
enough to show that P; has the Sperner property for each k. Let Wo(P) < --- <
Wh(P) > Wpp1(P) = -+ = Wy(P). Since Wi(Pt) = Wi_—1)(P) + -+ +
Wi(P), we have W;(Py) — Wi_1(Py) = W;(P) — W;_;(P). Let hy be the largest
index such that this difference is nonnegative. Obviously, iy — k < h < hy. Let
Vi := V x V.(C).

Claim. We have

@) rank; ;11 (Vi) = Wi(Po) if i < hy.
() ranki41(Ve) = Wis1(Pe) if i > hy.

These two equalities imply that P is rank unimodal and that 6,(,._,. +1 is of full rank
for all i. Theorem 6.1.1 then gives the Sperner property and we are done.

Proof of Claim. We prove only (a) since (b) can be proved in the same way.
Leti < hy. In view of Theorem 6.1.4 we have

IV, Peix, y) = (Zam,l(%xmy’) (14x+-- +xk71) bl
m,l

Hence the Jordan coefficients of 5;, are
(Vi) = au,v—(k~1)(§) + au—1,v—(k-1)(§) + ot au—g-1, v—(k—l)(";)-

From this equahty and Lemma 6.1.6(c) we may derive that our Claim(a),
rank; ;41 (Vk) =rank;, ,(Vk) fori < hy, is equivalent to

2 a0+ Y @@ = Y au@),
l

1<2i+1 2242

Z @i+11(Vi) — a1 (V) = 0,

1<2i+1

Z @i41,1--1) (V) = @i— k- 1)1~ -1y (V) = 0,
1<2i+1

Y @) —aigop (@) = 0. (6.11)
1<2i+1—(k—-1)

By the choice of 4 we have W;_ (k—1)(P) < W;11(P), and since V is of full rank,
it follows that

rank;_—1),i+1(V) = rank;_g_y) ;1) (V)
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which is in view of Lemma 6.1.6(c) equivalent to

Z ai111(V) + Z ai—g-1yu(V) = Zai—(k—l),l(e)»
I

1<2i+1—(k-1) 1>2i4+2~(k—1)

@it1,1(V) _ai—(k—l),l(e)) = 0.
1<2i+1—(k—1)

Consequently, (6.11) and hence our claim are proved. [ |

Theorem 6.1.7. Let P be a ranked poset and Van order-raising operator on P.
If Vo n is injective, then there exist Wy pairwise disjoint maximal chains in P.

Proof. FlI'St note that W is the smallest Whitney number in P since for all
0<ic<n, Vo n = V, ,,Vo, and thus Vo, is injective, implying Wy < W;. Using
the same arguments as in the proof (i) — (ii) of Theorem 6.1.6, we see that it
is enough to prove that P has the n-Sperner property, and looking at the proof
(iif) — (i) of that theorem, we see that we must prove the Sperner property of
P, = P x C,. But this follows also in the same way as in the aforementioned
proof. We have here k = n, by = n, and for i := n — 1 we need our supposition
rank o, n(V) =rank, o(V) ]

The full rank property is preserved neither by direct product nor by rankwise
direct product (consider the Lefschetz operators in the posets of Figure 6.3). If

=1

Figure 6.3

we have the additional condition that the posets are rank symmetric, then the full
rank property is preserved by these operations but such posets we study in detail
in the next section. In the case of rankwise direct product, a weaker condition is
sufficient.

Theorem 6.1.8. Let Py, P, be ranked d posets with n := r(Py) = r(P3) and let
Vl , V2 be raising operators in P1 and Pz, respectively. Moreover, let for alli < &
Wi(P) < Wi(Py) iff Wi(Pp) < W;(P2). Then the raising operator V| X, V2
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on Pl/x\r/Pz has the full rank property if both 51 and 62 have the full rank
property.

Proof. Let, wlo.g., W;(P, x, P;) < Wi(P1 x, P,),0 <i < j < n. Since
Wi(P1 X, Py) = Wi(P)Wi(P2), k = i, j, by our condition W;(Py) < W;(Py)
and W;(P;) < W;(P2). Using Theorem 6.1.5 and the full rank property of V, and

V, we obtain
rank,-j(el Xy %2) rankij(sl)rank,-j(%)

Wi(P)Wi(Py) = Wi(Py x, Py).

Example 6.1.1. The poset S Qy, , of subcubes of a cube has the full rank property,
and consequently S Qk n is strongly Sperner since it is a rankwise direct product of
“halved” posets S(k, k) and here the Lefschetz operator has the full rank property
by Theorem 6.1.2.

Let us finally study the full rank property with respect to quotients. We say that
a group G of automorphisms of the ranked poset P is rank preserving if r(p) =
r(¢(p)) forall p € P and ¢ € G. Note that by our definition of a rank function
not every automorphism group is rank preserving; see Figure 6.4. If G is rank

Figure 6.4

preserving we may define a rank function rpsc for the quotient P/G by
reic(p) :==r(p),pe P

where [ p] denotes the orbit containing p. The following theorem has its origin in
a work of Pouzet [384] who proved the Sperner property of the graph poset G,
(see also Pouzet and Rosenberg [385]). Proofs were given by Harper [260] and
Stanley [440].

Theorem 6.1.9. Let G be a rank-preserving group ofautomorphzsms of the ranked
poset P and suppose that the Lefschetz raising operator VL on P has the Sfull rank
property. Then there exists an order-raising operator Vin P/ G with the full rank
property.
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Proof. The proof of the Weighted Quotient Theorem 4.5.5 mentioned that when-
ever [p] < p;glq], the poset induced by {p* € P: p* € [pl}U{g* € P:q* €
[g1} is regular. We define for [p] < p/Glq],
c(p).lq)) = lg" € [q]: p < q*}|
(by the regularity c([ p], [¢]) is independent of the representative p). Moreover,
we define the order-raising operator V by
ViD= Y. clpllqDig]
[q):[g1>[p]

and we will show that V has the full rank property. Let us define linear mappings
[ P/G — Pandg P/G - Pby

fAp)i=— > pandgph = ) 7.
I[ ]lpEIp] p'elp]

Obviously, f and g are injective.
Claim. We have

@@ fV=V.f,
(d) gV*=ALg
Proof of Claim. (a) We have for all [p] € P/G

~ o~ c(lpl, [g]) ~/
SV(p) = — q,
[q]:[qzblp] lq1l qg[;i]

VL)) = oy g

I[ ] prelplq'q'>p*
In both cases we have linear combinations of elements g’ with the property [¢'] >
[p). The coefficient of g’ equals
Hg* € [g']: p < g%}
'l

for fV((p),

and

l{p* € [p]: p* <q'}|
2]

respectively. But these numbers are equal to each other by the regularity of the

poset induced by {p* € P : p* € [p]} U{g* € P : g* € [¢']} (count the number

of pairs (p*, g*) with p* < g*, p* € [p], ¢* € [¢’] in two different ways). So (a)
is proved.

(b) As in (a) g%*([;]) and A Lg([;]) are linear combinations of elements g’

with [¢'] < [p]. The coefficient of §’ equals in both cases [{ p* € [ pl: p*>q'}l,

for V., f((p]),
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so (b) is proved. O

From our claim it follows for £ > 0 that
FVk = VLfandgV* = ALg
Let0 <i < j < r(P). Then we have in particular
SV =V, fandgV% =K, g

If W;(P) < W;(P), then 6..’4'1‘ is injective by supposition and Lemma 6.1.2(a).
Since also f is injectivc Vi; must be injective, too — that is, of full rank. If
W; > W then AL is 1nJect1vc by supposition and Lemma 6.1.1(b) and Lemma
6.1.2(b). Since g is injective, V* must be injective; that is, by Lemma 6.1.2(b),
€7,~ ; is of full rank. [ ]

Applications of this theorem will be presented in the next section. We conclude
this section with a proposition we will need in Section 6.4.

Proposition 6.1.1.  Let P be a ranked poset for which there exists a group G of
automorphzsms of P whose orbzts are the levels of P, and let 0 <i < j < r(P).
Ifrank,j(VL) <Wj, thenp ¢ VLu (N,)forall p € N;.

Proof Each element g of G defines a linear mapping Ye ! P> P by yg( D) =
g(p) forall p € P. We have

yg% = %yg forallge G
since for any p € P
eViB) =Y g@= Y. =1y
q:9>p q:9>g(p)
Consequently,
veVi, @) = Vi, vg(p) forall € N;. (6.12)

Assume that for some p € Nj thereisa ¢ € N, such that VLu (¢) = p. Then
for each g € Nj, there exists by our supposmon an element g of G such that
q= g(p) From (6.12) we obtamq = ye(P) = }’gVL,, (p); thatis, g € VLu (N)
Thus N/ = VL, y (N,), which contradicts Wj > rank;; (VL) [ ]

This proposition can be applied to B, and L, (q) (take the automorphisms gen-
erated by permutations of the elements (resp. by bijective linear transformations)).
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6.2. Peck posets and the commutation relation

In the preceding section we learned that in order to prove the strong Sperner prop-
erty it is enough to find an order-raising (resp. order-lowering) operator with the
full rank property. A first approach is given in Theorem 6.1.9. In this section we
mainly restrict ourselves to rank-symmetric posets, for which it is easier to find
such operators with the full rank property. In honor of the “dummy” mathemati-
cian G.W. Peck and his best friends Graham, West, Purdy, Erdds, Chung, and
Kleitman, a ranked poset P is called a Peck poset if it is rank symmetric, rank
unimodal, and if it has the strong Sperner property. One finds equivalent condi-
tions in Theorem 6.1.6 where one has always to add rank symmetry. In partlcular
P is Peck iff it is rank symmetric and there exists an order-raising operator v
with the full rank property. If, in particular, the Lefschetz raising operator has

the full rank property, then we speak (in the case of rank symmetry) of a unitary
Peck poset.

Lemma 6.2.1. Let P be a ranked poset of rankn. It is Peck iff there extsts anorder-
raising operator V such that Jfor the Jordan function there holds J (V P X, y) =
F(P;x)y" where F (P x) is the rank-generating function of P. The poset P is
unitary Peck zﬁ’J(VL, P x,y) = F(P;x)y".

Proof. Let P be Peck. Then we find a V with the full rank property. We have
sij =0ifi + j # n,i < j. We verify this for i +Jj <n,thecasei + j > nis
analogous. By Theorem 6.1.3 and Lemma 6.1.6, and in view of the supposition,

Z Suv = 8ij = 0;

usi,isv<j

O=W;,—W; = rank;; —rank; ;| =

that is, s;; = 0. Consequently (using Lemma 6.1.5(b)),

min{j,n— j}
rank ;; = Z Suy = z Sijpn—i = E Sin—is
usj,v=j i<jn—ixj i=0

and further

TV Pix ) = Y sinsix 4o 2y

O<i<%
) n min{j,n— j} n
= Z ( Z Si,n—i) x/y" = (Zrankjjxj »

J=0
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Let, conversely, J (5, P;x, y) = F(P; x)y" for some order-raising operator v.
Then

€7) 0 ifl #n,

a =

u We ifl=n.

From Lemma 6.1.5(b) we derive 0 < apn = ann < Ai,n = Qn-1n < -}
that is, Wo = W, < Wi = W,_1 < ---, and thus P is rank symmetric and

rank unimodal. By Lemma 6.1.6(c) we have for 0 < i < j < n, in the case
i+j<n,rank;; = a;p = W; = mm{W,,WJ}, and in the case i + j > n,
rank;; = aj, = W; = min{W;, W;}; that is, V, j has full rank. The unitary case
follows easily from the general case. [ ]

Now we may derive quickly the following product theorem which was first
proved by Canfield [95], and then in different ways by Proctor, Saks, and Sturtevant
[391], by Saks [406] in a more general version, and by Proctor [388].

Theorem 6.2.1 (Peck Product Theorem). If P and P, are (unitary) Peck posets,
then Py x P, is a (unitary) Peck poset, too.

Proof. Let V,, be the corresponding order-raising operator of full rank on ﬁ
Applylng Lemma 6.2.1 and Theorem 6.1.4, we obtain for the order-raising operator
Vl ><12+11 szon P1 X Pp:

JVi x b+ I x Vy; P X Pas x,y) = J(V1, Prsx, 2J(Va, Po; x, y)
= F(Pi; x)y" P F(Py; x)ymP)
= F(Py x Py x)y P>,

that is, by Lemma 6.2.1, P; x P; is (unitary) Peck. [ ]

Example 6.2.1. Since chains are clearly unitary Peck, we conclude from Theorem
6.2.1 that B, and more generally S(ky, ..., k,) are unitary Peck.

The full rank of the Lefschetz (and, equivalently, incidence) matrices of B, was
discovered by Gottlieb [226] and, independently, by Kantor [284], who considered
L,(q) as well.

A consequence of Theorem 6.1.9 is the following quotient theorem:

Theorem 6.2.2 (Peck Quotient Theorem). Let P be a unitary Peck poset and G
a rank-preserving group of automorphisms of P. Then the quotient P/ G is a Peck
poset.

Proof. The proof of Theorem 6.1.9 already presented an order-raising operator v
in P/ /G with the full rank property. It remains to show that P/ G is rank symmetric.
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Since P is Peck, W;(P) = Wy_;i(P), 0 < i < 5.In the end of the proof of

Theorem 6.1.9 we found (with j := n —i) that V, n—i and ;i are injective; that

is, Wi(P/G) < Wy—i(P/G) and W,_;(P/G) < W,(P/G), 1mplying equality.
|

Let us mention that the quotient of a Peck poset is not necessarily a Peck poset
and the quotient of a unitary Peck poset is not necessarily a unitary Peck poset.
Examples are contributed by Stanley and can be found in [260].

Now we have the promised applications:

Example 6.2.2. Let P = S(m,...,m). To each permutation 7 of {1,...,n}
there corresponds an automorphism T of P defined by W (ay, ..., an) := (az(1,

.., ax(n)). Let G be the group of all such automorphisms of P. It is not difficult
to see that P/G = L(m, n). Since chain products are unitary Peck, L(m,n) is a
Peck poset.

Example 6.2.3. LetV be aset of n elements and P be the powerset of the set of all
two-element subsets of V. Then an element of P can be considered as a (labeled)
simple graph with vertex set V. We order P by inclusion. Then P = B(g). To
every permutation 7 of 'V there corresponds a permutation T of Ny (P) defined
by w({x, y}) := {m(x), m(»)}, which generates an automorphism of P. Then
each orbit can be considered as a simple graph on n unlabeled vertices; that is,
P/G = G, the graph poset. Since B(g) is unitary Peck, G, is Peck.

In a straightforward way we obtain from Theorem 6.1.5 a further product theorem.

Theorem 6.2.3 (Peck Rankwise Product Theorem). If P, and P, are (unitary)
Peck posets, then Py x, P, is a (unitary) Peck poset, too.

Example 6.2.4. The poset of square submatrices of a square matrix SMg,n is
unitary Peck.

Though the poset of subsquares of a square SQy, is not Peck (it is not rank sym-
metric, because in the product representation the factors are not rank symmetric)
we mention here that these posets are rank unimodal and strongly Sperner, which
can be easily concluded from Theorem 6.1.2, Theorem 6.1.5, and Theorem 6.1.6.

From the definition of a Peck poset, Lemma 5.1.1 and Theorem 5.1.4, it follows
that an sc-order is Peck. Now we introduce a notion that generalizes semi-sc-orders.
We say that aranked poset P of rank n is semi-Peck if there exists an order-raising
operator V such that rank ; i V) = Wiforall0 <i < < J <nwithi+ j < n (again
we add the word unitary if the preceding holds for VL)

Proposition 6.2.1. If P is a semi-sc-order, then it is semi-Peck.
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Proof. Let p € P and let C be the semisymmetric chain containing p. We set
6(5) = 0 if p is the maximal element of C and otherwise define 6(5) = q,
where g is the element of C that covers p. Then it is easy to see that rank ;; = W;
fori 4+ j <n. [ |

Theorem 5.4.1 remains valid also for this more general case.

Proposition 6.2.2. If P is semi-Peck, then Wy < W) < --- < Wr%1, and the
[0, [51]-rank selected subposet Q has the strong Sperner property.

Proof. For0 <i < ['—2’], we have W; = dim %LHI(]’\E) < dim ﬁ,’+1 = Witi.
The strong Sperner property now follows from Theorem 6.1.1. |

Lemma 6.2.2. Let P be a ranked poset of rank n. It is semi-Peck iff there is an
order-raising operator V such that y" divides J(V, P; x, y).

Proof. We have s;; = 0if i + j < n, since by Theorem 6.1.3(a) and Lem-
ma 6.1.6(b), 0 = rank;; — rank,',j.H = zugi,ifvsj Suy = Sij = 0. |

In view of Theorem 6.1.4 and Lemma 6.2.2 there follows immediately:

Theorem 6.2.4. If Py and P> are (unitary) semi-Peck posets, then P| x P, is a
(unitary) semi-Peck poset, too.

From Theorem 6.1.5 we conclude that an analogous result holds for the rankwise
direct product, too.

Example 6.2.5. The posets F}} as well as the duals of the posets Q, Int(S(k,
coskn)), M(ky, ..., kn), SQk.n are semi-Peck.

Now return to the symmetric case; that is, to Peck posets. What can we do if there
is given a poset for which there does not exist a product or quotient representation
as above? We may try to work with commutation relations as follows. Let P be
a ranked poset of rank » and let V and A be a raising and lowering operator on
P, respectively. We say that the pair Vv, A) has the commutation property, briefly
property C (see [161]), if there are real numbers po, ..., u, such that

VA - Z%)(ﬁ) = urpp forall pe P.

If in particular (61” A) has property C and if P has a unique minimal element,
then P is called by Stanley [442] u-differential. If in particular u; = 2i —n, i =
0, ..., n, then we say that (V, A) has the Lie-property.
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Example 6.2.6. (§L, KL) has thg Lie-property if P is the Boolean lattice By,
and it has property C with u; = (;)q - (" l—i)q if P is the linear lattice L,(q).
We verify zzis ~for Lhe latte:’f cgse:’vTake U e Ni(L,(q)) —that is, dimU = i —
‘L”d write Vi A1 (U) and AV (U) as a linear combination of the basis vectors
V.V € Ni(Ln()). Then the coefficient of V in VA (U) (resp. A1 V(D)) is in
both cases 0 ifdimV NU < i —1,itis1ifdimV NU =i — 1, and (i)q (resp.

("7 iV = U. Hence (VK — K, 9,)(D) = ((;‘)q - (”Ii)q) .

Example 6.2.7. Let C = (py <o < p,Q be a chain and let Z(f)}) =i(n —
i+ 1)pi-1, i =1,...,n, and A(pg) := 0. Then (Vi, A) has for P := C the
Lie-property.

After the following preparations we will see that property C of (%, Z) together
with some additional conditions implies the full rank property of v (and Z).

Lemma 6.2.3. Let f, g, h be natural numbers. Ifin Pthe pair «, Z) has property
C with the numbers KOs - ooy o, then there exists a linear operator g PP
such that forall p € Ny, h =0, ..., n,

RIVE(p) = (g + 764 VE /) (g) (6.13)
where
0 ifg>n—hor f>g,
afgn =11 ifg<n—hand f =0,

l'[if=, (ng;(;_ﬂh+j) f0< f<g<n-—h.

Proof. First, recall that we defined V&~ to be the identity operator if g < f. The
cases f =£) or g = 0 are trivial, thus let f # 0 and g # 0. Since {p: pe P}is
a basis of P, it is sufficient to consider the special elements ¢ = p where p € P.
We define

Qg(@) :=0ifr(@) > n—g.

Then (6.13) is satisfied for all p € P with r(p) > n — g since then Ve (p) = 0.

Thus it remains to define ¢(@) forr(qg) <n — g and to verify (6.13) for all p
withr(p) <n-—g.

We proceed by induction on f. Let S = 1. We proceed by induction on g If
g =1, we define

Q1,1(9) = 6(3) ifr(@ <n—-g=n-1.



234 Algebraic methods in Sperner theory
Then indeed, for #(p) < n — g, AV(F) = VA(P) — ux P by property C. Now
consider the step g — g+ 1 (g > 1). We set
Q,g+1@) = V@) ifr@@) <n-g—1.
Using property C and the induction hypothesis, we obtain for A := r(p) < n—g—1
AVET!(B) = AVVE(F) = VAVE(D)) — mrtgVE(D)
= Y gA(P) + a1, VE(B) — thigVE(P)
= Qu,g+1A(D) + 1,641, VE(D).
Finally consider the step f — f+ 1 (f > 1). We set
Qr41,0@) = A Q@) + @1,g 4R e-1(§) ifh <n—g.
We have (using the assertion for f = 1)forh:=r(p) <n-—-g
ATHIVE(B) = A (AVE(P)) = A Q1 gAB) + Ay 0V ().
The induction hypothesis yields further ‘
A a1 g1 VEN(B) = 01,4 (g1 AP) + afg 1.4 VE T (B)).
Consequently,
ATHIVE(D) = Qp1,6A(P) + a1 ghasg1.4VE T (F)
= Qp11,6AD) + 041,64 VEUT ().

We say that the sequence (i, . .., py) is regular iffor0 <l <k <n
mr+ g1 + -+ -+ pg = 0implies / + k = n,

that is, if every consecutive subsequence that is not symmetric with respect to Z 5
has nonzero sum.

Example 6.2.8. T he sequences w; = 2i — n (appearing in the Lie-property) and
Wi = (i)q - ("l—')q (appearing in Example 6.2.6) are regular.

Lemma 6.2.4. Letay gy be defined as in Lemma 6.2.3 and suppose that (1o, . . .,
WUn) is regular. Then, for 0 < f < g <n—2h, asg #O0.

Proof. In the product representation for o f.g.,h in Lemma 6.2.3, every factor is
nonzero by regularity. |
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Smularly to the previous notations we write ker; ;_ (A) for the kernel of A ti—1
(i.e., of A| 7, ). Let

Eiy =Yy i(kerr,—1(R)),i > 1. (6.14)
Obviously, E;; C N; foralli > 1.

Lemma 6.2.5. Suppose that Vv, A) has in P property C with the sequence
(0, - .., n). Let i, j, t be natural numbers with i > t and let oy g.n be defined
as in Lemma 6.2.3.

(a) All nonzero elements of E;; are eigenvectors of AIVI I;;;i to the eigenvalue
O, j+i—t,t-

(b) All nonzero elements of E;, are eigenvectors of VIiAJ II';;i to the eigenvalue
Oji—tt.

(¢) If,inaddition, V = A* then Ej; isorthogonalto E; 4, forall 0 < t; <t < i.

Proof. For (a)and (b),lety € E; ,, thatis, ¢ = Vi-t (¢"), where ¢’ € N, Z((p’) =
0.By Lemma 6.2.3,

(a) é’:Y’i((o) AJVIFi= "(¢") = O, j+i—t, tV' “(¢) = ) jyier,(9),

(b) VIA/ (p) = VIAIVI- '(‘P') =V/a;;_ uV' '"’(fﬂ)—%; 119

(c) Letg; € Ej 4, thatis, ¢ € V""((p,’) where ¢] € Ny, A((p,) =0,/=1,2.
We have

(w1, 02) = (VT (@)), V=2 (g))) = (g}, K =1T7~"2(g})) = (], 0) = 0
sincei —#; > i — t; and Z(goé) =0 (use again Lemma 6.2.3). [ ]
Theorem 6.2.5. Under the supposition that (V, Z) has in P property C with the
regular sequence (1o, . . ., iLy), we have

(a) ]\7, =Eio®-- ® E;; (direct sum) forall0 <i < 2,
(b) AJVI\g is injective forall0 <i < % and 0 < j < n — 2i.

Proof. In (b) we suppose j > 0 since the case j = 0 is trivial. We proceed by
induction on i = 0,..., 5] and prove (a) and (b) simultaneously. Let i =0.
Then Ego = Np, and by Lemma 6.2.5(a), Eo, is the eigenspace of A/VJI;V' to
the eigenvalue «;, j o, which is nonzero for all 0 < j < nbyLemma 6.2.4 (resp.
(in the case j = 0) by definition). Thus A/¥/ |~ » is injective for all 0 < j < n.

Now consider the step < i — i (i < 5)- From (6.5) (replace v by A) we may
derive

dimker,,_(A) = W, —rank,, \(R) > W, ~W,_,, t=0,....n.
Thus
dim E; ; = dimker; ;_,(A) > W; — W;_,. (6.15)
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By the induction hypothesis, A"~ 2gn- 2‘|~ is injective for all 0 < ¢ < i. Since
t <i < 5thereholdsi —t < n —2t; thus also A~ v is injective. By the

definition of E;; (see (6.14)) we have
dim E;,; = dimker,,_1(A) > W, —W,_;, 0<t<i. (6.16)

From (6.15) and (6.16) we derive

1

Zdim Ei.t > W; =dim ﬁi.

t=0
Thus for (a) it is sufficient to prove that the sum E; o + - - - + E;; is direct (note
that E,0+ 4+ Eii € Ni).Letg, € Eiy, t =0,...,i. We have to show that
Qo+ o= 0 implies ¢; = 0 forevery t = 0, ...,i. Let ¢ = ViTi(e)),
where ¢; € N, A((p,) =0, 1=0,...,i Hence @o + - -+ ¢; = 0 is equivalent
with

Vi) +-+ V@) + V) =0
V(T wp + -+ F)) +4f =D,
Applying A to both sides we obtain
AVl +-+¢/) =0,
where ol = %"‘1“(%) € Ei_14, 0 <t < i — 1. By the induction hypothesis
AV| N, is injective; consequently,
05+t =0,

and smce by the induction hypothe51s N, 1=Ei_1, 0@ Ei_1,i—1, it follows
that ¢ = =0 1mply1ng (since ¢; = V((p ")) that ¢; = 0,t= 0,...,i — 1. But then
clearly also ¢; = 0.

For (b), it is sufficient to look at the eigenvalues o, j4;—, of AIVI |~ (see
Lemma 6.2.5(a) and use the proved part (a)). In our case 0 < i < 5 and 0 < j=<
n —2i,hence by Lemma 6.2.4 (note that j < j+i —t < n —2¢) our eigenvalues
are nonzero, implying the injectivity of A/V/| 7 [

The following theorem is mainly due to Proctor [387], who proved the equiva-
lence (i) < (ii).

Theorem 6.2.6. The following conditions are equivalent for a ranked poset P of
rank n.
(i) P is a Peck poset,

@) there exist an order-raising operator Vanda lowering operator A such that
(V A) has the Lie-, -property,
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@ir) o there exist an order-raising operator Vanda lowering operator A such that
(V A) has property C with a regular sequence (110, . . ., lin).

Proof. (i) — (ii). Let V be the order-raising operator on P with the full rank
property, which exists by the remarks in the beginning of thls section. From The-
orem 6.1.3 and Lemma 6.2.1 it follows that we can write P in the form

~ Sim_i
P= @05,‘5% @h':l‘ I/i,h

where each V;;, is generated by a ranked Jordan string from 1\7,- to K’,,_,-. We
define the lowering operator on the elements of these strings, that is, on the
correspondmg ranked Jordan basis. To do so, consider any of the strings § =
{b, V(b), .. V” ~2i(b)}. We put (similarly to Example 6.2.7)

A(V"(b)) =k(n —2i —k + 1)V 1), k=0,....,n—2i.

Then it is easy to verify the Lie-property of (5, K).

(i) — (iii). This is clear since the sequence u; = 2i — n is a special regular
sequence (see Example 6.2.8).

(iii) — (i). By Theorem 6.2.5, in particular \Z lﬁ: is injective for all 0 <
i < 35,0 < j < n-—2i For the dual P* of the poset P, the operators v
(resp Z) are lowering (resp. raising). It is easy to see that the pair (Z, 6) has
in P* property C with the regular sequence (—pup, ..., —ug), hence again by
Theorem 6.2.5, AJIN is injective forall 0 < < %, 0 < J < n —2i. Taking
J :=n —2i in both 1nject10ns we obtain W; < W,_; (resp. W,_; < W;); that is,
Wi=Wni, 0<i<Z;thus Pi is rank symmetric. It remains to prove that V has
the full rank property. Con51der V,j = Vi~ ’|~ 0<i<j<nlIfi+j<n,
then V, ;j s injective by the preceding remarks; that is, it has full rank by Lemma
6.1. 2(a) Ifi + j > n, we look again at P*. We know already that (V* A*) has
1n P property C with (—u,, ... » —Ho). Theorem 6.2.5 yields the injectivity of
(V*)/ - |~ and by Lemma 6.1.2(b), Vi ; has full rank. [ |

Remark 6. 2 1 P is unitary Peck iff conditions (ii) (resp. (iii)) in Theorem 6.2.6
hold, with V = VL

Example 6.2.9. In light of Example 6.2.6 and Example 6.2.8 we conclude im-
mediately that the linear lattice L, (q) (and again that the Boolean lattice B,)
are unitary Peck. From the Peck Product Theorem 6.2.] it Jollows, moreover, that
modular geometric lattices are unitary Peck.

One has still much freedom in constructing v, A) satisfying conditions (ii) (resp.
(iii)) of Theorem 6.2.6. But one has to solve a nonlinear (quadratic) system of
equations with a very large number of variables (the unknown coefficients in the
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corresponding linear combinations). So let us restrict ourselves to the special case
when V = V, and when A is an order-lowering operator. Moreover, we will
consider only modular lattices though the results can be given in a more general
form (see Proctor [387]). Note that whenever p and g are two elements that cover
(resp. which are covered by) a third element then necessarily this third element is
pAq (resp. pvg),andr(p) =r(g) =r(pAgq)+ 1 (tesp. r(pVgq) — 1). Since
r(p)+r(@) =r(pAq)+r(pVg), pandq are covered by (resp. cover) a unique
fourth element, namely p Vv g (resp. p A q).

We say that the modular lattice P of rank n is edge-labelable if there is a
function f : E(P) — R such that

fp,pvqg)= f(pAg,q) forallp,ge Pwithp,g<pvg (6.17)
and

> fley= ) fley=2r(p)—n forallpe P. (6.18)

et=p e~=p
Corollary 6.2.1. Every edge-labelable modular lattice is unitary Peck.

Proof. For p € P, we define

A(B) =Y f@p)q.

q:9<p

It is easy to check that (Y1, A) has the Lie-property. [ |

Before giving examples of edge-labelable modular lattices, let us study the
connection to the variance problem.

Theorem 6.2.7. Every Peck poset (with weight w = 1) is rank compressed.

Proof. A Peck poset P of rank n is rank symmetric and has property T (see
Theorem 6.1.6). Hence there are W; pairwise disjoint saturated chains from N; to
Np—i (i < %) and consequently there is a bijection ¢ : P — P such that

) +re(p)=n and p<p(p) ifr(p) <3

(map a bottom element of such a chain onto its top element and conversely, the
elements of N; one leaves invariant). We will verify condition (iii) of Theo-
rem 4.4.1. Note that P equals the active poset P,. Let F be any filter in P and
define F' := {p € F : r(p) < 5). Obviously, ¢(F') € F and F' Ng(F') = 0.
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Hence,

1 1
wF) = @ rp == | L@ +reen+ Y )

peF peF’ pEF—(F'UQ(F"))
1 n n
> = (IFIn+(F = 21FD3) = 2 =,
2 o (1Fn+ 0P =20 3) =2 =
and the proof is complete. [ ]

A Peck poset with weight function w = 2 is of course also rank compressed;
hence by Theorem 4.4.1(i) <> (v) there is a representation flow on (P, 2) relative
to r —that is, a function f : E(P) — R, such that

Yo=Y f(e)=2(r(p)—§)=2r(p)-—n forall p € P.

et=p e~=p

In the definition of an edge-labelable modular lattice we have exactly the same
equation, but we did not require that f(e) > 0 foralle € E. It is interesting that
conditions (6.17) and (6.18) already imply this nonnegativity, which means that in
edge-labelable modular lattices, we are working with representation flows:

Theorem 6.2.8. Let P be a modular lattice and f a Junction from E(P) into R
satisfying (6.17) and (6.18). Then f is nonnegative.

Proof. Let e* € E(P) be any fixed arc with o := f(e*) #0andlet 4 := {e e
E(P) : f(e) = a}. Let I be the set of those elements of P that can be reached
from a minimal element of P on a saturated chain not using arcs from A4, and let
F:=P—-1.

Claim 1. [ is an ideal, that is, F is a filter.

Proof of Claim 1. Assume the contrary. Then there exist P,q € P with the
property p < g, p ¢ I, g € I. We may assume that ¢ has minimum rank with
respect to this property. Let v be the predecessor of ¢ on a chain from a minimal
element of P to g, not using arcs from 4. We have v < q and f(vq) # a. Clearly,
v € I, hence v # p. In view of r(v) < r(g), p A v < v, and the choice of g we
have p A v € I. But because of (6.17), Sf(pAv, p)= f(v, pvv) = f(vq) # a,
consequently also p € I, a contradiction. (]

Let B:={e€ E:e” € 1,e" € F}. Obviously, B C 4, that is, forall e € B,
Sfle) =a. ,

Claim 2. B # (.

Proof of Claim 2. From all arcs of 4 take an arc pq that has an endpoint g of
minimum rank. Then clearly p € I. Moreover, q € F;thatis, pg € B: Assume
the contrary. Then there must be some v < g with. f(vg) # a, that is, v % p. But
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thenby (6.17), f(pq) = f(p, pvv) = f(pAv,v) = aimplying (pAv,v) € 4,
which is a contradiction to the choice of pq (note that r(v) < r(q)). a

To conclude the proof of the theorem, consider again the network N = (V,
En,s,t) from the proof (iii) <> (v) in Theorem 4.4.1, but without capacities
(VN := PU{s,t},Ey := EU{sp: p € PYU{pt : p € P}). We define
fv: Exy —> Rby

fe) ifee E,
fn(e) := { max{0,n —2r(p)} ife=sp, pe P,
max{0,2r(p) —n} ife=pt, pe P.

Then fy satisfies, because of (6.18), the conservation of flow (4.1). Consider the
cut (S, T)in N where S := IU{s}, T := FU{¢}. By Claim 1, fy(T, S) = 0. By
Remark 4.1.1 we have

v(fv) = Y max{0,2r(p) —n} = f (S, T) — fu(T, )

peEP
= fvdsh, F)+ v, F) + fvU, {t})

= Zmax{O, n—=2r(p)} +a|B|+ Zmax{O, 2r(;p) —n},
peF pel

which implies

Zmax{O, 2r(p) —n) = Zmax{O,n —2r(p)} +«a|B|,

PEF peF
Y 2r(p) —n = alBl,
peF
wr(F) — pr = aﬂ.
2|F|

Note that by Corollary 6.2.1 our poset P is Peck (we already replaced 5 by u,);
hence by Theorem 6.2.7 the LHS is nonnegative and from Claim 2 it follows that
a>0. ]

In [389] Proctor proved this result for distributive lattices. We generalized it
here to modular lattices.

Using the same construction of a representation flow in a product of two posets
as introduced in the proof of Theorem 4.6.6, one obtains easily:

Theorem 6.2.9. If P and Q are edge-labelable modular lattices, then P x Q is
an edge-labelable modular lattice, too.

Let us look now at some examples.
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Theorem 6.2.10. The posets L(m, n) and M(n) are edge-labelable modular lat-
tices.

Proof. Observe at first that, if b = (b, ..., b,) covers a = (ay, ..., ay) ineither
L(m, n) or M(n), then there is some index i such that a; = bi—1landa; = b; for
all j 5 i. Put now for L(m, n)

f(a,b) := (m+n—a; —i)ai +i)

and for M(n)
n(n+1) .
n(n+l) fa; =0,
f(a.b) = I 2 e
n(n+1) —aj(a; +1) otherwise.

We verify (6.17) and (6.18) only for M(n) (similar steps work for L (m, n), but we
know already from Example 6.2.2 that L(m, n) is Peck). Leta, b < c:=a Vv b.
We pass from c to a by decreasing some component ¢; by 1(i.e.,a; = ¢; — 1) and
to b by decreasing some other component ¢j (i # j)by 1. Moreover, we pass from
b to d := a A b by decreasing the component b; = cibyl(ie,di =c¢i—1=a)
Consequently,

n(n+1)

fa,e)= fd,b) = { :
nn+1)—ai(a;+1) otherwise;

ifa; =0,

thus (6.17) is satisfied. To verify (6.18) consider any @ = (ay, ..., a,) € N;

where 0 =a; =--- =a, <apy < --- <ay, <n,h €{0,...,n)and define
ao :=0,a,41 :=n + 1. We have

Yr@= Y ne+h-@-a (+”(”+1)ifah+1=1),

et=a h+1<i<n: 2
a;j—1<a;—1
1
Z fle) = Z nn+1)—aij(a; +1) (+n(n+ ) ifapy) > 1).
e =a h+1<i<n: 2
aj+1<ajq

Now it is not difficult to see that in 3_,+_, f(e) — ¥,-_, f(e) we may drop
the extra conditions on the summation (any new terms appearing will cancel each
other), and we obtain

Z fle) - Z fle) = Z —(ai — Da; +ai(a; +1) — n(n2+ D

et=a e =a h+l1<i<n

n

1
=Y 24— ”(”; ) — 20 (a) — r(M(n)).
i=h+1
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There is a nice application of the Peck property of M (n) to a number-theoretic
problem. Let R = {rq, ..., r,} be a set of n distinct positive real numbers and let
a be any real number. Moreover, let m(R, «) denote the number of subsets of R
adding up to . Thus

m(R,a) :=

[Xg nl: ) ri =a]
ieX

In 1963 ErdSs and Moser [166] posed the problem of maximizing m(R, «) (in a

slightly different form). First observe that there is a natural bijection ¢ : 2" —

M((n) given by ¢(X) := (0,...,0,iy,...,4) forany set X = {iy, ..., i1} € 2]

withi; <--- <.

Lemma 6.2.6 (Lindstrom [344]). If|R| = n, then for all o € R the set {p(X) :
X C[nland ) ;. yri = )} is an antichain in M(n).

Proof. Let, wlo.g, r1 < --- < r,. Assume, in the contrary, that there are
X="{in,...,iy Y ={j1,..., jm}€2M iy <.+ <y, j1 < - < jm, such
that

1 m
Zrik = erk =a,
= k=1

k=1
but ¢(X) <p@m) @(Y). Then it is easy to see that / < m and i < ju, -1 <
Jm=1»--+»i1 < Jm—i+1.If there was some strict inequality under these inequalities,
then we would have & = 3%, 7iy < Y bt Pinosax < Somy 7j = @ with at least
one strict inequality, a contradiction. Consequently,/ = m and i = jj,...,i] =
J1, thatis, (X) = ¢(Y), implying X = Y, a contradiction. n

Theorem 6.2.11. If|R| = n, then foralla € R,
n+1
n( )J> =d(M(n)).

mR,a) <m ([n], \\ 2

Proof. From Lemma 6.2.6 we derive directly
m(R, ) < d(M(n)).

But M (n) is Peck and of rank = ("2+ D) Consequently,

. +1)
AM®)) = Wingueryya) (M) = lxg Y i= {”(" : J”
ieX
n (] 2252))
and the proof is complete. |
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This and the next result are due to Stanley [439], who studied M (n) from
another point of view, and partly to Harper, who noticed that the Peck property of
M (n) together with Lemma 6.2.6 solves the modification of the Erdés-Moser
problem. The original Erd6s—Moser problem concerns integer sums including
negative numbers. Let S = {sy, ..., s,} be a set of n distinct real numbers and «
any real number. Let

em(S,a) ;= HXQ [n]: Zsi =a]

ieX

Theorem 6.2.12. Forall o € R,
em(S,a) <em({~n,—n+1,...,0,...,n—1,n},0) if |S|=2n+1,
em(S,a) <em({-n+1,...,0,...,n—1,n}, 15D if |S| = 2n.

Proof. Let us first suppose that 0 ¢ S. Moreover, let
S| <+ <sy <0<syy) <0 < sy

A subset of S is uniquely characterized by a pair (X}, X5) with X; 1S v], Xp C
{v+1,...,n} and, as previously, by a pair (a;, a;) with a; € M(v), a €
M (n—v). If we have another subset of S, characterized by (Y1, Y2) (resp. (b1, b2))
and having the same sum of the elements, then one can check similarly to the proof
of Lemma 6.2.6 that we cannot have @; > M) brandas <ps ) b2. Consequently,
to a family of subsets of S that all have element sum « there corresponds an
antichain in M(v)* x M(n — v). Since with M (v) its dual M (v)* (which is by the
way isomorphic to M(v)) is also Peck, we have by Theorem 6.2.1,

em(S, @) <d(M®)* x M(n —v)) = h,(v),
where
hn (V) := W (04 Do+ (i—v+ 1) n—v)) /4] (M(0)* x M(n — v)).

Now consider the maximum of 4, (v). Without loss of generality, we may assume
that v < n — v, thatis, v < L%J, and we will show that the maximum of A, (v)
is attained at v = L5]. Otherwise we would have some v < 3] with 2, (v) >
hn(v + 1). It is easy to see that the rank-generating function of M (n) is given by

F(M@n);x) = (1 +x)(1+x2)--- (1 +x"),
and consequently,

FM@)* x M(n —v); x) = (1 +x) o (L+x")(A+x)--- (1 + X",
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Let

px) = FM@W*xM(n—v—1);x)= ﬁo+ﬁ1x+-~-+ﬂdxd

(w+Dv+(n—v)(n—v—1)
2

with d . By rank symmetry and rank unimodality,
Bo = Ba < B1 = Ba—1 < ---, and h,(v) (resp. h,(v + 1)) is the largest (i.e.,
middle) coefficient in p(x)(1 4+ x"~Y) (resp. p(x)(1 + xU*1)). We put B; := 0 if
i¢{0,...,d}. We have

AN

hn(V) = Bl(d+n—v)/2] + Bld+n—v)/2]—(n—v)
< Bid+v+1)2) + Bid+v+1)2)—w+1) = ha(v + 1)
since

Bld+n-v)/2) < Bl@+v+1)/2]

in view of TH=Y > 42l > 4 and B uuy)2)——v) < Bld+v+1)/2)—(v+1)
because of d+”””;2(”_") = ‘“’5"" < d"2"1 = d+v+1;2("+1) < %, a contradic-
tion. Consequently, indeed 4, (5]) = max{h,(v) : 0 <v < |5]}.

Thus under the supposition 0 ¢ S, for |S| = 2n, em(S,a) < hy,(n) =
em({—n,—n+1,...,—1,1,...,n},0) (note that the RHS counts the number
of pairs (ay, @) € M(n) x M(n) with —r(ay) + r(az) = 0; that is, (@ -
r(an)) + r(az) = 2y and for |S| = 2n + 1, em(S, @) < hopy1(n) =
em({—n,...,—1,1,...,n+ 1}, L%‘lj) (the RHS counts the number of pairs
(a1, a3) € M(n) x M(n + 1) with —r(a1) + r(az) = |25 ]; thus, (2% —
r(an) +r(ay) = [J(A0HD 4 GaDiid )y

Finally we allow 0 to be an element of S. Clearly for S = §’ U {0},0 ¢ &,
em(S,a) = 2em(S’,a) (we can take the subsets with and without zero). For
the sake of brevity, we consider only the case |S| = 2n + 1. From the pre-
ceding we know that the best we can achieve when 0 is included is 2k3,(n) =
em({—n,...,—1,0,1,...,n},0) and, without including 0, the optimum is
hont1(n) = em({—n,...,—1,1,...,n + 1}, %L ]). But 2h2,(n) is twice the
largest (i.e., middle) coefficientin (1 +x)--- (1 +x")(1 +x)--- (1 + x™), which
is not less than the largest coefficient A,+1(n) in (1 +x)--- (1 + x")(1 4+ x) - - -
(1 + x™)(1 + x"*1y (which is the sum of two coefficients from the preceding
polynomial). Thus the result follows. L

Let J(P) be the poset of all ideals of P ordered by inclusion. It is well known
(cf. Aigner [21, p. 33]) that J(P) is a distributive lattice. Moreover, let J*(P) :=
J(--(3(P)) - - -) (k-times). In Example 1.3.13 we already mentioned that L (m, n)
is isomorphic to the poset of all ideals of the product of two chains (with m
(resp. n) elements), ordered by inclusion, that is, L(m,n) = J(S(m — 1,n — 1))
(recall the isomorphism: An ideal in S(m — 1, n — 1) is uniquely characterized
by the number of elements with second coordinate i{,0 < i < n — 1; if we
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(4,3)
(4,0)
(0,3)
— (0,2,4,4)
(0,0)
5(4,3)
Figure 6.5

denote this number by a,_;, we have 0 < a; < --. < a, < m). Figure 6.5
illustrates the isomorphism for m = 5, n = 4. Moreover, M (n) is isomorphic to
F2(S(n - 2, 1)) = J(L(n — 1, 2))(note that an ideal in L(n — 1, 2) is uniquely
characterized by the number of elements with first coordinate i ,0<i<n-1.Ifwe
denote this number by a,_; we have 0 < a, < - -- < a, < n with strict inequality
ina; < a;j4) if a; # 0; for an illustration see Figure 6.6). Without proof, let us
note here that there are no other “interesting” edge-labelable distributive lattices:

(4,4)

(3,3)
(0,4) (2,2)
(1,1) < (0,0,2,3,5)

(0,0)
3(S(3,1)) = L(4,2)

Figure 6.6
Theorem 6.2.13 (Proctor [389]). The only edge-labelable distributive lattices

are J(S(m,n)), m,n > 0, 32(S(n, 1)), n > 0,I*(S(1, 1)), k > 1,733(5(1,2)),
J4(8(1, 2)), and products of these lattices.
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Let P be any ranked poset of rank n. Consider a further operator H : P f",
defined on the basis elements

H(p) := 2r(p) —n)p.
If the pair of raising and lowering operators (6, A) has the Lie-property, then
VA-AV = H. (6.19)

Moreover, it is easy to verify that

HY —-VH =2V, (6.20)
HA - AH = —2A. (6.21)

The short notion “Lie-property” is used here because of an important connection
to Lie-algebras. The Lie-algebra s/(2, C) consists of all 2 x 2 trace zero complex
matrices with Lie-algebra multiplication given by [4, B] := A- B — B - A where
the dot product is the usual matrix product. The usual basis taken for s/(2, C) is

(00 () ()

(cf. Humphreys [275]), and the relations [R, L] = H,[H, R] = 2R,[H,L] =
—2L completely describe the algebra structure of s/(2, C). Now our three operators
V.A, H satisfying (6.19), (6.20), (6.21) are said to be a representation of sl (2, C)
on the vector space P. Since many such representations have been studied in
algebra, one can go “backward”: Look at any one of these representations on a
vector space V' and try to find a basis for ¥ that is a poset P (i.e., P= V), and
in terms of which three operators on ¥ behave like v , Z, and H with regard to
P (do not forget that for our theorems to hold, V must be order raising). In this
way we can find old and new posets which are, by our results, Peck. Using this
approach, taking a certain subalgebra of the Lie-algebra gl(n, C) (consisting of
n x n complex matrices) and applying a construction of Gelfand and Zetlin [221],
Proctor [390] could prove the following result (in a slightly generalized form),
which is mentioned without proof:

Theorem 6.2.14. The poset J(S(m,n,r)),m,n,r > 0, of all ideals in a product
of three chains ordered by inclusion is Peck.

Itis still an interesting open problem of Stanley, and independently of Harper [260],
whether the poset of all ideals in a product of more than three chains ordered by
inclusion is Peck. The rank unimodality is open as well.

The posets from Theorem 6.2.13 are special cases of a more general class,
namely Bruhat orders. These Bruhat orders (defined on Weyl groups) arise in
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the study of semisimple algebraic groups where they describe the inclusion rela-
tionships of certain subvarieties. A highlight in Sperner theory was the proof of
Stanley [439] that all such Bruhat orders are Peck. In his proof Stanley used the
Hard Lefschetz Theorem of algebraic geometry. Later Proctor developed the more
elementary Lie-algebra approach.

Let us examine finally a special class of Bruhat orders — the orders of type A.
The poset of A-shuffles 151252 | mk is the set of all (k; + - - - + km)-tuples with
ki 1s, ..., km m’s where the ordering is the transitive closure of

ooy SiseeesSjs.a) <(..,Sj,...,8,...)whens; <s;.
j 'j j

If we interchange the entry s; and the entry s;, then we go “upward” (resp. “down-
ward”) if s; < s; (resp. s; > s;). Obviously, m,...,m,...,2,...,2,1,..., 1)is
the unique minimal elementand (1, ...,1,2,...,2,...,m, ..., m) is the unique
maximal element. Let s be a fixed element. In s, we have exactly k; (ordered)
entries j. Let a;; be the number of those entries less than j that appear in s before
theithentry j, 1 <i < ki, 2 < j < m. Obviously,

Osal,js-nsakj,jsk]+--~+kj_1fora11j. (6.22)

Thus, for s, we find a unique (m —1)-tuple of k»-, . . ., ki, -tuples of integers satisfy-
ing (6.22) and, conversely, given such an (m — 1)-tuple, the element s is uniquely
determined. For example, we have in 13223342 the following correspondence:

G,1,2,1,1,4,3,3,1,1,4,2) & ((1,5), (0,4,4), (5,9).

Thus the elements s of P := 141 .. .m*» can be bijectively associated with the
elements of Q := L(ky, k) x L(k1+kp, k3) x -+ -x L(k1++--+kmu—1, km), which
we write in the form a = (a3, ..., a,) where a; is the corresponding k;-tuple,
i=2,...,m.

Claim 1. Let @, b € Q and s, ¢ be the associated original elements in P. Then
a < b implies s < t.

Proof of Claim 1. Suppose that a,, = b,, — 1 and a;; = b;; for all other pairs
of indices. Then s can be obtained from ¢ by interchanging the uth entry v with
the last entry in ¢ that appears in ¢ before this entry v and is smaller than v (note
that a,—1,, < ay, implying b,_;,, < byy; consequently there must be an entry
smaller than v between the (# — 1)¢A and the uth entry v if u > 2). O

Claim 2. P and Q have the same rank function; that is, if s € P and a is the
associated element in Q, then rp(s) = ro(a).

Proof of Claim 2. Let s, ¢ € P and a, b be the associated elements of Q. Since
m,....m,...,1,...,Dand ((0,...,0),...,(0,...,0) are the corresponding
unique minimal elements we must only show that s < ¢ implies (a) + 1 = r(b).
Thus let s < ¢. Then obviously # can be obtained from s by interchanging some
entry x := s; and some entry v := s; (with v < x) and there is no k such that
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i <k<jandv =3s; < s <5 = x.Itis easy to see that a; = b, for
1 €{2,...,m}— {x, v}. Suppose that at coordinate i there appears the wth entry
x and at coordinate j there appears the uth entry v, and that there are ¢ entries
smaller than v between s; and s; (i.e., @ := |{k : i < k < j and sy < v}|). Then
byy = ayy — @, byx = awx +a + 1 and b;, = a;y, bix = a;, for all respective
other indices i. Consequently,

r) =Y b= (Za,-,-) —a+a+1l=r@+1.
i,j ij
O

By Claim 2, P has the same levels as Q, and by both claims, the Hasse diagram
of Q can be obtained by deleting some arcs from the Hasse diagram of P. We
say that Q is a rank-preserving cover suborder of P (in general, we really have
to delete arcs; for example, in 1121314 we have (3, 1,4,2) < (2, 1, 4, 3), but
for the associated elements we do not have ((1), (0), (2)) < ((0), (2), (2))). Since
Q is a Peck poset by Theorem 6.2.1 and Example 6.2.2, our poset of A-shuffles
P =1k ... mkn ig Peck, too. (Take the “same” operators (5, Z), and note that an
order-raising operator ¥ on é remains order raising for ﬁ.)

In the special case kj = --- = k,, = 1, the poset Q is a product of chains.
By Example 5.1.1 and Example 5.3.1, we obtain that our poset of A-shuffles is in
this case an sc-order and has, moreover, the strong IC-property. Let us finally note
that, if we restrict ourselves again to the case ky = - -+ = k, = 1 but allow only
interchanges between neighboring entries, then it is not known whether the thereby
defined poset has the Sperner property. The dual of this poset (called inversion poset
in [446] and permutohedron lattice in [335]) is the weak Bruhat order on a special
Coxeter group, namely, the symmetric group. Answering a question of Bjorner
[62], Leclerc [335] showed that the weak Bruhat order on another Coxeter group
is not an sc-order. The more general unsolved problem is whether the weak Bruhat
order on any Coxeter group is Peck.

6.3. Results for modular, geometric, and distributive lattices

We know already that modular geometric lattices and modular edge-labelable lat-
tices are Peck (see Example 6.2.9 and Corollary 6.2.1). When restricting ourselves
to modular lattices (even to distributive lattices), we cannot derive the Sperner
property. The example in Figure 4.10 shows a rank-symmetric, rank-unimodal
distributive lattice without the Sperner property. Also for geometric lattices, the
Sperner property does not hold in general. The following example is due to Dil-
worth and Greene [138]. Other examples have been given by Kahn in [280].

Example 6.3.1. The Dilworth—Greene lattice.
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Construct the lattice DG, as follows: Take a disjoint union of a Boolean lattice B,
(with elements of the form @ = (ay, ..., ay), a; € {0, 1} for all i) and of the dual
Q;, of the cubical poset 0, (with elements of the form b = (by,...,b,), b; €
{2, 3, 4} for all i, see Example 1.3.3 but replace 0, 1, 2 by 4, 3, 2, respectively).
Further, add the following covering relations and take the transitive closure:

a > biffforalli (a; =0 b; =2), acB, be.

In Figure 6.7, we illustrate DG,.

S
e
00 Wg

DG,

Figure 6.7

It is easy to verify that every element of DG, is a supremum of atoms and that
r(pAq)+r(pvq) <r(p)+r(g)forall p,q € DG,, thatis, that DG, is indeed
a geometric lattice. Clearly,

n n
W, = 2k =0,...,n+1.
k <k—l>+<k> R k=0, n+

Taking in Qj the kth level and in B, the (k — 2)th level (which is in DG, in level
k — 1), we obtain an antichain 4 of size

= (,15)+ (1)

Simple computation shows that for n = 10, max{Wi,k =0,...,10} = W7 =
15,570, but [47] = 15,612 > W; thatis, DG o does not have the Sperner property.
Moreover, DG, does not have the Sperner property forall n > 12 since | Ak > Wy
if k > (253, but Wo < Wy < -+ < Wiaga),y if n 2 12 (the computational
details are omitted).

Let us note that Dilworth and Greene introduced DG, in an “isomorphic way,”
namely, as the bond lattice of the graph given in Figure 6.8. Because of these
counterexamples we will ook at a further property for modular lattices. Let d+ ( p)
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n+2

P

n+1
Figure 6.8

(resp. d~ (p)) be the indegree (resp. outdegree) of an element p of P in the Hasse
diagram H(P); that is,

d*(p) :=|{e € H(P) : e* = p}|.

A modular lattice is said to have the degree-property if there is an integer 4 such
that

d=(p) > d*(p)forall p e Pwithr(p) <h,
d™(p) <d*(p)forall p e P withr(p) > h.

Theorem 6.3.1 (Stanley [443]). Every modular lattice P with the degree-proper-
ty has the Sperner property.

Proof. In view of Lemma 6.1.2 and Theorem 6.1.1 it is enough to consider the
Lefschetz operators and to show that 614‘,1‘ 41 is injective for i < A and that A Lisri
is injective for i > h. In addition to these operators, we introduce the operator
H : P — P defined on the basis {5 : p € P} by

H(p) = (d" (p) —d*(p)P.
Since P is modular we have
Ri¥L—iR = B, thatis, ¥19, 9,95 8.
Leti < h and assume that there is some ¢ € JV, such that %L (p) = 0. Then
0= (Vi) Vi) = (V1V.(0), )
= (VLV} + H)(9), 0) = (Vi (9), V] (@) + (H(@), ).

If o =3 ,cn, 4pP We obtain (noting that the scalar product is positive definite)

0> < > wpd (p) —dT (PP, Y upp7> =Y @ (p)—d*(pHu

PEN; PEN; PEN;
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which implies by our ~supposition d—( p) > d*(p)ifr(p) < h that u, = 0 for all
p € Nj; thatis, ¢ = 0. Consequently, V., , is really injective if i < h. The case
i > h can be treated analogously. [ |

We will apply this result to the lattice of subgroups of a certain group. First,
note that the lattice of normal subgroups of any group (ordered by inclusion) is
modular (cf. Kochendorffer [312, p. 293]). Consequently, the subgroup lattice of
an abelian group is modular. If we restrict ourselves to finite p-groups (i.e., groups
whose order is a power of a prime p) then a fundamental theorem about finite
abelian p-groups [312, p. 107] states that any such group G is the direct product
of cyclic p-groups:

G = @/ pz) X -+ X (Z/ jmz) = GA(P)

where, wlo.g., A1 <--- <X,and A = (Ay, ..., A,). Thus any element of G »(p)
can be written as an n-tuple @ = (ay, ..., a,) wherea; € {0,1, ..., p* — 1} for
alli,and we have ¢ = a+b iff¢; = a; +b; (mod p*) foralli.Letk = (k, ..., k)
(n times) where k£ € N.

Proposition 6.3.1. The subgroup lattice of G1(p) is isomorphic to L,(p).

Proof. Because the elements of G1(p) can be written as n-tuples, we may identify
G1(p) with an n-dimensional vector space ¥, over G F(p) (the addition is the
same, and multiplication by a scalar is defined by ea := a + --- + a (o times,
a € {0, ..., p— 1})). Using the usual criteria it is easy to verify that a subset U
of Gy (with addition) is a subgroup iff U (with addition and multiplication by a
scalar) is a subspace of V,. |

By Example 6.2.9, G is unitary Peck and has, in particular, the Sperner property.
However, the subgroup lattice of G (1,2)(p) does not have the Sperner property;
see Figure 6.9. The nontrivial subgroups have the following form:

Ui={Gph, i=0,....,p—1, Up = ({(1, 0)})
Vii={G D)), i=0,...,p—1, Vp:= ({(1,0), 0, p)})

(where U = (S) means that U is generated by the elements of S).

Corollary 6.3.1 (Stanley [443]). The subgroup lattice of G( D) has the Sperner
property.

Proof. By Theorem 6.3.1 it is sufficient to verify the degree property of the
subgroup lattice P of G»(p). Every element a of G2(p) hasa unique representation
oftheforma; = ri+a;p, 0 <r;, ;i < p—1, 1 <i < n;thatis,a = r + pa with
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G(1,2)(p)

7

{(0,0)}

Figure 6.9

r, o € Vy (the vector space of n-tuples with entries 0, ..., p — 1 over G F( ). If
U is a subgroup of G»(p) then obviously

= {r € V, : thereis some o € ¥, with r + pa € U},

and

={aeV,: paeU)

are subspaces of ¥, with R C A. Moreover, for fixed r, theset {oc € V,, : r + poE
U} is a residue class in ¥, relative to 4. Let ¢ denote the mapping that maps r

onto this residue class. Obviously, ¢ is uniquely determined by the images of the
basis elements of R.

It is easy to see that our subgroup U has the order
|U| = pdlm delm 4 _ pdlm R+dim A .

Conversely, if we are given subspaces R, 4 of ¥, with R C A, a basis B =
{b1,...,ba} of R and a mapping @ : B — V,, /A (suppose that o; is a represen-
tative of 9(b;),i = 1, ...d), then

U:={Mbi+--+2igbs + p(hiag + -+ - + Agag) + pa (mod p?) :
Alye.yAg €{0,...,p—1},a € A4)

is a subgroup of G,(p) (which then defines ¢ : R — V,/A completely; we have
@ = ¢|p). Itis not difficult to see that we have in our subgroup lattice a covering
relation U; < U iff for the associated triples (R;, A;, ¢;),i = 1, 2, there holds

1) R < LapR2and 41 = 43) or (R; = R; and Al < Ln(p)A2)

and

(2) @1(r) C @a(r) foreachr € Ry.
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Assume that U, is fixed. Let us count the number of successors of Uj; that is,
d—(Up). Let d; := dim R;, ¢; := dim 4;, and B; be a basis of R;,i = 1, 2. For
the first conjunction in Case 1, we have (*! d')p possibilities to choose Ry (note
that we need R, C 4, = A;). If then R; is fixed, B; is a basis of R that extends
B, then we may arbitrarily choose ¢; on the additional basis element (we need
©1(b) = @2(b) for all b € By), thus there are p"~¢! choices for ¢,. For the second
conjunction in Case 1, we have (” e') possibilities to choose 4, and for each
basis element b of B; we must choose the residue class relative to 4, that contains
¢1(b). Consequently,
pel—d| _ pre — 1 p"—dl -1

awy =221 e =
Un -1 P + o1 o1

Now let U, be fixed and let us determine d* (Uy). The first conjunction of Case 1
gives ( ) pos51b111t1es and the second conjunction of Case 1 (together with Case 2)
gives (e2 d"-) 2 possibilities (we need R; = R, C A4 and may choose for every
basis element b of By aresidue class relative to 4; which is contained in ¢, (b),
the residue class relative to 4;). Consequently,

il S e g P21

p—1 p—1 p—1"
If, finally, U is any subgroup of G,(p) with the associated vector spaces R and A
of dimension d and e, respectively, then »(U) = d + e and

d*(Up) =

d~(U) > d*T(U) iff p*~? > pe iff r(U) < n,
d~(U) <d*(U) iff p"~? < p¢ iffr(U) > n;

thus, the degree-property holds. ]

It is conjectured (see [443]) that the subgroup lattice of G4 (p) has the Sperner
property for all positive integers &, but already the case k = 3 is open. On the other
hand, Butler [88] proved the rank symmetry and rank unimodality of G»(p) for
every A.

Let us now turn to geometric lattices. We already know that they do not, in
general, have the Sperner property. But there is a nice conjecture of Kung [329]
Let P be a geometric lattlce of rank n. Then the Lefschetz raising operator VL in
P has the property that VL, ;41 18 injective (i.e., of full rank) forall 0 < i < 5.

In addition, we conjecture that every geometric lattice is semi-Peck. Concerning
the conjecture, there exist up to now only partial results, which we present now.

Lemma 6.3.1. Let P be a geometric lattice of rank n and let p, q € P.

(@) Ifr(p)=1land p £ qthenq < pVvq.
) ifr(p)=1landp £qthenqg <v,p<vimplyv=pvyq.
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(©) Ifr(@) <n—2thend(q) = 2.

Proof. (a) Clearly,q < pV q. Moreover,r(pVvq) <r(p)+r(qg) —r(pAg) <
r(g) + 1; thatis, p< pVvgq.

(b)g <v, p<vand(a)implyg < pVv g < v;thatis, pvgqg =v.

() Since g # 1 there must be some atom p with p £ . By (a),q < pVq and
thus p v ¢ # 1. Again there must be some atom p’ with p’ £ p v q. We have
g < p' v qandobviously p' Vg # pVvyg. |

Theorem 6.3.2 (Kung [327]). Let p be a geometric lattice of rank n > 1. There
exists an order-raising operator V on P such that ! ,j is injective forall 1 < j <
n—1

Proof. We define V on the basis {5 : p € P} by

: 5 27 ifr(p) sn—2

V@P) = ———
P =T m-n &

and on the elements p with 7(p) > n — 1 arbitrarily. By Lemma 6.3.1(c), V is well
defined. In order to prove the injectivity we introduce some other linear operators
(see also Section 6.4). Let ¥ ; : Ny - Nj be given by

P i= Y, §
q€N;:qAp=0

Moreover, let ¢ 1= > peN D; that is, ¢ is a fixed element of ﬁl, and let ®; :
N — Nj be given by
Q1(P) :=¢1 — P.
Finally, let A := V*.
Claim. A; 1V j=® forl < j<n-—1.
Proof of Clanm We proceed by induction on j. The case j = 1 is trivial. Since
A,.,.l 11,41 = Aj |(Aj+1’j\l!1 j+1), we need only verify the equality

A1, W1 b1 = vy, Jj=1...,n=2 (6.23)
for the induction step. Let p € Ny, g € Nj be arbitrary. Then

B j41(5).G) = (W1,41(F), ¥ @)
~ 1 ~>
= U, T W
UGNj§/\p=O wz>q( d (Q) - l

1 _ |0 ifprg=p,
d-@)—-1"

v>q:vAp=0 1 ifp Ag=0
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since for p A ¢ = p, the relation v > g implies v A p = pandfor pAg =0
by Lemma 6.3.1(b) all but one of the successors of g are not related with p. The
same RHS appears for (¥}, ;(P), §), thus (6.23) is true. a

It is straightforward to verify that <I>1 is injective for n > 1 (note that then
W1 > 1). Consequently, also &} = vy ]VI ;j and in particular Vl ,j are injective.
]

Corollary 6.3.2. In every geometric lattice of rank n there exist W\ pairwise
disjoint saturated chains from level Ny to level N,_,.

Proof. Consider the operator V of the preceding theorem restricted to the {1, ...,
n — 1}-rank selected subposet. It satisfies the condition of Theorem 6.1.7, which
yields the assertion. |

In order to generalize this result we need some facts about the Mobius function
of a poset P introduced by Rota in [401]. The Mobius function u : P x P — 7
can be defined inductively in the following way:

u(p, p) :=1forall p e P,

u(p,q) = — Z u(p,v)forall p < gq,

psv<q

u(p,q) ;= Oforall p,q € P with p £4.

Lemma 6.3.2. We have 2 p<v<g M, q) =0forall p <gq.

Proof. We proceed by induction on |[ p, g]|. The case [[p, q]l = 2;thatis, p < ¢,
is trivial, and the induction step works as follows:

2 He =1+ Y pep=1- Y Y pe.w

p=v=q p<v<gq p<v<q v=w<gq

Y)Y mww=1-1=0

p=<w<q p<v=w

Il

A key result for the Mébius function is the following formula:

Theorem 6.3.3 (Mibius inversion formula). Let P be a finite poset and G an
additive abelian group. Further let f,g: P — G be two Junctions. Then

gp)= ) fl@foralpeP (6.24)

q9:9=p
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iff
f(p)=)_ g@u(g, p)forallpe P. (6.25)
q9:9=p

We may replace in both cases “<” by “>" (and then, of course, u(q, p) by
n(p, ).

Proof. If (6.24) holds, then by Lemma 6.3.2
Y s@ug.p=Y,> fou@gp)=)_ f . g, p)=rf(p),
qsp q=p v=q v<p v=g=<p
and if (6.25) holds then by the definition of wu,
Y@ =)Y g9 =) gv) Y. unw.q9) =gp).
q=p q=p v=q v<p v=g=<p

It is easy to see that we may everywhere replace “<” by “>" together with the
coordinate changes in u. n

There exist several techniques to calculate the Mobius function; cf. Stanley
[441]. We need here only the following result.

Theorem 6.3.4 (Weisner [462]). Let P be a finite lattice, 0 < p < q. Then
> u©,v)=0.

vV p=q

Proof. We proceed by induction on |[p, ¢]|. If |[p, q]| = 1, thatis, p = q > O,
then )", p=p 10, V) = > 0<v< p» (0, v) = 0 according to the definition of . If
I[P, q]l > 1, thatis, 0 < p < g, then by definition of x and by classifying with
respecttov vV p

0= Z u©,v) = Z (Z /.L(O,U)).
O<v=gq p<w=<q \vVp=w

In view of the induction hypothesis, each term is 0 for p < w < g; thus also the
term with w = ¢ equals 0. [ |

Theorem 6.3.5. Let P be a geometric lattice of rank n. Then we have
sgn(u (0, 1)) = (—1)" and in particular, u(0, 1) # 0.

Proof. We proceed by induction on n. The case n = 1 is trivial. For the induction
step, consider a fixed atom p — that is, (p) = 1. Then by Theorem 6.3.4

Z w(, v) = 0. (6.26)

vvp=1
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We have v v p = 1iff either v = 1 or r(v) = n — 1, p £ v (the sufficiency is
clear and for the necessity note that r(v) > r(p Av) +r(pVv) —r(p) > n—1).
Moreover, it is easy to see that the interval [0, v] is a geometric lattice again.
Consequently, by the induction hypothesis and (6.26)

pOD== > u0v), sg®O ) =—(-1""= (1
r(v)=n—1,p#£v

Let us consider for a fixed geometric lattice P of rank » and a fixed number
k,0 < k < n, the functions ¢, ¥, x : P x P — R (depending on k) by
lO ifr(g) <n—k,

u(p,q) ifr(@)=n—k,

o(p,q) =

vpg) = Y e(pv),
p<v=g

uig, 1)
w(p, 1)

Note that u(p, 1) # 0by Theorem 6.3.5 since the interval [ p, 1]isalsoa geometric
lattice.

x(p.q) = ¥(p, q). (6.27)

Lemma 6.3.3. We have

@ x(p.9)=0ifr(q) <n—k,
®) Xy pey x(py) =1,
(©) Zy:yszw x(p,y)=0ifr(w) <k, w Zp.

Proof. (a) is clear, (b) and (c) we prove simultaneously by applying M&bius
inversion to the interval [x, 1], where briefly x := p v w. For x < qg <1,let

@ = > o),

v=pivvx=q
&@ = Y f.

xX=y=q

Then

@)= Y. elpv= Y epv)=¥(p. ).
X<y<q vzpivvx=y pP<v=q
Consequently, by Theorem 6.3.3
@ = )Y eum =Y ¥ uy,9.

x<y=<q x<y=<q
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In particular, for g = 1 it follows that

L= Y v u@D=u@D Y x(p.y.  (628)

yix<y y:x<y
However,
= > elpv)= > w(p, v).
v>pvvx=l1 v=pir(v)=n—k,vvx=1

Ifv> p,vvx = landr(w) < k,thenr(v) > r(vvw)+r(vAw)—r(w) > n—k.
Hence we may continue, using Theorem 6.3.4 applied to the lattice [ p, 1], yielding

0 ifx>p (e,w¥Zp),

Hh= Y upv= l , , (6.29)
v>pivvx=l u(p,) ifx=p (e, w=p).

From (6.28) and (6.29) we may easily derive (c) and (with w = 0) also (b). W

In addition to the Lefschetz operators we deﬁne the (linear) rank i lowering
(resp. raising) operator A_,, (resp. V_,,) P — P as follows:

ALi(P) = Z 7 (esp. Vo () = 24> pir(q)=i D-
q<pir(q)=i

More generally, if F, G are subsets of P then we define the operator Apog :
F — G and its adjoint VG_,F (for p € F (resp. p € G)) by

qug(i;) = Z q (resp.ec_u«"(ﬁ) = Z 3). (6.30)
q€G:g=<p qeF:qzp

So A_,, abbreviates A P> N;- Moreover, let A,_> jo= A Ni>N; and V,_, jo=
VN,_, N;- Note that the matrix of V,_, j with respect to the bases {p : p € N;} and
{P: p € N;} is exactly the incidence matrix of rank j versus rank i elements.

Lemma 6.3.4. Let P be a geometric lattice of rank n, 0 < k < n, and let
X : P x P — Rbedefined as in (6.27). Then for0 <i <k,

Ro(P) = B (}: Yo, yw) |

yzp

Proof. Take any w € N;. Then by Lemma 6.3.3 (noting i = r(w) <k)
1 ifw<p,

[0 ifwgp

= (Ai(P), B).

DB AL = Y x(py) =

yzp yzpvw
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Theorem 6.3.6 (Dowling and Wilson [140]). Let P be a geometric lattice of rank
n0<k<n.
(a) The linear operator %,OU...U Ni— Ny—xU---UN, IS injective.

(b) The linear operator V y,u...uNy— N,_gU--UN,_, IS injective.

Proof. (a) Brieﬂy let Ty 1=~§Nou---uNk—->N,,_kU-~UN,,- Let ¢ = Zr(p)sk APE be
any element of No @ - - - @ N;. We must show that Tp(¢) = 0 implies ¢ = 0. If
we define f, g: P —> Rby

Ap ifr(p) <k,
f(p) = ’ ? )
0 otherwise,
g9) ==Y _ f(p),
pP=q

then Tp(p) = Zr(q)>n_k 2(9)9. Let Ty(p) = 0 that is, g(q) =0forallg € P
withr(q) > n — k. We have to verify that f = 0 (i.e., ¢ = O) By Theorem 6.3.3 it
is enough to show that g = 0, thatis, g(g) = Oalsoforallg € P withr(q) < n—k.
So let us consider such an element g. By Lemma 6.3.4 and Lemma 6.3.3(a) we
have

k

k
DA@=) Y x@»Ei.®
i=0

i=0 y>q,r(y)zn—k
k
= Y x@»nY A.G.
y2q.r()=n—k i=0
If we apply, finally, the linear operator F : P — R defined by
F(p):= f(p) forallpe P

to the LHS and RHS (noting that F (4o Xi(9) = e riyek /D) =
g(2)), we obtain

g= Y x@»gy»=0. (6.31)

)’Z‘L"(}’)Z"-k

(b) We may argue as in (a), but we may suppose that f(0) = 0 and must admit
that g(1) # 0. Under these conditions, (6.31) reads

g(q) = x(g,1)g(1) forallg € P.

For g = 0, we obtain in particular

g(1)
0= f(0) =g(0) = x(0, Ng(1) = > 1©,4q).
S(0) = g(0) = x(0, 1)g(1) wo.n, L, 10, q)
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If g(1) = O then, by the same reasons as in (a), f = 0. So it remains to show that

D w0.9)#0.

r(g)=n—k

Let P be the lattice that can be obtained from P by identifying all elements of
rank at least n — k (the truncation to rank n — k). Let ut be the associated Mobius
function. It is easy to verify that P is a geometric lattice again; hence (using
twice the definition of the Mébius function)

Y wO0d=— > pO9=- Y ut0.q=ut001),

r(q)=n—k r(g)<n—k r(g)<n—k
and the RHS is nonzero by Theorem 6.3.5. |

We say that the geometric lattice P of rank n has the lowering property if for
all i, ],lethO <i =< j=<n-—i=<k<n-—1there are linear operators
Dig,j: Nk — N] such that

A i Pik,j = Mg (6.32)

For such lattices, we can prove a generalization of Kung’s conjecture:

Theorem 6. 3 7. Let P be a geometric lattice of rank n. It has the lowering
property iff V,_,, is injective forall i, jwith0 <i < j, i+ j <n.

Proof. Suppose that P has the lowering property. The case i = 0 is trivial, so let
i > 0. We have, by the lowering property,

n—1 - n—1 -

Z Ajisi®ig = Z Al

l=n—i l=n—i
Taking the adjoint, we obtain

n—1 - n—1 -

S o) Fs= 3 G

l=n—i 1=n—l

It is easy to see that the RHS equals the operator T (w1th k = i) restricted to 1’\7,
Since this operator is injective by Theorem 6.3.6(b), V;_, ; must be injective, too.
Now suppose the i mjectmty of all the V,_,j and letO <i<js<n—-i<k<n-—1.
Let p € Ny. Since V,.» J is injective, its adjoint A; j>i is surjective, consequently
there exists some ¥p € N, such that A ; j—i(Pp) = Ak_,, (P). Thus we may define

ik, (D) == pp.
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We conjecture that every geometric lattice has the lowering property.

Example 6.3.2. The Boolean lattice By, the linear lattice L,(q), the affine poset
An(q), and the Dilworth—-Greene lattice DG,, (see Example 6.3.1) have the low-
ering property.

For B,, take ®;; ; := ( = Ak_,j, for L,(g) and A,(q), take Dix,; =
J—
( Ak_,j ForDG,,,weargueasfollows Letl<i<j<n—-i<k<nand
J=i’q
let p € Ni. Then p belongs either to the Oy -part or to the B,-part of DG,,, more
precisely:
PEN(Q;) or pe Ni_1(By).
We define
1 ~
¢ 2 gen,0aspd
if p e Ne(Qp),
Dig,ji=

: o -
G2 (Z‘IGNJ—I(Bn)iqqu +2 quéN;‘(Qﬁ):qSP q)

if p € Nx_1(By).

Then (6.32) holds. This is easy to see for P € Nx(Qy) since the ideal generated
by pis a Boolean lattice. So let p € Ny_,(B,) and take any v € N;.Itis clear that

(Aj—n‘Di,k,j(ff), v) =0ifv £ p.
Now letv < p.If v € N;_1(B,), then

~ ~ o~ 1
(Aji®ik,j(p), V) = T

(j:i)

_ 1 (—1—(:—1))_1
(k—') j=1-G-1) "7

(Zj-aid)i,k,j(ﬁ),?;) = (I{q € Nj—1(By):v<q < pl|

(=)

+2"7){g € Nj(Q}) 1 v < q < p})

7 ()25 )=

J—1

{g € Nj—1(Bn) : v < q < p}|

and if v € N;(Q}) then

The same result holds for ( Zk_, i(P), D); thus (6.32) is verified.
It is not known whether the partition lattice I1, has the  lowering property, but
Kung proved in [329] that in I, the operators V,._,H. 1= VL,_, i+ are injective for
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all0 < i < 5.Inaddition to Example 6.3.2, Bey [54] proved the full rank property
of the Lefschetz operators on the affine lattice using some ideas we have examined
here.

We conclude the study of geometric lattices with a theorem that was found
by Vapnik and Chervonenkis [455] (in an implicit form), Sauer [415], Perles (see
[429]), and Shelah [429] for the Boolean lattice. After Frankl and Pach [201] had
given an algebraic proof for the theorem, it was Lefmann [338] who formulated
and proved the result for geometric lattices. Much more information can be found
in the survey by Fiiredi and Pach [212].

Theorem 6.3.8. Let P be a geometric lattice of rank n and F a subset of P with
|F| > Y"i_o Wi. Then there is some q € Ny such that for every v € P with
v < q there is some p € F such that p A q = v.

Proof. Briefly, let G := U;j_, N;. Since dim F= |F] > |G| = dim 5, there must
be some nonzero element ¢ in F with

Ar-c() =0. (6.33)
Leto =3 ,cpAppand F':={p € F : A, # 0}. If we define forg € P

2

peF:p>q

then obviously
Arop(p) = Ztﬁqff-
qepP

There exist elements ¢ € P such that §, # 0 because, for example, if ¢ is a '
maximal element of F’ then 8; = A, # 0. Under all elements g with §;, # 0
we choose one with minimum rank. For this element q*, we have r(q*) >s+1
because otherwise g* € G and thus (Ap_,p((p) q )y = (AF_>G((/J) g*) = 0by
(6.33). Though it may be that »(g*) > s + 1, let us first prove the statement in
the theorem for this element. Take any v € P with v < g*. We will apply Mébius
inversion to the interval [v, g*]. Let £, g : [v, ¢*] — R be defined by

f(x):= Z Ap, gx):= Z S, x €[v,q*).

peF:pAg*=x x<y<g*
We have
= Y = Y aeb,
pEF:x<pAgq*<qg* PpeEF:p>x
By Theorem 6.3.3 ,

f@= ) wuk g0,

x<y<q*
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and in particular (noting the minimal choice of g*)

SO = ) p,»8y = u(v, "5
vsy<q*
Since the interval [v, ¢*] is also a geometric lattice, we derive from Theorem 6.3.5
that f(v) # 0. But f(v) = 3 cF. prge=y Ap; thus the sum on the RHS cannot
be empty. Consequently there really exists some p € F with p A ¢* = v. Finally
take any g < ¢g* with 7(¢g) = s + 1. For v < g < g*, there exists some p € F
with p A ¢* = v, which implies p A g = v. [ ]

Let us now study distributive lattices. Their width is “small” relative to their
cardinality. This is a result of Kahn and Saks [282] mentioned here without proof:

Theorem 6.3.9. For every € > 0, there exists an integer no(€) with the property:
If P is a distributive lattice of cardinality greater than ng then % <e€.

Our main objective is the presentation of an inequality given by Ahlswede and
Daykin [8] that has numerous applications. Though this inequality has a simple
proof, much work preceded its publication. West [464] gave a good survey on the
history of this inequality (see also Ahlswede and Daykin [9] and Graham [227]).
Cornerstones of this theory are the starting result of Kleitman [300] on the intersec-
tion of ideals and filters in the Boolean lattice and the result of Fortuin, Kasteleyn,
and Ginibre [185] who generalized Chebyshev’s inequality for nondecreasing se-
quences in order to unify several results in statistical mechanics. However, the
discovery of the Ahlswede-Daykin inequality was independent of these begin-
nings; it should be noted that there is a nonlattice theoretic background studied in
detail in Ahlswede and Daykin [9].

Lemma 6.3.5. Leta;,b;,ci,d; (i =1,2) be nonnegative real numbers such that

agby < cody, (6.34)
arby < cidy, (6.35)
aph < c1dy, (6.36)
aiby < cid,. 6.37)
Then ,
(a0 +a1)(bo + b1) < (co + c1)(do + dy). (6.38)

Proof. If a; = 0 or by = 0 the proof is trivial. Thus we may suppose a; # 0 and
bo # 0. Then (6.35) yields ¢; # 0 and dy # 0. We derive from (6.34) and (6.37)
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that
apabob
220 < codr. (6.39)
c1do

Further, (6.35), (6.36), and (6.39) imply
o < (@1bo — c1do)(aobs — c1do) _ aoaibob

= —ayby — agb; + c1d,
CldO CldO aibo 001 140

< cod1 — a1bo — apby + c1do,
that is,
aybo + apby < c1dp + cod;. (6.40)
Summing up (6.34), (6.37), and (6.40) we obtain the assertion (6.38). [ |

Lemma 6.3.6. Letn € Nanda, B, y, 8 be functions from 2"} into R such that
a(X)BY) < y(XUY)S(XNY)forall X,Y e 2", (6.41)
Then

a(2[”])ﬂ(2[n]) < y(2[n])5(2[”]), (6.42)

where, as usual, a(2")) = > xealn a(X) and so on.

Proof. We proceed by induction on n. If n = 0, that is, 21" = {@}, then (6.42) is
the same as (6.41). Now consider the stepn— 1 — n. We define o’ : 20"~11 - R,
by

o' (X') = a(X") + a(X' U {n}) forall X’ e 2[n—11,
and with B’, y’, 8’ we proceed analogously. Then
o’ 211y = @21y and so on.

Thus, by the induction hypothesis, it is sufficient to prove that for all X', Y’ e
2ln=1]

(X)X <y (X UY) (X' NY);
that is,
@(X") + (X" U (n}))(BQY') + B(Y' U {n}))
SXUY)+yX'UY UmDEX NY)+8(X NY U(n)). (6.43)

Letag := a(X’), a; := a(X' U {n)), by := B(Y)), by := B U (n}), co :=
Y(X'UY'), ¢c; :=y(X'UY'U(n)), do := 8(X'NY"), d; :=8(X'NY'U {n}).
Then (6.34)—(6.37) are satisfied by our supposition (6.41). Lemma 6.3.5 yields the
asserted inequality (6.43). ]
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Theorem 6.3.10 (Four-Function Theorem of Ahlswede and Daykin). Let P be
a distributive lattice and a, B, y, 8 functions from P into R, such that

a(p)B@) < y(pVvq)é(pAg) forall p,q € P. (6.44)
Then

@(A)B(B) < y(AU B)S(A A B) forall 4, B C P (6.45)

where AVB := {pvq : p€ Aandq € B}, ANB := {pAg : p€ Aandq € B},
and a(A4) = ZpeA «(p) and so on.

Proof. By a theorem of Birkhoff (cf. [21, p. 33]), there is some set N, say [n], and
an injective mapping ¢ : P — 2["] such that

e(pVa)=9(P)Ve(g) and ¢(pAq)=¢p(p)Ne(g). (6.46)

Let 4, B C P be fixed and let p(4) := {e(p) : p € A} and so on. We define
functions o', B’, y’, 8’ from 2" into R, by

ap (X)) if X e p(4),
o (X) =
otherwise,
, Y@ ' (X)) ifXe@pdUB),
Y(X) = )
otherwise

(B', &' are defined analogously). Then we have a (4) = o’(2"), B(B) = g'(21")),
y(4V B) = y'(2"), and 6(4 A B) = §'(2"]). By Lemma 6.3.6, we must only
prove that

' (X)B'(Y) <y (XUY)§'(XNY)forall X, Y e 2",
This is trivially satisfied if X ¢ ¢(4) orY ¢ ¢(B), and otherwise the last inequality
follows from (6.46) and the supposition (6.44). |

We will not discuss the questions of equality in this inequality. For a special
case, Beck [40] derived necessary and sufficient conditions for the equality to hold.

Corollary 6.3.3. Let P be the Boolean lattice By,. Then

(@) (Kleitman [300)) |[FN1||P| < |F||I | for all filters F and ideals I in P.
(b) (Marica and Schonheim [361]) |A| < |A© A| forall A € P = 2" ywhere
ASA:={X-Y:XY € 4).

Proof. Let in Theorem 6.3.10 ¢ = 8 = y = § = 1. Then (6.44) is satisfied
automatically. '
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(a)Put 4 := FNIandnotethat AV P C Fand AA P C I. Then by Theorem
6.3.10 [A||P| < |AV P||A A Iﬂ <|FIl|.

(b) For a subset 4 of P, let 4 be the set of all complements of elements of 4.
Then A6 A= AAA=AA A Now Theorem 6.3.10 yields |4|? = |4|[4]| <
|AVAIAANA| = |(AVA||AS A =|AANA||A0 Al = |40 A% n

Part (b) of the preceding corollary was generalized by Daykin and Lovisz
[126] and by Ahlswede and Daykin [10] in several ways. Let us look at some
nice implications of Part (a). Anderson [31] and Kleitman [234] observed that the
following result of Seymour [426], Schonheim [417], Daykin, and Lovéasz [126],
and Hilton [266] can be proved easily with this “theory.”

Corollary 6.3.4. Let G C 21"l be an intersecting, cointersecting family; that is,
XNY #Band XUY # [n]forall X,Y € G. Then |G| < 2"=2 and this bound
is the best possible.

Proof. Let F (resp. I) be the filter (resp. ideal) generated by G in the Boolean lattice
P = B,.Itis easy to see that F' (resp. I) is an intersecting (resp. cointersecting)
family and that G € F N I. Consequently, by Corollary 6.3.3 and Theorem 2.1.6,

1 1
<|FNI|<—|F||I| <—=2""1an"1 12
1< IFN Il < Pl < 5

Because G* := {X € 2" : 1 € X,n ¢ X} is an intersecting, cointersecting

family of size 2”2, the bound is the best possible. [ ]

Part (a) of Corollary 6.3.3 (one of the origins of the Four-Function Theorem)
originated when proving the following result:

Corollary 6.3.5 (Kleitman [300]). LetF\, ..., Fi beintersecting families in 2l
Then forallk,nwithl <k <n

[Uk | Fl<2m—2m*k

Proof. We proceed by induction on k. The case k = 1 is given by Theorem 2.1.6.
So let us consider the step k — 1 — k. We may assume that each F; is a maximal
intersecting family. Then, fori = 1,...,k, |F;| = 2"~! (see Theorem 2.1.6) and
Fi is a filter. Clearly, F := Uf.‘;llj-} is a filter, too, and 7 := 2["] — F} is an ideal.
By the induction hypothesis, | F| < 2" — 2"~*+! and by Corollary 6.3.3(a)

IFﬂ II < 2—n2n—1(2n _ 2n—k+l) — 2"—1 _ 2n—k'
Consequently,

|FNFil = |F|—|FN1| = |F|-2""" 4277k,
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and finally
UK\ Fil = IFUF = |F|+ |Fil — |F 0 Fil
< |Fl 42" —|Fl 42t —onk = on _pnk,

Taking F; := {X € 2" :i € X},i =1,..., k, we see that the bound is the best
possible. [ ]

On the LHS of the Four-Function Theorem we sum over all pairs (p, g) € 4 x B
and on the RHS over all pairs of (4 vV B) x (4 A B). Reuter [398] showed that
one can restrict the summation to pairs (p, ¢) satisfying additionally p A g = v
and p vV g = w where v and w are fixed elements of P. The following 2m-
Function Theorem is an impressive generalization of the Four-Function Theorem.
It was discovered by Rinott and Saks [400] and, independently, by Aharoni and
Keich [1].

Theorem 6.3.11. Letm > 1, let P be a distributive lattice, and let f;, g;, i € [m],
be functions from P into R such that

m

l_[ﬁ(pi)sl_[gi \/ /\pj forallp;e P, i=1,...,m.

i=l i=l sg([r:]l)jes

Then

ﬁﬁ(Ai)Sﬁgi V A4j|srataicp i=1,...m
i=1 i=l

Sg([','.']) JeS

where ng(["{rl) Nes4j = {ng(['?l) Njespi : pj € 4;}, and fi(4)) =
2_piea; Ji(pi) and so forth.

I omit the proof of this result which is a culmination after preparatory work in
particular by Daykin [124]. In fact, Rinott and Saks [400] proved more than Theo-
rem 6.3.11 presenting an integral version of their result. Older versions including
continuous versions of the inequalities are those of Harris [262], Holley [271],
Preston [386], Ruzsa [403], and Batty and Bollmann [39]. A further important
corollary of the Four-Function Theorem, due to Fortuin, Kasteleyn, and Ginibre
[185], is, historically, a predecessor of it.

Theorem 6.3.12 (FKG-inequality). Let f and g be both increasing (or both de-
creasing) functions on a distributive lattice P, and let w : P — Ry satisfy the
condition

w(p)w(g) < w(pV q)w(pAgq)forall p,q € P. (6.47)
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Then
( Y of (p)w(p)) ( > g(p)w(p)) < ( Yo (p)g(p)w(p)) ( > w(p)) :
peEP peP pEP peP

(6.48)

Proof. We consider only the case of increasing functions. First we take character-
istic functions f = ¢r and g = ¢, where F and G are filters of P (¢ and ¢g
are increasing). Taking o := B := y := § := w, 4 := F, B := G in Theorem
6.3.10 and noting that F Vv G is the set intersection of F and G, we obtain

( > w(p)w(p)) ( > <PG(P)w(P))

pPEP PEP
=w(F)w(G) < w(FV GQw(F AG)

< w(FV Gw(P)
= ( > ¢F(P)¢G(P)w(17)> (Z w(p)) :
peP pEP

and the FKG-inequality is proved in that special case. Now let f and g be arbitrary
increasing functions. By Lemma 4.4.3 we can write f and g in the form

h k
f=%+) kior. g=v+ Y veq,;
i=1 Jj=1

where F; and G| are suitable filters and A; > 0, v; 20, i=1,...,h,j =
1, ..., k. After a simple computation, we derive

( > f(p)w(p)) (Z g(p)w(p)) - ( > f(p)g(p)w(p)) ( 3 w(p))

peP peP pPEP peP

k
=) "> ny ((Z‘PF;(P)W(P)) (ch,-(p)w(p))
Lo L

i=1j peP peP

_ (Z 9F (P9, (p)w(p)) (Z w(p))) ’

peP peP

which is nonpositive by the special case we proved earlier. [ ]

Corollary 6.3.6 (Chebyshev’s inequality). Leta; < --- < ayandb; < --- < by.

Then
n n n
(Za,‘) (Z b,') <n Zaibi.
i=1 i=1 i=l]
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Proof. Let P be the chain (1 < --- < n),definew, f, gon Pbyw := 1, f@) =
ai, g(i) := b;, and apply the FKG-inequality. [ ]

As mentioned earlier, there are many applications of such inequalities — even
in domains where one would not expect it. Concerning a result of Shepp [430] on
linear extensions of posets, we refer to Anderson [32, p. 100]. Recently, Ahlswede
and Khachatrian [14, 17] detected a remarkable connection to number theoretic
inequalities. Here we present an application to Bernstein polynomials. Let C[0, 1]
denote the set of all continuous functions over [0, 1]. If f € C[0, 1], then the
corresponding Bernstein polynomial B, f is defined by

- k
(Bn f)(x) == Zf (;) (:>xk(l —x)"_k.
k=0

Theorem 6.3.13 (Seymour and Welsh [427]). Let /. g € C[0, 1] be increasing.
Then forall x € [0, 1]

(Bn f8)(x) = ((By £)(x))((Bng) (x)).

Proof. Let x eA[O, 1] be arbitrary but fixed. We consider three functions w :
2"l - Ry and £, §: 2171 — R, which are defined for all 4 C [n] by

w(d) = xMI(1 — xyr=HI,

f) = f(%)

g4 = g(M),
n

If 4 C BCinlthen f(4) = f(4) < r(18ly = f(B) since f is increasing.
Thus f (and analogously 2) is an increasing function on the Boolean lattice, that
is, on 2["! ordered by inclusion. Moreover,

w(A)w(B) = xMIHBI(] _ x)2n—141-IB]

— xIAUB|+|AﬁB|(l _ x)n—lAUB|+n—lAﬁB|

w(4U B)w(4 N B).
The FKG-inequality yields

(‘ > f(A)g(A)w(A)) ( > w(A))

AC([n) AC[n]

> ( > f(A)w(A)) ( > é(A)w(A)),

A<[n] ACIn]



270 Algebraic methods in Sperner theory

that is,

(50 (&)s(E)a-0) (£ (0)ea-o)
- (;(Z)f(S)xk“‘x)"'k) (;(Z) ( ) xk (1 = x- ")

and finally,

(Bn f8)(x) = ((Bn f)(x))((Bng)(x)).
]

We say that a weighted poset (P, w) is an FKG-poset if for all increasing
functions f and g the inequality (6.48) is true. The FKG-inequality says that
(P, w) is an FKG-poset if P is a distributive lattice and w satisfies (6.47), for
example, if w = 1. It is interesting that we have again a product theorem:

Theorem 6.3.14 (Jones [278)). If (P;, w;),i = 1,2, are FKG-posets, then (P,
wi) X (P2, wy) is an FKG poset, too.

Proof. Let P := P; x P, and w := w; X ws. Let f and g be increasing on P.
Then it is easy to see that the functions fj, g : P — R defined for all p; € P,
by

filp) = Y f(p1, p2)wa(p2),

p2eP;
gi(p) == Y g(p1, p)wa(p2)
P2€Py

are increasing. Moreover, for fixed p; € Pj the functions f(p;, p2) and g(p;, p2)
are increasing on P»; hence (using the fact that (P, wy) is an FKG-poset and that
wj, being a weight function, is nonnegative)

Silpngi(py) < ( >, f(Pl,Pz)g(pl,Pz)wz(Pz)) ( > wz(pz))-
P2€P) p2eP (6.49)

Using the fact that (P;, w;) is an FKG-poset, we obtain

( > f(Pl»P2)w(PI’P2))( > g(Pl,Pz)w(Pl,pz))

(p1,p2)eP (p1,p2)EP

=( > wl(Pl)fl(Pl)) ( > wl(Pl)gl(Pl))

PIEP P1EP
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< ( > wl(pl)fl(pl)g](pl)) wi(Py)

PIEP

< ( Yo wie) Y f(Pl,Pz)g(Pl,Pz)wz(Pz)) w2 (P)w (Py)

PIEP P2EP;

I

( > f(pl,pz)g(pl,pz)w(pn,pz))( > w(pl,pz)).

(p1,p2)eP (p1.p2)eP
| ]

Let us conclude this section with a study of the variance problem for our lattices
(with weight w = 1). Because modular geometric lattices are normal, they are
also rank compressed by Corollary 4.5.7. Modular lattices are not necessarily rank
compressed, however. To see this, consider the subgroup lattice P of G.2(p)
given in Figure 6.9 and take the filter F := {U], .. < Up, Vp, G,2)(p)}. We have

ur(F) = I; PPy itpzs.
Then by Theorem 4.4.1 the rank function is not an optimal representation if p >
5 (another counterexample was given by Stahl and Winkler (see [161, p. 84])).
Moreover, geometric lattices are not necessarily rank compressed: Let us look at
the Dilworth—Greene lattice DG, and take F := B, (see Figure 6.7). Then

(n+2)2"~1 4 2p31
2n + 3n

that is, DG, is not rank compressed if n > 6. However, we did not expect that

distributive lattices are rank compressed. More generally, we have (see [148]):

pr (F) = g +1< = u(DG,) ifn > 6;

Theorem 6.3.15. If (P, w) is a positively weighted, ranked FKG-poset then
(P, w) is rank compressed.

Proof. Let » be the rank function of P. We verify condition (ii) of Theorem 4.4.1
in order to derive that  is an optimal representation. Let g : P = P, — R be

increasing and take f : P — R with f(p) := r(p) — p,, p € P. Clearly, f is
increasing, too. Because (P, w) is an FKG- -poset, we have

Y WP (p) — u)

peP
1
> — w(p)(r(p) — ur) w(p)g(p) | =
w7 (3 ) (Zooeo)
since 3, p w(P)(*(p) — pr) = 0. _ n
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In Section 7.2 we will sketch a proof that the partition lattice I, is not rank
compressed if n is sufficiently large. Following my paper [155], first we ask for
filters F in IT, that satisfy the necessary inequality u, (F) > u,(I1,). Because of
the bijectivity between antichains 4 and filters F (generated by 4) we study, more
precisely, antichains.

Let A be a positive integer. A A-coloring of [r] is as usual a function ¢ : [n] —
[A]. Given an antichain A in I1, we define a proper A-coloring of A to be a
A-coloring of [n] such that for each element of A (which is a partition of [n])
there exists at least one block that is not monochromatic. Let p(4, A) be the
number of proper A-colorings of 4. If, for example, 4 consists only of one partition
7 (with b(r) := n — r(x) blocks), then obviously p({rr},A) = A" — Ab(™),
Moreover, it is not difficult to see that for 4 = {r, o'}, the equation p({r, o}, 1) =
A" — pb(m) _ 3 b@) 4 3b(rVe) polds. To obtain a more general formula, we define
for our antichain A4 the subposet L4 of IT, by

Ly:={supd': A’ C 4}

(here we put sup@ := 0, where 0 = 1|2]| - - - |n denotes the minimal element in
I1,). In the following we must distinguish between the expected value w(.) and
the Mobius function (., .).

Theorem 6.3.16. Given an antichain A in T1,, we have

P =) p(0,0)x".

a€ely

Proof. For any coloring ¢ of [n], let A(c) be the set of elements of 4 for which
all blocks are monochromatic. Further, let ¢(c) := sup 4(c). It is easy to see that
all blocks of a := sup A’ are monochromatic iff all blocks of each w € A4’ are
monochromatic — that is, iff 4’ € A4(c). Thus we have, for any fixed coloring c,

¢(c) =1, a iff the blocks of « are monochromatic.

Fora € Ly, let f(a) be the number of A-colorings c of [n] with ¢(c) = a. Obvi-
ously f(0) = p(4, A). Defining g(e) := ZﬂzLAa f(B), we see by the preceding
remarks that g(o) counts the number of A-colorings for which the blocks of « are
monochromatic. Hence g(a) = A%® . By Mébius inversion (Theorem 6.3.3),

P, )= fO) = ) w0 a)x".
aely
|
Hence p(4, 1) is a polynomial in A that is called the chromatic polynomial of

A. It is a natural generalization of the chromz:iic polynomial p(G, A) of a graph
G (cf. [354]). If 4 is a set of rank-1 elements of I1,, then A can be interpreted in

6.3 Modular, geometric, and distributive lattices 273

the following way as a graph G = (¥, E) on ¥ = [n]: Each element of 4 is a
partition of [n] with n — 2 one-element blocks and 1 two-element block, and we
put ij into E iff there is one element of 4 having ij as the two-element block.
Then p(4, 1) = p(G, A).

Theorem 6.3.17. Let A be an antichain in T1,, and F the filter generated by A.
Then

(3]

PROIEING BY/ ) Rt (P(i"”') _ P(‘?’f)) >0,
RAYA Jj"

. i

i,j=

Proof. We begin with the determination of u, (I1,,). We have |IT1,| = B, (the Bell
number), and, using the recurrence of the Stirling numbers (1.6),

n—1
Z r(r) = Zisn,n-—i = Xn:(n - k)Sn,k
rell, i=0 k=1

n
nSn,k - Sn+1,k + Sn,k——l =nB, - Bn+l + B,.
k=1

Thus

Bn+l

B, '
For F # Il, — that is, 4 # {0} — we determine now Y oxept(@). Form e I,
let Ay :={0 € 4:0 <nm}and Y(n) = sup A, . Obviously, ¥ () € Ly and
7 = Y (m); that is, 7 lies in the filter generated by ¥ (). Fora € Ly, let

wr(Ilp)=n+1-

(6.50)

fi@ =l el :y@m=al, H@:= Y  r@.

wellp:y(r)=a
Obviously,

IFl= Y f@, Y rm= Y p@

a€Ll :a#0 neF ael a0
and with g; (@) := ZﬁZLAQ' fi(B),i =1,2, we have
IFl=210)~ fi©), ) r(m) =g - £(0). (6.51)
neF

For fixed o € Ly, the set F(x) := {B €, : B > «) forms an induced subposet
of I, which is isomorphic to ). We have F(a) = (B € T1,, : ¢(B) > o}
because B > « implies ¥ (8) > « and B = ¥ (B). We have

g1(@) = Bpay (6.52)
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because
g1@ = Y |frel,:ym) = p}
LRI
= |{m €y : Y () = a}| = [Mp@)| = Bh(w)s
and
&2(a) = nBp@) — Bpa)+1 + Bp(a) (6.53)
because
ge@= Y Y rm= Y rm= Y r@
ﬂzLAa well,: ¢y (r)=8 el y(r)>a rwell,:n>a
n—1 b(a)
= Z i Sp(a)n—i = Z(n — K)Sb(@),k = nBp@) — Bba)+1 + Bp(a)
i=r(a) k=1

where the last equality follows as in the beginning of the proof. From (6.51), (6.52),
and (6.53), we obtain via Mdbius inversion

IF| = By — ) (0, @)Bpa), (6.54)

aely

> r(1) = nB,— Byp1 + B,

neF

— D #(O0,0)(#Bse) — Boa+1 + Bow)- (655

aely

From (6.50), (6.54), and (6.55) we obtain after a straightforward computation that
wr(F) > p,(Iy)
iff

D 100, @) (B(ay+1Bn — Boa) Bas1) > 0. (6.56)

acly

By Dobinski’s formula (1.7) a product B, By, can be written in the form

1 11 & iejb  jbja
BaBy = 5(BaBy+ ByBa) = 5 — ZOW o
L=

Thus (6.56) is equivalent to

00
> G- Do (j" 2 u(0,0)"@ —i" 3™ (0, a)j”‘”) 20,

a€ly a€ly
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and the last inequality is by Theorem 6.3.16 equivalent to

00 .n A,. A, .
Yy L (i—j)(”(.,, D_ 2o ."”) >0,
521 iyt i J

We call an antichain 4 of I1,, coloring-monotone if
PAY) _ p4,A+1)

AT A+ D
Hence A4 is coloring-monotone if the probability that there exists a nonmonochro-

matic block for a random coloring in each element of 4 increases with the number
of colors. Directly from Theorem 6.3.17 we may derive:

forall A € N,.

Corollary 6.3.7. Let A be an antichain in T1, and F the filter generated by A. If
A is coloring-monotone then

ur(F) = pr(Ily).

Proposition 6.3.2. If|A| < 3 then A is coloring-monotone.

Proof. The cases |4| € {1, 2} are easy to verify, solet 4 = {a, B, y}. Generalizing
the case |4| € {1, 2} we may calculate p(4, 1) also by the principle of inclusion
and exclusion:

P4, 2) = A" — AP@p(@) — 12B)r(g) — 26W)p(y)
F AV @ v B) + AP@D (v ) + APBV (B v )
—AP@VBYN (g v BV ).

We put f(X) := p(4, 1)/A". It is sufficient to prove that f’(A) > 0 for A > 2.
We replace everywhere b(rr) by n — r (). In the calculation of f'(X) we omit the
(positive) term with & v B Vv y and decrease A ™" @ by A~"@VB) ) ~r@V¥) (note
that r(@) + 1 < r(@ Vv B), r(@)+1 < r(@Vy), A > 2) and do the same for
A~7®) and A=) We obtain

S0z % (AP0 +r @)~ r@v p)
AT @) +ry) = r@ v y)
FATEN(B) + 1) = 1BV y)).

The RHS of this inequality is nonnegative because the partition lattice is semi-
modular. |
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I'leave it to the reader to verify for several classes of graphs (see [61] or [354)),
like complete graphs, trees, circuits, wheels, interval graphs, and so forth, the
coloring-monotonicity (recall that subsets of N;(I1,) are interpreted as graphs).
We studied the case | 4| = 1 together with Bouroubi [82] in a direct way. Let me
end with the remark that not all antichains are coloring-monotone if 1 is sufficiently
large. Take for simplicity n even and 4 C N}, whose two-element blocks have the
form {i, j} with i < %, j > % (this can be interpreted as the complete bipartite
graph on the vertex set {1, ..., 53U {5 +1,...,n}). Then it is easy to see that
p(4,2) =2and p(4,3) = 6+ 6(2% — 2); that i,

PA.D) _ p4,3)
2n = 3n
and this is false iff » > 20. Here is a nice analogy to the proof of Theorem 5.4.8.

fF3n-1 <2% _ o,

6.4. The independence number of graphs and
the Erdos-Ko-Rado Theorem

In this section we consider more general objects, namely simple graphs G =

(¥, E) instead of posets. Let us recall that a subset S C ¥ is called independent

if vw ¢ E forall v, w € S. The independence number of G is defined by
«(G) := max{|S| : S is independent}.

The determination of «(G) is, in general, difficult (NP-complete, cf. [215]), but
here we are looking at special graphs that are, in particular, regular. We will consider
an algebraic method for the the determination of upper bounds for a(G). Itis based
on the work of Hoffman [119, p. 115), Delsarte [128], Lovész [355], Schrijver
[419], Wilson [470], and others. Though there are theories related to these questions
— the theory of association schemes, cf. Bannai and Ito [38], and the theory of graph
spectra, cf. Cvetkovi¢, Doob, and Sachs [119] (see also Haemers [250]) — we shall
avoid building the whole machinery. Instead we’ll examine some main ideas that
are sufficient for our purposes. As throughout this chapter, linear operators are
preferred to matrices.

We associate with a graph G the graph space G in the same way as it was
done for posets (see Section 6.1). So G is freely generated by the vertices of G.
The standard basis of G is given by {v : v € V'}. Moreover, we consider G as
a Euclidean space (with the standard scalar product). We will work with (linear)
operators from G into G. The identity operator on G is denoted by T.Let

oG = ZB’.

veV

We define the all-one-operator J by

J@) = g forallv e V.
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Finally, an operator 4 : G — G is said to be an adjacency operator if for all
veV
AV) = Z c(v, w)w,
weV:vweE

where c(v, w) are real numbers depending on v and w. Note that (4(7), W) = 0
if vw ¢ E. If for all vw € E there holds c(v, w) = c(w, v), then (A(?7), W) =
(v, A(W)); hence A is self-adjoint. For example, Tis self-adjoint. If c(v, w) = 1
forall vw € E, we speak (as for posets) of the Lefschetz adjacency operator Ay 1t
is well known that all eigenvalues of a self-adjoint operator A are real and that there
exists a basis of G consisting of pairwise orthogonal eigenvectors of 4. Recall thit
a self-adjoint operator M is positive-semidefinite if (M(p), @) > O forall ¢ € G
and that this is equivalent to the fact that all eigenvalues of M are nonnegative.

Lemma 6.4.1. Let A be a self-adjoint adjacency operator on a graph space G
andlet M :=1+ A4 — %J be positive-semidefinite. Then a(G) < 8.

Proof. Let S be any independent set in G and let ¢g := Y ves U Then
(4(ps), s) = <Z AD), Y ﬁ> = ) (A¥), W) =0
ves wes v,wes

since vw ¢ E for all v, w € S. Consequently,

1 ~
0 < (M(ps), ¢s) = (@s, ¢s) + (A(ps), ps) — g(J(fps), ®s)

1 ~
=8| - §<ZJ(U),¢S>

vesS
= 181 = L1Sitpg, 05) = 151 — L1sp2
- s PG, Ps) = s .

This implies |S| < §. [ |

Remark 6.4.1. Note that in Lemma 6.4.1 «(G) = § iff (M(gs), ¢s) = 0 for some
independent set S in G.

Up to now we have had much freedom in the choice of 4, but we must choose 4
and é such that the verification of the positive-semidefiniteness of M is possible.
One way to do this is the construction of A as a linear combination of “elementary”
adjacency operators for which the eigenvalues can be determined explicitly:

Lemma 6.4.2. Let A = §=L BjBj, where each Bj is a self-adjoint adjacency
operator on the graph space G of a graph G on n vertices. Suppose that the
eigenspaces of the operators B; are independent of j, and let Aji, i=1,...n, be
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the eigenvalues of B;, j = 1,..., 1. Finally suppose that ¢ is an eigenvector of
Bj to the eigenvalue X;1, j = 1,...,1. Then the eigenvalues ju; of M := I +
A- %J are given by

1+Z§=lﬁj}‘j,l_'a‘l ifi=1,

I+Z§=1ﬁj)ej,i ifi=2,...,n.
Proof. By our suppositions, there exists a basis {¢1 = ¢g, ¢2, ..., ¢, } of pairwise
orthogonal eigenvectors of B; to the respective eigenvalues A1, ..., A jny J =

1...,I. We have J(96) = Ypey T(T) = S pey Swey i = ngc and J(¢;) =
0, i = 2,...,n, since for each v € V it holds (J(¢;), V) = (¢, J(V)) =
(¢i» ) = 0. Consequently,

i 1~ 1
M(p) = o6 + Zﬁij(st) - EJ((DG) = (1 + Zﬂjlj,l - %) %G,
j=1

J=1

i 1~ i
M) = @i + Zﬂij(%) - EJ(%') = (1 + Zﬁjlj,i)fpi, i=2,...,n.

J=1 =1
n

With the assumptions of Lemma 6.4.2 we obtain the smallest possible upper
bound on «(G) in determining

]
z 1= max IZﬂjljJ]
Jj=1

subject to
!
Zﬂj)"j,iz_l, i=2,...,n.
j=l1
Then we have u; > Ofori =2,...,n and we may choose
_n
T 14z

(this is the smallest § with the property u; > 0). We summarize the result:

Theorem 6.4.1. Let By, ..., By be self-adjoint adjacency operators on G whose
eigenspaces are independent of the index. Let Aj; (i = 1,...,n = |V(G)|), be
the eigenvalues of Bj, j = 1,...,1, and let ¢ be an eigenvector of Bj to the

eigenvalue of A1, j=1,...,1. Define z := max{2§=1 Birj1: Z§=1 Bjrji =
—1,i=2,...,n}). Then

n
(@) = 142z
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Corollary 6.4.1 (Hoffman (unpublished)). Let G be regular of degree d,
[V(G)| = n, and let A, be the smallest eigenvalue of the Lefschetz adjacency
operator Ay. Then

—nhy,
G)< ——.
*@D =775,
Proof. In Theorem 6.4.1 we take / := 1 and By := Aj. Our vector ¢g is an

eigenvector of B) to the eigenvalue d since

ALpe) =D A=) Y @=d) @&=dgg.

vev veV weV:vweE weV
We must calculate f1d — max = z subject to 1A1,2 > —1,..., B1A1, > —1
where A1, ..., A1,, = A, are the eigenvalues of A (A, is the smallest one). To

obtain a maximum we must clearly have 8; > 0. Then the strongest restriction
is the last one, namely BiA, > —1. Since the sum of the eigenvalues equals the
trace of Ay, which is 0, A, is negative, and it follows that B < —1/A, and
z = —(1/X\,)d. From Theorem 6.4.1 we derive

n._ —nAy
1-4 d-x’

n

a(G) <

Now we will apply this method to prove Erd6s—-Ko—Rado type theorems. We
will consider the Boolean lattice B, and the linear lattice L, (g) simultaneously.
More precisely, we will do the following calculations for L, (g). If we let g — 1
we obtain the corresponding formulas for B,. If the reader is only interested in
By, he or she can prove some of the succeeding Lemmata more easily (again let
everywhere g — 1). For L,(g), we need the following theorem, which is due to
Goldman and Rota [225]:

Theorem 6.4.2 (q-binomial Theorem). Let fi(x,y) = (x — y)(x — qy)---
(x—q*'y), k=1,2,...,and fo(x,y) := 1. Then

fa(x,2) = Z (Z) SO, Y) fu—k(,2) forallx, y,z e R.
q

k=0

Proof. Let V, be a vector space of dimension n and let X, Y, Z be vector spaces
of cardinalities x, y (resp. z) such that Z € Y C X and n < dim Z. Let us count
the number 7 of injective linear mappings ® : ¥, — X such that the intersection
of the image ®(V,) with Z equals the zero vector. Let vy, ..., v, be a basis of
V. We count the ways of mapping this basis into a set of n independent vectors
in X whose span [{®(v}), ..., ®(v,)}] intersects Z in the zero vector. We need
®(v1) € X — Z; consequently there are x — z choices for ®(v;). Further we need
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®(v2) € X —[Z U {®(v1)}], so we may choose & (v3) in x — qz ways. Now we
may continue with ®(v3) € X—[ZU{®(v}), ®(v2)}], thatis, x —g2z possibilities
and so forth, and we get on the one hand

I=(x-2)(x—¢qz2)---(x —q"—lz) = fu(x, 2).

On the other hand, we classify our mappings by ®(¥,,) N Y, which is clearly a
subspace of some dimension, say &, and hence it is the image of a k-dimensional
subspace of ¥,. We obtain all such mappings by first choosing a k-dimensional
subspace W of V,, then mapping W into Y in such a way that the intersection with
Z is only the zero vector, and finally mapping ¥, — W into X — Y. We have (Z)q
choices for W. Let wy, ..., wy be a basis of W and wy, ..., wy, ..., w, a basis
of V. As before, we see that there are (y —z)(y —qz) - -- (y — ¢*~'2) = fi(y, 2)
possibilities to define ®(wy), ..., ®(w) and, independently, (x — y)(x —gy) - - -
x - q""“ly) = fu—i(x, y) choices for ®(wg1), ..., P(w,). Consequently,

n n

r=3%" <:)qfk(y, D ke ) =Y (Z)qfn-k(y, 2) fi(x, y).

k=0 k=0

We proved our assertion for all numbers x = g%,y = ¢%,z = ¢ such that
n < c < b < a. For fixed a and b such that b > 2n, we have on both sides
polynomials i m z of degree at most n that are equal on n + 1 points, namely

z=q",..., q "; hence they are identical. For fixed z and a such that ¢ > 2n, we
may conclude in the same way that the assertion holds for all y, z and then finally
also for all x. ]

Corollary 6.4.2. We have

@ x" =143 (), =D& —g) - (x — g+,

B) (c=Dx=q)--(x = q") = T4y (1), (- kg Dxrk,
© (3)g = Tizo (1), (,20) @0,

%) (b—-a) — ZZ:O(_l)k(a+/I§_l)q (nfk)qq—ak—(lz‘)—(a+k)(n—k)-

Proof. (a) Putin Theorem 6.4.2z:=0and y := 1.
(b) Putin Theorem 6.4.2 z:= 1 and y :=Oand use k := n — k.
(c) Put in Theorem 6.4.2 x :=¢°*?, y:= 4% z:= 1 anduse k := n — k.
(d) Replace in (c) the variable a by —a and note that (‘”) = (=g —ak—(3)

(a+II: l)q : u

As always we will use the letter P for both lattices L, (g) and B,,, and r denotes
the rank function. Elements of P are denoted by X (subspaces of an n-dimensional
vector space V' over G F(q) (resp. subsets of the n-element set [n])). The standard
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basis of the poset space P is then {:f' : X € P}. Recall that 7(X) = dim X (resp.
| X]) and that a family F C P is called k-uniform t-intersecting if r(X) = k for
all X € Fand (X AY) >t forall X,Y € F.Let G = G, 4,,(P) be the graph
on the vertex set Ny whose edge set E is given by E := {XY : X,Y € N; and
r(XAY) < t}. We call G briefly the Johnson graph because it arises in the Johnson
scheme (see [38]). In the case t = 1 our graph G is called the Kneser graph. Clearly
a(G) equals the maximum size of a k-uniform #-intersecting family in P. Our aim
is the determination of «(G). (In the case of B, we know already the solution by
Theorem 2.4.1. We will derive this result again forn > (k — ¢ + 1)(¢ + 1) since
the method gives in addition many interesting properties of the corresponding
linear operators.) We may suppose throughout that 0 < ¢ < k < (n + t)/2 since
otherwise the problem becomes trivial. We have

a(G) > (" B t) 6.57)
k—t],

since we may take a fixed Xy € P with »(X;) = ¢ and obtain a k-uniform ¢-

intersecting family S := {X € N; : X 2 Xp} of size (Z:;)q. The question is for

which parameters we have equality. We will see that this is the case if n > 2k for

L,(g)andifn > (¢t + 1)(k —t + 1) for B,.

In order to define the operators B; of Theorem 6.4.1 (not to be confused
w1th the Boolean lattice for which we write P here) we work with the operators
V,_, j and A,_, > j introduced after (6.30). Recall that, for example, A,_, j(X )=
2oy xr()=j Y, where X € N;. Moreover, in generalizing the operators from the
proof of Theorem 6.3.2, we introduce W;_, ; : N, — Nj as follows:

\Ifi_,j(X) = Z Y where X € Ni, 0<i,j<n.
YeN;: XAY=0

Finally we define B;: ﬁk — 1’\7,, by

Bj = \I’j—»kzk—w" j=0,...,k.

Lemma 6.4.3.

@ Let X € Ni,Y € P,r(XAY)=m,and0 < j <k Then|{Z € N; : Z <
XandZ AY = 0}|—qu(’°-’")q.

®) B (D = T2 Crenmproxan=97(7), ¥

Proof. Obviously (b) follows from (a) with m := i. So let us prove (a). Let W :=
X AY.The number we are looking forise := |{Z € N; : Z < X, ZAW =0}|.
Since W consists of g™ vectors we may find (g% —g¢™) - - - (g% — g™ /=1y ordered
bases for a subspace Z € Nj with Z < X, Z AW = 0. On the other hand, each
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subspace Z has (g7 — 1) - -+ (g7 — g7/~") ordered bases. Consequently,

A ) RSN C Al G =qmj(k—m>
@/ =1 (¢/ —g/h iy

Lemma 6.4.3(b) tells us that B; is self-adjoint for j =0, ..., k and that B, is an
adjacency operator for our Johnson graph space if k — j < ¢; thatis, j > k—t+1.
So we may use Theorem 6.4.1 with By_,,1, ..., By if we are able to determine
their eigenspaces and eigenvalues. This can be done using several identities.

Lemma 6.4.4. We have
@ AjsiAi, ;= (j:’,)qu_,:, 0O<l<j<i<n,
®) ej—ﬁ%l—n‘ = (;:11 q%—»l, 0<l<j<iz<n,
© AjoiWin; =g D) Wi, 0<l<j<n 0<i<n,
J J j—l q
@ WiV =g () Wi 0s1< j < 0<i <,
(e Vi = 2;1:6“’”(—1)jq(4)§j_>lzi—>j, 0<i,l<n,
A= —1igUH-1S. o ;
O Aisr = j=0(—1)7q% 2 VisiWisj, 0<I<i<n.

Proof. (a) and (b) follow from the fact that for X > ¥, r(X) =i, r(¥Y) =l it
holds {Z e N;: X > Z > Y} = (j.:’,) )

(c) and (d): With a method analogousqto the proof of Lemma 6.4.3(a) we obtain
that, for fixed Y € N;, X € N; with Y A X = 0, the equality |{Z € Nj:Y <
Z, ZAX =0} =q'U-D (”,‘-Z’) holds. This yields the assertion.

e)LetX e N;, Y e N, r(XAY) =m. We have

(VjstBin j(X),¥) = {Z € N;: Z < Xand Z < Y}
=|{ZeN,:25XAY}|=(”f) .
J/q

Consequently, putting in the polynomial identity from Corollary 6.4.2(a) x := 0
and n := m we obtain

min{i,/} . m .
<( > (—1)fq(4)%»1£,-q,-) X, ?> = > (-1)/q® ('")
j=0 J/q

j=0

1 ifm=0,
0 otherwise

= (W;51(X), Y).
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f)Let X e N;, Y € Nj, r(XAY) =m. We have
(VisWis j(X),Y) = {ZeN;: Z<Yand Z A X = 0}|
=|{ZeN;:Z<YandZA(XAY) =0}

()
J Jq

where the last identity follows from Lemma 6.4.3(a). Consequently,

1 .
<(Z(_qu(,;l)_%q,ﬁ,.) @®, y>

=0

I—-m .
=Y (- 1yg(3rem-Di (’ ".’") :
j=0 J /q

We have to show that the RHS equals 1 if m =/, thatis, ¥ < X, and equals 0 if
m < [, thatis, Y £ X.Putting p := I —m and using the symmetry of the Gaussian
coefficients we conclude

Zp:(_l)jq(j;rl)—w' (p) — i(_l)l’—jq(”_{“)—l’(l’—j) (P)
j=0 J/q =0 J/q
2P o
= 1P Y 1g®D (”)
=0 J/q

[1 if p=0,

0 otherwise

by the proof of (e). |

Lemma 6.4.5. We have for0 < j,1 <k,

B;B; = BB
. min{j,/} X : ;
=ql(k—j)<n -] —l) Z (—l)iqk(j_i)_'_(;) (n —k—l) (k—l) Bi.
k=j /4 = J=i J\I=i/,

Proof. In view of Lemma 6.4.4 we have
B;B = (‘I’j—>kzk-> Dk Apsr) = q’j—»k(zk» J3 TERYY. VN

_nfn—j—1 ~
= ql(k j)< k 1 _] ) \pj—>kq,l—>jAk—>l
q )
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and further

- min{,/}
q’j—»k“’l—»jAk—»l = q’j—»k( Z (=1’ q(Z)Vz—U(AI—NAk—»I))

i=0

min{j,/}

= Y - 1)'q(2)( )(wﬁkv,a,)mﬁ.
i=0
min(j,/} _ . o _

= Z (—1)'4(2)(k l) qk(j_i)(n .k . l) Uik Ag—si
i=0 I=i/, JTE /g
min{,/} . . .

=3 g (70 5
i=0 J—i J\I=i],

The product B; B; can be calculated analogously. [ |

Lemma 6.4.6. Let0 < j <k<nand j+k <n. Then

(@) V;_. is injective,
®) Bi(N) = Vjk(N)).

Proof. (a) By Lemma 6.4.4(c) and (f) we have

J .

~ . i+1 ar

Aj—’f = z :(_l)lq( 2 )—jlvi—hjq’j—)i
i=0

J oo n—i— 1\~ ~
= (Z(—l)'q(2) ’k( r ‘]) Vi jAksi | Wisk.
i=0 /g

Since A j—j 18 the identity operator on ]Vj our operator W;_,; must be injective.
(b) By definition and Lemma 6.4.4(a) and (e) we have

J . .

~ . ik — ~ ~

Bi =V Ay = Z (—1)'q(2)(j z) ViskArsi
i=0 — /g

i=0

~ J . i~ ~
= Vit (Z(—l)'q(z)v,q ,A;H,) :
hence

Bj(Ni) € Vi (N)). (6.58)

Moreover, smce Ak_, j is a scalar multiple of the Lefschetz lowering operator
restricted to Nk, we derive from Theorem 6.2.5 that Ak_, jis surjecnve and VJ_,k
is 1nJect1ve Consequently (using (a)), dim BJ(Nk) = dim \IJJ_,k(N ) =W; =
dim Vj_,k(N ). This gives equality in (6.58). [ ]
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Let us look at the spaces E; ; deﬁned in (6 14). For our purposes, we use here
other indices. Recall again that V,_,k and A,_,, 1 are scalar multiples of VL "
(resp. A L;;—,)- Consequently, we have

Eri = Vinpker(Aini_), 0<i<k, (6.59)

and by Theorem 6.2.5

~

Ne = Exo®---®Epp, 0<k=< (6.60)

NS

Theorem 6.4.3. Let0 <i,j <k < % The spaces Ey ; are the eigenspaces of

Bj to the eigenvalue

A = (~1)ig/=D+G) (" P ) k- ’Z)
k—i g\ —i/,

(here we set (k {)q :=0; thatis, Aj; = 0if j <i).

-1

Proof. Let ¢ € Ey ;; thatis, ¢ = ﬁ.,k(w’) for some ¢’ € ker(Zi_>,-_1).
Case 1. j < i. We have as in the proof of Lemma 6.4.6(b)
Bi(¢) = B;ViLk(¢)

Lok Ne « &
D (=1qla ( ViskBks1Visk(9).
1=0 J =1 q

Zk_ﬂ%i_,k(go’) is a scalar multiple of Z’,‘J_Igllf_i (). Since 0 <1 < j <iwe
have k — I > k — i. Lemma 6.2.3 implies that these terms equal the zero vector
(note Ay (¢') = O); that is, also Bj(p) = Oand Aji =0.

Case2.j > i.Sincep € V,_,k(N,) there is by Lemma 6.4.6(b) some ¢” € Nk
such that B;(¢") = ¢. We first show that, for 0 < / < i, there holds B;(¢") =
In view of Lemma 6.4.5 and Case 1 we have

0 = Bi(¢) = BiBi(¢") = B;Bi(¢").

Again by Lemma 6.4.6(b) there is some ¢” € N; such that V;_,x(¢"") = B;(¢").
Using the definition of B;, we conclude that

6 =W ZI(—-»i 6I—»k(‘P”’)-

But Ak_, i VI_,k is injective according to Theorem 6.2. 5 (note! < i < k)and \ll,_,k
is injective by Lemma 6.4.6(a). Consequently, ¢” = 0 implying B;(¢") = 0. This
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result and Lemma 6.4.5 imply

Bj(¢) = BjBi(¢") = BiB;j(¢")

_ jk-p(n—t 1_ki-D+(}) n—k—1 k—1 "
= ( k—i )Z( D' 2( i-1 ),\j-1 qB’(‘p)

qIl=

—_ itk=i) (6))
e KR

For the application of Theorem 6.4.1, we need further that oG = Y v, Xis
an eigenvector. This is in the present situation the case because ¢ generates Ej, o.
The corresponding eigenvalue s A := g7/*("7/ )q (’j‘.)q. As mentioned previously,
we will work with an operator of the form 4 = By_; 4| Bx—s+1 + - - - + Bx Bi. Here
we need numbers 8;, j =k —t + 1, ..., k, such that

k

Z ﬂjlj,iz—l, i=1,...,k,

j=k—t+1

and Zf__.k_, +1BjAj0 is as large as possible. To get an idea how to choose these
Bj’s, let us look back at the beginning of this section. We are looking for param-
eters n, k, ¢ such that «(G) = (}_ ) So we take in Lemma 6.4.1 § : (',:_;)q
Independent sets S of this size were represented after (6.57). The correspond-
ing vector in Ny has the form g5 = 3 yen,.xor X, where Y € N, is arbitrary.
Obviously, s = V,_,k(Y ). By Remark 6.4.1, «(G) = & and S is maximum

iff

(M(ps), ps) =

Moreover, M has to be positive-semidefinite. Hence the vectors ¢g are optimal
solutions of the problem (M(¢), ) — min, where ¢ € f\ik. This implies that
M(ps) = 0 (either expand ¢ as a linear combination of eigenvectors or use the
fact that the gradient of the corresponding quadratic objective function must be
the zero vector).

Let X € Ny and Y € N; be arbitrary. From the preceding remarks we obtain
the condition

(MY1(T), X) = 0;

that is,

(¥, R M(X)) =
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We have in view of Lemma 6.4.4(c)
~ ~ ~ P ] —t ~
DisiBj = Aps Wik A j = g/ "( il ) Wit Ak j.
q

Hence
X X S g en(nmI k1 s
BpotM =BDisi + Y, Big’ v WjoriBisj = < Bist .
J=k=t+1 —t 4
Letm :=r(X A Y). Then
~ ~ -~ 1 ifY<UX, ie,m=t,
(Y, Apmst (X)) =

0 otherwise,

(¥, Wt Bss j(X)) = {ZEN;: Z< Xand ZA Y =0}

=qm™ (k - m)
J Jq
(this follows from Lemma 6.4.3(a)), and

S X T —t
(¥, Remst TE)) = 1(Z € N - Z>Y}|——(Z t) _s
—t/q

Accordingly,

0 = (¥, A M(X))

e ‘ ‘
_ 1 ifm=t1, N Z ﬁjqj(k_t)<n-—j—t) qmj(k—m> ——1-8.
0 otherwise  j—i—r41 k-t /, J Jq 8

So we transformed our condition into the following system of equations:

k ) .
Z ﬁjqj(k—t+m)<n—1—t) (k——m) _ 0 ifm=t¢,
sk k=t Jg\ 7 /g 1 ifosmsi-1.

For formal simplification, set j := j— (k—¢+1) and introduce Vi = Bjt(k—t+1)s
Jj=0,...,t — 1. We have to solve

-1 )
Z yjq U+ k=t D) Gemtm) (” —-J—k-— 1) ( k—m )
j=0 k—t J\itk—t+1),

[0 ifm=t,

1 if0<m<t—1.
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Let us verify that a solution of this system is given by

yj = (—1)J g~ k=t+DI= Q)= kr+1+)k=j=1)

*(j+k—t> (n—j—k—l)”'
J q k—t .
Indeed, insertion yields the LHS of our system:

—1 . .
IX:(_l)jq-—(k—t+l)j—(é)—(k-—t+l+j)(t—l—m—j)(1+k"t)( k—m )
= i ) \ivk-1+1),

e M), =O0fork—m =k—1 < j+k—t+1.
Let0 < m <t — 1. By the same reason all summands with j > t — 1 — m are

zero, and thus we arrive at

If m = ¢ this sum equals 0 since (

t—1—-m

Z (_l)jq—(k—t+1)j—(g)—(k—-t+l+j)(t—l—m-—j)

Jj=0
. j+k—t> k—m
Jj t=l-—m—j)'

If we putin Corollary 6.4.2(d)a :=k—t+1, b:=k—m,n:=t—1—m, k := Js
we see that the last sum equals (; } ,’: .= 1, and the verification of our solution
is complete.

Because we | have chosen the y’s, that is, the 8’s, such that (M(¢), ¢) = 0 for

allp € Vi1 (Ny) = Viok(Eo®- - @ Ei) = Exo®---® Ex, (see (6.59) and
(6.60)), we know already that

" ()
> Bhi=1 G,

j=k—t+1 ep .
J=k-tt —1 ifi=1,...,¢

-1 ifi=0,

In order to apply Theorem 6.4.1 we must finally investigate for which parameters
k and ¢ the inequalities

k t—1
Z Bjrji = Z)’jlj+(k—t+l).i =-1, i=t+1,...,k
J=k—t+1 Jj=0

hold. Up to now all conclusions were true for L,(q) as well as for B,. From now
on we must distinguish between these cases.

Lemma 6.4.7. Letl <t <i<k< 5 and q > 2. Then

t—1

D Vidjrte—rnyi > —1.
=0
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Proof. With the substitution j := ¢ — 1 — j and in view of Theorem 6.4.3 (recall
that Ay ;; =0ifk — j < i,ie., j > k — i), we have

- min(r—1,k—i)
Zyj)»j+(k—t+1).i = Z Yi—1-jAk—ji
j=0 Jj=0
min{t—1,k—i} i ;
= (=1) Z (_l)t—l—jq-(k—t+1)(t—1—j)—( 2 )= Na—i-N+(3)

Jj=0

(k—l——j) (n—i—k+j) (k—i) (n—t+j—k)-'

* . . ket .

k—t q k—i g\ J /g4 B

This is an alternating sum. It is sufficient to show that the terms decrease in absolute

value and that the first term has absolute value smaller than 1. Note that

g° -1
<qb“’ for0<b<a, g>1,

g -1
b_1
qa T < > fora>1, g >2.
q —_—

The absolute value of the ratio of consecutive terms (with index j > Oand j+1 <
min{t — 1, k — i}) equals

i+t qt-j—l -1 qn—i—k+j+1 -1 qk—i—j -1 qn—2k+j+l -1
q gFT=7 —1 qn2kijtT — giFT _ 1 gn—t+j+1-k _ |

<ql+j—t t—qu t+1 k—i— 2th k_qt—i—j+l Sq—j <1

We are interested in the absolute value for j = 0. Considering the term as a
function g(i) where

. -1
i o g~ k=t D=1 = () +h=D)+() k—1 n—i- k) (" —t- k)
gt):=4q i 2(k—z k—i )\ k-t ),

we have to show that g(f + 1) < 1 and L < 1. Indeed,

k—1\ gF* -1
t+1) = —kt+12
s =g () e

b @ =D @ =D an e
<gq t(k—t) — q <gq t(k t)qt(k t)=l
@"'-1.---(g-1

and
gi+1) 4 gt -1 < ik
g() - qn—i—k -1
This finishes the proof. : ]
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Theorems 6.4.1 and 6.4.3 as well as Lemma 6.4.7 (with the choice of the 8’s
from the preceding text) finally imply:

Theorem 6.4.4. Let 0 < 2k < n. Then the maximum size of a k-uniform t-

intersecting family in L,(q) equals (2:: .

This theorem was first proved by Hsieh [272] forn > 2k + 1, ¢ > 3 and for
n > 2k + 2, g = 2 by difficult and lengthy combinatorial means. The case ¢ = 1
can be treated more easily by first proving the theorem for n = 2k (see Greene and
Kleitman [234]) and then using an inductive argument (Deza and Frankl [135]).
The proof presented before Theorem 6.4.4 is due to Frankl and Wilson [203]. They
proved a little bit more:

Corollary 6.4.3. Let 2k —t < n < 2k. Then the maximum size of a k-uniform

t-intersecting family F in L, (q) equals (2kk_ t)q-

Proof. For X, Y € F, we have by the modularity of the rank function r(X Vv Y) =
r(X) +r(¥) —r(X AY) < 2k —¢t. If we consider F as a family in the dual
poset of L,(g) (which is isomorphic to L,(q)), then F is an (n — k)-uniform
n — (2k — t)-intersecting family. Since n < 2k, we have 2(n — k) < n. By
Theorem 6.4.4

|.7:IS< n—(mn-—Q2k—-1) ) =(2k—-t _ 2k —t .
n—k—(n-—QRk—1)) q k—t 7 k 7
The bound is attained by the family F := {X < Y : »(X) = k}, where Y is fixed
with r(Y) = 2k — ¢. n

Now we will consider the Boolean lattice B,. For the sake of brevity, we use
(see the proof of Lemma 6.4.7)

k

6; = Z Igjkj,i

J=k—t+1

i t—1- N(r—i—k+j
S

*<k—i (n—t+j—k -
Jj k—t '
Let us recall that we have to prove §; > —1forl <t <i <k <2

Lemma 6.4.8. Letn=(t+ 1)(k—t+1)and1 <t <k — 2. Then 6ry2 = —1.
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Proof. Direct computation seems to be hopeless, so again we need some more
theoretical insight. LetY € N;ysbefixedandletS := {X € Ny : [XNY| > t+1}).
It was mentioned already (before Lemma 2.4.1) that S is ¢-intersecting and from
Lemma 2.4.1(b) it follows that | S| = (;_}). Thus we work with

w=Y¥= ¥ ¥+ ¥ X
Xe§ XeNg:| XNY|=t+1 XeNp:X2Y

It is easy to see that
0s = Vi 1ok A (V) — (¢ + )\APINT5) (6.61)

Hence, ¢5 € V,+2_>k(N,+2) (note Lemma 6.4. 4(b)) Because V,+2_,k(N,+2)
(Ek0® - ® Ekt) ® Epr11 ® Expq2and Exo @ - ® Ery = Vi1 (N)), we
can write ¢g in the form

@S = @ + @41 + @112, Where ¢ € VL1 (N), 141 € Eg 141, 0142 € Eg 142

Claim 1. ¢, # 0.

Proof of Claim 1. We have Vt+2—>k(Y) ¢ Ero® - ®Ep 41 = Vt+l—>k(Nt+l)
because otherwise V,+2_,k(Y )= V,+2_,kV,+1.,,+2((p) for some g € NH_l,Wthh
would imply by the injectivity of V,+2_,k that ¥ e V,+1_,,+2(N,+1), and this
contradicts Proposition 6.1.1 since rank(VL, g2) =W < W,+2. On the other
hand, the first term on the RHS in (6.61) belongs to Ero® - - @ Ejqy; thus
@142 # 0. 0

Claim 2. ;| = 0.
Proof of Claim 2. The eigenvalue of B, to the eigenspace Ej ;4] equals

2 D\ (k- 1
Attt = (= 1)'“( —::1)))( o ))aéo

by Theorem 6.4.3. So it is sufficient to show that
Bry1(¢r11) = 0.
Because
Brr1(9) € Ex0 @ -+ @ Eky, Bri1(@r41) € Epr41, Brv1(@142) € Epry2,
it is enough to show that
Bi+1(93) S Ero® - @ Epr = V().

By Lemma 6.4.4(b), (d), and (e) and because B4 is self-adjoint, we have
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fort+1<i<k

W1k Arosr+1Visk

Br+l Visk

§1+l—>k(q’k—>t+l 61’—>k)

n—i—(@+1)
( k—i

(e -
=<n i (t+ ))Z( )j(t+l )J_,kA,_,,.

Withi =¢+ 1andi =t + 2 we obtain

)Vt+1—>k\pz——>r+l

Bri1(9s) = Bis1Ver1okBrprsr1(¥) = (¢ + 1By Vigask ()

i':(_l)j k—j )[(n—2t—2)<t+2-—j)
= t+1—j k—t—1)\t+1-
-2t -3
t—2

-+ 1)( )] €7j—->kzt+2—>j(?)-

We may restrict the summationto j =0, ...
in brackets equals

n—2t -2 3
<k—t—1) (’“)( _ _2)=0 forn = (t + 1)(k — £ +1).

, t,since for j = ¢ + 1 the coefficient

Consequently, B;41(¢s) € Vi x(Ny). o

Now we may conclude the proof of our Lemma. From the proof of Lemma
6.4.1 it follows that (M (¢s), ¢s) = 0 (we have here § = |S| = Z:f)). Further-
more, (M(¢), ¢) = 0 since we determined the numbers B; from this equation.
Because M(¢) € Ei,0 @ -+ @ Ek,r and ¢r+2 € Ey 112, we have (M(9), ¢r42) =
(@, M(0142)) = (J(@r+2), ¢r+2) = 0 (recall that the eigenspaces Ey.0, ..., Ex
are pairwise orthogonal; see Lemma 6.2.5(c)). Thus,

0 = (M(¢ + @r+2), (@ + @142)) = (M(@142), Pr+2)
= (1 + 6r42)(@r+2, Pr+2)-

By Claim 1, 6, = —1. [ ]

Lemma 6.4.9. Let0O<i<k< 5. Then

i-NNE - -1 k—t n—k—t+j\"!
._ t—1—i
=D (—l)zoi—t+j( J )(i—t+j)( i—t+ ) ) '

J=
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Direct computation yields
(k—l—j n—i—k+j\ (k- n—t+j—k
k—t k—i j k—1t
_(i—l (t—l)(k—l—j n—t+j—k\"
T \r-1 Jj i—1 i—t
Consequently,

e (g

(6.62)
Consider the function

f=f(x,y;a,b) :=%<:)(Z)_l withx,yeR, a,beN, y>b.
Let If := fand
Xf(x,y;a,b) := f(x — 1, y;a - 1,b),
Yf(x,y;a,b) := f(x—1,y+1;a,b+ 1),
Zf(x,y;a,b) := f(x—1,y+1;a,b).

In a straightforward way one may verify that

XYf = YXY,
U-2)f = (X+D)f.
Accordingly,
I-2'f = X+1)y
that is,

Z( 1)1( )ij Z( )X’ l—JYJf

> (- 1)’( ; )f(x—j,y+j a,b)

Jj=0
=1
=Z( .)f(x—t+1,y+j;a—t+1+j,b+j).
=0\ J
Ifweputherex :=k—1,y:=n—k—t,a:=i—1,b := i — ¢, then the

LHS becomes the same sum as in (6.62) divided by i — ¢, and the RHS becomes
the sum in the assertion divided by i — ¢. |
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Lemma 6.4.10. Let1 <t <i <k < 3andn > (t + 1)(k —t + 1). Then
6; > —1.

Proof. From Lemma 6.4.9 we know that 6,11, 6,13, ... are nonnegative and that
0:4 increases (|64 | decreases) if n increases. Lemma 6.4.8 says that 6,1, > —1
(ft <k—2andn > (¢t + 1)(k — t + 1)). So it is sufficient to show that

[6i| > 16i41] fori >1t+2.

We work with the formula from Lemma 6.4.9. If t = 1, then

ol _ (OO k=i

ol = ) ki

since n > 2k. Thus let ¢t > 2. We show that the ratio of the summands with index
J (j £min{k — (i 4 1), ¢ — 1}) in the formulas for 6; | and 6; is smaller than 1.
We have

(LG +1=0(F) (T ) =1+ DOELT)
()G + 1=+ NERTENE =00 (D)
_ -ttt itk—i—j) - i(k—1i) .
itl—t+ji—-0m—k—i) G- —k—i)
We have further

n—k—i>((+Dk—t+1)—k=i)—¢—-DGE—-@¢+1)=tk—1i),
and, because i —¢ > 2, t > 2,
G=Dt>@G—-t)+t=i.

Hence we may continue the estimation of our ratio:
itk —1i) < itk —1i) <
G—tmn—k—i) ~ (-0t —i)

All in all we proved (the special case of Theorem 2.4.1):

Theorem 6.4.5. Let0 < (t + 1)(k — t + 1) < n. Then the maximum size of a

k-uniform t-intersecting family in B, equals (;_}).

This theorem is due to Wilson [470] (and to Frankl [188] for ¢ > 15). Schrijver
[419] had come close to the solution before (using Delsarte’s and Lovész’s ideas).
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Of course, the presented method can also be applied to other structures. See, for
example, the papers of Stanton [445], Moon [373], and Huang [274].

Finally, note that one may derive with this method that, for n > 2k (resp.
n > (t + 1)k — ¢t + 1)) in the case of L,(q) (resp. B,), every maximum k-
uniform ¢-intersecting family S has the structure S = {X € Ny : X > Xo} for
some Xg € N;. This can be shown usmg Remark 6.4.1. Strict inequalities in our
estimates imply that Y Xe§ X e V,_,k (N,) for every maximum family and then
an induction argument yields this structure. We avoid detailed presentation and
refer to Wilson [470].

6.5. Further algebraic methods to prove
intersection theorems

As in the previous section, we will regard in the following the Boolean lattice B,
and the linear lattice L,(g) simultaneously and we will use the letter P for both
By, and L,(g). We have formally llmq_,l L, (q) = B,. Recall that for a family F
in P, F denotes the subspace of P generated by {X X € F}. Assume that we
have a second famlly Gin P.In thls sectlon we w1ll often work with the operator
A Fog ! :F > Gandits adjoint Vg_, F :G > F, which were defined in (6.30)
by

Kre®= Y 7 (resp. YoorB= Y y)
YeG:Y<X YeF:X<Y

(empty sums are defined to be the zero vector). The following idea allows us to
compare the sizes of F and G:

Proposition 6.5.1. Suppose that there are re operators A : Fo> Fandd: ¢G> F
such that A is injective and A(J-') - <1>(g) Then | F| < |G]|.

Proof. We have
|| = dim F = dim 4(F) < dim &) < dim§ = |G|.

The operator 4 is determined by the matrix M4 = ((4 X, Y )), whose rows
and columns are indexed by the elements X, Y of F. The following fact is obvious:

Proposition 6.5.2. The operator A is injective iff its matrix M4 has nonzero
determinant, for instance, if M4 is a triangular matrix Jor which each diagonal
element is nonzero.
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We will apply this idea to prove (or re-prove) some intersection theorems. Let
L={l,...,I5}beasetof integers,0 <) < --- < I; < n. As in Section 2.5 we
say thata family F in P is L-intersectingifr(XAY) € Lforall X,Y e F, X #7Y.
Note that a ¢-intersecting family is the same as a {¢, ¢+ 1, ...,n — 1}-intersecting
family.

The following theorem is due to Frankl and Wilson [202] in the Boolean case
(see Theorem 2.5.5). Lefmann [339] generalized it to L, @)

Theorem 6.5.1. Let F be an L-intersecting family in L, (g). Then

\Fl < % (?)q

i=0

The same result is true for B, if we let g — 1.

L|

Proof. The set G := Ul.
the operator 4 by

oNVi plays the role of G in Proposition 6.5.1. We define

- q" XN _ g
(A(X),Y) = s, X, YeF,
teLi<rxy 471
and for ® we choose ¢ := %g_)]:. If we order the elements of F = { X, ..., X,,}

(without repetitions) by nonincreasing rank, r(X;) > --- > r(X), then
rXinXy) <r(Xy) ifl<i<j<m.
Clearly r(X; A X;) = r(X;); hence
~ ~ [|=0 ifl<i<j<m,
(A(X), X;) .
#0 ifl<i=j<m,

hence Proposition 6.5.2 can be applied for the verification of the injectivity of 4.
It remains to show that

AF) € Vo 7©). (6.63)

To see this, we work with the operators A Fosi = A F-N; and their adjoints
Vi F = VN‘._> F.
Claim. There exist real numbers i x,i =0,...,|L|, X € F, such that
AX) =Y 0 xVi rAri (X).
i=0
Proof of Claim. First observe that we have

Vi s B i (B, F) = (Z e N : Z< XA Y)| = (’(X . ’) . (664)
q
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By the definition of 4, for any X € F there exists a polynomial fy of degree at
most | L| such that

(AX), Y) = fx(g"* D)y, (6.65)

By Corollary 6.4.2(a) every monomial x* can be written as a linear combination
of the functions

(x—1--(x—g'h
@ —1)---(g" —gi-1y’

(for i = 0 this is the constant 1), that is, there exist numbers a;, x such that

i=0,...,k

|L]|

N k=D (=gt
S = Ly g gy

This implies by (6.64) and (6.65) that

|L] |L|
~ o~ r(XAY ~ ~ ~ o~

<A(X),Y>=Za,~,x(( l. )) =Y i x@ s Rri (@), F;
i=0 q i=0

which yields the claim. m]

Clearly,
VierAroi(X) e Vier(Ni) € Voo r (@), i =0, ..., [L].
Thus also

AX) < VgL £(©),
and (6.63) is proved. [ ]

Corollary 6.5.1. Let F be a k-uniform L-intersecting family in L,(q), k > |L|.

Then
n
n= (1)
L1,

The same result is true for B, if we let q— 1.

Proof. In Proposition 6.5.1 we take G := Niz|, 4 and ® as in the proof of
Theorem 6.5.1; that is, ® := VL 7. As in Lemma 6.4.4(b), we have for 0 <
i <|Lj

~

Vior = _k_T'.elLl—ﬂ-'%i—ﬂLl-
(lLI—i)
Thus 6;., 31(1'\7,-) < §| Li— 3.-(1?/] L|) and the claim in the proof of Theorem 6.5.1
implies A(F) € V|11 #(©G). ’ n
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Originally this theorem was proved by Ray-Chaudhuri and Wilson [394] only
for B, (see Theorem 2.5.6); Frankl and Graham [198] generalized it to L, (g).

Now we admit more than one “special” size for the members of F. The next
result was again originally proved for B, (but here in a more general version).

Corollary 6.5.2 (Alon, Babai, and Suzuki [28]). Let F be an L-intersecting
Sfamilyin L,(q) suchthatr(X) € K forevery X € Fwhere K ={k,...,k.},n >
ki >-->k->|L|—r+1.Then

- n
|F| < ( )
; ILI+1-j/,

The same result is true for B, if we let ¢ — 1.

Proof. We take § := U] 1N|L|+1 —j» A and ® as in the proof of Theorem 6.5.1.
Ifi>|Ll+1-r then V,_,g:(N,) - Vg_,}-(g) Thus leti < |L| — r; that is,
i < kr.Recall that Fi; := (X € F : r(X) = k).

Claim. There are numbers B;,] = 1,...,r, such that for j = 1,...,r,
Zz—1ﬂ1(|u+1 S), =1L

Before proving ﬂqﬁs claim, let us first finish the proof of the corollary. We have
for X € N;

r
V,'_,]:(X) = Z Vi—»}'kj (X)
=1

- Z(Zﬂz(|L.+1_, ),) T

Z ﬁ1§|L|+1—1—>fkj%—>|L|+1—1()7)

=[=

r r
=Y Yo, (Z ﬁzviﬁlL.H_I(X))
j=1 =1

I=1

= Vg5 (Z ﬁﬁi-quﬂ—z(f()) C Vg 7(G),

which implies as previously A(f-: ) € %_, ;:(5) (note that the summands with
I < |L| 4+ 1 — k; are zero (resp. the zero vector)).

Proof of Claim. We must prove only that the columns of the matrix of our
system of equations are linearly independent. Assume the contrary. Then there
exists a nontrivial solution of the system

.
Y vifa@hy=0, j=1,...,n (6.66)
1=1
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where

x—1---(x—q"h
@ —=1---(@m—gqm Y’

(in the Boolean case we have to work with the functions —x(x —1.---(x—m+1)
and to insert A; instead of g”/). Because kj > |L| —r+1,wehave g > g2—"!
for all ;. Dividing (6.66) by (qh/ —-1)-. (q g°~"~1), we obtain that then there
also exists a nontrivial solution of the system

f,,,(x) = a:=|L|+1-i, hj :=kj—i

80+81@" —q* )+ +8-1@h —g* ) (gM - g D) =0,
ji=1...,r
But this is impossible since the nonzero polynomial 8g + 8;(x — g*~") + --- +

8r—1(x —q% ") (x — ¢*2) can have at most  — 1 roots. [ |

Under some injectivity suppositions we may estimate shadows in B, (Frankl
and Fiiredi [194]) and L, (q) (Frankl and Graham [198]):

Theorem 6.5.2. Let0 <s <! <k <n,F ak-uniform family in L,(q) and let
A F-»s be injective. Then

a1 (1),
k+sy
IF1 ( s

The same result is true for By, if we letq — 1.

Proof. Let P = L,(g) (resp. B,). For s = I, we may use the standard observation
that

|F| = dim A5 o(F) < dim AL, (F) = |Ass(F)l,

and for k = 1, the result is trivial. We apply induction on k and suppose that
s < l. Letus fix some element Y in N. The filter generated by Y is again a linear
lattice (resp. Boolean lattice) with the parameter n — 1. We denote this filter by
Py. Moreover, let Fy := F N Py. The notations AY, AY , and so on mean that we
consider the shadow (resp. shadow operator) only in Py (resp. ﬁy). Observe that
Fy is a (k — 1)-uniform family in Py and that N;;; N Py is the sth level in Py
which we denote by N{ . Y

Claim. AY Fy—s 18 injective.

Proof of Claim. We know that A F-»s is injective, which 1mp11es that also
A Fy—s is injective; that is, V,_, Fy is surjective. It suffices to show that V

s—>.7-'y
surjective, and this is the case if
Voo ry (X) € VY, 2 (NY) forall X € N;. (6.67)
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If X ¢ Py then
Voo g (X) =V, 2 (XV7Y)

since for Z € Fy wehave Z > Xiff Z > XV Y.If X € Py then as in Lemma
6.4.4(b)

s % 1 Sr oy %
Vs 7y (X) = mvs—uryvs-l_»s()()-
1 q

Thus in both cases (6.67) is proved. O

We may apply the induction hypothesis to the (k — 1)-uniform family Fy in
Py to infer
k—1+s
=),

(st

If we count the number of pairs (¥, X) with N; 3 Y < X € F in two different

ways we obtain that
> ii=(}) 1 (669
YeN, q

and counting the number of pairs (¥, X) with Ny 5 Y < X € A_,;(F) gives

|AY,,_ (Fy)| = | Fyl (6.68)

Yo 1AL (Fr)l = (i) |AL1(F). (6.70)
q

YeN;
Summing up (6.68) over Y € N yields, with (6.69) and (6.70),
I n )
( ) |AL1(F)| = (1) \Flmmt
g o (1),

which is equivalent to the statement in the theorem. |

Note that the bound in Theorem 6.5.2 is the best possible. Take n := k+s, F :=
N and note that Zk_, s is injective since L,(g) and B, are unitary Peck (see
Example 6.2.9). Part (b) of the next corollary is a result of Katona [290] in the
Boolean case, which was proved by him without the algebraic approach. Frankl
and Graham [198] also considered L, (q).

Corollary 6.5.3. Let F be a k-uniform t-intersecting family in L,(q), k —t <
I < k. Then

(a) A F—1 IS injective,

2k—t
q

The same result is true for B, if we letq — 1.
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Proof. (a) Obviously F is L-intersecting where L = {t, t+1, ..., k— 1}; that s,
|L| = k—t. From the proof of Corollary 6.5.1 it follows that €7k_,_, F s surjective,
because the corresponding operator 4 : F — F is injective — that is, bijective.
Consequently, A _, ;_, is injective. Because (,_{ +t)q Aropoy = AlsktDAr_y,
therefore A F-»1 is also injective.

(b) From (a) we know that A F—k—t is injective. The result follows from The-
orem 6.5.2 with s := k — ¢. ]

The following classical theorem is due to Katona [290] in the Boolean case. I

treated the linear lattice for # = 1 in [161], and Lefmann [337] generalized this to
arbitrary ¢.

Theorem 6.5.3. Let F be a t-intersecting family in L, @), t > 1. Then

Zkz ni (Z)q ifn +tis even,
|Fl <

n—1

(Lt—l) + Zk>n+t+l
2 q = 2

(Z)q ifn +t is odd,

and the bound is the best possible. The same result is true for B, ifwe let g — 1.

Proof. Under all maximum t-intersecting families in L, (q) (resp. B,), we choose
a family for which k* ;= min{k : Fy # @} is maximal. If ¥* > n4+t—-1)/2, we
are done. If &* = (n + ¢ — 1)/2, we only have to prove

Claim 1. | 7411121 < (417 2). -

If&* < (n+1t — 1)/2 we will construct below a new f-intersecting family F’

with | 7’| > || and min{k : Fi # @} > k*. This is then a contradiction to the
choice of F.

Fork* <(n+1-1)/2, let
G:={X€ Nyps_ipr_ : r(XAY)=t—1 forsomeY e Fix ).
Because F is t-intersecting,

FNGg=¢. 6.71)
Claim 2. We have

(2k*—t)
k*—t+1 q
7Tl VSl B
e,

Proof of Claim 2. Let 7 := A k141 (Fp+). We have

1G] >

G 2{X € Nyjr—p+_1 : there is some Z € H with X A Z = ()
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because for X, Z from the RHS the existence of some ¥ € Fj«x with Z < Y
follows, and we have r(X Vv Z) = n; that is, also (X V Y) = n, hence

rXAY)=r(X)+r(Y)—r(XvY)
=m+t—k"-1D+k*—n=t—-1.
Recall the definition of W;_, ; before Lemma 6.4.3. Obviously
Wi p1niere—1 (H) € G

Because Wix_s41—n—k*+¢—1 is injective by Lemma 6.4.6(a), it follows that

IG| > |H].
Moreover, by Corollary 6.5.3(b),
(kg‘k—*:-tl)
M| 2> ol | Fiel.
( k* )q

O

Proof of Claim 1. For L,(g), the assertion follows directly from Corollary
6.4.3. For B,, we work with k* := (n +t — 1)/2 and G from above. Because of
6.71)

el + 1G] < (,:’)

and in view of Claim 2 we infer
(nn—T ll )
[Frx| | 1+

which is equivalent to the assertion. O

Fork* < (n+1t —1)/2,let F' := (F — Fy+) UG. Because of (6.71) and Claim
2 (note k* — ¢t + 1 + k* > 2k* — t) we have |F'| > |F| (by the way, this can be
proved also in an elementary way, see [337]). Thus it remains to prove the third
claim.

Claim 3. F is t-intersecting.

Proof of Claim 3. Let X, Y € F'.If X, Y € F, thenr(X A Y) > ¢ because F
is t-intersecting. If X € F,Y € G, thenr(XAY) =r(X) +r(¥Y) —r(XVY) >
E*+14+n+t—k*—1—-—n=tIfX,Y € G, wehave also r(X A Y) =
r(X)+r(¥)—r(XvY)=2n+t—k*—1)—n>n+2t—(n+t—1)—-2=1¢t—1.

O
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To see that the bound is the best possible, fix some Y € N,_; and take

o [X:r(X)z"T*"] ifn + ¢ is even,

- {x:rc = U X € Nusyer X v} ifn+risodd.
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Limit theorems and asymptotic
estimates

Combinatorial formulas are often quite difficult and one has no idea of the growth
of the corresponding functions. Therefore one is interested in asymptotic results
where one or several parameters tend to infinity. In particular, this can be helpful in
the production of counterexamples to some conjectures. With regard to our general
theme we will restrict ourselves to the estimation of the (largest) Whitney numbers
(or sums of them) and of antichains and related families in posets. The main idea
is the application of corresponding limit theorems from probability theory as well
as the use of variants of the saddle point method (cf. Berg [47] and de Bruijn [85]).
This chapter lists some important theorems and then describes their application
by means of some examples. Omitted are the proofs of those results contained
in standard books on probability theory like Feller [178], [179], Rényi [396],
and Petrov [382]. Bender’s papers [42] and [43] are very helpful for asymptotic
enumeration. In this chapter we will also see how the Sperner and the variance
problems are related to each other.

7.1. Central and local limit theorems

In the following, we will be working mostly with discrete random variables, which
are random variables £ that take on at most countable many (in our cases only a
finite number of) values xg, x1, ... with probabilities po, p1,... (P(§ = x;) =
pi»i=0,1,...;and Y ; pi =1).

Recall that the distribution function F(x) of § is given by F(x) := ;. xi<x Pi-
As limit distributions, there appear also continuous random variables — that is,
random variables £ for which there exists a density function f such that the dis-
tribution function F(x) := P(§ < x) can be calculated as an integral: F(x) =

[T f)dt.

304
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If g is a continuous (possibly complex) function, then g(¢) is also a discrete
(resp. continuous) random variable. The expected value of g(¢) is given by

(e ]

Be@) = [ ewdF,
—00
whic.h isthe same as ) ; g(x;) p; in the discrete case and as ff°oo g(x) f(x)dx inthe
continuous case (here it is supposed that the sum (resp. the integral) are absolutely
convergent). E(§) and V(§) := E((¢§ — E(£))?) are called the expected value or
the mean of & and the variance of &, respectively.
From the list of continuous distributions we need only the Gaussian distribution

or normal distribution whose density function f(x) and distribution function (here
denoted by ®(x)) are given by

__L ep _ L ey,
f@x) vl d(x) = o3 124y,
Given a sequence {¢,} of random variables with distribution functions F,(x) and
sequences {u,} and {a,,z} of real numbers, we say that {¢,} (or briefly £,) is asymp-
totically normal with mean w, and variance o? if the distribution function of
(&n — in)/oy tends to ®(x) — that is, if
OnX+pn
lim dF,(t) = ®(x) forevery x.

iy
n—>o00 J_ ..

Itis easy to see that this convergence is uniform for x € R since & (x) is continuous.
The characteristic function g (¢) of a random variable & is defined by

. w .
e (t) := E(e') = / e dF(x).

This is the Fourier—Stieltjes Transform of F(x). It is well defined because le*!| =

1. Conversely, the distribution function is uniquely determined by the characteristic
function. We have

Pag+5(t) = e gg (ar).

The characteristic function of the normal distribution is e~**/2. The Continuity
Theorem (see, e.g., Feller [179, p. 508]) implies:

Theorem 7.1.1. The sequence {(&,) is asymptotically normal with mean u,, and
variance o} iff

li - = 1’2
n_)ngo (DEnan#n ®) e .

The random variables &1, ..., &, are called (completely) independent if for all
X1,...,X, €R

P <x1,...,8 <x,) = P(§ <x1)--- P(& < xp).
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In the discrete case, this is equivalent to the equality
P& =x1,....60=xs) =P =x1)--- P = xp)

(of course it is enough to consider only those values x; € R for which P(§; =
x,~) > 0).

Theorem 7.1.2. Let &, ..., &, be independent random variables and let ¢, :=
E&1+---+E&, Then

g, (8) = g, () - - - g, (1),

Corollary 7.1.1. If &, ..., &, are independent random variables with the com-
mon distribution F, mean u and variance o then ¢, = & + - - - + &, is asymp-

totically normal with mean ny. and variance no?.

As an example we consider the poset P = S(k, ..., k) which is a product of
n (k + 1)-element chains (the succeeding result may be generalized in a straight-
forward way to a product of n copies of any finite ranked poset). Each such (k +1)-
element chain C has the rank-generating function F(C; x) = Z j= —oX’; hence
F(P;x) = j W]xf = (F(C; x))". We introduce the discrete independent
random variables S,, i = 1,...,n, which take on the values O, ..., k each with

probability klﬁ Let £ be one of &, ..., &,. Note that

k
1 ijt 1 it
= = F C; .
P (1) j§=0k 1€ A )

Moreover, ¢, := & + --- + &, takes on the values j = 0,..., nk each with
probability W;(P)/(k + 1)". We have indeed

F(C; ")) = ! —F(P; .

1
¢§"(t)=¢g(t)=(k+l k+ Dn

By Corollary 7.1.1, &, is asymptotically normal with mean u, := n3 k and variance
= n(k(k +2)/12).
In particular it follows that

> Wi~ (®(b) — @)k +1)", (7.1)
Ona—+pn<j<onb+pn
and for a sequence x, — 00
Wi~ (k+1)".
nk/2—xp/n<j<nk/24xn/n

The last result states that almost nothing is far away from the mean. There exist
better estimates for the portion that is far away; see Rényi [396, p. 324]:
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Theorem 7.1.3. Let &, ..., &, be independent random variables with the com-
mon distribution function F(x), expected value i, and variance o2. Suppose that
there exists some M such that &; takes on only values in the interval [y — M,
W+ M). Thenfor0 < e <o?/M

P(Itn — nu| > ne) < 2e~m€* /202 (14eM/20%)?

If we apply to our preceding example this result with € := n~!/2x,, where x,, — 0o
but x, = o(4/n), we obtain, with some constant ¢ > 0,

Yo Wis20k+ 1) e
L=k /220

Up to now we could only estimate sums of Whitney numbers. To obtain asymptotic
formulas for single Whitney numbers we use local limit theorems. In the following,
we work only with discrete random variables that take on only integer values. We
call them briefly integral random variables. A sequence {¢,} of integral random

varrables is said to be locally asymptotically normal with mean ., and variance
o} if

lim 0, PGy = (04X + tn]) = —==e ™"/ uniformly forx e R.  (7.2)

1
V2
Under certain conditions, asymptotic normality implies local asymptotic normali-
ty. We say that a sequence {a,(k)} is properly log concave in k if a;‘,’(k) >
an(k — 1)a,(k + 1) for all k and the nonzero members a, (k), where n is fixed
but arbitrary, appear consecutively.

Theorem 7.1.4 (Bender [42)). Suppose that the integral random variables ¢, are
asymptotically normal with mean L, and variance 0',,2 and that o,,2 — o0. If the
sequence ay (k) := P({, = k) is properly log concave in k, then ¢ is locally
asymptotically normal with mean w,, and variance anz.

Proof. First observe that fore, 8 € R, o < B,
P(lun +aon] < &n < Lin + Boyn]) = ©(B) — ®(a) + o(1) (7.3)
(here and in the following the convergence of the functions o(1) is uniform over

R). In this formula also any relation “<” can be replaced by “<”.

Let us fix some € > 0 and put y := %> 8 := . From (7.3) we obtain for
sufficiently large n:

Yo a> > an (k).
Lun]<k<|pn+yon) Lun+yonl<k<|un+2yon)

On the LHS we have |, + y0,] — [itn] — 1 summands and on the RHS [u, +
2y0n] — Lun + yon] + 1, that is, not less, summands. Consequently, one item
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of the first sum is greater than one item of the second sum, and the unimodality
of the numbers a, (k) (Which follows from the proper log concavity) implies that
an (k) is nonincreasing for k > |, + 80, ] if n is large enough. In the same way,
we infer that a, (k) is nondecreasing for k¥ < |, — 80, | and large n.

Case 1. |x| > €. We study only x > €. Using (7.3) and the just proved mono-
tonicity of the a, (k) for k > u, + (x — 8)0, we derive

(Ltn + x0n] — Litn + (x = 8)04] + Dan(Litn + x0,])

< > an(k) = ®(x) = d(x —8) +o(l)  (7.4)
Litn+(x—8)0n | <k <|ptn+x0n ]

and
(Ltn + (x + 8)on] — Litn + x04] — Dan(Litn + x04])

> Z an(k) = (x +8) — d(x) +o(l). (1.5
Ln+x0n ) <k<|pn+(x+8)0n]

By Taylor’s formula, for some 0 < ¢ < 1,

1 2, 8201 _ 2
D) — P(x —8) = —8e > /2 ~ 5=+ 88 x+08)7/2,

V2m Var

. 2 . .
The function te~*"/2 has its maximum at 7 = 1, consequently

D(x) — D(x — 8) = 8e%"12 1 0(8),

T

and analogously

D(x +68) — P(x) =

1
8e=%'12 1 0(8?),
2

where O(8%) = O(e?) can be bounded independently of n. The first factors on
the LHS of (7.4) and (7.5) are both (1 + o(1))éo,. We obtain

Onan(Liin + x04]) = ( Ji_ﬂe-xzfz + O(e)) (1 + o(1)).

Case 2. |x| < €. We study only0 < x <e€.Clearly x +2¢ > x + € > €. Since
Litn + x0ou] + (Litn + (x + 2€)0,] +2) > 2| up + (x + €)0,), the proper log
concavity, the monotonicity, and Case 1 yield

Onan(Lpn + x0,])

an(Lptn + (x + €)oy])
an(Lun + (x + 2€)on + 2])

5( ! e_x2/2+0(e))(l+o(1)).
27

< Onan(Libn + (x + €)oy])

=
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However, by analogous arguments,

(©nan(Litn + x0,]))?
> onan(Litn + (x + 2€)on)onan(Ln + (x — 2€)o,| — 1)

1 2 2
> =2+ O(e)) (1 +o(1))%
(v2n
Letting € — 0, we obtain the desired result. a

Because the Whitney numbers of our example P = S(k, . . ., k) are properly log
concave, we obtain by setting x := 0in (7.2) (using Corollary 7.1.1, Theorem 7.1 .4,
and Example 4.6.1):

d(P) = Wnk2) ~ k+D" asn—>o0. (7.6

1
J2rwnk(k +2)/12
In order to have estimates of other Whitney numbers of P, for example, of W ,,),
we may shift the mean: We take the discrete independent random variables &;
where P(§ = j) = a//(1+a +--- + k). We determine « as the solution
of Zj;o jal/ 257:0 o/ = A; then each & has expected value A and a certain
variance o2 depending on A and k. For §, := & +- - - + §,, we have P(¢, = j) =
@/ /A +a+---+ab W), and we obtain as before

w 1 (4a+4---4ab"
[An] 2nno PEYY

Now we discuss how the condition on proper log concavity can be replaced. A
random variable £ is said to have a lattice distribution if there exist constants a
and 4 > O such that (§ — a)/h is an integral random variable. The quantity /4 is
called the span of the distribution. If, additionally, there are no numbers @’ and
h' > h such that (§ — a’)/h’ is an integral random variable, the span 4 is said to
be maximal.

asn — 00. 1.7

Theorem 7.1.5 (Gnedenko [224, p. 249)). Letéy, ..., &, beindependent random
variables with a common lattice distribution, constant a, span h, expected value i1,
andvariances? > 0, andlet {, := & +- - -+&,. Thenthe sequence {({, — na)/ h}
is locally asymptotically normal with mean n( %) andvariance n( ‘—;7) iffthe span
h is maximal; this means we have uniformly in N € Z

o/n 1
li — P, = — - p—ma+Nh—nw) /26 \ _
,,1{20( 5 Pln=na+Nh) 75 0

iff h is maximal.

Corollary 7.1.2.  Let {y be defined as in Theorem 7.1.5 and let the span h of
§i be maximal, i = 1,...,n. Let by, by be fixed constants, by < by, such that
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by — by = jh for some natural number j. Then

by — by
Py +npu <ty <by+npu) ~ —=——— asn — oo.
(b1 +nu <8 <by+np) NP
Proof. Let
I:=[NGZ:-“bl-i_n}(lﬂ_a)5N<———b2+n’(1#_a)].

Since l—’z{;ﬂ = j we have |I| = j. For N € I, the following holds:

by <na+Nh—n,u, - by
on o/n oJn’

Hence ﬂa’“j;;“ — O uniformly in N € I. Theorem 7.1.5 implies
h
Pi+np <t <bytnp) =) P(Gn=na+Nh)~|l|
Nel 2mno
_ b—b
2nno

A counterpart of this corollary is the following theorem, which is a direct
consequence of a result of Shepp (see [382, p. 214]).

Theorem 7.1.6. Let &, ..., &, be independent random variables with a common
nonlattice distribution, {, := & +---+&,. Let by, b, be fixed constants, by < b.
Then
by — b

2mno
Finally we study how the asymptotic normality of certain random variables can be
shown using Theorem 7.1.1. We present a method of Hayman [265] on an example
and investigate in detail the behavior of the Stirling numbers of the second kind.
Let us recall Taylor’s formula for holomorphic functions:

' (n) z £(n+1)
f(z)=f(0)+——fl('())2++£n—'(922n+f f_n'_(t)(z—t)ndt, n e N.
! ! 0 !

(7.8)

Pbi+npu <& <by+np) ~

asn — 00.

Theorem 7.1.7 (Stirling’s formula). We have

n\n
n!~2nn (—) asn — 0o.
e
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Proof (Model for the method of Hayman). Since
= n!
Cauchy’s formula yields for every r > 0

1 1 e’

— = — — 74z

n!  2mi Ji;= 2"
Substituting z = re‘?, we obtain
r =L " e’ew_”"“’drp.
n! 2n J_,

We divide the integral on the RHS into two parts I} + I, where
8(”) i . i .
I = f e Tdp and I = f et M.
=8(n) s(n)<|g|=w

Expanding the exponent by Taylor’s formula, we have

. 2 @ eit
re'? —nip = r(l+i(p—£2— —ir/ —2—((p——t)2dt> — nig
0

2
.
= r+ip(r—m - 2=+ 0(¢?).

We determine  such that the (complex) linear term vanishes; that is, » := n.
Finally we look for a §(n) such that the omission of 0(r<p3) and of I, does not
influence the asymptotic behavior and I; can be easily approximated. Assume that
we have such a §(n). Then (with ¥ := \/7¢)

8 8(n)
I~ f @ gy = £ / Vi eV 2ay,
~58(n) N Jrsm)
Because, for sufficiently large T,
V' 2gy < f —dy = —
e —_ - 9
.L r Y2 T

it follows (with r = n) that
e o 2 1 et

n~< g 0(——))~— o
SV (/_we vro\mm)) 7

Condition 1: /r8(n) — oo.

The omission of O(r¢%) in the integral I, has no influence if eQ¢%®) —
1+ 0(1), that is, if

Condition 2: 83(n) — 0.

&’

if
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Finally 7, has to be small. We have
|12| < / Ierei"—ni(pld(p < znemax[Re(rei“’—niq)):&(n)fl(plﬁn’}
~ Jsmy<igl<n

< 2 e’ eMax{rcos p—1):8(n)<|p|<r)

= 2l COs8=1) L 5o n ,~2r8(n)/n?

(here we used that cos(p) < 1 — ﬂ—25go2 if |p| < m). Thus I, = o(1)) if

1
IO =0 (ﬁ) ’
and this is the case if

Condition 3: r82(n) > n€ for some € > 0.
It is easy to see that the three conditions on §(n) with » = » are satisfied if, for
example, §(n) = n=>/12, Consequently,

n”" 1 1 & —
— N — Y — 2 y
n 22 Jn 4
which proves the assertion. |

For us, it is sufficient to take the “simple” circle as the contour of integration.
Of course, we could replace it by other contours around the origin. Moreover, in
the saddle point method one looks for contours through the saddle point, which
can be obtained by setting the derivative of the logarithm of the integrand to 0. In
our case this is % log(zf% = 0; thatis, z = n + 1, thus we have integrated only
“near” the saddle point.

This approach works not only for our function e but for a large class of holo-
morphic functions, called admissible functions. I will not present their definition
(see [265]), but will introduce a sufficiently large subclass: Let p(z) be a polyno-
mial with real coefficients.

Basic functions: e”®) is admissible if the coefficients a, in the Taylor series
eP® = 3% | a,z" are positive for sufficiently large .

Let f(z) and g(z) be admissible and let 4(z) be holomorphic and real for real z.

Construction 1: e/@ and f(z)g(z) are admissible.

Construction 2: If there is some § > 0 such that

max [h(2)] = O(f'7° (), r— oo,

then f(z) + h(z) is admissible. One can show that, in particular, f(z) + p(2) is
admissible.

Construction 3: If the leading coefficient of p(2) is positive, then p(z) f(z)
and p(f(z)) are admissible.
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Theorem 7.1.8 (Hayman [265]). Let f(z) be an admissiblel holomorphic func-
tion with Taylor series f(z) = ;‘,":0 anz". Let a(r) .= r%‘;’)—) = r% log f(r)
and b(r) := ra’(r). Let r, be the largest root of a(r) = n (which can be shown to
exist). Then
an ~ 1 S(rn)
" J2mbG) 1

asn — OQ.

We will not develop here the theory of generating functions (cf. Aigner [21],
Stanley [441], and Wilf [469]). As an example, we consider the Stirling numbers
of the second kind.

Lemma 7.1.1. We have

S"»k k_n y(e*—1)
Z -n—!y zZ =e .

Proof. Obviously,

0k
ey(e:—l) — L(ez _ l)k

I
Mg &
~— =l
N
™
-
<
Nk'
X

! il gt
k,n=0 i1+ +ig=n 1 k
iyenyig>1

Now the assertion follows from the fact that
'Sy = {f: [n] — [k]: f surjective}]
= Y Wl ESTOI= T R = i

i1 +tig=n
Iyenig>1

n!
= Z i
il+"’+ik=n
Iyeenyig>1

If we set y := 1, we obtain

o0 B .
Z—':z” =ef 1
= n! ;
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Obviously, this function is admissible. Thus we obtain from Theorem 7.1.8 for the
size of the partition lattice IT,

1 ee’—l .
B, ~ n! where re" = n.

V2 (r2 +r)er "

Finally, using Stirling’s formula (Theorem 7.1.7) and " = £, we derive a formula
of Moser and Wyman [375]:

Bn ~ en(r+l/r—1)—l. (7.9)

NS
The following theorem is due (in a slightly different form) to Harper [256]. In the
proof we follow Canfield [92] using Hayman’s method.

Theorem 7.1.9. Letthe mtegral random variable ;,, be defined by P(¢y, = k) =

"" . Let p, :==¢" —landa =r+—l_l H_l,whererlslherootof

re = n. Then ¢, is asymptotically normal wzth mean [L, and variance a,,z.

Proof. Let p,(y) := Y32 Snky*. Then the characteristic function of ¢, is given
by ¢z, = pn(€’")/ pn(1). Moreover,

PO tn—pin)/on (&) = €71 1HnIon b (£i19n) 1 b (1). (7.10)

By Theorem 7.1.1 it is sufficient to prove that the RHS tends to e~"/2 if n — oo.
Thus we will determine an asymptotic formula for p,(e’?/°). In view of Lem-
ma7.1.1

o0 zn .

2 ) =D
n!

n=0

which implies

Oy _ 1 ey(e"l)d _r /” @ ~Dnig g,
n! 27i Jig=y 2! 27 J_x

As in the proof of Stirling’s formula, we write the integral on the RHS as a sum
Iy + b, where I is the integral over |¢| < 8(n) =: § and & is the integral over
d < |p| < m. First we investigate ;. From (7.10) we know that we must later
put y := €/ (resp. y := 1); that is, in both cases y := 'S where |s| is small
(s = t/o, or s = 0). Hence we expand also e (at least for members of higher
order) in the Taylor expansion of the exponent of the integrand

is (ere“"

g(s, @) :=e — 1) —nigp.
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We have
g(s,0) = (" — 1),
a is: . r . o r r 2
gg(s, 0) = eire" —in=i(re" —n) —sre” +re" O(s*).

We determine 7 such that the imaginary constant term vanishes; that is, re" = n.
Then

bl
ﬁg(s, 0) = —sn+ O(nsz),

92 .
a—?;g(s, 0) = —€e’(r> +r) = —n(r + 1) + O(nrs),
3 i
3389 = " (e} 4 326 + re'?) = O(' %) = 0(r?n).

We will take a & such that |s| < § for large n. This is clear for s = 0. For s = —,
this inequality is satisfied if "
Condition 0. 82(r — 1) - o0, that is, 82—7 - 00.
Moreover we have |(p| < é. Thus Taylor’s formula gives

. 2
8(s.9) = €% — 1) — snp —n(r + l)% + 0(nr?s?)

s2n? _ (O FDyg + sn//n(r + D)?
2n(r + 1) 2 '

The substitution ¢ := ./n(r + D¢ + sn/+/n(r + 1) yields the bounds of inte-
gration /n(r + 1)(£8 + 7 + +57)» Which are in absolute value not less than
Vn(r + 1)8(1 — l) If we integrate from —oo to 0o we obtain the value

eis(er _ 1) +

1 e (e —)+sn/2(r+1) /5
—e 27'[,
V(i +1)

and this is the asymptotic value for /; uniformly for |s| < § if

Condition 1. \/n(r + 1)8(1 — }) — 00; that is, \/n78§ — 00, and (omission
of O(nr28%))

Condition 2. nr253 — 0.

Again we want to make I, small. We have

I = ¢€6.0) / LD -E60 g,
<lpl=m

The absolute value of the second factor is not less than

277 eMax(Re e""(e"’w —€"),8<|p|<m})
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. 2
Using1 — & <cosp <1— ”—22-(,02, 8 < |p| < m,and |s| < 8, we conclude

i iv .
Re(e'* (e —e€")) = & “®? cos(rsing + s5) — ¢ coss

r(cosgp—1)

IA

e (e —cos §)

e (e—2r82/yr2 _ (1 _ ﬁ))
2
if n is large and

1 2
¢ ((5 - Fr) 82+ 0(r254)) < —582%"
Condition 3.1. 782 — 0.

Under the preceding conditions on 8, we have, uniformly in |s| < 8,

|12| 1 2,10 2,
— < n(r + e s "20+Dan =8¢ — (1
I ~Vam M
if /nre=%*¢ — 0, and this is the case i
Condition 3.2. 262 > ¢ for some € > 0.
Itis easy to see that the conditions 0, 1,2, 3.1,and 3.2 on § = 8(n) withre" = n
are satisfied if, for example, § = e=*/8. Consequently, for s = O and s = -

IA

Pn (elS) ~ B e’s(e’—l)+s2n/2(r+l).

«/_~/n(r—
Finally, by (7.10), using /o = 1 + £ -—2— +0 ( ) and u, =e" —1,

@/on 1)@ =1+ (2—)

_it/»‘«n/o'ne 1)

Pin—pn ™~ €
on

12 n=(r+Hun
—_ e( /2)( a}(r+l) +0(l)) — e—t2/2

Corollary 7.1.3. For the partition lattice I1,, we have

. [T,
max{W;(I1,),i =0,...,n -1} ~ asn — oo
e V2o,
2 e

where o) 1= —landre” =n.

=)

Proof. The assertion follows from Theorem 7.1.4, Theorem 7.1.9, and Lem-
maS5.4.1. [ ]

Finally let us mention without proof some important generalizations of Theo-
rem 7.1.8 and Theorem 7.1.9.
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Theorem 7.1.10 (Canfield [92]). Let g(z) be a holomorphic function with g(0) =
0 and let
[e o)
o8 — Z nk kegn,

!
nk=0 ™

Further, suppose that g(z) is either admissible or a polynomial (different from z)
with real nonnegative coefficients such that the greatest common divisor of the
indices of the nonzero coefficients equals 1. Let A(r) :=rg' (r), B(r) :=rA'(r),
and r, be the largest root of A(r) = n. Then the random variable ¢, defined
by P(t, = k) = fi'—":— is asymptotically normal with mean pu, := g(r,) and

1
variance O' ) .

Theorem 7.1.11 (Canfield and Harper [98]). Let v be the ratzo of the larger
to the smaller of the two roots of the equation x(1 — logx) = 6 Let o and v be
positive numbers with v < vy and let K be the (compact) set of sequences { A}
satisfying @ < A; < vg for every j. Let

0 A; ) 0
JE a
er=|y 7 = E E n_'ayazn
n!

n=0 ez,

where Zy, = {Aj +---+Aj:h+-tje=nji,..., k= Lk=12,..}
and let re" = n. Then the random variable ¢, defined by P({, = a) = “g" , o e

Z,, is, uniformly over K, asymptotically normal with mean p, = Y % =1 A" j!
N2
and variance o} == Y32 A};’. - ﬁ(zﬁl jAj’T.!!-) .
Remark 7.1.1. In [97] Canfield and Harper proved that we have for the variance
of ¢, from Theorem 7.1.11
V() = 0,,2 + O(1) uniformly over K.

The proofis based on a more precise formula for the Bell numbers (cf. (7.9)) which
is mainly due to Moser and Wyman [375].

7.2. Optimal representations and limit Sperner theorems

Throughout this section let (P, v) be a positively weighted poset. For a represen-
tation x and a real number «, let

Ax@):={peP:a—1<x(p)<a+1i].

Clearly, A, (@) is an antichain. Thus we have:
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Proposition 7.2.1. For every x and every o € R,
d(P,v) > v(4x(@)).

We will apply this lower bound to direct products of posets and to the partition
lattice IT,,. First we need an auxiliary lemma that is similar to the shifting method.
In contrast to the usual definition of a ranked poset Q, we work with generalized
rank functions; that is, we admit also negative ranks. Hence O can be partitioned
intolevels N; :={g € Q:r(gq) =i} withi = .y —2,-1,0,1,2,.... We only
require that g < g’ implies r(g’) = r(q) + 1. In [152] we proved:

Lemma 7.2.1. Let (Q, w) be a (generalized) ranked and weighted poset. Further
let g: E(Q) — Ry be such that forallq € Q

Y g@=<1 and Y gle)<1. 71.11)

et=q e =q

Define the new weights Vw and Aw on Q by

Vuw(g) = max 10,w(g) — Y glgq)w(g) |, (7.12)
9":9'>q
Aw(g) := max 10,w(g) — Y g@'Pw(g) . (7.13)
q9":q'<q
Then, for all j,
d(Q,w) < wN)+ ) VwNi) + Y Aw(Ny).
i<j i>j

Proof. We proceed by induction on |Q|. If Q is an antichain, the proof is trivial;
thus suppose the contrary. Let A be a maximum weighted antichain in (Q, w). It
cannot contain all minimal and maximal elements of Q (otherwise QO would be an
antichain). Suppose, w.1.0.g., that g* is a minimal element of Q thatis nota member
of 4. Letg* € Nj. Further let (Q', w’) be the poset induced by 0’ := Q — {4*};
that is, w'(g) = w(q) for all g € Q' (the levels of Q' are the sets N; — {g*} if
i = hand N; if i # h). Obviously,

w(4) =d(Q,w) =d(Q', w). (7.14)

In order to apply the induction hypothesis to (Q’, w’), let g’ be the restriction of g
to E(Q’) (S E(Q)). Then the corresponding inequalities (7.11) are satisfied. We
define, analogously to (7.12) and (7.13), the new weights Vw’ and Aw’. Obviously,
Vw(g) = Vuw'(g) forallg € 0/, Aw'(g) < Aw(g) + g(g*q)w(g*) if q* < q
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and Aw’(q) = Aw(q) otherwise. Let j be fixed. If & < j, then by the induction
hypothesis and (7.14)

d(Q,w) = d(Q', w)

< W)+ Y V(N = (g*h + ) Aw'(N)
i<j i>j

< wiN) + ) Vw(N) + ) Aw(NV)).
i<j i>j

Also, if h > j,in view of the induction hypothesis and (7.14) (note that Aw(g*) =
w(g®))

d(Q,w) = d(Q',w)

< W — gD+ ) VW (N) + ) Aw'(N; — {g*)
i<j i>j

< wN) + Y Vw(N) + Y Aw(N;) — w(g*)

i<j i>j
+ ) g@*wi®
9:9>q*

< wiN) + Y VwN) + ) Aw()

i<j i>j
since 3 ;.. .+ 8(g*) < 1 because of (7.11). [

The following theorem is in the case v = 1 due to Alekseev [23]. We proved
the general case [152].

Theorem 7.2.1 (Asymptotic Product Theorem). Let (P,v) be any positively
weighted poset and assume that P is not an antichain. Then

(v(P))"
V2nno (P, v)

where v(P) := ZpeP v(p) and o2(P, v) is the variance of (P, v).

d((P,v)") ~

asn — 00,

Proof. First observe that we may make the general supposition that v(P) = 1
(i.e., the weight function v is normalized) because d((P, cv)") = c"d((P, v)")
for any positive constant ¢, n = 1,2, .... Let x be an optimal representation of
(P,v) with uy = 0 and define y : P* — Rby y(p) := Y7, x(p:), where
P = (p1,..., pn) € P" (by Theorem 4.6.6, y is an optimal representation of
(P, v)"). To get a lower bound we take in (P, v)" the antichain 4 := A »(0) as
defined at the beginning of this section. We consider the discrete random variable
§ defined by P(§ = @) = v({p € P : x(p) = a}). The expected value u of &
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equals u, = 0, and the variance o2 of £ equals crx2 = o2(P,v). Let El,..., & be
independent copies of § and let ¢, := & + - -- + &,. Then

(vx---xv)(A):P(—%s;,, <%)

If £ has a nonlattice distribution, we can derive directly from Theorem 7.1.6 that
1
V2mno (P, v)

If € has a lattice distribution, the same follows from Corollary 7.1.2 if the maximal
span k of & has the form h = % for some natural number ;. Since P is not an
antichain and x is an optimal representation of ( P, v), there must be two elements
p, P’ € Psuch that x(p') — x(p) = 1. Because, by definition, % is an integral
random variable for some a € R, we have for some natural number N

(Wx--xv)(4) ~ asn — oo. (7.15)

x(p)—a x(p)—a . 1
—_ = N, .C., h = —.
h A e N
Thus (7.15) is also proved in the case of a lattice distribution and we infer
1
d(P,v)") 2 ————.
V2mno (P, v)
It remains to show that
1
d(P,v)") S —————. 7.16
v2mxno (P, v) ( )
Let pi1, ..., pr be the elements of P and define vi = v(pi), xi = x(pi),i =
1,..., k. For an element p € P", let a;( p) be the number of occurrences of the

element p; in p,i =1, ..., k. Let ¢ be the mapping that assigns to p € P" the
k-tuple (a1(p), ..., ax(p)). Let O = Q(n) be the set of all such k-tuples; that is,

Q={qg=@1,.-..q):q1+ - +qe=n,q €{0,...,n)).

We define a partial order on Q by setting ¢’ < q iff there are indices i # j such
that

g ifl#i],
pi <p pj andg;={q;—1 ifl=i,
g +1 ifl=j
(later it will be clear that there cannot be “cycles”; that is, the reflexive and transitive
closure of “<” is really an order relation). Let ¥ be the mapping from E(Q) into

E(P) that assigns the arc (p; <p pj) to the arc (¢’ <p ¢). Finally we define a
weight w = w(n) on Q by setting

w(qr, ..., qk) = v;"o--vZ".

g qx!
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It is not difficult to see that the mapping ¢ defined after (7.16) is a flow morphism
from (P, v)" onto (Q, w). (Note that for g = (91, - .., qx) all elements of ¢! C))
have the weight v{' - - v/* and that for ¢’ < g the poset induced by ¢~!(g") U
¢~ 1(q) is after a suitable normalization a regular, i.e., normal poset of rank 1.) By

Theorem 4.5.4(a),
d((P,v)") = d(Q, w). (7.17)
Define the function z : Q — R by

k
21, q0) =) qixi.
i=1

Since x is a representation of P, we have, for ¢’ < ¢ the inequality z(q) —z(q") >
1; that is, there really cannot be cycles in the relation <@ ” (using Theorem
4.5.6 one can prove easily that z is even an optimal representation of Q, but we
do not need this fact here). We consider the active poset O, (see Section 4.4).
Obviously,

d(Q, w) <d(Q;, w). (7.18)

The function  : 0, — R defined by r(q) := lz(q) + %J is a (generalized) rank
function because ¢’ < o.q implies z(¢) — z(¢’) = 1; that is, r(q) =r(q’) +
l.Let N; :== {q € Q : r(q) = i} be the levels of Q.. Further, let f be a
representation flow on (P, v) relative to x (note Theorem 44.1) and set F :=
ZeeE(P,) S (e). Obviously, if e = q’q € E(Q,), then ¥ (e) = pipj € E(Py). To
apply Lemma 7.2.1, define g : E(Q,) — R, by setting

S (e)

gle) == 7 €€ E(Qy).
Then, forall ¢ = (g1, ...,qx) € O,
(pi pj)
> osgp= Y L[emw BEL <1 (7.19)
7':q9'q€ E(Q:) i, j:pi pi€E(Py),
ti<n,t;>0
and, analogously,
Y gg) <1, (7.20)
9':99'€E(Q:)
where equality holds if 0 < ¢; < n for all ;. Accordingly, by Lemma 7.2.1
d(Qzw) wNo)+ D Vw(@+ Y. Auw(g). (7.21)
q€Q:: q€Q::
z(g)<—} 2(g)=}

It is not difficult to see that ¢(4) = Ny for 4 = 4,(0), where 4 »(0) is again the
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antichain defined in the beginning of the section. Since ¢ is a flow morphism,

(v x -+ x v)(4) = w(N). (7.22)
To prove (7.16) it is sufficient to show that
1
Y vu@+ Y Aw@=o —) (7.23)
1 | vn
q:2(q)<—3 2:2(9)=5

(note (7.15), (7.17), (7.18), (7.21), and (7.22)). Let T = t(n) := /nlogn and
G=GMm):={q€ Q;:lqi —vin| <tforalli =1,..., k). First we prove that
we may restrict both sums in (7.23) to elements g of G. To do so, let 1) be the
random variable that takes on the values 1 and 0 with probabilities v; and 1 — v;,
respectively. Note that E(A)) = v; and ¥ (\.)) = v,(l —v;). Let )»S'), A9
be independent copies of A?. Finally, let o := 2 4+ ... 429 i=1,... k.
Note that

PP =T) = (;>v,7(1 —y)* T

= (;)U,'T('Ul Foo b vimr v 4 )"
=v({pe P :ai(p)=T})
=w(qge Q:9:=T).

This implies

w(Q-G) = P(lo” —vin| > tor--- or lo® — wn| > 7)

-

P(lol — vin| > ).
1

By Theorem 7.1.3, for all i and sufficiently large n (we take M := 1, ¢ := &7

Jn
and need € < v;(1 — v;)),
. 1
Pl —unt > ) = 2e-b oo o (L),
Hence,
1
Y. Vw@+ Y Aw@ < Y w@=w(@-6) =o (75)
q:9¢G: q:9¢G: q:9¢G
z(g)<—3 2(g)z 4}
We conclude the proof of (7.23) by showing that
1
Aw(q) < w(q)o (7'—;) (7.24)
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uniformly in ¢ € G, z(q) > % (the corresponding inequality for Vw(q) can be
proved analogously). Then the proof will be complete because (7.24) yields

1 1
> Vu@+ Y Awg< Y w(q)o(—)=o(—)
q€G: q€G: q:9€G ﬁ ﬁ

2(g)<-1 2(g)>4
(note that w(Q) = - X v)(P") = (v(P))" = 1 by the general supposition).
Letg € G, z(q) > % Aw(q) 0, then (7.24) is trivially true; thus let Aw(q) >
0. Then
w(q’
Aw(g) = w( )( (@ ¢9)—— ) 7.25
D =wg(1-3 2@ @ (7.25)

Here and in the following, the sums are extended over all ¢’ such that ¢’ <g. 4,
that is, over all pairs (i, j) such that g; < n, q; > 0, pi <p, pj. Note thatq; < n
and g; > 0 are satisfied automatically for sufficiently large » since q € G. Hence
we have equality in (7.19):

> g@'e)=1. (7.26)
We have (forq’ = (q1,..., ¢i +1, ..., g —1,....q)

wg) _ _ vig
w(g) vi(gi +1)

gi+1 (g+Dn\v; v vi oy
1 . .
+ - (q—’ - ﬁ) .
n vj Vi
It can be easily checked that, uniformly in ¢ € G,

1 1 1
< —o(L), 727
gi+1 ™~ wun (ﬁ) (7.27)

vi (qj qi)( qi 1) < log? n v; + v, (1)
—— -2 ) (-2 -—) < —L=o0|—=]).
gi+Dn\v; v vi v n vl Jn

(7.28)

With (7.25)—-(7.28) we have already obtained

1 1 N/
Aw(g) < w(g) (0 (-ﬁ) - >_g4'D (i B v_,>) '

uniformly in ¢ € G, and it suffices to show

28(4'4) (q—J - q_,) > 0 for all ¢ with z(g) > l
vi v 2

i
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Since f is a representation flow on (P, v) we have by definition of g
(L% L 2)

Y 2q'q) (v,. v.) >/ wip) (v,- ”

i
i

lkt n _—liqi~~—iz()>0
F;v_(pif—}’if)—;i=l U,‘v’x’_F q .

i

Thus not only the proof of (7.24), but also the proof of (7.16) and the proof of the
theorem are complete. |

In fact, in the case v = 1, Alekseev used this result to derive an asymptotic
formula for the number ¢ p o (n) of order-preserving maps from P" into QO: Let
So be the (finite) set of all finite sequences (Hy, Hj, ..., H;) of subsets of QO such
that |Ho| = 1, |[Hy| = 1 andforalli =0,...,s—1,p e H;,q € H;;y we have
p<gq.Let

T(Q) := max{|Ho|| H\| - - - | Hs| : (Ho, ..., Hy) € Sg}.

Theorem 7.2.2 (Alekseev [23]). If P and Q are not antichains, then

|PI"

¢p,0 =1(0) Jzn_na(P)(l+o(]))_

In the proof, a method of Kleitman [301] is used. We will omit the proof but
construct as many functions as given in the theorem: Let t(Q) be attained by
the sequence ({q;}, H., ..., Hs_1, {g4}) and let x be an optimal representation of
P = (P, 1). We take again the antichains
Ax@):={peP":i—]<x(p)<i+i}],
i=1,...,5—1,and put
Ax(<0) ;= {pe P":x(p) < —%],
Ax(>s—-1):={pe P ix(p)>s—1}

Obviously, any function that maps 4, (< 0) onto {g;}, A,(i) in any way into
Hi,i=1,...,5—1,and 4,(> 0) onto {g,}, is order preserving. Consequently,

vp,0 > |H |1Ax(l)| - |Hs—1|'A"(S_l)’_

Exactly as in the proof of Theorem 7.2.1, we may derive from Corollary 7.1.2 that
|PI”

|4, (@) = m—+‘(f’)(l +o0(1)) foreveryi=1,...,s—1.

Consequently,

L (1+o())

L (14+0(1))
op,o(n) > (|Hy|-- - |Hs_1|)V2mno(P) = 1(Q) v2rno(P) .
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Also without proof we mention another variant of Theorem 7.2.1 which we found
together with Kuzyurin [163]:

Theorem 7.2.3. Let { P,} be a sequence of posets (v = 1) that are not antichains
and whose sizes are bounded by some Jfixed constant. If k = k(n) = o(/n), then

k| Py| - | Pyl
asn — oo.
\/27[ ?:102(1):')

For a ranked and weighted poset (P, w), let

di(Py X -+ x Py) ~

b(P, w) := max w(N;).

Proposition 7.2.2. Ifr(P) > O then

_ wP)"
2nno,

b((P, w)") asn — oo

where 0,2 is the variance of the rank function.

Proof. Apply Theorem 7.1.5 to the independent random variables E,j=1,...,
n, where P(¢; = i) = —':}((Ll,")),i=0,...,r(P). ]

Note that na,2 is the variance of the rank function of (P, w)". Moreover, recall
that we proved in Corollary 7.1.3 for the partition lattice IT, with w = 1 that also

M| B,
V2ro, «/2710,/'

In contrast to the usual notation, we write crrzf instead of 62 in order to avoid
confusion with the number r (the solution of re” = n). Here we may replace o,
by o0,y because of Remark 7.1.1.

Let {(Py, ws)} be a sequence of ranked and weighted posets. We say that
(P, wp) has the asymptotic Sperner property if

b(IT) ~

(7.29)

d(Py, wy) ~ b(P,, w,) asn — oo.

Corollary 7.2.1. Let (P, w) be a ranked and positively weighted poset. (P, w) is
rank compressed iff (P, w)" has the asymptotic Sperner property.

Proof. The case r(P) = 0 is trivial; for r(P) > 0 apply Theorem 7.2.1 and
Proposition 7.2.2. |

Note that not all rank-compressed posets have the Spemner property and that
the strong Sperner property does not imply rank compression; see Figure 7.1.
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SN

Figure 7.1

The question whether the partition lattice I, is asymptotically Sperner or rank
compressed had been open for a long time. Finally Canfield and Harper [98] found
that the answer in both cases is no.

Theorem 7.2.4 (Canfield and Harper). We have for sufficiently large n

d(I1,) 1/35 o (ITy) 1
—_ > d < —_
by =" M oy = AT

Proof. Let v := £, and r be the solution of re" = n. We define the sequence

A™ . r(—1) if [tr] < j < [2tr],
a ﬁ otherwise.

Then we introduce the function x : I1, — R by

x(mw) = A™ +--- 4 A if w € I, consists of the blocks By, ..., By.
| Byl Bkl

Note that if Aj(.") was proportional to all j, then x () would be constant; that is, it
would have variance 0. By checking several cases, one finds that x is a represen-
tation of IT} (the dual of I1,). The large interval in which A( " is proportional to
J yields a sufficiently small variance. If we define

={x(r): 7w e ,}
and
ane = |{mw € Il : x() = @},
then we may prove analogously to Lemma 7.1.1 that
TR v e o n

By Theorem 7.1.11 (noting 2 < vp), the random variable ¢,, where P, =
o) = |[{wr € I, : x(r) = a}|/By, is asymptotically normal with mean u, and
variance o2 given in Theorem 7.1.11. Using Remark 7.1.1, we may calculate
V (¢n) (which is the variance axz of the representation x) with high precision: Let
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= |tr], K := |2tr]. Then

o0 rj
2=
=1 J:
- )= - 1) =
(1—1)2(2r21'+2( rr) gt G\ J!

Jj=1

(o (5) ()

since the second and third sum are bounded by geometric series whose ratios are
bounded away from 1. In a similar manner,

- (n)rj r’ rk
245 = (e v o (%) 40 ()

J=1

Consequently,

A < A S %
V¢, = O(j'i‘ K') +_0(<J’ +‘K—') )+0(1).

By Stirling’s formula we find that both Z; -~ and ;(, are of order O (4~ NG ) (it was the
aim to attain the same order during the determmatlon of 7). Thus,

J K 2er/ 2 (relog2)/2 (elog2)/2
z + — z =0 =o(fX— )= o1——
ST K ﬁ Jr rB
where 8 := #’5—2 (we replaced e” by £). Hence we are also able to express the
variance as a power of n:

(elog2)/2
n
U,? =V =0 (T) .

By Theorem 7.1.9 and Remark 7.1.1, o f(H,,) ~ —7, which yields

o 1
a—’z‘f = O(n(‘"°32)/ 2—1’,2—,8) < 7% for n large enough. (7.30)
;

Accordingly, the second inequality in the statement of the theorem is proved.
To verlfy the first inequality, we apply Chebyshev’s inequality: We have (with
=V ()

P(|¢, — E(¢n)| < 20y) > 3—.

The interval (E({y) — 20y, E({n) + 20y) can be covered by disjoint half open
intervals of length < 1, using at most 40, + 1 such intervals. Hence there exists
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at least one interval / = [ — %, o+ %) such that
3

P n>—4%
(¢n € )_40)6_'_1

and Proposition 7.2.1 yields
3
3
"4o, + 1
With (7.29) and (7.30) we derive for some constant ¢ > 0

dMn) _ orf i35
>Cc——>n .
b(M,) ~

d(Il,) = B

For arbitrary posets, the ratio gg—g can be bounded from above in the following

way (we omit the proof, see [164]).

Theorem 7.2.5. Let P be a ranked poset of size k. Then
d(P) < 1 {k +2 J ’

@ 33 7|2

d(pPm) ifk is even,

n00 b(PT) [ \/m if k is odd,

and these bounds are the best possible.

b 1

7.3. An asymptotic Erdis—-Ko—Rado Theorem

In this section we study maximum statically t-intersecting families in N; (S) where
S = SCky,...,kn) and ky = --- = k, = k (see the end of Section 3.3). The
results we found together with Frankl [160]. Instead of N;(S) we write Ni(n, k).
Examples of statically ¢-intersecting families include the families Fy := {x €
Ni(n, k) : supp(x) D X}, where X C [n], | X]| = ¢. In the following, we often
take X = [t] = {1,...,¢}. Leti = |An] where 0 < A < k. Moreover, let B be
the unique positive solution of the equation

1 1 1
x + x2 +otxk= 7 (or, equivalently, k= (—t- + 1) — ?)

and define
E_] 1 ]ﬁtj

A= .
E]-O ﬁt
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Theorem 7.3.1. Letk,t,and » (0 < A < k) be fixed, and consider n — o0o. Let
F C Ni(n, k) be a maximum statically t-intersecting family with i = |An|. Then
we have

(@ |F| ~|Fal Ifa<Aaf,
®) |F| ZclFyl if A > A}, where ¢ > 1 is some constant,

() |Fl ~Wilk,n) ifr> Al

Proof. Let o = a(}) be the unique positive solution of

k .
Zj l]aj _
k Oaj

(observe that g(x) := Zj;l jx7/ Zf:o x/ is continuous and increasing for 0 <
x < oo with g(0) = 0 and lim,_, o, g(x) = k). Obviously we have

o <frifA <Afanda > B if A > AX. (7.31)
From (7.7) we know that

1 (Q4a+---+aky
V2nno af

where o depends on & and A, only. Let pg := 1 / Z i—0 o/ . Forx € S, let z(x) be
the number of zero coordinates of x; that is, z(x) = n — [ supp(x)|. Finally, for
€ >0let

Win, k) ~

(7.32)

Nie(n, k) == {x € Ni(n, k) : z(x) ¢ [(po — €)n, (po + €)n]},
Wieln, k) := [Nie(n, k).

Claim 1. Let 0 < € < po(1 — po). Then there exists some constant ¢ such
that W; c(n, k)/Wi(n, k) < e~", that is, the number of elements x of N;(n, k)
containing fewer than (pg — €)n or more than (po + €)n zero coordinates is
exponentially small in n with respect to W; (k, n).

Proof of Claim 1. Let 7 be a random variable with P(no) = 1 — py and

P(n =1) = pp.Letn...,n, be independent copies of 7 and let w, := n +
-+ 7n,. Then

2 n—
P(w, =h) = (n>pg(l_p0)n_h=<:)(a+a +...+ak) h

4o+ 4ok

- Z(l+a+ ak)n'{xENj(”'k)rz(x)=h}|.
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Furthermore, in view of Theorem 7.1.3, for some constant d > 0,

2e~" > P(lpon — wy| > €n) = Z P(w, = h)
hel(po—e€)n,(po-+e)n]
kn J
=y ! > Hxe Ny ki z) =)

... k
o et e Sritom
o
>
T (+a+-tak)y
With (7.32) we obtain, for some constant 0 < ¢ < d
Wiew k) _
Win, k) —

Wi,E (n ) k)'

—cn

O

Claim 2. | Fiy)| = Wi(n, k)/(}) if i > k.

Proof of Claim 2. If i > k¢ then |supp(x)| > ¢ for all x € N;(n, k). Thus
Ni(n, k) = UFy, implying W;(n, k) < 3" | Fx| = (})| Fi| (the union and the sum
are extended over all X € (['t'])). O

(a) Let A < A}. Then, by (7.31),a < B; and in view of the definition of B;,
a+a?+- - +ak<l 7+ Consequently, pp > t+1 Let 0 < € < min{pp(1 — po),
po — t+1} Fmally let F’ = F — Nj¢(n, k) and F[,] = Fy] — Nie(n, k). Since
by Claim 1 and 2

Wiewn k) _ Wictn k) _ ()

[FIl = |Fgl T e ’

it follows that
|F’| ~|F| and FE,] ~ F.
Obviously, we have (compare with the proof of Theorem 3.3.4)
|F'| = > |G I1Wij(k — 1, j) (7.33)
Jel(1=po—e€)n,(1—po+€)n]
where G; is some ¢-intersecting family of j-element subsets of [n]. However,

n

|Figl = )W, jk=1, 7).

Jel(l=po—e€)n,(1—po+e)n) (J —t

Because there is some § > O suchthat 1 — pg + € < H_#] — &, the values j satisfy
the inequality

i < ! 8)n< n +t—-1
T=\i7 r+1 :
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Theorem 6.4.5 implies |G;| < ( - ,) and thus |F'| < |F [t]l Consequently, |F| <
| Fin1|, and the obvious relation | F| 2| Fin| yields the assertion.

(b) Let A > A}. We obtain (7.33) in the same way, but this time we work with
some €, § > 0 such that

1
m+8<1— P—€<l-p+e<1-8 and € < po(1 — pp).

As on p. 53 we take the “Boolean” ¢-intersecting families
Gy, = {Xe([j]):an[t+2]|zt+1}
and define the statically ¢-intersecting family in N; (n, k) by

= {x € Ni(n, k) : supp(x) € Ujei(1-py—eyn,(1- pp+e)n] 91, i)

The size of F* is given by (7.33), where we have to replace |G;| by |G, ;|. A simple
computation shows that, for j := In,
lim 1G1,1

1
=l(t+2—l(t+1))>1unif0rmlyint+1 +8<l<1-38.

Thus there exists some constant ¢ > 1 such that 1G1, ;| > c( ) for j € [(1 —
—€)n, (1 — po + €)n] and n large enough. Consequently, for these n, |F| >
IF*I > c|F iyl ~ c|Figl.
(c) Let A > A}, Analogously to (a) we obtain py < 1, and we find thus some

2’
s, e>Osuchthat§—8>p0+eande < po(1 — pp). We put

= {x € Ni(n, k) : | supp(x)| > (§ + &)n).

Then, for sufficiently large n, F* is a statically ¢- -intersecting family because
for x,y € F* it follows that | supp(x) N supp(y)| = 28n > ¢. By Claim 1,
|F*| ~ Wik, n). ]
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Macaulay posets

In this final chapter a theory is presented that is based on the Kruskal-Katona
Theorem (Theorem 2.3.6) and its predecessor, the Macaulay Theorem (Corol-
lary 8.1.1). The central objects are the Macaulay posets, and the main theorem
says that chain and star products are Macaulay posets. These theorems provide
solutions of the shadow-minimization problem, but several other existence and
optimization problems can be solved in this theory as well. We restrict ourselves
to chain and star products (and their duals) because these have many applica-
tions, and both posets are very natural generalizations of the Boolean lattice.
Recall that we already know much about these special posets S(k;, ..., k,) and
T(ky,...,ks). We proved that they are normal and have log-concave Whit-
ney numbers; see Example 4.6.1. In particular, they have the strong Sperner
property. Furthermore, chain products are symmetric chain orders; see Example
5.1.1 (and, moreover, ssc-orders; see Example 5.3.1), and are unitary Peck; see
Example 6.2.1.

A more detailed study of isoperimetric problems, also in other structures,
such as toroidal grids, de Bruijn graphs, and so forth, will be presented in the
forthcoming book of Harper and Chavez [261]. We refer also to Bezrukov [57,
58] and Ahlswede, Cai, Danh, Daykin, Khachatrian, and Thu [6]. In the case
of chain products, we will further investigate two types of intersecting (resp.
cointersecting) Sperner families and discuss some other properties. A complete
table for several classes of families, as it was given in Chapter 3 for the Boolean
lattice B,, is not known and seems to be difficult to find since Katona’s circle
method does not work here. However, in some cases the succeeding theory
may replace the circle method. Further results for families in chain products
that satisfy certain conditions but are not Sperner families can be found, for
example, in [161].
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8.1. Macaulay posets and shadow minimization

Let P be a ranked poset and < a new linear order on P. Clearly, < induces also a
linear order on each level N;. For a subset F of P and a number m,letC(m, F)
(resp. L(m, F)) be the set of the first (resp. last) m elements of F with respect to <.
For a subset F of alevel N;, we abbreviate C(| F|, N;) by C(F) (and, analogously,
L(|F|, N;) by L(F)). For astill shorter notation, we will often write justCF (resp.
LF). Thus CF consists of the first | F| elements in N;. Itis called the compression
of F. Clearly, we have CCF = CF; thus C can be interpreted as an idempotent
operator on 2V, The set F C N, is called compressed if F = CF.

The ranked poset P is said to be a Macaulay poset if there exists a linear order
=< such that

A(CF) CC(A(F))foral FC N; andall i> 1. 8.1)

Though there may exist several linear orders such that (8.1) holds, we assume in the
following that with a Macaulay poset always some fixed linear order = satisfying
(8.1)is given; that is, we consider Macaulay posets as triples (P, <, <) and speak of
Macaulay posets P with associated linear orders <. The first proposition contains
an equivalent definition of Macaulay posets:

Proposition 8.1.1.  Suppose that there is given a linear order =< on the ranked
poset P. Then (8.1) holds iff a compressed subset has minimum shadow with
respect to all subsets of the same size; that is,

IA(CF)| < |A(F)| forall FC N;, i>1, 8.2)
and the shadow of every compressed subset is compressed; that is,
A(CF)=C(A(CF)) foral FC N;, i>1. (8.3)
Proof. Assume that (8.1) holds. Then (8.2) is trivial. Moreover, since C is idem-
potent,
A(CF) = A(CCF) CC(A(CF)),

and (8.3) holds since A(CF) and C(A(CF)) have the same size by definition.
Now assume that (8.2) and (8.3) hold. Then

A(CF) =C(A(CF)) S C(A(F))

since by (8.2) A(CF), that is, C(A(CF)) also has no more elements than
C(A(F)).

The following fact was observed by Bezrukov in [55].
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Proposition 8.1.2. If P is a Macaulay poset of rank n, then so is its dual P*.

Proof. If < is the associated linear order on P, take the dual <* as the associated
linear order for P*. By definition of the dual, it is enough to prove that

V(LF)C L(V(F)) foral FCN;, i=0,...,n—1. (8.4)

Let G := Njt+1 — V(F). Obviously, we have A(G) € N; — F. Accordingly, by
(8.1,

A(CG) S C(A(G) SC(N; — F) = N; — LF,

and consequently,
N; — A(CG) D LF. 8.5)
Furthermore,
V(N; = A(CG)) € Nit1 — CG = L(V(F)). (8.6)
Now (8.5) and (8.6) yield (8.4). ]

The following proposition is an immediate consequence of the definition and
Proposition 8.1.1.

Proposition 8.1.3. Let P be a Macaulay poset with associated linear order <.
Then, for every F C N;,

(@ ALk(CF) S C(ALk(F)) ifk <,
(B) Vi (LF) S L(Vok(F)) ifk > .

In the following we will show that chain products S(k;, ..., k,) and star products
T (ki, ..., ky) are Macaulay posets. Recall that we always suppose k; > --- >k,
for S(ky,...,kn) and ky < --- < k, for T(ky, ..., k). For the levels, we use
sometimes the notation N; (ky, . . ., k) to indicate the parameters (from the context
it will be clear whether chain products or star products or both are considered).
Note that the rank of S(ky, ..., k,) isnotn, but s := k; + - - - + k,,. First we need
the corresponding linear orders <. Let a # b.
In the case of S(ky, ..., k,) we put

a < bifa; < bj where j is the largest index with a; # b;. 3.7

This is the reverse lexicographic order on S(k, ... , kn). It is illustrated for
8(3,2, 1)inFigure 8.1.Fora € T(ki, ..., k,), we first define the setsa(l) :={i €
[7] : a; = I}. Recall that in Section 2.3 we already met the reverse lexicographic
order on the subsets of [n]:

X <y Y if max(X —Y) < max(Y — X).
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Figure 8.1

Now, in the case of T'(ky, ..., k,), we put
a < bif b(l) <, a(l) where [ is the smallest number with a(l) #b(). (8.8)

This is illustrated for T'(1, 2, 3) in Figure 8.2. For kj = ... = k, = 1, these
orders coincide. The following theorem is due to Clements and Lindstrém [117]

3:;3

3:;,0 3?1 332 323F_|_2j.3
310 32’3’3::,0 311 3%1 31
1 f|t f
210(220  |211]|221  |;

31
2

3
bt
3 3?2 ’232 223
222

T(1,2,3)
Figure 8.2

for S(ky, ..., k), essentially to Lindstrém [345] for T (2,...,2), to Leeb [336]
and Bezrukov [56] for T(k, ..., k), k > 2. Leeb [336] also mentioned without
proof that the generalization to T (k1, ..., ky) is possible. Leck [333] gave an
explicit proof for this general case. In an early paper, Kruskal [326] stimulated the
study of the cubical poset On=TQ,...,2).
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Theorem 8.1.1. Chain products S(ky, ..., k,), and star products T (ky, ..., k)
are Macaulay posets where the associated linear orders are given by (8.7 ) (resp.
(8.8)).

Proof. This proof is based on the original ideas of Clements and Lindstrom.
Claim 1. The shadow of every compressed family in N;, i > 1, is compressed.
Proof of Claim 1. We use induction on n. The case n = 1 is trivial. Let a be

the last element of the compressed family F.

First we consider S(k, . .., k,). We may suppose k, > 1. Let

Fy :={b e N;:b, <a,},
Fy = A1,....bu—1) € Ni—g, (k1, ..., kn—1) : (b1, ..., bs_1,ay) € F).

Since F is compressed, we have F; C F. Moreover, F; is compressed, too.
Obviously,
A(F1) ={c € Ni_1 : cp < ap}

and
A(F) = AF)U{(er, ..., cnm1,an) i (Cly - .., Caet) € A(R)).

By the induction hypothesis, A(F3) is compressed; thus A(F) is also compressed.

Now we consider T'(ky, ..., k,). For any vector b and any number /, let b 4 /
be the vector that can be obtained from b by deleting all components equal to /.
Let! := min{a; : j € [n]}. Let

Fi:={b e N;:b(j)+# @forsome j € {0,...,]1— 1}}
Ulb € N; :a(l) <. b()),

P :={bTl:beFandb(j):ﬂforallje{O,...,l—l}
and b(l) = a(l)}.

Since F is compressed, F| C F. Let {Jj1,..., ji} = [n] — a(l), where g1 <

- < Ji. Note (for the induction) that # < n. The elements of F, have the
form (b, ..., bj,) where max({k, -k, l+1) < bj, < ks,h =1,...,¢t Let
u = max{k, — kj,,/ + 1}. Let F2’ be the family that can be obtained from 5 by
reducing each component of every element of F» by p. Itis easy to see that F is
a subset of N; (k, — max{k, — ki, 1+1},..., k, — max{k, — kj,1+1}),and F;
is compressed since F is compressed. Obviously,

AFi)):={ceNi_1:c(j)#0 for some j € {0,...,1 —1}}
Ufe € Ni—1 :a(l) <. b(1)}

8.1 Macaulay posets and shadow minimization 337

and

A(F) = A(F)U{c € Ni_y te(j) =B forall j e {0,...,1— 1)
andc(l) =a(l) and ¢ 1 1 € A(F)). (8.9)

The second set on the RHS results from A(F}) by adding to each component of
every element the number u (which is at least / + 1) and by introducing the new
component / at the jth coordinate with j € a(l). By the induction hypothesis,
A(F}) is compressed. Now it is not difficult to see that the RHS of (8.9), that is,
A(F), is also compressed. a

By Proposition 8.1.1 it is now sufficient to prove (8.2).

Claim 2. The inequality (8.2) is true for n = 1,2.

Proof of Claim 2. The case n = 1 is trivial; thus let n = 2.

S(ky, k2): If F € N;(S(ky, k2)) has the form F = {m,i —m),(m +1,i —
m—1),...,(p,i — p)} (called block) then

1 ifm>0,i—p>0,
I[A(F) = |F)={ -1 ifm=0,i—p=0, (8.10)
0 otherwise.

Observe that the difference can only be negative if 7' is a complete level — that is, if
F is compressed. If  is not compressed and not of this special form, we partition F
(similarly as 4 is partitioned in the proof of Theorem 4.6.2) into maximal blocks
By, ..., B;. Then the sets A(B;),i = 1,...,t, partition A(F), and in view of
(8.10)

AU = |F] 2 |A(BY)| - |Bi| = |A(CF)| - |CF].

T (k1, k2): The only interesting case isi = 1. Let o := Hae F:ay =k}, o =
{a €CF:a1=h)}|,B:=|{acF: a =k, =|{aeCF:a = ka}). It
is easy to see that

IA(F)| = ki + krB — af
= kiky — (ki = B) (k2 — @),
IACF)| = kiky — (k1 — B) (k2 — ).
Hence
IACE) < |AF)| iff (ki — By — ') > (ky — B)(ky — o). (8.11)

Notethater + 8 = o’ + /s that is, (k1 — B) + (ks — &) = (ky — B') + (hky — o).
We have CF = {(k2,0), (k2, 1), ..., (ko ko — k1), (k2 — k1, ko), (o, Koy — Ky
D,y —k1+1,k),..).If <ky—ki +1and B’ = 0, then (8.11) follows
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immediately. If o’ > k2 — k; + 1, then (ky — B') — (k2 — ') € {0, 1}. A product
with integral factors of constant sum attains its maximum if the factors are almost
equal; thus (8.11) is proved also in this case. ]

Now we prove (8.2) by induction on n. The cases n = 1, 2 are settled. So let
us look at the step n — 1 — n > 3. We still need some preparations. For F C N;,
we put

Fj.q := {(a1,...,an) € F :aj = d},
Fjia == {(a1,...,aj-1,aj41,...,an) € Fj.q}.
Let, for S(ky,...,k,) andd > 1,
Aj.a(Fja) ==A{(a1,...,d —1,...,a,) : (a1,...,d,...,ay) € Fj.q}
and, for T (ky, ..., k) and d = k,,
Ajg(Fjg) :={(a1,...,e,...,an) : (@1,...,d,...,ay) € Fj.a,
kn—kj <e<k,—1}.
In all other cases let
Aj.a(Fj.a) = 0.
Furthermore, let
Ajja(Fj.q) := {(b1,...,bj_1,d,bjt1,...,b,):
1,y bj—1,bjt1, ..., by) € A(Fja)).
Note that .
A(Fj.q) = Aj:d(Fj:a) U Ajia(Fj.a).
The set C(IFj;dl, (Ni)j:a) of the first | Fj.q4| elements of (Ni)j:a is briefly denoted
by Cj.4 Fj.qa. We say that F is j-compressed if, for all possible d,
Cj:aFj.a = Fj.a

(all possible d means d € {0, ..., kj} for S(ky, ..., ky) and d € {k, —kj, ..., kn)
for T'(ky, ..., kx)). For an element a, let o(a) be the position of a in the linear
order <; that is, a is the o(a)th element in <. Further let

o(F) := Zo(a).

acF

Assume that (8.2) is not true. Then let F € N; be a family for which

|[A(CF)| > |A(F)| and o(F) is minimum. (8.12)
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Claim 3. F is j-compressed for every j.
Proof of Claim 3. Assume the contrary, that is,

F}’:d* ?1: Cj:d* F}':d*
for some j and d*. Let G := A(F), and define

F':=JCpaFra, G =|]JC1dGa.
2 a

Note that | F’| = |F| and |G’| = |G|. Obviously, o(F’) < o(F). In the following
we will show that

A(F)cC G (8.13)
By the choice of F, this will be a contradiction to (8.12) because
[ACF)| = |ACF)| < |AF)| < |G'| = |G| = |A(F).
So let us prove (8.13). We have
Ajid(Fj.q) € Gja.
The induction hypothesis (together with Claim 1 and Proposition 8.1.1) yields
Aja(Cj.aFj.a) € Cj:aGj.a. (8.14)

Furthermore we have (recall G = A(F))

Uk,,—lc_,-segkn—lGj:e forT(ky, ..., ky), d=ky.

Gj.a-1 for Stky, ..., ky), d=>1,
Aj:a(Fjqa) {
Thus also
Cj:a-1)Gj.@-1y - for Stky, ..., ky), d=>1,
Uky—kj<e<k,—1Cj:eGj.e  for T(ky, ..., kn), d=k,.
(8.15)

Aj:d(cj:a'Fj:a') - [

Now (8.14) and (8.15) imply for S(ky, ..., kn)

c~dG'd ifd = 0,
ACj.aFa) C [ e .

Cj:aGj:a UCja—1)Gj.@-1y ifd>1,
and for T'(ky, ..., k,)

Cj;de;d ifd < kn,

A(cj:dF)':d) < {
Cj:de:d U (Uk,,—kjsesk,,—lcj:eGj:e) ifd = k,.
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If we take the union over all possible d we obtain

A(F')CG'.

Claim 4. F is compressed.

Then clearly |[A(CF)| = |A(F)| in contradiction to (8.12), and the induction
step is complete.

Proof of Claim 4. Assume that F is not compressed. Let, with respectto <, a be
the first element of N; that is not contained in F and e be the last element of F. By
our assumption, @ < e. Claim 3 yields that a; # e; for every j because otherwise
e € Fwouldimply a € F.Let F* := (F — {e}) U {a}. Clearly, o(F*) < o(F).
We will show that

[A(F™)| < |A(F)]. (8.16)
As in the proof of Claim 3 this yields, by the choice of F, a contradiction to (8.12):
[ACCF)| = |ACCF")| < |A(F*)| < |A(F)|.

Thus it remains to prove (8.16).
Here we separate the proof into two parts. At first we consider S(kj, ..., kn).
Claim 5. We have e; > 0 and a; < k.
Proof of Claim 5. Assume ¢; = 0. Let

l(O,kz,.--,kn—l,i—(k2+--~+kn—1)) ifky+- -+ kyoy) <i—ay,,
o s S aw ifky 4 4kt > i — ap,

where in the second case (f2, ..., fy—1) is, with respect to <, the last element in
Ni_g,(k2, ..., kn—1). In the first case we have fh=i—(ao+ - +ki_)) <ey
because i = ey + -+ e, 1 +ep, <hkp+ -+ kn—1 + e,. Here equality holds
only if e; = k; forall j € {2,...,n — 1} — that s, if e = f. Thus f < e. In the
second case we also have f < e, because a, < ey, which follows from a < e and
an # en. Thus, in both cases, f € F, because F is I-compressed. In the second
case we obviously have a < f, which implies a € F because F is n-compressed,
a contradiction. For the first case, we need a further intermediate element:

g=>(U—(ha+ ko1 +an), k..., ky_1,ay).

Note that g belongs to S(k;, . . ., k,) because i = ai+---+ayp_1+a, <kj+---+
kn—1 +ap;thatis,i — (ka4 -+ kn—1 +a,) < kj.Itiseasy tosee thata < g <f.
It follows that g, @ € F because F is 2- and n-compressed, a contradiction. Thus
we know that e; > 0.
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Assume a = kj. We may argue analogously. The intermediate element is this
time
[(kl,O,...,O,i—kl) ifi —k; < ey,

(k]af27""f;l—l’en) ifi_kl > ep,
where in the second case (f3, ..., fy_1) is, with respect to =<, the first element
in N;_g, ¢, k2, . .., ky—1), and for the first case we need the further intermediate
element

g =(01—ey0,...,0,¢e,).

Now we continue the proof of Claim 4.

Case 1. a; = 0. We will show that A(F*) C A(F), which implies (8.16). It is
enough to verify that A(a) € A(F). Thus let a’ := @,...,aj—1,...,a,) €
A(a), j € {2,...,n}. Leta* := (a; + l,...,a; —1,...,ay). Clearly, a* < a.
Since a is the first element not belonging to F, we have a* € F. Hence a’ e
A(a*) C A(F).

Case 2.4; > 0. Let

G :=(A(F)—{(e1—1,e,...,en)H U {(a1 — 1,az,...,ay)).

We will show that A(F*) C G, which implies |A(F*)| < |G| < |A(F)|. Obvi-
ously, (e; — 1, e3,...,e,) € A(x) implies e < x. Thus e is the only element of

F whose shadow contains (e; — 1, ey, ..., e,), and therefore it is again enough
to verify that A(a) € A(F)U {(a; — 1,ay, ..., ay)}. But this follows from the
arguments in Case 1. o

Now we consider T (ky, ..., k). Let] be the smallest number with a(l) #e(l).
Then e(!) <,; a(l), since a < e. Let j be the largest index such that a; =7 # ej.
Then, Qj+ls-.->Qn,€j41,..., €, belong to {{ + 1,...,k,} because of ajy1 #
€itls...,an F ep.

Case 1. 5 = k, for some s, s # j.

We will show that A(F*) C A(F), which implies (8.16). It is enough to verify
that A(a) C A(F).Leta’ := (ay,...,a,_1, 0, ary1,...,ay) € A(a) where
ar = ky. Note that s # r and that a; # k,. Let a* = (af,...,a;) where

kn ifh=s,
ap:=3a ifh=r,
ap otherwise.

We have a* < e since e(u) = a*(u) foru e {0,...,] =1} — {«} and in the case
o </, e(x) <, a*(a), whereas in the case o > I, e(l) <,; a*(l). Since F is s-
compressed and a} = e; = ky, it follows that a* € F. Thusa’ € A(a*) C A(F).
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Case 2. e; < k, forall s # j. Since we are working at least in the first level,
thatis,i > 1, wehave e; = ky andi = 1. Leta, = k,, r # j. Obviously,

[A(F)| = |A(F —{eh U{eD)| = |A(F — (e})| + |A(e) — A(F — {e})],
|AF)| = |A(F — {e}) U {a})| = |A(F — {e})| + |A(a) — A(F — {e})].
Thus, in order to prove (8.16), we only must verify that
|A(a) — A(F — {e])| < |A(e) — A(F — {e})|. (8.17)

Let u(x) := max{x : h € [n] — {r, j}}.

Claim 6. We have |A(a) — A(F — {e})| < kn, — u(a).

Proof of Claim 6. It is enough to show thata’ := (ay, ..., a,_1, @, ary1, ...,
an) € A(F — {e}) fora € {0, ..., u(a) — 1}. Let ag = p(a) (note s # r), and
define a* by

kn ifh=s,
ay:=3a ifh=r,
ap  otherwise.

Since a and a* coincide in all but two components and ¢ < u(a), it follows
that @* < a. By the choice of @, a* € F — {e}. Consequently, @’ € A(a*) C
A(F — {e}).

O

Claim 7. We have |A(e) — A(F — {e})| > k, — u(e) — 1.

Proof of Claim 7. It is enough to show that e’ := (e, ..., €j—1,€,€41,...,
en) &€ A(F — {e}) fore € {u(e) +1,...,k, — 1}. Thus assume that e’ € A(e*)
for some e* € F — {e} where

kn ifh=s,
ey:=1¢€ ifh=},
e,  otherwise.

Since e and e* coincide in all but two components and € > u(e), it follows that
e < e*. By the choice of e, e* ¢ F, a contradiction. |

By Claim 6 and Claim 7, (8.17) is proved if we can show that

kn —p(e) =1 = ky — p(a),

that is,
n(@) > p(e)+1.

8.1 Macaulay posets and shadow minimization 343

Assume the contrary. Then there must be some index s € [n] — {r, 7} such that
es = u(e) > u(a) > ay.

Let & be that element which can be obtained from e by replacing the sth component
es by as. Then clearly é < e, and since F is j-compressed, é € F. Obviously,
€0)=a(),...,e(—1) = a( —1). Moreover, it is easy to verify that é(l) <,
a(!). Thusa < &. Since F is s-compressed, & € F implies a € F, a contradiction.

O

Now the proof of Claim 4 for T'(ky, ..., k,), that is, the whole proof of the
theorem, is complete. [ |

In the case of chain products, Theorem 8.1.1 is known as the Clements—Lind-
strom Theorem. In the following we discuss some immediate consequences of
Theorem 8.1.1. Let Mon (n) be the set of all monomials in the variables XlsoneyXns
thus, each element m of Mon(n) has the form m = x{' ---x3", a; € N for all i.
Mon(n) becomes a poset by defining m < m’ if m|m’, that is, we have

/ ’
a a, . .
a<m' =x".x," iffa; < a forall i.

a
m=xy' ... xm <aj

Obviously, Mon(n) is isomorphic to the infinite poset S(oo, ..., 00), where 0o
means that we do not have upper bounds for the components of the n-tuples. The
reverse lexicographic order given in (8.7) is also a linear order on S(o0,...,00)
(here the “priority” of the variables decreases from x; to x,, but obviously one
could also take any other priority order, or permutation, of the variables). Each
level N; of S(co, ..., 00) is clearly finite and equal to N;(S(k, ..., k)) where k is
large enough (k > i). Moreover, the compression of some F C N; considered in
S(00, ..., 00) is the same as considered in S(k, ..., k). Hence:

Corollary 8.1.1 (Macaulay Theorem [358]). The poset Mon(n) is a Macaulay
boset.

A shorter proof of this (probably oldest) result in our (Macaulay-)Sperner theory
was obtained by Sperner [437] (to be precise; Mon(n)* was considered).

Note that the linear order for T'(2, ..., 2) on No(T(2,...,2)) coincides with
the linear order for S(1,...,1) = B,. Bezrukov [57] observed that Propositions
8.1.2, 8.1.3, and Theorem 8.1.1 yield (after exchanging 0 and 1):

Corollary 8.1.2. Let F be a set of points in {0,1}" and let face;(F) be the
number of l-dimensional faces of the n-dimensional cube which contain at least
one element of F. Then, for fixed size of F, face;(F) attains the minimum if F
consists of the first | F| elements with respect to the reverse lexicographic order.
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This result was proved by Bollob4s and Radcliffe [78] without the use of Theo-
rem 8.1.1 (for generalizations to T'(k, . . ., k) see Bollobs and Leader [75]).

For the next corollary, we first need another interpretation of the dual of 7 (k,,
-+, kn). Suppose we are given a set 4 of ky + - - - + k, elements (k; < - -- < k)
that is partitioned into n sets (color classes) A4 j of size kj, j € [n], respectively.
Look at the family of subsets of 4 which have with each 4; at most one element
in common. Without loss of generality, we may assume that 4 i=1{j,n+j, 2n+
J»oeen (k= Dn+j}, j=1,...,n. Thus our family can be defined by

Col(ky, ..., ky) := {X C [nk,]: forallx,x’ € X and,
forall » € [n], x = x’ = r(mod n) implies x = x’ < k,n}.

With the inclusion relation, Col(k, ..., k,) becomes a ranked poset that we call
the poset of colored subsets. The rank is given by 7(X) = | X|. The reverse lexi-
cographic order <,; is a linear order on Col(ky, ..., k).

Lemma 8.1.1. The posets Col(ky, ..., ky) and T (ky, ..., k,)* are isomorphic.

Proof. We define ¢ : Col(ki, ..., ky) = T(ky,..., kn)* by setting p(X) = a
where

kn if there is no x € X with x = j(mod n),
aj = .
ks —1 — =L if there is some x € X with x = j(mod n).
It is an easy exercise to verify that @ = ¢(X) is well defined and that @ is an

isomorphism. | |

Note that we have fora = ¢(X) and ! € {0, ..., k, — 1}
jeal)iff ky —1—-Dn+ je X.

Lemma 8.1.2. Let ¢ be the isomorphism introduced in the proof of Lemma 8.1.1,
andlet X, Y € Col(ky, ..., k,). Then

X < Y iffo(Y) < p(X)
where < is defined by (8.8).

Proof. Let X <, ¥, a := ¢(X), b := @(Y). Itis enough to show that b < a. Let
y=max(Y - X), y=(k, — 1 —q)n+ j,where j € [nl,q €{0,...,k, —1}.
Then j € b(q) but j ¢ a(q). We show that for ] < q,a(l) = b(l). Assume the
contrary.

Casel.a(l) <,; b(l) for some ! < q. Then there is some ¢ € b(/) — a(l). This
implies (k, —1—I)n+t € Y — X.But (ky — 1 —Dn+1 >tkpn—1—g+Dn+t =
Yy+n+t— j> y,in contrast to the definition of y.
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Case 2. b(I) <, a(l) for some I < q. In the same way we find an element x
in X — Y which is greater than y. This is a contradiction to X <,; Y.

Finally we show that a(g) <,/ b(g). We know already that j € b(q) — a(g).
Assume that there is some # € a(g) — b(q),h > j. Then (k, — 1 —g)n+ h =
y—Jj+heX—Y,butsince y— j+ h > y, we have again a contradiction to
X<,7Y. ||

The following theorem was proved by Frankl, Fiiredi, and Kalai [197] in the
case k, — k1 < 1, without the use of Theorem 8.1.1 (another proof was given by
London [352]).

Corollary 8.1.3 (Colored Kruskal-Katona Theorem). For all F € N;(Col(k,
.o kn)), A(CF) C C(A(F)), that is, Col(ky, . .., ky) is a Macaulay poset with
<1 as the associated linear order.

Proof. By Lemmas 8.1.1 and 8.1.2 we have (with p(F) := {p(X) : X € F})

ACF) S C(A(F)) iff V(Le(F)) € L(V(9(F))),

and the last inclusion is true by Theorem 8.1.1 and Proposition 8.1.2. |

Let P be a Macaulay poset with associated linear order <. We say that a family
F C N; is a segment if it consists of elements that are consecutive in N; with
respect to <. If F = CF (resp. F = LF) then F is an initial (resp. a final)
segment. The shadow function sf; assigns with each F C N; the number

sfi(F) :=|ACF)I.

Obviously, sf; depends only on the cardinality of F. We say that the shadow
function sf; is little-submodular if

sfitF) +sfi(F2) = sfi(Fi N F) + sfi(Fy U ) forall Fi, F, C N;
with iINF, =@or F{UF, = N;. (8.18)

Let F C N; be asegment and G (resp. H) be the set of elements in N; that precede
(resp. succeed) each element of F with respect to <. The new lower (resp. upper)
shadow of F is defined by

Anew(F) i= A(F) — A(G) (tesp. Vnew(F) := V(F) — V(H)).

Note that V., (F) in P equals A ey, (F) in the dual P*. Thus we restrict ourselves
to the lower shadows. Clearly,

|Anew(F)| = |A(F U G)| — |A(G)].
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The shadow function s f; is called additive (cf. Clements [114]) if

[Anew (F1)| = |Anew (F2)| 2 |Anew (F3)| (8.19)
for all segments Fi, >, F3 C N; with | Fj| = |F5| = | F3| where F) is initial and
F3 is final.
Proposition 8.1.4.  The shadow function s f; is little-submodular iff it is additive.
Proof. Let sf; be little-submodular. To prove (8.19), we associate with F} the sets
Gi,i = 2,3, as shown previously. Then the assertion is equivalent to

IA(FD)| = [A(F2 U Go)| = |A(G2)| = |A(F3 U G3)| — |A(G3)].

The first inequality follows from (8.18) applied to F> and G», and the second in-
equality follows from (8.18) applied to > U G, and N; — F| (note that
|Ni — Fi| = |G3| and [(F2 U G2) N (N; — Fy)| = |(F2 U G) — Fi| = |Ga)).
Let, conversely, s f; be additive.
Case 1. Fi N F, = @. Put Hy := CF) and H, := C(F; U F>) — CF>. Then
|H1| = |H2|, and by (8.19)

|Anew(Hl)| > IAnew(HZ)L

that is,
[ACCF)| > |AC(Fi U B))| — |ACF)|.

Case2. FilUF, = N;.Put H; :=CF, —C(F| N F,), H) := N; — CF,. Then
|Hi| = |Fi| = |Fi N 2| = |F1 U F3| — | F3| = | Hy|, and by (8.19)

ACF)| = |AC(FI N )| = |AC(FL U B))| — |ACF)|.

We call a Macaulay poset (with associated linear order <) little-submodular if
the shadow functions s /; are little-submodular for all i > 1.

Proposition 8.1.5. If P is a graded little-submodular Macaulay poset, then so is
its dual P*.

Proof. As in the proof of Proposition 8.1.2 we take the dual <* of < as the
associated linear order for P*. By Proposition 8.1.4 it is enough to show that
|Vnew(Gl)| = |Vnew(G2)| > |Vnew(G3)l

for all segments Gy, G, G3 C N; with |G| = |G2| = |G3| where G is final
and G3 is initial, and for all i < r(P) — 1. Let |G| > 0and F := V00 (G3),
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Fp = Vipey(G2), F3 1= Vpeyw(Gy). It is easy to see that Fy, F>, and F3 are
segments where Fj is initial and F3 is final. Moreover, A,y (F3) 2 G and if
Fy # @ then Ay (F1) = G3. Assume that the first inequality is false, that is
|F3] < |F3|. Let F2’ be the set of the last | F3| elements of F> with respect to <.
Then Apew(F,) & G since the first element of F> (which does not belong to F})
is related to some element of G,. Consequently,

|Anew(F2/)| <|G2| =1G1] < |Anew (F3)l,

a contradiction to the additivity of the shadow function sf;. Now assume that the
second inequality is false, that is, | F}| > | F>|. In view of the first inequality, G»;
hence also F7, cannot be final. Let F;' be a segment of size | Fi| containing F»
and at least the next element p after the last element of F> with respect to <. This
element p must be related to some element g after G, because otherwise p is
related to some element in G and therefore belongs to Ve, (G2). It is easy to see
that

Anew(Fzﬁ) 2GyU {q}
Consequently,
|Anew(F1)| = |G3| < |G U {g}l < |Anew(F2”)|a
a contradiction to the additivity of s f;. [ |
The following result is for S(ki,...,k,) and T(k,..., k) mainly due to

Clements [106, 115]. In the proof we use an idea of Kleitman (cf. [116, 112]),
which significantly simplifies the original proofs of Clements [106, 115].

Theorem 8.1.2. The Macaulay posets S(ky, ..., kn), Col(ky, ..., k), and T (k;,
..., ky) are little-submodular.

Proof. For an n-tuple a and numbers i, J, let (a,i) := (ay,...,an,i) and
(a$ i’ J) = (a19 . '-7an$ i’ j)'

Case 1. P = S(ky, ..., k,). We put Q := S(ky,..., ks, 1,1). Let Fi, F, C
N;(P) and define

Gy := {(a,1,0):a € CF}},

Gy = {(a,0,1) : a € CF},

G3 :={(a,0,0): a € N;yy}.
Then

|A(G1U G2U G3)| = |A(G3)| + |A(CF)| + |ACFR)|. (8.20)
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Further,

C(G1UGLUG3)
G3U{(a,1,0): a € C(F| U F»)}

fFNFE =0,
" | G3Ul@, 1,0):a e Ny U@, 0,1): a € C(Fy N Fy)
if FFUFR = N,

(note that in the second case | F\| + |F2| = |N;| + |Fi N F,|). Moreover,
[A(C(G1UG2UGy))|

_ I [A(G3)| + |AC(F U B))l ifFiNFR =0,
|A(G3) + |ACFL U R) |+ |AC(FL N F))|  if FUF =N,
8.21)

Now the little-submodularity of s; follows from Theorem 8.1.1, and Equations
(8.20) and (8.21).

Case2. P =T (ky, ..., ky). We may suppose k, > 1, because otherwise P —
T{d,...,)=8Q,...,1).Weput Q :=T(ky, ..., ky, ky). Let Fy, F> C Ni(P)
and define

G, := {(a,0):a € CFy},
Gy = {(a,1):a e CH}.

Then
|AG1U G| = |ACF)| + |ACR)|. (8.22)
Further,
C(G1UGy)
{(a,0):a € C(FUR)) if {NF =0,
B [{(a,O):a €ENi}U{@,):acC(FiNFK)} ifFUFR=N,.
Moreover,

|A(C(G1 U G2))|

l |AC(F U B))| if N F, =0, 23)
IAC(FIUR) | +|AC(FINR)| fRUR=N,
and the little-submodularity of s ; follows from Theorem 8. 1.1, (8.22), and (8.23).
Case3. P = Col(ky, ..., ky,). This case follows directly from Case 2, Lemmas
8.1.1, 8.1.2, and Proposition 8.1.5. L
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The following example shows that submodularity (i.e., without the additional
condition F1 N F, = @ or F; U F> = N;) does not hold. Let F ¢ B, =
SA,...,DETA,...,1)=Col(,..., 1), j = 1,2, be defined by

F={{1,2},{1,3},{2,3}}, B := {{1, 3}, {2, 3}, {1, 4}}.
Then
343 =s5f(F)+sfa(F2) Z sH(FIN ) +sfH(FLUR) =3 +4.

One could not expect submodularity since the Takagi function as a limit function
of a normalization of the function sf; (F) — | F| is not convex; for more details see
Frankl, Matsumoto, Ruzsa, and Tokushige [200].

Finally, we call a Macaulay poset (with associated linear order <) shadow
increasing if

sfi(F2) < sfix1(F1) foralli > 1, Fj € Niy1, F» € N; with |Fy| = |F|.
(8.24)

Proposition 8.1.6. Let P be a graded shadow increasing Macaulay poset. Then
P is rank unimodal and

sfi(Fy) < sfu(Fy) forall1 <1 <u < r(P),
Fy € Ny, F5 C Ny with |Fi| = | F,|.

Proof. Assume that there is some 4 such that W,_; > Wi < Wpyy.Let B> := N,
and Fi € Npy1 such that |Fy| = | F|. Then, using that P is graded, A(CF») =
Np—1 and A(CF1) S Nj. Consequently, sfy(F>) = Wy_y > W) > Sfr+1(F1), a
contradiction. Now the asserted inequality follows from an iterated application of
(8.24). n

The following theorem is for S due to Clements [106] and for T and Col due
to Leck [334].

Theorem 8.1.3. The Macaulay posets S(ky, . .., k), Col k1, ... ky),and T (ky,
-+« + kn) are shadow increasing.

Proof. We again study the posets separately.
Casel. P = S(ky, ..., kn). Weput O := S(ky, ..., ky, 1).For F| C Nit1(P)
and F, C N;(P), we define

G = {(a,0) : a € CF},

Gy :={(a,1) :a e CF).



350 Macaulay posets

Clearly, G|, G2 € N;+1(Q), and both families are segments where G is initial.
Obviously,

Anew(G1) = {(b,0): b € A(CF))},
Anew(G2) = {(b, 1) : b € A(CF)}.
Theorem 8.1.2 and Proposition 8.1.4 imply for | Fi| = | F»|, that s, |G| = |G2|,
sfi(F2) = |[ACFR)| = |Anew(G2)| = |Anew(G1)| = |ACF)| = sfir1(F1).

Case 2. P = T(ki,...,kn). We put Q := T(ky,...,kn, k). For Fj C
Ni41(P) and F, € N;(P) with | F{| = | F5|, we define

Go := {(a,0):a € CF},
Gy, = {(a,ky) :a e CH).

Then Gy, Gk, € N;i+1(Q). Let (e, ky) be the last element of G, with respect to
<.Let,fori=1,...,k, — 1,

Gi = {(a,i): (a,i) < (e, kn)},
G;:={aeP:(a,i)e G},
G := U G,

Itis easy to see that each G

in N;j+1(Q), and that

,i=1,...,k;,—1,is compressed, that G is a segment

Anew(G) 2 {(B, k) : b € ACF)} U (uf.‘;‘,‘{(b, i:be A(G;)}). (8.25)

Note that G has size |Fi| + Y f":T' {G;|. We partition CG into consecutive seg-
ments Hy, ..., Hy,_1 such that |Hy| = |Fi| and |H;| = |G;|,i = 1,..., k, — L.
ThenCHy = Gg and, fori = 1,...,k, — 1,CH; = {(a,0) : a € G}}. Conse-
quently,

|A(CH)| = |A(CFY)I, |ACH)| =1AG)I, i=1,....,k — 1. (826)

From (8.25), (8.26), Theorem 8.1.2, and Proposition 8.1.4 we derive
kn—1 kn—1

IACF)I+ ) 1AG)I = ) |ACH)
i=1 i=0

> |AURS H)l = |ACG)]
kn—1
> |Anew(G)] = [ACR)| + Y 1A(G)]

i=1
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and finally
sfir1(F1) = |ACF)| = |ACFE)| = sfi(F).

Case 3. P = Col(ky, ..., ky). We put Q := Col(ky, ..., ky, ky + 1), that is,
knt1 :=ky + 1. Let ¢ : [nk,] — [(n 4 1)(k, + 1)] be defined by

Y@gn+r)y:=qn+1)+r (€[n)).

For X C [nky], let ¥(X) := {¢(x) : x € X}. Itis easy to verify that X € P
implies ¥ (X) € Q. Thus ¥ can be also considered as a function ¥ : P — 0.
For a family F, let ' (F) := {¢/(X) : X € F}. Obviously, for F C N;(P),

V(A(F)) = AW (F)).
For F| € Ni41(P), F» C N;(P), we define
G :={y(X): XeCF},
G2 = (Y (X)) U{(n + Dkpt1} : X € CR).
Then Gy, G2 € N;4+1(Q) and G is a segment. Obviously,
Anew(G2) = {Y U{(n + Dknt1} : Y € AW (CF))}.

Theorems 8.1.1, 8.1.2, and Proposition 8.1.4 imply for | Fi| = | 3|, thatis, |G| =
|G2l,

sfi(F2) = |[ACF)| = AW CP)| = |Anew(G2)| < |Anew(CG1)|
= [ACGY| = |AG)] = |AWCF))| = |ACF)| = sfir1(F).

8.2. Existence theorems for Macaulay posets

In this section we will mainly characterize the profiles of ideals and antichains in
Macaulay posets. Recall that

Fi={peF:r(p=i}, fi=|Fl
We say that a family F C P is compressed if CF; = F; for all i. Obviously,
Fis an ideal iff A(F;) C F;_; foralli > 1. (8.27)

For a natural number /, let A; (/) be the value of the shadow function of an /-element
family in N, that is,

Ai(l) :==|ACU, NI
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Theorem 8.2.1. Let P be a Macaulay poset. The following conditions are equiv-
alent:

(i) f is the profile of an ideal in P,
@ii) f is the profile of a compressed ideal in P,
@) Ai(fp) < fi—1foralli > 1.

Proof. (i) — (ii). Let F be an ideal with profile f. Let G := U;CF;. Then G is
compressed and has also the profile f. Moreover, by (8.1),

A(G) =ACF) SCAF) CCFR1=Giy,i > I;

thus, in view of (8.27), G is an ideal.
(ii) <> (iii). Let F = U;C(f;, N;). Then F is compressed, and F is by (8.27)
an ideal iff

AC(fi, N)) € C(fio1, Ni—1) forall i > 1.

Since by Proposition (8.1.1) the shadow of an initial segment is an initial segment,
the last inclusion is equivalent to (iii).
(i) — (i) is trivial. [ |

Now we will derive a generalization of the equivalence (i) < (ii). Let (P,
<1), ..., (Ps, <5) be Macaulay posets with associated linear orders <, ..., <,.
Let (Q, <) := (P1, <1) x -+ - x (P, <g). We define on Q a new partial order by

(Qv ﬁ) = (Pl’ jl) X e X (PS7 fs)~
For a vector i = (iy, ..., i), let
Ni(Q) := N;)(P1) x - -+ x Nj (P).

If we restrict < to N;(Q), then N; becomes a poset. For a family F € Q and a
vector i, let

Fi:={peF:peN(Q) fi :=|Fil.
The s-dimensional array whose entries are the numbers f; is called the generalized
profile of F. We say that the family F in Q is compressed iff F; is an ideal in Ni(O)
for each possible i. The following theorem was proved by Bj6mer, Frankl, and
Stanley [66] for the case that each P; has the form S(oo, ..., 00).

Theorem 8.2.2 (Colored Macaulay Theorem). The array ( f;) is the generalized
profile of an ideal in Q iff it is the generalized profile of a compressed ideal in Q.

Proof. It is enough to show that one can construct for each ideal F in Qa
compressed ideal with the same generalized profile. Let, as in the proof of Theorem
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8.1.1, for p; € Pj, 0;(p;) denote the position of pj in the linear order <;, j =
1,...,s. Moreover, forp = (py, ..., ps) € Qleto(p) := Zf=l 0;(p;) and, for
FcQ,0(F):=3,.ro(p).

Now, given an ideal F in Q with generalized profile (f;), let G be an ideal
in QO with generalized profile (f;) for which o(G) is minimum. Such a G exists
since F is given. It remains to show that G is compressed. Assume the contrary.
Then there are some i*, some u € G;+ and some v € N;i*(Q) — G~ such that
v < u. We may assume, w.l.o.g., that v <| uj, v, = uz,..., Vs = uy. For each
(p2,....pn) E P x---x P, let

Giy(pypn) ‘= (@1, p2..., pn) € G : r(a)) = iy},
i (paespny = a1 € Ny (P) : (a1, p2,..., pa) € G}.

Taking all possible iy and (p, ..., p,) yields a partition of G. We are going to
compress each such class individually; that is, let

H,’I (Do CG,I (P20 ) (compression in N;, (Py)),
Ifil,(pz ..... pn) = {(b1, P2, ..., Dn) by € Hl (p2,.. p")}-

Note that o(H;, (p,,...,p,)) < 0(Giy,(py,.... pn)) and that at least for i; = it,p2 =

.....

u2, ..., ps = us we have strict inequality. Let
H:= U U Hiy (py.....pn)
it (P2seees Pn)

Then o(H) < 0o(G). We finally show that H is an ideal, in contradiction to
the choice of G' (minimality of o(G)). So let

(Prs--osPn) € Hiy(pyypn)s (G102, G5) < (D1, ..., D).

Case 1. g1 = py. Let ¢ := o((p;). Then G’
ments. These elements must belong to Gu @) s1nce G is an ideal. Thus
G:l @20 ) has at least ¢ elements, which implies thatql € H — that is,
(q1vq2,---’Qn) € 1'[11 (@22-gn) S H.

Case2.q) < p;. Thengy = p,,...,qs = ps. Since G is an ideal we have

i1 (P2, has at least ¢ ele-

A(G,

i1, (p2yeees )) < G

i1=1,(p2,.ccs Pn)*

The relation (8.1) (P; is a Macaulay poset) yields

’
(}I’l (p2,..., Pn)) - A(CGu (P2+eens p,,)) < C(A(G,l (P20eees P )))
S CG:| ~L(p2eenp) = Fi1=1.(p2seccspn)-
Thus (g1, p2,..., pn) € Hi\—1,(py....pn) € H. m
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Now we look at antichains in Macaulay posets P of rank n. We say that a Sperner
family F in P is canonically compressed if each F; consists of, with respect to <,
the first f; elements of N; which are not in the (lower) shadow of U j>i Fj. Thus
(by induction and Proposition 8.1.1), F is canonically compressed iff A_,;(F) is
compressed for every i. The following result is in the case of S(ky, ..., k,) due to
Clements [104], and in the case of B, to Daykin, Godfrey, and Hilton [125].

Theorem 8.2.3. Let P be a Macaulay poset of rank n. The following conditions
are equivalent:

(i) fis the profile of a Sperner family in P,

(ii) f is the profile of a canonically compressed Sperner family in P,
(iii) foralli € {0, ..., n} we have

Aig1( e Ap2(An—1(An () + foc) + fa2) -+ fix1)) + fi < Wi

Proof. (i) — (ii). We construct for a given Sperner family F with profile f the
canonically compressed Sperner family G with profile f as follows: We define

Gn = C(f;l, Nn)a

andfori=n—-1,n-2,...

Gi = C(fi, Ni = ALi(U'_1,,G))) (8.28)

(soon it will be clear that the construction works).
Claim. Foralli = n,n—1, ... for which the construction (8.28) is still possible
G.e., fi <|Nj| - IA—)[(U;=i+1 G)|), there holds

(a) H; .= A_>,~(U5?=i+lGj) is compressed,

(b) I'It g CA—»i(U7=,~.|..1F')~

Proof of Claim. We proceed by inductiononi =n,n—1,....Thecasei =n
is trivial (note H, = ). Thus look at the step i + 1 — i.

(a) By the induction hypothesis and construction, H;+ U G4 is compressed.
Since A,;(G)) = A(ASi+1(G))) for j > i, it follows that

Hi = A(Hi+1 UGiyy)

and because of Proposition 8.1.1, H; is compressed.
(b) A_,,~+1(U;.'=i 4+2F)) N Fi41 = @ since F is a Sperner family. Together with
the induction hypothesis this provides

Hit1UGiy1 € C(AL i1 (U4 F)).
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Thus,

H; = A(Hig1UGip1) € AC(A i1 (Ul F))
C CABL iUl F)) = CAi (U ).

Here the second inclusion follows from the fact that P is a Macaulay poset. O

As already mentioned, F; N A_,i(U7=,. +1F5) = 0; hence
Ji < INil = 1AL (U F)I < INi| — | Hy).

This shows that G; can really be constructed for all i > 0. By construction, G is
a Sperner family, and by (a) of the claim, A_,;(G) = H; UG, is compressed for
alli > 0.

(ii) — (iii). Induction on i = n,n — 1, ... easily yields that the LHS equals
|A-i(F)|, where F is the canonically compressed Sperner family with profile f.

(iii) — (ii). The condition says that the construction (8.28) is possible up to
i=0.

(ii) — (i) is trivial. [ |

We use the notation C F for the canonically compressed Sperner family which
has the same profile as F. From the proof of Theorem 8.2.3 (in particular Claim
(b)) it follows easily that

AL (CF) S C(AL(F)) for all i. (8.29)

Without going into details we mention some applications in polyhedral combina-
torics. Theorem 8.2.1 gives in the case P = B, a characterization of f-vectors
(profiles) of simplicial complexes (Kruskal [325], Katona [292]) and of polyhe-
dral complexes (Wegner [460]). In the case P = S(c0, ..., 00), Theorem 8.2.1
together with Theorem 8.1.1 permits a characterization of the f-vectors of Cohen—
Macaulay complexes (Stanley [438]), and in the case P = Col(d, ..., d), these
theorems allow a characterization of the f-vectors of (d — 1)-dimensional com-
pletely balanced Cohen—Macaulay complexes (Frankl, Fiiredi, and Kalai [197]).
A structural characterization of the f-vectors of balanced Cohen-Macaulay com-
plexesis given by Theorem 8.2.2 applied to P; = S(oo, ..., 00), where the number
of components may differ (Bjorner, Frankl, and Stanley [66]). Finally, in the case
P = By, Theorem 8.2.3 provides a characterization of Betti sequences over some
field of some simplicial complex and of some polyhedral complex on at most
n + 1 vertices (Bjorner and Kalai [67]). We refer the reader to the surveys of
Bjorner [63, 651, Bjorner and Kalai [68], and to the books of Stanley [444] and
Ziegler [473]. ‘
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8.3. Optimization problems for Macaulay posets
For F € P, q € P, we write in the following F < g (resp.q < F)if p < ¢ (resp.
q < p)forall p € F. We call a Macaulay poset P rank greedy if the associated
linear order < is a linear extension of the ordering < of P — that is, if

p < gq implies p < g,
and if
A(p) < q,r(p) > r(g) imply p < q. (8.30)

The motivation for this notion comes from the construction of linear extensions.
Suppose that we have constructed already a set F of first several elements. The
next element p € P — F must have the property A(p) C F. From all elements
with this property we take one with largest rank as the next element.

Proposition 8.3.1.  If P is a rank-greedy Macaulay poset, then so is its dual P*.

Proof. As in the proof of Proposition 8.1.2 we take the dual =<* of < as the
associated linear order for P*. Since < is a linear extension of <, trivially also
=<* is a linear extension of <*. We have to show that

q < V(p),r(p) <r(g)imply g < p.

We look for a counterexample (i.e., g < V(p),r(p) < r(q), P = q) where
r(g) — r(p) is minimal. We cannot have A(q) < p because otherwise q < pby
(8.30). Hence there is some ¢" with ¢’ < g and p < ¢’. Note that ¢’ < g; that is,
q' < V(p).1fr(g) — r(p) > 1, we may replace the counterexample (p, g) by the
counterexample (p, ¢’). This is a contradiction to the minimality of #(q) —r(p). If
r(g) — r(p) = 1, we obtain also a contradiction because the shadow of the initial
segment with last element g is an initial segment which contains g’ and hence also
P (see Proposition 8.1.1). Thus ¢ < V(p) is impossible. Consequently, there is no
counterexample. |

Proposition 8.3.2. Theposets S(ky, . .., kn), T(ki, ..., kn),andCol(ky, ..., k)
are rank greedy Macaulay posets.

Proof. Obviously, the linear orders < (resp. <*) given in (8.7) and (8.8) are linear
extensions of the corresponding posets. Now we prove (8.30) (in Cases 1 and 2)
fora = pand b = q. Let ¢ be the last element with respect to < which belongs
to A(a).

Casel. P = S(ky, ..., k). Clearly, for some m € [n],

a—1 ifi=m,
Ci =

a; otherwise.
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It is easy to see that a; = O forall i < m (otherwise ¢ would not be the last
element in A(a)). Since ¢ < b, there must be some index Jsuchthatc; < bj and
ci =b;fori > j. If j > mthena < b is obvious. If j < m then r(a) — 1 =
rey=am—1+3Y; . 1ai=ay—1+ > i=m+1 bi < r(b), a contradiction to
r(a) > r(b).

Case2. P = T (ki, ..., k). Clearly, for some m € [n],

ai—1=k,—1 ifi=m,
Ci =
a; otherwise.

It is easy to see that a; # k, for all i < m. Since ¢ < b, there must be some
number ! with b(!) <,; ¢(), b(i) = ¢(@) fori < I.Ifl < kn —1thena < b is
obvious. If I = k, — 1 then there must be some index Jsuchthate; =k, — 1,
bj =kn,andc; = b; fori > j.If j > mthena < b is obvious. If j < m then
r(a) — 1 =r(c) < r(b), a contradiction.

Case 3. P = Col(ky, ..., k,). This case follows directly from Case 2, Lem-
mas 8.1.1, 8.1.2, and Proposition 8.3.1. [ ]

For rank-compressed posets, we already derived the inequality
ur(F) < u, forevery ideal F in P

(see Theorem 4.4.1). Now we ask for the maximum of uy(F) over all ideals of
given size; that is, we are looking for ’

max [Zr(p) : F is an ideal in P with | F| =m} )
peEF

We will answer this question in a slightly generalized form:

Theorem 8.3.1. Let P be a rank-greedy Macaulay poset, letw : {0, ..., r(P)} —
R be increasing and let x : P — R be defined by x(p) := w(r(p)), that is, x is
constant on the levels of P. Then, for all ideals F in P,

x(F) < x(C(|F|, P)).

Thus, taking the first | F| elements in P with respect to the associated linear order
= gives the largest weight of an ideal of given size.

Proof. Again, let o(p) denote the position of p in the linear order <, and, for
F C P,o(F) := Zpep o(p). Of all ideals F of given size for which x(F)is
maximum, take such an ideal F* for which o(F™*) is minimum. We will show
that F* = C(|F|, P). From Theorem 8.2.1 it follows that F* is compressed (if
we exchange an ideal by a compressed ideal with the same profile, we do not
change the weight, but decrease the value o(F)). Let a be the first element of
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P with respect to < that is not contained in F*, and let e be the last element of
F*. Assume that F* # C(|F|, P). Then a < e. Moreover, A(a) € F* — {e}
and e is a maximal element of F* since < is a linear extension. Consequently,
F':= (F* — {e}) U {a} is an ideal.

Claim. r(e) < r(a).

Using this claim, we derive

x(F') = x(F*) = x(r(e)) + x(r(@)) > x(F*).
The relation
o(F') = o(F*) — o(e) + o(a) < o(F*)

yields the desired contradiction.

Proof of Claim. Assume that r(¢) > r(a). Let E be the ideal generated by
e. Note that E C F*. For all f € E with r(f) = r(a), we have f < a since
otherwise a € F* (recall that F* is compressed). Let e* be a minimal element of
E with the property a < e*. By the preceding remarks, r(e*) > r(a). The choice
of e* yields A(e*) < a. By (8.30), e* < a, a contradiction. [ |

Several authors contributed to this theorem. Ahlswede and Katona [13] studied
By, and considered also other types of weight functions. Bezrukov and Voronin [60]
then gave a generalization to S(ky, ..., kn). After preparatory work of Kruskal
[326] and Lindstrom [345], Bezrukov [56] settled T'(k, ..., k). He finally also
proved Theorem 8.3.1 in an equivalent formulation [57]. Earlier special weight
functions like w(i) = i have been considered (e.g. for S(ky, . .., k,)) by Lindstr6m
and Zetterstrom [347] (k; = - - - = k,) and Clements and Lindstrom [117]).

This theorem provides a solution of the maximum-edge problem for certain
graphs; see p. 40. First let G be the Hamming graph of S(ky, ..., ky); that is, the
vertex set ¥ of G equals S(ky, ..., k,),and wehave ab € Eiff|{i : a; # b;}| = 1.
Recall thatfor FC V,E(F):={e€ E:eC F}.

Theorem 8.3.2.  For the Hamming graph of S(ky, ..., k,) and for 0 < m <
(ky + 1) -« (ky + 1), we have
max{|E(F)|: F C S(ki, ..., kn), |F| =m} = |EC(m, Sk, ..., kn)))|.

Thus, the maximum is attained by the set of the first m elements with respect to the
reverse lexicographic order.

Proof. We proceed by induction on n. First we will show that we may assume that
F is an ideal. Then we will apply Theorem 8.3.1 to prove the assertion. Let

F@):={aeF:a, =i},

F'G) :={(a1,...,an-1) € Sk, ..., kn=1) : (@1, ...,an_1,i) € F}.
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Obviously, | F(i)| = | F'(i)|. Let = be a permutation of {0, ..., k,} for which
[F(rO)] = .-+ > |F(m(kn))l.
We have

kn
|E(F)| = ) IE(F@)I+ Y. HabeE:aeFG),beF()
i=0

0<i<j<k,

kn
=Y IEF'ON+ Y. |IFGNFQ)
i=0

0<i<j<ky

kn

< YIEFG)I+ Y. min{IF'G)l, IF'()I)
i=0 0<i<j<ky

(note thata € F(i),b € F(j),i # j,ab € E imply (ay,...,an_|) = by,...,

bn-1)). Now we construct a new family G of the same size m. We use the same

notations as for F, thus also G (i) and G’(i). The family G is uniquely determined

if G'(i) is given fori = 0, ..., k,. We put

G'()) :=C(UF' (@), Stht, ..., kn—1)).

Then, as above (and since G’(i) and G’ () are related by inclusion),

kn
E@G) =) |EG@)I+ Y. min{G6), |G
i=0

0<i<j<kn
and the induction hypothesis together with |G'(i)| = |F'(x (i))| gives
|E(G)| = |E(F)I.

The sets G’ (i) are ideals by construction (recall that < is a linear extension; that
is, the first elements of S(ky, ..., k,) with respect to < always form an ideal).
Moreover, |G'(0)| > - -- > |G (ky)|; that is (ay, . .., ap—1,1+1) € G implies also
(@1,...,an—1,i) € G. Consequently, G is an ideal. For any ideal G, |E(G)| can
be written also in the form

IEG)|=) (beG:b<aabeEG) =) r@.
aeG aeG
Finally, by Theorem 8.3.1 and Proposition 8.3.2, we have |E(G)| < |E(C(m, Sk,
D] kn)))l- L

Since the Hamming graph of S(ky, ..., k,) is regular of degree k; + - - - + k,,,
Theorem 8.3.2 provides also a solution of the edge-isoperimetric problem; see
p. 40. This is a result of Lindsey [343] (see also Clements [103] and Kleitman,
Krieger, and Rothschild [307]).
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Now let G be the Hasse graph of T'(ky, ..., k), which is the same as the Hasse
graph of Col(ky, . .., ky). I prefer the formulation with T (k, ..., k) because of
a succeeding application. Thus the vertex set of G equals T (ky, ..., k,), and we
have ab € E iff for all but one i, a; = b;, and for the exceptional i, a; = k, and
bi # kyora; # k, and b; = k,.

Theorem 8.3.3. We have in the case of the Hasse graph of T (k, ..., k,) for
Osm=<(i+1)--- (ks + 1),

max{|E(F)|: F S Tk, ..., kn), |[Fl =m} = |E(L(m, T(ky, ..., k)l

Proof. The inductive proof is analogous to the proof of Theorem 8.3.2. With the
same notations we get

kn—1

kn
EGE) < Y IEF' G+ Y min{lF' (), 1F'(en)1).
i=0 i=0

Let i* be an index for which | F(i*)| > | F(i)| for all i. We define the new family
G by

LAFDOL Tk, ... kn1))  ifi ¢ {i* kn),
G'()) = { LUFUa)|, T(ky, ..., kn1)) i =¥,
LAFGE T ks ..o kn—1))  ifi = ky.

Then
kn—1

kn
IE(G)] = ) IEG @)+ Y min{|G'()], |G (kn)]}
i=0 i=0

kn—1

kn
= Y IEG )+ Y IG'D)| = [EF)I.
i=0 i=0

The sets G'(i) are filters by construction. Moreover, |G'(i)| < |G’(k,)|, that s,

@i, ...,an-1,i) € G implies (ay, ..., a,—1, k,) € G. Consequently, G is a filter
inT(ky, ..., kn), that is, an ideal in T (ky, . . ., k,)*. Now we may conclude as in
the proof of Theorem 8.3.2. [ |

Finally, let G be the Hasse graph of S(k, . .., k,). Thus we have fora, b € V
thatab € Eiff Y 7_, |a; — b;| = 1. In order to formulate the result we first look
at a bijection ¢ between S(ky, ..., k,) and T (ky, ..., k1) given by

(p(al’---,an) = (kl _ath*--sk] _aZykl —al)'

The following assertions are easy to prove:
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Lemma 8.3.1. We have:

(a) Ifp(a) > ¢(b), thena < b.

(b) If Fisanidealin S(ky, ..., ky), then o(F) is afilterin T (k, ..., k).
(c) Ifa < b then p(b) < @(a) (wWhere < is given by (8.8)).

d oY (L(m, Tk, ..., k))) is an ideal in S(ky, ..., k) for each m.

Further, we will need the following lemma:

Lemma 8.3.2. Let ay, ..., ay be real numbers and let m be a permutation of
{0, ..., k} such that az ) > - -- = az(). Then

k k
> min{a;_y,a;} < > min{ax-1y, ax(}-
i=1 i=1

Proof. The RHS equals ZLI azay. Let s; := min{a;_1,a;},i = 1,...,k, and
let o be a permutation of {1, ..., k} such that 5,(1) > - -+ > s5(). We only must
show that s,(j) < ax(; holds for j =1, ..., k. Assume the contrary, that is,

Se(1) =+ 2= So(j) > ax(j) for some j.

In the following we consider the sets as multisets; that is, elements may appear
repeatedly. Let S; := {a;—1,4a;},i = 1,..., k. By our assumption, all elements
of.U{'=ng(,-) are greater than ay (). Since An(j) = An(j+1) = - -+, it follows that
U{=1Sa(,~) C {ar(0), - - - » an(j—1)}. However, U/_, S; clearly contains at least j + 1
elements, a contradiction. [ |

Theorem 8.3.4. For the Hasse graph of S(ky, . .., k,) andfor0 <m < (k; + 1)
-+ (kp + 1), we have
max{|E(F)|: F C S(ky, ..., k), |F| =m}
=|E(™"(Lm, T (kn, ..., k))).

Proof. We again use the approach and the notations from the proof of Theo-
rem 8.3.2. Here we obtain

kn kn
|E(F)| < Z |ECF' ()| + ijn{lF'(i = DI IF @)}
i=0 i=1

Let 7 be a permutation of {0, ..., k,} for which

[F@@O)] = .- > |F(m(kn))|.
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We define the new family G by
G'()) := ¢ " (LUF (), T (kn—1, ..., k1))
Then
kn kn
IEG)| = Y_IEGG)I+ Y min(|G'( — DI, 1G'D)I).
i=0 i=1

By the induction hypothesis and Lemma 8.3.2, |[E(G)| > |E(F)|. By Lemma
8.3.1(d) and construction, G is an ideal in S(ky, . .., k,). We have for any ideal G
in S(ky, ..., ky) in view of Lemma 8.3.1(a) and (b),

IEG)| =) beG:b<aand Yy o — b =1}|,

aeG i=1

= Z I{i € [n]:a; > 0},
aeG

= Z I{i € [n]: i < k1}| = |E(p(G))I.
aep(G)

From Theorem 8.3.3 we derive (noting Lemma 8.3.1(d))
|E(G)| = |E(@(G)| < |E(L(m, Tkn, ..., k1))
= |E@@ " (L(m, T (kn, ..., k).

Inthecasek; = - - - = k, this theorem was proved in a different way by Bollobas
and Leader [77]; the general case was settled by Ahlswede and Bezrukov [3]. The
preceding proof is extracted from a more general approach, called Variational
Principle by Bezrukov [55].

The graphs considered in the last two theorems are not regular (if not k; =

- = k, = 1), hence we cannot derive a solution of the edge-isoperimetric
problem. Moreover, this problem is here much more difficult because one has
not always a nested structure of solutions; see Bollob4s and Leader [77]. It is an
interesting phenomenon, however, that omitting the bounds for the components
yields an NSS; see [3].

In Theorem 8.3.1 we have already found ideals of given size with maximum
weight. Now we study an analogous problem. Which antichain of given size
generates an ideal of minimum weight? First we present a structural result that
may be applied to S (which is selfdual by the succeeding Proposition 8.4.1)
and to the dual pair T and Col. For S, the theorem was obtained by Clements
[107], who significantly generalized preliminary results of Kleitman [302] (see
Theorem 4.5.3(b)) and Daykin [123].
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Theorem 8.3.5. Let P and P* be graded, little-submodular, and shadow-increas-
ing Macaulay posets. Let w : {0, ...,r(P)} — Ry be increasing, and let x :
P — Ry be defined by x(p) := w(r(p)); that is, x is constant on the levels of
P. Let 0 < m < d(P), and let U(m) be the class of all Sperner families in P
of size m. Further, let 21 (m) be the subclass of Sperner families from A(m) that
generate ideals of minimum weight. Then there are integersi and 1 < a < W; such
that

C(a, Ni) U (Ni-1 — A(C(a, N}))) € A1 (m).

Proof. For any Sperner family F, let I(F) be the ideal generated by F. Let
F € Ay (m), and let F’ := CF. Recall that by (8.29) for all i

ALi(F') CCALi(F).
This implies

X(I(F) =) widAsi(F)H <Y wd|ALi(F)| = x(I(F)).

Consequently, F' also belongs to 21, (m).

Let A5 (m) be the class of all canonically compressed Sperner families from
A1 (m). We saw earlier that 2 (m) is not empty. Let 23(m) be the class of fam-
ilies from 2 (m) for which r(I(F)) = ) pel (F) r(p) (r is the rank function) is
minimum. For any F, let /(F) := min{i : f; # 0} and u(F) := max{i : f; # 0}.
We write briefly / and u if F is clear from the context.

Claim 1. For any F € A3(m), A ;(F) = N;j,or F C Nyand A(F) = Ni_;.

Proof of Claim 1. Assume the contrary and let i be the largest index for which
AL (F) = N; (possibly i = —1). By our assumption, i < /. Since A_,; 4| (F) is
compressed and not equal to N 1, the last element p of N;;| (with respect to <) is
not related to any element of F. Let g be any element from F,,. Then r(q) > r(p),
since otherwise F € N;, A(F) = Nj_;.Now, F’ := (F — {q}) U{p)} is a Sperner
family. Let F” := CF’. Then

x(I(F")) < x(I(F")) = x(I(F)) — x(q) + x(p)
= x(I(F)) —w(r (@) + wr(p) <x(I(F)).

Consequently, F” € 2;(m). But in the same way we derive r(F"”) < r(F), and
this is a contradiction to F € 3(m). O

Claim 2. For any F € %3(m), u(F) —I(F) < 1.
Proof of Claim 2. Assume the contrary, and let F € A3(m) withu — [ > 2.
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Casel1.|A(F,)| < | Fi|. We will show that there exists a canonically compressed
Sperner family F’ with parameters

0 ifi >uori <l|,
A(F)I + fumt ifi=u—1,
=117 ifl+l<i<u-—1,
Jivr + fu ifi=1+1,

Ji — 1A(F) ifi=1,

where in the case ¥ — / = 2 the definition fori = u — 1 = [ + 1 has to be
replaced by f/ := fi + |A(F,)| + f,. We only must convince ourselves that the
construction described in (8.28) of the proof of Theorem 8.2.3 can be carried out.
F,_, can be obviously constructed, and up to the level Ni42 the construction for
F' is the same as for F (if u — I > 2). In particular we have (for u — I > 2)
AL142(F) = AL 142(F'). Let X := Njpy — AL p41(F). In order to see that
the construction works until level / + 1, we must verify that |.X| > Su. Assume
the contrary, | X| < f,. By the construction of a canonically compressed Sperner
family we have F; C A,q(X) (moreover, we have equality because of Claim 1).
Let X’ be a compressed subset of F, of size | X |. From Proposition 8.1.4 and
Proposition 8.1.6 we conclude

IAF)] 2 [AX)] 2 [ACK)] = |Apew(CX)| > |Apew(X)| = |F.

This is a contradiction since in our case |A(F,)| < |F. Finally, we must verify
thatalso F} can be constructed. We have by construction Fi, 1 = FiUY (UA(F,)
if u — I = 2), where Y consists of the next fu elements after the last element of
Fi41 (with respect to <). The construction works on level N; if

Si = 1AE)] = Wi — AL (Ui, F)I (8.31)
The RHS equals
Wi — 181U FD| = | Apew (V)]
Since we could construct Fj, we have
Ji =W = 1ALV, F))

(moreover, we have equality because of Claim 1). Thus the RHS of (8.31) is not
less than f; — | Apew (Y)|. But this number is not less than the LHS of (8.31) since

[Anew (V)| < |Anew(CY)| < |A(F)|
by Proposition 8.1.4 and Proposition 8.1.6. We have (noting Claim 1)
x(I(F) < x(UI(F)) = fuw@) + fiw(l + 1) < x(I(F)),
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and

r((F") < r(I(F))

since u > [ + 1 and f;, > 0. This is a contradiction to F € U3(m).

Case 2. |[A(F,)| > | Fj|. Let X be the family of the last f; elements of A(F,)
(with respect to <), and let ¥ := V(X) N F,. We will show that there exists a
Sperner family F’ with parameters

[0 ifi >uori <l,
fi—1Yl  ifi=u,
fi=1fimr+fi ifi=u-1,

fi ifl+l<i<u-1,
S+ 1Y ifi=1+1,

where in the case u —/ = 2 the definition for i = u — 1 =/ + 1 has to be replaced
by f/ := fu—1+ fi +1Y|. Itis enough to find a family Z in Niy1 — Aoy (F)
with |Z| = |Y| since then F' := (F — F; — Y) U X U Z is a desired family. We
have

[Nty = A1 (F)] 2 V() (8.32)

Note that F; is a final segment in N; (with respect to <) by Claim 1. In view of
Proposition 8.1.4 and Proposition 8.1.6 applied to P*,

V()| = V(LX) = [View(X)). (8.33)
We have
Vnew(X) 2 V(X)N F, (8.34)

since V(N,—1 — A(F)) N F, = @, and View(X) = V(X) = V(Ny—1 — A(Fy))
(note that N, — A(F,) is a final segment). The relations (8.32) to (8.34) imply

[Nttt = As i1 (F)| 2 [V(X) N Fy| = Y],
and thus the family Z can be found. Let F” := CF’. We have
x(I(F") < x(I(F") < x(I(F)) = |Y|w() + |Y|wd + 1) < x(I(F)),
and
rd(F") = r(I(F") < r(I(F))

since u >/ + 1 and |Y| > 0. This is a contradiction to F € A3 (m). O

With Claim 1 and 2 the theorem is proved. - |
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We note that, for Theorem 8.3.5, we do not need little-submodularity com-
pletely. It is sufficient to suppose the first inequality in (8.19) for P and P*.

Corollary 8.3.1. Let P and P* be graded, little-submodular and shadow-increas-
ing Macaulay posets. Then P and P* have the Sperner property.

Proof. Let m := d(P). By Theorem 8.3.5, there exists a Sperner family F of size
m such that for some i, F € N;_; UN;, 4 := F N N; is an initial segment and
B := FNN;_, is afinal segment. It is sufficient to show thatm < max{W;_y, W;}.
Assume the contrary. Then |A(A4)| < |A| since otherwise |F| = |4| + |B| <
|A(A4)| + |B| < Wi—1. Analogously, |V(B)| < |B|.

Case 1. [A4| < |N; — A|. Let A’ be the set of the first | 4| elements of N; — A
andlet F':= FU A" — Apew(A4'). Then F’ is obviously a Sperner family and by
Proposition 8.1.4,

|F'| = |FI+ 4"l = | Anew(A)] = |F| + | 4] = |Apew (4)| > | F,

a contradiction.

Case 2. |4| > |N; — A|. Let 4’ be the set of the last | N; — A| elements of A and
let F/:= (F — A")U Apew(A’). Again, F' is a Sperner family and by the second
inequality in (8.19),

|F'| = |FI+ |Anew(A))] = |4'| = |F| + | Apew(N; — 4)| — |N; — A|
= |F|+ |B| — |V(B)| > |F|,

a contradiction. [ ]

Theorem 8.3.6. The numbers i and a in Theorem 8.3.5 are uniquely determined
if all weights are positive. We have i = min{j : m < W;} and a = min{b : b +
Wi—1 — |AC®D, Ni))| = m}.

Proof. First note that i is well defined by Corollary 8.3.1. Let W, be the largest
Whitney number. Then i < A. In order to see that a is also well defined, let

gb) :=b+ Wi — |AC(b, Ny))|.

We have g(0) = W;_; <m < g(W;) = W;. Moreover, g(b+ 1) — g(b) < 1 since
|A(C(b, N;))| cannot strictly decrease. Thus there is some b with g(b) = m and
hence a is well defined. The Sperner family F := C(a, N;) U (N;_1—A(C(a, N;)))
has size m, and we have

i—1
w(I(F)) = Y_ w()W; + w(i)a. (8.35)
Jj=0
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Let F' be a Sperner family of size m that generates an ideal of minimum weight
and that has the form from Theorem 8.3.5:

F'=C(, Ni) U(Ny_j — A(C(a', Np))).

Claim 1. We have i’ > i.

Proof of Claim 1. Assume the contrary. We consider the [0, i’]-rank-selected
subposet Plo,). Clearly, F” is a Sperner family in P ;. Moreover, Py in satisfies
all conditions of Corollary 8.3.1; hence it has the Sperner property. Since i < h
and because of Proposition 8.1.6, Wy < --- < W;. Consequently, m = |F'| <
Wi < m, a contradiction. ]

Claim 2. We have i’ < i.
Proof of Claim 2. Assume the contrary. Then
i1 i
w(I(F)) = Z w(HW;+w(i)a' > Zw(j)Wj > w(l(F)),
Jj=0 =0

a contradiction. O

Now we know that i’ = i, and it remains to show that a’ = a. Obviously,
w( (F") —w (F)) = w@i)(@ — a).

Consequently, ' < a. But @’ < a and the definition of a imply |F’| #m,a
contradiction. |

We conclude this section with some remarks: Sturmfels, Weismantel, and Zieg-
ler [448] used the preceding results (for S) to bound the cardinality of reduced
Grobner bases of n-dimensional lattices in Z”. For the Boolean lattice, Labahn
[331] determined the maximum size of Sperner families having a lower shadow
of exactly m elements in the ith level.

The solution of the vertex-isoperimetric problem for B, (see Theorem 2.3.3(b))
can be generalized in a natural way to the Hasse graph of chain products. This was
proved by Bollobas and Leader [76]. Chvitalov4 [ 102] (n = 2) and Moghadam
[372] solved earlier the related bandwidth problem for this graph (cf. Theorem
2.3.5). Again, sce the forthcoming book of Harper and Chavez [261].

8.4. Some further numerical and existence results
for chain products
Until the end of this chapter, let S := S(k;, ceskn)ysi=r(S) =k 4+ + k.
We may assume, w.l.o.g., that k, > 1. Let < always be the reverse lexico-
graphic order on S. We recall that the rank-generating function of S is given by
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F(S;x) = [T1-,(1 + x + --- 4 x%). For example, in S(4, 3,2) we have the
following Whitney numbers:

Wix! = Q4+x+x2+ 23 +xH0+x +x2 + 331 +x +x?)

I M\c
(=]

= 143x +6x% +9x3 + 11x* + 11x° + 9x6 + 6x7 + 3x8 + x°.
‘We know from Theorem 8.1.1 that
min{|A(F)| : F € N;, |F| = m} = |A(C(m, Ny))|.

So it is worthwhile to look for an algorithm that computes |A(C(m, N;))|. For
brevity, we use the notation

VVi(kl,...,kj) iflfjsn,OSiSkl'l"“‘l'kj

C):: 1 ifi = j=0,
/s

0 otherwise.

Note that for S(0o, ..., 00) (resp. ki, ..., k; sufficiently large), ({) § = (j+f"‘)

since ({ ) counts the i-combinations of a j-element set with repetitions (i-multisets
on [j]); cf. Stanley [441, p. 15]. Moreover, note thatin the case k| = - -- = k, = 1
we obtain the usual binomial coefficients ({ )- By definition, ({ ) g8 the coefficient
of x' in the rank-generating function of S(ki, ..., kj), that is, of TT_, (1 + x +
-+ 4 x¥). Tt is easy to see that

()= (L) e (), o
i Jg iJg \i—1)g i—kjiv1/)g

which gives together with (g) g = 1 arecursive method for the computation of

()5

Algorithm. i-representation of m.
Input: ki, ..., ks, i,m > 0.
Put/ :=0;
Repeat
Put/:=1+41;
Let ji be the largest integer in [2] such that m > (¥) s
Putm:=m— ({:’)S;
Puti:=i—1
until m = 0.
Output: ji, j2,..., ji.
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After the algorithm terminates, we have a representation of m in the form

_(n J2 Ji
w0 (B (A ) e

The following theorem reflects results of Daykin [122, 123], Greene and Kleitman
[234], and Clements [109].

Theorem 8.4.1. Let1 <i <sandl <m < ) s Then

(@) The algorithm “i-representation of m” terminates.
(b) Itproducesnumbers jy, ..., jisuchthatn > j, > 2= > (i—{’+l)s >0
andi > I, and moreover, jy = ji | =-.- = Je+u implies u < kj, 1.

(¢) The size of the shadow of the compressed m-element family in N; equals
(ij—ll)s + (ij—22)s +oet (ifl)s‘

Proof. Let FC N;, |F|=m,F=CF.Ifm = (':)s then F = N;. The algorithm
terminates after the first step and obviously A(F) = (,. " l) s So we suppose
throughout the contrary case - that is, m < (7) s+ We assume that F contains all
elements of N; with last component 0, 1, ..., a, — 1, but not all elements with
last component a,, (a, < k). The number of the first mentioned elements clearly
equals ("7 h s (=) s ( l._”a:_lH) ¢ (here and in the following these numbers are
considered as nonexistent if @, = 0). In the first step (if a, > 0) the algorithm
determines ji :=n — 1 since (") s <m < (7). Suppose that we know already
that

jl=-..=j,_1=n—1, 2<t<a,.

Then, in the tth step, the algorithm determines j; := n — 1 since

m_<(n;1)s+'”+(ift_i2)s) = (,-f,—i l)s
m“(( :1)s+"'+(if:2)s) < (i—;l+1>s‘

The last inequality is true because otherwise in view of (8.36)

() (200)
m> | +-- 4.
i Js i—t+4+2)¢
+(n—1)+ + n—1 o ("
i—t+1)g i—t+1—ky)s— \iJg

Thus (/) g+---+ l._{;‘;" ) ¢ counts exactly the members of F having first coordi-
nate0, 1, ..., ora, — 1. Now we look for the members of F having last coordinate

but
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a, and classify them with respect to the second last component. We put

m':=m—((",Tl)s+-"+(ifa:il)s)‘

If m" = 0, we have no members with first coordinate a,, and the proof for (a)
and (b) is complete. In the case m’ > 0 assume that F contains all elements of

N; ending with 0,a,, 1,a,,..., ay,_1 — 1,a, but not all elements ending
with a,_1,an (@s—1 < k,_p); that is, m’ < (in—_ai)s‘ The number of the first
. n-2 n-2 n-2
mentioned elements equals (i~an)s’ (i-a,,—l)s’ el (i—angan-|+l)s‘ In the rllext
. . : o . Pad , .
step the algorithm determines j,, 4+ := n — 2 since (Fa”)s <m < (l._a")s.
Suppose we know already that j,,+1 = -+ = Jag+t—1 =n—2,2 <t < a,_,.

Then in the (a; + #)th step the algorithm determines j,,+¢ := n — 2 since

' n—2 T n-—2 ) - n—2 )
i—an)g i—apn—t+2)g) " \i—an—t+1)g

but

, n—2 ey n—2 - n—1 )
m — .
i—an)g i—an—t+2)g i—a,—t+1)g

Again the last inequality is true because otherwise in view of (8.36)

> n—2 ey n-—2 )
T \i—an/g i—a,—t+2)g

+ n-—2 ) T n—2 )
i"an—t+1 S i—-a,,—t+1—-kn_1 S

\
P
-
o
R
N—"
M‘

Thus ({"_";“:)S 4o (,,_Z:n_‘f:::ll+ 1)s counts exactly the members of F having
last coordinates 0, a,, 1,au, ..., an—i—1,a,. Now we may continue in the
same way, looking for members of F (which is compressed) having last coordinates
an—1, an and classifying with respect to the third last coordinate and so on.

If F # N;, (a1, aa, ..., ay) is the last element of F and if ¢ is the largest index
such that F contains all elements of N; ending with a;, . .., a, (note that t > 2),
then induction (the first steps discussed earlier) easily yields the sequence of the
numbers j determined by the algorithm:

n—1,....n—1,n-2,...,.n=2,...,t—=1,...,t—1.

. 7\ J “

an an—| a;+1

Thus (a) and (b) are proved.
For (c), itis sufficient to observe that A (F') contains exactly all elements of N;_;
with last coordinate 0, 1, . . ., a, — 1, with last two coordinates 0, a,, 1,a,, ..

.
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ay—1 — 1, a,, and so on; thus

-1 n—1 n-—2
. +---4+ 1. +1{.
i-1/g i—an/g i—ap—1/g
n—2 t—1
+--4+ 1. +---+ 1.
i—ap—an_1/)g i—ay—-—a—1)g

elements. [ ]

We emphasize that with the algorithm one may compute also the last vec-
tor of an m-element compressed family in N; with respect to <: The numbers
@n, --.,a14+1,a; + 1 can be obtained by counting the numbers j equal to n — 1,
n—2,...,t—1.Clearly (ay, ..., a;,_1) is the last vector in Ni_ay—mq, k1, ...,
k:—1), and thus we take a,_; as large as possible, then a,_; as large as possible
and so on up to a;.

The representation (8.37) of the number m with the properties of (b) in Theo-
rem 8.4.1 is called (as the algorithm) the i-representation of m; see also p-47. 1t
is not difficult to see that this i-representation is unique (cf. [109]).

Example 8.4.1. Computation of the size of the shadow.
Consider N7(4, 3,2) and m := 5. Note that F = {430, 421, 331, 412, 322} is

compressegl and A(F) = {420, 330, 411, 321, 231, 402, 312, 222}. The Whitney
numbers () ¢ are given in the following table.

i j=3 j=2 j=1
0 1 1 1
1| 3 2 1
2| 6 3 1
3 9 4 [1]
4| 1 4 [1]
50 11 3 [o]
6| 9 [2] o
71 6 [1] o

The algorithm determines jj := 2, J2:=2,j3:=1, jy:=1, js := 1, that is,

=40, (0,+(),+ ),

For the size of the shadow, we obtain

o= (), (), (), + (). ().
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An analogous study of the i -representation of a number m for the posetT(k, ..., k)
was done by Clements [113] and by Leck [333]. The technical details are more
involved.

We have now an explicit formula for the minimum size of the shadow, but this
formula is sometimes difficult to handle. Thus we will present easier estimates of
the shadow. First recall that by the normality of S and in view of Proposition 4.5.2

IV(F)| | F| ,
> foral FCN;, i=0,...,s—1, (8.38)
Wi (S) = Wi(S) ’
F
[A)I > |F| foral FCTN;,, i=1,...,s. (8.39)

Wioi(S) = Wi(S)

From the rank symmetry and rank unimodality of S (cf. Proposition 5.1.1), we
infer immediately

-1

IV(F)| > |F|foral FC N;, i< g 7 (8.40)
1

|[A(F)| = |F|foral FC N;, i> S; . (8.41)

But Theorem 8.1.1 gives for “small” sizes of F a “best” normalized matching
inequality:

Corollary 8.4.1. Let F C N;(S(ky, ..., k,)) and let a = (ar,...,a,) € S be
the first vector in S such thatay > --- > a, and |F| < W;(S(ay, . . .,ay)). Then
Wi—1(S(ai, ..., an))

A(F
Az S S @n )

|Fl.

Proof. We must show that CF belongs to S(ay, ..., a,) since then A(CF) be-
longs to S(ay, ..., ay,), too, and the assertion follows from Theorem 8.1.1 and
(8.39). So assume the contrary. Let i be the largest index such that there is some
b= (b1,...,by) € CF withb; > a;. ThenCF ¢ Stkr, ..., ki—1,ai,...,a,);
thatis, |F| = |CF| > W;(Stk1, ..., ki_1,ai,...,ap)) > Wi(S(ay,...,an)), a
contradiction. [ ]

Using a shifting technique similar to the proof of Lovész’s theorem (Theo-
rem 2.3.1) Bj6rner, Frankl, and Stanley [66] found the following estimation for
S§(00, ..., 00) which we present without proof:

Theorem 8.4.2. Let F C N;(S(co,...,00)), |F| = () x €eR,x > i > 1.Then
AR = (2)).

By the way, Leck [333] used independently the shifting technique for another proof
of the Clements~Lindstrém Theorem.
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In Theorem 8.3.6 we provided formulas for the determination of i and @ which
are necessary for the “ideal minimization.” For S, we will present an algorithm
that computes a. In the case of B,, Daykin [123] found an explicit formula for
the minimum size of an ideal generated by an m-element Sperner family (and,
more generally, m-element k-family). Clements [108, 111] also settled the case
of S. First we need a representation of a number m’ which is similar to the i-

representation. Let
i j) N,
ilg \iJg \i-1)§

Algorithm. i-difference representation of m’.
Input: &y, ..., k,, i,m’ > 0.
Put!/ :=0;

Repeat
Put/:=1+1;

Let j; be the largest integer in [#] such that the following conditions
hold:

Qym' > [’l’] ) i < it GEL > 1), i) i < ik, GEL > Kjgr).
N

Putm’ :=m’ — i
: ; s,
Puti:=i—1
until m’ = 0.

Output: ji, j2, ..., ji.

If the algorithm terminates, we have a representation of m’ in the form

r_ | A J2 Jr
m—[i]s+[i_1]s+ +|:i—l+l]s' (8.42)

Theorem 8.43. Let0 < w(0) < --- < w(s), and let x : S — R be defined
by x(a) := w(r(a)). Let (ifl)s <m < ('i')s,i < 5. Then the algorithm i-
difference representation of m’ terminates for m’ = m — (") gm >0, and
yields a representation (8.42). The minimum weight of an ideal generated by an

m-element Sperner family equals
i1 . .
n
Zw(j)(.) +w<i)((’.‘) +--~+(. H ))
= Jjls i)s i—-l+1)

Proof. The claim is essentially a reformulation of Theorems 8.3.5 and 8.3.6
(specialized to S). We have to show only that the algorithm terminates and that
a="Ms++ (;7+1) g The case m = (7) 5 is trivial; thus let m < (7)s- Then,
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clearly, ji < n — 1. Let e be the last element in C(a, N;). Moreover, let ¢ be the
largest index such that (ey, ..., e;_1) is the last element in Ni_epeoome, (SCky, .. .,
k¢—1)). From the proof of Theorem 8.4.1 we know that

n—1,...,n— l,n—2,...,n—2,...,t—l,...,t—£ (8.43)

- )

€n €en—| e+1

is the j-sequence for the i-representation of a. For the proof, it is enough to verify
that the algorithm i-difference representation of m’ determines exactly the same
J-sequence. For brevity, we use the notation

h(b) := |C(b, Ni)| — |A(C(b, Ni))| = b — |A(C(b, Np)|.

Note that /(a) = m' and a is the smallest natural number with this property. Let
us assume that the algorithm i-difference representation of m’ determined already
the numbers

n—1,....n—-1,...,u—-1,...,u—1

en v

in the right way, that is, as in (8.43) and with ¥ > ¢. We have to show that the
algorithm terminates in the next step with the number u — 1 if u = t and v = ¢,
and that otherwise the next number is

u—1 ifv<e,,
u—2 ifv=e,,u>t, ande,_| >0,
u—z ifv=e u>t ande,_)=---=ey;_,42=0,e,_,41 > 0.

Casel.v <e,oru=tandv =e,. Let (fi,..., fy_1) be the last element in
Ni—ey——eyp1—v(S1, ..., ky—1)) and let f:= (f1,..., Ju—1,0,€y41,...,n).
Let f be the bth element in N; with respect to <. Then b < a and by definition of
a, h(b) < h(a). Consequently,

h(b)=["71] +[’.'_l] +---+[. u-1 ]
i s i—1 s i—en—-—eyup g

+...+l:. u—1 ] Sml.
i—en— - —euy1 —v g

Thus, if v < e, (< k), the next element in the J-sequence in the algorithm
i-difference representation of m’ isu — 1. If u = ¢,v = ey, we have f = e.
Furthermore, by definition of ¢, e, < k, . Thus the algorithm produces a last
number u — 1, the updated number m’ becomes zero, and the algorithm terminates
with the right sequence.

Case 2. v = ¢, and u < ¢. Then the algorithm still works since we had
otherwise a contradiction to the definition of @ and e. We assume here, w.1.0.g.,
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that e,_; > O (otherwise we have to replace u — 1 by u — z and to add in the

following vector f correspondingly more zeros). Let i’ := i — e, — - -+ — e, and
let f= (f1,..., fu=2,0,ey,...,e) where (f1,..., fy_2) is the last element in
Ny (S(ky, ..., ky—2)). The arguments from Case 1 show also in this case that the

next element in the j-sequence in the algorithm i-difference representation of m’
is at least # — 2. We only must prove that the next element cannot be u — 1.
This is clear if e, = k, (see condition (iii) in the algorithm). Thus let e, < k.
Letg = (g1,...,8u—1,€u,...,e) where (gy,..., g,_1) is the last element in
Ni(S(ky, ..., ky—1)). Let g be the bth element in N; with respect to <. Obviously,
a <b.Let

4:={(a1,...,au-1) € Ny(SCky, ..., ky—1)) :

(alv -uaau—l’eu,---,en) eC(“’ Ni)}'

It is not difficult to see that

n—1 n—1 u—1 ,
h(a)—[ ; ]S+[i_l]s+-“+[i,+l]s+lAl—IA(A)I—m,

-1 -1 -1 -1
h(b)=[". ] +['? 1] +-~+['.‘, 1] +[“., ] .

i s i— s I+ s I s
So it remains to show that

4] = |AU)] < [“i‘,l] . (8.44)
S

Let S’ := S(kl,...,ku_l).Notethat[u;l] = [”__1] = W;(S"). Since
S S’

S’ is normal we have

4l _ 1AM
Wi (S") = Wy_1(8")
This implies
Wi_1(S")
Al — A4 A1 - ———=
4] = 1A < | |( Wi/(s,))
<0 if Wiyr_1(S") = Wi(S),

1 (S -1 .
< Wi (S") (1 - ";‘,,l—jgf)—)) = [u . ]s otherwise.

In the first case we have a contradiction since we assumed that our algorithm
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worked until i’ + 1; that is, we have

n-—l] [u—l] ,
R TP <m
[ i i"+1 ]¢

implying |4| — |A(4)| > 0, and equality means that the algorithm has already
terminated. The second case yields the desired inequality (8.44). |

We conclude this section with a further existence theorem. For an element
a=(ay,...,a) € S,leta® ;= (ky—ay, ..., ky—a,). This new element is called
the complement of a. For F C §, let F© := {a“ : a € F) (the complementary
SJamily).

Proposition 8.4.1.

(@) The mapping a — a‘ is an isomorphism between S(ky, . . ., k) and its dual;
thus chain products are self-dual.

(b) Ifa < b then b° < a“.

We omit the trivial proof. The following theorem of Daykin, Godfrey, and Hilton
[125] (for By) (resp. of Clements [105] (for S)) says that with each Spemner family
in § we may associate a “reflexed” Sperner family. The result had been conjectured
by Kleitman and Milner [309].

Theorem 8.4.4. Iff is the profile of a Sperner family in S then so is f', where
0 ifi <3,
fi=1+7 ifi =%,
fit+ fs-i ifi> 3.

Proof. We assume s to be even. For s odd, the arguments are analogous. Let m
be the largest integer for which f% +m + f% —m > 0. We proceed by induction on
m.If m = 0, we may take F' := F. Now consider the step m — 1 — m where
1 <m <s/2.Let F! := CF (recall that F! is the canonically compressed Sperner
family with profile f which exists by Theorem 8.2.3). By the construction of Fj
we have

FDs1m = Cfgtms Nyim)-
Let
F2:= (F' = C(fy4m: Nym) U ACf4m> Nysm))-

Since F! is a Sperner family, F2 is a Sperner family, too. Next let us turn to
the complements. Let F3 := (F2)°. We again replace F3 by the canonically
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compressed Sperner family F* := CF3. As for F! we have
F54m = C(fy—m» Ngsm)-
Let
F? = (F* = C(fyoms Ny4m) U ACfy—m: Nyim)-
For the parameters f05 R fls, cees fs5 of the Sperner family F3, we have
0 ifi<%—m+lori>%+m—l,
s | St FIACUSgam Nyl ifi =5 —m+1,
U St HIAC Sy Ny i = 4m— 1,
So—i f3-m+l<i<f+m-—1

Application of the induction hypothesis to F> gives a Sperner family FS with
parameters f§, f$,..., f6 satisfying

0 ifi <
=1 ifi =
£+, ifis

Nlt Nt N«

These parameters already coincide with the asserted parameters f; fori ¢ {3+m—
1, % +m}. For the remaining indices, we have, with g := |A(C(f%+m s N§+,,,))I +
IA(C(f%—m, N%+m))|,

6
f%+m_1 = f%+m—l + f%—m+l +a,

f8, =o.

%+m

Let F7 := CFS®. In F’ we omit, with respect to <, the first @ elements of
(F7) $+m—1 and add the first fi -m+ f% +m €lements of N 3+m- This gives a family
F8, which already has the required parameters. We must show only that F8 is a
Sperner family. This is obviously the case if

A(c(fi—m + s+m> N§+m)) - C(a, N§+m..]). (8.45)
But by Theorem 8.1.2,
|ACUy-m + Sytm NymD| < 1AC S5 Nyym)|
HIACSy4m: Nyym))| = a.

This gives (8.45). So we may indeed take F’ := F8, [ ]
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8.5. Sperner families satisfying additional conditions
in chain products

Recall that by the normality of S and because of Theorem 4.5.1, for any Sperner
family F in S,
S

> % <l (8.46)

i=0 !
First we study complement-free Sperner families; that is, Sperner families for
which @ € F implies a® ¢ F. In the Boolean case k| = k, = 1 we have by
the Profile-Polytope Theorem 3.3.1 (note, in particular, Remark 5 following that
theorem) a complete overview on LYM-type inequalities for such families. In the
general case, we present only one inequality:

Theorem 8.5.1 (Clements and Gronau [116]). If F C Sisa complement-free

Sperner family with parameters fy, fi, ..., f;, then
S .
> f’— + sz <1,
i=0 ¢ ad
i#3

where f,f; :=01ifs is odd.

Proof. If s is odd, the assertion is equivalent to (8.46). Thus let s be even. Let
F C S be a complement-free Sperner family. By Theorem 8.4.4, there exists a
Sperner family F'! whose parameters satisfy

0 ifi < 3§,
=114 ifi =3,
fi+ fs—i  ifi> %

Let F2 := (F')°. For the parameters of F2, there holds ff=fl,i=0,..,s.
Let F3 := CF? be the canonically compressed Sperner family with the same
profile as F' 2 Since Fis complement free we have fs3/2 = finp < %Ws /2. Because,
moreover, f,.3 = f,.2 =0fori > %, the subfamily (F3), /2 consists of the first fs3/2
elements of N/, (with respect to <). This implies that no vector of (F3); /2 has
kn as last coordinate (more exactly, k,, k, — 1, ..., r’ﬁ'zﬂ] all can be excluded).

Consequently,
(F)5 UAFY3) € Stk ko by — 1) =1 8.
Since r(S8”) = s — 1, it follows that § > 17(S), and by (8.41),

IAFH I 2 141 = f5. (8.47)
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Let F4 := (F3 — (F3);/2) U A((F?)5/2). Then F* is again a Sperner family, and
its parameters are given by

fi+ fomi ifi <§-2,
f=1 fim+ i HIAFD! ifi=§ -1,
0 ifi > 3.
By (8.46), (8.47), and in view of the rank symmetry,
.\‘_] 3
1>z £=Xs:ﬁ+lA((F)g)l>z‘:£ i
i=0 i i=0 Wi W%_l i=0 Wi Wl_‘—;—l-J
i#5 i#5

Corollary 8.5.1.  The maximum size of a complement-free Sperner Jamily in §
equals WLS_? I

Proof. The upper bound follows from Theorem 8.5.1 and the rank symmetry and
rank unimodality of S. Clearly, N, 158 is complement free; that is, the bound is
really attained. [ |

Note that Clements and Gronau [116] and Gronau [161] determined in several
cases all maximum complement-free Sperner families.

A family F C S is called self-complementary if F = F¢. In the Boolean
case ki = k, = 1 we know much about self-complementary Sperner families
because of the Profile-Polytope Theorem (Theorem 3.3.1) and Remark 4 after it.
In order to present some results for S we need some further notations. Let ¢ := 0
ifky, ..., k, are even, and otherwise let t = ¢(S) be the largest index such that k;
is odd. We define, for max{t, 1} < i < n, subsets St = S8fki, ..., ky) of Sas
follows:

ki kj
Sti= [aeS:ai<5'andaj=Ejforallj=i+1,...,n]

(in the case i = n the second part of the conjunction has to be omitted). Moreover,
we set

@ ift >0,
S5 :=l r
{(%.....5)}) ife=o0.

For a self-complementary Sperner family F in S, let

(8.48)

F=:={ae€ F:a=a.



380 Macaulay posets

Clearly,
F= c S5
We partition F — F= into two sets

F~ = [aeF——F=:r(a)<%]U[aeF—F=:r(a)=%andac<al,

Ft .= [aeF—F=:r(a)>%]UIaeF—F=:r(a)=%anda<a”I.

Obviously, for each pair of complementary elements in F — F=, exactly one
member belongs to F* and the other belongs to F~. The following result and its
consequences are due to Gronau [245].

Theorem 8.5.2. If F C S is a self-complementary Sperner family, then

C(FH) c O SF.

i=max{t,1}

Proof. By construction of the canonically compressed Sperner families and the
definition of F*, we have C(F*) C CF. Let a be the last vector of C(F*)
(with respect to <), and let @ € N,, where m > % by definition of F7*. It is
easy to see that a is the last vector of A_,,,(C(F™)). Let b be the first vector of
G :=CF — C(F* U F7). Repeated application of (8.30) shows thata < b.

Claim. We have also a < b°.

Proof of Claim. Since F is a self-complementary Sperner family, G¢ is a
Sperner family having the same parameters as F+. Hence C(F ) = C(G°). From
(8.29) we infer

AL m(C(FH)| = |ALm(C(GY)] < |Asm(GO)).

If ¢ is the last vector of A_, ,,(G€) then clearly @ < ¢. Moreover, ¢ < b since b¢
is the last vector of G°. Hence a < b°. ‘ m]

The relations @ < b,a < b° imply a; < k;/2 forall j = 1,...,n and
a; < ki/2 forsome 1 <i < n. Obviously, the largest i with this property satisfies
i >t. Thus

n
crhc |J sy

max{t,1}

Obviously,

s;ss(k,,...,k,-_., [k’z;lj) (8.49)
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but note that the minimal elements in S} have rank h; := : > j=i+1 kj. Moreover,
the sets S} are pairwise disjoint. If F is a self-complementary Sperner family,
then by Theorem 8.5.2, the sets G; := C(F*) N S are pairwise disjoint an-
tichains whose union is C(F*). Let 8,0, - - - &i,s be the parameters of G;. Note
that

gz:j=0iff<§ or j>s—hi_y, (8.50)

and that 337 ;1) &.» j = 0,...,s, are the parameters of F+. The LYM-
inequality (8.46) in each S yields

8ij
e = L. 8.51)
7=J<s—hi_ W;(SD)
In the special case ¢ = n; that is, k, is odd, there is only one set S, and we have
F= = ). Moreover, F is the disjoint union of F* and F~ and F+ = (F)e.
Hence we proved:

Corollary 8.5.2. Let F C Sbea self-complementary Sperner family and let k,
be odd. Then

5 /i
bncicy Woi(Sthi, ..., ko, B22ly)

> /i —— <l41=2.
tn WilSCky, ... oy, #252))
2

S o
< —_
3 I<s

In the Boolean case this inequality reads

fi i
Z n—1 + Z n—1 =2

I<i<% (i—l) <i<n-—1 ( i )

which is a result of Bollob4s [72] and which can be also easily derived from
the Profile-Polytope Theorem 3.3.1 (sum up for B = SIC v IC, two essential

facet-defining inequalities with any T and its complement {1, . . ., Lig—' 1}=1.

The preceding approach gives also the maximum size of the families under
consideration:

NIs

Theorem 8.5.3. IfF C Sisa self-complementary Sperner family then

W% if s is even,
|F| <
230, WL‘E_I (S7)  ifsisodd,

and this bound is the best possible.
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Proof. We use the notations from above. If s is even then by the Sperner property,
the rank symmetry and rank unimodality of S the inequality |F| < W/, is true
for any Sperner family. Thus let s be odd. Then ¢ > 1 and F= = @. Since
|F| = |F*|+|F~|and |F*| = | F~|,itis enough to show that each G; has size at
most W(s11y,2(S}). Recall the isomorphism (8.49). The Whitney numbers W;(ST)
are decreasing for % < j <s—h;_since S ,* is rank symmetric and rank unimodal,
and the largest level of S} is at rank &; + L%(kl 4+t ki + [’—‘iz;'J)J < %
Because of (8.50) and (8.51) it follows that

IGil= Y &< W1 (S).

Sl <j<s—hiy

That this bound is the best possible can be easily seen by taking F := N% if s is
even and F := G U G¢ where G := U§’=tN%_| (87) if 5 is odd. [ ]

We say that a family F in S is dynamically intersecting (resp. dynamically
cointersecting) if for all x,y € F there exists an index i such that x; + y; > k;
(resp. x; + yi < k;). In the Boolean case k; = k, = 1 these notions coincide
with the notions intersecting (resp. cointersecting). The following propositions are
obvious.

Proposition 8.5.1. A family F is dynamically intersecting iff its complement F°
is dynamically cointersecting.

Proposition 8.5.2. If the family F is dynamically intersecting then it is comple-
ment free.

These propositions and Corollary 8.5.1 immediately imply:

Theorem 8.5.4. The maximum size of a dynamically intersecting (resp. dynami-
cally cointersecting) Sperner family in S equals Wl%_l I

Proposition 8.5.3. Let F be a dynamically intersecting and cointersecting Sper-
ner family. Then F N F¢ = @, and F U F° U S}, is a self-complementary Sperner
Jfamily, where S§ is given by (8.48).

Proof. The disjointness of F and F€ follows from Proposition 8.5.2. Clearly, F
and F° are Sperner families and F U F° is self-complementary. Moreover, no
element x of F (resp. F¢) is related to (ﬁ, e "—") because otherwise the pair
x,y with y := x cannot satisfy the dynamic intersecting as well as the dynamic
cointersecting condition. Hence it remains to show that there arenox € F,y € F¢
such that

x<yorx>y,.
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Assume the contrary. We have y = z¢ for some z € F. Thus, for all i y Xi < ki—z;,
or,foralli, x; > k; — z;. In the first case F would not be dynamically intersecting,
in the second case it would not be dynamically cointersecting, a contradiction.

Theorem 8.5.5. If F is a dynamically intersecting and cointersecting Sperner
Sfamily, then

s ifsisevenandt > 0,
|F| < %(Wé—l) ifsisevenandt =0,
Yt Wea (S7)  ifsisodd,

and the bound is the best possible.

Proof. The bound follows from Proposition 8.5.3 and Theorem 8.5.3. To see that
it is the best possible take, for even s, from each pair of different complementary
elements of N/ exactly one member, and, for odd s, the set G from the end of
the proof of Theorem 8.5.3. |

In the light of the Erd6s—Ko-Rado Theorem we study also the restriction to one
level (here in the cointersecting case).

Theorem 8.5.6. Let F be an I-uniform dynamically cointersecting family in S.
Then

ifl <3,

4
Fl<i !
Zi:max(t,l] Wl(Si) ifl > %,
and the bound is the best possible.

Proof. The case /| < % is trivial, thus consider / > % In this case F is auto-
matically also dynamically intersecting, hence, by Proposition 8.5.3, F U F€ is a
self-complementary Sperner family (not containing &, ..., %), and, by Theo-

rem 8.5.2,

n
crc |J s
i=max{t,1}

Consequently,

n
IFI=ICFl < Y wWi(SH.
i=max{z,1}
The family U?__ ey N (S ;) is obviously dynamically cointersecting; that is, the
bound is the best possible. _ m
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In Section 7.3 we already studied statically ¢-intersecting families (see also
Theorem 3.3.4). Here we investigate the case t = 1 repeating and extending
the definition. A family F in S is called statically intersecting (resp. statically
cointersecting)ifforallx, y € F there exists some coordinate i such that x;, y=>1
(resp. x;, yi < k; —1). Recall also the definition of the support as supp(x) := {i €
[n]: x; > 1}, supp(F) := {supp(x) : x € F}. The cosupport is defined similarly:
cosupp(x) := {i € [n] : x; = k;}, cosupp(F) := {cosupp(x) : x € F}. As in
Proposition 3.3.1 we have:

Proposition 8.5.4.  The family F C S is statically intersecting (resp. statically
cointersecting) iff supp(F) (resp. cosupp(F)) is intersecting (resp. cointersect-
ing).

The following propositions are obvious and need no proof.

Proposition 8.5.5. A family F C § is statically intersecting iff its complement
F¥€ is statically cointersecting.

Proposition 8.5.6.

(@) Ifx,y € S satisfy the statically intersecting (resp. cointersecting) condition,
andifz > x (resp. z < x), then z, y also satisfy the corresponding condition.

®) Ifr(x) +r(y) > s (resp. r(x) + r(y) < s), then x, y satisfy the statically
intersecting (resp. cointersecting) condition.

If &y = k, = 1; that is, if S is the Boolean lattice B,, the statically intersecting
(resp. cointersecting) condition coincides with the usual intersecting (resp. coin-
tersecting) condition. In this case, the Profile-Polytope Theorem 3.3.1 gives us
enough information about our families. In general, the statically intersecting and
cointersecting conditions are more difficult to handle than the dynamic intersect-
ing and cointersecting conditions. The reader may get an idea of the difficulties
from the related Theorem 7.3.1. Only some partial results are presented here. In
particular, we restrict ourselves to the case k := k; = --- = k,. For even n,
the set

§:={xeN§ tx;i €{0,k}, i=1,...,n)

plays an exceptional role. Obviously, | S| = (u72)-
The last theorem in this section we obtained together with Gronau in [161].

Theorem 8.5.7. Letk, =k, =k > 2.
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(@) If F C Sis a statically intersecting (resp. statically cointersecting) Sperner
family then

ifnis odd,
ws — %(%) ifnisevenandk > 2n — 1.

(b) The same assertion is true if F C S is a statically intersecting and cointer-
secting Sperner family.

Proof. First we show that the bound can be attained. For odd n, let F := N, [s/2]-
Then, forallx € F,|supp(x)| > 5> which implies that F is statically intersecting.
Moreover, we have for all x € F, | cosupp(x)| < 5 since otherwise (recall that
n is odd), r(x) > %k > [%]. Hence F is also statically cointersecting. If n is
even, S consists of pairs of complementary elements. We partition S into two sets
S and S, by putting for each such pair one member into S; and the other into
S>. Then (8] = [S,] = %(JZ) and supp(S) (resp. cosupp(S))) is intersecting
(resp. cointersecting). Let F := Ny/ — S,. Then, forall x € F, | supp(x)| > %
but | supp(x)| = % only if x € §y. Hence | supp(F)| is intersecting; that is, F is
statically intersecting. In the same way it follows that F is statically cointersecting.
Hence (a) and (b) are proved if we can show that the upper bound for (a) is correct.
Because of Proposition 8.5.5 we may restrict ourselves to the cointersecting case.

For odd n, the upper bound is trivial since W[y, is the maximum size of a
Sperner family by the Sperner property of S. Thus let n be even. The case n = 2
can be checked easily; thus let n > 4.

For each family F, let! = I(F) (resp. u = u(F)) be the smallest (resp. largest)
index i such that f; > 0. Let F be a maximum statically cointersecting family for
which # — [ is minimum. It is enough to prove that/ = u = % since for FF C Ny /25
there holds |[F N'S| < %IEI (from each pair of complementary elements of S at
most one member may belong to F).

Claim 1. We have u < 5

Proof of Claim 1. Assume u > % + 1. With the usual shifting we define the
new family

F'i=(F - F)UA(F,)

which is, in view of Proposition 8.5.6(a), still a statically cointersecting Sperner
family whose size is at least as large as the size of F by (8.41). Since u(F’) —
I(F'") < u(F) —I(F), we have a contradiction to the choice of F. O

Using the same arguments and Proposition 8.5.6(b) we obtain immediately:
Claim 2. We have / > 5—1 O

So up to now it is clear that F consists only of f;/» elements of rank 5 and
Js/2—1 elements of rank 5 — 1. We add one more condition on F: Of all maximum
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statically cointersecting families in Ny/2_) U N2 we choose F such that f; /2 18
maximal (it remains to show that f;/>_| = 0).
Claim 3. We have

f% > W%(S(k, ...,k,k—1)) and f%—l < W§+1(S(k’ ... k).
n—1 n—1

Proof of Claim 3. Assume that f% < W% (S(k, ..., k, k—1)). We consider the
———

—1
canonically compressed Sperner family CF with ;‘he same profile as F. Because
of the assumption, (CF)s and A((CF)s) are subsets of S(k, ..., k, k — 1). But

2 2 NG
n—1
2% —1=s—1=k—1+4 (n - 1)k. Hence, by (8.41) with s replaced by s — 1
IACF)$)| 2 [CF)yl.
Consequently (noting that CF is a Sperner family; that is, A((CF); 72) N
(CF)spp—1=9),
Ws_1 2 [ACF))I+ I(CF) gl
> [CF)4|+|(CF)5_| = ICF| = |F|. (8.52)
However, consider the family F' = F; | UF % where
2
Fs_:={x€Ns_(S):x1 =4k} and F;:=Ns(Sk,..., k k—1)).
2 2 2 2 —
n—1
It is easy to see that F”’ is a statically cointersecting Sperner family. Since

Ni—l(S) = N%_I(S(k, ook E=1D)U F%_l

n—1
and
W%_I(S(k, ek k=) =Ws(Sk,....k, k—1))
e 2 N !

n—1 n—1

it follows that
|F'| = Ws_1(S). (8.53)
Hence, by (8.52) and (8.53), | F’| > | F|, and for the parameters we have
Sy =Wy kk=1)> f;
n—1

by our assumption. This contradicts the choice of F since f;/2 has to be maximal.
Thus the first inequality is proved. In particular we know that (CF); /2 contains
all elements of N;/2(S) whose last coordinate is less than or equal to k — 1. By
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the construction of the canonically compressed Sperner family, every member of
(CF)s/2-1 ends with k. Hence

Si-1=1CF)s] < Wg—l—k(s(u)) = W§+1(S(u)).

n—1 n—1

Claim4.Ifk > nand 0 <i < (n — 1)k, then
Wi(Stk,....k)) <Wi(Skk—1,....,k—1,n—-1)).
[ —— | —]
n—1 n—1
Proof of Claim 4. Let, for0 <a <n —1,
Se =8Sk,....k,k—1,...,k—1,a).
Ry —
n—a—1 a

Obviously, it is enough to prove W;(S,;) < W;(S;+1) for0 < a < n — 2, and this
can be accomplished by constructing an injection ¢ from N;(S,) into N;(S,41).
Here is such an injection: We put ¢(x) := x if x € S, N S,41 and @(x) :=

(1, -0y Xn—a=2, Xn—q—-1—(@+ 1) +Xn, Xp—g, ..., Xp—1,a+1)ifx € S5 — Sy41.
Since we have for x € S, — S,4) therelations x, <a <n—1, xy_q_1 =k > n,
it follows that 0 < x,_4_1 — (@ + 1) + x, < k — 1. Thus, indeed ¢(x) € Sa+1-
The injectivity can be easily verified, and r(x) = r(¢(x)) is obvious. O

We conclude the proof of the theorem by showing that f;,_; > 0 yields a
contradiction. With our assumption f;/>_; > 0 there must exist some set I C [n]
of minimum size such that

G :={xe€ F§_1 : cosupp(x) = I} # @.
Let

H := {x € V(G) : cosupp(x) = I}.
Claim 5. The family F’ := (F — G) U H is a statically cointersecting Sperner
family.
Proof of Claim 5. By construction, cosupp(F) = cosupp(F’). Since F is
cointersecting, Proposition 8.5.4 implies that also F’ is cointersecting. The only

obstacle to F being a Sperner family could be the existence of some x € F §-1— G
and some y € H with x < y. But by the choice of 7,

| cosupp(x)| > |cosupp(y)| = |I| and cosupp(x) # I.

Hence, x £ y. O

Claim 6. We have |F'| > |F|.
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Proof of Claim 6. Since H N F = @ (F is a Sperner family), the assertion is
equivalent to |G| < |H|. Leti := |I|. With each x € G U H we associate an
element x’ of S(k—1,...,k—1) by deleting all coordinates x; of x for which

e —

n—i

x;j = k. Note that
r(x') =r(x) — ik. (8.54)
We obtain families G’ and H’ with the obvious properties
IG' =G|, |H'| = |H|, V(G)=H,

where the upper shadow is considered in S(k — 1, ..., k — 1). Thus the assertion
e —

n—i
is equivalent to

IG'| < IV(G)I. (8.55)
By (8.40) and (8.54), the inequality (8.55) is satisfied if

2(§—l—ik)+l <(m-ik-1),

which is equivalent to

k.>_ n._l_l’

and this is true under our supposition £ > 25 — 1 (e, k>n—2)fori > 1.
It remains to consider the case i = 0. We turn to the complements in
S(k—1,...,k— 1) and estimate the lower shadow. We have

D P —;

n

(G)° S Nsy1_n(SCk—1,..., k= 1)), (8.56)
N— e

n

Clearly, |(G')| = |G'| = |G| < f%_l, and using Claim 3 and Claim 4 we obtain
(note 0 < 5 +1 < (n — 1)k because of n > 4, k > 2)

I(G')] < Wsp1(Sn-1). (8.57)
Moreover,

Wsi1(Sn—1) < W5y 1_n(Sn-1) (8.58)

since(%+1)+(%+l—-n)zn—1+(n—l)(k—1)bykz2n—l2n—2.
From (8.56) to (8.58), we derive for the compression that

CUG)) S Nyt 1 (Sacr),
and using (8.41) and Theorem 8.1.1, we obtain

IV(G)] = [A(G))] = |ACUGHNI| = [CAG"Y)| = (G| = |G
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since2(3+1—-n)—1>n—1+@m—1)k-1)is equivalent to k > 2n — 1.
Hence (8.55) is verified. O

Claim 5 and Claim 6 complete the proof of the theorem since f;’ > f3,
contradicting the choice of F. [ ]

We conjecture that Theorem 8.5.7 remains true for even » and 2 <k<2n-1.



NOTATION

We omit in the following list those symbols that are very well known, self-
explanatory, or not used often enough to be worth listing.

Sets and Families

nonnegative real numbers

natural numbers (nonnegative integers)

set{1,...,n}

k-element subsets

all subsets (power set)

inclusion

strict inclusion

set difference

complement of 4

complementary family

J exchanged by i

i j-shifting

sum of elements of members of F
reverse lexicographic order
vip-order

compression in the Boolean lattice
compression in one level
L-compression in one level

maximal element of members of F

ak-number
set of profiles of members of 2

390

00 00 00 00 00 0 00 00 J W

0 h W B W W W
222288888

conv(u)
€(u)

’PC
€*(u(R))
*(n())
supp

Z

cosupp

p<gq
H(P)
E(P)
[p.q]
(P, w)
w(F)
d(P, w)
di (P, w)
P*
PxQ
P/G
pvVgq
PAgq
r(p)
r(P)
N;(P)
Wi(P)
F(P; x)
Px, 0
F;

fi

V,A
Vok A,
&(P)

ck (P, w)
i (P, w)
<*(P)

Notation

convex hull of profiles
extreme points of conv(u)
antiblocker

essential extreme points
essential facets

support

integers

cosupport

Posets

p is covered by ¢

Hasse diagram of P

arc set of the Hasse diagram of P
interval between p and q
weighted poset

weight of the family F

width of (P, w)

maximum weight of a k-family
dual poset

direct product

quotient of P under the group G
supremum of p and ¢

infimum of p and ¢

rank of the element p

rank of the poset P

ith level

ith Whitney number
rank-generating function
rankwise direct product

rank i elements of F
parameters of F

profile of F

upper, lower shadow

upper, lower k-shadow
maximal chains in P
minimum weight of a k-cutset
fractional k-cutset number
chains in P
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84
84
87
90
90
114
168
384

12
12
125
131
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A(P)

di (P, w)
h(p)

Mx

a?(P, w)
wx (F)
w(p,q)
Cim, F)
L(m, F)
CF

LF

Vnew» Anew

CF

FL‘

By

S(kyy ..., ky)

On

B

Ty, .., kn)
Int(Sky, ..., kn))

M(kl"'~skn)

SQk,n
SMi.n

Ln(q)

An(q)

L(m,n)

M(n)

Gn

I,

Col(ky, ..., kn)

Notation

antichains in P

fractional k-family number
height of p

expected value of representation x
variance of representation x
variance of (P, w)

expected value of F w.r.t. x
Mobius function

first m elements of F

last m elements of F
compression of F in a level
L-compression of F in a level
shadow function

new upper, lower shadow

canonical compression of an antichain

complement of @ in S
complementary family in S

Examples

Boolean lattice

chain products

cubical poset

function poset

star products

poset of subparallelepipedons
of a parallelepipedon

poset of submatrices of a matrix

poset of subcubes of a cube

poset of square submatrices
of a square matrix

linear lattice

affine poset

the poset L(m, n)

the poset M (n)

graph poset

partition lattice

poset of colored subsets

132
133
140
140
140
141
141
255
333
333
333
333
345
345
355
376
376

10
10
10

11
11
12

12
12
13
14
14
14
14
344

d(v)
e ,et
B(4)
Ein(A)
Eour (A4)
v(f)
c(S,T)
a(f)

+

d*(p)
a(G)

Rlxy, ..., xn]

AT WM™ W

supp

ap ~ by

an = O(by)
a = o(b,)
anp < by

log

Lx]

[x1

(D)q

Sn,k

()

P(x)

Notation

Graphs
degree of vertex v
starting point, endpoint of an arc
boundary
inner edges
outer edges
value of flow
capacity of cut
cost of flow
inflow, outflow
indegree, outdegree
independence number

Structures

Galois field of g elements

polynomials in the variables xi, ..., X,

standard scalar product
poset space

poset space element corresponding to p
subspace generated by the “elements” of F

direct sum
graph space

Sequences and Functions

support

asymptotically equal

Ooh of b,

little ooh of b,

asymptotically not greater
logarithm to the basis e = 2.718...
greatest integer < x

least integer > x

Gaussian coefficient

Stirling numbers of the second kind
Bell numbers

generalized binomial coefficient
Gaussian distribution function
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39
39
39
118
118
121
142
250
276

12
63
69

209

209

209

209

276

o0 OO0 00 00 OO O 00 O\

U0 bt
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305
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e ®)

(s

db

¢*

v, A
Vi, AL
Vij, Aji

ker;;

rank; ;

sij

J(V, P;x, y)
akl

ker; (| (Z)
Z—»ia $->i
§F—>G’ 6G—>F
J

AL

‘-I’,'_,j

B;

Notation

characteristic function
Whitney number in S

Operators

restriction of & to a subspace E

adjoint operator

raising, lowering operator

Lefschetz raising, lowering operator

successive application of the raising,
lowering operator

kernel of \~7,~ i

rank of 6,- j

string numbers

Jordan function

Jordan coefficients

kernel of Zm

rank i lowering, raising operator

(F, G) lowering, (G, F) raising operator

all-one-operator

Lefschetz adjacency operator

empty intersection operator

Bj-operator

Marks

end of proof of claim (as part of a proof of a theorem)
end of proof

305
368

209
209
209
210

210
211
211
214
217
217
235
258
258
276
271
281
281
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additive, 345

adjacency operator, 277
adjacent, 5

adjoint operator, 209

admissible functions, 312

affine lattice, 14

affine poset, 13, 152, 164, 175, 261
AK-family, 51

all-one-operator, 276
antiblocker, 87

antiblocking type, 87

antichain, 5

arc, 5

asymptotic product theorem, 319
asymptotic Sperner property, 326
asymptotically normal, 305
atoms, 8

automorphism, 4

AZ-identity, 18

B-family, 93

backward arc, 119
bandwidth problem, 46
Bell number, 15, 273
Bernstein polynomial, 269
Betti sequence, 355
bipartite graph, 16

block, 98, 337

Boolean lattice, 9, 152, 175, 182, 185, 195, 230,

233, 237, 261, 265, 279, 295
Borsuk’s conjecture, 69
boundary, 39, 77
breadth first search, 121

canonically compressed, 353
capacity, 117

capacity constraints, 118
capacity of cut, 118

chain, 5

chain product, 9, 114, 171, 175, 182, 195, 230

306, 328, 332
characteristic function, 6, 305
Chebyshev’s inequality, 268
chromatic polynomial, 272
Clements-Lindstrém theorem, 343
clique, 5
Cohen-Macaulay complex, 355
cointersecting, 7, 27, 93

colored Kruskal-Katona Theorem, 345

colored Macaulay Theorem, 352
coloring, 272
coloring-monotone, 275
commutation property, 232
comparable, 4

complement, 376
complement-free, 94, 378
complementary family, 8, 376
complete intersection theorem, 54
component, 146

compressed, 41, 351

compressed family, 352
compression, 41, 333

connected, 146

consecutive, 91

conservation of flow, 118
continuity theorem, 305
continuous random variable, 304
convex combination, 84

convex hull, 84

cost function, 121

cosupport, 384

counting in two different ways, 16
cover, 5

critical path method. 140
cross-unrelated, 21

cubical lattice, 10

cubical poset, 10, 152, 175, 185, 232

cut, 118
cutset, 19

cyclic permutation, 25
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dag, 124 Gaussian distribution, 305
decreasing function, 6 generalized profile, 352

def, 124 generalized rank function, 318
degree, 4 generated filter, 6

degree-property, 250

density function, 304
differential poset, 232

digraph, 5

Dilworth’s theorem, 116
Dilworth—-Greene lattice, 248, 261
dimension of a polytope, 84
directed graph, 5

discrete random variable, 304
disjunctive normal form, 195
distribution function, 304
distributive lattice, 9, 248

dual poset, 6, 7

dual problem, 125

duality theorem, 126
dynamically cointersecting, 382
dynamically intersecting, 382

edge set, 4

edge-isoperimetric problem, 40, 359
edge-labelable poset, 238

EIP, 40

endpoint, 5

entropy, 79

entropy inequality, 79

equilibrium, 146

equipartition, 102

Erdds method, 71

Erd6s—Ko-Rado Theorem, 25
essential extreme point, 88

essential facet-defining inequality, 88
Euclidean space, 209

expected value, 140, 305

extreme point, 84

facet, 86

family, 5

fibre, 131

filter, 6

final segment, 345
Fisher’s inequality, 61
FKG-inequality, 267
FKG-poset, 270

flow, 117
flow-augmenting path, 119
flow morphism, 157
forward arc, 119
Four-Function Theorem, 265
fractional k-cutset, 125
fractional k-family, 132
fringe vertex, 121

full, 86

full-dimensional, 87

full rank, 211

function lattice, 10
function poset, 10, 152, 164, 171, 175, 185, 232

generated ideal, 6
generating family, 50
geometric lattice, 8, 248
graded poset, 7

graph, 4

graph poset, 14, 231
graph space, 276

Hall’s theorem, 180
Hamming graph, 358

Hasse diagram, 5

Hasse graph, 5

Hayman’s method, 310
height function, 5
hereditary, 86

homogenous polynomial, 64

i-difference representation, 373
I-level connected, 171

I-log concave, 173

I-normal, 171

i-representation, 368

ideal, 6

incidence matrix, 211, 258
inclusion-unrelated, 21
increasing function, 6
indegree, 250

independence number, 276
independent, 5

independent random variables, 305
induced poset, 6

infimum, 6

initial segment, 345

injective word, 114

inner edges, 39

integral capacity, 118

integral flow, 118

integral random variable, 307
interface, 197

intersecting, 7, 24, 27, 93, 164
interval, 5

inversion poset, 248
involution, 213

isomorphic, 4

isomorphism, 4

Jj-compressed, 338
Johnson graph, 281
Jordan coefficient, 217
Jordan function, 217

k-cutset, 125

k-cutset property, 152
k-family, 5, 131
k-family problem, 131
k-independent family, 72
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k-LYM inequality, 150
k-representation, 47
k-saturated, 138, 182
k-shadow, 7

k-Sperner property, 8
k-uniform, 281

Katona’s circle method, 26, 91
kernel, 211

key, 3

Kneser graph, 281
Korshunov Theorem, 31
Kruskal-Katona Theorem, 46
KS-independent, 22

L-intersecting, 62, 296

labeled vertex, 119

labeling algorithm, 121

Lagrange function, 146

Lagrange multiplier, 146

lattice, 7

lattice distribution, 309

lattice of noncrossing partitions, 198

Lefschetz adjacency operator, 277

Lefschetz lowering operator, 210

Lefschetz matrix, 211

Lefschetz raising operator, 210

length, 5

level, 7

Lie-algebra, 246

Lie-property, 232

linear lattice, 12, 152, 175, 186, 187, 233, 237,
261, 279, 295

link, 185

little-submodular, 345

Littlewood-Offord problem, 189

locally asymptotically normal, 307

log concave, 8

logarithmically concave, 8

lower shadow, 7

lowering operator, 209

lowering property, 260

LYM-inequality, 17

Mobius function, 255

Mobius inversion, 255

Macaulay poset, 333

Macaulay Theorem, 343
marginal random vector, 79
matching, 5, 179

Max-Flow Min-Cut Theorem, 119
maximal chain, 5

maximal element, 5

maximal family, 5

maximal flow, 118

maximum family, 5
maximum-edge problem, 40, 358
mean, 140, 305

MEP, 40

minimal cut, 118

minimal element, 5

minimal polynomial, 196

mod-k-family, 153

modular, 8

modular geometric lattice, 13, 171, 175, 187,
237

modular lattice, 8, 248

monomial, 195

multilinear polynomial, 66

nested chain order, 198

nested structure of solutions, 44
network, 117

new shadow, 345

noncrossing partition, 198
nontrivial intersecting, 60

normal distribution, 305

normal poset, 149

normalized matching property, 149
NSS, 44

open problems, 27, 29, 67, 93, 114, 148, 162,
187, 189, 193, 199, 207, 246, 248, 253,
261, 389

oracle, 31

orbit, 6

order-lowering operator, 210

order preserving, 6, 324

order-raising operator, 210

ordered k-partition, 21

outdegree, 250

outer edges, 40

P, q-Sperner family, 78

p-group, 251

parameters, 7

parenthesization, 183

parenthesization partition, 185

partially ordered sets, 4

partition lattice, 14, 199, 201, 272, 314, 316,
326

Peck poset, 229

Peck product theorem, 230

Peck quotient theorem, 230

Peck rankwise product theorem, 231

permutation invariant, 91

permutohedron lattice, 248

polyhedral complex, 355

polyhedron, 85

polynomial, 195

polytope, 84

poset, 4

poset of colored subsets, 344

poset of ideals, 244

poset of shuffles, 197

poset of subcubes of a cube, 12, 177, 232

poset of submatrices of a matrix, 12, 232

poset of unordered partitions of an integer, 207

poset space, 209

positive semidefinite, 277

positively weighted, 5
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potential function, 121
primal problem, 125

prime number theorem, 68
principal filter, 6

principal ideal, 6
probabilistic method, 71
product, 6

product theorem, 168

profile, 7

profile-polytope, 84
Profile-Polytope Theorem, 94
projective space lattice, 13, 152, 175, 187
properly log concave, 307
property C, 232

property T, 222

g-binomial theorem, 279
qualitatively independent, 22, 94, 113
quotient, 6

raising operator, 209

rank, 211

rank compressed, 162, 271, 326
rank function, 7

rank greedy, 356

rank i lowering operator, 258
rank i raising operator, 258
rank of a poset, 7

rank preserving, 226

rank symmetric, 8

rank unimodal, 8
rank-generating function, 7
rank-preserving cover suborder, 248
rank-selected subposet, 7
rank-transitive, 162

ranked basis, 209

ranked Jordan basis, 214
ranked Jordan string, 214
ranked poset, 7

ranked subspace, 216

rankwise product, 7

recognition of order-preserving maps, 32
reduced profile, 84

reflexed Sperner family, 376
regular covering, 150

regular graph, 4

regular poset, 152

regular sequence, 234
relational model, 3
representation flow, 142, 239
representation of s/(2, C), 246
reverse lexicographic order, 40, 334

saddle point method, 312
saturated arc, 118
saturated chain, 5
sc-order, 180

scalar product, 209
segment, 345
self-adjoint, 277

Index

self-complementary, 94, 379
semi-Peck poset, 231
semi-sc-order, 199
semiantichain, 187
semimodular, 8
semisymmetric chain, 198
shadow, 7

shadow function, 345
shadow increasing, 349
Shannon complexity, 32, 38
shifted family, 50

shifting, 33

simplicial complex, 355
sink, 117

skew chain order, 189
source, 117

span, 309

special symmetric chain order, 194
Sperner family, 5

Sperner problem, 116, 132
Sperner property, 8, 93
Sperner’s theorem, 1
Sperner—Erdds problem, 116

square submatrices of a square matrix, 12, 177,

195, 231
ssc-order, 194
star, 27
star product, 10, 171, 332
starting point, 5
statically cointersecting, 384
statically intersecting, 384
statically ¢-intersecting, 114
Stirling number, 14, 273
Stirling’s formula, 310
strict k-Sperner property, 171
strict product theorem, 173
strictly level connected, 171
strictly log concave, 173
strictly normal, 171
string number, 217
strong cutset property, 152
strong IC-property, 194
strong nested structure of solutions, 45
strong Sperner property, 8
strongly Sperner, 8
subgroup lattice, 251

subparallelepipedons of a parallelepipedon, 11,

171, 175, 232
subword, 114
support, 6, 114, 124, 384
supremum, 6
symmetric Boolean function, 196
symmetric chain, 29, 180
symmetric chain order, 180
symmetric chain partition, 180
symmetric sequence, 8

t-cointersecting, 7
t-intersecting, 7, 281
t-phenomenon, 130

Takagi function, 349

Taylor’s formula, 310
truncation, 260

two-part Sperner property, 187

uniform, 7

unimodal, 8

unitary Peck poset, 229
unitary semi-Peck poset, 231
upper shadow, 7

valid inequality, 86
value of flow, 118
variance, 305

variance of a poset, 141
variance problem, 141

8.7 Index

variational principle, 362
vertex set, 4

vertex-isoperimetric problem, 40, 367

VIP, 40
void, 118

weak flow morphism, 159
weight function, 5

weight of a family, 5

weighted poset, 5

weighted quotient, 6

weighted quotient theorem, 160
Weisner’s formula, 256
Whitney number, 7

width, 6
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