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Preface

Saul Gass has been a leading contributor to the field of Operations Research
for more than 50 years. He has been affiliated with the Robert H. Smith School
of Business at the University of Maryland for more than 30 years.

On February 25, 2006, “Operations Research in the 21st Century: A
Symposium in Honor of Professor Saul Gass’ 80th Birthday,” was held on
our campus. Opening remarks by Deans Howard Frank and Rudy Lamone
were followed by talks by Alfred Blumstein, Karla Hoffman, Richard Larson,
Christoph Witzgall, Thomas Magnanti, Rakesh Vohra, and Bruce Golden.
The celebration continued into the evening with dinner in the Executive Din-
ing Room of Van Munching Hall, followed by numerous toasts to Saul. It
was a special day for all of us who were in attendance, but it was especially
memorable for Saul and his family.

This Festschrift companion to the Symposium includes articles from each
of the Symposium distinguished speakers plus 16 other articles from friends,
colleagues, and several of Saul’s former students. The book is divided into
three sections. The first section comprises eight articles focusing on the field of
Operations Research from a historical or professional perspective. The second
section contains nine articles whose theme is optimization and heuristic search,
while the third section includes six articles in the general area of modeling and
decision making. Collectively, these articles pay tribute to Saul Gass’ major
interests in the field of Operations Research.

We thank Howard Frank for his sponsorship of the Symposium and dinner,
Arjang Assad for suggesting a special day to honor Saul, and G. Anandalingam
for his support of our efforts. In addition, we single out Ruth Zuba for her
invaluable help in all phases of the development of this volume. Finally, we
thank Saul Gass for the outstanding contributions he has made to the field of
Operations Research and to the University of Maryland, and for the enormous
impact he has had on our lives.

College Park, Maryland Frank Alt
July 2006 Michael Pu
Bruce Golden



Contents

Photo Gallery ........ ... i e 1
Part 1 History & Perspectives

Reflections on Saul Gass’ Influence

Rudolph P. Lamnone . .. ..o e 19
Four Score Years of Saul I. Gass: Portrait of an OR
Professional

Arjang A. ASSGd . . .o 23
In the Beginning: Saul Gass and Other Pioneers

Alfred Blumstein ... ... o 73
Learning from the Master: Saul Gass, Linear Programming

and the OR Profession

Thomas Magnanti. ...... ... e e 77
Looking Backwards, Looking Forwards: Reflections on
Definitions of Operations Research by Morse and Kimball

Richard Larsomn . . ..o 99
Ben Franklin: America’s First Operations Researcher

Bruce L. Golden ... 115
Good Management, the Missing XYZ Variables of OR Texts
Kenneth Chelst and Gang Wang ... i, 123
The Operations Research Profession: Westward, Look, the

Land is Bright

Randall 8. Robinsom. ... ..o e e 135



VHI  Contents

Part IT Optimization & Heuristic Search

Choosing a Combinatorial Auction Design: An Illustrated
Example
Karla Hoffmam . ... e e

Label-Correcting Shortest Path Algorithms Revisited
Maria G. Bardossy and Douglas R. Shier ........ ... .. ... ... ....

The Ubiquitous Farkas Lemma
Rakesh V. Vohra . ... o e

Parametric Cardinality Probing in Set Partitioning
Anito Joseph and Edward Baker . ... ... . ...

A Counting Problem in Linear Programming
JUM LOWTETICE . oot e e e

Towards Exposing the Applicability of Gass & Saaty’s
Parametric Programming Procedure
Kweku-Muata OSei-Brysom . ... ..o e e e

The Noisy Euclidean Traveling Salesman Problem: A
Computational Analysis
Feiyue Li, Bruce Golden, and Edward Wasil. ........................

The Close Enough Traveling Salesman Problem: A Discussion
of Several Heuristics

Damon J. Gulczynski, Jeffrey W. Heath, and Carter C. Price..........

Twinless Strongly Connected Components
S Raghavam. ... ...

Part 11T Modeling & Making Decisions

EOQ Rides Again!
Beryl E. Castello and Alan J. Goldman .......... ... . ... oo...

Federal Express Sort Facility Employee Scheduling Problem
Lawrence Bodin, Zhanging Zhao, Michael Ball, Atul Bhatt, Guruprasad
Pundoor, and Joe Seviek .. ... ...

Sensitivity Analysis in Monte Carlo Simulation of Stochastic
Activity Networks
Michael C. Fu ..o e



Contents

The EM Algorithm, Its Randomized Implementation and
Global Optimization: Some Challenges and Opportunities for
Operations Research

Wolfgang Jank. ... .. oo

Recovering Circles and Spheres from Point Data
Christoph Witzgall, Geraldine S. Cheok, and Anthony J. Kearsley . ... ..

Why the New York Yankees Signed Johnny Damon
Lawrence Bodim. .. ..o

IX



Photo Gallery

Family

Parents: Bertha and Louis Gass With brother Jerry — 1937

The Early Years

1 R

Grammar School - 1935 Grammar School - 1936



America’s Weapon of Mass Destruction

. DRILL WINNERS

Headmaster Robert B. Masterson of Roshury Memorial High School reads
off points to prize drill winners, left to right, Colone! George Epstein, Lieu-
|tmant Colonel Bernard Singer, Major Joel Cohen, Major Sumner Goldberg

and Major Sau! Gass.

Roxbury Memorial High (Boys) High School Military Drill Officers — 1943

After infantry basic training Postwar R&R boat trip
Boston — June 1944 Danube River, Austria — June 1945




Photo Gallery

Early Career

First job: Aberdeen Bombing Mission, Los Angeles,
Picnic at Edwards Air Force Base ~ 1950

3

i

4

IBM ID photo — May 1955 IBM Computer Center, Goddard Space
Flight Center, Greenbelt, MD — 1962




Significant Moments
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Leaders for the Digital Economy

Operations Research in the 21st Century:
A Symposium in Honor of
Professor Saul Gass on his 80th Birthday
Saturday, February 25, 2006, 1-6pm
Van Munching Hall, Frank Auditorium

Program

1:00-1:30 Opening Remarks

Program Committee members

Dr. Howard Frank, Dean, Smith School
Dr. Rudolph Lamone, former Dean
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Dr. Alfred Blumstein, Carnegie-Mellon University

“In the Beginning: Saul Gass and Other Pioneers”
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Approach”
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Dr. Richard Larson, MIT
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“Recovering Circles and Spheres”
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Dean Frank welcomes the attendees Former Dean Rudy Lamone:
“Top 10 reasons why I hired Saul”

Prof. Al Blumstein-CMU Prof. Karla Hoffman-GMU

Prof. Bruce Golden
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s over!
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A round of applause for the distinguished speakers
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The Festivities Begin

The Reception

Saul with son Ron Saul with daughter Joyce
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The Dinner
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Pt L5
“I can’t believe they’re letting me do this!”
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Finally, it’s granddaughter Arianna’s turn
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Arjang Assad Larry Bodin
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It’s Frank’s turn Why is Trudy laughing?

Bruce enjoys the festivities Arianna leads singing of “Happy Birthday”

Saul, Joyce, and Arianna after the dinner
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Trudy - Saul’s Optimal Solution

Trudy, Arianna, and Saul — 2005
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Reflections on Saul Gass’ Influence

Rudolph P. Lamone (former Dean)

Robert H. Smith School of Business
University of Maryland

College Park, MD 20742
rlamone@rhsmith.umd.edu

Summary. This is an abridged and edited transcription of the author’s opening remarks
delivered on February 25, 2006.

Key words: Linear programming; operations research.

1 On Retirement

I don’t know what to say about Saul, but the word “retirement” is not in his
vocabulary. Peter Homner refers to Saul very reverently as “high octane gas.” I
think that is just a wonderful description of the person we’re honoring today. This
symposium is really a wonderful tribute to my friend and colleague of over 25
years, Saul Gass.

2 The Book

I believe that the thousands of students who studied Saul’s book, Linear
Programming — not to mention faculty and practitioners around the world — all
acknowledge the enormous influence and impact this one man has had on their
lives and careers and on the field of operations research. I met Saul first through
his book when I was a graduate student at the University of North Carolina (UNC)
at Chapel Hill. T was one of eight Ph.D. students enrolled in the first academic
program in operations research at UNC. Sometime after finishing the linear
programming course, several of us were sitting on a bench on campus on a very hot
June Carolina day when someone suggested, “Gee I think we need to get a beer.” 1
said, “Well that’s a good idea,” and we all reached into our pockets and came up
short. We didn’t have enough money to buy our beer and I looked at Saul’s book
and said, “Well, hell, let’s go to the bookstore and we’ll sell Saul’s book.” So I
sold Saul’s book for something like seven bucks, enough to by a cheap six-pack of
beer that sure tasted wonderful on that hot day. But I felt badly about it; I
genuinely felt badly about it. So when my next scholarship check came, I
immediately went back to the bookstore and bought back Saul’s book. So, he made
royalties on me twice, first with the new book, and then with the used book.
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3 Ambassador and Leader

I came to the University of Maryland in 1966 to join a small group of faculty
interested in starting an OR program. We introduced several new courses in
mathematical programming and recruited several students to the program. The
math department became furious. They wanted to know what the hell the business
school was doing teaching mathematics. So, that was my first encounter with the
problems I was going to have to deal with in eventually becoming chairman of that
operations research group.

Long story short, during my tenure as chairman, I was asked to serve as
the dean of this new school, now known as the Smith School of Business. And
what a dilemma! I had a young faculty, a new program, and no money. Where the
hell was I going to find someone to lead this wonderful new program in operations
research? In walked Saul Gass, one day, and he didn’t need a job, but he was
willing to talk. And I put together one of the best packages in the history of this
school, a selling package and recruiting package that I could take to Saul Gass to
see if 1 could convince him to take a 20% to 30% reduction in his salary at
Mathematika and come to work for the business school at Maryland. Everyone
thought I was crazy to think that I could get this giant in the field of operations
research to come work for this little school just trying to get off the ground. But
God bless him, he said, “I’m going to do this for you.”

1t’s wonderful to see what one person can do to dramatically change an
organization, and over time change the make-up of the organization. The kind of
excitement, respect, and love that he could build among faculty and students was
just absolutely amazing. And I should say that the math department really did
forgive me. They said, “Well, if Saul Gass is going to work for the business
school, the business school must be doing something right.” When they said the
business school has no right teaching mathematics, I said, “We don’t teach
mathematics; we teach mathematical modeling as it applies to solving complex
decision problems.” 1 stole that line from Saul, years and years ago.

As the chair of the management science and statistics group, Saul became
an ambassador of operations research. He went to our School of Public Affairs and
volunteered to teach a course in operations research and mathematical modeling
that would focus on complex decision systems in the public sector. So it was Saul,
again, who made himself available to faculty in other disciplines, so that he could
share with them the power of this field we call operations research.

I remember clearly when Saul came to me to talk about the opportunity of
recruiting Bruce Golden. And when he told me, I got very excited about this young
brilliant guy that Tom Magnanti had said such wonderful things about. And I said
to Saul that we have to have this kid; bring him here for faculty interviews. So
Saul brings him to my office. The first thing you noticed was this beautiful
mustache, but he also had a damn pony tail that went all the way down his back. 1
almost fell out of my chair. I said to Saul, “What the hell am I going to do with this
kid? We’ll have to lock him up when my business friends come to this school.”
Anyway Saul said, “Forget that; we’ve got to hire this kid.” And we did, and it was
one of the great early hires that Saul made, and he went on to recruit an outstanding
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faculty, guys like Mike Ball, Arjang Assad, and Frank Alt. And they were hired as
assistant professors, because we didn’t have money to go out and hire senior
faculty. So, it was the brilliance of Saul Gass to see in young people emerging in
the field of operations research that they could bring really significant value to the
program here at Maryland.

4 Conclusions

I am forever grateful to Saul, because he really made me look good, and deans
always appreciate faculty members who make them look good. So, Saul, Happy
Birthday, my friend, and many more.



Four Score Years of Saul 1. Gass:
Portrait of an OR Professional

Arjang A. Assad

Robert H. Smith School of Business
University of Maryland

College Park, Maryland 20742
aassad@rhsmith.umd.edu

Summary. Saul Gass has practiced operations research for 55 years and continues to be a
vigorous presence in the field. His multifaceted contributions as a scholar, practitioner,
involved citizen, world ambassador, and chronicler of operations research are reviewed in
this article.

Key Words: Linear programming; multiple criteria; modeling process; history of OR.

1 Introduction

Saul I. Gass turned eighty on February 28, 2006. As a member of Project SCOOP,
he was certainly “in just after the beginning” of Operations Research (OR). Saul
embraced OR as a profession in its early days. As a member of the Operations
Research Society of America since 1954, Saul has been a model citizen who has
bridged the academic-practitioner divide. Over a period of nearly 55 years, his
involvement in OR as a scholarly and professional endeavor has never slackened
and continues in full force to the present day.

Saul’s career spans scholarship and what he calls the three P’s of OR: practice,
process, and professionalism. He has been a leader on all four scores. This article
reviews his contributions to date. The first part of this paper is chronological.
Sections 2-5 discuss Saul’s early career and the road that led him to Project
SCOOP, through his career as a practitioner of OR in industry, to his academic
career at the University of Maryland. In Sections 6-9, we try to reflect the multiple
facets of Saul’s career as an OR professional, covering his roles as a scholar-
teacher, expositor, practitioner, involved citizen, ambassador, and chronicler of
OR. We hope that the rich tapestry that emerges shows why Saul commands the
respect of his peers and his profession.

2 Portrait of a Young Mathematician

Saul Irving Gass was born on February 28, 1926 in Chelsea, Massachusetts, to
Louis and Bertha Gass, who had emigrated from Russia around 1914. His father
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sold life insurance but was a writer as well: He wrote a column in Yiddish in a
Boston newspaper and also ran a radio show. Saul was the second of two children:
his brother Gerald A. Gass was born October 21, 1922,

Apart from a few months at the Pratt Elementary School in Chelsea, Saul’s
schooling was done in Boston. He attended the Quincy E. Dickerman Elementary
School in Roxbury, the Phillips E. Brooks School for the sixth grade, and
continued at the Patrick T. Campbell Junior High School for grades seven through
nine. Saul went through high school at the Roxbury Memorial High School for
Boys and graduated in 1943. During high school, his favorite subjects were
mathematics and physics. He also took navigation and aeronautics in his senior
year, and did well in military drill.

Saul started Northeastern University in 1943 and spent a full year in college
before joining the army. His army training started on March 17, 1944 at Fort
Devens, Massachusetts and continued at Camp Blandig, Florida and Camp Shelby,
Mississippi, where he trained as a machine gunner. On January 10, 1945, Saul
sailed from New York City to Le Havre, where he camped for a month. In the final
weeks of World War II, Saul was part of the 65" division of the U.S. Army. This
division continued to move east during April, took Linz on May 4, and stopped on
the west bank of the Enns River in Austria on V-E Day, May 8, 1945; the Russian
army was on the east bank. Saul was then stationed at Pfaffenhoffen in Germany
for the remainder of his stay in Europe. His two years of German in high school
came in handy. Saul sailed back home in April 1946 and was discharged on May
23, 1946 at Fort Devens.

After his military discharge, Saul planned to get married and hoped to resume
his university studies. He had met his future spouse when he was 15, and had
courted her just before going to Camp Shelby. He married Trudy Candler on June
30, 1946 in Los Angeles, and they moved back to Boston. Saul re-enrolled at
Northeastern but soon transferred to Boston University (in January 1947) to major
in education and mathematics, with the intention of becoming a high school
teacher. He graduated with a bachelor’s degree in education (with a mathematics
major) in June 1949. Saul’s interest in mathematics had led him to take extra
courses in this subject. Therefore, it only took him an additional summer to earn
his masters in mathematics in August 1949. Not having found his semester of
student teaching inspiring, Saul decided against a career as a high school teacher
and looked for another job.

In November 1949, Saul was offered a job as a mathematician with the U.S. Air
Force (as a GS-7) and joined the Aberdeen Bombing Mission (ABM) in Los
Angeles. This civilian Air Force group performed ballistics analysis for bombs. It
was led by Grace Harris and had eleven members (nine women and two men).
According to Saul [88], the main task was to analyze “photographic plates and
high-speed camera film of high-altitude aircraft and bomb drops that took place at
Edwards Air Force Base, north of Los Angeles in the desert country” Saul
continues:

At ABM, we read the plates and film by eye on a Mann Comparator, recorded
the results by hand, and processed the readouts on the Marchant and Monroe
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desk calculators -- the old-fashioned way! 1 did become deeply involved in
bomb ballistic work and was given the task of investigating new machine
readers that could automatically record the positions of both the aircraft and
bomb images and punch the results on IBM cards [88].

The Los Angeles group sent its results to the Aberdeen Proving Grounds in
Aberdeen, Maryland, where bombing tables were developed. Saul visited this
location and was offered a position. He declined the offer, but his work at ABM
exposed Saul to the need for accuracy, constant checking, and data validation.

3 From Project SCOOP to Project Mercury

Saul was next offered a job as a GS-9 (at $5,060 a year) in the Directorate of
Management Analysis of the Air Force in the Pentagon. Saul was a young father
when he moved the family of three to Washington D.C. from Los Angeles in the
first week of January 1952. Ronald S. Gass was born on June 3, 1951, to be
followed by Joyce A. Gass (born June 22, 1955).

At the Pentagon, Saul joined Project Scoop (Scientific Computation of Optimal
Programs). This Pentagon-based research program of the U.S. Air Force was
formed in June 1947, and its official designation of Project SCOOP came in
October 1948. This is where applied linear programming started. Saul has aptly
dubbed it “the first linear-programming shoppe” and stressed its historical
significance:

All of us in OR are indebted to project SCOOP. The linear-programming
model, the simplex method, the first computer-based solution of LP problems,
much of the theory of linear and mathematical programming, the basic
computational theory of linear programming, and the extension of LP to
industry and business all stemmed, wholly or in part, from the research and
developments of Project SCOOP. [81]

When Saul arrived at the Pentagon, the Directorate was headed by the economist
Marshall Wood, and its scientist was George Dantzig. The main objective of
Project SCOOP was to plan the requirements for air force programs. As Wood and
Dantzig explained it in 1949:

Programming, or program planning, may be defined as the construction of a
schedule of actions by means of which an economy, organization or other
complex of activities may move from one defined state to another, or from a
defined state towards some specifically defined objective. Such a schedule
implies, and should explicitly prescribe, the resources and the goods and
services utilized, consumed, or produced in the accomplishment of the
programmed actions. [150]
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An example of an organization requiring such planning was the Air Force. A
typical programming exercise was to construct a time-phased plan of requirements
of materials for supporting a specific war scenario. Within Project SCOOP, the
word “programming” was used in the specific military sense; computer programs
were barely known and called codes at that time. As Dantzig has put it:

The military refer to their various plans or proposed schedules of training,
logistical supply, and deployment of combat units as a program. When I first
analyzed the Air Force planning problem and saw that it could be formulated
as a system of linear inequalities, I called my paper Programming in a Linear
Structure. [12]

At the core of the Project was Dantzig and Wood’s approach to modeling the
economy or organization based on Dantzig’s mathematical statement of the LP
problem. The model used a triangular or rectangular technology matrix to specify
the requirements and their interrelationships. This extended the Leontief input-
output model from the triangular case (where no optimization was required) to the
rectangular case where one could optimize an objective function using the LP
structure. With the formulation of these planning models, the members of Project
SCOOQOP came to realize the power of the LP model. While Dantzig, Alex Orden,
and others were developing the key algorithmic procedures for the simplex method,
the computational challenges of the task also came into clearer focus. With keen
foresight, Wood and Dantzig identified the promise of the new technology:

To compute programs rapidly with such a mathematical model, it is proposed
that all necessary information and instructions be systematically classified and
stored on magnetized tapes in the “memory” of a large scale digital electronic
computer. It will then be possible, we believe, through the use of
mathematical techniques now being developed to determine the program
which will maximize the accomplishment of our objectives within those
stated resource limitations. [150]

In the Mathematical Formulation Branch, Saul worked on the formulation and
solution of Air Force problems and also developed and tested new procedures for
solving LP structures. He recalls his entry into this dynamic and heady research
environment.

I was assigned to the Mathematical Formulation Branch. Walter Jacobs, a
mathematician, was branch chief. He introduced me to linear programming
by suggesting that I read reprints of Dantzig’s three seminal papers .... Even
though I was a fairly recent mathematics graduate, the concepts and ideas
described in these papers were new to me and rather complex. What does the
uninitiated make of such things as zero-sum games and the solving of
hundreds of equations in hundreds of variables, especially in pre-computer
days? Fortunately, I had a course in numerical calculus and knew something
about Gaussian elimination and how to solve (3x3) systems of equations. [88]
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The role of Project Scoop in advancing the use of computers is an important point
made by Saul.

Project SCOOP was responsible for much of the federal government’s early
involvement in computers, especially the efforts of the National Bureau of
Standards (NBS). NBS received over $1 million from the Air Force, and
used these funds to build the Standards Eastern Automatic Computer, the
SEAC. [81]

The SEAC machine was located at the National Bureau of Standards (NBS) in
Washington, D.C. Saul drove the problems from the Pentagon to the NBS campus
on Van Ness Street. Early computational tests by Alex Orden on the NBS SEAC
compared the simplex method with other approaches (relaxation and fictitious
play), and typical results are reported in [81]. Project SCOOP also led to the
installation of the second production unit of the UNIVAC machine in April 1952,
formally turned over to the U.S. Air Force in June 1952. The simplex code for this
machine was written by the Air Force’s Mathematical Computation branch led by
Emil Schell. The UNIVAC could handle LP problems of dimensions up to
250x500. Saul solved LP problems on this computer and describes it as follows:

The UNIVAC had more than 5,000 vacuum tubes and could do about 2.000
additions or subtractions per second. It had an internal acoustical mercury-
delay line memory of 1,000 12—character words... Its external memory
consisted of 8 magnetic tapes that could read or write at the rate of 1,000
words a second. The UNIVAC, although a clunker by today’s standards, was
[a] great improvement over desk calculators. It was always exciting (and
chilling) to walk into the special air-conditioned, room-sized cabinet that held
the mercury delay-line memory tubes. [88]

George Dantzig left the Pentagon in June 1952 for the RAND Corporation. By
1955, Project SCOOP was starting to wind down, and research funds were being
cut in the government. But Project SCOOP had assembled a remarkable network
of researchers.

In addition to Marshall Wood and George Dantzig, its members included Saul
Gass, Murray Geisler, Leon Goldstein, Walter Jacobs, Julian L. Holley, George
O’Brien, Alex Orden, and Emil D. Schell. The summer students of the group
included Phillip Wolfe from Princeton (Albert Tucker’s student) and Tom Saaty,
who was finishing his Ph.D. at Yale. This group also worked closely with the
Washington-based national Applied Mathematics Laboratories that included Sam
Alexander, John Curtiss, Alan Hoffiman, Henry Antosiewicz, Peter Henrici, John
Todd, and Olga Taussky-Todd. Also associated with the group were T. S. Motzkin
and George Forsythe from the Institute for Numerical Analysis, the west-coast
research arm of NBS, and Princeton’s John von Neumann, Albert Tucker and his
students Harold Kuhn and David Gale, Abraham Charnes and William Cooper
from Camegie-Mellon University, and Isidor Heller from Washington University.
Listing this remarkable group, Saul remarks, “What in the hell was I doing amongst
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that bunch of heavies?” [65]. In fact, this group exposed Saul to the wave front of
operations research just after the beginning. Project SCOOP also ran two symposia
of great historical importance on linear programming in 1951 and 1955. Saul
attended the second seminar and gave a paper on finding first feasible solutions in
LP [24].

Saui left the Project in May 1955 to join IBM as an Applied Science
Representative. The job advertisement for this position required a degree in
mathematics or engineering and exposure to “automated computing equipment, or
system design and methods.” He was hired along with other new sales trainees
who were new college graduates and went to the standard three-week sales training
class in Endicott, New York, where he sang IBM songs from the IBM songbook!
Saul was assigned to the Washington commercial sales office located at 1111
Connecticut Avenue. His job was to help the salesman selling and installing IBM
computers. The IBM 701-704 series of machines were just out and, later, Saul was
also trained to program the IBM 650.

Saul’s next employer was CEIR, the Corporation for Economic and Industrial
Research, a consulting services company at which Saul had helped install an IBM
650 machine. William Orchard-Hayes was an early hire of this firm. Saul was
approached by Jack Moshman to build up the OR group at CEIR. He joined the
firm in 1959 as Director of the Operations Research Branch. However, his tenure
in this position was cut short by the expansion of the space program, which led to
an offer for Saul to return to IBM.

Saul rejoined IBM in 1960 as Manager of the Simulation Group of the Project
Mercury Man-in-Space Program. He was responsible for the development of a full
range of real-time simulation procedures used to validate the computational and
data flow equipment system that IBM developed for Project Mercury. The key task
for IBM was to calculate the orbit of the space capsule based on radar telemetry
data collected from various tracking stations across the globe. This data was
processed at two IBM 7090 computers located at the Goddard Space Center. 1BM
had to conduct the necessary analysis and develop the computer programs, run a
duplexed computing center, and operate an engineering and communications
subsystem that enabled the flight controllers to monitor all phases of a Project
Mercury mission. Saul’s initial assighment at Goddard was to dry run the
computer programs that computed the orbit with simulated data, which he describes
as follows:

We simulated radar data from the world-wide tracking stations and ran the
programs in real-time by entering the timed data into teletype machines
connected to the computers... By this time, IBM was also given the
responsibility of analyzing lift-off radar data to predict whether the space
capsule would go into a successful orbit.... We simulated that phase, plus
predicting when to fire the retro-rockets to bring the capsule back to the earth
and the splash point. Our computer-based system was the first real-time
decision-making system with a man-in-the-loop. [97]
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The first U.S. manned-capsule sub-orbital flight occurred on May 5, 1961 with
Alan Shepard. Just a few days before (on May 1), Saul was appointed manager of
IBM’s Project Mercury. Saul’s recollection of this event conveys the atmosphere:

I recall the scene just before his [Shepard’s] lift-off: the now spruced-up
Goddard computer room with its duplexed (A and B) computers, the side-by-
side plotboards, that would, hopefully, trace calculated launch track over the
already inked-in nominal track, and the output console with its switch that
enabled the computed output to come from either the A or B computer.
Systems operations manager Al Pietrasanta and I manned the switching
console. The crowds of NASA and IBM VIPs that gathered were kept back
by a set of stanchions and ropes. We felt like gladiators who would be fed to
the lions if something went wrong. All went well... [85]

Saul also went to Cape Canaveral to watch the launches for all the manned
orbital flights. There, he supervised a team of engineers responsible for data
transmission from the Cape to Goddard and the running of the control center charts
as well as launch and orbital plot boards. From the VIP grandstand at Cape
Canaveral, Saul watched John Glenn’s liftoff on February 20, 1962 in the first U.S.
manned orbital flight. He then rushed inside Mercury Control center to watch the
tracking plotboards. The success of Glenn’s historic flight brought top
management attention to Project Mercury within IBM. The chief scientist for IBM
paid Saul and his team a visit and questioned them on system reliability and testing.
A week after the flight, Saul briefed the board of IBM directors in New York and
received a standing ovation.

The computer-based activities of Project Mercury, which engaged a team of
over 100 scientists, programmers, and engineers, paved the way for future manned-
space projects. It also foreshadowed the critical role of real-time computing in
making manned space flight a reality [28]. It was therefore not only one of the
largest projects Saul had managed within industry, it was also a highly intense
assignment in uncharted territories. Project Mercury was also a great practicum for
project management.

We all learned from Project Mercury. For me, it had to do with the
integration of people, computers, programs, and real-world necessities. I
learned the importance of bringing control to an ever-changing set of tasks
and the need to impose a rigorous verification and validation process. I
learned how pressure, contractual responsibilities, and finances can be honed
to meet a project’s goals given that those involved communicate, cooperate,
and compromise in a manner that does not seriously distort their objectives....
I had to negotiate what it meant to turn over a real-time, man-rated system
that had never been developed. How does one demonstrate to tough-minded
NASA managers and engineers that one met system specifications when such
specifications, although set down in the past, had to be constantly changed to
meet the realities of the present? [85]
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As Project Mercury came to a close, the NASA space program moved to Houston,
Texas. Saul had a principal role in preparing IBM’s proposal for developing the
Houston Real-Time Computing Center, but did not want to move to Houston
himself,

4 Back to School and Return to OR Practice

Ever since his days at SCOOP, Saul had shown a continuing interest in taking
courses related to his areas of interest. In 1953-54, he took the two semester course
that Albert Tucker and Harold Kuhn taught at the American University on
Thursday nights. Kuhn and Tucker were involved with a research project at
George Washington University. One or the other would come down to
Washington, D.C. for this purpose and teach the night course. Later, Saul formally
enrolled in the doctoral program in mathematics at American University and took
the following classes: “Linear Programming and Game Theory” from Alex Orden;
“Methods of Operations Research” from Joe McCloskey (known for his early work
in the history of OR); “Linear Programming” from Alan J. Hoffman; and
“Numerical Analysis” from Peter Henrici. Saul also took two computer courses
from the NBS staff.

In September 1963, Saul decided to take advantage of IBM’s resident graduate
fellowship program that allowed IBM employees to go back to school on a two-
year leave with full pay. The IBM fellowship allowed Saul to go to the school of
his choice, and American University would have been a convenient choice.
However, Saul had also maintained contact with George Dantzig, who had joined
Berkeley in 1960 to head its OR department. Saul chose Berkeley for his doctoral
studies, and the Gass family drove to California in August 1963.

At Berkeley, Dantzig taught the linear programming course using notes that
formed the basis of his famous text, Linear Programming and Extensions, which
came out later in 1963. Because of Saul’s substantial background in LP, he was
not allowed to take this course for credit, but he audited it (in fact, Saul never took
any courses for credit with his mentor.) There is an amusing story about how
uneasy his classmates felt when they found out that Saul had already written the
first text on LP!

His doctoral course work at Berkeley included network flows, discrete
programming, theory of probability and statistics (I and II), mathematical
economics (I and II), inventory theory, nonlinear programming, applied stochastic
processes, and advanced statistical inference. In addition, he had to pass minor
examinations in economics and probability/statistics, and two languages (French
and German). Saul recalls the networks class given by Bob Oliver as one of his
best courses at Berkeley. His best instructor was Elizabeth Scott, who taught
probability and statistics. The Dantzig and Gass families socialized and often went
to dinner together. He also socialized with Bob Oliver and Bill Jewell [99].

For his oral defense, Saul had to present a paper from outside his field. He was
given a paper on busy periods in queueing written by Takacs. At the end of the
presentation, he was asked only one question: Dantzig asked, “What’s a
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convolution?” When Saul started to look for a dissertation topic, Dantzig
suggested that he contact Roy Harvey at Esso. Harvey had a large-scale LP
problem, for which Saul devised a novel decomposition scheme and algorithm.
This was the dualplex algorithm, which constituted his Ph.D. dissertation [29].
Saul completed his Ph.D. in summer 1965. He was one of the earliest doctoral
students of George Dantzig. Before him, Richard Cottle had completed his Ph.D.
in 1964. Other students of Dantzig who were Saul’s contemporaries include Earl
Bell, Mostafa el-Agizy, Ellis Johnson, Stepan Karamardian, and Richard van
Slyke, all of whom earned their doctoral degrees in 1965.

Saul returned to IBM in the summer of 1965. IBM had already formed its
Federal Systems Division with offices in Gaithersburg, Maryland. For the next
decade, he was involved in projects. Saul was manager of Federal Civil Programs
and responsible for applying information retrieval and other data procedures,
advanced graphics techniques, and data analysis to urban problems. While most of
his work at IBM did not have a heavy dose of OR or LP modeling, Saul did get a
chance to apply OR thinking to urban problems as a full-time member of the
Science and Technology Task Force of the President's Commission on Law
Enforcement.

The Commission was created by President Lyndon Johnson in 1965, partly in
reaction to the issue of “crime in the streets” that Barry Goldwater had raised in the
1964 election campaign. The Commission was mainly comprised of lawyers and
sociologists. The Task Force was formed to augment the work of the Commission
by bringing scientific thinking to bear on crime. The Task Force was led by Al
Blumstein (see [1]), who recruited Saul to join in 1966. Other recruits were
Richard Larson (who was completing his undergraduate degree in Electrical
Engineering), Ron Christensen (a physicist and lawyer), the consultant Sue
Johnson, the statistician Joe Navarro, and Jean Taylor. The Task Force was based
at the Institute for Defense Analyses (IDA), where Al Blumstein and Jean Taylor
worked at the time. Saul was responsible for developing the Task Force's approach
to how science and technology can best serve police operations.

From 1969-70, Saul was Senior Vice-President of World Systems Laboratories,
Inc. This was a Washington-based consulting firm with five key principals. He
then joined Mathematica, the well-known OR and economics consulting firm
headquartered at Princeton, New Jersey. Tibor Fabian was President, and Harold
Kuhn and Oscar Morgenstern were on the board. Saul headed the Bethesda office
of the firm and worked on several government projects. These included the
development of an educational student aid model for the U.S. Department of
Education; the establishment and analysis of an educational data bank for the
Appalachian Regional Commission; the development for the Corporation for
Public Broadcasting of a procedure to evaluate the effectiveness of a series of
telecasts on environmental issues; consulting to the systems group of the Chief of
Naval Operations; the development of a simulation model of the dispatch/patrol
functions of the Washington Metropolitan Police Department; the development of
operational planning materials for the National Center for Educational Statistics
common core data system; and principal investigator on the NSF project to
evaluate policy-related research in police protection. He also organized an
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unclassified symposium for the CIA that focused on techniques for analyzing
intelligence information.

One of the projects Saul undertook at Mathematica was a contract from the
Environmental Protection Agency to conduct a survey of modeling in the non-
military governmental area. This resulted in the volume 4 Guide to Models in
Governmental Planning and Operations, which Saul edited along with Roger L.
Sisson [124]. This book was privately published by its editors in 1975. A total of
2,000 copies were printed and distributed out of Saul’s basement. The name of the

publisher — Sauger Books — indicates this upon closer inspection [97]. Saul’s
chapter in this volume devoted 45 pages to a review of modeling efforts in law
enforcement and criminal justice and lists 103 references. Among the models
reviewed were patrol beat design, the police emergency response system, and court
models [34].

5 Academic Home Found

Long before starting his professorial career, Saul had revealed his academic bent.
In addition to doing research and writing the first text on LP, he also taught the
subject regularly at the US Department of Agriculture (USDA), American
University, and George Washington University. In 1973 and 1974, he taught an
evening course in operations research for the business department of the University
of Maryland. In 1973, the business administration department became the College
of Business and Management. Rudy P. Lamone was appointed dean. Dean
Lamone, who had received a Ph.D. in OR from the University of North Carolina,
was interested in building a high-quality OR department. He persuaded Saul to
join the University of Maryland in September 1975 to become the chair of the
Management Science and Statistics Department. Saul was to spend the next 26
years at the university. As he puts it in an interview: “I had found a home.” [97]

Saul was Professor and Chairman of the Faculty of Management Science and
Statistics from 1975 to 1979. The faculty of this department already included Gus
Widhelm and Stan Fromovitz in OR. Saul lost no time in building up the
department. He hired Larry Bodin at the full professor rank and Bruce Golden as a
fresh assistant professor in 1976. In the next two years, he recruited Frank Alt,
Mike Ball, and Arjang Assad as assistant professors. While Saul stepped down as
department chair in 1979, he remained closely involved with its development and
growth for the next 22 years. During these years, he taught LP and OR subjects at
doctoral, MBA/MS, and undergraduate levels. He also supervised doctoral and
masters students and sat on numerous thesis and dissertation committees. Saul was
the dissertation advisor of eight students, which we list in chronological order:
Stephen Shao and Jeffrey Sohl (1983), Rakesh Vohra (1985), Noel Bryson (1988),
Hiren Trivedi (1990), Anito Joseph and Pablo Zafra (1993), and Pallabi Guha Roy
(1999).

As a respected citizen of the University of Maryland, Saul was asked to
participate in important committees, especially when sensitive issues needed to be
tackled. Two of his contributions are still in effect at the Robert H. Smith School
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of Business: As the chairperson for the committee that designed the faculty pre-
tenure and post-tenure reviews, Saul prepared the “Gass Report,” which continues
to govern the review process at the Smith School. Also, as a repeat member of the
annual merit review committee, Saul suggested a framework for ranking the faculty
reports and is reputed to have advocated the use of AHP for this task!

Saul garnered many university honors in the course of his academic career. He
was designated a University of Maryland Distinguished Scholar-Teacher in 1998,
He held the Westinghouse Professorship during 1983-1992, and was appointed
Dean’s Lifetime Achievement Professor in 2000. In July 2001, he was appointed
Professor Emeritus.

Saul’s professional honors also make for a long list. He served as the 25"
President of the Operations Research Society of America (ORSA) in 1976-77 and
was elected an INFORMS Fellow in 2002. In 1991, he was awarded the Kimball
Medal for service to ORSA and the profession, followed by the INFORMS
Expository Writing Award in 1997. Saul received the 1996 Jacinto Steinhardt
Memorial Award of the Military Operations Research Society (MORS) for
outstanding contributions to military operations research.

Saul served as President of Omega Rho, the international operations research
honor society in 1985-1986, Vice President for international activities of the
Institute for Operations Research and the Management Sciences (INFORMS), and
Vice President for the North American Operations Research Region of the IFORS
Administrative Committee. He was general chairman of the 1988 TIMS/ORSA
meeting held in Washington. Saul was invited to deliver the plenary address at the
May 1996 INFORMS Washington, DC conference and the San Francisco
TIMS/ORSA meeting in 1984. In 1994, Saul gave the third E. Leonard Arnoff
Memorial Lecture at the University of Cincinnati.

While at the University of Maryland, Saul maintained a close relationship with
the National Institute of Standards and Technology (NIST — formerly the National
Bureau of Standards or NBS). Aside from several consulting projects, Saul
organized a number of conferences through NIST. The most recent such
conference, which he organized and co-chaired with Al Jones, was a workshop on
Supply Chain Management practice and research co-sponsored by the NIST, the
National Science Foundation, and the Robert H. Smith School of Business,
University of Maryland. Selected papers from this conference were collected in a
special issue of Information Systems Frontiers [135].

6 The OR Scholar

In this section, we focus on Saul’s contributions to OR methodology and
applications. We review the methodological contributions under two broad
categories: the theory of LP and its extensions and decision making tools. We also
describe Saul’s work as a builder and user of OR models developed for specific
applications. His work on the modeling process will be covered in the next section.
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6.1 Linear Programming and Extensions

Saul’s first major and lasting contribution to the theory of linear programming was
his work on the parametric objective function with Thomas Saaty [121, 122, 144].
The idea arose within Project SCOOP in 1952. Walter Jacobs introduced Saul to
this problem in the context of production smoothing. In production planning
problems, one faces the dual objectives of minimizing the monthly fluctuations in
production and the inventory carrying costs. By attaching weights to the two
objectives, one can express this as a single objective LP, where the key parameter
reflects the ratio of the cost of a unit increase in output to the cost of carrying one
unit of inventory (see [51, pp. 353-358]).

Saul first solved this transformed parametric problem by hand on some test
problems using a modified simplex tableau. When Thomas Saaty joined SCOOP
in the summer of 1952, he and Saul worked out the details with some help from
Leon Goldstein and Alan Hoffman. This resulted in three well-known papers by
Gass and Saaty that address the parametric problem

Min (¢ + Ad)x
st. Ax=Dh,
x>0,

where ¢ and d reflect the cost vectors of the two conflicting objectives and A is the
parameter to be varied. The first paper [144] described the case where some
components of the new costs ¢ + A d are linear functions of A and described how
each basic optimal solution remains optimal for a range of values that defines a
closed interval of values for .. Moreover, by tracking these contiguous intervals, a
finite number of optimal solutions can be obtained to account for all possible
values of A. Gass and Saaty [121] specified the algorithmic steps of the parametric
problem that is described in Saul’s [26] and other LP texts. Gass and Saaty also
published a companion paper [122] that considered parametric programming when
the costs depended on two independent parameters A, and A,. For a historical view
of the development and impact of parametric programming and Saul’s seminal role,
see Gal’s historical reviews [20, 21].

The conceptual link between parametric programming and Multi-Objective
Linear Programming (MOLP) problems was present in Saul’s mind. Recalling
how Walter Jacobs gave him the task of solving the parametric version, Saul
writes:

This led to the parametric programming algorithm in which we balanced off
two competing linear objectives by the single parameter. We recognized that
the scheme could be generalized to more objectives and described a multi-
parameter approach where two objectives meant one parameter, three
objectives, two parameters and so on. [83]

Saul’s interest in goal programming dates back to the mid 1970s. He traces its
development to his consulting days at Mathematica, where he encountered goal
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programming features in most planning models for the government [83] and used
this model in his work on personnel planning models [9, 67]. Such models are
typically large-scale goal programming problems involving thousands of deviation
variables. Saul has addressed the problem of setting the objective function weights
for these variables in a consistent way [53, 57]. Also related to this area is Saul’s
critique of preemptive goal programming [57].

In a string of papers, Saul and Moshe Dror have proposed an interactive
approach to MOLP [14, 15, 16, 107]. In a more recent paper with Pallabi Roy,
Saul proposes the use of a compromise hypersphere to rank efficient extreme point
solutions to an MOLP {120]. In a vector maximization problem with g objectives,
the utopian solution that simultaneously maximizes all g objectives is typically
unavailable. There are various ways of defining a compromise solution that
attempts to strike a balance among the ¢ objectives. The approach proposed by
Gass and Roy is to find an annulus of minimum width that encloses the efficient
solutions in the g-dimensional objective space. We discuss this below, when we
review Saul’s work on fitting circles (or spheres) to a collection of points [130].

Encounters with Degeneracy: Among the topics of interest to Saul within LP are
degeneracy and cycling. Describing his “encounters with degeneracy,” Saul [71]
traces the roots of this interest to his days at Project SCOOP and provides a proof
for an unpublished result due to Leon Goldstein. The result states that a basic
feasible solution with a single degeneracy cannot cause a cycle and appeared as an
exercise in the first edition of Saul’s text [26] (problem 2, p. 70). Saul made the
useful distinction between classical cycling and computer cycling [40]. The former
is what we usually see in textbooks of LP and refers to cycling when the
computations of the simplex algorithm are carried out accurately without round-off
errors. Computer cycling refers to cycling encountered when solving the LP with a
computer system, and hence is “a function of the mathematical programming
system being used” [40]. Neither concept logically implies the other: A problem
can exhibit classical cycling but not computer cycling. In fact, recently Gass and
Vinjamuri [128] performed a test of 11 LP problems that cycle classically but are
solved successfully by three popular simplex solvers. Saul also studied the effect
of degeneracy in solving transportation problems [63]. It is worth noting that
Dantzig [11] and Magnanti and Orlin [140] have shown how parametric
programming can be used to avoid cycling, thus bringing together two strands in
Saul’s research program.

Other early work of Sau!’s on linear programming includes his short note on an
initial, feasible solution for a linear program [24], and a transportation-based
algorithm for meeting scheduled manhour requirements for a set of projects [25].
Saul’s next major algorithmic work in linear optimization was in the area of large-
scale systems and constituted his doctoral dissertation.

The Dualplex Method: Saul introduced and studied the Dualplex algorithm in his
doctoral dissertation [29, 32]. The problem was motivated by an application with a
staircase structure in the technology matrix. The problem may be conceptualized
as involving K stages, coupled by a set of “tie-in” constraints. In a decomposition
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approach, it is natural to handle the coupling constraints in such a way as to fully

exploit the block structure of the individual stages. Saul used this approach

focusing on the dual problem for handling the complicating variables. The

following account, which is necessarily very brief, is meant to outline the approach.
Assume that the LP problem can be put into the form:

Min cx+dy
s.t. w+Ax+By =b ¢))

w, X,y >0

where w is the vector of basic variables, and the non-basic variables (x, y) are
partitioned in such a way that the activities corresponding to the x variables appear
in only one stage, while those for y appear in more than one stage and serve to
couple the various stages. The matrix A therefore exhibits block-diagonal structure:
it consists of the submatrices A; , A, , ..., Ag on the diagonal and zeros elsewhere.
Correspondingly, we partition x by stage as x = (x; , X3 , ..., X¢ ). We rewrite
constraint (1) as follows for stage £ (k=1, ..., K).

Wy + A X¢ = by -Byy° . )]
Now suppose that the dual problem
Min b s.t. tB>d , n >0 3

is solved to obtain the multipliers 7n° = (n,° , 7,°, ..., 11" ) and an associated set of
values y°. We construct the solution (w’, x° = 0, y° ) to the original problem and
test it for optimality by computing the reduced costs ¢; - m° A,. If this vector has
any strictly positive components, then the optimality condition does not hold and
the solution can be improved by introducing a variable with positive reduced cost
from stage k into the basis. A key attractive feature of the dualplex method is that
up to K such variables (one for each stage) can be pivoted into the basis at the same
time. Once this is accomplished, the form given in (1) can be recovered with new
values for the quantities Ay, B, b, ¢;, and d, and the dual system (3) can be resolved
again. For this approach to be effective, the previous basis for (3) should be
exploited in full. This is where most of the technical details of the procedure have
to be worked out. These are presented in [29], together with proof of the
correctness of the overall algorithm.

Apart from the proceedings article [32], Saul did not publish anything on the
dualplex method for over 20 years. He returned to this algorithm in his joint work
with doctoral students at the University of Maryland. The algorithm is applied to
the knapsack problem with generalized upper bounding (GUB) constraints and the
piecewise linear approximation to the separable convex minimization problem
[123]. In [4], the method is proposed for solving discrete stochastic linear
programs.
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Fitting Circles to Data Points: How does one fit a circle to a given set of points in
the plane? This simple geometric question led to a collaboration among Saul,
Christoph Witzgall, and Howard Harary [130]. To clearly define the optimization
problem, one must specify a measure of fit. The criterion Saul and his coworkers
use for fit is a modified Chebychev minimax criterion. To define it, suppose that n
points P; with coordinates (x;,y;),i=1, ..., n are fixed on the plane. Consider a
circle of radius r, with its center located at (%, , yo ). Let r; denote the distance
from the center to the point P; with a radial line. If r; =1, , then P; lies on the circle
constructed and a perfect fit obtains. Otherwise, we consider the difference of the
squared radial distances | r; - ro® | as the error term. The objective is therefore

Min Max o, | t’-15°],

or Min Max,.; | (Xi - Xo)* + (¥i-Yo)* - 1o° | -

Since the (x; , y; ) are fixed for i = 1, ..., n, the decision variables are (X, , ¥o ) and
ro . These are the variables for which the outer minimization problem is solved.
This problem can be formulated as a linear program [129]. Extensive
computational experience with this problem is reported in [130], and these results
show that the squared formulation above provides a very good approximation to the
minimax criterion without squares, that is Min Max | r; - rp |. The paper by Witzgall
in this volume provides further details and developments of this approximation
problem.

As described in [130], this problem arose from a manufacturing setting where
coordinate measuring machines calibrate circular features of manufactured parts.
Once the center of the fitted circle is determined, one can use it to define two
concentric circles that are the inscribed and circumscribed circles for the » points.
This defines an annulus of minimum width that contains all » points and is checked
against tolerances in the manufacturing setting. Saul has adapted this basic idea to
his research on MOLP [120]. The basic idea of a minimum-width annulus is used,
now extended from circles in the plane to hyperspheres in R? . The given points
correspond to vector-valued objectives of the available efficient points. Gass and
Roy [120] describe how to use the minimum-width annulus to rank efficient points
in the MOLP.

Modified Fictitious Play: Early in his career, Saul was exposed to the elegant
results that established the equivalence of matrix games and LP. He has since
expressed his appreciation for this result (see for example, p. 60 of [97]). He has
also described how Alex Orden used the fictitious play method as one of the
solution methods for LP in his computational work on the SEAC [81, 97]. Saul
returned to this early interest in his work with Pablo Zafra [131,132]. The method
of fictitious play was proposed by Brown [3] as an iterative method where the
players take turns and at each play, each player chooses “the optimum pure strategy
against the mixture represented by all the opponent’s past plays” [3]. The
convergence of this method, while guaranteed theoretically, can be extremely slow.
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To speed up convergence, Gass and Zafra [131] modify the fictitious play
method by using a simple restart method based on the existing lower and upper
bounds on the value of the game. The modified fictitious play (MFP) procedure is
then tested to assess its value as a computational procedure for finding initial
solutions to LP problems. This MFP start is tested in combination with simplex-
based or interior point LP solvers and found to be useful for certain types of linear
programs. Gass, Zafra, and Qiu [132] show that MFP can achieve the same
accuracy as regular fictitious play with 40-fold reductions in the number of
iterations and significant savings in computational times.

In several publications, Saul and his coworkers Anito Joseph and K. Osei-
Bryson have studied integer programming problems and proposed bounds,
heuristics, and problem generation issues. This stream of research has resulted in
several publications [136, 137, 138, 139] that detail the procedures and provide
computational experience.

6.2 The Analytic Hierarchy Process (AHP)

Saul has maintained an interest in AHP [18, 143] since its inception. As he
mentions in [95], he taught the subject at the University of Maryland since the early
1980s [2] and was the first author to discuss it in a text (chapter 24 of [50]). His
expository article on AHP co-authored with Ernie Forman [18] covers the basics
and describes 26 applications of AHP in different domains. In [95], Saul reviews
the arguments of critics who fault AHP for violating the axioms of multiattribute
utility theory (MAUT) and concludes that AHP is an alternative approach to
MAUT that offers its own advantages.

Saul has also proposed the use of AHP in several new areas. In large-scale goal
programming models for personnel planning, the decision maker must assign
weights to thousands of deviation variables in the objective that measure the
differences from the desired target values. In one realistic example, 13,900 such
variables are present. Saul proposes the use of AHP to determine the priorities and
weights in such models [53]. With Sara Torrence, Saul [127] has described the
use of the AHP to rate the complexity of conferences for the Public Affairs
Division of the National Institute of Science and Technology (NIST), which plans
and coordinates approximately 100 conferences a year. The complexity of each
conference is determined based on two AHP hierarchies used to provide ratings for
both the time required and the level of expertise needed from the staff assigned to
the conference. Saul has also proposed using AHP to provide a numerical rating
for model accreditation [70].

Saul’s most interesting methodological contribution to the AHP appears in his
work with Tamas Rapcsak. Consider the pairwise comparison »xn matrix
A =(aj) as constructed in Saaty’s AHP and denote its maximum eigenvalue by
Amax [143]. Tt is well known that the vector w of weights or priorities of the
alternatives in Saaty’s AHP is the normalized right eigenvector of A corresponding
to the largest eigenvalue A, S0 that A w = A, W and the sum of components of
w is unity. Gass and Rapcsak [118, 119] propose a different derivation of the
weights that makes use of the singular value decomposition (SVD) of A. If the n x
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n matrix A has rank k, the singular value representation is given by A=U D V',
where D is a & x k diagonal matrix and U and V are matrices that satisfy U'U = I
and V VT = 1. The diagonal entries of D, which must be positive are called singular
values; we arrange them so that a; > ¢, > ... > o, . Let u; and v; be the columns of

Uand V fori=1,..., k. The main result from singular value decomposition is that
for any 4 < k, the matrix

h
A[h] = Z o U ViT “)
i=1

constructed from the % largest singular values of A is the best rank / approximation
to the original matrix A in the sense of minimizing the Frobenius (matrix) norm
Il A~ G || among all matrices G of rank 4 or less. (The Frobenius norm of a matrix
is simply the Euclidean norm of the vector defined by the »” entries of the matrix.)

If the matrix A is consistent (i.e,a; =ay; ay foralli j, k), then it is of rank
1 and its SVD consists of only the first term or diad of (4). In AHP, however, the
pairwise comparison matrix A is typically not consistent. Gass and Rapcsak [119]
argue that the use of the matrix Ay is still justified as the best rank-one
approximation to A and provide a simple expression for the weights w in terms of
the singular vectors u; and v, corresponding to the largest singular value a; and
prove that these weights are identical to the standard AHP weights if A is
consistent. In addition, they provide a measure of consistency based on the
Frobenius norm. In this way, they provide an alternative approach to the
computation of priorities with certain appealing theoretical underpinnings, but
acknowledge that further investigation of the relative merits of this approach is
warranted.

Saul has also investigated the occurrence of intransitive relationships in
pairwise comparison matrices [84]. An intransitive relation occurs when we have
A >B>C> A where A > B means that item A is preferred to B. Given a pairwise
comparison matrix A = (a; ), we can construct a binary n x n preference matrix
P = (p ; ) with zeros on the diagonal, where p ; = 1 if item i is preferred to item j,
in which case p ;; = 0. The preference graph corresponding to P is a directed graph
with an arc from i tojif p = 1.

Clearly, an intransitive relation among three items corresponds to a cycle of
length three or a triad. It can be shown that triads are present if any cycles of
higher order exist. Thus, searching for triads as the elemental representatives of
intransitivity is appropriate. In [84], Saul reviews the known results for the number
of triads in preference graphs and proposes using a transshipment algorithm to
identify triads.

One might ask how frequently intransitive relations occur in the context of the
AHP. The empirical study of Gass and Standard [125] sheds some light on this
question. They consider 384 instances of positive reciprocal comparison matrices
taken from real-world AHP studies and consider the distribution of the numbers in
the basic 1-9 comparison scale. They also investigate the incidence of intransitive
relations in such matrices.
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6.3 OR Applications

In this section, we review Saul’s work as a builder and user of OR models
developed for public or governmental planning and analysis.

Design of Patrol Beats: One of the earliest applied modeling studies conducted by
Saul was his work on the design of patrol beats: Given k& patrol units to be assigned
during a patrol shift, the problem is to design k& patrol beats so as to equalize
workload [30]. The area assigned to each patrol beat must have desirable
geometric properties: it must be contiguous and avoid shapes (such as long and
narrow) that would make patrolling difficult or inefficient. As such, the problem
has some similarities to the well-known political districting problem. The
computation of the workload for a given area requires historical data on the
incidence of various types of incidents by census tract. The problem is solved with
a heuristic developed for political districting that uses a transportation subproblem.
The computations of the design study were carried out using 1966 data for the City
of Cleveland, which had 58 beats and 205 census tracts.

Traffic Safety: Together with Nancy David and Robert Cronin, Saul [105]
conducted a simulation study on the role played by citizens band (CB) radio in
traffic safety for the National Highway Traffic Safety Administration (NHTSA).
The main task of the simulation model is to compare the response times for the
case where the highway patrol system has CB installed to the case when CBs are
not used. The simulation model tracks the movement of vehicles and the
occurrence of incidents along a single road link with two-way traffic. It is assumed
that a vehicle with CB can report an incident to a patrol car with CB, or to the
highway patrol base station. As an example of the summary statistics produced,
the model indicated that the time to accident notification with the use of CB is 47%
of the time without CB, and that the time to actual response to the accident with CB
was 75% of the time to response without CB. Similar percentages were developed
for other incidents that compromise traffic safety (e.g., roadway hazards).

In another project for the NHTSA, Gass, David, and Levy [106] describe a
system flow model that captures the common structure of NHTSA traffic safety
demonstration projects. This common structure involves the flow of people
through a network of stages where the stages correspond to activities of a traffic
safety program. For example, the flow might track convicted DWI offenders and a
program might be a special treatment for a subset of such offenders. The stages
can be modeled as queueing subsystems with sojourn times and delays. The model
tracks the flows between successive stages, exit flows, and recidivism. The authors
describe the model details and illustrate the structure with a case study on DWI
probation.

Personnel Planning Models: Another class of models that can also be viewed as
flow models are personnel planning systems. The basic personnel planning
problem is to “determine the number of personnel and their skills that best meets
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the future operational requirements of an enterprise” [67]. In his review paper
[67], Saul describes the basic structure of these models as integrating a Markov
transition submodel with a network (or LP) optimization model. Saul’s work in
this area has focused on military manpower planning. In 1984, Saul was engaged
as a consultant by Sigma Systems to extend and implement the Army Manpower
Long Range Planning System (MLRPS). This model was originally designed in
1982-83 and moved to the Army computer in Washington, D.C. in August 1983.

U.S. Army personnel models are “designed to determine by grade, skill, and/or
years-of-service, the number of soldiers (or officers the Army can put in the field...
so as to meet manpower goal over 7- to 20-year planning horizons.” [104]. The
flow model uses a Markov chain to project the flow of personnel accounting for
transitions due to promotions, separations, skill migrations, and so forth. This is
coupled with an optimization model that analyzes how the Army can best achieve a
future force structure starting from its present state. The optimization goal
programming (GP) model is driven by the goals the user inputs for skill-grade
combinations by time period. The model allows the user to address such policy
questions as “what accessions, promotion and separation rates will best transform
the Army’s present force structure to the one that will be required 20 years from
now?” [104]

Personnel planning models are generally large-scale [49]. A typical model may
have 7 grade classifications and 33 skill identifiers, which gives 7 x 33 = 231
grade-skill combinations to track over T years. If T = 10, the linear goal
programming formulation of the MLRPS has 9,060 equations and 28,730 variables,
of which 13,900 are deviation variables associated with the target goals. Saul’s
work with the MLRPS model led him to investigate procedures for setting the
objective function weights for large-scale GP models [53] and exploiting the
network structure within large GPs [79]. Saul has also studied the Accession
Supply Costing and Requirements (ASCAR) model that determines the recruiting
needs of an all volunteer Armed Forces to meet target goals [9].

In reviewing Saul’s work on modeling, it is also important to mention his
edited volumes where one can find comprehensive reviews of models in a given
domain. The Gass and Sisson edited volume [124] is an early and important
example of this category. This volume was prepared for the Environmental
Protection Agency to review governmental, urban, and public modeling efforts.
Environmental topics such as waste management and air pollution are discussed.
The book has a much broader range, however, covering such areas as justice,
education, health, and transportation planning. Saul’s work on expert systems in
emergency management [102, 103] is another example.

7 The Expositor of OR

Many individuals in the field of OR first came to know Saul through his linear
programming text. Others may have first read one of Saul’s articles in Interfaces.
Today, we recognize Saul as one of the master expositors of OR and the recipient
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of the INFORMS Expository Writing Award for 1997. How did this dimension of
Saul’s career develop? To find the roots, cherchez Project SCOOP!

Saul wrote his first expository paper on LP at the request of Walter Jacobs at
Project SCOOP. Jacobs asked Saul to prepare a non-technical pamphlet on LP
aimed at an Air Force audience. The result was a guide entitled, “The Application
of Linear Programming Techniques to Air Force Problems,” published as an
internal USAF paper in December 1954 [23]. This guide is 27 pages long and
makes use of Air Force applications. For example, the transportation problem is
introduced as shipping units of equipment required for the B-47 from three source
Air Force bases to five destinations. Saul also describes a production smoothing
problem and points out the conflicting objectives of minimizing the fluctuations in
output and the excess monthly surpluses. The guide ends with a discussion of the
contracts awards problem that arises when the Air Force procures items from
civilian sources. Each bidder offers the unit at a known price and must observe
minimum and maximum limits on its production quantity. The Air Force must
award contracts in such a way as to minimize the total cost. This problem
reappears in Saul’s texts [26, 50].

The origin of Saul’s Linear Programming text goes back to the introductory LP
course George Dantzig taught at the US Department of Agriculture (USDA)

Graduate School in 1950. When Dantzig left for RAND, George O’Brien — a part-

time researcher at Project SCOOP — taught the course in Fall 1952. O’Brien, in
turn, asked Saul to teach the course when he left the Washington area for Detroit.
He then prepared a set of notes for the USDA course that he also taught to his
coworkers at the Pentagon. This led to the notion of writing a text on LP. The
material in Gass’ text was originally prepared for a semester-long course with 16
lectures, each 2.5 hours in duration. In 1954-55, Saul sent a couple of chapters to a
few publishers, until McGraw-Hill signed a contract to publish the text. He
finished writing the text during his first year at IBM (1955-56). During this time,
Saul went to the Library of Congress on Saturdays to do his writing.
Appropriately, the dedication to Trudy Gass mentions “lost weekends.”

Published in 1958, this was the first text on LP. In fact, the only book-length
accounts of LP preceding Saul’s text were the monographs by Charnes and Cooper
[7] and Vajda [148]. The first edition of Linear Programming was translated into
Russian in 1961 and was the first book on the subject in the Russian language.
Later, the text was also translated into Spanish, Polish, Czechoslovakian, Japanese,
and Greek, providing the first text on LP in these languages as well. Subsequent
editions appeared in 1964, 1969, 1975, and 1985. The fifth edition of this text [51]
was also reprinted as a Dover paperback in 2003.

The first edition of the text comprised 12 chapters. The first chapter introduced
LP and gave three examples: the transportation problem, activity-analysis, and the
diet problem. Chapter 2 provided basic mathematical background on linear algebra
and convexity. Chapters 3-9 developed the theory and algorithmic procedures for
LP. The last three chapters covered the transportation problem, general LP
applications, and the relation between LP and the theory of matrix games. The
book also included a bibliography of LP applications organized by application
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domain and based on the Riley-Gass bibliography [141]. A comparison between
the first and fifth editions is given in Table 1.

Table 1. Comparison of the contents of the first and fifth editions of Linear
Programming.

First Edition | Fifth Edition
Publication year 1958 1995
Number of pages 223 532
Length (in pages) of chapter on 3 77

LP applications (Ch. 11)
Number of references 102 736
Number of works in the

applications bibliography o1 433
Number of exercises 43 380

Saul also published another major book and work of reference in May 1958.
This was the compendium entitled Linear Programming and Associated
Techniques: A Comprehensive Bibliography on Linear, Nonlinear, and Dynamic
Programming, published by the Operations Research Office (ORO) at the Johns
Hopkins University. This bibliography cited over 1000 items that included articles,
books, monographs, conference proceedings, and theses. The cut off was set for
June 1957 (Saul’s LP text is cited as in press!). The book was divided into three
parts. Part I provided the introduction and Part IT covered the general theory. Part
III of the bibliography, which was devoted to applications, accounted for 290 pages
of the total 613 pages of the book.

Saul’s co-author, Vera Riley, was Staff Bibliographer at ORO. While she had
no training in OR or mathematics, she located the key references and was adept at
reading a document and abstracting its main contributions. To expedite the work,
Riley and Gass used the abstract provided by the work cited. However, when a
cited work did not have an abstract that could be readily used (as with books), Saul
wrote the annotation for the bibliography [99].

In 1961, Saul published a survey of recent developments in LP as a chapter in
the prestigious series Advances in Computers [27]. The topics reviewed in this
chapter include decomposition methods, LP applications, stochastic LP, integer
programming, and nonlinear programming. Most of the research and references
cited in this work were published during 1957-1960. Thus, in a sense, the work
updated the Riley-Gass compendium [141] in the domain of LP. Of special
historical interest is the section on LP codes and procedures, which comprises close
to 40 of the 83 pages of the chapter. In this section, the LP codes are arranged by
computing machine, and then by problem type. The reader will find many codes
where the problem size is constrained by m < 100 or m n < 1500.

Among Saul’s books, the primer entitled An Ilustrated Guide to Linear
Programming occupies a unique position [31]. The novelty lies in the illustrations
and the lively and humorous expositional style. Not counting graphs and tables,
there are 25 illustrations involving graphic characters conjured by the illustrator
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William F. McWilliam to bring the concepts to life. Previously, Williams’ primer
on game theory [149] had made use of illustrations. But in the opinion of this
reader, the illustrations in [31] are more elaborate and support the discussion in the
text more effectively.

The first half of the Hlustrated Guide is devoted to problem formulation. The
reader encounters the classical LP problems: the transportation problem and
traveling salesman problems, the caterer and trim problems, personnel assignment
and activity analysis. The caterer problem, for example, is described as a
management science consulting assignment addressing the issue of dirty napkins
for the Mad Hatter’s tea parties. The consultant’s report appears in a different
typescript under the title: An Analytical Analysis of Interactive Activities as related
to the Economics of Functional Gatherings: A preliminary linear programming
model of a tea-party subsystem. Clearly, Saul was writing as one who knew the
consulting profession all too well!

Despite the introductory nature of the text, Saul takes the time to explain the
historical origins of some of the military applications. A historical footnote
explains that the caterer problem disguised the procurement of repaired aircraft
engines. Another footnote recounts the origin of the contract-awards problem,
which goes back to Saul’s Project SCOOP days:

The relationship between the contract-awards problem and the transportation
problem was first discovered and exploited by mathematicians of the U.S.
National Bureau of Standards (NBS), working with personnel from the
Philadelphia quartermaster depot. Prior to the advent of linear programming,
each problem was solved by submitting the bids to a series of evaluations
conducted by different analysts. When no change could be found, the
successful bidders would be announced, and everyone would hope for the
best. When the first operational tests were conducted using the NBS
computer, the SEAC, the quartermaster group continued to solve the problems
with their analysts in order to build up the necessary confidence in the linear-
programming approach. The computer solutions were always better than, or
at least as good as, the quartermaster solutions. [31, pp. 107-108].

In 1985, Saul published a new textbook entitled Decision Making, Models and
Algorithms [50]. The objective of this text was to expose the mathematically
inclined undergraduate student to the decision sciences as used in OR/MS. Of the
22 chapters of this text, 16 are taken from the Hlustrated Guide. Thus, this new text
is partly a reincarnation of Saul’s 1970 classic, complete with the illustrations that
enlivened the Guide. However, Decision Making also has much new material,
including chapters on modeling, decision trees, and the AHP. Of special
pedagogical interest is the material collected in the five chapters that close the five
parts of the book. These chapters reflect Saul’s skills of exposition and his passion
for explaining the methods and practice in an accessible way.

Saul’s major book-length work in the 1990s is the Encyclopedia of Operations
Research and Management Science, which he edited with Carl M. Harris [110,
111]. Saul was approached by the publisher to embark upon this project in 1994.
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Saul invited Carl Harris to join him, and it took them two years to complete the
Encyclopedia; the first edition was published in 1996.

The second edition [111], which appeared in 2001, is over 900 pages long and
lists 1136 entries. The editors commissioned over 200 expository articles that run
3-6 pages in length. One of the noteworthy features of this work is its list of
contributors. The editors succeeded in soliciting contributions from leading
authorities in OR and management science. Having read a large number of the
longer entries, I believe that the Encyclopedia is also an expository triumph: special
care is taken to make the articles accessible and tutorial in nature. The book is
dedicated to Carl Harris and Hugh Miser, in memoriam.

This section has mainly focused on Saul’s book-length publications. Saul is
also well-known for his expository or review articles. These works are not
discussed in this paper but the following examples may be cited: AHP and rating
[2, 18, 87, 95]; LP and extensions [52, 63, 71]. Modeling and applications [47, 59,
67, 68], and teaching OR [112, 2, 80].

8 Manager of the Modeling Process
8.1 Scrutinizing the Modeling Process

For close to thirty years, Saul has studied not just the technical contents of models,
but the “total environment of decision-making with models,” which he has chosen
to call “managing the modeling process” [56, 66]. Saul’s interest in the area was
an outgrowth of a series of studies sponsored by the National Institute of Standards
and Technology (NIST), The Department of Energy (DOE), and the U.S. General
Accounting Office (GAO). Saul also drew upon his experience with OR studies
and projects in the public sector during his consulting years.

In the early 1970s, Saul became involved in the evaluation of police protection
models as a principal investigator of the National Science Foundation grant to
Mathematica. His task was to evaluate 50 models based on the documentation
provided and the accompanying research papers. Saul was faced with the
challenge of developing a framework for evaluation. Reflecting on the project, he
writes:

Our first problem was to determine what was meant by evaluation and how
you do it. The literature gave little guidance, so we developed our own
evaluative process. I quickly learned that analysts do not document, cannot,
or will not write well, do not state their modeling assumptions, are unclear as
to their data sources, maybe perform sensitivity analyses but do not tell you,
and so on.... For me, the outcome was to start thinking about the problem of
what we really mean by good modeling practices and implementation, and
how do you evaluate model-based projects. [56]

Saul’s next investigation of the modeling process was to help the U.S. General
Accounting Office (GAO) develop a procedure for the evaluation of complex
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models. The historical background on the events that led to this effort is provided
in [73] and [81] and is briefly summarized here.

In the mid-1970s, Federal agencies were using computer-based policy models
to support the executive branch in addressing policy and legislative issues in such
areas as energy and welfare. Congress wanted to know how these models worked
and directed the U.S. Government Accounting Office (GAO) to evaluate the
Project Independence Evaluation System (PIES) model developed by the Federal
Energy Agency. In 1976, GAO published its review of PIES [145], marking the
first federal effort in model evaluation. Soon afterwards, a provocative GAO report
[146] suggested that model development activities can be improved in a host of
different ways. In the face of such concerns, the question of model evaluation
arose naturally: How does one conduct an evaluation of a complex computer-based
policy model? Moreover, the evaluation of PIES caused GAO to recognize the
need for a more formal process of model evaluation. It is important to recall that
PIES was the first experience of GAO in assessing complex policy models and that
in 1975-1976, the prior literature on this subject was “basically non-existent.” [56].

In April 1977, Saul organized a workshop at NBS [39] to expose model
developers and users to the GAO report [146] and to elicit reactions from this
group. The main controversial topic was GAO’s gated approach with five phases,
each of which could potentiaily arrest further development of the model. Also
discussed was Saul’s questionnaire-based approach to model assessment [35, 36].
The discussions at the workshop reinforced Saul’s belief in the need for a life-cycle
approach to computer model development and documentation. Saul’s framework
defined thirteen phases starting from embryonic initiation, through development
and validation, to implementation, maintenance, evaluation, and documentation
[37, 38]. Along with Bruce Thompson, Saul also continued his involvement in
shaping the framework GAO was preparing to guide model evaluation. The final
document appeared in 1979 as the publication Guidelines for Model Evaluation
[147]. As Saul [81] put it, “the importance of this document is that if project
personnel were constrained to furnish the evaluative information suggested by the
‘Guidelines’, the success rate of our modeling projects would increase greatly.”
The GAO Guidelines identified five major criteria for model evaluation:
Documentation, validity (theoretical, data, and operational), computer model
verification, maintainability (updating and review), and usability. To bring its
message to the attention of OR analysts, Gass and Thompson published a summary
of the Guidelines in Operation Research [126].

Saul’s perspective on managing the modeling process has drawn from his long
involvement with the assessment of energy models. He has cited the case of
DOE’s Energy Information Administration (EIA) on several occasions for having
“put into place a quality assurance program that, except for nuclear and some
defense activities, is probably the most advanced in the world’ {81]. Saul was an
early contributor to the EIA quality assurance and evaluation program. In the mid-
1970s, he was funded by EIA through NBS, along with parallel efforts at MIT
(Edward Kuh and David Wood), Berkeley (David Freeman), and Stanford. Saul’s
work in this area resulted in his first publications on the subject [35, 36], followed
by a review of different assessment frameworks for energy models [41, 43, 44].



Portrait of an OR Professional 47
8.2 Evaluation of Complex Models

In one of his first publications on the modeling process, Saul defines model
assessment or evaluation as “the process by which interested parties, who were not
involved in the model’s origins, development and implementation, can assess the
model’s results in terms of its structure and data inputs so as to determine, with
some level of confidence, whether or not the results can be used in decision
making” [35]. This process is necessary because (a) the ultimate decision makers
are typically far removed from the modeling process, (b) the applicability of the
model to a new domain of use must be assessed, and (c) because the complex
interactions between the model assumptions, inputs, structure, and results are best
understood through a formal independent evaluation process. Saul states the basic
philosophy behind model assessment and its relevance to the analyst in the
following terms:

In the development of any model, the mode! developers should assume that
their model will be subjected to an independent assessment, and thus, it
behooves them to impose the explicit discipline of an assessment
methodology and related project management controls to ensure that
acceptable and correct professional procedures are imposed on all aspects of
the model structure and use. [19]

The OR analyst should be particularly concerned with the model evaluation
process because the outcome of an evaluation is really a recommendation to
the decision maker whether or not to use the output of the analyst’s model.
[46]

Saul’s approach to model evaluation appears in a string of publications [35, 36,
114, 126, 42, 43, 47] culminating in the comprehensive account provided in the
Operations Research feature article [46]. Saul [43] reviews several frameworks for
the assessment of energy policy models. His framework in this paper builds on and
synthesizes previous proposals for evaluating computer-based and policy models.
He adopts the distinction made by Fishman and Kiviat [17] between model
verification and validity. Briefly stated, for computer-based models, “the process
of demonstrating that the computer program ‘runs as intended’ is termed
verification.” Model validation “attempts to establish how closely the model
mirrors the perceived reality of the model user/developer team.” [46]

Verification must ensure that the computer program describes the model
accurately, has no errors of logic, and that it runs reliably. As such, verification is
chiefly the concern of programmers and must precede the validation process.
Following the GAO framework [126] that Saul helped develop, validation
comprises three major components: technical, operational, and dynamic validity.
“Technical validity requires the identification of all model assumptions, including
those dealing with data requirements and sources, and their divergences from
perceived reality.” Tt can further be subdivided into model validity, data validity,
mathematical, and predictive validity. The last element examines errors reflecting
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the difference between actual and predicted outcomes. Operational validity
assesses “the importance of errors found under technical validity” and includes
sensitivity analysis. Finally, dynamic validity examines “how the model will be
maintained during its life cycle so that it will continue to be an acceptable
representation of the real system.” [46]

Saul also uses the assessment framework to propose a questionnaire for the
utility evaluation of a complex model [36]. The questionnaire uses thirteen criteria
to assess model utility as follows:

Computer program documentation
Model documentation

Computer program consistency and accuracy
Overall computer program verification
Mathematical and logical description
Technical validity validation
Operational validity

Dynamic validity

. Training

10. Dissemination

11. Usability

12. Program efficiency

13. Overall model

WA WON -~

In another study related to the utility of complex models, Saul [142] sought expert
opinion on how the utility of large-scale models can be improved by surveying.
The study surveyed 39 modelers with diverse affiliations and application domains
to obtain their reactions to a list of 18 key ideas for model improvement (e.g.,
model user training, verification and validation plan, and a mode! ongoing review
panel).

The preceding brief account suggests that model evaluation and assessment is a
multi-faceted topic with fluid boundaries and subject to different interpretations.
Saul’s path through this maze is marked by a level-headed consideration of past
frameworks, avoidance of rigid requirements, and pragmatism. Based on [58, 60]
and other sources cited above, I would summarize Saul’s overall view of model
assessment as follows:

there is no single “correct™ assessment process that works for all models
the assessment process can and should be formally developed

e the assessment process should be informed by the valuable past
experience with complex models, their use, and implementation

e the assessment framework should remain attentive to the intended use of
the model and what is practical or helpful to the ultimate users

e effective project management requires that a life-cycle view of model
development and assessment be adopted

e assessment should not be an afterthought; it is expensive and ineffective to
conduct ex post
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e ongoing evaluation is a mark of professional quality and results in an
improved development process overall

e the OR analyst should maintain a keen interest in the processes of
evaluation

Based on his long-standing scrutiny of complex models, Saul is emphatic on the
importance of model evaluation. Here is how he brings the point home.

From our perspective, good modeling practice assumes that someone,
someday, will knock at your door and shout: “Open up, it’s the modeling
police force! We’re here to take your model down to Headquarters, question
it to see what makes it tick, and plug it into the lie detector machine to
determine if it tells the truth. You have three minutes to call your analyst,
programmer, and lawyer”. ... If you were the poor soul behind the door, what
would you wish you had done so that the evaluation of your model comes out
excellent? [81]

8.3 Model Documentation

The preceding account of model evaluation indicates the pivotal role played by
model documentation in the process of independent or third-party assessment of
policy models. Often, the analyst conducting such an assessment must often rely
on the documentation provided for the model as the primary source of information.
Moreover, “it is clear that the lack of documentation hinders both the
dissemination and use of models, especially models for analyzing policy decisions”
[113]. This makes model documentation a critical element of model usability. As
Saul puts it:

The evaluator must review the model documentation that will be made
available to the decision makers, computer system operators, analysts, other
possible users, and interested researchers. This review must establish the
value of every type of documentation in terms of their specific purposes. The
understanding of a complex model rests on the clarity of its documentation
and its associated training program. [48]

Documentation of a model is extremely important. A management plan for
the production of documentation is an essential component of the
management plan for a model... This must be understood by sponsors and
developers and should be addressed (and funded) in contractual arrangements.
[113]

In 1979, Saul and his coworkers conducted an assessment of a major modeling
effort at the Energy Information Administration (EIA) of DOE. They evaluated a
large-scale model called MOGSMS that provided forecasts of oil and gas supply
and proposed guidelines to DOE on the organization of model documents [113].
Their hierarchical view of documentation has four levels and calls for twelve
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specific documents. The levels are (1) rote operation of the model, (2) model use,
(3) model maintenance, and (4) model assessment. The relevant documents for
each level are described and placed on a four-shelf “model bookcase™ for visual
effect.

In 1979, Saul prepared a report for the Institute for Computer Sciences and
Technology of the National Bureau of Standards in which he proposed guidelines
for the documentation of computer-based decision models of DOE. This report
prescribed a total of 13 documents that corresponded to different phases of the life
cycle of the model [38]. Saul has also summarized his guidelines for model
documentation in a paper in Interfaces [48]. The outcome of the documentation
process is four manuals directed at the analyst, the user, the programmer, and the
manager. For each of these, Saul suggests a detailed table of contents.

Saul summarized the guiding theme of his approach to documentation as
follows:

The documentation of computer-based models should provide specific and
detailed information organized and presented in a manner that will satisfy the
needs of each segment of the model’s audience. The audience consists of the
model’s sponsors and users (possibly non-technically oriented), the model’s
analysts, programmers, and computer operators; other users, analysts,
programmers and computer operators; and independent model evaluators.
[48]

8.4 Model Credibility

Suppose that a set of procedures for model assessment is agreed upon and
followed. What is the ultimate result of following such procedures? Gass and
Parikh [116, 117] discuss the notions of baseline analysis and credible analysis for
complex policy models. Ultimately, a judgment is made on “the measure of
confidence or credibility a user should give to the model’s results” [46]. Saul
reminds us of the subjective element in the notion of model confidence:

We emphasize that model confidence is not an attribute of a model, but is an
information-based opinion or judgment of a particular user for a given
decision environment,... The level of confidence may vary from user to user
because of differences in application requirements, and subjective judgmental
preferences... Model confidence is subjective, each decision maker
internalizes the available information by means of an imprecise algorithm for
evaluating model confidence. [46]

While there is no precise procedure for determining this level of confidence, Gass
and Joel [114] propose an approach and provide a set of criteria that an independent
observer can use to rate (score) the model under evaluation. Building on this work,
Saul suggests a modified approach for rating model accreditation based on the
AHP. The criteria for the AHP are: specifications, verification, validation,
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pedigree, configuration management, usability, and documentation, each with its
own list of subcriteria.

Together with several coworkers from the U.S. GAO, Saul also adapted the
model assessment framework to evaluate simulation models and tested the
approach on three Army simulation models [19]. The three simulation models
were used in two antiaircraft defense systems—the portable surface-to-air Stinger
missile and the division air defense gun (DIVAD). The objective of this study
“was to demonstrate that it is possible to systematically collect and analyze
information about a simulation that would permit an assessment of the credibility
of that simulation to be made” and to identify the steps DOD had taken to ensure
this credibility [19].

For each of the three simulation models evaluated (ADAGE, Carmonette, and
COMO 11I), Fossett et al. [19] describe the type and key features of the model as
well as its intended use. They assess the credibility of each model based on theory,
model design, input data, correspondence to the real world, organizational support
structures, documentation for users, and reports of strengths and weaknesses.
Fosset et al. [19] acknowledge that “of all OR methodologies, simulation has
always been in the forefront of verification and validation research and stressed
the necessity of applying verification and validation tests.” The assessment
framework they provide suggests that OR analysts may have focused on just a
subset of the full list of assessment components that relate to validation and
verification (e.g., input data quality, statistical representation, and sensitivity).
One contribution of this study is to bring the challenges of assessment into sharper
focus for a class of models that form an integral part of the OR toolkit.

Based on his assessment work on simulation models, Saul was invited to
participate in the model validation, verification, and accreditation (VV&A)
working group of MORS- the Military OR Society. A brief account of model
accreditation and the relevant activities of this group is given in [81]. Other model
assessment studies in which Saul participated include the evaluation of the
Dynamic General Equilibrium Model, a dynamic model of the U.S. economy used
to understand the impact of mobilization on the economy [6]. Finally, Saul has
also participated in the development of guidelines for emergency management
models [5].

9 The OR Professional, Statesman, and Ambassador

In 1996, in the course of a discussion of academics and practice as the two sides of
OR, Saul summarized his career as follows.

My career spans both sides of the OR Equation. For 25 years I worked as a
mathematician and an OR analyst, and I directed OR for a couple of
consulting firms; I had the good fortune to work in some important areas:
Linear programming, the first man-in-space program, criminal justice, energy
modeling and manpower systems. I have been there. For the last 20 years, I
have been an academic. I have been there, too! [78].
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If we add 10 years to the numbers cited, it remains an accurate description of Saul’s
55-year long career in OR. Saul’s experience base and his blend of academics and
practice place him in a select group among the leading members of our profession.
As a scholar and teacher, Saul has published extensively. His publications include
six books, 80 journal articles, nine book chapters, at least 12 proceedings articles, 4
edited volumes and reports, and a dozen other occasional pieces. The counts given
are based on the references given in this article and should be viewed as lower
bounds. While reasonably comprehensive, this list leaves out some items and does
not account for multiple editions, translations, and so forth.

Saul has written about the “three P’s of OR: Practice, Process, and
Professionalism” [58]. Remarkably, another facet of Saul’s contributions emerges
when one considers his involvement in the profession as an active and vocal
citizen. This section focuses on this facet and its relation to the three P’s of OR.

9.1 The OR Professional as Concerned Citizen

Saul’s care and concern for the well-being of the OR profession has been a theme
expressed in numerous articles, plenary addresses, position statements and other
outlets. Chief among these is his collection of “Model World” articles in Interfaces.
In these articles, Saul expressed his views on the full range of issues in our
profession in an accessible and direct style. Twelve such articles have appeared
during the period 1990-2005 addressing such issues as models and the modeling
process [62, 64, 65, 112], the profession and its ethics [77, 82, 115], the history of
OR [65, 89, 101], the meaning of such rankings as the Business Week survey of
business schools [87], and the publication practices of OR/MS journals [78].

In addition to “Model World,” Saul has expressed his views on the profession
in various plenary addresses, invited articles, or special feature articles. A review
of his writings on these occasions shows that Saul returns to several key themes. 1
take these to be Saul’s professional credo. Using Saul’s article for the President’s
Symposium in Operations Research [54] as a starting point, T will try to summarize
these themes.

OR: its past, present and future. Saul has presented his view of “what OR has
done and should do” in [54]. Saul states that “OR has arrived,” in the sense that it
has successfully solved a wide variety of operational problems that the OR pioneers
took as their challenge. While OR should take pride in its accomplishments, the
operational outlook is too “restrictive a view of what OR can and should be.” In
the future, OR will have to tackle complex organizational problems, meet the
challenge of decision-making in real time, and contribute to policy analysis [82].

Professional identity and the OR process: On several different occasions, Saul
has sounded a note of alarm on how the status of OR as a profession runs the risk
of being diluted as diverse professions adopt and use OR techniques [54, 64]. For
Saul, this risk is heightened by the identification of OR by its methods alone and
calls for a shift in perspective.
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Unless we bring structure to our profession, that is develop and promulgate
guidelines of technical conduct — what may be termed the process of
Operations Research — we will soon not have much to claim as our specific
professional domain. In the eyes of technical compatriots and those in
management who support us, we must be something other than methods. [58]

There has not been any improvement in what I term “managing the modeling
process.” I think it is a serious concern; one, that if not corrected, will see the
profession of OR/MS being subsumed by the other disciplines that are
managed better (or at least appear to be better managed). [56]

Professional Quality: As a profession, OR must not only develop “high standards,
guidelines and management procedures,” but also demonstrate to management that
OR professionals can manage a complex project and complete it “fo specifications,
on time and within budget.” Such questions as “how does the total modeling effort
fit into the life-cycle of the project?” must be addressed [54]. For Saul, the broad
issues of model evaluation discussed in Section 8 are an integral part of this
integration.

The Science of Modeling: Saul has challenged the OR profession to develop a
science of modeling. [54, 58]. He commends computer science for making the
study of what it does an object of inquiry and believes that OR should do the same.
“Unlike those working in the field of computer science, we have not attracted the
behavioral and psychological researchers to the study of the practice and
implementation of our professional endeavors.” [66]

Ethics: Saul has articulated his position on ethics in MS/OR clearly:

It is essential for the future well-being of the MS/OR profession that its
ethical concerns and problems be investigated and discussed in a more
demanding fashion, especially by our professional societies. The problems
will not go away... MS/OR needs a code of ethics and standards for
professional practice. [77]

The reader can rightly ask, “Do modelers need a code of ethics?” My answer
is a resounding “Yes!” ... That most important ethical concern [that we as OR
analysts face] is adhering to proper professional practices in the development
and reporting of our work. [72]

Saul’s interest in professional ethics and code of conduct in OR is of long standing.
He took a keen interest in the Guidelines for Professional Practice that appeared in
Operations Research in September 1971 [8], participated in the debate surrounding
the Guidelines [33], and reviewed its history for the next generations of OR
professionals [66, 69].  Saul supports the original 1971 Guidelines and has
regularly cited this effort in his writings on ethics [66, 76]. He suggests that the
guidelines are most appropriate when combined with the framework he offered in
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[56]. In two articles [66, 77], Saul reviews other examples of codes of professional
conduct and gives an interesting account of his presentation to (and interactions
with) the doctoral students at ORSA doctoral colloquia on the subject of
professional ethics.

In his historical review, Saul reminds us that the Guidelines were written in the
aftermath of a controversial study of the antiballistic missile system (ABM).
Because the techniques of the study drew upon military OR, the Operations
Research Society of America was drawn in. This brings up the thorny issue of the
appropriate code of conduct for analysts when they find their models entangled
within an adversarial process. Saul reminds us that “models have a life of their own
and are subject to use beyond the original intent; they are becoming tools of
advocacy” [66]. Saul presents two interesting case studies of this situation in [66,
69, 73].

9.2 Ambassador to the OR World

Globalization may be very much in vogue nowadays, but for Saul it has been
second-nature to view MS/OR as a “problem-solving discipline that crosses
geographical boundaries” [62] . His extensive international travels have served to
build personal and professional relations, for sure, but Saul has also actively sought
to learn about OR practice in other countries and has chosen to spend his
sabbaticals outside the United States. A brief review of his international contacts
will indicate Saul’s passion for worldwide travel.

In 1977, under the US/USSR Academy of Sciences Exchange Program, Saul
spent one month in the Soviet Union visiting scientific institutions in Moscow,
Kiev, Tbilisi, and Novosibirsk. This led to his participation in other US-USSR
exchanges. One such exchange was a workshop on large-scale optimization, in
which researchers from the Central Economic Mathematical Institute of the USSR
Academy of Sciences (Moscow) participated. Saul organized this workshop in
College Park in January 1990. In June 1990, Saul led the U.S. delegation that
visited Moscow. In May 1993, he led a delegation of 15 Operations Research
professionals to Russia and Hungary under the auspices of the Citizen Ambassador
Program.

In 1981, Saul was invited to present a seminar on Operations Research in the
U.S. for the International Institute of Technology in Tokyo. In 1983, he lectured in
England on model validation and assessment under the auspices of the British
Science and Engineering Council and the Operational Research Society. In 1988,
Saul spent his sabbatical at the University of Anadolu, Eskisehir, Turkey and
lectured at universities in Ankara and Istanbul. In 1985, the Beijing University of
Iron and Steel Technology and the Chinese Academy of Sciences invited Saul to
visit China, where he lectured in Beijing, Xian, and Shanghai. In 1986, he was an
invited lecturer at universities in Brisbane, Australia and Auckland, New Zealand.
In 1988, he was a plenary speaker at the First International Symposium on the
Analytic Hierarchy Process, Tianjin, China.

Saul spent two months at the Computer and Automation Research Institute,
Hungarian Academy of Sciences as a Fulbright Scholar for 1995-96. He was an
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invited speaker at the First (1995) International Conference on Multi-Objective
Programming and Goal Programming (MOPGP) held in Southhampton, England
[79]. He presented the first Abraham Charnes Lecture at the second MOPGP
conference held in Torremolinos, Spain in May 1996 [83].

In 2001, Saul was selected for a five-year term as a Fulbright Senior Specialist
by the Fulbright Program administered by the Council for International Exchange
of Scholars and has visited several countries as part of this program. More
recently, he was selected as the IFORS Distinguished Lecturer plenary speaker for
the joint IFORS/EURO conference held in Reykjavik, Iceland, July 2-5, 2006.

In his capacity as an observer of the international practice of OR, Saul has
discussed OR technology transfer to developing countries and the practice of OR
around the world. In 1987, Saul was the keynote speaker at the 11th Triennial
Conference of the International Federation of Operational Research Societies'
(IFORS), held in Buenos Aires. At this meeting, Saul addressed MS/OR
technology transfer and stated:

I believe that each country must develop its own approach to the practice of
MS/OR, a practice that fits within and is part of the country’s cultural and
managerial decision-making framework. A country’s unique ethos must
define its approach to the practice of MS/OR. [62]

In September 1990, Saul returned to this theme when he delivered the opening
plenary address at the national meeting of the British Operational Research Society
in Bangor, Wales [66]. He reviewed some of the reasons why projects involving
OR technology transfer failed in developing countries. Commenting on the
challenges faced by OR analysts in these projects, Saul wrote:

Operations researchers in developing countries have a most difficult task.
Their management wants results now; they want pay-offs similar to those
acclaimed in the developed countries. But the successes in the developed
countries were not easy to come by; they took 40 years of research and
application, and an evolving management style before they bore fruit....
Operations researchers in developing countries know the science of OR, but
they must develop their own culture of OR that can grow and bear fruit in
their soil. The developing countries will benefit if they do diverge from the
way OR is practiced in the developed countries. I think they can do a more
efficient job of it by applying the discipline of a modeling life-cycle approach
to their OR projects. [66]

9.3 The Chronicler of OR

In his reflections on the 50™ anniversary of the founding of ORSA [89], Saul
recalls the 71 persons who attended the founding meeting of ORSA on May 26 and
27, 1952 at the Arden House, Harriman, New York. Saul calls this group, together
with a dozen pioneers who were not founding members, the first generation of OR
professionals. Thirteen members of this group served as ORSA Presidents through
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1974. This places Saul, who was President of ORSA in 1976, in the second
generation. He remarks:

One might say that starting in 1975, the administrative and organizational
aspects of ORSA were managed by a new, second generation of OR
professionals... My emphasis on the generational aspects of OR lets me segue
into my main theme: the training and experiences of my generation of OR
professionals were shaped by the early decades of remarkable scientific and
management advances by the now somewhat forgotten first generation. [89]

The remarkable (some would call it explosive) achievements of these pioneers of
OR is what Saul has tried to convey in his various historical writings. He believes
that the insights of these founding OR scholars and professionals continue to be
instructive today. This is one reason why I have included Saul’s historical writings
as part of his expository opus.

Saul’s historical papers fail into two groups. The first group has to do with key
periods of historical and scientific interest in which Saul was involved personally.
Project SCOOP and the origins of LP is covered in [61, 65, 81, 88]. Saul’s Project
Mercury experience appears in [27, 85]. The Washington OR scene is described in
[81]. Other works in this category are Saul’s appreciations of George Dantzig [93,
96] and the memorial article Saul co-authored with Don Gross on their friend Carl
Harris [109]). Saul has also written short biographies of George Dantzig, A. W.
Tucker, and John von Neumann for the Hall of Fame section of the International
Transactions in Operational Research [93, 94, 98].

The second group consists of historical pieces that cover specific OR/MS
pioneers or a given period of the OR/MS profession. Saul recalls and reflects on the
founding of ORSA [89], reviews the history of the definition of OR [101], and the
early history of LP [61] as a response to the article by Robert Dorfman on the same
subject [13].

The work of Saul with Susan Garille on the diet problem [22] offers an
interesting blend of history and practice; one might refer to this work as old wine in
a new bottle! Garille and Gass consider the original diet problem posed by Stigler
in 1945: Given 77 foods and nine nutrients (including calories), find the diet that
meets the recommended dietary allowances (RDAs) for the nutrients at minimum
cost. Garille and Gass recount how Stigler’s diet cost $39.93 using 1939 data, as
compared to the optimal solution obtained with the simplex method in 1947 at a
cost of $39.69. They go on to discuss the subsequent history for the diet problem
and solve an updated version using 1998 prices and RDAs.

In 2002, Saul published several articles to commemorate the 50" anniversary of
the founding of ORSA [88, 89, 90, 91, 92]. One of these was a timeline of key
events in OR history [91]. It listed 241 events that captured the development of the
field. Together, Saul and Arjang Assad expanded this list into a book with 417
annotated entries published in 2005 as An Annotated Timeline of Operations
Research: An Informal History [100]. Saul dedicated the book to his grandchild,
Arianna Gass.
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Saul’s humor and flair for showmanship have made OR history fun at national
meetings of our profession. Starting in 1990, he organized and ran three
Knowledge Bowls held in conjunction with national meetings of ORSA, TIMS and
INFORMS. In these contests, two teams of prominent OR/MS citizens competed
to answer questions that tested their OR/MS “cultural literacy.” I was a judge at
two of these events and witnessed the pleasure Saul took in preparing and pitching
the questions. Sample questions appear in [92].

10 Conclusion

This article has reviewed Saul’s career to date as an OR scholar, teacher, and
professional. In the introduction to this paper, I indicated that Saul has been a
leader in SPPP — Scholarship and the three P’s of OR. On all four scores, through
his extensive writings and his personal example, he has given us much to cherish
and reflect upon.

Saul has taken his own advice on full documentation to heart by making a rich
record of his career available to us. From this record, we can see the roots of much
of Saul’s research interests extending back to his first 10-15 years in OR. His
interests in LP, multi-objective optimization, military OR, public sector planning,
and policy models all go back to this period. From Saul’s accounts of the early
days of OR, it is evident that Saul’s professional identity is nurtured and fortified
by his remarkable exposure to the first generation of OR pioneers. To his credit,
his awareness of the past has never compromised his forward-looking perspective.
He has taken up new interests himself and challenged the OR profession to shake
off restrictive outlooks, stake out new areas of interest, and establish standards of
practice [54, 60, 82]. Nearly two decades ago, Saul was a member of the
Committee on the Next Decade in OR [10]. In November 2006, at the INFORMS
National meeting at Pittsburgh, Saul will chair a cluster on “The Great Problems of
OR,” in which prominent citizens of the OR community will try to delineate the
challenges for the next generation of OR researchers. This is just one example of
Saul’s continuing alertness to the future course of OR.

As a committed and vocal citizen of the OR community, Saul has never shied
away from expressing his opinion on key issues of the OR profession. (As his
colleague, I can attest that he has done the same at the university.) When he is
moved to state his opinion, he does so directly and forcefully, clearly stating his
credentials and relevant background as needed. At times, Saul has gone against the
grain of majority opinion [74, 75, 33, 112]. In such cases, his conduct sets an
example of how professional debate can be carried out with equanimity and
integrity. He is a capable organizer of professional gatherings and events and the
perfect master of ceremonies. Finally, Saul has a strong sense of humor, which
finds its way into his writings and enlivens his speeches.

I would like to close with a personal remark. I was hired by Saul 28 years ago
and have been his colleague ever since. My appreciation of Saul’s role as an OR
professional has been monotonically increasing during this period. I remember
clearly how, in the course of a brief exchange in the parking lot, I approached him
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with the idea of expanding the timeline [91] into an annotated book. That was in
Winter 2002, and we thought we could knock it off in less than a year. The book
{100] took us close to 26 months to finish. During this period, as Saul’s co-author,
I had an opportunity to work closely with him and learn more about him. I remain
grateful for this.

Five years ago, I was pleased to read Peter Horner’s tribute to Saul Gass on the
occasion of his 75" birthday [134]. Given Saul’s “high-octane” energy level, the
accomplishments listed in that tribute are now badly out of date! I suspect the
same will be true of this article before too long. Nonetheless, in keeping with the
occasion feted by this volume, I offer this review as a small tribute to a great
colleague.
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Appendix: Reminiscences of Saul Gass

On the occasion of the 80" birthday of Saul Gass, I invited a group of his friends
and colleagues to contribute brief reminiscences of their interactions with him. My
objective was to add first-hand and personal observations of Saul to my overview
article in this volume. 1 was very grateful to receive the contributions that follow.
For each piece, I have indicated the author and the date on which I received the
contribution. Except for minor edits, I have reproduced the original writings. 1
extend my sincere thanks to all contributors who responded to my request.

Arjang Assad

Al Blumstein
Alfred Blumstein is University Professor and the J. Erik Jonsson Professor of
Urban Systems and Operations Research at the Heinz School, Carnegie Mellon

University
2/19/06

I got to know Saul when I arrived in Washington in 1961. Saul was then already a
key player in the OR community there. As I recall, Saul was working for a very
strong consulting firm named CEIR. We must have met at a meeting of the local
Washington Operations Research Council, or WORC. There were lots of members
and lots of good folks who were serious about OR, especially as it applied to
government problems — of course, this was Washington. Most of us were working
with the military, some in DoD, some in the think tanks like IDA, RAND, ORO,
CNA, and many in the various consulting firms around before the term “Beltway
Bandits” became known — mostly because the Beltway wasn’t built until the late
1960s. In 1965, Lyndon Johnson’s President’s Crime Commission decided to
establish a Task Force on Science and Technology — presumably because science
and technology was sending a man to the moon, so it certainly must be able to
solve the urban crime problem. Somehow, I got recruited to lead that effort, and
Saul was a natural candidate to join, and so I called him to see if he could become
available. He was working for IBM at the time, and he was able to arrange for part-
time participation without leaving IBM.

The project he took on was finding out how to stem the then-growing rate of
auto theft, and he discovered that a very large fraction of stolen cars had their keys
left in them. That led to a variety of proposals to get people to remove their keys
from the cars. Our favorite was to have the key spring-loaded so that it would pop
out into the driver’s hand as soon as he turned the car off. The auto manufacturers
claimed that the keys would too often land on the floor, so they settled for just
making a lot of noise whenever the car was turned off and the keys were left in the
ignition. And that led to a whole variety of noisy sounds in cars whenever the
driver and other occupants weren’t doing what they were supposed to — keys,
doors, seatbelts. So you can blame Saul Gass for all that noise.
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Don Gross

Donald Gross is Research Professor at the Department of Systems Engineering
& Operations Research, George Mason University

2/12/06

I have known Saul since the 1960s when I first came to the DC area. While most
of our interaction has been professionally through ORSA and now INFORMS, my
wife and I have been at several social events with Saul and Trudy. About two
years ago, we were at a wedding where a lot of dancing took place. It was a
pleasure to watch Saul and Trudy on the dance floor. They outperformed even the
youngsters (20 and 30 somethings). My advice to Saul is to compete for the
“Dancing with the Stars” TV program. If he optimizes the choreography, 1 think he
could win hands down!

Tom Magnanti

Thomas L. Magnanti is the Dean of the School of Engineering and Institute
Professor at MIT

2/20/06

I first encountered Saul Gass, like I imagine many others, through his pioneering
textbook, Linear Programming: Methods and Applications. At the time 1 was an
undergraduate student studying chemical engineering and his book opened my eyes
to an entirely new world — optimization and operations research — that has
consumed my professional life ever since. Tt is fair to say that I am an operations
researcher because of Saul Gass.

Later, my first professional research grant was for a DOT program called
TARP, the Transportation Advanced Research Program. Other grantees included
such luminaries as Saul and George Dantzig. At the end of a day of a grant review
meeting held in Boston, my wife and I drove Saul, George and Robert Dorfman to
dinner in our aging Oldsmobile, equipped with very poor shock absorbers. Upon
hitting one of Boston’s finest potholes, Saul, George, and Bob all levitated,
seemingly hitting their heads on the car roof. Later that night my wife said she
feared that we might have put an end to the field of linear programming.

Saul and my professional lives have been interwoven ever since. As but a few
examples: (i) we both served as President of the Operations Research Society of
America (ORSA), (ii) several years ago, I contributed an article to the
Encyclopedia of Operations Research and Management Science that he so expertly
edited (including careful and thoughtful editing of my modest contribution), (iii) he
invited me to participate in one of the famous Knowledge Bowls that he has
organized for our professional meetings (my team was pretty dismal!), (iv) on a
couple of occasions, we participated in celebratory sessions that Saul organized in
honor of our common thesis advisor, the great George Dantzig (and so, by virtue of
our common thesis advisor, Saul and I are academic brothers), and (v) as the
current President of the International Federation of Operational Research Societies
(IFORS), I had the privilege recently of inviting him to be the IFORS
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Distinguished Lecturer at the 2006 EURO meeting. The later of these examples
provides just one indication of Saul’s professional preeminence. Items (i)-(iv)
provide a glimpse into the enormous impact that he has had in serving the
profession with singular creativity, flair, and distinction. Indeed, he has always
seemed to be everywhere; I marvel at his endless energy and at his steadfast
commitment to the profession — unlike any other.

Heiner Miiller-Merbach

Heiner Miiller-Merbach is Professor Emeritus at the Technische Universitit
Kaiserslautern in Germany

2/20/06

When I was a student in the late 1950s, we used Saul's textbook, which was
published prior to George Dantzig's textbook. During 1963-64, I spent a post-
doctoral year at the Operations Research Center of the University of California-
Berkeley. The center was at the "Richmond Field Station," far away from the
campus. George Dantzig was the director. He told me to share the office with Saul.
I was quite surprised to meet him working for his Ph.D. - since he was so far ahead
of me in linear programming. It was a great year.

After my return to Germany Saul and T met on many occasions. Saul and
Trudy visited us once or twice. It may have been sometime around 1980 that they
came from Russia, almost starving. We organized some good stuff to feed them to
gain some energy again, which he depends on for his 10k races. I also remember
that Saul attended the 1981 IFORS Conference in Hamburg. At the general
assembly, Saul - on behalf of the US delegation- nominated me for the next IFORS
President. The other candidate was my friend Hans-Jurgen Zimmermann, also from
Germany; he was supported by several European OR societies. The voting process
in the following year was in my favor, and I became President of IFORS for the
three year period 1983 through 1985. In 1984, we had the triennial IFORS
Conference in Washington DC, where we celebrated the 25th anniversary of
IFORS. [Dr. Muller-Merbach has also written an appreciation entitled “Saul
Gass: 80 Years” for the German OR newsletter.)

Graham Rand

Graham Rand is Senior Lecturer in Operational Research at Lancaster
University and Managing Editor, International Transactions on Operational
Research

2/17/06

It is a great pleasure and an honour to be asked to contribute some reflections on
my association with Saul on the occasion of his 80™ birthday. It is hard to believe
that he has reached that milestone. I remember the years when he was competing
in the Saul Gass 10k runs at conferences: even then I was never fit enough to
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follow in his footsteps. Nevertheless, I have been greatly privileged to count Saul
as a friend, whom it has been a delight to meet at INFORMS and IFORS meetings
over the years. The pleasure has frequently been enhanced by Trudy’s company. 1
recall a lovely dinner in San Antonio on the evening of Bush Junior’s first election
“victory”. The British contingent were joined by John Little and Saul. Saul kept
disappearing to catch up on the latest news: well at least we knew the result was
going to be close!

Saul is, of course, a very welcome visitor to the UK. I was involved a little in
the organisation of the Operational Research Society’s annual conference held in
Bangor, Wales in 1990, when Saul gave the opening address on “The many faces
of OR”. The Welsh members present were probably not too impressed when the
Chairman welcomed him to England. Most of our professional collaboration has
concerned the history of OR. In my role as the organiser of the ITFORS’
Operational Research Hall of Fame, Saul has given invaluable help, suggesting
possible citation authors, and contributing citations himself for George Dantzig,
Albert Tucker, and John von Neumann. His contributions, as would be expected,
were interesting and delivered on time. Although I made a small contribution to
his encyclopedia, and have fielded several questions about British OR history, the
balance of debt is greatly in my favour. From my perspective, this particular
Anglo-American relationship is very special.

Rick Vohra

Rakesh V. Vohra is John L. and Helen Kellogg Professor of Managerial
Economics and Decision Science at Northwestern University

2/11/06

I have Margaret Thatcher to thank for becoming a Ph.D. student of Saul's. In the
spring of 1980 while she ran for government, I campaigned for Labor and pondered
what to do upon graduation. The fall of that year found me, a graduate student at
the LSE, learning economics in the pubs and cafes. By December, Thatcher's
program to shrink Government was in full swing. One consequence was deep cuts
in University spending. My tutor, Ailsa Land, called me into her office and told me,
because of the cuts, if I wanted an academic career, I should “go west.”” She
pointed me to College Park and urged me to take up with Saul Gass.

In the fall of 1981 I joined the Mathematics department at the University. It
was, I think, in the spring of 1982 that I made my first expedition (it took 15
minutes) from the Glenn Martin building (where Mathematics was housed) to
Tydings Hall (where the Business school was housed) to meet Saul. To get there,
one had to traverse the mall, which was criss-crossed by a series of concrete paths
placed with no particular concern for symmetry or order. Legend has it that the
mall was designed with no walkways but a great expanse of green. The planners
would wait to see what paths were beaten into the grass to decide where to locate
concrete paths.
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Saul's office was dark, at least that is what I recall. He was surrounded by piles
of books and papers. From the perspective of a regular patron at the local pizza
shop, he seemed awfully emaciated to me; I did not know then that he ran a lot. 1
told him of my interest in OR and something of my interests in using it to house the
homeless, clothe the unclothed, and shod the shoeless. I'm pretty sure it was drivel.
He was kind enough not to throw me out of the office and asked instead about
courses I had taken and told me what courses I should take.

My next meeting with Saul was in his LP class. Saul taught three things. Some
I absorbed right away, others have taken time to sink in. First, formulate everything
as an LP. Second, pass to the dual. Now this is not always helpful, but when it is, it
is. I tell my graduate students the same thing now. The third thing Saul taught, was
the notion of the right level of generality. LP is useful not because it is the most
general of all classes of optimization problems. It is useful because it is just general
enough to model a rich enough variety of situations and structured enough that one
can say useful things about the phenomena being modeled. Saul was by no means
an obvious match for an advisor. He knew and took an interest in the activities of
the basketball coach Lefty Driesell; I did not. When the urge to exercise would
come upon me, I would lie down, Saul would not. Saul was interested in real
models that would support real decisions. I wanted to prove theorems.
Nevertheless, it worked out!

Chris Witzgall

Christoph Witzgall has retired as Research Mathematician from the National
Institute of Standards and Technology (NIST)

3/15/06

Traveling with the Gass family in Russia 1990, we visited an art museum.
Afterwards, gleaming with a mathematician-father's joy, Saul recounted to whoever
would listen how his son, the lawyer, had recognized a M&bius band among the
decorations and pointed it out to him.

Larry Bodin
Laurence D. Bodin is Professor Emeritus of Management Science at the Robert
H. Smith of Business of the University of Maryland professor 2/9/06

Saul Gass introduced me to Operations Research in 1962 through his book, Linear
Programming, the first edition. I saw Saul’s book in the bookstore and convinced
the chair of the Mathematics Department at Northeastern University to offer me a
reading class. Nobody in the Mathematics Department at Northeastern University
knew anything about Operations Research in 1962,

I met Saul for the first time at IBM in Bethesda in 1964. We were introduced
by Ed Brown, a mutual colleague. Saul started his Ph.D. program in Operations
Research at the University of California, Berkeley in 1963, and I became a student
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in the same program in 1964. Our paths intertwined for the next 10 years —
graduate school, IBM, consulting companies and a faculty position at a university.
I joined Saul Gass in the Business School at the University of Maryland in 1976.
We had many rewarding experiences together. We introduced AHP into the
graduate and undergraduate programs in the mid-90s and co-authored two papers
on the teaching of the AHP, began writing the “definitive OR text for MBA
students” (parts were written and used in the classroom, but the book was never
completed). I fondly remember looking forward to Saul’s presentations at the
College’s faculty assembly. His use of Dilbert to emphasize a point was terrific.
Saul and I retired on July 1, 2001 and are now roommates in Van Munching Hall.
Carol and I look forward to our continued association with Saul and Trudy Gass.

Ed Baker

Ed Baker is Professor of Management Science at the School of Business,
University of Miami

2/10/06

One of things that has always impressed me about Saul Gass has been his openness
and willingness to talk with and mentor students. In November of 1976, ORSA-
TIMS held its fall meeting in Miami Beach. I was a second year doctoral student at
the University of Maryland, and Saul Gass was the department chair. Saul was also
the President of ORSA that year and, as a result, he had a large suite overlooking
the ocean. He also, as 1 came to learn, would be hosting a cocktail party of ORSA-
TIMS officials in his suite.

I was thrilled to be attending my first ORSA/TIMS conference and looked
forward to hearing a number of papers. What a wonderful surprise it was for me to
also receive an invitation to come to a reception in Saul’s suite. I went to the event
not knowing what to expect, but found Saul and Trudy, as gracious as ever, talking
to a small group of people. Saul welcomed me and proceeded to introduce me to
the group that included David Hertz, Art Geoffrion, and Jack Borsting, all ORSA
luminaries. I was duly impressed with the company, and particularly with Saul’s
kindness and gracious nature in including me in the group.

I am sure that no one in that group remembers my introduction, but the meeting
proved fortuitous for me. In 1984, I would become a colleague of David Hertz and
Jack Borsting at the Business School at the University of Miami. Jack was serving
as dean of the School of Business, and David was a University Professor. As it
happened, 1 came up for promotion under Jack’s deanship, and I know that he
called upon Art Geoffrion, David Hertz, and Saul Gass to write letters reviewing
my work. I don’t know what they said, but promotion came through. I am certainly
indebted to each of them, but I am especially grateful to Saul Gass for giving me
that introduction.
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What we’ve heard so far today is recent history about Saul. I would like to go back
a few years to a period when I got to know Saul as essentially one of the
missionaries bringing OR to a new field.

I made a dichotomy in an article in OR/MS Today, back in the old days when
Armand Weiss was editor of that publication. The argument was that OR consists
both of methodologists, who are obviously the more numerous, and also a
population of missionaries, whose basic mission is bringing OR to the not-yet-
quantified fields. Our mission is to transform those heathens or the unenlightened
into people who can deal with, and operate quantitatively in, the field in which we
believe. That concept seems to make a lot of sense in terms of getting more
rigorous analysis associated with their work.

In most cases, these heathens get transformed into believers and into users.
Many fields of engineering have adopted and incorporated as part of their field
methods like linear programming and optimization, which hadn’t been there before.
So, we bring the OR techniques, and they become appropriated and a part of that
field.

Some of the early missionaries were the ones that began Operations Research
with that bizarre name, because it was research after all. They had to do research,
because they were academics, and it was on operations, including military
operations. Therefore, we got the name Operations Research that nobody in the
world understands until they have been through OR. It’s been one of the burdens
we carry in trying to communicate with a broader world.

I have had many interactions with the press, and they frequently ask, “What are
you a professor of?” I say, “Operations Research.” They say, “What is that?” I try
to give them an explanation, and they ask, “Can I call you a criminologist?” I
respond by saying, “Ok, but,...” Anyway, that was certainly the start.

Some of the very early work that was important was in the field of
transportation. Bob Herman and Les Edie made some major contributions in that
area. More recently, missionary activities certainly include the continuing efforts
in military OR, as well as the ongoing research in transportation, pertaining not
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only to highways, but also to air, rail, auto, and so on. We have also seen a lot of
effort in the area of health care.

I want to talk about the missionaries that started bringing OR into the criminal
justice system, which is probably the most heathen of all. Perhaps it’s also the least
able and willing to pick up on this kind of quantification, in large part because it’s
dominated by lawyers, and lawyers are the antithesis, typically, of systems people.
Lawyers deal with an event at a time, a case at a time, and that’s the way they
learn; that’s the way they operate. So it’s a very tough community to totally
transform, but some of us have tried for a long time.

This work started with the creation of the President’s Crime Commission in the
mid 1960s. For some reason, they established a task force on science and
technology. I presume they did so, because if science and technology could get a
man to the moon, it ought to be able to solve the urban crime problem. Therefore,
we needed a task force to accomplish this.

Somehow I got recruited to lead that task force and brought together what was
then, and especially in retrospect, a rather exciting team. Dick Larson had just
graduated with a brand-new bachelor’s degree in electrical engineering from MIT.
Dick was clearly an important part of the group. Ron Christensen brought an
intriguing collection of skills. He was then a Ph.D. student in nuclear physics at
Berkeley, but also had a law degree from Harvard. He is now applying a wide
variety of statistical methodology to a variety of areas. Sue Johnson was a private
consultant. Of course, there was Saul Gass, who was then at IBM. He had
previously been with a very well regarded consulting firm in Washington called
CEIR. At that point (this was about 1965), Saul was already a very significant
factor in OR, including the Washington Operations Research Council that went
through a whole variety of name changes as the field changed. Saul was a very
important participant there, as well as on the task force.

Saul took as his theme the issue of auto theft. Cars were being stolen at an
increasing rate. Saul looked into the problem and found that a major factor was
that the cars being stolen had the keys left in them. This gave rise to a whole
variety of intriguing proposals that we explored to encourage people to remove
their keys from their cars. For example, one proposal would have the keys spring
loaded, so that as soon as the ignition switch went into the off position, the key
would come out and pop into the driver’s hands. The auto companies didn’t like
that, because people were going to complain that the keys fell on the floor, and the
driver would have to search for them. The resolution was a buzzer, so all the
strange sounds you hear in a modern car regarding unbuckled seatbelts, open doors,
and keys left in the car, you can blame on Saul. That was a major transformation of
the relationship between the automobile industry and their drivers. There were a
number of other proposals, mostly in information systems, technology, and others.

What did we bring to bear to the criminal justice system? Although we knew
nothing about crime or the criminal justice system, we brought a “systems
perspective” that really was a very different perspective from that characterizing
the lawyers who were the major part of the group. We had a window into the
world of science and technology, but it was then very remote from law and
especially the Department of Justice. At that time, it was the only Cabinet
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department that didn’t have an Assistant Secretary for Science and Technology,
and it barely does today.

Although the systems perspective was very different, it provided the kind of
opportunity that really doesn’t occur very often. The opportunity was very
exciting, because it gave us a chance to play an “emperor’s clothes” role. Since we
knew nothing about the system, we were in a great position to ask the people who
said they knew what the evidence was, and the evidence was astonishingly thin on
much of what was believed at the time. The criminal justice system had never been
treated as a system in large part, because there was no system manager. Virtually
every other system we deal with has a CEO or chief of staff, or someone of that
sort, but the criminal justice system has, right in the middle, a judiciary which
doesn’t have control over the other parts. So there is no system manager, and so
each part is seen as independent and autonomous. It’s a very complicated, strange
system. One of the lasting contributions we made was an embryonic version of
what is now very common and very widely used as a system, an embryonic version
of the now classic criminal justice system (CJS) flow chart.

Over the years that initial flow diagram has been extensively modified to
incorporate feedback and other factors. Much more has happened in the last 40
years since Saul became a crime stopper. We have richer models, and we have
fuller data. It’s stili a very political environment, as indicated at the outset. Dick
Larson has made some major contributions to the field of Operations Research in
general, and with regard to the criminal justice system in particular, in modeling
police patrol. Ron Christensen developed a new statistical modeling methodology.
Sue Johnson became a New York court administrator.

What about Saul? Saul was and is a missionary! Saul Gass has made an
impressive career for his work in linear programming as a teacher and an educator,
and in general as an explainer of OR methodology. We have all learned that being
a missionary can be very rewarding. T suggest that all of you try it. Hopefully, you
will like it. Thank you!
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1 Introduction

As I look at today’s program, I see names of the speakers and their organizations.
But for two of us, the program says something different. For Chris Witzgall, it
says “NIST, retired,” and for Tom Magnanti it says “MIT, Dean of Engineering.”
I wonder if the organizers are trying to tell me something. This reminds me of a
story.

A fellow was traveling through the Far East Islands and comes across an island
inhabited by cannibals. Climbing onto the shore, he sees and then enters a butcher
shop. The butcher sells brains identified by their source. The traveler looks on top
of a case with brains and sees three signs that read, “Student’s brains $2.00/1b,”
“faculty brains $10.00/Ib,” and then “dean’s brains $75.00/1b.” The guy exclaims,
“My gosh, those deans must be smart!” to which the butcher quickly responds, “Do
you know how many deans it takes to get a pound of brains?” So put the remainder
of this talk in context. Unlike our previous speakers, I will not speak about specific
content related to Saul’s research. Rather, T will talk about Saul’s professional
accomplishments generally, touching a bit about what he has been doing all these
years.

I start with the following question, “Why am I here?” This is a dam good
question, by the way. Everyone else that is speaking today has conducted research
with Saul and published with him. Not me. We did publish something together
(but not on research), and I’ll come back to that a little bit later. I doubt Saul
recalls what that was, but I’ll tell you all soon.
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Fig. 1.

Saul and T are academic brothers. Figure 1 shows our father and the tree of life.
It’s the Dantzig tree of (optimization) life, and that’s two of his academic children,
Saul and me. Given that we are brothers, you could say that perhaps I should tell
stories about dad. After all, that’s what brothers do: tell stories about dad. Or,
maybe I should tell you about how my older brother taunted me and tormented me
in my youth. I could do that as well. Let me tell one family story. Although I’ve
told this before, and Saul’s heard it before, I'll tell it to the rest of you.

My first research contract ever (it was when I was a junior faculty member at
MIT) was for an agency called the Transportation Advance Research Program,
which was part of DOT. DOT decided at one point that it was going to fund a
small number (I think there were only about 4 or 5) of projects on advanced
research in transportation. Among those involved were George Dantzig and Saul.
We held a project review meeting in Cambridge, MA. After the meeting, we
decided to go to dinner and George said, “Why don’t we invite my dear old friend
Bob Dorfman to join us?” Off we went in a car that I’d driven across the country
from Stanford, where I did my Ph.D. It was a really old car with terrible shock
absorbers. As we were riding to dinner with my wife sitting beside me and Bob
Dorfman, George Dantzig, and Saul Gass in the back seat, we hit a pothole, one of
Boston’s finest. I swear our backseat occupants levitated and hit their heads on the
roof of the car. Later that night, my wife and I were discussing the incident, and
here is where our two accounts vary somewhat. I claim she said, “I fear that today



Learning From the Master 79

you’ve just put an end to the world of optimization.” Her version is, “I fear you’ve
just destroyed the brain trust of America.” Either version is pretty good. That’s
my family story.

Innovations in Engineering
Educatlon Usmg Technology

From INFORMS Mlami‘*ZGO'l Annual Ii)leetmg Cluster:
Operatlons Research In Honor of;-’SauI I. Gass

Fig. 2.

Figure 2 shows the theme of a talk that I presented in 2001. That was five years
ago on the occasion of Saul’s 75th birthday. One thing that I do now is give talks
like this. I seem to go from one event to another, giving talks about friends and
colleagues; it’s part of being a dean. Just shortly before the talk represented in
Figure 2, Saul won a distinguished award at the University of Maryland for
contributions to teaching and education.

Let me share with you a bit of the citation. It stated that the University of
Maryland named him one of five Distinguished Scholars/Teachers. The
announcement for the award cited his constant interest in learning new ideas and
approaches; he uses a PC software package as introductory state-of-the-art software
in keeping with his commitment to enriching education. At that occasion, I thought
it might be best to talk about education, and so I spoke in Saul’s honor about
education broadly. I also said Happy Birthday to you on that occasion, Saul, and
I’ll say Happy Birthday to you again today.
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| Happy Blrthday
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Fig. 3.

Today’s talk is something of a reprise of that talk (at least in spirit), though I
am not going to talk about education. I will talk about something else.

Two Faces of Saul Gass

[l Scholar [ Professional activist
Linear & integer Leader, Statesman

prog‘ram'mirtg 3 Educator, popularizer and
Multi-objective linear communicator

programs and goal

programming Community builder
Model management Ambassador

and evaluation Historian

Public sector OR/MS

Provocateur and conscience

Fig. 4.
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Figure 4 shows two faces of Saul Gass. (My wife told me that I’ve got to pick
out the 10 points that are different in the two pictures of him.)

1. The first face represents Saul as a scholar of optimization (in particular, linear
and integer programming, multi-objective linear programming, goal
programming), model management and evaluation, and public sector OR/MS.
I’m not sure if that’s how Saul would categorize his scholarly work, but this is
at least one cut at it. For this occasion, Arjang Assad will also be preparing an
account of Saul’s intellectual contributions. Saul as a scholar is just one face
of Saul.

2. The other face of Saul is what I’ll call the “professional activist.” I say that in
the most positive way. He is a leader and statesman; we’ve heard some of
those words previously today. He is an educator/popularizer (if there is such a
word) and a communicator. He does this brilliantly. In addition, he is a
community builder, an ambassador, an historian, and a provocateur. The last,
think, is in some ways as important as all the rest.

ORSA/TIMS/INFORMS
ACTIVITIES

History and Traditions Committee, Member (2005-2006)

(1 Fellows Selection Committee, Chair (2005)

Fellows Selection Committee, Member (2003-2004)

Interfaces, Contributing Editar {2001-2004)

Joumal on Computing, Joumnal Advisory Board (2001-2004)

Fublic Information Committee, Member (1937-2005)

Member, Public Information Committee, INFORMS (1998-)

Vice-Chair Joint EURQ/INFORMS Barcelona Meeting (1996 - 37)

Vice President, International Affairs, INFORMS (1996 - 97)
I\a_'[i;gsprg?i)ﬁenk, North American Operations Research Region, IFORS Administrative Committee
ORSA Representative to IFORS (1992 - 1994)

Kimball Committee, ORSA (1992 - 1934)

Editorial Board, ORSA Joumnal on Computing (1992-)

George E. Kimball Medal recipient, ORSA (1991)

Area Editor (Software), ORSA Journal on Computing (1989 - 1991)
Contributing Editor, Interfaces (1988 -)

Committee on the Next Decade of OR (CONDORY), ORSA (1987 - 1988)
Council, Computer Science Technical Section, ORSA (1986 - 1989)
General Chairman, 1988 TIMS/ORSA Meeting, Washington (1985 - 1988)
Editorial Board, ORSA (1984 - 1988). Associate Editor, Operations Research (1984 - ) Visiting
Lecturer ORSAITIMS (1979 - )

Council, ORSA (1977 - 1980)

President, ORSA (1976 - 1977)

Vice President, ORSA (1975 - 1978)

Editor, Publications in Operations Research Series, ORSA (1973 - 1989)
Program Chair, 3Tth ORSA National Mtg., Washington (1970)
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Figure 5 is a very “busy” chart, and the important thing for my purpose today is
that it is busy. This is a list of some of the things (and I’ve probably missed
several) that Saul has done over the years just for ORSA, TIMS, and INFORMS.
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He was the 25™ President of ORSA, which is really a nice number, isn’t it? He’s
been involved in a variety of editorial activities and a variety of committees. For
example, he’s served as Vice President of International Affairs for INFORMS.

Most recently, he has headed the committee “responsible” for the appointment
of INFORMS Fellows. By any account, that’s a remarkable list, and that’s just his
activities on behalf of ORSA, TIMS, and INFORMS.

c"%‘ﬂcﬂg‘ﬁ Workshop on Supply Chain Management Practice and Research: Status and Future Directions,™
(2 }
Executive Advisory Committee, The International Society for the Theory and Application of Multi-Objective
Decision Analysis (1998 - )
Editorial Board, International Journal of Operations and Quantitative Managemant (LIOQM) (1995-)
Executive Board, Omega Rho International Honor Society (1988 - 1992)
Vice President, North American Operations Research Region
IFORS Administrative Committee (1995- )
Editorial Board International Journal of Operations and Quantitative Management (IJOQM) (1995- )
International Advisory Board of the Joumal of Operational Research (1993 -}
Editorial Board IFORS International Transactions in Operational Research (1993 - ).
Editorial Board Operations Research/Computer Sciences Interfaces Book Series (1952 - )
Program Chairman, IFORS 1933 (1990 - 1993)
Executive Board, Omega Rho International Honer Society (1988 -1992)
President, Omega Rha International Honor Society (1986 - 1988)
Vice President and President-Elect, Omega Rho International Honor Soclety (1984 - 1986)
Editorial Board, Naval Research Logistics (1983 - 1988)
WORMSC (1980 - 1982)
ons Committee, MPS (1973 - 1982)
e Editor, Journal of Information and Optimization Science (1979 - 1992)
e Edifor, Computers & Operations Research {1979 -)
Winter Simulation Conference (1978 - 1982)
Associate Editor, Naval Research Logistics (1977 - )
Vice Chairman, Special Interest Group in Mathematical Programming {(SIGMAP/ACM) (1974 - 1976)
Conftributing Editor, SIAM News (1973 - 1977)
Visiting Lecturer, ACM {1973 - 1975)
Treasurer, Special Interest Group in Mathematical Programming (SIGMAPJACM) (1972 - 1974)
Tru IORMSC (1967 - 1969)
Associate Editor, ACM Journal (1965 - 1870)
Secretary, American Federation of Information Processing Societies (AFIPS) (1963 - 1965)

= &sqsacacigltaesgdumr. ACM Computing Reviews (1960 - 1966). Council, ACM (Capital Region Representative)
S (1960 -1962)
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Figure 6 is a very long list of Saul’s activities for the profession in general. An
important aspect of this list is simply the extent and reach, not necessarily the
specifics, of the things he has done for IFORS, Omega Rho, WORMSC, MPS, the
Winter Simulation Conference, SIAM, and ACM. His imprint, as reflected by his
contributions, is everywhere in the mathematical sciences broadly construed. He’s
done this in a wide variety of ways: serving in leadership capacities, serving in
editorial capacities, and even being a trustee on a few occasions. Saul is clearly
someone remarkably committed to the profession and remarkably active
professionally.
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Community Builder.

Saul Gass 10K races
ORSA/INFORMS Knowledge Bowls

Organized INFORMS session in honor of the
100th anniversary of Philip Morse's birth

ORSA 50th anniversary. activities

Birthday and memorial celebrations for George
Dantzig

Involved in founding of IFORS' Operational
Research Hall of Fame

History and tradition activities

O
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Fig. 7.

Figure 7 reveals some of the activities that we all know quite well and
demonstrate Saul’s talent as a community builder: the famous 10K race that Dick
Larson previously commented about today and that we can all sign up for at the
next INFORMS meeting (ha, ha); and the Knowledge Bowls. He shamed me into
participating in one of these. I think some of you in the audience today were there
on that occasion. Saul was the moderator, and our team was dismal. It was great
fun to be embarrassed in public, and Saul did that to us. He was actively involved
in ORSA’s 50™ anniversary activities. He crafted a celebration for the 100"
anniversary of Phil Morse’s birth. He’s organized sessions — we’ve done a couple
together — in recognition of George Dantzig. He was involved in the creation of
the Operational Research Hall of Fame and has collaborated with Arjang Assad on
the history and traditions of our profession. He is, it seems to me, the one person in
our profession whose contributions could be portrayed in a chart with this
remarkable intensity of activities — he has been at the core of community building
and community awareness. Saul is someone who has reached out and brought us
all together in ways that have been singular.
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Fig. 8.

A famous book! A famous book! A famous book! A famous book! A famous
book! One of the things that Saul has done remarkably well is either author or edit
some very important books. Figure 8 provides us the names and a visual depiction
of those books. The famous linear programming book is now in its 5% edition. I
believe it was originally printed in 1958, and I think it was the first textbook on
linear programming. This was the beginning for me. I’ve told the following story
before.

I was a chemical engineering student at Syracuse University, and my
undergraduate advisor at that time gave me this book. I looked at it a bit puzzled
thinking, “What are all these lines and vectors?” I didn’t know what any of these
things were. 1 started reading through the book. My copy is gray (and contains
lines and vectors); it doesn’t have any of this fancy blue that he’s got in his later
editions, now that he’s gone upscale. My version had the older look. I believe it
was the second edition, the 1964 edition. It’s still sitting in my bookcase, although
I’m contemplating bringing it down to the bookstore to see if perhaps I can get a
fine bottle of wine for it (as referenced before by Rudy Lamone). I bet the book is
worth something at the wine store!
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Linear. Programming and the
Simplex Method

Parametric Objective Functlon (Part 1), Journal of the Operations Research Society of
America, Vol. 2, No. 3, 1954.

Parametric Objective Function (Part 2)-Generalization, Journal of the Operations
Research Society of America, Vol. 3, No. 4, 1955.

The Computational Algorithm for the Parametric Objective Function, with T L. Saaty,
Maval Research Logistics Quarterly, vol. 2, nos. 1 and 2, 1955, 39-45.

A First Feasible Solution to the Linear Programming Problem, Proceedings of the
Second Symposium in Linear Programming, edited by H. Antosiewicz. January, 1955.
Recent Developments in Linear Programming, Chapter 4 in Advances in Computers,
Vol. II, edited by F. Alt, Academic Press, 1961.

Comments on the Possibility of Cycling with the Simplex Method, Operations
Research, Vol. 27, No. 4, 1979.

Linear Programminag, article for Volume 5 of Encyclopedia of Statistical Sciences,
John Wiley & Sons, 1985.

On the Solution of Linear- F'rogrammlng Problems with Free Variables, Computers
and Operations Research, vol. 12, no. 3, 1985.

On Artificial Variables and the Simplex Method, Journal of Information and
Optimization Science, Vol. 8, No. 1, 1987.

Comments On the Hlsiorzy of Linear Programming, IEEE Annals of the History of
Computing, Vol. 11, No. 2, 1989, pp. 147- 151.

On Solving the Transportation Problem, Operational Research, Vol. 41, No. 4, 1990.
Encounters with Degeneracy: A Personal View, Annals of Operations Research, 47,
1993.

Modified Fictitious Play for Solving Matrix Games and Linear Programming Problems,
Computers and Operations Research, Vol. 22, No. 9, 1995.
The First Linear Programming Shoppe, Operations Research, 50, 1, 2002, 61-68.

Cycling in Linear Programming Problems, with 5. Vinjamura, Computers &
Operations Research, 31, 2, 2004, 303-311.
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An important take away from Figure 9 is the large number of entries. These are
contributions that Saul’s made in the area of linear programming and the Simplex
method. There’s a variety of things here. I’'m not going to talk about all of them,
but I’ll touch on a few.
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PARAMETRIC OBJECTIVE FUNCTION (PART 1)

THOMAS SBAATY
Melpar, Inc., Alexandria, Virginia
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BAUL GAss
Computation Division, Department of the Air Force, Waskington 25, I, €,
(Meceived February 21, 1951)
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Fig. 10.

The paper shown in Figure 10 is very famous. Anyone who’s ever taught linear
programming has taught the parametric method. I’ve been spending the last few
weeks reading Saul’s papers, and it has been great fun. I understand this paper was
done when Saul was at the U.S. Air Force and, at that time, Tom Saaty was a
summer post doc student. This is the famous paper on the cost-parametric method.
At the end of this paper, Saul and Tom mentioned that this method was
implemented on a large electronic computer and solved a problem with 33
equations and 50 variables.

To put this in perspective, I've got this very, very smart student working with
me by the name of Dan Stratila, who has been examining concave cost
minimization problems, including notoriously hard, multi-commodity flow
problems. He has been considering problems with 10 million flow variables and
10 million constraints. These are indeed really large and really difficult problems.
Dan has been solving these to within a few percent of optimality and within only a
few seconds of computation time. This tells us a little about how our field has
changed since the early days and the publication of Saul and Tom’s paper. With 33
equations and 50 variables, the machine they were using probably came to a
grinding halt. The problem was just too big!
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PARAMETRIC OBJECTIVE FUNCTION (PART 2)—
GENERALIZATION

H. L GAss
[ i Division, I of the Air Fercs, Washingion 25, D, O
anad
TIOMAS L. SAATY
Eral Group, Mossnchiusetls Institute of Technology,
Washinglon 25, D. C.
{Recsived May 5, 1955)

In Part 1! the m« funetion in the general linear programming problem
wns e with ane amd the problom of genemting
solutions wm-l»illlr studied. In Part 2,a wnruhnlmn to the mopn-
rameter case i outlined, with spesial mphuh on the (wo-parameior
rase,  An example in spplied for Uhis ease.

T WAS shown in Part 1' that if one or several cost coafficients ¢, in the

objective function are replneed by a parameter, then the simplex
method enables one 10 sot up a romespondenne hetween intervals of pa-
rameter values and basos yielding wluﬂms to the linear programming
problem.  In fact, the d tieally exh the intervals,
in & stepwise fashion, along with their corresponding solutions.

The Two-Parameter Case

“The two-parameter problem is to find the values of x; (j=1, «++, n)
that minimize the livear form
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and satisfy the conditions =20, Gotyeomn) (2
Fig. 11.

The subsequent paper shown in Figure 11 examines situations with two
parameters instead of one; so now you can’t just examine (basis) transitions on a
line. You’ve got to look at the problem as a polyhedron, and it becomes more
complicated. These papers represent one (important) aspect of Saul’s work.
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Letters to
the Editor

Comments on the Possibility of Cycling with the
Simplex Method

SAUL I. GASS
University of Muryland, College Park, Muryland
(Recoived May 1978; nccepted June 19785)

N THEIR LETTER [5], Kotiah and Steinberg take to task a number
of linear programming and operations research textbook authors for
their claim that cycling in the simplex method never or almost never
occurs in practical problems. The textbook authors are further chided for
asserting that anticycling techniques are not necessary in actual imple-
mentation of the simplex method (or its variants) because of the rarity of
eyeling.
The cited textbooks were all published prior to 1977, the year Kotiah
and Steinberg's original article appeared [6] describing their discovery of

Fig. 12.

The paper shown in Figure 12 is an interesting paper that Saul wrote on cycling
in the Simplex method. Rather than focusing on new theory or algorithms, it is a
discussion paper about whether or not cycling occurs. Saul makes the distinction
between algorithmic cycling in terms of what we teach in textbooks and computer
cycling in terms of how the computer solves the problem. He follows this up with
subsequent data. Again, I think the type of things that Saul does so well is look at
what’s happening in the world, at how we’re all thinking, and what we are all
doing, and then add new insight and new understanding.
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The Dualplex Method

CThe Dualplex Method for Large Scale
Linear Programs, Operations Research
Center Report, University of California
Berkeley, June 1966.

C0The Dualplex Method Applied to Special
Linear Programs, IFIP Congress (2), 1971.

[0Solving Discrete Stochastic Linear
Programming Problem with Simple
Recourse by the Dualplex Algorithm, with
N. Bryson, Computers & Operations
Research 21:1, 1994

Fig. 13.

Figure 13 cites a couple of papers on the Dualplex method. To the best of my
knowledge, this work has never been published except as a Berkeley report. There
were subsequent papers in proceedings that described the use of the method, but
not its development, per se. Papers like the third one are applications of the
Dualplex method, in this case to an important, and generic, problem class.

I have a little story about this material. About four or five years ago, while I
was in my current position as dean, I came across a paper that two fairly famous
people in our field had written. Although it wasn’t published yet, it was submitted
to a journal, and although I wasn’t a referee, it seemed very familiar to me. It had
an application content, but also an algorithm. So I went back to the Dualplex
method. The algorithm used in the submitted paper was indeed the Dualplex
method. So, good things come up again and again.
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Integer Programming

A Computational Study of an Objective Hyperplane Search
Heuristic for the General Inte%ar Linear Programming
Problem, with A. Joseph and N. Bryson, Mathematical and
Computer Modelling, 25, 10, 63-76, 1997.

On the Nearness and Bounds of the Integer Programming
Problem to the Relaxed Linear Programming Problem, with
A. Joseph and N. Bgson. Journal of Optimization Theory
and Applications (JOTA), 98, 1, 55-63, 1998.

An Objective Hyperplane Search Procedure for Solving the
General All-Integer Linear Programming (ILF) Problem, with
A. Joseph and N. Bryson, European Journal of Operational
Research, 104, 601-614, 1998.

A Framework for Constructing General Integer Problems
with Well-Determined Duality Gaps, with A. Joseph,
g;xr&pean Journal of Operational Research, 136, 1, 2002,

Fig. 14.

Figure 14 cites Saul’s papers on integer programming. Note that these are
fairly recent. These papers show both Saul’s continued vitality and activity level,
as well as the fact that Saul has changed his focus, moving from linear to integer
programming.

Multi-objective Linear. Programs
and Goal Programming

A Process for Determining Priorities and Weights for Large-Scale Linear Goal
Programs, Joumnal of the Operations Research Society, Vol. 37, No. 8, 1986.
The Setting of Weights in Linear-Goal Programming Problems, Computers &
Operations Research, Vol. 14, No. 3, 1987.

An Interactive Approach to Multiple-Objective Linear Programming Involvin
Key Decision Vanables, with M. Dror, Large Scale Systems, vol. 5, pp. 95 103,
1983

Interactive Scheme for a MOLP Problem Given Two Partial Orders, with M.

Dror, Applied Mathematics and Computation, Viol. 24, No. 3, Part I, 1987.
A Case for Interactive Multiobjective Linear Prn%ramming - MOLP, with M.

Dror, in Functional Analysis, Optimization and Mathematical Economics,
memorial volume dedicated to Prof. L. V. Kantorovich, L. Leifman ed.,
American Mathematical Society, Oxford University Press, 1990.

Goal Programming in Networks, Proceedings of First Conference in Multi-
objective Programming and, Goal Programming, M. Tamiz, editor, Springer-
Verlag, Berlin, 212-234, 1996,

Experiments with an Interactive Procedure for MOLP Given Weak Orders on
Variables and Objectives, with M. Dror and A. Yellin, European Journal of
Operational Research, Vol. 34, No. 1, 1988,

The Compromise Hypersphere for Multiobjective Linear Programs, with P. G.
Roy, European Journal of Operational Research, 144, 3, 2002, 459-479.

Fig. 15.



Learning From the Master 91

Figure 15 provides a list of Saul’s papers in the area of multi-objective linear
programming and goal programming. Figure 16 shows the introductory page of
one paper that Saul has written in this area.
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Fig. 16.

OR/MS in the Public Sector

Mathematics and Law Enforcement, SIAM News, vol. 6, no. 3, 1973.
Models in Law Enforcement and Criminal Justice, Chapter 8 in A Guide to
Models in Governmental Planning and Operations, edited by S. I. Gass and

3 Books, 1975,
A Guide to Models in Governmental Planning and Operations, edited with R.
L. Sisson, Sauger Books, 1975.
Decision-Aiding Models: Validation, Assessment and Related Issues for
Policy Analysis, Operations Research, Vol. 31, No. 4, 1983.
Credible Baseline Analysis for Multi-Model Public Policy Studies, with S.
Parikh, Chapter 4 in Energy Models and Studies, edited by B. Lev, North-
Holland, 1983,
Expert Systems and Emergency Management: Research Directions, with R.
E. Chapman, in Proceedings of the First Symposium on Expert Systems and
Emergency Management Operations, NBS Special Publication 717, 1986.
Evaluating Emerge ca: Management Models and Databases: A Suggested
Approach, R. E. Chapman, J. J. Filliben and C. M. Harris, National
Institute of ndards and Technology, NBSIRS8 3826, 1988,
Public Sector Analysis and Operations Research/Management Science,
Chapter 2, Handbook of OR: Operations Research and the Public Sector, ed.
A. Barnett, S. M. Pollock, and M. Rothkopf, North-Holland, 19894,

Fig. 17.
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I’'m not going to say much about the next area but will provide just a glimpse
into an entirely different field in which Saul has worked. He’s written not one or
two but an entire series of papers on the public sector. In addition to what we’ve
heard from Al Blumstein and Dick Larson today about Saul’s work in this problem
domain, Figure 17 lists his publications concerning the public sector. Even though
his body of work has been well represented in the previous presentations today, my
own modest account wouldn’t be at all representative if I didn’t at least mention
these contributions.

Model Management and Evaluation

Evaluation of Compiex Models, Computers and Operations Research, vol. 4, pp. 27
35, 1977.

A Procedure for the Evaluation of Complex Models, Proceedings of the First
International Conference in Mathematical Modeling, 1977.

Some Considerations for Improving Federal Modeling, with P, F. Roth and A, J.
Lemoine, Proceedings 1978 Winter Simulation Conference, IEEE #78CH1415 9, 1978;
also in Methodology in Systems Modelling and Simulation, B. F. Ziegler et al., pp. 167
175, North-Holland, 1878.

Computer Model Documentation, Proceedings 1978 Winter Simulation Conference,
IEEE #78CH1415 9, 1978.

Computer Model Documentation: A Review and an Approach, National Bureau of
Standards Special Publication 500 39, U.S. GPO Stock No. 033 003 02020 6,
Washington, D.C., 1979.

Utility and Use of Large-Scale Mathematical Models, editor, Proceedings of a
Workshop, National Bureau of Standards Special Publication 534, U.S. GPO Stock No.
003 003 02060 5, Washington, D.C., 1979.

Documentation for a Model: A Hierarchical Approach, Communications of the ACM,
Vol. 24, Iss. 11, 1981,

What is a Computer-Based Model, Mathematical Modelling, vol. 4, no. 5, 1983,
Documenting a Computer-Based Model," interfaces, vol. 14, no. 3, pp. 84-93, 1984.
Managing the Modeling Process: A Personal Perspective, European Journal of
Operational Research, Vol. 31, No. 1, 1987.

An Assessment Procedure for Simulation Models: A Case Study, with C. Fossett, D.
Harrison and H. Weintrob, Operations Research, Vol. 39, No. 5, 1991.

Model Accreditation: A Rationale and Process for Determining a Numerical Rating,
European Journal of OR, Vol. 66, No. 2, 1993.

The Model World Series, Interfaces, 1989-2005

Fig. 18.

Another area in which Saul has had a significant impact is modeling. How
does one think about modeling? How do you know when you have a good model?
How do you know when you do not have a good model? How do you assess a
model? How do you evaluate one? Some of the ideas Saul has developed on this
topic are conceptual; some are approaches concerning how to do modeling. Again,
I’m not going to describe any of the contributions listed in Figure 18. My intent is
merely to acknowledge this body of work.



Learning From the Master 93

COMPUTING
PRACTICES

Documentation for a Model:
A Hierarchical Approach

Saul I. Gass
National Bureau of Standards and the University of Maryland
Karla L. Hotfman, Richard H. F. Jackson, Lambert 3. Joel, and Patsy B. Saunders
Bureau of Star

1. Introduction
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Fig. 19.

Feature Article

Decision-Aiding Models: Validation, Assessment,
and Related issues for Policy Analysis

SAUL | GASS
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1 the ional systems (Hillier
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science of decision-making. The seientific contribution of OR Is in the
development of decision-aiding models.
The OR lution of a decisi hlem in based on the analyst's
ability to translate the decision lom in

Fig. 20.

The paper with Karla Hoffiman and others, as shown in Figure 19, examined a
hierarchical approach to model documentation. This is a well-known paper. Saul
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also wrote a featured article (Figure 20) in the journal Operations Research. One
nice thing about this publication for me was that it appeared while I was the
journal’s editor. It was published during my first year as editor, and I’'m very
proud that this appeared as a featured article during my editorship.

Applications

O The Application of Linear Programming Techniques to Air Force
Problems, Headquarters USAF, 1954,

1 On the Division of Police Districts into Patrol Beats, Proceedings 1968
ACM National Conference, 1968.

00 An Application of System Flow Models to the Analysis of Highway
Safety Demonstration Projects, with N. A. David and P. Levy, Accident
Analysis and Prevention, vol. 9, no. 4, 1977.

To CB or Not to CB: A Simulation Model for Analyzing the Role of
Citizen Band Radio in Traffic Safety, with N. A. David and R. H.
Cronin, Computers and Operations Research, vol. 6, no. 2, 1979.
Oil and Natural Gas Supply Models, editor, Proceedings of a
Sggposium, National Bureau of Standards Special Publication 631,
1982.

Army Manpower Long Range Planning System, with R. W Collins, C.
W. Meinhardt, D. M. Lemon, and M. D. Gillette, Operations Research,
vol: 36, No. 1, 1988.

O Military Manpower Planning Models, Computers and Operations
Research, Vol. 18, No. 1, 1991.

[l On Copying A Compact Disk to Cassette Tape: An Integer-
Programming Approach, Mathematics Magazine, 69, 1, 57-61, 1996.

Fig. 21.

Figure 21 shows a set of applications that Saul has examined. T’ve tried to
indicate in bold some sense of the range of these applications. In some ways, one
of the most impressive things about this list is its eye-catching range — from Air
Force problems, patrol beats, and highway safety, to citizen band radio (which
seems related to the transportation theme I mentioned earlier), oil and natural gas,
manpower planning, military planning, compact discs and cassette tapes. What a
remarkable spectrum of investigations, both for Saul and for our profession!



Learning From the Master 95
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Fig. 22.

Another thing that Saul has done is serve, as I mentioned previously, as an
expositor, an ambassador, and a communicator in a variety of forums. I think that
perhaps one of the most impactful aspects of these contributions is captured in a
series of papers he has written called Model World (as shown in Figure 22). I
believe the first in that series was published in 1989. It asked the simple question,
“What’s a model?” and Saul gives us some insight into this question. That was the
beginning. The second installment was, “Have Model, Will Travel.” This paper
addressed modeling in developing countries and highlighted the fact that you could
not just translate and transfer a model created in a developed country to a
developing country. Saul addresses some of the cultural issues and some of the
barriers that might occur in making this transition. Again, a thoughtful piece! The
next installment is, “Danger, Beware the User as Modeler.” Is it a good thing or a
bad thing that anyone can develop spreadsheets and create OR models? Saul
discusses this issue in that article.

You can sit through an evening or two and read through all of these papers, and
you will learn a lot, an awful lot, about our field.
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Saul on the Profession

1 A Perspective on the Future of Operations Research,
Operations Research, Vol. 35, No. 2, 1987.

[l Operations Research: The Next Decade, (joint editor),
Operations Research, Vol.36, No. 4, 1988.

1 The Current Status of Operations Research and a
Way to the Future, The Journal of the Washington
Academy of Sciences, Vol. 79, No. 2, pp. 60-69, June
1989.

[ Not This Merger Proposal, OR/MS Today, 44-46, Feb.
1994

[0 Don't Merge, Restructure, OR/MS Today, 69-70, April
1994.

[ Ethics in Journal Refereeing, Letter to the Editor,
Communications of the ACM, 42, No. 11, 1999.

Fig. 23.

Figure 23 shows a bit about Saul and the profession. Again, he’s written a set
of perspective pieces, some projecting into the future. The second paper is the one
in which we are co-authors. Thirty-seven of us contributed, and Saul helped lead
this activity. Conceivably, this room contains half of the people who were
involved with this project. The CONDOR Report examined the professional wave
of the future. Items 4 and 5 show that Saul played the role of the loyal opposition
when TIMS and ORSA were being merged, and his input had some fairly
significant impact on the character of the merger and helped to improve it. I
remember vividly those conversations because it came from his heartfelt
commitment to Operations Research/ORSA and what the profession meant, and his
concern that we might be losing some of its character and substance through the
merger. Although he and I were on opposite sides of the merger debate, his
passion and formidable articulation was simply wonderful. In addition to these
many other professional contributions, he has also sparked considerable dialog
concerning ethics in the profession in a variety of ways.
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It All Started Here

Fig. 24.

Figure 24 is in some ways for me where it all started, because there’s the poppa
and there’s the guy who wrote the book that got me into this field. This might not
be the beginning for the rest of you, but I think we could argue that linear
programming started with those two wonderful gentlemen standing before you in
this slide.

You can tell whether a man is clever by his answers.
You can tell whether a man is wise by his questions.
— Naguib Mahfouz

Optimization

Every calling is great when greatly pursued.
— Oliver Wendell Holmes

Life's truest happiness is found in friendships we
make along the way. — Unknown

Fig. 25.
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I will close with the three quotes in Figure 25 that surround the optimization
house that Saul has built. They somehow say it all for me. Saul has asked
penetrating questions, penetrating theoretical questions, penetrating questions about
models, and penetrating questions about applications; he has also asked penetrating
questions about the profession. Along the way he has contributed the answers to
some of these questions and insight about many of them. But always penetrating,
stimulating, and provocative questions! Saul has greatly pursued this thing we call
Operations Research and in doing so has helped make the profession itself great.

Happy Birthday, my friend, and thanks for all that you have and will continue
to do for all of us.
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Definitions of Operations Research by Morse and
Kimball
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Summary. This paper is an edited transcription of the author’s lecture given on February
25™ 2006, in honor of Saul Gass.

Key words: Real problems; scientific method; interdisciplinary teams; hot topics.

1 Introduction

I hesitate to talk at all about history today, because the biggest, the greatest
historian about OR I know is sitting here in the front row: Saul Gass himself.
Therefore, you will have to excuse me and give me a B+ or perhaps even a B- if 1
do this wrong.

As Al Blumstein remarked earlier today, we met in the summer of 1966 when
Al was in charge of the Science and Technology Task Force of the President’s
Commission on Law Enforcement and Administration of Justice. Saul was there
along with Ron Christensen, who happened to be a UC Berkeley physicist, and
others. We weren’t just focused on toy problems but real problems.

It was really great for me to have two mentors, such as Saul and Al, early on in
my life, even though I was only a young child at the time. Saul was quite
interesting. He was always thinking about models. Now I know this isn’t
politically correct, but it’s excusable since it’s in his book, An Ilustrated Guide to
Linear Programming. For those of you who weren’t around, you can find it
(Figure 1) in his book.
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© Saul I. Gass

Fig. 1.

The young Saul Gass is shown in Figure 2, and he really hasn’t changed over
the years. If Trudy were here, I would ask her to comment on that handsome
fellow shown there.
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As shown in Figure 3, he was always using the latest computer technology
because with linear programming you must do that. Figure 3 is also out of his book
so I know it’s politically correct to use it. I also know your lawyers will be calling
me in the morning about a possible copyright violation since it’s out of his book,
but Saul has granted me permission and he owns the copyright.

He was always using the latest
computer technology

=N S s

© Saul 1. Gass

Fig. 3.

This talk is kind of like a sandwich. There is the top piece of bread, then we
have the stuff that’s in the middle of the sandwich, and then we have the bottom
piece of bread. That was the end of phase one, which took very little time.

Basically my theme is that OR works best when it’s working on real problems.
Saul, being a modeler for all of his life, also knows the history very well. He
knows the history of OR in Great Britain and the United States during WWII. The
biggest accomplishments were made by people working on real problems, not toy
problems, not virtual entities manufactured out of the imagination and transferred
to the blackboard. As shown in Figure 4, that’s my extreme point here: OR works
on real problems. As Al Blumstein said earlier today, Operations Research is
research on operations. I know that’s heresy to some, but that really describes the
essence of Operations Research.
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Let me make an extreme point.
OR works on Real Problems

Fig. 4.

The circumstance that brought me to the Science and Technology Task Force
was a phone call between Philip Morse and the Institute for Defense Analysis when
I was a starting graduate student at M.I.T. Phil Morse was a physicist on the U.S.
side and was very important in creating OR as a named field. He was also the
founding President of ORSA. In his presidential inauguration, Phil Morse said,
“Operations Research is what operations researchers do.” That quote was not quite
so informative as what is shown in Figure 5. Since there are different people who
may have said these quotes earlier, and since we don’t know for how long this
particular book, Methods of Operations Research, was classified, it is uncertain
who said these quotes first. Some of the quotes follow.

Quotes from
Methods of Operations Research, Morse and Kimball
“Operations Research is a scientific method of providing

executiv e departments with a quantirarive basis for
decisions regarding op erations under their control™

“Operations Research ... is an gplied science utilizing all known
scientific techni ques as tools in solving a spedific problem.”

“Operations Research uses mathematics but it isnot a hranch
of mathematics.™

“... Operations Research is often an experimental scence as well
as anobservational one”

“It often eccurs that the major contribution of the operntions
research worker is to decide what is the realproblem.”

Fig. 5.
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The first quote notes that OR utilizes the scientific method. The second
emphasizes that OR is an applied science. The third emphasizes that OR uses but
is not a branch of mathematics. Please don’t be too concerned if you are from a
mathematics department. The fourth quote is quite interesting because it points out
that OR is often an experimental as well as an observational science. If you go
back and see what they were doing in WWII, you will discover that almost all of
the time they started by observing first, then collecting data and then looking at
what the data is saying. I particularly like the last quote that tells us to determine
the real problem. Those are the founding pillars.

The first OR book published in the US appeared over 50 years ago. It pertains
to a topic that’s dear to my heart, Queueing. I like that word because if you spell it
the British way, Q-U-E-U-E-I-N-G, it has 5 vowels in a row. This is the only word
I know that has that property. A. K. Erlang was a Danish telephone engineer who
invented queueing theory. Even though he didn’t know anything about Queueing,
the Copenhagen Telephone Committee asked him to find a scientific way to figure
out the size of the new central switching systems so that people didn’t have to hang
a wire between their place and everyone they wanted to call. As a resuilt, he
invented queueing theory by determining the real problem. His solution was
published in 1917. Although there have been numerous textbooks, and hundreds, if
not thousands of articles, written on Queueing, Erlang’s equations are still the most
widely used in practice today.

Another real problem is the Chinese Postman Problem. The word “Chinese”
appears in the problem description not because it pertains only to the postmen in
China, but due to the fact that the problem was described by a Chinese author and
appeared in Chinese Mathematics (1:273-277, 1962). The first sentence of this
classic paper states: “When the author was plotting a diagram for a mailman’s
route, he discovered the following problem: ‘A mailman has to cover his assigned
segment before returning to the post office. The problem is to find the shortest
walking distance for the mailman.”” Therefore, he discovered the mathematical
definition of what we now call the Chinese Postman Problem and its first solution.
The Chinese Postman Problem is a real problem and something we teach most of
our OR students today in a network optimization course.

Another very real problem is a facility location problem described in a paper
co-authored by Hua Lo-Keng that appeared in Chinese Mathematics (2:77-91,
1962). The paper’s title is “Application of Mathematical Methods to Wheat
Harvesting,” and the following quote is from the first paragraph:

“...the work of wheat harvesting in the Peking suburbs was participated in by
teachers and students...The objective ...was experimental use of mathematical
methods in the selection of the threshing site most economical of transportation.”

In this work, Hua Lo-Keng formulated the solution for the ‘1-center problem’
on a tree and actually did much more. By the way, this fellow never graduated
from high school, never got a college diploma, and yet became the most famous
theoretical mathematician in China in the second half of the twentieth century. He
is viewed by many as the founder of OR in China. The Hua Lo-Keng Prize in
Mathematics is the highest honor awarded in the Chinese mathematical
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community. This shows that you can be rigorous and still work on applied
problems, and the applied problems can yield fundamental results.

By the way, the story of how Hua Lo-Keng got to be a full professor at
Tsinghua University and received honorary doctorates here and there, while never
having graduated from high school, is a very fascinating story to read.

Most of you have heard of Bernard Koopman, the 6" President of ORSA, who
worked with Philip Morse and others during the WWII effort. His invention of
Search Theory is mathematically rigorous, and Koopman was a very talented
mathematician. However, I ask you to realize that the work was a multi-
disciplinary team effort of psychologists and others in the Social Sciences as well
as mathematicians, and involved measurements of pilots’ visual performance and
much more. The results were rigorous, fundamental and classified for 15 years.
The work was published in the late 1950s in Operations Research. Someone else
eventually received the Lanchester Prize for follow-on search theory work..

Recall the last quote in Figure 5 about what OR is from Morse and Kimball: “It
often occurs that the major contribution of the operations research worker is to
decide what is the real problem.” This quote provides the theme of the next
problem I am about to describe.

You probably all know the folklore by now about the elevator delays in New
York City in the mid 1950s when people started living in high rise apartments,
worked in high rise offices, and stayed in high rise hotels. The elevators sometimes
even had elevator operators in them before the advent of complex computer
controls. People started complaining about the delays in waiting for elevators, the
old fashion ones. You know the story.

Russ Ackoff sent a junior person, whose name he forgets, from Wharton to
New York to look at the problem. The person studied the problem. He looked at
people waiting for elevators who were looking at their watches (that’s why I don’t
wear one, no watch here), and other things. He said, “Aha!” A narrow
technocratic approach would have been to say that this is a multi server-queueing
system without enough servers. Therefore, let’s dynamite the building and start all
over again with twice as many elevator shafts. But this fellow with lateral thinking
said, “The problem is not with the delays for elevators, but rather the complaints
about the delays for elevators. If we can reduce the complaints about the delays for
elevators, we’ll solve the problem.” Then in a spirit of great insight, he said, “Let’s
put mirrors next to the elevators and see if people can entertain themselves. If they
have hair, they can comb it; if they have a tie, they can adjust it.” It worked! They
put mirrors next to elevators, and the complaints dropped to near zero, even though
the statistics of the delays were unchanged. Problem solved! To me this is
exemplary OR. How many theorems were proved? Zero. How many equations
were there? Zero. How many variables? Zero. How much is common sense and
lateral thinking? A lot! If this were written up today and submitted to any of our
refereed journals, I think the referees would laugh out loud and toss it away. To me
this is exemplary OR! We need to go back and think about these things.

Coincidentally, the year that this happened, 1955, was the year that Disneyland
opened in Anaheim, and they have become the Machiavellian Masters of the
psychology of queueing. There are a lot of industries that use psychology in
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queueing, and I’ve listed some of them in Figure 6. The psychology of queueing
actually has become a separate subfield in itself.

The Birth of the
Psychology of Queueing

® Diversions
— “MILTOLS” e erreeerreenreeiesnesiiesiennns
— “Silent Radio” from Los Angeles
— “Captive Audience TV”
— Manhattan Savings Bank

® MBTA in Boston

® Musical sculpture at Logan Airport in
Boston

® Disney lines

Fig. 6.

Now, Philip Morse authored or co-authored at least three books in OR and
many articles. I previously gave quotes from the first book, coauthored with
Kimball. The second one was Queues Inventories and Maintenance published in
1958. The third one that I know of is Library Effectiveness: A Systems Approach,
which won the Lanchester Prize in 1968. How often in these books do you find the
words, “Theorem” and “Proof”? So far I have been unable to find those words.
Since they are not in electronic format and I couldn’t do a computer search, they
may be there somewhere but I could not find them. How often do you find those
words in any physics text or paper? What I’m asking is: “Isn’t it the job of OR
people to discover the physics of complex systems involving people and
technology?” Aren’t we really physicists and not mathematicians or engineers?
Might it be like the founders of OR in the late 1930s in the UK and the 1940s in the
US who were physicists?

The dominant paradigm for an OR person should be that of a physicist who is
both an experimentalist and a theoretician, rather than mathematician. Or, if he or
she is a mathematician, it is their responsibiltiy to join interdisciplinary teams when
looking, as Koopman did, at complex problems.

A proposition I have, as shown in Figure 7, is that “The Key Value Added
Components of an OR Study are Three.” One is framing the problem. Look at the
elevator delays in New York City as an example. The second component is
Problem Formulation. Sometimes if you’re going to employ equations and
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variables, that’s when you reduce it to equations and constraints. The third
component is Problem “Solution,” often requiring optimization, which is dear to all
of our hearts. What relative values would you place on each of these three
components in doing a real OR study? We’ve heard two excellent ones earlier
today, with the most recent being on spectrum bidding in auctions and the other in
criminal justice systems. Each of these involved lots of work in all three of those
steps. 1 ask you again, “What relative values would you place on each of these
steps?” You each have your own personal weight that you’d put on them. Then
I’d ask you to compare those weights to our emphasis when we teach OR students
in our universitiecs. How do those weights compare? Are we teaching them
correctly? Are we emphasizing the right things? 1 leave that as a question to
ponder.

Proposition: The Key Value
Added Components of an OR
Study are Three:

+ Problem Framing

+ Problem Formulation

* Problem “Solution.” often requiring
optimization

* What relative values would you place on each of
these steps?

* Do these weights correspond to our emphases in
our teaching OR to our students?

Fig. 7.

The theme of this part of the sandwich is that OR does solve real problems. My
assertion is that OR’s best theoretical work has been driven by real problems.
Therefore, I reject the partitioning of INFORMS members and OR people into
practitioners and academics. I don’t think that is helpful, and 1 don’t think it’s
realistic because the best OR people are both contributors to the methodology and
solvers of real problems. Those other things I mention in Figure 8 also were driven
by trying to solve real problems.
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OR Solves Real Problems!

* OR’s best theoretical work has been driven by real [
problems. '

* We also mention

<~ Dynamic Programming (Sequentid decison madng
under incertanty)

— Markov decision processes
— Supply Chain Managem ent
— Reverme Management or Dynamic Pricing

Fig. 8.

That was back in the 1950s. If we jump ahead to today, we see that we still do
traditional OR work but things have really expanded in both depth and breadth.
For instance, the following list shows all the refereed journals that INFORMS
publishes today.

Decision Analysis: A Journal of the Institute for Operations Research and
the Management Sciences

INFORMS Journal on Computing

Information Systems Research

Mathematics of Operations Research

Transportation Science

Organization Science

Management Science

INFORMS Transactions on Education

Operations Research

Marketing Science Journal

Interfaces: Where Practice and Theory Converge
Manufacturing and Service Operations Management

That is a very impressive list!

About a year and a half ago, I polled some of the editors-in-chief regarding hot
topics. After all, we need to know what some of the hot topics currently are in OR.
One of the editors was Larry Wein, who was still the Editor-in-Chief of Operations
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Research. Larry gave me some of his hot topics. Without any editing, this is what

he said:

Homeland Security

Call centers

Internet modeling

Revenue management

Game-theoretic supply-chain management

Since those are all real problems, it’s nice to see them. From Dr. Nimrod Megiddo,
the Editor-in-Chief of Mathematics of Operations Research, which is the most
theoretical of the publications that INFORMS publishes, we see more current hot

topics:

Internet modeling (heavy tail distributions)
Auction theory

Financial engineering

“Price of anarchy”

— Aims at analyzing the difference between performance under
"selfish behavior" and under coordinated optimization. The
methods here are game theoretic, involving Nash equilibrium and
competitive equilibrium. Methods of both discrete optimization
and continuous optimization arise in the analysis.

Even though it is a somewhat theoretical list in terms of the mathematics used, the
topics are driven by real problems. Management Science is another flagship
journal of our profession. The following list of even more current hot topics is
from Dr. Wallace J. Hopp, Editor-in-Chief:

Social networks (particularly as they relate to quantitative models of
organizational structures).

Risk management (e.g., use of finance and other tools to quantify and
mitigate risk in a range of practical decisions beyond asset pricing and
portfolio management)

Data mining (the massive data bases becoming available via enterprise
data warehouses and CRM systems ensure that the basic idea will remain
of interest for quite some time).

Strategic planning (much recent work has incorporated economic
frameworks to consider competition and other high level market effects,
but we still need research that brings these insights to the decision support
level so that decision makers can use them in practical settings).

Service operations (call centers and health care have been getting lots of
attention in recent years, but with the growth of the service sector there are
many other service industries where analysis could have a significant
impact, such as primary/secondary education, retail sales, consulting, food
service, etc.).
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It is true though that if you open, let’s say the flagship journal, Operations
Research, to a randomly selected article, sometimes the only data you will see in
that article is the date of submission and the date of acceptance. It would be nice to
revisit what our founders did in the 40°s and 50°s and perhaps add some more data.
Now Al Blumstein is a huge counter-example, as is Karla Hoffman. Again, you
open the journal and sometimes the amount of data that you see, the data that is
driving the analysis, is not as much as you might like.

Here is the good news! We have over a dozen world class refereed journals
today. We have scores of textbooks, covering virtually every aspect of OR theory.
We have approximately 7 generations of OR Ph.D.’s. [ think I'm a great-great-
grandfather, if you think about fathering Ph.D. students. There are others, believe
it or not, who are older than me who have started this process earlier. We also have
many specialty sub-societies. That’s the good news! So what’s the bad news?

That’s also the bad news because what has happened is that a lot of this has
channeled us into small canyons where we have little fiefdoms or tribes going
around in these little canyons and they can’t see over the edge of the canyons to the
people in adjacent canyons. The idea of inter-disciplinary and cross-disciplinary
teams that was so successful during the war effort and is still successful today in
lots of consulting and other companies seems to be lost as the dominant paradigm
of the profession. You might say, “Where are all the psychologists, social
scientists, physicists, economists, empirically based research results, multi-
disciplinary research teams?” We do have them here and there, but they no longer
represent the dominant paradigm for OR, and I think at our risk.

I got an e-mail yesterday from an M.I.T. PhD in theoretical physics. He said
he’d read some of my discussion of this topic last year in OR/MS Today and said,
“I’'m raising my hand; I’m converting to OR; tell me how to do it.” So, physicists
stand up and step forward. I’ve got to write him a serious response. Saul, any
suggestions?

Problems still exist. There are myriads of problems out there that still need to
be addressed in their full complexity, not some subset about which it is easy to
write equations and prove theorems. You might want to check out the newly
formed Council of Engineering Systems  Universitiess (CESUN)
http://www.cesun.org. I think there are about twenty-five members now, including
MIT, Stanford, Georgia Tech, and RPI. I don’t know if the University of Maryland
is a member of CESUN or not. This movement in “Engineering Systems”
embraces complex ‘messy problems’ in their entirety, utilizing an interdisciplinary
approach by bringing in three different disciplines that are traditionally separate:
OR, Industrial Engineering and other traditional engineering disciplines;
Management, broadly defined; and the Social Sciences.

When I read through the literature that describes this new entity that is still less
than a year old, I read that they are embracing an interdisciplinary approach, and
then I look at these ancient documents that Saul sent me. One is by Philip Morse,
“Of Men and Machines” and was published in 1946 at MIT (MIT Technology
Review, 49, 1, 1946). To me, this description of OR in 1946, as shown in Figure 9,
is virtually identical to what this is all about. Why is it that we have lost the
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breadth and multi-disciplinary nature in studying complex problems? By the way,
I am the official liaison representative between INFORMS and CESUN.

Philip M. Morse, 1946, MIT Technology Review)

“...the method of science is applicable to social as well as technological
problems.”

“The procedure which was developed for studying an operation is an obvious
one...: The operation is analyzed to find out what happens rather than what
should happen; the combined knowledge of physics, chemistry, psychology,
and other sciences is utilized to find out why a particular operation occurs
the way it does; this deeper understanding suggests possible causal
relationships which might be tested by operational experiments, and finally
tested understanding can then be used to modify the operation to give best
results under various conditions.”

“The new ingredient (from the War effort) was the cooperative effort of
teams of specialists, drawn from any and all branches of science. In the
solution of important problems, these teams were free to carry on a program
of operations in which considerable emphasis was placed on the
experimental method, and they combined their knowledge and techniques to
achieve the maximum desired goal in the shortest period.”

Fig. 9.

Those of us from the President’s Crime Commission are Still Playing Cops and
Robbers and Chasing Ambulances! Example: The hypercube queueing model is
something we created at MIT in the mid 1970s and is still alive and well. We're
adapting it to provide a transient solution for transient situations such as terrorist
attacks in major cities. This work is sponsored by the Department of Homeland
Security so it is being used and also generalized. By the way, Figure 10 shows a
version of a hypercube that was implemented in the five boroughs of New York
City to optimally deploy ambulances. By looking at Figure 10, you get a feel for
what it looks like on a computer screen. It helps the 911 system in deploying
emergency vehicles. Now, if you have dyslexia, you should go to Japan because
their 911 is 119.
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New York City
EMS Hypercube

Fig. 10.

In keeping the spirit of the President’s Crime Commission alive, yours truly
recently visited Japan, as shown in Figure 11. By the way, I managed to give away
a lot of hats in many different countries which read, “OR is the Science of Better”.

Fig. 11.

We actually have used linear programming in some of our stochastic modeling.
For instance, Rick Jarvis, a doctoral student of mine, used LP to generalize to end
servers within the hypercube framework. Rick’s work generalized the results that
Carter, Chaiken, and Ignall got at the New York City Rand Institute in 1972. This
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work uses Markov Decision Processes. Basically, it shows how you partition a city
into zones so if you get a call for service or a call for a fire engine or for an
ambulance and you know what the set of available servers are, which one do you
send? It is not optimal to take the greedy heuristic of always sending the closest
available server. Sometimes, it is best to send the second or even the third closest
one available if your overall long term average is to minimize response time over
the ensemble of all calls received over say 24 hours.

Due to Saul’s excellent and best selling textbooks including his famous
Hlustrated Guide to Linear Programming and his great leadership in teaching and
other accomplishments, he’s been a major contributor to the correct modeling of
applications that require optimization and to solving real-world problems.

We’re going to celebrate, as we close here, some of LP’s applications. There’s
supply chain management. The photo shown in Figure 12 was taken in Pakistan
about 10 days ago, and that fellow is delivering milk. That is a Supply Chain
Management real problem.

Fig. 12.

Other applications include manufacturing (such as the printing of currency and
lottery tickets), inventory theory (such as the amount of grain and hops needed at
Guiness Brewery), scheduling classrooms and operating rooms, water distribution
systems, facilities layout, and the diet problem shown in Figure 13.

The Diet Problem is one of the earlier applications of LP and the objective is to
minimize the cost of the food you buy subject to certain dietary constraints. 1
remember the first time they worked it out. It turned out you were just eating
something like chalk all of the time. It was really awful and not very diverse. With
the diet problem, they sometimes don’t get the constraints right. When this
happens and people follow it routinely without really understanding the black box
from which it came, bad things can happen. As shown in Figure 14, becoming a
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skeleton is one of the bad things that can happen if you use incorrect constraints on
the diet problem!

The Diet Problem

© Saul 1. Gass
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I want to thank Saul for 80 years of great OR and I am looking forward to
another 80. I also want to thank Trudy, his optimal solution. Thank you very
much!

Thank You, Saul, for
80 years of great OR!
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1 Introduction

I’m really happy to be here and to present a talk in honor of Saul Gass. I’m going
to talk about Ben Franklin, and I’m going to argue, or at least I’m going to sketch
an argument in support of Ben Franklin’s being America’s first operations
researcher, defining operations research rather broadly. Let me start off by giving
you some background. I graduated from the University of Pennsylvania as an
undergrad. And if you’re on the Penn campus, you’re never very far away from a
statue of Ben Franklin. And so I always thought I knew about Ben Franklin’s life.
I read his short autobiography when I was in college, but this past summer I read a
full-length biography of Ben Franklin by Walter Isaacson [1]. I was frankly blown
away by what this man accomplished in a single lifetime, and I was amazed at the
range and variety of his talents. Some of you may know that we recently
celebrated his 300™ birthday. This is a very big deal in Philadelphia; I guess across
the country it’s not as well known, and it hasn’t been as widely celebrated. But he
was born on January 17, 1706.

So the more I thought about Ben Franklin, the more I felt that we could actually
make a good case for his being America’s first operations researcher. The plan for
the talk is as follows: We’ll take a quick look at the Ben Franklin you already
know about, and then we’ll take a peek at some of Ben Franklin’s work in
operations research. I suspect that many of you don’t know about this work. And
finally we’ll try to answer the question, “So, what does this have to do with Saul
Gass, anyway?”
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2 Discussion

Okay, so what do we know about Ben Franklin? He was born in Boston. (Saul
was also born in Boston.) He was the best scientist, the best inventor, the best
diplomat, the best writer, and the best businessman in America in the 1700s. He
was a very successful printer and publisher. Indeed, he became quite wealthy and
retired at a very early age. He was a great political and practical thinker. He
proved that lightning was electricity. We’ve all read the stories about his kite
experiment. He had a number of important inventions. He founded a library, a
college — namely the University of Pennsylvania in 1740, a fire department, and
many other civic associations.

He’s the only person to have signed all of these documents: the Declaration of
Independence, the Constitution of the United States, the Treaty of Alliance with
France (this guaranteed that the French would support the colonists during the
Revolutionary War, which was very important because the colonists didn’t have
any money), and the Treaty of Paris with Great Britain that officially ended the
war. So these four documents essentially assured the independence of the colonies,
and he’s the only one to have signed all four of them. As I mentioned, he retired
early from business at age 42, and he devoted the next 42 years of his life to
conducting experiments in science and providing service to Pennsylvania and then
his country. But he also made, in his spare time, some significant contributions to
the field of recreational mathematics.

Let me give you some background. In 1750, the population of London was
about 750,000 people; there was only one city larger, and that was Beijing. What
do you think the population of Philadelphia was in 17507 It was about 20,000.
Imagine the difference in terms of level of sophistication between London and
Philadelphia. We would now regard this as a town or maybe a small village, but
Philadelphia was the largest city in the Americas in 1750. Of course, the difference
between 20,000 and 750,000 is just incredible.

Now, how old was Benjamin Franklin when he ended his formal education? It
turns out that he was 10 years old. He went to work for his dad, who was a candle
maker, at age 10. Then, at age 14, he became an apprentice to his brother who was
a printer. He remained in printing for the rest of his working life. In his spare
time, he made some significant contributions to recreational mathematics. He
designed these magic circles and magic squares, which were regarded as works of
art by his friends, and even today some of them are regarded as masterpieces in the
field of recreational mathematics.

Now, his explanation was that he was an assemblyman in Pennsylvania in the
early 1730s, and he had to attend these incredibly boring meetings. So, he would
start to doodle, and he would construct these remarkable magic squares.

With a magic square like the one in Figure 1, we have an 8 by 8 grid, and we
want to assign the numbers 1 through 64 to the cells of the grid such that a variety
of properties are satisfied.

So here you see that each row and each column will add up to a magic sum.
The magic sum is the sum of numbers 1 through 64 divided by 8, because there are
eight rows and eight columns. That is, every row and every column sums to 260
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526t | 4| 132029 |36 as s2(61] 4 |13]|20]29]36]45
6 30

360 5 12 ] 21 | 28 | 37|44

11| 6 | 59| 547]43|38(27 |22 11| 6 54 |43 | 38|27 |22
55 | 58 | 7 |10} 23| 2639 |42 55| 58 | 10| 23] 26| 39|42
9 | 8 | 57|56} 41|40} 25|24 918 56 | 41 | 40 | 25 | 24
50 [63] 2 | 15| 1831 ]34 |47 50 |63 | 15|18 | 31 | 34 | 47
16 [ 1 (64| 49048333217 16 | 1 ;'_5.43_.; 49 | 48 | 33 | 32 | 17

Fig. 1. Franklin Magic Square Fig. 2. Each row and each column

sum to 260.
36 | 45 sz 61| 4 |13 |20 2036 |4s
30 19
1 37 | 44
27 | 22
55 58 26| 39 | 2
[ols a0 | 25 | 24

50 | 63 2 15 18 | 31 | 34 | 47

16 1 64 | 49 | 48 | 33 | 32 | 17

Fig. 3. Any haif-row or half-column
sums to 130.

29 | 36 | 45

35 | 30 | 19

53 | 60 5 12 | 21 28 | 37 | 44

1| 6 | 59 |54 43|38 (27|22 11| 6 | 59|54 4338|2722
55| s8] 7 10 [ 23 | 26 | 39 | 42 55|58 7 [ 102326 39|42

18 | 31 34

48 | 33 | 32 | 17

Fig. 5. Any wrap-around 2 by 2 Fig. 6. Any set of four cells

block sums to 130. forming a rectangle with an even
number of cells on each side sums to
130.
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Fig. 7. Any set of four cells forming
a rectangle with an even number of
cells on each side sums to 130.

B2 61| 4 | 1320|2936 |45

14] 3 | 62|51 |46 |35 |30 19

53060 s |12 |21 | 2637 |44

1] 6 |59|54laz| 382722

55{58 | 7 | 30123 | 26 | 39 |42

9| 8 | 57|56 |41 |40 25|24

50| 63| 2 15|18 |31 34|47

A6 1 [ 64|49 |48 |33 32|17

Fig. 9. Each of the two bent rows
above totals 260.

52| [ 1320 29 | 36 | 45
14 3. |62 51| 46|35 [ 30 [ 19
53|60 |5 [12] 21 |28 ['37 | 44
1] 6|59 54|33 |2 %
55|58 | 7 [10] 23] 267|397 42
9 | 8| 57|56 41 407 25| 24
50| 63| 27| 15| 18| 31 | 34 | 47
16 1 ea |49 48| 33 |32 |17

Fig. 11. Each of the five bent
parallel columns above totals 260.

27 | 12

39 | 42

25 | 24

34 | 47

Fig. 8. The shaded entries sum to

s2| 61| 4 | 13|20 |29 36|45

14 | 3| 62|51 | 46| 353019
53|60 |5 |12]21]28)|37 |44
11| 6 |59 54437382722
ss|s8| 7 | 10|28 26 |39 |42
9 | 8 |57 56|41 |40 |25]24
50|63 2 |15 1831|3447
26| 1 [eaa9|a8|33|32 |1

Fig. 10. Each of the two bent
columns above totals 260.

2|61 4 |13]20 |29 35
14| 3 |62]51|46]35]|30
60| 5 | 12]2128 |37 s
M| e[ 59| 54 [ 43|38 |27 |22
55| 58| 7102326 |39 |02
8757 |56| 41|40 (25 |24
560632 1518|3134
16| 1 |64|49|a8]33] |27

Fig. 12. Each of the three wrap-
around bent columns totals 260.
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rows above totals 260.
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Fig. 15. Each of the five parallel
bent rows totals 260.
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around bent rows totals 260.
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around bent rows totals 260.
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(Figure 2). It is also the case that any half-row or half-column sums to half of 260,
or 130 (Figure 3).

Another property is that any 2 by 2 block (including wrap-around) sums to 130
(Figures 4 & 5). I’m just showing you some of these blocks, but you can see that
every single one of these has to sum to 130. Next, any set of four cells forming a
rectangle with an even number of cells on each side sums to 130. This property is
illustrated in Figures 6 & 7. Now a corollary to the above is that if you take the
interior cells and then add the corner cells, the sum is 260 (Figure 8).

Franklin also defined the notion of bent rows and bent columns. In Figure 9,
you see a bent row at the top and a bent row at the bottom. They each sum to 260.
And the bent columns in Figure 10 also sum to 260.

In Figure 11, we have parallel bent columns. Each of these parallel bent
columns sums to 260. It’s pretty amazing what he did. Not only that, but with
wrap-around bent columns, you also get 260 (Figure 12).

In Figure 13, we have parallel bent rows in which each sum is 260. In Figure
14, we see bent rows with wrap-around, again summing to 260. In Figures 15 and
16, we see more of the same.

In Figure 17, we see parallel bent columns summing to 260. And in Figure 18,
we see each wrap-around bent column also summing to 260. If you think about it,
this is amazing that he was able to construct these magic squares (and magic circles
also) with so many interesting properties.

It turns out that there are many additional properties that I could show you, but
we’ve already made the point. This is a very impressive Franklin square, and yet it
pales in comparison to Franklin’s masterpiece. His masterpiece is a 16 by 16
Franklin square. This Franklin square has 4 times as many numbers as the 8 by 8
square, and so it would be difficult for me to display it on a computer screen. But
it’s also the case that if I tried to show you the 16 by 16 Franklin square, I would
need a large number of figures to show you all of its properties, because it has
many more properties than the 8 by 8 square that we have been working with. If
you want more details, see [2]. One of the interesting facts that I came across is
that mathematicians today are trying to figure out exactly how he was able to
construct these squares; after all, he was working with pencil and paper and
somehow he was able to construct some very intricate magic squares.

Now, if we think about this problem from the vantage point of today, we can
view this as a constraint satisfaction problem. We have a number of these
summation constraints. We can think of variables as being defined by x; which is
the number assigned to cell i. We have constraints that tell us x; is not equal to x; if
iis not equal to j. So, we can use an arbitrary linear objective function, and we can
model this as an integer program in order to take advantage of the very powerful
solvers that exist today like CPLEX, and solve them. So, I would argue that
Franklin’s work on magic squares is a first example of his interest in Operations
Research (OR), even before OR developed as a field.

The second example of Franklin’s work in OR involves his interest in decision
making. He devised a fairly simple tool in 1730. The tool was based upon the
notion of using a chart where you essentially have two columns (Table 1). One
column has the heading Pros, and the other has the heading Cons. You place the
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Table 1. Franklin’s Decision-Making Tool was a precursor to
cost-benefit analysis and AHP.

Pros Cons

Factor A Factor D

Factor B Factor E
Factor C Factor F
Factor G

relevant factors under each one of these headings. And that was fine, but he took
it one step further. Each factor has a weight, and the weights aren’t necessarily the
same. So, for example, if factor A was as weighty as factors D and E combined, he
would cross out those three factors from this chart. If factor B was as weighty as
factors F and G, he would cross out these three factors, as well. Given that there is
a factor (C) remaining in the left column, the argument in favor of the proposal is
the winning argument.

Now it’s a fairly simple idea, but you can think of it as a precursor to cost-
benefit analysis and the Analytic Hierarchy Process (AHP) in which you have
factors and sub-factors (see Saaty [3]). The factors and sub-factors have weights.
Instead of representing them visually as a chart with two columns, we use a tree-
like or hierarchical structure in AHP.

The third example, which is our last example, comes from a paper that Ben
Franklin wrote entitled, “Observations Concerning the Increase of Mankind.” He
wrote this in 1751. It was based upon his analysis of existing data. This was a
data-driven model. He looked at the data, and he observed that the Colonists were
more likely to marry than the English, they married younger, and they averaged
twice as many children. He was able to quantify these observations, and then he
went through some calculations, which we would regard today as back-of-the-
envelope calculations. But he was able to conclude that America’s population
would exceed that of England in 100 years. And his forecast turned out to be
exactly right.

Again, one of the things that amazed me about this is that the two preeminent
economists of the time built upon Franklin’s work. Adam Smith and Thomas
Malthus were college professors and college educated, and they cited Ben
Franklin’s paper in their work. Adam Smith, who came up with the notion of the
Invisible Hand, and Thomas Malthus, who was so pessimistic about the impact of
population growth, were two giants in the field of economics. They devoted their
lives to the field. As we mentioned, Ben Franklin went to school only up to the age
of 10.
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3 Conclusions

So, in conclusion, I think we can say that Ben Franklin was one of the few
American operations researchers to pre-date Saul Gass. It’s also curious that the
interests of Ben Franklin that I’ve focused on coincide very nicely with Saul’s
interests. Without being aware of it, Ben Franklin was interested in constraint
satisfaction, mathematical programming, decision-making, and data-driven
modeling, as Saul has been over the last 50 years. Both were leaders in their fields.
I, therefore, think it is appropriate to congratulate both Ben Franklin on his 300"
birthday, and Saul Gass on his 80" birthday.

In closing, let me say that Saul and I have been colleagues now at the
University of Maryland for 30 years, and it has been my privilege and my pleasure
to have him as a colleague. Happy 80" Birthday and many, many more.
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Summary. Introductory operations research and management science textbooks
survey a standard set of modeling techniques: linear programming, queueing theory,
inventory control, decision trees, etc. The discussion throughout focuses on deci-
sion making and often explores the possibility of purchasing additional resources to
improve performance. All of the modern texts provide a rich array of real-world ex-
amples of successful OR projects. By referring to recognized best practices, we argue
that there is another factor: management’s multiple roles that are missing from the
problem context. We believe this gap is a factor in why other approaches to problem
solving are often more visible and more marketable than OR. We provide examples
of discussions of managerial oversight, leadership, and effort that could easily be
added to chapters on mathematical programming and queueing, so as to place OR
models in a broader context and increase their value.
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1 Managerial Effort vs. Decision Making

Executives and managers spend much more time managing processes and the
results of a decision than actually making a decision. We do not argue that
this is how it should be. There is ample evidence that too often inadequate
time and energy is spent seriously assessing a wide range of alternatives when
making decisions. Often only one alternative is considered, and the question
reduces to yes or no, and then for how much.

Not all bad decisions can be overcome with a heroic investment of man-
agerial effort. The press and literature are replete with data on the infrequent
success of the decision to merge with or acquire another company. The failures
can be attributed to the decision itself, as well as a lack of understanding as to
the managerial challenges involved in implementation. Similarly, the data on
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the decision to “re-engineer” a process or corporation are equally unnerving.
The success of management of change is not much better [2].

Despite these cautionary words about the importance of good decisions,
managing consumes the lion’s share of people’s time. It is our thesis that it
is important for OR modeling efforts to be better aligned with how people
spend their time and energy. It is our contention that textbooks in Opera-
tions research and Management Science miss out numerous opportunities to
incorporate management thinking into their examples.

1.1 What Do Managers Do Besides Make Resource Allocation
Decisions?

Managerial responsibility includes, but is not limited to, the following tasks,
in addition to making resource allocation decisions.

Managers define and track performance measures: First and foremost,
managers define and establish appropriate performance measures for their
manufacturing or service system and set targets to be achieved and contin-
uously improved upon. These measures may be internal as well as customer
focused and must be communicated to the staff of the organization and in
many cases to customers as well. Along the way, the manager may help his
staff prioritize work including highlighting problem areas for immediate at-
tention.

Managers establish and monitor policies: Managers establish operational
policies that, for example, might directly influence call rates and service dis-
cipline in a queueing system. If strict adherence to a set of policies and proce-
dures is critical to performance, the manager would regularly review reports
on compliance and take action against serious deviations from policy.

Managers direct problem solving efforts: Through a process of constant
feedback and monitoring, a manager should create an environment of account-
ability and rewards for the organization to meet and even exceed established
targets. If the systems fall short, he may lead cross-functional and possibly
cross-organizational teams to identify the root cause of the problem, help the
team develop creative solutions, and monitor progress towards solving the
problem. More specifically, managers challenge and ask tough questions of
their staff and expect them to get back to them with solutions. The “expe-
rienced” manager can provide guidance as to where to look for solutions. If
a crisis arises, he may lead the firefighting effort and temporarily reassign
resources to the troubled area.

Managers lead waste reduction and other continuous improvement efforts:
One broad area of managerial interest is what to do about waste. This issue
has gained greater recognition because waste reduction, Muda, is a critical
dimension of Toyota management philosophy. In this context, a manager may
set an objective for his organization to reduce waste, establish a culture that
constantly seeks ways to eliminate waste, and possibly lead creative problem-
solving sessions that search for the root cause. A corollary to this concern over
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waste is that managers do not like to waste their own time solving the same
or similar problems over and over again. For example, if a schedule frequently
changes, the manager and his staff will be constantly running around fighting
new fires created at every schedule change. These production and logistics
hiccups make it hard for the manager to focus on the big picture of meeting
or surpassing key performance measures.

The above description in no ways covers all managerial responsibility and
action. The tasks we have described, however, are relevant to the OR examples
we discuss in the paper.

In “The Trouble With Optimal,” Clauss [5] argued for a managerial per-
spective to be included in the presentation of OR models and the interpreta-
tion of results, especially for OR courses taught in business schools. He argued
that:

1) a model-generated optimal solution may be bad policy,

2) managers can do better than the optimal, and

3) OR modeling chapters, such as inventory modeling, may ignore the
biggest current issues and best practices to focus just on the models.

In this paper, we build and expand on his theme, but also argue that
OR survey courses, including those in math and industrial engineering de-
partments, should place the OR models in the proper management context.
We use common categories of examples from survey texts to illustrate how
management’s multi-faceted role should be integrated into the modeling pre-
sentation and results discussion. Our examples are drawn from the following
topics within these three main OR subjects.

1) Mathematical Programming: managing constraints, changing parame-
ters, robust stable solutions and beyond optimality.

2) Queueing Theory: waiting experience, managing arrivals, managing ser-
vice time and accountability.

3) Decision Tree and Inventory Models.

2 Mathematical Programming

Every introductory OR/MS text has several chapters about mathematical
programming. One of the core powerful concepts of LP is duality theory. The
values of the dual variables associated with the various constraints provide an
estimate of the marginal value of the resources associated with the constraint.
There are two almost universal observations. Constraints that are not binding
and have zero shadow prices are of limited concern. Conversely, highly priced
constraints indicate a need for more resources and the shadow price helps
answer the question, “What is the maximum amount that a manager should be
willing to pay for an additional unit of a resource that is tightly constrained?”
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2.1 Attacking Non-Constraints

Clauss [5] attacks the idea that non-binding constraints are of little concern
and argues that “optimal solutions may not be good management.” Under-
utilized capacity is a symptom of a broader problem for the company and a
good manager would expend significant energy to find a strategy to generate
demand to utilize this capacity. Alternatively, he may strive to reduce this
capacity, so that it no longer appears on the corporate books and so as to
improve the corporate ROI (return on investment).

We built into the implementation of a vehicle prototype optimization
model at Ford the recognition that experienced managers could improve on
the optimal by addressing concerns regarding underutilization of expensive
resources [4]. A vehicle prototype can cost as much as $500,000. In the model
we developed, design and test engineers specify the tests they need to perform
and the characteristics needed on the test vehicle. The model considers all of
the tests and the timeline required for completion to design an entire fleet of
vehicles that cover all of the test requirements while meeting deadlines.

The experienced prototype fleet manager focuses his review on those ve-
hicles with relatively low utilization. They were typically required to perform
only a few tests that were highly specific or tightly time constrained. The
fleet manager sits down with the test requestor who was assigned one of these
vehicles and enters a dialogue as to how his test requirement needs might be
met otherwise. His questions explore various implicit and explicit constraints
of the model.

1. Could part or the entire test be carried out on something less than a
full prototype vehicle?

2. Have you over-defined the vehicle specifications? Could you use a more
generic vehicle for the tests?

3. Could the test be performed simultaneously with other tests on a similar
vehicle?

4. Is the timeline really fixed or can the test be delivered at a somewhat
later date?

The immediate goal of this discussion is either to move the test to another
prototype with spare capacity or use something other than a full-scale proto-
type. If he succeeds in moving all of the tests assigned to the underutilized
vehicle, the fleet manager can reduce the prototype fleet by one vehicle. It is
easy to justify this dialogue dynamic as managerial time well spent when one
vehicle costs $500,000.

2.2 Tackling Constraints

The OR text recommendation to buy more capacity for highly priced con-
straints is one of the last thoughts that will pass through a manager’s mind,
especially if it requires going through multiple layers of management to get
approval for a capital outlay. Even a suggestion to shift capacity from one
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highly priced constraint to a lower priced constraint or to a constraint that
is non-binding is rarely a trivial task and can cost millions of dollars. In the
automotive industry, shifting assembly capacity between distinct vehicle lines
may cost hundreds of millions of dollars and would rarely be done, except
during a new model changeover that already requires a major plant redesign
and capacity investment. Good managers have other ways of using the in-
sights provided by shadow prices. Goldratt’s The Goal [7] addresses this very
issue, and the Japanese have an entire manufacturing process management
philosophy that focuses on addressing constraints.

Goldratt [7] developed the concept he boldly labeled the Theory of Con-
straints. His examples do not acknowledge linear programming nor the con-
cepts of duality theory, but in practice he is looking closely at shadow prices
within an LP type context. He recommends that managers apply significant
attention to that constraint to make sure that the resource is never wasted.
As he points out, few production processes are totally deterministic and any
amount of variability in a sequence of operations could leave a constrained re-
source under-utilized. Goldratt identifies ways that constrained resources are
typically wasted. The resource may sit idle while workers are on break or for
some other reason such as machine breakdown. The resource may be wasted
by producing defective parts or producing parts that are not in demand.

Managers in their role of oversight and team leaders might set new policies
on breaks or challenge a team to reduce machine down time. In addition, by
establishing appropriate performance measures, machines would not simply
be kept running while producing parts that are defective or not needed.

GM came in first in the 2005 Edelman prize competition with work that
significantly increased the throughput of its plants. The project leaders widely
distributed Goldratt’s book. The array of OR models they developed were
used to identify the ever changing bottleneck constraints on throughput. This
helped plant teams identify problem areas to work on, so as to reduce or
eliminate these bottlenecks. Plans of action were then developed by “multi-
disciplinary teams of engineers, line operators, maintenance personnel, suppli-
ers, managers and finance representatives. Next they committed to implement
the solution by assigning responsibilities and obtain commitment of implemen-
tation resources.” [1]

Japanese manufacturing management principles also include an emphasis
on dealing with constraints. First and foremost, they push the principle of
Kaizen, “the process of making incremental improvement, no matter how
small, and achieving the lean goal of eliminating waste that adds cost without
adding value”[11].

In the context of LP, this would be captured by working to reduce the left-
hand side coeflicients of highly priced constraints. In addition, the Japanese
support a philosophy that sees constraints not necessarily as unbending givens,
but as something that teams of creative people can ultimately control and
break. For example, the long time required to change over stamping dies or
even whole product lines constrained management’s ability to shift produc-
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tion, leaving highly priced resources underutilized when demand shifted. They
broke the back of the die changeover constraint by designing equipment that
took minutes to change instead of hours.

Toyota developed another constraint-breaking concept for their assembly
plants. They redesigned their vehicles off of a common platform, so that now
multiple models can be produced on the same line. This totally changes the
left-hand side of any vehicle assembly line constraint, as it allows for more de-
cision variables. Unfortunately for the US, it will take GM and Ford more than
a decade to fully implement the same idea, as they incrementally introduce
more and more new products off of a common build-to-process protocol.

Besides the above specific examples, we recommend that teachers broaden
the discussion of constraints to encourage out-of-the-constraint-box thinking.
Students at all ages can readily respond to the question, “What constraints do
they face in their academic lives, work lives, and or personal lives?” Example
responses might include: limited time to study, course schedule conflicts, and
course prerequisites. The basic decision variables are generally allocation of
limited time or money. However, you can explore with them creative strategies
for dealing with these constraints. I am sure, like Clausen, constraints on
money and time that are non-binding will be of special interest to them. They
will also understand the need to not waste high value constrained resources.

2.3 Stable Solutions and Schedule Robustness

OR textbooks often use a production scheduling problem to introduce a time
dimension to the math programming problem. The optimal schedule speci-
fies the number of units to be produced during each time period in response
to significant seasonal variations in demand. In one textbook example, the
optimal schedule involved 34 units in March and 66 units in April [15]. No
comment was made as to the managerial ramification of such wide swings in
production. An OR instructor might ask his students what it would be like
for them, their teachers, and classroom utilization if class schedules changed
every week instead of once every four months. How long does it take them
each semester to develop an efficient routine around their new schedule? The
instructor could also explore with the students the concept of adding con-
straints that limit total production variability from one time period to the
next to a maximum of X percent.

Toyota, which is often presented as the benchmark for production planning
in the automobile industry, lists as one of its core management philosophies
Heijunka, which means to level out the workload across time periods. Without
workload balance, they argue that it is not possible to develop a pull system,
to drive the manufacturing schedule, nor is it possible to standardize work
so as to balance an assembly line [11]. In addition, unbalanced production
schedules at final assembly can wreak havoc in the supply chain that supports
this production schedule.
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Another core management principle is Kaizen. “Continuous improvement,
(Kaizen) can occur only after a process is stable and standardized. When you
make processes stable and have a process to make waste and inefliciencies
publicly visible, you have an opportunity to learn continually from your im-
provements” [11]. A production schedule as presented in the OR text that
jumps by 100% from one month to the next would make it harder if not
impossible to monitor efforts at continuous improvement in productivity.

OR. texts generally ignore another core managerial production manage-
ment concern, that the schedules be robust. The fundamental basis for all
of linear programming is that the optimal solution always lies at a corner.
This is its strength but also, we argue, a potential managerial weakness. A
small change in a coefficient could send the optimal off to a neighboring corner
point with significantly different values for the decision variables, while adding
one new decision variable and dropping out another. This solution tendency
undermines a primary concern of production managers, the robustness and
stability of the schedule.

The concerns over schedule robustness become even more critical in envi-
ronments which require “concurrent setups and hot staging” or when “careful
sequencing” is required. This criticism is not really limited to the application
of LP to production as presented in OR textbooks. McKay and Pinedo [14]
point out that production scheduling research has had relatively little impact
on manufacturing practice due to the lack of scheduling robustness. They
categorized measures of the robustness of a schedule along two dimensions,
performance robustness and execution robustness. “Performance robustness is
the degree to which a schedule can absorb shocks without significant degrada-
tion in schedule quality, whereas execution robustness is the degree to which
a schedule can absorb shocks without the need for rescheduling.”

In light of the above, we are not arguing that all production examples
should be taken out of OR texts. They do illustrate how a time dimension
can be incorporated into math programming models. We are, however, saying
that theses examples should be accompanied with a modest introduction as
to the practical issues and concerns of production planners. In addition, the
optimal solution should be discussed in terms of challenges it might create for
managing the production environment.

3 Queueing Theory: Waiting Experience, Managing
Arrivals, Service, and Accountability

Queueing theory models represent the earliest success stories of operations
research and are incorporated into all basic texts. After defining the key
measures, the texts proceed to introduce the basic single server model and
a multi-server model. The single server model discussion typically includes
both exponential service time and general service time formula. This is used
to highlight the impact on waiting time of service time variability. The text
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may include an analysis of the value of using a more expensive but faster ser-
vice mechanism. In response to long waiting times, the texts explore the value
of adding servers, i.e., increasing service capacity. They may also demonstrate
how a two-server queueing system with one waiting line outperforms two sep-
arate lines, one before each of the servers. This observation is correct only if
customers cannot easily move back and forth between queues.

Before jumping into the mathematics of queueing theory, it is important to
ground the concepts in the reality of waiting in line. This is especially critical
since the primary measure of service, waiting time, is non-commensurate with
the key decision variable, service capacity, and its associated cost. In many
situations it is difficult to place a dollar value on waiting. In addition, the cost
of waiting is incurred by the customer, and the cost of service is assumed by the
service provider. As a result, a manager will explore every option available to
improve service before spending his organization’s money on added capacity.

Managers in their role of establishing performance measures for a queueing
system besides just mean waiting time should keep in mind David Maister’s
[13] “the first law of service” concept:

Satisfaction = Perception - Expectation.

It is possible to manage the perception or expectation or both to increase
customer’s satisfaction. Maister [13] proposes eight factors that influence a
customer’s satisfaction with waiting time:

1. Unoccupied time feels longer than occupied time.

. Preprocess waits feel longer than in-process waits.

. Anxiety makes waits seem longer.

. Uncertain waits are longer than known, finite waits.

. Unexplained waits are longer than explained waits.

. Unfair waits are longer than equitable waits.

. The more valuable the service, the longer people will wait.
. Solo waiting feels longer than group waiting.

Item 4 on this list is the most linked to the mathematics of queueing as it
will enable a manager to forecast the estimated waiting time and provide that
information to a customer at the point of joining the line. Disney theme parks
were among the earliest organizations to make a priority of managing customer
satisfaction with the waiting experience. One of their first initiatives was to
post signs along the queue that state if you are here, this is your expected
waiting.

Besides improving the waiting experience, there are other actions that
managers can take that build on the mathematics of queueing but do not sig-
nificantly increase the service or facility costs. Every queueing model includes
the arrival rate and the service rate, both the average and distribution. It
would be useful if the texts provided illustrations of managerial actions and
their impact on waiting time. For example, more than 90% of the burglar
alarm calls that come into 911 are false alarms. Managers in their role of pol-
icy makers have imposed fines for the second or third false alarm which in

0~ Utk N
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turn have dramatically reduced the rate of false alarms and, thereby, reduced
queueing delays.

Perhaps the most significant change in routine problem solving in the last
ten years is a whole array of strategies companies have employed to answer
Frequently Asked Questions (FAQ), so as to reduce the need for extended di-
rect person-to-person communication that often produced long waits on hold.
The Internet has increased the importance of managing FAQs and reducing
calls to operators.

Managers can also reduce the variability in the arrival rate. For example,
museums that arrange for a special exhibit often sell tickets that contain a
specific time slot for the visitor to arrive.

Managerial oversight and continuous improvement efforts can also decrease
the average service rate. This might entail creating better standards for pro-
cessing customers. A special service agent might be available to handle difficult
cases that are likely to take a long time so as not to delay the vast major-
ity of routine customer transactions. A number of medical emergency rooms
have established and successfully achieved a goal of seeing patients within
thirty minutes. They have often used the principles of Lean and Six Sigma
to root out sources of delays without adding capacity. (Lean refers to a sys-
tematic process of removing non-value added activities and applies to both
manufacturing and service delivery. Six Sigma is a structured methodology
for reducing process variability.)

In the context of continuous improvement, the recommendation of form-
ing a single queue may, in fact, be counterproductive. Imagine if all customers
arriving at a bank were divided approximately equally between three regu-
lar tellers based on their last name into three separate lines. The standard
queueing analysis presented in introductory texts indicates this is inefficient.
However, if through this dichotomy, a teller gets to know regular customers,
he may be able, over time, to reduce their average processing time sufficiently
so as to reduce the customer’s overall time spent in the bank. More impor-
tantly, the friendly knowledgeable teller may be able to deliver a higher level of
customer satisfaction and sell more products and services through increased
familiarity with the customer and his personal or business needs. This last
point highlights the importance of managers establishing the right perfor-
marnce measures.

The merging of lines for efficiency might also go counter to Toyota man-
agement’s principle of using visual controls so no problems are hidden [11]. In
their environment individual accountability and initiative is critical to contin-
uous improvement. A separate line before each teller provides a more visible
sense of performance ownership and accountability than a single long line
shared by all. Consider the following example. Assume that server utiliza-
tion is 95%. With two separate lines, the average number of customers (in
steady state, assuming exponential interarrival and service times for simplic-
ity) will be two times nineteen for a total of thirty eight customers in the
system. A single queue reduces that number dramatically to 19.5. Counsider,



132 Kenneth Chelst and Gang Wang

however, that if greater visibility and accountability associated with separate
lines can reduce the service time slightly so that average utilization drops to
90%, the combined queue is only 18. A further decrease to 85% utilization
reduces the average to 11.4. This example highlights the importance of the
managerial issues associated with operations that should be considered before
using queueing theory to justify something that at first glance seems to be a
no brainer improvement in performance.

4 Decision Tree and Inventory Models

We have provided detailed examples of the importance of bringing a manage-
rial element into the application and interpretation of OR models in math-
ematical programming and queueing theory. Analogous arguments can be
presented in the context of decision tree and inventory models. Chelst [3]
explored in “Can’t See the Forest Because of the Decision Trees” the need
to change the way introductory OR texts present decision trees. One point
that was made is that managers do not consider the “states of nature” as
immutable. Often the first example is an oil drilling problem with uncertain
states of nature referring to oil in the ground. The real state of nature is
“recoverable oil,” and the state changes depending upon how much effort a
company is willing to put in as result of increases in the price of oil.

With regard to inventory modeling, the single biggest deficiency in the
introductory remarks is the lack of acknowledgment and discussion of the
fundamental changes in inventory management that have occurred as a re-
sult of the information explosion as well as other managerial efforts. WalMart
grew to be the world’s largest retailer, in part because of its leadership in the
deployment of IT to manage its inventory. Dell controls its inventory by bet-
ter managing its supply chain, from customer order to delivery. The Japanese
leadership in Just-in-Time inventory was not driven by the inventory models
in standard OR texts. Vender Managed Inventory (VMI) improves perfor-
mance as a result of the tacit mutual information sharing between retailers
and manufacturer, which can eliminate the bullwhip effect, and improve the
flexibility of production and delivery planning.

We recognize that OR texts are designed to teach inventory models and not
the theory of inventory management. However, we argue that it is important
for the student to understand the context in which these models are used and
the relative value of OR models as compared to other managerial initiatives.
Without that perspective, they may push complex solutions of modest value
when compared to the other alternatives available to management for reducing
inventory costs.
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5 What’s a Teacher To Do?

We have explored a number of practical managerial concepts and best prac-
tices and related them to different aspects of OR model application and in-
terpretation. The OR and Management Science texts in vogue are unlikely to
change quickly just because of these observations. Thus the teacher of OR has
to take initiative to complement his standard text description. For OR profes-
sors with limited practical managerial experience, we urge they stay at least
superficially abreast of the latest management buzzwords such as Lean Man-
ufacturing, Six Sigma, and Process Reengineering. When reading a book such
as the Goal or The Toyota Way, they should continually ask themselves what
are the ramifications of these concepts for OR modeling and interpretation.
They should pay special attention to any case studies provided, so that they
can enhance their classroom discussions with real organizational experiences.
It is critical for the teachers of OR to understand that management’s r! ole in
the OR context is not just to sponsor an OR project, but also to help validate
a model and facilitate its implementation. Little argued that the role of OR
models is to “update intuition.” Every aspect of the model formulation, model
results, and related communication contributes to this intuition building and
subsequent decisions and managerial actions.
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The Operations Research Profession:
Westward, Look, the Land is Bright
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Summary. As the worthy profession of operations research enters the twenty-first century,
the outlook is bright in many respects. Yet various impediments to progress deserve
attention. In this essay I offer a personal survey of the situation, focused on the delivery of
operations-rescarch services in practice. 1 begin by reviewing the nature and scope of
modern operations research. Then [ examine the current status of the profession — what’s
going well and what isn’t. Finally, I propose actions that I believe promise to improve the
opportunities for operations-research professionals and their clients to undertake beneficial
projects.

Key words: Operations research profession; marketing operations research; operations
research practice.

1 Introduction

To work in the field of operations research (OR) can be exhilarating. In 1995, the
marketing director of the Institute for Operations Research and the Management
Sciences (INFORMS) made phone calls to randomly selected INFORMS members
to see how they were feeling about things in general. Some members indicated such
a great affection for the profession that they became teary talking about it.

In many respects this outstanding profession is in excellent shape. Yet few OR
professionals I know would say we are without serious challenges.

Winston Churchill, in a wartime speech on April 27, 1941, encouraged his
country’s citizens with a poem by A. H. Clough [1] that ends with the now-famous
line: “But westward, look, the land is bright!” This might apply today to the OR
community.

The idea in what follows is to examine the professional landscape with
emphasis on practice, note the good and the not so good, and suggest how the
profession might want to address specific difficulties.

The thoughts offered are my own, and therefore not in any sense officially
endorsed.
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2 The Nature and Scope of Modern Operations Research

2.1 Overview

What generic activities are most central to the practice of OR? I think it’s clear the
answer is analysis and related consulting. The client usually, but not always, is
management. And the goal ordinarily is to help management improve, in some way
management wishes, their organizational effectiveness — not always the same as
“efficiency.”

Seemingly similar basic services of management-application analysis and
consulting have been provided, and will in the future be provided, by the thousands
of staff analysts and management consultants who are not in the OR community,
and not qualified to be.

What sets OR apart is that its practitioners ideally are able to draw upon
pertinent analytical methods and knowledge throughout technology — mathematics,
engineering, and science.

The situation is analogous to the difference between a medical doctor and a
less-well-trained medical professional (nurse, paramedic, medical technician).
Ideally, the medical doctor is able to determine, among all available treatments,
sometimes with assistance from specialists, the treatment that best fits the patient’s
need. The non-physician lacks the requisite comprehensive knowledge and skill to
permit offering the highest quality medical care.

An OR practitioner is not limited to employing advanced methods, just as the
physician is not limited to performing brain surgery. Simple methods may suffice
in a particular case. But the ideal OR professional is uniquely able to skillfully
prescribe and apply advanced methods where appropriate, while the non-OR
counterpart is not.

2.2 The Complete Practice Agenda

The foregoing omits various details. One worth noting is that the ideal OR
practitioner is skilled in all steps from beginning to end of a project, not just skilled
in analysis. Those steps include diagnosing a client’s needs or opportunities,
working with a project team that contains client-organization members, and
assisting with or guiding implementation.

Often the OR task is to develop a computer-based system, called a “decision-
support system” in some instances. Following the custom of application-software
developers within the information-technology (IT) world, the inputs and outputs of
such a system should be specified by the client or “end user.” This standard IT
approach worked well enough during the early days of replacing manual systems
with functionally similar computer systems. But now the core of a managerial
system designed to provide cutting-edge capabilities frequently cannot be specified
in detail by clients, or by other domain experts who know the application in its
current state.

Enter OR. It is the field that specializes in helping executives turn a general,
even vague managerial-improvement idea into concrete plans and system
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specifications. That is, OR specializes in determining what raw data is worth
collecting, how to convert data into useful information, how to interpret and
present the information for management consumption, and how to implement all of
this in a system.

To borrow a few clichés, when management wants leading-edge decision
support, or a best-of-breed smart system (sometimes better than best-of-breed),
“OR rules.” Moreover, OR professionals are the highest-tech management analysts
and highest-tech management consultants on the planet.

In contemporary OR practice, application activities have expanded beyond
former boundaries. Notably, while the clients most often are management,
sometimes the clients may be non-management, such as front-line engineers or
consumers. And while the OR end-result most often is analysis and consulting to
help improve a managerial function, sometimes the result is a new product or new
service. And, of course, system development frequently is central.

2.3 The Complete Profession

The purpose of OR is to deliver beneficial applications in practice. This is carried
out by full-time practitioners and also by university faculty members who pursue
practice part-time. Moreover, some professionals working in other disciplines, but
who are qualified to do OR, work on OR projects occasionally.

The profession importantly contains those university faculty members who,
whether or not they participate in practice projects, create new methods and
knowledge for use in OR practice. Faculty members in addition perform the vital
role of teaching the next generation of OR professionals and the next generation of
prospective customers for OR services.

All of these contributors together make up the OR profession.

2.4 Is OR Science?

Is operations research a science? Yes and no.

“No,” because it more closely resembles a branch of engineering than a branch
of science (pure science). Morse and Kimball, in their famous early textbook ([10],
p.1), say that “engineering” suggests “the construction or production of
equipment,” so they decided instead to call OR an “applied science.” These days,
we are more comfortable with the concept of an engineering product being
information rather than hardware.

We may also say “yes,” OR is science, or at least is scientific, because OR and
all branches of engineering are “applied science” in that they draw upon formal
knowledge and upon analytical methods created by members of the scientific
community — scientists, mathematicians, and academic engineers who do research.
Medicine is scientific in the same sense, except the things they draw upon come
from different sectors of the scientific community.
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2.5 Is OR Multidisciplinary?

Our heritage from the early days contained mixed signals about whether OR should
or should not be multidisciplinary.

For example, the definition of OR in Morse and Kimball ([10], p.1) stipulates
that “Operations research is a scientific method of providing executive departments
with a quantitative basis for decisions regarding the operations under their
control.”’ The implication of “quantitative” is that if it’s not mathematical, it’s not
OR.

Yet, other voices from our heritage advocate drawing upon all helpful scientific
methods, both mathematical and non-mathematical. Indeed Morse himself later
wrote ([9], p.152) that an OR group should contain, in addition to the customary
mathematically inclined members, “economists... and, in some cases,
psychologists or other types of social scientists.”

A modern view, in my opinion, is that the ideal OR practitioner will diagnose
the client’s need and then select appropriate methods and knowledge from the full
array of analytical methods — both quantitative and qualitative — and from the full
array of associated formal knowledge. In other words, OR should be
multidisciplinary. Still, just as quack medicine is not acceptable in the medical
community, methods and knowledge applied in OR (from the disciplines included
in “multidisciplinary”) should be scientific, in that they emerged from the scientific
system of peer review.

3 Status of the OR Field
3.1 The Good News

Applications of operations research are far ranging and diverse. You will find
actual or prospective applications in all types of organizations — business,
government, military, health care, non-profit; at all levels — top, middle, front line;
and in most or all organizational functions. While only the tip of the application
iceberg has been documented, by now the documented record of success stories is
substantial. To cite just one example, the Franz Edelman Award competition
finalist papers were archived since 1982 in the INFORMS journal Interfaces, and
the associated competition presentations were made available on video or DVD.
Meanwhile, the environment in which organizations operate has become more
likely to stimulate demand for assistance from OR. Indeed, there are strong
pressures to improve performance beyond what has been achieved without OR.

! Gass and Assad [6] note that this famous definition originated with Charles Kittel,
whose proposed version was modified by Charles Goodeve into the form put
forward by Morse and Kimball.
% The view of OR portrayed in all of the above is close to that offered earlier
(Robinson [12], [13], [14]). This is a broad view that tries to recognize current
activities and trends in practice.



The Operations Research Profession 139

Those well-known pressures come from such sources as budget squeezes, the rapid
introduction and phasing out of new technology, and global competition.

An important phenomenon that has strengthened the prospects for OR’s future
is the development of more and better pertinent analytical methods, along with the
development of greatly improved delivery systems — computers, software,
communications. Also, data that might serve as input to OR applications are more
readily available and more easily computerized.

Accompanying this has been the increase, slowly but surely, of highly valued
and widely used OR applications — e.g., revenue management (“dynamic pricing”),
simulation of manufacturing operations, quantitative analysis of supply chains, data
mining, valuation of investments, production scheduling and other kinds of
scheduling, forecasting, and performance measurement.’

Reflecting on the points just noted above, one would judge that OR is
positioned for fast growth in the immediate future. This would be true, I think, if it
weren’t for the obstacles I’ll next review. I will say more about the obstacles than I
did about the good news, because I want to focus later on overcoming obstacles.

3.2 The Problem of Weak Perceived Value

A fundamental obstacle confronting OR practitioners — possibly the single greatest
obstacle — is that many prospective clients haven’t accepted the proposition that
expertise in advanced analytical methods and knowledge is sufficiently valuable to
warrant seeking OR services. This contrasts sharply with medicine, where few
patients question the value of professional assistance from physicians.

In other words, prospective customers for OR services may either not know of
OR or else know of it but not see much value.

3.3 The Problem of Competition

A related roadblock has been that OR is sometimes viewed as direct competition by
the non-OR providers of managerial analysis and consuiting, who are well
established, abundant in numbers, and sometimes pleased when OR is absent.

Fortunately, this attitude does not characterize every case or most cases; often
enough the resident analysts are happy to team up with the OR professionals. It
happens with sufficient frequency, however, to be significant. And when it
happens, the consequence may well be to reinforce the impression that OR will not
“add value.”

3.4 The Problem of Poor Branding

The fundamental difficulty — lack of visibility and lack of appreciation even if
visible — is referred to in the marketing world as poor “branding.”

For operations research, various things besides competition contribute to poor
branding. One is the extreme diversity of applications, making commonality

> A similar list of reasons to be “bullish on OR” were enumerated by Cook [2].
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unclear. Another is that practitioners too often do not consider themselves to be
part of the umbrella profession or that, even if they do, they fail to mention the
profession to their clients. An analogy would be a medical profession with its
diverse specialties but no overall field of medicine, no general title “doctor” or
“physician,” and no white coats.

In order to brand, the place you begin, I think you will hear from most or all
marketing specialists, is with a brand name. Here is a colossal weakness in OR.

OR is in fact undertaken under a blizzard of different names. They include
synonyms and near-synonyms (e.g., management science, decision technology,
operations analysis, analytics), names of OR specialties in particular applications
(e.g., financial engineering, marketing engineering, operations management), and
the main professional fields of individuals who occasionally undertake OR projects
(various branches of engineering, applied mathematics, and science). While the
medical profession guarantees that all their practitioners regardless of specialty are
recognized to be doctors, within the umbrella medical profession, OR lacks assured
identification of practitioners with its umbrella profession.

This embarrassment of riches in names makes it difficuit to take a census of
practitioners. Because the job title sought in a census usually is operations research
(or “operational research” in many countries) and possibly one or two synonyms, a
count typically understates the true total.

3.5 The Problem of Adopting a Brand Name

With so many different names in use, and the possibility of coining new ones,
adopting a single brand name for the OR profession is not a simple matter. More
about this later.

3.6 The Problem of Ambiguous Scope

Branding of OR is rendered still more difficult than it already is because of
different views concerning the boundaries of the field. The discussion in Section 2
gives a suggested rough guide, but it leaves ambiguities.

While documented OR applications address various managerial functions, the
function most often mentioned when characterizing the OR field is decision-
making. A particularly tricky related question is this: Does OR offer help with
managerial decisions only, or does it offer help with all decisions?

The traditional scope of OR was to help executive management with their
managerial decisions. A modern view is that OR also may assist the non-
managerial client, perhaps an engineer. An extension of the traditional scope, then,
would be that OR assists the engineer with matters ordinarily decided by
management. Example: Applying advanced analytical methods to help decide
about production layout or plant expansion (OR), about design of machinery or



The Operations Research Profession 141

robots (not OR). For those who wish to consider OR’s scope to encompass all
decision-making, however, everything in the foregoing example is OR.*

Such a lack of clear boundaries creates a problem for branding when it
interferes with OR receiving visibility and credit for its professional work. If only
acknowledged OR professionals did OR projects, we might propose that whatever
they work on is OR. But the blizzard-of-names situation prevents that approach
from solving the problem. If we are to brand the field not only with clients but also
with professionals who presently use non-OR names when they practice OR, this
issue further clouds the branding message.

I think this particular difficulty, while noteworthy, ranks low on the hierarchy of
obstacles to progress.

3.7 The Problem of Overlap Between OR and Other Fields

Here’s yet another source that gives rise to trouble with the umbrella branding of
OR. Some hold the view that a particular project comes from either OR or from
another field, but it cannot come from both. Example: An industrial engineer does
an OR project, labels it industrial engineering, and feels that it can’t be OR, too.

This view overlooks the numerous overlaps in technological disciplines. For
instance, many branches of engineering draw heavily on physics. Medicine draws
heavily on biology. Thus, it clearly is routine for work to be simultaneously from
different disciplines (e.g., physics and electrical engineering). In the example, then,
the work is simultaneously OR and industrial engineering. It certainly is not just
industrial engineering.

I judge that much OR is being carried out by professionals who consider
themselves to belong primarily to some other professional field, and therefore use
the name of that field for their OR projects.

3.8 The Problem of Fragmentation

The problems of the name blizzard, ambiguous scope, and not recognizing
discipline overlaps are aggravated by a fourth impediment. Too many professionals
who in fact undertake OR work do not recognize that they are part of the umbrella
OR profession, no matter what it’s called or how you define the scope.

Such fragmentation of the OR field obviously is damaging. Where it occurs,
successes in one sector do not help other sectors, clients who are served by only
one sector miss opportunities in other sectors, and professionals in one sector do
not learn from professionals in other sectors. Picture the dilemma for patients and
physicians if the medical profession consisted of separate specialties that did not
interact, refer from one to another, share knowledge, or otherwise combine efforts.

* Gass and Assad ([5], Preface) reflect this perspective when they say: “OR is the
science of decision-making, the science of choice.”
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3.9 The Problem of Misunderstandings

When OR is visible, it too often is misunderstood. I’ll note a few of the
stereotypical misunderstandings that restrain increases in the demand for OR.

Misunderstanding 1: OR is pursued by impractical thinkers who are not likely
to produce a truly useful result. The facts: A strong practical bent and sociability
are survival skills in most OR-practice scenes. Experienced practitioners are well
aware of this.

Misunderstanding 2: OR is defined to be work done with a specified few “OR
methods” — linear programming (LP) is almost always mentioned. For instance, “if
youw’re applying LP, it must be OR.” Or, “if there’s no math model, it can’t be OR.”
The facts: Similar to a medical doctor, the OR practitioner starts by diagnosing a
client’s needs or opportunities, and then, ideally, selects the most appropriate
method. Furthermore, the list of potentially helpful methods is quite long, is not
restricted to mathematical modeling, and I suspect none of the methods are applied
exclusively in OR.

Misunderstanding 3: OR works on a limited list of applications, associated with
the name “operations,” and generally at the lowest organizational level. The facts:
OR applications, past and prospective, are found in just about all managerial
functions, in all types of organizations, at all levels. Further, the application ideal
is, and has been, the high-impact, strategic application (save the company, win the
war) — just the opposite of low-level (optimize light-bulb replacement).

3.10 The Problem of Believing that Mathematical Methods are Too Crude to
Be Helpful

Does OR’s heavy use of mathematical modeling reflect an ivory-tower mentality
that favors overly simple methods not capable of yielding helpful results in real-
world applications?

Mathematical modeling is not something concentrated in OR. Indeed, I believe
it’s true that the fundamental analytical method shared in all of engineering and
quantitative science is the mathematical model. In other words, mathematical
modeling is ubiquitous, not rare and extreme. Moreover, these days high degrees of
complexity are addressed successfully with mathematical models. One example
whose outputs are familiar to the general public are the enormously complex
weather-forecasting models.

The notion that managerial applications are so complicated that models are too
simple to assist is, frankly, out of touch with the true situation today.

3.11 The Problem of Not Being Multidisciplinary

In practice over the years, I observed that practitioners were happy to apply
whatever respectable method seemed to help. Most of them, I believe, were not
limiting themselves to mathematical modeling out of an ideological belief that
modeling offered the only worthwhile source of results.
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Still, many or most practitioners were in fact limited in their repertoire of
methods and knowledge of things quantitative. I think we can attribute this to the
fact that academic degree programs in OR are really surveys of different
mathematical methods, and so too are OR textbooks. The idea of being
multidisciplinary — to include going beyond mathematical methods and quantitative
knowledge to also cover qualitative methods and knowledge — hasn’t substantially
influenced courses and textbooks.

This situation continues. Meanwhile, the quantitative methods have grown
considerably in their power to give assistance to management.

3.12 The Problem of Weak Interpersonal and Sales Skills

A continuing difficulty is that successful OR practice calls for interpersonal skills —
the counterpart of a physician’s bedside manner — not ordinarily cultivated in OR
training. Whereas doctors are explicitly trained along these lines in their required
residencies and internships, OR graduates typically enter practice with little or no
such training.

A closely related difficulty is that also in short supply in OR practice are
superior skills in conceiving worthy new projects and seiling them to clients.
Again, OR professionals rarely receive training in those key skills before they enter
practice.

Clients who hire OR professionals sometimes fail to screen for those skills. It’s
a mistake that’s easy to make, because clients naturally seek a strong technical
background.

3.13 The Problem of Cutbacks in OR Departments and Jobs

I’m not aware of good data on the subject of cutbacks in OR. From my personal
experience and conversation with many others, I think it’s safe to say that cutbacks
have been major. Corporate-level OR departments were common in large business
firms; no longer. Required OR courses (or quantitative-methods courses) were
common in business schools; no longer. And so on. Notable exceptions exist, of
course. But the overall picture is one of retrenchment.

Naturally, cutbacks constitute a symptom, not a root cause.

4 Summarizing the Problems

The various difficulties just reviewed include the highlights, I believe. Others could
be mentioned. For example, we don’t know to what extent project failures have led
to diminishing the reputation of OR in practice.

Summing up, while certainly not the whole story, the core problems appear to
revolve primarily around under-marketing the profession and under-marketing
individual OR projects. Significant difficulties also emanate from cases where
some OR practitioners could have a stronger professional identity, greater technical
breadth, and improved social skills.



144  Randall S. Robinson
5 Overcoming Major Obstacles to Further Progress

5.1 Goals

In my opinion, the ultimate goal of an initiative to improve the external standing of
operations research should be to increase the global sum of benefits realized by
organizations from successful OR practice projects. This would be a natural
consequence of increasing the demand for OR services, i.e., “unlocking the latent
demand for OR solutions” (Cook [3]). For OR professionals, both practitioners and
academics, success in pursuing those goals — more OR-service demand leading to
more organizational benefits — almost surely would result in enhanced jobs, pay,
research funding, courses in the university curriculum, and reputations.

5.2 Topics

It’s convenient to organize my suggestions for improvement under four headings:
marketing the profession to customers; marketing an umbrella identity to OR
professionals; promoting a modern, multidisciplinary view of the field; and
increasing emphasis on marketing and social skills for OR practitioners.

I believe these are high-priority topics. They are not meant to cover all that
might be said about removing obstacles.

5.3 Marketing the Profession to Customers

A fundamental difficulty is that a large number of our prospective customers or
clients are either unaware of OR or have impressions of OR such that they do not
call upon it for assistance. The apparent remedy is somehow to increase OR’s
visibility, explain the field better, and show enough value that clients are inclined
to sign up for OR services.

The status quo is that individual members of the OR profession have been
explaining OR and its value on their own, in their personal jobs. That the
difficulties continue, with no indication they would be resolved by natural forces,
leads us to see the need for collective action.

In short, we urgently need a campaign to market the OR profession.
Fortunately, this need has been recognized and action has started.

A marketing-the-profession program was launched early in this decade by the
Institute for Operations Research and the Management Sciences (INFORMS) of the
United States. A close partner in this endeavor was the Operational Research
Society (ORS) of the United Kingdom. The EURO unit of the International
Federation of Operational Research Societies (IFORS) subsequently joined the
effort.

In the campaign of INFORMS, a crucial move was reframing. Originally
attention focused on the essential first step of adopting a brand name. In the U.S.,
that proved contentious. But when the program was explicitly reframed as
marketing the profession, which was the goal all along, people began to feel more
comfortable. Another point that increased comfort was that a brand name is for



The Operations Research Profession 145

marketing to the outside, so there was no push to rename things inside the
profession or to rename INFORMS .’

The naming matter was investigated thoroughly by INFORMS with assistance
from an outside marketing firm. The brand name “operations research” (or
“operational research”) was then selected, thus agreeing with a choice made
independently by the ORS. The basic reasons were that it is by far the best
established of the general names worldwide and that the estimated cost of
promoting an alternative sufficiently to be adopted by the profession and its
customers was much too high to consider. Further, the fact that “operations
research” is not self-explanatory is acceptable, because a brand name does not
require that property to be successful (e.g., Exxon).®

The approach taken by INFORMS was to travel two paths to prospective
customers and those who influence them. First, a direct effort. Second, an effort of
enlisting assistance from members of the profession, who reach out within their
own work scenes.

Early outputs from the INFORMS program included a poster to rally members
of the profession [7], a booklet to explain the field to prospective customers and
others outside the profession [8], a website with resources for members of the
profession (www.orchampions.org), and a website for prospective customers, the
media, and others in our target external audiences (www.scienceofbetter.org).

The ORS has a website similar to the science-of-better site of INFORMS
(www.theorsociety.com, click on “OPERATIONAL RESEARCH: SCIENCE OF
BETTER”). The EURO unit of IFORS has a link to the ORS site (www.EURO-
online.org, click on “OR Science of Better”) and also a section to promote branding
the profession (www.EURO-online.org, click on “Branding OR™).

Continuing the INFORMS experience, an advertising campaign followed next.
This didn’t seem to produce immediate dramatic results, so then attention shifted
elsewhere. The subsequent initiative was to let the internally prestigious Franz
Edelman competition for achievement in operations research practice be more
externally visible, in the spirit of the Baldrige Award for quality, and to combine
this with reaching out to the media. At the time of this writing (spring 2006), that is
the latest development.’

I think the multi-country marketing-the-profession program deserves the
enthusiastic support of everyone in the OR profession. I hope the program will
continue and strengthen.

’ The marketing-the-profession program and the requirement to adopt a brand name
for that purpose were described clearly by Cook [3].

® The INFORMS and ORS choices were explained well by Oliva [11] from the
United States and Sharp [16] from the United Kingdom. Both are marketing
professionals who have close-hand knowledge of the OR situation.

’ The expanded Franz Edelman event includes a gala dinner and ceremony, the
inauguration of an Edelman Academy for present and past finalist organizations, a
formal program book with articles such as those by Cook [4] and Robinson [15], a
keynote talk by a distinguished speaker, and the showing of professionally prepared
videos.



146  Randall S. Robinson
5.4 Marketing an Umbrella Identity to OR Professionals

We turn now to the problem of fragmentation of the profession. To try to fix it, we
would like to facilitate two things. First, professionals who perform OR work in
practice should come to recognize that they are part of an umbrella profession and
should take part in the profession’s combined activities. Second, OR professionals
who engage in practice should use the brand name operations research (or
operational research), where they may do so without creating a problem for
themselves.

Let me focus on the professional society INFORMS, based in the United States.
The OR champions website (www.orchampions.org) offers motivation and
resources for OR professionals who choose to support the marketing-the-profession
program. But it doesn’t achieve buy-in from those who don’t care to take part in the
program. And it misses especially those who practice OR, yet don’t identify their
work with the OR umbrella profession.

Of course the marketing-the-profession effort may in fact reach and influence a
number of professionals. Still, the program is not really directed toward speaking to
isolated segments of the OR profession. Therefore we should launch an additional
effort. The method of reaching out would be, presumably, to identify each OR
specialty, giving high priority to those where interaction with the umbrella
profession seems weak, and to direct marketing communications there. This effort
might complement the marketing of memberships in INFORMS, and could be part
of the membership program.

5.5 Promoting a Modern, Multidisciplinary View of the OR Field

I’ve talked about bringing OR professionals together in their umbrella profession,
and about marketing that profession to prospective clients and those who influence
prospective clients. The next logical subject is to consider the quality of the work
performed in OR practice projects.

Here 1 think we encounter an obvious important need. To increase the
probability of a successful outcome, and, more than that, to offer the client the truly
best service, an OR professional should have a broad view of OR, a view that
includes OR being multidisciplinary.

The essence of a broad view is that OR is much more than just building a math
model. OR is not a “tool,” as you sometimes hear. OR is a process that extends
from the earliest stage of a vague managerial-improvement idea or a first-
conference with a client to the final stage of being up and running with a
responsive result and having that result beneficially influence the intended
managerial action — policy, plan, major decision, or other managerial output.

Furthermore, OR should be drawing upon, ideally, the most appropriate (the
best) of pertinent methods and knowledge in all of technology — mathematics,
engineering, and science. The single code word for this is “multidisciplinary.”

One thing that would help with these matters would be a few university faculty
members becoming excited about filling this need. We could use more team
teaching. Our OR textbooks, which presently are mostly collections of
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mathematical methods, could be expanded to cover the broader scope. The OR
course programs could be restructured, especially for those students who intend to
go into full-time practice.

What would be added to the traditional curriculum and texts? The first thing is
consideration of the entire OR practice process. Second is surveying potentially
useful methods and knowledge from all the disciplines. This may seem to be a tall
order, yet even modest progress would be worthwhile.

Asking students to take overview courses in, for example, economics and social
sciences (the disciplines mentioned by P. M. Morse, as I noted earlier) certainly is
doable. A genuine further advance would be the addition of material that clarifies
how methods and knowledge from such non-OR disciplines have been and could
be brought to bear in OR projects.

5.6 Increasing Emphasis on Marketing and Social Skills for OR Practitioners

Practitioners who have a broad view of OR’s scope and are multidisciplinary still
could be ineffective. The prospects for success are greatly increased when
practitioners also possess social skills, organizational savvy, and the ability to
propose and sell applications. Not every member of an OR team requires the full
set of such skills. But the skills should be present in the team.

Right now, marketing and social skills are addressed primarily by considering
them (possibly) when screening for hiring, and then by cultivating them on the job.
I suggest we could do more, for instance by mentioning them in modernized OR
curricula and texts, and by monitoring them in cooperative study-work programs.

The point is these skills are crucial to OR success in practice. Whatever we
could do to cultivate them would help the profession.

6 Conclusion

OR should be the answer to many managerial prayers for a promising new way to
boost organizational performance. OR professionals are the folks who can bring
you smart systems, cutting-edge decision support, and state-of-the-art managerial
processes. OR is a true twenty-first-century technology. When it comes to
management analysis and management consulting, OR professionals are the
highest-tech experts on the planet.

But OR’s ability to assist organizations is restrained by some troublesome
impediments:

¢ Too many prospective executive clients have never heard of OR, or else they
misunderstand it. In either case, they are not inclined to ask for OR services.

* Many qualified professionals who practice OR contribute to poor client
perceptions by failing to operate in the way they should within an umbrella
profession. They don’t refer work outside their specialty, learn from others
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outside their specialty, use the brand name of the umbrella profession, or take
part in any collective activities on behalf of the whole profession.

¢ Some professionals see OR from a narrow, outmoded perspective, giving rise to
such things as OR is a “tool,” and the entire OR job is to build a math model.
This spills over into the perceptions of clients. Modern OR, as most successful
practitioners know well, is a process that takes you from the beginning of an
idea or first client interview all the way through to implementation and, most
important, to the organization’s realizing benefits. Furthermore, modern OR
would be more powerful if it revisited its historical roots by becoming once
again avowedly multidisciplinary.

e To succeed, OR professionals in practice need more than technical skills. They
need interpersonal skills, a sense of organizational “politics,” and marketing
skills — especially skills in marketing new projects. Not every OR professional
has to be good in all things. But an OR team needs these skills at least among
some members.

I have offered a few suggestions regarding how to surmount those obstacles, so
that OR can flourish, which would be good news for organizations worldwide,
where many opportunities to improve managerial functions are missed every day.
We should assertively market the OR profession, and have started to do so. We
should reach out to OR professionals who aren’t participating in the umbrella
profession. We should broaden and otherwise modernize curricula and textbooks.
And we should pay attention as best we can to cultivating social and marketing
skills, particularly among students headed for full-time practice.
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Summary. This paper summarizes a talk given in honor of Saul Gass’ 80" Birthday
celebration. The paper is modeled after Saul’s well-known book, Ar Illustrated Guide to
Linear Programming, and presents some of the illustrations provided during that talk. In
this paper, we explain why specific rules might be chosen within a general combinatorial
auction framework. The purpose of such rules is to assure that the market mechanism is fair
to both buyers and sellers, and so that the auction will end in an efficient outcome, i.e., the
goods are won by those that value them the most. The paper describes some of the issues,
both computational and economic, that one faces when designing such auctions.

Key words: Combinatorial auctions; winner determination problem; pricing; efficiency;
threshold problem; exposure problem.

1 Introduction

We begin this paper by asking the simple question: Why do people sell or buy
goods via an auction mechanism? There are a number of answers to this question.
Often the price of the good or goods has not been determined and the bidders wish
to determine the minimum price that they must pay given that they must compete
with others for the ownership of this good. From the seller’s perspective,
submitting goods to an auction may increase the number of buyers, thereby
increasing the potential for competitive bidding and higher selling prices. Thus, an
auction is a relatively simple mechanism to determine the market-based price, since
the bidders who are competing against each other set the price. This mechanism is
dynamic and reacts to changes in market conditions. The determination of the
selling price by auctions is therefore perceived as both less haphazard and fairer
than if the price were set by bilateral negotiations. In the auction case, many
players are allowed to participate and all are playing by the same set of rules. Most
importantly, if the rules are well designed, the result will have the goods given to
the entity that values them the most.

In this paper we will discuss only one-sided auctions and restrict our attention
to the case where there is a single seller and multiple buyers. Since the multiple
seller/single buyer and the multiple buyer/single seller are symmetric, all results
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follow for either case. We will also assume that there are multiple items being sold
and that, for at least some of the buyers, the value of buying a collection of the
items is greater than the sum of the value of the items individually. This is
specifically the case where combinatorial or package-bidding auctions can provide
greater overall efficiency as well as greater revenue to the seller. This auction
design is sufficiently general to allow bidders who are willing to buy more quantity
but as the quantities increase, the value of the total quantity decreases (often called
substitutes condition), and the case where there is neither substitutes nor
compliments.

We begin by first classifying auctions into a number of major types: One of the
simplest mechanisms is the first-price (sealed bid) auction. In this design, all
bidders submit their bids by a specified date. The bids are examined
simultaneously with the bidder with the highest bid being awarded the object and
paying the amount that was bid. The problem with this approach is that the
winning bidder may suffer from the “winner’s curse”, i.e., the bidder may pay more
than was necessary to win since the second highest bidder may have submitted a
bid price on the item that was far less than the winning bid amount. For this
reason, first price auctions encourage bidders to shave some amount off of the
highest amount that they are willing to pay in order to not pay more than is
necessary. An alternative is the second-price (sealed bid) auction whereby the
bidder that has submitted the highest bid is awarded the object, but he pays only
slightly more (or the same amount) as that bid by the second-highest bidder. In
second price auctions with statistically independent private valuations, each bidder
has a dominant strategy to bid exactly his valuation. The second price auction also
is often called a Vickrey auction.

However, often the value of the good is either not completely known or not
totally a private valuation that is independent of the value that other bidders palce
on the bid. Instead, there is a common component to the bid value — that is, the
value of the item is non statistically independent of the others bidders but rather
there is a common underlying value and bidders have to guess the value that rival
bidders may place on the bid. In a common value auction, the item has some
unknown value and each agent has partial information about the value. Many high-
stakes auctions, such as antique, art and horse auctions fall into this class. In this
case, ascending bid auctions, often known as English (open bid) auctions are
used. Here, the starting price is low and bidders place bids. A standing bid wins
the item unless another higher bid is submitted. All bidders observe the previous
bids and the new bid must increase the going price by some increment set by the
auctioneer. The auction ends when no one is willing to top the standing high bid.
With statistically independent private valuations, an English auction is equivalent
in terms of payoffs to a second price sealed bid auction.

An alternative auction design is the Dutch auction whereby the price is set
very high and the price is gradually lowered by a clock until it is stopped by some
bidder that is willing to buy some or all of the items up for sale at the current price.
Dutch auctions are strategically equivalent to first price sealed bid auctions. The
name derives from the fact that tulips were sold via this mechanism and this
auction mechanism is still employed for many agricultural products.
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Finally, for a large group of identical objects, a variation of the ascending auction is
one in which the auction price ascends until there are no new bids. At the end of
the auction, all buyers pay the lowest amount bid by any of the winning bidders.
Such auctions are calied all-pay one-price auctions.

Another important auction format issue is whether the auctioneer should
auction each of the items sequentially or auction all items simultaneously. The
problem with the sequential approach is that bidders must guess the resulting prices
of future auctions when determining how to respond to prices in the current
auction. A simultaneous ascending auction is where all items are auctioned
simultaneously, and the auction ends when there are no new bids on any of the
items. This auction design allows a bidder to switch back and forth between items
as the prices change.

In contrast to the sequential approach of auctioning items, a simultaneous
ascending multi-round design specifies that: (a) All items are up for sale at the
same time; (b) Bidding takes place in a series of discrete rounds; (c) The auctioneer
raises by some increment the price on each item that has multiple bids in the
current round; (c¢) Each bidder is forced to participate throughout the auction; (d)
Rounds continue and all items remain available for bidding until there is a round
when there are no new bids on any item; and (e¢) The auction closes at the end of
such a round and the items are awarded to the high-standing bidders at the bid price
at which they became the high-standing bidder.

We now specify a few additional rules to complete the description. Firstly, the
auction has discrete rounds whereby each bidder is required to participate
throughout the auction through imposed activity rules. When bidders are forced to
bid throughout the auction, all bidders have better price information and are
encouraged to bid sincerely. Unlike eBay, the stopping rule relates to the activity
of the auction and not a fixed stopping time. Fixed stopping times allow bidders to
stay silent until very late in the auction and then present last minute bids in the
hopes that other bidders do not have time to respond. Conversely, activity rules
force bidders to participate throughout the auction, thereby helping price discovery.

The ascending simultaneous multi-round auction design allows bidders to see
the price of all items during the auction and to adjust their strategies and business
plans as the auction progresses. Thus, there is a higher likelihood of increased
efficiency. This is the general framework that this paper will discuss. However,
there are still many details that affect auction outcomes and we will discuss these
details in the following section.

We must first highlight a major shortcoming of the above design: the design as
stated above does not consider the issue of synergies among the multiple items
being auctioned. Without the ability for a bidder to state that his value for a
collection of items is greater than the value of the sum of the individual items, an
exposure problem can exist. When the winner of each item is determined
independently, bidding for a synergistic combination is risky. The bidder may fail
to acquire key pieces of the desired combination, but pay prices based on the
synergistic gain. Alternatively, the bidder may be forced to bid beyond his
valuation in order to secure the synergies and reduce its loss from being stuck with
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less valuable pieces. Bidding on individual items exposes bidders seeking
synergistic combinations to aggregation risk.

Consider the following example whereby a bidder wishes to buy licenses to
provide services in a geographic area of the country. Consider that the license is
for a technology, such as cellular phone business. Such service providers need
enough bandwidth in contiguous regions to support the technology being offered.
In the cellular case, too small a geographic presence may make the service less
useful to the customer and may make the cost of building the network too
expensive to be viable for the provider. Alternatively, larger region coverage also
benefits the provider because it incurs less roaming costs of using a competitor’s
network.

We now show how these concerns play into the auction pricing issues.
Consider a bidder that wishes to buy such licenses. To Bidder A, the value of
owning the three licenses — covering parts of the Southwest US — is $100, whereas
owning the three licenses individually is only $20 each. After many rounds of
bidding, Bidder B has bid up one of the licenses to $25, and Bidder C has bid up
the other two licenses to $30.each. Bidder A has a dilemma: Should she place bids
on these licenses and risk not winning all three, thereby paying too much for what
she does win. Or, alternatively, should she leave the auction? And, if this bidder
leaves the auction without further bidding, what are the consequences to the seller?
If she stops bidding then the auction revenue may total only $85, since the other
bidders are satisfied with the current situation. Notice in this case, not only is the
revenue low but the auction did not resuit in an efficient outcome assuming Bidder
A had the highest total value on these three items'. Alternatively, if the bidder
continues to bid, she risks only winning one or two of the items and paying too
much.

An efficient outcome is one in which the auction allocates all items to the bidders that value them the
most.
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Bidder A SRR
Valuefor ll three: $100 T
Stand done value: 520 each

Bidder A
Value for all three: $100
Stand alone value: $20 each
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To overcome the exposure problem, many have proposed auction designs that
allow bidders to construct packages of subsets of the items. Such auctions are
called combinatorial auctions. We next discuss the issues in designing an auction
mechanism that allows bidders to provide package bids. For a more complete
description on non-package simultaneous ascending auctions see [5].

1 will

bid up
to $100 }
on this >
[
o
"o

2 The Basic Components of a
Combinatorial Auction Design

We now begin to describe the details of an ascending multi-round combinatorial
auction design with package bids. The design must consider how to assure that
both the seller and buyers perceive the auction as fair. Under such conditions, the
auction is likely to have maximum participation with the end result being a market
mechanism that allocates the goods in an optimal manner. We begin the discussion
by listing a collection of attributes that we would like this auction to have. We will
then discuss possible rules that attempt to obtain — to the degree possible — each of
these attributes.

Our goal is to design an auction whose outcome has the following attributes:

(1) Bidders can create and place bids on any and all collections of the objects
being auctioned.

(2) The auction results in maximum revenue to the seller.

(3) The auction results in an efficient outcome, i.e., all items are collectively
allocated to the bidders that value these items the most.

(4) The auction is fair to all bidders.

(5) The auction ends in a reasonable amount of time.

(6) The auction has limited transaction costs, i.e., the rules are not so difficult
or the bidding so complicated that a straightforward bidder finds it
difficult to participate.

(7) The auction cannot be gamed, i.e., truthful bidding is an optimal strategy
for all bidders.
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(8) The auction allows price discovery; to accomplish this end, we choose a
multi-round auction framework.

(9) The auction is computationaily feasible and scalable, i.e., the auctioneer
can calculate the results (both the determination of the provisional winners
and be able to set next round bid prices) in a reasonable amount of time.
Also, the bidders are capable of determining their next collection of most-
profitable packages.

It is not possible to have all such attributes simuitaneously. However, the better we
are able to design an auction toward achieving these goals, the more likely it is that
the outcome will be efficient. For more on what really matters in auction design,
see [12]. For an alternative ascending package-bidding design, see [20]. We begin
by discussing each of these attributes in turn.

2.1 Package Creation

A package bid expresses a collection of objects that the bidder wishes to win
simultaneously and the price that he is willing to spend to obtain that package.
Ideally, the auction design should allow bidders to submit as many packages as
they might desire. However, as the number of items in the auction increases, the
number of possible packages increases exponentially. We want the auction to
remain computationally tractable; and we do not want allow a bidder the ability to
subvert the auction by overloading the system with a near-infinite number of bids.

We, therefore, want a bidding language that is concise and does not force the
bidder to enumerate every package that they might at some point consider
profitable. Thus, we want a bidding language that provides the bidders with the
flexibility to legitimately describe what they want. There are a number of
languages that are both concise and allow complete expressivity. We refer the
reader to the research of [3, 11, and 18] for complete descriptions of the alternative
languages.

To begin, let us consider the simplest language: bidders submit package bids
and may win any combination of these bids, as long as each item is awarded only
once (i.e., bids are mutually exclusive if two bids contain the same item). The
problem with this language, known in the computer science literature as an “OR”
language, is that a bidder can have a new type of exposure problem: a bidder wants
to let the system know that he is willing to win either of two packages but cannot
afford to win both simultaneously. Fujishima et al. [11] propose a generalization of
this language called OR* that overcomes this problem. Namely, each bidder is
supplied “dummy” items (these items have no intrinsic value to any of the
participants). When a bidder places the same dummy item into muitiple packages,
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it is telling the auctioneer that he wishes to win at most one of these collections of
packages. This language is fully expressive as long as bidders are supplied
sufficient dummy items. We note that this language is relatively simple for bidders
to understand and use, as was shown in a Sears Corporation supply-chain
transportation auction. In that auction, all bids were treated as “OR” bids by the
system. Some bidders cleverly chose a relatively cheap item to place in multiple
bids thereby making these bids mutually exclusive, see [14]).

By using this OR* language, the auctioneer can treat all bids as “OR” bids, and
the optimization problem that determines the optimal set of packages will
automatically treat bids with the same dummy item as mutually exclusive. For
computational feasibility, the auctioneer may still limit the maximum number of
bids that a bidder can submit throughout the course of the auction.

Bidders are not required to identify or create their packages before the start of
the auction, but may create their packages as the auction progresses. A bidder may
modify or delete a package it has created up until the point where it has bid on the
package and the round has closed. If the bidder submits a bid on a package and
subsequently removes the bid during the same round, the bidder has the option of
also deleting or modifying the package. However, once a bidder bids on a package
and the round closes, the package may not be modified or deleted and counts as one
of the bidder’s allowable packages.

Another rule imposed on bids is that all bids that have been placed when the
round ends will be considered active throughout the auction — that is, these bids
will remain in the optimization problem and may become winning at any
subsequent round in the auction. This rule on extending the life of a bid throughout
the auction forces bidders to provide sincere bids. In addition, it also helps to
overcome a problem inherent in package bidding, that of “package fit”. We will
say more about this in the section on efficient outcomes.

R
@gg

2.2 The Auction Maximizes Revenue

The auctioneer receives a collection of bids and wishes to compute the set of bids
that maximizes revenue and that assures that each bid is awarded precisely once.
We will define winning bids in a package bidding auction as the set of bids on
individual licenses and packages that maximizes revenue when the auction closes,
assigning each license only once, and we will define provisionally winning bids as
the set of bids that maximize revenue in a particular round (these bids would win if
the auction were to close in that round).

When determining winning and provisionally winning bids, all bids made in
every round throughout the course of the auction (except for bids that are placed
and subsequently removed during the same round) will be considered. In addition,
each license is treated as having a bid placed by the auctioneer at some small
amount less than the minimum opening bid or reserve price, whichever is larger.
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This procedure will ensure that a bid on a license or package is winning only if it
exceeds this amount.

Let x;, = 1 if bid b is awarded, and 0 otherwise. The matrix A, represents the
packages being bid, where each row of the matrix corresponds to an item in the
action and the entry a;; of the matrix will equal 1 if bid b includes item i, and 0
otherwise. The winner determination problem can now be stated as:

#Bids
Max Z BidAmt,x,

* b=1
subject to:
Ax =1(each item is awarded once)

xe{0,1}

This set-partitioning optimization problem determines the maximum revenue
possible. However, since there can be more than one set of consistent bids that
produces the maximum revenue, we wish to have a procedure that does not bias in
favor of certain collections winning. We therefore want a procedure that randomly
selects among tied sets. The tie-breaking procedure works as follows: We first
assign a selection number to each bid. A bid’s selection number is the sum of »
random numbers, where # is the number of items comprising the bid’s package. We
then solve a second optimization problem which determines the set that maximizes
the sum of the selection numbers subject to the constraint that each item must be
awarded exactly once and that the revenue of a winning set must equal the
maximum revenue (as calculated in the winner determination problem, above).

#Bids
Max Z SelectionNumber, x,
* b=1
subject to:

Ax =1(each item is awarded once)
#Bids

Y BidAmt,x, = Max Revenue

b=1

x€{0,1}

Thus, the set of provisionally winning bids is the set of consistent bids that
maximizes revenue and, among all such sets, maximizes the sum of the selection
numbers. Each bid is assigned a new selection number in each round. Note that a
tied bid that was provisionally winning in some round may not be winning in a
subsequent round, even if no new bids are placed on any of the items in that
package. Changes in winning bid designations among tied bidders from round to
round encourage sincere and continuous bidding. When there are no new bids by
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any bidder, the auction closes. The winner determination problem is not re-solved,
and the previous round’s provisional winners become the winning bidders

The determination of a set of provisionally winning bids that assure that ties are
broken randomly provides not only maximum revenue to the seller but also assures
that the optimization solver does not bias in favor of some collection of bidders or
bids over some other equally deserving set. Thus, the fairness criterion is enhanced
through this second optimization problem.

2.3 The Auction Works Toward Efficiency Outcomes

Combinatorial auction designs are likely to increase efficiency by removing the
exposure problem. The package feature does, however, create a new problem for
smaller bidders, known as the threshold problem, whereby smaller bidders may
have difficulty overcoming the tentative high bid of a large bidder. An extreme
case occurs when a bidder creates a package of all items in the auction and places a
large bid amount on this package. Smaller bidders must be able to each
incrementally increase their bids so that collectively they can overcome the bid
price of this large package bid. We explain this problem through an example:
Consider Goliath who has placed a bid of $126 on the four properties that make up
the Northwest region of the country. David wants to purchase only one of these
areas, and he has a bid of $20 on that property and can afford to bid up to $25.
David needs to coordinate his bid with the bids of the other three bidders, who
collectively could overcome the bid of Goliath. However, we do not want the
bidders to collude. Instead, we want to tell each of the smaller bidders the amount
that they need to contribute to the total difference in the bid price of their collective
bids and Goliath’s bid.
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David is willing to place a bid and would like to
know the mininmm bid amount needed in order _~——
for him and his partnering bids to beat Goliat

—

Goliath is winning Best total bid: 596 + $20 = $116

Thus, bidders need price information that helps them determine how much of the
total bid difference they should contribute. With this information, David will know
the minimum amount that he needs to spend in order for him and his partnering
bids to beat Goliath, assuming all are willing to increase their bids by the
apportioned amount. We don’t know how Goliath (or other bidders) will bid in the
next round, but we would like to give David an idea of what it would take for him
and his partnering bids to beat Goliath’s current winning bid. After calculating the
provisionally winning bids for the round, a current price estimate is determined for
each license (the “going-rate” of the license).

The current price estimate, in our auction design, is based on dual information
obtained from the linear relaxation to the winner determination problem. If the
winner determination problem were a linear (rather than integer optimization), the
values of the corresponding dual variables provide the proper pricing information
for each item and could be automatically provided with no additional computation.
However, since the winner-determination problem is an integer problem, these
linear dual prices are not correct and will overestimate the true prices (since the
linear programming value may be larger than the integer programming value). We
will start with the dual concept and obtain estimates of the prices that are consistent
with the total revenue obtained from the integer solution. We first present the dual
to the winner-determination problem.
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[WDP LP Dual]:
min ) 7,
iel
Subject to:
2. mz2b, ¥V jeB
iel’
2T, vV iel

where, I/ is the set of items contained in bid j.

If the linear optimization relaxation to the winner-determination problem was
integer optimal, then the resulting prices, 7z, would satisfy the inequalities,
Zﬂ'i 2b,VjeB and Zﬂi =b, VjeW, where W is the set of winning
iel! iel!
bids. Since such prices might not exist, one approach is to use pseudo-dual prices®
rather than the dual prices. These pseudo-dual prices are obtained by forcing the
sum of the dual prices of the items comprising a provisionally winning bid to equal
its respective bid amount, but allowing the prices of non-winning bids to be less
than the maximum price bid for that package.

Thus, the pseudo-dual prices for each item i, denoted by = are required to
satisfy the following constraints:

Zn,.+5j2bj,v jeB\W )

iel’

Zn,:bj, Y jeWw )
iel!

5,20, YV je B\W (3)
72 Viel (4)

where W< B is the provisionally winning bid set and J is a slack variable that
represents the difference between the bid amount of non-winning bid j and the sum
of pseudo-dual prices of the items contained in non-winning bid j. Constraint set
(2) assures that the bid price of winning-bid packages exactly equal the winning bid
amount. Constraint set (4) assures that the price of any item cannot go below the
reserve or starting price and thereby assures that the price of any package is,

% In our research we found this term first applied to auction pricing in the paper by
Rassenti, Smith and Bulfin [19].
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therefore, greater than or equal to the sum of the reserve prices of the items that
make up that package.

By keeping constraints (1)-(4), we have considerable flexibility in choosing an
objective function that will help in selecting among multiple solutions, while still
ensuring that the sum of the pseudo-dual prices yields the maximum revenue of the
round. There are likely to be many solutions (i.e., many sets of dual prices) that
satisfy this constraint set. Since we want the solution to be as close to integer
optimality as possible, we want to minimize the total infeasibility, i.e., we wish to

minimize Z 5]‘ . Pseudo-dual prices for each item i, denoted 7, can be
jeB\W
obtained by solving the following linear program:

[CP):
zz=min Y &,
JjeB\W

Subject to:
>om+6,2b, V jeB\W )
iel’
Zﬂ, =b,, VjieW 2)
iel’
6,20, VjeB\W 3)
72, Viel (4)

Constraint set (2) assures that the bid price of a winning bid is equal to the winning
bid amount. Constraint set (1) together with the objective function tries to enforce
dual feasibility as much as possible. Constraint set (4) forces the prices on all items
to be at least the minimum price set by the auctioneer.

The solution to this problem is not necessarily unique. In fact, testing has
shown that using [CP] in an iterative auction can result in significant changes in the
pseudo-dual price of an item from round to round. Although the prices of items
should be allowed to reflect real change (both increases and decreases) in the way
bidders value the items over time, large oscillations in minimum acceptable bid
amounts for the same bid that are due to factors unrelated to bidder activity, such as
multiple optimal primal or dual solutions, can be confusing to bidders and may
encourage unwanted gaming of the system. We therefore solve a second
optimization problem that chooses a solution in a way that reduces the magnitude
of price fluctuations between rounds. This method is known as smoothed
anchoring, since the method anchors on exponentially smoothed prices from the
previous round when determining prices for the current round.

First, [CP] is solved to obtain the minimum sum of slack. Second, a linear
quadratic program is solved with an objective function that applies the concepts of
exponential smoothing to choose among alternative pseudo-dual prices with the
additional constraint on the problem that the sum of the slack variables equals z
(the optimal value of [CP]). This objective function minimizes the sum of the
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squared distances of the resulting pseudo-dual prices in round ¢ from their
respective smoothed prices in round £-/.

Let 7[1.' be the pseudo-dual price of item / in round ¢. The smoothed price for item

i in round ¢ is calculated using the following exponential smoothing formula:
pi=an/+(1-a)p”

where p; ! is the smoothed price in round #-1,
0<a<1,and

p? = the minimum opening bid amount for item i.

The following quadratic program [QP] will find the pseudo-dual price, 7r,’ for each

item / in round ¢ that minimizes the sum of the squared distances from the
respective smoothed prices in round ¢-1, while assuring that the pseudo-dual prices
sum up to the provisionally winning bid amounts.

[OP]:
min Y (7 - p;”'y’
iel

Subject to:
dYal+ 6,2b, VYV jeB\W )
iel’
Zn; =b, View (2)
iel’

5] = Z; 3)

JjeB \W'
6, 20, vV jeB'\W' (4)
w =r, Viel (5)

Note that problem [QP] has the same constraints as [CP], but has added the
additional restriction (3) that the sum of the & ', ’s is fixed to the value Z; , the

optimal value from [CP].

Among alternative prices that satisfy all constraints, the objective function of
this optimization problem chooses one that forces the pseudo-dual prices to be as
close as possible to the previous round’s smoothed price. Thus, this method is
called the smoothed anchoring method, since it “anchors” on the smoothed prices
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when solving for the pseudo-dual prices. The current price estimate for item 7 in
round ¢ is therefore the pseudo-dual price, ﬂit , obtained by solving [QP].’

There are a number of alternative pricing algorithms that have been suggested
in the literature. For an overview of this research, see [9] and the references therein.
In this paper, we highlight the fact that bidders need good price information and
that such information can be obtained by having the auctioneer perform addition
optimizations to determine how to allocate the price of a big package to smaller
packages.

Although linear pricing cannot accommodate all aspects of the pricing
associated with the non-linear, non-convex, winner determination problem, there
are still good reasons for considering its use for determining prices and therefore
future bid requirements. In an ascending bid auction, bidders need pricing
information that is easy to use and that is perceived to be “fair”. We say that linear
pricing is “easy to use” in that bidders can quickly compute the price of any
package — whether or not it had been previously bid. With linear prices, bidders
can create a new package “on the fly” and know its price by merely adding the
prices of the items that compose the package. When choosing such prices, we want
these prices to be “competitive”, i.e., using these prices assures the bidder that they
have sole possibility of winning in the next round. Bidders also perceive these
prices to be “fair,” since all bidders must act on the same information. Finally,
linear prices are likely to move the auction first determining the “competitive”
price and then adding an increment to this price, so that the new bids are likely to
out-bid the standing high bids.

These “current price estimates” use information from all current and past bids
on all packages containing that license, to approximate a “price” for each item in
every round of the auction. Until a bid is placed on an item or on a package
containing that item, by any bidder in any round, the current price estimate is the
minimum opening bid price. If a bid on a single item is part of the provisionally
winning set of bids in a round, then the current price estimate for that item in that
round will be equal to the provisionally winning bid. Generally, however, if an
item is part of a package bid in the provisionally winning set, the current price
estimate for an individual item is calculated using all of the bids placed that involve
that item, since those bids together yield information on how bidders value that
license. The set of current price estimates, one for each item, is then used as the
basis for determining minimum acceptable bids for the next round, under the
minimum acceptable bid price for the following round.  Specifically, the next
round price for a package is the sum of the current price estimates for the items
comprising that package, plus some percentage of the sum.

? An alternative objective function to the quadratic objective function of [QP] is to
minimize the maximum distance from the smoothed prices, subject to the same set
of constraints. This alternative formulation would involve solving a sequence of
minimization problems as was done in [11].
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Another rule that can improve the efficiency is to allow “last and best” bids on
any package. This rule allows bidders to bid on a package at a price that is in
between the last bid price and the current round’s bid price. When a bidder
exercises this option, they have placed a “last and best” bid on that package and
cannot again bid on that package. Thus, the last-and-best rule helps to overcome
any problems with the increment setting.

2.4 The Auction is Fair

We have already provided some of the rules that promote fairness among the
bidders. Choosing among winning bidders randomly eliminates any possible bias
among winning bid sets. Our price estimates provide all bidders with the same
price information and help small bidders overcome the threshold problem by
providing useful price information.

We also promote the idea that the increment that we use to increase the current
price estimate should be based on the amount of demand for that item. Thus, items
with less competition increase slowly, while items with high demand will increase
more rapidly. Thus, as the price approaches its final price, the increment is
sufficiently small to be able to obtain the efficient outcome at approximately
second price. When there is much competition, having a large increment helps
move the auction along.

Most important to a fair auction is that we impose rules of eligibility and
activity that force all players to bid each round and thereby provide good price
discovery to all bidders. These rules dictate how bidders act in each round.
Typically, high-stakes auctions require an “up front” deposit that assures that
bidders have the ability to pay for what they may eventually purchase. This
refundable deposit also defines the bidder’s initial eligibility — the maximum
quantity of items that the bidder can bid for. A bidder interested in winning a large
quantity of items would have to submit a large deposit. The deposit provides some
assurance that the bids are serious and that the bidders will not default at the end of
the auction, leaving goods unsold. Some auctions require bidders to increase the
deposit as bid prices increase.

In addition to an upfront deposit, the auction needs activity rules for improving
price discovery, by requiring a bidder to bid in a consistent way throughout the
auction. It forces a bidder to maintain a minimum level of bidding activity to
preserve his current eligibility. Thus, a bidder desiring a large quantity at the end of
the auction (when prices are high) must bid for a large quantity early in the auction
(when prices are low). As the auction progresses, the activity requirement
increases, reducing a bidder’s flexibility. The lower activity requirement early in
the auction gives the bidder greater flexibility in shifting among packages early on
when there is the most uncertainty about what will be obtainable. As the auction
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progresses, if the bidder cannot afford to bid on sufficient items to maintain his
current eligibility, then his eligibility will be reduced so that it is consistent with his
current bidding units. Once eligibility is decreased, it can never be increased.
Thus, activity rules keep the auction moving along and do not allow the sniping’
that occurs in other auction designs.

When eligibility and activity rules are enforced, bidders are constrained to
sincerely bid throughout the auction, thereby providing all bidders with adequate
price information.

Since the auction requires that bidders continually be active and since there
may be times when a bidder cannot participate, each bidder is provided with a few
activity waivers that may be used at the bidder’s discretion during the course of the
auction, as set forth below. Use of an activity rule waiver preserves the bidder’s
current bidding activity, despite the bidder’s lack of activity in the current round.
An activity rule waiver applies to an entire round of bidding and not to a particular
license or package. Activity rule waivers are principally a mechanism for auction
participants to avoid the loss of auction activity in the event that exigent
circumstances prevent them from placing a bid in a particular round. If a bidder
has no waivers remaining and does not satisfy the activity requirement, his activity
will be permanently adjusted, possibly eliminating the bidder from the auction.

Precisely how the activity and eligibility rules are set matters and must be
depend upon the type of auction — the value of the items being auctioned, the
projected length of the auction, the number of participants, etc. In many high-
stakes auctions (spectrum, electricity, etc) these activity rules have proven highly
successful, see [12, 16 and 17].

2.5 The Auction is Fast

In experimental studies, Cybernomics [7] showed that combinatorial auctions can
be more efficient, but can also take longer to complete — in terms of the number of
rounds — than a non-package simultaneous multi-round counterpart. Both the
increment and the closing rule can impact speed, but can also impact efficiency. A
closing rule that requires no new bids can therefore force a very long auction.
Ausubel et al. [1] argue for a hybrid auction in which the first phase is a
simultaneous multi-round package bidding auction that allows price discovery to
occur, and then, as the revenue begins to trail off, one stops this ascending phase of
the auction and implements an ascending proxy auction. Thus, one can consider
using a proxy auction as a final round sealed-bid auction, where the bidders express

Bid sniping occurs at the last minute of a fixed-time ending. The purpose of sniping is to give other
bidders no chance of responding to an offer. In this way, a bidder can acquire price information from
other bidders but does not reciprocate, since throughout most of the auction, the bidder is silent.
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their final values but pay only what is necessary to win. Ausubel and Milgrom [2]
show that the proxy auction results in a Nash equilibrium where an optimal strategy
for each bidder is to bid sincerely. Much work is yet to be done to specify how the
rules from the ascending auction phase mesh with the rules to the final round to
ensure that the bidders are forced to bid sincerely rather than “parking” in the
ascending phase, so that the necessary price discovery is achieved. However, the
ability to stop the auction early and still obtain efficient outcomes is promising.

2.6 The Auction is Difficult to Game

In early non-package simultaneous round auctions, bidders were quite creative in
using bid amounts to signal both their identities and the items that they were most
interested in obtaining. Through this signaling, they attempted to determine how to
“cut up the pie” outside of the auction and thereby receive the items at much lower
rates. To overcome this gaming, one can (1) limit the information provided back to
bidders, and (2) only allow bids in specified amounts. (The FCC refers to this as
“click-box” bidding, since a bidder can “click” on only one of ten pre-specified bid
amounts.) Experimental results have shown that there are significant incentives for
collusion, and that limiting the identities of the bidders improves the outcomes
while still providing good price information. Thus, we recommend that auctioneers
carefully consider limiting identifying information and not allowing bidders to
supply such information through their bid amounts.

The rule that all bids remain active throughout the auction and cannot be
withdrawn is deterrence to “parking,” since a bid early on may become winning
late in the auction. Also, by limiting the total number of packages that a bidder can
submit, one forces bidders to bid sincerely.

2.7 The Auction Should Help Bidder Handle the Complexities

Since multi-item auctions are complex and require bidders to consider multiple
alternative bid options, we believe that it important that the computer software used
for communication between the bidder and the auctioneer be easy to use and
understand. Good graphical user interfaces help bidders to feel comfortable that
they understand the current state of the auction (they have been able to find the

Parking is a gaming strategy whereby bidders, early in the auction, bid on lower-priced items in order
to keep the prices low on the items they value the most and wait until late in the auction to begin bidding
on the items that they value the most
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current price information, the items they are winning, the amount of bidding
necessary to remain eligible, their dollar exposure based on what they have bid,
etc.). The system must also provide easy ways for them to input their next moves
and confirm that they have provided the system with the correct information. As
the use of auctions is spreading, computer interfaces for such processes continue to
improve and to provide better ways of displaying information to the users through
charts, graphs and pictures. We foresee continued improvement in this area.

These tools do not, however, help the bidder determine the optimal
combination of items to bundle as a package and the optimal number of packages
to supply to the system. Although all of us face similar decisions regularly — we are
bombarded with a near limitless variety of purchasing opportunities for even the
simplest of tasks, e.g., what to eat for dinner — when the stakes are high and the
number of substitutes is limited, the problem of providing decision support tools
becomes more pressing. Thus, there is a need for the auction community to create
tools that will help narrow the scope of the search and suggest good packages based
on the bidder-specific business plans and preferences. We refer the reader to a few
papers that have begun work in this very important area. For some discussion on
this topic, see [3, 4, and 10], Also, [8, and 19] provide alternative ways of bidders
expressing preferences that preclude the bidder specifying specific packages to the
auctioneer.

We present as an example a tool that is being built by FCC contractors to assist
bidders in FCC spectrum auctions. In this tool, bidders supply information in terms
of their business plans: What geographic areas are their primary, secondary and
tertiary markets? What is the minimum and maximum bandwidth needs? Do they
prefer certain bands? How much population do they need to have a viable
business? How much are they willing to spend per MHz population unit? With
this information, the tool translates their needs into constraints for an optimization
model that maximizes the bidder’s profit, given the current purchase prices for the
licenses of interest. Packages are then provided back to the user for evaluation.
The process continues with the bidder having the ability to change his business
plan or specifications within a plan. The tool re-optimizes and creates new
packages. Once the bidder is satisfied with the outputs, he indicates the packages
that are best, and these are supplied to the FCC.
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“I need at least 20 MHz
covering at least 10 mil. pops.
I may be interested in an additional
0 MHz, but at a cheaper price.”.

“I don’t want to spend more
than 10 mil. on my secondary
group. ”

“| prefer the 300-310 MHz band,
and will pay and additional 0.2 $/MHz-pop
for adjacent markets. ”

Y BidderAidTOOl '
A T .

et ML AN




1llustrated Guide to Combinatorial Auctions 173

Tools similar in nature are being used by the major supply-chain auction
providers. They must always be designed for the specific application and include
all of the constraints relevant to that business concern. However, with such tools,
more entities are willing to participate in the auction thereby improving the overall
competitiveness of the auction.

2.8 The Auction Should Be Computable and Verifiable

As discussed previously, the auction requires that most of the computational burden
be placed on the auctioneer. This seems appropriate and the direction that is being
taken by industry. There are a few corporations that supply auction technology to
various companies to use in their supply-chain auctions. These companies have the
incentives and the capabilities to solve the difficult optimization problems that arise
in combinatorial auctions. Specifically, the combinatorial optimization problem
that determines the provisional winners in each round determines how ties are
broken and computes prices for the subsequent rounds.

Off the shelf software, such as CPLEX or XPRESS have proven to be able to
solve such problems in reasonable times (less than 30 minutes). Thus, although
there is much in the literature that argues against combinatorial auctions because of
the computational burden, the optimization software has proven up to be capable of
handling the problems that are currently being considered applicable for this type
of auction. For more on the computational issues in computing winner
determination problems, see [15].

Although work continues on fine-tuning the auction software, the computability
demands on the auctioneer have not been found to be a limiting factor. We believe
that tools that help a bidder construct packages will also be computationally
tractable, since the decisions being made by an individual bidder compose a
smaller set of reasonable alternatives.

3 Combinatorial Auction Design Components

In this paper, we have presented a general framework for a simultaneous multi-
round ascending package bidding auction. This design has a number of
characteristics:

1. The auction, although complex for the auctioneer, is relatively easy for the
bidders. Indeed, if the bidder chooses to only submit item bids and treat
the auction as a non-package ascending auction, the bidding language
allows such bids.

2. The complexity of the auction for the auctioneer, although substantial, is
computationally feasible with easily available off-the-shelf state-of-the-art
combinatorial optimization software.
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3. The design allows bidders complete flexibility in package construction
and provides a language that allows bidder to declare that certain packages
should be treated as mutually exclusive, while keeping the language
concise and completely flexible. In addition, the language maintains the
set-partitioning structure to the winner determination problem, thereby not
complicating the optimization problem.

4. The auction advocates that the auctioneer limit the total number of bids
that a bidder can submit, but allows for that limit to be relatively high,
e.g., 5000 bids per bidder.

5. The auction requires upfront payments to ensure that the bidders are
capable of paying for the items won.

6. The auction specifies eligibility and activity rules in order to protect
against frivolous or insincere bidding and to encourage price discovery.

7. The auction provides price and demand information after each round.

8. The auction does not disclose the identities of individual bids, since such
information provides an opportunity for bidders to collude and to engage
in destructive or punitive behavior.

9. The auction allows a stopping rule that encourages bidding throughout the
auction.

10. The auction allows for a final round to speed up the auction and improve
efficiency.

11. The auction allows bidders to provide “last and best” bids when the price
increase specified by the auctioneer is too high, and yet the bidder is
willing to pay more than the prior round’s bid price.

12. Bids are considered “active” throughout the auction; bid withdrawals are
not allowed. The forcing of all bids to be active throughout the auction is
another rule to force bidders to bid sincerely.
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When one considers an auction design, one must consider how all of the rules
fit together, so as to assure that the overall goals of the auction are met. Much has
been learned about how to set such rules from the many non-package multi-round
ascending auctions that have been held. Adding the additional characteristic of
allowing package bids created some new issues, such as how to price packages and
how to overcome the threshold problem. One also needed to able to answer the
question of whether it was possible to compute the winners in each round in a
timely fashion.

In order to study these issues, we created a simulation tool that allowed us to
run auctions of varying size and complexity quickly. We could “stress test” the
optimization procedures and be able to study much larger auctions than would be
possible with human subjects. Although this testing allowed us to better
understand how auction rules altered computability and length of auction, our
simulations did not allow us to test how well the auction would do when human
subjects creatively try to game the system. The FCC is therefore building a new
simulation tool that allows computer agents (robotic bidders) to compete in a
auction with human subjects. In this way, we can begin to see how these rules
impact gaming strategies, while still providing a test environment that allows tests
where there are more than a few dozen items and for auctions that are likely to be
more complex and go over several days or weeks rather than hours. We look
forward to this new avenue of research.

If this short description of issues associated with combinatorial auctions has
sparked your interest, we recommend the book, Combinatorial Auctions [6], which
provides detailed discussions on all aspects of this important new research area.
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Summary. In this paper we study label-correcting algorithms, which are rou-
tinely used to solve single-source shortest path problems. Several variants of label-
correcting algorithms have been proposed in the literature, differing primarily in the
strategy implemented to handle the candidate list of nodes. In particular, we study
both one-list and two-list versions of the basic label-correcting algorithm; these vari-
ants implement either one or two lists to manage the set of candidate nodes. We
examine the theoretical complexity and empirical behavior of these algorithms. In
contrast to previous studies of shortest path algorithms, our focus is on explaining
observed empirical performance in terms of certain intrinisic properties of the al-
gorithms (namely, “sharpness” and “maturity”). In addition, a new variant of the
label-correcting algorithm is proposed (PRED), which insures a type of “local sharp-
ness” relative to the candidate list. Computational evidence suggests that this new
algorithm, in both one-list and two-list versions, performs quite well in practice and
deserves further study.

Key words: Shortest paths; label-correcting algorithms; sharpness; operation counts.

1 Imtroduction

The efficient management of communication, transportation and distribution
systems often requires finding shortest paths from one point to another in
the underlying network. Other situations (equipment replacement, project
scheduling, cash flow management, DNA sequencing, artificial intelligence,
data compression), that at first glance do not seem related to networks, can
be modeled and solved as shortest path problems. Consequently, a variety
of algorithms have been proposed to solve shortest path problems efficiently
[1], and several benchmark computational studies [6, 7, 10, 11, 12, 14] have
delineated circumstances under which certain algorithms might be preferred
in practice.
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Based on the number of source nodes and the number of sink nodes, short-
est path problems are classified into those of finding: (1) a shortest path from
node s to node ¢, (2) shortest paths from node s to all other nodes, (3) shortest
paths to node ¢ from all other nodes, and (4) shortest paths from every node
to every other node. In the literature, problem type (2), which forms the basis
of most shortest path algorithms, is referred to as the single-source shortest
path problem.

Labeling algorithms arise as an iterative approach for solving single-source
shortest path problems. These algorithms assign tentative distance labels to
nodes at each step; the distance labels are estimates of the shortest path dis-
tances (namely, upper bounds). The different labeling approaches vary in how
they update the distance labels from step to step and how they converge to
the shortest path distances. Gilsinn and Witzgall [7] classified labeling algo-
rithms for computing shortest paths into two general classes: label-correcting
and label-setting algorithms. The typical label-correcting method starts with
any tree T rooted at the source node s and updates 7 until no further im-
provement is possible. Label-setting methods begin with T consisting of the
source node s and successively augment 7 by one node so that at each step T
forms a shortest path tree (rooted at s) relative to the subgraph induced by
T. Label-setting methods terminate once all nodes accessible from s are in 7.
This algorithm is applicable only to shortest path problems defined on acyclic
networks with arbitrary arc lengths, or to shortest path problems with non-
negative arc lengths. On the other hand, label-correcting algorithms are more
general and apply to all classes of problems, including those with negative arc
lengths (but no negative length cycles). However shortest path distances are
not revealed successively (as in label-setting methods); rather shortest path
distances are known only upon termination of the algorithm.

In the following we concentrate on label-correcting algorithms applied to
single-source shortest path problems. Our objective is to understand better
the empirical behavior of label-correcting algorithms, taking into account their
theoretical worst-case complexity as well as other intrinsic characteristics, such
as sharpness [8, 10, 17] and node maturity (defined in Section 3.1). This em-
phasis on exploring certain features that contribute to algorithm performance
distinguishes our work from previous computational studies.

1.1 Label-Correcting Algorithms

Consider a directed network G = (N, A) with node set N and arc set A.
Here n = |N| and m = | A|, respectively. Let ¢;; denote the arc length (cost,
traversal time) of (4, j) € A. The length of a path is the sum of the arc lengths
along the path. The set of arcs emanating from node ¢ is the adjacency list
A(2) of node #; namely, A(3) = {(i,5) € A : j € N}. Assume the network
contains no directed cycles with negative length. For s € N, a shortest path
tree from source node s is a directed tree such that the unique path in the tree
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from node s to any other node (accessible from s) is a shortest path between
these nodes in the network G.

The generic label-correcting algorithm maintains a set of distance labels
D(-) at every step. The label D(j) is either co, indicating that we have yet to
discover a directed path from the source to node j, or it is the length of some
directed path from the source to node j. For each node j we also maintain
a predecessor pred(j), which records the node prior to node j in the current
directed path to j. At termination, the predecessor array allows us to recon-
struct a shortest path tree. The generic label-correcting algorithm involves
successively updating the distance labels until they satisfy the shortest path
optimality conditions [3]:

D(j) < D() +cij, V(i j) € 4, (1)
D(s) = 0.

One nice feature of the generic label-correcting algorithm (see Figure 1
below) is its flexibility: we can select arcs violating the optimality conditions
(1) in any order and still assure finite convergence of the algorithm. However,
without any further restriction on the choice of arcs in the generic label-
correcting algorithm, the algorithm does not necessarily run in polynomial
time. To obtain polynomially bounded label-correcting algorithms, the com-
putations need to be organized carefully. A useful way is to do this is by
maintaining a candidate list of nodes (7], initialized with LIST = {s}. At
each iteration, the algorithm will add and/or delete nodes from LIST; it ter-
minates when LIST is empty. The typical iteration (assuming that LIST is
nonempty) first removes a node ¢ to be scanned from LIST. The scanning
of node ¢ entails checking, for each arc in the adjacency list A(¢), the short-
est path optimality conditions (1). If arc (¢, j) € A(Z) violates the optimality
conditions, we set D(j) := D(4) + ¢;, pred(j) := ¢, and add j to LIST if it
does not already belong to LIST. In this modified label-correcting algorithm,
shown in Figure 2, the procedure insert(j, LIST) adds node j to LIST.

algorithm generic label-correcting

begin
D(s) 1= 0; pred(s) :=0;
D(j) := 00, Vj € N — {s};
while some arc (4, j) satisfies D(j) > D(¢) + ¢;; do

D(5) := D(5) + ciz; pred(j) :=1;

end while

end

Fig. 1. Generic label-correcting algorithm.
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algorithm modifed label-correcting
begin
D(s) :=0; pred(s) :=0; LIST = {s};
D(j) i= o0, Vj € N — {s};
while LIST # § do
remove element i from LIST;
for each (i,7) € A(é) do
if D(3) > D(%) + ci; then
D(j) := D(i) + cij; pred(j) :=14;
if j ¢ LIST then insert(j, LIST);
end if
end for
end while
end

Fig. 2. Modified label-correcting algorithm.

1.2 List Processing Disciplines

Different methods for adding and deleting nodes from LIST yield different
shortest path algorithms. Label-correcting methods typically use some type of
linear data structure (queue, stack, two-way list, partitioned queue) to main-
tain the candidate list LIST. In general, algorithms select the node to scan
from the head of LIST. However they mainly differ in the manner of enter-

ing

nodes into LIST. We now briefly describe some standard label-correcting

algorithms.

Bellman-Ford-Moore Algorithm [3]: LIST is implemented as a queue so
that insertion occurs at the tail of LIST while removal occurs at the head
of LIST, thus realizing a FIFO (First-In-First-Out) policy in the selection
order.

Gilsinn and Witzgall Algorithm [7]: This algorithm implements a LIFO
(Last-In-First-Out) strategy; i.e., nodes are always added to the head of
LIST.

D’Esopo-Pape Algorithm [15]: In this algorithm, LIST has two insertion
points. A node that enters LIST for the first time is added at the tail; a
node that re-enters LIST is added at the head. The insertion routine for
this algorithm (PAPE) is specified in Figure 3.

Predecessor Algorithm: In this proposed algorithm, LIST also has two
insertion points. However, the criterion to determine whether a node is
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inserted at the tail or at the head of the list is based on the status of
its children in the current tree, defined by pred. If the entering node is
the immediate predecessor (parent) of a node currently in LIST, the new
node is added to the head; otherwise, it is added to the tail. A justification
for this strategy is that a node j is only added to LIST after its label has
been improved (decreased); therefore, its children’s labels can be improved
by at least the same amount. Consequently, it is desirable to add node j to
LIST ahead of its children, so that it will be scanned before its children.
Otherwise, the (improvable) labels of the children will be used, likely to
be corrected later on by an update from node j. The insertion routine for
this algorithm (PRED) is shown in Figure 4.

algorithm insert(j, LIST)
begin
if j has been on LIST then
add j to the head of LIST;
else
add j to the tail of LIST;
end if
end

Fig. 3. Insertion routine for Pape’s label-correcting algorithm.

algorithm insert(j, LIST)
begin
if j has children on LIST then
add j to the head of LIST;
else
add j to the tail of LIST;
end if
end

Fig. 4. Insertion routine for the predecessor label-correcting algorithm.

Partitioning Shortest path (PSP) Algorithm [9]: This algorithm partitions
the candidate list LIST into two parts, NOW and NEXT, initialized
with NOW = {s} and NEXT = §. Nodes entering LIST are inserted
into NEXT. Nodes selected for scanning are removed from the head of
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NOW if NOW is nonempty; otherwise, one pass of the algorithm has
been completed and all nodes in NEXT are transferred to NOW. The
shortest path problem is solved when both lists are empty. The generic
version of this algorithm (Figure 5) does not specify rules for entering
nodes into NEXT. Thus any of the previously described variants (FIFO,
LIFO, PAPE or PRED) can be used for inserting nodes into NEXT.
These variants will be studied in subsequent sections of this paper.

algorithm psp
begin
D(s) :=0; pred(s) :=0; NOW := {s}; NEXT =
D(j) := 00, Vj € N — {s};
while NOW # 0 do
remove element ¢ from NOW;
for each (i,7) € A(%) do
if D(j) > D(i) + ¢;; then
D(j) := D(i) + cij; pred(j) :=i;
if j ¢ NOW UNEXT then
insert(j, NEXT);
end if
end if
end for
if NOW ={ then
NOW = NEXT; NEXT := {;
end if
end while
end

Fig. 5. Partitioning shortest path algorithm.

2 Algorithm Characteristics

The computational complexity of algorithms has been traditionally evaluated
in the literature using two distinct approaches: worst-case analysis and empir-
ical complexity. The present section will review the worst-case complexity of
the various algorithms, expressed as a function of the problem size, generally
measured by n, m and log C, where C' = max{|¢;;| : (i,7) € A}. We will also
evaluate the algorithms in terms of their sharpness, a theoretical construct
that appears to be relevant to understanding the empirical behavior of short-
est path algorithms. Section 3 will be dedicated entirely to computational
testing performed on the various algorithms.
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2.1 Worst-Case Complexity

We summarize complexity results for the algorithms studied here, present-
ing first those algorithms with (pseudo) polynomial time complexity followed
by those with exponential time complexity. The only new complexity result
involves algorithm PRED, so it is discussed at greater length below.

Generic Label-Correcting Algorithm

The generic label-correcting algorithm has pseudopolynomial time complexity
O(n?mC). To see this [1], notice that under the assumptions that all arcs have
integral length and that there are no negative length cycles, the temporary
labels D(j) are finite and satisfy the bounds —nC < D(j) < nC. At each
step, D(j) decreases by an integral amount (at least one) for some j; so at
most n(2nC) = 2n%C updates are required before termination occurs. Since
it may take O(m) work to find an arc violating the optimality conditions (1),
this algorithm requires O{n?mC) operations in the worst case.

Bellman-Ford-Moore (FIFO) Algorithm

This algorithm [3] runs in O(mn) time. The whole sequence of scanning op-
erations performed during the algorithm can be grouped into a sequence of
passes, where the first pass consists of scanning the source node s, while pass
k consists of scanning the nodes that have been added to LIST during pass
k — 1. Thus, a node can be scanned at most once during each pass, and at
most n — 1 passes are necessary (no shortest path requires more than n — 1
arcs). Since a single pass requires O(m) time, the overall complexity of the
algorithm is O(mn).

Partitioning Shortest path (PSP) Algorithm

The partitioning shortest path algorithm [9] also has computational complex-
ity O(mn), assuming an O(1) complexity for insert(j, NEXT). Since the
maximum number of arcs required in a shortest path is n — 1, the method
will require at most n — 1 passes during which the candidate nodes are repar-
titioned from NEXT to NOW. The total number of arcs examined during
each pass is at most m. Therefore, the overall complexity of the algorithm is
O(mn).

Gilsinn and Witzgell (LIFO) Algorithm

This algorithm always adds nodes to the head of LIST, resulting in a depth-
first exploration of the network. Shier and Witzgall [17] constructed a family
of networks on which LIFO displays exponential behavior, requiring O(2")
node scans.

D’Esopo-Pape (PAPE) Algorithm

Just as in the LIFO algorithm, the eventual stack nature of LIST in the
D’Esopo-Pape algorithm results in exponential worst-case time complexity.
See [13, 17].
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Predecessor (PRED) Algorithm

‘We now show that PRED has exponential complexity by considering the class
of networks Gy, defined in the following way. Begin with a complete acyclic
network on nodes 1,2,...,k, where arc (i,5) exists only for ¢ > j and has
length —2*~2. Add a source node s connected to node i = 1,2,...,%k by an
arc of length —2°~2. Finally, add nodes k + 1,k + 2,...,2k and zero length
arcs of the form (i,k +7) for 1 = 1,2,...,k. Figure 6 shows the constructed
network for k = 3. Notice that G is formed recursively from Gy by adding
two new nodes and relabeling appropriately. Let fi; be the number of node
scans needed by PRED on G, using the convention that arcs (s, j) € A(s) are
processed by increasing j and arcs (4, j) € A(¢) are processed by decreasing j.
Then we have the following recursion.

fo=2fk1—-(k=-2), k=1L (2)

To see this result, notice that the execution of PRED on G}, entails the fol-
lowing steps:

1. scan s, placing 1,2,...,k on LIST;

2. process nodes 1,2,...,k—1 as in Gg_1;

3. scan k, thus placing 1,2,...,k — 1 back on LIST;
4. process nodes 1,2,...,k— 1 asin Gg_g;

5. scan nodes k+ 1,k + 2,...,2k.

Steps 1, 3 and 5 require a total of 2 + k node scans, while Steps 2 and 4 each
require fx—1 — k node scans (since nodes s,k + 1,k +2,...,2k — 1 are not
scanned during these steps). Altogether this gives fr, =2+ k+2(fr—1 — k) =
2fx—1 — (k— 2). Since f; = 3, solution of this recurrence gives fr = 2% + k for
k > 1, demonstrating the exponential behavior of PRED on networks Gy.

Fig. 6. Network Gjs.

2.2 Sharp Labelings

We now discuss the concept of sharpness, introduced in [17]. A label-correcting
algorithm maintains a predecessor graph (subtree) at every step, defined by
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the array pred. We say that a distance label D(z) is sharp if it equals the
length of the unique path from node s to node 7 in the predecessor graph. An
algorithm is sharp if every node scanned by the algorithm has a sharp dis-
tance label. (A sharp algorithm might produce nodes with nonsharp labels,
but the algorithm never ends up scanning nodes with nonsharp labels.) Sharp-~
ness is a desirable characteristic in any label-correcting algorithm because it
guarantees that when a node 4 is scanned there are no paths to node 7 in the
predecessor graph that would currently improve its label. Consequently node
i has a “good” label that can be used to update the labels of other nodes.
Examples of sharp algorithms are PAPE and LIFO. On the other hand, FIFO
and PSP are nonsharp; see [10, 17]. Algorithm PRED is also nonsharp since
it is possible to scan a node j while it still has a (great) grandparent i on
LIST. However, we term PRED as locally sharp since children will never be
scanned before their parents using this list discipline.

3 Empirical Testing

The goal of empirical testing is to estimate how algorithms will behave on
various classes of problem instances. Accordingly, our study involved the fol-
lowing steps: (1) constructing a random network generator to generate random
problem instances for selected combinations of input size parameters (n, m
giving the density 6 = ), (2) executing the computer programs written for
each algorithm, and (3) collecting relevant performance data. Since our em-
phasis is on explaining the behavior of the various label-correcting algorithms
in terms of representative operation counts, advocated by Ahuja and Orlin
[2], we coded all algorithms in MATLAB. This provided a unified (and repro-
ducible) framework for encoding the algorithms in a standard fashion, and it
enabled us to eliminate variation due to coding abilities, compiler, language
and timing routines.

The overall objectives for our computational study can be summarized as
follows:

e Gain insight into the behavior of the different algorithms based on repro-
ducible measures of computational effort.
Identify possible improvements to the basic label-correcting algorithm.

e Understand the role played by sharpness, local sharpness and other intrin-
sic characteristics in the performance of shortest path algorithms.

e Compare the one-list with the two-list label-correcting algorithms.

In order to make valid comparisons, we insist on generating random di-
rected networks in which every node is accessible from the source node s.
Otherwise, a varying number of nodes will maintain infinite labels and will
never be placed on LIST, making comparisons less reliable for generated net-
works of the same size. Connectedness becomes even more important with
larger networks, since as the parameter n grows and ¢ stays fixed, it becomes
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less and less likely that a randomly generated network will be connected.
Consequently, we followed the random walk methodology proposed by Broder
[5] by first generating a random spanning tree rooted at the source node s.
Additional arcs were then randomly added to create a (simple) network on n
nodes and m arcs, having no loops or repeated arcs.

In our computational study, we generated such s-connected random net-
works with n = 100, 150, 200, 250, 500, 750, 1000 nodes having various network
densities § = 3,4,5,10, 15,20, 25,30. In all the test networks generated, arc
lengths were uniformly generated over the range [1,1000]. All algorithms de-
scribed earlier were executed to calculate a shortest path tree rooted at the
source node s = 1 for each generated network. For each combination of size
n and density §, thirty random networks were generated; in all subsequent
results, we report averages over these thirty replications for various measures
of computational effort.

The performance of each algorithm was evaluated by computing the num-
ber of times the algorithm executed certain fundamental operations that we
identified as indicative of algorithm performance. In particular, we collected
data on the following measures of computational effort:

¢ Node Scans: the number of times a node ¢ is removed from LIST.
Namely, it is the total “length” of the candidate list.

o Comparisons: the number of times an arc (¢, §) is examined for violation
of the optimality conditions (1). This number is expected to be approx-
imately the number of node scans times the average number of arcs per
node (density).

e Updates: the number of times a node label D(j) is decreased. This rep-
resents the number of updates performed until no further improvement is
possible.

3.1 Results for One-List Label-Correcting Algorithms

We first present results obtained for random networks with 200 nodes in Ta-
bles 1-3. Similar data for networks of all sizes 100 < n < 1000 can be found
at the website [16]. As expected the number of comparisons (Table 2) is ap-
proximately the number of node scans (Table 1) times the network density.
This relationship was observed in all of our test data instances. Therefore we
omit this computational measurement in subsequent discussions.

Clearly for every network density, LIFO is by far the worst algorithm in
terms of the measures shown in Tables 1 and 3. Moreover, LIFO continues to
be the most inefficient algorithm for all combinations of numbers of nodes and
densities. Contrary to the behavior observed for FIFO, PAPE and PRED, in
which the number of node scans (and updates) increases with network density,
the number of node scans (and updates) required by LIFO is only slightly
affected by the density, particularly for § > 5.
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Table 1. Number of node scans (n = 200).

Density| LIFO |FIFO|PAPE(PRED
3 |4683.3]286.7(248.9  253.1
4 |5915.5}305.4( 275.7 | 276.5
5 ]6730.11318.2(284.0) 284.3
10 |7237.2|385.3| 389.8 | 350.5
15 |7156.3|407.9(429.5| 377.7
20 16631.1(437.6]491.7 | 403.0
25 17094.0|1444.6| 512.8 | 416.8
30 |6482.91445.8| 526.5 | 416.3

Table 2. Number of comparisons (n = 200).

Density| LIFO | FIFO | PAPE | PRED
3 13967.0 | 858.9 | 744.8 | 757.9
4 23662.0 | 1213.5 | 1098.2 { 1104.6
5 33720.0 | 1595.3 | 1422.7 | 1429.6
10 172361.0 | 3844.2 | 3892.2 | 3506.8
15 [107480.0] 6107.0 [ 6449.0 | 5680.6
20 |132480.0| 8741.7 | 9812.0 | 8054.5
25 |177390.0/11132.0]12856.0|10454.0
30 ]194850.0|13371.0{15767.0{12502.0

Table 3. Number of updates (n = 200).

Density| LIFO | FIFO |PAPE{PRED
3 14689.7| 340.5 { 325.9 | 325.3
4 16927.7)397.7 | 397.5 | 394.3
5 16757.0{439.3 | 437.3 ] 435.9
10 |7348.4)| 660.3 | 720.7 | 685.8
15 |7378.9|772.2|859.6 | 823.4
20 16964.1] 869.0 | 991.7 | 922.9
25 |7587.0( 950.0 |1080.1{1014.5
30 {7110.0/1001.7(1161.7[1086.0

Consistent with previous computational studies [4, 6, 7, 14], we observe
from Table 1 that PAPE is more efficient than FIFO (in terms of the number
of node scans) for sparse networks whereas FIFO is superior to PAPE for net-
works with higher densities. These observations are substantiated by carrying
out paired-sample ¢ tests on the data supporting Table 1. Namely, PAPE is
significantly better than FIFO at densities 6 < 5, while FIFO is significantly
better than PAPE at densities § > 15, in both cases well beyond the 1%
significance level. There is no statistically significant difference between FIFO
and PAPE at density 4 = 10. These results, illustrated for n = 200, hold
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for the entire range of test problems (100 < n < 1000), with the breakpoint
consistently occurring around ¢ = 10.

PAPE’s superior behavior (compared to FIFO) in sparse networks can be
explained as follows. The first time a node j is given a label, the chance of
that label being correct is very low; as a result, node j is added to the tail
of LIST where its label can continue to be updated before it is used. The
second time a node gets added to LIST (not necessarily the second time its
label is updated), the chance of having a “good” label is considerably higher,
and consequently the node is added to the head of LIST under PAPE so
it can be scanned immediately. This strategy of PAPE is advantageous for
sparse networks (say § < 5) where a node is scanned relatively few times
(1.2 = 1.7) on average for 100 < n < 1000, and thus nodes are unlikely to be
added to the head of LIST a second time. On the other hand, the number
of times PAPE adds a node to LIST increases for denser networks; in such
networks the stack characteristic of LIST negatively affects its performance
since inaccurate labels are being used right away to update other node labels.
For example, when 500 < n < 1000 our computational results show that
PAPE will scan a node on average three times at higher densities. Thus for
dense networks, PAPE will frequently add a node to the head of LIST a second
time.

Also, Table 1 shows that PAPE entails fewer node scans than PRED for the
sparsest networks, yet as the network density increases, PRED shows better
and better performance. Formal statistical paired-sample ¢ tests validate these
conclusions. Specifically, at n = 200 nodes, PAPE is better than PRED for
¢ = 3, while PRED is better than PAPE for ¢ > 10. There is no statistically
significant difference between PAPE and PRED at densities § = 4 and § = 5.
Similar conclusions hold for the entire range of sizes 100 < n < 1000. In
addition, PRED is consistently (and statistically) better than FIFO at all
network densities.

Several statistical models were considered to relate the number of node
scans S to the network size; rather than using n,4 as independent variables,
we used instead the number of nodes n and number of arcs m in our analyses.
The best model found for representing the observed relationships was a power
law model: S = an®m?. Table 4 shows the estimated coefficients obtained
when these models were fit using linear regression (after a logarithmic trans-
formation of the power law model). In fact, by using dummy variables for the
categories of algorithm type (FIFO, PAPE, PRED), ounly a single regression
model needed to be run; it produced an excellent fit, judged by an examina-
tion of the residuals, with R? = 0.998. The ¥ coeflicients in Table 4 indicate
that as the density increases for n fixed, FIFO (with a smaller 4) performs
better than PAPE (with a much larger 4). The regression coefficients &, 8,4
for PRED are intermediate between those for FIFO and PAPE, indicating
that PRED represents a useful compromise between FIFO and PAPE.

We have also recorded (in Table 5) the number of times a locally nonsharp
node is scanned by FIFO. A node j is said to be locally nonsharp when
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Table 4. Regression models for one-list algorithms.

Algorithm| & B ¥
FIFO ]0.7084|0.8887[0.2052
PAPE [0.4916(0.750810.3504
PRED 10.6366(0.8577{0.2285

its distance label D(j) does not equal D(¢) + ¢;;, where ¢ = pred(j) is the
predecessor of node j in the current tree. Notice that the values in Table 5
are only slightly affected by the network density. This surprising constancy
in the number of locally nonsharp scans could also explain the difference in
performance between PRED (which is locally sharp) and FIFO, and could
also explain why FIFO is better than PAPE for dense networks, since the
proportion of time FIFO scans a locally nonsharp node decreases with density.

Table 5. Number of times FIFO scans a locally nonsharp node (n = 200).

Density| 3 4 5 10 15 20 25 30
# scans|30.33 28.47 31.13 39.10 41.67 42.87 44.43 43.67

In Table 6, we display the number of updates per node scanned for net-
works with 200 nodes. This ratio gives an idea of the maturity of a node when
it becomes scanned. Namely, it measures the average number of times a node
is updated while resident on LIST. In LIFO the labels rarely get updated
before they are used, while in PRED a node label gets updated more often
before the node is scanned, especially for high densities. A high maturity value
increases the chance that a node label is in fact the shortest distance from s
by the time it is used; hence, the higher the number of updates per scan, the
better the label. Comparing Tables 1 and 6, we see that at each density there
is a high negative correlation between the number of node scans (measure-
ment of algorithm efficiency) and the number of updates per scan. In other
words, the (average) maturity of a node appears to be an excellent predictor
of algorithm efficiency.

Table 6 shows that maturity increases with network density, an observation
that can be easily explained. Namely, as the density increases the number of
arcs entering a given node k& on LIST increases, as does the chance that
D(k) will be updated while on LIST. On the other hand, node maturity is
surprisingly stable as n increases. For example, this ratio (updates per node
scan) for FIFO ranged from 1.2 (§ = 3) to 2.3 (§ = 30) at n = 100; the
corresponding range was [1.2,2.2] at n = 1000. Similarly, the ranges for PAPE
and PRED were remarkably stable at [1.3,2.2] and [1.3,2.7] over the range
100 < n < 1000. LIFO showed the lowest ratios [1.0,1.1], consistent with the
algorithm’s feature of scanning a node right after it is updated. On the other
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Table 6. Number of updates per scan (n = 200).

Density |LIFO[FIFO{PAPE|PRED
3 1.00;1.19] 1.31 | 1.28
4 1.001.30 | 1.44 | 1.43
5 1.00 | 1.38 | 1.54 { 1.53
10 1.02 171 1.85 | 1.96
15 1.03 ] 1.89} 2.00 | 2.18
20 1.05}11.99 ] 2.02 | 2.29
25 1.07 (214 2.11 | 243
30 1.1012.25| 2.21 | 2.61

hand, the highest values (2.3 — 2.7) were achieved by PRED, for the densest
networks, independent of network size.

In summary, our computational study has verified that PAPE outperforms
FIFO for sparse networks, as noted in previous studies {4, 6, 7, 14]. Here we
provide several explanations for this phenomenon. The computational over-
head of scanning locally nonsharp nodes puts FIFO at a disadvantage com-
pared to the sharp algorithm PAPE. However, as the network density increases
this essentially fixed overhead becomes negligible and the relative performance
of FIFO improves. Moreover, for higher densities the number of node scans per
node is larger for PAPE compared to FIFO; since nodes re-enter LIST at the
head for PAPE, these subsequent node scans serve to propagate out-of-date
information and slow down PAPE. We also observe that PRED is generally
better than PAPE, especially as the network density increases. We argue that
this may be a result of the larger maturity values achieved by PRED.

3.2 Results for Two-List Label-Correcting Algorithms

In the Partitioning Shortest path (PSP) algorithm, nodes to be scanned are
always removed from the head of NOW, but no specific rules are required for
entering nodes into NEXT. Glover et al. |10] have investigated six variants
of the PSP algorithm, using the concept of threshold value. By contrast, our
implementation uses FIFO, LIFO, PAPE and PRED to drive the addition
of nodes into NEXT. Respectively, we call each of the resulting algorithms
FIFO+FIFO, FIFO+LIFO, FIFO+-PAPE and FIFO+PRED. Since FIFO is
not affected by partitioning the candidate list, the results for FIFO+FIFO
duplicate those for the one-list FIFO version.

As a starting point, we present in Tables 7-9 results for networks having
n = 200 nodes. Similar data for networks of all sizes 100 < n < 1000 can be
found at the website [16]. Recall that LIFO goes from exponential complexity
to polynomial complexity with FIFO+LIFO, and this is clearly reflected in
the dramatically reduced number of node scans (Table 7). In fact, the two-
list version FIFO+LIFO now clearly outperforms FIFO for densities § < 20
and is generally comparable for higher densities. This phenomenon persists
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for larger networks as well. The two-list FIFO+PAPE slightly degrades the
performance of the one-list PAPE at lower densities (6 < 5), but significantly
improves PAPE at higher densities. As a result, FIFO+PAPE now consistently
outperforms FIFO at all densities; this result continues to hold throughout
the range of network sizes 100 < n < 1000.

Table 7. Number of node scans (n = 200).

Density|FIFO+FIFO|FIFO+LIFO|FIFO+PAPEFIFO+PRED
3 286.7 263.7 265.1 265.5
4 305.4 290.4 286.8 286.9
5 318.2 302.1 298.3 297.7
10 385.3 378.2 366.3 362.5
15 407.9 403.0 386.4 383.9
20 437.6 438.5 421.2 411.2
25 444.6 445.4 429.0 4244
30 445.8 438.6 427.8 423.2

The number of node scans per node (Table 8) increases with network den-
sity, ranging here from 1.3—2.2 for all two-list algorithms except FIFO+FIFO
=FIFO. In general, the number of node scans per node increases with n and
typically lies in the range [1.2,2.6], implying that on average a node gets
scanned at most 2.6 times even at the highest densities. In particular, for
larger networks (n > 500) FIFO+PAPE reduces the average number of node
scans of PAPE from [1.3,3.2] to [1.4,2.6], clearly a benefit in dense networks
where the one-list PAPE is less efficient.

Table 8. Number of node scans per node (n = 200).

Density{FIFO+FIFO|FIFO+LIFO|{FIFO+PAPE|FIFO+PRED
3 1.43 1.32 1.33 1.33
4 1.53 145 1.43 1.43
5 1.59 1.51 1.49 1.49
10 1.93 1.89 1.83 1.81
15 2.04 2.02 1.93 1.92
20 2.19 2.19 2.11 2.06
25 2.22 2.23 2.14 2.12
30 2.23 2.19 2.14 2.12

All partitioning shortest path variants are polynomial but are nonsharp.
Even PRED, which guarantees local sharpness, may become locally nonsharp
as a result of partitioning the candidate list. Comparing Table 1 for PRED
with Table 7 for FIFO-+PRED shows that partitioning degrades performance
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at all densities, but especially at lower densities. However, as seen in Table 7
the partitioned version of PRED still dominates the other partitioned versions
for all but the sparsest networks. Moreover, as the network size increases (n >
500), FIFO+PRED emerges as the best two-list algorithm at all densities.

We also carried out a regression analysis to summarize the behavior of
the four two-list algorithms FIFO+FIFO, FIFO+LIFO, FIFO+PAPE and
FIFO+PRED. Again we found that the power law model S = an®m? pro-
vided a very good fit to the data and a single regression model (with dummy
variables for the different algorithms) was run, resulting in an R? value of
0.999. The estimated regression coefficients are shown in Table 10. Notice
that FIFO+FIFO achieves the smallest value of 4 followed by FIFO+PRED,
indicating that for dense networks these two algorithms should perform well.
Since the coefficients & and 8 for FIFO+PRED are uniformly smaller than
those for FIFO+FIFO, we anticipate that FIFO+PRED should dominate in
practice (as we have previously observed). By comparing Table 4 and Table 10,
we see that partitioning has the effect of substantially reducing the coefficient
4 for PAPE, again indicating the improvement afforded by FIFO+PAPE in
denser networks.

Table 9 displays the maturity values (number of updates per node scan) for
n = 200. Recall that large maturity values appear to be desirable. Partitioning
has the effect of drastically increasing the maturity of FIFO+LIFO compared
to LIFO (Table 6), whereas the maturity values of PRED are decreased. In
the case of FIFO+PAPE, the two-list version has smaller maturity values
than PAPE for lower densities but larger maturity values for higher densities
{where the standard PAPE algorithm is less competitive). In general, over the
range 100 < n < 1000, the breakpoint for PAPE occurs around § = 15. The
largest maturity values are typically achieved by FIFO+PRED, especially at
higher densities. At lower densities, comparable maturity values are achieved

by FIFO+LIFO, FIFO+PAPE and FIFO+PRED.

Table 9. Number of updates per scan (n = 200).

Density [FIFO+FIFO(FIFO+LIFO|FIFO+PAPE|FIFO+PRED
3 1.19 1.26 1.24 1.24
4 1.30 1.36 1.36 1.36
5 1.38 1.46 1.45 1.45
10 1.71 1.77 1.80 1.81
15 1.89 1.98 1.99 2.01
20 1.99 2.06 2.06 2.09
25 2.14 2.18 2.22 2.24
30 2.25 2.28 2.34 2.37

Notably, our computational study of two-list algorithms shows that parti-
tioning dramatically improves the performance of LIFO; indeed, it now outper-
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Table 10. Regression models for two-list algorithms.

Algorithm & B 0%
FIFO+FIFO |0.7084]0.8887(0.2052
FIFO+LIFO |0.6683]0.8569|0.2309
FIFO+PAPE|0.6585{0.8679|0.2223
FIFO+PRED|0.6738|0.8744|0.2136

forms FIFO, especially at lower densities. Also, partitioning enhances PAPE
at higher densities, precisely where the standard implementation of PAPE
needs improvement compared to FIFO. Overall, PRED remains the best two-
list algorithm.

4 Conclusions

In this paper we have considered several simple variants of the basic label-
correcting algorithm for solving single-source shortest path problems. Our
objective was not to identify the most efficient label-correcting algorithm and
implementation. Rather, this study has concentrated on fairly standard one-
list disciplines (FIFO, LIFO, PAPE), with the aim of obtaining insights into
the relative effectiveness of these common list processing variants, using the
ideas of sharpness and maturity. Based on the idea of maintaining local sharp-
ness, a new variant PRED has been proposed. In addition, we studied two-
list (partitioning) algorithms, implementing the earlier described strategies to
handle the list NEXT. In our computational study, all algorithms were coded
in MATLAB to provide a consistent programming framework.

Our empirical study was based on generating random directed networks
with specified numbers of nodes and arcs. In contrast to many previous com-
putational studies, we insist that all nodes be accessible from the source node
s (which was ensured using a random walk methodology [5]). This require-
ment guarantees that all instances generated at a fixed network size will have
comparable work to accomplish, namely connecting all nodes to the source
node by a shortest path tree. We evaluated the algorithms’ empirical behav-
ior on networks with the number of nodes n ranging from 100 to 1000 and
the density ¢ ranging from 3 to 30. Rather than focusing on CPU time, we
collected data on representative operation counts — which are independent
of computing platform and can better facilitate understanding the relative
strengths of the algorithms.

The computational study verified that among the one-list label-correcting
algorithms, PAPE was better than FIFO for sparse networks, while FIFO was
better than PAPE for denser networks. We offered several explanations for this
behavior, based on examining the average number of node scans as well as
the average number of updates per node scan (maturity). We also observed a
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surprising stability in the average maturity of node labels as n increases and a
high (negative) correlation between maturity and algorithm performance. The
PRED variant was superior to the other algorithms for all but the sparsest
networks, an observation that we attribute to the large maturity values it
produces. In a certain sense, PRED interpolates between FIFO and PAPE in
an attempt to capture the benefits of both. Namely, rather than employing a
very rigid criterion for entering nodes at the head of LIST (as done in PAPE),
a more relaxed criterion is adopted by PRED that allows nodes to be entered
at the tail of LIST (as done in FIFO) except when local nonsharpness would
be compromised.

Partitioning the candidate list was in general beneficial for the LIFO and
PAPE variants; it had no effect on FIFO and mildly degraded PRED. Most
strikingly, LIFO was transformed from being an order of magnitude slower
than all algorithms to being fairly competitive — indeed, it consistently out-
performed FIFO on the larger networks. The two-list FIFO+PAPE was im-
proved significantly at higher densities, precisely where the performance of
PAPE becomes inferior to that of FIFO. Overall, FIFO+PRED (which has
guaranteed polynomial complexity) emerged as the superior algorithm among
the two-list variants.

Future research would need to expand the empirical study to randomly
generated grid networks, which are both structured and sparse. Also we have
purposely focused on fairly straightforward modifications of the basic label-
correcting approach for this initial study. As a result we have observed the
benefits of having local sharpness and high maturity values, as well as the ef-
fects of partitioning on these standard algorithms. Such considerations should
prove useful in devising other, more sophisticated shortest path variants. De-
veloping and testing production versions of such codes is yet another activity
for future investigation.
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The Ubiquitous Farkas Lemma

Rakesh V. Vohra

Department of Managerial Economics and Decision Sciences
Kellogg Graduate School of Management

Northwestern University

Evanston, 1L 60208

r-vohra@kellogg.northwestern.edu

Summary. Every student of linear programming is exposed to the Farkas lemma,
either in its original form or as the duality theorem of linear programming. What
most students don’t realize is just how ubiquitous the lemma is. I’ve managed to
make a good living by simply trying to express problems in the form of linear in-
equalities and then examining the Farkas alternative. It stared with my dissertation
(under Saul’s supervision) and continues even today. So I could think of no better
gift on the occasion of Saul’s birthday than a compilation of some applications of
the Farkas lemma. These applications have been pulled together from a variety of
different sources.

Key words: Farkas lemma, linear programming, duality.

1 Introduction

As every operations research student knows, associated with every m x n
matrix A of real numbers is a problem of the following kind:

Given b € ®™ find an x € R" such that Az = b, or prove that no such
T exists.

Convincing someone that Az = b has a solution (when it does) is easy. One
merely exhibits the solution, and the other can verify that the solution does
indeed satisfy the equations. What if the system Az = b does not admit a
solution. Is there an easy way to convince another of this? Stating that one
has checked all possible solutions convinces no one.

By framing the problem in the right way, one can apply the machinery of
linear algebra. Specifically, given b € R™, the problem of finding an z € R"
such that Az = b can be stated as: is b in the span of the column vectors of
A? This immediately yields the Fundamental Theorem of Linear algebra
first proved by Gauss.
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Theorem 1. Let A be an m xn matriz, b € R™, and F = {x € R" : Az = b}.
Then either F # () or there exists y € R™ such that yA = 0 and yb # 0, but
not both.

The proof is not hard. If F # @}, we are done. So suppose that I = (). Then, b
is not in the span of the columns of A. If we think of the span of the columns
of A as a plane, then b is a vector pointing out of the plane. Thus, any vector
y orthogonal to this plane (and so to every column of A) must have a non-zero
dot product with b. To verify the ‘not both’ portion of the statement, suppose
not. Then there is a = such that Az = b and a y such that yA = 0 and yb # 0.
This implies that yAz = yb, a contradiction, since yAzxz = 0 and yb # 0.
The next level up in difficulty is the following question:

Given b € R™, find a non-negative z € R” such that Ax = b, or prove
that no such x exists.

The requirement that = be non-negative is what causes all the difficulty. It is
to Gulya Farkas we are indebted for providing us with a generalization of the
fundamental theorem of Linear algebra.!

Theorem 2 (The Farkas Lemma). Let A be an m x n matriz, b € R™, and
F={zx e R": Az = b,z > 0}. Then either F # () or there ezists y € R™
such that yA > 0 and y - b < 0 but not both.

I'll assume that the reader is familiar with the result and its variants.? Now
to the applications.

2 The Duality Theorem of Linear Programming

A staple of many a homework set in a class on linear programming (LP) is to
prove the Farkas lemma from LP duality or the reverse. Here is one example
of how to get from the Farkas lemma to the duality theorem. I'll take the
following as the form of the primal problem (P):

Zp = max{cz : st. Az = b,z > 0}.
The dual of course is (D):
Zp = min{yb: yA > c}.

! Gulya Farkas (1847-1930) was a Hungarian theoretical physicist. The lemma that
bears his name was announced by him in 1894 and has its roots in the problem of
specifying the equilibrium of a system. The associated proof was incomplete. A
complete proof was published in Hungarian by Farkas in 1898. It is more common
to refer to the German version, “Theorie der Einfachen Ungleichungen,” which
appeared in the J. Reine Angew Math., 124, 1901, 1-27. For an exposition in
English, see [3].

2 However, I will note that the many proofs of the lemma via the separating hyper-
plane theorem ‘cheat’. These proofs do not bother to show that the cone generated
by the columns of A is a closed set.
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Lemma 1. If problem (P) is infeasible, then (D) is either infeasible or un-
bounded. If (D) is unbounded, then (P) is infeasible.

Proof. Let (P) be infeasible, and suppose for a contradiction that (D) has a
finite optimal solution, say y*. Infeasibility of (P) implies by the Farkas lemma
a vector § such that §A > 0 and §-b < 0. Let t > 0. The vector y* + {7 is a
feasible solution for (D), since (y* + tg)A > y*A > c. Its objective function
value is (y* + tg) - b < y* - b, contradicting the optimality of y*. Since (D)
cannot have a finite optimal, it must be infeasible or unbounded.

Now suppose (D) is unbounded. Then, we can write any solution of (D)
as y +r, where y is a feasible solution to the dual (i.e., yA4 > ¢) and r is a ray
(i.e., rA > 0). Furthermore r - b < 0, since (D) is unbounded. By the Farkas
lemma, the existence of r implies the primal is infeasible. O

Theorem 3 (Duality Theorem). If o finite optimal solution for either the
primal or dual exists, then Zp = Zp.

Proof. By Lemma 1, if one of Zp and Zp is finite, so is the other. Let * be
an optimal solution to the primal and y* an optimal solution to the dual. By
weak duality,
Zp=y -b=y*Ax* >c-x* = Zp.

To complete the proof, we show that Zp < Zp. Pick an € > 0 and consider

the set
{z:—cx < Zp,Az = b,z > 0}.

By the definition of Zp, this set is empty. So, by the Farkas lemma, there is
a solution to the following system:

—Ac+yA >0,
M=Zp—€)+yb<0,
A>0.
Let that solution be (A*,y*). We show that A* > 0. Suppose not. Since \* > 0,
it follows that A\* = 0. This implies that
Yy A >0,
¥ b < 0.
By the Farkas lemma, this implies that the system Az = b, with z > 0, is

infeasible, which violates the initial assumption.
Let y' = y*/\*. Since A* > 0, this is well defined. Also
*A
yYA= y)\* >c,
making 3’ a feasible solution for the dual problem. Further ¥'b < Zp +¢. Since
v’ is feasible in the dual, it follows that

ZPSZDSy,b<ZP+E.

Since € > 0 is arbitrary, it follows that Zp = Zp. ]
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3 Arbitrage Free Pricing

The word arbitrage comes from the French arbitrer and means to trade in
stocks in different markets to take advantage of different prices. The absence
of arbitrage opportunities is the driving principle of financial theory.?

Suppose there are m assets, each of whose payoffs depends on a future
state of nature. Let S be the set of possible future states of nature, with
n = |S]. Let a;; be the payoff from one share of asset ¢ in state j. A portfolio
of assets is represented by a vector y € R™, where the i*" component, y;,
represents the amount of asset ¢ held. If y; > 0, one holds a long position in
asset 1, whereas y; < 0 implies a short position in asset i.* Let w € %" be a
vector whose j** component denotes wealth in state j € S. We assume that
wealth (w) in a future state is related to the current portfolio (y) by

w = yA.

This assumes that assets are infinitely divisible, returns are linear in the quan-
tities held, and the return of the asset is not affected by whether one holds
a long or short position. Thus, if one can borrow from the bank at 5%, then
one can lend to the bank at 5%.

The no arbitrage condition asserts that a portfolio that pays off non-
negative amounts in every state must have a non-negative cost. If p > 0 is a
vector of asset prices, we can state the no arbitrage condition algebraically as
follows:

yA>0=y-p=>0.

Equivalently, the system yA > 0,y - p < 0 has no solution. From the Farkas
lemma, we deduce the existence of a non-negative vector # € ™ such that

p = A#.

Since p > 0, it follows that # > 0. Scale # by dividing through by > ’ ;. Let
p*=p/3;*jand 7 =7/}, @;. Notice that m is a probability vector. As long
as relative prices are all that matter, scaling the prices is of no relevance. After
the scaling, p* = Aw. In words, there is a probability distribution under which
the expected value of each security is equal to its buying/selling price. Such
a distribution is called a risk neutral probability distribution. A risk-
neutral investor using these probabilities would conclude that the securities
are fairly priced.

% The exposition in this section is based in part on [4].

4 To hold a long position is to acquire the asset in the hope that its value will
increase. To hold a short position is to make a bet that the asset will decline in
value. On the stock market this is done by selling a stock one does not own now
and buying it back at a later date, presumably when its price is lower. In practice,
one’s broker will ‘borrow’ the stock from another client and sell it in the usual
way. At some time after the sale, one tells the broker stop and buys the stock
borrowed at the prevailing price and returns them to the ‘lender’. The strategy
yields a profit if the price of the stock goes down.
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4 Markov Chains

A Markov chain is a system that can be in one of n states.’ At each time
period there is a chance of the system of moving from one state to another (or
remaining in its current state). The probability that the system transitions
from state j to state ¢ is denoted a;;. These probabilities are called transition
probabilities. Call the n X n matrix of transition probabilities A. If py is the
probability that the system is in state k at period t, say, then the probability
that it will be in state ¢ in the next period is Z;.lzl pjai;. In matrix notation,
this would be Ap. A probability vector z is called a stationary distribution
if Az = z. In words, the probability of being in any particular state remains
unchanged from one period to the next.

The goal is to show that there is a non-negative z such that (A —~ Iz =0
and -7, &; = 1. In matrix notation:

(*:7)== ()

where e is an n-vector of all 1’s. Let B = 1:) and b = <(1)) We seek

a non-negative solution to Bx = b. Suppose such a solution does not exist.
By the Farkas lemma, there is a y = (21,..., 2n, —A) such that yB > 0 and
yb < 0. Now

yB>0=2z(A-I)—-X-e>0

and
yb< 0= -A<0=A1>0.

Hence for all j,

Zaijzi - Zj >A>0.
i

Choose an ¢ for which z; is largest and call it k. Since ), a;; = 1, we have
that zx > >, a;2;- Hence

Ozzk—szZaijzi—sz)\>0,

K3

a contradiction. Hence there must be a probability vector x such that Az = z.

> Named in honor of Andrei Markov. Markov begat Voronoi (of the diagrams).
Voronoi begat Sierpinski (of space filling curve fame). Sierpinski begat Neyman
(of the Neyman-Pearson lemma). Neymann begat Dantzig who in turn begat
Saul. For a more extensive discussion of Markov chains, see [2].
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5 Exchange Economies

The standard stylized model of a competitive market, due to Leon Walras,
makes the following assumptions:

1. A finite set A of m agents (consumers).

2. A finite number, n, of goods that are divisible.

3. The endowment of agent i is denoted €' € R and her utility function by
Ut R} — R. Each U t is assumed continuous, concave and monotone.

4. Each agent is aware of the price of every good.

5. The transaction costs of a sale, purchase, etc., are zero.

6. Agents can buy and sell as much and as little as they want at the going
price. Their transactions do not affect the price.(They are price-takers.)

Suppose a price p; for each good j = 1,...,n, is announced at which trade will
take place. At those prices, agent ¢ has a budget of p-e*. Suppose agents report
the demands that maximize their utility subject to their budgets. Will the
demands of the agents exceed the available resources? Is there are price vector
p € R where the demands would balance the available supply? Remarkably,
yes. Under the right prices, agents acting independently to maximize their
utility will specify demands so that supply balances demand. These prices are
called equilibrium prices. The equilibrium prices along with the resulting
allocation of goods is called a Walrasian Equilibrium in honor of Leon
Walras.

An allocation X is a collection of vectors (z*,x?,...,2™), where 2* denotes
the vector of goods consumed by agent 7. An equilibrium is a price vector
p € 7 such that

1. 2zt e R2,

2. Y icat £ ica s _
3. z* € argmax{U*(z) : pxr < pe*, =z >0}.

1

The first condition says that each agent consumes a non-negative amount of
each good. The second condition says that the total amount of each good con-
sumed cannot exceed the available supply. The last condition requires that the
amount consumed by agent ¢ maximize their utility. Under these conditions,
proving the existence of an equilibrium requires the use of Kakutani’s fixed
point theorem. We consider a special case which will allow us to use the Farkas
lemma to turn the problem of finding an equilibrium into a convex program.®
Specifically, the utility of each agent is linear in %, i.e., U'(2) = Y7, vi;2;.
Given a price vector, agent ¢ solves problem (P;):

n
max E Vi
5=1

6 This result is due to [5].
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n
s.t. ijw; <p-el,
j=1
x>0 V5.

Here x; is the amount of good j that agent i consumes. Let z'(p) be the

optimal solution to this program. The price vector p is an equilibrium if

Zwﬁ(p) < Ze§ vj. (1)

The dual to problem (P;) is (D;):
min A (p - e)

s.t. )\ipj > vi; Y,
MY > 0.

Appending dual to primal, and using the fact that their respective objective
function values must coincide, we obtain the following system:

n
> pah <p-e, 2)
j=1
n
Zvija:; = \p-é', (3)
J=1
/\pj Z ’Uij V], (4)
ak, X > 0 V5. (5)

We show that the budget constraint (2) is redundant, given the feasibility
constraints (1) and \* > 0.
From (3) and (4) of (D;), we have:

j=1

Therefore

DRI 9 9

i=1 j=1
=>Zp e’ <ZZpJ:c —Zp e
1=1 j=1

Since this last inequlity holds at equahty, the initial inequality must also hold
at equality, ie., > =1 PjT; =p- e
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Therefore, the problem of finding an equilibrium reduces to finding

zl, 22, .., 2™, Al,...,\™, and p such that:
n . . .
vy = Np-e' Vi, (6)
=1
X'pj 2 vij Vi, (7)
m . m .
S - 3w ©
=1 i=1
b, A > 0 Vi, j. 9)

We can use (6) and (7) in the system above to eliminate the X’s :

n )

. Vi ..
L=t VT Yy (10)

p-e p;

m m
ol = el v, (11)

=1 =1
@} > 0 Vi, j. (12)

It is convenient to introduce a normalization. Each agent ¢ has an endow-
ment of 1 unit of good 4, i.e., one good per agent and no two agents have the
same good. In this case p- e’ = p;. Then (10)-(12) reduces to

E?:l ving' Vij . .
- Z - Vl’ ]’
i pj

m m
Za:; = Zej. =1Vyj,
=1 i=1

x>0 Vi, j.

Since p is not fixed, this system is non-linear. However, by taking logs, we can
turn the problem of finding the equilibrium solution with price vector p and
allocation {z!,...,z™} into the following convex program:

Zr irLir

v .
In(p;) = In(p;) < In(==———) ¥, j,
i
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6 Auctions

Auctions are a venerable and popular selling institution. The word auction
comes from the Latin auctus meaning to increase. We illustrate how the Farkas
lemma can be used in the design of an auction.” An auction can take various
forms, but for our purposes it consists of two steps. In the first, bidders an-
nounce how much they are willing to pay (bids) for the object. In the second,
the seller chooses, in accordance with a previously announced function of the
bids, who gets the object and how much each bidder must pay. This choice
could be random.?

The simplest set up involves two risk neutral bidders and one seller. The
seller does not know how much each bidder is willing to pay for the object.
Each bidder is ignorant of the valuations of other bidders. It is the uncertainty
about valuations that makes auctions interesting objects of study. If the seller
knew the valuations, she would approach the bidder with the highest valuation
and make him a take-it-or-leave-it offer slightly under their valuation and be
done with.?

The uncertainty in bidder valuations is typically modeled by assuming that
their monetary valuations are drawn from a commonly known distribution
over a finite set W.10

In some contexts it is natural to suppose that the valuations are drawn
independently. This captures the idea of values being purely subjective. In this
case, the value that one bidder enjoys from the consumption of the good does
not influence the value that the other bidders will enjoy. Here we suppose
that the valuations are correlated. One context where such an assumption
makes sense is in bidding for oil leases. The value of the lease depends on the
amount of oil under the ground. Each bidder’s estimate of that value depends
on seismic and other surveys of the land in question. It is reasonable to suppose
that one bidder’s survey results would be correlated with another’s, because
they are surveying the same plot of land.

Denote by v the value that bidder i places on the object. For any two
a, b€ W, let poy = Prjv? = blv! = a] = Pr{v! = bJv? = a]. The important
assumption we make is that no row of the matrix {ps} is a non-negative
linear combination of the other rows. We refer to this as the cone assump-
tion. Were the values drawn independently, the rows of this matrix would be
identical.

Each bidder is asked to report their value. Let Q}lb be the probability that
the object is assigned to agent 1 when he reports a and bidder 2 reports b.
Notice that Q%, = 1~ QL,. Let T2, be the payment that bidder 1 makes if he

" This section is based on [1].

8 In other books you can learn about the revelation principle, which explains why
this formulation is general enough to encompass all auctions.

® Making an offer slightly under their valuation ensures the buyer strictly prefers
to buy.

19 This is known as the common prior assumption.
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reports a and bidder 2 reports b. Similarly define T2,.!1 The variable 77, could
be positive (a transfer from bidder to seller) or negative (a transfer from seller
to bidder). Notice a bidder may end up making a payment even if it does not
win the object. Given this, a bidder may not participate in the auction. We
shall deal with this possibility later.

Two constraints are typically imposed on the auction design. The first is
called incentive compatibility. The expected payoff to each bidder from
reporting truthfully (assuming the other does so as well) should exceed the
expected payoff from bidding insincerely. Supposing bidder 1’s valuation for
the object is a, this implies that

Z Pab[Qapa — Tgp) > Z Pab[Qiya — Tiy] Yk € W\ a.
bEW bEW

The left hand side of this inequality is the expected payoff (assuming the other
bidder reports truthfully) to a bidder with value e who reports a. The right
hand side is the expected payoff (assuming the other bidder reports truthfully)
to a bidder with value a who reports k as their value. This constraint must
hold for each a € W and a similar one must hold for bidder 2.

The incentive compatibility constraint does not force any bidder to bid
sincerely. Only if all other bidders bid sincerely is it the case that one should
bid sincerely. Furthermore, the inequality in the incentive compatibility con-
straint means that it is possible for a bidder to be indifferent between bidding
sincerely or lying. At best the incentive compatibility constraint ensures that
bidding sincerely is mutually rational. One could demand that the auction
design offer greater incentives to bid sincerely than the ones considered here,
but that is a subject for another paper.

The second constraint, called individual rationality, requires that no
bidder should be made worse off by participating in the auction. This ensures
the participation of each bidder. It is not obvious how to express this con-
straint as an inequality, since the act of participation does not tell us how a
bidder will bid. This is where the incentive compatibility constraint is useful.
With it, we can argue that if a bidder participates, she will do so by bidding
sincerely. Hence, if bidder 1’s valuation is ¢ € W and he reports this, which
follows from incentive compatibility, we can express individual rationality as:

> pas|@pa — Tay) 2 0.
beW

This constraint must hold for each a € W and for bidder 2 as well.

The goal of the auctioneer is to design the auction so as to maximize her
expected revenue subject to incentive compatibility and individual rationality.
Notice that her expected revenue is maximized when the expected profit to

1 We could make the payments random as well. However a risk neutral bidder would
focus on the expected payments anyway, so we can, without loss of generality,
suppose payments are deterministic.
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all bidders is 0. Given incentive compatibility, bidder 1’s expected profit when
he values the object at a is

> pablQupa — Topl-

bew

A similar expression holds for bidder 2. So, the auctioneer maximizes expected
revenue if she can choose (7 and 77 so that for all a € W bidder 1’s expected
profit is zero, i.e.,

Z Pab|Qapa — Ty = 0,

beWw
and bidder 2’s expected profit for all b € W is zero, i.e.,

> PablQ2b — T3] = 0.

acW

Substituting this into the incentive compatibility and individual rationality
constraints, the auctioneer seeks a solution to:

> PablQhpa — Ty <0, VE€W\a,aeW,
beW
> pablQab— TR} <0, VEeW\b beW,
aEW

Z Pabl@ipa — Tyl =0, VaeW,
beW
D pab|Q2b— T2 =0, VbeW,
aeW

aw+ Q=1 VabeW,
1,Q% >0 VabeW.

ab>

It turns out to be convenient to fix the value of (7’s in the inequalities
above and ask if there is a feasible 77. Rewriting the above inequalities by
moving terms that are fixed to the right hand side (with a change in index on
the last two to make the Farkas alternative easier to write out):

- Z paka}b S - Z pale{;bav Vke W \ a,ac VV7 (13)
beWw beWw

=Y T < — D pas@apb, VkeW\bbeW, (14)
aEW acW
> puTiy = D pewQipk, VW, (15)
beWw beWw
Z pakTa?k = Z painkkv Vk e W. (16)

aEW a€W
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Let y!, be the variable associated with the first inequality, y?, be associ-
ated with second inequality, zi with the third, and 2} with the fourth set of
inequalities.

The Farkas lemma asserts that there is no solution to (13)-(16) if there is
a solution to the system:

~ " pasvle + prozh = 0,Yk, b€ W,
a#k

— " Pab¥is + Parzi = 0,Ya, k € W,
btk
y=0,

such that

- Z Z [ Z pabQ}cba]y;k - Z Z [ Z pabQika] Yio T

a€EW k#a beW beW k#b beW
1 1 2 2
Z Z pkakbkzk + Z Z pkakbkzk < 0
keW beWw kEW beW

Using the first equation and non-negativity of the p’s and the y’s, we conclude
that the z’s must be non-negative as well. The last inequality, which must hold
strictly, prevents all of the y variables being zero. Given this, the first equation
contradicts the cone assumption made earlier. Thus, the Farkas alternative has
no solution, implying that (13)-(16) has a solution.
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Summary. In this work, we investigate parametric probing methods based on solution
cardinality for set partitioning problems. The methods used are inspired by the early work of
Gass and Saaty on the parametric solution to linear programs, as well as the later work of
Joseph, Gass, and Bryson that examined the duality gap between the integer and relaxation
solutions to general integer programming problems. Computational results are presented for
a collection of set partitioning problems found in the literature.

Key words: Set partitioning; parametric cardinality probing.

1 Introduction

The set partitioning problem (SPP) assumes a set of m elements that are to be
partitioned into mutually exclusive and collectively exhaustive subsets. In the
enumeration of n possible subsets, one may define a matrix [a;] where a; = 1 if the
i-th element of the set is contained in the j-th subset, and a;; = 0 otherwise. A set of
binary decision variables associated with the n subsets is used in the model where
x; = 1 if subset j is used in the solution, and x; = 0 otherwise. If the cost of creating
each subset, j, is given as ¢; then the minimal cost set partitioning problem may be
specified as the following binary linear program:

Minimize 2 ¢ x;,
Subject to: Za;x; =1,i=1,2,...,m,and a;=[0,1].
x=[0,11,j=1,2,...,n.

The set partitioning model has been used in a wide variety of successful
applications. The vehicle routing problem, for example, was first formulated as a
set partitioning problem in 1964 [1]. Since that time, many researchers, see [21] for
example, have used the model. Similarly, the airline crew scheduling problem was
formally posed as a set partitioning problem in 1969 [1]. Subsequent solution
approaches to the problem have included linear programming-based methods {22],
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heuristic procedures [3], and column generation approaches [25]. Garfinkel and
Nembhauser [6] considered the use of the set partitioning problem in the solution of
political districting problems. This formulation has recently been solved effectively
using branch and cut methods [24].

The cardinality of the solution of the set partitioning problem is equal to the
number of subsets used in the solution. In the mathematical formulation of the
problem given above, the cardinality of the solution may be determined by the
summation of the x; binary decision variables. This is simply:

Zij y,

where y is the cardinality of the solution. In cases where non-integer values of the
decision variables are allowed, for example in the linear programming relaxation of
the SPP, the value y will be called the global cover of the solution.

Set partitioning problems of a specified cardinality occur frequently in practice.
In vehicle routing, for example, it may be desired to partition a set of m delivery
customers into exactly k delivery routes. Similarly, in various crew scheduling
applications where the number of crews is fixed, the m tasks to be scheduled are to
be partitioned among the k crews. This is the case in the crew scheduling problems
faced by many European airlines where the number of crews operating each month
is fixed.

The closeness, numerically and structurally, of the integer and the associated
linear relaxation solution to integer programs is frequently observed in the
literature [12]. Consequently, many solution algorithms proposed for integer
programming problems use the linear programming relaxation solution as their
starting point. Typically, numerical closeness has been measured in terms of the
gap between objective function values. Joseph, Gass and Bryson [19], examined
the relationships between both the objective function values and the structure of the
solution vectors for general integer programming problems and their respective
relaxations. In the case of the SPP, it has been noted by various researchers, e.g.
[11] and [23], that when the number of rows is small, linear programming, or linear
programming with branch-and-bound, can provide integer solutions quickly.
Further, it has been shown that if an application can be modeled as a set
partitioning problem with a totally unimodular structure, then the linear
programming solution is guaranteed to be integer [14], [15], and [16]. Finally, a
decomposition approach, proposed by Joseph [18], was successful in quickly
identifying optimal solutions to difficult set partitioning problems. The success of
this approach was due in part to the inherent closeness of the relaxed and integer
solution vectors so that enumerating a very small number of fractional variables
gave rise to sub-problems that were solved in a fraction of the time it would have
taken to solve the original set partitioning problem.

In this paper, we investigate the formal and explicit consideration of cardinality
in the solution of minimal cost set partitioning problems. Specifically, we probe
solution cardinality using linear programming techniques to search the global cover
contours of the convex polytope as an approximation of the cardinality contours of
the integer problem. The results of the cardinality probing are used to obtain
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bounds on the optimal integer solution and on the possible cardinality of that
solution. Such bounds are then used within a conventional branch and bound
algorithm to reduce the effort required to identify the optimal integer solution. Our
approach starts by appending the cardinality constraint to the mathematical model
of the set partitioning problem and allowing the cardinality to vary. In this analysis,
we vary the cardinality in the manner of the parametric dual approach of Gass [7,
p.157]. This parametric analysis was first proposed in the seminal papers of Gass
and Saaty [8], [9], and [28], and has since become part of the standard post-
optimality analysis of linear programming.

Other researchers have also explored the relationship between cardinality and
the solution to the set partitioning problem. The use of cardinality to provide
bounds on the enumeration within a traditional cost minimization branch and
bound procedure was explored in [17] and [18]. Similarly in [20], the performance
of standard branch and bound solvers in the solution to set partitioning problems
found in the literature was investigated. The authors found in a number of cases
that simply adding the “optimal” cardinality constraint to the problem formulation
significantly reduced the number of iterations required to find the optimal integer
solution.

Exploration of solution cardinality has also been found to be an effective
methodology in the field of constraint programming. Cardinality has been used as
one of the multi-threaded avenues of solution space search in a hybrid approach to
solving combinatorial problems [31]. Several authors, for example [27] and [30],
have proposed constraint programming approaches for various scheduling
problems classically formulated as set covering or set partitioning problems.
Finally in [2], the general approach to set constraint solving is discussed and a
specific constraint solver based on cardinality inferences is proposed. The author
presents several applications, including the set covering model, and indicates
significant computational efficiencies over other methods.

Probing techniques applied to a solution space are, in general, expedient partial
explorations used to obtain information of value in directing a more complete
exploration of the space. Several authors, for example [5] and [10], consider
various methods for reducing the size and solution space of large problems. A
recent survey paper [29], considers various probing techniques, and their
implementation, in the solution of mixed integer programming problems.

2 Parametric Probing of Solution Cardinality

The solution to the linear programming relaxation of the SPP has been a
traditional starting point in the search for the optimal integer solution for set
partitioning problem. If one augments the relaxed problem with the constraint, Zx;
—y = 0, one can monitor the global cover, y, of the structural variables, i.e. the x;
variables, in the solution. Let the original set partitioning problem augmented with
an additional m+1* constraint x; - y = 0, be defined as the problem P0. That is, let

PO: {Min Zo =X ¢x |Z ayx;= 1, £x;—y=0; x;=0or I;j=1,..,n,i=1,..,m, y > 0}.
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The solution to the relaxation of PO may result in either of two possible cases. In
the first case, the structural variables are all integer and y is equal to the cardinality
of the solution. In the second case, some or all of the structural variables are
fractional. In this case, the solution cardinality is unresolved and y, as the global
cover, gives an estimate of the possible solution cardinality. Since the partitioning
problem is solved in the first case, it is the second case which is of interest.

When the solution of the linear programming relaxation of PO is fractional, the
global cover, y, in the solution may be either fractional or integer. When the global
cover is fractional, we begin the probing procedure by letting w = floor(y), where
foor(y) is the greatest integer value less than or equal to y. When the global cover
is integer, we begin the probing procedure by setting w equal to y.

Using the value w as a starting point, we parametrically vary the global cover of
the solution by 0 integer units, i.e. £x; = w + 0, (where 8 can be positive or
negative) to obtain objective function bounds on the integer solution for different
possible cardinality values. This is a special case of the parametric dual procedure
since only integer values of 6 apply in the search for an integer solution. By
carrying out the parametric probing analysis for a range of possible cardinalities
surrounding the starting point, we can determine bounds, and possibly feasible
integer solutions, that may be used to curtail the search.

It is noted that when y is integer-valued, the above procedure for cardinality
probing cannot result in improved lower bound information since initially y = w.
To obtain improved bound information in these cases, we focus on the cardinality
of specific sub-problems. A sub-problem in this instance can be defined for any
subset of rows with a non-integer cover. Therefore, any fractional-valued column x;
such that a; =1 in two or more rows can be used to identify subproblems with an
unresolved cardinality. For example, let column x; be fractional in the LP solution
and let a,, = a,, = 1. We can then we can find Zx;, where k & {j: ay =1;i=r,0ri=
p}. Therefore, Xx, = v gives the local cover for rows r and p. To illustrate let x, =
.67 with ay, = a5 = 1, and let x; = .33 and x5 = .33 where (a; = 1, as; = 0), and (ays
= (), a;s = 1). Hence, the cover for both rows 2 and 4 are satisfied, and x; = 1.33.

For any sub-problem where v is non-integer, two new problems P1 and P2 can
be obtained by respectively appending the local cover constraint Xx, < floor (v),
and ¥x, > ceiling (v) to SPP or P0. Resolving the sub-problem cardinality is,
therefore, equivalent to branching on the rows of the matrix A. Using the sub-
problem approach provides an opportunity to search within the space where y = w
as the initial global cover by using local cover constraints. These constraints can be
identified and appended to problem PO individually as the m+2™ constraint giving
rise to problems P1 and P2. In this way improved bound information may be
obtained for integer-valued covers. The use of these two constraints, one in P1 and
the other in P2, eliminates any extreme points where Zx; = w and floor (v) <v <
ceiling (v), and ensures that only extreme points with integer-valued covers (w and
v) are considered.
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3 Computational Results

We report results for a selection of test problems taken from the literature. The test
problems are a subset of the pure set partitioning real world airline crew scheduling
problems used in [12, p.676]. A description of the problems used in the current
paper is presented in Table 1. In the table, the problem dimensions are given as the
number of rows and the number of columns. The objective function values given
are the minimal cost solution to the linear programming relaxation of the
partitioning problem, Z;p, and the optimal integer solution, Z;p. (These values are
may also be found in [12]. In the column titled Global Cover, the values of y for
both the linear relaxation and the integer solution are given.

Table 2 shows the results of the parametric probing when the linear relaxation of
PO is solved. The probing produced the optimal integer solution in eight of the 34
cases considered. In twenty-nine of the problems, an integer solution was found by
parametric probing. Improved lower and/or upper bounds were obtained for thirty-
one of the problems studied. For larger problems, e.g. 7292x646, the single
cardinality cut of problem P0 was not effective at improving solution bounds and
suggests that a better definition of the cardinality is needed than can be obtained
from the column cover constraint of problem PO.

3.1 Bound Information gained from Parametric Probing

A summary of the bound information obtained from the parametric cardinality
probing using problem PO is presented in Table 3. The lower bound shown is the
minimum objective function value over the range of cardinalities explored, while
the upper bound is the minimum cost integer solution found over the range of
cardinalities studied.

For thirteen of the problems the lower bound information could not be improved
beyond the linear programming solution for PO because the global cover y was
integer-valued. For two of these thirteen problems, 7479x55 and 36699x71,
parametric probing showed that the only possible value for the solution cardinality
was equal to the global cover y of the solution to the linear programming
relaxation of P0.

To obtain improved bounds at the column cover y, we move to a local search
and use the sub-problem concept to correct unresolved cardinality for a subset of
columns. The simplest implementation of the cardinality correction is where we
choose one fractional-valued column and form the local cover constraints over the
remaining n-1 columns. For this implementation, the column selected belongs to
the set F where F = {j: 0.5 < x; < 1} and has the cheapest cost per unit of row cover,
i.e. ci/ay = min (¢i/a;, j 3 F). If the set F is empty, then the fractional column with
the cheapest cost per unit of row cover is selected. Such columns are critical
columns contributing the at least one-half the cover requirement in their associated
rows and will be replaced by columns of the same or greater cost contribution.
Therefore, to find a lower bound solution for the case where the global cover y is
integer-valued, we can probe the cardinality of this subset of (n-1) columns.
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Table 1. Description of test problems.

Problem Dimensions | Global Cover (y) | Objective Function

Columns Rows |[LP IP Zip Zip
1 197 17 4.5 5 10972.5 11307
2 294 19 6.333 7 14570.0 14877
3 404 19 3.75 4 10658.3 10809
4 577 25 6.5 7 7380 7408
5 619 23 6.5 7 6942.0 6984
6 677 25 6.5 5 9868.5 10080
7 685 22 5 5 16626.0 16812
8 711 19 8 8 12317.0 12534
9 770 19 4 4 9961.5 10068
10 771 23 5.5 6 6743.0 6796
11 899 20 4 4 10453.5 10488
12 1072 18 55 6 8897.0 8904
13 1079 23 4.5 4 7485.0 7656
14 1210 18 3.5 3 8169.0 8298
15 1217 20 5 5 5852.0 5960
16 1220 23 5 5 5552.0 5558
17 1355 22 4.5 5 9877.0 9933
18 1366 19 7 7 5843.0 6314
19 1709 23 6 6 7206.0 7216
20 1783 20 3.333 4 7260.0 7314
21 2540 18 3.5 4 4185.3 4274
22 2653 26 3.8 4 3726.8 3942
23 2662 26 4.5 4 7980.0 8038
24 3068 23 5 5 6484.0 6678
25 6774 50 8.667 8 7640 7810
26 7292 646 94.625 95 26977.2 27040
27 7479 55 13 13 1084 1086
28 8820 39 19 19 116254.5 116256
29 10757 124 40.625 41 338864.3 340160
30 16043 51 22 22 50132.0 50146
31 28016 163 23.333 24 17731.7 17854
32 36699 71 17 17 2153 219
33 43749 59 11.5 13 24447.0 24492
34 118607 61 15 15 10875.8 11115
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Table 2. Computational results of parametric probing.

Value of & for [w]+ @

Problem [w]) <3 -2 -1 0 1 2 >3
197x17 4 Infeas Infeas Infeas 134445 11307+ 12441* 13812*
294x19 6 Infeas Infeas 17082* 14688 14877** 15285* 16998*
404x19 3 Infeas Infeas Infeas Infeas 10803 11610* 12826.5
577x25 6 Infeas Infeas 8266* 7436* 7408** 8128* 9112*
619x23 6 Infeas 9088* 7580* 6943 6963 Infeas Infeas
677x25 4 Infeas Infeas Infeas 14517 10056 10455* 11361*
685x22 5 Infeas Infeas 16899 16626° 16970 17733 18843*
711x19 8 Infeas 15008* 12754 12317° 12851 13702+ 14696*
770x19 4 Infeas Infeas Infeas 9961.5° 10336.5 10828.5 11721*
771x23 5 Infeas Infeas 8691 6871 6796** 7658* 8664*
899x20 4 Infeas Infeas Infeas 10453.5¢ 11274* 12418.5 13962*
1072x18 5 Infeas Infeas Infeas 9323 8904** 9638* 10734*
1079x23 4 Infeas Infeas Infeas T7656** 7625 7946* 9138
1210x18 3 Infeas Infeas Infeas 8247 8658 9837* 11403*
1217x20 5 Infeas 7650* 6324.57 | 5852° 6334 6964* 8066*
1220x23 5 Infeas Infeas 6552* 5552° 6096* 7242% 8586*
1355x22 4 Infeas Infeas Infeas 103215 9933*+ 11091* 12396*
1366x19 7 7978* 6688 6169 5843° 6205.5 6568* 7274*
1709x23 6 Infeas Infeas 8385.33 7206° 7340* 8128* 9002
1783x20 3 Infeas Infeas Infeas 7364 7314** 7780* 8848*
2540x18 3 Infeas Infeas Infeas 5082 4250 4560* 5208*
2653x26 3 Infeas Infeas Infeas 5612.67 3737 3846 4224
2662x26 4 Infeas Infeas Infeas 8022 8094* 8484*

3068x23 5 Infeas 9177.14 7102 6484° 7272 8298 9328*
6774x50 8 Infeas 85415 7863.1 7663.3 7646 8026* 8642*
7292x646 94 271785 | 27067.7 27010.1 | 26979.1 26980.9 27001.4 27064.3
7479x55 13 Infeas Infeas Infeas 1084° Infeas Infeas Infeas
8820x39 19 116259* | 116373* | 116268* | 1162545 | 116265* 116826* 117930*
10757x124 | 40 | Infeas Infeas Infeas 338984 338919 339612 340746
16043x51 22 50556 50384 50212 50312° 50304* 50672* 51170*
28016x163 | 23 18644.2 17955 17777.7 177413 17753.7 17802 18129*
36699x71 17 Infeas Infeas Infeas 215.3° Infeas Infeas Infeas
43749x59 11 Infeas 27837.9 25393.5 24666.4 24460.2 24492+ 25395*
118607x61 | 15 116614 | 11101.44 | 10917.7 | 10875.75 | 10976 11359.4 11905.2

* integer solution , ** optimal integer solution, * LP bound from PO
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Table 3. A summary of parametric cardinality probing bound information.

Problem)|Z, Parametric Bounds Zip
Lower Upper
197x17 10972.5 11307 11307 11307
294x19 14570.0 14688 14877 14877
404x19 10658.3 10803 11610 10809
577x25 7380.0 7408 7408 7408
619x23 6942.0 6943 7580 6984
677x25 9868.5 10056 10455 10080
685x22 16626.0 - 18843 16812
711x19 12317.0 - 13702 12534
770x19 9961.5 - 11721 10068
771x23 6743 6796 6796 6796
899x20 10453.5 - 11274 10488
1072x18 8897.0 8904 8904 8904
1079x23 7485 7625 7656 7656
1210x18 8169.0 8247 9837 8298
1217x20 5852.0 - 6964 5960
1220x23 5552.0 - 6096 5558
1355x22 9877.5 9933 9933 9933
1366x19 5843.0 - 6568 6314
1709x23 7206.0 - 7340 7216
1783x20 7260.0 7314 7314 7314
2540x18 4185.3 4250 4560 4274
2653x26 3726.8 3737 4942 3942
2662x26 7980 8022 8094 8038
3068x23 6484 - 9328 6678
6774x50 7640 7646 8026 7810
7292x646 26977.2 26979.1 - 27040
7479x55 1084 - - 1086
8820x39 116254.5 - 116265 116256
10757x124 338864.3 338919 - 340160
16043x51 50132.0 - 50304 50146
28016x163 17731.7 177413 18129 17854
36699x71 215.3 - - 219
43749x59 24447.0 24460.2 24492 24492
118607x61 10875.8 10903 - 1115

Further, we fix the global cover at its original solution value y and conduct the
search (solve P1 and P2) within this y value. We find the best solution when the
omitted column may be considered (P1) and when the omitted column may not be
considered (P2). The lower of these two objective function values becomes the new
lower bound at cover y.
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Table 4. Bounds for LP relaxations with integer global covers.

Problem Size | Zp Min (¢j/mj) | Pl P2 Zp
685x22 16626.0 | 3015/7 16779 16772.2 16812
711x19 12317 198/2 18976* [ 12334 12534
770x19 9961.5 1650/8 10233* [ 10068** | 10068
899x20 10453.5 | 2235/5 10701* | 10488** | 10488
1217x20 5852 240/3 6626 5941 5960
1220x23 5552 1152/10 5630* 5554 5558
1366x19 5843 190/2 5922 6320.67 | 6314
1709x23 7206 262/3 7368* 7216** 7216
3068x23 6484 240/2 6678%* | 6682* 6678
8820x39 116254.5 | 1104/4 116259* | 116256** | 116256
16043x51 50132 (1992/6) 50158* | 50146** | 50146

Table 4 shows results for eleven of the thirteen problems with integer values for
the global cover. Significant improvements were obtained by removing only one
column and searching on the remaining columns. Optimal integer solutions were
found for six problems and bound improvements were significant for the remaining
five. The remaining two of the set of thirteen problems with integer global covers,
36699 x 71 and 7479 x 55, showed minimal or no improvement based on selecting
only one column. These are larger problems with initially very small duality gaps.
Their structure was made up of subgroups of columns that were very similar in
terms of cost and row cover. Thus the current strategy of omitting only one column
to correcting the cardinality of the remaining columns meant that there were many
alternatives that could replace the column at a similar cost contribution. This
suggests that the criteria for the cardinality restriction should involve more than one
column being omitted, or be focused on specific subsets of the problem columns

4 Conclusion

Using parametric probing of cardinality contours can lead to valuable
information that can be used to bound and guide the search for an optimal solution
to the SPP. For the test problems studied, simple cardinality cuts were shown to be
effective in finding optimal solutions and for bounding the search. The results
obtained point to the potential of including cardinality as a consideration in the
search and exploiting yet another dimension of closeness in solution vectors. By
considering only integer values for the column cover, the cardinality probing
approach generates cuts that eliminate extreme points of the polytope that have
non-integer covers, considering only those extreme points with the specified
integer covers. Thus it is guaranteed that no feasible integer solution point will be
eliminated. The cuts used in this study were straightforward; however, the
approach needs to be further developed for dealing with larger and more complex
problem structures.
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The computational results of the cardinality probing suggest a possible row
branching scheme for solving the set partitioning column. The row branching
scheme would focus on the number of columns that will cover a chosen set of rows
rather than having to make specific choices directly from among a number of
eligible columns. The particular combination of rows selected for branching on is
guided by information gathered from the solution of the linear programming
relaxation of SPP. Overall, cover requirements are straightforward to implement
and the information for guiding the search can be obtained at a small computational
cost.
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Summary. Using a popular setup, in solving a linear programming problem one
looks for a tableau of the problem that has no negative elements in the last column
and no positive elements in the last row. We study a matrix whose (¢, j)-th entry
counts the tableaux for such a problem (here taken to be totally nondegenerate)
having ¢ negative elements in the last column and j positive elements in the last
row. It is shown that this matrix possesses a certain symmetry, which is described.

Key words: Linear programming; oriented matroid; tableau enumeration;
polytope; h—vector; f—vector.

1 Introduction

It is assumed that the reader has some familiarity with linear programming.
If not, there are a great many books that were written to serve as textbooks
on linear programming; they are all, to some extent, descendants of the first
such book written by Saul Gass {2].

Suppose we have a linear programming problem (assumed to be “totally
nondegenerate” ), having s nonnegative variables and r additional inequality
constraints. In order to solve the problem using the simplex method, we may
construct a suitable tableau and, by pivoting, attempt to move to a tableau
in which the last column has no negative entries and the last row has no
positive entries (ignoring the entry they share in common). A crude measure
of progress toward this solution tableau is indicated by the pair of numbers
(a,b), where a is the number of negative entries in the last column and b
is the number of positive entries in the last row of the current tableau. Of
course, these numbers may go up and down during the trek; it’s not at all
clear what this information tells us about getting to the solution. Even so,
when these numbers aren’t too big, intuition seems to dictate that we are
“getting warmer,” and that a tableau with a = b = 0 may not be many
steps away. Thus we are led to the question of what can be said about the
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(r+1) x (s+1) matrix N whose (a, b)—th entry (where 0 < a <7r,0<b < s)
is the number of tableaux for the problem having a negative entries in the
last column and b positive entries in the last row. The main theorem below
gives a simple property of this matrix.

This question is related to certain enumerative results concerning convex
polytopes, arrangements of hyperplanes, and oriented matroids. Since our lin-
ear programming problem is totally nondegenerate, and under the assumption
that the feasible region for the problem is nonempty and bounded, this feasible
region is a simple convex polytope P of dimension s. (“Simple” means that,
at each vertex, exactly s of the r + s inequality constraints are satisfied with
equality — each vertex lies on exactly s facets. Equivalently, exactly s edges
emanate from each vertex.) Letting fi; denote the number of k-dimensional
faces of P, so that fp is the number of vertices, f; is the number of edges, fs—1
is the number of facets, and f, = 1, the vector (fo,..., fs) is the f-vector of
P.

Each vertex of P is on exactly s edges, since P is simple. The objective
function is not constant on any edge of this polytope, again by total nonde-
generacy. We say that an edge that emanates from a vertex is leaving if the
value of the objective function at that vertex is less than its value at the other
vertex of the edge (so that the objective function increases when one moves
along the edge away from the given vertex). Let h; (0 < j < s) denote the
number of vertices of P for which there are exactly j leaving edges. The vector
(ho,...,hs) is called the h—vector.

The f-vector can be determined from the h—vector, by the following sys-
tem of linear equations:

S .
szz<-]1>hj for 0 < k < s.

=0

These equations result from the fact that each k—dimensional face of P pos-
sesses a unique vertex at which the objective function is minimized, and, if a
given vertex has exactly j “leaving” edges, so that it contributes to h;, then
exactly (i) faces of dimension k achieve their minima at the vertex.

Since the objective function factors into the determination of the A—vector
in the above, one might guess that there would be lots of different h—vectors,
depending upon the objective function chosen. In fact, there is only one, as
can be seen by noting that the above system of equations is triangular with
1’s on the diagonal, and therefore invertible. Upon inversion, it is clear that
the h—vector can be determined from the f-vector. Since the f—vector does
not depend upon the choice of objective function, any objective function (for
which the nondegeneracy assumption is satisfied) yields the same h—vector.
In particular, if the objective function is replaced by its negative, one sees
that the h—vector is symmetric: h; = hs_; (0 < j < s). When these equations
are written in terms of the f-vector, they are known as the Dehn—-Somerville
equations.
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The tableaux for our problem, which has no negative entries in the last
column, corresponds to the vertices of P. The number of outgoing edges at
the vertex is the number of positive entries in the last row. It follows that
the h-vector is the first row of N. (It can be shown that all entries of the
last row of N are zero, in this case.) Similarly, if the dual of our problem
has a feasible region that is nonempty and bounded, then the h-vector for the
polytope that is the dual feasible region appears as the first column of N (and
the last column of N consists of 0’s).

It is the symmetry of the h—vector noted above that is generalized in this
paper for the entire matrix N (with a modification that removes the need for
the condition that the feasible region be nonempty and bounded).

The h—vector figured prominently in McMullen’s proof in [6] of the “Up-
per Bound Conjecture” concerning the maximum number of vertices that a
polytope of given dimension and with a given number of facets might have,
and in the proof, jointly by Billera and Lee [1] and Stanley [9], of the charac-
terization of the f—vectors of the simple polytopes, conjectured by McMullen
in {7]. Related counting problems for arrangements of hyperplanes and, more
generally, for oriented matroids have been considered, for example, in [4], [5].
The “mutation count matrices” of [5] are related to, but not the same as, the
matrices IV considered here.

In what follows, A denotes an r x s matrix of real numbers; B is a column
vector of length r; C is a row vector of length s; D is a real number; and M
is the (r + 1) x (s + 1) composite block matrix

A B
M= ( 4 D) .
The matrix M, augmented by row and column labels indicating the vari-
ables associated with them (denoted by z1,...,x,, where n = r + s), is the

Tucker tableau for the linear programming problem (described by Goldman
and Tucker, [3]):

Maximize CX) ~ D
subject to AX(g) < B,
X(o) > 0.

Here X (o) denotes the column vector X(g) = [z1,...,2s]" of real variables.

The simplex method solves such a problem by performing “pivot” steps
beginning with the matrix M and ending at a matrix from which the solution
can be easily obtained. A (Tucker) pivot on the (nonzero) entry M;, ;, of M
consists of changing M by performing the following operations:

0.Jo

e Each entry M;; not in the same row or column as M;, j, (so that i #
i0,J # Jo), is replaced by M;; — M; ;o My ;/Miq jo;

e FEach entry M; ;, in the same column as the pivot entry M;
from it is replaced by —M; ;, /M;

but different

0,40

0,J0?
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e Each entry M, ; in the same row as the pivot entry but different from it
is replaced by M, ; /M;, io;
The entry itself is replaced by its inverse, 1/M;, ;,; and finally
The labels of the row and column of the pivot element are exchanged.

12 3 6
A—(G 3 1)’ B“<24)’

C=(11 1), and D=0,

For example, if

then we have the following Tucker tableau. (Here and later, T;;x, where 1 <
i < j < k £ 5, represents a tableau having x;, z;, %, and u as its column
labels, not necessarily in that order.)

| | T2 T3 lu |
. T4 1 2 3 6
Tzs - s 6 3 1 24
v 1 1 1 0

Upon performing a pivot on the entry whose row is labeled by z5 and whose
column is labeled by z1, we get the following new tableau.

| s 2 Ty |u |
o [za -1/6  3/2  17/6 |2
Tass - 1 16 1/2  1/6 |4
v /6 1/2 5/6 |4

The order of the rows is irrelevant, as is the order of the columns; the labels
keep track of required information. This tableau is repeated again in the list
below. Each tableau appears with rows and columns sorted according to their
labels. Some labeling schemes include labels for dual variables. Here only
primal variables are used as labels.

The simplex method performs Tucker pivots only for pivot elements that
are in the portions of the matrices occupied by A (henceforth termed the “A
part”). For the example, all the possible matrices obtainable from the initial
tableau by sequences of such pivots are listed here:

I 22 22 m  Ju |
. |za 1 2 3 6
Thzs 5 6 3 1 24
v 1 1 1 0
R TR
T T3 /3 2/3 1/3 |2
124 x5 17/3  7/3  -1/3 |22
v 2/3 1/3  -1/3 |2




A Counting Problem in Linear Programming 227

“1131 To Xy IU |
Troe - 3 6 3 1 24
128 T4 17T -3 -66
v -5 2 1 24
||x1 T3 T4 [u ]
, 12 3/2 12 |3
Tiag : T2
154 s 9/2  -7/2  -1/2 |15
v 12 -1/2  -ij2 |3
L I I3 T5 ju ]
/3 2 173 |8
T : T2
195 4 -2/3 -3 7/3 |10
v 173 A1 2/3 |8
[ w w ]
Tore - T2 17/7  -1/1  3/7  [66/7
e 3 9/1  3/1  -2)7 |-30/7
v /7 -2jT 1]7 |-36/7
RN N TR
2 3 1 6
T : 1
234 s -9 17 -6 -12
v -1 -2 -1 -6
“.’Ez T3 T5 [u 1
_ 1 12 1/6 1/6 |4
Toss T4 3/2  17/6 -1/6 |2
/2 5/6 -1/6 |4
L ez @ x  [u |
T 1 7/17  -1/17  3/17 |66/17
S P 9/17  6/17  -1/17 |12/17
v 1/17  -5/17 -2/17 |-78/17
| lzs Z4 z5 [u |
Tore 1 779 -1/3  2/9 [10/3
845 - o 17/9  2/3  -1/9  |4/3
v 1/9 173 -1/9  [-14/3

These are all the tableaux that can be obtained by pivoting in the A part,
beginning from the original one of our example.
Let X1y = [Z14s). - ,Zr1s)T, and consider the vector space W consisting

of all vectors
X(0)
X = Xqil) e Rr+s+2

v
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such that
X(l) ZUB—AX(O), ’l):—uD-l-CX(Q).

The problem can now be written as one of maximizing v subject to u = 1,
the nonnegativity of the z;’s, and X € W. In these equations, X(;) and v are
determined linearly from Xy and u; so W is the graph of a linear function
from R**' to R™*!. The tableau determines the linear function. The graph W
is a linear subspace of R™+5+2 = R"*2 having dimension s + 1. Given another
set of s of the x;’s, unless there is a linear relation relating them, it is possible
to transform the equation system in such a way that v and the other r z;’s
are determined linearly from those original s, and u. Indeed, Tucker pivoting
gives the tableau of such a function. The subspace W is unchanged; we look
at it differently, as the graph of a function of a different set of s variables.

There are only (:) sets of s of the n variables, so there cannot be more
than this number of Tucker tableaux. In the nondegenerate case of the ex-
ample, we do indeed have all (g) = 10 distinct tableaux. There is sufficient
nondegeneracy that no tableau for the problem has a zero entry in the A, B,
or C part. We say that the problem exhibits total nondegeneracy. We refer to
the set of tableaux in our list as the complete set of tableauz for the problem.
In general, given an initial tableau for a problem, the complete set of tableaux
for the problem consists of all the tableaux that can be derived from the initial
one by sequences of pivots on elements in the A part of the tableaux.

By a basic theorem of linear programming applied to the totally nonde-
generate case, exactly one of the following three possibilities holds for the
complete set of tableaux for the problem:

e There is a unique tableau having only positive entries in the B part and
only negative entries in the C part, from which the optimal solution can
be obtained (primal and dual feasibility);

e There is a tableau having only positive entries in the B part and having
another column for which the entry in the C part is positive and all other
entries negative (primal feasibility, dual infeasibility);

e There is a tableau having only negative entries in the C' part and having
another row for which the entry in the B part is negative and all other
entries are positive (primal infeasibility, dual feasibility).

It is not possible for the totally nondegenerate problem to be both primal and
dual infeasible.

Let N be the (r+1) x (s+1) matrix of nonnegative integers whose (4, j)-th
entry is the number of tableaux in the complete set that have exactly 7 negative
elements in the B part of the tableaux and exactly j positive elements in the
C part. Then N(0,0) is either 0 or 1; it is 1 (in the presence, as we assume, of
total nondegeneracy) if and only if our problem has a solution — if and only if
the feasible set is nonempty and the objective function is bounded above on it.
The solution tableau is the one, if it exists, having 0 negative elements in the
B part and 0 positive elements in the C part. Let N’ be the (r+1) x (s+1)
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matrix whose (7, j)-th entry is the number of tableaux in the complete set that
have exactly ¢ positive elements in the B part of the tableaux and exactly j
negative elements in the C part. For our example, we have

1 2 21 0 0 00
N=13 10 0)andN={0 0 1 3
0 0 00 1 2 21

Thanks to total nondegeneracy, there is no 0 entry in the B or C part of any
tableau, so, for 0 <i<rand 0<j<s, Ni,,j = Nr_; s—;. Therefore, the sum
Q = N + N’ has some symmetry: @; ; = Qr—; s—j, for all 4, j.

The sum is:

12 21
Q=13 11 3},
12 21

which actually has even more symmetry: Q;; = Qr—i; = Qis—j = @r—i,s—j>
for all 7, j. Our objective is to show that this is true for all totally nondegen-
erate linear programming problems.

Mulmuley [8] has considered a matrix that is a submatrix of IV, in a more
special case. Let £ be a nonnegative integer, and let X} denote the set of
points satisfying at least n — k of the inequality constraints (so that X is the
feasible region). Under the assumptions that (i) X} is bounded and (ii) X is
nonempty, Mulmuley’s “A-matrix” is the submatrix of N consisting of its first
k+1 rows, and he has shown that N satisfies the equations N (4, j) = N (i, s—7)
when 0 < i < kand 0 < j < s. It is not difficult to show that, when (i) and
(ii) are satisfied, the last k + 1 rows of N consist of 0’s, so that the first k+ 1
rows of N and @ coincide.

2 Derived Problems

There are several operations that can be performed on a tableau that lead to
different problems having different solutions, but for which the complete set of
tableaux for the original problem provide sufficient information. We consider
some of these, one-by-one.

Suppose that the row or column of the tableau that is indexed by z; is
multiplied by —1. If it is a row, the new tableau corresponds to a problem
identical to the original, except that the sense of the inequality constraint
corresponding to that row is reversed; if it is a column, then the variable
labeling that column is required to be nonpositive instead of nonnegative.
This operation commutes with the operation of performing a pivot on the
tableau: If we multiply the row or column indexed by x; by —1 and then
perform a pivot on the entry in row and column labeled by z; and zy, the
resulting tableau is the same as the tableau that results when we first perform
the pivot and then perform the multiplication by —1. This being the case, it
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becomes clear that the complete set of tableaux for the new problem can be
obtained by replacing each tableau for the original problem by the result upon
multiplying its x;-labeled row or column by —1.

Suppose next that x; is a row label in our tableau and that row is deleted.
This corresponds to removing the corresponding inequality from the constraint
set. Pivoting again commutes with this operation, as long as we do not pivot
in the row labeled z;. The complete set of tableaux for the new problem is
obtained by replacing each tableaux for the original, having the property that
z; labels a row, by the result upon deleting that row. The tableaux in which
x; labels a column are discarded.

Suppose that z; is a column label in the original tableau, and that that
column is deleted. This amounts to replacing the original problem by one in
which z; is set to zero: z; = 0. The complete set of tableaux for the new
problem is obtained by removing the column labeled z; from each original
tableau that has a column labeled z;. The tableaux in which x; labels a row
are discarded.

Of course, linear programming duality amounts to replacing the original
tableau by the negative of its transpose; and this also commutes with the
pivot operations.

We term the problems obtained by the operations of multiplication of
rows, columns by —1, deletion of rows, columns, the derived problems of the
original. The duals of the derived problems are the derived problems of the
dual. For each derived problem, the complete set of tableaux can be obtained
from those of the original problem, as above. If P, @, and R are pairwise
disjoint sets of variables z;, with |P| < r and |Q] < s, then D(P, @, R) is the
derived problem for which the complete set of tableaux is obtained by starting
with those tableaux in the original set for which the variables in P appear
as row labels and those in @} appear among the column labels, and deleting
from them the rows labeled by variables in P, deleting the columns labeled
by variables in Q, and multiplying rows and columns labeled by elements of
R by —1. (We leave it to the reader to sort out the meaning of those derived
problems D(P,Q, R) for which {P| = r or |Q| = s. These cases are useful in
some of the proofs below.)

‘We consider the number F(p, ¢,t), which is the count of the derived prob-
lems D(P,Q, R) that are feasible and such that the objective function is
bounded above on the feasible region, and having |P| = p, |Q| = ¢, and
|R| = t. We call p, g, and t the parameters of the derived problem D(P, Q, R).

Theorem 1. The number F(p,q,t) is given by a linear combination of the
entries of the matriz N:

Flp,q:t) = > vp.a:tsi, )IN(, 5)-
(s

The coefficients v(p, q,t;4,7) are nonnegative integers.
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Proof. Given a tableau T, it is easy to see that the number of derived problems
having parameters p, g, and ¢ that have T as the solution tableau is a function
only of the numbers 7 and j, which count the negative entries in the B part
and positive entries in the C part of T; v(p,q,t;4,7) is this number. Since
each derived problem that has a nonempty feasible set on which the objective
function is bounded above has a unique solution tableau, the sum yields the
total number. |

Suppose T is a tableau, and suppose its B part has ¢ negative entries and
its C part has j positive entries, so that it contributes to the number N(4, 7).
How many derived problems D(P, @, R) having parameters p, ¢, and ¢ have
T as the solution tableau? We may construct them all, as follows. Let k& and
¢ be nonnegative integers whose sum is ¢. Choose a set R; of k variables from
among the 7 variables, labeling the rows of T that have a negative entry in the

B part; there are (,’c) ways to do this. Next choose a set Ry of £ variables from

among the j variables, labeling the columns of T that have a positive entry in
the C part. There are (Jl) ways to do this. Let R = R; U R3. From among the
row labels, choose a set P having p variables. Include in P all the variables
not in R; that label a row having a negative entry in the B part; choose the
remaining p — ¢ + k elements of P from among the r — ¢ row labels having a
positive entry in the B part. There are (pf;i k) ways to do this. Finally, choose
a set (@ having ¢ elements, including the labels of the j — £ columns having
positive elements in the C part, with the other ¢ — j + £ elements chosen from
the s — j labels of columns having negative elements in the C part. There are
(,°7%,) ways to choose Q in this fashion. It follows that

q—j+¢
o i\ (7 r—1 s—7
t; = .
wain= 32 (1)) (106) (0 25%)

k,220

There are usually many more values of F(p, ¢,t) than entries in the matrix
N, so there are linear relations among the values F(p, ¢, t).

The next theorem shows that N can be obtained from those values of F
for which: ¢ =0, 0 <p <7, and 0 < t < s. For such p, ¢, and r, we have:

(b0, 53, 7) 1 ( r—1 )
y 4,13, = . . .
wWatid)={, _ I, ivi

Flo,0)= Y (tfj) (p_Z;:_j)N(i’j)‘

0<LiLr,
1<j<s

and

Theorem 2. In Theorem 1, upon restricting p,q, and t to satisfy ¢ = 0,
0<p<r and 0 <t < s, and providing a suitable ordering, we obtain a
triangular system of linear equations having 1’s on the diagonal. Thus it is
tnvertible, so that, given arbitrarily the values of the function F for p, q, and
t so restricted, there is a unique matriz N for which the equations of Theorem
1 are satisfied.



232 Jim Lawrence

Proof. We linearly order the set of pairs (a,b) of integers: (a,b) < (a’,b") if
b<¥,orb=2> and a < a'. Consider (p,t) = (4,7); then, in the expression
yielding F(p,0,t) above, the coefficient of N(¢,7) is 1. Suppose (p,t) < (4, 5);
then this coefficient is 0. a

3 The Proof

Two lemmas will be useful in the proof of the main result.

Let IT denote the problem corresponding to the original tableau, T'. Let IT’
denote the problem corresponding to the result upon multiplying the column
of T labeled u by —1; let IT” denote the problem corresponding to the result
upon multiplying the row of T labeled v by —1; and let 11"’ denote the problem
corresponding to the result upon performing both of those operations. Since
the pivot operations commute with these operations, it is clear that, from
the complete set of tableaux for IT, we obtain a cornplete set for each of the
other problems by performing the same operation on all of the tableaux in
the complete set II.

For the corresponding derived problem D(P, @, R), function F, and matrix
N, we shall now write D (P, Q, R), Frr, and Np; and similarly for the other
three problems.

Given the sets P, @, R of variables, pairwise disjoint, let

1 if Dy(P,Q,R) is feasible and dual-feasible,
0 otherwise.

n(P,QR) = {

The functions ¢/, tjy», and ¢ are similarly defined.

Lemma 1. For each choice of P, QQ, and R, we have
LH(P: Qv R) + [’H”’(Pv Qa R) = LH’(Py Qv R) + LH”(Pa Q7 R)

Proof. We make the argument in the case P = Q = R = {); however it will be
clear that the same argument applies in general. Note that D(0, ), §) is simply
the original problem, I7.

We designate the following statement by B+: There is a tableau in the
complete set of tableau for I which that has only positive elements in the B
part. Similarly define statements, B—, C+, and C'—.

Either B+ and B— both hold, or C+ and C'— both hold; for otherwise
one of the four problems II, II’, II”, or 11" is neither primal feasible nor
dual feasible. Then it is easy to see that, depending upon whether neither,
exactly one, or both of the other two statements hold, both sides in the above
equation must be 0, 1, or 2. (Actually, 2 is not possible; but this fact is not
needed here.) O

Lemma 2. We have

Fu(p,q,t) + Fro(p,q,t) = Fr(p,q,t) + Frrr (p, ¢, t).
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Proof. Observe that

fH(Py(I»t) = Z LH(PanR)7
(P,Q,R)

where the summation extends over triples (P, @, R) of pairwise disjoint sets of
variables for which |P| = p, |Q| = ¢, and |R| = t. The same holds for the other
three problems, so this lemma is a consequence of the preceding lemma. O

Theorem 3. Letting Q(i,j) = N(i,5) + N(r — 3,8 — j), we have Q(3,7) =
Qr—14,7) =Q,s - j) = Q(r —i,s — 7).

Proof. Equivalently, we must show that Ny (z,5)+ Npg(r—1i,s—j) = N (r—
i,7) + N (i, — 7). It is clear that:

NH'(ihi) = NH(T - i>j)7

Ny (i, 5) = N (6 s = 7),

and
Ny (3,5) = Np(r —14,5 — ).

The equations of Theorem 1 also give
Fu(p,¢,t) + Frw(p, 4, t) = Frr(p, a4, t) = Firv(py g, t)
in terms of
Ni(i,7) + N (3, 7) — N (3, 7) — N (4, ).
However, by Lemma, 2,
Fu(p,¢,t) + Frw(p,a,t) — For(py ¢, t) — Foo(p g, t) = 0,
so by Theorem 2 we have
Nn(i,3) + N (4, ) — Ny (4, 5) — N (4, ) = 0,
or equivalently,

Np(i,§) + Nn(r —i,5 = j) = Np(r — 4,5) + N (4, s = j).

4 Notes

An interesting open problem is that of characterizing the counting matrices
N. Certainly, these matrices satisfy the following conditions: The entries are
nonnegative integers; the sum of the entries is (’s‘), and, for the matrix @
having Q(i,j) = N(i,5)+N(r—i,s—j), one has Q(z,j) = Q(r—i,5) = Q(i,s—
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7) = Q(r — 1,5 — j). These conditions are far from sufficient to characterize
the possible matrices.

The results in this paper hold more generally for uniform oriented ma-
troids. With minor changes, the proofs hold in the more general setting. It is
unknown whether or not one obtains additional matrices N from the “linear
programming problems” derived in the setting of uniform oriented matroids.

The problem of characterizing the analogous matrices N, when total non-
degeneracy is not assumed, is also open.
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Parametric Programming Procedure
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Summary. In this paper we discuss some applications of Gass & Saaty’s parametric
programming procedure (GSP?). This underutilized procedure is relevant to solution
strategies for many problem types but is often not considered as a viable alternate approach.
By demonstrating the utility of this procedure, we hope to attract other researchers to explore
the use of GSP’ as a solution approach for important problems in operations research,
computer science, information systems, and other areas.

Key words: Parametric programming; integer programming; Lagrangian relaxation; multi-
objective programming; multi-criteria decision making; simplex method; clustering; data
mining; database systems.

1 Introduction

In this paper we present an overview of some applications of the parametric
programming procedure of Gass and Saaty [16]. This procedure is relevant to
solution strategies for many problem types but is often underutilized. In several
cases it appears that it was not considered as an alternate approach, and the lack of
its use was not justified. Our initial interest in applications of this procedure
involved the Lagrangian relaxation of a network problem with a side constraint.
This problem is a special case of the parametric linear programming problem (P°);
yet up to the mid-1980’s it was not usually recognized as such and so was usually
addressed using other techniques such as sub-gradient optimization. Bryson [6]
demonstrated that this problem could be effectively addressed by the parametric
programming procedure of Gass and Saaty (GSP’). Since then we have observed
other problems that could be addressed by this procedure. For example, Stanfel
[32] addressed the sequential partitioning problem, which is a special case of the
clustering problem, but did not recognize that this problem could also be addressed
by GSP? [19]. More recently in Osei-Bryson and Joseph [30], we demonstrated
that some technical information systems problems could be effectively addressed
by GSP’. In general we have seen special cases of P’ in management science (MS),
operations research (OR), computer science (CS), and information systems (IS) that
were addressed by sub-optimal techniques. While we are not certain as to why this
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situation occurs, some possible reasons include the researcher’s unawareness of
GSP’ and/or lack of recognition of their research problem as being just a special
case of P’. Although in an earlier work [7], we discussed some applications of
GSP’, this situation suggests to us that it might be appropriate to re-tell at least part
of the story on the wide applicability of GSP°.

2 Gass & Saaty’s Parametric Programming Procedure (GSP3)

The parametric programming procedure of Gass and Saaty (GSP’) solves the
foliowing linear programming problem for every value of the scalar multiplier w:

P,: Min {Zo(X) + WZ\(X) | AX = b; X > 0}

where Zy«(X) (e.g., CX = 3} ¢x;) and Z,(X) (e.g., DX = &} dix;) are linear functions
of X, and w is a scalar multiplier. Using the simplex method, the parametric
programming procedure first solves problem P, for w = w;, where w, is some
arbitrary small number. The result is that either there is some efficient extreme-
point solution X, or that there is no finite minimum for w = w.

Let Ju be the index set of basic variables associated with X,, and let the
reduced costs have the form (g; + wd;), where ¢; and d; are the reduced costs in
terms of Zy(X) and Z,(X), respectively.

For optimality we require that (¢; + wd;) < 0. Therefore, X, is the optimal
solution of problem P, for the interval [wir), W] where wyy,, wgy) are
determined as follows:

Wiy = ~(Gaydiay) = Max {~¢j/d;: d; < 0; j & Jgo}; or
= 00 if 4)20 Vjﬁ](k).

Wi = ~(Cxuydiqy) =Min {-¢/d;: d; = 0;j & Jgo; or
— 40 if <0V gl

The procedure is terminated if either of the following conditions occurs: (a) wyq, =
+0, (b) Wi, is finite but all the corresponding a; xu, < 0 . Otherwise, the simplex
method introduces x,, into the basis and eliminates the basic variable in the usual
manner. Gass and Saaty [16] established that the resulting basis yields a minimum
for at least one value of w, and that if [wi.1), Wiii(u)] is the interval for which the
resulting basis yields a minimum then wy, = Wiy

Thus, the parametric programming procedure generates the set of efficient,
extreme points that solve the single parameter LP problem for all w such that -co
<w < +eo and will identify the parametric interval {wyq,), wiw)] that is associated
with each such extreme point Xy.

The first step of GSP? involves solving the LP problem P; with w = 0. It is
known that LP problems can be solved in polynomial time [21, 5], and so this first
step can be done in polynomial time. Given this initial solution, the next solution
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for problem P; can be obtained using Gass & Saaty’s parametric programming rule
for identifying the relevant variable to leave the basis [16]. Succeeding solutions
would be obtained in a similar manner. Thus generation of all the solutions of P,
can be done in polynomial time.

3 Sample Applications
3.1 Lagrangian Relaxation: Network Problem with a Side Constraint

Lagrangian relaxation is usually applied to a problem that would be easy to solve
except for some complicating conditions. One such problem is the network
problem with a side-constraint [6]. Examples of this problem include the shortest
path problem and the constrained assignment problem [1]. This problem can be
stated as

Pretsc: Min {Z; ox; | AX = 1; X dix; = v; x; € {0,1}},

where A is a totally unimodular matrix because of the network structure of the
problem. If the side constraint (i.e., 2 djx; = v) was not present, then the problem
Min {2} ¢jx; | AX = I; x; € {0,1}} could be easily formulated and solved as a linear
programming problem Min {3 ¢xj : AX = I; 0 < x; < 1}. This follows from the
fact that A is a totally unimodular matrix [29]. Given the inconvenience of the side-
constraint, Lagrangian relaxation is often applied as part of a solution strategy for
the network problem with a single side-constraint. The Lagrangian relaxation
problem is expressed as Max {L(w) | w > 0}, where for each w > 0, L(w) is
obtained by solving the following problem:

Prr_p: L(W) =Min {X; cix; + w(v - 2; dx)) | AX = I; x; € {0,1}}

Because of the total unimodularity property of A, problem Py jp can be restated as
the following parametric linear programming problem:

Prr pp: L(w) =Min {Z, cix; + w(v - 2 dix)} | AX=1;,0<x,< 1}

The reader may observe that GSP’ can be used to automatically generate the
optimal solutions of problem Pig pp, and thus problem Py g jp for all positive values
of w. The optimal Lagrangian multiplier that provides the maximum value of L(w)
would be associated with the pair of non-degenerate intervals [wy.;, wi] and [w,
Wis1] such that L{wy.)< L(wy), L(wia)< L(wy), Wi < wy < wisg. Since L(w) is a
concave function and wy provides a local maximum, then it also provides the global
maximum for L(w), and so GSP® can be used to find the optimal solution of the
Lagrangian relaxation of problem Py sc [6, 7].
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3.2 Simplex Method: Preventing Cycling

The simplex method is said to stall when one or more pivot steps result in no
change in the value of the objective function. Magnanti and Orlin [25] and Dantzig
[10] presented methods based on parametric programming for dealing with this
difficulty.

Let CX = 3 ¢x; be the original objective function. Let DX = % dx;j be an
additional objective function that is used to parameterize the cost function with the
coefficients defined as follows:

di=0 Vje ko
dj: ”A-J”(l + sj) VJ 3 J(o)

where J(g) is index set of basis columns in the initial solution, ||A || is a norm or any
positive number, and g; is chosen from a table of random numbers such that 0 <g; <
1. The parametric objective function is: 3 ¢x; + w; dix;.

Let B®" be the basis at the start of iteration k, and Ci1y and Dgg.;y be the
components of C and D corresponding to the basis columns in J.). It follows that
the corresponding reduced cost vectors are:

C=(CpgyB* A - O)
D = (Dg¢.B*"A -D)=-D

So at iteration k the non-basic variable x, that is chosen to enter the basis is the one
that provides the following maximum:

-(¢/dy) = Max {-¢i/di: ¢; > 0,d; <0; j & Jyerp}

where the reduced cost is of the form (¢; + wid;) with wy > 0. If all ¢; < 0, the
algorithm terminates with the current solution as optimal. Dantzig [10] stated that
at iteration k, the choice of x, will be unique with probability 1 because of the
random selection of the €;’s, and that the algorithm will converge in a finite number
of steps.

3.3 Multi-Objective Programming: Three Objective LP Problem
The three objective linear programming problem can be expressed as:

Min { [Z:(X), Zx(X), Z5(X)] | X € S}
where S is the convex set of feasible solutions, and Z(X), Z»(X) and Z3(X) are
linear functions of X. This problem has a set of non-dominated solutions S*, where
a solution X' is said to be non-dominated if there is no other feasible solution X

such that [Z;(Xy), Zo(Xy), Zs(X)] < [Zi(X), ZAX"), Z5(X")] and for at least one p
€ {1,2, 3} the inequality Z,(X) < Z,(X") holds.
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For a given three-objective LP problem there are three associated two-objective
LP problems:

MP(P,CI) : Mln { [ZP(X)’ Zq(X)] : X € S} (p,q) € {(1,2)5 (2’3)7 (3>1)}

Each problem MP, ;) has a set of non-dominated solutions S*g, ;) where a solution

X" is said to be non-dominated if there is no other feasible solution X, such that

Lz‘igx'()’ Z(X)] < [Z,(X"), Zo(X")] and either Z,(Xi) < Zy(X") or Zo(Xi) < Z(X")
olds.

A useful relationship between the three objective LP problem and the
associated two-objective LP problem is that each unique non-dominated solution in
each MP, is also non-dominated in the three-objective problem. For the case
where multiple non-dominated solution of an MP, 5, provides the same value of the
vector [Z,(Xy), Zo(Xy)], the vector that provides the smallest value of Z,(X,), where
r={1,2,3} - {p, q}, is a non-dominated solution of the three-objective problem.

The non-dominated solutions of problem MPy, g can be obtained by solving the
following parametric linear programming problem: PLP¢, (w,): Min {w,Z(X) +
(1- wp)Z(X)] | X € S} for all 0 < w, < 1. This problem can be easily reformulated
as the parametric linear programming problem. It follows that for each problem
MP, o, S* g the corresponding set of non-dominated solutions can be obtained by
applying GSP’. Tt should also be noted that once S*.q has been generated then the
starting solution for S*,, is either already present in S*g g or can be easily
obtained.

Bryson [8] therefore proposed the following approach for generating:

1. Use GSP’ to generate first S*, 5, then S*(33), and finally S*g3 .

2. Generate X* € S*g that are adjacent to at least one X* e {S*(; 5 U S*pp3
| S*(gy])} where S*(3) =8* - {S*(I,Z) v S*(z’g) | s*(:;’])}.

3. Generate the other X* e S*3, that are adjacent to non-dominated
solutions in S*,.

3.4 Multi-Criteria Decision Making: Estimating Overall Preference Values

MCDM problems are said to involve the prioritization of a set of alternatives in
situations that involve multiple, sometimes conflicting criteria. MCDM problems
may be addressed informally or formally. Various formal techniques have been
proposed including the weighing model, which is a popular formulation for MCDM.
Another formulation [27] involves viewing the overall preference value for each
alternative as the sum of its partial values, where the partial value of criterion k for
alternative j is the contribution of criterion k to the overall value of alternative j. Thus
alternative j is assumed to have some unknown partial value T in criterion & and
the overall preference value V; of alternative j is the sum of the partial values,
which can be expressed as:

(1) Vj-le-Tﬂ-...-Tjn:O VJGJ
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Moy et al. [27] developed a linear goal programming model to determine estimates
of the partial values T and the overall values V; based on selected sets of pairwise
comparisons as described below.

Pairwise Comparisons of Overall Preferences of Selected Pairs of
Alternatives:

Let Q denote the set of selected pairs of alternatives that are compared with regards
to their overall preferences. For each (i, j) in Q, the evaluator provides f;, an
estimate of the lower bound of ratio (Vy/V)). If all such comparisons were
consistent, then we would have V; - ¢ ,J; > 0. However, because of the possibility
of inconsistencies, deviational variables £'; and £, are introduced to give the
following equation:

(2) Vi-tijVj+8+iJ‘-8‘,‘j=0 v (l,J)GQ

Pairwise Comparisons of Overall Preferences of Selected Pairs of Partial
Values:

Let © denote the set of selected pairs of partial values that are compared. For each
G, k, i, p) in ©, the evaluator provides ¢, an estimate of the lower bound of ratio
(T#/T}p). If all such comparisons were consistent, then we would have Ty = £, T;p
2 (. However, because of the possibility of inconsistencies, deviational variables
& jsip and 8y, are introduced:

€)) Tix - tiipTip + 8 'juip -8 =0 vV (j,k,i,p)e®

Ty (€55, + ;) is a measure of the poorness of fit of the pairwise comparisons in
Q. Zo,k,;,p)e@ (5;-;{,,, + Ojp) is a measure of the poorness of fit of the pairwise
comparisons in ©.

Generating Estimates of the Overall Preferences and Partial Values:

To prevent a trivial solution to the system of equations (1) — (3), Moy et al. [27]
included the constraint:

G)) 22k T2 1

They also argued that ¢’;; should be penalized heavier than £ ; because “g7; reflects
the inconsistencies between the input and estimated data”, and so proposed that
Yjeal€ij + €:)) be replaced by Y cale”;; + he'; ), where h > 1 is specified by the
researcher. Similarly they proposed that ¥ pee(Sjmp + Gp) be replaced by
Yixipeo(S jup + 1S ), where h > 1.
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Moy et al. [27] proposed that the unknown partial values could be identified by
solving the following LP problem:

Pp v: Min {Ci(Zgjeal€’i; + he ) + CoaZgximeeld iy + i) | (1) — (4)}
where all variables are non-negative.

The difficulty is that the pair values of (C,, C,) are also unknown, and so Moy et al.
proposed that “Different values of C, and C, can be tried on the training sample
and the pair of C, and C, values which gives good results can be chosen. Good
results should have high correlations between respondent’s input preferences and
the estimated preferences or have the estimated first choice (the number one ranked
alternative) matches with that of the respondent in the training sample”. They thus
used the following ratios for (C,/C;) in their experiments: (1/5), (1/1), (3/1), and
(5/1). The reader may observe that if objective function of problem Pp y is restated
as:

Yapeal€ij T hEi) + (CACH g kipreel S jip + D))

then it is clear that Pp v is just a special case of problem of P’ and so the full set of
weights w = (Co/C,) would be generated by the GSP’.

3.5 Clustering

Clustering involves the partitioning of a set of objects into a useful set of mutually
exclusive clusters. There are numerous algorithms available for doing clustering.
They may be categorized in various ways including: hierarchical [28, 33] or
partitional [26], deterministic or probabilistic [4], hard or fuzzy [3, 11]. In some
cases there is a natural ordering of the objects in the dataset while in the more
general case there is no such natural ordering. For the former case sequential
partitioning algorithms may be used to generate the optimal segmentation while in
the latter case heuristics (e.g., k-Means) may be used to find ‘good’ segmentations.

3.5.1 Sequential Partitioning Problem
The sequential clustering problem involves the following assumptions:

e The objects are ordered sequentially and the final partition must maintain that
sequential ordering. This sequential ordering may be based on physical or
ordinal relationships among the objects.

e The overall clustering objective function can be formulated as the sum of the
cost of the clusters in the partition.

e The set of relevant candidate clusters is limited due to admissibility constraints
(e.g., maximum number of objects per cluster).

There are several practical examples of the sequential partitioning problem. Joseph
and Bryson [18] presented a parametric programming-based approach for
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addressing the computer program segmentation problem. In a recent work Osei-
Bryson and Joseph [30] demonstrated that three technical Information Systems
Problems (i.e., the attribute discretization for decision tree induction, the design of
lock tables for database management systems, computer program segmentation)
were special cases of the sequential partitioning problem that were previously
addressed either by greedy sub-optimal heuristics [24, 9] or instance-specific
procedures [22], and proposed a common procedure for addressing these problems
that involve the use of GSP’.

The fact that the clusters are restricted to a linear ordering of objects means that
each cluster can be represented as a m-dimensional column vector A; = {a;} where
a; = 1 if object “i” is assigned to cluster “j” and a; = 0 otherwise, with the 1's in
consecutive rows. Given this property, then a matrix A = {A;} would be said to
have the total unimodularity property [29].

Let X = {x;} be a binary m row column vector such that x; = 1 if cluster “j” is in
the optimal partition and x; = 0 otherwise, then each of our three problem types can
be formulated as the following linear integer programming problem:

Py(g): Zow(g) =Min {3cicix | AX =L, Y=g x5 € {0,1} V] € J}

where the matrix A consists of those column vectors that represent clusters that
satisfied the relevant admissibility constraints (e.g., minimum and maximum
number of objects per cluster), 7 is a column vector with the value 1 in each row,
and g is the number of clusters. It should be noted that although the total number of
possible columns for matrix A is given by [(m* + m)/2}-1, the admissibility
constraints will usually significantly reduce this number.

While integer programming (IP) problems are in general difficult to solve
optimally, linear programming (LP) problems can be solved optimally in
polynomial time [5, 21]. Further based on the total unimodularity property of the
matrix A, the following parametric LP problem is guaranteed to have integer
solutions:

Py(w): Min {3c)(c;+wW)x; | AX=1;x20V] €]}

where w (= 0) is a parameter the variations of which can be associated with
different values of g [20]. This parametric linear programming problem can be
solved by GSP? and optimal partitions can be automatically generated for different
values of g without requiring the user to specify a value.

Optimal solutions to P,(w) are referred to as being w-efficient partitions, and
are known to be integer-valued solutions of Py(g) for the corresponding value of g.
Solution of P,(w) may not provide solutions of Py(g) for all values of g. Those
solutions of P;(g) that are not generated in the solutions of P,(w) for all w > 0 are
referred to as being w-inefficient partitions. Given two consecutive w-efficient
partitions with g, and g, intervals respectively, the decision-maker (e.g., knowledge
engineer, database engineer) can find the lower bound on the value of the objective
function of a partition with g, intervals where g, < g, < g, using the following

formula: ZOpt(gb) > ZLB(gb) = ZOpt(ga) + (ZOpt(gC) = ZOpt(ga))*(gb = ga)/ (gc = ga)- If the
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decision-maker is still interested in exploring the optimal partition of size g, then
problem Py(g,) can be solved. It should be noted that in solving P(g,) initial
bounds would be based on properties of the immediate surrounding w-efficient
partitions, and the starting solution vector would be that associated with one of the
immediate surrounding w-efficient partitions. Thus, exploration and resolution of
the sequential set partitioning problem can be successfully and efficiently framed
within the context of identifying the w-efficient partitions. Therefore, the decision-
maker is not required to make a premature decision on partition size (e.g., number
of pages, number of intervals, number of hash tables) but is rather given the
opportunity to explore the implications of different partition sizes.

Parametric Programming-based Procedure for Sequential Partitioning
(P°_SP):

Step 1:

a) Define the elementary objects and obtain the relevant data.
b) Specify the ordering of the items.

¢) Define relevant admissibility constraints on clusters.

Step 2: Generate Potential Clusters
Generate clusters sequentially, and exclude those that do not satisfy the
admissibility constraints from future consideration.

Step 3: Generate Optimal Partitions

a) Beginning with w = 0, apply GSP’ to solve problem P,(w) for all w > 0.

b) For each solution obtained in part 3a, properties of the optimal w-efficient
partition including its optimal objective function value Zgy,(g) and the
corresponding value of g are recorded.

¢) For each g, that is associated with a w-inefficient partition, Z; g(g,) the associated
lower bound is computed.

d) For each w-inefficient partition of size g,, the decision-maker examines the
corresponding Z;p(gy). If the decision-maker has an interest in exploring the
properties of the optimal partition of size gy, then problem P,(g;) is solved.

Step 4: Analysis

The decision-maker conducts trade-off analysis using the results obtained in step 3.
The reader should note that even in the extreme pathological case where

solving P,(w) for all w > 0 results in w-efficient partitions only for sizes g = 1 and

g = m, this procedure could still be used to generate partitions for other values of g

that might be of interest to the decision-maker.
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3.5.2 General Clustering Problem

For the general clustering problem there is no natural ordering of the objects, which
is a fundamental assumption of the sequential clustering algorithms. In a recent
work, Osei-Bryson and Inniss [31] proposed an approach for extending to P’ SP
address the general clustering problem.

1.
2

Apply Procedure(s) for Generating Orderings of the set of Objects.

Use P’ SP to generate Optimal Partitionings for each Ordering generated
in Step 1.

Given the results of Step 2, select the ‘best’ Partitioning for each partition
size (g).

The first step of this procedure requires one or more methods for generating
orderings of the objects. Osei-Bryson and Inniss [31] presented two approaches: the
FastMap algorithm of Faloutsos and Lin [15], and an approach based on spectral
analysis [17, 2, 13, 14].

Osei-Bryson and Inniss [31] noted that this approach has several advantages
including:

Explicitly accommodating various cluster admissibility criteria including
cluster size, maximum dissimilarity between any pair of objects in each
cluster, and variance reduction. None of the traditional approaches
accommodate all of these admissibility criteria, although some
commercial implementations allow the user to specify the minimum
cluster size.

Explicitly accommodating any separable objective function rather than
‘hoping’ that feasibility and a ‘good’ solution will be achieved as a
consequence of the given approach to grouping objects (e.g., k-Means
only considers the distance to the closest cluster mean).

Flexibility in the assignment of objects to clusters. So unlike
agglomerative hierarchical algorithms (e.g., Ward), the assignments of
objects to clusters in the partition of size (g+7) are not restricted by the
assignments made in the partition of size g.

Not requiring the user to make a premature decision on partition size, but
rather offering the opportunity to explore the implications of different
partition sizes. It should be noted that while traditional hierarchical
approaches also offer the user the opportunity to evaluate different
partition sizes, there is no guarantee that for a given partition size each
generated cluster satisfies the relevant admissibility criteria.

5 Conclusion

GSP? is an important solution resource for different problems in MS, OR, CS, and
IS, but over 50 years after its initial presentation to the research community [16], it
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remains relatively underutilized, and its applicability often unrecognized by even
OR/MS researchers. In this paper we have presented a sample of problem types that
can be addressed by approaches that involve the use of GSP’. Its development in
1955 is a testament to the intellectual power of Gass and Saaty, at that time two
young researchers. Its wide applicability is another piece of evidence of the
richness of the legacy of these two researchers. We present this paper with the hope
that it will attract other researchers to explore the use of GSP’ as part of the solution
approaches for on other important problems in MS, OR, CS, IS, and other areas.
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Summary. Consider a truck that visits # households each day. The specific households (and
their locations) vary slightly from one day to the next. In the noisy traveling salesman
problem, we develop a rough (skeleton) route which can then be adapted and modified to
accommodate the actual node locations that need to be visited from day to day. In this paper,
we conduct extensive computational experiments on problems with » = 100, 200, and 300
nodes in order to compare several heuristics for solving the noisy traveling salesman
problem including a new method based on quad trees. We find that the quad tree approach
generates high-quality results quickly.

Key words: Traveling salesman problem; computational analysis; average trajectory.

1 Introduction

The Euclidean Traveling Salesman Problem (TSP) is a well-known combinatorial
optimization problem that is easy to state — given a complete graph G = {N, E},
where N is the set of nodes, E is the set of edges, and the distances are Euclidean,
find the shortest tour that visits every node in N exactly once — and difficult to
solve optimally. Algorithmic developments and computational results are covered
by Jiinger et al. [6], Johnson and McGeoch [5], Coy et al. [2], Pepper et al. [9], and
others.

Recently, Braun and Buhmann [1] introduced the following variant of the TSP
which they refer to as the Noisy Traveling Salesman Problem (NTSP). “Consider a
salesman who makes weekly trips. At the beginning of each week, the salesman
has a new set of appointments for the week, for which he has to plan the shortest
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round-trip. The location of the appointments will not be completely random,
because there are certain areas which have a higher probability of containing an
appointment, for example cities or business districts within cities. Instead of
solving the planning problem each week from scratch, a clever salesman will try to
exploit the underlying density and have a rough trip pre-planned, which he will
only adapt from week to week.” In this paper, we consider a salesman who makes
daily trips.

Braun and Buhmann viewed each node in a TSP as being sampled from a
probability distribution, so that many TSP instances could be drawn from the same
distribution. They used the sampled instances to build an average trajectory that
was not forced to visit every node. For Braun and Buhmann, the average trajectory
was “supposed to capture the essential structure of the underlying probability
density.” The average trajectory would then be used as the “seed” to generate an
actual tour for each new day of appointments. Braun and Buhmann applied their
average trajectory approach to a problem with 100 nodes.

To make the problem more concrete, consider the following. Each day,
companies such as Federal Express and United Parcel Service send thousands of
trucks to make local deliveries to households all across the United States. Let’s
focus on one of these trucks. Each day, it visits approximately the same number of
households, in the same geographic region. The specific households may change
from one day to the next, but the basic outline of the route remains the same. For
example, if the truck visits the household located at 10 Main Street today, it might
visit 15 Main Street instead (across the street) tomorrow. In the noisy traveling
salesman problem, we develop a rough (skeleton) route which can then be adapted
and modified to accommodate the actual node locations that need to be visited,
from day to day.

We point out that the NTSP is similar to, but different from, the Probabilistic
Traveling Salesman Problem (PTSP). In the PTSP, only a subset & (0 < & < n) out
of n demand points needs to be visited on a daily basis. The demand point locations
are known with certainty. See Jaillet [4] for details. Connections between the PTSP
and the NTSP are discussed by Li [8].

In this paper, we conduct extensive computational experiments using three
different data sets with different underlying structures to test Braun and Buhmann’s
approach, a simple convex hull, cheapest insertion heuristic, and a new heuristic
(called the quad tree approach) that we develop for generating an average
trajectory.

In Section 2, we describe Braun and Buhmann’s approach. We show how they
generate an average trajectory and then use it to produce an actual tour. We present
their limited computational results. In Section 3, we conduct our extensive
computational experiments. In Section 4, we develop the quad tree approach and
test its performance. In Section 5, we present our conclusions and directions for
future research.
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2 Average Trajectory Approach

First, we provide the background that is needed to develop an average trajectory.
We then generate an average trajectory for a small problem with seven nodes.
Second, we give the details of the average trajectory approach and present Braun
and Buhmann’s computational results.

2.1 Generating an Average Trajectory

We demonstrate how to generate an average trajectory for a problem with seven
nodes. The coordinates of the seven nodes are given in Table 1. Consider the
following three trajectories that pass through all seven nodes:
$=01,2,3,4,56,7,=[1,2,4,5,3,7,6], :=1{2,3,6,5,4,7,1].
Each of these (¢), ¢, and @) is a tour. As we will see, not all trajectories are tours.
The distance between two specific trajectories is illustrated below.
distance(gy, ) = 11 ¢ - 4all =
max{|x1 -x1|,|y, -y1| } +max{|x2-x2|, |y2-y2|}

+max{|x; - x|, [ ys - pal } + max{lxs - x5l L ya - ys) 3

+max{| xs - 30, Lys - pal } + max{lxg - 1, ys -y |}

+max{| x7 - sl , I y7 - ysl 3.
Note that|| ¢, - ¢,|| is defined as the L, norm.

Of course, we observe that ¢ is equivalent to a set of trajectories. Given
symmetric distances, the tour 1 — 2 — 3 may be represented by 3 x 2 = 6 equivalent
trajectories: [1, 2, 3], [1, 3, 2], [2, 1, 3], [2, 3, 1], [3, 1, 2], [3, 2, 1]. These are
equivalent in terms of total length. More generally, given a sequence of » nodes to
visit, we can do the following: start at any of these nodes, visit each node in the
sequence by moving from left to right (with wrap-around, if necessary), and then
we can repeat, moving from right to left. This yields 2n equivalent trajectories.

Let TR be the set of all 2n trajectories equivalent to ¢,. Then, using ¢, as a basis
of comparison, find the specific trajectory that solves mingezz [ é- & [l. Let &*
be that trajectory. || ¢.* - ¢, 11 represents the shortest distance between ¢, and ¢,.
These calculations are presented in Table 2. In particular, the shortest distances
between ¢ and ¢, and between ¢, and ¢; are computed and marked accordingly.
The average trajectory of ¢; and ¢, becomes (4, + ¢*)/2. Similarly, the average
trajectory of ¢, ¢, and ¢; becomes (¢ + g* + ¢:*)/3.

In Table 2, we show how to compute || g - ¢2| |. For example, for ¢, =1, 2, 3,
4,5,6,7]and $,=[1,2,4,5, 3,7, 6], we have

U -l =0+0+05+1.0+1.5+1.25+1.25=5.50.
In particular, consider the calculation of the final component in Il é - ¢l The
final stop in ¢, is node 7 with a coordinate of (4.875, 2.625). The final stop in ¢, is
node 6 with a coordinate of (5.125, 3.875). The difference in x coordinates is 0.25
and the difference in y coordinates is 1.25, so that the maximum difference is 1.25.
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Table 1. Coordinates of a seven-node TSP.

Coordinates
Node x y
1 3375 2375
2 2.875 3.375
3 3.375 4.625
4 3.875 4.875
5 4875 4.625
6 5.125 3.875
7 4.875 2.625

Table 2. Computing shortest distances between ¢, and ¢, and between ¢, and

és.
¢ g - gl és ¢ - sl
[1,2,4,5,3,7,6] —» 5.50 [2,3,6,54,7,1] 8.75
[2,4,5,3,7,6,1] 8.00 [3,6,5,4,7,1,2] 11.75
[4,5,3,7,6,1,2] 11.25 [6,5,4,7,1,2,3] 13.00
[5,3,7,6,1,2,4] 13.50 [5,4,7,1,2,3,6] 13.25
[3,7,6,1,2,4,5] 13.75 [4,7,1,2,3,6,5] 11.75
[7,6,1,2,4,5,3] 11.25 [7.1,2,3,6,5,4] 8.00
[6,1,2,4,5,3,7] 575 [1,2,3,6,547] —p 2.50
[6,7,3,5,4,2,1] 9.50 [7,4,5,6,3,2,1] 11.00
[7.3,5,4,2,1,6] 9.25 [4,5,6,3,2,1,7] 10.50
[3,5,4,2,1,6,7] 8.50 [5,6,3,2,1,7,4] 11.75
[5,4,2,1,6,7,3] 11.50 [6,3,2,1,7,4,5] 12.00
[4,2,1,6,7,3,5] 11.75 [3,2,1,7,4,5,6] 9.75
[2,1,6,7.3,5,4] 10.50 [2,1,7,4,5,6,3] 6.00
[1,6,7,3,5,4,2] 8.00 [1,7,4,5,6,3.2] 8.00

For all 14 trajectories ¢ that are from the same tour as ¢,, we select the closest
trajectory, that is, we select [1, 2, 4, 5, 3, 7, 6] since it has the minimum norm
(5.50). We average the coordinates of ¢, and ¢, to obtain the average trajectory.
Similarly, for all 14 trajectories ¢ that are from the same tour as ¢;, we select the
closest trajectory, that is, we select [1, 2, 3, 6, 5, 4, 7] since it has the minimum
norm (2.50), and average the coordinates. The coordinates of the average
trajectories are given in Table 3. In Figure 1, we show ¢, ¢, and ¢; and the
average trajectories (¢ + ¢,)/2 and (¢4, + ¢, + 4;)/3. We see that the two average
trajectories do not pass through all seven nodes.
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Table 3. Coordinates of two average trajectories for a seven-node TSP.

Coordinates
Node x y
1 3375 2375
2 2.875 3.375
3 3.625 4.750
4 4375 4.750
5 4,125 4.625
6 5.000 3.250

7 5000 3.250
(a) Average of ¢; and ¢..

Coordinates
Node x ¥y

1 3375 2375
2 2.875 3.375
3 3.542 4708
4 4.625 4.458
5 4375 4.625
6 4.625 3.792
7 4958 3.042

(b) Average of ¢, ¢, and ¢;.
2.2 Braun and Buhmann’s Approach

In practice, we face two questions in finding an average trajectory: (1) How do we
generate sample trajectories that will produce a good average trajectory? (2) How
do we use the average trajectory to generate a tour for a new problem instance? In
this section, we describe the approach of Braun and Buhmann [1] to sampling and
then generating a tour.

Braun and Buhmann start with one TSP instance and construct a Markov chain
whose state space contains all permutations of the nodes. They sample from a
Markov chain using random two-opt as the transition between two states and
update the Markov chain using the Metropolis algorithm (see Kirkpatrick et al. [7]).
Specifically, let x be the current state of the Markov chain, x" be the next state, x”
be the random two-opt of x, 8L = L(x"") - L(x) where L(x) is the length of x, and U is
a uniform (0, 1) random variable. If 5L < 0, then x’" = x" with probability one, that
is, always accept a downhill move. If 8L > 0, then x’ = x” if exp (-8L /T) > U where
T is the temperature; otherwise x’ = x. This is referred to as a Markov Chain Monte
Carlo simulation (denoted by MCMC). MCMC s, essentially, an iteration of
simulated annealing with the temperature fixed to a single value.
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Fig. 1. Three trajectories (¢, ¢, ¢;) that pass through all seven nodes of the TSP
and two average trajectories ((¢) + ¢.)/2, (¢ + ¢ + )/3) that pass through two
nodes of the TSP and do not pass through five nodes of the TSP (denoted by the
unconnected diamonds).

Braun and Buhmann draw one thousand samples from the Markov chain in
order to generate the average trajectory. Between two consecutive samples, 100
transitions are performed to decouple the samples, that is, to reduce the dependency
between the samples.

We summarize Braun and Buhmann’s approach below. In Figure 2, we show an
average trajectory for a 100-node problem that was generated by their approach.
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Fig. 2. Average trajectory for a 100-node problem generated by the approach of
Braun and Buhmann.

Step 1. Select one instance, find an initial tour, and then run MCMC to
generate sample tours.

Step 2. Average all sample tours to produce the average trajectory.

Step 3. For each new instance, apply the finite-horizon adaptation technique
followed by a local search post-processor to generate the final tour.

Step 3 requires a bit of explanation. In order to generate a tour for a new TSP
instance, Braun and Buhmann used a finite-horizon adaptation technique. First, the
domain of the mapping for the average trajectory is extended from {1, ..., n} to the
interval [1, ..., n + 1) which is called the passing time. For each node v; in the new
TSP instance, a point on the average trajectory with minimum distance to v, is
identified, and the passing time # is computed by linear interpolation. The
permutation that sorts #, i = 1, ..., n gives the initial solution for the new instance.
A post-processor performs local optimization to remove intersections. We illustrate
the finite-horizon adaptation technique in Figure 3.

Nodes 1 to 7 (in black) are taken from the average trajectory and they are
mapped to points 1 to 7 on the passing-time axis. Nodes g to g (in white) are taken
from the new instance. For each node v; in the new instance, we find the nearest
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g passing time

1
a5
B__/’
Fig. 3. Finite-horizon adaptation technique to generate a tour for a new instance.

point on the average trajectory (this is indicated by the straight, dashed lines with
open arrow heads). Linear interpolation is then used to find the passing time # for a
nearest node. Finally, we sort in increasing order of #;to produce the ordering of the
nodes in the new instance. For example, in Figure 3, the nearest point on the
average trajectory to node a is 4 and its ¢ value is 1.3.

We point out that there are several key limitations to Braun and Buhmann’s
approach. There are three parameters — temperature, number of samples, and

interval between samples — whose values need to be set. Results are sensitive to
the value of the temperature parameter. For example, average trajectories computed
at low temperatures tend to overfit to the mean demand locations in the data.

It is not clear how many samples to select in MCMC. Braun and Buhmann used
a sample size of 1,000 which requires lots of computation time. In our preliminary
experiments, a sample size of 100 performed nearly as well and required much less
computation time.

There is very limited computational experience with the three-step approach.
Braun and Buhmann reported results for a single 100-node problem.
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3 Computational Experiments

In this section, we conduct extensive computational experiments on Braun and
Buhmann’s approach. We provide the details of our experimental design, report
computational results, and develop a new procedure for solving the NTSP.

3.1 Descriptions of Data Sets

In this section, we describe the data sets for our experiments. We use three data sets
with different topologies and different sizes (100, 200, and 300 nodes).

Data Set One

Data set one is the same one used by Braun and Buhmann [1]. The mean demand
locations are uniformly located on the unit circle, that is, m; = (cos(2ni/n),
sin(2ri/n)) for i = 1,..., n and the noise is normally distributed, that is, N(0, ¢°).
The coordinates of node v; = (x;, 3;) are given by x; = cos(2ni/n) + ¢ and y; =
sin(2ni/n) + 1;, where & and 7, are N(0, ¢°). In Figure 2, we show an instance from
this data set with » = 100 and o = 0.01. In Figure 4, we show the same instance
with average trajectories generated by four different temperatures (7 = 0.05, 0.10,
0.15, 0.20). We see that temperature acts as a smoothing parameter. When the
value of the temperature is low, then the average trajectory tends to overfit the data.
When the value of the temperature is high, MCMC does not work well and the
average trajectory tends to underfit the data. In Figure 4, the two middle
temperatures seem to work the best.

Data Set Two

In the second data set, we have a hierarchical structure. At the first level, there are
m clusters of means located around (cos(2mi/m), sin(2ni/m)) for i =1, ..., m. For
each cluster i, there are n means (r cos(2mj/n) + cos(2wi/m), r sin(2mj/n) +
sin(2ri/m)) with independent Gaussian noise N(0, ¢*). In Figure 5, we show an
instance from this data set with m = 6, n = 25, r = 0.25, ¢* = 0.001, and four
different temperatures (7' = 0.02, 0.05, 0.10, 0.20). The third temperature (7 = 0.10)
seems to work the best.

Data Set Three

In the third data set, we also have a hierarchical structure. There is a single mean.
The x and y coordinates of the mean are randomly sampled from N(0, 1). Each data
point is then sampled around the mean with distribution N(0, o). In Figure 6, we
show an instance from this data set » = 200, o = 0.01, and nine different
temperatures. In this case, it is not clear that any of the temperatures work well.
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Fig. 4. Four average trajectories for a problem with » = 100 and o = 0.01 from
data set one.

3.2 Experiments with Three Data Sets

For each of the three data sets, we conducted the following experiments. We used
three sets of nodes (» = 100, 200, 300), three variances (¢ = 0.01, 0.005, 0.0025),
and 30 temperatures (7 = 0.01 to 0.30). At each temperature, we selected a sample
of 100 instances in order to compute an average trajectory, generated the initial tour
for a new instance using the finite-horizon adaptation technique, and applied the
two-opt algorithm to the initial tour. For comparison purposes, we generated a tour
for each new instance using a simple convex hull, cheapest insertion heuristic
(denoted by CHCI). CHCI works in the following way: (1) Generate the convex
hull of the instance — this becomes the initial subtour; (2) For each node that is not
a vertex of the current subtour, insert it into the current subtour in the lowest-cost
way (see Jiinger et al. [6]).
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Fig. 5. Four average trajectories for a problem with m = 6, n = 25, r = 0.25, and
o’ = 0.001 from data set two.

In Figure 7, we show the comparisons of the average trajectory approach versus
CHCI for data set two for the three sets of nodes and the three variances. The x-axis
gives the temperature and the y-axis gives the sample means for CHCI and the
average trajectory approach (the figures for data sets one and three are given in [8].

In examining the figures for all three data sets, we make several observations.

1. When the variance is large, the average trajectory approach does not perform

2.

as well as CHCL.

When the variance is small, the average trajectory approach performs about
as well as CHCI in data sets one and three.
The topology of the data set plays a role in the performance of the average
trajectory approach. CHCI is computationally faster on many instances.
There is a need to tune the temperature parameter (7) in the average
trajectory approach in order to produce good results.
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5. Problem size does not play much of a role in the performance of either
method.

6. The tour produced by the average trajectory approach may not be visually
appealing.

Fig. 6. Nine average trajectories for a problem with » = 200 and o* = 0.01 from
data set three.
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Fig. 7. (Continued)

4 New Heuristic for the NTSP: Quad Tree Approach

In this section, we develop a new heuristic for the NTSP based on the quad tree and
compare its performance to the average trajectory approach.

4.1 Quad Tree Approach

A quad tree is the extension of a binary tree in two-dimensional space (see Finkel
and Bentley [3] for details). Given a TSP instance, we find a rectangle enclosing it
and subdivide the rectangle into four regions called quadrants with the same
geometry. We then generate a quad tree as follows. Select a quadrant and check the
number of nodes that it contains. If the number of nodes does not exceed a
specified value (we denote the parameter by Max), then we stop processing this
quadrant. If the number of nodes is greater than Max, then we subdivide the
quadrant into four quadrants and continue. We stop when all quadrants have been
processed. By selecting different values for Max, we can generate a family of quad
trees. For example, if we set Max = 1, then each quadrant contains at most one
node. If we set Max = 10, then each quadrant contains at most 10 nodes.

After the quad tree is generated, we compute the centroid of each quadrant. We
link all of the centroids using CHCI to form the average trajectory. We use the
finite-horizon adaptation technique to generate a tour for a new instance. In Figure
8, we show the average trajectory generated by the quad tree approach for a 100-
node problem with values of Max from 1 to 8. We see that the parameter Max in
the quad tree approach behaves much like the temperature parameter 7 in the
average trajectory approach (compare Figures 4 and 8).
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4.2 Computational Experiments with the Quad Tree Approach

We selected a 100-node problem from data set three and conducted the following
experiments with the average trajectory approach and the quad tree approach. We
used three variances (¢ = 0.01, 0.005, 0.0025), 30 temperatures for the average
trajectory approach (7' = 0.01 to 0.30), and four values of Max for the quad tree
approach (Max = 2, 4, 6, 8). We sampled 100 instances (at each temperature) in
order to compute an average trajectory and generated a tour for each new instance
by both methods.

In Figures 9, 10, and 11, we present our computational results. In each figure,
the left-hand panel gives the average tour length over 100 instances, while the
right-hand panel gives the percentage that the quad tree approach generates a
lower-cost tour than the average trajectory approach over the 100 instances. In
examining the figures, it is clear that, as Max increases in value (especially when
Max = 6 and 8), the quad tree approach gives much better results. Apparently,
limiting the number of nodes in a quadrant to 6 or 8 enables the average trajectory
to capture the essential (general) shape of a good route. If the limit is smaller, the
average trajectory mimics a specific (detailed) solution to a specific problem
instance.

We point out that the average time to construct the average trajectory using
MCMC in Braun and Buhmann’s approach is about 60 ms (milliseconds) on an
Athlon 1 GHz computer. The quad tree approach takes an average of about 160 ms
when Max = 1 and about 20 ms when Max = 8 to construct the average trajectory.
CHCI does not construct an average trajectory.

To generate the final tour for a new TSP instance, Braun and Buhmann’s
approach takes about 12 ms on average, while the quad tree approach takes about
10 ms and CHCI takes about 16 ms. Clearly, all three procedures are very quick.
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5 Conclusions and Future Work

In this paper, we conducted extensive computational experiments using Braun and
Buhmann’s approach, a new quad tree approach that we developed, and a simple,
convex hull, cheapest insertion heuristic to generate average trajectories and final
tours for the noisy traveling salesman problem. We used problems that had 100,
200, and 300 nodes. All three procedures quickly generated average trajectories
(160 ms to 600 ms on average) and final tours (10 ms to 16 ms on average).

In Braun and Buhmann’s average trajectory approach, we needed to set the
values of three parameters including the sample size and temperature. In the quad
tree approach, we needed to set the value of one parameter (Max). When the value
of Max was large, the quad tree approach generated final tours that were much
lower in cost than the final tours generated by the average trajectory approach.
When the problem variability was large, the average trajectory approach did not
perform as well as the simple, convex hull, cheapest insertion heuristic. For the
most part, when the problem variability was small, the quad tree approach
performed better than the average trajectory approach. We recommend using the
quad tree approach to generate average trajectories and high-quality final tours for
the noisy traveling salesman problem with small variability and using the convex
hull, cheapest insertion heuristic for a problem with large variability. In other
words, as long as variability is not too large, an average trajectory can be computed
in advance and adapted each day, rather than having to solve a new routing
problem from scratch each day.

In future work, we will examine a variant of the NTSP in which some
percentage of the nodes change regularly and the remaining nodes are fixed and
always serviced. We call this the probabilistic noisy traveling salesman problem
(PNTSP). The PNTSP is encountered frequently in practice. For example, drivers
know that they will service certain high-demand customers every day and service
low-demand customers every few days.

References

1. M. L. Braun and J. M. Buhmann. The noisy Euclidean traveling salesman
problem and leaming. in Advances in Neural Information Processing Systems
14, T. Dietterich, S. Becker, and Z. Ghahramani, eds., 251-258, MIT Press,
Cambridge, MA, 2002.

2. S. Coy, B. Golden, G. Runger, and E. Wasil. See the forest before the trees:
Fine-tuned learning and its application to the traveling salesman problem.
IEEE Transactions on Systems, Man, and Cybernetics, 28A: 454-464, 1998.

3. R. A. Finkel and J. L. Bentley. Quad trees, a data structure for retrieval on
composite keys. Acta Informatica, 4: 1-9, 1974,

4. P. Jaillet. A priori solution of a traveling salesman problem in which a
random subset of the customers are visited. Operations Research, 36: 929-936,
1988.



270

Feiyue Li, Bruce L. Golden, and Edward A. Wasil

D. Johnson and L. McGeoch. The traveling salesman problem: A case study in
local optimization. in Local Search in Combinatorial Optimization,
E. Aarts and J. K. Lenstra, eds., 215-310, Wiley, London, 1997.

M. Jiinger, G. Reinelt, and G. Rinaldi. The traveling salesman problem. in
Network Models, Volume 7, Handbooks in Operations Research and
Management Science, M. Ball, T. Magnanti, C. Monma, and G. Nemhauser,
eds., 225-330, North-Holland, Amsterdam, 1995.

. S. Kirkpatrick, C. Gelatt, and M. Vecchi. Optimization by simulated

annealing. Science, 220: 671-680, 1983.

F. Li. Modeling and solving variants of the vehicle routing problem:
Algorithms, test problems, and computational results. Ph.D. dissertation,
University of Maryland, College Park, Maryland, 2005.

J. Pepper, B. Golden, and E. Wasil. Solving the traveling salesman problem
with annealing-based heuristics: A computational study. IEEE Transactions on
Systems, Man, and Cybernetics, 32A: 72-77, 2002.



The Close Enough Traveling Salesman
Problem: A Discussion of Several Heuristics

Damon J. Gulezynski, Jeffrey W. Heath, and Carter C. Price

Applied Mathematics Program

Department of Mathematics

University of Maryland

College Park, MD 20742

damon@math.umd.edu, jheath@math.umd.edu, price@math.umd.edu

Summary. The use of radio frequency identification (RFID) allows utility com-
panies to read meters from a distance. Thus a meter reader need not visit every
customer on his route, but only get within a certain radius of each customer. In
finding an optimal route — one that minimizes the distance the meter reader travels
while servicing each customer on his route — this notion of only needing to be close
enough changes the meter reading problem from a standard Traveling Salesperson
Problem (TSP) into a variant problem: Close Enough TSP (CETSP). As a project
for a graduate course in network optimization various heuristics for finding near
optimal CETSP solutions were developed by six groups of students. In this paper
we survey the heuristics and provide results for a diverse set of sample cases.

Key words: Traveling salesman problem; radio frequency identification; electronic
meter reading.

1 Introduction

Historically when a utility company measures the monthly usage of a cus-
tomer, a meter reader visits each customer and physically reads the usage
value at each site. Radio frequency identification (RFID) tags at customer lo-
cations can remotely provide data if the tag reader is within a certain radius
of the tag. This changes the routing problem from one of a standard traveling
salesman problem (TSP) to what we call a “Close Enough” TSP (CETSP).
Thus the route lengths of the meter readers can be drastically reduced by
developing heuristics that exploit this “close enough” feature.

‘We consider such a meter reading routing problem where each customer is
modeled as a point in the plane. Additionally there is a point that represents
the depot for the meter reader. A CETSP tour must begin and end at the
depot and travel within the required radius, r, of each customer. For simplicity
in the cases tested here the meter reader was not restricted to a road network.
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Fig. 1. An example of a supernode set on 100 nodes, with radius 9, and the depot
located at (50,10). The circles represent the customer nodes, and the asterisks are
the supernodes.

All distances are Euclidean and the objective is to minimize the total distance
traveled. The solution to a standard TSP on the customer nodes obviously
provides an upper bound for the CETSP.

Essentially the CETSP is a TSP with a spatial window. Thus it is concep-
tually similar to the TSP with a time window. Several heuristics are discussed
in the work of Solomon [9]. In spite of the similarities the heuristics for the
TSP problem with a time window do not directly apply to the CETSP. This
is because we do not simply change the order of the points visited, we ac-
tually change the location of the points themselves. So the CETSP has an
uncountable solution space.

As a class project six teams developed heuristics to produce solutions to
this problem. This paper highlights the innovative developments from these
projects. In Section two we discuss the proposed heuristics. In the third Section
we present the numerical results across a test bed of cases. We conclude with
some suggestions for further work in Section four. Psuedo code for some of
the heuristics is provided in the appendix.

2 Heuristics

All of the heuristics developed have three distinct steps. Given an initial set C
of customer nodes (c-nodes), the first step is to produce a feasible supernode
set, S. A feasible supernode set is a set of points (containing the depot node)
with the property that each customer node is within 7 units of at least one
point in the set. In Figure 1 the set of asterisks (%) represents a feasible
supernode set since each customer (circle) is within r units (r = 9) of at least
one asterisk. After producing S the second step is to find a near optimal TSP
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Fig. 2. An example CETSP tour on 100 nodes, with radius 9, and the depot lo-
cated at (50,10). The circles represent the customer nodes, and the asterisks are the
supernodes.
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Fig. 3. The results of an economization of the tour in Figure 2.

tour, 7', on the points in S, as seen in Figure 2. Since each customer node
is within r units of a supernode, we are guaranteed that in traversing 7" we
will pass within the required radius of each customer. We call T a feasible
CETSP tour. Since the cardinality of the feasible supernode set is smaller
than the number of customers, sometimes significantly, it is more efficient to
generate the tour on S. Thus performing step 1 prior to step 2 requires much
less computational time than starting by generating the TSP on C. The final
step is an economization routine that reduces the distance traveled in T while
maintaining feasibility, thus generating a shorter CETSP tour 7”. The results
of this economization can be seen in Figure 3.
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Fig. 4. An example of tiling the plane with regular hexagons of side length r = 1.5
units. We ensure that all customers (represented as small circles) in a given tile are
within 7 units of the center of that tile (*).

2.1 Producing a Feasible Supernode Set

Four heuristics with variations were developed for producing a feasible su-
pernode set: tiling with three variations, Steiner zone, sweeping circle, and
radial adjacency. Each of these techniques is based on the assumption that
it is desirable to have as few supernodes as possible. Examples can be con-
structed in which the fewest number of supernodes does not result in the
shortest CETSP tour; however, empirical tests show that in general reducing
the number supernodes is a good strategy.

Tiling Methods

For the tiling methods of producing a feasible supernode set, the plane is tiled
with polygons that can be inscribed in a circle of radius r. This ensures that
each c-node in the polygonal tile is within a distance r of its center. Thus by
letting the supernodes be the centers of the tiles which contain at least one c-
node we create a feasible supernode set. In implementation regular hexagons
with side length r were chosen because over all regular polygons because
they minimize the area of overlap between adjacent supernodes (See Figure
4). Once a feasible supernode set S has been constructed there are several
techniques to reduce the cardinality of S, including shifting, merging, and
circular extension.

One can translate or shift the tile centers in an attempt to reduce the
total number of supernodes. The translation procedure works by performing
a series of small shifts (vertically and/or horizontally) on the centers of the
tiles. This process creates a collection of feasible supernode sets and from this
collection we choose the set with the smallest cardinality (see Figure 5) [5].
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Fig. 5. The tiles from Figure 4 are translated as shown to reduce the total number
of supernodes from ten to nine.

Fig. 6. Two supernodes are merged into one.

Merging works by considering the c-nodes in two adjacent tiles and deter-
mining if they can be covered with one circle. In this way it might be possible
to merge two adjacent supernodes into one (see Figure 6). Specifically we take
the maximal and minimal z and y values of the c-nodes in the two adjacent
tiles: Tmin, Tmaz> Ymin aNd Ymae. The midpoint of the extreme z’s and y’s,
(Zmintmos Ymintdmec) js then considered as a potential supernode. If all
the constituent c-nodes of the two tiles are within r units of this midpoint the
merger is accepted, and the number of supernodes is reduced by one. This
process continues until no mergers are possible [2].

Given the supernode set, S, obtained from the centers of hexagonal tiles it
might be possible to eliminate some elements of S by considering the intersec-
tion of their corresponding circumscribed circles. Let us define the degree of a
supernode as the number of c-nodes that lie within r units of this supernode,
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Fig. 7. By applying circular extension the middle supernode can be omitted.

and do not lie within r units of any other center. By associating c-nodes that
lie in an overlap (i.e. an intersection of two circles) with the center of the
largest degree it might be possible to eliminate superfluous centers reducing
the size of the feasible supernode set (see Figure 7) [3].

Steiner Zone

From the nodes’ perspective, the meter reader can visit any point within r
units of the node. Thus there is a circle of radius r around the node, represent-
ing the node’s service region, through which the meter reader must pass. If two
c-nodes are less than 2r units apart, then their corresponding service region
circles will overlap. Thus any node in this overlap region represents a candi-
date supernode covering these two nodes. We can minimize the cardinality of
a supernode set S by choosing points that lie within the intersection of mul-
tiple circles. The Steiner zone method consists of finding these intersections
first, and then choosing the supernode set in this manner.

Let D(ey,r), D(ca,7), ..., D{c,r) be discs of radius r centered at c-nodes
€1, €2, ..., Ck respectively, then D(c1,7) N D(cz,7) N ... N D(cg,r) is the set of
points within » units of each of ¢;,cg, ..., cg. If this intersection is not empty
we call it the Steiner zome of c1,co,...c,, and denote it by Z(ci,ca,...,Ck).
Furthermore we say that Z(ci,cz,...,cx) covers ci,cg, ..., ck, and k is called
the degree of the Steiner zone (see Figure 8). Any point in the Steiner zone
Z(c1, ¢, ..., cx) can be a supernode covering the c-nodes ¢y, ¢y, ..., .

Since out goal is to minimize the number of supernodes, it is advantageous
to find Steiner zones of large degree. Ideally we would like to enumerate every
Steiner zone and greedily choose those of largest degree. In practice this in
unreasonable as the number of distinct Steiner zones on n c-nodes could be
as large as 2™. However, in order to quickly obtain a feasible supernode set
yielding a good CETSP tour we need not consider all Steiner zones. Empirical
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Fig. 8. The steiner zones of a three node group are displayed here.

tests have shown that it is sufficient to consider Steiner zones less than some
fixed degree, and from those Steiner zones build zones of higher order. For our
example results in Section 3 the fixed degree was four. Once all c-nodes are
covered by at least one Steiner zone a feasible supernode set is obtained by
choosing an arbitrary point in each respective zone. Psuedocode can be found
in the Appendix [8].

Sweeping Circle

The sweeping circle heuristic covers the plane with overlapping circles with
centers offset by dmin = min(v/2r,min({d;;})), where d;; is the Euclidean
distance between c-nodes i and j (see Figure 9). This heuristic is greedy
because it chooses the center of the circle containing the most c-nodes and
adds it to the set of supernodes S in each iteration (See Figure 10). All ¢
nodes within this circle are now covered. The sweeping and selection steps
are repeated until all e-nodes in C are covered, at which point S is a feasible
supernode set. A more detailed description of this procedure is provided in
the Appendix [7].

There is a wealth of literature concerning covering a set of points on the
plane with circles. For an efficient algorithm refer to Gonzalez [4].

Radial Adjacency

First a matrix is created containing the distances between each pair of c-nodes.
Two c-nodes are said to be adjacent if the distance between them is at most
r. An adjacency matrix A is constructed on the c-nodes, where entry (z,7) in
A is 1 if the c-nodes ¢ and j are adjacent, and 0 otherwise (by convention A is
1 along the main diagonal). We define the degree of a c-node 7 as the sum of
the entries in row ¢ of A, i.e., it is the number of nodes to which ¢ is adjacent.

The supernode set S is created by an iterative method where at each step
we consider the c-node k with the highest degree. The geometric mean of
k and all vertices adjacent to k£ is then computed. If this geometric mean
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Fig. 10. Those circles containing the most c-nodes are selected until all c-nodes are
covered.

is adjacent to more c-nodes than k, then it is designated as a supernode at
this step. Otherwise, & is designated as a supernode (see Figure 11). A more
detailed description of this procedure is provided in the Appendix.

In place of the greedy selection step, the following variation of this itera-
tion was used for sparse data sets in the hope of minimizing the large travel
distances needed to reach remote c-nodes. First select the c-node with the
smallest degree. From all the c-nodes adjacent to the selected node, choose
the one with the highest degree, &. Add & to S and remove k and all c-nodes
adjacent to k from consideration. The heuristic ends when all nodes are con-
sidered [1].
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Fig. 11. In this case the geometric mean (* in right figure) of the points adjacent
to k has a higher degree than k (the solid circle in left figure).

2.2 TSP solver

Once a feasible supernode set is produced the second step is to find a TSP
tour, T, on the supernodes. There is a wealth of literature on this subject and
we will not go into the topic here [6]. In practice the groups used a variety of
TSP heuristics resulting in near-optimal tours. Thus we expect only minimal
variation in the tour lengths due to the software selection.

2.3 Economization

The third and final step of the heuristics is the economization algorithm. This
algorithm is based on minimizing the marginal cost of visiting a given node
in the tour T. We first enumerate the supernodes on the tour in the order
they are visited. If node i were not in 7', the shortest path from node i — 1 to
node ¢+ 1 would be a straight line between the two. So we determine the line
between 7 — 1 and 7 + 1 and move node 4 as close to this line as possible while
still maintaining feasibility.

‘We repeat this routine for each node in T except for the depot node which
must remain fixed. The resulting tour will have a total distance traveled no
greater than the length of T. By repeating this technique on each new tour, a
sequence of tours is created: 1,75, T3, ... each one of length no greater than
the one before it. The process terminates when the improvement between
two tours drops below a specified tolerance. The resulting tour is our CETSP
solution 7” [5].
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Table 1. Shortest tour lengths £(T) generated by heuristics discussed.

Problem|Data Type|c-nodes| TSP length|Radius Method £(T)
1 clustered | 100 655.09 9 Shifted Tiling (344.89
2 random 200 1154.06 20 |Merging Tiling|288.16
3 clustered | 300 1120.49 7  |Merging Tiling|537.17
4 random 400 1533.95 5 |Merging Tiling|797.04
5 clustered | 500 1189.40 2 |Merging Tiling|798.60
6 random 500 1627.91 27 | Shifted Tiling [246.08
7 clustered | 1000 2231.40 12 Steiner Zone [461.82

Table 2. Fewest supernodes generated by heuristics discussed.

Problem|Data Type|c-nodes|Radius Method supernodes

1 clustered 100 9 Steiner Zone 18
2 random 200 20 Steiner Zone 11
3 clustered | 300 7 Steiner Zone 38
4 random 400 5 Steiner Zone 18
5 clustered | 500 2 Steiner Zone 147
6 random 500 27 Steiner Zone 8

7 clustered | 1000 12 |Merging Tiling 30

Table 3. Tour lengths from each of the heuristics discussed.

Problem|Steiner| Sweep | Radial | Circular [Merging!Shifting
Zone Adjacency|Extension
1 375.56| 378.65 | 512.19 410.56 | 377.87 | 344.89
2 288.39| 300.83 | 448.33 342.34 | 288.16 | 327.31
3 560.26 | 562.64 | 758.95 651.01 537.17 | 597.94
4 838.72( 849.42 | 1154.70 | 1141.80 | 797.04 | 870.68
5 819.90(1014.98] 1040.50 | 1662.50 } 798.60 | 827.76
6 278.20| 246.79 | 373.18 304.38 | 279.06 | 246.08
7 461.82| 468.88 | 628.16 504.44 | 468.54 | 484.42

3 Numerical Results

These heuristics were tested on a diverse set of test cases. The distances for
each method were compared and the best tour lengths are reported below
along with the method that produced the best result. Also reported are the
methods that resulted in the fewest supernodes for each problem. Some the
data sets have randomly generated c-nodes while others have clusters of c-
nodes. The TSP length represents the total distance of a near optimal solution
of the TSP on the set of c-nodes. The data sets have a variety of values for
the radius to provide a representative sample for real world applications. All

of this was done in a 100 by 100 grid.
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4 Conclusion

These heuristics produce CETSP tours in the test bed of cases that have sig-
nificantly shorter length than TSP tours on the c-nodes. The hexagonal tiling
heuristics were the most successful, particularly if an extension such as the
shifting or merging heuristics is used. The Steiner zone method also proved to
be quite effective. While the methods that result in fewer supernodes generally
have the shorter final tour lengths, the method with the fewest supernodes
does not always produce the shortest tour. The Steiner zone method pro-
duced the fewest supernodes in most cases but the tiling heuristics generally
produced the shortest tour.

Clearly the use of RFID technology can reduce the travel distance of meter
readers substantially, though further work is required to port this method from
Euclidean space to more realistic road networks.
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A Appendix: Psuedocode for Iterative Methods

Heuristic: Steiner Zone

XSG A W

17.
18.
19.
20.
21.
22.
23.
24.
25.

Enumerate the c-nodes ¢y, ¢a, ..., Cp.

C' = {c1,...,cn} (c-nodes)

I:={1,...,n} (index set)

S = {depot} (supernode set)

repeat

k= min{i € I}

ZLIST = (list of Steiner zones covering cy)

for all j € I with j > k
if D(cg,7) N D(cj,r) = @ (only non-empty intersections are considered)
if D(c;j,7)NZ =0 for all Z € ZLIST (no bigger Steiner zones covering

¢ and ¢; can be built)

Add Z(ck,c;) to ZLIST

else (bigger zones can be built)

Let Z := Z(ck, ¢;i1), ---» Ci(r—1)) be the Steiner zone of largest degree in
ZLIST such that Z(cg,c;)NZ #£ 0

Add Z(cg, ci(1)s -+ Ci(r—1)s ¢5) to ZLIST (a zone of degree r+1 is built)

if r < 4 (for reasonable runtime we only store and subsequently build
off zones of at most degree four)

Add all sub-Steiner zones of Z(cx, ¢;(1), -, Ci(r—1), ¢;) containing c and
cjto ZLIST (i.e.ifr = 3, Z(cx, ci1), Ci(2), ¢5) then Z(ck, c;), Z(ck, ci1), ¢5)
and Z(c, i), ¢;) are all added; this is the seedbed of small degree zones
from which zones of larger degree are built)

end-if

end-if-else

end-if
end-for
Let Z := Z(cg, Ci(1)s -+ Ci(m—1)) be the zone of largest degree in ZLIST
Add a point z€ Z to S
Remove ci, ¢i(1); -+ Ci(m—1) from C’
Remove k,i(1),...,i(m — 1) from I
until ¢’ = .
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Heuristic: Sweeping Circle

12

10.
11.

SUp o b0 =

. Generate distance matrix, D = [d;;] , on c-nodes
. Initialize C" := C, S := {depot}.

repeat

Calculate dpn = min(v/2r, min({di; }))-

Cover the plane with circles of radius r translated vertically and hori-
zontally by integer multiples of d,ip.

Set P :=centers of the circles.

Assign each node in P a degree equal to the number of c-nodes within
radius r of that node.

Add p to S where p is the node in P of highest degree.

Remove from C’ the c-nodes within 7 of p.

Update the degrees of P by considering only those c-nodes in C”.
until ¢’ = ).

Heuristic: Radial Adjacency

© 0D AW

Construct the adjacency matrix on the c-nodes.

Calculate the degree of each c-node.

Set C" :=C, § := {depot}.

repeat
Select k € C’" with the largest degree.
Calculate k*, the geometric mean of k and all c-nodes adjacent to k.
If degree(k*) > degree(k)
Add k* to S and remove all vertices adjacent to k* from C”.
Else
Add k to S and remove k and all vertices adjacent to k from C’.
End If-Else

until ¢’ = .
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Summary. Tarjan [9] describes how depth first search can be used to identify
Strongly Connected Components (SCC) of a directed graph in linear time. It is
standard to study Tarjan’s SCC algorithm in most senior undergraduate or intro-
ductory graduate computer science algorithms courses. In this paper we introduce
the concept of a twinless strongly connected component (TSCC) of a directed graph.
Loosely stated, a TSCC of a directed graph is (i) strongly connected, and (ii) re-
mains strongly connected even if we require the deletion of arcs from the component,
so that it does not contain a pair of twin arcs (twin arcs are a pair of bidirected arcs
(i,7) and (j,1) where the tail of one arc is the head of the other and vice versa).
This structure has diverse applications, from the design of telecommunication net-
works [7] to structural stability of buildings [8]. In this paper, we illustrate the re-
lationship between 2-edge connected components of an undirected graph—obtained
from the strongly connected components of a directed graph—and twinless strongly
connected components. We use this relationship to develop a linear time algorithm
to identify all the twinless strongly connected components of a directed graph. We
then consider the augmentation problem, and based on the structural properties
developed earlier, derive a linear time algorithm for the augmentation problem.

Key words: Digraph augmentation; strong connectivity; linear time algorithm.

1 Introduction

Let D = (N, A) be a directed graph (digraph) with node set N and arc set
A. A pair of nodes = and y are twinless reachable if there exists a directed
path from node x to node y, and a directed path from node y to node x,
such that for every arc (7, ) contained in the path from node x to node y,
the path from node y to node = does not contain arc (j,7). The Twinless
Strongly Connected Components (TSCCs) of a digraph are the equivalence
classes of nodes under the “twinless reachable” condition (we will show later
that the twinless reachable condition defines an equivalence relationship). We



286 S. Raghavan

Twinless Strongly
Connected Component

Fig. 1. Twinless Strongly connected components of a digraph. Bold arcs show twin-
less arcs that form a strongly connected component.

say a digraph is Twinless Strongly Connected if every pair of nodes is twinless
reachable.

We now provide a slightly different, but equivalent, definition of twinless
strongly connectedness. We say that a pair of bidirected arcs (7,7) and (j,1)
are twins. Recall that a digraph is strongly connected if it contains a directed
path between every pair of its nodes. Our alternate definition then is as follows.
A digraph D = (N, A) is Twinless Strongly Connected if for some subset A’ of
A, the digraph (N, A’) is strongly connected and A’ does not contain an arc
together with its twin. A Twinless Strongly connected component (TSCC) of a
digraph is the node set of a maximal twinless strongly connected subdigraph
of D. Figure 1 gives an example of four TSCCs, that contain 3 or more nodes,
in a digraph.

It should be apparent that every pair of nodes in a TSCC, as defined by the
second definition, are twinless reachable. What may not readily apparent is the
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converse. That is, if N* is a TSCC under the first definition of a TSCC. Then,
the subdigraph D! = (N?, A*), where A* = {(z,y)|(z,y) € A,z € N*,y € N},
is twinless strongly connected as per the second definition. We will work with
the second definition until we show, in the next section, that both definitions
are indeed equivalent.

Additionally, when considering digraphs, it is clear that reachability is a
transitive property. That is, if there is a directed path from node z to node y,
and a directed path from node y to node z, then there is a directed path from
node z to node z. It turns out that the twinless reachable property is also
transitive, but this is not so obvious. Transitivity of the twinless reachable
property means that, if a pair of nodes = and y are twinless reachable, and
a pair of nodes vy and z are twinless reachable, then the pair of nodes x and
z are twinless reachable. Transitivity is necessary to define an equivalence
relationship and we will show this property in the next section.

In this paper, we consider the following questions (analogous to those for
SCCs) in connection with TSCCs. How do we recognize TSCCs of a digraph?
Is it possible to recognize TSCCs of a digraph in linear time? We also consider
the (unweighted) augmentation problem. That is, given a digraph D = (N, A)
find the minimum cardinality set of arcs A’ to add to the digraph so that
D = (N, AU A') is twinless strongly connected (In a seminal paper Eswaran
and Tarjan [4] introduced and solved the augmentation problem for strong
connectivity). Our answer to these questions is aflirmative. Specifically, we
develop linear time algorithms to recognize all TSCCs of a digraph and to
solve the augmentation problem.

The remainder of this paper is organized as follows. In Section 2 we first
derive some structural properties of TSCCs. Specifically we show a correspon-
dence between TSCCs in a strongly connected digraph and 2-edge connected
components of an associated undirected graph. Using these structural prop-
erties, in Section 3 we describe a linear time algorithm for identifying the
TSCCs of a digraph. In Section 4 we consider the augmentation problem and
show how to solve the unweighted version of the augmentation problem in
linear time. In Section 5 we describe some applications of this structure—
one in telecommunications, and one in determining the structural rigidity of
buildings. Finally, in Section 6 we discuss a connection between the notion of
a twinless strongly connected digraph and strongly connected orientations of
mixed graphs.

2 TSCCs of a Strongly Connected Digraph and 2-Edge
Connected Components

We now derive some structural properties of TSCCs in a strongly connected
digraph D. For ease of exposition, we introduce some additional notation.
The TSCC induced digraph of D is the digraph DTSCC = (NTSCC ATSCC)
obtained by contracting each TSCC in D to a single node. We replace parallel
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Fig. 2. Proof that the paths P and P’ are twin paths.

arcs that the contraction creates by a single arc. Every node in the TSCC
induced digraph DTSCC corresponds to a TSCC in the original digraph D.
Consequently, for any node i € NTSCC we refer to the TSCC node 4 corre-
sponds to in the original digraph, including the arcs and nodes in the TSCC,
as TSCC(3).

For any digraph D = (N, A), the associated undirected graph G(D) =
(N, E) is a graph with edges £ = {{i,7} : (4,7) € 4 and/or (j,7) € A}. If
(4,7) belongs to A, we refer to the edge {3,7} in E as an image of this arc.
We say that two paths P and P’ are twin paths if P is a path from node 4 to
node j, and P’ is a path from node 7 to node ¢ that uses exactly the reversal
(i-e., the twin) of each arc on the path P.

We first prove a useful property concerning the structure of directed paths
between TSCCs in a strongly connected digraph.

Theorem 1 (T'win-arc). Let D = (N, A) be any strongly connected digraph
and let DTSCC pe its TSCC induced digraph. The associated undirected graph
of DTSCC s g tree. Moreover, every edge in the associated tree is the image
of a pair of twin arcs (and no other arcs) of D.

Proof:

First, consider the TSCC induced subdigraph DTSCC (note that since D is
strongly connected, so is DTSC). We show that DT3CC contains a twin path
and no other path between any two nodes. As a result, the associated undi-
rected graph of DTSCC is a tree. We will establish this result by contradiction.
Assume the digraph DTSCC contains a path P from a node s to a node ¢ and
a path P’ from node ¢ to node s that are not twin paths. Let arc (¢,¢) be
the first arc on P’ that does not have a twin arc on the path P and let 7 be
the first node following node ¢ on the path P’ that lies on the path P (see
Figure 2). Then all nodes on P’ between nodes ¢ and 7 and all nodes on P
between nodes j and 7 are twinless strongly connected and thus in the same
TSCC. In other words, nodes 7 and j do not correspond to maximal twinless
strongly connected subdigraph’s of D (i.e., TSCCs). But, DTSCC is obtained
by contracting TSCCs in D and thus each node in DT5CC is a TSCC. We now
have a contradiction.
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We now show that every pair of twin arcs in DTSCC corresponds to a pair
of twin arcs and no other arcs of D. As a result, every edge in the associated
tree (i.e., G(DTSCC)) is the image of a pair of twin arcs and no other arcs
of D. Consider any two adjacent nodes in DTCC| say nodes o and t. Node ¢
and node a correspond to TSCCs (possibly single nodes) in the expanded
digraph (i.e., D). If the original (expanded) digraph contains two non-twin
arcs (i, ) with ¢ € TSCC(a) and j € TSCC(¢) and (k, 1) with k € TSCC(¢) and
I € TSCC(a), then the digraph obtained by the union of TSCC(a), TSCC(t)
and the arcs (¢,7) and (k,l) is twinless strongly connected, and we have a
contradiction. Therefore, only a single arc (a, t) connects TSCC(a) to TSCC(#)
and only a single arc, the twin of arc (a,t), joins TSCC(t) to TSCC(a). 0O

Since DTSCC has the structure of a bidirected tree (that is, a tree with
twin arcs in place of each edge [see Figure 3]) when D is strongly connected;
we refer to DTSCC as the TSCC tree.

Theorem 1 implies the following result concerning the relationship between
a strongly connected digraph and its associated undirected graph.

Theorem 2. The associated undirected graph G(D) of a strongly connected
digraph D is 2-edge connected if and only if D is a twinless strongly connected
digraph.

Proof:

If D is a twinless strongly connected digraph, then its associated undirected
graph G(D) must be 2-edge connected. Otherwise, if G(D) is not 2-edge con-
nected, deleting some edge {i,j} from G(D) disconnects the graph. In D,
this edge corresponds to arc (4, 7) or arc (7,7) or both arcs (¢, j) and its twin
(4,%). Eliminating these arcs destroys any directed path between nodes ¢ and
7. Consequently D is not twinless strongly connected; a contradiction.

To complete the proof, we show that if the associated undirected graph
G(D) is 2-edge connected, then D is a twinless strongly connected digraph.
Suppose this is not true. Then G(D) is 2-edge connected while D is not a
twinless strongly connected digraph. Consider the TSCC tree of D. If D is not
twinless strongly connected then its TSCC tree contains at least two nodes. If
the TSCC tree contains 2 or more nodes, then its associated undirected graph
(a tree) has at least one edge. Deleting an edge on this graph disconnects
it. Since an edge on the associated undirected graph of the TSCC tree is
an image of twin arcs and no other arcs in D, deleting the same edge in
G(D) disconnects G(D). But then G(D) is not 2-edge connected, resulting
in a contradiction. Consequently, the TSCC tree is a single node and D is a
twinless strongly connected digraph. O

Theorem 1 and Theorem 2 imply the following characterization of TSCCs
in a strongly connected digraph.

Corollary 1 The 2-edge-connected components of the associated undirected
graph G(D) of a strongly connected digraph D correspond in a one to one
fashion with the TSCCs of D.



290 S. Raghavan

(@

(b) ©

@

Fig. 3. Illustration of Theorem 1, Theorem 2, and Corollary 1. (a) Strongly con-
nected digraph D, (b) DTSCC the TSCC induced subdigraph of D (the TSCC tree),
(c) Associated undirected graph of DTSCC (d) Associated undirected graph of D.
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Notice that Corollary 1 assures us that the TSCCs of a digraph are
uniquely defined. Also, from Theorem 1 it follows that the twinless reach-
able property is transitive.

Lemma 1 Twinless reachability is a transitive property.

Proof:
Suppose nodes a and b in a digraph are twinless reachable, and nodes b and ¢
in the same digraph are twinless reachable. It immediately follows that nodes
a, b, and ¢ must all be in the same strongly connected component of the
digraph. Consider the strongly connected component that contains nodes a,
b, and c. From Theorem 1 it follows that nodes e and b must be in the same
TSCC, and nodes b and ¢ must be in the same TSCC. But that means nodes
a and ¢ are in the same TSCC. From the second definition of twinless strongly
connectedness it follows that nodes a and ¢ must be twinless reachable. O

Lemma 1 also shows that the twinless reachable condition defines an equiv-
alence relationship. A binary relationship defines an equivalence relationship if
it satisfies reflexivity, symmetry and transitivity. By definition twinless reach-
ability satisfies reflexivity and symmetry, while Lemma 1 shows transitivity
proving that it defines an equivalence relationship.

The proof of Lemma. 1 also shows the equivalence of the two definitions.

Lemma 2 The two definitions of a TSCC are equivalent.

Proof:

It is readily apparent that all node pairs in a TSCC under the second definition

are twinless reachable. The proof of Lemma 1 shows any pair of nodes that

are twinless reachable must be in the same TSCC (as defined by the second

definition of a TSCC). O
The previous lemmas also allow us to show that nodes on any directed

path between two nodes in a TSCC are also in the TSCC. This will be useful

to us when we consider augmentation problems.

Lemma 3 Let D be any twinless strongly connected digraph, and F;; be any

directed path from node i to j withi,j € D. Then Dp = DU P;; is a twinless

strongly connected digraph.

Proof:

Clearly Dp is strongly connected. Consider G(Dp). From Theorem 2 G(D) is

2-edge connected. Thus G(D) U G(P;;) is also 2-edge connected. But G(D) U

G(P;;) = G(Dp), showing G(Dp) is 2-edge connected. Thus, by Theorem 2

Dp is also twinless strongly connected. 0

3 Identifying Twinless Strongly Connected Components
in Linear Time

With the characterization of the relationship between TSCCs in a strongly
connected digraph and 2-edge connected components of the associated undi-
rected graph it is now easy to develop a linear time algorithm (based on depth
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first search) to identify all TSCCs. The first step consists of finding all strongly
connected components of the directed graph. As noted in the outset of the
paper this is easily done in linear time using depth first search [9]. A singleton
node constituting a SCC of the digraph is also a TSCC of the digraph. If a
SCC has cardinality 2, i.e., it consists of 2 nodes, then each node in the SCC
is a TSCC. For each of the remaining SCCs (i.e., ones with cardinality greater
than or equal to 3) we construct the strongly connected digraph (defined by
the arcs between nodes of the SCC) and identify the TSCCs on the SCC.

Corollary 1 states that to identify the TSCCs of a strongly connected
digraph, it is sufficient to identify all 2-edge-connected components of its as-
sociated undirected graph. Let Dg denote a strongly connected component
of D. Consequently, we can convert Dg to its associated undirected graph
Gs in O(JN| + |A]) time, and use the well-known method for identifying all
2-edge-connected components that is also based on depth first search (see
exercise 23.2 in {3]).

4 The Augmentation Problem

In this section we consider the problem of augmenting a digraph so that it is
twinless strongly connected. As mentioned in the introduction to this paper,
Eswaran and Tarjan [4] introduced the augmentation problem. They showed
how to minimally augment a digraph in linear time so that it is strongly
connected. They also showed how to minimally augment an undirected graph,
in linear time, so that it is 2-edge connected.

Our procedure to augment a digraph so that it is twinless strongly con-
nected is roughly as follows. We first apply Eswaran and Tarjan’s augmenta-
tion procedure to strongly connect the digraph. From Theorem 2, it follows
that this strongly connected digraph is twinless strongly connected if and only
if its associated undirected graph is 2-edge connected. Consequently, we can
apply Eswaran and Tarjan’s augmentation procedure (implicitly) to the as-
sociated undirected graph to determine the edges to add to make it 2-edge
connected. In the corresponding digraph, we add an arc corresponding to
each edge added, arbitrarily choosing a direction for the arc in the digraph.
Theorem 2 assures us that this procedure gives a twinless strongly connected
digraph. We will show that our procedure in fact works (i.e., adds the fewest
number of arcs) if the digraph D is carefully modified by deleting certain care-
fully chosen arcs. As a result we present a linear time algorithm to solve the
augmentation problem for twinless strong connectivity.

Since our procedure is based on Eswaran and Tarjan’s augmentation al-
gorithms we briefly review their procedures.

4.1 Augmenting for Strong Connectivity

Let D = (N, A) be a directed graph, and define DSCC = (N5CC, ASCC) t0 be
the SCC induced digraph of D that is obtained by contracting each SCC in
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D to a single node. We replace parallel arcs that the contraction creates by a
single arc. It is well-known (and straightforward) that D5CC is acyclic.

Eswaran and Tarjan show that it is sufficient to focus attention to the
augmentation problem on the SCC induced digraph. To be specific let 3 be a
mapping from N5CC to N defined as follows. If z € NS¢C then 3(x) defines
any node in the strongly connected component of D corresponding to node
x. They show that if AA5C is a minimal set of arcs whose addition strongly
connects DSCC then B(AA5C) = {(B(z), Bly))|(z,y) € AN5C} is a minimal
set of arcs whose addition that strongly connects D.

In the acyclic digraph DSCC€| a source is defined to be a node with outgoing
but no incoming arcs, a sink is defined to be a node with incoming but no
outgoing arcs, and an isolated node is defined to be a node with no incoming
and no outgoing arcs. Let S,T and ) denote the sets of source nodes, sink
nodes, and isolated nodes respectively in DSCC, and assume without loss of
generality |S| < |T.

Eswaran and Tarjan’s procedure finds an index 7 and an ordering s(1), ...

.., 8(]S|) of the sources of DS¢C and t(1),...,¢(|T|) of the sinks of DSCC
such that

1. there is a path from s(2) to ¢(<) for 1 < < r;
2. for each source s(i), 7+ 1 < i < |S] there is a path from s(z) to some £(j),
1<j<r;and
3. for each sink t(j), r+1 < j < |T'|, there is a path from some s(i),1 < i < 7,
to (7).
They show that a minimal augmentation of
set

DSCC ig obtained from the arc

ANSC — L(t(3), s(i + 1)1 < i < r}U{(t(E), s(@))|r+1<i < |S|}

(t(r), (1)) if |Q| = 0 and |S]| = |T|
(), t(JSt+ 1)) U {0, ¢+ D)IIS| + 1 < i < |T}
U(t(|T), s(1)) if |Q] = 0 and [S] < |T|

UY (60r), 611 + 1)) U {(0), 66 + 1) (18] + 1 <4 < [T}
(T, 9(1)) U {(ali), ali + DI < i < |Q1}
U(g(|Q)), s(1)) otherwise

Notice that the augmenting set contains |T| + |{@| arcs. Since there are
1S] + |Q] nodes with no incoming arcs, at least S| + |@Q| arcs are needed to
augment DSCC so that it is strongly connected. Similarly, as there are |T|+|Q|
nodes with no outgoing arcs, at least |T| + |{@| arcs are needed to augment
DSCC 50 that it is strongly connected. Thus max(|S|, |T|) +|Q| arcs is a lower
bound on the number of arcs needed to augment DSCC so that it is strongly
connected.

We now show that the addition of the arcs in A*5€ strongly connects the
digraph DSCC_ Actually we show a stronger result that the addition of these
arcs makes D®CC twinless strongly connected. Note however this does not
mean adding S(A*5C) to D makes it twinless strongly connected.
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Lemma 4 When |N59C| > 2 the augmented digraph D3¢ = (NS¢C, ASCCy
AASCY s twinless strongly connected.

Proof:
Observe that in DSCC any path from a source to sink does not contain a
source, sink, or isolated node as an intermediate node. Further DSCC is acyclic
and so does not contain twin arcs. Consider the pair (t(¢),s(¢ + 1)) for any
1 < 4 < r. By design there is a path from (¢) to s(¢) + 1 (i.e., the arc
(t(¢), (i + 1))). Additionally, the addition of arcs has created a directed path
from s(¢ + 1) to t(¢) that does not use (s(¢ + 1),t(¢)). The path is defined
by following the path from s(z + 1) ~ t(i + 1) — s(i+2) ~ t(i +2) —
) = (S + 1) = (S| +2) - ... = YT - q(1) — ¢(IQ] —
8(1) ~ (1) — 8(2) ~ ... — s(i) ~ t(i)).! Consequently s(i + 1), t(7),
and all other nodes on the path from s(i + 1) to ¢(i) are twinless reachable
and thus in the same TSCC. Consequently, s(1),...,s(r),(1),...,t(r), £(|S]+
1),...,t(JT),¢(1),...,9(|Q|) are in the same TSCC.

Now consider s(i) and (z) for any 7 + 1 < 7 < |S|. Augmentation has
created a directed path from ¢(¢) to s(¢). Observe, there is a directed path from
s(%) to some £(3),1 < 7 < r, and a path from some s(k),1 < k < 7, to t(¢). The
augmentation also creates a directed path from #(5) to s(k) (by following the
path described in the first part of the proof). Thus s(i) ~ t(j) ~ s(k) ~ t(7) is
a directed path from s(¢) to t(2) that does not use arc (s(¢), t(i)). Consequently
s() and t(7), and all other nodes on the path from s(%) to ¢(:) are twinless
reachable. This means that s(1),...,s(|S]),t(1),...,t(IT]),q(1),...,q(|Q]) are
in the same TSCC.

Finally observe that every node in D5CC that is not a source, sink, or an
isolated node is on a path from a source to a sink. Thus, using Lemma 3,
DA5C g a twinless strongly connected digraph. O

4.2 Augmenting a Strongly Connected Digraph so that it is
Twinless Strongly Connected

We now consider the following problem. Given a strongly connected digraph
how do we minimally augment it so that it is twinless strongly connected.
Before we begin we first make the following observation that immediately
follows from the transitivity of the twinless reachable condition.

Property 1 Let v be a mapping from NT5CC to N defined as follows. If
xz € NTSCC then y(z) defines any node in the twinless strongly connected com-
ponent of D corresponding to node . If AATSC is q set of arcs whose addition
twinless strongly connects DTSCC, then y(AATSC) = {(v(z),y(¥)(z,y) €
AATSCY s q set of arcs whose addition twinless strongly connects D.

! We denote a path from node i to j by ¢ ~ j, and an arc from node ¢ to node j
by i — j.



Twinless Strongly Connected Components 295

Observe however that the converse is not true. Consequently, this property
does not immediately show that it suffices to focus on DTSCC,

Suppose D is a strongly connected digraph. Recall that DTSCC_ the TSCC
induced digraph has the structure of a bidirected tree. Consider the set of leaf
nodes L (also referred to as leaf TSCCs) of this TSCC tree and observe a
leaf node on the TSCC tree has a pair of twin arcs directed into and out of
it (referred to as twin leaf arcs). Consequently to make D twinless strongly
connected we need to either add an arc directed into the leaf TSCC or out of
the leaf TSCC that is not the twin of the twin leaf arcs. Since there are |L| leaf

TSCCs, we need at least [I—gl] arcs to make D twinless strongly connected.
The procedure to make D twinless strongly connected is as follows. Con-
sider the associated undirected graph of DTSCC, Recall since D is strongly
connected, G(DTSCC) is a tree. Select one of the leaf nodes and perform DFS
from this node. Number the leaf nodes of the TSCC tree in the order they are
visited in the DFS procedure, and let I(1), ..., (| L]) denote this ordering. Aug-
ment DTSCC with the arc set AATSC = {(1(4),1(: + ||L|/2)]1 <4 < [|E|/21}

DATSC

Lemma 5 18 Twinless Strongly Connected.

Proof:
Observe that DATSC i strongly connected and thus by Theorem 2 to prove
it is twinless strongly connected it suffices to show that G(DATSC) is 2-edge
connected. Consider G(DTSCC). The procedure described above is exactly
Eswaran and Tarjan’s procedure to augment a graph so that it is 2-edge
connected. In other words Eswaran and Tarjan’s procedure adds the edges?
AATSC t6 Q(DTSCC) to obtain a 2-edge connected graph G(DATSC), |
Observe that the procedure adds [J—’;‘—'] arcs. Thus v(AATSC) minimally
augments D so that it is twinless strongly connected.

4.3 Augmenting an Arbitrary Digraph so that it is Twinless
Strongly Connected

We now describe how to put together the two procedures carefully so that
the number of arcs added by the augmentation procedure is minimal. In par-
ticular, we will modify the digraph D by deleting certain arcs® so that when
the two procedures are applied in sequence, the number of arcs added in the
augmentation procedure is minimal.

First, we define some notation that we need to describe our procedure.
Let v € NTS5CC, Then 6(v) is the node in DSCC corresponding to the strong
component in DTSCC that contains v. For every w € N5CC 1 (w) is the set of

2 With a slight abuse of notation we use AATSC {5 denote the edges corresponding
to the arcs in the set.

3 We note that if D is a digraph obtained by deleting arcs in D, then an arc set
that augments D so that it is twinless strongly connected also augments D to be
twinless strongly connected.
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nodes in the strong component of DTSCC corresponding to node w. We will
call a TSCC in D with exactly one incoming arc and one outgoing arc that
are twin arcs a leaf TSCC, and refer to the pair of twin arcs directed into and
out of a leaf TSCC as twin leaf arcs. It is fairly straightforward to see that
in DTSCC 3 leaf TSCC is a node (i.e., TSCC) with exactly one incoming arc
and one outgoing arc that are twin arcs.

Let L denote the set of leaf TSCCs in DTSCC, As before, let S, T, and @,
denote the set of source nodes, sink nodes, and isolated nodes in DS¢C. We
further classify the sources in DSCC, based on whether or not they contain a
leaf TSCC when expanded (to its constituent TSCCs) in DTSCC. We denote
the set of sources in DSCC that do not contain a leaf TSCC as 5°. Similarly, we
denote the set of sinks in DSCC that do not contain a leaf TSCC as T°. With
respect to the set of isolated nodes @ in DSCC, observe that an isolated node
in DSCC either corresponds to an isolated node in DTSCC or it corresponds
to several TSCCs in DT5CC that are strongly connected with each other. In
the former case the isolated node does not contain any leaf TSCCs. In the
latter case, from the fact that this strongly connected component is isolated
(i.e., does not have any arcs directed into or out of it from nodes that are not
in the strongly connected component) and the fact that the twinless strong
component graph has the structure of a bidrected tree when the underlying
digraph is strongly connected, it follows that there must be at least two leaf
TSCCs contained in it. Let Q° denote the set of isolated nodes in DSCC that
do not contain leaf TSCCs.

We now show that

(1

IL| +18°] + |T°] + 2IQ°I‘|}
2 K

mane {11+ 1@ 71 + 1l

is a lower bound for the number of arcs needed to augment D so that it is
strongly connected.

Claim 1 FEquation 1 describes a lower bound on the number of arcs needed
to augment D so that it is strongly connected.

Proof:

Clearly the number of arcs needed to make D strongly connected is a lower
bound on the number of arcs needed to make D twinless strongly connected.
Thus, |S| + |Q] and |T| + |Q] are lower bounds.

Observe that to make D twinless strongly connected, for each leaf TSCC,
we will need to add an arc directed into or out of the leaf TSCC that is distinct
from the twin leaf arcs. Notice further any source node in S° corresponds
to a strongly connected component with no leaf TSCC in D. This strongly
connected component has no incoming arc and so requires at least one arc
directed into it to make D strongly (or twinless strongly) connected. Similarly,
any sink node in T° corresponds to a strongly connected component with no
leaf TSCC in D. This strongly connected component has no outgoing arc and
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S0 requires at least one arc directed out of it to make D strongly (or twinless
strongly) connected. Finally, observe that an isolated node in @ corresponds
to a strongly connected component with no leaf TSCCs in D. This strongly
connected component has no outgoing arcs or incoming arcs, and so requires at
least one arc directed into it, and one arc directed out of it to make D strongly
(or twinless) connected. Putting all of this together, we obtain that at least

PLMSDHIZTOHQ'QO'-‘ are required to make D twinless strongly connected. O

We now describe how to modify D so that when the two procedures de-
scribed in Sections 4.1 and 4.2 are applied in sequence a minimal augmentation
is obtained. To motivate the modifications needed consider the first step of
the augmentation procedure (i.e., the application of Eswaran and Tarjan’s
augmentation procedure that we described in Section 4.1). Consider DS¢€
and observe that the augmentation procedure adds exactly one incoming arc
to the sources s(1),...,s(|S|) in NS¢C, adds exactly one outgoing arc from
the sinks ¢(1),...,%(]S]), and adds one arc directed into and one arc directed
out of the isolated nodes ¢(1),...,q(|@Q])- If any ¢(s(%)) contains a leaf TSCC,
then ensuring that the arc directed into ¥(s(¢)) is directed into the leaf TSCC
takes care of the leaf TSCCs requirement while simultaneously ensuring that
an arc is added that is directed into the source s(7). Similarly, if any (t(7))
(1 <4 < |S]) contains a leaf TSCC, then ensuring that the arc directed out
of ¥(t(¢)} is directed out of the leaf TSCC takes care of the leaf TSCCs re-
quirement while simultaneously ensuring that an arc is added that is directed
out of the sink t(¢). For the isolated nodes, as noted earlier, ¥(q(7)) either
contains two or more leaf TSCCs or is a singleton set. In the former case we
can direct the arc into 1(g(7)) into one of the leaf TSCCs in 1{q()), and the
arc out of 1(g(i)) out of a different leaf TSCC in %(¢(%)). In the latter case
there is no choice in selecting the node in ¥(g(7)).

Finally consider the sink nodes ¢(|S|+1), ..., t(|T]). For each of these sinks
the augmentation procedure adds both arcs directed into the sink and out of
the sink. If 1(¢(¢)) contains two or more leaf TSCCs then we may proceed as
the isolated nodes, selecting one leaf TSCC in 9(¢(7)) for the incoming arc,
and another leaf TSCC in 9(t(¢)) for the outgoing arc. However, if ¢((%)) con-
tains none or one TSCC then the augmentation procedure, if applied without
adaptation, may add more arcs than necessary (as it adds an arc directed into
this sink as well as directed out of the sink). Therein lies the problem (i.e., if
|S| = |T'| we would not have had this problem).

To get around this problem we now describe how to modify the augmenta-
tion procedure. The modification we propose will delete arcs from the digraph
D, to obtain a new digraph D, so that the number of sources is increased.
Specifically, we will increase the number of sources by taking a leaf TSCC
and deleting its incoming arc. We will do this until the number of sources is
equal to the number of sinks, or there are no more leaf TSCCs available for
this purpose. We will show that when the two augmentation procedures are



298 S. Raghavan

S

Fig. 4. Leaf TSCCs in a source may be converted into sources by deleting their
incoming arcs.

applied in sequence to the digraph D the number of arcs added is equal to
the lower bound in Equation 1. We now elaborate on how this may be done.

Consider a source s(2) with ¥(s(¢)) containing x leaf TSCCs. Then the
number of sources in D5C may be increased by y < = — 1 by taking y + 1
leaf TSCCs in 9(s(¢)) and deleting their incoming arcs (see Figure 4 for an
example). For a sink ¢(i) with ¢(¢(¢)) containing z leaf TSCCs, the number of
sources in DSCC may be increased by y < x—1 by taking one of the leaf TSCCs
and deleting its outgoing arc (creating a sink), and taking y of the remaining
TSCCs and deleting their incoming arcs (creating sources). For an isolated
node q(i) with ¥(q(?)) containing z (> 2) leaf TSCCs, we may increase the
number of sources by ¥ < x — 1 and sinks by 1 by taking 1 leaf TSCC and
deleting its outgoing arc (creating a sink) and taking y of the remaining leaf
TSCCs and deleting their incoming arc. We refer to nodes that are neither,
source nodes, sink nodes, or isolated nodes in DSCC as intermediate nodes.
Consider an intermediate node 4 in DSCC. If 4(4) contains z leaf TSCCs then
the number of sources may be increased by y < x by deleting the incoming
arc into y of the leaf TSCCs.

We are now ready to explain how to modify and apply the augmen-
tation procedure. The algorithm TSCAUG is summarized in Figure 5. The
first step is to identify the strongly connected components of DTSCC. and each
leaf TSCC in the strongly connected components. These may be done in linear
time following the procedure described in Section 3. The next step is to classify
each strongly connected component of DT8CC as a source, sink, isolated, or
intermediate strongly connected component. This may also be done in linear
time (in fact since the procedure to find T'SCCs requires identifying SCCs first
it may be done as part of the procedure to identify TSCCs). Next, we consider
the strongly connected component of DTSCC one by one, while keeping track
of the difference between the number of sinks and sources, to identify the arcs
that are to be deleted to create D. When considering a strongly connected
component that is a source the procedure deletes an incoming arc from one
leaf TSCC in the strongly connected component. If the number of sinks is
greater than the number of sources, it also increases the number of sources
by converting leaf TSCCs into sources so that the number of sources is equal

pTsce
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algorithm TSCAUG:

1: Construct DTSCC, Identify each strongly connected component in
DTSCC and identify the leaf TSCCs in each strongly connected
component of DTSCC,

2. Classify each strongly connected component of DTSCC a5 a source,
sink, isolated, or intermediate strongly connected component.

3. Set k to be the difference between the number of sinks and sources.
Consider each strongly connected component of DTSCC,

If it is a source containing leaf TSCCs
Delete an incoming arc from one leaf TSCC.
If k£ > 0, create upto k sources from the remaining
leaf TSCCs by deleting their incoming arcs. Update k.
If it is a sink containing leaf TSCCs
Delete an outgoing arc from one leaf TSCC.
If k > 0, create upto k sources from the remaining
leaf TSCCs by deleting their incoming arcs. Update k.
If it is isolated containing leaf TSCCs
Delete an incoming arc from one leaf TSCC and
delete an outgoing arc from another leaf TSCC.
If k > 0, create upto k sources from the remaining
leaf TSCCs by deleting their incoming arcs. Update k.
If it is intermediate containing leaf TSCCs
If &k > 0, create upto k sources from the
leaf TSCCs by deleting their incoming arcs. Update k.

4. Let APE" denote the arcs deleted from DTSCC in Step 3.

Set, ﬁ — (N, A\’Y(ADEL)) Or l’jTSCC — (NTSCC’ATSCC\ADEL)'

5. Apply Eswaran and Tarjan’s strong connectivity augmentation
algorithm to D to obtain the set of arcs B(AA5C).
Set D = (N, AU B(AASCY).

6. Apply the algorithm described in Section 4.2 to D to obtain 'y(AATSC)‘
Set D = (N, Au~y(AATSCY),

7. Output the arcs ﬁ(AASC) U 'y(AATSC).

Fig. 5. Algorithm to solve the twinless strong connectivity augmentation problem.

to the number of sinks, or no more leaf TSCCs remain in the strongly con-
nected component. When considering a strongly connected component that is
a sink it deletes an outgoing arc from a leaf TSCC in the strongly connected
component, and creates additional sources using leaf TSCCs until the number
of sources is equal to the number of sinks, or the leaf TSCCs in the strongly
connected component are exhausted. When considering a strongly connected
component that is isolated it creates an additional source and an additional
sink, and also converts leaf TSCCs to sources as needed. Similarly when con-
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sidering a strongly connected component that is intermediate it converts leaf
TSCCs into sources if needed. Observe that this procedure considers each leaf
TSCC in the digraph once and thus is an O(|N|) procedure. After obtaining
D we first apply Eswaran and Tarjan’s augmentation procedure to strongly
connect D. Recall that this procedure takes O(|A|) time. Next we apply the
procedure described in Section 4.2 which also takes O(|A|) time. Since each of
the steps in the algorithm take linear time, the procedure is an O(|N| + |A})
procedure.

‘We now show that the number of arcs added by the procedure is equal to
the lower bound shown in Equation 1.

Claim 2 The number of arcs added by algorithm TSCAUG is equal to the
bound in Equation 1.

Proof:

When the first step of the procedure is applied the procedure adds |T| + QI
arcs. Observe that in DSCC no source, sink, or isolated node contains leaf
TSCCs. Thus no arc added in the first step is directed into or out of a leaf
TSCC in D. Consequently, the second step adds "I—;“—’] arcs. Thus a total of

T +1Q) + P—g—l-' arcs are added. Notice that,

7] = I7] + (1] - 1Q°1),
Q] = lQ°l,
IL| = max{0, |L| — (|S]| — |S°| +|T| — |T°| + 2(|Q| — |@°)) + T| - |SD}.
So the procedure adds
(TI+ Q| — Q°]) + 1Q°|+

[maX{O, |L| = (81 =181 + 1T} — 1T°] + 2(1@ = [@°)) + |T| = ISI)}]

2
arcs. Or Li+ [5°] + |T°] + 2/Q°
+ + +
s {71+, LIS P20 )
arcs, which is the bound in Equation 1. O

5 Applications and Extensions

We now discuss two applications of the TSCC structure. The first application
is in the design of survivable telecommunications networks. Magnanti and
Raghavan [7] describe a dual-ascent (primal-dual) algorithm for the network
design problem with low connectivity requirements (NDLC). In this problem,
we are given an undirected graph G = (N, E), with node set N and edge
set E, a cost vector ¢ € R'fl on the edges F, and a connectivity requirement
r; € (0,1,2) for each node, and wish to design a minimum cost network
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Fig. 6. A 3 x 4 grid with tension bracings and its corresponding bracing digraph.

that contains rg; = min(rs,7:) edge-disjoint paths between nodes s and ¢. To
develop a strong mixed-integer programming formulation for the problem they
direct the problem by replacing every edge {i,7} by a pair of arcs (¢, 7) and
(4,%), each with the same cost as edge {, 7}. They show that in the equivalent
directed problem, we wish to design a minimum cost directed network that
contains a directed path from every node with r; = 2 to every node with
r; = 1 or 2. Further, any two nodes ¢ and j with r; = r; = 2 must be twinless
reachable. In their dual-ascent algorithm, it is necessary to identify twinless
strongly connected components of a so-called auxiliary digraph (to identify
ascent directions). The linear time algorithm described in Section 3 serves
this purpose.

A second application, described in Baglivo and Graver [1], arises in de-
termining whether the bracing of an architectural structure is rigid (i.e., will
not deform). In this application, we are given an n x m square grid and wish
to brace this structure by placing tension bracings. A tension bracing con-
sists of a tension wire that can be compressed but not stretched. Baglivo and
Graver show that the question of whether a square grid with tension bracings
is rigid may be answered by looking at its associated bracing digraph. The
bracing digraph is constructed as follows. Create a node for each row and
each column of the n x m square grid (i.e., n + m nodes). If a tension wire
is attached to the lower left and upper right hand corners of the cell in the
ith row and jth column of the square grid, then create a directed arc from
the node representing column j to the node representing row 7. On the other
hand, if the tension wire is attached to the lower right and upper left hand
corners of the cell in the 7th row and jth column, then create a directed arc
from the node representing row i to the node representing column j. Figure 6
gives an example of this construction. Baglivo and Graver show that a tension
bracing of an n x m square grid is rigid if and only if the bracing digraph is
strongly connected.
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For aesthetic reasons an architect may want to ensure that no cell in the
square grid has two diagonal tension bracings [8]. For an existing structure, a
question that then arises is whether tension bracings can be removed from cells
that contain two diagonal tension bracings while keeping the structure rigid.
It is easy to see this corresponds to the question of whether some subdigraph
of the bracing digraph is strongly connected and does not contain a pair of
twin arcs. This is precisely the definition of twinless strong connectedness,
and again the algorithm in Section 3 can be used to determine whether the
bracing digraph is twinless strongly connected.

If the bracing digraph is not twinless strongly connected, then a natural
question that arises is how it may be minimally augmented so that it is twin-
less strongly connected. This is an augmentation problem with a twist: the
augmented digraph also needs to be bipartite (arcs need to go from nodes
representing rows to columns or vice versa); and the solution to this problem
remains an open question. Interestingly, the case when we wish to augment
the bracing digraph (preserving bipartiteness) so that it is strongly connected
was recently solved in [5].

6 On Strongly Connected Orientations of Mixed Graphs
and Twinless Strongly Connected Digraphs

A referee pointed out the connection between the notion of a twinless strongly
connected digraph and strongly connected orientations of mixed graphs. We
discuss this connection here.

A mixed graph M = (N, A, E) is a graph with node set N that contains
both directed arcs A and undirected edges E. A natural question that arises
in such graphs is whether the undirected edges can be directed (oriented) so
that the resulting digraph is strongly connected. Boesch and Tindall [2] show
that a mixed graph has a strongly connected orientation if and only if it is
connected? and the underlying undirected graph® of the mixed graph is 2-edge
connected.

The question of whether a digraph D is twinless strongly connected can be
translated into a question of whether a mixed graph has a strongly connected
orientation as follows. Replace each pair of twin arcs (4,j) and (j,4) in the
digraph D by an undirected edge {7, 7} to obtain a mixed graph M(D). It is
easy to observe that the digraph D is twinless strongly connected if and only
if M(D) has a strongly connected orientation. Based on this connection it is
possible to provide an alternate proof of some of the results in Section 2.

4 In other words, it is possible to go from any node to any other node between
using a sequence of undirected and directed arcs (directed arcs must be traversed
in the direction they are oriented).

5 The underlying undirected graph is obtained by replacing all directed arcs by
undirected edges.
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After learning about the connection between strong orientations of mixed
graphs and twinless strongly connected digraphs, we did a web search and
found Gusfield [6] considers the following mixed graph augmentation problem.
Given a mixed graph M = (N, A, E) find the minimum number of directed
arcs to add to the mixed graph so that it has a strongly connected orientation.
By transforming the digraph D to the mixed graph M (D), as described in
the previous paragraph, our problem may be solved as a mixed graph aug-
mentation problem on M (D). Alternatively, the mixed graph augmentation
problem may be transformed to the problem of augmenting a digraph so that
it is twinless strongly connected as follows. First, take each pair of twin arcs
(,7) and (4,7) in the mixed graph M and replace (4,¢) by adding a new node
ki; to the mixed graph and two arcs (j,k;;) and (k;;,%).6 Next replace each
undirected edge {7,7} by a pair of twin arcs (i,5) and (j,7) to obtain the
digraph D(M). It is easy to observe that the mixed graph M has a strong
orientation if and only if D(M) is twinless strongly connected. Thus the so-
lution to the augmentation problem for the mixed graph M may be obtained
by solving the twinless strongly connected augmentation problem on D(M).

Gusfield’s augmentation algorithm determines an optimal orientation of
the undirected edges of the mixed graph (thus transforming it into a directed
graph) after which Eswaran and Tarjan’s augmentation algorithm for strong
connectivity is applied. This procedure and especially the proofs of correct-
ness are complex and quite intricate (as determining the optimal orientation
of the undirected edges is quite challenging!). Our procedure in the context
of directed graphs is much simpler, and the proofs of correctness are fairly
straightforward. Our procedure nicely illustrates how the sequential applica-
tion of Eswaran and Tarjan’s two augmentation solve the problem of optimally
augmenting a graph so it is twinless strongly connected, or alternatively shows
how to optimally augment a mixed graph so that it admits a strong orienta-
tion.
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Summary. Despite the criticisms of Woolsey [25] and others, the classical “EOQ”
model of Inventory Theory remains useful, both pedagogically and as a stepping-
stone towards more realistic variants. Prominent among these are: (a) the one in
which stock-outs are permitted but penalized, and (b) the one in which deliveries
are gradual (i.e., continuous) rather than instantaneous. Here we also deal with a
variant containing both features, (a) and (b). (In addition, a less common variant is
considered.) In the spirit of Harris’s original (1913) presentation, the use of calculus
is avoided entirely. Instead, it is shown explicitly how all the variants can be solved
by “reduction” to the basic model, which is in turn treated by using the simply-
proved “base case” of the arithmetic-geometric mean inequality.

Key words: Economic order/production quantity; inventory management; short-
age; algebra; EOQ; EPQ.

1 Introduction

The setting for an inventory cost analysis can be described as follows: the
decision maker, on whose behalf the optimization is conducted, can be thought
of as the manager of a firm which sells a product. The firm replenishes its
stock by reordering more, from either an external wholesaler or a capability
for manufacturing the goods internally. The decision maker must determine
(1) how often to reorder, and (2) the size of the reorder quantity.

The usual objective of the analysis is to minimize the total cost per unit
time associated with inventory. This is comprised of: (1) holding costs (the
costs of maintaining or “carrying” inventory), (2) reordering or production
costs (the “fixed” costs from individual replenishments of inventory), (3) pro-
curement costs (the “variable” costs of purchasing each unit of inventory), and
(4) shortage costs (the cost of subjecting customers to delays from a backlog
of unfilled demand).

Inventory models have been studied extensively since Harris first presented
the famous economic order quantity (EOQ) formula in 1913 ([17]; see [11] for
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historical background). Until recently, almost all the literature concerning the
EOQ and related inventory models! used differential calculus as the underly-
ing solution technique, though frequently omitting the supplementary reason-
ing needed to establish optimality. (For example, see [8], [16], [3], [1], [21], and
[10].) One early exception occurred in 1970, when Thierauf and Grosse [24]
developed the optimal order quantity for the EOQ model using three different
techniques: graphical analysis, algebraic analysis (which is later used to solve
the EPQ model), and calculus. The authors based their algebraic method on
the presumed validity of equating opposing costs (i.e., holding costs versus
ordering costs).

In 1996, Grubbstrom {14] derived the EOQ formula without the use of
calculus via an elegant “completing the square” argument. Grubbstrém and
Erdem [15] then obtained the solution to an EOQ model with shortages with-
out the use of derivatives, and proposed that their approach be used to in-
troduce students without a background in calculus to inventory models. In
2001, Cérdenas-Barrén (4] revisited the work of Grubbstrém and Erdem and
extended it to the economic production quantity (EPQ) model with short-
ages. In 2004, Ronald et al. [22] suggested that the method presented in the
previous two articles might still be too sophisticated for some readers; they
provided rationale (derivation rather than mere verification) for some of the
identities used in [15] and [4]. A 2005 article by Chang et al. [5] attempted to
simplify the algebra of the previous three articles, such that “the usual skill
of completing the square” could more readily handle the objective functions
for the EOQ and EPQ models with shortages.

In this work, we derive optimal solutions for four inventory models - EOQ,
EPQ, EOQ with shortages, and EPQ with shortages — again without the use
of derivatives. In each case, we begin with a step-by-step development of the
objective function. To keep the methods entirely elementary, our approach
uses the easily-proved “base case” of the arithmetic-geometric mean inequal-
ity to identify the optimal solution for the classical EOQ model. We then
show that the three variants can be reduced to this basic EOQ model. The
final section includes a similar treatment for a less common variant (see [12])
involving “deferred payment” for the delivered goods; that treatment can also
be adapted to Chung and Huang’s [7] extension of Goyal’s variant from EOQ
to EPQ.

! Literature-tracing here has been hindered considerably because different authors
use different names and/or acronyms for the same scenario, and vice versa. For
example, the economic production quantity (EPQ) model is sometimes called the
“(economic) production lot size model.” Also, the term “economic lot size” has
been used for both the EOQ and EPQ models.
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2 Notation

In our analyses, we make use of the following notation. (The positive quantities
h, D, p, K, M, and s are data of the models.)
the total order (production) quantity,
the per unit time inventory holding cost per unit,
the per unit time demand,
the purchase cost per unit,
the fixed purchasing cost per order,
the per unit time production,
the number of items backordered when production starts
{or when an order is delivered),
the “penalty” cost per unit per unit time, due to shortages,
Iy the maximum inventory level,
T  the cycle time (time between successive production starts
/ order deliveries),
I(t) the inventory level at time ¢,
W (t) the backlog level (waiting outages) at time ¢.

WEXSOUTO

v

3 The Economic Order Quantity Model

Figure 1 illustrates the inventory level as a function of time. The cycle time
in this model is the time between successive orders. ¢} units are ordered each
time an order is placed, and shortages are not allowed.

The crux of this and the later models is the proper balancing of holding
costs against reordering costs. If the order quantity is too high, then the
average inventory level will be high, resulting in large holding costs. If the
order quantity is too low, then the average inventory level will be low. Orders
will need to be placed more frequently, resulting in larger reordering costs.

3.1 Assumptions

Development of the basic EOQ model involves the following assumptions:

1. The inventory consists of a single product.

2. Demand for the item occurs at a known and constant rate.

3. The item has a sufficiently long shelf-life so that no inventory is lost due
to spoilage.

4. The lead time (the time between the placement of an order and its arrival)
is zero or a known positive constant.

5. The maximum inventory level is not constrained by insufficiency of shelf
space.
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Inventory
Level

Q

T 2T 3T Time

Fig. 1. Inventory Profile for the EOQ Model.

3.2 Model Formulation

Holding Costs. The holding cost during one cycle of length T is “h” times the
area under the I(¢) curve. (This follows from the representation of the area
as a definite integral, itself the limit of finite sums giving discrete approxi-
mations of the cycle’s holding cost.) Here, that is the area of a triangle with
base-length T and altitude Iy = Q. Hence, the holding cost during one cycle
is h x %TQ and the total holding cost per unit time is %Q.

Ordering Costs. If the per unit time demand is D and the order quantity is
Q, then the number of orders placed per unit time is D/Q. Thus, the per unit
time ordering cost is gK .

Purchase Costs. To meet demand, the firm must purchase D units per unit
time, so the per unit time purchase cost is Dp.

Total Costs. The total per unit time inventory cost for the basic EOQ model
is the sum of the per unit time holding costs, ordering costs and purchase

costs: 0 D
h+ =K + Dp. (1)

TE0Q(Q) = ht o
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3.3 Derivation of Optimal Order Quantity Using AM/GM/I

Let a1,asz,...,a, be a finite set of nonnegative real numbers with arithmetic

mean
a,1+a2+...+an

n

am(a1,02,...,0,) =

and geometric mean

gm(ai, aa,...,an) = Yaraz...an.

The well-known arithmetic-geometric mean inequality (AM/GM/I) states
that
gm(a1,az,...,0,) < amlay,ag,...,a,),

with equality if and only if a1 = a2 = ... = a,.

To see how AM/GM/I can be used for optimization analyses, suppose
the a;’s are variables and we want to minimize their SUM, or equivalently
their arithmetic mean, subject to a constraint that fixes the value of their
PRODUCT, or equivalently their geometric mean. Then the AM/GM/I gives
a constant lower bound on the value of the minimand. Because that lower
bound is actually attained (when all the a;’s are equal), it is in fact the
desired minimum value, and the unique optimal solution has each a; equal to
the n-th root of the stipulated value of their product.

The most common proofs of the AM/GM/I are calculus-free (cf. the fol-
lowing proof and Footnote 2). Thus, the solution to an optimization problem
such as the one described in the preceding paragraph may be obtained using
elementary methods, i.e., without the use of calculus.

Proof of AM/GM/I (Special Cases). The inequality is clearly true when
n = 1. Fortunately, we need only the case n = 2, which is easily shown to be
true as follows?:

(V1 — VZT2)* 2 0 & 21 — 2y/7132 + T2 > 0

S 21 + 29 > 2/ x120

1
54 5(:1:1 + .’Ez) > JT1x3.

Equality holds at the start if and only if

(VAT — V&) =0 & Va7~ /Ez =0
& Vi = V5

&~ X1 = I,

hence it also holds at the end if and only if 1 = x5. a

2 The general case can be proved using induction.
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Our goal is to determine an optimal order quantity which minimizes Equa-
tion (1). But since the third summand Dp of Equation (1) is constant, mini-
mizing Equation (1) is the same as minimizing the quantity

h (DK)
Q (5) + 0
which is proportional to the arithmetic mean of the two nonnegative quantities
h DK
x1=Q<—2—> and :vgz—(Q),

whose product, DKh/2, is constant (free of variable @). Thus, by the
AM/GM/I, their geometric mean, /Z1&2, provides a constant lower bound
for their arithmetic mean. By the preceding paragraph, this constant lower
bound is actually attained (so that the arithmetic mean, and thus Equation
(1), is minimized) when (and only when!) z1 = x4, i.e., (uniquely) when

h DK
9%=7

2DK
Qeoq =1/ 5

For later use (e.g., in the proof of Lemma 10), we observe that the minimum
value, exclusive of the constant summand Dp in frog(QEoqg), is given by

which happens when

2z, = (Qrog)h = V2DKh.

4 The EOQ Model with Shortages Allowed

The next model we consider is similar to the basic EOQ model in that all
goods are available for immediate sale when the order arrives. However, the
order is not placed when the inventory level reaches zero, but rather we al-
low customers to be “wait-listed.” In the literature this model is sometimes
referred to as the planned shortages model. We will refer to it as EOQ-SH.
Figure 2 illustrates the inventory level as a function of time when () units
are ordered when the number of orders waiting to be filled reaches a certain
critical point, B, which must also be determined. These backorders are imme-
diately filled from the newly-arrived order, leaving the maximum inventory
level as Ipy = @ — B. The cycle time in this model is the time between suc-
cessive orders.
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Fig. 2. Inventory Profile for the EOQ Model with Shortages Allowed.

4.1 Assumptions

In addition to the assumptions enumerated in Section 3.1 for the basic EOQ
model, development of the EOQ-SH model involves assuming that:

1. No customers will be lost due to shortages.

2. There is a cost associated with allowing shortages. These, reflecting the
datum “s” listed at the start of Section 2, are the variable costs in goodwill
as customers await backordered items.

3. All backorders are immediately filled from the newly-arrived order.

4.2 Model Formulation

In this model, there are two decision variables: @, the total order quantity,
and B, the number of units on backorder at the time production starts.

It will prove useful to divide the cycle time T into two subintervals:
T. = [0,t1], the time during which there are no backorders and inventory
is decreasing from its maximum level at a rate D; and T}, = [¢1, T, the time
during which there are backorders, the level of which is increasing at rate D.

Holding Costs. During one cycle of length T, holding costs accumulate only
during T,. The total holding cost for this time period is “A” times the area
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under the I(t) curve for 0 < ¢t < ¢;. That is the area of a triangle with base-
length £; and altitude Ipy = @ — B. Hence, the holding cost during one cycle is
hx 3t1(Q— B) and the total per unit time holding cost is (h/2)(t1/T)(Q— B).

We note that the total demand during T, is given by Dt; = @ — B,
while the demand during the entire cycle is DT = Q. Division yields ¢, /T =
(Q — B)/Q. Hence, we can write the holding cost per unit time as

h(Q - B)?
2 Q

Shortage Costs. During one cycle of length T', shortage costs accumulate only
during Tp. The total shortage cost for this time period is “s” times the area
of a triangle with base-length T'— ¢, and altitude B. Hence, the shortage cost
during one cycle is s X %(T — t1)B, and the total per unit time holding cost
is (s/2)[(T — t2)/T]B.

Since t1/T = (Q — B)/Q =1 — B/Q, we have (T — #;)/T = B/Q. Thus,
the shortage cost per unit time may be written as

s B?

2Q°
Other Costs. The ordering cost and purchase cost for this model are the same
as in the basic EOQ model.

Total Costs. The total inventory cost is given by the function

h@-B)p sB D
3 0 20 +QK+Dp. (2)

Jeog-su(Q, B) =
4.3 Derivation of Optimal Order Quantity and Maximum Backlog
Amount

To determine an optimal order quantity, @, and maximum backlog amount, B,
we minimize the function Equation (2) subject to the constraint 0 < B < Q.
Although we are dealing with two variables and a “feasible region” that is not
closed, our argument will avoid issues of existence and of sufficient conditions
for an optimal solution.

Before presenting that argument in our specific case, we pause to outline
its general logic. The aim is to minimize a function f(Q,B) — here, the
function given by Equation (2). Suppose that for each @, we can find a value
B*{Q) of B that minimizes f(Q, B) for this fixed Q. That leads to a function
f(Q, B*(Q)) = G(Q) of Q alone. And suppose, further, that we can then find a
value @* of @ that minimizes G(Q)). To see that this process of sequential (“one
variable at a time”) optimization is correct, i.e., that (Q*, B*(@*)) is indeed
an optimal solution to the original “simultaneous optimization” problem, just
observe that for any allowable pair (Q, B),
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f(Q,B) =2 f(Q,B*(Q)) = G(Q) 2 G(Q") = f(Q", B*(Q)),

where the first inequality follows from the definition of B*(@), and the second
one from the definition of . In what follows, Lemma 1 gives the determi-
nation of B*(Q), i.e., the first stage of “sequential”, while Lemma 2 gives the
second stage, the determination of Q*.

Lemma 1. For a fized value of Q, Equation (2) is minimized, subject to the
constraint 0 < B < Q, when (and only when) B = h/(h + 5)Q.

Proof.? To clarify how Equation (2) depends on B when Q is fixed, it is
natural to rewrite the terms of Equation (2) involving B as

h(Q — B)? sB2_h+s 9 2hQ h o
2 Q +§—Q— 2Q (B _h+sB+h+sQ)

h+s rQ \? RQ \> h
<B—h+s) _<h+s> +h+sQQ]' ®)

2Q
Thus, for fixed @, Equation (2) is quadratic in B. To minimize fpog-su (@, B),
we must choose B so as to minimize Equation (3), subject to the constraint
0 < B € Q. Clearly Equation (3) is minimized (indeed, with the constraints
met) when and only when

h

B = Brog-su(Q) = s

Q.

O

Lemma 2. When B = Bgog-su(Q), the function Equation (2) is minimized
by choosing
(h+s)

Q=1/2DK"5—.

Proof. When we substitute the expression for Bgog-su(Q) into Equation
(2), we obtain

feog-31(@, Beog-su(Q)) = %12 +pD+ %(h}f s)

But Equation (4) is the basic EOQ model Equation (1) with holding cost h
replaced by h = (hs)/(h+ s). Thus, by our previous optimization of Equation

(1),
2DK h+s
_ = — =141/2DK .
QE0Q-SH \/ = \/ s

(4)

8 Asin [15], [4], and [5], our derivation approach uses “square-completion.”
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‘We also note that

2DKh
Brog-su = W +SQEOQ—SH = shts)
and
2DKs
Im = Qeog—so — Beog—su = hh+s)

5 The Economic Production Quantity Model

Next we consider an EOQ variant in which items are made available for in-
ventory (or sale) gradually as opposed to all at once. This “gradual delivery”
might be a result of either (i) external“stretching-out” because the supplier’s
production rate or the transportation system’s delivery rate is limited, or (ii)
internal stretching-out because the retailer has limitations on the speed of
handling receipt of a sizable order and getting it “on the shelves” accessi-
ble to customers.* (For brevity, and because of the predominant terminology
noted next, we will refer to this process as “production” rather than “delivery
or production”.)

In the literature this model is most often referred to as the economic pro-
duction quantity model. Sometimes the term (economic) production lot size
model is also used. We will simply refer to it as EPQ. One of the earliest ref-
erences to this inventory system may be found in [23]. Figure 3 illustrates the
inventory level as a function of time when @Q units are produced during each
production run. The cycle time in this model is the time between successive
production starts. Again, shortages are not allowed.

5.1 Assumptions

In addition to the assumptions enumerated in Section 3.1 for the basic EOQ
model, development of the EPQ model involves the following assumptions:

1. The production rate is constant and strictly greater than the demand
rate. (We observe that when the production rate is less than or equal to
the demand rate the firm will have no need or opportunity to maintain
inventory.)

2. Production is resumed only when I{t) = 0.

4 When the firm manufactures the items it sells (rather than ordering stock from
an independent vendor), production rate limitations would be an internal rather
than an external issue.
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Fig. 3. Inventory Profile for the EPQ Model.

5.2 Model Formulation

Holding Costs. As before, the holding cost during one cycle of length T is
“h” times the area under the I(¢) curve. That is the area of a triangle with
base-length T and altitude Is. Unlike the basic EOQ model, Iy < @ because
units are being demanded and sold while they are being produced.

The cycle time T consists of two time periods: T, = [0,¢1], the time during
which the units are being both produced and sold (and inventory is increasing,
at rate M — D); and T}, = [t1, T}, the time when units are not being produced
(and inventory is decreasing at rate D).

Since production of @) units takes place in time period Ty, then @ = Mi;
and I is the level to which I(¢) rises during Ty, i.e.,

Iy = (M - D)(Q/M).
Thus the holding cost per cycle is
hx STI(M ~ D)(@/M)]

Dividing by T (to obtain the average holding cost per unit time) gives the
total per unit time holding cost of
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%(1 — D/M)h.

Other Costs. The ordering cost and purchase cost for this model are the same
as in the basic EOQ model.

Total Costs. The total inventory cost is given by the function

fepo(Q) = %(1 — D/M)h + gK + Dp. (5)

5.3 Derivation of Optimal Order Quantity
If we define h = (1 — D/M)h then the cost function Equation (5) may be

rewritten as 0 D

Zh+ ZK+D

5 + 0 + Dp,
which is Equation (1) with h replaced by h. Hence, by the previous optimiza-
tion of Equation (1), the optimal order quantity for the EPQ model is given

by
Oupo — 22K _ [ _2DK
PPN TR T\ a1 By

6 The EPQ Model with Shortages Allowed

fEPQ(Q) =

Our final model is an EPQ (see Section 5) variant with shortages allowed. We
will refer to this model as EPQ-SH. Figure 4 illustrates one possible inventory
profile when, in each production “run”, @ units are produced (made available)
at a rate M (> D), and such a “run” starts only when the number of units on
backorder reaches a certain maximum level B. The cycle time in this model is
the time between successive production starts. For simplicity, we assume that
the start of an inventory cycle is characterized by the backorder amount at its
maximum level (and, therefore, the inventory at level zero). The remaining
assumptions for this variant of the EOQ model are the union of those for the
EOQ-SH and the EPQ, discussed in Sections 4.1 and 5.1, respectively.

For this more complicated model, it is worthwhile to verify explicitly that
its assumptions indeed produce repetitive behavior of the inventory system,
cycle after cycle. This can be assured by checking that a cycle’s “final state”
coincides with its “initial state”, i.e., that I(T) = I(0) and W(T) = W(0), or
equivalently that I(T") = 0 and W(T) = B.
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Fig. 4. An Inventory Profile for the EPQ Model with Shortages Allowed.

6.1 Model Formulation

In this model, there are two decision variables: @, the total order quantity, and
B, the number of units on backorder at the time production starts. Since T is
defined as the time between successive production starts, we have Q = DT. In
the following analysis, we examine the inventory and backlog levels between
the starts of the first and second production runs. We assume that the first
production run starts at ¢ = 0 and the second at t =T

It will prove useful to divide the time interval [0, T into as many as three
subintervals: Sy, S5, and S3. In the first of these time intervals, new supply
is arriving and is being used only to meet backorders, both from the previous
cycle and arising during the current one, until none are left. Thus, shortage
costs but no holding costs are accumulating. In the second subinterval, the
remainder of the new supply arrives; holding costs but no shortage costs are
accumulating. In the third subinterval, S3, there is no production, and for all
t € S3, I(t) = 0. Thus, as in S, shortage costs are being incurred, but no
holding costs.

At the start of §;, W(0) = B. These backorders are being filled at the
rate M, i.e., the new supply is being used up as fast as it arrives. At the same
time, new demand is coming in at a rate D and being left unfilled, creating
new stockouts. So, during Sj, the waiting outages are decreasing at the net
rate M — D > 0. Therefore, for t € 5,
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W(t)=B— (M - D). (6)

Whether or not subinterval Sy exists, and the subsequent impact on Ss,
depends upon which of the following two scenarios occurs:

e Case I: The new supply is not sufficient for the inventory level to rise above
zero. {In this case, the waiting outages at the end of the production run
will be nonnegative.)

e Case II: As in Figure 4, the new supply is sufficient for the backlog level
to be reduced to zero. (In this case, there will be no waiting outages at
the end of the production run.)

‘We analyze these two scenarios in turn, noting that the first of them is typi-
cally omitted in the literature.’

Case I: No Inventory Maintained

In this scenario, the production run ends at some time T3 for which Q = MT;.
The “Case scenario” implies that for T3 < ¢t < T, all the supplies have been
exhausted without the inventory level ever becoming positive, and so backlogs
are increasing at the rate D. Thus, S5 is of zero length and S5 = [T1, T]. During
S3, we have

W(t) =W(T1) + D(t - Ty).

Lemma 3. In Case I, the “repetitiveness conditions” hold: I{T) = 0 and
W(T) = B.

Proof. The inventory level is never positive, so in particular I(T) = 0. Next,
since W(T) = W(T1) + D(T — T1), we have
W(T) = W(Q/M)+ D[Q/D - Q/M]
=B-(M-D)Q/M+Q—-DQ/M
= B.

(Here Equation (6) has been used.) O

Holding Costs. In Case I, no holding costs arise since I(¢) = 0 for all ¢.

Shortage Costs. The contribution of shortage costs to the total cost over one
period is given by “s” times the area of the region under the “W{(t) curve.”
A typical curve for Case I is shown in Figure 5. We see that the region under
the W (t) curve can be described as consisting of two parts:

e atrapezoid over [0, Q/M], whose left-hand boundary has height W(0) = B
and whose right-hand boundary has height W(Q/M) = B— (M - D)Q/M;

5 [20] is one text that does include the full analysis.
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a trapezoid over [Q/M,T], whose left-hand boundary has height W (Q/M)
and whose right-hand boundary has height W(T') = B.

Level

Backorder

2T
T Time

Fig. 5. Backorder Level Profile for Case 1.

The area of each trapezoid may be calculated as

% x base length x (left-hand height + right-hand height).

For the first trapezoid, the area is 1(Q/M)[W(0) + W(Q/M)]. For the
second trapezoid, the area is (T — Q/M)[W(Q/M) + W(T)] = (T -
Q/MW(Q/M) + W(0)]. The total area under the W(t) curve is therefore
(again Equation (6), with t = Q/M, has been used)

5o ()] 3-8) [ (8) o
i)

T|B+B- (M- D)—]
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T B D
- ze23-(1-5)]
So the total shortage cost over a production cycle is
T B D
—Q2=—-{1-=1]].
2@ [ Q < M)]

Other Costs. The per cycle ordering cost and purchase cost for this model are
the same as in the basic EOQ model.

Total Costs. The total inventory cost over a production cycle is

T B D

The average cost per unit time is

F1(Q, B) = %+pD+s% [EQE_ (1-%)]. 1)
If we let®
r=DB/Q and ¢q=D/M (8)

then we can eliminate variable B in favor of r, and rewrite equation Equation
(7) as

F@r) =2 +pp+sdr-a-al. ©)

Case II: Inventory Maintained

Subinterval Sj.
In this scenario, let S = [0, 73] so that T} is the time at which the backlog,
given by Equation (6), is reduced to zero. Hence 0 = B— (M —D)T) which gives
Ty = B/(M — D). Algebraic manipulation and the re-use of the abbreviations
in Equation (8) yields the equivalent expression

rq

T = T. 10
= (10)

Only shortage costs accumulate during S; = [0, T3] = [0, B/(M — D)}. During
this time period, W (t) changes at rate M — D from W(0) = B to W(T}) = 0.
The total shortage cost is given by s times the area under the W (¢t) curve for

5 Although independently conceived, the auxiliary variable r has some similarity to
the “k” introduced above equation (10) in [22] for use in their analysis of EOQ-
SH. In particular, that paper’s k£ would be, in our notation, B/(Q—B) = r/(1-r),
and so is uniquely determined by r (and vice versa).
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this time interval. That is the area of a right triangle with base length T3 and
height B. Thus, the shortage cost incurred during S is

s rq _ | sQTq | ,
2 <1—QT>B* [2(1—q)}r' (1)
Subinterval S,.

Only holding costs are incurred during Ss. It is useful to divide Sy into two
sub-subintervals, So1 and Sag. Sa1 lasts until the end of production, i.e., Sa; =
[T1,Q/M]. Saa begins at t = Q/M and ends at a time Tz where Q/M < Tz <
T and I(T3) =0.

During Sa1, the arrival (at rate M) of the remainder of the new shipment
is no longer needed to fill backlogs. That is, W(¢) = 0 throughout this sub-
subinterval. Instead production is being used to meet the new demand, which
arrives at the rate D. Thus I(¢) is increasing from 0 at the rate M — D.

The total holding cost incurred during Sp; is given by “A” times the area
under the I(t) curve for the interval Sp; = [B/(M — D), Q/M]. This is the
area of a right triangle with base-length

Q__B__QJ B
M (M-D) M [ Q(l—D/M)]

- wSal

and with altitude

I = 1@/ = 1 - ) [ & - B ]
=Q(1-q)-B
= QI —q) 7] (12)

For reasons that will become apparent shortly, we do NOT immediately write
out an expression for the area of this triangle.

During Sz, there is no further production. The system begins Sy, with
Iy = I(Q/M) units in inventory. During Ss., inventory diminishes at a rate
D until it is exhausted at the end of Sy;. For t in Sa9, we have

I(t) = Iny — D(t — Q/M).
In particular, at the end of Sz2, 0 = Iny — D(T2 — Q/M) which implies that
To=Q/M+ (1/D)Iy.

Using Equation (8), Equation (12), and algebraic manipulation yields the
equivalent expression

T,=Tqg+T[(1-¢q)—rj=(01-r)T. (13)
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The total holding cost is given by “h” times the area under the I(t) curve
for the subinterval Sy = [T7,T3]. That is the area of a triangle with base-length
T, — Ty and altitude Ips. The total holding cost is given by (using Equations
(10), (12), and (13))

hQT rq
(r/2)(T2 = Th)In = —— (1 =7) = )] (1-q) =],
which simplifies to hQT
2(1 _ q) [(1 - q) - T]Z' (14)

Subinterval S3.

During the third and final subinterval, Sz = [T, T], W(t) increases from 0 at
rate D, until the end, T', of the current inventory cycle; I(t) = 0 throughout Ss.
(In particular, the repetitiveness condition I(T) = 0 is met ) Thus, shortage
costs (but no holding costs) accumulate, and for ¢ in S3, we have W (t) = D(t—
T3). In particular, for the other repetitiveness condition (using Equation(13}),

WT)=D(T-T2)=D(T-(1-7rT)
= DrT
=rQ =B.

The total shortage cost from S is “s” times the area under the W (¢) curve for
the subinterval S3. That is the area of a right triangle with altitude W(T) = B
and base-length quantifiable by Equation (13) as

T—-Ty=rT.

So the total shortage cost from Ss is (s/2)(Br)T, which (by Equation (8) can
be rewritten as

s%«zT. (15)

Total Costs. Summing Equations (11), (14), and (15) gives the total holding
and shortage costs during [0, T] as

sQT 12 hQT sQT
e R T L LI
sQT hQT
- 2(1Q_ 4 2(1‘9_ Sl - -
QT

= 507 {sr2 +h[(1—-q) - 7"]2} ,

which, for fixed @, is quadratic in 7. The total cost during [0, 7] is obtained
by adding K + pQ to the last expression. Dividing the total cost during [0, 7]
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by T = Q/D gives our “Case II” objective function (minimand), the average
cost per unit time, as

Fo@.1) = KD/Q +pD + 7% (1), (16)

(1-q)

where
g(r) = sr? + h[(1 — q) — r}*. 17

6.2 Derivation of Optimal Order Quantity and Maximum Backlog
Amount

For this model, as for EOQ-SH (see Section 4.3), we use sequential optimiza-
tion to derive the optimal order quantity and maximum backlog amount. In
what follows, Lemmas 5 and 6 give the determination of r*(Q) and Q* for
Case I; Lemmas 8 and 9 give the determination of 7*(Q) and Q* for Case II.
Finally, Lemma 10 shows that Case II will always result in a lower inventory
management cost.

Lemma 4. If Case I occurs, then B/Q+ D/M > 1, i.e., v +q> 1.

Proof. If Case I occurs, then the waiting outages at the end of a production
“run” will be nonnegative, i.e., W(Q/M) > 0. Since W(t) = B— (M — D)t
for all ¢t in Sy, this condition reads

B—(M—D)Q/M >0 B/Q > (M~ D)/M
& B/Q+D/M > 1.

0

Lemma 5. Choosing v = r; = 1 — q (uniquely) minimizes Equation (9) for
every fized value of Q.

Proof. For a fixed @, Equation (9) is an increasing function of r, and so, it is
minimized by choosing r (i.e., B) as low as possible while remaining in Case
I,ie, r+q > 1 (by Lemma 4). Thus, we must choose r = 1 — g, and note
that this value is actually independent of (. ]

Lemma 6. When r = ry, the function Equation (9) is minimized (unigquely)
by choosing Q to be
2KD

G =\sa—omy

Proof. When r = ry, we have
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KD
F(@1-9) =5 +pD+s2(1-a).

But this is the objective function for a basic-model EOQ problem Equation
(1) with “adjusted holding cost” h’ = s(1 — q). So by our earlier optimization
of Equation (1), its minimum (over @) occurs for

[2KD | 2kD
Q1= v\ sa-g (18)

0
Lemma 7. If Case Il occurs, thenr+q < 1.
Proof. If Case II occurs, then Q/M > Ty = B/(M — D). Thus
Q/M >B/(M—-D)< M/Q < (M~-D)/B
& B/Q<1-D/M
Sr<l—g
O
Lemma 8. Choosing r to be
ry = L= DR
(h+s)

(uniquely) minimizes Equation (16) for every fized value of Q.

Proof. Since the coefficient of g(r) given by (17) in F(Q,r) is positive, for
any fixed @ we want to choose r so as to minimize g(r), subject to the “Case
IP” constraints 0 < 7 < 1 — ¢g. We may rewrite g(r) as

g(r)z(h+s){(r—M)2+A},

h+s

where A
A=(1=-qg)2-"
(1-9q) FDE
is independent of r. Since 0 < 3 = h(1 — q)/(h + s) < 1 — g, the constrained
minimizer of the function g(r) on the interval 0 <r <1 —gq isindeed r,. 0O

Lemma 9. When r = ry, the function Equation (16) is minimized (uniquely)

by choosing @) to be
0y = 2KD (h+s)
NaO-9 hs
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Proof. Note that

.. (d=gs
(1—-4q) ™= GE Ry
a fact that simplifies the algebra for evaluating
(1—q)°sh
9tra) = "y

which in turn gives

Now we need to choose @ > 0 to minimize this last expression. But it
is the objective function for a basic-model EOQ problem Equation (1), with
“holding cost” coefficient replaced by
(1 —q)hs

hll — .
(h+3)

So by our optimization of Equation (1), its minimum occurs (uniquely) for
/ 2KD (h + s)
(1-9q) '

Lemma 10. The least cost solution for the EPQ-SH is obtained by setiing the
order (production) quantity to Q = Q2.

0O

Proof. By the remark ending Section 3, for Case I, we have, apart from the
constant summand pD,

Fi(Q1,m) = V2KDNI = \/2KDs(1 — q).

The corresponding objective function value for Case II, again apart from the
constant summand pD, is

hs
(h+s)

Fy(Qz,72) = V2KDW' = \/;KD(l -q)

We see that Case I is better if and only if
W <h" & s(l—q)<(1-q)hs/(h+3s) < (h+3s)<h,

which is impossible. 0O
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In summary, for the EPQ-SH, the optimal order quantity, Qgpg—su, is
given by @2 and the optimal maximum backorder quantity is given by

Bppg_su = Q2

_ ((1—q)h> 2KD (h+s)
S\ (h+5s) (1-gq) hs

_ [2KDK(1 - )
N s(h+s)

7 Conclusions and Further Study

This paper has explicitly shown how the EOQ and EPQ inventory models,
with and without shortages allowed, can be solved without the use of calcu-
lus. In particular, the EPQ without shortages and the EOQ and EPQ with
shortages can all be solved by “reduction” to the basic EOQ model. The
EOQ model is in turn treated by using the simply-proved “base case” of the
arithmetic-geometric mean inequality.

It may be possible to apply the reduction approach to other deterministic
inventory models. For example, Goyal ([12]; also see [13]) develops an inter-
esting variant of the EOQ model in which the supplier permits a fixed delay
in settling the amount owed.”'8 Goyal represents the total variable cost per
time unit in terms of the time, T, between successive orders (as opposed to
the order quantity that we have used in the variants presented previously),
making use of the following quantities®:

e 5: the cost of placing one order;

e I.: the interest charges per dollar investment in stocks per year;
e I;: the interest which can be earned per dollar in a year; and

e {: the permissible delay in settling accounts.

By using the relationship T = Q/D, we can restate Goyal’s [12} formulas for
the average cost per unit time in terms of the variable Q.° Goyal considers
two cases:

e Case I: the cycle time is greater than or equal to the permissible
delay in settling payments

7 Goyal [12] does not specify a solution approach.

8 Upendra Dave [9] critiques certain aspects of the model developed in [12]. Goyal’s
response to the critique may be found in [13].

9 The symbols h, D, and p have the same meanings in [12] as in the current docu-
ment.

10 Equations (1) and (2) of [12] contain a typographical error: I, — I, instead of
I. — I
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To reduce this case to the familiar EOQ model given in Equation (1),
define

1
hei=h+pl., and Kg =S8+ §Dpt2(lc —I).

The economic order quantity in this case is, by our optimization of Equa-

tion (1),
0 /2DKGl 2D(S + Dpt2(I —I4))
G1 = h-i—plc )

in agreement with equation (3) of [12].

e Case II: the cycle time is less than the permissible delay in set-
tling payments
To reduce this case to the familiar EOQ model given in Equation (1),
define

hga =h+ply and Kgz=S.

The economic order quantity in this case is, by our optimization of Equa-

tion (1),
o 2DK(;2
Gz =y h + pId

in agreement with equation (6) of [12

The decision-maker’s choice between the two cases is governed by the same
“which curve to be on?” logic used in analyzing situations with volume dis-
counts where the price structure has only a single breakpoint.

Chung and Huang [7] generalize {12], extending its idea to the EPQ setting
and using calculus to obtain the optimal solution. Our techniques readily
adapt to this case as well. A natural extension of these models that could be
investigated is the application of “reduction to EOQ” to EOQ/EPQ models
with both shortages and permissible delays in payment.

In the body of this paper, we have made explicit a number of assumptions
customary in the development of such models. As suggested by the preced-
ing discussion involving [12], further study should reveal elementary solution
techniques under the removal of one or more of these restrictions. We outline
some additional possibilities below.

e Defective Items. Although most traditional inventory models assume
that all of the stock is of perfect quality, Huang [18] and Chou, et al. [6]
study the EOQ and EPQ models with backlogging and defective items.
Chou et al. note that Huang follows an algebraic approach similar to that
presented in [15] and [4], whereas in {6], the goal is to simplify the calcu-
lations given in [18].

e Time-independent shortage costs. In their EOQ model with short-
ages, Lawrence and Pasternack [19] include a “time-independent” short-
age cost, as well as the time-dependent shortage cost used in our models.
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Lawrence and Pasternack describe this cost as the “administrative one”
associated with recording a backorder and contacting a customer when the
order arrives. This cost differs from the one captured by the datum “s” be-
cause it is a fized cost per backorder, independent of how long a customer
waits for the goods to arrive. It would be useful to determine whether so-
lution via algebraic methods is still possible with the introduction of this
additional term.
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Summary. In this paper, we consider the problem of developing daily and weekly
schedules for the employees at a Federal Express local sort facility. We define the key data
components in this analysis, describe the work rules, present a mathematical programming
formulation of the daily scheduling problem as an extension of a set partitioning problem,
and present a simplification of the weekly scheduling problem. Although this paper
describes a work in progress, this study has defined the key issues that will have to be
considered when implementing the final system. This system has the potential to be used at
hundreds of FedEx local sort facilities if the final testing of the final system is successful.

Key words: Personnel scheduling; integer programming; set partitioning.

1 Introduction

The problem described in this paper concerns the development of daily and weekly
work schedules for the couriers, Customer Service Agents (CSA) and handlers at a
sort facility for the Express Division of Federal Express Corporation (FedEx). This
sort facility carries out the local delivery and pickup of packages for FedEx
Express.
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The operations of a FedEx local sort facility can be outlined as follows.
Packages arrive at the sort facility primarily from airports in the early morning.
These packages are then sorted at the sort facility and loaded onto local delivery
vehicles. Couriers then deliver the packages that required delivery before 10:30
am. After these deliveries are completed, the courier delivers other packages that
are scheduled for delivery later in the day and picks up packages that are to be
delivered in the next couple of days at some other location. The couriers then
return to the sort facility.

The packages that were picked up by the couriers are sorted, loaded onto
vehicles, and most of these packages are delivered to airports for transshipping at
FedEx’s central sort facilities (or Aubs). Additional checks such as international
certification have to be performed on some of the packages at the local sort facility
before they are delivered to the airports. In principal, therefore, one can regard the
overall FedEx Express operations as a combination of deliveries and pickups at the
local sort facilities and the resorting of the packages at the hubs. The effective and
efficient operation at the local sort facilities is critical in ensuring that the overall
FedEx Express delivery and pickup services run smoothly.

The personnel that work at a local sort facility are either regular employees or
casual employees. Regular employees at the local sort facility sort the packages,
run the routes, maintain the sort facility and act as the customer service agents.
The regular employees that are going to work on a given week are known in
advance and there is no guarantee that the same set of regular employees will be
available two weeks in a row. Thus, the procedure described in this paper may
have to be run weekly since the regular employees available on any day in two
consecutive weeks may be different. Regular employees are called employees in
the remainder of this paper.

Casual employees are additional employees that FedEx Express can employ as
needed. Both casual employees and regular employees can be used to work some
extra days; this creates a situation called the extended workweek for an employee
(see Section 6.2). Casual employees and employees that have their workweek
extended are not considered in the daily scheduling problem, since the need for
casual employees and extended workweek employees is determined after the daily
scheduling procedure described in this paper has been run.

Currently, FedEx has over 700 local sort facilities that carry out FedEx
Express’s local delivery and pickup operations. These facilities can have anywhere
from under 20 to over 300 employees handling the sort facility’s daily operations.
Nationwide, tens of thousands of FedEx employees are involved in these local sort
operations daily. Currently, schedulers using the FedEx’s Compass System form
the daily and weekly schedules for the employees at the sort facility without any
optimization. It is envisioned that the optimization system that evolves from this
study will become a module in the Compass System.

In this paper, we will describe the procedures we developed for forming the
daily and weekly schedules for the employees at a FedEx Express sort facility.
This project is a work in progress. We wanted to present this preliminary
description of our analysis of this project in this volume for Saul Gass, because we
believe that this analysis encompasses many of the modeling and analysis
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principles that Saul espouses in his speeches, seminars, and papers. To get an
understanding of the problem, we talked to FedEx employees at the corporate level
in Payroll, Human Resources, and Industrial Engineering as well as employees at
local sort facilities. Saul often noted that to properly model and analyze a real
situation, the analyst must see the problem, feel the problem and discuss the
problem with the persons directly involved with the problem.

After giving an overview of related work in Section 2, we give the problem’s
key data components in Section 3 and precisely define the problem that is being
solved in Section 4. In Section 5, we present the core approach for solving the
daily scheduling problem. In Sections 6 and 7, we describe various conditions that
identify the key characteristics of FedEx’s daily and weekly scheduling problem.
We present some final remarks in Section 8.

2 Related Work

The problem addressed in this paper is a type of personnel scheduling problem.
There is, of course, a long history within the Operations Research community of
the study of scheduling in general and personnel scheduling in particular. One
class of early models addressed problems in which there were requirements for
many workers of the same type over a time horizon. For example, in each 15
minute interval there might be a requirement that a certain minimum number of
workers be on duty. A simple version of this problem can be formulated as a
network flow problem (see [6] for a description of this model and its application to
telephone operator scheduling). More complex versions require the use of
heuristics or integer programming. A popular approach involves the use of
generalized set partitioning models, where columns correspond to possible work
schedules and each row a time period that must be covered; here, unlike the (pure)
set partitioning model, each row must be covered multiple times (e.g., [1], [4]).

There is a large body of work on crew scheduling problems for which a large
set of tasks must be covered, where each task has a fixed start and end time (see [5]
and [3]). These problems most typically arise when crews must carry out tasks that
represent work units derived from a service with an associated timetable. Two
well-studied application areas are transit crew scheduling and air crew scheduling.
Set partitioning and generalized set partitioning approaches are widely used to
address these problems.

The problem addressed in this paper is closest to this latter class of problems.
However, in our case, some tasks have flexibility relative to the time at which they
can be carried out. Nonetheless, the possible schedules are tightly constrained, in
that many tasks have narrow time windows in which they can be executed, and
there can be precedence constraints relative to the order in which tasks are
executed.

In addition, the problem described herein can have constraints requiring that the
same employee carry out certain combinations of tasks and constraints that have
specified employee to task assignment restrictions. This problem probably falls
most naturally within the general class of resource constrained scheduling problems
[2]. When such problems are “tightly constrained,” set partitioning approaches
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generally are preferred. As described later in the paper, we recommend a set
partitioning approach; our reasons for doing so are quite consistent with the
motivation associated with the prior work described above for closely related
problems. As with many such problems, the particular details of our application
lead to interesting challenges, both in column generation and in incorporating side
constraints into the models.

3 Key Data Components

The two key data components in this study are the Task Specifications and the
Employee Qualification Conditions. These data components are now described.

3.1 Task Specification

The operations at a sort facility are broken down into a set of tasks such as the Pre-
Trip Tasks, Belt Loader Tasks, Fine Sort Tasks, Route Tasks, Post-Trip Tasks and
Courier Clerical Tasks. These tasks partition the operations of a sort facility into a
set of definable work elements. The following can be specified about each of these
tasks:

e Task duration: The task duration states the total time in minutes required to
process this task and must be defined for every task.

e Precedence relationships between the tasks. These precedence relations state
conditions on the tasks such as the following:

i.  The start time of one task must not exceed the start time or the end time of
another task.

ii. The end time of one task must not exceed the start time or the end time of
another task.

e Specification of a definitive start time or end time of a task: For example, this
specification could be Task 5 must start at exactly 7:30 am.

s Co-assignment responsibilities. The co-assignment responsibilities specify
that a defined subset of tasks must be handled by the same FedEx employee.
For example, the person servicing route 246 must also do the fine sort task for
route 246 and the courier clerical task for route 246. These co-assignment
responsibilities are very important and drive the process given below.

e Qualification conditions. The qualification conditions for a task define the
knowledge that an employee must possess in order to service the task. These
conditions may also define specific employee types such as a courier must
service the task. The qualification conditions serve as a link between the Task
Specifications and the Employee Qualification Conditions.

Finally, all tasks are defined to begin and end at the sort facility.
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3.2 Employee Qualification Conditions

The employees are classified as three work types: couriers, Customer Service
Agent (CSA), and handlers. The most common shift types for these employees are
the following:

e TFull time 5 day a week 8 hours/day employees.
¢  Full time 4 day a week 10 hours/day employees.
o  Part Time Employees.

There are many requirements on an employee’s daily and weekly work schedule in
order to ensure that these schedules are feasible. Some of these requirements are
described in Sections 5 and 6.

Each employee is qualified to perform certain tasks at the sort facility.
Although no employee is qualified to perform every type of task at the sort facility,
a few employees, called Swing Employees or Swings, are qualified to perform many
of the tasks regarding the operations of the sort facility. An employee has to be
qualified to carry out a task in order for the employee to be assigned to service the
task. The qualification conditions serve as a link between the Task Specifications
and the Employee Qualification Conditions.

Most couriers can only be assigned to service a few routes, because most
couriers only know the geography for a few routes in the sort facility. Swing
employees are qualified to deliver and pick up packages on many routes, as well as
being qualified to carry out many of the tasks at the sort facilities. CSA and
handlers stay in the sort facility and do not drive a route.

4 The Problems Being Solved

The two scheduling problems being solved are the Daily Scheduling Problem and
the Weekly Scheduling Problem. The employees that are scheduled to work each
day of the week are known. Further, FedEx pays each employee scheduled to work
on a given day, regardless of whether the employee is assigned any tasks or not.

It is important to note that each employee is paid for the number of pay hours in
the employee’s daily and weekly schedule. The pay that the employee receives
includes the daily and weekly overtime in the employee’s schedule (whichever is
greater) and guaranteed minimums on the length of a workday and length of a
workweek. For example, if an employee is scheduled to work 7 hours on Monday,
then the employee is paid for the 7 hours that the employee works. The Daily
Scheduling Problem and Weekly Scheduling Problem are now described.
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4.1 Daily Scheduling Problem

In the daily scheduling problem, each task will eventually be assigned to a qualified
employee or to a causal employee (if necessary), and each employee is assigned a
collection of tasks that makes up his workday. As noted above, an employee is
paid for a day that he is scheduled to work, even if there are no tasks assigned to
the employee on that day. The shift types and penalties for the daily work
schedules for the employees are displayed in Table 1.

Table 1. Daily Pay Hour Restrictions for FedEx Express Sort Facility Employees

Employee Minimum Regular Overtime Pay | Overtime Pay

Type Pay Pay (1.5* Regular | (2* Regular
Pay) Pay)

Full Time 5 4 hours 4-8 hours 8-12 hours > 12 hours

days/week

Full Time 4 4 hours 4-10 hours | 10-14 hours > 14 hours

days/week

Part Time 2 hours 2-8 hours | 8-12 hours -—-

The columns in Table 1 are defined as follows:

Employee Type is the type of employee being considered in the row.
Minimum Pay is the minimum number of hours and minutes each employee
must be paid if he is assigned to work less than these hours.

¢ Regular Pay is the range of hours in a daily work schedule where the
employee is paid regular time only. There is no overtime pay associated with
this daily work schedule.

e Overtime Pay (1.5* Regular Pay) is the range of hours in a daily work
schedule that the employee is paid 1.5 times the regular pay for the overtime
hours that the employee works.

e Overtime Pay (2% Regular Pay) is the range of hours in a daily work
schedule that the employee is 2* regular time. This employee is also paid 1.5
time regular time for the hours worked in the column named Overtime Pay
(1.5*Regular Pay)

Thus, for a five day a week full time employee, the employee is given regular
pay for a shift up to 8 hours. A five day a week full time employee whose shift
duration is between 8 and 12 hours receives 1.5 * regular pay for all hours between
8 and 12 hours and regular pay for the first 8 hours. It the shift duration is over 12
hours, then the employee is paid 8 hours of regular time for the first 8 hours, 6
hours of pay (including 2 hours of overtime for hours 8-12 in the daily schedule)
and 2* regular pay for any time over 12 hours in duration.

The only penalty costs in the daily scheduling problem are the daily overtime,
minimum daily pay hours and slack time between tasks. The slack time between
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two tasks is considered in the column generation as part of the duration of the daily
work schedule. As an example, if each of two tasks on a daily work schedule is 10
minutes in duration and one task ends at 7am and the other begins at 7:05 am, then
it will take 25 minutes to complete these two tasks (6:50 am to 7:15 am) and the
employee is paid for 25 minutes of work.

We analyzed some daily schedules from a FedEx sort facility. These daily
schedules were extracted from FedEx’s Compass System. We used an approximate
set of work rules, since we are still reconciling some of the work rules at a sort
facility. In this case, we found that there was about 6-7% penalty cost in the daily
schedules.

Based on this analysis, we decided to use a variant of a set partitioning problem
for solving this problem. We wanted an approach that is guaranteed to find a
feasible solution and maximize the savings. We did not want to risk using a
heuristic approach that could get ‘locked into’ an inferior solution. This integer
program is presented in Section 5.

4.2 Weekly Scheduling Problem

The weekly scheduling problem collects the daily schedules for the employees and
forms the weekly schedules. The characteristics of a weekly schedule for a full
time employee and a part time employee are given below.

e  Full Time Employee
a. Minimum duration of the weekly schedule is 35 hours. The employee
is paid up to 35 hours if his weekly schedule is less than 35 hours in
duration.
b. Maximum duration of the weekly schedule is 40 hours before paying
weekly overtime.
c. Weekly overtime is paid at the rate of 1.5¥Regular Pay for any week
where the number of paid hours exceeds 40 hours.
e Part Time Employee
a. Minimum duration of weekly schedule is 17.5 hours. The employee
is paid up to 17.5 hours if his weekly schedule is less than 17.5 hours
in duration.
b. Maximum duration of weekly schedule is 40 hours before paying
weekly overtime.
C. Weekly overtime is paid at the rate of 1.5*Regular Pay for any week
where the number of paid hours exceeds 40 hours.
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4.3 Overtime Paid to an Employee over a Work Week
Overtime paid to an employee over a workweek is equal to the following:

Overtime = Max[weekly overtime over the workweek, total daily overtime over the
workweek].

It turns out that we can simplify the computation of overtime by the critical
observation given in Section 4.4.

The only two penalty costs in the weekly scheduling problem are the following:
i) the minimum workweek durations - 35 hours in a week for a full time employee
and 17.5 hours in a week for a part time employee, and ii) overtime attributable to
any time an employee works over 40 hours in a week.

Assume the following conditions hold:

¢ Full time employees that work a 4 day workweek get paid overtime if their
workday is longer than 10 hours.

¢ Full time employees that work a 5 day workweek or part time employees get
paid overtime if their workday is longer than 8 hours.

Then, we can conclude that it is impossible for an employee to earn more overtime
attributable to the weekly constraint of 40 hours than the total daily overtime over
the week that he can earn by working more than 8 hours on the individual days in
the week. This critical observation, quantified in Section 3.4, significantly
simplifies the weekly scheduling problem.

4.4 A Critical Observation
Define the following terms.

. Dij. = maximum number of hours that employee i can work on day j in the

workweek before earning daily overtime (i.e., maximum regular pay hours on
day j),j = 1,2,...,6 where j = 1 is Monday, j = 2 is Tuesday, etc. For FedEx,

D, =10 for a 4 day a week employee and D; =8 hours for all employees

other than a 4 day a week employee. Employee i may be scheduled to work
less than D,.j hours in a day and is scheduled to be paid for the hours that he is
scheduled to work. As an example, if a 5 day a week employee is scheduled to

work 7 hours on Monday, then this employee is paid for 7 hours of work on
Monday.

* B, =1 ifemployee i is scheduled to work on day j and B, =0 otherwise.
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6
e D = Z (Bij . D,.j) equals the total number of hours over the workweek that
=1
employee i can work from day j = 1,2,...,6. This term computes the maximum
number of hours that an employee can work and not be paid weekly overtime.

¢ W, = maximum number of hours over the workweek that employee i can

work over the week before earning weekly overtime. For FedEx, W, =40

for all employees.

We then make the following general observation that is critical for the design of
the daily and weekly scheduling algorithms:

For any employee i, if W, > D,, then the total overtime paid to

employee i that can be attributed to weekly overtime is no greater
than the sum of the daily overtime that the employee earns for each
day of the week that the employee works.

If D, >W,, then it is possible for the employee to earn more overtime hours

attributable to the weekly constraint than the daily constraints. These observations
are illustrated in the following two examples.

Example 1:

For employee i, let W, =40, B,.j =1,j=1,2,3,4,5, B, =0 and D,.j =8 forj
6

=1,2,3,4,5,6. Then, D, = Z (Bij . D,.j) = 40 is the maximum number of hours
=1

the employee can work without being paid weekly overtime. Further, assume that
the employee earns daily overtime after working 8 hours in a day.

Assume that the daily and weekly schedules for the week are formed, and the
employee is scheduled to work 7 hours on Monday and 9 hours on Tuesday
through Friday. The employee earns 4 hours of daily overtime (1 hour of overtime
on Tuesday through Friday) or 2 hours of additional overtime pay if overtime is
paid at time and a half. The employee is scheduled to work 43 =7+9+9+9+9
hours during the week and earn 3 hours of weekly overtime (or 1.5 hours of
overtime pay if overtime is paid at time and a half). Thus, the employee earns 2
hours of overtime pay, since he earns 2 hours of daily overtime over the week, 1.5
hours of weekly overtime, and the overtime paid to the employee is the maximum
of the daily overtime earned by the employee over the week and the weekly
overtime earned by the employee.
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Example 2:

If D, > W,, then the critical observation is not guaranteed to hold. Let D, =40.

Assume that employee i works 7.5 hours a day from Monday through Friday.
Then, his total workweek is 37.5 hours, and there is no daily overtime. However, if

W, =36, then there is 1.5 hours of weekly overtime.

4.5 Algorithm for the Weekly Scheduling Problem
The implications of the result in Section 4.4 are as follows:

e  We do not have to worry about minimizing weekly overtime in developing the
weekly schedule for the employees.

e  We only have to ensure that the employees have as little weekly minimum pay
penalties as possible in developing these weekly schedules.

Based on this result, the algorithm that we suggest for the weekly scheduling
problem is as follows.

¢  Solve the daily scheduling problem for each day of the week.

¢ Develop a heuristic procedure that swaps tasks between daily schedules on the
same day in such a way that the total daily and weekly penalty costs are
reduced.

We have tested this procedure on a data set from a small sort facility, and
everything appeared to work very well. We realize that we will have to make some
changes to this procedure as the development of the entire system proceeds. To
accomplish this, we plan to test this procedure on additional data bases from
medium and large local sort facilities.

S Problem Formulation of the Daily Scheduling Problem

We propose using a variant of a set partitioning problem (VSPP) for solving the
daily scheduling problem. The set partition problem is run for each day of the
week as a separate optimization problem. In this formulation, the employees who
are available to work each day of the week are known in advance.

As formulated in (1) to (4) below, the VSPP is always feasible. An optimal
solution to the VSPP for any day of the week finds the following:

o A feasible daily work schedule for each employee scheduled to work that day
of the week. It is possible that an employee is not assigned any tasks to work
that day. The employee is paid regardless of whether he has tasks assigned to
him or not.
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Any task left unassigned can be assigned to a relief employee or assigned to a
regular employee under the notion of an extended workweek (see Section 6.1
for a description of an extended workweek for an employee).

The total cost of the work schedules in a solution is minimal according to the
objective function defined in Section 5.1.

5.1 Mathematical Programming Formulation of the VSPP

The mathematical programming formulation of the set partitioning problem
representing the daily scheduling problem is the following.

Variables

X g 1 if employee i is assigned to work the j’th schedule enumerated for

employee I in the final solution for the given day, and X g = 0 otherwise.

E, =1 if employee i is not assigned to service at least one task on the given
day, and E, =0 otherwise.

T, =1 if task k is not assigned to an employee in the solution to the problem,

and 7, =0 iftask k is assigned to an employee in the solution to the problem.

Parameters

Qy = 1 if employee i can handle task & on the jth work schedule enumerated
for employee i, and a,; =0 otherwise.

C;; is the daily cost of employee i servicing the jth work schedule enumerated
for employee i. This cost includes the normal hourly cost plus penalties that
account for the daily schedule not satisfying the minimum duration constraint

and the daily schedule having daily overtime embedded within it.
f; is a constant and represents the minimum daily cost for employee i. f;
can be larger than the minimum daily cost for an employee to ensure that as

many tasks as possible are assigned to employees.
8, is the cost for bringing in an additional employee (relief employee or

extended workweek employee) to service task k. As with f;, s, can be larger

than the cost for bringing in an additional employee to ensure that as many
tasks as possible are assigned to the employees scheduled to work that day.
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Formulation of the VSPP

The objective function of the VSPP is the following:

Minimize Z:ZZCU'XU+Z-ff'Ei+ZSk'Tk (1)
T ; *

The sums in (1) are taken over all employees i, work schedules j enumerated for
employee i, and tasks .
The VSPP has the following constraints

Zzaﬂq'Xij"'Tk:l for all tasks % 2
i

The sum in (2) is taken over all employees i and work schedules j enumerated for
employee i.

ZX!'/ + E, =1 for all employee i 3
J

The sum in (3) is taken over all work schedules j for employee i.

All decision variables are Boolean variables, and the range of these decision
variables are over all employees i, all feasible schedules j for employee i, and all
tasks k.

X, ={01}, E, ={0,3, T, ={0,1} )

The equations (1) to (4) represent the following.

e (1) is the objective function of the set partitioning problem. The objective
function attempts to minimize the total cost of the daily schedule. Penalty
terms are added into the objective function to account for the conditions that a
task is not assigned to any of the employees or there is no task assigned to an
employee.

® (2) ensures that every task on the day being analyzed is assigned to an
employee or is unassigned if it is to be handled by a relief employee or an
employee under an extended workweek.

® (3) ensures that every employee available for work on the day being analyzed is
assigned a work schedule or is paid a specified amount if he receives no tasks to
carry out on the given day.

* (4) ensures that every variable in the solution is either O or 1. If X, =1 in the
final solution, then the j’th work schedule enumerated for employee i is used in
the daily schedule for the day. If E, =1, then employee i (who is scheduled to
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work on the day) receives no tasks to carry out that day. If 7, = 1, then task k
is not assigned to any employee who is scheduled to work on the day.

5.2 Comments on the VSPP

The VSPP always finds a feasible solution.
The VSPP may require an excessive amount of time to generate the columns
and an excessive amount of time to find the optimal solution.

¢ In most cases, the fixed costs in a daily scheduling problem comprise well over
90% of the total cost of a daily schedule, and the optimal feasible solution will
have some extra cost in it. This approach guarantees that the best solution or a
solution that is close to the best solution is found.

e Simpler heuristic solution may have great difficulty finding very good
solutions.

¢  The objective function for each daily schedule is not linear with respect to the
total duration of each daily schedule. Penalty costs and overtime costs, as well
as other factors such as lunch breaks (see Section 5.1), have to be considered,
and they can be difficult to handle with heuristic approaches.

e Our experimentation with a problem involving about 25 employees and 120
tasks and an approximate set of work rules (the work rules continue to be
refined) formed an integer program that had about 1400 columns. This
problem was solved using CPLEX, and the linear program terminated optimal.
A savings of about 2% over the existing solution was realized.

6 Daily Work Rules and Generating the Columns of the VSPP

The implementation of the VSPP requires an understanding of the FedEx Express
work rules. These work rules allow checks to be performed to ensure that a
generated daily schedule is feasible and that the cost of the schedule is correctly
determined. We have not as yet completed the design of the column generation for
the daily work schedules. The generation of these daily schedules is complicated
by the requirement that the final system has to operate at all of the FedEx Express
local sort facilities, and the daily and weekly work rules can differ at each of these
facilities. That is to say, there are local practices and state regulations at the sort
facilities that have to be considered when carrying out the column generation. We
are still trying to get clarification on some of these issues. Some of the more
important constraints and considerations in this generation are described in Section
6.1.

Further, we want to generate the columns of the VSPP in such a way that no
redundant columns are generated. An overview of our proposed process for
carrying out this column generation is described in Section 6.2.
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6.1 Issues in Generating the Daily Work Schedules

As noted previously, an employee generally gets paid for the time worked subject
to the daily minimums and overtime considerations given in Table 1. Some of the
major issues that have to be considered in generating daily work schedules are as
follows.

o  Split Shifts. A daily work schedule is called a split shift if there is at least a
two hour of idle time between any two consecutive tasks on the daily work
schedule. Split shifts have different pay rules than regular shifts, and these pay
rules may be subject to local practices. One shift is made up of the tasks on
the daily work schedule serviced before a break of at least two hours, and the
other shift is made up of the tasks that follow this break. Generally, a split
shift is comprised of two shifts. Not all employees are eligible to work split
shifts, and employees who are eligible to work a split shift are specified in the
data.

e Stretch and Flex. Each employee is given a fixed amount of time at the
beginning of each shift each day for a task called Stretch and Flex. The
Stretch and Flex is used for the employee to ‘“warm up’ and for management to
hold a quick meeting with the employees.

¢ Lunch Breaks. The accounting for lunch breaks in a daily schedule is tricky
and is subject to local practices, since it appears that different local sort
facilities can have their own lunch break rules. The duration of the lunch
break can be a function of the duration of the work schedule being generated.
The determination of the lunch break is only used for reporting purposes if the
lunch break is not paid for. The duration of the lunch break is specified in
each daily schedule generated, so that the employee knows the duration of the
lunch break in his daily schedule.

e Determining the Order of Servicing a Set of Tasks on a Daily Work
Schedule. A Backtrack — Forward Track procedure has been developed to
determine the order of servicing a set of tasks that can possibly make up a
feasible daily work schedule and the cost of this proposed daily work schedule.
A side benefit of this approach is that it determines if a set of tasks can feasibly
be serviced on a daily work schedule. Although this procedure is not fully
defined in this paper, details of this approach are given in Section 6.2.

6.2 Overview of the Approach for Generating ANl Feasible Daily Work
Schedules

We break the set of tasks that are specified to be carried out on a given day into
four sets called Set A, Set B, Set C and Set D.

o Each element in Set A contains all co-assigned tasks that have to be serviced
by the same employee and have to be serviced one after the other. Generally,
these co-assigned tasks represent a route and the tasks that have to be carriied
out by the same employee immediately preceding and following the route.
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Each element in Set A is called a SuperTask. A SuperTask becomes a row in
the VSPP. This row replaces the rows representing the co-assigned tasks
making up the SuperTask. The use of Supertasks reduces the number of rows
and columns of the VSPP without reducing the accuracy of the solution.

e Set B contains all co-assigned tasks in the data that are not part of the
SuperTasks in Set A. These co-assigned tasks do not have to be serviced
consecutively along with the appropriate SuperTask from Set A. In other
words, if a daily work schedule consists of tasks from Set B and a Supertask
from Set A, then it is possible to insert tasks from Set C and Set D into the
daily work schedule between the Task from Set B and the Supertask from Set
A.

e Set C contains all tasks that are not co-assigned to any other task. Each of
these tasks has a time window that constrains the task’s start time and end
time.

¢ Set D contains all of the remaining tasks; that is to say, Set D contains all tasks
that are not co-assigned to any other task, and each task in set D does not have
a time window that constrains the task’s start time and end time.

Furthermore, set W is defined to be the set of available employees. An element is
defined to be a member of any of these five sets.

The algorithm begins to build a daily work schedule for an employee by
selecting an element corresponding to an employee in Set W. It then selects an
element from Set A if such an element exists. If this SuperTask can feasibly be
serviced by the employee from set W, a (SuperTask, employee) pairing is formed.
(If this pairing is not feasible, the algorithm then goes to the next element in A and
repeats the process.)

Given that (SuperTask, employee) pairing is feasible, the algorithm attempts to
build up the daily work schedule with elements from set B, then set C and then set
D. Whenever an element is added to a daily work schedule, the cost of the daily
work schedule is computed. When the daily work schedule is complete, it is added
to the set of feasible daily work schedules for the day under consideration. Some
workers (CSA, handlers) do not service any routes so their daily work schedules
only consist of elements from sets C and D. Daily work schedules for the CSA and
handlers are generated by this process.

Any time a feasible element becomes a candidate to be added to the proposed
daily work schedule, the Backtrack — Forward Track procedure is used to
determine if the proposed daily work schedule is feasible and, if so, what are the
various costs and resulting feasible time windows associated with each task in the
schedule. In this procedure, the best position of the new task in the proposed daily
work schedule is determined. This procedure is still undergoing development, and
we believe further analysis is necessary before the final version of this procedure is
implemented.
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7 Weekly Scheduling Issues

As noted previously, the weekly scheduling problem is relatively simplie to analyze.
However, there are a couple of issues with the weekly scheduling problem that
have to be mentioned.

7.1 Extended Workweek

Earlier, we mentioned that the possibility that certain tasks may not be assigned to
an employee when solving the VSPP. We noted earlier in this paper that these
tasks may be handled by relief employees or employees on an extended workweek.
An extended workweek for an employee occurs when an employee not scheduled
to work on a given day is called in to work a shift. In this way, a 5 day a week
employee may work 6 or 7 days and a 4 day a week employee may work 5-7 days
during the week. Generally, the employee working the extended workweek is paid
time and a half for the first extra day of work and double time for the other extra
days of work.

7.2 Days Off

Employees take days off such as vacation days, have authorized leave, have to
attend special meetings, training, etc. These issues have to be considered in
determining the cost of a weekly schedule for the employee. We are currently
investigating these issues.

8 Final Remarks

In this paper, we have attempted to document many of the critical aspects of the
FedEx Express local sort facility personnel scheduling problem. We have
described the problem, proposed an algorithm for solving the problem and
discussed many of the issues confronting FedEx in attempting to develop a system
that will be useful in all of their local sort facilities. This is a very important
problem for Federal Express. The solution gives FedEx the opportunity to achieve
a considerable amount of savings and get control on the important issue of
scheduling the employees at their local sort facilities.
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Summary. Stochastic activity networks (SANs) such as those arising in Project
Evaluation Review Technique (PERT) and Critical Path Method (CPM) are an
important classical set of models in operations research. We focus on sensitivity
analysis for stochastic activity networks when Monte Carlo simulation is employed.
After a brief aside reminiscing on Saul’s influence on the author’s career and on
the simulation community, we review previous research for sensitivity analysis of
simulated SANs, give a brief summary overview of the main approaches in stochas-
tic gradient estimation, derive estimators using techniques not previously applied to
this setting, and address some new problems not previously considered. We conclude
with some thoughts on future research directions.

Key words: Stochastic activity networks; PERT; CPM; project management;
Monte Carlo simulation; sensitivity analysis; derivative estimation; perturbation
analysis; likelihood ratio/score function method; weak derivatives.

1 Introduction

In the vast toolkit of operations research (OR), two of the most useful meth-
ods/models without a doubt are simulation and networks. Numerous surveys
of practitioners consistently place these in the top 10 in terms of applicability
to real-world problems and solutions. Furthermore, there is a large industry of
supporting software for both domains. Thus, almost all degree-granting pro-
grams in operations research offer standalone courses covering these two top-
ics. At the University of Maryland’s Robert H. Smith School of Business, these
two courses at the Ph.D. level have course numbers BMGT831 and BMGT835.
They form half of the core of the methodological base that all OR Ph.D. stu-
dents take, along with BMGT834 Stochastic Models and BMGT830 Linear
programming, which Saul Gass taught for much of his career at Maryland,
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using his own textbook first published in 1958, and translated into numer-
ous other languages, including Polish, Russian, and Spanish. Reflecting back
on my own academic career, the first presentation I ever gave at a technical
conference was at the 1988 ORSA/TIMS Spring National Meeting in Wash-
ington, D.C., in which Saul was the General Chair. When the INFORMS
Spring Meeting returned to Washington, D.C. in 1996, Saul was again on
the advisory board and delivered the plenary address, and this time, through
my connection with him, I served on the Program Committee, in charge of
contributed papers.

Saul’s contributions to linear programming and his involvement in ORSA
and then INFORMS are of course well known, but what may not be as well
known are his contributions to the simulation community and simulation re-
search. Saul was heavily involved with the Winter Simulation Conference —
the premier annual meeting of stochastic discrete-event simulation researchers,
practitioners, and software vendors — during what could be called the forma-
tive and critical years of the conference. Saul served as the ORSA represen-
tative on the Board of Directors in the early 1980s. During these years, “he
contributed much insight into the operation of conferences and added pres-
tige” [21], which clearly helped launch these meetings on the path to success.
In addition, Saul has also contributed to simulation research in model evalua-
tion and validation through “(i) the development of a general methodology for
model evaluation and validation [15, 18], and (ii) the development of specific
validation techniques that used quantitative approaches [16, 17]” {21]. Arjang
Assad’s article in this volume details numerous additional instances of Saul’s
involvement with simulation during his early career.

The networks studied in this paper are a well-known class of models in
operations research called stochastic activity networks (SANs), which include
the popular Project Evaluation Review Technique (PERT) and Critical Path
Method (CPM). A nice introduction to PERT can be found in the ency-
clopedia entry written by Arjang Assad and Bruce Golden [2], two long-time
colleagues of Saul hired by him in the 1970s while he was chairman of the Man-
agement Science & Statistics department at the University of Maryland, and
co-authors of other chapters in this volume. Such models are commonly used in
resource-constrained project scheduling; see {6] for a review and classification
of existing literature and models in this field. In SANs, the most important
measures of performance are the completion time and the arc (activity) criti-
calities. Often just as important as the performance measures themselves are
the sensitivities of the performance measures with respect to parameters of the
network. These issues are described in the state-of-the-art review [8]. When
the networks become complex enough, Monte Carlo simulation is frequently
used to estimate performance. However, simulation can be very expensive
and time consuming, so finding ways to reduce the computational burden are
important. Efficient estimation schemes for estimating arc criticalities and
sensitivity curves via simulation are derived in [4, 5].



Sensitivity Analysis for Stochastic Activity Networks 353

In this paper, we consider the problem of estimating performance mea-
sure sensitivities in the Monte Carlo simulation setting. This problem has
been studied by various researchers. In particular, infinitesimal perturbation
analysis (IPA) and the likelihood ratio (LR) method have been used to de-
rive efficient estimators for local sensitivities — see [3] for IPA used with
conditional Monte Carlo, and [1] for the LR method used with control vari-
ates; whereas [7] use design of experiments methodology and regression to
fit performance curves. The use of conditioning in [3} for variance reduction
differs from its use in deriving estimators for performance measures to which
IPA cannot be applied. Here, we present some alternative estimators: weak
derivative (WD) estimators, and smoothed perturbation analysis (SPA) esti-
mators. These can serve as alternatives to IPA and LR estimators. We also
consider estimation of performance measure sensitivities that have not been
considered in the literature. The rest of the paper is organized as follows.
In Section 2, we present the problem setting and briefly review the PA, LR,
and WD approaches to derivative estimation. The derivative estimators are
presented in Section 3. Some concluding remarks, including extensions and
further research, are made in Section 4.

2 Problem Setting

We consider a directed acyclic graph, defined by a set of nodes N of integers
1,..., V|, and a set of directed arcs A C {(3,J) : 4,5 € N;i < W|,7 > 1},
where (4, ) represents an arc from node ¢ to node j, and, without loss of gener-
ality, we take node 1 as the source and node |N| as the sink (destination). For
our purposes, we also map the set of directed arcs to the integers {1,...,]A|}
by the lexicographically ordering on elements of .4. Both representations of
the arcs will be used interchangeably, whichever is the most convenient in the
context. Let P denote the set of paths from source to sink. The input ran-
dom variables are the individual activity times given by X;, with cumulative
distribution function (c.d.f.) Fj,i =1,...,]Al, and corresponding probability
density function (p.d.f.) or probability mass function (p.m.f.) f;. Assume all
of the activity times are independent. However, it should be clear that dura-
tion of paths in P will not in general be independent, such as in the following
example, where all three of the path durations are dependent, since Xg must
be included in any path.

Example: 5-node network with 4 = {(1,2),(1,3),(2,3),(2,4),(3,4),(4,5)}
mapped as shown in Figure 1; P = {(1,4,6), (1, 3,5,6),(2,5,6)}.

Let P* € P denote the set of activities on the optimal (critical) path corre-
sponding to the project duration (e.g., shortest or longest path, depending on

the problem), where P* itself is a random variable. In this paper, we consider
the total project duration, which can be written as

Y=>3Y X (1)

jeP*
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X1 X4

X3 - e

Xz X5

Fig. 1. Stochastic Activity Network.

Another important performance measure is arc criticality, which is the proba-
bility that a given activity is on the optimal (or critical) path, i.e., P(i € P*)
for activity ¢. As the focus of this paper is sensitivity analysis, we wish to
estimate derivatives of performance measures involving Y with respect to a
parameter §. We consider three cases:

1. dE[Y]/d6, where 6 appears in the activity time distributions (i.e., in some
p.df fi);

2. dP(Y > y)/d@ for some given y > 0, where again 6 appears in the activity
time distributions;

3. dP(Y > 6)/df, where 6 occurs directly in the tail distribution perfor-
mance measure (so this is essentially the negative of the density function
evaluated at the point ).

The first case has been addressed previously in [3] using IPA and in [1] using
the LR method. We will review these methods briefly, and also present new
estimators based on the use of weak derivatives (WD). Neither the second nor
the third case has been considered in the literature, but both the LR method
and WD approaches can be extended to the second case in a straightforward
manner, whereas the IPA estimator would fail for that form of performance
measure, requiring the use of smoothed perturbation analysis (SPA) to obtain
an unbiased estimator. The third case essentially provides an estimate of the
density of Y if taken over all possible values of 8. This form of performance
measure presents some additional challenges not seen in previous work.

Before deriving the estimators, we give a brief overview of IPA, SPA,
the LR method, and the WD approach. Details can be found in [12]. For
illustrative purposes, we will just consider the first case above, where the
performance measure is an expectation:

J(6) = E[Y (0)] = E[Y (X1, ..., Xr)). )
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Y is the (univariate) output performance measure, {X;} are the input random
variables, and T is the number of input random variables. In the SAN setting,

= |A|, and Y is given by (1). Stochastic simulation can be viewed as a means
of carrying out the so-called “law of the unconscious statistician” (cf. p.7 in
[20]; this term was removed in the 1996 second edition):

BlY(X)] = / ydFy (y) = / ¥ (x)dFx (). 3)

Coming into the simulation are input random variables {X;}, for which we
know the distribution Fx; coming out of the simulation is an output random
variable Y, for which we would like to know the distribution Fy; and what
we have is a way to generate samples of the output random variables as a
function of the input random variables via the simulation model. If we knew
the distribution of Y, there would generally be no need for simulation.

For simplicity, we assume for the remainder of the discussion in this sec-
tion that the parameter 4 is scalar, because the vector case can be handled by
taking each component individually. In the right-hand side of (3), the param-
eter appearing directly in the sample performance Y (+;8) corresponds to the
view of perturbation analysis (PA), whereas its appearance in the distribution
Fx(-;6) leads to the likelihood ratio (LR) method or weak derivative (WD)
approach.

Let f denote the joint density of all of the input random variables. Differen-
tiating (3), and assuming interchangeability of integration and differentiation:

df x; 9)

BV ()] _ [ove “ @
dY (X (6;u))

/0 ———dG—du’ (5)

where z and u» and the integrals are all T-dimensional. For notational sim-
plicity, these T-dimensional multiple integrals are written as a single integral
throughout, and we also assume that one random number u produces one
random variate z (e.g., using the inverse transform method). In (4), the pa-
rameter appears in the distribution directly, whereas in (5), the underlying
uncertainty is considered the uniform random numbers.

For expositional ease, we begin by assuming that the parameter only ap-
pears in X3, which is generated independently of the other input random
variables. So for the case of (5), we use the chain rule to write

dEY(X)]  [!'dY(Xi(6;w1), Xo,...)
d9 "/0 i du
_ 1g_dX1(9;u1)du. ©)

o 0X: db
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In other words, the estimator takes the form

oY (X) dX,
X, df’

(7

where the parameter appears in the transformation from random number to
random variate, and the derivative is expressed as the product of a sample
path derivative and derivative of a random variable. This approach is called
infinitesimal perturbation analysis (IPA), and the main requirement for it to
yield an unbiased estimator is that the sample performance be almost surely
continuous, which is not satisfied for certain forms of performance measure
(e.g., probabilities) and will be violated for some stochastic systems.

Assume that X; has marginal p.d.f. fi(;6), and that the joint density
for the remaining input random variables (X3, ...) is given by f_1, which has
no (functional) dependence on #. Then the assumed independence gives f =
f1f-1, and the expression (4) involving differentiation of a density (measure)
can be further manipulated using the product rule of differentiation to yield
the following:

dE[Y(X)] / y (2) 2 M) 0h@1i0) ¢ (hn iw (8)
Blnfl(ﬂﬁl,)
/ Y (z —a f(z)dz. (9)

In other words, the estimator takes the form

81nf1(X1;0)

Y(X) 20

(10)

On the other hand, if instead of expressing the right-hand side of (8) as
(9), the density derivative is written as

a .
O — o) (H0(@1:0) - 5O ews0))

it leads to the following relationship:

dE[Y X)) / Y(z) 8f(a: 0) ;.

= ¢(0) </_ Y ()P (21;0) f_1(z2,. . )dz
/ Y(z)f; (1) (z1;0) f-1(za, .. )dm) .

The triple (0(0), fl(l), 1(2)) constitutes a weak derivative (WD) for f1, which
is not unique if it exists. The corresponding WD estimator is of the form
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(@) (Y(X?, X3,..) =V (X{V, Xa,..)), (11)

where Xl(l) ~ fl(l) and X1(2) ~ fl(z). In other words, the estimator takes
the difference of the sample performance at two different values of the in-
put random variable X;. The term “weak” derivative comes about from the
possibility that %d(é—m in (8) may not be proper, and yet its integral may be
well-defined, e.g., it might involve delta-functions (impulses), corresponding
to mass functions of discrete distributions.

If in the expression (5) the interchange of expectation and differentiation
does not hold (e.g., if Y is an indicator function), then as long as there is
more than one input random variable, appropriate conditioning will allow the
interchange as follows:

1 .
EYC0] [P K IZ), 12

dé 0 de
where Z C {Xj,...,Xr}. This conditioning is known as smoothed perturba-

tion analysis (SPA), because it is intended to “smooth” out a discontinuous
function. It leads to an estimator of the following form:

OB[Y(X)|2) dXy

aX,  db (13)

Note that taking Z as the entire set leads back to (7), the IPA estimator.
The chief difficulty in applying the methodology is determining the appropri-
ate Z such that E[Y(X)|Z] is both smooth, and its derivative can be easily
estimated. Further details can be found in [14, 11].

3 Derivations of the Estimators

We begin with dE[Y]/df, where 0 is some parameter occurring in the distri-
bution of X only, as considered at the end of the last section. Then, the IPA
estimator can be obtained by straightforward differentiation of the expression
for Y given by (1), noting that 6 only affects Y through Xj:

v  dx,

@~ o e

where 1{-} denotes the indicator function. The LR/SF estimator is given by
(10), and the WD estimator is given by (11).

If we allow the parameter to possibly appear in all of the distributions,
then the IPA estimator is found by applying the chain rule:

dY dX;
@@
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whereas the LR/SF and WD estimators are derived by applying the product
rule of differentiation to the underlying input distribution, applying the in-
dependence that allows the joint distribution to be expressed as a product of
marginals. In particular, the LR/SF estimator is given by

T
Oln fi(X;;0)
Y(X —_—
o0 (3 2mEgt)),
where f; is the p.d.f. for X;. The IPA and LR estimators differ from the respec-
tive ones in [3] and [1], in that those both use variance reduction techniques
to improve the estimators further.
The WD estimator is of the form

T
3 i) (Y(Xl, XD X Y (X, ,Xf”,...,XT)) ,
=1

where Xi(j) ~ fi(j),j = 1,2;4 = 1,...,T, and (ci(G),fi(z),fi(l)) is a weak
derivative for f;.

Examples: Consider two common distributions: the exponential with mean
@ and the normal (Gaussian) with mean 6 and standard deviation . In both
cases, let §; be the corresponding parameter in X;. Then we have the following
estimators:

(a) exponential distribution, X; with mean 6;

IPA: 2:1{i € P},
LR: Y(X)& (2,{— - 1) ,

WD: £ (Y(Xl,...,X§2’,...) - Y(X)),
where Xi(z) has the following Erlang distribution (p.d.f.):

1
—xe™%/%1{z > 0}.

07
(b) normal distribution, X; with mean 6; and standard deviation o;
IPA: 1{i € P*},
LR: Y (X)X

WD: L (Y(Xl, XD - Y(Xl,...,Xi(l),...)) ,

with XV = 8, — X’ and X? = 6; + X’, where X’ has the following
Weibull distribution (p.d.f.):

80?:36_(2”1'2’”)21& > 0}.
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If instead of an expectation, we were interested in estimating the tail dis-
tribution, e.g., P(Y > y) for some fixed y, the WD and LR/SF estimators
would simply replace Y with the indicator function 1{Y > y}. However, IPA
does not apply, since the indicator function is inherently discontinuous, so an
extension of IPA such as SPA is required. On the other hand, if the perfor-
mance measure were P(Y > 6), then since the parameter does not appear
in the distribution of the input random variables, WD and LR/SF estima-
tors cannot be derived without first carrying out an appropriate change of
variables, which we will shortly demonstrate.

To derive an estimator via conditioning for the derivative of P(Y > y), we
first define the following:

P; ={PeP|je P} = setof paths containing arc j,
|P|] = length of path P,
|P]—; = length of path P with X; = 0.

The idea will be to condition on all activity times except a set that includes
activity times dependent on the parameter.

In order to proceed, we need to specify the form of Y. We will take it to be
the longest path. Other forms, such as shortest path, are handled analogously.
Again, assuming that 8 occurs in the density of X; and taking the conditioning
quantities to be everything except Xj, i.e., Z = {Xa,..., X7}, we have

Lz(e) = Pz(Y > y) = E[I{Y > y}|X2, . ,XT]

] ifmaxpep |Pl-1 > y;
Pz(maxpep, |P] > y) otherwise;

where Pz denotes the conditional (on Z) probability. Since
P P = Pz (X Pl_
z(g}g%ﬂ | > y) = Pz( 1+Irjréq,;§| [-1>9)
= Py(X - )= Fi(y - 1
z(X1 >y — max [P|_y) = Fi(y - max [P|-1;6),
where F' = 1 — F denotes the complementary c.d.f., we have
= Fy(y — _1.0)- a1 < ~ i

Lz(0) = Fi(y — max |P|-1;0) - H{max|P|1 <y} + 1{max |Pl_1 >y}

Differentiating, we get the estimator:

dLz _ OFi(y — maxpep, |P|-1;6)
df o0

. 1 <
Hmax|P|-; <y}, (14)

which applies for both continuous and discrete distributions, as the following
example illustrates.



360 Michael C. Fu

Example: For the 5-node example, P = {146, 1356,256}, P; = {146, 1356},
|146|_1 = X, + Xs, [1356|,1 = X3+ X5 + X¢, |256|71 = X9 + X5 + Xg.

If X, is exponentially distributed with mean 8, OF (x;6)/00 = e=%/%(x/6?),
and the estimator is given by

y — max(Xs + X5, X4) — X\ y — max(Xz + X5, Xy) — X¢
eXp | — 9 92

- H{max(X3 + X5, X4, X2 + X5) + X6 < 9},

whereas if X is Bernoulli — i.e., is e(lual 10 Tjop with probability 8 and equal
t0 Thigh > Tiow Otherwise — then OF)(x;0)/00 = 1{Ziow < T < Tpign}, and
the estimator is given by

HTiow < y — max(X3 + X5, X4) — X6 < Thigh}
. l{max(X3 + X5, X4, Xo + X5) + X6 < y}
Clearly, the estimator (14) was derived without loss of generality, so for
the parameter § being in the distribution of X;, we have the estimator

OF;(y — maxpep, |P|—;;6)
00

- Hmax |P|-; <y} (15)

For the shortest path problem, simply replace “max” with “min” throughout
in the estimator (15).

To derive an LR/SF or WD derivative estimator for the performance mea-
sure P(Y > ), there are two main ways to do the change of variables: sub-
traction or division, i.e.,

P(Y —0>0), P(Y/6>1).

Note that this requires translating the operation on the output performance
measure back to a change of variables on the input random variables, so this
clearly requires some additional knowledge of the system under consideration.
In this particular case, it turns out that two properties make it amenable to
a change of variables: (i) additive performance measure; (ii) clear characteri-
zation of paths that need to be considered. The simplest change of variables
is to take
X, =X;/0Vic A,

so that @ now appears as a scale parameter in each distribution f;. If ¥
represents the performance measure after the change of variables, then we

have _
PY >6)=PY >1),

and this can be handled as previously discussed.
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Another change of variables that will work in this case is to subtract the
quantity 6 from an appropriate set of arc lengths. In particular, the easiest
sets are the nodes leading out of the source or the nodes leading into the sink:

X;=X; -9,

for arcs i corresponding to directed arcs (1,7) € A or (4,|N]) € A. In the
5-node example of Figure 1, this would be either {1,2} or {6}. Note that
minimal cut sets will not necessarily do the trick. For example, in the 5-node
example, {1,5} is a cut set, but both members are contained on the path
(1,3,5,6), so subtracting @ from these two arc lengths would lead to possibly
erroneous results.

Again, if ¥ represents the performance measure after the change of vari-

ables, then we have _
P(Y >6)=P(Y > 0).

Now the parameter € appears in the distribution, specifically as a location
parameter, but only in a relatively small subset of the {f;}. Since this trans-
formation results in the parameter appearing in fewer number of input random
variables, it may be preferred, because for both the LR/SF and WD estima-
tors, the amount of effort is proportional to the number of times the parameter
appears in the distributions. The extra work for a large network can be par-
ticularly burdensome for the WD estimator. However, for the LR estimator,
this type of location parameter is problematic, since it changes the support
of the input random variable, making it inapplicable.

Lastly, we apply PA to the problem of estimating dP(Y > 0)/df. We note
that this estimation problem only makes sense in the continuous distribution
case, where it is essentially an estimation of (the negative of) the p.d.f., since
in the discrete case, the corresponding derivative is 0; thus, assume henceforth
that each X; has a p.d.f. f;. Again, this type of performance measure cannot
be handled by IPA, so we use SPA. The idea is to condition on a special set of
activity times such that both the set itself and its complement have a non-zero
probability of having a corresponding activity on the critical path.

Recall the following network definitions. A cut set is a set of arcs such that
their removal from the network leaves no path from source to sink. A minimal
cut set is a cut set such that the removal of any arc in the set no longer
leaves a cut set. In the 5-node example, the minimal cut sets are {1,2}, {1,5},
{2,3,4}, {4,5}, {6}. By definition, a minimal cut set will have an activity on
the critical path. The following observation is key:

Lemma. Let C be a minimal cut set for the network, and let Z = {X; : ¢ ¢ C}.
If there exists an ¢ € C such that P(¢ € P*) > 0, then Pz(Y > 0) is as.
continuous with respect to 6.

Thus, if one can find a minimal cut set that satisfies the condition in the
lemma, one can in principle derive an unbiased derivative estimator for P(Y >
0) by conditioning on the complement set of activity times and then taking
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the sample path derivative. Note, however, that finding such a minimal cut set
may be a computationally formidable task for large networks. Furthermore, as
we shall see, in order to take the sample path derivative in a convenient form, it
is desirable that the activities in the cut set actually partition the path space.
We illustrate these ideas in an extended example using the 5-node network.

Example: For the 5-node example, we consider all of the minimal cut sets.
(1) Using minimal cut set C = {6}, we take Z = {X1, X2, X3, X4, X5}, so we
have

Pz(Y > 9) = Pz(glea’gi X6 + IPI—G > 0) = Fe(e - Fr}le%gé [Pl_ﬁ).

Differentiating, the final estimator is given by

dPy(Y > 0)
— a0 - fe(8 max |P]-6)-

Note that the form of the estimator only involves the p.d.f.s of those arcs in
the cut set. If X¢ follows an exponential distribution, the specific estimator is
given by

_ ex max(Xl + X5+ X5, X4 +X4,X2+X5)—9
ElXq P E[Xg]

- 1{max(X; + X3 + X5, X1 + X4, Xo + X5) < 6}

(ii) Using minimal cut set C = {1, 2}, we take Z = {X3, X4, X5, X6}, s0 we
have

Pz(Y >0)=1- PZ(r}‘g%"Pl <9 =1- PZ(PEI%?L)J(PQ [P]| <8)
= 1 - Pz(max |P| < 0, pax |P| < 0)
=1~ Pz(X1+ max |Pl-1 <8, X2+ max |[P|-2 < 0)
=1-F(6 ~ max |P|-1)F2(6 — max |P|-2),
where we have used the fact that P; and P, partition the path space, and X3

and X. are independent. Differentiating, the final estimator is given by

dpz(Y > 0) _
——dﬂ_— = _fl(a o Ir’nea% |P|—1)F2(9 - ggp’; 'P|_2)

- Fi(6 - max [P|-1)f2(0 — max |P|-2).

Using minimal cut set C = {4,5} will yield the analogous estimator
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dpz(Y > 9)

7 = —fa(60 ~ max |Pl—4) F5(0 — max |P|-5)

~ Fy(6 — max |Pl-a)fs(6 - max |P|-5)

(ii) Using minimal cut set C = {2,3,4}, we take Z = {X;, X5, X6}, and
similar analysis yields

Pz(Y >60)=1— Fy(0 — P|_3)F3(0 — P|_3)F4(0 — P|_4),
7( ) 2 ( Igleigil |—2)F5( gleeggl |-3) Fa( }}ggﬁl |-4)

again since Po, P3 and P, partition the path space, and X, X3, and X, are
mutually independent. Differentiating, the final estimator is given by

dPZ(Y > 9) _
g = ~f2(0 — max|P|_2)F5(6 — max |P|_3)Fa(6 — max |P|-a)

= 12(0 — max [P|2) f3(6 ~ max |P|_3) (0 — max |P|_4)

- Fy(0 - max |P|-2)F5(0 — max |P|—3)fa(0 — max |P|-4)-

(iv) Using minimal cut set C = {1,5}, we take Z = {X,, X3, X4, X¢}. Note,
however, that P; and Ps do not partition the path space, since path (1,3,5,6)
is in both sets. We shall now see how this leads to difficulties:
Py >60)=1- Pz(rglg%ilﬂ <6) =1- PZ(Pen%%(Ps |P| <9)
=1- Pz(X1 + |146l_1 <0,Xs5+ l256|_5 <4,
X1+ X5 + |1356|_1,—5 < 6),

which cannot be factored nicely as in the previous cases.

In general, if the {P;} do partition the path space, i.e., P = ;¢ P: and
P, NP; = ¢ for i # j, then

Pz(Y > 6) =1- Pz(max|P| < 6) = 1-Pz( max |P|<0)

=1-Pz(({max [P < 6})

iec
= 1= Py([1{X + max|Pl-; < 6})
ieC
=1- HPZ(Xi + max |P|-i <6)
i€C
1

which upon differentiation yields the estimator
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- Z fi(6 — max |P|:) HFj(9 - pax |Pl),
ieC F#
where the product is equal to 1 if it is empty as in case (i) of the 5-node
example just considered.

4 Directions for Future Research

In the general PERT/CPM stochastic activity network framework, we have
derived some new unbiased Monte Carlo simulation-based derivative estima-
tors for a setting where there are existing estimators available, and also for
new settings. This gives the simulation analyst a wider array of options in
carrying out performance evaluation. Depending on the types of networks
and performance measures considered, different estimators may be more ef-
fective and useful. Clearly, comparisons of variance properties of the various
estimators, whether through theoretical analysis and/or empirical/numerical
experimental testing, would be beneficial to the potential user of these esti-
mators. Preliminary experiments in [19] indicate that the SPA estimators are
quite promising, as they generally show lower variance than the WD and LR
estimators. However, in the 5-node Bernoulli example, it turns out that the
SPA and one version of the WD estimator coincide. In the cases where they
are applicable, the IPA estimators provide the lowest variance, which turns
out to be essentially the same as a finite difference estimator with common
random numbers, a procedure that can be easily implemented in many set-
tings, but still requires additional simulations for every parameter of interest
in the network.

The extension to arc criticalities is an important one. Another interesting
extension to consider is the case where the input random variables (individual
activity times {X;}) are not necessarily independent. Using these derivative
estimates in simulation optimization is another fruitful area of research; see,
e.g., [9, 10, 12, 13]. Investigating quasi-Monte Carlo estimators and also es-
timators that are not sample means but quantiles or order statistics are also
useful topics for future research.
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Summary. The EM algorithm is a very powerful optimization method and has
become popular in many fields. Unfortunately, EM is only a local optimization
method and can get stuck in sub-optimal solutions. While more and more contem-
porary data/model combinations yield multiple local optima, there have been only
very few attempts at making EM suitable for global optimization. In this paper
we review the basic EM algorithm, its properties and challenges, and we focus in
particular on its randomized implementation. The randomized EM implementation
promises to solve some of the contemporary data/model challenges, and it is par-
ticularly well-suited for a wedding with global optimization ideas, since most global
optimization paradigms are also based on the principles of randomization. We review
some of the challenges of the randomized EM implementation and present a new
algorithm that combines the principles of EM with that of the Genetic Algorithm.
While this new algorithm shows some promising results for clustering of an online
auction database of functional objects, the primary goal of this work is to bridge a
gap between the field of statistics, which is home to extensive research on the EM
algorithm, and the field of operations research, in which work on global optimization
thrives, and to stimulate new ideas for joint research between the two.

Key words: Monte Carlo EM; stochastic optimization; mixture model; clustering;
global optimization; online auctions; functional objects.

1 Introduction

In this paper we want to shed new light on the Expectation-Maximization
(EM) algorithm. The EM algorithm is a highly successful tool especially in
statistics, but it has also received much attention outside the field. Applica-
tions include hierarchical models, neural networks, clustering and text mining.
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The basic algorithm has been modified many times to overcome today’s chal-
lenges such as complex data-models and huge databases. Yet, to this day,
there has been barely any attempt at making EM suitable for solving global
optimization problems.

The EM algorithm has experienced much success which can be partly at-
tributed to its unique properties. One of these properties is that, in contrast to
many other optimization methods, it guarantees an increase in the likelihood
function in every iteration of the algorithm. Another property is that, since
it operates on the log scale, it allows for significant analytical and numerical
simplifications, especially for models in the exponential family. However, one
of the biggest shortcomings of EM is that it is only a local optimization pro-
cedure and can consequently get stuck in sub-optimal solutions. One possible
reason why this problem has not experienced much attention is that most ap-
plications of EM, especially within the statistics literature, have been simple
enough to not experience significant impediments due to this shortcoming.
However, increasing model- and data-complexity make this shortcoming more
and more of a concern. It is well-known, for instance, that the mixture-model
can have many local solutions, depending on the number of mixtures and the
size and the dimension of the data, and that, as a consequence, the EM algo-
rithm can produce solutions far from the true solution. EM is therefore more
and more likely to yield unsatisfactory results in real-world applications.

Methods to find the global (and true) optimum are very prominent in
the literature surrounding operations research, but surprisingly only very few
of these methods have found their way into the classical statistics literature.
This is very likely one of the reasons why EM is (still) associated with only
local optimization qualities. Another reason may be a simple disconnect in
language between the fields of operations research and statistics. The goal of
this work is to bridge this gap and to stimulate joint research effort between
the two fields.

In particular, we aim at bridging this gap by pointing to randomized EM
implementations. Randomized EM implementations have been proposed to
overcome complicated model-structures, and, more recently, also to overcome
computational inefficiency due to huge databases. Randomized EM implemen-
tations have also been shown to be able to overcome local traps; however the
ability to do so is based purely on chance, and there are no features in place
to more systematically steer-free of such traps. Yet, one of the key features
of randomized EM implementations is that, in contrast to the traditional EM
algorithm, they are similar in nature to global optimization methods. Global
optimization methods, like randomized EM implementations, exploit the prin-
ciples of randomness to overcome local solutions, yet, unlike randomized EM,
they do so more systematically. Thus, the randomized version of EM appears
to be the natural ground for a wedding with the principles of global optimiza-
tion.

We proceed as follows. In Section 2 we introduce the EM algorithm to-
gether with its basic properties and motivate the need for global optimization
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qualities. We proceed by explaining randomized variants of EM and their
usefulness. We devote Section 3 to challenges associated with randomized EM
implementations to make the OR researcher familiar with implementation dif-
ficulties and possible research opportunities. In Section 4 we propose a possible
combination between the EM algorithm and the principles of global optimiza-
tion, but we are quick to point out that this may not be the only avenue,
and our goal is simply to spark new research ideas. We proceed by applying
our global optimization version of EM to a challenging curve-clustering prob-
lem of a large online auction database to illustrate some of its properties. We
conclude with final remarks in Section 5.

2 The EM Algorithm and Its Randomized
Implementation

2.1 Deterministic EM

The EM algorithm [12] is an iterative procedure for finding the maximum of
likelihood functions in incomplete data problems. Let x denote the observed
(or incomplete) data, and let z denote the unobserved (or missing) data.
Then, in the notation of the EM algorithm, the pair (z, z) is referred to as
the complete data. Let f(z, z;6) denote the joint distribution of the complete
data, dependent on a parameter vector 8. The goal is to find 9, the maximizer
of the marginal likelihood! L(0) = L(0;z) = [ f(z,2;6)dz. EM accomplishes
that goal in iterative fashion. In each iteration, the EM algorithm performs an
expectation and a maximization step. Let 8¢~1) denote the current parameter
value. Then, in the tth iteration of the algorithm, the E-step computes the
conditional expectation of the complete data log-likelihood, conditional on the
observed data and the current parameter value,

Q(61%D) = E [10g f(2, 2 6)| ;6] (1)

This conditional expectation is often referred to as the “Q-function,” since it
plays a central role in the EM algorithm. The t** EM update #® maximizes
the Q-function. That is, 8®) satisfies

Q(eW19¢-) > Q(8le*Y) (2)

for all @ in the parameter space. This is the M-step. Given an initial value
6©, the EM algorithm produces a sequence {6(®), (1) §(2) .} that, under
mild regularity conditions [6, 53], converges to 6.

! Notice that 0 may only be a local maximum if several locally optimal solutions
exist.
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2.2 Example: EM for Model-Based Clustering

The EM algorithm is a very popular tool especially in clustering applications.
Let z1,...,z, be a set of n independent p-dimensional data vectors arising
from a mixture of a finite number of g groups in some unknown proportions
71, ...,Tg. Specifically, we assume that the mixture density of the jth data
point z; (j = 1,...,n) can be written as

flxj;0) = mel 5 9i), (3)

i=1

where the sum of the mixture proportions m; > 0 (¢ = 1,...,g) equals one
and the group-conditional densities f;(z;; ;) depend on an unknown param-
eter vector v;. Let 6 = (my,...,mg,91,...,%y) be the vector of all unknown
parameters. Then, the corresponding log-likelihood is given by

logL 0 -’13) Zlog{z szz(:vja'l/)z)} (4)

Jj=1 i=1

The clustering goal is to calculate the parameter value 6 that maximizes the
likelihood (4).

One can maximize the log-likelihood in (4) assuming that some of the
information is unobserved. Specifically, we assume that the z;’s arise from
one of the g groups. Let z,...,2, denote the corresponding g-dimensional
group-indicator vectors. That is, let the ith element of z; equal one if and
only if z; originates from the ith group and zero otherwise. Notice that the
group-indicator vectors z; are unobserved. Let us write z = (x1,...,2,) for
the observed (or incomplete) data and similarly z = (z1,.. ., 2,) for the unob-
served (or missing) data. Then the complete data is (z,z) and the complete
data log-likelihood of € can be written as

g n
log Lo(6;x,2) = Zzzij{logm + log fi(z;;¢4)}, (5)

i=1 j=1

where z;; denotes the ith component of z;.

The EM algorithm is an ideal method to solve this incomplete data prob-
lem, and it allows for significant simplifications. If we assume a normal mixture
model, then the E-step and M-step are available in closed form, which makes
the method straightforward to implement. That is, let

Jilzgs ) = &g s, 23)5 i = (s, 23), (6)

where ¢(-; 4, ) denotes the p-dimensional normal density with mean y and
covariance matrix 5. Then, in the E-step we calculate the conditional expec-
tation of the z;;’s via [36]
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7—1,(;41) = E(Z” |xj; 0(“1))
m V(e pd Y, 207Y)

= (7)
Zl . 7rlt 1)¢($]7U(t 1) E(t 1))

foralli=1,...,g and j = 1,...,n. The normal case allows significant com-
putational advantages by working with the corresponding sufficient statistics,
T =m0 (®)

=1

t—1

TS =2y i (9)

j—l
TS = Z 4Dy, (10)

In the M-step, we update the parameter estimates using only these sufficient
statistics

70 =70/ (11)
p? =1 /1Y (12)
50 = 1) -1 TP T Y1, (13)

The E-step and M-step are repeated until convergence. Convergence is often
assessed by monitoring the improvements in the parameter estimates and/or
the improvements in the log-likelihood function.

Notice that the normal mixture model presents one of the simplest cases
to which the EM algorithm is applied. The conditional expectation in (7),
and hence the E-step, is available in closed-form. Moreover, the M-step, by
nature of (11), (12) and (13), also has a closed-form solution. This is not the
case for most other models. For instance, simply replacing the normal mixture
density (6) by another density, especially one outside the exponential family,
yields a much more involved version of the EM algorithm. Other examples
include the very popular hierarchical models, or mixed models, which result
in E-steps with intractable integrals, which are typically also of very high
dimension [34, 3]. In that case, one has to resort to approximation at the
E-step and quite often also at the M-step. This leads to a randomized EM
implementation which we will describe in more detail below.

2.3 Properties of EM

EM is popular within statistics but also in many other areas. One reason for
this popularity are its widely-appreciated properties [48].
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Arguably, one of the most outstanding properties of the EM algorithm is
that, unlike many other optimization methods, it guarantees an improvement
of the likelihood function in every update of the algorithm. Specifically, it can
be shown [12] that any parameter value #* that satisfies

QE"[6™Y) > (8" V16" ~) (14)

results in an increase of the likelihood function; that is, L(8*) > L(§¢~1)),
In fact, one can show that the log-likelihood can be written as log L(8) =
Q(010*V) — H(0)6“~V) where H(6|6¢~V) = E [log f(z|x;0)| z;6¢V] is
the conditional expectation of the conditional density of the missing data,
f(z|z;6). The likelihood-ascent property is then a simple consequence of
Jensen’s inequality applied to (14).

The likelihood-ascent property implies that the output of EM always in-
creases the likelihood function, which is in contrast to, say, Newton-Raphson,
which, upon convergence, requires additional verification that the final value
is not a minimizing point. In addition, this property also alleviates the max-
imization step. Recall that the M-step, at least in principle, requires a full
maximization of the Q-function in (1). This can be hard or even impossible
depending on the complexity of the model. The likelihood-ascent property
alleviates this problem in the sense that any parameter value 8* that satisfies
(14), and not necessarily only the full maximizer of (1), will contribute to the
overall progress of the algorithm. That version of EM is often referred to as a
Generalized EM (GEM) algorithm [12]. A related version is the Ezpectation-
Conditional-Mazimization (ECM) algorithm which also relieves complicated
M-steps by breaking them up into simpler, conditional maximization steps
38].

[ ]But the EM algorithm is also known and appreciated for other convenient
properties. EM is popular, because it operates on the log-scale and therefore
allows significant analytical simplification, especially for models in the expo-
nential family (such as the normal mixture model described in Section 2.2).
Another by-product of the log-scale is that the method has a wider domain
of attraction than, say, Newton-Raphson, and as a consequence enjoys much
greater numerical stability especially with respect to the choice of the starting
values. Notice though that, in contrast to Newton-Raphson, EM is typically
applied only to problems where the goal is to maximize a likelihood function.

EM is also a very adaptive method that can be tailored towards many
modern real-world problems. Recent modifications of EM have been used to
handle huge databases in an efficient manner [39, 49], and also to update
parameter estimates and predictions in real time [40, 41].

And finally, while EM has received a lot of interest from other areas, it has
been — and still is — very popular in statistics. One reason for that may be the
seminal paper by [12] in the statistics literature, which resulted in an early
exposure to the principles of EM within the statistics community. Over the
years, statisticians may have grown very familiar with the method and very
comfortable with its properties, which may explain some of its popularity.
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Another reason may lie in the principles of missing data, data augmentation
and imputation which the method exemplifies. Missing data have always been
at the heart of statistics research, and the EM algorithm embodies modern
solutions to that problem. At any rate, the EM algorithm is extremely pop-
ular, and there is an opportunity to wed the method with other algorithms,
particularly those developed in the OR literature, in order to tackle new and
contemporary optimization problems.

2.4 Applications of EM

The EM algorithm has found an array of different applications. One of the
more common applications within the statistics literature is for the fitting
of linear mixed models or generalized linear mixed models [34, 35]. Another
very common application is for the estimation of mixture models [36]. Other
applications range from mixtures of experts [26], neural networks [1], signal
processing [13], text mining [42], graphical models [28] and many, many more.

2.5 Challenges of EM

One of the biggest challenges for the EM algorithm is that it only guarantees
convergence to a local solution. The EM algorithm is a greedy method in the
sense that it is attracted to the locally optimal solution closest to its starting
value. This can be a problem when several locally optimal solutions exist.
This problem frequently occurs in the mixture model (3).

Consider Figure 1. The top panel of Figure 1 shows 40 observations,
Z1,...,T49, simulated according to a mixture of two univariate normal dis-
tributions, x; ad [P1N(p1,03) + paN{(uz2,03)], with p1 = p2 = 0.5, g3 = —1,
p2 = 2, 02 = 0.001 and ¢ = 0.5. Notice that this is a special case of the
normal mixture model in (3) with p =1 and g = 2. Notice also that the first
mixture component has almost all its mass centered around its mean g = —1.
This results in a log-likelihood for p; depicted in the bottom panel of Figure
1. We can see that, as expected, the global optimum of this log-likelihood is
achieved at u; = —1. However, we can also see at least five local optima, lo-
cated around the values p; = 1,1.5,2,2.5 and 3. Clearly, depending on where
we start EM, it may be trapped very far away from the global (and true)
parameter value.

There has been extensive work on solving the above optimization prob-
lem. One very promising solution is via the cross-entropy (CE) method (see
e.g. http://iewd.technion.ac.il/CE/). In fact, [5] compare CE with the
EM algorithm for solving mixture problems such as in (3) and find a supe-
rior global-search performance for CE. However, the authors fail to point out
some of the shortcomings of CE. In fact, CE is based on simulating candidate
solutions @’s from a suitable distribution and then picking, among all can-
didates, those with the best performance. Simulating candidates efficiently
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Fig. 1. Log-likelihood function for a simple two-component mixture problem. The
top panel shows the simulated data. The bottom panel shows the log-likelihood func-
tion for w1, the mean of the first likelihood component, holding all other parameters
constant at their true values.

though can be problematic in the mixture model. The reason is that, for in-
stance in the case of the normal mixture, the parameter of interest is given
by 0 = (m1,...,Tg, 41, -, gy 21, - - -, 2g). That is, each candidate contains,
among other things, the covariance matrices X; of the multivariate normal
distribution which, by definition, have to be positive definite. However, simu-
lating positive definite matrices, especially in higher dimensions, is not at all
obvious and can be computationally very challenging [17]. Now consider again
the EM algorithm. EM overcomes this problem statistically by relying entirely
on the sufficient statistics (13) for estimating X. But these sufficient statistics
yield, per construction, positive definite matrices by default. This suggests
that a wedding between the ideas of global optimization and the principles of
EM could be advantageous on many different fronts!

2.6 Randomized EM Implementations

The EM algorithm is a deterministic method. What we mean by that is that
it converges to the same stationary point if initiated repeatedly from the same
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starting value. This is in contrast to randomized versions of EM. Randomized
EM versions distinguish themselves from their deterministic origin in that
repeat applications from the same starting value will not necessarily lead to
the same answer. Randomized EM versions have become popular with the
availability of more and more powerful computing. Randomized EM versions
overcome many of the computational limitations that EM encounters in com-
plex models. In what follows, we will describe the most basic randomized EM
implementation. Our point of view is strongly influenced by the Monte Carlo
EM algorithm, so we are quick to point out that this may not be the only
viewpoint. However, it does not matter too much which point of view one
assumes, because, in the end, all randomized EM versions are related to one
another.

Many contemporary models result in a complicated E-step. This compli-
cation can be due to analytical intractability [34] or due to computational
intensity [41] of the Q-function in (1). One remedy against this problem is
by approximating the Q-function appropriately. While approximation can be
done in several ways, by far the most popular approach is via simulation. This
leads to the concept of Monte Carlo and the Monte Carlo EM algorithm.

The Monte Carlo EM (MCEM) algorithm, in its most basic form, has been
around for over 10 years [52]. MCEM simply approximates the expectation in
(1) by the Monte Carlo average

~ 1
(t—1)y _ § : .
Qm:(ala ) - my P lOg f(iL',Zk,g), (15)
where z1, ..., 2., are simulated from the conditional distribution of the miss-

ing data, f(z|z;0¢~1). Then, by the law of large numbers, Qm, will be a rea-
sonable approximation to Q if m; is large enough. The MCEM algorithm pro-
ceeds in the same way as its deterministic counterpart, simply replacing @ by
th. We refer to this algorithm as the basic randomized EM implementation.
Other randomized EM implementations include a stochastic-approximation
version of the Q-function [11] or versions with m; = 1 for all ¢ [9]. We will get
back to those version later in this manuscript.

Notice that our definition in (15) is general and applies particulary to those
situations where the E-step has no closed-form solution. In those instances
where the conditional expectation (1) can be calculated analytically, such as
for the normal mixture in (7), the randomized version of EM simplifies signifi-
cantly, since then simulation from the potentially very complicated conditional
distribution f(z|z;0®1) can be traded-in for simple random sampling. We
describe this case next.

2.7 Example: Randomized EM for Model-Based Clustering

One can derive a randomized EM version for the normal mixture model in (3)
readily. Notice that for this model, the Q-function in (1) is given by the condi-
tional expectation over log L.(8;x, z) in (5), which is available in closed-form



376 Wolfgang Jank

20
1

1.5

Parameter Value

1.0

Iteration Number

Fig. 2. Parameter-path of EM and randomized EM for the example in Section 2.5.
We estimate only g1 and hold all other parameters constant at their true values.
Each method is started at g1 = 2 and run for 10 iterations. The thick solid line
shows the parameter path of EM. The broken lines show the parameter path of 5
separate runs of randomized EM in (16) using a constant sample size m; = 20 per
iteration.

and given by the sum >, 7i;{log m; + log fi(x;;1:)}. Thus, we can approxi-
mate Q(8]0¢*~1) simply by sub-sampling the entire database. Let (z1,..., %)
denote the full database and let (z1,...,%m,) C (%1,...,%,) be a randomly
chosen sample of size m; (m; < n). We can then approximate the Q-function
in (1) by

m: g
Qum, (016470) = 35" 75V {log m; + log i 9)}- (16)

7=1i=1

Notice that as m; — n, th — ). Thus, if we use th instead of @, we sac-
rifice accuracy (by using only an approximation to the Q-function) for com-
putational efficiency (by using only a small subset &y,,...,z: , instead of the
entire database). [8] propose a novel approach based on the likelihood-ascent
property for finding a good balance between accuracy and computational ef-
ficiency in each EM iteration [25].
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Notice that in order to implement a randomized version of EM, some care
is necessary. One has to carefully choose the way in which one simulates?,
how much one simulates (i.e. the simulation sample size m;), for how many
iterations one runs the method, how one diagnoses convergence, and more.
Consider Figure 2 which shows the parameter path of EM and randomized
EM for the example in Section 2.5. The thick solid line corresponds to EM
and the broken lines correspond to 5 separate runs of randomized EM. Notice
that we only estimate 7 and hold all other parameters constant at their true
values. Recall from Figure 1 that the global optimum for y; is near -1.

We notice first that all algorithms converge to a value near 1, which is far
from the global optimum. But notice also that while the EM algorithm sta-
bilizes at 1 after only a few iterations, all 5 randomized EM implementations
continue to show random variation. This is due to the error inflicted by only
using a Monte Carlo approximation in (16) rather than the true Q-function.
This error presents new challenges for implementing the method. In particu-
lar, one has to decide how large a value of m; one desires in every iteration.
Larger values of m; yield a more accurate approximation th; however, they
also result in a higher computational burden especially when the database is
large. The EM algorithm is also known to make good progress with smaller
values of my (and thus a less accurate @Q,,,) in the early iterations. Either
way, the random fluctuations of the randomized EM updates also present new
challenges in terms of monitoring the method and diagnosing its convergence.
We will give an overview over the different challenges, some existing solutions,
and associated research opportunities in Section 3.

2.8 Advantages of Randomized EM

There are several advantages associated with a randomized implementation
of the EM algorithm. Most commonly, randomized EM version are used to
overcome intractable, typically high-dimensional integrals at the E-step [34, 2.
More recently, randomized implementations, if implemented intelligently, have
also been found to be able to speed-up convergence of the EM algorithm [8].
But randomized EM versions can do more.

Randomized variants of EM may in fact be able to overcome local solutions
[9, 11]. The basic idea is to inflict noise in the form of random perturbations
into the deterministic updating scheme of EM. The hope is that a random
perturbation will “push” the method away from a local trap and lead to a
better solution. The Monte Carlo EM algorithm is stochastic in nature since
it selects the samples z1,..., zm,, in random fashion, and therefore two runs
of Monte Carlo EM from the same starting values, as seen for instance in
Figure 2, will lead to different parameter paths. Thus there is a chance that

2 As pointed out earlier, for the mixture model simulation reduces to simple random
sampling; however, in more complex models this is typically more complicated
and one has to simulate from f(z|z;0¢~1).
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Monte Carlo EM can overcome local traps. However, it is also clear that the
ability to overcome these traps is entirely due to chance, since the basic form
of the algorithm has no tools in place that do so more systematically. This
is in contrast to, say, the Genetic Algorithm which selects, among a group of
random candidate solutions, those which show better promise of success in
the next generation.

In this paper we present a version of the Monte Carlo EM algorithm with
more systematic, built-in features useful to steer-free of local traps. This ver-
sion is based on the ideas of evolutionary computation and borrows concepts
from the Genetic Algorithm. We first give an overview over challenges when
implementing a randomized EM version and discuss associated research op-
portunities in Section 3. We then present our global optimization version of
EM in Section 4.

3 Challenges and Opportunities of Randomized EM

In this section we discuss problems and challenges associated with the ran-
domized implementation of EM. These challenges can be classified into five
major categories: simulation, approximation, maximization, iteration and con-
vergence.

3.1 Simulation

The first step in implementing a randomized EM version involves simulating
from the conditional distribution f(z|z;0) of the missing data. Three basic
questions have to be answered in this step. First: What type of simulation do
we want to use? Three different simulation paradigms are available to us: i.i.d.
simulation via rejection sampling [3], independent simulation via importance
sampling [3], or generating dependent samples via MCMC (Markov Chain
Monte Carlo) [34, 8]. All of these three paradigms have their own set of ad-
vantages and disadvantages. The second question that has to be answered is:
How can we use this sampler in the most eflicient way? (That is, with the
least amount of simulation effort.) While much of the EM literature focuses
on finding the correct sampler, there exist approaches (typically outside the
literature on EM) that promise a more efficient use of the simulated data
using variance-reduction methods like Quasi-Monte Carlo. And the last ques-
tion to be addressed is: How much simulation do we need? This question can
also be asked in a slightly different way: Do we want to keep the amount of
simulation constant in every EM iteration? And if not, how do we increase the
simulations throughout the EM iterations in an automated way? Naturally,
if we do not keep the amount of simulation constant, then we would like to
increase them in a way that results in a) the least amount of simulated data
at the end of the day (i.e. the shortest computing times), while guaranteeing
b) sufficient accuracy of the results.
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Type of Simulation

The challenge is to find a sampler that draws from f(z|z; ), or at least from a
distribution very close to it. We will refer to f(z|z; 8) as the target distribution.
The problem is easier if z is of smaller dimension or, alternatively, breaks-
down into several low-dimensional components. On the other hand, finding an
appropriate sampler can be complicated if z is of very high dimension. More
complex models, involving, say, interaction terms, spatial and/or longitudinal
components, often result in high-dimensional 2’s.

Three basic types of simulation are available. Rejection sampling attempts
to simulate i.i.d. draws exactly from f(z|z;6). While i.i.d. draws are most
preferable, this type of sampler is, at least in practice, the most limited one,
since its efficiency typically declines with increasing complexity of the problem.
Rejection sampling can be analytically challenging in the set-up in that it
requires calculation of a certain supremum, but this can be alleviated using
recent modifications [7]. Rejection sampling draws from the target distribution
by thinning out samples from a candidate distribution, rejecting those that
are not appropriate. Unfortunately, finding good candidate distributions gets
harder and harder as the model-complexity increases and as a consequence
the acceptance-rate drops. For that reason, rejection sampling works well only
for low-dimensional settings.

An alternative to rejection sampling is importance sampling. In contrast
to rejection sampling, importance sampling does not dispose of any of the
simulations. Importance sampling draws from a suitably chosen importance
distribution and accounts for the discrepancy between the target and the
importance distribution by weighing the samples via importance weights. The
main two advantages of importance sampling are that it produces independent
samples and that is uses all of the simulation output. The disadvantage is
that its performance depends heavily on the chosen importance sampler. In
fact, the efficiency of the method can be extremely poor if the sampler is
chosen without care [22]. If the target distribution is not too skewed, then
decent importance samplers can be obtained via a multivariate Normal or t-
distribution, shifted and scaled by the Laplace approximation to the mean and
variance of f(z|z; ) [24]. Importance sampling has been successfully applied
to high-dimensional problems, but it is generally recommended to monitor
the magnitude of the importance weights to ensure numerical stability.

The third alternative for simulation from f(z|z;8) is to use MCMC.
MOCMC produces a sequence of draws that depend on one another in the sense
that at each stage of the method, the sequence either moves to a new value
or remains at the current one. Thus, depending on the mixing-properties of
the chain, the resulting MCMC sampler can feature strong long-range depen-
dencies. The MCMC methodology is especially appealing if the target distri-
bution is of non-standard form, since it promises exact draws from f(z|z;8).
It is therefore conceptually also very appealing for high-dimensional simu-
lation. The drawback of MCMC is that, as pointed out above, it produces
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dependent samples which makes variance-estimation hard. Moreover, it only
produces draws from the target after reaching the stationary distribution, so
initial simulation is typically discarded. However, determining exactly how
much has to be discarded (i.e. the amount of burn-in) is not easy.

In comparing importance sampling and MCMC, the question comes up as
to when should which method be used? Unfortunately there exist hardly any
general recommendations or formal comparisons between the two. Quite often,
the choice is ultimately influenced by personal preference. Experience also
shows that both work well when dealing with high-dimensional integration.
While one produces independent samples, it also carries the burden of the
importance weights. On the other hand, while the other one has no importance
weights to worry about, it can take very long to converge to the stationary
distribution, and the strong dependence-structure may also make it hard to
calculate appropriate standard errors. An overview of importance sampling
and MCMC within the context of MCEM can be found in [8].

Efficiency of Simulation

The aspect of efficient simulation has, for the most part, only played a sec-
ondary role in the literature on EM. While a strong emphasis has been placed
on simulating from the correct distribution, only little attention has been paid
to whether this can also been done in an efficient way. By efficient simulation,
we mean simulation that produces estimates with very little variance. Clearly,
the variance of the estimates can be reduced simply by increasing the size of
the simulated data. However, this can become computationally intensive and
time consuming in more complex problems. The question is whether we can
produce samples from the correct (or near-correct) distribution, and also do
so with the least possible amount of computation.

Variance reductions techniques attempt to make more efficient use of the
simulated data. There exist a variety of variance reduction techniques such
as antithetic variables, control variates or stratification. One particular set
of methods that has received a lot of interest in the simulation literature is
Quasi-Monte Carlo, which is related to Monte Carlo in that it uses simu-
lation to approximate an intractable integral. However, in contrast to clas-
sical Monte Carlo, Quasi-Monte Carlo does not use random draws. In fact,
Quasi-Monte Carlo produces a sequence of deterministic numbers with the
best-possible spread in the sampling space. This sequence is also referred to
as low-discrepancy sequence. There have been many examples where Quasi-
Monte Carlo significantly beats classical Monte Carlo methods by a factor of
10, 100 or even 1,000 [30].

One drawback of Quasi-Monte Carlo is that it is deterministic in nature
and, therefore, statistical methods do not apply for error estimation. Re-
cent advances in randomized Quasi-Monte Carlo methodology [29] can over-
come this drawback. Randomized Quasi-Monte Carlo combines the variance-
reduction benefits of Quasi-Monte Carlo with the statistical error-estimation
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properties of classical Monte Carlo. One way of generating randomized Quasi-
Monte Carlo sequences is to initiate several parallel sequences from randomly
chosen starting points [51]. While Quasi-Monte Carlo has been, to date, mostly
used within the context of importance sampling, there exist efforts to apply
its ideas to MCMC [43].

[24] proposes an automated MCEM algorithm based on randomized Quasi-
Monte Carlo methods. The method uses Quasi-Monte Carlo to simulate from
f(z|z;0) based on Laplace importance sampling®. It also uses the ideas of
randomized Quasi-Monte Carlo to measure the error of the integral-estimate
in every iteration of the algorithm. The resulting Quasi-Monte Carlo EM
(QMCEM) algorithm is embedded within the framework of the automated
MCEM formulation proposed by [3].

Amount of Simulation

There exist two basic philosophies when it comes to choosing the simulation
size for randomized EM implementations. One philosophy picks a value for
the sample size m; and holds this value fixed throughout all iterations. This
philosophy is associated with stochastic approzimation versions of EM [11]
and we will get back to it later. The other philosophy increases the sample
size steadily throughout all iterations. A complicating factor with the latter
approach is that the sample size has to be determined anew in every iteration
if the approach is supposed to result in efficient use of the simulations.

When approximating ¢ by @, the Monte Carlo sample size m; has to be
increased successively as the algorithm moves along. In fact, [4] argue that
MCEM will never converge if m; is held fixed across iterations because of
a persevering Monte Carlo error [10]. While earlier versions of the method
choose the Monte Carlo sample sizes in a deterministic fashion before the
start of the algorithm [34], the same deterministic allocation of Monte Carlo
resources that works well in one problem may result in a very inefficient (or
inaccurate) algorithm in another problem. Thus, data-dependent (and user-
independent) sample size rules are necessary (and preferred) in order to im-
plement MCEM in an automated way. Automated MCEM implementations
have been proposed by several researchers [3, 31, 32, 8].

[3] are the first to propose an automated implementation of MCEM. Using
a Taylor-series argument, they derive approximate confidence bounds for the
MCEM parameter estimate under independent sampling schemes. Then, when
the next update falls within this confidence bound, it is said to be swamped
with Monte Carlo error, and consequently a larger sample size is needed to
obtain a more accurate estimate of the Q-function. [31] and [32] build upon
[3]’s method for MCMC sampling. [8] propose a new approach based on the

3 Laplace importance sampling uses a multivariate Normal or multivariate t im-
portance sampler shifted and scaled by the Laplace approximation to the mean
and variance of the target distribution
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difference in the Q-functions. Their approach has several advantages compared
to the earlier implementations. First, it operates on a univariate quantity, and
therefore makes it easier to incorporate more complicated sampling schemes
like MCMC or Quasi-Monte Carlo under one umbrella. Second, it assures that
EM'’s famous likelihood-ascent property holds in every iteration, at least with
high probability, and thus counterproductive use of the simulation is rare.
It also results in more stable variance-covariance estimates, since the final-
iteration sample size is typically larger than in previous approaches. And
finally, by using a one-sided confidence bound approach on the difference in
the Q-functions, their method encourages parameter updates with a larger
likelihood-increase than the deterministic EM algorithm and thus can result
in a de facto acceleration of the method.

One question remains: If we don’t want to increase the sample size in every
iteration of MCEM, what alternatives do we have? One potential solution is
to hold the sample size fixed and simply average over the MCEM output.
This makes somewhat sense, because once the method reaches the stationary
point, it fluctuates randomly about it with constant noise. Clearly, averaging is
a very straightforward approach and it is likely to be very popular with many
researchers who do not want to invest much effort into learning an automated
implementation. However, what are the dangers in simply averaging over the
MCEM output? If we start averaging too early, then our estimate is likely to be
biased, since we average over early updates which are far from the solution.
Bias can also happen if we start averaging too late, and, additionally, the
estimate will then also be very noisy. But determining when to start averaging
(and when to stop) is a problem that is at least as equally challenging as
finding the right amount of simulation.

3.2 Approximation

After generating draws from the conditional distribution of the missing data,
one approximates the Q-function via the empirical average Q in (15). This
is in principle straightforward to do and does not pose any major problems.
However, there are modifications of the basic approach that promise several
advantages. One of these modifications is to re-use the samples via impor-
tance re-weighting; another approach is to employ a stochastic approximation
scheme.

[45] propose to use some of the simulated data repeatedly throughout the
EM iterations by strategically re-weighting them. While this approach seems
very reasonable, it has not received much popularity. One reason for this
could be that it is hard to come up with automated sample size rules for a
re-weighing scheme.

Another variant of the basic approach is to use a stochastic approximation
version of EM [11]. That is, rather than steadily increasing the Monte Carlo
sample size throughout the algorithm, there exist versions that converge with
a constant (and typically small) value of m;. Let 4 be a sequence of positive
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step sizes such that > v = co and Y2 < oo and define
PO(9) = (1= )PC(0) + Q016" ). (17)

Notice that P® () is a convex combination of the information from the cur-
rent iteration, and all the information from the past iterations. One typically
initializes the method by setting P(®) = 0. Notice that the recursion in an
is similar to the stochastic approximation method of [47]. For that reason it
is referred to as the Stochastic Approximation EM (SAEM) algorithm. One
of the noteworthy features of this algorithm is that it converges (a.s.) with
constant value of my [11]. It is also conceptually very appealing, since, by the
recursion in (17), it makes use of all the simulated data.

Another appeal of the method is that, at least in principle, the only deci-
sion that has to be made is the choice of the step sizes ;. This is a one-time
decision which is usually done before starting the algorithm. [44] show that
for step sizes 1 o (1/£)%, 1/2 < a < 1, the method converges at an (asymp-
totically) optimum rate (if used in conjunction with offline averaging). Thus,
at first glance, the method appears to be easier to implement than the Monte
Carlo EM algorithm, which requires a decision about the new value of m; in
every iteration. However, as it is often the case, no lunch is free. Indeed, while
large step sizes (i.e. a & 1/2) quickly bring the method in the neighborhood
of the solution, they inflate the Monte Carlo error. On the other hand, while
small step sizes (i.e. & = 1) result in a fast reduction of the Monte Carlo error,
they slow down the rate of convergence of the method.

[23] connects the problem of finding the right SAEM step size with EM’s
missing information principle. It is know that the convergence rate of EM
depends on the fraction of missing-to-complete information [37]. In particular,
if the fraction of missing information is large (and thus EM’s convergence
rate is already very slow), then it appears unwise to choose small step sizes
and thereby even further slowing down SAEM. On the other hand, if EM
converges fast, then a large step size introduces an unnecessary amount of
extra noise, which should be avoided. [23] estimates EM’s rate of convergence
from the data and uses this estimate to choose a step size that balances the
improvements in bias and variance of SAEM.

3.3 Maximization

The challenges in the M-step are in principle the same as those for the de-
terministic EM algorithm. If the M-step has no closed form solution (which
is typically not the case), then one has to resort to numerical methods to
maximize the Q-function. The most common approach is to use a version of
Newton-Raphson, but alternative approaches also exist. The Newton-Raphson
procedure has several nice features: It converges at a quadratic rate, and it
is often straightforward to implement. One drawback of Newton-Raphson (as
with many other optimization routines) is that it requires relatively good
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starting values. Satisfactory starting values can often be found using a coarse
grid search.

Another drawback of Newton-Raphson is that it requires evaluation of the
Hessian matrix in every iteration. In situations when the Hessian is computa-
tionally too involved or numerically instable, quasi-Newton methods can be
used instead. The methods of Davidson Fletcher-Powell (DFP) and Broyden-
Fletcher-Goldfarb-Shanno (BFGS) are quasi-Newton procedures that only
rely on the gradient of the objective function and are implemented in many
software packages.

There exist further modifications of EM that are particularly aimed at sim-
plifying or even accelerating its M-step. See for example the Newton-Raphson
type modifications of [19], [20] or [27]. [38] on the other hand propose to break-
up a complicated M-step into smaller, more tractable conditional M-steps [33].

3.4 Iteration

In this section we discuss for how many iterations one should run the method.
The right number of iterations is closely connected with the choice of the
stopping rule. Finding appropriate stopping rules for randomized EM ver-
sions is challenging. The deterministic EM algorithm is typically terminated
if the relative change in two successive parameter estimates is small, smaller
than some pre-defined threshold. The same stopping rule is not very useful
for its randomized counterparts. The reason for this is that any determinis-
tic stopping rule can be satisfied by a randomized method simply because
of random chance, and not because convergence has occurred. Recognizing
this, [3] recommend to apply a deterministic rule for several successive times,
thereby reducing the chances of a premature stop. In the following we review
alternative approaches for stopping a randomized EM algorithm.

[8] suggest terminating MCEM when the difference in likelihood func-
tions becomes small. However, rather than directly estimating the likelihood-
differences, they appeal to EM’s likelihood-ascent property and instead oper-
ate on the differences in the Q-functions. This allows for an efficient imple-
mentation at no extra simulation expense. Other approaches are possible. [16]
for example propose to monitor the gradient of the likelihood [15].

Choosing the right stopping rule can be extra hard for SAEM, especially
when an already slowly converging EM algorithm is coupled with a small step
size. Standard stopping rules do not take into account the effect of the step size
or EM’s convergence rate. [23] proposes a new way of monitoring SAEM. The
approach is based on EM’s likelihood-ascent property and measures the long-
range improvements in the parameter updates over a flexible time window. It
also provides a heuristic to gauge whether there still exists a significant trend
in the long-range improvements based on the ideas of permutation tests.

And lastly a comment on the relationship between stopping rules and au-
tomated sample size rules: Automated sample size rules generally make it
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easier to find reasonable stopping rules for MCEM, because the resulting al-
gorithm mimics more closely a deterministic algorithm for which reasonable
stopping rules are already well-established. On the other hand, consider the
“quick-and-dirty” MCEM implementation via averaging of the parameter up-
dates discussed earlier. The resulting averages will generally still show a good
amount of variability (especially if we use a moving-average approach with a
fixed time window). Consequently we cannot rely on deterministic stopping
rules based on the change in the average parameter updates. For the same
reason it is also harder to implement likelihood-based rules. Clearly, while av-
eraging is, at least at first glance, a seemingly convenient approach and easier
to implement than automated sample size rules, it does come with a whole
additional package of complicating factors.

3.5 Convergence

The EM algorithm converges to the maximum of the likelihood function [6, 53];
that is, at least to a local maximum. Randomized versions of EM typically
mimic that behavior under very mild regularity conditions [11, 14]. It is impor-
tant to point out though that this convergence only occurs if the Monte Carlo
sample size is increased successively, which again underlines the importance
of automated sample size rules. (Increasing m; is of course only necessary for
MCEM; SAEM converges, as discussed earlier, with a fixed m;.)

While randomized EM versions typically converge to a local maximum,
there is no guarantee that this value is also the global optimum. The EM algo-
rithm is a greedy method in the sense that it is attracted to the solution closest
to its starting value. This can be a problem when several sub-optimal solu-
tions exist. The mixture model, for example, is well-known to feature many
local maxima, especially when the number of mixture-components is large (see
again Section 2.5). This puts the additional burden on the researcher that any
solution found by EM may not be the best solution and far from the true so-
lution. One ad-hoc approach to alleviate this problem is to initialize EM from
a variety of different starting values, but this approach can be burdensome if
the parameter-space is of high dimension.

It is quite surprising that, despite the popularity of the EM algorithm,
there have been only very few attempts at making it suitable for global op-
timization. Some of the exceptions include [25] and [50]. One possible reason
is the disconnect in the literature between the field of statistics and that
of operations research. While much of the theory for the EM algorithm has
been developed in statistics, its literature has been relatively ignorant of the
principles of global optimization that have been developed, in large parts, in
operations research. Another reason may be a difference in language between
the two fields. Either way, we hope to bridge some of the gap with this work
and spark some ideas for cross-disciplinary research.
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4 Global Optimization with Randomized EM
4.1 A Genetic Algorithm Version of EM (GAEM)

In the following we propose a new algorithm that combines the ideas of global
optimization with that of the basic principles of the EM algorithm. This al-
gorithm is based on earlier work by [25], who describes additional implemen-
tation variants using some of the ideas outlined in Section 3.

There exist a variety of different global optimization paradigms. One very
popular approach is the concept of evolutionary computation. Evolutionary
computation is associated with the groundbreaking work of [18]. Evolutionary
algorithms find their inspiration from natural selection and survival of the
fittest in the biological world. These algorithms weed out poor solutions, and
combine good solutions with other good solutions to create new generations
of even better solutions. Our algorithm combines the ideas of evolutionary
computation with the principles of the randomized EM algorithm. We want
to point out though that the proposed algorithm is certainly not the only
possible avenue towards making EM suitable for global optimization, and
different, possibly more efficient versions could be derived with additional
research.

The genetic algorithm (GA) belongs to a general class of global optimiza-
tion procedures that imitate the evolutionary process of nature. The basic
building blocks of GA are crossover, mutation and selection. GAs are iterative,
and each iteration is called a new generation. Starting from a parent popula-
tion, two parents create offspring via crossover and mutation. The crossover
operator imitates the mixing of genetic information during reproduction. The
mutation operator imitates the occasional changes of genetic information due
to external influences. An offspring’s fitness is evaluated relative to an objec-
tive function. Offspring with the highest fitness are then selected for further
reproduction. Although GA operations appear heuristic, [18] provides theo-
retical arguments for convergence to a high quality optimum.

We use the ideas of crossover, mutation and selection and combine them
with the basic principles of the EM algorithm in the following way. Let
6D g(0:2)  9(0.R) denote a set of R distinct starting values, possibly ran-
domly chosen. Let {0(“) h>0, 1 £ r £ R, denote a sequence of parameter up-
dates from 6(*") generated by randomized EM, so {8V };50, {85 }i0, . . -,
{G(t’R) }t>0 denote the sequences generated by R parallel randomized EM al-
gorithms. Notice that we run the sequences simultaneously via R parallel
implementations. Therefore we obtain R parameter estimates in the ¢t* iter-
ation, 81 92 9B This will be the parent population for the next
generation.

Using this parent population, we create offspring via crossover and muta-
tion. Crossover can be thought of as a swapping of genes. In our context, the
information from two parameter estimates are being swapped. Consider the
following simple example for illustration. Let 6% and 6° denote two elements
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in the parent population of the form

¢ = (941170(12,6113700,470&5)’
0° = (651,02, 063, Oba, 015 )

and let ¢ be a crossover point chosen randomly out of the set {1,2,3,4,5}.
For instance, if ¢ = 2 then the crossover of #* and #° are given by 6¢ and 02
where

c = (0a170a270b3, 0174,0175)’
= (0b1,062, 043,004, 0as5)-

In other words, the last three components of #% have been swapped for those
of #° (and vice versa). Crossover can also be performed in other ways. For in-
stance, rather than swapping entire component-chains, parameter-components
can also be swapped one-by-one, each time using a coin-flip to decide whether
component j of 8% should be replaced by the corresponding component of §°.

Crossover is typically augmented by mutation, which prevents premature
convergence and ensures a wider exploration of the parameter space. Mutation
can be thought of as inflicting random shocks into the gene sequence. In the
above example, 8% can be mutated by first randomly selecting a mutation
component m € {1,2,3,4,5}, and then replacing component number m of 8%
with a randomly chosen value, say, 8*. For instance, for m = 4 we would get
the mutation of 6% as

m = (Oaly 00.2700370*)0!15)' (18)

Mutation is typically not performed in every generation and on every offspring,
but rather only occasionally and with a very small mutation probability p,,,

e.g. pm = 0.1
Our genetic algorithm version of EM (GAEM) now proceeds as follows.
After creating the parent population 91 942 9B we select pairs

of parents {g1) &2} {983) gty etR-1) 9(t.R)} (not necessarily
adjacent as in this case), and apply crossover and mutation to each pair. To
that end, we select a random crossover point ¢ (which could be different for
the different pairs) and swap the pair’s parameter components to obtain a
crossover {0?’1), 0£t’2)} for the first pair (and similarly for the other pairs).
For each element of a pair, we perform mutation with a small mutation prob-
ability, pp,, = 0.1 to obtain pairs of offspring {0&1@), H(t 2) 1 {9&2), ,(:tfi) } -
(tR-1) (t R)

{0c,m }

After creatlng a set of suitable offspring, the next step in the genetic
algorithm is to evaluate an offspring’s fitness and select the offspring with the
highest fitness for further reproduction. We evaluate an offspring’s fitness by
appealing to the likelihood-ascent property. Recall that by (14), if

QLD 11) > Q(a®D g1y, (19)
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then 053?;,11) improves upon 81 and we replace 81 by 9?}%) We also check
equation (19) for the other offspring from the same pair, 08;,3), and exchange it
for 6tV if it yields an even larger improvement. We repeat this for the other
pairs. After checking the fitness of all offspring (and exchanging parameter
estimates for fitter offspring), we continue with the next GAEM iteration,
(t) = (t+1).

Notice that using (19) to evaluate an offspring’s fitness has several advan-
tages. First, by appealing to (19), we preserve the algorithm’s basic likelihood
ascent property. This means that despite running R parallel chains, the over-
all algorithm still falls within the class of generalized EM (GEM) algorithms.
Moreover, notice that the Q-function is calculated automatically throughout
every iteration of the EM algorithm, and thus does not pose extra computa-
tional effort. This is especially important in complex data/model situations
based on huge databases and/or which require heavy simulations. In fact, [25]
shows that for the mixture-model (6) with normal mixture densities, addi-
tional simplifications, and thus extra computational advantages, are possible.
Using (19) has further advantages, especially within the context of the ran-
domized EM implementation. Indeed, [8] provide evidence that evaluating
parameter updates with respect to the difference in Q-functions in (19) can
lead to a de-facto increase in the algorithm’s convergence in the sense that it
reaches the optimum faster.

4.2 Experiment

We apply our method to the clustering of functional data originating from
an online auction database. By functional data, we mean data that arrives
in the form of curves or shapes [46]. In our data, each functional observation
represents the price formation process in an online auction {21].

Our database consists of 55,785 price curves from a variety of eBay auction
categories ranging from golf balls and pens, to jewelry and automotive. The
goal is to cluster the price curves to find patterns of similar price formation
processes. To that end, we frame the curve-clustering problem within a finite
mixture model context by finding a finite-dimensional representation of the
infinite curve and by operating on the coefficients of this representation rather
than on the original curve itself [25]. This results in 55,785 20-dimensional
data-vectors.

4.3 Results

We set up our simulations as follows. First, we apply the deterministic EM
algorithm 100 times from 100 randomly chosen starting values. Then, we
compare the result with that of one run of GAEM. The EM algorithm in
its basic form does not select the best number g of cluster, so we apply this
process to different values of g, ranging from 2 to 10. Notice that as the number
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Fig. 3. Performance of GAEM relative to 100 runs of ordinary EM. The histogram
shows the distribution of the 100 EM log-likelihood values. The solid dot marks the
solution of GAEM.

of clusters increases, the optimization problem also becomes more challenging
in that more locally optimal solutions exist.

Figure 3 shows the results. The histogram shows the distribution of the
best solution found via deterministic EM. Notice that the solutions vary quite
significantly. While for smaller values of g, most solutions lie in close proximity
to each other, their variation increases with increasing g. The solid dot signifies
the solution found by GAEM. Notice that GAEM consistently finds a solution
in the top percentile of the best solutions provided by 100 runs of deterministic
EM.

5 Conclusion

The numerical results show that a wedding between the EM algorithm and
the principles of global search can indeed lead to fruitful progress. However,
further research efforts seem necessary. Indeed, the GAEM algorithm pre-
sented in this paper is a relatively straightforward application of the ideas
of evolutionary computation to that of the EM algorithm. It is likely that
further research will yield more efficient and powerful variants. Moreover, we
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pointed out at the beginning of this paper that alternative global optimiza-
tion procedures such as the cross-entropy method promise even better global
optimization performance. However, we also pointed out that these methods
can encounter challenges, for instance in mixture-models, which are overcome
rather elegantly within the EM framework. It seems that a closer look at how
some of these methods can be combined could results in tremendous advance-
ments within the literature on the EM algorithm but also for the area of global
optimization.
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Summary. Methods for fitting circles and spheres to point sets are discussed.
LADAR (LAser Detection And Ranging) scanners are capable of generating “point
clouds” containing the (z,y, 2) coordinates of up to several millions of points reflect-
ing the laser signals. In particular, coordinates collected off objects such as spheres
may then be used to model these objects by fitting procedures. Fitting amounts
to minimizing what is called here a “gauge function,” which quantifies the quality
of a particular fit. This work analyzes and experimentally examines the impact of
the choice of three such gauge functions. One of the resulting methods, termed here
as “algebraic” fitting, formulates the minimization problem as a regression. The
second, referred to as “geometric” fitting, minimizes the sum of squares of the Eu-
clidean distances of the data points from the tentative sphere. This method, based
on orthogonal distance minimization, is most highly regarded and widely used. The
third method represents a novel way of fitting. It is based on the directions in which
the individual data points have been acquired.

Key words: algebraic fitting; circles; coordinate search; directional fitting; geomet-
ric fitting; LADAR; optimization; quasi-Newton; registration; spheres.

1 Introduction

In 1997, an article by Rorres and Romano [19] addressing an archaeological
problem caught the attention of Saul Gass. In the Greek city of Corinth, the
circular starting line for an ancient (circa 550 B.C.) track for foot races had
been found. The other end of such a racetrack had to be marked by a turning
pole [18]. The circular starting line was chosen, presumably, to equalize the
distances between starting positions and the turning pole at the far end. The
location of the turning pole could thus be inferred as the center of the circle
passing through the starting line. This is precisely what Rorres and Romano
did: they surveyed points on the starting line and fit a circle to these points.

Saul was intrigued by this problem of recovering a circle from a set of
points as he had encountered circle and sphere fitting problems earlier in con-
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nection with Coordinate Measuring Machines (CMMs), which are crucial to
today’s precision manufacturing. Their metrology is a major concern at the
National Institute of Standards and Technology (NIST) [17], with which he
has been associated for nearly three decades as an academic advisor. The
computer-guided probe of a CMM touches an object and records to a high
level of accuracy the (z,y, z) coordinates of the point on the object where con-
tact was made. A collection of such measured points then permits an accurate
assessment of the shape of the object, say, the roundness of a sphere, or its
dimensions, say, the radius of a sphere. Captivated by the obvious parallels be-
tween such geometric problems and those encountered in classical Operations
Research [5, 6}, he explored the use of linear programming in this context [9].
He also dug deeper into the racetrack problem, using several different meth-
ods for fitting the data and, in particular, compared the widths of “annuli,”
the areas between two concentric circles containing all data points. He was
able to achieve tighter results than those reported by Rorres and Romano.
A beautifully crafted unpublished manuscript [10] summarizes this work. It
is also telling that his emphasis was not so much on “how” to compute, but
rather on “what” to compute, in other words, the task of “modeling” so as to
capture a particular aspect of reality.

Our work aspires to follow his example. It was prompted by the rapid
growth of 3D imaging technology and its applications, and the corresponding
need for metrological analysis. 3D imaging systems include laser scanners and
optical range cameras. The former category covers LADARs (LAser Detection
And Ranging) or laser radars. Similarly to a CMM, a LADAR also determines
3D coordinates of points on an object, but does so by sending out a laser signal
and analyzing its reflection back to the instrument as indicated in Figure 1.
Also, a LADAR is typically a scanning device that can obtain millions of
measurements in a very short time, resulting in large “point clouds” of possibly
millions of data points. Applications include the monitoring of construction
sites, the development of “as built” models of existing structures, mapping,
visualization of hidden objects, guiding of unmanned vehicles, just to mention
a few.

1.1 LADAR Technology; Point Clouds

The metrology of LADARs is a current research issue at NIST. This work
also supports the development of standard test protocols for the performance
evaluation of LADARs. Figure 2 shows the indoor, artifact-based LADAR fa-
cility at NIST. Outdoor test facilities are planned for instruments with ranges
of 100 m and above.

Figure 3 presents a LADAR visualization of a rubble pile. The casual
reader may see this picture as just what a photographic camera might produce.
But this would miss the point that, once the point cloud has been captured
in 3D, it can be displayed as seen from different view points. For instance, the



Recovering Circles and Spheres from Point Data 395

point of impact (X,y, z)

3 OBJECT

light _ - — ~
_ /g/ beam

—

LADAR r

Fig. 1. Schematic of the operation of a LADAR scanner.

Fig. 2. Indoor artifact-based LADAR facility at NIST .

Disclaimer: Certain products are shown in this photograph. In no case does this
imply recommendation or endorsement by NIST, nor does it imply that the products
are necessarily the best available for the purpose.
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Fig. 3. LADAR scan of a rubble pile

point cloud generated off a sphere is displayed in Figure 4 as seen sideways,
that is, perpendicular to the direction of the scan.

The point cloud in Figure 4 consists of actual data points. The superim-
posed picture of the sphere does not depict the actual sphere but a “fitted”
sphere, a sphere that in some sense best represents the point cloud, a sphere
that was calculated using a fitting algorithm. The fitted sphere is expected to
capture the radius and location of the actual sphere vis-a-vis the point cloud.
Fitting the sphere thus provides a method for recovering the actual sphere
from which the point cloud had been generated.

The term “recovery” suggests an emphasis on certain applications that
are different from the ones pursued when using CMMs. LADARs are more
likely to be used for locating, identifying, and recognizing an object. CMMs,
on the other hand, emphasize quality control. For spheres, a typical question
there would be how small an annulus between two concentric spheres would
contain the data points. Also, as Figure 4 shows, the point clouds generated by
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Fig. 4. Point cloud and fitted sphere.

LADARSs tend to be big and “noisy,” i.e., subject to significant random errors.
The data generated by CMMs, on the other hand, tend to be less voluminous
and less noisy.

While the emphasis in this work is on spheres, the results will typically
hold for circles, too.

1.2 The Fitting Paradigm

The term “fitting” will be used here in a somewhat narrow and explicit
sense. This sets it apart from other approaches to recovering scanned objects.
Iterative Closest Point (ICP) [3] techniques have also been very effective.
Tetrahedralization-based surface generation techniques may well be the way
of the future [2].

Fitting requires the definition of a “gauge function,” which expresses a
measure of deviation of the point cloud as a whole from a putative geometric
model such as a sphere. The parameters of the model governing its shape
and size are the arguments of the gauge function. They are the variables of
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an optimization problem: to minimize the deviation of data points from an
object model.

Gauge functions are typically defined in two steps. First, a measure of the
individual deviation

A; = deviation ((x;, yi, 2:), model)

of each data point from the putative model is defined. Then a norm | % || is
selected and applied to the vector of all deviations A; in order to arrive at a
single gauge value for an overall measure of deviation,

A = |[(A1, A2, ... A -

The quantity A represents the desired gauge function, which depends on
the model parameters as its arguments, since every one of the individual
deviations A; depends on those parameters.

The following are the most commonly selected norms:

e the maximum or Chebychev norm (L) : max; |4,
the least-squares norm (Lz): +/>.; A7,
e the sum of absolute values norm (Lq): 3, |4 .

Directly minimizing the sum of squared deviation is, of course, equivalent
to minimizing their Le norm. In practice, to avoid the very large numbers
that typically arise for large data sets, both the L, and the L; norms are
usually averaged by the number n of data points. The resulting measures are
commonly referred to as

RMS = 248 , ASD = 2ilAil
n n

The least-squares approach, as in using the RMS, is most commonly used.
At NIST, a system for testing least-squares algorithms for a collection of types
of objects including spheres and circles has been developed and implemented
{20], as has been orthogonal distance regression for specified functional ex-
pressions [4]. Applications of the Chebychev norm are given in [1]. Chebychev
fitting of circles has been examined by Saul Gass [9, 10] and others [22, 8].
As mentioned before, the interest here is in determining the minimum annu-
lus containing all data points. The authors apply linear programming as well
as farthest point Voronoi diagrams. In our work on spheres, the desired end
result consists of the “center coordinates” (z,ys, 25) of a fitted sphere, and
perhaps its “radius” r*. Indeed, when fitting spheres, two different tasks may
be encountered:

e fitting a sphere with its radius “free” to be determined,;
o fitting a sphere with a specified “fixed” radius.
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1.3 Layout of the Article

The remainder of the paper is organized as follows. In Section 2, we describe
physical evidence on fitting spheres collected by the second author. In Sec-
tion 3, two standard methods are discussed: “algebraic fitting” (Section 3.1)
and “geometric fitting” (Section 3.2). Section 4 is devoted to the geometry
(Section 4.1) and the process of scan-directed fitting (Section 4.2) based on
an algorithm developed by the third author.

2 Results of Experiments

At NIST, considerable experience in LADAR scanning and fitting has been
gathered. Key issues are applications to registration, volume determination,
and object identification.

2.1 Locating I-Beams

The following demonstration experiment [12] was designed to demonstrate the
feasibility of automated placing and pick-up of an I-beam by the computer-
guided crane developed at NIST. The I-beam, residing on the laboratory floor,
was scanned for location and orientation, with the data in the LADAR’s co-
ordinate system. A LADAR scanner was used to determine the pose (location
and orientation) and the type of an I-beam residing on the floor of a labora-
tory at NIST. The idea was to scan the I-beam in order to determine shape
and pose within the coordinate system of the LADAR instrument.

This instrument’s coordinate system then had to be related to the coor-
dinate system of the crane, a process generally called “registration”. To this
end, three “target” spheres, “A”,“B”,“C”, were placed in the vicinity of the
I-beam

The centers of the spheres were predetermined in the coordinate system
of the crane. The LADAR scan covered these spheres along with the I-beam,
and the fitting process yielded center coordinates in the instrument system.
Thus, there were three target locations, each of which with coordinates known
in both systems. The algorithm “Procrustes” [21] {14] was employed, which
combines a translation with a rotation in order to transform one system into
the other, matching the coordinates at each target point as well as possible.
More precisely, this transformation is chosen so as to minimize the sum of the
squares of the resulting coordinate differences at each target point. It is clear
that the accuracy of the fitting algorithm as applied to the target spheres is
the key to a correct registration.

This successful demonstration also provided an opportunity to experiment
with sphere fitting. As described in [12], several fitting algorithms were imple-
mented and tried in addition to a commercial software package. The radius
of the target spheres was specified by the manufacturer to be 76.2 mm (3
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Fig. 5. Determining location and orientation of an I-beam by LADAR.

in). Thus, the fixed radius option for sphere fitting was used for the actual
demonstration.

Determining the accuracy rather than the precision of such LADAR mea-
surements would require the availability of an independent measurement sys-
tem at a higher level of accuracy, which was not available at the time. Thus it
was not possible to ascertain the actual centers of the target spheres with suf-
ficient accuracy to check against the centers derived from fitting the LADAR
data. The radii of the target spheres, however, were presumably known, and
it could be determined how well the radii were reproduced if the free radius
option of the sphere fitting algorithms were to be used. The results were dis-
concerting. The radii were generally underestimated. In particular, applying
the commercial fitting package to target sphere “C” yielded for n = 90 the
average radius,

Taverage = 09 M, Tactyqr = 76 mm, st.dev. = 3 mm,

a discrepancy of about 10 %. This result raised a “red flag”. Could the center
determination be trusted if established fitting methods produced systematic
errors in the measurement of the radius? An effort was therefore started to
find the reasons for such errors.

At first, suspicion centered on the quality of the target spheres which
were made of styrofoam purchased at a local crafts store. It was thought that
this material might permit some penetration by the scan beam, or perhaps
the dimensions of the spheres were not quite accurate. These considerations
led to the fabrication of a machined aluminum sphere. However, the same
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discrepancies were encountered when this sphere was scanned and fitted, as
will be seen in Section 2.2.

One other possible explanation concerned the LADAR instrument. Per-
haps the distribution of the scan errors was not symmetric. In other words,
there may have been more undershoots than overshoots, or vice versa. And
finally, the instrument position with respect to the sphere may possibly mat-
ter. To check for this latter possibility, the experiment reported in Section 2.2
below was conducted.

2.2 An Additional Experiment

In this experiment, a data set was collected, and reduced to avoid boundary
effects, off an aluminum sphere machined to a radius of 101.6 mm (4 in). This
data set is displayed in Figure 6 together with two subsets, an upper and a
lower subset into which the full set had been split as shown in Figure 7. The
results of applying the commercial fitting package to these three data sets are
displayed in Tables 1 and 2.

Fig. 6. Full “hemispherical” data set from aluminum sphere.
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Fig. 7. Upper and lower portions of the hemispherical data set.

Table 1. Results of the experiment; variable radius.

x Y z r

Full [-6254.99 -196.51 -78.85 98.41
Upper|-6258.27 -196.37 -83.02 102.36
Lower|-6258.61 -196.82 -72.61 103.66

Table 2. Results of the experiment; fixed radius.

z y z T

Full {-6259.19 -196.58 -78.87 101.6
Upper|-6257.52 -196.36 -82.55 101.6
Lower|-6256.59 -196.77 -73.98 101.6

The first observation concerns the result of fitting the full data set with
the free radius option. As in the demonstration reported in Section 2.1, the
radius was still underestimated:

Teomputed = 98.41 mm, Toctuar = 101.6 mm,

but then it was overestimated for both the upper and the lower portion of
the full data set. The next observation concerned the high level of sensitivity
in the z-coordinate, which represents vertical elevation. Note that the same
sensitivity in the 2z-coordinate showed up when the known radius of 101.6 mm
had been kept fixed. Such variations are at odds with the fact that regions
on the sphere are equivalent. Indeed, the upper and the lower data set oc-
cupy essentially symmetric positions on the sphere. Yet there is a substantial
difference in fitting results.

The upper and the lower subset are, however, in a different position vis-a-
vis the LADAR instrument. The angles of incidence certainly differ for these
two subsets. This forces the conclusion that the instrument position has to
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be taken into account when fitting. A method for this will be presented in
Section 4.

3 Algebraic and Geometric Fitting

In a key paper [7], two generic concepts for defining deviations of data points
were distinguished, and fitting methods based on those concepts were termed
“algebraic” and “geometric,” respectively. Algebraic fitting, in a broad sense,
is based on an equation describing the object to be fitted, defining the de-
viation of a data point as the amount by which that equation is violated.
In general geometric fitting, that deviation is defined as the orthogonal Eu-
clidean distance to the object. For geometric fitting of functions, the term
“orthogonal distance regression” is frequently used.

Specifically in [7], algebraic and geometric fitting methods based on least
squares were examined for circles and ellipses. In this section, we will take the
same approach to fitting circles and spheres.

3.1 Algebraic Fitting

Let (xo, Yo, 20) denote the center coordinates, and r > 0 the radius of a sphere.
Then the following equation

(&= 20)*+ (y—90)* + (2= 20)* = =0
characterizes the points (x,y, z) of the sphere. Substituting

a b ¢ a? +b% 4 2
To =5, Yo =3 20 ="3, Tzz—z—“"d» (1)

yields an alternate equation
2+ + 2 tar+bytez+d=0

of the above sphere in terms of linear parameters a, b, ¢, d. Note that the above
equation has geometric meaning only if its parameters satisfy the condition

—d>0, )
as otherwise the resulting radius would not be a real number.
The above equations for the sphere suggest the following definition of a
deviation from the sphere by a data point (x;,y;, 2:):
A; = (25 — 20)* + (v — y0)® + (2 — 20)% — 7%, 3)

and, equivalently,
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A = + 92 + 22 + ax; + by; + ez +d. (4)

The algebraic method to be discussed here takes advantage of the fact
that the deviation expression (4) is linear in its parameters. Choosing the
least squares norm leads to the gauge function

2
F:Z(wf+yi2+zi2+aa:¢+byi+cz,-+d) , (5)

?

the minimization of which amounts to a straightforward linear regression,
—x —y? — 22 ~ ax; + by; + cz; + d, (6)
with an optimal solution,
a* b* C* d*

which always exists and is unique as long as atleast four data points do not
lie in a single plane.

Also, the optimal parameters satisfy the condition (2). Indeed, it is well
known that the data averages satisfy regression equations such as (6) exactly
if the optimal parameters are inserted:

1 1 L1 L1
ﬁzi:(—xf—yiz—z?)za E;wﬁ_b E;yi-i-c ;Xi:zi-l-d*.

Then

(a*)z + (b*)z + (c*)z B

1 d

(a*)z + (b*)2 + (c*)Z)

1
HZ (%2 + Y7+ 2+t by + 1
B

1 a* ., b* o ¥,
;zi:(($i+“§‘)+(yi+§‘)+(zi+'2—) 2 0.

Thus, for any data set containing at least four points not in a single plane, the
regression (6) yields a unique result that, moreover, represents a real sphere.

By (1), the above derivation also yields an explicit expression of the opti-
mal radius in terms of the optimal center coordinates:

(7‘*)2 — Zz ((w’L - wS)z + (yi - y3)2 + (Zi - ZS)Z) ) (7)

n

The expressions (3) and (4) represent the same deviation values and lead
to the same gauge quantity, provided the same norm is used to combine the
respective individual deviations, in this case, the least squares norm, However,
the two resulting gauge functions differ in their parameters. As a positive
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definite quadratic function, the former gauge function F' is convex, whereas
the latter gauge function

G =3 (=m0 + (s = 90)° + (2 = 20)° = %)

2

is not. If the value of the radius has been prespecified, then this value needs
to be accessible as one of the parameters, as in the above gauge function G,
but not in gauge function F. As a result, regression will not work for the fixed
radius option. Furthermore, there will always be minima if the radius is fixed.
They may be, however, no longer unique as an example in Section 3.3 shows.

3.2 Geometric (Orthogonal) Fitting

Here, the actual Euclidean distance of a data point (z;,¥;, 2;) from the sphere
given by its center coordinates (zq, yo, z0) and its radius r is specified as the
deviation of this data point from this sphere:

Ay = /(@i — ©0)? + (i — %)% + (25 — 20)* — 7. (8)
Following least squares, the gauge function
2
H=3 (\/(wi —20)2 + (3 — ¥0)? + (2 — 20) — r) 9)

characterizes the particular “geometric fitting” method examined in this pa-
per.

By comparing results with a geometric fitting algorithm implemented by
the authors, it was possible to ascertain that the commercial fitting package
employed in the experiments described in Section 2 uses the geometric fitting
method. In what follows, we will refer simply to “geometric fitting” regardless
of which implementation has been used.

A comparative analysis of algebraic and geometric fitting has been pro-
vided by [16]. The difference in the performance of these methods is also
illustrated by the example in Figure 8. Here, a LADAR scan of the sphere
discussed in Section 2.1 has been fitted algebraically, and the algebraic devi-
ations defined by (3) or (4) — the algebraic errors so to speak — have been
plotted in the sequence in which the data points appear in the point cloud. It
is seen that these algebraic errors are closely gathered around the zero hor-
izontal, which is not surprising, since that is what was minimized. However,
the geometric deviations defined by (8) are also displayed, exhibiting uncom-
fortably large swings. Both kinds of deviations show definite patterns such
as the scalloped pattern of the algebraic deviations. The reasons for these
patterns are not understood.

Moreover, the radius of that sphere determined by algebraic fitting falls
even more short of the actual value than the one determined by geometric
fitting:
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Fig. 8. Deviation display: geometric vs. algebraic fitting.

Talgebraic = 54 mm, Tgeometric = 69 mm, Tyctuar = 76 mm.

Experiences similar to the above, coupled with the strong intuitive ap-
peal of orthogonal distance deviations and the general acceptance of the least
squares approach, have made geometric fitting the main choice of the metrol-
ogy community.

Contrary to algebraic fitting, the geometric fitting may not always have a
solution. The reason is that an orthogonally best fitted plane, — in a sense a
sphere with infinitely large radius —, competes with actual spheres. In such
cases, the geometric fitting procedure may not converge as the radius grows
ever larger. Furthermore, even if a solution exists, the solution may not be
unique. Corresponding examples in the case of circles are given in Section 3.3.
In addition, the gauge function H defined by Equation (9) is not differentiable
in its parameters. The function displays an upward pointing cusp, wherever
the center coordinates coincide with those of a data point:

(20, Y0, 20) = (T4, Ys, 2i)-

3.3 Examples of Circles

Again, the following examples for circles are indicative of phenomena that
pertain to spheres, as well.

The first extremely simple example shows that any fitting method with
fixed radius may have different optimal solutions for geometric fitting,.
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Example A:
rn=-Ly= 0,
zo = +1,y2 = 0.

The second example admits four different optimal solutions in symmetric
positions.

Example B:

Ty = 07 Y1 = 07
Tz = +107 Y2 = +107
X3 = _107 Ys = +10)
zy = —10, y4 = —10,
x5 = +10, y5 = —10.

The center of one optimal circle is at §; = 3.892718, y5 = 0.0, and its radius is
r* = 12.312514. The remaining three optimal circles are in symmetric position
rotated by multiples of right angles around the origin. Algebraic fitting, on the
other hand, has a unique solution, which for reasons of symmetry is centered
at the origin. The optimal radius can then be calculated using (7): r = v/160 =
12.64911.

In order to establish optimality, the gradient and the Hessian for the pa-
rameters of the circle to the right were also computed. Up to factors of two,
the gradient components compute to zero within seven digits after the decimal
point, and the following Hessian results:

+0.5957504 0 —0.31615945
0 +0.06370123 0
—0.31615945 0 1

Since the eigenvalues of the Hessian, 0.0637, 0.4226, 1.1731, are all positive,
local optimality follows. No other local optima have been found. The calcu-
lations were done with in-house geometric fitting software. The commercial
fitting package has also been used, but produced a saddle point instead of a
local minimum.

The third example is a data set without an optimal solution when geo-
metric fitting is attempted. The z—axis is a limit solution.

Example C:

T = +10, Yy = +1,
2= 4+l 2= 0,
I3 = —10, Yz = +1,
T4 = —10, Yqg — —1,
zs= —Lys= 0,
xg = +10, yg = —1.
The claim that there are no finite local minima rests on use of the in-house

software, which established that absence within a very large radius around
the origin.
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4 Fitting in Scan Direction

In what follows, we assume that the data points are acquired in scan direction,
i.e., the data point (z;,1s,2;) and its intended impact point on a sphere are
found on a ray, referred to as “scan ray,” emanating from the origin (0, 0,0),
so that the intended target point is at the intersection of the scan ray with the
sphere. Of course, the scan ray may not intersect the sphere, in which case we
declare a “miss;” otherwise, a “hit.” In reality, one might argue, every data
point would arise from a hit, as otherwise it would not have gotten into the
data set. But as long as a sphere is not in best-fit position, misses are to be
expected.

4.1 Geometry of Directed Deviations

‘We aim to determine the intersection, closest to the origin, of a sphere by a ray
from the origin through a given data point (z;, y;, 2;). While this just amounts
to solving a quadratic equation, there is also a straightforward geometric
solution.

€; = scanning error
(xa > y ar z a )

(x()) yo’ ZO)

G
(0,0,0) = instrument position

Fig. 9. Geometry of deviations in scan direction.

Consider the plane spanned by the ray and the center (zg, o, z0) of the

sphere (see Figure 9). The direction of the ray is given by the direction cosines,
Tt Y e E
€'L - ez I 772 éz ’ C E'L )

where

b =[z2+y2+22>0 (10)

denotes the distance of the data point from the origin. Of interest is the
orthogonal projection of the center of the sphere into the ray:
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ai(fiﬂ%‘n@)- (11)
Here a; denotes the distance of the projection point (11) from the origin.
Using the orthogonality of the ray direction (&;,7;, ;) to the difference vector
(ai&s, aimi, ai;) — (o, Yo, 20), (12)
we find the expression
a; = T& + Y + 26

for the distance a;.
Next we introduce the length of the difference vector (12), i.e., the distance
between the sphere center and its projection into the scan ray. We have

b2 =a2+ys+22—a? >0, (13)
by the Pythagorean theorem. Comparison against the radius
bi S r, (14)

yields the condition for the scan ray hitting the sphere. If this condition is
met, then the sphere center, the projection point on the ray, and the inter-
section point on the sphere form a right triangle with sides b; and s;, and the
hypotenuse r,

s; = /72 — b2 (15)
It is now possible to express the distance along the scan ray from the origin

to the impact point on the sphere. The difference between this distance and
the distance ¢; of the data point from the origin (10),

ai——si—éi:ai—ﬂi—vr2~b2, (16)

represents, in the case of a hit, the overshoot or undershoot of the measure-
ment with respect to the sphere.

In general, the scan ray intersects the sphere at two points, one close to the
origin of the instrument, and one on the other side of the sphere. Analogous
to the above derivation, we find the expression

ai+si—€i=ai—€i+\/r2—b2

for the distance of the intersection point farther from the origin. It may be of
interest to note that the product of those two distances equals the algebraic
orthogonal deviation given by Equation (3)

(a; — si =€) (@i + si — £;) = (T — 20)* + (ys — o)* + (25 — 20)® — 2. (17)

Indeed, by (15),
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(ai —8; — &)(al + 8; — Ez) = (ai —_ 61)2 —_ S?

= (ai — 41)2 + b12 — ’I’2.

By the Pythagorean theorem applied to the triangle formed by the data point,
the projection point and the sphere center,

(a; = £)2 + b2 = (zi — 20)* + (Wi — ¥0)* + (2 — 20)?,

which establishes (17).

4.2 Geometric Scan-Directed Fitting

The expression (16) of the presumptive measurement error of a data point
(zi,Y:, 2i) was determined under the assumption of a hit. It, therefore, fails
to provide a suitable basis for a gauge function. Indeed, any gauge function
based solely on hits would yield a minimum of zero for any sphere position
that avoids hits altogether. For this reason, we propose to define deviations
also for data points whose scan rays are missing the sphere. The version of
“directional” fitting reported here thus distinguishes between two kinds of
deviations according to the value of b; as follows:
If the data point causes a hit, that is, if b; < r (14), then following (15),

Ai=ai—si~—€i=ai—€¢—\/rz—bf. (18)

If the data point causes a miss, that is, if b; > r, then

A = /(z; —70)% + (Yo — )2 + (2 — 20)2 — 1, (19)

which in fact represents the orthogonal distance deviation (8).
The least squares approach leads to the gauge function

H=Y A} (20)

Minimizing this gauge function may still not provide the desired result,
because the so-fitted sphere may still permit some data points to miss, and
the deviations assigned to these values may cause distortions. The procedure
chosen here is to delete such data points temporarily, and re-minimize. The
full point cloud is then again screened for data points that cause misses of
the re-minimized sphere, and these points are deleted prior to the next re-
minimization. That process of deleting followed by re-minimization is repeated
until there are no more misses or the number of misses has stabilized. The
goal is to arrive at a sphere fitted to a stable set of data points all providing
hits.

This and similar procedures are still subject to experimentation and ad-
justments. Our first efforts, however, were clearly successful as attested by
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Table 3. Results of fitting in the scan direction.

T Y z T
Full |-6258.98 -198.07 -79.18 101.29

Upper|-6259.06 -198.15 -78.90 101.22

Lower|-6259.38 -198.01 -79.12 101.60

the results given in Table 3. They indicate that the abnormalities reported in
Section 2 appear indeed to be caused primarily by “modeling error,” namely
the choice of an unsuitable gauge function for the fitting procedure.

The gauge function (20) is not differentiable, because a perturbation of
the sphere parameters may cause the deviation of a data point switch from
definition (18) to definition (19), or vice versa, and such transitions are not
smooth. The minimization of such a gauge function thus requires an optimizer
that does not require differentiability. The method that turned out to be
successful was a method based on recent research in the optimization of noisy
functions. Loosely speaking, this method is designed for minimizing functions
with many non-differentiabilities as long as these are “shallow,” i.e., they act
as perturbations of an overall differentiable function. This method also permits
constraining the minimization to avoid, for instance, values of variables that
define spheres that would infringe upon the instrument location.

The algorithm proceeds in two stages. Initially, a quasi-Newton method
(“BFGS”) is employed to solve the nonlinear programming problem at hand,
where gradients of the objective function are calculated using a centered finite-
difference approximation with a large finite difference initial step-length {11].
As the algorithm progresses, the finite difference step-length is decreased un-
til its size falls below the square root of machine precision. Subsequently, a
simplex-based coordinate search method is employed [15]. This coordinate
search method requires no gradient calculation or approximation, and has
been applied successfully in the past on difficult non-differentiable constrained
optimization problems (e.g. [13]).

5 Concluding Remarks

The analyses in this paper underscore the fact that the outcome of fitting
methods strongly depends on the choice of the gauge function that is mini-
mized in order to establish the fit. Three gauge functions were discussed. The
associated “algebraic” and “geometric” fitting methods are most commonly
used. In a novel third approach, the deviations are measured in the direction
of the scan. In all three methods, the deviations were combined into single
numbers by invoking the least squares Ly norm.

The experimental evidence presented here, although limited so far, indi-
cates that for certain applications it may not be enough to base fitting methods
on the coordinates of points alone, but that it may be necessary to take into
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account the directions in which those points had been acquired. This may
require a general revision of currently used approaches to approximation.
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Why the New York Yankees Signed Johnny Damon
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Summary. In this paper, we apply the Analytic Hierarchy Process (AHP) to analyze why
the New York Yankees signed Johnny Damon for $52 million over the next four years.

Key words: Analytic Hierarchy Process (AHP); decision-making; baseball.

1 Introduction

In the mid 1990s, Saul Gass and I introduced the teaching of the Analytic
Hierarchy Process (AHP) in some MBA and undergraduate classes in the R. H.
Smith School of Business at the University of Maryland. Based on our
experiences, we wrote two papers on the teaching of the AHP [3], [4]. In [3], we
discussed the basic topics covered in our courses and, in [4], we presented some
advanced and, hopefully, interesting AHP homework exercises that we developed
for these courses. Two fundamental references on AHP are [5] and [6].

For the past 10 years, I have been interested in the use of AHP in making
decisions in Major League Baseball (MLB). Eddie Epstein, Director of Baseball
Operations, and I developed an AHP model for ranking the players that the San
Diego Padres should keep as a prelude to the 1997 Major League Baseball
expansion draft [2]. The rankings were completed about two months before the
expansion draft was held and were very close to the final ranking that the Padres
used in the expansion draft.

In [1], I developed a model for ranking the available free agents after the
conclusion of the 1998 baseball season. This paper was presented at the ISAHP
meeting in Kobe, Japan in 1999. I have also been a serious fantasy baseball player
since 1992. 1 finished 5" out of 12 in the 2004 LABR-AL sponsored by the Sports
Weekly and USA Today (six regular guys like me competed against six fantasy
baseball experts). 1 also wrote several articles for Rotoworld.com on fantasy
baseball in 2005 and am writing a few columns for Rototimes.com this year (these
articles are coauthored with Cameron Bennett).

Saul and I grew up in Massachusetts and have followed the Red Sox for many
years. I thought that analyzing the Johnny Damon situation using the AHP would
be of relevance for this book, given that Saul and I have coauthored two papers on
AHP,
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One of the most interesting situations in the 2005 off-season hot stove league in
MLB was the decision on the team that would sign Johnny Damon, a free agent
center fielder who played for the Boston Red Sox from 2001-2005. Any team
other than the Red Sox who signed Damon would have to give the Red Sox two
players in the 2006 draft of high school and college players. Boston would receive
no other compensation.

Both the Yankees and the Red Sox needed a center fielder for the 2006 season,
and Johnny Damon was the best free agent center fielder available. The Yankees
had Bernie Williams and Bubba Crosby on their roster before signing Damon.
Bernie Williams had played for the Yankees since 1991. Since Williams’s hitting
and defense have diminished the last three years, the Yankees were not comfortable
having him as their full-time center fielder in 2006. The Yankees declared Crosby
their starting center fielder in November 2005, but the general opinion was that
Crosby or a Crosby/Williams combination was not good enough for the Yankees.
On the other hand, the Red Sox had no center fielder other than Damon.

The Yankees could have solved their problem by trading for a center fielder but
had few players in their minor league system that could be used in a trade. The
Yankees refused to trade Robinson Cano (2b) and Chien-Ming Wang (starting
pitcher) in any trade. These players were attractive to other teams, because they
played well at the major league level in 2005, were young, and had low salaries.

As such, the Yankees had to resort to signing a free agent to seriously upgrade
their center field situation. Any free agent other than Damon would marginally
upgrade the Yankees center field position, would probably be expensive, and this
player would not perform at Damon’s level. The Yankees could trade some players
other than Cano and Wang to get a center fielder. This player would be of
reasonable ability but probably have some risk attached to him.

In this paper, we use AHP to model the Yankees’ decision-making process in
signing Johnny Damon. We believe this decision was made in the latter part of
November, 2005 or early part of December, 2005, and that the Yankee
management (George Steinbrenner, Owner, and Brian Cashman, General Manager)
were key to making this decision. Damon signed with the Yankees on December
23, 2005.

MLB’s luxury tax complicates the decision on expending the money to sign a
free agent as expensive as Damon. A luxury tax is imposed on a team if a team’s
total salary for the season exceeds a threshold set by MLB and the MLB players
union. Ronald Blum, a baseball writer for the Associated Press, reported the
following in a December 21, 2005 article.

The Yankees owe $34,053,787 in luxury taxes for 2005. The Yankees paid
$25,964,060 in luxury tax in 2004 and $3,148,962 in 2003. Boston paid
$4,156,476 in luxury tax in 2005 and $3,148,962 in 2004. The Yankees exceeded
the payroll threshold for the third time in 2005. Under the labor contract that began
after the 2002 season, the Yankees were taxed at a 40 percent rate on their salary to
players exceeding $128 million. Boston topped the $128 million threshold for the
second time in 2005. Boston’s luxury tax was 30 percent of their salary in 2005.
Both teams will be taxed at the 40% level in 2006. In addition to their luxury
taxes, New York and Boston paid over $30 million in revenue sharing in 2005.
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2 The AHP Model

The three aspects of an AHP model controlled by the decision-maker are the
alternatives, the criteria, and the pairwise comparisons. There are no subcriteria in
this analysis. In this section, the alternatives and the criteria are described. In
Section 3, the pairwise comparisons, necessary for doing an analysis using AHP,
are presented. In Section 4, the results of this analysis are given and, in Section 5,
some closing remarks are made.

2.1 Alternatives

The three alternatives for this analysis are now given. The identifier for each
alternative used in the computer software, Expert Choice, is given in bold.

e NOTHING: Do nothing. Go into the 2006 season with Bernie Williams and
Bubba Crosby as their center fielders.

e ADD-CF: Add a free agent center fielder that would cost between $1.5
million and $4 million a year.

e DAMON:  Sign Johnny Damon.

2.2 Criteria

We now present the five criteria for this model. The title for each criteria used in

the computer software, Expert Choice, is given in bold.

e Cost: This criterion represents the cost that that Yankees incur over and above
the cost paid to Williams and Crosby.

1. NOTHING has a cost of zero.

2. ADD-CF has a cost of about $1.5 - $4 million/year if the cost for
exceeding the Yankees’ luxury tax payment is not considered.

3. DAMON has a cost of $13 million/year (or $52 million for the 4
years of the contract) if the cost for exceeding the Yankees’ luxury
tax payment is not considered.

Since the Yankees will be over MLB’s luxury tax limit for 2006 (and the
foreseeable future), the Yankees would pay a 40% penalty for alternatives
ADD-CF and DAMON. Thus, ADD-CF would probably cost the Yankees
between $2.1 and $5.6 million in 2006, and DAMON would cost the Yankees
about $18.2 million in each of the years, 2006-2009, or $72.8 million for the
duration of the Damon contract.

e BEN/COST: This criterion is the ratio of the perceived benefit to the Yankees
in implementing a particular alternative to the cost to the Yankees for
implementing the alternative. We used this criterion in {3] and [4]. In this
particular context, the BEN/COST ratio for the various alternatives can be
described as follows:

1. The BEN/COST ratio for DAMON is quite high. The Yankees
believed that the benefit they will receive for signing DAMON is
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quite high when compared to the cost of alternative DAMON even
though Johnny Damon is expensive. Johnny Damon is regarded as an
excellent player, a strong presence on the bench, and an excellent
person in the community.

2. The BEN/COST ratio for ADD-CF is somewhat less than DAMON.

3. The BEN/COST ratio for NOTHING is less than ADD-CF.

The Yankee organization operates differently than virtually any other
organization in professional sports in the United States. Expressions such as
“If the Boss wants it, the Boss gets it” is often heard. The Boss is Yankee
owner, George Steinbrenner. Thus, BEN/COST placed more of an emphasis
on the benefit that the player gives and less of an emphasis on the cost of the
player. Other organizations might rank the BEN/COST ratio differently for
these alternatives and place more of an emphasis on the cost of the
alternatives.

ONFIELDS: This criterion represents the anticipated on-field performance in
the short term (next two years). The ONFIELDS for the various alternatives
are as follows:

1. The ONFIELDS for DAMON is high.

2. The ONFIELDS for ADD-CF is significantly lessthan DAMON.

3. The ONFIELDS for NOTHING is somewhat less than ADD-CF.
SUBSCRIBER: This criterion represents the importance of the alternative in
the building and maintenance of the Yankees cable subscriber base. The
Yankees Entertainment and Sports regional cable TV network (YES Network)
is the only provider of Yankee games to both cable network providers and
games on TV. About 130 games a year are provided solely to cable network
providers and 30 games a year are shown on public TV. The YES Network
and the Yankees are owned by Yankee Global Enterprises LLC (YGE), a
holding company. The YES Network is an important revenue generator for
YGE. Because of the organization of YGE, the revenues generated by the
YES Network are not subject to MLB’s revenue sharing — in other words, all
revenues generated by the YES Network remain with YGE and, hence, can be
used to build the Yankees.

Through 2005, the YES Network had no major competition from the New
York Mets, the other major league baseball team in the New York area.
Starting in 2006 or 2007, the New York Mets plan to launch their own cable
network. For the first time, the YES Network will be in competition for
subscribers. The New York Mets have acquired several big name players in
the last two years in order to improve their team. The Mets hope that this
improved team will increase the number of subscribers to their network.

My assessment is that the Yankees believe that the signing of DAMON
will help to attract subscribers and, hence, increase revenues for YGE. With
this background, my evaluation of the three alternatives according to the
SUBSCRIBER criterion is as follows:

1. The SUBSCRIBER for DAMON is very high.

2. The SUBSCRIBER for ADD-CF is low.

3. The SUBSCRIBER for NOTHING is very low.
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¢ RED SOX: The criterion represents the Yankees’ belief that the signing of
Damon will hurt the Red Sox, as well as benefiting the Yankees. It is
generally believed that the Yankees entered the negotiations for the service of
Johnny Damon in order to build up the cost of Johnny Damon to the Boston
Red Sox. This was especially true in late November and the first couple of
weeks in December. In their negotiations with Johnny Damon and his agent,
the Yankees found that they could sign Damon for $52 million for 4 years.
The Yankees believed that signing Damon would hurt the Red Sox by taking
away their center fielder.

The evaluation of the three alternatives according to the RED SOX

criterion is as follows:

1. The RED SOX for DAMON is very high. The Yankees believed that
signing DAMON would hurt the Red Sox.

2. The RED SOX for ADD-CF is low. The Yankees believed that
signing another outfielder would hurt the Red Sox a little, since it
would benefit the Yankees.

3. The RED SOX for NOTHING is very low. The Yankees believed
that doing nothing would not hurt the Red Sox.

2.3 Notes

If we were conducting this analysis for another team, we would use different
categories. One category that we would most likely use in ONFIELDL.
ONFIELDL is the anticipated on-field performance of the alternative for the years
after the next two years.

There is a general consensus that Johnny Damon will perform quite well for the
first two years of his contract, but his performance the last two years may be
inferior to his first two years. Sean McAdams of the Providence Journal wrote the
following on January 21, 2006: “The Yankees filled their center field hole with
Damon. I'm not sure they'll love that contract in 2008-09, but for the next two
years at least, he'll help them. And, of course, atop that lineup, he could score 130
runs.” In other words, Johnny Damon in 2008-09 may be the equivalent of Bernie
Williams today.

Furthermore, the players used in the other two alternatives may not be part of
the Yankee organization in 2008-9. Thus, ONFIELDL was eliminated from this
analysis. I believe that the Yankees acquired Damon for 2006 and 2007. If Damon
is not able to perform at the 2006-2007 levels in 2008 and 2009, then the Yankees
can decide to find a replacement in 2008. The Yankees would definitely have to
find a replacement in either 2007 or 2008 under the alternatives ADD-CF and
NOTHING.
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3 AHP Analysis

The AHP analysis for this problem is now presented. The AHP tree is described in
Section 3.1, the pairwise comparisons of the criteria with respect to the GOAL
node is given in Section 3.2, the pairwise comparisons of the alternatives with
respect to each criterion is presented in Section 3.3, and the synthesis of the results
is given in Section 4.

As noted previously, a summary of the career statistics for the players involved
in this analysis is presented in Appendix 1. In Appendix 1, Bubba Crosby and
Bernie Williams represent alternative NOTHING, Jason Michaels represents
alternative ADD-CF, and Johnny Damon represents alternative DAMON. Coco
Crisp is used later in this paper.

3.1 AHP Tree

The AHP tree has three levels:

Level 1: Goal Node
The Goal Node represents the AHP analysis of the Yankees
decision to sign Johnny Damon.

Level 2: Criteria Nodes
The five criteria become nodes on Level 2 of the AHP Tree.
These criteria, described in Section 2 of this paper are the
following: COST, BEN/COST, ONFIELDS, SUBSCRIBER,
and RED SOX. Each of these nodes is connected by an edge to
the Goal Node.

Level 3: Alternatives
The three alternatives in this problem are NOTHING, ADD-CF,
and DAMON. Each alternative on Level 3 is connected by an
edge to each of the criteria listed in Level 2. There are 15 nodes
on Level 3 of the AHP tree.

We next present the pairwise comparisons for each of the criteria on Level 2 of the

AHP tree and for each of the alternatives on Level 3 for each of the criteria given

on Level 2.

3.2 Pairwise Comparisons for the Criteria

My evaluation of the five criteria for this problem is as follows. Criterion
ONFIELDS was regarded as the most important criterion and moderately preferred
to criterion SUBSCRIBER. These criteria were regarding as moderate to strongly
more important than criteria BEN/COST and COST, who were regarded as equal
in importance. BEN/COST and COST were regarded as moderately more
important than RED SOX.

The pairwise comparison matrix for the criteria, using the preferences
describe above, is given in Table 1. In Table 1 (as well as Tables 2-6 given in
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Section 3.3), the pairwise comparisons form a reciprocal matrix. In a reciprocal
matrix A(LJ) = 1/A(,D).

Table 1. Pairwise comparisons for the criteria with respect to the GOAL node.

COST | BEN/COST | ONFIELDS | SUBSCRIBER S(E)g
COST 1 1 1/4 1/3 3
BEN/COST 1 1 1/4 1/3 3
ONFIELDS 4 4 1 2 6
SUBSCRIBER 3 3 1/2 1 5
RED SOX 1/3 1/3 1/6 1/5 1

3.3 Pairwise Comparisons for the Alternatives with respect to the Five
Criteria.

We now present the pairwise comparison matrices for the alternatives with respect
to each of the five criteria. Our reasoning in making these pairwise comparisons

was given in Section 2.

Table 2. Pairwise comparison of alternatives with respect to criterion COST.

NOTHING | ADD-CF DAMON
NOTHING 1 2 9
ADD-CF 1/2 1
DAMON 1/9 1/8 1

Table 3. Pairwise comparison of alternatives with respect to criterion
BEN/COST.

NOTHING | ADD-CF DAMON

NOTHING 1 1/2 1/3
ADD-CF 2 1 1/2
DAMON 3 2 1
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Table 4. Pairwise comparison of alternatives with respect to criterion INFIELDS.

NOTHING | ADD-CF DAMON
NOTHING 1 1/2 1/8
ADD-CF 2 1 1/7
DAMON 8 7 1
Table 5. Pairwise comparison of alternatives with respect to criterion
SUBSCRIBER.
NOTHING | ADD-CF DAMON
NOTHING 1 1/2 1/8
ADD-CF 2 1 1/7
DAMON 8 7 1

Table 6. Pairwise comparison of alternatives with respect to criterion RED SOX.

NOTHING | ADD-CF DAMON
NOTHING 1 1/2 1/8
ADD-CF 2 1 1/7
DAMON 8 7 1

3.4 Synthesis of the Results

We solved the AHP model described in Section 3.1-3.3 using the Expert Choice
software. Expert Choice is an implementation of the AHP and the software system
that Saul Gass and I used in our research and teaching. The results of this analysis
are given in Table 7. It is noted that each inconsistency measure that was
computed was between .01 and .04, indicating that the pairwise comparisons in
Tables 1-6 were very consistent.
Table 7 can be explained as follows:
The first row of Table 7 gives the names of the criteria for this problem.
The second row of Table 7 gives the weights for the criteria, where the
weights are determined by Expert Choice for the pairwise comparison
matrix in Table 1.
e The last three elements of the first column of Table 7 give the names of
the alternatives for this problem.
e Each of the last three elements of the second to sixth columns of Table 7
gives the weights for each alternative in the row that can be attributed to
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the criterion listed in the column. Each weight is determined by Expert
Choice for the pairwise comparison matrix given in Tables 2-6.

e  The last three elements of the TOTAL column in Table 7 give the results
of the synthesis step in the AHP analysis. These results give the weight
each alternative earns based on the pairwise comparisons in Tables 1-6
and the AHP analysis.

Table 7. Summary of results for the AHP analysis for the pairwise comparison
matrices given in Tables 1-6.

COST | BEN/COST | ONFIELDS | SUBSCRIBER | RED SOX TOTAL
Criteria Wgt. A15 115 437 .283 050 00 [ e
Nothing .589 163 .081 .081 081 165
NEW-CF .357 .287 135 135 135 491
DAMON .054 .540 .784 .784 .784 .644

4 Analysis of the Results

Examining the results of the last three elements of column 7 of Table 7, the Yankee
strategy of signing Johnny Damon was the overwhelming preferred strategy with
64.4% of the weight. Each of the other two alternatives got less than 20% of the
weight.

The only criterion for which DAMON was inferior to the other two alternatives
was the COST criterion. DAMON was overwhelmed in this criterion because this
alternative is millions of dollars more expensive than the other two alternatives.
DAMON overwhelmed the other two alternatives in the other four criteria, earning
over 50% of the weight in the BEN/COST criterion and over 70% of the weight in
the other three criteria.

If the Yankees were not able to sign Johnny Damon, then it appears that the
Yankees prefer NEW-CF to NOTHING. Since the Yankees signed Johnny
Damon, the Yankees did not have to worry about whether to implement alternative
NEW-CF.

5 Final Remarks
a. The YES Network and Subscriber Television

I believe the SUBSCRIBER category introduces an interesting and important
component in the analysis of baseball operations. This category indicates that
baseball is a big business and faces many important and expensive decisions
outside of what happens on the baseball field.
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While writing this article, 1 was curious about how much revenue can be
generated from subscriber-type networks. I was unable to get an answer to this
issue. However, I believe the following quote, taken from an article by Sasha
Talcott in the Boston Globe on January 31, 2006 gives some indication of the
potential revenues (NESN means the New England Sports Network): “The Red
Sox have plenty of experience in another medium: television. The Sox's owners
(including The New York Times Co., owner of the Globe, which has a 17% stake)
also control NESN, which telecasts Sox games. NESN generates tens of millions in
profits annually — conveniently exempt from Major League Baseball's revenue-
sharing rules. (Team financial statements are private, so NESN's exact profits are
unavailable.)”

At noted above, if properly organized, subscriber TV and radio revenues are
exempt from MLB’s revenue sharing program. In 2005, the Yankees and the Red
Sox paid over $30 million in revenue sharing as well as paying a luxury tax. The
Yankees and the Red Sox believe that sheltering subscriber revenues from revenue
sharing is important and have organized their businesses to take advantage of these
rules.

b. What Happened to the Red Sox since Damon was Signed by the Yankees

The Red Sox were without a center fielder until January 27, 2006 when they made
a trade with the Cleveland Indians for Coco Crisp. Coco Crisp is an excellent 26
year old center fielder who is recognized as a good defensive outfielder, fast, and
possesses offensive statistics at about the same level as Johnny Damon (see
Appendix 1 for an analysis of some of these statistics). (The Indians traded Arthur
Rhodes for Jason Michaels a few days before the trade of Coco Crisp to the Red
Sox. Jason Michaels is scheduled to take the place of Coco Crisp in left field for
the Indians in 2006. In this paper, Jason Michaels is considered to be the player in
alternative New-CF. Jason Michaels’ batting statistics is given in Appendix 1.)
From reading the various articles on the Internet, two things became clear:

a. The Red Sox were only willing to pay Damon up to $40 million over
four years.
b. The Red Sox anticipated that it was quite likely that they would lose

Damon as a free agent in 2006 and targeted Crisp as a replacement for
Damon as early as the latter part of the 2004 season. Crisp is now a
member of the Red Sox and cannot become a free agent until after the
2009 season. The cost for Crisp over the 2006-2009 time period is
estimated to be $20 million versus the $40 million for Damon or $52
million if the Red Sox were to try to match the Yankees offer. There
are no luxury tax penalty costs figured into these computations.
In the context of this paper, if we were to perform the AHP analysis for the Red
Sox on this problem rather than the Yankees, then the criteria would be somewhat
different, the alternatives would be different, and the pairwise comparisons would
be different.
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¢. Other Comments

This case study illustrates that baseball is a big business and teams are making
multi-million dollar personnel decisions. Tools such as AHP can be valuable
processes for helping an organization make these key strategic decisions. Further,
it appears that subscriber television is going to become a bigger factor in these
decisions in the future. Over time, I believe there will be fewer games shown on
free television or on cable television without a charge. Viewers will have more
games to watch, but will have to pay a fee for watching these games.
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APPENDIX 1: Summary Batting Statistics for the Players
Mentioned in this Article

Batting statistics for the outfielders mentioned in this article are presented in Table
A-1. Bubba Crosby and Bernie Williams are the two outfielders considered in
alternative NOTHING. Jason Michaels (who signed a 1 year, $1.5 million contract
this winter), is an example of an outfielder who could have been obtained under
alternative ADD-CF to be added to the Yankees along with Crosby and Williams.
Johnny Damon, Crosby, and Williams are the outfielders considered in alternative
DAMON. Coco Crisp is the outfielder that the Boston Red Sox traded for as the
replacement for Johnny Damon.

The 2005 statistics for Crosby, Michaels and Crisp are presented since
they have only played in the major league for a couple of years and averaging their
statistics would not properly capture the 2005 statistics. Williams’s statistics are
broken down into two time periods — 1993-2002 and 2003-2005 to show the
difference in performance between these periods. Damon’s statistics are from
1995-2004 and disregard 1994, as he was either not a starter in 1994 or did not play
the entire season in 1994.
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Table A-1. Summary statistics for the players considered in this article.

|G | wiams | il | Dot | 52, | G2
| 2005 | 2002 | 2005 | 2005 | 2005 | 2005
| 37 37 32 29 2
. BEE 139 136 151 105 | 145
AB | 98 538 497 600 289 | 594
a2 168 128 174 88 178
28| o© 32 22 32 16 42
3B | 1 5 1 8 2 4
HR | 1 22 16 12 4 16
RBI | 6 94 66 68 31 69
15 98 78 104 54 86

4 75 70 53 a4 a4

14 83 78 68 a5 81

5 12 2 27 3 15

1 7 2 7 3 6

0276 | 0312 | 0258 | 029 | 0304 | 0.3

0304 | 036 | 0321 | 0348 | 0396 | 0.345

033 | 044 0.37 0.43 042 | 047

063 | 0795 | 0688 | 0778 | 0811 | 081

Some of the most important statistics in Table A-1 for analyzing the
performance of a hitter are the age of the player, the batting average (AVG), the
on-base percentage (OBP), the slugging percentage (SLG), and the OPS of the
player. Other statistics Table A-1 are official at bats (AB), hits (H), two base hits
or doubles (2B), three base hits or triples (3B), home runs (HR), runs batted in
(RBI), runs scored (R), walks (BB), strikeouts (K), stolen bases made (SB), and

attempted stolen bases not made (CS).
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The age of a player can be a critical criterion in evaluating a player. It has been
found that many hitters put up their career statistics when they are 26 or 27 years
old, and that the hitting statistics begin to decline for players older than 27. There
is an inherent danger in trading for hitters over 27 years old.

The important ratio statistics, AVG, OBP, SLG, and OPS are defined as
follows:

AVG =H/AB

OBP = Hits (H) + Walks (BB)
Official At Bats (AB) + BB

SLG =Hits(H) + 2*Doubles (2B) + 3*Triples (3B) + 4*Home Runs (HR) —2B - 3B — HR
AB

OPS = OBP + SLG

Recently, OPS has become one of the key statistics used in evaluating a player.
Acccording to Ron Schandler’s 2005 Baseball Forecaster, “OPS combines the two
basic elements of offensive production — the ability to get on base (OBP) and the
ability to advance runners (SLG).” Schander goes on to note that baseball’s top
batters will have an OPS over .900 whereas the worst batters will have levels under
.600.” Further, in some analyses, OBP includes No. of Times Hit by a Pitch.

We will now analyze each of these alternatives.

A-1 Alternative NOTHING

In 2005, Crosby is 29 and has an OPS of .630 and Williams is 37 and has an OPS
of .688. William’s OPS is less than .8 for the past 3 years (2003-2005) and had an
OPS greater than .9 for the years (1996-2003). The Yankees were concerned about
his performance for 2006 with such a rapid decline the last three years.

A-2 Alternative ADD-CF

We proposed in the alternative ADD-CF that the Yankees try to trade for a player
or sign a player that costs about $1.5 million to $4 million a year. I decided to use
Jason Michaels, an outfielder that was traded from the Philadelphia Phillies to the
Cleveland Indians, as an example. Michaels is 29 years old, never played full time
in the National League, has only 4 years of major league experience (except for the
6 games in 2001) and signed a one year contract with the Phillies for $1.5 million
for the 2006 season.

Michaels has reasonable statistics. His OPS was at least equal to .779 for the
past 4 years. I believe that Michaels is a hitting upgrade to Crosby and Williams if
he can play center field. Michaels is not a proven quantity, however, since he
never had more than 290 at bats in a season. Cleveland traded for Michaels in
January 2006 as a replacement for Crisp although they plan to play Michaels in left
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field rather than center field. Cleveland has Grady Sizemore, a great talent, to play
center field.

I went through the other outfielders that were free agents. Jason Michaels
appears to be equivalent to any free agent center fielder costing no more than $4
million a year.

A-3 Alternative DAMON

Damon was clearly the best free agent available in the winter of 2005-2006 and
commanded a premium price. Damon possesses reasonable defensive skills (and
center field is as much a defensive position as well as an offensive position). The
only negative that can be said about Damon is that he has had problems with his
throwing the past couple of years due to injuries. As noted in the body of the
paper, Damon is a great team player and a positive presence in the dugout (bench).

Damon’s batting average was over .300 and OPS was over .800 the past two
years — very acceptable statistics for a center fielder. Damon scored over 100 runs
and stole 18+ basis in every year since 1998 — excellent statistics for a leadoff
hitter. Further, Damon has shown reasonable patience as a hitter. Generally,
Damon’s walks and strikeouts were almost equal. These statistics should repeat
themselves over the 2006 and 2007 seasons, especially when you consider the
hitting potential of the Yankees in 2006 and 2007.

A-4 DAMON versus CRISP

Crisp has only played full time for the past three years. Crisp’s defensive skills are
similar to Damon’s defensive abilities. Crisp can field well and his throwing is
reasonable and similar to Damon’s throwing.
The Boston Globe on February 18, 2006 ran the following comparison of the
aggregated statistics for his first four years of Damon’s and Crisp’s careers.
e Crisp has 1,626 major league at-bats. In that time, Crisp had a .287
batting average, .332 OBP, .424 SLG, .756 OPS, 35 home runs, 176 RBIs,
54 stolen bases, and 29 times caught stealing.
e  Damon, had 1,623 major league at-bats in his first four years. In that time,
Damon had a .272 average, .326 OBP, .395 SLG, .721 OPS, 29 homers,
157 RBIs, 65 steals and 25 times caught stealing.
e Damon, in his second, third, and fourth major league seasons, steadily
increased his home run totals (6 to 8 to 18), doubles (22 to 12 to 30), and
OPS (.680 to .723 to .779). Crisp's home run totals have increased quicker
(3 to 15 to 16), and so have his doubles (15 to 24 to 42) and OPS (.655 to
.790 to .810). Crisp tends to strike out nearly twice as many times as
when he walks, is not as effective base stealer as Damon, and has more
power than Damon.
Boston’s hope is that Crisp, entering his 5™ season, will put up statistics in the next
four year similar to what Johnny Damon put up while playing for the Red Sox.
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