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11 Ii~; h.tnd )ook 1s clc~;it'J1ed t o bc s i mple book on econome tric methods 

',.L ,h em illustraLions from a, ,icultural sector . It 

HI. hnr: Lr;C:1 Lhe app ica ti n of econometric ana.lysis in Ethiopian 1.[,"1'1-

r.dt.1JJ..' IIhi h G th . m in economic sec tor:' of the country . 

~r.{)nom I, .i.c analysis pI ys a vita l role a s a tool fo modelline 

/"I~ (")n )11 i.~ rlle 01lCN and . s orecastin l',' in socialist countries havinR 

'j, (A n 1. 1'" Uy pl anne economy. It uppU es reliahle information and 

ce.: ' ' llt Lfic rnet;l-Jod for ana l, is and f oreca ot.i.n economic phenomena • 

• J nr.I" 1 ~' ') "';.t l1 tIl E" rl11ppo t f om FAO/ UND the Project" Inte{Y,rated 

Syr{ i !lll of b'ood and Ag r ' culLura,l St atistics Pro g.r?.mme '1 was l aunched. 

{fnri ('> alTUIl , \l.mo p; it var ious ' cti vi. tic' , conometric research 

"pu tr ' nj, G in con mc t .i.c t chnique8 has l)1?en conduc ed. f or the siltff 

o e n ', r' ltl St a . f' t.ic, 0 f'i. C! ( SO ) and ot:' r)r ";OV rnmr)n ta l Lns Litutions . 

'I'hi:::; han( bo k WFl" pr C'n;1 r C? d by ,Jcr zy (~.t' n , 1"1\0 , !~c()n(lm trician , 

I.: rI on tJw noL s {,;Lv n in the I ctllre on ,eonomc cric moclelling and 

ror"c sL Lnr: . llr~ i 8 Prof e.30 of EconomC' trir;:> and "J; Lhern il tical 

SL,d, ' , lCG at he C n tr I Sc l10 I of P anninB' and Statistics , !I'rsaw, 

I'olnnd , n \~ \J() r kine in t h eso under the :'l.bove mention d proj ect . 

f hl" h~md ook con"istG of t wo parts . Part A. ( Chapt ers 1-C) ) 

r1 " .ribe the economic and ma. th m:1. tica.1 background of econometric 

lnoilnl' in,r; , Hhil P -t B cl( scribes th ba Gi c econometric theory and 

p "' cLice i n estimation , chncking ':md anplication of econome t ric mod I s . 

"1-,rn thoug more emp aSis is g iv n to the s in Ie equation models , t he 

) 3.': t [C H chap ters ar e devot d to the 'llul t i - equat" ons econometric mo els . 

Ie hone t his hal book will p ovide a guide- line to pl anne s and 

other d cis i on makers in th o application of econometric models . 

ADDIS ABABA, OVDffiER, 1983 . 
Ato Mitik neyene 

t1anager , 

Central Statistical Office 
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p A. 
13 CKGROUND OF ECONOMh~RIC !10DELLn~G. 

CH m 1. ECONOJ'lli""l'RICS AND ITS OBJECTIVES. 

~c Role of Econometrio !1odelling in t he National Economic Planning. 
1. 1. _ 

conome tri~S as a ' science is dealin& with mathematical and .statistical 

01 thods f or investigation' of quanti ta~ive regularities within econ.omic 
/ 

pheno nn. 
Al t h ugh the econometric m.ethods wer~ developed in the beginning mainly 

fo studying capitalist eoonomi~s, they can play even more important 

positive role in socialist countries with a Gentral Planned Economy. 

Econometric modelling wi thin the Central Planned Economy is stri~t1Y' 

conn cted with the economic planning and management and its main task 

i to help and support the planners and managers by providing reliable 

information and scientific methods for the analysis and forecasting of 

cononic phenomena. 

In order to discuss in detail t he place and the role of econometrics in 

the National Economic Planning, let us take the follOwing working 

def inition of the National Economic Plan: 

e National Economic Plan is the governmental decision for all sectors 

,.,1' t he national economy and their mlits giving them real tasks and aims 

in or der to reach a fixed numerical proportion in creation and distribu­

t ion of the Gross National Product during a given period of time. 

Although the National Economic Plan is a deterministic deciSion. its 

Actual realization in real socio-economic life has ahm.ys a stochastic 

( r<Jl1dom) character. That is because of the human factor involved in 

an economic system and also because of some random disturbances whith 
, 

al vr~.ys may happen to the economy. As a clear example we can consider 

the agricultural sector of the National EconomY, in Which the weather 

(as a pure s tochastic factor) has a great impact on final crop production. 

\'!e can i llustrate this by the following formula: 

R=P+d 

where P is the planned decision (for example planne~ wheat production) 

R is the aotual realization of the plan(final wheat production) 

d is the random disturbance(final difference between planned 

, and actual wheat production) .. 
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~o, the actual real ization R of any plan as a f unot ion of random vari ' ble 

d, i o i t o I f a andom variable. 

Th n i t folJo ws that even in t he Central Planned Economy any economic 

variable is in 'f act a r andom variable and should be an~lysed by means of 

statistical and econometrio tools. 

In 0 der to dis tinguish pr oper statis tical/econometric tools which should b 

used by planners , it i convenient to split th , whole planning pr ocess in to 

t h f l lowi n ma n steps (on the scheme below): 

I /\}l~LY I S 

I 

J 
St a tistical/Econollle tric ' 

Models 
I Econometric 

Foreca ting 
To hn1 U 13 

o PfHH ,Wl'I ON 
'fechnJC'J.ues 

FINAL 
PLANNgn DECISIONS 

From th Bcheme, which givcs a e~uence of main steps of pl anners ' work, it 

follows tha t the economio plann ' n~ pr o eS R should start f r om the Analysis 

of all important characters and variables describing t he actual status of 

development in the particular sector of t he National Economy. Such an 

Analysi s should give us the true picture of a t tained growth and should show 

us all weak points, as well as strong points of the economic development 

observed duru1g the last period of time. During this fir s t stage of the 

planning process, mainly statistical and Econometri o Models of analysis 

should be applied in order to obtai n comprehensive ob ject i ve information on 

the actual situation and trends in economic development, based on past 

statistical data. 

Therefore situated below the analysis box, the ~atistical/Econometric 

Models box contains the whole set of methods which can be used for analytical 

p,~uses(including classical es timat i on procedures for population means, 

variances~correlations, regression funotions and statisticai hypotheses 

testin procedures, aft well as econometric production functions and demand 

funct ion s with estimated elasticities). 
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The second step of the planning process consists of the building of 

Targ t.§. and !.orecasts. independently. These are two different kinds of 

~formation about the future. - By the Targets we mean values of important 

economic varia~les (or propor~ions) whi ch we would like to obtain . in the' 

future for a. regular development of the N(J.tional Economy. The targets can 

be formulated based on main gOals and princi ples of social and economic 

policY in the country, and on results of-analysi s of the actual status. 

Simplifying, we can say that the target s are our best wishes about future ' 

behavior of important economic vari a.bles. 

On the contrary, the Forecasts ar e def ined as objective (scientific) estimat e 

of what will probably hapen in the f uture as the realization of important 

economic variables. More pr eCi sely, we can define a forecast as a 

scientifically based estimate of the future r ealization of some important 

economic variable. 'l'be term "'prediction" is also used sometimes as having 

the same mp.aning as "forecasting". 

Forecasts are usually calculated based on econometric models and forecasting 

techniques, with utilization of all histor i cal data on forecasted phenomena. 

The me thods included in the box ~conometric Forecastin~ Technigues(situated 

below the Forecasts box) will be our special inter est in Part B of this 

Handbook. 

The last step of the economic planning process consists of decision making 
I 

?n final planned decisions by finding some kind of compromise between the 

t arget f igures and the forecast s. To obtain the optimal solution for that 

compromise, planners should utilize the special Optimization Technigues 

(out of the rich set of Operations Research methods, especially the 

Mathematical Programming Techniques for getting the optimal decisions 

aSsuming Borne cri terioft of optimaIi ty connected wi th the Target •• The box 

Optimization Techniques si t uated below the box _~timal Decisions is not 

under our consideration i n this Handbook, since it contains many deterministio 

(non-stoohastio) techniques . Obviously t he ptimal decisions obtained as the 

optimal solutions of applied Optimization Techni ques are sometimes not 

applioable by 'planners for some reasons and have to be changed into other 

final planned deoisions. Anyway in such cases, the planners should know at 

least how far the final applicable pl anned decisions are from the optimal 

deCiSions obtained from t he t heoretical model. 

From Blich a review Gf the economic planning prooess, the role of Econometrics 

beoame clear. The eoonomei/ric models can be very useful for planners during 
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t heir alytical work, ae well as during the next stages, since forecasting 

(pr ovi ding basic ob j ective information on future) is e ssential f or final 

pl ano d decisions . 

1. 2. 'l'he Obj ectives , Structure and Main Stages of Eoonometric Modelling. 

Although sometimes the broad sense of Econo~etrice i s also used in the 

liter a t ure,ae the whole set of mathematica~ method apl icable for a quantitative 

economic analy i s , we shall rather use a s t rict sense of Econometrics. 

We can define Econometrics in the strict sense as t he science which studie! 

the statisti cal relati onship between diff erent economic variables based on 

empirioal data. 

The basic t OGl of Econometrics in the strict sense i s call ed the Econometric 

Model, and it i s d f i ned a s a stochas tic equat ion( or s~s tem of equations) 

d 6 ribin t he s t ati s tical(regressional) relat ionship between the important 

economi c vax-lltb es .bserved in a given economio phenomenon o As we pointed 

out b for e, the economic variables have always(even in ;t Centr al Planned 

F~onomy) a andom character . Based on empirical stati s tical data we are 

ahle to inve tigat e the economio varia.ble s and th exis ting relationships 

~Lwe n t hem by means of some special st atistical methods known as econometric 

mo l Ung. 

I,I can di s t in ish 3 gen ral obj ectives of econometric modelling: 

a) Economic/ Numer i cal Analysis , 

b) Fo ca ting, 

0) Optimal Cont rol . 

Such a sequence of the main objectives of econometric model ling also r ef l eots 

t he histori cal development of economet ric theory and practice, and i t i s 

consi s tent with the increase in complexit y of the problems which appear ~r 

th Be ob j ectives . 

a) Histori cal l y t he fir st and rather simple purpose of econometric modelling 

was just an economic/numerical anal ys i s of multiple regression funot i ons 

between some economic variables. Such exercises started about 1920 for 

demand analysis and for production functions analysis purposes . The 

analysis of the numerical values e stimated for such important parameters 

as elastioiti es could add a lot of new conclusions to the economic analysis. 
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b) e second and much more compl icated purpose of econometric ~odelling 

,vi :leh appeared during and . just after Horld ';lar II, is the forecasting 

of i mportant economic variables cOnnected with the development of the 

national econoffiY,like Gross National .Product or Private Expenditure . 

No~a~ay6 this forecasting objective of econometric modelling haa 

become the most important , one . 

c ) Very recently has appeared t he third and rather ,0 plicated purpose of 

ec nometric modelling, namely the optimal control of some important 

target variables. The optimal control problem can be defined as the 

problem of finding such optimal values(for given optimality criterion . 

and f or given future periods of time) of some instrumemt al variables, 

whi ch giv us the needed f uture val ues (fixed in ' advance) of some 

important target variables. It i s in some sense the rev r se problem 

to forecasting1 where we are: looking for future value of t arget 

(dependent) variable for the given values of independent (instrumental) 

variables. 

Depending upon which objective we are especially interef'te in during 

econometric modelline , some sp(~cial f orms of conSider ed model,s should 

be prepared and some specific steps of work should be carried, out. 

Nevertheless ,.e can describe such a gener al structure of econometric 

models and such main stages 01 the econometric modell ing which are 

common for all objectives . 

The general struc ture ~ eco:n?metric model can be written as: 

'(= f(X) 6' I e) 
where y is the vector of dependent(explained) variables , 

X- is the vector of incJep~ndent(explanatory) var~ables , 

e is the unknO'-"Il pc ram'? er vector, 

e is the random disturbance term, 

f is the f unction of given type. 
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In ord~r 0 fin out th bes t gen r 1 a t ctur of th economtric 

m d 1 ct ' giv n conomic phenomenon, we sha l l pass throll/-"'.h Some 

mil otc, 0 of econometric model in15. 

'rhct' c ar 3 rlaiu sLaws 9f econometr ic modellinG: 

1. a t on of th model , 

2. En t imrttion of th model. 

5. Teo 'in th model . 

'rh" fi r t t a,"'e of econom t rio modelling consi s t s of several problems: 

hole of Lhe sot of dependent variabl sea t l eas t one ))? 

- cloice of t he set of independent (explanatory) variables J( 
- ch6ice of t h type of function Hi" 

- cholc of the stochast i c structure of random disturbance t erm £) 

i •• th choice of the set of stochastic assumptions on its parameters 

( xpcctation, variances , dep ndency and distribution type). 

Snme of theoe assumptions can be chanced when the mod.el is tested. 

'rhr> second sta e of an econometric model ling i s thEl statistical est'imation 

of all unknown parameters (mi'l.in~y e ) of t he model. 

Based on iv n statistical data( time series or cross- sectional type ) 

th nUJn r ical values of the unJUlOwn parameters should be obtained. Io'or 

his pur ose several estimation teohniques can be considered (Ordinary 

_rJ::-t .lquar es met hod, Generalized Loast Squares Hethod, Two Stage Least 

Squ~x s method, Bay sian method etc ) and as appropriate one should be 

chooon and applied for getting numer i cal estimates for the unknown 

parameters . 

'rhe third stage of econometric modelling (before utilizing the model 

fo ins tanc for forecastin pUrpo o s) consists of applying many 

stati stic 1 t sts for checkin the mai n s ruature of the model(i . e. 

checking t he accepted basic assumpt ions) and its fitting to the empirical 

data. The testing of t he model is a v ry important stage of econometric 

modelling and should nev b neglecLe . I t needs the full analysis of 

r esiduals performed, keeping the proper sequence of applied statistical 
t s ts . 
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The problems enumerated above in the 3 main stages of econometric modelling 

"ill be diSCUssed in detail in the second Part B of this handbook as well 

~8 the rnll i.n application of econometric modelling for forecasting purposes. 

l'!any numerical examples mainly in an agricultural context will also be 

included. for illU.stration and better explanation of the presented methodo. 

B cause the econometric methods need a ~ather g ood knowledge Vi: mathematical 

analysiS, linear al~ebra, probability; theory and statistic's, in t he next 

few chapters in thiS Part A we would t~ke to remind to the reader the most 

essential topiCS from tha,t mathematical background of econometric medelling • 

• 
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CH i-rh:R 2 . I'1A'l'HEl'lATICAL ANA LYSIS BACKGROUND 01" ECO~OMETRICS 

2.1. G~ t8 ann 9p ratiopton Seta 

A 0 t i s a oollection of any type of bbjects or numbers. 

I as menta lead to the sets of numbers, Which will be essential f or us. 

The members of a set are called elements of that set. 

To d scribe a set by' its elements, two basic notations are used: 

(i ) i !';tin"g f el mpnts ( usua ly for finite sets) 

(ii) ivin a statement of the properties of the elemente(usually for 

infinite sets) 

ExamJlles for these two notations are as follows: ' 

A= 12, 4, 6 , 8, 1 0 J 
c= .\: : x ~ OJ 

B={O,1, 2, ••• ,10} 
lb{xl2<x<5] , 

, for (i) 

l!;= { ( x, y) 1 X"J/ 1, ~ 11 for (it) 

C~pital letters A,B,C, ••• are u lly used to denote sets . 

Set s can Q.lso be r epres nted by circular or similarly enclos d curves, 

commonly kno.1l1 as Venn di grams: 

---'-~--"----E-

Tw sp cial sets areS the empty (null) set denoted by 96 ' which contai ns 

no elements, 

the 1 . v f!rsal set (space ) denoted by E, which contains 

all po 'ible elements. 

Th notation €('~belongs to") stands for a membership of element of sets: 

xEA , yE Y, (z does no t belong to X). 

The notation C (inclusion) s tands for a membership of whole sets (subsets) : 

ACB , ceE 

Equal sets have exaotly the same elemental A. B. 

It follow8 that if AC:B and B C;A, then A = B. 
1 
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To obtain new sets from the basic sets, the following ',operations on sets 

oan be used : complementation. union, intersection. difference. 

Q£m~~ent of a set. 
If A is a subset of the univ~rsal set E. then the collection of all elements 

of E not belonging to A 1s called the complement of A and it 10 denoted 
, 

by A • 

~~:arnples I 
1. E = \1.2 .3,4,5,6] , A= ~.3.5} , 
2. E = R(space of all real numbers), 

~=.(x : x~2J. 

Union of set~. 

The union of two sets A and B, denoted by AUB or A + B,; 

is the set of all elements belonging to A or B or to both A and B. 

-- ----

--~- -.... _-_ ........ ---- - ---_._ ... -_. 

Examples: 1. A= \ 1 ,2, 3, 4 J ' 
2. A= ~x' x'Q2} , 

B= {.2,4,6}, A+B= AUB= ,(2,2,3,4,61 

B={x 11~x~ 33, A+B={xi x~1J 

Intersection of sets. 

The intersection of two sets A and B, denoted by A(\B or A!B, 

is the set of all elements which belong to both A and B. 

----,--------. 
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E:xampl~s. 1. A • \1.2.3.41, B-{2,4,6J , A . .,B a {2.4} 

2. A =tXI x~2] . , Ba{XI 1~x~3J 
A,B • ~X I 2 ~ x ~3 . 

. . . ~ 

If the intersection of two sets does not exist ~ an empty set), then 

these two sets are called disjoint sets. 

E 

A and B are disjoi nt sets 

Ewamplesl 

There are few basic laws of set algebra : 

1. A+A = A , A9A = A 

2. A+B: B+A, ArB = BtA 

3. (A+B)+C = A+(B+C), (A'B),~C = A,(B,C) 

4. A+(B!C) = (A+B) • (A+C) , A~(B+C) = ' (A~B) + (A,C) 

5. A + ¢ "" A, A+E m E, A,E. A, A! ¢= t/J 
6. A+A'I .. E, (A')' • A , Ae~ =¢, E'm', ¢'. E 

7 (A+B)' .. A' , B' ()' " ( ,) • , A!B .. A+B De Morgan a Laws 

Classification of seta of numbersl 

Negative integers, Zen, Natural numbe s 

\-1, -2, ..• 1 td1~ {1,2, ••• j 
\. ~ 
~----------~----------

Intege'~ +~ Fractions 
...... ./ 
~ 

Rational Numbers + Irrational .ber~ 

~---------~------------~ REAL NUMBERS ' 
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'0 , ~ny real number is either r ational ~r irrational, and it is related to 

ome corresponding point x Gn the real number line 

R :: \x,1 x i s real num~·er 1 .. ~ 

o t x 

Within the set of r~al numbers we can do all 'algebraic operati ons 

except: 1. dividing by zero , _1_~X=F0 

2. taking an even r oot 

of negative numbers 

x 

3. taking the logarithm 
of negative numbers 
and of zera 

l og: x * x,," 0 

Intervals. 

1 t a and b be two given numbers, such t hat 0). < b. 

'rhen a set of all r eal numbers x, prGvided a 4x~ b is called 

closed interva.l and i s denoted by [a, b] = ~x: a ~ x ~ b} 

Operr..lnterval (a,b ):= ~x: a~L bl 
H~~].f . open(right hand side) [a, b)= {x: a ~x ~ bJ 

H~!X_.2.J2_~n.(left hand side ) (a,b) = -\ x: a<.x' bJ 
In~in.-i"t!~_ inte~~ls! (_ Oo) ct) ? \.( b i 'I-'OO) ) (- CO ,-rQO ) :::R 

The modulus (or the absolute value) of real number 

if 

i f 

x~o 

x ~ 0 

implies (forE." ::>0) that _€ L:." ~£, {.e. X E (-E, e-) 

implies (for€::>O) that X -<:'-E or X,,>E. ) 

Sigma notation 

The Greek capital l etter ~ie used to' t~~lltate the writing of sums 

of numbers' 
ra. 
~ Xi - ,xi + X2. ..... ~ .. *.)(~. 
i=i 
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.{ i ~ 2. ==.,20 + 22 + '3'2. ... 1/2. + S 2-
• i. . ( 

" ...i. 1 -.A •• L+J-~ + .l.. 
4. ~ T - :L " 2 3 ~ 

3 A , 2. v :2. , .x'1.. Jr 2. z..; Xl ~ "1. r ' _ ':;l + ~ . . -t-"., 
i:d 

Quantifiers are very useful logical symbols to abrevia-te of mathematical 

sentences : 

- univjersal .J\ (for all . x, Or for every x) 
JC 

- existential ~ (for some x, or there exists an x, such tha t ) 
"-

Example. 'The definition of alimi t 'gil of the sequence of numbers { &On}' 

can be written aSI 

g i8 the limit of the sequence l an~ if A V 1\ I an -g.t..c.. E 
EX> .II ~>N 

2 . 2. Func ti ons and Dif f eren tia tion. 
;,,'k:jl f-

Function y =f(x) . 

Let X be a given set of real numbers, with elements x€X, and 

let y be a given another set of real numbers, Wi. th elements yE Y. 

By t he ftmction ~ f(x) we define Q. mapping (or transformation) 

of x i nto y, such that for each xeX exists only one number yfE Y• 

Brieflys f: X-+Y • . /\ V r-f(x) 

x f:'X ':" y 4C.'J 

only one 
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9, t X is called the domaiQ of the function rex) ,and 

et '{ is called t ,h.e range of the function r(x). 

2 · 1 .. y= x + 1 "X= (-t>O, + 00) = R.(domain), 

2. y= log(x-2), X = (2, +00) , Y= (_00, 

grapM ·of function. 

'l'he graph of a function y= f (x) consists of all such points in the ,plane 

with coordin~~es (~, ,f .(x)). 

Bxamples: 1. Graphn of a linear function y= ax + b is a straight line: 

2 
2. Graph of a quadrat,io funct i on y= ax + bx + c is a parabola: 

---.... 
o 

:x;. 

x ~. Graph of an exponential function y= a is an exponential c~e: 

~--------4-----------~~.~~----------~~~ .x: o 
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., 

4. Graph of a logarithmic function Y'= logti." is a logarit hmi c CUl"I !! 1 

Prop r ties of f t ot i ons . 

A func tion f(x) i s called an even function if fe-x) = rex) 
x~X 

A funotion r ex) is called an odd function if 1\ f e-x) = -f(x) 
,:, x~X 

A f uncti on f( x) i o c1~led an increasi ng function if I~ f~x1)~f(x~ ) 

x1.c:.'~ 

A function f( x) i s called a decreasing func t ion if ~ f(x1)~f(X2) 
x1< x2 

Examples : 1. f( x) =;i is an even function, and it is decreasing f or x E ( _ eo, ( 

but increasing for x E-( 0, + ClIO) 

2. f( x) = x3 
is an odd function, and it is always increasing 

(i.e. for all x ~ X = (- 00, + 00) ). 

Limi 8 of functiona, 

A number'~ ia called the limit of a function yat(x) at the given point Xo 

if the values of funotion rex) tend to the number 1 as x tepds t o the value %0. 

Strictly Lim rex) _ 1, 1r 

x-+x o 
1\ V I\lr(x) -ll~_t: 
£ >0 1';,0 JiE"(x.,-.4,X.-rt} 
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L' r (:c) ::: 1 means, that 'bhe f unction f(x) has the lim.it 1 as x tends to infinity. 

)C ~oo 

Lim r(:x:):;: OO means, that the- 'f unction,r(x) has. not a finite limit as x 

tends to infinity, but also tende to infinity. 

§.a.mnl~. 1. Lim(x
2

. - 4x + 3) = ° 
x..,. 3 

L J! .. 2 4 2. im x - = 4, Lim 
2 
~_oo 

x-2 -x-+2 x-:2 

Lim 
2 

3. x +1 = 1 
2, '1 

x~ x-

4. Lim 
x 

e = 0, Lim eX = + 00. 

x..,. - ;.:,0 

Continui of functions, 

A. f unction f(x) is a continuous function at the given point xo' 

if its value f(x ) exists and if Lim f(x) = f(xo)· 
o x,.xo 

A. funot ion f(x) is called a ~~!!~_~1l~c;?~~ function at the point xo~ 
if r(x ) does not exist or if Lim rex) * r(x ) o · 0 

x -f"Xo 

" ( A funct ion rex) is called a. continuous function in an interval [a, b j 
if it is continuous at t he each point x within this interval. 

The graph of a continuous function in an interval [a, b] is a continuoUS 

un/broken curve within this interval. 

Examples: 1. rex) ~-1-_ i s discontinuous at the point x = , 
x-3 

(it i s contjnuouS within two separate open intervals 

(_ C<II, 3) and (~, +00) 

2. fexY :!i·f X- 1)(2-X)· is continuous within its ' doma.in, 

i.e~ interval [1, 2] • 
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3. f(x) = e-
x 

is always continuouB i.e. for each x. 

~ nt Latl o'l. 

'l'hl"! c1 rrl va t,lve of a function f(x) with respect to x i s def ined as 

f l (x) = .Q.y == Lim ~ = Lim f(xi; A j{) - f(x2 
dx AX~O Ax AX"+O Ax 

'rho deriva t ·ve f' (x) is also a function of x, showing the marginal rat e of 

chan e of the given function y= f(x) at each particular point x. 

Geometrically, the value of f(x) is equal to the t angent of the angle which 

th tan ent line to the curve y= f(x) at the point x makes with the x-axis. 

'!'here ar e SOrle im'por tant rules and formulas ~ differe!!t!.atina. particular 
types of functions: 

\ ') 

[c f(X)]:: c f (x) 
l l f(x) + g(x)] = fl (x) + g'(x) 
\ l f(x) • g(x~ = f'{x) • g(x) + f(x) • 

:\ 

[1*]= f' (x).~x) - f(xh-g" (XL 
g (x) 

For compo"ite function Y=f[g(x)] = f(u) where u= g(x), we have 

.yl = f' (u) • gl (x) 

Fo mulas for some elementary functions: ) l 
(c) = 0 , (ax + b) = a 

(x .. ) l .. c.xoL- 1 , {.(X~ = 

\ 
(sin, 'x) = cos x 

Examples: 

1. y= 5x3 + 4:i- 2x + 1 , 1 2 
Y = 15x + ax - 2. 

2 x 2. y= x e 

3. Y= 3x 
2 

x + 1 

, 1 x 2 x 
yea 2xe + x e 

, 
, y .. 
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y ~~ 
, 1 

4. f Y • ..J~. 
2x • x 

2 .. 1+x ' :[1+7' 
2 . , 2 

5· 
y c:a SinC3:x· + 2) , Y • ooe( 3x +2) , 6x 

~gn of a M£lvati.v!!~ ., 
If the derivatlve f (x) ~ 0 for x 6 [a, b] then t he fun.otion y. rex) 

i an ~n~;,~~~j.tl{r". funotion wi thin t his interval. 

If t he deriv~1.tiv {(x) 4(.. 0 for x~La,b] then the runction 1- rex) 

is a .:. J"/'!Ct.ainB' function withi n ·this i nterval. 

MaximA. And mini A. or functions . 

A funotion f(x) han a !l1:a.:ximum value r(x) at t he point x o Q 

V /\ £(xo) '> r(x) 

">0 ~ E ~-e;t..; 'r-E:) 

A funotion t(x) has a minimum value £(xo) at the point Xo 

Tho Deo ••• ary oondition for .doting a minl.lm.!!!! (or a "!lip) .,.,lue f(Xo) 

at the given point Xo • is that r'<xo).o· 
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The suffi cient condition (additional t o t he above necessary condition ) 

\l " - f or the !!I~~_value is f , (xo» 0 (where r (x) denot es the second 

derivative) 

- for the maximum value is - - --
,,' ) f (x <0 o 

-~ Examples. 10 .y ;.:::, e :l. 

)(.t 

~/ -= - -X e- ""if ) ~ l :::: 0 Jo 1- )( -- 0 

£-
yl' =(x~-l)i ~ ) -f" (0) - - '/ \n - f -<: () 

Therefore at x = 0 ther e i s a maximum equal to reo ) = 1 o 

2. y= x3 - 3x 

y'= 3i - 3 , .; = 0 f or x = - 1 and x = 1 

;'= 6x, f~(-1) = -6, r~ (1) = 6 

'I'herefore at x = -1 there i s a maximum equal to r(-1) = 2, 

and at X= 1 t h re is a minimum equal t o f(1 ) = - 2. ' 

In tegTa t ion. 

An integral of f unct i on f(x) with r espec t to x is defi ned as a f unotion 
F(x) such t hat F'(x) = f (x). 

An integral is denoted by Y(X)dX = F(x) + C, 'itlhere C is any constant 

Some rul es and f ormul as for integr at i on: 

fe f(x)dx = C !f(X)dx 

fCf(x) + g( x)] dx ~ jr(X)dx + f g(X)dx 

!f(X).g\ (x)dx = f(x). g(x ) -jg(X).f\X)dx 

Je [ g(x)]- gl (x)dx ~ f( U)du. where u= g{x) 

(integration by parts ) . 

(integration by substi tu­

tioti~ 
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J 
Xol+t 

, .... or! LJ v .- - '-'-'" :\", '- eI.. + i 

Definite integral 

Geometrically i t is the area under the curve y= f(x) .... ithin the interval la, b] 

If f( x ) i s a density function of a random variable,such an integral denotes 

p ,'obabili t y for the i nterval [a, b] 

1 2 x3 
~y.arl!f:l es. 1.. x dx := 3 'J 2 - .§. - ! = 1 - 3 3 3 

(area under parabola / , ... 1 thin 

interval [1, 2J ) 
1 

. 1 

2,. 

3. Let f(x) = tx for 06x "" 2 is the density fmction 

of some random variable X 1 1 
Then probability P ~A ~ X ~ 2.J = f(x)dx eo: i 1 xdx IS 

~ l 1: ~ 1 - t =i ~ 0.15 
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CHAPl'ER 3.- hl}'IEl\R' ALGEBRA BACKGROUND OF ECONOMErRICS. 

3.1. Matrices ~1d operations ' on matriges. 

A ma.trix/~ is a rectangular array of numbers. The elements of a matrix A 
are denoted by a 

ij"· 

a
11 a 12 

A::: [aijl = 
a

21 &22 .. , 
: . . . • . 

am1 am2 • •• amn 

The numbers of rows{m) and columns(n) are called the order of a matrix J\\ 

or its dimensions. 

If m=n, a matrix ~ is called the square matrix. 

If m= 1, a matrix .A1 has only one row and it i s called a r ow vetor 

01 - (a a ) 
- 1 2··· an • c,,(;1 UW1. I?,_.-' ~a1 

If n = 1, 9. matrix A\ has only one Col umn called ~\~Vl" v~ ar ~2 
If n = m ::: 1, a matrix ~ is a scatar( one number only). li. 

m 
'!'he null rnatrl:! denoted by Cl> , is a ma trix with all 

elements being zeros. 

The diagonal matrix is ' a square matrix with all elements zeros exoept 

those in the leading diagonal 

JD = 0 d22 ••• 0 

A diagonal IDa trix with d •• •• = d =- 1 
11 nn 

• • • o 0 ••• d nn 

is called the Identity matrix denoted by I' f~ ~ ::: ~) 
\~~O ... 1 
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A square matrix wi th all ~ements below (or above) ,the leading diagonal 

e ual to zero , i s called the triangular matrix 

A= 

Th tranSpos e of a ma.triX A denoted hy ~ or 

by A? is a matrix with int er changing the 

r oy'S and columns . 
Il\'r = ("(\ If / i.\ ""\.\ we have a ~~~ matrix. 

Exampl~ 

(
2 34) 

!fJ = 1 12/ ,Pl =(~~) 
4 2, 

o 0 

A\= (~ ~ :\ 
4 6 ; ) 

(a symmetric matrix) 

\.. 

••• 

For addition /;\\ +13 ,both matrices must have the same dimensions m and n. 

'l'he sum of two matrices of the same dimensions is a matrix A\'i-13 wi'th 

elements which are the sums of the corresponding elements of the given 

matrices . 

The product of a matrix~ by a scalar Ct (scalar multiplication) i
s 

a 

matrix c.t\\ with elements being c times the elements of given matrixl 

) c ~~) =( ~ ~ :) 
For multiplication of two matrioe. A\ and 1B • 'the nwllber or 'oolmms in ,ffi 
must be equal to the number of roWS in 1B 

A\ m x n· lB n x k = cC m x k~ 
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So, the prooedure of multiplioation of two matrices i s such, that each roy 

of jfj. is multiplied by each column of 13 .. 

b.xamplesl 

o e ~ ~). (~ ;). the produc,t does not exist 

_(1;'0%0) {1 0I5) JfJ.J 5 9) _(16 22) ~ "! 
A\ - 3- 0,4 r- 2 ~2 , t' ~D\ 11 23 ,but~ 8 12 T A\ 

." .,.. 
The transpose of a sum (A1 +lB) ::::. AT" +15 

'1"' ~ :r 
The transpose of a product (A .;1») ::::.E Ii A\ 

(
59' (511) 

= 11 23) = 9 23 

T T 
.B · flj _ (1 '2.,\ (1 ~ 30

) (5 11) (T 
- 5 '2f 2 ':4 ::: 9 23 I:\A\ .. J:,) 

The trace of a square matrix .~ is defined as the sum of its diagonal 
elements I 
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Useful ,rgoperties of the trace of a ma.trix are followingl 

trI = n n 

tree 11\ ) = c .trA! , t-r (~+'f~ = h-Al +bP> 
) 

tr(/\\-ij)) = tr(lr A ) 

t.r( A~m ) :: 2+6:::b = lir A + t:d3 = (1+4) + (1+2) 

tr( tim) = 5+23= 28 = tr(I3A) = 16 + 12 

ThLdeterrojn~.t of a square ma trix is a number denoted by If%.' = det A 
associa t ed with the matr ix /l in a speci a l I:!Y ~ which is given below for 

a. m~trices of 2x2 and 3x3 dimensions I 

1 
ahc I def = aei + bfg + dhc - gec - dbi - hfa 
ghi 

Example: '\ 2 1 \ -1 1 = 2 -(-1) = 2+1=3 

1
1 2 -1/ o 1 3 = 2+1 2+O+2+O~3<:::.13 
212 

Determinant of a product of two matrices. 

ElxarJ'l.nles ( , 1 11 221 . 5 , 5 
A = 4 -1 1\ 113=(1 0 2» A,;r::i 9 9 4) 

o 1 _~ ), 2 1 2 ~1 -1 0 

\ 
5 3 5' ~1 1 1 \ \ 2 2 1 \ ' det~ .. ·})= 9 9 4 = 8 =- det A.\ .' de t 4 -1 1 • 1 0 2 • 8'.1 ·, 

-1 -1 0 0 1 -1 2 1 2 
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A matrix ~ is called singular if det A) = o. 

If a matrix A is s ingular) it has linearly dependent r ows or oolumns. 

Example : 

A\;: ( j i D. dot A\ = 0 • . Ali. oingular and ito 

colunms are linearly dependent(third oolUmn is ' the sum of the first two 

colunll1.s) • 

1"'J1e min..2£ of an element a . . of a matrix.Al is a det erminant of the matrix 
~J 

obtained by deleting the i-th row and the j-th column. 

'!'he cofactor of an el ement a . . i s its minor multiplied by (_1) i+j 
~J ' • 

'1'he cofac tor ~_ is the matrix of cofactors , 

lJ.'he ad j oint ma t rix (denoted by D) of a matrix /Rl i s the transpose of the 

cofactor matrix g 

J~xample l 

/] = L1 2) P =(0 2) 
. 1 ° t t-\, 1 1 

'l'le inverse of a mat rix .1\\ denot ed by ~ -1 is def ined onl y for a non­

singul ar matri x, as .~-1 = ~D 
det/t 

Examplesl 

det A = 11:0 

~ = A\D = ( ~ ~2) 
detA 

,13 cC 0 1) 211 
det :13 = 2*0, 011 • 

13
D f 1 -1) -1 o! 1 -2 1 1 ~ =(-1 L ) 2 -1 1 t 

1~! 

.( 7 -11 16) 1 1 C:oI -3 5 -7 (;-1 =( 2 5 1'3) 
1 -2 3' 1 3 2 
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-1 
~por~~t properties of t he inverse ~ are I 

..:1 -1 . ft.. • fiJ.~ ,/Sj • ~ :::: I (ident~ t y matrix) 

(tt-1)-·f =- 1-\\ 

(lH') Y f -=. 1i5'1 • !-le1 

(cAl }-f .=: .~ -Ar' ) c t-o 
'rhe r ank of a ma.trix A , denot ed by 'r (Al) i s the dimension of the largest 

non-zero determinant which can be build from ma t rix Ao 

The rank of a matrix ,1-\\ is equal to t he maximum number of . ita linearly 

independent rows(or columns). 

Example: 

A\ =( ~ :~ ~ .) I 

-1 1 -3 ' 
det AI = 0 , 

J::t.'I.f
f 

,*0 therefore r(Ai) = 1 

11) _ ('-4 0 5) 
J;l) - 1 2 3 

r ank of a ma.triX. 

'r r(;JJ ) '-: r (A}) 

rCA) .... B) ~ y(l-\\) + y(8) 

r (41 ,,£) ~ rcAl) 
~ rUf:?) 

3.2. System of Linear Equations and its Solut i on. 

as all mi nors of 
dimensions 2x2, 

Using a matrix notation, any system of n ~inear equations l 

a
11

x
1 + a1 2~ + ••• + &1 x z:a b1 nn 

&21%1 + a22~ + ••• + &2nxn • b2 
• , 

• • • 
• .. 
• 
Bn1x1 + an2~ + •• • +& x =b 

rm n n 
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can be briefly written in the form t r1 ••• &1n) :: ) x1 
lb X= x2 where. Ill-: · • ... . ,,) · ) • an1 ••• ann • • • • 

b x n n 

'1'0 obtain the solution of the system of linear equations, t he Cramer 's rule 

ORn hit used' 

for 1 ... 1.2 •••• , n 

where det A 1= 0 18 the determinant of non-singular . coeffio i ents matrj .It) 
det Alt is the determinant of such a matrix 1n which the i-th 

oolumn in matrix .A} has been replaced by the vector lb • 

J~x().rnples • 
1. {.2X1 + 3x2 

3x1 + 5~ 

det Al ... 1 ; ~'s 1, 

... 9 

"" 12 

det A\ 1 =\ 9 ~ \:11 9, det 
12 5 

10-11 det A\ • 0 2 -1 
120 

Al2 5\29)" 3 12 

det 1\\1 ·1 : ~ :~I · 16. 
10 2 0 1

1.4 -1\ 
det A2 ... 0 6 -1 ... 12. 

1 10 0 
det A.\ :;:: 0 2 6 ..0 

\

1 , 0 4 \ . 

, 1 2 10 
16 

x1 • '4' • 4. 
12 

~ ... 4'''' 3, 

Alternatively the invelbe of a matrtx,tft-1 can be used t. ebtain t he sGlut ion 

of the system of linear equations. assuming that A 18 non singular, St!) 
11 -1 
rt exists. 

Taking into &ooount the matrix notation for a syatem of linear equations 
we have: 
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/ l( t ) 

and finally 

A-* ::= b 

/i1 .. A\ ~--' li~ tb 

r~ .::=. A~b 

~ ;:::; A-i1 rb 
I _ ---=~,.~,="," ... ,J e..:::;;i?'_-=:=::.:. ......... --. ,.. . ... ~ 

A\ =(2 3) det A.\ = 14:-0 , 
3 5 ) 

)/( =( 5 -3 \ ~ ( 9) _ ( 9) _ (X1) _ 3 . 2) 12 -\-3 - x2 

It \ . 
(by left-hand side multiplicat i on 

. by A -1) 

. ) 

A,-1 J 5 -3 ) 
\.-3 2 

3.3. Quadratic Ferms and Defini te Matrices . 

The sca.lar 

of a vector 

IDxamples I 

;>I TAl ~ = t t '\liXj is called a quadratic fon 

i=1 j ",,1 

X1\ 
~) • wit h a symmetrio matriX 

n 
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The quadratic f orm ~TA~ .,. (x
1 

(1 2)- ( X1 ) 2 
x2) 2 3 x

2 
... x

1 ... 4x1 x2 + 3lC~ 

2. ft:(~ ~ ~) 
o 1 4 I ~- (~) 

~~I~)(. = (x1 . CO O) \Xl) x2 x
3
)· 0 3 1 • 2 22 

o 1" x2 
.,. 

2x1 +3x2+4:X3+2~ 

x3 

The quadratic form 

A quadr A.tio form is oa.lled positive definite if for all vectors ~ 4: O)J~:~ >0. 
A. quadratio f orm i s called pos itive semi-definite if . f or all veotors * ::#:(1) 

~r;.u J)f /)-0: 
A sYfup. trio matrix;.n is called posit ive definite, i f its quadratic f orm 

is posi tive definite. 

A. ~etrio mat rix A\ is oalled pos1tlve semi-definite if its oorresponding 

quadratio form is positive semi-definite. 

Examples A\i~;) is positive definite, beoause its quadratio 

\6 "T"A\ 2 2. J-~ form 'J' ')!.' -= 2x1 + 3~) 0 for all veotors )t -:r'P< 

'Useful theoremss 

1. If It is a nxm matrix with the rank m(.n , then .A""Al is a. positive 

definite matrix. 

2. If A\ is a posi~ive definite matrix, and 'f is a non-singular mat rix, 

then pTAli> i8 a positive definite matrix. 

Differentiation in the matrix notation. 

The derivative of a quadratio form y.,. ~1f1... with respect t o t he vectorJt' 

is given by the formula I 

-oy 
~ 

- dXt. 

=2A\x, --a* • 
~y 

~x.l\. 
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wi th respect to 
the vector )lt . is given by the formula 

then its derivative 

~ 
~x1 

ex... 
~ x2 

~ 

~ 
""X{ - a.. ... 

+ 2x2 
+ 6x2 + 4x3 

+ 1Ox3 

oX3 

2. y= 5x1 
+ 6"2 - 2x} = Iii ~ is a linear form of the vector )t ~(~) 

x, 
with the ooeffioients vectorCi

T 
= (5 6 -2), 

then its derivative ~- 2.L (5 ) 
.(l~ "'ax1 6 

3:.L = -2 = 4 
~x2 

2.L 
~x3 

3.4. Some Speoial Matrices used in Econometrios, 

The Gram' B matrix i s defined for each matrix A\ mxn 

as 

G is a quadratio nxn matrix, while C1 is qua.c1ra.tiO mm matrix. 

There are two useful properties of Gram's matrices l 
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1. '!'he iraro's matrices 0 and Ca1 are symmetrio. 

2. The rank r(4):11 r(G1)' ::: rCA ) 

Therefore the smallest .aa's matrix (Ol~t of Cit1 and (;1) can be used for· 

finding the r~k of a given matrix At • 

Example 

(
104 156) 

~ ::: 156 234 

det Of = 0 

Therefore r(~1) ::: 1 ::: rGl-n) 

The idempotent matrix. 
or 

A matrix A is called an idempotent ma,trix, if it is symmetric ioe. Al :::t\l 
and if N =- A\'~ =- Al 
The following propert~of idempotent ma.trices are useful in Eoonomet rics: 

1. If A\ is an i dempotent ma.trix , then£=.I-/\ is also an 

idempoten t matrix) and I-\\"!, ~:. B ~ :.=: ~ 

Jf.I. . tAT -1~ 
2. If 1"'\\ is any matrix,. then AI(1\A1 A is an idempo t ent matrix. 

3. If A\ is an idempotent matrix, then its rank is equal to its t r ace, 

i.e. r(t\} ) .. tr A\ • 
The last property is specially useful since it is very easy t o f ind t he 

) 
trace of matrix. 

Examples I 

1. It can be eaSily ohecked, that .A.\=Go ~ ~) 
18 an idempotent matrix. ~ 

o 3' 

2. Let ~ be nxr matrix, then from above 1-3 propert ies 

it follows, that the matrix:Z-I-lt(~~J~~ is an i dempotent, 

matrix and its rank can be obtained asl 

r(2) =: .trz ~tr[I-£~T~)-~TJ :::: 
= tr r~ - t ... [~~~(~:T)x)-!J -

- 'h - t., I -r -= n -r. 
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CHAPl'liR 4. PROBABILITY THEORY BACKGROUND OF ECONOY-tErRICS. 

4. 1• Random EVents and Probability Measure. 

Random experiments. 

An exp r iment is said to be random if we cannot predict the outoome before 

the experiment is carried out. '!'he set of all' possible elementary single 

outoomes ~l a given random experiment is called the sample spaoe and it 

will be denoted by (l. Any subset of the sample space J'2 is called an 

~ (or random event) . EVents will be denoted by A, B, a, etc, like sets. 

Examples If we roll a die , we are performing the random experiment for 

which the sample space is n =t1,2,3,4,5,6,1. The following 

subsets of ~ can be consider ed as examples of eventsl A= t 2,4,6~ , 
B= t 61, c= {1 , 2, 3 ~ , D::{~, 3, 5 ~ • 

As special events we can c'onsider the certain event denoted also by ..GI 
which is certain to occur in a given random experiment, since it contains 

all possible outcomes, and the i mpossible event, denoted by ¢ • which can 

never occur in a given random experiment , since it does not contain any out­

come(i t i s equal to the empty set of outcomes), 

'!'he Borel field of events, denoted by Y, is such II. set of events, that 

1 • ..a <= :F' 
2. If Ai~.r 
~ 

.,0 

for i=1 ,2, ••• , then the union U Ai. eJ=' and 
t d, 

the entersection f) A", E:: F. 
.{::1 • 

The Borel field of events ']: is therefore a family of all possible events 

and it has the important property I all events belonging to :J: are measurable 

sets , i.e. we oan define a measure as a set function on them. 

Probability measure. 

A se t function P is called the Probability Measure, or~~efly Probability, 

Iff i1i~ 1~.tlll.\P.tJJ!8 ltibe !fotVlftj'W!me; i;~~~ '~q*D,logo~Q~ . '~t9~~" 

~ '. Fdr e~h :~en!t 'A ~Y:; to .a:!PlA')~ ·4 . 
2·. tp(.o ~= It 

}. ~~; P(A
i

) for 'the d1ejpmnt '~ents At: '2, •• 
'i=~ 
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So, the probability is a non-negat ive, normal1zed and countable additive 

measure of events and. it gives a mathematica l measure :for the chanoe of any 

random event . 

It can be prove~, that P(A' )="1-P(A) f O,r the cOmple!ment A'of an event A; 

and P(A~B) = P(A} + P(B) - P(A"B) for any. two events A a.nd B. 

The full mathematioal 'model associat ed with each r andom experiment for 

getting the ,probability of events i s called the probability space. and it is 

defined as a triple: ( .n. ) F') 'P }, 

where .(l is the sample space f or a given random experiment , 

JF is the Borel field of events, 

P is the probability measure. Which gives probability P(A) 

for any event A. 

I t follows, that in order to obtain the proper probabilities for events in 

a given random experiment, first of all we have to define the appr opriate 

probability space ( ~'7., ,J=, 'P ) to that trial. 

In a such random experiments in which sample space is finite, the simplest 80 

oalled olas8ic~p'robabilill..m~~~W~ can be used, which gives the probability 

for an event A, as P(A) = ~ , where m is the number of favourable events 
n 

(the number of elementary outcomes contained in the event set A) ou~ of a 

total of n possible ~lementary outcomes of the experiment. 

Examples. 

1. A box contains 4 red, 2 white and 6 black balls. When a ball is 

drawn at random what is the ~rob,pility that i t will be r ed? 
A red ball is selected. P(A) =-it':C"-!, 

2. A single oard is drawn at random from a deck o f 52 bridge cards. 

'what is the probabil1 ty that it will bea diamond or a queen ? 

Answer I Let D denotes the event that a diamond is selected, and Q 

denotes the event that a queen is seleoted, 

then p(DUQ) • P(D) + p{Q) ;.. P(DnQ)= II + .!.. - ~, ..; .L562 = t,. 
52 52 52 

4.2. Rando. Variables and Probability Distributions. 

Let (1:2,1=',1) be a given probability spaoe for some randoa experiment . 

Each real-valued funotion defined on the sample space J1 is oalled ',. 



!lndom variable. It is a mapping of event s into reu.l numbers. 

A ca.pital letters X, Y t ••• will be used t o denote r andom variables. 

dye . . 

With the real numbers from R whiC~ va~ues' of random variable X) t he 

probabilities are a~sociated. as each event from the domain of the random 

variable X has the appropriate probability. 

Therefore, for each random variable we oan define i ts probabili ty dis tribution 

as the set of its values(the range) and probabilit i es connected with them. 

A random variable is said to be discrete if its range is a finite or 

countable subset of the space of real numbers R. 
A random variable is said to be continuous if i ts r ange is an interval of 

real numbers. 

The probability distribution of a discrete random variable X can be oharac­

t erized by so called probability funct ion: 

t Where Pi are the probabilities 

• £'Pi'<:' 1 and ~ 1 . L Pi III • 

i 

In Econometrics much more important however are continuous random variables, 
c..llUll/ 

) cause the numerical results ef random experimentarmeasurements of economio 

variables belong to some intervals of real numbers. 

characterized by so called probabi lity density function 

denoted by f(x) and satisfying t wo conditions I 

1. f(X)~ 0 • 

2. rr<X)dx = 1 
-.0 . 

To interpret the probability density flIDction f(x) we can imagine that the 

t otal unit mass of probability (= 1) has been spread continuously over the 

real line with non-negative density f(x) at the point x. 
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It is impor~ant to realize, that the pdf values are only the mfU"ginal PrOba.bi. 

lities for each value x of the continuous random variable X. 

In order to Qbtain the proper probability, we have to integrate t he ~df. , 

Therefore for contlnucms random variable ' X t he probabilities f or {ts value. 
are calculated as follows. 

for any interval (a,b) 

p -\,X = x ~ = 0 for any single value x . 

A oommon characteristic for 'both disorete and continuous random variables 1s 
called the distribution funotion denoted by F(x), 

~ Pi f or discrete case 
xi<x 

for oontinuous case with pdf f ' t) 
- oa 

For the continuous random variable we have . 

d ~xl = f( x) 

Examples. 

1. A random t r i al is defined as a random selection of one household out 

of the households populati on. We know, that 90% of households live 

in rural areas, while only 1<Jlfo in urban IlXeas . 

If the rural household is selected, the real number "1" is 

associated with this fact, while the number "0" is associated with 
selection of an urban household. 

We can define the random vari able X1with its probability distribution 
defined by the folloWing probability function. 

P (X • 1) = 0.9 

P l X • 0) = 0.1 

The diatribution funotion of the r andom variable X is defined as' 



F (x) = {' O~1 
. 1 
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f or x ~O 

tor 0 ~ x ~1 

for x -,. 1 

2. 'fha area. under wheat in sampled. agricultural holding can be considered 

as the random variable X of continuoUS type)with the probabtlity 

density function rex) defined ass 

f(x ) =ho' for 0 .6x~2 (hectares) 
~ Q L~,,,~e.u~ 

So, the probability of obtaining an agricultural holding with the area 

under wbea t wi thin interval 1 "x 6:. 2 (see . the : graph) can be 

calculated as : 

P ( 1 ~ X ~ 2) = r f(x)dx = J ~ = txJ2 os 1-i .. i .. 0.5 
~ 1 1 

·t 
.~ 

Multidimensional random variables. 

Let( ~ ,'J= ,1?) be a given probability space for some random experiment and 

l et R~ be the n-dimensional real space containing the vectors 

)fc :=: (x1 • x2'.·· , xn)· 
A,ny real-vector fml.ction X: n -'!JIo' :an is called a. n-dimensional randoll 

variable or random vector .~ = (X1, X2 ••••• Xn)· 

The joint proba.bility densi tv function for a . oontinuous random vector}/( 

w11l be denoted by f(~) = f(X
1

, ~, •••• Xn) and it satisfiei! 

t .... o condi tiona: 1 • f( .>A ) ~ 0 

2. J -----f. f(J(( )d* = 1 

Rn 
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Two-dimensional random variable (~andom vector) will be denoted~u8ually by 

(X,Y) and itsjoint pdf by t(x,y). The elements of a random veotor~ can 

be independent ,or dependent random variabl es . They can be also correlated 

or uncorrelated, which will be explained ~ the next paragraph. 

For example: function f(x,y) defined as 

f(x,y) = x+y for 0 ~x ~ 1, ·0 ~y ~ 1 

is the pdf of some two-dimensi onal random variable (X, Y). 

4.3. Parameters of Distribution of the Random Variable ~ 

The probability distribuHon of each r andom variable can be represented by 

the set of parameters called the moments. ' 

The main "Location" or "the central tendency" parameter of a r andom 

variable is its expected v l ue(or mean value). 

'fhe expected value of a random variable X i s defined as 

\

L xiPi for di screte r andom variable 

i 

m::E(X) = + -.on 

J!po xf(x)dx for continuous r andom variable 

The expected value E(X) of a random variable can be interpreted as the 

centre of gravity of its probability distribution. 

The main properties of the expected value are as follows , 

1. E(c) = c for any constant c 

2. E(cX) = cE(X) 

3. E(X + Y) = E(X) + E(Y) 

4. E(X.Y) = E(X) .E(Y) for independent random variables X and 1, 

The expected value is the special case of moments of the r andom va.dalJle . 

The r-th moment of a random variable X is defined as: 

The first moment is just the expected value m = E(X). 
Th second moment m... .. E(X2) JA2/ 

~ = x t(x)dx (for continuous case). - .... 
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The maJ.n "s~ale" or IIdiBper~~OI!n parameter of a random variable is its 

.., ia.n~ denoted by $2 = D (X) = Var(X) and defined as D
2

(X)cE [X-m] 
2 

--- where m is the expected value of the random variable X. ' 

UsuallY the variance of a random variabie is calculated from the formulas 

_2 2 2 ' 2 or~ D (X) ~ E(X ) - m. = ~ ~ m
2 

Very often, the standard deviat ion of a ~andom 'variable is used as a 

dispersion parameter. It is defined ~s 6"= D(X) I: {D2(X) I 

~~e main properties of the variance D2(X) area 

1. D2(0) = 0 for any constant 0 , 

2. D2(cX) = c2D2(x)~ 

3. D2(X+Y) = D2(X) + D2 (y). for independent random variables X and Y. 

Examplesl 

1. A oontinuous random variable X has the pdf defined as: 

f(x) = ~ for 0 ~x~2 

The expected value of this r andom varlable is m = E(X)= 

= ~ 1 x2 
dx =.4. ~] 

2 
= ~ - 0 = ~ . 

o . . 1. 3 0 3 3 

~,~ second moment "'2 = E(X2 ) = t i. t x dx = t t x3
dx = t· iJ,,2 = 2. 

Then the vari ance of the random variable X is equal to 

~ 2 2() (2) 2 16 2 'Q'=D X =EX -m =2- 9 =9' 

and the standard deviation <C;:-" ::D(X) :1*' ~O.41 
2. A continuous rand~~' variable X has the pdf defined as: 

f(x) :: e -x for x~ 0 (se;~ the gamma distribution in the next paragraPh) • 
. :.; .. !~, J 

The expected value of th!s r andom variable is: 

m = E(X) = I::,;.x;'': ltd = 1 t ~ , 
o 
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'rhe second moment ~ = E(X
2 )= . Jx2 e-xdx = r(3) ::; 2!1::: 2, 

o · 

Then the vf!Xiance of the random v~iable X iSI 

r:l = n2
(x) = ~ - i = 2 - l ' ~ .1, 

and the ~tandard deviation 0"::; n(x)· = F == 1. 

For a mill tldimensional random varia.ble (a random vector )f) . the mean vector 

and the covariance matrix are the main parameters. 

The mean vector (or the vector of expectations) of the random vector 

~ Q(J:) 
n 

ia defined aSI 

The covariance matrix of the random vector~ is defined aS I 

where 

w:l. • ~2.. ... - ~II 

VeX) ~, ~:t ... ~It = ~ 

• \ 

• .. 
• 

~n ~~.o. ... ~ 
~~ = n2(x

i
) ... Var(X

i
) for i = 1, ••• , n 

~j = Cov(\, Xj > are the covarianoes of the random variables Xi and Xj 

Cov(Xi,X j ) ::; E [(Xi -mi)(X
j 

- m
j
)] , where m

i
::; E(X

i
) , 

mj = E(X
j
). 
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'l'he covari~ce matrix V(X) is symmetric, sinoe ~j '= "j ~ 
The £orrelatlon coefficient ~f the random variables Xi and Xj 

i 9 defined as t , 

CoV-(}{t,X'L , 
:J)'J.(J{~) aJ)YXj) 

If 5'ij ::: 0, random variables Xi and Xj are ca1ied uncorre1ated 

If f'ij ,*0. r andom variables Xi and Xj are called correlated 

Another concept of relationship between two random variables, 

namel y 'a. stochastic dependency is based on joint and marginal distributions. 

Let the random vector (X, Y) be a continuous two-dimensional randoll 

variable having a joint probability density funotion (joint pdf) denoted 

by f( x, y) . 

The maxgina1 pdf are defined as: 
~ 

f
2

(x) = J f(x,y)dy for the random variable X, 
- &0 

and 
f2(y) = l tAf(x,y)dx for the random variabl'e Y. 

_00 

,/ 

'!'he r andom variables X and y ' are said to be (stochastically) independent · 

if 

If uch equational condition for the joint and marginal pdf is not fulfilled, 

the random variables X and Y are called dependent. 

A connection between the correlation and dependency is given by the following 

two very important theorems: 

1 • tt t-cij1ddHl. variableS X ana t are lhdepehdent; 
then th@y are also uncorrelated (i.e1e a 0). 

2. tt rartdom variabl es X and Y are corre{lted (i.e.~"'O)J 
, hit 

then they are also s t ochastically dependent. J 



~--------------------~--~--------------~------------""""" ' I." 

~ . 40. -

The regression func~io~.( explal,lN~<;l in the paragraph 4.5) which reflect the 

dependency between random v~~ab~e8,are directly used in econometric mOdell~, 

Example. 

A two-dimen9io~al continuous random variable .(X,Y) has the joint pdf 

defined ast f(x,y) =XY for O-'x~1, O~~ 2 . 

The margina l,; pdf are t 

f 1(X). IT1~ 2x, and f2(Y). 

Because f
1
(x). f 2(y) = 2x- t y ... X1 = f(x,y) 

the random variables X and Y are independent, and therefor e a1Bo 

uncorrelated, i.e. Cov(X, Y) :I 0 a..nc:l " =.0 .. 
f ~~ 

E(X) .. I x • 2xdx ... ! D2(X) =~ = ~8 

E( Y) = t y • t y dy ... 1 D2 (Y) = ~ = ~ 

So, the mean vector of the random variable (X, Y) has element s J "and ~ , 

while the covariance matrix is equal to (_1 0) 
18 2 

, 0 9 

4.4. Some Important Probability Distributions. 

The Gamma Distribution. 

A continuous random variable X has the gamma distribution if its probabili~ 

density function(pdf) has the form: 

where 

-fc.<) 
I ' 

() bP p-1 -bx 
f x = ftP) x e for x>o, b) 0, p7 0 

rep) ~ fi-1 e .... x dx is tlle ~ funet!op.. with properties. 

x 

r ,(p + ,1) ,.:= ,Pjr(p» 

r(n + 1;> = n !t lQ~ , n~turt\1 lP 

ret) = I,x.' 

The expected value in t)le gamma. distribution jj,.11 ~~) ..,- :~ ,,~ L~d 
2 ~ " 

the variance is D (X) .. 2-. ' 
''b' 



- 41 -

er e are .two important special oases of the gamma distribution~ 

(1) f or b =~, P = 1 we have so called exponential distribution 

wi. t h th~ pdf f(x ) . "e -~ for, x> 0 . ,&? 0 

(ii) for b .. i , 
k p= 2' we have so oa.lled Ch! - ~quar. ~) distribution 

with k degrees of freedom and the 

f or X-O, k- natural number. l ( ) ., , pdffx 

'!'he BetH Distribution. - - -

lc ;' -J;, 
- - 1 - .. ~ 

1 .~ ~-r • _x ~ 

" kff~ 2. 2 1(2) 

A oon'tirJUou8 r andom variable X has t he standa.rd beta distribution if its 

ttle forms 

~B(p.q) a 1 r1(1_x)t-1
dx = 

o . 
r(p)' III.) is the beta 

f'(P+4) 

o ~ A 
'l'he expeoted value in the beta distri~ut1on is 

the varianoe is D2c:tJ = ----'i~;.;;I~----­
(P+<t) ~(p+q+1) 

E(X) =- ..JL. • 
p+q 

function 

while . 

'The special case of: the bet a distribution is the uniform distribution which 

ie the beta distribution for p ,-: q = 1, and the pdf tf(x) .. 1 fo~ 0 'x ~1. 
'l'he beta distribution is conneoted with the gamma distribution by the 

,following theorems If X
1 

and X
2 

are two independent random variables 

having the gamma distribution with parameters b, P1 and b, P2 respectively, 

then the random variable Z == *1 has the beta distribution with ' 

parameters P:::P1 and q:::P2 . X1+X2 

'!'he Normal Distri bution. 

A continuous random variable X has a normal distribution if its pdf has 
the forml .I ( __ ,2 

'l. . ~ 
f(x) = e" 2..-2. for x(- 00, +.0) • Er;>O. 

c-fiit 
'!'he expected value(mean ) in the normal 

and the variance i s D2(X) = ~ • 
Very often the symbol N(m, ~) is used 

for the normal distribution. 

distribution is E(X). a, 

~~ ~x 
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The special case is 80 oalled the standardized normal distribution 
2 . .. ,' 1 c. 

N(O,1) for m=O and \':J = 1, with ,: ,: - ,",-= --f ' 2 
¢.r: f(u)= -=rst' ~-~ wich 

can be easily ' obtained by st andardization d~fined as ' 

X - m 
'\1= ~ 

The numerical values of the pdf and t he ' distributi on funotion F(u) of the 

standardized normal distributi on N(O,1) are printed in Statistical Tables 

and they can be easily used to obtain any probability in t he normal 

distribution. 

It is worth to remember that in the normal distribution N(m, ef) the 

probability 

p{ m- 2C'.(X~m + 2a3~.95 ,while the probability 

P{ m- ~a.( m + 3<iiJ~.997 

The normal distribution is very often used in nat~l SCiences, because 

of the Central Limit Theorem whi ch says, that: 

If X1, X2 , ••• , Xn is a sequence of independent random varia.bles hav!?gthullat 

or different distributions with a finite means and variances, then 

the sum f- has i n limit ( when n+oo) the normal distribution. 
Sn = L Xi 

i =1 
The Central Limit Theorem gi ves also the background of using the normal 

distribution for the random disturbance term in econometrio models. 

The Multivariate Normal Distri bution. 

" (X) A n-dimensional random vector " 1 has the multivariate (n-dimensional) 
Jl= X2 

• • 
~ 

nQrmal distribution with the meQll vector!'" cE~ ) 

and the covariance M t l.'j.:1\: Vt)f(.) =~ , if the joint pr obability densit,1 
function has the fo~. 
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wher e 1 ~ I is the determinant of the covariance matrix ~ 
"· 1 ) 
~ - is the inverse of the covariance matrix ~ 

Often the s~bol N,,_ , l:' ) is ~sed ~or the multivariate normal 

distribution. " . 

In econome"trio models it i s often assumed, " that the random disturbance 

vector ( has n-dimens ional normal distribution N( 0 , ~I ) 
i.e. with the mean vectorJLI ::=..(}) and the diagonal covariance matrix 

L ".=:(?/ l • E'or t ha t case the joint pdf has the s imple form: 

? n 1 eTE 
f( t) = ( 2 n:. ~)-2.e-~2 " 

The Chi-square ~) Distr i bution. 

'1be chi-square distribution is connected with the normal distribution 

by t he following theorem: 

If u
1

' ~, ••• ,~ are independent random variables with the standard 

normal distributions N(O, 1), then the random variable 

2 k 2 If = ~ ui ha s the chi-square distribution with k degrees 

i=1 

of freedom (df = k). 

The pdf of the~ distribution being a special case of the gamma 

distribution is in the form: 

k J2 2 - -1 - 2 (~) 2 e 2 for.,. "7 0, and lc.'batural number. 

The only parameter in t he chi-square distribution is k(the number of 

degrees of freedom) , Which is also the mean (expected value) s E~2)c k. 

The v~iance of t he1.2 distribution is D
2r:,!) = 2k. 

For ~ = k-2) ° exists the maximum value of the pdf. 

The s t atistical tables usually contain a table of the i distribution in 

such a f orm, that f or given probabilityeLand for given number of degrees 

of freedom k= 1,2, •• • , such a value~ is printed, that 

p \i~ ~~1 =r:L) f<,.2) 
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Th erE' ::ire two im£ortaT!Ub-eorems f Q~j;l:l.!'ulbJ-=~.Q. uar.ELdi.s-tribu.ti on: 

• \o.J~~ 
1. If U 1s a random vector having n-dimensional normal distribution 

N(I.) J I ) J' then the quadratic form u/~~ has the JI distrib~tion 
with the number of degrees of fre ed.om equal to the rank of matrix.A\ 

(df= r ~)). 

2 . If df = k...."cO then X:2 
distribution tends to t he normal distribution , 

'l'he t-Student' s ]istribution ~ 

1~e t-~udent's distribut ion is connected with the normal and with the 

chi-square distributions by t he f ollowing theorem: 

If U and V are two independent random variables, and U has the 

normal distribution N( 0,1), while the random variable V has the,( 

dis tribution vlith df = k, then the random varia ble t defined as 

t = . ~ ~. has the Student· s t distribution with dfok 

The probability density function of the t )tudent';s distribution has the 
form: 

(k+1) ( 2'):' k+1 
f(t) ;:: r\-2- . 1 + ~ --2-

1k7?rfi) 
for t E (-'trO , + ~ , 

and k-na tural number. 

The expected value in the t-4tudent's distribution is :¢( t) = 0 

while the variance ]2( t) = k~2 for k> 2 

The ~dent's t distribution tends to the standard normal distribution 
N(0,1) as df%k-.oo 

The statistical tables usually conta in a table of theJitudent's distribution 

in such a form, that for given probabilityot and for given df=k=1 , · 2 ••• , 

such a value t is printed, that P { Itl~ toL}=ol 

fit) 

• 
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lb 
F_Fisher- Snedecor Distribution 

'h ~'distribution is connected with the chi-square distribution by 

th following, theorem: 

If V 1 and V 2 are two independent random variabl~s, both having 

~2distribution with df=k1 and d!=k2 respectively. 

then t he random variable F defined as 

V1J'k1 V1 k2 ' h th F F F - - _. _ as e - isher-5nedecor distribution 
- V 2/k2 - V 2 k1 

with k1 and k2 degrees of freedom. 

The pdf of the F distribution is in the form: 

f (F) for F~ 0 

and k1 ' k2 natQral numbers. 

The expected value in the F distribution is E(F) = k; 2 for k2> 2 

and the variance is n2( F) = 2k~(k1 + ~ - 2)2 for k2" 4 
, k1(k2 - 4)(k2-2) 

The Statistical Tables usually contain a table of F distribution in such 

a form, that for given probability.L and for given pair k1 and ~ of 

degrees of freedom, such a value F.,( is printed, that P { F~ F.c.~ == ol. 

ffF} 

~~~ 0 ~ 
'nlere are'~portant theorems for F distribution' 
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1 . If t is a random variable having the Student distribut ion With dfo;k 

then F=t2 has the F Snedecor distribution with k1= 1 and k2 = k 

degrees of freedom. . 

2. If the random variable F has F Snedecor distribution with k1 and k:? 
degrees of freedom, than the ranaom ' variable Z =1 
has the F distribution with respectivel y k2 and k1 degrees of freedom, 

3. If F is a random variable having F Snedecor distribution with 

k1 and K2 degrees of freedom, then the random variable defined as 

1 
X = k has the beta distribution with parameters: 

1+ _1 F 
k2 

Examples: 

1. Find the expected value and the variance of the continuous random 

( ) -2x 
variable X having the pdf : f)( = 4 x· e . for x~ e • 
To solve the problem we can chpck, that X has ufact the gamma distribu­

tion with par ameters p == b == 2. 

So, the mean value E(X) ==! = 1 , and the variance n2(x) = ~ =1- . . 

2. A random variable X has the t Student distribution wi t h df: 5. Find the 

probability: ' P ~X2 ~16.3} + P{:2~230J. 

Recalling that X2 has the F distribution with df k1 = 1 and ~ ... 5, 

and --L has the F distribution ",ith df k1 = 5 and k2 : 1 we shall 
X2 

use the F distribution tables to find the proper probabili t ies. 

P{F1 ~5~ 16. 3J + p{ F5.l(1~ 23~ = 0.01 + 0.05 = 0.06 

3. A random variable X has the normal distribution ~(0,4). 

probability P{ X
2
;>1.82j. 

Since X tv N( 0, 4) , then U - X-m - X-O : ! "'N(O 1) - "'--2 2 t , 
and then 2 ·= X"2 ~ 

U = '4 has the I' distribution with df : 1. 

Th r fore we have P{ X
2
>1.823 = p{~2/, 1482 3 = 

t:: p{~.,. 0.455} ~ 0.50 ~rom the table of f 

Find the 

distribution). 

II 
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For stochastically dependent random variables the regression functions 

can be very useful for studying (and for prediction) of realizationl!l . . , 

of some random variable provi ded given values for other random variables . . 
In d >finition of the regression function the conditional probability 

dJ. t "ibution is involved . 

Le t (X, Y) be a two-dimensional continuous random variable having the 

probability dis tribution deseribed by the joint probability density 

function f(x, y ). 

Th one-dimensional marginal distribution of the random variable X is des­

oribed by t he marginal pdf f 1(x) = Tf(x,Y)dy. 
- V" 

1'h on - di lOp.nsional conditi onal dis tribution of the random variable Y oan 

e defined now by means of the conditional pdf f(ylx) = i~(~j) 

Let us consider nov' the main parameter in that conditional distribution, 

i . e. the cond! tional expected value of t he random variable Y: 

.., '/,I 

E(YIX = x) = ];:.f(ylX)dY 

For any given x(value of t he random variable X) the conditional expeoted 

value E(ylx=x) is a number , but if x varies within the range of the ' random 

vari able X, we can define the f unction: 

g(x) = E(yIX = x ) 

Such a funct ion g(x) giving the conditional means of the random variable y 

for each value of the second random variable X is called the regression 

funotion (of t he I-at kind) Y on X~ 

~etrioally, in the s ame way} the regression funotion (of the I-st kind) 

X on y oan be defined a s hey) = E(xlY = y). but usually in practice) ITt! use on; 
~efirst one g(x) out of these two regression functions, sinoe a oausal relation­

ahip (if exists) is usually denoted by the funotion y= f(x). 

The important l!.roperty efJhe ~esBion f.~~ g(x)= E(ylL: x) i9, that 

for this partioular f unction, E [Y _ g(x)] 2 reaches the minimum value 

compared to those f or any other function g(x). 
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Since the regression funotion Y on X, i.e. g(x) • E(YIX = x) transf~$ 
each realization of the random· vari able X into a conditional expeot ed value 

of the r~ldom variable Y, it can be used as the tool for the prediction 

(forecasting) of y values, provided given -values x. 

There is however one_PEacti~al lim~~~tion her e: in order to oalculate (by 

integration) the regression function of the I-at kind, we have to know 

fully the joint probability di stri bution i.e. t he joint pdf .ttx,y) . 

II 

Because usually the joint pdf f(x,y) is not known, we have to estimate the 

regression funotion g(x) (based on statistical sample from the two-dimensional 

distribution of (X,Y) ). 

rr.Q.~lma.!~ (by t he Ordinary least JIuares met hod) regr~saion funotion 

is calte~.Jl-nU.inQ. C.:regression .and i t i s commonly used in a 

stat i stical practice, also i n Econometri cs. 

Only sometimes, knowing the j oint pdf f(x,y) we are able to oalculate (and 

not to estimate) directl y t he regressi on funct i on of the I-at kind. 

The regression function can be s imilarly defined for any k+1-dimensional 

random vector (Y;£)= (Y,X1 X2 Xk) assuming t hat the joint probability , , ... , 
distribution is known. 

f~ch a multiple regression function i s defi ned as 

g{x1 x2· x. ) = E(ytx1= x1 X2= x2 X = x.) 
, , ••• , K. " • •• ,-lc K 

The type of the regressi on function depends on the type of j oint probability 

distribution for which the regression function is caloulated. Very often 

the regreSSion funotions are non-linear. Only in the multivariate normal 

distribution the regression functions are linear. 

Examples: 

1. A two-dimensional oontinuous random varia.ble (X, I) has the joint pdf 

defined as f(x,y) = (XY for 0 ~x ,,1, O!;y~2 
\ 0 elsewhere 

So, the marginal pdf for the random variable X can be calculated as 

f 1(x) = (r(:,Y)dY C 1a ~Y = x 1 ydy = xof): = 2x for O~x~l, 
_60 
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ow, the con~~al pdf f or the r andom variable Y can be obtained 

as r(yl x) ::; w- = ~ = t y for Q .~y1:2 . 
'1 

The E~-~~~~ . ~tl!l~~on,< of the I-st kind) Y on X can be caloulated 

noW as 

g{x) = E [ Y I X = x]21 ';·f(Y1 x)dY = t y.!ydy = ! t -/dy • 

3J
2 ~ 

= i.~ 0 = 3 -

So, the regressi on func tion Y on X is a constant function g(x) ' = ~ 

(it does not depent on x ), which is clear if we realize that X and Y . , 
are stochastically independent variables} 

Because of that independency of X and Y, the constant regression 

function g(x) = 1 is not so useful f or prediction of values y/~s in 

other cases, when X and Y are dependent random variables. 

2. A two-dimensional continuous r andom variable (X,Y) haS the joint pdf 

defined as: f(x ,y) = x+y f or O,,"x :,(1, O~y~1. 

So, the marginal pdf for X can be calculated asS 

f1 (x) = [(x-!y)dy = x [ dy + t ydy = x+! for O~x~1. 

Because of symmetry, the ma.rginal pdf for Y is f2(y) = Y :('t for O~y~1. 

Now) we may conclude, that the random variables X and Y are dependent, 

because f 1(x) e f 2(y) = (x + ! )(y + ~)~(x,y) 
, 1 

One can check, that X and Y are also correlated<fxY ~TI*O). 

The conditional pdf for Y is as follows: 

f(Ylx) = ~l:_= Xl 
~ X2 

for O~y ~1 
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The r egr ession function Y on X can be calculated now as - _ ... _--_..--- ... _-,.-----.-_. 
1 

t· T L:!:..+ . 1 
g(x) = E(Y X: x ) :: -fJ Y x + 1t dy =~. 

1 i . J.3 ~ + ! 3x + 2 ~ 
. 1 1) . 

:: ;-+; X· 2 J 0 + 3 J 0 = ·x + J! = 6x + 3 for O~ x~ 1 , 

. ft· () 3x + 2 . 1 . (h ) So, t he regresslon uno lon g x = 6x + 3 1 8 non- lnear yperboli c. 

The linear function hex) =~ .~ x +! can be t aken as a good~proximation 
of the g(x). For example for X= t we can predict t he value Y,based on 

the true regression function as g(~) = -h~.58, while the linear 

Dfproximation by the function hex), gives us he!) = ~ ~ ~0. 61 
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CIl 
l'lATHEl'IA'l'rCAL S'rA'l'rSTICS BACKGROUND O}t' ECONOHErRICS. 

O 
tUne of 'the Statistical Estimation rrheory. 

5.1. ..J! 
A cient ifio concept of making inference about statistical populations 

baaed on random sa.mpies is the ma i n subject of Jl'Iathematical Statis tics. 

~ hematical Statistics deals with a rules, tools .and principles of a 

B Llatical inference based on random sampl es and the probability theory. 

'l'hu e are two basic kinds of the statistical inf erence: the estimation 

of distrlbutions and the ~tatistical hypotheses testing. The basic tools 

(t timators and statistical t e s t s respectively and t he statistic is - - - - - - - -- - - '- -- - - ... - - --.-

he common idea used in both tools . 

A general scheme of the statistical i nference procedure is as follows: 

- Statis t i ca l Popula tion 
-C. -... ~ .. ,-----_ ........ r Distribution F(x,9) 

Subj ect Random Statistical 
of Estimation Sample ~ Hypot heses 

F , G H: & =60, H:F:F 0 

~ ,ft,-
~ ' 

Est imator Statistic -i{)fl) --. Statistical 
Applied .... - and its Di stribution Test Applied 

Statistical ", Inference 

It is assumed that for a given Statis t ical Popula tion in which the variable X --_.---_ .. - - .- - - --
is observed its probability dis tribut ion descri bed by the distribution 

function F(x,e) is under investigation. 

-.. 

e t ype of distribution F or its parameter e is the subject of an estimation 

or a statist ical hypothesis. A sampl e J!t=( x x x ) is randomly selected 
f 1, 2, ••• , n 

o the population and its func t i on g ( . ) called the statistic have to be 
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proper l y chosen for the appropriate estimator or test application. Finally 

aome new information about the ' statistical 'populati on come out , and the 

statistical inference can be repeated ir necessary f or an anothe aspect ' 

of the population distribution. 

In any econometric modelling both types of a statist i cal inference (the 

estimation and the hypotheses testing) are in use. 

The estimation procedures applied in an econometric modelling mainly ooncern 

the parametric estimation i.e. estimation of unknown parameters 6 . 
The basic tool in the paramet~c estimation i s called ~ estimat or and it 

is defined as followsl 

A.ny stntiotic ~ = g(ll) having t he r obabili t y di s t ribution whi ch depends 
n 

on the estimated parameter a is called an es t i mat or of that parameter 6 . 
A numerical value (realization) of the Estimator f or a given sampl e is 

cal l ed the e t imate of e . 
An estimato r Z as a function of random samplel(' i s in fact a. random variable 

I ) 

I 

havine its own probability distri bution with t he expected value E(Zn) and 

variat1 ce D2(z ) dependent on the population distrlbution (and its parameter6), 
n . 

on the sample size n)and on the function g (i.e. type of statisti o used as 

the estimator Z). 

r~any properties of estimators are discussed in Nathematical Statist:j.cs in 

order to find the bes~ estimator for a gi ven parameter 6 . 'rhe main 

proper ties of a good estimator are: unbiasedness , ef f i cienjy and consistencI. 

An estimator Z is called the unbiased estimator of the estimated parameter 6, 
n 

if i to expected value is equal to the parameter e t i.e. E(Z ) = e . n 

If inequality E(Z Fi=6 holds, the 
n 

difference E(Z ) -9= b is called n n 
the measure of a systematic error. 

If an estimator is biased, but its 

estimator Z is called biased,and the 
n 

the bias of the estimator, that means ---
bias t ends to zero b .... O as n4"CIJ.' the 

n 
estimator is called asymptotically unbiased. 

Examples: 

1. A statistical population has the distribution with unknown mean value 
• -1 \ .J • 

E(X) = m. A ti t .... . _. '\. n 
8 an es rna or of m, the sample mean X i:::: h ~ Xi 

is usually taken. 
0= 
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I is asy to check, that X i s . unbiased for ms 

n 1 n 1. f-
h(X)= E( ;L. Xi) = ~ ~ E ( Xi ) :::;?- m = 

i=1 ~=1 ~=1 

run 
r.­

n ::: m. 

t he normal .distribution N(m, q/) with 
2 I 

estimator of ~ the sample variance S is t:a.ke,,~ 

A tatistical population has 2. s 2 
unknotm. variance S' 0 As an 

n - 2 
s2 c 1 [~(Xi-X) where X is the sample average. , 

'::1 2 
'ro oLudy if S is an unbiased es t imator for the popula tion variance ~, 
'" c utilize chi-square distribution . I t can be proved, that 

.!l-2 = X·'2. with df ::: n-1 • Hecalling t ha t E()'2 k ) -= k) we have: 

~ B( n 28
2

) = E(.y2 1)::: n-1 . 
~ r n-

So , ~ E(82 )::: n-1, and finally : E(S2) ::: n~1 rs2 ::: 

:: 2 _ 1 ~ -i- Ef , which means t ha t t he es timator 82 
. n I 

2 2 .: 1 ., 2 
I'll b1. 0 of that estima t.or is b = E( S ) - to::: _ .- 6 - (which means n n 
und r - st imation of 1C)2) o Since the bias b -.0 as n ... Oo.~, the sample 

2 n 2 
v iance is the asymptotically Uhbiased estimator of ~ • 

. ~ n 2 .1 n - ·2 
stl.Il\ator ::>- ::: -1 S = -1 ,(X . ...x) n- n- ~ 1 

i =1 

2 because E(~2) = E(...!L S2) = ..1L '" n-1 ~ 
n-1 n-1 n 

of 

is the unbiased estimator 

2 
=~. 

I t ie worth to add, that as f ar as standard deviation ~ is concerned, both 

timat ors s=~ and S' = ~~2 ' are biased for ~ • 
If ~ have two or more unbiased estima tors of a given parameter ~ , we 

clto~ ~c. 
h 11 ~ t he estimator hav i ng the smallest variance. Such an estimator 

i eh i s unbiased and has the minimum variance among the all unbiased estimators 

o the parameter e is called t he most efficient estimator' Z* for e . 
If n 

Bll estimator Z is unbiased for e its standard deviation D('% ) is called n , n 
h !.,tandard, error of the estimator Z A.,J ~r is ~~otf!.d. b~ :5IS(2..,) 

. n) --J 
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It f ollows, t ha t t o 0btain the smallest s tandard error (SE) of an estimate 

for given pararneter : ~we shall ' u se the most effiCient estimator Uf it 

exists) of g • 
'ro compare the effic iency of two unbiased estimators of the same parameter 

the rela tive effi ciency is defined as: 

e = 
2 *) 

• where D (Zn is the variance of the most effiCient 

estimator anq. D2(Zn) is the variance of any estimator 

i f the est imator Z is the most effiCient , . n 

Exampl e : 

It' can be proved , t hat t he sample average X is the most efficient est imator 

of t he p~pulation mean va l ue m in the normal distribution N(m, ~2) 
provi ded simple r andom sampling . 

The vari ance of t hat esti mator is gi ven by D2(X) 
- - It.'\' 

error SE(X) = D(X) = {nl • 
n and its standard 

Ano t her unbiased es t imator of population mean m in the normal dis tributi.on 

is sample medi an Me (middle val ue) having the variance D2,('M~) '= .)( .:~ • 
. ? n 

So, the relative efficiency of t he sa.mple median is ~2 

e = . n = ~ ~ 0.64 . 
)'( ~ -'-2 n 

-I t means that the sample average X has the variance of 360;6 less than the 

variance of the sample median Me . 

An estimator Z is said to be a consistent estimator of the parameter e n 
if the sequence of estimates produced by the estimator is stochastically 

convergent to the parameter e when the sample size n-.bO, i.e. 

Lim p{ I Z n - e I.e: fl= ~. 

n..,.DQ 

or bI!ieflya P lim Z _ €} 
n ... oc- n 

In other WOrds)there is full equivalence of the definition of consistencY 

with the law of large numbers for the statistic Z 
n. 
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From the practical viewpoint :vhen using a consistent estimator we can 

n"h the es tima ted parameter e by increasing the sample size appro""" . .• 
To check if some estimator is consistent or not we can utilize the 

following theorems! 

1. If the estlrn·3.tor Zn is an unbiased estimator of the parameter e 
(or it is 'asymptotically. unbiased)} and if' its variance n2(z )~ 0 

n ' a.s n..:r'JO, t hen the estimator Zn is a consistent estimator of 6) . -

2 (Sluts""r theorem) .. If plimZ =6 , and g(x) is a continuous or 
• 'J x.~ n 

r tional f unction, then pUm g(Zn) = g(&). 
lorl' ~ 

1. S:,l1npl e aveN '-,' X is an unbiased estimator of the population mean 
. ! 

m, and it s va "iance (provided simple random sampling) is 

2- J -
D (X) :::: - ..... 0 as n ... .,./)"> . 'l'hen X is a consistent estimator of m. 

n - -2 
oxt it r ,.)110'13 , that g(X):::: X is consistent estimator of m2, since 

t h qu, dr atic flmction g is continuous. 

A2 1 n - 2 
uample vari;lnce S- =;;:'1 L (Xi - X) is an unbiased es timator for 

i:::l1 

the popula tiC'l1 va.,riance (fS2 f and 
'111_ ~ ,,2 • . t t as n ... O'. J.uen o.J 18 consls en 

4 
its variance is n2(S2) = 2~ ~O 

2 J\ n-1 
estimator of ~ , and S is consistent 

estimator of iTe s tandard deviation e- • 

'rh're are two ba s le techniques of estimation of the unknown parameter e ~ 
th oint estimat:.l!m and the interval estimation. 

The oint estima l;i on is simple : assuming that Z is a good estimator 
n 

of (i. e. unbia~~d., efficient and consistent), its value (realization) ::til 

1s calculated for the given sample x.. Such a ' numerical value (number, 

or point on real a'lL::: ) is taken as an estimate of the unknown parameter &-
and is called t he point estimate for e. The standard error(SE) of 

the point estimate is usually used as a measure of its precision. 

The interval estimation gives a set of estimates for the unknown parameter8, 
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vrovitied glven hi gh pt:obabili ty t hat this set contains the t rue value e . 
Such set of es tim£l.tes i.e called th f~ confidence interval. f or ·the eRt imat d 

pax::tmet er e , and i s denoted by : 

p ~ a(Zn).(9 ~ b( ~ri) 1 ;., '1 -oL 

where the lower Limit a(Zn) and t he "!P~ l i mi.,i b(Zn) of the confi dence 

interval are random variables (as func tions of an estimator Z ), and 
n 

1 -d.- is the given pr obability (near to 1 ) called th!LQonfid~, 

coefficient. 

An in'terval es timation t h:t"0l1gh confidence i n tervals ia much mora nare ' 

technique than a point estimation, bu t i t can be appUed only when the 

type of probability di stributi on of t he est i mator , Z n b known . Other­

wise the confidence interval(a,b) can not be obtained. 

Ex.a.mple: 

~jalOplo average X is a good estimator for the population mean m in t he 

normal distribution N(a, ~2). Its numerial value J"= '~ t xi 

1=1 
calculated for the given sample results (X

1 
x

2 
x ) ~ 

. , , •• • , n 
is the point estimate for m. In addition i t is well known , that X 

has the normal distribution N(m, .J). Provided that thi3 populat 'i on 
"2 n 

varHlftee ,~ is known, the confidence interval for th~ population 

mean 'm;is given by the formulas 

where u~ is the appropriate number taken from t he t a.bles of the ~dard 

nbrmal distribution N( 0,1) for the fixed co~fidenQec ooeffici ent I 1 .. _d , 

in sUch a way) that P -\. -uGl. <. U .(. Ucl} 1 _ at . 

Mathematical Statietics(as well as Econometrics) has elab a t ed several 

.t't'neral methods for getting estimators ' wi th good properties f or a 

given estimated! ' p/U'ameter e: the d40ments Method, t he Maximum Lil,lihO.i 

·'MtttbQ4' 'the Least"i Sgua.res Method," etc. The last two methods (and their 

'~~~-extenBion~) are especiallY' ri'DlJlOirtant! and very of ten used in 

eCCir1i1tne:t~d" '1IiM~!Ln:1.ng • 



- 57 -

no url .I.IJ kH 1 j br) )d M.c,th d is hased on the llke lh od funct· on defined 
.!h!---.. ...:-------
R .( .b A ):: 1(x p 6)<, £'(:';2 9 )~ . . · f (x e ) 

~ • . . , n, 

( 
r "Y .x ') ' ,re f",jven sam.)le r e '"'tllts • 

• ,1., I'" I, - A 1 "n n 1:., ..., WII , (. ... .. .... , 

nl ' m n:. i llJ}1l va ltl" of the 1(~· . e) td th respect to e ean be obtained f or 

"( , nt irp~te ~, .rhjr.h :is the functlon e: 0f Ga m 10 r e F.! ltH-*. .Juch a.n 
nor" ' 
t. "t ml~ tCl ~ ::. g(7t ) in called the~~~.!Jm.lJll Li_~~~02~1 ._eS~im~l.o~ . (M.L). 

prO'of8d, tha.t the M:L est.imat ors a.re asym to tlc.ally unbi.ased , 
J L ('1 m 

(' 0 1 i At n ::!.nN a 'wmp to tically mos t efficient estima:~ors fa the eshmated 

, ,r:,m:lter e. The ML estimators have asymptotically(i. e . for large 

f ;unp (')S ) normal distrlbution, t hat fa.cilita tes a confidence interval 

hili 1 inp;. 

111' Leas t Sguat'ea JVJetho<! is ba sed on the minimization of the sum of 

CJ n.r s of ch 'fer~ces between the empirical and the entimated values of 

iven flffic tion. 
J,I L y = fJ(* ,€])) be a given function for the random v~ctor (y ,2ft) with 9;a, 
unk nown parameters vecto·r. '11be sample results(y i,~ i) f or i=1~~" ;'l ·a.re 

p;iv n .Joint observations on the random vector (Y,N). 

T~_ast ~3.~s_ (LS) es~.!~~t9E of~ector aha defined as such a vector 

~, whi ch minimizes the criterion function ~ ! 

'l.'he necessary oondi tion for t he minimum needs solution of the system of 

equations: -;~ -= (J) . 
Por non-linear functions "gil the solution can not be obtain sometimes 

analytically, therefore the usual way i s to transform the function g into 

linear. 

Bxa.mples: 

1. A statistical population has the normal distribution N(m, t:f) with 

unknown mean value m, and known variance ~ • We would like to find 

thE' 1'1a.ximum Likelihood(MI,) estimat or of m. The likelihood function 
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for the normal distribution is defined as: 

L = (2"Jt~r~ ex:p{-~2 i (Xi - m)1 
,. 1=1 • 

Its logarithm is' In 'L = -~'ln(2Jt~) 

and the derivative '!1.u.l!... :i:_"1 - ; ~r:':-. (xi _ m) = 0 
'0 m ~2 L 

for ~ = 1 
n 

i :-:::1 

-= x 

Since )2 In ~ = _ n2.t: 0, the likeliho() function has the mini mUII 
"" " G'" J\ ~m 

for m = x which is the ML estimat or of m. 

2. A statistical population (Xy) has the two-dimensional distri bution 

, in which the regression function Y on X is linear g(x) = (!' x +.L .. 

,"or given n sample observations (xi, Y i) the unknown parameters r and ol 

of the regression function can be estimated by the Least Squares 
(LS) me-thod, i.e. by finding the minimum of the function 

n " 

S = L (y i - (!' Xi -<:l)~ The well known solution of that problem i.S: 
1=1 , 

n 

~ (xi - i)(Yi - y) 
1=...;.1 ______ _ 1\ _ A_ 

, c:J... = Y - f'x A , 
~= 
l f- 2 L (Xi - i) 

i=1 
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, 2. ~Ujne of the Statist.l:£!!.l HyPotheses Tes ting Theorx. 

t i 
N' of the statistical hy'potheses i s t he second kind of atatistical 

A t"'1 n" . 

f lee based on random samples. It i s wi.dely u sed during a checking 
in pr ' 
("'ri j ('(J.t.ian) of estimt1.ted e(}onometric model S ~ 
A nLati tict1.1 hypothesis is defined as any -supposition about the p-co'bability 
~ 

J,,trlblllion of a random va.t'iable , and it is usually denot ed b.v H : F(x)~..o, 

ero E'(x) is the distribu tion functi on of' a random var.ia bl e X, and n i s a 

F;jv n fle t of distribution functions ) called t.h£ set of admissible hypotheses. 

A B t. tis tical hypothesis is ca.lled a parametric hypothesll, if t he ae t of 

admiosible hypotheses contair19 such hypotheses whi ch differ from themselves 

onJ y In va.lues of the parameter (:1 ( within the same type of probability 

dJ s tribution), otherwise the hypothesis i~ called a non- parametric. 

A 0 atistical hypothesis is called a s imple hypo t hesis', if t he Bet of admi ssible 

hypotheses contains only one element, i.e. if it describes the probability 

dt i bId. ion in the unique way. Otherwise t he hypothesis is called a composite. 

Example~t 

1. Hl]'(X) EON' (where .o.1s the set of all normal distr ibution functions) 

ia a parametriC and composite hypothesis (b-ecd.u.~ ~'Ifl.tD 1~ .. tA."'t.~ts ...;, <L ... ~I~). 

2. H: 6'2 = 2, (where ~ is the variance i n a normal distribution with the 

kno wn m'~n m) ie a parametric simple hypothes is. 

A atatistioal hypothesis can be tested by its confrontation with results 

of a sample drawn from the probabi lity distribution, i .e. by checking if 

th nample result supports the hypotheSiS or denies it. 
The proper tool for a verification of the st~tistical hypothesiS is known 

~ Mathematical Statistics as a statistical test. 

'l'he statistical test for a given statistical hypothesis II is defined a s .~ 

d ci sion rule in which one J out of the two decisions: t o accept the 

hYpotheSiS H, or to reject it, is connected with each random sample. 

As a result of perfOrming of a statistical t est the final decision about 

the hypothesis H may be oorrect or may be erroneous, as indicated by the 
} 

follOwing table & 
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'':~ Decision . 
True Fals 

Accept 
, 

correct d(~cision II Kind error 

Reject I Kind error correct decision , . 

So , dur:lng t he stati sti cal hypothesis te s ting we risk tha t one out of 

t he t wo error s will be made. 

'When· we r e j ect the hypothesis H, it mi ght be a c orrect decision or the 

I Kind error i~ made· (re jection t he hypothesis H, while it is tru.e ) . 

'When we accept the hypothes i s H, it might be a correct decision , or the 

II kind error is made (acc ept a tion the hypoth l3sis H,while it is fal se). 

A. risk of maki.ng of those errors can be measured by t he probabiliti es : 

.l? \ I kind. er r or ~ = eJ. 
P t'U ki nd error 1 = (3 

T,'or a f iJu 1 sample size it is not possible t o constrUct such a s t a.tistical 

t e~:;t, that both pr obabiliti es t:J.. and r are as small a s poss i ble . 

r1'he1'ef o1'e some compromising solutions usually are obt ained. 

Doe type of solution is to construct so cal l ed t he mos t oowerfu.l test . It 

i s de f i ned a s such a test ln which the probability d (of the I kind er or ) 

i s fixed at the sufficiently l ow level,loJ.h~the probability (?' (of the 11 

kind error) i s mi nimi zed. 

'l'he second t ype of solution lJ,thich i s much more often used in s tatistical 

pr e.ctice) i s to construct the Si gnificance tes t. 

A silIDificance t est is defined as such a t e s t , which allows on.1Lt.9._ 

re j ecLth.~siB H (~rith fi xed small probability Cf. of t he I k·nd r ro ,), 

or even such deCision (rej ection) can not be made , but never the de cision 

":ccep ~ t he hYPot~eBis HI! is made ( s ince t he probabi lity r of the II kind 

e_r or 1 S not cons~dered at all in that t e s t). 

'fhe general principles for const ruc tion of a significance test for t he 

gi ven statistical hypothesis fi are as follows: 
. 0 

1. For t he statistical hYPotnes i s H which is under testin~ we shall f ind 
o 6 

an appropriate statistic Zn such that its probability distribution i s 

known when the hypotheSis H is true 
o • 
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?o'r fIxed 6:11.11 probability oL ( which is call1)d a160 the sj snJ..~ canc~ 
In,:.!) ouch a .£rill.£a.l set ( region) Q. of values of the statistic 

Z B ,td be defined, that P ~ Zn fE Q, Ho'} = d.. • 
n . ~ 

It. me;:tns there is given small probabHity that the statis tio Z 
n 

.. ,I ll ~ake its 'Talue ',dthin the s~t Q..) provided t Jlat the hypo+,hesis 

'j j,F;: tl."Ue • . 0 

)' . A wun'ing given sample reBul ts * = (x1 x2 x) th~~ r eaH zCJ.tion z , , ••• , n 
of' the staUsUc Z1'} is ca.lculat ed for given narrrp le <.ll'1d it. is 

Cl')lTlO(H'ed. to the critical net Q • 
If. t.2< EQ ) the hypothesis Ho is rejected w.ith the pr obabilHy of 

th I kind error equal t o the small number cJ... (sienificance l evel 

Hxed in advance). 

If '" fa. ,the hypo thesis Ho can not be rej ected (sincp.~he r!rohabll,i"ll 

pi Zn f Q, , HaJ = 1 -J. ~theE-Eirgtl). It does not mean that we 

may to accept the Ho' since the probability~ of the II kind 01.'1.'01.' 

is not considered at all in that test. ' 

So, in a Si~lificance test we may only reject the hypothesis Ho' or we may 

~Y I that we can not reject it(if :% ~ Q ). 
'ome useful statistical significance tests used in Econometrics ,for' t he 

v ification of econometric models purposes will be described.in the Par t B 
of this handbook. 
~ .a1J\ules: 

1. A random 'Variable X has the normal distribution N{m, ~2) with 

known variance cc? An inference has to be made about the 

mean value m, based on given n observations of the random 

variable X. We would l ike to test the hypothesis H : m = m , o 0 

ag'cl.inst the H
1

: m=#= mo (where mo is a given number) by means 

of a signific.ance test. 

'fhe statistic U X - m .~ 
= 0 ~ n 

G""" 
having the normal distribution N(O,1») 

provided that H is true, can be used for construction of the 
o 

Significance test. The crit ical set for a given si"~rtcie.level OL , 

can be d.efined as: Q = { u : lul~uo() , where p{lu\ ~Uot.J = oL 
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So if u € Q, we have to r e ,iec't ·t he hypothl~ 8is H .. 
' a 

For example,14n=60, 6":: 20, i = '12 a.nd Ho : m= 55 ) H
f 

~ "'+ 5 5" , 

l!'or cL = 0.01 ue have uaL. = 2.576 ( f r om t he normal distribution table ) 

Therefore u= 7~;55 160:: 6.75 E Q='.f u:' 1 ul ~ 2 .. 576] 9 and the • 

hypot hesis Ho : m r. 55 ,i s r ej ect ed ( ~:t the s i gnificance level 0.,01) . 

2. A statistical populati on has a norm~l dis tribution N(ro, ~2) with 
• I 

l.ll'lknown par ameters. Based on the ra.ndom sample o£ n elements We 

22 would like to test the hypotheSis H : G" :: I{,) , against 
. . 0 0 

H1 : J> El~ (!",here/ ~ is ; a gi.ven numher ) , \ by using of a sj,gnificance 
test. 

2 n 82 
The statistic " = ~ having t he Chi- square distribution Hith 

df = n - 1, provided tha~ Ho i s t rue , can be used for construct i on of ' , 

the significance !test • . The cri t ica l set can be defi ned as : 

Q ={,;r2 r ,J?- ~ir:l..] , where pf~X~}J:~ignifiCance leveJJ 

So, ,;if ;t~Q.., ,the ,hypothe s i S' H
o 

should be re jected. 

Let's a ssume, t hat n = 11, 8
2 

== 0.9 ( sample variance), and th 

hypotheSis to be tested is H : ~ :: 0. 6 

For"'-= 0.05 (Sign;fic;"'ce l~vel).;t~ = 18. 3(from the ~ dist r l butioc 

table f or df = 10), and t he critical s et is defined as: 

Q {12 : ,2~ '18.3 J . , 
Sin 2 11,0 .2 .J 

ce;x = 0.6' = 16.5 f Q) we can not rejec t t he Ho. 
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(, 1. l" ormu1;J,iiion of the Mod"E;.~ . 
) . --

In the stri ct SIlmse Econometr ics is the s (.;ience whioh deals wi th m~~ thods 

fOT s t.udying the statistical r ela tionship between different economi c variables . 

A we po:l,nted out in Chapter 1, . the economic variables have always a r andom 

( atooha tic) charac t er. Based on empirical statistical data one can inves t i gate 

t he economic variables and the exi s ti.ng relationshi ps between them by means 

of some npecial statis tica.l methods called an econometric modelling . 

}'or example we may\be interesting in the numerical relati~nship between t hfJ 

a.rea. under particular cereal cr op and the crop yield in Ethiopian agri-

cuI !.w' 1 holdings . li'or this purpose a special econometric model can be 

f ormulated, e s timated and a.nalysed. 

'l'he bas.1.c tool of ,Econometrics i.e. ~ ~coIlome tric Node l can be gen rally 

d f .[ned as a stochastic equation ( or sys tem of eQuations ) describing the 

trLtis tical :r.elation shi.p behreen t he i mpor'tan t variabl es observed in a 

Fi lV n economi C! phenomenon. 

It i s clear that. the idea. of r egression function (see paragr aph 4. 5) mu rl t 

lJe the direct background of any econometric model, s i nce it deals with 

dependency between random variables. 

'i'he process of econometrI0 modelling can be spli t ·~' I,:, into 3 main stageB ' 

1. Formulation of the model. 

2. Estimation of the model. 

3. Testing the model. 

Each separate stage needs an application of its own statistical techniques 

and has its own specific problems which have to be solved. 

In the tL~ few chapters of this handbook we shall concentrate on one­

equational econometric models. The general structure of these models 

can be written in the form: 

y = f(~ t e t E ) 
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y 10 the depi'mdflJ1t (ex.pl a,ined) variable , 

.x is the vector of indep(mdent (E!XI) l ana tory) varia."bles, 

8 is the veotor of unknown pa:rame ters, 

e is the random disturbanoe tem, 

r is the flmotion of given type. 

A formulation of the model contains such problems like: 

(i) choice of the set of explanatory variables ( X) adequat e f or 

a given e~)lained variable Y, 

(ii) choice of the type of flll1ction "f" (linear, exponenti.a.l , power, etc) 

(ill) choice of the stochastic structure of the r andom disturbance e . 
Let us take now under detailed consideration the simplest econometric 

\ 

model i.e •. <me-equational linear model with one explana.t ory variable only. 

One welJ/mown special case of such a model is the linear trend function 

with the Ume variable as only explanatory variable. Another examIJle of 

such a simplest model may be the linear demand f unction for some agri... ' 

cuI tural food cornmodi ty with the income per caput as a single i ndepen,dent 

variable. 

Ioet Y st&.nds for the given dependent economic variable, which is essential 

for the observed economic phenomenon. It is often called thH expbined 

variable, because we ,would like to explain the variation of its values 

by means of other (ldependent) variable. 

Let X stands for the independent economic variable which was chosen as 

an adequate e3Planatorx variable which has to explain the variat i on of 

~he dependent variable Y. Often the caUsal relationship~ X::>Y is in 

mind while chOOSing the X, but not necessarly. 

Let us aSBUme the linear relationship between variables X and Y with 

eame random distu1'banoedenoted by E • 
-

So, the structure of our Simplest model iSI Y = rx +ct+ E., , where the 

constants f» and ~ are unknown structural parameters ( to be estlmategl. 

Let us assume}that we have numerical results of n joint observations 

(realizations) of the variables X and Y. 

Let us denote those jOint observations by (x y) for i=1, 2, ••• , n. 
i, i 
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rl 
I .... ; I d strllcture of the flimpl est linear model is comnl etely 

I'll () "'> , • 
")1' by t he set of ' followi ng assumptions: 

U"f;C,ll 

~.2..ti()n 1. }'or e'lch joint observation (Xi/i)' 1=1,2, ... , n 

the equation Yi =~xi +d.t £..i holds. 

~3wnption 2. 

Assumption } . 

Observations xi are given non-random numbers, only y . are 
1 

random variables. 

£'1 for i = 1, 2 t ••• t n are independent rarldom variables 

(and therefore also uncorrelated, cov ( €i,Ej )= 0) 
with the common mean value E( £i) = 0 and the variance 

n2( f..) = co2. 
1 

From above assumptions it follows that: 

( i) E(Yil Xi } = E(~xi +ot.+~) =~xi+oL(analogy to the regression 
function) 

(ii) n2(Y11 Xi) = n2
( E i ) =,J . 1 n 

( iii) Y i are independent random.:var!ableS and t~eir n average y :: ' ... : ~Y i 
has the mean value E(y)='; L E(Yi) ~ ~ L (~Xi +~.)= 1=1 

i=1 i=1 ' 

'j t 2-
and the variance n (Y) = !;:L;. 

. II 1=1 

It is worth to notice that i~dd1tion to the structural parameters 

~ (the regression coefficient) and ~(intercept), the unknown variance ~ 
of the random disturbance e has to be estimated as well. 

~lthough (i ) gives a full analogy to the linear regression function of 

the I-at kind, nevertheless its parameters ~ an~ oL are unknown. 

Therefore by estimation of these parameters we will be dealing in fact 

wi th the regressI on func tion of the II-nd kind. 

6.2. Estimation of the Simplest Linear Model. 

The unknown struc t ural parameters r and oLof the model can be estimated 

based on observations (Xi'yi) by the Ordinary Least Squares (OLS) Method, 

i.e. by mini mizing of the criterion function: 
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The differentiation gives the following system of linear' equations to 

be solved: 

or 

Since a solution of that system of equations will depend on random 

variables y., then itself it will be a random variable. I t means, that 
~ 

by solving of the above system of equation we will obtain the estimators 
• II " i l _ J denoted by b and a of unknown parametersp and QLrespect1vel y. 

Using the Crame~s rule(see paragraph 3.2) we can obtain solution 

in the form: 

n 

b 1: __________ = 

" L.\ 
i ... 1 

--
n 

1; (x,,-X}(YI'-Y ) 

~ C~· i - X f"' 
-r~1 

where i = :..1. t. Xi t 

n. 1=1 

- i 
Y = ri 

It is worth notiOing, that the OLS estimators b and a are linear (since 

they are linear fupotlons of Y~. 
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!o'or the variance of the esti mator b we have: 

n 

2 2 ~1 (Xi - i)y i 
D (b) = D . 1= = 

n 2 ?:J (Xi - i) 

= 1 

Since b is an unbiased estimator and 
<:;2-its variance 

D
2

(b) ~ n 2 L (Xi - i) 
1=1 

~ 0, as n~ ()O , it follows 

that it is a consistent estimator of the parame ter/?> , i .e. plim b = r 
I n ... oo 

II I I Similarly we can find that the variance of the estimator a i s : 

2~2 
2 E).4- Xi 

D ( ) i=1 a = _--=:.;;;'""-__ _ 

n 2 
n L (Xi - i) 

~o, as n -:Jr CIa 

i=1 

It follows, that the estimator~a·is a consistent estimator of eL , 
i.e. plim a I: ~. 

n-900 

One can also prove(as it is shown using matrix not ation in Chapter 8), 

that the OLS estimators b and a are the best ( i . e. the most eff i cient) 

estimators within the class of linear estimator.s . 

~tandard errors of these estimators are given by the formulasS 

II 
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~2 
x . 

= 1=1 1. -
( -)2 x . - X 

1. 

n fact , we can not cCI,l culate of thos E'! Standard Errors, since the 

variance G' 2 of the random disturbance E is unknown and also has to 

be estimated by means of s o called residual variance. 

Residuals are defined as the differences. 

~ A ~ _ Y _ Y - Y - ,bx. - a 
i - 1 i - i 1. 

for i=1, 2, ••• ,'n. 

As r siduals can be treaten a s t he estimates for non-observable random 

di turbances e., we can take t he variance of residuals as an estimate of 
1. 

the unlmown variance fi2 of the random disturbances. 

The r esidual variance is def ined as: 

~t: t 
1=1 i=1 

-=-~--= =...:.------n-2 n-2 

One c n also prove -(see chapter 8 in matrix notation), that 

82 is an unbiased estimator f or ~2. 

• 

N ." • " ow, we can estimate the standard errors of the OL8 estimates b and a, asS 

, where S =# 

Exampl e : 

Le t us estimate the linear model y i = ~ Xi +0/..+ €i (with assumptions 1-3) 

based on th~ following empirical observations (Xi~Yi) , i=1,2,3,4. 
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;t.1-348 _ 1 ____ ._ 

y. 2 3 3 4 
1 

It wi ll be convenient to carry on the calculations in t he \~orking t ablr : 
I 

" 2 (x . _ ;:) 2 2 ,.. 
x. Yi x . xiYi Yi €~. 1 1 1 --
1 2 1 2 2.19 0. 036" 9 

3 3 9 9 2.73 0. 0729 1 

4 3 16 12 3. 00 0 0 
x = 4, Y = 3, n= ~, 

8 4 64 32 4.08 0. 0064 16 

16 12 90 55 0.1 154 26 

So , we obtain the 018 estimates as : 

" Yi = 0.27xi + 1.92 for i = 1,2,3,4. 

The residual variance S2 _ 0.1151 _ 0 0r-77 - 2 - . ), and S =.,-;1':2:'0 . 24 

The standard errors of the 01S estimates are estimated as : 

s = 0.24 fCiQ ~ 0.22 
a f4.26"" 

6.3 . Statistical Inference from the Nadel. 

Often we need not only the point estimate but also a confidence intel"lal 

for the main structural parameter ~ i.e. regression coefficient. 
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or that purpose (as well as for testing of the hypothesis about its 

) we have to add a s sumption about normality of disturbances 
Rl ificance 

dj B tribu tion: 

~ umpt ion j. 

dom disturba.nces e. have an ident i cal normal di s tribu.tion N(O,J) 
1m ~ 2 . 

( ) 
1 - £~ 

wi th t he pdf as f E.i = s{2)(' e 2~. 

ow, for our s implest l inear m (\ C 1 wi th assumptions 1-4 one can prove 

ee Chapt er 9 in matrix notation) that the stati stic defined as 

b -p 
t = " vb 

has the t - Student's distribu.tion with df = n-2. 

B d on the above t statistic we can construct the confidence interval 

i'.2f th (>,_..rJ~.&'K.eJ'1si9~.ffiCi~ni r-- as: 

P{b - t,. Sb<:.(3 < b + tr"Sb} = 1-( 

wh 'e t S" i s ':llch a value from t - Student I s distribution with df = ·n - 2, that 

for gi ven probability 1 - r (confidence coefficient) p{ -tr""t ~ torJ = 1-1" 

'rhe significance test f or the hypothesis Ho : r=o against Hi:(O=!O 

based al so on the t-Student's s tatistic. 
b 

If the hy"pothesis Ho: \-' = ° is true, the statistic t = S 
b 

has the Student's distribution with df = n - 2. 

So, t he critical region is given by: Q. =it: \t\~ttll{\t\:;?-tt}=t 
wh re t, i s the critical valu~ of the statistic t for the fixed 

significance level r: 
If the empirical value t €Q. , the hypothesis H is rejected, which means o 
that t he regression coefficient significantly differs from zero. 

If t ~ Q, we cannot r eject the hypothesiS H(the regression coefficient 
o 

is stati stically not significant). 

Example: 

Takin into account the numerical results obtained for the former example 

in the paragraph 6.2, we can construct the confidence interval for the 



regression parameter f.> N~the given confidence coefficient 1 ~r = 0.95 

(which gives tr= 4.3 for df. = 2) 

0.21 - 4.3'0.05 .c::.. ~ ~0.27 + 4.3 , 0.05 
0.21 - 0.22""~~0.21 + 0.22 

0.05 ·~r' 0.49 

Alternatively we can test the hypothesis H : "-' = 0 against H~ : ~:/=O. 
I or Qcl ;to! 

The empirical value of statistic t is equal to t = 0:05 = 5.4, 

while the critical value for the significance level ( = 0.05 

and df = 2, is again t = 4.3, so the critical r egion is defined by 

Q = {t: (t l~ 4.3] . 
Since the empirical value t = 5.3 E Q , the hypo thesis Ho: ~ = 0 

should be rejected, which means that the estima t ed regression coeffici ent 

(b = 0.21) is st atistically significant. 

6.4. Forecasting Based on the Simnlest Linear Model. 

A forecasting can be defined as the estimation of the future realizat i on 
of a r andom variable. 

Let us assume, t hat joint observation (Xt,Yt') for t = 1,2, • •• , n are 

the time series, and we are interested to predict ( forecast) the future 

realization YT of the random variable Y, based on given future value 

~ of the explanatory variable in our Simplest linear model . 

For a forecasted value YT we have the equation: 

YT = P ~ + d. + E T 

with assumptions E(~) = 0 

n2
(ET) =~ 

cov( ET, E
t

) = 0 for all t=1, ••• ,n. 

The expected value of the forecasted value is now E(YT ) =rx.r + oL ) 

and YT = E(YT) + £T • 

So , the forecasting ·of the future Single value YT can be spli t into two 

problems: the prediction of the expected value E(YT) and the f orecasting 

, 
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of t he future value of r andom di sturbance £ To 

S 
. .. II .. 1/ 

Assuming given OIJ e st1mates. b and a f or the paramet ers ~ and (j...., and 

i veh \ future val ue xrr 1we can predict the expected value E(YT) as 

1T ::: bX'r + a. 
The variance of that predi ctor can be oht:::ti ned as: 

Now, as the best forecast for t he future value ET of the r andom dis­

t urbance is its expec ted value E(ET) = O. 

So , the final formula for the 

" just equal to YT = bXT + a 

if(~r ) +"j =.l[ 1 +; + 

forecast of the future s ingl e value YT i s 

, and its variance is given as: 

'rhe unknown variance G-2 of the r andom disturbance can be estimated as 

n-2 

of our forecast as : 

which a11o\-15 to estimate the standard error . , 

+ 1 + (~ - x)2 
n 
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!!.amples: 

1. rraki.ng into accotmt t he .nwner ical esUrnation results obtained 

for the example given in the para:gr aph 6~2 '! we can calcul~~e th ) 

foreoast of a f uture value YT, ass~ing the given linear model ~d 

the iu re val ~r = 10. 

" The estimated mo('iel was Yt = 0.27 ICt + 1.92, s~0.24 ) 

so f or t he futlu'e value xT '" 10, we obtain the forecast oi )Cr es ~ 

i.r :: 0. 27. 10 + 1.92 = 2. 7 + 1.92 :: 4. 62 

with the standard error 

1\ ' . ~ (1 0 -4l r-:;--21 
SE{YT) = 0. 24 1 + ~; + - '26 = 

II 

2. 'rhe time series of the tef f production Y
t 

in the Ethiopian private 

peasants holdings for a given 7 years is as follows: (in thousand tons) 

yea.l' t 1 2 3 4 5 6 

product i on y t 826 973 981 1001 1060 1286 1 

Based on the linear trend fune tion model Y t :: ~t + c:J. + E t 
A-we would like to cal cula te the f orecast Y 8 of the ,next year teff 

prod.uction Y8. 

For this purpose we shall adapt the formulas given in t his paragraph 

with only change of the notatlon f or explanatory variabl e : x
t 

= t 
( 1;1me variable) , and Xrr = T. 

By means of the OLS method we obtain the estimate of the linear 

t r end function as: ~t :: D.5*'+ 764, s%61.4 . 

So, for the comming year T ':: 8 we obt a i n the forecast of the teff product!OO 

as ~8 = 73.5-8 + 764 c 1352 (of thousand tons) 
with the standard error : 

SE(98) = 61. 4 yr1-+-_~--+-("-8-;-8 -;sc: 61.4 {1:71 ~80. 3 

The relat i ve standard ~rror of that forecast is equal to ~~;~ = 6%. 
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If "e are also interesting in gettint.r. the forecast of the t off 

produ(~tion for two yp,ars forward, i.e. for '.r ::: 9 • we can apnly t he 

name formulas f or forecasting ba:;ed on th(~ esti.rnated linear trend 

f 1.ffiO tion model . 
For T = 9 we obtain -the forecast of U)e teff production as: 

A (' 
Y 

= 73.5'9 .1- 164 = 1425 of thousand ton) 
'9 

vlt th the st.andard error: ._---
SE(Y9) = 61 .4f+ t + (~i4t: 61.4 ~2.03 ' ",91.4 . 
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CHA?fER 7. NONLINEAR 1-10DELS l4ITH ONE EXPLANATORY VARIABLE 
. - ~ 

1.1. Power-type Model, its Reparametriza tion and Esl:imati0lli. 

One out of the non-linear models most often used in economet r i c pr actice i 

the power-type function model y= c x('. 

A direct app1i.cation of the Ordinary Leas t Squares (OLS) method to that 

model is very complicated, due to the sys tem of non-linear equ.ations 

(which has not analytical solution) obtained after differentiat ion with 

respnct to the parameters c and (~ • 

Instead, the lo€>ra.rithmic .i~llforJ!!atlon of the power-type model int o the 

linear model i:3 commonly in use,since it gi ves an easy way for es timation of 

the model. Such logarithmic transformation needs hO\.,rever a mu.l tiplicat ive 

d~~.tQ.~rr~.e:q:9~~ in the original power-type model . which should be m-it ten 
in the form: 

for t = 1,2, ••• , n , c ~ 0 , f t> o. 

Now, we can apply the logarithmic transformation, which gives: 

log Y t = loge +~logxt + log f
t 

or 

* * 
Y t =~Xt +at+ "'"t • where * Yt = log. Yt 

.* . 
x = log x 

t t Since the last model obtained 
ol-= log c 

after logarithmic transformation is 
vt = log Et linear, its parameters p and oL can 

be easily 'estimated by the OLS method and the formulas given i n the former 
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t 
[, (GO(, p,lr, ~.c::rc~ph (J. 2) can be di' c(;} y u"'0u ':lith (J. e 811:- J 1'11 : 1) (> 

I lp .1' ' 

Hd:1 ih::t t; i nst.f'-rl of original ernpiri eal data. (Xt,Y t ) l e i c 1 f;rtrLL T1f1 

( y'* ) , hould be used . 
t ' t. 

H i 

h L 

impo . ta.nt to realize tfu~t only parameter e r emains unchanl;'(!d durin!~ 

101) .ri thmic tranr3formation, while parameter C vias trp..nsforllled in to 

th. n w paraIuctercl a.nd can be estimated· ind.irectly f:t'om the es timate 

of,.}.. • 'Phat i.ndirect est i >Ltion of c nneds an unbiasEJdne ss in tIle 

r !l tim 'J. t,i ~lTl of~. For this p urpcse a specLal repa.ramf"triz3.tion of ~ Ie 

obt a.inc linear model shoul d be introduced) based on t he exist i ng connec­

t' on II tween the dis tributions of the addi ti ve dIsturbance error v t in 

th linear r.1odel obtained after' transforma tion) and t e multiplicative 

dl stur anca error £t in the original pOHer-type model . 

}'OT t h. obtained(after logar i thmic transfor''la t i 0n)linear model 

we would like to assume that its d.l sturbance error v t ha s the nor m::.!.l 

distribution N(O, ~). Because o f t he r e lationsh ip v~= log t! t i t .follo~/s , 
th t the multiplicative disturbance error in the ori.ginal power-tyrr' 7T1o rJel 

) 
J ~~ 

w'n have th~ log-normal ~tribution with the mean value E(€t = e ;~ 

A." ':c' rdinr,- to the following theor em: 

If i\ r andom var-Lable Y has the normal distribution N(m, ~2) t and 

V ::: log E. , then the random variable E. has so called log-norma l distrib'..l­

ion, wi t h mean (expected vahle ) E(e.) = e m+~ ~2.. 
I'h c nseq uenee of that f act is, that for our original model we obtain: 

P f.> ). ~!L 
E(y

t
) = eXt • E( £t) = eXt' e-2' 

ut ~le would like to have the power-type regression function r a t her in the 

form E( y t) = cxf ' that means we would like to have E( £'t) = 1, ~Ihich is 

quivalent to: 

m e 
+ test.. = 1 

+ !,,-, 0 
= e 

m + iff': 0 

m = ~~ E(vt ) 
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The l ast result means , that in orde' t o obtain E( e t ) == '1, We hi ve 0 

a SStlt'lle , t hat vt has the nor mal dil3 t l'ib tion N( -;'}-~\ e-~) 

') 

i . e. with m.ean value J!)(vt ) = -! ~- wh ' c11 is not convenient for t he 

entimatiOr! of the Hnea.r model. 'rherefo:r:e a special reparametri~~A~Q. 
should bA introduced in the linear mod~l. 

Let us denote wt == vi; - E(Yt ) == v t + ~ ~, wi th E(w
t

) == 0 , 

Now 
' ) 

V == W ~'l (5"'" 
t •. ~ 

l. 
, and we can r ewri t e our model i n the fo:t'Jn: 

So, after such a repara,metrization we have 0/..' as constant t erm:l.n our 

linear model, and a new disturbance error wi th t he properties : E( W t ) = 0, 
2() 2 

D ,,''t = C?r) which are good for estimation of the model by the 01, '1 
method. 

L A ;~\ l 
et ~ and ()i.. be the 01S estima.te s of ~ and cJ.. r espectively . 

~ can be taken directlX as good (unbiased) estim;te of r- . 
'1'0 obtain the estimateo:( of oL from the estimate ~ of 0/.' , 
\~e shall apply the formula: 

1\ 1\\ 2 
ol. = 01...+ ~ s , Where S2 is the residual variance as an 

estimate of unknown e2 (see Chapter 6) . 

Of~O\trse, if the correction! S2 is very small, it can be neglected, 

oth~rwise we shall remember to add ! S2 to the OLS estimate ~' of the 

constant term at in the linear model obtained from the original power-type 
model after logarithmic transformation. 
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" I») " ~ An 'i.- og(oL) ::. An ti-.l o,( oL .. ~,S' ). 

f!ny co. 0 , 'the forecastinlS i D babed 01 th 'HSU :t~e linf::r. rno t!l 
• A I+- " ~t A. 

ob t i >c\ a fter t ransforrna. bOl , ~ . e . on, y t - l-' t + cL 

7. '2 . ~1W2t!'1,1 Model La ·ari i:bJni 9_1\I<Lel . 

l' :xo:m er ti 03.1 nnciel can be cl en. .d 3,0: 

, whe:re C> O, 0. ;> 0 are para me te X' ,. 

i 'lo the multiplicat ive d,i G~urbanc e er1:'OT. 
- --. --> 

l,'ll for the pOHer-type mode l , a. direct OI~S method i s not app licahl J P, e , )l;t 

i nrl the 10garl thmic t r ansformat ion or the exp onent ial model is nc "€Rsa: 

for an indirect eatimation of t he m krlol,'m par~ 'nct ers ::: i'tnd :1 . 

Aft -r lOir,ari thmic transfor:1l:=t t ' on of t he ur j g'in8.1 expoTlen t.i al node 1, '" 

obta in a~ain a linear modt'?l i n th( ~ f orJl : 

o:t' ",here 

For such linear model we can app y 

thn () LS !1')C ~hod fo't' estI mation 01' 

Lh 

'j(-

Y
t 

,-, log Yt 

r' :=: log a 

O£ = log c 

Vt;= lOf,' E t 

l.llkrlO \om parameter s (!' and. oL • 
'Phe fOlinul as eiven in the :para,~rc.l.ph 6. can b CJirectly a rlieu. 

,'th one small change only, munely in s tead of empir'cal data (xt ' Yt )' 

* a p:u-t l y transformed data (xtt:\' t) shou Li be u sed. 

[,ike for power- t ype mod.el, the same r epar ame trization problem ' ~p ears 

i the transf ormed exponential model) due to the condition 

E( E. t) = 1 fo r the multiplicative di s turbance error E. t in the orir,inal 

nod 1 rmd its connection with the adr'l itive disturbance error v t i n the 

i n model. 
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/.i-.:clly, the e1>timated linea. model is in the f'.H'm 

and E( w
t

) ::: 0, 

.i (wt ) ::: ~i. 
l A .A,l 

If we denote t he OL8 estimates ~f ~ a~d of by r and ~ respectively, the 

estimat e of oL is given as ;L= ~ + ~ S , 

~2. th . d 1 . Hhere 0 l S e resl ua var~ance. 

Estimates of the original parameters·c~ and Hd' in the exponential model 

.' be obtained as : ~ = Anti-log{c2.)= Anti _ log (d.\ ~. S2 ) 

~ = .A1\t1-log(~). 
9course fo * forecast ing purposes t he estimated linear nodel Y

t 
=r Xt + . 

is illUch more conv enient i nstead of original exponential model . 

" he Lor:arj thmic Nodel is defined as: 

Yt =~ logXt +OL+£t where ~ is the additive d i s turbancec:-

11 , Aft er changing of t he variable log x
t 

= x
t

' the simple lineal' --.,p--..,r--__ ~ 

,f llode l can be obtained: 

ano it can be directly est i mated by the OL8 method, based on the partly 

* transfor med emnirical data (x y) 
- t' t· 

r) ere i n need for the reparametrization here , since the orieinal 

(a td itive ) dis turbance er ror i s not li.l'lder l OR:arithmic transformation. 
'" ~o . the f ormul as given in the paragraph 6 . 2 f or the OL8 es timates of the 

'~own P r~lleters ~ andalcan be used directly (with only change * 
x t = log xt instead of X

t
) . 

7. 5. LO-"istic rx'end l<'unc tion Hodel . 

~n ecorone t i c modelling a special so cal led logistiC trend function ~ . 
s ~sej sometime s . It is de in~d as : 

Y t ::: -_ls..._. __ _ 
1 + be-at 

for a> o, k > 0 
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,(> '<1Y t o cheeV, t.n3t: 
f .r , 

(a ) ~ (, 

f f ] ' 'th 'd " lnb H h1.n OD A J')oint 0 . e:Xlon ) W,l com l nai.es t :: - - , Y t ::: . ]< 

" ~n" lalJy Gpeak.:i.I!t';, the 100'i stie trend funGo ion is a ::HJ ci ~ 1 P;l'o'vlt h ( del 

(, ')L .' son t r; la"l) with the grovrth " a t e y~ propor t i onal t o the a c tllaJ 

lOVE'l Yt i\r.d~o thp difference -k - Yt " 

JjmuU anuou s (:~" ~im'd;jon of a l l 3) u.n~: . .nown par.:uneier " k, a , b ) 0 the 

log i.st lc trend fUllction i very d.i f ficult . Some kind of t\'lo- s t ap;e 

3timaU on procedure knoym as lio tell ing ' met hod iH uS1lally u ~;ed in tha t 

Ci1.ne ~/hich needs a spE~cial compu t er p " Or;rarrd: C. 

Oft n the l evel of satiat. :lon i . e . pare.meter "1<" is kno\'rn in advance , 

un onl y t\>TO parameters " a" an d "b" are un de]"' ewti rnat i on. 

In that c?',se , the logistic t r end fll~1C tion can be transf orm int o l i nei'.r 

[ lU1cUon f or the estimation purpose s a s follows: ' 

_'_C = 1 + be-at 
Yt 

_15... _ 1 :: be-at 
Yt 

log(- ~ ~ 1) = l og b - a t 

t 

* * Yt = - at + b t where 

The bt ained model is linear 

* and its arame ters a and b can 

be csti mated by t he OL5 method 

* into Yt f or each t = '1 t ~ t ••• n .. 

log b 

ba sed on t he empirical data Yt trans formed 
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At the end of this Chapter!t is worth men tioning, that t?e E>l ynomial 

----
is also estimated by means of transformation into linear function: 

y = ~o + r1 Z1 +l->2 Z2 + ••• - +(\c-< Zk ' _where Z1 = x , 

Z2 =) , --... , Zk == i.
k 

) Which can be considered as the linear multiple 

regression described in next Chapter 8. 

It i s worth also to add, that a commonly used criterion for chOosing 

the model which has the best fitting to the empirical data is the 

coefficient of determination r2 oalculated for transformed( linear) model as: 

2 
A value of r near to 1 means good fitting of t he model to the empirical 
data. 

The detailed explanation of r 2 is given in Chapt er 9. 

The list of non-linear models(with one 'expianatory variable) discussed 

in this Chapter and thelr~ap-p;r.opriate transformations into- linear models 

f or the -estirriaUon purPose-s ~an - be summarized by the following ~: 

e of Model 

Power-type 

Exponential 

Logarithmic 

Polynomial 

Lo ist i c Trend 

Func ti on 

Transformation of data 
-

(lOg·-Xt ' log y t) 

( xt ' log Yi) 

(log xt ~ ,Yt
)-

(Z
1=x, Z2=oc2, ••• ,Zk=xk) 

Remarks 

Reparametrization needed 

Reparametri~ation needed 

No needs for reparametrization 

MuJ. tiple regression model 

Parameter k is known 
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'/'lllIO eo: 
~--

The follo Ying empir i cal da t a have been collected f om the ~ r mpled 
1 • 

onterprises (manufacturing s ome articlE) on the relationship b twe n 

t e total cost of production ( y t) an the scale of prodUction (X
t

) . 

Based on the data, four types of .cos t function Yt :: f (xt ) 'Nere 

estimated : linear, power-type , exponential and l og· rithmic . Out 

of these functions, the est~mated log'arHhmic model 

Yt = 1? s6 log x
t 

+ 5.48 has a best fitting to .the data ( r2 = 0. 99 ). 

2. The time series of the teff production Yt i n the Ethiopian private 

peasant · I holdings for given 7 YS8IS i s as f ollows(in thousa.nd t ons ): , 
year t 1 2 6 

production v 826 973 981 1001 1060 1286 '1277 
"t 

In the example 2 (on page 74 ) we estimated the linear trend function 

model . Now, let us estimate t he power-type t r end. f unction Yt 
* or after logarithmic transformation 

= c,t!: t't ' 

'l!­
where Y t :::: log Y t ' cL= log c , v t = 
The numerical results are: 

Yt = 0 1og t + 01.+ v t ' 

l og E t. 

A * 2 Y
t

:::: 0.21 1 log t + 8. 999 with I.' = 0.84 , and the 'r es i dual vari ance 
(0.041) (0 .057)' 

2 S = 0.005 which can be neglected as correction in the r eparametrization. 

'l'he forecast Y8 for the year T = 8 obtai ned based on the estimated 

power-type model is equal to 9
8 

= 1255 (of thousand tons), which is 

less than forecast obtained based on the linear trend function model. 

3. In Some research experiment performed in Ethiopia for establishing 

the relationship between t he crop yield Y and the Water-Balance 
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,Index (X), four types of function y = f(x, E), namely: linear , 
power-type, exponential and logarithmic were estimated. Out of 

these functions estimated for maize in the Wollo region ,the. 

exponential function: l~g 9t = 0. 031 x
t 

- 1.576 

. (0.008) 

had a best fitting to the empiri cal data (r2 = 0.725) . 
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yJ.'ER 8. W!TIPLE LINEJ}.;RREGRESSION ~. 

led I s wi, t.h only one explanatory vari a.bl e X are often not satisf actory 

for good explanation of' vE.riation of the gi ven dependent variable Y. 

Econom'~ tric models with man.y independ.ent variables are based on t he 

ultiple r egression func t i ons . Beca.u se they i nvolve a very time ­

con9U1n.in g computation for t he es t imat i on of a la:r ge number of parameters, 

D'I t i ple r egression models 'ver a not often used bef ore 1960. 

Nowadays, qu.ick and powerful computers enabl e t o estlmat e even a very 

b ff models 'with hundredo expl anat ory vari abl es .. 

Lrlt ' s start from basic assumptions. 

we shall disCUSS the linear model f or a given depend.ent(expla.ined) variabl e Y 

w.lth k imlependent (expJal'la tory) va:dabl €ls X·1,X2 ,···t~. 

(1) all these ,rariables n .i oint observati ons have been collected aSI 

'!'heue empi rical stat.tstical data can be oi t her t ime- ser i es or cross- sec t j on cl.l 

data, so t he ind.ex "til relates ei t her to t he consecutive per:lod of time 

(usually-year) or to the consecutive cross-secti onal item (e. g. agri-

cul tural holding). 

A detailed struc ture of t he DIUl tipl€! .. .!:W.9.!?§!ion model is completely ... , 

d~..!pJill. by the set of f ollowing ,a sS1lIDEtions : 

~ssum.pt.ion 1 0 y t = r1 x
t1 

+ 02 X t 2 + ... + ~ kXtk + ~k+ 1 + Et for t =1, 2, ... n. 

Assumption 2. Observations X
t1

,X
t 2

, ••• , xtk on explanatory variables 

are given (non- random) numbers for each t. 

Assumption 3. Random distu.roHl lc8s C
t 

are uncorrelated between themselves 

(i.e. COl)' (f.\. t t') = 0) and they have common expected 

"value 't . .{\ E( £'t) = 0 

and common variance 
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From these assumptions if follows, that: 

E(Yt I xt1 ,Xt2 , ••• , Xtk) = ~lXtl + (32 xt2 + ••• +~ Xtk + f"k + 1 

I t means a lYIear mul tiBle regression funo tion \ii th k + 1 unknown Para.. 

!Deters. 

A matrix notatism is very useful in estimation of suoh a models. 

~= 

X= 

Let's introduoe the following ~boIB: -

X11 
X21 

. 
• 
~. 

x
12 

x22 

• • • 

is n x 1 oolUDll vector of all observations on dependent 
variable Y. 

••• x1k 1 
is n x(k+1) matrix of all observations ••• ~k 1 
on k explanatory variables and additional • • • • • • 

Xlt~ • •• )( .. lc -i 
variable ~ + 1 :: 1 

is (k+1) x 1 column vector of unknown ( structural) 
parameters 

is nx1 column vector of random disturbanoes 

Using these symbols we can re'«rite brieny the assumptiQns of our model aSI 

ASsumption 1. y:: X ~ + £ 

Assumption 2. Matrix)( has given(non-random) elements and i t has full 

rank :..... rQ;() III k + 1 ~, 

i.e. all its columns are linearly independent . 
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ABSurop~E.l· - The ~imens~onal random (disturbance) vector f:. 
has the mean vector E(et) = (J, and t he 

. T 
oovariance rna trix V( f. ) . == E{!. E ) = ~ I lit 

o .••• 0 

- b Gl- • •• 0 - • • • 
• • • 
0 () 

2 
• • • ((.) 

It follows, that Er:p l.~ ) =If(rj) or Y/= E(DIX.) +(" orl= ll- E(!lW) 

So , each element ~"t of the random d i s t ur bance vec tor' oall be intel.'-

pre l ed as the difference be·tween the empiri ca l va l ue Y t of t he explain(~d 

variable and the oorresponding va lue of t he r eg-l'e ssion function. 

Mini ni zation of th e sum of squares of such differ ences is irfact the 

b sio criterion in the Ordinc3,ry Least Squares (OLS) fllethod f or gettin 

otima,t es of the unknown regressi on paramet ers (vector ~ ): 

n 2 T ( 'y)' )'f'(' '.fP. ,) 
(min) S:: L £t = IE f' == Y1- /f'\-~ '1/ ',-'~ ~ 

(f t=1 _ 
J 

Le t' s split the funct ion S into linear and q,uadra ti.c for m of t he :vector ~ 
for differentiation purr,oses ( since mini mization of S needs a derivati n 

.... 1 th r espect to the vector ([' ): 

,s :( YJ-Xr; )TlYr ~~) = YlY- (£r;' -'f'"1'ff+(Xl$~ ;: 
,"""'" 

~?! -2'1!t +~~~1 
Recalling the differentiation of l inear and q,uadratic forms in matri x 

no ta t i on (see paragraph 3. 3): 7J( aTJ(' ) :=- cu .. d V Alit' L :::..2 J\)'~ 
'd~ .J d~ . I 

we have :;~ = - 'lXTYJ -t-2"X'Xff 
From the necessary condi t i on for the minimum 

the following system of linear equations, 

we obtain 
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Now multiplying (lef~d sid~) by the inverse matrix ()tT)( )-1 (Which 

exists because the Gram ma.trix V is not singular) since it has rank 

r(xr~ ) = r(~J = k+ 1 as was assumed in 2) , and denoting the 

solution of that system of equation by lb , .L 
R ;r: - T 

we obtain finally the OI,S estimator of (}' 2.as : ID = ()( X) ~ 1. 
Since the matrix of second derivatives a { _21~is positive 

definite (see par"€1'aph 3.3), the Criteri~!funCt1on s.. t E~ 
has really the minimum value for such an es timate t=1 

of & which is equal to .J., c ~Txr~y. -
It is ea~ to realize, that the OLS estimator Ih of the parameters vector 

(f is a linear estimator, since.it is a linear function of t he random 

ve~tor 1 (and consequently alB~a linear function of the random 
vector I ). . 

Of course, the formula for the OLS estimator Ib of the vec t or (f' is 

general,and it comprises as the special case t~se formulas given in 

paragraph 6.2 for the simplest linear model wi th one explanat ory 

variable. This is clear, if tne - system of linear equations for a general 

case X"5r~~s la'itten for that special case, i.e. for the simplest 

model y t = ~Xt + cJ- + e t for which we have: 
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So , for that case the system of equations X~ ~ :::=.:ir.,; 
eM be written in the form : 

or as we obtained in paragraph 6. 2. 

0.2. Qau ss-Marko" Theorem ... 

'rh o statistical properties of the 018 Elstimator U, of the parameter~ vector (f 
aro consi.d.ered by the essential Gaus s-~1arkov Theor em. .. 

Theor em. 

Fox' the rnul tiple linear regression model with assumptions 1-3, trie 

Ib I;r: )-1 ;r OLS estimator =l¥ X 'X YI is the Best Linear Unbiased Est imator 

(BLUE) of the parameters vector ~ • 

Let's consid.er now in detail each part of Gauss-Markov theorem. 

First of all, t he unbiasedness of the 01S estimatorL can be checked. 

Re fllJfng)that by the Assumption 2,the matrix £ is constant(non-random), 

the expected value of the linear estimatorlh is: 

- CXXJ-~T. EZ( YJ) ::: 
- rO{( =- [f. 

E( a, ) == fr means, that b is an unbiased linear estimator of the 

parameters vector ~ • No", let's find the covariance matrix for the 

unbiased estimator lb • 



- 90 -

For this purpose let us first consider the estimation error, 

i.e. the difference b- ~ =~TxY!XlJ - tr =Qf-rxr~T(~~Tf) . . 

q¥r.ifXf .,. (XX)'7l'£ -~ 
=.rx/~)XT~ " 

- If +-wxr~,. -~ ::: 

The covariance matrix of the OLS estimator lb can be now obtained 

(recalling, that by Assumption 3, v(€ ) = E(I> E. T) = ~I and that 

(A"!»T =jT -AT ) 

V ( b) "" E [(Ih If' )(1, -(t)" ] =: E'[()(J( )-:x" · z"X (xx r"} 
:::.c¥~r!~r. E(~f,T) 'X($,£)-;1 :: ~v<'x)-.(.I :::. 

:::: ~(X':XJ~. 

The principal diagonal of the covariance matrix v(ib) consists of the 

variances D2(b) of respective elements bi!i= 1,2, ••• , k+1) of the 
vector Ib • 
So , D2 (bi'r~b " = if d". f where d.. is i,..th diagonal element of the 

1 1.!1 u 
inverse matrix ()(T~) • 

For example, for the Simplest linear model y t = ~ x
t 

+oL+ €l ' 
the covariance matrix of the OLS estimator lb = (~) of the parameters 

vector (f = (~) is in the form: 

1 -- x 

-- x 

n _ 2 
nL. (xt - x) 

t=1 
So , the vari ance of the estimator b of the regression coefficient~ 
in the Simpl est linear mode l i s equal to the first (upper) element 
of this Covariance matrix, i.e. D2(b) = ~~ 
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we can prove t hat the OL8 e s tima tor Ib wi th it s covariance mat r' 
OW T -1 . lX 

v(t,) ;:;~(~ )I) is the .~~ h.e. most efficient) l inear unbiased 

os t .1Jn,a.tor of (i' • . 
The OL5 linee.!' estimator lb= ()I)l)-1XT'II can be written as {b ==.Al'/l 

..mere the matrix A ~ f.;IrxJJ.X': 
Let ' s conoider for the vector (i' any other linear unbiased esti!IlatQr 

~ -::(~(linearity) with a constant matrix C) and E(~ ) =~ 
lunbiaf3edness). 

This estimator ~ can be wri tt'cn as q =: (! ~+E) :::; C Xl t-C (' . 
Since E(l ) = (/) , from the un~iasedness of the estimator ~ i t f ollows , 

that c~ ..... 1 
Since the constant matrix C can be split as C =AJ+-J) , w have.' 

(A\+l» jt =I 
f\X +.JDX -I 
r +jJ)£ -I I b(Oc~.I"st! 

or- J:>)Z' = (j) (ttu'll t¥lc.idX) 

1\ 

NoW', the covariance matrix of that l~.l1ear unbiased estimator ~ 

is obtained as: -

V(~) ::: S[(&lt)l~-r5'] ~ 

~ S[Ci·~TCTJ J ~hC~~lf=~Oi' ::.l!~~ff) -cr= C€ . 

N~xt, recalling that V( '- ) = E( £~T ) = d :r, we obtain: 
~ . 

V(U ) = c· ~('tT). ~T =- C (?S'-1'C-r = f3'l.. CC"' ·= 

== 6~ CAl +1»Cf)+l»T ~~[A\Al"+~A-r+A ·llT·t-1l>J1lJ ~ 

= e1.(x~TY ~l~~14+'J)XvXrft-~r~T1>-r +~>-rl= 

~ rlCX'Xr1. + ~'.~J := ffSt..ifx ri.+S'2-'J)J/)r :::: 

::.. V (b) + t!§1-(;})Jr > where :JlJ lIT' ~ posifiye.. defl nit~ ,.,« t n'x, 
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I t follo ws , that for each element on the pri ncipal diagonal i.e f 
2 1\ 2 • or 

respective variances we have inequality D ( ~ i» D (b) , 'Nhich means 

that any other linear unbiased estimator of l-> i has always a greater 

variance compared to the ariance of the OL8 estimator b .• 
J. 

In other words it means, t hat the OL8 estimator lh is the most effiCient 

estimat or within the c ass of linear unbiased estimators of rr . It 

completes the proOf of the Gauss-Markov theorem, that the OL8 es timator 

~ is the BLUE (BQst Linear Unbiased Estimator) for the paramet ers 

vector ~ in the multiple regression model with so called claSSic 

assumptions 1 - 3. 
We have t o add here, that OL8 method(derived first by K. Gauss and 

investigated later by A. Markov) is no longer the best method for 

estimation of (f if we put other (more general) assumptions than those 

1-3 for the estimated model(see Chapter 11). 

8.3. Residual Variance and Estimation of Standard Errors, 

Since the variance e;2 of the random disturbance ~ is unknown, we have 

to estimate it also for getting varianceD2 (b .) = c:J d'
i 

for 1=1 ,2, ••• , k+1 
J. J. 

as diagonal el ements of t he covariance matrix 

V( II ) = 0'
2 (XT X )-1 , and in consequence for getting the standard 

err ors of estimates SE(b
i

) = D(b) = @""'id-:;. 
1\ " 

It is easy to guess , that so called residuals i.e. differences . Et = Yt - Yt 

'" where Yt = b1 x t1 + b2 xt 2 + •• • + b
k 

x
tk 

+ b
k
+

1 

estimates of unobservable random disturbances £" t. 
residual variance can be taken as an estimator for 

The following related Theorem can be formulated: 

can be taken as 

Consequently the 
2 

the unknown variance ~ . 

The residual variance defined as 

is an unbia sed estimator of the l 2 
n 1\2 n 1\ )2 

Let L (Yt - Yt 

unknown parameter t:r2 i .e. S = ~t_=.;;:.i __ = t=i 
n-k-1 n-k-1 

variance of random disturbances in the multiple linear regression mode 

with assumptions 1 - 3 • 
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e short proof of this theorem is very instructive since it fully 

~ •• ,/ the matrix notatio'n. Let's denote the vector of residuals as 
u ti)~e.. A A WI. . f :z y; '-"t where F:~ I'J • . . 

It can be transform into a linear funotion of the disturbance vector ! 

as follo .... s : €..;;. '/l-:~tb : X([t-t -:-XI, := £. -)( (b -~) -

-= f -IlCi'¥r1.f = [r-.x(~~r~T]i' 
:::: M1 t , 

...,{ or:; .\-! T 
~ue... 11-1-4\\.:1/1J X is an i dempotent matrix 

with property that r(Ml) = t r 01) (see paragraph 3.4) 

No , Ie t' s take under consideration the numerator ' of the residual variance 52. 

i=e~ = {r-, -:;:.(n1)':(111-) := ,TI'1J'111 f. = gTfVn f 
t==i 

(sinoe 11 is an idempotent matdx)' 

'l~l expected value of that numerb.tor is equnl to: 

it:. e 2 ) -=: eCi'f'D f-l .::: "8 tr( frf11 1/) (since I'M} f is a scalnr) 
~t=1 t 

:= E t .. ('" It f-T) -= h E lMffT) 

= lr[n -ELfKT )]= ~[n·~I] 
==X1~·tr T1 

Trace of the matrix M can be easily obtained as: 

tr t'I= n - tr T = n - (k + 1) = n - k - 1 
~+1 

So, E (~)= E (~ €~ ~ 1 ~=i £~) 
k 1 - n-k-1 

n - -

= -L- ~'-ir I'd:=. 1 ~-k-1 ) 
n-k-1 1-. n-k-1 

( since t r and E are 

linear operators) 

n A2 

means that the residual va.rianc~. 2 t; £ t 
is an Unbiased estimator of S = k 1 n- -
the variance ~ 2 of random 

disturbances. 
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For t he numeri cal calcula t i olls purposes we can transform the numer ator 

of t he r eSl.Qual variance-- S2 into simpl er f,?rm: 

n A2 
SO ' 2 y- et s = _t=f ____ _ 

n-k-1 

Now, we can estimate the f ull 'covariance matrix V(hJ ~ ~()J.T~)-1 as 

V (b ) ~ 52..( XIXJ-1 
) and consequently its diagonal elements Le . 

variances D
2
(b.) =~. d .. = 6"b

2
. can be estimated as Sb2 . = S2 d . . 

~ - 1.1 ~ . .J, II 

where d . . i s the i -th di agonal element of the inverse matrix (~1)(.r: 11 

Finally, the standard errors of t h e OLS estimators i.e. SE(b.) = 
1. 

= D(b) = ~fd:71.. = Cl::r:b I can be estimated a s Sb. = S -{d;;, where . 1. t· .• H 

S = ~iS a consistent estimator of S=- ~S ,.i . 
Let us summarize the baSic r esults discussed in this chapter in the 
following table: -

NAME 

~tructural Parameters 

Variance of Disturbances 

Covariance Matr i x 

Variances of the OL8 
Estimates 

SYMBOLS ESTIMATES AND PROPERTIES 

2 2 
Sb ' =Sd .. I. 11 

Unbiased 

·tardard Errors of 
the OLS Estimates Consistent 

= G:-d = ii 

-
-
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~ 
We suppose .. tha t the monthly expenditure f or non-food commodHi 9 Y 

1 • 
in a. household' , depends on the household 1 s i ncome' (x1) and on he 

expenditure bn food commoQities (X2). For n = 5 households the 

empirical data (in hundred Bi rr>' are as follow: 

t xt1 
x t2 

y 

1 2 1 0.7 

2 3 2 0.9 

3 4 2 1e3 

4 5 3 1.5 

5 6 3 2. 0 

Baaed on these data we want to e s timat e t he 'Unear model : 

f or t = 1, 2, ••• 5, . 

where 

with E( ~ ) == C» and VCr.) = ~ 1. 
-r; - .i, :r-

The OLS estimator of ~ is lb :::. (~ X ) X Yl 
The successive calculations are: 

~ ( 90 49 20) x.::; 49 27 11 ,det(f)( ) = 15 
20 11 5 

(
0.453) 

, (b:. -0.267 
0.053 

(~T. :,\-f ( 14 -25 -1) 
:K) = 1 ~ -25 50 -10 , 

- 1 - 10 29 

T (28.8) 
X~~ 15.6 

6.4 
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:r '/I YJ = 9. 24 6 S2 _ 9,24-9.2356 
= 9. 235, - 2 = 0.0022, s"' o. 

,;"\ 

So, the 018 estimate of the model is Y t = 0.453 x
t 1 

- 0.267 \2+ 0.05 

and the covariance matrix of the est imator Ib is estimated as : ) 

14 -£5. -1 

" 15 15 15 
V (b) = 0.0022 -£2 ~ -lQ 

15 15 15 
- 1 -& .12 

15 15 15 

The standard errors of the 01S estimates 8E(b
1

) avd SE(b
2

) 

are estimated respectively as Sb~' = 0.05"'~ i~0.0485 , 

Sbi = 0.05i~ '~.0910. 
A 

Numerical results of the estimation Y t = 0.453 x
t1 

- 0.267 x
t2 

+ 0.053 

(0 .048) (,.091) 
can be interpreted as follows: the increase of the monthly household ' s 

income by 100 Birr will increase the mont hly expenditure for non-food 

commodities by 45 Birr on average, while the increase of the monthly 

expenditure on food commodities by 100 Birr will decrease the expendi 

: ~ for non-food commodities by 27 Birr(on averag~ 

2. Numerical results of the estimation (by the 018 method) of the line~ 
model for production of wheat in private peasant holdings in Arsi 

region of Ethiopia (based on cross-sectional data) are as foll ows : 

" y = 11.70 x1 + 2082 x2 + 1.62 x3 - 3.39 x
4 

+ 2.72 

(1.14) (1.30) (0.94) (0.97) 

-Ihere y is the production of wheat (in quintals) in a private peasant h,Ldi~ 
x1' ; is the area under wheat( in hectares) in a private peasant holdin 

x2 is t he use of improved seed( O _ 1 vari able) in a peasant holdin 

x3 is the fertilizer applied (0-1 variable) in a peasant ho ldin 

x4 is t he crop damage observed in a peasant holding 

From the estimated model we can conclude , that the marginal wheat yield is 

11 .7 q/ha, the wheat production increases on average by 2.82 q per hold~ 
in which an improved seed was used, the wheat production increases on aver' 

by 1. 62 q per holding in which a fertilizer was applied, and it decrease9~ 
averag by 3. 39 q per holding due to crop damage which occured in a 
p asan t hol ding. 

Ayaldl
Rectangle
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CHAPl''f1t 9. s'rA'rrSTICAL I NFERENCE IN THE MUL'rIPLE NORMAL 

REGRESSION MODEL. - -
9.1• B9rmali ty Assumption and Its COnsequences . 

We are still discussing t he nrul t i ple . regression model vii t h cl assic 

assumptions: 

1. 'tJ ;::),( ~ ..,.. l' 
2. MatrixJ{ is non-random, with full rank r (l/( ) :::: k+1 4n. 

3. Random disturbance vector e has t he mean val ue E( f ) :::: (}) t 

and the covariance matr"ix V( f: ) :::: ~I . 
The point estimation technique by means of the Ord inary Least Squares 

(OLS) met hod for getting an estimate of the nknown paramet er s vector r does not utilize any assumption about distribution t ype of t he 

ra.ndom disturbance vector I . 
lio.,ever, for the interval estimat:'.on as well for the stat i stical hypothese 

testing pUJ:'poses the addftional assUIDI2.:Uon on norma,li t l. of the proMbili ty 

distribution of disturbances has to be included. 

So, l et ' s put the following additional assumpt ion : 

4. Random disturbance vector € has n- dimen sional normal distribution 

~(~,erJr) with the j oint probabi l ity densi t y function(pdf) 

deHned as: 

There are two main consequences of tha t addit i onal nor mality assumpti on 4: 

(i) I t allows to apply t he Maximum Likelihood (ML) method for getting 

an estimator of the parameters vect or ~ of the model. 

(ii ) I t allows to perform t he s tati s t ical inference (by means of 

confidence intervals and s tat isti cal tests) concerning the 6( • 
For( i ) l et's remind, that t he likel i hood function for a continous 

probability distribution i s defined as the joint dens i ty of a given 

sample. 

In our case, for the normal distribution of the vector f -::. 'A-~ 
(and in consequence of the vect or)r of sample results),the likelihood 

function is given by: 

J 
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Its natural logarithm is: T 

lnL ~ -r lrt{~~) -~()J -;Xf)(~-Xf) 
Now the necessa-~ condition for~, i.e. the equation! 

'J't., I.. ~ _..L. oRy-~)""(l-£ £ )~ ::= OJ 
d ~ - l.s~ d f 

has the same 

solution as the equation ~~ .. /) in the OLS method. 

So, the Maximum Likellhood(l1L) estimator of [f (under additional 

mormality assumption) is exactly the same as the OLS estimator 

Ib .::: (;t~-1-Xy which is BLUE of the parameters vector ~ • 

(ii) The statistical inference concerning elements of the vector ~, 
is based on the basic theorem on the t-Student's statistic. 

Because of assumed normal di_str}bution of the sample vector y , its 

linear function It> =~) 7,! i.e. the OLS estimator has also 

the normal distribution (k+1- dimensional) with the mean vector E( b ) =~I 
and with the covariance matrix VLb):::: ~!l-(fx)-~ 
It follows, that each element b

i 
(i=1, 2, ••• , k+1) of the vector ~ 

has one-dimensional(marginal) normal distribution N( (Oi ' qf b.) , 

l. 2 ) 
i.e . with the expected value E(b

i
) = fbi and with the variance D (b

i 
= 

= ~ = ~. d . ., where d .. is the i-th diagonal element of the inverse . HI U 

matri~ (;(1r~)- . 

So, by standard~ion·we have, that the random variable 

b. -~. 
U = l. l. ("J N( 0, 1 ) 

where ~b . 
l. 

<0];. =-~ 
l. 6'1uii 

Unf ttl t · tical or una e y)we can not utilize that normal di s tribution f or sta lS 

i nfe rence purposes , because the variance ~ of the random disturbances 
i s unknown. 
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A"I"" 

t
i ~ <;} by the re sidual vari anee 82 = __ 1_" __ 

• ! d, Cfi til!lCl n_, - ) 

n I r.r' Il 'lf" l" f !l'J t, 1y 

f'n r t;?l(l : 

n-k-1 

- s"fd~ , we shall ut ilize the f ollowi nD', 
1 1. L' 

If L UnoaI' mul tiple regression model with the a s sumptions 1-4 hac 

n ostimat ed by the 01S method., t h en the statistic t defined f or ac 1 

l.rnent b
i 

of t he 01S estimator-vector fb as 

hi - ~i __ = b i - f.)i has the Student's t di strihut ion 
t::: ~=---....;; 

Bb
i 

S Vd~i • with df = n-k-1 

t un give a full proof of this theorem, since it is i nstructive and short. 

I'll proof i s based 011 the definiti on of the Student's t distribution, i. e . 

with df = k i f U ~ N(0,1), 
J 2 jk tV Chi-squar e distribution wi t h oFF 

df :: k, 

o our purposes, let U = b i - ~ i 
~b. 

U and 1- ~ independent random vari rl bJ c:'; .. 

cVN(0,1) and let's take .under 

1. 

conslderation th~ f ollowing random variable: 

bi - ~i 
bi - P.>. ~b 

t II _---LL = i 
Sb S 

1 ~i 
6'b

i 

:: U U = 
fTn~ 

52 
r n-k-1 

= _ _ U~= __ _ 

{

-:T'-' 
Sb. 

• 1. 

~ 
i 
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. Now, because the random vector t ("oJ N( Q) , qjI ) , 
then L N N (f

l 
I), and consequentl y (see paragraph 4.4) 

(C 

TMt _ (f)T tva (I-) _ "}'2. 
t G'C - e: r I 10 - r~-k-4 has the Chi-square distribution 

wi th the number of degrees of freedom df = r( MI ) = t r f1 ::; n-k-1 , 
since the matrixJi is an idempotent matrix. 

u 
So, we obtain t = r=:====-..... 

j.2n- k_1 

and this statistic i s the Student' s 

t statistic J 

n-k-1 

if the random variable U and In-k-1 are stocRastically independent, 

To show this, let's remind that b. - f?J . in the random variable U 
~ l ~ 

; rt -B AI AI __ I V'/T '71)-1117/, is an element of the random vector V II =. ~ , where rI V'I\, 1'1 11\ 

The quadratic form fTf1I t and the linear form A\f are s tochastically 

independent, because the product of their matrices is a null matrix, 

i.e. 

That 

An ~ (fxrtf[!-x~:xr~J(Tl = 
-;;¥~T~T -~~)~~Xlf:x)-lX'" =(~-:L£~~rY· 
~ 

I 
completes the proof of the theorem, that the statisti o . 

t = bi - ~ i ('/ Student's -t distributi on with df = n-k-1 
\ , 

~ 

In the next paragraph we shall see its utilization. 

9 . 2. Interval Estimation and Significance Tests. 

Based on the Student's-t statistic from the last theorem, the confide~ 
interval for each estimated parameter ~i of t he multiple regression 
model can·be constructed. 

For the given confidence coefficient 1 -c:J.-, we can obtain ( from Statisti ' 

Table s of the Student's t distribution for df = n-k-1) such a value 

t cJ.. , that probability p {-t~ ~t ~ t ot. 1 = 1 _ ~. 
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__ bi_-_C_i If VI t ake no\" t 
",her e b i is the OJ~S e S Ulna tc 0 f th t ! r. 

i s its esti.mated stand.ard f)rror 

w have 

C ' eJ emen ta.ry t ra.nsf ormati on of the inequality , we obtain t ho 

r 11nwi ng f ornntla for th' ..£2yfJdW2.£ ;~n te~al .for thep"ra;ne t.e.r 
. i (i :: 1, ;': , • •• , k+ 1) : 

p 1 hi - "' .. Sbi "'" (!>i .c. hi + 10<' Sb
i
1 = 1 ~ 01. 

Testing of s tatisti_<l...~J _~if~c§;l1q~ of the estima.ted parameter P i 

can be performed based on the fOllowing signifi cance test: 

IJ t Ho I ~i :: 0 against the alterna.tive H'
I 

: ~j. 4= 0 be tho 

statistic.al hypothesis, which vie would like t o verify based on the sampl e 

from whieh we obtained the aI,S esti.mate of ~Ji as b
i 

with sta.ndard 

error of that estima te as Sb .• 

. l 

f the hypothesis Ho i s true, the statistic defined as: 

b. - 0 t::: ~ 

S 
bi 

has the Student's t di stribution with 

df = n-k-1. 

B sed on thJ s s tatistic we can build the critical region Q as: 

Q :: {t: I t I ~ t Q(,], where taL is the critical value obtained 

from Statistical Table s of t Studen t's distribution with df = n-k-1 

i(BUCh a way, that for given small significance level 0( , 

PL/tl ~ tot} =J . . 

S , the si/5l1ificance t est is as follows: 

Afte el'l timatior! of the model, the empirical value of the t StUdent IS 

st tis tic should be computed as t _ b i and then compared with -s;-
i 

the critical value tot.. , i.e. with the critical region Q constructed 

for the given i n advance small significance level oL • 
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If t ~ Q , the hypothesis Ho is reje ct ed, which means that t he 

estimate of the parameter f'1 is statistically significant at the 

significance level a. • (i.e. it significantly differs from zero) . 

If t + Q , '.Ie ca.1'l not reject the hypothesi s Ho : r-
i 

= 0 , which 

means th~t'Ne have no statistical evidence , that the explanatory vari ble 

X. r~aliY"'h~s any i mpact on the dependent variable Y, since the estimate ~ " 

of i ts parameter ~i is statistically non-significant. 

So, only the re jecti.on of' t he hypothesis Ho gives us a justification 

for keeping the explanatory variable X. in the mode':"" 
l 

An utilization, of that s igr:lificance test duri.ng the sta.tC"e of checkin 
.' 

of es timated 'ecooometrj c !DOdel is essential, because only models 

~aving all ESPla:natorY vari~bies with statistically significant parameters 

can be used for forecasting purpose se 

rhe additiona l normaH ty assump tion -1 allows also to build the signifi~a:e 
t e"t for the ,full Dara.:r.n_eters vec toJ;'. ft simul tanuously based on F­

Snedecor statis tic , 

Sometimes \'/e would like to t est t he vector hypo thesis: 

Po : (( ::. (i'~ against alternative Hi : ~ *~() "here ~ is a eiven 
vector of numbers . 

Le t's consider t he statistic 

If U;.e null h othesis H 
o 

In th:l. t case I t h statistic B can be transforme I nto such a quad:-atic 
O_ffi of the di turbance vector ~ : 

~ ~ [(~~)-~rI:J~ (~r~) "[.J:T;qr~·~J 
- ~-rX(f~r~{~rx)lfxr~'i: ::: 1'-r-~ (jT}f()-X'i-~ 
~ . 

::t ::; 1:'[ 1- 11] f' I '-/..;; )i,)-f",,/r 
wh2re MJ ~ -/A~ 4' J'( is '3.n 

idempotent ma trix} and t (V Jf{fJ,'i:/l). 

has the r-distribution wi tJ 

df = 1'( I-if) = tr( I-H) = 

) . + 1 - t:r' I - tlta = n -( n - k - 1 ::,' n 
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.11."1 T 

} '1 t Ohfo't _C-.~f ~ '"""- ' __ M f._ Prev Lo1).' ly we 1 ~hC .' (f.- fL .~ -
° '<So ,. ('(l'_ 

f~iin I;ribu has the 

d '" n- k- ol 

we h<lve b/o 0 , 
quadI.'l1. tic f oor me of the. same r and om vee tOJ~ f 

'r. 
~; 0'-

a.u:l ~~ :::: ;X:h-k-1 . 
'1'11 se quadratio forms are stochastically independent because t he p 0 11C 

of thei r matrices is a. null ma trix : (I-H)lf= ,.. -M"- : Pi -Mi =- Q> . 
'Therefore , according to the (lefinHion of the F\~Snedecor di stri bution 

« ce p<lrag:raph 4.4) t he qllotlent statistic defined as : 

1- k+1 
F == k-l:L-

2 l n-k-1 
n-k-1 

B 

_ ~(k+1) 
- AT 1\ 

f ' ( 

~(n-k-1) 

B 

B ---
(k+1 )S2 

h8.S t he F- Snedecor dis t ribution \{i th the numbers of degrees of freedom 

respect ively k+1 and n-k-1 . 
Fo a given significance l evelcl and f or k+1 and n-k-1 deg.rees of 

freedom we oan find in the Statistioal Tables of F-clistribution such 

a critical value Fgl ,that probability P {F :? Fot.!=ol • 

Now, the critical region for the significance test can be defined as 

Q= {F: F ~Fc(1· 
Finally, t he significance test for the vector hypothesis Ho : ~ =~o 
is as follows: 
After estimation of the multiple regression model by the 01S method, the 

empirical value of the statistic F should be computed as F= B 2 (k+1)S 

and then compared wi th the critical region Q constructed for the given 

significance level • 
If F 6 Q t the vector hypothes is H is rejected at the significance 

o 
level <:L • 

If F t Q t we can not reject t he hypothesis Ho: ~ = ~o. 
F; tJt BTVT\lD~ I\T/\ 

01" e· SFec. ial caSE? (?c,= a) r.re 1ft~e :B = V IA. ~ P = YI~lI ' 
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9.3. Analysis of Variance and the Coefficient of Determination.!: 

To continue to discuss the multiple regression model with 1-4 assumPtions 

(including normality of random disturbances) we shall deal now with a 

decomposition of sum of squares of observations on the explained variableY 

It will lead us to an interpretation of the determinati on coefficient R2 ' 

t he empirical data . used for measurement of goodness of fit of t he model t o 
~T'" ,.. D'T wT 

The starting point is the equation ~ f WI 'Ill - 100\ 'I obtained in 
paragraph 8.3. 

we have al so: 

we obtain the following primarly decompositio~: 

Now we shall prove the folloWing useful Theorem: 

If the model with assumptions 1-3 was estimated by the OLS method 

then the average of residuals is zero, i . ex 1 n A 

E=- 'x: e =0. 
. . n t =i t 

mo prov e this Theorem, let's consider the OLS 
vec tor U' : t = (~~yi.XTYI . 

est imator Ib of the parameters 

(..f~) Ib =V~):.,C:i'J(Iiyl 
. r 

X'x Ib = ;i'y 

(by t he left hand side 

mul t i plication) 

~o, f a ne l ast (k+1) -th equation we have. 
T T • 

11 X lb ;::: 1 YI) 1.IAere -1 T == (" -1 1 . ~ . 1.) 
"gT A r 

I' a YJ :::: 1 '! 
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n '" 
or L E. t :: 0 . 

t:::1 

or 

th l a -t equation 'tIe obtain fina lly , tha t: 
From ' e ~ 

and 
- ")\ 
y "" y . 

tl lv, ] et U!:! c(Jml~ o :.1 ck to the prim:'l,ry df'!compos alon of • of sqllates 

and et ' s ~;ub t. ,:act fro~1 hoth s ide s th e tenn: 

{J n ')2 1 ( .:r)2. ;\".1 
n ~/ := n \;- E'T Y t = - ·,0 Yl ' =. n y = 

.f (11' 1\ ):L -- , YJ 1\ -

T ..f (§IT)2 ..-\r.\ Arl\ -i (J1TA)~ 
SO , we have nov! YI Y/ - n 'tJ 'tJ ::::::: a I. .*" YI YJ - t1 rll W 
or i n conventional notation : 

:n 2 
C- ( - ) .L- Yt - y 
t=J. 

n - 2 2:: (Y t - y) 
t=1 

'-_ .J ~-
SST = SSE + SSR 

So, the final decomposition of the empirical total sum of squares ( SST ) 

is as follows: t he total empirical sum of squares ( SST) has been split 

into two separate terms-the sum of squares of residuals(errors) SSE 

Md t he sum of squares of estimated(regression) values SSR. 

Now, taking into account normality assumption 4. we have: 

SSE \,2-
~ = r n- k- 1 • 

SSR . ",2-
~ = /'k 

and 

]I IV ]I _ Snedecor dis tribution 
= 111 th K and n-k-1 degrees 

of freedom 
2 

., n-k-.I n-k-1 



- 106 -

SUIJUllarizing we have the following Analysis of Variance for our l' 

multiple regression model ,with assumptions 1-4: 

Source 

of Dispersion 

Regression 

Residual 

(Random Error) 

'rotal 

Analysis of Variance Table 

Sum 
of Squares 

SSR = 

=t.1T~ -1; (IJ Ty/)2. 

SSE = 

"r-'l ... 7; n T \IT 
~ t'E = ,'} -bl' 'D 

SST = 

df 

k 

n-k-1 

n-1 

Mean 

Square 

S2 SSR 
1 = lC"" 

2 
S 

SSE 
=-~-

n-k-1 

e', 

Based on the above decomposition of the empirical to tal sum of squ~re: r.5~ 

we can define the Coefficient of Determination !C as follows: 

2 
R = SSR = 1 - ~ = 1 _ 

SST SST 

It follows , that 0~R2~ 1 , 
R2 = 0 ~ SSR = 0 :> SSE = SST 

R2 
- 1 <::=> SSE = 0 ~ SSR = SST 

, i.e. 

i .e. 

//0. it .' 
/0. 9t = Yt 

r~erefore the Determination Coefficient R2 is a measure of goodY.ess of fit 

of ~h e l inear model to the empirical data. 
Th . 1 1 2 ( ) 1 e :linCi e umer l ca va ue of R means how much in percentages of the tota ' 
• . . r.L' d ,N_ . gressior . . pe "'lon 0 "ne ependent variable Y canYexplained by the hnear re 
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o· • 

32 ::l 0. 80 means, that f3CP;6 of the empi.rical di spersIon of the 

t vFl.ria,ble is expl a J.ned by the r e€;ression on explanato"Mr 
1ep n ' n " ' " J 

y'\ i . les X
1 

,X
2

' •• ·, X
k

, and r emaining, 20% of the empirical dlsporsion 

f\ due to t he r andom disturbances . 

I cttn b proved, th8,t if X'l ,X2,··· ,Xk ,are random variables , 

R ::: 'ff' is the H1ul tiple correlation coefficient . 

~owtVer it i s importcmt to remember, that for our mode l with assumption 2 

(, h t non-rand.om rnatrix X ), we shall rather use f{2 only( ~")(l not H). 

Cnkj ng i nto accoun'!; the normality aS f:.nunp Hon 4, we can construct the ., 
.!!.!-mD£~ce_iQ.st fo 'r. the Det ermina tion Coefficient R\ based on the 

fo1 owin F_Sned.~r statisti.c: 

2 
t' R n-k-1 = r---· - --

1_n2 k 

SSR 
SsT 

SST 
SSE 

_ ssa -- . SSE 
n-k-1 SSR 
~=~2= 

I! )l'r -'k (,fT, Y-, 
=- ._ -Y1-- 11- rv l( S~ ' .,r F- Snedecor distribution 

with k and n-k-1 degrees of 

freedom. 

It is worth to r ealize, that the significance test F for the Determina­

tion coefficient R2 is equivalent to the test F for the vector hypotheSiS 

Ho: ~ = (J ( except the constant term ~k+1) described in former , 

paragraph 9.2 . The critical region is defined a.s Q = i F: F ~ F~ J ' 
where Fat.. is the critical value from Tables of F-distribution for the 

given Significance level c:J. and for k and n-k-1 degrees of freedom. 

If the empirical value of the statistiC 2 . .JL • n-k-1 = F E.Q, 
1_R2 k ' 

the Determination coefficient R2 is sta:tistioa,lly signifioant. 

If F f Q. , R2 is not signifioant (multiple regression is sta.tistioally 

non-significant) • 

"hen differ ent linear multiple regression mOdels with a different number 
of vari bl R2 i tilized a es have to be compared, so called Adjusted _ s u • 
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. 2 _2 
The Ad.lusted R is denoted usually by R and it is defined as 

9.4. Forecasting Based on the Multiple Linear Regression Model. 

Let t=T be future (forecasted) peri od of time and let's assume, that 

the classical assumptions 1- 3 concerni ng the multiple regression model 

are valid also for the future period of t ime T. 

It means, that 

where YT is the forecasted value of the dependent variable)() 

XT1 ' ~2 ' ••• , ~k are given (assumed) future realizations 

of explanatory variables ) 

fT is t he fut ure r andom di sturbance with E( £ T) = 0, 

n2(~) = r;;l , and Cov( "CT, f
t

)::: 0 for t=1,2 , ••• ,n. 

If we denote by J(T) the vector of gi ven future realizations of 

explanatory variables X (T ) = (x.r1 ' Xrr2 ' •• • , ~ , 1) 

the forecasted value of t he explained variable can be written as: 
'r 

Yrr = )ec.!T') ~ + ~ -

) 

Any for ecast of YT should therefore consist of an estimate of the mean 

value E(yT) = )(~-rr) f' " , and of a forecas t of £ T • 

The best estimate of the first term E(y
T

) i s of course equal to JC~ j ~ 
(where lb is the OL8 estimate of t he parameters vector (f ), while the 

ces t ~orecast of E T i s its mean value, i .e. zero. So, the forecast 
YT of he forecas t ed value Y

T 
i s gi ven by: 
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., " r I . = .])' ( §:(·rf/j') ) 

'r 
Th fi d t e :C'J111 I.I'! . the va:ri 8J.Jce of th p. esl.:i.10<J.t e ,IX (\l"J l1 can h(l 

oh t in as: 

j(i~>,~) 
-I [ .. r . ~.:.r J2 I::!c [ ,,"r 'I J2-._ ~ 1'( ~) - ;1( n~ - .:= c ; ~/< r..'f') L b -(?) -

~ e{[)(~l H:. -~~~ ·[X~~) ( b-1i' it1 "" 
;:!: X:r) · arab -'(f ~ (~~. (( {J . ;(<J1) .~ )(·~T ) · \fib } )(er>t 

. r G r J--L 'w' . '-7" ( T )-1.\7' 
:=:: X t;r f '\jJj. .x 'If ~ A (IT' ) ::=.. ~ ,~ (If?) It ~ ~c 1') 

A 
So, th E) var .iance of t he f orecc;.st YT of t he future value Y'r is 

fin ll;r dwn by t he fornrul a : 

The s t andard error 8E(~ ) of the forecast 9'T is therefore given by: 
. T 

S E (J\ ) A r G T. ,! .j7 =- ~~1J7 -::: J)(~,~) ::::: S O ~L +XLtfl) XX) Xc.tfI} 

and its estimate is defined as: 

S-s.. '" s"i + 7)"(i:~r~X } 1 f{~e.,.e.. s=fsi :: ~ ~(r (IfF) ~ 1m T ___ 8-

~ 
~ adoption of the normality assumption 4, it is easy to prove, that 

the statistic defined as : . 
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has t~StU(jent' s distribution 'Nith 

df n-k-1. 

Based on that Student ' B -t distribution one can build an interval 

forecast i.e. the Confidence Interval 
I . i for the forf'...casted value Y

T 
as: 

t k 1 • s~ 1 = 1.0(. 

where 

~, n- - :/.1. J 
t 

d-, n ... k-1 is t he value of t-Student's statistic t aken 

from the Statistical Tables for the given confi dence 

coefficient 1- ~ and for df:n-k.1 . 

9.5. Use of Computers and Ex~le8. 

During the last twenty f ive- years c-Ollections of computer programs 

(Packages) have been developed for carrying out all calculat i ons for 

the estimation and checking of the multiple regression models. Examples 

of such packages are, SPSS, BMDP , GLIM and ISEA, which has been parti­

cularly designed for econometric modelling. Versions of these packages 

exist for many different types of oomputers like IBM, HP, r CL, etc. 

One of the most widely distributed of those packeges is SPPS( Stati stical 

Package for the Social Sci ences) containing computer programs for 

regression a.nal!~i.s.-Jls$ of these programs is described in the manual 
SPSS and -SPSS lIpda te. 

The only work for the user of these packages is to prepare his data 

in a form acceptable to the package and to prepare instruct i ons t run 

the appropriate program. 

An example of sPSS regression printout from the HP-3000 computer 

installed at eso Addis Ababa i s given on the next page. 

It contains regression anal ysis of the linear model for production of 

wheat in private peasant holdings i n Shoa region of Ethiopia . The 

model included 6 explanatory variables l isted at t he beSinning of the 
printout. 

Then we have results on Determination Coefficient R2 (R SQUARE), 
- 2 f 
R (ADJUSTED R SQUARE), Analysis of Variance with F statistic, results 0 

OS , "a") the L estLmation(estimates b
i 

for each i-th variable are print ed as 

vi th standard err or s (SEE ) and t-Student's statistics ('1'). 

Nuaerical results of t hat outprint are used for a statistical inference 
performed in the Example 1. 
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1 •• 
2 •• 
3~ .• 
4 •• 
5~~ .: .. 
6 •• 

.SIZE H· 
AGEY 
FEin 
IMSEED 

.' A. ~ EA 
CROAM 

ANALYSIS OF 

REG~ESSION 

RESIDUAL 

Si ze of Hous~ Hold - . . 

A~e of Holde r 
Fertilizer Ap~tied 
Improved Seed 
Totdl Area - Und~r Crob 
Observed Crop Damage 

VAR rANe E . 
OF 
6 

173" 

SUM OF SQUARES 
1350.06 065 
1343.32435 

F = 28.97792 SIG Nlf f = .JO OO 
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9 
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-.054'49 . 

.62528 
1.49038 .. 
8.13~29 
-.627]7-.... . 
.10~oa 

SE3 

.09143 

.27~42 
. • 57202 -
.65543 
.66945 
.51195 
.79284 

3ETA T SIu T 

.06298 1.162 
... 

.2467 , 
-.01059 -.195 .8456 

.05943 1.093 .2759 

.12 ·363 2.274 . 02 42 

.65438 12.154 . 0)0 ) 
-.06916 -1.225 .2221 

. ' 37 .890 3 

AGEH SII EH 

M~A:-.i SQiJ Aa E 
2 25 .. 0101 1 

7 .7 :-':'35 

• 

--­..... 
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Examples: 

1. Ba.sed on the numerical resul ta ot estimation of the model given 

in the original COllPuter -pr1ntout reproduced o~ the previous page, 

let's perform a statistical fnt~r.nce for that modeltaaeuming 

normality of random disturbanoe distribution) . 

The sample size (oroas-sectional type of empirical data.) was 

n=180(of agricultura.l households). 

The coefficient of Determination R2 for the estimated linear model 

was calculated as R2 = 0.501, which means that 50.1% of the total 
- ' 

empirical dispersion of wheat -production in the sampled agricultuxal 

households can be explained by the regreSSion on given 6 explanatory 

variables. 

The Adjusted R2 . -2 
~s R = 0.48395. 

, we obtained the value of For the test of significance of R2 
2 ' 

F-Snedecor statistic as .F = ~ • n-k- 1 = 28 .98, 
'1-R2 k 

while tho 

critical value F~ ~ 2.15 for the signifi cance level rJ...:;;; 0.05 and for 

6· and 173 degrees of freedom. _ Since F> FoL , the R2 is sta.tistically 

significant. 

In the reproduced computer printout we have not only th resi uaJ 

variance S2 = 7.76 , S=2.786 (printed as STANDARD ERROR), 
estimates bi(printed as B), their standard errors S (printed as SEB), 

b
i 

but also t-Student's statistics (T) . 

Let's rewrite results of estimation of the model in the form : 
J\ 
y = 0.106 x, - 0.054 x2 + 0.625 x3 + 1.490 x

4 
+ 8.136 x5 -0 . 627x6+O , l 

(0.091) (0.279) (0.572) (0. 655) (0. 669) (0. 512) 
1.16 -0.195 1.09 2. 21 

where x1 is the first explanatory variable(Size 
f; • es in brackets are the standard errors S 

b. 

12.15 _1.22 

of household) etc, 

and in the laSt 
bi 

t . - -
~ 

(lower) row there are values of t-Student ' s st~tistiCS 
b. 
~ 
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, 

As"uJTling the significance level «. == 0 . 05 , 1I1e have tho critical 

value t el == 1.96 f or df:::: 17 3. Be,cause we have ohtained I tl > t~ 
o l y f or two cas8s (for x4 ) t=2. n .and f or x5' t=1 2. 'I: ) ~Ie can 

conclud.e , tha. t; lhe regress10n coeffic ients are statiGtica lly 

i 11.Lficant only for t~le v ariable :J(.1( I mproved Se(~d) ann, f or thr. 

vf1. i ilble ')(5 (Area under whea.t) . lle~a.ining four explanatory vn.r.i (] bles 

h~ re non-·sigrLi.f teen'l. r eb f1 ssion coe f fi cient s. 

L" L' "' assume L}1;1 t ve a.rc also inte.restecl in obtaininrr interv al 

C'lt .Lwrl.e f oX' the llCtl':::i! wt ex \-"5 for t he explanat ory var i 8;ble ~ ( i\n~c~, 

Ll 'lll cr. l.iheat ) . . 
~'J'om Lhe prJnl~Ol)t Wp obta ine d e!;timn,t e bS ::: 8 . 1)6 a;)d. i ts standa.rd. 

error 8
1 

== 0. 669. 1'or the confidence coefficient 1-ol = 0 0 95 and 
>,-
) 

for df = 173, we ha\?e (from Statistical Tabl es) t ot = 1.96. 

So I we obtain the following confi dence ' i n t erva l for t he pa.r amet er 

~5 (mar ginal wheat yi~ld. in q/ha ): 

8.136 - 1.96 · 0.669 .c. pS L:.. 8 .1 36 + 1.96 -0.669 

i .e.60 B < ~ 5< 9.4. 

Based on numerica l results giv en in t he Example 2 from ' previ ous 

Clia.pter 8 (page 96) for the lino9.r model of whea t production ' in 

Ar ei region of Ethiopia, let t s per f orm a statistical i nference for 

that model (assuming normality of random disturbances). 

For t he val.'iable x
1 

Area under wbea tits parameter r 1 hac been 

est imated as b
1 

= 11 .70 with the s t andard error Sb = 1014 
. 1 

So, the value of Student's statistic t1 = 1~:t~ = 10.26 , 

while t he critical value t.t,. = 1.98 for the eri tical level ~ = 0.05 

and for t he appropriate df ::: 120 . Since I t41 = 10.26,. t~ 
.... e may concl ude that the estimate b

1 
is statistically signifi cant. 

Si milarl y for the remaml.ng three variables we havel 

~ for x/use of improved seed), t ( = 2.82 = 2.17 
2 1. , 0 

~ for x~ (fertilizer applied ), t3 = ~ = 1.72 
0.94 
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f r X (crop damage observed), t4 = _~3t 39 = -3. 49 
- 0 - 4 . 0.97 

So, the variables x2 and x4 have stati"stically significant parameters, 

while the variable x~ has its parameter statically not significant 
~ 2 • 

\'Ie can add, that for that model,R = 0.527 and F = 21 .51, which 
2 

means . that R i s statistically Significant. 

5. Based on numerical results from the Exampl e 1 from previous 

Chapter 8 (page 95-96) for the estimated linear model of t he monthly 

eA~enditures for non-food commodities in households, let 's perform 

a stat istical inference for that model (assuming normality of 

r andom di sturbance~ 
.... 

'~e model was es timated as y = 0.45 3x1 - 0. 267x2 + 0.053 

(0.048 ) ( 0. 091) 

Vlher e x1 - household's income, x2 - expenditure on f ood commodities . 

rhe sample size was n=5,and let's t~~e the significance l evel 

0.. = 0.1 0 , so t hat the critical value for df= 2 is t~ = 2. 92 . 

'mpirical values of t he Student's - t s t atistic are respectively: 

t = ~ = 9. 44 
1 0. 048 ) 

and t = -0. 267 
2 0. 09 1 

= - 2. 93 

::iince I t I /' t:Jl- f or bot h cases , we may conclude that bot h 

explan1.tory variables in the model have statistically Significant 
parameters . 

2 \··'e can also calculate the coefficient of Deter mination R 
2 

a~ : R =1 ~ Q.0044 = 0.998 obviously it is sta t i stically 
1.048 

ificant, since F = 249.0 and F .. = 19.0 f or ~= 0.05 and 
df = and 2. 

In addi tion l et us as sume that we are inter ested in obtaining t he 
r t ,. 
_ or~ Y'r of the monthly expenditures f or non- food commodities Yrr 

assumin 

. ~iabl e s 

the following vector of future values of explanatory 
j' 

.x ('f ) = (7 4 1 ). Using formulas f rom aragr8.?h ~4 



J t III ::.Ln G, tha.t if in any fl.Oll,l3f:hold its monthly income inerea.ses trp 

Lo 700 Birr and He expenditure for food cornmodJ. ties increases u.p to 

400 'Oirr we can predict th!3 monthly expenrU tu:r.e for non-food commodi H ew 

thot hou3ebold as 216 Bir t (wi th standard er:cor of this forecast as 

7 OiT. ). 
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CHAfYrE.:R 10 . SOME SPECIAL PROBLEMS. 

10.1. Changing the Scale, 

Sometimes it is convenient to changcthe original scale(units) of 

variables included in the model into new one. For example a produCtion 

of crop measured in quintals should be now· measured in metric tons at , c, 
Let's denote scaling factors by: 

p - for the dependent variable Y 

Pi - for the i-th explanatory variable Xi 

Usually p and p. are equal to the following numbers: 0. 1 0.01 0.001 
1. 

10,100 etc. 

After changing the scale we can denote the empirical data as. 

* r Yt = P Yt 

lx*t. = p. · Xt· - for -i = 1-,2 ••.•• , _k+t 
1 1. l . 

or in matrix notation 

. P1 o ••• 0 
a.~ 0 P2'" 0 

'1= • • • 
a 0 ... \~~ 

where 1 
and it s inverse matrix is 

symmetric matrix defined 

-1' P~ 0 ••• 0 \ 

1P~ = ~ ~2 • •• ~ ) 

~ 0 ••• ~ 
Pk+1 

is the diagonal, 

"'et s assume, that the model was estimated based on ne..., s cale data, 

Le· i and .X • SO."" ha~. the OLS estimate If '" (/~~JT( 
wi t~ the covarlance matrl.x estJ.IDated as ~ (lit"") _ ~ / wttT:. 1f)-1 

V ~ -5ojf" IJ\ X ' 
For cmpari son purposes we are interested however to come back to the ~ 

pr i or( original) scale, i.e, we would like to obtain 11 from given ~ . 
i'he connection between these two estimates are as f ollowS: 

;lr l ~r ~,i~T -i 
=0 ;X J '" r = (J>)(~ 'P) 'f;iltr = 
=- r iLC,X;Xy.l.uXr}f 0; r jLlb 

I 
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l means, tha t f or ea.ch elemp.nt of the vector b¥ 
* 1 b. -= p . '- °h, 
1. Pi 1 

or 1 ,* 
b =-·p.b 

i P i i 

In the arne way \~e obtain for the standard errors of estima tesr 

[lui. 

(. 
0) It 
hi 

' han~ing 

= p . ... :L'Sb 
Pi i 

t he sC<lle '0/111 

p • . _L b
1
, 

blf-
t 

p. 
t::: . - 1 

. -- - l ' 
::;'b~ p . - S'b 

1. Pi i 

or S 1 p . • S * =-- • bi b . P ' J. 
1 

not ha.ve any eff .ct on t-S t ndpn t ' Il 

B,G for the original ca.le • 

H tab I3 tic : 

Values of the t-Student's statistic have no "names", sjnce the common 

"h.:mJ " of b
i 

and Sb can, be cancelled... 
i 

I t i s useful s ometimes to have similar property for the regrE!ssion 

° f fjc;i ent. For that purpose so called "standardized regr'ess:Lon 

coeffici ent Deta" has been defined as: 

S 

Be ta i = b i • Xi 
S ' , 
y-

is t he estimate of the regression coeffioient ~i 

S i s the standard deviation of the explanatory variable Xi 
Xi 

Sy is the standard deviation of the explained variable Y. 

Le t ' 8 deno te t he name of given dependent variable 'y by [ Y ] ) 

and t he name of the explanatory vartable Xi by [Xi]. 

So , "the name" of b
i 

is obviously [i~, because lY] .. [bi}[Xi] 

"The name" of SX
i 

is [Xi] , and "the name" of Sy is [yJ • 

'rh refore t h e standardized regression coefficient "Betai " ~as 

no "name", since ~ 
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Beta i 
[YJ _ [x .] 
:::_T~=1 

l~'rJ lY] 

Since the standardized regression coefficient Beta has 'no "name" it 

can be used as a measure of importance of explanatory variables i.e. 

as a measure of t he share of inde~endent variables in a val ue of the 

dependent variable. 
II/e can not lib II but we can compare IIBet a i" • compare i) 

Example: 

In the computer outpr1nt reproduced on page 111, in paragraph 9.5 

for regression analysis of the model for wheat production in Shoa 

region there is one column entitled "Beta". Elements of that column 

are the standardized regression coefficients for all explanatory 

variables. 

So, we have: Beta 1 = -0.063 , Beta2 = ~0.011 , Beta 3 = 0. 059 , 

Beta
4 

= 0.129 , Beta
5 

= 0.664 , Beta6 = -0.069. 

I t follows, that the most important variable is X5(area under wheat), 

t hen X
4
(improved seed), then~(crop damage), et c. 

10. 2. f1ulticollinearity Problem. 

vometimes i t hapens, that for the estimated ~ultiple regressi on model 

i t s deter mination coefficient R2 is very high, vlilile all regression 

coefficients are statistically non-s ignifi cant o One of the main 

r easo s for such r ather unpleasant Si t ua t i on is existence of so 

called Multicollinearity between explanatory variables. To expl ain 

i~ , let 's com~ack to the Assumption 2 of our model: 

r(£) = k+1. That assumption means, that the mat rix ~ of observations 

on expl anatory variables has full rank, i..e. all its column vect ors are 

line- r ly indepen~to This is essent i a l f or obtainine the inverse 

r.,atrix (£7Jt.'Y, recalling that for Gram'matrix r ()fr;x) = y f)/l) , 
=f rank rC~J <:: k+1 , t han r ank r &XT X) L.. }:-:-1 a..71d det (J(!X ) = 0 ) 
w. ich means that the Gram matrix ,.xT\if' i s sinaular (its inverse matr iX i A 0 

~1tT ~ ') does not exist) and the OL8 method can not be applied. 
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Two examples of matrices with non full rank arel 

8 4 1 
(

10 5 1) where for the first two ooiumns h 2 we ave 'X1 • x2 ) 
X" 63 1 

42 1 

4 3 5 1 
an

J (2 1 2 1) 
y:~ 62 5 1 ' 

where for the first three oolwnns we have ! x + x - x 
~ 1 2 3' 

10 4 9 1 

A. full linear dependency between columns of the observations matr1xJf 

11k!) in a:bove exampl es , is very rare in an econometrio practice, but 

often we are facing with high correlation between explanatory variables 

i.e. appr oxlmate linear dependency between columns of matrix Jt) 
like in t he following example I ( 2 1 1.8 1) 

v- 4 3 5.1 1 
A- - 6 2 4.9 1 

10 4 9.2 1 

... h re approximately we have ~1 + x2 ~ x3 

Definition. 

An appr oxim;\ te linear dependency between colwIDls of the observat ions 

matri x J.l (reflec ting high correlation between explanatory 'variables ) 

is called a !nUl ticollineari t . 

E~i stence of multicollinearity has an important negative effeot on 

results 91' estimation of QccmOTllet1'iO models based on the multiple 

lineaa!' l1egTess;L.oo, because df det (~T~) fI:i. 0 for a mulUoolli-

near.llty case. In consequence. we obtain very large diagohal elementl dii 

of the inverse mat rix (~rxrt = (X}(f > .,la ... e (~'x)~ is 
Je.t~T~) 

the adjoint matrix. 

'['hen, est.tmated s tandard errors S = sK are to large;, aI1d in 
bi 

b 
Consequence values of t-Student' s s,tatlstic t = -L 

Sb 
i are to small for b. to be statisti~ally 

~ 

Sig)'lifican t. 
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But a multicollinearity does not influence the value of determination 

coeffici~nt R2 which may by high, while all regression coefficienUin 

the model are statistically non-significant,due to multicollinearity, 

'fo cope with the multicollinearity problem first of all we have to 

check its significance by means of special Significance t est for 

multicollinearity. 

The most of ten used Significance test for mul ticollinear i t y is kno,m 

in l i terature as the Farrar-Glauber- Haitovski tes~ cased on some 

Chi-square s tatistic obtained from the determL~ant of the explanatory 

variables correlation matrix 1 r 12 ••• r1k~ 
4{[) __ r 21 1 ••• r 2k ,",here r . " is the n . ') ~J 

• : correlation coeffic ien 

r k1 r k2 ··: 1 ) behleen Xi and Xj 

In t he ~arrar-Glauber-Hai tovski test we are testi..'1.g the hypothesis 

H : det R = 0 ) against H~ : det 'i >- 0 . o . • 
Because det R = 0 only if det (~T)J') =0 , it follows, that rejection 

of the null hypothesis H ,means t hat mul ticollineCiri t y is statistically a 
non- significant. 

'The ;X2. statistic used in the test is defined as: 

J~ -[n-1- i (2k+5il· In ( 1- det ), 

and it has Chi-square distribution (under nor.nality assUID_ tion 4) 

","i th df = ~ k(k-1) , where k is the dimension of tne correlation 

matr"x'R 2..'1.d n is the sample size . 
) 

~r.e critical r egion is constructed as: 

Q. ~ txt: X~J'! },Where PiS the crit:cal value ta..ken 

from Statistical Tables of ~~ distribution for df = t k(k- 1) &'1.d 

fo r given significance level cL in such a way, that ?{:x2..9'~} ::.~ " 
So, based on the determinant of correlation matrix )an empiric~l 

-y2-
value of /\. statistic should be computed and tl1en compareci. Hi ~ t .e 

cr~tical r egion Q. 
') 

If ;X-€. . =0 is rejected(I:":ul ticollinez.r:~" ' , the hypotheSis H : det 
a 

~s statistically non-significant). 
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If ;r~~bL we can not r eject the hypothesis Ho about multicoll inearity. 

In such 3. case mul ticollineari t y should be conRidere<l as s i gnificant 

fU'ld some action should be undertaken for improving t he entimation 

r r!slllts spoile(i by the multicol1ine~,ity. 

nerally speaking an econometrician can apply one out of two 

di fferent approaches i n case when he discovered that multicollinearity 

if:) significant in the e stima ted model. 

(d If t he model is big', one can remove some variables involved 

1n mul ticollineari ty, and estima te again the new, smaller 

model. 

(u ) If the model is sma ll,one sha.ll find some additional(prior) 

i nformation on the estimated parameters vector (i' and then apply 

one out of non-cl assical methods of estimation) like Hon-linear 

'irogramming Technique or 13aysian ',L'echni:que of esti.mation 

described in Chapter 14. 

Dur Lnp; e 8 tim;). tJon 

Gome linear, modt~ l 

procedure( ba sed on sample size n=12)apPlied to 

\-,i th k=3 explanatory variables the following 

( 
" 0.8 0.2) 

lR. :: 0.8 1 0.4 
0.2 0.4 1 

correlation matrix has been obtained: 

For checking a signi ficance of 

mul ticollineari,ty, t he Farrar-Glauber­

Hai tovski test is applied. 

So, we compute de t R = 0.864 , 1-det i. = 0.136, 

In 0.1 36 = -1.995 
The empirical value of Chi-square statistic is calculated ass 

;l; - [11- i (6+5 )]. ( -1.995 ) = 9.17 .1.995 = 18.29 

Por the s' f,11.ificance l evel ol-:: 0 .05 and for df= J ·3· 2 = 3 
th .t. . t ' 1 regl' on l' S e critical value is f~ = 7.815, s o t be cr1 l ca 

rl.fjn d as Q.. ~ (1':t! ,X2:y .,"lblsl , 
·;inc the empirical value J'-= "18 . 29 t: Q , we have to r eJect the 

~tyT)O h 13; s(H : det iR. = 0 ) about 'IT\t1ll.t icollinearity and we can 
o 

onclud.e that for the es t imal,ed 1ll0del a multicollinear ity is not 

l l71ific;).nt . 
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10.3. 'r esting the Norma H ty of Res i duals , 

All significance tests app l i ed f or checki ng different aspects of the 

estimated model(like t-test , F-test) are b ased on As sumption 4, 

tha t t he disturbance t erm £ has a normal distribution . 

Theref ore i t is very important to remember that the analysis of 

r es idual s f or t he estima ted model s hould always start with perfonting 

a s ignificance test f or the s t atisti cal hypothesis, that r eSiduals E
t 

( ... ,hich can be treaten as estimate s of r andom disturbances 4) have 

t he normal distribution NCO, fi!j2). If that normality hypothesis 

has : ' to be r ejected, we can not continue analysis of the model, but 

we shall rebuild (change) it in s uch a way, that final l y normali~ 

assumption can be proved.- -

Formally, t he hypot hesis on normality which is under test i ng can be . 
" A. written as Ho : Fe £t) = FN ' .. ..-here Et stands for resi duals in 

the estimated model, and FN s tands f or distribution funGtion of the 

normal distribut ion NCO, ~). 
To t est the null hypothesis H we can apply one out of f ew tests of o 
goodness of f it ,known in Mat hemat ical Statistics. 

The Chi - s quare test. 

~he wel l known Chi - square t es t of goodness of fit can be applied as 

the nonnali t y tes t for rather l arge sample size Cn .>50) . 

It consists of several activities ordered i n the follovling sequence : 
1\ 

Indivi dual r esidual s £ t have to be classified into r classes 

(int ervals) f or obtaining an empirical distribution. 

For each i -th class C i t he probability !\ = P {£t e:! C i 1 

shoul d be calculated from t he normal distribution fi( 0, <)-::) , 
2 

Instead of unknown variance ~' , t he residual variance S 

shoul d be used. 

For each i - th class i t s t heoretical numbers np. shoul be 
l 

obtained in order t o compare with empirical numbers n
i

o 
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40 Value of the Chi-square statistic shouln be computed as: 

(n
i 

- n~Pi)2 
np. 

1. • 

1-
and compared with the critical value ;teL (from Statistical 'l'ables) 

for df :: r -2 and for given significance level 0( • 

50 If 12.)--;C., ,the null hypothesis Ho is rejected, which meana 

t hat residual s bave different than normal distribution, and the 

model bave to be ch8.nged. 
2 2 If ;X L ~.:L. ,o[e cannot reject hypothesi s Ho about normality 

distribution of residuals. 

A computer prol~arn for the Chi-square test is ava.il,ible in SPSS 

packar,e, as well as a histogram plot which facilitates obtaining the 

empirical distribution of residuals .i.e. numbers ni • 

1'he Kolmogorov' t~ 
Por rather small sample size, the Kolmogorov'test of f,oodness of fit 

an be apnlied as a nor mality test for residuals. 
~ 

'~e null hypotheSiS is a s before Ho : F( et ) ~ FN• 

'I'h sequence of ,o[ork in this test is as follows: 

10 Residuals 
1\ E t should be ordered into non-decreasing soquence. 

2
0 ... , 

_ r or each r esidual 
i\ f ' t the value of empirical distribution 

'" n obtainnd as F ( f't) = ' c ,Vlhere n n - c 
n 

function. should. be 
A 

i s the cumulated number of re siduals up to E to 

A 

For each res idual £t t~e value of 

di s tribution func tion F( f t ) = F( Ut) 

should be obtai ned. 

theoretical (normal) 

where 

40 Value of t~~,~ .~\.olmogorov' D-statistic sh uld be taken as 

D = max (F n ( E.
t

) - F( f t) J and compared wi th the cri tical 

value Det. for given n and significance level oL • 
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50 If D.1IbL , the null hypothesi s Ho about normality is rejected 

(which means that residuals have di f ferent, but not normal 

distribution). 

If D L. DgI.. , we can not reject t he hypo thesis Ho about normality 

di s tribution of residuals. 

Because Statistical Tables for getting or itical values D~ of the 

Kolmogor ov?test ar e not so often printed, some critical values ~ 

f or the Significance, l evel , d- = 0.05 are given bel ow: 

n 5 6 1 8 9 10 11 12 13 14 

Dd. 0.563 0.51 9 0. 483 0. 4540.430 0. 409 0.391 0.315 0.361 0. 349 

n 15 17 19 20 25 30 35 40 45 50 

D 0.3 38 0.318 0.301 0.294 0. 264 0. 242 0.224 0.210 0.1 98 0.1 88 

The Hellwig test based on empty cells. 

For smal~ sample size the Hellwii tes t of normality can be also applied. 

I t i s very simple test based on empty cells and on the following 

Theor em known from Probability Theory: 

If a r andom variable X has t he di s t r i bution function F(x), 

then the t ransf ormed random variabl e Y = 'F(X) has the ll."l.iform . s ribution 

"'i thin [0, 1] interval. 

7ne idea of t he Hel l "'i g t es t is t herefore based on transformation using 

normal distri oution function F(u) where u ~N(0,1) , and then checking 

if values of t hose t r ansformed val ues have uniform distribution wi thin 

0,1] interval "'hi ch is split into sub-intervals, called ce Is . 

If the ori ginal distribution is really normal , it should be not to 

many empty cells(i.e. cel ls "'ithout any observation). So, the number 

of empty cells can be used t o construct t he critical region f or the 
"-

null hypothesis Ho : F( ~t ) = FN 

.::'he sequence of \·lOr k i n t he Helhli g test of normality i s as f olloWS: 



s uenc ' nhould be or clered into non- o.Gc'r ous ing 

. " 
t 

. d' a' £t n ·and;:j.r J. Z io ta Ut - 7:-- ) an(l f rom 
t atist ical 

,J 

1,1 bl '. ,'" "alues li'(.~ .tj of n o::'111 ' 1 di stributl' ()'O " U11C (.' on h l d b bt • 0-' • . " .~" e 0 .ined" 

i nto n (ub-int~,rvals I, 
\ 

( cell s) 
J 

~ ) f or j=1, 2, ••• , n. 
,0 Unit inter/al [ 0 , 1] 13 di vided 

of equ.l len.,th ~ , Ij =~~1 ; 
belon~s to s ome cell I • . j 

~o ,'he statisti c ho de "ined as the numher of emp ty cells is observed. 

!.t hn.'l dis::!rete prorlab ilit y distri"bution fro n whi ch such critical 

\fM, l u
c 

h d,.. cao be obta inecl , that p t ho ~' b Jr~for given 

,)ample 5 ize n ctnrl g ive n si,'?;nifica nce level oJ.. • 

,0 If h

o

! hoi- t l.e bYl'o thos i s . bout normality ha-S ' to be re jected. 

Jf } ~ h",- \ /e can:1ot 1'e:iroC - -the hypoLhes i r:: about normality 

o 
d i. stribution of r e s idu8..1

e
, ,, 

Cr J t ical v.1 u es hJ. of the \I ell wi r ' t est f or the ·sifO'lif i c.nc
e 

level 

:::: 0.0) 'nfi f or r;iven s~rnple s ize n a r e as fo11 0\oJs~ 

EX::).jnplen: 
1. I.fter estima tiOn o f some linear ""del by tte 018 met hod we obtained 

the following comput.er h ist o",,"'" plot of r esiduals using l SEA _~ack.ge ' 
fV9'" ~ .. ~S I=A 1 [OVAL') : HI5ToG" A" (,.. ) 

E ~T 1 NTfIl, 'I Al ':. -1 ~ . 12..0 

1,.-
JI,ta~a L tl ' 

" 
~ [-2.5 -.s) ~O 

) 

;1 [-5) 0) 3! 

3 [0 J 5) 2.2. 

[5 ;25)-
10--

..--

/1 ;}9 
.Ii [2S,-tfP} 

.' -
12 -=-n. 

" 

.. .. ... 

: !II • • 

- , - : - ~ - : - : - : - : - : - : ... ~: - ~ - : - : - : 
--.<s -5 0S .,2, S ,~.s - S 
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B sed on t he hi s togram we were able to construct the empirical di s­

tribution ( gi ven above on t he right- hand side) of res iduals with t he 

lengt h of int ervals equal to S=4.9 
Let ' apply now the Chi- s quare tes t t o check i f the normal distri bution 

i~(O, 82 ) fit s to t hat emp i rical distribution of residuals. 

It is convenient to carryrmt all calc lations in the follovling ·~orkine 
A 

table (recall ing the standa dization e 

1\ 

i tt n . U
t ~ 

1 (-9. 8, - 4.9) 10 -1.0 

2 (-4 .9, 0 ) 31 0 

3 ( 0, tj. .9) 22 1.0 

4 (4.9 , 9.S)} 9 -
5 (9. 8 , +I()O ) 

72 

u t = - ~ ): 

I 
F(u

t
) p . n . 

~ p~ 

0.1 59 0.159 11.5 

0. 500 0. 3,11,1 24.'5 

0. 841 0.341 24.5 

- 0.1 59 11.5 

--f--. 

72 

\(n; 

I 
I 

-n .)1 
~ n 

0.20 

1.72 

0. 26 

0. 54 

2.72= 

p . 
.l:..-

So, the empi r i cal value of Chi-square sta t istic is ~2 = 2.72 

For df = r - 2 = 4- 2 = 2 and for the significance level ct. = 0.05 

vie h ve the cr i t i cal val ue ~l = 5 . 991. 

Since ! 2 = 2. 72 L:: / ~ , VIe can no t rej ect tho null hypotheSiS 

about normality di stribut ion of r esiduals obtained from the e stimated 

model . 

2 . Let ' s a~r? ly the Ko l mogorov' normaE ty test to the f ollo'..:ing vector of 
A T ) 

.esiduals I' = (1. 4 3. 4 3. 0 - 1 . 1 0.2..;. 0.1 - 2 9 6 1 - 5.1 - 5.6 2. 6)2 .2 
I ) J ) J I .). ' J ) I 

with standard deviation S= 3.38. 
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'The working table is as follows: 
A " lI!'n( f t ) - F( £t)l 1\ Fn(t t) u

t 
F( f

t
) 

!t nc 
- -1. 65 -5.6 1 0.083 0.049 . 0.034 

-5. 1 2 0.167 -1 . 51 0.066 ~ 
-2.9 3 0.250 - 0 . 86 0 .195 0.055 

-1.1 4 0.333 -0 . 32 0.375 0.042 

, -0.1 5 0.417 - 0 . 03 0.488 0.071 

0. 2 6 0.500 0 . 06 0.524 0.024 

1.4 1 0.583 0.41 0.659 0.016 

2. 2 8 0.667 0.65 0.742 0.075 

2. 6 9 0.750 0 .77 0.779 0.029 

3.0 10 0.833 0.89 0.813 0.020 

3.4 11 0.917 1.01 0.844 0.073 

6. 1 12 1.000 1.80 0 . 964 0.036 

So, we obtained the value of the D-Kolmogorov'statistic equal to 1>=0.101 

F'or n=1 2 and for the significance levelol-s:0.05 the critical value ,of the 

Kolmogorov'statistic i s D~ = 0.375. 

Since D = 0 .101 < D:ll , we can not reject the null hypothesis about 

normality dis tribution of residuals. 

3. Based on the res i duals vector ~'T' given in the previous Example 2 

l etts apply the Hellwig' test of normality. 

'!'he working table is as f ollOl.rs(m, stands for number of observations 
J 

within j-th cell I j ): 
I 

" " f t F( ft):F( ut ) cells I.i m.i 

- 5.6 0.049 [0 , 0.083) 2 

- 5,.1 0.066 lO.083 , 0.1 67) 0 

- 2.9 0.195 L 0.161 , 0.250) 1 

- 1.1 " 0.375 (0.250 , 0.333) 0 

- 0.1 , 0. 48f3 [0.3}} , 0.411) 1 

0'.2 0. 524 [ 0 .411 , ID'.500) 1 

1.4 0.659 lO.500 , 0.583) 1 

2.2 0.7 [0.583 , 0,.661) 1 

2.6 
, 

(0.661 , O.750~ 1 , 0.719 
:;.0 0.813 r 0.1r:J1 , ().833 2 

}.4 0.844 l 0.8~} , 0.911) 1 

6. 1 , 0.964 [0.9'7 ., 1] 1 
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So, we obt ained the number of empty cells he = 2 • 

For n=1 2 and f or the signifi cance level 

val ue i n t he Hellwil1ies t -is hot. == 6 ~ 
d... - 0.05 t he c' i tical 

,I 

Since ho = 2 ~ h (ll... . ' we can not r e "ect he n 11 hypothesis 

about nor .a i y di s'';l'' i mt io of -.river rc· ... ldn·~lG . 
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CH.APrER 11. ~~ THE GEW;~.A!-JZED ~ S~~lJARBS MFJI.~IQ.~ 
F'Q!U.10Df:::L~?J:rr-l'f. HETEHOSC~IC)~l!Y . 

IIp to bere ~.,IC discus<,ed models wt t.h so-ca l led classic assumptions 

Hhi ch included a.!3 sumptlon 3 about the simple diagonal covariance 

rodrix of the random dl.s tur bance term tf J i . e . v(f) &: czs21 • 
Someti mes tha.t assmnption is re j ect ed during the stage of verification 

of the modcl)'1.nd other , more general form of t he covariance matrix V( f. ) 

sh(lu1rl~cQoted. In consequenc e , instead. of the Ordinary Least Squares 

(OL.; ) lTIet,ho~ , other so-called Generalized Least Squares method of 

e3tirnatjon ~jhould be appl i ed. 
ri.'h~~~ .. !:.l .. '=EJlzed L~§.i..19.1}are B (GLS) tftfrbhod. was proposed by Aitken 

in i ~,9 3) for estimation of li.nea.r r.:ohlr: wLth t he general covariance 

matri x of the random dis turbance t erfll f , i . EH V( f , ) = (()2 a ) 
is rom syrrum~tric , pO oHivc definite matriX. , 

So no\.", we have t o change aSI3Ump tion 3 into more general assumption 3: 

ASS . 1, 

ASS . 2. 

AC
" 3' ~:> • • 

't/= Xr+f 
Hntrix X i s nonr andom and its r ank t QC) = k+1 ~ t1 

E\ Ii..) = <J and covariance Platrix V( f. ) c.JD. 
'.l'here are two impor tant c;onsequencies of t ha. more c-eneral asst1mption 

l 
3 : 

( i) '.(1he OLS e at 'r ator b is noW not t he nLUE (i . e. it .is no t t he 

mos t efficient estimator i of the parame·t;ers vector (( • 

(ii ) The residual variance S2 is noW not an unbiased estimator of q,2. 

In order to obtain the best l ine<.U' e oti91a tor of the parameters vector ~ 
of t he model wi th the genera l assumption 3' we shall apply Aitken's 

Gener alized Least Squared (GLS) method based~nimization of the general 

quadratic form of the random di sturbance vector f. , i.e. 

(min) S = f? .fl, -1 f - i nstead f (min) S = I: TI?) which is the 

criterion in the OL8 method. 
' fit.. ~ .1.ue criter i on function S used in the 1S method can be written as . 

$ =('II-XfrSil.(YrX~) = 'ffYi!"J -2.fJiiJK.f + 
+ (fT/f(ralX (? 
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Dy application of the necessary condition f or minimum(with respect 

to (? ) of the function -:S, we obtain the f ollowing equation: 

~ S. == _2XT,£i!.'j +2 ~Tli '~ fr; = () 
o~ ~ 

_! -r _4 
or )('11 Xw =xny; rY ' 

'I"'ne solution of that 'equation will be. denoted by b and i ~own 
as the GLS estimator defined as ib:::. Cx.n1,x)-J X~.J'II ' 

f """,or )-.t ;r. 
Obviously the OLS est~a tor Ib :: LQ. X ""4 {J is t he special case 

of t he GLS estimator 1> fot J}, c 1:. ,...., 

I t is easy to check that the GLS estimator ~ is unbiased : 

ELL) ~ (x'AJ.x.)-J..xTai
. ELy) -

( :r -1 )-1. \/1"'-r.-,t V1 :: ! Jl -X 4\. ~~ • ~{f =- (t . 
By similar calculations Iich we applielfor t he OLS ~timator, i.e can 

obtain the covariance matrix of the GLS estimator b as 

V(~) - ~(XT.a-i)()-~ 
and t he unbiased estimator of the unknown G"~ as the generalized d 

residuals variance ;rJI:1.i" -:=::. _ii'Si/ -r Jtr..o: 51= '\ ':1 n-k-~ 1"1 - K' -

~ 

where i' -= YJ - X U:J 

~ 
'\ 

'.:'her e are t ivO equivalent ways for gett ing t he GLS e s t imat or lh . 
1':'18 fi r s t one i s straightforward, i.e. having matrix ..a we have t o 

COID1Jute its i nverse matrix n,-t , and then apply the fo~ula 
U;-:::: C"'!fTu-rLX Y LX :sJ:Yle 

':'{je second 'day is to f i nd such a transforma t i on apylied to t he 

o~ibi.al model , t hat t he new, t r ansformed model has a disturba~c e 

i " . . . v( f ) = ~ I ) .e. wl~h covarlance ma~rlX terr.. wi 'th olassic assumption 
, ' 

and th~~fore the OLS method can be applied. 
,// 

/ 
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'TIle t r a.rlsformation utilizes t he appropr i a te matr ix P ,according 

t o the f ollowing '~~!l: 
For each <luadrat ic and, po sit.iv (~ definite mat rix 0 exists such a 

ma. tri.x 1P ,that 'f.P n jpr =- I, i'ii''tJ 1PT"1f :::: ~),-~ 
Le t ' s allply that theorem to our linear rnode l 'II :.~+t' with general 

SSUInption 3" t that E( f ) :.: (j) and V(t') = 'Q2S} , where .n is 

symme tric, positive def i nite matrix . So , exists such a matrix 'D t 
:T ' or: _ t.. Jr 

t hat 1P n l' c:: I and i> \p - .a . 
L(~t ' s cons ider such a I tnear transforma.tion of our model, which is 

j u.st the ].eft-hand s i de multi pl:lcat i on of the model by the matrix 'P : 

i! f ::: lP ~ ~ +1P f ' 

or f = )j(l'-~ + ( :I'- , "b~re i>~ = ~: 
W.l1< $:. 

1'1' -= F 

'i'he di.sturbanGe term 
of t he nevI modele with .*) has t he fo1l6wi ng parame ters: 

the mean vector E( ~'lt-) == E(1P f ) = 1P. B(~' ) ',,, 1>.lD c. () 

ann. t he coV'ar Lance matrix W,itl-) :.:: £[f*:i~J '.::: Et''if.nTJ -
':, 'if> Y(s:liPT ::. t' '5~n, tj'T -= ~;,! ·P4.'l 'fT ::. \tQf.iI. 

BeGause of this classic covariance mat r i x VCr) ::: '02T, we can 

apply t he OLS me thod for e stima tion ~ i n the new model (*) t i.e. 

,Ie can use the cr i t erion f uncti on -~ 
.'" rr . (I \T ' ) :r '1P1'7.1P or ft'J. Sr-.s -= r f~ =-l'f ~ ) (1) f == ( 8

7 ~ f ~ f ~ 

So, ( min) S* = (mi n) 

the new model (*) i s 

*" 
,.., n Ib f 
S , and t her efo r e the OL~ ~timator ' or 

equa.l to t he GLS estimator Ib for the original 

model: 

{( = l~,,~ .. ).!1 i!;+ = ( }(Y1 t/X'" t'~f!~ '" 
( "" -r - 4.")- f ,J-T'. '- ,I. 'i1 ::: \...~ ..a 4\.. ~.9 'II -= IP 
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,.., 
So, t he second way f or getting the GLS estimator 16 is as f ollows. 

I 

for given matrix Sl , we shall find the proper matrix 1P for 

the linear transformation of the original model into new model 
. I .... 

(with *) , for which the OL5 estimator uo is applied (and gives the 

same result as the GLS estimator 1b computed directly). 

In econometric practice the Generalized Least Squares (GLS) me t hod 

is applied for two special cases of t he matrix JCl connected with: 

(i) the heteroscedasticity of r andom disturbances(usually f or cross­

sectional statistical data) 

(u) the autocorrelation of random di s turbances(usually for t ime­

ser ies data ) 

The firs t case i. e . the heteroscedastici ty is considered in next 

paragraphs of this chapter, while the autocorrelation .. ,ill be dis­

cussed in the next Chapter 12. 

11. 2. He t eroscedasticity of Random Disturbances. 

'l'he ra.'1dom disturbances f t of the model '1/ =X(j +f[ are called 

he t ero scedastic, if they have different variance f or each t , i . e. 

D2( f t ) = ~ = ~ • k
t 

• 

'i'he covariance matrix of a het erosced(tStic random disturbance vector f 
can be written as: 

Vc<[ =- lQ2.nl } k1 0 ... 0 

\ o k2 0 
wh~fe Sl .- • I 

• 
~n ) 0 o ••• 

It is clear that the model with heteroscedas tic random di sturbances 

should be estimated by means of the GLS method, \-Thich for this 

special case i s called sometimes the v1eighted Leas t Souar es, because 

its criterion funct ion is now: 

n c2. 1 
= L r ' ..rhere t he weights ~ 

t=1 t - .f 
are elements of the inver se matrix ~ • 

That means, that t he value f ~ is discounted by the factor kt which 

is _arge fo "'.: t he l arge variance ~~ . (J 

Kn oiving K~ , io e . fo r given A we can est imate the parameters vector U 
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f'W 

of the model by applying ~he GLS estimator \b directly. 

Alternatively, we oan apply the OL8 ~stimator ~* to the transformed 

model with the transformation matrix .., . defined aSI ' 

1 
.. r-;:- 0 ••• 0 
y k1 1 
O.~ ••• 0 
• V k2 
: -L 
o 0 •• ~ 

C\f)T Iji) - .i 
wi th the property I:' JI :::: D • 

n 

Let's consider the transformation 1..* = t'J.. I ~lIr-1?V I r .. 1'1£ 
or for each individual observation l 

for 1=1,2, ••• , k+1 ; * y 
y =-L 
t~ 

After such a t ransformation the variance of new random disturbances 

will be constant l 2( JA.) _ (, f1; ) ~ k 2 D t:.t _ D _ ::- .1 D2(t,v c --l = CO. 
fk;, -rtt ' k t 

which means the classio (homoscedastic) case, for which the OLS 

estimator Q,* can be applied. 
However st ill the main question is about the matrix ~ , i.e. how 

we c~ kno'w its elements kt • 
We can consider a few typical situations whioh often hap en in ,econometric 

pract ice and f or which it is easy to assume or to estimate coefficients kt • 

These main t ypes of heteros~~~sti~_oan be listed asl 

(i ) propor tional to one out of explanatory variables, 
(ii) proporti onal to the expected value of dependent variable Y, 

(iii) grouped h~terosoedasticity. 

In the firs t type (i) of heteroscedast1c random disturbanoes it i8 

asswned that D( £t) • ~ x
t 

J or D2( f t ) -= e2 .X~ , where xt 

are observations on some appropriate explanatory variable X. 
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It follows, that kt ~ x~ ' and"fk; .. x t • 

So, the transformation(*) of the ~rigin&l model with that type 

of heteroacedastioity is very simple: each ' individual t-th 

observ-ation should be divided by -V~t· II xt • 

A typioal example of this type of netero~oedasticity 1s the linear . 

savings fWlction Y t :I ~Xt +.l.+ f.-t , ' . where y t stands for monthly 

ectL.., .. tec:t A,«.,.,:l CIt ct'O,.,· sec.tto."t . savingB .. of the t-th 
household; 

x t stands for monthly in­

co~e of the t -th household 

, (b stands for the marginal 

prop nei ty t o savings. 

It seems reasonable assumption for this model , that D( £t) = ~.Xt 

.or D2( f:
t

) .. ~2 • x~, which means that for households with l arger 

disposable income a larger dispersion of savings is observ-ed (and 

therefore larger variance of random disturbances), while for hou~e­

holds with small disposable income we may expect a sua11 dispersion 

in savings (i.e. smaller variance D2( £t) due to restricted pattern 

of expenditures in poor households. 

So, the given savings fWlction should be estimated by ~ha OL8 method 

applied not to the original model, but to the new, transformed 

model: 

f~r t = 1,2 ••• ~ , n 

or * * * 
Yt • <)I..zt + ~ + et , where 

because the new model (with *) has hOlDOscedastic random disturbanoes 

i.e. with constant variance D2( e: r =- 2 2 
0:'. x .-2 

:: ' t = ~. 
• 2 

Xt 
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\{e shall notice here, th!'Lt the marginal propensity to savings i.e. 

the parameter ~ became the const~t term in the finally estimated' 

(by t he OLS) model. 

In the second type (ii) of heteroscedasttQ !andom disturbances it 

israssumed that D( ~t) =~ E(y t) or D2( Et } = cr2[ EJ't.]2 , 

where ~~ is the ' expected value of observations on the explained 

variable. 

It !OllOWS, t hat kt = [EYt 12) or"lk; = Eft : which can be estimated 

as y t = b1xt1 + b2xt 2 + ••• + bk+1 (by the OLS method). I 

So, for thi s t ype of heteroscedastici ty \<le have to deal with two 

stages of estimationl 

Stage I 
.\ 

- apply the OLS method for getting Yt as estimates 

of -fk'; 
("oJ 

Stage I I - apply the GLS method f or gettine final estimate ~ 
dir ectly, or by the OLS estimat e /6* applied to the 

transformed (*) model i.e. after dividing all 

observations by fk; = Y t· 
That type of he teroscedasticity appears sometimes during estimation 

of the econometric production function Qt = f(Kt ' Lt ' £t) based 

on the cross-sectional type of data (e.g. agricultural holdings or 

enterprises) • 

Here Qt stands for the production scale, 

Lt stands for the labour, 

K
t 

stands for the capital(fixed assets) engaged in production. 

\ife may expect, that big enterprises differ more than small enterprises 

(with small pro~uction Bcale Qt) , therefore it is reasonable to 

~~urume heterosQedasticity aB n( tt) = e; .E(Qt) , with E(Qt) = -fk.t • 
In t he third t ype (iii) of heteroscedasticity it is assumed, that the 

whole set of n observations can be split into r homogeneous groups 

(With nomoscedasticit,y within each group) , but with different 

varianO,es: (heteroscedasticity) between groups. 
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Such kind of the grouped heteroscedasticity is usually Connected 

with an administrative or organizational division of the sampled 

data (e.go groups may be taken as administr ative regions of the 

Country ). 

For the grouped heteroscedasticity we have : 

n2
( £t) = ~ oki if the t-th observation belongs t o 

t he i-th group (i= 1,2, 0 •• , r) 

'l'he full covariance matrix of the random disturbance ,vector f. can 

be written as: 

'The coefficients k. 
~ 

for i=1,2,.0.,r can be 

k1 000 ~ • .. _ ... _ 0 
o •. 0 0 0 
o - - • k1 0 ~ - - _ _ 0 , ~ . 

I • • 
f ok 
\ 

2 
. . 

·k , r 
0 0 
00 -- ..., O·k 

r 

estimated for each i-th group after checking by the Bartlet t ' s 

test t hat t he grouped heteroscedasticity is statistically sig­

nificant. 'This is explained in the next paragraph. 

11. 30 Bartlett's Test for Grouped. Heteroscedasticity. 

Statistical significance 6f the grouped heteroscedasticity can be checked 

by means of the Bartlett's test assuming normal distribution I of r andom 

di sturbances. 

'The Bartlett's test was design to test the statistical hypothesis , 

that the variances of r normal distribut i ons are equal. 

Le t us assume that we have r random samples drawn from r normal 

dis tributions N(m. , qy~) • 
~ ~ 

Sample observations are denoted b X C· - 1 2 r· J' = 1, 2, ••• ,n) y . . ~ - , , ••• , , 
~J 

and sample averages are deno ted by X. 0 
~ 
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The null hypothesis which i s under t esti ng is about homoscedas t ici ty ; 

H : ~1=~2 =···=CO"2 o . . , r 

agains t the alternative hypo thesi s H1 : vaTiances 
Cft2 

i 
are not 

equal (heter oscedasticity). 

The Bartlett's tes t f or the above null hypothesis is based on the 

Chi- square statistic defined as: 

.rhere : 

't'-= .1 r (n-r)lA 8'1_ f::. (n. - 1) lJl S~ rv c l . 1 ~ 1. 
~= 

2 
S. 

1. 
= 1 

n:-::1'" 
1. 

n. 
~ r 

S2 
- 2 ' 

= 1 L L: ( x .. - Xi) , - ~J n ·- ;r i=1 j =1 

(' n~r ) C = 1 + 1 L 1 -
3(r-1) i=1 n:::T 

l. 

r 
n=L: n . 

i=1 
l. 

\ihen the null hypo thesi s Ho about homoscedastici ty i s true , t he 

statisti c 1'- has the Chi-s quare distribution with df = r-1 • 

The criti~al r egion is constructed as Q = 1X1
: 11? J~ } } 

\.mere 1.t. is such a crit i cal value , t hat f or given significance 

levelcat and for df :: r -1, the probability l[T~J!J ::, c:>l. 

If t he empirical value ~~~ ) t he hypo t heS iS Ho about homoscedasticity 

is re jected, which means that · the heteroscedastici ty between r popula-

t ions is statistically significant .. 
I f t he empirical value ;x':¢ Q, t.eJW can not reject the null 

hypotheSiS H about homoscedas ticit y, ~1ich means that the heteroscedas-
o 

tlcity is statistically non_signi ficant. 
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The Bartlett's tes~ can be applied now t o residuals of the 

~stimated multiple linear regress~on model for checking the, sig­

nificance of the grouped heterosced~sticity, assuming given r groUp 

of sample observations and the normality of residuals. 

The sequence of work for testing the grouped heteroscedastici ty in 

a given estimated linear model is as follows: 

10 The model should be estimated by t he OLS method i.e . estimator 

Db is applied,and the list of individual reSiduals ~ should 

be obtained. 

2° The whole set of sample observati ons, and consequently set of 

residuals E t should be split into r groups according to 

the given criterion (e.g. administrative regions). 

" ,0 For obtained r samples with each sample having n1 resi duals fi' 
the Bartlett's test is applied. 

40 If J.2...cJ'! has been obtai ned , the grouped heterosce~asticity 
is statistically non-significant and the OL8 estimates obtained 

° in 1 are good. 
~ 1-

5° If J ~ J~ has been obtained, the grouped heteroscedasticit 

is statistically significant and t he GLS method should be used, 
} ~~ 

with the elements Ki of the matrix u. .ct yesdmated as f ollows: 

K1 = 1 for elements f r om the first group, 

'2 
S 
r 

S2 
1 

for elements from the second group, 

for elements from the r-th group. 

Obviously having estimated K
t 

in such a way, we can obtain t he final 

estimate 'of th~aramet'ers vector <r of t he model, by :a;pplyi!t'1'g the 

GLS e'stimator b 'directly, 'or indirectly by applying the OiLS esUmatCll' 
.. * 1t etc). 
~ to the transformed. model '(with t he t ransformation . , 1.e._ 

~ 
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Example : 

In agricultural season 1981/82 tq.e research experimo I lrJaS performed 

in CSO Addis Ababa for studying a z:elationship betweL the monthly 

rainfall distribution and the crop yield. The cross sectional 

statistical data from the Farmers ~ssociations~sed in that 

exper iment for estimation ~ the linear model: 

where y stands for crop yield, 

x1 stands for rainfall observed in June, 

x2 stands for rainfall observed in Jul~, 

x3 s t ands for rainfall observed in August} 

x
4 

stands for rainfall observed in September, 

For the basic cereal crop teff, the model. estimated by the OLS 

method based on n=24 observations (FAs) in Ilubabor region gave rather 

large standard errors of estimates bi and the determination 

coefficient R2 = 0.452. 

We may suspect here the significant grouped heteroscedasticity, since 

the rainfall data were taken from only 5 Meteorological Stations 

reporting systematically the rainfall"" their hearest FAs. 

Let's apply the Bartlett's test to residuals of that estimated model 

for cheCking the grouped heteroscedasticity. 

The whole set of residuals Et was split into 5 groups (according 

to the appropriate MetStation) with size n1 = 4, n2 = 10, n3 = 3, 

n4 = 2 , n5 = 5. 
2 For each group, Si was calculated, and we obtained: 

2 2 2 2 ~ 6 S1 = 0.81, S2 = 2.67 , S3 = 0.04, S4 = 0.34, 5 = 12. 0, 

while S2 = 4.06. 

Next, we obtained (n-r).ln S2 = (24-5)-ln 4.06 = 19 .w 1.40 = 26.60 , 
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and c = 1 + 3~4 ( ! + t + i + 1 + t - 1; ):1 1. 178 J ~:. 0. 85 

So, the empirical value of Chi-square statistic is r- 0.85(2~.60 - 10.79) • 13.44 ) 

while for df • r-1 c 4)and for the significance level ot.. 0.05 

we have the critical value )(! ~ 9.49 • 
Since J'2;. 13.44 > x! . the hypothesis Ho : 'tr1S1..\t:-~; -~~_~} 
has to be rejected, which means that the grouped heteroscedasticit y 

is statistically significant and should be taken into account 

during estimation of the model. 

For application of the GLS method, elements k . (for i= 1,2,3,4, 5) 
l-

of the matrix !l can be estimated now as: k1 = 1, ~ = ~:~i . 3.3, 

Using the appropriate transformation (i.e. divi ding each observati on 

by its appropriate 1'k;) and then applying t he OLS estimator 11:,* 
(equivalent to the GLS estimator ~ )} we obtai n the estimated model 

with much larger determination coefficien~ R2 = 0.996 and with 

smaller than before standard errors (written below ~stimates}: 

" y = 0.026x1 + 0.01,X2 - O.OO'x, + 0.015x4 - 3.58 
(0.014) (0.012) (0.005) (0.011 ) 
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mIAPrER 12. MODELS WITH AUTOCORRELATION OF RANDOM DISTURBANCES. 

12.1. The Autoregressive Stochastic Process of Disturbances, 

The second special case in vmich the Generalized Least Squares (GLS) 

method is applied f or estimation of the model, is the case of 6uto­

correlated disturbances (i.e. distUrbances from the 'autoregressive 

stochastic process) . 
Let' S consider the model with following assumptionsl 

ASS. 1. '1 :=.)f (f +- U. 
ASS . 2. )i non-random, and r(~ ) = k+1 ~ n ' 

ASS. 3~. The random variables ut ' (i.e. elements of the random 

disturbance vector 11 > form the stationary autoregressive 

first-order stochastic process defined as 

u t = fUt-1 + ft' where 'fJ ~ 1) 
and £t is the stochastic process (called "the white 

noise") with classic assumptionsl 

E( f.
t
> = 0, D2( Et ) 

COv( ft' £s) = 0 

l) 
From Assumption 3 it follows, that 

=~ £ 

2 
u

t 
= f Ut-1 + f:

t 
= f( fUt _2 + £t-1) + Ct = f ut _2 + f Et _1 + it = 

= fl( ~Ut_3 + £t-2) + f Et-1 + Et = 
~. 2 c (i.e. linear function of all E.t ) 

= """t + f Et - 1 + f c;.. t-2 + ••• 

So, t he expected value of our random disturbances will be 

E( u ) _ E( t:. + (> c: , +~} c + ••• ) = 0 , for each t J 
t - ~ ) "t-1 J "t-2 . ' 

and t he variance : 
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for each t. 

'!'he covariance between two consecutive ut will be equat t o: 

cov(ut ' ut _1) = E(ut - Ut-1) = E ( e. t + fE't-1 + f 2
Et_2 + ••• ) • 

• ( et _1 +Pft-2 + ••• ~ = 

= 4lEt + .p( Et-1 + 5'~2 + ••• )}[ f- t _1 +fft-2 + •• J 
= ~£,,'l( ~-1 +f E t-2 +. ··]1 +f E[ ~1 +fE,,-2 + •• J­
= O+f E(ut _1)2 = D

2
(ut _1) = .f ca-~. 

By a similar calculation we have 

COV(utt u t _2 ) = f 2 • (()! 
Genera~/cov(Ut' Ut-tr ) = f .... ~~ ~ 

, u t _1 ) ~ f ~: it follows, that From the equation oov(u
t 

Cov(ut • ut _1) = ~ 

~ 
and now it is clear, that this essential 

par~~eter has two meanings: it is not only t he autoregression 

coefficient, but also the autocorrelation coefficient of the f i rst 
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order ( i . e . correlation coeffic ient between to consecutive dis t urbances 

u
t 

and U t _1 ) 0 

The assumuti on 3? can be noW written as: 

- A E(u ) = 0 , 
i- t 

2 S-~ '2r = __ c._ 
u 2 

or in mat rix notationt -

the mean vector E( U ) = Q) I 

the cov~iance rna trix VCU ) 
_ ,-.'2.. 
- '\.:) u 

'" -5' 
f 

1- ~ 

- , . 1-f 

The inver se rna trix i s defined as : 

-1 " 
0 - - . 0 

- 1 -y A+t """f ~ . , 0 
..f V 

n 1 0 -s> ~:1- 0 --- - ,!!. - ~.-p 

/f -f I 

() 0 D l' .~ .-
... ....r .-/' -

'" 12. 2. Aunlica tion of the GLS Me t hod. 

o 

'i 

I t is clear now that the linear model YJ'" X~ r U with the assumpt ion 3 ; 
VClIl )::.er!.Qi oe • with autocorrelated disturbances, should be 

estima ted by menas of t he Generali zed Leas t Squares (GLS) Jettod . 

: SSUilung that the autocorrel ation coefficient ~ is 1-::n01t
ffi? t~e matrix 

a.'1d i t s inverse -.!l-1 is knoim also , and tI:e - S es-cim- t cr 

. -::. (;ltTJ1'~Xr1r:a-, can be ut ilized· directly to estimat e the 

para'lleters v ector ~ of the model. 
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fV 

If a computer program for t he G1S estimator lb is not availabl e 

we can utilize instead the programJO~ the 01S estimator l)~ app~ied 
to the transformed model ( see par~ph' 11.1). 

'l'he appropriate transformation of t he original model 'I-'i th autor
n . ~gre ssiv 

disturbances u t should give us the model \'1ith Classic(independent) 

disturbances et • 

Since u t = f ut _1 + et ,we obtain ut ";,, y u
t
_

1 
= ft. 

, Therefore the transformation which should be applied to all observationo 

is defined as: 

* 
xti = xt 1.' - O'X(t_1 )i f i 1 2 J or = " • •• k+1, t=2, 3, ••• n, 

Il'his is clear, if we consider the simplest linear model with one 

explana tory variable only, i. to . Y t = (b x
t 

+ d... + u
t 

Obv'iously y t-1 = ~Xt_1 + d-. + ut _1 ' ~y t-1 = ~ ~ Xt _1 +,5>0(+ u
t
_
1 

and the difference: 

or 

where 

Infact, because such a transformation can be applied for n-1 

observations only (t= 2,3, ••• n) t he additional transformation should 

be applied for the firs t observation . 

*' ~ 2" It is defined as Y1 = Y1 1 - f = x1i H for 

i =1 ,2, ••• k+1. 

, Ii d t the original So, in matrix notation t he transformah on app e 0 

" , ) in order to model'l'=A\/3f-1l (and to t he original observat1.ons *' 
o \l ( Ib ) is as folloWS I estimate it by means of the 018 met hod estimator 

r =-1>>» r:"pX) ~ :::: 1PUl 
'i "'1>'4. 0 0 _ _ , 0 

"he.re 1> - -f i 0 . . 0 

0 "1' 1- - ~ .... 
, , 
• c 
• 6 -f i 0 0 
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wi th properties 
c-pTl' ~ C. A - f~) ~i 
j1 OpT ~ (A-f~)I 

By the left-hand side multiplication of the original model by t he 

matr i x 1 we obtain t he new, transformed model ;-"rrt +-f 
with t he classic disturbance vector, i.e. E( f~ ) = (}) and 

with covariance matrix 

VLI) = E(B~) = E [fU·UT~T] -::: 1· E'l~tl)l'T :: 
= l ,V(u) .1T" =: T·~~,Q·1T := ~~ f Dl'::: 

:: 6"~ (,1-f~)I 

Therefore to the transformed model t heOLS method can be appli ed 

i.e . we can apply the estimator 1,* which is equivalent t o the 

GLS estimator '; : 

.: ~ (~JlTx*'f'1."t*" =C¥Tf"iXf;t.T'"fT?1 -

r -~ J- 1 r - ~ = L.¥1[I-t~ x, )(j,4-s' )£l. 1 = 

".:: (.i' si,~) 7:r£ 1,/ :; ~ . ,..; 
For apnlication of t he GLS me'bod( directly via!b or indirect l y 

vi a i>*) a n~~~rical value of t he basic parameter j( (autocorre_~ 

tion coefficient) should be known . 
HO\oTever in econometric practi ce the aut ocorrela"Cion coef:ic ient 

is usually tL.'lknown and it should be estimated. as \olell . 

" S. A t t est ; "". ::l t "'s OI~ unobservable r "'ldom 
~ce r es iduals u can be rea en as v~I.I- v 

disturbances u ,tthe autocorrel ation coefficient 5' of di sturbances 
t A ~ 1" " c~'l be estioated based on residuals ut obtai ned ter p_e -~~~j 
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estimation of the original model }f =X~ +U by t he OLS method, 

i.e. by application of the . estimator~ • -

In econometric 11 terature many esti~tors of t he parameter J have 

been proposed (since it plays double role - as the autoregresSion 

coefficient ana as the autocorrelation coefficient) t but the most 
J\ 

often used estimator 9 t which assures the condition f or t he 

stationary autoregressive process i.e. lyl < ~ 1 is defined as : 

- n '" 1\ E U·U 1 
A t=2 t t-
j' = -::=======:::;-

..jL AU2 ~ 1'2 
L- t· ~ ut-1 
t=2 t=2 

, 

~ A 
where U

t 
~Dd u

t
_

1 
are consecutive residuals of the original model 

prel~arly estimated by the OLS method i.e. by applying of the 

estimator I> ~ ifxf1x..y/, 
A h ~ 

Based on the estimate.9 t the estimate Sl of the matrix "'~ (or 

the estimate ~ ) can be obtained. 
/\. 

In order to check if the autocorrelation coefficient estimate ~ 

is significantly different from zero, the special significance test 

known as the Durbin-Watson test for serial correlation (i.e . auto­

correlation) should be applied. It is explained in next paragraph 12. 3. 
A 

If the autocorrelation coefficient f is s tatistically nqn- significant , 

the preliminary OL8 estimate lb can be t aken as the final estimate of 

the paramJters vector ~ of the model. 

However, if by applying of t he Durbin-VJatson test the autocorrelation 

of disturbances has been proved as statistically significant, the 

finalestimcite of the parameters vector lr of the model should be 

obtained by the Generalized Least Squares method (directly via 16 
A .* ':Ii th utilization of the estimated matrix Jl , ot- indirectly via " 

for the transformed model with the estimated transformation matriX -F ). 

12. 3. Use of the Durbin-Hatson Test for Autocorrelation. 

One can enumerate many sources of autocorrelation of random disturbances 

in the econometric models, especially those estimated based on time­

series statistical data. The main sources are: 
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(i ) Mis-specification of the mathematical form of the model 

(i.eo t he wrong type of function IIfll) , 

(ii ) Omitted important explanatory variable, 

(iii) Iffec ts of important random events like war, drought, flood 

or other disaster which influenced economy for many years~ 

Since especially t he first two sources are difficult for detection, 

it is better tv perform the Durbin-Watson test for autocorrelation 

whenever the time-series data were used for estimation of t he 

econometric model . 

'rhe Durbin-\vatson test for serial correlation(autocorrelation) has 

been designed to t est the hypothesis Ho : ~ = 0, agains.t H1 : S'~O 

where f is the autocorrelation coefficient from the first order 

aut oregressive stationa-~ process of disturbances of the linear model. 

'The test is based on residuals ~t obtained from the estimat ed 

(by the 01S) model . T'ne basic Durbin-Vlatson (IJ-\'/ ) s t atistic d is 

constructed from residuals as: 

Since r esiduals (and therefore also statistic d) depend on the given 

observations matrix lK. it was difficult to find for any matrix X 
such a critical value doL , that for the given significance level 

.::).... .? { d ~ doL} = ot. 

ASSThlling the normal distribution of dis turbances; i t was possible 

hO'dever to find such bounds dl and du 
for the statistic d, 

that ~ d&. ~ dol ~ Jl.l. 
d (d 1. (the critical region) we shall reject t ' e ypo hes ' s 

";.J 0 : p = 0 (because i n that case d ~ do£.. with small probability rd. 

equal to the gi en s ignificance level),. 
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If d" dij we can not reject t he hypothesis H (sinoe in that case . ~ 0 

d> del with big probability 1 -Ol.) . 

If d&.~ d ~d.. (so called non- conclusive region) we do not know if 

we oan reject a . or not. o 
In Statistical Tabl es we can find t he appropriate bdUnds dL. and d

u 
for given signi ficanoe 'level d. t given sample size n and given 

number of explana tory variables in t he model K. 

For the significance leve l c:J.. = 0.05 these bounds are a s follows l 

K=1 K=2 K=3 K=4 K=5 

d
L 

d d1 d , dL " 4 d
L 

d d
L 

d u u u u u 

~-

1.08 1.36 0.95 1,54 . 0 . 82 1. 75 0,69 1. 97 0 . 56 2.21 1.10 1.37 0.98 1. 51+ 0. 86 1. 73 0.74 1. 93 0 . 62 2.15 1.13 1.38 1.02 1.54 0 .90 1. 71 0.78 1.90 0. 67 2.10 i. 16 1. 39 1.05 . 1. 53 0.93 1.69 0.82 1. 87 0. 71 2.06 1.18 1.40 1.08 1. 53 0 .97 1. 68 0.86 1. 85 0.75 2.02 1.20 1.41 1. 10 1. 54 1. 00 1.68 0.90 1.83 0.79 1. 99 1.24 1.43 1. 15 1. 54 1 .05 1. 66 0 .96 1.80 0,86 1. 94 1. 27 1. 45 1. 19 L 55 1.10 1. 66 1.01 1. 78 0.93 1. 90 1.30 1.46 1. 22 1 . 55 1.14 1. 65 1. 06 1. 76 0.98 1.88 1.33 1.48 1. 26 1.56 1.18 1.65 1.10 1. 75 1. 03 1. 85 1.35 1. 49 1. 28 1.57 1. 21 1.65 1.14 1. 74 1. 07 1.83 1.40 1.52 1.34 1. 58 1. 28 1.65 1.22 1. 73 1.16 1.80 1.44 1. 54 1. 39 1.60 1.3 4 1.66 1.29 1. 72 1. 23 1. 79 1.48 1. 57 1. 43 1 .62 1 . 38 1.67 1,34 1.12 1. 29 1. 78 L50 1.59 1.46 1 .63 1.43 1.67 1.38 1. 72 1.34 1.77 1.55 1. 62 1. 51 1.65 1.48 1.69 I t 44 1.73 1. 41 1.77 1.58 '1.64 · 1.55 1 .. 67 1.52 1. 70 1.49 1.74 1,46 1.77 1.61 1.66 1. 59 1,69 1, 56 1,72 1.53 1 , 7.4 1. 51 1 , 77 1.63 1.68 1. 61 1. 70 1 .59 1.73 1.57 1.75 1. 54 1. 78 1.65 1.69 1. 63 1. 72 1 ,?1 1.74 1.59 1. 76 1. 57 1,7 8 

, t 

I f the null hypothesis was f ormulated a.s H : 0 = 0 , against 
' ., 0 J , ad f d) . H1 : f< O , the statist~c d ::: 4 - d should be used \ inste 0 

i n the Durbin-vlatson test . The l>urbin- Vlat son statistic d i s usually 
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included in prin touts of regression analysis computer programs of 

ma.ny statistical packages (SPSS, I SEA. , et~). 
So, in case when we adopt assumption 3~(with aut ocorrelated dis­

turbance~ the f inal two-stage procedure of estimation 0: t he 

model consists of t he following$lquence of activities: 

10 Apply the 01:S to the model 1=X~tU in order to obtai n 

the res i dual vector U % 'If""" where J, :(~TxrYYr 
20 Apply the Durbin-Hatson test for t he hypothesis Ho : 9=0 

based on the statistic d (in case of H1:O>'O), or 
, . J 

on the statistic d = .4-d (in case of H1 : ~ ,,-0 ) • . 
If the r esult of testing is I that t he hypothesis H 0 : f =0 
can no t be rej ected, the preliminary OL8 estimateib~ector ~ \6 r 
It s ~ "",L one.. 
If the hypo thesis Ho : f = 0 has t o be re jected ( ... /h i ch means 

statistically significant autocorrelation) , we have to 
"-calculate t he estimate ~ of t he autocor r el ation coeffic ient 

f, obtain the estimate Ji of the matrix A* ' and -finally 

apply t he GLS method either indir ectly (via ~ applied to 

the transformed model with the transformation matrix i ). 
or directly (via1b applied to t he original model). 

Exa.mple: 

Let I S assume that t he following time-series data \,ere collected 

t o investigate the trend function of milk pr oduction( in thous~~d 
tons) in a some cotmtry. 

. ear t 1 2 3 4 5 6 7 I 8 9 10 

Pr oduction Yt 10 12 15 18 21 25 30 I 36 42 50 

-

Based on t h ese data t he linear trend funct ion Y t = r- t + oJ- + u t 

vias estimated by the OL8 met hod and t he r esult of that esti!!latio. 

was : 9
t 

= 4 . 8 t + 0. 2 , Hith l = 0. 95 . 
(t.~) 

11 

\ 60 



Let's perform the Durbin-Watson test for autocorrelation of distur
k vane 8, 

Assuming the first order outoregressive process U
t 

.. Du + £ 
~ t-1 t 

with olassic assumptio~or ~t (including normality of its dis-

tribution) we want to test the null hypothesis H I C) .. 0, against 
. 0 J 

Hi: f>O • 

The working table for caloulation of the Durbin-Watson statistio d 
A ' and the autocorrelation coefficient estimate f based on residuals 

~t is as follows: 

A A 
t Yt Ut 

1 5.0 5.0 
2 9.8 2.2 

3 14.6 0.4 

4 19.4 - 1.4 
5 24.2 - 3.2 
6 29.0 - 4.0 
7 33,,8 - 3.8 
8 38.6 - 2.6 
9 43.4 - 1.4 

10 48.2 1.8 
11 53.0 7.0 

~ 

30, the D-W statistic dis: 

A2 . 
u

t . 
• 

25.00 

4.84 

0.16 

1.96 

10.24 

16.00 , 

14.44 

6.76 

1.96 · 

3.24 

49.00 

136,60 

n 
~""2 
L.- u 
t=1 t 

{~ - '~t - $ A '" ut • ut _ 1 

~ -
7.84 11.00 

3.24 0.88 
3'.24 - 0.56 
3.24 4.48 
0.64 12.80 

0.04 15.20 

1.44 9.88 

1.44 3~64 

10.24 -2.52 

27 .• 04 12.60 

58.40 67.40 

58.40 
'" 0.431 , =---136.60 

while the critical value for Qt.= 0.05 t n=11 and k=1 is d
L 
~ 1,0 • 

Since d::O.44 ~ d l • we have to reject the null hypothesis Ho : .f :: 0, 

which means, that autooorrelation is statistically significant. 
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,... 
The est imate j> of tle outocorrelation coefficient is 

= 0.7 

The f inal estimate of the trend function model oan now be obtained 

by the GLS method indirectly, i.e. by applying again the OLS 

estimator 1,* t o the transformed model. 

For that purpose we shall transform all original 
) ( * *) * ~ 

observations 
* A (t, Yt into t ,Yt , where Yt = Yt - .9 Yt-1 ' t = t- ~(t-1) for 

t.Ir 2,3, ••• n 

= Y1· 0.71 , 

* t1 = t1 • 0.71 = 0.71 

Based on such transformed observation, we oan now apply the OLS 
method to the model: 

* * * * Y t = rt +0..-1 + Et ... ~t + ot (1-f) + Et = 

*' . ... rt + cJ.. + Et ' where eI ... ol(1-f) 

Numerical results are: p ... 7.0, '{) = -5.78 , 

~ _ -5.18 = _ 19.27 q - 0.3 

So, the final GLS estimate of the model is: , 

A* * * * 1\) Y t = 1. 0 t - 19.27 • 1 ... 7.0 t - 19.27 ( 1- 9 
t o:?) 

12.4. For ecasting Based on the Model with AutoregreSSive Disturbances, 

In case of the linear model y::xt+v with autocorrelation of 

disturbances u the formula for getting a forecast of the dependent t . 
variable i s much more complicated than for model with classio 
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assumptions, because forecasts have to be obtained step by step 

forward (i. e. in each step, for one f uture period of time only) . 

Let's denote: T = n+1 - a one step forward future(forecasted) 

~n+1) 

r-I 
U 

n 

period of time 

- vector of given future values of expl anatory 
variables 

- the GLS estimate of the parameters vector ~ 

- the last residual of the model estimated 
by the GLS. ~. 

The formul a for the (one period forward) forecast of the explained 

variable is gi ven as : 

and t he variance of this forecast is given by the formula: 

D
2

(Yn+1) = ~ [1+~n+1 ) - f X(n))T(XTVR)-1(X(n+1 rf~n))J 
where 2 2 

= E)u. (1- f ) 

~n) is the vector of last observations on explanatory 

vari ables) 

V : (l1 -f2.) ..0- i (see the end of paragTaph 12.1 ) 

It is easi er to understand that formula for the forecast, if we 

consider t he simples t linear model ... ,i th one explanatory variable 
only, i . e . the model: 

r-I C-...J 

Let r and 0( be the GLS estimates for C-- and ol , and let 
N r- tV 

U = Y - ( n. x + 0... ) be the last residual . n n , - n 

]hen ~ - one period forward forecast of the dependent variable is 

(accordingly "-- to t he formula given above): 
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~n+1 = (Xn+1 

I = ~~n+1 

1 )-(~) +f<Yn - ji\ -:;r 
- f xn) + 2'( 1-j' ) + ~ Yn 

N ~ * ~ * or Y n+ 1 = (!' X n+ 1 + ot. 1 t which is equal to the classic 

, ,..* 1\ 
forecast based on the transformed model, Where v s y. 'Q V 

~n+1 n+1 -J ~n t 

* x - x - O x n+1 - n+1 .) n ' 

For the 8implest model Y t • (" xt + 01. + ut t the vqiance of the 

forecast ca.n be wri tten in the following simpler form. 

The vari ance ~: can be estimated as the residual variance in 

the est imated t ransformed model. 

Exampl es 

Based on the estimated trend function from the example given in 

previous paragraph 12.3,let us calculate the forecast of milk pro­

duction for the comlli.ng year T • n+1.12. 

We shall use the formula' 9 • ~x +1 -ox) +~(1-C) + oy • 
n~ ~'n ~ n ~ J n 

From the numerical results given in the example in former paragraph 

we have : 

Yn = 60.0 

So, t he forecast ofiitmilk production is calculated as' 
1\ 
Y12 ~ 7(1 2-0.7 .11) - 19.3(1~0.7) + 0.7 ·60.0 = 

= 7~~ - 5.78+42 • 66.3 (thousand tons of milk) 



The standard error of this forecast iSl 

=~= 1.1 (thousand tons of milk). 
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CHAPI'ER 13. ANALYSIS OF RESIDUALS - A SID1MARlZED PICTURE. 

13.1. Flow-Chart of the Proper Se9.uellc~ of 'rests Applied, 

Since almost all statist i cal tests applied during the stage of 

checki ng of the estimated model are based on residuals (as estimates 

of r andom disturbances) that stage of the econometric modelling is 

often called the analysis of residuals, The main aim of the analysis 

of residuals i s to check (i,e, to support or reject) the whole Bet 

of as sumptions adopted for the structure of the model 1ft order to 

obtain its best estimation, 

As we have seen in previous chapters there are many statist~cal teata 

which should be applied during the analysis of residuals for checking 

each particular aspect of the assumed stoohastio structure of the 

model. But each out of t hese tests is based on ita own assumptions 

with normal distribut i on of di sturban~es as essential common 

assumption. 

Therefore , we would like to s:t:resa that it is very important not only 

to apply all basic statistical tests during the analysis of reaiduals, 

but also t o apply them in the proper sequence taking into accdunt 

their own assumptions, 

A special Flow-chart showing the proper sequenoe of statistioal tests 

appli ed t o the estimated model is given on the next page. It contains 

six baSic statistical tests listed ass 

1) Test of normality of residuals, 

2) 

3) 

4) 

5) 

Test for heteroscedasticity, 

Test for autocorrelation 
, 2 

F-test for significance of R , 
t-Student's test for significance of regression, 

coefficients, 

Any econometric modelling should start vii t h t he formulation of the 

model and its estimation by the OLS method(which often is only the 

preliminary stage of estimation for getting residuals), Then starts 

t he analy B of residualR . 
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/ 

At the beginning ,the normality test of reSiduals(J)should be applied, 

since the normality assumption is essential f or other t est s . For 

large sampl e size the Chi-square test can be used, while for a small 

sample the Kol mogorov'or the Hellwig' t ests can be used as normality 

tests ( see paragraph 10 . 3) . If t he hypothesi s about normality i s 

d ( . II II· th Fl h t) th d 1 r ejecte slgn - In e ow-c ar e mo e vias formulated i n a 

wrong way and it shoul d be changed (by including some additional 

impor t ant explanatory variable or by changing the type of function). 

If t he hypothesis about normality can not be r e jected, we may cont inue 

the analysis of residuals from the estimated model. 

ext we shall analyze the heteroscedasticity of random disturbances~ 
. ~) 

especially in case when a cross~sectional type ~f statistical data 

were used for e stimat i on of the model. Depends on which type of 

heteroscedastici ty i s assumed (if any), or is Significant through the 

Bartlett's test (see Chapter 11) the appropriate transformation of 

vari ables should be applied and then we shall comeback to the estima­

t i on by the OLS me thod again. 

If t he heterosceda s t i clty is not significant (or it was neglected from 

the beginning f or example in case of time-series data»which is 

denoted by the sign "_", we can continue the analysis. 

The next step (]) concerns checking of the autocorrelation of residuals 

based on the Durbin-vlatson test described in paragraph 12.3. 

That is especially important in case/when time-series data were used 

for estimation of the model. 

If the autocorrelation is Significant, which is denoted by t he 

Sign II + II t the estimat~ § of the autocorrelation coeffi cient should 

be cal culated and the proper transformation of variables should be 

applied to obtain t he transformed model which should be again 

estimat ed by the OLS. 

If t he autocorr el ation is not Significant (sign "_") we can move 

to t he next, step of analysisG)connected ""ith the coefficient of 

det ermina t ion R2 . 
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'l'ht~ !i'- t est of ~3 if.',llH .i c:];nce for R
2

CJee pa.ragraph 9.3) should be 

applied here . 'J:'he model ' can not be approved if its R2 i s stat is ti_ 

cally not Significant ( sig'l1"-"). 'I n t his case the ¥lodel should be' 

changed(reformula ted). If the coefficient of determination R2 is 

significant(s :i. gn "+") we may continue the analysis . 

Next, we shall anal yse t he mul ticolfineari ty problemG)( in ca.se when 

the model has many expl ana tory variables ) .. rrhe appropriate t est of 

multicollinearity (see par agr aph 10 . 2 ) should be applied. 

Only if the mul ticollineari ty i s not Significant (sign "_") we can 

move to the last t-Student test for r egression coefficients. 

If the mul ticollineari ty i s Significant ( Sign"+") we have _ ways to 

improve the estimation r esults . If t he estimated model is large we 

can remove some exogenous variabl es engaged in mul ticollineari ty and 

then we can estimate the new, smal l er model . If the estimated model 

wi th Si.gnificant mul ticollineari ty i s rather small, ,.,.e shall try to 

find some additional, prior inf ormation about parameters and use one 

out of non-classical estimation t echniques (see next chapter 14). 

At the end of t he anal ysis of r es iduals(and not at the beginni ng) the 

Student's t-test should be applied f or t esting a Significance of re­

gression COPffi cients@. 

If for all explanatory var~ables thei r regression coefficients are 

statistically signifi cant(sign "+") the estimated model can be used 

for all purposes(i.e. for ana lysis a s well as for forecasting). If 

not all regression coefficients are s tatistically significant and 

the model "Till be used for forecast i ng , we shal l remove all non­

significant explanatory variables and come back again to the estimation 

stage. 

An example of full anal ysis based on that sequence is given in the 

next paragraph. 
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13.2• Example of a Full Analysis, 

l,.Je shall illustrate now a full analysis of residuals on the follo w­

ing econometric model fornnllated for studying of the relationship 

between crop yields and utilization of fertilizers and rnachin~ ) 

based on statistical data from the Polish Agriculture, 

'rhe cross-sectional data from n=49 su~regions called lit. e vo jevo ' ­

snipstl in Poland (which ar1ike Awrajas in Ethiopia) were used fo r 

estimation of the linear model: 

.. /here 

Y i..:; uefi.ned a the avera e yield of 4 main cereal crops ( \.f' eat , 

rye , barley , oats ) measured in qj a • 

. 1 is iefined as the Quantity of miner al fertil ' zcrs appl' cd , 

measured in quintals of the NPK per hectar e. 

X
2 

is defi~e~ as a use of machinery, measured as t he number of 

hectares of cultivated land pe; one tracto~ use~n agriculture . 

lumerical results of es timation of the model (by the 01S . et lod) 

are as f ollo"/s : 

.A 
, t ::; 3.50 x t1 

(1 . 23) 

0.16x t2 + 25 . 91 

0. 07) 

2 
3. ::; 0. 69 

I • .,: len me s that the increment of mineral f e tLizer a-pplica . on by 

I qjha influences the increase of cereal crop y ' e_ by 3 ~ 5 qj"" . < , 

nrl the decr ease by 1 hectare t he nU!::lbe 0 _ }:ec .... ~es per one tra~to .... 

::.n:'::''.:ences the i ncrease of cereal crop yi 1 • 16 qjha. 

',;e start the analysis of residuals \oIi th app ::'" ca ::'on 0: the Xo_:::ogo::,o I 
I' , 

: F( t ) == l<'N ' test of normality ige. to test the hypothesis 
istr ib h on. 

't Le~e ?~J is t he di s tribution function of 

~e ca culated (empirica~ value of the 'Ko mogorov s tat:. -:; :::'c ':'S 

ibO.C64, 'At~ile t~e critical value for ~ == 0. 05 y:d .-4 l iS -;.; - . • ', 90 . 

\' c " n . ::-ej ec: t: , ·_y'?o-:; :n8s i s . 0 b ""..lt r.o~2. ':'1-j 
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of residuals. 

E'or testing the grouped heterosc~dasticity using the Bartlett' 

test, the whole set of empirical ogservations( and consequently the 

set of residuais) was split into 4 groups according to agro-geografical 

zones in Poland. Within these groups r esidual variances werez 
2 ' 2 2 2-

S1 = 1.37 • 82 = 14.78, 83 = 5.04, 84 = 3.67. Based on these 

values the appropriate Chi-square statistic was calculated aSJ.2 = 7.056 

while the crit.ical value for c:/.. = 0.05 and df = 3) is ~= 7.815. 

Since "l!t~;r! we can no t reject t he hypothesis H : s;..::Iq; _~2 .. eI~ 
/' 0 .3 "1 

which means that the groupedheter oscedasticity is ,s tati st ically 

non-significant. 

The autocorrelation of residuals was al so non-significant(the Durbin­

Watson statistic d = 1.64> dq= 1. 59 f or d..= 0,,05 , n=49) as we 

might expect, since the cross-secti onal data were used f or estimation 

of the model. 

The next applied test is th€ F-test for testing if the coefficient 

of determination R2 = 0.69 is statistically significant . 

The appropriate value of F-Snedecor statistic was calculated 

as F 
_ 0.69 
- 1-0.69 

• .4§... = 51.2 , 
2 

while the critical val ue (for the 

significance level cL= 0.05 and d.f= 2 and 46 ) is FoL = 3.20. 

Since F> Fat. , the R2=O.69 is significant and it can be interpreted) 

that using those two explanatory variables (mineral fer tilizers 

applied and machinery used) in the linear model, we can explain 

almost 7~/u of the cereal crop yield variation. 

As the next, the Glauber -Farrar-Haitovski test for multicollinearity 

was applied, based on the determinant of the correl ation matrix it 
constructed for the two explanatory variables X1 and X2• 

The empirical correlation matrix has been obtained as 

"ti) _ (1 ' -0.84) 
~ - -0.84 1 . wi, th its det erminant det"R. = 0.294 . 
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he appr opriate Chi-square statistic(see paragraph 10.2) was 

1'l; 16.1 9 , while the critical value(ror tt:J..:: 0.05 and df=1) 

is Jt. :: 3~841 
Since Xt.;>~ 1 the null hypothesis Ho : det t = 0 (which means 

multicollinearity) has to be rejected, therefore in that case the 

multicollinearity is statistically non-significant and can be 

negl ected. 
lOW, at t he end of analysis, we may use the crucial t-Student test 

for testing significance of regression coefficients. 

Since b
1 

= 3.50 and Sb =r 1.23 , the appropriate value of t · statistic 
1 

is t1 :: 2.84. 
For b

2 
= -0.16 and Sb= 0.014, we have t2 = -2.16. 

The critical value of2the t-Student's statistic(for cL :: 0.05 and 

df = 46) is td,. =2.01. 
Since for both cases we have I tl > tot , we may conclude , that both 

estimated regression coefficients are statis t ically significant. 

If we are particularly interested in estimation of the regre ssion 

coefficient :: tlt f(''r the first explanatory variable X1 (fertilizers 

a.t'l '!?1.5i.ad) '.. can construct t he confidence ' interval for i t(assuming 

1-cL = 0.95) as : 3.50-2 .01.1.23£'('1 L. 3.50 + 2.01.1. 23, which gives 

1. 03 ""(31 <: 5.97. 

Since both estimates of regreSSion coefficients are statistically 

si eni ficant the estimated model can be used also for forecastin • 

Let ' s assume , that 'tIe are interested in obtaining a forecast of t he 

cereal crop yield based on the estimated model and on the assumption , 

t hat the future value of the ' first explana t ory variable 'tlill be :x.-.r1= 3.0 

(~uintals of the NPK fertilizers per hectare), and t he value of the 

second explanatory variable will be :x.-.r2 = 20 .0 (hectares per one 

t r actor) • 

So, we want to predict YT for the given vector 

of future values of explanatory variables. Us i n 
appropriate formulas 
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from t he paragraph 9. 4, we obtain: 

j\ ( ) ( 3.5°) . YT = 3 20 1· -0.16 = 33.21(q/ha) 
. 25.91 

'rhe standa,rd error of this forecast -i s ' e shmated~ as SE(") S 
- YT :: y,.;= 2.91, 

So,the relative st~~dard error is about 9%. -f-
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CIIAPrER 14. USE OF PRIOR INFORMATION,110N-CLASSICAL 

ESTIMATION TECHNI,UES. 

1f1. . 1. 'rhe :iestricted Least Squares- Method, 

i4hen some additional(or p:.dor) information on the structural 

par ameters ~i of the model are available we shall utilize them 

in addition to t he basic sample data. 1'bat is especially advisable 

for small models with multicollinearity, 

There are many so called jbn-Classical Estimation Techniques which 

deal with utilization of prior information on estimated parameters . 

The pro] er appl ied technique depends on the type of prior information 

A 6eneral classification of ali non-cl assical estimation techniQues 

i s eiven in t he follOWing scheme: 

r--L 
3asic 

l 
Sample Data I 
/£) 

>---"----..~ 

Deter ministic 
Prior Informot 

EQuations 

r--- .... Restricted 
Least .lqwa 

- ------------. 

Single 
Estimates 

Prior 
Dis t ribution 

Bayesian 
---------------------------------------~ ~stimat·o 

ClaSSic 
.ustima tion 
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Let's start to make short review of those non-classical estimation 

techniques with the Restricted Least Squares (RLS) method. It is 

the best estimation technique in case when deterministi~rior in­

formation in form of equations is available in addition to the basic 

sample data. 

Let's assume that we have prior informati on in the form of 1 equa­

tions written in the matrix notation as: 

'wk~J'e lxOc+-.L, mcdiix.A ah~ t 1-1 vec.fOY~r: ~r() 
.9~.n. 

For example, if we know in advance, t hat 01 = 2 , ~3 = 1 . 

we have 
o 0 
o 1 ••• 

If vie lmoVl, that 

Al =(11. •• 10), c. :. 1. 

The Restricted Least Squares (RLS) method utilizes LS criterion 

(min) S ::: fir :. (y! -:ie )1"( YJ - Xf ) 
which is under restriction (constraints) : En e = £. 

That conditional winimum is obtained by means of the Lagrangean 

FUnction def~e~a(~_X[> )C}f. -Xi» -2 ~nAl([ - C) 
.... ,here 11 is the colurrm vector of unknov,ft,Lauarangean multipliers. 

By solving the system of equations : 

:::(}) 

RLS esti mator of ~ is obtained as: 

'"' lb + (i~)-i/l'[Al eXT T~Tf\· -AI t ) 
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where ~ is t~ classic OLS ~stimator of ~. 
The IlLS estimator ~ is unbiased, and its covariance matrix 

is given by the formula: ,/\ 4 
V(&') :'l- YATCA"ATr A~= 

=-V -~- , lIIhe.re V:.V{b):.~t(X~r{ 
Since the :natrix 2 _is positi ve definite , it follo ,lS , t. at 

D2( ~ . ) L.. i>2(b.) · , which means that the Il1S es -: imat r 
" J. J. 

iu more effi cient t han the 018 es t i mat or (because i t u i l i zeS nor e 

information than 01S estimator~ ). 

Sometimes the deterministic prior infor mat ion have an ine =~==-:."-

form: 0'~ ~ 0 
For such ineQualities restrictions, t he solu'-ion of be .1 method 

can be obtained by means of t he Non- Line ( ince ~(n 
criterion f uncti on S:: 'lIt i s Quadrat i c ) . 

Example: 

For the linear mode l y= f):,1 x1 + (),2 x
2 

.J,. ():, C .l.h ' · 1 ,- l~ . !"3 + ~ , ~ e DaS1C _a .~ e 

dat a were collected as: x1 I x2 Y 

1 0 3 
0 1 7 

I 
1 1 8 
2 1 11 

1 2 1 Ll 

I 2 1 2 16 

I~ addition we have prior information( in i~equalit~ e :o=m 

(?:1 ~ 0 

~;t /; i 
r,,~ '~a 
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Using the Non-linear programming method (e. g. th4 Rosen 'a 

Gradient Projection 11ethod) we obtain t he RSL estimates as: 

~ = 0,- ~ = 6.33. • ~ =_1.67. 

For this solution two constraints are f ulfiled as equations: 
,.. A A. A 
('11 = 0 and ~ + ("2 + ~3 = 8, therefore it i~ equal to 

the RLS estimate ~ obtained for the matrix Al = (~ ~ ~) 
and vector ~ = (~) • 

14.2. Use of the GLS Method of the Combined Hodel. 

Sometimes estimation of a given econometric model is repeated 

year by-year(or after few years) and former estimates are available. 

Such prior information has obviously a stochastic charac ter, but 

it can be utilized to construct a combined model (with both 

sample data ~~d those stochastic prior information) which can be 

estimated -by the GLS method. 

Let' a consider the linear model Y - X (1-+ t£ wi th the basic 

sample information ('lIZ) and t he prior stochastic information 

in the form of unbiased estimates C ot (from previous est imation) 

Tor the sub-vector ~ .. - of the v ec tor (f =- (!.!-_) 
(f:1. 

rfuose stochastic prior informati on can be 1tlI'itten as 

c.t =. 1ft. + cf , 

or (:1:: A\~ +- J ) 

~here. E(cll)= Q)) V(J )="W 

~lte-ie Al == [r ; 0] 
• 

I t is also assume~, that random vectors dl and ~ are non­

cor~elated i.e. E( dI . f!) ::: (J). 

Now the Combined Hodel (for both basic sample data and stocha.stic 

prior information} can be constructed as: 
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'!'he joint disturbance vector in the combined model haa paramet ers 

t he mean vect or E(J-) = Q) , 
t he covariance matrix cJ 

" e1-) ~'1~X-jJl 
" ({fll fcI() 

== ~ J if .iJ'" 
\ 

= \5j~~ 1-w)" 
\ ' s-e. 

So, the Generalized Le~~~~a (GLS) can be applied for estima­

tion of t he parameters vector t? of t he Combined Model. 

If v'e denote the upper part o~ the matrix Jl by Al 'C [I : (j) J 
~s before, the GLS estimator (? based on the Combi ned Model is 

obtained as : i ' .i f -=(~~ ~~~AflJ-~){Xff + ~!lAT WI- C t ) 

and its covariance matrix is: 

'1(~) '" ,,"C-t'X +-~AT I-U-~yj 
It is worth noticing here, that since t he matrix 

simple f orm, it is easily to obtain t he appendix 

which can spoi lt an eventual multicollinearity. 

It means ', that the Combi ned Ho e~ can be used in t e c ' e of _ .. 4 , .:ry 
observed multicollinearity in mat r'x Al. 1 because even for..Jt,.~ 
b 

" '~ r ~ "l..r--.2-d -1.II\ )l" s not e lng singul ar matrix , t he new matri ~ _T rv I~ 

singular . 

14.3 . BayeSian Estimation Technigue . 

During t he last 20 years the Bayesian inference has been depeloped 

in Statistics and Econometr i cs qui te wel l . This i ea is based on 

the Bayes t heorem( f rom t he Probability Theory) whic gives the 

pos~erior probabi li ty distribution f r om the prior "s tr "but" on an 

the likelihood function from the basic sample . l he tatistical 
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Games Theory developed by- A. v!ald proves, that the Bayes estimat . ors 
are optimal from the decision theory viewpoint, i.e. when the loss-

function is involved in estimation procedure in order to measure 

consequences of the estimation error o 

Let us esplain now briefly the main points of the Bayesian estimation 

technique. 

',Ie are i nterested in estimation of t he parameter e of the given 

probabili ty distribution ' (x Ie») based on random sampl e 

X = (x1 ' x2 ' ••• , xn)eX (sample space). 

The . estimate li'of the parameter ~ and t he true value of the 

est irnatecl parameter belong to the same parameter space 0 ) 
i.e. e EO) a. ~.o." 
The loss function L(~, a)~ 0 is defined for each pair (e , a) 

and its value measures the consequences of the estimation error. 

A statistical decision function d(cal led an estimator) is defined 

as - cl : 2€ ~ ~ I J (¥<)= ~ } ~. (2; .x J a en . -. 
The whole set of estimators d is denoted by D i.e . d E D. 

The risk function R(~, dl is defined as the expected value of the 

lOss function L(e. a ) ,i.e. } 

R( 49, d) = E LL~. a)] = L( ~, a) dF(~ 1 e ) 
~-

Now,the est i mation probl em is described as the Statistical Game 

which is defined as the t riple (Sl, , D, R), ",'heTe the parameter 

space n is the set o~rategieS of the fir s t player (the Nature)) 

D i s the set of all s trategies (estimators) of the second player 

(the Statistician), and the risk func tion R(t?, d) is the pay- off 

func tion in thi-s t wo- person ~ame. 

It is a ssumed, t hat t he Nature is not a reasonable player (nor a 

malevolent) and the Single strategy ( 6- E£) of the Nat ure is 

choosen randomly from given probaln.li ty distribution G( &) defined 

on the parameter space 0 ,and called the prior distribution of 

o 
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Ti1e prior .distribution G( 6) reflects the whole prior information 

on parameter e we have before sample ~ is selected. 

'rhe Bayes risk reG, d) is defined as the expected value of the risk 

;;:ction R(G , d ) with respect to the prior distribution G(6), i.e. 

reG, d) = ElR(9, d)] = fR(6, d) 'dG(e) . 
.,n. 

It is obvious , tha t t he bes t st~ategy for t he Statistician is such an 

estimator d(~' ) , which minimizes the Bayes risk re G, d). It is 

called the Bayes e s t imator d ~D, if reG, d ) = min reG, d) 
o 0 _E~ 

It can be proved , t hat such an optimal (Bayes) ' estimator dc(~ ) = a 

can be obtained fo~iven sample~ ,by minimization of the expected 

loss function L( E1,a) with respect to the Posteri or Distributi on 

G( @ I~') obtained via t he Bayes Theorem f r om t he pr i or distribution 

G( e ) and the likelihood of the sa'TlDle~ • 
~~¢.!/ 

n Econometrics we ar e look:lri~Tor t he vec t or-estimate Q1 of t he 

parameters vect or ~ (which is i~act our vector ~ f rom the multi­

ple regression model), and usually t he loss L~~ction is defined as t he 

quadratic form: 

L( e> Q1) : (e - cn.)T £ (9 - CJL) , v/here ~ is the given 
I symmetri c, posi t i ve-def ini te rna t r . x. 

It can be proved , that for such a loss fm1ct~on i~volved i. 

estimation of the parameters vector Ei) , ' t he Bayes esti mator ciloor)::: aL 

0 .. tre vector a, is equal to t he mea..'1 vecto:::' of t he :nulti- dimens iona 

,;)o steriox· distribution GCe> l;f) , i. e . do (#) -= E( ~};-,() 01 

So , the sequence of work in the Bayesi~~ Jstimatio . ~echni9ue 

applied f o= econometric models is as fol l ows: 

1° The j oint prior distribution 6(~) should be choo sen as 

reflecting the whole prior knowlegde we have a~out t he par~~e ters 
vector (£ of the estimated econometri c rr.odel . ""sually the . 

empirical prio:::' distribution (estL a ted : tne r esult ... f 
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previous est imation of the model) can be used, or theoretical 

prior di stribution choosen from the c.onjuMte familY of distribu_ 

tions, ';,-- ( bot h prior and posterior distributions belong t o 

t~at family) C~ be"" crse-d at ternativcly. -

2
0 

For given samp~e (,,!,'X ) for the e stimated model, its likeli_ 

hood L Ct) ~lt ) should be obtained. Usually the likelihood 

for the normal distribut ion of t he sample vecto~ us d in 

econometric ~ractice. 

30 
E'or given prior ~istribution with the pdf as g((?) and for the 

Hkelihood ,lLy/ /.t, G' '), the joint posterior distribution des­

cribed by the posterior joi nt dens ity function p(& I YJI~) 
should be calculated (from the Bayes rrheorem) as: 

,', ' p{ (( } r7i~) oC. --8 C@) • l(Y/i)[/~) 
where the symbol oC means "is proportional to", i.e . neo,-lectinl'" 

all constants. 
1\ 

4
0 

Assuming the quadratic loss func tion , the Bayes estimate ~~ 

of the ,vector ~ should be calculated as , the mean vector of the 

. joint posterio~:i:ri;t;i ~~X) = J. . .J (j · f (~ ) ~IX)df ) 
... there the multiple i ntegral can be computed usin;:; a special 

computer program for multi- dimensional numerical integration. 

1 • Nr~ Rokaya Hassan (Egipt) working for her PhD in Poland under 

supervision of the author of ' this Eandbook )obtained the followi ng 

(01S) estimation of the dynamic demand function for cereal s and 

s t arches In-.Egipt b~sedorf hme-series data (the power- type 

function after logarithmic transformation): 

~ = 0. 46OX1 - 0.270 X2 - 0.012 t + 4.19 

(0. 01 1) (0.006) (0.01 2) 

'''!Jere X1 s t ands for the logarithm of iClcome (per capita ) , 
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X2 stands for logarithm of prioe index, 

t stands for time variable. 
I 

Alternatively, using the Bayesian estimation(with the beta type 

prior distribution for parameters) she obtained however more precise 

estimates for parameters(elasticities) of that demand function model 

and more real istic(positive) trend coeffioients 

" YB = 0.359 X1 - 0.117 X2 + 0.027 t. 
(0.003) (0.001) (0.011) 

2. Based on the cross-sectional households oonsumption surv~ data 

we obtained the following estimate of the demand function for 

fish and fish-products in Poland using the ~e8ian estimation 

technique (with the empirical beta type prior distribution for 

elasticities): 
A 
YB = 0.84 X1 - 0.45 X2 - 6.02 

(0.02) (0.04) 

where Y s tands for the logarithm of household's expenditure for 

f ish and fish-products, 
I 

X
1 

stands for the logarithm of household's income 

x2 stands for the logaritn-of priC~he agnlgate fish­

products conB~ by a household. 

3. In 1964 M. Norishima and N. Saito tried to estimate the dynamic 

CObb-DouglasrOdUCtiOn function (see paragraph 15.2): -

Y-t- '= Let Kt ett for the USA economy) based on t ime-series 

data(1901 -1952). The OLS method failed completely (the estimated 

elastici ty '. ,tWcapi tal, ~ was nega ti ve), because of mul t1collineari ty 

between the Lt and Kt ( L .. bo;...( cs ... ci CC\.;i.tol). 
In 1973 A.Zellner and J.-F. Richard using the same time-series data 

but the Bayesian estimation technique (\-lith the beta type prior 

distribut i on for elas ticities) obtained reasonable es imates for 

par~~eters of t he same model : 
1\ 

"" d..~ 0.597 
~ r', = 0.115 , t.. = 0.018 1> . 
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CHA?TER 15. NAIN DONAINS OF APPLIED ECONOH,}I'RIC NODELS,!. 

15. 1. &.onomet r i c Demand Functions and Ela sticities o 

The demand of consumers reflects the i r preference s f or buying some 

quantity of commodities. Assuming the marke t equilibrium in the 

economy, the demand can be measured a s ~pendi t:l.reu of conswners 0 

given commodity. 

In order to explain the variation of demand , the econometri c llornand 

fupction is usually estimated and analyzed. 

~e- econometric demandflmction for a particular conunodity is defined 

as a stochastic equat~on which Jeflects t he sta tis tica l relationship 

existing betw~en th,e demand and differe~t var i ables ( faotor~) which in­

fluence the d.emand according to a regularity i n con sumer s preferences, 

A general model of the econometric demand f unction can be written as: 

D = f(X1 ' X2, ••• , Xk , e ) , wher e 

X1 , x2 .... Xk are t he different fac t ors whi ch i nfluence t he dema d D 

for~ .e~ .. t:la,rticu.l~omrr-.odity, eis the r andom dis t urbance. 

One can enumerate the various factors considered as explanatory variables 

in the eco~ometric demand funct16n like: 

(i) the disposable income of consumers(per capita ) , 

(Ii) the real , price of the commodi ty, 

(iii) the pr_ice of .c:t _subati:!;;ute (or complementa..ry) cormnodity, 

Civ) the demographic st.ructure of consumers , 

(v) the- consurnILtiop _pattern and fashion , e tc. 

The type "f'l of demand functions i s usua l ly t a.ken a s linear or ]1ower­
type • • 

Sometimes, due to lack of reliable data on var ious f actor s X
s

' t he 

econometric demand function is restricted to so called Engel ' curve , 

which reflects the relationship betvreen t he demand f or a par t icular 

commodity and the consumers' income X only. 'f'n e t ype II f It of ..-£n{Sel ' C 
'es 
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depends on the i mportance of t he given commodi ty f or cons ' ers , 

and it can be: 

- linear D ::a r X + ol + f. 

pOvler-type D = .. X~ t 
logari t hlnic D:: t log X + oL t- £ 

_ hyper bolic D = oL +~ +£ 
X 

~nsel' CtDrVeS a re ussually convex, i. e . their s econd derivativ 

}) ) 
D (x .f. 0 for x ~ 0 • 

For forec a s ting purposes of demand) specia l pa am ters kno'tln as 

ela sticitie s of emand can be derived f _o the dema~ unction . 
" ) lith 

rhe elastici tv of a given f unc t ion y== f (x1 ' ::1.:2 ' .. . , 
respec t to the particular independen t var ' able x. ' v de ne aG : ). 

~ 
= Li m ----~y----- = 
~i~O c.x. 

J. 

X . 
1 

Lim ( Ll Y .• x i \ = ' xi 

N.~~~ Y7 y 
). 

x. 
::::;_J,_ 

y 
~ 
~x , 

.1 

.,. ~ 31 ".Gt Le i ty h i s a me as re of the rcl.tivc change of the 
Ol ... .:~c.r.etion caused by the unit re l ati v e( 1% chanco of ' ~he . ndepen lent 

"!;:._ :'able T . 0 

.1 
:\; :"s clear , ;"hen VIe realize, t hat f or sm 1 _ ::':l.C:::- - ' e..".-:; 

;;~e elasticity 

b x. 
__ .1_ 

X . 
.1 

== 

.AL 
)" .~ y 
(X~ aXi 

x . 
.1 

~-. 
X, 

.1 

1 C~) , 

r) 
X' 1-

~ f) .. Ii ex .... 
t') 
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So, the interpretation of the numerical value of the elasticity 

is as follows: the value of elasticity iXi exp~ses the relative 

(percentage) increment of the functi on y, caused by the increment 

of 1 % of the value of independent variable Xi Jprovi ded constant other 

factors (so called ilceteris paribus
ll 

condi tion) . 

For different types "fll of demand functions, f i nal f ormulas for elas­

ticities of demand can be obtained . Usually t he elasticity of demand 

is a functi on of the independent variable x .• 
J. 

This can be illustrated by the foll owing linear Engel ' f unction : 

D:: (? x + ~ , where D stands for demand f or a particular commodity) 

and x stands for income of consumers. 

The fo rmula for the income elasticity of demand based on t hat demand 

f unction is 

Le t's a ssUJlle 

X 1 
h:=r-. Y 
Lx., y 

that t he value 

D ::; 0 .1 x + 200 . 

__ x_.~ _ (?x 
- (2tx+~ r - r-x+cx.. 

of income i s x ::; 400 

'l'hen , the income elastiCity is ~= 
0 .1 . :1:00 
0 . 1 . 400 

(which depends on x). 

( E ~Birr ) 
t and 

+ 200 
::; ~ = 0,17 , 

240 

which means, _t hat - if the income of c onsumer i ncrea ses by 10% 

(i.e. by 40 E. Birr, reaching 440 E. Birr) t he demand f or a given 

comllodity wil l increase by 1. 7% only (i. e . from 240 a t the yalue of 

income 400 UP to 244 at t he value of i ncome 440 3 . Birr) . ) -
Only for t he POi-Ter-type demand func tion, t he elas ticities do not depend 

on independent variables, and they are constant. 

Le t's prove that statement using the f ollo\ving pO'vTer- type demand 

function( 'vIi th blo explanatory variable s: X
1 

- consumers' i ncome, 

X2 - price of given commodity): D: o.L Xf1 Xf2 
Le t's calculate the income _elast i city and the pr i ce ela s_ticity of deman~. 

The income- elas tici ty- of demand Z 

/ 

/ 

X .i 



- 175 -

112e price elastici ty of demand ~ 

So, for the power-type demand function elasticities of demand are 

constant and equal to the appropriate po\>/er parameters. 

It worth mentioning, tha t t he income elasticity of demand is usually 

positive (and higher for luxury goods), while the price elasticity of 

demand is usually negative. 

Example: 

The power-type demand function for butter was est imated as: 

D = 0.3 x
1

0·Bx
2
-O.5 , where X

1 
stands for i ncome of consumers and 

X
2 

stands for price of butter. 

So, the income elasticity of demand for butter is ~J= 0.8 , 

income by 10% will 
and it means , that an increase of the consumers' 

cause an increment of demand for butter by 8% • 

The price elasticity of demand for butter is ~~2= -0.5, and it 

means that an increase of the price for butter by 1~~ will cause the 

decrease of demand for butter by 57G. 

The estimation of econometric demand· functions and their elasticities for 

main food commodities is the main task of econometric modellin for 

forecasting of demand and for policy making purposes. 

Numerical r esults of estimation of the price elasticity and the income 

elastici ty of demand for some food commodities based on households 
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consumption survey data in Poland are given in the t able belo",: 

Cormnodity Price El a sti city Income Elasticity -
Flour - 1.09 0.53 
Bread - 0.24 0. 05 
rlJeat - 0.29 0. 71 
Butter - 0.37 1.18 
Vege t ables - 0.38 0~1 2 

Fruits - 0.74 0.84 
Sugar ' , - 0. 33 0.52 

-" 

Cakes , - 0.42 2.48 
Beer - 0.75 0.43 -

Cigarettes - -0.43 0.66 
Vodka - 1.36 1.14 

It is worth noticing, tha t such basic food commodities like bread or 

vege t ab l es have very 10"" price and income elasticities of demand. 

15 . 2. Econometric Pr oduction Functions . 

The second main application' of the s ingle-equation econometri c models 

is an ' a.l1alysis of production processes by means of econometric produc~ 

tion .!unctions. 
, " 

'rhe ~conometric production f-mnc tion is defined as a stochastic 
.w e 4 

equ'a.t:io~ ' which reflects t he statist i cal relationship existing bet\'leen t he 

l~v:~i : of productio~~.- (output) an!,'l. diff erent variables -being tb e productio 

iacto~s ' (inputs) in' the given process of p-roductiono 

"A 'general model of the econometric pr oduction func tion can be written as : 

€. ) ; 

\-lhere, Y is the scale (level ) of pr oduction of a g iven product 

Xi' X2 , ••• , Xk are differ ent inputs ( production fac tors) , 

e i s t he random di s turbance . 

One ca n enumerat e various pr oduct ion fa~,~0l:'!3.l like : 

( i) manpolver( l abour or e 1 ... ) _ i:1p oym-::!:1 ~ , 
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(ii) capi tal assets (machinery installed and used in the 

process of production), 

(iii) raw materials used in produ~tion, 

(iv) tools and instruments, 

(v ) ener gy (or fuel) 

At t he macro-econo~ leVel usually only two mai n roduction factors 

are used as explanatory variables in the production function: capital 

(K) and labour (L) like in basic CObb-Do~as production funct ion, 
, K ~ -.I" which has the powe:r.type form: Y = cit t.:: 

The sum of parameters _cl
1 

and oL2 (elasticiti es ) i n the Cobb- 0 

production-function i.e. r • 0.., + ~ is known as eturns to sea. 

parameter oft en assumed to be equal to 1. 

To discuss the real meaning of the re t urns to cale parameter 

r = ot.
1 

+ cJ..
2 

in the Cobb-Douglas productio, function let I onsidc 

two different time points "t" and lit + 11 ~ f o he - J) production 

f unction wri tten as 

Let' assume that each production f actor (i. e. capital X1 and L bour X2) 

i ncreases by the same percentage lip" dut'in tr 

to t +1. 

So, at the t i me point t+1, the leVel of p oduction ".i. 1 
~ --- d.. 

Yt +1 = ~ Gt1 ( 1 + 150) t .. [Xt2 (1+ 1fu-) ] 2 = 

= d. o 

7herefore the dynamic index of production' is equal t o 

of t 'me f om t 
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Now it is clear, that: 

(0) 

Y 
if r =1 , t + 1 = 1 + '..,.&- ). which means that the increase Yt 
of production is also by p% , i.e. we have the constant effect 

(productivity) of producti on factors (inputs), 

ifr~1, Y ...JL 
.J±L < 1 + 100' which means t hat the increment 

Yt 

of production is smaller( i n percentage) 

the decreasing effect (pr oducti vity) of 

1/ • 
t han p, i.e. we have 

i nputs } 

if r>1, Yt +1 > 1 +....E.--.. , which means l arger than p% 
Yt 100 

increase of production, i . e. we have the increasing pro-

ductivity of inputs. 

So, the returns to scale parameter r = ~ + «'2 in the Cobb-Douglas 

production function points the t ype of productivity of inputs. 

For developing countries/it is rather typical situation that the 

returns to scale parameter r»1 , therefore during estimation of the 

C-D production f~ction in those countries t he prior condition 

r=1 should be often re jected. 

The econometric production function can be estimated based on cross­

sectional statistical data as well as on time-series data . 

In the latter case, the C-D product ion func~n is often modified 

by introducing the dynamic factor( trend) e proposed by J. Tinber~ 

for measurement of effects of t he neutral technological progress. 

The modified, dynamic Cobb-Dougl as production fu.."lction can be written 
as: 

where J' is the trend parameter, ,.hi chcan be interpreted also 

from the effects of the neutral t echnological progress viepoint as 
follows: 

Let t s assume that between t wo di fferent time points "t" and nt+1" 
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\.,;.s nor struc t ural change neigher increase of ~roduction f ac tors 

(inputS) X1 and X2• 

So, for t+1 we have 
= 

= 

- 0 
' ben , the dynamic index of production is equal to Yt +1 = e' , and 

Y
t 

(ii) if i,.o , 

(constant production l cvel) 

(addit ional increment of production is 
observed, \,'hich must be due to t e effect 

of neutral tcchnol olSical 

pr oduc t ion pr ocess) 

roc,-res(3 in t he 
I 

( iii) (decrease of product ion i s 0 scr ved , 

means neGative eff ects of technolo 

or r egress ) 

80, an estimat e of t he trend par ame t er '( in the runic Cob b- 0 rr la 

"'[Jrod'Uction f unction gives us a useful measure of effect3 0 t e 

neutral technological progress in the process of rod ction. 

I !i.ch 

) 

t is '{orth mentioning that in econometric 1i terature .any ot' er ty es 

of production functions were also proposed, like: 

the CES( Constant Elasticity of Substitution) f~rtcr~Dn ~ ~ 

Y 'S- f[( ~-cS)~~~ .,- 6 X~ J--If 
or the Nevnnan- Read production function ~ 

'\;~ .. X(\:. oL h~. 1, .. , r ~ ., 
Y ': to ~ A .%. e 

I . ~ased on time-series data for the Polish natio al econo~y ) t:e 
[ol1o\{ing dynamic . Cobb-Douglas production func t ion "las e~ti " te 
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~ 0.42 0 7 ~ 0. 031 t 
Yt=344 -X X· / e 

• t1 t 2 

where Y stands for the GDP t X1 stands for eapi tal , X
2 

stands for 

Labour(employment) 

'vIe can notice here t hat t he r e t urns to scale paramet er r = 1 15 
A ·' 

and since the estimate of t he t rend parameter i s t = 0.031 > 0, 

a small positive effect of the neutral technological pr ogress 

was observed. 

2. Based on cross-sect ional data (agricultural holdings ) f r om Some 

agricultural sub- region in Poland, t he following agri cul tural 

produc t ion function was estima ted : 

~ _ 3929 X 0.1 62 X 0. 171 X 9.278 X 0.054 X 0.081 
- 1 2 3 4 5 

where Y i s t he value of agri cultural production (crop producti on 

at.12, iivestock) 

X
1 is the area under cul tivation in an agri cultural holdin 

X2 is t he manpower in an agricul tural holding 

X3 is t he livestick in an agricultural holding 

X
4 is the cost of f arm implements 

X5 ,is t he cost of fertil i zers applied 

3. At the end of par~OTaph 8. 3 vie gave the example number 2 

(on page 96) which in fact i s an example of the agricult ural 

lL~ear pr oduction function (for wheat production) esti mat ed for 

Ar si region of Ethiopia based on cross-sectional dat a f r om agri­

cultural holdings. Let us r emind t hose estimation result s: 

A. 
Y = 11.7 x1 + 2. S2x2 + 1. 62x

3 
- 3. 39X4 + 2. 72 

y i s t he pr oduct i on of wheat in a private peasant holdin 
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where x
1 

is the area under wheat in a peasant holding 

~ is the use or improved seed 

x~ is t he fertilizer a~~lied 
) 

X
4 

is tte crop damage observed in a peasant' olain 

'l'he manpoHer v ariable ,.;as removed from t he mo e1 s ince i 'v' S 

no t sienificant~ 
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C'dAPTER 16. I NrRODUCTION TO SIHULTANEOUS EQ A'HONS 1"IOw!.Lu . 

16.1. Classification of Variables. 

Up to now we discussed single- eQuation models for explanation Some 

single economic phenomenon. 

If the macroscale i. e. the who;Le na t ional economy is under cons i d ra­

'tioh ' th-e 'econometric modelling is much more complicated mainly because 

of irJterdependency between different variables, I",hich leads to a dynamic 

multi-equational models. Because of t hat complexity and dynamics of 

macro-econometric models t here is a need for the special claSSif ication 

of ~ariables used in multi-eQuational models. 

The classification system of variables for simultaneous equations models 

i s as fo11ov18: 

A) Explained and Explanatory variables. 

This clas sification was used by us also before, since it utilizes 

eQuation by eQuation approach, i.e. for each equation separately 

a variable is explain~d (H .. it.-is. on .the - le-ft-hand side of the 

eQuation) or it i s explanatory (if it is on the right - hand side 

of t he equation). 

B) Endogenous and Exogenous variables. 

This classification takes i nto account t he w!lole model vie\'ipoint . 

The variable ~s called the ~ndo~.Q1l.~ if exists an equation i n the 

model i n \"hieh t hat variable is ' explained variable (hovlever 'in 

other equations it can be used as explanatory variable ). 1'he 

variable is called exogenous if it is used in all equations only as 

explanatory variable~ " -

c) Current and Lagged variables. 

'I'his classification considers t he time (dynamics) vieiYpoint . 

A variable is called current if its value is from t he eurient 
'vear II .Llf 
" ~ , and a variabl e is called l ap;,ed if its value is from 

the past periods t-1, t - 2, etc . 
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D) Jointly Dependent and ' Predetermined variables. 

This classification is obtained by some kind of intersection 

of (B) and (C). The jointly dependent variables are the current 

endogenous variables only. ' 
, 

The predetermined variables are all exogenous variables and la~med 

endogenousy.riA.1as. 

That last classification can be illustrated by the following 

scheme : 

Vari ables 

Current 

Lagged 

Exam'Oles: 

Jihdo noue 

Jointly 
Dependent 
Variables 

Let's consider 3-equations macro-econometric model with the following 

variables : 

It - pr oduction investment in the current year . t 

L - emp loyment in the production in , t he year t 
t 

Dt - nat i onal income (GDP) i~ t he year t 

t - t ime variable 

Tne simultaneous equations model i s : 

:2xcept the t ime variabl e t and 11 1!1 (f or cons t an t terms ) ..", i ch are 
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~ exogenous variables, all other s var iables are t he endogenous. 

The jointly dependent variables are; I t t Lt , D
t

• 

The predetermined variables are; I t _1 , L~_1' D
t
_1 ' t, "1" • 

16.2. Structural Form and Reduced Form of t he I''Iodel. 

There are t wo main forms of t he mul ti- equations econometrio models: 

The Structural Form - used usually for economic analysis of t he model , 
and the Reduced Form- useful for estimation of the model and f orecast-

ing purposes. 

The definition of the Structural Form i s as follows : 

The Structural Form of a multi~equational econometric model is such a 

natural form of t he model from which the whole economic strupture 

is clearly exposed, i.e. from which the appropr iate set of explanatory 

variables can be easy defined f or each equation(for each explained 

variable). 

It is useful to use t he matrix notation for writing down the structural 

form of t he model having G equat i ons . 

Let's denote by: 

Yt - (Gx1) vector of all jointly dependent variables of t he model 

j - (GxG) matrix of parameters standing by jointly dependent 

variables (shifted to!,., the lef t-hand side of equations) 

Zt - (~1 Y vector of all predetermined variabl~s of the model 

[r - (G xk) matrix of par a!neters standing by pr edet ermined variables 

(shiftedtol'~ the l eft-hand s i de of equations) 

~t - (Gx1) vector of disturbances i n al l equations of t he model 

Then, the Structural Form of the model can be vITitten as : 

rr2 
t = ~t 

2xa:nT>le : 

The model of 3 equations gi ven as an exampl e i n the pr eviouS 
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paragraph 16.1 \.Jas written in the structural form with G = 3 , 

i::5 . 

1 0 - (\12 ' 0 

L
t b= -(?,22 1 0 " r = 

:::: 
o , .. ~ 

f ' 
7 1 

0 0 

0 -~ 3 
'fft - ~32 .... ~34 D

t 
- ~33 r. 34 -~31 

0 

' I t - 4 \ 

t.~ -i 

ft ;tt- ::=. 
:::: J 

ccordi ng to the type of matrix of the structural form 

'It + E
t 

= f t ' 3 groups of models c be (a imple 

- ~'O 
- (-20 

-~ 

models, (b) Recursive models , (c) 1'1odels with i terdepen ent eql a ons . 

( ) Simple models. 

A multi- equations econometric model is called the ~~~l~_model , if 

its matrix JB of the structural form is a dia on 1 matr ix, 

~t meJ.ns , that it is no dependency at al bahleen t 'e jo":'ntly 

:e endent variables in t he model, beca'c' e ~ ''l 

\'ariable depends on some pr eda ~crmined va_ i able3 only. 

(0) 3.ecurs i ve models o 

A :.1 d.el is called the ~e.91fL"~~v.§!_mocie19 .:..[ .:.. ts matrix of t e 

~~ructural form can be written(even~ 1ally after re-o~de ng its 

~cl~" ~s) as a triangular matriX . 
i!J.ea."1s , that only one- way dependency between t e j oL -:1y dependent 

~ ~iables is observed i n t he model, an t hat depende cy tas a r e-

~~c':"ve character , i . e . 

Y
i 

e]ends on p ede termined var iables only, 

-,. 
<. 

-'e")ends on pr e "l eter mined va iables aY.l-
\ 

e~end on pr edetermined variables, on 

en 'I
1 

only, 

-"-: - .d on Y2 only, etc . 
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(c) Hodels \-lith in t erdenEmdent eguations. 

A model is called to be wi th !.ny~rj.~p~n2eE! ~q~a~i.2~_ if its matrix ~ 

can not be written neither as a diagonal nor a triangular matrix. 

It means that we have in the model two-ways relationship (a fit-back) 

beiweenthe jointlY,dependent var~ables. . 

'That -type --of _ ~GOnQmetric mode1. is mQ~t -ofte~ use.d~ra.c~i~eat the 

national ~conomy jevel,sIric--; ~t refl,~~ts - exist~ng real -in~~;d~;en_ 
dency' between economic variables in the national economy. 

But from the other side, the models with interdependent equations 

are very trouble/Some for estimation because of so-called identifi~ 

tion problem. 
The i9-~nji1i.9a..ti.Qn.J2rQ.blm!llsJ>~~o!:.. to ..the ~tim~tiouroblem and 

in order to explain it we have to introduce the second form of the 

model i.e. the Reduced form, defined as fol lows: 

The Reduced Fo~of the multi-equational econometric model is such a 

form of the model,in which equations r eflect the direct relationship 

between jointly dependent variables and predetermined variables only. 

The reduced form of th@ model can be obtained from the structural 

f orm of the model by solving the system of equations with re spect to I _ 

the jointly dependent variables(vector 'lit)' 
Assuming that matrixjB of the structural form is non-singular( detJ3f 0 ), 
the s t ructural form of the given model can be transformed into the 

reduced form in the following way: 

·lB-1 (left-hand side multiplication) 

or Hhere, 
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e l ast equation gives the reduced form of the mo el . 

ExamplEl..!... 
FamouS Keynes ' consumption model is defined as : 

{ 

C t = QL + r Y t + f.t 

Yt = Ct + It 
where 

C
t 

- consumpt i on at the national 

in the year t 

Y -t 
national income (QDP ) i n t he 

I t - investment in t he national 

economy i n the year t 

This is in fac t the structura~- random disturban'ce term 

form of t he model and it can be written in the matrix notat i on a 

"'bYt + r:Je
t 

= £t " where 'It = (Gt ) , ~ = (-~ ~~), Z"t = (i) 
.~ t 

If' = (:-~) , ~ = (~)' 

l evel 

year t 

Since matrix ~ i s neit her diagonal nor triangular) t he Keynes ' mod 1 

can be cl assified as the model with i nt erdependent equations . 

In order to obtain the reduced form 'It = U ~ + U t of t he 

first of all the inverse matrix ~ -1 should be computed . 

model , 

= (-~ ~~) , det B = 1 - (?>t-o if (':f1 ( that assump t ion means 

that not full Gl is 

IT' ':: -

1) T 1.-l-1-~ 
1 

-L 
1-~ 

...1:-) (_«. 1 -~ • . 

---L -' 0 
1.p 

at 
1-(> 

do. 

1-(" 

consumed) 0 

L 
1-r.> 

1 
1-,.> 
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So , the r~duced form of the Keynes' "consumption model i s as f ol lows I 

= 

Ct~ cL * It + ft - -+ 
1 -r' -~ r-tr" . 

or 
ol. + 1 I + ~t 

1 -~ 1-0' t "'-r-

Obviously, the reduced form is not so interesting from the economic 

analysis viewpoi nt as the structur al f orm, but it is more useful for .. 
estimation. However, the structual form which is essential for 

ana.lysis can not be es t i mat ed dir ectly, because explanatory variables 

are correlated with the disturbance term, as we can see f or the Keynes ' 

modfll given above . The f irst equation of its structural form is 

0t =cI-+ C' Y t .. f:t • From t he r educed form we have , that 

Y = ~ + _ 1_ I + €t So E( Y ) - ~ + ---L It ' 
t 1-~ 1-~ t 1-~" , t - 1-~ 1-p 

and 
€t 

Yt - E( Yt ) = 1-P 

So)the covariance between the explanatory variable Yt and the di s­

turbance Et in the consumption (Ot) equation is : 

COV(Yt ' £t) = E{ [Yt - E(Yt~" £t 1 = E (e~ . €'tJ= 1~~ E( E. ~ )= 
= ~ ~O , 

1-~ r 

therefore Yt and £t are correl ated. 
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Since the s truct urtl form of the model can not be estimated directly 

we can estimate it using the reduced form,which is easy to estimate 

(because the reduced form can be considered as the simple model). 

'Then having an estimate of the matrix 11r of the reduced form we 

would like to obtain estimates for matrices ~ and ~ (parameters 

in the structural form ). But that is possible only if the model 

is identified, 

16 . 3. Identification of the model 

A si multaneous e~uations ~odel written in the struotural form~ 

identified, when its e~uations differ one from another in such a 

y that ,,,e can distinguish bet\-/een t heir par amete s . In other words , 

the model is identi fied)if exist s a r everse transformation from para­

met ers in the matrix 1nr of the reduced form i nto parameters in 

matrices 1) and r of the structural f orm of the model . 

If the model is not identifie~we can not est i mate i t s parameters a t 

all , as it is i llustrated by t he f olloHing 'market model : 

D
t 

- demand for a given commo ity 

, where P
t 

- price of t hat commodity 

St - supply(product io~ ) of t hat cornmodi ty 

Assuming the market equili brium S t = D t p He can revlri te the model a s : 

( :t :_"'-Pt +1'_+ £'t 
1. t - 0 Dt + J + £-2t 

From the second(price) e~uation we have 

1 ~ C2t 
Dt = t Pt-"l- y-

~mile t he first (demand ) eqU4t ion is 

D t = «..P t + r + t 1 t 
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Now, it is easy to reali~e, that t he structure of these two (price 

and demand) equations is t he sameJ~nd the~efore One can not distingui sh 

between their par ame ters (1. e. between j ' and cJ- , as \Yell as 

between -1- and () ). 

It follows, that even for a large s~mple we can not estima te those 

parameters(e.g. we do not know i f t he estimat e of the regresSion 

coefficient i s valid for i of for oL ). 

'vie may conclude, that the above mar ket model is not identified and 

it needs to be reformula t ed in such a way, that finally ,it would be 

identified (and therefore stat istically estimated). 

There exist special theorems for checking(prior , to estimation) if the 

model is identified or not. Those theorems concern solution of the 

s:{stem of equn.tions - »-! r = IT with respec t to p~ameters in­

volved in matrices .8 and r (assuming given matrix 1T of the reduced 
\ 

form). Using those theorems we can check t he identification of each' 

equation separately. IrlJe whol ,e model is identified i f all its equa­

tions a~e identified, 

It foHoVls from the definition of identification, that simple models and 

recursive models are always identified , so the problem of identification 

is essential only for models wi th ~n~~<!.e..Ee!l<teI]t ~~aj;ioI1.§ t 

The two useful theorems for checking t he identifi cation of a given 

equation(out of G interdependent equations model) are as folloWSI 

Theorem 1. 

A necessary and sufficient condition for the given equation out of the 

full (G interdependent equations) model t o be identified is the rank 

condition r( A ) = G-1 , where matri x,A is constructed from 

parameters standing by variables excluded in the given equation,but 

included in other equations. 

Theorem 2. 

A necessary condition for the given equation (out of G 10terdependent 

equations) to be identified is the inequality 
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\/ ere 1 is the number of variables excluded from the --~--~~~~~~~~ 

Based on those two theorems the following conclusions can be drawn: 

1° If 1 ~G-1 the given equation is not identified. -
20 If 1 ~G-1 the given e~uation can be ide~tified or~, 

depends on the rank of the matrix A\ i.e on r( A ) 

30 If r( )% ); G-1} and at the same time 1 = G-1, the given equation 

is called as ,just identified(or exactly identifi!W.) , which 

means,that t here exist s .~ unique reverse transformation from 

t he matrix TT of the reduced f orm into appropriate vectors 

~ and J of the matrix 1J and r 'of the structural form. 

40 If r( ~) = G-1, and at t he same time 1~ G-1 , the given equation ' 

is called as over ... i dentified, which means t hat eXis~"J't t he 

unique) solution! of t he system of equations U' ': - € r , 
(or 'l>lT -= - r ) with r espect to elements of matrices lJ and r 
of the struct ural form. 

The proper technique applied f or estimation of parameters of the 
I 

structural form depends on Vlhich t ype of identification exists for 

the model. 
}'or the simpler case , ",Then al l equations of the model are, ,jus t 

i dentified, the I ndirect Least Bquares(ILS) met hod of est i mation can 

be aIypl i ed, based on t he unique solution of the equatio s 18 Tf::::: -r 
I,'l th res.Dec t to :B and r (see the next

l 
parae;raph 17 . 1). 

-"or models wi th over- identified equations we ca use ,' the vlo -$lta e 

~east Squares (2 SLS) whi ch is described in t h paragrap 17 . 2• 

~xa"Tl"()l e : 

Let ' s check t he identification of t he first equat ion of leynes ' con-

sumption mode l : 

{

Ct = Qi. + ~Yt + £ t 

Y = C + I t t t 

T'ne complet e list of variables i s here : t ' Yt ' It ' 1. 

I. ~: c first equation only It is excluded , 0 1=1 = G- 1 , 

'.1;" ch means t hat the fi r st equation ca_ be ident· fied. 

;.":atrix Al = {-1} , r( j\\)=1 = G-1 , and there 0 e 'Ie conclude hat t r e 
first equation is 'ust identif i e • 
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CHAPrER. 17. ESTHlA'rION OF MULTI"-EQ.UATI ONS I10DELS. 

17.1. Indirect Least Squares Method \ ILS), 

If the whole multi-equations model i G jus t ( exactly) identified (i.e. 

all its equat i ons are just i dentified) we can estimate its structural 

form paramet ers by so called !.n:!i£e..si J~a~"t. %lu~r~~_ I\~~~(IL~), which 

i s based on two f acts: 

(i) The r educed fo rm of the model can be always e stima~ed based on 

given stat i stical da t a) si nce it is a simple model always iden­

tified, 

(ii) Because the model is jus t identified, exists the unique reverse 

transformation from the r educed form parameters IT to the 

parameters ~ and r of t he structural f orm. 

So, a gener al idea of t he Indi rect Least Squares T>1ethod f or estimation 

of t he just i dentifi ed economet r i c models is rather simple: 

f irstly to estimate t he r educed f orm of t he model and then t o solve the 

system of equation :l1T=-(, in or der to obt ain the unique estimates 1T 
and r indirectly from the given estimate s it , 
The main steps of work in the ILS method are as follows: 

10 Checking,if the model is really jus t i dentified and obtaining 

the reduced form 'II i7 =- Tr a~ ".U ... , 

20 Collecting the statistical data i.e. empi r ical observations 

in the form of matrix Y Gxn for all j ointly dependent 

variables,and matrix ~ Kxn for all predetermined variables. 

30 ApPly the OLS method for obtaining estimates IT of the reduced 

form parameters . 
A 1\ A " 

40 Solvlng the system of equations J) TT =-rwith respect to Z 
and r t assuming given ft . . 

The ILS estimators of the structural f orm parameters:r, and r are 
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usually biased but they '3.Fe :Wlsymptotically unbiased and consi stent . 

It is not easy to obtain the stand~rd erro~~E) of the ILS estimates , 

since the relationship between the e~timates of Tr and 11 ,r is 

u.su.ally non-linear. 'l'herefore only some approximate mothod for 

getting those standard errors can b~ applied. 

Example 1. 

Let's discuSS the estimation of the Keynes ' consumption model. 

It. .tructural form i.' {C t =.t + to Y t + £.t ) "mere C t - oon __ tion 

Y
t 

::: 0t + It .Yt - GDP 

It - investment 

rfhe reduced form of the model is: 

Let's check the identification of the first consumption equation (sinoe 

the unknown parameters cJ,.. and ~' of the structural form are in ~he 

first equation only) 
~le variable It is excluded from the first . equation , therefore 

1 :: 1 c G-1 . Since the matrixM.-1~ and its rank rCA)::: 1=.1 

it follows (see Theorems 1 and 2 in paragraph 16.3 ) that the first 

equation of the model is just identified. 
So, we can use the I LS method for estimation its Unknown parameters d-

and (?1 • 
The matrix IT of the reduced form isS 

11;2 

IT ::: = 
I 1122 -. 

with properties I -n:; 1 ::: "TT;1 and 1T1 2 + 1 = 1i;2· 

Ayaldl
Rectangle
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Because of these ideritities, we need only 2 equations to obtain 

the IL3 estimates for at and p • 
1e~s assume, that the reduced form 'of the 

by the OL8 method and VIe obta~stirilatl:;S 
of the elements of matrix rr . 

model has been .estimated· 
A A .f+ 

11i1 ' 11i2' 1~1' Tr22 

NoW we shall solve the system of 2 equations: 

S. A 

= ~1 

{ 1-p A 
1\ with respect to oZ. 

.-L =-n;2 
1-~ 

A 

and we ·obtain the I1S estimates as: ;;l- ' 11; 1 
- ~2 

Assuming, that the 018 estimate 

of the reduced form consumpticn equation is 

.It 
andt • 

we obtain the follmV'ing I1S estimates for d- and r : 
~:c-AQ... = 8 

4+1 
~_....L - 0 8 

'I - 4+1 - • 

So, the consumption equation in the structural form of the model 
A 

has been estimated by the I1S method as: Ct = 8 + O.8Y 

Exarrrole 2. 

In paragraph 16. 3 'ofe gave the follo\'ling market model as an example 

of non-identified model(D
t 

- demand, Pt - price, St - supply) 

r Dt ~cl.Pt + (l' + E1t . i Dt = oU't + ~ + E1t 

l Pt ~tSt + J + E2t or lPt ~rnt +.s + f2t 

St = Dt (equilibrium) 
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T1e 2- equational model is really not i dentified, since all 

variables are included in each equation (1 = 0 ~ 1 = G-1). 

Let ' s modify the first equation(adding the new variable Z -t 

consumer's income ) in order to obtain an identified model. 

~o , the ne ... , model is : 

NOH , for the f irst equation we have 1=1:=G-1, A= \ - S~ , r(~)=1 

if 't o. 
For the second equa tion is 1=1:£-1, A::: \-~J, r(~)=1::G-1 if ~ ;:(J. 
If follows , that t he new modified model i s just i dentified and it 

can be e stimated by t he ILS met :,od. 

'l'he structural form or' the mo del is 'B ,!t + r Z t = 

)J~=(~:) »=(-~ -~) 2i;)r{-~ -~) 

:8-f =( .1;( ~) 
A·~t A-cJ.t 

l'he r e uced f orm of t he model i s lJe = fi;zc ';'Ut ) Hh_rc 

E'Ic-1- 01... f:Jr 
t-_f -

-rf1t ~~~~ 

~-d-( 

...,here 
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AsmuninG' , that the parame~ers of the r educ ed form have been 

estimated by the OL8 method as I' (if 
1T,., 11 

the ILS estimates for the structural . . n: 
f orm par ame ters q,. I ~ 'I l, & 21 

can be obta ined by solving the followi ng system of equations : 

A 

IT.4t 

'1'he solution which give s the I L3 estimates of the structural fom 

par01neters is: 

A 11; 2 
do. =-:a:-­

H22 

" A ~ Tl21 
Q =~' 

17.2. The TvlO-Stage Le~ Sguare s TlJ.ethod. 

In econometric practice such a s imUltaneous equations models which 

are over-identified(i.e. r(~) = G-1 and 1~G-1 ) are very often ' . 

in use. For such a model s many es timation methods have been proposed 

i n econometric literature , but t he most often used method was 

proposed by H. Theil and it i s called : The Tvro-Stage Least Squares 

(2 .. 3L8 ) method. 

It is based on the follo wing t yro assumpt ions: 

10 Each equation out of G equations of the model is estimated 

separately. 
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20 For each particular m-th equa tion i t i s assumed , that one 

p!3-rameter t'J :: 1, i. e. i t is known in -advance, and ,-rom * 
t hat in t his m-th equation only G jointly de pen ent var i ables 
. * and K predetermined variables were included. 

n or er t o expl ai n t he application of t he 2- SL5 me thod to t he sin l e 

( le t say- t he f irst ) equation of t he G-equa t i onal model, we shall 

introduce the foll owing symbols: 

_ vector(nx1) of observat ions on t he jointly dependent 

variable Y1 explained by the first equation of the model, 

* * matrix (nx (G -1» of observations on the remainin G-1 

jointly dependent variables included in the first equ t ion, 

* * vector ((G-1)x1) of parameters by those G -1 jOintly dependent 

var iabl es i n the first equat ion , 

* * _ matrix (nxK ) of observat ions on K pr edeter mi ned variables 

included i n the f i rst equation, 

* * _ vec t or (K x1) of par ame ters by t ose K predetermined 

variabl es in t he f irst equat i on, 

£1 - vector (nx1) of random disturbances in the f irst equa tion, 

~ _ matrix (nxK) of observa tions on al l K predetermi ned variables 

included in all equa tions. 

rOVl , for n sample observat ions, t he f irst e uation which is under 

estimat ion can be "rri t t en as: 

IT'n r~l idea of t he Two-Stage Least Squares (2 L ) method of 

estimation of the given fi r st equat i on consists of an es timation(by 

t~e OL3 ) of the r educed f orm Yl, =-ZlT +U i n or er to obtain estimates 

1f 2 Ivhich can r epl ace '1
2 

i n the est i mated eq ation (* ), and h n 

aG in apply the OL3 method t o t he equation (*). 
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It is clear now, that t he name of the 2- S1S me t hod is taken from 

the double use of the 01S method : firstly to t he auxilia ry 

r educed fo:qn ( :ZTT +U , and s econdJ.y to t he estimated firs t equa­

t i on (or. ) of t he structural f orm in which Y2 has been repl aced by its 

esti mates "1; obta i ned i n t he first s t age . 

One can distingui sh 3 main steps in t he 2" SLS method . 

10 Applicati on of At he 018 me t hod f or estimation the auxiliary 

r educed form '(2. -=zn .. u i n order to obtain estimates V 2. 

Repl acement of If; i n t he first 

estima t es 9;, us i~ f ormulas 

mat r ix ) and )f; = Y2 +"VI. 

equation (* ) by its OLS 
A 't - 'Yf'2 = '// ( residual s 

30 Appl i cation of t h e 018 met hod a gain to t he f irst equation(* ) 

for getting e s t imate s of its parameters ~2 and 1-'1.' . 
The the or etical backgrolmd f or t he main tri ck used in the 2 ~SLS 

.A . 

me t hod i . e . f or r epl acement of '{2 by i ts 018 estimates 'f 2 from 

the estimat ed reduced form ~ = 21f.rU l ies in utiliza tion of the 

f ollowing '.rheorem for t he OL8 e s timates: 

Theor em. 

If the l inear r egreSSi on model ~=~~+f (With classic 

on disturbances)wa s estimated by the 018 met hod , then 

assumptions 

" the r es iduals i 
.'\ 

are uncor relat ed with t he estima t ed val ues ~ of the expl a ined 

variable • • 

Based on the above Theore~ applied to the auxi liary (reduced form) 

model ~ -==ZJT+U estima ted by the 018 \ore may concl ude, that 

r esi dual s " and t he estimat ed values ~2 are uncorrelat ed. 

Because of t hat)it is wor th to repl~ce ~- by i t s estimates ~ in the 

estima ted first ~quation (* ) -,;of the s t ructura l fo rm of the model. 

Becaus e '{2 = '(2 + VJ t such r epl acement gives the following form 

of the estimated first e qua t i on (*): 
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/\ 

''11 =: -( '( +'1) ~2 - ~* 1* + f1 

or '/1 ~ - 12 fP -z. 1* + (£1 - VI f2) 

or 11 2 - ( '(2 -vl Z.{~:) + (£1 - ~~2) ('H- ) 

1\ 

Now, because of above theorem) '(2 and V are unoorrelated and 

therefore the OLS method can be applied to the new form(**) of the 

first equation in order to estimate parameters (P2 and 11.. 
By application of the OLS estimator to t he linear model (**) we 

obtain finally ' the 2·SL5 estimator as: 

or, in rulother equivalent form (more useful fo comp tation ): 

-4 
V:~~TZ)~14 . - - - - -- - - --

ObViously, we can obtain t he same 2- SLS estimates 

(r~\ 
\" t·) by double 

utilization of t he OLS method i.e. at the first stage to est~te 

the auxiliary reduced form ~:.~ rr +II in order to obtain Y 2 • 

and then at the second stage the OL5 method should be us ed again 

to estimate the first eq~ation 'I. ~ -~ ((2. - Z ... 1_ + ('.- 'I tz ). 
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'l'hat second way of the 2-818 application is more useful i n t he case 

whe~omputer program for the 2-S~S is not availab~. e. 
As inputs for computer we need: [Y!:t ,.12 ' Z , % '* J. , and 

obviously such .aftinput information shoul d be prepared for each 

estimate~ equation (out of G equations ) separately. , 

H. Theil proved, that t he 2- 81S estimator(_~2 _\ is asymptotically 

uftbiased and cons i s tent. i +:- J 
Its covariance matrix can be est imated by t he formula: 

V(t1
_) :I s2.H-~ ~ere H =(J~~~z~t~~1..~_ ~~~!"J 

I ) Z;y: IT} 

.. 2 : Zx-Z~ 

Example: 

Using the 2- S1S method ,-Ie vlOuld like to estimate the firs t equat ion 

of the followine model: 

I - i nvestment 
.t 

employment 

D - national 
t 

i ncome(GDP) 

_ time varia.ble 

First of all let's check t he identification of the firs t (investment) 

equation,t~which the variables 1t ' 1
t
_ 1 ' Dt _1 ' t ,are excluded. 

So, 1=4 >2 = G -1 



'in trix 

- ~2 1 
o 

A=(_1(>34 - ~2 1 

_ °0
3

1 \ = 1"2; 
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o -1'23) - r 31 0 J 'r(A\ ) = 2 = G- 1 , beca e 

t follows t hat t he f irs t equation i over - i de tin d(l'Ut) = (j- ~) l>'-.f) 
For estimat i on of t he f irst equation by t h 2- 18 ,,'e shall have t ie 

stat istical dat a i n form of ( Y/~ I ~ I Z ) Z~). 
1e~s assume t hat t he time- series da t a fo r the jointly dependent 

vari ables It ' 1 t , Dt are a s foll oills : 

t It 1 t t 

0 7.0 31.1 - - '- - _ 3'§ • .§ __ 
" -
1 7. 4 31. 9 38.1 
2 8.1 32.8 39. 3 

3 8.6 33.7 40 . 5 

4 9.0 34. 6 41.8 

5 9. 5 35 . 6 43.0 

6 10. 2 36 . 6 44.7 

7 11 .0 37 .7 46 .0 

8 12. 4 38 .8 40.1 

9 13 . 5 40. 0 50 . 4 
10 14.8 41.1 52. 6 

lor t he e s t imated f i r s t ( i nvestment) equa t io 
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we ha've : 

I t D
t 

I
t

_1 1
t
_1 " TI t I t-1 ----------------_._---------------- t-1 

7.4 \ 
---

38.1 7.0 31.1 36. 6 1 7.0 
8.1 , 39. 3 7. 4 31.9 38 .1 2 
8.6 
9.0 

9. 5 
10.2 
11.0 
12.4 

" 13.5 

I 40 . 5 8.1 32 .8 39.3 3 
',- 41.8 8. 6 33 .7 40 . 5 4 

)'.= 43.0 9. 0 34. 6 41.8 5 , 
44.7 2: 9. 5 35.6 43.0 6 "(\ .2. 
46 . 0 10. 2 36 .6 44.7 7 

~ ~ 48. 1 ~ 11.0 37 .7 46.0 8 

r ': 50.4 12 . 4 
\ 

38.8 48 .1 9 
52.6 13 . 5 40 . 0 50.4 10 

The 2-81S met hod can be applied here by means of performing two' 

times e s t i mation by t he 01S meth od. 

7. 4 
8.1 

8.6 

9.0 
9.5 
0.2 

1.0 
2.4 

3.5 

At t he first stage , the auxiliary reduced form model Yl2 = rrz +U 
was estimated by the 018 ~ethod as: 

A 
D

t 
= 0.76 I

t
_1 + 2. 32 1

t
_

1 
- 0.20 D

t
_1 - 0.94 t - 31.25 

" 'rhe numerica l values of estima t es TIt \'Jere (for t =1, 2, ••• 10): 

(38.2 39.1 40 .5 41.8 '43.0 44 . 6 46.1 48.1 50.4 52.6). 

At the second stage the basic investment equation (after replacement 

of TIt by ~t) : It = ~11 £t + ~12 I t _1 +('--10 + ( £1t - ~t P11)' 

( Where ~t = D
t 

- 'D
t

) was estimated by the 01~ again. 'The numerical 

results of that (final) estimation are: 

It = 0.275 TIt + 0 .. 493 I
t
_1 - 6 .. 59 , with R2 = 0.994, • 
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OHAPI'ER 18 . FORECASTING .BASED ON MUL I- EQUATION r10DELS . 

18.1. Use of t he Reduced Form f or Forecastins. 

The structural rorm'i'Ut +foz t = .f..t of the model with inter­

dependent eQuations (see paragraph 16. 2) can not be used for fore­

casting purposes since it contains as e~lanatory variables also 

endogenous variables which are themself under fo ecastin . Therefore 

the reduced form of the mode l 'tlt = lTZt, + U t 

(whiCh is a simple model) should be used for forecastin& of t h futur 

values of G jointly dependent variables )ft • 
For the random disturbance term Ut of the r educed form i t is assumed, 

that its mean vector E( U
t

) = (]), and its covariance matrix V( ... ~) = V. 
Iry,rder to get f orecast of the vector Ylr. for the future period of 

time T,based on t he reduced form of the model we have to es timate the 

parameters TT of the reduced form and we shall assume (or predict 

using for example trend functions ) the vector ~T of future values 

of K predetermined variables . 
Since the r educed form YJt = lTZ"'t + U t has been classified ~s a 

simple model) its parameters TT can be easily estimat ed by the OLS method) 

assuming given statistical data in the form of the matrix ~nxK 
(observations on K predetermined vari abl es) and the matrix Y nxG 

(observations on G jointly-dependent variables ). 
'lbe OL8 estimates of the reduced form parameters IT from all equati'ons 

of the model can be written a s ~ or ( -r - ( T TT := Z Z) z Y 
the for casted vector of values of G jointly Let ' s denote by "ffrr 

dependent variables for t he future period of time T. 
Let I S denote by f.' ,;,r the fu ture random disturb ce t erm with assumptions: 

for all t-1, ... n. 
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So , the forecast of the f orecasted vector 

can be obta in from the formula 

~ 

where If is the OLS estimate of Jr 
~r is the vector of given future K 

values of predetermined vari ables 

In order to obtain the covar i anMimatrix of that vector of forecasts 
A t '1lr it will be u seful to '!rite i n the equivalent form as : 

~r = F'r* where the matrix F(GK xG) i s defined as: 

f= 
4!T 0 -,' (J 

() z.,., _ '. ()) 

A 

and the vector l't Gl{x1) is a very 

long column vector cons tructed from 
1\ 

the OL8 estimates Tr. being the row 
. ~ '" 

vectors of the matrix IT. 

and its covariance rna t r ix ~s V(!t) = Q)GKxGK (i t is known by the OL5 

formulas for each vector TT.) 
l 

NO\.f, t he covariance matrix of the vector of forecasts can be 

obtained as: 

V(~'f') :: V( f'Tfr.) + V(U-r ') : 

'" F T <p f' + 0/ ) .j,ere ".::= y(U'T') 

It 
. f thO formula for VlGtp)) ~s easy to realize) t hat a spec ial case 0 lS 0 

is the formula given in paragraph 9 . 4 on page 109 for the variance 
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of forecast based on oneeQ ation model '1==L~. ':'hat va iance 
2 (A ) 2 ~T ( T ) -1 O-! 

wa~ D YT = 6"' .A(T) $. X X ( ) + e- ) a d it c n b ::; 

the special case of t he above formula f or ~()V~) taki ng: 

F -::. Xc.cr) 7 <P == vet) ='Q~~~ri ) 0/ :=J>~e'f') - ~7 

18. 2. ~x . Post Analysis of 'orecasts . 

The analysis of precision of forecasts by means of st andar er ore 0 

fo recast s is called often t he Ex- Ante an )ysi~ of accuracy of fore­

casting, since it is performed before obtainin actual real'zations 

Yr of fore casted variable . But) if the forecas t had been prr.par d rna y 

years ati0 , and now the actual realizations of a forecasted var i 8ble are 
A 

available , it is possible to make comparative analyois of foreca, ::; Yr 
anI actuc::.l real iza tions Ym of enclogenous va iables . 

1 

Juch kind of analysis of th accuracy 0 fo ecastinz b~ ed on com ' icon 

of actual statistical data with former forecast ic called the 

E:.:x.:--_....::...:::.::.....=!=l::.yL-;s::.:l::,:· s::., 0 accuracy of forecasting. 
'I'he Ex _r ost analysis was a special research i nte est of H. rrheil , I.ho 

p oposed the divergency c~efficient and its ecomposition fu 

:Sx- Po s t analys i pur po e . 

l'he Theil ' ., diver ency coefficient is defin d as : 

· .. :l1ere 

n 
n L (P . _A. )2 

i=1 l l 

? i stands for the for ecast (predi tion) of a given "of iable fo 

:he i - th year 
A stands for the ac t ual reali~ation of that variable for 

i 
i - th year 

n is the number of years for v'hic' the pairs( P i ' Ai) a e 

a ailable . 
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I t is clear t hat if i . = u l. p . ( Where u=~ ) 
. l. 

i s small (in percentages) t he forecast p . was accurate . 
l. 

By t he special decomposi t i on proposed by B. Theil for t he diverl~ency 

coeffici ent u2 , we can obt ai n additional i mportant inf ormat i on about 

t he model which had been used f or for~casting. 

Le t' s denote by P 
1 n - L P. the mean value of forecasts 
n i =1 l. 

n 
A =l L A. the mean value of actual r ealizat i ons 

n i =1 1. 

n L. (P. _ p)2 the vari ance of f orecasts 
n i=1 1. 

2 1 n - 2 
SA - n ): (A. - A) t he variance of actual realizations 

i=1 1. 

n 
it~ (P. - P)(A, - A) 

= i=1 1. l. 
r - Sp SA 

the correl ation coefficient 

between forecasts and actual 

r eal izations . 

Using t hese symbols we can obtain the following decomposition of the 

. Theil's divergency coeffic i ent : 

u2 =.1 f:.. (p, - A, ) 
2 = 1 >i

n
=1 [ (Pl.' 

n i=1 l. 1. n 

= (~ _ A)2 + S2 _ 2r S 2 P P SA + SA = 

- - 2 2 -
= (p - A) + (S - SA ) + 2 S SA(1-r) p p . 

Each separate part of that decomposition gi ves some information and 

it has i ts specifi c name accordi ngl y : 
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is called the share of biasedness of pr edict i on 
-Urn = 0 if P = A (empirical unbiased predi ction) 

If Urn is large, it means that a wrong estimation 

me t hod was used , since t he predic t or is biased. 

is called the share of dispersion of predi ction 

Us = 0 if S = SA (homoscedasticity of prediction) 

If Us is la~ge (because of s~~ Si) it means 

small efficiency of pr edic t or . 

i s cal l ed the share of correlation betwe en fo ecasts 

and actual realizat ions 

U = 0 if r=1 (full l i near correlation P. and A.) c 1. 1. 

If U is lar e , t he correlation P. and A. is c 1. 1. 

weak . 

Obviously UM'+ Us + Uc = 1 

0 , if in Ex- Post analysiS of prediction we obtaine r ather argo 

values of 'i = ~ ,we can find the main source of that bi g 

divergency by looking of t he calculated shar e of biasedness U , t he 

share of dispersion Us and the share of correl ation Uc ' uch an 

analysis can give us important ,information on possible way for 

improvement of the forecas ting model . 

For Quick Ex- Post analysis wi th utilization of U , U~ , Uc 
the six t ypical situations illustrated geome trically are given on 

the next page . 
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~, amole : 

rhe pro uction of maize in a g iven aGT1.cul tur ' 1 e ion was f or ca t u 

based on some econometric model and after f~w years the actual m i ~e 

produc Lion fi rures (in t housand t on \oJ .re btai. n ',d : 

Y ar 1 2 ,; 5 I S bol 

Forec a s t 30 35 40 15 50 I ) ~ 

Ac Lun.l _roduction 34 36 38 42 45 L~ 
i 

rhe P.x- Post analysi s of that prediction can no vi be pe formed ba", 

on de com osition of the Theil ' s divergeny coef f icient . 

'umerLcal r e ",ul ts of calculation ar e as fo110 1tis : 

u2 1 ~ (P . 2 1 
u =V= = 5 

- A.) = 5 • 55 = 11 5.3 
i =1 

l. 1 

ior i=1 , i = ~_hl = 0 .11 - 11 76 ( .wh · ch means r a t e bir, 
1 P1 - 30 

of prediction) . 

i.lean vctlue of forecast s i s ? = 40 , wile th mean val e of a c tu 1 

~aize produc t i on is X = 39 (r' t her smal l differ nce ) . 

v'? P; cy 

:'11C '!,J .... i a.nce of f orecasts is ~ = 50 , n = 7 . 07 , whi le th8 va i ·1 '1Ce 

t 1 1 . . ~2 16 
o "tc":'.. p 0 <1.1. t10n lS ';;)A = , 
l'he C01':::-e 1 8 t ion coefficient be t we. 

A = 4 . 0 

P and A. i 
i 

(1' _ 1 )2 1 
UH = 2 '11 

hi .,; 

-'he share of dispe sion is Us 
( 

u 2 

= Sp - S ) = ( ..L.7 :..::.0:-J..7_~ 2 4.0) 

r: share of correlation is U c = 

U" 11 

2 
U 

= 2 • 0 . 0 

0110Hs , that t he main source of big divergency of pre ic tio:: is 

= ) 

to h i e v .r iance of forecast s i n corrrparisen VIi tl1 t hc varia ce of act· al 

maize _ r oduction . 'fuere fore ",e can i In rove t he a cc acy of . aize pro-

1, ction o.ecasts mainly by degreasin the v~ i ance of caie to:;. . i'h" s 

one by r eestimation of t he forecastin~ econooet:::-ic so el . 3i::~ 

::-.ore efficient es timat ion method(e. 

~~e OL~ me t hod). 

using t he ns't ad 0_ 
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