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Introduction 

Background 

Linear algebra plays a key role in the theory of dynamical systems, and 
concepts from dynamical systems allow the study, characterization and gen­
eralization of many objects in linear algebra, such as similarity of matrices, 
eigenvalues, and (generalized) eigenspaces. The most basic form of this in­
terplay can be seen as a quadratic matrix A gives rise to a discrete time 
dynamical system Xk+l = Axk, k = 0, 1, 2, ... and to a continuous time 
dynamical system via the linear ordinary differential equation x = Ax. 

The (real) Jordan form of the matrix A allows us to write the solution 
of the differential equation x = Ax explicitly in terms of the matrix ex­
ponential, and hence the properties of the solutions are intimately related 
to the properties of the matrix A. Vice versa, one can consider properties 
of a linear fl.ow in JRd and infer characteristics of the underlying matrix A. 
Going one step further, matrices also define (nonlinear) systems on smooth 
manifolds, such as the sphere §d-l in JRd, the Grassmannian manifolds, the 
flag manifolds, or on classical (matrix) Lie groups. Again, the behavior of 
such systems is closely related to matrices and their properties. 

Since A.M. Lyapunov's thesis [97] in 1892 it has been an intriguing prob­
lem how to construct an appropriate linear algebra for time-varying systems. 
Note that, e.g., for stability of the solutions of x = A(t)x it is not sufficient 
that for all t E JR the matrices A(t) have only eigenvalues with negative 
real part (see, e.g., Hahn [61], Chapter 62). Classical Floquet theory (see 
Floquet's 1883 paper [50]) gives an elegant solution for the periodic case, 
but it is not immediately clear how to build a linear algebra around Lya­
punov's 'order numbers' (now called Lyapunov exponents) for more general 
time dependencies. The key idea here is to write the time dependency as a 
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xii Introduction 

dynamical system with certain recurrence properties. In this way, the mul­
tiplicative ergodic theorem of Oseledets from 1968 [109] resolves the basic 
issues for measurable linear systems with stationary time dependencies, and 
the Morse spectrum together with Selgrade's theorem [124] goes a long way 
in describing the situation for continuous linear systems with chain transitive 
time dependencies. 

A third important area of interplay between dynamics and linear algebra 
arises in the linearization of nonlinear systems about fixed points or arbitrary 
trajectories. Linearization of a differential equation ii= f(y) in ~d about a 
fixed point Yo E ~d results in the linear differential equation x = f'(yo)x and 
theorems of the type Grohman-Hartman (see, e.g., Bronstein and Kopan­
skii [21]) resolve the behavior of the flow of the nonlinear equation locally 
around Yo up to conjugacy, with similar results for dynamical systems over 
a stochastic or chain recurrent base. 

These observations have important applications in the natural sciences 
and in engineering design and analysis of systems. Specifically, they are 
the basis for stochastic bifurcation theory (see, e.g., Arnold [6]), and robust 
stability and stabilizability (see, e.g., Colonius and Kliemann [29]). Stabil­
ity radii (see, e.g., Hinrichsen and Pritchard [68]) describe the amount of 
perturbation the operating point of a system can sustain while remaining 
stable, and stochastic stability characterizes the limits of acceptable noise 
in a system, e.g., an electric power system with a substantial component of 
wind or wave based generation. 

Goal 

This book provides an introduction to the interplay between linear alge­
bra and dynamical systems in continuous time and in discrete time. There 
are a number of other books emphasizing these relations. In particular, we 
would like to mention the book [69] by M.W. Hirsch and S. Smale, which 
always has been a great source of inspiration for us. However, this book 
restricts attention to autonomous equations. The same is true for other 
books like M. Golubitsky and M. Dellnitz [54] or F. Lowenthal [96], which 
is designed to serve as a text for a first course in linear algebra, and the 
relations to linear autonomous differential equations are established on an 
elementary level only. 

Our goal is to review the autonomous case for one d x d matrix A via 
induced dynamical systems in ~d and on Grassmannians, and to present 
the main nonautonomous approaches for which the time dependency A(t) 
is given via skew-product flows using periodicity, or topological (chain re­
currence) or ergodic properties {invariant measures). We develop general­
izations of (real parts of) eigenvalues and eigenspaces as a starting point 
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for a linear algebra for classes of time-varying linear systems, namely peri­
odic, random, and perturbed (or controlled) systems. Several examples of 
(low-dimensional) systems that play a role in engineering and science are 
presented throughout the text. 

Originally, we had also planned to include some basic concepts for the 
study of genuinely nonlinear systems via linearization, emphasizing invari­
ant manifolds and Grohman-Hartman type results that compare nonlinear 
behavior locally to the behavior of associated linear systems. We decided to 
skip this discussion, since it would increase the length of this book consider­
ably and, more importantly, there are excellent treatises of these problems 
available in the literature, e.g., Robinson [117] for linearization at fixed 
points, or the work of Bronstein and Kopanskii [21] for more general lin­
earized systems. 

Another omission is the rich interplay with the theory of Lie groups and 
semigroups where many concepts have natural counterparts. The mono­
graph [48] by R. Feres provides an excellent introduction. We also do not 
treat nonautonomous differential equations via pullback or other fiberwise 
constructions; see, e.g., Crauel and Flandoli [37], Schmalfu:B [123], and Ras­
mussen [116]; our emphasis is on the treatment of families of nonautonomous 
equations. Further references are given at the end of the chapters. 

Finally, it should be mentioned that all concepts and results in this book 
can be formulated in continuous and in discrete time. However, sometimes 
results in discrete time may be easier to state and to prove than their ana­
logues in continuous time, or vice versa. At times, we have taken the liberty 
to pick one convenient setting, if the ideas of a result and its proof are par­
ticularly intuitive in the corresponding setup. For example, the results in 
Chapter 5 on induced systems on Grassmannians are formulated and derived 
only in continuous time. More importantly, the proof of the multiplicative 
ergodic theorem in Chapter 11 is given only in discrete time (the formula­
tion and some discussion are also given in continuous time). In contrast, 
Selgrade's Theorem for topological linear dynamical systems in Chapter 9 
and the results on Morse decompositions in Chapter 8, which are used for 
its proof, are given only in continuous time. 

Our aim when writing this text was to make 'time-varying linear alge­
bra' in its periodic, topological and ergodic contexts available to beginning 
graduate students by providing complete proofs of the major results in at 
least one typical situation. In particular, the results on the Morse spectrum 
in Chapter 9 and on multiplicative ergodic theory in Chapter 11 have de­
tailed proofs that, to the best of our knowledge, do not exist in the current 
literature. 
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Prerequisites 

The reader should have basic knowledge of real analysis (including met­
ric spaces) and linear algebra. No previous exposure to ordinary differential 
equations is assumed, although a first course in linear differential equations 
certainly is helpful. Multilinear algebra shows up in two places: in Section 
5.2 we discuss how the volumes of parallelepipeds grow under the flow of 
a linear autonomous differential equation, which we relate to chain recur­
rent sets of the induced flows on Grassmannians. The necessary elements of 
multilinear algebra are presented in Section 5.1. In Chapter 11 the proof of 
the multiplicative ergodic theorem requires further elements of multilinear 
algebra which are provided in Section 11.3. Understanding the proofs in 
Chapter 10 on ergodic theory and Chapter 11 on random linear dynamical 
systems also requires basic knowledge of a-algebras and probability mea­
sures (actually, a detailed knowledge of Lebesgue measure should suffice). 
The results and methods in the rest of the book are independent of these 
additional prerequisites. 
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Notation 

Throughout this text we will use the following notation: 

J+(x) 
log+x 
gl(d, R), gl(d, C) 
Gl(d, R), Gl(d, C) 
AT 
11·11 
spec( A) 
imA,trA 
lim sup, lim inf 
N, No 
i 

z 
.A 
IP'd-1 

Gk(d) 
L(A) 
IE 

= (A\ B) U (B \A), the symmetric difference of sets 
= {x I /(x) E E} for a map f : X---+ Y and E c Y 
the complement of a subset E C X, Ee = X \ E 
the characteristic function of a set E, IIE(x) := 1 
if x EE and IIE(x) := 0 elsewhere 
= max(f(x), 0), the positive part off : X---+ R 
log+ x := logx for x ~ 1 and log+ x := 0 for x =::; 1 
the set of real (complex) d x d matrices 
the set of invertible real (complex) d x d matrices 
the transpose of a matrix A E gl(d, R) 
a norm on Rd or an induced matrix norm 
the set of eigenvalues µ E C of a matrix A 
the image and the trace of a linear map A, resp. 
limit superior, limit inferior 
the set of natural numbers excluding and including 0 
i=A 
the complex conjugate of z E C 
A=(%) for A= (ai;) E gl(d,C) 
the real projective space IP'd-l = RIP'd-l 

the kth Grassmannian of Rd 
the Lyapunov space associated with a Lyapunov exponent A 
expectation (relative to a probability measure P) 

For points x and nonvoid subsets E of a metric space X with metric d: 

N(x,10) 
diamE 
dist(x, E) 
cl E,intE 

= {y EX I d(x, y) < e }, the 10-neighborhood of x 
= sup{d(x, y) Ix, y EE}, the diameter of E 
=inf {d(x, y) I y EE}, the distance of x to E 
the topological closure and interior of E, resp. 
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Part 1 

Matrices and Linear 
Dynamical Systems 





Autonomous Linear 
Differential and 
Difference Equations 

Chapter 1 

An autonomous linear differential equation or difference equation is deter­
mined by a fixed matrix. Here linear algebra can directly be used to derive 
properties of the corresponding solutions. This is due to the fact that these 
equations can be solved explicitly if one knows the eigenvalues and a basis 
of eigenvectors (and generalized eigenvectors, if necessary). The key idea is 
to use the (real) Jordan form of a matrix. The real parts of the eigenvec­
tors determine the exponential growth behavior of the solutions, described 
by the Lyapunov exponents and the corresponding Lyapunov subspaces. In 
this chapter we recall the necessary concepts and results from linear alge­
bra and linear differential and difference equations. Section 1.1 establishes 
existence and uniqueness of solutions for initial value problems for linear 
differential equations and shows continuous dependence of the solution on 
the initial value and the matrix. Section 1.2 recalls the Jordan normal form 
over the complex numbers and derives the Jordan normal form over the reals. 
This is used in Section 1.3 to write down explicit formulas for the solutions. 
Section 1.4 introduces Lyapunov exponents and relates them to eigenvalues. 
Finally, Section 1.5 presents analogous results for linear difference equations. 

1.1. Existence of Solutions 

This section presents basic results on existence of solutions for linear au­
tonomous differential equations and their continuous dependence on the ini­
tial value and the matrix. 

-3 



4 1. Autonomous Linear Differential and Difference Equations 

A linear differential equation (with constant coefficients) is given by a 
matrix A E gl(d,JR) via x(t) = Ax(t), where x denotes differentiation with 
respect tot. Any differentiable function x : JR-----+ JRd such that x(t) = Ax(t) 
for all t E JR, is called a solution of x = Ax. 

An initial value problem for a linear differential equation x =Ax consists 
in finding for a given point xo E JRd a solution x(·, xo) that satisfies the initial 
condition x(O, xo) = xo. The differential equation x = Ax is also called a 
time invariant or autonomous linear differential equation. The parameter 
t E JR is interpreted as time. 

A description of the solutions is based on the matrix exponential: For 
a matrix A E gl(d, JR) the exponential eA E Gl(d, JR) is defined by eA 
E~=O ~,An E Gl(d,JR). This series converges absolutely, i.e., 

f ~ llAnll '.Sf~ llAlln = ellAll < oo, 
n=O n. n=O n. 

and the convergence is uniform for bounded matrices A, i.e., for every M > 0 
and all e>O there is 8>0 such that for all A, BEgl(d,JR) with llAll, llBll :SM 

llA - Bii < 8 implies lleA - eBll < e. 

This follows since the power series of the scalar exponential function is uni­
formly convergent for bounded arguments. Furthermore, the inverse of eA is 
e-A and the matrices A and eA commute, i.e., AeA = eA A. Note also that 
for an invertible matrix SE Gl(d, JR), 

esAs-1 = SeAs-1. 

The same properties hold for matrices with complex entries. 

The solutions of x =Ax satisfy the following properties. 

Theorem 1.1.1. (i) For each A E gl(d,JR) the solutions of x =Ax form a 
d-dimensional vector space sol(A) c C00 (JR, JRd) over JR, where C00 (JR, JRd) = 

{! : JR -----+ JRd I f is infinitely often differentiable}. 

(ii) For each initial value problem the solution x(·, xo) is unique and 
given by x(t, xo) = eAtxo, t E JR. 

(iii) For a basis v1, ... , vd of JRd, the functions x(·, v1), ... , x(·, vd) form 
a basis of the solution space sol(A). The matrix function 

X(-) := [x(·, v1), ... , x(·, vd)] 

is called a fundamental solution of x =Ax and X(t) = AX(t), t E JR. 

Proof. Using the series expression etA = E~=O !7 tn, one finds that the 
matrix etA satisfies (in JRd·d) itetA = AetA. Hence eAtxo is a solution of the 
initial value problem. To see that the solution is unique, let x(t) be any 
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solution of the initial value problem and put y(t) = e-tAx(t). Then by the 
product rule, 

iJ(t) = ( ~ e-tA) x(t) + e-tAx(t) 

= -Ae-tAx(t) + e-tA Ax(t) = e-tA(-A + A)x(t) = 0. 

Therefore y(t) is a constant. Setting t = 0 shows y(t) = xo, and uniqueness 
follows. The claims on the solution space follow by noting that for every 
t E IR the map 

xo i-------+ x(t, xo) : !Rd -+ !Rd 

is a linear isomorphism. Hence also the map 

xo i-------+ x(·, xo) : !Rd-+ sol(A) 

is a linear isomorphism. D 

Let ei = (1, 0, ... , 0) T, ... , ed = (0, 0, ... , 1) T be the standard basis of 
JRd. Then x(·, ei), ... , x(·, ed) is a basis of the solution space sol(A) and 
the corresponding fundamental solution is eAt. Note that the solutions of 
x = Ax are even real analytic, i.e., given by a convergent power series in 
t. As an easy consequence of the solution formula one obtains the following 
continuity properties. 

Corollary 1.1.2. {i) The solution map (t, xo) t-t x(t, xo) = eAtxo : IR x 
JRd -+ JRd is continuous. 

{ii) For every M > 0 the map A t-t x(t, xo) = eAtxo: {A E gl(d, IR) I llAll 
:SM} -+ JRd is uniformly continuous for xo E !Rd with llxoll :S M and t in a 
compact time interval [a, b], a < b. 

Proof. (i) This follows, since for xo, Yo E JRd and s, t E IR, 

lleAsxo - eAtYoll :S lleAs - eAtll llxoll + lleAtll llxo - Yoll · 

(ii) Let llAll, llBll :SM. One has 

lleAtxo - eBtxoll :S lleAt - eBtll llxoll = f (An - Bn) ~~ llxoll. 
n=O 

For c > 0 there is NE N such that for all t E [a, b], 
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Hence N may be chosen independent of A, B. Then the assertion follows, 
since there is o > 0 such that for llA - Bii < o, 

D 

1.2. The Real Jordan Form 

The key to obtaining explicit solutions of linear, time-invariant differential 
equations x = Ax are the eigenvalues, eigenvectors, and the real Jordan 
form of the matrix A. Here we show how to derive it from the well-known 
complex Jordan form: Recall that any matrix A E gl(d, C) is similar over 
the complex numbers to a matrix in Jordan normal form, i.e., there is a 
matrix SE Gl(d, C) such that JC= s-1 AS has block diagonal form 

Jc = blockdiag[ Jl, ... , Js] 

with Jordan blocks Ji given withµ E spec( A), the set of eigenvalues or the 
spectrum of A, by 

µ 1 0 
0 µ 1 

{l.2.1) 

0 µ 1 
0 0 µ 

For an eigenvalueµ, the dimensions of the Jordan blocks (with appropriate 
ordering) are unique and for every m E N the number of Jordan blocks 
of size equal to or less than m x m is determined by the dimension of the 
kernel ker(A - µl)m. The complex generalized eigenspace of an eigenvalue 
µ E C can be characterized as ker{A - µIr, where n is the dimension 
of the largest Jordan block for µ {thus it is determined by the associated 
map and independent of the matrix representation.) The space Cd is the 
direct sum of the generalized eigenspaces. Furthermore, the eigenspace of an 
eigenvalueµ is the subspace of all eigenvectors ofµ; its dimension is given 
by the number of Jordan blocks for µ. The subspace corresponding to a 
Jordan block {l.2.1) of size m x m intersects the eigenspace in the multiples 
of{l,0, ... ,0)T ECm. 

We begin with the following lemma on similarity over IR and over C. 

Lemma 1.2.1. Let A, B E gl(d, IR) and suppose that there is SE Gl(d, C) 
with B = s-1 AS. Then there is also a matrix T E Gl(d, IR) with B = 
r-1AT. 
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An easy consequence of this lemma is: If JC only has real entries, i.e., 
if all eigenvalues of A are real, then A is similar over the reals to JC. Hence 
we will only have to deal with complex eigenvalues. 

Proof of Lemma 1.2.1. By assumption there is an invertible matrix SE 
Gl(d, C) with SB= AS. Decompose S into its real and imaginary entries, 
S = S1 + iS2, where S1 and S2 have real entries. Then S1B = AS1 and 
S2B = AS2, hence 

(S1 + xS2)B = A(S1 + xS2) for all x E JR. 

It remains to show that there is x E JR such that 81 + xS2 is invertible. This 
follows, since the polynomial det(S1 + xS2) in x, which has real coefficients, 
evaluated in x = i satisfies det S = det(S1 + i82) # 0. Thus it is not the 
zero polynomial, and hence there is also x E JR with det(S1 + xS2) # 0 as 
claimed. 0 

For a real matrix A E gl(d,JR), proper complex eigenvalues always occur 
in complex-conjugate pairs, since the eigenvalues are the zeros of the real 
polynomialp(x) = det(A-xl) = (-1rxn+qn-1xn- 1+ ... +q1x+qo. Thus 
ifµ=>.+ iv,>., v E JR, is an eigenvalue of A, then also p, = >. - iv. 

In order to motivate the real Jordan form, consider first one-dimensional 
complex Jordan blocks for µ, p, E u(A) (the result for arbitrary dimensions 
will not depend on this proposition.) 

Proposition 1.2.2. There is a matrix S E gl(2, C) with 

[ >. -v ] = 8 [ >. +iv o ] s-1. 
v >. 0 >.-iv 

Proof. Define 

s := [ =~ ! J with s-1 = ~ [ ~ =! J . 
Then one computes 

8 [ ). + iv 0 ] s-1 = S [ ~>.). - i~ V - ~ - ~ ~ ] = [ ). -v ] . 0 
0 >.-iv 2-2v -2>.-2 v >. 

A consequence of Lemma 1.2.1 and Proposition 1.2.2 is that for every 
matrix A E gl(2, JR) there is a real matrix T E gl(2, JR) with r-1 AT = J E 
gl(2, JR), where either J is a Jordan matrix for real eigenvalues or J = [ ~ >:] 
for a complex conjugate eigenvalue pair µ, p, = >. ± iv of A. 

The following theorem describes the real Jordan normal form JlR for 
matrices in gl(d,JR) with arbitrary dimension d. 
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Theorem 1.2.3. For every real matrix A E gl(d, JR) there is an invertible 
real matrix SE Gl(d, JR) such that jlR = s-1 AS is a block diagonal matrix, 

JR= blockdiag(J1, ... , J1), 

with real Jordan blocks given forµ E spec(A) n JR by (1.2.1) and forµ,µ= 
>.±iv E spec(A), 11 > 0, by 

>. -ll 1 0 
0 

ll >. 0 1 

0 
>. -ll 

ll >. 

(1.2.2) Ji= 

>. -ll 1 0 
ll >. 0 1 

0 0 
>. -ll 

ll >. 

Proof. The matrix A E gl(d, JR) c gl(d, C) defines a linear map F: c_d ~ 
Cd. Then one can forµ E spec(F)nJR find a basis such that the restriction of 
F to the subspace for a Jordan block has the matrix representation (1.2.1). 
Hence it suffices to consider Jordan blocks for complex-conjugate pairsµ =/:- µ 
in spec(A). First we show that the complex Jordan blocks for µ and µ 
have the same dimensions (with appropriate ordering). In fact, if there is 
SE Gl(d, C) with JC= s-1 AS, then the conjugate matrices satisfy 

Now uniqueness of the complex Jordan normal form implies that JC and JC 
are distinguished at most by the order of the blocks. 

If J is an m-dimensional Jordan block of the form (1.2.1) corresponding 
to the eigenvalueµ, then J is an m-dimensional Jordan block corresponding 
toµ. Let Zj = ai+ibj E cm,j = 1, ... , m, be the basis vectors corresponding 
to J with aj, bj E ]Rm. This means that F( z1) has the coordinate µ with 
respect to z1 and, for j = 2, ... , m, the image F(zj) has the coordinate 1 
with respect to Zj-l andµ with respect to Zji all other coordinates vanish. 
Thus F(z1) = µz1 and F(zj) = Zj-l + µzj for j = 2, ... , m. Then F(z1) = 
Az1 = Az1 = µ, z1 and F(zj) = Azj = Azj = Zj-l + µ, Zj, j = 2, ... ,m, 
imply that z1, ... , Zm is a basis corresponding to J. Define for j = 1, ... , m, 
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Thus, up to a factor, these are the real and the imaginary parts of the 
generalized eigenvectors Zj. Then one computes for j = 2, ... , m, 

1 1 
F(xj) = ./2 (F(zj) + F(zj)) = ./2 (µzj + P,zj + Zj-1 + Zj-1) 

1 z·+z. i z·-Z. 
=2(µ+µ) 3./23+2(µ-P,) 3i./23+Xj-1 

= (Reµ)xj - (Imµ)yj + Xj-1 

= AXj - VYj + Xj-1, 
1 1 

F(yj) = i./2 (F(zj) - F(zj)) = i./2 (µzj - P,zj + Zj-1 - Zj-1) 

= i~ [(µ-µ)~(zj+Zj)+~(µ+µ)(zj-Zj)] +Yj-1 

= (Imµ)xj + (Reµ)yj + Yi-1 

= VXj + AYj + Yi-1· 

In the case j = 1 the last summands to the right are skipped. We may 
identify the vectors Xj, Yi E IRm C cm with elements of C2m by adding O's 
below and above, respectively. Then they form a basis of c2m, since they are 
obtained from zi, ... , Zm, z1, ... , Zm by an invertible transformation (every 
element of c2m is obtained as a linear combination of these real vectors with 
complex coefficients). This shows that on the corresponding subspace the 
map F has the matrix representation (1.2.2) with respect to this basis. Thus 
the matrix A is similar over C to a matrix with blocks given by (1.2.1) and 
(1.2.2). Finally, Lemma 1.2.1 shows that it is also similar over IR to this real 
matrix. D 

Consider the basis of IRd corresponding to the real Jordan form JR. The 
real generalized eigenspace of a real eigenvalueµ E IR is the subspace gener­
ated by the basis elements corresponding to the Jordan blocks for µ (This 
is ker( A - µIr, where n is the dimension of the largest Jordan block for µ.) 
The real generalized eigenspace for a complex-conjugate pair of eigenvalues 
µ, µ is the subspace generated by the basis elements corresponding to the 
real Jordan blocks forµ,µ (See Exercise 1.6.9 for characterization which is 
independent of a basis.) Analogously we define real eigenspaces. Next we 
fix some notation. 

Definition 1.2.4. For A E gl(d, IR) let µk, k = 1, ... , r1, be the distinct 
real eigenvalues and µk, µk, k = 1, ... , r2, the distinct complex-conjugate 
eigenvalue pairs with r := r 1 + 2r2 :'.S d. The real generalized eigenspaces 
are denoted by E(A, µk) c IRd or simply Ek fork= 1, ... , r. 
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Sometimes, we call the elements of the real generalized eigenspaces also 
generalized eigenvectors. For a real eigenvalue µ its algebraic multiplicity co­
incides with the dimension nk = dim Ek of the corresponding real generalized 
eigenspace, for a complex-conjugate eigenvalue pair µ, P, the dimension of 
the corresponding real generalized eigenspace is given by nk = dim Ek = 2m 
where m is the algebraic multiplicity of µ. It follows that ffi~=l Ek = JRd, 
i.e., every matrix has a set of generalized eigenvectors that form a basis of 
JRd. 

1.3. Solution Formulas 

The real Jordan form derived in the previous section will allow us to write 
down explicit formulas for the solution of the differential equation :i; =Ax. 
This is due to the fact that for matrices in real Jordan normal form it is 
possible to compute the matrix exponential. The price to pay is that first 
the matrix A has to be transformed into real Jordan normal form. Thus we 
begin by noting what happens to the solutions under linear transformations. 

Proposition 1.3.1. Let A,B E gl(d,JR) with B = s-1AS for some SE 

Gl(d,JR). Then the solutions y(t,yo) ofiJ =By and x(t,xo) of x =Ax are 
related by 

y(t, Yo)= s-1x(t, Syo), t ER 

Proof. One computes for t E JR, 

y(t, Yo)= eBtYo = es-lAStYO = s-IeAtsyo = s-1x(t, Syo). D 

A consequence of this proposition is that for the computation of expo­
nentials of matrices it is sufficient to know the exponentials of Jordan form 
matrices and the transformation matrix. The following results for the solu­
tions of :i; = Ax are obtained with the notation above from the properties 
of the real Jordan normal form. 

Proposition 1.3.2. Let A E gl(d, JR) with real generalized eigenspaces Ek = 
Ek(µk) with dimensions nk =dim Ek, k = 1, ... , r. 

{i) Let v1, ... , vd be a basis of JRd, e.g., consisting of generalized real 

eigenvectors of A. If xo = Ef=1 aivi, then x(t, xo) = Ef=1 aix(t, vi) for all 
t E JR. 

{ii) Each generalized real eigenspace Ek is invariant for the linear dif­
ferential equation :i; =Ax, i.e., x(t, xo) E Ek for all t E JR, if xo E Ek· 

If A is a diagonal matrix, the solutions are easily obtained. 

Example 1.3.3. Let D = diag(µi, ... , µd) be a diagonal matrix. Then the 
standard basis ei, ... , ed of JRd consists of eigenvectors of D and the solution 
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of the linear differential equation x = Dx with initial value x0 E Rd is given 
by 

(1.3.1) 

More generally, suppose that A E gl ( d, R) is diagonalizable, i.e., there exists 
a transformation matrix TE Gl(d,R) and a diagonal matrix DE gl(d,R) 
with A = r-1 DT. Then the solution of the linear differential equation 
x =Ax with initial value x0 E Rd is given by x(t, x0) = r-IeDtTx0, where 
eDt is given in (1.3.1). 

By Proposition 1.3.1 the solution determined by a Jordan block J of a 
matrix A determines eAtxo in the corresponding subspace. Next we give 
explicit formulas for various Jordan blocks. 

Example 1.3.4. Let J be a Jordan block of dimension m associated with 
the real eigenvalueµ of a matrix A E gl(d,R). Then 

µ 1 

J= 

1 
µ 

and e1t = eµt 

1 t2 
t 2T 

t2 
2T 
t 
1 

In other words, for xo = [xi, ... , xm]T the jth component of the solution of 
x = Jx reads 

m tk-j 
Xj(t, xo) = eµt L (k _ ')!Xk· 

k=j J 
(1.3.2) 

Example 1.3.5. Let J = [ ~ -: ] be a real Jordan block associated with a 
complex eigenvalue pair µ = A± 'W of the matrix A E gl( d, R). Let xo be in 
the corresponding real eigenspace ofµ. Then the solution x(t, xo) of x = Jx 
is given by 

>..t • ) [ cos vt - sin vt ] x(t, x0) = e R(t)xo with R(t := . t t · 
Slllll COSll 

This can be proved by verifying directly that this yields solutions of the 
differential equation. Alternatively, one may use the series expansions of sin 
and cos. 
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Example 1.3.6. Let J be a real Jordan block of dimension 2m associated 
with the complex eigenvalue pairµ= >.±iv of a matrix A E gl(d,JR). With 

D := [ >. -v] R := R(t) := [ c?svt -sinvt] and 1 := [ 1 O] 
11 >. ' smvt cosvt ' 0 1 ' 

one obtains for 

D I 

J= 

I 
D 

R tR e_R 
2! 

f!_R 
2! 
tR 
R 

In other words, for xo =[xi, yi, ... , Xm, Ym]T E JR2m the solution of x = Jx 
is given with j = 1, ... , m, by 

m tk-j 
(l.3.3a) Xj(t, xo) = e.>.t L (k _ ")! (xk cos vt - Yk sinvt), 

k=j J 

m tk-j 
{l.3.3b) Yj(t, Yo) = e.>.t L (k _ ")! (xk sin vt + Yk cos vt). 

k=j J 

Remark 1.3. 7. Consider a Jordan block for a real eigenvalueµ as in Exam­
ple 1.3.4. Then the k-dimensional subspace generated by the first k canonical 
basis vectors (1, 0, ... , 0) T, ... , (0, ... 0, 1, 0, ... , 0) T, 1 ~ k ~ m, is invariant 
under eJt. For a complex-conjugate eigenvalue pair µ, p, as in Example 1.3.6 
the subspace generated by the first 2k canonical basis vectors is invariant. 

Remark 1.3.8. Consider a solution x(t), t E JR, of x =Ax. Then the chain 
rule shows that the function y(t) := x(-t), t E JR, satisfies 

d d 
dty(t) = dt x(-t) = -Ax(-t) = -Ay(t), t ER 

Hence we call x =-Ax the time-reversed equation. 

1.4. Lyapunov Exponents 

The asymptotic behavior of the solutions x(t, xo) = eAtxo of the linear dif­
ferential equation x = Ax plays a key role in understanding the connections 
between linear algebra and dynamical systems. For this purpose, we in­
troduce Lyapunov exponents, a concept that is fundamental for this book, 
since it also applies to time-varying systems. 

Definition 1.4.1. Let x(·, x0 ) be a solution of the linear differential equation 
x = Ax. Its Lyapunov exponent or exponential growth rate for xo =I= 0 
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is defined as >.(xo, A) = limsupHoo flog llx(t, xo)ll, where log denotes the 
natural logarithm and II · II is any norm in Rd. 

Let Ek = E(µk), k = 1, ... , r, be the real generalized eigenspaces, denote 
the distinct real parts of the eigenvalues µk by Aj, and order them as >.1 > 
... > >.i, 1 :::; f :::; r. Define the Lyapunov space of Aj as Lj = L(>.j) := 
E9 Ek, where the direct sum is taken over all generalized real eigenspaces 
associated to eigenvalues with real part equal to Aj. 

Note that 
Rd= L(>.1) ffi ... ffi L(>.i)· 

When the considered matrix A is clear from the context, we write the Lya­
punov exponent as >.(xo). We will clarify in a moment the relation between 
Lyapunov exponents, eigenvalues, and Lyapunov spaces. It is helpful to look 
at the scalar case first: For x = >.x, >.ER, the solutions are x(t, xo) = e>-txo. 
Hence the Lyapunov exponent is a limit (not just a limit superior) and 

lim ~log le>-txol = lim ~log (e>-t) + lim ~log lxol = >.. 
t~±oo t t~±oo t t~±oo t 

Thus->. is the Lyapunov exponent of the time-reversed equation x = ->.x. 
First we state that the Lyapunov exponents do not depend on the norm and 
that they remain constant under similarity transformations of the matrix. 

Lemma 1.4.2. {i} The Lyapunov exponent does not depend on the norm in 
Rd used in its definition. 

{ii} Let A,B E gl(d,R) with B = s-1AS for some SE Gl(d,R). Then 
the Lyapunov exponents >.(xo, A) and >.(yo, B) of the solutions x(t, xo) of 
x =Ax and y(t, Yo) of ii= By, respectively, are related by 

>.(yo, B) = >.(Syo, A). 

Proof. (i) This is left as Exercise 1.6.10. (ii) Using Proposition 1.3.1 we 
find 

>.(yo, B) = limsup~ log lly(t, Yo)ll = limsup~ log 11s-1x(t, Syo) II 
t~oo t t~oo t 

:::; limsup~logllS- 1 11 +limsup~logllx(t,Syo)ll = >.(Syo,A). 
t~oo t t~oo t 

Writing xo = S (S-1xo), one obtains also the converse inequality. D 

The following result clarifies the relationship between the Lyapunov ex­
ponents of x =Ax and the real parts of the eigenvalues of A. It is the main 
result of this chapter concerning systems in continuous time and explains the 
relation between Lyapunov exponents for x = Ax and the matrix A, hence 
establishes a first relation between dynamical systems and linear algebra. 
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Theorem 1.4.3. For x = Ax, A E gl(d, JR), there are exactly l Lyapunov 
exponents >.(xo), the distinct real parts Aj of the eigenvalues of A. For a 
solution x(·,xo) (with xo =/= 0) one has >.(xo) = limt--t±oo ilogllx(t,xo)ll = 
Aj if and only if xo E L(>.j)· 

Proof. Using Lemma 1.4.2 we may assume that A is given in real Jordan 
form. Then the assertions of the theorem can be derived from the solution 
formulas in the generalized eigenspaces. For a Jordan block for a real eigen­
value µ = Aj, formula (1.3.2) yields for every component xi(t, xo) of the 
solution x(t, xo) and !ti ~ 1, 

m tk-i 
log lxi(t, xo)I = µt +log ~ (k _ i)!Xk ::; µt + mlog !ti+ logm:X lxkl, 

k=i 

log lxi(t, xo)I > µt - mlog !ti - log max lxkl. 
- k 

Since t log !ti -+ 0 for t -+ ±oo, it follows that limt--+±oo t log lxi(t, xo)I = 
µ = Aj. With a bit more writing effort, one sees that this is also valid 
for every component of xo in a subspace for a Jordan block corresponding 
to a complex-conjugate pair of eigenvalues with real part equal to Af By 
(1.3.3) one obtains the product of e:>..it with a polynomial in t and sin and 
cos functions. The logarithm of the second factor, divided by t, converges 
to 0 for t -+ ±oo. The Lyapunov space L(>.j) is obtained as the direct 
sum of such subspaces and every component of a corresponding solution has 
exponential growth rate Aj. Since we may take the maximum-norm on JRd, 
this shows that every solution starting in L(>.j) has exponential growth rate 
Aj for t -+ ±oo. 

The only if part will follow from Theorem 1.4.4. D 

We emphasize that a characterization of the Lyapunov spaces L(>.j) via 
the exponential growth rates of solutions needs the limits for t -+ +oo and 
for t -+ -oo. In other words, if one only considers the exponential growth 
rate for positive time, i.e., for time tending to +oo, one cannot characterize 
the Lyapunov spaces. Nevertheless, we can extend the result of Theorem 
1.4.3 by describing the exponential growth rates for positive and negative 
times and arbitrary initial points. 

Theorem 1.4.4. Consider the linear autonomous differential equation x = 
Ax with A E gl(d, JR) and corresponding Lyapunov spaces Lj := L(>.j), >.1 > 
... > >.e. Let Vl+l = Wo := {O} and for j = 1, ... , l define 

(1.4.1) 
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Then a solution x( ·, xo) with xo =/:- 0 satisfies 

lim ~log llx(t, xo) II = Aj if and only if xo E Vj \ VJ+i, 
t-Hoo t 

lim -
1
1

1 
log llx(t, xo)ll = ->..j if and only if xo E Wj \ Wj-1· 

t-+-oo t 

15 

In particular, limt-+±oo 1!1 log llx(t, xo)ll = ±>..j if and only if xo E L(>..j) = 
Vj n Wj. 

Proof. This follows using the arguments in the proof of Theorem 1.4.3: For 
every j one has VJ+l c Vj and for a point xo E Vj \ VJ+l the component 
in L(>..j) is nonzero and hence the exponential term e>.it determines the 
exponential growth rate for t --+ oo. By definition, 

Lj = Vj n Wj,j = 1, ... ,.e. 
Note further that ->..e > ... > ->..1 are the real parts of the eigenvalues -µ 
of -A, where µ are the eigenvalues of A. D 

Strictly increasing sequences of subspaces as in (1.4.1), 

{O} = Vl+i c Ve c ... c Vi= Rd, {O} = Wo c W1 c ... c We= Rd, 

are called flags of subspaces. By definition Ve = Le is the Lyapunov space 
corresponding to the smallest Lyapunov exponent, and Vj is the sum of the 
Lyapunov spaces corresponding to the j smallest Lyapunov exponents. 

Stability 
Using the concept of Lyapunov exponents and Theorem 1.4.4 we can 

describe the behavior of solutions of linear differential equations x = Ax 
as time tends to infinity. By definition, a solution with negative Lyapunov 
exponent tends to the origin and a solution with positive Lyapunov exponent 
becomes unbounded (the converse need not be true, as we will see in a 
moment). 

It is appropriate to formulate the relevant stability concepts not just for 
linear differential equations, but for general nonlinear differential equations 
of the form x = f(x) where f: Rd--+ Rd. We assume that there are unique 
solutions cp(t, xo), t 2: 0, of every initial value problem of the form 

(1.4.2) x = f(x), x(O) = xo E Rd. 

Remark 1.4.5. Suppose that f is a locally Lipschitz continuous vector 
field, i.e., for every x E Rd there are an c:-neighborhood N(x,c:) = {y E 

Rd 1 llY - xii < c} with c: > 0 and a Lipschitz constant L > 0 such that 

llf(y) - f(x)ll :'.SL llY- xii for ally E N(x,c:). 
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Then the initial value problems above have unique solutions which, in gen­
eral, are only defined on open intervals containing t = 0 (we will see an 
example for this in the beginning of Chapter 4). If the solutions remain 
bounded on bounded intervals, one can show that they are defined on R 

Various stability concepts characterize the asymptotic behavior of the 
solutions cp(t, xo) for t ---+ ±oo. 

Definition 1.4.6. Let x* E JRd be a fixed point of the differential equation 
x = f(x), i.e., the solution cp(t, x*) with initial value cp{O, x*) = x* satisfies 
cp( t, x*) = x*. Then the point x* is called: 

stable if for all e > 0 there exists a o > 0 such that cp(t, xo) E N(x*, e) 
for all t ~ 0 whenever Xo E N(x*' o); 

asymptotically stable if it is stable and there exists a 'Y > 0 such that 
limt--+oo cp(t, xo) = x* whenever xo E N(x*, 'Y)i 

exponentially stable if there exist a ~ 1 and f3, T/ > 0 such that for all 
xo E N(x*, ry) the solution satisfies llcp{t, xo) - x* II ~ a llxo - x* II e-f3t for all 
t ~ O; 

unstable if it is not stable. 

It is immediate to see that a point x* is a fixed point of x = Ax if and 
only if x* E ker A, the kernel of A. The origin 0 E JRd is a fixed point of any 
linear differential equation. 

Definition 1.4. 7. The stable, center, and unstable subspaces associated 
with the matrix A E gl(d, JR) are defined as 

L- = E9 L(>.j), L0 = L(O), and£+= E9 L(>.j)· 

The following theorem characterizes asymptotic and exponential stabil­
ity of the origin for x =Ax in terms of the eigenvalues of A. 

Theorem 1.4.8. For a linear differential equation x = Ax in ]Rd the fol­
lowing statements are equivalent: 

{i) The origin 0 E JRd is asymptotically stable. 

{ii) The origin 0 E JRd is exponentially stable. 

{iii) All Lyapunov exponents (i.e., all real parts of the eigenvalues) are 
negative. 

{iv) The stable subspace L - satisfies L - = ]Rd. 

Proof. First observe that by linearity, asymptotic and exponential stability 
of the fixed point x* = 0 E JRd in a neighborhood N(x*, 'Y) implies asymp­
totic and exponential stability, respectively, for all points x0 E JRd. In fact, 
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suppose exponential stability holds in N(O, ')'). Then for x0 E :!Rd the point 
x1 := ~ ll~~ll E N(O, ')'), and hence 

llcp(t,xo)ll = lleAtxoll = 112ll~olleAt~ll:~llll = 2ll~oll llcp(t,x1)ll 

::; 2 llxoll a llx1 II e-.Bt = a llxoll e-.Bt, 
')' 

and analogously for asymptotic stability. Clearly, properties (ii), (iii) and 
(iv) are equivalent and imply (i). Conversely, suppose that one of the Lya­
punov exponents is nonnegative. Thus one of the eigenvalues, say µ, has 
nonnegative real part. Ifµ is real, i.e., µ ~ 0, the solution corresponding to 
an eigenvector in ]Rd does not tend to the origin as time tends to infinity (if 
µ = 0, all corresponding solutions are fixed points.) Ifµ is not real, consider 
the solution (1.3.3) in the two-dimensional eigenspace corresponding to the 
complex eigenvalue pair µ, p,. This solution also does not tend to the origin 
as time tends to infinity. Hence (i) implies (iii). D 

Remark 1.4.9. In particular, the proof above shows that for linear systems 
the existence of a neighborhood N(O, !')with limHoo cp(t, xo) = x* whenever 
xo E N(x*, !') implies that one may replace N(O, !') by JRd. In this sense 
'local stability = global stability' here. 

It remains to characterize stability of the origin. If for an eigenvalue 
µ all complex Jordan blocks are one-dimensional, i.e., a complete set of 
eigenvectors exists, it is called semisimple. Equivalently, the corresponding 
real Jordan blocks are one-dimensional ifµ is real, and two-dimensional if 
µ,p, E <C \ R 

Theorem 1.4.10. The origin 0 E ]Rd is stable for the linear differential 
equation± = Ax if and only if all Lyapunov exponents (i.e., all real parts 
of eigenvalues) are nonpositive and the eigenvalues with real part zero are 
semisimple. 

Proof. We only have to discuss eigenvalues with zero real part. Suppose 
first that >. = 0 E spec(A). Then the solution formula (1.3.2) shows that 
an eigenvector yields a stable solution. For a Jordan block of size m > 1, 
consider Yo = [yi, ... , Ym]T = [O, ... , 0, l]T. Then stability does not hold, 
since 

>. m tk-1 tm-1 
Y1(t, Yo)= et L (k - l)!Yk = (m _ l)! -+ oo fort-+ oo. 

k=l 

Similarly, one argues for a complex-conjugate pair of eigenvalues. D 
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This result shows, in particular, that Lyapunov exponents alone do not 
allow us to characterize stability for linear systems. They are related to 
exponential or, equivalently, to asymptotic stability, and they do not detect 
polynomial instabilities. 

The following example is a damped linear oscillator. 

Example 1.4.11. The second order differential equation 

x+2bx+x = o 
is equivalent to the system 

[ :~ ] [ - ~ -2~ ] [ :~ ] . 

The eigenvalues are µ 1,2 = -b ± .../b2 - 1. For b > 0 the real parts of the 
eigenvalues are negative and hence the stable subspace coincides with R.2 • 

Hence b is called a damping parameter. Note also that for every solution x( ·) 
the function y(t) := ebtx(t), t ER, is a solution of the equation ii+(l-b2)y = 
0. 

1.5. The Discrete-Time Case: Linear Difference Equations 

This section discusses solution formulas and stability properties, in partic­
ular, Lyapunov exponents for autonomous linear difference equations. In 
this discrete-time case, the time domain R is replaced by No or Z, and one 
obtains equations of the form 

(1.5.1) 

where A E gl(d, R). By induction, one sees that for positive time the solu­
tions cp(n, xo) are given by 

(1.5.2) 

If A is invertible, i.e., if 0 is not an eigenvalue of A, this formula holds for 
all n E Z, and An, n E Z, forms a fundamental solution. It is an important 
feature of the discrete time case that solutions may not exist for negative 
times. In fact, if A is not of full rank, only for points in the range of A there 
is X-1 with xo = Ax-1 and the point X-1 is not unique. For simplicity, we 
will restrict the discussion in the present section and in the rest of this book 
to the invertible case A E Gl(d,R) where solutions are defined on Z. 

Existence of solutions and continuous dependence on initial values is 
clear from {1.5.2). Similarly, the result on the solution space, Theorem 
1.1.1, is immediate: If A E Gl(d,R), the set of solutions (cp(n,xo))nez forms 
a d-dimensional linear space (with pointwise addition and multiplication 
by scalars). When it comes to the question of solution formulas, the real 



1.5. The Discrete-Time Case: Linear Difference Equations 19 

Jordan form presented in Theorem 1.2.3 provides the following analogues to 
Propositions 1.3.1 and 1.3.2. 

Theorem 1.5.1. Let A E Gl(d,JR) with real generalized eigenspaces Ek= 
E(µk)k = 1, ... , r, for the eigenvalues µ1, ... , µr EC with nk =dim Ek. 

(i) If A= T-ljlR.T, then An= T-1 (JiRtr, i.e., for the computation 
of powers of matrices it is sufficient to know the powers of Jordan form 
matrices. 

(ii) Let v1, ... , vd be a basis of JRd, e.g., consisting of generalized real 
eigenvectors of A. If xo = L:f=1 aivi, then cp(n, xo) = L:f=1 aicp(n, Vi) for 
all n E Z. 

(iii) Each real generalized eigenspace Ek is invariant for the linear dif­
ference equation Xn = Anxo, i.e., for xo E Ek it holds that the corresponding 
solution satisfies cp(n, xo) E Ek for all n E Z. 

This theorem shows that for explicit solution formulas iterates of Jordan 
blocks have to be computed. We consider the cases of real and complex 
eigenvalues. 

Example 1.5.2. Let J be a Jordan block of dimension m associated with 
the real eigenvalueµ of a matrix A E gl(d, JR). Then 

µ 1 

J= 

0 
1 
µ 

=µ 

1 0 

0 
1 

+ 

0 1 

1 
0 

Thus J has the form J = µI + N with Nm = 0, hence N is a nilpotent 
matrix. Then one computes for n E N, 

Jn= (µI+ Nr = t (~)µn-iNi. 
i=O 

Note that for n 2: m - 1, 

(1.5.3) 

For Yo= [y1, ... , YmF the j-th component of the solution cp(n, Yo) of Yn+l = 
Jyn reads 

( ) ( n) n (n) n-1 ( n ) n-(m-j) <pj n, Yo = 0 µ Yi + 1 µ Yi+l + · · · + m _ j µ Yn· 
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Example 1.5.3. Let J be a real Jordan block of dimension 2m associated 
with the pair of complex eigenvalues µ = a± i/3 of a matrix A E gl(d, IR). 

With D = [ p -: J and I2 = [ fi ~], one obtains that J has the form 

D h D 0 0 h 

h 
D 

= 
0 
D 

+ 

Thus J is the sum of a block-diagonal matrix fJ with blocks D and a nilpo­
tent matrix N with Nm-I = O. Then, observing that fJ and N commute, 
i.e., DN =ND, one computes for n 2: m -1, 

Jn= (D + Nr = 1f (~)f)n-iNi 
i=O '/, 

= (~)fJnI+ (~)f)n-IN+ ... + (m~ 2)f)n-(m-2)Nm-1. 
Note that lµI = J a 2 + {32 , hence with c.p E [O, 27r) determined by cos c.p = 
~ (thusµ= lµI ei\O) one can write the matrix Das 

D = [ a -/3 ] = I I R with R : = [ c?s c.p - sin c.p ] . 
f3 a µ sm c.p cos c.p 

Thus D describes a rotation by the angle c.p followed by multiplication by 
lµI. Write R for the block diagonal matrix with blocks R. One obtains for 
n 2: m - 2 the solution formula 

(1.5.4) 

As in the continuous-time case, the asymptotic behavior of the solutions 
c.p(n, xo) = Anxo of the linear difference equation Xn+I = Axn plays a key 
role in understanding the connections between linear algebra and dynamical 
systems. For this purpose, we introduce Lyapunov exponents. 

Definition 1.5.4. Let c.p(n, xo) = Anxo, n E Z, be a solution of the lin­
ear difference equation Xn+I = Axn. Its Lyapunov exponent or exponential 
growth rate for xo "I- 0 is defined as >.(xo) = limsupn-+oo ~log llc.p(n, xo)ll, 
where log denotes the natural logarithm and II · II is any norm in Rd. 
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Let Ek = E(µk), k = 1, ... , r, be the real generalized eigenspaces, and 
suppose that there are 1 ::::; £ ::::; d distinct moduli lµkl of the eigenval­
ues µk. Let >.1 > ... > >.e be the logarithms of these moduli and order 
them as >.1 > ... > >.e, 1 ::::; £ ::::; r. Define the Lyapunov space of >.i as 
Lj = L(>.j) :=EB Ek, where the direct sum is taken over all real generalized 
eigenspaces Ek associated to eigenvalues µk with Aj = log lµkl· Note that 

EB~=l L(>.j) =Rd. 

A matrix A is invertible if and only if 0 is not an eigenvalue. Hence log lµI 
is finite for every eigenvalue of A E Gl(d,JR). As in the continuous time case, 
it is helpful to look at the scalar case first: For Xn+I = >.xn, 0 # >. E JR, the 
solutions are c.p(n, xo) = >.nxo. Hence the Lyapunov exponent is a limit (not 
just a limit superior) and is given by 

lim ~log l>.nxol = lim .!_log (l>.ln) + lim .!_log lxol = l>-1. 
-~t -~n -~n 

Furthermore, the Lyapunov exponent of the time-reversed equation Xn+I = 
>.-lxn is 1>-1-1. 

Remark 1.5.5. Consider a solution Xn, n E Z, of Xn+I = Axn. Then the 
function Yn := X-n, n E Z, satisfies 

A-1 A-1 '71 Yn+l = X-(n+l) = X-n = Yn, n E UJ. 

Hence we call Xn+i = A-1xn, n E Z, the time-reversed equation. 

One finds that the Lyapunov exponents do not depend on the norm 
and that they remain unchanged under similarity transformations of the 
matrix. For arbitrary dimension d, the following result clarifies the relation­
ship between the Lyapunov exponents of Xn+I = Axn and the moduli of the 
eigenvalues of A E Gl(d,JR). Furthermore, it shows that they are associated 
with the decomposition of the state space into the Lyapunov spaces. 

Theorem 1.5.6. Consider the linear difference equation Xn+I = Axn with 
A E Gl ( d, JR). Then the state space ]Rd can be decomposed into the Lyapunov 
spaces 

Rd = L(>.1) EB ... EB L(>.e), 

and the Lyapunov exponents >.(xo), xo E JRd, are given by the logarithms Aj 
of the moduli of the eigenvalues of A. For a solution c.p(·, xo) (with xo # 0) 
one has >.(xo) = limn--+±oo ~log llc.p(n, xo)ll = Aj if and only if xo E L(>.j)· 

Proof. For any matrix A there is a matrix T E Gl(d, JR) such that A = 
r-1JIRT, where JIR is the real Jordan form of A. Hence we may assume 
that A is given in real Jordan form. Then the assertions of the theorem can 
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be derived from the solution formulas in the generalized eigenspaces. For 
example, formula (1.5.3) yields for n ~ m - 1, 
(1.5.5) 

.!. log llrp(n, xo)ll = n + 1 - m log lµI +.!.log I:" (~)µm-I-iNixo . 
n n n i=O i 

One estimates 

log I:" (~) µm-I-i Nixo 
i=O i 

:::; logm + mf-Xlog (:) + mf-Xlog (lµlm-I-i llNixoll), 

where the maxima are taken over i = 0, 1, ... , m-1. For every i and n --+ oo 
one can further estimate 

.!_ 1 (n) _.!_ 1 n(n-1) ... (n-i+l) 
og . - og .1 n i n i. 

:::; max ~ (logn - logi!)--+ 0. 
iE{O,I, ... ,m-I} n 

Hence taking the limit for n --+ oo in (1.5.5), one finds that the Lyapunov ex­
ponent equals log lµI for every initial value xo in this generalized eigenspace. 
The same arguments work for complex conjugate pairs of eigenvalues and 
in the sum of the generalized eigenspaces corresponding to eigenvalues with 
equal moduli. Finally, for initial values in the sum of generalized eigenspaces 
for eigenvalues with different moduli, the largest modulus determines the 
Lyapunov exponent. Similarly, one argues for n--+ -oo. 

The 'only if' part will follow from Theorem 1.5.8. D 

Remark 1.5. 7. As in continuous time, we note that a characterization of 
the Lyapunov spaces by the dynamic behavior of solutions needs the limits 
for n--+ +oo and for n--+ -oo. For example, every initial value xo =XI +x2 
with Xi E L(Ai), AI < A2 and x2 f:. 0, has Lyapunov exponent A(xo) = A2· 

We can sharpen the results of Theorem 1.5.6 in order to characterize 
the exponential growth rates for positive and negative times and arbitrary 
initial points. This involves flags of subspaces. 

Theorem 1.5.8. Consider the linear difference equation Xn+I = Axn with 
A E Gl(d, R) and corresponding Lyapunov spaces Lj := L(Aj), AI > ... > 
Af.. Let Vf+i = Wo := {O} and for j = 1, ... , f define 

Vj := L1. EB ••• EB Lj and Wj := Li EB ••• EB LI. 
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Then a solution <p(·, xo) with xo =I= 0 satisfies 

1 
lim - log llip(n, xo)ll = Aj if and only if xo E Vj \ VJ+I, 

n--++oo n 
1 

lim -1 I log llip(n, xo)ll = ->.j if and only if xo E Wj \ Wj-1· n--+-oo n 
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In particular, limn--+±oo fnr log llip(n,xo)ll = ±>.j if and only if xo E L(>.j) = 
Vj nwj. 

Proof. This follows using the solution formulas and the arguments given in 
the proof of Theorem 1.5.6. Here the time-reversed equation has the form 

Xn+l = A-1xn, n E z. 
The eigenvalues of A-1 are given by the inverses of the eigenvalues µ of A 
and the Lyapunov exponents are ->.e > ... > ->..i, since 

log (lµ- 1 1) = -log lµI. 
The generalized eigenspaces and hence the Lyapunov spaces L( -Aj) coincide 
with the corresponding generalized eigenspaces and Lyapunov spaces L(>.j), 
respectively. D 

Stability 

Using the concept of Lyapunov exponents and Theorem 1.5.8 we can 
describe the behavior of solutions of linear difference equations Xn+I = Axn 
as time tends to infinity. By definition, a solution with negative Lyapunov 
exponent tends to the origin and a solution with positive Lyapunov exponent 
becomes unbounded. 

It is appropriate to formulate the relevant stability concepts not just for 
linear differential equations, but for general nonlinear difference equations 
of the form 

Xn+I = f(xn), 

where f : ~d ---+ ~d. In general, the solutions <p(n, xo) are only defined for 
n 2 0. Various stability concepts characterize the asymptotic behavior of 
<p(n, xo) for n---+ oo. 

Definition 1.5.9. Let x* E ~d be a fixed point of the difference equation 
Xn+I = f(xn), i.e., the solution ip(n, x*) with initial value ip(O, x*) = x* 
satisfies <p(n, x*) = x*. Then the point x* is called: 

stable if for all e > 0 there exists a 8 > 0 such that <p(n, xo) E N(x*, e) 
for all n E N whenever xo E N(x*, 8); 

asymptotically stable if it is stable and there exists a "I > 0 such that 
liIDn--+oo <p(n, xo) = x* whenever xo E N(x*, "f)i 
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exponentially stable if there exist a ~ 1, 77 > 0 and f3 E (0, 1) such that 
for all xo E N(x*,17) the solution satisfies ll<p(n,xo)-x*ll ~ af3n llxo -x*ll 
for all n EN; 

unstable if it is not stable. 

The origin 0 E JRd is a fixed point of any linear difference equation. The 
following definition referring to the Lyapunov spaces will be useful. 

Definition 1.5.10. The stable, center, and unstable subspaces associated 
with the matrix A E Gl(d, JR) are defined as 

L- = E9 L(>..j), L0 = L(O), and£+= E9 L(>..j)· 

One obtains a characterization of asymptotic and exponential stability 
of the origin for Xn+I = Axn in terms of the eigenvalues of A. 

Theorem 1.5.11. For a linear difference equation Xn+I = Axn in JRd the 
following statements are equivalent: 

(i) The origin 0 E JRd is asymptotically stable. 

(ii} The origin 0 E JRd is exponentially stable. 

{iii} All Lyapunov exponents are negative (i.e., all moduli of the eigen­
values are less than 1.) 

{iv) The stable subspace L - satisfies L - = JRd. 

Proof. The proof is completely analogous to the proof for differential equa­
tions; see Theorem 1.4.8. 0 

It remains to characterize stability of the origin. 

Theorem 1.5.12. The origin 0 E JRd is stable for the linear difference 
equation Xn+I = Axn if and only if all Lyapunov exponents are nonpositive 
and the eigenvalues with modulus equal to 1 are semisimple. 

Proof. The proof is completely analogous to the proof for differential equa­
tions; see Theorem 1.4.10. 0 

Again we see that Lyapunov exponents alone do not allow us to charac­
terize stability. They are related to exponential stability or, equivalently, to 
asymptotic stability and they do not detect polynomial instabilities. 

1.6. Exercises 

Exercise 1.6.1. One can draw the solutions x(t, x0 ) E JR2 of x = Ax 
with A E gl(2, JR) either componentwise as functions of t E JR or as sin­
gle parametrized curves in JR2 . The latter representation of all solutions 
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is an example of a phase portrait of a differential equation. Observe that 
by uniqueness of solutions, these parametrized curves cannot intersect. De­
scribe the solutions as functions of time t E R and the phase portraits in 
the plane R2 of x =Ax for 

[ -1 0 ] [ 1 0 ] [ 3 0 ] A = O -3 ' A = 0 -1 ' A = 0 1 . 

What are the relations between the corresponding solutions? 

Exercise 1.6.2. Describe the solutions as functions of time t E R and the 
phase portraits in the plane R2 of x = Ax for 

[ 1 1 ] [ 0 1 ] [ -1 1 ] A= O 1 ' A= 0 0 ' A= 0 -1 . 

Exercise 1.6.3. Describe the solutions as functions of time t E R and the 
phase portraits in the plane R2 of x =Ax for 

[ 1 -1 ] [ 0 -1 ] [ -1 -1 ] 
A= 1 1 ' A= 1 0 ' A= 1 -1 . 

Exercise 1.6.4. Describe all possible phase portraits in R2 taking into 
account the possible Jordan blocks. 

Exercise 1.6.5. Compute the solutions of x =Ax for 

[ 
1 1 0 l A= 0 1 0 . 
0 0 2 

Exercise 1.6.6. Determine the stable, center, and unstable subspaces of 
x =Ax for 

A= [ ~ -~ -~ l 
-1 4 -3 

Exercise 1.6.7. Show that for a matrix A E gl(d,R) and T > 0 the spec­
trum spec(eAT) is given by {e->.T I A E spec(A)}. Show also that the maximal 
dimension of a Jordan block for µ E spec( eAT) is given by the maximal di­
mension of a Jordan block of an eigenvalue A E spec( A) with e>.T = µ. Take 
into account that ewT = ew'T for real 11, 11' does not imply 11 = 11'. As an 
example, discuss the eigenspaces of A and the eigenspace for the eigenvalue 
1 of eAT with A given by 

[ 
0 0 0 l A= 0 0 -1 . 
0 1 0 
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Exercise 1.6.8. Consider the differential equation 

mjj(t) + cy(t) + ky(t) = 0, 

where m, c, k > 0 are constants. Determine all solutions in the following 
three cases: (i) c2 - 4km > O; (ii) c2 - 4km = O; (iii) c2 - 4km < 0. 
Show that in all cases all solutions tend to the origin as t --7 oo (the system 
is asymptotically stable). Determine (in each of the cases (i) to (iii)) the 
solution cp( ·) with cp(O) = 1 and cp(O) = 0. Show that in case (iii) all solutions 
can be written in the form cp(t) = Ae0 t cos(f3t - t?) and determine a and (3. 
Discuss the differences in the phase portraits in cases (i) to (iii). 

Exercise 1.6.9. As noted in Section 1.2, for a matrix A E gl(d, JR) the 
complex generalized eigenspace of an eigenvalueµ EC can be characterized 
as ker(A - µI)m, where mis the dimension of the largest Jordan block for 
µ. Show that the real generalized eigenspace for µ, p, is the sum of the real 
and imaginary parts of the complex generalized eigenspace, i.e., it is given 
by 

{Rev, Im v E JRd Iv E ker(A - µI)m}. 

Hint: Find 82 = [v, v, .. . ] E gl(d, JR) such that 821 A82 = [b g 8]. Then 
0 0 * 

find 81 = [=i ! 8] in gl(d,JR) (using Proposition 1.2.2) transforming A into 
001 

a matrix of the form 

81821A82s11 = Imµ Reµ 0 [
Reµ -Imµ OJ 

0 0 * 
and note that 81821 = [Rev, Im v, ... ] . Show that v E Cd satisfies v E 
ker[A-µI] and v E ker[A-p,I] if and only ifRev,Imv E ker[(A-ReµI) 2+ 
(ImµI) 2] = ker(A-µI)(A-µI). Generalize this discussion tom-dimensional 
Jordan blocks Jµ, Jµ and transformations 

leading to 821 A82 = [ t Jµ ~]. Then use 
0 0 * 

[ 
-iin In 0 l . . -l -l [ R 

81 := -In iin 0 g1vmg 8182 A8281 = O 
0 0 * 

where R is a real Jordan block. Note that here 

81821 = [Rev1, ... ,Revn,Imvi, ... ,Imvn, .. . ]. 

Exercise 1.6.10. Show that the Lyapunov exponents do not depend on the 
norm used in Definition 1.4.1. 
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Exercise 1.6.11. Let A E gl(d, ~) be a matrix with all entries °'ij > 0. 
Suppose that A ~ 0 is a real eigenvalue such that there is a corresponding 
eigenvector w E ~d with all entries Wj > 0. Show that 

( )
1/m 

~(Am)ij ---+ A for m ---+ oo 
i,J 

and that lµI ::; A for all eigenvaluesµ EC of A. 
Hint: Suppose that there is an eigenvalue µ with lµI > A and consider 
a vector v f:. 0 in the Lyapunov space L(log lµI). Then discuss the time 
evolution of w ±Ev. 

1.7. Orientation, Notes and References 

Orientation. This chapter has discussed linear autonomous systems in 
continuous and discrete time. The main results are Theorem 1.4.3 for differ­
ential equations and its counterpart for difference equations, Theorem 1.5.6. 
They explain the relation between Lyapunov exponents and corresponding 
initial points for x = Ax and Xn+i = Axn on one hand and the matrix A, its 
eigenvalues and generalized eigenspaces on the other hand, hence they es­
tablish a first relation between dynamical systems and linear algebra. In the 
simple autonomous context here, this connection is deduced from explicit 
solution formulas. They are based on the Jordan canonical form, which 
is used to show that the Lyapunov exponents and the associated Lyapunov 
spaces are determined by the real parts of the eigenvalues and their absolute 
values, respectively, and the corresponding sums of generalized eigenspaces. 
The table below puts the results in continuous and discrete time in parallel. 

Continuous time Discrete time 

x =Ax, A E gl(d,~) Xn+l = Axn, A E Gl(d, ~) 

Lyapunov exponents: Lyapunov exponents: 

.X(xo) = limsup~ log llc,o(n, xo)ll 
n--+oo 

.X(xo) = limsupf log llx(t, xo)ll 
t--+oo 

real parts of the eigenvalues µ: moduli of the eigenvalues µ: 

-X1 > ... >.Xe .X1 > ... >.Xe 

Lyapunov spaces: Lyapunov spaces: 

Theorem 1.4.3: xo E L(.Xj) ~ Theorem 1.5.6: xo E L(.Xj) ~ 

lim flog llx(t, xo)ll = Aj 
t--+±oo 

lim ~logllc,o(n,xo)ll=-Xj 
n--+±oo 
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Chapter 2 gives further insight into the interplay between dynamical 
systems and linear algebra by discussing classification of dynamical systems 
versus classification of matrices. 

Notes and references. The linear algebra and the theory of linear au­
tonomous differential and difference equations presented here is standard 
and can be found in many textbooks in this area. For the derivation of the 
real Jordan form from the complex Jordan form, we have followed Kowalsky 
[83] and Kowalsky and Michler [84]. An alternative derivation is provided 
in Exercise 1.6.9. One may also give a proof based on irreducible polynomi­
als; cf., e.g., Wonham [143, pp. 18-20] for an easily readable presentation. 
Introductions to difference equation are, e.g., Elaydi [43] and Krause and 
Nesemann [85]; in particular, the latter reference also analyzes stability of 
linear autonomous equations Xn+l = Axn for noninvertible matrices A. 



Chapter 2 

Linear Dynamical 
Systems in ~d 

In this chapter we will introduce the general notion of dynamical systems in 
continuous and in discrete time and discuss some of their properties. Linear 
autonomous differential equations x = Ax where A E gl(d,JR) generate 
linear continuous-time dynamical systems or flows in JRd. Similarly, linear 
autonomous difference equations Xn+I = Axn generate linear discrete-time 
dynamical systems in JRd. A standard concept for the classification of these 
dynamical systems are conjugacies mapping solutions into solutions. It turns 
out that these classifications of dynamical systems are closely related to 
classifications of matrices. For later purposes, the definitions for dynamical 
systems are given in the abstract setting of metric spaces, instead of JRd. 

Section 2.1 introduces continuous-time dynamical systems on metric 
spaces and conjugacy notions. Section 2.2 determines the associated equiva­
lence classes for linear flows in JRd in terms of matrix classifications. Section 
2.3 presents analogous results in discrete time. 

2.1. Continuous-Time Dynamical Systems or Flows 

In this section we introduce general continuous-time dynamical systems or 
flows on metric spaces and the notions of conjugacy. 

Recall that a metric space is a set X with a distance function d : Xx X -+ 
[O,oo) satisfying d(x,y) = 0 if and only if x = y, d(x,y) = d(y,x), and 
d(x, z) ~ d(x, y) + d(y, z) for all x, y, z EX. 

-29 
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Definition 2.1.1. A continuous dynamical system or flow over the 'time 
set' JR. with state space X, a metric space, is defined as a continuous map 
<I> : JR. x X -----+ X with the properties 

(i) <I>(O, x) = x for all x EX, 

(ii) <I>(s + t, x) = <I>(s, <I>(t, x)) for alls, t E JR. and all x EX. 

For each x E X the set {<I>( t, x) J t E JR.} is called the orbit (or trajectory) 
of the system through the point x. For each t E JR. the time-t map is defined 
as 'Pt= <I>(t, ·) : X-----+ X. Using time-t maps, properties (i) and (ii) above 
can be restated as cpo = id, the identity map on X, and 'Ps+t = cp8 o 'Pt for 
alls, t E JR.. 

More precisely, a system <I> as above is a continuous dynamical system 
in continuous time. For simplicity, we just talk about continuous dynamical 
systems in the following. Note that we have defined a dynamical system 
over the (two-sided) time set JR.. This immediately implies invertibility of 
the time-t maps. 

Proposition 2.1.2. Each time-t map 'Pt has the inverse (cpt)-1 = 'P-t, and 
'Pt : X -----+ X is a homeomorphism, i.e., a continuous bijective map with 
continuous inverse. Denote the set of time-t maps again by <I>= {cpt J t E JR.}. 
A dynamical system is a group in the sense that (<I>, o), with o denoting 
composition of maps, satisfies the group axioms, and cp: (R,+)-----+ (<I>,o), 
defined by cp( t) = 'Pt is a group homomorphism. 

Systems defined over the one-sided time set JR.+ := {t E JR. J t 2: O} satisfy 
the corresponding semigroup property and their time-t maps need not be 
invertible. Standard examples for continuous dynamical systems are given 
by solutions of differential equations. 

Example 2.1.3. For A E gl(d, JR.) the solutions of a linear differential equa­
tion :i: = Ax form a continuous dynamical system with time set JR. and state 
space X = JR.d. Here <I> : JR. x JR.d -----+ Rd is defined by <I>(t, x0) = x(t, x0) = 
eAtx0 • This follows from Corollary 1.1.2. 

Also, many nonlinear differential equations define dynamical systems. 
Since we do not need this general result, we just state it. 

Example 2.1.4. Suppose that the function f in the initial value problem 
(1.4.2) is locally Lipschitz continuous and for all xo E Rd there are solutions 
cp(t, xo) defined for all t E JR.. Then <I>(t, xo) = cp(t, xo) defines a dynamical 
system <I> : JR. x JR.d -----+ JR_d. In this case, the vector field f is called complete. 

Two specific types of orbits will play an important role in this book, 
namely fixed points and periodic orbits. 
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Definition 2.1.5. A fixed point (or equilibrium) of a dynamical system <I> 
is a point x EX with the property <I>(t, x) = x for all t ER 

A solution <I>(t, x), t E IR, of a dynamical system <I> is called periodic if 
there exists S > 0 such that <I> ( S + s, x) = <I> ( s, x) for all s E R The infimum 
T of the numbers S with this property is called the period of the solution 
and the solution is called T-periodic. 

Since a solution is continuous int, the period T satisfies <I>(T + s, x) = 
<I>(s, x) for all s E R Note that a solution of period 0 is a fixed point. 
For a periodic solution we also call the orbit {<I>(t,x) It E IR} periodic. If 
the system is given by a differential equation as in Example 2.1.4, the fixed 
points are easily characterized, since we assume that solutions of initial 
value problems are unique: A point xo E X is a fixed point of the dynamical 
system <I> associated with a differential equation x = f ( x) if and only if 
f(xo) = 0. 

For linear differential equations as in Example 2.1.3 we can say a little 
more. 

Proposition 2.1.6. {i) A point xo E JRd is a fixed point of the dynamical 
system <I> associated with the linear differential equation x = Ax if and only 
if xo E ker A, the kernel of A. 

{ii) The solution for xo E !Rd is T-periodic if and only if xo is in the 
eigenspace of the eigenvalue 1 of eAT. This holds, in particular, if xo is in 
the eigenspace of an imaginary eigenvalue pair ±iv =I= 0 of A and T = 2;. 

Proof. Assertion (i) and the first assertion in (ii) are obvious from direct 
constructions of solutions. The second assertion in (ii) follows from Exam­
ple 1.3.6 and the fact that the eigenvalues ±iv of A are mapped onto the 
eigenvalue 1 of eA 2: • The reader is asked to prove this in detail in Exercise 
2.4.5. D 

Example 2.1. 7. The converse of the second assertion in (ii) is not true: 
Consider the matrix 

A= [ ~ ~ -~ l 
0 1 0 

with eigenvalues {O, ±i }. The initial value xo = (1, 1, 0) T (which is not in an 
eigenspace of A) leads to the 27r-periodic solution eAtxo = (1, cost, sin t) T. 

Conjugacy 

A fundamental topic in the theory of dynamical systems concerns com­
parison of two systems, i.e., how can we tell that two systems are 'essentially 
the same'? In this case, they should have similar properties. For example, 
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fixed points and periodic solutions should correspond to each other. This 
idea can be formalized through conjugacies, which we define next. 

Definition 2.1.8. (i) Two continuous dynamical systems <I>, '1i : JR x X ----7 

X on a metric space X are called c0-conjugate or topologically conjugate 
if there exist a homeomorphism h : X ---+ X such that 

(2.1.1) h(<I>(t, x)) = '1i(t, h(x)) for all x EX and t ER 

(ii) Let <I>, '1i : JR x X ----7 X be Ck-maps, k 2 1, on an open subset X 
of JRd. They are called Ck-conjugate if there exists a Ck diffeomorphism 
h: X---+ X with (2.1.1). Then his also called a smooth conjugacy. 

The conjugacy property (2.1.1) can be illustrated by the following com­
mutative diagram 

x ~(t,·) x 

hl lh 
x ~(t,·) x. 

Note that while this terminology is standard in dynamical systems, the term 
conjugate is used differently in linear algebra. (Smooth) conjugacy as used 
here is related to matrix similarity (compare Theorem 2.2.1), not to matrix 
conjugacy. Topological conjugacies preserve many properties of dynamical 
systems. The next proposition shows some of them. 

Proposition 2.1.9. Let h : X ---+ X be a topological conjugacy of two 
dynamical systems <I>, '1i : JR x X ----7 X on a metric state space X. Then 

(i) the point p E X is a fixed point of <I> if and only if h(p) is a fixed 
point of '1i; 

(ii} the solution <I>(·, p) is T-periodic if and only if '1i ( ·, h(p)) is T­
periodic. 

(iii} Let, in addition, g : Y ---+ Y be a topological conjugacy of two 
dynamical systems <I>1, '1i 1 : JR x Y ----7 Y on a metric space Y. Then the 
product flows <I> x <I>1 and '1i x '1i 1 on X x Y are topologically conjugate via 
h x g: Xx Y-----+ Xx Y. 

Proof. The proof of assertions (i) and (ii) is deferred to Exercise 2.4.1. 
Assertion (iii) follows, since h x g is a homeomorphism and for x EX, y E Y, 
and t E JR one has 

(h x g)(<I> x <I>1)(x,y) = (h(<I>(t,x),g(<I>1(t,y))) = ('1i(t,h(x)), '1i1(t,g(y))) 

= ('1i x '1i1) (t, (h x g)(x, y)). D 
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2.2. Conjugacy of Linear Flows 

For linear flows associated with linear differential equations as introduced 
in Example 2.1.3, conjugacy can be characterized directly in terms of the 
matrix A. We start with smooth conjugacies. 

Theorem 2.2.1. For two linear flows <I> (associated with x = Ax) and W 
(associated with x = Bx) in Rd, the following are equivalent: 

{i) <I> and w are Ck-conjugate fork~ 1, 

{ii) <I> and w are linearly conjugate, i.e., the conjugacy map h is an 
invertible linear operator on JR.d, 

{iii) A and B are similar, i.e., A= SBs-1 for some SE Gl(d, JR.). 

Each of these statements is equivalent to the property that A and B have 
the same Jordan form. Thus the Ck-conjugacy classes are exactly the real 
Jordan form equivalence classes in gl ( d, JR.). 

Proof. Properties (ii) and (iii) are obviously equivalent and imply (i). Sup­
pose that (i) holds, and let h : Rd ---+ Rd be a Ck-conjugacy. Thus for all 
x E JR.d and t E JR., 

h(<I>(t, x)) = h(eAtx) = eBth(x) = W(h(x)). 

Differentiating with respect to x and using the chain rule we find 

Dh(eAtx)eAt = eBt Dh(x). 

Evaluating this at x = 0 we get with H := Dh(O), 

HeAt = eBtH for all t ER 

Differentiation with respect to t int= 0 finally gives HA= BH. Since his 
a diffeomorphism, the linear map H = Dh(O) is invertible and hence defines 
a linear conjugacy. D 

In particular we obtain conjugacy for the linear dynamical systems in­
duced by a matrix A and its real Jordan form JR. 

Corollary 2.2.2. For each matrix A E gl(d, JR.) its associated linear flow in 
Rd is Ck-conjugate for all k ~ 1 to the dynamical system associated with the 
Jordan form JR. 

Theorem 2.2.1 clarifies the structure of two matrices that give rise to 
conjugate flows under Ck-diffeomorphisms with k ~ 1. The eigenvalues and 
the dimensions of the Jordan blocks remain invariant, while the eigenspaces 
and generalized eigenspaces are mapped onto each other. 

For homeomorphisms, i.e., fork= 0, the situation is quite different and 
somewhat surprising. To explain the corresponding result we first need to 
introduce the concept of hyperbolicity. 
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Definition 2.2.3. The matrix A E gl(d, IR.) is hyperbolic if it has no eigen­
values on the imaginary axis. 

The set of hyperbolic matrices in gl(d,IR.) is rather 'large' in gl(d,JR) 
(which may be identified with JR.d2 and hence carries the corresponding topol­
ogy.) 

Proposition 2.2.4. The set of hyperbolic matrices is open and dense in 
gl(d, IR.) and for every hyperbolic matrix A there is a neighborhood U c 
gl(d, IR.) of A such that the dimension of the stable subspace is constant for 
BEU. 

Proof. Let A be hyperbolic. Then also for all matrices in a neighborhood of 
A all eigenvalues have nonvanishing real parts, since the eigenvalues depend 
continuously on the matrix entries. Hence openness and the last assertion 
follow. Concerning density, transform an arbitrary matrix A E gl(d, IR.) 
via a matrix T into a matrix r-1 AT in Jordan normal form. For such 
a matrix it is clear that one finds arbitrarily close matrices B which are 
hyperbolic. Transforming them back into T BT-1 one obtains hyperbolic 
matrices arbitrarily close to A. D 

With these preparations we can formulate the characterization of c0-

conjugacies of linear flows: 

Theorem 2.2.5. (i} If A and B are hyperbolic, then the associated linear 
flows <P and '11 in JR.d are topologically conjugate if and only if the dimensions 
of the stable subspaces (and hence the dimensions of the unstable subspaces) 
of A and B agree. 

(ii} A matrix A is hyperbolic if and only if its flow is structurally stable, 
i.e., there exists a neighborhood Uc gl(d,IR.) of A such that for all BEU 
the associated linear flows are conjugate to the flow of A. 

Observe that assertion (ii) is an immediate consequence of (i) and Propo­
sition 2.2.4. The proof of assertion (i) is complicated and needs some prepa­
ration. Consider first asymptotically stable differential equations x = Ax 
and x =Bx. In our construction of a topological conjugacy h, we will first 
consider the unit spheres and then extend h to JRd. This requires that tra­
jectories intersect the unit sphere exactly once. In general, this is not true, 
since asymptotic stability only guarantees that for all K > max{Re .X I .X E 

spec( A)} there is c ;:::: 1 with 

lleAtxll :::; ceK.t llxll for all x E IR.d, t;:::: 0. 

In the following simple example the Euclidean norm, llxll 2 = J x~ + ... + x~, 
does not decrease monotonically along solutions. 
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Example 2.2.6. Consider in IR2, 

x = -x - y, iJ = 4x - y. 

The eigenvalues of A= [-! =~ J are the zeros of det(,U -A) = (.X + 1)2 + 4, 
hence they are equal to -1 ± 2i. The solutions are 

[ :g? ] = e-t [ 2~~~~: -~ ~~~~: ] [ :~ ] . 

The origin is asymptotically stable, but the Euclidean distance to the origin 
does not decrease monotonically. 

The next proposition shows that monotonicity always holds in a norm 
which is adapted to the matrix A. 

Proposition 2.2.7. For x =Ax with A E gl(d,IR) the following properties 
are equivalent: 

{i) For every eigenvalue µ of A one has Reµ < 0. 

{ii) For every norm II· II on JRd there are a > 0 and c ~ 1 with 

jjeAtxll :'.S c e-at llxll fort ~ 0. 

{iii) There is a norm ll·llA on !Rd, called an adapted norm, such that for 
some a> 0 and for all x E JRd, 

Proof. (iii) implies (ii), since all norms on JRd are equivalent. Property (ii) 
is equivalent to (i) by Theorem 1.4.4. It remains to show that (ii) implies 
(iii). Let b E (0, a). Then (ii) (with any norm) implies for t ~ 0, 

jjeAtxjj :'.Sc e-at llxll = c e(b-a)te-bt llxll · 

Hence there is r > 0 such that c e(b-a)t < 1 for all t ~ r and therefore 

(2.2.1) 

Then 

llxllA :=for ebs jjeAsxll ds, x E !Rd, 

defines a norm, since llxllA = 0 if and only if ebs jjeA8 xll = 0 for s E [O, r] if 
and only if x = 0, and 
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This norm has the desired monotonicity property: Fort~ 0 write t = nr+T 
with 0 ~ T < r and n E No. Then 

lleAtxllA =for ebs lleAseAtxll ds 

= for-T ebs lleAnr eA(T+s)xll ds + 1~T ebs lleA(n+l)r eA(T-r+s)xll ds 

~ lr eb(u-T) lleAnr eAu xii dG' + foT eb(u-T+r) lleA(n+l)r eAu xii dG' 

with G' := T + s and G' := T - r + s, respectively. We can use (2.2.1) to 
estimate the second summand from above, since (n + 1) r ~ r. If n = 0, we 
leave the first summand unchanged, otherwise we can also apply (2.2.1). In 
any case we obtain 

~ lr eb(u-T-nr) lleAu xii dG' + foT eb(u-T+r-(n+l)r) lleAu xii dG' 

= e-bt for ebu lleAu xii dG' = e-bt llxllA 

and hence (ii) implies (iii). D 

We show the assertion of Theorem 2.2.5 first in the asymptotically stable 
case. 

Proposition 2.2.8. Let A, B E gl(d, JR.). If all eigenvalues of A and of B 
have negative real parts, then the flows eAt and eBt are topologically conju­
gate. 

Proof. Let ll·llA andll·llB be corresponding adapted norms. Hence with 
constants a, b > 0, 

lleAtxllA ~ e-at llxllA and lleBtxllB ~ e-bt llxllB fort~ 0 and x E Rd. 

Then fort~ 0, 

lleAtxllA ~ ea(-t) llxllA and lleBtxllB ~ eb(-t) llxllB' 

by applying the inequality above to eAtx and -t. Thus backwards in time, 
the norms of the solutions are strictly increasing. Consider the correspond­
ing unit spheres 

SA= {x E Rd I llxilA = 1} and SB= {x E Rn I llxilB = l}. 

They are fundamental domains of the flows eAt and eBt, respectively (every 
nontrivial trajectory intersects them). Define a homeomorphism ho : SA --+ 
SB by 

ho(x) := ll:ilB with inverse h01(y) = ll:ilA · 
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In order to extend this map to JRd observe that (by the intermediate value 
theorem and by definition of the adapted norms) there is for every x =/: 0 
a unique time r(x) E JR with lleAr(x)xllA = 1. This immediately implies 
r(eAtx) = r(x) - t. The map x i---+ r(x) is continuous: If Xn ---+ x, then the 
assumption that r(xnk)---+ u =/: r(x) for a subsequence implies llcp(u,x)ll = 
llcp(r(x), x)ll = 1 contradicting uniqueness of r(x). Now define h: JRd---+ !Rd 
by 

h x = { e-Br(x)ho(eAr(x)x) for x =/: 0, 
( ) 0 for x = 0. 

Then his a conjugacy, since 

h(eAtx) = e-Br(eAtx)ho(eAr(eAtx)eAtx) = e-B(r(x)-t]ho(eA(r(x)-t]eAtx) 

= eBte-Br(x) ho(eAr(x)x) = eBth(x). 

The map h is continuous in x =/: 0, since eAt and eBt as well as r(x) are 
continuous. In order to prove continuity in x = 0, consider a sequence 
Xj---+ 0. Then Tj := r(xj)---+ -oo. Let Yi:= ho(e7ixj)· Then llYills = 1 and 
hence 

llh(xj)ll 8 = lle-Br;Yills :S ebr; ---+ 0 for j---+ oo. 

The map is injective: Suppose h(x) = h(z). The case x = 0 is clear. Hence 
suppose that x =/: 0. Then h(x) = h(z) =/: 0, and with r .- r(x) the 
conjugation property implies 

h(eAr x) = eB7 h(x) = eB7 h(z) = h(eAr z). 

Thus h( eAr z) = h( eAr x) E SB. Since h maps only SA to SB, it follows that 
eArz E SA and hence T = r(x) = r(z). By 

ho(eAr x) = h(eAr x) = h(eAr z) = ho(eAr z) 

and injectivity of ho we find 

eAr x = eAr z, and hence x = z. 

Exchanging the roles of A and B we see that h-1 exists and is continuous. D 

Proof of Theorem 2.2.5. If the dimensions of the stable subspaces coin­
cide, there are topological conjugacies 

h8 : EA. ---+Es and hu : E~ ---+ E1B 

between the restrictions to the stable and the unstable subspaces of eAt and 
e8 t, respectively. With the projections 

7rs : !Rn ---+ EA_ and 7ru : !Rn ---+ E~' 

a topological conjugacy is defined by 

h(x) := h8 (7r 8 (x)) + hu(7ru(x)). 
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Conversely, any topological conjugacy homeomorphically maps the stable 
subspace onto the stable subspace. This implies that the dimensions coincide 
(invariance of domain theorem, Massey [101, Chapter VIII, Theorem 6.6 
and Exercise 6.5]). D 

2.3. Linear Dynamical Systems in Discrete Time 

The purpose of this section is to analyze properties of autonomous linear 
difference equations from the point of view of dynamical systems. First we 
define dynamical systems in discrete time, and then we classify the conjugacy 
classes of the dynamical systems generated by autonomous linear difference 
equations of the form Xn+I = Axn with A E Gl(d, JR.). 

In analogy to the continuous-time case, Definition 2.1.1, we define dy­
namical systems in discrete time in the following way. 

Definition 2.3.1. A continuous dynamical system in discrete time over the 
'time set' Z with state space X, a metric space, is defined as a continuous 
map <I> : Z x X ---+ X with the properties 

(i) <I>(O,x) = x for all x EX; 

(ii) <I>(m + n, x) = <I>(m, <I>(n, x)) for all m, n E Zand all x EX. 

For each x EX the set { <I>(n, x) In E Z} is called the orbit (or trajectory) 
of the system through the point x. For each n E Z the time-n map is defined 
as 'Pn = <I>(n, ·): X---+ X. Using time-n maps, properties (i) and (ii) above 
can be restated as cpo = id, the identity map on X, and 'Pm+n = 'Pn o 'Pm 
for all m, n E Z. 

It is an immediate consequence of the definition, that a dynamical system 
in discrete time is completely determined by its time-I map, also called its 
generator. 

Proposition 2.3.2. For every n E Z, the time-n map 'Pn is given by 'Pn = 
(cp1r. In particular, each time-n map 'Pn has an inverse (cpn)-1 = 'P-n, and 
'Pn : X ---+ X is a homeomorphism. A dynamical system in discrete time 
is a group in the sense that ( { 'Pn I n E Z}, o), with o denoting composition 
of maps, satisfies the group axioms, and cp : (Z, +) ---+ ( { 'Pn I n E Z}, o ), 

defined by cp(n) = 'Pn is a group homomorphism. 

This proposition also shows that every homeomorphism f defines a con­
tinuous dynamical system in discrete time by 'Pn : = Jn, n E Z. In particular, 
this holds if f is given by a matrix A E Gl(d,R). 

Remark 2.3.3. It is worth mentioning that a major difference to the 
continuous-time case comes from the fact that, contrary to eAt, the ma­
trix A may not be invertible or, equivalently, that 0 may be an eigenvalue 
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of A. In this case, one only obtains a map 

<P: No x Rd---+ Rd, <P(n, x) := Anx, 

which is linear in the second argument and satisfies property (ii) in Definition 
2.3.1 only form, n ~ 0. If A is invertible, the map <P can be extended to a 
dynamical system <P : Z x Rd ---+ Rd. We only consider the invertible case 
with A E Gl(d, IR). Naturally, one may also define general systems <P over 
the one-sided time set No satisfying the corresponding semigroup property; 
their time-n maps need not be invertible. 

Continuous dynamical systems in discrete time may be classified up to 
conjugacies, in analogy to the case in continuous time. Formally, we define 
the following. 

Definition 2.3.4. Let <P, W: Z x X---+ X be continuous dynamical systems 
generated by homeomorphisms f, g : X ---+ X, respectively. These systems 
(and also f and g) are called topologically conjugate if there exists a home­
omorphism h: X---+ X such that h(<P(n,x)) = w(n,h(x)) for all n E Zand 
allxEX. 

By induction, one sees that this is equivalent to the requirement that 
ho f =go h. 

Remark 2.3.5. We remark that the smooth conjugacy problem for linear 
systems in discrete time is trivial: For a Ck-conjugacy h with k ~ 1 differen­
tiation of the equation h(Ax) = Bh(x) in x = 0 yields the linear conjugacy 
or matrix similarity 

Dh(O)A = BDh(O). 

Two dynamical systems <PA and <PB in discrete time generated by ma­
trices A, B E Gl(d, IR), respectively, are topologically conjugate, if there is 
a homeomorphism h : ]Rd ---+ ]Rd such that for all n E Z and all x E JRd 

one has h(Ax) = Bh(x). We will discuss the topological conjugacy classes 
using arguments which are analogous to the continuous-time case. As seen 
in Section 1.5, the stability properties of this dynamical system are again 
determined by the eigenvalues of the matrix A. Here the role of the imagi­
nary axis in continuous time is taken over by the unit circle: For example, 
an eigenvector v for a real eigenvalueµ of A satisfies 

Anv = µnv ---+ 0 if and only if lµI < 1. 

First we introduce adapted norms for discrete-time dynamical systems. 

Proposition 2.3.6. For Xn+l = Axn with A E Gl(d,R) the following prop­
erties are equivalent: 
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{i) There is a norm 11 · llA on JRd, called an adapted norm, such that for 
some 0 < a < 1 and for all x E JRd, 

llAnxllA ::San llxllA for all n ~ 0. 

{ii} For every norm II· II on JRd there are 0 < a < 1 and c ~ 1 such that 
for all x E JRd, 

llAkxll ::Sc an llxJI for all n ~ 0. 

{iii} For every eigenvalueµ of A one has lµI < 1. 

Proof. The proof is analogous to the continuous-time case, Proposition 
2.2.7. Property (i) implies (ii), since all norms on JRd are equivalent. Prop­
erty (ii) (with a E (max lµI, 1)) implies asymptotic stability which is equiv­
alent to (iii), by Theorem 1.5.11. It remains to show that (ii) implies (i). 
Let b E (a, 1). Then (ii) implies for n ~ 0 

llAnxll ::Sc an llxll = c (~) n bn llxll. 

There is NE N such that c (~t < 1 for all n ~ N, hence llAnxll ::S bn llxll. 
Then one shows that 

N-1 

(2.3.1) llxllA = L b-j llAixll, x E !Rd, 
j=O 

defines an adapted norm (Exercise 2.4.4). D 

A matrix A satisfying the properties in Proposition 2.3.6(i) or, equiva­
lently, lµI < 1 for all eigenvalues, is called a linear contraction. 

Suppose that all eigenvalues µ of A s.atisfy lµI > 1. Then all eigenvalues 
of A-1 have modulus less than 1, since they are the inverses of the eigenvalues 
of A. An adapted norm for A-1 yields for some a E (0, 1), all x E !Rd and 
alln~O 

llA-nxllA ::San llxllA · 

In particular, this holds for x =Any, y E JRd, and hence for all n ~ 0, 

llYllA = llA-nxllA ::San llxllA =an llAnyliA 

implying 
llAnyliA ~ bn llYllA with b := a-1 > 1. 

A matrix A with this property is called a linear expansion. 

We turn to a result on topological conjugacy of linear contractions, i.e., 
of autonomous linear dynamical systems in discrete time which are asymp­
totically stable. Here the discrete-time case is more complicated than the 
continuous-time case treated in Proposition 2.2.8 for two reasons: The space 
Gl(d, JR) of invertible d x d-matrices is not connected, since the image of the 
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determinant, which is a continuous function, has two path connected compo­
nents corresponding to the sign of the determinant (in fact, this determines 
the two connected components of Gl(d, JR); cf. Remark 2.3.8). A second dif­
ficulty in the proof occurs, since not every orbit intersects the unit sphere; 
this was an essential ingredient in the proof of Proposition 2.2.7. Hence we 
have to blow up the sphere to a ring (an 'annulus') in order to guarantee 
that every orbit intersects this ring. 

Theorem 2.3. 7. Let A, B E Gl(d, JR) be invertible linear contractions in 
the same path connected component of the set of linear contractions, i.e., 
one finds linear contractions At, t E [O, 1], depending continuously on t with 
Ao = B and Ai = A. Then the generated dynamical systems <I> A and <I> B 

are topologically conjugate. 

Proof. Let At, t E [O, 1], be a curve in Gl(d, JR) connecting A and B, Ao= B 
and Ai= A. For corresponding adapted norms ll·llA and ll·lls consider the 
unit disc and sphere, 

DA:= {x E lRd i llxllA < l} and SA:= {x E lRd i llxllA = 1}, 

and analogously for B. The following rings or annuli 

FA:= cl(DA \ADA) and Fs = cl(Ds \BDs) 

are called fundamental domains for the associated dynamical systems, since 
for all x f:. 0 there is j = jA E Z with Aix E FA. In fact, by the definition 
of adapted norms, if llxllA > 1, there is j E N with llAi-ixllA > 1 and 
llAixllA ~ 1, hence Aix E cl(DA \ADA)· Observe also that the 'outer' 
boundary of FA equals SA and the 'inner' boundary equals ASA. Analogous 
statements hold for B. First we will construct a conjugating homeomor­
phism ho : FA -+ Fs, hence ho(Ax) = Bho(x), x E FA, and then extend it 
to JRd. The idea for the construction is to map the outer and inner boundary 
of FA to the outer and inner boundary of Fs, respectively. On the outer 
boundary, ho will be the radial projection of SA to Ss, and on the inner 
boundary, ho will essentially be equal to BA-i (plus radial projection to 
B(Ss)). Then it will be easy to see that ho becomes a conjugacy. This 
construction separates the radial component from the angular component 
in §d-i. 

For the radial component we will first define hA, hs on the standard 
ring [O, 1] x §d-i with values in FA and Fs, respectively. Then we define 
H : [O, 1] x §d-i -+ [O, 1] x §d-i using the path from B to A. Here the t­
values remain preserved and on §d-i we use AtA-i. This yields the identity 
fort= 1 and BA-i fort= 0. 

Let us make this program precise. Define maps 

TA, hA: [0, 1] X §d-i-+ FA by hA(t, x) = TA(t, x)x, 
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where 1A is the map which is affine int and determined by TA(l,x) = llxll.A1 

and TA(O, x) = 1/ jjA-1xjjA. Then hA(l, x) = x/ llxllA E SA, the outer 
boundary of FA, and hA(O, x) is on the inner boundary of FA, since 

hA(O,x) = TA(O,x)x = x jjA-1xjjA =A (A- 1x/ jjA-1xjjA) E ASA. 

Since TA is affine in t, it follows that 
t 1- t 

TA(t, x) = llxllA + llA-lxllA' t E [O, 1]. 

We find for ally E SA (with x = Ay/ llAyll), 

( Ay ) Ay llAYll Ay _1 ( Ay ) 
hA O, llAyll = llAYll llYllA = llYllA = Ay, hence hA (Ay) = O, llAYll . 

Analogously, define TB and hB: [O, 1] x §d-l--+ FB to obtain 

hB ( O, 11~:11) = ll=l~B and hB (l, 11:11) = llx~IB. 
Now we use the path At in Gl(d,JR) with Ao = B, Ai = A to construct 
H: [O, 1] x §d-l --+ [O, 1] x §d-l such that the 'radius' t E [O, 1] is preserved 
and the 'angle' in §d-l changes continuously: Define 

( AtA-1x ) 
H(t, x) := t, llAtA-Ixll . 

Then H(l, x) = (1, x) and 

H(O, x) = ( 0, ll~~=~:ll) , hence H ( 0, ll~:ll) = ( 0, ll~:ll) . 
The map ho defined by 

ho: FA--+ FB, ho:= hB o Ho h_A1, 

is a composition of injective maps, hence injective. It is a conjugacy (here 
we only have to consider the case x, Ax E FA, in particular, x E SA), since 

Bho(x) = BhB o Ho h_A1(x) = BhB o H ( 1, 11: 11 ) = 11 :,~B 
and 

ho(Ax) = hB o Ho h_A1(Ax) = hB o H ( 0, ll~~ll) 

= hB ( 0, 11~:11) = ll=l~B = Bho(x). 

Now extend ho to JRd by h(O) := 0 and h(x) = B-j(x)ho(Ai(x)x) for xi= 0, 
where j(x) EN is taken such that Ai(x) E FA. If in addition to Aix E FA 
also Ai+lx E FA, the conjugation property implies 

B-i-1ho(Ai+1x) = B-i-1ho(A Aix) = B-i-1Bho(Aix) = B-iho(Aix). 
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Thus the map h is well defined. The map h is obviously continuous on 
Rd\ {O}. It is also continuous in 0, since Xn ~ 0 implies j(xn) ~ -oo; now 
use that B-1 is a linear expansion and llho(Ai(xn)xn)ll = 1 to show 

h(xn) = B-j(xn)ho(Aj(xn)xn) ~ 0. 

Exchanging the roles of A and B one finds a continuous inverse h-1 proving 
that h is a homeomorphism. D 

Remark 2.3.8. Hyperbolic systems in discrete time are given by matrices 
which do not have an eigenvalue on the unit circle in C. The statement of 
Theorem 2.2.5 for hyperbolic systems also holds in the discrete-time case, 
with an analogous proof. Additionally, one has to take into account that 
the subset of contractions in Gl(d, R) has exactly two path connected com­
ponents determined by det A < 0 and det A > 0, respectively. A proof is 
sketched in Robinson [117, Chapter IV, Theorem 9.6]. 

2.4. Exercises 

Exercise 2.4.1. Prove parts (i) and (ii) of Proposition 2.1.9: Leth: X ~ X 
be a topological conjugacy for dynamical systems cI>, '11 : R x X -----+ X on a 
metric state space X. Then (i) the point p EX is a fixed point of cI> if and 
only if h(p) is a fixed point of '11; (ii) the solution cI>(·,p) is periodic with 
period T if and only if '11(·, h(p)) is periodic with period T. 

Exercise 2.4.2. Construct explicitly a topological conjugacy h : R ~ R 
between the systems :i; = -x and iJ = -2y. 

Exercise 2.4.3. Construct explicitly a topological conjugacy for the linear 
differential equations determined by 

A = [ - ~ _ ~ ] and B = [ - ~ = ~ ] . 
Exercise 2.4.4. Work out the details of the proof of Proposition 2.3.6 by 
showing that formula (2.3.1) defines an adapted norm in discrete time. 

Exercise 2.4.5. Prove the second part of Proposition 2.l.6(ii): Suppose 
that xo is in the eigenspace of an imaginary eigenvalue pair ±w =f. 0 of A 
and T = 2;. Then the solution for xo E Rd is periodic with period T. 

2.5. Orientation, Notes and References 

Orientation. The linear dynamical systems considered in this chapter are 
generated by linear autonomous differential equations :i; = Ax or difference 
equations Xn+i = Axn. In continuous time one has flows cI>: Rx Rd-----+ Rd 
over the time domain R satisfying cI>(t, ax+ f3y) = acI>(t, x) + f3cI>(t, y) for 
all x, y E Rd, a, f3 E R and t E R, and analogously in discrete time over 
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the time domain Z. A natural question to ask is, which properties of the 
systems are preserved under transformations of the system, i.e., conjugacies. 
Theorem 2.2.1 and Theorem 2.3.7 show that Ck-conjugacies with k ~ 1 
reduce to linear conjugacies, thus they preserve the Jordan normal form 
of the generator A. As seen in Chapter 1 this means that practically all 
dynamical properties are preserved. On the other hand, mere topological 
conjugacies only fix the dimensions of the stable and the unstable subspaces. 
Hence both classifications do not characterize the Lyapunov spaces which 
determine the exponential growth rates of the solutions. Smooth conjugacies 
are too fine if one is interested in exponential growth rates, and topological 
conjugacies are too rough. Hence important features of matrices and their 
associated linear differential or difference equations cannot be described by 
these conjugacies in JRd. 

Recall that the exponential growth rates and the associated Lyapunov 
spaces are determined by the real parts of the eigenvalues of the matrix 
generator A; cf. Definition 1.4.1 and Theorem 1.4.3 (or by the logarithms of 
the moduli of the eigenvalues) and the generalized eigenspaces. In Chapter 
4 we will take a different approach by looking not at conjugacies in order 
to characterize the Lyapunov spaces. Instead we analyze induced nonlin­
ear systems in projective space and analyze them topologically. The next 
chapter, Chapter 3, introduces some concepts and results necessary for the 
analysis of nonlinear dynamical systems. We will use them in Chapters 4 
and 5 to characterize the Lyapunov spaces, hence obtain additional infor­
mation on the connections between matrices and dynamical systems given 
by autonomous linear differential and difference equations. 

Notes and references. The ideas and results of this chapter can be found, 
e.g., in Robinson [117]; in particular, our construction of conjugacies for 
linear systems follows the exposition in [117, Chapter 4]. Continuous de­
pendence of eigenvalues on the matrix is proved, e.g., in Hinrichsen and 
Pritchard [68, Corollary 4.2.1 J as well as in Kato [7 4] and Baumgartel [17]. 

Example 2.1.4 can be generalized to differentiable manifolds: Suppose 
that Xis a Ck-differentiable manifold and fa Ck-vector field on X such that 
the differential equation :i; = f(x) has unique solutions x(t,xo), t E JR, with 
x(O,xo) = xo for all xo EX. Then <P(t,xo) = x(t,xo) defines a dynamical 
system <I> : JR x X --+ X. Similarly, Ck-conjugacies can be defined in this 
setting. 

The characterization of matrices via invariance properties of the associ­
ated linear autonomous differential and difference equations under smooth 
and continuous conjugacies may be viewed as part of Klein's Erlanger Pro­
gramm in the nineteenth century defining geometries by groups of trans­
formations. This point of view is emphasized by McSwiggen and Meyer in 
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[105] who also discuss invariance properties under Lipschitz and Holder con­
jugacies; see also Kawan and Stender [76] for a classification under Lipschitz 
conjugacies. Conjugacies are not the only way to classify flows: If one looks 
at the trajectories, the parametrization by time does not play a role, except 
for the orientation. This leads to the notion of Ck-equivalence, k 2 0. For 
k 2 1, the flows for x = Ax and iJ = By are Ck-equivalent if and only if 
there are a real number a> 0 and TE Gl(d,~) with A= aTBT-1 ; cf. 
Ayala, Kliemann, and Colonius [12] for a proof. 

The topological conjugacy problem for nonhyperbolic systems in the 
continuous-time case is treated by Kuiper [87]; cf. Ladis [92] for topological 
equivalence. The discrete-time case is much more complicated; cf. Kuiper 
and Robbin [89] and the references given in Ayala and Kawan [14]. 





Chain Transitivity for 
Dynamical Systems 

Chapter 3 

This chapter introduces limit sets of dynamical systems and a related con­
cept called chain transitivity. The framework is general dynamical systems 
in continuous and discrete time. The results will find immediate applica­
tions in the next two chapters, where dynamical systems generated by au­
tonomous linear differential equations are analyzed. The concepts treated 
in the present chapter are fundamental for the global theory of general dy­
namical systems. 

Section 3.1 considers flows and introduces limit sets and the notion of 
chain transitivity. Section 3.2 characterizes the chain recurrent set and its 
connected components; the results in this short section will be needed in 
Chapters 8 and 9. Section 3.3 discusses limit sets and chain transitivity for 
dynamical systems in discrete time. 

3.1. Limit Sets and Chain Transitivity 

Global analysis of dynamical systems starts with limit sets, i.e., with the 
question, where do the trajectories go for t --+ ±oo. The following definition 
formalizes this question. We suppose that the underlying state space is a 
complete metric space. This means that every Cauchy sequence has a limit, 
i.e., every sequence (xk) in X such that for any c > 0 there is no(c) E N 
with d(xn, Xm) < c for all n, m ~ no(c) converges to an element x EX. 

Definition 3.1.1. Let a dynamical system CI> : IR. x X ---+ X on a complete 
metric space X be given. For a subset Y c X the a-limit set is defined 
as a(Y) = {z E X !there exist sequences (xn) in Y and tn --+ -oo in IR. 

-47 
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with limn~oo q,(tn, Xn) = z }, and similarly the w-limit set of Y is defined 
as w(Y) = {z EX I there exist sequences (xn) in Y and tn-+ oo in R with 
limrHoo q,(tn, Xn) = Z }. 

If the set Y consists of a single point x, we just write the limit sets as 
w(x) and a(x), respectively. The limit set w(Y) allows points in Y to vary 
along the sequence. Hence w(Y) is larger, in general, than uyEYw(y); cf. 
Example 3.1.4. Note that if Xis compact, then the a-limit sets and w-limit 
sets are nonvoid for all Y c X. This need not be true in the noncom pact 
case. We look at some examples of limit sets. 

Example 3.1.2. Consider the linear autonomous differential equation on 
R2 given by 

[ :~ ] = [ ~ ~l ] [ ~~ ] , [ ~~~~~ ] = [ ~~ ] =XO 

with solutions x(t) = (etx~,e-txg),t E R. Thus the a-limit sets a(x0 ) 

are void for all initial points x0 with xg i- 0 and a(xo) = {(0,0)} for all 
x0 = (x~, 0). Thew-limit sets are void for all initial points x0 with x~ i- 0 
and w(xo) = {(O, O)} for all x0 = (0, xg). 

Now look at the projection 7r : R2 -+ § 1 to the unit sphere § 1 := { x = 

(xi, x2) I llxll2 = Jx~ + x~ = 1} which is a compact metric space with 
the metric inherited from R2 . The projections of the trajectories s(t) := 

7r( x( t)) = u:C~~t define a fl.ow on the unit sphere § 1 . The solution formula 

for the differential equation in R2 shows that the fl.ow properties hold for 
the projections (take s(O) E § 1). Since § 1 is compact, all a- and w-limit 
sets are nonvoid. Inspection of the phase portrait shows that the a-limit 
sets of points on § 1 are given by the points (0, ±1) and thew-limit sets are 
given by (±1, 0). Note that the eigenvalues are ±1 and that the a-limit 
sets are the intersections of the Lyapunov space L(-1) = {O} x R with the 
unit sphere and thew-limit sets are the intersections of the Lyapunov space 
L(l) = R x {O} with the unit sphere. In the next chapter we will extend 
this observation to a topological characterization of the Lyapunov spaces for 
general linear autonomous differential equations. 

Example 3.1.3. Consider the following dynamical system q, in R2\{0}, 
given by a differential equation in polar coordinates with radius r > 0 and 
angle() E [O, 27r). Let a i- 0 and 

r = 1 - r, iJ = a. 

For each x E R2\{0} thew-limit set is the circle w(x) = § 1 = {(r, ())Ir= 1, 
() E [O, 27r)}. The state space R2 \{0} is not compact (and also not complete), 
and a-limit sets are nonvoid only for the points x E §1; for these points 
a(x) = § 1. 
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Example 3.1.4. Consider the ordinary differential equation 

x = x(x - l)(x - 2)2 (x - 3) 

on the compact interval X := [O, 3] with the metric from R The solutions 
cp(t, x) of this equation with cp{O, x) = x are unique and exist for all t E R 
Hence they define a dynamical system <I> : ~ x [O, 3] ---+ [O, 3] via <I>{t, x) := 
cp(t, x). Thew-limit sets of this system are of the following form: For points 
x E [O, 3] we have 

{ 
{O} for x = 0, 

w(x)= {1} forxE{0,2), 
{2} for x E [2, 3), 
{3} for x = 3. 

Limit sets for subsets of [O, 3] can be entire intervals, e.g., for Y = [a, b] 
with a E {O, 1] and b E [2, 3) we have w(Y) = [1, 2], which can be seen 
as follows: Obviously, it holds that 1, 2 E w(Y). Let x E (1, 2), then 
limH-oo <P(t, x) = 2. We define tn := n E N and Xn := cp(-n, x) E 
{1, 2) C Y. Then <P(tn, Xn) = <P(n, <P(-n, x)) = x for all n E N, which 
shows that w(Y) ~ [1, 2]. For the reverse inclusion let x E {O, 1). Note that 
limHoo <I>{t, a)= 1 and for ally E [a, 1) and all t 2: 0 we have d{<I>{t, y), 1) S 
d(<P(t, a), 1). Hence for any sequence Yn in [a, 1) and any tn ---+ oo one sees 
that d(<P(tn, Yn), 1) S d(<P(tn, a), 1) and therefore limn-too d(<P(tn, Yn), 1) S 
liIDn-tood{<I>(tn,a),1) = 0. This implies that no point x E {0,1] can be in 
w(Y). The same argument applies to x = 0, and one argues similarly for 
x E {2, 3]. In particular, one finds w{[l, 2]) = [1, 2], while UxE[l,2]w(x) = 
{1, 2}. 

Furthermore, the limit set of a subset Y can strictly include Y, e.g., for 
Y = {O, 3) it holds that w(Y) = [O, 3]: In order to show that 0 E w(Y) let 
x E {O, 1). Define Yn := <I>{-2n, x) and Xn := <P(-n, x), then <I>{n, Yn) = 
<P(n,<P(-2n,x)) = <P(-n,x) = Xn and limxn = 0. Hence with tn := n and 
Yn as above we have <P(tn, Yn) ---+ 0. The argument is similar for proving 
that all points in [O, 3] are in w(Y) and it is clear that w(Y) c [O, 3]. 

Here are some elementary properties of limit sets. We will use the 
following notion: A metric space X is called connected, if it cannot be 
written as the disjoint union of two nonvoid open sets U, V c X. Thus 
X = U UV, Un V = 0 implies U = 0 or V = 0. The intersection of a 
decreasing sequence of compact connected sets is compact connected; see 
Exercise 3.4.1. 

Proposition 3.1.5. Let <I> be a continuous flow on a compact metric space 
X and let x E X. 
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{i} Thew-limit set w(x) is a compact connected set which is invariant 
under the flow <P, i.e., 

<P(t, y) E w(x) for ally E w(x) and all t E JR. 

{ii) The a-limit set a.(x) is thew-limit set of x under the time-reversed 
flow (t,x) i---+ <P*(t,x) := <P(-t,x). In particular, a.(x) is compact connected 
and invariant under <P. 

Proof. (i) Compactness follows from 

w(x) = n cl{<P(t,x) It~ T}. 
T>O 

This also implies that w(x) is connected, since it is the intersection of a 
decreasing sequence of compact connected sets. For invariance, note that 
for y E w(x) there are tk ~ oo with <P(tk, x) ~ y. Hence, by continuity, it 
follows for all t E JR that 

<P(tk + t, x) = <P(t, <P(tk, x)) ~ <P(t, y) E w(x). 

(ii) This is immediate from the definitions. D 

Limit sets describe the dynamical behavior of the considered system. 
However, topologically, they may be rather complicated objects, since they 
need not be isolated from each other. Then it may be advantageous to 
introduce a more general notion. Before we define it, we modify Example 
3.1.2 concerning linear autonomous differential equations. 

Example 3.1.6. Consider the linear autonomous differential equation on 
JR2 given by 

with solutions x(t) = (etx~, etxg), t ER For the induced dynamical system 
on the unit sphere obtained by projection, every point is an equilibrium, 
hence an w-limit set. Observe that here the eigenspace for the eigenvalue 1 
is the Lyapunov space L(l) = JR2 . 

In order to overcome the difficulties connected with nonisolated limit 
sets we introduce the concept of chains, which admit small jumps. This 
generalization of trajectories leads us to the notion of chain transitive sets. 

Definition 3.1.7. For a fl.ow <Pon a complete metric space X with metric 
d, and t=:, T > 0 an (t=:, T)-chain e from x E X to y E X is given by 

n E N, xo = x, ... , Xn = y, To, ... , Tn-I > T 

with 
d( <P(7i, Xi), Xi+I) < c for i = 0, 1, ... 'n - 1. 
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The total time of e is r(e) := 2:~:01 '.Ii. A nonvoid set K c X is chain 
transitive if for all x, y E K and all c, T > 0 there is an (c, T)-chain from 
x to y. A point x is called chain recurrent, if for all c, T > 0 there is 
an ( c, T)-chain from x to x and the chain recurrent set R is the set of all 
chain recurrent points. The fl.ow ell is called chain transitive if X is a chain 
transitive set, and ell is chain recurrent if R = X. 

We also say that a point y is chain reachable from x, if for all c, T > 0 
there is an (c, T)-chain from x toy. A number of remarks on this definition 
may be helpful: Note that the number n of 'jumps' is not bounded. As the 
notation suggests, only small values of c > 0 are of interest. In particular, 
also 'trivial jumps' where Xi+i = ell(Ti, Xi) are allowed. Furthermore, the 
(c, T)-chains used to characterize a chain transitive set K need not be con­
tained in K. A set consisting of chain recurrent points need not be chain 
transitive. 

Example 3.1.8. Simple examples of chain transitive sets are given by a 
fixed point or a periodic orbit; see Exercise 3.4.2. 

In Example 3.1.6 the unit sphere is chain transitive: Given c, T > 0 
one can get from any point s1 on the unit sphere to any other point s2 by 
an (c, T)-chain constructed as follows: Stay in s1 for a time T1 > T, then 
jump to another equilibrium with distance less than c, stay there for a time 
T2 > T, etc., until s2 is reached. Thus, here, the nonisolated w-limit sets 
form a single chain transitive set. One also sees that 'reachability of y from 
x by chains' may be very different from 'existence of trajectories from x to 
y'. 

Proposition 3.1.9. Every chain transitive set is contained in a maximal 
chain transitive set, called a chain component. 

Proof. For a chain transitive set K consider the union UK' over all chain 
transitive sets K' containing K. We show that UK' is chain transitive, 
hence it is the maximal chain transitive set containing K. In fact, consider 
x, y E UK' and let c, T > 0. Then there are chain transitive sets Kx and 
Ky containing K with x E Kx and y E Ky. Pick z E K. Then there are 
(c, T)-chains from x to z and from z toy. Hence there is an (c, T)-chain from 
x to y, since the concatenation of ( c, T)-chains is again an ( c, T)-chain. D 

The following proposition shows that for chain transitivity it is not im­
portant to use chains with arbitrarily large jump times '.Ii. 

Proposition 3.1.10. Let ell be a continuous flow on a compact metric space 
X. A set K C X is chain transitive if and only if for all x, y E K and all 
c > 0 there is an (c, T)-chain from x toy with all jump times Ti E (1, 2]. 
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Proof. If K C X is chain transitive, we may introduce 'artificial' trivial 
jumps (of size zero), thus reducing the jump times such that they are in 
(1, 2]. For the converse, it suffices to show the following: Let x, y E K and 
let T > 0. If for every c: > 0 there exists an (c:, T)-chain from x toy, then for 
every c:, T > 0 there exists an ( c:, T)-chain from x to y. This, in turn, follows, 
if we can show that for every c: > 0 there is an (c:, 2T)-chain from x toy. By 
compactness of X the map <Pis uniformly continuous on [O, 3Tj x X. Hence 
there is 8 E (0, ~) such that for all a, b EX and t E [O, 3T]: 

d(a, b) < 8 implies d(<P(t, a), <P(t, b)) < ~· 

Now let a (8, T)-chain xo = x, x1, ... , Xn = y with times To, ... , Tn-1 2 T 
be given. We may assume that Ti E [T, 2T]. We also may assume that n 2 2, 
because we may concatenate this chain with a chain from y toy. Thus there 
are q E {O, 1, ... } and r E {2, 3} with n = 2q+r. We obtain an (c:, 2T)-chain 
from x toy given by points 

Yo = x, Y1 = x2, Y2 = X4, ... , Yq = X2q, Yq+l = Xn = Y 

with times 

To = To + TI' Ti = T2 + T3' ... ' Tq = T2q + T n. 

This follows by the triangle inequality and the choice of 8. D 

The following proposition strengthens the assertion of Proposition 3.1.10 
in a special case. This will be used in Section 5.2 for systems on Grassman­
nians. 

Proposition 3.1.11. Let <P be a continuous flow on a compact metric space 
X and consider a chain transitive set K containing an equilibrium or a 
periodic solution and let x, y E K. Then for all c: > 0 there is an (c:, T)­
chain from x to y with all jump times Ti = 1 and the number of jumps may 
be taken arbitrarily large. 

Proof. Suppose that e is an equilibrium in K. By Proposition 3.1.10, we 
find for every c: > 0 a chain from x to e with all jump times in the interval 
(1, 2]. Then, using continuous dependence on initial values and uniform 
continuity as in the proof of Proposition 3.1.10, one can construct a chain 
with all jumps less than c: and all jump times Ti adjusted to 1, except possibly 
the last one, say Tn, which we may take in (0, 1). Since d(<P(Tn,Xn),e) can 
be made arbitrarily small, we may assume that (using continuity again) 

d(<P(l,xn),e) = d(<P(l-Tn,<P(Tn,Xn)),<P(l-Tn,e)) < 2c:. 

Thus, also, the last jump time may be taken equal to I. In a similar vein, 
starting in the equilibrium e one may adjust all jump times of a chain to y 
equal to I. Hence the points x and y can be connected by such chains by 
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first going from x to the equilibrium, and from there toy. Finally, we may 
introduce arbitrarily many trivial jumps at the equilibrium e. If there is a 
periodic solution in K, one argues similarly by adjusting jump times around 
the period. D 

Next we show that a-limit sets and w-limit sets are chain transitive. 

Proposition 3.1.12. Let <I> be a continuous flow on a compact metric space 
X. Then for all x E X the limit set w ( x) is chain transitive. 

Proof. Let y, z E w(x) and fix c > 0. By continuity, one finds o > 0 
such that for all Y1 with d(y1, y) < o one has d(<I>(2, y1), <I>(2, y)) < c. By 
definition of w(x) there are times S > 0 and T > S + 3 such that 

d(<I>(S, x), y) < o and d(<I>(T, x), z) < c. 

Thus the chain Yo= y, Y1 = <I>(S + 2, x), Y2 = z with jump times To := 2 
and T1 = T - (S + 2) > 1 is an (c, 1)-chain from y to z and the assertion 
follows from Proposition 3.1.10. D 

Together with Proposition 3.1.5 this also implies that a-limit sets are 
chain transitive, since the next proposition shows that chain transitivity 
remains invariant under time reversal. 

Proposition 3.1.13. Let <I> be a continuous flow on a compact metric space 
x. 

(i} Let x, y EX and suppose that for all c, T > 0 there is an (c, T)-chain 
from x to y. Then for the time-reversed flow <I>* has the property that for 
all c, T > 0 there is an (c, T)-chain from y to x. 

(ii} A chain transitive set K for <I> is also chain transitive for the time­
reversed flow. 

Proof. Exercise 3.4.6. D 

An example of a flow for which the union of the limits sets from points 
is strictly contained in the chain recurrent set can be obtained as follows: 

Example 3.1.14. Let a continuous flow <I> on X := [O, 1] x [O, 1] be defined 
such that all points on the boundary are fixed points, and the orbits for 
points (x, y) E (0, 1) x (0, 1) are straight lines <I>(·, (x, y)) = {(z1, z2) I z1 = x, 
z2 E (0, 1)} with limt-+±oo <I>(t, (x, y)) = (x, ±1). For this system, each point 
on the boundary is its own a- and w-limit set. The a-limit sets for points 
in the interior (x,y) E (0,1) x (0,1) are of the form {(x,-1)}, and the 
w-limit sets are of the form {(x, 1)}. On the other hand, the whole space 
X = [O, 1] x [O, 1] is chain transitive. 
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The concepts of limit sets and chain transitive sets describe the quali­
tative behavior of a dynamical system. If these concepts describe intrinsic 
properties of a system that can be used for its characterization, they should 
survive under topological conjugacies. The next results show that this is ac­
tually true, thus extending the results of Proposition 2.1.9. A closed set Y is 
called minimal invariant if for every y E Y the closure of its orbit coincides 
with Y, i.e., cl{ ~(t, y) I t E JR} = Y. 

Proposition 3.1.15. Leth : X --+ X be a topological conjugacy for two 
dynamical systems ~, '11 : JR x X ------+ X on a compact metric state space X. 

{i) For Y c X the limit sets a(Y) and w(Y) of~ are mapped onto the 
limit sets a( h(Y)) and w( h(Y)) of '11, respectively. 

{ii) If Y c X is an invariant set for ~, then h(Y) is an invariant set 
for '11. In particular, closed minimal invariant sets are mapped onto closed 
minimal invariant sets. 

{iii) If Y c X is a chain transitive set for ~, then h(Y) is chain tran­
sitive for '11. In particular, maximal chain transitive sets are mapped onto 
maximal chain transitive sets and the chain recurrent set of ~ is mapped 
onto the chain recurrent set of '11. 

Proof. The proof of assertion (i) is left to the reader in Exercise 3.4.5. As­
sertion (ii) follows, since a topological conjugacy maps orbits onto orbits 
and closures of orbits onto closures of orbits. For (iii), it suffices to show 
that for a chain transitive set Y c X of ~ the set h (Y) is chain transi­
tive for '11. The conjugacy h is a homeomorphism and X is compact by 
assumption. Hence for every c > 0 there is o > 0 such that d( x, x') < o 
implies d(h(x), h(x')) < c for all x, x' E X. This shows that any (o, T)­
chain connecting points x, y E Y is mapped to an (c, T)-chain connecting 
h(x), h(y) E h(Y), since for all i, 

3.2. The Chain Recurrent Set 

This section gives further insight into the global behavior of flows. The 
maximal chain transitive sets, i.e., the chain components, are the connected 
components of the chain recurrent set and all w-limit sets w(x) and all a­
limit sets a(x) are contained in chain components. Technically, the results 
of this section will only be needed in Chapters 8 and 9, but they also help 
to appreciate the relevance and beauty of the concept of chain transitivity. 

We start with two simple examples. 
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Example 3.2.1. Consider again the dynamical system~ discussed in Ex­
ample 3.1.4 on X = [O, 3] given by 

x = x(x - l)(x - 2)2(x - 3). 

Obviously, the fixed points x* = 0, 1, 2, 3 are chain recurrent. In this exam­
ple, there are no other chain recurrent points, which can be seen as follows: 
Consider a point x E [O, 3] that is not a fixed point and let 8 := min Ix - x* I, 
where x* is a fixed point. Let 0 < c::::; 8/3. Denote a:= limt--+oo ~(t, x) and 
let T := min{t > Ol l~(t,x)-al = c}. We claim that there is no (c,T)­
chain from x to x. Consider an (c, T)-chain starting in xo = x. Then for 
To > T, one has l~(To, xo) - al ::::; c, since convergence of ~(t, x) to a is 
monotone. For xi with l~(To, xo) - xii < c it follows that Ix - xii > c 
and there are two possibilities: (a) xi ¢. {~(t,x) It 2 O}, in this case 
inf{lx- ~(t,xi)I It 2 O} 2 8 2 3c. (b) xi E {~(t,x) It 2 O}, in this 
case la - ~(t, xi)I ::::; c for all t 2 T and hence Ix - ~(t, xi)I > c. Repeating 
the construction for ~(Ti, xi) with Ti > T and x2 with l~(Ti, xi) - x2I < c 
we see that for all n EN it holds that lxn - xi > c, and hence there is no 
(c, T)-chain from x to x. 

The key to Example 3.2.1 is that trajectories starting from x 'move away' 
and cannot return, even using jumps of size c, to x because of the topology 
of the state space [O, 3]. This is different in the following example. 

Example 3.2.2. Consider the compact metric space si, the one-dimensional 
sphere, which we identify here with JR/(27rlR). On si the differential equation 

x = sin2 x 

defines a dynamical system. In this case we have R = si, i.e., the entire 
circle is the chain recurrent set: Let x E si and c, T > 0 be given, assume 
without loss of generality that x E (0, 7r]. Since limHoo ~(t, x) = 7r there is 
To > T with d(~(T0 , x), 7r) < ~· Pick xi E N(7r, ~) n (7r, 211") (note that 271" 
is identified with 0). Because of limHoo ~(t, xi) = 0 there is Ti > T with 
d(~(Ti, xi), 0) < ~· Furthermore, limH-oo ~(t, x) = 0 and hence there is 
T2 > T with x2 := ~(-T2, x) E N(O, ~). Now x = xo, xi, x2, x3 = x form 
an (c, T)-chain from x to x. In a similar way one constructs for any c, T > 0 
an (c, T)-chain from x to y for any two points x, y E si, showing that this 
dynamical system is chain transitive and hence chain recurrent on si. 

Next we discuss chain transitive sets which are maximal with respect 
to set inclusion. We will need the following result about compact metric 
spaces. 
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Theorem 3.2.3 (Blaschke). The set of nonvoid closed subsets of a compact 
metric space becomes a compact metric space under the Hausdorff distance 

(3.2.1) dH(A, B) = max{max[min d(a, b)], max[min d(a, b)] }· 
aEA bEB bEB aEA 

In fact, one can verify that this space is complete and totally bounded 
and hence compact. 

Proposition 3.2.4. Let <I> be a flow on a compact metric space X. 

(i) Chain components, i.e., maximal chain transitive sets, are closed and 
invariant. 

(ii} The flow restricted to a maximal chain transitive subset is chain 
transitive. In particular, the flow restricted to the chain recurrent set R is 
chain recurrent. 

Proof. The proof uses repeatedly that the map <I> : [O, 2] x X -+ X is 
uniformly continuous. 

(i) In order to see closedness consider a sequence (Yn) in a maximal 
chain transitive set Y with Yn -+ y. Then it is obvious that for all z E Y 
and c:, T > 0 there is an ( c:, T)-chain from z to y. Conversely, chains from Yn 
to z lead to chains from y to z, using uniform continuity. For invariance, let 
r E ~ and y E Y. In order to show that the point <I> ( r, y) is in Y, consider 
for c: > 0 and T > 0 an (c:, T + lrl)-chain with Yo = y, ... , Yn = y from y 
to itself. Then <I>(r, y), yo, ... , Yn gives an (c:, T)-chain from <I>(r, y) toy. In 
order to construct an (c:, T)-chain from y to <I>(r, y), note that by continuity 
there is o E (O,c:) such that d(x,x') < o implies d(<I>(r,x),<I>(r,x')) < c:. 
Then a (o, T + lrl)-chain Yo = y, ... , Yn-1, y gives rise to an (c:, T)-chain 
with Yo= y, ... , Yn-11 <I>(r, y). 

(ii) A maximal chain transitive set M and the chain recurrent set R 
are invariant. Hence it suffices to show that any two points in M can 
be connected by chains with jump points Xi E M. Let y, y' E M. For 
every p E N there is an (1/p, 1)-chain in X from y to y', say with xo = 
y, x1, ... , Xm = y' E X and times To, ... , Tm-1 E (1, 2]. Similarly, there 
is a (1/p, 1)-chain in X from y' to y which, for convenience, we denote by 
Xm = y', ... , Xn = y with times Tm, ... , Tn-1 E (1, 2] (everything depends on 
p, naturally). Define compact sets KP := u~=O <I>([O, Ti]' Xi)· By Blaschke's 
theorem, Theorem 3.2.3, there exists a subsequence of KP converging in the 
Hausdorff metric dH to some nonvoid compact subset K c X with y, y' E K. 

Claim: For all x, z E K and all q E N there is a (1/q, 1)-chain in K 
with times ro, ... , Tr-1 E (1, 2] from x to z. 

If this claim is true, then, in particular, y, y' E Kn M, which with 
maximality of the chain transitive set M implies K C M and hence it 
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follows that y, y' EM can be connected by chains with points in Kc M 
and the assertion follows. 

The claim is proved as follows. Let x, z E K and q E N. By uniform 
continuity of <I> on X there is a number o E (0, lq) such that 

d(a,b) < o implies d(<I>(t,a),<I>(t,b)) < 1/(6q) for all t E [0,2] ,a,b EX. 

Choosing p E N with p > max { 6q, 0-1} and dH(KP, K) < o one can con­
struct a(~, 1)-chain from x to z in K as required. In fact, one finds for x, z E 

K points x = <I>(t1, Xk) and z = <I>(t2, xz) in KP with d(x, x) < o, d(z, z) < 0 
and ti E [O, Tk], t2 E [O, 11], and k, l E {O, 1, ... , n - 1}. Without loss of 
generality, one may take l 2: k + 3 (otherwise, one follows the chain from 
x toy, then back to x, and then to z). Then define the following auxiliary 
chain in KP: 

eo = X, 6 := Xk+2, 6 := Xk+3, · · ·, ez-k-1 := X!-1 = z, 
To:= Tk - ti+ Tk+l, TI := Tk+2, ... , Tf.-k-2:=11-1 + t2. 

All Ti > 1 and by the choice of o and q one sees that 

1 1 
d(<l>(To,eo),6) < 3q and d(<l>(Tl-k-2,el-k-2),el-k-l) < 3q. 

Furthermore, for the other jumps one has 

1 1 
d( <I>( Ti, ei), ei+i) < - < -3 . 

p q 

Thus we have constructed a ( lq, 1 )-chain in KP. Introducing, if neces­
sary, trivial jumps, we may assume that all jump times Ti E (1, 2]. Since 
dH(KP, K) < o, we find 'f/i EK with d(ei, 'f/i) < o for i = 1, ... , l-k- 2 and 
let 'f/O = x and 'f/l-k-l = z. Then it follows for all i = 0, 1, ... , l - k - 2, 

d(<I>(Ti, 'f/i), 'r/i+l) ~ d(<I>h, 'f/i), <l>(Ti, ei)) + d(<l>(Ti, ei), ei+1) + d(ei+l, 'f/i+l) 
1 1 1 1 

<-+-+-=-. 
3q 3q 3q q 

This shows that we have constructed a ( ~, 1 )-chain from x to z with all 
~EK. 0 

We need the following properties of connected sets. A subset A c X is 
connected if it cannot be written as the disjoint union of two (relative to A) 
open sets. The union of all connected sets A c X containing a point x E X 
is again connected and called the connected component of x. In fact, the 
union of (an arbitrary family of) connected sets with nonvoid intersection is 
connected. This is seen as follows. X is not connected if and only if there is a 
continuous surjective map I: X-+ {O, 1}; then one can define U := 1-1(0) 
and V := 1-1(1). Thus any continuous map I : X -7 {O, 1} is constant on 
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a connected subset. If Y = UaAa is the connected component of x, where 
the Aa denote the connected sets containing x, then a continuous function 
f: Y---+ {O, 1} is constant on every Aa, hence on Y. Similar arguments show 
that the closure of a connected set is connected, hence connected components 
are closed. 

Proposition 3.2.5. A closed subset Y of a compact metric space X is chain 
transitive if it is chain recurrent and connected. Conversely, if the flow on 
X is chain transitive, then X is connected. 

Proof. Suppose first that Y is chain recurrent and connected. Let x, y E Y 
and fix e, T > 0. Cover Y by balls N(y, i)· By compactness there are 
finitely many points, say Yl, ... , Yn E Y such that for all z E Y there is Yi 
with d(z, Yi) < i· Let the index set Ii := {i E {1, ... , n} Ix E N(yi, i)} and 
let inductively 

h+i := {i ¢Ii U ... Uh I d(yi,Yi) < e/4 for some j E Ii U ... Uh},k ~ 1. 

Since Y is connected, the union of all Ik coincides with {1, ... ,n}. Hence 
one can number the Yi such that x E N (yi, i), y E N (YK, i) for some K 
and such that for all i the distance between Yi and Yi+ 1 is bounded above 
by ~. Now use that by chain recurrence of the flow there are ( i, T)-chains 
from Yi to Yi for i = 0, 1, ... , n - 1. Appropriate concatenation of these 
chains leads to an (e, T)-chain from x toy. Hence chain transitivity follows. 
Conversely, let the flow on X be chain transitive. If X is not connected, it 
can be written as the disjoint union of nonvoid open sets V and W. Then 
these sets are also closed, hence compact and 

eo :=inf {d(v, w) Iv EV, w E W} > 0. 

Hence fore< eo/2 there cannot exist (e, T)-chains from an element of V to 
an element of W. 0 

The following theorem provides a characterization of the chain compo­
nents. It gives fundamental information on the structure of flows on compact 
metric spaces. 

Theorem 3.2.6. Let <P be a flow on a compact metric space X. 

{i) The connected components of the chain recurrent set R coincide with 
the maximal chain transitive subsets of R, the chain components. 

{ii) The flow restricted to a connected component of R is chain transitive. 

{iii) Each w-limit set w(x) and each a-limit set a(x) is contained in a 
chain component. 

Proof. By Proposition 3.2.4 we know that the flow restricted to a maximal 
chain transitive subset Ro of R is chain transitive. Hence, by the second 
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part of Proposition 3.2.5, the set Ro is connected and thus contained in a 
connected component of 'R. Conversely, the first part of Proposition 3.2.5 
implies that every connected component of 'R is chain transitive, because 
it is closed, chain recurrent, and connected. Hence assertions (i) and (ii) 
follow. Assertion (iii) follows by Propositions 3.1.5 and 3.1.13. D 

Example 3.2.7. In Example 3.2.1 the chain components are {O}, {1}, {2}, 
{3} c x = [0,3]. 

We also note the following simple lemma, which indicates a uniform 
upper bound for the total time needed to connect any two points in a chain 
component. 

Lemma 3.2.8. Let M be a chain component and fix c, T > 0. Then there 
exists T(c, T) > 0 such that for all x, y EM there is an (c, T)-chain e from 
x toy with total time T(e)::::; f'(c,T). 

Proof. By assumption, one finds for all x, y E M an ( ~, T)-chain from 
x to y. Using continuous dependence on initial values and compactness, 
one finds finitely many (c, T)-chains connecting every x E M with a fixed 
z EM. One also finds finitely many (modulo their endpoints) (c, T)-chains 
connecting z with arbitrary elements y EM. Thus one ends up with finitely 
many ( c, T)-chains connecting all points in M. The maximum of their total 
times is an upper bound f'(c, T). D 

3.3. The Discrete-Time Case 

In this section, we introduce limit sets and chain transitivity for continuous 
dynamical systems in discrete time. 

As noted in Section 2.3, every homeomorphism f on a complete metric 
space defines a continuous dynamical system in discrete time by 'Pn : = 
Jn, n E Z. We call this the dynamical system generated by f. Its global 
behavior is described by the following notions. 

Definition 3.3.1. Let a dynamical system q,: Z x X---+ X on a complete 
metric space X be given. For a subset Y c X the a-limit set is defined 
as a(Y) := {z E XI there exist sequences (xk) in Y and nk --+ -oo in Z 
with limk--+oo q,(nk, xk) = z }, and similarly the w-limit set of Y is defined 
as w(Y) := {z EX I there exist sequences (xk) in Y and nk--+ oo in Z with 
limk--+oo q,(nk, Xk) = z }. 

If the set Y consists of a single point x, we just write the limit sets as w( x) 
and a(x), respectively. Where appropriate, we also write w(x, !), a(x, f) 
if the considered dynamical system is generated by f. Note that if X is 
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compact, the a-limit sets and w-limit sets are nonvoid for all Y c X. If <I> 
is generated by f, then the dynamical system <I>* generated by f- 1 satisfies 

<I>*(n, x) = <I>(-n, x) for all n E Zand all x EX. 

Thus <I>* is the time-reversed system. Here are some elementary properties 
of limit sets. 

Proposition 3.3.2. Let <I> be a continuous dynamical system generated by 
a homeomorphism f on a compact metric space X. Then for every x E X 
the following holds true. 

(i) The w-limit set w(x) is a compact set which is invariant under f, 
i.e., 

f(y), f- 1(y) E w(x) for ally E w(x). 

(ii} The a-limit set a(x) is the w-limit set of x for the time-reversed 
system. 

Proof. (i) Compactness follows from 

w(x) = n cl{<I>(n,x) In~ N}. 
NEN 

For invariance, note that for y E w(x) there are nk --+ oo with <I>(nk, x) --+ y. 
Hence, by continuity, it follows for every n E Z (in particular, for n = ±1) 
that 

<I>(nk + n, x) = <I>(n, <I>(nk, x)) --+ <I>(n, y) E w(x). 

(ii) This is immediate from the definitions. 

Next the concept of chains and chain transitivity is introduced. 

D 

Definition 3.3.3. For a dynamical system <I> generated by a homeomor­
phism f on a complete metric space X with metric d and c > 0 an £-chain 
from x E X to y E X is given by xo = x, ... , Xn = y with 

d(f (xi), Xi+i) < c for all i. 

A set K c X is chain recurrent, if for all x E K and all c > 0 there is an 
£-chain from x to x. It is called chain transitive if for all x, y E K and all 
c > 0 there is an c-chain from x toy. 

The chain recurrent set R is the set of all points that are chain recurrent, 
i.e., R = { x E X I for all c > 0 there is an £-chain from x to x}. The maximal 
chain transitive subsets are also called chain components or basic sets. The 
flow <I> is called chain transitive if X is a chain transitive set, and <I> is chain 
recurrent if R = X. 
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This definition of chains is considerably simpler than the definition in 
continuous time, Definition 3.1.7, since in discrete time all times are fixed to 
1. See also Propositions 3.1.10 and 3.1.11 and the notes at the end of this 
chapter for a discussion. 

Next we show that limit sets are chain transitive. 

Proposition 3.3.4. Let <I> be a dynamical system generated by a homeomor­
phism f on a compact metric space X. Then for every x E X the limit set 
w(x) is chain transitive. In particular, thew-limit sets w(x) are contained 
in chain components. 

Proof. Let y, z E w(x) and fix c > 0. By continuity, one finds 8 > 0 such 
that for all Y1 with d(y1,y) < 8 one has d(f(y1),f(y)) < c. By definition 
of w(x) there are times N EN and K > N such that d(JN (x), y) < 8 and 
d(JK(x),z) < c. Thus the chain xo = y, x1 = fN+l(x), ... ,fK(x),z is an 
€-chain from y to z, and the assertion follows. D 

We note the following useful properties of chain transitive sets. 

Proposition 3.3.5. Consider a dynamical system <I> in discrete time on a 
compact metric space X. 

(i) Every chain transitive set K of <I> is also chain transitive for the 
time-reversed dynamical system <I>*. 

(ii) Let Y be a maximal chain transitive set, i.e., if Y' ~ Y is chain 
transitive, then Y' = Y. If K n Y =/:- 0 for a chain transitive set K, then 
KcY. 

(iii) If a closed subset Y of a compact metric space X is chain recurrent 
and connected, then it is chain transitive. 

Proof. For the proof of assertions (i) and (ii) see Exercise 3.4. 7. For as­
sertion (iii) suppose that Y is chain recurrent, connected, and closed. Let 
x, y E Y and fix c > 0. Cover Y by balls of radius c/4. By compactness 
there are finitely many points, say y1, ... , Yn-1 E Y such that for all z E Y 
there is Yi with d(z, Yi) < c/4. Define Yo = x and Yn = y. Because Y is 
connected, one can choose the Yi such that the distance between Yi and Yi+l 

is bounded above by ~; see the proof of Proposition 3.2.5 for details. Now 
use that by chain recurrence of the fl.ow there are c / 4-chains from Yi to Yi 
for i = 0, 1, ... , n - 1. Appropriate concatenation of these chains leads to 
an c-chain from x toy. Hence chain transitivity follows. D 

The converse of property (iii) in Proposition 3.3.5 is not true in the 
discrete-time case considered here: There are chain transitive sets that are 
not connected. 
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Proposition 3.3.6. For a dynamical system in discrete time generated by 
a homeomorphism f on a compact metric space X the restriction to a chain 
component M, i.e., a maximal chain transitive subset, is chain transitive. In 
particular, the flow restricted to the chain recurrent set R is chain recurrent. 

Proof. We have to show that any two points in M can be connected by 
chains with jump points Xi EM. Let y, y' EM. For every p EN there is a 
~-chain in X from y toy', say with xo = y, x1, ... ,xm = y' EX. Similarly, 

there is a ~-chain in X from y' to y which, for convenience, we denote 
by Xm = y', ... , Xn = y. Define compact sets KP := { xo, ... , Xn} which 
consist of periodic ~-chains, i.e., chains with coinciding initial and final 
point. By Blaschke's theorem, Theorem 3.2.3, there exists a subsequence of 
KP converging in the Hausdorff metric dH to some nonvoid compact subset 
Kc X with y,y' EK. 

Claim: For all x, z E K and all q E N there is a ~-chain in K from x 
to z. 

Since y, y' E Kn M, maximality of the chain transitive set M implies 
Kc M by Proposition 3.3.5(ii), and hence y, y' EM can be connected by 
chains with points Xi E K c M, and the assertion follows from the claim. 

The claim is proved as follows. Let x, z E K and q E N. By uniform 
continuity on the compact set X, there is a number o with 0 < o < lq such 
that 

d(a, b) < o implies d(f(a), f(b)) < 3
1q. 

Choosing p EN with p > 3q and dH(KP, K) < o one can construct a ~-chain 
from x to z in K as required. In fact, one finds for x, z E K points Xk and 
xi in KP with d(x, Xk) < o and d(z, xi) < o Since KP is a periodic chain, 
there is a ~-chain in KP from Xk+i to xi which we denote for convenience 
by 

eo = Xk, 6, ... , en := Xl with d(/(ei), ei+l) < ! for all i. 
p 

Since dH(KP, K) < o, we find T/i EK with d(ei, T/i) < o for i = 1, ... , n - 1. 
Then, with T/O := x and T/n := z we have constructed a ~-chain in K from x 
to z. In fact, d(x, eo) = d(x, x1) < o implies 

1 1 1 
d(!(x), TJ1)::; d(!(x), f(eo)) + d(!(eo), 6) + d(6, TJ1) ::; -3 + - + o < -. 

q p q 

For i = 1, ... , n - 2, 
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Finally, for i = n - 1, 

d(f('f/n-1), "ln) :S d(f('f/n-1), f(~n-1)) + d(f(~n-1), x1) + d(x1, z) 
1 1 1 

< - +-+8 < -. 
- 3q p q 

This shows that we have constructed a ~-chain in K from x to z. 0 

Many features of the qualitative behavior of a dynamical system are 
preserved under conjugacies defined in Definition 2.3.4. This includes fixed 
points, periodic orbits and limit sets. The next result shows that this also 
holds for chain transitivity. 

Theorem 3.3.7. Let cI>1, cI>2 : Z x X -----+ X be two dynamical systems 
generated by Ji, h : X ---+ X, respectively, on a compact metric state space 
X and let h : X ---+ X be a topological conjugacy for cI> and \JI. Then h maps 
every chain transitive set of cI>1 onto a chain transitive set of cI>2. 

Proof. The conjugacy h is a homeomorphism and X is compact by assump­
tion. Hence for all c > 0 there exists a 8 > 0 such that for all z E X it 
holds that N(z, c) c h-1 (N(h(z),8)). For a chain transitive set N2 c X 
of /2, we claim that N1 := h-1 (N2) is a chain transitive set of fi: Take 
p1, Q1 E Ni and fix c > 0, T > 0. Choose 8 as above and let 6 be a 8-chain 
from p2 = h(p1) to q2 = h(q1). Then h-1(6) =: 6 is an c-chain from Pl to 
q1. Now the assertion follows by considering h-1. 0 

3.4. Exercises 

Exercise 3.4.1. Let Cn, n E N, be a decreasing sequence of (nonvoid) 
compact connected sets in a metric space X, i.e., Cn+l c Cn for all n EN. 
Prove that c := nnEN Cn is a (nonvoid) compact connected set. 
Hint: Suppose that C = U UV with Un V = 0 for open subsets U, V c C. 
Show that for n E N the sets 

form a decreasing sequence of compact sets and use that any decreasing 
sequence of nonvoid compact sets has nonvoid intersection. 

Exercise 3.4.2. Let cI> be a continuous flow on a metric space X. (i) Show 
that a fixed point xo = cI>(t, xo), t E ~. gives rise to the chain transitive 
set {xo}. (ii) Show that for a T-periodic point xo = cI>(T,xo) the orbit 
{ cI>(t, xo) I t E ~} is a chain transitive set. 

Exercise 3.4.3. Let cI> be a continuous flow on a compact connected metric 
space X and assume that the periodic points are dense in X. Show that X 
is chain transitive. 
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Exercise 3.4.4. Determine the chain components in the interval [O, 1 J c ~ 
of the ordinary differential equation 

:i; = { x2 sin(~) for x E (0, 1], 
0 for x = 0. 

Exercise 3.4.5. Prove part (i) of Proposition 3.1.15: Leth: X--+ X be a 
c0 conjugacy of dynamical systems iJ>, W : ~ x X -----+ X on a compact metric 
state space X. Then for Y c X the limit sets satisfy h(a(Y)) = a(h(Y)) 
and h(w(Y)) = w(h(Y)). 

Exercise 3.4.6. Prove Proposition 3.1.13: Let iJ> be a continuous flow on a 
compact metric space X. (i) Let x, y EX and suppose that for all c, T > 0 
there is an (c, T)-chain from x toy. Then for the time-reversed fl.ow iJ>* has 
the property that for all c, T > 0 there is an ( c, T)-chain from y to x. (ii) 
A chain transitive set K for iJ> is also chain transitive for the time-reversed 
flow. 

Exercise 3.4. 7. Prove Proposition 3.3.5(i) and (ii): For a dynamical system 
iJ> in discrete time on a compact metric space X the following holds: (i) Every 
chain transitive set K of iJ> is also chain transitive for the time-reversed 
dynamical system iJ>*. (ii) Let Y be a maximal chain transitive set. If 
Kn Y =/:- 0 for a chain transitive set K, then Kc Y. 

Exercise 3.4.8. Let f : X --+ X and g : Y --+ Y be homeomorphisms 
on compact metric spaces X and Y, respectively. Show that the chain 
components for the dynamical system generated by (!, g) : X x Y --+ X x 
Y, (!, g)(x, y) := (f(x), g(y)) are the products of the chain components off 
and g. 

Exercise 3.4.9. (i) Give an example of a compact metric space X where for 
some point x EX the boundary of the £-neighborhood N(x,E) is different 
from {y EX I d(y,x) = c}. (ii) Show that for every metric space X and 
all c > € 1 > 0 the boundaries of the corresponding neighbor hoods around a 
point x E X satisfy 

8N(x,c) n8N(x,c') = 0. 

Exercise 3.4.10. Let the unit circle § 1 be parametrized by x E [O, 1) and 
consider the dynamical system generated by f : § 1 --+ § 1 , 

f(x) := { 2x for x E [~, !), 
2x - 1 for x E [ 2, 1). 

(i) Show that f is continuous if one chooses as a metric on § 1, 

d(x, y) := ie27rix - e27riyl. 

Intuitively and topologically this means that the points 0 and 1 are identified. 
Topologically equivalent is also d(x, y) = dist(x - y, Z). (ii) Explain why 



3.5. Orientation, Notes and References 65 

this dynamical system is also called bit shift (use the binary representation 
of the real numbers). (iii) Use the characterization from (ii) to determine 
all periodic points. (iv) Show that § 1 is a chain transitive set for f. 

Exercise 3.4.11. For a system in discrete time, give an example of an 
w-limit set w(x) which is not connected. 

3.5. Orientation, Notes and References 

Orientation. This chapter has introduced limit sets for time tending to ±oo 
and the notion of chain transitivity for dynamical systems on compact metric 
spaces: In continuous time, a set K is chain transitive if for all x, y EK and 
all c, T > 0 there is a chain with jump sizes at most c after time T. The 
maximal chain transitive sets contain all limit sets and they coincide with 
the connected components of the chain recurrent set; cf. Theorem 3.2.6. 
Hence a classification of the maximal chain transitive sets, also called chain 
components, gives insight into the global behavior of dynamical systems. 
Similar properties hold in discrete time. In the next chapter, we will use 
this approach in order to describe the Lyapunov spaces of linear autonomous 
dynamical systems in ~d by analyzing the induced systems on projective 
space. 

Notes and references. Our definitions of conjugacies are restricted to 
dynamical systems defined on the same state space. This is only in order to 
simplify the notation, the notion of conjugacy extends in a natural way to 
systems on different state spaces. 

We remark that in dimensions d = 1 and d = 2 limit sets in the 
continuous-time case simplify: Any limit set a(x) and w(x) from a sin­
gle point x of a differential equation in ~1 consists of a single fixed point. 
A nonempty, compact limit set of a differential equation in ~2 , which con­
tains no fixed points, is a periodic orbit. This is a main result of Poincare­
Bendixson theory. More generally, any nonempty, compact limit set of a 
differential equation in ~2 consists of fixed points and connecting orbits 
(i.e., heteroclinic orbits for solutions tending to equilibria fort---+ ±oo), or 
is a periodic orbit. Poincare-Bendixson theory is a classical subject of the 
theory of ordinary differential equation, cf., e.g., Amann [4), Hirsch, Smale, 
and Devaney [70] or Teschl [133]. 

The monograph Alongi and Nelson [2] discusses chain transitivity and 
recurrence with many proofs given in detail. In particular, it is shown in 
[2, Theorem 2.7.18] that the result of Proposition 3.1.11 holds for arbi­
trary maximal chain transitive sets, i.e., for chain components M: For all 
x, y EM and all c > 0 there is a chain with jump sizes less than c from x 
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to y with all jump times Ti = 1. The proof is similar to the proof of Propo­
sition 3.1.10, but more lengthy. A proof of Blaschke's Theorem, Theorem 
3.2.3, is given in [2, Proposition C.0.15]. The characterization of compact 
metric spaces mentioned for the proof of Blaschke's Theorem can also be 
found in Bruckner, Bruckner, and Thompson [22, Theorem 9.58]. 

For additional details on the concepts and results of this chapter we 
refer the reader to Alongi and Nelson [2], Ayala-Hoffmann et al. [11], and 
Robinson [117]. A concise and slightly different treatment of the discrete­
time case is given in Easton [42, Chapter 2]. 

An important question concerning the difference between c-chains and 
trajectories is the following: Can one find arbitrarily close to an infinitely 
long chain a trajectory? For diffeomorphisms, the shadowing lemma due 
to Bowen gives an affirmative answer under hyperbolicity assumptions; cf. 
Katok and Hasselblatt [75, Section 18.1]. 

It is worth noting that we have dealt only with parts of the theory 
of flows on metric spaces based on Conley's ideas: One can construct a 
kind of Lyapunov function which strictly decreases along trajectories outside 
the chain recurrent set; cf. Robinson [117, Section 9.1]. Hence systems 
which are obtained by identifying the chain components with points are 
also called gradient-like systems. The notions of attractors, repellers and 
Morse decompositions will be treated in Chapter 8. Finally, we have not 
considered the important subject of Conley indices which classify isolated 
invariant sets; cf. Easton [42, Chapter 2] and Mischaikow [107]. 



Linear Systems in 
Projective Space 

Chapter 4 

In this chapter we return to matrices A E gl ( d, IR) and the dynamical systems 
defined by them. Geometrically, the invertible linear map eAt on !Rd associ­
ated with A maps k-dimensional subspaces onto k-dimensional subspaces. In 
particular, the fl.ow <l>t = eAt induces a dynamical system on projective space, 
i.e., the set of all one-dimensional subspaces, and, more generally, on every 
Grassmannian, i.e., the set of all k-dimensional subspaces, k = 1, ... , d. As 
announced at the end of Chapter 2, we will characterize certain properties 
of A through these associated systems. More precisely, we will show in the 
present chapter that the Lyapunov spaces uniquely correspond to the chain 
components of the induced dynamical system on projective space. Chapter 5 
will deal with the technically more involved systems on the Grassmannians. 

Section 4.1 shows for continuous-time systems that the chain components 
in projective space characterize the Lyapunov spaces. Section 4.2 proves an 
analogous result in discrete time. 

4.1. Linear Flows Induced in Projective Space 

This section shows that the projections of the Lyapunov spaces coincide 
with the chain components in projective space. 

We start with the following motivating observations. Consider the sys­
tem in JR2 given by 

( 4.1.1) [ XI ] [ Q 1 ] [ XI ] 
±2 -1 0 X2 . 

-67 
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The nontrivial trajectories consist of circles around the origin (this is the 

linear oscillator x = -x.) The slope along a trajectory is k(t) := ~~m. 
Using the quotient rule, one finds that it satisfies the differential equation 

d . . 2 2 
-k(t) = k = X2X1 - x2x1 = - X1 - X2 = -1- k2 
dt x~ x~ x~ ' 

as long as x1(t) #- 0. For x1(t)-+ 0 one finds k(t)-+ oo. Thus this nonlinear 
differential equation, a Riccati equation, has solutions with a bounded in­
terval of existence. Naturally, this can also be seen by the solution formula 
for k(t) with initial condition k(O) = ko, 

k(t) = tan(-t + arctanko), t E (- arctanko - i' -arctanko + i). 
Geometrically, this Riccati differential equation describes the evolution of a 
one-dimensional subspace (determined by the slope) under the flow of the 
differential equation (4.1.1). Note that for x1 #- 0 the points (x1, x2) and 
(1, ~~) generate the same subspace. The Riccati equation can describe this 
evolution only on a bounded time interval, since it uses the parametrization 
of the subspaces given by the slope, which must be different from ±oo, i.e., 
it breaks down on the x2-axis. The analysis in projective space will avoid 
the artificial problem resulting from parametrizations. 

These considerations are also valid in higher dimensions. Consider for a 

solution of±= Ax(t) with x1(t) i- 0 the vector K(t) := [ ~~m' ... ' ~~m] T E 

~d-l. Partition A= (aij) E gl(d,~) in 

A = [ au Ai2 ] , 
A21 A22 

where Ai2 = (a12, ... , aid), A21 = (a21, ... , ad1) T and A22 E gl(d - 1, ~). 
Then the function K ( ·) satisfies the Riccati differential equation 

(4.1.2) 

In fact, one finds from 

±1 ~ a11x1 +(a,,, ... , a,,) [ ~: ] 
the expression 
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Conversely, the same computations show that for any solution K(t) = 
(k2(t), ... ,kd(t))T of the Riccati equation (4.1.2) (as long as it exists), the 
solution of x =Ax with initial condition 

x1(0) = 1, Xj(O) = kj(O), j = 2, ... , d. 

[x2(t) Xd(t)] T . satisfies K(t) = xi(t), ... , xi(t) . Hence the vectors K(t), t E JR, dete1-
mine the curve in projective space which describes the evolution of the one­
dimensional subspace spanned by x(O), as long as the first coordinate is 
different from 0. 

This discussion shows that the behavior of lines in JRd under the flow eAt 

is locally described by a certain Riccati equation (as in the linear oscillator 
case, one may use different parametrizations when x 1(t) approaches 0). If 
one wants to discuss the limit behavior as time tends to infinity, this local 
description is not adequate and one should consider a compact state space. 

For the diagonal matrix A= diag(l, -1) in Example 3.1.2 one obtains 
two one-dimensional Lyapunov spaces, each corresponding to two opposite 
points on the unit circle. These points are chain components of the fl.ow on 
the unit circle. Opposite points should be identified in order to get a one­
to-one correspondence between Lyapunov spaces and chain components in 
this simple example. Thus, in fact, the space of lines, i.e., projective space, 
is better suited for the analysis than the unit sphere. 

The projective space JP>d-l for ]Rd can be constructed in the following 
way. Introduce an equivalence relation on ]Rd\ {O} by saying that x and y 
are equivalent, x ,....., y, if there is a i- 0 with x = ay. The quotient space 
JP>d-l :=]Rd\ {O}/,....., is the projective space. Clearly, it suffices to consider 
only vectors x with Euclidean norm llxll = 1. Thus, geometrically, projective 
space is obtained by identifying opposite points on the unit sphere §d-l or 
it may be considered as the space of lines through the origin. We write 
JP> : ]Rd\ {O} --+ jp>d-l for the projection and usually, denote the elements of 
jp>d-l by p = JP>x, where 0 i- x E ]Rd is any element in the corresponding 
equivalence class. A metric on JP>d-l is given by 

(4.1.3) d(JP>x, JP>y) :=min (II 11:11 - 11~1111, II 11:11 - I~~ II) . 
Note that for a point x in the unit sphere §d-l and a subspace W of JRd one 
has 
(4.1.4) 

dist(x, W n §d-l) = inf llx - Yll =min d(JP>x, JP>y) =: dist(JP>x, JP>W). 
yEWn§d-1 yEW 

Any matrix in Gl(d, JR) (in particular, matrices of the form eAt) induces 
an invertible map on the projective space JP>d-l. The fl.ow properties of 
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cI>t = eAt, t E R, are inherited by the induced maps and we denote by 
!PcI>t the induced dynamical system on projective space. More precisely, 
the projection IP is a semiconjugacy, i.e., it is a continuous surjective map 
satisfying for every t E R the conjugacy property 

Rd\ {O} ~Rd\ {O} 

pl lp 
Jp>d-1 ~ Jp>d-1 . 

We will not need that the projective flow !Pel> is generated by a differential 
equation on projective space which, in fact, is a (d - 1)-dimensional differ­
entiable manifold. Instead, we only need that projective space is a compact 
metric space and that !Pel> is a continuous flow; in Exercise 4.3.1, the reader 
is asked to verify this in detail. Nevertheless, the following differential equa­
tion in Rd leaving the unit sphere §d-l invariant is helpful to understand 
the properties of the flow in projective space. 

Lemma 4.1.1. For A E gl ( d, R) let cI>t = eAt, t E R, be its linear flow in Rd. 
The flow cI> projects onto a flow on §d-l, given by the differential equation 

s = h(s, A) = (A - s T As I)s, with s E §d-l. 

Proof. Exercise 4.3.2. D 

Naturally, the flow on the unit sphere also projects to the projective flow 
!Pel>. In order to determine the global behavior of the projective flow we first 
show that points outside of the Lyapunov spaces Lj := L(>..j) are not chain 
recurrent; cf. Definition 1.4.1. 

Lemma 4.1.2. Let IPcI>t be the projection to Jp>d-l of a linear flow cI>t = eAt. 
If x ¢ LJ~= 1 L(>..j), then !Px is not chain recurrent for the induced projective 
flow. 

Proof. We may suppose that A is given in real Jordan form, since a linear 
conjugacy in Rd yields a topological conjugacy in projective space which 
preserves the chain transitive sets by Proposition 3.1.15. The following 
construction shows that for c > 0 small enough there is no ( c, T)-chain from 
!Px to !Px. It may be viewed as a generalization of Example 3.2.1 where a 
scalar system was considered. 

Recall the setting of Theorem 1.4.4. The Lyapunov exponents are or­
dered such that >..1 > ... > >..e with associated Lyapunov spaces Lj = L(>..j)· 
Then 

Vj = Le EB ... EB Lj and Wi = Li EB ... EB L1 
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define flags of subspaces 

{O} = Ve+i c Ve c ... c Vi= ~d, {O} = Wo c W1 c ... c Wt= ~d. 

For x fj. LJ]=1L(.Xj) there is a minimal j such that x E Vj \ VJ+I and hence 
there are unique Xi E L(.Xi) for i = j, ... , f with 

x=xt+ ... +xj. 

Here x j f= 0 and at least one Xi f= 0 for some i 2: j + 1. Hence x ¢ Wj = 
L(.Xj) EB ... EB L(.X1) and VJ+I n Wj = {O}. We may suppose that x is on 
the unit sphere §d-l and has positive distance o > 0 to the intersection 
Wj n §d-l. By (4.1.4) it follows that o > 0 is the distance of JPx to the 
projection lPWj. 

The solution formulas show that for all 0 f= y E ~d, 

eAty eAtYt eAtYj eAtYl 
lleAtyll - lleAtyll + · · · + lleAtyll + · · · + lieAtyll' 

If y ¢ VJ+I one has for i 2: j + 1 that 11:~tt~ll ---+ 0 fort---+ oo. Also for some 

i :::; j one has Yi f= 0 and l~~tt~ll E L(.Xi)· This implies that for t ---+ oo, 

dist (JP<l>t (y), lPWj) =dist ( ll:~:~ll' Wj n §d-l) ---+ 0 . 

There is 0 < 2c: < o such that the 2c:-neighborhood N of lPWj has void 
intersection with lPVj+1. We may take T > 0 large enough such that for all 
initial values JPy in the compact set cl N and all t 2: T, 

dist (lP<l>t (y) , lPWj) < c:. 

Now consider an (c:, T) chain starting in lPxo = JPx ¢ LJ]=1L(.Xj) and let 
To > T such that dist (1P<l>r0 ( xo) , Jp>Wj) < c:. The next point ]p>x1 of the 
chain has distance less than c: to ]p><f>r0 ( xo), hence 

dist(JPxi,]p>Wj):::; d(]p>x1,]p><f>r0 (xo)) +dist (JP<I>r0 (xo) ,Jp>Wj) < 2c: < o. 
Thus ]p>x1 E N and it follows that dist (]p><f>t (x1), Jp>Wj) < c: for all t 2: T. 
Repeating this construction along the ( c:, T)-chain, one sees that the final 
point ]p>xn has distance less than o from lPWj showing, by definition of o, 
that ]p>xn f= ]p>xo = ]p>x, 0 

The characteristics of the projected flow JP<[> are summarized in the fol­
lowing result. In particular, it shows that the topological properties of this 
projected flow determine the decomposition of ~d into the Lyapunov spaces; 
cf. Definition 1.4.1. 
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Theorem 4.1.3. Let JP>~ be the projection onto JP>d-l of a linear flow ~t(x) = 

eAtx. Then the following assertions hold. 

(i) JP>~ has f chain components Mi, ... , Me, where f is the number of 
Lyapunov exponents >.1 > ... > >.e. 

(ii) One can number the chain components such that Mj = JP>L(>.j), the 
projection onto jp>d-l of the Lyapunov space Li= L(>.j) corresponding to the 
Lyapunov exponent Aj. 

(iii) The sets 

JP>- 1Mj := {x E !Rd I x = 0 or JP>x E Mj} 

coincide with the Lyapunov spaces and hence yield a decomposition of !Rd into 
linear subspaces 

!Rd = JP>-1 Mi E9 ... E9 JP>- 1 Me. 

Proof. We may assume that A is given in Jordan canonical form jlR, since 
coordinate transformations map the real generalized eigenspaces and the 
chain transitive sets into each other. Lemma 4.1.2 shows that points outside 
of a Lyapunov space Lj cannot project to a chain recurrent point. Hence it 
remains to show that the fl.ow JP>~ restricted to a projected Lyapunov space 
JP>Lj is chain transitive. Then assertion (iii) is an immediate consequence of 
the fact that the Li are linear subspaces. We may assume that the corre­
sponding Lyapunov exponent, i.e., the common real part of the eigenvalues, 
is zero. First, the proof will show that the projected sum of the correspond­
ing eigenspaces is chain transitive. Then the assertion is proved by analyzing 
the projected solutions in the corresponding generalized eigenspaces. 

Step 1: The projected eigenspace for the eigenvalue 0 is chain transitive, 
since it is connected and consists of equilibria; see Proposition 3.2.5. 

Step 2: For a complex conjugate eigenvalue pair µ, µ = ±iv, v > 0, an 
element xo E JRd with coordinates (yo, zo) T in the real eigenspace satisfies 

y(t, xo) =Yo cos vt - zo sin vt, z(t, xo) = zo cos vt +Yo sin vt. 

Thus it defines a 2;-periodic solution on JRd and together they form a two­
dimensional subspace of periodic solutions. The projection to JP>d-l is also pe­
riodic and hence chain transitive. The same is true for the whole eigenspace 
of ±iv. 

Step 3: Now consider for k = 1, ... , m a collection of eigenvalue pairs 
±ivk, vk > 0 such that all vk are rational, i.e., there are Pk, Qk EN with vk = 
~. Then the corresponding eigensolutions have periods ~: = 271" ~: . It fol­
lows that these solutions have the common (nonminimal) period 27rq1 ... Qm· 

Then the projected sum of the eigenspaces consists of periodic solutions and 
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x-axis 

Figure 4.1. The fl.ow for a two-dimensional Jordan block 

hence is chain transitive. If the Ilk are arbitrary real numbers, we can ap­
proximate them by rational numbers ilk. This can be used to construct 
(c:, T)-chains, where, by Proposition 3.1.10, it suffices to construct (c:, T)­
chains with jump times 1i E (1, 2]. Replacing in the matrix the Ilk by ilk, 

one obtains matrices which are arbitrarily close to the original matrix. By 
Corollary l.l.2(ii), for every c > 0 one may choose the ilk such that for every 
x E R.d the corresponding solution ~tX satisfies 

''<l>tX - ~tX" < c for all t E [0, 2]. 

This also holds for the distance in projective space showing that the pro­
jected sum of all eigenspaces for complex conjugate eigenvalue pairs is chain 
transitive. Next, we may also add the eigenspace for the eigenvalue 0 and see 
that the projected sum of all real eigenspaces is chain transitive. This fol­
lows, since the component of the solution in the eigenspace for 0 is constant 
(cf. Proposition 2.l.6(i) ). 

Step 4: Call the subspaces of R.d corresponding to the Jordan blocks 
Jordan subspaces. Consider first initial values in a Jordan subspace cor­
responding to a real eigenvalue, i.e., by assumption to the eigenvalue zero. 
The projective eigenvector p (i.e., an eigenvector projected on JP>d-l) is an 
equilibrium for JP><I>. For all other initial values the projective solutions tend 
top for t ---+ ±oo, since for every initial value the component correspond­
ing to the eigenvector has the highest polynomial growth; cf. the solution 
formula (1.3.2). This shows that the projective Jordan subspace is chain 
transitive. Figures 4.1 and 4.2 illustrate the situation for a two-dimensional 
and a three-dimensional Jordan block, respectively. In Figure 4.1 solutions 
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of the linear system in JR2 (with positive real part of the eigenvalues) and 
their projections to the unit circle are indicated, while Figure 4.2 shows 
projected solutions on the sphere § 2 in JR3 (note that here the eigenspace 
is the vertical axis). The analogous statement holds for Jordan subspaces 
corresponding to a complex-conjugate pair of eigenvalues. 
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Figure 4.2. The projected flow for a three-dimensional Jordan block 

Step 5: It remains to show that the projected sum of all Jordan sub­
spaces is chain transitive. By Step 4 the components in every Jordan 
subspace converge for t -+ ±oo to the corresponding real eigenspace, and 
hence the sum converges to the sum of the real eigenspaces. By Step 3 
the projected sum of the real eigenspaces is chain transitive. This finally 
proves that the Lyapunov spaces project to chain transitive sets in projective 
~~. D 

Remark 4.1.4. Theorem 4.1.3 shows that the Lyapunov spaces are char­
acterized topologically by the induced projective flow. Naturally, the mag­
nitude of the Lyapunov exponents is not seen in projective space, only their 
order. The proof of Lemma 4.1.2 also shows that the chain components 
Mj corresponding to the Lyapunov exponents Aj are ordered in the same 
way by a property of the flow in projective space: Two Lyapunov exponents 
satisfy Ai < Aj, if and only if there exists a point p in projective space with 
a(p) C Mi and w(p) c Mi; cf. Exercise 4.3.3. 
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Surprisingly enough, one can reconstruct the actual values of the Lya­
punov exponents from the behavior on the unit sphere based on the differ­
ential equation given in Lemma 4.1.1. This is shown in Exercise 4.3.2. 

The chain components are preserved under conjugacies of the flows on 
projective space. 

Corollary 4.1.5. For A, B E gl(d,R.) let JP<I> and JP'W be the associated 
flows on Jp>d-l and suppose that there is a topological conjugacy h of JP<I> 
and lPW. Then the chain components Ni, ... , Nf of lPW are of the form 
Ni = h (Mi), where Mi is a chain component of JP<I>. In particular, the 
number of Lyapunov spaces of <I> and W agrees. 

Proof. By Proposition 3.l.I5(iii) the maximal chain transitive sets, i.e., the 
chain components, are preserved by topological conjugacies. The second 
assertion follows by Theorem 4.1.3. D 

4.2. Linear Difference Equations in Projective Space 

In this section it is shown that for linear difference equations the projections 
of the Lyapunov spaces coincide with the chain components in projective 
space. 

Consider a linear difference equation of the form 

where A E Gl ( d, R.). According to the discussion in Section 2.3, A generates 
a continuous dynamical system <I> in discrete time with time-I map cp1 = 
<I>(I, ·) = A. By linearity, this induces a dynamical system JP<I> in discrete 
time on projective space Jp>d-l with time-I map JPcp = JP<I>(I, ·) given by 

p f-t JP(Ax) for any x with JPx = p. 

This can also be obtained by first considering the induced map on the unit 
sphere §d-l and then identifying opposite points. The system on the unit 
sphere projects to the projective fl.ow JP<I>. The characteristics of the pro­
jected dynamical system JP<I> are summarized in the following result. In 
particular, it shows that the topological properties of this projected fl.ow 
determine the decomposition of R_d into Lyapunov spaces (recall Definition 
1.5.4.) 

Theorem 4.2.1. Let JP<I> be the projection onto Jp>d-l of a linear dynamical 
system <I>(n, x) = Anx, n E Z, x E R_d, associated with Xn+I = Axn. Then 
the following assertions hold. 

{i) JP<I> has f chain components Mi, ... , M£, where f is the number of 
Lyapunov exponents >.1 > ... > A£. 
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{ii) One can number the chain components such that Mj = PL(Aj), 
the projection onto pd-I of the Lyapunov space L(Aj) corresponding to the 
Lyapunov exponent Aj. 

{iii) The sets 

p-IMj := {x E Rd I x = 0 or Px E Mj} 

coincide with the Lyapunov spaces and hence yield a decomposition of Rd into 
linear subspaces 

Proof. We may assume that A is given in Jordan canonical form, since 
coordinate transformations map the generalized eigenspaces and the chain 
transitive sets into each other. 

Analogously to Lemma 4.1.2 and its proof one sees that points outside 
of the Lyapunov spaces are not chain recurrent. This follows from Theo­
rem 1.5.8. Hence it remains to show that the system P<I> restricted to a 
projected Lyapunov space PL(Aj) is chain transitive. Then assertion (iii) is 
an immediate consequence of the fact that the Li are linear subspaces. We 
go through the same steps as for the proof of Theorem 4.1.3. Here we may 
assume that all eigenvalues have modulus 1. 

Step 1: The projected eigenspace for a real eigenvalueµ is chain transi­
tive, since it is connected and consists of equilibria; see Proposition 3.3.5(iii). 

Step 2: Consider a complex conjugate eigenvalue pairµ,µ= a±i/3, f3 > 
0, with lµI = IP.I = 1. Then an element xo E Rd with coordinates (yo, zo) T 

in the real eigenspace satisfies 

(n x ) = An x = [ cos /3 - sin /3 ] n [ Yo ] . 
cp ' 0 0 sin/3 cos/3 zo 

This means that we apply n times a rotation by the angle /3, i.e., a single ro­
tation by the angle n/3. If 2; is rational, there are p, q E N with 2; = ~, and 
hence p/3 = 27rq. Then cp(p, xo) = xo and hence xo generates a p-periodic 
solution in Rd. These solutions form a two-dimensional subspace of peri­
odic solutions. The projections are also periodic and hence, by Proposition 
3.3.5(iii), one obtains a chain transitive set. The same is true for the whole 
real eigenspace of µ. 

Now consider for k = 1, ... , m a collection of eigenvalue pairs µk, P.k = 
ak ± i/3k, f3k > 0 such that all ~: are rational, i.e., there are Pk, qk E N 

with ~7r = l!!s.. Then the corresponding eigensolutions have periods Pk· 
/Jk Qk 

It follows that these solutions have the common (not necessarily minimal) 
period 27rp1 ... Pm· Hence the projected sum of the real eigenspaces is chain 
transitive. 
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If the f3k are arbitrary real numbers, we can approximate them by ratio­
nal numbers ~k· This can be used to construct c-chains: Replacing in the 
matrix the f3k by ~k, one obtains matrices A which are close to the original 

matrix. The matrices A may be chosen such that II Ax - Ax II < c for every 

x E JRd with llxll = 1. This also holds for the distance in projective space 
showing that the projected sum of all real eigenspaces for complex conjugate 
eigenvalue pairs is chain transitive. 

Step 3: By Steps 1 and 2 and using similar arguments one shows that 
the projected sum of all real eigenspaces is chain transitive. 

Step 4: Call the subspaces of ]Rd corresponding to the Jordan blocks 
Jordan subspaces. Consider first initial values in a Jordan subspace corre­
sponding to a real eigenvalue. The projective eigenvector p (i.e., an eigenvec­
tor projected on pd-l) is an equilibrium for JP>~. For all other initial values 
the projective solutions tend top for n--+ ±oo, since they induce the highest 
polynomial growth in the component corresponding to the eigenvector. This 
shows that the projective Jordan subspace is chain transitive. The analogous 
statement holds for Jordan subspaces corresponding to a complex-conjugate 
pair of eigenvalues. 

Step 5: It remains to show that the projected sum of all Jordan sub­
spaces is chain transitive. This follows, since for n --+ ±oo the components in 
every Jordan subspace converge to the corresponding eigenspace, and hence 
the sum converges to the sum of the eigenspaces. The same is true for the 
projected sum of all generalized eigenspaces. This, finally, shows that the 
Lyapunov spaces project to chain transitive sets in projective space. D 

Theorem 4.2.1 shows that the Lyapunov spaces are characterized topo­
logically by the induced projective system. Naturally, the magnitudes of 
the Lyapunov exponents are not seen in projective space, only their order. 
Furthermore the chain components Mj corresponding to the Lyapunov ex­
ponents Aj are ordered in the same way by a property of the flow in projective 
space: Two Lyapunov exponents satisfy Ai < Aj, if and only if there exists 
a point pin projective space with a(p) c Mi and w(p) c Mj. 

How do the chain components behave under conjugacy of the flows on 
pd-17 

Corollary 4.2.2. For A, B E Gl(d, JR) let JP>~ and JP>-W be the associated 
dynamical systems on pd-I and suppose that there is a topological conjugacy 
h of JP>~ and JP>-W. Then the chain components Ni, ... , Nf. of JP>-W are of the 
form Ni = h (Mi), where Mi is a chain component of JP>~. In particular, 
the number of chain components of JP>~ and JP>-W agree. 

Proof. This is a consequence of Theorem 3.3.7. D 
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4.3. Exercises 

Exercise 4.3.1. (i) Prove that the metric (4.1.3) is well defined and turns 
the projective space JP>d-l into a compact metric space. (ii) Show that the 
linear fl.ow ~t(x) = eAtx, x E Rd, t E R, induces a continuous fl.ow JP>~ on 
projective space. 

Exercise 4.3.2. Let x(t, xo) be a solution of x = Ax with A E gl(d, R). 
Write s(t) = x ~,xo , t E R, for the projection to the unit sphere in the x ,xo 
Euclidean norm. (i) Show that s(t) is a solution of the differential equation 

s(t) = [A - s(t) T As(t) · I)s(t). 

Observe that this is a differential equation in Rd which leaves the unit sphere 
invariant. Give a geometric interpretation! Use this equation to show that 
eigenvectors corresponding to real eigenvalues give rise to fixed points on the 
unit sphere. (ii) Prove the following formula for the Lyapunov exponents: 

-\(xo) = lim ! rt s(T? As(T)dT 
Hoot } 0 

by considering the 'polar decomposition' §d-l x (0, oo). 

Exercise 4.3.3. Consider the chain components given in Theorem 4.1.3. 
Show that there is p E ]p>d-l with a(p) c Mi and w(p) c Mj if and only if 
Ai< Aj· 

Exercise 4.3.4. Consider the linear difference equation in R2 given by 

[ :::~ ] = [ ~ ~ ] [ :: ] 

and determine the eigenvalues and the eigenspaces. Show that the line 
through the initial point xo = 0, Yo = 1 converges under the fl.ow to the 
line with slope ( 1 + J5) /2, the golden mean. Explain the relation to the 
Fibonacci numbers given by the recursion fk+l = fk + fk-l with initial 
values Jo = 0, Ji = 1. 

Exercise 4.3.5. Consider the method for calculating V2 which was pro­
posed by Theon of Smyrna in the second century B.C.: Starting from (1, 1), 
iterate the transformation xi---+ x + 2y, y i---+ x + y. Explain why this gives a 
method to compute V2. 
Hint: Argue similarly as in Exercise 4.3.4. 

4.4. Orientation, Notes and References 

Orientation. This chapter has characterized the Lyapunov spaces of lin­
ear dynamical systems by a topological analysis of the induced systems on 
projective space. Theorems 4.1.3 and 4.2.1 show that the projections of the 
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Lyapunov spaces L(>..j) to projective space coincide with the chain compo­
nents of the projected flow. It is remarkable that these topological objects 
in fact have a 'linear structure'. The proofs are based on the explicit solu­
tion formulas and the structure in ~d provided by the Lyapunov exponents 
and the Lyapunov spaces. The insight gained in this chapter will be used in 
the second part of this book in order to derive decompositions of the state 
space into generalized Lyapunov spaces related to generalized Lyapunov ex­
ponents. More precisely, in Chapter 9 we will analyze a general class of linear 
dynamical systems (in continuous time) and construct a decomposition into 
generalized Lyapunov spaces. Here the line of proof will be reversed, since 
no explicit solution formulas are available: first the chain components yield­
ing a linear decomposition are constructed and then associated exponential 
growth rates are determined. 

In the next chapter, a generalization to flows induced on the space of 
k-dimensional subspaces, the k-Grassmannian, will be given. This requires 
some notions and facts from mulitilinear algebra, which are collected in 
Section 5.1. An understanding of the results in this chapter is not needed 
for the rest of this book, with the exception of some facts from multilinear 
algebra. They can also be picked up later, when they are needed (in Chapter 
11 in the analysis of random dynamical systems). 

Notes and references. The characterization of the Lyapunov spaces as 
the chain components in projective space is folklore (meaning that it is well 
known to the experts in the field, but it is difficult to find explicit statements 
and proofs). The differential equation on the unit sphere given in Lemma 
4.1.1 is also known as Oja's flow (Oja [108]) and plays an important role in 
principal component analysis in neural networks where dominant eigenvalues 
are to be extracted. But the idea of using the §d-l x (0, oo) coordinates 
(together with explicit formulas in Lemma 4.1.1 and Exercise 4.3.2) to study 
linear systems goes back at least to Khasminskii [78, 79]. 

Theorems 2.2.5 and 2.3. 7 characterize the equivalence classes of linear 
differential and difference equations in ~d up to topological conjugacy. Thus 
it is natural to ask for a characterization of the topological conjugacy classes 
in projective space. Corollaries 4.1.5 and 4.2.2 already used such topologi­
cal conjugacies of the projected linear dynamical systems in continuous and 
discrete time. However, the characterization of the corresponding equiva­
lence classes is surprisingly difficult and has generated a number of papers. 
A partial result in the general discrete-time case has been given by Kuiper 
[88]; Ayala and Kawan [14] give a complete solution for continuous-time 
systems (and a correction to Kuiper's proof) and discuss the literature. 

Exercises 4.3.4 and 4.3.5 are taken from Chatelin [25, Examples 3.1.1 
and 3.1.2]. 





Linear Systems on 
Grassmannians 

Chapter 5 

Every linear system in JRd induces dynamical systems on the set of k­
dimensional subspaces of ]Rd, called the Grassmannians. This chapter dis­
cusses the relation between the dynamical behavior of these systems and ex­
ponential growth rates of volumes. The analysis is restricted to continuous­
time systems. 

Chapter 4 has discussed how the length of vectors grows with time; this 
only depends on the line through the initial value, i.e., the corresponding 
element in projective space, and the corresponding projections of the Lya­
punov spaces have been characterized by the corresponding induced flow 
in projective space. The present chapter will discuss how the volume of 
parallelepipeds spanned by k vectors grows with time and analyze the cor­
responding induced flow on the set of k-dimensional subspaces. Section 5.2 
performs this analysis for continuous-time systems on Grassmannians and 
the associated volume growth rates. The required notions and results from 
multilinear algebra are provided in Section 5.1. 

It should be noted that the results in the chapter are not needed be­
low, with the exception of some notions from multilinear algebra which are 
collected in Section 5.1. They will be used in Chapter 11 in the proof of 
Oseledets' Multiplicative Ergodic Theorem for random dynamical systems. 

We begin with a new look at the analysis in Chapter 4, where the induced 
flow in projective space is considered. The motivation given in Section 4.1 via 
Riccati differential equations is not restricted to one-dimensional subspaces. 

-81 
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The invertible linear map eAt maps any k-dimensional subspace onto a k­
dimensional subspace, hence one can analyze the evolution of k-dimensional 
subspaces under the flow eAt, t E JR. For solutions x(l)(t), ... , x<k)(t) of 
:i; =Ax write 

[x<1)(t), ... ,x(k)(t)] = [ ~~m] withX1(t) ERkxk,X2(t) ER(d-k)xk. 

For invertible X1(t), define K(t) = X2(t)X11(t) E JR(d-k)xk. The vectors 

x(i)(t) generate the same subspace as the columns of [~~mJ X!1(t). This 

matrix has the k x k identity matrix Ik in the upper k rows. For 1 ~ k ~ d 
partition A E JRdxd as 

A = [ Au Ai2 ] , 
A21 A22 

where Au E gl(k,R),A22 E gl(d- k,R) and Ai2 and A21 are k x (d- k) 
and (d - k) x k matrices, respectively. Then K(t) is a solution of a matrix 
Riccati differential equation on JR(d-k)xk which has the same form as (4.1.2): 

k = A21 + A22K -KAu - KA12K. 

Conversely, every (d - k) x k matrix solution K(t) of this equation defines 
a curve of subspaces determined by the linear span of the columns in 

[ Ik ] . [ (1)( ) (k)( )] K(t) =. x t , ... ,x t 

and span{x<1)(t), ... , x<k)(t)} = span{ eAtx(1)(0), ... , eAtx(k)(O)}. Again, 
one sees that the solutions of the Riccati equation describe the evolution 
of k-dimensional subspaces under the flow eAt. Instead of looking at Riccati 
differential equations, in this chapter we will analyze the corresponding flow 
on the set of k-dimensional subspaces, thus avoiding the problem that the 
solutions of the Riccati equation may have a bounded interval of existence 
and hence changes of the local coordinate charts might be necessary. 

We will determine the volume growth rates and characterize the long 
time behavior of the linear subspaces in a coordinate free form which in 
local coordinates are described by Riccati differential equations. As for pro­
jective space, we will not need that the underlying spaces form differentiable 
manifolds. Instead we will only need that the Grassmannians are compact 
metric spaces. Nevertheless, this is a somewhat technical story and the 
reader may skip it-the time-varying theory presented in the next chapters 
does not depend on the ideas discussed here. 

5.1. Some Notions and Results from Multilinear Algebra 

Every course on linear algebra also includes some multilinear algebra in 
the form of determinants which determine the volume of full-dimensional 
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parallelepipeds. One may also associate volumes to lower dimensional par­
allelepipeds. The interplay between geometric intuition and formal manip­
ulations is striking in this area. 

The kth Grassmannian Gk of ]Rd can be defined via the following con­
struction: Let F(k, d) be the set of all ordered sets of k linearly independent 
vectors in JRd. Two elements X = (x1, ... , Xk) and Y = (y1, ... , Yk) in 
F(k, d) are said to be equivalent, X "' Y, if there exists TE Gl(k, JR) with 
XT = TYT, where X and Y are interpreted as d x k matrices. In other 
words, they are equivalent if and only if they generate the same subspace. 
The quotient space Gk := F(k, d)/"' is the kth Grassmannian (it is a com­
pact, k( d - k )-dimensional differentiable manifold.) For k = 1 we obtain the 
projective space pd-l = G1 in ]Rd. Observe that a matrix A E Gl( d, JR) (in 
particular, eAt, t E JR) induces maps on every Grassmannian Gk, since the 
dimension of a subspace is invariant under A. For V = span{x1, ... , xk} 
one has AV= span{Ax1, ... , Axk}. Furthermore, the fl.ow properties (see 
Definition 2.1.1) of q,t = eAt, t E JR, are inherited by the induced maps. 

Let H be a Euclidean vector space of dimension d with scalar product 
denoted by (·, ·). A parallelepiped is spanned by k linearly independent 
vectors x1, ... , Xk EH, i.e., it is of the form 

(5.1.1) {x = a1x1 + ... + akXk I 0 '.S ai '.S 1fori=1, ... , k}. 

Suppose that ei, ... , ek is an orthonormal basis of the subspace spanned 
by x1, ... , Xk· Then, with Xi = ~J=l bijej, i = 1, ... , k, the volume of the 
parallelepiped is defined as jdet(bij)i,jl· Using bij =(xi, ej) one computes 

(x;, x,) = ( x;, t, (x,, e;) e;) = t, (x,, e;) (x;, e;). 

It follows that 

[ 
(x1, ei) 

<let : 

(xk, ei) 

(x1'. ek) l 2 [ (xi,_ x1) 
· = det . . . 

(xk, ek) (xk, x1) 

Hence the term on the right-hand side is the square of the volume and the 
definition of the volume is independent of the choice of the orthonormal 
basis. 

A somewhat more abstract framework is the following. Let w : Hk ---+ JR 
be an alternating k-linear map, thus w is linear in each of its arguments and 
for all i =f. j, 



84 5. Linear Systems on Grassmannians 

Let (x1, ... , xd) E Hd be a basis of Hand consider (y1, ... , Yk) E Hk with 
Yi= E1=l bijXj for all i. Then one computes 

(5.1.2) w(y1, ... , Yk) = L det Bji ... jkW(Xj1 , ••• , Xjk), 
i1 < ... <jk 

where Bji ... jk is the k x k-matrix obtained from the columns ji, ... , jk of B = 
(bij)i,j and summation is over all ordered k-combinations of {1, ... , d}. An 
immediate consequence of this formula is that w is already determined by its 
values on basis elements of H. In particular, if ei, ... , ed is an orthonormal 
basis, then w(ei1' ... , eik) := 1, 1 ~ ji < ... < jk ~ d, defines via (5.1.2) an 
alternating k-linear map. 

For 1 ~ k ~ d the k-fold alternating product /\ k H = H /\ ... /\ H is 
defined as the vector space with an alternating k-linear map w" : Hk --+ 
/\ k H: (x1, ... , xk) t-t x1 /\ ... /\ Xk with: 

(i) if (xi, ... , xd) is a basis of H, then 

{ Xji /\ · · · /\ Xjk I 1 ~ ji < · · · < jk ~ d} 

is a basis of/\ k H, and 

(ii) if cp: Hk --+IR is an alternating k-linear map, then there is a unique 
linear map(} : /\ k H--+ IR with cp =(}ow". 

The elements of the form x1 /\ ... /\ Xk are called simple vectors; we may 
think of them as parallelepipeds. From an orthonormal basis e1 , ... , ed of 
H one obtains a basis of /\ k H by 

(5.1.3) 

By linear extension, this also induces an inner product 
making the basis above orthonormal: 

(ei1 /\ ... /\ eik' eii /\ ... /\ ejk) = det( (ejr' eis))ir.is = { ~ 
Hence, for x1, ... , Xk, y1, ... , Yk E H the inner product is 

(5.1.4) 

if all jr = j 8 , 

else. 

Now the volume of a parallelepiped spanned by k linearly independent vec­
tors x1, ... , Xk E H is given by the norm obtained from this inner product, 
i.e., it equals llx1 /\ ... /\ xkll and hence the square of the volume is again 
given by 
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Proposition 5.1.1. Let (x1, ... , xk), (y1, ... , Yk) be linearly independent k­
tuples of vectors in H. Then 

(5.1.5) X1 /\ ... /\ Xk = ±y1 /\ ... /\ Yk 

if and only if (x1, ... , Xk), (y1, ... , Yk) span the same subspace and the par­
allelepipeds spanned by them have the same volume. 

Proof. Assumption (5.1.5) implies for i = 1, ... , k, 

Yi/\ (x1 /\ .. · /\ Xk) = Yi/\ (Y1 /\ .. · /\ Yk) = 0. 

Since the xi are linearly independent, this shows that Yi is linearly dependent 
on the xi. Similarly, all Xi are linearly dependent on the Yi· Hence both 
tuples span the same subspace and, clearly, the volumes are equal. For the 
converse one finds, with Yi = I:~=l biiXi, 1 ~ i ~ k, by (5.1.2) 

(5.1.6) Y1 /\ ... /\ Yk = det(bii)i,i x1 /\ ... /\ Xk· 

Since the volumes are equal, it follows that ldet(bii)I = 1 and hence (5.1.5) 
follows. D 

A consequence of Proposition 5.1.1 is that we can identify the set <GkH of 
k-dimensional subspaces in H with the equivalence classes of simple vectors 
x1 /\ ... /\ Xk in /\ k H differing only by a nonzero factor. In other words, we 
can identify <GkH with a subset of projective space W'(/\ k H) (this is called 
the Plucker embedding.) It is not hard to see that under the metric (4.1.3) 
this subset is compact, and in the following we use this metric dk for <GkH. 

The exterior product is the bilinear form f\i H x /\ k H ---+ f\i+k H deter­
mined by 

(Y1 /\ ... /\Yi, z1 /\ ... /\ Zk) t-7 Y1 /\ ... /\ Yk /\ z1 /\ ... /\ Zk· 

We note the following lemma. 

Lemma 5.1.2. Let x, x' E /\i H and y, y' E /\ k H with llx - x'll < c and 
llY -y'll < c. Then in /\i+kH one has 

llx /\ y- x' /\ Y1 ll < cmax(llxll • jjy'jj). 

Proof. The triangle inequality and the Hadamard inequality (used in the 
third line, cf. Exercise 5.3.2) show 

llx /\ Y - x' /\ Y1 ll ~ llx /\ Y - x /\ Y1 ll + llx /\ y' - x' /\ Y1 ll 

= llx /\ (y - y')jj + li(x - x') /\ Y1 ll 

~ llxll llY - Y1 ll + llx - x'll llY'll 
< cmax(llxll, llY'll). D 

The following lemma estimates the distance of sums of subspaces. 
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Lemma 5.1.3. Let H = X E9 X -1 be an orthogonal decomposition. Then 
for all k-dimensional subspaces V, W c X and all j-dimensional subspaces 
V', W' c X-1, 

dk(V, W) < e and dj(V', W') < e implies dk+j(V E9 V', W E9 W') < e. 

Proof. Consider bases ( v1, ... , vk) of V, ( w1, ... , wk) of W, ( v~, ... , vj) of V', 
and (wi, ... , wj) of W' with 

llv1 /\ .. · /\ vkll = llw1 /\ .. · /\ wkll = llv~ /\ .. · /\ vjll = llwi /\ .. · /\ wjll = 1. 

Using the orthogonality assumption one finds 

II (v1 /\ · · · /\ Vk) /\ (vi /\ ... /\ vj) 11 2 = det( (vr, Vs) )r,s · det( ( v~, v~) )r,s 
= llv1 /\ ... /\ vkll llvi /\ ... /\ v~ll = 1, 

and, analogously, II (w1 /\ ... /\wk)/\ (wi /\ ... /\ wj) II = 1. Clearly, a basis 
of V E9 V' is given by v1, ... , Vk, v~, ... , vj and a basis of W E9 W' is given by 
w1, ... , Wk, wi, ... , wj. Hence (recall that GkH is identified with a subset 

off'(/\ k H) endowed with the metric in (4.1.3)) it follows that dk+j(V E9 
V', W E9 W') equals the minimum of 

llv1 /\ ... /\ Vk /\vi /\ ... /\ vj ± w1 /\ ... /\wk /\ wi /\ ... /\ wj II · 

Now Lemma 5.1.2 implies 

dk+j(V E9 V', W E9 W') < emax (llv1 /\ ... /\ vkll, llwi /\ ... /\ wjll) = e. D 

5.2. Linear Systems on Grassmannians and Volume Growth 

Linear flows q,t = eAt map k-dimensional subspaces to k-dimensional sub­
spaces, hence they induce dynamical systems Gkq, on the sets of k-dimen­
sional subspaces, the Grassmannians endowed with appropriate metrics. In 
this section the chain components and associated exponential growth rates 
of k-dimensional volumes will be determined generalizing the discussion for 
projective space, i.e., for the special case k = 1. The discussion is based on 
the notions and facts from multilinear algebra presented in Section 5.1. In 
particular, we will use that the Grassmannians are compact metric spaces 
and that the induced flows are continuous. 

We endow H = JRd with the following inner product which is adapted 
to the decomposition into the Lyapunov spaces Lj, 1 ~ j ~ f. Take a basis 
corresponding to the Jordan normal form of A E gl(d, JR), hence for each 
j, one has a basis e{, ... , e~. of Lj which is orthonormal with respect to the 

3 

Euclidean inner product. Define 

(5.2.1) 
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These vectors form an orthonormal basis for an inner product on Rd and 
hence all the constructions from Section 5.2 can be applied to them. Recall 
that we identify GkH with a subset of projective space IT!'(/\ k H) and use the 
associated metric dk from (4.1.3). Then GkH is compact and the following 
lemma shows that the induced fl.ow is continuous. 

Lemma 5.2.1. For a linear flow q>t = eAt, t E R, the induced flow Gkq>t, t E 

R, on the Grassmannian Gk mapping a k-dimensional subspace V to q>(t)V 
is a continuous flow on a compact metric space. 

Proof. Continuity follows from the definition of the metric dk. D 

Next, we determine the exponential growth rate of volumes under linear 
flows. Consider a linear map A on the Hilbert space Rd endowed with the 
inner product defined by (5.2.1). For simplicity, we restrict the discussion 
to parallelepipeds (5.1.1) with volume llx1 /\ ... /\ xkll· Under the fl.ow eAt 
this parallelepiped is mapped to the k-dimensional parallelepiped spanned 
by eAtxi, ... , eAtxk. The exponential growth rate fort--+ oo of the volume 
is defined by 

A(x1 /\ ... /\ Xk) := lim sup~ log lleAtx1 /\ ... /\ eAtxk II · 
t-+oo t 

This generalizes the notion of Lyapunov exponents (see Definition 1.4.1), 
since lleAtx1 II may be considered as the length of the one-dimensional par­
allelepiped spanned by eAtx1 . We will show that these exponential growth 
rates for t --+ ±oo are determined by the chain components of the fl.ow on 
the Grassmannians. 

Definition 5.2.2. Let A E gl(d,R) be a matrix with fl.ow q>t = eAt on 
Rd and denote the Lyapunov spaces by Lj = L(Aj),j = 1, ... ,.e. For k = 
1, ... , d define the index set 

(5.2.2) I(k) := {(k1, ... , ke) I ki + ... + ke = k and 0::::; ki::::; di= dim Li} 

and consider the following subsets of the Grassmannian Gk: 

(5.2.3) Mt ... ,ke = Gk1 Li EB ••. EB GkeLe, (k1, ... , ke) E I(k). 

Here the sum on the right-hand side denotes the set of all k-dimensional 
subspaces Vk with dim(Vk n Li) = ki, i = 1, ... , .e. 

Note that the k-dimensional subspaces Vk in (5.2.3) are the direct sums 
of the subspaces Vk n Li, i = 1, ... , .e. Furthermore, for k = d the only index 
set is I(d) = (di, .. ., de) and M~i, ... ,de = Rd. We will show in Theorem 

5.2.8 that the sets Mt, ... ,ke• (k1,. .. , ke) E I(k), are the chain components 
in Gk. 

The following example illustrates Definition 5.2.2. 
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Example 5.2.3. Consider the matrix 

[ 
1 0 

A= 0 1 
0 0 

~ l · -1 

Let ei denote the ith standard basis vector. There are the two Lyapunov 
spaces Li = L(l) = span(ei, e2) and L2 = L(-1) = span( es) in JR.S with 
dimensions di = 2 and d2 = 1. They project to projective space JP>2 as 
Mi = {JP>x I 0-::/= x E span(ei, e2)} (identified with a set of one-dimensional 
subspaces in JR.S) and M 2 = {JP>es}. Thus, in the notation of Definition 5.2.2, 
one obtains the following sets of the flows Gk<ll on the Grassmannians: 

Gi: the index set is I(l) = {(1, 0), (0, 1)} and 

MLo = {span(x) I 0-::/= x E span(ei, e2)} and M6,i ={span( es)}; 

G2: the index set is I(2) = {(2, 0), (1, 1)} and 

M~ 0 = {span(ei, e2)} and M~ i = {span(x, es) I 0-::/= x E span(ei, e2)}; 
' ' 

Gs: the index set is I(3) = {(2, 1)} and M~ i = {span(ei,e2,es)}. 
' 

By Theorem 4.1.3 the sets Ml,0 and M6,i are the chain components in 
Gi = JP>i. It will follow from Theorem 5.2.8 that the sets M~.o and Mti are 
the chain components of the flow in G2. In fact, one verifies the assumption 
that fork= 2 and >.i = 1, >.2 = -1 the numbers 

ki>.i + k2>.2 with ki + k2 = k 

are pairwise different: For (ki, k2) = (2, 0) one has ki>.i + k2>.2 = 2 and 
for (ki, k2) = (1, 1) one has ki>.i + k2>.2 = 0. Figure 5.1 shows the chain 
components Ml,0 and M6,i and Figure 5.2 shows M~.o and Mti. 

We consider the volume growth for k-dimensional parallelepipeds begin­
ning with elements in the sets specified above. 

Proposition 5.2.4. Consider a set Mt, ... ,kt in the Grassmannian Gk as 
in Definition 5.2.2. Then for every k-dimensional parallelepiped given by 
xi, ... , Xk contained in a subspace VE Mt, ... ,kt the exponential growth rate 
of the volume is 

In particular, for k = d the exponential growth rate of the volume of full 
dimensional parallelepipeds equals L:f=i di>.i, where di is the dimension of 
the Lyapunov space Li, i = 1, ... , f. 
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Proof. The linear subspace V generated by x1, ... , Xk is an element of 
Mt, ... ,ke' hence dim(V n Li) = ki with Ef=1 ki = k. Thus there is a basis 
of V given by zf, ... , zfi E Li, i = 1, ... , .f., and one finds a{8 E JR such that 

£ ki 
Xs = LL a{8 zf for s = 1, ... , k. 

i=l j=l 

It follows that fort E JR and s = 1, ... , k 

£ ki £ ki 
eAtXs = LLa{8 eAtzf = LLa{8 e>.itP/8(t)zf, 

i=l j=l i=l j=l 

where the functions P/8(t) have polynomial growth fort-+ ±oo. Hence the 
nonsingular k x k-transformation matrix B(t) given by 

I e>-1tap Pl1(t)... e>-1ta~11 Pf11 (t) .. . 
e>-1tap P[2(t)... e>-1 ta~12 Pf12 (t) .. . 

. . . . . . 
e>-1talk Plk(t)... e>-1ta~1k Pf1k(t) ... 

e>-tta}1 PP(t) .. . 
e>-tta}2 Pl2(t) .. . 

e>-etakel pktl(t) I 
e>-eta;t2 p}t2(t) 

e>-eta~tk p;ek(t) 

yields 

[ eA:tx1 l =B(t) [zf, ... ,z~1, ... ,z}, ... ,z;e]T. 

eAtXk 

As in (5.1.6) one computes 

eAtx1 /\ ... /\ eAtXk = det B(t) · [ zf /\ ... /\ z~1 /\ ... /\ zJ /\ ... /\ z;e J . 

Now we observe that by multilinearity we can take out of det B(t) the factor 

ek1 >.1 t ... ekt >.tt. 

All remaining terms in the determinant have polynomial growth. Now taking 
the norm, dividing the logarithm by t and letting t -+ ±oo one finds that 

. 1 II At At II L£ hm - log e x1 /\ ... /\ e Xk = ki)..i· 
t-+±oo t 

i=l 

D 

Next we show that the volume growth rates for arbitrary parallelepipeds 
are also determined by the growth rates on the sets M~1 .... ,ke' 

Theorem 5.2.5. For every k-dimensional parallelepiped spanned by vectors 
x1, ... , Xk in Rd the exponential growth rate of the volume is given by 

£ 

lim ~log lleAtx1 /\ ... /\ eAtxkll = ~ kiAi, 
t-+oo t L....J 

i=l 

where (k1, ... , k£) is an element of the index set I(k) from (5.2.2). 
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Proof. We argue similarly as in the proof of Proposition 5.2.4, but now it 
is not sufficient to use for i = 1, ... , £ a basis of the intersection V n Li. 
Instead we have to work with a basis of Li. Here we may take the basis 
e1, j = 1, ... , ki, i = 1, ... , £, introduced in the beginning of this section. 
Then one finds numbers a18 E JR such that 

£ di 

Xs =LL at8e1 for s = 1, ... , k. 
i=l j=l 

It follows that fort E JR ands= 1, ... , k, 

£ ~ £ ~ 

(5.2.4) eAtXs = LLa1seAte1 = LLa1se>.itP/8(t)e1, 
i=l j=l i=l j=l 

where the functions P/8(t) have polynomial growth fort--+ ±oo. By formula 
(5.1.2) it follows that 

(5.2.5) 

Here Bf:::.1: is the k x k-submatrix of the k x d-matrix B = B(t) formed by 

the coefficients of the e1 in (5.2.4) and comprising the columns determined 
by ii, ... , ik and ji, ... , iki summation is over all ordered k sets of column 
indices determined by (i1, ... , ik) and (j1, ... ,jk)· 

Fix a column of B determined by ir, ir· Then every entry of this column 
contains the factor e>-irt , and hence this is also true for the columns of the 
matrices Bf ;::.1:. Thus by multilinearity one can take out of det Bf;:::/: the 
factor 

All remaining terms in the determinant have polynomial growth. Now take 
the factor eAt out of the sum in (5.2.5) where 

£ £ 

(5.2.6) A:= max (>.i1 + ... + Aik) = L ki>.i with L ki = k. 
i=l i=l 

Here the maximum is taken over all tuples (i1, ... ,ik) and (j1, .. .,jk) with 
det Bf ;::.1: #- 0 and ki is determined by the number of Air which coincide. 
Taking the norm, dividing the logarithm by t and letting t --+ oo one finds 
that 

D 
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Remark 5.2.6. Similar arguments can be applied to determine the limit 
for t -t -oo: The exponential growth rate of the volume is obtained by 
using the minimum, instead of the maximum, of Ai1 + ... + Aik. 

To complete this section, we show that the chain components on Gk are 
given by the sets specified in Definition 5.2.2. Our proof needs an additional 
hypothesis (but cf. Section 5.4). The procedure is very similar to the one in 
Chapter 4, and we only sketch the arguments. First we show that no point 
outside of these sets is chain recurrent. 

Lemma 5.2.7. Assume that the numbers Ef=1 kiAi with (ki, ... ,ke) E I(k) 
from (5.2.2) are pairwise different. Let V E Gk and suppose that V ¢ 
LJMt, ... ,ke' where the union is taken over all (k1, ... , ke) E I(k). Then V 
is not chain recurrent for the flow on Gk. 

Proof. We may suppose that A is given in real Jordan form, since a linear 
conjugacy in Rd yields a topological conjugacy in Gk which preserves the 
chain transitive sets by Proposition 3.1.15. We use the identification of Gk 

with a compact subset of IP ( /\ k H). The following construction shows that 

for c > 0 small enough there is no ( c, T)-chain from V to V. 

Due to our assumption, the multi-index (ki, ... , ke) determining the 
maximum in (5.2.6) is unique. Similarly, as in the proof of Lemma 4.1.2, 
one can argue that 

dist(eAtYl /\ ... /\ eAtYk, Mt, ... ,ke) -t 0. 

By assumption, V has positive distance to every set from Definition 5.2.2. 
Consider all these sets and define 

w(k1, ... ,ke) := {z1 /\ ... /\ Zk E EB IP-1 Mj1, ... ,je} c IP(/\ kRd), 

where the sum is taken over all multi-indices (j1, ... ,je) El(k) with Ef=1 jiAi 
2 Ef=1 ki>.i. Then one can again argue similarly as in the proof of Lemma 
4.1.2. [] 

The following theorem describes the chain components in the Grassman­
nians. Recall that the Lyapunov spaces projected to projective space are 
the chain components of the associated flow; see Theorem 4.1.3. 

Theorem 5.2.8. Let A E gl(d,R) be a matrix with flow <I>t = eAt in Rd. 
Then the sets Mt, ... ,ke' (ki, ... , ke) E I(k) from Definition 5.2.2 are chain 

transitive. Hence, if the numbers Ef=1 kiAi with (k1, ... , ke) E I(k) from 
(5.2.2) are pairwise different, these are the chain components. 

Proof. Due to Lemma 5.2.7, we only have to prove that the flow restricted 
to each set Mt ... ,ke is chain transitive. 



5.2. Linear Systems on Grassmannians and Volume Growth 93 

(i) As a first step, we show that for every Lyapunov space Lj and every 
k ~ dj = dim Lj the fl.ow restricted to the set 

<GkLj :={VE <Gk Iv c Lj} 

is chain transitive. This follows similarly as the determination of chain 
transitive sets in projective space pd-l = <G1. Note that by Remark 1.3.7 
the set <GkLj contains an equilibrium, if k ;:::: 2, and if k = 1 existence of 
an equilibrium (for a real eigenvalue) or of a periodic trajectory (in the real 
eigenspace for a complex conjugate pair of eigenvalues) is guaranteed. 

Consider a Jordan block of dimension at least k. Then any subspace 
V E <GkLj corresponding to this Jordan block is attracted for t -+ ±oo to 
the subspace spanned by the first k elements of a corresponding basis. This 
yields a chain transitive set in <GkLj and the Jordan blocks of dimension at 
least k give rise to a continuum of equilibria in <GkLj. Furthermore, also the 
subspaces generated by k elements corresponding to upper parts of different 
Jordan blocks are invariant and subspaces in the direct sum corresponding 
to these Jordan blocks are attracted for t -+ ±oo by this set of subspaces. 
Proceeding in this way, one sees that the fl.ow restricted to <GkLj is chain 
transitive. 

(ii) Next we prove the assertion of the theorem by induction over k. For 
k = 1, the set I(l) of multi-indices consists of the k-tuples with all ki = 0 
except for one kj = 1. Thus the sets 

Mki, .. .,kt = <Gk1L1 Ee ... Ee<GktLf ={VE <G1 Iv c Lj} 

coincide with the Lyapunov spaces projected to pd-l. Theorem 4.1.3 shows 
that these are the chain components and that the fl.ow restricted to any of 
them is chain transitive. Next suppose that the assertion holds for 1, ... , k­
l ;:::: 1. We show that for (k1, ... , kf) E I(k) the fl.ow restricted to 

M~1 .... ,kt = {Vk E <Gk I dim(Vk n Li) = ki for all i = 1, ... '.e} 

is chain transitive. Take Vk, Vk E Mt, ... ,kt' Then they satisfy 

f f 

yk = EB [ yk n Li] and vk = E9 [ vk n Li] . 
~1 ~1 

Since k ;:::: 2, either all kj = 0 except for one which is equal to k and we 
are in the situation of part (i) and chain transitivity follows; or there is a 
subindex r with 0 < kr < k. In the latter case, define 

ykr := yk n Lr and Vkr := Vk n Lr, 

f f 

yk-kr := EB [vk n Li] 
i=l,i#r 

and vk-kr := EB [ vk n Li] . 
i=l,i#r 
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Since Vkr and Vkr are in GkrLri there are by part (i) for every c: > 0 chains 
in GkrLr from Vkr to Vkr. By the induction hypothesis and k - kr < k, 
there are for every c: > 0 chains from vk-kr to vk-kr in the chain transitive 
set 

{VE Gk-kr I dim(V n Li)= ki for all i = 1, ... ,f, i =!= r}. 

As in part (i), one finds that this set contains an equilibrium or a periodic 
solution. Hence, using Proposition 3.1.11, we may assume that all jump 
times are equal to 1 and that the numbers of jumps coincide. Write the 
chains as 

v; _ vkr Vi V, _ v-kr d UT _ vk-kr w UT _ v-k-kr o - , 1, ... , n - an vv o - , 1, ... , "" n - , 

with 

d(<I>(l, Vj), VJ+i) < c: and d(<I>(l, Wj), Wj+i) < c:. 

Note that Vj, <I>(l, Vj) C Lr and Wj, <I>(l, Wj) C E9f=l,i¥r Li, hence these 
subspaces are contained in orthogonal subspaces. Then Lemma 5.1.3 shows 
that 

d(<I>(l, Vj EB Wj), VJ+i EB Wj+i) = d(<I>(l, Vj) EB <I>(l, Wj), VJ+i EB Wj+i) < c: 

for all j. It follows that Vk = Vkr EB vk-kr = Vo EB Wo and Vk = Vkr EB 
V"k-kr = Vn EB Wn are connected by chains within M~1 , ... ,kt" 0 

5.3. Exercises 

Exercise 5.3.1. Consider the differential equation x =Ax with 

A= [ -~ ~ ~ ~ ] 
0 -1 0 0 . 
0 0 0 1 

Determine the chain components in the Grassmannians Gk, 1 :S k :S 4. 

Exercise 5.3.2. Prove the Hadamard inequality in the alternating product 
/\ 2 H = H /\ H of a Euclidean vector space H: For x, y E H, 

llx /\ Yii :S Ji xii llYll for x, Y E H. 

The generalized Hadamard inequality states that for x1, ... , Xk E /\ k H and 
1 < i < k, 

llx1 /\ ... /\ xkll :S llx1 /\···/\Xiii llxi+l /\ · · · /\ Xkll · 

(You may also look it up in a book on multilinear algebra!) See also Wach 
[136] and Kulczycki [90] for a discussion of this type of inequalities. 



5.4. Orientation, Notes and References 95 

5.4. Orientation, Notes and References 

Orientation. This chapter has generalized the characterization of the in­
duced flows on projective space to the Grassmannians Gk. The chain compo­
nents and the exponential growth rates of volumes have been characterized. 

One point is left open in this chapter: Is the assumption on the expo­
nential growth rates of volumes in Theorem 5.2.8 necessary? The difficulty 
lies in the fact that the exponential growth rates of volumes and the chain 
components may not be linearly ordered. Hence, in general, one cannot de­
duce from the volume growth rates to which chain component the elements 
in Gk converge. However, one can show that Theorem 5.2.8 holds without 
this assumption, since it specifies the finest Morse decompositions (cf. Chap­
ter 8) whose elements coincide with the chain components; cf. Colonius and 
Kliemann [30, Theorem 6]. 

Notes and references. For background material on the projective space 
and Grassmannian and flag manifolds, Boothby [19] is a good resource. 
The discussion of Riccati equations is taken from Helmke and Moore [65, 
pp. 10-13]. Using local charts, the Riccati differential equation can be ex­
tended to the Grassmann manifold. Thus Theorem 5.2.8 describes the chain 
components of this differential equation on the compact manifold Gk· A 
more detailed description of the phase portrait of various classes of matrix 
Riccati differential equations has been given by Shayman [126]. It should 
be noted that the Riccati differential equations of the calculus of variations 
and optimal control theory are associated with a symplectic structure. They 
are also analyzed in [126], now on the Lagrange-Grassmann manifold. 

Theorem 5.2.8 can be generalized to flag manifolds: For natural numbers 
di < ... < dk ::; d define a flag of subspaces ]Rd by 

lF(di, ... , dk) = {(Vi, ... , Vk) I Vi c Vi+i and dim Vi= cl;, for all i}. 

For k = d this is the complete flag lF. Braga Barros and San Martin [20] and 
San Martin and Seco [122] develop far reaching generalizations, including as 
very special cases the analysis of the chain components on the Grassmann 
and flag manifolds in ]Rd. 

For the notions and facts from multilinear algebra in Section 5.1 we refer, 
e.g., to Federer [46, Chapter 1], Greub [55], Merris [103], Marcus [99], Heil 
[64], Lamprecht [93]. 
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and Linear Skew 
Product Systems 

Chapter 6 

In the second part of this book we allow that the considered matrices de­
pend on time and consider the associated nonautonomous (or time-varying) 
linear differential and difference equations. The goal is to develop an associ­
ated linear algebra which extends the theory valid for the autonomous case. 
More specifically, we will consider families of nonautonomous linear systems 
and we will be concerned with spectral theory and associated subspace de­
compositions of the state space. Thus we generalize the decomposition of 
the state space into Lyapunov spaces as presented in Theorem 1.4.3 for dif­
ferential equations and Theorem 1.5.6 for difference equations, where the 
state space is decomposed into invariant subspaces which are characterized 
by the property that solutions starting in a subspace realize the same expo­
nential growth rate or Lyapunov exponent for time tending to ±oo. These 
results were derived using the characterization of Lyapunov exponents by 
eigenvalues which allowed us to use the Jordan normal form for matrices. 

It will turn out that also for nonautonomous linear systems Lyapunov 
exponents (also called characteristic numbers) play a central role. However, 
additional assumptions and constructions are necessary in order to develop 
results analogous to the autonomous case. In particular, the relation to 
eigenvalues breaks down and hence the Jordan form cannot be used. In 
other words, developing a linear algebra for nonautonomous or time-varying 
systems x = A(t)x and Xn = Anxn means defining appropriate concepts to 

-99 
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generalize eigenvalues, linear eigenspaces and their dimensions that charac­
terize the behavior of the solutions of a time-varying system and that reduce 
to the constant matrix case if A(t) =A. As mentioned above (and already 
observed by Lyapunov at the end of the nineteenth century), the eigenval­
ues and eigenspaces of the families {A(t),t E JR} and {An,n E Z} do not 
provide the appropriate concept: Even if the real parts of all eigenvalues of 
all matrices A(t), t E JR, are negative, the origin 0 E JRd need not be a stable 
fixed point of x = A(t)x. Instead one has to look at the exponential growth 
rates of solutions, the Lyapunov exponents. 

This chapter contains several examples elucidating the situation for time­
varying systems. The framework of linear skew product systems is intro­
duced and a number of classes of linear skew product systems are presented. 
In the following chapters several of them will be analyzed in detail. 

Section 6.1 establishes existence of unique solutions for time-varying lin­
ear differential equations and continuous dependence on initial values and 
parameters. Section 6.2 discusses basic properties of Lyapunov exponents for 
these differential equations. In particular, counterexamples are presented, 
which show that, without additional assumptions, nonautonomous linear 
differential equations miss the most important properties of autonomous 
linear differential equations. Consequently, Section 6.3 proposes several ap­
proaches to embed nonautonomous linear differential equations into dynam­
ical systems having the form of a linear skew product fl.ow over a base fl.ow. 
Finally, Section 6.4 discusses the discrete time case and introduces skew 
product dynamical systems for nonautonomous linear difference equations. 

6.1. Existence of Solutions and Continuous Dependence 

This section derives basic properties of nonautonomous linear differential 
equations. First, existence and uniqueness of solutions is proved. Then 
it is shown that the solutions depend continuously on initial values and 
parameters, i.e., entries in the system matrix. 

In Chapter 9 on topological linear systems and Chapter 11 on random 
linear systems it will be relevant to allow that the system matrix A(t) is 
discontinuous with respect to t. A corresponding solution may not be dif­
ferentiable and hence will not satisfy the differential equation for all t. This 
difficulty can be solved by replacing the differential equation x(t) = A(t)x(t) 
by its integrated version. 

More explicitly, let A : JR -t gl(d, JR) be a locally integrable matrix 
function, i.e., it is Lebesgue integrable on every bounded interval. We will 
consider solutions, also called CaratModory solutions, which are defined in 
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the following way. A solution of the initial value problem 

(6.1.1) x = A(t)x, x(to) = xo E IR.d, 

is a continuous function satisfying 

(6.1.2) x(t) = x0 +1t A(s)x(s)ds, t ER 
to 

Thus a solution x( ·) is an absolutely continuous function and hence is differ­
entiable outside of a set of Lebesgue measure zero and here satisfies equation 
(6.1.1) (see, e.g., Craven [38, Proposition 5.4.5]). Naturally, one may also 
consider solutions which are only defined on subintervals. If the function A(·) 
is continuous, the fundamental theorem of analysis shows that a function 
x(·) as in (6.1.2) is continuously differentiable and satisfies the differential 
equation for every t. 

The following simple example illustrates that a solution for a discontin­
uous matrix function A(t) may not be differentiable. Let a(t) = 1 fort;:::: 0 
and a(t) = -1 fort< 0. Then the solution of 

x = a(t)x, x(O) = 1 

is x(t) =et fort> 0 and x(t) = e-t fort < 0. Thus the derivatives int= 0 
from the left and from the right do not coincide. 

In the scalar case, one can write down the solution of (6.1.1). Suppose 
that a : IR. -+ IR. is locally integrable. Then the solution of 

x = a(t)x, x(to) = xo E IR., 

is (Exercise 6.5.5) given by 

x(t) = eft~ a(s)dsxo, t ER 

For higher dimensional equations such an explicit formula is not available; 
see Exercise 6.5.6. The next theorem on existence and uniqueness of solu­
tions presents a generalization of Theorem 1.1.1 for time-varying matrices. 

Theorem 6.1.1. Let A : IR. -+ gl(d, IR.) be a locally integrable matrix func­
tion. 

(i) The solutions of x = A(t)x form ad-dimensional vector space sol(A) 
c C(IR., JR.d). 

(ii) The matrix initial value problems X(t) = A(t)X(t) with X(to) = 

Id E Gl(d, IR.) have unique solutions X(t, to), called principal fundamental 
solutions. 

(iii) For each initial condition x(to) = xo E JR.d, the solution of (6.1.1) 
is unique and given by 

(6.1.3) r.p(t, to, xo) = X(t, to)xo. 
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Proof. For ti > to the formula 

(Fy)(t) := xo + 1t A(s)y(s) ds, t E [to, ti], 
to 

defines a continuous linear transformation on the Banach space of continuous 
functions C([to, ti], Rd) with the maximum norm such that for all yi, Y2 E 
C([to, ti], Rd), 

max llF(yi)(t) - F(y2)(t)ll :S (1t1 JIA(s)il ds) max llYi(t) - Y2(t)IJ. 
tE[to,t1) to tE[to,ti) 

If ft:1 llA(s)IJ ds < 1, then Fis a contraction on the complete metric space 
C([to, ti], Rd). Hence Banach's fixed point theorem implies that the equa­
tion y = F(y) has a unique solution which is the solution of the integral 
equations. The case ft:1 llA(s)JJ ds 2: 1 can be treated by considering ap­
propriate subintervals. The same arguments also show unique solvability 
for ti < to and unique solvability of initial value problems for the matrix 
equation X(t) = A(t)X(t). Then the solution formula (6.1.3) follows, since 
the right-hand side, too, satisfies (6.1.2). Assertion (i) is a consequence. D 

The following results are a consequence of unique solvability. 

Proposition 6.1.2. Consider for a locally integrable function A R --+ 
gl(d,R) the equation :i; = A(t)x and let t, ti, to ER. 

(i} The solutions satisfy the 2-parameter cocycle property 

(6.1.4) 

(ii} The principal fundamental solutions satisfy 

X(to, to) =I, X(t, ti)X(ti, to) = X(t, to), X(t, to)-i = X(to, t) 

and X is absolutely continuous in each argument. 

(iii} With X(t) := X(t, 0), t ER one has 

(6.1.5) X(t, to) = X(t)X(t0)-i and hence cp(t, to, xo) = X(t)X(to)-ixo. 

Proof. Assertion (i) follows from unique solvability of initial value prob­
lems, since the left- and the right-hand side are, by definition, solutions of 
the differential equation that satisfy (6.1.2). The equations in (ii) are a con­
sequence of (i), (iii) follows from (ii), and absolute continuity of X(t, to) in 
the first argument is clear by definition. Concerning the second argument, 
let Y(t), t EI be the unique (absolutely continuous) matrix solution of 

Y(t) = -Y(t)A(t) with Y(to) =I. 
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Then the product rule shows 

d . d 
dt [Y(t)X(t, to)] = Y(t)X(t, to)+ Y(t) dt X(t, to) 

= -Y(t)A(t)X(t, to)+ Y(t)A(t)X(t, to)= 0, 

hence 

Y(t)X(t, to) = Y(to)X(to, to) =Id. 

It follows that X(to, t) = X(t, to)-1 = Y(t) is absolutely continuous with 
respect tot. D 

The formula in (6.1.5) is the variation-of-constants formula for homoge­
neous linear differential equations. In order to show continuity properties 
with respect to parameters, we need the following useful result called Gron­
wall's lemma. 

Lemma 6.1.3. Let I:= [to, ti] c ~be an interval and consider a continuous 
function u : I --+ [O, oo) such that for a constant a ;:::: 0 and a locally integrable 
function f3 : I --+ [O, oo), 

(6.1.6) u(t) ~a+ 1.t f3(s)u(s)ds for all t EI. 
to 

Then 

(6.1.7) u(t) ~ aeft~ f3(s)ds for all t E I. 

Proof. Suppose first a > 0. Define the auxiliary function v(t) = a + 
ft~ f3(s)u(s)ds, t E I, which satisfies u(t) ~ v(t) and v(t) ;:::: a > 0. With 
v(t) = f3(t)u(t) it follows for u(t) =I= 0 that 

.!!:_lo v(t) = v(t) < f3(t)u(t) = f3(t). 
dt g v(t) - u(t) 

If u(t) = 0 the inequality 0 = ft logv(t) ~ f3(t) holds trivially. Integrating 
this inequality one finds 

logv(t) - logv(to) ~ 1.t f3(s)ds. 
to 

With v(to) =a application of the exponential function yields 

u(t) ~ v(t) =a+ 1.t f3(s)u(s)ds ~ aeft~f3(s)ds 
to 

and (6.1.7) follows. If a= 0 one has for every E > 0, 

u(t) ~ E + 1.t f3(s)u(s)ds. 
to 
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Hence the result above implies the assertion for a = 0, since 

u(t) S ceft~f3(s)ds--+ 0 for c--+ 0. D 

The next theorem shows that solutions depend continuously on initial 
values and on parameters occurring in the system matrix A(·). 

Theorem 6.1.4. Let r be a metric space and consider a matrix-valued 
function A: Rxr--+ gl(d, R), such that for every 'Y Er the function A(·, ry) : 
R --+ gl ( d, R) is locally integrable and that for almost every t E R the function 
A(t, ·) : r --+ gl(d, R) is continuous and, for a locally integrable function 
(3: R--+ [O,oo), 

sup llA(t, 'Y)ll S (3(t) for almost all t ER. 
')'Er 

Then the solution cp(t, t0 , xo, ry), t E R, of x(t) = A(t, ry)x(t), x(to) = xo, is 
continuous with respect to (t, x0 , ry) ER x Rd xr. 

Proof. Consider for a sequence (xn, 'Yn) --+ (xo, 'Yo) in Rd x r the corre­
sponding solutions cp(t, to, Xn, 'Yn), t ER. Then one estimates for n EN and 
t >to, 

llcp(t, to, Xn, 'Yn) - cp(t, to, xo, 'Yo) II 

= llxn + 1: A(s, 'Yn)cp(s, to, Xn, 'Yn)ds - xo - 1: A(s, 'Yo)cp(s, to, xo, 'Yo)dsll 

S llxn - xoll + lt llA( s, 'Yn) - A( s, 'Yo) 11 llcp( s, to, xo, 'Yo) II ds 
to 

+ lt llA(s, 'Yn) 11 llcp(s, to, Xn, 'Yn) - cp(s, to, xo, 'Yo) II ds. 
to 

Now apply Gronwall's lemma, Lemma 6.1.3, on I := [to, ti] with (3(t) := 

llA(t,ryn)ll and 

a:= llxn - xoll + lti llA(s, 'Yn) - A(s, 'Yo)ll llcp(s, to, xo, 'Yo) II ds. 
to 

One gets for t E [to, ti], 

llcp(t, to, Xn, 'Yn) - cp(t, to, xo, 'Yo)ll 

S [llxn - xoll + lt llA(s, 'Yn) - A(s, 'Yo) 11 llcp(s, to, xo, 'Yo) II ds]e.ft~ f3(s)ds. 
to 

Then the convergence cp(t, to, Xn, 'Yn) --+ cp(t, to, xo, 'Yo) for n --+ oo follows by 
Lebesgue's Theorem on dominated convergence. Furthermore, if tn --+ t E 
[to, ti] then cp(tn, to, Xn, 'Yn), too, converges to cp(t, to, xo, 'Yo). Since ti > to 
is arbitrary, the assertion follows for all t > to. For ti < to one argues 
analogously. D 
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Consider for x = A(t)x a matrix function W(t) E gl(d,JR), t E JR, where 
the columns are solutions of a homogeneous differential equation. This is 
called Wronskian (or Wronski matrix) and 

w(t) := det W(t) 

is called a Wronski determinant. Recall that the trace trA of a quadratic 
matrix is the sum of the diagonal elements. The following is Liouville's 
formula. 

Theorem 6.1.5. Every Wronski determinant of x = A(t)x satisfies the 
scalar homogeneous linear differential equation 

w(t) = [trA(t)]w(t), 

hence 

w(t) = w(to)eftto trA(s)ds fort, to ER 

Proof. Let W(t) = (wi3(t))i,j=l, ... ,d and denote the ith row of W(t) by 
wi(t) = (wil(t), ... ,Wid(t)). Then one obtains for the rows 

(6.1.8) 

The Laplace expansion for the determinant has the form 

(6.1.9) det W(t) = L (sgnO')W1u(1)(t) ... Wdu(d)(t), 
uEEd 

where :Ed is the permutation group and sgn O' is the signature of a permu­
tation O', hence equal to +1, if the number of transpositions which make up 
O' is even and equal to -1 otherwise. Differentiation and, again, use of the 
Laplace expansion yields 

d 
dt det W(t) 

= L (sgnO')W1u(1)(t) ... Wdu(d)(t) + · · · + L (sgnO')W1u(1)(t) ... Wdu(d)(t) 

~det [ ::::] + ... +d~ [ ::::] 

= au(t) det W(t) + ... + add(t) det W(t). 

The last equality follows by inserting (6.1.8), using multilinearity of the 
determinant and observing that determinants with identical rows vanish. 
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For example, one obtains for the first summand 

w2(t) w2(t) 
<let . =<let . =au(t)detW(t). I w1(t) I I au(t)w1(t) + ... + aid(t)wd(t) I 

. . . . 
Wd(t) Wd(t) 

0 

Remark 6.1.6. A geometric interpretation of Theorem 6.1.5 is as follows: 
Suppose that X(t) is a fundamental matrix, i.e., its columns are d linear 
independent solutions x1(t), ... ,xd(t) of x = A(t)x. Then 

detX(t) = detX(to)eft~ trA(s)ds 

relates to the volume <let X(to) of the parallelepiped spanned by x1 (to), ... , 
xd(to) at time to to the volume detX(t) of its image under the solution map 
at time t; cf. also the discussion of volume growth rates in Chapter 5. 

6.2. Lyapunov Exponents 

This section discusses exponential growth rates of solutions by introduc­
ing Lyapunov exponents and deriving some of their basic properties. Then 
examples are constructed that show that, in general, they do not lead to sub­
space decompositions of the state space and that they are not characterized 
by eigenvalues of the system matrices. 

We consider nonautonomous differential equations x = A(t)x as in 
(6.1.1). Recall that (absolutely continuous) solutions with x(to) = x0 E JRd 
are denoted by cp(t, to, xo), t E JR. We omit the argument to if to= 0. In anal­
ogy to the definition for autonomous linear differential equations, Definition 
1.4.1, the exponential growth rate of a solution is given by 

limsup! log llcp(t, to, xo)ll · 
t--+oo t 

Instead of lim sup one may also consider lim inf or the corresponding limits 
fort--+ -oo. Using the 2-parameter cocycle property (6.1.4), one sees that 
it is sufficient to consider solutions cp(t, xo) with initial time to= 0. 

Definition 6.2.1. Let cp(·, xo) be the solution of the initial value problem 
x = A(t)x, 0 =I= x(O) = xo E !Rd. Its Lyapunov exponent or exponential 
growth rate is defined as 

.X(xo) = limsup! log llcp(t, xo)ll, 
t--+oo t 

where log denotes the natural logarithm and II · II is any norm in JRd. 
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If >.(xo) < 0, the function cp(t, xo) converges to 0 E JRd for t --+ oo. If 
A(t) = A is constant, the results in Section 1.4 show that the Lyapunov 
exponents are the real parts of the eigenvalues µi = Ai + iwi of A and the 
limit superior is a limit; furthermore, the state space can be decomposed 
into the Lyapunov spaces, !Rd = Ee;=l L(>.j), where L(>.j) is the subspace 
of all initial points which have the exponential growth rate Aj for t --+ ±oo. 

The general nonautonomous case is much more complicated. It is imme­
diately clear that for an arbitrary matrix function A(t), t E JR, the behaviors 
for positive and negative times are, in general, different. Hence one cannot 
expect that the exponential growth rates for positive and negative times are 
related. The following scalar example shows that the limit superior in the 
definition of Lyapunov exponents may not be a limit. Consider 

(6.2.1) x =(cost - tsint - 2)x, 

which has the solutions 

x(t) = etcost-2tx(O), t ER 

The exponential growth rates are 

limsup ~log llx(t)ll = limsup ~ (tcost - 2t) = -1, 
t--+oo t t--+oo t 

liminf~ log llx(t)ll = liminf~ (tcost - 2t) = -3. 
t--+oo t t--+oo t 

Furthermore, a boundedness condition on the matrices is needed in order to 
get a finite Lyapunov exponent, since the exponential growth rates may be 
infinite as shown by the scalar equation 

x = 2tx 

with solutions x(t) = et2 x(O). Here limsup flog llx(t)ll = lim t = oo. 
t--+oo t--+oo 

Throughout the rest of this section, we suppose the boundedness as­
sumption 

(6.2.2) 11t limsup - llA(s)ll ds < oo. 
t--+oo t O 

In order to show that the number of Lyapunov exponents is bounded by the 
dimension of the state space, we note the following lemma. 

Lemma 6.2.2. Let f, g : [O, oo) --+ (0, oo) be locally integrable functions 
and denote>.(!):= limsupHoo f Jilogf(s)ds::::; oo, and analogously >.(g). 
Then >.(Jg) ::::; >.(!) + >.(g), and>.(!+ g) ::::; max(>.(!), >.(g)) with>.(!+ g) = 
max(>.(!), >.(g)) if>.(!)=/= >.(g). 

Proof. Exercise 6.5.1 or Exercise 6.5.7. D 
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In particular, it follows that for 0 i= x, y E JR.d the Lyapunov exponents 
satisfy >.( x + y) ~ max{>.( x), >.(y)}. The next proposition states basic prop­
erties of Lyapunov exponents. 

Proposition 6.2.3. (i) There are 1 ~ f ~ d different Lyapunov exponents, 
which we order according to Af. < ... < >.1 < oo. 

(ii) On every basis of JR.d, the maximal Lyapunov exponent is attained. 

(iii) There exists a basis of JR.d, called a normal basis, such that each 
Lyapunov exponent is attained on some basis element. 

Proof. (i) For 0 i= x0 E JR.d the solution satisfies for t 2:': 0, 

llcp(t, xo)ll = llxo +lot A(s)cp(s, xo)dsll ~ llxoll +lot llA(s) 11 llcp(s, xo)ll ds. 

Hence Gronwall's lemma, Lemma 6.1.3, implies 

llcp(t, xo) II ~ llxo II ef~llA(s)llds 
and hence 

1 1 1 rt 
tlogllcp(t,xo)ll ~ tlogllxoll + t lo llA(s)llds. 

Now assumption (6.2.2) shows that the limit superior fort-+ oo is finite. 

In order to show that there are at most d different Lyapunov exponents, 
suppose that we have p Lyapunov exponents ordered such that Ap < . . . < 
>.1. We have to show that p ~ d. The sets 

WA:= {x E IR.di >.(x) ~>.or x = O} 

are linear subspaces, since for a i= 0 and 0 i= x, y E JR.d, 

>.(ax)= >.(x) and >.(x + y) ~ max{>.(x), >.(y)}. 

Abbreviate Wi := WAi. These subspaces form the flag 

{O} c Wp c Wp-1 c ... c W1 c IR.d 

and the inclusions of the Wi are proper. Thus p ~ d follows. 

(ii) Suppose that >.(xo) is maximal and let x1, ... ,xd be a basis of JR.d, 
hence xo = alx1 + ... + adxd with al, ... , ad ER This implies 

cp(t, xo) = <p(t, alx1 + ... + adxd) = al <p(t, x1) + ... + ad<p(t, xd)· 

Thus by Lemma 6.2.2, 

>.(xo) =limsup~logllcp(t,xo)ll ~_max limsup~logllcp(t,xi)ll 
t--+oo t i= 1, ... ,d t--+oo t 

and hence there is Xi with >.(xi) = >.(xo). 
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(iii) Consider the flag 

{O} c We c We-1 c ... c W1 c IR.d 

corresponding to the Lyapunov exponents A.e < ... < A.1. Extend a basis 
of We to a basis of We-Ii etc. By definition, the Lyapunov exponent for a 
basis element of We equals A.e, and the basis elements of We-Ii which are 
not in We, have Lyapunov exponent A.e-i, etc. D 

Next we discuss the role of the eigenvalues of A(t) for fixed t. Consider 
a linear nonautonomous equation of the form 

(6.2.3) :i; = A(t)x in IR.2 • 

We will show that the eigenvalues of the matrices A(t) do not determine 
the stability properties of the equation. Thus the stability behavior of the 
autonomous differential equations with 'frozen' coefficients A(to), to E IR, 

(6.2.4) x = A(to)x 

can be different from the stability behavior of (6.2.3). How can this be the 
case? In order to construct such examples, observe that (6.2.3) can only be 
unstable if there is a time t such that the Euclidean norm of a solution x(t) 
increases, i.e., there is t E IR. such that 

(6.2.5) ! llx(t)ll 2 = 2x(t? x(t) = 2x(t) T A(t)x(t) > 0. 

Thus if all eigenvalues of A(t) are in the open left half-plane C_ and (6.2.5) 
holds, it follows that A(t) is in 

B :={BE gl(2, IR.) I spec(B) cc_ and x T Bx> 0 for some x E IR.2}. 

For w > 0 let 

G(w) := [ 0 -w ] with etG(w) = [ c?swt - sin wt ] 
w 0 smwt coswt ' 

which is a rotation in the plane by the angle wt. Now pick BE Band define 

(6.2.6) A(t) := etG(w) Be-tG(w), t E R 

Note that the eigenvalues of A(t) coincide with the eigenvalues of B and 
hence are in C_ since B E B. In order to determine the behavior of 
the solutions x(t) of the corresponding equation (6.2.3) consider y(t) := 
e-tG(w)x(t), t ER Then the product rule shows that y(t) is a solution of an 
autonomous differential equation given by 

iJ(t) = -G(w)e-tG(w)x(t) + e-tG(w)x(t) 

= -G(w)e-tG(w)x(t) + e-tG(w)etG(w) Be-tG(w)x(t) 

= [B - G(w)]y(t). 
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Since x(t) = etG(w)y(t) is obtained by rotating y(t) by the angle wt, one sees 
that x(t) -t oo for t -t oo if and only if y(t) -t oo for t -t oo. Now the 
stability behavior of y(t) is determined by the eigenvalues of B - G(w). In 
particular, if we can find a matrix B E B and w > 0 such that spec( B -
G(w)) rt CC_, the matrix function (6.2.6) yields a desired counterexample 
where (6.2.3) is unstable, while the eigenvalues of every matrix A(t) are in 
cc_. 

Hinrichsen and Pritchard [68, Example 3.3.7] give the example 

[ -1 -5 ] B = 0 _ 1 and w = 1 

with the unbounded solution for the initial value [1, O]T: 

[ et (cos t + l sin t) ] 
x(t, xo) = t( . t l t) , t ER e sm - 2 cos 

Here B has the double eigenvalue -1 and the vector x = [-1, 1] T satisfies 
x T Bx > 0. Another example is 

[ -10 12 ] B = O -l and w = -6, 

which yields a classical system due to Vinograd [135] with A(t) E gl(2, JR) 
given by 

[ -1- 9cos2(6t)+12sin(6t) cos(6t) 12cos2(6t)+9sin(6t) cos(6t) ] 
12sin2(6t)+9sintcos(6t) -1- 9sin2(6t)-12sin(6t) cos(6t) · 

The eigenvalues of A(t) are -1 and -10. Here B-G(-6) has the eigenvalues 
2 and -13, hence the system is unstable and, in fact, x = A(t)x has the 
exponentially growing solution 

x(t) = [ e2t(cos6t + 2s~n6t) + 2e-13t(2cos6t - s~n6t) ] . 
e2t(2cos6t - sm6t) - 2e-13t(cos6t + 2sm6t) 

The vector x = [1, l]T satisfies x T Bx > 0. Another classical example, due 
to Markus and Yamabe [100], is constructed with 

B = [ ~ l ] and w = -1; 
-1 -1 

here B has the eigenvalues ~ ( -1 ± v'7) and B - G ( -1) has the eigenvalues 
-1 and ~· The following example is due to Nemytskii and Vinograd [23]: 

A(t) = [ 1- 4(cos2t)2 2 + 2sin4t ] 
-2 + 2 sin 4t 1 - 4(sin 2t)2 · 
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Then one computes that the unbounded function 

(6.2.7) x(t) = [ et sin 2t ] 
et cos 2t 

is a solution. The eigenvalues >.1(t) and >.2(t) of the matrix A(t) are equal 
to -1, since 

det[A(t) - >.I] = >.2 - 2>. + 1. 

Note that all examples constructed in this way have periodic coefficients 
with period ~-

Remark 6.2.4. A decomposition into Lyapunov spaces which is similar to 
the autonomous case can be approached as follows: There are f ::; d real 
numbers >.1 > . . . > At and ml, ... , mt E N with I:]=l mj = d, and sub­
spaces Li, ... , Lt of dimension ml, ... , mt (called the multiplicities of the 
Aj) such that 

and for all x f O, 

(6.2.8) 

and 

(6.2.9) 

>.(x) = lim ~logllcp(t,x)ll E {>.1, .. ,,>.t} 
t--+oo t 

Aj = lim ~log llcp(t, x)ll if and only if x E Lj. 
t--+±oo t 

But equation (6.2.1) shows that this property can only hold under additional 
assumptions. 

Lyapunov exponents measure the exponential growth rates of the lengths 
of vectors under the solution map of x = A(t)x. Similarly, one may analyze 
the exponential growth rates of the volumes of parallelepipeds, as discussed 
for the autonomous case in detail in Chapter 5. For full-dimensional par­
allelepipeds, Liouville's formula from Theorem 6.1.5 determines the volume 
growth, as indicated in Remark 6.1.6. This immediately gives the exponen­
tial growth rate of volumes as 

11t limsup- trA(s)ds. 
t--+oo t O 

The trace of a matrix is equal to the sum of the eigenvalues. Hence in the 
autonomous case :i; =Ax, the exponential growth rate of volumes is given 
by the sum of the Lyapunov exponents I:]=l dj Aj where dj = dim L( Aj). In 
the nonautonomous case, this is only an upper bound. 
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Proposition 6.2.5. For a normal basis x1, ... , Xd of Rd as in Proposition 
6.2.3(iii) one has 

(6.2.10) 11t d 
limsup- trA(s)ds::::; L >.(xj)· 

t--+oo t O j=l 

Proof. By Liouville's formula (cf. Remark 6.1.6), the fundamental solution 
with X(O) = [x1(0), ... , xd(O)] satisfies 

eft~ trA(s)ds = detX(t)detX(o)-1. 

In the Laplace expansion (6.1.9) for the determinant every summand is 
the product of component functions of the solutions Xj(t). Now repeated 
application of Lemma 6.2.2 implies the assertion. D 

The following example shows that inequality (6.2.10) may be strict. 

Example 6.2.6. Consider the differential equation for the matrix function 
defined for t > 0 by 

A(t) := [ - sinlogt - coslog0t O ] 
sinlogt + coslogt · 

The solution is given by 

[ x1(t)] = [ exp(-tsinlogt)x1(0)] 
x2(t) exp(tsinlogt)x2(0) · 

The only Lyapunov exponent is>.= 1. Since trA(t) = 0, one obtains for the 
volume growth rate 11t limsup- trA(s)ds = 0. 

t--+oo t O 

Thus in the nonautonomous case the volume growth rate may not be de­
termined by the Lyapunov exponents. Furthermore, in contrast to eigenval­
ues, Lyapunov exponents may change discontinuously under perturbations 
as the following example, due to Vinograd, shows. 

Example 6.2.7. Consider the matrix functions 

A(t) := [ ~ f(t~ ] , Ae(t) := [ ~ f(t) ] 

with c > 0 and for n E No, 

f(t) := {
-1 for (2n)2 :St<(2n+1)2, 

1 for (2n+1)2 ::; t<(2n+2)2. 
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The solutions of x = A(t)x are x1(t) = x1(0),x2(t) = x2(0) +ef~ f(s)ds. One 
computes 

i
(2n+1)2 i(2n+2)2 

f(s)ds = -4n - 1 and f(s)ds = 4n - 3. 
(2n)2 (2n+1)2 

Hence the Lyapunov exponent for c = 0 is >. = 0, while the equation x = 
Ae(t)x has the Lyapunov exponents ..\1 ::::; -! + c and ..\2 2: !· 

6.3. Linear Skew Product Flows 

In spite of the counterexamples collected above, for many time-varying sys­
tems it turns out that the Lyapunov exponents are appropriate generaliza­
tions of eigenvalues, since they capture the key properties of (real parts of) 
eigenvalues and of the associated subspace decomposition of JRd. These sys­
tems are linear skew product flows for which the base is a dynamical system 
that describes the changes in the coefficient matrix. The basic idea is to ex­
ploit certain recurrence properties of the coefficient functions. Examples for 
this type of systems include periodic and almost periodic differential equa­
tions, random differential equations, systems over ergodic or chain recurrent 
bases, linear robust systems, and bilinear control systems. This section in­
troduces periodic linear differential equations, robust (or controlled) linear 
systems, and random linear dynamical systems, without going into technical 
details. These are the main classes of systems for which the linear algebra 
in Chapter 1 will be generalized. This will be worked out by Floquet theory 
in Chapter 7, the Morse spectrum and Selgrade's theorem in Chapter 9, 
and the multiplicative ergodic theorem in Chapter 11. Some other relevant 
classes of linear skew product systems are also mentioned in the present 
section. 

We begin with the following motivation. Recall that a continuous-time 
dynamical system or flow with state space X is a map cl> : JR x X --+ X 
satisfying 

(6.3.1) <l>(O,x) = x and cl>(t + s,x) = <l>(t, <l>(s,x)) 

for all x EX and all s, t E JR. Let A: JR---+ gl(d, JR) be a locally integrable 
function and consider the linear differential equation x = A(t)x. If we add 
the new component 

i = 1, 

we obtain an autonomous differential equation in the augmented state space 
JR x JRd. More formally, denote the solutions of x = A(t)x at time t with 
initial condition x(T) = x0 by 'lf;(t,T,x). Then define a flow cl>= (O,cp) : 
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JR x JR x ]Rd ---+ JR x ]Rd by 

() : JR x JR ---+ JR, Otr := t + r, 

cp: JR x JR x ]Rd ---+Rd, cp(t, r, xo) := 'lf;(t + r, r, xo). 

Then obviously 

<P(O, r, xo) = ( Oor, cp(O, r, xo)) = ( Oor, 'If;( r, r, xo)) = ( r, xo) 

and <P satisfies 

<P(t+s,r,xo) = (Ot+sr,cp(t+s,r,xo)) = (Ot(Osr),cp(t,Osr,cp(s,r,xo))) 

= <P(t, <P(s, r, xo)). 

In fact, the flow property for the 'base component' () is clear and for the 
map 'If; we use the cocycle property of nonautonomous differential equations 
from Proposition 6.1.2(i) showing, as claimed, that 

cp(t + s, r, xo) = 'lf;(t + s + r, r, xo) = 'lf;(t + s + r, s + r, 'lf;(s + r, r, xo) 

= cp(t, Osr, cp(s, r, xo)). 

We emphasize that the solutions of x = A(t)x themselves do not define a 
flow. The additional component () 'keeps track of time'. This construction 
is, however, not useful for the study of stability properties. The component 
() on JR, which describes a time shift, has void w-limit sets and hence no 
recurrence properties of the coefficients can be taken into account. More 
elaborate constructions of the base space are necessary. A classical way is to 
assume that the differential equation is embedded into a family of differential 
equations and then to add topological or measure theoretic assumptions on 
the way the time dependence is generated. We follow this approach and 
define linear skew product flows and their Lyapunov exponents. 

Definition 6.3.1. A linear skew product flow is a dynamical system <P with 
state space X = Bx ]Rd of the form <P = ( (), cp) : JR x Bx ]Rd ---+ Bx ]Rd where 
() : JR x B ---+ B, and cp : JR x B x JRd ---+ JRd is linear in its JRd-component, 
i.e., for each (t, b) E JR x B the map P(t, b) := cp(t, b, ·) : ]Rd ---+]Rd is linear. 
A skew product flow is called measurable if B is a measurable space and 
<P is measurable; it is called continuous, if B is a metric space and <P is 
continuous. 

The construction above is a special case with base space B = JR. By 
the dynamical system properties (6.3.1) of <P the first component(), which is 
independent of the second argument, defines a dynamical system on B. It 
is called the base component or base flow on the base space B. The second 
component cp is called a cocycle over() and satisfies the cocycle property 

cp(O, b, x) = x and cp(t + s, b, x) = cp(t, 08 b, cp(s, b, x)). 
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Note that the cocycle or skew-component cp is not a dynamical system by 
itself. 

We may consider exponential growth rates for the linear part of solutions. 

Definition 6.3.2. Let q> : JR x Bx ]Rd ~Bx ]Rd be a linear skew product 
fl.ow. For 0 'f. x0 E ]Rd and b E B the Lyapunov exponent is defined as 

.X(xo, b) = limsup~ log llcp(t, b, xo)ll, 
t--+oo t 

where log denotes the natural logarithm and II · II is any norm in JRd. 

If .X(xo, b) < 0, the skew-component cp(t, b, xo) converges to 0 E JRd for 
t--+ 00. 

Next we introduce several examples of linear skew product flows. 

Example 6.3.3. Consider a linear differential equation of the form x = 

A0 (t)x where A0 is an element of the space Cb(JR, gl(d, JR)) of all bounded 
uniformly continuous functions on JR with values in gl(d, JR) with norm given 
by 

00 1 
llA(·)ll = L 2k max llA(t)ll ,A(·) E Cb(JR,gl(d,JR)). 

k=l tE(-k,kj 
(6.3.2) 

The topology generated by the associated metric is called the topology of 
uniform convergence on compact subsets of JR. 

Define the time shift or translation 

(}:JR x Cb(JR, gl(d, JR))--+ Cb(JR, gl(d, JR)), [O(t, A(·))] (r) := A(r + t), r E JR, 

and let the base space B be the closure of the set of time shifts of the 
coefficient matrix A0 (-) in Cb(iR,gl(d,iR)), 

B := cl{O(t, A0 (-)) I t E JR}. 

This construction allows one to take into account recurrence properties of 
the matrix function A0 . The set Bis invariant under the map 0. We claim 
that the base space B is a compact metric space. First we show that for 
any sequence (tn) in JR the sequence O(tn,A0 (-)) = A0 (· + tn),n EN in B 
contains a convergent subsequence. Fork EN the restrictions to [-k, k] are 
clearly bounded. By uniform continuity of A0 they are equicontinuous, i.e., 
for c > 0 there is o > 0 such that fort, s E [-k, k] with It - sl <owe have 

llA0(t + tn) - A0(s + tn)ll < c for all n. 

Hence the Arzefa-Ascoli theorem implies that there is a subsequence of 
(tn) such that the corresponding functions A0 (· + tn) converge uniformly 
on [-k, k]. We label this subsequence by (tj)jEN and then set Sk := t~. 
Clearly, the functions A0(· + sk) converge in B. 
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For a general sequence An, n EN in B we approximate An by A0(· + tn) 
for an appropriate tn E JR, then extract a convergent subsequence of An by 
applying again the Arzela-Ascoli theorem and a Cantor diagonal argument 
to the sequence A0 (· + tn). (The reader is asked to write down the details 
in Exercise 6.5.9). 

Similar arguments show that the map 

():JR x B --7 B, ()(t, A(·))(r) = A(r + t), TE JR, 

is continuous: Let tn --7 t and An(·) = A0 (· + sn) --7 A(·) EB with Sn ER 
Then for all k EN, 

max ll()(tn, An)(r) - A(r)ll 
rE(-k,kj 

= max JJA0(r +Sn+ tn) - A(r)JJ 
rE[-k,k] 

~ max JJA0 (r +Sn+ tn) - A(r + tn)JJ + max llA(r + tn) -A(r)ll · 
rE(-k,k] rE[-k,k] 

The second summand converges to 0, uniformly ink, since A(·) is uniformly 
continuous. It follows that d(()(tn, An), A) --7 0 in the metric (6.3.2), since 
also d(A0(+sn), A(·)) --7 0. For general An(·) one again uses approximations 
by elements of the form A0 (· + sn)· Now, continuity of() implies that the 
set B is invariant under the flow (). 

Consider the evaluation map ev (A(·)) : B --7 gl(d, JR), A(·) := A(O), 
which is continuous, and note that ()(t, A) is mapped to A(t). Then one 
verifies that cI> := ((), cp) is a linear skew product flow on X =Bx ]Rd where 
the cocycle cp( t, A(·), x) denotes the solution at time t of 

x(r) = ev (()rA(·)) x(r) = A(r)x(r), TE JR, 

with x(O) = x. Continuity of <p, and hence of cl>, follows from Theorem 6.1.4 
applied with the metric space X := B, and using continuity of(). 

The discussion up to now is motivated by the argument that the anal­
ysis of a single nonautonomous differential equation may be simplified by 
embedding it into a family of differential equations. Here the base space, 
constructed topologically, should be as small as possible. On the other hand, 
the formalism of skew product flows also allows one to analyze quite large 
families of differential equations. The next two examples concern such situ­
ations. The first one uses another topological construction. 

Example 6.3.4. Consider a family of linear differential equations of the 
form 

m 

x = A(u(t))x := Aox + Lui(t)Aix,u EU, 
i=l 
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where Ao, ... , Am E gl(d,JR), U = {u: JR-----+ U, locally integrable} and Uc 
]Rm. This defines a linear skew product flow via the following construction: 
The base component is defined as the shift 0 : JR x U -----+ U, 0( t, u) = u( t + ·), 
and the skew-component consists of the solutions cp(t, u, x), t E JR of the 
differential equation corresponding to the function u. Then cI> : JR x U x 
]Rd-----+ U x JRd, cI>(t, u, x) = (O(t, u), cp(t, u, x)) defines a linear skew product 
flow. The functions u can be interpreted as time-varying perturbations, 
then we speak of a robust linear system. Alternatively, the functions u 
may be interpreted as (time dependent) controls which may be chosen in 
order to achieve a desired system behavior. This example class is the subject 
of Chapter 9. In particular, in Section 9.5 we will show that for compact 
and convex range U the base space U, which is a huge set of functions, 
will become a compact metrizable space, and we will establish continuity 
properties of this flow. 

The next example uses measure theoretical constructions (or stochastic 
processes), instead of topology. 

Example 6.3.5. Let (n, F, P) be a probability space, i.e., a set n with 
CT-algebra F and probability measure P and let 0 : JR x n -----+ n be a 
measurable flow such that the probability measure P is invariant under 0. 
This means that for all t E JR the probability measures OtP on n defined by 
(OtP) (X) := P (Ot1(X)), X E F, coincide with P. Flows of this form are 
often called metric dynamical systems (not to be confused with a system on 
a metric space). A random linear dynamical system is a measurable skew 
product flow cI> = (0, cp) : JR x n x ]Rd -----+ n x ]Rd, where 0 is a metric 
dynamical system on (n, F, P) and each cp : JR x n x ]Rd -----+ ]Rd is linear in 
its JRd-component. This example class will be analyzed in detail in Chapter 
11. 

A further example class is provided by differential equations linearized 
over an invariant set. 

Example 6.3.6. Consider a differential equation 

iJ = f(y), y(O) =Yo E lRd, 

where f : JRd --+ JRd is C 1 and suppose that B c JRd is an invariant set, 
i.e., the solutions O(t, Yo), t E JR, exist for all Yo E B and remain in B, i.e., 
O(t, xo) E B for all t E R Denote the Jacobian of f along a trajectory 
O(t, yo) by f'(O(t, Yo)) and consider the coupled system 

(6.3.3) 

(6.3.4) 

iJ = f(y), y(O) =Yo E lRd, 

x = f'(O(t, Yo))x, x(O) = xo E lRd. 
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Then cp: IR x Bx JRd---+ Bx JRd is a skew product fl.ow, where cp = (0, cp) 
is defined as follows: The base fl.ow is (} and cp(t, Yo, xo) is the solution of 
the linear differential equation (6.3.4). A special case is B = { e} where 
e is an equilibrium of iJ = f(y). Here the linearized system is given by 
the autonomous linear differential equation x = f'(e)x. In this case it 
is of paramount interest to deduce properties of the nonlinear differential 
equation iJ = f(y) near the equilibrium e from properties of the autonomous 
linear differential equation x = f'(e)x, which is completely understood. The 
idea leads to stable and unstable manifolds as well as the Hartman-Grohman 
theorem which gives a (local) topological conjugacy result. 

6.4. The Discrete-Time Case 

The panorama opened up in the previous sections has a complete analogue 
in the discrete-time situation. In this section, some basic facts on nonau­
tonomous linear difference equations and the linear skew product systems 
generated by them are presented. 

Let A : Z ---+ Gl(d, IR) be a matrix function and consider the associated 
nonautonomous linear difference equation 

(6.4.1) Xn+l = A(n)xn, n E Z. 

Basic existence and uniqueness results are given by the following theorem. 

Theorem 6.4.1. Let A: Z---+ Gl(d, IR) be given. 

(i} The solutions of Xn+l = A(n)xn, n E Z, form ad-dimensional vector 
space. 

(ii} The initial value problems Xn+l = A(n)Xn in Gl(d, IR) with X(no) = 
Id have unique solutions X(n, no), n E Z, called principal fundamental solu­
tion. The matrices X(n, no) are invertible for all n, no E Z. 

(iii} For each initial condition Xno = x E JRd, the solution of (6.4.1) is 
unique and given by 

(6.4.2) cp(n, no, x) = X(n, no)x. 

(iv} The solutions satisfy the 2-parameter cocycle property 

cp(n, no, x) = cp(n, m, cp(m, no, x)) for n, m, no E Z. 

Proof. For two solutions Xn, Yn, n E Z, the (pointwise) sum and the multi­
plication by a scalar a E IR satisfy for all n E Z, 

Xn + Yn = A(n)(xn + Yn) and axn = A(n)(axn), 

hence they are again solutions. This shows that the solutions form a vector 
space. By induction one sees that the unique solution of Xn+l = A(n)Xn 
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with X(no) =I is given by 

n-1 

X(n, no)= A(n - 1) ... A(no) = II A(j) for n >no, 
j=no 

no-1 

X(n, no)= A(n)-1 ... A(no - 1)-1 = II A(j)-1 for n <no. 
j=n 
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We also let ITj~~~ A(j) := Id. In particular, the matrices X(n, no) are 
nonsingular, since A(j) E Gl(d,~) for all j. Analogously, for any given 
initial value x at time no the unique solution of (6.4.1) is given by 

n-1 no-1 

<p(n, no, x) = II A(j)x for n ~no, <p(n, no, x) = II A(j)-1x for n <no. 
j=no j=n 

It follows that 
<p(n,no,x) = X(n,no)x,n E Z, 

and the maximal number of linearly independent solutions equals d. The 
cocycle property follows from unique solvability. D 

The next theorem shows that solutions depend continuously on initial 
values and on parameters occurring in the system matrix A(·). 

Theorem 6.4.2. Let r be a metric space and consider a function A : 
Zxr -7 Gl(d,~), such that for every n E Z the function A(n, ·) : r -7 

Gl(d, ~) is continuous. Then for every n E Z the solution <p(n, no, x, -y) of 
Xn+I = A(n,-y)xn,Xno = x, is continuous with respect to (x,-y) E ~d xr. 

Proof. Let (xk, -yk) -7 (x, -y) in ~d x r and consider the corresponding 
solutions <p(n, no, xk, -yk), n E Z. Then one can estimate for k E N and 
n ~no, 

n-1 n-1 

II A(j, 'Yk)xk - II A(j, -y)x 
j=no j=no 

n-1 n-1 

~ II llA(j,-yk)ll llxk -xii+ II llA(j,-yk)-A(j,-y)ll llxll. 
j=no j=no 

The assertion follows fork -7 oo. For n ~no one argues analogously. D 

For nonautonomous linear difference equations Xn+i = A(n)xn the ex­
ponential growth rate, or Lyapunov exponent, of a solution <p( n, no, x) is 
given by 

limsup_!_ log ll<t>(n, no, x)ll. 
n--+oo n 
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By the cocycle property it is sufficient to consider solutions with initial 
time no = 0. If no = 0, we write the solution as cp(n, x) and the principal 
fundamental solution as X(n), and we define 

.X(x) = limsup.!. log Jlcp(n, x)JI = limsup.!. log JIX(n)xJI, 0 =/= x E !Rd. 
n--+oo n n--+oo n 

If A(n) =A is constant, Theorem 1.5.6 shows that the Lyapunov exponents 
are given by log lµi I where µi are the eigenvalues of A, and the theorem 
provides a corresponding decomposition of the state space into the Lyapunov 
spaces. 

For nonautonomous systems, the same arguments as for continuous time 
show that .X(x + y) ~ max{A(x), .X(y)}, the number of different Lyapunov 
exponents is at most d, and the maximal Lyapunov exponent is attained on 
every base of JRd; see Section 6.2. 

Finally, we define linear skew product dynamical systems in discrete 
time in the following way. Recall that a dynamical system in discrete time 
with state space X is given by a map <I> : Z x X---+ X with <J>(O, x) = x and 
<I>(n + m, x) = <J>(n, <J>(m, x)) for all x EX and m, n E Z. 

Definition 6.4.3. A linear skew product dynamical system in discrete time 
is a dynamical system <I> with state space X = B x JRd of the form <I> = ( 8, cp) : 
Z x B x !Rd -----+ B x JRd, where 8 : Z x B -----+ B and cp : Z x B x JRd -----+ !Rd is 
linear in its !Rd-component, i.e., for each (n, b) E Z x B the map qi(n, b) := 
cp( n, b, ·) : JRd -----+ !Rd is linear. A skew product system <I> is called measurable 
if B is a measurable space and <I> is measurable; it is called continuous, if B 
is a metric space and <I> is continuous. 

Hence 8 : Z x B -----+ B is a map with the dynamical system properties 
8(0, ·)=ids and 8(n + m, b) = 8(n, 8(m, b)) for all n, m E Zand b EB. For 
conciseness, we also write 8 := 8(1, ·) for the time-one map and hence 

8nb = 8(n,b) for all n E Zand b EB. 

The map <I> = ( 8, cp) : Z x B x JRd -----+ B x JRd has the form 

<J>(n, b, xo) = (8nb, cp(n, b, x)) 

and the dynamical system property of <I> means for the second component 
that it satisfies the cocycle property 

cp(O, b, x) = x, cp(n + m, b, x) = cp(n, 8mb, cp(m, b, x)) 

for all b E B, x E JRd and n, m E Z. 

Equivalently, consider for a given map 8 on B a map A defined on B 
with values in the group Gl(d, JR) of invertible d x d matrices. Then the 
solutions cp(n, b, x), n E Z of the nonautonomous linear difference equations 

(6.4.3) Xn+I = A(8nb)xn 
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define a linear skew product dynamical system <I> = (0, cp) in discrete time: 
The dynamical system property of the base component 0 on the base space 
B is clear and the solution formula (or direct inspection) shows the cocycle 
property for n, m E No, 

n+m-1 n-1 m-1 

cp(n + m, b, x) = II A(OJb)x = II A(Oj (Omb)) II A(OJb)x 
j=O j=O j=O 

= cp(n, omb, cp(m, b, x)), 

and analogously for all n, m E Z. We say that the map A is the generator 
of <I>. Since the map cp : Z x B x JRd --t JRd is linear in the JRd-argument, 
the maps P(n, b) = cp(n, b, ·) are linear on JRd and the cocycle property can 
be written as 

(6.4.4) 4>(0,b) =Id, P(n+m,b) = 4>(n,Omb)4>(m,b) 

for all b E B and n, m E Z. One also sees that for all b E B, 

(6.4.5) P(n, b) = A(on-1b) · · · A(b) for n E No. 

Conversely, a linear skew product dynamical system in discrete time defines 
a nonautonomous linear difference equation of the form (6.4.3) with A(b) := 

4>(1, b) = cp(l, b, ·), b EB. 

Examples of linear skew product systems in discrete time can be con­
structed similarly to the case of continuous time. In particular, the matrix 
function may be periodic (cf. Section 7 .1) or one has a random system in 
the following sense. 

Example 6.4.4. Let (0, F, P) be a probability space, i.e., a set n with O'­

algebra F and probability measure P and let 0 : Z x n --t n be a measurable 
dynamical system such that the probability measure Pis invariant under 0. 
This means that for all n E Z the probability measures OnP on n defined 
by (OnP) (X) := P{0;1(X)}, X E F, coincide with P. Systems of this 
form are called (discrete-time) metric dynamical systems. A random linear 
dynamical system in discrete time is a measurable skew product dynamical 
system <I>= (0, cp) : JR x n x ]Rd --t n x ]Rd, where 0 is a metric dynamical 
system on (n, F, P) and each cp : Z x n x JRd --t JRd is linear in its JRd_ 
component. This class will be analyzed in detail in Chapter 11. 

6.5. Exercises 

Exercise 6.5.1. Prove Lemma 6.2.2: Let f, g : [O, oo) --+ (0, oo) be locally 
integrable functions and denote,\(!) := limsup t J~ log f(s)ds :::; oo, and 

t--+oo 
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analogously >.(g). Then >.(Jg):::; >.(f)+>.(g), and >.(f +g):::; max(>.(!), >.(g)) 
with>.(!+ g) =max(>.(!), >.(g)) if>.(!) =/= >.(g). 
Hint: For the second assertion consider the product f · (1 + j). 
Exercise 6.5.2. Consider the differential equations :i; = A(t)x and denote 
the solution with initial condition x(to) = xo E JRd by ip(t, to, xo), t E R 
Show that the following set of exponential growth rates is independent of 
to: 

{ limsup! log llip(t, to, xo)ll I 0 =I= xo E !Rd}. 
t--+oo t 

Exercise 6.5.3. Consider the differential equation :i; = A(t)x and iJ = 
B(t)y. For initial values xo and Yo at time 0, denote the corresponding 
solutions by x(t, xo) and y(t, Yo), respectively. Suppose that there is a con­
tinuous matrix function Z(t), t E IR which together with its inverse Z(t)-1 

is bounded on IR, such that 

Z(t)x(t, xo) = y(t, Z(O)xo) for all t E IR and all xo E R 

Show that the Lyapunov exponents for xo and Yo= Z(O)xo of these differ­
ential equations coincide. Formulate and prove the analogous statement for 
linear difference equations. Z(t) is a (time-varying) conjugacy, often called 
a Lyapunov transformation, e.g., Hahn [61, Definition 61.2]. 

Exercise 6.5.4. For :i; = A(t)x show that the Lyapunov exponent of 0 =/= 
xo E JRd is 

>.(xo) = limsup! log llx(t, xo)ll = limsup! ft s(r) T A(r)s(r)dr, 
t--+oo t t--+oo t } o 

where s(t) is the projection to the unit sphere 

x(t, xo) 
s(t) = llx(t, xo)ll 't ER 

Exercise 6.5.5. Prove the following assertion from Section 6.1: Suppose 
that a: IR-+ IR is locally integrable. Then the solution of 

x = a(t)x, x(to) = xo E IR, 

is given by 
x(t) = eftto a(s)ds xo, t E R 

Exercise 6.5.6. The following example shows that for higher dimensional 
systems :i; = A(t)x the formula from Exercise 6.5.5, 

x( t) = eftto A(s)ds x(to)' 

is false. Let 

A(t) := [ ~ ~ ] fort E [O, 1] and A(t) := [ -~ ~ ] fort> 1. 
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Note that the two matrices above do not commute. Compute the solution 
x(2) of x = A(t)x for the initial value x(O) = [1, O]T and compare with 
ef; A(s)ds [1,0]T. 

Exercise 6.5. 7. Let f : [O, oo) -+ JR be a continuous function. If a E JR 
is such that f(t)eat is bounded for t ~ 0, then f(t)ea't with a' < a is also 
bounded fort~ 0. If b E JR is such that f(t)ebt is unbounded fort~ 0, then 
f(t)eb't with b' > b is also unbounded for t ~ 0. Thus one finds a unique 
number separating the set A of all real numbers a with f(t)eat bounded 
and the set B of all numbers b with f(t)ebt unbounded. Let -A be this 
number and call A the type number of f. If one of the sets A or B is 
void, the type number is defined as oo and -oo, respectively. Show the 
following assertions: (i) The type number is A= limsupt-+oo flog lf(t)j. (ii) 
If A1 ~ A2 ~ ... ~ An are the type numbers of the functions fi, i = 1, ... , n, 
and A,>.' those of Ji + ... + fn and Ji· ... · fn respectively, then A~ A1, >.' ~ 
A1 + A2 + ... + An. In addition, A = A1 if A1 > A2, and A ~ A1 if A1 = A2. 
(iii) If A1 > A2 > ... > An > -oo are the type numbers of the functions 
fi,i = 1, ... ,n, then these functions are linearly independent on [O,oo). 

The last assertion yields another proof that a linear differential equation 
x = A(t)x in JRd has at most d different Lyapunov exponents (Proposition 
6.2.3). 

Exercise 6.5.8. Consider the following example: 

A(t) = [ -1- 2cos4t 2 + 2sin4t] 
-2 + 2sin4t -1+2sin4t · 

Show that the eigenvalues of A(t) for each t E JR are in the left half-plane and 
that the solution for the initial value x1(0) = O,x2(0) = 1 is the unbounded 
function 

x(t) = [ et sin 2t ] . 
et cos2t 

Exercise 6.5.9. Consider the linear skew product system in Example 6.3.3 
and write down the details for the arguments. 

6.6. Orientation, Notes and References 

Orientation. This chapter has set the stage for the rest of this book: As 
seen in Section 6.2, the stability theory for nonautonomous linear differ­
ential or difference equations is significantly more complicated than in the 
autonomous case, since the analysis of eigenvalues of the right-hand sides for 
fixed time does not determine the exponential growth rates of solutions. In­
stead of following up the theory for single nonautonomous linear differential 
or difference equations, we take this as a motivation to analyze instead fam­
ilies of such equations forming linear skew product flows where, in addition 
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to the linear equation, a fl.ow in the base space is present which determines 
the behavior of the linear part. Sections 6.3 and 6.4 for continuous time 
and discrete time, respectively, have sketched several ways on how to con­
struct linear skew product flows and have given first insight into the scope 
of systems that may be considered as linear skew product flows. The rest of 
this book will develop the corresponding theory for three classes of systems: 
periodic systems, topological systems, and measurable systems. Here the 
Lyapunov exponents, corresponding decompositions into Lyapunov spaces, 
and the stability properties will be analyzed. The periodic case presented in 
Chapter 7 is relatively simple since periodic equations can be transformed 
into autonomous equations and hence their properties can be inferred. Our 
main reason to include this chapter is that it provides intuition for the 
topological theory of linear skew product systems in Chapter 9 and the 
measurable theory in Chapter 11. These chapters, however, will need com­
pletely different techniques which will be prepared for the topological case 
in Chapter 8 and for the measurable theory in Chapter 10. 

Notes and references. Basic references for Lyapunov exponents are Ce­
sari [24], Hahn [61], Bylov et al. [23]. Here conditions are formulated which 
lead to nonautonomous differential equations with nicer properties; in par­
ticular, regular equations [61, § 64] have properties related to the discussion 
in Proposition 6.2.5. 

The introductory discussion of linear skew product flows is based on 
Arnold [6], Bronstein and Kopanskii [21], Colonius and Kliemann [29], 
Cong [32], and Robinson [117]. A theory of Lyapunov exponents for nonau­
tonomous differential equations is also given in Barreira and Pesin [15, 
Chapter 1] with the aim to analyze nonlinear differential equations based on 
linearization; cf. Example 6.3.6. Kloeden and Rasmussen [81] present an 
approach to nonautonomous systems based on pullback constructions. The 
construction in Example 6.3.3, in particular, for the special case of almost 
periodic coefficient functions, has been a starting point for the theory of 
linear skew product flows, classical references are Sacker and Sell [119] and 
Miller [106]. An early reference for dynamical systems obtained by time 
shifts is Bebutov [18]. 

Caratheodory solutions of the differential equation (6.1.1) are by defini­
tion integrals of Lebesgue integrable functions. As indicated, such functions, 
called absolutely continuous, are differentiable for almost all t and satisfy 
the differential equation for these t. It is worth mentioning that a continu­
ous function, which satisfies the differential equation for almost all t, is not 
necessarily absolutely continuous and hence is not a Caratheodory solution. 

In Section 6.2 we follow Josic and Rosenbaum [73] in the construction of 
unstable nonautonomous differential equations with eigenvalues in the left 
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half-plane for every t. They even show that for every matrix BE B there is 
w > 0 such that the matrix B - G ( w) is unstable and hence the differential 
equation x = A(t) with matrix A(t) defined by (6.2.6) is unstable. This 
paper also contains further construction ideas. 

Linear skew product flows obtained by linearization, as in Example 6.3.6, 
are of tremendous relevance in theory and applications. We do not treat 
them here for two reasons: There are many excellent presentations in the 
literature (examples are Amann [4], Robinson [117] and Barreira and Pesin 
[15]). Furthermore, the interesting questions in linearization theory concern 
the behavior of the nonlinear part iJ = f(y) outside of the base component. 
This is obvious for the case of an equilibrium e, where B = { e }, but also 
holds for more complicated invariant sets; cf. also Wiggins [139]. For these 
analyses additional concepts and techniques are relevant that go beyond the 
scope of this book. 

The type number introduced in Exercise 6.5. 7 is Lyapunov's original def­
inition in [97] (with the opposite sign). We learned the example in Exercise 
6.5.8 from Ludwig Arnold. 





Periodic Linear 
Differential and 
Difference Equations 

Chapter 7 

We have seen in the preceding chapter that the general theory of time­
varying (or nonautonomous) linear differential equations x = A(t)x and 
difference equations Xn+i = A(n)xn presents great difficulties, since many 
properties of the autonomous equations are not valid. Hence we restrict our 
further analysis to certain classes of matrix functions A(·). Historically the 
first complete theory for a class of time-varying linear systems was initi­
ated by Floquet [50] in 1883 for linear differential equations with periodic 
coefficients. The basic idea of Floquet theory is to transform a periodic 
equation into an autonomous equation, without changing the Lyapunov ex­
ponents (called here Floquet exponents). This works for linear difference 
and differential equations. 

The counterexamples in Section 6.2 have shown that the eigenvalues of 
A(t) do not give the desired information on stability. Instead we will con­
struct a theory for Lyapunov exponents and associated (time-varying) de­
compositions of the state space. In Section 7.1 a Floquet theory for periodic 
linear difference equations is developed. Analogously, Section 7.2 presents 
the main results of Floquet theory for periodic linear differential equations. 
Here the role of Lyapunov exponents and Lyapunov spaces are emphasized 
which have been introduced in Chapter 1 for the autonomous case. Section 
7.3 discusses in detail a prominent example, the Mathieu equation includ­
ing a stability diagram which indicates for which parameter values stability 
holds. 

-127 
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7 .1. Floquet Theory for Linear Difference Equations 

We begin the discussion of periodic linear skew product systems by consid­
ering a linear difference equation with periodic coefficients. This is the first 
class of linear skew product systems for which we will describe the Lyapunov 
exponents and the corresponding Lyapunov spaces. 

Definition 7 .1.1. A periodic linear difference equation 

(7.1.1) Xn+l = A(n)xn, n E Z, 

is given by a matrix function A : Z --t Gl(d, ~) satisfying the periodicity 
condition A(n + p) = A(n), n E Z, for some period p EN. 

An immediate observation is that equation (7.1.1) may be reduced to an 
autonomous equation by taking p steps at once. Thus define for a solution 
Xn,n E Z, a new sequence Yk := Xkp,k E Z. Then periodicity of A(·) shows 
that 

Xkp+l = A(kp)Xkp = A(O)Xkp = A(O)yk, 

Xkp+2 = A(kp + l)xkp+l = A(l)A(O)xkp = A(l)A(O)yk, 

p p 

Xkp+p =II A(p- j)Xkp =II A(p - j)yk. 
j=l j=l 

Hence Yk is a solution of the autonomous linear difference equation in ~d 
given by 

p 

(7.1.2) Yk+l = X(p)yk with X(p) :=II A(p- j). 
j=l 

Conversely, a solution Yk of this equation determines a solution of Xn+i = 
A(n)xn via the equations above. The results on exponential growth rates 
and eigenvalues from Section 1.5 immediately apply to equation (7.1.2). This 
motivates the following definition. 

Definition 7.1.2. For the p-periodic equation (7.1.1) the eigenvalues O'-j E <C 
of X (p) are called the Floquet multipliers, and the Floquet exponents are 
defined by 

1 
Aj := - log lail. 

p 

The following analysis of an associated skew product system will reveal 
more insight into the relation of the Floquet exponents and the behavior 
of equation (7.1.1). We will need the following lemma concerning roots of 
invertible matrices. Its proof is motivated by the standard definition of 
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powers ab := eb·loga for 0 ¥= a, b E C (here log denotes the principal value 
of the complex logarithm.) The scalar example ( -1) ~ shows that for real a 
one has to distinguish between roots with complex and real entries. 

Lemma 7.1.3. Let SE Gl(d, C) be an invertible matrix and n EN. Then 
there exists R E Gl(d, C) such that Rn = S. If S E Gl(d, R), then there 
is Q E Gl(d,R) with Qn = 8 2 . The eigenvalues ( of S are given by ( = 

µn, µ E spec(R), in particular, lµI = 1(1 1/n, and the algebraic multiplicity 
of an eigenvalue ( of S equals the sum of the algebraic multiplicities of 
the eigenvalues µ of R with µn = (. Analogous assertions hold for the 
eigenvalues of 8 2 and Q. 

Proof. One may suppose that S is given in Jordan normal form. Then it 
suffices to consider the Jordan blocks separately. So we may suppose that 
for an eigenvalueµ EC (µ ¥= 0 since Sis invertible) 

S = µI+ N = µ (I+ ~ N) , 

where N is the associated nilpotent matrix with Nm = 0 for some m (given 
by the size of the block). 

( l)i+l . 
Recall the series expansion log(l + z) = 2:~1 - j z3, lzl < 1, and 

observe that [e~Iog(I+z)r = 1 + z. We claim that S =Rn with 

(7.1.3) { 
1 [ m ( l)i+l ( 1 )j] } R := exp ;;: (logµ) I + ~ - j µ N . 

( l)i+l . 
In fact, the matrices (logµ)/ and L:j:1 -jµ3 NJ commute and one finds 

[ 
m ( 1)H1 ( 1 ) il ( 1 ) Rn=exp(logµ)·exp ~ - j µN =µ l+µN =8. 

The proof is analogous to the arguments showing that the series expansions 
of the exponential function and the logarithm are inverse to each other 
(based on the Cauchy product of power series, here, however, only m sum­
mands occur in (7.1.3)). 

Now suppose that SE Gl(d, R). There is a matrix RE Gl(d, C) given 
by (7.1.3) with Rn= S. Then the matrix R with complex conjugate entries 
commutes with R, since this is true for all summands in R and R. In 
particular, one finds 

(RR)= (RR)= RR, 
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showing that Q :=RR E Gl(d,JR). Since S has real entries it follows that 
R,n = S implying 

Qn = (RRt =Rn Rn= s2. 
The eigenvalues of Sare of the form ( = µn, whereµ are the eigenvalues of 
R, with the indicated algebraic multiplicities, since this holds within each 
Jordan block of S; note that each Jordan block subspace is invariant for R 
by construction. Similarly, one argues for the eigenvalues of 8 2 and Q. D 

The fact that the moduli of the eigenvalues of R are determined by S is 
remarkable, since the matrix R itself with Rn = S is not unique: For any 
n-th root (EC of unity one obtains that also (R ·Or= Rn(n =Rn= S. 

Recall that the principal fundamental solution X(n), n E Z, is defined 
as the unique solution of the matrix difference equation 

X(n + 1) = A(n)X(n) with initial value X(O) =Id, 

and the solutions of Xn+i = A(n)xn, xo = x, are given by Xn = X(n)x. The 
following lemma shows consequences of the periodicity assumption for A(n) 
for the principal fundamental solution. 

Lemma 7.1.4. The principal fundamental solution X ( n) of Xn+l = A( n )xn 
with p-periodic A(·) satisfies for all n, m E Z, 

n 

X(n) =II A(n - j) and X(n +mp)= X(n)X(mp) = X(n)X(p)m. 
j=l 

Proof. The first assertion is immediate from the definitions. Then the 
second assertion follows for n, m 2:-: 0 from p-periodicity by 

X(n+mp) 

= A(n +mp - 1) ... A(mp) ... A(2p - 1) ... A(p)A(p- 1) ... A(l)A(O) 

= A(n - 1) ... A(O) ... A(p - 1) ... A(O)A(p - 1) ... A(l)A(O) 

= X(n)X(p)m. 

Analogously one argues for n < 0 and for m < 0. D 

We use Lemma 7.1.3 to analyze the Floquet exponents. 

Proposition 7.1.5. There is a matrix Q E gl(d, JR) such that the principal 
fundamental solution X ( ·) satisfies 

X(2p) = X(p)2 = Q2P. 

The Floquet multipliers O'.j E C, the Floquet exponents >..3 E JR, and the 
eigenvalues µ3 E C of Q are related by 

1 
la3I = lµ3IP and >..3 = -log la3I =log lµil. p 
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Proof. By Lemma 7.1.3 a real matrix Q with X(2p) = Q2P exists. The 
2p-th powers of the eigenvalues of Q are the eigenvalues of X(2p) = X(p)2 , 

which are the squares of the eigenvalues O".j of X(p), implying !ail = lµilP. 
Note that the algebraic multiplicities of the respective eigenvalues coincide 
as well. D 

Next we define a linear skew product system associated to (7.1.1). De­
note by ,,P(n, no, x), n E Z, the solution with initial condition Xno = x. 

Definition 7.1.6. Consider Zp := {O, 1, ... ,p - 1} and define the shift 

0: Z x Zp-+ Zp,O(n,v) = n+ v modp for n E Z,v E Zp. 

Furthermore, let cp(n, v, x) := ,,P(n + v, v, x), n E Z, v E Zp, x E Rd. Then a 
continuous linear skew product system is defined by 

4> = (0, cp) : Z x Zp x Rd--+ Zp x Rd, 4>(n, v, x) := (O(n, v), cp(n, v, x)). 

In fact, the dynamical system property is clear for the base component 
0 and the p-periodicity of AO implies that 

,,P(n + kp, v + kp, x) = ,,P(n, v, x) for all n, v, k E Z. 

Hence one may always suppose that the second argument of 7/J (the initial 
time) is in Zp. Then the cocycle property of the skew component cp follows 
from the 2-parameter cocycle property of 7/J (cf. Theorem 6.4.l(iv)), 

cp(n + m, v, x) = 7/J(n + m + v, v, x) = 7/J(n + m + v, m + v, ,,P(m + v, v, x)) 

= ,,P(n + O(m, v), O(m, v), 7/J(m + v, v, x)) 

= cp(n, O(m, v), cp(m, v, x)). 

The Lyapunov exponents or exponential growth rates of 4> are by definition 

>.(x, v) := limsup.!. log llcp(n, v, x)ll for (x, v) E Rd x Zp. 
n--+oo n 

The following theorem for periodic linear difference equations is a general­
ization of Theorem 1.5.6. It yields decompositions of the state space Rd into 
Lyapunov spaces corresponding to the Lyapunov exponents which coincide 
with the Floquet exponents. In contrast to the autonomous case, the Lya­
punov spaces depend on the points in the base space Zp. Thus they change 
periodically over time. 

Theorem 7.1. 7. Let 4> = (0, cp) : Z x Zp x Rd --+ Zp x Rd be the linear 
skew product system associated by Definition 7.1.6 to the p-periodic linear 
difference equation (7.1.1). The Lyapunov exponents coincide with the Flo­
quet exponents Aj, j = 1, ... , f ~ d and exist as limits. For each v E Zp 
there exists a decomposition 

Rd= L(>.i, v) EB ••. EB L(>.e, v) 
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into linear subspaces L()..j, v), called the Floquet or Lyapunov spaces, with 
the following properties: 

{i) the Lyapunov spaces have dimensions independent of v, 

dj := dimL(>-.j, v) is constant for v E Zp; 

{ii) they are invariant under multiplication by the principal fundamental 
matrix in the following sense: 

X(n + v, v)L(>-.j, v) = L()..j, O(n, v)) for all n E Z and v E Zp; 

{iii) for every v E Zp the Lyapunov exponents satisfy 

>-.(x,v) = lim !1ogllcp(n,v,x)ll = Aj if and only ifO # x E L(>-.j,v). 
n--+±oo n 

Proof. First we show that the Floquet exponents coincide with the Lya­
punov exponents. Recall that X(2p) = Q2P. For the autonomous linear 
difference equation Yn+l = Qyn Theorem 1.5.6 yields a decomposition of 
~d into subspaces Lj which are characterized by the property that the Lya­
punov exponents for n ~ ±oo are given by Aj =log lµil where the µj are 
the eigenvalues of Q. 

Now the proof is based on the fact that the matrix function Z ( n) : = 
X(n)Q-n,n E Z, maps the solution Qnxo of Yn+l = Qyn,YO = xo E ~d, to 
the corresponding solution at time n of (7.1.1). This holds since 

(7.1.4) 

Observe that Z(O) =Id and Z(n) is 2p-periodic, since 

Z(n+2p) = X(n+2p)Q-(n+ 2P) = X(n)X(2p)Q- 2PQ-n = X(n)Q-n = Z(n). 

By periodicity, Z(·) and z(-)-1 are bounded on Z. Hence the exponential 
growth rates remain constant under multiplication by Z(n); see Exercise 
6.5.3. 

Using also Proposition 7.1.5 we get a corresponding decomposition of 
~d into subspaces, which is characterized by the property that a solution 
starting at time no = 0 in the corresponding subspace L()..j, 0) := Lj has 
exponential growth rates for n ~ ±oo equal to a given Floquet exponent 
Aj. Then for every v E Z the subspaces 

L(>.j, v) := X(v)L(>.j, 0), 

also yield a decomposition of ~d. A solution of (7.1.1) starting at time 
no = v in the subspace L(>.j, v) has exponential growth rate for n ~ ±oo 
equal to Aj. 
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In order to show the invariance property (ii) of the Lyapunov spaces we 
first note that by the 2-parameter cocycle property 

X(n + v, v)L(>.j, v) = X(n + v, v)X(v, O)L(>.j, 0) = X(n + v, O)L(>.j, 0) 

= L(>.j, n + v). 

It remains to show that these subspaces change with period p; i.e., L(>.j, v+ 
p) = L(>.j, v) for all v E Z. For the proof consider solutions Xn, n E Z, and 
Zn, n E Z, of (7.1.1) corresponding to the initial conditions x11 = x at time 
no= v and z11+p = x at time no= v+p, respectively. Then by Lemma 7.1.4 

x = X11 = X(v)xo and x = z11+p = X(v + p)zo = X(v)X(p)zo. 

Again by Lemma 7 .1.4 this implies for all n, 

Zn+11+p = X(n + v + p)zo = X(n + v)X(p)zo = X(n + v)X(v)-1x 

= X(n + v)xo = Xn+11· 

Hence the solution Zn, n E Z, coincides with the time-p shift of the solution 
Xn, n E Z. This shows that the exponential growth rates for time tending 
to ±oo coincide; i.e., x E L(>.j, v + p) if and only if x E L(>.j, v). D 

Theorem 7.1.7 shows that for p-periodic matrix functions A : Z ----+ 
Gl(d,JR) the Floquet exponents and Floquet spaces replace the logarithms of 
the moduli of the eigenvalues and the Lyapunov spaces for constant matrices 
A E Gl(d,JR); cf. Theorem 1.5.6. The number of Lyapunov exponents and 
the dimensions of the Lyapunov spaces are independent of v E Zp, while 
the Lyapunov spaces themselves depend on the time parameter v of the 
periodic matrix function A(·), and they form p-periodic orbits in the space 
of dj-dimensional subspaces, the Grassmannians Gd;. 

Remark 7.1.8. Transformations Z(n) which together with Z(n)-1 are 
bounded on Z, are called Lyapunov transformations. A consequence of 
equation (7.1.4) is that the solutions at time n of the periodic linear differ­
ence equation are obtained by a Lyapunov transformation from the solutions 
of the autonomous difference equation Yn+l = QYn· This is a main assertion 
of Floquet theory. Theorem 7.1.7 gives more detailed information, since it 
describes the behavior of all Lyapunov spaces over the base space Zp en­
dowed with the shift 0. It is remarkable that the Lyapunov spaces have the 
same period pas the matrix function A(·), while the transformation Z(·) is 
2p-periodic. 

Remark 7.1.9. Using sums of Lyapunov spaces, one can also construct flags 
of subspaces describing the Lyapunov exponents for every initial value. This 
follows from Theorem 1.5.8 and provides a generalization of this theorem. 
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The next corollary is a generalization of Theorem 4.2.1. It provides a 
topological characterization of the Lyapunov spaces constructed in Theorem 
7 .1. 7 as chain components of an associated dynamical system. For this 
purpose we have to modify the construction of the skew product system: As 
base space we take Z2p = {O, 1, ... , 2p-1}. This is due to the fact that the 
Lyapunov transformation Z(n), n E Z, is 2p-periodic. 

Define a linear skew product fl.ow (for notational simplicity we use the 
same notation as in Definition 7.1.6), by 

(): Z x Z2p--+ Z2p, ()(n, 11) = n + 11 mod2p for n E Z, 11 E Z2p 

and 

<I>= (e,cp): Z x Z 2p x IR.d-----+ Z2p x IR.d,<I>(n,11,x) := (e(n,11),cp(n,11,x)). 

Since the cocycle cp maps one-dimensional subspaces onto one-dimensional 
subspaces, the following projection of <I> is well defined: 
(7.1.5) 

P<I>(n,11,Px) := (e(n,11),Pcp(n,11,x)) for n E Z,11 E Z2p,O f:. x E IR.d. 

This is a continuous dynamical system on the compact metric space Z2p x 
pd-l. We use the linear maps 4.>( n, 11) = cp( n + 11, 11, ·), n E Z, 11 E Z2p· Thus 
4.>(n, 11) maps the fiber {11} xJR.d onto the fiber { ()(n, 11)} xJR.d; it is represented 
by the principal fundamental matrix X(n + 11, 11); cf. Theorem 6.4.1. The 
Lyapunov spaces { 11} x L( Aj, 11) are contained in the fibers { 11} x JR.d, which 
in the following corollary are identified with JR.d. 

Corollary 7 .1.10. Let P<I> be the projection onto Z2p x pd- l given by ( 7 .1. 5) 
of the dynamical system <I> = ((), cp) corresponding to a p-periodic linear 
difference equation (7.1.1). Then the following assertions hold. 

(i} P<I> has f chain components Mi, ... , M2, where f is the number of 
Lyapunov exponents Aj. 

(ii} For each Lyapunov exponent Aj one has (with an appropriate num­
bering) that 

Mj = {(11, Px) I 0 f:. x E L(>.j, 11) and 11 E Z2p}· 

(iii) For the chain components Mj, the sets 

Vj(11) := {x E IR.di x = 0 or (11,Px) E Mj}, 11 E Z2p, 

coincide with the Lyapunov spaces L(>.j, 11) and hence yield decompositions 
of JR.d into linear subspaces 

IR.d = V1(11) E9 ... E9 V2(11), 11 E Z2p· 

(iv) The Lyapunov spaces L( Aj, 11) are invariant under the flow <I>, i.e., 
4.>(n,11)L(>.j,11) = L(>.j,()(n,11)) for j = 1, ... ,£, and their dimensions are 
constant. 
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Proof. For the autonomous linear equation Yn+l = Qyn we have a decom­
position of ~d into the Lyapunov spaces L(>.j, 0) which by Theorem 4.2.1 
correspond to the chain components. By (7.1.4) the 2p-periodic matrix func­
tion Z(n), n E Z, maps the solution of Yn+l = Qyn, y(O) = xo E ~d, to the 
solution of Xn+i = A(n)xn, x(O) = xo. These difference equations induce 
dynamical systems on Z2p x pd-l which are topologically conjugate: The 
map Z is well defined as a map from Z2p to Gl(d, ~)since Z(n), n E Z, is 2p­
periodic. The conjugating map on Z2px1Pd-l is given by (v, y) t-+ (v, IPZ(v)y) 
where IPZ(v) is the map on pd-l induced by the linear map Z(v). Then it 
follows from Theorem 3.3.7 that the chain components are mapped onto 
each other. 

For the autonomous equation, the chain components in Z2p x pd-l are 
given by the product of Z2p with the chain components of Yn+l = Qyn in 
pd-l. In fact, take a point q in a chain component M in pd-l and consider 
(0, q) E Z2p x pd-l. The w-limit set w(O, q) is contained in a chain compo­
nent and its 0-component coincides with Z2p· Hence the chain component 
coincides with Z2p x Mand there are no other chain components. D 

Remark 7.1.11. An alternative proof for determining the chain compo­
nents of the autonomous equation considered in Z2p x pd-l can be based on 
Exercise 3.4.8. The component in pd-l is independent of the component in 
Z2p which is periodic. Hence the chain components in Z 2p x pd-l are given 
by the product of Z2p with the chain components in pd-l. For the periodic 
equation, the chain components do not have this product structure. 

Stability 

As an application of these results, consider the problem of stability of the 
zero solution of Xn+I = A(n)xn with period p EN. The following definition 
generalizes Definition 1.5.10. 

Definition 7.1.12. The stable, center, and unstable subspaces associated 
with the periodic matrix function A : Z--+ Gl(d, ~) are defined for v E Zp 
by 

The collection { L - ( v) I v E Zp} is called the stable sub bundle; analo­
gously the center and unstable subbundles are defined. With these prepa­
rations we can state a result regarding stability of periodic linear difference 
equations. 
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Theorem 7.1.13. The zero solution of the periodic linear difference equa­
tion Xn+I = A( n )xn is asymptotically stable if and only if all Floquet expo­
nents are negative if and only if the stable subspace satisfies L - ( 11) = JRd for 
some (and hence for all) 11 E Zp. 

Proof. This follows from Theorem 7.1.7 and the construction of the Lya­
punov spaces. D 

7 .2. Floquet Theory for Linear Differential Equations 

This section presents general results on linear differential equations with 
periodic coefficients. Again, our development here is from the point of view 
of linear skew product flows, and we will determine the Lyapunov exponents 
and the corresponding Lyapunov spaces. 

Definition 7.2.1. A periodic linear differential equation 

(7.2.1) x = A(t)x 

is given by a matrix function A : JR --+ gl(d, JR) that is locally integrable 
and periodic with period T > 0, i.e., A(t + T) = A(t) for almost all t ER 

Recall from Theorem 6.1.1 that the principal fundamental solution X(t) 
= X(t, 0), t E JR, is the unique solution of the matrix differential equation 

X(t) = A(t)X(t) with initial value X(O) =I. 

Furthermore, the solutions of x = A(t)x, x(to) = xo, are given by x(t) = 
X(t)X(to)- 1xo. The following lemma shows consequences of the periodicity 
assumption for A(t) for the fundamental solution. 

Lemma 7.2.2. The principal fundamental solution X(t) of x = A(t)x with 
T-periodic A(·) satisfies 

X(kT + t) = X(t)X(T)k for all t E JR and all k E Z. 

Proof. The assertion is clear for k = 0. Suppose it holds for k - 1 2: 0. 
Then 

(7.2.2) X(kT) = X((k - l)T + T) = X(T)X(T)k-l = X(T)k. 

Define 

Y(t) := X(t + kT)X(kT)-1, t ER 

Then Y(O) =I and differentiation yields using periodicity of A(·), 

! Y(t) = X(kT + t)X(kT)-1 = A(kT + t)X(kT + t)X(kT)-1 = A(t)Y(t). 
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Since the solution of this initial value problem is unique, Y(t) = X(t) and 
hence by (7.2.2), 

X(t + kT) = X(t)X(kT) = X(t)X(T)k fort ER 

Similarly, one shows the assertion for k < 0. D 

Consider a solution x(t) = X(t)xo of (7.2.1) and define Yk := x(kT), k E 

Z. This is a solution of an autonomous linear difference equation of the form 

(7.2.3) Yk+l = X(T)yk, k E Z. 

The results from Section 1.5 on the relation between exponential growth 
rates and eigenvalues of X (T) immediately apply to this equation. This 
motivates the following definition. 

Definition 7.2.3. For the T-periodic differential equation (7.2.1), the eigen­
values O.j E C of X (T) are called the Floquet multipliers, and the Floquet 
exponents are defined by 

The matrix X (T) is also called the monodromy matrix. We will need the 
following lemma which is derived using the Jordan canonical form and the 
scalar logarithm. The difference between the real and the complex situation 
becomes already evident by looking at -1 = ei?r. 

Lemma 7.2.4. For every invertible matrix 8 E Gl(d, C) there is a matrix 
R E gl ( d, C) such that 8 = eR. For every invertible matrix 8 E Gl ( d, IR) 
there is a real matrix Q E gl(d, IR) such that 8 2 = eQ. The eigenvalues 
( E spec(8) are given by ( = eµ, µ E spec(R), in particular, lµI = log 1(1, 
and the algebraic multiplicity of an eigenvalue ( of 8 equals the sum of the 
algebraic multiplicities of the eigenvalues µ of R with ( = eµ. Analogous 
assertions hold for the eigenvalues of 8 2 and Q. 

Proof. For the first statement observe that it suffices to consider a Jordan 
block, and write 8 = (I+ N = ( (I+~ N) with nilpotent N, i.e., Nm = 0 for 

~-some m EN. Recall the series expansion log(l+z) = E~1 - j z3 , lzl < 1, 
and define 

(7.2.4) 
m ( l)Hl 

R :=(log()/+ L - '(i Ni. 
j=l J 

Both summands commute and one finds 

eR = exp(log() ·exp (t. (-:c' GN r) =((I+ ~N) = s. 
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The proof is analogous to the arguments showing that the series expansions 
of the exponential function and the logarithm are inverse to each other 
(based on the Cauchy product of power series, here, however, only m sum­
mands occur in (7.2.4)). 

For the second assertion observe that the matrices R and R commute, 
since their summands commute. Then, with Q := R + R E gl(d, JR) and 
S = eR = eR, one finds 8 2 = eReR = eR+R = eQ. The proof above also 
shows that the eigenvalues of R and Q, respectively, are mapped onto the 
eigenvalues of eR and eQ, respectively, and that the assertions about the 
algebraic multiplicities hold (by considering all Jordan blocks). D 

Remark 7.2.5. Another way to construct Q is to write a complex eigenvalue 
asµ= rei<fJ, r > 0, cp E (0, 27r). Then observe that the logarithm of 

[ Reµ Imµ ] = r [ c?s cp - sin cp ] is (log r) [ 01 o1 ] + [ 1~ - 0cp ] 
-Imµ Reµ smcp coscp "' 

and discuss the Jordan blocks as above. 

Remark 7.2.6. The real parts >..; of the eigenvalues of R and Q, respec­
tively, are uniquely determined by S, since la;I = e>.; for the eigenvalues 
a; of S. The imaginary parts are unique up to addition of 2km, k E .Z. 
In particular, several eigenvalues of Rand Q may be mapped to the same 
eigenvalue of eR and eQ, respectively. 

Next we determine the relation between the Floquet exponents and the 
eigenvalues of Q. 

Proposition 7.2. 7. There is a matrix Q E gl(d, JR) such that the funda­
mental solution XO satisfies X (2T) = e2TQ. The Floquet multipliers, i.e., 
the eigenvalues a; E C of X (T), the Floquet exponents >..; E JR, and the 
eigenvalues µ; E C of Q are related by 

. 1 la;I = eTReµ, and>..;= Reµ;= T log la;I. 

Proof. By Lemma 7.2.4 a real matrix Q with X(2T) = X(T) 2 = e2TQ 
exists. The exponential function maps the eigenvalues of 2TQ to the eigen­
values of X(2T) = X(T) 2, which are the squares of the eigenvalues a; of 
X (T) and the imaginary parts of the eigenvalues of 2TQ do not contribute 
to the moduli of the a;. D 

We turn to define an associated linear skew product fl.ow associated 
with (7.2.1). Denote by 'l/J(t, t0 , x), t E JR, the solution with initial condition 
x(to) = x. Parametrize the unit sphere § 1 by t E [O, T), i.e., identify it with 
JR/(T.Z). 
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Definition 7 .2.8. Consider the unit sphere § 1 parametrized by t E [O, T) 
and define the shift 

() : JR x § 1 --+ § 1 ' ()( t, T) = t + T mod T for t E JR, T E § 1. 

Furthermore, let cp(t, T, x) := 'ljJ(t + T, T, x), t E JR, T E § 1 , x E JRd. Then a 
continuous linear skew product flow is defined by 

cI> = (e, cp) : JR x § 1 x Rd ---+ § 1 x Rd, cI>(t, T, x) := (e(t, T), cp(t, T, x)). 

In fact, the dynamical system property is clear for the base component 
()on B = § 1 and the T-periodicity of A(·) implies that 

'ljJ(t + kT, T + kT, x) = 'ljJ(t, T, x) for all t, TE JR, k E z. 
Hence one may always suppose that the second argument of 'ljJ (the initial 
time) is in § 1. Then the cocycle property of the skew component cp follows 
from the cocycle property of 'ljJ, 

cp(t + s, T, x) = 'ljJ(t + s + T, T, x) = 'ljJ(t + s + T, s + T, 'ljJ(s + T, T, x)) 

= 'ljJ(t + (}(s, T), (}(s, T), 1/J(s + T, T, x)) 

= cp(t, (}(s, T), cp(s, T, x)). 

The Lyapunov exponents or exponential growth rates of cI> are by definition 

.X(x,T) = limsup!logllcp(t,T,x)ll for (x,T) E Rd x § 1. 
t--+oo t 

The following theorem for periodic linear differential equations is a gen­
eralization of Theorem 1.4.3. It yields a decomposition into Lyapunov spaces 
corresponding to the Lyapunov exponents. In contrast to the autonomous 
case, the Lyapunov spaces depend on the points in the base space JR modulo 
T which we have identified with the unit sphere § 1. One may interpret this 
by saying that they change periodically over time. 

Theorem 7.2.9. Let cI> = ((), cp) : JR x § 1 x JRd ~ § 1 x Rd be the linear 
skew product flow associated with the T-periodic linear differential equation 
(7.2.1). The Lyapunov exponents coincide with the Floquet exponents Aj, 
j = 1, ... , R ~ d. For each T E § 1 there exists a decomposition 

into linear subspaces L(.Xj, T), called the Floquet or Lyapunov spaces, with 
the following properties: 

(i) The Lyapunov spaces have dimension independent of T, 

dj := dimL(.Xj,T) is constantforT E § 1. 
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{ii) They are invariant under multiplication by the principal fundamental 
matrix X(t, r) in the following sense: 

X(t+r,r)L(>.j,T) = L(>.j,O(t,r)) for all t E JR and TE § 1. 

{iii) For every T E § 1 the Lyapunov exponents satisfy 

>.(x,r) = lim !1ogllcp(t,r,x)ll = Aj if and only ifO =/= x E L(>.j,T). 
t-t±oo t 

Proof. By Proposition 7.2. 7, the Floquet exponents Aj coincide with the 
real parts of the eigenvalues of Q E gl(d, JR) where X(2T) = e2TQ. First we 
show that the Floquet exponents are the Lyapunov exponents. By Lemma 
7.2.2 we can write 

X(kT + s) = X(s)X(kT) for all k E Zandt, s E JR. 

For the autonomous linear differential equation iJ = Qy Theorem 1.4.3 yields 
a decomposition of ]Rd into subspaces L(>.j) which are characterized by the 
property that the Lyapunov exponents for t -+ ±oo are given by the real 
parts Aj of the eigenvalues of Q. The matrix function Z(t) := X(t)e-Qt, t E 

JR, maps the solution eQtx0 of iJ = Qy, y(O) = xo E JRd, to the solution of 
x = A(t)x, x(O) = xo, since 

(7.2.5) X(t)xo = X(t)e-QteQtxo = Z(t) (eQtx0 ) . 

Observe that Z(O) =I and Z(t) is 2T-periodic, since by Proposition 7.2.7 

Z(2T+t) = X(2T+t)e-(2T+t)Q = X(t)X(2T)e-2TQ-tQ = X(t)e-tQ = Z(t). 

Since Z(·) is continuous, it follows that Z(t) and Z(t)-1 are bounded on R 
The exponential growth rates remain constant under multiplication by the 
bounded matrix Z(t) with bounded inverse Z(t)-1; cf. Exercise 6.5.3. This 
shows that the Floquet exponents coincide with the Lyapunov exponents. 

As a consequence we get a corresponding decomposition of Rd which is 
characterized by the property that a solution starting at time t = 0 in the 
corresponding subspace L(>.j, 0) := L(>.j) has exponential growth rates for 
t -+ ±oo equal to the Floquet exponent Aj. Then the subspaces 

L(>.j, r) := X(r)L(>.j, 0), TE JR, 

yield a decomposition of ]Rd into subspaces and their dimensions are constant 
for TE JR proving assertion (i). 

Using X(r) = X(r, 0) and the 2-parameter cocycle property for the 
principal fundamental solution (cf. Proposition 6.1.2(i)), one finds 

(7.2.6) X(t,r)L(>.j,T) = X(t,r)X(r,O)L(>.j,O) = X(t+r,O)L(>.j,O) 

= L(>.i, t + r). 
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Hence the decomposition of R_d given by the subspaces L(>.j, r) is also char­
acterized by the property that a solution starting at time t = r in the cor­
responding subspace L(>.j, r) has exponential growth rate Aj for t --+ ±oo 
and assertion (iii) follows. 

Assertion (ii) follows from (7.2.6), if we can show that the Lyapunov 
spaces are T-periodic, hence they are well defined modulo T. The expo­
nential growth rate of the solution x(t, xo) with x(O) = xo is equal to the 
exponential growth rate of the solution z(t) of x = A(t)x with z(T) = xo. 
In fact, for t E R., 

x(t, xo) = X(t)xo and x0 = z(T) = X(T)z(O), i.e., z(O) = X(T)- 1x0 

implying 
z(t) = X(t)z(O) = X(t)X(T)- 1xo. 

Hence by Lemma 7.2.2 we find for t E R., 

z(t + T) = X(t + T)X(T)- 1x0 = X(t)X(T)X(T)- 1xo = X(t)xo = x(t, xo), 

and the exponential growth rates for t --+ ±oo coincide. This shows that the 
decomposition into the subspaces L(>.j, r) is T-periodic. D 

Remark 7.2.10. It is remarkable that the decomposition into the Lya­
punov spaces has the same period T as the matrix function A(·), while the 
transformation Z(·) is only 2T-periodic. 

Remark 7.2.11. Recall the metric on the Grassmannians, introduced in 
Section 5.1. For each j = 1, ... , f :::; d the map Lj : § 1 ---+ Gd; defined 
by rt------+ L(>.j, r) is continuous, hence the Lyapunov spaces L(>.j, r) (some­
times called the Floquet spaces) of the periodic matrix function A(t) change 
continuously with the base point r. This follows from the construction of 
the spaces L(>.j, r). Observe that the Lyapunov spaces of the autonomous 
equation x = Qx, naturally, are constant. 

Remark 7.2.12. Using sums of Lyapunov spaces, one can also construct 
flags of subspaces describing the Lyapunov exponents for every initial value. 
This follows from Theorem 1.4.4 and provides a generalization of this theo­
rem. 

These results show that for periodic matrix functions A: R.---+ gl(d, R.) 
the Floquet exponents and Floquet spaces replace the real parts of eigenval­
ues and the Lyapunov spaces, concepts that are so useful in the linear algebra 
of (constant) matrices A E gl(d, R.). The number ofLyapunov exponents and 
the dimensions of the Lyapunov spaces are independent of r E § 1, while the 
Lyapunov spaces themselves depend on the time parameter r of the periodic 
matrix function A(·), and they form periodic orbits in the Grassmannians 

Gd;· 
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Remark 7.2.13. Transformations Z(t) which together with Z(t)-1 are 
bounded on JR, are known as Lyapunov transformations (or kinematic sim­
ilarity transformation, Hahn [61, Definition 61.2]). Equation (7.2.5) shows 
that there is a periodic Lyapunov transformation of the solutions of a pe­
riodic linear differential equation to the solutions of an autonomous linear 
differential equation. 

The next corollary is a generalization of Theorem 4.1.3. It shows that the 
Lyapunov spaces constructed in Theorem 7.2.9 can be characterized by the 
chain components of an associated skew product system. As in the discrete­
time case (cf. Corollary 7.1.10), we have to consider twice the period. Here 
we parametrize the unit sphere § 1 by r E [O, 2T), i.e., we identify § 1 with 
JR/(2TZ). Analogously to (7.1.5) we denote the linear skew product system 
corresponding to x = A(t)x again by <l>(t, r, x) = (O(t, r), ip(t, r, x)), t E 

JR, r E [O, 2T), x E JRd. The dynamical system <l> = (0, ip) induces a projected 
flow IID<l>t given by 

(7.2.7) P<l>(t,r,Px) := (O(t,r),Pip(t,r,x)) fort E JR,r E § 1,0 =J x E Rd. 

This is a continuous dynamical system (in continuous time) on the compact 
metric space § 1 x pd-l which we call a projective bundle. We use the linear 
maps ~(t,r) = ip(t+r,r,·),t E JR,r E § 1. Thus ~(t+r,r) maps the fiber 
{r} x ]Rd onto the fiber {O(t,r)} x JRd,r E [0,2T); it is represented by the 
principal fundamental matrix X(t+r, r); cf. Theorem 6.1.1. The Lyapunov 
spaces { r} x L( >..;, r) are contained in the fibers { r} x JRd, which in the 
following corollary are identified with ]Rd. 

Corollary 7.2.14. Let § 1 be parametrized by r E [O, 2T) and consider the 
projection IID<l> to § 1 x pd-l given by (7.2.7) of the linear skew product flow 
<l> associated to a T-periodic linear differential equation (7.2.1). Then the 
following assertions hold. 

(i) IID<l> has f chain components Mi, •.• , Ml, where f is the number of 
Lyapunov exponents. 

(ii) For each Lyapunov exponent>..; one has (with an appropriate num­
bering) that 

M; = {(r, Px) I 0 =J x EL(>.;, r) and r E § 1 }. 

(iii) For the chain components M; the sets 

V;(r) := {x E Rd Ix= 0 or (r, Px) EM;}, r E § 1, 

coincide with the Lyapunov spaces L(>.;, r) and hence yield decompositions 
of ]Rd into linear subspaces 

(7.2.8) 
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Proof. With Q as in Proposition 7.2.7, the autonomous linear equation 
iJ = Qy yields a decomposition of Rd into the Lyapunov spaces L(>.J, 0) 
which by Theorem 4.1.3 correspond to the chain components. By (7.2.5) 
the matrix function Z(t) maps the solution of iJ = Qy, y(O) = xo E Rd, to 
the solution of x = A(t)x, x(O) = xo. These differential equations induce 
dynamical systems on § 1 x Jp>d-l which are topologically conjugate: The map 
Z is well defined as a map from § 1 parametrized by r E [O, 2T) to Gl(d, R) 
since Z(t), t E JR, is 2T-periodic. The conjugating map on § 1 x Jp>d-l is given 
by (v, y) i---+ (v, IPZ(t)y) where IPZ(t) is the map on Jp>d-l induced by the 
linear map Z(t). Then it follows from Theorem 3.l.15(iii) that the chain 
components are mapped onto each other. 

For the autonomous equation, the chain components in § 1 x pd-l are 
given by the product of § 1 with the chain components in Jp>d-l. In fact, take 
a point pin a chain component Mj in Jp>d-l and consider (O,p) E § 1 x Jp>d-l. 

The w-limit set w(O,p) is contained in a maximal chain transitive set; its 
0-component coincides with § 1 while the component in Jp>d-l coincides with 
Mj. Hence the maximal chain transitive sets coincide with § 1 x Mj and 
there are no other chain components. D 

Stability 

As an application of these results, consider the problem of stability of the 
zero solution of x(t) = A(t)x(t) with period T > 0. The following definition 
generalizes Definition 1.4.7. 

Definition 7.2.15. The stable, center, and unstable subspaces associated 
with the periodic matrix function A : JR --t gl(d, R) are defined for r E § 1 

by 

L-(r) =EB L(>.J,r),L0(r) = L(O,r), and L+(r) =EB L(>.J,r). 
>.;>0 

The collection { L -( v) I v E Zp} is called the stable sub bundle; analo­
gously the center and unstable subbundles are defined. With these prepara­
tions we can state a result regarding stability of periodic linear differential 
equations. 

Theorem 7.2.16. The zero solution of the periodic linear differential equa­
tion x = A(t)x is asymptotically stable if and only if it is exponentially stable 
if and only if all Floquet exponents are negative if and only if L - ( r) = Rd 
for some (and hence for all) r E § 1 . 

Proof. This follows from Theorem 1.4.8 and the construction of the Lya­
punov spaces. D 

We briefly discuss periodic linear Hamiltonian systems. 
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Example 7.2.17. A matrix HE gl(2d, JR) is called Hamiltonian if 

H = [Hu H12] 
H21 H22 

with Hu= -H22 and H12 and H21 are symmetric. Equivalently, 

J H = ( J H) T = HT J T with J = [ ~ - ~d ] . 

With µ also -p, is an eigenvalue. Let the images of H : JR ~ gl(2d, JR) 
be Hamiltonian matrices H(t), t E JR, and suppose that H is periodic and 
continuous. Then the differential equation 

[ ~ J = [ z ~~ m z ~: ~: ~ J [ : J 
is called a linear periodic Hamiltonian system. One can show that for every 
Floquet exponent >. also its negative ->. is a Floquet exponent. Hence the 
fixed point 0 E JR2d cannot be exponentially stable. Thus, for this class of 
differential equations weaker stability concepts are appropriate; cf. Section 
7.5 for references. 

7.3. The Mathieu Equation 

To show the power of Floquet's approach we discuss the classical example of 
the Hill-Mathieu equation. This discussion also illustrates that considerable 
further work may be necessary in order to get explicit stability criteria for 
specific equations. 

Let q1, q2 : JR ~ JR be T-periodic functions and suppose that q1 is con­
tinuously differentiable and q2 is continuous. Consider the periodic linear 
oscillator 

(7.3.1) ii+ 2q1(t)y + q2(t)y = 0. 

Let Q1 be an antiderivative of q1 so that Q1 = q1 and use the substitution 
z(t) = y(t) exp(Q1(t)), t ER The chain rule yields 

ii= zexp(-Q1) - zexp(-Q1)Q1 = exp(-Q1)[z - zq1J, 

ii = z exp(-Q1) - z exp(-Q1)Q1 - z exp(-Q1)Q1 

+ zexp(-Q1)Q1Q1 - zexp(-Q1)Q1 

= exp(-Q1) [z - 2Zq1 + zq1q1 - z</1]. 

Inserting this into (7.3.1) one obtains 

0 = ii+ 2q1iJ + Q2Y 

= exp(-Q1) [z - 2zq1 + zq1q1 - z</1 + 2q1(z - zq1) + q2z] 

= exp(-Q1) [z - zq1q1 - zq1 + q2z]. 
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This is a special case of Hill's equation 

(7.3.2) z + p(t)z = 0 

with a T-periodic function p, here given by p(t) := q2(t)-q1(t)2 -lh(t), t E 

R An example for (7.3.1) is 

(7.3.3) ii+ 2ky +(a+ E cos 2t)y = 0 with k > 0. 

Here the substitution has the form x(t) = y(t) exp( kt), t E JR, and yields 
Mathieu's equation 

(7.3.4) x + (8 + Ecos2t)x = 0, 

here with 8 := a- k2. This is a linear oscillator with periodic restoring force. 
For simplicity, we only discuss this special case, although many arguments 
are also valid for more general equations of this type. 

Remark 7.3.1. A physical interpretation of Mathieu's equation is obtained 
by a damped pendulum with oscillating pivot subject to gravity g and damp­
ing. Consider a mass m attached at the end of a massless pendulum of length 
l. Suppose the pivot point oscillates in the vertical direction according to 
p(t) = Acoswt with A,w > 0. Then the angle() from the vertical to the 
pendulum obeys 

(7.3.5) :t:e(t) + kiJ(t) + 9 +r(t) sine(t) = o. 

Here the term kiJ models the damping. We measure the angle () such that 
when the pendulum is vertical, pointed downward, then() = 0. If we linearize 
the equation near the equilibrium((), iJ) = (0, 0) (which is usually stable) we 
obtain the linearized equation 

(7.3.6) .. () k"() g-Aw2 coswt () 0 yt+yt+ l yt=. 

Introduce the new time t replacing 2t/w (i.e., we define y(t) := y(~) and 
then omit the tilde). One obtains 

(7.3.7) ii+: ii+ (:il -4t cos2t) y = 0. 

Define the new variable x(t) = e~ty(t) and abbreviate 8 := ~ - ~ and 
E := - 4f. Then one obtains an equation of the form (7.3.4). Note that for 
small damping 0 < k < ¥ one has 8 > 0. 

If we linearize the equation near the equilibrium ((), iJ) = (7r, 0) (which 
is usually unstable) one obtains the linearized equation 

(7.3.8) 
g - Aw2 cos wt 

ii(t) + ky(t) - l y(t) = 0. 
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The same procedure as above leads an equation of the form (7.3.4) with t5 := 

--!;;,- ~ < 0 and c; := 4f. (The reader is asked to verify the computations 
in this remark in Exercise 7.4.2.) We come back to the stability properties 
of the pendulum in Remark 7.3.3. 

We proceed with the discussion of equations (7.3.3) and (7.3.4). With 
YI := y, y2 = iJ the second order equation for y is equivalent to the system 

[ t~ ] -[ -a - ~cos 2t - ~k ] [ ~~ ] · 

Similarly, with x1 = x, x 2 = ±, the transformed equation (7.3.4) for x is 
equivalent to 

[ :~] = [-(a-k2~-c;cos2t 
The solutions satisfy for t E JR, 

[ ~~m ] = e-kt [ !k ~ ] [ ~~m ] ' 
hence, for initial values (x1,o, x2,o) = (Y1,o, Y2,o), the Lyapunov exponents 
are related by 

A(x1,o, x2,o) = A(Y1,o, Y2,o) - k. 

The Floquet multipliers a1, a2 E C of (7.3.4) are the eigenvalues of the 
principal fundamental solution X (T) given by the solution of 

X(t) = A(t)X(t), X(O) =I, with A(t) = [ -t5 _~cos 2t ~ ] · 

Hence the sum of the Floquet multipliers satisfies 

(7.3.9) a1 + a2 = trX(T) 

and their product is given 

(7.3.10) a1a2 = detX(T) = detX(O)exp (fo7r trA(s)ds) = 1. 

Here we have used Liouville's formula; cf. Theorem 6.1.5. 

By Proposition 7.2.7 and Theorem 7.2.9 the Floquet exponents (these 
are the Lyapunov exponents) are given by 

Ai = _!_log lail for i = 1, 2. 
7r 

For the Floquet multipliers of (7.3.4), the following three cases may occur 
(we will use the results from Section 1.4.) 
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(i) Both a1 and a2, are real and a1 f:. a2. By (7.3.10) one of them, say 
ai, is less than 1 and a2 = l/a1 is greater than 1. In terms of the Floquet 
exponents, this means 

1 
>.1 = -log la1I < 0 and >.2 = ->.1 > 0. 

7r 
Hence the origin is (exponentially) unstable for equation (7.3.4). For equa­
tion (7.3.3) the origin is exponentially stable if >.2 -k < 0 (we also note that 
it is stable if >.2 - k = 0). 

(ii) The numbers a1 f:. a2 are complex conjugate. Then la1I = la2I = 1 
and a2 = l/a1. Thus we may assume a1 = eie with(} E (0, 7r) and a 2 = e-ie 
and hence 

>.1 = >.2 = 0. 

Again, the system (7.3.4) is not exponentially stable. In contrast, the origin 
is exponentially stable for (7.3.3), since >.2 -k = -k < 0. Since, by Proposi­
tion 7.2.7, the Floquet multipliers a1,2 are the eigenvalues of the matrix Q, 
Theorem 1.4.10 implies that the origin is stable for the autonomous equation 
x = Qx. Then (7.2.5) shows that the origin is also stable for the periodic 
equation (7.3.4). 

(iii) If (i) and (ii) do not hold, it follows that a1 = a2 is real. This 
implies a1 = a2 = 1 or a1 = a2 = -1 and in both cases one has 

>.1 = >.2 = 0. 

Again the system (7.3.4) is not exponentially stable, while (7.3.3) is expo­
nentially stable, since >.1,2 - k = -k < 0. Concerning stability of (7.3.4), 
two cases are possible: either >. = 0 has geometric multiplicity 2 (thus there 
are two one-dimensional Jordan blocks) as an eigenvalue of Q which im­
plies that x = Qx is stable; or, >. = 0 has geometric multiplicity 1 (which 
means that we have a single Jordan block) and x = Qx is unstable. Again, 
equation (7.2.5) shows that this entails the same properties for the periodic 
differential equation (7.3.4). 

While this discussion sheds some light on the possible cases, it does not 
determine the stability properties for given parameters c and o. For this 
purpose, we discuss the parameter dependence of the eigenvalues a1, a2 of 
the matrices 

X(T) = X(T;o,c) for o,c 2: 0. 

The eigenvalues of a matrix depend continuously on the entries, and the 
solution X (T; o, c) depends continuously on the parameters o, c; see Theo­
rem 6.1.4. Hence the eigenvalues of X(T; o, c) depend continuously on the 
parameters o and c. By the discussion above, we know that exponential 
instability can only occur if one of the eigenvalues has modulus greater than 
1. Now, if there is a complex conjugate pair of eigenvalues, they must lie 
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on the unit circle in C, and hence a small perturbation cannot lead to an 
eigenvalue with modulus greater than 1. Otherwise, there are two real eigen­
values a 1 and a2 , and the system is exponentially unstable if and only if 
one of them is outside the interval [-1, 1 J (and then the other one is in the 
interval ( -1, 1)). Hence a transition from stability to exponential instability 
or vice versa can only occur via transition through one of the eigenvalue 
pairs a1 = a2 = -1 or 0:1 = a2 = 1. 

The first case is equivalent to the existence of a 27r-periodic solution, the 
second case is equivalent to the existence of a 7r-periodic solution. For the 
equation z +oz = 0 with c = 0 it is easy to characterize these cases: The 
corresponding system 

is time independent and has the principal fundamental solution 

X(t) = [ cos ../8t ./J sin ~t l · t E JR. 
-../8 sin ../8t cos v ot 

Thus the eigenvalues of 

X ( 7r) = [ cos ../811" ./J sin ../811" l 
-../8 sin ../811" cos ../811" 

are 

0:1,2 =cos v'J7r ± V- sin2 v'J7r. 

Hence the eigenvalues are real if and only if ../8 is an integer, and -1 is an 
eigenvalue if and only if ../8 is odd, i.e., 8 = (2n + 1)2 , n EN. Analogously, 1 
is an eigenvalue if and only if 8 is even, i.e., 8 = (2n)2 . As can be read off the 
fundamental solution, the origin is stable (but, naturally, not exponentially 
stable) in these cases. 

For c > 0 we also observe that the parameter pairs ( 8, c) for which there 
are eigenvalue pairs 0:1 = 0:2 = 1 and 0:1 = 0:2 = -1, respectively, are the 
only parameter values where the stability properties may change. It will 
turn out that in the (c, 8)-space these critical parameter values are given 
by curves separating stable and unstable regions emanating from the points 
with c = 0 and 8 = (2n)2 and 8 = (2n + 1)2 , n E N, respectively. We do 
this by constructing Fourier expansions of the corresponding 7r-periodic and 
27r-periodic solutions, respectively. 

First, we consider the critical parameters with eigenvalue 1, i.e., the 
case where a 7r-periodic solution x(t), t E JR, exists. Since solutions are 
continuously differentiable, a standard result of analysis (see, e.g., Amann 
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and Escher [5, Chapter VI, Theorem 7.21]) shows that it has an absolutely 
and uniformly convergent Fourier series, 

00 00 

x(t) =Lan cos(2nt) + L bn sin(2nt), t E [O, 7r], 
n=O n=O 

with coefficients an, bn E JR. Since the minimal period is equal to 7r, it follows 
that ai =/:- 0 or b1 =/:- 0. Inserting this series into the differential equation, 
one obtains for all t, that 

o = x(t) + (o + ccos2t)x(t) 
00 00 

n=O n=O 
00 00 

+ c Lan cos(2nt) cos(2t) + c L bn sin(2nt) cos(2t). 
n=O n=O 

Using the trigonometric identities 

1 
cos(2nt) cos(2t) = 2 [cos(2(n + l)t) + cos(2(n - l)t)], 

sin(2nt) cos(2t) = ~ [sin(2(n + l)t) + sin(2(n - l)t)], 

and sorting by the sine and cosine functions one computes 

0 = ( oao + ~a1) cosO + ( (o - 4)a1 + ~(2ao + a2)) cos(2t) 
00 

+ L(o - 4n2 )an cos(2nt) + ( (o - 4)b1 + ~b2) sin(2t) 
n=l 
00 

+ L ( ( 0 - 4n2 )bn + ~ (bn-1 + bn+l)) sin(2nt). 
n=2 

For n, m = 0, 1, 2, ... , using the orthogonality relations 

fo7r cos(2nt) cos(2mt)dt = On,m, fo7r sin(2nt) sin(2mt)dt = On,m, 

fo7r cos(2nt) sin(2mt)dt = 0, 

one finds that all Fourier coefficients of the sine and cosine functions must 
vanish. Hence at least one of the following two (infinite) linear systems must 
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have a nontrivial solution: 

0 0 E 0 ao 
0 c 0 -l. 12 E 

ai 

0 E 0 -l · 22 E 
a2 2 

0 -l. 32 0 E E a3 2 2 

0 

and 

0 o-4·12 E 
bi 

0 E 2 2 E 
b2 2 o-4. 2 

0 _a, 32 0 E E b3 = 2 2 

Solvability of these equations can be characterized by the condition that 
(appropriately defined) determinants for the corresponding infinite matrices 
vanish. For a numerical approach, we only consider finite submatrices de­
pending on o and c. Then at least one of the two resulting n x n-matrices 
must have vanishing determinant. Thus, for fixed n, we obtain a nonlinear 
equation for the relation between the critical parameters (c, o). Numer­
ical computation shows that, starting from the critical parameter values 
(c, o) = (0, (2m + 1)2), m EN, this determines curves separating stable and 
unstable regions. An analogous computation for 27r-periodic solutions de­
termines further curves of critical parameters emanating from the points 
(c, o) = (0, (2m)2), m E N. 

Figure 7 .1 shows the resulting stability diagram. It has been computed 
using the system above with n = 20 equations. A Newton method is used to 
determine o for a grid of c. This determines numerically the curves starting 
at the points with c = 0 and o = 4, 9, 16, and 25. The stability regions in 
the (c, o)-plane are shaded. 

Remark 7.3.2. An alternative computation of the curves in Figure 7.1 can 
be based on the observation that o in the diagonal of matrices above can 
be interpreted as an eigenvalue of the matrix obtained by subtracting Oln. 
Then standard numerical eigenvalue algorithms (e.g. shifted QR-methods) 
may be employed. 

Remark 7.3.3. The discussion above has consequences for the damped 
pendulum with oscillating pivot (see Remark 7.3.1). It shows that equation 
(7.3.7) obtained by linearization at the lower position (which has o > 0) 
may be exponentially unstable for small periodic oscillations (i.e., small c). 
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Figure 7.1. Stability diagram for the Mathieu equation (7.3.4). Re­
gions of stability are shaded. 
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Naturally, for the problem without oscillating pivot (i.e. , A=€= 0) the ori­
gin is always exponentially stable. It is worth noting that the local stability 
properties near the equilibrium of the original nonlinear differential equation 
(7.3.5) can be derived from the stability properties of the linearized equa­
tion using the theory of stable/unstable manifolds. In a similar vein, one 
also sees that for the inverted pendulum with 8 < 0 and oscillating pivot 
and damping k ~ 0 the linearized equation (7.3.7) (which has 8 < 0) may 
be stable (look at the small region below the €-axis in Figure 7.1). Here, 
naturally, for the problem without oscillating pivot (i.e., A = E = 0) the 
origin is not stable. 

7.4. Exercises 

Exercise 7.4.1. Let x(t), t E JR., be a solution of the Mathieu equation 
x + (8 + €cos2t)x = 0. (i) Now show that y(t) := x(-t) , t E JR., is also 
a solution. (ii) Prove that the Mathieu equation has an even and an odd 
solution (recall that a function f : JR.-+ JR. is even if f(t) = f(-t), t E JR., and 
it is odd if f(t) = -f(-t), t E JR.) . (iii) Show that the curves in the stability 
diagram of the Mathieu equation are symmetric with respect to the 8-axis. 
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Exercise 7.4.2. Check the computations in Remark 7.3.1. In particular, 
derive a formula relating the Lyapunov (Floquet) exponents of the normal­
ized equation (7.3.4) to those of the pendulum (7.3. 7) and (7.3.8) linearized 
about the lower and the upper equilibrium, respectively. Use this to show 
that the claims in Remark 7.3.1 actually hold true. 

Exercise 7.4.3. Let A: JR--+ gl(d, JR) be continuous and T-periodic, T > 0 
with principal fundamental solution X(t, to) of the associated differential 
equation. Assume that the trace trA(t) = 0 for all t E [O, T]. Show: 

(i) The matrices X(t, to) are volume preserving, i.e., det X(t, to) = 1 for 
all to, t E JR. 

(ii) If ltrX(T, O)I > 2 there are unbounded solutions. If ltrX(T, O)I < 2, 
all solutions are bounded. 

(iii) Consider the Mathieu equation 

jj(t) = -w2 (1 + ccost)y(t), 

where w > 0, c E JR are given parameters. Why are all solutions of this 
differential equation bounded for sufficiently small lcl, if w =/= k/2 for k = 
1,2,3, ... ? 
Hint: Let Xe(t, to) be a corresponding principal fundamental matrix. Show 
that liIDe--+O Xe(w, 0) = Xo(w, 0). Determine Xo(w, 0) and apply (ii). 

Exercise 7.4.4. Show that the Mathieu equation (7.3.4) is a periodic linear 
Hamiltonian system by constructing a corresponding continuous quadratic 
form H(·, ·, t) in two variables; cf. Example 7.2.17. 
Hint: Use a physical interpretation taking into account kinetic and potential 
energy. 

Exercise 7.4.5. Consider the 2-periodic difference equation Xk+I = A(k)xk 
in JR2 with 

[ 
0 1 + {-l)k l 

A(k) := (-1t+i 2 . 
1 + 2 0 

Show that the eigenvalues of A(O) and A(l) have modulus less than 1, while 
one Floquet exponent is positive and hence the system is unstable. 

Exercise 7.4.6. Consider a T-periodic linear differential equation. Show 
that a T-periodic solution exists if and only if there is a Floquet exponent 
>. = 0. Formulate and prove also the analogous result for difference equa­
tions. 

Exercise 7.4.7. Consider Xn+I = A(n)xn in JR where A(n) = 2 for n even 
and A(n) = -1 for n odd. Determine the Floquet exponent and show 
that there is no Q E JR with Q2 = X(2), but there is Q such that Q4 = 
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X(2)2• Show that the transformation Z(n) = X(n)Q-n to the associated 
autonomous equation Yn+l = Byn is 4-periodic and not 2-periodic. 

Exercise 7.4.8. Show that for every dimension d, there is a matrix A E 

gl ( d, JR) that is not the square of any other matrix in gl ( d, JR). 

Exercise 7.4.9. Explore Remark 7.3.3, i.e., use the stability discussion of 
the Mathieu equation to determine stability of the two linear oscillators 
(with 8 > 0 and 8 < 0, respectively). Use Figure 7.1 for numerical results 
(or write your own program). 

7.5. Orientation, Notes and References 

Orientation. This chapter presents periodic matrix functions and the dy­
namical systems generated by them: periodic linear difference equations and 
periodic linear differential equations. They can be treated using Floquet the­
ory, which is based on an analysis of principal fundamental solutions which 
allow us to reduce the analysis to autonomous equations. The main result is 
that the Lyapunov exponents (coinciding with the Floquet exponents) exist 
as limits and that they lead to decompositions of the state space JRd into 
linear subspaces. This decomposition changes in a periodic way. In other 
words, for every point in the base space (given by Zp, that is, Z mod p in the 
discrete-time case, and by § 1 identified with JR mod Tin the continuous-time 
case) there is such a decomposition invariant under the fl.ow and the dimen­
sions of the corresponding subspaces are independent of the base points. The 
discussion of the classical Mathieu differential equation has illustrated that 
definite stability results for specific equations and parameters may require 
considerable effort in addition to the general theory. 

In Chapter 9 we will give up the periodicity requirement and analyze 
Lyapunov decompositions over the base space. Here the topological consid­
erations in Chapter 4 are taken up: chain transitivity in projective space will 
play a decisive role. The results in Chapter 3 on chain components will have 
to be extended by introducing Morse decompositions and attractors. Since 
these notions have abstract topological flows on compact metric spaces as 
their appropriate framework, we will develop their theory in Chapter 8 in 
this setting. The results will be used in Chapter 9 for linear flows. 

Notes and references. Our exposition of Floquet theory for linear dif­
ference equations in Section 7.1 is partly based on Elaydi (43]. Exercise 
7.4.5 is taken from (43, Example 4.12]. It seems that Floquet theory for lin­
ear difference equations is much less popular than for differential equations, 
although the constructions are quite analogous and, in fact, much simpler 
since the principal fundamental solution is given explicitly. The development 
in Section 7.1 made essential use of the assumption that the matrices A(n) 
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and hence the principal fundamental solution X(p) = IJ~=l A(p - j) are 
invertible. If this is not the case, one must treat the generalized eigenspace 
for the eigenvalue 0 of the matrix X(p) separately; cf. Hilger [66]. 

Further details supporting our discussion in Section 7.2 and additional 
results can be found in Amann [4], Guckenheimer and Holmes [60], Hahn 
[61], and Wiggins [140]. Partly, we follow the careful exposition in Chicane 
[26, Section 2.4]. In particular, the proof of Lemma 7.2.4 is taken from [26, 
Theorem 2.47]; see also Amann [4, Lemma 20.7]. Meyer and Hall [104, 
Chapter III] present a detailed discussion of linear Hamiltonian differential 
equations including Floquet theory, as discussed in Example 7.2.17. 

If the entries of a periodic matrix function change slowly enough, one 
may expect that the eigenvalues of the individual (constant) matrices still 
determine the stability behavior. This is in fact true; cf. Hahn [61, Section 
62]. If the entries of A(t) defining the right-hand side of a linear differential 
equation has two or more different periods, the matrix function is called 
quasi-periodic. In this case, one may identify the base space with a k-torus 
1I'k, instead of the unit circle § 1 = 1I'1 as in the periodic case. More gen­
erally, the entries of the matrix function may be almost periodic functions, 
which can be interpreted as the combination of countably many periods. A 
condensed survey of the linear skew product systems for linear differential 
equations with almost periodic coefficients is included in Fabbri, Johnson 
and Zampogni [45]. 

The discussion of Hill's and Mathieu's equation in Section 7.3 is classical 
and has a long history. Hill's paper [67] (on the perigee of the moon, i.e., the 
point on its orbit which is closest to earth) appeared in 1886. In order to deal 
with the infinite-dimensional linear equations for the Fourier coefficients, 
one can define determinants of infinite matrices and study convergence for 
finite-dimensional submatrices. This has generated a huge body of literature, 
probably starting with Poincare [113]. We refer the reader to Magnus and 
Winkler [98] and Gohberg, Goldberg and Krupnik [52]; see also Mennicken 
[102]. A classical reference for numerically computed stability diagrams 
is Stoker [131, Chapters Vl.3 and 4]. In our discussion of the Mathieu 
equation, we also found the lecture notes [138] by Michael Ward helpful. 



Morse Decompositions 
of Dynamical Systems 

Chapter 8 

In this short chapter we come back to the global theory of general contin­
uous flows on compact metric spaces, as already considered in Chapter 3. 
The purpose is to prepare the analysis of linear flows in Chapter 9 within 
a topological framework. For this endeavor, we introduce the notions of 
Morse decompositions and attractors of continuous flows on compact metric 
spaces and relate them to chain transitivity discussed in Chapter 3. We 
will show that Morse decompositions can be constructed by sequences of 
attractors and that the finest Morse decomposition, if it exists, yields the 
chain components. Recall that Chapter 4 characterized the Lyapunov spaces 
of autonomous linear differential equations as those subspaces which, when 
projected to projective space, coincide with the chain components of the in­
duced fl.ow. We will aim at a similar characterization for general linear flows, 
which needs the additional material in the present chapter. The theory will 
be developed for the continuous-time case only and also our applications in 
Chapter 9 will be confined to this case. 

Section 8.1 introduces isolated invariant sets and Morse decompositions. 
Section 8.2 shows that Morse decompositions correspond to sequences of 
attractor-repeller pairs and Section 8.3 establishes the relation between the 
finest Morse decomposition, attractor-repeller sequences and the chain com­
ponents. 

8.1. Morse Decompositions 

This section introduces Morse decompositions and explains some of their 
properties. The basic idea is to describe the global structure of a fl.ow by 
specifying invariant subsets of the state space and an order between them 
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capturing the limit behavior of the fl.ow, forward and backward in time. 
Here one may start with a very rough picture, and then more and more 
details of the dynamics are revealed by refining the picture. 

First we need the definition of isolated invariant sets; this will allow us 
to separate invariant sets. 

Definition 8.1.1. For a fl.ow~ on a compact metric space X, a compact 
subset Kc Xis called invariant if ~(t, x) EK for all x EK and all t ER 
It is called isolated invariant if it is invariant and there exists a neighborhood 
N of K, i.e., a set N with Kc intN, such that ~(t,x) EN for all t E IR 
implies x E K. 

The next example illustrates the difference between invariant sets and 
isolated invariant sets. 

Example 8.1.2. Consider on the interval [O, 1] c IR the ordinary differential 
equation 

x = { x2 sin(~) for x E (0, 1], 
0 for x = 0. 

Then the points xo = 0 and Xn = ~, n ~ 1, are equilibria, since sinCz:: ) = 
sin( mr) = 0 for n ~ 1. Hence every set { Xn}, n E No, is invariant for the 
associated fl.ow. These invariant sets are isolated for n ~ 1, while the set {O} 
is not isolated: Every neighborhood N of {O} contains an entire trajectory. 

Definition 8.1.3. A Morse decomposition of a fl.ow~ on a compact metric 
space Xis a finite collection {Mi J i = 1, ... , £} of nonvoid, pairwise disjoint, 
and compact isolated invariant sets such that 

(i) for all x EX the limit sets satisfy w(x), a(x) C Uf=1 Mi; 

(ii) suppose there are Mj0 , Mj11 ••• , Min and x1, ... ,xn E X\Uf=1 Mi 
with a(xi) C Mii-l and w(xi) C Mii for i = 1, ... , n; then Mj0 =I Min· 

The elements of a Morse decomposition are called Morse sets. 

Thus the Morse sets contain all limit sets and "cycles" (sometimes called 
"homoclinic structures") are not allowed. We notice the preservation of 
the concept of Morse decompositions under conjugacies between dynamical 
systems. 

Proposition 8.1.4. (i) Topological conjugacies on a compact metric space 
X map Morse decompositions onto Morse decompositions. 

(ii) For a compact invariant subset Y c X, a Morse decomposition 
{Mi J i = 1, ... , £} in X yields a Morse decomposition in Y given by 

{Min YI i = 1, ... , .e}, 
where only those indices i with Mi n Y =I 0 are considered. 
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Proof. Assertion (i) follows from Proposition 3.l.15(i) which shows the 
preservation of a- and w-limit sets. Assertion (ii) is immediate from the 
definitions. D 

Since we consider conjugate flows as essentially 'the same', Proposition 
8.l.4(i) means that Morse decompositions are intrinsic properties of flows. 

The next proposition discusses the fl.ow between Morse sets and gives 
a first hint that Morse decompositions actually may characterize the global 
behavior of a dynamical system. Recall that an order on a set A is a reflexive, 
antisymmetric and transitive relation ::S, i.e., (i) a ::S a, (ii) a ::S b and b ::S a 
is equivalent to a= b, and (ii) a ::S b and b ::S c implies a ::S c. 

Proposition 8.1.5. For a Morse decomposition {Mi I i = 1, ... , .e} an order 
is defined by the relation Mi ::S Mi if there are indices jo, ... , in with Mi = 
Mio• Mi= Min and points Xii EX with 

a(xiJ C Mii-1 and w(xiJ C Mii for i = 1, ... , n. 

Proof. Reflexivity and transitivity are immediate. If Mi ::S Mi and Mi ::S 
Mi, then Mi = Mi follows from property (ii) of Morse decompositions. D 

This result says that the fl.ow of a dynamical system goes from a lesser 
(with respect to the order ::S) Morse set to a greater Morse set for trajectories 
that do not start in one of the Morse sets. 

We enumerate the Morse sets in such a way that Mi ::S Mi implies 
i ::; j. Then Morse decompositions describe the fl.ow via its movement from 
Morse sets with lower indices toward those with higher ones. But note that 
i < j does not imply Mi ::S Mi and, in particular, it does not imply the 
existence of x EX with a(x) c Mi and w(x) c Mi· 

A Morse decomposition {Mi, ... , Me} is called finer than a Morse de­
composition { M~,. . ., M£,}, if for all j E {1,. . ., .e'} there is i E {1,. . ., .e} 
such that Mi c Mj. A finest Morse decomposition has the property that 
any finer Morse decomposition is the same. The intersection of two (or 
finitely many) Morse decompositions { M 1,. . ., Me} and { M~,. . ., M£,} 
defines a Morse decomposition 

{Mi n Mj I i, j} , 
where only the indices i E {1, ... , .e}, j E {1, ... , .e'} with Min Mj f 0 

are allowed. Note that, in general, intersections of infinitely many Morse 
decompositions do not define a Morse decomposition. In particular, there 
need not exist a finest Morse decomposition; cf. Example 8.1.8. If there 
exists a finest Morse decomposition, it is unique. 

For one-dimensional systems the Morse decompositions are easy to de­
scribe. 
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Proposition 8.1.6. Let cp: JR x X ~ X be a continuous flow on a compact 
interval X = [a, b] c JR, generated by a differential equation x = f(x) with a 
Lipschitz continuous map f: X ~JR satisfying f(a) = f(b) = 0. Then any 
Morse set consists of fixed points and intervals between them. The finest 
Morse decomposition (if it exists) consists of single fixed points or intervals 
of fixed points. 

Proof. Let x E [a, b]. Then one of the following three cases hold: (i) f(x) > 
0, (ii) f(x) = 0, or (iii) f(x) < 0. If f(x) = 0, then thew-limit set w(x) = 
{x} is contained in a Morse set. If f(x) > 0, then f(y) > 0 for ally in a 
neighborhood of x. Hence x < z::::; b for every z E w(x). But w(x) cannot 
consists of more than one point, and hence is an equilibrium. Similarly, 
one argues for a(x). Concluding, one sees that either x is an equilibrium 
and hence in a Morse set, or it is in an interval between equilibria, either 
contained in a Morse set or not. D 

The following one-dimensional examples illustrate the concept of Morse 
decompositions. 

Example 8.1.7. Consider the dynamical system discussed in Example 3.1.4 
which is generated by 

x = x(x - l)(x - 2)2 (x - 3) 

on the compact interval X := [O, 3]. This flow has, e.g., the following Morse 
decompositions 

M1 := {O} ~ M2 := [1, 3], 

M1 := {O} ~ M3 := {1} t M2 := [2,3], 

M1 := {O} ~ M3 := [1, 2] t M2 := {3}, 

M1 := {O} u [2,3] ~ M1 := {l}. 

It has the finest Morse decomposition {O} ~ {1} t {2} t {3}. This also 
illustrates that the order is not linear (not all pairs of Morse sets are re­
lated) and hence the numbering of the Morse sets according to their order 
is not unique. In particular, minimal (and maximal) Morse sets need not be 
unique. 

Example 8.1.8. Consider again the dynamical system defined in Example 
8.1.2. For every n EN the two sets 

Mf := { 2~} 'M~ := [ O, 2n ~ 1] U [ 2n ~ 1 ' 1] 

form a Morse decomposition of the associated flow. Note that the in­
tersection of all these Morse decompositions which is the family of sets 
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{ {O}, {~}for n EN} is not a Morse decomposition, since Morse decompo­
sitions are finite. This system does not have a finest Morse decomposition, 
since the countably many sets { ~} for n E N would have to be included as 
Morse sets. 

Example 8.1.9. Consider the dynamical system defined in Example 3.2.2 
given by :i; = sin2 x on X = § 1, which we parametrize by [O, 27r); thus 
27r is identified with 0. The only Morse decomposition is the trivial one 
M = { § 1 }. In fact, property (i) of Morse decompositions is trivially satisfied 
and 

w(x) = { {7r} for x E (0,7r], and a(x) = { {O} for x E [0,7r), 
{O} for x E (7r,Oj, {7r} for x E [7r,O). 

Hence there are Morse sets M and M', with 0 E M and 7r E M'. By the 
no-cycle condition (ii) of Definition 8.1.3 the points 0 and 7r are in the same 
Morse set, hence M = M'. Then the no-cycle condition again (now with 
n = 0) implies that M = § 1 . 

8.2. .Attractors 

In this section, attractors and complementary repellers are defined and it 
is shown that Morse decompositions can be constructed from sequences of 
attractors and their complementary repellers. While the term 'attractor' has 
an intuitive appeal, there are many ways in the mathematical literature to 
make this idea precise. The notion employed here which is based on w-limit 
sets of neighborhoods (recall the definition of such limit sets in Definition 
3.1.1) will be given first. 

Definition 8.2.1. For a flow cl> on a compact metric space X a compact 
invariant set A is an attractor if it admits a neighborhood N such that 
w(N) =A. A repeller is a compact invariant set R that has a neighborhood 
N* with a(N*) = R. 

We also allow the empty set 0 as an attractor and a repeller. A neigh­
borhood N as in Definition 8.2.1 is called an attractor neighborhood and N* 
is called a repeller neighborhood. Every attractor is compact and invariant, 
and a repeller is an attractor for the time-reversed flow. Furthermore, if A 
is an attractor in X and Y c X is a compact invariant set, then A n Y is 
an attractor for the flow restricted to Y. 

Example 8.2.2. Consider again the dynamical system discussed in Exam­
ples 3.1.4 and 8.1.7. This system has, besides the empty set and the entire 
space [0,3], three attractors, namely {1}, [1,2], and [1,3]. The fact that 
these sets are indeed attractors follows directly from the determination of 
the limit sets in Example 3.1.4. To see that there are no other attractors 
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one argues as in Example 3.1.4. Similarly, the nontrivial repellers of this 
system are seen to be {O}, [2, 3], {3}, {O} U [2, 3], and {O} U {3}. 

Example 8.2.3. Consider again the system discussed in Examples 3.2.2 
and 8.1.9 on § 1, given by x = sin2 x. For this flow, the only attractors are 
0 and § 1: Let Ac § 1 be an attractor with w(N) =A for a neighborhood 
N(A). For each point x E § 1 the limit set w(x) contains at least one of the 
two fixed points 0 or 7r, which implies that each attractor has to contain 
at least one of the fixed points. Consider the point 7r and let N ( 7r) be any 
neighborhood. We have [7r, 27r] c w(N) c A. Repeating this argument for 
the fixed point 0, we see that [O, 7r] c A, and hence A= § 1. 

We write 

<ll(J, Y) := {<ll(t,x) It EI and x E Y} for I c IR and Y c X. 

The following lemma shines new light on attractor neighborhoods. 

Lemma 8.2.4. For every attractor neighborhood N of an attractor A there 
is a time t* > 0 with cl( <ll([t*, oo), N) c int N. 

Proof. We may assume that N is closed. First we show that there is t* > 0 
with <ll([t*, oo), N) C int N. Otherwise, there are (tn, Xn) with tn ---+ oo and 
Xn E N such that <P(tn, Xn) </.int N. This contradicts the assumption that 
N is an attractor neighborhood implying liIDn--+oo <ll(tn, Xn) EA. 

In order to show that cl(<ll([t*,oo),N) c intN note that the same ar­
gument shows that for every converging sequence <ll ( tn, Xn) E <ll ( [t*, oo) , N) 
with tn ---+ oo it follows that limn--+oo <ll(tn, Xn) E int N. If <ll(tn, Xn) ---+ z 
with a bounded sequence (tn), then a subsequence converges to z = <ll(t, x) E 
intN. D 

The following lemma shows that every attractor comes with a repeller. 

Lemma 8.2.5. For an attractor A, the set A* = {x EX I w(x) n A= 0} 
is a repeller, called the complementary repeller of A, and (A, A*) is called 
an attractor-repeller pair. 

Proof. Let N be a compact attractor neighborhood of A. Choose t* > 0 
such that cl( <ll ( [t*, oo) , N) c N and define an open set V by 

V = X \ cl(<ll([t*, oo), N). 

Then X = NUV. Furthermore <ll((-oo, -t*J, V) C X\N and therefore Vis 
a neighborhood of a(V) c X\N c V. Hence a(V) is a repeller with repeller 
neighborhood V and by invariance a(V) c A*. For the converse inclusion, 
note that x E A* implies x </. N, thus x E V. Furthermore, w(x) n A= 0 

implies for all t that w(<ll(t,x)) n A= 0, hence <P(t,x) EA* c V. Thus 
x = <ll(-t,<ll(t,x)) for all t 2: 0 and it follows that x E a(V). D 
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Note that an attractor A and its complementary repeller A* are disjoint. 
There are always the trivial attractor-repeller pairs A = X, A* = 0 and 
A=0,A* =X. 

Example 8.2.6. Consider again the dynamical system discussed in Exam­
ples 3.1.4, 8.1.7 and 8.2.2. The nontrivial attractor-repeller pairs of this 
system are Ai = {1} with Ai= {O} U [2, 3], A2 = [1, 2J with A2 = {O} U {3}, 
and A3 = [1, 3J with A3 = {O}. 

As noted above, a repeller A* is an attractor of the time-reversed system. 
A consequence of the following proposition is, in particular, that for an 
attractor-repeller pair (A, A*) the complementary repeller of the attractor 
A* of the time-reversed system is A. 

Proposition 8.2. 7. If (A, A*) is an attractor-repeller pair and x ~ AU A*, 
then a(x) c A* and w(x) c A. 

Proof. By definition of A* it follows that w(x) n A -I- 0. Thus there is 
to > 0 with <I>(to, x) EN, where N is a neighborhood of the attractor A with 
w(N) =A, and hence w(x) c A. Now suppose that there is y E a(x) \A*. 
Thus by definition of A* one has w(y) nA -I- 0. Using w(y) c a(x) one finds 
that there are tn -+ oo with <I>(-tn, x) -+ A, and thus for n large enough, 
<I>(-tn, x) E N. Clearly, <I>(tn, <I>(-tn, x)) -+ x and hence w(N) =A implies 
that x EA, contradicting the choice of x. Thus a(x) c A*. D 

Trajectories starting in a neighborhood of an attractor leave the neigh­
borhood in backwards time. 

Lemma 8.2.8. A compact invariant set A is an attractor if and only if 
there exists a compact neighborhood N of A such that <I>((-oo,O],x) </.. N 
for all x E N \ A. 

Proof. The necessity of the condition is clear because <I>( ( -oo, OJ, x) c N 
implies x E w(N). Conversely, let N be a compact neighborhood of A such 
that <I>((-oo, OJ, x) </.. N for all x E N \A. Thus there exists at* > 0 such 
that <I>([-t*, OJ, x) </.. N for all x in the compact set Nncl(X\N). Since A is 
a compact invariant set and <I> is continuous, we can choose a neighborhood 
V of A such that <I>([O, t*J, V) c N. Then <I>([O, oo), V) C N implying that 
w(V) = A and A is an attractor. In fact, if <I>([O, oo), V) </.. N, there are 
t > 0 and y E V such that <I>(t, y) ¢ N. It follows that t > t* and hence 

t** := inf{t > 0 I <I>(t,y) ¢ N} ~ t*. 

Then x := <I>(t**,y) E Nncl(X\N) and <I>([-t,OJ ,x) c N for all t E [O,t*J. 
This contradicts <I>([-t*, OJ, x) </.. N. D 

This implies the following characterization of attractor-repeller pairs. 



162 8. Morse Decompositions of Dynamical Systems 

Lemma 8.2.9. A pair (A, A*) of disjoint compact invariant sets is an 
attractor-repeller pair if and only if (i) x E X\A* implies cI>([O, oo), x)nN =f. 
0 for every neighborhoodN of A, and (ii} x E X\A implies <I>((-oo,OJ,x)n 
N* =f. 0 for every neighborhood N* of A*. 

Proof. Certainly, these conditions are necessary. Conversely, suppose that 
(i) holds and let W be a compact neighborhood of A with W n A* = 0. 

Then (ii) implies that cI>((-oo, OJ, x) c/. W for all x E W \A. By Lemma 
8.2.8 this implies that A is an attractor. Moreover, it follows from (i) that 
w ( x) n A =I- 0 for all x E x \ A*. Hence A* = { x E x I w( x) n A = 0} is 
the complementary repeller of A. D 

The following result characterizes Morse decompositions via attractor­
repeller sequences. It is the main result on the relation between these no­
tions. 

Theorem 8.2.10. For a flow cI> on a compact metric space X a finite col­
lection of subsets {Mi, ... , Mn} defines a Morse decomposition if and only 
if there is a strictly increasing sequence of attractors 

0 = Ao c Ai c A2 c ... c An = X 

such that 

(8.2.1) Mn-i = Ai+1 n Ai for 0::; i::; n - 1. 

Proof. (i) Suppose that {M1, ... , Mn} is a Morse decomposition. Define 
a strictly increasing sequence of invariant sets by Ao := 0 and 

Ak := {x EX I a(x) C Mn U ... UMn-k+l} fork= 1, ... ,n. 

First we show that the sets Ak are closed. Since for every x E X there is j 
with a(x) C Mj, it follows that An= X, and hence An is closed. Proceeding 
by induction, assume that Ak+l is closed and consider Xi E Ak with Xi--+ x. 
We have to show that a(x) c MnU ... UMn-k+l· The induction hypothesis 
implies that x E Ak+l and hence we have a(x) C MnU ... UMn-k+l UMn-k· 
Thus either the assertion holds or a( x) c Mn-k. 

In order to see that the latter case cannot occur, we will proceed by con­
tradiction and assume that a(x) c Mn-k· Let V be an open neighborhood 
of Mn-k such that VnMj = 0 for j =/:- n-k. There are a sequence tv--+ oo 
and z E Mn-k such that <I>(-tv,x) EV and d(<I>(-tv,x),z)::; v-1 for all 
v ~ 1. Hence for every v there is a mv ~ v such that <I>(-tv, Xm,,) E V 
and d(<I>(-tv,xm,,),z) ::; 2v-1. Because a(xi) C Mn U ... U Mn-k+l for 
all i, there are Tv < tv < Uv such that cf>(-uv,Xm,,) and cf>(-Tv,Xm,,) E av 
and cI>(-t, Xm,,) E cl V for all t E [Tv, uv]· Invariance of Mn-k implies that 
tv - Tv --+ 00 as v --+ 00. We may assume that there is y E av with 
<I>(-uv, Xm,,) --+ y for v--+ oo. Then it follows that cI>([O, oo), y) C cl V and 
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hence by the choice of V one has w(y) C Mn-k· Because Ak+l is closed and 
invariant, we have y E Ak+l and so a(y) C Mn U ... U Mn-k. The ordering 
of the Morse sets implies that y E Mn-k, contradicting y E 8V. 

Now assume that Ak is not an attractor. Then Lemma 8.2.8 implies that 
for every neighborhood N of Ak there is x E N\Ak with <I>((-oo, OJ, x) c N. 
Then there is j ~ n - k + 1 with a(x) c Mj. On the other hand, x <:J. Ak 
implies a(x) </. MnU ... UMn-k+l, hence a(x) E Mi for some i < n-k+l. 
This contradiction implies that Ak is an attractor. 

It remains to show that Mn-i = Ai+l n Ai- Clearly, Mn-i c Ai+l· 
Suppose that x E Mn-i \Ai- Then w(x) c Ai and therefore w(x) c Mj 
for some j ~ n - i + 1. This contradiction proves Mn-i c Ai+l n Ai- If 
conversely, x E Ai+l n Ai, then a(x) C Mn U ... U Mn-i· From x E Ai we 
conclude 

w(x) n (Mn u ... u Mn-i+i) c w(x) n Ai= 0 

and hence w(x) c Mi U ... U Mn-i· Now the definition of a Morse decom­
position implies x E Mn-i· 

(ii) Conversely, let the sets Mj, i = 1, ... , n, be defined by an increasing 
sequence of attractors as indicated in (8.2.1). Clearly these sets are compact 
and invariant. If i < j, then Mn-i n Mn-i = A+i n Ai n Ai+l n Aj = 
Ai+1 n Aj c Ai n Aj = 0; hence the sets Mi are pairwise disjoint. 

We claim that for x EX either <I>(IR, x) c Mi for some j or else there 
are indices i ~ j such that a(x) C Mn-j and w(x) C Mn-i+l· In fact, 
there is a smallest integer i such that w ( x) c Ai, and there is a largest 
integer j such that a(x) c Aj. Clearly, i > 0 and j < n. Now w(x) </. Ai-1, 

i.e., x E Ai_1. Thus by invariance <I>(IR, x) C Ai_1 and w(x) C Ai_1. On 
the other hand, a(x) </. Aj+l. If <I>(t, x) <:J. Aj+l for some t E IR, then 
by Proposition 8.2.7 a(x) C Aj+l, a contradiction. Hence it follows that 
<I>(IR, x) c Aj+l· Now j ~ i - 1, because otherwise j + 1 ~ i - 1 and thus 
Ai+l c Ai-1, which implies <I>(IR, x) c Ai_1 n Ai-1 = 0. If j = i - 1, then 
<I>(IR, x) c Ai_1 n Ai = Mn-i-1· If j > i - 1, then Mn-i+l i- Mn-i and 
we know w(x) C Ai_1 n Ai = Mn-i+l and a(x) C Aj n Aj+l = Mn-i· 
This proves the claim. The claim also shows that the sets Mi are isolated 
invariant and cycles cannot occur, since, as seen above, one always has 
w(x) C Mn-i+l and a(x) C Mn-j with n - i + 1 ~ n - j. D 

One obtains more information on the minimal and the maximal element 
in the order of Morse sets. 

Corollary 8.2.11. For a given Morse decomposition, every maximal Morse 
set (with respect to the order of Morse sets) is an attractor, and every min­
imal Morse set is a repeller. 
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Proof. Let M be a maximal Morse set of a Morse decomposition. Then 
we can number the sets in the Morse decomposition such that it is given by 
{Mi, ... , Mn} with Mn = M. By Theorem 8.2.10, there is an attractor 
sequence with M =Mn= Ai n A0 =Ai since Ao= 0. Analogously, one 
sees the minimal Morse set is Mi= Ann A~-i = A~-i· D 

Example 8.2.12. We illustrate Theorem 8.2.10 and Corollary 8.2.11 by 
looking again at Example 8.1.7. For this system a strictly increasing se­
quence of attractors with their corresponding repellers is 

Ao= 0 c Ai= {1} c A2 = [1,2] c A3 = [1,3] c A4 = [0,3], 

A0 = [O, 3] :) A! = {O} U [2, 3] :) A2 = {O} U {3} :) A3 = {O} :) A4 = 0. 

The associated Morse decomposition is 

M4 =Ai n A()= {1}, M3 = A2 n Ai= {2}, 
M2 = A3 n A2 = {3}, Mi = A4 n A3 = {O}. 

Note that M4 is an attractor and Mi is a repeller. 

8.3. Morse Decompositions, Attractors, and Chain 
Transitivity 

The previous section has characterized Morse decompositions via sequences 
of attractor-repeller pairs. In the present section, we will make contact with 
the concepts and results from Chapter 3 based on chains. Thus we proceed to 
analyze the relation between finest Morse decompositions, chain recurrence 
and attractors leading to the main result of this chapter in Theorem 8.3.3. 

Throughout this section, we consider a flow cl> on a compact metric space 
X. The following version of limit sets via chains is helpful. It generalizes 
the notion of w-limit sets. 

Definition 8.3.1. For Y c X and c:, T > 0 let 

n (Y, c:, T) = { z E X I there is an ( c:, T)-chain from some y E Y to z} , 

and define the chain limit set of Y as 

O(Y) = n O(Y,c:, T). 
e,T>O 

Note that O(Y) = {z E XI for all c:, T > 0 there are y E Y and an 
(c:, T)-chain from y to z} and w(Y) c O(Y). For a one-point set Y = {x}, 
we also write O(x). Arguing as for w(Y) in Proposition 3.1.5 one sees that 
O(Y) is invariant under the flow. 

A first relation between chains and attractors is given by the following 
proposition. 
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Proposition 8.3.2. For Y c X the set il(Y) is the intersection of all 
attractors containing w(Y). 

Proof. Suppose that A is any attractor containing w(Y). Let V be an open 
neighborhood of A disjoint from A* and let t > 0 be such that cl <I>(t, V) c 
V. Let 

0 < e <inf {d(y,z) I y ¢ V and z E cl <I>(t, V)}. 

Choose T > t such that <I>(T, Y) c <I>(t, cl V). Then every (e, T)-chain from 
Y must end in V. Therefore, if w(Y) c A, then also O(Y) c A and hence 
il(Y) is contained in the intersection of all attractors containing w(Y). 

Fore, T > 0 let N := cl(O(Y, c:, T)). We will show that A:= w(N) is an 
attractor with attractor neighborhood N. Note that w(N) c il(Y, c:, T) c 
intN, where the second inclusion follows, because O(Y,c:, T) is open and 
contained in N. Now let z E w(N). Then there are tn ---+ oo and Xn E N 
with <I>(tn, Xn) ---+ z. Choose no E N, fJ > 0 and p E O(Y, c:, T) with 

and 

c: 
d(p,Xn0 ) < fJ, tn0 > T, and d(<I>(tn0 ,Xn0 ),z) < 2 

d(<I>(tn0 , y), <I>(tn0 , Xn0 )) < ~ for ally with d(y, Xn0 ) < fJ. 

By definition of p there is an ( c:, T)-chain from some y E Y to p and we 
obtain 

c: c: 
d( <I>(tn0 , p ), Z) ::; d( <I>(tn0 , P ), <I>(tn0 , Xn0 )) + d( <I>( tn0 , Xn0 ), Z) < 2 + 2 = C:. 

Thus concatenation yields an (e, T)-chain from y to z, hence z E O(Y, c:, T). 
We have shown that A := w(N) is a closed invariant set with attractor 
neighborhood N, hence an attractor. By invariance of O(Y) we have A= 
w(cl(O(Y,c:,T))) :J O(Y) :J w(Y). Direct inspection shows that O(Y) = 
w(O(Y)) in fact equals the intersection of these attractors containing w(Y). 

D 

This proposition implies, in particular, that a chain transitive fl.ow has 
only the trivial attractors A = 0, X because for every Y c X one has that 
O(Y) = X. See also Examples 8.1.9 and 8.2.3 for a simple illustration. 

We obtain the following fundamental relation between the chain recur­
rent set and attractors. 

Theorem 8.3.3. The chain recurrent set R satisfies 

(8.3.1) R = n {Au A* I A is an attractor}. 

In particular, there exists a finest Morse decomposition {M1, ... , Mn} if 
and only if the chain recurrent set R has only finitely many connected com­
ponents. In this case, the Morse sets coincide with the chain components of 
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R and the flow restricted to every Morse set is chain transitive and chain 
recurrent. 

Proof. If A is an attractor and x E X either w ( x) c A or x E A*. If 
x E 'R, then x E O(x) and Proposition 8.3.2 shows that x is contained in 
every attractor containing w ( x). Hence x E A U A*. Conversely, if x is in 
the intersection in (8.3.1), then x is in every attractor A containing w(x). 
Again Proposition 8.3.2 shows that x E O(x), that is x E 'R. 

If there exists a finest Morse decomposition, then the flow restricted 
to a corresponding Morse set must be chain transitive. In fact, suppose 
that a Morse set Mk is not chain transitive. Then there exists x E Mk 
with O(x) f. Mk. By Theorem 8.2.10 the Morse sets can be written via a 
sequence of attractors as 

Mn-i = Ai+1 n Ai for O ~ i ~ n - 1. 

By invariance of Mk one has w(x) c Mk· Now Proposition 8.3.2 shows 
that there is an attractor A containing w(x) and Mk rt A. The attractor 
sequence 0 C A c X gives rise to the Morse decomposition 

.M1 = x n A* = A*, .M2 = A. n x = A.. 

This is a contradiction to the assumption that we started with the finest 
Morse decomposition, since M2 is not contained in any Morse set Mj· We 
have shown, that the Morse sets in the finest Morse decomposition are chain 
transitive and hence connected by Proposition 3.2.5. Thus every Morse set 
in the finest Morse decomposition is contained in a connected component of 
the chain recurrent set R. 

Conversely, the finitely many connected components Mi of R define a 
Morse decomposition, because they are ordered isolated invariant sets. In 
fact, this is the finest Morse decomposition: Using again the characteriza­
tion of Morse decompositions via increasing attractor sequences in Theorem 
8.2.10, one sees that a finer Morse decomposition would imply the existence 
of an attractor A such that A n Mi is a proper subset of Mi for some i, 
and hence this would be an attractor of the flow restricted to Mi. This 
is a contradiction, since the flow restricted to a chain component Mi is by 
Proposition 3.2.4 chain transitive. D 

8.4. Exercises 

Exercise 8.4.1. Let n EN. Construct an example with a Morse decompo­
sition such that there are n Morse sets which are maximal with respect to 
the order of Morse sets. 
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Exercise 8.4.2. In Example 8.1.7 several Morse decompositions for a sys­
tem on the interval X = [O, 3] have been given. Construct for each of them 
an increasing sequence of attractors as in Theorem 8.2.10. Compare with 
Example 8.2.12. 

Exercise 8.4.3. Let Mi, ... , Mt be a Morse decomposition. Show that for 
every x EX there is i E {1, ... ,.e} with w(x) c Mi. 

Exercise 8.4.4. Give an example where the chain components are not de­
termined by a finest Morse decomposition. 

Exercise 8.4.5. Let q> be a fl.ow on a compact metric space X. Assume 
that there exists a finest Morse decomposition. Prove that for every set 
Y c X the chain limit set 

O(Y) = {z EX I for all c, T > 0 t~ere are y E Y } 
and an ( c, T)-cham from y to z 

is an attractor. Give an example where there is no finest Morse decomposi­
tion and O(Y) is not an attractor. 

8.5. Orientation, Notes and References 

Orientation. This chapter has shown that one may construct the chain 
components of a continuous fl.ow on a compact metric space by finding the 
finest Morse decomposition, if it exists. This is the content of Theorem 8.3.3. 
Theorem 8.2.10 shows that Morse decompositions, in turn, are associated 
with attractor-repeller sequences. Hence, if one wants to construct the finest 
Morse decomposition, one may refine attractor-repeller sequences. We will 
follow this path in the next chapter, where we construct the chain compo­
nents of the fl.ow in the projective bundle associated to a continuous linear 
fl.ow. This yields a generalization of the Lyapunov spaces for autonomous 
linear equations. 

Notes and references. The theory of continuous flows on compact metric 
spaces based on chains, attractors and Morse decompositions is essentially 
due to C. Conley; cf. [34, 35]. 

Morse decompositions are closely related to the existence of a complete 
Lyapunov function; see Robinson [117] or Alongi and Nelson [2]. Thus (this 
is Conley's Fundamental Theorem) the fl.ow outside of the chain recurrent 
set R is gradient-like in the sense that there is a Lyapunov function which 
is a strictly decreasing along trajectories outside R and constant on the 
components of R. The important notion of Conley index associates to every 
Morse set an index which reflects the topological properties of the fl.ow. 
Easton [42] develops the topological theory for continuous maps on compact 
metric spaces. 
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The characterization of Morse decompositions in Theorem 8.2.10 is some­
times taken as a definition; see Salamon [120] or Salamon and Zehnder [121]. 
There may exist countably many attractors; see Akin [3, Proposition 4.8] 
or Robinson [117, Lemma 10.1.7]. The intersection of all Morse decomposi­
tions for a fl.ow need not consist of only countably many sets as in Example 
8.1.8. It may form a Cantor set; see Akin [3, p. 25] (and use Theorems 
8.2.10 and 8.3.3). 

Rasmussen [114] developed a theory of Morse decompositions for nonau­
tonomous systems (in continuous and discrete time). There are extensions 
of the theory of Morse decompositions and chain transitivity to infinite­
dimensional systems (see Rybakowski [118, Definition llI.1.5 and Theorem 
IIl.1.8]), and to semi-dynamical systems; Patrao and San Martin [110, 111]. 



Topological Linear 
Flows 

Chapter 9 

In this chapter we consider as a second class of time-varying matrices robust 
linear systems or, equivalently, bilinear control systems; cf. Example 6.3.4. 
They find an appropriate framework in the general class of topological linear 
flows or dynamical systems on vector bundles. The techniques from the 
topological theory of flows on compact metric spaces developed in Chapter 
3 and complemented in Chapter 8 will play a dominant role, since they will 
allow us to construct first appropriate subspace decompositions and then 
a spectral theory for (generalized) Lyapunov exponents. In particular, we 
will construct the finest Morse decomposition for the induced system in 
projective space and characterize the Lyapunov spectrum. The theory will 
be developed for the continuous-time case only. 

Section 9.1 presents the main results: Theorem 9.1.5 is a spectral decom­
position theorem involving the notion of the Morse spectrum and Theorem 
9.1.12 gives an application to stability. The ensuing sections develop the 
theory which is needed for the proof of Theorem 9.1.5: In Section 9.2 the 
finest Morse decomposition is constructed which yields a decomposition into 
subbundles; this result, Theorem 9.2.5, is due to Selgrade. The properties of 
the Morse spectrum are derived in Section 9.3, and the relation to the Lya­
punov exponents is clarified in Section 9.4. Here the proof of Theorem 9.1.5 
is also completed. Finally, Section 9.5 proves that robust linear systems (or, 
equivalently, bilinear control systems) define topological linear flows on an 
appropriate vector bundle and presents several examples. 

-169 
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9.1. The Spectral Decomposition Theorem 

In this section we define topological linear flows which are continuous linear 
skew product flows over a compact metric space. Then we introduce the 
Morse spectrum and formulate the main result of this chapter, which fur­
nishes a decomposition according to exponential growth rates. The result is 
compared to the spectral decomposition theorems derived for autonomous 
and periodic differential equations. An application to stability is given. 

We start by defining topological linear dynamical systems. Their state 
space has the form V = B x Rd where B is a compact metric space and Rd 
is endowed with an inner product. One should imagine this space, called 
a vector bundle, as a bundle of copies of Rd indexed by the elements of B. 
Each fiber Vb:= {b} x Rd, b EB, has the linear structure of a vector space. 
Frequently, it will be convenient to identify a fiber Vb with Rd. 

Definition 9.1.1. Let B be a compact metric space. A continuous fl.ow 
<I> = ( (), cp) : Rx Bx Rd ---+ Bx Rd is a topological linear dynamical system (or 
continuous linear skew product fl.ow) if for all t E R and ( b, x), (b, y) E Bx Rd 
one has <I>(t, b, x) = (O(t)b, cp(t, b, x)) and 

cp(t, b, ax+ (3y) = acp(t, b, x) + (3cp(t, b, y) for a, (3 ER 

Thus the map <I> is linear in every fiber { b} x Rd, and it is convenient to 
write the skew-component or cocycle, i.e., the maps on the fibers, as 

<P(t, b) = cp(t, b, ·): {b} x Rd---+ {O(t, b)} x Rd. 

Where convenient, we also write the base fl.ow as Otb or O(t)b. Topological 
linear dynamical systems will, in particular, provide an appropriate frame­
work for families of linear time-varying differential equations of the form 

(9.1.1) X(t) = A(u(t))x(t) '= [Ao+ t, U;(t)A;l x(t), u EU. 

Here Ao, ... , Am E gl ( d, R), U = { u : R --+ U I integrable on every bounded 
interval} and U c Rm is compact and convex. Equation (9.1.1) defines a 
linear skew product fl.ow, if we consider as base component the shift () : 
Rx U--+ U, O(t, u(·)) := u(· + t), and the skew-component consists of the 
solutions cp(t, u, x), t ER, of the differential equation. The (nontrivial) proof 
that <I> is continuous when U is endowed with an appropriate metric making 
it into a compact metric space, and hence <I> is a topological linear fl.ow will be 
deferred to Section 9.5. In an application context, there are two alternative 
interpretations of system (9.1.1): It may be considered as a robust linear 
system, when we interpret the functions u E U as perturbations acting on 
the system; here only the range U c Rm of the perturbations is known and 
arbitrary perturbation functions u EU are considered. In this case, one is 
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usually interested in the worst case behavior, for instance, in the question, 
whether or not one can guarantee stability for all u EU. Alternatively, we 
can interpret the functions u E U as controls which can be chosen so as 
to achieve a desired behavior, for instance, such that for some u E U all 
corresponding solutions tend to zero as time tends to infinity. Note that 
here the controls act on the coefficients and not additively. Thus this is not 
a linear control system, which has the form 

x(t) = Ax(t) + Bu(t) 

with matrices A and B of appropriate dimensions. 

We need some preparations in order to formulate the main theorem of 
this chapter concerning the Lyapunov exponents and corresponding decom­
positions of the state space of topological linear dynamical systems. 

Definition 9.1.2. Let W be a closed subset of a vector bundle V =Bx Rd 
that intersects each fiber in a linear subspace Wb := W n ( {b} x Rd] , b E B. 
Then W is a called a sub bundle if dim Wb = dim Wb' for all b, b' E B. 

Thus a subbundle of a vector bundle is a subset such that over every 
point in the base space one has a subspace of JRd of constant dimension. Sub­
bundles are an appropriate generalization of the concept of linear subspaces 
to vector bundles. 

As discussed in Chapter 6, the Lyapunov exponents of nonautonomous 
differential equations may not always come with corresponding subspace 
decompositions into Lyapunov spaces. In order to deal with this problem, 
we will generalize the concept of Lyapunov exponents. Here we rely heav­
ily on the concepts introduced in Chapter 4 where, for autonomous linear 
differential equations, we could characterize the Lyapunov spaces by their 
projections onto projective space: They coincide with the chain components 
of the induced fl.ow. In the following we will take up this characterization 
which also applies to periodic systems as seen in Chapter 7. 

The projective bundle IPV :=Bx pd-l is endowed with the metric which 
is the maximum of the metric on B and the metric on pd-l introduced in 
(4.1.3), 

d(p,p') :=min (II 11:11 - 11::11 II' II 11:11 + 11::11 ID ' 
where x E JRd is any element projecting top, i.e., x E p-1(p) and x' E Jp>-1(p') 
and IP : JRd \ {O} ---+ pd-l denotes the projection onto pd-l. As in Chapter 
4, the continuous linear fl.ow <I>= (0, cp) induces a continuous projective fl.ow 
on the projective bundle, given by 

IP<I>(t,b,p) = (O(t,b),IP(cp(t,b,x)) for (t,b,p) E !RxBx!Pd-l and x E p-1(p). 
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Next, we generalize the notion of Lyapunov exponents or exponential growth 
rates. For (b, x) EB x Rd the Lyapunov exponents satisfy 

>.(b, x) := limsup~ log llcp(t, b, x)ll = limsup~ (log llcp(t, b, x)ll - log llxll). 
t--+oo t t--+oo t 

Now, instead of looking at a single trajectory, we look at pieces of finitely 
many trajectories which, when projected to Bx r-1, are chains. Since it is 
convenient to start with a chain in the projective bundle we are led to the 
following concept for an (c, T)-chain (in B x Jp>d-l given by 

To,···, Tn-1 > T, (bo,Po), ... , (bn-1,Pn-1) EB x IPd-l 

and satisfying d(IP<I>(Ti, bi, Pi), (bi+bPi+l)) < c for i = 0, 1, ... , n - 1. The 
total time of the chain (is r(() := ,L~;01 7i. 

Definition 9.1.3. The finite time exponential growth rate of a chain ( as 
above (or chain exponent) is, for any Xi E IP-1(pi), 

l n-1 

>.(() = r(() ~(logllcp(Ti,bi,Xi)ll-logllxill). 

The choice of Xi E Jp>- 1(pi) does not matter, since by linearity for a "I= 0, 

log llcp(Ti, bi, axi)ll - log llaxill =log llcp(Ti, bi, Xi)ll - log !Ix& 

In particular, one may take all Xi with llxill = 1 and then the terms log llxill 
vanish. We obtain the following concept of exponential growth rates. 

Definition 9.1.4. The Morse spectrum of a chain transitive set Mc Bx 
Jp>d-l of the projective flow IP<I> is 

E (M) = { >.ER I there exist ck--+ 0, Tk--+ oo and } 
Mo (ck,Tk)-chains (kin M with limk--+oo>.((k) = >. · 

Thus the Morse spectrum is given by limit points of exponential growth 
rates of pieces of finitely many trajectories in Rd which, when projected to 
B x Jp>d-l, are chains in the chain component M. The following theorem 
is the spectral theorem for linear flows. It generalizes the autonomous and 
the periodic cases. It also provides decompositions of Rd into subspaces, 
which change with b E B according to the dynamics in the base space. All 
points in the base space are considered, thus also irregular situations (cf. the 
counterexamples in Chapter 6), are included. Associated to the subspaces 
are exponential growth rates which, in contrast to the periodic case, do not 
yield numbers, but intervals. In fact, instead of the Lyapunov spectrum, 
i.e., the set of Lyapunov exponents, the generalized version called Morse 
spectrum is taken, which, however, contains the Lyapunov spectrum and is 
'not much larger'. 
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Theorem 9.1.5. Let <fl = ( (), cp) : JR x Bx ]Rd -+ Bx ]Rd be a topological linear 
flow on the vector bundle V = B x JRd with chain transitive base flow () on 
the compact metric space B and denote by ~(t, b) := cp(t, b, ·), (t, b) E JR x B, 
the corresponding cocycle. Then for every b E B the following assertions 
hold: 

(i} There are decompositions 

(9.1.2) lRd = Vi(b) EB ... EB Ve(b), b EB, 

of JRd into linear subspaces Vj(b) which are invariant under the flow <fl, i.e., 
~(t, b)Vj(b) = Vj(Otb) for all j = 1, ... , £, and their dimensions dj are 
constant; they form subbundles Vj of B x JRd. 

(ii} There are compact intervals [Ki, Ki], i = 1, ... , £ with Ki < Ki+I and 
Ki < Ki+I for all i such that for each b E B, x E JRd \ { 0} the Lyapunov 
exponents >. ± ( b, x) forward and backward in time satisfy for some i ~ j, 

>.+(b,x) := limsup!logllcp(t,b,x)ll E [Kj,Kj], 
t--+oo t 

.x-(b,x) :=liminf!logllcp(t,b,x)ll E [Ki,Ki]· 
t--+-oo t 

Each boundary point Ki, Ki equals the Lyapunov exponent >. + ( b, x) = >. - ( b, x) 
of some b EB, x E JRd \ {O} and these exponents are limits. 

(iii} The projections IPVj of the subbundles Vj,j = 1, ... ,£, to the pro­
jective bundle Bx pd-l are the chain components Mj of the projective flow 
]p>cp, hence they form the finest Morse decomposition and they are linearly 
ordered by Mi ::::; ... ::::; Me. 

(iv} The intervals in (ii} are the Morse spectral intervals of the subbun­
dles Vj, i.e., [Kj, Kj] = EM0 (1PVj),j = 1, ... ,£. 

(v) For each j = 1, ... , £ the maps Vj : B -+ Gd; to the Grassmannian 
are continuous. 

The subspaces Vj(b) may be considered as generalizations of Lyapunov 
spaces. The subbundles Vj are called the Selgrade bundles of the fl.ow <fl and 
we may write the decompositions {9.1.2) as 

Bx JRd = V1 EB ... EB Ve. 

Such a decomposition into subbundles is called a Whitney sum. The proof 
of this theorem will be based on the results in Sections 9.2-9.4. 

To understand the relation of this theorem to our previous results, we 
apply it to the cases of constant and periodic matrix functions. 

Example 9.1.6. Let A E gl(d,JR) and consider the dynamical system 
cp : JR x ]Rd -----t JRd generated by the solutions of the autonomous linear 
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differential equation x = Ax. The fl.ow cp can be considered as the skew­
component of a topological linear dynamical system over the base fl.ow given 
by B = {b} and e : Rx B --+ B defined as the constant map Otb = b for 
all t E R Since the base fl.ow is trivially chain transitive, Theorem 9.1.5 
yields the decomposition of Rd into Lyapunov spaces projecting to the chain 
components Mi in r-1. In order to recover the results from Theorem 4.1.3 
it only remains to show that the Morse spectrum over Mi coincides with 
the Lyapunov exponent Ai· Consider for o > 0 a time T > 0 large enough 
such that for all t 2 T and all x E Li = L(Ai) with llxll = 1, 

I~ log llcp(t,x)ll - Ail< o. 

Then for every ( c, T)-chain ( in Mi = JP Li with T 2 T' one has 

l n-1 

IA(() - Ail = r(() ~log llcp(7i, Xi)ll - Ai 

n-1 Ji [ l ] 
= ~ r(() Ti log llcp(7i, Xi)ll - Ai 

Since this holds for every o > 0, it follows that in the limit for ck ---+ 0, Tk ---+ 
oo the Morse spectrum over Mi coincides with {Ai}· Note that here no use 
is made of explicit solution formulas. 

For Floquet theory, one can argue analogously. 

Example 9.1.7. Let A: R--+ gl(d,R) be a continuous, T-periodic matrix 
function. Define the base fl.ow as follows: Let B = § 1 be parametrized by 
TE [O, 2T) and take e is the shift O(t, r) = t+r. Then e is a chain transitive 
dynamical system (cf. Exercise 3.4.2), and the solutions cp(·,r,x) of x = 
A(t)x define a topological linear dynamical system <I> : Rx§1 xRd--+ §1 xRd 
via <I>(t, r, x) = (O(t, r), cp(t, r, x)). With this setup, Theorem 9.1.5 recovers 
the results of Floquet Theory in Section 7.2. In fact, by Corollary 7.2.14 
the chain components Mi in § 1 x Rd are the projections of the Lyapunov 
spaces L(Ai,r),r E § 1. It only remains to show that the Morse spectrum 
over Mi coincides with the Lyapunov exponent Ai. Consider for o > 0 a 
time T > 0 large enough such that for all t 2 T and all x E L(Ai, r), r E § 1, 

with llxll = 1, 

I~ log llcp(t,r,x)ll - Ail< o. 

Then for every ( c, T')-chain ( with T' 2 T one has 

l n-1 

IA(()-Ail= r(()~logllcp(7i,ri,Xi)ll-Ai <o. 
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Since this holds for every 8 > 0, it follows that, taking the limit for c;k --+ 
0, Tk--+ oo, the Morse spectrum over Mi coincides with P.i}· 

Part (iii) of Theorem 9.1.5 shows how the subbundles V; are constructed: 
One has to analyze the chain components of the projective fl.ow. In Section 
9.2 it is shown that the set of points x in JRd which project to a chain 
component, form a subbundle and these subbundles yield a decomposition 
of the bundle V (Selgrade's Theorem). 

Stability 

The problem of stability of the zero solution of topological linear dy­
namical systems can now be analyzed in analogy to the case of a constant 
matrix or a periodic matrix function. The following definition generalizes 
the last part of Definition 1.4. 7 taking into account that the Morse spectrum 
of a Selgrade bundle is, in general, an interval. 

Definition 9.1.8. The stable, center, and unstable subbundles associated 
with a topological linear fl.ow <l> on a vector bundle V = B x JRd are defined 
as 

V-,_ .-
j:maxEM0 (V;)<O 

V Vo·­;, .- V . v+ ·-3, .-

j:min EMo(V; )>0 

Remark 9.1.9. Note that the center bundle may be the sum of several Sel­
grade bundles, since the corresponding Morse spectral intervals may overlap. 
The presence of a nontrivial center subbundle v0 will make the analysis of 
the long time behavior complicated. If v0 = 0, one says that the linear fl.ow 
admits an exponential dichotomy which is a uniform hyperbolicity condition. 

We consider the following notions of stability. 

Definition 9.1.10. Let q> = (0, cp) be a topological linear fl.ow on B x JRd. 
The zero solution cp(t, b, 0) = 0 for all b E B and t E JR is 

stable if for all c; > 0 there exists a 8 > 0 such that llcp(t, b, xo) II < c; for 
all t 2: 0 and all b E B whenever llxoll < 8; 

asymptotically stable if it is stable and there exists a 'Y > 0 such that 
limt-+oo cp(t, b, xo) = 0 whenever llxoll <'Yi 

exponentially stable if there are constants a 2: 1 and (3 > 0 such that 
for all b E B and x E JRd, 

llcp(t,b,x)ll :S ae-f3t llxll for all t 2: 0. 

In order to characterize the stability properties of topological linear flows 
the following result, known as Fenichel's uniformity lemma, is needed. 
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Lemma 9.1.11. Let <I> = (0, cp) be a linear flow on the vector bundle V = 
B x ]Rd and assume that 

lim llcp(t, b, x)ll = 0 for all (b, x) EB x JRd. 
t--+oo 

Then there are a 2: 1 and f3 > 0 such that 

II iP(t, b)ll ::; ae-f3t for all t 2: 0 and all b E B, 

where II iP(t, b)ll :=sup {II iP(t, b)xll I llxll = 1} is the operator norm. 

Proof. By assumption for every point in the unit sphere bundle Bx §d-l = 
{(b, x) EB x JRd I llxll = 1} there is a time T(b, x) > 0 with II iP(T(b, x), b)xll 
< !· Thus for every (b, x) E Bx §d-l there is a neighborhood N(b, x) in 
B x §d-l such that 

1 ll<P(T(b,x),b')x'll < 2 for all (b',x') E N(b,x). 

Using compactness of B x §d-l and linearity one finds a finite covering 
Ni, ... , Nn of Bx §d-l and times Ti, ... , Tn > 0 such that for all (b', x') E 

Bx JRd with (b', 11 ~: 11 ) E Ni,i = 1, ... ,n, 

II iP('.li, b')x'll < ~ llx'll · 

Now fix ( b, x) E B x §d-l. Choose a ( nonunique) sequence of integers i3 E 
{1, ... , n} ,j EN, in the following way: 

ii : (b, x) E Ni11 

. 4>(Tipb)x E N 
i2 : II 41(Tipb)xll i2' 

41(Ti1 +Ti2+ ... +Ti;_1,b)x N· 
~: -E II 4>(Ti1 +Ti2+ ... +Ti;-1 •b)xll i;. 

Let Tj = '.li1 + Ti2 + ... + '.lir Then we write t > 0 as t = Tj + r for some j 2: 0 
and 0 ::; r ::; T := maxi=l, ... ,n Ji. We obtain 

11 <P(t, b)xll 
::; II iP(r, O(T3, b))ll II iP(T3, b)xll 
= II iP(r, 0( Tj, b)) ii II iP(Ti;, 0(7i1 + ... + 1i;_11 b)) iP('.li1 + ... + 1i;_1 , b )xii 

1 ::; II iP(r, O(T3, b))ll 2 II iP('.li1 + '.li2 + ... +1i;_11 b)xll 

::; ll<P(r,O(T3,b)ll (~)j llxll · 
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Note that log 2 > ~ and t = 'Tj + r ::; jT + r implies j 2:: t·;/. Hence it 
follows that 

- = e-J og < e-27' = e-2r · e'f < e · e- . ( 1) j · 1 2 t-r t r t/T 
2 - -

Let /3 := 2~ and a::= e · maxo::;r::;T maxbeB II !t>(r, b)ll. Then we conclude, as 
claimed, that II !P(t, b)xll ::; o:e-.Bt llxll for every (b, x) EB xJRd and t > 0. D 

With these preparations Theorem 9.1.5 implies the following main result 
regarding stability of topological linear flows. It generalizes Theorem 1.4.8 
which considers autonomous linear differential equations and Theorem 7.2.16 
which considers periodic linear differential equations. 

Theorem 9.1.12. Let~ = (0, <p) be a topological linear flow on B x JRd. 
Then for the zero solution <p(t, b, 0) = 0, b E B, t E JR, the following state­
ments are equivalent: 

(i) the zero solution is asymptotically stable, 

(ii) the zero solution is exponentially stable, 

(iii) all Morse spectral intervals EAt1o(Vj) are contained in (-oo, 0), 

(iv) the stable sub bundle v- satisfies v- = B x Rd. 

Proof. First observe that by linearity asymptotic (and exponential) stabil­
ity of the zero solution <p(t, b, 0) = 0, b E B, t E JR, for all (b, xo) E B x Rd 
with llxoll < 'Y implies asymptotic and exponential stability, respectively, for 
all points (b, x) E B x JRd: In fact, for exponential stability it follows that 
for x E JRd the point xo := ~fxrr satisfies llxoll < 'Y and hence 

ll<p(t, b, x)ll = II !P(t, b)xll = 11
2 l~ll !P(t, b) ( ~ ll:ll) II = 2 l~xll ll<p(t, b, xo)ll 

::; 2 llxll a: llxoll e-.Bt =a: llxll e-.Bt, 
'Y 

and analogously for asymptotic stability. By Theorem 9.1.5, properties (ii), 
(iii) and (iv) are equivalent and imply (i). Conversely, assume asymptotic 
stability of the zero solution, i.e., 

lim ll<p(t,b,x)ll = 0 forall (b,x) EB x Rd. 
t--+oo 

Then Lemma 9.1.11 implies that there are a: 2:: 1 and /3 > 0 such that 
for all t 2:: 0 and all b E B, 

ll!P(t,b) II::; o:e-.Bt, and hence ll<p(t,b,x) II::; o:e-.Bt llxll for all x E Rd. D 

In general, Lyapunov exponents for topological linear flows are difficult 
to compute explicitly-numerical methods are usually the way to go. In 
Section 9.5 we will discuss several examples. 
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In the next section we begin to prove Theorem 9.1.5. 

9.2. Selgrade's Theorem 

This section characterizes the chain components of projective linear flows 
and shows that they yield a decomposition of the vector bundle into invariant 
subbundles. This is the content of Selgrade's Theorem. 

Throughout this section, q, = ( 0, cp) : JR x B x ]Rd -----+ B x JRd is a linear 
skew product flow with continuous base flow 0: JR x B -----+Bon a compact 
metric base space B which is chain transitive. Furthermore, ]Rd is endowed 
with the Euclidean scalar product. 

We start with the following lemma which provides the projective space 
with a metric which is equivalent to the metric d(·, ·) in (4.1.3). 

Lemma 9.2.1. (i) A metric on pd-I is defined by 

d(JP>x, JP>y) := 
(x, y)2 

1 - II x 11 2 11Y11 2 • 

{ii) There exists a constant co > 0 such that 

cod(JP>x,JP>y)::; d(JP>x,JP>y)::; d(JP>x,JP>y) for all 0-::/: x,y E JRd. 

Proof. (i) It suffices to consider unit vectors x, y E JRd with d(JP>x, JP>y) = 
llx -yll. In the Euclidean space JRd one has l(x,y)I::; llxll llYll and equality 
holds if and only if x and y are linearly dependent, hence 1 - (x, y) 2 = 0 if 
and only if JP>x = JP>y. Clearly, 1 - (x, y) 2 = 1 - (y, x) 2. Verification of the 
triangle inequality is a bit more complicated: Observe that multiplication 
by an orthogonal matrix 0 does not changed, since (Ox, Oy) = (x, y) for 
x, y E JRd. Hence it suffices to show that 

d(JP>x, JP>y) ::; d(JP>x, JP>z) + d(JP>z, JP>y) 

for unit vectors z = ei, x = x1 ei + x2e2, y = YI ei + y2e2 + y3e3 and the 
canonical basis vectors ei, e2, ea. This computation is left as Exercise 9.6.3. 

(ii) One computes for x, y with llxll = llYll = 1: 

(9.2.1) llx - Yll 2 llx + Yll 2 = (x - y, x - y) (x + y, x + y) = 4(1 - (x, y) 2). 

Since llx + Yll ::; 2, this implies 

d(JP>x, JP>y) 2 = llx - Yll 2 2: ~ llx - Yll 2 llx + Yll 2 = 1 - (x, y) 2 = d(JP>x, JP>y) 2. 

For the converse inequality, it suffices to show that for all sequences (xn, Yn) 
in JRd X JRd with llxnll = llYnll = 1 and d(IPxn, IPyn) -7 0 it follows that 
d(IPxn, IPyn) -7 0. 
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We may assume that llxn - Ynll ---+ 0. Then (xn, Yn) ---+ 1: In fact, if 
this does not hold, one finds the contradiction that there are converging 
subsequences Xnk, Ynk ---+ x with 

lim (xnk' Ynk) = (x, x) < 1 = llxll · 
k-+oo 

Hence it follows that 

d(n»xn, n»yn) = \/1 - (xn, Yn) ---+ 0. 0 

The metric introduced above can be extended to a metric on the pro­
jective bundle B x Jp>d-l. For the proof of Selgrade's Theorem we will need 
the characterization of Morse decompositions via attractors from Theorem 
8.2.10 and Proposition 8.3.2. We begin with the following lemma which 
shows that attractors in the projective bundle define linear subspaces. (Note 
that Lemmas 9.2.2 and 9.2.3 do not require that the base space is chain tran­
sitive.) 

Lemma 9.2.2. Consider the set up of Theorem 9.1.5 with V =Bx ~d and 
the cocycle P on ~d. Let W be an invariant subbundle of V and consider 
an attractor A in n»W. Then we have 

(i} Let (b, x), (b, x') E W with x, x' =I- 0 be given with (b, n»x) E A and 
(b, n»x') rf. A. Then 

(9.2.2) lim llP(t,b)x)ll/llP(t,b)x'll =0. 
t-+-oo 

(ii} The set n»-1 A intersects each fiber Wb in a linear space. 

Proof. (i) Define the two-dimensional subspace L in the fiber over b by 
L = {(b,cx + dx') I c,d E ~}. First assume that (b,n»x) EA is a boundary 
point of An n»L in n»L. Choose c with 0 < c < dH(A, A*), where A* := 
{(b,p) E n»W I w(b,p) n A= 0} is the complementary repeller of A and dH 
denotes the Hausdorff metric; cf. (3.2.1). By Lemma 9.2.1 it follows for 
o := (coc)2 > 0 that for all (b, xo), (b, x1) E V with xo, x1 =I- 0, 

(9.2.3) (xo, x1)2 / llxoll2 llx111 2 ~ 1 - o implies d(n»xo, n»x1) ~ c. 

Now suppose that (9.2.2) does not hold. Then there exist a sequence tk ---+ 
-oo and a constant K > 0 such that for all k EN, 

(9.2.4) 

For c E ~' 

P(tk, b)(cx' + x) = cifJ(tk, b)x' + ifl(tk, b)x =ex~+ Xk 

with x~ := P(tk, b)x' and Xk := P(tk, b)x. The boundedness assumption 

(9.2.4) implies that also ( 11 ~: 11 , ll~~ll) remains bounded for k ---+ oo. We 
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compute 

( P(tk, b)(cx' + x), P(tk, b)x)2 (cxk + xk, xk)2 

II P(tk, b)(cx' + x)Jl 2 II P(tk, b)xll 2 = llexk + xkll 2 llxkJl2 

c2(xk, xk)2 + 2c(xk, Xk) JlxkJl 2 + JlxkJl 4 

= 2 
c2 llxkll JlxkJl 2 + 2c(xk, Xk) llxkJl2 + llxkJl4 

(9.2.5) 

c2(~ 1 ~)2 +2c(~ 1 ~)+1 
= 

c211\::11~ + 2c ( 11~b1' 11~!11) + 1 

It follows that for lcl small enough this expression is 2:: 1 - 8 for all k E N. 
Hence, by (9.2.3), for all k E N, 

d(H»P(tk, b)(cx' + x), A) ::::; c 

and thusa(b,IP(cx'+x)) </..A*. Bythechoiceofc, this implies (b,IP(cx'+x)) E 

A for lcl sufficiently small. This contradicts the assumption that (b, IPx) is 
a boundary point of An IPL in IPL. Thus (9.2.2) holds in this case. 

(ii) Suppose that An IPL =/:- 0 and does not coincide with IPL. Then, 
without loss of generality, we may assume that (b,IPx) is a boundary point 
of An IPL in IPL. Then there is x' EL such that (b, IPx') </.A and any point 
in IPL\ {(b,IPx} is given by (b,IP(x' +ex) for some c E JR. Then (9.2.2) and 
the same computation as in (9.2.5) imply that the limit fort--+ -oo of 

( P(t, b)(x' +ex), P(t, b)x') 2 

II P(t, b)(x' + ex)Jl 2 JI P(t, b)x'J1 2 

is equal to 1. By Lemma 9.2.1 this implies 

0= lim d(IPP(t,b)(x'+cx),IPP(t,b)x') 
t~-00 

= lim d (IPP(t, b)(x' +ex), IPP(t, b)x'). 
t~-00 

Since (b, IPx') </.A the limit points for t --+ -oo of 

IP<P(t,b,x') = (O(t,b),IPP(t,b)x) 

are contained in the complementary repeller A*; see Proposition 8.2.7. Hence 
this also holds for (b,x' +ex) implying (b,IP(x' +ex))¢ A. Therefore AnIPL 
consists of a single point. We have shown that for any two-dimensional sub­
space L in Wb the set A n IPL is empty, equals IPL, or consists of a single 
point. This implies that IP-1 A intersects each fiber in a linear subspace. 
Furthermore, it also shows that assertion (i) is only nontrivial if (b, IPx) is a 
boundary point of An IPL as assumed in the proof of (i). D 
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Next we use this result to analyze the behavior of subspaces under the 
flow. Recall from Definition 8.3.1 that O(b) = {b' EB I for all£, T > 0 there 
is an (c, T)-chain from b to b'}. 

Lemma 9.2.3. With the notation of Lemma 9.2.2 suppose that Lb c Wb is 
a linear subspace and b' E O(b). Then 

Lb' = { v' E wb' I v' = (b'' x') with x' i= 0 implies 'JP'v' E O('JP' Lb)} 

is a linear subspace of Wb' and dim Lb' :2:: dim Lb. 

Proof. By Proposition 8.3.2, the set O('IP'Lb) is the intersection of attractors. 
Hence Lemma 9.2.2 implies that it intersects each fiber in a projective linear 
space. Therefore Lb' is a linear subspace of Vb'. Now let us define the set 
Lb' ( c, T) to be the closure of all points v E Vb' such that there exists an 
(c:,T)-chain from some point in 'JP'Lb to 'JP'q,(-T,v). Thus for every v' = 
(b', x') E Lb'(E, T) with x' i= 0 there exists an (c, T)-chain from some point 
in 'JP' Lb to 'JP'v'. This implies 

(9.2.6) nLb1(l/n,n) c Lb'· 
nEN 

The following construction shows that Lb' ( E, T) contains a linear subspace 
of dimension at least that of Lb. First note that O(b) is invariant and 
hence B-r-1b' E O(b). Then there exists an (c:, T)-chain bo, ... , bk with times 
To, ... , Tk-1 > T from b to B-r-1b'. Given any v = (b, x) E Lb define 
the sequence vo = v, ... , vk in V such that vo = (b, x), Vj = (bj, cp(To + 
... + Tj-1, xo, bo)) for j = 1, ... , k. Since there are only trivial jumps in the 
second component, this sequence defines an (c:, T)-chain from 'JP'v E 'JP'Lb to 
'JP'vk = (B-r-1b', 'JP'cp(To+ ... +Tk-1, xo, bo)), and therefore v' = q,(T+l, vk) E 
Lb1(E, T). Furthermore, the points v' E ?r-1(b') obtained in this way form a 
linear subspace of the same dimension as Lb, since in the second component 
we employ the linear isomorphism 

4>(To + ... +Tk-1+T+1) = cp(To + ... +Tk-1+T+1,b, ·):Vb --t Vb'· 

We conclude that the set C(c:, T) of m-dimensional subspaces of Vb contained 
in Lb1(E, T) is nonempty for m = dim Lb. This is a compact subset of 
the Grassmannian Gm. Since the intersection of a decreasing sequence of 
nonempty compact sets is nonempty, it follows that the intersection of the 
sets £(1/n, n) is nonempty. Together with (9.2.6) this proves the statement 
of the lemma. D 

These lemmas will imply that attractors in 'JP'W generate subbundles in 
W if the flow on the base space is chain transitive. 



182 9. Topological Linear Flows 

Proposition 9.2.4. Let A be an attractor in JP>W for an invariant subbundle 
W of a vector bundle V = B x JRd with chain transitive base space B. Then 

JP>-iA := {v = (b,x) E WI x = 0 or(b,JP>x) EA} 

is an invariant subbundle contained in W. 

Proof. We have to show that JP>-i A is a closed subset of W that intersects 
each fiber in a linear subspace of constant dimension. Closedness is clear by 
definition of A and closedness of W in V. By Lemma 9.2.2(ii) the intersec­
tions of JP>-i A with fibers are linear subspaces Lb, b E B. Because A is an 
attractor containing w(JP>Lb), it follows by Proposition 8.3.2 that O(JP>Lb) c A 
and hence for every b' E O(b), 

{ v = (b, x) E wb' I x = 0 or (b, JP>x) E n(JP>Lb)} c Lb'· 

Therefore we obtain from Lemma 9.2.3 that dim Lb' 2: dim Lb. Chain transi­
tivity of B implies that O(b) =Band hence dim Lb is constant for b EB. D 

This result allows us to characterize the chain components of a projective 
linear fl.ow over a chain transitive base space. The following theorem due 
to Selgrade shows that a finest Morse decomposition of the projected fl.ow 
exists and that it provides a decomposition of the vector bundle V = B x !Rd 
into invariant subbundles. 

Theorem 9.2.5 (Selgrade). Let cI> = (0, <p) : IR x B x JRd ---+ B x JRd be a 
topological linear flow on the vector bundle V = B x JRd with chain transitive 
base flow (} on the compact metric space B. Then the projected flow JP>cI> has 
a finite number of chain components Mi, ... , Mt, I!~ d. These components 
form the finest Morse decomposition for JP>cI>, and they are linearly ordered 
Mi j ... j Mt. Their lifts Vi := JP>-i Mi c B x JRd are subbundles, called 
the Selgrade bundles. They form a continuous bundle decomposition 

(9.2.7) B x !Rd= Vi EB ..• EB Vt. 

Since the Vi are subbundles, the dimensions of the subspaces Vi,b are 
independent of b E B. The sub bundle decomposition, also called a Whitney 
sum, means that for every b E B one has a decomposition of JRd into the I! 
linear subspaces Vi,b := {x E !Rd I (b, x) E Vi}, 

!Rd = Vi b EB .•. EB V• b· ' .. , 
The subbundles are invariant under the fl.ow cl>, since they are the preimages 
of the Morse sets Mi· For the fibers, this means that Vi,<ltb = { <p(t, x, b) E 
JRd I (b, x) E Vi}· Hence this result is a generalization of the decomposition 
(7.2.8) in the context of Floquet theory derived from a finest Morse decom­
position in si x Jp>d-i. In the next section we will discuss the corresponding 
exponential growth rates. 
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Proof of Theorem 9.2.5. Note first that there is always a Morse decom­
position of IP<P: Define Ao = 0, Ai = IPV and Mi = Ai n A0; then 
a Morse decomposition is given by {Mi}. Next we claim that for ev­
ery invariant subbundle W of V the following holds: for every Morse de­
composition {Mi, ... , Mn} of !PW corresponding to an attractor sequence 
0 = Ao C Ai C ... C An = !PW the sets Jp>-i Mn-i = Jp>-i A+in Jp>-i Ai, i = 
0, ... , n - 1, define a Whitney decomposition of W into subbundles. For 
n = 1, this is obviously true. So we assume that the assertion is true for all 
invariant subbundles W and their Morse decompositions corresponding to 
an attractor sequences of length n - 1, and we prove it for n. 

Thus let W be an invariant subbundle, and consider an attractor se­
quence of length n. Because Mn= Ai, it is an attractor, and by Proposi­
tion 9.2.4, Jp>-i Ai and Jp>-i Ai are invariant subbundles. It is easily seen that 
{Mi, ... ,Mn-i} is a Morse decomposition of Ai. Hence by the induction 
assumption Jp>-i Mj, j = 2, ... , n form a Whitney decomposition of Jp>-i Ai, 

IP-i Ai = IP-i M2 EB ... EB IP-i Mn· 

It remains to show that Jp>-i Ai and Jp>-i Ai form a Whitney decomposition of 
W. Write A= Ai, choose b EB, and assume that the corresponding fibers 
of Jp>-iA and Jp>-i A* have dimensions r and s, respectively. Because A and 
A* are disjoint, it suffices to prove that r+s ~dim W =:di. Fix b EB and 
consider a subspace Fb of Wb complementary to Ab, hence dimFb =di - s. 
By the definition of A*, one has w (IP Fb) c A. Because A is an attractor, 
Proposition 8.3.2 implies that O(IPFb) c A. Now chain transitivity in Band 
Lemma 9.2.3 show that for each b' E B the set O(]p>Fb) meets IPVb' in a 
subspace of dimension at least di - s. Therefore r ~di - s as claimed, and 
we obtain that 

W = IP-i Ai EB IP-i Ai = IP-i Mi EB IP-i M2 EB ... EB IP-i Mn· 

In particular, this holds for the vector bundle V. 

In order to see that there exists a finest Morse decomposition for the 
flow on IPV, let {Mi, ... ,Mn} and {Mi, ... ,M~} be two Morse decom­
positions corresponding to the attractor sequences 0 = Ao c Ai c ... C 

An = IPV and 0 = A0 c Ai c ... c A~ = IPV. By Proposition 9.2.4, all 
Jp>-i Ai, Jp>-i Aj are subbundles of V; hence by a dimension argument n, m::::; 
d. By the first part of this proof it follows that Jp>-i Mn-i = Jp>-i Ai+l n!P-i Ai 
and Jp>-i M~-j = Jp>-i Aj+l n Jp>-i Aj* are subbundles. Their intersections 
Mij := Min Mj define a Morse decomposition. This shows that refine­
ments of Morse decompositions of (JPV, IP<P) lead to finer Whitney decompo­
sitions of V. Therefore, again by a dimension argument, there exists a finest 
Morse decomposition {Mi, ... , Ml} with 1::::; f::::; d. D 
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Remark 9.2.6. The proof also shows that for every j E {1, ... ,f - 1} 
the subbundles V1 Ee ... Ee Vj and Vj+l Ee ... Ee Ve yield an attractor A := 

P(V1 Ee ... Ee Vj) with complementary repeller A* := P(V1 Ee ... Ee Vj)· 

9.3. The Morse Spectrum 

This section comes back to the problem of characterizing exponential growth 
rates and the corresponding subspaces. It characterizes the Morse spectrum 
for linear flows on vector bundles and shows that it consists of compact 
intervals corresponding to the Selgrade bundles. 

As before, the Lyapunov exponents of a topological linear fl.ow are de­
fined as the exponential growth rates of trajectories. Unfortunately, the set 
of Lyapunov exponents of a topological linear fl.ow <I> is rather difficult to 
handle as we have seen in the discussion in Chapter 6. We will consider a 
generalized version of Lyapunov exponents motivated by Selgrade's theorem, 
Theorem 9.2.5, where the Selgrade bundles are constructed from the chain 
components in the projective bundle. Recall that the Selgrade bundles are 
generalizations of the Lyapunov spaces for linear flows in JR.d which deter­
mine the Lyapunov exponents for linear autonomous differential equations; 
in the autonomous case all Lyapunov exponents can be obtained by the ex­
ponential growth rates of trajectories which project to the chain components. 
Instead of looking at exponential growth rates defined via trajectories, we 
will consider exponential growth rates defined via pieces of trajectories in 
the Selgrade bundles which project to chains in the chain components. 

Recall from Section 9.1 the definition of the Morse spectrum. Let (be an 
(e, T)-chain in Bx](l>d-l given by To, ... , Tn-1 >T, (bo,Po), ... , (bn-liPn-1) E 
Bx pd-l and satisfying d(P<I>(Ti, bi,Pi), (bi+l, Pi+1)) < e for i = O, 1, ... , n-
1. The total time of the chain (is r(() = E~,,:-01 Ti and the chain exponent 
of (is 

where Xi E p-1(pi)· By Selgrade's Theorem, Theorem 9.2.5, the chain 
components Mi of the projective fl.ow determine the Selgrade bundles Vi = 
p-l Vi, and hence we let 

(9 3 l) E (V·) ·= { >. E JR I there are ek-+ O, Tk-+ oo and (ek, Tk)- } 
· · Mo i • chains (kin PVi =Mi with lim>.((k) = >. · 

We start the analysis of the Morse spectrum with the following lemma pro­
viding, in particular, a uniform bound on chain exponents. 
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Lemma 9.3.1. (i) For every topological linear flow <I> on B x Rd there are 
c, µ > 0 such that for all b E B and all t 2 0, 

e-1e-µt < inf llcp(t, b, x)ll S sup llcp(t, b, x)ll < eeµt. 
llxll=l llxll=l 

(ii} For all t1, t2 2 1 and (b, x) E B x JRd with x =I- 0 one has with 
M :=loge+µ, 

(iii} For all c > 0, T 2 1 and every (c, T)-chain ( the chain exponent 
satisfies A(() SM. 

Proof. (i) Let ll4>(t,b)ll := supllxll=l ilcp(t,b,x)ll and define 

e :=max{ II 4>(t, b)ll I b EB and 0 St S 1} < oo andµ:= loge. 

Note that every t 2 0 can be written as t = n + r for some n E No and 
0 S r < 1. The cocycle property then implies that 

ll4>(t,b)ll = ll4>(r,O(n)b) · 4'(h,O(n- l)b) ... 4'(h,b)ll S en+l S eeµt. 

The estimate from below follows analogously. 

(ii) Define the finite time Lyapunov exponent 

1 
A(t, b, x) := t (log llcp(t, b, x)ll - log llxll). 

Then the cocycle property shows 

t2A(t2, <I>(ti, b, x)) 

= log llcp( t2, <I>(t1, b, x)) II - log llcp( ti, b, x) II 
(9.3.2) =log i1cp(t1 + t2, b, x)ll - log llcp(ti, b, x)ll 

=log i1cp(t1 + t2, b, x)ll - log llxll - [log i1cp(t1, b, x)ll - log llxll] 

= (t1 + t2)A(ti + t2, b, x) - tiA(t1, b, x). 

Assertion (i) and linearity imply that for b E B, x E JRd and t 2 1, 

1 
A(t, b, x) = t [log llcp(t, b, x)ll - log llxll] S loge+µ= M. 
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Hence it follows that 

l.X(ti +t2,b,x)-.X(ti,b,x)I 

= 1-1 - [t2 .X(t2 ,~(ti,b,x)) +ti.X(ti,b,x)]-.X(ti,b,x)I 
ti+ t2 

t2 I ti I S l.X(t2, ~(ti, b, x))I + - 1 l.X(ti, b, x)I 
ti+ t2 ti+ t2 

< t2 M + t2 M = 2M_t2 __ 
- ti + t2 ti + t2 ti + t2 

(iii) One computes 

l n-i 
.X(() = r(() ~(log llcp(7i, bi, Xi) II - log II xiii) 

l n-i 
::; r(() ~(loge+ µ1i)::; loge+µ= M. D 

The following lemma shows that the chain exponent of concatenated 
chains is a convex combination of the individual chain exponents. 

Lemma 9.3.2. Let e, ( be (e, T)-chains in B x JP>d-i with total times r(e) 
and r( ()' respectively, such that the initial point of e coincides with the final 
point of (. Then the chain exponent of the concatenated chain ( o e is given 
by 

Proof. Let the chains e and ( be given by (bo, JP>xo), ... , (bk, JP>xk) E B x 
JP>d-i and (ao, 1Pyo) = (bk, JP>xk), ... , (an, 1Pyn) with times So, ... , Sk-i and 
To, ... , Tn-li respectively. Thus one computes 

k-i n-i 
= L [log ll~(Si, xi) II - log llxill] + L [log 11~(7i, Yi) II - log llYilll 

i=O i=O 

D 

It is actually sufficient to consider periodic chains in the definition of 
the Morse spectrum, i.e., the exponents of chains from a point to itself. The 
proof is based on Lemma 3.2.8, which gives a uniform upper bound for the 
time needed to connect any two points in a chain component. 
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Proposition 9.3.3. Let Vi c B x Rd be a Selgrade bundle with Mi = JP>Vi· 
Then the Morse spectrum over Vi defined in (9.3.1) satisfies 

E V· = { >. E R I there are Ek ---+ 0, Tk ---+ oo and periodic } 
Mo( i) (ck, Tk)-chains (,kin Mi with >.((,k)---+ >.ask---+ oo · 

Proof. Let >. E EMo(Vi) and fix c, T > 0. It suffices to prove that for every 
o > 0 there exists a periodic (c, T)-chain ('with!>. - f((,')I < o. By Lemma 
3.2.8 there exists 'l'(c,T) > 0 such that for all (b,p), (b',p') E Mi there is 
an (c, T)-chain e in Mi from (b,p) to (b',p') with total time r(e) ~ 'l'(c, T). 
For S > T choose an (c, S)-chain (, with !>. - >.(()I < ~ given by, say, 
(bo,Po), ... , (bm,Pm) with times So, ... , Sm-1 >Sand with total timer((). 
Concatenate this with an (c, T)-chain e from (bm,Pm) to (bo,po) with times 
To, ... , Tm-1 > T and total time r(e) ~ 'l'(c, T). The periodic (c, T)-chain 
(' = e o (, has the desired approximation property: Since the chain e depends 
on (,' also T depends on (,. However' the total length of e is bounded as 
r(e) ~ 'l'(c, T). Lemma 9.3.2(ii) implies 

i>.(()->.(eo()I =I>.(()- r(e;~~((,)>.(e)- r(e;~~(()>.(()I 
r(e) r(e) 

~ r(e) + r(() i>.(()I + r(e) + r(() i>.(e)I. 

By Lemma 9.3.2(i) there is a uniform bound for i>.(e)I and !>.(()! for all 
considered chains e and (. Since r(e) remains bounded for chains (, with 
total timer(() tending to oo, the right-hand side tends to 0 as S---+ oo and 
hence r((,)---+ oo. D 

The following result describes the behavior of the Morse spectrum under 
time reversal. 

Proposition 9.3.4. For a linear topological flow cI> on a vector bundle B x 
Rd let the corresponding time-reversed flow cl>* = ( 8*, cp*) be defined by 

cI>*(t, b, x) = cI>(-t, b, x), t ER, (b, x) EB x Rd. 

Then the Selgrade decompositions of cI> and cl>* coincide and for every Sel­
grade bundle Vi one has EMo(Vi, cI>*) = -EMo(Vi, cI>). 

Proof. It follows from Proposition 3.1.13 that the chain recurrent sets of 
JP>cI> and JP>cI>* coincide. Hence also the chain components coincide, which 
determine the Selgrade bundles. This shows the first assertion. In order to 
show the assertion for the Morse spectrum, consider for a Selgrade bundle 
Vi the corresponding chain component Mi = JP>Vi. For c, T > 0 let (, be 
a periodic (c, T)-chain of JP>cI> in Mi given by n E N, To, Ti, ... , Tn-1 2: 
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T, (bo,Po), ... , (bn,Pn) = (bo,Po) E IPVi. An (c, T)-chain of !Pel>* in Mi is 
obtained by going backwards: Define 

T,t = Tn-i-1 and (bi ,pi)= IP<I>(Tn-i-1, bn-i-1,Pn-i-1) for i = 0, ... , n - 1. 

With Xi E p-l Pi and xi E p-l Pi we obtain for the chain exponents 

>.( () = r~() (t, log II <P(T;, b;, x;) II - log llx; II) 

= r( ~·) c~ log llx~_,_.11- log ll<P. (T~_,_,, b~_,_,, x~_,_i) II) 
= -.X((*). 

For (ck, Tk)-chains with ck---+ 0 and Tk---+ oo, the assertion follows. D 

Next we will show that the Morse spectrum over a Selgrade bundle is an 
interval. The proof is based on a 'mixing' of exponents near the extremal 
values of the spectrum. 

Theorem 9.3.5. For a topological linear flow cI> the Morse spectrum over a 
Selgrade bundle Vi is a compact interval, 

:EMo(Vi) = [Ki, Ki]· 

Proof. By Lemma 9.3.l(ii), the Morse spectrum is bounded and by defini­
tion it is closed. Let Ki = min :EMo(Vi) and Ki = max :EMo(Vi). Then it 
suffices to show that for all.XE [Ki, Ki], all o > 0, and all c, T > 0 there is 
a periodic (c, T)-chain ( in Mi = IPVi with 

(9.3.3) 

For fixed o > 0 and c, T > 0, Proposition 9.3.3 shows that there are periodic 
(c, T)-chains (* and (in M with 

.X((*) <Ki+ o and .X(() >Ki - o. 
Denote the initial points of(* and ( by (b0,p0) and (bo,Po), respectively. 
By chain transitivity there are (c, T)-chains (1 from (b0,p0) to (bo,Po) and 
(2 from (bo,Po) to (b0,p0), both in Mi· For k E N let (*k and (k be the 
k-fold concatenation of (* and of (, respectively. Then for k, l E N the 
concatenation (k,l = ( 2 o (k o (1 o ( 1 is a periodic (c, T)-chain in Mi· By 
Lemma 9.3.2 the exponents of concatenated chains are convex combinations 
of the corresponding exponents. Hence for every A E [.X((*), .X(()] one finds 
numbers k, l EN such that l.X((k,l) - .XI < o. This proves (9.3.3). D 

Looking at Theorem 9.1.5, we see that the objects in assertions (i), 
(iv), and (v) have been constructed: Selgrade's Theorem, Theorem 9.2.5, 
provides the subbundles related to the chain components in the projective 
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bundle and by Theorem 9.3.5 the Morse spectrum is a compact interval. 
Thus the Morse spectrum has a very simple structure: It consists of f ::; d 
compact intervals associated to the Selgrade bundles. Before we discuss the 
relations to the Lyapunov exponents in Section 9.4, we will establish the 
assertion in (ii) that the boundary points of the Morse spectrum are strictly 
ordered. This needs some preparations. 

The following lemma follows similarly as Fenichel's uniformity lemma, 
Lemma 9.1.11. 

Lemma 9.3.6. Let <I> be a linear flow <I> on a vector bundle V = B x JR.d 
and let V = V' E9 V" with invariant subbundles v+ and v-. Suppose that for 
all b E B and all (b, x') E Vl and (b, x") E v: with x', x" i= 0 one has 

lim II cp( t, b, x') II = 0. 
t--+oo II cp( t, b, x") II 

Then there are c 2 1 and µ > 0 such that 

llcp(t,b,x')ll S ce-µt llcp(t,b,x")ll 
for all t 2 0 and all (b,x') E Vl and (b,x") Ev: with llx'll = llx"ll· Then 
the subbundles are called exponentially separated. 

Proof. It suffices to prove the assertion for pairs in the unit sphere bundle 
B x §d-i. By assumption there is for all (b, x') E Vl and (b, x") E v: with 
llx'll = llx"ll = 1 a time T := T((b, x'), (b, x")) > 0 such that 

II cp(T, b, x') 11 1 
llcp(T, b, x")ll < 2' 

Let§(V') := V'n(Bx§d-i) and§(V") := V"n(Bx§d-i). Using compactness 
and linearity one finds a finite covering Ni, ... , Nn of §(V') x §(V") and times 
Ti, ... , Tn > 0 such that for every i = 1, ... , n, 

llcp(1i, b, x')ll 1 llx'll 
llcp(1i, b, x") II < 2 llx"ll 

for all ((b,x'), (b,x")) EV' x V" with ( (b, 11 ~: 11 ), (b, 11~::11)) E Ni. 

Fix (b, x') E §(Vl), (b, x") E §(Vn, b E B. Choose a sequence of integers 
ij E {1, ... , n} ,j EN, in the following way: 

ii: ((b,x'), (b,x")) E Ni11 

i 2 : ( cp(Ti ,b,x') cp(Ti ,b,x") ) N 
llcp(Til'b,x') ' cp(Ti1 ,b,x") E i 2 ' 

ij : 
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Using the cocycle property and invariance of the subbundles, we obtain for 
Tj := Ti1 + Ti2 + ... + Tij, 

llcp(r;,b,x')ll _ llcp(Ti3 ,B(Ti1 + ... +Ti3_pb),cp(Ti1 + ... +Ti3_pb,x'))ll 
llcp(r;, b,x")ll - llcp(Ti3 , O(Ti1 + ... + Ti3_1' b), cp(Ti,1 + ... + Ti3_ 1, b, x"))ll 

:S ~ llcp(Ti1 + .. · + Ti;-1' b, x2 II :S ... :S (~) i llx:,11 . 
211cp(Ti1 + ... +Tij-1,b,x )II 2 llx II 

Now j ~ r;/T and log2 > ~imply (!)j = e-ilog 2 :Se-~. Hence with 

µ := 2~ it follows that 

llcp(r;,b,x')ll :S e-µ.r3 llcp(r;,b,x")ll. 

This yields the assertion for all times t = r;, j E N. 

For arbitrary t > 0 we write t = r; + r forsomej E No and 0 :Sr :ST. 
Let c1 :=max{ II P(r, b)ll Ir E [O, T], b EB}< oo. Then 

llcp(t,b,x')ll :S llcp(r,O(r;,b))cp(r;,b,x')ll :S c1 llcp(r;,b,x')ll 

and, with c2 :=min{ II P(r, b)xll I llxll = 1} > 0, 

llcp(t,b,x")ll = llP(r,O(r;,b))cp(rj,b,x")ll ~ c21icp(r;,b,x")ll · 

Using t :S r; + T we get the following inequalities which imply the assertion 
with c := .£1.e-µ.T: 

c2 

llcp(t,b,x')ll :Sci llcp(r;,b,x')ll :S c1e-µ.r; llcp(r;,b,x")ll 

:S c1 e-µ.T e-µ.t llcp(t, b, x") II · D 
c2 

By Selgrade's Theorem we obtain the following exponentially separated 
sub bundles. 

Lemma 9.3. 7. Let <I> be a linear flow on a vector bundle V = B x JR.d with 
chain transitive flow on the base space B and consider the decomposition 
(9.2.7) into invariant subbundles. Then for every j E {1, ... ,.e - 1} the 
sub bundles 

V' := V1 EB ... EB V; and V" := V;+i EB ... EB Vt. 

are exponentially separated. 

Proof. By Remark 9.2.6, the projection A:= IP(V1 EB ... EBV;) is an attractor 
with complementary repeller A*:= IP(V;+1 EB ... EBV£). For the time-reversed 
flow, A* is an attractor with complementary repeller A; cf. Proposition 8.2.7. 
Hence we can apply Lemma 9.2.2(i) to the time reversed flow and obtain for 
(the original flow) that 

lim llcp(t,b,x')ll =O 
t~oo llcp(t,b,x")ll 
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for all (b, x') E V' and (b, x") E V". By Lemma 9.3.6 it follows that these 
bundles are exponentially separated. D 

After these preparations we can prove that the boundary points of 
the Morse spectral intervals are strictly ordered. Recall that the Selgrade 
bundles are numbered according to the order of the Morse decomposition 
](l>V1 ~ ... ~ ](l>Vt from Theorem 9.2.5. 

Theorem 9.3.8. Let ~ = (0, <p) be a topological linear flow on a vector 
bundle V = Bx JR.d. Then the boundary points of the Morse spectral intervals 
EM0 (Vj) = [Kj, Kj] are ordered according to Kj < Kj+l and Kj < Kj+l for all 
j E {1, ... ,£- l}. 

Proof. Consider Kj and Kj+l. By Lemma 9.3.7, the vector bundles 

V' = V1 EB ••• EB Vj and V" = Vj+i EB .•• EB Vt 

are exponentially separated. Hence there are numbers c ~ 1 and µ > 0 such 
that for (b, x') EV', (b, x") EV" with llx'll = llx"ll = 1 it follows that 

(9.3.4) ll<p(t,b,x')ll:::; ce-µt ll<p(t,b,x")ll 1 t ~ 0. 

For c, T > 0 consider an (c, T)-chain (" in Mj+l = ](l>Vj+l given by 

n EN, To, ... , Tn-1 > T and (bo,p~), ... , (bn,P~) E Mj+l· 

Then the growth rate A((") is given by 

n-1 

A((") = r(~") L log ll<p(Tk, bk, x%) II 1 

k=O 

where we choose x% with ](l>x% = P% and 1Jx%11 = 1. Using invariance of the 
Morse sets, one finds an (c, T)-chain (' in Mj = ](l>Vj (even without jumps 
in the component in Jp>d-l) given by 

To, ... , Tn-1 and (bo, p~), ... , (bn,P~) E Mj. 

Then r((') = r((") > nT and by (9.3.4) the growth rates satisfy for ](l>xk =Pk 
and JJxA:JI = 1, 

n-1 

A((') = r(~') L log ll<p(Tk, bk, xA:) II 
k=O 

l n-1 n-1 Ti 

:::; r((") Llog ll<p(Tk, bk, x%)11 + r(~') loge - Lr(;')µ 
k=O k=O 

1 
:::; A((")+ T loge-µ. 
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Now approximate 11:;+1 by (c, T)-chains (" in Mj+l with T -+ oo. Then 
there are chains (' in M j with growth rate satisfying the preceding estimate, 
hence 

* < * l'l:j - l'l:j+l - µ. 

The assertion for the l'l:j follows by time reversal (or using analogous argu­
ments). 0 

9.4. Lyapunov Exponents and the Morse Spectrum 

While we have determined the structure of the Morse spectrum and the cor­
responding subbundles, the relation to the Lyapunov exponents is not yet 
clear. We will show that the Morse spectrum contains every Lyapunov ex­
ponent of the flow ~ and hence the Morse spectrum generalizes the concept 
of exponential growth rates of trajectories. This is remarkable, because the 
Morse spectrum only considers chains in the chain recurrent set while Lya­
punov exponents are defined for all initial points. Furthermore, the bound­
ary points of every Morse spectral interval are Lyapunov exponents. This 
requires a characterization of the Morse spectrum based on initial pieces 
of trajectories, instead of chains (the resulting spectrum is called the uni­
form growth spectrum.) Then the proof of the main result of this chapter, 
Theorem 9.1.5, will be given. 

First we show that the Morse spectrum contains all Lyapunov exponents. 

Theorem 9.4.1. Let ~ = ( e, cp) be a topological linear flow on a vector 
bundle V = B x JR.d. Then for all (b, x) E B x JR.d, x =/:- 0, the Lyapunov 
exponent satisfies 

(9.4.1) 

where Vi is the Selgrade bundle with w(b,][l>x) c Mi= ][l>Vi. 

Proof. By Proposition 3.1.12, w-limit sets are chain transitive and hence 
contained in a chain component. Thus there is a Selgrade bundle Vi such 
that Mi = ][l>Vi contains w(b, ][l>x). Now it suffices to show the following: For 
all o > 0 and all c > 0, T > 1 there exists an (c, T)-chain (in w(b, ][l>x) with 

(9.4.2) IA(() - A(b, x)I < o. 
Fix o > 0, c > 0, and T > 1. Because ]p>~ is uniformly continuous on the 
compact set [O, 2T] x B x Jp>d-l, there is Oo = Oo ( o, c, T) > 0 such that for all 
(b',p'), (b",p") EB x jp>d-l it follows from d((b',p'), (b",p")) < Oo that for all 
t E [0,2T], 

(9.4.3) d(]p>~(t, b',p'), ]p>~(t, b",p")) < ~ 



and 

(9.4.4) I log II cp(t, b'' x') II - log llcp(t, b"' x") 111 
{J 

< 4' 
where x',x" E ~dare chosen with Px' = p',Px" = p" and llx'll = llx"ll = 1. 
There is To > 0 such that for all t 2:: To, 

(9.4.5) d(P<P(t, b, Px), w(b, Px)) < 80. 

The Lyapunov exponents of (b, x) and <P(To, b, x) coincide, since the cocycle 
property implies 

>-.(b, x) = limsup~ log llcp(t -To, O(To, b), cp(To, b, x))ll = >-.(<P(To, b, x)). 
t--+oo t - .LO 

There is Tl > 2T with 

(9.4.6) l>-.(b, x) - ~1 log llcp(T1, O(To, b), cp(To, b, x))ll I < ~-
To simplify the notation, without loss of generality, we replace <P(To, b, x) = 
(O(To, b), cp(To, b, x)) by (b, x). Then (9.4.5) holds for all t 2:: 0 and (9.4.6) 
yields for t 2:: 0, 

(9.4.7) 

We can express Tl in the form Tl = (l - 1 )T + r with l E N and r E (T, 2T]. 
The relation T > 1 implies Tl > l. 

Now consider times 

ro = ... = 7"!-2 := T, 7"!-1 := r 

and Xj := cp(rj, b, x) and Pj := Pxj for all j = 0, ... , .e - 1. Define a chain ( 
with trivial jumps by (bo,Po) = (b, Px) and (bj+l,P;+1) = P<P(rj, bj,Pj) for 
j = 0, ... , l - 1. Then the total time is r( () = E~-:,1 Tj = Tl and 

(9.4.8) 
l-1 

>-.(() = ~ L[logllcp(rj,bj,Xj)ll-logllxjlll 
r(() j=O 

1 l-1 1 
= T L [log llxj+lll - log llxjlll = T log llcp(Ti, b,x)ll · 

lj=O 1 

However, the chain ( is not necessarily contained in w(b, Px). In order to 
obtain an appropriate chain (in w(b, Px), we use (9.4.5): For (bj,Pj) we find 
points (bj,pj) inw(b,Px) with 

(9.4.9) 
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and hence by (9.4.3) d(IP<:I>(t, bj,Pj), JP<:I>(t, bj,pj)) < ~ for t E [O, 2T]. We 
obtain for all j, 

d(JP<:l>(Tj, bj,pj), (bj+l,PJ+i)) 

'.S d(JP<:I>( Tj, bj, pj), JP<:I>( Tj, bj, Pi)) + d(JP<:I>( Tj, bj, Pj ), (bj+1, PHI)) 

+ d((bj+11Pj+1), (bj+i,PJ+i)) 
c c 

< -+o+- = c. 
2 2 

Thus T1, ... '7"!-1 2: T and (bo,Po), ... ' (b~,PD E B x pd-l define an (c, T)­
chain (in w(b, JPx). 

In order to estimate the exponential growth rates, observe that by (9.4.9) 
and (9.4.4) for all j, 

log llxill - log llxjll < ~ and log llcp(Tj, bj, Xj)ll - log llcp(Tj, bj, xj)ll < ~· 
Hence (9.4.8) yields, with xj E Rd, JPxj = pj, and appropriate sign, 

1 l-1 

< T L[logllcp(Tj,bj,Xj)ll-logllxilll- [logllcp(Tj,bj,xj)ll-logllxjll] 
1 j=O 

6 6 
< T1l2 < 2· 

This estimate together with (9.4.7) shows (9.4.2) since 

l-\(b,x)--\(()1 '.S l,\(b,x)- ~1 log1icp(T1,b,x)lll+1-\(()--\(()1<6. D 

Remark 9.4.2. Let ,\-(b, x) = liminft-+oo t log llcp(t, b, x)ll be the backward 
Lyapunov exponent of (b,x) EB x Rd under the flow <:I>. Then ,\-(b,x) E 
~Mo(Vj, <:I>), where lPVj = Mj is the chain component of JP<:I> containing 
w*(b, JPx). This is proved in the same way as Theorem 9.4.1 using the time­
reversed flow <:I>*. 

Theorem 9.4.1 shows that the Morse spectrum contains all the Lya­
punov exponents. How much larger is the Morse spectrum than the set of 
Lyapunov exponents? We prove that the boundary points of the intervals 
corresponding to a Selgrade bundle, actually, are Lyapunov exponents. For 
the proof some preparations are necessary. In the process, an alternative 
characterization of the Morse spectrum will be given. We need the following 
technical lemma. 
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Lemma 9.4.3. Pick (b, x) E B x pd-l, fix a time t > 0 and consider 
>.(t, b, x) = f (log Jlip(t, b, x)Jl - log JlxJI). Then for any c E (0, 2M) there 
exists a time t* s [(2M - c)t]/(2M) such that 

>.(s, cI>(t*, b, x)) s >.(t, b, x) + c for alls E (0, t - t*] 

where Mis as in Lemma 9.3.1. Furthermore, t - t* 2 2~ ~ oo as t ~ oo. 

Proof. Abbreviate O' := >.(t, b, x). Let c E (0, 2M) and define 

f3 := sup >.(s, b, x). 
sE(O,t) 

If f3 s O' + c, the assertion follows with t* = 0. For f3 > O' + c, let 

t* :=sup{s E (O,t]J >.(s,b,x) 2 O'+c}. 

Because the maps f-t >.(s, b, x) is continuous, f3 > O' +c and >.(t, b, x) = O' < 
O' + c, it follows by the intermediate value theorem, that >.( t*, b, x) = O' + c 
and 0 < t* < t. By Lemma 9.3.l(ii), it follows with t := t - t*, that 

c = j<J' - (O' + c)J = J>.(t, b, x) - >.(t*, b, x)J S 2Mi, 

and hence t 2 ct/(2M) which implies t* s [(2M - c)t] /(2M). For s E 

(0, t - t*J it holds that t* + s E [t*, t] and hence >.(t* + s, b, x) < O' + c. 
Finally, using (9.3.2), we find the desired result: 

1 
>.(s, cI>(t*, b, x)) = - [(t* + s)>.(t* + s, b, x) - t* >.(t*, b, x)] 

s 
1 

< - [(t* + s)(O' + c) - t*(O' + c)] = (J' + c. D 
s 

Next we associate to every Selgrade bundle Vi another set of growth 
rates, called the uniform growth spectrum Eua(Vi). 

Proposition 9.4.4. For every Selgrade bundle Vi with Mi = JP>Vi the set 

Eua(Vi) := {>. E IR. J ther~ are tk ~ oo and (bk, JP>xk) E Mi } 
with >.(tk, bk, Xk) ~ >. fork ~ oo 

is a compact interval and there are ( b*, x*), ( b, x) E Mi with 

minEua(Mi) = >.(b*,x*) and maxEua(Mi) = >.(b,x). 

Proof. Since Mi is compact and connected and the map (t, b, x) f-t >.(t, b, x) 
is continuous, the image of this map is compact and connected and hence a 
compact interval. Thus there are ck ~ 0, tk ~ oo and (bk, Xk) E Vi with 

>.(tk, bk, xk) <min Eua(Vi) +ck· 

Let Ek := 1/ ./fk, and apply Lemma 9.4.3 to Xk and tk with c = Ek for each 
k EN. Thus we obtain times tZ such that 

>.(s, cI>(tZ, bk, Xk)) s min Eua(Vi) +ck+ Ek for all s E (0, tk - tZJ, 
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where tk - tk ;::: tktk/(2M) = v'fk/(2M). Define (b, xk) = <P(tk, bk, Xk) and 
tk := tk - tk --+ oo. Thus 

.A(s, b, Xk) :::; min Eua(Vi) +ck+ tk for alls E (O,fk]· 

Since Mi is compact, we may assume that the points (b, Xk) converge to 
some (b, x) E Mi· Now fix t > 0 and c > 0. By continuity of the map 
x f-t .A(t,b,x), there exists a ko EN such that l.A(t,b,x)-.A(t,bk,xk)I < c 
for all k;::: ko. Hence for all k;::: ko we have 

.A( t, b, x) < min Eua(Vi) +ck + tk + c. 

Since c > 0 and t > 0 have been arbitrarily chosen and ck + tk --+ 0, we find 

.A(t, b, x) :::; min Eua(Vi) for all t > 0, 

and hence 

lim sup.A(t, b, x) :::; min Eua(Vi). 
t--+oo 

Since, clearly, liminfH00 .A(t,b,x) < minEua(Mi) cannot occur, it follows 
that .A(b, x) = limHoo .A(t, b, x) = min Eua(Vi). For max Eua(Vi) one ar­
gues analogously. D 

Now we can prove the announced result about the boundary points of 
the spectral intervals. 

Theorem 9.4.5. Let <I! be a topological linear flow on a vector bundle V = 
B x ~d. Then for every Selgrade bundle Vi, the boundary points Ki and Ki 
of the Morse spectrum EMo(Vi) = [Ki, Ki] are Lyapunov exponents existing 
as limits. 

Proof. By Proposition 9.4.4 it suffices to prove that Eua(Vi) = E.Mo(Vi). 
The inclusion Eua(Vi) c EM0 (Vi) is obvious. For the converse, consider an 
(c, T)-chain ( with times To, ... , Tn-1 ;::: T and points (bo,po), ... , (bn,Pn)· 
Then 

(9.4.10) 

In fact, with r :=To+ ... + Tn-1 the assertion for the maximum is seen as 
follows: 

1 
.A(()= - [To.A(To, bo, xo) + ... + Tn-1.A(Tn-li bn-1, Xn-1)] 

T 

~ Tn-1 ( :::; ~..\(To, bo, xo) + ... + -T-,\ Tn-1, bn-1, Xn-1) :::; mrx.A(7i, bi, Xi)· 

Analogously, one argues for the minimum. By definition, there is a sequence 
of (ck, Tk)-chains (kin Mi with ck --+ 0, Tk --+ oo and .A((k) --+min EM0 (Vi)· 
By (9.4.10) in each (k there is a trajectory piece starting in a point (bk,Pk) 
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with time tk 2: Tk such that >.(tk, bk, Pk) :::; >.((k). Hence there exists a 
subsequence with limn--+oo>.(tkn,bkn,Pk,J = minEMo(Vi). D 

Note that the proof above also shows that the set Eua(Vi) defined in 
Proposition 9.4.4 coincides with the Morse spectrum EMo(Vi). 

Finally, we are in the position to complete the proof of Theorem 9.1.5. 

Proof of Theorem 9.1.5. Selgrade's Theorem, Theorem 9.2.5, has con­
structed the subbundles Vi related to the chain components Mi in the pro­
jective bundle according to assertion (iii). They yield the decompositions in 
assertion (i) and assertion (iv) follows from Theorem 9.3.5 showing that the 
Morse spectrum over the Selgrade bundles are compact intervals. Theorem 
9.4.1 shows that all Lyapunov exponents are in the Morse spectral intervals, 
and Theorem 9.4.5 shows that all Ki and Ki are Lyapunov exponents exist­
ing as a limit. Assertion (iv) claiming that the map associating to b E B 
the intersection of Vi with the fiber {b} x JRd is continuous follows from the 
subbundle property and the definition of the Grassmannian in the beginning 
of Section 5 .1: 

Suppose bn -t b with fibers Vi,bn of dimension di. For the convergence in 

Gd; we have identified the subspaces with the projective space IP ( /\ d;IRd). 

Thus let xf, ... , x'd; be an orthonormal basis of the fiber Vi,bn which is iden­
tified with the line generated by xf /\ ... /\ x'd;. Then for a subsequence one 
obtains convergence to an orthonormal set of vectors x1, ... , Xd; in !Rd and 
hence xf /\ ... /\ x'd; converges to x1 /\ ... /\ Xd;· Furthermore, (b, Xj) E Vi,b 
for j = 1, ... , di, and hence Vi,bn converges to Vi,b in Gd;. 

The assertion in (ii) that Ki < Ki+l and Ki < Ki+l for all i follows from 
Theorem 9.3.8. D 

9.5. Application to Robust Linear Systems and Bilinear 
Control Systems 

Our main example of topological linear flows are families of linear differential 
equation of the form 

m 

(9.5.1) ± = A(u(t))x := Aox + L ui(t)Aix, u EU 
i=l 

with Ao, ... ,Am E gl(d,IR),U = {u: JR -t U I integrable on every bounded 
interval} and Uc !Rm is compact, convex with 0 E intU. Unique solutions 
for any function u EU and initial condition x(O) = x0 E !Rd exist by Theorem 
6.1.1. 

As discussed in Section 9.1, these equations may be interpreted as robust 
linear systems or as bilinear control systems. It is quite obvious that they 
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define linear skew product systems 

<I> = ( (}' <.p) : JR x u x ]Rd -+ u x ]Rd 

with the shift (} : JR x U -+ U, O(t, u(·)) := u(· + t) as base component 
and the skew-component consisting of the solutions c.p(t, u, xo), t E JR, of the 
differential equation. But it requires some work to construct a metric on U 
such that this defines a topological linear flow. This will be accomplished in 
the following, and a number of examples will be discussed. 

In order to show that these systems can be considered as topological 
linear systems, we first endow the set U with a metric. 

Lemma 9.5.1. Let {xn In EN} be a countable, dense subset of L1(JR,JRm). 
Then a metric on the set Uc L 00 (JR,JRm) is given by 

00 1 IJIR [u(t) - v(t)]T Xn(t)dtl 
d( u, v) = L - I 1 · 

n=l 2n 1 + JIR [u(t) - v(t)]T Xn(t) dt 
(9.5.2) 

Proof. Clearly, d( u, v) ~ 0 for all u, v E U. Since { Xn I n E N} is dense, 
it follows that d(u, v) = 0 if and only if JIR [u(t) - v(t)]T x(t)dt = 0 for all 
x E L1{lR,lRm), i.e., u = v. 

For the proof of the triangle inequality it suffices to show it for each 
summand separately. The function p(a) := l~a' a ~ 0, is monotonically 
increasing and p(a + b) :::; p(a) + p(b) for a, b ~ 0. Hence for all a, b, c E JR 
one has p(ja +bl) :::; p(jal) + p(jbl) and 

p(ja - cl) = p(ja - b + b - cl) :::; p(ja - bl)+ p(lb - cl). 

For u,v,w EU and n EN let 

a:= L u(t) T Xn(t)dt, b := L v(t) T Xn(t)dt, c := L w(t) T Xn(t)dt. 

Then the triangle inequality for n follows. D 

Remark 9.5.2. An example of such a countable dense subset in the Banach 
space L1{lR,lRm) is provided by all linear combinations with rational coeffi­
cients in Qm of characteristic functions of intervals with rational endpoints. 
Alternatively, consider all polynomials x(t) = L::=o aiti with ai E Qm. Then 
the set of all restrictions to intervals with rational endpoints is countable. 
Density follows by the theorem of Stone-WeierstraB, which shows that the 
polynomials are dense in the space of continuous functions which in turn is 
dense in L1. 

Lemma 9.5.1 shows that U is a metrizable topological space. The par­
ticular choice of the metric is irrelevant for our purposes. For notational 
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convenience we will consider U as a metric space with a fixed metric given 
by (9.5.2). Next we discuss the associated notion of convergence. 

Proposition 9.5.3. Consider a sequence (uk) in U. Then Uk ~ u in U if 
and only for all x E L1(1R, !Rm) one has 

(9.5.3) k uk(t) T x(t)dt ~ k u(t) T x(t)dt fork ~ oo. 

Proof. Suppose that uk ~ u in U, fix x E L1 (JR, !Rm) and c > 0. There are 
XN from the set in Lemma 9.5.1 and T > 0 large enough such that 

llx - XNll1 = { llx(t) - XN(t)ll dt < c and { llxN(t)ll dt < €. 
}JR jJR\[-T,T) 

Then for all k EN, 

11. [uk(t) - u(t)]T XN(t)dtl ::::; llu - uklloo llxNll 1 ::::; diamU llxNll 1 . 

Furthermore, for all k large enough, one has d( uk, u) < c and hence 

1 jJJR [uk(t) - u(t)]T XN(t)dtj 1 jJJR [uk(t) - u(t)]T XN(t)dtj 
- <- <c 
2N 1 + diamU llxNll1 - 2N 1 + jJJR [uk(t) - u(t)]T XN(t)dtl 

implying 

11. [uk(t) - u(t)]T XN(t)dtl ::::; 2N (1 + diamU llxNll1) c. 

We find for all k large enough that 

11. uk(t) T x(t)dt -1. u(t) T x(t)dtl 

::::; 11. uk(t)T [x(t) - XN(t)] dtl + 11. [uk(t) - u(t)]T XN(t)dtl 

+ 11. u(t) T [x(t) - XN(t)] dtl 

::::; s~p lluklloo llx - XNll 1 + llull 00 llx - XNll 1 +11. [uk(t) - u(t)]T XN(t)dtl 

::::; 2cmax !lull+ 2N (1 + diamU llxNlli) c. 
uEU 

This shows the asserted convergence. For the converse, consider a sequence 
in U such that (9.5.3) holds for all x E L 1 (JR, !Rm) and fix c > 0. Then there 
is N E N such that L:~=N+l 1/2n < c/2. By assumption there is K E N 
such that for all k ~Kand every n E {1, ... , N}, 

11. Uk(t) T Xn(t)dt - 1. u(t) T Xn(t)dtl < c/2. 
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Hence for all k ~ K, 

00 1 IIn~ [uk(t) - u(t)]T Xn(t)dtl 
d(uk,u) = L.:-~------~ 

n=l 2n 1 + jJR [uk(t) - u(t)]T Xn(t) dtl 

N 1 jJR [uk(t) - u(t)]T Xn(t)dtl 00 1 
= L 2n I T I + L 2n < C:. n=l 1 + JR [uk(t) - u(t)] Xn(t) dt n=N+l 

D 

Note that L00 (R, Rm) is the dual space of L1(R, Rm). This and Proposi­
tion 9.5.3 show that the topology generated by the metric (i.e., the family of 
open sets) coincides with the restriction of the weak* topology on the space 
L00 (R, Rm); see, e.g., Dunford and Schwartz [40, Theorem 4.5.1]. Bounded 
convex and closed subsets are weak* compact. As a compact metric space U 
is complete and separable. These are standard facts in functional analysis; 
see, e.g., [40]. 

The following lemma analyzes the shift () on U. A function u E U is 
periodic if and only if u is a periodic point of the shift fl.ow (). 

Lemma 9.5.4. The space U is a compact metric space and the shift() defines 
a continuous dynamical system on U. The periodic functions are dense in 
U and hence the shift on U is chain transitive {by Exercise 3.4.3). 

Proof. Compactness ofU follows by the arguments above. Obviously ()t+s = 
Oto 08 fort, s E IR and Oo =id. In order to prove continuity of() we consider 
sequences tn ~tin IR and Un~ u in U. Then for all x E L1(R,Rm), 

IL un(tn + r) T x(r) dr - L u(t + r) T x(r) drl 

:S IL [un(tn + r) - Un(t + r)]T x(r) drl 

+IL [un(t + r) - u(t + r)]T x(r) drl 

=IL Un(r) T x(r - tn) dr - L un(r) T x(r - t) drl 

+IL [un(r) - u(r)]T x(r - t) drl. 

The second summand converges to zero by Proposition 9.5.3 becauseun ~ u 
in U; the first can be estimated by 

:S sup llwll r llx(r-tn)-x(r-t)ll dr. 
wEU JR 
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Here the integral converges to zero as tn ---+ t. This well-known fact ("con­
tinuity of the norm in L1") can be seen as follows: For a bounded interval 
I c JR and t E JR define I(t) = I+ t. Then the characteristic function 
x1(r) := 1 for TE I and x1(r) := 0 elsewhere, satisfies 

f lx1(r - t) - x1(r)I dr = f dr + f dr 
j I j I\I(t) j I(t)\I 

=>.(I) + >.(I(t)) - 2>.(J n J(t)). 

Let ltnl ---+ 0 with J(t1) n I c J(t2) n I c ... c I(tn) n I c ... Then 
LJ:i=l I(tn) n I = I and hence we obtain for the Lebesgue measures that 
liIDn--+oo >.(In I(tn)) = >.(I) = liIDn--+oo >.(I(tn)). This proves the assertion 
for XI at t = 0. The assertion for arbitrary t E JR, for step functions, and 
then for all elements x E L 1 follows in a standard way. We conclude that 
O(tn, Un)= Un(tn + ·)---+ O(t, u) = u(t + ·) in U. 

In order to see density of periodic functions pick u0 E U. In view of the 
convergence criterion in Proposition 9.5.3 fix x E L1(JR, JRm). There is T > 0 
such that 

r llx(t)ll dt < d' e u· 
l11t\(-T,TJ iam 

Define a periodic function by up(t) = u0(t) fort E [-T, T] and extend up to 
a 2T-periodic function on JR. Then up EU and 

I { [u0 (t) - Up(t)]T x(t) dtl = { [u0(t) - Up(t)]T x(t) dt 
jilt l11t\[-T,T] 

:::; diamU { llx(t)ll dt < e. D 
l11t\[-T,T) 

Next we establish the fact that perturbed linear systems or bilinear 
control systems define topological linear flows. 

Theorem 9.5.5. The family of equations (9.5.1) defines a continuous linear 
skew product flow ~ = ( (}, cp) on U x JR.d where the base space U is a compact 
metric space with chain transitive shift (}. 

Proof. By Lemma 9.5.4 the shift(} on U is continuous and chain transitive. 
The group properties are clearly satisfied. It remains to prove continuity of 
~. Consider sequences tn---+ t0 in JR, un---+ u0 in U, and xn---+ x0 in ]Rd and 
abbreviate cpn ( t) = cp( t, xn, un), t E JR, n = 0, 1, ... We have to show that 
cpn(tn) ---+ cp0(t0 ) and write down the proof for t0 > 0. First, observe that 
there is a compact set Kc ]Rd such that for all n and t E [O, T], T := t0 +1,/". 
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one has cpn(t) EK. This follows, since for all t E (0, T], 

ll\P•(t)ll :S: llx•ll + J.' [Ao+ t. ui(s)A;] \P•(s)ds 

~ llxnll + 1t Ao+ f uf(s)A 
0 i=l 

~ llxnll + f3 lot llcpn(s)ll ds 

with f3 := maxueu llAo + L:~1 uiAill· Now Gronwall's inequality, Lemma 
6.1.3, shows that llcpn(t)ll ~ llxnll ef3t for all n and t E [O, T] and the asserted 
boundedness follows. 

Furthermore, the functions cpn are equicontinuous on (0, T], since for all 
ti, t2 E (0, T], 

ll1P•(t1) - \P•(t2)ll = 1:, [Ao+ t. ui(s)A;l \P•(s)ds 

~ f3sup{llcpn(t)ll It E [O, T] and n EN} lt1 - t21 · 

Hence the Theorem of Arzela-Ascoli implies that a subsequence { cpnk} con­
verges uniformly to some continuous function 'I/; E C([O, T], Rd). In order to 
show that 'I/; = cp0 it suffices to show that 'I/; solves the same initial value 
problem as cp0. For t E (0, T], 

cpnk(t) = xnk + 1t [Ao+ t u~k(s)Ail cpnk(s)ds 
0 i=l 

1
t 1tm 

= xnk + Aocpnk(s)ds + L u~k(s)Ai'l/;(s)ds 
0 0 i=l 

+ 1t f u~k(s)A [cpnk(s) - 'l/;(s)] ds. 
0 i=l 

For k---+ oo, the left-hand side converges to 'l/;(t) and on the right-hand side 

xnk---+ x0 and lot Aocpnk(s)ds---+ lot Ao'l/;(s)ds. 

By weak* convergence of unk ---+ u0 for k---+ oo, one has 

1t f u~k(s)A'l/;(s)ds 
0 i=l 

Tm ft m 

= 1 L u~k(s)x110,t] Ai'l/;(s)ds---+ Jo L u?(s)Ai'l/;(s)ds 
0 i=l 0 i=l 
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and, finally, 

1t f u~k(s)Ai [cpnk(s) - 'lf;(s)] ds ~ T(3 sup llc,onk(s) - 'lf;(s)ll -+ 0. 
0 i=l sE(O,T] 

Thus c,o0 ='If; follows. Then the entire sequence (cpn) converges to c,o0 , since 
otherwise there exist 8 > 0 and a subsequence (cpnk) with llc,onk - c,o0 IL:io ~ 
8. This is a contradiction, since this sequence must have a subsequence 
oo~~~~~. D 

A consequence of this theorem is that all results from Sections 9.1-9.4 
hold for these equations. In particular, the spectral decomposition result 
Theorem 9.1.5 and the characterization of stability in Theorem 9.1.12 hold. 

Explicit equations for the induced system on the projective space Jp>d-l 

can be obtained as follows: The projected system on the unit sphere §d-l c 
]Rd is given by 

s(t) = h(u(t), s(t)), u EU, s E §d-l; 

here, with hi(s) = (Ai - s T Ais ·I) s, i = 0, 1, ... , m, 
m 

h(u, s) = ho(s) + L uihi(s). 
i=l 

Define an equivalence relation on §d-l via s1 ,..., s2 if s1 = -s2 , identifying 
opposite points. Then the projective space can be identified as Jp>d-l = 
§d-lj ""·Since h(u,s) = -h(u,-s), the differential equation also describes 
the projected system on Jp>d-l. For the Lyapunov exponents one obtains in 
the same way (cf. Exercise 6.5.4) 

.X(u, x) = limsup ~log llc,o(t, u, x)ll = limsup ~ rt q(u(r), s(r)) dr; 
t--+oo t t--+oo t } o 

here, with qi(s) = s T Ais, i = 0, 1, ... , m, 
m 

i=l 

The assertions from Theorem 9.1.5 yield direct generalizations of the results 
in Chapter 1 for autonomous linear differential equations and in Chapter 7 
for periodic linear differential equations. Here the subspaces Vi(u) forming 
the sub bundles Vi with lPi = Mi depend on u E U. For a constant pertur­
bation u(t) = u E ]Rm the corresponding Lyapunov exponents .X(u,x) of the 
flow cl> are the real parts of the eigenvalues of the matrix A( u) and the corre­
sponding Lyapunov spaces are contained in the subspaces Vi(u). Similarly, 
if a perturbation u E U is periodic, the Floquet exponents of x = A( u( ·) )x 
are part of the Lyapunov (and hence of the Morse) spectrum of the flow 
cl>, and the Lyapunov (i.e., Floquet) spaces are contained in the subspaces 
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Vi(u). Note that, in general, several Lyapunov spaces may be contained in 
a single subspace Vi(u). 

Remark 9.5.6. For robust linear systems x = A(u(t))x, u EU, of the form 
(9.5.1) the Morse spectrum is not much larger than the Lyapunov spectrum. 
Indeed, 'generically' the Lyapunov spectrum and the Morse spectrum agree; 
see Colonius and Kliemann [29, Theorem 7.3.29] for a precise definition 
of 'generic' in this context. This fact allows [29] to study stability and 
stabilizability of linear robust systems via the Morse spectrum. 

We end this chapter with several applications illustrating the theory 
developed above. The first example shows that the Morse spectral intervals 
may overlap. 

Example 9.5.7. Consider the following system in IR2, 

[ ~ ] = A(u(t)) [ : ] 

with 

A( U) = [ ~ t ] + U1 [ ~ ~ ] + U2 [ ~ ~ ] + U3 [ ~ ~ ] 

and U = [-1, 1] x [-i, iJ x [-i, iJ. Analyzing the induced flow on U x JP>1 
similar to the one-dimensional examples in Chapter 3 one finds that there 
are two chain components Mi,M2 c U x JP>1. Their projections JP>Mi to 
projective space JP>1 are given by 

E IR2 I y = ax, a E [-J2 _ ___!_]} 
' V2 ' 

JP>M2 =JP> { [ : ] E :IR2 
J y =ax, a E [ ~' J2]}. 

Computing the eigenvalues of the constant matrices with eigenvectors in 
JP>Mi, i = 1,2, yields the intervals Ii = [-1, ~] and 12 = [~,3]. By the 
definition of the Morse spectrum we know that Ji c EM0 (Mi), i = 1, 2, and 
hence [~, U C EM0 (M1) n EMo(M2). 

In general, it is not possible to compute the Morse spectrum and the 
associated subbundle decompositions explicitly, even for relatively simple 
systems, and one has to revert to numerical algorithms; compare [29, Ap­
pendix DJ. 

Example 9.5.8. Let us consider the linear oscillator with uncertain restor­
ing force 

(9.5.4) x + 2bx + [1 + u(t)]x = 0, 
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Figure 9.1. Spectral intervals of the linear oscillator (9.5.4) with un­
certain restoring force 

or, in state space form, 

[ !~ ] = [ ~1 -~b ] [ ~~ ] + u(t) [ ~1 ~ ] [ ~~ ] 

2.5 

with u(t) E [-p,p] and b > 0. Figure 9.1 shows the spectral intervals for 
this system depending on p E [O, 2.5]. 

Stability 

Of particular interest is the upper spectral interval ~Mo(Me) = [l'i:e, l'i:e], 
as it determines the robust stability of x = A(u(t))x (and stabilizability of 
the system if the set U is interpreted as a set of admissible control functions); 
compare [29, Section 11.3]. 

Definition 9.5.9. The stable, center, and unstable subbundles of U x JRd 
associated with the linear system (9.5.1) are defined as 

L- := EB JP>-1 Mj, Lo:= E9 JP>-1 Mj, L+ := EB JP>-1 Mi· 
j: it;<O j: OE[1tj,1t;) j: itj>O 

As a consequence of Theorem 9.1.12 we obtain the following corollary. 
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Corollary 9.5.10. The zero solution of x = A(u(t))x, u EU, is exponen­
tially stable for all perturbations u E U if and only if K,f. < 0 if and only if 
L- =U x Rd. 

Comparing this corollary to Theorem 1.4.8 for constant matrices and 
Theorem 7.2.16 for periodic matrix functions, we see that this is a gener­
alization for robust linear systems when one uses appropriate exponential 
growth rates and associated subspace decompositions. 

More information can be obtained for robust linear systems if one consid­
ers its spectrum depending on a varying perturbation range: We introduce 
the family of varying perturbation ranges as UP = pU for p 2: 0. The 
resulting family of systems is 

m 

j;P = A(uP(t))xP := AoxP + L uf(t)AixP, 
i=l 

with uP E UP = { u : R --+ UP I integrable on every bounded interval}. As 
it turns out, the corresponding maximal spectral value K,e(P) is continuous 
in p. Hence we can define the (asymptotic-) stability radius of this family 
as r = inf{p 2: 0 I there exists uo E UP such that i;P = A(uo(t))xP is not 
exponentially stable}. This stability radius is based on asymptotic stability 
under all time-varying perturbations. Similarly one can introduce stability 
radii based on time invariant perturbations (with values in Rm or cm) or 
on quadratic Lyapunov functions; compare [29, Chapter 11] and Hinrichsen 
and Pritchard [68, Chapter 5]. 

The stability radius plays a key role in the design of engineering systems 
if one is interested in guaranteed stability for all perturbations of a given 
size UP. We present two simple systems to illustrate this concept. 

Example 9.5.11. Consider the linear oscillator with uncertain damping 

ii+ 2(b + u(t))y + (1 + c)y = 0 

with u(t) E [-p, p] and c E R In equivalent first order form the system 
reads 

[ :~ ] = [ -lo- c -~b ] [ ~~ ] + u(t) [ ~ ~2 ] [ ~~ ] · 

Clearly, the system is not exponentially stable for c ~ -1 with p = 0, and 
for c > -1 with p 2: b. It turns out that the stability radius for this system 
is 

r(c) = { 0 for c ~ -1, 
b for c > -1. 
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Figure 9.2. Stability radii of the linear oscillator (9.5.4) with uncertain 
restoring force 
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Example 9.5.12. Here we look again at the linear oscillator with uncertain 
restoring force {9.5.4) from Example 9.5.8 given by 

[ Xl ] = [ 0 1 ] [ Xl ] + U t [ 0 0 ] [ Xl ] 
X2 -1 -2b X2 ( ) -1 0 X2 

with u(t) E UP= [-p, p] and b > 0. {For b ~ 0 the system is unstable even 
for constant perturbations.) A closed form expression of the stability radius 
for this system is not available and one has to use numerical methods for 
the computation of maximal Lyapunov exponents (or maxima of the Morse 
spectrum); compare [29, Appendix DJ. Figure 9.2 shows the (asymptotic) 
stability radius r, the stability radius under constant real perturbations TJR, 

and the stability radius based on quadratic Lyapunov functions r Lf, all in 
dependence on b > O; see [29, Example 11.1.12]. 

9.6. Exercises 

Exercise 9.6.1. Let A: JR--+ gl(d,JR) be uniformly continuous with 

lim A(t) = lim A(t) = A00 
t--+oo t--+-oo 

for some A00 E gl(d, JR). Show that the linear differential equation x(t) = 
A(t)x(t) defines a continuous linear skew product fl.ow with a compact base 
space B in the sense of Definition 9.1.1. Show that the base fl.ow is chain 
transitive. 
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Exercise 9.6.2. Let A : R -+ gl(d, R) be continuous. Assume that there 
are Ti, T2 > 0 such that for all i,j there are ~j E {T1, T2}, such that 

°'ij(t) = aij(t + Tij) for all t ER 

Construct a compact metric base space B and a continuous linear skew 
product flow (0, cp) : Rx Bx Rd-+ Bx Rd, such that the solutions fort ER 
of x(t) = A(t)x(t),x(to) = xo, are given by cp(t-to,b,xo) for some b EB 
depending on to and such that the base fl.ow is chain transitive. 

We remark that this can also be done for more than two periods. But 
the general case is much harder. 

Exercise 9.6.3. Verify the remaining part of Lemma 9.2.1 for the metric d 
on JP>d-l given by 

d(JP>x, JP>y) := 

Let ei, e2, e3 be the canonical basis vectors. For unit vectors z = ei, x = 
x1e1 + x2e2, y = y1e1 + y2e2 + y3e3 it holds that 

d(JP>x, JP>y) :::; d(JP>x, JP>z) + d(JP>z, JP>y). 

9.7. Orientation, Notes and References 

Orientation. The constructions in Chapter 7 for periodic systems started 
from the exponential growth rates and then constructed the subspace de­
composition into the Lyapunov spaces. In the present chapter the converse 
approach has been used: Based on attractor-repeller decompositions in the 
projective bundle, the finest Morse decomposition is constructed. The as­
sociated decomposition into the Selgrade bundles and the Morse spectrum 
are appropriate generalizations of the Lyapunov spaces and the Lyapunov 
exponents for topological linear flows. 

In Chapter 11 we will consider another class of nonautonomous systems 
where the matrices change randomly over time. It will turn out that the 
main result also gives decompositions of the state space Rd into subspaces 
corresponding to Lyapunov exponents which are nonrandom, while the de­
compositions depend on the considered point in the base space; again the 
dimensions of the subspaces will be constant. A decisive difference will be 
that we exclude certain points in the base space {forming a null-set). This 
makes it possible to get much sharper results which are very similar to the 
autonomous case. Before we start to analyze random dynamical systems, 
we will in Chapter 10 prove results from ergodic theory, which are needed 
in Chapter 11. 
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Notes and references. A better understanding of subbundles introduced 
in Definition 9.1.2 may be gained by the fact that they have a local product 
structure (they are called locally trivial in a topological sense): 

A closed subset W of the vector bundle V = B x ~d is a subbundle, if 
and only if (i) it intersects each fiber {b} x ~d, b EB, in a linear subspace, 
(ii) there exist an open cover {Ui Ii E J} of B and homeomorphisms 'Pi : 
7r-1(Ui) ---+ Ui x ~d such that 7r o 'Pi = 11', and (iii) the maps Lji : ~d ---+ 
~d defined by 'Pio cpi 1(b, w) = (b, LjiW) are linear for every b E Ui n Uj. 
See Colonius and Kliemann [29, Lemma B.1.13] for this characterization 
of subbundles. This construction can also be used to define general vector 
bundles, which are locally trivial. 

The analysis of the boundary points Ki and Ki of the Morse spectral 
intervals can be approached in different ways. In Theorem 9.3.8 we have 
used the uniform growth spectrum introduced in Proposition 9.4.4 in order 
to show that these boundary points are actually Lyapunov exponents which 
even exist as limits. This approach is due to Grune [59]; a generalization is 
given by Kawan and Stender [77]. An alternative approach in Colonius and 
Kliemann [29, Section 5.5] uses ergodic theory in the projective bundle to 
obtain (b, x) E B x ~d with Lyapunov exponents existing as limits and equal 
to Ki (even forward and backward in time simultaneously); analogously for 
Ki· (This result is based on the Multiplicative Ergodic Theorem discussed 
in Chapter 11.) More generally, one may also consider vector-valued growth 
rates; see Kawan and Stender [77] and San Martin and Seco [122]. 

One may also ask, if for robust linear systems the boundary points of 
the Morse spectrum can be obtained in periodic solutions in JP>d-l corre­
sponding to periodic functions u E U. If d = 3, the corresponding sphere 
§ 2 and projective space JP>2 are two-dimensional and the Jordan curve theo­
rem, which is basic for dynamics on two-dimensional spaces, also holds for 
the two-sphere § 2 (cf. Massey [101, Chapter VIII, Corollary 6.4]). The 
classical Poincare-Bendixson theory yields results on periodic solutions for 
autonomous differential equations in the plane. There is a generalization to 
optimal control problems with average cost functional given by Artstein and 
Bright in [10, Theorem A]. This result together with [10, Proposition 6.1] 
can be used to show that ford :S 3, the boundary points of the Morse spec­
tral intervals are attained in points (xo, u) E ~d x U such that the projected 
solution (JP>cp(·, xo, u), u) is periodic with some period T ~ 0. 

Lemma 9.1.11 is due to Fenichel [47]; proofs are also given in Wiggins 
[139, Lemma 3.1.4] and Salamon and Zehnder [121, Theorem 2.7]. 

See Wirth [142] and Shorten et al. [127] for a discussion of linear 
parameter-varying and linear switching systems, which also lead to contin­
uous linear flows on vector bundles. 
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The notion of exponential dichotomies has a long tradition and is of 
fundamental importance for linear flows on vector bundles with many rami­
fications since it is a version of hyperbolicity; cf., e.g., Cappel [36]. The as­
sociated spectral notion is the dichotomy spectrum or Sacker-Sell spectrum 
going back to a series of papers by Sacker and Sell [119]. For extensions 
to infinite-dimensional spaces see, e.g., Daleckii and Krein [39] and Sell and 
You [125]. A general reference to the abstract linear and nonlinear theory is 
Bronstein and Kopanskii [21]. The monograph Chicane and Latushkin [27] 
develops a general theory of evolution semigroups which, based on functional 
analytic tools, also encompasses many results on nonautonomous dynamical 
systems. 

The topological conjugacy problem for linear flows on vector bundles is 
dealt with by Ayala, Colonius and Kliemann in [13], under the hyperbol­
icity condition that the center bundle is trivial. For much more elaborate 
versions of topological conjugacy under weakened hyperbolicity conditions 
see Barreira and Pesin [16]. 

In Section 9.5 we introduced some basic ideas for robust linear systems 
and bilinear control systems. This approach leads to many other results 
in control theory (such as precise time-varying stability radii, stabilizability 
and feedback stabilization, periodic control, chain control sets, etc.) and 
in the theory of Lie semigroups. We refer to Colonius and Kliemann [29] 
for related concepts in control theory, and to San Martin and Seco [122] 
and the references therein for generalizations to Lie semigroups. For linear 
control theory see Hinrichsen and Pritchard [68] and Sontag [129] and for 
another look at bilinear control systems see Elliott [44]. 

In general, it is not possible to compute the Morse spectrum and the 
associated subbundle decompositions explicitly, even for relatively simple 
systems, and one has to revert to numerical algorithms. They can, e.g., be 
based on Hamilton-Jacobi equations; cf. [29, Appendix D]. 



Tools from Ergodic 
Theory 

Chapter 10 

In this short chapter, we prepare the discussion of dynamical systems from 
the probabilistic point of view by giving a concise introduction to the rele­
vant parts of ergodic theory. We introduce invariant probability measures 
and prove some basic theorems of ergodic theory for discrete time: The max­
imal ergodic theorem (Theorem 10.1.5), Birkhoff's ergodic theorem (Theo­
rem 10.2.1), and Kingman's subadditive ergodic theorem (Theorem 10.3.2). 

The goal of this chapter is to present a complete proof of Kingman's sub­
additive ergodic theorem. It will be used in Chapter 11 for the Furstenberg­
Kesten Theorem. The proof of the subadditive ergodic theorem requires 
some other tools from ergodic theory, mainly Birkhoff's ergodic theorem. 
This theorem considers an ergodic probability measure for a measurable 
map T and shows that for a real-valued function f the "spatial average" 
equals the "time average" of f along a trajectory under T. This chapter 
provides a condensed introduction to these parts of ergodic theory, assum­
ing only basic knowledge of measure theory. Throughout this chapter, we 
use standard notation from measure theory and consider a space X endowed 
with a u-algebra F and a probability measure µ. 

10.1. Invariant Measures 

Recall that a probability measure µ on a space X with u-algebra F is called 
invariant for a measurable map T : X -t X if µ(T- 1 E) = µ(E) for all 
measurable sets E E F (In the probabilistic setting, probability measures 
are often denoted by P on a space n with u-algebra F.) The map T is called 

-211 
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measure preserving, if it is clear from the context, which measure is meant. 
Analogously, the measure is called invariant, if the map T is clear from 
the context. An invariant measure is ergodic, if µ(T- 1 E /:;:,. E) = 0 implies 
µ(E) = 0 or 1 for all E E F (here /:;:,. denotes the symmetric difference 
between sets). Then the map T is called ergodic as well (with respect to µ). 
In the following, we often omit the a-algebra F in our notation. 

We start with the following examples for invariant measures. 

Example 10.1.1. Consider the doubling map Tx = 2x mod 1 on the unit 
interval X = [O, 1) with the Lebesgue a-algebra and Lebesgue measure µ 
restricted to [O, 1]. Then, for any measurable set E c [O, 1] the preimage is 
r-1E = {x E [O, 1] I 2x EE or 2x - 1 EE}= !EU(!+ !E). Thus the 
preimage is the disjoint union of two sets, each having measure !µ(E). This 
shows that the Lebesgue measure is invariant for the doubling map on [O, 1]. 

Example 10.1.2. Consider the logistic map Tx = ax(l-x) with parameter 
a = 4 on the unit interval X = [O, 1] with the Lebesgue a-algebra. Then 
the probability measureµ which has density p(x) = ~with respect 

-rr x(l-x) 
to the Lebesgue measure is invariant. A computation shows that for every 
measurable set E, 

µ(E) = { p(x)dx = { p(x)dx = µ(T- 1 E). 
jE }T-1E 

The following lemma characterizes ergodicity of maps acting on proba­
bility spaces. 

Lemma 10.1.3. Let T be a measurable map on a probability space (X,µ). 
Then T is ergodic if and only if every measurable function f : X --+ IR. satis­
fying f(T(x)) = f(x) for almost every x EX is constant almost everywhere. 
A sufficient condition for ergodicity is that every characteristic function HE 
of measurable subsets E c X with HE(T(x)) = HE(x) for almost every x EX, 
is constant almost everywhere. 

Proof. Suppose that T is ergodic and consider an invariant function f : 
X --+ IR., i.e., f is measurable with f(T(x)) = f(x) for almost all x. For 
n E N and k E Z let 

En,k := {x EX I 2-nk :'.S f(x) < 2-n(k + 1)}. 

Then for every n EN the sets En,k, k E Z, form a partition of X. The sets 
En,k are invariant, since by invariance of f, 

r-1(En,k) = {x Ex I rnk :'.S f(T(x)) < 2-n(k + 1)} 

= {x Ex I rnk :'.S f(x) < rn(k + 1)} = En,k· 
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Hence, by ergodicity, each of the sets En,k has measure 0 or 1. More ex­
plicitly, for each n there is a unique kn E Z such that µ(En, kn) = 1 and 
µ(En,k) = 0 for k # kn. Let Xo := n~=1 En,kn· Then µ(Xo) = 1. Let 
x E Xo with J(x) E En,kn for all n. Then, for all n E N and almost all 
y E Xo one has (y) E En,kn' hence lf(x) - f(y)I S 2-n. Then a-additivity 
ofµ implies f(x) = f(y) for almost ally E Xo. 

For the converse, it suffices to prove the last assertion, since f = HE 
are measurable functions. Suppose that E c X is a subset satisfying 
µ(T- 1(E) 6 E) = 0. This is equivalent to HE(T(x)) = HE(x) for almost 
every x E X. Hence T is invariant and by assumption HE(x) is constant 
almost everywhere. Thus either µ(E) = 1 or µ(E) = 0, and it follows that 
T is ergodic. D 

Example 10.1.4. Let us apply Lemma 10.1.3 to the doubling map in Ex­
ample 10.1.1. Consider for an invariant function f the Fourier expansions 
of f and f o T which, with coefficients Cn E C, have the form 

f(x) = L Cne2mnx and f(Tx) = L Cne27rin2x for almost all x E [O, 1). 
nEZ nEZ 

Observe that the Fourier coefficients are unique. Comparing them for f and 
f o T, we see that Cn = 0 if n is odd. Similarly, comparing the Fourier 
coefficients of f and f o T2 we see that en = 0 if n is not a multiple of 
4. Proceeding in this way, one finds that Cn = 0 if n # 0. Hence f is a 
constant. Thus, by Lemma 10.1.3, the doubling map is ergodic with respect 
to Lebesgue measure. 

For the proof of Theorem 10.2.1, Birkhoff's Ergodic Theorem, we need 
the following result which is known as the maximal ergodic theorem. 

Theorem 10.1.5. Let T: X--+ X be measure preserving and consider an 
integrablemapf: X--+R Definefo=O,fn := f+foT+ ... +foTn-I,n 2: 1, 
and FN(x) := maxo<n<N fn(x),x EX. Then 

{ f dµ 2: 0 for all N E N. 
J{xEXIFN(x)>O} 

Proof. Observe that FN is integrable, since the functions f, f o T, ... are 
integrable. By definition FN 2: fn and hence FN o T 2: fn o T for all 
0 S n S N implying 

FN o T + f 2: f + fn o T = fn+I for n = 0, 1, ... , N -1. 

This shows FN(T(x)) + J(x) 2: max1::;n::;N fn(x) for all x EX. For x EX 
with FN(x) > 0, the right-hand side equals maxo<n<N fn(x) = FN(x). We 
find 

f(x) 2: FN(x) - FN(T(x)) on {x EX I FN(x) > O} =:A. 
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Integration yields 

if dµ 2'. i FN dµ - i FN o T dµ = 0, 

where the equality follows since T preservesµ. 

The next lemma is a consequence of Theorem 10.1.5. 

0 

Lemma 10.1.6. Let T: X---+ X be measure preserving and consider for an 
integrable function g : X ---+ JR and a E JR the sets 

(10.1.1) { 
n-1 } 

Ba:= x E XI sup~ Lg(Tk(x)) >a . 
n2'.l n k=O 

Then for every measurable set A c X with µ(T- 1(A) 6. A) = 0 it follows 
that 

f gdµ 2'. a· µ(Ban A). 
JBanA 

Proof. Suppose first that A = X. We apply the maximal ergodic theorem, 
Theorem 10.1.5, to f := g - a implying 

f (g - a)dµ 2'. 0 for all NE N. 
l{x:FN(x)>O} 

Note that x E Ba if and only if 

sup {I: g(Tk(x)) - na} > 0. 
n2'.1 k=O 

This shows that Ba= u~=o{x Ex I Fn(x) > O} and hence 

f gdµ 2'. f adµ= a· µ(Ba)· 
} Ba } Ba 

For an invariant set A as specified in the assertion, apply the arguments 
above to the function f := IIA · (g - a). 0 

10.2. Birkhoff 's Ergodic Theorem 

Now we are ready for a proof of the following result, Birkhoff's ergodic 
theorem. 

Theorem 10.2.1 (Birkhoff). Letµ be a probability measure on a measure 
space X and suppose that T : X ---+ X preservesµ. If f : X ---+ JR is integrable 
with respect toµ, i.e., f E L1(X, µ;JR), then the limit 

n-1 

f*(x) := lim ~ ~ f(Tk(x)) 
n-+oo n L..J 

k=O 



10.2. Birkhoff's Ergodic Theorem 215 

exists on a subset of full µ-measure, and here f*(T(x)) = f*(x); further­
more, f* E L1 (X,µ;~) with 

(10.2.2) l f*dµ = l fdµ. 

Ifµ is ergodic, then f* is constant with f* ( x) = J x f dµ for almost all x E X. 

In the ergodic case, Birkhoff 's ergodic theorem shows that 

n-1 

f fdµ = lim ~ L f(Tk(x)) for almost all x. 
j X n--+oo n k=O 

This may be formulated by saying that "the space average equals the time 
average". This is an assertion which is at the origin and in the center of 
ergodic theory. In the special case where f =HE is the characteristic function 
of a measurable set E c X the limit limn--+oo ~ E~:J IlE(Tk(x)) counts how 
often Tk(x) visits E on average. If T is ergodic, then this limit is constant 
on a set of full measure and equals µ( E). 

Proof of Theorem 10.2.1. The consequence for an ergodic measureµ will 
follow from Lemma 10.1.3. First we define 

n-1 n-1 

f*(x) := limsup~ L f(Tk(x)) and f*(x) = liminf~ L f(Tk(x)). 
n--+oo n n--+oo n k=O k=O 

One gets 

n-1 

f*(T(x)) = limsup~ L f(Tk+l(x)) 
n--+oo n k=O 

. n + 1 1 ~ k f(x) = hmsup---- L.J f(T (x)) - -
n--+oo n n + 1 k=O n 

= limsup___!._1 t f(Tk(x)) - 0 = f*(x). 
n--+oo n + k=O 

It remains to prove that f*(x) = f*(x) and that this is an integrable function 
for which (10.2.2) holds. In order to show that {x EX I f*(x) < f*(x)} has 
measure zero, set for rational numbers a, f3 E Q, 

Ea,{3 := {x EX I f*(x) < f3 and f*(x) >a}. 

Then one obtains a countable union 

{x Ex I f*(x) < f*(x)} = uf3<aEa,/31 

and our strategy is to show that each µ(Ea,/3) = 0, hence, by er-additivity, 
the set on the left-hand side will have measure zero. 
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We find 

T- 1(Ea,(3) = {x EX I f*(T(x)) < f3 and f*(T(x)) >a} 

= {x EX I J*(x) < f3 and f*(x) >a}= Ea,(3· 

With Ba defined as in (10.1.1), one immediately sees that Ea,(3 C Ba. Then 
Lemma 10.1.6 implies 

{ f dµ = { f dµ ~ a· µ(Ban Ea,(3) = a· µ(Ea,(3)· 
j E01,f3 j B01nE01 ,13 

Note that (- !)* = -!* and(-!)*=-!* and hence 

Ea,(3 = {x EX I (-f)*(x) > -(3 and (-J)*(x) < -a}. 

Replacing f, a and f3 by -f, -(3, and -a, respectively, one finds 

{ (- f) dµ ~ (-(3) · µ(Ea,(3), i.e., a· µ(Ea,f3) ~ { f dµ ~ f3 · µ(Ea,(3)· 
~~ ~~ 
Since we consider f3 < a, it follows that µ(Ea,(3) = 0 and hence for almost 
all x EX, 

n-1 

f*(x) = f*(x) = lim ..!:. L f(Tk(x)). 
n--+oo n 

k=O 
Next we show that f* is integrable. Let 

l n-1 

9n(x) := - Lf(Tk(x)) 
n k=O 

Since T leaves µ invariant, it follows that 
n-1 n-1 r 9ndµ ~ ..!:. L r jf(Tk(x))I dµ = ~ L r lf(x)I dµ= r lf(x)I dµ < 00. 

j X n k=O j X k=O j X j X 

Now integrability off* follows from Fatou's lemma and 

f lf*I dµ = f liminfgndµ ~ liminf f 9ndµ. 
} X } X n--+oo n--+oo } X 

Ifµ is ergodic, then the invariance property f* o T = f* and Lemma 10.1.3 
imply that f* is constant almost everywhere. Hence, in the ergodic case, 
(10.2.2) implies 

i fdµ = i f*dµ = f*(x) almost everywhere. 

It only remains to prove (10.2.2). For this purpose define for n ~· 1 and 
k E Z the set 

{ k k+l} Dn,k := x EX I ~ ~ f*(x) ~ --;- . 
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For fixed n, the set X is the disjoint union of the sets Dn,ki k E Z. Further­
more, the sets Dn,k are invariant, since f* o T = f* implies that 

r-1(Dn,k) = {x Ex I T(x) E Dn,k} = Dn,k· 

For all E > 0 one has the inclusion 

Dn,k C {x EX I supt I: f(Ti(x)) > !5_ - E}. 
n~I i=O n 

Now Lemma 10.1.6 implies for all E > 0, 

{ fdµ 2'. (!5_ - c)µ(Dn,k) and hence { fdµ 2'. !5..µ(Dn,k)· 
lnn,k n lnn,k n 

Using the definition of Dn,k this yields 

{ f*dµ:::; k + l µ(Dn,k) :S !_µ(Dn,k) + { fdµ. 
}Dn,k n n }Dn,k 

Summing over k E Z, one obtains Ix f*dµ :::; ~+Ix fdµ. For n--+ oo we 
get the inequality 

L f*dµ:::; L fdµ. 

The same procedure for - f gives the complementary inequality, 

L (- f)*dµ:::; L (- f)dµ and hence L f*dµ 2'. L fdµ. D 

10.3. Kingman's Subadditive Ergodic Theorem 

Before formulating Kingman's subadditive ergodic theorem, we note the 
following lemma. 

Lemma 10.3.1. Let T be a measure preserving map on (X, µ) and let f : 
X --+ JR U { -oo} be measurable with f ( x) :::; f (Tx) for almost all x E X. 
Then f(x) = f(Tx) for almost all x EX. 

Proof. If, contrary to the assertion, µ{x I f(x) < f(Tx)} > 0, there is 
a E JR with µ{x I f(x) :::; a < f(Tx)} > 0. By assumption, f(Tx) :::; a 
implies f(x) :::; a, and hence 

µ {x I f(x) :Sa} 

= µ{x I f(x):::; a and f(Tx):::; a}+ µ{x I f(x):::; a and f(Tx) >a} 

= µ{x I f(Tx) :Sa}+ µ{x I f(x) :Sa< f(Tx)}. 

By invariance ofµ, it follows that µ{x I f(x):::; a< f(Tx)} = 0. D 

The following theorem due to Kingman, is called the subadditive ergodic 
theorem. 
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Theorem 10.3.2 (Kingman). Let T be a measure preserving map on a 
probability space (X, µ). Suppose that fn : X ~ IR are integrable functions 
satisfying the following subadditivity property for all l, n EN, 

(10.3.3) fz+n(x) S f1(x) + fn(T1x) for almost all x EX, 

and infnEN ~ J fn dµ > -oo. Then there are a forward invariant set X C X 

(i.e., T(X) c X) of full measure and an integrable function f: X ~ IR 
satisfying 

1 - - - - -
lim - f n( x) = f ( x) for all x E X and f o T = f on X. 

n-+oo n 

If µ is ergodic, then f is constant almost everywhere. 

Theorem 10.3.2 generalizes Birkhoff's ergodic theorem, Theorem 10.2.1. 
In fact, if fn := E~oI f o Ti for an integrable function f : X ~ IR, then 
equality holds in assumption (10.3.3). 

Proof of Theorem 10.3.2. Define for n 2: 1 functions f~: X ~IR by 

n-I 

f~ = f n - L Ji OT. 
i=O 

Then the sequence (!~) satisfies the same properties as Un): In fact, for 
n 2: 1 subadditivity shows that 

n-I 
fn S Ji+ fn-I(Tx) S ... S Lfi oTi 

i=O 

and it follows that f~ s 0. Furthermore, the sequence (!~) is subadditive, 
since 

l+n-I l+n-I 
I ~ i l ~ . 

fz+n = fz+n - L.J Ji OT S fz + f n OT - L.J Ji o Ti 
i=O i=O 

l-I l+n-I 
= fz - L Ji o Ti + f n o T 1 - L Ji o Ti 

i=O i=l+l 

= f{ + f~ oT1• 

It suffices to show the assertion for (!~), since almost sure convergence of ( *) to a function in LI and Birkhoff's ergodic theorem, Theorem 10.2.1, 

applied to the second term in f~, imply almost sure convergence of ( ~) 
to a function in LI. This also implies inf nEN ~ J f~ dµ > -oo. These 
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arguments show that we may assume, without loss of generality, fn S 0 
almost everywhere. Fatou's lemma implies 

I lim sup_!_ f ndµ 2: lim sup_!_ J f ndµ =: 'Y > -oo. 
n--+oo n n--+oo n 

This shows that J := limsupn--+oo ~Jn E £ 1 and J fdµ 2: 'Y· 

Now consider the measurable function 

(10.3.4) f(x) := liminf_!_ fn(x), x EX. 
n--+oo n 

Subadditivity implies fn1{1 S * + ln:T and hence JS Jo T. By Lemma 
10.3.1, it follows that J = J oT almost everywhere and hence J = J oTk for 
all k EN. 

For c > 0 and N, MEN let FM(x) := max{f(x), -M} and 

B(c, M, N) := {x EX I fi~x) > FM(x) + c for all 1 S l SN}. 

The function FM coincides with J for the points x with f(x) S -Mand is 
invariant under T. We also observe that, for fixed c and M, and N--+ oo 
the characteristic function satisfies 

(10.3.5) Ils(e,M,N}(x) --+ 0 for almost all x. 

Let x EX and n 2: N. We will decompose the set {1, 2, ... , n} into three 
types of (discrete) intervals. Begin with k = 1 and consider Tx, or suppose 
that k > 1 is the smallest integer in { 1, ... , n - 1} not in an interval already 
constructed and consider Tkx. 

(a) If Tkx is in the complement B(c, M, NY, then there is an l = l(x) s 
N with 

If k + l S n, take { k, ... , k + l - 1} as an element in the decomposition. 

(b) If there is no such l with k + l Sn, take {k}. 

(c) If Tkx E B(c,M,N), again choose {k}. 

We obtain P intervals of the form {ki, ... , ki + li -1}, Q intervals {mi} 
of length 1 in case (c) where Ils(e,M,N}(rmix) = 1, and R intervals of length 
1 in case (b) contained in { n - N + 1, ... , n - 1}. Now we use subadditivity 
in order to show the following, beginning at the end of { 1, ... , n - 1} and 
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then backwards till 1: 
p Q R 

fn(x) :S Lfti(Tkix) + Lfi(Tmix) + LA(Tn-ix) 
i=l i=l i=l 

p p 

(10.3.6) ::::; (FM(x) +e:) Lli(x)::::; FM(x) Lli(x) +ne:. 
i=l i=l 

Here the second inequality follows, since we may assume that fi ::::; 0 for all 
i. By construction, we also have 

n p 

n- LHB(e,M,N)(Tkx)- N :S Lli(x) 
k=l i=l 

and Birkhoff's ergodic theorem, Theorem 10.2.1, yields 
p n 

lim inf.!_ ""°' li(x) 2 1 - lim sup.!. ""°' IlB(e MN) (Tkx) = 1 - J HB(e M N)dµ. 
n--+oo n L.-i n L.-i ' ' ' ' 

i=l n--+oo k=l 

Observe that in inequality (10.3.6) one has FM(x) ::::; 0. Hence we obtain 

limsup.!. fn(x) :S FM(x) (i -J HB(e,M,N)dµ) + e. 
n--+oo n 

Using (10.3.5) one finds that for N--+ oo, the right-hand side converges for 
almost all x to FM ( x) + e. This implies for almost all x E X, 

limsup.!. fn(x) :S FM(x) + e. 
n--+oo n 

Using the definition of FM, and of Jin (10.3.4), one finds for M--+ oo and 
then e --+ 0, the desired convergence for almost all x E X, 

limsup.!. fn(x)::::; f(x) = liminf.!_ fn(x). 
n--+oo n n--+oo n 

Finally, note that, for an ergodic measure µ, Lemma 10.1.3 shows that J is 
constant, if j o T = j holds. D 

10.4. Exercises 

Exercise 10.4.1. In Birkhoff's Ergodic Theorem assume that the map T: 
M--+ Mis bijective (invertible) and µ-invariant. 

(i) Show that the limit of the negative time averages 

n-1 

lim .!_ °Lf(T-kx) =: f*(x) 
n--+oon k=O 

exists on a set of full µ-measure. 
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(ii) Show that the limit of the two-sided time averages 

l n-1 

2n -1 L f(Tk(x)) 
k=-n+l 

exists on a set of full µ-measure. 
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(iii) Show that f*(x) = f*(x) µ-almost everywhere, i.e., on a set of full 
µ-measure. 

For the exercises below we use the following definitions: Let M be a 
compact metric space, and let B be the O"-algebra on M generated by the 
open sets, often called the Borel O"-algebra. Let 'P be the set of all probability 
measures on (M, B). We define the weak* topology on 'Pas for µn, µ E 'P: we 
have µn ---+ µ if J Mcpdµn ---+ JM cpdµ for all continuous functions cp : M ---+ JR. 

Exercise 10.4.2. (i) Show that 'Pis compact with the weak* topology. (ii) 
Show that P is a convex space, i.e., ifµ, v E 'P, then aµ+ f3v E P for all 
a, f3 E [O, 1] with a+ f3 = 1. 

Exercise 10.4.3. For a measurable map T: M---+ M denote by 'P(T) the 
set of all T-invariant probability measures on (M, B). Show that 'P(T) is a 
convex and closed subset of 'P, hence it is compact in 'P. 

Exercise 10.4.4. Ifµ E 'P(T) is not an ergodic measure, then there are 
µl, µ2 E 'P(T) and A E (0, 1) with µ1 =/= µ2 andµ= Aµ1 + (1 - A)µ2. 

Exercise 10.4.5. Let T : M ---+ M be a continuous map on a compact 
metric space M. Then M is called uniquely ergodic (with respect to T) if T 
has only one invariant Borel probability measure. Show that the (unique) 
invariant probability measure µ of a uniquely ergodic map T is ergodic. 

Exercise 10.4.6. Suppose that T : M ---+ M is uniquely ergodic. Then the 
time averages 

n-l 
]:_ L f(Tk(x)) 
n 

k=O 
converge uniformly for f : M ---+ JR continuous. Note that the converse of this 
statement is not true by considering, e.g., the map T : § 1 x [O, 1 J ---+ § 1 x [O, 1 J, 
T(x, y) = (x +a, y) with a irrational. 

10.5. Orientation, Notes and References 

Orientation. The main purpose of this chapter has been to provide a proof 
Kingman's subadditive ergodic theorem, Theorem 10.3.2. It is an important 
tool for analyzing the Lyapunov exponents for random dynamical systems 
in Chapter 11. It will be used for the Furstenberg-Kesten Theorem which, 
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in particular, will allow us to verify assumption (11.4.2) of the deterministic 
Multiplicative Ergodic Theorem (Theorem 11.4.1). 

Notes and references. An introduction to ergodic theory is given in 
Silva [128] including several proofs of Birkhoff's ergodic theorem. Basic 
references in this field are Krengel [86] and Walters [137]. The subadditive 
ergodic theorem, Theorem 10.3.2, is due to Kingman (80]. Our proof follows 
the exposition in an earlier version of Arnold's book [6] which relies, in 
particular, on Steele [130]. 

Our short introduction does not discuss many of the key ideas and re­
sults in ergodic theory. In particular, we did not comment on the existence 
of invariant measures, often called Krylov-Bogolyubov type results, which 
can be found in the references mentioned above and in Katok and Has­
selblatt [75, Chapter 4]. Some ideas regarding the structure of the space 
of invariant measures for a given map T on a compact space M are men­
tioned in Exercises 10.4.3 and 10.4.4. More details in this regard are given 
by Choquet theory; see, e.g., [75, Theorem A.2.10]. A consequence of this 
theory for invariant measures is the ergodic decomposition theorem which 
says that there is a partition of a compact metric space Minto T-invariant 
subsets Ma. with T-invariant ergodic measures µa. on Ma. such that for a 
T-invariant measureµ and for any measurable function f: M-+ R. it holds 
that J fdµ = J J fdµa.da, compare the literature mentioned above or [75, 
Theorem 4.1.12]. 



Random Linear 
Dynamical Systems 

Chapter 11 

In this chapter we consider random linear dynamical systems which are 
determined by time-varying matrix functions A(O(·,w)) depending on a dy­
namical system O(·,w) with an invariant probability measure or, in other 
words, on an underlying stochastic process 0( ·, w). The 'linear algebra' for 
these matrices was developed by Oseledets [109] in 1968, using Lyapunov ex­
ponents and leading to his Multiplicative Ergodic Theorem, MET for short. 
The MET gives, with probability 1, a decomposition of the state space Rd 
into random subspaces, again called Lyapunov subspaces, with equal ex­
ponential growth rates in positive and negative time and these Lyapunov 
exponents are constants. The latter assertion (based on ergodicity of the 
invariant probability measure) is rather surprising. It shows that, notwith­
standing the counterexamples in Chapter 6, the linear algebra from Chapter 
1 is valid in this context if we take out an exceptional set of zero probabil­
ity. As in the periodic case treated in Chapter 7, in the ergodic case only 
the Lyapunov spaces are varying, while the Lyapunov exponents are finitely 
many real numbers. 

The notions and results on multilinear algebra from Section 5.1 are 
needed for an understanding of the proofs; they are further developed in 
Section 11.3. 

We will give a proof of the Multiplicative Ergodic Theorem in discrete 
time for invertible systems. This is based on a deterministic MET which 
characterizes Lyapunov exponents and corresponding subspaces via singular 
values and volume growth rates. The main assumption is that the volume 
growth rates for time tending to infinity are limits. In order to verify this 
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assumption, tools from ergodic theory are employed: Kingman's subadditive 
ergodic theorem leading to the Furstenberg-Kesten theorem. Then the proof 
of the MET follows from the latter theorem and the deterministic MET. 
Notions and facts from Multilinear Algebra are needed for the deterministic 
MET and the Furstenberg-Kesten Theorem. 

Section 11.1 presents the framework and formulates the Multiplicative 
Ergodic Theorem in continuous and discrete time. Section 11.2 contains 
some facts about projections that are needed when defining appropriate 
metrics on Grassmannians and flag manifolds. Section 11.3 is devoted to 
singular values and their behavior under exterior powers. Furthermore, a 
metric is introduced which is used in Section 11.4 in the proof of the de­
terministic Multiplicative Ergodic Theorem. Its assumptions show which 
properties have to be established using ergodic theory. Section 11.5 derives 
the Furstenberg-Kesten Theorem and completes the proof of the Multiplica­
tive Ergodic Theorem in discrete time. We note that the derivation of the 
MET for systems in continuous time (and for noninvertible systems in dis­
crete time) will not be given here, since it requires more technicalities. 

The theory in this chapter can either be formulated in the language of 
ergodic theory (measure theory) or in the language of random dynamical 
systems (probability theory). In the language of ergodic theory, we consider 
measurable linear flows: the coefficient matrix A(·) depends in a measurable 
way on a measurable fl.ow on the base space where an invariant measure is 
given. We use the language of random dynamical systems. 

11.1. The Multiplicative Ergodic Theorem (MET) 

This section formulates the Multiplicative Ergodic Theorem for random lin­
ear dynamical systems in continuous and discrete time. First we define 
random linear dynamical systems in continuous time and show that random 
linear differential equations provide an example. Then the Multiplicative 
Ergodic Theorem in continuous time is formulated and its relation to the 
previously discussed cases of autonomous and periodic linear differential 
equations is explained. Its consequences for stability theory are discussed. 
Finally, we formulate the Multiplicative Ergodic Theorem in discrete time, 
which will be proved in the ensuing sections. 

A random linear dynamical system is defined in the following way (recall 
Section 6.3). Let (0, F, P) be a probability space, i.e., a set n with u-algebra 
F and probability measure P. The expectation of a random variable on 
(0, F, P) is denoted by IE. A measurable map() : Rx n ---+ n is called a 
metric dynamical system, if (i) ()(0, w) = w for all w E 0, (ii) ()( s + t, w) = 
()(s, ()(t,w)) for alls, t E R, w E n, and (iii) ()(t, ·) is measure preserving or 
P-invariant, i.e., for all t ER we have P{w En I ()(t,w) EE} = P(E) for 
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all measurable sets E E F. Where convenient, we also write Ot := O(t) := 

O(t, ·) : 0 ---+ 0. Then condition (iii) may be formulated by saying that 
for every t E JR the measure OtP given by (OtP)(E) := P(Of:1(E)), E E F, 
satisfies OtP = P. In the following, we often omit the u-algebra F in our 
notation. 

A random linear dynamical system is a skew product fl.ow cI> = (0, <p) : 
JR x 0 x JRd--+ 0 x JRd, where (0, F, P, 0) is a metric dynamical system, for 
each (t,w) E JRxO the map q'>(t,w) := cp(t,w, ·):]Rd--+ ]Rd is linear, and for 
each w E 0 the map <p( ·, w, ·) : JR x JRd ---+ ]Rd is continuous. The fl.ow property 
of cI> means that for all w E 0 and all x E JRd one has cI>(O, w, x) = (w, x) and 
for all s, t E JR, 

cI>(s+t,w,x) = (O(s+t,w),<p(s+t,w,x) 

= ( 0( s, O(t, w) ), cp( s, O(t, w ), cp(t, w, x)) 

= cI>(s, cI>(t, w, x)). 

In particular, the linear maps q'>(t,w) = cp(t,w, ·)on ]Rd satisfy the cocycle 
property 

(11.1.1) q'>(s + t,w) = q'>(s, O(t, w)) o q'>(t, w) for alls, t E JR, w E 0. 

Conversely, this cocycle property of the second component together with the 
fl.ow property for () is equivalent to the fl.ow property of cI>. 

Linear differential equations with random coefficients yield an example of 
a random linear dynamical system. Here £ 1(0, F, P; gl(d, JR)) is the Banach 
space of all (equivalence classes of) functions f : 0---+ gl(d,JR), which are 
measurable with respect to the u-algebra F and the Borel u-algebra on 
gl(d, JR), and P-integrable. 

Definition 11.1.1. Let () be a metric dynamical system on a probability 
space (O,F,P). Then, for an integrable map A E L1(0,F,P;gl(d,JR)), a 
random linear differential equation is given by 

(11.1.2) x(t) = A(Otw)x(t), t E JR. 

The (w-wise defined) solutions of (11.1.2) with x(O) = x E JRd are denoted 
by cp(t,w,x). 

Proposition 11.1.2. The solutions of (11.1.2) define a random linear dy­
namical system cI>(t,w,x) := (O(t,w),cp(t,w,x)) for (t,w,x) E JR x 0 x JRd 
and q'>(t, w) := cp(t, w, ·) satisfies on a subset of 0 with full measure 

(11.1.3) q'>(t,w) =I+ lot A(O(s,w))q'>(s,w)ds, t E JR. 

Proof. For w E 0 consider the matrix Aw(t) := A(Otw), t E JR. Here the 
map t f-7 A(Otw) : JR---+ gl(d, JR) is measurable as it is the composition of the 
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measurable maps O(·,w) : R-+ n and AO : n-+ gl(d,R) The set of w's 
on which t f-t A( 0( t, w)) is locally integrable, is measurable (exhaust R by 
countably many bounded intervals) and it is 0-invariant, since for a compact 
interval I c R and r E R, 

/, llA(O(t,O(r,w)))ll dt = /, llA(O(t,w))ll dt. 
I I+r 

This set has full measure: In fact, E (llA(O(t, ·))II)= Jn llA(O(t, w))ll P(dMJ) =: 
m < oo with a constant m which is independent of t, and for all real a ~ b 
Fubini's theorem implies 

1b in llA(O(t,w))ii P(dMJ)dt = m(b-a) =in 1b llA(O(t,w))ii dt P(dw) < oo, 

hence I: llA(O(t,w))ll dt < 00 for P-almost all w En. 

It follows that we can apply Theorem 6.1.1 to every equation x = 
A(Otw)x with w in a subset of full ?-measure. The proof of this theo­
rem shows that the principal fundamental solution q)(t, w) = Xw(t, 0) of 
this equation is measurable (with respect to w), since it is the pointwise 
limit of measurable functions. The fundamental solution satisfies (11.1.3) 
which is the integrated form of the differential equation. By Theorem 6.1.4 
the solution 1.p(t, w, x) depends continuously on (t, x). The cocycle prop­
erty for nonautonomous linear differential equations has been discussed in 
Proposition 6.1. 2. Since the coefficient matrix function Aw ( ·) satisfies 

Aw(t + s) = Ao(t,w)(s), t, s ER, 

the cocycle property (11.1.1) follows. D 

Remark 11.1.3. Stochastic linear differential equations (defined via Ito­
or Stratonovich-integrals) are not random differential equations. However, 
they define random linear dynamical systems; see the notes in Section 11.8 
for some more information. 

As an example of a metric dynamical system we sketch Kolmogorov's 
construction. 

Example 11.1.4. Let (r, £, Q) be a probability space and e : Rx r -----+Rm 
a stochastic process with continuous trajectories, i.e., the functions e(·, 'Y) : 
R -----+Rm are continuous for all 'Y E r. The process e can be written as a 
measurable dynamical system in the following way: Define n = C (R, Rm), 
the space of continuous functions from R to Rm. We denote by F the 
CT-algebra on n generated by the cylinder sets, i.e., by sets of the form 
z = {w En I w(t1) E Fi, ... ,w(tn) E Fn, n EN, Fi Borel sets in Rm}. The 
process e induces a probability measure P on (n, F) via P(Z) := Q{ 'Y E 

r I e (ti, 'Y) E ~ for i = 1, ... , n}. Define the shift 0 : R x n -----+ n by 
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O(t,w(·)) = w(t+ ·). Then 0 is a measurable dynamical system on (0., F, P). 
If e is stationary, i.e., if for all n EN, and t, ti, ... , tn E IR and all Borel sets 
Fi, ... ' Fn in Rm it holds that Q{'Y E r I e(ti, 'Y) E Fi for i = 1, ... 'n} = 
Q{'Y E r I e (ti + t, 'Y) E Fi for i = 1, ... ' n}' then the shift e on n is P­
invariant and hence it is a metric dynamical system on (0., F, P). 

We formulate the notion of ergodicity given in Section 10.1 for maps in 
the terminology of metric dynamical systems: 

Definition 11.1.5. Let 0: IR x f2-----+ f2 be a metric dynamical system on 
the probability space (0., F, P). A set E E Fis called invariant under 0 
if P(O't"1(E) 6. E) = 0 for all t E R The fl.ow 0 is called ergodic, if each 
invariant set EE F has P-measure 0 or 1. 

Often, the measure P is called ergodic as well (with respect to the fl.ow 
0). If a fl.ow is not ergodic, then the state space can be decomposed into two 
invariant sets with positive probability, and hence the properties of the cor­
responding restricted flows are independent of each other. Thus ergodicity 
is one of many ways to say that the state space is 'minimal'. Without such 
a minimality assumption on the base space, one should not expect that the 
behavior of a random linear dynamical system is uniform over all points in 
the base space. 

The key result in this chapter is the following theorem, called Oseledets' 
Multiplicative Ergodic Theorem, that generalizes the results for constant 
and periodic matrix functions to the random context. It provides decompo­
sitions of Rd into random subspaces (i.e., subspaces depending measurably 
on w) with equal exponential growth rate with P-probability 1 (i.e., over 
almost all points in the base space). 

Theorem 11.1.6 (Multiplicative Ergodic Theorem). Consider a random 
linear dynamical system cI> = ( 0, cp) : IR x f2 x Rd -----+ f2 x Rd and assume for 
4>(t,w) := cp(t,w, ·) the integrability condition 

(11.1.4) sup log+ ll4>(t,w)±1 11 E L1 := L1(0.,F,P;R), 
099 

where log+ denotes the positive part of log. Assume that the base flow 0 is 
ergodic. Then there exists a set fi c f2 of full P-measure, invariant under 
the flow 0 : IR x f2 -----+ 0., such that for each w E fi the following assertions 
hold: 

(i) There is a decomposition 

Rd= L1(w) E9 ... E9 Le(w) 

of Rd into random linear subspaces Lj(w) which are invariant under the flow 
cl>, i.e., ~(t,w)Lj(w) = Lj(fltw) for all j = 1, ... ,.e and their dimensions dj 
are constant. These subspaces have the following properties: 
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(ii} There are real numbers A1 > ... > Ae, such that for each x E JRd\ { 0} 
the Lyapunov exponent A(w, x) E {Ai, ... , Ae} exists as a limit with 

A(w, x) = lim ! log llcp(t, w, x)ll = Aj if and only if x E L3(w)\{O}. 
t--+±oo t 

(iii} For each j = 1, ... , .f. the maps L3 : n -----+ Gd; with the Borel 
O"-algebra on the Grassmannian Gd; are measurable. 

(iv) The limit limHoo ( P(t, w) T P(t, w)) l/2t := !li(w) exists and is a posi­
tive definite random matrix. The different eigenvalues of !li(w) are constants 
and can be written as e>-1 > ... > e>-t; the corresponding random eigenspaces 
are given by L1(w), ... , Le(w). Furthermore, the Lyapunov exponents are ob­
tained as limits from the singular values Ok of P( t, w): The set of indices 
{1, ... , d} can be decomposed into subsets E3, j = 1, ... , £, such that for all 
k E E3, 

Aj = lim !1ogok(P(t,w)). 
t--+oo t 

The set of numbers { A1, ... , Ae} is called the Lyapunov spectrum and 
the subspaces L3 ( w) are called the Lyapunov (or sometimes the Oseledets) 
spaces of the fl.ow <I>. They form measurable subbundles of n x JRd. A proof 
of this theorem is given in Arnold [6, Theorem 3.4.11]. If the underlying 
metric dynamical system, the base fl.ow, is not ergodic, the Multiplicative 
Ergodic Theorem holds in a weaker form. 

Remark 11.1. 7. If the base fl.ow () : JR x n -----+ n is not ergodic but 
just a metric dynamical system, then the Lyapunov exponents, the num­
ber of Lyapunov spaces, and their dimensions depend on w E fi, hence 
.f.(w), A3(w) and d3(w) are random numbers, and they are invariant under(), 
e.g., A(()tw) = A(w) for all t ER 

To understand the relation of Oseledets' theorem to our previous results, 
we apply it to the cases of constant and periodic matrix functions. 

Example 11.1.8. Let A E gl(d,JR) and consider the dynamical system 
cp : JR x JRd -----+ ]Rd generated by the solutions of the autonomous linear 
differential equation x = Ax. The flow cp can be considered as the skew­
component of a random linear dynamical system over the trivial base fl.ow 
given by n = {O}, F the trivial O"-algebra, P the Dirac measure at {O}, and 
() : JR x n -----+ n defined as the constant map ()tw = w for all t E R Since 
the fl.ow is ergodic and satisfies the integrability condition, Theorem 11.1.6 
yields the decomposition of JRd into Lyapunov spaces and the results from 
Theorem 1.4.3 on Lyapunov exponents are recovered. Note that here no use 
is made of explicit solution formulas. 

Floquet theory follows in a weakened form. 
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Example 11.1.9. Let A: IR.---+ gl(d, IR.) be a continuous, T-periodic matrix 
function. Define the base flow as follows: Let n = § 1 parametrized by 
r E [O, T), take B as the Borel CT-algebra on § 1, let P be defined by the 
uniform distribution on § 1, and let (} be the shift (}(t, r) = t + r. Then 
(} is an ergodic metric dynamical system (Exercise 11.7.3 asks for a proof 
of this assertion.) The solutions cp(·,r,x) of x(t) = A(t)x(t),x(r) = x, 
define a random linear dynamical system <I> : IR. x n x JR.d ---+ n x JR.d via 
<I>(t, r, x) = ((}tr, cp(t, r, x)). With this set-up, the Multiplicative Ergodic 
Theorem recovers the results of Floquet Theory in Theorem 7.2.9 with P­
probability 1. 

For random linear differential equations the Multiplicative Ergodic The­
orem yields the following. 

Example 11.1.10. Consider a random linear differential equation of the 
form (11.1.2) and assume that (} is ergodic. If the generated random linear 
dynamical system <I> satisfies the integrability assumption (11.1.4), the as­
sertions of the Multiplicative Ergodic Theorem, Theorem 11.1.6, then holds. 
Hence for random linear differential equations of the form (11.1.2) the Lya­
punov exponents and the associated Oseledets spaces replace the real parts 
of eigenvalues and the Lyapunov spaces of constant matrices A E gl(d, IR.). 

Stability 

The problem of stability of the zero solution of random linear differential 
equations can now be analyzed in analogy to the case of a constant matrix 
or a periodic matrix functio~. We consider the following notion of stability. 

Definition 11.1.11. The zero solution cp(t, w, 0) = 0 of the random linear 
differential equation (11.1.2) is P-almost surely exponentially stable, if there 
exists a set fi c n of full P-measure, invariant under the flow(} : IR. x n ---+ n 
and a constant a > 0 such that for each w E fi the following assertions hold: 
for any c: fi--+ (0, oo) there is o: fi--+ (0, oo) such that llxll < o(w) implies 

llcp(t,w,x)ll ~ c(w) 

and 
llcp(t,w, x)ll ~ e-at fort 2: T(w, x). 

The stable, center, and unstable subspaces are defined for w E fi using 
the Multiplicative Ergodic Theorem, Theorem 11.1.6, as 

L-(w) :=EB Lj(w),L0(w) :=EB Lj(w), and L+(w) :=EB Lj(w), 
>.;<0 >.;=0 >.;>0 

respectively. These subspaces form measurable stable, center, and unstable 
subbundles. We obtain the following characterization of exponential stabil­
ity. 
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Corollary 11.1.12. The zero solution x(t, w, 0) = 0 of the random linear 
differential equation (11.1.2) is P-almost surely exponentially stable, if and 
only if all Lyapunov exponents are negative if and. only if P{w En I 1-(w) = 
Rd}= 1. 

Proof. Consider for w E n the decomposition of Rd into the subspaces de­
termining the Lyapunov exponents. If there is a positive Lyapunov exponent 
>..;, then a corresponding solution satisfies for some sequence tn ---+ oo, 

lim 2-1ogll<p(tn,w,x)ll = >..; > 0. 
n--+ootn 

Then for).. E (0, >.;) and some constant c > 0, 

ll<t>(t,w,x)ll > cet>',t ~ 0, 

contradicting exponential stability. In fact, if there is ).. E (0, >.;) such that 
for all c > 0 and all k E N there is tn > k with 

ll<t>(tn,w,x)ll :S cetn>., 

one obtains the contradiction 

lim 2-1ogll<p(tn,w,x)ll :S).. < >..;. 
n--+ootn 

Conversely, suppose that all Lyapunov exponents are negative. Then write 
x E Rd as x = L:f=1 x; with Xj E L;(w) for all j. Lemma 6.2.2 shows that 
>.(w, x):::; max>.; < 0. D 

In general, Lyapunov exponents for random linear systems are difficult 
to compute explicitly-numerical methods are usually the way to go. An 
example will be presented in Section 11.6. 

Discrete Time Random Dynamical Systems 

Linear (invertible) random dynamical systems in discrete time are de­
fined in the following way. For a probability space (0, F, P) let 0 : Z x n --+ 
n be a measurable map with the dynamical system properties 0(0, ·) = idn 
and O(n + m, w) = O(n, O(m, w)) for all n, m E Z and w E n such that the 
probability measure P is invariant under 0, i.e., O(n, ·)P = P for all n E Z. 
For conciseness, we also write 0 := 0(1, ·) for the time-one map and hence 

onw = O(n,w) for all n E Zand w E 0. 

We call 0 a metric dynamical system in discrete time and consider it fixed 
in the following. A random linear dynamical system in discrete time is a 
map cI> = (0, <p) : Z x n x Rd--+ n x Rd of the form 

cI>(n,w,x) = (Onw,<p(n,w,x)) 
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such that the maps !P(n,w) := cp(n,w, ·)are linear and 

~(O, ·, ·) = idnxJRd and ~(n + m, ·, ·) = ~(n, ~(m, ·,·))for all m, n E Z. 

Thus ~ is a linear skew product dynamical system in discrete time. The 
second component satisfies a cocycle property in the form 

cp(O,w,x) = x, cp(n+m,w,x) = cp(n,O(m,w),cp(m,w,x)) 

for all w E D,x E Rd and n,m E Z. 

Equivalently, consider a measurable map A defined on n with values in 
the group Gl(d, R) of invertible dx d matrices. Then, for (w, x) E Ox Rd, the 
solutions (cp(n,w, x))nez of the nonautonomous linear difference equation 

(11.1.5) 

define a random dynamical system ~ = ( e, cp) in discrete time. We say that 
the map A is the generator of ~. The map cp : Z x n x Rd ---+ Rd is linear in 
its Rd-component, i.e., the maps !P(n,w) := cp(n,w, ·)are linear on Rd and 
the cocycle property can be written as 

(11.1.6) 

for all w E f2 and n, m E Z. One also sees that for all w E 0, 

(11.1.7) !P(n,w) = A(en-1w) · · · A(w) for n E Z. 

Conversely, a random linear dynamical system in discrete time defines a 
nonautonomous linear difference equation of the form (11.1.5) with A(w) := 
!P(l,w),w E 0. 

The following theorem is the Multiplicative Ergodic Theorem in discrete 
time Z. 

Theorem 11.1.13 (Multiplicative Ergodic Theorem). Consider a random 
linear dynamical system ~ = ( (}, cp) : Z x n x Rd ---+ n x Rd in discrete time 
and assume the integrability condition 

(11.1.8) 

Assume that the probability measure P is ergodic. Then there exists a set 
fi c n of full P-measure which is invariant, i.e., 0(0) = fi, such that for 
each w E fi the following assertions hold: 

(i) There is a decomposition 

Rd= L1(w) EB ..• EB Li(w) 

of Rd into invariant random linear subspaces L;(w), i.e., A(w)L;(w) = 
L; (Ow) for all j = 1, ... , £ and their dimensions d; are constants. 
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(ii} There are real numbers .A1 > ... >.Xe such that for each x E JRd\{O} 
the Lyapunov exponent .A(w, x) E {).1, ... , .Xe} exists as a limit and 

.A(w, x) = lim _!_log llcp(n,w, x)ll = Aj if and only if x E Lj(w) \ {O}. 
n--+±oo n 

(iii} For each j = 1, ... , .e the maps Li : n -+ Gdi with the Borel 
a-algebra on the Grassmannian Gdi are measurable. 

(iv} The limit liIDn--+oo ( P(n,w)T P(n,w)) 112n := \li(w) exists and is a 
positive definite random matrix. The different eigenvalues of \li(w) are con­
stants and can be written as e-~1 > . . . > e><e; the corresponding random 
eigenspaces are L1(w), ... , Le(w). Furthermore, the Lyapunov exponents are 
obtained as limits from the singular values 8k of P( n, w): The set of indices 
{1, ... , d} can be decomposed into subsets Ej, j = 1, ... , .e, such that for all 
k E Ej, 

Again, the subspaces Lj(w) are called the Lyapunov (or sometimes the 
Oseledets) spaces of <I>. Comparing this Multiplicative Ergodic Theorem 
to Theorem 11.1.6 in continuous time, we see that assertions (i)-(iv) are 
completely parallel. In the discrete time case considered here, analogous 
applications to stability theory can be given and one obtains stable, center, 
and unstable subspaces forming measurable stable, center, and unstable 
sub bundles. 

The rest of this chapter is devoted to a proof of the Multiplicative Er­
godic Theorem in discrete time. A brief sketch of the proof is as follows: 
Section 11.4 presents a deterministic MET which, for fixed w, essentially 
yields the assertions of the MET in positive time (in the autonomous case, 
Theorem 1.5.8 shows that this only leads us to a flag of subspaces). The ver­
ification of its assumptions needs a considerable amount of ergodic theory: 
Kingman's subadditive ergodic theorem, when applied to random linear dy­
namical systems, yields the Furstenberg-Kesten Theorem, which is presented 
in Section 11.5. This theorem establishes the limit property in assertion (iv) 
and verifies the assumptions of the deterministic MET. Then the construc­
tion of the Lyapunov spaces follows by applying the deterministic MET in 
forward and in backward time. 

The proof is based on an analysis of the eigenspaces of the matrices in 
assertion (iv) of Theorem 11.1.13. They are related to the singular values 
of P(n,w). Hence, to begin with, the next sections present relevant notions 
and facts on projections, on singular values, and from multilinear algebra 
complementing Section 5.2. Furthermore, a metric is introduced which will 
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allow us to analyze convergence properties of sets of subspaces in Section 
11.4. 

11.2. Some Background on Projections 

This section contains some facts about projections that are needed when 
defining appropriate metrics on Grassmannians and flag manifolds in the 
next section. We begin with a result on the convergence of matrix power 
series. 

Lemma 11.2.1. Consider the scalar power series L:~=oanxn with r its 
radius of convergence. Given a matrix A E gl(d, JR), the matrix power series 
converges if p(A) :S llAll < r, where p denotes the spectral radius of A. 

Proof. Let II· II the operator norm obtained from the Euclidean inner prod­
uct on !Rd. Then it holds for any k E N that 

k k k 

L anAn :SL llanAnll :SL lanl llAlln 
n=O n=O n=O 

and hence L:~=oanAn converges if llAll < r. Noting that p(A) :S llAll for 
any matrix norm finishes the proof. D 

Next we discuss some facts on projections. Let JRd = M E9 N and define 
the projection operator P: JRd---+ M E9 N onto M along N as P(x) = u for 
x = u E9 v with u E M and v E N. Denoting by I the identity, we note 
that I - P : JRd ---+ !Rd is the projection onto N along M. Projections are 
idempotent, i.e., Po P = P 2 =Pandit holds that trP = dimM. This is 
seen by noticing that the trace of a linear operator T : !Rd ---+ JRd does not 
depend on the basis chosen for its representation. 

If we are given a vector space with inner product, such as (!Rd,(-,·)), 
we can consider orthogonal projections: P: JRd---+ !Rd= M E9 M1-, where 
M 1- is the orthogonal complement of M. Obviously, such a projection is 
idempotent, symmetric and positive semidefinite, i.e., (Px, x) = (u, u) ~ 0, 
where x = u E9 v with u E M and v E M 1-. Vice versa it holds that any 
symmetric, idempotent operator P on JRd is an orthogonal projection onto 
P[JRd]. If Pis an orthogonal projection, then llPll = 1 if and only if Pi- 0, 
and I -P : !Rd ---+ JRd is an orthogonal projection along with P. Furthermore 
we have for the spectral radius p(P) = llPll, which follows from the fact that 
P is symmetric. 

Remark 11.2.2. Note that for orthogonal projections P, Q on JRd we always 
have llPQll = llQPll and ll(J - P)Qll = ll(J - Q)Pll· This follows from the 
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property of the operator norm llAll = max{l(Ax, y)I I llxll = 1, llYll = 1} for 
any matrix A E gl(d, ~): With (PQx, y) = (Qx, Py) one finds 

llPQll = max{l(PQx,y)I I llxll = 1, llYll = 1} 

= max{l(x,y)I I llxll = 1, llYll = l,x E imQ,y E imP} = llQPll · 

Next we prove an important result on the dimension of the images of 
orthogonal projections: 

Lemma 11.2.3. Let P, Q : ~d -t ~d be two orthogonal projections. Then 
one obtains: 

(i} llP - Qll ~ 1. 

(ii} If llP - Qll < 1, then P and Q are similar, in particular, we have 
dimP[~d] = dimQ[~d]. 

Proof. The proof of (i) is left as Exercise 11.7.2. Statement (ii) can be seen 
as follows: 

Denote P[~d] =:Mand Q[~d] =: N. We compare the action of P and 
Q by considering the maps 

(11.2.1) U := QP + (I - Q)(I - P), V := PQ + (I - P)(I - Q). 

Note that U maps M into N, and Ml. into NJ., while V maps N into M, 
and N l. into Ml.. However, these two maps are not inverses since 

UV= VU= I - (P - Q)2 =I - R with R := (P - Q)2• 

Note that R commutes with P, Q, U, and V. To construct inverse maps with 
the same behavior on range and kernel as U and V, we can define Uo and 
Vo via 

1 1 
U0(I - R)a = U, Vo(! - R)a = V. 

1 
These matrices exist if (J - R)-2 exists. To this end, recall that 

( ~! ) := 1 and ( ~! ) := (-!)(-! - l) · ~/-! - (n - l)) for n EN 

and consider the scalar negative binomial series 

(1- x)-~ = f)-1r ( ~! ) xn 
n=O 

with radius of convergence r = 1. By Lemma 11.2.1 the corresponding 
matrix series converges if llRll = ll(P- Q)2 ll ~ llP - Qll 2 < 1 = r, which is 
satisfied by assumption. One shows by direct calculation that the sum S of 
the matrix series 
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satisfies 8 2 = (I - R)-1 (just like in the scalar case) and it commutes with 
the operators P, Q, U, V, Uo and Vo. We obtain as desired 

VoUo = UoVo =I, hence Vo= U()1, Uo = l'o-1. 

For the projections P and Q this means the following: From equation 
(11.2.1) we obtain UP = QP = QU and PV = PQ = VQ, and there­
fore, using the commutation properties of R, we have UoP = QUo and 
PVo = VoQ. This means that UoPU01 = Q and P = V0- 1QVo. In partic­
ular, the ranges P[!Rd] =Mand Q[JRd] = N are isomorphic, since they are 
mapped onto each other by Uo and Vo. D 

Remark 11.2.4. The proof of Lemma ll.2.3(ii) goes through even if P and 
Q are just projections. In the case of orthogonal projections one can easily 
see that the operators Uo and Vo are actually orthogonal. 

The following result refines the second part of the previous lemma. 

Proposition 11.2.5. Let P, Q be two orthogonal projections on JRd with 
P[JRd] =: M and Q[JRd] =: N. Assume that II (J - Q)Pll =: 8 < 1. Then 
there are two possible alternatives: 

(i) Q maps M onto N bijectively, in which case we have 

llP - Qll = ll(J - P)Qll = ll(J - Q)Pll = 8. 

(ii) Q maps M onto No ~ N bijectively, in which case llP - Qll = 
ll(J - P)Qll = 1 and the orthogonal projection Qo onto No satisfies 

llP- Qoll = ll(J -P)Qoll = IJ(J - Qo)Pll = ll(J - Q)Pll = 8. 

Proof. For x EM it holds that llx - Qxll = ll(J - Q)Pxll :::; 8 llxll, which 
implies (1 - 8) llxll :::; llQxll. Hence the linear operator Q : M ---+ N is 
injective. Define Q[M] := No and let Qo : !Rd ---+ No be the orthogonal 
projection onto No. 

Note that for any x E !Rd there exists y EM with Q0x = Qy, and y f 0 
if Qox I- 0. Since (I - P)y = 0, we have for any x E JRd with Qox f 0, 

11(1 - P)Qoxll = 11u - P)Qyll = (1 - P) (Qy - llQyr y) 
llYll 

llQYll 2 

< Qy-wy 
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This implies for llxll = 1, 

ll(J - P)Qoxll2 ~ llQYll2 - llQYll4 
11 : 112 = llQYll2 

11: 112 (llYll2 - llQYll2) 

2 1 2 1 2 2 
= llQoxll llYll2 ll{J - Q)yll ~ llYll2 ll(J - Q)Pyll ~ O · 

Hence we obtain 

{11.2.2) ll{J - P)Qoll ~ o = ll(J - Q)Pll. 

To estimate llP- Qoll we note that the ranges of Qo and I -Qo are orthog­
onal, which gives for x E Rd the equalities 

ll(P - Qo)xll2 = ll(J - Qo)Px - Qo(I - P)xll2 

= ll(J - Qo)Pxll 2 + llQo(I - P)xll2. 

Projections are idempotent, and hence we obtain 

ll(P - Qo)xll2 ~ ll(J - Qo)Pll2 llPxll2 + llQo(I - P)ll2 ll(J - P)xll2. 

Now by definition QoP = QoQP = QP and therefore o = ll(J - Q)Pll = 
ll(J - Qo)Pll, which together with 

llQo(I - P)ll = ll(Qo(J - P))Tll = ll(J - P)Qoll ~ o 
yields 

ll{P - Qo)xll2 ~ 82(11Pxll2 + ll(J - P)xll2) = 82 llxll2 · 
Note that we have shown 

{11.2.3) o = ll(J - Q)Pll = ll(J - Qo)Pll = ll(P- Qo)Pll ~ llP- Qoll ~ o 
and hence equality holds here. By Lemma ll.2.3{ii) llP - Qoll = o < 1 
means that P[No] = P[Qo[Rd]] = M. Hence in equation {11.2.2) we can 
replace P,Q by Qo,P to obtain ll(J -Qo)Pll ~ ll{J-P)Qoll, and with 
equation {11.2.3) we then have 

ll(J - P)Qoll = ll(J - Q)Pll = o. 
In other words, if Q[M] = N, i.e., in case (i), we have shown the desired 
equalities. In case {ii), i.e., if Q[M] = No ~ N, what is left to show is 
llP - Qll = ll(J - P)Qll = 1. 

To this end, let x E N\N0 . Then by P[No] = P[Qo[Rd]] = M there is 
xo E No with Pxo = Px, and we have y := x - xo EN, y =f:. 0 but Py= 0. 
We compute (P - Q)y = -y and Q(I - P)y = Qy = y, which implies 
llP - Qll 2: 1 and ll(J - P)Qll = llQ(I - P)ll 2: 1. Now Lemma ll.2.3(i) 
provides the reverse inequalities to finish the proof. D 
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This section prepares tools from multilinear algebra which will be needed 
in the ensuing sections. First basic properties of singular values of matrices 
are proved and their relevance for exterior powers is explained. Then the 
Goldsheid-Margulis metric on flags is introduced which will be needed for 
the proof of the deterministic multiplicative ergodic theorem in the next 
section. 

In order to introduce singular values and associated decompositions let 
JR.d be endowed with the Euclidean scalar product and consider the group 
of orthogonal matrices, O(d, IR.) := {RE Gl(d, IR.) I RT R =I}. For a matrix 
A E gl(d,IR.) we say that 

A=RDQT 

is a singular value decomposition if R, Q E O(d, IR.) and D is a diagonal 
matrix, D = diag( 81, ... , 8d) with 81 ~ ... ~ 8d ~ 0. Then the 8i are called 
the singular values of A. Such singular value decompositions always exist 
and the 8i are unique. We will need this only in the following special case, 
where A is an invertible square matrix. 

Proposition 11.3.1. Any matrix A E Gl(d,IR.) has a singular value de­
composition with singular values 81 ~ ... ~ 8d > 0. Then the 8l are the 
eigenvalues of AT A, hence they are uniquely determined by A. In particular, 
llAll = 81 where 11·11 is the operator norm associated with the Euclidean scalar 
product in JR.d, and ldet Al = 81 · · · 8d. Furthermore, let x be an element in 
an eigenspace of AT A corresponding to 8J. Then llAxll = 8j llxll· 

Proof. The matrix AT A is symmetric and positive definite, since for all 
0 f:. x E JR.d, 

x TAT Ax= (Ax, Ax)= llAxll 2 > 0. 

Hence there exists Q E 0( d, IR.) such that QT AT AQ = diag( 8~, . .. , 8~) = 
D 2• Here we may order the numbers 8i that 81 ~ . . . ~ 8d > 0. Writing 
this as AT AQ = diag(8~, ... , 8~)Q, one sees that the columns qj of Q are 
(right) eigenvectors of AT A for the eigenvalues 8j. Thus they form a basis 
of Rd. Let R := [r1, ... ,rd] E gl(d,IR.) be the matrix with columns rj .-
8j1 Aqj, j = 1, ... , d. Then 

RT R = diag(8!2, •.. , 8i2)[qi, ... , qd]T AT A[q1, ... , qd] 

= n-2QT AT AQ =Id, 

hence RE O(d,IR.). Furthermore, with the standard basis vectors ej one has 
RDQT qj = RDej = 8jrj = Aqj for j = 1, ... , d. Since the qj form a basis of 
JRd, it follows that RDQT =A, as desired. The proof also shows that the 8j 



238 11. Random Linear Dynamical Systems 

are unique. Furthermore, (detA)2 = detAT detA = det(AT A)= 8~ ... 8~, 
and 

llAll 2 = (supllxll=l llAxll) 2 =SUPllxll=l (Ax, Ax) =supllxll=l (AT Ax, x) =8?. 

Finally, for x in the eigenspace of AT A for 8J it follows that llAxll 2 = 

xTATAx=8Jllxll 2 . 0 

In the decomposition A = RDQ the columns of R are called the left­
singular vectors of A: they are the (normalized) eigenvectors of AAT. Sim­
ilarly, the columns of Qare called the right-singular eigenvectors of A: they 
are the normalized eigenvectors of AT A. 

Now we come back to exterior powers of linear spaces as introduced in 
Section 5.1 and show that one can in a similar way define exterior powers 
of linear operators. 

Proposition 11.3.2. If A : Rd -+ Rd is a linear operator, then the linear 
extension of 

( /\ k A) ( u1 /\ ... /\ uk) := Au1 /\ ... /\ Auk 

defines a linear operator /\ k A on /\ kRd with /\ 1 A = A, /\ d A = det A, and 
/\ k I = I. For a linear operator B : Rd -+ Rd one has 

Proof. This follows from the definitions and properties given in Section 5.1: 
On the simple vectors, the map /\ k A is well defined. Then it can be extended 
to /\ kRd, since there is a basis consisting of simple vectors. Similarly, one 
verifies the other assertions. 0 

The next proposition shows that the singular values determine the norm 
of exterior powers. 

Proposition 11.3.3. Let A= RDQT be a singular value decomposition of 
A E Gl(d, R) and let 81 2:: ... 2:: 8d be the singular values of A. Then the 
following assertions hold. 

(i) A singular value decomposition of/\ k A is 

(ii) The matrix /\ k D is diagonal with entries ( 8i1 • • • 8ik), 1 ~ ii ~ ... ~ 
ik ~ d. In particular, the top singular value of /\ k A is 81 · · · 8k and the 
smallest is 8d-k+l · · · 8d. If A is positive definite, then /\ k A is positive 
definite. 
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{iii} The operator norm is given by II/\ k All = b'1 · · · b'k. In particular, 

II/\ d All = b'1 .. · b'd = I det Al, and II/\ k+l All S II/\ k All ll/\1All,1 S k, l and 

k + l S d. In particular, 11/\k All S llAllk· 

Proof. The assertions in (iii) follow from (i), (ii), and Propositions 11.3.1 
and 11.3.2. The equality in assertion (i) follows from Proposition 11.3.2. 
Hence it remains to show that the exterior power of an orthogonal matrix 
is orthogonal and that /\ k D has the form indicated in assertion (ii). For 
Q E O(d) the scalar product (5.1.4) yields 

( (AkQ) (x1 /\ ... /\ Xk),y1 /\ ... /\ Yk) = (Qx1 /\ .. · /\ Qxk,YI /\ .. · /\ Yk) 

= det((Qxi, Yj)) = det ( (Xi, QT Yj)) 

= ( X1 /\ ". /\ Xk, (AkQT) (y1 /\". /\ Yk)). 

Hence (/\kQ)T = /\kQT and this matrix is orthogonal, since 

It is immediate from the definition that the exterior power of a diagonal 
matrix is a diagonal matrix. Then it is also clear that the singular values of 
/\k A are as given in (ii). D 

Geometrically, the equality II/\ k All = b'1 · · · b'k means that the largest 
growth of a parallelepiped is achieved when its sides are in the direction 
of the basis vectors which are eigenvectors of AT A corresponding to the k 
largest singular values. 

Next we define convenient metrics on the Grassmannian Gk(d) and on 
flag manifolds. 

Lemma 11.3.4. Let P and f> be the orthogonal projections onto U and 
U E Gk(d), respectively. Then d(U, U) := ll(J - P)f>ll defines a complete 
metric on the Grassmannian Gk(d). Here 11 · 11 denotes again the operator 
norm relative to the Euclidean inner product on Rd. 

Proof. First note that by Remark 11.2.2 II (I - P)f>ll = II (I - P)Pll · Hence 
it follows that d(U, U) = d(U, U). Furthermore, ll(J - P)f>ll = 0 if and 
only if (J C U and, similarly, II (I - P)Pll = 0 means that U C U. Thus 
d(U, U) = 0 if and only if U = U. 
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Let f> denote the orthogonal projection onto U E Gk(d), then the trian­
gle inequality follows from 

ll{I - P)f>ll = ll{I - P)P(I - f> + P)ll 

s II (I - P)P(I - P) II + II (I - P)P f>ll 

s llf>{I - f>)ll + ll{I - P)f>ll • 
hence d(U, U) s d(U, U) + d(U, U). 

Completeness of the metric d(U, U) on Gk(d) can be seen directly using 
the fact that jj{I - P)f>jj = llP - f>jj in Gk(d) if jj{I - P)f>jj < 1; see 
Proposition 11.2.5. Hence for a Cauchy sequence the projections converge. 

D 

We now turn to the Goldsheid-Margulis metric on flag manifolds. (Actu­
ally, we do not need that the flags form manifolds; the metric space structure 
is sufficient for our purposes.) Consider finite sequences of increasing sub­
spaces, i.e., flags: For a multi-index r = (ri, ... ,re) with re< re-I< ... < 
TI = d let lF7" be the set of flags F in Rd given by increasing sequences of 
subspaces Vi with dim Vi= Ti, i = 1, ... , .e, 

F = ("\ll, . .. , Vi) . 

Define Ue := Vf and Ui as the unique orthogonal complement of Vi+I in 
Vi, i = .e - 1, ... , 1, thus 

Vi = Ue E9 ... E9 Ui, i = .e, ... , 1. 

Lemma 11.3.5. Let AI > ... > .Xe > 0, .e ~ 2, be pairwise different and 
abbreviate b.. := mini(Ai - Ai+I) and h := b../(.f- 1). 

(i) Then a metric, called Goldsheid-Margulis metric, on the space lF7" is 
defined by 

(11.3.1) 

where for F, F E lF 7" the orthogonal projections to the subspaces Uj and (Ji 

are denoted by Pj and Pi, respectively. 

(ii} Furthermore, 

(11.3.2) dG1v1(F, F) = .. max .. max l(x, y)lh/l>-;->-;I S 1, 
i,3=I, ... ,e,i~3 x,y 

where the inner maximum is taken over all unit vectors x E (Ji, y E Uj. 

(iii} If (Fn) is a Cauchy sequence in lF7", then the corresponding subspaces 
Ui ( n) form Cauchy sequences in the Grassmannians GT; ( d). Hence, with this 
metric, the space lF 7" becomes a complete metric space. 
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Proof. First we observe that one always has daM(F, F) :S 1, since llAPj II :S 
1 and 0 < h/ J>.i - >.ii < 1/(R - 1) :S 1. Remark 11.2.2 shows that 

where the maximum is taken over all x E im.Pi, y E imPj with llxll = llYll = 1. 
This proves equality (11.3.2). 

In order to show that daM defines a metric note that daM(F, F) = 
daM(F,F), and daM(F,F) = 0 if and only if lli>iPill = llPii>ill = 0 for 
all i f:. j. Thus fji is contained in the orthogonal complement of every Uj 
with j f:. i, hence in Ui and conversely, Ui is contained in the orthogonal 
complement of every Uj with j f:. i, hence in fji· It follows that fji = Ui for 
every i (the distance in the Grassmannian vanishes) and F = P. It remains 
to show the triangle inequality 

daM(F, F) :S daM(F, F) + daM(F, F) 

for a flag F = (Ve c ... c V1) E JF7 with orthogonal projections h to Uk. 

Let x E fji and y E Uj with JJxJJ = llYll = 1 and daM(F, F) 
J(x, y)Jh/l.X•-.Xil for certain indices i,j. Write 

x = x1 + ... + xe and y = Y1 + ... +Ye, 

where Xk =Pk.Pix, Yk = PkPjy are the projections to Uk· By orthogonality 

e e 
J(x,y)J= L(xk,Yk) '.SLllxkllllYkll· 

k=l k=l 

We set 81 := daM(F, F) and 82 := daM(F, F). Then, by the definitions, 

llxkll :::; 8~Ai-Akl/h and llYkll :::; 81Ak-Ajl/h. 

Together this yields 

Hence we have to verify 

e L 8~Ai-Akl/h81Ak-Ajl/h :::; (81 + 82)1.x.-.X;l/h. 
k=l 
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We can suppose without loss of generality that 62 = 061 with a E [O, 1]. 
Then we rewrite this inequality in the form 

e 
(11.3.3) L o~l>.i-Akl+l>.r>.jl)/h al>.k-Ajl/h :::; (1 + a)l>.i-Ajl/hol>.i-Ajl/h. 

k=l 

Since the distance 61 :::; 1, one has for every k that 

0(1>.i->.kl+l>.k->.jl)/h < 01>.i->.jl/h 
1 - 1 

and hence (11.3.3) follows from the inequality 

e 
(11.3.4) L 0 1>.r>.jl/h:::; (1 + a)l>.i->.jl/h. 

k=l 

Finally, we verify (11.3.4) by using the definition of h = !::l./(i - 1), 

e L al>.r>.jl/h :::; 1 + (i - l)af.-l :::; (1 + a)f.-l :::; (1 + a)l>.;->.jl/h. 

k=l 

This proves that daM is a metric. 

For assertion (iii) recall the metric d on the Grassmannian Gdi ( d) from 
Lemma 11.3.4. With the orthogonal projections Pi(n) onto Ui(n) and using 
the identity I= 2:]=1 Pj(n+m), one finds from daM(F(n+m),F(n))) < c 

d(Ui(n + m), Ui(n)) =max (ll(J - ~(n + m))Pi(n)ll, llPi(n + m)Pi(n)ll) 

< L llPj(n + m)Pill < c. 
j=l, ... ,f.,joj:i 

Hence F(n) ---+Fin IB'r implies Ui(n) ---+ U in Gk; (d) for all i = 1, ... , i. Vice 
versa, from the proof of Lemma 11.3.4 we have II (J - P)i>ll = llP - PJJ in 
Gk(d) if JIU -P)i>IJ < 1. Hence d(Ui(n), Ui)---+ 0 for all i = 1, ... ,i implies 
Pi(n) ---+ Pi for all i, which in turn implies daM(F(n), F) ---+ 0. Since the 
metric d(·, ·)from Lemma 11.3.4 is complete, so is daM(·, ·). D 

11.4. The Deterministic Multiplicative Ergodic Theorem 

In this section we formulate and prove the deterministic MET, explain its 
meaning in the autonomous case, and discuss the difficulties in verifying its 
assumptions in the nonautonomous case. For a sequence (An) of matrices, 
the MET studies, in the limit for n---+ oo, 

• the singular values of <Pn := AnAn-1 · · ·Ai and the exponential 
growth rates of the exterior powers of <Pn, 

• the associated eigenspaces, 

• and the corresponding Lyapunov exponents. 
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Theorem 11.4.1 (Deterministic MET). Let An E Gl(d, JR), n E N, be a 
sequence of invertible d x d-matrices which satisfies the following conditions: 

(11.4.1) limsup.!. log llA;i 11 ::::; 0, 
n--+oo n 

and with Pn := An · · · Ai the limits 

(11.4.2) 

exist for i = 1, ... , d. 

{i) Then the limit limn--+oo( if!J Pn)if2n =: If/ exists and the eigenvalues 
of If! coincide with the eAi, where the Ai 's are successively defined by Ai + 
... +Ai := 'Y(i), i = 1, ... , d. For the ith singular value oi( Pn) of Pn one has 

Ai= lim logoi(Pn), i=l, ... ,d. 
n--+oo 

{ii) Let e.x1 > ... > e-Xt be the different eigenvalues of If! and Ui, ... , Ut 
their corresponding eigenspaces with multiplicities ~ = dim Ui. Let 

Vi:= Ut tfJ ... tfJ Ui, i = 1, ... ,.e, 
so that one obtains the flag 

(11.4.3) 

Then for each 0 =/:- x E JRd the Lyapunov exponent 

(11.4.4) 

exists as a limit, and >.(x) =Ai if and only if x E Vi\ Vi+i· 

Before we start the rather nontrivial proof, involving what Ludwig Arnold 
calls "the hard work in Linear Algebra" associated with the MET, we discuss 
the meaning of this result in the autonomous case, where Pn = An, n E N. 
In this case, assumption (11.4.1) trivially holds by 

lim _!_log llA±i 11 = 0. 
n--+oon 

In order to verify assumption (11.4.2) we apply Proposition 11.3.2 to Pn = 
An and obtain the following subadditivity property for m, n E N 

Write an:= log 11/\iAnll ,n EN. Then (11.4.2) is an immediate consequence 

of the following lemma, which is often used in ergodic theory. 
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Lemma 11.4.2. Let an~ 0, n EN, be a subadditive sequence, i.e., am+n ~ 
am+ an for all m, n EN. Then~ converges, and 

1. lln . f an 
Im - =Ill - =: 'Y· 

n--+oo n nEN n 

Proof. Fix N E N and write n = k(n)N + r(n) with k(n) E No and 0 ~ 
r(n) < N, hence k(n)/n ~ 1/N for n ~ oo. Clearly, ak is bounded for 
0 ~ k ~ N for any N. By subadditivity, for any n, NE N, 

'Y ~ an ~ _!. [k(n)aN + ar(n)] . 
n n 

Hence, for c > 0 there exists an No(c, N) EN such that for all n > No(c.N), 

an aN 
'Y ~-:;;: ~ N + €. 

Since c and N are arbitrary, the result follows. D 

In the autonomous case, the assertion of the deterministic MET is that 

lim (ATn An)l/2n =: If! 
n--+oo 

exists; the eigenvalues of If! coincide with the eAi, where the Ai 's are the lim­
its of the singular values of An. At the same time, the Ai are the Lyapunov 
exponents of A, i.e., the real parts of the corresponding eigenvalues. Note 
that the deterministic MET shows that also the associated subspaces con­
verge nicely. This is a maybe unexpected relation between singular values 
and eigenvalues. From a geometric point of view, it may not be so surpris­
ing, since the real parts of the eigenvalues determine the volume growth of 
parallelepipeds (Theorem 5.2.5) and the singular values determine the max­
imal volume growth of a parallelepiped, see Proposition ll.3.3(iii). (They 
also determine the volume growth of hyperellipsoids.) 

Concerning the subspaces Vi in Theorem 11.4.1, note that the Lya­
punov spaces Lj in Chapter 1 are characterized by the property that >.(x) = 

limn--+±oo ~log llAnxll = Aj for x E Lj. Thus the Lyapunov spaces cannot 
solely be characterized by limits for time tending to +oo (see Theorem 1.4.4 
for continuous time and Theorem 1.5.8 for discrete time). One only obtains 
a flag, i.e., a sequence of increasing subspaces as in (11.4.3). Hence, for a 
proof of the MET, we will have to apply the deterministic MET in forward 
and in backward time. 

Our discussion shows that, for a single matrix A, assumption (11.4.2) 
is easily verified, based on the simple subadditivity property exploited in 
Lemma 11.4.2. For a general matrix function ~n =An··· Ai subadditivity 

of n 1---7 log llAi(An · · · Ai)ll and hence the limit property (11.4.2) need not 

hold. 
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Proof of Theorem 11.4.1. Let <Pn =An··· Ai = RnDnQJ be the sin­
gular value decomposition of <Pn , with Dn = diag( (h ( <Pn), ... , 8d( <Pn)) and 
orthogonal matrices Rn and Qn. By Proposition 11.3.3(iii) 

log 11/\i <Pnll =log [81 ( <Pn) · · · 8i( <Pn)] = log 81 ( <Pn) + ... +log 8i( <Pn)· 

By assumption (11.4.2) for all i the limits 

lim _!_logll/\i<Pnll = lim _!_[log81(<Pn)+ ... +log8i(<Pn)] 
n--+co n n--+co n 

exist. Thus there is A1 E JR. with 

lim _.!:_log 81 ( <Pn) = Ai, hence lim ( 81 ( <Pn)) l/n = eA1 , 
n--+oo n n--+co 

and there is A2 E JR. with 

lim _.!:_ [log81(<Pn) +log82(<Pn))] =Ai +A2, hence lim (82(<Pn))l/n = eA2 • 
n--+co n n--+co 

Proceeding in this way, one finds Ai, ... , Ad E JR. with 

(11.4.5) lim D~ln = diag(eA1 , ••• ,eAd). 
n--+co 

Denote by .X1 > ... >.Xe the different numbers among the Ai. Since 

<PJ <Pn = QnDnRJRnDnQJ = QnD~QJ, 

one obtains the symmetric positive definite matrix 

( iP T iP ) 1/2n = Q Dl/nQT n n n n n 

with eigenvalues 8i( <Pn)l/n. 

The case £ = 1: Here (cf. (11.4.5)), one has for the diagonal matrices 

D~/n -+ diag( eA1 , ••• , eAd) = diag( e.X1, ... , e-~1 ) = e.x1 I. Thus 

( iP T iP ) 1/2n = Q Dl/nQT -+ e.X1 Q QT = e.X1 I nn nn n nn 

and assertion (i) of Theorem 11.4.1 follows. For assertion (ii), observe that 
the flag (11.4.3) is trivial, Vi = JR.d. We only need to prove that for each 
0 # x E JR.d, 

(11.4.6) 

With Xn = [x~, . .. , x~F := QJ x, 

(11.4.7) 

For every c > 0 there is Cc: > 0 such that for all i = 1, ... , d and all n, 

_2.._en(.X1-e) < 8·(<P ) < C en(.X1+e) 
Cc: - i n - e ' 
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and hence (11.4.7) shows 

~e en(Ai-e) llxll :S II Pnxll :S Ceen(Ai+e) llxll for every x. 

Now assertion (11.4.6) follows for n---+ oo from 

1 
- [log llxll - logCe + n(.-\1 - c)] 
n 

1 1 
:S - log II Pnxll :S - [log llxll +log Ce+ n(.-\1 + c)]. 

n n 
This concludes the proof for f, = 1. 

The case f ;::::: 2: We will not be able to prove that the matrices Qn con­
verge. However, using the Goldsheid-Margulis metric introduced in Proposi­
tion 11.3.5 we will prove convergence of the spaces spanned by eigenvectors. 

Let Ei be the set of <i'1, indices k with limn--+oo Ok ( Pn) l/n = eAi. In fact, 
Ei is well defined by (11.4.5) showing that for c > 0 there is Ne E N such 
that for all i = 1, ... , f, and k E Ei 

l~logok(Pn)-,\il < c for all n;::::: Ne. 

Consider for n;::::: Ne the subspace Ui(n) with di := dimUi(n) spanned by 
the eigenvectors of !PJ Pn corresponding to the eigenvalues Ok( Pn)l/n with 
k E Ei. Using the canonical basis ei, ... , ed of Rd it may be written explicitly 
as 

Ui(n) = span(Qned1+ ... +di-i+l• ... , Qned1+ ... +dJ, i = 1, ... ,f. 

These subspaces are pairwise orthogonal and we may consider the corre­
sponding orthogonal projections Pi(n). Define 

Vi(n) := U1.(n) E9 ... E9 Ui(n), i = 1, ... ,f. 

The proof will show that ( !PJ Pn) 112n converges to a matrix If! with the 
desired properties by analyzing the convergence of the subspaces Vi(n) si­
multaneously. This can conveniently be done by considering the flags 

F(n) := (Ve(n) C ... C Vi(n)) with Vi(n) :=Rd. 

Here the dimensions of the subspaces are given by the multi-index 

T = (d1., d1. + df.-1' ... , d1. + ... +di= d). 

This multi-index remains fixed in the following and we denote the cor­
responding space of flags by JF r. For the study of convergence we will 
use the Goldsheid-Margulis metric daM (see Proposition 11.3.5), on the 
set lFr of flags. A moment of reflection shows that the speed of conver­
gence of the flags F(n) will be influenced by the maximal difference fJ.. := 
milli=l, ... ,£-1 (,\i - ,\i+l) between consecutive numbers ,\i· 
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Recall the construction of daM in Lemma 11.3.5: Take a flag F = 
(Ve C ... C Vi) E lFr and define Ue := Ve and Ui as the unique orthogo­
nal complement of Vi+i in Vi, i = f - 1, ... , 1, thus 

Vi= Ue EB ... EB ui, i = 1, ... ,f. 

Then for any two flags F, FE lFr with associated orthogonal projections Pj 
and Pi onto Ui and Ui, respectively, 

(11.4.8) A II A llh/J>..i->..;J A daM(F, F) = .. max. . PiPj for F, F E lFr. 
i,3=1, ... ,e,i#J 

The subspaces Vi ( n) and Ui ( n) constructed above via eigenvectors of 
4>J!Pn fit into this construction: Ue(n) := Ve(n) and Ui(n) is the orthog­
onal complement of Vi+i ( n) in Vi ( n) for i = f - 1, ... , 1. We denote the 
corresponding orthogonal projections onto Ui(n) by Pi(n). 

Before proceeding with the proof of the deterministic multiplicative er­
godic theorem, Theorem 11.4.1, we show the following lemma. 

Lemma 11.4.3. Under the assumptions of Theorem 11.4.1 the Goldsheid­
Margulis metric satisfies 

(11.4.9) limsup~ log daM(F(n), F(n + 1)) ~ -h. 
n-+oo n 

Hence the sequence (F(n))nEN is a Cauchy sequence and thus converges in 
lF r to a flag F. Furthermore, for every c > 0 there is Ce > 0 with 

(11.4.10) daM(F(n), F) ~ Cee-n(h-e) for all n EN. 

Proof. First we show that assertion (11.4.10) is a consequence of (11.4.9): 
For any summable series f ( n )nEN we have 

00 

limsup~ log L f(k) ~ limsup~ log llf(n)ll if limsup~ log llf(n)ll < 0. 
n-+oo n k=n n-+oo n n-+oo n 

This follows as Lemma 6.2.2 by an elementary computation with exponential 
growth rates. Now define f(n) := daM(F(n), F(n+l)). Then we can assume 
from (11.4.9) that 0 < daM(F(n), F(n + 1)) < 1 for all n sufficiently large. 
Hence with 

00 

daM(F(n), F) ~ L daM(F(k), F(k + 1)) 
k=n 

we obtain, using also monotonicity of log, 

limsup~ log daM(F(n), F) ~ limsup~ log [f daM(F(k), F(k + 1))] 
n-+oo n n-+oo n k=n 

~ limsup~ logdaM(F(n), F(n + 1)) ~ -h. 
n-+oo n 
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This implies that for every € > 0, arbitrarily small, there is Ce: > 0 with 

daM(F(n), F(n + 1)) ~ Ce:e-n(h-e:) for all n EN. 

Hence it suffices to prove (11.4.9). 

With the orthogonal projections onto Ui(n) and Uj(n + 1) let (compare 
Proposition 11.2.5 and Lemma 11.3.5) 

Liij(n) := llPi(n)Pj(n + 1)11 = llPj(n + l)Pi(n)ll · 

Then by the definition of the metric daM 

1 d (F( ) F( )) _ hlog llPi(n)Pj(n + 1)11 _ h log Liij(n) 
og GM n , n + 1 - ~8.?C I, , I - ~8.?C I, , I . i"#J l\i - l\j #J l\i - l\j 

Hence (11.4.9) holds if 

(11.4.11) 
1 

limsup-log Liij(n) ~ - l>.i - >.ii for i =J j. 
n--+oo n 

Case 1: i > j, hence Ai< Aj. With 

(11.4.12) Q.i(Pn) := minok(Pn), Jj(Pn) := maxok(Pn) 
kEEi kEEi 

and using the formula (11.4.7) we can estimate for every x E JRd, 

(11.4.13) 

Observe that 

(11.4.14) 

llPj(n)xll Qj( Pn) ~ II PnPj(n)xll ~ llPj(n)xll Jj( Pn)· 

lim _!_ log Qj ( Pn) = lim _!_ log Jj ( Pn) = Aj. 
n--+oo n n--+oo n 

For a unit vector x E Ui(n) and y = Pj(n + l)x E Uj(n + 1) we have 

(11.4.15) llPn+ixll = llAn+IPnXll ~ llAn+ill llPnxll ~ llAn+IllJi(Pn)· 

Using orthogonality in <'Dn+IX = <'Dn+IY + <'Dn+I(x - y) one finds 

II Pn+iXll 2 = ( Pn+iX, Pn+iX) 

= (Pn+iY, Pn+iY) + llPn+i(x -y)ll 2 

~ ( PJ+l Pn+IY, Pn+IY). 

Hence by (11.4.13) 

II Pn+iXll ~ Qj( Pn+i) llPj(n + l)xll · 

Together with (11.4.15) this implies 

Liij(n) = llPj(n + l)~(n)ll = sup llPj(n + l)xll 
llxll=l,xEUi(n) 

~ sup llPn+iXll ~ llAn+Ill Ji(Pn) , 
llxll=l,xEUi(n) Qj( Pn+i) Qj( Pn+i) 
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and assertion (11.4.11) follows from assumption (11.4.1) and 

limsup..!:. log Liij(n) ~ limsup..!:. [log llAn+i 11 +log Si( Pn) - logQj( Pn+i)] 
n~oo n n~oo n 

~Ai - Aj· 

Case 2: i < j, hence Ai > Aj· For a unit vector x E Uj(n + 1) and 
y = 11,(n)x E Ui(n), 

II Pnxll = llA;;:!1 Pn+ixll ~ llA;;:!1 II ll<I>n+lxll ~ llA;;:!1 II 8j( Pn+i) 

and, similarly to Case 1, 

Hence it follows that 

Liij(n) = llPi(n)Pj(n + 1)11 ~ llA;;:!1ll 8~~f;:)) 
and assertion (11.4.11) holds by 

limsup..!:. log Liij(n) ~ limsup..!:. [log llA;;:!1 II +log Sj( Pn+i) - log Qi( Pn)] 
n~oo n n~oo n 

~ Aj - Ai = - I Ai - Aj I · D 

Completion of the proof of Theorem 11.4.1: Lemma 11.4.3 shows that 
F(n) converges to the limit F = (Vt c ... c Vi). By Lemma 11.3.5(iii), the 
convergence F(n) --+ F implies that for each i one has Ui(n) --+ Ui in the 
Grassmannian Gdi (d). We will consider the orthogonal projections 11, onto 
the subspaces ui as d x d-matrices. 

In order to prove part (i) of Theorem 11.4.1 we claim 

(11.4.16) ( T )1/2n ~ >.· Pn Pn --+ '11 := L.....J e •Pi. 
i=l 

Since ( 4>J Pn) 112n is a symmetric matrix we can write 

( T )1/2n ~ 
Pn Pn = L.....J Ak(n)Pkn 1 

k=l 

where the Pkn are the orthogonal projections to the eigenspaces correspond­

ing to the eigenvalue Ak(n) of ( 4>J Pn) 112n. Recall that fork E Ei the eigen­

values Ak(n) of ( 4>J Pn) 112n converge to e>-i which is an eigenvalue of W. The 

space Ui ( n) is the sum of the eigenspaces of ( P J Pn) 112n for k E Ei and we 
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have shown that Ui(n) converges to the eigenspace Ui of W = Ef=1 eAi11,, 
hence EkEEi Pkn = Pi(n) -t Pi. We find that 

1/2n d i 
( !PJ !Pn) - W = L Ak(n)Pkn - L eAi Pi 

k=l i=l 

(11.4.17) = t [L (Ak(n) - eAi)Pkn + eAi ( L Pkn - Pi)] n.:1oo 0. 
i=l kEEi kEEi 

This proves (11.4.16) and hence part (i) of Theorem 11.4.1. 

For part (ii), it remains to show formula (11.4.4). Note first that every 
x E Rd lies in exactly one set Vi\ Vi+i, hence it suffices to prove the limit 
property (11.4.4) for an arbitrary unit vector x E Vi \ Vi+i· With the 
orthogonal projections for !Pn and W we can write 

i i 

x = LPi(n)x = LPix. 
j=l j=i 

Then 11,x f:. 0 by the assumption on x. For j f:. i the vectors !PnPj(n)x are 
orthogonal to !PnPi(n)x, since 

( !PnPj(n)x) T !PnPi(n)x = (Pj(n)x) T !PJ <Pnl1.(n)x 

where Pi(n)x E Ui(n) and Pj(n)x is in the orthogonal subspace Uj(n) which 
is invariant under !PJ !Pn. Recall the definitions of Qj( !Pn) and i5j( !Pn) from 
(11.4.12) and estimate (11.4.13). Then 

i i 

L 11Pj(n)xll 2 Qj( !Pn) 2 ~ II !Pnxll2 = L II !PnPj(n)xll 2 

j=l j=l 
i 

(11.4.18) "' 2- 2 ~ ~ llPj(n)xll Oj(!Pn) . 
j=l 

In particular, since llPi(n)xll Qi( !Pn) ~ II !Pnxll and llPi(n)xll -t II Pix II > 0 
one obtains from the limit property given in (11.4.14) that 

(11.4.19) Ai= lim .!. [log llI1.(n)xll +log Qi( !Pn)] ~ liminf.!. log II !Pnxll. 
n-+oo n n-+oo n 

It remains to get the reverse inequality. We estimate the summands on 
the right-hand side of (11.4.18) from above: 

For j = i, ... ,£ we use llPj(n)xll ~ 1 and (11.4.14) to obtain 

(11.4.20) limsup.!. log [llPj(n)xll 8j( !Pn)] = Aj ~Ai· 
n-+oo n 
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Now consider the other indices j = 1, ... , i - 1. Here we use 

l l 

(11.4.21) llPj(n)xll = Pj(n) L Pkx :SL llPj(n)Pkll · 
k=i k=i 

Then (11.4.10) in Lemma 11.4.3 shows for all k 2: i, 

limsup.!. log llPj(n)Pkllh/l,\;-,\kl :S limsup.!. logdaM(F(n), F) :S -h, 
n-+oo n n-+oo n 

and hence 

limsup.!. log llPj(n)Pkll :S - IAj - Aki :S Ill:ax (- IAj - Aki) =Ai - Aj· 
n-+co n k=i,. .. ,l 

Using also (11.4.21) one finds for all j :S i - 1, 

li~s:p~ log llPj(n)xlJ :S li~s:p~ [1ogf +log k~~t llPj(n)Pkll] 

(11.4.22) 

Estimate (11.4.18) yields 

~log II q;nxll :S ~log [t j~~)IPj(n)xll 2 Sj( q;n)2] 

1 2 [ - ] = - log£+ - .max log 11Pj(n)xll 8j( q;n) . 
n n J=l, .. .,t 

Taking the limit for n --+ oo one obtains 

limsup.!. log II q;nxlJ :S limsup.!. _max log [llPj(n)xll Sj( q;n)] 
n-+oo n n-+oo n J=l, .. .,l 

= .max limsup.!. log [IJPj(n)xll Jj( q;n)]. 
J=l, .. .,f. n-+oo n 

For j 2: i estimate (11.4.20) shows that 

(11.4.23) 

and for j < i estimate (11.4.22) shows that 

limsup.!. log [llPj(n)xll Sj( q;n)] 
n-+co n 

:S limsup.!. log llPj(n)xll + limsup.!. logJj( q;n) 
n-+oo n n-+oo n 

:S Ai - Aj + Aj = Ai· 
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This estimate and (11.4.23) applied to the right-hand side of {11.4.18) yield 
the desired converse inequality, and together with (11.4.19) it follows that 

limsup_! log 11 Pnxll =Ai, 
n--+co n 

hence formula (11.4.4) holds and the proof the deterministic MET, Theorem 
11.4.1 is complete. D 

11.5. The Furstenberg-Kesten Theorem and Proof of the 
MET in Discrete Time 

In this section we derive the Furstenberg-Kesten theorem using Kingman's 
subadditive ergodic theorem and prove the Multiplicative Ergodic Theorem 
in discrete time, Theorem 11.1.13. 

Our discussion of the assumptions in the deterministic MET, Theorem 
11.4.1, shows that, for a single matrix A, assumption (11.4.2) is easily ver­
ified, based on the subadditivity property exploited in Lemma 11.4.2. For 
a general matrix function Pn = An · · · Ai subadditivity of the sequence 
n i-t log ll!\i(An · · · Ai)ll and hence the limit property (11.4.2) cannot be 
verified. This is a crucial point, where the additional structure provided 
by the metric dynamical system in the base is needed. We will show that 
the cocycle property implies a weakened version of subadditivity taking into 
account the fl.ow in the base space. Then Kingman's subadditive ergodic 
theorem implies existence of limits in such a situation. This will be used in 
the Furstenberg-Kesten Theorem to establish existence of the limits required 
in (11.4.2) and the MET will follow. 

Consider a random linear system cI> in discrete time. The determinis­
tic MET, Theorem 11.4.1 shows that the singular values of cI>(n,w) play a 
decisive role. Hence, in order to prepare the proof of the MET, we study 
the asymptotic behavior of P(n,w) and its singular values 6k(P(n,w)) for 
n -t oo. By Proposition 11.3.2 the cocycle property (11.1.6) lifts to the 
exterior products 

{11.5.1) 

The following result is the Furstenberg-Kesten Theorem. 

Theorem 11.5.1 (Furstenberg-Kesten). Let cI> = (0, cp) : Z x n x JRd --+ 
n x ]Rd be a random linear dynamical system in discrete time over the ergodic 
metric dynamical system (} and write 4>( n, w) for the corresponding linear 
cocycle. Assume that the generator A: n -t Gl(d, JR) satisfies 

(11.5.2) log+ llAll ,log+ llA-1 11 E L1 = L1(D,F,P;JR). 

Then the following statements hold on an invariant set fi E F of full mea­
sure, i.e., Ofi = fi and P(fi) = 1: 
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{i) For each k = 1, ... , d the functions 

fAk)(w) :=log 11Ak4>(n,w)ll, n 2: 0, 

are subadditive, i.e., f~ln(w) S f~)(w) + fAk)(emw), and fAk) E Li. 

{ii) There are constants 'Y(k) E R such that 

'Y(k) = J~~~logl1Ak4>(n,w)ll and')'(k+l) S 'Y(k) +'Y(l)· 

{iii) The constants Ak E R successively defined by 

Ai+ ... + Ak = 'Y(k), k = 1, ... , d, 

satisfy 

Ak = lim ..!:.1ogok(4>(n,w)), 
n--+oo n 

where ok(P(n,w)) are the singular values of P(n,w), and Ai 2: ... 2: Ad· 

{iv) Furthermore, in backward time we have fork= 1, ... , d, 

'Y(k)- := J~~ ~log II A k 4>(-n, w) II = 'Y(d-k) - 'Y(d) = -Ad - ... - Ad+l-k 

and 

A-,;:= lim ..!:.1ogok(4>(-n,w)) = -Ad+l-k· 
n--+oo n 

Proof. Note that A(w) := 4>(1,w) and A(Ow) := 4>(-1,w) define discrete­
time linear cocycles 4>(n,w) over(} with e±iw = 0(±1,w),w E n,n 2: 1. 
We want to apply Kingman's subadditive ergodic theorem, Theorem 10.3.2, 
with (X, µ) = (n, P) and T = 0. First we verify that for all k, 

(11.5.3) fAk\) =log 11Ak4>(n, ·)II E Li(n,F,P;R) 

for all n 2: 1, and 

(11.5.4) inf ..!:.JE(f(k)) = inf..!:. j f(k)(w))P(dw) > -oo. 
nEJ\I n n nEl\I n n 

The cocycle properties 

11Ak4>(n+ 1,w)ll S 11Ak4>(n,Ow)ll 11Ak A(w)ll' 

11Ak4>(n,Ow)ll S 11Ak4>(n + 1,w)ll llAk A(w)-i11, 

and (see Proposition 11.3.3(iii)) log llAkA(w)ll S klog+ llA(w)ll result in 

(11.5.5) 

fAk) o O(w) - k log+ llA(w)-i 11 S f~~i (w) S fAk) o O(w) + k log+ llA(w) II· 
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Since P is an invariant measure, f~k) o () E L1 if /~k) E L1. Hence (11.5.5), 
together with assumptions (11.5.2), implies that /~k) E L1 if it> E L1. In 

order to show it> E L 1 , observe that 1::; llAA-1 11::; llAll llA-1 11 implies 

- log+ llA-1 II ::; log llAll ::; log+ llAll 

and hence 

In the same way one shows that 

j1ogll/\kAlll::; k (log+ llAll +log+ llA-111). 

Therefore it> =log II/\ k !P(l, ·) 11 =log II/\ k All E L 1, by assumption (11.5.2). 
This verifies (11.5.3). 

Using the definition of <Pn in (11.1.7), invariance of P, and Theorem 
ll.3.3(iii) one finds 

n-1 

::; k_!_ LIE I log+ llA(Oi.) 111 = klE I log+ llAll I < oo. 
n i=O 

Thus (11.5.4) also holds. 

Next we verify properties (i)-(iv) for each k. 

(i) The cocycle property (11.5.1) for /\k!P(n,w) and Proposition 11.3.2 
imply that f~k)(w) =log 11/\k!P(n,w)ll is subadditive. Thus, together with 
(11.5.3) and (11.5.4) we have verified the assertions in (i) and also all as­
sumptions of the subadditive ergodic theorem, Theorem 10.3.2. 

(ii) The limit property is an immediate consequence of Theorem 10.3.2 
in the ergodic case. The forward invariant set n can be taken to be the 
intersection of the d forward invariant sets Ok, k = 1, ... , d. The inequality 
11/\k+lq;ll::; 11/\k!Pll ll/\l!Pll and Proposition 11.3.3(iii)) imply-·y(k+l)::; /'(k)+ 
/'(I). 

(iii) By Proposition 11.3.3 the norm of the exterior power is determined 
by the singular values, hence fork= 1, ... , d, 
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We proceed inductively as follows: Choose w E fi. Fork= 1, 

'Y(i) = lim .!.1og8i(!P(n,w)) =:Ai 
n-+oo n 

exists. Then 

exists, etc. Finally, 

exists. The inequalities Ai 2 ... 2 Ad follow, since the singular values are 
ordered according to 8i 2 ... 2 8d. 

(iv) The cocycle !P(-n,w),n 2 0, over o-i satisfies the integrability 
conditions (11.5.2) and the cocycle property relates positive and negative 
times via !P(-n, w) = !P(n, o-nw)-i. If 8i 2 ... 2 8d are the singular values 
of a matrix GE Gl(d,JR), then 1/8d 2 ... 2 1/8i are the singular values of 
a-i. Hence 

(11.5.6) 

Taking logarithms and dividing by n one finds for w E fi, 

_!. log8k( !P(-n,w)) = _ _!. log8d+i-k( !P(n, o-nw))) ~ -Ad+l-k· 
n n 

Hence the statements in (i), (ii), and (iii) hold in backward time and also 
(iv) follows. D 

If we compare the Furstenberg-Kesten Theorem, Theorem 11.5.1, with 
the statement of the MET, Theorem 11.1.13, we see that the former is 
concerned with the asymptotic behavior of the singular values of !P( n, w), 
i.e., with part (iv) of Theorem 11.1.13. What remains to be done is the 
analysis of the exponential limit behavior of trajectories and of the subspaces 
on which the Lyapunov exponents are attained. For this purpose, we will 
invoke the deterministic Multiplicative Ergodic Theorem, Theorem 11.4.1. 
In fact, part (ii) of the Furstenberg-Kesten Theorem (which essentially is a 
consequence of the subadditive ergodic theorem, Theorem 10.3.2) assures us 
that assumption (11.4.2) in Theorem 11.4.1 is satisfied. 

Before we turn to the proof of the Multiplicative Ergodic Theorem in 
discrete time, we note the following elementary lemma. 

Lemma 11.5.2. Let (0, F, P, 0) be a metric dynamical system in discrete 
time and f : n ~ JR a random variable. 
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(i) If f 2: 0, then for all e > 0, 

00 1 00 

L P{w I f(w) >en}::; €JEf::; L P{w I f(w) >en}. 
n=l n=O 

(ii} If f+ E L 1(n, P; JR), then the invariant sets 

fl1 := {w E fl I limsup.!_ J(en-lw) ::; O}, 
n--+oo n 

fl2 := {w E fl I liminf.!_ f(en-lw)::; 0::; limsup.!_ J(en-lw)} 
n--+oo n n--+oo n 

have full measure. 

Proof. (i) This is the well-known approximation of 

JEf = fnfdP = fo00 P{w I f(w) > x}dx = e fo 00 P{w I f(w) > ex}dx 

by sums from above and below: We first define F := {(w, x) I 0 < x < 
f(w)} c n x [O, oo) and note that F = UrEIQ+ ( {w En Ir< f(w)} x (0, r)). 
Using the product measure P x v on n x [O, oo), where vis the Lebesgue 
measure, we obtain 

JEf =in fdP =in v(Fw)P(dw) = P x v(F) 

= r P(Fx)v(dx) = r P{w I f(w) > x}v(dx). 
J[o,oo) J[o,oo) 

Hence we obtain the estimates 

LP{wl f(w) > n} = L r P{wl f(w) > n} dx 
n~l n~l J(n-1,n] 

::; Lr P{wl f(w) > x} dx 
n~l J(n-1,n] 

= r P{w I f(w) > x} dx = JE(J) 
J[o,oo) 

::; L r P{w I f(w) > n - 1} dx 
n~l J(n-1,n] 

= LP{wl f(w) > n}. 
n~O 

(ii) The invariance of these sets follows from their definitions. The Borel­
Cantelli Lemma (see, e.g., Durrett [41, Section 2.3]), states that for any 
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sequence of measurable sets Bn one has 

Let Bn := {w I ~f(on-1w) > c:}. Then by (i), 

00 00 1 00 

LP(Bn) = LP{wl -f(on-1w) > c:} = LP{wl f > c:n} 
n=l n=l n n=l 

00 

= LP{wl f+ > c:n} 
n=l 
1 

:S -JEf+ < oo, 
€ 

and hence P (nm~l Un~m Bn) = P{w I lie+s~p~f(on- 1w) ~ c:} = 0. Thus 

for every c: > 0, 

P{w j limsup~ f(on- 1w) < c:} = 1 
n--+oo n 

and it follows that 0 1 has full measure. Similarly, for any c: > 0, 

1 
lim P{w I - lf(on-1w)I > c:} = lim P{w I lf(on-1w)I > c:n} = 0, 

n--+oo n n--+oo 

hence 

P{w E f2 j liminf~ f(on-lw) :S -c: and c: < limsup~ f(on- 1w)} = 0. 
n--+oo n n--+oo n 

Then it follows that 0 2 has full measure. D 

The following lemma already contains essential information concerning 
positive time and negative time considered separately. 

Lemma 11.5.3. Consider a random linear dynamical system q, = (0, cp) : 
z x n x JR_d --+ n x JR_d in discrete time, assume that the integrability con­
ditions (11.5.2) hold and that the probability measure P is ergodic. 

Then there exists a set fi c n of full P-measure which is invariant, i.e., 
Ofi = fi, such that for each w E fi the following holds: 

(i) The limit limn--+oo (P(n,w)T P(n,w)) 112n := lli(w) exists and is a 
positive definite random matrix with eigenvalues Ai ~ ... ~ Ae which are 
constants. 

(ii) Let the different eigenvalues of lli(w) be written as e->-1 > ... > 
e>..e; the corresponding random eigenspaces U1 ( w), ... , Ue( w) are invariant, 
i.e., A(w)Uj(w) = Uj(Ow) for all j = 1, ... ,f and their dimensions dj = 
dim Uj ( w) are constants. 
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(iii) For i = 1, ... ,f let Vi(w) := U£(w) ffi ... E9 Ui(w), which yields the 
flag 

Vi(w) C ... C Vi(w) =Rd. 

Then for each 0 =/:- x E Rd the Lyapunov exponent 

A(w,x)= lim _!_logll!P(n,w)xll 
n--+oo n 

exists as a limit, and, with Vi+i := {O}, 

A(w,x) =Ai if and only if x E Vi(w) \ Vi+i(w). 

(iv) Similarly, for backward time limn--+oo (!P(-n,w)T !P(-n,w)) 1/ 2n := 

1/1- ( w) exists and is a positive definite random matrix with eigenvalues A! ~ 
... ~ A"i satisfying 

A-;; = lim _!_log 6k( !P(-n, w)) = -Ad+l-k· 
n--+oo n 

Hence the different eigenvalues of 1/1-(w) can be written as e.A1 > ... > e.Ai; 
the corresponding random eigenspaces U!(w), ... , u£-(w) are invariant, i.e., 
A(w)Uj(w) = Uj(o-1w) for allj = l, ... ,f anddimui-(w) = dHI-i· For 
i = 1, ... ,f let Vi-(w) := ul-(w) EE) ••• EE) ui-(w), which yields the backward 
flag 

Vt(w) C ... C Vi-(w) =Rd. 

Then for each 0 =/:- x E Rd the backward Lyapunov exponent 

A-(w,x) := lim _!_logll!P(-n,w)xll 
n--+oo n 

exists as a limit, Ai = -Ai+l-i and, with lfe+.1 := {O}, 

A(w,x) =Ai if and only if x E Vi-(w) \ Vi:t1(w). 

Proof. By the Furstenberg-Kesten theorem, Theorem 11.5.1, the equality 

(11.5.7) 

holds on an invariant set n of full measure. Furthermore, the constants 
Ak E JR successively defined by 

Ai + ... + Ak = 'Y(k), k = 1, ... , d, 

have the following properties on fi: 

Ak = lim .!.1og6k(!P(n,w)), 
n--+oo n 
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where 8k(P(n,w)) are the singular values of !P(n,w), and Ai 2: ... 2: Ad. 
Furthermore, on n we have fork= 1, ... 'd, 

~(k)- := J!.+~ ~log II/\ k !P(-n, w) II 
= ~(d-k) - ~(d) = -Ad - Ad-i - ... - Ad+l-k 

and 

In order to use the deterministic MET, Theorem 11.4.1, forward in time 
define 

An(w) := A(on-iw), n EN. 

The integrability assumption (11.5.2) implies f :=log+ llAll E Li(n, F, P; JR). 
Hence Lemma 11.5.2(ii) shows that for all w in an invariant set f2i of full 
measure 

limsup_!_A(on-iw) :'.SO 
n--+oo n 

verifying assumption (11.4.1), and assumption (11.4.2) holds by (11.5.7). 
Hence Theorem 11.4.1 implies that the limit 

lim (!P(n,w)T !P(n,w))if2n =: !li(w) 
t--+oo 

exists and the eigenvalues of !li(w) coincide with the eAk, where the Ak's 
are successively defined by Ai+ ... + Ak := ~(k), k = 1, ... , d. For the kth 
singular value 8k(P(n,w)) of !P(n,w) one has 

Ak = lim log8k(P(n,w)), k = 1, ... ,d. 
n--+oo 

Let e-~1 > ... > e-~e be the different eigenvalues of !li(w) and Ui(w), ... , Ue(w) 
their corresponding eigenspaces with multiplicities di = dimUi(w). Write 
Ve+i := {O} and let 

Vi(w) = Ue(w) EB .•• EB Ui(w), i = 1, ... ,.e, 
so that one obtains the flag 

Ve(w) C ... C Vi(w) C ... c Vi= JRd. 

Then for each x E ]Rd \ { 0} the Lyapunov exponent 

.X(w, x) = lim _.!:_log II !P(n, w)xll 
n--+oo n 

exists as a limit, and .X(w, x) =Ai if and only if x E Vi(w)\ Vi+i(w). Similarly, 
we can apply the deterministic MET, Theorem 11.4.1, backward in time by 
defining 

A~(w) := A(o-n+lw), n EN. 

This proves the claims in (iv). D 
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Now we are in the position to complete the proof of the Multiplicative 
Ergodic Theorem in discrete time, Theorem 11.1.13. What remains to be 
done is to combine the forward and backward flags and to relate them to 
the Lyapunov exponents forward and backward in time, respectively. 

Proof of the MET, Theorem 11.1.13. We will construct the Lyapunov 
spaces and determine the exponential growth rates on them, forward and 
backward in time. By Lemma 11.5.3 there is an invariant set n of full 
measure with the forward flag 

Ve(w) C ... C Vi(w) = ~d, A(w)Vi(w) = Vi(Ow) 

and numbers Ai, di. The same lemma yields on an invariant set of full 
measure the backward flag 

ltf-=(w) C ... C V1-(w) = ~d, A-1(w)Vt(w) = lti-(e-1w) 

and corresponding numbers Ai, di. The Furstenberg-Kesten theorem, The­
orem 11.5.1, has assured us that on an invariant set fi of full measure state­
ment (iv) holds, and together with .e = .e- for i = 1, ... , .e we have 

(11.5.8) 

We now construct the Lyapunov spaces Li(w) as intersections of certain 
spaces from the forward and backward flags. We set 

Li(w) := Vi(w) n l1ei.i-i(w), 1 ::::; i::::; .e. 

In particular, one has L1(w) = D[(w) and LR.(w) = Ve(w). 

We interrupt the proof of Theorem 11.1.13 in order to show the following 
lemma which gives information on these subspaces. 

Lemma 11.5.4. On an invariant set fi1 c n of full measure and for 1 ::::; 
i ::::; .e 

Proof. First we prove that the set 

B := {w En I Vi+i(w) n l1e+1-i(w) =I {O}} 

has measure 0. The idea of the proof is as follows: For an w EB we move a 
vector x E Vi+i(w) n Ye+i-i(w) from time 0 back to time -N by P(-N,w) 
with exponential rate at most -Ai. Then we move the same point from 
time -N forward to time 0 by P(N,e-Nw) with exponential rate at most 
Ai+l· Since Ai+l < Ai the result will be a small quantity. But this would 
contradict the cocycle property which gives x = P(N,e-Nw)P(-N,w)x. 
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Put o = !(.>.i - .>.i+1). For each sufficiently small c > 0 we can choose 
an integer Ne so big that P(Ce) > 1 - ~ and P(De) = P(ON°De) > 1 - ~' 
where 

Ce:= {w En I II !P(-Ne,w)xll < eNe(->.iH) llxll for all 0 =I= x E l'e+.1-i(w)} 

and 

De:= {w En I ll!P(Ne,w)xll < eNe(>.HiH) llxll for all 0 =I= x E Vi+i(w)}. 

Now 

P(B) = P(BnCeneNE De) +P(Bn (CeneNe De)c) ~ P(BnCeneNE De) +c. 

We prove that B n Ce n eN° De = 0 by the argument explained above. 

Suppose w E B. Then there exists 0 =/= x E Vi+i(w) n l'e+.1-i(w) such 
that by the cocycle property 

(11.5.9) 

Since w E Ce, 

(11.5.10) 

(11.5.11) 

Since !P(-Ne,w)Vi+i(w) = Vi+i(e-N°w) on n, 
!P(-Ne,w)x ( -N ) 

y := ll!P(-Ne,w)xll E Vi+i 0 <w. 

Estimating (11.5.9) with (11.5.10) and (11.5.11), one obtains the contradic­
tion 

1 ~ ll!P(N,O-N°w)yll ll!P(-Ne,w)xll < eNe(><i+iH)eNe(->.iH) = 1. 

Concerning the second equality in the lemma, we already know that the sum 
is direct. We have dim Vi+i(w) = L:~=i+l dk and by (11.5.8) 

i i 

dim ve+1-i = I: di+l-k = I: dk 
k=l k=l 

giving dim Vi+i(w) +dim l'e+.1-i(w) = d and thus the assertion. D 

Continuation of the proof of Theorem 11.1.13: Recall that for all 
subspaces U, V c ]Rd, 

dim(U n V) = dimU +dim V - dim(U + V). 
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Using the second equality in Lemma 11.5.4, we have Vi(w) + 11£+.1-i(w) ::) 
Vi+i(w) + 11£+.1-i(w) = !Rd. For brevity, we omit the argument w in the 
following and find 

f. i 

dim Li = dim Vi+ dim 11£+.l-i - dim (Vi + 11£+.1-i) = L dk + L dk - d = di. 
k=i k=l 

We now prove that the sum of the Li is direct. This is the case if and only 
if Lin Fi = {O} for all i, where Fi := L:i=Fi Li. By definition 

i-1 f. 

LinFi =Lin (U + V), where U := LLi and V := L Li. 
j=l j=i+l 

Note that for i = 1, the subspace U is trivial, and for i = £, the subspace 
Vis trivial. By definition of Lj and monotonicity of the 11£+.1-i and Vj, the 
inclusions 

i-1 f. 

u = L (V; n ve+1-j) c ve+l-(i-l)' v = L (V; n ve+1-j) c Vi+i 
j=l j=i+l 

hold. Suppose that x E Lin Fi· Then x E Vi and x E 11£+.l-i and x = 
u + v with u E U and v E V. Since x E Vi and v E Vi+i c Vi, we have 
x - v = u E Vin Vf+l-(i-l) = {O} by Lemma 11.5.4, i.e., u = 0. (Note that 

this trivially holds for i = 0, since here U = {O}.) Since x E 11£+.l-i and 
x = v E Vi+i, we have v E Vi+i n Vf+.1-i = {O}, again by Lemma 11.5.4. 
Together, we have shown that x = 0 and hence E Li is direct. In particular, 
diml:Li = l:dimLi = d, and the Li(w) form a splitting of !Rd for each 
wEfi. 

By the invariance of the forward and backward flags, 

A(w)Vi(w) = Vi(Ow) and 11£+.1-i(w) = A-1(w)Vf+.1-i(Ow) 

and A(U n V) =AU n AV, we obtain the invariance property for Li, 

A(w)Li(w) = A(w)Vi(w) n A(w)Vf+.1-i(w) = Vi(Ow) n 11£+.1-i(Ow) =Li( Ow). 

This proves part (i) of the MET. 

Next we prove part (ii) of the MET. By Lemma 11.5.3 applied in forward 
and backward time, 

lim _!log II !P(n, w)xll =Ai 
n--+±oo n 

if and only if (here c denotes the complement in JRd) 

XE [l/i(w) \ Vi+i(w)] n [Vf+.1-i(w) \ Vf+1-(i-l)(w)] 

= Vi(w) n [Vi+i(wW n ve+1-i(w) n [ve+1-(i-l)(w)r =: wi(w). 
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Since by Lemma 11.5.4 Vin vt+.l-(i-l} = {O} it follows that 

Vin [ vt+.1-(i-1}] c = Vi\ {O}. 
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Similarly, Yi+1 nV[+.1-i = {O} and it follows that Vi+in (vt+.l-ir = Vi+i \ {O}. 
Together 

Wi(w) = [Vi(w) \ {O}) n [Vi+i(w) \ {O}) = Li(w) \ {O}. 

Thus assertion (ii) follows. 

Measurability w i---+ Li(w) claimed in assertion (iii) follows from the proof 
of the deterministic MET, Theorem 11.4.1, since the subspaces Ui ( w) are 
the limits of measurable functions Ui(n,w) with values in a Grassmannian 
and hence measurable themselves. Part (iv) follows directly from Lemma 
11.5.3. D 

Remark 11.5.5. The image of the unit sphere under the linear map P( n, w) 
is a hyperellipsoid, whose ith principal axis has length given by the ith sin­
gular value b'i( P(n, w)). The Furstenberg-Kesten Theorem, Theorem 11.5.1, 
says that the exponential growth rate of the length of the ith principal axis 
is given by Ai(w) almost surely. The Multiplicative Ergodic Theorem ad­
ditionally asserts that the span of the principal axes corresponding to the 
Lyapunov exponent >.i(w) also converges to a limit Li(w). Moreover, each 
point x ¥- 0 has a Lyapunov exponent >.(x), which is a random variable 
taking values in the finite set {>.i I i = 1, ... , .e}. 

11.6. The Random Linear Oscillator 

In this section, we come back to the linear oscillator. Section 7.3 has analyzed 
in detail its stability properties when the coefficients are periodic. In Section 
9.5 the case of uncertain (or controlled) coefficients has been discussed as an 
application of the topological theory. Here the case of randomly perturbed 
coefficients will be discussed. The average Lyapunov exponent is determined 
analytically and numerical results for a specific base (or background) process 
flt are presented. 

Consider the linear oscillator with random restoring force 

(11.6.1) x(t) + 2bx(t) + (1+pf(fltw))x(t)=0, 

where b,p ER are positive constants and f: n-+ R is in L1(n,R); compare 
(7.3.3) and (7.3.4) for the periodic case and Example 9.5.8 for the uncertain 
case. We assume that the background process() on n is ergodic. Using the 
notation x1 = x and x2 = x we can write this equation as 

[ x1(t) J _ [ x1(t) J ·- [ o 1 J x2(t) - A(Otw) x2(t) ' where A(Otw) .- -1 - pf(Otw) -2b . 
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It is not possible to compute the Lyapunov exponents of such a system 
analytically, except in trivial cases. This is different for average Lyapunov 
exponents defined as 

- 1 e 
A:= d LdjAj, 

j=l 

under the assumptions of the Multiplicative Ergodic Theorem, Theorem 
11.1.6. For a system with d = 2 one has 

- 1 -
A= 2 (.X1 + .X2) or A= .X1, 

if there are two or one Lyapunov exponents, respectively. We will show that 
X = -b for the random linear oscillator (11.6.1). 

For the proof, we first eliminate the damping 2b by introducing the new 
state variable 

y(t) = ebtx(t). 

This is analogous to the construction in Exercise 7.4.2 and in the analysis 
of the pendulum equation in Remark 7.3.1. With y(t) = bebtx(t) + ebtx(t) 
one computes (omitting the argument t) 

y = b2ebtx +2bebt:i; +ebtx = b2ebtx- [1 + pf(fhw)]ebtx = b2y- [1 + pf(Otw)Jy, 

hence 
y(t) + [1 - b2 + pf(Otw)]y(t) = 0 

or, with Y1 = y, Y2 = y, 

[ t~~!~ J = B(Otw) [ ~~m J , where B(Otw) := [ _ 1 + b2 ~ pf(Otw) ~ ] · 
Note that the trace of B satisfies trB(Otw) = 0 for all t and all w. The 
Lyapunov exponents .Xi of this transformed equation are given by 

(11.6.2) 

In fact, one computes (we use the max-norm) 

ll(Y1(t), Y2(t))ll 00 = }'!!tl IYi(t)I =max (jebtx1(t)j, lbebtx1(t) + ebtx2(t)j) 

= ebt max (lx1 (t) I, lbx1 (t) + x2(t) I), 

and hence one finds 

.Xi= lim ~log ll(Y1(t), Y2(t))ll 00 = b + lim ~log ll(x1(t), x2(t))l1 00 = b +Ai· 
t~oo t t~oo t 

For the fundamental solution ~ ( t, w) given by 

! ~(t,w) = B(Otw)~(t,w) with ~(O,w) =I, 
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Liouville's trace formula (see Theorem 6.1.5) shows that 

det 4">(t,w) = ef;trB(9.w)ds = 1. 

Proposition 11.3.1 implies that the singular values of 4">( t, w) satisfy 

1=det4">(t,w) = 01(4">(t,w))o2(4">(t,w)). 

Now the Multiplicative Ergodic Theorem, Theorem 11.1.6, yields 

Ai= lim ~logoi(4">(t,w)), 
t~oo t 

and hence, if there are two Lyapunov exponents >.i, they satisfy 
A A 1 1 
Al+A2= lim-logo1(4">(t,w))+ lim-logo2(4">(t,w)) 

t~oo t t~oo t 

= lim ~log (01( 4">(t,w))o2( 4">(t,w))) 
t~oo t 

=0. 

Hence 
- 1 1 A A 

A= 2(A1 + A2) = 2(A1 - b + A2 - b) = -b 
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as claimed. If there is only one Lyapunov exponent, one argues analogously. 

In the following we present numerical results for a specific random linear 
oscillator of the form (11.6.1). We have to specify the random process fh(w). 
Here we start with an Ornstein-Uhlenbeck process 

(11.6.3) d'f/t = -O!'f/t + CTdWt in JR1, 

where a and CT are positive numbers. The system noise is given by 

Bt(w) = ~t =sin 'f/t, 

resulting in an Ornstein-Uhlenbeck process on the circle § 1. The stochastic 
differential equation (11.6.3) is solved numerically using the Euler scheme. 
The resulting random linear oscillator equation of the form (11.6.1) with 
noise magnitude p given by 

(11.6.4) X + 2bx + (1 + p · ~t)X = 0, 

is solved numerically using an explicit 4-th order Runge-Kutta scheme. Fig­
ure 11.1 presents the level curves of the maximal Lyapunov exponent in 
dependence on b and p. 

Note that for p = 0, i.e., for the unperturbed system, and for b > 0 
the (maximal) real part of the eigenvalues is negative, hence the system is 
stable. But as the damping b increases beyond 1, the system experiences 
overdamping and the (maximal) Lyapunov exponent increases. The Amax= 
0 level curve in Figure 11.1 separates the stable region (below the curve) 
from the unstable region for the random oscillator. It is remarkable that 
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Figure 11.1. Level curves of the maximal Lyapunov exponents for the 
random linear oscillator (11.6.4) in dependence on the damping parame­
ter b (on the horizontal axis) and the perturbation size p (on the vertical 
axis). 
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for b > 1 the (maximal) Lyapunov exponent for increasing noise size p first 
decreases, then increases and and at (finite) p-level reaches 0. Figure 11.2 
shows the maximal Lyapunov exponent as a function of the damping b and 
the noise magnitude p. 

11. 7. Exercises 

Exercise 11.7.1. Show hat for two orthogonal projections P and Q on ~d 
the following statements are equivalent: 

(i) P[~d] c Q[~d] , 

(ii) PQ = P , 

(iii) QP = P . 

Exercise 11.7.2. Let P, Q: ~d--+ ~d be two orthogonal projections. Show 
that llP - Qll :S 1. 
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Exercise 11. 7 .3. Let 0 = §i be parametrized by 7/J E [O, 1) with the Borel 
O'-algebra Band define Pas the uniform distribution on §i , i.e., P coincides 
with Lebesgue measure. Define e as the shift O(t, r) = (t + r)(mod 1) for 
t E IR., r E 0. Show that 8 : JR. x 0 --+ 0 is an ergodic metric dynamical 
system. 

Exercise 11.7.4. Let (Xi, µi) and (X2, µ2) be probability spaces and con­
sider measure preserving maps Ti : Xi --+Xi and T2 : X2--+ X2 which are 
isomorphic. That is, there are null sets Ni and N2 and a measurable map 
H : Xi\ Ni--+ X2 \ N2 with measurable inverse H-i such that 

H(Ti(xi)) = T2(H(xi)) for all xi E Xi\ Ni. 

Show that Ti is ergodic if and only if T2 is ergodic. 

Exercise 11.7.5. Consider the unit interval X = [O, 1] and let T(x) = 
x + 8 (mod 1) where 8 E [O, 1] . Show that the Lebesgue measure is an in­
variant probability measure which is not ergodic for T if e E Q. (Note that 
T is ergodic if 8 </. Q.) 
Hint: By Lemma 10.1.3 it suffices to show that every invariant function 
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f in the Hilbert space L2 ([0, 1], <C) is constant (this lemma also holds for 
complex-valued functions by considering the real and imaginary parts sep­
arately.). Using a Fourier expansion in terms of the complete orthonormal 
system e27rin:z:, n E Z, one finds that it suffices to show this claim for each 
base function for which it is easily seen. 

Exercise 11.7.6. Consider a metric space n with a measureµ on the Borel 
O"-algebra B(S1) and let T: n--+ n be a measurable map preservingµ . Let 
EE B(n) be a set with finite measure µ(E) < oo. Show 

({ n \EI there isn EN with rn(w) EE and }) = 0 
µ w E (Tm(w) EE implies Tk(w) EE for all k ~ m) · 

Hint: Define n(y) := min{n E NI r-n(y) ¢ E} for y E E and Ej := {y E 
EI n(y) = j and Tk(y) EE for all k EN}. Then show first that µ(Ej) = 0 
for all j. 

Exercise 11. 7. 7. Prove the following ergodic theorem for irreducible per­
mutations: 

Let O' be an irreducible permutation of a finite set X = { x1, x2, ... , x N}, 
i.e., for every x E X the orbit V(x) = {x, O"(x), 0"2(x), ... } has exactly 
N different elements (equivalently, every point is periodic with period N). 
Then for every function f : X --+ JR, 

1 n-1 1 
lim - '°" f(O'k(x)) = N(f(x1) + · · · + f(xN)). 

n-too n L.....i 
k=O 

11.8. Orientation, Notes and References 

Orientation. This chapter describes the linear algebra associated with 
linear dynamical systems (in discrete and continuous time) with random 
coefficients. The Multiplicative Ergodic Theorem shows that in the ergodic 
case there are Lyapunov decompositions of the state space into subspaces, 
which are invariant under the dynamical system and which are characterized 
by the Lyapunov exponents in forward and backward time. The Lyapunov 
exponents are constants while the subspaces are random, hence they depend 
on the base point, just as in the periodic case considered in Chapter 7. These 
assertions hold almost surely, i.e., with probability one. Hence nothing can 
be said about points in the base space which are in a null set. Thus part of 
the base space is excluded form the analysis. The null set, naturally, depends 
on the considered probability measure on the base space, and, in fact, it may 
be quite large by other measures or by topological considerations, such as 
genericity. 

Comparing the Multiplicative Ergodic Theorem, Theorem 11.1.6, and 
the corresponding result for topological linear flows, Theorem 9.1.5, one 
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sees that continuity is replaced by measurability and chain transitivity is 
replaced by ergodicity of the base fl.ow. The Multiplicative Ergodic Theorem 
is stronger, since the Lyapunov exponents are numbers, not intervals, and 
they exist as limits; it is weaker, because the assertions only hold in a set of 
full measure, not for every point in the base space. 

Notes and references. A comprehensive exposition of several versions of 
the Multiplicative Ergodic Theorem as well as far reaching further theory 
are contained in Ludwig Arnold's monograph [6]. Our proof in this chapter 
is distilled from his proofs of various versions of the MET. Ludwig Arnold, 
in turn, is carefully working out the arguments proposed in Goldsheid and 
Margulis [53]. We restrict the analysis to invertible systems on the time 
domain Z. The restriction to the invertible case, in particular, considerably 
shortens the proof of the deterministic MET. There are many other proofs 
of the MET; see [6] for a discussion. For an extension of the MET to infinite 
dimensional systems, see, in particular, Lian and Lu [95]. Theorem 11.5.1 
is due to Furstenberg and Kesten [49]. 

Corollary 11.1.12 determines the almost sure stability behavior of ran­
dom linear differential equations. One could, of course, also look at the 
pth moments, p 2'.: 0, of the trajectories and try to determine their stability 
behavior. Results in this direction were first obtained in Arnold, Kliemann 
and Oeljeklaus [7] for Markovian background noise fltw, compare Arnold 
[6] for a complete overview. Topological properties of random systems are 
analyzed in Cong [32]. 

The proof of the MET presented here uses singular value decompositions 
of the system matrices (dynamics) ( ~(n, w) T ~(n, w)) 112n. Of course, singu­
lar values are relevant in many areas; we refer, in particular, to Hinrichsen 
and Pritchard [68, Section 4.3] for further properties in the context of sys­
tems and control theory, and to Harville [63, Section 21.12] in the context 
of statistics. For basic facts on singular values and their computation we 
refer to the Handbook of Linear Algebra [71, Section 5.6 and Chapters 24 
and 58]. 

To define appropriate metrics on Grassmannians and flag manifolds one 
needs some properties regarding orthogonal projections, compare Sections 
11.2 and 11.3. Basic references for these properties are Horn and Johnson 
[72] and Kato [74]. 

Our version of the MET in continuous time, Theorem 11.1.6, is for­
mulated for random dynamical systems, for which the underlying metric 
dynamical system is generated, e.g., via Kolmogorov's construction, com­
pare Example 11.1.4. Including stochastic differential equations in this set­
up requires some work, since stochastic differential equations 'naturally' 
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lead to 2-parameter flows <p8 ,t(w) : JR.d --+ JR.d, compare Kunita [91]. The 
process to generate random dynamical systems for Stratonovich-type sto­
chastic differential equations is described in Arnold [6, Section 2.3]. What 
needs to be shown is that <po,t(w) is a cocycle over the metric dynamical 
system that models the driving noise of the stochastic differential equa­
tion. The key idea is that of a semimartingale helix combining both metric 
dynamical systems and filtered probability spaces: For a metric dynami­
cal system (0, F, P, (flt)tEJR) a map F : R x n --+ JR.d is called a helix if 
F(t + s, w) = F(t, 98 (w)) + F(s, w) for all s, t E IR. and w E 0. If our proba­
bility space admits also a filtration of sigma algebras (Pa)s:::;t one can define a 
semimartingale helix as a helix such that F8 (t, w) := F(t, w)-F(s, w) is a Pa­
semimartingale. Under certain smoothness conditions, such semimartingale 
helixes define (unique) random dynamical systems over the metric dynamical 
system (n, F, P, (9t)tEJR). One obtains for the (classical) Stratonovich-type 
stochastic differential equations that they define random dynamical systems 
over the filtered metric system that describes Brownian motion This con­
struction also works vice versa, so that certain (filtered) dynamical systems 
generate (unique) semimartingale helixes. This mechanism was first de­
scribed by Arnold and Scheutzow in [8]. 

In general, Lyapunov exponents for random linear systems are difficult to 
compute explicitly-numerical methods are usually the way to go; see, e.g., 
Talay [132], Grorud and Talay [57], or the engineering oriented monograph 
Xie [144]. The approach to numerical computation of Lyapunov exponents 
in Section 11.6 is based on Verdejo, Vargas, and Kliemann [134]. We refer to 
Kloeden and Platen [82] for a basic text on numerical methods for stochastic 
differential equations. 
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This book provides an introduction to the inter­
play between linear algebra and dynamical systems 
in continuous time and in discrete time. It first 
reviews the autonomous case for one matrix 
A via induced . dynamical systems in IRl.d and on 
Grassmannian manifolds. Then the main nonauto­
nomous approaches are presented for which the 
time dependency of A( t ) is given via skew-product 
flows using periodicity, or topological (chain recurrence) or ergodic properties 
(invariant measures). The authors develop gerieralizations of (real parts of) eigenvalues 
and eigenspaces as a starting point for a linear algebra for classes of time-varying linear 
systems, namely periodic, random, and perturbed (or controlled) systems. 

The book presents for the first t ime in one volume a unified approach via Lyapunov 
exponents to aetailed proofs of Floquet theory, of the properties of the Morse spec­
trum, and of the multiplicative ergodic theorem for products of random matrices. The 
main tools, chain recurrence and Morse decompositions, as well as classical ergodic 
theory are introduced in a way that makes the entire material accessible for beginning 
graduate students. 
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