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Preface

This book has been written with several guiding principles in mind. First, the fo-
cus is on marginal models for categorical data. This is partly done because marginal
models for continuous data are better known, statistically better developed, and more
widely used in practice — although not always under the name of marginal models
— than the corresponding models for categorical data (as shown in the last chapter
of this book). But the main reason is that we are convinced that a large part of the
data used in the social and behavioral sciences are categorical and should be treated
as such. Categorical data refer either to discrete characteristics that are categorical
by nature (e.g., religious denominations, number of children) or result from a cate-
gorical measurement process (e.g., using response categories such as Yes versus No,
Agree versus Neither Agree nor Disagree versus Disagree). Treating categorical data
as realizations of continuous variables and forcing them somehow into models for
continuous data always implies making untestable assumptions about the measure-
ment process and about underlying continuous distributions. In general, an explicit a
priori model about the specific way in which the respondents ‘translate’ the continu-
ous information into a choice among discrete categories must be postulated, and the
underlying latent variable must be assumed to have a specific form, e.g., a normal
distribution. Violation of these largely untestable assumptions can seriously distort
the conclusions of an analysis. Therefore, it is very fortunate that during the last few
decades enormous progress has been made in the development of models that take
the categorical nature of the data as given without having to make strong untestable
assumptions. This monograph will apply and extend these insights into the area of
marginal modeling.

Our second guiding principle seems an obvious one: marginal models are needed
to answer important research questions. However, we state this principle explic-
itly because there is some controversy about it. This monograph will elaborate our
position extensively (throughout the book and more explicitly in the next and last
chapters), but a concise illustration of it runs as follows. We have two variables A and
B, which are measurements of the characteristic Political Preference at two instances,
e.g., political preference at time one (variable A) and two (B) for the same sample,
or the political preferences of husband (A) and wife (B) for a sample of married
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couples. To answer questions like Are there any net differences between time one
and two? or Are there any overall differences between the opinions of husbands and
wives?, one needs marginal modeling. Because the marginal distributions of A and B
do not come from independent samples, standard estimation and testing techniques
involving independent observations cannot be used. Comparison of the marginal dis-
tributions, taking the dependencies of the observations into account, is the specific
purpose of marginal modeling. This approach is often referred to as ‘unconditional’
or ‘population-averaged’ and contrasted with the conditional or subject-specific ap-
proach. In the latter one, the scores on B are regressed on A (or vice versa) and the
interest lies in the (expected) individual scores on B, conditional upon and as a func-
tion of the scores on A. In this sense, the interest in conditional analyses lies explicitly
in the nature of the dependencies in the data. In terms of longitudinal studies, one
focuses on the gross changes and transitions from A to B. The unconditional and the
conditional analyses will generally show different outcomes. It does not make much
sense to argue about what approach is better — they just answer different research
questions.

An important and widely used alternative way of handling dependencies in the
data is by means of random coefficient models, also referred to as multilevel or hi-
erarchical models. The (dis)similarities between the marginal and the random coef-
ficient approaches may be rather complex. Just a few main remarks will be made
here. In the next and especially the last chapter, a more extensive discussion will
be presented. In marginal modeling, the marginal distributions of A and B are being
compared, taking the dependencies in the data into account in the estimation and
testing procedures, without making any restrictive assumptions about the nature of
the dependencies. Many researchers tend to use random coefficient models for essen-
tially the same purposes. In terms of our little example, one can test and estimate the
differences between A and B while introducing random intercepts for each individual
(in the longitudinal example) or for each couple (in the husband-wife example), thus
explicitly taking the dependencies in the data into account. Generally (and certainly
for loglinear models), the outcomes of random coefficient models and corresponding
marginal models will not be the same. In the random coefficient model for the ex-
ample above, one investigates the differences between the marginal distributions of
A and B conditioning on subject (or couple) differences. In this sense, random coef-
ficient models belong to the class of conditional or subject-specific models. Further,
when introducing random coefficients, one introduces certain assumptions about the
distribution of the random coefficient and about the nature of the dependencies in the
data, assumptions that usually constrain the dependencies in the data and that may
or may not be correct. Finally, it is usually not so easy and straightforward to con-
strain random-effect models in such a way that these constraints yield the intended
marginal restrictions by means of which the intended hypotheses about the marginal
distributions can be tested.

The estimation method that will be used in this book is Maximum Likelihood
(ML) estimation, directly building upon the work of Lang and Agresti (Lang, 1996a;
Lang & Agresti, 1994). ML estimation for marginal modeling has many advantages,
but ML estimates are sometimes difficult to obtain. The algorithms proposed here at
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least partly overcome these problems. In an alternative general approach towards the
testing and estimation of marginal models, weighted least squares (WLS) procedures
are used. This approach is often called the GSK method, named after its develop-
ers Grizzle, Starmer and Koch (Grizzle, Starmer, & Koch, 1969; Landis & Koch,
1979). In general, WLS estimates are computationally simpler to obtain than ML
estimates, but have some statistical disadvantages. To overcome some of the compu-
tational difficulties of ML estimation without the disadvantages of WLS, Liang and
Zeger developed a quasi-likelihood procedure — the GEE (Generalized Estimating
Equations) method — for marginal-modeling purposes (Liang & Zeger, 1986; Dig-
gle, Heagerty, Liang, & Zeger, 2002). GEE provides consistent parameter estimates,
but faces problems regarding the efficiency and accuracy of the estimated standard
errors. A more extensive comparison between ML on the one hand, and WLS and
GEE on the other hand will be discussed in the last chapter. A third alternative to ML
might be Bayesian inference. Despite the important recent developments in Bayesian
methods, at least for categorical data analysis, its accomplishments and promises for
marginal modeling of categorical data are still too unclear to treat them here. It would
also go beyond the intended scope of this book.

This book has been written for social and behavioral scientists with a good back-
ground in social science statistics and research methods. Familiarity with basic log-
linear modeling and some basic principles of matrix algebra is needed to understand
the contents of this book. Nevertheless, the emphasis is on an intuitive understanding
of the methodology of marginal modeling and on applications and research exam-
ples. Parts that are statistically more difficult are indicated by ***: they are included
to provide a deeper insight into the statistical background but are not necessary to
follow the main argument.

The real world examples presented in this book are on the book’s website:

www.cmm.st

In addition, our Mathematica and R programmes for fitting marginal models can be
found there, as well as the user-friendly code needed to fit the models discussed in
the book. This is further discussed in Chapter 7, along with a presentation of some
other user-friendly programs for marginal modeling.

In the first chapter, we will explain the basic concepts of marginal modeling.
Because loglinear models form the basic tools of categorical data analysis, loglinear
marginal models will be discussed in Chapter 2. However, not all interesting research
questions involving marginal modeling can be answered within the loglinear frame-
work. Therefore, in Chapter 3 it will be shown how to estimate and test nonloglinear
marginal models. The methods explained in Chapters 2 and 3 will then be applied
in Chapter 4 to investigate changes over time using longitudinal data. Data resulting
from repeated measurements on the same subjects probably form the most impor-
tant field for the application of marginal models. In Chapter 5, marginal modeling
is related to causal modeling. For many decades now, Structural Equation Model-
ing (SEM) has formed an important and standard part of the researcher’s tool kit,
and it has also been well developed for categorical data. It is shown in Chapter 5
that there are many useful connections between SEM and marginal modeling for the
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analysis of cross-sectional or longitudinal data. The use of marginal models for the
analysis of (quasi-)experimental data is another important topic in Chapter 5. In all
analyses in Chapters 2 through 5, the observed data are treated as given, in the sense
that no questions are asked regarding their reliability and validity. All the analyses
are manifest-level analyses only. Marginal models involving latent variables are the
topic of Chapter 6. In the final Chapter 7, a number of important conclusions, discus-
sions and extensions will be discussed: marginal models for continuous data, alterna-
tive estimation methods, comparisons of marginal models to random and fixed-effect
models, some specific applications, possible future developments, and very impor-
tantly, software and the contents of the book’s website.

The very origins of this book lie in the Ph.D. thesis Marginal Models for Cate-
gorical Data (Bergsma, 1997), written by the first and supervised by the second (as
co-promotor) and third author (as promotor). Each of us has written in one form or
another all lines, sections, and chapters of this book, and we are all three responsible
for its merits and shortcomings, but at the same time we acknowledge the funda-
mental work done in the Ph.D. thesis. Grants from the Netherlands Organization for
Scientific Research NWO have made the Ph.D. project possible, as well as a subse-
quent postdoc project (NWO grant 400-20-001P) that contributed enormously to the
birth of this monograph.

Finally, we would like to thank several people and acknowledge their often crit-
ical but always constructive, helpful, and important contributions. Jeroen Vermunt,
Joe Lang, Antonio Forcina and Tamas Rudas contributed in many ways, in discus-
sions, in answering questions, in working together both on the aforementioned Ph.D.
thesis and on this book. John Gelissen, Steffen Kühnel, J. Scott Long, Ruud Luijkx,
and Michael E. Sobel commented on (large) parts of the manuscript. Andries van der
Ark contributed to the R routines for fitting the models. Matthijs Kalmijn provided
us with the Dutch NKPS data (Netherlands Kinship Panel; http://www.nkps.nl) used
in Chapters 2, 5, and 6. Marrie Bekker allowed us to use the data on body satisfac-
tion which are analyzed in Chapters 2 and 3. Finally, we thank Bettina Hoeppner for
providing us with the smoking cessation data from the Cancer Prevention Research
Center, University of Rhode Island (Kingston, RI), used in Chapter 5 (and we will not
insult the readers’ intelligence by assuming that they might think the aforementioned
people are in any way responsible for the book’s errors and shortcomings).

If it were not for the patience and enduring support of John Kimmel, editor at
Springer Verlag, these pages would never have appeared between covers.

Wicher Bergsma, Marcel Croon, Jacques Hagenaars
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1

Introduction

The starting point for the marginal modeling of categorical data is a multidimen-
sional table representing the joint probability distribution of two or more categorical
variables. Over the last decades, many techniques have been developed to analyze
the relationships in such a table, excellent overviews of which have been provided
by Agresti at several levels of difficulty (Agresti, 1990, 1996, 2002). Very often,
however, researchers are not interested in the analysis of the complete joint distribu-
tion but in a marginal analysis, i.e., in the comparison of two or more marginal tables
that may be formed from the original complete table by collapsing cells.

In the first section of this chapter, the concept of marginal modeling of categorical
data will be further explained, partly and briefly in contrast to alternative approaches
that deal with more or less related research problems (as already mentioned in the
Preface). Thereafter, some historical background will be provided, identifying previ-
ous statistical work on testing marginal homogeneity, and some statistical approaches
that can be seen as forms of marginal modeling but are usually not explicitly iden-
tified as such. In the final section of this chapter, several descriptive statistics are
introduced that are used in the remainder of this book to describe and test particular
differences between marginal distributions.

1.1 Marginal Models for Categorical Data

A very simple, but typical, example of marginal modeling is the investigation of the
net changes in a particular characteristic for two points in time by means of panel
data. For example, information on the respondents’ vote intentions is obtained in
the beginning and at the end of a political campaign, interviewing the same persons
twice. The pertinent categorical variables are denoted as X (Vote intention at time 1)
and Y (Vote intention at time 2). The joint)probability that a randomly chosen person
belongs to a particular cell (i, j) of table XY is indicated as πX

i
Y
j . These joint proba-

bilities are the entries of turnover table XY and may be used to study gross changes
and transitions over time in political preference. Gross changes in this example refer
to changes on the individual level. The proportion of individuals, for example, whose

W. Bergsma et al., Marginal Models: For Dependent, Clustered, and Longitudinal 1
Categorical Data, Statistics for Social and Behavioral Sciences,
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2 1 Introduction

vote intention did not change from time 1 to time 2 equals ∑i πX
i

Y
i , and the proportion

of changers is 1−∑i πX
i

Y
i . Transitions refer to the transition probabilities from time 1

to time 2, i.e., the conditional probabilities πY
j
|X
i of Y = j, given X = i. However, the

research question of interest may not concern the transitions or the gross changes,
but the net changes over time. Net changes in a characteristic refer to the compar-
ison of marginal distributions of the characteristic at the different time points and
represent the overall trend in the data. The marginal probabilities of turnover table
XY are indicated as πX

i (= ∑ j πX
i

Y
j = πX

i
Y
+) and πY

j (= ∑i πX
i

Y
j = πX

+
Y
j ). For example,

when studying the overall net impact of a political campaign, the researcher should
investigate and compare the marginal distributions πX

i and πY
j of table XY rather

than focus on the joint probabilities πX
i

Y
j . If there is no gross change, there cannot

be net change, but gross change itself does not necessarily lead to net change since
the changes at the individual level may neutralize each other in such a way that the
marginal distributions remain the same over time.

If the X and Y observations have been obtained from two different independent
samples at time 1 and time 2, respectively, standard statistical procedures may be
used to test and estimate the net change models one is interested in. One sets up a ta-
ble Time × Vote intention in which the observed sample distribution of Vote intention
at the first time point corresponds to pX

i and the observed sample distribution of Vote
intention at the second time point to pY

j and then applies a standard chi-square test for
statistical independence to this table to test the no net change hypothesis πX

i = πX
j for

i = j. However, in our example above, the observations on X and Y are in principle
not independent of each other, as they are based on the same sample of respondents;
they come from a panel study, and not from a trend (repeated cross sections) study.
The over time observations tend to be dependent on each other, as reflected in the
full table XY . If the researcher is only interested in the overall net changes, this de-
pendency as such is not important and is just a nuisance. But it is a nuisance that has
to be taken into account when comparing and modeling the marginal distributions of
X and Y . Ignoring the dependencies between X and Y generally leads to nonoptimal
estimators in terms of desirable properties like efficiency. Moreover, it often leads
to similarly nonoptimal parameter estimates for the (restricted) differences between
the two marginal distributions. Why then should one ever use dependent rather then
independent observations? The answer is simple: sometimes only dependent obser-
vations are available to answer the research questions. Moreover, in many cases, tests
based on dependent samples will have more power than tests based on two indepen-
dent samples (for an illustration, see Hagenaars, 1990, p. 208-210). Further, the need
for marginal-modeling procedures may arise not only from the (longitudinal) design,
but also from the particular nature of the research question, even in a one-shot cross-
sectional design with independent observations. For example, imagine a researcher
using cross-sectional (independent) data interested in comparing the marginal distri-
butions of Political Party Preference and Political Candidate Preference using the
same categories for both variables. Because the same respondents are involved in
both marginal distributions, their equality cannot be investigated by means of the
standard chi-square test, but marginal modeling is required.
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Marginal modeling is not restricted to the investigation of one-variable marginals
of a two-dimensional joint table, as in the above example. At one extreme, the
joint table may represent the distribution of just one variable and the marginal ta-
bles to be compared may be particular partially overlapping cumulative probabilities
formed from this one variable distribution. For example, the ‘joint’ distribution is
πA

i with i = 1, . . . ,5, and the ‘marginals’ to be compared are (πA
1 + πA

2 + πA
3 ) and

(πA
1 + πA

3 + πA
5 ). Several examples of this kind will be presented in this book. At

the other extreme, the joint table may be high-dimensional, e.g., pertaining to ten
variables, and the marginal tables to be compared may be several five-dimensional
tables obtained by collapsing the ten-dimensional table in several different ways. In
this way, for example, one can investigate for panel data whether a particular causal
model for five characteristics is identical in some or all respects at time 1 compared
to time 2. In general, marginal modeling refers to the simultaneous analysis of mar-
ginal tables coming from the same joint table. There are many ways to form marginal
tables, but as several examples in this book will show, it is not always necessary
to apply the marginal methods advocated here. Sometimes simpler and more direct
methods are available. A more formal definition of marginal modeling is given by
Bergsma, 1997, Section 4.1.

Dependency of observations may be seen as a clustering effect and often arises in
multistage or cluster sampling. Marginal modeling can be used, as many examples in
this book will show, to take this clustering effect into account. However, these kinds
of dependencies can also be handled in several ways, not just by means of marginal
modeling. In longitudinal studies, a distinction is often made between conditional
and unconditional approaches (Goldstein, 1979; Plewis, 1985; Hagenaars, 1990). In
conditional models, the interest lies explicitly in the nature of the dependency of the
observations at time t on the observations from previous points in time. In terms of
our simple two-wave panel example above, Vote intention at time two is regressed
on Vote intention at time one, modeling the joint probabilities πX

i
Y
j . These models

are also called transition models or subject-specific models, because the pertinent
research question is about the transitions from time 1 to time 2, i.e., the conditional
probabilities πY

i
|X
j , and about what a respondent’s expected vote intention is at time 2,

conditional upon her or his individual score at time 1. In comparison, marginal mod-
els are unconditional models, also called population-averaged models, because they
just compare, in terms of our little panel example, the marginal distributions of X
and Y , substantively ignoring the dependencies of the observations (Diggle et al.,
2002; Lindsey, 1999; Agresti, 2002). In marginal modeling, the dependencies are
treated as a nuisance that has to be taken into account in the statistical testing and
estimation procedures, but is of no substantive interest as such. Whether to use con-
ditional or unconditional methods depends essentially on the nature of the research
question. Because in many situations, especially with categorical data and nonlinear
models, conditional and unconditional analyses may yield very different outcomes,
one should be very careful to choose the right approach. Also note that the term ‘un-
conditional analysis’ for marginal models may be confusing in that it can be inves-
tigated by means of marginal modeling whether, in our panel example, the marginal
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distribution of X and Y differ from each other, both for men and women, that is,
conditional upon gender.

Nowadays, perhaps the most popular way to handle dependencies and cluster
effects in the data are random-effect models, often referred to as multilevel models
or hierarchical models (Hsiao, 2003; Goldstein, 1979; Raudenbush & Bryk, 2003).
Recently, there has been enormous progress in the development of random-effect
models for categorical data. Comprehensive overviews of these developments are
available, often including extensive comparisons with the conditional and uncon-
ditional models discussed above (Agresti, 2002; Diggle et al., 2002; Lindsey, 1999;
Vermunt, 2003; Agresti, Booth, Hobert, & Caffo, 2000; Vermunt & Hagenaars, 2004;
Molenberghs & Verbeke, 2005; Verbeke & Molenberghs, 2000). Precisely because
of the importance of these developments and the opportunities they offer, researchers
should make deliberate decisions on what techniques to choose and not automatically
follow the fads and foibles in social science research methodology. In Chapter 7, a
more extensive comparison of marginal and random-effect models will be presented,
but for now it is good to keep a few main things in mind. In general, random-effect
models make specific assumptions about the nature of the dependencies in the data.
If these hypotheses are not true, the substantive conclusions about the effects of par-
ticular variables may be very wrong. In line with this, the random terms in the equa-
tions (which are essentially latent variables) are assumed to have a particular, often
normal, distribution, and are in most applications assumed to be independent of the
other observed variables in the equation. Again, if this is not true, all conclusions
from the data might be wrong. Finally, random-effect models are a form of condi-
tional or ‘subject specific’ analysis. In our panel example, the effect of one variable
on another is investigated conditioned on the individuals. Again, such conditional
analyses may differ very strongly from marginal unconditional analysis. This is es-
pecially true for categorical data and nonlinear models. Moreover, it is usually not
straightforward to derive the necessary restrictions on the relevant marginals from
(random effect) models for the full joint table.

As is clear from the title of this book, we confine ourselves to the application of
marginal models to categorical data; marginal models for continuous data will only
be briefly discussed in the last chapter. Perhaps without being aware of it, researchers
are often fairly well-acquainted with marginal modeling of continuous data using lin-
ear models. The t-tests for differences between two means for matched pairs are a
standard part of basic statistics courses, as are (M)ANOVA designs for repeated mea-
sures, etc. In general, the standard linear techniques for independent observations are
more readily transferred to the dependent case than is true for categorical data and
nonlinear techniques. Actually, the development of marginal models for categorical
data is much more recent (Diggle et al., 2002; Lindsey, 1999; Agresti, 2002) and less
well-known. This is unfortunate as marginal models are needed to answer the kinds
of important research questions discussed in this book, and because categorical data
are part and parcel of the social science research practice. Forcing categorical data
into linear models for continuous data is, in our view, a practice not to be recom-
mended in general. For example, assigning (‘estimating’) scores to the categories of
a particular categorical variable on the basis of its relationships with one or more
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other variables or on the basis of particular (often normal) underlying continuous
distributions may make the outcomes of the measurement process strongly depen-
dent on the other variables chosen or on the normality assumption which can have
a strong influence on the outcomes of the analyses. In that respect, we favor a
Yulean as opposed to a Pearsonian approach (Agresti, 2002, 619-621; Aris, 2001;
Hagenaars, 1998) and advocate the development of truly categorical marginal mod-
els for unordered and ordered categorical data.

1.2 Historical and Comparable Approaches

There has been a continuing interest in categorical marginal modeling at least since
the 1950’s, mainly focusing on simple marginal homogeneity models for square ta-
bles. Simple marginal homogeneity models are often used for the investigation of
net changes over time in categorical characteristics, often in a (quasi-)experimental
context. Comprehensive overviews of early and more recent work are provided by
Agresti (2002), Bishop, Fienberg, and Holland (1975), Haberman (1979), Hagenaars
(1990), and Bergsma (1997). The approach to marginal modeling that will be ex-
plained and extended in this book is based on the full Maximum Likelihood (ML)
estimation procedure with constraints on the parameters, first developed in a very
general way by Aitchison and Silvey (1958, 1960). This approach was applied to
categorical data by Lang and Agresti, and further elaborated by Bergsma and other
authors (Haber, 1985; Lang & Agresti, 1994; Becker, 1994; Balagtas, Becker, &
Lang, 1995; Lang, 1996a; Bergsma, 1997; Vermunt, Rodrigo, & Ato-Garcia, 2001).
Its main characteristics are that any model for the marginal tables is formulated di-
rectly in terms of restrictions on the cell probabilities of these marginal tables, and
that no assumptions are made or needed for the nature of the dependencies in the
joint table. The only requirement is that the conditions for multinomial sampling are
fulfilled.

Several other approaches exist for obtaining estimates for restricted models for
marginal tables. Perhaps the best known is the GSK approach, named after Grizzle,
Starmer and Koch (Grizzle et al., 1969; Landis & Koch, 1979; Kritzer, 1977). They
developed a very flexible and general approach for the analysis of categorical data,
based on Weighted Least Squares (WLS) estimation. It includes marginal-modeling
methods that can be used to solve essentially the same kinds of substantive questions
and problems dealt with in this book. User-friendly computer programs for applying
their methods have been available for a long time, including modules in generally
available computer packages such as SAS. WLS estimates are often much easier to
compute than ML estimates. Moreover, just as ML, WLS estimates have desirable
asymptotic properties. In general, for both small and large samples, ML tends to have
superior properties to WLS, as is made clear in the discussion section of Berkson
(1980).

More recently, to overcome the sometimes big computational difficulties en-
countered when trying to obtain the maximum likelihood estimates for complex
marginal models and avoid the problems with WLS, Liang and Zeger developed
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an extended quasi-likelihood approach called Generalized Estimating Equations
(GEE) (Wedderburn, 1974; Liang & Zeger, 1986; Liang & Zeger, 1986; Diggle et
al., 2002). Although GEE methods can be used outside marginal modeling, its main
uses have been in this area. The main difficulty in finding the maximum likelihood
estimates for the parameters of marginal models is the often complex structure of the
dependencies among the observations. Essentially, in the GEE approach, this com-
plex dependence structure is replaced by a much more simple one, e.g., statistical
independence or uniform association, and consistent estimates are obtained. In this
way, computations become much easier. If the dependency structure is misspecified,
GEE may yield nonoptimal estimates, especially of the standard errors. Because in
more complex marginal models dependencies are often complex involving higher-
order interaction effects, we will rely on ML in this book because it allows us to take
these complexities explicitly into account. Nevertheless, it is good to remember that
if the ML procedures proposed here break down for computational reasons, WLS
and GEE might provide an alternative. In the last chapter, ML will be compared
more extensively with WLS and GEE.

There exist a few other approaches that also use full maximum likelihood meth-
ods. They can be divided into two broad families that contain many variants. They
will not be used or discussed further in this book because of some practical short-
comings (in our view), but they are mentioned here for the sake of completeness.
The first one is essentially a testing approach, more precisely a conditional testing
approach and goes back to important fundamental work by Caussinus (1966). The
starting point is the symmetry model for a square table in which it is assumed that
the cell frequency for cell (i, j) is the same as the cell frequency for cell ( j, i) for
all values of i �= j. Maximum likelihood estimates for the cell frequencies under
this restriction can be obtained, and a statistical test for symmetry is possible, us-
ing the maximum likelihood chi-square G2

S with degrees of freedom dfS. The next
model is the quasi-symmetry model, in which it is assumed that the square table is
symmetric as far as the differences between the marginal distributions of this table
allow. The corresponding test statistic is denoted as G2

QS with dfQS. Quasi-symmetry
in combination with marginal homogeneity, implies and is implied by symmetry.
Therefore, a (conditional) test of marginal homogeneity is possible by means of the
conditional test statistic G2

MH = G2
S− G2

QS and dfMH = dfS − dfQS. If the symmetry
model is valid, this conditional test statistic has asymptotically a chi-square distribu-
tion, conditional upon the quasi-symmetry model being true in the population. How-
ever, even when the quasi-symmetry model is only roughly approximately true, the
chi-square distribution for the marginal homogeneity test is still adequately approxi-
mated. These models can be formulated within the loglinear framework and readily
extended to three or more variables. In this way, Duncan and Hagenaars have tested
several of the marginal models discussed in this book (Duncan, 1979,1981; Hage-
naars, 1990,1992). However, for practical work, it has a serious shortcoming in that
it remains a testing procedure that does not provide expected frequencies or parame-
ter estimates under the assumed marginal model. These have to be determined in an
ad hoc way. Furthermore, it is not clear whether the methodology can be extended to
more complex models.
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In another family of general marginal approaches, a model is formulated for the
joint probabilities in the full table, and restrictions are imposed on the parameters in
the model for the full table in such a way that the desired restrictions in the marginal
tables are defined. Or alternatively, a model for the multi-way table is formulated by
defining a set of parameters concerning the one-way marginals, a non-overlapping
set of parameters for the two-way marginals, then for the three-way marginals, some-
times up to the full joint probabilities (Glonek & McCullagh, 1995; Glonek, 1996).
For an overview and more references, see Agresti (2002, p. 466) and Heagerty and
Zeger (2000). Fitting these models is often computationally very involved. To avoid
such computational complexities in the end, often a non-saturated model is postu-
lated for the dependencies at the higher multiway level, but misspecification of the
nature of the dependencies might have a serious influence on the conclusions about
the marginal models. Moreover, extensions of this approach to nonloglinear models
may be very cumbersome.

There exist many more models and methods commonly used in the social and
behavioral research that are, in fact, marginal models for more specific purposes
and apply marginal-modeling principles, but are often not recognized as such. For
example, cumulative odds and odds ratios are widely used in the analysis of or-
dered categorical data (Agresti, 2002). Modeling such odds (ratios) usually requires
marginal-modeling principles. A simple example may be one in which the indepen-
dent variable is Sex (= 1 for men and 2 for women) and the categorical dependent
variable is Education (with scores running from 1 = only elementary school to 7 =
university degree). In ordinary logit or loglinear modeling, one investigates how the
conditional odds πE

i
|S
s /πE

j
|S
s of belonging to category i rather than to category j of

Education are different for boys and girls. However, given the ordinal character of
Education, one may form conditional cumulative odds of belonging to category 1
rather than to a category larger than 2, or of belonging to category 1 or 2 rather than
to a category larger than 2, etc. Each of these cumulative odds might be separately
investigated for differences between boys and girls. However, if it is assumed that the
Sex differences are the same for all successive cumulative odds, marginal-modeling
methods are necessary because the successive cumulative odds are no longer inde-
pendent of each other under the simultaneous restrictions.

Another instance is causal modeling of categorical data by means of modified
path models, also referred to as directed graphical models, or directed loglinear mod-
els (Goodman, 1973; Hagenaars, 1998; Vermunt, 1997b; Cox & Wermuth, 1996).
Assume five categorical variables A, B, C, D, and E where the alphabetical order in-
dicates the postulated causal order, A being the first independent and E being the last
dependent variable. For testing and estimating a structural equation (causal) model
for these variables, a series of marginal tables of increasing complexity must be set
up. Treating the observed marginal distribution of A as given, the first interesting
marginal table is Table AB, which is obtained by collapsing the complete joint table
over C, D, and E . This marginal table is used to estimate the logit parameters for the
effects of A on B. Next, we have marginal table ABC to estimate the logit effects of
A and B on C, etc. In principle, these subtables (marginal tables) and submodels can
be analyzed separately. However, as soon as restrictions are imposed on probabilities
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or parameters that belong to different subtables or submodels, some form of mar-
ginal modeling is needed (Croon, Bergsma, & Hagenaars, 2000). For example, a
researcher may want to test whether the logit effect of A on B in marginal table AB
is identical to the partial or to the marginal effect of B on C, modeling marginal ta-
bles AB and ABC, or AB and BC simultaneously. In Chapter 5, these modified path
models will be discussed extensively.

Markov chain models are prime examples of the combination of marginal and
regular causal modeling. Let variables A through E introduced above now refer to
five successive points in time. The order of the markov chain can be determined
in the standard causal modeling way. If a first order chain is assumed, in which the
observations at time t are only influenced by the observations at time t−1 and not by
t −2, t −3, etc., only B, and not A, has an influence on C in the marginal table ABC.
Similarly, in the logit equation for table ABCD, variable D is only influenced by C
and not by A and B. A second order chain would imply, for example, that in the logit
equation for table ABCD, both B and C influence D, but not A. Although marginal
tables are involved, so far no marginal modeling is required in the restricted sense
indicated above. However, the introduction of a markovian homogeneity constraint
would require marginal modeling. The simple homogeneity restriction implies that
all marginal transition tables from t to t + 1 are identical: the transitions in marginal
tables AB, BC, CD, and DE are all the same, e.g., πB

i
|A
j = πC

i
|B
j . This restriction creates

a dependency between the observations that has to be taken into account. In that
sense, first order homogenous markov chains are a form of marginal modeling. On
the other hand, the estimation and testing of the first order homogenous markov chain
without further restrictions does not necessarily require the use of the full joint table
(as in our general marginal-modeling approach), and more efficient ML procedures
are possible for particular models (Bishop et al., 1975, Chapter 7).

From all these introductory remarks, the reader should have gained a good in-
formal and intuitive insight into the nature and purposes of marginal modeling and
may now be ready for a more extended and precise treatment of the topic. But before
presenting this more precise treatment, one more aspect needs to be introduced. Only
rarely does a researcher want to compare complete marginal distributions. More of-
ten than not, the interest focuses on particular aspects of these distributions, such as
comparing the averages or variances of one-dimensional margins or the associations
of several bivariate marginal tables. The main statistics that will be used in this book
will be introduced in the remainder of this chapter.

Note that in this and all following chapters, all estimates will be based on max-
imum likelihood procedures, and all estimates with a caret (ˆ) on top are the maxi-
mum likelihood estimates of the corresponding population parameters, although not
always the other way around, e.g., the maximum likelihood estimate for the product
moment correlation coefficient ρ in the population will be denoted by r and not by
ρ̂ . Similarly, we will often use the symbol p in stead of π̂ to denote the ML estimate
of the population cell probability π .
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1.3 Coefficients for the Comparison of Marginal Distributions

Imagine a researcher conducting a monthly panel study about the support for a par-
ticular economic reform proposal, e.g., freezing wages for the next two years. The
support is measured on a five-point rating scale. Among other things, the researcher
is interested in the net changes over time of the overall support for this proposal.
Most probably, this researcher will not be satisfied with the conclusion that the mar-
ginal response distributions have changed. Instead, she wants to know whether the
average response has increased or decreased, whether the variance of the response
has remained the same, or whether the correlation or the association of the response
variables with other explanatory variables has changed over time, etc.

Several descriptive statistics will be presented in this section that are useful for
the comparison of one-dimensional marginals and for investigating similarities in bi-
variate marginal distributions. For the comparison of univariate distributions, several
coefficients will be given that can be used to detect differences in location and dis-
persion. For the comparison of bivariate marginal distributions, several association
coefficients will be presented. Because categorical data may be measured at different
levels of measurement, the coefficients will be classified according to their applica-
bility to interval, ordinal or nominal-level data.

With a few exceptions, most coefficients presented here are well-known. In later
chapters, their usefulness for marginal modeling will be illustrated and ML methods
will be developed for applying these coefficients in a marginal-modeling context with
dependent observations.

1.3.1 Measuring Differences in Location

Probably the most common perspective from which univariate distributions are com-
pared is from the perspective of location or central tendency: one computes for each
marginal distribution of an interval or ordinal-level variable a measure of central
tendency and compares the values found for the different distributions.

Interval Data

For interval-level measurements, the arithmetic mean is the most common central
tendency measure. In more formal terms, for a real valued random variable X , the
mean is defined as its expected value:

μ(X) = E(X) .

If X is categorical with I categories and category scores (x1, . . . ,xI), we can write

μ(X) =
I

∑
i=1

xiπX
i

where πX
i = P(X = i). Its sample value is
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μ̂(X) =
I

∑
i=1

xi p
X
i

where pX
i is the observed proportion of observations in cell i. The sample value of μ

coincides with the ML estimate, which is used in this book.

Ordinal Data

If the ordinal data are treated as truly ordinal without numerical scores assigned to
the response categories, the median is often recommended as a measure of central
tendency. It is defined as a point at which at least half the observations are greater
than or equal to it, and at least half the observations are less than or equal to it. One
serious drawback of the median for our purposes here is that it is not a continuous
and differentiable function of the response probabilities. By way of example, sup-
pose that X is a dichotomous variable with two categories 1 and 2. If we have 11
observations in Category 1 and 10 observations in Category 2, the median score is
equal to 1. If a single observation is moved from category 1 to category 2, the median
score becomes 2. The jump in the median score illustrates that the median is not a
continuous function of the data. This discontinuous character of the median excludes
it from being discussed further in this book, since the methods that will be developed
require that the statistics are continuous and differentiable functions of the data. We
might have tried to overcome the discontinuous character by some approximation
using common interpolation methods for determining the median, but this does not
really solve the problem and, moreover, good alternatives are available.

These alternatives are based on the fact that more often than not, and certainly
in marginal modeling, researchers are interested in comparing the locations of two
or more (ordinal-level) variables. A comparison of the locations of two distributions
brings us actually into the realm of association. Nevertheless, we discuss these al-
ternatives here, and not in the next subsection on association measures, because our
specific goal is to compare central tendencies and not to compare associations.

Suppose a researcher wishes to compare the locations of K ordinal random vari-
ables X1, . . . ,XK . An intuitive coefficient for comparing the locations of Xi and Xj is
to see what happens if we draw independently from the marginal distribution of Xi

and from the marginal distribution of Xj: is there a tendency that the Xi observations
are larger than the Xj observations, or vice versa? The coefficient Li j expresses these
tendencies (ignoring possible ties):

Li j = P(Xi > Xj)−P(Xi < Xj) .

Since the inequalities in this definition are strict, pairs of tied observations do not
contribute to Li j. It is easily seen that Li j = −Lji. Further, Li j is bounded: −1 ≤
Li j ≤ 1, where the extreme values 1 and −1 indicate that Xi is with probability 1
greater or smaller than Xj, respectively. Li j = 0 implies that the locations of Xi and
Xj are the same. Positive values Li j > 0 imply that the Xi values tend to be larger
than the Xj values, i.e., that the location of Xi is larger than that of Xj; negative
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values imply the opposite. For example, an outcome of Li j = .30 means that if we
have two independent draws, one from the marginal distribution of Xi and one from
the marginal distribution of Xj, then the probability of obtaining a higher score on
the first draw is .30 larger than the probability of the first draw having a smaller value
than the second. In a sports context, where Xi represents the performance of player i,
Li j > 0 means that player i is more likely to beat player j than vice versa. A value of
Li j = .30 would mean that if players i and j played 100 independent games against
each other, player i would be expected to win 65 games and lose 35. This coefficient,
which was already described in Agresti (1984, Section 9.3), was intensively studied
by Cliff (1993, 1996), who discussed some inferential procedures for this coefficient
and its possible extensions to multigroup and factorial designs.

The dissimilarity of the two probabilities P(Xi > Xj) and P(Xi < Xj) can also
be expressed by taking their (log)ratio. (see also Agresti, 1984, Section 9.3). This
log-multiplicative alternative to Li j will be denoted by L′

i j and is defined by

L′
i j = log

P(Xi > Xj)
P(Xi < Xj)

= logP(Xi > Xj)− logP(Xi < Xj) .

This coefficient L′
i j fits naturally into the framework of loglinear modeling. In our

applications, both coefficients will be used.
Coefficients Li j and L′

i j have a natural interpretation for the comparison of two
(marginal) distributions. However, if there are more than two variables, an interpre-
tational problem of the two coefficients as difference scores arises. In the following
discussion, we focus on Li j , but all our remarks and suggestions are also valid for
coefficient L′

i j. If the mean or the median is used as a location or central tendency
measure, knowledge of the difference in location of variables Xi and Xj and of Xj

and Xk will determine exactly the location difference between Xi and Xk. However,
this is not true in general for the Li j’s, since for given i, j and k

Li j + Ljk �= Lik.

Furthermore, there may be an intransitivity problem when comparing two or more
coefficients. The paradoxical situation that Li j > 0, Ljk > 0 and Lki > 0 may occur
at the same time, i.e., Xi is located to the right of Xj (cf. Xi > Xj); Xj is located to
the right of Xk (cf. Xj > Xk); but at the same time Xk is located to the right of Xi

(cf. Xk > Xi). In a sports analogy, players higher on the ranking list will usually beat
opponents that rank lower, but ‘interacting’ playing styles may be such that a lower-
ranked player is more likely to win against the higher-ranked player. However, what
is not a problem in sports becomes a nuisance when comparing central tendencies in
a set of variables, and leads to interpretation problems in most cases. To overcome
this intransitivity problem, we took our lead from a model in another area, viz., the
Bradley-Terry model for pairwise choices (Bradley & Terry, 1952; Fienberg, 1980,
Section 8.4; Agresti, 2002, Section 10.6 ), which is the loglinear model

log
P(Xi > Xj)
P(Xi < Xj)

= λi −λ j .
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If the Bradley-Terry (BT) model is valid, the choices are by definition transitive in
the sense that if Li j ≥ 0 and Ljk ≥ 0, then Lik ≥ 0.

As a starting point, Li j is decomposed as follows:

Li j = li − l j + li j

where the main parameters li and the interaction effects li j have to be constrained
to obtain an identified model. Although other identification schemes such as dummy
coding are also frequently applied, we opt here in favor of effect coding which means
that the main effects are subject to the restriction ∑i li = 0 and the interaction terms
li j to ∑ j li j = ∑ j l ji = 0. If the interaction effects li j are all zero, there are no longer
intransitivities of the nature described above. Although the li are still not absolute
measures of location, such as means or the medians, they now do allow a transitive
comparison of the relative locations of two or more variables. As follows directly
from the above, in the restricted model with li j = 0,

Li j = li − l j, (1.1)

it is true that
Li j + Ljk = Lik

since (li − l j)+ (l j − lk) = (li − lk). This means that in the restricted model, Li j =
li − l j is a true difference score for the locations of Xi and Xj, and the intransitivity
problem disappears. However, if the interaction effects li j are non-zero, the ordering
of the variables Xi on the basis of the main effects li may not adequately reflect the
information given by the Li j and intransitivity problems may be present.

As is done in the next chapter, it is possible to test the restricted model described
by (1.1). If the restricted model does not fit the data, there exist nonzero interaction
terms li j. By testing each individual interaction term for significance, one can inves-
tigate for which pair of variables the simple model given by (1.1) does not apply, and
for which triple of variables an intransitivity of the location measure may occur.

The above exposition applies to both ordinal categorical and ordinal continuous
random variables, although in this book only the categorical case is considered. For
categorical data, with Xi and Xj having ordered categories 1, . . . , I, and πXi

l denoting
the marginal probability that Xi = l, we can write

Li j = ∑
l>m

πXi
l πXj

m − ∑
l<m

πXi
l πXj

m

where m and l range over 1, . . . , I. With pXi
m as the sample proportion (being the ML

estimate of πXi
m ), the ML estimate of Li j is

L̂i j = ∑
l>m

pXi
l p

Xj
m − ∑

l<m

pXi
l p

Xj
m .

For the log-multiplicative variant L′
i j, similar definitions can be given. Note that ties

in the observations do not contribute to the value of L or of L̂.
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By way of a practical example for the computation of L̂i j, let A and B be two
categorical variables, each with three ordered categories 1, 2, and 3. The cell fre-
quencies are denoted as nA

1 , nB
1 , nA

2 , etc., with sample size NA for variable A and NB

for variable B. In this simple example, let NA = NB = N. The sample proportions are
then computed as pA

1 = nA
1 /N, etc.

1 2 3 Total

A pA
1 pA

2 pA
3 1

B pB
1 pB

2 pB
3 1

and the ordinal coefficient L̂AB (without the BT restriction discussed above) is esti-
mated as

L̂AB = (pA
2 pB

1 + pA
3 pB

1 + pA
3 pB

2 )− (pA
1 pB

2 + pA
1 pB

3 + pA
2 pB

3 ).

Coefficient L̂i j is related to the Mann-Whitney statistic for testing whether or not two
ordinal random variables differ in location, and to ordinal association coefficients like
Kendall’s tau and Goodman and Kruskal’s gamma (see also Section 1.3.3 below).

1.3.2 Measuring Differences in Dispersion

In this section, some standard measures of dispersion for interval type data and for
nominal type data will be described; more specifically, the variance, the diversity
index and the entropy measure. For ordinal data, a comparative measure will be
proposed following much the same logic that underlies the comparative location co-
efficient Li j.

Interval Data

The best-known measure of the variability of data measured on an interval scale is
the variance, defined for a random variable X with mean μ(X) as

σ2(X) = E[X − μ(X)]2 .

The variance is the average squared deviation from the mean and has sample value

σ̂2(X) = ∑
i
(xi − μ̂(X))2 pX

i .

where the xi are the scores assigned to category i of variable X . Note that σ̂2(X) is
the biased ML estimator of σ2(X).

A disadvantage of the variance as a measure of dispersion is its sensitivity to
outliers. The occurrence of some extremely large or small scores may have a large
effect on the value of the variance since the deviations from the mean are squared
before they are additively combined. A dispersion measure that is less sensitive to
outliers is Gini’s mean (absolute) difference g (see David, 1968, 1983).
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With X ′ an independent replication of X , the population value of g is formally
defined as

g = E|X −X ′| ,
which has the sample value

ĝ = ∑
i

∑
j
|xi − x j|pX

i pX
j .

As with the variance, this is the (biased) ML estimator of g.

Ordinal Data

One often proposed measure for the dispersion of ordinal variables is the interquar-
tile range Q3−Q1. The use of this measure here encounters the same problems as the
median (Q2) discussed above, and for the same reasons it will not be dealt with here.
Therefore, another dispersion coefficient for ordinal random variables is introduced,
developed by the first author. This coefficient Wi j can best be seen as the dispersion
analogue of the location measure L defined in the previous section. It is a compar-
ative measure that can be used for comparing the dispersions of K ordinal random
variables X1, . . . ,XK . An intuitive approach towards comparing the dispersions of Xi

and Xj is to see what happens if we draw independently with replacements from the
marginal distribution of Xi and from the marginal distribution of Xj: is there a ten-
dency that two random draws from Xi enclose the values of two random draws from
Xj, or are the two values of the Xi in between the two Xj draws? To define the ordinal
dispersion coefficient Wi j, let Xi and X ′

i be two independently drawn observations
from the first population i, and in a similar way, let Xj and X ′

j be two independently
drawn observations from the second population j. Then, the dispersion of the obser-
vations in population i can be compared with the dispersion in population j by the
ordinal dispersion measure Wi j

Wi j = 4P(Xi < Xj ≤ X ′
j < X ′

i )−4P(Xj < Xi ≤ X ′
i < X ′

j) .

Factor 4 occurs in order to correct for the fact that Xi and X ′
i , and Xj and X ′

j may
be permuted independently, making a total of four permissible permutations. Conse-
quently, Wi j is the probability that the two observations from the ith sample enclose
the two observations from the jth sample, minus the probability that the opposite
happens. Obviously, if the tendency for two Xj values to lie in between two Xi val-
ues is larger than the tendency for two Xi values to lie in between two Xj values,
the values of Xi are further apart and show more dispersion than the values of Xj.
So, Wi j = 0 indicates similar ordinal dispersion of Xi and Xj, Wi j > 0 (with max-
imum 1) indicates Xi has a larger dispersion than Xj, and Wi j < 0 (with minimum
−1) indicates Xi has a smaller dispersion than Xj. Note that Wi j = −Wji. Given the
formal definition of Wi j presented above, a number of draws are ignored. In particu-
lar, pairs of observations of a particular variable that are not enclosed by the pair of
values of the other variable do not contribute to Wi j, since this inconclusive outcome
pattern does not give clear clues about ordinal dispersion differences between the
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two variables. Moreover, all tied observations on Xi and/or Xj are ignored, except
those in which the tied observations from one population are enclosed by the untied
observations from the other population.

When interpreting coefficient W , it should be borne in mind that the dispersion
measure W is also partially determined by the difference in location of the two vari-
ables, as is often the case with location and dispersion measures (except in symmetric
marginal distributions). When one distribution is completely to the right of the other,
W is zero. Moreover, Wi j will be most sensitive to the difference in dispersion when
the two variables have the same location, i.e., when Li j = 0.

Unfortunately, as with the Li j’s, when comparing more than two variables, the
Wi j’s have the unsatisfactory intransitivity property: it is possible that Wi j > 0,
Wjk > 0 and Wki > 0, i.e., Xi is more dispersed than Xj, Xj is more dispersed than
Xk, but Xk is more dispersed than Xi. To overcome this, we propose again a modified
Bradley-Terry type model. A saturated decomposition for the Wi j is

Wi j = wi −wj + wi j ,

subject to the effect coding identifying restrictions ∑i wi = 0 and ∑ j wi j = ∑ j w ji = 0
for all i. By setting wi j = 0, we obtain the Bradley-Terry type model

Wi j = wi −wj .

If this model holds, the intransitivities disappear and Wi j +Wjk = Wik. Again, the wi

are only defined comparatively. This model allows the comparison of dispersion in
ordinal samples. How to test this BT variant will be discussed in Chapter 3.

For categorical data, the population value of Wi j is defined as

Wi j = 4 ∑
l<m≤q<r

πXi
l πXj

m πXj
q πXi

r −4 ∑
l<m≤q<r

πXj
l πXi

m πXi
q πXj

r

where m and l range over 1, . . . , I. The sample value of Wi j (without the BT restric-
tion) is

Ŵi j = 4 ∑
l<m≤q<r

pXi
l p

Xj
m p

Xj
q pXi

r −4 ∑
l<m≤q<r

p
Xj
l pXi

m pXi
q p

Xj
r .

Applied to the same simple A and B table with three categories for each variable
as used for illustrating the computation of L̂AB, coefficient ŴAB is estimated as

ŴAB = 4pA
1 pB

2 pB
2 pA

3 −4pB
1 pA

2 pA
2 pB

3 .

As may be clear from this illustration, a lot of possible comparisons are ignored
because they do not provide conclusive information about possible dispersion dif-
ferences between A and B. This makes W not very well-suited as a comparative
dispersion measure for variables with just a few categories, as will be confirmed in
the analyses in later chapters.

For alternative measures of ordinal variation and dispersion, which also could be
handled by the marginal-modeling approach advocated in this book, see Blair and
Lacy (2000).
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Nominal Data

Several indices have been proposed for measuring the dispersion of the scores on
nominal-level variables. A prerequisite of any such index is that it is not based on
numerical scores assigned to the categories of the nominal variable.

A first index of this type is the index of diversity (also called Gini’s measure of
concentration or variation), which is defined as

D = 1−
I

∑
i=1

(
πX

i

)2
=

I

∑
i=1

πX
i

(
1−πX

i

)

with πX
i the probability of observing category i. This index gives the probability that

two randomly selected observations will be in a different category. It has been studied
extensively by Agresti and Agresti (1977) who showed that it assumes a value of zero
if and only if all the responses fall in the same category. It takes on its maximal value
if and only if the responses are uniformly distributed over the categories.

A second well-known measure of dispersion for nominal variables is the infor-
mation index H (also called the entropy or the uncertainty index),

H = −
I

∑
i=1

πX
i logπX

i

with log representing the natural logarithm with base e.
This index originates from mathematical communication theory. See Krippen-

dorff (1986) for applications of information-theoretical measures in the social sci-
ences. Just as index D, the information index H is zero if and only if all responses
fall in the same category, and attains its maximal value if and only if the responses
are uniformly distributed over the response categories.

The sample values D̂ of D and Ĥ of H are obtained as usual by replacing the
population proportions πX

i by the sample proportions pX
i .

1.3.3 Measuring Association

When a researcher wants to compare bivariate marginal distributions, particular as-
pects of the bivariate marginals rather than the whole distribution will almost always
be relevant. This is even more true here than for the comparison of one-dimensional
marginals, if not for substantive than certainly for practical reasons: higher dimen-
sional tables contain just too many cells to allow a simple comparison and easy
interpretation. In this section, several useful coefficients for measuring the associa-
tion or correlation between two variables will be introduced. First, the simplest case
of two dichotomous variables whose joint distribution can be represented in a 2×2
table will be discussed. Next, more general cases are considered. If both variables
are measured on an interval scale, the correlation coefficient can be used. For two or-
dinal variables, coefficients based on concordance and discordance probabilities can
be defined. Finally, local and global odds ratios for I×J tables will be discussed that
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Table 1.1. Example of a 2×2 table

Success Failure

Men πS
1

E
1 πS

1
E
2

Women πS
2

E
1

πS
2
E
2

are appropriate from the nominal level on. If one of the variables can be considered
as an explanatory variable for the second response variable, asymmetric measures
of association can be defined that actually express the strength of the effect of the
explanatory on the response variable.

Association in 2×2 Tables

Suppose a sample of men and women have taken an exam, and consider Table 1.1
that describes the joint distribution of the respondent’s sex (S = 1 for Men and S = 2
for Women) and success or failure in the exam (E = 1 for Success and E = 2 for
Failure). Let the probabilities of success and failure be denoted as πS

1
E
1 and πS

1
E
2 for

men and πS
2

E
1 and πS

2
E
2 for women.

The effect of Sex on the probability of success can be assessed in various ways.
Two intuitively appealing measures are described below: the odds ratio and the dif-
ference in proportions.

For men, the odds of having success rather than failure are

πS
1

E
1 /πS

1
E
2 ,

and for women
πS

2
E
1 /πS

2
E
2 .

The odds ratio is then defined as

α =
πS

1
E
1 /πS

1
E
2

πS
2
E
1 /πS

2
E
2

=
πS

1
E
1 πS

2
E
2

πS
2
E
1 πS

1
E
2

.

The odds ratio α measures how much larger the odds of success are for men than for
women.

A second commonly used measure for assessing the dependence of success on
Sex is the difference of the conditional proportions

ε = πE
1
|
|
S
1 −πE

1
|
|
S
2

=
πS

1
E
1

πS
1
E
+
− πS

2
E
1

πS
2

E
+

,
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which, in this case, is the proportion of successful men minus the proportion of suc-
cessful women. Coefficient ε is an asymmetric measure of association since its value
depends on how the variables are treated as explanatory and response variables. A
discussion of these measures is given in Agresti (2002), and see Rudas (1997) for
an extensive discussion of the odds ratio. Their sample values, obtained by replacing
population by sample proportions, are denoted by α̂ and ε̂ .

Interval Data

Association between interval-level variables X and Y is the extent to which large
values of X tend to go with large values of Y . The most commonly used measure is
the correlation coefficient that measures the linear association between the variables

ρ =
cov(X ,Y )

√
var(X)var(Y )

=
E[X − μ(X)][Y − μ(Y )]

√
E[X − μ(X)]2E[Y − μ(Y )]2

.

The population value and ML estimate of the variance was given above. The popu-
lation value of the covariance for categorical data is

cov(X ,Y ) = ∑
i, j

[xi − μ(X)][y j − μ(Y )]πX
i

Y
j .

The sample value and maximum likelihood estimate of the covariance is

ˆcov(X ,Y ) = ∑
i, j

[xi − μ̂(X)][y j − μ̂(Y )]pX
i

Y
j ,

and the sample value and ML estimate of the correlation coefficient is

r =
ˆcov(X ,Y )

σ̂(X)σ̂(Y )
.

Ordinal Data

For various summary measures of association between two ordinal variables, the no-
tions of concordance and discordance play a central role. Two observations from the
bivariate distribution of (X ,Y ) are concordant if the rank order of the two observa-
tions on X agrees with that on Y , i.e., if either

X1 < X2 and Y1 < Y2

or
X1 > X2 and Y1 > Y2

holds. They are discordant if the two rank orders disagree, i.e., if either

X1 < X2 and Y1 > Y2
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or
X1 > X2 and Y1 < Y2

holds. They are tied if they are neither concordant nor discordant, i.e., if they have
the same X value, or the same Y value, or both.

The probabilities of concordance, discordance and a tie are now given by

ΠC = 2 ∑
i<k

∑
j<l

πX
i

Y
j πX

k
Y
l

Π D = 2 ∑
i<k

∑
j>l

πX
i

Y
j πX

k
Y
l

Π T = 1−ΠC −Π D .

A well-known association measure based on these probabilities is γ , defined as

γ =
ΠC −Π D

ΠC + Π D =
ΠC −Π D

1−Π T .

The denominator serves to correct for tied observations. The sample value γ̂ is ob-
tained by replacing population by sample proportions.

Nominal Data

The association between two nominal variables X and Y with arbitrary numbers of
response categories can be described by a set of local odds ratios, whose logarithms
are defined for categories i and k of X and j and l of Y as

αi j,kl = log
πX

i
Y
j πX

k
Y
l

πX
i

Y
l πX

k
Y
j

.

For ordinal or interval type variables, we usually assume i < k and j < l so that a
positive value of αi j,kl corresponds to a positive local association between X and Y .
Note that some of the αi j,kl’s are redundant in the sense that they are functions of
the other αi j,kl’s. In fact, an appropriately selected subset of (I −1)(J −1) log odds
ratios is sufficient to describe the loglinear association in table XY completely.

Odds ratios are the building blocks of classical loglinear models and describe the
loglinear association for categorical variables (see Chapter 2 and Agresti (2002) for
further details). Chapter 2 contains several examples of analyses in which the log
odds are further restrained by linear restrictions that may be relevant if the variables
are ordinal or categorical interval.

The asymmetric association coefficient ε , defined above in the context of a 2×2
matrix, can also be extended to the more general case of an R×C table by defining a
set of coefficients

εi j,k = πY
k
|X
i −πY

k
|X
j ,
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with i and j two different categories of X , and k an arbitrary category of Y . The
complete set of these coefficients contains many linear dependencies and a selection
of linearly independent coefficients should be made for interpretative purposes.

When X is treated as an explanatory variable for the response variable Y , several
asymmetric measures of association defined as proportional reduction in variation
have been defined (Agresti, 1990, p. 23-25). Let V (Y ) be a measure of variation for
the marginal distribution of Y , and let V (Y |i) be the same measure for the condi-
tional distribution of Y , given X = i. A proportional reduction in variation measure
is defined as

V (Y )−E[V(Y |X)]
V (Y )

with E[V (Y |X)] the expected value of the conditional variation measures with respect
to the distribution of X . Using the index of diversity D as the (nominal) measure of
variation, Goodman and Kruskal’s tau (τ) is a proportional reduction in variation
measure and can be written as

τY |X =
∑i ∑ j(πX

i
Y
j )

2/πX
i

Y
+−∑ j(πX

+
Y
j )

2

1−∑ j(πX
+

Y
j )2

.

The uncertainty coefficient U is obtained and can be interpreted as a proportional
reduction in variation measure by taking the information measure H as measure of
variation:

UY |X = −∑i ∑ j πX
i

Y
j log(πX

i
Y
j /πX

i
Y
+πX

+
Y
j )

∑ j πX
+

Y
j logπX

+
Y
j

.

Both τY |X and UY |X are asymmetric measures of association. When X is taken as
the response variable and Y as the explanatory variable, coefficients τX |Y and UX |Y
can be defined similarly, and their values will in general be different from τY |X and
UY |X , respectively. Maximum likelihood estimates τ̂Y |X and ÛY |X are obtained by
replacing the population probabilities π by the sample proportions p.

1.3.4 Measuring Agreement

A natural coefficient for assessing the agreement of responses in a square table is
given by the raw agreement index ∑i πii, which is the sum of the joint probabilities
on the main diagonal of the matrix (Suen & Ary, 1989). This index attains its maxi-
mal value of 1 when all respondents are on the main diagonal of this matrix. A dis-
advantage is, however, that it may be spuriously inflated by chance agreement: even
when the respondents’ responses at the two time points are statistically independent,
the raw agreement coefficient can attain high values. Cohen’s kappa coefficient is an
agreement index that corrects for this chance agreement and is generally preferred to
the raw agreement index (Cohen, 1960). Kappa is defined as

κ =
πo −πe

1−πe
,
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with πo = ∑i πii the actual probability of agreement and πe the probability of agree-
ment by chance, which is given by

πe = ∑
i

πi+π+i .

The quantity πe would be the probability of agreement when the respondents’ re-
sponses were independent.

Kappa is zero when the responses for the two variables in the square table are
independent of each other, and in this sense it can also be considered as a measure
of association in a square table. In panel data, kappa can also be used to assess the
stability of the responses over time. The ML estimate κ̂ is obtained by replacing π
by the corresponding sample values p.
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Loglinear Marginal Models

Loglinear models provide the most flexible tools for analyzing relationships among
categorical variables in complex tables. It will be shown in this chapter how to apply
these models in the context of marginal modeling. First, in Section 2.1, the basics of
ordinary loglinear modeling will be explained. The main purpose of this section is to
introduce terminology and notation and those aspects of loglinear modeling that will
be used most in the remainder of this book. It will be assumed that the reader already
has some familiarity with loglinear modeling and, therefore, the discussion will be
concise. An advanced overview of loglinear models is provided by Agresti (2002);
an intermediate one by Hagenaars (1990) and an introduction is given by Knoke and
Burke (1980) among many others. In Section 2.2, several motivating examples will
be presented showing what types of research questions can be answered by means
of loglinear marginal modeling. Finally, in Section 2.3, a general ML estimation
procedure will be discussed for testing and estimating loglinear marginal models.

2.1 Ordinary Loglinear Models

2.1.1 Basic Concepts and Notation

The most simple applications of loglinear models are to two-dimensional tables such
as Table 2.1, in which the self-reported Political Orientation (P) and Religion (R) of
a sample of 911 U.S. citizens is cross-classified. Table 2.1 contains the raw frequen-
cies as well as the vertical percentages. Variable P has seven categories, ranging from
extremely liberal (P = 1) to extremely conservative (P = 7). Religion has three cate-
gories: Protestant (R = 1), Catholic (R = 2) and None (R = 3). The joint probability
that P = i and R = j is denoted by πP

i
R
j . The number of categories of P is I = 7 and of

R is J = 3. For a first interpretation of the data, the vertical percentages in Table 2.1
are useful for comparing the conditional distributions of Political Orientation for the
three religious groups. It can easily be seen that the nonreligious people are more
liberal than the Protestants or the Catholics, but the differences between the latter
two groups are less clear. Even in this simple example, a more formal approach may

W. Bergsma et al., Marginal Models: For Dependent, Clustered, and Longitudinal 23
Categorical Data, Statistics for Social and Behavioral Sciences,
DOI: 10.1007/978-0-387-09610-0 2, c© Springer Science+Business Media, LLC 2009
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Table 2.1. Political Orientation and Religion in the United States in 1993 (Source: General
Social Survey 1993)

Religion (R)
Political Orientation (P) 1. Protestant 2. Catholic 3. None Total
1. Extremely liberal 11 (1.8%) 2 (1.0%) 4 (4.4%) 17 (1.0%)
2. Liberal 49 (8.0%) 21 (10.1%) 23 (25.3%) 93 (10.2%)
3. Slightly liberal 79 (12.9%) 23 (11.1%) 19 (20.9%) 121 (13.3%)
4. Moderate 220 (35.8%) 96 (46.4%) 30 (33.0%) 346 (38.0%)
5. Slightly conservative 112 (18.3%) 36 (17.4%) 9 (9.9%) 157 (17.2%)
6. Conservative 119 (19.4%) 27 (13.0%) 4 (4.4%) 150 (16.5%)
7. Extremely conservative 23 (3.8%) 2 (1.0%) 2 (2.2%) 27 (3.0%)

Total 613 (100%) 207 (100%) 91 (100%) 911 (100%)

Note: The small Jewish and Other religious groups are omitted

be needed to separate true population differences from sampling fluctuations and to
arrive at a clear and parsimonious description of the data.

Saturated loglinear models decompose the observed logarithms of the cell prob-
abilities in terms of loglinear parameters without imposing any restrictions on the
data:

logπP
i

R
j = λ + λP

i + λR
j + λP

i
R
j .

The parameter λ is called the overall effect, λP
i is the effect of category i of P, λR

j is
the effect of category j of R, and λP

i
R
j is the two-variable effect of categories i and j

of P and R. Note that the term ‘effect’ is not intended to have a causal connotation
here: it simply refers to a parameter in the loglinear model and the term ‘effect’
is only used for convenience to avoid complicated and awkward phrases (see also
Chapter 5).

The loglinear model can also be represented in its multiplicative form as a direct
function of the cell frequencies or probabilities, rather than of the log cell frequencies
or log probabilities:

πP
i

R
j = τ τP

i τR
j τP

i
R
j .

The multiplicative parameters, denoted as τ , have nice interpretations in terms of
odds and odds ratios. However, formulas and computations are simpler in their log-
linear representations, and therefore we will mostly use the additive loglinear form of
the model. It is, of course, easy to switch between the two representations by means
of the transformation τ = eλ .

For the purposes of this book, a somewhat different notation than this standard
notation is often needed, because in marginal analyses it is generally necessary to
indicate from which marginal table a particular loglinear parameter is calculated. In
this new notation, the superscripts will indicate the relevant marginal table. In the
loglinear equation above, all parameters are calculated from table PR. Therefore, all
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parameters will get PR as their superscript. To indicate to which effect a particu-
lar symbol refers, the pertinent variable(s) will be indexed while the others get an
asterisk (∗) as their subscript. For example, parameter λP

i
R∗ (which is the same as

λ P
i in traditional notation) is the effect of category i of P calculated from table PR.

Throughout this book, we will generally use this ‘marginal’ notation, unless its use
becomes too cumbersome. In all cases, the meaning of the notation used will be made
clear or will be evident from the context.

The equation for the saturated loglinear model above now looks as follows in the
marginal notation:

logπP
i

R
j = λP

∗
R
∗ + λP

i
R
∗ + λP

∗
R
j + λP

i
R
j .

Without further restrictions, the λ -parameters are not identified. For example,
there are already as many unknown two-variable parameters λ PR

i j as there are known
cell frequencies. One common identification method is to use effect coding (as in
traditional ANOVA models), where for all effects the loglinear parameters sum to
zero over any subscript. Letting the ‘+’-sign in a subscript represents summation
over that subscript, e.g.

λP
+

R
∗ = ∑

i
λP

i
R
∗ ,

the following identifying restrictions are imposed:

λP
+

R
∗ = λP

∗
R
+ = 0

and
λP

i
R
+ = λP

+
R
j = 0 for all i, j .

Using effect coding, the parameters can be computed as follows:

λP
∗

R
∗ =

1
IJ

I

∑
k=1

J

∑
l=1

logπP
k

R
l ,

λP
i

R
∗ =

1
IJ

I

∑
k=1

J

∑
l=1

log
πP

i
R
l

πP
k

R
l

,

λP
∗

R
j =

1
IJ

I

∑
k=1

J

∑
l=1

log
πP

k
R
j

πP
k

R
l

,

λP
i

R
j =

1
IJ

I

∑
k=1

J

∑
l=1

log
πP

i
R
j πP

k
R
l

πP
i

R
l πP

k
R
j

.

The overall effect λP∗R∗ is in principle always present in a loglinear model. It is a
normalizing constant that guarantees that the estimated probabilities sum to 1 or the
estimated cell frequencies to sample size N. The overall effect equals the mean of the
log (expected) probabilities in the table, as can be seen from the way it is computed.
The one-variable effect λP

i
R∗ is the mean of the log odds (or logits) in the table that

have πP
i

R
l in the numerator. Roughly speaking, it indicates how much larger the prob-

ability is that someone belongs to P = i rather than to any of the other categories of



26 2 Loglinear Marginal Models

P, on average among the religious groups. The one-variable effect λP∗R
j is the mean of

those log odds in the table that have πP
k

R
j in the numerator. It is especially important

in the context of this book to realize that generally the one-variable parameters do not
reflect the marginal distribution of P or R, but the average conditional distribution of
P and R, respectively. Restrictions on the one-variable parameters are therefore not
restrictions on the one-variable marginal distributions, but on the average conditional
one-variable distributions (and this extends analogously to multiway tables and mul-
tiway marginals). The one-variable effects are almost always included in a loglinear
model, unless one wants to explicitly test hypotheses about the average conditional
distribution of a particular variable, which is rarely the case. Finally, parameter λP

i
R
j

equals the mean of the logs of the odds ratios in the table which have πP
i

R
j in the nu-

merator. The two-variable parameters reflect the sizes of the log cell probability due
to the association between P and R, and indicate how much bigger or smaller a par-
ticular cell probability is than expected on the basis of the lower-order effects. The
variables P and R are statistically independent of each other if and only if λP

i
R
j = 0

for all i and j.
A second common method for obtaining an identified model is dummy coding,

where each parameter that refers to any of the reference categories of the variables is
set equal to zero. Using the first category of each variable as the reference category,
this method amounts to setting

λP
1

R
∗ = λP

∗
R
1 = 0

and
λP

i
R
1 = λP

1
R
j = 0 for all i, j .

The choice of the first category of each variable as the reference category is arbitrary,
and for each variable any of its categories could, in principle, be used as the reference
category.

It is important to note that the values of the parameters will differ from each
other depending on the kinds of identifying restrictions chosen: effect coding yields
different parameter values from dummy coding and, when using dummy coding,
selecting the first category as the reference category leads to different parameter
values than using the last category. However, whatever reference category is used,
the substantive interpretations in terms of what goes on in the table will remain the
same, provided the appropriate interpretation of the parameters is employed, taking
the nature of the chosen identifying restrictions into account. The values of the odds
and the odds ratios estimated under a particular model will be the same regardless
of the particular identification constraints chosen. In this book, we will use effect
coding unless stated otherwise. The two-variable parameter estimates for Table 2.1
are given in Table 2.2, using effect coding.

Like the vertical percentages in Table 2.1, the estimates λ̂ of the saturated loglin-
ear model presented in Table 2.2 clearly indicate that nonreligious people are more
liberal than Protestants or Catholics. But it is harder to discover a clear pattern for the
differences between the two religious groups, i.e., between Catholics and Protestants.
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Table 2.2. Political Orientation and Religion in the United States in 1993: Estimates λ̂ PR
i j for

Table 2.1. Effect coding is used; * significant at .05 level

Religion (R)
Political Orientation (P) 1. Protestant 2. Catholic 3. None
1. Extremely liberal −.20 −.52 .72*
2. Liberal −.57* −.04 .61*
3. Slightly liberal −.22 −.07 .29
4. Moderate −.17 .39* −.22
5. Slightly conservative .11 .36* −.47*
6. Conservative .52* .42* −.93*
7. Extremely conservative .52* −.54 .01

A comparison of particular restricted, nonsaturated models might provide some bet-
ter insights into what is going on.

Nonsaturated loglinear models are usually tested by means of two well-known
test statistics: the likelihood ratio test statistic

G2 = −2N∑
i

pi log
π̂i

pi

and Pearson’s chi-square test statistic

X2 = N ∑
i

(pi − π̂i)2

π̂i
.

If the postulated model is true, these test statistics have an asymptotic chi-square dis-
tribution. The degrees of freedom (df) equal the number of independent restrictions
on the nonredundant loglinear parameters (often the number of nonredundant param-
eters that are set to zero) or, equivalently, to the number of independent constraints on
the cell probabilities. In many circumstances, G2 can be used to obtain a more pow-
erful conditional test by testing a particular model, not (as implied above) against the
saturated model, but against an alternative that is more restrictive than the saturated
model (but less restrictive than the model to be tested). Given that interest lies in a
model M1 with df1 degrees of freedom, a conditional test requires that an alternative
hypothesis M2 is considered with df2 degrees of freedom that contains model M1 as
a special case, i.e., M1 ⊂ M2. The conditional test statistic is then defined as

G2(M1|M2) = G2(M1)−G2(M2)

and has an asymptotic chi-square distribution with df = df1 −df2 if M1 is true. This
conditional testing procedure is valid only under the condition that the more general
model M2 is (approximately) valid in the population.

To indicate (non)saturated hierarchical loglinear models, use will be made of the
standard short-hand notation. This short-hand notation can be most easily described
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in terms of the standard, nonmarginal notation for the λ parameters. In this short-
hand notation then, a loglinear model is denoted by the superscripts of all its highest
order interaction terms. Because of the hierarchical nature of the model, all lower-
order effects that can be formed from these superscripts are also included in the
loglinear model. For Table 2.1,the saturated model is denoted as model {PR} and
the independence model with λP

i
R
j = 0 as {P,R}.

The hypothesis of statistical independence between P and R in Table 2.1 is
definitely not a viable hypothesis: likelihood ratio chi-square G2 = 54.9, df = 12
(p = .000; Pearson chi-square X2 = 57.4). However, a partial independence model
can be formulated in which the conditional probability distributions of Political Ori-
entation are the same for Protestants and Catholics, but different for the nonreli-
gious people. In loglinear terms, this form of partial independence is identical to
the restriction that the two-variable λ ’s are the same for Protestants and Catholics:
λ PR

i 1 = λ PR
j 2 for all i = j. Several programs are available for handling such restrictions,

e.g., Vermunt’s free software LEM (Vermunt, 1997a). The test results are G2 = 15.0,
df = 6 (p = .024; Pearson chi-square X2 = 13.8). This is a somewhat inconclusive
result, the interpretation of which strongly depends on the (arbitrarily) chosen sig-
nificance level of .05 or .01. Assuming that the partial independence model is valid
in the population, independence model {P,R} can be tested conditionally against this
less restricted alternative: G2 = 54.9−15.0 = 39.9, df = 12−6 = 6, p = .000. The
complete independence model definitely has to be rejected in favor of the partial
independence model.

A more powerful investigation of what goes on in the table might be obtained by
explicitly taking into account the ordered nature of variable P. There are essentially
three partly overlapping ways in which we can deal explicitly with loglinear mod-
els for ordered data. If the ordered nature of the data is considered to be the result
of strictly ordinal measurement, it makes sense to assume (weakly) monotonically
increasing or declining relationships between the variables and impose inequality re-
strictions on the loglinear association parameters. If the ordered data are considered
as interval-level data, fixed numerical scores can be assigned to the interval-level
variables and the loglinear parameters may be linearly restricted to obtain linear re-
lationships in the loglinear models. In the third approach, the scores for the variables
are not fixed, but linear relationships are assumed to be true and the variable scores
are estimated in such a way that the relationships in the loglinear model will be lin-
ear. An extensive literature on loglinear modeling of ordinal data exists (see Croon,
1990; Vermunt, 1999; Hagenaars, 2002; Clogg & Shihadeh, 1994).

By way of example, variable P in table PR may be considered as an interval-level
variable with fixed scores Pi and R may be treated as nominal-level variable, resulting
in an interval by nominal loglinear model (also called a column association model).
The model has the form

logπP
i

R
j = λP

∗
R
∗ + λP

i
R
∗ + λP

∗
R
j + PiαR

j

in which the two-variable effect λP
i

R
j is replaced by the more parsimonious term

PiαR
j . In terms of ordinary regression analysis, the term αR

j is similar to a regression
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coefficient: in this case, one for each category of R, and the scores Pi define the
independent interval-level variable X . To maintain the identifying effect coding re-
strictions for the restricted λP

i
R
j effects, the scores Pi must sum to 0 (we will use the

equal unit distance interval scores −3,−2, · · · ,2,3) and we need ∑ j αR
j = 0. This lin-

ear model implies that the log odds of belonging to religious group j rather than j′
increase or decrease linearly with an increasing score on P. Or formulated the other
way around, the log odds of belonging to category i of P rather than i+1 are system-
atically larger (or systematically smaller) for R = j than for R = j′, where these log
odds differences between religious groups j and j′ are the same for all values of i:

αR
j −αR

j′ = log
πP

i
R
j /πP

i+1,
R
j

πP
i,

R
j′/πP

i+1,
R
j′
.

As can be seen from this formula, the odds ratio on the right-hand side has the same
value for all i. The difference αR

j −αR
j′ indicates how much higher the log odds of

scoring one category higher on the political orientation scale is for people of religion
j than for people of religion j′. Since there are three religious denominations here,
there are three relevant (and two independent) differences of this kind.

For the data in Table 2.1, the ordinal by nominal model fits well: G2 = 14.4,
df = 10 (p = .16, X2 = 15.16). The estimates of the regression coefficients are
α̂R

1 = .226, α̂R
2 = .096, and α̂R

3 = −.322, which shows that the Protestants are
the most conservative and the nonreligious people are the most liberal, while the
Catholics occupy an intermediate position very close to the Protestants. As explained
below, for the fitted sample data, the odds of scoring one category higher on the
liberal-conservative scale is just 1.14 times higher for Protestants than for Catholics,
but 1.73 times higher for Protestants than for nonreligious people, and, finally, 1.52
times higher for Catholics than for nonreligious people. Coefficient 1.14 for the
comparison Protestants-Catholics is computed as follows: 1.14 = exp(.226− .096);
using the estimated standard errors of α̂R (not reported here) its 95% confidence
interval (CI) equals [1.01,1.29]; the coefficient for the comparison of Protestants-
nonreligious is 1.73 = exp(.226+ .322) and its CI equals [1.45,2.06]; the coefficient
for the comparison Catholic-nonreligious is 1.52 = exp(.10 + .32) and its CI equals
[1.25,1.84]. The difference in political orientation of Catholics and Protestants is not
very large and the reported confidence interval for the pertinent odds ratio almost
includes the no difference value of 1. To test whether the (linear) difference between
Catholics and Protestants is significant, the same interval by nominal model can be
defined, but now with the extra restriction that αR

1 = αR
2 . The test outcomes for this

model are G2 = 18.8, df = 11 (p = .07, X2 = 18.84). In this restricted interval by
nominal model, α̂R

1 = α̂R
2 = .17 and α̂R

3 =−.34. On the basis of the unconditional test
outcome against the alternative hypothesis that the saturated model is true (p = .07),
one might decide to accept the restricted model and conclude that Protestants and
Catholics have the same political orientation. The more powerful conditional test for
the thus restricted model against the alternative hypothesis that the original interval
by nominal model holds yields G2 = 18.8−14.4 = 4.4, df = 11−10 = 1 (p = .04).
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Table 2.3. Political Orientation, Religion, and Opinion on teenage birth control in the United
States in 1993 (Source: General Social Survey 1993)

Opinion on Teenage Birth Control (B)

1. Strongly 2. Agree 3. Disagree 4. Strongly
agree disagree

Religion (R) 1 2 3 1 2 3 1 2 3 1 2 3

Pol. or. (P) 1 5 1 3 4 0 0 0 0 1 2 1 0
2 18 6 10 15 6 10 9 6 3 7 3 0
3 24 7 7 29 11 7 18 5 4 8 0 1
4 61 31 13 69 30 7 54 20 4 36 15 6
5 19 11 5 32 11 3 37 8 0 24 6 1
6 13 6 2 31 8 1 32 6 0 43 7 1
7 5 0 1 5 1 0 4 0 1 9 1 0

At the 5% significance level, the unrestricted interval by nominal model is accepted
but its restricted version is rejected.

From all these test outcomes, it can be clearly concluded that first, there is no
reason to reject the linear nature of the relationships in the interval by nominal
model; second, that nonreligious people are definitely more liberal than Catholics or
Protestants, and third, that the differences in political orientation between Catholics
and Protestants are small. For the time being, it may be accepted that Catholics are
slightly more liberal than Protestants but new data are needed to conform this out-
come. Suspension of judgement is the best option here (Hays, 1994, p. 281).

2.1.2 Modeling Association Among Three Variables

Basic loglinear modeling for two-way tables can easily be extended to tables of much
higher dimensions. As a simple example, the data in three-way Table 2.3 will be
used to investigate how the two variables dealt with so far, Religion (R) and Political
Orientation (P), affect opinion on teenage Birth Control (B). Variable B has K = 4
categories, ranging from strongly agree to strongly disagree.

For the three-dimensional table PRB, saturated loglinear model {PRB} decom-
poses the log probabilities as follows:

logπP
i

R
j
B
k = λP

∗
R
∗

B
∗ + λP

i
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∗
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∗
R
j
B
∗ + λP

∗
R
∗

B
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j
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∗ + λP

i
R
∗

B
k + λP

∗
R
j
B
k + λP

i
R
j
B
k .

Note that here the superscripts of the λ parameters are all PRB, indicating that the
parameters refer to table PRB rather than to table PR from the previous subsec-
tion. Where the highest order effect parameter in the previous subsection was a two-
variable effect, now we have also a three-variable parameter λ PRB

i j k that indicates to
what extent the conditional associations between any of the two variables vary among
the categories of the third variable.
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The effect coding identifying restrictions are

λP
+

R
∗

B
∗ = λP

∗
R
+

B
∗ = λP

∗
R
∗

B
+ = 0

λP
i

R
+
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∗ = λP

+
R
j
B
∗ = λP

i
R
∗

B
+ = λP

+
R
∗

B
k = λP

∗
R
j
B
+ = λP

∗
R
+
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λP
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R
j
B
+ = λP

i
R
+

B
k = λP

+
R
j
B
k = 0

for all i, j, and k. Because there are sampling zeroes in the observed table PRB, the
sample values of the loglinear parameters of the saturated model are either plus or
minus infinity or undefined.

In general, as indicated above, the loglinear effects pertaining to the same vari-
ables are different when calculated in different (marginal) tables; even their signs
may be different. For the data in Table 2.3, we have λ̂P

1 = −1.65, λ̂P
1

R∗ = −1.50, and
λ̂P

1
R∗B∗ = −∞ (minus infinity). All three parameters pertain to the distribution of P

and represent the effect of the first category of P, but are calculated in the marginal
tables P, PR, and the full table PRB, respectively (and assuming saturated models
for the pertinent tables). Parameter λP

1 reflects the cell size of P = 1 in the univariate
marginal distribution of P; parameter λP

1
R∗ indicates the cell size of P = 1 on average

in the J conditional distributions of P in table PR; and parameter λP
1

R∗B∗ mirrors the
average cell size P = 1 in the J×K conditional distributions of P in table PRB. The
two-variable parameters for table PRB are now partial coefficients indicating the di-
rect relationship between two variables on average within the categories of the third
variable, in this way controlling for the third variable.

Table 2.4 contains the test outcomes of a few relevant hierarchical loglinear mod-
els for Table 2.3 concerning the influence of P and R on B. The models in Table 2.3
can also be seen as logit models for the effects of P and R on B (Agresti, 2002,
Section 8.5). The models are again represented in the usual short-hand notation by
means of which hierarchical models are indicated by their highest order interactions,
implying the presence of all pertinent lower order effects. The second column in
Table 2.3 gives an interpretation of the model in terms of (conditional) independence
relations (⊥⊥) or the absence of interaction terms. The final four columns summarize
the results of the testing procedures.

In the last row of Table 2.4, the results of the no three-factor interaction model
are given. The no three-factor interaction model has the form

logπP
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As can be seen in Table 2.4, this model {PR,PB,RB} fits the data well. However, the
estimated (and observed) table is sparse, which may invalidate the approximation
of the chi-square distribution. It is not certain whether the reported p-value for the
model is correct. One may become more confident that the model can be accepted
by observing that the value of Pearson’s chi-square statistic is 35.2, which is not too
different from G2. The no three-factor interaction model will be accepted here and
used as an alternative hypothesis for testing more parsimonious models: especially
with sparse tables, conditional tests more readily approximate the theoretical chi-
square distribution and are in many circumstances more powerful than unconditional
tests.
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Table 2.4. Goodness of fit of various hierarchical loglinear models for Table 2.3

Model Interpretation G2 df p-value X2

1. {PR,B} PR ⊥⊥ B 120.2 60 .000 105.3
2. {PR,RB} P ⊥⊥ B|R 95.6 54 .000 84.7
3. {PR,PB} R ⊥⊥ B|P 53.7 42 .107 46.8
4. {PR,PB,RB} No 3-factor interaction 39.2 36 .328 35.2

The model in which neither P nor R have an effect on B does not fit the data
(model 1 in Table 2.3). The same is true for conditional independence model 2 in
which P has no direct influence on B, but R has. At first sight, conditional indepen-
dence model 3, in which Religion has no direct effect on opinion of teenage Birth
Control, provides an acceptable fit to the data (p = .107). However, testing this model
against the no three-factor interaction model yields G2 = 14.7 with df = 6 (p = .025).
This conditional test has more power to detect the (possibly small) effects of R on
B in the population than the corresponding unconditional test. Although the conclu-
sion regarding p = .025 again strongly depends on the chosen significance level .01
or .05, we will proceed cautiously and at least for the time being accept the possibil-
ity of (small) effects of R on B in the population. Model 3 will be rejected in favor of
the no three-factor interaction model 4.

In the no three-factor interaction model 4, the conditional association between P
and B given R is described by the 28 parameters λP

i
R∗B

k and the conditional association
between R and B given P is described by the 12 parameters λP∗R

j
B
k . A simpler descrip-

tion of the models might be obtained by taking the ordered character of variables
P and B into account. More precisely, variable B will be treated as an interval-level
variable with scores Bk = −1.5,−.5,+.5,+1.5 and also variable P will be consid-
ered (as before) as an interval-level variable with scores Pi = −3,−2, · · · ,+2,+3.
Further, the following restrictions will be applied:

λP
i

R
∗

B
k = ϑPiBk

λP
∗

R
j
B
k = ργR

j Bk .

These restrictions are similar to the ones used above in the interval by nominal model
for Table PR, but a slightly different notation than above is employed to indicate
somewhat different aspects of models for ordered data. The resulting loglinear model
has the form

logπP
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B
∗ + ϑPiBk + ργR

i Bk . (2.1)

The parameter ϑ is a kind of regression coefficient for the linear effect of P on B,
and ργR

j is the regression coefficient for the linear relationship between R and B, one
for each category of R. One might also say that ρ is the regression coefficient and
consider γR

j as scores to be estimated for R, given a linear relationship between R
and B. In order to guarantee model identification, and more specifically to guarantee
identification of the product ργR

j , the additional constraint ∑ j γR
j = 0 is imposed.
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If ρ and γR
j have to be identified separately, which is not necessary here for our

purposes, the variance of the estimated scores γR
j has to be fixed, e.g., by means of

the restriction ∑ j(γR
j )2 = 1.

According to this model, the direct relationship between P and B is linear in the
sense that the log odds of choosing category k of B rather than k′ increase (or de-
crease) linearly with increasing values for P, or vice versa, but less appropriate here
given the assumed ‘causal’ order of the variables: the log odds of choosing category
i of P rather than i′ increase (or decrease) linearly with increasing values for B. The
relation between R and B is linearly restricted in the sense of the interval by nominal
model discussed in the previous section: for two religions j and j′, there is a linear
relationship between Religion and the opinion about teenage Birth Control. One way
to clarify the meanings of the effects of P and R on B, i.e., of the consequences of
having different scores on P or R for the scores on B is the following:
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j
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. (2.3)

The odds ratio on the right-hand side of ( 2.2) is the conditional odds ratio indicating
the direct relationship between P and B for R = j. It turns out to be the same for all
values of j, a necessary consequence of the no three-variable-interaction model in
(2.1). Further, the conditional odds ratio on the right-hand side of (2.3) indicating the
direct relationship between R and B for P = i is the same for all values of i. The left-
hand side element ρ(γR

j − γR
j′) shows how much higher the log odds of scoring one

category higher on B is for people in category j of R than for people in category j′
of R, conditionally on P. The left-hand side element ϑ(Pi −Pi′) indicates how much
higher the log odds of scoring one category higher on B is for people in category i of
P than for people in category i′ of P, conditionally on R. The linearly restricted model
for the direct relation between P and B is called an ‘interval by interval’ or a ‘linear
by linear’ model, and also a ‘uniform association model’, because all local partial
odds ratios for the direct relation between P and B are the same, their logarithm
being ϑ . In terms of the original lambda parameters,

ϑ = λP
i

R
∗

B
k −λ P R B

i+1 ∗ k −λ PR B
i ∗ k+1 + λ P R B

i+1 ∗ k+1,

for all values of i and k.
Testing model (2.1) yields G2 = 57.7 with df = 57 (p = .449, X2 = 52.7); testing

it against the no three-factor interaction model, it is found G2 = 57.7−39.2 = 18.5
with df = 57− 42 = 21 (p = .617). There is no reason to reject this very parsimo-
nious model for describing the association structure between the three variables. The
relevant estimated effects are

ϑ̂ = .155,

ρ̂γR
1 = .182,
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ρ̂γR
2 = .026,

ρ̂γR
3 = −.208.

The estimated direct linear effect of Political Orientation on the opinion on
teenage Birth Control is significant (estimated standard errors not reported here) and
in the expected direction: the more conservative one is, the more one is opposed to
teenage birth control. The (significant) direct effects of Religion indicate that nonreli-
gious people are less opposed to birth control than the Protestants with the Catholics
in an intermediate position.

The effects of Political Orientation on the opinion on teenage Birth Control are
much stronger than the effects of Religion. One way to see this clearly is to estimate
the maximum effects for the variables, that is, the largest (log) odds ratios that can
be obtained in the pertinent tables. Because of the linear relationship and the number
of categories of the variables, the log of the maximum odds ratio for the effect of
P on B turns out to be 6× 3× ϑ̂ = λ̂P

1
R∗B

1 − λ̂P
1

R∗B
4 − λ̂P

7
R∗B

1 + λ̂P
7

R∗B
4 = 6× 3× .1548 =

2.786. The corresponding maximum odds ratio equals exp(2.786) = 16.22. Similar
computations lead to a maximum (log) effect of R on B of 1.169 (= 3× (.182−
(−.208) and a corresponding odds ratio of 3.220: the effect of P on B is five times
stronger than the effect of R on B.

2.2 Applications of Loglinear Marginal Models

The loglinear models applied in the previous section to analyze a joint probability
distribution can also be employed for jointly analyzing two or more marginal dis-
tributions. In this section, several concrete research problems and designs will be
discussed that require marginal-modeling methods, and for which loglinear marginal
models are very useful to answer the pertinent research questions. Real-world exam-
ples and data will be used to illustrate these kinds of research questions and the ways
they can be translated into the language of loglinear modeling. Maximum likelihood
estimates of the parameters and significance tests for these examples will be given,
along with their substantive explanation. In the last section, a general algorithm will
be presented to obtain maximum likelihood estimates for loglinear marginal models.
The contents of some parts of this section will be more demanding from a statistical
point of view and are indicated by ***.

2.2.1 Research Questions and Designs Requiring Marginal Models

As discussed before, marginal modeling is about the simultaneous analyses of mar-
ginal distributions where the different marginal distributions involve dependent ob-
servations, but where the researcher is in principle not interested in the nature of the
dependencies. As the remainder of this book will show, this is a research situation
that actually occurs a lot in practice. For a simple concrete example, let us turn to
the analysis of family data. Family data are of interest for social scientists studying
such diverse topics as social mobility, political change, changing family relations or
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the societal role of generational differences. In this respect, social scientists want to
compare family members, wives and husbands, children and parents, and sisters and
brothers regarding their political preferences, social and occupational status, educa-
tion, religious beliefs, etc. These comparisons usually involve comparing dependent
marginal tables, not only one-way, but also higher-way marginal tables that involve
dependent observations. For example, clustered family data are needed to answer
concrete research questions such as

• Are the relative direct influences of religion and social class on political prefer-
ence the same for the children and their parents?

• Is the agreement in attitudes between fathers and sons of the same size and nature
as between mothers and their daughters, and is the agreement less in pairs of
opposite sex, i.e., between fathers and their daughters or between mothers and
their sons?

• Are sisters more like each other than sisters and brothers?

Standard analysis techniques that ignore the dependencies in the data, i.e., ignore the
hierarchical or clustered nature of the data are not appropriate here. Especially if an
investigator wants answers to these research questions without at the same time want-
ing to make assumptions about the nature of the dependencies in the data, marginal-
modeling methods provide an excellent way to analyze the family data reckoning
with the fact that the observations are dependent.

Marginal modeling is also needed to answer particular kinds of research ques-
tions that make use of data that are seemingly not clustered. This happens, for in-
stance, when a political scientist has conducted a one-shot cross-sectional survey
based on simple random sampling, in which respondents are asked to state their de-
gree of sympathy for different political parties on a five point scale. To answer the
question of whether the distributions of the sympathy scores are the same for all po-
litical parties, standard chi-square tests cannot be used because the comparisons of
the several one-variable distributions pertain to the same respondents. The data are
actually clustered within individuals given the research question of interest, despite
the cross-sectional design and the simple random sampling scheme.

Many other research questions in similar situations require marginal modeling.
The same political scientist may also want to measure political interest by means of
several items in the form of seven-point rating scales. These items are supposed to
form a summated (Likert) scale. In its strictest form, it is assumed in Likert scaling
that the items are parallel measurements of the same underlying construct, having
independently distributed error terms with identical error variances (for a more pre-
cise technical definition of parallel measurements, see Lord & Novick, 1968). This
strict measurement model implies that all marginal distributions of all items are the
same, as are all pairwise associations. Again, marginal modeling is needed to test
such implications.

In the following two subsections of this chapter, empirical illustrations will be
provided for exactly the above kinds of research topics, showing how to translate
these questions into the language of loglinear modeling. In the next chapter, the same
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data and general research questions will be used but then formulated in terms of
nonloglinear marginal models.

2.2.2 Comparing One Variable Distributions

Comparing One Variable Distributions in the Whole Population

To gain a practical insight into the nature of marginal modeling, the best starting
point is the comparison of a number of simple one-way marginals. Our example
concerns a study into the way people perceive their body. A group of 301 university
students (204 women and 97 men) answered questions about their degrees of satis-
faction with different parts or aspects of their body by completing the Body Esteem
Scale (Franzoi & Shields, 1984; Bekker, Croon, & Vermaas, 2002). This scale con-
sisted of 22 items (not counting the items concerning gender-specific body parts),
seven of which will be considered here. These seven items loaded highest on the first
unrotated principal component, with loadings higher than .70. Principal component
analysis was used to discover whether the separate expressions of satisfaction with
the different body aspects can be seen as just an expression of the general underlying
satisfaction with the body as a whole or whether more underlying dimensions are
needed (for the interested reader: two rotated factors were needed to explain the cor-
relations among all the 22 items, one having to do with the general appearance of the
body and the other with the satisfaction with the parts of one’s face; the items chosen
here all belong to the first factor). Such dimensional analyses tell the researcher how
strongly satisfaction on one particular item goes together with satisfaction with other
parts or aspects of the body. However, even if a correlation between two particular
items is positive (and it turned out that the correlations among all 22 items had pos-
itive values), it does not follow automatically that the respondents react in the same
way to these items in all respects. Despite the positive correlation, people may be
much more satisfied on average with one part of their body than with another, or
the disagreement among the respondents regarding the satisfaction with one bodily
aspect may be much larger than the disagreement with another one. Such differences
may be important and may reveal, in addition to correlational analyses, relevant de-
tails about how the body is perceived. To investigate these kinds of differences, one
must compare the overall reactions of the respondents to the different body parts, in
other words, compare the marginal distributions. For the selected seven items, the
marginal distributions are shown in Table 2.5 (the complete seven-way table can be
found on the website mentioned in the last chapter). The response categories are 1 =
very dissatisfied; 2 = moderately dissatisfied; 3 = slightly satisfied; 4 = moderately
satisfied; and 5 = very satisfied.

The items in Table 2.5 will be denoted by Ii: I1 refers to item Thighs, I2 to Build,
etc. To see whether the seven response distributions differ significantly from each
other, one could start from the marginal homogeneity model (MH) that states that
the marginal distributions of the variables Ii are the same for all i, i.e.,

πI1
i

I2
+

I3
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I4
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I5
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Table 2.5. Body Esteem Scales

1. Thighs 2. Body
Build

3.
Buttocks

4. Hips 5. Legs 6. Figure 7.
Weight

MH

1 22 10 22 22 18 15 20 21.12
2 67 45 59 51 57 45 48 52.08
3 79 78 93 88 79 70 74 76.32
4 105 127 95 111 110 140 104 110.56
5 28 41 32 29 37 31 55 40.91
Total 301 301 301 301 301 301 301 301.00

Mean 3.17 3.48 3.19 3.25 3.30 3.42 3.42 3.33
SD 1.099 1.010 1.093 1.075 1.093 1.024 1.152 1.124

Notes: See text for explanation. Source: Franzoi and Shields, 1984

for all i. When it does not cause any misunderstandings, a shorter and simpler no-
tation will be used, omitting the variables over which the multidimensional table is
marginalized:

πI1
i = πI2

i = πI3
i = πI4

i = πI5
i = πI6

i = πI7
i .

To test this MH model, application of the standard chi-square test to Table 2.5 is not
appropriate since it is not an ordinary two-way contingency table. The columns of
table SI (Satisfaction × Item) contain the marginal score distributions for the seven
items that are all based on the same sample of respondents. Nevertheless, we will
often refer to such a table as an SI table for the sake of obtaining a simpler notation
and a much simpler indication of relevant models. The MH model for Table 2.5 must
be fitted using the marginal-modeling methods that are explained in the following
section (and implemented in the programs described in the last chapter). The MH
model turns out to fit badly (G2 = 55.76, df = 24, p = .000, X2 = 45.42) and it must
be concluded that the seven marginal item distributions are not identical.

To investigate the differences among the marginal distributions, several paths
may be followed. First, adjusted or standardized residual frequencies can be cal-
culated comparing the observed and expected frequencies. The expected frequency
distribution for all items under marginal homogeneity is also reported in Table 2.5
in the last column labeled MH. Note that the estimated frequencies under MH are
not simply the average of the seven column frequencies. Among other things, the
adjusted residual frequencies (not reported here) clearly indicate that more people
are dissatisfied with their Thighs and Buttocks than estimated under the MH model,
while more people are satisfied with their general Build than expected under MH.
None of the residuals for Legs were significant.

Another way of investigating the differences among the marginal item distribu-
tions is to compare certain aspects of the marginal item distributions, e.g., the means
or standard deviations. These two characteristics are reported in the last two rows
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Table 2.6. Body Esteem Scales. Loglinear parameters λ̂ SI
i j and their standard errors for data in

Table 2.5

1. Thighs 2. Build 3. Buttocks 4. Hips 5. Legs 6. Figure 7. Weight
1 .181 (.123) -.482 (.167) .167 (.109) .196 (.102) -.013 (.121) -.010 (.120) .051 (.141)
2 .213 (.090) -.060 (.109) .072 (.095) -.045 (.092) .059 (.096) -.083 (.102) -.155 (.107)
3 -.039 (.085) .074 (.090) .110 (.085) .084 (.078) -.032 (.086) -.058 (.088) -.139 (.099)
4 -.096 (.069) .220 (.070) -.210 (.073) -.026 (.061) -.042 (.070) .294 (.067) -.140 (.079)
5 -.258 (.100) .249 (.092) -.139 (.098) -.208 (.096) .028 (.093) -.054 (.100) .383 (.098)

of Table 2.5. However, their comparisons involve nonloglinear marginal models and
will be dealt with in the next chapter.

Finally, within the loglinear context, the differences among the marginal item
distributions can be described by means of the loglinear parameters. Essentially, the
two-variable parameters and their standard errors in saturated model {SI} applied
to Table 2.5 are estimated, but then in the correct way by taking the dependencies
among the observations into account by means of marginal model estimation proce-
dures (see also below). The results in terms of the two-variable parameters λ̂S

i
I
j are

reported in Table 2.6, with their respective standard errors between parentheses.
The λ̂S

i
I
j estimates provide a detailed description of the differences among the

marginal distributions. In agreement with the adjusted residuals, they show that there
is a relative overrepresentation of dissatisfied people for Thighs and Buttocks (and
a corresponding underrepresentation of satisfied people); the opposite tendency is
noted for Build. Satisfaction with Legs resembles the average (log)distribution the
most. Relative outlying cell frequencies can be seen for Figure and Weight, where
the categories moderately satisfied and very satisfied, respectively, are comparatively
strongly overrepresented.

To gain further insight into the properties of marginal modeling, it is useful to
compare these results with analyses directly applied to the data in Table 2.5, in-
correctly ignoring the dependencies among the column distributions. Table 2.5 is
then treated as if it were a normal SI two-way table and the equality of the item
distributions is tested by applying (inappropriately) the standard chi-square test for
independence (model {S, I}) directly to this table. The test results are G2 = 45.50 for
df = 24 (p = .005, X2 = 46.41). The test statistic G2 for the independence hypothesis
is smaller than G2 for MH obtained above which had the value 55.77 and the same
degrees of freedom. This was to be expected. The item distributions in Table 2.5 are
the result of repeated measurements of the same 301 respondents. As is well-known
for repeated measurements, if the dependencies among the repeated measurements
are positive, then in general, the standard errors of the estimates will be smaller than
for independent observations and consequently test statistics will be larger (Hage-
naars, 1990, p. 205-210). For negative dependencies, the situation will be reversed:
larger standard errors and smaller test statistics. Because the body items here all cor-
relate positively, the MH test will have more power to detect the differences in the
population than the (inappropriately applied) independence test.
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As implicitly indicated above, it is important to note explicitly that the two sets
of expected frequencies estimated using maximum likelihood methods under the in-
dependence hypothesis (as defined above, treating the data incorrectly as coming
from independent observations) and under MH will generally not be the same. The
estimated frequencies for each item distribution under MH in Table 2.5, Column
MH result in the following proportions for the satisfaction categories 1 through 5:
.070, .173, .254, .367,and .136. However, the corresponding estimated proportions
stemming from the (inappropriate) application of model {S, I}) directly to Table 2.5
are: .061, .177, .266, .376,and .120. The latter distribution simply results from
adding all cell frequencies in a particular row of Table 2.5 and dividing it by the total
number of observations (here: 7× 301). In other words, the inappropriate indepen-
dence model {S, I} reproduces the observed marginal distribution of S since the mar-
ginal distribution of S is a sufficient statistic for model {S, I} when the observations
are independent. However, this is not true when independence in Table 2.5 is tested
in the correct way by means of the model. Note that the MH model has no simple
sufficient statistics like the ordinary nonmarginal independence model has. Ignoring
the dependencies between the observations for the different items may not only dis-
tort the chi-square values, but also the estimates of the item distributions. Finally,
regarding the application of saturated model {SI} directly to Table 2.5, it does not
matter whether we compute the λ̂S

i
I
j-estimates just from Table 2.5 or use marginal-

modeling procedures. The two methods yield the same values for the λ̂S
i

I
j estimates,

that describe the observed differences between the item distributions. However, the
estimated standard errors of the λ̂S

i
I
j-estimates are different for the two procedures.

As expected, the inappropriate estimates, obtained directly from Table 2.5 assum-
ing independent observations, are all larger than the ones obtained from the correct
marginal-modeling procedures. Most differences are within the range .02–.04, which
makes a difference for the significance level of several λ̂ SI

i j estimates.

Subgroup Comparisons of One Variable Distributions

The satisfaction with body parts is not only known for the whole sample, but also
separately for men and women. As conventional (and scientifically based) wisdom
holds, women perceive their body in ways different from men. The observed mar-
ginal distributions of satisfaction with the body parts and aspects are shown sepa-
rately for men and women in Table 2.7. What strikes one immediately in Table 2.7
is that men seem to be more satisfied with their body than women. These and other
differences between men and women will be investigated using loglinear marginal
models. Most of these models will be indicated by referring to Table 2.7 as if it were
a normal table GSI (Gender × Satisfaction × Item) without repeating every time that
this table is not a normal table and that the models must be tested and its parameters
estimated by means of the appropriate marginal-modeling procedures.

As seen above, the MH model had to be rejected for the total group. But per-
haps this is because one subgroup (maybe women) expresses different degrees of
satisfaction with different body parts, while the other group (maybe men) is equally
(dis)satisfied with all body parts. Testing the MH hypothesis among the men yields:
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Table 2.7. Body Esteem Scales for Men and Women. See also Table 2.5

Men
1. Thighs 2. Body

Build
3.

Buttocks
4. Hips 5. Legs 6. Figure 7. Weight

1 1 3 2 2 1 3 4
2 8 9 9 8 6 11 13
3 20 26 25 24 18 18 15
4 47 40 42 48 49 50 35
5 21 19 19 15 23 15 30
Total 97 97 97 97 97 97 97
Mean 3.81 3.65 3.69 3.68 3.90 3.65 3.76
SD .901 .995 .956 .903 .867 .974 1.064

Women
1. Thighs 2. Body

Build
3.

Buttocks
4. Hips 5. Legs 6. Figure 7. Weight

1 21 7 20 20 17 12 16
2 59 36 50 43 51 34 35
3 59 52 68 64 61 52 59
4 58 87 53 63 61 90 69
5 7 22 13 14 14 16 25
Total 204 204 204 204 204 204 204
Mean 2.86 3.40 2.95 3.04 3.02 3.31 3.25
SD 1.050 1.007 1.072 1.088 1.075 1.029 1.117

G2 = 29.41, df = 24 (p = .205, X2 = 20.66); for women, the results are G2 = 59.95,
df = 24 (p = .000, X2 = 44.33). Testing the overall hypothesis that there is MH in
both (independently observed) subgroups is possible by simply summing the test
statistics: G2 = 29.41 + 59.95 = 89.35, df = 24 + 24 = 48 (p = .000). This overall
hypothesis can also be indicated as conditional independence between S and I in ta-
ble GSI, i.e., model {GS,GI} for table GSI. The test results point out that it is clearly
not true that there is MH in both subgroups. Looking at the separate subgroup tests,
one might be inclined to conclude that there is definitely no MH among women,
but that MH might be accepted for men. Note, however, that there are 204 women
but only 97 men. If we had observed the proportional data in a sample of 204 men
instead of only 97, given these results the expected value of G2 would have been
29.41× 204

97 = 61.85, which is about the same value as obtained for the women. In
other words, the number of men is too small and the test does not have enough power
to definitely draw the conclusion that MH is true for men but not for women.

In light of this, the observed frequencies in Table 2.7 might be taken for granted
as the best guesses of the population values, and they might be parameterized by
means of the parameters of saturated model {GSI} for table GSI. These parameters
can be used to describe how much more men are (dis)satisfied with their body (parts)
than women and how this difference between men and women varies among the
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items. It can also be formulated the other way around: how much more satisfied
the respondents are with particular body parts than with others and how these item
differences vary between men and women.

But before carrying out such detailed descriptions, other models might be con-
sidered that are more parsimonious than the saturated model, but less parsimonious
than MH for both subgroups. The no three-variable interaction model {GS,GI,SI}
for table GSI is a first interesting candidate. According to this model the items may
have different satisfaction distributions, and men may be more or less satisfied than
women, but the item differences are the same for men and women and the gender
differences are the same for all items. Model {GS,GI,SI} then implies that the odds
ratios in subtable SI for men are equal to the corresponding odds ratios in subtable
SI for women. In other words, the corresponding conditional loglinear parameters
for the association between S and I in the subgroups Men and Women are all equal:
λS

i
I
j
|G
m = λS

i
I
j
|G
w in which the conditional loglinear parameters (Hagenaars, 1990, p. 43-

44) are defined as
λS

i
I
j
|G
k = λS

i
I
j
G
∗ + λS

i
I
j
G
k .

Formulated from the viewpoint of the relationship between G and S, the no three-
variable interaction model similarly implies (with obvious notation): λG

k
S
i
|I
j = λG

k
S
i
|I
j′ .

Model {GS,GI,SI} will be treated here as a logit model for the investigation of
the effects of G and I on S, conditioning on the observed distribution of GI. The
test results for model {GS,GI,SI} (using the correct marginal-modeling estimation
procedures) are: G2 = 40.20, df = 24 (p = .020, X2 = 28.66). Where the previous
analyses for testing MH among men and women may have led to the conclusion that
men are equally (dis)satisfied with their different body parts, while women react dif-
ferently to different bodily aspects, acceptance of model {GS,GI,SI} would imply
that both men and women are differently satisfied with different body parts but that
these item differences are the same for both subgroups. It is, however, not clear what
to do: reject or accept model {GS,GI,SI} given the p-value and the rather large
discrepancy between G2 and X2. The parameter estimates in model {GS,GI,SI}
(not reported here) suggest a linear relationship between Gender and Satisfaction
and an interval by nominal association between Satisfaction and Item. Degrees of
freedom might be gained from imposing these linear restrictions obtaining a more
parsimonious no three-variable interaction model. The test outcomes for such a lin-
early restricted model are G2 = 59.88,d f = 45 (p = .068, X2 = 43.50). However,
one should be careful applying such data dredging procedures, certainly in the light
of the p-values obtained and the discrepancies between test statistics G2 and X2.
Actually, more data are needed to arrive at firm conclusions.

The adjusted residuals of model {GS,GI,SI} or, for that matter, the parame-
ter estimates of the saturated model {GSI}, give interesting clues as to why model
{GS,GI,SI} fails to fit unequivocally. They show that the biggest discrepancies re-
garding men’s and women’s satisfaction are for items Thighs and Build. On average,
men are much more satisfied with all their body parts than women. The parameter es-
timates for the average two-variable relation GS in model {SGI} for all items go from
λ̂ GSI

m1∗ =−.529 for men in the very dissatisfied category almost linearly to λ̂ GSI
m5∗ = .623
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for men in the very satisfied category; the corresponding estimates for women are
.529, and −.623 (remembering effect coding is being used). From this, the (extreme)
odds ratio for the average relation between G and S among the body items can be
computed: exp(−.529− .623− .623− .529) = exp(−2.304) = .100. The odds that
a man is very satisfied with a body part rather than very dissatisfied is ten times
(1/.100) higher than the corresponding odds for a woman. The three-variable inter-
action parameter estimates indicate that this average difference between men and
women is even very much (and statistically significantly) stronger for Thighs (in-
verse extreme odds ratio 1/.0159 = 63.02), while it is very much (and statistically
significantly) weaker for Build (inverse extreme odds ratio 1/.532 = 1.88). Regard-
ing these men-women differences, Buttocks and Hips follow Thighs, although the
men-women differences are much smaller for Buttocks and Hips than for Thighs,
while Legs, Figure and Weight follow Build, but also with smaller differences.

Finally, as in the analyses for the whole group, it is seen here again that the
parameter estimates for the nonsaturated loglinear models when (inappropriately)
estimated directly from Table 2.7 differ from the correct estimates, taking the depen-
dencies of the observations into account. Further, the standard errors of the estimates
of the loglinear parameters are all smaller when computed in the correct way and,
consequently, the test statistics larger. Finally, the observed marginal proportions that
are exactly reproduced in the inappropriate analyses assuming independence of the
observations are not exactly reproduced by the marginal-modeling procedures.

These consequences and tendencies have been found many times in later analyses
and will therefore not always be reported anymore; attention will mainly be paid
to exceptions or special cases. One must keep in mind that in the relative simple
cases such as discussed here, standard errors will be larger and test statistics smaller,
when the correlations between the dependent observations are negative or the data in
the joint table lie mainly outside the main diagonal (Hagenaars, 1990, p. 208-209).
However, in situations with more complex dependencies patterns, the consequences
of incorrectly assuming independent observations may not be this simple (see also
Berger, 1985; Verbeek, 1991).

2.2.3 More Complex Designs and Research Questions

Complex Dependency Patterns

The analyses of the previous subsection dealt with data coming from a simple ran-
dom sampling design and pertained to substantive research questions regarding the
comparison of simple (conditional) one-way marginal tables. How to handle more
complicated research designs and more complex marginal tables will be illustrated in
this subsection. The data that will be used as an example come from the Netherlands
Kinship Panel Study (NKPS), a unique in-depth large-scale study into (changing)
kinship relationships covering a large number of life domains (Dykstra et al., 2004).
NKPS contains several different modules with different modes of data collection.
The data used here come from a module in which essentially a random sample from
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the Dutch population above 18 years old has been interviewed, as well as one ran-
domly chosen parent of each respondent. Because of selective nonresponse, there are
many more women than men in the sample. This will be ignored here, but a possible
approach for dealing with nonresponse in marginal models will be briefly discussed
in the last chapter. We will also ignore the fact that within the module we use, just one
child and one parent is selected from each family, regardless of the size of the (nu-
clear) family. To get a representative sample of individual family members, weights
must be applied to correct for the smaller chances of children from large families to
get included in the sample. We will ignore this issue in order to not complicate things
further, but discuss it very briefly in the last chapter. Further details on the study’s
design, fieldwork and nonresponse are provided on the NKPS website, www.nkps.nl.

Among many other things, family members were questioned about their tradi-
tional sex role attitude. A scale was constructed from these questions with (mean)
scores running from 0 to 4. Here, an index will be used with three categories:

• 1 = less traditional attitude (more in favor of an egalitarian division of tasks
between men and women), corresponding with original scale scores between 0
and 1

• 2 = moderately traditional, corresponding to original scale scores between 1 and 2
• 3 = traditional attitude (in favor of a traditional division of labor, such as women

taking care of the house and the children, but men working outside the house
earning the household’s income, etc.), corresponding with original mean scale
scores between 2 and 4.

The data for 1,884 families (parent-child pairs) are shown in Table 2.8. There are
four variables in this table: variable P represents Sex of the parent (1 = father, 2 =
mother), variable C Sex of the child (1 = son, 2 = daughter). Variable A is the Sex
role attitude of the parent, whereas variable B is the Sex role attitude of the child.
This table is the joint (or fully) observed table since its entries are based on indepen-
dently sampled households. Therefore, for many research questions regarding the
relationships among the four variables, no special marginal-modeling techniques are
required. However, this is certainly not true for many other questions.

A relevant question about these data might be whether there are any overall dif-
ferences between parents and children with respect to their sex role attitudes. The
relevant marginals are shown in the first two columns of Table 2.9. These marginals
are obtained by summing the row totals (for the parents’ attitude A) and summing
the column totals (for the children’s attitude B) in the four subtables of Table 2.8.
The first two columns of Table 2.9 will now be denoted as table TG, where T stands
for Traditionalism (with three categories) and G for Generation (parent/child). Given
the sampling design of the NKPS data in the module used here, the data in this table
TG are not independently observed as each parent is coupled with one child (from
the same family). Marginal modeling methods must be used to take this dependency
(clustering, matching) into account when comparing the overall parent and child dis-
tributions.

Complete homogeneity of parents’ and children’s distributions clearly has to
be rejected: G2 = 343.11, df = 2 (p = .000, X2 = 297.98). Ignoring the partial
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Table 2.8. Traditional sex role attitudes; source NKPS, see text

P = 1, C = 1: Father–Son
B. Child’s Attitude

A. Parent’s Attitude 1. Nontrad. 2. Mod. trad. 3. Trad. Total
1. Nontraditional 37 26 3 66
2. Moderately traditional 60 62 13 135
3. Traditional 19 41 11 71
Total 116 129 27 272

P = 1, C = 2: Father–Daughter
B. Child’s Attitude

A. Parent’s Attitude 1. Nontrad. 2. Mod. trad. 3. Trad. Total
1. Nontraditional 101 25 3 129
2. Moderately traditional 108 62 2 172
3. Traditional 26 37 5 68
Total 235 124 10 369

P = 2, C = 1: Mother–Son
B. Child’s Attitude

A. Parent’s Attitude 1. Nontrad. 2. Mod. trad. 3. Trad. Total
1. Nontraditional 92 55 5 152
2. Moderately traditional 91 123 18 232
3. Traditional 30 49 23 102
Total 213 227 46 486

P = 2, C = 2: Mother–Daughter
B. Child’s Attitude

A. Parent’s Attitude 1. Nontrad. 2. Mod. trad. 3. Trad. Total
1. Nontraditional 204 65 6 275
2. Moderately traditional 222 114 11 347
3. Traditional 63 63 9 135
Total 489 242 26 757

Table 2.9. Traditional sex role attitudes; marginal distributions; source NKPS, see text

Sex Role Attitude 1. Parent 2. Child 1. Men 2. Women
1. Nontraditional 622 1053 524 1151
2. Moderately traditional 886 722 663 945
3. Traditional 376 109 212 273
Total 1884 1884 1399 2369

dependency and inappropriately applying the standard independence model {T,G}
directly to the first two columns of Table 2.9 yields different values for the test
statistics: G2 = 284.41, df = 2, p = .000, X2 = 274.62. All adjusted residuals under
the MH model (not reported here) are statistically significant. For parents’ attitude,
the vector with observed marginal proportions in Table 2.9 is (.330, .470, .200); for



2.2 Applications of Loglinear Marginal Models 45

children’s attitude, it is (.559, .383, .058). Looking at these observed marginal pro-
portional distributions of traditionalism, it is evident that children have much less
traditional views on sex roles than their parents. The differences in sex roles attitude
between parents and children can be expressed in terms of the loglinear parame-
ters in saturated model {TG} applied to table TG using marginal-modeling meth-
ods. All two-variable parameters are statistically significant and show an almost
perfectly linear relationship between T and G: λ̂G

1
T
1 = −.416, λ̂G

1
T
2 = −.050, and

λ̂G
1

T
3 = .466. From these estimates, it can be computed that the extreme odds ratio

equals exp(−.416− .466− .416− .466)= .171 (and its inverse 1/.171 = 5.836): the
odds of being traditional (T = 1) rather than nontraditional (T = 3) are almost six
times larger for parents than for children.

Another possibly relevant question that gives rise to a more complex dependency
pattern is about the overall differences between men and women. To answer this
question, the overall marginal distributions of Traditionalism for men and women
have to be obtained by summing appropriate row totals and column totals of the
subtables in Table 2.8. For example, to obtain the marginal distribution for men,
one takes the sum of the row and column totals of subtable 1, the row totals of
subtable 2 and the column totals of subtable 3. The resulting marginal distributions
are reported in the last two columns of Table 2.9, denoted as table TS, where T has
three categories as before and S has two (men, women). Note that now the totals of
these two columns are no longer equal to each other and not equal to the 1,884 parent-
child pairs. In total, there are 2×1884 = 3,768 responses to the questions about sex
roles, 1,399 of which were given by men (fathers and sons) and 2,369 by women
(mothers and daughters). These answers come partly from matched observations,
viz. when originating from the same subtable in Table 2.8, i.e., from father-son or
mother-daughter pairs. For the other part, they are independent observations. Again,
marginal-modeling methods have to be used to take the (partial) dependency into
account.

Marginal homogeneity for men and women in table TS must now explicitly refer
to the equality of the probability distributions because of the different column to-
tals. The test results are G2 = 46.91, df = 2 (p = .000, X2 = 46.33). Inappropriately
assuming completely independent observations and applying model {T,S} directly
to table TS yields G2 = 45.38, df = 2, X2 = 45.11. Men appear to have different
opinions than women regarding the roles of the sexes. The observed distribution for
men is given by vector (.375, .474, .152), for women by (.486, .399, .115). So, men
are more traditional regarding sex roles than women. This is confirmed by the (sta-
tistically significant) loglinear parameters of saturated model {TS} for table TS. The
relationship between S and T is approximately linear: λ̂S

1
T
1 =−.161, λ̂S

1
T
2 = .055, and

λ̂S
1

T
3 = .106 . The overall differences in traditionalism between parents and children

as found above in table T G are definitely larger than the overall differences found
here between men and women in table T S. The extreme odds ratio for the relation-
ship between S and T in table T S, computed analogously as above for the relation
G−T equals .534 and its inverse 1/.534 =1.873: the odds that a man gives a tradi-
tional answer (T = 3) rather than a nontraditional one (T = 1) are almost two times
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Table 2.10. Traditional sex role attitudes; men–women and parents–children marginal distri-
butions; source NKPS, see text

P. Parent’s sex Male
C. Child’s sex Male Female
R. Respondent’s status Parent Child Parent Child

1. Nontraditional 66 116 129 235
T . Sex role attitude 2. Moderately traditional 135 129 172 124

3. Traditional 71 27 68 369
Total 272 272 369 369

P. Parent’s sex Female
C. Child’s sex Male Female
R. Respondent’s status Parent Child Parent Child

1. Nontraditional 152 213 275 489
T . Sex role attitude 2. Moderately traditional 232 227 347 242

3. Traditional 102 46 135 26
Total 486 486 757 757

larger than for a woman. It is also possible to test whether the difference in strengths
of the marginal association between S−T and G−T is statistically significant us-
ing marginal-modeling methods; this will not be done here, but a similar research
question will be illustrated below.

Given the overall differences in traditionalism between generations, and between
men and women, a next logical question is to ask whether or not the generational dif-
ferences in traditionalism are larger among men than among women; or, formulated
the other way around, are the sex differences in traditionalism larger between fathers
and mothers than between sons and daughters. To answer this question, all row and
column totals of the subtables in Table 2.8 have to be considered. They have been put
together in Table 2.10 in the form of a PCRT table (where the symbols P, C, R, and T
are explained in the table). Here the observations are again partially dependent. The
loglinear models of interest can most easily be formulated in terms of the variables in
Table 2.10, using the short-hand notation for hierarchical models. All models will be
logit models for the investigation of the effects on T , conditioning on the distribution
of PCR.

It was found above that the overall differences between parents and children (now
variable R) concerning their sex roles attitudes (variable T ) were very large. But how
large are these differences when we control for the sex of parents and children using
table PCRT? The most parsimonious model in this respect is the model in which
there are no differences left, that is, model R ⊥⊥ T |PC, which states that R and T are
conditionally independent given P and C. This model is equivalent with loglinear
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model {PCR,PCT} for Table 2.10, and identical to the hypothesis of simultaneous
MH in each of the subtables of Table 2.8. For each of the subtables of Table 2.8,
the hypothesis of marginal homogeneity has to be rejected (all p = .000), as well
as the MH hypothesis for all four subgroups simultaneously: G2 = 354.89, df = 8
(p = .000, X2 = 303.56). The next logical step is then to ask whether the apparently
existing marginal differences between parents and children are the same in all four
subtables in Table 2.8. In loglinear terms, is model {PCR,PCT,RT} for Table 2.10
true in the population? However, this model has to be rejected too: G2 = 30.00, df = 6
(p = .000, X2 = 29.44).

In order to find out why model {PCR,PCT,RT} did not fit the data, the parame-
ters for the effects on T in saturated model {PCRT} for Table 2.10 were estimated.
The first striking finding was that all loglinear parameter estimates λ̂ that had P and
T among their superscripts (PT,PCT,PRT,PCRT) had insignificant and very small
values: all absolute λ̂ -values were smaller than .05. This means that there are no
effects at all of P on T and it must be concluded, somewhat unexpectedly, that fa-
thers and mothers do not differ in their attitudes on sex roles in model {PCRT} for
Table 2.10, despite the overall differences between men and women found above.
Apparently, these sex differences only apply to the children, not to the parents. Sec-
ond, there was a substantial main effect of R on T in model {PCRT}. It is approxi-
mately a linear effect (as, by the way, all direct effects on T in model {PCRT} are).
The extreme odds ratio for the relationship R− T in model {PCRT}, i.e., for the
differences between parents and children regarding the odds nontraditional (T = 1)
versus traditional (T = 3) is .157 and its inverse is 6.366. This effect is just a little
bit stronger than the corresponding overall effect G− T discussed above (that was
.171 with its inverse 5.836). But there is also a significant and non-negligible three-
variable interaction term CRT . Because of this interaction term, when sons (C = 1)
are being interviewed, the extreme conditional odds ratio for the differences in tradi-
tionalism between parents and children becomes .264 and its inverse is 3.790, while
for daughters (C = 2), the corresponding extreme conditional odds ratio equals .094
and its inverse is 10.693. In sum, parents are generally more traditional than their
children, but sons depart substantially less from their parents than daughters do.

Summing up, there are no differences whatsoever with regard to traditional at-
titudes towards sex roles between fathers and mothers. Boys and girls, on the other
hand differ; boys being more traditional than girls. The largest attitude differences
were found for Generation: children are much less traditional than their parents, and
this is especially true for daughters, but less so for sons.

So far, all marginal models for the NKPS data concerned the comparison of the
distributions of the one characteristic attitude towards sex role. However, in NKPS,
the respondents were not only asked about their attitudes regarding sex roles but also
regarding marriage: to what extent did the respondents feel that marriage is a sacred
institute? This attitude was measured by items such as ‘having sex before marriage is
forbidden’, and ‘marriage among homosexuals is not allowed’. Traditionalism con-
cerning marriage, which was also originally expressed in terms of mean scale scores,
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Table 2.11. Traditional sex role and Marriage attitudes; marginal distributions for Parents and
Children; source NKPS, see text

I. Item 1. Sex Role 2. Marriage
R. Respondent’s Status 1. Parent 2. Child 1. Parent 2. Child

T . Traditional attitude
1. Nontraditional 622 1053 783 1310
2. Moderately traditional 886 722 896 501
3. Traditional 376 109 205 73
Total 1884 1884 1884 1884

was coded in three categories in the same way as the categorization of the variable
sex role attitude.

A relevant research question then might be whether or not parents and children
differ in the same way regarding both characteristics, viz. traditionalism regarding
sex roles and marriage. The marginal one-variable distributions of both characteris-
tics for parents and children were formed from the full table (not presented here, but
see our website) and shown in Table 2.11.

The observations in the different columns in Table 2.11 are not only dependent
because of the partial matching between particular parents and children, but also be-
cause the data for marriage traditionalism have been obtained from exactly the same
respondents as the data on sex role traditionalism. Estimation and testing procedures
have to take these complex patterns of dependencies into account. Table 2.11 will be
treated as an IRT table with variable T now representing Traditionalism (regarding
sex roles and marriage). The loglinear models considered for the data in Table 2.11
will be logit models for the effects on T , conditioning on the observed frequencies
for marginal table IR.

The hypothesis that there are no parent-child and item differences, in other words,
that all column distributions in Table 2.11 are homogeneous is represented by model
{IR,T} for Table 2.11. In the less restrictive model {IR, IT}, the distributions of T
are allowed to be different for the two items, but not between parents and children.
Assuming homogeneous distributions for the two items but different distributions
for parents and children leads to model {IR,RT}. Finally, the hypothesis that there
are both item and parent-child differences regarding T , but no special three-variable
interactions, is represented by model {IR, IT,RT}.

Note that these models bear strong resemblances to traditional MANOVA models
or ANOVA models for repeated measures, as were the models for the body items data
in Table 2.7; see Chapters 3 and 5 for more MANOVA-like analyses.

However, all these models for Table 2.11 have to be rejected; all p-values are
p = .000. That leaves us with the saturated model {IRT} for Table 2.11. However,
in this saturated model, the three variable interaction effect is very small (although
statistically significant) and does not lead to really different conclusions from the no
three-variable interaction model {IR, IT,RT}. The outcomes in model {IR, IT,RT}
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(not presented here) indicate that parents are substantially more traditional than their
children regarding both characteristics, and that both parents and children have a bit
more traditional views on sex roles than on marriage.

The complex patterns of dependencies in the observations in Table 2.11 as a
consequence of the matched parent-child relation, and of the repeated items, led to
somewhat unexpected outcomes for standard errors and test statistics when the above
correct marginal procedures are compared with the inappropriate analyses ignoring
the dependencies. For example, the G2 statistics for models {IR,T} and {IR, IT}
in Table 2.11 are smaller when calculated in the correct manner than when inap-
propriately applied assuming independent observations. For models {IR,RT} and
{IR, IT,RT} the opposite is true. In the same vein, the standard errors for some of
the parameter estimates in the saturated model are smaller but also larger for some
parameters when estimated in the correct way than when estimated incorrectly as-
suming independent observations. This is different from the patterns found so far. It
turns out that predictions about the consequences of ignoring the (complex) depen-
dencies between the observations may not be of a simple nature: it is not guaranteed
at all that one gains statistical power by taking the dependencies into account; one
might as well lose power. As was seen in many complex analyses, even when expect-
ing ‘positive’ dependencies, ignoring the dependencies in the observations may lead
to smaller standard errors and larger test statistics, but also to the opposite situation:
larger standard errors and smaller test statistics.

Associations Among Variables

So far, only one-way marginals have been considered, either for the sample as a
whole or for subgroups, and either for one or even more characteristics. But multi-
way marginals may be at least as interesting for researchers. Comparisons of more
complex multiway marginals will be discussed in Chapters 4, 5, and 6. Now, the ba-
sic approach will be outlined by means of a simple example showing how to conduct
analyses of associations using two-way marginals. As a first example, the data in
Table 2.8 will be used in which the relationship was shown between Parents’ atti-
tudes (A) and Children’s attitudes towards sex roles (B) for different subgroups. One
may wonder whether the associations AB for homogeneous pairs (father-son and
mother-daughter) are stronger than for nonhomogeneous pairs (father-daughter and
mother-son). If the data in Table 2.8 had come from a design different from NKPS,
in which the information for the particular combinations of the four relevant respon-
dents, viz. father, mother, son, and daughter had all been collected within the same
family, marginal-modeling methods would have been needed to test such a hypothe-
sis. However, given the module of NKPS that is used here, in which one respondent
(child) is coupled with one parent, the four subgroups in Table 2.8 have been inde-
pendently observed and regular loglinear modeling can be used. The hypothesis that
the relationship AB expressed in terms of odds ratios is the same in all four subgroups
is identical to applying model {PCA, PCB, AB} directly and in the standard way to
Table 2.8. This hypothesis need not be rejected: G2 = 12.26, df = 12 (p = .414,
X2 = 12.26). Consequently, the idea that the association AB might be stronger in
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Table 2.12. Association between Sex role and Marriage attitudes for Parents and Children;
source NKPS, see text. Response categories for Marriage and Sex Role: 1 = nontraditional, 2
= moderately traditional, 3 = traditional

R. Respondent’s Status Parent Child
B. Marriage 1 2 3 1 2 3

1 459 152 11 923 120 10
A. Sex Role 2 251 542 93 345 339 38

3 73 202 101 42 42 25

the homogeneous subgroups (mother-daughter and father-son combinations) than in
the nonhomogeneous subgroups (father-daughter and mother-son combinations) is
not accepted. There is the same strong, positive, and statistically significant relation
between A and B within each subtable; the relationship is also approximately lin-
ear and the deviations from linearity are not significant (precise results not reported
here). The test results for a conditional test of the linear restrictions for AB, assuming
a linear × linear (or uniform) association against model {PCA, PCB, AB} without
the linear restrictions for AB are G2 = 1.85, df = 3, (p = .605).

A research question that does require marginal modeling with the NKPS data
would be whether or not the association between the sex role and the marriage atti-
tudes are different for parents and children. One may postulate, for example, that dif-
ferent specific attitudes are more crystalized into a consistent attitude system among
parents than among children. The full data set is presented on the book’s webpage;
the relevant marginal data are displayed in Table 2.12, which will be treated as an
RBA table.

The null hypothesis that the association between A and B is the same for parents
and children corresponds to model {RB,RA,AB} for Table 2.12. This model fits the
data excellently: G2 = 3.791, df = 4 (p = .435, X2 = 3.802). Assuming indepen-
dent observations and applying this model directly to the data in Table 2.12 yields
G2 = 3.891, df = 4, p = .421, X2 = 3.904. There is no reason to assume that the re-
lationship between the two attitudes is stronger for the parents than for the children.
The common relationship between sex role and marriage attitudes is very strong and
monotonically increasing. All local log odds ratios in the common 3× 3 table AB
are positive. The extreme odds ratio involving cells 11, 13, 31, and 33 equals 52.47.
The relationship is not strictly linear since the linear × linear or uniform association
model has to be rejected.

The above illustrations should have made clear when and how substantive re-
search questions involve the comparison of marginal tables and how they can be
translated into the language of loglinear models for marginal tables. Later chapters
will exemplify still more and more complicated research questions. But first, atten-
tion must be paid to the central question of how the maximum likelihood estimates
for loglinear marginal models can be obtained.
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2.3 Maximum Likelihood Inference for Loglinear Marginal
Models

Maximum likelihood inference for marginal models requires that the cell probabil-
ities of the joint table are estimated under the constraints imposed by the marginal
model. The main difficulty in fitting and testing marginal models, compared to ordi-
nary loglinear models, is the dependency of the observations. The estimation proce-
dure discussed here is Bergsma’s (1997) modification of the method of Lang and
Agresti (1994). Fitting marginal models generally requires numerical procedures
since closed form expressions are usually not available. Before the details of the
proposed estimation procedure are given, several sampling methods that are often
used and that are appropriate for maximum likelihood inference are discussed.

2.3.1 Sampling Methods

Let πi represent the probability of observing response pattern i pertaining to a set of
categorical variables for a randomly selected respondent from the population. Each
response pattern i defines a cell in the multidimensional contingency table that con-
tains the observed frequencies ni. Let N be the total number of respondents and I the
total number of cells in the table. It is commonly assumed in social and behavioral
science research that the observed frequency distribution is given by the multinomial
distribution

Pr(n1, · · · ,ni, · · · ,nI) =
I

∏
i

(
N
ni

)
πni

i .

Most researchers take it for granted that the multinomial distribution is the appro-
priate sampling distribution of the frequencies in a contingency table. However, one
should keep in mind that this is only true if several, not always trivial, conditions
are satisfied. For example, the sample size N should be fixed in advance, and should
not depend on other aspects of the sampling process. Further, the respondents are
supposed to be sampled independently from the population with replacement im-
plying that the theoretical cell probabilities πi remain constant during the sampling
process. If these conditions are not satisfied, the multinomial assumption is not valid
and other sampling distributions apply. If sampling is without replacement, the ob-
served frequencies follow a hypergeometric distribution. If the sample size is not
fixed in advance, but depends on the number of times a certain event (called a ‘suc-
cess’) occurs, the negative binomial distribution is more appropriate. The full in-
formation ML estimation procedure for fitting marginal models and the associated
statistical procedures discussed in this book are appropriate for multinomially dis-
tributed frequencies. They are, in general, not appropriate for the hypergeometric and
negative binomial distributions. These less well-known theoretical probability distri-
butions for observed frequencies will not be discussed further in this book. However,
unless stated otherwise, the estimation and test procedures developed here remain
valid for two other sampling distributions: the product multinomial and the Poisson
distribution.
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Sometimes the entire population is stratified before sampling, using a stratifying
variable S. If parameters of different subgroups are of interest, the researcher may
consider taking a fixed number of subjects from each subgroup. The numbers Nk of
observations in each stratum are fixed in advance. Let nik be the number of observa-
tions from stratum k in cell i, assuming K strata. Then, the joint distribution of all
cell frequencies is often assumed to follow the product multinomial distribution

Pr(n11, · · · ,nik, · · · ,nIK) =
K

∏
k=1

I

∏
i=1

(
Nk

nik

)
πnik

ik .

The product multinomial distribution is applicable when the sampling within each
stratum satisfies the conditions stated above for the multinomial distribution, and
additionally when the sampling from different strata occurs independently.

In other applications, it is not the number of observations that is fixed in advance
but some other aspect of the sampling process such as the total observation time. In
that case, the observed frequencies may follow a Poisson distribution

Pr(n1, · · · ,ni, · · · ,nI) =
I

∏
i=1

μni
i e−μi

ni!

with expected frequencies μi for i = 1, · · · , I. The Poisson distribution can be used
when the events that are counted occur randomly over time or space with outcomes
in disjoint periods or regions independent of each other. If the rate of occurrence
of an event is the parameter of interest, such as the number of pedestrians passing
a shopping street per hour, of the above schemes only Poisson sampling would be
appropriate.

2.3.2 Specifying Loglinear Marginal Models by Constraining
the Cell Probabilities

In order to describe the ML estimation procedure, it is useful to specify marginal
models in matrix notation and define the loglinear models in the form of restrictions
on the cell probabilities rather than in terms of loglinear parameters. It will be shown
below why this is useful and how this can be done. The notation that will be used is
an adaptation of the notation proposed by Grizzle et al. (1969).

A vector of loglinear marginal parameters φ can generally be written in the form

φ(π) = C′ logA′π ,

where π is a vector of cell probabilities, and A and C are matrices of constants. The
basic principle of this representation will be illustrated by means of a few simple
examples. But first, it will be made clear what it means when a scalar function f (x)
is applied to a vector of values. Let f (x) be a function of a scalar variable x such as,
for example, f (x) = exp(x) or f (x) = log(x). If this function is applied to a vector of
values like
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x =

⎛

⎝
x1

x2

x3

⎞

⎠ ,

the result is another vector with the values of f (xi) as its elements:

f (x) =

⎛

⎝
f (x1)
f (x2)
f (x3)

⎞

⎠ .

This definition can easily be extended to vectors containing arbitrary numbers of
elements.

Example 1: Marginal Homogeneity in a 3×3 Table

Suppose a categorical variable with three categories is observed at two time points.
The theoretical cell probabilities for the data from this simple panel study can be
written in a 3×3 matrix

Π =

⎛

⎝
π11 π12 π13

π21 π22 π23

π31 π32 π33

⎞

⎠ .

The rows of this matrix correspond to the first measurement and its columns corre-
spond to the second one. For further use, this matrix will have to be written as vector.
In this book we decided to vectorize a matrix row-wise so that when the elements
of a matrix are written in vector form, the last index changes the fastest. Hence, for
matrix Π above,

π = vec(Π) =

⎛

⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎝

π11

π12

π13

π21

π22

π23

π31

π32

π33

⎞

⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

.

Note that our definition of the vectorization operations differs from the vec operation
defined in textbooks on linear algebra as Searle (2006) and Schott (1997) where
vectorization is carried out column-wise. This vectorization operation can also be
applied to general multidimensional arrays, not just to two-dimensional matrices.
Whenever such a multidimensional array is vectorized, its last dimension changes
the fastest and its first dimension changes the slowest. So, for a 2× 2× 2 array F
with entries fi jk, one has
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vec(F) =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜
⎝

f111

f112

f121

f122

f211

f212

f221

f222

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎠

.

Going back to our example, the univariate marginals of matrix Π are

πi+ = ∑
j

πi j

and

π+ j = ∑
i

πi j .

These marginals can be written in the vector
⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

π1+
π2+
π3+
π+1

π+2

π+3

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

.

Now, consider the following 6×9 matrix:

A′ =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

.

Then it is easy to see that

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎝

π1+
π2+
π3+
π+1

π+2

π+3

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎝

1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎠

.

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

π11

π12

π13

π21

π22

π23

π31

π32

π33

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎠

= A′π .



2.3 Maximum Likelihood Inference for Loglinear Marginal Models 55

Premultiplication of π by matrix A′ yields the appropriate marginal distributions, and
log(A′π) is then the vector containing the logarithms of those marginal probabilities:

log(A′π) =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

log(π1+)
log(π2+)
log(π3+)
log(π+1)
log(π+2)
log(π+3)

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

.

Under the marginal homogeneity hypothesis, it is assumed that πi+ = π+i for all cat-
egories of the response variable. It then also follows that log(πi+) = log(π+i), imply-
ing that the six entries of the vector log(A′π) are functions of only three parameters
(or: two independent ones, see below). Then, the matrix X is defined as

X =

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎝

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎠

,

where the design matrix and the effects are arbitrarily expressed in terms of a
dummy-variable-like notation rather than effect coding. The hypothesis of marginal
homogeneity can now be represented as

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

log(π1+)
log(π2+)
log(π3+)
log(π+1)
log(π+2)
log(π+3)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

⎛

⎝
β1

β2

β3

⎞

⎠=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

β1

β2

β3

β1

β2

β3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

or more concisely as

log(A′π) = Xβ ,

with the vector β containing the three unknown parameters β j for j = 1,2,3. This
equation provides a parametric representation of the marginal homogeneity hypoth-
esis, with β j being the (unknown) logarithm of the sum of the cell probabilities in
the j-th row and in the j-th column of matrix Π .

A parameter-free representation of the marginal homogeneity model is obtained
by noting that it implies the following constraints on the marginal probabilities

log(π1+) = log(π+1)
log(π2+) = log(π+2)
log(π3+) = log(π+3) .
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Since the cell probabilities in Π sum to 1, only two (e.g., the first two) constraints of
the three given here have to be considered. Now, define the 2×6 matrix B′ as

B′ =
(

1 0 0 −1 0 0
0 1 0 0 −1 0

)
,

then (
log(π1+)− log(π+1)
log(π2+)− log(π+2)

)
= B′ log(A′π) .

Marginal homogeneity is now equivalent to B′ log(A′π) = 0. Here we have a repre-
sentation of the marginal homogeneity model that does not contain any parameter,
but is completely formulated in terms of constraints on the cell probabilities in matrix
Π . The hypothesis of marginal homogeneity can now be tested by first determining
the maximum likelihood estimates of the cell probabilities under the constraints im-
plied by the model, and then testing whether or not this restricted model provides
a significantly worse fit than the unconstrained model. In this testing procedure, no
unknown parameters (apart from the cell probabilities) will be estimated.

Example 2: Independence in a 3×3 Table

In this second example, it will be illustrated how the simple independence model
in a two-dimensional table can also be cast in the form of a parameter-free model
(switching to a nonmarginal model for our explanations). We return to the 3 × 3
table Π introduced in the previous example. The loglinear model representing inde-
pendence of the row and column variable is given by

log(πi j) = λR
∗

C
∗ + λR

i
C
∗ + λR

∗
C
j .

Now, take matrix C as the 9×9 identity matrix. Further, define

X =

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

1 1 0 0 1 0 0
1 1 0 0 0 1 0
1 1 0 0 0 0 1
1 0 1 0 1 0 0
1 0 1 0 0 1 0
1 0 1 0 0 0 1
1 0 0 1 1 0 0
1 0 0 1 0 1 0
1 0 0 1 0 0 1

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

,

which is the design matrix of the model (arbitrarily using dummy rather than effect
coding). Then, our loglinear model can be written as

C′ log(π) = log(π) = Xλ ,

with vector λ containing the loglinear parameters. As is customary in the discussion
of loglinear models, the symbol λ is used (rather than β ) to represent the unknown
loglinear parameters.
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In order to derive a parameter-free representation of the same model, the concept
of the null space of a matrix has to be introduced. Take the matrix X as defined
above. This matrix is of the order 9×7 and its columns define a vector space whose
elements are the linear combinations of the columns of X

V = {y : y = Xw}
for all weight vectors w consisting here of seven arbitrary weights wk. The vectors y
in V contain nine elements. Since the vector space V is generated by the columns
of matrix X , it is often called the column space of X .

Do we really need all columns of X to generate this vector space? The answer to
this question depends on the column rank of X . The matrix X is of full column rank
if the zero weight vector w = 0 is the only weight vector for which Xw = 0. When
we can find a nonzero vector w, i.e., a vector with a least one element different from
zero, for which Xw = 0, the matrix is of deficient column rank. In that case, there
exists a linear dependency among the columns of matrix X . In the present example,
twice the first column of X is the sum of the other six columns, implying that for
the nonzero weight vector w′

1 = (−2,1,1,1,1,1,1), we have Xw1 = 0. Moreover, the
sum of columns 2 to 4 is equal to the sum of columns 5 to 7. Hence, we have also
Xw2 = 0 for w′

2 = (0,1,1,1,−1,−1,−1). For the present matrix X , one can prove
that only two different linear dependencies exist among its columns. These linear
dependencies allow us to express two columns of X as linear combinations of the
other columns. For example, for the first (x1) and second column (x2), we can write

x1 = x5 + x6 + x7

and

x2 = −x3 − x4 + x5 + x6 + x7 ,

showing that arbitrary elements of V can be generated by a particular selection of
five columns of X . A set of linearly independent vectors that generate a vector space
is called a ‘basis’ of the vector space. The vectors in a vector space can be written
as linear combinations of the elements in its basis. Bases of vector spaces are not
uniquely defined, but the number of generating vectors in them is: the number of
vectors in a basis is called the dimension of the vector space. The vectors defining
a basis for a vector space will be written column-wise in the matrix XB. Removing
any generating vector from a basis transforms the given vector space into a different
one of lower dimensions. If matrix X is of full column rank, there exist no linear
dependencies among its columns and we need all its columns to generate vector
space V with its dimension equal to the number of columns of X . If there exist
linear dependencies among the columns of X , the dimensionality of V is equal to the
number of linearly independent columns of X , and its dimension is smaller than the
number of columns of X . See Schott (1997) for an overview of the concepts of linear
algebra that are relevant for statistics.

To show that a model can be defined in terms of (restrictions on) its parameters
but also (as is true in our marginal-modeling approach) in terms of restrictions on the
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cell probabilities, the concept of a null space is needed. The null space N of X is a
different vector space that can be associated with matrix X . It is defined as

N = {y : y′X = 0} .

The vector space N is the set of all vectors that are orthogonal to the columns of
X . It is also often called the orthocomplement of X . Being itself a vector space,
it can be generated by a set of vectors in one of its bases. One can prove that the
dimensionality of the null space and the column space of a matrix sum to the number
of rows of X . Let XN be the matrix containing a basis of the null space of X , and XB

the matrix containing a basis of the column space of X . Then,

X ′
NXB = 0 .

An important point to realize is that a vector space can be characterized either by
specifying a basis XB, or by specifying a basis XN of its null space: y ∈ V if and only
if y = XBw for some w, if and only if y′XN = 0 (or X ′

Ny = 0). We will discuss in a
later paragraph how to construct bases for both vector spaces.

With this knowledge in mind we can go back to the parametric representation of
the loglinear model for independence:

log(π) = log(A′π) = Xλ .

This relation shows that log(π) is an element in the vector space generated by the
columns of X . Letting XN be the matrix containing in its columns a basis of the null
space of X , it follows that the loglinear model can equivalently be specified in terms
of a set of constraints on the cell probabilities:

X ′
N log(π) = 0 .

In the present example, V has dimension 5 whereas its null space has dimension
4. The columns of the following matrix give a basis for this null space:

XN =

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

1 1 1 1
0 −1 0 −1

−1 0 −1 0
0 0 −1 −1
0 0 0 1
0 0 1 0

−1 −1 0 0
0 1 0 0
1 0 0 0

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

.

With this choice for XN , the constraints on the cell probabilities are
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X ′
N log(π) = log

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

(π11π33)/(π13π31)

(π11π23)/(π13π21)

(π11π32)/(π12π31)

(π11π22)/(π12π21)

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

= 0 .

Independence of the row and column variable in our 3 × 3 table is equivalent to
constraining four independent log odds ratios to be equal to zero.

Example 3: Equality of Local Odds in a 3×3 Table

In a 3× 3 table with cell probabilities πi j, four nonredundant local log odds can be
defined as

ωi j = log

(
πi, jπi+1, j+1

πi, j+1πi+1, j

)

for i, j = 1,2. Let A be the 9×9 identity matrix and define matrices C and X in the
following way:

C′ =

⎛

⎜
⎜
⎝

1 −1 0 −1 1 0 0 0 0
0 0 0 1 −1 0 −1 1 0
0 1 −1 0 −1 1 0 0 0
0 0 0 0 1 −1 0 −1 1

⎞

⎟
⎟
⎠ and X =

⎛

⎜
⎜
⎝

1
1
1
1

⎞

⎟
⎟
⎠ .

The hypothesis that the four local log odds are equal can be represented in parametric
form as

C′ log(A′π) = Xβ ,

with β the common value of the four local log odds. The columns of the following
matrix U provide a basis for the null space of X :

U =

⎛

⎜⎜
⎝

1 1 1
−1 0 0

0 −1 0
0 0 −1

⎞

⎟⎟
⎠ .

The same hypothesis can now be represented in parameter-free form as

U ′C′ log(A′π) = 0 .

Exactly which constraints are imposed on the cell probabilities can be seen from the
product

B′ = U ′C′ =

⎛

⎝
1 −1 0 −2 2 0 1 −1 0
1 −2 1 −1 2 −1 0 0 0
1 −1 0 −1 0 1 0 1 −1

⎞

⎠ ,

and we can represent the hypothesis concisely as

B′ log(A′π) = 0 .
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Example 4: Invariance of Log Odds Ratios Over Time

Suppose that a particular dichotomous variable has been measured at three different
time points, and let A, B, and C represent the three measurements. The full table ABC
contains the cell frequencies nA

i
B
j
C
k corresponding to the theoretical cell probabilities

πA
i

B
j
C
k . Remember that when this three-dimensional array is vectorized, the last sub-

script changes the fastest and the first subscript the slowest. Suppose now that we
want to test whether the (log) odds ratio between consecutive measurements remains
constant over time:

πA
1

B
1

C
+ πA

2
B
2

C
+

πA
1

B
2

C
+ πA

2
B
1

C
+

=
πA

+
B
1

C
1 πA

+
B
2

C
2

πA
+

B
1

C
2 πA

+
B
2

C
1

.

In order to test this hypothesis, loglinear marginal modeling is needed with

A′ =

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟
⎠

C′ =
(

1 −1 −1 1 0 0 0 0
0 0 0 0 1 −1 −1 1

)

and

X =
(

1
1

)

so that

U =
(

1
−1

)

and

U ′C′ =
(

1 −1 −1 1 −1 1 1 −1
)

.

It is easy to see that in this example the matrix product A′π yields the cell proba-
bilities in the marginal tables AB and BC, and that C′ log(A′π) defines the appropri-
ate contrasts among the logarithms of these cell probabilities. Finally, the constraint
U ′C′ log(A′π) = 0 corresponds to the hypothesis that the two log odds ratios are
equal.
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The General Parameter-free Representation of Loglinear Marginal Models

The examples above illustrate how both loglinear and loglinear marginal models can
be represented by imposing constraints on the cell probabilities. Loglinear marginal
models have the parameterized form

C′ logA′π = Xβ . (2.4)

For any matrix X , a matrix U can be found whose columns contain a basis of the null
space of X . Every column of U is orthogonal to all columns of X (i.e., U ′X = 0) and
the columns of U and X together span the vector space with dimensionality equal to
number of cells in the frequency table. For any such matrix U (which is generally
not unique), Eq. 2.4 is equivalent to

U ′C′ logA′π = 0 .

Ordinary loglinear models are special cases of loglinear marginal models for which
A and C are identity matrices of the appropriate order, and matrix U contains a basis
of the null space of the design matrix X .

Here we briefly sketch (without giving a formal proof) how a basis of the null
space of matrix X can be obtained. Let the m× k design matrix X (m > k) be of rank
r ≤ k. By means of elementary column operations (Schott, 1997), a k× k matrix Q
can be defined such that

XQ = (X1|0) ,

with X1 an m× r matrix of full column rank r, and 0 an m× (k − r) zero matrix.
Note that this matrix Q is not uniquely defined, since it depends on the order in
which the elementary column operations are carried out. The columns of matrix X1

define a basis of the column space of X . Moreover, it is always possible to select r
linearly independent rows from matrix X1, since if this were not the case the rank
of X1 would be smaller than r. Let the r× r matrix X11 contain such a selection of r
linearly independent rows, and let the (m− r)× r matrix X21 contain the remaining
m− r rows of X1. Furthermore, let Im−r be the (m − r)× (m− r) identity matrix.
Then, the columns of matrix

U =
(−(X21X−1

11 )′
Im−r

)
,

after rearranging its rows in the original order, constitute a basis for the null space of
X .

2.3.3 Simultaneous Modeling of Joint and Marginal Distributions:
Redundancy, Incompatibility and Other Issues

In many applications, it may be necessary or interesting to simultaneously test several
loglinear and loglinear marginal models for the same full table. For example, for the
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3× 3 table Π in the first and second example in the previous section, one might be
interested in a simultaneous test of marginal homogeneity and independence. Both
hypotheses are represented by different matrix constraint equations

U ′
1C′

1 log(A′
1π) = 0

and

U ′
2C′

2 log(A′
2π) = 0 ,

which can be combined in a single overall equation after defining the appropriate
supermatrices:

(
U ′

1 0
0 U ′

2

)(
B′

1 0
0 B′

2

)
log

[(
A′

1
A′

2

)
π
]

=
(

0
0

)
.

This allows a simultaneous test of both hypotheses, however some caution is needed
in combining the constraints of different models in this straightforward way. Some-
times when imposing simultaneous constraints on several marginal tables, or on mar-
ginal and joint distributions, several difficulties may be encountered.

A first one is that particular constraints are redundant, i.e., implied by the other
ones in the set of constraints. Sometimes these redundancies are easily detected, e.g.,
by means of design matrices not being of full rank, but this is certainly not always
so. In any case, the algorithm will not work and converge to the ML estimates if
redundant constraints are specified.

Another class of problems is the specification of incompatible restrictions, i.e.,
restrictions which contradict each other and cannot be satisfied simultaneously. Dur-
ing the estimation process, such incompatabilities may be resolved by means of ‘de-
generate’ solutions in the sense of not-intended estimated zero effects or uniform
distributions, and then may lead to redundancies in the restrictions. For example,
imagine a model specification for the cell entries of a successive series of turnover
tables that has the (unintended) implication that the marginals of these turnover tables
remain stable over time. At the same time, a model is specified for the marginals of
these tables that imply a linear net change in location over time. These two mod-
els can be resolved by assuming that the linear increase or decrease in location
of the marginal is zero. But then, of course, the model for the bivariate joints en-
tries and the model for the marginals contain redundant restrictions. Finally, even if
there are seemingly no problems regarding redundancy or incompatibility, difficul-
ties may still arise in terms of applicability of standard asymptotic theory, and even
with the substantive interpretation of the resulting model. Fortunately, in many cases
frequently occurring in practice, and in most examples discussed in this book, no
problems of these kinds occur. Below, some further details of these kinds of prob-
lems and their solutions will be presented. Although the solutions and results are
only partial, they do cover important situations that occur in practice. Due to the
complexity of the problems involved, it may be unrealistic to expect that, for exam-
ple, a definitely conclusive test for compatibility may be attained. Further extensively
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discussed examples of incompatible sets of restrictions will be presented at the end
of Chapter 4.

An insightful example of a combination of constraints that gives rise to surpris-
ing results is the following (Dawid, 1980; Bergsma & Rudas, 2002a, Example 7).
For a 2×2×2 table ABC, it is simultaneously assumed that A and B are marginally
independent of each other (A ⊥⊥ B), but also conditionally independent given C
(A ⊥⊥ B | C). Denote this model as model M0. Furthermore, let M1 be the model
in which A and C are jointly independent of B (AC ⊥⊥ B), and make M2 the model
where B and C are jointly independent of A (BC ⊥⊥ A). Then, model M0 is equivalent
to either M1 or M2 or both. In other words, if model M0 applies, exactly one of three
following situations may occur:

• M1 applies but M2 does not;
• M2 applies but M1 does not, and
• M1 and M2 both apply.

In the last case, the three variables A, B, and C are mutually independent. On the other
hand, if either M1 or M2 or both apply, M0 also applies. Because it is not clear what
the exact implications are from the original two restrictions in terms of the choice
between M1 and M2, the interpretation of this combined model is not straightforward.
Moreover, the dimension of the model (i.e., the number of free parameters) is not
constant: if all three variables are independent, there are three free parameters; in
other cases there are four. This leads to nonstandard asymptotics if the true number
of free parameters is three. Fortunately, in practice it is usually not difficult to verify
the absence of such problems, as discussed below.

First, consider the case of combining (compatible) restrictions on certain
marginals with a loglinear model for the joint table. The above example is such
a case, as restrictions were placed on the marginal table AB and a loglinear model
was assumed for joint table ABC. A simple test for the absence of problems is that
the restricted marginals should be a subset of the set of sufficient configurations
(Bishop et al., 1975, p. 66) of the loglinear model. For the above example, in model
M0 (A ⊥⊥ B|C) the loglinear model for the full table is {AC,BC}, which means that
the marginal tables AC and BC can freely be restricted (provided of course that the
restrictions on the marginals themselves are compatible). Instead, above AB was
restricted (A ⊥⊥ B), which led to some unexpected results. More generally, precise
conditions using matrix formulations can be given. Suppose we restrict the linear
combinations of probabilities A′π , where A is a matrix with nonnegative elements,
and the loglinear model has design matrix X , i.e., we assume logπ = Xβ for a vector
of loglinear parameters β . Then, a sufficient condition for the absence of problems is
that the columns of A are a linear combination of the columns of X (Lang & Agresti,
1994; Bergsma & Rudas, 2002a).

Before discussing the more general case of loglinear restrictions on nested sets
of marginals (see below), the case of compatibility of fixed marginals must be dis-
cussed, as this gives some insight into the former problem. There are some obvious
cases where fixed marginals are incompatible: if the AC distribution is assumed to
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be uniform, i.e.,

(
.25 .25
.25 .25

)
, and BC is assumed to be

(
.4 .2
.2 .2

)
, then the C marginals

in the two tables are obviously not compatible: in AC it is (.5, .5) and in BC it
is (.6, .4). In other words, there is no joint distribution with these two bivariate
marginals. The set of marginals {AC,BC} is an example of a decomposable set of
marginals for which compatibility can be checked easily in this way. Generally, a
set of marginals is called decomposable if there is an ordering of the marginals so
that, for any k, the intersection of the kth marginal with the union of the first k− 1
marginals equals the intersection of the kth and �th marginals for some � < k. It is
less easy to check for the compatibility of nondecomposable sets of marginals. An
example is the nondecomposable set consisting of AB, BC, and AC. If each of the

tables is restricted to be

(
0 .5
.5 0

)
, then even though the one-dimensional marginals

are compatible, there is no joint distribution with these bivariate marginals since the
restrictions imply a perfect negative correlation for all pairs of variables, which is
impossible.

The problem of compatibility of several marginal tables is very closely related
to the existence of maximum likelihood estimates for loglinear models with zero
observed cells, which is the reason decomposability comes in here. In particular, ML
estimates of loglinear parameters for a certain loglinear model exist if, and only if,
there exists a strictly positive distribution compatible with the sufficient statistics for
the model. See Haberman (1973, 1974) for a rigorous treatment of the problem of
the existence of ML estimates for loglinear models.

Next, more general (loglinear) constraints on possibly nested marginals will be
dealt with. A first marginal (like AB) is nested in a second marginal (like ABC) if it
consists of a selection of variables from the second marginal. In this way, every mar-
ginal is nested in the complete set of variables from the joint distribution. A general
result was obtained by Bergsma and Rudas (2002a). The main sufficient condition
for compatibility they formulated is that linear restrictions on loglinear marginal pa-
rameters are compatible if no two restricted parameters with different superscripts
have indices belonging to the same variables in the subscript. In the above example
of marginal and conditional independence, the constraints were λA

i
B
j = 0, λA

i
B
j
C∗ = 0,

and λA
i

B
j
C
k = 0. The problem arises from the first two restrictions: two corresponding

loglinear parameters with subscript set {i, j} belonging to variables A and B are re-
stricted in the two different marginal tables AB and ABC, leading to the problems. If
the compatibility condition is satisfied, then additionally the model interpretation is
straightforward and standard asymptotics apply. In Section 4.5, analyses of real data
are discussed where these results are relevant.

For affine restrictions on the loglinear marginal parameters, i.e., restrictions in
which linear combinations of the loglinear parameters are set equal to a nonzero
value, the situation is more complex. Bergsma and Rudas (2002a) showed that if the
set of marginals that is restricted is ordered decomposable, then the above condi-
tion is sufficient to guarantee the compatibility of constraints. A set of marginals is
ordered decomposable if there is an ordering such that, for any k, the maximal ele-
ments of the first k marginals in the ordering are decomposable. See Bergsma and
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Rudas (2002b) and Bergsma and Rudas (2002c) for a more extended discussion and
several illustrations of compatibility issues. Extensions of these results to marginal
models based on cumulative and other types of logits and higher order parameters
are given by Bartolucci, Colombi, and Forcina (2007). An algorithm for checking
compatibility of marginal distributions with specific values is given by Qaqish and
Ivanova (2006).

Finally, there is the question of the uniqueness of ML estimates. Bergsma (1997)
showed that for many marginal homogeneity models, the likelihood has a unique lo-
cal maximum (which then must be the global maximum). The simplest example is
when the marginals are disjoint (like marginals AB and CD in contrast to marginals
AC and BC): then for any practically relevant marginal homogeneity model, the like-
lihood has a unique stationary point that is the ML estimate.

2.3.4 ***Maximum Likelihood Estimates of Constrained Cell Probabilities

Suppose that the observed frequencies ni, i = 1, · · · , I are multinomially or Poisson
distributed with theoretical cell probabilities πi. As shown above, when these cells
satisfy a loglinear marginal model, there exist matrices A and B such that

h(A′π) = B′ log(A′π) = 0 .

The notation h(A′π) = 0 allows extension to nonloglinear marginal models as well,
which are discussed in the next chapter. In general, all loglinear marginal models
can be specified in such a way that all rows of matrix B′ sum to zero, which means
that each row represents a contrast among the logarithms of the cell probabilities.
A sufficient but not necessary condition for the rows of B′ = U ′C′ to sum to zero is
that the matrix X in Eq. 2.4 contains a constant column. If the rows sum to zero, it
is immaterial whether we formulate the model in terms of expected cell frequencies
or in terms of cell probabilities. More technically, the function h is such that for any
c > 0, h(cx) = h(x). This is an important condition simplifying maximum likelihood
estimation. We say that the function h is homogeneous, and this issue will be dis-
cussed in more extensively in Chapter 3. For any homogeneous scalar function f ,
Euler’s theorem says that

∑
i

xi
∂ f (x)

∂xi
= 0 . (2.5)

In order to test whether a particular marginal model fits the data well, first the
maximum likelihood estimates of the cell probabilities must be obtained under the
constraints imposed by the model. Utilizing the Lagrange multiplier method for con-
strained optimization as described by Aitchison and Silvey (1958) and Aitchison
and Silvey (1960), these estimates are obtained by determining the saddle point of
the kernel of the Lagrangian log likelihood function

L(π ,λ ,μ) = p′ log(π)− μ
(
∑πi −1

)−λ ′h(A′π) , (2.6)
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in which p is the vector of observed proportions, λ is a vector of unknown Lagrange
multipliers, μ a Lagrange multiplier and

h(A′π) = B′ log(A′π) .

The term μ (∑πi −1) is added to incorporate the constraint that the cell probabilities
sum to one. The maximum likelihood estimates are denoted as π̂ , λ̂ , and μ̂ .

We will now give a set of equations that has the ML estimate π̂ as its solution. In
these equations, following the method of Bergsma (1997, Appendix A), the Lagrange
multipliers will be expressed as a function of π , i.e., we effectively eliminate them
from the equations, thus simplifying the problem of finding ML estimates π̂ . We
need the Jacobian of the constraint function h, given as

H(x) =
dh(x)′

dx
= D−1

x B ,

where Dx is the diagonal matrix with vector x on the main diagonal. Note that the
(i,k)th element of H(x) is given by

∂hk(x)
∂xi

.

Now using the shorthand

H = H(A′π) ,

the chain rule for matrix differentiation leads to

dh(A′π)′

dπ
= AH .

The derivative of the Lagrangian function (Eq. 2.6) with respect to π then is

l(π ,λ ,μ) =
dL(π ,λ ,μ)

dπ
=

p
π
− μ −AHλ .

Thus, the ML estimates (π̂, λ̂ , μ̂) are solutions to the simultaneous equations

l(π ,λ ,μ) = 0

h(A′π) = 0 .

By homogeneity of h and Euler’s theorem (see Eq. 2.5), π ′AH = 0′. Hence,
π ′l(π ,λ ,μ) = 1′p− μ1′π = 1− μ = 0, and so μ̂ = 1. Let

l(π ,λ ) = l(π ,λ , μ̂) =
p
π
−1−AHλ ,

and we now only need to solve the simplified equations

l(π ,λ ) = 0 (2.7)

h(A′π) = 0 . (2.8)
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Bergsma (1997) proposed to write the Lagrange multiplier vector λ in terms of the
cell probabilities π as follows:

λ (π) =
[
H ′A′Dπ AH

]−1 [
H ′A′(p−π)+ h(A′π)

]
.

It can then be verified that if π̂ is a solution of the equation

l(π ,λ (π)) = 0 , (2.9)

then (π̂, λ̂ ), with λ̂ = λ (π̂), is a solution of (2.7) and (2.8), and if (π̂, λ̂ ) is a solution
of Eqs. 2.7 and 2.8, then λ̂ = λ (π̂). Hence, by writing λ in terms of π and sub-
stituting into l(π ,λ ), we have reduced the dimension of the problem by effectively
eliminating the Lagrange multiplier λ as an independent parameter. That is, we only
need to solve Eq. 2.9 in terms of π .

In general, this optimization problem cannot be solved analytically but requires
appropriate numerical optimization procedures. In the next section, we describe such
an algorithm, based on the likelihood equation Eq. 2.9.

If a stratified sampling procedure has been used, the definition of the Lagrangian
can easily be extended to take the existence of different strata in the population into
account. Here it is required that h is homogeneous relative to the stratification used
(see Lang, 1996b for further details). He also showed that for inference about certain
higher order loglinear marginal parameters, usually those of most interest, ignoring
the fact that sampling is stratified leads to identical asymptotic inferences.

2.3.5 ***A Numerical Algorithm for ML Estimation

Bergsma (1997), building on previous work by Aitchison and Silvey (1958) and Lang
and Agresti (1994), derived the following algorithm for fitting marginal models. The
first step of the algorithm is to choose an appropriate starting point π (0), after which
subsequent estimates π (k+1) (k = 0,1,2, . . .) are calculated iteratively using the for-
mula

logπ (k+1) = logπ (k) + step(k)l[π (k),λ (π (k))]

for an appropriate step size step(k). The algorithm terminates at an iteration k if
l[π (k),λ (π (k))] is sufficiently close to zero. Although the algorithm looks like a linear
search, it can be viewed as a form of Fisher scoring since it is based on a weighting
by the inverse of the expected value of the second derivative matrix of the Lagrangian
likelihood L(π ,λ ) (Bergsma, 1997).

The algorithm of Bergsma used here and the one described by Aitchison and Sil-
vey and Lang and Agresti are both based on the Lagrange multiplier technique, but
a salient difference is that the latter searches in the product space of the probability
simplex and the space of the Lagrange multipliers, whereas our algorithm searches in
the lower dimensional probability simplex. In this sense, Bergsma’s algorithm is sim-
pler, and practical experience also indicates that it also performs better numerically.
For example, Lang, McDonald, and Smith (1999) needed to impose additional re-
strictions on certain loglinear marginal models in order to achieve convergence with
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the Lang-Agresti algorithm, whereas convergence was easily achieved for the same
models without the additional restrictions with Bergsma’s simplified algorithm.

In our experience, a good choice of starting point π (0) is simply the observed
cell proportions if all of them are strictly positive. If there are zero observed cells,
we found that a slight smoothing towards uniformity works well, a good choice,
in particular, seems to be to add .01 divided by the number of cells to each cell, and
rescale so that the proportions add up to one. Starting values should always be strictly
positive. For certain starting points (wildly different from the observed proportions)
in certain problems, we could not reach convergence. Although there is no guarantee
that any starting values lead to convergence of the algorithm, all of the manifest
variable models in this book could be fitted with the default starting values of our
programme. For certain latent variable models, this did not always work; further
details are given in Chapter 6.

Since l(π ,λ (π)) is not the derivative of an unrestricted likelihood function to be
maximized, the choice of step size becomes more difficult because we do not know
if a new estimate is ‘better’ than the previous one. However, the step size may be
chosen such that an appropriate function that measures the ‘distance’ of the iterative
estimate from the ML estimate decreases. A reasonable function is the quadratic
form

d(π) = l[π ,λ (π)]′ Dπ l[π ,λ (π)]

which is zero if and only if π is a stationary point of L(π ,λ (π)), and positive other-
wise. In the search for an optimal value of the step size, step(k) is initially set equal
to 1. If this results in an increase of the criterion d(π), the step size is halved. This
process of halving the step size is continued until d(π) decreases. Unfortunately, it
is not always possible to obtain a decrease of d(π), because l(π ,λ (π)) is not a gra-
dient of d(π). If that is the case, a ‘jump’ may have to be made to a different region,
for example, by going back to step(k) = 1. We could not always get convergence
with this step-size halving method: for some problems, we needed to set a maximum
to the step size (e.g., 0.3). The maximum permissable step size had to be found by
trying out different values, but we always managed to find it fairly quickly. Note
that generally speaking the smaller the maximum step size, the higher the likelihood
of convergence, but the slower the algorithm potentially becomes. Concluding, the
overall procedure for choosing a step size is somewhat ad hoc, but has worked well
in practice for us.

A potentially serious problem with the algorithm is the possible singularity or
ill-conditioning of the matrix H ′A′Dπ AH, which has to be inverted. If the matrix is
singular at every value of π , this means that at least one constraint is redundant and
needs to be removed, see also the discussion in Section 2.3.3. Another possibility is
that the matrix is singular at the ML estimate π̂ , but not at values close to it. Our
Mathematica programme then gives warnings about the ill-conditioning during the
iterative process. We found that in such cases it still appears to be possible to obtain
fairly good convergence of the algorithm, say, to four or five decimal places of the
likelihood ratio statistic, but the algorithm will not converge any further. Fortunately,
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this seems to be rare for manifest data loglinear marginal models discussed in this
chapter, although on the latent level (Chapter 6) we did encounter the problem.

Aside from convergence, another important issue is efficiency. Although the
algorithm does involve a matrix inversion, for all of the problems in this book the ma-
trix to be inverted is relatively small and does not form a computational bottleneck.
The real computational challenge arises from computations involving the matrix A
in the marginal model specification. For large tables, this matrix is large and may
not be storable in computer memory. However, for marginal models the matrix con-
sists of zeroes and ones and can be stored much more efficiently using sparse array
techniques, which are implemented in computer packages such as Mathematica or
MATLAB. The advantage is that the zeroes do not need to be stored, but the disad-
vantage is that we still need to store (the locations of) the ones. To overcome even the
latter disadvantage, a programme can be written that avoids the storing of matrix A
altogether, and uses its special structure to do computations directly. This approach
can also lead to potentially significant speed improvements, but this all depends on
the details of the programme implementation.

For either of the approaches outlined above to work, the algorithm needs to be
written out in more detail, specifying the order of computations to be done. The
computational bottleneck of the algorithm is the computation of l[π ,λ (π)], which
can be written out fully as

l[π ,λ (π)] =
p
π
−1−A

(
H
[
H ′(A′Dπ A)H

]−1 [
H ′(A′(p−π))+ h(A′π)

])
.

Here, extra parentheses have been inserted to indicate the order of evaluation. There
are three potentially inefficient computations involving matrix A: 1) multiplication
of A by a vector, 2) computation of A′DπA, and 3) multiplication of A′ by a vector.
These operations can be made (much) more efficient both by the use of sparse array
techniques or doing the computations using the special structure of matrix A without
creating the matrix itself. Note that the matrix A′Dπ A is typically small compared to
the size of the table. For example, say we have 10 trichotomous variables, and A′π
consists of the univariate marginals, then the full table consists of 310 = 59049 cells
and A′Dπ A is a 30×30 matrix with only 900 elements.

For comparison purposes, a different order of evaluation is given as follows:

l[π ,λ (π)] =
p
π
−1− (AH)

[
(H ′A′)Dπ(AH)

]−1 [(H ′A′)(p−π)+ h(A′π)
]

.

In this case, matrix AH and its transpose have to be computed and stored. In the
example with 10 trichotomous variables, its size is 59049× 30. Especially for even
larger tables, storing and manipulating this matrix could lead to problems in terms of
computing time and space.

A final issue with the algorithm is that for loglinear marginal models, estimated
marginal probabilities should not be zero, because we need to take their logarithm.
However, if there are zero observed marginal probabilities, estimated probabilities
may be zero as well. Since we cannot take the logarithm of zero, we advise incor-
porating a minimum value for the (joint) estimated probabilities in the estimation
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procedure. Thus, if at any point during the iterative process an estimated probability
obtains a value of, say, less than 10−100, we can replace its value by 10−100.

Concluding this subsection, the algorithm proposed here is not without its prob-
lems, however, we have successfully applied it to fit models for tables with more than
a million cells.

2.3.6 ***Efficient Computation of ML Estimates for Simultaneous
Joint and Marginal Models

If we wish to simultaneously test a loglinear model and one or more loglinear mar-
ginal models, the procedure described in the previous subsection can be applied but
may be (far) too inefficient, especially for large tables, and we describe a more ef-
ficient modified procedure here. This case corresponds to the simultaneous models
discussed in Section 2.3.3 with either A1 or A2 equal to the identity matrix. The pro-
cedure is briefly outlined in Bergsma (1997, page 95) and in detail in Lang et al.
(1999). It is especially important for use with the EM algorithm for loglinear latent
variable models with marginal constraints (see Chapter 6). The modified algorithm
gives the same iterative estimates as the algorithm described in the previous section,
but computes these more efficiently.

We assume a loglinear model for π specified as

logπ = Wγ

and a loglinear marginal model of the form

B′ logA′π = 0 , (2.10)

where matrices A and B satisfy the regularity condition described in Section 2.3.3
that the columns of A are a linear combination of the columns of W . Using this reg-
ularity condition, we can show that l(π ,λ (π)) based on the simultaneous marginal
and loglinear model reduces to

lW (π ,λ (π)) = l(π ,λ (π))+W(W ′DπW )−1W ′(p−π)

=
p
π
−1−AHλ (π)+W(W ′DπW )−1W ′(p−π)

where l(π ,λ (π)) in the formula is based on the marginal model in Eq. 2.10. The
advantage of this formulation is that it is not necessary to compute the orthocom-
plement of W , which tends to be large. To illustrate, if we have a loglinear model
with only first order interactions for 10 trichotomous variables, then W has size
310×201 = 59049×201, whereas its orthocomplement has size 310× (310−201) =
59049×58848, which is almost 300 times larger.

With starting values π (0) satisfying the loglinear model, the algorithm is
analogous to what we did previously, namely, for k = 0,1,2, . . . ,

logπ (k+1) = logπ (k)− step(k)lW [π (k),λ (π (k))] .



2.3 Maximum Likelihood Inference for Loglinear Marginal Models 71

For π (0), the uniform distribution can be chosen. Otherwise, the same recommenda-
tions for implementation of the algorithm apply as in the previous section.

In this algorithm, in contrast to the one of the previous subsection, not one but
two matrices need to be inverted at every iterative step, namely

Q(π) = W ′DπW

and

R(π) = H ′A′Dπ AH .

From the assumption that the columns of A are linear combinations of the columns
of W , there exists a matrix U such that A = WU , and we can write

R(π) = H ′U ′W ′DπWUH = H ′U ′Q(π)UH .

Normally U has full column rank, so if H also has full column rank and Q is nonsin-
gular, R is nonsingular. In practice, either of the matrices Q and R may be singular
when evaluated at π̂ . For Q(π), we found that a generalized (Moore-Penrose) in-
verse can be used instead of the true inverse if it doesn’t exist. For R(π), a reduction
is needed in the number of constraints that are imposed, thereby reducing the number
of columns of H to make it full column rank. However, in the problems of this book,
we found that although the second matrix could be near singular, giving warnings
by our Mathematica programme, it was still sufficiently far from singularity to allow
the algorithm to converge fairly well. The main potential computational bottleneck
of the present algorithm is the actual computation of Q(π) and of R(π) rather than
their inversion. The size of these complexities are increasing with 1) the number
of constraints imposed by h(A′π) = 0, which determines the number of columns of
H, and 2) the number of loglinear parameters γ in the model, which determines the
number of columns of W .

2.3.7 ***Large Sample Distribution of ML estimates

In the general model formulation of Eq. 2.4, several parameters may be of interest,
in particular, 1) the vector of marginal probabilities A′π , 2) the loglinear marginal
parameters φ(π) = C′ logA′π , and 3) the vector of model parameters β . Under con-
ditions usually met in practice, the ML estimates of these parameters are consistent
estimators of the population values and have an asymptotic normal distribution ( see
Section 2.3.3 for exceptions). In particular, the elements of φ(π) must have continu-
ous second derivatives (Lang, 1996a). Below, using results by Aitchison and Silvey
(1958) (see also Lang, 1996a and Bergsma, 1997), we provide the asymptotic covari-
ance matrices of these parameters, assuming the appropriate regularity conditions are
met. We first give the asymptotic covariance matrix of the estimated cell probabilities
if model defined by Eq. 2.4 is true. Although this matrix can be large and is often of
little interest in itself, we can use it to calculate the asymptotic covariance matrix of
the aforementioned parameters of interest using the delta method. For Poisson and
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multinomial sampling, the asymptotic covariance matrix of the estimated probabili-
ties is

V (π̂) =
1
N

(
Dπ −DπAH(H ′A′Dπ AH)−1H ′A′Dπ −ππ ′) . (2.11)

By the delta method, the asymptotic covariance for the marginal probabilities is

V (A′π̂) = A′V (π̂)A ,

for the parameter vector φ̂ = φ(π̂) it is

V (φ̂ ) = C′D−1
A′π A′V (π̂)AD−1

A′πC ,

and since β = (X ′X)−1X ′φ(π), for β̂ it is

V (β̂ ) = (X ′X)−1X ′V (φ̂)X(X ′X)−1 .

For the residuals pi − π̂i, to be discussed in the next subsection, the asymptotic
covariance matrix is

V (pi − π̂) =
1
N

Dπ AH(H ′A′Dπ AH)−1H ′A′Dπ . (2.12)

For the perhaps more interesting residuals φobs − φ̂ , where φobs = φ(A′p), the delta
method yields

V (φobs − φ̂) = C′D−1
A′πA′V (pi − π̂)AD−1

A′πC . (2.13)

For stratified sampling, let π (k) be the probability vector for stratum k. Then, the
asymptotic covariance matrix of the estimated probabilities is

V (π̂) =
1
N

(
Dπ −DπAH(H ′A′DπAH)−1H ′A′Dπ −⊕kπ (k)(π (k))′

)
,

where ⊕ is the direct sum, defined as the block-diagonal matrix with the summed
matrices as blocks. In the same way as above, the corresponding covariance matrices
for other parameters are obtained using the delta method. However, we can show
that the covariance matrices of loglinear parameters (i.e., the elements of φ̂ and β̂ )
need not be affected by the stratification. In particular, in a two-way table formed
by a stratifying variable and a response variable, the (log) odds ratios and the main
loglinear effect pertaining to the response variable are unaffected, while the main
loglinear effect pertaining to the stratifying variable is affected. The covariance ma-
trix of π̂ under more general types of (stratified) sampling schemes is given in Lang
(1996a).

If we simultaneously impose a loglinear model logπ = Wγ and a loglinear mar-
ginal model h(A′π) = 0, we obtain the partitioned covariance matrix

V (π̂) = V (π̂1)+V(π̂2)−V(π̂0) (2.14)
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where π̂1 is the ML estimate of π under only the marginal model (see Eq. 2.11 for
V (π̂1)), π̂2 is the ML estimate of π under only the loglinear model, for which

V (π̂2) =
1
N

(
DπW (W ′DπW )−1W ′Dπ −ππ ′) ,

and π̂0 = p is the unrestricted ML estimate of π for which V (p) = Dπ − ππ ′. The
partitioning holds because of the orthogonality, in the sense of asymptotic indepen-
dence of ML estimates of the loglinear and marginal parameters (Bergsma, 1997,
Section 5.4.2, Appendix A.3 and references therein). Again, the delta method is used
to obtain expressions for the relevant asymptotic covariance matrices of other param-
eters.

Classical confidence intervals are easily calculated using standard errors, which
we frequently provide in this book. Currently, other confidence intervals, such as
those obtained by inverting the score statistic, are being developed and are now start-
ing to become feasible for marginal models as well. Typically, such intervals are
more cumbersome to compute however. The interested reader can consult (Agresti,
2002, Sections 1.4.2 and 3.1.8), Agresti and Coull (1998), Brown, Cai, and Dasgupta
(1999) and Lang (2008).

2.3.8 Model Evaluation

In Section 2.1.1, the goodness-of-fit statistics G2 and X2 have been described that
can be used to evaluate whether a given model fits the data. If the model does not
fit well, insight can be gained into the reasons for this lack of fit by analyzing cell
(or other) residuals, which are measures for the deviation of observed from fitted
cell values. Even if the model fits well, these residuals can be used to detect certain
deviations from the model that are not apparent from the overall goodness of fit.

Various types of residuals are in use. For cell i, the raw residual pi − π̂i, where pi

is the observed proportion in cell i, depends strongly on the size of π̂i and is therefore
of limited use. A measure that adjusts for the size of π̂i is the standardized residual,
which is defined as

ei =
√

N
pi − π̂i√

π̂i
.

The ei are related to the Pearson statistic by ∑e2
i = X2. Thus, they show, for every

cell, exactly how much it contributes to a large value of X2. Pearson residuals may
be useful for marginal probabilities as well, although in that case their squares do not
add up to the X2 statistic, so a bit more care has to be taken in their interpretation.

One drawback of standardized residuals is that their variance is smaller than 1, so
a comparison with the standard normal distribution is not appropriate. The adjusted
residual proposed by Haberman (1974) is defined as the raw residual pi − π̂i divided
by its standard error. Because its mean is 0 and variance is 1, it is better suited for
comparison with the standard normal than the standardized residual. Denoting the
adjusted residuals by ri, the definition is
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ri =
pi − π̂i

se(pi − π̂i)
.

The values of the standard errors se(pi − π̂i) are given by the square roots of the
diagonal entries of the right hand side of Eq. 2.12.

Other adjusted residuals may be considered as well. Perhaps most interesting are
the adjusted residuals of marginal loglinear parameters, defined as

φobs, j − φ̂ j

se(φobs, j − φ̂ j)
.

The denominator is obtained as the square root of the corresponding diagonal ele-
ment of the right-hand side of Eq. 2.13.
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Nonloglinear Marginal Models

Despite the great flexibility of loglinear models, loglinear marginal models are not
always the most appropriate way of analyzing marginal categorical data. Investi-
gators might prefer or need to compare averages, dispersion measures, association
coefficients, etc. rather than (specifically) odds and odds ratios. Many of these statis-
tics cannot be formulated within the loglinear framework. Therefore, in this chapter,
nonloglinear marginal modeling will be discussed. It will be shown how to extend
the maximum likelihood inference procedures and algorithms of the previous chapter
to include nonloglinear models. A few concrete examples of the appropriate matrix
manipulations for defining these nonloglinear indices will be presented to give the
reader a clear picture of how to implement these nonloglinear procedures. Sometimes
these matrix manipulations may become rather complicated. However, we have de-
veloped R and Mathematica procedures (found on the book’s website) that do many
of these manipulations automatically. In this way, the examples on the book’s web-
site can be adapted in an easy and flexible way for the researcher’s specific purposes.
But first, as in the previous chapter, several motivating empirical examples will be
introduced. The same data from the previous chapter will be used, answering similar
research questions but by means of different coefficients. The interested reader may
want to compare more closely the results obtained in this chapter with the results
from the previous loglinear analyses.

3.1 Comparing Item Characteristics for Different Measurement
Levels

In the body satisfaction example of the previous chapter, how the marginal satisfac-
tion distributions varied among the body part items and between men and women
was investigated. Now the focus will be on two of the most important characteris-
tics of one-way distributions, viz. central tendency and dispersion. It will first be
assumed that body satisfaction is measured as a categorical interval-level variable;
next, satisfaction will be treated as a categorical ordinal variable; and finally, as just
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a nominal scale variable. In this way, it will be shown how in the presence of de-
pendent observations, averages and dispersions of variables can be compared at all
levels of measurement.

3.1.1 Interval Level of Measurement

The means of the body satisfaction items were reported in Table 2.5. Going from the
least to the most satisfying body aspect, the order was: thighs, buttocks, hips, legs,
weight, figure, and body build. Before attaching too much weight to this order, a
researcher must make sure that the mean differences are not due to sampling error.
Marginal modeling methods have to be used to perform these tests, given the depen-
dencies between the marginal observations. The hypothesis that all item means are
equal in the population has to be rejected: G2 = 30.49, df = 6 (p = .000, X2 = 22.21).
It is interesting to note, in line with results from the previous chapter, that the ML
estimate of the common mean under this equal means the hypothesis is 3.320, while
the overall mean, directly calculated on the data in Table 2.5, inappropriately assum-
ing independent observations equals 3.317. The difference between 3.320 and 3.317
is certainly not large, but it is not due to rounding errors: there is a real difference
in parameter estimates due to ignoring the dependencies among the observations. In
other applications, these kinds of differences may be much larger than in the present
case.

The observed marginal means can be inspected to investigate the mean item dif-
ferences. By far the largest difference between two successive items in the satisfac-
tion order given above is between legs and weight: 3.3023− 3.4186 = −.1145. So
there are thighs, buttocks, hips, and legs on the one hand, and weight, figure, and
body build on the other. Further detailed significance tests can be carried out to test
the mean differences within and between these two clusters.

Regarding the mean differences between the sexes, men are on average some-
what more satisfied with their body than women. The overall mean satisfaction score
for all items, calculated in the naive way directly based on the means in Table 2.7,
is 3.735 for men, while for women the overall mean equals 3.118. This general ten-
dency is also found for all separate body parts, but the observed differences are larger
for one item than for another. One way to test whether these differences in mean are
significant is to test the hypothesis that all item means are the same among men and
the same among women. The test outcomes for the hypothesis that all item means
are equal among men are G2 = 8.64, df = 6 (p = .195, X2 = 5.63), with an estimated
common item mean of 3.738; the analogous outcomes for women are G2 = 42.51,
df = 6 (p = .000, X2 = 27.41), with an estimated common item mean of 3.125 (note
again that these estimated common subgroup means are a bit different from the cor-
responding observed subgroup means based directly on Table 2.7). The simultane-
ous hypothesis that all means are equal among the men and that at the same time all
means are equal among the women yields G2 = 8.64+42.52= 51.16, df = 6+6 = 12
with p = .000 and therefore has to be rejected. Looking at the separate test results
for men and women, the cause of the rejection of the simultaneous hypothesis seems
to be that the item means are different among women, but not among men. However,
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as noted before, the test for the men has less power than the test for the women. If
the larger sample size of the women is applied to the proportional satisfaction distri-
bution for the men, the test outcomes for the equality of the means among the men
is G2 = (204/97)× 8.64,= 18.17, df = 6 (p = .006, X2 = 11.84), a significant re-
sult. On the other hand, from the observed means in Table 2.7 it is seen that the item
means vary less among men than among women. New data may allow more definite
conclusions about the equality of the item means among the men.

Allowing for variation among the item means, also for the men, an interesting
model is the no-three-factor interaction model: is the difference between the means
of a particular item j and another particular item j’ the same for men and women?
Or, formulated the other way around: are the mean differences between men and
women the same for all items? Application of this no-three-factor interaction model
gives an estimated common item mean difference between men and women of .543
with an estimated standard error of .099. However, this model does not fit the data:
G2 = 27.87, df = 6 (p = .000, X2 = 18.55). To evaluate how specific or exceptional
a particular item is with respect to sex differences, the residuals of the equal mean
item difference model are useful. The raw residuals are equal to the observed item
mean differences minus the estimated constant difference of .543. Larger than the
estimated constant difference are the observed differences for thighs (raw residual of
.413), followed by legs (.334), buttocks (.201) and hips (.098). Negative raw residuals
are found for weight (−.035), figure (−.208), and body build (−.291). According
to the adjusted residuals (not reported here), all residual differences are significant
except for hips and weight. The general conclusions are that men are on average
more satisfied with all their body parts than women; however, for particular parts,
(e.g., their thighs), they are especially much more satisfied than women, while for
other parts, (e.g., their body build), there is much less difference.

Besides these mean differences, there may be differences in the variation of
satisfaction. Perhaps with some body parts, everybody is more or less equally
(dis)satisfied, but regarding other parts, the respondents may differ a lot in their an-
swers. Assuming that Satisfaction is measured at the interval level, the variance is
the most commonly used dispersion statistic. The maximum likelihood estimates of
the relevant standard deviations σ̂ were reported in Tables 2.5 and 2.7

There are small differences among the item variances in the whole sample. Sat-
isfaction with weight has the largest variance (σ̂2 = 1.326), followed by thighs
(1.208), buttocks (1.195), legs (1.194), hips (1.156), figure (1.048), and finally, body
build (1.020). The hypothesis that all item variances are the same in the whole
sample has to be rejected at the .05, but not at the .01 level: G2 = 15.44, df = 6
(p = .017, X2 = 13.06). The common estimated variance σ̂2 equals 1.212 and
σ̂ =

√
1.212 = 1.101. The naive overall variance computed directly from Table 2.5

has a somewhat different value of 1.177.
Comparing the variances of men and women (Table 2.7), it is seen that within

both groups the observed item variances vary only a little bit, and that the ob-
served variances of the women are all somewhat larger than for the men. The test
outcomes for the hypotheses that all item variances are equal within each of the
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two subgroups are as follows: for men: G2 = 8.35, df = 6 (p = .214, X2 = 6.18);
for women: G2 = 8.59, df = 6 (p = .198, X2 = 6.73); for both men and women:
G2 = 8.35 + 8.59 = 16.95, df = 6 + 6 = 12, p = .152. The hypotheses that the item
variances are equal among the men and among the women need not be rejected. The
identical item variance among the men is estimated as 1.102, and among women as
1.150. An even more extreme hypothesis, in which all item variances are the same
and moreover identical for men and women, is also acceptable: G2 = 18.24, df = 13
(p = .149, X2 = 15.55). The common item variance estimate among men and women
equals 1.140 (and σ̂ = 1.068).

Despite its many attractive properties, a well-known disadvantage of the variance
is its sensitivity to outliers. To overcome this problem, other measures of variation
for interval data have been proposed, among them Gini’s mean absolute difference
g, discussed in Chapter 1. If the g’s are estimated for the whole sample, the order of
the items in terms of decreasing item variation is essentially the same for ĝ as for σ̂2:
weight (ĝ = .635), thighs (.607), buttocks (.603), legs (.601), hips (.587), body build
(.546), and figure (.545). The differences in ĝ are not very large. The mean of the
ĝ’s, simply and directly computed from these observed values, is .589: the expected
difference between two randomly drawn observations from an item distribution is
roughly .6 for all items, just over half a category. Nevertheless, the hypothesis that
all g’s are the same in the population has to be rejected: G2 = 18.39, df = 6 (p = .005,
X2 = 15.39). The estimated common constant ĝ under this hypothesis is .605, and
only body build and figure have significant (negative) adjusted residuals under this
model (not reported here).

Also the comparisons of the ĝ’s for men and women lead to essentially the same
conclusions as the comparisons of the variances. The observed g’s (not reported here)
for the women are consistently a bit higher than for the men, and within the sub-
groups there is not much variation. The test outcomes for the hypotheses that all item
g’s are equal within each of the two subgroups are as follows: for men, G2 = 9.84,
df = 6 (p = .132, X2 = 7.48); for women, G2 = 9.66, df = 6 (p = .140, X2 = 7.76);
for both men and women, G2 = 9.84+ .9.68 = 19.52, df = 6+6 = 12, p = .077. The
hypotheses that the g’s are equal among the men and among the women need not
be rejected. The common item variance g for the men is estimated as .553, and for
women as .592. The most restrictive assumption that all g’s are equal for all items and
for men and women is also acceptable: G2 = 21.23, df = 13 (p = .069, X2 = 17.73),
with an estimate for g of .583. Looking at the (significant) adjusted residuals for
this model (not reported here), it is suggested that among the men, satisfaction with
thighs has less (and with weight, more) variation than ĝ = .583; among the women,
the adjusted residuals point to less variation for body build.

When the categorical data are truly interval data, classical approaches such as
t- and F-tests and (M)ANOVA models may form well-known alternatives to the
categorical marginal-modeling approach (but assuming continuous population vari-
ables). Under which conditions the marginal-modeling approach has more power
than the classical approach, or vice versa, is not immediately clear. However, the
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approach advocated here offers in the first place a much more general and flexible
framework for comparing dependent observations and categorical distributions that
can also be used in nonstandard, non-textbook situations; and secondly, it does not
rely on underlying normal distributions: an underlying (product)multinomial distri-
bution is all that is required (see also the discussion on marginal models for continu-
ous data in Chapter 7).

3.1.2 Ordinal Level of Measurement

The use of means and variances above implied that Satisfaction was treated as a vari-
able measured at the interval level. The respondents, however, may not have reacted
to the Satisfaction scale in terms of an equal distance interval scale, but treated the
scale numbers merely in terms of more or less satisfaction. In other words, Satis-
faction might be an ordinal rather than an interval-level variable. As explained in
Chapter 1, the median will not be used as the location statistic for ordinal variables.
Instead, the comparative coefficient Li j will be used.

When the matrix of all observed L̂i j’s (not reported here) is inspected for the
whole sample, an interesting pattern emerges. If the items are put in the order thighs–
buttocks–hips–legs–weight–figure–body build, then all L̂i j’s are negative when item
i appears earlier in the sequence than item j (note that this is the same order as
found for the means). Moreover, the larger the distance between the two items in
the sequence, the larger the (absolute) value of the Li j’s is. This points to a quasi-
symmetrical pattern, and such a pattern suggests that the BT-model as described in
Chapter 1 might be valid for these data. More precisely, it suggests the validity of the
hypothesis that all li j = 0 (Agresti, 1990, p. 438-39; Fienberg & Larntz, 1976). The
test results for the hypothesis that indeed li j = 0 are G2 = 16.52, df = 15 (p = .348,
X2 = 16.12), and there appears to be no reason to reject the null hypothesis that all
li j = 0.

The degrees of freedom have been calculated, following Agresti, by noting that
there are 7×6/2 = 21 observed L̂i j’s minus six remaining parameters li to estimate
(Agresti, 2002, p. 436). In our example, however, the matrix of observed L̂i j’s is not
of full rank. There is a high degree of (multi)collinearity in this matrix and there are
only 18 independently observed L̂i j’s. This would suggest 18−6 = 12 rather than the
theoretical 15 degrees of freedom. Furthermore, when the BT model was fitted, even
more collinearity was found: it was only necessary to set nine appropriately chosen
li j’s to zero rather than the 12 predicted from the rank of the observed Li j’s. This
suggests that the ‘true’ degrees of freedom equals 9, which would yield the p-value
.057. However, calculating the number of restrictions that are needed to fit the model
in this empirical manner makes the number of degrees of freedom a random variable,
based on the nature of the sample data rather than fixed and based on the model itself
and a given design. Not much more can be said regarding these different amounts of
‘empirical’ degrees of freedom other than basing the p-value on the theoretical, fixed
15 degrees of freedom yields a conservative test. On the other hand, the estimates of
interaction effects li j in the saturated model are all very small: their absolute values
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are all smaller than .006 and almost none of them are significant. In the end, it was
concluded that the BT-model with all li j = 0 is acceptable, given the data.

This degrees-of-freedom problem occurs in all following analyses using Li j (and
Wi j in the analyses below), both in the whole sample and in the of subgroups men and
women. From now on, only the theoretically correct number of degrees of freedom
will be reported, but in drawing conclusions, the outcomes of conditional tests will be
mainly decisive, comparing hierarchically nested, more - and less - restricted models,
and in this way doing away with the multicollinearity problem in the Li j’s.

The estimates of li in the BT-model with li j = 0 order the items according to the
same sequence as above on the basis of the observed L̂i j’s (between parentheses l̂i
and its standard error): thighs (−.079; .017), buttocks (−.068; .019), hips (−.033;
.017), legs (−.010; .018), weight (.033; .021), figure (.068; .017), and body build
(.089; .018). The later an item appears in the sequence, the higher its location toward
the end of the satisfaction scale and the more people that are satisfied with it. More
precise and exact statements can be made for all item comparisons on the basis of
l̂i. For example, comparing satisfaction with thighs to satisfaction with body build:
L̂T,Bb = l̂T − l̂Bb = −.079− .089 = −.168, meaning that if one first randomly draws
an observation from the satisfaction distribution of thighs and then secondly from
the satisfaction distribution of body build, it is estimated that the probability that the
thigh draw has a higher satisfaction score than the body build draw is .166 lower than
the probability that the thigh draw has a lower satisfaction score than the body build
draw.

The hypothesis that in the BT-model all li = 0 amounts to the hypothesis that
all ordinal item locations are the same and that, given the validity of the BT model,
Li j = 0. The test statistics for this hypothesis are G2 = 34.21, df = 21 (p = .034,
X2 = 25.89). The outcomes of the conditional test of Li j = 0 against the (not further
restricted) BT-model are G2 = 34.21−16.52= 17.69, df = 6, p = .007. It seems best
to put our faith in the unrestricted BT-model and use the l̂i’s to compare the ordinal
items in terms of their location.

Regarding the subgroup comparisons, one should first investigate whether or
not the BT-model fits within the subgroups of men and women, i.e., test the hy-
potheses that all li j = 0 for men and for women. In both subgroups (separately
and simultaneously), the BT-model can be accepted. For men, the test outcomes are
G2 = 9.52, df = 15 (p = .849, X2 = 7.39), and for women they are G2 = 5.29, df = 15
(p = .989, X2 = 4.97). Inspection of the l̂i’s (not reported here) leads to conclusions
very much in line with the results obtained above when comparing the item means.
For example, conditionally testing the hypothesis li = 0, given that the BT-model
is true, leads to the similar conclusion that the hypothesis can be accepted among
the men (G2 = 12.95− 9.52 = 3.43, df = 6, p = .753), but not among the women:
(G2 = 44.79− 5.29 = 39.50, df = 6, p = .000). Given the smaller sample size for
men, the best decision is probably to accept for these data that there may be loca-
tion differences for both men and women. It then becomes interesting to investigate
the model of no-three-factor interaction, that is, the model of constant men-women
location differences for all ordinal items.
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To be able to compare the locations of the items of men and women with each
other, the model in Eq. 1.1 has to be extended:

Lik jl = lik − l jl + lik jl

where subscripts i and j refer to Items and k and l to Sex.
Altogether there are 14(14-1)/2 = 91 pairwise comparisons Lik jl (or 21 for men,

21 for women, and 49 (= 7×7) for men-women comparisons). The first interesting
thing about the observed Lik jl’s (not reported here) pertaining to the pairwise men-
women comparisons (Li1 j2) is that they are all positive: no matter which items are
being compared, men are always more satisfied than women. Note that this is in
agreement with the means reported in Table 2.7, where the lowest mean for the men
(3.65 for body build) is still higher than the highest mean among the women (3.13
for figure).

For being able to make the men-women comparisons between all items, the BT-
model should be valid, i.e., hypothesis lik jl = 0 should be valid. The degrees of free-
dom for the test of this hypothesis are 91 (paired comparisons) minus 14− 1 = 13
parameters to be estimated. The test outcomes are G2 = 34.23, df = 78 (p = 1.000,
X2 = 26.93). Given this test outcome and the sizes of l̂ikgl , the BT-model will be
accepted. Looking at the item differences (li1 − li2) for men and women in this
model, the biggest difference is found for thighs (.182− (−.275) = .457) and the
smallest for body build (.048− (−.001)= .050)). The hypothesis li1 − li2 = l j1− l j2,
that all men-women item differences are the same, has to be rejected on the basis
of the conditional test, given the validity of the BT-model (with lik jl = 0): G2 =
53.30− .34.23 = 19.09, df = 6, p = .004. The estimated constant item difference
between men and women in this rejected model equals .265 (s.e. = .019). According
to the adjusted residuals for this constant difference model (not reported here), the
difference between men and women is significantly larger for thighs and legs (men
tend to be much more satisfied about these body parts than women) and significantly
smaller for body build and figure (men tend to be just a little more satisfied with
these bodily aspects than women), conclusions that are much in agreement with the
overall conclusions of the item mean comparisons between men and women.

For the investigation of the variation in an ordinal variable, the coefficient Wi j

was introduced in Chapter 1. Inspection of the observed Ŵi j’s in the whole sample
(not reported here) shows that the pairwise differences in ordinal variation are very
small. All absolute values are less than .009, except for the pairwise comparisons
with weight, which are around .025 (note that weight had the largest standard devia-
tion in Table 2.5). For being able to meaningfully compare the Wi j’s with each other,
the BT-model should be valid with the crucial hypothesis wi j = 0. The BT-model
gives the test outcomes: G2 = 18.07, df = 15 (p = .259, X2 = 16.78). The ŵi’s es-
timated under this BT-model again point to very small differences in variation. A
conditional test that all variances are the same, given the BT-model, that is, ŵi = 0
need not be rejected: G2 = 27.60−18.07 = 9.53, df = 6, p = .146.

For the men-women comparisons, an analogous equation may be set up as for
the ordinal location:
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Wik jl = wik −wjl + wik jl .

The BT-model with wik jl = 0 need not be rejected: G2 = 34.41, df = 78 (p = 1.000,
X2 = 25.19). Looking at the parameter estimates ŵik in the (modified) BT-model,
the ordinal variation seems to be the same for all items and for men and women.
Carrying out a conditional test of the equality of all ordinal variations among
items and simultaneously between men and women, given the BT-model, yields
G2 = 43.03− 34.41 = 8.62, df = 13, p = .801. There is no reason to reject the hy-
pothesis of equal ordinal variation among items and between men and women: none
of the adjusted residuals even approximates statistical significance, except weight
among men. This one significant adjusted residual equals 3.64. The satisfaction dis-
tribution of weight among men is the only item that shows a variation that deviates
from all the others and is bigger than all other ordinal variations.

3.1.3 Nominal Level of Measurement

Completely ignoring the ordered nature of the categories of Satisfaction means treat-
ing Satisfaction as a purely nominal-level variable. For nominal-level variables, the
terms location and variation have only a somewhat analogous meaning compared to
ordinal and interval-level variables. The relevant concept for nominal-level variables
is diversity or dispersion in the sense of how evenly the research elements are dis-
persed over the nominal categories. Even the mode, which is sometimes denoted as
a location statistic, is closely related to the concept of diversity since it indicates in
which category most elements are concentrated. Because the mode suffers from the
same discontinuity problem as the median and as hypotheses about the comparison
of modes are rare in practice, the mode will be ignored here. Substantive research
questions that come perhaps closest to location hypotheses are questions about com-
paring the density or the relative frequency of a particular category, such as: are more
women ‘completely satisfied’ with their figure than men? Actually, such questions
have been discussed in the previous chapter and will be taken up again in a somewhat
different form in the next subsection.

In this subsection, research questions will be dealt with that pertain directly to
dispersion in nominal characteristics, such as ‘How do cities compare regarding re-
ligious or racial dispersion’ or more directly, in terms of our body satisfaction exam-
ple ‘How do men and women compare regarding their satisfaction dispersion?’ Two
often-used measures for variation in nominal-level variables are the index of diversity
D and the information index H, which are both discussed in Chapter 1. If we order
the body satisfaction items in the whole sample (Table 2.5) according to these two
measures of nominal variation, the first thing to note is that these two rankings are
exactly the same. The ranking is also completely identical to the order of the items
on the basis of σ̂2, ĝ, and Ŵi j; the differences that do occur pertain to very small dif-
ferences in size. Just to give an idea of the sizes of the coefficients D and H, the item
order regarding nominal variation is (between parentheses the coefficients D and H,
respectively): weight (.757; 1.496), buttocks (.750; 1.476), thighs (.746; 1.465), legs
( .743; 1.460), hips (.735; 1.445), body build (.713; 1.383), and figure (.694; 1.363).
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Although these coefficients do not vary much among the items, the hypothesis that
all D’s are the same has to be rejected (G2 = 24.75, df = 6, p = .000, X2 = 23.40),
as is the hypothesis of equal H’s (G2 = 23.39, df = 6, p = .001, X2 = 18.97).

It is also found (again) that the variation among women is a bit larger than among
men, both regarding D and H. The test outcomes for the hypotheses that all item
variances are the same among men and are the same among women are as follows:

• for D:
– among men G2 = 9.81, df = 6 (p = .133, X2 = 7.80) with D̂ = .699
– among women G2 = 15.07, df = 6 (p = .020, X2 = 13.23) with D̂ = .744
– simultaneous G2 = 9.81 + 15.07 = 24.88, df = 12, p = .015

• for H:
– among men G2 = 8.37, df = 6 (p = .212, X2 = 6.62) with Ĥ = 1.338
– among women G2 = 14.10, df = 6 (p = .029, X2 = 11.00) with Ĥ = 1.455
– simultaneous G2 = 8.37 + 14.10 = 22.47, df = 12, p = .033

The test results obtained for the women and for the simultaneous analysis of
both groups show that the equal H and equal D hypotheses are acceptable at the
.01 level and have to be rejected at the .05 level; the equal variation hypotheses are
acceptable for men, but then it has to be remembered that the sample size for men
is much lower than for women. Allowing for the possibility that the item H’s and
the item D’s are not constant among the men and not constant among the women, an
interesting question is whether the men-women differences are the same for all items.
In other words, is the no-three-factor interaction model valid in the population? The
test outcomes for D are G2 = 9.93, df = 6 (p = .127, X2 = 8.90) with an estimated
difference between men and women for all items of D̂m − D̂w = −.049 (s.e. = .019);
for H, G2 = 9.40, df = 6 (p = .153, X2 = 7.56) with an estimated difference between
men and women for all items of Ĥm − Ĥw = −.117 (s.e. = .051). The hypotheses of
common item differences in terms of the dispersion coefficients D and H can be
accepted. The common item difference between men and women is such that men
show somewhat less variation than women; the difference is small but significant
(unlike the results for and σ̂2, ĝ and Ŵi j).

3.2 Comparing Associations

In some respects, the distinction that is made here (and before) between comparing
distributions and comparing associations is an artificial one. In general, association
measures indicate how much two or more distributions differ from each other, usu-
ally how different they are from the situation of statistical independence (or how
far from marginal homogeneity when dependent observations are involved). In that
sense, the difference between the means of the satisfaction with body items i and j,
for example, is a measure of the association between the two items and when investi-
gating whether this mean difference is the same for men and women, associations are
being compared. Further, the whole previous chapter on loglinear marginal model-
ing is essentially about estimating odds ratios and comparing odds ratios. Therefore,
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Table 3.1. Association between Sex Role Attitude and Sex for Parents and Children. Source
NKPS, see text

Respondent’s Status Parent Child
Sex Men Women Men Women

Sex Role 1. Nontraditional 195 (.304) 427 (.344) 329 (.434) 724 (.643)
2, 3. Traditional 446 (.696) 816 (.656) 429 (.566) 402 (.357)

as will become obvious, the hypotheses and models in this subsection are closely
related to those of the previous sections and chapters. However, they will be formu-
lated in terms of comparisons of (dependent) bivariate distributions and by means of
coefficients that are commonly called ‘association measures’.

To illustrate the marginal analyses for comparing associations coefficients, the
data of the NKPS from Chapter 2 will be used again. First, the relationship between
Sex and Sex Role Attitude will be dealt with. The pertinent data are given in the last
two columns of Table 2.9. The relative distribution of Sex Role Attitude in the group
of men is given by the probability vector (.375, .474, .152) for the three consecutive
response categories. In the group of women, this distribution is (.486, .399, .115). Us-
ing the proportions’ difference ε as a measure of association, the main difference be-
tween men and women is for the nontraditional category 1, ε̂1 = .375− .486 =−.111
(s.e. = .016); for the moderately traditional category 2, ε̂2 = .075 (s.e. = .016); and
for the traditional category 3, ε̂3 = .036 (s.e. = .011). One of the three ε̂’s is of course
redundant, since their sum is necessarily equal to zero. Men appear to be somewhat
more traditional than women. When computing the standard errors of the ε̂’s, one
should take into account that the comparisons of men and women involve (par-
tially) dependent observations, as explained in the previous chapter. The same is
true for the significance tests. Using the appropriate marginal-modeling approach, it
was found that all three ε̂’s are statistically significant, given the estimated standard
errors and the chi-square tests (for the smallest one ε̂3 and testing the hypothesis
ε3 = 0: G2 = 10.59, df = 1 (p = .001, X2 = 10.78). Not surprisingly, the hypothesis
that all ε’s are 0 must be rejected. This last hypothesis is identical to the marginal
homogeneity model for men and women where men and women have the same pro-
portional distribution of Sex Role Attitude; the test results are accordingly exactly the
same as found before in Chapter 2: G2 = 46.91, df = 2 (p = .001, X2 = 46.33).

In the previous chapter, it was found that (significant) men-women differences
regarding Sex Role Attitude existed only for children, not for parents. In these loglin-
ear analyses, the men-women differences are expressed according to a multiplicative
model, using odds and odds ratios. These differences can, however, also be expressed
in terms of an additive model using ε’s. Table 3.1 provides the relevant data (obtained
from Table 2.10). For reasons of simplicity, Sex Role Attitude has been collapsed
into two categories, viz. 1 vs 2 and 3 (note that the biggest ε̂ is for this dichotomy).
Among the parents, there is hardly any difference between men and women regard-
ing Sex Role Attitude (Table 3.1): ε̂P = .304− .344 = −.039, while among children



3.2 Comparing Associations 85

the difference is much bigger: ε̂C = .434− .643 =−.209. For testing the significance
of ε̂P and ε̂C separately, the usual standard tests can be applied to the data in Table 3.1
because the respondents within the subtable for parents and the subtable for children
have been independently observed given the sampling design of the NKPS module
used here. The test results for ε̂P are: G2 = 2.98, df = 1 (p = .085, X2 = 2.955), and
for ε̂C are: G2 = 80.39, df = 1 (p = .000, X2 = 80.23). The hypothesis that Sex has
no influence on the Sex Role Attitude can be accepted for the parents, but not for the
children. However, from the fact that for parents the tests results are not significant
and for children they are, it cannot be concluded that the two ε’s are different from
each other. Therefore, a direct test for the hypothesis εP = εC is needed, and this test
does involve (partially) dependent (matched) observations, and a marginal-modeling
approach is now necessary. Hypothesis εP = εC must be rejected ( G2 = 26.99, df = 1
p = .000, X2 = 27.04), indicating that the parents’ sex differences regarding tradi-
tionalism are different from the children’s.

Another set of questions that was investigated in the previous chapter concerned
the relationship between the two related characteristics of Sex Role Attitude and Mar-
riage Attitude (Table 2.12). The loglinear analyses showed that the association be-
tween the two characteristics is the same for parents and children. Now it is asked
here whether this result also holds for other association measures. Treating Sex Role
Attitude and Marriage Attitude as interval-level variables, product moment corre-
lations ρ can be compared for parents (rP = .453, s.e. = .019), and for children
(rC = .440, s.e. = .022). The marginal-modeling test for the hypothesis ρP = ρC

yields G2 = 0.19, df = 1 (p = .663, X2 = 0.19). Also in terms of ρ , there is no rea-
son to assume that the association between the two traditional attitude variables is
different for parents and children. The estimated common value of ρ is r = .447 with
a standard error of .015.

Treating the two variables more realistically as ordinal-level variables, γ might
be a good choice for measuring the association. The estimated values are γ̂P = .647
and γ̂C = .725. The test statistics for the hypothesis γP = γC are G2 = 5.57, df = 1
(p = .018, X2 = 5.54). Whether to accept the equal γ’s null hypothesis or not depends
on the significance level chosen (.01 or .05). The common γ is estimated as γ̂ = .681
(s.e. = .017).

Completely ignoring the order of the categories leads to the use of association
coefficients for nominal-level variables, two of which will be given here. One is
Goodman and Kruskal’s τ , which can be interpreted as the proportion of explained
variation when variation is measured in terms of the dispersion (or concentration)
index D. Predicting (arbitrarily) the scores on Marriage from Sex Role Attitude, the
results are: τ̂P = .174 (s.e. = .015) and τ̂C = .201 (s.e. = .022). The hypothesis that
the relationship is of equal strength for parents and children in terms of the τ co-
efficient τP = τC can be accepted (G2 = 0.88, df = 1 p = .349, X2 = .88), with
a common τ̂ = .186 (s.e. = .013). Similar results are obtained for the association
coefficient U based on explained variation in terms of the entropy (or uncertainty)
coefficient H. Predicting again Marriage from Sex Role Attitude, ÛP = .122 (s.e.
= .010), ÛC = .129 (s.e. =.012), and the test results for the hypothesis UP = UC are
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G2 = .19, df = 1 (p = .661, X2 = .125). The common estimate is Û = .125 (s.e.
= .008). So, only in terms of γ , there may be a difference in association between
parents and children.

The main purpose of presenting all the above examples was to show to the reader
the extreme flexibility of the marginal-modeling approach advocated here. How to
exactly specify the nonloglinear models and how to obtain the maximum likelihood
estimates is the subject of the remainder of this chapter.

3.3 Maximum Likelihood Estimation

For fitting nonloglinear marginal models, essentially the same algorithm as described
in the previous chapter can be used, but with a more complex constraint function and
associated Jacobian. In Sections 3.3.1 and 3.3.3, the matrix specification of the model
constraints for nonloglinear marginal models will be presented, and in Section 3.3.4,
more details for the implementation of the algorithm will be given.

3.3.1 Generalized exp-log Specification of Nonloglinear Marginal Models

The formulation of marginal models and the notational system used in the previous
chapter can be extended to include nonloglinear marginal models as well. Let π be
the vectorized theoretical cell probabilities of the joint table. Remember that when
vectorizing a matrix or a multidimensional array, here the first index changes the
fastest and the last index changes the slowest. As seen in Chapter 2, but now with a
slightly more general and flexible notation, for appropriately defined matrices A, C,
and X , loglinear marginal models can be represented as

φ(A′π) = Xβ ,

where φ(A′π) is a vector of marginal loglinear parameters defined as

φ(A′π) = C′ log(A′π) .

In parameter-free form, the loglinear marginal model is

B′φ(A′π) = 0 ,

where B is an orthocomplement of X . This representation of loglinear marginal mod-
els can be generalized to represent general nonloglinear marginal models by the for-
mula

θ (A′π) = Xβ ,

which, analogously to loglinear marginal models, can be represented in parameter
free form as
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B′θ (A′π) = 0 , (3.1)

again with B an orthocomplement of X . The main issue now is the specification of θ .
The approach proposed here for the representation of θ and nonloglinear mar-

ginal models is an extension of the notational system developed by Grizzle et al.
(1969); Forthofer and Koch (1973), Kritzer (1977) and Bergsma (1997). Although
these authors (except for the latter one) developed their system for use with the
weighted least squares (or GSK) method, it can also be applied within the context of
ML estimation and testing. First, the developed (recursive) system will be described
in general terms and then several examples will be provided to illustrate its applica-
tion to concrete estimation and testing problems. By means of these examples, the
great versatility of this recursive notational system will be shown.

A General Recursive Representation for Nonloglinear Coefficients

First, the general representation of a vector of coefficients θ (x) is considered. To
formulate marginal models as above, x needs to be replaced by A′π in order to ob-
tain the vector of marginal coefficients θ (A′π) that defines all relevant marginal
probabilities to which the ensuing transformations will be applied. For the non-
loglinear coefficients θ considered in this book, it is always possible to find a
sequence of scalar functions t1, t2, · · · ,tn and a sequence of associated weight ma-
trices W1,W2, · · · ,Wn of appropriate order so that a sequence of transformations
u0(x),u1(x), · · · ,ui(x), · · ·un(x) of x is defined that satisfies

u0(x) = x

u1(x) = W ′
1 t1(u0(x))

...

ui(x) = W ′
i ti(ui−1(x))

...

un(x) = W ′
n tn(un−1(x)) .

Then,

θ (x) = un(x) .

This system was formulated by Bergsma (1997), who only used the exponen-
tial and logarithmic functions for the ti, and applied the term ‘exp-log notation’.
Although these functions are most commonly needed, for some coefficients other
functions are needed as well, and hence we use the term ‘generalized exp-log nota-
tion’ for this very flexible notational system.

For the parameters in a loglinear model

φ(x) = C′ log(x) ,
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one scalar function t1(x) = log(x) and one weight matrix W ′
1 = C′ must be defined,

i.e., n = 1. For many coefficients, the scalar functions ti will either be the (natural)
logarithm ti(x) = log(x), the exponential function ti(x) = exp(x), or the identity func-
tion ti(x) = x. In some applications, more ‘unusual’ functions may be needed, but the
estimation procedure discussed later requires all those functions to be continuous and
differentiable. A vector of coefficients θ that can be represented by the recursively
defined un(x) of the above form is said to be depth-n representable. All coefficients
dealt with in this chapter are depth-n representable for some n, and loglinear coef-
ficients are depth-1 representable. Representations of this kind need not be unique,
however.

To make the above general exposition more concrete, a few examples will be pre-
sented that also illustrate the flexibility of the recursive notation to represent various
nonloglinear coefficients and models. There will be four examples. In the first three,
it will be shown how to represent various coefficients and in the last one, a model
is defined using the coefficient specification. To simplify the ensuing mathematical
expressions, no use will be made of the superscript notation to represent joint or mar-
ginal cell probabilities in these examples, but we will simply use a vector π as the
argument in θ (π).

Example 1: Representation of ε in a 2×2 Table

Let π ′ = (π11, π12, π21, π22) be the (row-wise) vectorized form of a 2× 2 contin-
gency table. The ε coefficient (with the column variable taken as the response and
the row variable as the explanatory variable) can be represented in the following way.
First define the matrix

W ′
1 =

⎛

⎜
⎜
⎝

1 0 0 0
1 1 0 0
0 0 1 0
0 0 1 1

⎞

⎟
⎟
⎠ ,

so that, with t1(x) = x,

W ′
1 t1(π) =

⎛

⎜
⎜
⎝

π11

π1+
π21

π2+

⎞

⎟
⎟
⎠ .

Then define

W ′
2 =

(
1 −1 0 0
0 0 1 −1

)
,

and t2(x) = log(x) so that

W ′
2 t2(W ′

1 π)) =

⎛

⎝
log(π11 / π1+)

log(π21 / π2+)

⎞

⎠ .
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Finally, with

W ′
3 =

(
1 −1

)

and t3(x) = exp(x), the desired ε coefficient follows:

ε = W ′
3 t3(W ′

2 t2(W ′
1 t1(π))) .

In this recursive representation of a single ε-coefficient, the three scalar functions
needed are t1(x) = x, t2(x) = log(x) and t3(x) = exp(x).

Example 2: Representation of the Association Coefficient γ

Suppose a researcher wants to compute the association coefficient γ in a 2×3 table.
Let vector

π ′ = (π11,π12,π13,π21,π22,π23)
contain the cell probabilities from this 2×3 table. Now, define matrices W1,W2,W3,
W4 and W5 as follows:

W ′
1 =

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎝

1 0 0 0 1 0
1 0 0 0 0 1
0 1 0 0 0 1
0 1 0 1 0 0
0 0 1 1 0 0
0 0 1 0 1 0

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎠

,

W ′
2 =

⎛

⎝
1 1 1 0 0 0
0 0 0 1 1 1
1 1 1 1 1 1

⎞

⎠ ,

W ′
3 =

(
1 0 −1
0 1 −1

)
,

and
W ′

4 =
(

1 −1
)

.

With t1(x) = log(x) and t2(x) = exp(x), it follows that

u2(π) = W ′
2 t2(W ′

1 t1(π))

=

⎛

⎝
π11π22 + π11π23 + π12π23

π12π21 + π13π21 + π13π22

π11π22 + π11π23 + π12π23 + π12π21 + π13π21 + π13π22

⎞

⎠ .

Let ΠC be the probability of concordance and ΠD the probability of discordance in
the table. Then ΠC and ΠD are given by twice the first and second element in the
vector above, and ΠC +ΠD by twice the third element. Now with t3(x) = log(x) and
t4(x) = exp(x),

u4(π) = W ′
4 t4(W ′

3 t3(u2(π))) =
ΠC

ΠC + ΠD
− ΠD

ΠC + ΠD
,

so that

γ = u4(π) .



90 3 Nonloglinear Marginal Models

Example 3: Representation of the Uncertainty Coefficient U

The main reason for introducing this example is to show that other functions than the
logarithmic and exponential functions can be incorporated into the recursive repre-
sentation in a straightforward (although not always easy to see) manner as a trans-
formation function tk. In Chapter 1, the proportional reduction in variation index U
was introduced. This coefficient can be written as

U = −∑i ∑ j πi j logπi j

∑ j π+ j logπ+ j
+ ∑i πi+ logπi+

∑ j π+ j logπ+ j
+ 1 .

Suppose you have a 2×2 table with

π ′ = (π11,π12,π21,π22) .

Then let t1(x) = x and

W ′
1 =

⎛

⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 1 0 0
0 0 1 1
1 0 1 0
0 1 0 1

⎞

⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

.

With t2(x) = x logx, it follows that

t2(W ′
1 t1(π)) =

⎛

⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎝

π11 logπ11

π12 logπ12

π21 logπ21

π22 logπ22

π1+ logπ1+
π2+ logπ2+
π+1 logπ+1

π+2 logπ+2

⎞

⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

and from

W ′
2 =

⎛

⎜
⎜
⎝

−1 −1 −1 −1 0 0 0 0
0 0 0 0 −1 −1 0 0
0 0 0 0 0 0 −1 −1

⎞

⎟
⎟
⎠

it follows that

u2(π) = W ′
2 t2(W ′

1 t1(π)) =

⎛

⎝
−∑i ∑ j πi j logπi j

−∑i πi+ logπi+
−∑ j π+ j logπ+ j

⎞

⎠ .
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All coordinates of u2(π) are now positive, so applying the transformation t3(x) =
log(x) on these coordinates is allowed. Then from

W ′
3 =

(
1 0 −1
0 1 −1

)

it follows that

u3(π) =
(

log
(−∑i ∑ j πi j logπi j

)− log
(−∑ j π+ j logπ+ j

)

log(−∑i πi+ logπi+)− log
(−∑ j π+ j logπ+ j

)
)

=

⎛

⎝
log ∑i ∑ j πi j logπi j

∑ j π+ j logπ+ j

log ∑i πi+ logπi+
∑ j π+ j logπ+ j

⎞

⎠ .

With t4(x) = exp(x), t5(x) = x + 1,

W ′
4 =

(−1 1
)

and

W ′
5 =

(
1
)

,

we obtain

u5(π) = U .

Example 4: Testing Stability of ε Over Time

Using the representation of coefficients described above, it will now be shown how
to specify a complete model. Suppose a dichotomous variable is measured at three
time points, and let π denote the vectorized joint table of cell probabilities πi jk. A
researcher might be interested in the question how well one can predict an observa-
tion at time point t from observations at time point t − 1, and whether this quality
of prediction (measured by ε) remains constant over time. Let ε12 and ε23 be the ε
coefficients computed in the marginal tables of the first and second measurement,
and the second and third measurement, respectively. In both cases, the row variable
is the explanatory variable for predicting the column variable. For testing the null
hypothesis ε12 = ε23, nonloglinear marginal modeling is necessary.

First, one needs to specify the matrix for producing the marginal tables 1×2 and
2×3. With

A′
12 =

⎛

⎜
⎜
⎝

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

⎞

⎟
⎟
⎠ .

A′
12π produces the 1×2 marginal and with
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A′
23 =

⎛

⎜
⎜
⎝

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

⎞

⎟
⎟
⎠

A′
23π produces the 2×3 marginal. Therefore,

A′ =
(

A′
12

A′
23

)

so that A′π produces all the marginals of interest. Now let the matrices W1, W2, W3

and the functions t1, t2, and t3 be the same as in Example 1 above. Then, define

W̃ ′
1 =

(
W ′

1 0
0 W ′

1

)

W̃ ′
2 =

(
W ′

2 0
0 W ′

2

)

W̃ ′
3 =

(
W ′

3 0
0 W ′

3

)
.

Here, W̃ ′
k is called the direct sum of Wk and Wk. With these definitions, and

ũ0(x) = x ,

and for k = 1,2,3,

ũk(x) = W̃ ′
k tk(ũk−1(x)) ,

it follows that

ũ3(A′π) =
(

ε12

ε23

)
.

To complete the model specification, define

B′ =
(

1 −1
)

and the model of equality of epsilons is specified as

h(A′π) = B′θ (A′π) = B′ũ3(A′π) = 0 .

The most difficult aspect of the model specification appears to be the specification of
the coefficient vector θ . Once that has been done, the specification of the model con-
straint is relatively straightforward. The book’s website provides general algorithms
for specifying these coefficients.
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3.3.2 Compatibility and Redundancy of Restrictions

In the previous chapter, compatibility issues concerning the marginal restrictions
have been discussed extensively for loglinear marginal models. But of course, the
same kinds of difficulties may be encountered in nonloglinear marginal models.
However, although the same types of solutions probably apply, it is much more dif-
ficult in the nonloglinear case to prove general conditions than it is for the loglinear
marginal models. Therefore, just a few specific points will be mentioned.

An important issue is that matrix B in the general model in Eq. (3.1) should be
of full column rank. If it is not, then there are redundant restrictions that should be
removed for the determination of the correct number of degrees of freedom, and for
our algorithm to converge.

Even if the matrix B has full column rank, there may still be redundant restric-
tions. For example, for dichotomous marginals, one should avoid simultaneously
restricting the mean and the variance since the variance is a function of the mean.
For a dichotomous variable with scores 0 and 1, if the mean is specified to be equal
to 1

2 and the variance is specified to be equal to 1
4 , then both restrictions imply a

uniform distribution and one of them is redundant. For dichotomies, one should gen-
erally avoid simultaneous restrictions on the mean and the variance, or on any two
coefficients, since there is only one degree of freedom.

For three variables, the correlation matrix should be positive definite. Hence, we
cannot fit the model where the three marginal correlations are all equal to − 2

3 . The
requirement of a positive definite correlation matrix is a lack of variation indepen-
dence of the marginal correlations, and this may occur with other parameters as well,
although it is difficult to give general rules.

In Chapter 4, we discuss extensively such problems that may occur in the speci-
fication of certain markovian models.

3.3.3 Homogeneous Specification of Coefficients

For readers who want to define their own coefficients, it is important that these coef-
ficients are specified in an homogeneous way for our estimation procedure to work.
Therefore, homogeneity will be briefly discussed in this subsection. Homogeneity of
coefficients in the present context was described by Bergsma (1997, Section 4.3.2
and Appendix D). Lang (2005) extended this to a general class of sampling schemes
including stratified sampling.

The coefficient θ is called homogeneous if θ (cx) = θ (x) for any positive
constant c. The loglinear (marginal) parameters discussed in the previous chapter
are, except for the intercept term, examples of homogeneous functions. For example,
in a 2× 2 table with cell probabilities πi j and corresponding expected frequencies
mi j = Nπi j, it does not matter whether the odds ratio is defined as either

π11π22

π12π21

or as
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m11m22

m12m21
.

For the coefficient of agreement κ (see Section 1.3.4),

κ = ∑i πii −∑i πi+π+i

1−∑i πi+π+i
,

replacing πi j by the corresponding expected frequency mi j yields a completely dif-
ferent (and erroneous) value for the coefficient. This shows that this formulation of
κ is not homogeneous.

Note that homogeneity is not a property of a coefficient, but rather of its func-
tional form or representation. For example, since ∑i, j πi j = 1, kappa can also be
represented as

κ =
∑i, j πi j ∑i πii −∑i πi+π+i
(
∑i, j πi j

)2 −∑i πi+π+i

This functional form is homogeneous, because, if the πi j are now replaced by the
corresponding mi j, the same correct value will be obtained.

As discussed in the next subsection, if a coefficient is homogeneous, it has a
simpler formula for its asymptotic covariance matrix, and maximum likelihood esti-
mation is simplified because the constraint ∑πi = 1 will be automatically satisfied by
ML estimates. The programs presented on the book’s website require a homogeneous
specification.

Homogeneous specification is generally easy to achieve by reformulating the
original model in terms of the cell probabilities πi j. This can be done using the sys-
tem described in the previous subsection in the following way. Suppose that a non-
homogeneous parameter θ is originally defined in terms of the expected frequencies
mi, then homogeneity is obtained by redefining the base function u0 as

u0(m) =
1

m+
m = exp(logm− log1′m) = exp

[
(

It −1
)

log

(
It
1′

)
m

]

so that u0(m) = u0(π), and hence also θ (m) = θ (π). Measures that are already natu-
rally written as a homogeneous function, for example the logit function π1/π2 or the
odds ratio, do not need this redefinition of u0. As previously stated, loglinear mar-
ginal parameters (except for the intercept term) are naturally written in homogeneous
form.

3.3.4 ***Algorithm for Maximum Likelihood Estimation

The ML fitting algorithm that is described in Chapter 2 can be used to fit nonloglinear
marginal models as well. The nonloglinear constraints are defined by Eq. (3.1) so that

h(A′π) = B′θ (A′π) = 0,

To derive the Jacobian H belonging to these constraints, the Jacobian of θ is needed.
If θ (x) is a depth-n representable parameter, then its Jacobian can be computed as
follows. Let
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Uk(x)′ =
duk(x)

dx′

be the Jacobian of uk. Then

U0(x)′ = I ,

and, for k = 1,2, . . . ,n, the chain rule for differentiation yields

Uk(x)′ = W ′
kD[ṫk(uk−1(x))]Uk−1(x)′ ,

where ṫk is the first derivative of tk and D[.] represents a diagonal matrix with the
elements of the vector in square brackets on the main diagonal. Define

T (x)′ = Un(x)′

as the Jacobian of θ (x). The Jacobian of the constraint function then is

H(x)′ =
dh(x)

dx′
= B′T (x)′

The ML algorithm described in the previous chapter can now be implemented
straightforwardly, using H = H(A′π).

In spite of the more complex model formulations, in practice we did not find
nonloglinear marginal models more difficult to fit than loglinear marginal models.
In fact, possibly because typically nonloglinear marginal models involve fewer con-
straints than loglinear ones, the former seem to be slightly easier to fit in the sense of
it being easier to find a step size and fewer necessary iterations for convergence. Note
that all the recommendations on choosing a starting point and a step size discussed
in the previous chapter apply to nonloglinear models as well.

3.3.5 ***Asymptotic Distribution of ML Estimates

Under the assumption that h(A′π) is homogeneous, has continuous second deriva-
tives, and has full rank Jacobian for the population distribution, π̂ has an asymptotic
normal distribution. Its mean is then the population value of π and covariance matrix
given in Section 2.3.7, where H is now calculated as described above. These results
are based on the work of Aitchison and Silvey (1958), which were applied to the
nonloglinear marginal models of this chapter in Bergsma (1997). The formal deriva-
tions and regularity conditions can be found in Lang (2004) and Lang (2005). Given
the regularity conditions on h, all the results of Sections 2.3.7 and 2.3.8 also apply to
nonloglinear marginal models, with H appropriately calculated.
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Marginal Analysis of Longitudinal Data

In the previous chapters, the foundations have been laid for a comprehensive full
ML estimation approach for the handling of marginal categorical data. The approach
was illustrated by means of research questions that necessitated the use of marginal
modeling, but in a relatively simple form. In the next three chapters, it will be shown
that marginal modeling can be used to answer important research questions that re-
quire more complex analyses and involve longitudinal data (Chapter 4), structural
equation modeling and (quasi-)experimental designs (Chapter 5), and latent variable
models (Chapter 6). Except for the extension to latent variable models, no really
new principles will be involved. However, that does not mean that the application
of marginal modeling in the following chapters is always easy and straightforward.
The next chapters will try to explain in an accessible way how to translate particular
substantive research questions into the sometimes complex language of the marginal-
modeling approach. The data and the programs on our website will help the readers
to carry out the analyses themselves and in this way learn by doing.

This chapter will illustrate extensively the extreme usefulness of marginal mod-
els for the analysis of longitudinal data, especially for panel data. Because panel data
are longitudinal in the strict sense, namely obtained by investigating the same re-
search units repeatedly over time, dependent observations arise. In many cases, mar-
ginal modeling turns out to be the best choice for handling these dependencies when
searching for the appropriate answers to important research questions. Of course,
the use of panel data does not require marginal-modeling methods for all research
questions. When the researcher is interested in the exact nature of the dependencies
and wants to know whether and how previous behavior, beliefs or attitudes deter-
mines later behavior, beliefs or attitudes, standard conditional or transition analyses
will provide the answers. Random coefficient and autocorrelation models have also
proven to be very useful to account for the dependencies among the over time obser-
vations. However, in comparison to marginal models, these latter approaches usually
make strict assumptions about the nature of the dependencies and essentially, some-
what different research questions are answered than when using marginal models.
More on this will be said in the last chapter.

W. Bergsma et al., Marginal Models: For Dependent, Clustered, and Longitudinal 97
Categorical Data, Statistics for Social and Behavioral Sciences,
DOI: 10.1007/978-0-387-09610-0 4, c© Springer Science+Business Media, LLC 2009
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Duncan identified a number of important and often occurring types of research
questions for which marginal analysis of panel data provides the best answer
(Duncan, 1979; Duncan, 1981; Hagenaars, 1990). These typical panel questions
or key hypotheses in panel analysis are about:

• The comparisons over time of net (aggregate) and of gross (individual) changes
in one characteristic

• The comparisons over time of net and of gross changes in two or more charac-
teristics

• The investigation of changes in association
• The comparison of changes among subgroups

The comparisons of net changes in one characteristic over time will be dealt with
in Section 4.2, including the comparison of net changes in subgroups and the com-
parison of associations between the changing characteristic and a characteristic that
is stable over time. The comparison of gross changes over time in one characteristic
is the topic of Section 4.3. In Section 4.4, changes in two or more characteristics
are studied, including net changes in two or more characteristics (Section 4.4.1),
changing associations among nonfixed characteristics (Section 4.4.2), gross changes
in two or more characteristics (4.4.3), and simultaneous hypotheses about net and
gross changes (4.4.4).

Time will always be treated in this chapter as discrete, despite the fact that con-
tinuous time models for categorical data have been in existence for a long time. A
well-known example of such a continuous time model is the continuous time markov
process for discrete characteristics (Coleman, 1964). The reason that such continu-
ous time models are not covered in this book is not because it is thought that social
and behavioral processes evolve in an inherently discrete way over time with jumps
at specific observation moments. The main reason for treating time discretely is that
there is usually not enough information to do otherwise. In most longitudinal stud-
ies, the observations are discrete, carried out at just a few particular points in time
and, most importantly, only provide information about those particular moments of
observation. In such studies, empirical information about the exact nature of the un-
derlying continuous process is simply lacking. What is essentially done when apply-
ing continuous time models to such data is to fill in hypothetically the missing infor-
mation about the continuous process. Usually it is assumed — very often unrealisti-
cally — that the changes are continuously, smoothly, and identically distributed over
a certain period. However, misspecification of the underlying process often biases
the results very strongly. Therefore, a pragmatic stance has been taken here where
the consequences of the underlying, possibly continuous and smooth processes are
investigated at particular discrete points in time (Hagenaars, 1990, p. 16, 22).

Before turning to marginal models for panel data, first longitudinal data in the
form of trend data will be discussed. Trend data result from repeated, independent
cross-sectional samples from the same population. Although, in general, trend data
can be analyzed in standard nonmarginal ways because the observations over time are
independent of each other, the comparison of net changes in more than one charac-
teristic does require a marginal-modeling approach (Hagenaars, 1990, Section 6.4).
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4.1 Trend Data

To indicate the kinds of research questions that make use of trend data but do require
the use of marginal modeling, an example is taken from Hagenaars (1990). Accord-
ing to conventional wisdom, Dutch society was characterized for a long time (cer-
tainly in the sixties and seventies of the previous century) as leftist, progressive, and
very permissive. But gradually this image (or reality?) started changing. Against this
background, Hagenaars investigated whether ‘. . . in reaction to the permissive society
of the 1960s and early 1970s and as a consequence of the worsening economic situ-
ation, a stronger right wing conservative ideology was developing in the late 1970s
stressing the importance of an orderly society in which law and order prevailed and
everybody had to pull their own weight. A growing concern about crime and about
the possible misuses of social security provisions were thought to be indicative of
this rising conservative ideology’ (Hagenaars, 1990, p. 289). Three hypotheses and
consequences following from the rising conservative ideology were tested. First, it
was investigated whether indeed during the period of 1977-1981 the concern about
crime and abuse of social security increased when considered separately. This turned
out not to be true. Second, the hypothesis was tested that these two different as-
pects of the new conservative ideology became more closely related to each other
over time, as indicated by an increasing individual level association between the two
items. This hypothesis was confirmed (it will be looked into again in Section 4.1.2).
Because the data used came from a trend study, the analyses for testing these two
hypotheses only involved independent observations, and nonmarginal methods were
used. However, it was also investigated (thirdly) whether the marginal fluctuations
in concern about crime and abuse of social security over time occurred in a parallel
fashion, being supposedly brought about in the same way by the same kinds of events
that affected general conservative feelings. For this, marginal-modeling methods are
required because the marginal distribution of concern about crime involves the same
respondents as the marginal distribution of concern about abuse. Hagenaars (1990)
used conditional MH tests involving (quasi-)symmetry models. Below, these analy-
ses will be replicated using our much more flexible unconditional marginal approach.

4.1.1 Comparing Net Changes in More Than One Characteristic

The full cross-classification of the variables is given in Table 4.1. This table will
be referred to as Table TCS (Time × Concern about crime × Concern about abuse
social security). The relevant marginal distributions of Concern about crime (C) and
Concern about abuse of social security (S) are presented in Table 4.2. The data come
from the Amsterdam Continuous Survey, which was conducted by the University of
Amsterdam. It consisted of a series of approximately semiannual investigations that
started in January 1972, with a new sample from the Dutch population being drawn
at each moment of observation (Van der Eijk, 1980).

As Hagenaars showed, and as may be clear from inspection of the distributions in
Table 4.2, the marginal distributions of the Concern for abuse of social security and
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Table 4.1. Concern about abuse of social security (S) and Concern about crime (C) at ten time
points. Response alternatives: 1 = no (big) problem; 2 = big problem; 3 = very big problem

Time

1 2 3 4 5 6 7 8 9 10

S C No-77 Ja-78 Jn-78 No-78 Ma-79 Oc-79 Ap-80 Oc-80 De-80 Jn-81

1 1 12 26 28 38 38 25 33 27 45 26
1 2 26 37 29 39 35 38 35 37 30 52
1 3 35 44 32 46 35 22 19 12 19 20
2 3 6 9 4 16 11 12 13 18 22 18
2 2 61 74 80 80 62 96 98 101 84 127
2 3 86 82 75 77 72 82 77 71 87 95
3 1 11 11 9 15 15 11 8 9 11 11
3 2 37 39 35 51 55 56 37 62 43 60
3 3 249 265 303 222 268 267 247 265 238 186

Total 523 587 595 584 591 609 567 602 579 595

Table 4.2. Marginal tables (%) for Concern about abuse of social security (S) and Concern
about crime (C) at ten time points. Response alternatives: 1 = no (big) problem; 2 = big
problem; 3 = very big problem

Time

1 2 3 4 5 6 7 8 9 10

S=1 14 18 15 21 18 14 15 13 16 17
S=2 29 28 27 30 25 31 33 32 33 40
S=3 57 54 58 49 57 55 52 56 50 43

100 % = 523 587 595 584 591 609 567 602 579 595

C=1 6 8 7 12 11 8 10 9 14 19
C=2 24 26 24 29 26 31 30 33 27 40
C=3 71 67 69 59 64 61 61 58 59 51

100 % = 523 587 595 584 591 609 567 602 579 595
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the Concern about crime vary considerably over time but not according to a nice,
smooth (curvi)linear pattern. At the same time, the ups and downs of the time curves
of the two items are remarkably parallel (Hagenaars, 1990, p. 292). This parallelism
was not caused by general fluctuations in concern. The Amsterdam study contained a
number of other concern issues (such as abortion or nuclear energy) and the marginal
distributions of those items did not show a similar parallel pattern over time. The
concerns about abuse of social security and about crime have something special in
common.

This parallelism will be investigated more formally by means of loglinear mar-
ginal models applied to Table 4.2. As analogously done before, Table 4.2 will be
referred to as if it were a normal TIR (Time × Item × Concern Response) table,
where T has ten categories 1 through 10, I has two (1. abuse of social security and 2.
crime), and R three (1. no (big) problem 2. big problem 3. very big problem). Models
for this table have to estimated using the marginal-modeling approach because the
upper half of Table 4.2 refers to the same respondents as the lower half. Of interest
are several logit models in which T and I are considered the independent variables
influencing the concern response R, conditioning on the distribution of TI. The most
parsimonious logit model {TI,R} for table TIR implies that the response distribution
of concern is exactly the same for the two items and also exactly the same at each
point of time. Model {TI,TR} assumes that the distribution of R changes over time,
but at each particular point in time, the concern distribution is exactly the same for
both items, whereas model {TI,IR} allows for differences in concern between the
two items, but not for net changes over time. These three models {TI,R}, {TI,TR},
and {TI,IR} represent very strict forms of the parallelism noted above and have to be
rejected (p = .000) (using here and elsewhere in this chapter the marginal-modeling
algorithms from Chapters 2 and 3).

However, parallelism is still possible in a somewhat weaker and more realistic
form. It may well be that the concern distribution is different for the two items and
that, moreover, the concern distribution changes over time, but then in such a way that
the changes over time are the same for the two items. In other words, the differences
between the two item distributions will remain the same over time. Expressing these
differences in terms of loglinear parameters, this weaker form of parallelism leads
to the no-three-variables interaction model {TI,IR,TR}. Although model {TI,IR,TR}
fits the observed data much better than the more parsimonious models, it still does
not fare very well: G2 = 39.79, df = 18 (p = .002, X2 = 39.25). On the other hand,
inspection of the adjusted residual frequencies for model {TI,IR,TR} shows that al-
most all residuals are small; the only serious exceptions are the residuals involving
T = 9. A similar conclusion follows from inspection of the three-variable interaction
parameters λ̂T

t
I
i
R
r in saturated model {TIR}: all estimates are very small, except those

for T = 9, but then the highest and significant estimates are still just λ̂T
9

I
1

R
1 = −.153

and λ̂T
9

I
1

R
2 = .115.

From all this and from the parameter estimates in models {TI,IR,TR} and {TIR}
(not further reported here), the substantive conclusions are first, that people were
much more concerned about crime than about abuse of social security money.
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Second, the concern with both items changed (irregularly) over time, but in a like,
parallel fashion, except in December 1980 (T = 9). For some reasons, that may be
further investigated, the odds of finding crime no (big) problem rather than a big
problem increased at T = 9 more than the similar odds for the concern of abuse of so-
cial security. Just to mention possible explanations to look for, perhaps some hideous
crime was reported in the newspapers about that time or there was a debate on crime
issues in Parliament that was extensively covered by the newspapers.

From a methodological and statistical point of view, comparisons were made
among the conditional analyses reported in Hagenaars (1990, Section 6.4), the ap-
propriate marginal analyses carried out above, and the (not reported) inappropriate
analyses where the loglinear models were directly applied to Table 4.2, ignoring the
dependencies among the observations. No general patterns could be found regarding
the size of test statistics and standard errors for the three approaches. The most im-
portant lesson to learn from this, as noted before, is that for multiway tables, ignoring
dependencies among the observations is not a simple matter of systematically having
more or systematically having less statistical power.

4.1.2 Simultaneous Tests for Restrictions on Association and Net Change:
Modeling Joint and Marginal Tables

The data and variables in Table 4.1 can also be used to illustrate the usefulness of our
proposed marginal-modeling approach for combining models for joint and marginal
tables. Next to the (confirmed) hypothesis of the parallelism of the time curves of the
two concern items, there was also the hypothesis of an increasing positive individ-
ual level association between C and S. This latter hypothesis can be tested applying
ordinary, nonmarginal loglinear models to the full table TCS (Table 4.1). Assuming
a linear increase over time in the association between C and S, the three-variable
interaction parameters in saturated model {TCS} are restricted in the following way

λT
t

C
i

S
j = μC

i
S
j Tt , (4.1)

where the parameters μC
i

S
j sum to 0 over any subscript, and the equidistant scores

assigned to Tt range from−4.5 to +4.5. The test statistics for the restriction in Eq. 4.1
are G2 = 32.00, df = 32 (p = .466, X2 = 32.09): there is no reason to reject the
assumption of a linear increase over time in the (loglinear) association of C and S.
From the parameter estimates (not reported here, but see Table 4.3), it is seen that the
association is positive. Hagenaars reported a value of G2 = 31.43 for the model in
Eq. 4.1 instead of G2 = 32.00. The small difference with the presently obtained value
is caused by the fact that the semiannual studies were only roughly held every sixth
month and Hagenaars used the exact timing of the studies when assigning scores to
T (Hagenaars, 1990, p. 298-299). To keep things as simple as possible, equidistant
scores were used here, but all differences between the two ways of assigning scores
are substantively negligible.

It is also possible to test both hypotheses about the expanding conservative ide-
ology thesis at the same time, i.e., the simultaneous validity of the hypotheses of the
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Table 4.3. Loglinear parameters λ̂S
i
C
j
|T
t for relationship between Concern about abuse of social

security (S) and Concern about crime (C) at first (T = 1) and last (T = 10) points in time;
standard errors between parentheses; see also text

C = 1 C = 2 C = 3

T = 1 S = 1 .779 (.083) −.175 (.070) −.605 (.068)
S = 2 −.471 (.098) .573 (.067) −.102 (.065)
S = 3 −.308 (.091) −.399 (.067) .707 (.059)

T = 10 S = 1 1.012 (.082) −.001 (.067) −1.011 (.073)
S = 2 −.189 (.089) .254 (.060) −.066 (.062)
S = 3 −.823 (.102) −.253 (.069) 1.076 (.065)

parallel time curves and of the linear increase in association. This involves a simul-
taneous test of the hypothesis for the joint Table 4.1 and the hypothesis for marginal
Table 4.2. A disadvantage of such a simultaneous test is that a misspecification in
one part may also influence the outcomes for the other part, but an advantage is that
if the complete model is true, estimates are obtained that are optimal under the given
complete model. Using our marginal-modeling approach, it is rather straightforward
to test model {TI,IR,TR} for marginal table TIR (Table 4.2), and at the same time
the restriction in Eq. 4.1 for the entries of the joint table TCS (Table 4.1). No in-
compatibilities exist between the two sets of restrictions that follow from the two
hypotheses. The test statistics for the simultaneous tests of both sets of restrictions
are G2 = 71.00, df = 50 (p = .027, X2 = 69.52). The degrees of freedom are sim-
ply the sum of the degrees of freedom for the separate models (32+ 18 = 50). This
value G2 = 71.00 is just a bit smaller than the sum of the two separate test statistics
obtained before: (32.00+39.79 = 71.79). The low p-value for the simultaneous test
is only caused by the outliers in marginal table TIR for the parallelism hypothesis.

In the simultaneous model, the linear restriction in Eq. 4.1 yields estimates for
the relationship between C and S that produced the expected increasing positive as-
sociation over time, in terms of odds ratios, as shown in Table 4.3 for the first and
last time points. From these estimates, it can be derived that the extreme log odds
ratio involving cells RC = [11,13,31,33] at T = 1 equals 2.399, and the odds ratio
itself equals 11.008. This log odds ratio linearly increases from each time point to
the next by an amount of .169 (or the odds ratio by a factor of 1.184), leading to an
extreme log odds ratio at T = 10 of 3.922 and an odds ratio of 50.486.

At least two aspects of the assumed crystallization process of a conservative
ideology are confirmed. There was in the period concerned an increasing individ-
ual level association between the concerns about crime and abuse of social security.
Moreover, the two concerns were affected over time in a parallel fashion by ongoing
events. Marginal modeling makes it possible to test both aspects simultaneously by
modeling both the joint and a marginal table simultaneously.
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Further, this example makes clear that in the context of a trend study where we
have observations from independent samples over time, marginal modeling might
also be required to answer pertinent research questions. Marginal modeling is not
only very well-suited for the analysis of the truly longitudinal (panel) but may also
be needed for the analysis of trend data (or for that matter, for the analysis of one-shot
surveys, as shown in the two previous chapters).

4.2 Panel Data: Investigating Net Changes in One Characteristic

It is often said that the strongest point of a panel design is the fact that the researcher
is able to investigate individual (gross) changes over time. And, of course, this is an
outstanding feature of panel data. But, nevertheless, in many research reports using
panel data, a lot of analyses and key hypotheses are actually about the net and not
about gross changes over time. The investigation of net changes using panel data
requires marginal-modeling methods because of the strict longitudinal character of
the data. This section will discuss how to analyze the net changes in one particular
characteristic — in both the total population and among subgroups. It will also be
shown how these subgroup comparisons of net changes can be interpreted as changes
in association between the one changing characteristic and a stable, fixed variable,
such as Gender. By means of two examples, one on net changes in political orien-
tation and one on growth curves of the use of marijuana, several different aspects of
net change comparisons will be explained.

4.2.1 Overall Net Changes; Cumulative Proportions; Growth Curves

Net Changes in Political Orientation: Cumulative Proportions

The variable Political orientation used in Table 2.1 was also measured in a panel
study as part of the American National Election Studies. A group of 408 individuals
was interviewed at three points in time about their political orientation in the years
1992, 1994, and 1996. The data concerning the marginal distributions of Political
orientation at the three time points are reported in Table 4.4.

An important research question is whether and how the overall mood of the coun-
try changed over the three years along the liberal-conservative dimension. In other
words, do the marginal distributions in Table 4.4 show any (net) changes in political
orientation among the three time points, and if so, in what direction? Since these
marginals come from a panel study, they involve the same persons and therefore de-
pendent observations and marginal modeling must be applied to answer the research
question. A good starting point is the hypothesis that the three marginals are exactly
the same. Treating Table 4.4 as if it were a conventional T(ime) × P(olitical ori-
entation) table, the marginal homogeneity (MH) hypothesis (i.e., the no-net-change
hypothesis) can be represented as loglinear independence model {T,P} for table TP.
Application of the appropriate marginal-modeling approach to take the dependen-
cies among the observations of the panel data into account yields the following test
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Table 4.4. Political orientation in the United States: 1992, 1994, 1996. Source: U.S. national
election studies, 1992–1997

1992 1994 1996 MH
1. Extremely liberal 11 6 6 9.17
2. Liberal 48 43 36 42.52
3. Slightly liberal 51 58 69 58.78
4. Moderate 113 95 98 103.60
5. Slightly conservative 92 83 86 86.90
6. Conservative 77 107 98 91.83
7. Extremely conservative 16 16 15 15.21
Total 408 408 408 408

statistics for the MH hypothesis: G2 = 27.66, df = 12 (p = .006, X2 = 26.11). The
expected frequencies under MH are reported in the last column of Table 4.4.
Note that the expected frequencies under MH, as seen before, are not simply the
average of the three marginals. The MH model fits the data poorly. Inspection of
the adjusted residuals of the MH model (see Table 4.5), and of the estimated two-
variable parameters of saturated model {TP} (not reported here), made it clear that
the observed marginal frequency of the conservative Category 6 in 1992 was signif-
icantly larger than its expected frequency under MH, while the observed marginal
frequencies of the slightly liberal Category 3 in 1996 and the conservative Cate-
gory 6 in 1994 were significantly smaller than their expected values. But no simple
interpretable pattern explaining the lack of fit of the MH model was immediately
seen.

Therefore, another approach was tried, also illustrating the great flexibility of
the marginal-modeling approach. The variable Political orientation actually consists
of two dimensions: ideology (liberal/conservative) and intensity (extreme, normal,
slightly), plus for both dimensions the same neutral category ‘moderate/middle of
the road’ (as it was originally indicated). Now one might wonder whether the net
changes that obviously occurred took place along the ideology or the intensity di-
mension, or whether it was the specific interaction of the two dimensions that caused
the net changes. Because the middle Category 4 belongs to both dimensions, it is
first investigated whether a model will fit in which the marginal probabilities for
Category 4 do not change over time. If the short-hand notation is used in which the
restrictions are indicated directly in terms of the marginal probabilities in table TP for
Category 4 at each point in time, this partial marginal homogeneity model implies:

πT
1

P
4 = πT

2
P
4 = πT

3
P
4 (4.2)

There is no reason to reject the hypothesis of no net change in neutral Category 4:
G2 = 3.83, df = 2 (p = .147, X2 = 3.83).

Marginal homogeneity in the ideology dimension implies, in addition to no net
change in the neutral category, that there are no net changes over time in the total
proportion of liberals and conservatives:
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(4.3)

A simultaneous test of the validity of all restrictions in Eqs. 4.2 and 4.3 yields the
following test outcomes: G2 = 6.75, df = 4 (p = .150, X2 = 6.69). The hypothesis can
be accepted that there is no net change along the ideology dimension. A more specific
test of Eq. 4.3 by means of the conditional test of the model with the restrictions in
Eqs. 4.2 and 4.3 against the model containing only the restrictions in Eq. 4.2 confirms
that the marginal proportions of liberals and conservatives did not change over time:
G2 = 6.75−3.83 = 2.92, df = 4−2 = 2, p = .232.

But then perhaps, given that the MH model as such did not hold, the intensity of
the political orientation has changed. The hypothesis of no net changes in intensity
involves the following restrictions:
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The restrictions in Eqs. 4.4 can also be accepted: the simultaneous test outcomes
for the restrictions in Eqs. 4.2 and 4.4 are G2 = 9.74, df = 6 (p = .136, X2 = 9.68),
and the conditional test outcomes for the comparison of the model with the simul-
taneous restrictions in Eqs. 4.2 and 4.4 against the model with only the restrictions
in Eq. 4.2 yields G2 = 9.74− 3.83 = 5.91, df = 6− 2 = 4 (p = .206). Finally, the
model in which all marginal homogeneity restrictions in Eqs. 4.2, 4.3 and 4.4 are as-
sumed to be simultaneously valid need not be rejected: G2 = 12.62, df = 8 (p = .126,
X2 = 12.58).

On the one hand, from a substantive point of view, this is a disappointing re-
sult: we had hoped to come up with a parsimonious and clear interpretation of the
failure of the original MH model for Table 4.4 in terms of net changes in ideology
or intensity or both. But there is no need to assume overall net changes in either
ideology or intensity. So, it must be the interaction between ideology and intensity
and the net changes in specific categories of Political orientation that are responsible
for the failure of the original MH model. Which categories these are was indicated
in the beginning of this section, namely those exhibiting the largest adjusted residual
frequencies.

On the other hand, from a methodological and statistical point of view, this is
an interesting example that illustrates the flexibility of the marginal-modeling ap-
proach. For example, when testing all restrictions in Eqs. 4.2, 4.3 and 4.4 simulta-
neously, several kinds of dependencies among the observations have to be taken into
account: dependencies arising from the panel character of the data, but also others
originating from the fact that the simultaneous set of restrictions in Eqs. 4.3 and 4.4
involve partially overlapping categories of Political orientation. This use of partially
overlapping categories can easily be extended to the general analyses of cumulative
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Table 4.5. Adjusted residuals for MH model Political orientation Table 4.1

1992 1994 1996
Extremely liberal .93 −1.70 −1.70
Liberal 1.56 .14 −1.85
Slightly liberal −1.71 −.16 2.26
Moderate 1.64 −1.49 −.97
Slightly conservative .92 −.70 −.16
Conservative −2.98 3.04 1.23
Extremely conservative .30 .30 −.08

Table 4.6. Adolescents’ Marijuana use. Source: U.S. National Youth Survey (Elliot, Huizinga,
& Menard, 1989)

Age (A)
Marijuana use (M) 13 % 14 % 15 % 16 % 17 %
1. Never 220 91.7 195 81.3 169 70.4 158 65.8 140 58.3
2. Once a month 15 6.3 27 11.3 41 17.1 41 17.1 52 21.7
3. More than once a month 5 2.1 18 7.5 30 12.5 41 17.1 48 20.0
Total 240 100 240 100 240 100 240 100 240 100

and global odds that are often advocated for the analyses of ordinal data (Agresti,
2002; Molenberghs & Verbeke, 2005). Because monotonicity of the local odds is
a stricter form of ordinality than monotonicity of the cumulative or global odds,
and because we believe that the theoretical, substantive expectations about ordinal
relationships almost always refer to the strict ordinal form rather than to weaker
forms, only local odds are dealt with in this book. However, as may be clear from the
above, cumulative and global odds can be handled just as easily.

Marijuana Use: Loglinear Growth Curves

Another kind of application of a net change analysis, and one that is more typical of
traditional growth curves studies and actually exemplifies a categorical growth rate
model, is provided by the data on the use of marijuana in Table 4.6. The data are taken
from the U.S. National Youth Survey (Elliot, Huizinga, & Menard, 1989). The panel
study started in 1976 when the 240 children were 13 years old and ended in 1980
when they were 17 years old. The data in Table 4.6, containing the marginal distribu-
tions at the different ages, have previously been analyzed by Lang et al. (1999). The
growth in marijuana use will be investigated below, not only in terms of net changes
in the whole marginal distributions, analogously to the above analyses of the political
orientation in the United States, but also in terms of net changes in summary charac-
teristics of these distributions — more specifically, their location and dispersion. All
analyses will be carried out at the population level (i.e., population averaged). Often
growth curve analyses are carried out at the subject-specific level by means of ran-
dom coefficient models. As remarked before, individual level analyses will generally
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Table 4.7. Estimated parameters λ̂A
i

M
j for saturated model {MA}, Table 4.6; * significance

level p < .01

Age (A)
Marijuana use (M) 13 14 15 16 17
1. Never .908* .204* −.201* −.350* −.562*
2. Once a month −.094 −.089 .067 −.015 .131
3. More than once a month −.814* −.115 .133 .364* .431*

lead to different results and the average of the individual growth curves will not nec-
essarily coincide with the overall population growth curve, certainly not for logistic
growth curves. Which approach to use depends mainly on the research question. For
example, if in a clinical setting one wants to know what is expected to happen to the
drug use of a particular adolescent, the individual growth curves may be the most rel-
evant. If a government wants to know what will happen to drug abuse at the societal
level, the marginal analyses proposed here may be the most appropriate (see Rule 6
in Firebaugh, 2008). Or emphasizing a different aspect, if one thinks that random co-
efficient models capture the true underlying individual process, but one is interested
in the overall results of these individual processes, one should compute the relevant
marginals from these random coefficient models. However, if at the individual level
processes than those implied by the standard random-effect model are valid (an auto-
correlation process, for example), the thus obtained marginal results may be biased.
The marginal approach advocated here captures the consequences at the population
level without making any assumptions about the underlying individual processes.

The data in Table 4.6 (here further referred to as if it were a standard table MA)
show a definite increase in marijuana use. Not surprisingly, the MH hypothesis, log-
linear model {M,A} applied to Table 4.6, has to be rejected: G2 = 90.12, df = 8
(p = .000, X2 = 71.04). The estimated parameters for the relationship between M
and A in saturated model {MA} are presented in Table 4.7. These estimates indicate
an ordinal, monotonically increasing relationship between Age and Marijuana use —
more precisely, a decrease of category ‘never use’ over the years and a corresponding
increase of category ‘more than once a month’. The largest increase appears to occur
from 13 to 14 years.

Perhaps more parsimonious models than the saturated model might be found for
this overall trend. An obvious candidate to consider is the loglinear linear-by-linear
(or uniform association) model in which M is treated as an interval-level variable and
the trend over time is assumed to be linear: the odds of belonging to category i of M
rather than to i+ 1 increase for all i in the same way by a constant factor over time.
For this model we have

λM
i

A
j = ρMiA j (4.5)

in which A j and Mi are fixed scores for the levels of A and M, respectively. However,
this linear-by-linear model does not fit the data: G2 = 21.07, df = 7 (p = .004, X2 =
16.75). There may be at least two reasons for this negative result. First, Marijuana
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Table 4.8. Estimated parameters λ̂A
i

M
j for the parabolic model; data in Table 4.6

Age (A)
Marijuana use (M) 13 14 15 16 17
1. Never .827 .251 −.162 −.414 −.503
2. Once a month 0 0 0 0 0
3. More than once a month −.827 −.251 .162 .414 .503

use may not be an equidistant interval-level variable, as assumed in the linear-by-
linear model, or second, the time trend may not be linear. First, treating M as just a
nominal-level variable, but still assuming linear trends over time for each category
of M, leads to a nominal-by-interval (or row association) model. In this model, the
odds of belonging to category i of M rather than to i + 1 increase or decrease by a
constant factor over time, but not necessarily for all i in the same way or even in the
same direction. More formally, this model states

λM
i

A
j = ρM

i A j . (4.6)

The test statistics of this row association model are G2 = 16.11, df = 6 (p =
.013, X2 = 13.22), and for the conditional test, comparing the linear-by-linear model
against the row association model: G2 = 21.07−16.11 = 4.96, df = 7−6 = 1 (p =
.026). It is not very clear what to decide about the nominal or interval level of M
given these borderline test outcomes.

Investigation of the second possible reason for the failure of the linear by linear
model, viz., that the trend over time is not linear provides a much less ambiguous
picture. Inspection of the estimates in Table 4.7 already shows that the increase over
time is not the same between all successive years. Also, from a substantive point of
view, one might expect the largest increase in marijuana use in the first years of ado-
lescence. Perhaps a model in which the equal interval character of M is maintained,
but the trend over time is assumed to be a parabolic curve that describes the data for
the ages 13 to 17 well. In such a parabolic model, the differences over time between
the log odds are not constant but decrease with a constant factor. Under this model,
we have

λM
i

A
j = ρ1MiA j + ρ2MiA

2
j (4.7)

for given scores Mi and A j. This turns out to be the case. The parabolic model fits the
data well (G2 = 5.60, df = 6, p = .469, X2 = 5.52) and it fits significantly better
than the linear-by-linear model. The estimates of the relevant loglinear parameters of
this parabolic model for the relationship between A and M are reported in Table 4.8.
Accepting the results in Table 4.8 as our final estimates, it appears that the use of
marijuana systematically increases over the years, but in such a way that the differ-
ence (in λ̂ ) between two consecutive years becomes gradually less and less (by .162
for each next consecutive pairs of years, to be exact).

The above loglinear analyses described the growth curve of marijuana use in
terms of the whole marginal distributions of M at the several age groups. However,
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often the interest lies in the changes in a particular characteristic of the distributions,
such as changes in average or dispersion. Analyses of these latter kinds will be ex-
plained below, assuming different levels of measurement for marijuana use M.

Growth Curves: Changes in Location

By considering M as an interval-level variable, the mean can be used as a central
tendency measure. To compute the means of M at the several ages, equidistant scores
1,2, and 3 have been assigned to its categories. For the successive ages t, the mean
scores μ̂t of M in Table 4.6 are as follows:

t μ̂t

13 1.104
14 1.263
15 1.421
16 1.513
17 1.617

Note that there are no restrictions placed on the means (yet) and therefore, as
in saturated loglinear models, the means can be obtained directly and simply from
Table 4.6. The mean use of marijuana increases consistently over the years. With μt

denoting the mean response at time t, the difference δ between the means at times
t + 1 and t is given by

δt+1 = μt+1 − μt .

The estimates of δt+1 with their corresponding z-scores are presented in the
first two rows of Table 4.9. Again, these differences can simply be computed from
the data and means in Tables 4.6 and 4.9 because no restrictions are placed on the
differences over time. However, when computing the standard errors of these
differences, the dependencies among the observations have to be taken into ac-
count, and the procedures outlined in Section 2.3.6 have to be applied. All four mean
differences are positive and clearly significant, and the overall hypothesis that all
means are equal, that is, that δt+1 = 0 for all t has to be rejected: G2 = 79.61, df = 4
(p = .000, X2 = 57.98).

The δ̂t+1-scores in the upper part of Table 4.9 suggest that the mean increase in
marijuana use is somewhat bigger in the categories 13-14-15 than in the later years of
15-16-17, which is a pattern somewhat different from the outcomes of the loglinear
analysis. However, this difference is not significant. The test for a linear increase in
the means, or (what amounts to the same) the test that all successive δ ’s have the
same value

μt = μ∗ + β At or

δt+1 = δ∗ (= β )

can be accepted: G2 = 3.11, df = 3 (p = .374, X2 = 3.14). Moreover, this linear
model need not be rejected in favor of a model with a parabolic/quadratic increase in
the means, i.e., with a linearly increasing or decreasing difference δt+1:
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Table 4.9. Parameter estimates of changes in mean (δ̂ ) and changes in variances (δ̂ σ ) and
their corresponding z-scores under the saturated model; see text, data in Table 4.6

13–14 14–15 15–16 16–17

δ̂t+1 0.16 0.16 0.09 0.10
z = δ̂t+1/se(δ̂t+1) 4.42 4.15 2.40 2.54

δ̂ σ
t+1 .21 .15 .10 .04

z = δ̂ σ
t+1/se(δ̂ σ

t+1) 3.82 2.93 2.12 1.26

μt = μ∗ + β At + γA2
t or

δt+1 = δ∗ + αAt .

The conditional test of the parabolic model against the linear model yields G2 =
3.11− 0.57 = 2.55, df = 3− 2 = 1 (p = .110), and the more parsimonious linear
model can be accepted. The estimated constant difference between the estimated
means δ̂t+1 = δ̂∗ in the linear model equals .131 with a standard error of .015.

So, application of the additive model in which differences between means are
investigated leads to the conclusion that the relationship between A and M is linear.
This conclusion about the linear shape of the growth curve of means is different from
that of the earlier application of the multiplicative model, which required a parabolic
relationship between A and M to obtain a well-fitting model. In terms of differences
in mean use, there is a similar increase in marijuana use from one age category to
the next. In terms of odds ratios, the odds of increased use grow systematically faster
in the younger age groups than in the older ones. A result like this is to be expected
because of the initially small percentage of users. An increase in proportion of regular
users from .02 to .05 is, in terms of odds ratios, about the same as an increase from
.20 to .40. In terms of differences, the increase from .02 to .05 is of course the same as
an increase from .20 to .23. In the end, it is all about how to measure effects and about
whether a causal effect increases differences or odds ratios. In this example, perhaps
the loglinear representation is more adequate; in other situations mean differences
may make more sense.

The differences between the means might also have been tested by means of
standard statistical procedures such as the t-test for dependent samples. However,
these standard procedures are based on the assumption of normality, which never
holds for categorical data and certainly not for the skewed data in Table 4.6. The
methods applied here do not assume normality of observed score distributions, but
only require that the observations in the full joint table are multinomially distributed.
As such, they have broader applicability than the methods based on normal theory.
Whether or not there might be any loss or gain of power in our categorical marginal
approach compared to the standard procedures must be further investigated.

Using the mean as a measure of central tendency implies that variable M is treated
as an interval-level variable. However, variable M is perhaps better seen as just an
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Table 4.10. Parameter estimates and z-scores under the BT model; see text, data in Table 4.6

BT −A
t 1 2 3 4 5

l̂t −.186 −.078 .028 .083 .152

z = l̂t/se(l̂t) −10.01 −4.62 1.85 4.84 7.42

BT −M
t 1 2 3 4 5

l̂′t −1.246 −.286 .278 .514 .740

z = l̂′t/se(l̂′t ) −7.16 −2.81 3.63 6.08 7.83

ordinal-level variable. In Chapter 1, the ordinal location coefficients Li j and L′
i jwere

introduced and applied. Li j refers to the additive variant subtracting the probability
of scoring higher from the probability of scoring lower on Xi compared to Xj, while
L′

i j indicates the log-multiplicative variant in which the logarithms of these prob-
abilities are subtracted. For the substantive interpretation of these ordinal location
coefficients, it is important that the BT model with parameters li j = 0 or l′i j = 0 can
be accepted, as argued before in Chapter 3. When applied to the data in Table 4.6,
the BT variant fits the data almost perfectly. The test results for Li j (BT-A variant)
are G2 = 1.16, df = 6 (p = .979, X2 = 1.15) and for L′

i j (BT-M variant) G2 = 1.80,

df = 6 (p = .937, X2 = 1.75). Due to multicollinearity, the empirical degrees of free-
dom found for both models was 3; see Chapter 3 for a discussion of the empirical
degrees of freedom. The relevant location parameters l̂t and l̂′t for each period of time
t under the BT model are reported in Table 4.10.

There is a clear increase in the ordinal central tendency of M. The hypothesis
that there are no location differences in the population, or more precisely that in the
BT model the location parameters l ( the parameters l′, respectively) are all equal
to each other, leads to exactly the same expectations about the data in the BT-A and
in the BT-M model: p(Xi > Xj) = p(Xi < Xj), and consequently to the same test
outcomes in BT-A and BT-M. This hypothesis of equal l’s or equal l′’s has to be
rejected (p = .000).

As above for the means and the log odds, (curvi)linear models can be fitted for
the ordinal location measures to estimate the growth over time. Because the required
specifications are completely analogous to the specifications for the loglinear param-
eters and for the mean differences, they will not be repeated here in equation form,
but just referred to as linear and parabolic models. It is interesting to see that a lin-
ear BT-A model (for Li j and l) fits the data well and, in that sense, behaves in the
same way as the growth curve for the differences between the means. For the BT-
M model (for L′

i j and l′), however, a parabolic curve is needed, just as for the log
odds. More specifically, the test results for the linear BT-A model are as follows.
The conditional test outcomes for the linear BT-A model, comparing it to the BT-A
model without further restrictions, are G2 = 5.12− 1.16 = 3.96, df = 3 (p = .266).



4.2 Panel Data: Investigating Net Changes in One Characteristic 113

Compared to the parabolic model, the conditional test statistics for the linear BT-A
model are G2 = 5.12−2.00 = 3.12, df = 1 (p = .077). The BT-A model with a lin-
ear growth curve for the ordinal locations can be accepted, and it is not necessary to
assume a parabolic growth curve. The estimated location parameters l̂t in the linear
BT-A model increase by a constant amount of .085 from −.170 at age 13 to .170 at
age 17: if a randomly drawn 17-year old is compared with a randomly drawn 13-year
old, the probability that the older one has a higher score on marijuana use than the
younger one is .34 (= .170+ .170) higher than the probability that the older one has
a lower score.

For the BT-M model, the following results are obtained. The conditional test
outcomes of the linear BT-M model against the unrestricted BT-M model are G2 =
17.18−1.80 = 15.38, df = 3 (p = .002), and the linear model has to be rejected. The
parabolic BT-M model does not fit significantly worse than the unrestricted BT-M:
G2 = 4.02−1.80 = 2.22, df = 2 (p = .330). The conditional test statistics for testing
the linear model against the parabolic model yields G2 = 17.18−4.02 = 13.16, df =
1 (p = .000), and the parabolic model has to be preferred. The l̂′t estimates in the
parabolic BT-M model are as follows:

t l̂′t

13 −1.148
14 −0.355
15 0.219
16 0.574
17 0.710

The ordinal (log)locations increase systematically, but with diminishing differ-
ences between the successive age periods of .219 (or the odds ratios diminish by a
factor e.219 = 1.244). Again, when comparing a 17-year old with a 13-year old and
interpreting the odds rather than the log odds, the probability that the older one has
a higher score on marijuana use than the younger one is 6.41 (= e(1.148+.710)) times
higher than the probability that the older one has a lower score.

Growth Curves: Changes in Dispersion

Besides in the growth in central tendency, a researcher might be interested in growth
in dispersion. If M is regarded as an interval-level variable, the variance σ2 is an
appropriate coefficient. When analyzing changes in both variances and means, one
should keep in mind that, for asymmetrical distributions, the values of the mean and
the variance are not independent of each other. The covariance between the sample
mean and variance is equal to μ3/N, with μ3 being the third central moment of
the population distribution. Certainly for the skewed data in Table 4.6, a growth in
means will be necessarily connected to a growth in variance. Variances are in this
comparative sense perhaps the most useful if the distributions are either symmetric
or if the means of the distributions to be compared are the same. This is certainly
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not the case here. Nevertheless, the variances highlight aspects of the marijuana use
distributions that are different from the means. A second point to keep in mind is
that in this and the next paragraphs, the growth curve will be described in terms of
differences between variances. There is no natural, compelling way of working with
the variance differences for comparative purposes. Differences between the means
appear naturally within the context of regression analysis, and differences between
log odds appear naturally within the loglinear model. But there seems to be no reason
not to prefer the ratios of the variances above their differences, or to choose working
with the differences or ratios of the standard deviations rather than the variances.
Although for this data, the essential conclusions about the (curvilinear) shape of the
growth curves for the dispersion remain the same if one of the alternative approaches
will be applied, this need not be true in general.

The variance estimates σ̂2
t of Marijuana use for the successive ages in Table 4.6

are as follows:

t σ̂2
t

13 .135
14 .344
15 .494
16 .592
17 .636

The successive differences of the variances denoted as δ̂ σ
t+1 are reported in the lower

part of Table 4.9 with
δ σ

t+1 = σ2
t+1 −σ2

t .

Using the marginal-modeling approach, the hypothesis that there is no change in
variance

δ σ
t+1 = 0

for all t can be tested. This hypothesis has to be rejected (p = .000). A borderline
test outcome is obtained for the model with a linear increase in variance

δ σ
t+1 = δ σ

∗

with G2 = 9.05, df = 3 (p = .029, X2 = 9.14). However, a parabolic growth model
for the variances

δ σ
t+1 = δ σ

∗ + αAt

fits perfectly and significantly better than the linear model. The conditional test
results for the linear against the parabolic model are G2 = 9.05 − .003 = 9.05,
df = 3− 2 = 1 (p = .002). According to this parabolic model, the estimated vari-
ances increase as follows
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t σ̂2
t

13 .135
14 .342
15 .493
16 .592
17 .636

with a diminishing difference between two consecutive variances of α̂ = −.054. As
is clear from these results and the data in Table 4.6, this increase of variance over the
years in use of marijuana is mainly due to the distributions’ shifts towards the higher
scores and the marginal distributions becoming less skewed in this way.

Nominal level variation coefficients, such as the diversity index D or the uncer-
tainty (entropy) coefficient U , have a different definition of variation compared to
σ2, as explained in Chapter 1. Nevertheless, for the marijuana use distributions, the
substantive results are the same. Using similar testing procedures as for σ2

t , it was
concluded that the growth curves of both D and U behave in a similar, parabolic way
over time as σ2

t .
It is perhaps good to remind the reader (again) of the fact that the necessary ma-

trix operations for defining these coefficients and their restrictions are rather compli-
cated: on the book’s webpage it will be shown how to do this exactly.

The ordinal variation coefficients W and W ′ behave very differently from the
other variation coefficients dealt with so far. The combined hypothesis that the BT
model is true, and that all W ’s and all W

′
’s respectively are the same, can be accepted:

G2 = 3.07, df = 4 (p = .547, X2 = 3.02). Given the big changes in the distributions
of M over the years, this is a strange result. Obviously, with three categories and very
skewed distributions, and because of the deletion of all kinds of tied observations and
pairs in the computation of W and W

′
, the ordinal variance test does not have much

power. The variation coefficients W and W
′
appear not to be very suited if the ordinal

variable(s) have just a few categories.

4.2.2 Subgroup Comparisons of Net Changes

All analyses of the growth curves for marijuana so far have been carried out for the
whole sample. However, researchers are very often interested in knowing if and how
growth curves differ for particular subgroups in the population. In this subsection,
how to carry out such marginal analyses will be illustrated using the marijuana data
that have now been split according to the sex of the respondents in Table 4.11.

The percentages in Table 4.11 and the mean responses in Fig. 4.1 suggest that
boys and girls show more or less the same (curvilinear) increase in marijuana use
over the years as found in the total sample. It is also clear that boys are heavier users
than girls at all ages. In principle, all analyses of the previous subsection might be
repeated for both subgroups. However, for practical reasons, the analyses of the sub-
group growth curves will be carried out using only loglinear models and differences
among the means.
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Table 4.11. Marijuana use and Age for boys (N = 119) and girls (N = 121). Source: U.S.
National Youth Survey

Age (A)
13 % 14 % 15 % 16 % 17 %

Boys’ Marijuana use (B)

1. Never 106 89.1 89 74.8 78 65.5 73 61.3 65 54.6
2. Once a month 9 7.6 17 14.3 20 16.8 20 16.8 22 18.5
3. More than once a month 4 3.4 13 10.9 21 17.6 26 21.8 32 26.9

Girls’ Marijuana use (G)

1. Never 114 94.2 106 87.6 91 75.2 85 70.2 75 62.0
2. Once a month 6 5.0 10 8.3 21 17.4 21 17.4 30 24.8
3. More than once a month 1 .8 5 4.1 9 7.4 15 12.4 16 13.2

1976 1977 1978 1979 1980
Year

1.1

1.2

1.3

1.4

1.5

1.6

1.7

Mean Usage

Boys

Girls

Fig. 4.1. Marijuana use: means of boys and girls for the ages 13 to 17, data in Table 4.11

A first obvious question to ask about these data is whether or not the marijuana
use of boys and girls evolves in the same way when they grow older: are the growth
curves parallel over time? Starting with the loglinear analysis, one may look at the
three-variable interaction parameters in saturated model {SAM} for Table 4.11, refer-
ring to this table as usual as if it were a standard SAM (Sex×Age×Mari juana use)
table, where S has the categories B(oys) and G(irls). After computation of the stan-
dard errors in the appropriate way, and taking the dependencies into account, it turned
out that none of the three-variable interaction parameter estimates is significant and
all have rather small values: none of their absolute values is larger than .14. A test
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of the parallelism of the growth curves for boys and girls is given by logit model
{SA,SM,AM} for table SAM, conditioning on the distribution of SA. In this model,
the level of the growth curves of boys and girls may differ from each other (because
of the presence of λS

s
A∗M

m ), but the curves are parallel, indicated by the presence of
λS∗A

a
M
m in combination with the absence of λS

s
A
a

M
m . Model {SA,SM,AM} can certainly

be accepted with G2 = 5.17, df = 8 (p = .739, X2 = 5.12). It may be concluded that,
in the population, the effects of age on marijuana use are the same for both boys
and girls. To see whether or not the parallel growth curves both follow a parabolic
pattern, the λS∗A

a
M
m parameters in model {SA,SM,AM} for table SAM are restricted

as in Eq. 4.7. The thus restricted model {SA,SM,AM}, with identical growth curves
for boys and girls, fits the data excellently with G2 = 11.94, df = 14 (p = .612,
X2 = 10.78). It does not fit worse than model {SA,SM,AM} without further con-
straints (G2 = 11.94− 5.17 = 6.77, df = 14− 8 = 6 p = .343), and better than the
linear growth curve model (G2 = 24.88−11.94= 12.94, df = 15−14 = 1, p = .000).
The relevant parameter estimates for describing the growth curve are, for all practical
purposes, the same as the ones reported in Table 4.8.

Contrary to the parabolic growth curve for the log odds, the growth curve of
the means followed a linear pattern in the whole sample. This is also true in both
subgroups. First, it was investigated whether the mean differences in M over time are
the same for boys and girls. Indicating the difference between two successive means
for boys as δ B

t+1 = μB
t+1 −μB

t , and for girls as δ G
t+1 = μG

t+1 −μG
t , the hypothesis to be

tested for all t is
δ B

t+1 = δ G
t+1.

This same difference hypothesis can be accepted: G2 = 3.50, df = 4 (p = .477, X2 =
3.38). At all ages, the difference between boys and girls in mean marijuana use is
the same and therefore no significant difference between the shapes of the mean
growth curves for boys and girls exist. Are the growth curves for the means in both
subgroups also linear? The model with the same differences over time for boys and
girls in combination with a linear increase over time

δ B
t+1 = δ G

t+1 = δ BG
∗

can also be accepted: G2 = 5.99, df = 7 (p = .541, X2 = 5.92). This linear model does
not perform worse than the same difference model per se (G2 = 5.99−3.50 = 2.49,
df = 7− 4 = 3 (p = .477), and also not worse than the same difference model with
a parabolic increase over time (G2 = 5.99−4.55 = 1.45, df = 7−6 = 1 (p = .229).
The statistically significant increase of the means among both boys and girls for all
ages t to t +1 is estimated as δ̂ BG∗ = .123 (s.e. = .012). An almost identical increase
was obtained for the whole sample, namely δ̂∗ = .131.

To what systematic differences in marijuana use this leads to between boys and
girls will be discussed in the next subsection.
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4.2.3 Changes in Associations

One of Duncan’s typical panel questions mentioned in the beginning of this chap-
ter concerned the comparison of associations over time. The data and discussions
in Subsection 4.2.2. can also be interpreted in this light. The point of view taken
in this last subsection has been comparison of the net changes in marijuana use be-
tween boys and girls over time. However, exactly the same data and models can be
viewed from the angle of comparing the boy-girl differences in marijuana use at sev-
eral points in time, in other words, as the comparison over time of the association
between a changing characteristic (viz. marijuana use) and a stable characteristic
(viz. gender). For example, the question of whether or not the net differences over
time in marijuana use are the same for boys and girls is identical to the question
whether or not the boy-girl differences at each age category remain the same for all
ages, which in its turn is just another way of asking whether or not the association
between marijuana use and gender is the same at all ages.

The estimation of separate logit models for the effects of S on M in each age
category separately does not require marginal-modeling methods, but as soon as
comparisons are made among the age groups, marginal modeling is required be-
cause these marginals involve the same respondents. Above, it was found that model
{SA,SM,AM} fits the data in Table 4.11 very well, and it was concluded that the
growth curves of boys and girls were similar (parallel). But from these results, it
can also be concluded that the boy-girl differences are the same for all five age cate-
gories. Turning directly to the model that was chosen as the final model, viz. model
{SA,SM,AM} with the parabolic growth curve, the (significant) effects λ̂S

s
A∗M

m of S on
M in that model are as follows:

M Boys Girls

1 −.149 .149
2 −.054 .054
3 .203 −.203

Hence, the local odds ratio for the 2×2 subtable involving boys and girls and Cate-
gories 1 and 2 of M equals exp(−.149+ .054− .149−(−.054))= exp(.190) = .827.
From analogous computations, it follows that the local odds ratio for boys and girls
and Categories 2 and 3 of M equals .598, and the odds ratio for boys and girls and
Categories 1 and 3 equals .495. These associations between S and M in terms of odds
ratios are the same for all age categories, and imply that at each age, the odds that
one is a regular user (M = 3) rather than a nonuser (M = 1) are 1/.495 = 2.022 times
larger for boys than for girls.

Also the differences between means discussed in the previous subsection can be
seen as association measures, similar to unstandardized regression coefficients. The
model with restriction δ B

t+1 = δ G
t+1 was accepted, and implied similar mean growth

curves for boys and girls. But at the same time, from exactly this same model, it
can be concluded that the differences between boys and girls in mean marijuana
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use are the same for all age categories. In the preferred model from the previous
subsection with δ B

t+1 = δ G
t+1 and the additional constraint of a linear growth curve

for the means, the constant boy-girl differences in marijuana use are estimated as
μ̂B − μ̂G = .113 (s.e. = .045). For each age category, the mean M score for boys is
.113 higher than for girls.

Measures of association other than odds ratios or mean differences can, of course,
be used to investigate the stable association hypothesis for the relationship S-M at
each point in time, for example, gamma (γ). For each age category, the following
values are observed (standard errors between parentheses):

t γ̂t (se)

13 .335 (.214)
14 .400 (.140)
15 .247 (.124)
16 .207 (.119)
17 .200 (.111)

All these γ’s are positive, indicating higher marijuana use for boys than for girls.
However, only in age categories 14 and 15 are the γ̂’s significant at the .05 level. The
hypothesis that γ = 0 for all age categories need not be rejected: G2 = 7.65, df = 5
(p = .176, X2 = 7.47). However, the model in which all five γ’s are supposed to be
equal also fits the data well (G2 = 2.17, df = 4 p = .705, X2 = 2.14) and (at the .05
level) better than the model with γ = 0: G2 = 7.65− 2.17 = 5.49, df = 5− 4 = 1
(p = .019). An almost perfectly fitting model is the model in which a linear increase
in the γ’s is assumed. However, the equal γ model does not need to be rejected in
favor of this linear γ model (G2 = 2.17− .95 = 1.22, df = 4− 3 = 1 p = .270).
Therefore, the equal γ model may well be the best choice. The (constant) association
for all age groups between S and M is then estimated as γ̂ = .238 (s.e. = .097). Had
the model with γ linearly changing over time been accepted, the interesting result
would have been obtained that the differences between boys and girls in terms of γ
would have become smaller over time, from γ̂ = .376 at age 13 to γ̂ = .193 at age
17. Conclusions about the possible net changes in the strength of the relationship
between S and M do indeed depend here on the association measure chosen.

The main purpose of this section has been to illustrate that questions about
net changes over time are part and parcel of panel studies, and that one needs
marginal-modeling methods to answer these questions. Our marginal-modeling ap-
proach turned out to be very flexible and capable of handling a large variety of re-
search hypotheses about net changes in many different forms. This is not to deny
that the formulation of the appropriate matrices by means of the generalized exp-log
notation is often complex and difficult, especially when the models are not loglin-
ear. The matrices for these examples put on the book’s webpage should enable the
researchers to construct them easily and correctly in agreement with their own re-
search purposes.
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4.3 Gross Changes in One Characteristic

4.3.1 Comparing Turnover Tables for Different Periods

The analyses of the previous section on net changes in panel studies involved the
comparisons of one-way marginals. However, the marginal-modeling approach of
the previous section can be easily extended to cover what is often seen as the main
strength of panel studies — the analysis of individual, gross changes in a partic-
ular characteristic. The comparison of gross changes is another one of Duncan’s
key hypotheses in panel analysis that requires marginal modeling when one needs
to compare individual gross changes over time. Rather than comparing one-way
marginals, now higher-way marginals in the form of turnover tables have to be com-
pared. Although the analysis of one particular transition table is a form of standard
conditional analysis — in what way are the values on time t + 1 dependent on the
scores on t — the comparison of several such transition tables requires marginal-
modeling methods.

Comparisons of gross changes are often of great theoretical interest. For example,
a political scientist might expect that the voters’ intended party choices become more
and more crystallized and stable in the course of an election campaign and that per-
haps this crystallization process will be stronger among young rather than old people.
Another related hypothesis might be that, in times of political conflicts, voters have
stronger and more stable partisan opinions than in times of political peacefulness.
In general, these kinds of hypotheses must be investigated by means of panel data
comparing the individual changes in successive turnover tables, e.g., comparing the
transition table from time t to t +1 with the transition table from t +1 to t +2. Funda-
mental work in this area, usually in the context of markov chain modeling was done
in the 1950’s by statisticians like Anderson, Goodman, Madansky. A summary and
extensions of this work is provided by Bishop et al., 1975, Chapter 7. This section
further extends their approach.

Below, a number of illustrations will be provided regarding different types of
research questions about gross changes. In a way, these examples are rather straight-
forward extensions of the approach explained in the previous section. However, some
extra difficulties will arise that have to do with possible incompatibilities or redun-
dancies among the imposed constraints. These difficulties are special cases of the
redundancies or incompatibilities discussed in Section 2.3.3, and will be dealt with
further when discussing the particular examples and, in a more general way, in the
last section of this chapter.

By way of example, the data underlying Table 4.4 will be used. Table 4.4 con-
tained the one-way marginals for Political orientation in 1992 (P1), 1994 (P2), and
1996 (P3). The full 7× 7× 7 cross-classification table P1P2P3 is presented on the
book’s website. From this full cross-classification, three marginal two-way turnover
tables can be formed, viz. P1P2 (with, in shorthand notation, cell probabilities π1

i
2
j ),

P2P3 (with entries π2
j
3
k), and P1P3 (with entries π1

i
3
k) (tables not presented here, but see

Table 4.12 below).
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Now assume that a researcher wants to investigate whether the individual changes
from 1992 to 1994 are similar to the changes from 1994 to 1996. As usual, the
marginal tables of interest can be put together into one new table. In this case, it
means that a new table is defined, consisting of the two marginal tables 1992–1994
and 1994–1996. If the rows of these two marginal tables refer to the earlier time
point, and the columns to the later time point, this new table can be denoted as a TRC
table, where T refers to the period of observation with T = 1 to the cells in marginal
turnover table 1992–1994 and T = 2 to marginal turnover table 1994–1996. R refers
to Political orientation as the row variable with seven categories in both marginal
tables, and C to Political orientation as the seven-category column variable.

The hypothesis that the two marginal turnover tables 1992-1994 and 1994-1996
are the same is represented by loglinear model {T,RC} for table TRC. However,
unlike the discussions so far in this book, this nice and elegant way of defining the
marginal restrictions in terms of loglinear models for ‘quasi-tables’, such as TRC,
causes some difficulties now. Depending on the research design (e.g., number of
waves or kinds of turnover tables to be compared) and the nature of the particular
marginal model fitted, straightforwardly defining the marginal restrictions in terms
of the seemingly appropriate loglinear model for the ‘quasi-table’ may not work well
because the loglinear model may imply redundant or incompatible restrictions and
suggest the wrong degrees of freedom. These difficulties occur when the successive
turnover tables to be compared have overlapping marginals. In our example, when
turnover table 1992–1994 is compared with turnover table 1994–1996, the column
variable in the first turnover table is the same variable as the row variable in the latter
one. This difficulty will be further explained below.

Loglinear model {T,RC} for table TRC is meant to imply that the two marginal
turnover tables P1P2 and P2P3 are completely identical. That is,

π1
i
2
j = π2

i
3
j . (4.8)

Further, and important for the discussions below, note that marginal table P1P2 is
equal to marginal turnover table RC for T = 1, and that in the same vein marginal
turnover table P2P3 is equal to RC for T = 2. Therefore, π1

i
2
j = πR

i
C
j
|T
1 and π2

i
3
j = πR

i
C
j
|T
2 ;

moreover, λ1
i

2
j from the saturated model for table P1P2 is identical to the conditional

loglinear parameter for the relationship R−C when T = 1: λ1
i
2
j = λR

i
C
j
|T
1 and similarly,

λ2
i
3
j = λR

i
C
j
|T
2 .

Determination of the number of degrees of freedom for testing the equality of the
two turnover tables looks simple. Calculated in the standard way, loglinear model
{T,RC} applied to table TRC has 48 degrees of freedom. The same result is obtained
starting from the (identical) restrictions in Eq. 4.8. Because Political orientation has
seven categories, and because in each turnover table the proportions sum to 1, Eq. 4.8
implies (7 ×7)−1 = 48 independent restrictions and, therefore 48 degrees of free-
dom left for testing Eq. 4.8. However, because of the overlapping variables in the
successive turnover tables, one has to be very careful about computing the number
of degrees of freedom in this direct, simple way because, in general, the overlapping
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variables and marginals in the successive turnover tables constrain the cell frequen-
cies and there may be fewer degrees of freedom than expected.

Nevertheless, and perhaps somewhat surprisingly, for this particular table and
this particular model, the determination of the independent restrictions and the cal-
culation of the number of degrees of freedom happens to be correct. But this is cer-
tainly not true in general. If Political orientation had been measured at four points in
time rather than three, and if whether the turnover probabilities were the same in the
three successive turnover tables P1P2, P2P3 and P3P4 had been tested, the number of
degrees of freedom would seemingly be 2 × 48 = 96 when calculated similarly as
before for the three-wave panel. However, for the four-wave panel study, the correct
number of degrees of freedom is only 90.

This is perhaps more easily seen if the restrictions in model {T,RC} (or equiv-
alently in Eq. 4.8) are explicitly formulated in terms of restrictions on the loglinear
parameters for the relevant marginal tables — first, in terms of table TRC for three
waves only. There are two sets of restrictions needed, one on the two-way effects in
the marginal tables P1P2 and P2P3, and another on the one-way effects in the one-way
marginal tables P1, P2, and P3:

λ1
i
2
j = λ2

i
3
j

λ 1
i = λ 2

i = λ 3
i .

(4.9)

Note that the second set of loglinear restrictions on the one-way marginals is equiv-
alent to the restriction that all marginal distributions are equal:

π1
i = π2

i = π3
i .

In general, for an arbitrary set of I × I tables, equal corresponding odds ratios in
combination with equal marginal row distributions and with equal marginal column
distributions make the two tables completely identical. In this case, because of the
overlapping marginal in the two successive turnover tables, all one-way marginal
distributions become equal to each other. The set of restrictions on the two-variable
parameters in Eq. 4.9 implies (7−1)(7−1) = 36 independent restrictions; the num-
ber of restrictions on the one-variable parameters is 2×6 = 12. Altogether, there are
36+12 = 48 degrees of freedom, as found above. However, if analogous restrictions
(as in Eq. 4.9) would have been imposed but now for the four wave case on the three
successive marginal turnover tables, the two-variable restrictions would have implied
2× 36 = 72 independent restrictions and the number of independent restrictions on
the one-way parameters would be 3× 6 = 18, a total 90 independent restrictions,
rather than the naively calculated 96 degrees of freedom.

Because the difficulties in determining the correct number of degrees of freedom
and finding an appropriate set of independent restrictions stem here from the overlap-
ping one-way marginals and the restrictions on one-variable parameters, yet another
look at these one-variable parameters may be illuminating. Model {T,RC} applied
to table TRC for three waves implies that the loglinear parameters for (conditional)
marginal turnover table RC for T = 1 (marginal table P1P2) are identical to the corre-
sponding loglinear parameters for (conditional) marginal turnover table RC for T = 2
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(marginal table P2P3). Besides the restrictions on the (conditional) two-variable pa-
rameters (λ1

i
2
j = λ2

i
3
j ), the following restrictions on the one-variable parameters are

implied in our marginal notation:

λ1
i

2∗ = λ2
i
3∗

λ1∗2
i = λ2∗3

i .

These two sets of restrictions on the one-variable parameters given the number of
categories imply 2×6 = 12 independent restrictions (in addition to the restrictions on
the two-variable parameters). Because of the overlapping marginals in the model, in
which the two successive marginal turnover tables are completely identical, λ2

i
3∗ will

be equal to λ1∗2
i . But this still leaves 2× 6 = 12 independent restrictions. However,

model {T,RC} implies the following restrictions on the one-variable parameters in
the successive turnover tables for four waves:

λ1
i

2∗ = λ2
i
3∗ = λ3

i
4∗

λ1∗2
i = λ2∗3

i = λ3∗4
i .

There seem to be (2× 6)× 2 = 24 independent restrictions on the one-variable pa-
rameters. However, because of the overlapping marginals in combination with model
{T,RC} for table TRC, λ2

i
3∗ = λ1∗2

i and λ3
i

4∗ = λ2∗3
i . Therefore, only 3× 6 = 18 inde-

pendent restrictions on the one-variable effects remain rather than 24.

The model of completely identical turnover tables for 1992–1994 and 1994–1996
(Eq. 4.8) just fits the data at the .05 level: G2 = 64.60, df = 48 (p = .055, X2 =
56.6). Although it is a borderline result, it is a bit surprising because, as seen in
the previous section, the MH model for no net changes in the one-way marginals in
Table 4.4 had to be rejected (p = .006). The overall test for the present model of
identical successive turnover tables, i.e., for the equality of association and marginal
distributions has obviously less power regarding the specific hypothesis of no net
change than the MH test used before. On the other hand, the estimated turnover table
t − (t + 1) under Eq. 4.8 contains many small values for the cell frequencies and
two zero cells. This sheds doubt on the approximation of the theoretical chi-square
distribution by G2(and uncertainty about the number of degrees of freedom to use).

A weaker, but theoretically more interesting, assumption than completely identi-
cal cell entries in the two successive turnover tables is the hypothesis of equal tran-
sition probabilities in both marginal turnover tables. Transition probabilities occupy
a central place in panel analysis, much more so than the joint probabilities. Equal
transition probabilities in marginal turnover tables P1P2 and P2P3 mean:

π2
j
|1
i = π3

j
|2
i . (4.10)

In Bishop et al. (1975, Chapter 7, Section 7.2.4) it is shown that the equal transition
probability model corresponds to loglinear model {TR,RC} applied to table TRC.
Bishop et al., following Goodman and others, investigate the equal transition prob-
abilities model for successive turnover tables in the context of the extra assumption
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of first-order stationary markov chains. In our marginal-modeling approach, no such
extra assumptions are needed about the underlying dependency process over time
(although it is of course possible to add such an extra restriction). Model {TR,RC}
essentially implies that the end state at t + 1 (C) is independent of the period con-
cerned (T ), given the starting state at t (R). Model {TR,RC} applied to table TRC
for our three-wave example has 42 degrees of freedom, when computed in the naive,
simple way. However, this number is correct. Even better, it is also correct if the
equal transition model for successive turnover tables is imposed on a panel study
with more than three waves. This can be easily seen when the restrictions are formu-
lated in terms of restrictions on the loglinear parameters of the successive marginal
turnover tables P1P2 and P2P3 (and then analogously to four and more waves). Model
{TR,RC} implies

λ1
i

2
j = λ2

i
3
j

λ 12
∗ j = λ 23

∗ j

Now the restrictions must be made on the one-variable parameters in the two-way
tables and not on the one-variable parameters in the one-way marginals: in the equal
transition model, the one-way marginals p2

i and p3
i (or λ 2

i and λ 3
i ) need not be equal

to each other. However, if the row percentages are the same in tables P1P2 and P2P3,
then the average conditional log distributions of the column variable will be the same
in the two tables and therefore λ 12∗ j = λ 23

∗ j .
The hypothesis of equal successive transition tables (Eq. 4.8) need not be re-

jected: G2 = 43.28, df = 42 (p = .417, X2 = 35.24). Moreover, and important in the
light of the sparse data in the estimated transition table (see Table 4.12), the condi-
tional test for the restrictions in Eq. 4.8 against the restrictions in Eq. 4.10 turns out
in favor of the model of equal transition probabilities: G2 = 64.60−43.28 = 21.32,
df = 48−42 = 6 (p = .002). Note further that accepting Eq. 4.10 is not in contradic-
tion with the rejection of the MH hypothesis for the one-way marginals.

A still weaker hypothesis about the similarity of the successive turnover tables
P1P2 and P2P3 is that only the corresponding local odds ratios in the two tables are
the same, i.e., loglinear model {TR,TC,RC} for table TRC is true. In terms of re-
strictions for the loglinear parameters in the two marginal turnover tables, only the
restrictions on the two-way effects in Eq. 4.9 are applied: λ1

i
2
j = λ2

i
3
j . Because no

one-way (overlapping) marginals or one-variable effects are involved in the restric-
tions, there are no problems in computing the correct number of degrees of freedom
in the usual way (and the same is true for four or more waves). Not surprisingly in
the light of the above results, this equal odd ratio model also fits the data well with
G2 = 34.77, df = 36 (p = .527, X2 = 28.22). However, on the basis of the conditional
test, the model of equal odds ratios need not be preferred above the more stringent
equal transitions model (G2 = 43.28−34.77 = 8.51, df = 42−36 = 6, p = .203).

A practical problem when estimating this equal odds ratio model was that some
of the estimated frequencies in the pertinent marginal tables were zero. This also
happened in the other two models {T,RC} and {TR,RC}, but because there the re-
strictions involved direct equality restrictions on the (transition) probabilities, no
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Table 4.12. Estimated transition probabilities πt+1|t for Political Orientation under the
model in Eq. 4.10. Source: U.S. National Election Studies, 1992–1997

1. Extr.lib. 2. Lib. 3. Sl.lib. 4. Mod. 5. Sl.cons. 6. Cons. 7. Extr.cons. Total
1. Extr.lib. .418 .318 .077 .119 0 0 .066 1.000
2. Lib. .030 .542 .239 .139 0 .049 0 1.000
3. Sl.lib. .015 .128 .549 .193 .103 .011 0 1.000
4. Mod. 0 .044 .154 .514 .197 .077 .014 1.000
5. Sl.cons. 0 .005 .049 .201 .470 .258 .016 1.000
6. Cons. 0 .006 .019 .054 .181 .666 .073 1.000
7. Extr.cons. 0 0 0 .064 .074 .542 .319 1.000

convergence problems were encountered during the estimation process. However,
odds ratios involving zero cells are not defined and the algorithm did not converge. It
was decided to replace all empty observed cells in the full observed table P1P2P3 by a
small constant c = 10−80. The results above have been obtained by this replacement
of the observed empty cells.

Among the three models, the equal transition model in Eq. 4.10 appeared to be
the best choice. The estimated transition probabilities are presented in Table 4.12.

Close inspection of the outcomes in Table 4.12 reveals precisely how people
have changed from t to t + 1. It can be seen how stable the respondents are or to
which categories people move, once they have chosen for a particular category. For
example, the conservatives (Category 6) are the most stable: 66% of those who clas-
sified themselves as conservative the first time did so the second time. The least
stable are the extreme conservatives (Category 7) with a relative stability of 32%.
A test of whether these relative stabilities are in fact identical in the population is
possible by introducing the extra restriction that all conditional probabilities on the

main diagonal π2|1
i i (= π3|2

i i ) are the same for all categories i into the equal transi-
tion model. Testing the equal transition model with the extra assumption of equal
relative stabilities for all categories yields a borderline result (p = .044), but the
conditional test outcomes of the extra restricted equal transition model against the
equal transition model per se are unequivocally against the validity of the extra
restriction: G2 = 65.90− 43.28 = 22.62, df = 48− 42 = 6 (p = .001). In the ex-
tra restricted model, the transition probabilities on the main diagonal were estimated

as π̂2|1
i i = .532 for all i. Looking at the adjusted residual frequencies for this model

(not reported here, but see also the main diagonal entries in Table 4.12), this extra
assumption is not problematic for the first four categories (liberal/moderate), but the
residuals are significant (in absolute values: > 1.96) for the last three categories (con-
servatives). However, the interpretation is not simply in terms of conservatives hav-
ing smaller or larger relative stability than the liberals: the significant residuals are
negative for Categories 5 and 7, but positive for Category 6. How to explain this is
not immediately clear.

These kinds of analyses and inspection of the transition probabilities can be car-
ried further, e.g., by imposing (quasi-)symmetry in the turnover tables. But rather
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than showing this (these are rather natural and easy extensions) a note of warning
is appropriate. It is well-documented, although in practice often forgotten, that even
large, systematically looking differences in transition probabilities may occur purely
as artifacts of different category sizes in combination with very small amounts of
random (measurement) error, without any true changes or differences in transitions
taking place. This might also be a partial explanation of the erratic results obtained
regarding the equal relative stability model. Latent variable models are required to in-
vestigate this phenomenon (Bassi, Hagenaars, Croon, & Vermunt, 2000; Hagenaars,
1990, 2005). How to introduce latent variables in marginal models will be discussed
in Chapter 6 of this book.

4.3.2 Comparing Summary Measures of Gross Change

The investigation of the net changes in the previous section focused not only on
the comparison of the whole marginal distributions but also on some character-
istics of these distributions. In the same vein, the analyses of gross changes can
be carried out using summary statistics for the gross changes. From the very first
developments of panel methods forward, such summary statistics have been pro-
posed, especially by Paul Lazarsfeld and his associates (Lazarsfeld & Fiske, 1938,
Lazarsfeld, Berelson, & Gaudet, 1948, see also many unpublished references by
Lazarsfeld c.s., Hagenaars, 1990, pp. 147, 148, 200). In the past, these summary
statistics have been mostly used in a descriptive way. Marginal modeling methods
provide a flexible and general framework for statistical inferences regarding these
statistics.

For a characteristic with ordered categories such as Political orientation, it makes
sense to ask whether the gross changes in a two-way turnover table are more in the
direction of becoming more conservative or, on the contrary, of becoming more lib-
eral. To answer this question, one must compare for a randomly chosen respondent
the probability that the respondent belongs to the upper diagonal cells with the prob-
ability of belonging to the lower diagonal cells in the turnover table. For entries πi j

in the two-way turnover table, the sum ∑i< j πi j has to be compared with ∑i> j πi j

by taking their difference, resulting in coefficient Ω or their log ratio yielding Ω ′.
The observed Ω̂ ’s and Ω̂ ′’s are reported in Table 4.13 for the three two-way turnover
tables P1P2, P2P3, and P1P3 that have been formed from the data on Political orienta-
tion discussed before (tables were not presented). In this way, it can be seen whether
there is an overall tendency in the gross changes towards more liberalism or more
conservatism between successive time points, e.g. t and t + 1.

As can be seen in Table 4.13, there is a slight but statistically significant tendency
towards a more conservative attitude in terms of the gross changes in the first period
from 1992 to 1994, while in the second period from 1994 to 1996, there is no clear
average gross movement towards a more liberal or a more conservative attitude. The
tendency from the beginning (1992) to the end (1996) is about the same as for the
first period, and if anything, a little bit stronger. Further hypotheses about the Ω ’s
and Ω ′’s (which would truly require a marginal-modeling approach) have not been
tested, as the above results were clear enough.
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Table 4.13. Political Orientation; observed Ω , standard errors and test results; see text source:
U.S. National Election Studies, 1992–1997

P1P2 P2P3 P1P3

∑i< j πi j .301 .203 .294
∑i> j πi j .211 .223 .186
Ω̂ ′

i j .358 -.092 .457
Ω̂i j .091 -.020 .108
s.e.(Ω̂i j) .035 .032 .034
z (Ω̂i j) 2.56 -0.61 3.14

Note that the coefficients Ω and Ω ′ look a lot like the coefficients L and L′ used to
determine the net changes in ordinal location in the marginal distributions. Neverthe-
less, they are not the same. The main difference between the two sets of coefficients
resides in the way the units, whose scores are to be compared, are sampled: L and
L′ compare the scores of two units sampled independently from the two marginal
distributions, whereas Ω and Ω ′ compare the scores of a single unit sampled from
the bivariate distribution. As a consequence, the L coefficients may lead to different
conclusions than those based on Ω and Ω ′.

Another summary statistic of the turnover table that can be used at all levels
of measurement is the raw stability coefficient ∑i πii, that is, the sum of the cell
entries at the main diagonal of the two-way turnover table. It has a nice and simple
interpretation as the percentage of people that have the same score at two points
in time. However, it has the disadvantage that it is strongly dependent on chance
stability: even when the respondents’ responses at the two time points are statistically
independent of each other, ∑i πii can attain very high values. The coefficient used
most often to correct for this spurious amount of stability is the agreement coefficient
κ , discussed in Chapter 1, where ‘agreement’ denotes ‘stability’.

Consider the panel data in Table 4.14 which gives the labor force participation
of 1,583 women in five consecutive years. Table 4.15 contains the values of the ob-
served uncorrected and the observed corrected proportion of stable respondents for
the four transitions between consecutive years.

All observed κ̂’s presented in Table 4.15 are significantly different from 0. It is
more interesting to see whether the response stability remains constant over time,
i.e., is the same for all successive turnover tables

κ12 = κ23 = κ34 = κ45.

This hypothesis has to be rejected at the .05 but not at the .01 level: G2 = 10.02,
df = 3, (p = .018, X2 = 9.82). The estimate of the common κ equals κ̂ = .716. Com-
parison of this value .716 with the observed κ̂’s in Table 4.15 suggests an increase in
κ over time, and it may well be a linear increase. The hypothesis of a linear increase
of κ

κ12 −κ23 = κ23 −κ34 = κ34 −κ45
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Table 4.14. Women’s labor participation in five consecutive years. Source: Heckman and
Willis, 1977

1971

1967 1968 1969 1970 Yes No

Yes Yes Yes Yes 426 38
Yes Yes Yes No 16 47
Yes Yes No Yes 11 2
Yes Yes No No 12 28
Yes No Yes Yes 21 7
Yes No Yes No 0 9
Yes No No Yes 8 3
Yes No No No 5 43
No Yes Yes Yes 73 11
No Yes Yes No 7 17
No Yes No Yes 9 3
No Yes No No 5 24
No No Yes Yes 54 16
No No Yes No 6 28
No No No Yes 36 24
No No No No 35 559

Table 4.15. Proportion of stable respondents and observed and linear κ̂ (see text) for women’s
labor participation in five consecutive years; Table 4.14

Transition ∑i π̂ii Observed κ̂ SE Observed κ̂ Linear κ̂

1967-68 .845 .687 .018 .681
1968-69 .852 .703 .018 .704
1969-70 .857 .714 .018 .728
1970-71 .880 .759 .016 .751

need not be rejected (G2 = 1.15, df = 2 p = .564, X2 = 1.15), and is also to be
preferred when compared to the previous no difference model: G2 = 10.02−1.15 =
8.88, df = 3− 2 = 1 (p = .003). The values of the four κ̂ coefficients under this
model of linear increase are reported in Table 4.15 showing a constant, statistically
significant increase over time of .023 (s.e. = .008). It is concluded that there is linear
increase in the proportion of women, corrected for chance stability, that remained in
or remained out of the labor force for two consecutive years when considering all
successive turnover tables t − (t + 1) from 1967 to 1971.
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4.3.3 Extensions; Net Plus Gross Changes; Multiway Turnover Tables;
Subgroup Comparisons

The analyses carried out so far in this section on gross changes in one character-
istic can be extended in several important ways. A first possibility is to combine
hypotheses on gross change with hypotheses on net changes. There are many re-
search situations where such combined hypotheses are meaningful. For example, in
social mobility research, the kernel of the investigations is formed by turnover tables
in which the occupations or classes people belong to at time one (beginning of the
career or (grand)parents) are cross-classified with occupation or class at time two
(later in the career or (grand)children). In these investigations, hypotheses are often
formulated about structural mobility forced by the differences between the marginals
and simultaneous hypotheses about free circulation mobility or fluidity that is not en-
forced by the marginal differences. There have been numerous discussions about the
meanings of structural and free mobility and how to measure and distinguish them
(see among many others, Luijkx, 1994). The marginal-modeling approach advocated
here, which makes it possible to combine hypotheses about net and gross changes,
may well provide a better solution to these problems than the solutions found so
far in the social mobility literature. An empirical application of simultaneously test-
ing hypotheses about net and gross changes will be provided at the end of the next
section, albeit in a different context than social mobility.

A second extension concerns the dimensionality of the turnover tables. In all
analyses above, only two-way turnover tables for successive periods have been com-
pared, but of course also three- and higher-way tables can be simultaneously inves-
tigated. For example, in a five-wave panel study, marginal loglinear models can be
used for the comparison of turnover tables, T1T2T3, T2T3T4, and T3T4T5. The prin-
ciples involved do not differ from the above discussions about the comparisons of
two-way turnover tables, and their applications to higher-way tables is straightfor-
ward.

Thirdly, just as for the net changes, subgroup comparisons may be interesting for
gross changes. For example, the successive turnover tables may be set up separately
for boys and girls. All analyses carried out above for the whole sample can also be
done for these two subgroups, under the conditions that these models are completely
identical or different in one or more respects for boys and girls. Once more, the
principles, models, and examples presented so far in this section can be applied in
a simple, direct manner to problems involving the comparisons of gross changes for
subgroups.

Finally, as with the comparison of net changes, these same subgroup compar-
isons can be viewed from the standpoint of association between the gross changes in
changing characteristics on the one hand, and on the other hand a stable character-
istic such as Gender. This comes close to setting up a causal model for the various
variables, which is the topic of the next chapter.
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Table 4.16. Marijuana and Alcohol use data (N = 208). Source: U.S. National Youth Survey

T (ime) (= age t)
13 % 14 % 15 % 16 % 17 %

I(tem) = 1 (Marijuana)
R(esponse)
1. Never 193 92.8 172 82.7 149 71.6 139 66.8 120 57.7
2. Once a month 12 5.8 23 11.1 37 17.8 40 19.2 48 23.1
3. More than once a month 3 1.4 13 6.3 22 10.6 29 13.9 40 19.2
Total 208 100% 208 100% 208 100% 208 100% 208 100%
I(tem) = 2 (Alcohol)
R(esponse)
1. Never 145 69.7 93 44.7 78 37.5 54 26.0 38 18.3
2. Once a month 60 28.8 98 47.1 101 48.6 98 47.1 87 41.8
3. More than once a month 3 1.4 17 8.2 29 13.9 56 26.9 83 39.9
Total 208 100% 208 100% 208 100% 208 100% 208 100%

4.4 Net and Gross Changes in Two Related Characteristics

The applications and examples in the above sections showed that there are many
important kinds of research questions that require the study of changes in just one
particular characteristic over time. At the same time, researchers also often consider
theories that must be tested by similtaneously comparing changes in two or more
characteristics. For example, a researcher of drug use may have theoretical reasons
to assume that adolescents show the same patterns over time when getting addicted
to whatever drug they start using, or on the contrary, adopt different patterns for
different drugs. To find empirical answers to many such questions, marginal models
have to be applied. Only instances involving just two characteristics will be discussed
here, but extensions to three or more follow easily. The example will be on drug use,
more specifically on the use of marijuana and alcohol where the alcohol data were
collected from the same adolescents as the marijuana data (Table 4.6). Because of
additional missing data for the alcohol data, the sample size decreased from N = 240
to N = 208.

First, it will be shown how to investigate the net changes in two related charac-
teristics (Section 4.4.1). The pertinent marginal models are very similar to the ones
presented in Section 4.1 on trend data, but now the panel character of the data causes
additional dependencies that have to be taken into account. Second, it will be shown
how to compare the associations between two characteristics over time; researchers
may want to know whether, for example, associations increase over time (Section
4.4.2). Thirdly, it might be important to know whether and how the gross changes
over time differ for the two characteristics (Section 4.4.3). Fourth, and finally, how
to simultaneously test hypotheses about net and gross changes for two characteris-
tics will be shown. From this overview and these examples, the readers must be able
to formulate and test their own marginal models regarding changes in two or more
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Table 4.17. Conditional loglinear parameters λ̂T
t

R
k
|I
i for Marijuana and Alcohol use data

(N=208)

-

T (ime) (= age t)
13 14 15 16 17

Marijuana
R(esponse)
1. Never 1.003 .220 -.209 -.374 -.640
2. Once a month -.106 -.123 .067 .050 .113
3. More than once a month -.896 -.097 .143 .324 .527
Alcohol
R(esponse)
1. Never 1.260 .223 -.083 -.537 -.863
2. Once a month .208 .104 .005 -.112 -.205
3. More than once a month -1.468 -.327 .078 .649 1.068

characteristics (of course helped by the data and matrix formulations presented on
the book’s website).

4.4.1 Net Changes in Two Characteristics

The one-way marginals for marijuana and alcohol use are presented in Table 4.16.
This table will be referred to as if it were a standard ITR table, where I refers to
Item (1 = marijuana; 2 = alcohol), T represents Time (with the five age categories 1
through 5), and R is the Response variable (with the three frequency-of-use categories
1 through 3). Symbol T will now be used for the Age categories to avoid confusion
with the use of alcohol.

The data in marginal Table 4.16 will be analyzed by means of loglinear models
and by applying different models for the response means μ . A first impression of
the growth curves for marijuana and alcohol use can be gained from the relevant
parameters of saturated loglinear model {ITR} (Table 4.17) and the observed means
(Fig. 4.2). The loglinear parameters in Table 4.17 are the conditional parameters
λ̂T

t
R
k
|I
i that are computed from the λ̂ I∗T

t
R
k and λ̂I

i
T
t

R
k estimates of model {ITR} as

λT
t

R
k
|I
i = λ I

∗
T
t

R
k + λ I

i
T
t

R
k .

They represent the loglinear relationship between age and use, i.e., between T and R
for Marijuana use (λ̂T

t
R
k
|I
1) and Alcohol use (λ̂T

t
R
k
|I
2), respectively.

From Tables 4.16 and 4.17 and Fig. 4.1, it is clear that there are more alcohol than
marijuana users in all age groups and that both alcohol and marijuana use increase
over time, the use of alcohol somewhat more than marijuana. It is also reassuring to
see that the additional nonresponse following from the inclusion of the use of alcohol
does not seem to seriously biases the results, at least not for the use of marijuana. The
growth curve for marijuana in Fig. 4.2 is similar to the growth curve in Fig. 4.1.
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1976 1977 1978 1979 1980
Year

1.2

1.4

1.6

1.8

2.0

2.2
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Alcohol

Marijuana

Fig. 4.2. Alcohol and Marijuana Use

Formal loglinear analyses confirm these findings. Several models that contradict
these descriptive conclusions in one or more respects have to be rejected (p = .000):
model {IT,R} for table ITR, in which the use of alcohol and marijuana is supposed
to be at the same level and constant over time; model {IT,IR}, in which changes over
time are allowed but no differences between alcohol and marijuana use; and model
{IT,IR}, with stable use over time but at a different level for alcohol and marijuana.
A parsimonious model that allows for different levels of the use of marijuana and
alcohol and for changing use over time (ie., model {TI,IR,TR}) for table IT R fits
the data somewhat better. Note that in this model, the marijuana-alcohol differences
are supposed to be the same at each age category and the age differences in use
the same for alcohol and marijuana. In other words, the growth curves for the log
odds of R for alcohol and marijuana are parallel, but do not coincide and one may
be above or below the other. The test results for model {TI,IR,TR} are G2 = 17.32,
df = 8 (p = .027, X2 = 12.22). Given the discrepancies between G2 and X2, and the
reported p-value for G2, it is not so clear whether to accept or reject the model.

Perhaps a more parsimonious no-three-variable interaction model might give
clearer results. Remembering from Section 4.2.1 that the growth curve for the use
of marijuana expressed in terms of log odds appeared to be curvilinear, model
{TI,IR,TR} for table ITR was fitted with linear and also curvilinear restrictions on
the growth curve, i.e., on the parameters λ I∗T

j
R
k . It turned out that parabolic growth

curve models for marijuana and for alcohol fit the data significantly better than
linear growth curve models, but also the parabolic growth curve model in model
{TI,IR,TR} has to be rejected. Some variant of model {ITR} is needed. Given previ-
ous results, a restricted version of model {ITR} for table ITR was applied in which
(a) R is treated as an interval-level variable concerning the relationship with T , (b) the
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loglinear growth curves for both marijuana and alcohol are assumed to be curvilinear
(parabolic), and (c) the differences between the loglinear growth curves of marijuana
and alcohol increase linearly over time. All this implies the following restrictions on
the two-variable parameters λ I∗T

j
R
k and the three-variable parameter parameters λ I

i
T
j

R
k

in loglinear model {ITR} for table ITR:

λ I∗T
j

R
k = αTjRk + β (T 2

j −2)Rk

λ I
i
T
j

R
k = υ I

i TjRk.

(4.11)

To ensure the usual effect coding restrictions, the scores for Rk in Eq. (4.11) are
−1,0,1, and for Tj they are −2,−1,0,1,2. The quadratic component of λ I∗T

j
R
k as a

function of T was represented by the contrast (T 2 − 2) (i.e., {2,−1,−2,−1,2}) to
ensure that ∑k λ I∗T

j
R
k = 0; finally, ∑i υ I

i = 0. The test results are G2 = 19.83, df =
13 (p = .099, X2 = 15.33). The model in Eq. 4.11 can be accepted. Its relevant
parameter estimates λ̂T

j
R
k
|I
i for the growth curves of marijuana and alcohol and λ̂ I

i
R
k
|T
j

for the differences in use of alcohol and marijuana at each point in time are reported
in Table 4.18.

The estimates in Table 4.18 contain a lot of information on the overall increase
of alcohol and marijuana use. Just a few highlights will be presented here, con-
centrating on the (log) odds of being a regular user (R = 3) rather than a never
user (R = 1), and starting with λ̂T

j
R
k
|I
i representing the form of the growth curves.

Looking first at the growth curve of the use of marijuana (I = 1), from λ̂T
1

R
3
|I
1 and

λ̂T
1

R
1
|I
1 it can be derived that at age 13 the log odds of regularly rather than never

using marijuana are = −.814− .814 = −1.628 less than the average log odds of
regularly versus never using. At age 17, on the other hand, it can be seen from
λ̂T

5
R
3
|I
1 and λ̂T

5
R
1
|I
1 that the corresponding log odds ‘regular’ versus ‘never’ are 1.145

(= .572− (−.572)) higher than the corresponding average odds. In other words,
the odds of regularly using rather than never using increase from age 13 to age 17
by a factor exp(1.145− (−1.628)) = exp(2.773) = 16.003. Similar calculations for
the use of alcohol lead to the conclusion that the odds of regularly using alcohol
increase from age 13 to age 17 by a factor of 49.897. From age 13 to age 17, the
increase in the odds of regularly using rather than never is 49.897/16.003 = 3.118
times larger for alcohol than for marijuana. The growth curve of alcohol is steeper
than for marijuana. The changes of the odds in favor of regular use are incremental,
and for each next age category more and more people start using alcohol or mari-
juana. However, the growth curves are not linear, but parabolic. Although there is
always an increase over time in the odds of regularly rather than never using for both
curves, that increase in the odds diminishes for each next period by a factor of 1.273,
as can be derived from the parameter estimates λ̂T

j
R
k
|I
i . Due to the model specifica-

tions in Eq. 4.11, this diminishingly increasing factor is the same for alcohol and
marijuana.

The growth curves can also be considered from the viewpoint of the differences
in use between alcohol and marijuana at each age category. Due to the linear restric-
tions on the three-variable interaction term in Eq. 4.11, and the resulting estimates,
the differences between the two growth curves of marijuana and alcohol become
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Table 4.18. Conditional parameters λ̂T
j

R
k
|I
i and λ̂I

i
R
k
|T
j for Marijuana and Alcohol use; data based

on model in Eq. 4.11; see text

λ̂T
j

R
k
|I
i T (ime) (= Age)

13 14 15 16 17
[-6pt] R Marijuana (I = 1)
1. Never .814 .286 −.121 −.407 −.572
2. Once a month 0 0 0 0 0
3. More than once a month −.814 −.286 .121 .407 .572

R Alcohol (I = 2)
1. Never 1.098 .428 −.121 −.549 −.857
2. Once a month 0 0 0 0 0
3. More than once a month −1.098 −.428 .121 .549 .857

λ̂I
i
R
k
|T
j T (ime) (= Age)

13 14 15 16 17
R Marijuana (I = 1)
1. Never .366 .437 .508 .579 .650
2. Once a month −.374 −.374 −.374 −.374 −.374
3. More than once a month .008 −.063 −.134 −.205 −.276

R Alcohol (I = 2)
1. Never −.366 −.437 −.508 −.579 −.650
2. Once a month .374 .374 .374 .374 .374
3. More than once a month −.008 .063 .134 .205 .276

linearly larger and larger. The relevant parameter estimates are the λ̂ I
i
R
k
|T
j parameters

Again the odds of regularly using rather than never using are discussed. Now, from
((λ̂ I

2
R
3
|T
1 − λ̂I

2
R
1
|T
1 )− (λ̂I

1
R
3
|T
1 − λ̂I

1
R
1
|T
1 )), it can be derived that at age 13 the odds of regu-

lar rather than never use are exp((−.008− (−.366)− (.008− .366))= exp(.716) =
2.046 times larger for alcohol than for marijuana. At age 17, this difference between
alcohol and marijuana use has become exp(.276− (−.650))− (−.276− .650)) =
exp(1.854) = 6.383, which is 6.383/2.046 = 3.118 times larger than at age 13 (as
found above from a different point of view). Given Eq. 4.11, the odds ratio with the
odds of regular rather than never using alcohol in the numerator and the correspond-
ing odds for marijuana in the denominator become larger with a factor of 1.329 from
one age category to the next.

These kinds of analyses are very much in line with the analyses in Section 4.1
on parallel changes over time in two characteristics. The special point here in this
section is that the two characteristics were not only measured on the same people,
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but also at the same time points. The general marginal-modeling approach takes these
‘double dependencies’ automatically and in a straightforward way into account.

Simultaneous Changes in Location

For the analysis of the mean uses of alcohol and marijuana, R is regarded as an
interval-level variable with category scores 1, 2 and 3. The ten observed means μ̂I

i
T
j

(I referring to Item with responses 1 = marijuana, 2 = alcohol and T to the five points
in time) were depicted in Fig. 4.1. Models for the mean growth curves can be defined
starting from the saturated model

μI
i
T
j = αI

∗
T
∗ + αI

i
T
∗ + αI

∗
T
j + αI

i
T
j (4.12)

where the parameters on the right-hand side sum to zero over any subscript. The
model in which all ten means are set equal to each other (μI

i
T
j = αI∗T∗ ) did not fit

the data at all (p = .000). A similar bad fit was obtained for the model in which the
means are supposed to be stable over time, but with a (constant) difference between
alcohol and marijuana (μI

i
T
j = αI∗T∗ + αI

i
T∗ ), and for the model in which there are

differences in means over time, but not between the use of marijuana and alcohol
(μI

i
T
j = αI∗T∗ + αI∗T

j ). Model

μI
i
T
j = αI

∗
T
∗ + αI

i
T
∗ + αI

∗
T
j ,

in which it is assumed that there are both item differences but constant over time, as
well as time differences, but identical for both items (parallel growth curves) does
not fit the data: G2 = 28.34, df = 4 (p = .000, X2 = 18.64). Obviously, some form
of dissimilarity of the growth curves of marijuana and alcohol, expressed by αI

i
T
j in

Eq. 4.12 is needed. A very parsimonious model in this respect would be obtained by
replacing αI

i
T
j with a linear-by-linear term containing a single unknown parameter φ

μI
i
T
j = αI

∗
T
∗ + αI

i
T
∗ + αI

∗
T
j + φ IiTj , (4.13)

with Ii having scores −1,1 and Tj having scores −2,−1,0,1,2. This restricted model
fits the data: G2 = 5.84, df = 3 (p = .120, X2 = 4.88). Making the interaction terms
αI

i
T
j parabolic in T does not improve the fit of the model at all. In this model, no

restrictions on the shape of the growth curves of marijuana and alcohol are imposed,
except that the distance between the two mean curves increases linearly over time.
However, the growth curve of the means for marijuana use was shown before to be
linear in form. Assuming both growth curves to be linear, and (linearly) different
from each other, leads to model

μI
i
T
j = αI

∗
T
∗ + αI

i
T
∗ + γTj + φ IiTj .

This linear growth curve model need not be rejected: G2 = 8.97, df = 6 (p = .175,
X2 = 8.19. Neither is the less restricted model defined by Eq. 4.13 to be preferred
above this one: G2 = 8.97−5.84 = 3.13, df = 6−3 = 3 (p = .372). Parabolic growth



136 4 Marginal Analysis of Longitudinal Data

Table 4.19. Estimated means for data on Marijuana and Alcohol use based on Eq. 4.13; see
text.

T (ime) (= Age)
13 14 15 16 17

μ̂ (Marijuana) 1.107 1.237 1.367 1.497 1.627
μ̂ (Alcohol) 1.339 1.561 1.782 2.003 2.224

curves for either marijuana or alcohol or both do not improve the fit of the model at
all.

The means for the linear growth curve model are reported in Table 4.19. It
turns out that the means of marijuana use and alcohol significantly increases from
one age category to the next with slopes of .130 and .221, respectively. The sta-
tistically significant difference in slopes for marijuana and alcohol use is equal to
.130− .221 = −.091. Formulated differently, the difference between the means of
alcohol and marijuana use increases by .091 for each successive age, ultimately from
.232 (= 1.339−1.107) at age 13 to .597 (= 2.224−1.627) at age 17.

Just as for the net changes in one characteristic, subgroup comparisons of the
net changes in two or more characteristics can easily be carried out by extending
the models from this subsection with a stable characteristic such as Gender (G) to
compare boys and girls regarding their growth curves for marijuana and alcohol.
Viewed from another angle, models for subgroups can be seen as models for the
changes in marginal association between a stable characteristic (G) and Marijuana
use, and between G and Alcohol use.

4.4.2 Changes in Association Between Two Changing Characteristics

So far, the marginal distributions of the two characteristics under study have been
treated separately in the sense of being considered as two one-way marginals (al-
though involving dependent observations). But the two characteristics also have a
joint distribution and it may be interesting to see how this joint distribution changes
over time. The relevant marginal tables for marijuana and alcohol are reported in
Table 4.20. This table will be indicated as if it were a standard TMA table, where T
refers to Time, (i.e., to the five age categories), M refers to the frequency of marijuana
use and A refers to the frequency of alcohol use. The focus in this subsection will
be on the joint distribution of A and M, i.e., on the association of the uses of alcohol
and marijuana. Very restrictive (loglinear) models for table T MA in this respect are
model {T,MA}, in which it is assumed that all five marginal MA tables are exactly
the same at each point in time, both regarding the marginal distributions and the odds
ratios; and model {TM,TA} which represents the hypothesis that at each of the five
time points alcohol and marijuana use are independent of each other. Not surpris-
ingly, both very restrictive models have to be rejected (p = .000). It then becomes
interesting to see how the association between M and A changes over time. It was ex-
pected that marijuana and alcohol use are positively correlated and that this positive
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Table 4.20. Alcohol by Marijuana use over time (N=208). Source: U.S. National Youth Study;
see text

A
T M 1 2 3
13 1 143 48 2

2 2 10 0
3 0 2 1

14 1 92 69 11
2 1 19 3
3 0 10 3

15 1 75 67 7
2 2 28 7
3 1 6 15

16 1 52 74 13
2 2 19 19
3 0 5 24

17 1 36 56 28
2 1 27 20
3 1 4 35

association increases with age: the frequencies of alcohol and marijuana use will
go together more and more when the respondents grow older. To investigate these
hypotheses, one of the many available measures of association must be selected. Be-
low, by way of example, the odds ratio, gamma and the correlation coefficient will
be applied.

Within the loglinear framework, association is expressed in terms of odds ra-
tios. The null hypothesis that the corresponding odds ratios are the same in the
five marginal MA tables, and that there is no increase in association in terms of
odds ratios, can be tested by applying (by means of marginal-modeling) model
{TM,TA,MA} to TMA Table 4.20. This turns out to be a viable hypothesis (contrary
to the initial expectations): G2 = 17.91, df = 16 (p = .329, X2 = 14.65). To inves-
tigate whether a more restricted and perhaps more powerful model might be able to
detect existing differences in association in the population over time, a model with a
linear increase in the log odds ratios over time was tested, i.e., model {TMA} with
restrictions

λT
t

M
i

A
j = μM

i
A
j Tt

where Tt has scores −2,−1,0,1,2 and μM
i

A
j sums to 0 over any subscript. This re-

stricted variant of model {TMA} fits the data too: G2 = 14.46, df = 12 (p = .272,
X2 = 11.51). However, on the basis of the conditional test, the constant odds ratio
model {TM,TA,MA} has to be preferred: G2 = 17.91−14.46 = 3.45, df = 16−12 =
4 (p = .486). The parameter estimates λ̂T∗M

i
A
j from model {TM,TA,MA} are reported

in the upper panel of Table 4.21.
According to the λ̂ estimates and the estimated local odds ratios in the lower

panel of Table 4.21, there exists a strong, statistically significant relationship between
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Table 4.21. Upper panel: estimated values and associated standard errors (in parentheses) of
λ̂T∗ M

i
A
j for model {T M,TA,MA}; Lower panel: log odds ratios and odds ratios (in parentheses);

see text

Alcohol

Marijuana 1 2 3

1 1.437 (0.175) -0.202 (0.106) -1.235 (0.118)
2 -0.704 (0.120) 0.524 (0.091) 0.180 (0.109)
3 -0.733 (0.133) -0.322 (0.113) 1.055 (0.117)

1/2 2/3 1/3
1/2 2.867 (17.588) .688 (1.991) 3.556 (35.012)
2/3 -.818 (.441) 1.721 (5.590) .903 (2.468)
1/3 2.050 (7.764) 2.409 (11.128) 4.459 (86.399)

marijuana and alcohol use that is the same at all ages. The extreme log odds ratio
involving cells (1,3) of both M and A equals 4.459, and the odds ratio is 86.399: the
odds that one becomes a regular (more than once a month) marijuana user rather than
a never user of marijuana are more than 86 times larger for regular alcohol users than
for never users of alcohol (and the same is true, of course, if one interchanges the
roles of marijuana and alcohol). In terms of local odds ratios, the relationship is not
consistently monotonic. As can be seen in Table 4.21, there is one negative local log
odds ratio.

When M and A are considered as interval-level variables and a linear relationship
is assumed, the product moment correlation ρ (see Chapter 1) is an often-used mea-
sure of association. The sample values rt for the five age categories are as follows:

t rt

13 .363
14 .359
15 .551
16 .583
17 .495

All sample correlations are highly significantly different from 0 (p = .000). The hy-
pothesis that all five correlations have the same value in the population can be tested
by means of the marginal-modeling procedures described in Chapter 3, although
the necessary matrices defined in the generalized exp-log notation are not very sim-
ple (but see the book’s website). Despite the considerable variation among the sample
values, this hypothesis that they are all the same in the population

ρt = ρ∗ , for all t
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cannot be clearly rejected: G2 = 8.88, df = 4 (p = .064, X2 = 5.849). The constant
correlation is estimated as r = 0.469 (s.e. = .031). A similar borderline result is
obtained for the hypothesis of a linear increase in correlation

ρt = ρ∗ + tα.

The test results are G2 = 7.33, df = 3 (p = .062, X2 = 4.479). The estimated in-
crease in the correlation from one time point to another equals α̂ = 0.03. Comparing
the two models to each other, preference should be given to the constant ρ model:
G2 = 8.88− 7.33 = 1.55, df = 4− 3 = 1 (p = .214). One should therefore decide
either in favor of the constant ρ model or take the sample values as they are. In the
latter case, it is concluded that the correlation is the same at ages 13 and 14 and then
increases to a higher more or less stable level for ages 15 through 17. And, of course,
suspending judgment until further evidence has been gathered should also be a seri-
ous option. Finally, it should be kept in mind that it was seen above that the marginal
distributions of M and A change over time and not exactly in the same way. This also
may influence the sizes of the correlations (unlike the odds ratios).

When marijuana and alcohol use are seen as ordinal-level variables, having
a monotonically increasing or decreasing relationship, Goodman and Kruskal’s γ
(gamma, see Chapter 1) is a reasonable choice as a measure of association. The sam-
ple values of γ are as follows:

t γ̂t

13 .879
14 .792
15 .839
16 .850
17 .721

They are all statistically significantly different from 0 (p = .000). The hypothesis
that all five γ’s are equal at the five age categories can be accepted: G2 = 5.66,
df = 4 (p = .226, X2 = 3.84). The common value equals γ̂ = .781 (s.e. = .033). The
outcomes of a linear trend model for the γ’s provide evidence against the increasing
association hypothesis, because according to that model’s estimates, the γ̂’s linearly
decrease for each next age category with −.027. However, the linear trend model
should be rejected compared to the constant γ hypothesis: G2 = 5.66−4.49 = 1.17,
df = 4−3 = 1 (p = .279). Accepting the equal γ hypothesis is here the best choice.

The use of γ leads to the same conclusion as for the odds ratio, in the sense
that the strength of the positive association remains the same over time. However,
the conclusions concerning the correlation coefficient were a bit different, although
uncertain. This illustrates once more the simple, but often forgotten, fact that conclu-
sions about interactions, i.e., about changing or differing relationships between two
variables within categories of other variables, depend on the kinds of measures that
are used to measure association.
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Table 4.22. Turnover tables for Marijuana and Alcohol Use. Source: U.S. National Youth
Study

R (Time t)
1 2 3

S (Time t +1) 1 2 3 1 2 3 1 2 3
I (Item) P (Period) Total

Marijuana 13-14 166 21 6 6 1 5 0 1 2 208
14-15 143 24 5 5 10 8 1 3 9 208
15-16 128 14 7 9 20 8 2 6 14 208
16-17 106 25 8 14 21 5 0 2 27 208

Alcohol 13-14 89 49 7 4 48 8 0 1 2 208
14-15 63 27 3 13 68 17 2 6 9 208
15-16 46 28 4 7 65 29 1 5 23 208
16-17 27 24 3 9 56 33 2 7 47 208

4.4.3 Gross Changes in Two Characteristics

When two characteristics are considered rather than one, and both are measured re-
peatedly over time, one cannot only look, as in the previous sections, at the simulta-
neous net changes or at the changing nature of their associations over time, but also
must investigate whether the gross changes for successive time points t and t +1 are
similar for both characteristics. Analogous to Section 4.3.1, the questions on ‘being
the same or not’ over time or also over items will take three basic forms. First, are
the corresponding cell entries πt

i
,t+1
j in the successive turnover tables the same? Sec-

ond, are the corresponding transition probabilities πt+1
j

| j
i identical? And, third, are

the corresponding odds ratios the same?
The relevant successive marginal turnover tables for marijuana and alcohol use

are presented in Table 4.22, in which each row represents a particular marginal
turnover table. Table 4.22 will be referred to as if it were a standard IPRS table,
where I indicates whether the frequencies pertain to marijuana (I = 1) or alcohol
(I = 2), where P is the indicator variable with four categories for the four turnover
tables between adjacent time periods (age categories) t and (t + 1), and where the
frequency of use at time t is denoted by R, and at time t +1 by S. The cell probabili-
ties in a particular marginal turnover table RS for a particular item i and a particular
period p will be denoted as πR

r
S
s
|I
i
P
p .

The relevant loglinear models for Table 4.22 can best be seen as logit models,
in which items I and P are regarded as the independent variables and the ‘combined
variable’ RS as the dependent variable. Such logit models indicate how the cell en-
tries of the turnover tables RS change over time (P) and how different they are for
the two items (I).

The most parsimonious model in this respect is model {IP,RS}, which states that
all eight turnover tables are completely identical, i.e., the entries πR

r
S
s
|I
i
P
p do not vary
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over the periods or over the items:

πR
r

S
s
|I
i
P
p = πR

r
S
s .

However, when applying our marginal-modeling approach in a direct, simple way,
i.e., just trying to obtain estimates for the joint frequencies in the complete table un-
der the marginal restriction that model {IP,RS} is valid for Table 4.22, the algorithm
did not converge and the usual number of degrees of freedom for model {IP,RS}
for table IPRS (d f = 56) was wrong. This was as expected, given the experiences
with the comparisons of successive turnover tables with overlapping variables for
one characteristic (Section 4.3.1), and is a rather sure sign that there exists an incom-
patibility or redundancy among the constraints implied by the model. A minimally
specified model (Lang & Agresti, 1994) must be found, in which all constraints are
functionally independent. In Chapter 2, this problem was discussed in more general
terms, and in the last section of this chapter, this general treatment will be specified
for the case of comparing turnover tables and overlapping marginals. For now, in
much the same vein as in Section 4.3.1, the problem will be clarified in the con-
crete terms of this example. The treatment here certainly overlaps partly with the
discussions in Section 4.3.1 (at some places using a somewhat different notation and
emphasis), but given the complexity and importance of finding the appropriate set of
independent restrictions we regard this as a virtue rather than a vice.

Table 4.22 consists of eight 3×3 turnover tables RS, one for each value of I and
P. Given that the proportions in each turnover table sum to one, each turnover table
RS contains eight proportions to be independently estimated. In model {IP,RS}, it
is assumed that all corresponding entries in the eight turnover tables are the same.
Therefore, there seem to be 7×8 = 56 independent restrictions and a corresponding
number of degrees of freedom. This reasoning is correct and the algorithm will not
give problems if the successive turnover tables do not have overlapping marginals,
e.g., when comparing a set of turnover tables such as t1 − t2, t3 − t4, t5 − t6, and
t7 − t8. However, the turnover tables in Table 4.22 with successive turnover tables
t1 − t2, t2 − t3, etc. do have overlapping marginals. For each item, the marginal dis-
tribution of S at P = p is, by definition, the same as the marginal distribution of R
at P = p + 1. For some particular models (here for model {IP,RS}), this makes for
fewer independent proportions to be estimated and for fewer independent restrictions
on the cell proportions than seemed necessary in the naive direct approach. Or, stat-
ing the same thing differently, the direct application of model {IP,RS} and imposing
all 7×8 = 56 restrictions seemingly implied by πR

r
S
s
|I
i
P
p = πR

r
S
s means ending up with

redundant restrictions on the cell proportions. To find an appropriate set of nonre-
dundant restrictions that is necessary and sufficient to fit model {IP,RS}, it is helpful
to formulate the model restrictions in somewhat different ways.

Model {IP,RS} first of all implies that the corresponding odds ratios in the eight
turnover tables are the same. In terms of the relevant loglinear parameters, this means

that λ RS|IP
r s i p does not vary over I and P and is the same for all i and p. In other words,

λR
r

S
s
|I
i
P
p = λ I

∗
P
∗

R
r

S
s ,
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where λ I∗P∗R
r

S
s is a two-variable effect parameter in model {IP,RS} for table IPRS.

Because each of the eight (= 2×4) turnover tables (corresponding to pairs of values
(i, p) for IP) contains in principle four independent parameters λR

r
S
s
|I
i
P
p or odds ratios,

this restriction yields 7× 4 = 28 degrees of freedom. Then, to achieve the equality
of the corresponding cell probabilities in the eight turnover tables, as required by
model {IP,RS}, the corresponding one-variable loglinear parameters should be the
same: λR

r
S∗|Ii

P
p and λR∗S

s
|I
i
P
p should not vary over i and p. In other words,

λR
r

S
∗
|I
i
P
p = λ I

∗
P
∗

R
r

S
∗

λR
∗

S
s
|I
i
P
p = λ I

∗
P
∗

R
∗

S
s ,

where λ I∗P∗R
r

S∗ and λ I∗P∗R∗S
s are one-variable effect parameters in model {IP,RS} for

table IPRS. Alternatively, instead of imposing the additional restrictions on the one-
variable loglinear parameters, one might require that the corresponding marginal dis-
tributions should be the same: πR

r
S
+
|I
i
P
p = πR

r and πR
+

S
s
|I
i
P
p = πS

s . The latter restriction on
the one-way marginal probabilities gives the same results as the former restriction
on the one-variable loglinear parameters, because of the already imposed equality
restrictions on the two-variable parameters. These restrictions on the one-variable pa-
rameters seem to imply 28 independent restrictions: 7×2 = 14 independent restric-
tions for the row marginals and 14 independent restrictions for the column marginals.
However, as explained in Section 4.3.1, because of the overlapping marginals in the
successive turnover tables, the row and the column marginals in model {IP,RS}all
become equal to each other and the restrictions actually become:

λR
r

S
∗
|I
i
P
p = λR

∗
S
r
|I
i
P
p = λ I

∗
P
∗

R
r

S
∗ = λ I

∗
P
∗

R
∗

S
r ,

or

πR
r

S
+
|I
i
P
p = πR

+
S
r
|I
i
P
p = πR

r = πS
r .

For the two trichotomous items and the five age groups, only 10 independent,
nonoverlapping one-way marginal distributions or one-variable parameters have to
be considered. The equality of these ten trichotomous one-way distributions yields
9×2 = 18 rather than 14 + 14 = 28 independent restrictions. So, in total, summing
the restrictions for the two-variable and the one-variable parameters, there are only
28 + 18 = 46 degrees of freedom rather than the earlier-obtained 56. The algorithm
works well when only the independent restrictions for the two-way and one-way
parameters are imposed: it converges and the correct number of degrees of freedom
is reported.

The test results for model {IP,RS} are G2 = 239.01, df = 46 (p = .000, X2 =
197.52) and it is concluded that the model has to be rejected. It is possible, however,
that the turnover tables are different for marijuana and alcohol, but the same for each
item over the periods: maybe model {IP,IRS} with the implied restrictions

πR
r

S
s
|I
i
P
p = πR

r
S
s
|I
i
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is true in the population. When calculated in the naive way, not taking into account
the overlapping marginals, model {IP,IRS} would have had 48 degrees of freedom,
seemingly eight less than the naive count of 56 for previous model {IP,RS}. Both
counts (48 and 8) are wrong because of the overlapping marginals. To see this,
remember that model {IP,IRS} for Table 4.22 implies identical turnover tables for
marijuana and identical turnover tables for alcohol use. First focus on marijuana use.
There are four successive transition tables in which the λR

r
S
s
|I
1

P
p’s should be equal

to each other for the different values of p. Given the four two-variable parameters
to be estimated in each table, this gives 3× 4 = 12 degrees of freedom. Then, all
five marginal distributions in the four turnover tables should be the same (or the
corresponding five one-variable parameters), yielding another 4× 2 = 8 degrees of
freedom. Therefore, the restrictions on the turnover tables for marijuana use yield
12 + 8 = 20 degrees of freedom. Because the same is true for alcohol use, model
{IP,IRS} implies 40 degrees of freedom (or independent restrictions), only six rather
than eight less than the correct degrees of freedom for model {IP,RS}. But also model
{IP,IRS} has to be rejected: G2 = 158.71, df = 40 (p = .000, X2 = 121.13).

The other natural relaxation of model {IP,RS} is model {IP,PRS}, in which the
turnover tables may be different for the periods, but identical for the two drugs at
each period:

πR
r

S
s
|I
i
P
p = πR

r
S
s
|P
p .

Model {IP,PRS} does not fit the data either: G2 = 129.98, df = 26 (p = .000, X2 =
87.73). The number of degrees of freedom for model {IP,PRS} with nonoverlapping
marginals would have been 32. The correct number of degrees of freedom is 26.
First, because the four turnover tables of alcohol and marijuana use are the same
for each period, the two-variable parameters λR

r
S
s
|I
1

P
p and λR

r
S
s
|I
2
P
p should be the same,

giving rise to 4×4 = 16 degrees of freedom. Then, for each turnover table at P = p,
the row marginals should be equal to each other, as well as the column marginals.
But because of the overlapping marginals, the restrictions overlap: once the column
marginals (S) for the turnover tables for alcohol and marijuana use are the same for
P = 1, the row marginals (R) for these two turnover tables at P = 2 are also the same.
Given the five time points (age categories), there are only 5× 2 = 10 independent
restrictions on the one-way marginals (or the one-variable parameters). All together
there are 16 + 10 = 26 degrees of freedom to test model {IP,PRS}.

The negative outcomes for models {IP,RS}, {IP,IRS}, and {IP,PRS} naturally
lead to model {IP,PRS,IRS}, which takes possible variations in the turnover tables
both over the successive periods and between the two items into account, but with-
out extra period-item interaction effects. The period differences among the turnover
tables are the same for both items, and the item differences among the turnover ta-
bles are the same for all successive periods. Model {IP,PRS,IRS} can no longer be
defined in simple, direct equality restrictions on the cell probabilities, but it also
no longer implies simple, direct restrictions on marginal distributions. The restric-
tions in model {IP,PRS,IRS} are defined in terms of restrictions on the odds ratios.
Because of this, overlapping marginals no longer pose a problem and applying our
marginal-modeling algorithm in the simple, direct way to implement the restrictions
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in model {IP,IRS,PRS} does not meet any special difficulties. Model {IP,PRS,IPS}
fits the data well: G2 = 26.99, df = 24 (p = .303, X2 = 18.53). However, its results
will not be discussed, as some other more parsimonious and well-fitting models will
be presented below, that have a more easy and interesting interpretation.

So far, the starting point has been models with more or less similar cell prob-
abilities. A different and often theoretically interesting starting point is to compare
turnover tables from the viewpoint of more or less similar transition probabilities.
The most restrictive model from this point of view is

πS
s
|R
r

I
i
P
p = πS

s
|R
r ,

in which it is assumed that the transition probabilities are the same in all four suc-
cessive turnover tables for both marijuana and alcohol use. As discussed in Section
4.3.1, this restriction can be rendered in the form of loglinear model {IPR,RS} for Ta-
ble 4.22. And as before, defining restricted models for transition probabilities does
not imply, in general, imposing redundant restrictions, even when the turnover ta-
bles have overlapping marginals. Therefore, the straightforward application of model
{IPR,RS} is not problematic. However, this very restrictive model {IPR,RS}, with
identical transition probabilities for all periods and both items did not fit the data
(p = .000). Allowing for differences in transition probabilities for the periods, but not
for the items (model {IPR,PRS}), did not improve the fit (p = .000). However, model
{IPR,IRS} for Table 4.22 fit well: G2 = 40.11, df = 36 (p = .293, X2 = 29.70). From
this, it is concluded that the transition tables for alcohol and marijuana are definitely
different from each other, but remain stable over time for each item. This stability
over time agrees with earlier conclusions about the gross changes in marijuana alone
(Section 4.3.1). A variant of this model will be discussed below as the final model,
but after a discussion of models starting from the point of view of restricted odds
ratios.

Model {IPR,IPS,RS} represents the strictest form of the similar odds ratios
model: there is no variation in the corresponding local odds ratios among the turnover
tables, among the successive periods, nor between the two items. As for the transition
probabilities, restrictions on the odds ratios can be formulated and applied directly in
terms of loglinear models for the pertinent tables because they do not involve direct
restrictions on (overlapping) marginals. Model {IPR,IPS,RS} fits the data very well:
G2 = 26.27, df = 28 (p = .558, X2 = 18.04). Had model {IPR,IPS,RS} not fit the
data, then natural candidates would have been model {IPR,IPS,PRS}, to take possi-
ble changes in odds ratio over time into account, model {IPR,IPS,IRS} to account
for possible item differences, or model {IPR,IPS,PRS,IRS}, to account for both types
of variation in the odds ratios. Ultimately, saturated model {IPRS} might have been
considered.

Whether the equal odds ratio model {IPR,IPS,RS} fits the data better than the
previously discussed transition model {IPR,IRS} cannot be determined by means of
conditional tests: the two models are not hierarchically nested. However, given that
the equal odds ratio model {IPR,IPS,RS}fits the data so well, perhaps the more parsi-
monious stable transition model {IPR,IRS} might be further simplified by assuming
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Table 4.23. Estimated stable transition probabilities for model {IPR,IS,RS}; see text. Source:
U.S. National Youth Study; see text

Marijuana

S (time t +1)
R (time t) 1 2 3 Total
1 .824 .142 .033 1.000
2 .264 .467 .268 1.000
3 .071 .160 .769 1.000

Alcohol

S (time t +1)
R (time t) 1 2 3 Total
1 .612 .335 .053 1.000
2 .114 .638 .248 1.000
3 .032 .227 .740 1.000

equal odds ratios for both items and in all successive transition tables. Another indi-
cation that this extra restriction might be valid is the fact that in model {IPR,IRS},
almost none of the parameter estimates λ̂I

i
R
j
S
k (not reported here) are significant and

that the few significant parameters are just on the borderline. To restrict model
{IPR,IRS} in this way, model element IRS in model {IPR,IRS} must be replaced
by model element IR,IS,RS leading to model {IPR,IS,RS}. Model {IPR,IS,RS} fits
the data well with G2 = 43.80, df = 40 (p = .313, X2 = 34.24) and not significantly
worse than the original transition model {IPR,IRS}with G2 = 43.80−40.11 = 3.69,
df = 40− 36 = 4 (p = .450). Model {IPR,IS,RS} is therefore accepted as the final
model for the analyses of the changes over time in the uses of alcohol and marijuana.
It is concluded that the successive transition tables for marijuana for all time points
t to t + 1 are identical, and that the same applies for alcohol transition tables. How-
ever, the transitions for marijuana use are not identical to the ones for alcohol use,
although the corresponding odds ratios in the two sets of transition tables are the
same again. The estimated transition tables are reported in Table 4.23, the loglinear
parameters λ̂I∗P∗R

i
S
j in Table 4.24.

From the parameter estimates in Table 4.24, it can be inferred that there is a strong
association between a drug’s use at time t and t + 1, for all t regardless whether it
concerns the use of marijuana or alcohol. The extreme log odds ratio in the transition
tables involving the four extreme cells (for RS, cells: 11,13,31,33) equals 5.595 and
the odds ratio itself equals 269.078. Further, the association is of a strict ordinal-by-
ordinal type: all local log odds ratios are positive, which means that the more one
uses a drug at time t, the more one uses the drug at time t + 1. But although the
association in the two transition tables in terms of odds ratios is the same for both
drugs, the in- and outflow probabilities themselves are different for marijuana and
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Table 4.24. Estimated parameters λ̂I∗P∗R
i

S
j and their standard errors for model {IPR,IS,RS}; see

text. Source: U.S. National Youth Study (see text)

S
R 1 2 3

1 1.524 (.087) -.106 (.063) -1.418 (.088)
2 -.328 (.079) .367 (.060) -.039 (.064)
3 -1.196 (.131) -.261 (.086) 1.457 (.097)

alcohol (see Table 4.23). For example, the probability of remaining a nonuser of a
drug from one age category to the next is higher for marijuana (.824) than for alcohol
(.612). Further, never users of alcohol switch more easily to drinking once a month
(.335) than people who never use marijuana switch to using once a month (.142).
Finally, the once-a-month users of alcohol are more inclined than the once-a-month
users of marijuana to keep using the drug at that level (.638 vs. .467), especially
because the once a month marijuana users comparatively more often switch back to
nonuse.

Such interpretations of the transition probabilities may be theoretically and prac-
tically very important. But precisely because of that, it is also emphasized again here
that the warnings issued at the end of Section 4.3.1 also apply here: the differences
among the transition probabilities may also be caused by just a little bit of unrelia-
bility of the measurements in combination with different sizes of the categories (see
the references mentioned there).

The above expositions have explained the principles involved in comparing gross
changes in two characteristics. Extensions of this basic approach to more compli-
cated situations follow easily from these principles. It poses no special difficulties
to apply the above models for gross change comparisons for one group to several
subgroups and investigate whether and in what respects the gross changes in the sub-
groups differ from each other. Also, models for the comparisons of gross changes
in more than two characteristics are simple extensions of the above principles. It is
also not necessary that the turnover tables to be compared be successive or of equal
length periods. Researchers might be interested in the study of turnover tables (t,t ′)
such as (1,2), (1,3), and (2,5). Further, higher-way tables for gross change may be
the focus of research, such as the comparison in a four wave panel of three-way
turnover tables, like (1,2,3) and (2,3,4). An important caveat of such comparisons
remains, of course, that redundant restrictions must be avoided. In sum, the basics
outlined in this subsection can be applied to also answer even more complicated, but
very analogous, research questions. One useful extension not mentioned so far will
be explicitly discussed in the last section of this chapter, viz. combining hypotheses
about net and gross changes.
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4.4.4 Combining Hypotheses about Net and Gross Changes

Research hypotheses may not only concern either gross or net changes, but often
involve simultaneously both kinds of changes. Social mobility research with its in-
terests in free and forced mobility offers a prime example of this (see Section 4.3.3).
An illustration of such a combined approach will be given here, using the drug use
data and the models discussed above. From the loglinear analyses of the net changes
in drug use (see Eq. 4.11 and Table 4.18), it was concluded first, that both alcohol and
marijuana use increased over the years in a parabolic way, second, that the growth
curve was steeper for alcohol than for marijuana, and third, that the distance between
the two curves increased linearly over time. For the loglinear analyses of the gross
changes (see Table 4.23), it was found that model {IPR,IS,RS} fitted the data well.
In this model, the transition tables for the successive points in time t and t + 1 are
stable over time, but different for marijuana and alcohol use, although the odds ratios
in both stable transition tables are the same for both drugs.

Now, imagine a researcher who, from theoretical insights into the overall net
growth in drugs use during adolescence and from ideas about the transitions from
one age category to the next, had formulated exactly these two models as research
hypotheses in the beginning of an investigation. Marginal modeling can then be used
to simultaneously test the hypotheses implied by both models for the net and gross
changes. A necessary requirement for the estimation procedure to work is, of course,
that the two sets of restrictions do not involve redundant or incompatible restrictions
(Lang & Agresti, 1994, Bergsma & Rudas, 2002a; see also Section 2.3.3). At first
sight, perhaps somewhat naively, we did not expect any troubles in these respects.
However, when the restrictions in Eq. 4.11 and model {IPR,IS,RS} were imple-
mented simultaneously, the algorithm failed to converge. The source of the problem
turned out to be incompatibility between the two sets of restrictions. Once, in model
{IPR,IS,RS} for the gross changes, the marginal distribution of drug use at time 1
is fixed in combination with the stable transition table, all successive marginals are
fixed, but in a way that is incompatible with the model for the net changes in Eq. 4.11.
More technically, the Jacobian of the constraint function implied by the model is not
of full rank. In Section 4.5, an explanation that this can be expected to happen for
this model (and not for the one in the next paragraph, in which some restrictions are
omitted), is given using the framework of Bergsma and Rudas (2002a).

Such a problem was not encountered when the well-fitting model for the odds ra-
tios {IPR,IPS,RS} discussed above was used in combination with the same model for
the net changes as before. The values that an odds ratio can assume are functionally
independent of the marginals and, in general, it is not problematic to simultaneously
test hypotheses about odds ratios and marginal distributions (even for turnover ta-
bles with overlapping marginals). When model {IPR,IPS,RS}, with identical odds
ratios over time and for both items, is combined with the preferred model for the net
change in Eq. 4.11, no convergence problems were encountered. The test results are
G2 = 36.61, df = 41 (p = .666, X2 = 26.471), and both sets of restrictions can be ac-
cepted. The estimates of the (statistically significant) coefficients for the parameters
λ I∗T

j
R
k and λ I

i
T
j

R
k in the net change model in Eq. 4.11, their estimated standard errors,
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and the corresponding z-values are:

Estimate S.E. z

α̂ .386 .026 14.85
β̂ −.042 .014 −2.99
υ̂ I

1 −.061 .019 −3.20

From these coefficients, the values of the estimated conditional parameters λ̂T
j

R
k
|I
i

and λ̂ I
i
R
k
|T
j , indicating the nature of the net change can be computed. They are given

in Table 4.25. Comparisons of these estimates with those obtained when testing the
model defined by Eq. 4.11 in isolation (Table 4.18) reveal small differences, but none
of them are substantively important or lead to different substantive interpretations.
But of course, this need not always be true. Anyhow, the net change estimates ob-
tained in the simultaneous analyses form the best estimates given that all restrictions
are true in the population.

Regarding the gross changes, Table 4.26 contains the estimates of relevant log-
linear parameters λ I∗P∗R

j
S
k (and their standard errors between parentheses) in model

{IPR, IPS,RS} for Table IPRS under the joint analysis. These results indicate a very
strong association between the responses at two consecutive time points, that is the
same for all successive turnover tables and the same for alcohol and marijuana use.
The extreme odds ratio for the extreme cells in the table is e3.53 = 34.12.

In a way, combining restrictions about joint and marginal distributions or lower-
and higher-way marginals is straightforward, were it not for redundancy and incom-
patibility issues. Because of the importance of these problems for many important
research questions involving the comparison of turnover tables, these issues will
be treated again for successive turnover tables involving overlapping marginals in
a more general way in the last section of this chapter.

4.5 Minimally Specified Models for Comparing Tables
with Overlapping Marginals; Detection of Problematic Models

The problem discussed in this section is how to derive a minimally specified marginal
model for testing whether several bivariate turnover matrices with overlapping uni-
variate marginal distribution are equal. To attack this problem, the results of Bergsma
and Rudas (2002a), which were summarized in Section 2.3.3, will be used. The ba-
sic principles of the approach followed here will first be discussed by means of an
example in which it is assumed that a random variable X with K categories is mea-
sured at four time points. Then, its generalization to an arbitrary number of repeated
measurements will be stated.

When a variable X is measured at four time points, represented by A, B, C, and
D, the probabilities of the joint distribution of the four measurements is represented
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Table 4.25. Conditional parameters λ̂T
j

R
k
|I
i and λ̂I

i
R
k
|T
j for net changes in Marijuana and Alcohol

use data based on the conjunction of model in Eq. 4.11 for Table IT R and model {IPR,IPS,RS}
for Table IPRS. See text

λ̂T
j

R
k
|I
i T (ime) (= Age)

13 14 15 16 17

R Marijuana
1. Never .734 .282 -.084 -.367 -.565
2. Once a month 0 0 0 0 0
3. More than once a month -.734 -.282 .084 .367 .565

R Alcohol
1. Never .978 .405 -.084 -.489 -.810
2. Once a month 0 0 0 0 0
3. More than once a month -.978 -.405 .084 .489 .810

λ̂I
i
R
k
|T
j T (ime) (= Age)

13 14 15 16 17
R Marijuana
1. Never .355 .417 .478 .539 .600
2. Once a month -.343 -.343 -.343 -.343 -.343
3. More than once a month -.012 -.074 -.135 -.196 -.257

R Alcohol
1. Never -.355 -.417 -.478 -.538 -.600
2. Once a month .343 .343 .343 .343 .343
3. More than once a month .012 .074 .135 .196 .257

Table 4.26. Loglinear parameters λI∗P∗R
j
S
k (and their standard errors between parentheses) in

model {IPR,IPS,RS} for Table IPRS under the joint analysis. See text

S
1 2 3

1 .727 .291 -1.018
(.055) (.048) (.080)

R 2 -.121 .269 -.148
(.075) (.055) (.062)

3 -.607 -.559 1.166
(.092) (.098) (.110)
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by πA
i

B
j
C
k

D
l . The turnover probabilities for the transition of the first to the second mea-

surement are then defined by πA
i

B
j
C
+

D
+. The model for equality of bivariate turnover

tables is formulated as

πA
i

B
j
C
+

D
+ = πA

+
B
i

C
j
D
+ = πA

+
B
+

C
i

D
j

or, more concisely, as

πA
i

B
j = πB

i
C
j = πC

i
D
j (4.14)

for i, j = 1, . . . ,K. The model for the equality of transition (conditional turnover)
tables is

πB
j
|A
i = πC

j
|B
i = πD

j
|C
i (4.15)

for i, j = 1, . . . ,K which can equivalently be written as

πA
i

B
j

πA
i

=
πB

i
C
j

πB
i

=
πC

i
D
j

πC
i

.

It can be shown that Eq. (4.14) is equivalent to the Eq. (4.15) combined with the
constraint

πA
i = πB

i .

This is perhaps surprising. One might think that in order to show that all three
turnover tables are equal, it is necessary to assume that, in addition to equal tran-
sitions, all univariate marginals are equal. However, this is not true. The restrictions
on the one-way marginals for C and D are redundant. This can be proven in a very
elementary way. From

πA
i

B
j

πA
i

=
πB

i
C
j

πB
i

and

πA
i = πB

i ,

it follows that

πA
i

B
j = πB

i
C
j .

Summing over i yields
πA

+
B
j = πB

+
C
j ,

or
πB

j = πC
j .

In a similar way, one can prove that πC
j = πD

j .
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Given the size of each turnover table, the number of constraints that are involved
in Eq. (4.14) is 2K2, but clearly some of these have to be redundant, besides the
obvious restriction that the sum of the probabilities in each turnover table equals one
(which would make the naive number of degrees of freedom equal to 2(K2 − 1)).
The question is what the minimal number of independent constraints needs to be to
specify the models defined by Eqs. (4.14) and (4.15). This is important for the ML
estimation procedure of this book, and for determining the correct number of degrees
of freedom of asymptotic chi-square tests.

To determine the minimal set of constraints, the constraints will be written in
terms of the relevant marginal loglinear parameters. Note that in what follows, the
marginal notation introduced in Chapter 2 is used, so that λA

i
B
j refers to a two-variable

interaction term in the loglinear model for marginal table AB, and λA
i to a main

effect in the loglinear model for the univariate table A. The model (4.14) can then
be specified as follows. Since equality of the turnover tables implies equality of the
corresponding odds ratios in these turnover tables, the following restrictions apply

λA
i

B
j = λB

i
C
j = λC

i
D
j

for i, j = 1, . . . ,K. Further, Eq. (4.14) also implies equality of one-way marginals of
the turnover tables:

πA
i = πB

i = πC
i = πD

i .

These restrictions on the one-way marginals can also be written in terms of appro-
priate restrictions on the one-variable effects within the one-dimensional marginals

λA
i = λB

i = λC
i = λD

i

for i = 1, . . . ,K. Given the usual identifying restrictions on the loglinear parame-
ters, the number of independent constraints for the loglinear association parame-
ters is 2(K − 1)2 and 3(K − 1) for the one-way parameters. In total, there are then
(K − 1)(2K + 1) independent constraints or degrees of freedom left, which is less
than 2K2 and then 2(K2 −1) obtained previously. To be precise, [2(K2 −1)]− [(K−
1)(2K + 1)] = (K − 1), which is, in this case, for four waves and three consecutive
turnover tables, exactly equal to the number of redundant independent restrictions
on one of the marginals (as shown above). Following a similar reasoning in terms of
two- and one-variable parameters, these results for comparing and restricting the cell
probabilities in successive turnover tables in the indicated way can be generalized in
a straightforward manner to an arbitrary number of time points: for T time points,
there are (T −2)(K −1)2 +(T −1)(K −1) independent constraints.

Now consider the restrictions on the transition probabilities in Eq. (4.15). Cal-
culated in the normal, standard way, given that each transition table has K(K − 1)
independent transitions to be estimated, Eq. (4.15) implies 2K(K − 1) independent
restrictions or degrees of freedom. Going to the loglinear representation, this num-
ber of degrees of freedom is confirmed. The model in Eq. (4.15) can be obtained by
restricting the loglinear two-variable parameters:
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λA
i

B
j = λB

i
C
j = λC

i
D
j ,

in combination with the equality of relevant one-way effects in the two-way tables:

λA
∗

B
j = λB

∗
C
j = λC

∗
D
j

This yields (K −1)2 independent restrictions for the first constraint and 2(K−1) for
the second, giving (again) a total of 2(K −1)K independent constraints. Its general-
ization to T measurement occasions is straightforward: (T −2)(K −1)K. In models
like this, restrictions on transition probabilities do not suffer from incompatibilities.

The results of Bergsma and Rudas (2002a) guaranteeing the absence of problems
only apply if the same loglinear effect is not restricted in two different marginal tables
(see Section 2.3.3). Thus, they do not apply to the specification of Eq. (4.14) where
we set both λA

i = λB
i and λA∗B

j = λB∗C
j , i.e., the B effect is restricted twice, in both

tables B and BC. Thus, to apply the result of Bergsma and Rudas, assuring minimal
specification and no further problems with the model, the first specification above is
needed. Alternatively, it can be shown that the model is equivalent to the equality of
bivariate associations as well as

λA
j
B
∗ = λA

∗
B
j = λB

∗
C
j = λC

∗
D
j ,

which also satisfies the Bergsma-Rudas regularity conditions.

Minimal Specifications for Some Models from Chapter 4

In Section 4.4.3, some models were discussed for the data in Table 4.22, which was
taken as a normal table IPRS. Variable I represents Item with two values, marijuana
and alcohol. Variable P represents Period with four values: transitions from time 1
to 2, from time 2 to 3, from time 3 to 4, and from time 4 to 5. Finally, R and S
represent the response variable at the first and second measurement occasion for
each transition, respectively.

A first model that was considered is model {IP,RS} that assumes that all eight
turnover tables are completely identical,

πI
1
T1
i

T2
j = πI

1
T2
i

T3
j = πI

1
T3
i

T4
j = πI

1
T4
i

T5
j = πI

2
T1
i

T2
j = πI

2
T2
i

T3
j = πI

2
T3
i

T4
j = πI

2
T4
i

T5
j ,

where Tk represents the measurement at time point k. Using a notation comparable
with that for the transition probabilities, a minimal specification for this model is ob-
tained by first, imposing equality of the conditional marginal association parameters:

λT1
i

T2
j
|I
1 = λT2

i
T3
j
|I
1 = λT3

i
T4
j
|I
1 = λT4

i
T5
j
|I
1 = λT1

i
T2
j
|I
2 = λT2

i
T3
j
|I
2 = λT3

i
T4
j
|I
2 = λT4

i
T5
j
|I
2 ,

and second, by constraining the following univariate marginals:

λT1
i
|I
1 = λT2

i
|I
1 = λT3

i
|I
1 = λT4

i
|I
1 = λT5

i
|I
1 = λT1

i
|I
2 = λT2

i
|I
2 = λT3

i
|I
2 = λT4

i
|I
2 = λT5

i
|I
2 .

The number of independent constraints in this minimal specification is (K − 1)
(7K + 2).
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The second model considered was model {IP, IRS}, which assumes that the
turnover tables are different for the two items but are identical over time for each
item. A minimal specification for this model is obtained by imposing

λT1
i

T2
j
|I
1 = λT2

i
T3
j
|I
1 = λT3

i
T4
j
|I
1 = λT4

i
T5
j
|I
1 ,

λT1
i

T2
j
|I
2 = λT2

i
T3
j
|I
2 = λT3

i
T4
j
|I
2 = λT4

i
T5
j
|I
2 ,

and

λT1
i
|I
1 = λT2

i
|I
1 = λT3

i
|I
1 = λT4

i
|I
1 = λT5

i
|I
1 ,

λT1
i
|I
2 = λT2

i
|I
2 = λT3

i
|I
2 = λT4

i
|I
2 = λT5

i
|I
2 .

The number of independent constraints in this minimal specification is (K − 1)
(6K + 2).

Finally, the third model {IP,PRS} assumes that the turnover tables change over
period, but are the same for both items at each period. A minimal specification of
this model is given by

λT1
i

T2
j
|I
1 = λT1

i
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j
|I
2

λT2
i

T3
j
|I
1 = λT2

i
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i
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2 ,

and second, by constraining the following univariate marginal parameters:

λT1
i
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1 = λT1

i
|I
2
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i
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1 = λT2

i
|I
2
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i
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λT5
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i
|I
2 .

The number of independent constraints in this minimal specification is (K − 1)
(4K + 1).

Detection of Compatibility Problems for Models in Section 4.4.4

In Section 4.4.4, we found that Eq. 4.11 and model {IPR, IS,RS} were incompatible
(I is item, P is period, R and S are the responses at first and second time points,
resp.), in the sense that the Jacobian of the combined constraints was not of full
rank. On the other hand, Eq. 4.11 and the model {IPR, IPS,RS} were compatible.
We found out about the problem by trying to fit the former combined model and
running into convergence problems. However, it is possible to use the Bergsma and
Rudas (2002a) framework to detect the possibility of a problem occurring before
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actually fitting the model. To use this, we need to formulate the model constraints
using loglinear parameters for the original variables to find out if the same effect is
restricted twice.

The original variables are M1, . . . ,M5 (marijuana use at time points 1 to 5) and
A1, . . . ,A5 (alcohol use at time points 1 to 5). Regarding Eq. 4.11, we have the
equality

λ I
1

T
j

R
k = −λ I

2
T
j

R
k =

1
2

(
λMj

k −λA j
k

)

That is, Eq. 4.11 restricts the Mj effect in marginal table Mj of the original table, and
the A j effect in marginal table A j ( j = 1, . . . ,5). Model {IPR, IS,RS} is equivalent to
model {IPR, IPS,RS} with the added restriction that
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But since
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,

this is easily seen to be equivalent to the following marginal loglinear restrictions for
the original table

λMj∗
Mj+1
l = λA j∗

A j+1
l = 0 ,

which restricts the Mj+1 and A j+1 effects in marginal tables MjMj+1 and A jA j+1,
respectively ( j = 1, . . . ,4).

Thus, we see that in the combined model of Eq. 4.11 and {IPR, IS,RS}, the Mj+1

(A j+1) effect is restricted twice ( j = 1, . . . ,4) — once in marginal table Mj+1 (A j+1),
and once in marginal table MjMj+1 (A jA j+1) — and this is the reason that the com-
patibility problems occur. On the other hand, it can be verified that no effects are
restricted twice in the combined model of Eq. 4.11 and {IPR, IPS,RS}, guaranteeing
the absence of the possible problems described in Section 2.3.3.

Note that, although there is no guarantee that problems will occur if the same
effect is restricted in different marginal tables, in practice we always encountered
problems.
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Causal Analyses: Structural Equation Models
and (Quasi-)Experimental Designs

Marginal modeling and causal analysis are often seen as two opposite and mu-
tually exclusive approaches. This is understandable because marginal modeling is
frequently defined in contrast to conditional analyses, and the outcomes of condi-
tional analyses are typically interpreted in causal terms. However, this opposition of
marginal and causal analyses is wrong or at least way too simple. For instance, most,
if not all, marginal models discussed in the previous chapters might have been de-
rived from causal theories. The tests on the validity of these marginal models could
then be regarded as tests on the validity of these underlying causal theories. Further,
marginal modeling is often an indispensable part of approaches that are explicitly in-
tended to investigate causal relationships, such as (quasi-)experimental designs and
causal models in the form of structural equation models (SEMs). In this chapter, the
focus will be on the role of marginal modeling in these last two approaches.

Although this chapter is about ‘causal modeling,’ the term ‘causality’ itself will
not be used very often (unless it leads to cumbersome and awkward phrases). Unfor-
tunately, it is still common social science practice to use ‘causality’ in a rather weak
and general sense, more pointing towards some assumed asymmetry in the relation-
ships rather than necessarily implying proper causal connections. The disadvantages
and dangers of this careless use of the term are first of all, that when drawing the final
conclusions researchers tend to forget the caveats surrounding their causal analyses,
even with research designs and research questions that hardly permit inferences about
causal connections; and second, that researchers do not think hard enough before
the start of their investigations about the appropriate research design for answering
their causal questions. Therefore, even when the term causality is used below, the
reader should keep these reservations in mind. For just a few treatments of causality
with different emphases, see Rubin (1974), Cartwright (1989), Sobel (1995), McKim
and Turner (1997), Sobel (2000), Pearl (2000), Snijders and Hagenaars (2001),
Winship and Sobel (2004), Heckman (2005) (with discussion), and Morgan and Win-
ship (2007), and the references cited in these publications.

W. Bergsma et al., Marginal Models: For Dependent, Clustered, and Longitudinal 155
Categorical Data, Statistics for Social and Behavioral Sciences,
DOI: 10.1007/978-0-387-09610-0 5, c© Springer Science+Business Media, LLC 2009



156 5 Causal Analyses: Structural Equation Models and (Quasi-)Experimental Designs

5.1 SEMs - Structural Equation Models

Causal modeling is often equated with structural equation modeling (SEM), espe-
cially in the form of a recursive system of linear regression equations. The set of
linear regression equations represents the assumed asymmetric (causal) relationships
among a set of variables that are supposedly normally distributed and measured at
interval level. The interval-level variables may be directly or indirectly observed —
that is, they may be manifest or latent. In the latter case, usually some of the manifest
variables act as indicators of the latent variables. The ‘causal’ relationships between a
latent variable and its indicators are of a special nature, as the relationships between
a hypothetical construct and observed variables. For an overview of this standard
SEM and many extensions, see Bollen (1989); for treatments of the nature of the re-
lationships between a latent variable and its indicators and causality involving latent
variables, see Sobel (1994), Sobel (1997), Borsboom (2005), and Hand (2004).

Somewhat less well known among social science researchers, although already
developed in the seventies of the previous century are SEMs for categorical vari-
ables in which loglinear equations essentially take the place of the linear regression
equations (Goodman, 1973). These categorical SEMs are in many important respects
similar to SEMs for continuous data.

Over the last decades, an enormous amount of publications have appeared in
which these two frameworks of SEM (viz. for continuous and for categorical data)
have been extended into several directions, and at the same time have been integrated
into one approach. User-friendly computer programs are now available to estimate
the basic models and many of their extensions. To mention just a very few instances
from this huge amount of publications and programs: Pearl (2000), Stolzenberg
(2003), Skrondal and Rabe-Hesketh (2004), Jöreskog and Sörbom (1996), Vermunt
(1997b), Vermunt and Magidson (2004), and Muthén and Muthén (2006).

The emphasis in this chapter is on extending SEMs for categorical data by com-
bining marginal modeling and traditional categorical data SEM (Agresti, 2002; Lang
& Agresti, 1994; Croon et al., 2000). Especially for those readers who are not famil-
iar with SEMs in the form of loglinear models, a very concise outline of the basic
principles of categorical structural equation modeling will be presented in the next
two subsections, including an extended empirical example.

5.1.1 SEMs for Categorical Data

Goodman introduced what he called ‘modified path models’ for the analysis of cate-
gorical data ‘when some variables are posterior to others’ (Goodman, 1973). Imagine
a set of five manifest categorical variables A through E . The causal order among these
five variables is denoted by means of the symbol =⇒:

A =⇒ B =⇒C =⇒ D =⇒ E.

According to this causal order, A is an exogenous variable not influenced by the other
variables. An exogenous variable such as A can be a joint variable, e.g., (A1,A2,A3),
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consisting of all combinations of the categories of A1, A2, and A3. The joint distribu-
tion of the separate elements Ai may be unrestricted or restricted, e.g., by imposing
independence relations among the elements. But whether restricted or not, the rela-
tionships among the separate elements Ai are always treated as symmetrical and no
assumptions are made about their causal nature.

The other variables B through E are endogenous variables. In principle, each
endogenous variable can be directly causally influenced by the variables that precede
it in the causal order but not by variables that appear later. For example, D may be
determined by A, B, and C but not by E .

With categorical variables, the data can be summarized in the form of a
multidimensional contingency table ABCDE with cell entries πA

i
B
j
C
k

D
�

E
m. Goodman’s

approach starts from the decomposition of the joint probability distribution of all
variables into a product of successive (conditional) probability distributions referring
to successively higher way (marginal) distributions following the causal order of the
variables:

πA
i

B
j
C
k

D
�

E
m = πA

i πB
j
|A
i πC

k
|A
i

B
j πD

�
|A
i

B
j
C
k πE

m
|A
i

B
j
C
k

D
� (5.1)

The first right-hand side element in Eq. 5.1 (πA
i ) is an unconditional probability per-

taining to the marginal distribution of the exogenous variable; the other right-hand
side elements are all conditional probabilities.

In a way, this decomposition of the joint probability distribution of the five vari-
ables is trivial since it represents a mathematical identity or tautology, and not an em-
pirically testable theory. On the other hand, many other tautological decompositions
are possible, e.g., starting with the distribution of E (πE

m) and working back, against
the causal order, to πB

j
|C
k

D
�

E
m and, finally, to πA

i
|B
j
C
k

D
�

E
m. However, the decomposition in

Eq. 5.1 is special because it is the only tautological decomposition that is in com-
plete agreement with the assumed causal order. Following the adage that what comes
causally later cannot influence what is causally prior, the distribution of A should be
investigated in marginal table A with entries πA

i ; the effects of A on B should be
determined in marginal table AB using πB

j
|A
i , not conditioning on C, D, and E; the

effects on C must be estimated in marginal table ABC with πC
k
|A
i

B
j not controlling for

D and E , etc.
The second step in Goodman’s modified path approach consists of the formation

of an appropriate set of (non)saturated loglinear or logit submodels, one separate sub-
model for each of the right-hand side elements of Eq. 5.1 An ordinary loglinear sub-
model is applied to the first right-hand side element referring to the (joint) distribu-
tion of the exogenous variable(s) (A). This loglinear submodel provides the estimates
π̂A

i for right-hand side element πA
i . For the other right-hand side elements, which

are conditional probabilities (e.g., πC
k
|A
i

B
j ), logit submodels are defined, in which the

odds of belonging to a particular category (k) of the dependent variable (C) rather
than to another (k′) are modeled conditional on the independent variables (A,B). Or,
what amounts to exactly the same, ordinary loglinear submodels are defined (in this
example for table ABC with entries πA

i
B
j
C
k ) that contain the parameters referring to the

joint distribution of the independent variables (AB) plus all assumed direct effects
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of the independent variables on the dependent variable (C). The resulting estimates
of the joint probabilities (e.g., π̂A

i
B
j
C
k ) are then used to compute the estimates of the

conditional probabilities: π̂C
k
|A
i

B
j = π̂A

i
B
j
C
k /π̂A

i
B
j
C
+. For each of the conditional probabil-

ities on the right-hand side of Eq. 5.1, an appropriate logit or loglinear (sub)model is
defined. In all these submodels, the restrictions on the parameters only pertain to the
effects of the particular independent variables on the pertinent dependent variable,
while the distribution of the particular independent variables is treated as given. This
can be immediately seen by way of example from the following equations for πC

k
|A
i

B
j ,

in which ultimately only the parameters having C as superscript appear. Starting from
the saturated loglinear submodel (in its multiplicative form) for πA

i
B
j
C
k :
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If one or more submodels for the right-hand side elements of Eq. 5.1 are non-
saturated rather than all saturated, the decomposition in this equation is no longer
tautological and the model becomes empirically testable with respect to the imposed
restrictions. Each submodel can be tested in the usual (chi-square) way by comparing
its estimates Nπ̂ with the observed frequencies n (N being the sample size).

A test of the empirical validity of the complete model — that is, a test that all re-
strictions in all submodels are simultaneously true — can be obtained by calculating
the estimates for the cell entries πA

i
B
j
C
k

D
�

E
m at the left-hand side using the obtained esti-

mates for the right-hand side elements in Eq. 5.1 The resulting estimates of πA
i

B
j
C
k

D
�

E
m

under the condition that all postulated submodels are simultaneously true in the pop-
ulation will be indicated by π̂∗A

i
B
j
C
k

D
�

E
m. The symbol π̂∗ is used here rather than the

usual π̂ , to be able to distinguish between estimates of the left-hand side element
πA

i
B
j
C
k

D
�

E
m (π̂∗A

i
B
j
C
k

D
�

E
m under the complete model) and estimates of the right-hand side

element πE
m
|A
i

B
j
C
k

D
� (calculated from π̂A

i
B
j
C
k

D
�

E
m under the logit submodel for the effects

of A, B, C, and D on E). The structural equation model as a whole — that is, the set
of all submodels — can then be tested by comparing Nπ̂∗A

i
B
j
C
k

D
�

E
m with the observed

cell entries nA
i

B
j
C
k

D
�

E
m in the usual way. Alternatively, the likelihood ratio chi-squares

G2 obtained for each of the right-hand side submodels in Eq. 5.1 can be summed, as
can their degrees of freedom df to obtain an overall likelihood ratio test of the com-
plete model, which is identical to the likelihood ratio chi-square directly involving
the comparison of Nπ̂∗A

i
B
j
C
k

D
�

E
m and nA

i
B
j
C
k

D
�

E
m. Note that the equality of the two ways of

computing G2 does not apply in general to Pearson’s X2.
In a way, modified path analysis can be looked upon as a form of marginal mod-

eling, because analyses are carried out simultaneously on several marginal distri-
butions coming from the same overall joint distribution. Not surprisingly then, the
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marginal-modeling algorithm explained in Chapters 2 and 3 can be used to estimate
and test categorical SEMs. However, as Goodman has shown, in the simple recursive
structural equation model discussed above, in which no reciprocal relations or causal
loops occur and in which no restrictions are imposed that simultaneously involve
two or more elements from the right-hand side of Eq. 5.1, the appropriate loglinear
or logit submodels can be applied separately to each of the probabilities on the right-
hand side. This is because of the simple form of Eq. 5.1, in which the ML estimates
of the right-hand side elements are independent of each other, and for which the max-
imum likelihood function can be factorized into factors that each only pertain to one
of the right-hand side elements of Eq. 5.1 (see also Fienberg, 1980, Chapter 7). In this
step-by-step way, the ML effect parameter estimates and estimated standard errors
are obtained, which will be identical to the outcomes of the alternative simultaneous
marginal-modeling approach. This is analogous to the standard linear recursive sys-
tems without latent variables, in which the parameters and their standard errors in
each of the regression equations can be estimated separately by means of ordinary
multiple regression equations.

Goodman’s basic framework has been elaborated in several ways, two of which
will be further discussed below. First, as with linear SEMs, it is possible to in-
troduce latent variables into the categorical structural equation model. Combin-
ing Goodman’s modified path analysis with Lazarsfeld, Goodman and Haberman’s
work on latent class analysis (Goodman, 1974a; Goodman, 1974b; Haberman, 1977;
Haberman, 1979; Lazarsfeld, 1950; Lazarsfeld, 1959; Lazarsfeld & Henry, 1968),
categorical latent variables can be introduced into categorical SEMs to take care of
many kinds of measurement errors and selection problems, very much analogous
to the role continuous latent variables play in linear SEMs (Bassi et al., 2000; Ha-
genaars, 1990, 1993, 1998, 2002; Vermunt, 1997b). Latent variable models will be
further discussed in Chapter 6.

Second, insight in Goodman’s modified path model approach (including latent
variables) has been enhanced by viewing categorical SEMs as DAG’s, or Directed
Acyclical Graphs (Lauritzen, 1996; Whittaker, 1990.) An immediate advantage of
looking at a SEM as a DAG is that the very general mathematical and statistical
results from the theory of graphical modeling can directly be applied to causal mod-
eling. More specifically, Yule, Lazarsfeld and Goodman’s fundamental insights into
the equivalence of causal modeling for categorical and continuous data are much
deepened, generalized, and formalized by treating both categorical and continuous
data SEMs as graphs, as explicitly shown by Kiiveri and Speed (1982) and Cox and
Wermuth (1996) among others (see also Pearl, 2000; Lazarsfeld, 1955; Goodman &
Kruskal, 1979).

To understand another advantage of ‘SEM as DAG’, it is necessary to remember
that conditional statistical independence among variables is the defining core of a
graphical model. These graphical independence properties can be used to simplify
the decomposition of the joint probability that corresponds to the assumed structural
equation model. Such simplifications often make estimation procedures feasible that
would otherwise not be possible, especially for forbiddingly large (sub)tables. This
can be illustrated by means of a (too) simple example in terms of the five variables
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model in Eq. 5.1. Assume that for πD
�
|A
i

B
j
C
k , variable D is not directly influenced by

A, but only by B and C. In other words, D is conditionally independent of A, given
B and C: in symbols, A ⊥⊥ D|BC. Because D does not vary with A, given the scores
on B and C, the equality πD
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k holds. This is easily seen as follows. By

definition, conditional independence restriction A ⊥⊥ D|BC implies
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Consequently, given that A has no direct effect on D, πD
�
|A
i

B
j
C
k can be replaced by πD

�
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j
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k

and Eq. 5.1 can be rendered in a simplified form as:
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Especially in large tables, e.g., for very large markov chains with 15 or more time
points, such graphical simplifications are very useful for making ML estimation fea-
sible.

The graphical simplification from Eq. 5.1 to Eq. 5.2 is completely equivalent to
applying nonsaturated logit model {ABC,BCD} to πD

�
|A
i

B
j
C
k in Eq. 5.1. Moreover, it

is possible to further restrict graphical (sub)models by means of loglinear restric-
tions and define, for example, a nonsaturated submodel for πD

�
|B
j
C
k in Eq. 5.2, e.g.,

the no-three-variable interaction model {BC,BD,CD}. Because the absence of the
three-variable interaction in model {BC,BD,CD} cannot be represented in terms of
conditional independence relationships, the model in Eq. 5.2 is no longer a graphical
model in the strict sense when this particular restriction is applied.

Note that even if saturated loglinear models are defined for each of the right-
hand side elements in Eq. 5.2, this equation is no longer a tautological equation, but
is only true if A has no direct effect on D. In line with this, after the graphical sim-
plification, it is no longer true that the G2 test statistics and their degrees of freedom
for the separate submodels can be summed to obtain the correct overall test of the
whole model. Overall tests of these simplified graphical models should be based on
π̂∗A

i
B
j
C
k

D
�

E
m discussed above. To see this immediately, imagine having defined saturated

submodels for all right-hand side elements of Eq. 5.2. All G2’s would then be 0 while
still dealing with a restricted, non-tautological model.

5.1.2 An Example: Women’s Role

The above principles of categorical causal modeling will be illustrated by means of
an example regarding peoples views on women’s lives and roles. The data come from
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the survey European Values Study (EVS) (web page: www.europeanvalues.nl). Only
the (unweighted) Dutch data from the 1999/2000 EVS wave will be considered, ex-
cluding missing data on the pertinent variables (N = 960). The particular aspect of
the view on women’s role taken here is the (dis)agreement with the statement ‘A
job is all right but what women really want is a home and children’. This variable,
labeled here as W , originally had four categories, but has been dichotomized for
illustrative purposes here: 1 = agree (33%), 2 = disagree (67%). In the present anal-
ysis, the connections between W and a very limited set of explanatory variables will
be studied. Because of the possible presence in this simple example of some plau-
sible alternative explanations for the relationships found, one must be very careful
with any causal claims. A first natural explanatory variable to consider in this con-
text is Sex (S): 1 = men (48%) and 2 = women (52%), along with Age (A), which has
been trichotomized: 1 = born before 1945 (27%), 2 = between 1945-1963 (42%), 3
= after 1963 (31%). A and S are treated as exogenous variables. Sex and Age may
be correlated because of differential mortality between men and women or because
of differential nonresponse. Further, Education (E) may be of direct importance for
the agreement with the statement on women’s purposes in life (W ), and can itself be
determined by S and A. Also, level of Education E has been trichotomized: 1 = lower
level (31%), 2 = intermediate (35%), 3 = higher level (34%). Finally, Religiosity (R)
may directly influence W and may be influenced itself by S, A, and E . Because we
were interested in the effects of ‘personal, subjective religiosity,’ we took the an-
swer to the question: ‘Independently whether you go to church or not, would you
say you are a 1 = religious person (61%), 2 = not a religious person (32%), or 3
= a convinced atheist (7%).’ The observed cross-classification of these variables is
presented in Table 5.1.

The above implies the following causal order among the variables,

(S,A) =⇒ E =⇒ R =⇒W

corresponding with the causal decomposition
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It was expected that each variable had a direct influence on each later variable
in the causal chain, and that higher-order interaction effects involving S would be
present. The more specific hypotheses (not reported here) were (conditionally) tested
by means of the appropriate submodels for each of the right-hand side elements. The
test results for the final (sub) models are reported in Table 5.2.

Perhaps because of the compensating influences of differential mortality and dif-
ferential participation in the EVS survey, the hypothesis that Age (A) and Sex (S)
are independent of each other in marginal table SA need not be rejected (see the test
outcome for model {S,A} in Table 5.2). Consequently, in graphical modeling terms,
right-hand side element πSA

s a in Eq. 5.3 can be replaced by πS
s πA

a .
For the effects of S and A on E , the choice was between saturated model {SAE}

for table SAE or the no three-factor interaction model {SA,SE,AE}. Models in
which one or both direct main effects on E were deleted did not fit at all. Model
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Table 5.1. Observed frequencies for women’s role data; see text for value labels of variables

Religiosity R
1 2 3

Women’s Role W
1 2 1 2 1 2

Sex S Age A Education E

1. Male 1 1 24 13 10 3 1 1
2 13 10 7 3 2 0
3 19 15 4 8 2 2

2 1 12 16 9 7 1 0
2 16 25 6 18 1 4
3 6 31 4 23 2 9

3 1 5 8 4 7 0 1
2 9 11 3 29 1 6
3 2 17 4 20 2 3

2. Female 1 1 41 13 6 6 1 2
2 11 16 2 1 0 1
3 7 9 1 1 0 1

2 1 20 26 16 10 0 1
2 5 41 2 16 1 3
3 5 47 1 19 0 5

3 1 5 11 2 10 0 3
2 15 34 4 19 0 3
3 4 28 2 19 0 6

Table 5.2. Test results of loglinear SEM analyses on Table 5.1

Table Model G2 df p

SA {S,A} 4.818 2 .090
SAE {SAE} 0 0 1

SAER {SAE,SR,AR} 22.846 28 .741
SAERW {SAER,SW,AW,EW,RW} 58.315 46 .105

Total 85.979 76 .203
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{SA,SE,AE} yielded a borderline test results (p = .066). Despite a general prefer-
ence for parsimonious models, the saturated model was chosen: from other sources
it is well-established that there are differences between men and women regarding
their educational opportunities, and that these differences have diminished over gen-
erations. According to the parameter estimates in saturated model {SAE}, the direct
partial effects of age are rather large, indicating that especially the oldest generation
has a much lower educational level (e.g., λ̂S∗A

1
E
1 = .500). The partial main effects of

sex on education are much smaller, but significant, pointing toward somewhat lower
opportunities for women, e.g., λ̂S

1
A∗E

1 = −.146. The three-variable interaction terms,
together with the partial effects of sex, indicate that the educational sex differences
are more or less linearly increasing with age, meaning that in the oldest generation
the educational sex differences are the largest, smaller in the middle generation, and
absent in the youngest generation (e.g., λ̂S

1
E
1
|A
1 = −.276, but λ̂S

1
E
1
|A
3 = .000).

S, A, and E were assumed to have a direct influence on R. The choice was between
models {SAE,SR,AR,ER} and {SAE,SR,AR}, the latter without a main effect of ed-
ucation on religiosity. Models with higher-order effects on R did not improve the fit
significantly. A conditional test of restricted model {SAE,SR,AR} against the less-
restricted model {SAE,SR,AR,ER} turned out in favor of the more restricted model
(p = .132; see also the test outcome for model {SAE,SR,AR} in Table 5.2). It was
therefore concluded that education has no direct effect on religiosity. According to
the parameter estimates for the direct partial effects in model {SAE,SR,AR}, women
are somewhat more religious than men (e.g., λ̂S

1
A∗E∗ R

1 = −.222) and the older genera-
tions or age groups are more religious than the younger ones (e.g., λ̂S∗A

1
E∗ R

1 = .375).
In terms of graphical simplification, the acceptance of model {SAE,SR,AR} means
that πR

r
|S
s

A
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E
e in Eq. 5.3 can be replaced by πR

r
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a , but also that the appropriate estimates

π̂R
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a must be obtained by next applying model {SA,SR,AR} to πR
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A
a to get rid of

the three-variable interaction SAR.
The final variable in this analysis is W (Women’s role), and the effects of S,

A, E , and R on W in table SAERW . The starting point was the main-effects model
{SAER,SW,AW,EW,RW}. Although even simpler models were acceptable and, of
course, more complicated models also fitted well, this main-effects model was cho-
sen as the final model on the basis of conditional tests (see Table 5.2). Looking at the
parameter estimates, age and education have the biggest direct partial effects on W :
the younger one is, and the higher one’s educational level, the more one disagrees
with the statement about women and the more one objects to confining the women’s
role to the home (e.g., λ̂S∗A

1
E∗ R∗W

1 = .443 and λ̂S∗A∗E
1

R∗W
1 = .373). Somewhat surprisingly,

the direct effects of sex are not very large, although they are significant: men agree
with the statement somewhat more than women (λ̂S

1
A∗E∗ R∗W

1 = .107). The direct effects
of religiosity are also small and borderline significant: the more religious one is, the
more one agrees with the statement about women (e.g., λ̂S∗A∗E∗ R

1
W
1 = .120).

The model as a whole can certainly be accepted (see Table 5.2). Perhaps the most
interesting thing about these outcomes are the findings contrary to our expectations.
Much larger effects of sex on W had been expected, as well as interaction effects
of sex on W with age or education: although different from each other, men and
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Fig. 5.1. Graphical representation of the revised modified path model for explaining Women’s
role

women are more alike in this context than assumed before. Further, religiosity played
a somewhat less important role than expected in the Dutch situation. It might be that
a more formal definition of religiosity by means of belonging to particular religious
denominations would have behaved somewhat differently.

As usual in causal modeling, the SEM outcomes can be depicted in a path di-
agram, including the positive or negative signs of the direct relations (for ordered
data). The diagram is given in Fig. 5.1. Note the special way, following Goodman,
in which higher-order interactions are depicted by means of knots connecting the
variables that have a higher-order interaction. This is different from strict graphi-
cal representations where the knots are not drawn and higher-order interactions are
automatically assumed among directly connected variables.

The path diagram in Fig. 5.1 has, in most important respects, the same interpreta-
tions as in a standard linear SEM (Pearl, 2000; Hagenaars, 1993). Discussions have
arisen about how to define and compute indirect and total effects (certainly not by
simply multiplying the loglinear coefficients found for each direct relationship). This
topic will not be dealt with here, but see Hagenaars (1993, pp. 49-50), Pearl (2001),
and Robins (2003).



5.1 SEMs - Structural Equation Models 165

5.1.3 Marginal Modeling and Categorical SEM

Although the marginal-modeling approach advocated in this book can handle cat-
egorical SEMs, for strictly recursive models, the more simple and straightforward
Goodman (or graphical) approach is usually preferred. Adaptations of the basic
Goodman algorithm have been developed to handle restrictions that concern two
or more right-hand side elements of the causal decomposition simultaneously. For
example, one may additionally assume in the previous example that the direct effect
of Sex (S) on Religiosity (R) is exactly as large as the direct effect of S on the Opinion
about women’s role (W ). Or, the structural equation model may take the form of a
homogenous first-order markov chain in which the (employment) status at time t is
only directly influenced by the status at the immediately preceding time t − 1, with
the additional restriction that all transition tables from t to t +1 are exactly the same.
For many of these kinds of restrictions, the required simultaneous estimation proce-
dures have been developed and can be routinely imposed — for example, by means
of Vermunt’s LEM (Vermunt, 1997b; see also Bassi et al., 2000). As a matter of fact,
such restrictions can also be handled by means of the advocated marginal-modeling
approach.

In general, marginal modeling provides the means to estimate SEMs for categor-
ical data under a very large range of additional marginal restrictions, and for depen-
dent marginal tables without having to derive the appropriate estimation procedures
for each (class of) model(s) separately. Two examples to illustrate this will be given
below — a more specific and a more generally applicable example (for some other
applications, see also Luijkx (1994), Agresti (2002), and Croon et al. (2000)). The
specific example pertains to the situation that the researcher wants to test a particular
structural equation model, but in combination with the hypothesis that the (positive)
direct and (negative) indirect effects of a particular independent variable on the ulti-
mate dependent variable cancel each other out, resulting in statistical independence
in the appropriate marginal table. The more general example has to do with structural
equation modeling when the data are not independently observed. A prime example
might be that one wants to compare a causal model at t1 with a causal model involv-
ing the same characteristics at t2, but using panel data with the same respondents at
both points in time. One cannot simply use Time as just another independent variable
to investigate in what respects the two SEMs differ from each other. Because such
marginal analyses of longitudinal data have been extensively discussed in the previ-
ous chapter, a different kind of dependent data will be used where observations are
dependent because they are paired within families.

Marginal Restrictions in SEMs; Zero Total Effects

The illustrative application in this subsection has to do with the fact that variables
often have both direct and indirect (or spurious) effects on the dependent variable, but
are opposite in sign. An interesting hypothesis may then be that these compensating
influences cancel each other out, resulting in an overall zero marginal relationship.
This phenomenon is mainly known under the names of ‘suppressor variables’ or
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Table 5.3. Joint marginal frequency distribution of Sex and Women’s role; data Table 5.1

Statement on women’s Role (W)

Sex (S) 1. Agree 2. Disagree Total

1. Male 169 (37%) 260 (63%) 459 (100%)
2. Female 151 (30%) 350 (70%) 501 (100%)

Simpson’s paradox (Simpson, 1951). A less well-known (among statisticians) but
earlier instance — in 1897, way before 1951 — is provided by Durkheim’s famous
analysis of the relationship between marital status and suicide, with age acting as a
suppressor variable (Durkheim, 1930).

Something like this occurred in the example of the previous subsection on
women’s roles (W ). Sex (S) had a statistically significant, small positive direct par-
tial effect on W : men are more traditional in this respect than women. But at the
same time, there was a negative indirect effect of S on W through Education (E):
men have higher educational level than women and more highly educated people
are less traditional. There is also a negative indirect effect through Religiosity (R):
men are less religious than women and less religious people have less traditional
opinions. Do these opposite direct and indirect effects cancel each other out? The
observed marginal relationship between S and W is shown in Table 5.3 and reveals a
small positive relationship between S and W (λ̂S

1
W
1 = .075). The independence model

{S,W} for marginal table SW yields a p-value of .028 (G2 = 4.808, df = 1), signif-
icant at the .01 but not at the .05 level. Marginal modeling provides the opportunity
to estimate the previous structural equation model but now under the condition of
zero total effect of S on W in the population, i.e., independency in marginal table
SW , and test the marginal independence restriction for table SW simultaneously with
the structural equation modeling restraints. This cannot be done by simply applying
Goodman’s algorithm because of the dependencies among the right-hand side ele-
ments of the basic equation (such as Eq. 5.3) that originate from this extra marginal
restriction and application of marginal modeling is required.

For investigating the influence of the additional restriction that for marginal ta-
ble SW model {S,W} holds in the population, the structural equation model has
been restricted as above (Table 5.2). It is also possible to impose the extra marginal
restriction {S,W} for table SW and, given this restriction, start looking for a well-
fitting model. Results might then differ somewhat from the finally chosen structural
equation model above. Adding the marginal restriction {S,W} for table SW to the
structural equation model reported in Table 5.2 by means of the marginal-modeling
algorithm described in Chapter 2, yields the following test results: G2 = 88.35, df =
77, p = .177 (X2 = 85.98). The conditional test of marginal restriction {S,W} in ta-
ble SW , conditional on the assumed structural equation model without this marginal
restriction yields: G2 = 88.35−85.98= 2.37, df = 77−76 = 1, p = .124. There is no
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Table 5.4. Estimates loglinear parameters with and without marginal restriction on Table SW

With Marginal Restrictions Without Marginal Restrictions

Estimate s.e. Estimate s.e.

λ̂S∗A
1

E
1 .503 .071 .500 .071

λ̂S
1
A∗E

1 −.163 .049 −.146 .051
λ̂S

1
A
1

E
1 −.132 .071 −.130 .071

λ̂S
1
A∗E∗ R

1 −.226 .055 −.222 .055
λ̂S∗A

1
E∗ R

1 .375 .088 .375 .088
λ̂S∗A

1
E∗ R∗W

1 .448 .055 .443 .055
λ̂S∗A∗E

1
R∗W

1 .373 .053 .373 .053
λ̂S∗A∗E∗ R

1
W
1 .121 .066 .120 .068

reason to reject the hypothesis that the total effect of Sex (S) on Women’s role (W ) is
zero, and that therefore the direct effect is equal in strength but of opposite sign to
the result of the two indirect effects through education and religiosity.

Note that this conditional test outcome is different from the ‘stand alone’ inde-
pendence test reported above for marginal table SW (G2 = 4.81). Or stated differ-
ently, the simultaneous test result G2 = 88.35 for the structural equation model plus
the extra marginal restriction is smaller than the sum of the G2’s, obtained above for
the structural equation model as such and separately for model {S,W} for table SW :
85.98 + 4.81 = 93.79. Actually, the G2s cannot be summed in this way because the
extra marginal restriction is not independent of the remainder of the structural equa-
tion model.

Regarding the parameter estimates of the causal model and comparing the struc-
tural equation modeling outcomes with and without the extra marginal restriction,
the biggest difference pertains to the direct partial effect of S on W . With the extra
marginal independence restriction, the positive direct effect of S on W is still signif-
icant and positive, but much smaller than without: λ̂S

1
A∗E∗ R∗W

1 = .051, σ̂λ = .013 (and
before: λ̂S

1
A∗E∗ R∗W

1 = .107, σ̂λ = .039). The observed small, positive marginal associa-
tion SW is made into an expected zero association mainly by diminishing the direct
positive effect of S on W . For all other variables, their effects become just a little bit
stronger and their standard errors just a little bit smaller, although not always notice-
able when rounding off to three decimals. Table 5.4 illustrate this for the coefficients
of the structural equation model discussed before.

Categorical SEMs with Dependent Observations

Dependencies among and within the (marginal) tables from the categorical SEM
may not only have their origins in the extra (marginal) restrictions, as illustrated
above, but also in the research design. When the resulting dependencies among the
observations are not the prime interest of the researcher, and are just considered a
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nuisance, marginal-modeling methods can be used to answer the research questions.
For example, in a panel study with three waves involving the same respondents over
time, a researcher may be interested in estimating at each time point a structural
equation model among a particular set of variables and in comparing the results of
these three SEMs. This is actually a form of multiple group comparison, but with
dependent observations among the three groups (time points). Dependent multiple
group comparisons will be discussed explicitly at the end of this subsection. But first,
a general illustration of structural equation modeling with dependent observations
will be presented.

In Section 2.2.3, a module from the Netherlands Kinship Panel Survey (NKPS)
has been introduced in which each respondent is coupled with one of its parents. The
data from this module will be used again, but it is used now to estimate a SEM in
which the information about the child-parent dyad is regarded as a nuisance. The
variables in this SEM are similar to the ones used in the EVS example above about
the opinion on women’s roles. But with the NKPS data, some difficulties arise when
trying to estimate a similar SEM. For example, if the effect of sex on the opinion
about women’s roles is studied, and men and women are being compared regarding
their opinions, dependencies among the observations in the two categories arise since
many male respondents are coupled to female respondents as part of a child-parent
dyad. Of course the same is true for many female respondents being coupled with
men in the child-parent dyad. At the same time, male (female) children are coupled
with a male (female respectively) parent. For the researcher, these dependencies may
not be substantively important given the research questions, but they nevertheless
have to be taken into account when estimating and testing the structural equation
model.

The symbols used for the variables concerned are similar to the ones used in the
EVS example above. The ultimately dependent variable Attitude towards women’s
roles, denoted as W , is now an index with three categories — the same as the one
used before in Section 2.2.3, but with reversed order to make the comparison with
the EVS analyses easier: 1 = traditional, 2 = moderately traditional, and 3 = nontradi-
tional. Sex S has two categories (1 = men, 2 = women); Age (A) has three categories
(1 = old (≥ 55), 2 = middle (38-54), and 3 = young (≤ 37)) and also Education (E)
has three categories: 1 = low, 2 = intermediate, and 3 = high. Finally, an operational-
ization different from EVS had to be used for Religiosity (R), viz. Church attendance
with three categories: 1 = often/regular, 2 = sometimes, 3 = never/rarely. Therefore,
when comparing the NKPS results with the EVS outcomes above, one has to keep
in mind that religiosity has been measured differently, that W is now a more reliable
index than the single EVS item, and that in NKPS there are 3,594 respondents (and
1,797 dyads) compared to N = 960 in EVS. The full data set, which includes also
the variable ‘family,’ is too large to represent here, but can be found on the book’s
website. As before, the usual shorthand notation for indicating loglinear models will
be used, treating table SAERW as if it were a normal table.

The causal order of the variables and the corresponding causal decomposition is
supposed to be the same as above in the EVS example (Eq. 5.3). However, the anal-
ysis is now much more complex and the marginal-modeling approach of Chapter 2



5.1 SEMs - Structural Equation Models 169

Table 5.5. Test results of loglinear SEM analyses NKPS data; see text; † for comparison, the
sum of separate G2’s is 123.89

separate models

Table Model G2 df p

SA {S,A} 5.88 2 .053
SAE {SAE} 0. 0 1

SAER {SAE,AR,ER} 27.52 26 .482
SAERW {SAER,SEW,ARW} 90.48 80 .198

Overall all submodels 121.52† 108 .177

is needed. In the first place, the pairwise dependency of the data has to be taken
into account when estimating the parameters of a particular loglinear or logit sub-
model for a particular right-hand side element in Eq. 5.3. Moreover, because of the
presence of dependent observations, it cannot be taken for granted any longer that the
right-hand side elements and their submodels are asymptotically independent of each
other. Therefore, all parameters and their standard errors for all submodels have to
be estimated simultaneously. In line with this, it is no longer necessarily true that the
G2’s for the submodels, even when for each submodel the dependencies in the data
have separately been taken into account by means of separate marginal submodels,
sum to the appropriate overall G2 (see Table 5.5).

Nevertheless, for exploratory purposes, first separate appropriate marginal mod-
els were investigated for each right-hand side element in Eq. 5.3 using marginal
modeling. The final submodels and test results from these separate analyses are re-
ported in Table 5.5. Thereafter, the selected models were all estimated simultane-
ously, yielding a well-fitting model (last row, Table 5.5). It was further investigated
whether additional modifications were called for, given the parameter estimates and
their estimated standard errors. No indications for such modifications were found
here. This need not be the case in general. As stated above, it must be kept in mind
that the successive submodels are not independent of each other, and that the like-
lihood function cannot be separated into independent parts. Consequences hereof
are that the estimates for the different submodels and subtables may be correlated,
that the separate submodel G2’s no longer sum to the appropriate overall G2, but
also that the usual sufficient statistics present in models for independent observa-
tions no longer function as expected. Or rather, the usual sufficient statistics of or-
dinary loglinear models are no longer sufficient statistics in the loglinear marginal
analyses. For example, when one uses the final estimated (marginal) probabilities
π̂∗S

s
A
a

E
e

R
r

W
w to compute the estimated marginal ‘submodel’ probabilities π̂∗S

s
A
a

E
e

R
+

W
+ , then

the estimated marginal frequencies Nπ̂∗S
s

A
a

E
e

R
+

W
+ for table SAE are not the same as the

observed marginal frequencies nS
s

A
a

E
e

R
+

W
+ , in spite of the fact that the saturated model

{SAE} is specified for subtable SAE .
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The parameter estimates based on the final model for the NKPS data partly lead
to the same conclusions as the above final model for the EVS data and partly to
different ones. In both cases, it was concluded that age and sex are independent of
each other. Further, it was even much more clear in the NKPS than in the EVS data
that a three-variable interaction was needed to obtain a well-fitting model for table
SAE . The main partial effects of age are very strong — stronger than found in EVS
but leading to the same conclusion that older generations having lower educational
levels (e.g., λ̂S∗A

1
E
1 = .922). Further, as in EVS, men have on average a somewhat

higher educational level than women (e.g., λ̂S
1

A∗E
1 = −.189). Finally, given the nature

of the significant three-variable interaction effects, the educational sex differences
are more or less linearly increasing with age (e.g., λ̂S

1
E
1
|A
1 = −.387, λ̂S

1
E
1
|A
2 = −.189

and λ̂S
1

E
1
|A
3 = .008).

An interesting difference between the EVS and the NKPS data concerns the ef-
fects on religiosity (personal, subjective religiosity in EVS, but church attendance
in NKPS). With the NKPS data, it was estimated that Sex (S) did not have a direct
effect on religiosity, but age and education did, while in EVS, religiosity was only
directly influenced by sex and age. According to the NKPS data and the estimates
in submodel {SAE,AR,ER}, age and educational level have more or less linear di-
rect relationships with religiosity: the older one is, and the lower one’s educational
level, the less religious (e.g., λ̂S∗A

1
E∗ R

1 = .373 and λ̂S∗A∗E
1

R
1 = .260). It might be interest-

ing to further investigate whether these EVS-NKPS differences are indeed due to the
different operationalization of religiosity.

For the final effects on the attitude towards women’s roles, model {SAER,SEW,
ARW} was chosen for the NKPS data, while above for the EVS data, the main-
effects-only model was selected without any three-variable interactions. It might be
that, given the greater reliability of the measurement of W and the larger sample size
in NKPS (persons and dyads) than in EVS, the tests are now more powerful and bet-
ter able to detect three-variable interactions in the population. In terms of the direct
partial effects, men have definitely more traditional opinions about women’s roles
than women (e.g., λ̂S

1
A∗E∗ R∗W

1 = .299), the oldest age group is more traditional than
the two younger ones (e.g., λ̂S∗A

1
E∗ R∗W

1 = .290), the lower one’s educational level the
more traditional one’s opinions are about women’s roles (λ̂S∗A∗E

1
R∗W

1 = .627), and the
more religious, the more traditional one is (e.g., λ̂S∗A∗E∗ R

1
W
1 = .589). All these partial

direct effects are much stronger than the ones found in EVS, which is, as suggested
before, probably due to the greater reliability of W . There are two significant three-
variable interactions terms: the effects of S on W vary somewhat with E (or, what
amounts to the same, the effects of E on W vary with S), and the effects of R on W
vary somewhat with A (or the effects of A on W with R). The men-women differ-
ences regarding the attitude towards women’s roles decrease as education increases,
e.g., λ̂S

1
W
1
|A∗E

1
R∗ = .447, λ̂S

1
W
1
|A∗E

2
R∗ = .299, and λ̂S

1
W
1
|A∗E

3
R∗ = .142 (or viewed from the other

way: the educational effects on W are somewhat larger among women than among
men, although in the same direction). Further, in all age groups, religious people are
more traditional regarding women’ s roles than nonreligious people, but these differ-
ences are much larger among the younger than among the older respondents (e.g.,



5.1 SEMs - Structural Equation Models 171

λ̂R
1

W
1
|S∗A

1
E∗ = .361, λ̂R

1
W
1
|S∗A

2
E∗ = .470, and λ̂R

1
W
1
|S∗A

3
E∗ = .937), or from the other point of

view, age has not much effect on W among the most religious people, but is important
for the other two religious categories.

As usual, not only the data but also the information about the model specification
for this extended SEM are reported on the book’s website.

Comparative Analyses with Dependent Observations

This very general approach towards categorical structural equation modeling in the
presence of dependent observations can easily be extended towards, or interpreted
in terms of, comparative analyses applying multiple group comparisons when the
observations from the different groups are not independent of each other.

Let us start with the simple situation in which the multiple groups to be compared
all have independent observations. Multiple group comparison then amounts to ordi-
nary (causal or structural equation) modeling, once it is recognized that the grouping
variable can be treated as any other normal variable. This grouping variable G may
refer to observations grouped at particular points in time or to different cultures, to
different regions, or to gender, birth cohorts, etc. Assume that the researcher’s interest
lies in comparing the relationships among variables A, B, and C — more specifically,
in the effects of A and B on C among the several groups. The model of interest is the
no-three-factor interaction model {AB,AC,BC}. Within each group (at each point in
time, within each nation, birth cohort, etc.), an independent sample has been drawn.
If this researcher would fit model {AB,AC,BC} separately to each of the groups, this
would be exactly the same as fitting model {GAB,GAC,GBC} in the standard way to
table GABC. If the researcher then wants to constrain particular effects to be the same
in all groups, e.g., the effect of A on C (but not the effect of B on C), this researcher
must test model {GAB,AC,GBC} in the usual standard way for table GABC.

The same kind of logic can be applied to comparative analyses involving depen-
dent observations. Imagine a three-wave panel study with measurements for char-
acteristics A, B, and C at each point in time. The time of the measurement of the
characteristics will be denoted by means of subscripts, e.g., Ai is the measurement of
characteristic A at time i. All these measurements give rise to the high-dimensional
frequency table A1B1C1A2B2C2A3B3C3. Now the focus of this study is not on the
effects of previous measurements on later ones, but on the question of whether or not
the effects of A and B on C remained the same at the three points in time. The nec-
essary models and restrictions can best be understood by setting up a marginal table
GABC, where G = 1 refers to the wave one measurements (marginal table A1B1C1),
G = 2 to marginal table A2B2C2, and G = 3 to marginal table A3B3C3. Estimating the
joint frequencies in the original high-dimensional table under restriction {GABC}
(the saturated model) for table GABC by means of the marginal-modeling approach
amounts to allowing the (lower and higher-order) effects of A and B on C to be
completely different for the three-waves. Model {GAB,GAC,GBC} for table GABC
means that there are no three-variable interaction effects on C at none of the three
time points, but otherwise the effects of A and B on C may be completely different
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at each point in time. Finally, model {GAB,AC,GAB} would introduce the extra re-
striction that the direct partial effects of A on C are the same in all three-waves.

Also, the results of the final SEM for the NKPS data (Table 5.5) can be interpreted
in terms of group comparisons involving dependent observations. The purpose of the
investigation might be the comparison of (the partially matched) men and women
regarding the relationships among variables A, E , R, and W , with S as the grouping
variable,

• regarding the distribution of age: model {S,A} for table SA implies that the age
distribution is the same for men and women

• regarding the effects of age on education: model {SAE} for table SAE implies
that the effects of age on education are different for men and women

• regarding the effects of age and education on religiosity: model
{SAE,SR,AR,ER} for table SAER (different from Table 5.5) implies that for
men nor for women are there three-variable effects of age and education on
religiosity. Further, the direct effects of age and education on religiosity are the
same for men and women. Model {SAE,SR,AR,ER} for table SAER differs from
model {SAE,AR,ER}, chosen as the final model for table SAER in Table 5.5.
The latter model not only investigates the comparability of the effects of age
and education on religiosity for men and women, but moreover implies that the
gender differences in religiosity disappear when age and education differences
are controlled for, when age and education are held constant

• regarding the effects of age, education, and religiosity on the attitude towards
women’s roles: model {SAER,SEW,ARW} for table SAERW implies that the
effects of education on women’s roles are different for men and women and that
age and religiosity interact in their effects on women’s roles, but in the same way
for men and women

Each of these above comparative statements about men-women differences can be
investigated and tested separately one by one by means of the marginal-modeling
approach taking the clustered observations for men and women into account. It is
also possible, as essentially done above in the previous subsection, to investigate all
comparisons at the same time.

5.2 Analysis of (Quasi-)Experimental Data

Next to structural equation modeling, the other main tradition in causal analysis
within the social, behavioral, and life sciences is the (quasi-) experimental approach.
Although the two traditions overlap in many respects, in the SEM tradition, the em-
phasis is on the data analysis phase — how to control for confounding factors in the
(causal) analyses. In the quasi-experimental approach, the main focus is on the de-
sign of a causal study — how to set up an investigation to minimize the influences of
confounding factors. Especially Campbell and his associates have made unique and
decisive contributions to the latter tradition, evaluating a large variety of research
designs in terms of their internal and external validity (for overviews, see Campbell
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and Stanley (1963) and Shadish, Cook, and Campbell (2002)). Three designs will be
discussed below — the one-group pretest-posttest design, the nonequivalent control
group design, and the randomized experimental design. Given the purposes of this
book, the focus of the next discussions will not be on the internal validity aspects
of these designs, but on the analyses of (quasi-)experimental data and especially the
role played by marginal modeling.

5.2.1 The One-group Pretest-Posttest Design

To represent a particular research design, Campbell has developed what has become,
with some minor variations, the standard notation in the methodological literature
for representing (quasi-)experimental designs. Rows indicate research groups (ex-
perimental and control groups) and columns the time order. Further, Oi is a statis-
tic (which could be the entire distribution) representing the value of the dependent
variable at a particular time and in a particular group (a mean, a proportion, etc.)
and Xe symbolizes the experimental intervention, i.e., a category of the independent
variable X . The one-group, pretest-posttest design is represented as

O1 Xe O2.

In this diagram, the symbol O1 refers to the distribution of pretest and O2 to the
distribution of the posttest for the same group, with Xe occurring in between pre-
and posttest. The purpose of the pretest-posttest design is to evaluate the influence
of Xe on the dependent variable by analyzing the difference between O1 and O2. The
fact that the pre- and posttest are conducted on the same people must be taken into
account. In uncontrolled circumstances, the biggest threat to the internal validity of
this design is ‘history.’ Between pre- and posttest, besides Xe many other things may
occur that can cause a difference between O1 and O2. The effects of these intervening
events may be confounded with the effects of Xe. Another possible threat to the
internal validity of this design is ‘testing’: the pretest can have a direct confounding
influence on the posttest that can be mistaken for the effect of Xe.

To illustrate the analysis of this design, the data from Table 5.6 on the opin-
ion about U.S. Supreme Court nominee Clarence Thomas will be used (CBS News
and the New York Times, 2001). These data were previously analyzed by Bergsma
and Croon (2005). Clarence Thomas was nominated in 1991 as member of the U.S.
Supreme Court by President George H.W. Bush. The nomination provoked some
public debate because of Clarence Thomas’ race (black) and because of his allegedly
extremely conservative social and political views. A panel of U.S. citizens was inter-
viewed regarding their opinion on Clarence Thomas’ candidacy during September
3–5 (A) and on October 9 (B). After the first wave, more precisely on September 25,
a charge of sexual harassment was brought against Clarence Thomas by his former
aide, Anita Hill. The data in Table 5.6 provide the information about how this charge
and the enormous media attention it got, symbolized by Xe, influenced opinion about
Clarence Thomas. More specifically, the differences between the marginal distribu-
tions of A and B, indicated in Table 5.6 as O1 and O2, respectively, will be used
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Table 5.6. Opinions about Clarence Thomas in the United States in September and October
1991. Source: CBS and the New York Times (2001)

October (B) All Categories Without Cat. 4
September (A) 1 2 3 4 Total O1 O2 P1 P2
1. Favorable 199 15 51 11 276 27.9 44.3 45.5 49.8
2. Not favorable 25 90 21 3 139 14.0 20.8 22.9 23.3
3. Undecided 69 44 58 21 192 19.4 23.9 31.6 26.9
4. Haven’t heard enough 146 57 107 74 384 38.7 11.0 – –
Total 439 206 237 109 991 100 100 100 100

Table 5.7. Adjusted residuals for the MH model applied to Table 5.6

B
A 1 2 3 4 O1
1 0 .28 −3.00 −13.61 −9.37
2 −.28 0 −2.64 −10.29 −4.97
3 3.00 2.64 0 −9.98 −2.44
4 13.61 10.29 9.98 0 14.78
O2 8.77 5.57 2.66 −14.81 0

for measuring the effect of Xe. In terms of the previous chapter, the nature of the
net changes must be investigated. Because O1 and O2 pertain to the same people,
marginal-modeling methods are required. Ignoring possible alternative explanations
in terms of history and testing, the null hypothesis of no effect of Xe amounts to
O1 = O2 — in other words, to MH model

πA
i

B
+ = πA

+
B
i

for all i. This MH model has to be rejected for the data in Table 5.6 (G2 = 269.47,
df = 3, p = .000, X2 = 230.88), and it is concluded that there are significant net
changes between September and October. These significant changes have mostly
to do with increasing interest. As the O1 and O2 columns in Table 5.6 show, the
number of people in Category 4 who had not heard enough about the case to decide
dropped seriously from 39% in September to 11% in October. The adjusted residuals
under the MH model for both the relevant marginal frequencies O1 and O2, and
the joint frequencies in table AB, confirm this conclusion about the main source of
the significant net changes (Table 5.7). From inspection of the marginal residuals in
Table 5.7, it is seen that the most marked changes occurred regarding Category 4 and
also, to a somewhat lesser extent, regarding Category 1. The interior cell residuals
reveal that the last row and column contain most of the bad fit — there is a consistent
movement away from Category 4 towards the first three categories. Note that the
zero residuals on the main diagonal in Table 5.7 are a necessary consequence of the
maximum likelihood estimation method for the MH model (see Bishop et al., 1975,
p. 295).
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It is clear that the Anita Hill charge and the subsequent media attention steered
the public’s opinions away from ‘not knowing enough’ about the nomination. But
did this result in a more favorable or a more unfavorable opinion? Leaving out the
last Category 4, a comparison can be made among those who said the first time that
they had enough information at their disposal to form an opinion and those who said
so the second time. The two relevant response distributions are presented in the last
two columns of Table 5.6. Response distribution P1 is based on the 607 respondents
that belonged to Categories 1, 2, or 3 of A and response distribution P2 on the 882
respondents in categories 1, 2, or 3 of B. The pre- and posttest distributions P1 and
P2 now overlap only partially: 572 respondents had heard enough to decide both in
September and October, but this partial dependency also must and can be taken into
account. The no-effects MH hypothesis P1 = P2 can be accepted: G2 = 5.06, df = 2,
(p = .080, X2 = 5.07). Although there is a very slight observed tendency towards
‘favorable’ (Category 1) and away from ‘undecided’ (Category 3), as shown in the
last two columns of Table 5.6, these net changes are not statistically significant. The
adjusted residuals for the marginal frequencies (not shown here) are on the borderline
of significance (around ±2.07) for categories 1 and 3. Given all these outcomes, it
is probably wisest to accept P1 = P2 or postpone judgment till further evidence is
available.

Given the nature of the charges and the variables involved, it may well be that
women reacted to these charges differently from men or Republicans differently from
Democrats. To investigate these possible subgroup differences, one might set up a
(causal) model for the relations among the relevant variables as explained in the
previous section, or apply the kinds of net change models for subgroups explained
extensively in the previous chapter.

5.2.2 The Nonequivalent Control Group Design

From the viewpoint of threats to the internal validity, one of the strongest quasi-
experimental designs Campbell et al. discussed is the nonequivalent control group
design, usually represented as

O1 Xe O2

−−−−−
O3 Xc O4

This design has (at least) two groups — an experimental and a control group with
pre- and posttests for both groups; Xe and Xc represent the experimental and con-
trol intervention respectively. Because the respondents are not randomly allotted to
the two groups, the potentially nonequivalent groups are separated from each other
in the diagram by a dotted line. This design is much stronger than the one-group
pretest-posttest design because of the presence of a control group. Where in the one-
group pretest-posttest design, conclusions about the experimental group undergoing
Xe potentially suffered from history and testing among other confounding factors, the
same disturbing factors are in the nonequivalent control group design also operating
in the control group undergoing Xc. They can therefore, in principle, be controlled
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by comparing (O2 −O1) with (O4 −O3). The nonequivalent control group design is
also much stronger than the ‘after only design’ without pretests. In the nonrandom-
ized after only design, the posttest difference (O2− O4) may be caused not only by
the fact that one group received Xe and the other group not (Xc), but also by selec-
tion. Perhaps the posttest differences were already present before the experimental
group experienced the experimental stimulus. By means of the pretest difference
(O1 −O3), this possibility can be investigated in the nonequivalent control group de-
sign and therefore selection can in principle be controlled. This does not mean that
there are no problems left. After all, this is not a randomized design and some kinds
of confounding factors remain a possible threat, especially in the form of interaction
effects between selection and other disturbing factors such as history. Nevertheless,
the nonequivalent control group design has, in principle, a higher internal validity
than most other quasi-experimental designs.

How to control exactly for confounding factors such as history and selection is
a much debated issue. There are several ways in which the net changes in the ex-
perimental group (O2− O1) can be compared with and corrected by the net changes
(O4 −O3) in the control group. Or, stating the same thing differently, there are sev-
eral ways in which the posttest differences (O2 −O4) can be corrected for by the
pretest differences (O1 −O3). The different approaches that have been suggested in
the literature involve different assumptions and may lead to different conclusions
about the effect of X . The partially overlapping issues that play a role in this debate
are: whether to use fixed or random-effect models or mixtures thereof; whether to
apply conditional or unconditional (marginal) models; what assumptions to make
about the (self)selection mechanism; about the nature of the growth curves; about
the causal lag; what to do about autocorrelated error terms; what about measure-
ment error; how to deal with regression artifacts (Allison, 1990 ,1994; Bryk & Weis-
berg, 1977; Campbell & Kenny, 1999; Duncan, 1972; Hagenaars, 1990, 2005; Hsiao,
2003; Judd & Kenny, 1981; Kenny & Cohen, 1980; Lord, 1960, 1963; Halaby, 2004;
Shadish et al., 2002; Wainer, 1991).

Because this section is certainly not intended as a complete treatment of the
nonequivalent control group design, most of these issues will be neglected. The focus
will be on how to carry out unconditional marginal analysis with a brief comparison
between the marginal and the conditional fixed-effects approach. In the context of re-
gression analysis, Lord (1967) has pointed out most clearly why different results may
be obtained with marginal and conditional fixed-effect analysis. Hagenaars (1990)
showed that Lord’s paradox also occurs with categorical data and loglinear models.

By way of illustration, a classical data set will be introduced that has been used
several times in the past, but not analyzed by means of the methods advocated in this
book (Glock, 1955; Campbell & Clayton, 1961; Hagenaars, 1990, pp. 215-233, and
Hagenaars, 1990, Section 5.3).

The data are from a panel study among 503 white Christians living in and around
Baltimore. The study’s purpose was to determine the effect of seeing the film ‘Gen-
tleman’s Agreement’ on reducing the level of antisemitism (Glock, 1955, p. 243).
Antisemitism was measured in November 1947 (variable A) prior to the movie be-
ing locally shown and consisted of three categories: 1 = high, 2 = moderate, and 3
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Table 5.8. Pre- and posttest antisemitism in relation to seeing film. Source: Glock, 1955. (T1is
November 1947, T2 is May 1948)

X = 1 (Seen film)
B. Antisemitism T2

1. High 2. Moderate 3. Low Total

A. Antisemitism T1 1. High 20 6 6 32
2. Moderate 4 12 10 26
3. Low 3 5 49 57
Total 27 23 65 115

X = 2 (Not seen film)
B. Antisemitism T2

1. High 2. Moderate 3. Low Total

A. Antisemitism T1 1. High 92 20 20 132
2. Moderate 34 15 27 76
3. Low 24 28 121 173
Total 150 63 168 381

= low. Antisemitism was measured again in May 1948 (variable B). In addition, the
respondents were asked whether or not they had (voluntary) seen the movie, which
had been shown in Baltimore theaters during the period between the two interviews
(variable X). The experimental group (with X = 1 or Xe) consisted of those respon-
dents who saw the movie; the control group (with X = 2 or Xc) consisted of those
who did not. Table 5.8 contains the observed frequencies.

Table 5.9 summarizes the data in the form of the marginal distributions for pre-
and posttest measurements in both groups in correspondence with the above diagram
of the nonequivalent control-group design. Table 5.9 will be referred to below as an
XTR table in which R is the response variable on Antisemitism measured with the
three categories mentioned above. T refers to the time of measurement and has two
categories (pretest: T = 1 and posttest: T = 2), and X is the dichotomous independent
variable with the two categories indicated above.

First, the unconditional or marginal approach will be applied that focuses on the
analysis of the marginal distributions labeled Oi in Table 5.9. Note that the com-
parison O1 with O2 involves the same respondents, as does the comparison O3 with
O4, but with the response observations for those who did see the movie compared
to those who did not pertain to different people. In a purely descriptive sense, the
percentages in Table 5.9 indicate that there is a slight net tendency over time towards
less antisemitism in the experimental group and a very weak tendency towards more
antisemitism in the control group. Viewed from the other perspective, the experimen-
tal group is a bit less antisemitic than the control group, but this difference is a bit
larger for the posttest than for the pretest. As it turns out, the posttest differences are
also statistically significant: hypothesis
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Table 5.9. Marginal distributions for pre- and posttest measurements in experimental and con-
trol group. Source: see Table 5.8

X = 1 (Xe Seen film) X = 2 (Xc Not seen film)
Pretest (O1) Posttest (O2) Pretest (O3) Posttest (O4)

Antisemitism
1. High 32 (28%) 27 (23%) 132 (35%) 150 (39%)
2. Moderate 26 (23%) 23 (20%) 76 (20%) 63 (17%)
3. Low 57 (50%) 65 (57%) 173 (45%) 168 (44%)

Total 115 (100%) 115 (100%) 381 (100%) 381 (100%)
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has to be rejected, using a straightforward nonmarginal test: G2 = 10.24, df = 2
(p = .006, X2 = 9.767). The pretest differences on the other hand are not significant:
hypothesis
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can be accepted, again on the basis of a straightforward nonmarginal test: G2 = 1.91,
df = 2 (p = .384, X2 = 1.88).

All these outcomes point towards a small effect of seeing the movie on anti-
semitism in the expected decreasing direction. However, the unique advantages of
the nonequivalent control-group design consists in the simultaneous comparison of
the net changes in the experimental and control group or, what amounts to the same,
in the simultaneous analyses of the posttest and pretest differences, and the previous
separate tests are not the optimal way to proceed.

A good starting point is a marginal test of the most restrictive assumption regard-
ing a complete absence of any effect of the movie — viz., the hypothesis that all four
percentage distributions Oi in Table 5.9 are the same
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for all values of k. In other words, logit model {XT,R} is valid for the data in
Table 5.9. The test outcomes are G2 = 13.00, df = 6 (p = .043, X2 = 12.72) which is
an ambiguous result. Acceptance of model {XT,R} means that one accepts the null
hypothesis that the movie did not influence the degree of antisemitism. But rejection
of model {XT,R} does not automatically imply that there is an effect of the movie,
because less restrictive models may be valid that still do not imply an effect of the
movie. Given the borderline test outcome for model {XT,R}, the adjusted residu-
als for the four distributions Oi under model {XT,R} were inspected to see how the
model could be improved. The adjusted residuals (not reported here) point out that
the degree of antisemitism is significantly overestimated for O2 (the posttest for the
experimental group), and significantly underestimated for O4 (the posttest scores in
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the control group). Perhaps, as the descriptive analysis of the percentages also sug-
gested, some changes took place in the expected direction.

To compare the net changes in the experimental and control group, first the no
net change hypothesis in the experimental group is investigated. The MH hypothesis
for the experimental group
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can be accepted: G2 = 2.96, df = 2 (p = .227, X2 = 2.89). The test statistics for the
no net change MH hypothesis for the control group
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are G2 = 3.45, df = 2 (p = .178, X2 = 3.43), and this hypothesis can also be ac-
cepted. Because the experimental and the control group have been independently
observed, the test statistics for the simultaneous hypothesis of no net change in ei-
ther experimental or control group
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which is equivalent to logit model {XT,XR} for table XTR, can be obtained by
summing the separate results for the experimental and control group: G2 = 2.96 +
3.45 = 6.42, df = 2 + 2 = 4 (p = .170). There seems to be no reason to assume that
there are any net changes in either the experimental or the control group, and the
hypothesis that intervening event Xe did not affect the degree of antisemitism can be
accepted.

At first sight, it may seem strange that accepting the no net change model
{XT,XR}, in which there is an effect of X on R, leads to the conclusion that the
movie did not have an effect. However, although model {XT,XR} allows for differ-
ences in response between the experimental and control groups reflected in the effect
of X on R, model {XT,XR} implies most importantly that these group differences
are the same at both points in time. And, as the logic underlying the nonequivalent
control-group design dictates, equal posttest and pretest differences lead necessarily
to the conclusion that the intervening event Xe does not have an influence. In terms
of possible underlying causal mechanisms, less prejudiced people are more inclined
to go and see the movie than the more prejudiced respondents and less prejudiced
people just remain less prejudiced, as do the more prejudiced ones.

If the no net change model {XT,XR} had been rejected, an alternative model to
be considered might have been model {XT,TR} for table XT R, in which there are no
pretest and no posttest differences between the experimental and the control group,
but net changes are allowed, although they are identical for both groups. Therefore,
also in model {XT,XR}, no effect of the movie (Xe) is present. Above it was seen
that the posttest differences between experimental and control groups are significant,
while the pretest differences are not. These two separate test results cannot be added
because the pre- and posttests involve the same respondents. Using the marginal-
modeling approach, the test results for the simultaneous hypotheses
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(or logit model {XT,TR}) are: G2 = 11.13, df = 4 (p = .025, X2 = 10.61). This is
a significant result at the .05 but not at the .01 level. If model {XT,TR} is accepted,
the hypothesis of no effect from seeing the movie must be accepted.

If both model {XT,XR} and model {XT,TR} had been rejected, this still would
not imply that there is an effect of the movie on the degree of antisemitism. Model
{XT,XR,TR} for table XT R would provide the final test. Logit model {XT,XR,TR}
allows for group differences in antisemitism, with the restriction that they are the
same before and after the introduction of Xe. An alternative interpretation of logit
model {XT,XR,TR} is that it allows for net changes that are the same in exper-
imental and control group. Therefore, acceptance of model {XT,XR,TR} implies
the accepting of the hypothesis of no effect of seeing the movie, rejection of this
model would lead to acceptance of an effect of the movie. Because of the dependen-
cies involved, marginal modeling is required. Not surprisingly, given the earlier test
outcomes, model {XT,XR,TR} can be accepted here: G2 = 4.17, df = 2 (p = .124,
X2 = 4.07).

If model {XT,XR,TR} had been rejected, the conclusion would have been drawn
that the movie changed the level of antisemitism and the three-variable parameter
estimates λ̂T

i
X
j

R
k in saturated model {TXR} would then have indicated how the movie

affects the level of antisemitism, because the three-variable effects λ̂T
i

X
j

R
k show how

different the posttest differences are from the pretest differences, or equivalently,
how different the net changes in the experimental group are from the net changes in
the control group. Just by way of example, the small and nonsignificant parameter
estimates λ̂T

i
X
j

R
k in model {TXR} for Table 5.9 are estimated as
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indicating that there is a very small (nonsignificant) effect of the movie into the
direction of lowering the degree of antisemitism.

Despite the suggestions derived from just looking at the percentages in Table 5.9,
which pointed towards a small effect of Xe in lowering the degree of antisemitism,
these effects (if present) cannot be distinguished from sampling fluctuations. Some-
times more power can be achieved by not comparing whole response distributions
but instead, particular characteristics of these distributions, such as means.

Because the response variable is ordinal here, comparison of the ordinal locations
appears to be the most appropriate. The multiplicative measure L′

i j will be used for
the comparison of distribution Oi with distribution O j. L′

12 then indicates the ordinal
location shift (or net change) in the experimental group and L′

34 is the corresponding
shift in the control group. The estimated difference between L̂′

12 and L̂′
34 shows the

difference between the net changes in location for experimental and control groups
and therefore can be used as a measure of the effect of the movie:

L̂′
12 − L̂′

34 = .238− (−.109)= .347.

The value of L̂′
12 shows that in the experimental group, the ordinal location of the

posttest scores is higher (less antisemitic) than the location of the pretest scores,
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while from L̂′
34 it is concluded that this is the other way around in the control group.

However, these L̂′ values are rather small and their difference is not very big. To see
that this difference is small, note that L′

12 is a log odds coefficient (see Chapter 1),
as is L′

34. Their difference is then a log odds ratio. In that perspective, the value of
.347 corresponds to a value of λ = .347/4 = .087, being the (effect coded) loglinear
association parameter in a 2× 2 with a log odds ratio equal to .347. This would be
regarded as a very modest association. A formal test that the L′s are equal (L′

12 = L′
34)

yields G2 = 4.57, df = 1 (p = .032, X2 = 4.46), which is significant at the .05, but
not at the .01 level.

Given the way L′ is computed, and the ways ties are dealt with, similar but not
identical results are obtained when comparing the differences in ordinal locations of
the pre- and posttest scores — that is, comparing L̂′

13 with L̂′
24. This is in contrast with

the use of the arithmetic means of the response distributions as a location measure; in
that case, the difference between the mean net changes is mathematically equivalent
to the difference between the mean pretest and posttest differences. The L̂′ values are

L̂′
13 − L̂′

24 = −.204− (−.538)= .334.

At both points in time, the experimental group is less antisemitic than the control
group, but the posttest differences are larger than the pretest differences. The test of
L′

13 = L′
24 now yields G2 = 4.53, df = 1 (p = .037, X2 = 4.25), again a borderline

result.
Altogether, the conclusions from these marginal, unconditional analysis are that

there is not much reason to believe that the movie did really diminish the degree
of antisemitism. The results of the logit analyses were unambiguously negative and
they are not very clear for L′. At the very best, the analyses by means of L′ suggest
the possibility of a small effect on the ordinal locations.

To determine the effect of the movie on the antisemitic attitude, the data in
Table 5.8 can also be analyzed by means of a conditional approach. This will be done
below, mainly to illustrate the above mentioned controversies about how to analyse
the data from a nonequivalent control-group design. In the conditional analysis of
the nonequivalent control-group design, the effects of the movie X on the posttest
scores B are investigated given (conditional upon) one’s initial score on the pretest
A. Table 5.10 derived from Table 5.8 contains the pertinent conditional probabilities
πB
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k of B given A and X .
The hypothesis that there is no effect of X now amounts to
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for all values of i and j. Marginal modeling methods can be used to investigate this
no-effects hypothesis by estimating the entries in Table 5.8 under the restrictions in
Eq. 5.4. However, no dependent observations are now involved and a model with
these restrictions is identical to a standard loglinear model {AX ,AB} for the joint
frequencies in the normal table XAB. Therefore, the validity of Eq. 5.4 can be tested
by means of an ordinary loglinear analysis in which model {AX ,AB} is applied to
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Table 5.10. Conditional response distributions for posttest scores given pretest scores and
group membership; see Table 5.8
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A X 1 2 3 Total

1 1 .625 .188 .188 1
2 .697 .152 .152 1

2 1 .154 .462 .385 1
2 .447 .197 .355 1

3 1 .053 .088 .860 1
2 .139 .162 .699 1

Table 5.8. The test results are G2 = 17.024, df = 6 (p = .009, X2 = 16.088), and
model {AX ,AB} has to be rejected. The logical next step is to formulate a logit
model, including an effect of X on B: model {AX ,XB,AB}. In this loglinear ‘covari-
ance model,’ X is allowed to have a direct effect on B, controlling for A. This model
can be accepted with G2 = 7.905, df = 4 (p = .095, X2 = 7.822). It appears not to
be necessary to include a three-variable interaction term and estimate model {AXB}.
The effects of X on B in model {AX ,XB,AB} are estimated as
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These estimates show that there is a small, but significant effect of seeing the movie
towards diminishing the degree of antisemitism.

The outcomes of this conditional analysis are different from the unconditional
analysis in the sense that now there is more clear evidence of a small effect from
seeing the movie. The literature cited above deals extensively with these and other
differences between the conditional and unconditional approach. Formulated in a
very general way, in the marginal approach no effect means equal net changes in the
marginal distributions for the experimental and the control group or, in other words,
equal pre- and posttest differences between the experimental and the control group.
In the conditional approach, no effect means equal conditional distributions on the
posttest for experimental and control group, conditional on the pretest scores.

5.2.3 A Truly Experimental Design

Not only the analyses of quasi-experimental designs benefit from the development
and application of marginal models, but also with truly experimental data, marginal
modeling offers many advantages and possibilities. The data that will be used in
this section to illustrate this are from an experiment designed for the investigation
of the effectiveness of a particular expert system intervention to convince people
to quit smoking. The data were collected by a group of researchers at the Cancer
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Prevention Research Center of the University of Rhode Island (U.S.) (Prochaska,
Velicer, Fava, Rossi, & Tosh, 2001). For all 4,144 smoking subjects, information was
collected on their smoking habits and their attitudes towards smoking. This was done
immediately at the start of the study, providing a baseline measurement, and then at
the sixth, twelfth, eighteenth, and twenty-fourth month. The sample of 4,144 smokers
was randomly assigned to either the control or the experimental condition. The 1358
participants in the experimental group received a series of specific instructions on
where they stood in the smoking cessation process and what they should do next to
improve their chances of quitting. These instructions were sent to them by mail at the
start of the study, and in the third and the sixth month. The 2,786 participants in the
control condition did not get any such instructions (for more details, see Prochaska
et al., 2001).

The central dependent variable in this project is a stage variable describing five
different stages of the smoking cessation process (Velicer et al., 1995): 1 = pre-
contemplation or smokers who are not considering quitting; 2 = contemplation or
smokers who are thinking about quitting in the next six months; 3 = preparation or
smokers who are planning to quit in the next 30 days and have already made a recent
attempt to stop; 4 = action or people who have stopped smoking during less than six
months; 5 = maintenance or people who have quit smoking for more than six months.
Because at the start of the study all subjects were smoking, only the first three stages
could occur at the baseline measurement.

All this gives rise to an enormous table, way too large to present here. But
as usual, the models and restrictions will be denoted in terms of a marginal table
(Table 5.11), which essentially contains the (dependent) marginal distributions of the
stage variable at the four moments of measurement, specified according to the group
one belongs to and the initial position at the beginning of the experiment. More pre-
cisely, Table 5.11 will be referred to as table T XBR, where T is the timing of the
interviews (T = 1 at 6 months, T = 2 at 12 months, T = 3 at 18 months, and T = 4
at 24 months); X is the experimental variable (X = 1 for the experimental group and
X = 2 for the control group); B represents the baseline (pretest) measurement of the
stage variable (B = 1 for Precontemplation, B = 2 for Contemplation, and B = 3 for
Preparation); and R is the (repeated) measurement of the stage variable (R = 1 for
Precontemplation, R = 2 for Contemplation, R = 3 for Preparation, R = 4 for Action,
and R = 5 for Maintenance). Table 5.11 then contains the marginal distributions of
R within the combined categories of T , X , and B and, in its last column, the number
of missing values on R.

The experimental intervention is supposed to bring people to stop smoking. One
way to investigate such an effect is to see whether indeed the marginal distributions
of R in Table 5.11 show a change in the expected direction. As a first step, it has
to be investigated whether there is any (net) change at all. One has to be sure that
the variations in the marginal distributions of R in Table 5.11 are not just random
sampling fluctuations. The null hypothesis that all conditional marginal distributions
in Table 5.11 are identical in the population, i.e.,

πR
�
|T
i

X
j

B
k = πR

� ,
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Table 5.11. Marginal distributions of Stages of change R at different time points T for groups
X and baseline levels B. Data provided by W. F. Velicer, J. O. Prochasky and B. B. Hoeppner
of the Cancer Prevention Research Centre, University of Rhode Island, Kingston, R.I.

Stage of Change R

Time T Group X Base B 1 2 3 4 5 Missing

1 1 1 301 84 22 12 11 135
2 127 223 66 31 20 98
3 36 56 56 20 10 50

2 1 741 185 28 51 5 170
2 297 462 114 70 4 156
3 90 195 102 39 7 70

2 1 1 224 75 25 24 15 202
2 96 155 51 45 41 177
3 31 51 35 25 13 73

2 1 572 159 40 63 22 324
2 220 381 99 76 56 271
3 93 115 84 55 26 130

3 1 1 196 74 16 20 18 241
2 84 128 36 35 55 227
3 26 28 40 24 22 88

2 1 477 156 35 43 46 423
2 217 302 87 63 70 364
3 73 119 81 41 44 145

4 1 1 188 64 20 26 33 234
2 86 113 41 34 66 225
3 30 26 29 17 29 97

2 1 436 145 43 43 55 458
2 193 269 95 67 80 399
3 85 85 70 51 52 160

is equivalent to the hypothesis that logit model {TXB,R} is true in the population
for table T XBR. Luckily, model {TXB,R} can be rejected: G2 = 1533.8, df = 92
(p = .000, X2 = 1425.5). Obviously, some change is going on. Exactly what changes
take place and how these are related to the experimental intervention can be inves-
tigated in several different ways, given the design of the experiment and taking the
nature of the central dependent stage variable into account. Just two possible ap-
proaches will be presented here. Later on, marginal loglinear analyses will be carried
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out on the proportion of people that quit smoking (R = 4,5). But first, marginal mod-
els will be introduced that are very similar to (M)ANOVA’s for repeated measure-
ments. In these marginal analyses, the dependent stage variable R will be treated as a
categorical interval-level variable. Compared to the standard (M)ANOVA approach,
the categorical marginal-modeling approach advocated here makes less stringent sta-
tistical assumptions. For example, in a repeated-measures (M)ANOVA, it is assumed
that the dependent variable (R) is normally distributed and quite restrictive assump-
tions about the error covariance matrix must be true for the standard F-tests to be
valid. In the analysis proposed here, none of these assumptions have to be satisfied.
The only necessary assumption pertains to the way in which the data were collected:
the sampling of the respondents has taken place according to a (product-)multinomial
or Poisson sampling scheme, which is a not very demanding assumption. More about
(M)ANOVA and the comparison with marginal modeling for categorical data can be
found in Chapter 7.

Marginal Models for the Mean Response

Because this experiment is a truly randomized repeated measurement design, in prin-
ciple, unconfounded estimates of the effects of X on R can be obtained by comparing
the mean responses between the control and the experimental group at each point in
time. For the computation of the means, the categories of R were given equidistant
integer scores 1 through 5. Because this assignment of scores is somewhat arbitrary
given the ordinal nature of R, a few other scoring patterns were tried out, such as
1,2,3,5,6, emphasizing the difference between the first three categories (still smok-
ing) and the last two (stopped smoking). But no serious differences with the equidis-
tant scoring pattern were found. An alternative might have been to use the ordinal
location parameters L or L′, but this was not investigated.

First, the relevant means were calculated from the entries in Table 5.11, summed
over B (πR

�
|T
i

X
j = πR

�
T
i

X
j

B
+�πR

+
T
i

X
j

B
+), because the initial baseline scores are not expected

to be different for the two groups with a successful randomization. These means are
reported in Table 5.12. From inspection of this table, it is seen that the means of R
systematically increase over time in both groups in more or less the same way, indi-
cating a similar tendency towards nonsmoking in the experimental and control group.
Further, the means in the experimental group are about .15 higher than in the control
group at all points in time. At a first descriptive sight, the expert system intervention
does seem to have an impact on smoking cessation, perhaps not a dramatically big
one, but from an applied perspective — convincing people to stop smoking — an
important one.

A more formal analysis may start from an increase of the means over time (every
six months) as a simple function of time and group. This simple model for the means
only contains the additive main effects of time of observation (T ) and the intervention
variable X on the response stage variable R,

μT
t

X
g = υ + αT

t + β X
g ,
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Table 5.12. Mean Stage of change R as a function of Group X and Time T . Based on
Table 5.11; see also text

Time T

Group X 1 2 3 4
1 1.934 2.171 2.286 2.404
2 1.784 2.018 2.113 2.213

with μT
t

X
g denoting the mean response for T = t and X = g, υ the overall ef-

fect, αT
t the effect of T , and β X

g the effect of X and with identifying restrictions

∑t αT
t = ∑g β X

g = 0. When fitted, using the marginal-modeling approach described
in Chapter 3, this main-effects model fits the data almost perfectly: G2 = 0.57, df = 3
(p = .904, X2 = 0.57). Therefore, there is no need to introduce interaction terms
δT

t
X
g for the interaction effects of T and X on R: the effects of the intervention X

are the same at each point in time. Further, the main effects β̂ X
g of X are significant.

This follows from the parameter estimates and their standard errors reported below,
and from the fact that the model with no effects of X , i.e., the above main-effects
model but with β X

g = 0 for g = 1,2 has to be rejected: G2 = 21.35, df = 4 (p = .000,
X2 = 21.80). The estimated effects of T and X on R are (with the standard errors
between parentheses)

α̂T
t =

⎛

⎜
⎜
⎝

−.253 (.015)
.018 (.013)
.082 (.014)
.189 (.014)

⎞

⎟
⎟
⎠

and

β̂ X
g =

(
.082 (.017)

−.082 (.017)

)
.

The formal analysis leads essentially to the same conclusions as the descriptive
analysis based on the observed outcomes in Table 5.12. The intervention has a sta-
tistically significant effect in the intended direction causing an estimated mean dif-
ference of .164 between the experimental and the control group — a difference that
is the same at each point in time. Further, there is a clear and significant change over
time towards giving up smoking: either the longer participation in the experiment
as such has a positive effect on smoking cessation, or α̂T

t reflects a societal trend
towards nonsmoking during these months. The fact that the decrease in smoking is
largest in the beginning of the experiment points perhaps in the direction of the first
option.

There is, however, one problem with the above analyses. Although this study
uses a randomized design, the missing data may have destroyed the random char-
acter of the group assignment. It seems reasonable to try to correct for the possible
bias caused by the missing data by conditioning on the pretest scores — that is, on
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Table 5.13. Mean Stage of change R as a function of Group X , Baseline B, and Time T ; see
Table 5.11

Time T

Group X Base B 1 2 3 4
1 1 1.48 1.71 1.73 1.95

2 2.13 2.43 2.55 2.65
3 2.51 2.60 2.91 2.92

2 1 1.41 1.60 1.71 1.80
2 1.97 2.24 2.28 2.39
3 2.26 2.48 2.62 2.70

the baseline variable B. If the missing data is systematically related to the outcome
variable, conditioning on B might at least mitigate the possible biasing effects of the
missing data. Moreover, it might be expected that controlling for B enhances the pre-
cision of the estimates of the effects of X on R (although this turned out hardly to be
the case). Table 5.13 contains the mean scores of R for the different combinations of
levels of T , X , and B, based on the original entries in Table 5.11.

The simple main-effects model for the means in Table 5.13 takes the form

μT
t

X
g

B
b = υ + αT

t + β X
g + γB

b ,

with the additional identifying restriction ∑b γB
b = 0. This main-effects model fits

the data very well with G2 = 17.18, df = 17 (p = .442, X2 = 16.94). Introducing
an extra parameter δX

g
B
b to capture possible interaction effects of X and T on R does

not improve the fit significantly: G2 = 17.18−15.76,= 1.41, df = 17−14 = 3 (p =
.702). Further, all three main effects on R are significant. The hypothesis that T has
no significant main effect (αT

t = 0 for all t) has to be rejected with G2 = 329.22,
df = 20 (p = .000, X2 = 306.17). The hypothesis that the baseline level B has no
effect (γB

b = 0 for all b) has also to be rejected: G2 = 462.43, df = 19 (p = .000,
X2 = 368.03). Finally, and most importantly, the hypothesis that the experimental
intervention X has no effect (β X

g = 0 for all g) must be rejected with G2 = 37.64,
df = 18 (p = .004, X2 = 37.95) and, conditionally, compared to the main-effects
model: G2 = 37.64−17.18 = 20.46, df = 18−17 = 1 (p = .000). The estimates of
the model parameters with the standard errors between parentheses are

α̂T
t =

⎛

⎜
⎜
⎝

−.246 (.014)
−.015 (.013)

.075 (.014)

.186 (.016)

⎞

⎟
⎟
⎠ ,

β̂ X
g =

(
.071 (.016)

−.071 (.016)

)
,
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and

γ̂B
b =

⎛

⎝
−.496 (.019)

.099 (.020)

.397 (.016)

⎞

⎠ .

The introduction of the baseline measurement B as a covariate does not seriously
alter the conclusions regarding the effects of time (α̂T

t ) and the intervention (β̂ X
g ). In

that sense, the missing data effects as far as those captured through B did not distort
our effect estimates. Parameter estimates γ̂B

b reflect the effect of the initial attitudes
towards smoking. B has the biggest effect on R. In that sense, the respondents are
remarkably consistent over time (not surprisingly).

The analogy of the above categorical marginal analyses of means with the anal-
ysis of covariance can be taken further by computing measures that are akin to pro-
portions of unexplained and explained variance on the basis of the observed and
estimated data. Although in categorical data analysis the ‘error terms’ are not in-
dependent of the predicted data and some of the usual ‘additivity’ properties may
no longer be valid, meaningful analogous measures of explained variance have been
developed for categorical dependent variables, especially in the context of logistic
regression (Long, 1997; Hosmer & Lemeshow, 2000) This issue will not be pursued
further here.

A Marginal Logit Model for the Probability of Quitting Smoking

The main aim of the intervention study was to stimulate the participants to quit smok-
ing. Therefore, the ultimate test of the success of the intervention is the number of
people that eventually stopped smoking — more precisely, the probability that a par-
ticipant ends in one of the two last stages (R = 4 (Action) or R = 5 (Maintenance))
at the end of the study. Table 5.14 contains those probabilities for the different levels
of X , B, and T . For example, the probability of ‘stopped smoking’ for a respondent
in T XB = 111 is .053, and the probability to continue smoking is 1− .053 = .947;
for T XB = 423 these probabilities are .300 and .700, respectively.

A visual inspection of Table 5.14 suggests that all explanatory variables T , X ,
and B have an effect on the probability of quitting smoking. Treating Table 5.14 as if
it were an ordinary TXBS table, where S is a dichotomous variable having stopped
smoking (S = 1) or not (S = 2), the main effects of the explanatory variables on S
are estimated in logit model {TXB,T S,XS,BS}. This model fits the data very well
(G2 = 12.16, df = 17, p = .790, X2 = 12.05), and no further interaction effects have
to be added. The estimates of the main effects (and the standard errors) are (using the
notation of the previous subsection for ease of comparison rather than our standard
notation (with α̂T

t equal to λ̂T
t

X∗ B∗S
1; β̂ X

g equal to λ̂T∗ X
g

B∗S
1; and γ̂B

b equal to λ̂T∗ X∗ B
b

S
1)),

α̂T
t =

⎛

⎜⎜
⎝

−.355 (.023)
.021 (.016)
.110 (.017)
.224 (.017)

⎞

⎟⎟
⎠ ,
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Table 5.14. Probability of being in stages Action or Maintenance (R = 4 or 5) as a function of
Group X , Baseline B, and Time T ; from Table 5.11

Time T

Group X Base B 1 2 3 4
1 1 .053 .107 .117 .178

2 .109 .222 .266 .294
3 .169 .245 .329 .351

2 1 .055 .099 .118 .136
2 .078 .159 .180 .209
3 .106 .217 .237 .300

β̂ X
g =

(
.080 (.021)

−.080 (.021)

)
,

and

γ̂B
b =

⎛

⎝
−.260 (.028)

.038 (.026)

.222 (.029)

⎞

⎠ .

The pattern of the estimates is much the same as found for the mean responses,
although now the effect of T is as big (or a bit larger) than the effect of B. Testing the
hypothesis that T has no effect on the probability of having stopped smoking yields
G2 = 304.54, df = 20 (p = .000, X2 = 285.16). Similarly, testing that B has no effect
leads to G2 = 105.40, df = 19 (p = .000, X2 = 102.36). However, the crucial test
that X has no effect unexpectedly yields a nonsignificant result: G2 = 27.62, df = 18
(p = 0.068, X2 = 28.57). On the other hand, the more powerful conditional tests of X
having no effect against the main-effects logit model, yields G2 = 27.62− 12.16 =
15.46, df = 18− 17 = 1 (p = .000), which is a clearly significant result. The final
conclusion must be that the intervention brought people to stop smoking, although
the effect is not very large compared to the effects of T . From the estimates β̂ X

g , it
can be computed that the odds of stopping smoking rather than not stopping smoking
are 1.38 times larger for the experimental group than for the control group. From an
applied perspective, this may might well be an important finding.

To repeat the beginning of this chapter, marginal modeling is certainly not to be
opposed to causal modeling. On the contrary, marginal modeling offers the possi-
bility of utilizing normal SEMs even with data that contain dependent observations
by design but where the researcher is not interested in the dependency, as such. By
means of marginal modeling, the usual models occurring in comparative research
can be handled even when comparing groups with matched observations. When nec-
essary, additional marginal restrictions can be added to SEMs that are not feasible
with the standard algorithms.
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Regarding quasi-experimental and experimental designs with repeated measures,
marginal modeling makes analyses possible for categorical dependent variables that
are very similar to the ones for continuous dependent variables. Moreover, even with
an interval-level dependent variable with five or more categories, regarded usually
as enough to treat them as continuous, the marginal-modeling approach for categor-
ical variables may have advantages above traditional (M)ANOVA models because
of the weaker assumptions about the sampling distributions and the absence of strict
assumptions about the nature of the dependencies in the data.
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Marginal Modeling with Latent Variables

So far in this book, all analyses have been conducted at the manifest, observed data
level with the implicit assumption that the observed data resulted from perfectly
valid and reliable measurements of the intended concepts. However, observed data
are often only indirect measures of what researchers want to measure and are often
contaminated by measurement errors. Latent variable models provide very powerful
tools for discovering many kinds of systematic and unsystematic measurement errors
in the observed data, and offer many ways to correct for them. For categorical data —
where the measurement errors are usually denoted as misclassifications — the most
appropriate and flexible latent variable model is the latent class model (Lazarsfeld &
Henry, 1968; Goodman, 1974a; Goodman, 1974b; Haberman, 1979; Clogg, 1981b;
Hagenaars & McCutcheon, 2002). Combining latent class models with marginal re-
strictions makes it, in principle, possible to conduct the marginal analyses at the
latent level. Important pioneering work regarding maximum likelihood estimation
for marginal latent class models has been conducted by Becker and Yang (1998).

Because not all readers may be familiar with latent class models, the basic latent
class model will be introduced in the next section, mainly in the form of a loglinear
model with latent variables. Thereafter, in Section 6.2, a simple marginal homogene-
ity model for the joint distribution of two latent variables will be presented. Further,
it will be shown that application of the marginal-modeling approach advocated in
this book makes it possible to handle latent class models that lie outside the loglin-
ear framework (Section 6.3). Next, two examples of marginal categorical SEMs with
latent variables will be presented in Section 6.4. The explanation of the appropri-
ate ML estimation procedures for latent marginal modeling is presented in the final
Section 6.5.

6.1 Latent Class Models

Only the very basic principles of latent class analysis will be dealt with here, and only
from the viewpoint of discovering and correcting the unreliability of measurements.

W. Bergsma et al., Marginal Models: For Dependent, Clustered, and Longitudinal 191
Categorical Data, Statistics for Social and Behavioral Sciences,
DOI: 10.1007/978-0-387-09610-0 6, c© Springer Science+Business Media, LLC 2009
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Table 6.1. Party preference and Candidate preference for Prime Minister, February-March
1977. Variables A and B are Party preference at T 1 and T 2, respectively; variables C and
D are Candidate preference at T 1 and T 2, respectively. All variables have categories 1 =
Christian-Democrats, 2 = Left wing, and 3 = Other. Source: Hagenaars 1990, p.171

C 1 2 3 Total
D 1 2 3 1 2 3 1 2 3
A B
1 1 84 9 23 6 13 7 24 8 68 242

2 0 1 0 0 8 1 2 2 3 17
3 3 1 2 0 2 3 2 3 9 25

2 1 1 1 0 1 2 2 1 0 1 9
2 2 4 0 1 293 6 1 22 21 350
3 1 0 0 1 8 7 0 0 9 26

3 1 6 1 1 4 5 0 9 1 16 43
2 0 1 1 0 31 0 2 9 7 51
3 14 1 15 3 48 23 12 21 200 337

Total 111 19 42 16 410 49 53 66 334 1100

For an overview of the many other applications of latent class analysis, see Hagenaars
and McCutcheon (2002). The data in Table 6.1 will be used for illustration. These
data come from a Dutch panel study (T1 – February 1977, T2 – March 1977) and
concern the questions for which party the respondent intends to vote (variables A
and B, respectively) and which candidate the respondent prefers to become the next
Prime Minister (C and D). The data have been analyzed before (Hagenaars, 1986,
1988, 1990), and more information on the panel study and the outcomes may be
obtained from these references.

If it is assumed that Party preference and Candidate preference are both indica-
tors of the underlying concept Political orientation, and if it is also believed that this
underlying variable is stable over time during the interview period, the relationships
among the four variables A through D can be explained by the latent class model in
Fig. 6.1.

In the basic latent class model in Fig. 6.1, the symbol X represents an unob-
served categorical latent variable that is assumed here to have three latent categories
or classes in agreement with the categories of the manifest variables. Observed vari-
ables A through D are considered to be the indicators of X . In general, they will not
be completely reliable and valid indicators and the relationship between the latent
variable and an indicator is not perfect. There are, in this sense, misclassifications.
Due to all kinds of accidental circumstances, some people who have a truly left-
wing Political orientation (X = 2) will nevertheless say they intend to vote for the
Christian-Democratic Parties (A = 1), etc. An important characteristic of this basic
latent class model is that there are no direct relations among the indicators. This is
the local independence assumption: all indicators are conditionally independent of
each other, given the score on X . For example, for indicators A and B,
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πA
i

B
j
|X
t = πA

i
|X
t πB

j
|X
t .

In other words, all that A through D have in common with each other is completely
due to their separate, direct dependencies on X , i.e., to their being an indicator of X .
This crucial local independence assumption also implies that the misclassifications
of the several indicators are independent of each other.

X

A B C D

Fig. 6.1. The basic latent class model — the manifest variables A,B,C and D are independent
given the value of the latent variable X

The assumed existence of the latent variable X with T latent classes means that
the population can be divided into T mutually exclusive and exhaustive categories,
and that

∑
t

πX
t

A
i

B
j
C
k

D
l = πA

i
B
j
C
k

D
l .

Because of the local independence assumption, the joint probability for the latent
and observed variables can be written as

πX
t

A
i

B
j
C
k

D
l = πX

t πA
i
|X
t πB

j
|X
t πC

k
|X
t πD

�
|X
t . (6.1)

Parameter πX
t denotes the probability that an individual belongs to latent class X = t.

The other parameters are conditional response probabilities, e.g., πA
i
|X
t represents the

conditional probability that someone answers i on A, given that person is in latent
class X = t.

The equivalent loglinear representation of this basic latent class model is (using
the ‘marginal notation’)

lnπXABCD
t i j k l = λX
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Y

Z

A B

DC

Fig. 6.2. The latent class model with two stable latent variables, Party preference and Candi-
date preference

or model {AX,BX,CX,DX} in the short-hand notation for hierarchical models.
The model parameters in Eqs. 6.1 or 6.2 can be estimated in standard ways, e.g.,

using the EM algorithm. In general, because of the presence of the latent variable(s)
in the loglinear model, identification of the parameters can be problematic (but not
in this example). More on estimation procedures and identifiability of latent class
models can be found in the references in the beginning of this chapter.

The model can be tested by means of chi-square tests by comparing the observed
frequencies nA

i
B
j
C
k

D
l with the estimated manifest frequencies Nπ̂X

+
A
i

B
j
C
k

D
� , where N is the

sample size. The number of degrees of freedom for testing identifiable models equals,
as usual, the number of independent ‘knowns’ minus the number of nonredundant
‘unknowns.’ The independent ‘knowns’ are here the number of cells in the joint
observed table ABCD minus one: 34−1 = 80; the non-edundant ‘unknowns,’ are the
number of parameters to be estimated, taking into account that probabilities sum to 1
where appropriate or that the loglinear parameters are subjected to the usual (effect
or dummy coding) identifying restrictions. Here, 26 parameters are to be estimated.
Therefore, the number of degrees of freedom here is 80− 26 = 54. Applying this
basic latent class model with one trichotomous latent variable to the data in Table 6.1
yields G2 = 362.71, df = 54 (p = .000, X2 = 491.24). The one latent variable model
has to be rejected: it cannot be maintained that the preferences for political parties
and for candidates for Prime Minister are the indicators of one underlying variable
Political orientation that is stable over time.

Perhaps the stability restriction is the problem. It might be the case that Party
preference and Candidate preference are the indicators of one underlying latent vari-
able Political orientation, but that some respondents changed their underlying po-
litical position from February to March. Two trichotomous latent variables Y and Z
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Table 6.2. Estimates of conditional probabilities for model {Y Z,YA,Y B,ZC,ZD}: Y is the la-
tent Party preference (with indicators A, B), Z the latent Candidate preference (with indicators
C, D); data in Table 6.1

π̂A
i
|Y
r π̂B

j
|Y
r π̂C

k
|Z
s π̂D

�
|Z
s

A B C D
Y Z π̂Y

r
Z
s 1 2 3 1 2 3 1 2 3 1 2 3

1 1 .168 .87 .02 .11 .94 .02 .04 .68 .08 .24 .74 .08 .17
1 2 .015 .87 .02 .11 .94 .02 .04 .01 .91 .08 .00 .99 .01
1 3 .089 .87 .02 .11 .94 .02 .04 .04 .11 .85 .04 .07 .89
2 1 .003 .03 .87 .10 .00 .98 .02 .68 .08 .24 .74 .08 .17
2 2 .343 .03 .87 .10 .00 .98 .02 .01 .91 .08 .00 .99 .01
2 3 .027 .03 .87 .10 .00 .98 .02 .04 .11 .85 .04 .07 .89
3 1 .026 .04 .05 .91 .03 .03 .94 .68 .08 .24 .74 .08 .17
3 2 .054 .04 .05 .91 .03 .03 .94 .01 .91 .08 .00 .99 .01
3 3 .278 .04 .05 .91 .03 .03 .94 .04 .11 .85 .04 .07 .89

may then be assumed to exist, one for the true political orientation position at time 1
(Y ), and one for the underlying position at time 2 (Z). In loglinear (shorthand) terms,
the model becomes {YZ,YA,YC,ZB,ZD}. However, when applied to the data in
Table 6.1, this two latent variable model does not perform remarkably better than the
one latent variable model: G2 = 351.13, df = 48 (p = .000, X2 = 501.02). Stability
of the latent variable does not seem to be the main problem.

An alternative two-latent variable model is depicted in Fig. 6.2. In this model, it is
no longer assumed that Party preference and Candidate preference are the indicators
of one underlying concept. Rather, a stable trichotomous latent variable Party prefer-
ence (Y ) is postulated with indicators A and B, as well as a stable trichotomous latent
variable Candidate preference (Z) with indicators C and D. This model, represented
in loglinear terms as {YZ,YA,Y B,ZC,ZD}, fits the data in Table 6.1 much better than
the previous two models: G2 = 84.74, df = 48 (p = .000, X2 = 94.33). Obviously,
the fit is still not satisfactory according to a p-level of .05 or .01. Nevertheless, this
model will be explained further in this section and used in the following one to il-
lustrate latent marginal homogeneity. In Section 6.4, model {YZ,YA,YB,ZC,ZD}
will be extended to arrive at a well-fitting model. The representation of model
{YZ,YA,YB,ZC,ZD} in terms of (conditional response) probabilities is as follows:
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The estimates of the probabilities from Eq. 6.3 are presented in Table 6.2. It is
left to the interested reader to study Table 6.2 in detail. Just a few striking features
will be pointed out here, to give a general feeling of how to handle and interpret
latent class models. First of all, as is true in all latent variable models, the latent
variables get their meaning and substantive interpretations from their relationships
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with their indicators. Information about the association between the latent variables
and the indicators is provided by the conditional response probabilities. From their
patterns, it is clear that there exists here a strong positive relationship between each
latent variable and its indicators, and that the meanings of the categories of the latent
variables can be interpreted in agreement with the meanings of the categories of the
indicators. Association measures — such as loglinear parameters — describing the
relationships between the latent variable and its indicators can be seen as a kind of
reliability estimate of the indicators by means of which the reliabilities of categorical
indicators can be compared.

Once the meanings of the latent variables and their categories is estab-
lished, the conditional response probabilities can often be interpreted in terms of
misclassification probabilities — that is, in terms of ‘correct’ or ‘incorrect’ answers
in agreement with the latent class someone belongs to. Striking in the outcomes in
Table 6.2, and often seen in panel analyses is that the probabilities of a correct answer
are always somewhat larger in the second wave than in the first wave: π̂A

i
|Y
i < π̂B

i
|Y
i

and π̂C
i
|Z
i < π̂D

i
|Z
i . Further, all conditional probabilities of a correct answer for all indi-

cators are around .90 (or higher), except for the conditional probability of choosing
the Christian-Democratic candidate (C = 1,D = 1), given one is a true supporter of
a Christian-Democratic candidate (Z = 1): π̂C

1
|Z
1 = .68 and π̂D

1
|Z
1 = .74. This probably

reflects the fact that the Christian-Democratic candidate, in contrast to the other
candidates, was a newcomer as leader of the Christian-Democrats. Even his (‘true’)
supporters were uncertain about him.

Finally, there are the parameter estimates π̂Y
r

Z
s representing the joint distribution

of the two latent variables, i.e., the true Party preference (Y ) and the true Candidate
preference (Z). From these estimates, it is clear that the two latent variables are highly
positively correlated. In terms of the loglinear representation, it turns out that the
λ̂ -parameters on the main diagonal of table YZ have very large values: λ̂Y

1
Z
1 = 1.821,

λ̂Y
2

Z
2 = 2.204 and λ̂Y

3
Z
3 = .799. Compared to the corresponding parameter estimates

on the manifest level, the latent relationship is much stronger than the manifest one.
For example, for the marginal manifest relation B−D (stronger than A−C), the cor-
responding loglinear parameters are: λ̂B

1
D
1 = 1.223, λ̂B

2
D
2 = 1.644, λ̂B

3
D
3 = .501. As

with continuous data, the observed association is corrected for ‘attenuation due to
unreliability.’ Although, as Alwin (2007, Chapter 11) rightfully remarked, a satisfac-
tory operational definition of the reliability of a categorical variable that has similar
properties to continuous data is hard to find, and the latent class model provides a
way to correct the relationships at the latent level for unreliability in the form of in-
dependent classification errors in much the same vein as can be done for continuous
data. This opens the possibility to apply marginal models adjusted for unreliability
in the measurements.

6.2 Latent Marginal Homogeneity

A simple example of a research problem leading to a marginal model involving latent
variables is whether or not the latent table YZ discussed at the end of the previous



6.2 Latent Marginal Homogeneity 197

section has homogenous marginals. Once this simple example is understood, the
application of more complicated marginal models for latent variables follows easily.

The research problem concerns the question of whether or not the overall support
for a political leader in the population is the same as the support for the corresponding
party. Such a question may be of theoretical interest, but is certainly of practical
political importance. A first answer to this question is possible by carrying out the
analysis at the manifest level only. The manifest data in Table 6.1 can be used to
find the answer for these particular elections. Under the hypothesis that the overall
support for parties and leaders is the same at both points in time, the cell entries
πA

i
B
j
C
k

D
� are estimated subject to the simultaneous marginal homogeneity restrictions

that the marginal distributions of A and C are homogeneous, as well as the marginal
distributions of B and D:

πA
i

B
+

C
+

D
+ = πA

+
B
+

C
i

D
+

πA
+

B
i

C
+

D
+ = πA

+
B
+

C
+

D
i .

(6.4)

The test outcomes for the restrictions in Eq. 6.4 applied to Table 6.1 are G2 =
111.044, df = 4 (p = .000, X2 = 94.566). According to this manifest data analy-
sis, it is clear that the hypothesis that Party preference and Candidate preference
have the same marginal distribution, both at time 1 and at time 2, must be rejected.
From the adjusted marginal residual frequencies (not reported here), it is seen that
especially the Christian-Democratic candidate for Prime Minister was less popular
and the left-wing candidate more popular than their respective parties at both points
in time.

However, possible misclassifications in the data might influence this marginal ho-
mogeneity test on the manifest level. It is, for example, possible that there exists true
(latent) marginal homogeneity between Candidate preference and Party preference,
but that different patterns of misclassifications for the two characteristics destroy the
marginal homogeneity at the manifest level. If model {YZ,YA,YB,ZC,ZD}, defined
by Eq. 6.3, can be accepted as valid for the data in Table 6.1 (at least for the sake of
illustration), then π̂Y

r
Z
s represents the estimated ‘true’ joint distribution of Party pref-

erence and Candidate preference, adjusted for independent misclassifications. The
test of latent marginal homogeneity,

πY
i

Z
+ = πY

+
Z
i , (6.5)

within model {YZ,YA,Y B,ZC,ZD} is then a test for the ‘true’ marginal homogeneity
of Party preference and Candidate preference.

When carrying out this latent MH test, it is important to make sure that the corre-
sponding categories of the latent variables have the same substantive meaning, e.g.,
Y = 1 (Christian-Democrats) should refer to the same substantive category Z = 1
(Christian-Democrats). This note of caution is necessary because the order of the
categories of the latent variables is not fixed in the estimation process and should al-
ways be checked by means of the relationships between the latent variables and their
indicators. Choosing appropriate starting values may overcome this small, but easily
overlooked problem, which, if overlooked, can have serious negative consequences.
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As can be inferred from the outcomes in Table 6.2 for model {YZ,YA,YB,ZC,
ZD} without the MH restriction, the estimated latent marginal distributions of
Y and Z differ from each other. For the successive response categories 1, 2,
and 3, the estimated marginal probabilities π̂Y

r
Z
+ (latent Party preference) are

(.269, .373, .358). For Z, latent Candidate preference, the estimated marginal prob-
abilities π̂Y

+
Z
r are (.197, .411, .392.). The largest difference exists for the Christian-

Democratic Category 1: the Christian-Democratic candidate is less preferred than
his Christian-Democratic party. The question is whether this is a statistically sig-
nificant difference. Hagenaars (1986) tested the latent MH hypothesis in Eq. 6.5 by
means of a conditional marginal homogeneity test applying latent (quasi-)symmetry
models to the same data and using the same model {YZ,YA,YB,ZC,ZD}. The test
outcomes were G2 = 21.46, df = 2, p = .000. The substantive conclusions were in
line with the above test outcomes of the manifest MH hypothesis in Eq. 6.4, also
regarding the relative stronger or weaker support of particular candidates compared
to their parties.

The test outcomes of the much more flexible marginal approach advocated here
are G2 = 106.27, df = 46 (p = .000, X2 = 114.16). Obviously, model {YZ,YA,Y B,
ZC,ZD} with the latent MH restraint in Eq. 6.5 has to be rejected for the data in
Table 6.1. Further, because it was decided to accept model {YZ,YA,YB,ZC,ZD}
for the time being, the conditional test on the latent MH restriction within model
{YZ,YA,YB,ZC,ZD} yields G2

MH = 106.27−84.74 = 21.53, dfMH = 48−46 = 2,
p = .000. Also, this conditional test clearly leads to a rejection of the latent MH
restriction in Eq. 6.5. Even taking misclassifications into account, the ‘true’ distri-
butions of Party preference and Candidate preference differ from each other in the
way indicated above. As a final note, the conditional test statistic G2

MH = 21.53 is for
all practical purposes the same as the conditional test outcome based on the (quasi-
)symmetry models reported above, which was G2 = 21.46. This is caused by the fact
that the quasi-symmetry model fits the joint latent distribution Y Z almost exactly.

6.3 Loglinear and Nonloglinear Latent Class Models: Equal
Reliabilities

So far, a latent marginal model was defined for the relationships among the (two)
latent variables. Other marginal models involving latent variables may concern the
relationships between the latent variables and the manifest variables (or in partic-
ular, the indicators of the latent variables). For this, the associations between the
latent variables and their indicators have to be parameterized. For obvious reasons,
these associations will often be indicated here as reliabilities, when there is a one-to-
one relationship between the categories of the latent variables and the indicators. The
reliability can be expressed in terms of odds ratios, percentage differences, or agree-
ment coefficients, among other things. Restrictions on these reliability coefficients is
sometimes straightforward in the sense that the standard algorithms for latent class
analysis developed by Goodman and Haberman (see references in the beginning of
this chapter) can be used. These algorithms essentially define the latent class model
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Table 6.3. Party preference and Presidential candidate preference, Erie County, Ohio, 1940
(August (T1) and October (T2)). Source: Lazarsfeld 1972, p. 392

C - Party preference (T2) 1. Democrats 2. Republicans
D - Candidate preference (T 2) 1. Against 2. For 1. Against 2. For Total

A - Party
pref.-(T1)

B - Candidate pref.
(T1)

1. Democrats 1. Against Willkie 68 2 1 1 72
2. For Willkie 11 12 0 1 24

2. Republicans 1. Against Willkie 1 0 23 11 35
2. For Willkie 2 1 3 129 135

Total 82 15 27 142 266

in terms of a loglinear model with latent variables. Imposing all kinds of linear re-
strictions on the (log)odds ratios fits nicely within their approach. However, these
standard algorithms cannot be used in general to impose restrictions on reliability
coefficients like percentage differences or agreement coefficients. Imposing such re-
strictions is not a problem in terms of our marginal-modeling approach explained in
Chapter 3, and the last section of this chapter.

For illustration, use will be made of a famous and often analyzed data set that
concerns variables much like the ones in the previous sections of this chapter. These
data come from the first systematic panel study on voting, conducted by Lazarsfeld
and his associates in Erie County, Ohio in 1940 (Lazarsfeld et al., 1948; Lazarsfeld,
1972; Wiggins, 1973; Hagenaars, 1993). The data are presented in Table 6.3 and
refer to the variables A – Party preference at time 1 – August 1940 (1. Republican
2. Democrat), B – Presidential Candidate preference at time 1 (1. for Willkie 2.
against Willkie), C – Party preference at time 2 – October 1940, and D – Presidential
Candidate preference at time 2. Wendell Willkie was the (defeated) 1940 Republican
presidential candidate running against the Democrat Franklin D. Roosevelt.

Hagenaars (1993) fit several loglinear latent class models to the data in Table 6.3
and found model {YZ,YA,YC,ZB,ZC}, where Y and Z are dichotomous latent
variables, to fit well with G2 = 7.32, df = 4 (p = .120, X2 = 11.53). Note that
this model is very similar to the latent Party/Candidate preference depicted in
Fig. 6.2 (with an interchange of indicator labels). The estimated model parameters
for model {YZ,YA,YC,ZB,ZC} in terms of (conditional) probabilities are presented
in Table 6.4.

6.3.1 Restrictions on Conditional Response Probabilities

If there is a one-to-one relationship between the categories of the latent variable and
the indicators, the conditional response probabilities represent the probabilities of
misclassification and, as such, reflect the (un)reliability of the indicators. From the
seminal 1974 Goodman papers on, many authors have suggested ways to formu-
late and test hypotheses about the reliabilities of the indicators directly in terms of
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Table 6.4. Estimates of conditional) probabilities for model {Y Z,YA,YC,ZB,ZD} applied to
Table 6.3. Variable Y is the latent Party preference (with indicators A, C), variable Z the latent
Candidate preference (with indicators B, D)

Y = r Z = s π̂Y
r

Z
s π̂A

1
|Y
r π̂A

2
|Y
r π̂B

1
|Z
s π̂B

2
|Z
s π̂C

1
|Y
r π̂C

2
|Y
r π̂D

1
|Z
s π̂D

2
|Z
s

1 1 .315 .97 .03 .85 .15 .99 .01 .99 .01
1 2 .051 .97 .03 .08 .92 .99 .01 .00 1.00
2 1 .101 .01 .99 .85 .15 .00 1.00 .99 .01
2 2 .534 .01 .99 .08 .92 .00 1.00 .00 1.00

restrictions on the conditional response probabilities (see the general latent class ref-
erences cited in the beginning of this chapter). Usually restrictions are imposed on
the conditional probabilities of giving a ‘correct’ answer in agreement with the latent
class someone is in. But it may also be interesting to constrain the probabilities of
particular misclassifications and of giving ‘wrong’ answers. Of course, for dichoto-
mous manifest and latent variables, restricting the misclassification is identical to
restricting the probabilities of a correct answer, and vice versa.

In terms of the example of this section, the hypothesis that dichotomous indicator
A — the manifest variable party preference at time 1 — is a perfect indicator of the
true underlying party preference Y can be tested by setting the pertinent conditional
response probabilities to one:

πA
1
|Y
1 = πA

2
|Y
2 = 1.

Each answer on A is completely in agreement with the true latent class the respondent
belongs to and there are no misclassifications for this item.

When the indicators have more than two categories, it is possible to exclude
particular kinds of misclassifications by setting particular conditional response cate-
gories to zero without automatically setting other response probabilities equal to one.
For example, it might be ruled out in this way that a truly left person who belongs
to the latent-left category expresses a manifest preference for an extreme right-wing
party, or, to give a completely different example, that a truly very high-status person
has a manifest occupation with a very low status (Hagenaars, 1990, p. 188; Clogg,
1981a).

Besides setting conditional response probabilities equal to a constant (0, 1, .5,
etc.), it is also possible to make particular response probabilities equal to each other.
For example, imposing restriction

πA
1
|Y
1 = πA

2
|Y
2

can be used to test the hypothesis that A has the same reliability for both latent
classes. The conditional response probability that a correct answer is given on A is
the same for Y = 1 and Y = 2. A restriction such as
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πA
i
|Y
r = πB

i
|Z
r

expresses the hypothesis that A and B are equally reliable indicators for their respec-
tive latent variables (for one or all latent classes).

All above restrictions on the (marginal) conditional response probabilities (in
marginal tables AY , BZ, etc.) can be formulated within the loglinear model, i.e.,
in terms of linear restrictions on the pertinent loglinear parameters λ in model
{YZ,YA,YC,ZB,ZD}, or in terms of structural zeroes in the table with estimated
frequencies (see Hagenaars, 1990, p. 111 and Heinen, 1996, p. 53). Therefore, im-
posing such restrictions on the conditional response probabilities does not make the
latent class model nonloglinear, and estimation can be achieved by means of the
standard efficient algorithms proposed by Goodman (1974a), Goodman (1974b), and
Haberman (1979). (A slight but important extension of this standard algorithm has
been made by Mooijaart and Van der Heijden (1991); see also Vermunt, 1997a).

Restricting the reliabilities of the indicators by means of the conditional response
probabilities makes intuitively much sense and provides clear and simple interpreta-
tions in terms of (equal) probabilities of misclassification. However, a serious disad-
vantage is that the conditional response probabilities are not only a function of the
association between the latent variables and their indicators, but also of the (partial)
one-variable distributions of the indicators. In loglinear terms, the conditional re-
sponse probabilities are a function not only of the two-variable parameters λA

i
Y
r , λB

j
Y
r ,

etc., but also of the one variable marginal parameters λ A
i , λ B

j . Therefore, restrictions
on the conditional response probabilities usually imply restrictions not only on the
loglinear two-variable parameters, but simultaneously on the one-variable parame-
ters. If item A is very popular (a majority agreeing) and item B very unpopular (the
minority agreeing), a restriction like πA

i
|Y
r = πB

i
|Y
r will be rejected, despite the fact

that the association of the latent variable Y and the indicators A and B may be the
same. For many purposes, researchers want to separate strength of association (or
discrimination) from popularity (or difficulty). In the next three subsections, it will
be shown how this can be done using our marginal-modeling approach, using differ-
ent measures of association.

6.3.2 Restrictions on Odds Ratios

Odds ratios are measures of association that have the nice property of being varia-
tion independent of the popularity, i.e., of the marginal distributions of the indica-
tors (Rudas, 1997; Bergsma & Rudas, 2002c). Therefore, reliability restrictions can
be formulated purely in terms of ‘discrimination’ rather than ‘discrimination plus
popularity’ restrictions by means of restrictions on the odds ratios, i.e., by means
of restricted two-variable parameters such as λA

i
Y
r in the loglinear representation of

the latent class model. The standard Goodman and Haberman algorithms and stan-
dard software (e.g., Vermunt’s LEM or Latent GOLD (Vermunt & Magidson, 2004)
or Muthén’s Mplus (Muthén & Muthén, 2006)) enable the researcher to implement
these restrictions (and also the above restrictions on the conditional response prob-
abilities) in a simple and straightforward manner. Although the outcomes in this
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Table 6.5. Tests of fit for reliability models based on different measures of reliability for the
data of Table 6.3, model {Y Z,YA,YC,ZB,ZD}; for further explanations of models, see text

Reliability Model df G2 (p-value) using
odds ratio α epsilon ε kappa κ

No restriction on reliabilities 4 7.32 (.120) 7.32 (.120) 7.32 (.120)
Equal reliabilities 7 25.16 (.001) 32.98 (.000) 35.51 (.000)
Equal change 5 7.64 (.177) 15.14 (.005) 15.59 (.008)
No change 6 20.01 (.003) 19.82 (.003) 20.06 (.003)
No change party pref. 5 8.31 (.140) 8.45 (.133) 8.40 (.135)
No change candidate pref. 5 19.98 (.001) 19.68 (.001) 19.98 (.001)

subsection have been obtained using our marginal-modeling algorithm, exactly the
same results might have been obtained, for example, by means of LEM.

In terms of the data in Table 6.3, the estimated ‘reliability log odds ratios’ ln α̂
in model {Y Z,YA,YC,ZB,ZD} without further restrictions are

ln α̂Y
1

A
1 = 7.666; ln α̂Z

1
B
1 = 4.183; ln α̂Y

1
C
1 = 10.268; ln α̂Z

1
D
1 = 75.593 .

For later discussions, it is important to realize that these (log) odds ratios are
collapsible in model {YZ,YA,YC,ZB,ZD}, and that one gets the same results (point
estimates and standard errors) whether these odds ratios are computed using the
(marginal) conditional response probabilities in Table 6.4 or the complete table
ABCDYZ.

Note that especially the log odds ratio for the relationship D−Z is enormously
large. This is caused by the fact that (just) one of the estimated cell entries in the
2×2 table is almost empty or, stated otherwise, one of the pertinent conditional re-
sponse probabilities is for all practical purposes estimated as zero (see the outcomes
in Table 6.4). This also causes the estimates of the odds ratio and of the standard
error to become rather unstable.

Clearly, the estimated reliabilities of the indicators differ from each other, when
measured by means of the log odds ratios ln α̂Y

1
A
1 , etc. However, these differences

might be the result of sampling fluctuations, and it might be true that in the population
these reliabilities are similar to each other in some respects. The test outcomes of
several potentially interesting hypotheses regarding the reliabilities in terms of odds
ratios are given in Table 6.5, Column ‘odds ratio α .’

The most stringent hypothesis is that all indicators have equal reliabilities, i.e.,
have the same odds ratios for the relationships with their latent variables:

lnαY
1

A
1 = lnαZ

1
B
1 = lnαY

1
C
1 = lnαZ

1
D
1 .

The common odds ratio under this equality restriction is estimated as ln α̂ = 8.699
(s.e. = .981). But as is clear from the test outcome in Table 6.5 (Row ‘Equal re-
liabilities,’ Column ‘Odds ratio’), this hypothesis has to be rejected. This test out-
come is the outcome for the unconditional test for model {YZ,YA,YC,ZB,ZD}
with the equal reliability hypothesis imposed on the parameters. One can also
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use the outcomes in Table 6.5 to carry out conditional tests comparing model
{YZ,YA,YC,ZB,ZD} with and without the reliability restrictions, leading to the
same substantive conclusions in all cases in Table 6.5.

The next test (reported in Row ‘Equal change’ of Table 6.5) is based on the
observation that in panel analyses, reliabilities tend to increase over time for the
successive waves. Because of this panel effect, the reliabilities of both observed Party
preference and Candidate preference are allowed to change from wave 1 to wave 2,
but with an equal amount for both types of indicators:

lnαY
1

A
1 − lnαY

1
C
1 = lnαZ

1
B
1 − lnαZ

1
D
1 .

As seen in Table 6.5, the equal change model fits the data well for the odds ratios. Be-
cause some estimated response probabilities at time 2 are very close to the boundary,
the estimated odds ratios (as well as their standard errors — not reported) become
very large and very unstable:

ln α̂Y
1

A
1 = 7.496; ln α̂Z

1
B
1 = 4.177; ln α̂Y

1
C
1 = 30.656; ln α̂Z

1
D
1 = 27.337

ln α̂Y
1

A
1 − ln α̂Y

1
C
1 = ln α̂Z

1
B
1 − ln α̂Z

1
D
1 = −23.160

ln α̂Y
1

A
1 − ln α̂Z

1
B
1 = ln α̂Y

1
C
1 − ln α̂Z

1
D
1 = 3.319.

As expected, the reliabilities increase over time and, due to the restrictions, with
the same amount (23.160) for both Party and Candidate preference. Looking at the
same ‘equal change restriction’ from the other point of view, observed Party prefer-
ence (A,C) is at both points in time more reliably measured than observed Candidate
preference (B,D), and to the same extent (3.319).

Another way of trying to remedy the failure of the equal reliability model would
have been to let the reliabilities of Party preference (A,C) and Candidate preference
(B,D) be different from each other, but stable over time (ignoring the ‘panel effect’):

lnαY
1

A
1 = lnαY

1
C
1

lnαZ
1

B
1 = lnαZ

1
D
1 .

Not surprisingly, this ‘no change’ model has to be rejected (see Table 6.5). This might
be due to lack of stability of the reliability of just one of the two characteristics.
Looking at the ‘no change in party preference only’ hypothesis,

lnαY
1

A
1 = lnαY

1
C
1 ,

a well-fitting model is obtained. This is not true for the ‘no change in candidate
preference only’ hypothesis

lnαZ
1

B
1 = lnαZ

1
D
1 .

From a substantive point of view, this is not a surprising result. In general, party
preferences are well-established, which results in high and stable reliabilities for
the indicators. But as political candidates come and go, candidate preferences are
less crystallized, leading to low reliabilities of the indicators. But as candidates will
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be known better and better during the campaign, these reliabilities are expected to
increase over time. The reliability odds ratios in the ‘no change in party preference’
model are all very high:

ln α̂Y
1

A
1 = ln α̂Y

1
C
1 = 8.621 (s.e. = .836)

ln α̂Z
1

B
1 = 4.216 (s.e. = .428)

ln α̂Z
1

D
1 = 37.731 (s.e = .644) .

The very large value of ln α̂Z
1

D
1 underlines again the fact that in very sparse tables

with odds ratio estimates very close to the boundary, the estimates for the odds ratios
become very unstable and the usual standard error estimates cannot be trusted or
used for constructing confidence intervals.

Given the test outcomes for the reliability models using odds ratios, one may ei-
ther accept the ‘equal change’ model or the ‘no change in candidate preference’ as
the preferred model for the reliabilities in the measurements. Because good theoreti-
cal but different considerations may be given in favor of both acceptable models, the
choice between them cannot be made on the basis of these data and knowledge.

6.3.3 Restrictions on Percentage Differences

Researchers are often inclined to interpret the patterns of LCA outcomes, such as in
Table 6.4, by means of straightforward differences between conditional probabilities,
rather than in terms of the odds ratios based on the same response probabilities. For
example, when looking at the parameter estimates in Table 6.4, a researcher may be
inclined to use percentage differences ε (epsilon) rather than loglinear parameters
such as λ AY

ir to describe the relations between the latent and the manifest variables.
Applied to indicator A in model {YZ,YA,YC,ZB,ZD}, the reliability of A in terms
of ε is

εA
1
|Y
1 = πA

1
|Y
1 −πA

1
|Y
2 .

At first sight it may seem strange or even wrong to describe the relations among
variables, estimated by means of a loglinear model in terms of ε’s, which are unstan-
dardized regression coefficients belonging to the additive model. However, a model
like {YZ,YA,YC,ZB,ZD} without further restrictions only implies that the frequen-
cies in table ABCDYZ are estimated given the observed table ABCD and a number
of statistical independence restrictions — conditional independence relations among
the indicators given the latent variables, conditional independence of A and C of la-
tent variable Z given the score on latent variable Y , and conditional independence
of B and D of Y . Now, statistical independence implies and is implied by the log
odds ratio being zero: lnα = 0, but identically also by ε = 0. Therefore, (condi-
tional) independence restrictions, whether formulated in terms of odds ratios or in
terms of percentage differences, lead to exactly the same expected frequencies. Con-
sequently, the maximum likelihood estimators for the reliabilities of the indicators in
model {YZ,YA,YC,ZB,ZD}, but now expressed in terms of ε , can still be computed
from the estimated conditional response probabilities in Table 6.4,
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ε̂A
1
|Y
1 = .952, (s.e. = .024)

ε̂B
1
|Z
1 = .772, (s.e. = .042)

ε̂C
1
|Y
1 = .987, (s.e. = .016)

ε̂D
1
|Z
1 = .986, (s.e. = .022),

where the standard errors have been calculated by means of our marginal-modeling
algorithm described in Section 6.5. For later discussions, remember that the con-
ditional response probabilities and their differences ε are collapsible; for example,
πA|YZBCD

i r s j k l = πA|Y
i r , given the independence restrictions in the model.

As long as no additional restrictions are imposed on the ε’s or the odds ratios,
the loglinear and the additive model are the same in the sense that they imply the
same (conditional) independence restrictions on the data and yield the same esti-
mated expected frequencies. However, things generally change if extra restrictions
are imposed. If it is assumed that in model {YZ,YA,YC,ZB,ZD} the reliabilities
of all indicators are the same in terms of odds ratios (see above), it does not make
much sense to use the outcomes of this model to express the reliabilities in terms of
percentage differences. These ε’s will not be the same. Further, making the reliabil-
ities equal to each other in terms of ε leads to a different model, and especially to
a nonloglinear model (with latent variables). The Goodman/Haberman algorithms,
as well as the standard programs for latent class analysis, are no longer applicable
(the M-step in the EM-algorithm no longer has the simple form as in latent loglinear
models). In Section 6.5, it is explained how to estimate such linear, additive latent
class models by means of our marginal algorithm.

For reliabilities expressed in terms of ε , the same restricted models can be for-
mulated as for the odds ratios above. The test results are reported again in Table 6.5,
more specifically, in the Column labeled ‘epsilon.’ These test results are obtained
by estimating the joint frequencies under the (conditional) independence restrictions
implied by model {YZ,YA,YC,ZB,ZD}, plus the particular reliability restrictions on
the ε’s. The test outcomes for the restricted reliability epsilons are, to a large extent,
similar to the outcomes for the odds ratios. The models implying ‘equal reliability,’
‘no change,’ and ‘no change candidate preference’ have to be rejected. But now also
model ‘equal change’ is not acceptable, or at most, just on the borderline. Model ‘no
change party preference’ fits the data as well as for the odds ratios. The estimates for
the reliabilities in the ‘no change party preference’ model are

ε̂A
1
|Y
1 = ε̂C

1
|Y
1 = .012 (s.e. = .093)

ε̂B
1
|Z
1 = .774 (s.e. = .042)

ε̂D
1
|Z
1 = .981 (s.e. = .023) .

As a final remark on ε , note that ε is not variation independent of the marginal
distributions of the latent variable and the indicator.
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6.3.4 Restrictions on Agreement

Still another way of measuring reliability might be in terms of agreement between
the scores on the latent and the manifest variables. This calls for κ as a reliabil-
ity measure. In principle, using κ again leads to a nonloglinear model. Compared
to the use of ε , an extra complication arises that gives, in a way, rise to interpreta-
tion difficulties. The agreement coefficient κ cannot be defined purely in terms of
the (marginal) conditional response probabilities (as in Table 6.4). For example, to
compute κ for the marginal relationship between A and Y (κYA in table AY ), one
must make use of the joint probabilities πA

i
Y
r in marginal table AY , rather than just

the conditional response probabilities πA
i
|Y
r . Because πA

i
Y
r is not collapsible in model

{YZ,YA,YC,ZB,ZD}, in contrast to πA
i
|Y
r , the agreement coefficient κ is not col-

lapsible. Therefore, there are two different ways of defining κ . First, as a partial
coefficient, which is defined as some kind of average of the conditional κ ′s within
the categories of the other variables. For example, regarding the relationship between
A and Y , partial κAY can be computed as a weighted average of the conditional co-

efficients κAY |ZBCD
s j k l . Alternatively, it is possible to compute the marginal κAY , based

on the marginal entries πA
i

Y
r . In general, the marginal and partial κ’s will differ from

each other. The answer to the question of which one must be preferred, the marginal
or the partial one depends on the research question, but is hard to answer in general.

Only marginal κ’s will be dealt with further here. These marginal κ’s can be
subjected to the same kinds of restrictions as the odds ratios and epsilons above.
The test results for several restricted models can be found again in Table 6.5 in
the Column labeled ‘kappa.’ These test results are obtained by estimating the joint
frequencies under the (conditional) independence restrictions implied by model
{YZ,YA,YC,ZB,ZD} plus the particular reliability restrictions on the κ’s. The
(highly significant) κ̂’s for the model without any extra reliability restrictions are

κ̂YA = .955, (s.e. = .022)
κ̂ZB = .775, (s.e. = .041)
κ̂YC = .988, (s.e. = .015)
κ̂ZD = .988, (s.e. = .019).

The test results for the models with restrictions on the κ-reliabilities are essentially
the same as for ε . In terms of κ , a well-fitting restricted model is the ‘no change in
party preference.’ The estimated κ’s for this model are

κ̂YA = κ̂YC = .971 (s.e. = .011)
κ̂ZB = .778 (s.e. = .041)
κ̂ZD = .984 (s.e. = .020).

The common conclusions from all these reliability analyses based on different
measures is that the indicators are very reliable, except for a somewhat lower relia-
bility of the candidate preference in the first wave. This particular lower reliability
may reflect a true tendency in the population in the sense argued above that the
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opinions of the people about the candidate are rather vague but become more and
more crystallized during the election campaign. Alternatively, the crystallization that
takes place might be an artifact of the panel study: re-interviewing people forces
them to get firm opinions about matters they would ordinarily not think so strongly
about. Regarding the methodologically interesting ‘equal change model,’ this is only
a well-fitting model for reliability in terms of odds ratios. This also illustrates the
well-known fact that conclusions about association (and reliability) may depend on
the measure chosen.

As a final remark, our marginal-modeling approach turned out to be very well
suited to estimate not only the many useful variants of the loglinear representation
of the latent class model, but also a very general class of latent class models that are
outside the area of loglinear modeling.

6.4 Marginal causal analyses

In the beginning of this chapter, it was suggested that, in principle, all manifest mar-
ginal analyses shown in the preceding chapters can also be carried out when latent
variables are involved. Several examples thereof have been presented above. In this
section, two final illustrations will be given, showing how structural equation models
with latent variables can or must make use of marginal modeling. The first example
concerns a structural equation model with an MH restriction on the distributions of
the two latent variables. The second example is an application of a categorical SEM
with latent variables to the clustered NKPS data, used several times before.

6.4.1 SEMs with latent marginal homogeneity

The standard latent variable models that have been fitted to the data in Table 6.1
on the Dutch party and candidate preferences did not fit the data very well. The
relatively best model, used for illustrative purposes, turned out to be the two latent
variable model {YZ,YA,Y B,ZC,ZD} where Y represents the latent party preference
and Z the latent candidate preference (see also Fig. 6.2); the test results were G2 =
84.74, df = 48 and p = .000. Inspection of the two-way marginal residuals of this
not quite fitting model led to the suggestion that perhaps a kind of test-retest effect
took place within the same interview at time 1: the answers to the (earlier) question
on the respondents’ Party preference A may have directly influenced the answers to
the (later) question on the Candidate preference C. This extra effect, a violation of
the local independence assumption (Hagenaars, 1988), is incorporated in Fig. 6.3.

The model in Fig. 6.3 can no longer be written down in the form of a single log-
linear equation, but given the causal order, a categorical structural equation model
with several equations must be defined. The starting point is the graphical decompo-
sition, taking the implied conditional independence relationships into account (see
Chapter 5):

πY
r

Z
s

A
i

B
j
C
k

D
� = πY

r
Z
s πA

i
|Y
r πB

j
|Y
r πC

k
|A
i

Z
s πD

�
|Z
s . (6.6)
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Y

Z

A B
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Fig. 6.3. The latent class model with two stable latent variables Party preference and Candi-
date preference but with a direct effect from A on C

Without further extra restrictions, the estimates for all elements at the right-hand
side of Eq. 6.6, in agreement with the model in Fig. 6.3, can be obtained by spec-
ifying the appropriate saturated loglinear model for each element, except for ele-

ment πC|AZ
k i s — or example, model {Y Z} for marginal table YZ, model {AY} for

marginal table AY , etc. However, the appropriate loglinear submodel for marginal
table ACZ is not the saturated submodel, but submodel {AZ,AC,CZ} because no
three-variable interaction effect on C is assumed (λA

i
C
k

Z
s = 0). Application of the thus

extra restricted model in Eq. 6.6 to the data in Table 6.1 yields G2 = 45.97, df = 44
(p = .391, X2 = 44.04). Addition of the cross-sectional test-retest effect A−C in
model {YZ,YA,YB,ZC,ZD} improves the fit enormously and now leads to a well-
fitting model. It is not necessary to impose a similar direct effect B−D for the second
wave. Again, perhaps later on in the campaign, the preferences for particular candi-
dates have become more crystallized and are not (or much less) easily influenced by
the previous party preference answer.

From the estimated, statistically significant loglinear effects (not all reported
here), it can be seen that the strong direct effect of A on C is such that especially the
stated preference for a Christian-Democratic or left-wing party brings the respondent
to express an extra preference for the candidate from the same party (λ̂A

1
C
1

Z∗ = .683;
λ̂A

2
C
2

Z∗ = .744; λ̂A
3

C
3

Z∗ = .320), a stated preference over and above the preferences im-
plied by the relations between the latent variables Y and Z and the direct effect of Y
on A and of Z on C. Regarding the other relationships in the model, most noticeable is
that the relationship between the two latent variables Y −Z is somewhat weaker, and
the relation Z −D much stronger, in this local dependence than in the corresponding
local independence model.
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Now that a well-fitting and well-interpretable model for these data has been
found, again the question might be raised: is latent table YZ marginally homoge-
neous (Eq. 6.5). The estimates for the latent marginal distributions of Y and Z for the
model in Fig. 6.3 without the MH restriction are

π̂Y
r

Z
+ : .275, .374, .351

π̂Y
+

Z
r : .193, .428, .379.

The test outcomes for the model in Fig. 6.3, but now with the MH restriction on
the latent variables (Eq. 6.5), are on the borderline of significance (.01 < p < .05):
G2 = 62.33, df = 46 (p = .011, X2 = 57.10). However, the more powerful conditional
test of Eq. 6.5 provides a clear result: G2 = 62.33−45.97 = 16.36, df = 48−46 = 2,
p = .000. Once more, but now in the context of a well-fitting categorical SEM, it
must be concluded that the hypothesis of homogeneous distributions of party and
candidate preference has to be rejected.

6.4.2 Latent Variable SEMs for Clustered Data

In Section 5.1.3, an example was presented of a manifest structural equation model
using the clustered or dependent data of the NKPS study (see also Section 2.2.3).
Remember that in this study, data were collected for parent-child couples, making it
necessary to use marginal-modeling methods to estimate the relevant SEMs. To il-
lustrate a SEM with latent variables, the same study and partly the same data will be
used as in Section 5.1.3. The causal order of the variables is (S,A),E,R,T,(W,M),
where S, A, E and R stand for: S – Sex with categories 1 = man, 2 = woman; A –
Age with 1 = old (≥ 55), 2 = middle (38-54), 3 = young (≤ 37 ); E – Education
with three categories: 1 = low, 2 = intermediate, 3 = high; R – Religiosity defined as
church attendance with 1 = often/regular, 2 = sometimes, 3 = never/rarely. Different
from the SEM in Section 5.1.3 is the ultimately dependent variable. This is now a
dichotomous latent variable T – Traditionalism measured by a dichotomized indica-
tor W – Attitude towards women’s role and a dichotomized indicator M – Attitude
towards marriage. The categories of the indicators and the latent variable are all the
same: 1 = traditional, 2 = nontraditional. Indicator W was used before, with three
categories (see Sections 2.2.3 and 5.1.3). Category W = 1 now contains the original
index scores 1 to 4, and W = 2 the scores lower than 1. Indicator M results from
agreeing or not on a five-point scale with statements about ‘children choosing their
own partners,’ ‘no problem to live together without being formally married,’ ‘not
having a divorce when the children are young,’ etc. Category M = 1 consists of the
index scores between 1.80 and 5; Category M = 2 lower than 1.80. The full data set
for all variables can be found on the book’s website. Adding indicator M resulted
in four extra deleted respondents because of missing values compared to the analy-
ses in the previous chapter. A possible representation of the relationships among the
variables is rendered in Fig. 6.4.

If the data had come from independent observations and did not constitute clus-
tered data, the analysis would proceed as follows. The joint distribution of all vari-
ables concerned would be decomposed, taking into account the assumed causal order



210 6 Marginal Modeling with Latent Variables
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Fig. 6.4. Causal model for Traditionalism

among the eight variables, and arbitrarily assuming without further consequences
here that W precedes M (see below):
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The last two elements at the right-hand side of Eq. 6.7 (πW
w
|S
s

A
a

E
e

R
r

T
t and πM

m
|S
s

A
a

E
e

R
r

T
t

W
w )

pertain to the measurement part of the SEM, whereas the first four elements at the
right-hand side constitute the structural part. Each of the separate right-hand side fac-
tors would be estimated independently (for independent observations) by defining the
appropriate submodels for the pertinent marginal tables. Their estimated frequencies
would be used to calculate the ML estimates for the right-hand side elements and
ultimately for the left-hand side joint probability πS

s
A
a

E
e

R
r

T
t

W
w

M
m .

However, the NKPS data are clustered. As was explained in the discussions of
the outcomes in Table 6.5, a consequence thereof is that it is not correct to estimate
each of the submodels separately, not even using the marginal-modeling approach in
which the dependencies in the clustered data are taken into account for each sepa-
rate submodel. Even then, combining these separate ‘marginal-modeling’ estimates
using Eq. 6.7 does not provide the correct ML estimates for the left-hand joint prob-
ability πS

s
A
a

E
e

R
r

T
t

W
w

M
m . It does not even provide the correct ML estimates for each of the

separate right-hand side elements under the simultaneous restrictions for the whole
model. What is needed is the full marginal-modeling approach, in which all restric-
tions for all separate submodels are imposed simultaneously to obtain the appropriate
ML estimates for the left-hand side probabilities in Eq. 6.7. This estimation proce-
dure makes use of the complete table SAERTWM for the parents cross-classified
with table SAERTWM for the kids. A practical consequence thereof, especially for
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computing the standard errors of the estimates, is that the ML estimation procedure
requires an enormous amount of computing space. The provisional version of the
program that was used for this book initially ran out of space with the original cod-
ing of the variables. That is why it was decided to dichotomize the latent variable and
its indicators. Future versions of our program will be more flexible in this respect (see
the book’s website).

Because the same (manifest) variables are involved in the beginning of the causal
chain as indicated in Table 5.5 and as represented in Fig. 6.4, the starting submod-
els for the relations among variables S, A, E , and R will be restricted in the same
way as before: submodel {S,A} will be assumed for marginal table SA; saturated
submodel {SAE} for marginal table SAE; and submodel {SAE,AR,ER} for mar-
ginal table SAER. Regarding the effects on the latent variable T (Traditionalism), the
starting submodel for marginal table SAERT will be the model with only the two-
variable effects involving T , i.e., model {SAER,ST,AT,ET,RT}. For the relations
between the latent variable and its indicators, the starting submodel for the effects
on W will be {SAERT,WT} for table SAERTW and for the effects on M model
{SAERTW,MT} for table SAERTWM. The latter restrictions regarding the effects
of the latent variable T on its indicators W and M can also be estimated with the
same results by replacing πW

w
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w in Eq. 6.7 by πW
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t and estimat-

ing submodel {SAERTW,WT,MT} for table SAERTWM.
The test results for the complete categorical SEM with latent variables, consist-

ing of all above indicated submodels for all subtables and applying the marginal-
modeling approach described in the following section, clearly indicate that the model
as a whole has to be rejected: G2 = 979.63, df = 394, p = .000. A possible weak-
ness of the complete model might be the absence of any three-variable effects in-
volving T (see also the effects on W in the previous chapter). For example, there
may be good reasons to assume an interaction effect of Age and Religion on Tradi-
tionalism. Maybe Religion only has an effect on Traditionalism among the younger,
not among the older generations; older generations are traditional anyway, regard-
less of religion. Replacing model {SAER,ST,AT,ET,RT} for subtable SAERT
by {SAER,SAT,SET,SRT,AET,ART,ERT} did not improve the fit: G2 = 949.63,
df = 376, p = .000. Most three-variable interaction effects were very small, except
the interaction effects of Age and Religion on Traditionalism; but these estimates
were very unstable, depending on a few cells becoming (almost) zero.

However, that still leaves us with a SEM that has to be rejected. By inspection of
the residual frequencies, more in particular by comparing the observed and the esti-
mated odds ratios in all two-way marginal tables, it was concluded that some direct
effects of the background characteristics on the indicators W and M have to be added
— in particular, direct effects of Age (A) and Education (E) on women’s attitudes
(W ) and of Age (A) and Religiosity (R) on marriage attitudes (M). The effects of A,
E , and R on the indicators do not go completely through latent variable T . In other
words, latent variable T does not capture all systematic variation in the indicators,
and the measurement part of the SEM is not completely homogeneous or invariant
(Hagenaars, 1990, Section 3.6; Millsap & Yun-Tein, 2004). To obtain estimates for
πW

w
M
m
|S
s
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a
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R
r

T
t in a well-fitting model, model {SAERTW,AW,EW,AM,RM,WT,MT,}
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seems to be needed rather than the earlier model {SAERTW,WT,MT}. The test
results for the earlier SEM with only the main effects on T and with the specified di-
rect effects on the indicators added led to a SEM that can be accepted: G2 = 396.50,
df = 386, p = .345. From the viewpoint of substantive interest, the outcomes of this
model should only be seriously considered if a good theoretical explanation can be
found for the necessity to include the direct effects of the background variables on the
indicators in the final SEM. Given the purposes of this chapter, we will not discuss
further (substantive) details.

From a marginal-modeling perspective, it is interesting to compare the estimated
relationships among S, A, E , and R for three SEMs: the one in the previous chapter
involving the same variables and data, and the present two models (i.e., the one with
and the one without the extra direct effects on the indicators). If the observations
would have been independently observed but not clustered, exactly the same param-
eter estimates and standard errors would have been found in all three cases, given the
causal order of the variables in the assumed SEMs (except for the four extra missings
in this chapter). With the clustered NKPS data, this is no longer true. The submodels
for the various subtables are no longer separately estimated. If varying restrictions
and submodels are imposed on the conditional probabilities on the right-hand side
of Eq. 6.7 involving variables T , W , and M that occur later in the causal chain than
S, A, E , and R, different estimates will also be obtained for the relationships among
S, A, E , and R despite the fact that variables T , W , and M occur later in the causal
chain.

Now looking at the outcomes, for most practical purposes the substantive con-
clusions regarding the relationships among S, A, E , and R are the same in all three
SEMs. Nevertheless, the corresponding parameter estimates in the three models are
not exactly the same and do differ from each other in absolute terms, mostly be-
tween .01 and .08. Of course, larger or smaller differences must be reckoned with
depending on the nature of the clustering.

Given the purposes of this chapter, further outcomes will not be discussed: the
main point of this section has been to illustrate that the SEM without latent variables
for clustered data discussed in the previous chapter can be extended to SEMs with
latent variables. The logic of the extensions is rather straightforward; its practical
implementation may still meet some practical difficulties for tables with very large
numbers of cells.

6.5 Estimation of Marginal Models with Latent Variables Using
the EM Algorithm

A standard method for fitting models with latent variables is the Expectation-
Maximization (EM) algorithm. In Section 6.5.1, the basic ideas behind the EM algo-
rithm will be presented, using a simple illustration of a standard latent class model
in the form of a loglinear model with a latent variable. After this exposition of basic
ideas, a general EM algorithm for marginal models with latent variables will be de-
scribed in Section 6.5.2. This algorithm is indeed a very general one and can, for
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example, be used for all latent marginal models discussed in this chapter. How-
ever, for some classes of models, it is very inefficient, sometimes to such an ex-
tent that it can hardly be implemented on a current standard computer. Therefore, in
Sections 6.5.3 and 6.5.4, for particular classes of models, much more efficient algo-
rithms will be presented. In the last section, some final issues with the EM algorithm
are discussed.

6.5.1 Basic EM Algorithm

For a set of variables consisting of two subsets viz. a subset of manifest and a subset
of latent variables, what will be called ‘the complete table’ refers to the table con-
sisting of all (manifest and latent) variables. The EM algorithm aims to find the ML
estimates of the probabilities in the population for the complete table and involves
computation of estimated ‘observed’ probabilities for the complete table, referred to
as complete data. The likelihood function for the complete table is called the com-
plete data likelihood. Using appropriate starting estimates of the probabilities in the
complete table, an ‘expectation’ (E) and a ‘maximization’ (M) step are performed
iteratively. In the E-step, the expectation of the complete data likelihood given the
observed data is calculated, which leads to estimated observed probabilities for the
complete table. In the M-step, the estimated ‘observed’ proportions are treated as if
they were actually observed, and the ML estimates of the probabilities in the com-
plete table are calculated using a method for manifest variable models. The two steps
are performed iteratively, until sufficiently accurate convergence is reached.

Haberman (1979, Chapter 10) described a modified Newton-Raphson (scoring)
algorithm as an alternative, specifically for loglinear models with latent variables.
However, the latter algorithm is more sensitive to starting values — that is, starting
values need to be (much) closer to the ML estimates than for EM. To overcome this
difficulty, Haberman (1988) developed a stabilized Newton-Raphson algorithm.

The basic principles of the EM algorithm can be explained easily when the model
for the complete data is the simple loglinear model represented in Fig. 6.1. For this
model, the EM-algorithm takes a very simple form, especially regarding the M-step.
There are four manifest variables A, B, C, and D, and one latent variable X . The
loglinear model is {AX ,BX ,CX ,DX}, i.e., the manifest variables are independent
given the latent variable. Given the probabilities πA

i
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j
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t for the complete table, the
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Eqs. 6.8 and 6.9 are used in the EM algorithm as follows. First, starting values
(π̂A

i
B
j
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l

X
t )(0) satisfying model {AX ,BX ,CX ,DX} should be chosen, e.g., random or
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constant starting values for the parameters occurring in the model. Then for iteration
s = 0,1,2, . . ., the following steps are repeated:
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The iterations are stopped when sufficient convergence has been reached, for exam-
ple when successive estimates do not change very much.

More detailed descriptions of the EM algorithm for loglinear models can be
found in the general latent class references in the beginning of this chapter. A general
description of the EM algorithm can be found in MacLachlan and Krishnan (1997).

For decomposable loglinear models — i.e., those loglinear models with closed
form ML estimates like in the above example — the M-step is particularly simple.
For nondecomposable loglinear models and the marginal models to be discussed
in the next subsection, the M-step is less simple and no closed-form solutions for
the parameters are possible. For latent class models with marginal restrictions on
particular subtables, the iterative algorithms presented in Chapters 2 and 3 will be
used in the M-step. The next section describes the technical details of this nested
iterative estimation method.

There are several general issues to be considered when using latent class models.
First, for many latent class models and depending on the data, the likelihood function
tends not to be a concave function of the parameters, and may have many local max-
ima. It is usually a good idea to try different (random) starting values and choose
the solution with the highest likelihood value, although there is never a guarantee
that the ML estimates have been found. One might perhaps think that the addition
of marginal constraints increases the complexity of the fitting problem, e.g., causing
there to be more local maxima. In our experience, this does not appear to be the case,
however: for the models of this chapter, no multiple local maxima were encountered
(except for those relating to a wrong ordering of the latent classes; see the third point
below). This has perhaps to do with the fact that, in general, in our experience, re-
stricted models are less bothered by local maxima than less restricted models, and
especially with the fact that, as noted in Chapter 2, the likelihoods for many marginal
models have a unique stationary point that is its global maximum (Bergsma, 1997,
Section 5.2).

Second, there is the possibility of boundary estimates, i.e., some probabilities in
the complete table are estimated as zero. Although this often happens for manifest
variable marginal models as well, and need not be a big issue, for latent class models
it can more easily lead to the Jacobian of the constraint matrix not being of full rank,
which leads to difficulties in calculating the correct number of degrees of freedom
of G2.

Third, a well-known problem is that the order of the latent classes is not deter-
mined by the model; for example, with a dichotomous latent variable, latent class
1 of a particular analysis may come out as latent class 2 in another analysis. In a
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way, this is completely irrelevant because if the model is identified, all estimated
proportions for the latent classes and all conditional response probabilities are cor-
respondingly interchanged as well (and, of course, all test statistics are exactly the
same for the two outcomes). As stated before, the interpretation and meaning of a
particular latent class solution depends on the fitted values — more specifically on
the relationships between the latent and the manifest variables. For example, it was
found in Section 6.3.2. that the equal reliabilities model for the odds ratios produced a
common estimated log odds ratio of 8.699 (and α = 5996.9); another analysis might
have produced an interchange of the latent classes and a common log odds ratio of
−.8699 (and α = 1/5996.9). Obviously, assigning similar category meanings to the
latent variables Y and Z as to manifest variables A through D does not make much
sense with the latter result of −.8699; this would imply not so much an extreme
unreliability (statistical independence between the latent variable and the indicator)
as well as a serious tendency to always and systematically choose the wrong al-
ternative. An appropriate choice of starting values may prevent such a seemingly
awkward outcome, but in this case it is even simpler to accept the strange outcome
and just interchange the labels and interpretations of the latent categories. However,
when additional restrictions on the latent variables are imposed, such as marginal
homogeneity, such a relabeling is not always possible.

6.5.2 ***General EM for Marginal Models

With π the vector of probabilities for the complete table, the EM algorithm will now
be presented for models defined in the parametric form

θ (A′π) = Xβ (6.10)

or, equivalently, by the constraint

h(A′π) = B′θ (A′π) = 0 (6.11)

for some possibly vector valued function h. As before, B and X are each other’s
orthocomplement. All models discussed in this chapter can be written in these forms
(see Section 3.3 for further details). A special case is the class of loglinear marginal
models, which are of the form

B′ log(A′π) = 0,

as discussed in Chapter 2.
The M-step of the EM algorithm consists of fitting the model in Eq. 6.11. There-

fore, the algorithms discussed in Chapter 2 and 3 can be used. Below, more details
will be provided.

Assume there are TL latent variables, denoted in vector form L=(L1,L2, . . . ,LTL)
′,

and TM manifest variables, denoted in vector form M = (M1,M2, . . . ,MTM )′. Let πM
i

L
t

( p̂M
i

L
t ) denote the population (estimated observed) probability in a cell of the com-

plete table, where the index for the latent variables is t = (t1,t2, . . . ,tTL)
′ and the index
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for the manifest variables is i = (i1, i2, . . . , iTM )′. Similarly, πL
t denotes the population

probability in a cell of the table of latent variables, and πM
i denotes the population

probability in a cell of the table of manifest variables.
With notation as in Section 2.3.4, let H = H(A′π) be the Jacobian of h(A′π), let

l(π ,λ |p) =
p
π
−1−Hλ

be the gradient of the Lagrangian complete data likelihood with respect to π , and let

λ (π) =
[
H ′Dπ H

]−1 [
H ′D−1

π (p−π)+ h(π)
]

be the Lagrange multiplier vector expressed as a function of π . In contrast to the
notation in Chapter 2, we now write l(·|p), denoting dependence on p, because in
the algorithm p, the ‘observed’ vector of proportions for the complete table, have to
be estimated as well. As discussed in Chapter 2, the ML estimate π̂ under the model
in Eq. 6.11 can be found by solving

l(π ,λ (π)|p) = 0 .

The algorithm proceeds as follows. First, a starting value (π̂M
i

L
t )(s+1) is chosen.

Randomly chosen values can be used. Sometimes, however, starting values need to
be chosen in such a way that the latent variables are properly identified. The uniform
distribution is generally unsuitable as a starting value, because for many models it is
a stationary point of the likelihood from which the EM algorithm cannot get away.
Then, for iteration s = 0,1,2, . . ., the following steps should be repeated until con-
vergence is reached:

E-step: (p̂M
i

L
t )(s) = pM

i × (π̂L
t
|M
i )(s)

M-step: (π̂M
i

L
t )(s+1) = (π̂M

i
L
t )(s,Ks)

where, in the M-step, (π̂M
i

L
t )(s,Ks) is calculated iteratively (for Ks inner iterations)

using the scheme

(π̂ML)(s,0) = (π̂ML)(s)

log(π̂ML)(s,k+1) = log(π̂ML)(s,k) +

step(s)l
[
(π̂ML)(s,k),λ

(
(π̂ML)(s,k)

)∣∣
∣(p̂ML)(s)

]

for k = 0, . . . ,Ks − 1. Note that the M-step is exactly the algorithm described in
Chapters 2 and 3. Since generally no closed-form solutions are available in the
M-step, it has to be performed iteratively, with Ks inner iterations in outer iteration
s. Full convergence to the complete likelihood ML solution at every step is generally
not necessary (Meng & Rubin, 1993). For the models of this chapter Ks between 2
and 10 was used (independently of s). There are no fixed rules for the choice of Ks, but
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choosing it too large is inefficient, while choosing a value too small can sometimes
lead to nonconvergence and may be inefficient as well. Now, even if the number of
inner iterations in the M-step can be limited, the number of outer iterations needed
may still be very large; typically thousands were needed for the problems of this
chapter. In the present applications, the outer iterations were stopped if successive
estimates of the expected probabilities changed by a sufficiently small amount, say
10−10. Note that the starting values (π̂M

i
L
t )(0) should not be zero, because the algo-

rithm will fail because logarithms are taken of the estimated probabilities. The same
recommendations on the step size as described in Chapter 2 apply to the M-step. In
particular, it was found for several of the models of this chapter that the step size
should not be too large, e.g., a maximum value of 0.2 was sometimes necessary.

The above algorithm is an extension of the algorithm described by Becker and
Yang (1998). They were the first to extend Goodman’s (1974b) algorithm to mar-
ginal models with latent variables, replacing the IPF procedure in the M-step of
Goodman’s algorithm by the Lang-Agresti (1994) algorithm. The Becker-Yang al-
gorithm essentially applies to the loglinear marginal models described in Chapter 2,
and we have extended this to the broader class of models described in Chapter 3. Ad-
ditionally, in the M-step we use the algorithm proposed by Bergsma (1997), which is
a modification and generalization of the Lang-Agresti algorithm. The modification
consists of a reduction of the dimension of the space in which the search is done,
which appears to lead to better convergence properties (see Section 2.3.5), and the
generalization is to the nonloglinear marginal models of Chapter 3.

Using the provisional version of our computer program, we encountered some
numerical problems when fitting the models discussed in this chapter. It appears that
latent variable marginal models are more difficult to fit than the manifest variable
models of the previous chapters. Fortunately, we were always able to overcome these
problems and obtain the ML estimates without too much difficulty, usually by trying
out different starting values. Still, this did not always work, and for some models we
needed to replace the matrix inverse used in the computation of λ (π) by the Moore-
Penrose inverse. For other models for which the usual inverse gives convergence,
using the Moore-Penrose inverse did not yield convergence, a choice between the
two had to be made by successively trying out the two methods. How to obtain
convergence for all of the models of this chapter is explained on the book’s website.

Now even though expressing a model in the constrained form in Eq. 6.11 may
be possible, it may not lead to a very efficient algorithm, so in the next two sec-
tions more efficient versions of the algorithm are discussed for certain commonly
occurring cases. These versions also tend to yield fewer numerical problems than the
version of the present section.

6.5.3 ***Marginal Restrictions in Combination with a Loglinear Model
for the Complete Table

Many of the models in this chapter are a combination of a loglinear model for the
complete table and a marginal model. In such cases, the implementation of EM (in
particular, the M-step) of the previous section is usually not very efficient, and we
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describe a better method below. In practice, it is usually inefficient to write the log-
linear model as a constraint as in Eq. 6.11 on π because, for reasonably large tables
at least, the number of loglinear parameters in a typical model is small compared to
the number of cells in the table. This, in turn, implies a large number of constraints,
which can make the computation of H prohibitively expensive (see also the example
in Section 2.3.6). It is also easily seen that for saturated or nearly saturated models
there may not be a computational gain by using the parametric representation of the
loglinear model.

For the complete table, assume a loglinear model of the form

logπ = Wγ (6.12)

for a design matrix W and a vector of loglinear parameters γ . In addition, assume
a marginal model defined by Eq. 6.11. Furthermore, it is assumed that the columns
of A are a linear combination of the columns of W — a regularity condition that is
almost always satisfied in practice.

The M-step in the algorithm described in the previous section is modified as
follows, and as in Section 2.3.6, by using

lW (π ,λ (π)|p) = l(π ,λ (π)|p)− p
π

+ 1 +W(W ′DπW )−1W ′(p−π) ,

which can be shown to equal the gradient of the Lagrangian complete data likelihood
with respect to π . A starting value π̂ (0) needs to be chosen to satisfy the loglinear
model (but the uniform distribution should not be chosen). Then, for iteration s =
0,1,2, . . . , the following steps should be repeated until convergence is reached:

E-step: (p̂M
i

L
t )(s) = pM

i × (π̂L
t
|M
i )(s)

M-step: (π̂M
i

L
t )(s+1) = (π̂M

i
L
t )(s,Ks)

where, in the M-step, (π̂M
i

L
t )(s,Ks) is calculated iteratively (for Ks inner iterations)

using the scheme

(π̂ML)(s,0) = (π̂ML)(s)

log(π̂ML)(s,k+1) = log(π̂ML)(s,k) +

step(s)lW
[
(π̂ML)(s,k),λ

(
(π̂ML)(s,k)

)∣∣
∣(p̂ML)(s)

]

for k = 0, . . . ,Ks −1. The same recommendations on the choice of step size apply as
in the previous subsection and in Chapter 2.

6.5.4 ***Speeding up of the EM Algorithm for Separable Models

Latent marginal homogeneity models, as described in Section 6.2, have a marginal
homogeneity model for the latent variables and a logit model for the manifest vari-
ables, given the latent variables. In such cases, the M-step can be simplified consider-
ably, because one only needs to fit the marginal model for the table of latent variables.
Specifically, the decomposition of the kernel of the log-likelihood becomes
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L(π) = ∑
i,t

pM
i

L
t logπM

i
L
t = ∑

i,t
pM

i
L
t logπM

i
|L
t +∑

t
pL

t logπL
t .

If there is a logit model for πM
i
|L
t and a marginal model for πL

t , this decomposition al-
lows separate fitting of the marginal model. We call such models ‘separable models.’
The principle can be illustrated as follows.

In the example of Section 6.2, with latent variables Y and Z and manifest
variables A, B, C, and D, the loglinear model is {YZ,YA,Y B,ZC,ZD} and the
marginal restriction on the latent variables specifies that πY

t = πZ
t . The EM algo-

rithm then goes as follows. First, choose starting values (π̂A
i

B
j
C
k

D
l

Y
t

Z
u )(0) satisfying

{YZ,YA,YB,ZC,ZD}. Then, for iteration s = 0,1,2, . . ., the following steps should
be repeated until convergence is reached:

E-step: (p̂A
i

B
j
C
k

D
l

Y
t

Z
u )(s) = pA

i
B
j
C
k

D
l × (π̂Y

t
Z
u
|A
i

B
j
C
k

D
l )(s)

M-step 1: Compute (π̂Y
t

Z
u )(s+1) for model πY

t = πZ
t using (p̂Y

t
Z
u )(s) as ‘observed’

data with Ks iterations of Bergsma’s algorithm

M-step 2: (π̂A
i

B
j
C
k

D
l

Y
t

Z
u )(s+1) = (π̂Y

t
Z
u )(s+1)(π̂A

i
|Y
t )(s)(π̂B

j
|Y
t )(s)(π̂C

k
|Z
u )(s)(π̂D

l
|Z
u )(s)

The crucial point is that M-step 1 can be performed very fast because our algo-
rithm is applied to a small table. Furthermore, the E-step and M-step 2 are in closed
form and can therefore be performed fast as well. Still, note that in both the E-
step and M-step 2 the whole table is involved, so these two steps can become a
computational problem for large tables.

6.5.5 ***Asymptotic Distribution of ML Estimates

Under certain regularity conditions, the ML estimates of expected cell probabilities
in the complete table for the models of this chapter have a joint asymptotic normal
distribution, with asymptotic mean the true probabilities. The regularity conditions
involve the assumption that the true probabilities for the complete table are strictly
positive, and that the model constraints are sufficiently smooth. The asymptotic co-
variance matrix of the probabilities and other parameters are given below, for several
specifications of the latent class marginal model. The derivations are based on the
method of Aitchison and Silvey (1958), who considered general ML estimation with
constraints (see also Bergsma, 1997, Appendix A), and Haberman (1977) who con-
sidered asymptotics for loglinear and certain nonloglinear models.

Notation is as follows. With π the vector of population probabilities for the com-
plete table, let AL be a matrix such that πL = A′

Lπ is the vector of probabilities for
the table of latent variables, and let AM be a matrix such that πM = A′

Mπ is the vector
of probabilities for the table of manifest variables. The vector p consists of observed
proportions for the table of manifest variables and the vector N p, with N the sam-
ple size, and is assumed to have a multinomial distribution based on the population
probability vector πM.
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By its definition, each row of AM contains only a single ‘1’ and the rest 0s,
and each column contains the same number of 1s. Therefore it can be verified
that A′

MAM is a diagonal matrix with strictly positive diagonal elements, and that
π̂0 = AM(A′

MAM)−1 p is an estimate of the unrestricted probability vector for the
complete table. Since N p is assumed to have a multinomial distribution, p has co-
variance matrix D[πM]−πM(πM)′, and by the delta method, the covariance matrix
of π̂0 is

V0 = V (π̂0) = AM(A′
MAM)−1 [D[πM]−πM(πM)′

]
(A′

MAM)−1A′
M .

For other sampling methods, such as stratified sampling, the expression for V0 has
to be modified accordingly by replacing the expression in square brackets by the
appropriate covariance matrix for p (see also Chapter 2).

Aitchison and Silvey’s method can now be used to find the asymptotic covariance
matrix of π̂ , the ML estimate of π under the constraint h(A′π)= 0. Since the Jacobian
of h(A′π) with respect to π is AH, it is given by

V (π̂) =
1
N

{
V0 −V0AH

(
H ′A′V0AH

)−
H ′A′V0

}
,

where the ‘−’ in the superscript refers to the Moore-Penrose inverse. In some cases,
H ′A′V0AH may be nonsingular and the ordinary inverse can be used, but in practice
this is often not the case. Remember that, for nonsingular matrices, the Moore-
Penrose and ordinary inverse coincide. The delta method leads to the following
asymptotic covariance matrix of other estimated parameters:

(i) for the marginals,

V (A′π̂) = A′V (π̂)A ;

(ii) for the parameter vector θ̂ = θ (A′π̂),

V (θ̂ ) = T ′ A′V (π̂)AT

where T = T (A′π) is the Jacobian of θ (see Section 3.3.4);

(iii) for the model parameter vector β in the formulation in Eq. 6.10,

V (β̂ ) = (X ′X)−1X ′V (θ̂ )X(X ′X)−1 .

The asymptotic covariance matrix of the vector of residuals p− π̂M is given as

V (p− π̂M) =
1
N

A′
MV0AH

(
H ′A′V0AH

)−
H ′A′V0AM ,

and this expression can be used to calculate the vector of adjusted residuals (p−
π̂M)/se(p− π̂M), which are comparable to a random variable with a standard normal
distribution.
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Next, consider the case in which a constraint of the form h(A′π) = 0 is combined
with a loglinear model of the form logπ = Wγ . Denote by π̂1 the ML estimate of π ,
only under the loglinear model, not subject to the marginal model h(A′π) = 0. Then
its asymptotic covariance matrix is

V1 = V (π̂1) = DπW (W ′V0W )−W ′Dπ

(Haberman, 1977). Again using Aitchison and Silvey’s method, the asymptotic co-
variance matrix of π̂ , the ML estimate of π under both the loglinear and marginal
model, is given as

V (π̂) =
1
N

{
V1 −V1AH

(
H ′A′V1AH

)−
H ′A′V1

}

Again, the delta method gives us the asymptotic covariance matrices of other
estimated parameters:

(i) for the loglinear parameters,

V (γ̂) = (W ′W )−1W ′DπV (π̂)DπW (W ′W )−1 ;

(ii) for the marginals,

V (A′π̂) = A′V (π̂)A ;

(iii) for the parameter vector θ̂ ,

V (θ̂ ) = T ′ A′V (π̂)AT

where T = T (A′π) is the Jacobian of θ (see Section 3.3.4);

(iv) for the model parameter vector β in the formulation in Eq. 6.10,

V (β̂ ) = (X ′X)−1X ′V (θ̂ )X(X ′X)−1 .

To compute the adjusted residuals, we also need

V (p− π̂M) =
1
N

A′
MV1AH

(
H ′A′V1AH

)−
H ′A′V1AM .
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Conclusions, Extensions, and Applications

As stated in the Preface, this book has been written with quantitatively oriented
social and behavioral science researchers in mind. Its main purposes have been to
thoroughly explain the methodological issues and principles involved in marginal
modeling and to indicate the types of substantive research questions for which mar-
ginal modeling is very useful or even the only means of obtaining the appropriate
answers. Therefore, a large variety of real-world examples have been presented to
help the reader understand the main issues involved. The book does provide a solid
statistical basis for marginal modeling, but mathematical statisticians might prefer a
more theoretical mathematical approach.

Especially for our intended audience, it is important to have good and accessible
computer programs and routines to carry out the marginal analyses. In the last section
of this chapter, several computer programs, including our own Mathematica and R
routines will be introduced. The reader can find all data sets used in this book and the
Mathematica and R routines to carry out the book’s analyses on these data sets on
the book’s website, which will be given in the same section; these routines entail the
often complicated matrices with the generalized exp-log notation needed to define
the models.

Further, from the practitioner’s point of view, a possible limitation of our
approach might be that only categorical data have been dealt with. We had good,
practical and theoretical reasons for this, as outlined before in the Preface. Never-
theless, how to handle research questions involving continuous data will briefly be
indicated in Section 7.1.

When researchers are confronted with dependent observations and clustered
data, they have several options for dealing with these dependencies, other than the
marginal-modeling approach discussed in this book. Different models, especially
random coefficient models, and different estimation procedures such as weighted
least squares or GEE procedures might be chosen. These alternatives will briefly be
discussed and compared in Section 7.2.

The real-world examples used in this book have been chosen to illustrate and
represent as well as possible rather general types of research questions investigators
might have. However, marginal models are also very useful to answer a large number
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of more specific research questions that one might not so easily link to marginal mod-
eling. Just to illustrate this point and to underline once more the great flexibility and
usefulness of the marginal-modeling approach, a few of such more specific research
questions will be briefly presented in Section 7.3.

Finally, the present work on marginal modeling can be extended in several di-
rections. Some indications of meaningful possible future developments will be dis-
cussed in Section 7.4.

7.1 Marginal Models for Continuous Variables

Until comparatively recently, linear models for multivariate normally distributed data
have drawn much more attention from statisticians than models for categorical data.
This is also true for marginal models. Many kinds of linear models for continuous
data have been developed to deal with dependent observations, some of them widely
known and applied, others less well-known, but available. Many of these models are
essentially marginal models, although the term ‘marginal’ is rarely used. Moreover,
many linear models for the joint multivariate distribution imply simple and direct
inferences for the marginal distributions, unlike the situation for categorical data.

In this section, just a few of these marginal models for continuous data will be
mentioned and briefly discussed, mainly to give the reader an idea of what kinds of
marginal models for continuous data we are talking about. Many more details can be
found in the references provided.

7.1.1 Changes in Means

Research questions involving categorical variables that have to be answered by
means of marginal models often make use of data from repeated-measures designs,
in which one or more characteristics are measured repeatedly over time on the same
sample of subjects. The same is true when continuous variables are involved. Sup-
pose a single continuous characteristic is measured at T successive time points,
resulting in T variables. Of interest may be questions such as: does the mean re-
sponse change over time, or are the changes over time linearly related to time itself?
Hypotheses of these kinds can be tested by univariate or multivariate (M)ANOVA
procedures for repeated measurements available in the standard statistical packages.
Below, just a few main features of these procedures will be mentioned. For overviews
of the basic techniques based on the general linear model, see Johnson and Wichern
(2007) and Kim and Timm (2007).

The resulting (continuous) longitudinal data and growth curves are often ana-
lyzed by means of the univariate ANOVA procedure for repeated measures. This
model is generally defined as a mixed model with subjects treated as a random fac-
tor and measurement occasions as a fixed factor. This basic model can be further
extended by including fixed or random factors representing other independent vari-
ables, and their interactions. To obtain exact F-tests for testing null hypotheses about
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main and interaction effects, the within-subject covariance matrix has to have a spe-
cific structure. For a single group analysis, a necessary and sufficient condition for
exact F-tests to exist (for p repeated measures) is the circularity condition: there
exists a constant matrix C of order p× (p−1) such that

C′ΣC = σ2I

where C′C = I. The orthonormal matrix C defines a transformation of the repeated
measures that yields a homogeneous covariance structure (Kim & Timm, 2007, p.
97). An example of a covariance matrix for the dependencies among the observations
that satisfies the circularity condition is a matrix in which the entries on the main
diagonal (the variances) are all the same, as are all off-diagonal cells (the covari-
ances). As it was emphasized in this book that marginal modeling is about analyzing
marginal tables, but without necessarily having to make restrictive assumptions about
the dependency structure in the full table, one might say that this ANOVA model is
not a marginal model because it contains explicit and restrictive assumptions about
the nature of the dependencies in the data (see the circularity condition). On the other
hand, the overall, marginal differences among the means for the T variables can sim-
ply and directly be inferred from the mean within-subject differences. For example,
considering a research situation in which the simple t-test for matched pairs with
husband-wife pairs, the mean within pair difference between husband and wife is
equal to the mean difference between husband and wives.

An alternative, more ‘marginal’ procedure in the strict sense is provided by a par-
ticular variant of the multivariate ANOVA (MANOVA) procedure, which is specially
useful when the circularity condition does not hold. In this MANOVA variant, the
repeated measures of the same characteristic may be measures of different character-
istics (although still on the same subjects). It is not necessary to assume that either
the variances of the different characteristics (or the T variables concerning the same
characteristic) are the same, or that the covariances among the measurements are sim-
ilar. Hypotheses about the fixed effects (of time) can be tested without restricting the
covariance matrix of the measures (Kim & Timm, 2007, Chapter 6). In this particu-
lar MANOVA model, the individuals in the sample are treated as exchangeable units
drawn from a population in whose global (marginal) characteristics the researcher is
interested. In other words, the individual differences only stem from the systematic
fixed effects and from individual error terms (as in the standard regression model,
for example). More complex MANOVA variants with a random subject factor are
available to analyse data from more complex designs, such as arising in particular
growth curve studies (Kim & Timm, 2007).

In sum, an important class of models for analyzing repeated continuous measures
introduces random effects for individuals or clusters of individuals. In these linear
mixed models, hypotheses about change over time can be formulated in terms of
fixed effects and of variance components pertaining to the distribution of the random
effects. For the class of models assuming multivariate normally distributed continu-
ous variables, marginalizing the outcomes of the random-effect models or setting the
(variances of the) random coefficients equal to zero, generally yields estimates
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that have a straightforward interpretation in terms the differences among the
marginal means (but see also Section 7.2.2). In addition to the literature men-
tioned so far, the interested reader is further referred to Weerahandi (2004) for
a comprehensive overview of exact methods for analyzing repeated measure-
ments of continuous characteristics, and to Verbeke and Molenberghs (2000) and
Molenberghs and Verbeke (2005, Chapter 4) for a comprehensive review of more
general estimation and testing methods.

7.1.2 Changes in Correlation and Regression Coefficients

An investigator may also be interested in the changes in other characteristics than
the mean — e.g., in the stability of correlation coefficients in repeated measurement
studies. Suppose two characteristics X and Y are measured T times on the same
sample of subjects, and let ρt be the correlation between X and Y at a particular time
point t. A test of the hypothesis that the correlation remains constant over time (ρt =
ρ for all t) should take into account that the T correlation coefficients are computed
on the same sample and, hence, are not independent of each other. Marginal modeling
procedures to carry out this test have been proposed by Olkin and Press (1995) and,
more recently, by Steiger (2005).

A similar question of stability over time may be stated for the regression co-
efficient bYX when Y is regressed on X at each point in time. This problem (and
the previous problem concerning the correlation coefficients) can also be recast in
the form of a Seemingly Unrelated Regressions Model (SUR), first introduced by
Zellner (1962). SUR-type models are often estimated by means of generalized least
squares procedures (see Srivastava & Giles, 1987). It is less well-known that they
can be recast as structural equation or path models with correlated error terms, for
which full information maximum likelihood estimation is possible. If there are two
measurements on the same subjects (T = 2), and if the researcher wants to test the
equality of the unstandardized regression coefficients b1 and b2, where bi represents
the zero order ‘effect’ of Xi on Yi, the SUR model consists of the two equations

Y1 = b1X1 + E1

and
Y2 = b2X2 + E2 .

In the original SUR model proposed by Zellner (1962), only the error terms E1 and
E2 are allowed to correlate. Drton and Richardson (2004) already remarked that this
implies that X1 is conditionally independent of Y2, given X2, and that X2 is condition-
ally independent of Y1, given X1. Although such strong conditional independence
relations are probably violated in most real data sets because of omitted common
causes, they did not provide a more general model that still captures the essential
idea of a SUR model. Such a more general SUR model can be obtained by letting E1

be correlated with X2 and E2 with X1: each error term E j is correlated with all exoge-
nous variables that are not in the equation of the dependent variable Yj corresponding
to E j.
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Fig. 7.1. The saturated SUR model

Fig. 7.1 represents this model graphically. The double arrows between E1 and X2,
and between E2 and X1 represent the correlations between the error terms and the ex-
ogenous variables not in the relevant equation. Since both error terms are exogenous
variables that may be considered as an amalgamation of left-out causes of Y1 and/or
Y2, they may be correlated with the two other exogenous X1 and X2, at least as far as
the error term E and the putative cause X pertain to different time periods.

If the two regression coefficients b1 and b2 differ, the resulting model is saturated
and the hypothesis H : b1 = b2 can be tested by means of a log likelihood ratio test
against this saturated model. An analysis of this kind can be carried out with an
available software package for structural equation modeling (LISREL, EQS, AMOS,
etc.).

In principle, this procedure can be applied in different equivalent ways since
different saturated SUR models can be defined. However, one must make sure that
the SUR model still estimates the zero order regression coefficients bY1X1 and bY2X2

that one wants to compare, and not some partial regression coefficient controlling for
extra variables, e.g., comparing bY1X1 and bY2X2.X1 . The model obtained by replacing
the arrow from X1 to E2 by an arrow from X1 to Y2, and the arrow from X2 to E1 by an
arrow from X2 to Y1, while still allowing a correlation between E1 and E2, constitutes
such an alternative, but misleading saturated SUR model. This model does not allow
a comparison of bY1X1 and bY2X2 , but does allow a comparison of the partial regression
coefficients bY1X1.X2 and bY2X2.X1 .
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All above examples of marginal models for continuous data pertain to data from
repeated measurement designs. But in principle, each of the general research ques-
tions discussed in the previous chapters for categorical data can be translated into
similar questions for continuous variables. For example, an interesting psychomet-
ric application of marginal modeling for continuous variables arises in the study of
parallelism of psychological tests. Suppose that k parallel forms of the same psycho-
logical tests have been administered to the same sample of subjects. Parallel tests are
assumed to have equal means, equal variances, and equal covariances for all pairs
of tests. A (marginal) test for this compound hypothesis was proposed a long time
ago by Wilks (1946). Many more specific examples might be given, but as this last
example and the previous one show, it is generally not too difficult to find the appro-
priate models and software for obtaining the correct parameter estimates for marginal
models involving normally distributed continuous data.

7.2 Alternative Procedures and Models

7.2.1 Alternative Estimation Procedures: WLS and GEE

All statistical inferences concerning the marginal models in this book start with
models that do not make a priori assumptions about the specific nature of the depen-
dencies among the observations, and are based on full maximum likelihood estima-
tion. The proposed estimation and testing procedures only assume that the observed
frequencies in the joint table follow a multinomial distribution (see Section 2.3 for a
more thorough discussion of these sampling issues).

Although not necessary, it is of course also possible, as described in previous
chapters, to also define specific restricted models for the dependencies. For exam-
ple, when investigating marginal homogeneity for the univariate distributions of A
and B in turnover table AB with dimension I × J, one might additionally postulate
a loglinear uniform association model for the joint probabilities πA

i
B
j . In this uni-

form association model, all local odds ratios in the I × J table are estimated to be
the same — that is, all possible adjacent 2× 2 tables using cells (i, j), (i, j + 1),
(i+1, j), and (i+1, j+1) have the same value. As shown in previous chapters, such
restricted models may involve rather complex constraints, but they can still be fitted
in a straightforward way with our general algorithm.

In our procedure, it is also not necessary, as in some other full maximum likeli-
hood methods, to define the marginal model by specifying the joint distribution of all
variables involved in a stepwise, often very cumbersome manner by parameterizing
first, second, third (etc.) order distributions (for an overview of this approach, see
Molenberghs & Verbeke, 2005, Chapter 7).

In sum, the marginal-modeling approach advocated here is extremely flexible
and straightforward, makes no unwanted assumptions about the dependencies, and
carries with it all the desirable properties and nice advantages that full maximum
likelihood procedures have regarding estimation of parameters and testing models.
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However, for some very large problems, computations may be rather time con-
suming and may require a lot of memory space; sometimes for very large prob-
lems even a forbiddingly large amount. Alternative estimation and testing meth-
ods may, or even must then be considered. Excellent and very complete overviews
of alternative approaches of marginal modeling are presented by Agresti (2002),
Diggle et al. (2002), Lindsey (1999), Verbeke and Molenberghs (2000), and Molen-
berghs and Verbeke (2005). A few of the main conclusions from these works will be
discussed below, but the reader is strongly advised to consult these books for many
important particulars.

Computationally much simpler to obtain than ML estimates are Weighted Least
Squares (WLS) estimates. In the categorical data context, WLS is often called GSK
after Grizzle et al. (1969), who were the first to apply WLS systematically to categor-
ical data analysis. They were actually the first to formulate a full-fledged categorical
marginal-modeling approach (using WLS). See Koch, Landis, Freeman, and Lehnen
(1977) and Reynolds (1977, Section 7.3.8) for an easy to read social science-oriented
introduction.

ML and WLS estimates have asymptotically the same properties: they both pro-
vide Best Asymptotically Normal (BAN) estimates. WLS estimated parameters can
be tested for significance by means of the Wald test, using the estimated variance-
covariance matrix of the estimates. Testing the goodness of fit of the whole model is
possible by means of a test statistic W , which compares the sample response func-
tions with the model based estimates, weighted by the estimated inverse covariance
matrix of the response function. Asymptotically, W has a chi-square distribution
(Agresti, 2002, Section 15.1.2). The question may arise: why not simply use WLS
rather than ML? The reason is that WLS has several serious disadvantages compared
to the ML approach. First, when the observed marginal tables are sparse, the results
of WLS tend to be much less reliable than those based on ML, and WLS easily
breaks down if there are too many zero observed frequencies in the marginals. Sec-
ond, nested models cannot be compared directly with each other, since W , unlike G2,
does not partition into separate parts pertaining to separate submodels. Third, WLS
results depend on the particular parameterization used for a model — i.e., although
this may be rare in practice, it is possible that a hypothesis is rejected if one pa-
rameterization is used but not when another one is used. Finally, WLS has not been
developed to deal with latent class models, and it is doubtful if it would be advan-
tageous compared to ML. WLS is probably most useful, and has a computational
advantage over procedures for obtaining ML estimates, if the original joint table is
very large but the marginal tables involved are not sparse.

At this moment, the most popular estimation method for marginal models is
the use of Generalized Estimating Equations (GEE) proposed by Liang and Zeger
(1986). See also Hardin and Hilbe (2003), who provide a comprehensive introduc-
tion to the GEE methodology. GEE estimates are meant to be close approximations
of the full ML estimates. Full information ML estimation needs assumptions about
the sampling process (e.g., multinomial) to make sure that the kernel of the log likeli-
hood functions is appropriately specified. The ML-estimated frequencies in the joint
table follow from the assumed sampling distribution under the imposed marginal
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restrictions. Roughly speaking, GEE is not based on a statistical model and does
not lead to an estimate of the full observed joint distribution of the variables. In this
way, many of the important practical problems of ‘ordinary’ ML estimation can be
avoided. In marginal modeling, GEE provides estimates of the marginal means or
probabilities under a model that includes the marginal assumptions and a ‘working
covariance matrix’ of the dependence structure of the observations. This working
matrix can have a very simple form, even assuming independence among the obser-
vations. The GEE estimates for the marginal parameters are consistent whatever the
nature of the postulated working matrix. However, the estimated standard errors of
the GEE estimates may depart strongly from the true standard errors if the speci-
fied working matrix departs from the true situation. Corrections of the GEE standard
errors taking the observed data into account, using a so-called sandwich estimator,
are necessary and will generally yield much better estimated standard errors. For a
discussion of these sandwich estimates, see Agresti, 2002, Section 11.4. In sum, a
drawback of GEE is that a working covariance matrix has to be chosen, which may
be arbitrary, and may be inaccurate. Furthermore, GEE has not been developed for
latent class models.

As documented in the general references given above in this subsection, GEE
parameter estimates and the corrected standard errors often approach the ML esti-
mates rather well. However, one has to be careful. There are yet no clear general and
practical rules for deciding when the approximation will be satisfactory. Therefore,
it is hard to judge for a researcher, whether in his or her particular case GEE will
perform well. Further, the examples from the literature in which ML and GEE are
compared are almost all rather simple, usually much more simple than the real-world
examples discussed in the previous chapters. Moreover, there are some indications
in the above literature that when there are strong dependencies in the data that are
ignored in the working covariance matrix for the dependencies, the corrections for
the standard errors do not work well. Especially in large, complex data sets, very
strong dependencies may exist and not enough is known about the behavior of the
standard error estimates in these cases. Finally, testing models has to be done by
means of testing the significance of the separate parameters. Because GEE is not full
maximum likelihood, there is no direct way of comparing nested models with the
saturated model, or with each other. Nevertheless, whenever the computational dif-
ficulties of full ML estimation are too large to overcome, GEE may be the preferred
viable alternative, and should probably be preferred to WLS.

7.2.2 Modeling Dependent Observations: Marginal, Random Effects,
and Fixed Effects Models

There are many ways of handling the dependencies in the observations. Extensive
comparisons of the several approaches are given by Agresti (2002), Diggle et al.
(2002), Verbeke and Molenberghs (2000), and Molenberghs and Verbeke (2005).
In addition, Raudenbush and Bryk (2003), Snijders and Bosker (1999), and Hsiao
(2003) can be recommended, especially for their treatments of random coefficient
models. Again, only a few important highlights from the relevant literature will be



7.2 Alternative Procedures and Models 231

presented here and the reader should definitely consult these general references for
many important particulars.

The important starting point of our discussion here on the comparison of mar-
ginal modeling and alternative procedures is that marginal modeling is about re-
search questions that involve statements about marginal tables. Marginal modeling
is essentially about testing restrictions on marginal distributions and estimating mar-
ginal parameters under the specified marginal model. Therefore, the focus here will
be how alternative approaches handle this basic question compared to marginal mod-
eling.

It is sometimes suggested that models for the joint distributions are always to
be preferred above marginal approaches because marginal models do not provide
information about the joint table, but models for joint distributions can always be
used to investigate their consequences for the marginals. In a way, this statement is
true, and in a way, it is not. It is generally true that the processes that go on at the
joint level cannot be deduced uniquely from a marginal model, as such. In principle,
it is always possible to imagine different models for the joint probabilities that all
lead to the same (restricted) marginal distributions. Therefore, marginal models as
such can, in principle, not be used for testing models for the joint frequencies. On
the other hand, in general, given a particular data set, marginal restrictions do result
in unique ML estimates for the joint probabilities. For example, if in turnover table
AB, MH is assumed for the marginal distributions A and B, the ML estimates of the
joint probabilities π̂A

i
B
j under MH will generally be different from the observed pA

i
B
j

and the estimated odds ratios estimating the dependencies between A and B based on
π̂A

i
B
j will generally be different from the observed odds ratios based on pA

i
B
j . In this

sense, the MH model tells us what goes on in the joint table under the MH hypothesis
and how this differs from the saturated model for the joint table.

Viewed from the other side, a model for the joint probabilities can always be
marginalized and investigated regarding its consequences for the marginal tables by
summing over the appropriate (cluster) variables (Lee & Nelder, 2004). If in turnover
table AB, a linear-by-linear association model is postulated (without further marginal
constraints), the estimates π̂A

i
B
j can be used to investigate the model’s consequences

for the marginal probabilities π̂A
i

B
+ and π̂A

+
B
j . Sometimes models for the joint proba-

bilities even have explicit implications for the marginal distributions. For example,
the symmetry model πA

i
B
j = πA

j
B
i implies πA

i
B
+ = πA

+
B
i . In that sense, such a model for

the joint table can be used to test for marginal restrictions, but only under the condi-
tion that the model is true in the population. Moreover, the connection with MH is
easily seen in the symmetry model. But, in general, it is not so easy (and usually very
cumbersome, or next to impossible) to define marginal models in terms of simple re-
strictions on meaningful parameters for the joint table. In that sense, models for the
complete table are difficult to use for testing explicit marginal hypotheses, even if
such a joint model is true.

An important exception to this last statement is formed by standard linear models
for multivariate normal distributions. For example, as implicated in the discussions
in the previous Section 7.1 about the repeated measurement design with continu-
ous data, the fixed effects of Time or other variables in (M)ANOVA models with a
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random subject effect (a random-intercept model) can also be given a marginal inter-
pretation. For example, if on average within subjects, the growth curve for the depen-
dent variable Y is linear over time with regression coefficient b, then this coefficient b
can also be interpreted as the effect on the population level, and the estimated overall
sample means will also grow linearly over time with the same coefficient b. This fol-
lows from the fact that linear models involve expectations of sums, and the standard
rule that the expected value of the sum is the same as the sum of the expected values
can be used: E(v + w) = E(v) + E(w). If the model is nonlinear, such transfer of
interpretations of the fixed effects is generally not possible. The standard example is
the growth curve for a particular response. If the individual growth curves are logis-
tic, their average will not be logistic and the partial individual logistic curve will be
different from the marginal logistic growth curve. This has a lot to do with the simple
fact that E ln(v + w) �= E ln(v)+ E ln(w). Molenberghs and Verbeke give more pre-
cise particulars on the relationship between marginal and random-coefficient mod-
els. They also specify under which conditions individual level effects can be given a
population-averaged interpretation (Molenberghs & Verbeke, 2005, Chapter 16; see
also Agresti, 2002, Section 12.2.2).

How the above general statements work out in practice may be further clarified
by means of a simple imaginary example in which the marginal-modeling approach
will be compared with random (hierarchical, multilevel) effects models. Imagine a
repeated measurement design with five monthly measurements on the same subjects,
with the time measurements nested within 200 individuals randomly drawn from
some population. In terms of hierarchical modeling, time is here the lower level 1
variable, whereas the individuals define the higher level 2. Imagine further that a
campaign to quit smoking was going on in the media during the five months the study
lasted. The dependent variable is the dichotomous response variable S - Smoking or
not, with categories 1 = Respondent does not smoke and 2 = Respondent smokes.
The independent or explanatory variables are G (Gender) with 1 = Man and 2 =
Woman, and T (Time) with categories 1 through 5. The researcher is interested in
how effective the campaign is in terms of reducing the percentage of smokers in the
population over time and whether those changes are the same for men and women.

The data can be summarized in a full table GS1S2S3S4S5 (with variable St rep-
resenting smoking status at time t), which has dimension 26. The relevant collapsed
marginal table GT S (with dimension 2× 5× 2) contains the marginal distributions
of the binary response variable S (Smoking) stratified for Gender G and Time T . A
marginal model to study the research questions stated above would start with impos-
ing the restrictions contained in loglinear model {GT,TS,GS} for table GTS (where,
as done throughout this book, for the representation of the marginal restrictions, this
table is treated as if it were a normal table rather than containing dependent marginal
distributions of S). Model {GT,TS,GS} implies the absence of the three-variable
effect GT S: the response growth curves over time are the same for men and women
or, what amounts to the same, the men-women response differences are the same at
all points in time. In terms of loglinear parameters, the odds ratios in the five condi-
tional 2×2 tables GS, one for each of the five time points, are all the same. However,
the observations in these five subtables are not independent of each other because
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they involve the same respondents. Marginal modeling is needed to estimate and test
the model. The interpretations of the effects in this model are on the marginal level.
The effects of T in loglinear model {GT,TS,GS} estimate how the marginal odds
πS

1
|T
t

G
g /πS

2
|T
t

G
g change over time within the subpopulation Men and, equally so, given

the model, within the subpopulation Women. The effect of G in the same model esti-
mates how different πS

1
|T
t

G
g /πS

2
|T
t

G
g is for Men and Women at each point in time, where

these differences are the same for all time points. The outcomes of the marginal-
modeling approach provide direct information on the research question: how does
the percentage of male and female smokers in the population change over time un-
der the influence of the campaign (while taking the dependencies of the observations
over time into account).

An alternative approach might be to start with the analogous logit model, but
now at the level of the 5×200 observations. Then, one may write for each individual
i (in a somewhat different notation than used so far to emphasize that individual i is
in principle not a category of an ordinary variable I),

ln
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πi
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πi
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g

)

= μ + β1t + β2g .

The left-hand side term in this equation represents the individual specific odds of
not smoking versus smoking, given T and G for individual i. However, the five time
observations are nested within the individuals and therefore the measurements at
the five time points are not independent of each other. This dependency (i.e., the
(between) variance that is explained by the cluster variable Individual) should be
accounted for. Therefore, the model is changed into

ln
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)

= μi + β1t + β2g (7.1)

where subscript i in μi refers to cluster i, and in this case to individual i. The intercept
μ is assumed to be different for each individual. The effects of T and G are assumed
to be the same for all individuals and are treated as fixed effects. The term μi can be
considered either as a fixed effect or as a random effect.

If μi is regarded as fixed, cluster variable, Individual is essentially treated as a
nominal-level variable with, in this case, 200 categories. The term μi represents 200
dummy variable effects, one for each individual. Or, adding a constant term μ0 to the
equation, there will be 200−1 = 199 dummy variable effects

μi = μ∗ +
199

∑
1

βDiDi,

where dummy variable Di equals 1 if the observations belong to individual i and 0
otherwise. If the effects of T or G are also assumed to vary among individuals, fixed
interaction effects might be added by multiplying T or G by the dummy variables D.

In a random-effect interpretation of μi, the intercept for the individuals is
regarded as consisting of a common mean element μ0, plus for each individual sepa-
rately an error term — a deviation from the mean in the form of a random draw from
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an assumed common population distribution (a normal distribution or some other
member of the exponential family),

μi = μ∗ + ui,

with E(ui) = 0. In the standard application of this model, the random errors ui are
assumed to be independent of the explanatory (exogenous) variables in the model.

If interactions of i with T and G are assumed, the effects of T and G might also
be defined in a similar way as random (slope) effects:

ln
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= μ∗ + ui + β1it + β2ig,

with

β1i = β1 + εi

and

β2i = β2 + δi .

If the model in Eq. 7.1 has a random intercept (μ0 + ui), but the effects of T and G
are considered fixed, the model as a whole is often called a mixed model.

When should fixed-effect models be used for the clustering, when random-effect
models, and how do these two compare to marginal modeling? Random-effect mod-
els are especially useful if the clusters are drawn randomly from some population
and if the number of clusters is large (say, larger than 20), but the number of obser-
vations within the clusters are small (say, less than 6). Fixed-effect models, on the
other hand, are most useful if the clusters are not drawn randomly, and when their
number is small, but the number of within cluster observations is large.

In principle, random-effect models assume a random sample of clusters and are
appropriate for multistage sampling procedures. Fixed-effect models treat the clus-
ters as the mutually exclusive and exhaustive categories of the cluster variable and
assume essentially a form of stratified sampling, where the stratifier is the cluster
variable. If the clusters are not a random sample, the logic of random effects breaks
down, unless some other probability mechanism will be present that mirrors random
sampling. Sometimes random measurement error is used as such a mechanism, but
then it must be assumed to operate at the cluster level. The discussion of when to use
random effects, and when not, has a lot in common with the old discussion about the
application of statistical inference procedures to population data.

In the above smoking example, the individuals were randomly drawn. From this
point of view, random effects are appropriate here. Moreover, treating the individuals
as fixed-effect dummy variables may give rise to a serious statistical problem, be-
cause the estimates of some or all structural parameters may no longer be consistent.
Some estimates may not improve if more and more individuals are added to the
sample, because each added individual adds another parameter, too (this difficulty is
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sometimes solved by using conditional ML inference procedures — e.g., in Rasch
models, see also Molenberghs & Verbeke, 2005, Section 13.3.2).

In the random effects variant, this particular statistical problem is circumvented,
because, assuming ui has a normal distribution, the only parameters to be estimated
for the distribution of the individual random effects are its mean μ0 and variance
σ2

u . In many research situations, however, random-effect models do not make much
sense. In most cross-national research, it is hard to imagine an appropriate random
mechanism to justify random effects, even when 30 or more countries are being
compared. It often makes much more sense to consider the, say, 50 countries as 50
categories of the variable ‘Living in country X ,’ not different from belonging to age
category or birth cohort X . Also, the argument that random-effect models are needed
to find the explained variance by aggregate characteristics, and the variance at the ag-
gregate level, does not hold. Similar explained variance analyses can be performed
at the fixed level, if one is willing to make similar restrictions. Or perhaps formu-
lated a bit more accurately, the seemingly extra potential of random-effect models
follow from the extra, generally unverified assumptions that are being introduced in
random-effect models. If one would be willing to assume, for example, that the fixed
cluster dummy effects are the same for a particular subset of the dummies and that
the relationships between the dependent variable and the aggregate level variables
are linear, the same possibilities exist for fixed-effect models. Essentially, multilevel
analysis is needed for investigating the effects of higher-level variables on lower-
level characteristics, but not necessarily in the form of random coefficients.

Further, if there are just a few clusters, even if randomly chosen, random-
effect models may not be applicable, simply because the sample size is too small
to get robust and accurate estimates of the parameters of their distribution. On
the other hand, if for each cluster just a few observations are available, as in the
smoking example above, fixed-effect models become problematic because there are
not enough observations per category of the cluster variable to yield stable esti-
mates. Random effects usually perform better then, because they make explicit as-
sumptions about (equality of) within cluster variances and restricted models gen-
erally yield more robust estimates than less-restricted models (but see also below)
(Snijders & Bosker, 1999, p. 43).

Finally, in most standard applications of random-effect models it is assumed that
the random components (the latent variable) ui (and εi or δi) in the above equation(s)
are independent of each other and of the other independent variables in the equation
(such as G). In fixed-effect analyses using dummies for the clusters, such an assump-
tion is not made. In that sense, fixed-effect models may capture a larger part of the
unobserved heterogeneity (of the cluster dependencies) than random-effect models.

Now how does marginal modeling compare to these two approaches? First, it
is good to realize that the marginal-modeling approach advocated in this book also
assumes a (multinomial) probability distribution of the joint variables and, therefore,
a random sample of clusters (as in all examples in this book). In that respect, it is
more similar to random than to fixed effects analysis.

Second, the fixed analysis interpretation of Eq. 7.1 investigates the effects of T
and G on average within individuals. As such, the fixed analysis does not answer
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the research question about the population impact of the campaign against smoking.
A seemingly simple and straightforward kind of ‘marginal fixed analysis’ would be
possible by just leaving out the dummy effects for the individual. But then, of course,
the dependency of the observations is no longer accounted for. These dependencies
get confused with the effects of the other variables and standard statistical procedures
that assume independent observations break down.

Also in a mixed model such as in Eq. 7.1, with a random intercept and fixed
slopes, the fixed effects for G and T are partial effects on average within individuals
(and controlling for T or G, respectively). They are not the intended marginal, esti-
mated population effects, and the random-intercept model also does not answer the
research question that started this imaginary investigation directly.

The random-intercept model might be marginalized to investigate the marginal
consequences. However, it should be kept in mind that, in general, random-effect
models are not saturated models for the dependencies in the data — something that
many researchers forget in their routine applications of random-effect models. Un-
like marginal models, random-effect models make assumptions about these depen-
dencies, such as the above-mentioned assumption of independence of the random
terms of the other variables in the equation. For example, in our simple random-
intercept example above, it may be assumed that the autocorrelation pattern over
time is caused by the random factor ‘Individual’ with constant variance σ2

u . There-
fore, the correlation ρ between adjacent time point t and t + 1 is the same for all
values of t; moreover, the same value ρ will be found for t and t + 2, and for t and
t + 3, as well as t and t + 4 (cf. the circularity condition in Section 7.1.1). If, how-
ever, in reality, an autocorrelation model of lag 1 would apply, the autocorrelations
between all t and t + 1 would be ρ , but for lag 2 (t and t + 2) it would be ρ2, etc.
A nice feature of random-effect models is that such structures can be defined. But
the problem is that the researcher does not know the true dependency structure in
the population. If this structure is misspecified, marginalizing can lead to wrong in-
ferences about the marginal distributions. A solution would be to define saturated
random-effect models (Lee & Nelder, 2004). But it is certainly not always easily
seen how to do this, and if it is possible, it is certainly not simple (and is usually
very cumbersome) to specify the further restrictions in such a way that the intended
marginal restriction will follow (which was the main focus of the comparison of the
alternative techniques).

In sum, marginal restrictions are by far most easily and flexibly handled by mar-
ginal models as described in this book, while retaining the possibility to specify a
particular joint distribution.

7.3 Specific Applications

As the previous chapters have made abundantly clear, dependencies among observa-
tions that have to be reckoned with arise in many research situations, partly because
of the research design, partly because of the nature of the research questions. Re-
peated observations of the same subjects are often a cause of the dependencies, as
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are several forms of explicit clustering or multi-stage sampling designs (e.g., regions-
communities-households-individuals or schools-classes-pupils). But more subtle or
implicit varieties in design also exist that can make the observations dependent. For
example, in surveys, using face-to-face interviews, the respondents are clustered
within interviewers. In almost all analyses of such survey data (including the au-
thors’ own substantive analyses), this possible source of dependencies among the
observations is completely ignored with possibly serious consequences for statistical
inferences (for an early illustration, see Hagenaars & Heinen, 1982). As discussed in
the previous section, this clustering effect can and must be taken into account in one
of the several indicated ways. Ignoring the problem is not among them, but marginal
modeling is.

Below, three other, very different and more specific concrete research situations
will be described in which marginal modeling is the appropriate approach: the anal-
ysis of data from multiple responses, the analysis of dyadic data, and testing proper-
ties of Mokken (cumulative) scales. They are presented here as instances of the many
specific research questions where it is not clear how to obtain satisfactory statistical
answers using standard techniques, but where awareness of marginal modeling offers
an adequate and flexible statistical framework.

7.3.1 Multiple Responses

Multiple responses to a single questionnaire item occur when the respondents are
asked to choose an arbitrary number of alternatives (not necessarily just one) from a
given list of options. Loughin and Scherer (1998), for instance, analyse data in which
livestock farmers were asked to indicate from which sources they obtained their vet-
erinary information: (A) professional consultant, (B) veterinarian, (C) state or local
extension service, (D) magazines, and (E) feed companies and representatives. Since
farmers may obtain their information from different sources, multiple responses were
allowed. In their sample of 262 farmers, 453 responses were recorded, so the mean
number of responses per respondent was 1.73.

To investigate whether respondents with a different educational background used
different sources, the data can be summarized in a contingency table Education ×
Info source using all 453 observed responses. However, the routine application of the
traditional chi-square test for independence is inappropriate here, since the 453 ob-
servations are not statistically independent because of clustering within farmers. This
problem was recognized a long time ago and several solutions have been proposed.
For example, Loughin and Scherer (1998) proposed to test the significance of the
chi-square value by means of a bootstrap procedure. Decady and Thomas (2000) and
Bilder and Loughin (2004) discussed modifications and corrections of the traditional
chi-square test to make it appropriate for multiple responses. Agresti and Liu (1999)
were the first to apply the full ML marginal-modeling approach to data, including
variables with multiple responses.

The analysis of multiple-response data amounts to comparing marginal distribu-
tions that are, in our terminology, partially dependent (see the analyses of the NKPS
data in Chapters 2, 5, and 6). Agresti and Liu treat a dependent variable Y with c
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multiple responses as a set of c binary items with scores equal to zero if the corre-
sponding alternative is not chosen, and equal to one if it is chosen. Each alternative j
of Y corresponds to a binary variable J with J = 1, if j is chosen and J = 0 otherwise.
Now suppose that the researcher is interested in the effects of an explanatory variable
X with r levels on the (multiple) response. Let πJ

1
|X
i denote the probability of selecting

alternative j of Y in the subgroup with X = i. Then, {(πJ
1
|X
i ,1−πJ

1
|X
i ),J = 1, · · · ,c}

are the c marginal univariate distributions for the responses when X = i.
Independence of X and Y can now be tested by means of the multiple marginal

independence model

log

(
πJ

1
|X
i

1−πJ
1
|X
i

)

= β j ,

which states that the probability of choosing alternative j is the same for all val-
ues of X . Other less-restrictive, but still nonsaturated marginal models that can be
considered in this context are

log

(
πJ

1
|X
i

1−πJ
1
|X
i

)

= αi + β j ,

or, when X has ordered levels

log

(
πJ

1
|X
i

1−πJ
1
|X
i

)

= β j + γ jxi .

In the latter two models, it is tested whether the (linear) effect of X on each response
dummy is the same for all responses.

All these models can be estimated and tested as marginal models defined on
the r× 2c table, which contains the response patterns for X and the c binary items
representing the multiple-response variable Y .

When both X and Y allow multiple responses, two different sets of binary items
are defined: r items I = 1, . . . ,r for X , and c items J = 1, . . . ,c for Y . Independence
of X and Y can now be tested by a simultaneous test of the r × c independence
hypotheses

πI
1
J
1 = πI

1
J
+πI

+
J
1

for each pair (I,J) of binary items from the X and the Y set. This test is based on the
appropriate marginal model for the 2(r+c) table, which contains the response patterns
for the r + c binary variables representing X and Y .

7.3.2 Categorical Dyadic Data

Dyadic data (Kenny, Kashy, & Cook, 2006) are obtained when the basic unit of
analysis is not an individual, but a pair (dyad) of individuals, who interact with each
other. Dyadic data abound in social-psychological and sociological research: data
collected on husband and wife, parents and children, teacher and students, etc., are
just a few examples. A characteristic of dyadic data is that, because of the interaction
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X1

Y1

X2

Y2

E1

E2

Fig. 7.2. The Actor-Partner Interdependence Model for dyadic data

between the members of a dyad, the observations on them are not statistically inde-
pendent. Analysis of dyadic data should take this pairwise dependence into account.
In a way, and at many places, we have been using dyadic data in this book, such
as the above-mentioned parent-child NKPS data in Chapters 2, 5 and 6, but always
ignoring, from a substantive point of view, their dyadic character. In this subsection,
it will be shown how to handle such data, but now focusing on the dyadic character.

An important distinction for the (marginal) analysis of dyadic data is between
situations in which the members of a dyad are clearly distinguishable, and situations
in which that is not the case. Husband and wife, and teacher and student, are two
examples of dyads with distinguishable members: one member can clearly be iden-
tified as the husband (or teacher), the other as the wife (or student). However, in
other examples, such as friendship pairs, it is completely arbitrary who is consid-
ered the first member of the pair and who is the second one; such dyads consist of
indistinguishable members.

An interesting general model for analyzing dyadic data with distinguishable
or indistinguishable members is the Actor-Partner Interdependence Model (APIM)
described in Kenny et al. (2006). Fig. 7.2 depicts the basic ideas behind this model.
For each of the two dyad members, two variables X and Y are observed with X
antecedent to Y . The variables pertaining to the first member are denoted by X1 and
Y1, and those pertaining to the second member by X2 and Y2. Actor effects are defined
as the effect that Xi has on Yi, the dependent variable for the same member. Partner
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effects are defined as the effect that Xi has on Yj, the dependent variable for the part-
ner. In this simple situation, there are two different actor effects and two different
partner effects, but in some applications equal actor or equal partner effects may be
assumed. Note that the two error terms are allowed to be correlated.

The APIM model takes on a simple form if the members of the dyad are dis-
tinguishable. For continuous variables, the APIM depicted in Fig. 7.2 is formally
equivalent to an ordinary two-equations path model (with correlated error terms)
that does not require any use of marginal modeling. Its parameters can be estimated
by means of standard software packages for structural equation models.

For categorical data summarized in table X1X2Y1Y2, the nonsaturated loglinear
model for the distinguishable dyads that captures the core of the APIM is the stan-
dard loglinear model {X1X2,X1X2Y1,X1X2Y2,Y1Y2}. In this model, the direct relation
between Y1 and Y2 mirrors the correlated error term, and some possible extra three-
variable interaction effects are present. If this model can be accepted for the data at
hand, more restrictive models can be tested by constraining some loglinear model pa-
rameters in the original model — e.g., setting the loglinear three-variable interaction
parameters equal to zero. None of these analyses requires marginal modeling. In
general, when the relationship between the members within a dyad is asymmetric,
and the members are clearly distinguishable (such as in the teacher-pupil relation),
no further marginal constraints have to be imposed on the model parameters of the
linear or loglinear model.

This is no longer true when the members of a dyad are indistinguishable. Then,
both members of the dyad become exchangeable and the structure of the APIM
should be adapted to this exchangeability condition. Although marginal modeling
is still not always or strictly required, models incorporating the exchangeability con-
dition are, at the very least, most easily formulated and estimated using marginal-
modeling terminology and procedures.

For continuous data, the most common practice to express exchangeability is to
equate the means of the two X variables, as well as their variances, and to equate the
variances of the two error terms. Moreover, the two actor effects (effects of X1 on Y1

and of X2 on Y2), and the two partner effects (effects of X1 on Y2 and of X2 on Y1),
should also be set equal. In this way, it does not matter for the distribution of the four
random variables who is taken as first and who as the second member of the dyad.
Parameters are equated in such a way that the joint distribution f of the four random
variables (X1,X2,Y1,Y2) satisfies the permutation condition

f (x1,x2,y1,y2) = f (x2,x1,y2,y1) .

Equating the means and variances are marginal restrictions. Software for struc-
tural equation models that can handle (restrictions on) first and second moments
(means and variances) and regression coefficients can be used to estimate all param-
eters of the APIM models for continuous data from indistinguishable dyads.

For categorical data, when the members of a dyad are indistinguishable, extra
constraints have to be imposed on model {X1X2,X1X2Y1,X1X2Y2,Y1Y2} that guarantee
that the expected frequencies satisfy the exchangeability condition defined above.
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Denoting X1 and X2 by A and B, respectively, and Y1 and Y2 by C and D, respectively,
the joint probabilities must be restricted as follows:

πA
i

B
j
C
k

D
� = πA

j
B
i

C
�

D
k .

The simplest way to estimate this complete model that consists of the conjunction
of the loglinear and the exchangeability constraints is using the marginal-modeling
techniques discussed in this book. Because in this particular APIM model the ex-
changeability restriction amounts to a particular form of symmetry, the complete
model can also be formulated in terms of restrictions on the parameters of the as-
sumed loglinear model, as Bishop et al. (1975, Chapter 8) and Hagenaars (1990,
Chapters 4, 5, and 6) have shown. However, these kinds of restrictions become rather
complex and the model is easily misspecified. For example, the exchangeability con-
dition implies not only restrictions on the first- and second-order parameters, but also
on the three-variable interactions in the given example such as

uA
i

B
j
C
k = uA

i
B
j
D
k

uA
i

B
j
C
k = uA

j
B
i

C
k .

It is much simpler and less prone to mistakes to impose the restrictions directly to
the probabilities itself using the marginal-modeling approach. On the other hand, it
should be realized that the loglinear model must be compatible with these marginal
exchangeability restrictions. This means, in terms of our example, that when the
unrestricted three-variable interaction term ABC is present in the model, the term
ABD should also be included, as follows from the required parameter restrictions
needed for the exchangeability condition indicated above.

7.3.3 Mokken Scale Analysis

Mokken scale analysis (Mokken, 1971; Sijtsma & Molenaar, 2002) is used for scal-
ing items and measuring respondents on an ordinal scale. It can be regarded as a
probabilistic version of the deterministic cumulative or Guttman scale. The Mokken
scale is based on the monotone homogeneity model, which is a nonparametric item
response model. Here, only dichotomous items will be considered — i.e., items with
only two responses, one of which can be labeled as the positive response 1 and one
as the negative response 0. Let πi

1 denote the probability of a positive response 1 to
item i (using a convenient ad hoc notation).

In testing, whether a set of items forms a Mokken scale, several scalability coef-
ficients play a crucial role. Suppose we have a set of J dichotomous items that are
ordered with respect to decreasing popularity. Hence, item i precedes item j in this
ordering when πi

1 > π j
1. A Guttman error is said to occur if someone solves (or re-

sponds positively to) the more difficult item of a pair but not the easier one — i.e.,
when for an item pair (i, j) with πi

1 > π j
1, someone answers 1 on item j but 0 on

item i. Let Fi j be the number of Guttman errors occurring in a sample of n subjects
for the pair of items (i, j) with πi

1 > π j
1, and let Ei j be the expected number of such
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errors under the hypothesis that Xi and Xj are independent. Then three different types
of scalability coefficients can be defined.

First, for each item pair (i, j) with πi
1 > π j

1, the scalability coefficient Hi j is

Hi j = 1− Fi j

Ei j
.

Second, the scalability coefficient for an individual item j is defined as

Hj = 1− ∑i�= j Fi j

∑i�= j Ei j
.

Finally, the scalability for the total scale for all items becomes

H = 1− ∑J−1
i=1 ∑J

j=i+1 Fi j

∑J−1
i=1 ∑J

j=i+1 Ei j
.

Sijtsma and Molenaar (2002) provide more information on the properties and uses
of these scalability coefficients.

For investigating the properties of a Mokken scale, tests for several hypotheses
about these scalability coefficients are relevant, such as

• Are all or some of the scalability coefficients different from zero?
• Are all or some of the scalability coefficients larger than a scalability criterion c,

which is larger than zero?
• Are the scalability coefficients of the different items equal to each other?
• Are the item scalability coefficients equal in different groups?

To test such hypotheses, it must be taken into account that the H coefficients
are defined on the same subjects, and therefore involve dependent observations. The
marginal-modeling approach can handle these dependencies. Van der Ark, Croon,
and Sijtsma (2008a) and Van der Ark, Croon, and Sijtsma (2008b) showed that all
scalability coefficients can be written as functions of the response pattern frequen-
cies using the generalized exp-log notation. Marginal modeling can then be applied
to test the hypotheses about the H coefficients and to obtain estimates (and standard
errors) of these coefficients under various restrictive models. An advantage of using
marginal-modeling techniques in this context is that no further simplifying assump-
tions about the distribution of the H coefficients are needed. More details on data and
analyses can be found in Van der Ark et al. (2008a) and Van der Ark et al. (2008b),
and on the book’s website.

7.4 Problems and Future Developments

In the process of writing this book and carrying out the analyses, a number of difficul-
ties and questions came up that needed answers, but answers that were not available
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then and not directly available now. These problems will be presented in this section,
but not to solve them here and now, not even to promise to work on it, or to try to
solve them in the near future. Nothing more is intended here than making the reader
aware of some problems that still exist and of possible future developments.

The full ML marginal-modeling approach is based on the asymptotic properties
of the estimators, as is often true in statistics. However, researchers work with finite
samples. More should be known about the behavior of the estimates in finite samples.
Although the ML method seems to work very well, even with samples that are not
very large and with extremely sparse joint tables, this impression should be further
investigated. More needs to be known about how the estimates behave depending on
the number of clusters, the number of observations within the clusters, the strength of
the dependencies, the sparseness in the joint table, and the sparseness of the marginal
table, etc.

Practical problems were encountered with respect to the size of the joint table, the
required memory space, and the time-consuming iteration process. With improving
computer hardware and software, these problems will no doubt be much lessened,
but in the end only to a limited extent because computational complexity increases
exponentially with the number of variables involved. What is really needed for very
(or extremely) large problems is an improved fitting algorithm that has less compu-
tational requirements.

At several places in this book, NKPS data were used, in which the data were
clustered within families, and in which one parent and one child was selected from
each family. The marginal models for these data nicely took the dependencies in the
observations into account. But a problem remains. This data set, because just one
child and one parent were chosen, is not representative of the population, because it
underrepresents large families. Weights are needed to correct for this. This is a com-
mon situation in cluster sampling, and the problem can in fact be solved in various
ways using marginal-modeling procedures. For example, in the above family prob-
lem, a variable Family size could be introduced, over which we need to marginalize
using appropriate weights. Alternatively, if certain groups are known to be over- or
undersampled, the marginal distribution of the grouping variable can be corrected
using marginal modeling.

A completely different kind of possible extension came up in discussions about
the usefulness of the marginal-modeling approach for the analysis of social mobil-
ity tables. In such analyses, use is often made of ‘association-2’ or bilinear models,
in which linear restrictions are imposed on the log odds or the log odds ratios, but
using estimated variable scores rather than fixed ones. These models cannot be sim-
ply expressed in terms of zero restrictions on linear combinations of the cell prob-
abilities, as required in our marginal-modeling approach. Perhaps some form of an
alternating algorithm in which the variable scores are estimated first, and then the
marginal restrictions are applied, and then back again might do the trick.

Finally, in many examples throughout this book, the data sets contained miss-
ing data. For the time being, this issue was completely ignored. However, given the
omnipresence of missing data and its often selective nature, marginal models should
take the (partially) missing observations into account. In principle, handling missing
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data is a form of latent variable analysis, and the procedures discussed in the pre-
vious chapter can also be used for missing data problems. Fay has shown how to
include missing data in categorical data analysis in a very general way (Fay, 1986,
1989; Hagenaars, 1990, Section 5.5.1; Vermunt, 1997a). Fay introduces response
variables to denote whether or not a particular respondent has a score on a particular
variable — e.g., RA = 0 indicates that the respondent does not have a score on vari-
able A and RA = 1 means that a score was obtained. In this way, mutually exclusive
response groups can be defined. For example, if there are three-variables A, B, and
C, response group ABC consists of the respondents that have a score on all three-
variables and no missing data. Response group AC consists of all respondents that
have scores on A and C, but whose scores on B are missing, etc. For response group
AC, the scores on B are latent, because missing. Using the EM algorithm described
in the previous chapter, a complete table ABC for response group AC is computed
in the E-step, conditional on the observed frequencies nA

i
C
k and using the conditional

probabilities π̂B
j
|A
i

C
k obtained in the previous M step. This is done for all response

groups that contain missing data. Next, all complete tables for all response groups
are summed to obtain the completed ‘observed’ table that is then used in the next
M-step. In marginal modeling, these response groups have to be defined for each
cluster separately, because within a response group, the observations are dependent
of each other because of the clustering, but also because the response groups them-
selves are dependent because one member of a particular cluster might belong to one
response group, but another member of the same cluster might belong to another re-
sponse group. This makes the E-step more complicated than usual. Details have to be
worked out. An alternative might be to use Bayesian imputation methods (Schafer,
1997; Rubin, 1987) but then for dependent data.

Probably many other important developments will take (and are taking) place, but
the above ones were the most urgently encountered in our own substantive analyses.

7.5 Software, Generalized exp-log Routines, and Website

Marginal modeling can be done in many different ways, by means of WLS, by means
of GEE, by means of random-effect models (especially for marginal restrictions in
linear models for continuous data), by means of procedures in which the joint table
is parameterized in orthogonal sets for successive higher-order distributions (one-
way, two-way, three-way marginals, etc.). Agresti (2002), Verbeke and Molenberghs
(2000), and Molenberghs and Verbeke (2005) extensively discuss specialized and
general purpose software to apply these approaches. SAS is extremely useful in this
respect (but Muthen’s Mplus and STATA can also be considered).

The specific full ML estimation procedure for categorical data advocated in
this book, using the constraint approach with Lagrange multipliers, is as of yet not
incorporated in the big standard statistical packages. Nevertheless, a number of
routines and programs are available to perform the full ML marginal analyses. Lang
has developed R- and S-Plus functions (website: www.stat.uiowa.edu/ jblang/);
Vermunt incorporated a rather flexible marginal subroutine in an experimental
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version of his multipurpose program LEM for loglinear modeling (LEM’s webpage:
www.uvt.nl/faculteiten/fsw/organisatie/departementen/mto/software2.html; for an ap-
plication, see Vermunt et al., 2001).

All models in this book were estimated by Mathematica procedures, written by
the first author. The main advantages of his procedures are that many models can
be easily specified with little knowledge about matrix algebra, that latent variables
may be included, that it can handle rather large data sets, that it uses the very flexible
generalized exp-log notation described in Chapter 3, and that it has some extra pro-
visions to make the algorithm converge faster. Because Mathematica is not available
for all users, equivalent R procedures have been developed.

The authors’ software, the Mathematica and R procedures, along with the book’s
data sets, the marginal models, the required matrices, and the outcomes have been
put on the book’s website. For practical use, especially working out the necessary
generalized exp-log notation for defining the models and the restrictions on the rele-
vant (association) coefficients might be (very) cumbersome. That is the main reason
they have been put on the website in a general form to be used rather routinely by
other researchers. Our programme CMM, which stands for Categorical Marginal
Modeling, can be found on the book’s website that is maintained by the first author:

www.cmm.st
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