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Preface

"Daprima importa sappere di che cosa si tratta."
("The first thing is to know what the talk is about".)

Attributed to Vilfredo Pareto.

This book results from my continuous and deep interest in multiple
criteria decision making (MCDM). Eleven years ago [ wrote in my pre-
vious monograph: "This work results from my interest in the field of
vector optimization. I stumbled first upon this subject in 1982 [ ... ]. I
was attracted then by a gap between vector optimization used to serve
as a formal model for multiple objective decision problems and the de-
cision problems themselves, the gap nonexistent in scalar optimization.
Roughly speaking, vector optimization provides methods for ranking de-
cisions according to a partial order whereas decision making requires a
linear ordering of decisions." This declaration is still valid and nothing
needs to be changed.

To be more specific, this book is a fruit of my dissatisfaction with
the current state-of-the-art of MCDM. MCDM is a branch of science,
whose declared ultimate goal is to provide practical tools. However, we
cannot say, and this is regrettable, that all present MCDM methods and
algorithms are in popular use by those who make complex decisions and
for that purpose are in need of methodological or computational support.
And this is despite the number of scientists involved in research in the
field, thought to be well over one thousand persons active worldwide, and
the cumulative number of relevant publications, assessed to be in a range
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of thousands. I have acquired a sharper view on the matter since when
holding, in addition to my scientific affiliation, some advisory positions
in business.

It seems that the key word to understand the situation is "involvement".
Moreover, it is the complexity of interfaces between users and MCDM
methods rather than the involvement of the methods that is to be blamed
for limited MCDM popularity in real-life decision making. To illustrate
and to put in a broader perspective what I mean by an interface let me
recall the famous Black-Scholes close-end formula for pricing stock
options. The methodology behind the Black-Scholes development is
involved indeed and calls for knowledge of advanced stochastic calculus.
However, the interface - in this case the formula itself - can be easily
programmed and calculated in a spreadsheet or in a pocket calculator
with financial built-in functions. This is how knotty mathematics can
become accessible to a wide spectrum of lay users.

Though the notion of close-end formulas is not relevant to MCDM,
lay and broad use of MCDM will be not possible without simple, low
computing-intensive methods. This, I claim, is the main challenge in
MCDM for the coming years.

This book is a modest step towards meeting this challenge. When
writing it my governing rule was to use only as much formalism as can
be immediately consumed in practical schemes and support tools.

The book summarizes my research performed in the Systems Re-
search Institute of the Polish Academy of Science in the period after the
publication of my first monograph on MCDM in 1994.

The title for the book was selected, on purpose, to be slightly intrigu-
ing. I hope, however, that the contents of the book fully justifies it.

Warsaw, June 2005.



Notation

{z,y, ...

N = -

— DO C N

+
|

int( -)

-]
dist(y, A)

k — dimensional real space (R for k = 1),
spaces,

sets,

nonnegative orthant of R"

elements of a space or a set ,

1 — th component of elements z,y,

set composed of elements x,vy, ...,

empty set,

set inclusion,

proper set inclusion,

union of sets,

intersection of sets,

difference of sets,

algebraic summation and subtraction of scalars,
vectors, or sets,

interior of a set,

cardinality of a set,

norm,

distance from element y to set A, dist(y, A) = min lly — o'l
y'e
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k
yy' — scalar product; for y € R*, ' € R¥, yy/ =3 vy
i=1



Chapter 1

INTRODUCTION

"There is more religion in men’s science than there is science in their
religion.”

Henry David Thoreau,
A Week on the Concord and Merrimac Rivers.

In a loose formulation a decision making problem could be stated as
follows:

given a set of alternatives,
choose a feasible alternative, which according to (1.1)
decision making circumstances is the most preferred.

To survive in risky environments and to quell the nature, human beings
possess brains capable of making decisions the vast majority of which
are correct. Otherwise homo sapiens would perhaps still dwell in wild.

Every day people make myriads of decisions. When there is no time
for reflection, decisions are made subconsciously and automatically.
When time for reflection is limited, decisions can be made consciously
but still quite automatically. Finally, there are also decisions, which
result from thorough, time-spanned analysis.

Nowadays decision making is a field of active research in neurology,
psychology, and behavioral science. If there is no need to decide instan-
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taneously and the context is intricate, decision making becomes also a
branch of applied mathematics and computer science, which is where
this book belongs.

We still do not know how we make decisions. Although the advances
in brain research are spectacular, there are few firm hints how to mimic
brain analytical capacity. Reactions to simple stimuli can be correctly
foreseen. But how decisions are made in more involved settings re-
mains a mystery. Consequently, there are no general rules available on
how to construct automated decision making devices able to replace hu-
man beings in their creative capacity. At best we can be provided with
tools for supporting decision making by suitable data structuring and
data processing. The need for such a support is evident in the class of
problems we are concerned with in this book. We are concerned with
problems in which each feasible alternative is evaluated against a set
of at least two quality criteria. Such problems are known as multiple
criteria decision making (MCDM) problems.

As any decision making process, MCDM processes are composed of
four phases:

- problem intelligence,
- model design,

- solution choice,

- problem review,

(cf. Figure 1.1). This book concentrates on the third phase, which is
technically the most involved.

More specifically, this book concentrates on complex problems. By
complex problems we mean problems, which to be efficiently handled
need to be captured by a formal model and investigated with the help of
optimization methods.

The algorithmic approach to MCDM problems provides algorithms
supposed to mimic the decision maker (DM) if he behaves consistently
with a number of assumptions. There is an inherent trap in this approach,
because verification of the DM consistency with respect to assumptions
is a problem at least as involved as the decision making problem itself.
To give an example, it is quite common to assume that the DM is con-
sistent with the assumption of transitivity, which states that if the DM
prefers alternative a to alternative b, and alternative b to alternative c,
then necessarily he prefers a to c. Many examples can be given that it is
not always the case. But as decisions have to be taken this or that way,
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learning feedback loop

intelligence design choice review >

/

choice in course of man-machine interactions

Figure 1.1. Four phases of decision making processes.

some DMs facing a complex decision making problem are tempted to
make use of available decision making algorithms without paying much
attention to the underlying assumptions.

In simple instances of decision making problems with a few alterna-
tives DMs are often (but by no means always) quite convinced which
alternative is the most preferred. Thus, in such cases, there is no need
for using any decision making algorithm.

In other problems complexities can be of various sorts, ranging from
problems where feasible alternatives given in the form of a list are just
too numerous for their mutual relations to be fully perceived by the DM,
to highly structured and mathematically modeled problems. A sort of
decision making support is then required.

The strong form of the algorithmic approach assumes that the DM
selects the most preferred alternative by evaluating alternatives against a
scoring system defined by a function. Moreover, it is assumed that such
a function, called value function, is known in an explicit form. Given the
value function the decision making process reduces to finding a feasible
alternative which maximizes that function. But the existence of a value
function is guaranteed only by fulfillment of some rigid assumptions
about DM’s preferences, whose verification is a problem in itself.

In areal business environment it is hard to imagine the DM consenting
to undergo a test for his consistency with a set of assumptions. Findings
of tests conducted in laboratory environments on volunteers or students,
when transferred to a practical setting can be misleading or even not
valid. The fact that consistency of the assumptions cannot be tested and
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therefore assumed, puts a question mark on the practical usefulness of
the strong form of the algorithmic approach to decision making.

Another, and by no means insignificant, problem is the construction
of the explicit value function, a process which calls for a far reaching
cooperation between the DM and an analyst. It can hardly be believed
that the real DM (say, a company manager) will reveal his preferences in
full. This might have a devastating effect on his ego and career because
as soon as he permitted his role to be reduced to a set of rules known
to the public, he would become vulnerable to critics and vultures. He
could even fear for his job position.

For these reasons MCDM methods have drifted over time from the
strong form of the algorithmic approach to softer schemes. This has been
happening with healthy competition from other soft decision making
methodologies such as neural networks, fuzzy and rough sets, artificial
intelligence, and last but not least, heuristics.

The soft form of the algorithmic approach to MCDM is inferactive
decision making (interactive MCDM) and nowadays MCDM problems
are usually tackled in this way. With this approach MCDM problems are
solved via a sequence of "man-machine" interactions. At one interaction
the DM expresses his partial preferences (the "man" phase) and, using
the underlying formal model of the problem, a feasible alternative is
selected which fits those partial preferences best (the "machine" phase).

In interactive MCDM the solution to a decision making problem is the
selection of the most preferred alternative which the DM arrives at by
a "tour", i.e. sequence of trial alternatives. During such a tour the DM
interacts with the model while directing himself by evaluations of trial
alternatives and by his preferences reflecting his current state of mind.
Overall DM’s preference structure remains hidden even at the end of
the decision making process and this corresponds well with the DM’s
unwillingness or inability to frame it.

Since in general it is not possible to verify assumptions about the
DM’s behavior, it is not practical to make any. But then what are we left
with? Is there any room then for a structured supporting methodology?
In a quest for the most preferred alternative, has the role of the DM to
be reduced just to passively moving from one alternative to another? Is
interactive MCDM in fact a form of random search?

Fortunately, we are left with a plentiful supply of riches to deal with the
three basic notions of MCDM, namely efficiency, criteria, and trade-offs.
In this book we exploit these notions within the interactive framework to
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propose Generic Interactive MCDM Support Scheme — G152 — applica-
ble to any MCDM problem. G1IS? is just a flexible procedure to help
the DM to master the bulk of structured data in complex problems. It is
not, however, intended to replace the DM in any aspect of his decision
making capacity.

G1S? follows the interactive decision making principle, where the
main role in the scheme is reserved for the DM. With GIS5? the DM
navigates himself through feasible alternatives with the help of the afore-
mentioned notions of efficiency, criteria, and trade-offs, as his navigating
tools. Interactions stop when the DM wishes. The primary role of G152
is to support problem structure learning, while decision making neces-
sarily follows on.

G1S5? scheme is by no means a new invention. On the contrary, it is
an abstraction of elements common in the existing interactive MCDM
methods.

Presenting the G1.S? alone would not merit a book but we propose
more than that. First, we propose and exploit in G1S5? "foreseeing"
mechanisms to assess the criteria values of alternatives as well as their
respective trade-offs, without the necessity to explicitly identify them.
Second, we show how to eliminate optimization from MCDM processes
and we extend G1.5? to Generic Interactive MCDM Soft Support Scheme
— (1S3 —to adopt this idea. In consequence, GIS? is spanned over two
dimensions of softness:

- soft (i.e. interactive) decision processes,
- soft computing (i.e. involving no optimization in decision processes).

Who should read the book? In the first place this book will be of interest
for all those people all this fuss is about, namely MCDM practitioners
and lay (in the sense of MCDM methodologies) decision makers. With
this readership in mind great efforts have been made to make the book
easy to follow.

However, this book is a research monograph and as such it should also
be also of interest for research and the academic community, graduate
and PhD students included, and anybody with an interest in decision
making theory and in MCDM in particular. Also specialists in optimiza-
tion methods, research and practice orientated, should find this book of
interest to understand what their role will be with GI15% and G15? in
place.
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The book is composed of nine chapters. Chapter 2 to Chapter 4 give a
general map of the MCDM field. Chapter 5 to Chapter 9 form the proper
research part, with new or recent ideas and results.

For readers who are actual or potential decision makers step-wise (cf.
How to read the book? paragraph below) reading of the whole material
is recommended. Readers already familiar with MCDM would probably
wish to confine themselves to Chapter 5 to Chapter 9, but they may also
find interest in the concise outline of the interactive MCDM field given
in Chapter 2 to Chapter 4.

How to read the book? Throughout the book all formal results are
given without proofs and the reader is directed to the references.

The sequence of the book can be broken down into three reading tracks.
Starting with Chapter 2 each chapter begins with the introductory section
"This Chapter is About ..." which presents the contents in a descriptive
and informal manner. These eight sections, all with the same title, are
the fastest reading track, suitable for those who want to get acquainted
with the book at a glance. The second track is more demanding and is
recommended for those who are interested in formal aspects of MCDM
methodologies but would prefer to leave technical details to subsequent
readings. Those readers should simply skip over parts of the text which
start with & and end with #. The last track is composed of the text in
full.

All chapters except Introduction end with Concluding Remarks fol-
lowed by Annotated References sections. We believe that grouping ref-
erences in one place improves readability of the text.

The outline of the book The outline of the book is as follows.

In Chapter 2 decision problems to be investigated are formulated, both
verbally and formally. Basic notions and definitions are also introduced
there.

Chapter 3 presents basic algorithmic tools used in the existing inter-
active MCDM methods.

Chapter 4 brings a condensed overview of interactive MCDM method-
ologies and methods.

In Chapter 5 it is shown that the most prominent interactive MCDM
methods in the "man" phases of decision making processes can be re-
duced to manipulations of a few standard and common items. Moreover,
in the "machine" phases these methods share the same standard require-
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ments for computations. Because of these observations a form of a
standard interface for interactive MCDM methods is propounded.

Chapter 6 presents what we believe is the most relevant, though rudi-
mentary, interactive multiple criteria decision making scheme, namely
G152, and it is demonstrated how the existing methods fit to this scheme.

Chapter 7 and Chapter 8 present the main idea of the book, namely the
idea of using in interactive MCDM problems approximate rather than
exact values to save on optimization computing.

Chapter 7 presents how to derive assessments of criteria values of
alternatives without resorting directly to solving optimization problems
(which otherwise are to be solved to give the exact criteria values).

Chapter 8 shows how to derive assessments of trade-offs of alterna-
tives without resorting directly to solving optimization problems (which
otherwise are to be solved to derive exact trade-off values).

In Chapter 9, finally, we discuss and illustrate how to enhance G1.5 2
methods with the developments of Chapter 7 and Chapter 8 to eventually
arrive at a soft version of G152, namely G1.53.

Annotated References

The four phased scheme of decision making has been popularized by
Simon (Simon 1977).



Chapter 2

PRELIMINARIES

Principieremo col definire un termine di cui ¢ comodo fare uso per
scansare lungaggini. Diremo che i componenti di una collettivita
godono, in una certo posizione, del MASSIMO DI OFELIMITA,

quando e imposible allontanarsi pochissimo da quella posizione
giovando, o nuocendo, a tutti i componenti la collettivita, ogni
piccolissimo spostamento da quella posizione avendo necessariamente
per effetto di giovare a parte dei componenti la collettivita e di nuocere
ad altri.

[ We will begin by defining a term which is desirable to use in order to
avoid prolixity. We will say that the members of a collectivity enjoy
MAXIMUM OPHELIMITY in a certain position when it is impossible
to find a way of moving from that position very slightly in such a
manner that the ophelimity enjoyed by each of the individuals of that
collectivity increases or decreases. That is to say, any small
displacement in departing from that position necessarily has the effect
of increasing the ophelimity which certain individuals enjoy, and
decreasing that which others enjoy, of being agreeable to some and
disagreeable to others. ]

Vilfredo Pareto,
Manuale di Economia Politica.
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1.  This Chapter Is About ...

. comparing alternatives. We compare alternatives with respect to
criteria. Since, as a rule, we admit more than one criterion, the matter
is not straightforward. But first, let us observe that even with two or
more criteria there are situations when in a set of feasible alternatives
one alternative is preferred to any other with respect to all criteria. Such
an alternative is called utopian. Table 2.1 and related Figure 2.1 present
the case where only two feasible alternatives are available and one of
them (alternative A) is utopian. Figure 2.2. shows the situation where
a utopian alternative does not exist (for there is no feasible alternative
corresponding to the most preferred criteria values as represented by 7).

Table 2.1. Two alternatives, one of which is utopian.

Criterion type Alternative A Alternative B
Criterion 1 "better if more" 75 25
Criterion 2 "better if more" 75 25

In reality utopian alternatives happen infrequently. On the other hand,
it quite often happens that one of a pair of alternatives is preferred with
respect to all criteria. This is called dominance. With the notion of
dominance we easily arrive at the notion of efficiency. We also recall
two related notions, namely weak efficiency and proper efficiency, which
we will need in subsequent chapters.

To avoid ambiguities we need a dose of formalism and so we define
MCDM problems in terms of sets of feasible alternatives, criteria, and
outcomes.

Finally, we revisit the idea of trade-off and we define two particular
instances of this notion.

In MCDM problems both efficiency and trade-off notions serve to
differentiate alternatives.

2. Dominance and Efficiency

At the core of MCDM is the notion of efficiency. This is the bridge
between informal definition (1.1) and Multiple Criteria Decision Mak-
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Criterion 2 - "better if more"

___________ .(:)A

|
|
|
|
Alternatives: {A,B} = |
|
|
|
|
|

| L,
Criterion 1 - "better if more"

Figure 2.1. An example of two alternatives.

ing. The notion emerges immediately and naturally when one evaluates
alternatives with respect to more than just one criterion.

If alternatives are compared, for example, with respect to the costs
they incur (imagine buying a house), then quite naturally the cheapest
seems to be the most preferred. But what if an additional criterion comes
into play? In the case of buying a house size is never to be forgotten.
A popular belief is that the bigger a house the better (within, of course,
certain sensible limits). But what if the two criteria, cost and size, are
analyzed jointly? Can the cost be the lowest for the biggest house? If so,
this would be a "free lunch", but the reality of real estate markets shows us
that bigger the house, the greater the cost. It does not, however, exclude
the possibility that we can sometimes discover on a local market a bigger
house being cheaper than a smaller one (we ignore any other possible
criteria). Such situations are formalized by the notion of dominance.

Given a set of alternatives, a feasible alternative z is called dominated
if there is another feasible alternative in the set, say alternative x’, such
that:

- 2’ is equally or more preferred than x with respect to all criteria,
and
- 2/ is more preferred than x for at least one criterion.
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Criterion 2 - "better if more"

L — ._()_B _______ ° Y
I |
| |
I |
I |
Alternatives: {A,B} = | |
| |
I |
I |
R ‘ (:)A
I |
| L,

Criterion 1 - "better if more"

Figure 2.2.  An example where a utopian alternative does not exist.

If the above holds, the alternative 2’ is called dominating. A pair of
alternatives = and z’, where = is dominated and x’ is dominating, is
said to be in Pareto dominance relation. Clearly, in a set of more than
two alternatives, one alternative can be dominating and at the same time
dominated.

Throughout the book we adopt the convention that all criteria are of
"better if more" type. We also make the assumption that criteria are
represented by numerical values. Then, if a criterion is of "better if less"
type, we can always change it to "better if more" type by multiplying all
possible values of this criterion by —1.

Given a set of feasible alternatives, an alternative which is not dom-
inated by any other alternative of this set is called efficient. In other
words, an alternative is efficient if there is no other alternative in the set:

- equally or more preferred with respect to all criteria,
and
- more preferred for at least one criterion.

To be efficient an alternative is required much less than to be utopian.
Consequently, efficient alternatives are more common than utopian. An
utopian alternative is necessarily efficient but not vice versa.

Alternatives which are not efficient are called nonefficient.
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Criterion 2

A
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Criterion 1

Figure 2.3. Pairs of alternatives in Pareto dominance relationships - case 1.

With the convention that stars represent utopian alternatives, solid
disks represent efficient but not utopian alternatives, and circles repre-
sent dominated alternatives, Figure 2.3 and Figure 2.4 show a handful
of alternatives represented by values of two criteria. Dashed lines be-
tween pairs of alternatives indicate that those alternatives are in Pareto
dominance relationship. In Figure 2.3 one alternative is clearly utopian
(and therefore it is efficient). That alternative, by definition, is in Pareto
dominance relationship with all the remaining alternatives. Figure 2.4
shows the same set of alternatives with the utopian alternative removed.
In this case several alternatives are efficient.

If a set of alternatives is given implicitly by a number of conditions
(constraints), the number of alternatives can be infinite. It is impossible
then to represent graphically all Pareto dominance relationships but we
can still do that for selected pairs of alternatives. Figure 2.5 gives an
example of a set of alternatives represented by values of two criteria,
where the set of criteria values has the shape of a polygon. In this case
efficient alternatives are those whose criteria vectors form a part of the
polygon border, as marked in the figure by the thick line.

Itis common that nonefficient alternatives are neglected in the decision
making processes by being clearly unreasonable candidates for the most
preferred alternative. In our house buying example, if one can buy more
for less, why do otherwise? Why not consume a "free lunch"? But it
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Criterion 2

Criterion 1

Figure 2.4.  Pairs of alternatives in Pareto dominance relationships - case II.

is reasonable not to remove nonefficient alternatives from consideration
permanently. In a changed decision making environment (e.g. the set of
criteria changed) nonefficient (i.e. dominated) alternatives may become
efficient. Therefore, it is wise to tag dominated alternatives as only
temporarily neglected and keep them for possible future analysis.

With the above remark on the possible non-permanent non-efficiency
status of alternatives in mind, we can now safely state that the majority
of MCDM methods consist in selecting the most preferred alternative
from efficient alternatives.

3.  Definitions And Problem Settings

In what follows we shall need a dose of formalism to structure decision
making problem data.

In the MCDM framework decision making problem (1.1) is formalized
as follows:

choose an alternative x for which vector f(z), z € Xo C X,
(2.1)
is the most preferred,

where X is the set (space) of potential alternatives, X is the set of feasible
alternatives, f : X — 7RF is the criteria map in which f = (f1, ..., fx),
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Criterion 2

Criterion 1

Figure 2.5. Pairs of alternatives in Pareto dominance relationships - case III.

and f; : X — R are criteria functions, 1 = 1,....k, k > 2. As said
before, we assume that all criteria are of "better if more" type.

An alternative x for which f(x) is the most preferred vector of criteria
values, is the most preferred alternative.

The underlying assumption for the main stream of research done in the
field of MCDM is that the environment for decision making is certain (as
opposed to uncertain). In this book we are concerned exclusively with
decision making problems which can be fairly modeled under such an
assumption.

& If the assumption about the certain nature of the decision making
environment is not justified, one has to take appropriate measures to
act in an uncertain environment. Below we present, in broad outline,
how decision making problems in certain and uncertain environments
are formulated and how those two decision frameworks differ.

Setting A - certain environment, single criterion.

Given a set of n alternatives, each alternative is evaluated with respect
to the criterion and yields a score. Assume that the DM has value func-
tion v, which to every alternative considered assigns a numerical value
v/, j = 1,...,n, representing the DM’s preference with respect to the
score of that alternative. The most preferred alternative is that showing
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the highest value of the value function. Table 2.2 shows data for Setting
A.

Table 2.2. Decision making problem — Setting A.

Alternative 1 ... Alternative n
Criterion o1 . o™
Value vl . "

This is the most basic setting of decision making problems. Very often
value functions are assumed to be identity mappings, i.e. decisions are
made on the base of scores.

Setting B - certain environment, multiple criteria.

Given a set of n alternatives, each alternative is evaluated with respect
to the set of k criteria and yields a k-tuple of scores. Assume that the
DM has value function v which to alternative j assigns numerical value
v/, j = 1,...,n, representing the DM’s preference with respect to k-
tuple of scores of that alternative. The most preferred alternative is that
showing the highest value of value function v. Table 2.3 shows data for
Setting B.

The existence of a value function of that sort is just a theoretical
postulate, with all its practical drawbacks that we discussed in Chapter
1. This book is about how to help the DM to make decisions without
resorting to the concept of value function.

Setting B is a problem formulation for a finite number of alternatives.
In this book, however, MCDM problems are formulated in the manner
which admits a finite and infinite number of alternatives. A good example
of an infinite number of alternatives occurs when one selects a percentage
of a certain resource to be used or invested.

Setting C - uncertain environment, single criterion.

Given a set of n alternatives, each alternative is evaluated with respect
to the criterion and yields a score. This is done for every state 7 of nature
which may occur with probability p;, [ = 1,...,m. It is assumed that
the DM has value function v in the form of expected value of scores:
vo= 3, plelj , J = 1,...,n. The most preferred alternative is that
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Table 2.3. Decision making problem — Setting B.

Alternative 1 .. Alternative n
Criterion 1 01 : o7
. . 1 n
Criterion k 05 . oy
Value vl ... "™

showing the highest value of the value function. Table 2.4 shows data
for Setting C.

Table 2.4. Decision making problem — Setting C.

Alternative 1 ... Alternative n Probability
State 1 01 . 07 D1
State m o}, e on, DPm
Expected value vl e v

Setting D - uncertain environment, multiple criteria.

Setting D can be arrived at either from Setting B by admitting uncer-
tainty or from Setting D by admitting multiple criteria.

Given a set of n alternatives, each alternative is evaluated with respect
to the set of k criteria and yields k-tuple of scores. This is done for
every state ¢ of nature which may occur with probability p;, [ = 1, ..., m.
DM’s value function v with respect to each criterion s, as in Setting C, the
expected value of scores: v} = X" pif;, i =1,k j=1,.,n.
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Now the DM faces the problem of selecting from among alternatives
characterized by k-tuples of numbers (expected values). Assume, as in
Setting B, that the DM has value function V' which to every alternative
considered assigns numerical value V7, j = 1, ..., n, representing the
DM’s preference to k-tuple of expected values of that alternative. The
most preferred alternative is that showing the highest value of value
function V. Table 2.5 shows data for Setting D.

Research on decision making problems conforming to Setting D is
limited. This is due to the involved structure of this framework.

Table 2.5. Decision making problem — Setting D.

Alternative 1 ... Alternative n Probability
1
0171 ?,1
1 : .
State 1 07 1 . Tk D1
1
em,l . 21,1
1 : s
State m Or i . Tk DPm
1
o of
Expected values v,i ) vy
Value I8 . vn

Relations between all four formulations are represented graphically
in Figure 2.6.

)

From the algorithmic point of view problem (2.1) is ill defined. In
fact, as long as we do not know what "most preferred" means precisely
we are not in a position to propose any problem solving method. This
information, explicit or implicit, if exists, is in the exclusive possession
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of the DM. The underlying assumption of MCDM methodologies we are
concerned with in this book is that this information cannot be acquired
from the DM up front and at once.

In the sequel we frequently exploit the fact that the following problem,
called vector optimization problem,

vmax f(x), © € Xg C X, 2.2)

where vmax stands for the identification of all efficient alternatives, is
almost always well defined. By this we mean that under minor assump-
tions satisfied in practical applications the solution to (2.2) always exists.

Without any ambiguity alternatives are represented by their criteria
values. With this in mind we deal mainly with elements f(x) of set
f(Xo) and for the sake of simplicity we use y and Z to denote

y = [f(x), and Z = f(Xo).

Clearly, Z C RF. We call elements of set Z outcomes and space R*
the outcome space. Under this convention, for given feasible alternative
x, y; is the value of the i—th component of outcome y = f(z). Thus,
y; 1s the value of ¢—th criterion for alternative x.

All properties of alternatives considered in subsequent paragraphs and
chapters can be defined and operationalized in terms of outcomes. We
directly refer to notation x, Xy, f(z), f(Xo) only when giving exam-
ples of MCDM problems with implicitly (i.e. in the form of constraints)
defined feasible alternatives.

Element § of R*, called utopian, is calculated as

Ui = MaTycyz Yi, 1 = 1,..., k.

Throughout this book it is assumed that all these maxima exist.

Element ¢ need not represent any feasible alternative.

Below we recall the definitions of efficiency, weak efficiency, and
proper efficiency of outcomes.

DEFINITION 1 The outcome ¥ € Z is:

-efficientify; > y;, i1 =1,...,k, y € Z, implies y = ¢,

- weakly efficient if there isno y, y € Z, such that y; > v, ,
1=1,...,k,
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Multicriteria
A
) Case B .Case D
E‘
Case A Case C

Uncertainty

Figure 2.6. Four settings of decision making problems.

- properly efficient if it is efficient and there exists a finite number M > 0
such that for each ¢ we have

?_Ji —Yi <M
Yi —Yj
for some j such that y; < y; , whenevery € Z and y; > ¥; . O

Outcomes which are not efficient are called nonefficient.

Clearly, from the definition of efficient (nonefficient) alternatives given
in Section 2 it follows that an alternative is efficient (nonefficient) if and
only if its outcome is efficient (nonefficient).

Itis common to call the subset of all efficient outcomes of Z the Pareto
set and below we shall often use this term.

The notion of efficiency remains at the core of MCDM. For y € Z the
implications:

y 1s properly efficient = y is efficient,

y 1s efficient = y is weakly efficient, 2.3)

hold, but implications

y is weakly efficient = 1y is efficient,
y 1s efficient = y is properly efficient,

are, in general, false.
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& There is a direct relation between the Vilfredo Pareto definition
of maximal ophelimity collectively enjoyed, given on the first page of
this chapter, and the notion of efficient outcome. Under the assumption
that all the criteria are of "better if more" type, and assuming that for
each criterion the ophelimity of its value is measured by its value itself,
each efficient outcome represents an alternative at which the collective
ophelimity, represented by all criteria values jointly, is maximized.

[ )

The reason for dealing with the notion of weak efficiency and proper
efficiency is purely technical. There exist some algorithmically and
computationally convenient methods, presented in Chapter 3, to derive
weakly efficient outcomes and properly efficient outcomes (and thus the
corresponding alternatives, weakly efficient and properly efficient). The
following relations

{all properly efficient outcomes of Z} C {all efficient outcomes of 7}

C {all weakly efficient outcomes of 7},

2.4)
which result from implications (2.3), hold. Therefore, it is common to
refer to the subset of all weakly efficient outcomes of problem (2.1) (or
(2.2)) as an upper approximation of the Pareto set, and the subset of all
properly efficient outcomes as a lower approximation of the Pareto set.

Weakly efficient outcomes which are nonefficient occur if two or more
outcomes are located on a hyperplane parallel to any of the axes. This
is illustrated in Figure 2.7.

Figure 2.8 shows an outcome set where all elements of the bound-
ary marked with the thick line are properly efficient except those three
marked with bullets. From this example we intuitively infer that improp-
erly (i.e. not properly) efficient outcomes (alternatives) are, in a sense,
rare and therefore of little significance in real decision problems.

If set of outcomes Z is polyhedral (the set represented in Figure 2.5
is polyhedral and bounded, thus it is two dimensional polytope, hence
polygon), then all efficient outcomes are properly efficient. Then, in this
case the notion of proper efficiency is redundant. This notion is also
redundant in the case of finite sets Z, since in such sets for all efficient
outcomes numbers M from Definition 1 of this chapter can be found by
enumeration.
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Y2
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-0 —0O0— — & — —

Figure 2.7. Weakly efficient and efficient outcomes.

Y2

Figure 2.8. Improperly efficient outcomes.

&  Another definition of outcome efficiency, equivalent to that given
in Definition 1 of this chapter, can also be given in terms of cones. Set
Kisaconeif \K € K forany A > 0.

Let R denote the nonnegative orthant {y € R¥|y; > 0, i =1, ..., k}.
The nonnegative orthant is a cone. Rﬁ can be interpreted as the set of
directions of improvement (recall that all criteria are of "better if more"
type), i.e. given an element y € RF, any element ¢/, v/ € R*, v/ # v,
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such that ' € {y} + Rﬁ has all coordinates at least as great as y and at
least one coordinate strictly greater than y.

The other definition of outcome efficiency states that an outcome y
(recall that an outcome is an element of Z) is efficient if there is no
outcome y/', ' # y, such that y’ € {y} + R%. In other words, y € Z is
efficient if ({y} + R%) N Z = {y}.

The notion of cone is very convenient in MCDM for graphical illus-
trations of efficiency issues.

First of all, it is easy to check graphically whether an outcome is
efficient or not. It is enough to place cone R’i at an outcome whose
efficiency has to be verified, say outcome y, and see if set {y} + R*
contains any outcome different than y. If it does not, y is efficient,
otherwise it is nonefficient. In Figure 2.9 bullet marked outcomes are
efficient.

If y is nonefficient, then by definition y is dominated by some other
outcome, say 4’ (y' dominates y), such that ¢’ € {y} + RE, or equiva-
lently, y € {y'} — RE.

Y2

. . . . k
Figure 2.9. Checking efficiency with cone R .

With cone R’f; it is also possible to give another definition of weak ef-
ficiency, equivalent to that given in Definition 1 of this chapter. Namely,
an outcome y is weakly efficient if there is no outcome 3/, ' # y, such
that y € {y} + int(R%), where int(-) denotes the interior of a set. In
other words, y € Z is weakly efficient if ({y} + int(R%)) N Z = {0}.
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Hence, to check graphically whether an outcome is weakly efficient or
not it is enough to place cone R’i at the outcome whose weak efficiency
has to be verified, say outcome y, and see if set {y} + int(R") contains
any outcome. If it does not, y is weakly efficient, otherwise it is not
weakly efficient. In Figure 2.10 the bullet marked outcome is weakly
efficient.

y2

Figure 2.10. Checking weak efficiency with interior of cone Rﬁ.

The definition of efficiency based on cone R* provides for easy gen-
eralization of the notion of efficiency and weak efficiency. Let K be any
convex cone. We say that outcome y is K-efficient if ({y} + K)NZ =
{y} and that it is K-weakly efficient if ({y} + int(K)) N Z = {0}.

With the generalized definition of efficiency we can also provide a
more illustrative, but equivalent, definition of proper efficiency than that
given in Definition 1 of this chapter. Namely, an outcome y is properly
efficient if there exists a convex cone K such that R% \ {0} C int(K)
and y is efficient with respect to K,i.e. ({y}+ K)NZ = {y}. InFigure
2.11 the bullet marked outcome is properly efficient.

[ )

4. Trade-offs

Following Webster’s Ninth New Collegiate Dictionary (1987) "trade-
off" is understood as: 1. a balancing of factors all of which are not
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Y2

Y1

. . . . .« . k
Figure 2.11.  Checking proper efficiency with a convex cone containing R .

attainable at the same time, 2. a giving up of one thing in return for
another.

In MCDM "trade-off" means: a loosing in one outcome component
(criterion) to gain the value of another.

Given a pair of outcomes, a trade-off exists only if no outcome dom-
inates the other (cf. Figure 2.12, right drawing). If otherwise, e.g. v/
dominates y, then 3/ with respect to y offers only gains, and y with respect
to /' offers only losses.

Moreover, it is practical to consider trade-offs only between pairs of
efficient outcomes. Indeed, if an outcome y is nonefficient, then there
exists an outcome, say 3’, which dominates y. By replacing y by 3’ we do
not deteriorate the value of any component (criterion) value (Figure 2.12,
left drawing). Hence, 3’ offers better trades than y. An efficient outcome
offers better trades than any outcome dominated by it (cf. Figure 2.12,
right drawing).

A trade-off always refers to one selected reference outcome, say ¢ .
But depending on the context, this notion can refer to two different
constructs.

The first construct is the so called point-to-point trade-off. It is de-
fined for a pair of selected components of a pair of designated efficient
outcomes.
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Y2 y2 4

s Trade-off

Figure 2.12. Pairs of elements for which trade-offs do not exist (dashed lines)
or exist (continuous lines).

DEFINITION 2 Point-to-point trade-off 77" (77, 97), where  is a refer-
ence efficient outcome and 3 is an efficient outcome, involving compo-
nents ¢z and j, ¢,7 = 1, ..., k, ¢ # 7, such that

v — 9 >0 and y; —y; >0, (2.5)
is defined as _ B
PTP/— ~ Yi — Ys

Ty (9)=———. (2.6)
Y — Y;

O

For pairs of components ¢ and j, i,7 = 1,...,k, i # j, such that the
conditions (2.5) do not hold, point-to-point trade-offs are not defined.

For an efficient reference outcome ¢ at most £ — 1 point-to-point
trade-offs exist. Indeed, since the point-to-point trade off is defined for
a pair of efficient outcomes, say 4 and y, for at least one component, say
component [/, the relation ¢; — y; > 0 must hold for otherwise y would
be nonefficient. Hence, at most £ — 1 components fulfill the relation
y. — 4. > 0 and therefore at most k£ — 1 point-to-point trade-offs exist for
an efficient reference outcome 7.

Suppose that one unit of component ¢ has the same value for the DM
as one unit of component j. If 7,777 (7, 7) > 1, then with respect to
components ¢ and j reference outcome ¢ is more preferred than iy. And
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y2 4

Figure 2.13. The double nature of a trade-off: value and direction.

symmetrically, 7;77"(7,7) < 1 indicates that with respect to i and j
outcome ¢ is more preferred than . However, this simple "which is
more preferred" rule works only for a selected pair of components or in
the case £k = 2. In Chapter 6 we shall address the problem of how to
make use of trade-off information when more than two components are
taken into account. In any case large (note that the meaning of "large" is
context-dependent) values of a point-to-point trade-offs TP TP (3, 4) may
be an important information for the DM for his outcome evaluations.

Point-to-point trade-offs can be associated with a direction, i.e. point-
to-point trade-offs T"7(7,9), 4,5 = 1,...,k, i # j, can be read from
any point of the ray leaving ¢ and passing through ¢, as shown in Figure
2.13.

If outcomes are explicitly given, then point-to-point trade-offs are
of little use. For a pair of efficient outcomes point-to-point trade-offs
provide no additional information to that represented by components
of outcomes (values of criteria). In fact they provide even less infor-
mation, because not for all pairs of indices point-to-point trade-offs are
defined. In that case trade-offs are nothing else than just another form of
presenting information on outcome components of a pair of outcomes.

The notion of point-to-point trade-off becomes useful when sets of
outcomes are infinite. Given efficient reference outcome y, y € Z, and
a pair of indices ¢ and j, ¢ # j, one can pose two questions:
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Y2 y2 4

AN Y1 +y2=a

<
/
<

Y1 Y1

Figure 2.14. The maximum of point-to-point trade-offs T_{_D TP (g, y) may exist
(left drawing) or may not exist (right drawing).

- what is the maximal value of 7777 (77, y) over all y € Z, i.e. what
is the value of

max TP e

nax T35 (5, y),

- at which outcome (if at any) this maximum is attained.

If set Z is finite or polyhedral (Figure 2.14, the left drawing), it is
guaranteed that max,c , 777 (7, y) always exists. In case Z is polyhe-
dral, all efficient outcomes lylng on a line segment starting from ¥ have
the same point-to-point trade-off values.

It is easy to see that if Z is neither finite nor polyhedral, then
maXyecz T P (%, y) may not exist. In Figure 2.14, the right drawing, for
efficient reference outcome ¥ there is no efficient outcome y such that
maxyez T, 7 (5,y) = 1, but clearly 1 — TY”(y,y) < e for some
y € Z, where € > 0 is arbitrary small.

A remedy to deal with situations like this above is offered if we replace
the maximum with the supremum, where the latter means taking the least
upper bound. In the example represented in the right drawing of Figure
2.14, sup,e, T'TF (7, y) = 1. In general taking just supremum is not
very helpful, as 111ustrated in Figure 2.15 - for efficient reference outcome
g for no pair of indices i, j, i # j, sup,e, T, 7 (7, ) is finite. To see
this it is enough to project Z on any plane spanned by two out of three
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axes. For example, in the projection of Z on the plane spanned by axes
y1 and y», for any given number it is always possible to select a pair of
values (y1,y2) such that y, — g > 0, §; —y; > 0, and % is greater
than this number.

y2 4

Figure 2.15. For outcome ¢ and for any pair of indices the supremum of
point-to-point trade-offs does not exist.

The problem is, at least partially, solved if we take the supremum not
over set Z but over a part of it.
Lety € Z, Z C R*. Fori =1, ..., k, we denote:

DEFINITION 3 Global trade—off T'%(jj), where  is an efficient refer-
ence outcome, involving components ¢ and j, i,7 = 1,...,k, © # j, is
defined as _
Yi — Yi

sup

vez=() Ui — Vi

2.7

O

By convention, if Z5 () = 0, (i.e. trade-off 7,7} is not defined) then
TE(g) = —o0, i = 1, k, i # 5.

& The notion of global trade-off applies to both properly and improp-
erly efficient outcomes.
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It can be proved that for properly efficient outcomes all global trade-
offs are smaller then +o0o. Let us recall the special cases of finite or
polyhedral sets, where all outcomes are properly efficient.

For improperly efficient outcomes at least one trade-off equals +o00. In
Section 3 we observed, however, that in real decision making situations
improperly efficient solutions occur infrequently.

In contrast to point-to-point trade-offs, which are defined with respect
to two specified outcomes, deriving a global trade-off for an outcome
requires calculations that relate to (parts of) outcome set Z.

[ )

5. Concluding Remarks

With the material of this chapter we are well equipped to deal with
issues of the next seven chapters. In fact, the notions defined up to now
form a firm base for the subsequent presentations and developments
and, except for some technical constructs, we shall not introduce any
new concepts.

The notion of efficiency is quite intuitive. The notion of trade-off is
less so (especially the notion of global trade-off) and the majority of
works on MCDM exploit only the first notion without reference to the
second. The rationale of using the notion of trade-off (point-to-point
or global) in MCDM will be discussed in more detail in Chapter 4 and
Chapter 6.

6. Annotated References

The definition of efficiency appears in almost every paper on MCDM.
Some authors even decline to define this notion in research papers assum-
ing it belongs to a common wisdom. Issues relating to all three related
notions of efficiency (weak efficiency, efficiency, proper efficiency) are
treated in every MCDM book. One can mention here Haimes et al.
(1975), Ignizio (1976), Keeney, Raiffa (1976), Cohon (1978), Hwang et
al. (1979), Rietveld (1980), Zeleny (1982), Chankong, Haimes (1983),
Guddat et al. (1985), Ignizio (1985), Sawaragi et al. (1985), Yu (1985),
Jahn (1986), Steuer (1986), Galas et al. (1987), Tabucanon (1988),
Lewandowski, Wierzbicki (1989), Luc (1989), Haimes et al. (1990),
Ringuest (1992), Vincke (1992), Kaliszewski (1994), Yoon, Hwang
(1995), Skulimowski (1996), Miettinen (1999), and also (a survey paper)
Stadler (1979).
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The definition of proper efficiency in Definition 1 of this chapter comes
from Geoffrion (1968).

The notion of trade-off has been used in the framework of vector
optimization (a field with focus on problem (2.2) approached by rigid
mathematical analysis) since the early 1950s and then it has penetrated
MCDM. It refers to two different but related issues in MCDM. The
first issue is that of properties of explicit or implicit value functions
(Kuhn, Tucker 1951, Chankong, Haimes 1978, Haimes, Chankong 1979,
Sakawa, Yano 1990). Under the assumption of differentiability of an
utility function, trade-offs are interpreted as partial derivatives of this
function with respect to criteria functions.

The second issue is benefits and costs of moving from one alternative
to another measured by values of relative changes in criteria functions
(Zionts, Wallenius 1976,1983, Wierzbicki 1990, Halme 1992, Henig,
Buchanan 1997, Kaliszewski 1993, 1994b, Kaliszewski, Michalowski
1995, 1997,1999).

The definition of global trade-off is given first in Wierzbicki (1990),
and exploited later in Kaliszewski (1993, 1994b). A method of calcu-
lating trade-offs which avoids calculating the supremum of a hyperbolic
function is proposed in Kaliszewski (1993,1994b). This method is re-
called briefly in Chapter 6 and later used in solving an example of a
decision making problem.



Chapter 3

MCDM - BASIC TOOLS

"Mariners should navigate with caution as the following changes ..."

Notices to Mariners,
Weekly Edition 12/2005.

1.  This Chapter Is About ...

... leveling the ground for Chapter 4. Here we are concerned with the
technical problem of efficient outcome derivation.

Clearly, we do not need any elaborate technique to derive efficient
outcomes (and filter out nonefficient ones) if alternatives are a few and
they are given explicitly, e.g. by a list. In such cases a simple procedure
to verify efficiency based on pairwise comparison is sufficient. But
when efficient outcomes are numerous or are given implicitly by a set of
conditions or constraints, formal methods are needed.

The idea widely used in interactive MCDM is to have efficient out-
comes implicitly described in terms of some parameters. This idea is
similar to the marine navigation positioning system, in which each point
of the globe is uniquely described by its geographical position: the lon-
gitude (East, West) and the latitude (South, North). With using such a
system a vessel can sail from one navigable point of the globe to another.
Given a positioning system several navigation tools can be applied. Such
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tools must be universal so that all navigable points are accessible from
any other.

In the context of interactive MCDM, where all outcomes are "naviga-
ble" but only efficient outcomes are of interest, use is made of "position-
ing systems" called characterizations. For a characterization (a posi-
tioning system) specific interactive MCDM methods (navigation tools)
are available.

Below we present characterizations available for interactive MCDM.
These take forms of parametric optimization problems, and to derive a
single efficient outcome one has to solve one optimization problem for
a selected set of parameters. Parameter selection schemes, which in our
maritime analogy correspond to navigation tools, are discussed in the
next chapter.

As Chapter 2 presents basic MCDM notions, Chapter 3 presents basic
tools for interactive MCDM. Both chapters contain interactive MCDM
formalism we exploit in this book.

2. Pareto Set Characterizations

A corner stone for every interactive MCDM method is the ability to
derive efficient outcomes. Every efficient outcome should be derivable
by a computationally effective method but in general it is difficult to
satisfy this postulate. However, this can be done for weakly and properly
efficient outcomes.

As seen in Section 3 of Chapter 2 (cf. relations (2.4)), a Pareto set can
be represented by its lower and upper approximations, i.e. by the set of
properly efficient outcomes (lower approximation) and the set of weakly
efficient outcomes (upper approximation). So-called characterizations
of weakly efficient outcomes and properly efficient outcomes provide
for Pareto set approximations in implicit (parametric) forms.

In this section we briefly present three types of characterizations of
weakly efficient and properly efficient outcomes exploited in MCDM
methods, namely:

- characterizations by weight manipulations,
- characterizations by reference point manipulations,
- characterizations by constraint manipulations.

In this book a characterization means a set of conditions (necessary
and sufficient) for an outcome to be, weakly or properly, efficient.
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For a characterization to be practical, the conditions should provide a
computationally effective method to derive every weakly efficient out-
come or every properly efficient outcome. As shown below, such char-
acterizations exist for weakly efficient outcomes and properly efficient
outcomes. For efficient outcomes effective characterizations are not
available, except for some special cases where the set of properly effi-
cient outcomes coincides with the set of efficient outcomes.

2.1 Characterizations By Weight Manipulations

The idea of characterizing weakly efficient outcomes and properly
efficient outcomes by weight manipulations consists in reducing vector
optimization problem (2.2) to a scalar optimization problem by assigning
numerical weights to components of outcomes and forming a surrogate
objective function. The surrogate objective function when maximized
(or minimized - depending on the surrogate objective function form)
over Z yields at least one (weakly or properly) efficient outcome of
the original vector optimization problem. By changing weights and
solving resulting optimization problems one derives different (weakly
or properly) efficient outcomes.

There are several ways to characterize sets of weakly efficient out-
comes and properly efficient outcomes by weight manipulations. It is
widely accepted that four characterizations presented in this section have
the most plausible theoretical and computational features.

Below we make use of a selected element of outcome space R*, de-
noted y*, defined as

yi =9 t+e =1 ..k,

where € is any positive number and ¥ is the utopian element introduced
in Section 1 of Chapter 2 and defined formally in Subsection 2.3 of that
chapter. We use y3/’ to denote the scalar product of two elements y and
y' of RF, ie.
k
vy =D Yy
i=1

Hence, for example,
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where e is the vector of k elements all equal to 1.

Characterization 1

Sufficient condition
An outcome which solves optimization problem

min max Ai((y] — i) + pe"(y” = ), (3.1)
where \; > 0, + =1, ..., k, and p > 0, is properly efficient. O

& Necessary condition
Every properly efficient outcome solves optimization problem (3.1) for
some \; >0, 1 =1,...,k, and some p > 0. O

[ )

Figure 3.1. Deriving properly efficient outcomes with optimization problem
(3.1) or (3.2).

Characterization 11

Sufficient condition
An outcome which solves optimization problem

min max \i(y; — i) + pe" (" — ), (3.2)
y (A

where \; > 0, : =1, ..., k, and p > 0, is properly efficient. O



CHAPTER 3. MCDM - Basic Tools 37

& Necessary condition
Every properly efficient outcome solves optimization problem (3.2) for
some \; >0, 1 =1, ..., k, and some p > 0. a

[ )

Figure 3.1 presents the isogram of the (surrogate) objective function of
optimization problem (3.1) or (3.2) for the minimal value of this function
over /.

Observe that for p = 0 problems (3.1) and (3.2) reduce to

rynelgl max Xyl — vi), (3.3)

where \; >0, 1 =1,..., k.

Characterization II1

Sufficient condition
An outcome which solves optimization problem (3.3) is weakly efficient.
O

& Necessary condition
Every weakly efficient outcome solves optimization problem (3.3) for
some \; >0,i=1,.. k. O

[ )

Figure 3.2 presents the isogram of the (surrogate) objective function

of optimization problem (3.3) for the minimal value of this function over
Z.
We say that set Z is R¥ -convex if Z — R¥ is a convex set.

Characterization IV
Assume that Z is R* -convex.

Sufficient condition
An outcome which solves optimization problem

max Ay, (3.4
yezZ

where \; > 0, 1 = 1, ..., k, is properly efficient. O
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Figure 3.2. Deriving weakly efficient outcomes with optimization problem
(3.3).

& Necessary condition
Every properly efficient outcome solves optimization problem (3.4) for
some \; >0, 7=1,.... k. O
[ )

Figure 3.3 presents the isogram of the (surrogate) objective function
of optimization problem (3.4) for the maximal value of this function over
Z.

Figure 3.3.  Deriving properly efficient outcomes with optimization problem
(3.4).
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&  One can raise the question of practical solvability of problems
(3.1), (3.2), (3.3). However, a simple transformation of each of these
problems results in an equivalent formulation. For example, problem
(3.1) is clearly equivalent to

maxXycz t
t>N((yf —wi) +pe(y* —y), i =1,k

To solve the above problem an optimization package is needed capable
of handling constraints y € Z plus k inequality constraints. The form
of the surrogate objective function is the simplest possible.

Problems (3.2) and (3.3) can be transformed in the same manner. Thus,
provided that set Z is polyhedral, all four problems (3.1), (3.2), (3.3),
and (3.4) can be solved by standard linear programming techniques.

[ )

& By solving problem (3.1) one derives in fact K*-weakly efficient
outcomes (which are also Rﬁ—properly efficient), where

K'={y e R* | \i(yi + peFy) >0, \i >0, i =1,...,k},

and by solving problem (3.2) one derives K 2-weakly efficient outcomes
(which are also Rﬁ-properly efficient), where

K> ={y e R* | N+ pe*y > 0, \i > 0, i =1,...,k},

(cf. Chapter 2 Section 2).

For p = 0 cones K' and K reduce to K*, where K* = RE. By
solving problem (3.3) one derives K 3-weakly efficient (i.e. Ri—weakly
efficient) outcomes.

By solving problem (3.4) one derives K*-weakly efficient outcomes
(which are also R’_j—properly efficient), where

K={yeRF|Ay>0, \>0i=1,..k}
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)

REMARK 1 Itis worth observing that characterization I'V is not a direct
consequence of characterization I or characterization II. Passing with p
to limit +oo0, optimization problem (3.1) as well as optimization problem
(3.2) reduce to

max eky,
yeZ

which is only equivalent to one instance of optimization problem (3.4),
namely that with all \; equal,7 =1, ..., k.

For optimization problem (3.4) to be the limit of optimization problem
(3.1) or (3.2), some additional parameters in (3.1) and (3.2) are required
but those are commonly, for the sake of simplicity and without loss of
desired properties, neglected.

In general, regarding (3.4) as a special case of (3.1) or (3.2) is only a
slight oversimplification with no methodological consequences.

)

2.2  Characterization By Reference Point
Manipulations

The idea of characterizing weakly efficient outcomes and properly
efficient outcomes by reference point manipulations consists of using
a surrogate objective function parameterized by elements of R*, called
reference points. A surrogate objective function when minimized over Z
yields at least one (weakly or properly) efficient outcome. By changing
reference points and solving resulting optimization problems one derives
different (weakly or properly) efficient outcomes.

A continuous function s;(y) : R*¥ — R of parameter ¥, where § €
RE, (i - areference point) is called an achievement function. Itis required
that achievement functions posses certain properties, such as being:

- strictly increasing,

- strongly increasing,

- e-strongly increasing,
- order representing,

- order approximating.



CHAPTER 3. MCDM - Basic Tools 41

& The function s;(y) is:
- strictly increasing, if
vi <Y, =10k = s(y') < sp(y?),
- strongly increasing, if
yl <y, i=1,...k, and yjl. < y]2» for some 7,
= s(y") < sy(y”),

- e-strongly increasing, if for some € > 0

y €y’ — R0} = s5(y') < s5(0%),
where R¥ = {y € R* | dist(y, R%) < €||y||}, (clearly, R¥ and R% C
RE),
- order representing, if it is strictly increasing for any 3 € R¥ and

{y € R* [ s5(y) > 0} = 7 + int(R}),
- order approximating, if it is strongly increasing for any 3 € R¥ and

{y € R* | s5(y) = 0} Cy+ RE.
L]
For optimization problem

min s;(y) (3.5)

let outcome y be its solution, i.e.

Y= arg(rﬁi? sz(y))-

Characterization V

Sufficient condition
An outcome which solves optimization problem (3.5) with strictly in-
creasing achievement function s;(y) is weakly efficient. O

& Necessary condition
Every weakly efficient outcome solves optimization problem (3.5) for
some order representing achievement function s;(y). O

[ )
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Characterization VI

Sufficient condition
An outcome which solves optimization problem (3.5) with e—strongly
increasing achievement function s;(y) is properly efficient. O

& Necessary condition

Every properly efficient outcome solves optimization problem (3.5) for

some € > 0 and some order approximating achievement function s;(y).
O

)

In addition, some achievement functions provide sufficient conditions
for efficiency (but not necessary conditions). However, optimization
problems (3.5) with those achievement functions are not regarded as
computationally efficient.

Various forms of achievement functions exist but achievement func-
tions resulting from objective functions of optimization problems (3.1)
and (3.2) via replacing fixed y* by some reference point ¥, i.e. achieve-
ment function

max \i((% — i) + pe" (5 — ) (3.6)

or achievement function
max \(F; — i) + pe' (5 — y), (3.7)

are most often used because with any of them optimization problem (3.5)
takes the simplest possible form.

For p > 0 achievement functions (3.6) and (3.7) are e-strongly in-
creasing and order approximating for some € > 0, and for p = 0 they
reduce to

max A\ (¥; — Yi), (3.8)
and become strictly increasing and order representing.

2.3 Characterization By Constraint Manipulations

The idea of characterizing weakly efficient outcomes by constraint ma-
nipulations consists in imposing constraints on k£ — 1
arbitrarily selected outcome components. Maximizing the unconstrained
outcome component over Z under the imposed constraints yields a weakly
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efficient outcome. By changing constraints and solving the resulting op-
timization problems one derives different weakly efficient outcomes.

Characterization VII

Sufficient condition
An outcome which solves the following optimization problem

max Yi s 3.9
yeZ
yizer, 1=1,...k, I#i

where i € {1, ..., k}, is weakly efficient. O

& Necessary condition

Every weakly efficient outcome solves optimization problem (3.9) for
somei € {1,....k} andsome ¢, [ =1,....k, | #1i. O
[ )

3. Concluding Remarks

That which of the characterizations presented in this chapter is used in
an MCDM method depends on which of three possible ways to express
preferences:

- by selecting weights,
- by selecting reference points,
- by selecting constraints on outcome components,

is believed to suit the DM best. Each MCDM method adopts an assump-
tion with respect to this. In the next chapter we make use of the above
distinction as a basis for a taxonomy of interactive MCDM methods.

4. Annotated References

A formal treatment of characterizations presented in Section 2 of this
chapter can be found:

- characterization I: in Choo, Atkins (1983), Wierzbicki (1986), Kalisze-
wski (1987, 1994a,b),

- characterization II: in Steuer, Choo (1983), Steuer (1986), Wierzbicki
(1986), Kaliszewski (1994a,b),

- characterization III: in Bowman (1976), Steuer, Choo (1983), Steuer
(1986), Wierzbicki (1986), Kaliszewski (1987, 1994a,b),
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- characterization I'V: in Geoffrion (1968),
- characterization V and VI: in Wierzbicki (1980, 1986, 1990),
- characterization VII: in Benayoun et al. (1971), Haimes et al. (1971).

Advantages of optimization problems (3.1) and (3.2) over optimiza-
tion problem (3.4) are discussed in Kaliszewski (2000), cf. also Kalisze-
wski (1994a,b).



Chapter 4

MCDM INTERACTIVE METHODS
- AN OVERVIEW

"Man can smile and smile but he is not an investigating animal. He
loves the obvious. He shrinks from explanations."

Joseph Conrad,
The Secret Agent.

1.  This Chapter Is About ...

... the presentation of prototypical interactive MCDM methods. These
are the most representative methods and any not covered here are variants
of these prototypes.

The description of each method is not detailed, and is limited to an
outline. There is no introduction of technical details and how they should
be implemented. Why have we done this? We want to identify the most
important features of these methods. Then we want to trace fundamental
differences and similarities. We believe that the reader of this chapter
will acquire the knowledge to appreciate the ideas and concepts presented
in the next chapter. Step by step we are preparing ourselves for the core
of this book. We are getting to the nitty-gritty, and this is dealt with in
the following chapters.
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2. MCDM Interactive Methods

In respect of methodologies, interactive MCDM methods differ by
elements: weights, reference points, or constraints, which are selected
for manipulations to capture the DM’s preferences. This distinction
establishes a taxonomy of MCDM methods with three classes: the weight
method class, the reference point method class, and the constraint method
class. The taxonomy is exhaustive because in fact weights, reference
points, and constraints are the only meaningful objects relating to the
outcome space and available for manipulations in course of interactive
decision making.

As said in Introduction, when solving MCDM problems interactively
the search for the most preferred decision consists in a tour between effi-
cient outcomes. At the DM’s discretion the tour starts and goes through
efficient trial outcomes. At each efficient trial outcome the DM, using
his knowledge acquired about the decision problem, expresses his partial
preferences with respect to efficient outcomes he evaluates and compares.
Then, preferences are used to form a set of "directions" in which the tour
can be continued. If the DM does not want to continue, the incumbent
trial outcome and the corresponding alternative (or alternatives) become
the "most preferred".

In the weight method class the set of efficient outcomes is "mirrored"
by the set of weights and DM’s preferences are captured by a mechanism
of weights.

In the reference point method class DM’s preferences are captured by
indicating reference points (elements of the outcome space RF¥).

In the constraint method class DM’s preferences are captured by
adding, dropping, tightening, or relaxing constraints on outcome com-
ponents.

These three classes of methods are not necessarily disjoint. Some
methods combine manipulation of constraints with manipulations of ref-
erence points.

In this book we do not consider MCDM interactive methods where
nonefficient outcomes are derived and evaluated before efficient out-
comes are found. The critic of those methods is that the DM wastes to
much time evaluating outcomes which are far from the Pareto set.

Below, to level the ground for Chapter 5, we recall briefly the most dis-
tinctive features of the weight method class, the reference point method
class, and the constraint method class.
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3.  Weight Method Class

In the weight method class DM’s preferences are captured by a mech-
anism of weights (i.e. parameters in optimization problems (3.1), (3.2),
(3.3), or (3.4)). A selected vector of weights yields (relates to) a properly
efficient or weakly efficient outcome (cf. Figure 3.1, Figure 3.2, or Fig-
ure 3.3). The set of admissible weights is systematically searched and
reduced, and this amounts to search and reduction of the set of efficient
outcomes. Search can be organized in the form of weight cuts or weight
zooming. Reductions of the set of admissible weights constitute a DM
preference tracking mechanism and provide for a natural convergence
measure and a stopping rule. In fact, convergence can be measured by a
volume reduction ratio of the set of admissible weights. Search can be
terminated (however, the DM may wish to stop at any moment) if the
set of admissible weights is so small that differences between outcomes
corresponding to weights from this set become insignificant. Other usual
stopping rules such as the limit of elapsed time or the limit of interactions
also apply but they are purely technical.

Because of the above properties we attribute a high value to the weight
set reduction mechanism. It is worth observing that the weight based
convergence measure and the related weight based stopping rule work
under no specific assumption about underlying formal models of decision
problems.

3.1 Weight Cut Methods

The most prominent methods representing this class are the Zionts-
Wallenius method and the Dell-Karwan method.

The Zionts-Wallenius method applies to so called linear MCDM prob-
lems where sets X are defined by linear equalities or inequalities and
all criteria functions are linear. In this case sets £ are polyhedral. It is
assumed that for each problem considered there exists an implicit value
function which represents the DM’s utility over elements y € R*. The
DM’s implicit value function is then approximated by an implicit linear
function

AY,

where A is an unknown vector of weights with elements \; > 0, 7 =
1., k.
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At each iteration of the method a (properly) efficient outcome y is

derived by solving problem (3.4), i.e.
rg?eaZX AY,

for some \ € A, where A is the set of admissible vectors of weights. At
the beginning A = {\ € R¥| \; >0, i = 1,..., k}. Next, a number of
efficient outcomes 4", r = 1, ..., is derived in the same manner. Pairs of
outcomes (y, y") are compared by the DM to reveal pairwise preferences.
These are used then to shrink the set of admissible vectors of weights A.
A is shrunk by adding weight cuts. At each iteration A is amended by a
constraint formulated in terms of vectors of weights A, namely

Ay > Ay, 4.1
if the DM prefers y to y", or
Ay < A\y", 4.2)

if the DM prefers y" to y. In other words, preferences with respect to y
and y" are expressed by the implicit value function. Any of the above cuts
represents the following principle of decisional consistency: all further
selections of A to derive outcomes for pairwise comparisons should be
consistent with the already revealed DM’s (partial) preferences.

When two outcomes y, y" being compared are not significantly dif-
ferent to provide for a clear preference, the DM evaluates the "attractive-
ness" of the direction t(y" — y), t > 0. If this direction is attractive, it is
assumed that the DM gives preference to " over y, and if otherwise, he
gives preference to y over y". Cut (4.1) or (4.2) is made accordingly.

Evaluation of directions is a distinctive feature of the Zionts-Wallenius
method present only in a few other MCDM methods. It should be
stressed, however, that evaluation of directions plays in this method only
a secondary role, just a technical trick to resolve the problem of possi-
ble perceived outcome indifference. In Chapter 6 we bring this form of
preference expressing to a level of the principal (but not unique) decision
tool.

& A setis polyhedral if it can be represented as an intersection of a
finite number of halfspaces a'y < b*, i = 1,...,m.

Polyhedrality of a set entails its convexity. Hence, if Z is polyhe-
dral then, in virtue of Characterization IV (Section 2.1 of Chapter 3),
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all properly efficient outcomes can be derived by solving optimization
problem (3.4). However, the Zionts-Wallenius method makes use of the
simplex method and therefore all outcomes derived by this method are
vertices of Z.

In the Zionts-Wallenius method outcomes y", r = 1, ..., are efficient
vertices adjacent to efficient outcome y. Two vertices of a set are adjacent
if, loosely speaking, they are at two different ends of an edge of this set.
There is no need to solve optimization problems from scratch to identify
adjacent outcomes y". They can be found by some simple operations
which take advantage of calculations already made to derive y by the
simplex method.

The Zionts-Wallenius method offers some convergence properties pro-
vided the implicit value function is pseudoconvex. A function f : R¥ —
R is pseudoconvex, if it is differentiable at every x & RF and for all
y',y* € R¥ such that Vf(y')(y* — y') > 0 we have f(y*) > f(y").
[

The Zionts-Wallenius method works properly under the assumption
that functions Ay (hyperplanes, DMs’implicit value functions) correctly
separate preferred outcomes from not preferred ones.

Another approximation of the DM’s implicit value function is ex-
ploited in the Dell-Karwan method.

In the Dell-Karwan method, which makes no assumption about a spe-
cific problem (2.1) formulation, the DM’s implicit value function is ap-
proximated by an implicit function

max Ai(y: - yi%

where A is an unknown vector of weights with elements \; > 0, ¢ =
1,..., k, and y* is the element defined in Subsection 2.1 of Chapter 3.
Similarly to the Zionts-Wallenius method, at each iteration of the Dell-
Karwan method pairwise comparisons of y and y", » = 1, ..., result in
weight cuts, namely

max \; (y; — ;) < max A\ (y7 — i), (4.3)
if the DM prefers y to 3", or

max \; (v — y;) > max A (v —v;), 4.4)
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if the DM prefers y" to y. The cuts are used to shrink the set of admissible
vectors of weights A. At the beginning A = {\ € R¥ | \; > 0, i =
1.k}

& An extension of the Zionts-Wallenius method and the Dell-Karwan
method arises when to approximate the implicit value function one uses
an implicit function

max Ai((y; — i) + pe(y" — ), (4.5)

as in optimization problem (3.1),
or

max Ai(y) = v:) + pe" (" — ), (4.6)

as in optimization problem (3.2), where A is an unknown vector of
weights, A = {1, .., e}, i >0,i=1,... k.

In Section 5 of Chapter 6 we use functions (4.5) to derive weight cuts
when solving a numerical example.

[ )

& In the Dell-Karwan method no assumption is made on the form
of sets Z. By virtue of Characterization III (section 1 of Chapter 3)
and relations (2.3), no efficient outcome is a priori excluded from being
determined by this method. However, when implementing the method
care should be taken of outcomes which are weakly efficient but not
efficient. This deficiency of the method is eliminated when functions
(4.5) or (4.6) are used.

In contrast to the Zionts-Wallenius method, in the Dell-Karwan me-
thod, even if Z is polyhedral and the simplex method is used to solve
optimization problems, solutions are not confined to vertices of Z. Thus,
the latter method is more universal than the former. But the latter method
is technically more involved. In the Zionts-Wallenius method each pair-
wise outcome evaluation results in exactly one cut, but in the Dell-
Karwan method each pairwise outcome evaluation results, in general,
in a series of disjoint cuts. As the result the set of admissible vectors of
weights becomes disconnected and therefore difficult to handle. Also, in
the Dell-Karwan method to derive each outcome a separate optimization
problem has to be solved from scratch.

)
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3.2  Tchebycheff Method

The so called Tchebycheff method exploits problem (3.3) to derive
(weakly) efficient outcomes. The method consists of the following op-
erations: selecting a number of vectors of weights A € A = {\ €
RF¥| N\ >0, i=1,..,k}, and then, at each iteration:

- solving problem (3.3) for all selected vectors A to derive a number of
efficient outcomes,

- selecting by the DM from the outcomes derived the preferred outcome
Y,

- selecting a number of vectors A in a neighborhood of vector A corre-
sponding to the preferred outcome 7.

The above process has an effect of weight "zooming in", i.e. from
iteration to iteration a smaller part of the set of admissible vectors of
weights A is investigated.

Similarly as for the Dell-Karwan method, when implementing the
Tchebycheff method care should be taken of outcomes which are weakly
efficient but not efficient.

4. Reference Point Method Class

In the reference point method class the DM expresses preferences by
selecting a reference point (an element of the outcome space R¥). A
reference point can be an outcome, i.e. an element of Z | or any other
element R*. Then an efficient outcome which "corresponds" to the ref-
erence point selected and the achievement function used (cf. Subsection
2.2 of Chapter 3) is derived by solving problem (3.5). The notion of cor-
respondence is intuitively explained in Figure 4.1 (the thin continuous
line represents an isogram of achievement function (3.6) or (3.7)). By
manipulating reference points the DM is able to derive a subset of the
Pareto set and from this subset he selects the most preferred outcome.
We call this version of reference point methods the standard scheme.

A variant of the standard scheme, the extended scheme, requires the
DM to select a pair of reference elements of R*, namely point 3/"**, called
reservation point, and point y**? (such that y**? € y"** + R’i), called
aspiration point. It is quite natural (but not necessary) to assume that
y"®® € Z and y™? ¢ Z. Given areservation point and an aspiration point
it is possible to construct an achievement function (e.g. achievement
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Y2

@ reference point

sponding" outcome

Figure 4.1. A reference point and its corresponding (properly) efficient out-

come.

function (3.6) or achievement function (3.7), cf. Chapter 5, Section
2) such that an outcome y which maximizes that function over 7 is a
(weakly or properly) efficient outcome most distant, in a sense, from the
reservation point and at the same time closest to the aspiration point.
This is schematically illustrated in Figure 4.2 (the thin continuous line
represents an isogram of achievement function (3.6) or (3.7)).

Y2

@ reference point

"co onding" outcome

@ reservation'\oint

Figure 4.2.  An aspiration point, a reservation point, and their corresponding

(properly) efficient outcome.
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5. Constraint Method Class

For this class of methods the most representative is perhaps the STEM
method. This method requires that at each interaction the DM selects
outcome components (criteria) i, ¢ € =, [= C I, I = {1,...,k},
values of which he wants to be increased at the expense of values of
components ¢, i € [<, I< C I, where [ NI~ = ().

If weakly efficient outcome ¥ is derived at an iteration of this method,
at the next interaction another weakly efficient outcome is derived by
solving the following optimization problem (a variant of problem (3.3)):

rynelg max Xyl — yi)

y; > 7 for iel”,
yi >y — b for iel~,

where \; > 0 fori € [7,and \; = 0 for i € I<, and b; specifies an
admissible decrease of the value of the componenti, i € <.

6. Concluding Remarks

&  For technical convenience, in numerical implementations of all
methods presented above set A is usually transformed to the following
fom A = {ANe€ RF| N >0,i=1,..,k SF, )\ =1} Thisis
achieved by dividing each component of A by the sum of all components
of that \, for all A\ € A. There is an obvious one-to-one correspondence
between A and A.
o

It is astonishing but fortunately true that the multitude of interactive
MCDM methods fall just to one of three classes which correspond to
three types of characterizations presented in Chapter 3. This not only
allows simple presenting and smooth "marketing" the field of MCDM
to potential users, but has some methodological and technical conse-
quences for the way interactive MCDM methods can be implemented
and applied in practice. In particular, the general outline of interac-
tive MCDM methods given in this chapter is sufficient for presenting in
Chapter 6 the Generic Decision Supporting Scheme.

Interactive MCDM methods are "soft" in the sense that they deny rig-
orous formal convergence considerations. The rationale behind this type
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of methods is an assumption, strongly supported by evidence from prac-
tical applications (real, not academic), that there is no way to encapsulate
DM preferences into a formal, consistent, and verifiable framework. If
so, the convergence issues are to be left to experimental investigations.

7. Annotated References

& Among methods which proceed by deriving sequences of nonef-
ficient outcomes until an efficient outcome is found one can mention
the method of Geoffrion, Dyer, and Feinberg (Geoffrion et al. 1972),
Michalowski (Michalowski 1988), Michalowski and Szapiro (Michalo-
wski and Szapiro 1989,1992). As already said, methods of this kind are
not considered in this book.

[ )

For a more detailed taxonomy of MCDM methods, not exclusively
interactive, the reader is referred to the book of Miettinen (Miettinen
1999).

& Following the listing of MCDM methods provided in Miettinen
(1999) the following assignment of methods to the three distinguished
classes seems to be the most appropriate:

- Zionts-Wallenius method (Zionts, Wallenius 1976, 1983), Tchebycheff
method (Steuer, Choo 1983, Steuer 1986), Dell-Karwan method (Dell,
Karwan 1990),

are members of the weight method class;

- the reference point method (Wierzbicki 1980, 1986, 1990, 1999),
STOM method (Nakayama, Sawaragi 1984, Nakayama, Furukawa 1985,
Nakayamaet al. 1986, Nakayama 1989, 1995), GUESS method (Bucha-
nan 1997), Light Beam Search method (Jaszkiewicz, Stowinski 1994,
1995), Reference Direction Approach method (Korhonen, Laakso 1984,
1985, 1986, Krohonen 1988), Reference Direction method (Narula et al.
1994a, b),

are members of the reference point method class;

- STEM method (Benayoun et al. 1971), ISWT method (Chankong,
Haimes 1978, 1983), SPOT method (Sakawa 1982), NIMBUS method
(Miettinen, Makela 1995, 1997),
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are the members of the constraint method class.

It is worth observing that on the methodological level another tax-
onomy of MCDM methods can be proposed. Namely, methods can be
classified with respect the manner in which the DM expresses his par-
tial preferences. He can express his preferences either in the atomistic
manner in one of two forms: preferred values of components (objective
functions) or mutual relations of those (trade-offs), or the holistic man-
ner in the form of a pattern (reference) outcome he would like to mimic
as closely as possible.

According to the latter taxonomy:

- STEM method, Zionts-Wallenius method, ISWT method, SPOT me-
thod, STOM method, Dell-Karwan method, NIMBUS method,

are members of the class where preferences are expressed in the atomistic
manner;

- the reference point method, Tchebycheff method, GUESS method,
Light Beam Search method, Reference Direction Approach method, Ref-
erence Direction method,

are members of the class where preferences are expressed in the holistic
manner.

On adetailed level these taxonomies need not to be disjoint. For exam-
ple, the NIMBUS method (Miettinen, Makela 1995, 1997), a member of
the constraint method class, combines some elements of reference point
manipulations.

[ )

A detailed description of the Zionts-Wallenius method can be found in
Zionts, Wallenius (1976,1983) and that of Dell-Karwan in Dell, Karwan
(1990). For the definition of a value (or utility) function cf e.g. Edwards
(1992), Fishburn (1986). Roy and Wallenius (Roy, Wallenius (1991))
and also Kaliszewski and Zionts (Kaliszewski, Zionts 2004) propose
generalizations of the Zionts-Wallenius method to nonlinear problems.

The Tchebycheff methods is proposed in Steuer, Choo (1983) and
Steuer (1986).

The reference point method, related to the concept of displaced ideal
by Zeleny (Zeleny 1976, 1982)), comes from Wierzbicki and is outlined
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in a series of papers (Wierzbicki 1980, 1986, 1990, 1999). Applications
of this method are reported e.g. in Gal et al. (1999).

The constraint method class contains some of the oldest of MCDM
methods, for example the STEM method (Benayoun et al. 1971), which
gained in 1970 much popularity. Other readings on methods of this class,
to mention just two, are Armann (1989), and Haimes et al. (1971).



Chapter 5

UNIVERSAL MCDM INTERFACE

"... there is so little difference, and the difference means so little.”

Joseph Conrad,
Lord Jim.

1.  This Chapter Is About ...

how any interactive MCDM method from three classes distin-
guished in Chapter 4 can be framed into a common, universal interface (a
universal interfacing standard). Taking into account diversity of MCDM
methods, the idea is potentially very attractive. Construction of such an
interface is founded on the following observations:

- every interactive decision making process can be tiered to the method-
ological tier and the technical tier,

- the methodological tier comprises evaluations of outcomes (derived
by manipulations of weights, reference points, or constraints) and pref-
erence expressing,

- all other aspects of interactive decision making are of secondary
importance to the course of decision making processes, and as such can
be designated "technical"; those aspects form a separate, technical tier;
the DM should be concerned with them only at his explicit request but
otherwise they should be kept hidden in the background.
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In Section 2 of this chapter we show how in the MCDM method
classes, outlined in Chapter 4, the methodological tier can be separated
from the technical tier. Once those tiers are separated, it becomes appar-
ent that the methodological functionalities of each class of interactive
MCDM methods can be realized via one universal interface. In Section
3 we go one step further and we show a way to relax the tight relationship
between interactive MCDM methods for solving complex MCDM prob-
lems on one side, and optimization methods on the other. We elaborate
on that concept further in subsequent chapters, in particular in Chapter
7 and Chapter 8, with a climax in Chapter 9.

2. Towards Universal MCDM Interface

We start with the observation that in practice an implementation of any
interactive MCDM method should allow for adding, dropping, tighten-
ing, or relaxing constraints to the model (2.2), as appropriate. Not only
decision making processes are dynamic (the DM can change his prefer-
ences in the course of the interactive decision making process) but also
modeling of decision making problems can seldom be accomplished in
the form of a one-step procedure. One can recall here the four phases
of MCDM processes mentioned in Introduction. Therefore, the ability
to manipulate constraints should be made a part of general functionality
of any MCDM implementation. If so, we should no longer consider
constraint manipulation as a specific element of MCDM processes. In
consequence, our trichotomous classification of MCDM methods, as
proposed in Chapter 4, folds into a dichotomic one. From now on we
distinguish only the weight method class and the reference point method
class, assuming that the constraint manipulation mechanism is (or at least
it should be) implemented irrespective of whether this is requested by
the implemented method itself, or just to ensure modeling flexibility.

Below we discuss similarities and dissimilarities of the weight method
class and the reference point method class with respect to methodology
and technicalities. We attempt to identify as much common elements
of these two classes as possible to eventually encapsulate them into a
universal MCDM interface.

The idea of a universal interface is built around the assumption that in
the weight method class outcomes are derived by solving optimization
problem (3.1), or optimization problem (3.2), or optimization problem
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(3.3) (which is a special case of optimization problem (3.1) and opti-
mization problem (3.2)).

2.1  Weight Methods Versus Reference Point Methods

2.1.1 Weight Versus Reference Point Methods - Methodological
Paradigms

As observed in Chapter 4, on the methodological level the weight
method class and the reference point method class represent two entirely
different decision making paradigms. In the weight method class pref-
erences are expressed in the form of designated weights selected from
the set of admissible weights. In the reference point method class pref-
erences are expressed in the form of designated elements selected from
the outcome space.

2.1.2  Weight Versus Reference Point Methods - Technical
Requirements

In the weight method class selecting at each iteration a vector \
amounts in fact to selecting a half line. This half line starts from y*
and contains the apexes of isograms of the objective function of opti-
mization problem (3.1) or optimization problem (3.2) (or optimization
problem (3.3) if p = 0) (cf. Figure 3.1 and Figure 3.2). Hence, the half
line has the form

{yape$ | yapeac — y* o tT, ¢ Z 0}7

for some direction (vector) 7 = (74, ..., 7). In course of an interactive
decision making process one gets a "fan" of half lines, all starting at y*
(Figure 5.1).

Also in the standard scheme of the reference point method class se-
lecting at each iteration reference point "¢/ amounts in fact to selecting
a half line. This half line starts from 3"/ and contains the apexes of
isograms (recall that, following the best practice, we assume that the
achievement function has the form (3.6) or (3.7)) of the objective func-
tion of optimization problem (3.1) or optimization problem (3.2) (or
optimization problem (3.3) if p = 0) (cf. Figure 3.1 and Figure 3.2).
Hence, the half line has the form

{yapem ‘ yapex _ yref o tT, t Z 0}’
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Figure 5.1. A fan-type decision making process.

wheret < 0,ify"/ € Z, t > 0,if y"*/ ¢ Z, for some direction (vector)
T = (71, ..., 7). In the course of an interactive decision making process
one gets a "forest" of half lines (Figure 5.2), each starting at some y"¢/.

Figure 5.2. A forest-type decision making process.

In the extended scheme of the reference point method class the DM
selects at each iteration reservation point y"** and aspiration point y**7,
y*P € 4" + RE, which amounts in fact to selecting a half line. This
half line starts from y“*? and contains the apexes of isograms of (recall
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that we assume that the achievement function has the form (3.6) or (3.7))
of the objective function of optimization problem (3.1) or optimization
problem (3.2) (or optimization problem (3.3) if p = 0) (cf. Figure 3.1
and Figure 3.2). Hence, the half line has the form

{yapeac | yapea: — yasp . tT, t 2 0 }7

where t < 0if y*? € Z,and t < 0 if y*P ¢ Z, for some direction
(vector) 7 = (71, ..., ). In the course of an interactive decision making

process one gets a "maze" of half-lines (Figure 5.3), each starting at some
yasp.

& In the weight method class direction 7 which defines the half line
{yapezv — yapecs _ tT, t Z 0}7

containing the apexes of isograms of the objective function of optimiza-
tion problem (3.1) or optimization problem (3.2), can be found as follows.

Consider first optimization problem (3.1). Given vector of weights
A, A > 0,7 =1,..., k, and parameter p > 0, apex y** of an isogram
of function

max N((yr = wi) + pet(y* —v)

satisfies
t=M((y5 — ™) + pet(y* — ye))

= Ni((y; — yi™") + peF (y* — yrer))

= Ne((yr — ™) + pef (y* — ye)),

where ¢ is a constant.
Without loss of generality we can assume ¢ = 1. To find the corre-
sponding element yPr" we have to solve the set of equations

M =y ) + pef(y* —y™ ) =1, i =1, k. (5.1)
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With y‘lf"eg’*“1 found and with £ = 1 we have

yapem1 — y* -,
hence
T = y* _ yapexl'
Observe that for p = 0,
1
* apex! .
t— s =—,i=1,..k,
yz y’], )\’L
hence
1 .
T = )\7’ 1= 1,...,k.

On the other hand, any y € Z is the apex of the isogram of
max \i((y] — i) + pe(y" —v)) = 1,

where )
No=((yf — o) +pely"—g) 7 i=1,..,k
Indeed, in this case ¥ clearly solves (5.1). By (5.2)

(5.2)

(5.3)

It is also worth observing that 7 can have nonpositive components, i.e.
the condition 7; > 0, ¢ = 1, ..., k, is not in general valid, as shown by
the example below. In other words, the relation y*7¢* € y* — Rﬁ is not

in general valid.

EXAMPLE 1 Let y* = (—0.050, 1.300), p = 0.660, A = (0.800,
0.200). For ¢ = 1 we get y°* = (0.546, —2.092), thus 7 = (—0.596,

3.392).

O

Consider now the objective function of optimization problem (3.2).
Given vector of weights A\, \; > 0,7 = 1, ..., k, and parameter p > 0,

apex y“P“* of an isogram of the function

max \i(yf — y:) + pe" (" — y)
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satisfies
apex

= My — yi™") + pet (y* — yorer)

(S b

— )\z(y: _ yquez> + p€k<y* o yapez)

= Ny — yi™) + petly" — yorer),
where £ is a constant, or equivalently

apea:) — _ apex )
. ’

t=My — % = MY — i

where ¢ - a constant.
Without loss of generality we can assume ¢ = 1. Hence

1
yquexl :yz*_)\i:y:_ﬂ; izl?"'7k> (54)
where
=X i=1,.,k (5.5)

Formula (5.5) clearly defines 7 also for optimization problem (3.3).

Itis worth observing that in the case of optimization problem (3.2) and
optimization problem (3.3), 7 does not depend on p, and the condition
7 > 0 holds. In other words, the relation y*?** € y* — Rﬁ is valid.

In the standard scheme of the reference point method class directions
7 can be found in the same manner as in the case of the weight method
class.

In the extended scheme of the reference point method class directions
7 are defined simply by 7, = |y]** — y;""|, [ =1, ..., k.
[

The decision controls of the three different decision processes types
are summarized in Table 5.1.

From Table 5.1 we see that though the weight method class and the
reference point method class represent different decision making para-
digms, they are technically very similar. Indeed, in each method of these
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Figure 5.3. A maze-type decision making process.

two classes, to proceed to the next iteration, i.e. to derive an efficient out-
come for evaluation, two decision controls are required to be specified:
either two elements of R” (as in the extended scheme of the reference
point method class), or a direction in R* and an element of R* (as in the
weight method class and in the standard scheme of the reference point
method class). In technical terms, this reduces to specifying a direction
and an element in either case, because two elements of a space uniquely
define a direction in this space.

The method classes differ by presence or absence of fixed decision
controls, and by elements selected to serve as decision controls. Methods
in the reference point method class can be regarded as more flexible than
methods in the weight method class since in the former no decision
control is a priori fixed. In practice however, as opposed to the theory,
too much flexibility is not always an asset.

Taking one step further, we can make the weight method class and
the extended scheme of the reference point method class technically
equivalent under the following restriction of the latter. Assume that
y**P = y*, i.e. aspiration points are fixed in all iterations, and the DM
can change only reservation points. It is easy to observe that such a
restriction does not constrain possible selections of directions 7, and
therefore does not constrain possible selections of efficient outcomes. If
the above assumption is justified, then with y**? = y* methods of either
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Table 5.1. Decision controls.

decision controls
fixed to be selected

weight method class Y T
reference point method class  standard scheme - 7, yref
reference point method class  extended scheme - yres, yer

class realize fan-type decision making processes (Figure 5.1). Such a
justification can probably be provided only on the base of accumulated
practical experience, and such experience seems to be still lacking.

Reducing MCDM processes to fan-type has a methodological advan-
tage. Namely, in a fan-type process the DM expresses in fact his pref-
erences in terms of proportions of concessions necessary to depart from
utopian element ¢ (in fact, from element y*, but this distinction is purely
technical) to attain an efficient outcome. The notion of direction of con-
cessions naturally arises here. Since the DM, as a rule, attributes more
importance to potential losses than to potential gains, fan-type processes
may be an appropriate framework to express his preferences more care-
fully. Moreover, as shown by formula (5.1) and formula (5.4), there
is one-to-one correspondence between vectors 7 and vectors A, so the
preference capturing mechanism in the weight method class can be eas-
ily translated to a preference capturing mechanism using the notion of
direction of concessions.

3. Universal Interface

We call the Universal Interface any MCDM interface which allows
the DM to manipulate all the decision controls listed in Table 5.1.

A simple implementation of the Universal Interface can have the form
of an application with the screen representing Table 5.1 and active fields
in this screen for the DM to input values of selected decision controls.

At each iteration, to process decision controls and possibly some ad-
ditional parameters specified by the DM, the Universal Interface has to
communicate with an optimization engine capable of solving instances
of problem (2.1) ((2.2)) (cf. Figure 5.4). The optimization engine should
handle the original problem data and at each iteration perform all the nec-
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Universal Interface

A

Y

optimization engine

Figure 5.4. Universal Interface and an optimization engine.

essary computing. The DM should be relieved of the task of optimization
engine selection, as this can be done by a specialist. Potentially, there can
be many optimization engines offered by different software providers or
vendors.

Data exchange between the Universal Interface and optimization en-
gines should be organized via a standardized message format and mes-
sage content. At present stand-alone optimization engines for interactive
MCDM with standardized message formats and message contents are
not available. Up to now MCDM method implementations are, as a rule,
all-inclusive and contain proprietary built-in optimization engines. But
with a standard for message content established there should be a sub-
stantial incentive for software providers to fill this gap. Such a standard
is established in the previous section in the form of Table 5.1.

4. Concluding Remarks

In this chapter the most distinctive features of interactive MCDM
methods are abstracted and organized into one common framework -
the Universal Interface. The Universal Interface does not impose any
restriction on the DM in manipulating weights or reference points to
express his partial preferences as he searches for the most preferred
outcome. The Universal Interface just separates the decision controls
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from the technical aspects of decision making processes, the latter now
placed in the secondary, technical tier.

There are clear advantages of viewing interactive MCDM methods
from the perspective of the Universal Interface. With the Universal
Interface in place presenting interactive MCDM principles and merits
becomes a much simpler task than it was before. Moreover, interac-
tive MCDM issues can be addressed separately by two groups: in the
methodological tier by actual DMs and decision theory researchers, and
in the technical tier by research and technical persons from areas of de-
cision theory, computer science, mathematics, software developing, and
computing service providing.

5. Annotated References

A detailed discussion about a general framework and stages of decision
making processes can be found, for example, in Simon (1977).

Here we follow steps taken in Gardiner, Steuer (1994a,b), where a rudi-
mentary, unified interactive decision making algorithm is shown to be a
common framework for a wide selection of MCDM methods. Though
this work is influential on the MCDM research community in that it
tracks down common elements in seemingly diverse methods, its impact
on practical applicability of MCDM methods seems to be limited. This
should be attributed to the fact that the perspective of a unified MCDM
framework provided by Gardiner and Steuer, appealing to MCDM re-
search community, remains still too intricate for lay DMs. In this chapter
we pursuit the same direction as Gardiner and Steuer, but we convey the
idea of unification and standardization in the field of interactive MCDM
much further.

The idea of MCDM class prototyping is discussed in Kaliszewski
(2004).

Asymmetries in DMs attitudes to potential losses and potential gains
are investigated in Kahneman, Tversky (1979).



Chapter 6

GENERIC INTERACTIVE
MCDM SUPPORT SCHEME

"The onlookers see most of the game."

A proverb.

1.  This Chapter Is About ...

... taking one more step. As shown in the previous chapter, any inter-
active MCDM method can be operated from the Universal Interface. In
this chapter we frame two MCDM method classes distinguished in Chap-
ter 5, namely the weight method class and the reference point method
class, into a generic interactive MCDM support scheme. We illustrate
the concept of the Universal Interface and the concept of generic support
scheme by a numerical example.

We restrict ourselves to methodological issues of the proposed scheme,
leaving the discussion of its versatility and its practical use to Chapter 9.

2.  Generic Interactive MCDM Support Scheme

Below, in Section 3, we propose a generic interactive MCDM support
scheme. For this aim we have to recall how DM'’s preferences can be
expressed and then encapsulated to guide interactive decision making.

The algorithmic description of the scheme we provide is very simple
and rudimentary.
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2.1 Preference Expressing In MCDM

Repetitive "man-machine" interactions are the underlying method-
ological principle in searching for preferred outcomes in any interactive
MCDM method. As a rule, the search is guided by the DM’s prefer-
ences with respect to (preferred) values of outcome components (values
of criteria). Preferences can be expressed explicitly, via constraints on
outcome components (which in fact amounts to the temporary or perma-
nent exclusion of subsets of efficient outcomes from being considered
preferred) - any MCDM method should allow constraint manipulations
(cf. Section 2 of Chapter 5), or implicitly, via weights or reference points
(as in the weight method class or the reference point method class).

The majority of MCDM methods use explicit or implicit preference
expressing with respect to absolute preferences, i.e. preferences with
respect to values of outcome components. An exception to that general
picture is the already mentioned Zionts-Wallenius method. This method
makes use of absolute preferences and relative preferences, i.e. pref-
erences with respect to relative changes in outcome component values
(measured by the "attractiveness" of a direction, as explained in Chapter
4, Subsection 3.1,

Both absolute and relative preferences serve the ultimate goal, which
is to arrive at the most preferred outcome showing the most satisfactory
compromise of outcome component values.

2.1.1 Expressing Absolute Preferences

The primary form of expressing preferences in interactive MCDM
methods is to indicate, explicitly (via constraints) or implicitly (via
weights or reference points), desired changes of some, possibly all, com-
ponents in the incumbent outcome. All interactive MCDM methods
implement this form.

2.1.2 Expressing Relative Preferences

Global trade-offs carry information on potential relative changes in
outcome components if a given efficient outcome is replaced by another
outcome. Following the definition of global trade-off, this information
pertains to the maximal possible effect of such changes.

Global trade-offs are clearly value carriers. High values of global
trade-offs for a given outcome reveals the possibility of existence of
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other outcomes, which could be more desirable (one can "trade more for
less"). By the same token, low values of global trade-offs for pairs of
outcome components can be expected in the case of the most preferred
outcome.

Asnorule can be given what is to be regarded as "high" or "low" global
trade-off values, relative preferences are (in the same way as absolute
preferences) entirely dependent on the DM perception of the decision
making problem.

Global trade-offs are general constructs applicable to any particular
form of problem (2.2). Therefore global trade-offs seem to be a suitable
tool to capture DM’s relative preferences.

At this point we do not have any tool to ensure derivation of efficient
outcomes with global trade-offs which match the DM relative prefer-
ences. As it is now, the DM can only accept global trade-offs of an
outcome or give that outcome no preference. But tools of that kind are
presented in Chapter 8.

& Itis often conjectured that when expressing his partial preferences
with respect to values of outcome components (objective functions) the
DM is consistent with his implicit value function. This conjecture can
be extended to encompass global trade-offs.

Filtering out outcomes with high values of global trade-offs can be
interpreted as a partial and implicit specification of the DM’s value func-
tion. Given a value function, there exists a number such that efficient
outcomes with all global trade-offs greater than that number cannot be
the most preferred. This justification comes from the generally accepted
assumption that value functions are componentwise increasing functions.

To illustrate, let us consider the case as shown in Figure 6.1. Assume
two efficient outcomes y* and 32, and value function v are given. Denote
o' the maximal global trade-off for y*, a? the maximal global trade-off
for 2. Suppose that o® > o' but v(y') > v(y?). Thus, setting global
trade-off upper bound equal to o and eliminating all outcomes with
global trade-offs above this bound shrinks the Pareto set but does not
eliminate the most preferred outcome.

Certainly, with more than two dimensions of the outcome space such
a simple interpretation is not available. However, still outcomes with
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T2c,1(y2) =a®

Tf2(yz) < o?

Figure 6.1.  Global trade-offs and indifference curves of a value function.

excessively high global trade-offs can be, at the DM’s discretion, elimi-
nated from potential candidates for the most preferred outcome.

[ )

2.1.3  Expressing Absolute And Relative Preferences

In MCDM literature it is common to assume that searching for the most
preferred outcome is guided by absolute preferences. At the same time,
research into behavioral aspects of MCDM demonstrates that people
often simplify their choices with respect to values and emphasize relative
changes as preference carriers.

& To frame both forms of preference expressing one can refer to
the notion of psychological stability. An outcome vy is said to be psy-
chologically stable if it has satisfactory values of components and has
acceptable global trade-offs. This is a purely qualitative and descriptive
definition giving no prescription what the satisfactory values of outcome
components and outcome global trade-offs should be. Moreover, since
those values depend on scaling of output components, DM’s satisfaction
is purely subjective.

)
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2.14 Balancing Between Absolute And Relative Preference
Expressing

One possible and quite extreme scenario of preference expressing oc-
curs when the DM specifies his preference with respect to values of
outcome components but neglects global trade-offs. The majority of
interactive MCDM methods follow this scenario. Another extreme sce-
nario occurs when the DM expresses preferences only with respect to
global trade-offs. In addition to these two extreme scenarios two mixed
scenarios are obvious options:

- a subset of outcomes with preferred values of components is de-
termined first, and next, to provide for so called isolation effect, the
DM resorts to global trade-off (i.e. relative) preference expressing and
evaluation,

- a subset of outcomes with preferred values of global trade-offs is
determined first, and next, to provide for the isolation effect, outcomes
from this subset with preferred values of components are identified.

In addition, if there is no reason for a priori exclusion of some out-
comes, any combination of the above extreme scenarios of preference
expressing should be available to the DM.

2.1.5 Firm And Non-firm Preferences

When expressing preferences in the form of weights, it is reasonable
to ask the DM if he regards his preferences with respect to a pair of
compared outcomes as firm. Firm preferences are those in which the
DM is very confident and perceives them as stable, i.e. there is limited
chance that he could change them at the later stages of the decision
making process. Otherwise, preferences are designated as non-firm.

Weight cuts, as discussed in Chapter 4, should be formed only with
respect to firm preferences.

3.  Generic Interactive MCDM Support Scheme - G152

Here we present a generic interactive MCDM support scheme. To
ensure generality of this scheme we admit both forms of preference
expressing, absolute and relative.

Generic Interactive MCDM Support Scheme — G15? — is composed
of the following five steps.
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G152

0. Derive a number of efficient outcomes and for each of them
calculate global trade-offs. Select arbitrarily one outcome
and denote it as incumbent. Denote the other outcomes as
candidates.

1. Ask the DM to evaluate each candidate against the incum-
bent. For each evaluation ask the DM if his preference is
firm or non-firm. Ask the DM to select the new incumbent.

2. Ask the DM if he wants to continue the search. If no, termi-
nate with the incumbent as the most preferred outcome.

3. Ask the DM to select objects to manipulate: weights or
reference points. If the DM selects weights to manipulate,
for each evaluation of Step 1 resulting in a firm preference
form a weight cut. Ask the DM to express his preferences
using the objects selected.

4. Derive anumber of efficient outcomes satisfying preferences
expressed by the DM in Step 3, denote them as candidates,
and for each candidate calculate global trade-offs. Go to
Step 1.

G'15?% encompasses the essence of interactive MCDM. Every existing
MCDM method can be operationalized within this scheme.

& Below we discuss the steps of G1.S? in more detail. To derive a can-
didate in Step O and in Step 4 any of the characterizations of properly
efficient outcomes presented in Chapter 3 can be used. The choice of
characterization depends on what objects the DM prefers to manipu-
late: weights (as in the characterizations by weight manipulations) or
reference points (as in the characterizations by reference point manipu-
lations). If the DM has no preference, the rule of thumb applies. For each
characterization simple heuristic rules exist for selecting the very first
outcome. For characterizations by weight manipulations a commonly
accepted rule is to use weights which are all equal. For characterizations
by reference point manipulations a commonly accepted rule is to use
point ¥ as a reference point.

Providing in Step 0 global trade-off values can be implemented in two
ways. The first possibility is to provide the DM with efficient outcomes
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and let him to select pairs of indices 7,7 = 1,...,k, ¢ # j, for which
global trade-offs are to be calculated. The second possibility is that
for each efficient outcome global trade-offs for all pairs of indices are
calculated beforehand.

In Step 1 the DM has to indicate a preferred outcome from a number
of candidates and the incumbent. If the DM is unable to do this he
should at least indicate one candidate outcome more preferred than the
incumbent and such an outcome becomes the new incumbent. If the DM
is not able to indicate even one candidate outcome more preferred than
the incumbent, then the incumbent remains unchanged.

Step 2 contains the only stopping rule which is methodologically con-
sistent with the interactive MCDM principle. The process stops as soon
as the DM is satisfied with the current incumbent. The absence of any
assumption about the structure of the DM preferences allows for no for-
mal considerations of the decision process convergence. Only if the DM
consistently adheres to expressing preferences in the form of weights
A, and subsequent sets of admissible weights reflect this consistency,
convergence measures based on a volume reduction ratio of the set of
admissible weights A (as described in Chapter 4, Section 3) are viable.

There are two obvious technical indicators of the extension of the
decision process, namely the number of interactions and elapsed time.
Each of them can be used to set a technical stopping rule.

In Step 3 the DM expresses his implicit preferences in one of the
forms:

- in the form of weights, by selecting (implicitly or explicitly) a vector
from the set of admissible weights,

- in the form of a reference point, which next has to be "mimicked" as
closely as possible by an efficient outcome to be derived in Step 4.

He can also express his explicit preferences in the form of constraints
on outcome components.

Step 4 replicates actions of Step 0, but in Step 4 the derivation of new
candidates is guided by the DM preferences expressed in Step 3.

[ )

In Section 5 of this chapter we provide a simple operationalization of
G'15? and we use it in a decision process structured along G 1.5 lines to
solve a practical example introduced in the next section .
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expected return 4

SHELL

—variance

Figure 6.2. A shell of the portfolio selection problem.

4. Practical Example

A spectacular application of the proposed approach is the famous
Markowitz mean-variance portfolio selection problem, a widely publi-
cized example of optimization applications in finance. In Section 5 of
this chapter we solve an instance of this problem by a combination of
weight and reference point manipulations guided by DM absolute and
relative preferences, as specified by GI1.52.

In the Markowitz problem the most preferred portfolio is selected from
available stocks to maximize portfolio expected return (a measure of
gain) and minimize portfolio variance (a measure of risk). The problem
comprises one linear and one quadratic criterion over a continuum of
possible combinations of available stocks. In this case the Pareto set
has the form as indicated in Figure 6.2 by the thick line (to maintain
consistently throughout this book all criteria in the form "the more the
better", the negative of variance is maximized).

Selected stocks are to consume all the available capital, usually nor-
malized to one, so stock participation in the portfolio is represented by
fractions which sum to one. We consider the case where borrowing
(short sale) for some stock is allowed (so the participation of an individ-
ual stock in the portfolio can be negative). Here the original problem is
modified by the requirement that stocks which cannot be sold short are
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to participate in the portfolio up to or above certain specified threshold
levels.
The formulation of the problem is as follows.

max — y ;4 Z;‘:l Bijxix; (maximize negative of portfolio variance)

max . ; ; €;%; (maximize portfolio expected return)
riTi=1, ("all the capital” constraint)

m;o; < x; < Mo;, (’no small trades” constraints for all j

d; =0o0rl, such that stock j cannot be sold short)

where [3;; denotes the covariance matrix coefficient for stock 7 and stock
J, e; and m; denote the expected return and the participation threshold
for stock i, respectively, M is a sufficiently large number.

Because of binary variables the problem is nonconvex, which necessi-
tates using one of optimization problems (3.1) or (3.2) to derive properly
efficient outcomes (the original mean-variance problem is R’i—convex
and in that case solving optimization problem (3.4) is advised as sim-
plest). Here we make use of optimization problem (3.1).

Data is taken from the well-known "three-stock" example by Marko-
witz and we amend it with arbitrarily selected numbers for thresholds
m;. In the Markowitz example there are three stocks denoted as ATT,
GMC, USX, characterized by the following covariance matrix and the
expected returns over one investment period:

ATT GMC USX
ATT 0.01080754 0.01240721 0.01307513
GMC 0.01240721 0.05839170 0.05542639 covariance matrix
USX 0.01307513 0.05542639 0.09422681
0.0890833  0.213667 0.234583  expected returns
none none 0.3 thresholds

We arbitrarily assume that the value of an individual stock selected for
inclusion into the portfolio cannot be greater than (constraint of that sort
mimics market regulations on short selling) ten times the value of the
available capital, therefore we set M = 10.

Lety v=—>7, 3" Bijzizy and yo = >3I, e;;.

To illustrate working with G1.S? we assume that the DM follows an
arbitrary but rational (in a vague sense) decision making scenario.

The usual practice is that the Markowitz model is solved usually once:

the DM sets the minimal level of expected return he is willing to accept
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(which reduces the first criterion to a constraint) and a portfolio which
maximizes negative of variance for that level of expected return is found.
But such a procedure severely limits the DM in his decision power.
Here we solve the problem by an interactive decision making process
following a hypothetic scenario which simulates preferences and behav-
ior of the DM. We assume that the DM is willing to search for a port-
folio which satisfactorily compromises expected return . with variance

—Y_y.
The initial set of admissible vectors of weights is A = {\|\_, >
0, \e >0, A, + A =1}
Optimization problem (3.1) for the portfolio mean-variance problem
specified above takes the form

min max{A_, ((1+ p)(y*, + i, X Bijziz;)
oy — S eims),
A((M+p) (s — X0 eir) + ply*, + X0 X0 Bijwiz;)) },
6.1)
?:l T; = 17
ms3ds < x3 < Mg,
03 =0or 1.

To be solvable by a standard optimization algorithm, (6.1) is trans-
formed to (cf. Subsection 2.1 of Chapter 3)

mint
t 2> A (L+ p) (Y, + X0 X5 Buymazs) + plys — iy eixs)),
t > A((1+p)(yr — X0y i) + p(y2, + X0 Sy Bijwiry),
Y =1,
mszd3 < x3 < M3,

03 =0or1.
6.2)
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Since the problem is unbounded in y., we arbitrarily add a constraint
Ye < 2, hence . = 2. On the other hand, y_, attains over the feasible

set its maximum equal to —0.011, so we put y_, = —0.011.
By selecting ¢ = 0.001 we get y* = (y_, + €, Yo + €) = (—0.010,
2.001).

We arbitrarily set parameter p to 0.01.

Global trade-offs are calculated by the method described at the begin-
ning of the next section.

To simulate the DM’s behavior it is necessary to assume that we know
his value function. We arbitrarily assume that the DM’s value function
is

M (y) = =30y%, +y2.

Over the feasible set this function attains its maximum (to find this
value an optimization problem is solved) equal to fPMmaz — 1379
at yPMmae — (yPMmaz g DMmaz) — (0,058, 1.216).

However, it has to be stressed here again that in practice the DM’s
value function is neither known nor it can be easily revealed. Even the
conjecture of its existence in an implicit form in the DM’s mind is often
disputed and is certainly not proved in general. We use the function
fPM(y) purely to set a decision framework for the numerical example.

5. GI1S? At Work

Below we solve the problem introduced in the previous section fol-
lowing the steps of GI1.S?. Though objects available for manipulations
are, as specified by G152, weights and reference points, to stress that
G152 falls into the framework of the Universal Interface, as described
in Chapter 5, at each iteration references are made to vectors 7.

&  We can calculate global trade-offs by a more refined method than
calculating the value of (2.7) directly.

Let Z be closed and bounded, and let i € Z be an outcome for which
global trade-off T'5 (i) exists. It is proved that:

- either there exists the maximal value p of parameter p, p > 0, for

which ¥ solves the problem

max (y; + py;),
yGZZ.— (g)
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where ZZ()) = {y € Z | yi < J 0 > 90, L =1, k, 1 # i}, (cf.
Section 4 of Chapter 2 for the definition of the related construct Z~(y)),
and

T3 () = (p)7",
- or ¢ solves the above problem for every positive p and

G-\ _
Tji(Q)—O-

We use this method of global trade-off calculation in all the numerical
examples of the book.

)

For a given vector of weights A\, \; > 0, i = 1,..., k, let y(\) denote
a (properly) efficient outcome derived be solving optimization problem
(3.1) with that \.

EXAMPLE 1 In the version of GI.S? presented below at each iteration
only one candidate is derived.

Initialization
0/_\:{)\|)\1>07 1=1,2, )\1+)\2:1}
To start the decision making process two vectors of weights

Ane = (0.5,0.5),
A° = (0.98,0.02),

where superscript inc stays for "incumbent", and superscript ¢ for "can-
didate", are selected from A by the rule of thumb. To simplify notation,
incumbent y (A\™¢) and candidates y(\¢) are not distinguished by iteration
number.

G15? sends down to the optimization engine:

inc

- vector 7'*¢ and element y*,
- vector 7¢ and element y*.

Since optimization problem (3.1) is used, vectors 7 are defined indi-
rectly by vectors A (cf. formula (5.1) and (5.2)). So G1.5? sends down in
fact vector A" and parameter p, and vector \° and parameter p, respec-
tively (with optimization problem (3.2) or optimization problem (3.3)
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there is an explicit correspondence between vectors 7 and A, cf. Chapter
5).

& Nowhere in the book the claim is made that in the framework of
the weight method class the DM expresses his preference by specifying
vectors 7. However, it is shown (Subsection 2.1 of Chapter 5) that there
is a one-to-one correspondence between vectors 7 and pairs (A, p).

[ )

The optimization engine returns:

- (properly) efficient outcome y(A\"¢) = (—0.499, 1.511),
FPM (y(A7)) = =5.192,

- (properly) efficient outcome y(A\°) = (—0.019, 1.138),
FPM(y(X)) = 1.285.

Next, G15? sends down to the optimization engine:

- two pairs of indices (—v,e) and (e, —v), and (properly) efficient
outcome y(A™),

- two pairs of indices (—v,e) and (e, —v), and (properly) efficient
outcome y(\°).

The optimization engine returns:

- global trade-off T e (Y(A)) = 2.28,
- global trade-off T (y(A™)) = 0.44,
- global trade-off T, (y(X°)) = 0.30,
- global trade-off TG L(y(\9)) = 3.33.

Iteration 1

1. Suppose that (consistently with the values of the assumed DM’s im-
plicit value function) the DM prefers y(\°) to y(A™) and this preference
is firm.

The reason for such a preference can be that outcome y(\"¢) shows
unacceptable high risk as compared to y(\°) and this risk is not out-
weighed by the significant expected return of y(\™°).

So y(AM) = (=0.019,1.138), fPM (y(\)) = 1.285.
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2. Suppose the DM wants to continue because outcome y(A"¢) has a
potential for improvement of gain at the expense of risk, as indicated by
the value of global trade-off 77, (y(\°)) equal to 3.33.

3. Suppose that the DM selects weights to manipulate. The firm prefer-
ence expressed in step 1 gives rise to a weight cut resulting from function
(4.5). In consequence, one gets two disjoint sets of conditions for A, of
which only one is consistent, namely the set:

Ay >0,

Ae <0572, 6.3

The above conditions update the initial (i.e. formed of the non-negativity
and the ’sum to one’ constraints) set of admissible weights A.

Suppose that the DM selects from the updated set of admissible weights
vector A° = (0.75, 0.25).

4. A new candidate is derived.
G15? sends down to the optimization engine:
- vector 7¢ (in fact vector A° and parameter p) and element y*.
The optimization engine returns:

- (properly) efficient outcome y(\°) = (—0.217,1.362),
FPM(y(X)) = 0.439.

Next, G1.5? sends down to the optimization engine:

- two pairs of indices (—v,e) and (e, —v), and (properly) efficient
outcome y(\°).

The optimization engine returns:

- global trade-off 7%, _(y(\°¢)) = 1.49.

—v,e

- global trade-off T7_ (y(A°)) = 0.71.

Iteration 2

1. Suppose that (consistently with the values of the assumed DM’s
implicit value function) the DM prefers y(A™¢) = (—0.019,1.138) to
y(A°) = (—0.217,1.362) but this preference is not firm.
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The reason for such a preference can be that outcome y(A°) shows
unacceptable high risk as compared to y(A™¢) and this risk is not out-
weighed by the significant gain of y(\°).

So y(A™M¢) = (—0.019, 1.138), fPM(y(\"¢)) = 1.285.

2. Suppose the DM wants to continue because outcome y(A™¢) has a
potential for improvement of gain at the expense of risk, as indicated by
the value of global trade-off 7 (y(A™¢)) equal 3.33.

3. Suppose that the DM selects weights to manipulate. Since the pref-
erence expressed in step 1 of the current iteration is not firm, no update
of the set of admissible weights is available.

Suppose that the DM selects from the set of admissible weights vector
A% = (0.90,0.10).

4. A new candidate is derived.
G15? sends down to the optimization engine:
- vector 7¢ (in fact, vector A and parameter p) and element y*.
The optimization engine returns:

- global efficient outcome y(A\°) = (—0.086, 1.251),
FPM(y(X)) = 1.345.

Next, G15? sends down to the optimization engine:

- two pairs of indices (—uv,e) and (e, —v), and (properly) efficient
outcome y(\°).

The optimization engine returns:

- global trade-off 7% _(y()\°)) = 0.89,

—v,e

- global trade-off T (y(\°)) = 1.12.

Iteration 3

1. Suppose that (consistently with the values of the assumed DM’s
implicit value function) the DM prefers y(A) = (—0.086,1.251) to
y(A"¢) = (—0.019, 1.138) but this preference is not firm.

The reason for such a preference can be that outcome y(\¢) satisfac-
torily compromises risk with gain and shows little potential for improve-
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ment of gain at the expense of risk, as indicated by the value of global
trade-off 77 (y(A")) equal to 1.12.
So y(A"¢) = (—0.086,1.251), fPM(y(\°)) = 1.345.

2. Suppose the DM wants to continue, despite the fact that y(A\““) shows
little potential for improvement of gain at the expense of risk, as indicated
by the value of global trade-off T (y(A™*¢)) equal to 1.12.

3. Suppose that the DM selects reference points to manipulate. Suppose
that as a reference point the DM selects 3"/ = (—0.070, 1.300).

4. A new candidate is derived. For that purpose vector A° = (0.90, 0.10)
is selected from the set of admissible weights by the rule of thumb. This
is exactly the same vector of weights used to derive the current incumbent
y(A™¢) because such a weight combination yields up to now the most
satisfactory compromise of risk and gain.

(G15? sends down to the optimization engine:
- vector 7¢ (in fact vector \¢ and parameter p) and element y"¢/.
The optimization engine returns:

- (properly) efficient outcome y(\°) = (—0.076, 1.240), fPM(y(\¢)) =
1.364.

Next, GIS5? sends down to the optimization engine:

- two pairs of indices (—v,e) and (e, —v), and (properly) efficient
outcome y(\°).

The optimization engine returns:

- global trade-off 7% _(y(\°)) = 0.85,

—v,e

- global trade-off T7_ (y(X\°)) = 1.18.

Iteration 4

1. Suppose that (consistently with the values of the assumed DM’s
implicit value function) the DM prefers y(A°) = (—0.076,1.240) to
y(A™€) = (—0.086, 1.251) but this preference is not firm.

The reason for such a preference can be that though outcome y(\"¢)
satisfactorily compromises risk with gain and shows little potential for
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gain improvement at the expense of risk, as indicated by the value of
global trade-off 77 (y(A™)) equal to 1.12, the overall DM evaluation
of y(\¢) is higher than of y(\™¢).

So y(Ai"e) = (—0.076, 1.240), f2M (y(Aine)) = 1.364.

2. Suppose the DM does not want to continue. The process terminates.

The decision process is summarized in Table 6.1. O

In general, one can expect that by proceeding along G1.S? lines quite
satisfactory outcomes (alternatives) can be arrived at. But no particu-
lar conclusion can be drawn from the fact that in the numerical example
solved above the decision making process terminates at an outcome (port-
folio) for which the assumed value function takes a value so close to the
maximal value of that function over the feasible set.

Table 6.1. Successive iteration data for the example portfolio selection prob-
lem of Chapter 6.

It. Preference Outcome Value Trade-off
via \, y fun. T9,., TC,
0 (0.50,0.50), y* (—0.499, 1.511) -5.192 2.28 0.44

(0.98,0.02), y*  (—0.019,1.138)  1.285 030  3.33

1 Incumbent (—0.019, 1.138) 1.285
(0.75,0.25), y*  (—0.217,1.362) 0439 149 071

2 Incumbent  (—0.019, 1.138) 1.285
(0.90,0.10), y*  (—0.086,1.251) 1345 089  1.12

3 Incumbent  (—0.086, 1.251) 1.345
(0.90,0.10), 4/ (—0.076, 1.240) 1364 085 118

4 Incumbent (—0.076, 1.240) 1.364

6. Concluding Remarks

As observed before, the scheme proposed above exploits no new ideas.
In its present form it is composed of a simple loop of two actions, namely
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of outcome derivation and outcome evaluation, where evaluations are
made on the basis of two types of information: outcome component
values and outcome global trade-offs. Outcome evaluations guide sub-
sequent outcome derivation via either weight manipulations or reference
point manipulations. All the remaining elements, by no means insignif-
icant in specific decision making problem settings, can be designated as
technical, hidden from the DM in the background, and brought out at his
explicit request only.

The scheme is the best we can do with no assumptions made about the
DM preferences and behavior, and about the decision making problem
structure. We are not going to make any assumptions about the DM
for, as stated before, such assumptions are not verifiable. We certainly
can make assumptions about the problem structure to get specialized
versions of G152, This, however, would bring us back to various MCDM
methods of which GIS? is an abstraction. Therefore, in this book we
confine ourselves to presentation and extension (in Chapter 9) of G152
in general terms.

To make the Universal Interface and G5 popular tools for MCDM
and to provide for their widespread use in the realm of decision mak-
ing we have to overcome one more obstacle, which is the need to use
optimization when solving MCDM complex problems. We tackle this
problem in the next two chapters. We aim at releasing interactive MCDM
from the "optimization grip", which is a paramount challenge. Except
specifically simply structured MCDM problems with sets of feasible al-
ternatives given in the form of lists, interactive MCDM methods rely
heavily on use of optimization problems and optimization techniques.
We challenge this reliance in the next two chapters, and eventually, in
Chapter 9, we present a soft computing form of G152,

7. Annotated References

The idea behind G152 can be traced back to numerous papers, espe-
cially those published in late 90’s of the former century and recently,
where authors express awareness of insurmountable problems related
to practical verification of assumptions made about the DM behavior
and his consistency when he makes his decisions. In particular, we can
point to Buchanan (1997) as a representative example of this stream of
research.



CHAPTER 6. Generic Interactive MCDM Support Scheme 87

Supporting schemes with relative preference expressing based on
trade-offs are proposed in Kaliszewskietal. (1997), Kaliszewski, Micha-
lowski (1999), Kaliszewski (2000), and Kaliszewski, Zionts (2004).
The concept of the isolation effect based on relative preference ex-
pressing is applied to stock portfolio selection in Jog, Kaliszewski,
Michalowski (1999). Optimization independent MCDM support is ad-
vocated in Kaliszewski (2004).

The mean-variance portfolio problem is originally proposed in Marko-
witz (1959) to become a classical problem in mathematical finance liter-
ature (cf. e.g. Elton, Gruber (1995), Zenios (1993)). From Markowitz
(1959) we take data for the example described in Section 4 and solved
in Section 5 of this chapter.

To calculate global trade-offs in Section 5 of this chapter we exploit
the method described in Kaliszewski (1993,1994b) based on paramet-
ric programming instead of finding the maximum of the formula (2.7)
directly.



Chapter 7

BOUNDS ON OUTCOME COMPONENTS

"’Now,” said Rabbit, ’this is a Search, and I've Organized it - "

A. A. Milne,
The House at Pooh Corner.

1.  This Chapter Is About ...

... our response to the challenge of creating simple and low computing-
intensive methods of interactive MCDM. In this and the next two chapters
we show how bounds on outcome components can be used in interactive
MCDM, and how to economize on computing costs. All this and no
trivia.

Rarely decision making problems are solved with exact data. Numbers
to be dealt with are usually approximations or round-offs. Therefore
exact computing makes little sense. Taking this one step further, we can
say that soft computing schemes are advisable to cope with the interactive
MCDM paradigm.

So, in response to this challenge, below we present a way of calcu-
lating lower and upper bounds on efficient outcome components for a
very small computing cost. If sufficiently tight, those bounds provide
valid assessments of efficient outcomes. The bounds can be used in any
interactive MCDM method instead outcome component true values.

This development bridges the interactive MCDM and soft computing.
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Moreover, as shown below, this development relieves interactive
MCDM methods of direct dependence on optimization techniques and
software. In consequence, bounds on outcome components can be cal-
culated in the same, uniform manner, no matter what type of models
(linear, nonconvex, discrete) problem (2.1) belongs to. This is possible
because, as shown below, there exists one common formula for lower
and upper bounds, respectively, independent of model type.

In the next section we reveal the main idea of this chapter in a more
detailed way. In Section 3 we present static bounds on Pareto sets and in
Section 4 we present Pareto set approximations based on finite subsets
of Pareto sets. In Section 5 we present formulas for calculating lower
and upper bounds on components of efficient outcomes. We illustrate
how those bounds can work in practice by solving, in Section 6 of this
chapter, a numerical example.

2.  Bounds On Efficient Outcome Components

As observed in Introduction, MCDM problems are nowadays usually
solved interactively via sequences of "man-machine" interactions. Each
interaction is composed of the "man" phase - the DM expresses his
partial preferences, and the "machine" phase - the underlying model
of the problem is used to derive an efficient outcome which fits those
preferences.

The whole process would be obviously more effective if efficient out-
comes conforming to the DM’s partial preferences could be assessed
prior to their derivation. To this aim let us assume that DM’s partial
preferences are encapsulated in and expressed by weights or at least
that weights are just a technical tool to distinguish and then to identify
efficient outcomes. We develop assessments of efficient outcomes in
the form of bounds on efficient outcome components with weights as
parameters. As shown below, this idea is fully operational.

Calculating bounds on outcome components is an alternative to deriv-
ing outcomes explicitly, and this offers significant computation savings.
Such an approach can also reduce technical complexity of MCDM meth-
ods. We postpone a detailed discussion of these issues to Chapter 9.

The idea behind parametric bounds is straightforward. It is based on
the assumption that a certain number of efficient outcomes is derived
up-front (i.e. before starting an interactive MCDM process). As well
known (cf. Chapter 3), efficient outcomes can be derived by maximiz-
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ing (or minimizing) a certain function over the outcome set. Then, as
shown below, the function, and an up-front derived outcome which max-
imizes (or minimizes) this function, yield parametric (with weights as
parameters) lower and upper bounds on components of other efficient
outcomes.

3. Bounds On Pareto Set

A prerequisite of any interactive MCDM process is to enclose the set
of all efficient outcomes of 7, i.e. the Pareto set, by a box, i.e. to derive
L, U such that

L <y; <U;,i=1,..,k, y-any efficient outcome of Z.

For any practical decision problem such bounds clearly exist. If prob-
lem (2.1) does not provide for such bounds, it should be modified ac-
cordingly to ensure boundedness of the Pareto set.

Tight upper bounds U; are given in a straightforward manner by

UZZQZ,Zzl ..... k?,

where 3 is the utopian element defined in Chapter 2.
Deriving tight lower bounds requires laborious computations. It is
common then to use iV as an approximation of L , where " is given by

N = 1 N‘-j ) = 1 ..... k
Yi je?ll,l..I.l,k} Yir ’
and
~j _ ] -
Y =arg Izljleagcyj, j=1..k.
However, it should be observed that the relation

yY < y;, y - any efficient outcome of Z,

is not, in general, valid.

Bounds L and U are static. In particular, these bounds do not change
as an interactive decision making process progresses and more outcomes
become explicitly identified.

4. Pareto Set Approximations

Any finite subset S, S C Z, of weakly efficient outcomes derived
by solving optimization problem (3.1), (3.2), or (3.4), for a number of
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vectors A, \; > 0,7 =1, ..., k, is called shell. Hence, S = {y(\°)}, s =
1,...,|S| and y(A®) is a solution of the corresponding optimization prob-
lem with A = \°. Shell are discrete representations of Pareto sets.

An outcome which is not derived explicitly (i.e. it is not an explicit
outcome) but is only designated by selecting vector A is called an implicit
outcome.

In the next section we use shells to calculate parametric bounds on
implicit outcomes, with weights A as parameters.

What we are aiming at is as follows. Suppose a vector of weights
A is given. Let y(\) denote an implicit efficient outcome of Z, which
would be derived if optimization problem (3.1), (3.2), (3.3), or (3.4) were
solved with that A. Let L(y()\)) and U(y(\)) be vectors of lower and
upper bounds on components of y()\), respectively. These bounds form
an assessment [y(\)] of y(\),

[y(N)] = {L(y(N),U(y(N)}.

To simplify notation we put L(y(\)) = L(A) and U(y(\)) = U(N).
The set of assessments calculated with a shell of Z for all possible A
forms a Pareto set parametric approximation.

& Every shell of Z defines by definition a continuous approximation
of the Pareto set. The approximation depends on which optimization
problem is used to derive elements of the shell. To see this recall (cf.
Section 3 of Chapter 2) that any y € Z which solves problem (3.1),
(3.2), (3.3), or (3.4) for some A\, \; > 0,7 =1, ..., k, and some p > 0, as
appropriate, satisfies the following condition

({7} +int(K")) N Z = {0},

where K*, i € {1,2, 3,4}, is one of the cones defined in Subsection 2.1
of Chapter 3. Hence, 7 is K*-weakly efficient.

Thus, each element i of a shell of Z (i.e. K*-weakly efficient element)
defines two dead regions, namely
upper dead region

DY(y) = int({y} + K') n{y| L <y < U},

and
lower dead region

D'(g) = int({g} — K')n{y| L <y < U},
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where i € {1,2,3,4}, depending on which problem (3.1), (3.2), (3.3),
or (3.4) is used to derive elements of the shell.

Observe that K! is a function of p, K? is a function of p and A,
K? (K® = RF) is constant, and K is a function of A (cf. Subsection
2.1 of Chapter 3).

Clearly, given K, no K‘-weakly efficient outcome belongs to the
upper dead region defined by ¢, for if otherwise, i would not be K*-
weakly efficient.

Similarly, given K%, no K'-weakly efficient outcome belongs to the
lower dead region defined by v, for if otherwise such an outcome would
not be K*-weakly efficient.

For selected K*, i € {1,2,3,4}, a continuous approximation of the
Pareto set is the union of shell elements and the space left of the box
{y € R¥ | L <y < U} after removing from it the union of upper dead
regions and the union of lower dead regions, i.e. the set

SU{y e RM| L <y < U\ {UyesD"(y) U UyesD"()}).

This continuous approximation contains all K‘-weakly efficient out-
comes of Z. In virtue of the obvious relations

RECK' i=1,..4,
the following relation holds

{set of K'-weakly efficient outcomes}

C {set of R¥ -weakly efficient outcomes}.

Thus, this continuous approximation of the Pareto set may not contain
some Rﬁ—weakly efficient outcomes, and in consequence, it may not
contain R -efficient (i.e. efficient) outcomes.

This is illustrated schematically in Figure 7.1. The left drawing shows
a Pareto set continuous approximation resulting from a shell composed of
two properly efficient outcomes derived by solving problem (3.1) or (3.2)
(circles mark weakly efficient outcomes belonging to the continuous
approximation, small black discs mark elements belonging to the union
of dead regions, and big black discs mark elements of the shell). The
right drawing shows a Pareto set continuous approximation resulting
from a shell composed of three weakly efficient outcomes derived by
solving problem (3.3).
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Continuous approximations of Pareto sets with cones K* are used for
specific purposes in Section 8 of this chapter.

Shells and the related Pareto set continuous approximations yield, as
shown below, lower and upper bounds on outcomes.

y2 4 yo A

UQ U2
o o oo o o .
o o ofe . .
. ofe . .
. o . . .

L

. e|lo o o .
. . . o
. . . . o

EQ LZ

Ly U, a8 Ly U, Y1

Figure 7.1. Continuous approximations of the Pareto set depending on
whether shell elements are derived by optimization problem (3.1), (3.2), or
(3.3).

5. Parametric Bounds On Efficient Qutcomes

In this section we present formulas for bounds on components of
efficient outcomes. The bounds are dynamic, i.e. they become stronger
with increasing number of outcomes included in the shell they are related
to. These bounds are also parametric with weights A used in optimization
problems (3.1), (3.2), (3.3), or (3.4) as parameters. Computational costs
to calculate such bounds are negligible. Here again (cf. Chapter 3)
vector of weights A plays the role of a tool to "navigate" over the set of
efficient outcomes.

Formulas we show may, at the first glance, look complicated but in
fact they consist of no more than operations of adding and taking maxima
over finite sets of numbers.
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5.1 Lower Bounds

Below we show formulas to calculate lower bounds on outcome com-
ponents. For a given vector of weights A\, A\; > 0, 1,...k, let y(\) be an
implicit efficient outcome (), which would be derived if optimization
problem (3.1), (3.2), (3.3), or (3.4) were solved with that \.

Suppose that shell S of problem (2.2) is given. For calculating lower
bounds it makes no difference which optimization problem was used
to derive shell elements. In particular, shell elements can be derived
by solving optimization problem (3.1) or (3.2) with different values of
parameter p.

When optimization problem (3.1) is used to derive (properly) efficient
outcomes we have the following lower bounding formula

y(A)i = L(S, A);

= max{y; — (A\i(1+ p)) 7" maxyes[max; \;j((y; —y;)  (7.1)

+p6k(y* - y))] + ﬁ f#(yj - U()‘)])v Ei}v 1= 17 "'7k’
where U()); are such that y(\); < U(N);, j = 1,...,k, j # i. One
possible selection of U(\); is U;, j =1,...,k, j # i.
When optimization problem (3.2) is used to derive (properly) efficient
outcomes we have

y(A); > L(S, \);
= max{y; — (\; + p)~ ! maxyeg[max; \;(y; — y;) + pe"(y* — )]

il Sy~ UW),), L}, i =1, k,
(7.2)
where U(A);, j =1,...,k, j # i, are defined as above.
When optimization problem (3.3) is used to derive (weakly) efficient
outcomes we obtain the lower bounding formula by putting p = 0 in
either of the above two bounding formulas, which results in

y(A)i = L(S, A);

= max{y; — \; ' maxyes[max; \(y; —y;)], Li}, i =1, k.
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Finally, when optimization problem (3.4) is used to derive (properly)
efficient outcomes we have

y(A)i > L(S,\);

= max{maXyGS(yi + )\;1 Z?;ﬁz Aj(yj - U(/\)]))7 El}7 L= 17 A ku
(7.4)
where U(A);, j =1,...,k, j # i, are defined as above.

& To show how the above lower bounds are derived, let us consider
Pareto set characterizations by weight manipulations presented in Sec-
tion 2 of Chapter 2, namely Characterization I, Characterization II, and
Characterization IV. We start with Characterization .

As stated in Chapter 3, a properly efficient outcome of Z can be
explicitly identified by solving optimization problem (3.1), i.e.

meigmax N((yF — i) + pef(y* —y)) forsome \; >0, i =1,..., k,
y i

and some p > 0.
Suppose that (an implicit) y(A) solves (3.1) for some A\, \; > 0, i =
1,...,k, and some p > 0. Then, foreachy € Z,

minyez max; Ai((y; — i) + pet(y* —y))
= max; Ni((y] — y(N)s) + pe®(y* — y(N)))

< max; \i((y; — vi) + pe"(y" — y)).
This entails that for each y € Z and foreach: =1, ... k,

Ai((yi = y(N)i) + pe(y* —y(N)))

< max; A (v — y;) + pe*(y* — v)).
Thus, for each y € Z and foreachi =1, ..., k,

y(N)i >y — (N1 + p)) ™ (max; A ((y5 — ;) + pet(y* —y)))

+1Tip Z?;éi(y; —y(N);)-

With outcomes of shell S, [S| > 1, upper bounds U(A);, j =
1,....k, 7 # i, and lower bounds L;, i = 1, ..., k, we obtain formula
(7.1).
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By a similar argument we obtain formula (7.2) and formula (7.4).

Since optimization problem (3.4) with all weights equal to one is the
limit of problem (3.1) or problem (3.2) for p — +oo (cf. Remark 1 of
Chapter 3), passing in formulas (7.1) or (7.2) with p to the limit +o00 we
should obtain formula (7.4) with all weights equal to one. It is easy to
check that this indeed holds.

[ )

The idea of lower bounds (7.1) can be explained as shown in Figure
7.2. Properly efficient outcomes of S = {y(\°)}, s = 1, ..., |S|, are used
to derive lower bounds on components of outcome y(\), which solves
optimization problem (3.1) for that p and that A\. The same argument
applies to bounds (7.2) and (up to the role of parameter p) to bounds
(7.3) (cf. Figure 7.3), and to bounds (7.4) (cf. Figure 7.4).

mazi i ((y] — y(N)i) + pe®(y™ — y(V))
Y2
< mazi i ((y] — yf) + pet (y* — y*))

7

Figure 7.2. A graphical interpretation of lower bounds when optimization
problem (3.1) is used to derive (properly) efficient outcomes.

5.2  Upper Bounds

Below we show formulas to calculate upper bounds on outcome com-
ponents. For a given vector of weights A\, A\; > 0, i = 1,..., k, let y(\)
be, as in the previous subsection, an implicit outcome (), which would
be derived if optimization problem (3.1), or (3.2), (3.3), or (3.4) were
solved with that \.
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max; X; (Y7 — y(A)i)

< max; A\i(y; —y;)

Figure 7.3. A graphical interpretation of lower bounds when optimization
problem (3.3) is used to derive (weakly) efficient outcomes.

Ay(A) = Ay®

y*es

Y1

Figure 7.4. A graphical interpretation of lower bounds when optimization
problem (3.4) is used to derive (properly) efficient outcomes.

Suppose that shell S of problem (2.2) is given. For calculating upper
bounds, in contrast to lower bounds, shells have to be composed of
outcomes which are derived by solving the same (up to \) optimization
problem which would be used to derive explicitly an outcome for which
upper bounds are calculated. Therefore, we work below with three types
of shells:
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- S?, where p > 0 - shells which elements are derived by solving
optimization problem (3.1) for various A and that p,

- SO - shells which elements are derived by solving optimization prob-
lem (3.3) for various A,

- S*°° - shells which elements are derived by solving optimization
problem (3.4) for various .

Shells S” and S*>° are composed of properly efficient outcomes,
whereas shells S° are composed of weakly efficient outcomes.

Given vector A\, \; > 0, « = 1, ..., k, and parameter p > 0, let y denote
a properly efficient outcome which solves optimization problem (3.1) for
that \ and that p. To stress the association between )\ and § we denote

A= A(9).

REMARK 1 Itis easy to show that § solves optimization problem (3.1)
also for the same p and for (), where

M@= (g =) +pf(y* —9) " i=1,., k. (15)
For S\(gj) we clearly have, by the definition of y*,
A7) >0,i=1,..,k,

and B
Q)i = 5:) +pe"(y" —9) =1, i=1,..k
Vectors of weights \(3) are used in upper bound formulas given below.
To show that outcome ¥ solves optimization problem (3.1) with \(7)

defined by (7.5) observe that since it solves optimization problem (3.1)
for some A > 0 and p > 0, we have

minyez max; Ai((yf — vi) + pe*(y* — )
= max; Ni((y] — 4i) + pe(y* — 7).
Thus, for any y € Z there exists index [, [ € {1, ..., k}, such that
max; A ((yf — vi) + peF(y* —y))
= N((yr —w) + pe¥(y* —v))

> N((yr — o) + pef(y* — 1))
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The last inequality remains valid if X is replaced by A(y). Moreover,
since A(9):((y; — 7)) + pe*(y* — ) = 1 forall i = 1, ..., k, then

My = w) + peF(y* — )

> M@)((yr — ) + pe(y* — ) = 1,
and _
max; M9):((yf —yi) + pe"(y* —y))

> 1 =max; \(@)i((y — i) + pe*(y" — 7).
Since the above relation holds for every y € Z, then

minyez max; A(9):((y; — vi) + pe*(y* — v))

= max; M7)i((y — 7:) + pe(y* — 7)),
hence 7 solves (3.1) with A(7). O
Suppose that p > 0 and shell S”, |S?| > 1, derived by solving opti-
mization problem (3.1) with that p is given. When optimization problem

(3.1) is used to derive (properly) efficient outcomes we have the follow-
ing upper bounding formula

y(A)e SU(SP,N);
= min{mingese [mineroy{y7 + 15, Z5ay; — MA@ (L+p)7!

— 18 X5 L Uids i =1,k e

where I(\) is a subset of indices {1, 2, ..., k} such that if [ € I()\) then
t' = min{t!, ..., t*}, where

= (4 pebr) 3@

7 is defined by formula (5.2), and L(\); are such thaty(\); > L(\);,j =
1,....k, j # l. One possible selection of L(\);is L;, j =1, ..., k, j # L.
Unfortunately, problem (3.2) does not provide for an upper bounding
formula in a closed-end form.
Suppose that shell S, |S°| > 1, is given. When optimization problem
(3.3) is used to derive (weakly) efficient outcomes we obtain the upper
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bounding formula by putting p = 0 into formula (7.6), which results in
y(N)i < U(S%,N);
= min{minge go {mine ;o\ (y; — A7)y, Ui, (7.7

i=1,..k.

Finally, suppose that shell St>° |S*°°| > 1, is given. When opti-
mization problem (3.4) is used to derive (properly) efficient outcomes
we have the following upper bounding formula

y(A);i S U(ST, )

= min{mingeg+ (7 + A(@); ' S5z ANH); (@ — LV),)), Ui}, (7.8)
i=1,..k

where L(\);, j=1,....k, j # i, are defined as above.

As seen from formula (7.8), in this case bounds on outcome com-
ponents do not depend on A but only on bounds on other components.
Therefore, in the case of L(\); = L;, j = 1,....k, j # i, bounds (7.8)
become static with respect to weights \;, i = 1 o k,and U(ST°)\) =
U(ST).

& To show how the above upper bounds are derived let us consider one
of the Pareto set characterizations by weight manipulations presented in
Section 2 of Chapter 2, namely Characterization I.

Let for some p > 0, y* € S” and let A\(y*) be defined by formula
(7.5). Suppose that (an implicit) () solves optimization problem (3.1)
for that p and some vector A\, \; > 0, ¢ = 1,..., k. Then, by Remark 1
of this chapter, we have

min,e, max; A(y*); ((y; — i) + pe"(y* — y))
= max; My*)i((y; — y5) + peF(y* — y*)) =1

< max; Ay*)i((yF — y(N)i) + pe*(y* — y(N)).
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Suppose that

max; A(y*)i((yF — y(AN)i) + pe®(y* — y(N)))

= Aw)i((yr — y(N)) + pef (v —y(N))

for some [ € {1, ..., k}. From this we get

1 < max; My*)i((yF — y(N)i) + pe*(y* — y(N))

(7.9)

= Ay )iy — (A1) + pek(y* — y(N))).
Finally,
1=y )((y; —u5) + pet(y* — y*))
<Ay — y(\) + pek(y* — y(N)).
and

y()\)l <y + 1+p Zﬁél y] (ys)l_l(l + p)_l - ﬁ Z?;&l y()‘)j .

Now we have to determine indices [ for which (7.9) holds. Observe
first that isograms of the objective function of optimization problem
(3.1),1.e.

max N((yF = yi) + pe(y* —y))

are displaced cones K, where K' = {y € R* | y; + pefy >0, i =
1,...,k} (K is independent of \).

Outcome y(A) which solves the optimization problem (3.1) can be
somewhere on the borders of displaced cones K 1 which have their
apexes on the half line y = y* — t7, where t > 0, and 7;, ©+ = 1, ..., k,
are defined by A\, p, and formula (5.2) (cf. Figure 7.5).

On the other hand, outcome y(\) cannot be in the area above the
isogram

1= max My")i((y — u7) + pe"(y" —y*)) = max My )i((y — wi)

+pe* (y* —y)),

for otherwise y* would not be a solution of optimization problem (3.1)
with A = A(y®) (cf. Figure 7.5). Hence, (7.9) holds for indices [ €
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y2

1) = {2}

y=y" —tr, t>
7 defined by (5.

Figure 7.5. Determining indices satisfying relation (7.8).

{1,...,k}, for which t; is minimal in {¢!,...,#*}, where t/, i = 1, ..., k,
are such that

y=y -t
(7.10)

My*)i((yr — yi) + pek(y* —y)) = 1.

In other words, indices [ for which ¢ are minimal in {t*, ..., t*} define
the intercept of the half line y = y* — t7, where ¢ > 0, with the isogram
of max; A(y*);((y; — i) + pe*(y* —y)) = 1 (in Figure 7.5 the intercept
is denoted y?).

Solving (7.10) for ' we get

t' = ((ri + p" )N y*)) i =1, ., k.

With outcomes of shell S”, lower bounds L(\);, 7 =1,...,k, j #1,
and upper bounds U; , i = 1, ..., k, we obtain formula (7.6).

By a similar argument applied to optimization problem (3.4) we obtain
formula (7.8).

Since optimization problem (3.4) with all weights equal to one is the
limit of optimization problem (3.1) for p — +oo (cf. Remark 1 of
Chapter 3), passing in formula (7.6) with p to the limit +0o0 we should
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obtain formula (7.8) with all weights equal to one. It is easy to check
that this indeed holds.
[ )

The idea of upper bounds (7.6) can be explained as shown in Figure
7.6. Properly efficient outcomes of S” = {y(\*)}, s = 1,...,]S”|, de-
rived by solving optimization problem (3.1) with that p, are used to derive
upper bounds on components of outcome y(A), which solves optimiza-
tion problem (3.1) for that p and that A\. The same argument applies (up
to the role of parameter p) to bounds (7.7) (cf. Figure 7.7) and bounds
(7.8) (ct. Figure 7.8).

The following argument explains why for p = 0 in some cases it
is possible to get L(SY, \); = U(S° \); for some \ and some 7. Let
two elements of S°, y' and y?, and a half line corresponding to A (cf.
formula (5.1) and formula (5.2)) be as shown in Figure 7.9. In this case
we clearly get L(S% \)y = U(S° ), . Indeed, y(\) cannot be greater
than y3 = y2, for otherwise this would contradict weak efficiency of y'.
But at the same time (), cannot be lower than 33 = y3 for otherwise
it would contradict weak efficiency of y(\). Hence, the above equality
of bounds must hold.

L]

REMARK 2 When deriving upper bounds (7.6) and (7.7) on components
of (properly or weakly, respectively) efficient outcomes we make use of
the fact that the relations \(); > 0, i = 1,...,k, hold forany y € Z. It
is easy to observe that upper bound formulas remain valid for any 3"/
replacing y*, provided that relations

(i —yi) + pef (™ —y) > 0, i =1,..., K, (7.11)

hold for any y € Z. However, for given 3¢/ and given p > 0 relations
(7.11) need not, in general, to hold (cf. Figure 7.10).

To resolve this we can proceed as follows. Observe that for all refer-
ence points different from y"¢/ but lying on the half line

{yre® | 4" = y ¢/ — . t unconstrained in sign},

where 7 is given by formula (5.2), the achievement function (3.6) yields
the same efficient outcomes.

Thus, to derive the same efficient outcomes as with y’”ef but to have
relation (7.11) satisfied, it suffices to select an appropriate element "¢/’
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Vs maziA(y*)i((y; — y(A\)i) + pe®(y™ —y(N)

> maziA(y®)i (v — v5) + pe® (v — ¥*))

Figure 7.6. A graphical interpretation of upper bounds when optimization
problem (3.1) is used to derive (properly) efficient outcomes.

such that it lies on the half line. This is illustrated in Figure 7.10 for the
case y"/ & 7.

The relations (7.11) are clearly satisfied if y"*/" is selected such that
the conditions

(i = U) + pef(yed = U) >0,i=1,..,k, (7.12)

hold. Hence, the above relation can be used an indicator for a proper
selection of 4"/ .

We account for this observation when solving a practical problem in
Section 5 of Chapter 9 . g

)

6. Parametric Bound Dynamics

It follows from the form of the derived bounds that tightness of the
lower (upper) bounds for component ¢ of a (properly or weakly, respec-
tively) efficient outcome depends on A (except bound (7.8)), cardinality
of the shell, and in case of bounds (7.1), (7.2), (7.4) ((7.6), (7.8)), on the
tightness of upper (lower) bounds on components j = 1, ..., k, i # j.

We can always improve (precisely: not worsen) lower (upper) bounds
by including more outcomes to the shell or by tightening complementary



106  SOFT COMPUTING FOR COMPLEX MULTIPLE CRITERIA DECISION ...

max; A(y°)i () — y(N)i)

> max; A(y®)i(y; — i)

Figure 7.7. A graphical interpretation of upper bounds when optimization
problem (3.3) is used to derive (properly) efficient outcomes.

Y d N d N(..8 s
: S XN <30 A

Figure 7.8. A graphical interpretation of upper bounds when optimization
problem (3.4) is used to derive (properly) efficient outcomes.

upper (lower) bounds. Each of these actions is reflected in what we call
bound external dynamics and bound internal dynamics, respectively.
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Y2

Figure 7.9. An explanation for the case where lower and upper bounds are
equal.

7. Numerical Example

To get an idea whether bounds we derived above are practical and
worth "the trouble", we perform now a small but illustrative numerical
experiment.

EXAMPLE 1 We assume Z is a sphere, Z = {y € R3 | y? + 92 + 12 <
49}. Clearly, the set of efficient outcomes for Z is {y € R?® | y? + y5 +
y2 =49, 4, >0,i=1,23},andU; =9, =7, L; =0, i = 1,2,3.
To get an insight on quality of bounds we derived let us consider, quite
arbitrarily, all outcomes which are properly efficient and have positive
integer coefficients y; and y,. In this way we get a fair dispersion of
selected properly efficient outcomes over Z. There are 30 such outcomes
where components are given by the following formula

vy and y, - integer,
Yi Z 17 1= 17 2a

YvP+ys <49, y3=/49—y? — 3.

We denote these outcomes y°, s = 1, ..., 30.
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Below we test bound tightness in two extremal cases, namely for the
case p = 400 and p = 0. In Chapter 9 a numerical example is solved
where bounds are calculated for some positive but finite p.

To calculate lower bounds we use also outcomes 3! = (7,0,0), 7 =
(0,7,0), 3* = (0,0, 7), (not properly efficient), which have to be derived
anyway to get y. Thus, for calculating lower bounds for each y° there
are 32 outcomes available to serve as a specific shell.

Case p = 00

We consider bounds (7.4) and (7.8) which correspond to the case when
optimization problem (3.4) is used to derive shell elements.

In our example, at each properly efficient outcome there is a unique
tangent hyperplane with positive coefficients. Since 7 is a sphere, vector
AN >0, i =1, ..., k, for which outcome y(\*), s = 1, ..., 30, solves
(uniquely) optimization problem (3.4) is given by y° — 0. Therefore, all
shells composed of elements 3* can be regarded S*°° type.

Testing Bound Tightness

Here we calculate bounds for all outcomes y°, s = 1, ..., 30, and verify
the quality of such bounds against the actual y°. We assume that for each
outcome y° all remaining 29 outcomes are available to serve for that y*
as shell elements.

Recall (cf. bounding formula (7.8) that in this case upper bounds do
not depend on A, so U(ST°, \) = U(ST>).

To calculate L(S*>°, \); with formula (7.4) we need U(\);, j =
1,....,k, j # i. Analogously, to calculate U (S*>°); with formula (7.8)
we need L(A\);, j = 1,...,k, j # 4. To this aim, for each outcome

y® (and the corresponding \*) we assume two settings of upper bounds
U(N);, i=1,2,3, namely

~

- setting 1: U(N); = U; = §;, i = 1,2,3, (the most loose upper
bounds),

- setting 2: U(\®); = y¢, i = 1,2, 3, (the most tight upper bounds).

Symmetrically, for each outcome y° (and the corresponding \*) we
assume two settings of lower bounds L(\);, i = 1,2, 3, namely

-setting 1: L(\*); = L; = 0, i = 1,2, 3, (the most loose lower bounds),
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- setting 2: L(\°); =y, i = 1,2, 3, (the most tight lower bounds).

The results of calculations of bounds (7.4) are given in Table 7.1. Col-
umn 1 contains outcome numbers. Columns 2,3,4 contain components
of y(A*), s =1,...,30, columns 5,6,7 contain lower bounds for the up-
per bound setting 1, and columns 8,9,10 contain lower bounds for upper
bound setting 2.

The results of calculations of bounds (7.8) are given in Table 7.2. Col-
umn 1 contains outcome numbers. Columns 2,3,4 contain components
of y(\*), s = 1,...,30, columns 5,6,7 contain upper bounds for lower
bound setting 2. For lower bound setting 1 and for all 30 outcomes upper
bounds are equal to U; = Uy = Us = 7, i.e. bounds are not tighter than
upper bounds provided by 3. Therefore, they are not included in Table
7.2.

Testing Bound External Dynamics

To get some more insight into the mechanics of bounds it is advisable
to continue our experiment. This time we want to investigate bound
external dynamics, i.e. the effect of adding elements to shells. To this
aim we calculate bounds for arbitrary selected outcome no. 30 (outcome
numbering as in Table 7.1 and Table 7.2). We start with shell ST>° =
{[15]}, where [i] denotes outcome numbered i (i.e. [15] = (3,3,5.57)),
and add to the shell at each iteration one outcome y* at time in a random
order.

The results are given in Table 7.3. The columns of the table contain:
column 1 - iteration number, column 2 - outcome number, columns
3,4,5 - components of outcome indicated in column 2, columns 6,7,8
contain lower bounds and columns 9,10,11 upper bounds on [30] after
the successive outcome is added to the shell.

This time we use the lower bound and upper bound settings 2 only.

After 8 iterations bound values stabilize and the successive adding of
outcomes [i], ¢ # 30, to the shell has no effect on them.

Clearly, bound external dynamics for a specified outcome strongly
depends on the order in which outcomes are added to the shell.

Testing Bound Internal Dynamics

It is shown earlier in this section (by calculating bounds with bound
setting 1 and bound setting 2) that bounds (7.4) and (7.8) exhibit internal
dynamics. However, we not observe, at least in the example, bound
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Table7.1. Testing bound (7.4) tightness in Example 1 of Chapter 7 (p = +00).

1 2 3 4 5 6 7 8 9 10
No Y1 Y2 Y3 Ly Lo L3 Ly Ly L3
1 1 1 6.86 0.00 0.00 5.03 0.48 0.48 6.78
2 1 2 6.63 0.00 0.00 4.14 0.48 1.74 6.55
3 1 3 6.24 0.00 0.00 3.28 0.47 2.82 6.16
4 1 4 5.66 0.00 0.47 2.38 0.46 3.87 5.56
5 1 5 4.80 0.00 1.58 1.34 0.45 4.89 4.68
6 1 6 3.46 0.00 2.86 0.00 0.39 5.90 3.29
7 2 1 6.63 0.00 0.00 4.14 1.74 0.48 6.55
8 2 2 6.40 0.00 0.00 3.20 1.74 1.74 6.32
9 2 3 6.00 0.24 0.00 0.00 1.72 2.81 591
10 2 4 5.39 0.00 0.00 1.20 1.73 3.87 5.29
11 2 5 4.47 0.00 0.63 0.00 1.72 4.89 4.35
12 2 6 3.00 0.00 2.23 0.00 1.70 5.90 2.80
13 3 1 6.24 0.00 0.00 3.28 2.82 0.47 6.16
14 3 2 6.00 0.00 0.00 2.24 2.82 1.73 5.91
15 3 3 5.57 0.00 0.00 1.15 2.80 2.80 5.46
16 3 4 4.90 0.00 0.00 0.00 2.79 3.85 4.77
17 3 5 3.87 0.00 0.04 0.00 2.77 4.86 3.70
18 3 6 2.00 0.00 2.17 0.00 2.67 5.83 1.50
19 4 1 5.66 0.47 0.00 2.38 3.87 0.46 5.56
20 4 2 5.39 0.00 0.00 1.20 3.87 1.73 5.29
21 4 3 4.90 0.00 0.00 0.00 3.85 2.79 4.77
22 4 4 4.12 0.00 0.00 0.00 3.80 3.80 3.93
23 4 5 2.83 0.00 0.04 0.00 3.75 4.80 2.47
24 5 1 4.80 1.58 0.00 1.34 4.89 0.45 4.68
25 5 2 4.47 0.63 0.00 0.00 4.89 1.72 4.35
26 5 3 3.87 0.04 0.00 0.00 4.86 2.77 3.70
27 5 4 2.83 0.04 0.00 0.00 4.80 3.75 2.47
28 6 1 3.46 2.86 0.00 0.00 5.90 0.39 3.29
29 6 2 3.00 0.18 0.00 0.00 5.00 3.00 3.87
30 6 3 2.00 2.17 0.00 0.00 5.83 2.67 1.50

cycling, i.e. U(ST>, \) yields L(S*>°, \), which yields U (ST )),
UNST>,\) < U(ST°, \), which yields L'(ST> ), L}(ST>,\) >

L(S*°,\), and so on.



CHAPTER 7. Bounds on Outcome Components 111

Table 7.2. Testing bound (7.8) tightness in Example 1 of Chapter 7 (p = +00).

1 2 3 4 5 6 7
No. (7 Y2 Y3 U1 Us Us
1 1 1 6.86 1.26 1.26 6.93
2 1 2 6.63 1.26 2.19 6.71
3 1 3 6.24 1.27 3.17 6.33
4 1 4 5.66 1.27 4.13 5.76
5 1 5 4.80 1.28 5.11 492
6 1 6 3.46 1.30 6.10 3.67
7 2 1 6.63 2.19 1.26 6.71
8 2 2 6.40 2.19 2.19 6.48
9 2 3 6.00 2.20 3.17 6.08
10 2 4 5.39 2.21 4.13 5.48
11 2 5 4.47 2.23 5.11 4.59
12 2 6 3.00 2.33 6.10 3.18
13 3 1 6.24 3.17 1.27 6.33
14 3 2 6.00 3.17 2.20 6.08
15 3 3 5.57 3.18 3.18 5.67
16 3 4 4.90 3.20 4.15 5.01
17 3 5 3.87 3.26 5.14 4.02
18 3 6 2.00 3.34 6.17 2.33
19 4 1 5.66 4.13 1.27 5.76
20 4 2 5.39 4.13 2.21 5.48
21 4 3 4.90 4.15 3.20 5.01
22 4 4 4.12 4.20 4.20 4.29
23 4 5 2.83 4.20 5.21 3.10
24 5 1 4.80 5.11 1.28 4.92
25 5 2 4.47 5.11 2.23 4.59
26 5 3 3.87 5.14 3.26 4.02
27 5 4 2.83 5.21 4.20 3.10
28 6 1 3.46 6.10 1.30 3.67
29 6 2 3.00 6.10 2.33 3.18
30 6 3 2.00 6.07 3.20 2.16
Case p=0

We continue the example and calculate bounds (7.3) and (7.7) for the
same data as before.
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Table 7.3. Testing bound (7.4) and bound (7.8) external dynamics for outcome
no. 30 in Example 1 of Chapter 7 (p = +00).

1 2 3 4 5 6 7 8 9 10 11

Iteration No. y; o Y3 Ly Lo Ls U, Us Us
1 15 3 3 557 419 000 000 7.00 7.00 4.11
2 19 4 1 566 422 0.00 0.00 7.00 7.00 3.82
3 11 2 5 447 422 0.00 0.00 7.00 510 3.82
4 22 4 4 412 521 077 000 7.00 4.19 3.15
5 24 5 1 480 521 083 0.00 677 4.19 2382
6 18 3 6 200 521 083 0.00 6.77 419 282
7 26 5 3 387 562 225 0.87 636 3.60 249
8 29 6 2 300 583 267 150 6.07 320 217
9 10 2 4 539 583 267 150 6.07 320 217

29 6 1 6 346 583 267 150 607 320 217

30 30 6 3 200 6.00 300 200 6.00 3.00 2.00

As shown in Remark 1 of this chapter, vectors of weights \*, \] >
0, i = 1,..., k, for which outcome y(A*), s = 1, ..., 30, solves optimiza-
tion problem (3.3) is given by (y —y¢) ! (cf. formula (7.5)). Therefore,
all shells composed of elements y°, s = 1, ..., 30, can be regarded as S°
type shells.

We arbitrarily assume y* = (8,8, 8).

Testing Bound Tightness

The results of calculations of bounds (7.3) and bounds (7.7) are given
in Table 7.4. Column 1 contains outcome numbers. Columns 2,3,4
contain components of y*, s = 1, ..., 30, columns 5,6,7 contain lower
bounds, columns 8,9,10 contain upper bounds.

Itisinteresting to note that bounds (7.3) and bounds (7.7) are uniformly
tighter than bounds (7.4) and bounds (7.8) calculated for lower and upper
bound setting 1.
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Table 7.4. Testing bound (7.3) and bound (7.7) tightness in Example 1 of
Chapter 7 (p = 0).

1 2 3 4 5 6 7 8 9 10
No. wy1 w2 Y3 Ly Lo Ls Uy Us Us

300 5.67 100 217 7.00 3.00 3.46
200 5.60 200 080 7.00 4.00 3.00

1 1 1 6.86 0.00 000 6.69 200 2.00 7.00
2 1 2 6.63 000 100 641 2.00 300 6.86
3 1 3 624 0.02 230 6.00 200 4.00 6.63
4 1 4 566 019 354 539 200 500 6.00
5 1 5 480 029 470 447 200 6.00 539
6 1 6 346 028 580 3.00 200 7.00 412
7 2 1 6.63 1.00 000 641 3.00 200 6.86
8 2 2 640 100 1.00 6.14 3.00 3.00 6.63
9 2 3 6.00 1.00 217 5.67 3.00 4.00 6.24
10 2 4 539 100 333 495 3.00 500 5.66
11 2 5 447 100 450 388 3.00 6.00 480
12 2 6 3.00 100 567 217 3.00 7.00 346
13 3 1 624 230 002 600 400 2.00 6.63
14 3 2 600 217 1.00 567 400 300 6.24
15 3 3 557 200 200 508 400 400 6.00
16 3 4 490 200 320 428 400 5.00 5.39
17 3 5 387 200 440 3.05 400 6.00 447
18 3 6 200 200 560 08 400 7.00 3.00
19 4 1 566 354 019 539 500 200 6.00
20 4 2 539 333 100 495 500 300 5.66
21 4 3 490 320 200 428 500 4.00 5.39
22 4 4 412 3.00 3.00 315 500 5.00 490
23 4 5 283 3.00 425 154 500 6.00 3.87
24 5 1 480 470 029 447 6.00 200 539
25 5 2 447 450 1.00 388 6.00 3.00 4.80
26 5 3 387 440 200 3.05 6.00 4.00 447
27 5 4 283 425 300 154 6.00 500 3.87
28 6 1 346 580 028 3.00 7.00 2.00 4.12
6 2
6 3

Testing Bound External Dynamics
Testing external dynamics of bound (7.3) and bound (7.7) is performed
in the same way as for bounds (7.4) and (7.8). We start with shell
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SY = {[15]} and add to the shell at each iteration one outcome ° at time
in the same order as when testing external dynamics for bound (7.4) and
bound (7.8).

The results of testing are given in Table 7.5. The columns of the
table contain: column 1 - iteration number, column 2 - outcome number,
columns 3,4,5 - components of outcome indicated in column 2, columns
6,7,8 contain lower bounds and columns 9,10,11 upper bounds on [30]
after the successive outcome is added to the shell.

Table 7.5. Testing bound (7.3) and bound (7.7) external dynamics for outcome
no. 30 in Example 1 of Chapter 7 (p = 0).

1 2 3 4 5 6 7 8 9 10 11

Iteration No. y1 o Y3 14 Lo Lj U, Uy Us
1 15 3 3 557 3.00 0.00 000 7.00 7.00 577
2 19 4 1 566 4.00 0.00 000 7.00 7.00 5.66
3 11 2 5 447 400 0.00 0.00 7.00 7.00 5.66
4 22 4 4 412 400 000 000 7.00 7.00 5.66
5 24 5 1 480 5.00 050 000 7.00 7.00 5.66
6 18 3 6 200 500 050 000 7.00 600 5.66
7 26 5 3 387 500 050 000 7.00 600 3.87
8 29 6 2 300 560 200 080 7.00 6.00 3.00
9 10 2 4 539 560 200 080 7.00 6.00 3.00
10 13 3 1 624 560 200 080 7.00 6.00 3.00
11 1 1 1 686 560 200 080 7.00 6.00 3.00
12 28 6 1 346 560 2.00 080 7.00 6.00 3.00
13 16 3 4 490 560 200 080 7.00 6.00 3.00
14 12 2 6 300 560 200 080 7.00 6.00 3.00
15 2 1 2 6.63 560 200 080 7.00 6.00 3.00
16 8 2 2 640 560 200 080 7.00 6.00 3.00
17 25 5 2 447 560 2.00 080 7.00 6.00 3.00
18 3 1 3 624 560 200 080 7.00 6.00 3.00
19 27 5 4 283 560 200 080 7.00 4.00 3.00

20 9 2 3 6.00 560 2.00 080 7.00 4.00 3.00
29 6 1 6 346 560 2.00 080 7.00 4.00 3.00

30 30 6 3 200 6.00 300 200 6.00 3.00 200
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After 19 iterations bound values stabilize and the successive adding
of outcomes [i], ¢ # 30, to the shell has no effect on them.

Clearly, also in the case p = 0 bound external dynamics strongly
depends on the order in which outcomes are added to the shell.

Testing Bound Internal Dynamics
Bounds (7.3) and (7.6) are not interrelated, hence in this case bound
internal dynamics does not occur. O

y2

"apex line"
\

Figure 7.10.  An illustration to Remark 2 of Chapter 7.

8. Parametric Bounds When &k = 2 And Z Is
Ri-convex

Assuming that optimization problem (3.3) is used to derive (weakly)
efficient outcomes, a more straightforward method to calculate paramet-
ric bounds can be proposed when k£ = 2 and 7 is Ri—convex.

IfZis R’_j-convex, then under some minor assumptions which we dis-
cuss below, deriving efficient outcomes by solving optimization problem
(3.3) 1s equivalent to finding the intercept of half liney = y* —7¢, t > 0,
with Z, where 1; = )\;1, 1t =1,...,k, (cf. Figure 7.11 and formula (5.5)).

Suppose that shell S° of Z is derived by solving optimization problem
(3.4) for n vectors A°, A\f >0, i =1,...,k, s = 1,...,n. In other words,
SY = {y(A\*)}, s =1,...,n, where y(\*) is a solution of

max \%y.
yeZ
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Figure 7.11. An interpretation of solving optimization problem (3.3) when
the Pareto set is Ri—convex.

Hence, SO = S+,

Elements of S can be ordered, increasingly or decreasingly, with re-
spect to the value of, for example, the first component. Pairs of elements
of ST which correspond to two successive values of this component
are called neighbor elements. Neighbor elements define n — 1 cutting
lines

y=oay + (1 —a)y”,

where o € R is any number and %/, 3" are neighbor elements of S°.

A lower bound L(S% \) for y(\) is given by the intercept of half line
y = y* — 7t, t > 0, with that cutting line for which ¢ has the largest
value (cf. Figure 7.12, a lower bound marked by square).

Indeed, since 7 is Rﬁ—convex, no efficient outcome can be found
"below" (in the sense as y* lies "above") any line segment connecting
neighbor elements of the shell.

Elements of S define n supporting lines

My = Xy(\), y(\¥) € S,

An upper bound U(S°, \) for y()\) is given by the intercept of half
line y = y* — 7t, t > 0, with that supporting line for which ¢ has the
largest value (cf. Figure 7.13, an upper bound marked by star).
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Y2

Figure 7.12. A simplified method to calculate lower bounds when the Pareto
set is R’_‘;—convex.

Indeed, no outcome can be found "above" (in the sense as y* lies
"above") any line \*y(A\*) = My, y(\*) € S°, because y()\*) solves
maxyecz A\°y.

These bounds are explicit, i.e. the bound on y(\); does not depend on
values of other components of y(\). This contrast with implicit bounds
(7.1), (7.2), (7.4), (7.6), and (7.8).

In the considered case one gets an assessment of y(A) in the form

[y(V)] = L(S°, A) + (U (S, A) = L(S°, A)),

for 0 <t < 1. Hence, "the region of uncertainty" of the assessment is a
segment on half line y = y* — 7¢, ¢ > 0 (cf. Figure 7.14).

Some precautions are to be taken for half line y = y* — 7¢, £ > 0, not
to miss Z, and this amounts to putting some bounds on values A\; and \y
depending on the value of parameter € used to define y* (cf. Chapter 3,
Subsection 2.1).

& Let
1= max iy
YEZ; y2=702
and
Jo = max Y.

ISART S
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Figure 7.13. A simplified method to calculate upper bounds when the Pareto
set is Rﬁ—convex.

It is easy to show that under assumptions adopted in this section (namely
k=2,and Z is Ri—convex) half line y = y* — 7t, t > 0, intercepts Z
only if (cf. Figure 7.15) the following conditions hold

PR et

— — 9

yi — T Ao €

where, we recall, y* = ¢ + €, € > 0 (cf. Chapter 3, Subsection 2.1).
[ )

9. Controlling Parametric Bound Tightness

The simplest "ad hoc" procedure to decide if a shell provides for
sufficient bound tightness is as follows. For a selected element of the
shell lower and upper bounds are calculated using all the remaining
elements of the shell, and next bounds are compared with true values of
components of that element. This procedure is repeated for all elements
from the shell. In fact, thisis exactly the procedure we apply to test bound
tightness in Example 1 of this chapter. If bounds are not sufficiently tight
(sufficient tightness is a context-dependent notion), the shell should be
amended to become a more accurate discrete approximation of the Pareto
set of the corresponding MCDM problem.



CHAPTER 7. Bounds on Outcome Components 119

Y2

Y1

Figure 7.14. When the Pareto set is R’_i—convex "the region of uncertainty"
for bounds reduces to a line segment.

But this procedure provides information on bound tightness only at
elements of a shell, and this information can be taken as only indicative
for bound tightness for other efficient outcomes.

Figure 7.15. An illustration of admissible relations between A; and Ag to
guarantee that line y = y* — 7t, t > 0, intercepts Z.

& A more systematic procedure to control bound tightness can be
proposed. Given a shell, each efficient outcome ¢ of the shell defines
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two regions: - B
{r+ RN {y[L<y<U},

(g} -Ry)n{y|L<y<U}

The regions are the upper dead region and the lower dead region,
respectively, taken with their respective borders (i.e. they are closures
of respective dead regions) (cf. Section 4 of this chapter).

Clearly, no efficient outcome except i belongs to any of these two re-
gions, for if otherwise such an outcome would dominate ¥ (contradicting
efficiency of 4) or would be dominated by ¥ (contradicting its efficiency
status).

Each efficient outcome ¢ of a shell defines 2¥ — 2 live regions:

g} + RO N{y|L <y <U},

where R% is any of sets {y | 7; ~ yi, i = 1,...,k}, ~ is either < or >
and R% # R% | Rt # —R" .

Outcome 7 is called root of the live regions it defines. Live restricted
region is the largest box (rectangular prism, in two dimensional space
- the largest rectangle) in a live region, which do not contain in its in-
terior any element of the shell. Figure 7.16 shows a live region and a
live restricted region for outcome % (the root) (bullets represent shell
elements).

The concept of live restricted regions provides for a way to control
bound tightness. In general, bound tightness can be controlled indirectly
by controlling the size (measured e.g. by max; max, ,(y; — y;) over a
live restricted region) of the maximal live restricted region. If for a
given shell bounds are not tight enough (as detected for example by the
"ad hoc" procedure described above), new elements should be included
in the shell to decrease the size of the maximal live restricted region.
Controlling the maximal size of live restricted regions keeps discrete
representations of Pareto sets provided by shells uniform and clearly
such a heuristics improves bound tightness.

Let ¢; define the required bound tightness with respect to index 1, i.e.

Ui(S°\) — Li(S%,\) < ¢ (7.13)

for any y(\) € Z, where S is a shell.
For any live restricted region we can calculate A; = max,, , |y; — i/,
where 7 is the root of this region, y € S. Then, it can be shown that for
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y2 4 a live region of §
Uz /
i a live restricted
region of ¥
ey
Ly
L 1 Ul Y1

Figure 7.16. Root g, one of its live regions, and one of its live restricted
regions.

each efficient outcome y(A) which belongs to that live restricted region
the following relation clearly holds

Ui(S,A) — Li(S,\) < A;.
Condition (7.13) is satisfied if

A = max lyi — ol < e, (7.14)

for all live restricted regions. It is equivalent to say that condition (7.13)
is satisfied if for each outcome ¢ from the shell there is another outcome
g in the shell such that |g; — g;| < ¢;.

In practice complex problems, as a rule, are formulated implicitly
in terms of decisions, constraints and criteria. Hence, to ensure the
required bound tightness, requirements have to be imposed explicitly on
admissible decisions rather than on outcomes. This can be achieved with
the help of the notion of lipschitzian functions.

A function f : X — R is said to be lipschitzian if | f(z) — f(2')| <
L||x — «'|| for any x, 2’ € X, where L is a constant.

Suppose that criterion function f; is lipschitzian over the set of feasible
alternatives X (cf. Chapter 2). We have

[fi(x) = fila")| = lyi —yi| < L|z — 2| (7.15)
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for any x, 2’ € Xj.

To satisfy (condition 7.14) and hence also condition (7.13), itis enough
to require that for each outcome y = f(Z) belonging to the shell it
contains another outcome y = f(z) such that

Lz — 7| < ¢. (7.16)

If for some outcome ¥ of the shell condition (7.16) is not fulfilled,
then an efficient alternative x of X, which satisfies this condition has to
be determined and the corresponding outcome included into the shell.

Analogous requirements apply to all the remaining indices j =1, ..., k,
J# i
[ )

10. Concluding Remarks

The ability to calculate bounds on efficient outcomes eliminates from
the interactive MCDM methods the following paradox. There is a clear,
but seemingly generally accepted, asymmetry between the DM and the
model with respect to the accuracy of the information provided. Though
it is accepted that the DM provides his preferences incomplete and in
vague terms, the existing interactive methods require the model to pro-
vide exact values. With imprecise information (partial preferences) pro-
vided by the DM one would rather expect, and accept, a margin of
imprecision in values provided by the model. If the size of the margin is
kept under control, then imprecise information provided by the model,
in principle, should neither distort the decision making processes nor
impair the DM in his ability to arrive at the most preferred decision.

The paradox we mention above has a grave consequence for the prac-
tical application of interactive MCDM methods. Namely, exact values
are provided by solving optimization problems. Optimization is not a
barrier, technical and perceptional, only for those who have acquired at
least some knowledge in this field. Such persons certainly constitute
a negligible minority of all potential decision makers. Thus, optimiza-
tion is certainly a barrier for widespread acceptability and popularity of
MCDM methods.

The bounds presented in this chapter are of particular interest in deci-
sion making problems with large-scale underlying problems (2.2). With
such problems explicit derivation of successive outcomes (decisions)
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may be costly and time consuming. Therefore, the number of trial out-
comes derived during the decision process should be kept to a minimum.
The bounds we have derived can help the DM to direct the search for
successive outcomes more carefully (the DM can be provided with un-
limited number of implicit outcomes for evaluations) and at negligible
computation cost, as compared to optimization calculations. On the
other hand, determining a shell prior to starting the decision process is
just a technical matter. We elaborate this issue in detail in Chapter 9.

To summarize, bounds on outcome components presented in this book
provide a breakthrough to prohibitive size and solution time bottlenecks
in interactive MCDM by allowing the DM to interact with a soft rep-
resentation of the underlying mathematical model rather than with the
exact model itself.

The development presented in this chapter corresponds well with other
recent efforts to provide the DM with low-cost tools to navigate in com-
plex problems through a maze of efficient outcomes and respective de-
cisions. One such tool is presented in the next chapter.

Consistently with the assumption made in Section 2 of Chapter 5, that
the Universal Interface exploits optimization problem (3.1), (3.2), or
(3.3), in the next chapters we make no use of bounds (7.4), (7.8). Those
bounds are included into this chapter solely for the sake of completeness.

11. Annotated References

The observation that 4" is not a valid lower bound on efficient out-
comes of Z comes from Weistroffer (1985).

Derivation of tight lower bounds L was studied in Korhonen et al.
(1997).

The idea of parametric lower bounds on efficient outcome components
can be traced down to Geromel, Ferreira (1991). In this work it is
shown how to calculate lower parametric bounds with respect to the shell
composed of k efficient outcomes which are solutions of optimization
problems maxycz ¥;, ¢ = 1,...,k. The problem of parametric upper
bounds is not considered there.

This chapter is based on the following works: Kaliszewski (2001a,b,
2002b, 2003a,b, 2004).

Problems of constructing Pareto set representations of required prop-
erties, pertaining to the problem of bound tightness discussed in this
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chapter, are considered in Steuer (1986) and, with respect to lipschitzian
criteria functions, in Evtushenko, Potapov (1986).

For k = 2 the required bound tightness can be achieved by the methods
developed for convex curve approximations, cf. Burkard et al. (1987),
Fruhwirth et al. (1988), Ruhe, Fruhwirth (1989), Yang, Goh (1997).



Chapter 8

BOUNDS ON GLOBAL TRADE-OFFS

"So I want you, Pooh, to search by the Six Pine Trees first, and then
work your way towards Owl’s House ... "

A. A. Milne,
The House at Pooh Corner.

1.  This Chapter Is About ...

... how we can further characterize, and differentiate, efficient out-
comes by using low computing-intensive tools. We re-examine the no-
tion of global trade-off that we first discussed in Chapter 2 and then
exploited in Chapter 6. Formal findings show that exploiting this notion
in the framework of interactive MCDM can be made computationally
inexpensive.

A lack of simple and low computing-intensive methods to calculate
global trade-offs has been a barrier for their widespread use in MCDM.
Below we show how this problem can be overcome.

The present chapter is the second in turn where formulas to calculate
bounds on quantities characterizing outcomes are presented. Here we
present formulas for bounds on outcome global trade-offs. In contrast
to bounds on outcome components (cf. Chapter 7), bounds on outcome
global trade-offs are static, i.e. they are not sensitive to new information
acquired during interactive MCDM processes. They are, however, para-
metric with weights as parameters. Similarly as in the case of bounds on
outcome components, computation cost to calculate bounds on outcome
global trade-offs is negligible.
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A global trade-off is an information specific to a designated efficient
outcome. In order to calculate a global trade-off one has to derive an effi-
cient outcome first by solving an optimization problem. This, combined
with the fact that in general to calculate one global trade-off another
optimization problem has to be solved, explains why using of the global
trade-off information has been seldom advocated in the MCDM frame-
work. The development presented in this chapter is believed to change
this situation.

2. Bounds On Global Trade-offs

Computation cost of calculating exact values of global trade-offs, i.e.
calculating the value of formula (2.6), is at least of the same order of
magnitude as solving an optimization problem to derive an efficient out-
come. Recall that there are n X (n — 1) potential global trade-offs at an
outcome. Hence, advantages of exploiting global trade-offs in decision
making processes are easily outweighed by the disadvantage of increased
computation effort. Fortunately, we can propose a way to circumvent
this barrier.

In Section 3 of Chapter 6, in the & — — @ “environment”, we show
how to calculate the exact values of global trade-offs by a more refined
method than calculating the value of global trade-off directly (i.e. by
formula 2.6). However, even with this refinement, the computational
effort to calculate all global trade-offs for an efficient outcome, except
some small problems and perhaps some special cases, is still prohibitive.

It happens that in contrast to true values of global trade-offs, upper
bounds on global trade-offs are given "free" and a priori to solving op-
timization problems used in characterizations of properly efficient and
weakly efficient outcomes, presented in Chapter 3. Sufficient parts of
these characterizations, this time accounting for global trade-offs, take
the following extended forms.

Characterization I

Sufficient condition
An outcome y which solves optimization problem (3.1), i.e. the prob-
lem

min max X ((y; — vi) + pe®(y* —v)),
yeZ 7
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where \; > 0, ¢+ =1, ..., k, and p > 0, is properly efficient. Moreover,
TS5 < (L+p)p (8.1)

foreachi,j € {1,....,k}, i # j. 0

REMARK 1 It follows from Characterization I’ that if all 7% (7) < 1,
1,7 =1,...,k, i # j, then g is a solution of optimization problem (3.1)
for some vector \ and any p. But if Tfj(g) > 1forsome i, j, i # j, then
taking p > 1/(T5 () — 1) excludes g from solutions of optimization
problem (3.1) solved with that p, no matter what \ is (cf. Example 1 of
this chapter). O

Characterization II’

Sufficient condition
An outcome 3 which solves optimization problem (3.2), i.e. the prob-
lem

min max \; (y; — yi) + pe*(y* — v),
yez i

where \; > 0, ¢+ =1, ..., k, and p > 0, is properly efficient. Moreover,
TE@) < i+ p)p ! (8.2)
foreachi,j € {1,....,k}, i # j. O

REMARK 2 It follows from Characterization II' that if all TZG] (g) <1,
i,j =1,....k, i # 7, then g is a solution of optimization problem (3.2)
for some vector A and any p. But if Tfi (y) > 1forsome i, j, i # j,then
selecting A and taking p > \;/(T%(y) — 1) excludes  from solutions
of optimization problem (3.2) solved with that p and that \. O

Recall that Z is R% -convex if Z — R" is convex.

Characterization IV’
Assume that Z is R’i—convex.

Sufficient condition
An outcome ¥ which solves optimization problem (3.4), i.e. problem

max \y,
yezZ
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where \; > 0, ¢« = 1, ..., k, is properly efficient.
Moreover,
A
TS50 < 5 8.3)
foreachi,j € {1,...,k}, i # j. If for some A > 0, Ay is a unique (up
to scalar multiplication) linear function such that

max \y = \y,
yezZ

then, provided that 7% (y) # —oc (i.e. global trade-off T.%(y) is de-
fined),

T =5 (8.4)
foralli,j=1,....k, i+#j.

REMARK 3 It follows from Characterization IV’ that taking A;/\; >
Tg(y_) excludes 4 from solutions of optimization problem (3.4) solved
with those \; and \;. O

REMARK 4 Depending on the optimization problem solved, for given
p bounds on global trade-offs are either fixed (cf. (8.1)), or parametric
with respect to (components of) vector A (cf. (8.2), (8.3), (8.4)). These
observations have some consequences for the development presented in
Chapter 9. ad

3. Numerical Examples

EXAMPLE 1 Let Z be given as in Figure 8.1. We have

fory = {a}v Tl(,;Q(y) =4, Tz(i(y) = =09,
for Yy = (CL, b)a TfQ(y) = 47 TZC:YI(y) = 0257
fory = {b}v T1G,2(y) =1, T2G,1(y) =0.25,
for Yy = (b7 C)a Tg?(y) = 17 Tgl(y) = 17
fory = {C}v T1,2(y) = 0.125, T2,1(y) =1,
fory = (c,d), TfQ(y) = (.125, Tfl(y) =8,
for Yy = {d}’ TEQ(y) = =00, TQG,’I(y) = 87

where (y',y") represents the open line segment between ¢y’ and 3", i.e.
W) ={yly=ay +(1—-a)y’, 0<a <1}
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Suppose we want to derive some properly efficient outcomes but only
those for which global trade-offs are bounded as follows

TO(y) <2 and Tyi(y) <4.

To this aim we can make use, for example, of Characterization II’. We
set

A A
2+,02§2 and 1+,01§4,
P1 P2
which gives
A1+ 4A Ao+ 2X
p< =g and <=

For example, for A\; = Ay = 0.5 we have p; = % , P2 = % . According
to Characterization II' and as illustrated in Figure 8.1, taking p; and
po satisfying the above relations guarantees that no outcome from the
segments (a,b)U{a} and (¢, d)U{d}, and all outcomes from the segment
(b,¢) U {b} U {c} can be derived by solving

ryneig max((Ar + p1) (W7 —y1) + p2(ys — v2)), (A2 + p2)(v5 — ¥2)

+p1(y7 —v1)),
where \; > 0, Ay > 0. O

EXAMPLE 2 Let us revisit the numerical Example 1 of Chapter 7. As
already observed, in the problem considered there, at each properly effi-
cient outcome y of Z there is a unique tangent hyperplane with positive
coefficients. Thus, to derive global trade-offs we can make use of for-
mula (8.4), which provides exact global trade-offs. Since Z is a part of
a sphere, vector \°, \f >0, i =1,...,k, s = 1, ..., 30, for which y(\)*
solves (uniquely) optimization problem (3.4) is given by y* — 0.
Global trade-offs for vectors A\° for all 30 properly efficient outcomes
y(A)*® considered in the example are given in Table 8.1. From formula
(8.4) it follows that T.C(-) = (T,%)'(:) for i, j = 1,2,3, i # j, when-
ever T}7%(-) # —oo (i.e. global trade-off T (-) is defined). O

& Sufficient parts of Characterization I’ and Characterization II’ can
be further modified to provide for more flexibility in bounding trade-offs.
Let [ ={1,...,k}.
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Figure 8.1.  Selective outcome derivation in Example 1 of Chapter 8.

Characterization I”

Sufficient condition
An outcome i which solves the optimization problem

min max Ny — ) + Z pe(yr — yt)) (8.5)
ez tel

where \; > 0, 7 € I, and p; > 0, t € I, is properly efficient. Moreover,
TS(@y) < (L4 pi)p; !

foreachi, t € I, 1 # t. O

Characterization IT”

Sufficient condition
An outcome ¥ which solves the optimization problem

min max A; (y; — v;) + Z pe(yr — ye), (8.6)

vez i tel
where \; > 0, 7 € I, and p; > 0, t € I, is properly efficient. Moreover,
TS(@) < N+ pi)pr !

foreachi,t € {1,....,k}, i #t. O
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Let[lgI, |[1’22, [2:[\11

Characterization 1"

Sufficient condition
An outcome ¥ which solves the optimization problem

mip max[max Ai((y7 = i) + > pu(y; =), max Ay —vi)], 8.7)
yez i€ el i€ls

where \; > 0, i € [,and p; > 0, t € I, is weakly efficient. Moreover,
T < U+ pip, !

foreachi e I, t € I, t # 1. O

Characterization 11"

Sufficient condition
An outcome y which solves the optimization problem

min max[max)\ )+ > oy — ), max \; (yf —v:)], (8.8)
yez el el i€ls

where \; > 0, i € I,and p;, > 0, t € I, is weakly efficient. Moreover,
Tﬁ(@) <N+ pi)p

foreachi e I, t € I, t #i. O
[

4. Concluding Remarks

With Chapter 7 and Chapter 8 we are in possession of tools which
provide, for a selected vector A:

- bounds on efficient outcome components,
and
- bounds on efficient outcome trade-offs,

for an implicit outcome y(\), i.e. a (weakly or properly) efficient out-
come which would be derived if a certain optimization problem were
solved with that \. Having this, we claim that we have responded to the
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Table 8.1. Global trade-offs for Example 1 of Chapter 7.

1 2 3 4 5 6 7
No Y1 Y2 Y3 TfQ(y) T1G,3(Z/) T2C,;3(3/)
1 1 1 6.86 1.00 1.00 6.86
2 1 2 6.63 2.00 6.63 3.32
3 1 3 6.24 3.00 6.24 2.08
4 1 4 5.66 4.00 5.66 1.42
5 1 5 4.80 5.00 4.80 0.96
6 1 6 3.46 6.00 3.46 0.58
7 2 1 6.63 0.50 3.32 6.63
8 2 2 6.40 1.00 3.20 3.20
9 2 3 6.00 1.50 3.00 2.00
10 2 4 5.39 2.00 2.70 1.35
11 2 5 4.47 2.50 2.24 0.89
12 2 6 3.00 3.00 1.50 0.50
13 3 1 6.24 0.33 2.08 6.24
14 3 2 6.00 0.67 2.00 3.00
15 3 3 5.57 1.00 1.86 1.86
16 3 4 4.90 1.33 1.63 1.23
17 3 5 3.87 1.67 1.29 0.77
18 3 6 2.00 2.00 0.67 0.33
19 4 1 5.66 0.25 1.42 5.66
20 4 2 5.39 0.50 1.35 2.70
21 4 3 4.90 0.75 1.23 1.63
22 4 4 4.12 1.00 1.03 1.03
23 4 5 2.83 1.25 0.71 0.57
24 5 1 4.80 0.20 0.96 4.80
25 5 2 4.47 0.40 0.89 2.24
26 5 3 3.87 0.60 0.77 1.29
27 5 4 2.83 0.80 0.57 0.71
28 6 1 3.46 0.17 0.58 3.46
29 6 2 3.00 0.33 0.50 1.50
30 6 3 2.00 0.50 0.33 0.67

call formulated in Preface for simple, low computing-intensive MCDM
methods. We return to this topic and discuss it in detail in the next
chapter.
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Consistently with the assumption made in Section 2 of Chapter 5,
that the Universal Interface exploits optimization problem (3.1), (3.2),
or (3.3), in the next chapters we make no use of bounds (8.3). Those
bounds are included into this chapter solely for the sake of completeness.

5. Annotated References

Bounds on global trade-offs for outcomes derived by solving opti-
mization problem (3.1) are established first in Wierzbicki (1990), and for
outcomes derived by solving optimization problem (3.2) in Kaliszewski
(1994b).

More flexible global trade-off bounding schemes via making use of
variations of optimization problem (3.1) or (3.2) are proposed in Kalisze-
wski and Michalowski (1995, 1997) (cf. characterizations I’, II’, IV”,
>, 11, I, Il in this chapter).

The idea to use such schemes to differentiate efficient outcomes as a
decision supporting tool is put forward and elaborated in Kaliszewski,
Michalowski (1995, 1997, 1999), Kaliszewski, Michalowski, Kersten
(1997), Kaliszewski (2000), Kaliszewski, Zionts (2004), and further ex-
tended in Koktener-Karasakal, Michalowski (2003).

The practical importance and consequences of deriving efficient out-
comes with a priori bounds on global trade-offs is demonstrated, for
example, when solving a water quality management problem modeled
as an MCDM problem, as reported in Makowski et al. (1996).



Chapter 9

SOFT COMPUTING
FOR COMPLEX MCDM PROBLEMS

"Diversity of opinion about a work of art shows that work is new,
complex, and vital."

Oscar Wilde,
The Picture of Dorian Gray.

1.  This Chapter Is About ...

... building on the material presented in all previous chapters, but espe-
cially in Chapters 5 to Chapter 8. We demonstrate practical applicability
of two sets of quantities elaborated in Chapters 7 to 8, namely:

- bounds (lower and upper) on efficient outcome components,
- bounds (upper) on efficient outcome trade-offs.

We also point to potential impact these concepts can have on interactive
MCDM methods. Finally, we discuss issues related to implementation
of these two concepts into existing interactive MCDM methods, and
illustrate viability of these concepts by solving numerical examples.

2.  Solving Complex MCDM Problems With Soft
Computing
When dealing with complex problems existing interactive MCDM
methods rely on hard (exact) computing. This and the fact that deriva-
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tion of efficient outcomes and calculation of global trade-offs requires
optimization makes these methods high computing-intensive.

With bounds on efficient outcome components and efficient outcome
global trade-offs presented in Chapters 7 and 8 we are in position to
switch the interactive MCDM framework from hard to soft (i.e. inexact,
approximate) computing. By this we can economize on computing costs.

Soft computing can be incorporated into interactive MCDM methods
in two places.

The first place are DM evaluations of the exact values of outcome
components, which can be replaced by evaluation of bounds on outcome
components. Such a replacement is fully justified in practical decision
making problems in which effects are measured up to some meaningful
units. Below, following the convention introduced in Chapter 7, we refer
to a pair of parametric bounds L(\) and U(\) calculated for an implicit
efficient outcome y(\) as its assessment, [y(\)] = {L(A), U(N)}, in that
sense that

L) <y(A) U, 9.1

(cf. Chapter 7, Section 4).

Fairness of such assessments, i.e. tightness of bounds (9.1) is dis-
cussed and formulas to calculate L(\) and U () are presented in Chapter
7.

The second place where soft computing can be incorporated into inter-
active MCDM are evaluations of (the exact values of) global trade-offs.
In such evaluations global trade-offs can be represented by evaluations
of their corresponding upper bounds. If y()\) is an implicit efficient
outcome and 7% (y())) one of its global trade-offs, then

TS (y(N) < Wig(A), (9.2)

where W ;()) is a parametric upper bound on 7,7 (y())). Formulas to
calculate such bounds are presented in Chapter 8.

Below we discuss in more detail issues related to incorporating soft
computing into interactive MCDM methods in general, and in particular
into G152, which, as claimed in Chapter 6, can be regarded as a generic
representative of interactive MCDM methods.
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3. Applications Of Parametric Bounds To Interactive
MCDM Methods

Bounds on efficient outcome components (9.1) ((7.1) - (7.3), (7.6) -
(7.7)) and bounds on global trade-offs (9.2) ((8.1) - (8.2)) can be incorpo-
rated easily into any instance of a wide spectrum of existing interactive
MCDM methods, which use problems (3.1) - (3.3) to identify outcomes
(alternatives). Existence of simple tools to assess outcome components
and to assess outcome global trade-offs without the necessity of explicit
outcome derivation can have a significant impact on popular usage of
interactive MCDM methods.

Consistently with the assumption made in Section 2 of Chapter 5,
that the Universal Interface exploits optimization problem (3.1), (3.2),
or (3.3), here we do not consider optimization problem (3.4), bounds on
efficient outcome components (7.4), (7.8), and bounds on global trade-
offs (8.3).

There are three essential issues related to the practical applicability of
parametric bounds of type (9.1) and (9.2). They are:

- the issue of optimization and cost effectiveness,
- the issue of fitness,
- the issue of versatility.

In the next three consecutive subsections we discuss these issues with
respect to bounds on outcome components.

There is no need to discuss these issues in detail with respect to bounds
on global trade-offs. Bounds of type (9.2) are easily calculable a priori
once vector A\ and parameter p are specified. In fact, these bounds are
given almost at no computation cost (cf. Chapter 8). Hence, global
trade-off bound calculations are indeed cost effective. For the same
reason global trade-off bound calculations fit any interactive MCDM
method.

3.1 Optimization and Cost Effectiveness

As said before, when dealing with complex problems existing inter-
active MCDM methods use optimization to derive outcomes. This, we
believe, is the main obstacle for widespread use of these methods for
solving practical decision making problems. Using optimization meth-
ods requires some skill. Lay use of optimization methods is hampered
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by the constant concern: are the strings of digits I receive from the opti-
mization package meaningful? Support from an analyst or facilitator can
be great help, but certainly far from all DMs like to reveal their extent
(or lack) of analytical abilities and make their preferences known to the
public, even to sworn to silence consultants.

Moreover, it is necessary to have access to external computer facilities,
when a desk top computer does not have sufficient capacity. This is
essential requirement for medium- and large-scale MCDM problems.
An on-line connection can be costly, and subject to bottlenecks. An
off-line connection may be time-delayed and therefore frustrating.

The standard action of any interactive MCDM method is to derive
at each iteration at least one efficient outcome for the DM to evaluate.
An alternative, soft computing approach would be to calculate bounds
(9.1) (outcome assessment) on outcome components instead of deriving
outcomes explicitly, which, given a shell, is a much easier task.

If sufficiently tight, bounds could be used then to decide whether the
corresponding implicit efficient outcome, if explicitly derived, could be
of interest to the DM. If this outcome could be of no interest to the DM,
it does not need to be explicitly derived, which results in saving both
time and optimization computing. If this outcome could be of interest
to the DM, the DM has still two options. The first option is to have the
outcome explicitly derived and then evaluated. The second option for
the DM is to evaluate bounds on components of this outcome instead of
exact values of components, which again results in saving both time and
optimization computing. In the extreme scenario explicit derivation of
outcomes is eliminated, as illustrated in Figure 9.1.

To get some insight into potential savings on computations when us-
ing outcome assessments instead of just outcomes, let us consider the
following numerical example.

EXAMPLE 1 Let Z ={y € R?| Y7 yi=1, 4 >0, i =1,2}.

We have §j = (1.0,1.0), L; =0, U; =1, i = 1,2.

We arbitrarily set y7 = ; + €, ¢ = 1,2, where ¢ = 0.1, hence
yr=11,i=1,2.

For calculating upper and lower bounds we assume L()\); = L; and
UN); =U;, i=1,2forall \.

Suppose shell SY is given, S° = {(0.0,1.0), (1.0,0.0), (0.75,0.25),
(0.25, 0.75), (0.5,0.5)} and bounds on outcome components are cal-
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DECISION PHASE:
INITIAL PHASE:
the DM interacts with
a shell is produced

a bound calculator
without DM’s involvement
coupled to the shell

Figure 9.1. Phases of decision processes respective to the role of shell.

culated by formula (7.3) and (7.7). These formulas are related to opti-
mization problem (3.3. Thus, vectors A for which shell elements solve
optimization problem (3.1) are given by formula (7.5) with p = 0.

& Observe that if to calculate bounds on outcome components one
applies the method proposed in Section 8 of Chapter 7 (this method
applies for Z is Rf‘;—convex), then, because of the shape of Z, in this
particular case one gets the exact component values.

[ )

Below we follow the steps of G1.5? modified by use of bounds on
outcome components. For the sake of clarity of presentation, in this
example we drop any reference to trade-offs.

Initialization
0.A={\|N>0,i=1,2 A\ +X\=1}
To start the decision making process two vectors of weights

Aine = (0.67, 0.33),
A° = (0.33, 0.67),

are selected from A by the rule of thumb. To simplify notation, incumbent
and candidates are not distinguished by the iteration number.

G152 sends down to the bound calculator:
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inc

- vector 7" and element y*,
- vector 7¢ and element y*,

where vectors 7 are defined by formula (5.5).
The bound calculator returns:

- assessment of implicit (weakly) efficient outcome y(A™°),
- assessment of implicit (weakly) efficient outcome y(\°),

see Table 9.1 (cf. Figure 9.2, where rectangles defined by the correspond-
ing bounds represent the assessments of outcomes y(A™¢) and y(\°)).

Table 9.1. Example 1 of Chapter 9, Initialization: bounds on y(\) for A<
and A\°.

A o L) U L2 U
y()\mc) 0.67 0.33 0.68 0.75 0.25 0.50
y(X) 033 0.67 0.25 0.50 0.68 0.75

Iteration 1

1. Suppose that on the base of examining bounds the DM prefers the
outcome corresponding to A¢ (i.e. implicit y(A\¢)) to the outcome corre-
sponding to A (i.e. implicit y(A™¢)). Hence, there is no need to derive
explicitly y(A™¢) and y(\°) for evaluation.

So implicit y(\) corresponding to A = (0.33, 0.67) becomes the
(implicit) incumbent.

2. Suppose the DM wants to continue.

3. Suppose that DM, on the base of examining bounds for the incumbent,
decides that his preferred outcome should satisfy additional constraints,
namely y; < 0.40, y, > 0.50. This results in a modified problem with
the following data update:

g1 =04, yF = 0.5,

U, = U(\) = 0.40, Ly = L(\) = 0.50 forall A € L.
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4. An assessment of a new implicit candidate is derived. For that purpose
vector \* = (0.67, 0.33) is selected form the set of admissible weights A.
This is the same vector selected in Initialization but since the problem
is modified, this vector refers now (probably but not necessarily) to a
different outcome. Because of problem modification we expect also to
get a different assessment for (A7),

Figure 9.2. Example 1 of Chapter 9, Initialization: bounds on y()) for A"¢
and A\°.

G152 sends down to the bound calculator:

- vector 7¢ and element y*,
- vector 7*¢ and element y*.

The bound calculator returns:

- assessment of implicit (weakly) efficient outcome y(\°),
- assessment of implicit (weakly) efficient outcome y(A™°),

see Table 9.2 (cf. Figure 9.3).

From Table 9.2 we see that bound tightness, as compared to bounds
in Table 9.1, deteriorated. This is the consequence of the shrunk shell:
with the constraint y; < 0.4 outcomes (1.0, 0.0), (0.75,0.25), (0.5,0.5)
are no longer valid elements of S°. Depending on the required bound
tightness, one can either include more efficient outcomes (feasible to
the modified problem) into the shell, if bounds are not sufficiently tight,
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Table 9.2. Example 1 of Chapter 9, Iteration 1: bounds on y(\) for A€ and
AC.

i A YA L(\%) U\ L(X\%)s UMy
y(A"©) 0.33 0.67 0.00 0.25 0.85 1.00
y(X°) 0.67 0.33 0.25 0.40 0.60 0.75

or proceed with the shell unchanged, if otherwise. In this example we
proceed with the latter scenario.

Figure 9.3. Example 1 of Chapter 9, Iteration 2: bounds on y(\) for A*¢ and
AC.

Iteration 2

1. Suppose that on the base of examining bounds the DM prefers outcome
corresponding to A7 (i.e. implicit y(A™)) to outcome corresponding to
A° (i.e. implicit y(A°)). Hence, there is still no need to derive explicitly
y(A°) and y(\") for evaluation.

So implicit y(\) corresponding to A = (0.33, 0.67) remains the (im-
plicit) incumbent.

2. Suppose the DM wants to continue.
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3. Suppose that DM, on the base of examining bounds for the incumbent,
points out to vector of weights \* = (0.50, 0.50) as an interesting option.

4. An assessment of a new implicit candidate corresponding to \° =
(0.50,0.50) is derived.

G152 sends down to the bound calculator:
- vector 7¢ and element y*.
The bound calculator returns:

- assessment of implicit (weakly) efficient outcome y(\°),

see Table 9.3 (cf. Figure 9.4).

Table 9.3. Example 1 of Chapter 9, Iteration 2: bounds on y(\) for A™*¢ and
A

i Al Ab LX) UWN) L(N)2 U2
y(A") 033 0.67 0.00 0.25 0.85 1.00
y(X) 050  0.50 0.15 0.25 0.75 1.00

Iteration 3

1. Suppose that on the base of examining bounds the DM prefers out-
come corresponding to \° (i.e. implicit y(A¢)) to outcome corresponding
to A\ (i.e. implicit y(A™¢)). Hence, there is still no need to derive ex-
plicitly y(\7).

So implicit y(\) corresponding to A = (0.50,0.50), becomes the
(implicit) incumbent.

2. Suppose the DM does not want to continue. The (weakly) efficient
outcome y(A™) is derived explicitly by solving problem (3.3) which
yields y(A™¢) = (0.20, 0.80). O

&  One can think of exploiting shells which are built during standard
courses of interactive decision making since at each iteration at least one
efficient outcome is derived. When such a shell consists of a sufficient
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number of outcomes and lower and upper bounds become sufficiently
tight, (clearly, bounds become more tight as the number of outcomes
in the shell increases), the DM can switch from evaluating efficient out-
comes to evaluating efficient outcome assessments. As already observed,
the sufficient tightness of bounds is a context-dependent notion. But one
can hardly expect that during standard courses of interactive decision
making shells of sufficient cardinality can be built. It has been found
by experience that the number of iterations required to reach an efficient
outcome, which for the DM is the most preferred, is usually small.

[ )

Y1

Figure 9.4. Example 1 of Chapter 9, Iteration 3: bounds on y()) for A*¢ and
A°.

& Insomeinstancesitis possible to have weight cuts formed (cf. Chap-
ter 4) even for implicit outcomes. Suppose that for two implicit outcomes
y(AY), y(\?) their assessments { L(A\Y), U(A')} and {L()\?), U(\?)} are
calculated by formula (7.2) and formula (7.6). Suppose that on the base
of the assessments the DM prefers implicit outcome y(A!) to implicit
y(A\?). It is reasonable to assume that the DM prefers U(A') to L()\?)
irrespective of whether U(\') € Z or L(\?) € Z. It is possible then
to form a weight cut with respect to U(\!) and L(A\?). For example,
consider weight cuts resulting from function (4.5). If the DM prefers
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U(AY) to L(A\?), then the weight cut takes the form

max; A ((y; — U(AY);) + pef(y* — U(AY))

< max; \i((y;f — L(A?) + eF(y* — L()\?)). ©.3)

However, this cut is not trivial only if U(A') does not dominate L()\?).
We exploit cuts arising from outcome bounds when solving a numer-
ical example in Section 6 of this chapter.

'S
3.2 Fitness

The second issue related to the practical applicability of parametric
bounds on outcome components to interactive MCDM methods is the
issue of fitness. This is how the concept of parametric bounds fits these
methods and how such bounds can be incorporated into them. A framing
of interactive MCDM method classes proposed in Section 2 of Chapter 5
forms a basis for discussion of possible ways to implement these bounds.

Once shell S° or S” is established, lower and upper parametric bounds
on components of (properly or weakly) efficient outcomes are fully de-
fined by weight vectors A, parameter p, and element y* (cf. formulas
(7.1), (7.3), (7.6), (7.7).

In other words, as seen from formulas (5.2) and (5.1), this is equivalent
to the statement that these bounds are in fact defined by half lines starting
from y* along some vector 7 (cf. Figure 7.2, Figure 7.3, Figure 7.6, and
Figure 7.7).

In Remark 2 of Chapter 7 it is shown how the bounds can be adapted
to the reference point method class with reference point 4"/ replacing

*

Y.
As shown in Chapter 5 (cf. Table 5.1) vector 7 and elements 3* or 3"/

are the only objects used within the Universal Interface (for elements y"**
and y*°P define vectors 7).

Thus, parametric bounds fit any method which falls into the Universal
Interface framework.

3.3  Versatility

The development of parametric bounds, together with the idea of the
Universal Interface, can give a new stimulus to applications of interactive
MCDM since it permits the relocation technicalities related to decision
making to the background of decision making processes.
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With this development the need for solving optimization problems
can be confined to establishing shells and this can be left to external
computing service providers. Such providers would cope with origi-
nal underlying models, do all necessary optimization computations, and
provide shells which guarantee a priori assumed bound tightness.

Itis left then to the "machine" phase of the interactive decision making
process to cope solely with simple formulas (a simple bound calculator
is needed instead of an optimization engine) which can even be imple-
mented in a spreadsheet (cf. Figure 9.1).

3.4 Practical Example

Let us exemplify the arguments given up to now in Section 2 and Sec-
tion 3 of this chapter by solving the Markowitz mean-variance problem
with soft computing.

To find the most preferred portfolio reflecting the DM’s risk versus
gain profile in the interactive manner with hard computing (i.e. with ex-
plicit efficient outcome derivation) several efficient portfolios have to be
derived explicitly. This involves optimization, i.e solving optimization
problem (3.1) or (3.2). This also requires that the DM has an access,
direct or indirect, to a solver capable of solving problems with several
hundreds of variables (the number of stocks listed on large exchanges
reaches well over thousand), and to a significant computing power.

With soft computing, if a shell for a specific instance of the Markowitz
problem is known, the DM is able to locate the most preferred portfolio
y(A) within the range

L) < y(\) < U, 9.4)
where L(\) and U () are calculated as shown in Chapter 7.

It is clear that the effort to derive a shell for a practical size of the
Markowitz problem may be well beyond capacities of even some finan-
cial institutions, not to mention individual investors. But shells could be
derived and published e.g. by exchanges or brokerage houses as a ser-
vice to investors. This would result in a more appropriate allocation of
tasks: investors would concentrate on portfolio building, whereas opti-
mization would be left to optimization specialists and computing service
providers.
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In the Section 6 of this chapter we solve with soft computing the
same instance of the Markowitz mean-variance problem solved already
in Section 5 of Chapter 6.

4. Soft Computing with G152

The best way to corroborate the soundness of our arguments with
respect to the issue of optimization and cost effectiveness, fitness, and
versatility of parametric bounds, is to show how those issues can be
interpreted and implemented along lines of G152 — Generic Interactive
MCDM Support System - presented in Chapter 6. We attempt to achieve
that in this and the next section.

Below we modify the steps of the original GIS? to get its soft ver-
sion. Within this soft version deriving implicit outcomes or calculating
trade-offs is understood as calculating bounds on outcome components
and bounds on global trade-offs. This modification results in Generic
Interactive MCDM Soft Support Scheme - G153,

(1S3 mirrors the same pattern of five steps of which G152 is com-
posed.

GIS?

0. Derive a number of implicit efficient outcomes and for each
of them calculate global trade-offs. Select arbitrarily one
outcome and denote it as incumbent. Denote the other out-
comes as candidates.

1. Ask the DM to evaluate each candidate against the incum-
bent. For each evaluation ask the DM if his preference is
firm or non-firm. Ask the DM to select the new incumbent.

2. Ask the DM if he wants to continue the search. If no, ter-
minate with the incumbent as the most preferred implicit
outcome.

3. Ask the DM to select objects to manipulate: weights or
reference points. If the DM selects weights to manipulate,
for each evaluation of Step 1 resulting in a firm preference
form a weight cut. Ask the DM to express his preferences
using the objects selected.

4. Derive a number of implicit efficient outcomes satisfying
preferences expressed by the DM in Step 3, denote them as
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candidates, and for each candidate calculate global trade-
offs. Go to Step 1.

5. GIS3 At Work

We illustrate working with G1.S3 on the example presented in Section
4 of Chapter 6. The formulation of the problem remains unchanged.

Though objects available for manipulations are, as specified by G153,
weights and reference points, to stress that G1.5° falls into the framework
of the Universal Interface, as described in Chapter 5, at each iteration
references are made to vectors 7.

Here we put U_, = ¢_, and U, = 9., where as before §_, =
—0.011, y. = 2. For ¢, the minimal value of y_, is —5.218, so we
put L_, = —5.218. For _, the minimal value of y, is equal to 1.085,
so we put L, = 1.085.

Table 9.4. The shell of the example portfolio selection problem of Chapter 9.

s Af A5 i Y3 T, . TS,
1 0.05 0.95 -1.884 1.920 4.46 0.22
2 0.15 0.85 -1.317 1.782 375 0.27
3 0.25 0.75 -0.980 1.685 323 031
4 035 0.45 -0.747 1.608 2.80 0.36
5 0.45 0.55 -0.572 1.542 2.44 0.41
6 0.55 0.45 -0.433 1.481 2.12 0.47
7 0.65 0.35 -0.317 1.422 1.81 0.55
8 0.75 0.25 -0.217 1.362 1.49 0.67
9 0.85 0.15 -0.128 1.293 1.12 0.89
10 0.95 0.05 -0.044 1.195 0.58 1.72

For calculating upper and lower bounds we assume L()\); = L; and
UN);=U, i=e,—v,forall \,

With the assessment [y(\)] = {L(\), U(A\)} of an efficient out-
come y(A) we get an assessment of the assumed DM’s value function
LSO (M) = {fPMLAN), fPMU )}

We use formula (7.1) and (7.6) to calculate outcome (portfolio) bounds,
but in contrast to computations for G152 (Section 5 of Chapter 6) this
time parameter p can be varied to set a priori bounds on global trade-offs
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of outcomes to be derived, explicitly or implicitly. As shown by formula
(7.1) and (7.6), bounds on outcome components also depend on p.

EXAMPLE 2 Assume that the following shell of the problem considered
is given: S? = {y(\°)},s = 1,...,10, where vectors \*, (properly)
efficient outcomes y(\*), and the corresponding global trade-offs are
listed in Table 9.4. All elements of the shell are derived with p = 0.01.
Since y* is an eligible reference point, it is treated below as such.
In the version of GIS? presented below at each iteration only one
candidate is selected.

Initialization

0.A={\|\>0 i=—v,e, \, + )\ =1}
To start the decision making process two vectors of weights

Aine = (0.50, 0.50),
A° = (0.98,0.02),

are selected from A by the rule of thumb. As in computations with G1.5>
in Section 5 of Chapter 6, to simplify notation the incumbent y(A™¢) and
candidates y(\°) are not distinguished by the iteration number. At this
point parameter p is arbitrarily set to 0.01 .

G1S? sends down to the bound calculator:
- vector 7"¢, element y*, and parameter p = 0.01,
- vector 7¢, element y*, and parameter p = 0.01,

Similarly as in GI.5?, since optimization problem (3.1) is used, vec-
tors 7 are defined indirectly by vectors A (cf. formula (5.2)), so GIS?
sends down in fact vector A" and vector \°, respectively, for the corre-
sponding vectors 7 to be calculated (with optimization problem (3.2) or
optimization problem (3.3) there is an explicit correspondence between
vectors 7 and A, cf. Chapter 5).

Changing a reference point (e.g. y*) to another reference point can
violate relation (7.11) (cf. Remark 2 of Chapter 7). Therefore, at each
iteration the reference point selected is sent down to the bound calculator
for checking whether it satisfies (7.11), and if not, yref has to be modified
to 3"/, as described in Remark 2 of Chapter 7.

The bound calculator returns:
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- assessment of implicit (properly) efficient outcome y(\¢)
[y(A™)] = {(—0.534, 1.447), (—0.429, 1.588)},

together with assessment of the DM’s value function
[fPM () (A"))] = {—6.380, —3.002},

- assessment of implicit (properly) efficient outcome y(\°)
[y(A9)] = {(—0.052, 1.085), (—0.011, 1.246)},

together with assessment of the DM’s value function
[fPM(y(X))] = {1.096, 1.549}.

With p = 0.01 trade-offs T, (y(X°)) and TS, (y(\°)) have an upper
bound equal to 101, (cf. Characterization I’, Remark 1, and Remark 4
of Chapter 8).

Iteration 1

1. Suppose that (consistently with the assessment of the assumed DM’s
implicit value function) the DM prefers implicit outcome y(A°) to im-
plicit outcome y(A™*¢) and this preference is firm.

An explanation of that preference can be that the risk range for implicit
outcome y(A"*) is unacceptable, in contrast to favorable risk range of
implicit outcome y(\°).

The high value of bound on global trade-offs for both y(A\™¢) and
y(\°) provides no base for preference manifestation.

So A™¢ = (0.98,0.02), [y(A™)] = {(—0.052, 1.085), (—0.010,
1.246)}, [fPM(y(A™€))] = {1.096, 1.549}.

2. Suppose the DM wants to continue.

3. Suppose that the DM selects weights to manipulate. The firm prefer-
ence expressed in step 1 gives rise to a weight cut resulting from function
(4.5). Observe that the upper assessment {—0.011, 1.246} of y(A\°) does
not dominate lower assessment { —0.544, 1.477} of y(\™¢) (cf. Subsec-
tion 3.1 of this chapter). In consequence, one gets two disjoint sets of
conditions on A, only one of which is consistent, namely the set:

Ay 20,

A, < 0,701\, . ©-5)

The above conditions update the initial (i.e. formed of the nonnegativity
condition and the ”sum to one” constraint) set of admissible weights A.
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Suppose that the DM selects from the updated set of admissible weights
vector A° = (0.75, 0.25).

4. A new candidate is derived.
G152 sends down to the bound calculator:
- vector 7¢ (in fact, vector \°), element y*, and parameter p = 0.01.

The the bound calculator returns:

- assessment of implicit (properly) efficient outcome y(\°)
[y(A9)] = {(—0.224, 1.360), (—0.214, 1.471)},

together with assessment of the DM’s value function
[fPM(y(X°))] = {0.348, 0.785}.

With p = 0.01 trade-offs 7%, (y(A°)) and T (y(\°)) have an upper
bound equal to 101.

Iteration 2

1. Suppose that (consistently with the assessment of the assumed DM’s
implicit value function) the DM prefers implicit outcome y(A™°) to im-
plicit outcome y(\°) and this preference is not firm.

An explanation of that preference can be that the risk range for implicit
outcome y(\°) is unacceptable, in contrast to favorable risk range of
implicit outcome y(\™¢).

The high value of bound on global trade-offs for both y(A™¢) and
y(\°) provides no base for preference manifestation.

So A" = (0.98,0.02), [y(A™)] = {(—0.052, —0.011), (1.085,
1.246)}, [fPM(y(A™€))] = {1.096, 1.549}.

2. Suppose the DM wants to continue.

3. Suppose that the DM selects weights to manipulate. Since the pref-
erence expressed in step 1 of the current iteration is not firm, no update
of the set of admissible weights is available.

Suppose that the DM selects from the updated set of admissible weights
vector A° = (0.90,0.10).

4. A new candidate is derived.

G1S5® sends down to the bound calculator:
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- vector 7¢ (in fact, vector \°), element y*, and parameter p = 0.01.
The the bound calculator returns:

- assessment of implicit (properly) efficient outcome y(\°)
[y(A9)] = {(—0.100, 1.195), (—0.043, 1.343)},

together with assessment of the DM’s value function
[fPM(y(X9))] = {1.130, 1.749}.

With p = 0.01 trade-offs 7% (y(A°)) and T (y(A°)) have an upper
bound equal to 101.

Iteration 3

1. Suppose that (consistently with the assessment of the assumed im-
plicit value function) the DM prefers assessment of implicit outcome
y(A°), namely [y(A°)] = {(—0.100, 1.195), (—0.043, 1.343)} to assess-
ment of implicit outcome y(A¢), namely [y(A"¢)] = {(—0.052, 1.085),
(—0.011, 1.246)} but this preference is not firm.

An explanation for that preference can be that on the basis of its
assessment outcome y(\°) seems to satisfactory compromise risk with
gain, as compared to [y(A™°)].

The high value of bound on global trade-offs for both y(\™¢) and
y(\°) provides no base for preference manifestation.

So A" = (0.90,0.10), [y(A\")] = {(—0.100, 1.195), (—0.043
1.343)}, [fPM(y(A™"<))] = {1.130, 1.749}.

2. Suppose the DM wants to continue.

3. Suppose that the DM selects reference points to manipulate. Suppose
that as a reference point the DM selects 4™/ = (—0.4, 1.200).

Suppose further that the DM is not satisfied with any outcome vy if
trade-off 7T’ _ije(y) > 2.5. Hence, from now on derived outcomes should
satisfy 7% .(y) < 2.5. This implies condition on p, namely 2.5 =
(14 p)/p, hence p = 0.66 (cf. Chapter 8, Characterization I).

The constraint on trade-off 7% () eliminates from the shell the first
four elements (see Table 9.4), since clearly with p = 0.66 optimization
problem (3.1) delivers only outcomes for which all trade-offs < 2.5.
Thus, they cannot be used further to calculate upper bounds and the

shell contains now elements [5] to [10] of the original shell. Though
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bounds calculated with the shrunk shell may deteriorate, in this example
no new elements are added to the shell.

4. A new candidate is derived. For that purpose vector A° = (0.90, 0.10)
is selected. This is exactly the same vector of weights used to derive the
current incumbent y(\"*¢) because such a combination of weights yields
up to now the most satisfactory compromise of risk and gain.

Observe that since y* is replaced by y"¢/ preferences encapsulated in
the current set of admissible weights are not valid any more. Hence,
the set of admissible weights has now to be reset to its initial form
A={NA, >0\ >0, A+ )\ = 1}, as at the beginning of the
decision making process.

G153 sends down to the bound calculator:

- the vector 7€ (in fact, vector \°), reference point y”ef , and parameter
p=10.66.

With modified p and reference point 3"/ relations (7.11) do not hold
(in fact, they do not hold for any element [5] to [10]). Hence, the bound
calculator has to modify y"/ as shown in Remark 2 of Chapter 7. Solving
equations (5.1) one gets y?** = (—1.262, 0.338) and 7 = y®* —y¢/ =
(0.862, 0.862). Now y"¢/" = y"¢/ — t7 for some ¢. All relations (7.11)
are satisfied e.g. for t = —0.8, which results in y"¢/ = (0.290, 1.890),
as implied by conditions (7.12) all satisfied with that 3"¢/".

With the shell shrunk bound U, = U()). is updated to 1.542 and
bound L_, = U(X)_, to —0.572 (cf. Table 9.4).

The bound calculator returns:

- assessment of implicit (properly) efficient outcome y(\°)
[y(A9)] = {(—0.051, 1.085), (—0.011, 1.200)},

together with assessment of the DM’s value function
[fPM(y(X))] = {1.100, 1.437}.

With p = 0.66 global trade-offs T, _(y(\°)) and T, (y(\°)) have
an upper bound equal to 2.5.
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Iteration 4

1. Suppose that (consistently with the assessment of the assumed DM’s
implicit value function) the DM prefers assessment of implicit outcome
y(A™<), namely [y(A7¢)] = {(—0.100, 1.195), (—0.043, 1.343)} to as-
sessment of implicit outcome y(A¢), namely [y(A°)] = {(—0.051, 1.085),
(—0.011, 1.200)}.

An explanation for that preference can be that though implicit outcome
y(\°) satisfactory compromises risk with gain and shows no significant
potential for improvement of gain at the expense of risk, as indicated by
the bound on global trade-off T (yy(A™)), the overall evaluation of
y(A°) is higher than of y(\°).

So A™¢ = (0.90, 0.10), [y(A™)] = {(—0.100, 1.195), (—0.043,
1.343)}, [fPM (y(A7€))] = {1.130, 1.749}.

2. Suppose the DM does not want to continue. The process terminates.

The decision process is summarized in Table 9.5. O

REMARK 1 In the instance of G153 exploited in this section we resort,
quite arbitrarily, to making use of the efficient outcome assessments only.
However, if the DM wishes at some iteration to know the exact values
of components of an efficient outcome, he should be satisfied with his
request. Suppose that in the above example, in step 4 of Iteration 3, the
DM wishes, prior to stopping, that implicit efficient outcome y(\°) =
(0.90, 0.10) is derived explicitly. Then he gets y(A°) = (—0.096, 1.262)
and fPM(y(X\°)) = 1.318.

In calculations of Section 5 of Chapter 6 the same vector \° is selected
and y(A\°) = (—0.086, 1.251) is explicitly derived by solving optimiza-
tion problem (3.1). Here the same problem with the same vector \¢ is
solved but y* is replaced by 4"/’ and therefore the derived outcomes do
not coincide. O

6. Concluding Remarks

Researchers nowadays tend to be very modest when estimating the
extent to which mathematical methods and models can be substitute
for human beings when it comes to decision making. A role which is
complementary to the DM rather than competitive is attributed to such
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Table 9.5. Successive iteration data for the example portfolio selection prob-
lem of Chapter 9.

Preference Implicit Value Bound on
via A, y outomes fun. trade-offs
(0.50, 0.50), y* {(—0.534, 1.447),
(—0.429, 1.588)} {—6.380, —3.002} 101
(0.98, 0.02), y* {(—0.052, 1.085),
(—0.010, 1.246)} {1.096, 1.549} 101
Incumbent {(—0.052, 1.085),
(—0.010, 1.246)} {1.096, 1.549}
(0.75, 0.25), y* {(—0.224, 1.360),
(—0.214, 1.471)} {0.348, 0.785} 101
Incumbent {(—0.052, 1.085),
(—0.010, 1.246)} {1.096, 1.549}
(0.90, 0.10), y* {(—0.100, 1.195),
(—0.043, 1.343)} {1.130, 1.749} 101
Incumbent  {(—0.100, 1.195),
(—0.043, 1.343)} {1.130, 1.749}
(0.90, 0.10),y™¢/  {(—0.300, 1.182),
(—0.183, 1.290)} {-1.303, 0.660} 2.5

Incumbent

{(—0.100, 1.195),
(—0.043, 1.343)}

{1.130, 1.749}

methods and models, and this role is mainly to handle bulky data and
perform laborious data processing.

Moreover, it is more and more often admitted that decision making
tools, to be practical, must be based on soft computing tools.

The idea presented in this book to exploit parametric bounds on ef-
ficient outcome components and efficient outcome global trade-offs is
in fact an attempt to soften the complexity of existing MCDM meth-
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ods, but without compromising on any aspect of MCDM methodologies
developed over decades.

The parametric bounds bridge over the gap and enable to combine,
on one side the standard approach to MCDM, in which outcomes are
derived in the course of decision making process, and on the other side
the approach in which, for purpose of decision making, Pareto sets are
replaced by their (derived beforehand) discrete representations. With the
parametric bounds in place and shells provided, the process of selecting
the most preferred outcome (alternative) can be carried over such rep-
resentations with any, in principle, of the available MCDM methodolo-
gies. For the reasons already explained before, the resulting combined
approach seems to be the most appropriate for complex, medium- and
large-scale MCDM problems.

It is important to stress once again that, with the exception of the
initial phase, where a shell for the problem considered has to be derived
by solving optimization problems, in G15? and G1S? all calculations are
elementary and comprise of adding, subtracting, and selecting maximal
or minimal numbers from finite sets.
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2000, 2002a), Kaliszewski, Michalowski (1995, 1997), Kaliszewski,
Michalowski, Kersten (1997), Kaliszewski, Zionts (2004),

- for generic interactive support schemes: Kaliszewski, Michalowski,
Kersten (1997), Kaliszewski, Michalowski (1999), Kaliszewski (2002b,
2003a, 2004), Kaliszewski, Zionts (2004).

The idea of replacing Pareto sets with their discrete representations of
given accuracy is elaborated in Evtuschenko, Potapov (1986).
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