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Preface

Moderm information technology has created new possibilities for more so-
phisticated and efficient control of supply chains. Most organizations can re-
duce their costs associated with the flow of materials substantially. Inventory
control techniques are very important components in this development proc-
ess. A thorough understanding of relevant inventory models is a prerequisite
for successful implementation. I hope that this book will be a useful tool in
acquiring such an understanding.

The book is primarily intended as a course textbook. It assumes that the
reader has a good basic knowledge of mathematics and probability theory,
and is therefore most suitable for industrial engineering and management
science/operations research students. The book can be used both in under-
graduate and more advanced graduate courses.

About fifteen years ago I wrote a Swedish book on inventory control.
This book is still used in courses in production and inventory control at sev-
eral Swedish engineering schools and has also been appreciated by many
practitioners in the field. Positive reactions from many readers made me
contemplate writing a new book in English on the same subject. Encourag-
ing support of this idea from the Springer Editors Fred Hillier and Gary Fol-
ven finally convinced me to go ahead with that project six years ago.

The resulting first edition of this book was published in 2000 and con-
tained quite a lot of new material that was not included in its Swedish prede-
cessor. It has since then been used in quite a few university courses in differ-
ent parts of the world, and I have received many positive reactions. Still
some readers have felt that the book was too compact and some have asked
for additional topics. Some of those who have used the book as a textbook
have also requested more problems to be solved by the students.
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The Springer Editors Fred Hillier and Gary Folven finally convinced me
to publish a Second Edition of my book. This new edition is quite different
from the previous one. The text has been expanded by more than 50 percent.
My main goal has been to make the new book more suitable as a textbook.
There are eleven chapters compared to six in the previous version. The ex-
planations of different results are more detailed, and a considerable number
of exercises have been added. I have also included several new topics. The
additions include: alternative forecasting techniques, more material on dif-
ferent stochastic demand processes and how they can be fitted to empirical
data, generalized treatment of single-echelon periodic review systems, ca-
pacity constrained lot sizing, short sections on lateral transshipments and on
remanufacturing, coordination and contracts.

When working with the book I have been much influenced by other text-
books and various scientific articles. I would like to thank the authors of
these books and papers for indirectly contributing to my book.

There are also a number of individuals that T would like to thank. Before I
started to work on the revision, Springer helped me to arrange a review proc-
ess, where a number of international scholars were asked to suggest suitable
changes in the book. These scholars were: Shoshana Anily, Tel Aviv Univer-
sity, Saif Benjaafar, University of Minnesota, Eric Johnson, Dartmouth Col-
lege, George Liberopoulos, University of Thessaly, Suresh Sethi, University
of Texas-Dallas, Jay Swaminathan, University of North Carolina, Ruud Te-
unter, Lancaster University, Geert-Jan Van Houtum, Eindhoven University
of Technology, Luk Van Wassenhove, INSEAD, and Yunzeng Wang, Case
Western Reserve University. Some of them had used the first edition of the
book in their classes. The review process resulted in most valuable sugges-
tions for improvements, and I want to thank all of you very much.

Several colleagues of mine at Lund University have helped me a lot. 1
would especially like to mention Johan Marklund for much and extremely
valuable help with both editions, and Kaj Rosling (now at Vixj6 University)
for his important suggestions concerning the first edition. Furthermore, Jonas
Andersson, Peter Berling, Fredrik Olsson, Patrik Tydesjo, and Stefan
Vidgren have reviewed the manuscript at different stages and offered valu-
able suggestions which have improved this book considerably. Thank you so
much.

Finally, I would also like to thank the Springer people: Fred Hillier, Gary
Folven, and Carolyn Ford for their support, and Sharon Bowker for polishing
my English.

Sven Axsiter



1 INTRODUCTION

1.1 Importance and objectives of inventory control

For more or less all organizations in any sector of the economy, Supply
Chain Management, i.c., the control of the material flow from suppliers of
raw material to final customers, is a crucial problem. The strategic impor-
tance of this area is today fully recognized by top management. The total in-
vestment in inventories is enormous, and the control of capital tied up in raw
material, work-in-progress, and finished goods offers a very important po-
tential for improvement. Scientific methods for inventory control can give a
significant competitive advantage. This book deals with a wide range of dif-
ferent inventory models that can be used when developing inventory control
systems.

Advances in information technology have drastically changed the possi-
bilities to apply efficient inventory control techniques. Furthermore, the re-
cent progress in research has resulted in new and more general methods that
can reduce the supply chain costs substantially. The field of inventory con-
trol has indeed changed during the last decades. It used to mean application
of simple decision rules, which essentially could be carried out manually.
Moderm inventory control is based on quite advanced and complex decision
models, which may require considerable computational efforts.

Inventories cannot be decoupled from other functions, for example pur-
chasing, production, and marketing. As a matter of fact, the objective of in-
ventory control is often to balance conflicting goals. One goal is, of course,
to keep stock levels down to make cash available for other purposes. The
purchasing manager may wish to order large batches to get volume dis-
counts. The production manager similarly wants long production runs to
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avoid time-consuming setups. He also prefers to have a large raw material
inventory to avoid stops in production due to missing materials. The mar-
keting manager would like to have a high stock of finished goods to be able
to provide customers a high service level.

It is seldom trivial to find the best balance between such goals, and that is
why we need inventory models. In most situations some stocks are required.
The two main reasons are economies of scale and uncertainties. Economies
of scale mean that we need to order in batches. Uncertainties in supply and
demand together with lead-times in production and transportation inevitably
create a need for safety stocks. Still, most organizations can reduce their in-
ventories without increasing other costs by using more efficient inventory
control tools.

There are important inventory control problems in all supply chains. For
those who are working with logistics and supply chains, it is difficult to
think of any qualification that is more essential than a thorough understand-
ing of basic inventory models.

1.2 Overview and purpose of the book

The main purpose of this book is that it should be useful as a course text-
book. The structure of the book is illustrated in Figure 1.1.

After this introduction we consider different forecasting techniques in
Chapter 2. We focus on methods like exponential smoothing and moving
average procedures for estimating the future demand from historical demand
data. We also provide techniques for evaluating the size of forecast errors.

Chapters 3 - 6 deal with basic inventory problems for a single installation
and items that can be handled independently. More precisely, Chapter 3 pre-
sents various basic concepts. Chapter 4 deals with deterministic lot sizing
and Chapter 5 with safety stocks and reorder points. In Chapter 6 we discuss
integration and optimality.

The contents in Chapters 2 - 6 provide the foundation for an efficient
standard inventory control system, which can include:

o A forecasting module, which periodically updates demand forecasts
and evaluates forecast errors.

e A module for determination of reorder points and order quantities.
¢ Continuous or periodic monitoring of inventory levels and outstanding

orders. Triggering of suggested orders when reaching the reorder
points.
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Forecasting
Chapter 2

h 4

Single-echelon

independent items

Chapters 3 - 6

Coordinated ordering
Chapter 7

A

Multi-echelon
Chapters 8 - 10

\

/

Implementation
Chapter 11

Figure 1.1 Structure of the book.

In Chapter 7 we leave the assumption of independent items and consider
coordinated replenishments. Both production smoothing models and so-
called joint replenishment problems are analyzed.

Chapters 8 - 10 focus on multi-echelon inventory systems, i.e., on several
installations which are coupled to each other. The installations can represent,
for example, stocks of raw materials, components, work-in-process, and final
products in a production system, or a central warehouse and a number of re-
tailers in a distribution system. In Chapter 8 we consider structures and or-
dering policies. Chapter 9 deals with /ot sizing and Chapter 10 with safety

stocks and reorder points.




4 INVENTORY CONTROL

Finally, in Chapter 11 we discuss various practical problems in connec-
tion with implementation of inventory control systems.

Over the years a substantial number of excellent books and overview pa-
pers dealing with various inventory control topics have been published. A
selection of these publications is listed at the end of this chapter. A natural
question then is why this book is needed. To explain this, note first that this
book is different from most other books because it also covers very recent
advances in inventory theory, for example new techniques for multi-echelon
inventory systems and Roundy’s 98 percent approximation. Furthermore,
this book is also different from most other books because it assumes a reader
with a good basic knowledge of mathematics and probability theory. This
makes it possible to present different inventory models in a compact and
hopefully more efficient way. The book attempts to explain fundamental
ideas in inventory modeling in a simple but still rigorous way. However, to
simplify, several models are less general than they could have been.

Because the book assumes a good basic knowledge of mathematics and
probability theory, it is most suitable for industrial engineering and man-
agement science/operations research students. It can be used in a basic un-
dergraduate course, and/or in a more advanced graduate course.

Chapter 2 may be omitted in a course which is strictly focused on inven-
tory control. If it is included, it should probably be the first part of the
course. Chapters 3 - 6 should precede Chapters 7 - 10. Chapter 7 can either
precede or succeed Chapters 8 - 10. Chapter 11 should come at the end of
the course.

An undergraduate course can, for example, be based on the following
parts of the book: Sections 2.1 - 2.6, Sections 2.10 - 2.12, Chapters 3 - 4,
Section 5.1.1, Section 5.2.1, Sections 5.3 - 5.8, Section 5.13, Section 6.3,
Section 7.2.1, Section 8.1, Sections 8.2.1 - 8.2.2, Sections 8.2.4 - 8.2.5, Sec-
tion 9.1, Section 9.2.1, Chapter 11.

For students that have taken the suggested undergraduate course, or a cor-
responding course, a graduate course can build on a selection of the re-
maining parts of the book, e.g., Sections 5.1.2 - 5.1.5, Section 5.2.2. Sections
5.9 - 5.12, Sections 5.14 - 5.15, Sections 6.1 - 6.2, Section 7.1, Section 7.3,
Section &.2.3, Sections 9.2 - 9.3, Chapter 10.

A graduate course for students that have no prior knowledge of inventory
control but a good mathematical background should include most of the
material suggested for the undergraduate course, but can exclude some of the
sections suggested for the graduate course.

Another purpose of this book is to describe and explain efficient inven-
tory control techniques for practitioners, and in that way simplify and pro-
mote implementation in practice. The book can, ¢.g., be used as a handbook
when implementing and adjusting inventory control systems.
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1.3 Framework

Models and methods in this book are based on the cost structure that is most
common in industrial applications. We consider holding costs including op-
portunity costs of alternative investments, ordering or setup costs, and short-
age costs or service level constraints. We will not deal with, for example, in-
ventory problems related to financial speculation, i.e., when the value of an
item can be expected to increase, or with aggregate planning models for
smoothing production in case of seasonal demand variations. The interaction
with production is recognized through setup costs but also in some models
by explicit capacity constraints. The book does not cover production plan-
ning settings that are not directly related to inventory control.

The models considered in the book assume that the basic conditions for
inventory control are given, for example in the form of demand distributions,
lead-times, service requirements, and holding and ordering costs. In practice,
most of these conditions can be changed at least in the long run. There are,
consequently, many important questions concerning inventories that are re-
lated to the structure and organization of the inventory control system. Such
questions may concern evaluation of investments to reduce setup costs, or
whether the customers should be served through a single-stage or a multi-
stage inventory system. Although we do not treat such questions directly, it
is important to note that a correct evaluation must always be based on in-
ventory models of the type considered in this book. The question is always
whether the savings in inventory-related costs are larger than the costs for
changing the structure of the system.
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There are two main reasons why an inventory control system needs to order
items some time before customers demand them. First, there is nearly always
a lead-time between the ordering time and the delivery time. Second, due to
certain ordering costs, it is often necessary to order in batches instead of unit
for unit. This means that we need to look ahead and forecast the future de-
mand. A demand forecast is an estimated average of the demand size over
some future period. But it is not enough to estimate the average demand. We
also need to determine how uncertain the forecast is. If the forecast is more
uncertain, a larger safety stock is required. Consequently, it is also necessary
to estimate the forecast error, which may be represented by the standard de-
viation or the Mean Absolute Deviation (MAD).

2.1 Objectives and approaches

In this chapter we shall consider forecasting methods that are suitable in con-
nection with inventory control. Typical for such forecasts is that they con-
cern a relatively short time horizon. Very seldom is it necessary to look more
than one year ahead. In general, there are then two types of approaches that
may be of interest:

e Extrapolation of historical data

When extrapolating historical data, the forecast is based on previous de-
mand data. The available techniques are grounded in statistical methods for
analysis of time series. Such techniques are easy to apply and use in compu-
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terized inventory control systems. It is no problem to regularly update fore-
casts for thousands of items, which is a common requirement in connection
with practical inventory control. Extrapolation of historical data is the most
common and important approach to obtain forecasts over a short horizon,
and we shall devote the main part of this chapter to such techniques.

e TForecasts based on other factors

It is very common that the demand for an item depends on the demand
for some other items. Consider, for example, an item that is used exclusively
as a component when assembling some final products. It is then often natural
to first forecast the demand for these final products, for example by ex-
trapolation of historical data. Next we determine a production plan for the
products. The demand for the considered component is then obtained di-
rectly from the production plan. This technique to “forecast” demand for de-
pendent items is used in Material Requirements Planning (MRP) that is dealt
with in Section 8.2.4.

But there are also other factors that might be reasonable to consider when
forecasting demand. Assume, for example, that a sales campaign is just
about to start or that a competing product is introduced on the market.
Clearly this can mean that historical data are no longer representative when
looking ahead. It is normally difficult to take such factors into account in the
forecasting module of a computerized inventory control system. It is there-
fore usually most practical to adjust the forecast manually in case of such
special events.

It is also possible, at least in principle, to use other types of dependencies.
A forecast for the demand of ice cream can be based on the weather forecast.
Consider, as another example, forecasting of the demand for a spare part that
is used as a component in certain machines. The demand for the spare part
can be expected to increase when the machines containing the part as a com-
ponent are getting old. It is therefore reasonable to look for dependencies be-
tween the demand for the spare part and previous sales of the machines. As
another example we can assume that the demand during a certain month will
increase with the advertising expenditure the previous month. Such depend-
encies could be determined from historical data by regression analysis. (See
Section 2.7.) Applications of such techniques are, however, very limited.

2.2 Demand models

Extrapolation of historical data is, as mentioned, the most common approach
when forecasting demand in connection with inventory control. To deter-
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mine a suitable technique, we need to have some idea of how to model the
stochastic demand. In principle, we should try to determine the model from
analysis of historical data. In practice this is very seldom done. With many
thousands of items, this initial work does not seem to be worth the effort in
many situations. In other situations there are not enough historical data. A
model for the demand structure is instead determined mtuitively. In general,
the assumptions are very simple.

2.2.1 Constant model

The simplest possible model means that the demands in different periods are
represented by independent random deviations from an average that is as-
sumed to be relatively stable over time compared to the random deviations.
Let us introduce the notation:

x;, = demand in period ¢,
a average demand per period (assumed to vary slowly),
& independent random deviation with mean zero.

fl

A constant model means that we assume that the demand in period t can
be represented as

X, =a+ég. (2.1)

Many products can be represented well by a constant model, especially
products that are in a mature stage of a product life cycle and are used regu-
larly. Examples are consumer products like toothpaste, many standard tools,
and various spare parts. In fact, if we do not expect a trend or a seasonal
pattern, it is in most cases reasonable to assume a constant model.

2.2.2 Trend model

If the demand can be assumed to increase or decrease systematically, it is
possible to extend the model by also considering a linear trend. Let

a = average demand in period 0,
b trend, that is the systematic increase or decrease per period (as-
sumed to vary slowly).

A trend model means that the demand 1s modeled as:
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x, =a+bt+eg,. (2.2)

During a product life cycle there is an initial growth stage and a phase-out
stage at the end of the cycle. During these stages it is natural to assume that
the demand follows a trend model with a positive trend in the growth stage
and a negative trend in the phase-out stage.

2.2.3 Trend-seasonal model
Let
F, = seasonal index in period ¢ (assumed to vary slowly).

If, for example, F, = 1.2, this means that the demand in period ¢ is expected
to be 20 percent higher due to seasonal variations. If there are T periods in

one year, we must require that for any T consecutive periods ZLI F=T.

When using a multiplicative trend-seasonal demand model it is assumed that
the demand can be expressed as

x, =(a+bt)F, +¢,. (2.3)

By setting » = 0 in (2.3) we obtain a constant-seasonal model.

In (2.3) it is assumed that the seasonal variations increase and decrease
proportionally with increases and decreases in the level of the demand series.
In most cases this is a reasonable assumption. An alternative assumption
could be that the seasonal variations are additive.

Many products have seasonal demand variations. For example the de-
mand for ice cream is much larger during the summer than in the winter.
Some products, like various Christmas decorations, are only sold during a
very short period of the year. Still, the number of items with seasonal de-
mand variations is usually very small compared to the total number of items.
A seasonal model is only meaningful if the demand follows essentially the
same pattern year after year.

2.2.4 Choosing demand model

When looking at the three demand models considered, it is obvious that (2.2)
is more general than (2.1), and that (2.3) is more general than (2.2). It may
then appear that it should be most advantageous to use the most general
model (2.3). This is, however, not true. A more general demand model cov-
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ers a wider class of demands, but on the other hand, we need to estimate
more parameters. Especially if the independent deviations are large, it may
be very difficult to determine accurate estimates of the parameters, and it can
therefore be much more efficient to use a simple demand model with few pa-
rameters. A more general model should be avoided unless there is some evi-
dence that the generality will give certain advantages.

It is important to understand that the independent deviations & cannot be
forecasted, or in other words, the best forecast for & is always zero. Conse-
quently, if the independent deviations are large there is no possibility to
avoid large forecast errors. Consider the constant model (2.1). It is obvious
that the best forecast is simply our best estimate of a. In (2.2) the best fore-
cast for the demand in period t is similarly our best estimate of ¢ + b¢, and in
(2.3) our best forecast is the estimate of (a + bt)F..

In some situations it may be interesting to use more general demand mod-
els than (2.1) - (2.3). (See Section 2.9.) This would, however, require a de-
tailed statistical analysis of the demand structure. In practice this is rarely
done in connection with inventory control.

One practical problem is that it is quite often difficult to measure demand,
since only sales are recorded. If historical sales, instead of historical de-
mands, are used for forecasting demand, considerable errors may occur in
situations where a relatively large portion of the total demand is lost due to
shortages. (See Section 2.10.5.)

2.3 Moving average

Assume that the underlying demand structure is described by the constant
model (2.1). Since the independent deviations & cannot be predicted, we
simply want to estimate the constant a. If @ were completely constant the
best estimate would be to take the average of all observations of x,. But a can
be expected to vary slowly. This means that we need to focus on the most
recent values of x,. The idea of the moving average technique is to take the
average over the N most recent values. Let

a, = estimate of a after observing the demand in period ¢,
x,, = forecast for period 7> ¢ after observing the demand in period .
We obtain:

Xpp=a, =(x, +x +X 5+ .. +X_n)/ N (2.4)
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Note that the forecast demand is the same for any value of 7> ¢. This is, of
course, because we are assuming a constant demand model.

The value of N should depend on how slowly we think that a is varying,
and on the size of the stochastic deviations &. If @ is varying more slowly
and the stochastic deviations are larger, we should use a larger value of N.
This will limit the influence of the stochastic deviations. On the other hand,
if a is varying more rapidly and the stochastic variations are small, we
should prefer a small value of &, which will allow us to follow the variations
in g in a better way.

If we use one month as our period length and set N = 12, the forecast is
the average over the preceding year. This may be an advantage if we want to
prevent seasonal variations from affecting the forecast.

2.4 Exponential smoothing

2.4.1 Updating procedure

When using exponential smoothing instead of a moving average, the forecast
is updated differently. The result is in many ways similar, though. We are
again assuming a constant demand model, and we wish to estimate the pa-
rameter a. To update the forecast in period ¢, we use a linear combination of
the previous forecast and the most recent demand x,,

Rp=d, =(-a)i_ +ax, (2.5)

where 7> fand
a = smoothing constant (0 < a < 1).
Due to the constant demand model the forecast is again the same for any

future period.
Note that the updating procedure can also be expressed as

X, =a,=a, ) +alx, —a, ). (2.6)

We have assumed that 0 < @ < 1 although it is also possible to use a=0
and a= 1. The value a = 0 means simply that we do not update the forecast,
while a = 1 means that we choose the most recent demand as our forecast.
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2.4.2 Comparing exponential smoothing to a moving average

To be able to compare exponential smoothing to a moving average, we can
express the forecast in the following way:

a, =(l-a)a, | +ox, =(l-a)((1-a)a, , +ax, | )+ ax,
=ax, +a(l-a)x,_ +(1-a)’d, , =..=ax, +a(l-a)x,

+a(l-a)? x5 + .. +a(l-a)" x,_, +(1-a)" 4, , . (2.7)

Let us now compare (2.7) to (2.4). In (2.4) the N last period demands all
have the weight 1/N. In (2.7) we have, in principle, positive weights for all
previous demands, but the weights are decreasing exponentially as we go
backwards in time. This is the reason for the name exponential smoothing.
The sum of the weights is still unity.' When using a moving average, a larger
value of N means that we put relatively more emphasis on old values of de-
mand. When applying exponential smoothing, a small value of a will give
essentially the same effect.

When using a moving average according to (2.4) the forecast is based on
the demands in periods ¢, ¢ - 1, ..., - N + 1. The ages of these data are re-
spectively 0, 1, ..., and N - 1 periods. The weights are all equal to 1/N. The
average age is therefore (V - 1)/2 periods. To be able to compare the pa-
rameter NV to the smoothing constant @, we shall also determine the average
age of the data when using exponential smoothing according to (2.5), or
equivalently (2.7). We obtain:?

a0+a(l-al+a(-a)2+..=a(l-a)S'(1-a)=(1-a)/a, (2.8)

"Let 0 < x < 1 and consider the infinite geometric sum S(x)=1+x + x*

+ x> ... Note that $(x) =1+ x-S(x). This implies that S(x) =1/(1—x). The
sum of the weights in (2.7)is a-S(1—-a)=1.

*Let 0 < x < 1 and consider the infinite geometric sum S'(x) =1+ 2x + 3x2..

=1+x+x% 4.+ x(1+2x+3x2..) = S(x)+ x-S'(x) . This implies that

S'(x)=S(x)/(1-x)=1/(1-x)%.
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and we can conclude that the forecasts are based on data of the “same aver-
age age” if

(lI-a)/a=(N-1)/2, (2.9)
or equivalently when
a=2/(N+1). (2.10)

Consider, for example, a moving average that is updated monthly with N
= 12. This means that each month in the preceding year has weight 1/12.
Consider then an exponential smoothing forecast that is also updated
monthly. A value of & “corresponding” to N = 12 is according to (2.10) ob-

tamed as ¢=2/(12+ 1)=2/13 ~0.15,

2.4.3 Practical considerations and an example

If the period length is one month, it is common in practice to use a smooth-
ing constant a between 0.1 and 0.3. Table 2.1 shows the weights for differ-
ent previous demands for = 0.1 and o = 0.3.

Table 2.1 Weights for demand data in exponential smoothing

Period Weight a=0.1 a=0.3
t a 0.100 0.300
t-1 oAl - ) 0.090 0.210
) o1 - a) 0.081 0.147
-3 o1 - a) 0.073 0.103
t-4 ol - @)’ 0.066 0.072

We can see from Table 2.1 that the forecasting system will react much
faster if we use a = 0.3. On the other hand, the stochastic deviations will af-
fect the forecast more compared to when @ = 0.1. When choosing a we al-
ways have to compromise.

If the forecast is updated more often, for example each week, a smaller &
should be used. To see how much smaller we can apply (2.10). Assume that
we start with a monthly update and that we use the value of a “correspond-
ing” to a moving average with N = 12, i.e,, @ ~ 0.15. When changing to
weekly forecasts it is natural to change N to 52. The “corresponding” value
of ais obtained from (2.10) as o = 2/(52 + 1) ~0.04.
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When starting to forecast according to (2.5) in some period ¢, an initial
forecast to be used as a,_; is needed. We can use some simple estimate of the

average period demand. If no such estimate is available, it is possible to start
with a,_;= 0, since a, , will not affect the forecast in the long run, see (2.7).

However, especially for small values of a, it can take a long time until the
forecasts are reliable. If it is necessary to start with a very uncertain initial
forecast, it may be a good idea to use a rather large value of « to begin with,
since this will reduce the influence of the initial forecast.

Example 2.1 The demand for an item usually fluctuates considerably. A
moving average or a forecast obtained by exponential smoothing gives es-
sentially an average of more recent demands. The forecast cannot, as we
have emphasized before, predict the independent stochastic deviations. Table
2.2 shows some typical demand data and the corresponding exponential
smoothing forecasts with « = 0.2. It is assumed that the forecast after period
21s a, =100.

Table 2.2 Forecasts obtained by exponential smoothing with « =0.2.
Initial forecast a, = 100.

Period Demand in period ¢, Forecast at the end of
X period t, 4,
3 72 94
4 170 110
5 67 101
6 95 100
7 130 106

In Table 2.2 the forecast immediately after period 3 is obtained by apply-
ing (2.5).

a;=0.8-100+0.2-72=94.4,

which is rounded to 94 in Table 2.2. Note that when determining a the de-
mands in future periods are not known. Therefore at this stage, a, serves as

our forecast for any future period. After period 4 the forecast is again up-
dated

a, =0.8-944+0.2-170=109.52.
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If we compare exponential smoothing to a moving average there are some
obvious but minor advantages with exponential smoothing, Because the av-
erage a, which we wish to estimate is assumed to vary slowly, it is reason-
able to use larger weights for the most recent demands as is done in expo-
nential smoothing. As we have discussed before, however, a moving average
over a full year may be advantageous if we want to eliminate the influence
of seasonal variations on the forecast. It is also interesting to note that with
exponential smoothing we only need to keep track of the previous forecast
and the most recent demand.

In practice, exponential smoothing (or possibly a moving average) is, in
general, a suitable technique for most items. But there is also usually a need
for other methods for relatively small groups of items for which it is feasible
and interesting to follow up trends and/or seasonal variations.

2.5 Exponential smoothing with trend

2.5.1 Updating procedure

Let us now instead assume that the demand follows a trend model according
to (2.2). To forecast demand we need to estimate the two parameters a and b,
compared to only a in case of a constant model. As before, we cannot predict
the independent deviations &. There are different techniques for estimating a
and b. We shall here consider a method that was first suggested by Holt
(1957). (Another technique based on linear regression is described in Section
2.7.) Estimates of ¢ and b are successively updated according to (2.11) and
(2.12).

G, =(1-a)a, +b,_)+ox,, (2.11)

b, =(~Pb,_y +pa, —a,), 2.12)

where « and £ are smoothing constants between 0 and 1.
The “average” g, corresponds to period ¢, i.e., the period for which we

have just observed the demand. The forecast for a future period, ¢ + k is ob-
tained as

~

Rpp =, +k-b,. (2.13)
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The most important difference compared to simple exponential smooth-
ing according to (2.5) is that the forecasts for future periods are no longer the
same. Note that the trend, i.e., the change per period, can just as well be
negative.

The method means that @,is always adjusted to fit the present period.

With this in mind, (2.11) is essentially equivalent to (2.5). As long as x; is
unknown, a,_; + I;H 1s our best estimate for the mean demand in period .
We determine a,as a linear combination of this estimate and the new de-

mand x, The average difference between two consecutive values of
a,should in the long run be equal to the trend. Therefore, we use these
differences in (2.12) to update the trend by exponential smoothing.

It can be shown that if the demand is a linear function without stochastic
variations, the forecast will, in the long run independent of the initial values,
estimate the future demand exactly. When using simple exponential
smoothing this is not the case. See Problem 2.4.

2.5.2 Practical considerations and an example

The idea behind exponential smoothing with trend is to be able to follow
systematic linear changes in demand better. As with exponential smoothing,
larger values of the smoothing constants @ and £ will mean that the fore-
casting system reacts faster to changes but will also make the forecasts more
sensitive to stochastic deviations. When choosing values in practice it can be
recommended to have a relatively low value of fBsince errors in the trend
can give serious forecast errors for relatively long forecast horizons. Note
that the trend is multiplied by k in (2.13). It is therefore very unfortunate if
pure stochastic variations are interpreted as a trend. When updating the fore-
cast monthly, typical values of the smoothing constants may be « = 0.2 and
= 0.05. When the forecasting system is initiated it is usually reasonable to
set the trend to 0 and, as in exponential smoothing, let the initial a be equal
to some estimate of the average period demand. If the initial values are very
uncertain it can be reasonable, also for exponential smoothing with trend, to
use extra large smoothing constants in an initial phase.

Example 2.2 We consider the same demand data as in Example 2.1. Table
2.3 illustrates the forecasts when applying exponential smoothing with trend
and looking one and five periods ahead, respectively. The smoothing con-

stants are ¢ = 0.2 and = 0.1. At the end of period 2, 4, =100 and 132 =0.
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Table 2.3 Forecasts obtained by exponential smoothing with trend.
The smoothing constants are « = 0.2 and = 0.1, and the

initial forecast 4, =100, b,=0.

Period Demand in Forecast for period # + 1 Forecast for period ¢ + 5
t period ¢, at the end of period ¢, at the end of period ¢,

X a, +b, d, +5b,
3 72 94 92
4 170 110 114
5 67 102 102
6 95 100 100
7 130 107 109

In period 3 we obtain from (2.11) and (2.12)

4y =0.8-(100+0)+0.2-72 =94 4,

by =0.9-0+0.1-(94.4-100) = —0.56 .
Our forecast for period 4 is then 94.4 - 0.56 = 93.84 ~ 94. At the end of pe-
riod 4 we obtain the real demand 170. Applying (2.11) and (2.12) again we
get

a, =0.8-(94.4-0.56)+0.2-170 =109.072,

54 =0.9-(-0.56)+0.1-(109.072-94.4) = 0.9632.

The forecasts in Table 2.3 are rounded to integers.

2.6 Winters’ trend-seasonal method
Let us now assume that the demand is modeled by a multiplicative trend-

seasonal model, see (2.3). Such a model is usually only used for a few items
with very clear seasonal variations like Christmas decorations.

2.6.1 Updating procedure

Winters (1960) suggested the following technique that can be seen as a
generalization of exponential smoothing with trend. We shall describe how
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the parameters a, b, and F, are updated. Note first that in (2.3), a + b repre-
sents the development of demand if we disregard the seasonal variations.

When we record the demand x, in period 7, we can similarly interpret x,/ ]5‘,
as the demand without seasonal variations. At this stage we have not updated
[:‘, with respect to the new observation x,. In complete analogy with (2.11)
and (2.12) we now have

4, =(-a)d, +b,)+alx, I F), (2.14)

by == Pb,\ +pa, -4a,,), (2.15)

It remains to update the seasonal indices. We first determine

Fl =(=-p)F, +y(x, 14,), (2.16)
and
Fl,=F,_ fori=1,2,., T, (2.17)

where 0 < y< 1 is another smoothing constant. Recall that T is the number of
periods per year. Note that (2.17) means that the other indices are left un-
changed in this initial step. We must also require, however, that the sum of T’
consecutive seasonal indices is equal to 7. Therefore, we need to normalize
all indices

T-1
Foy=F(T1Y F.y) fori=0,1,..,T-1. (2.18)
k=0

These indices are also applied to future periods until the indices are updated
the next time. For example,

E, pyr=F_ fori=0,1,...,7-1,and k=1,2, .... (2.19)

The forecast for period ¢ + k is obtained as

Rpgek =@, +h-b)E ;. (2.20)
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An alternative is to use manually set seasonal indices. In this case we do
not need to go through (2.16) - (2.19).

The corresponding constant seasonal model is obtained if (2.14) and
(2.15) are replaced by

4, =(l-a)a,, +a(x, /F), (2.21)
and (2.20) by
A?z,r+k = dtﬁmk : (2.22)

2.6.2 Practical considerations and an example

Example 2.3 To illustrate the computations we shall go through a complete
updating of all parameters. Assume that we are dealing with monthly up-
dates, i.e., that 7= 12. The smoothing constants are = 0.2, = 0.05, and ¥
= 0.2. Assume that the last update took place in period 23 and that this up-

date resulted in the following parameters: a,; =9, 1323 =1, F,=F;=F,
:1.2, ﬁlS :Fl6 :F17 :F18 :1, F19 = 04 and, F20 :FZl =F22 :F23
=1. Note that the sum of the seasonal indices equals 12. At this stage

In period 24 we record the demand x,4 = 7. Applying (2.14) - (2.16) we
get

Gy =0.8(9+1)+0.2(7/1.2)=9.167
byy =0.95-1+0.05(9.167 - 9) = 0.958

F3,=08-12+02-(7/9.167) =1.113

We obtain zizjw]:"l-' =11.913. By applying (2.18) we get the updated nor-
malized indices for periods 13-24 as Fi; = F, =1.209, Fis=F4=F; =

Fig =1.007 , Fg = 0403, Fyy = Fy, = Fy, = F5; =1.007 , and £y, =1.121,
The forecast for period 26 is obtained from (2.20) as
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X946 =(9.167+2-0.958)-1.209 =13.40,

where we apply F,¢ = F;, according to (2.19).

When using a trend-seasonal method, which also updates the seasonal in-
dices, it is quite often difficult to distinguish systematic seasonal variations
from independent stochastic deviations. The problem is that we have so
many parameters to estimate. The indices may then become very uncertain.
Sometimes it can therefore be more efficient to estimate the indices in other
ways. For example, if a group of items can be expected to have very similar
seasonal variations, it may be advantageous to estimate the indices from the
total demand for the whole group of items. By doing so we can limit the in-
fluence of the purely stochastic deviations. Assume, for example, that we
have a number of items that can all be classified as Christmas decorations.
By aggregating historical demand data for all items in this group, it may be
possible to estimate seasonal indices that are quite accurate for all items in
the group together. We can, for example, use Winter’s procedure as de-
scribed above for determining the indices for the aggregate data. Further-
more, we can usually assume that the obtained indices are also reasonably
accurate for the individual items in the group. So when determining forecasts
for individual items we regard these aggregate seasonal indices as given.

In general, it can also be recommended that only items with very obvious
seasonal variations be accepted as seasonal items.

2.7 Using regression analysis

2.7.1 Forecasting demand for a trend model

Assume once again a demand model with trend according to (2.2). One
technique to forecast the future demand has been described in Section 2.5.
Let us consider an alternative technique. Assume that we have just obtained
the demand in period t and that we wish to base the forecast on the N most
recent observations x;, X., ..., X.y+1. One possibility is to use simple linear

regression, which means that we fit a line y,,, =4, +l;tk to the observa-

tions so that the sum of the squared errors is minimized fork=-N+1, - N +
2, ..., 0. We can then use y,.; for k> 0 as our forecast for period ¢ + £, 1.¢.,

We St X 1k = Verk -

Let us now determine 4, and b, . We wish to minimize
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0
D (xpx =8, —bk)>. (2.23)
k=—N-+1

Setting the derivatives with respect to a, and Z;t equal to zero we obtain

0
-2 Y (x4 ~d, ~bk)=0, (2.24)
k=—N+1
0 ~
—2 > k(xy —a@, —bk)=0. (2.25)
k=—N+l
Using the notation
- 1 0
k= ~ zk:—NH k=—(N-1)/2, (2.26)
_ 1 0
X 27\’— k= N1 Ytk (2.27)
we get from (2.24)
4, =x-bk, (2.28)
and by inserting in (2.25)
0 0 _
Dk —%) Y (k=) (X )
L k=—N+I __ k=-N+l]
b, =4=0x — =A== - . (2.29)
D (kK k) D (k—k)?
k=—N+1 k=—N+l

Finally we get a, from (2.28).
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2.7.2 Practical considerations and an example

This technique based on linear regression can be seen as a generalization of a
moving average (Section 2.3) to a demand model with trend, in the same
way as we can see exponential smoothing with trend (Section 2.5) as a gen-
eralization of exponential smoothing (Section 2.4). When determining 4,

and l;, by linear regression, we give the same weight to the N most recent

known demands as we do when determining a moving average. Furthermore,
if instead of fitting a line to the observations, we fit a constant @, so that the

sum of the squared errors is minimized for k=-N+1,-N+2, ..., 0, we will
obtain a moving average. See Problem 2.5. Normally it is reasonable to give
more weight to more recent observations as is done when applying exponen-
tial smoothing with trend, which has also become a more common forecast-
ing technique.

Example 2.4 Let us go back to the data in Example 2.2 where we applied ex-
ponential smoothing with trend. Assume that the demands in periods 3-7 are
given. The corresponding values of kare k=-4, -3, ...,0. See Figure 2.1.

180 o I

160 — * ¢+ Demand .
L Linear ;

1(8)8 ‘# . regression |
TS _;,.__77 _

60 - e .

40 _ I AR Exponential
‘: smoothing

20 with trend |

0 +—— L.

4 -3-2-101 23 456

k, period = 7+k

Figure 2.1 Forecasts (for k > 0) with linear regression and exponen-
tial smoothing with trend.

In Example 2.2 we updated an initial forecast @, =100 and Z;z =0 succes-
sively. In period 7 we got a, = 106.1571 and 57 =0.567955. See Figure

2.1, where the corresponding forecasts X; 7., =a; + E7k are illustrated. In
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the figure we also show the line for £ <0, although these values are not used
because we already know the demands. We have also used linear regression
(2.26) - (2.29) based on the demands in periods 3, 4, ..., 7 to determine

a; =115 and 57 =4.1. The corresponding forecast is also illustrated in Fig-

ure 2.1. Again we also show the line for & <0, although these values are not
used as forecasts.

In this example we have only used five demands, N = 5, when determin-
ing the linear regression forecast. For the considered demand variations,
which are rather typical, it is normally better to use a considerably larger N
(N> 10) to get a more stable forecast. It is easy to see from Figure 2.1 that
an occasional very high or very low demand can affect the forecast consid-
erably.

2.7.3 Forecasts based on other factors

The application of linear regression for forecasting demand in case of a trend
model is fairly limited. Usually exponential smoothing with trend is pre-
ferred. Of more practical interest is to use linear regression when the demand
depends on one or more other factors that are known when making the fore-
cast.

Consider as an example a spare part that is exclusively used as a replace-
ment when maintaining a certain machine. The maintenance activities are
carried out by the company selling the spare part, and the customers have to
order the maintenance two months in advance. In such a case it is natural to
assume that the demand for the spare part in the next month is essentially
proportional to the known number of machines undergoing maintenance in
that month. Let

x, = demand in month ¢,
z, = number of machines undergoing maintenance in month z.

It is then natural to assume the following demand model

X, =a+bz, +¢,, (2.30)
t t t

where a and b are constants and ¢ are independent random variations with

mean zero. Note now that we can fit a line y,,, =4, + 1;, Z,.x to the N most

recent observations so that the sum of the squared errors is minimized ex-
actly as we did in Section 2.7.1, where we dealt with the special case z..;, =



FORECASTING 25

k. We can then use y,. for k > 0 as our forecast for period ¢ + £, i.e., we set
X, 14k = Y14k - In complete analogy with Section 2.7.1 we get

0
Z (Zish =2 (Xpag —X)

~

b, ==t : (2.31)
D i —2)°
k=—N+1
and
4, =%-bz, (2.32)
where X and z are obtained as
-1 0
X= ‘ﬁzk=_N+l Xrk » (2.33)
_ 1 0
zZ= ﬁzk}m Zih - (2.34)

Note that we must require that not all z,, (k=-N+ 1, -N + 2,...,0) are iden-

tical. In that case Etzt 44 1s constant and there is no unique solution for g,

and 5, . One optimal solution is obtained by setting l;, = 0. From (2.32) we
then get 4, =X, i.e., simply a moving average.

2.7.4 More general regression models
Several generalizations of the models considered in Sections 2.7.1-2.7.3 are

possible. We can include more than one factor by using multiple regression,
i.e., the demand model may be expressed as

J
X, =a+2bjzj,, +& . (2.35)
j=1

Such models are, however, not common when forecasting demand in con-
nection with inventory control.
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Furthermore, some nonlinear relationships can easily be transformed into
linear models. Assume, for example, that we wish to choose positive pa-

rameters @, and b, so that the function

Vi =i (2.36)

closely follows some previous demand data. If we take logarithms of both
sides we get

1og v,y =loga, + (logh, )z, , (2.37)

and we can then use simple linear regression to determine loga, and log l;, .

2.8 Sporadic demand

Sometimes an item is demanded very seldom, while the quantity that is de-
manded by a customer may be relatively large. It may, for example, turn out
that customers order only about twice per year. If we use exponential
smoothing the resulting forecast will decrease in periods without demand
and go up again when a customer arrives. If we use a small smoothing con-
stant the forecast will still be relatively stable, but on the other hand, it will
react very slowly to demand changes. Croston (1972) has suggested a simple
technique to handle such a situation. The forecast is only updated in periods
with positive demand. In case of a positive demand, two averages are up-
dated by exponential smoothing: the size of the positive demand, and the
time between two periods with positive demand. This gives a more stable
forecast and also a better feeling for the structure of the demand. Let as be-
fore x, be the demand in period ¢. Define also

k, = the stochastic number of periods since the preceding positive
demand,

lét = estimated average of the number of periods between two positive
demands at the end of period ¢,
d , = estimated average of the size of a positive demand at the end of

period ¢,
a, = estimated average demand per period at the end of period ¢.
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We update lé, and d ; in the following way:

(1) x=0
ky =k,
oA (2.38)
d,=d,,
() x>0
k =(1-a)k o tak,,
dy=01=p)d, + fx;,
where 0 < a, <1 are smoothing constants.
We get the forecast for the demand per period as
a,=d, Ik, . (2.40)

2.9 Box-Jenkins techniques

The stochastic variations in the demand models that we have considered,
(2.1) - (2.3), are assumed to be independent. This is a major simplification. It
is, however, easy to realize that situations exist when this is not true. If there
are only a few large customers we can sometimes expect demands in con-
secutive periods to be negatively correlated. A high demand in one period
can indicate that several of the customers have replenished, and it is reason-
able to expect that the demand in the next period will be a little lower. How-
ever, there are also situations with positively correlated demand. A high de-
mand in one period may mean that the product is exposed to more potential
customers, and a high demand can also be expected in the next period.

Forecasting techniques that can handle correlated stochastic demand
variations and other more general demand processes have been developed by
Box and Jenkins (1970). See also Box et al. (1994).

A general non-seasonal demand model is known as an AutoRegressive
Integrated Moving Average (ARIMA) model. There is a large variety of
such models. It is common to use the notation ARIMA(p, d, ¢) where

AR: p = order of autoregressive part,
I: d = degree of first differencing involved,

MA: ¢ = order of the moving average part.

Consider as an example an ARIMA(p, 0, ¢) model.
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Xl :a+b]x1_1 +b2xt_2 +...+bp.x,_p +6t +Clgt—l +ngl_2 +"'+Cq€t—q'

(2.41)

In (2.41) & are passed errors that, combined with previous demands, are used
as explanatory variables, while b; and ¢; are constants. The errors are as-
sumed to be independent and have zero mean. The forecasting technique can
be divided into two steps. In each period all constants are first estimated
from historical data, and next the model is used to determine forecasts for fu-
ture periods. Assume that we want to forecast the demand in period ¢, and
that we know the outcome in all previous periods. The error in period ¢, &, is
then not known and is replaced by zero since it has zero mean. Otherwise we
can use observed values of previous demands and errors. If we also want to
forecast the demand in period ¢ + 1 we increase the subscripts in (2.41) by
one throughout. To get the forecast for x..;, we also use our forecast for x,
and we set the unknown errors &, and & equal to zero.

More extensive computations are needed to use such a technique. Fur-
thermore, a relatively large record of historical data must be kept available.
This, in connection with inventory control, can usually only be motivated for
a few very important products. Various computer programs exist for fitting
ARIMA models.

The demand model in (2.41) has d = 0. Because of that it is also equiva-
lently denoted ARMA(p, ¢). Similarly, if p = 0 we can equivalently say
IMA(d, g). If p=d =0 we get a MA(q) model.

Let us now consider an ARIMA(p, 1, g) model.

Xp=a+ b +byX[ otk byXy T E T CIE g T CoE iy Ft C Ey
(2.42)
The only difference compared to (2.41) is that x; is now replaced by
x;=x; —x; . Ifd=2, x{ isreplaced by x;'=x; —x/_;.
To illustrate the richness of the class of ARIMA models let us consider a
simple example, ARIMA(O, 1, 1) witha=0and ¢, =—- (1 — @),
X =X e —(1-a)g, (2.43)

1.e., after observing the demand in period ¢ our forecast for period ¢ + 1 is

a, =x, —(1-a),. (2.44)
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Because x, =4, ; + &, , we can rewrite (2.44) as
&t =&t_l +0(8, :&t*l +a(xt —&14)=(1—(1)&1_1 +(th. (245)

So we can conclude that exponential smoothing is just a special case of an
ARIMA model.

In practice it is usually sufficient to consider values of p, d, g in the range
0, 1, 2. This will simplify the model identification. Still it is possible to cover
a very large set of practical forecasting situations.

It is also possible to add seasonality to ARIMA models. See e.g., Makri-
dakis et al. (1998).

2.10 Forecast errors

2.10.1 Common error measures

So far we have only discussed how we can estimate the mean of the future
demand. But it is not sufficient only to know the mean. To be able to deter-
mine a suitable safety stock we also need to know how uncertain the forecast
is, i.e., how large the forecast errors tend to be.

The most common way to describe variations around the mean is through
the standard deviation. Let X be a stochastic variable with mean m = E(X).
The standard deviation ois defined as

o=yEX-m)?, (2.46)

and ¢ is denoted the variance. In connection with forecast errors it is, by old
tradition, not common to estimate oor ¢ directly. Instead the Mean Abso-
lute Deviation (MAD) is estimated. MAD is the expected value of the abso-
lute deviation from the mean

MAD = E|X —m|. (247)

The original reason that MAD is estimated instead of oor o° was that this
simplified the computations. Today it is no problem to estimate & or o* di-
rectly, but still most forecasting systems first evaluate MAD. It is obvious
that MAD and o in most cases give a very similar picture of the variations
around the mean. It is also possible to relate them to each other. A common
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assumption is that the forecast errors are normally distributed. In that case it
is easy to show that

o =7/2 MAD ~1.25 MAD . (2.48)

This relationship is very often used in connection with forecasting, also in
situations when it is less natural to assume that the forecast errors are nor-
mally distributed. The approximation vz /2 =1.25 is in no way needed but
is still quite often used in practice.

2.10.2 Updating MAD or ¢*

We shall now describe how to successively update MAD or o*. Let MAD, be
the estimate of MAD after period ¢. At the end of period ¢ - 1 we obtained
from the forecasting system a forecast for period £,%, |, . At this stage we

could regard this as a “mean” for the stochastic demand in period ¢, x,. (Of
course, this is not always true. Very often there are substantial systematic er-
rors in the forecast.) After period ¢ we know x; and the corresponding abso-

lute deviation from the “mean”,'xt —fc,_lt’. It is, in general, assumed that

these absolute variations can be seen as independent random deviations from
a mean which varies relatively slowly, i.e., that they follow a constant model
according to (2.1). It is then natural to update the average absolute error,
MAD,, by exponential smoothing, see (2.5). The forecast for the absolute er-
ror at the end of period ¢ is consequently determined as

MAD, =(1- @)MAD, , +alx, — %4, (2.49)

where 0 < & < 1 is a smoothing constant (not necessarily the same as in
(2.5)).

Since the observed absolute deviations usually vary quite a lot, it is com-
mon to use a relatively small smoothing constant like & = 0.1 in the case of
monthly updates.

An alternative to (2.49) would be to update MAD, as a moving average.

When we have determined MAD, we use (2.48) to get the corresponding
standard deviation.

o, =7 /2 MAD, ~1.25 MAD, . (2.50)
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Example 2.5 We consider the same demand data and the same forecasting
technique (exponential smoothing with trend) as in Example 2.2. Table 2.4
shows the updated values of MAD, when using « = 0.1 and the initial value
MAD, = 20.

Table 2.4 Updated values of MAD; with « = 0.1 and initial value
MAD, = 20. The forecasts are obtained by exponential
smoothing with trend. The smoothing constants are « =
0.2 and £ = 0.1, and the initial forecast a, =100, l;z= 0,
see Example 2.2.

Period Demand in Forecast for period 7+ 1 Mean Absolute Deviation
period ¢, at the end of period t, at the end of period ¢,
Xt &, + ét MAD,
3 72 94 20.8
4 170 110 26.3
5 67 102 28.0
6 95 100 259
7 130 107 26.3

Note first that the forecast for period 3 in period 2 was a, +52 =100. In
period 3 we then obtain from (2.49)

MAD; =0.9-20+0.1:|72-100| = 20.8,
and similarly in period 4

MAD, =0.9-20.8+0.1:[170 - 93.84| = 26.336.

Note that when updating MAD we use forecasts that are not rounded, e.g.,
94.4 - 0.56 = 93.84 instead of 94, see Example 2.2.

A less common technique is to update the variance in the same way
2 2 A 2
o =(l-a)o, ) +a(x, —x,1,)" . (2.51)

When starting to update MAD or ¢® we need an initial value. This value is
easy to obtain if historical data of forecast errors are available. If such data
are not available it can be reasonable to determine initial values as functions
of the estimated demand. See Section 2.10.3. As we have discussed before
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concerning forecasts, it may also be a good idea to use a relatively large
smoothing constant during a short initial period if the initial MAD is very
uncertain.

The determination of forecast errors in connection with inventory control
is normally carried out as described in this section. However, other possi-
bilities exist, for example, in connection with linear regression. See also
Section 2.10.3.

2.10.3 Determining the standard deviation as a function of
demand

Sometimes when a forecasting system is initiated we do not have a sufficient
number of historical data per item to evaluate initial values of MAD or o.
Still, we may have some idea of the size of the average demand a . Insucha
situation it is common to determine an initial value of o as a function of the
average demand. We can get a corresponding MAD from (2.50). Such func-
tions are sometimes also used as an alternative to the updating procedures
(2.49) or (2.51). This can be reasonable in case of very low demand, when it
may be difficult to get good estimates by using (2.49) or (2.51). Examples of
such items can be certain types of spare parts.

The forecast errors are nearly always increasing with the average de-
mand, but the relative errors are decreasing. When determining o as a func-
tion of the average demand &, a reasonable and common approach is to use
the form

o =ka*, (2.52)

or equivalently
logo =logk, +k,loga, (2.53)
so we can evaluate log k; and 4, by linear regression. The same function is
used for many items, so we do not need to go back in time much to get a

relatively good estimate. As before, we can get a corresponding MAD from
(2.50).

2.10.4 Forecast errors for other time periods

Our determination of MAD, and ¢; in Section 2.10.2 concerns the forecast er-
ror when we look one period ahead. The error when forecasting the demand
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in a more distant period is usually larger. In principle we could update the er-
ror for such a forecast similarly. This is not often done in practice, though. It
1s most common to use MAD, as the expected absolute error not only for the
demand in period ¢ + 1, but also for the demand in period ¢ + £ for £ > 1.
This means that we usually are underestimating the errors for such forecasts.

The estimates MAD, and ¢; represent the mean absolute deviation and the
standard deviation of the demand during one period. If g, for example, is
updated monthly, the time period implicitly considered is one month. In
connection with inventory control it is very common, though, that we need
to consider a shorter or a longer period, e.g., a certain lead-time. Assume that
after updating o; in period ¢, we need to determine the standard deviation of
the forecast error over L time periods, o(L), where L can be any positive
number, i.e., not necessarily integral. If, as discussed above, we disregard
that the errors usually increase when forecasting the demand for a more dis-
tant period, and also assume that forecast errors are independent over time,
we obtain:

o(L)=c,L . (2.54)

Example 2.6 Assume that MAD, is updated each month and that the most re-
cent value is MAD, = 40. From (2.50) we obtain o; #1.25 40 = 50. In case of
independence over time, the standard deviation over two months is obtained
as 0(2) = 502'% = 71, and over 0.5 month as 0(0.5) = 50'0.5'? ~ 35,

The determination of ofL) in (2.54) is very common. It is important, though,
to recall that it is based on the assumptions discussed above. For a long lead-
time the standard deviation is therefore often underestimated. One way to
reduce the error is to use a forecast period that is of about the same length as
the majority of the lead-times. This will limit the possible error when apply-
ing (2.54). If the lead-times vary a lot it may also be reasonable to update the
forecast and the forecast error for different periods.

Another possibility is to use the following slightly more general relation-
ship instead of (2.54)

o(l)=0,L°, (2.55)

where 0.5 < ¢ < 1. Consider first the assumption that the forecast errors are
independent. The value ¢ = 0.5 corresponds to independence over time and
gives (2.54), while the other extreme ¢ = 1 corresponds to forecast errors that
are completely correlated over time. However, we can also use ¢ > 0.5 to
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compensate for disregarding that the forecast error for a more distant period
tends to be larger.

2.10.5 Sales data instead of demand data

In practice it is quite often difficult to measure the real demand, because if a
demand cannot be met this results in a lost sale, which is not accounted for.
If 1t 1s sales instead of demand that is observed, the forecast is of course also
for the sales. This means a systematic error that is not considered by the
techniques discussed in Sections 2.10.1-2.10.4. If we keep a high service
level there are very few lost sales and the error can more or less be disre-
garded. But situations also exist when this error may be quite large. An ob-
vious possibility to reduce the error is to try to account for demands that can
not be met. When a customer asks for some item that is not in stock, this
should be accounted for as a demand. Another possibility is to adjust the
forecasting technique. Consider a certain period and assume that there are 15
units in stock in the beginning of the period, and that there are no incoming
deliveries during the period. Assume also that demands that cannot be met
directly are lost. If the stock on hand at the end of the period is 5, we know
that the period demand was 10. However, if the stock on hand at the end of
the period is 0, we only know that the demand was at least 15. There are
forecasting techniques that take this into account and can provide more accu-
rate forecasts. See Nahmias (1994).

2.11 Monitoring forecasts

The forecasting methods that we have described will, in general, work ex-
cellently for most items. However, a forecasting system will normally com-
prise several thousand items. Various problems will occur for a few of these
items in each period. These problems may depend on errors in the input to
the system or on a less appropriate forecasting technique. This means that
there is a need to follow up and check the forecasts. It would be extremely
time consuming to do this manually for all items. It is therefore usually suit-
able to let the forecasting system itself perform certain automatic tests to
check whether an item should go through a detailed manual examination.
These tests are similar to techniques used in connection with statistical qual-
ity control. The tests are performed each time the forecasts are updated and
result in a list of items that should be checked in more detail. If necessary the
forecasting procedure can be reinitiated for some of these items with new
initial values and possibly new parameters, €.g., smoothing constants.
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Two types of tests that are very often done automatically are to check
whether the input, i.e., the new demand, is reasonable, and to evaluate
whether the forecast represents the mean adequately.

2.11.1 Checking demand

If the forecasting system works well, MAD and the corresponding standard
deviation o illustrate how much the demand can be expected to deviate from
the forecast. Assume that that in period #-1 we obtained a certain forecast for
period t, ¥,_;,and a certain MAD,,. If %,_;, can be regarded as the mean
and the deviations of the demand from the forecast are normally distributed,

we can determine the probability that the forecast error in period t is within &
standard deviations as,

P(lx, = %,y | < ko y) = D) - (k) (2.56)

where ®(-)is the cumulative normal distribution function. See Appendix 2.
It is common to use the test

b, = %y, | <k\MAD,_ =kyo, INT /2, (2.57)

with k; = 4 to check whether x, is “reasonable”. (When checking x, it is ap-
propriate to use MAD,, instead of MAD,, which has been affected by the

demand that we are checking.) By applying (2.56) with k = 4/vx/2
~3.19, we can see that the probability that the test should be satisfied is ap-
proximately 99.8 percent under normal conditions. Consequently, if (2.57) is
not satisfied there is probably some error in the new demand or in the fore-
cast, alternatively, an event with a very low probability has occurred. Any-
way it is reasonable to check the item manually. If it turns out that there 1s an
error, it should be corrected. After that the forecasting system for the item is
restarted with new initial values.

2.11.2 Checking that the forecast represents the mean
The determination of MAD, in (2.49) means that we evaluate the average ab-
solute error. It is also common to update the average error in a similar way.

Let

z, = estimate of the average error in period ¢.
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In complete analogy with (2.49) we have

Zt = (]—CZ)ZI_I +a(xt —'if—l,f)’ (2.58)

where 0 < o < 1 is a smoothing constant. If the forecast works as a correct
mean, positive and negative forecast errors should be of about the same size
in the long run, and z, can be expected to be relatively close to zero. On the
other hand, if z, differs significantly from zero we have reason to believe that
the forecast is biased. When updating z, it is natural to use zero as the initial
value and to have a relatively small smoothing constant like & = 0.1 in case
of monthly updates. A common test is

|z,| < kyMAD, . (2.59)

What is a suitable value of the parameter k,? Comparing (2.58) to (2.49), it is
evident that we should expect lzt‘ <MAD, . A reasonable initial value of k,

may be 0.5. If this leads to too many error signals it can be reasonable to in-
crease k. Similarly, if there are very few error signals we can tighten the
control by using a smaller k.

Systematic errors that are detected by (2.59) can have different explana-
tions. One possibility is that the forecasting method is inadequate. For exam-
ple, if demand has a trend and we are using simple exponential smoothing,
there will always be a systematic error. Another common reason is that a
large change in the average demand has occurred. It will then take a long
time for the forecast to approach the new demand level. If such a situation is
detected by (2.59), we can improve the forecasts by restarting the system
with a new, more accurate initial forecast.

The tests (2.57) and (2.59) should, in general, be thought of as a basis for
manual adjustments of the forecasting system. It is also possible to design an
adaptive forecasting system that makes various adjustments automatically.
The system can, for example, change forecasting method and smoothing
constants after performing various tests. See e. g., Gardner and Dannenbring
(1980). Such systems are very seldom used in practice, though.

2.12 Manual forecasts
Most of the forecasting methods we have discussed in this chapter have the

purpose of extrapolating historical demands as well as possible. There are
situations though, when such forecasting techniques are less suitable. There
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can be known factors that will affect the future demand, but which have not
affected the previous demand. In some cases it is possible to model the in-
fluence of such factors as described in Section 2.7.3. However, in general, it
is both difficult and impractical to take such factors into account within a
computerized forecasting system. Usually it is much more practical to let
manual forecasts replace automatic forecasts. A forecasting system should
therefore be designed so that such replacements are easy.

Normally, manual forecasts are only needed for a limited number of
items over relatively short times. It is never a good idea to use a manual
forecast if the forecast simply means an extrapolation of historical data. Such
forecasts are obtained much more easily and with fewer errors by using the
various methods that have been described earlier in this chapter.

Examples of situations when manual forecasts could be considered are:

price changes

sales campaigns

conflicts that affect demand

new products without historical data
new competitive products on the market
new regulations

® & o o o o

A special problem with manual forecasts is that they sometimes have sys-
tematic errors because of optimistic or pessimistic attitudes by the forecast-
ers.
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Problems

2.1 Assume the following demands:

Period 1 2 3 4 5 6 7 8 9 10
Demand 460 452 458 470 478 480 498 500 490 488

Determine the moving average with N = 3 after observing the demands in pe-
riods 3-10.

2.2 Determine 45, dg,and a, in Example 2.1.

23 Determine 4, and b, fori=5, 6,7 in Example 2.2.

2.4"  Assume that the demand in period t is ¢ + d-t, where ¢ and d are any con-
stants.

a) Apply exponential smoothing with trend starting at 7 = 1 with @, =0 and
b, =0 . Using

l-a 1-a)'
—>0,as n—>w
—af 1-af

prove that the forecast error will approach 0 in the long run.
b) Apply exponential smoothing starting at # = 1 with @, = 0. Prove that the

forecast error will approach d/« in the long run.

" Answer and/or hint in Appendix 1.
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2.5

2.6

2.7

2.8

a) Assume that we determine a constant forecast @, at time t by minimizing
the sum of the quadratic deviations from the demands x,, x.i . X w1
Show that the resulting forecast is a moving average.

b) Assume that we determine a constant forecast 4, at time t by minimizing
the sum of the weighted quadratic deviations for all previous demands x,,
X1, ... The weight for (x. - a, ¥ is w* where 0 < w < 1. Show that this is

equivalent to exponential smoothing.

Assume that the demand follows a constant model according to (2.1), where
a is completely constant and the standard deviation of &, is ©.

a) What is the standard deviation of the forecast error in the long run for a
moving average?

b) What is the standard deviation of the forecast error in the long run for an
exponential smoothing forecast?

c) Show that if we set the standard deviations in a) and b) equal we get the

relationship (2.10), i.e,, a=2/(N+1).

A company uses Winters’ trend-seasonal method for an item. The forecast is
updated each quarter. Each quarter has a seasonal index. All smoothing con-
stants are equal to 0.2. After the update at the end of 2004 we have:

8044 =1000.00

by, =10.00
’20444,05.1 = 808.00
X 044052 = 1020.00
X 044053 = 1648.00
X 04.405.4 =624.00

The demand in the first quarter 2005 was 795, and in the second quarter
1023. Update the forecast twice. What is then the forecasts for the coming
four quarters?

Assume that the demand is updated each period by Winters’ trend-seasonal
method. The smoothing constants are &« =0.2, f=0.1, y=0.2. There are

T =7 equally long periods during a year. Assume further that the last update
took place at the end of period 13 and resulted as follows

a5 =5, [;13 =1

]}7 zﬁs =1.4, ﬁ9 :ﬁlo =1&11 =1, ﬁ]Z =ﬁ13 =0.6

The observed demand in period 14 is 3. Carry out the update and determine
the forecast for period 17.
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2.9  Consider the following demand data.

Period 1 2 3 4 5 6 7 8 9 10
Demand 430 452 428 470 478 480 498 500 610 488

Use the trend method in Section 2.7.1 to obtain forecasts for periods 11, 12,
and 13. Use all data, i.e., the forecast is determined after observing the de-
mand in period 10 and N = 10.

2.10  Consider the example described in Section 2.7.3 dealing with a spare part that
is exclusively used as a replacement when maintaining a certain machine.
The maintenance activities are carried out by the company selling the spare
part, and the customers have to order the maintenance two months in ad-
vance. Consider the following data showing demand and the known number
of machines undergoing maintenance.

Month 1 2 3 4 5 6 7 8
Demand 66 45 77 78 64 79
No of machines 110 97 150 143 125 160 151 172

Use linear regression to forecast demand in months 7 and 8.

2.11 Consider the following demand data.

Period 1 2 3 4 5 6 7 8 9 10
Demand 0 0 0 0 22 0 0 0 27 0

Use Croston’s method to update a demand forecast as described in Section
2.8. At the end of period 0 after a positive demand in this period we have

ky=6and d,=31.Use a=f=02.
2.12"  Consider the ARIMA(0, 2, 2) model
X, =2x,—x, 5, +& —2-a-af)e,  +(1-a)e,_,.

Show that this model is equivalent to exponential smoothing with trend.

2.13" Consider the following monthly demands:

Month 1 2 3 4 5 6
Demand 718 745 767 728 788 793
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*

2.14

2.15

2.16

2.17

a) Determine forecasts by exponential smoothing. Update also MAD. At the
end of month 0 the forecast was 730 and MAD was 20. Use a= 0.2 for
both updates.

b) Determine instead forecasts by exponential smoothing with trend. The

initial forecast is @, =730 and Bo =0. Use a= = 0.2. What is the
forecast for month 5 at the end of month 27

A company is using exponential smoothing with trend to forecast the demand
for a certain product. The smoothing constants are &« = 0.2 and § = 0.1. MAD
is updated with exponential smoothing with & = 0.1. At the end of month 4
the mean and trend were 220 and 10, respectively, and MAD was 35. The de-
mand in month 5 is 250. Update forecast and MAD and estimate mean and
standard deviation for the total demand during the three months 6-8. The
forecast errors are independent over time.

The demand for a product has a clear trend. The company producing the
product is therefore determining its forecasts by applying exponential
smoothing with trend. At the end of March the updated mean was 50 and the
trend was 13. MAD was 2. The smoothing constants for exponential smooth-
ing with trend are « =0.2 and g =0.05. MAD is updated by exponential

smoothing with a =0.1. The demands during April, May, and June are 57,
64, and 73 respectively. Update forecast and MAD during these months. De-
termine also a forecast for the total demand during July and August and the
standard deviation for this period. (Forecast errors during different periods
are assumed to be independent.)

The forecast for an item is determined by exponential smoothing with a =
0.2. When updating MAD, a = 0.1. After the update at the end of period 6 the
forecast is 320 and MAD = 82. We have just observed the demand in period
7, which is 290.

a) Update forecast and MAD.

b) Consider the first half of period 10. After the update in a), what is the
forecast and the standard deviation for the demand during this half period.
Forecast errors during different periods are assumed to be independent.

¢) Assume that you wish to change forecasting method to a moving average,
so that the forecast is still based on data with the same average age. How
would you choose N?

When estimating the forecast error it is common to use that MAD is coupled
to the standard deviation as

N7 !2-MAD =¢o
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2.18

2.19

2.20

INVENTORY CONTROL

under the assumption of Normal distribution. Prove this.

Both the forecast and MAD are updated monthly by exponential smoothing.
Both smoothing constants are equal to 0.1. After the update that took place at
the end of March the forecast was 132 and MAD was 42.

a) In April the demand is 92. Update forecast and MAD.
b) In this forecast, what is the weight for the demand in January?

Consider the following monthly demands:

Month 1 2 3 4 5 6
Demand 668 745 778 728 634 789

a) Determine forecasts by exponential smoothing. At the end of month 0 the
forecast was 730. Use a=0.2.

b) Update also MAD. At the end of month 0 MAD was 30. Use again & =0.2.
What is the estimate for ¢ at the end of period 67

¢) For comparison, use also the updating procedure (2.51). Set the initial o
= r/2-MAD=~7x/2-30. Use again ¢= 0.2. What is now the esti-

mate for o at the end of period 67

Consider (2.49) and (2.58). Assume that we use the same « and that
|zo| < MAD, . Prove that this implies |z,| < MAD, for all t> 0.



3 COSTS AND CONCEPTS

In Chapters 3-6 we consider a large and very important class of inventory
problems, for which, in general, we can offer satisfactory solutions that can
be used in practice relatively easily. This class of systems is characterized by
two qualities:

o Different items can be controlled independently.

e The items are stocked at a single location, i.e., not in a multi-stage
mventory system.

The first condition is very often satisfied, but there are also many impor-
tant counter examples. When orders are issued to a factory for example, we
usually wish to obtain a smooth production load. This means that we need to
coordinate orders for different items and the condition is evidently not satis-
fied. Another example is when we get a discount that is based on the total
order sum for several items. In that case we wish to order these items at the
same time. We shall deal with such situations in Chapter 7.

There are also many practical settings where the second condition is not
satisfied. For example, when distributing an item over a large geographical
region, it is common to use an inventory system with a central warehouse
together with local stocks close to the final customers. Such situations are
considered in Chapters 8-10.

Typical settings where the two conditions are satisfied can be found at
many wholesalers. In production there is very often a certain coupling be-
tween different stocks. Sometimes, though, this coupling is so weak that it
can be disregarded.
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3.1 Considered costs and other assumptions

The models that we deal with are based on certain standard assumptions. In
general, we consider the following costs or constraints. (See also Berling,
2005, Silver et al., 1998, and Zipkin, 2000.)

3.1.1 Holding costs

By holding stock we have an opportunity cost for capital tied up in inven-
tory. This part of the holding cost should, in principle, be closely related to
the return on an alternative investment. It is not necessarily equal to the ex-
pected return though, because we also need to take into account financial
risks associated with alternative investments. The capital cost is usually re-
garded to be the dominating part of the holding cost. Other parts can be ma-
terial handling, storage, damage and obsolescence, insurance, and taxes. All
costs that are variable with the inventory level should be included. Consider,
for example, the costs for storage space. In some situations with owned
warehouses, these costs may be essentially fixed. This means that they
should not be included in the holding cost. In other situations, however, it
may be possible to increase or decrease rented warehouse space in the short
run, and the costs should consequently be included in the holding cost.

The holding cost per unit and time unit is often determined as a percent-
age of the unit value. Note that this percentage can usually not be the same
for all types of items. It should, for example, be high for computers due to
obsolescence. In general, the percentage should be considerably higher than
the interest rate charged by the bank.

An alternative to including the financial costs in the holding cost is to
consider the net present value, i.e., the discounted value, of all expenditures
and revenues. Sece, for example, Grubbstrom (1980). In this book we will
only consider standard holding costs.

3.1.2 Ordering or setup costs

There are usually fixed costs associated with a replenishment (independent
of the batch size). In production, common reasons are setup and learning
costs. But there are also administrative costs associated with the handling of
orders. Other fixed costs can occur in connection with transportation and
material handling. The setup cost may be especially high if an expensive ca-
pacity constrained machine has to stop during the setup. In some situations,
though, most of the setup can take place outside the machine, which reduces
the costs.
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When ordering from an outside supplier there are also various fixed costs
for an order, like costs for order forms, authorization, receiving, inspection,
and handling of invoices from the supplier.

3.1.3 Shortage costs or service constraints

If an item is demanded and cannot be delivered due to a shortage, various
costs can occur. There are situations when a customer agrees to wait while
his order is backlogged, but also situations when the customer chooses some
other supplier. If the customer order is backlogged, there are often extra
costs for administration, price discounts for late deliveries, material han-
dling, and transportation. If the sale is lost, the contribution of the sale is also
lost. In any case, it usually means a loss of good will that may affect the
sales in the long run. Most of these costs are difficult to estimate.

Shortage costs in production are, in general, even more difficult to esti-
mate. If a component is missing for example, this can cause a chain of nega-
tive consequences like delays, rescheduling, etc.

There are also situations when shortage costs are easy to evaluate. As-
sume, for example, that a missing component can be bought at a higher price
in a store next door. We can then use the additional cost as our shortage cost.

Because shortage costs are so difficult to estimate, it is very common to
replace them by a suitable service constraint. Of course it is also difficult to
determine an adequate service level, but yet this is regarded to be somewhat
simpler in many practical situations. Still, the motivation for a service con-
straint is nearly always some underlying shortage cost.

3.1.4 Other costs and assumptions

The above costs are those that are most common in inventory models. Al-
though we shall in most cases limit our attention to these costs, it is evident
that it can also be relevant to consider other costs.

As discussed in Section 3.1.1 the holding cost is usually determined as a
percentage of the unit cost, which is normally obtained as the cost figure
given by accounting. Otherwise it is in most cases assumed that the unit cost
is not affected by inventory control decisions concerning e.g., order quantity
and reorder point. There are some obvious exceptions, though. One example
is when a large order quantity can affect the unit cost through a discount. See
Section 4.3.

Other costs that should be considered are the costs of operating the inven-
tory control system. This includes costs for data acquisition and computa-
tion, as well as costs for training the involved personnel.
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In this book, we shall generally, assume that demand is backordered and
not lost in case of a shortage. Models with backordering are usually much
simpler, and unless shortages are very common, can also be used as an ap-
proximation in case of lost sales. A model with lost sales is considered in
Section 5.14.

3.2 Different ordering systems

3.2.1 Inventory position

The purpose of an inventory control system is to determine when and how
much to order. This decision should be based on the stock situation, the an-
ticipated demand, and different cost factors.

When talking about the stock situation, it is natural to think of the physi-
cal stock on hand. But an ordering decision can not be based only on the
stock on hand. We must also include the outstanding orders that have not yet
arrived, and backorders, i.e., units that have been demanded but not yet de-
livered. In inventory control the stock situation is therefore characterized by
the inventory position:

inventory position = stock on hand + outstanding orders - backorders.

If the customers can reserve units for later delivery, the reserved units are
usually also subtracted from the inventory position. This means that the in-
ventory control handles the reserved units in the same way as units that have
been ordered for immediate delivery. This may be reasonable unless the de-
livery time is too distant, which will result in unnecessary holding costs. If
the delivery time is far away, a reasonable policy is to subtract the reserved
units from the inventory position first when the remaining time until delivery
is less than a certain time limit. The customers will then, with a high prob-
ability, still get their orders in time. We shall from now on disregard reserva-
tions.

Although the ordering decisions are based on the inventory position,
holding and shortage costs will depend on the inventory level:

inventory level = stock on hand - backorders.

In some situations the holding costs should also include holding costs for
outstanding orders. The resulting additional cost term is easy to evaluate be-
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cause the average outstanding orders is easily obtained as the average lead-
time demand.

3.2.2 Continuous or periodic review

An inventory control system can be designed so that the inventory position is
monitored continuously. As soon as the inventory position is sufficiently
low, an order is triggered. We denote this continuous review. The triggered
order will be delivered after a certain lead-time. Let

L = lead-time.

The lead-time is the time from the ordering decision until the ordered
amount is available on shelf. It is not only the transit time from an external
supplier or the production time in case of an internal order. It also includes,
for example, order preparation time, transit time for the order, administrative
time at the supplier, and time for inspection after receiving the order.

An alternative to continuous review is to consider the inventory position
only at certain given points in time. In general, the intervals between these
reviews are constant and we talk about periodic review. Let

T = review period, i. e., the time interval between reviews.

Both alternatives have advantages as well as disadvantages. Continuous
review will reduce the needed safety stock. When using a continuous review
system the inventory position when ordering should guard against demand
variations during the lead-time L. With periodic review the uncertain time is
instead T + L. Consider a review when no order is triggered. The next possi-
bility to order is 7T time units ahead, and consequently, the time to the next
possible delivery is T + L. Therefore, the inventory position must guard
against demand variations during this time.

Periodic review has advantages, especially when we want to coordinate
orders for different items (see Chapter 7). Although modern information
technology has reduced the costs for inspections considerably, periodic re-
view will also reduce the costs for the inventory control system. This is es-
pecially true for items with high demand. For items with low demand it does
not cost much more to use continuous review. The advantages of continuous
review are also usually larger for such items. In practice it is therefore com-
mon to use continuous review for items with low demand, and periodic re-
view for items with higher demand.

Periodic review with a short review period 7 is, of course, very similar to
continuous review.
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3.2.3 Different ordering policies

The two most common ordering policies in connection with inventory con-
trol are often denoted (R, Q) policy and (s, S) policy.

3.2.3.1 (R, Q) policy

When the inventory position declines to or below the reorder point R, a batch
quantity of size Q is ordered. (If the inventory position is sufficiently low it
may be necessary to order more than one batch to get above R. The consid-
ered policy is therefore sometimes also denoted (R, nQ) policy.) If demand is
continuous, or one unit at a time, we will always hit the reorder point exactly
in case of continuous review.
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Figure 3.1 (R, Q) policy with periodic review. Continuous demand.

In case of periodic review, or if the triggering demand is for more than one
unit, it will often occur that the inventory position is below R when ordering.
In this case we will not reach the position R + Q after ordering. Figure 3.1
illustrates this for a periodic review (R, Q) policy. Note that the development
of the inventory position is completely independent of the lead-time L.
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An ordering policy that is very similar to an (R, Q) policy is a so-called
KANBAN policy. With a KANBAN policy there are N containers, each con-
taining Q units of the item and with a card on the bottom. When a container
becomes empty, the card (a KANBAN) is used as an order for Q units. N— 1
of the KANBAN cards are always associated with full containers, which are
either in stock or ordered but not yet delivered. So the inventory position is
(N - DQ plus the number of units in the container that at present is satisfying
the demand. When this container is empty an order is triggered. A KAN-
BAN policy is consequently very similar to an (R, Q) policy with R = (N -
1)Q. But if there are already N outstanding orders, i.¢., no stock on hand, no
more orders can be triggered since no KANBANSs are available. We can
therefore interpret a KANBAN policy as an (R, Q) policy where backorders
are not subtracted from the inventory position.

3.2.3.2 (s, .8) policy

This policy is also similar to an (R, Q) policy. The reorder point is denoted
by s. When the inventory position declines to or below s, we order up to the
maximum level S. The difference compared to an (R, Q) policy is that we no
longer order multiples of a given batch quantity. If we always hit the reorder
point exactly (continuous review and continuous demand), the two policies
are equivalent provided s = R and S = R + Q. But if we do not always hit the
reorder point exactly, the equivalence does not hold. Figure 3.2 illustrates
such a situation with periodic review. Since we order when the inventory po-
sition is below the reorder point, we would not have reached the inventory
position R + Q after ordering in case of an (R, Q) system. See Figure 3.1.

In case of periodic review, it may happen with either policy that we do
not reach the reorder point at a certain inspection. In that case no order is
triggered. A variation of the (s, S) policy denoted § policy, or order-up-to-S
policy, or base stock policy, will always order unless the period demand is
zero. An § policy simply means that we order up to .S independent of the in-
ventory position. An S policy is equivalent to an (s, S) policy withs =5- 1
and to an (R, Q) policy with R =S - 1 and Q = 1. In case of continuous re-
view, a single demand may similarly not trigger an order when using an (R,
Q) policy or an (s, S) policy. A policy which always immediately orders the
demanded number of units is also an S policy, but is in connection with con-
tinuous review often denoted (S - 1, S) policy.

For single-echelon systems it is possible to show that the optimal policy,
under very general assumptions, is of the (s, S) type. See Section 6.2. From
a theoretical point of view it should therefore be advantageous to use (s, S)
policies. However, the cost differences are, in general, very small, and in
practice it is often easier to use an (R, Q) policy with a fixed batch quantity.
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Independent of which policy we choose, it remains to determine the con-
trol parameters R and Q, or s and S. We shall deal with this problem in
Chapters 4 — 6.

A

S T T T

N !
\ ,Invento osition
. :/: II'Y p '

/
/
/

/
/

T~

1
1
I
i
i
b
|
!
i
i
1
1
i
i
|
1
«

- Ihventory level

/

R AU R NP S

et o

4

Time
L T~ L

Figure 3.2 (s, S) policy with periodic review. Continuous demand.
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4 SINGLE-ECHELON SYSTEMS:
DETERMINISTIC LOT SIZING

When using an (R, Q) policy we need to determine the two parameters R and
Q. We shall first consider the determination of the batch quantity Q. (When
using an (s, S) policy, QO essentially corresponds to S - s.) We shall assume
that the future demand is deterministic and given. If the lead-time is con-
stant, it does then not affect the problem and we can therefore just as well
assume that the lead-time L = 0. The only difference in case of a positive
lead-time is that we need to order L time units earlier. See also the discussion
in Section 4.1.3. (If the demand is stochastic, we cannot disregard the lead-
time.)

Deterministic demand may seem to be a very unrealistic assumption. In
most situations there are stochastic variations in demand. It turns out,
though, that the assumption of deterministic demand is in general very rea-
sonable. First of all there exist situations when a company is really facing
deterministic demand. An example is a company delivering according to a
long-range contract. More important is that it is also often feasible to use
deterministic lot sizing in case of stochastic demand. The determination of Q
should, even in a stochastic case, essentially mean that we balance ordering
and holding costs. Although a larger O will, in fact, reduce the need for
safety stock, this is of minor importance. A standard procedure in practice is
therefore to first replace the stochastic demand by its mean and use a deter-
ministic model to determine Q. Given Q, a stochastic model is then used in a
second step to determine the reorder point R. Under relatively general as-
sumptions it is possible to show that this approximate procedure will give a
cost increase compared to optimum that is always lower than 11.8 percent
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(See Axsiter, 1996 and Zheng, 1992). In general, the cost increase is much
lower than that.

4.1 The classical economic order quantity model

4.1.1 Optimal order quantity

The most well-known result in the whole inventory control area may be the
classical economic order quantity formula. This simple result has had and
still has an enormous number of practical applications. It was first derived by
Harris (1913), but Wilson (1934) is also recognized in connection with this
model. The model is based on the following assumptions:

Demand is constant and continuous.

Ordering and holding costs are constant over time.
The batch quantity does not need to be an integer.

The whole batch quantity is delivered at the same time.
No shortages are allowed.

We shall use the following notation:

= holding cost per unit and time unit,
ordering or setup cost,

demand per time unit,

batch quantity,

= costs per time unit.

il

1

OO o™
I

Since no safety stock is needed and no shortages are allowed the inven-
tory level will vary over time as in Figure 4.1, i.e., a batch is delivered ex-
actly when the preceding batch is finished.

The relevant costs are the costs that vary with the batch quantity Q, i.e.,
the holding costs and the ordering costs. We obtain

c=Ly.9 (4.1)

2 0

The first term in (4.1) represents the holding costs, which we obtain as the
average stock, /2, multiplied by the holding cost /. The average number of
orders per time unit is d/Q, and multiplying by the ordering cost 4, we obtain
the ordering costs per time unit in the second term.
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Stock level
A
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0/d Time

Figure 4.1 Development of inventory level over time.

The cost function C is obviously convex in ), and we can therefore ob-
tain the optimal Q from the first order condition

€ _h_d_4_y. 4.2)

a0 2 Q?
Solving for Q we obtain the economic order quantity:

. [24d
0" == 4.3)

If we insert (4.3) in (4.1) we get
C’ = ‘/iz‘f}i + -‘f’% =+24dh , (4.4)

i.e., for the optimal order quantity the holding costs happen to be exactly
equal to the ordering costs.

In (4.1) we have expressed the costs as a function of the order quantity Q.
An alternative is to express the costs in terms of the cycle time 7 = Q/d. Ob-
viously, 7" = Q7/d.
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4.1.2 Sensitivity analysis

How important is it to use the optimal order quantity? From (4.1), (4.3), and

(4.4) we obtain
c_ofn 1 /%:l[%+gj_ @3)
¢ 2V24d 20V 2l 0" ©

From (4.5) it is evident that the relative cost increase C/C~ when using the
batch quantity Q instead of the optimal Q" is a simple function of Q/Q". It
turns out that even quite large deviations from the optimal order quantity
will give very limited cost increases. For example, if 0/Q"= 3/2 (or 2/3) we
get C/C" = 1.08 from (4.5), i.e., the cost increase is only 8 percent. It is also
interesting to note that the costs are even less sensitive to errors in the cost
parameters. For example, if we use a value of the ordering cost 4 that is 50
percent higher than the correct ordering cost, we can see from (4.3) that the
resulting relative error in the batch quantity is Q/Q"= (3/2)'”? =1.225 and the
relative cost increase is only about 2 percent. Consequently, we can conclude
that the choice of cost parameters when using the classical economic order
quantity is not that critical. It should be noted, however, that other more
complex situations exist when even small errors in the batch quantities can
affect the costs dramatically. We shall discuss such situations in Chapter 7.

Example 4.1 Consider an item with unit cost $100, and holding cost rate per
year corresponding to 20 percent of the value. The constant demand is 300
units per year. The ordering cost is $200. We get 2 = 0.20 + 100 =$20 per
year. 4 = $200 and d = 300 per year. Applying (4.3) we obtain the optimal
batch quantity Q" = (24d/h)"* = (2 - 200 - 300/20)"? = 77.5 units.

In practice Q often has to be an integer. Assume that n < Q" < n + 1. Since
the cost function (4.1) is convex, it is obvious that the best integral Q is ei-
ther n or n + 1. We can see from (4.5) that we should choose the lower value
Q=nifQ/n <(n+1)/ Q"

4.1.3 Reorder point

Assume that we want to use a continuous review (R, Q) policy under the
considered simple assumptions. How should we choose the reorder point R?
If the lead-time L = 0 we simply choose R = 0. This means that we order
when the inventory position is equal to zero and we get the delivery immedi-
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ately. Note that when L = 0 the inventory position is always equal to the in-
ventory level. Assume then a lead-time L > 0. As we have pointed out above,
we only need to order the batch L time units earlier. This means that we need
to change the reorder point to R = Ld, 1.e., we add the deterministic lead-time
demand. Assume for example, that this results in R = 2.5Q. An order is trig-
gered when the inventory position is equal to R, while the inventory level
will never exceed Q. When an order is triggered, there are two outstanding
orders and the inventory level is equal to /2, i.e., the inventory position is
no longer equal to the inventory level.

4.2 Finite production rate

If there is a finite production rate the whole batch is not delivered at the
same time. The batch is instead delivered continuously with a certain pro-
duction rate. It is quite easy to modify the basic model to encompass such
successive deliveries. The inventory will now vary as in Figure 4.2.

Let

p = production rate {(p > d).

In each cycle we produce during the time O/p. Consider the first cycle in
Figure 4.2. During the time Q/p the stock is increasing at the rate p - d. The
maximum level is (O/p)p-d) = O(1 - d/p). After the time Q/p the stock is
decreasing with rate d.

The only difference compared to the classical model (4.1) is that the av-
erage inventory level is now Q(1 - d/p)/2 instead of (/2 and we obtain:

c-L0=d/p)y 4, (4.6)
2 Q

The optimal solution is then

. 24d
0" = Wiodin)" 4.7)

It is easy to show that (4.5) is also valid in this case. Note furthermore
that if p — o0, (4.7) degenerates to the classical economic order quantity

formula (4.3).
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Figure 4.2 Development of the inventory level over time with finite
production rate.

4.3 Quantity discounts

In general, it is relatively easy to include other costs that vary with the order
quantity in lot sizing models. We shall illustrate this by considering the sim-
ple model in Section 4.1.1 with an additional assumption. If the order quan-
tity is sufficiently large we get an all-units discount on the purchase price.
Let

<
I

price per unit for Q < Q,, i.e., the normal price,

v’ = price per unit for Q > Q,, where v' <v.

Note that we assume that we get the whole order at the lower price if Q 2
Qo It is also possible to handle the case when there is a discount only for
units above the breakpoint Qy. See Benton and Park (1996).

The holding cost will depend on the unit cost and we assume that it has
the following structure:

h

I

ho+rv fOl‘Q<Qo,

W

Il

ho+rv’ for 0> O,
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1.e., we assume that the holding costs consist of two parts, a capital cost ob-
tained by applying the interest rate » on the unit cost, and other out-of-pocket
holding costs %, independent of the price per unit. As before, A is the order-
ing cost and d the constant demand per time unit.

Since the purchasing costs now depend on the order quantity they must
be included in the objective function used to determine Q. We obtain

C:dv+%(h0+rv)+—g—A for O < Qy, (4.8)
C=dv’+%(’h0 +rv’)+%A forQ=0Q,. (4.9)

Figure 4.3 illustrates the resulting cost function.
We shall use two steps to get the optimal solution:

1. First we consider (4.9) without the constraint Q = Q,. We obtain

Q'= / 24d - (4.10)
hy +rv

C'=J24d (hy + ') +dv' . (4.11)

Note now that since v' < v, (4.9) provides a lower bound for (4.8) with Q
< Qy. Therefore if Q" > Oy, (4.10) and (4.11) give the optimal solution,
ie, 0 =Q,and C =C".

and

2. If Q"< @y as in Figure 4.3 we need to optimize the cost function (4.8)

2A4d
ho +rv '

0" = (4.12)

and

C" = J24d(hy+rv) +av . (4.13)
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Since v > v" we know that Q" is smaller than Q0" so we have Q" < Q<
Qo Clearly, (4.12) and (4.13) provide the lowest possible cost without a
discount. Because of the convexity of (4.9) and that Q< Q,, we know
that the lowest cost with a discount is

C(Qo)zdv’%-&(ho +rv')+—d—A. (4.14)
2 o

The optimal solution in this case is consequently obtained as the
minimum of (4.13) and (4.14).

Figure 4.3 Costs for different values of Q.

Example 4.2 Assume that v = $100 and v" = $95 for Q > Q, =100. Further-
more Ay = $5 per unit and year, and r = 0.2, i.e., 2 = $25 and 4= $24 per unit
and year. The constant demand is d = 300 per year, and the setup cost 4 =
$200.

In the first step we get Q= 70.71 and C = 30197 from (4.10) and (4.11).

Since Q< Q, we need to go to the second step. From (4.12) and (4.13) we
get Q7 = 69.28 and C'" = 31732. Applying (4.14) we obtain C(100) =
30300. Consequently Q" = Q, = 100 is the optimal order quantity.
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4.4 Backorders allowed

So far we have assumed that backorders are not allowed. Backorders can
make sense in a deterministic model, though. Therefore we shall now allow
backorders and introduce a certain penalty cost proportional to the waiting
time for the customer.

by = shortage penalty cost per unit and time unit.

Otherwise the assumptions are exactly the same as when we derived the
classical economic order quantity in Section 4.1.1.

The backorder penalty costs per time unit are b, times the average num-
ber of backorders, since each unit backordered during one time unit means
that some customer is waiting during that same time. Recall that the inven-
tory level is the stock on hand minus backorders. The backorder cost consid-
ered has a structure that is very similar to the holding cost. The only differ-
ence is that the backorder cost is charged when the inventory level is nega-
tive and the holding cost when it is positive. Note that we can similarly in-
terpret the holding cost / as a penalty cost per unit and time unit for units
waiting to be demanded. Each unit on hand is waiting for its demand to oc-
cur. So the total of such penalty costs (holding costs) per unit of time are
obtained as /4 times the average inventory on hand. (There are other types of
shortage costs, as will be discussed in Section 5.5.)

Note also that because the average number of backorders equals the aver-
age customer waiting time per unit of time, the average number of backor-
ders divided by the demand d is the average waiting time per unit demanded.
This relationship is valid in much more general stochastic settings and is
then denoted Little’s formula. See also Section 10.2. Similarly, the average
inventory on hand divided by d is the average waiting time for a unit to be
demanded.

Allowing backorders means that some units are delivered in stock after
they have been demanded. Let us define

x = fraction of demand that is backordered.

This means that when a batch Q is delivered the fraction x of the batch is
used to cover backorders that have occurred before the batch was delivered.
We wish to optimize both x and Q. The development of the inventory level is
very similar to that in Figure 4.1. See Figure 4.4.
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Figure 4.4 Development of inventory level over time with backorders.

The costs are now obtained as

2 2
LX), O, 4y (4.15)
2 2 0

In (4.15) we use that the ratio of time with positive stock is (1-x) and with
backorders x. When the inventory level is positive, the average stock on
hand is Q(1-x)/2, but when the inventory level is negative, the stock on hand
is zero. So we obtain the average stock on hand as (1-x)Q(1-x)/2 + x 0 =
Q(I-x)*/2. In complete analogy the average number of backorders is O x%/2.

The cost is convex in x, and it is easy to see that the optimal x is inde-
pendent of Q. By setting the derivative equal to zero we obtain

* h

= , 4.16
g h+b (4.16)
and inserting in (4.15) we get
* hb
C(x ):—Q——1—+1A. (4.17)
2h+b; Q

In complete analogy with (4.3) and (4.4) we then obtain the optimal batch
quantity and costs as
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. ,2Ad(h+b1)
0 = T (4.18)
c’ = /M. (4.19)
(h+b)

Note that the batch quantity (4.18) is larger and the optimal costs (4.19) are
lower than the corresponding batch quantity and costs for the classical eco-
nomic order quantity model (4.3) and (4.4). The costs are lower because we
have more flexibility when allowing backorders. We get the cost function
(4.1) if we force x to be zero.

It is easy to check that (4.5) is still valid. Note also that the solution will
approach that of the classical economic lot size problem as b, > .

Example 4.3 Consider the same data as in Example 4.1 with the additional
assumption that backorders are allowed with a backorder cost 5, = $100 per
unit and year. The constant demand is d = 300 units per year. The ordering
cost is 4 = $200 and the holding cost # = $20 per unit and year. Applying
(4.16) we get x = 20/120 = 1/6 and from (4.18) we get the optimal batch
quantity Q" = (2 * 200 * 300 - 120/2000)" = 84.85 units.

4.5 Time-varying demand

So far we have only considered constant demand. Time-varying demand is
quite common, though. The variations can depend on different reasons. For
example, an item may be used as a component when producing some prod-
uct that is only produced on certain known occasions. Another possibility is
production on a contract, which requires that certain quantities are delivered
on specified dates. There can also be known seasonal variations in demand.
Note that we are still considering deterministic demand, i.e., all variations
are known in advance. We can therefore still disregard the lead-time.

When dealing with lot sizing for time-varying demand, it is generally as-
sumed that there are a finite number of discrete time steps, or periods. A pe-
riod may be, for example, one day or a week. We know the demand in each
period, and for simplicity, it is assumed that the period demand takes place at
the beginning of the period. There is no initial stock. When delivering a
batch, the whole batch is delivered at the same time. The holding cost and
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the ordering cost are constant over time. No backorders are allowed. We
shall use the following notation:

T = number of periods,

d; = demand in period 7, i = 1, 2, ..., T, (it is assumed that d, > 0, since
otherwise we can just disregard period 1),

A = ordering cost,

h = holding cost per unit and time unit.

We wish to choose batch quantities so that the sum of the ordering and
holding costs is minimized. The problem considered is usually denoted the
classical dynamic lot size problem. Since the demand is varying over time,
we can no longer expect the optimal lot sizes to be constant.

Example 4.4 Let T=4,d,=10,d,=20,d;=10,d, =30, =2, and 4 = 150.
Consider the batch that should be delivered at the beginning of period 1.
(Note that we always need a delivery in period 1.) It is important to realize
that only a few values of the batch size are possible in an optimal solution.
For example, a first batch size of 35 units can be disregarded. This batch size
would cover the first two periods and half of the demand in period 3. But
since a new batch is needed anyway in period 3, it would thus be advanta-
geous to add 5 units to the second batch and reduce the first batch to 30. By
doing so we can reduce the stock in periods 1 and 2 by 5 units, and this
means, of course, lower holding costs. We can conclude that a batch should
always cover the demand in an integer number of periods. Consequently, the
first batch can only be 10, 30, 40, or 70. But in this example we can also rule
out batch size 70, since this batch size implies that the demand in period 4 is
stocked during periods 1 - 3, incurring the holding costs 3-2:30 = 180. This
means that it is cheaper to cover the demand in period 4 by a separate deliv-
ery that will incur the ordering cost 150 but eliminate the considered holding
costs.

Let us summarize the conclusions from Example 4.4 as two properties of the
optimal solution:

Property 1 A replenishment must always cover the demand in an integer
number of consecutive periods.

Property 2 The holding costs for a period demand should never exceed the
ordering cost.
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Property 1 is often denoted the zero-inventory property, meaning that a
delivery should only take place when the inventory is zero. It can be shown
that Property 1 is valid in a more general setting, see e.g., Problem 4.15. A
consequence of Property 1 is that the optimal solution has a relatively simple
structure.

We will only deal with the case when backorders are not allowed. It is
also common to consider a more general version of the problem with back-
orders.

4.6 The Wagner-Whitin algorithm

The dynamic lot size problem described in Section 4.5 is relatively easy to
solve exactly. The most common approach is to use Dynamic Programming.
This was first suggested by Wagner and Whitin (1958) and their solution is
usually denoted the Wagner-Whitin algorithm.

Let us introduce the following notation:

fr = minimum costs over periods 1, 2, ..., £, i.e., when we disregard
periods k+ 1, k+2,.., T,
fi: = minimum costs over periods 1, 2, ..., k, given that the last delivery

is in period ¢ (1 <t <k).
Note first that

Sy =min £, ,, (4.20)

I<t<k

since the last delivery must occur in some period in the optimal solution. It is
also obvious that f, = 0 and that f; = f; | = A. This is so because with just one
period we get a setup cost but no holding costs. Recall that the period de-
mand is assumed to occur at the beginning of a period.

Assume now that we know f;, for some ¢ > 0. It is then easy to obtain f;,
for k >t as

fk’t =f Y A+h(d, +2d, 5+ . +(k-0)d}). (4.21)

Because we have a delivery in period ¢, the minimum costs for periods 1, 2,
.., t - 1 must be f,;. The cost in period ¢ is the setup cost 4. Recall again that
the demands are assumed to take place at the beginning of the periods. This
means that ¢, will not cause any holding costs. The demand in period ¢ + 1
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incurs the holding costs Ad,.; since the quantity d.; is kept in stock during
period £. The demand in period ¢ + 2 is similarly kept in stock during two
periods, ¢ and ¢ + 1, and incurs the holding costs 2Ad,.,, etc.

Assume now that we know fi, f5, ..., fi.1, 1.€., that we have solved the
problem for 1, 2, ..., k - 1 periods. We can then determine f;, for 1 <7 <k
from (4.21). Next we apply (4.20) to get f; and the problem is also solved for
k periods. After that we are ready to use the same procedure for k£ + 1 peri-
ods, etc. From Property 2 in Section 4.5 we know that if 4(j - )d; > A we do
not need to determine f;, for £ > j when applying (4.21). Furthermore, it is
obvious that we only need to consider £ < T.

After going through all 7 periods we obtain the optimal solution as fol-
lows. First we consider (4.20) for £ = 7. The minimum value is the optimal
cost, and the minimizing ¢ is the period with the last delivery. Denote the
minimizing ¢ by ¢". Since the last delivery is in period ¢, the solution for pe-
riods 1, 2, ..., t- 1 must also be optimal. So we can again consider (4.20) for
k=1t~ 1. The optimal last delivery for this problem, say ¢, is the second last
delivery for the total problem. Next we consider (4.20) for k =¢"'- 1, and we
continue in this way until the minimizing ¢ equals one, since we have then
obtained all periods with deliveries.

We shall illustrate the computations with an example.

Example 4.5 The demands in 7 = 10 periods are given in the first two rows
of Table 4.1. The ordering cost is 4 = $300 and the holding cost # = $1 per
unit and period.

In Table 4.1 we start by setting f;; = 300. Next we use (4.21) to deter-
mine f5; =f;,+ 1+ 60 =360, f3; =fo, + 2 * 90 = 540, etc. When we come to
fs1 we note that the holding cost associated with the demand in period 6 is
500 > 4 = 300 and the column is therefore complete due to Property 2. It is
clear that f; = f1; = 300. Applying (4.21) we obtain f,, f3,, etc. After com-
pleting this column we apply (4.20) to get £, = min {f,, f2»} = min {360,
600} = 360. Note that these two numbers are in the underlined diagonal in
Table 4.1. After completing the next column we have to optimize over the
next diagonal to the right to get f; = min{540, 690, 660} = 540. We continue
in this way until the table is complete. We get the minimum costs fijo =
min{1550, 1630, 1570, 1550, 1770} = 1550 by applying (4.20). It is obvious
that the minimum costs are obtained both for t" =9 and = 6. Let us first
consider the solution with 7= 9. Since the last delivery is in period 9, the
problem over 8 periods must also be solved optimally. By looking in the cor-
responding diagonal we get 1= 6. Next we consider the five period prob-
lem and obtain "= 3. Finally we get ¢"""'= 1 and the solution is complete. It
is easy to verify that the other optimal solution with = 6 simply means that
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the last two batches are combined into a single batch. The two optimal solu-
tions are given in Table 4.2.

Table 4.1 Solution, f;;, of Example 4.5.

Period? 1 2 3 4 5 6 7 8 9 10
d, 50 60 90 70 30 100 60 40 80 20
k=t 300 600 660 840 1030 1090 1370 1450 1530 1770
k=1 360 690 730 870 1130 1150 1410 1530 1550
k=t+2 540 830 790 1070 1250 1230 1570 1570
k=t+3 750 920 1090 1250 1370 1470 1630
k=t+4 870 1330 1410 1550
k=t+5 1530

Table 4.2 Optimal batch sizes in Example 4.5.

Period ¢ 1 2 3 4 5 6 7 8 9 10
Solution 1 110 190 200 100
Solution 2 110 190 300

The Wagner-Whitin algorithm was generalized to the backlogging case
by Zangwill (1966).

Consider Table 4.1. There are 7 columns. Furthermore, there may also
be as much as 7 cells in a column. This means that the computational com-
plexity is O(T?), i.e., the computation time may be proportional to T°. Re-
cent more efficient methods for solving the dynamic lot size problem are
given in Federgruen and Tzur (1991, 1994, 1995) and Wagelmans et al.
(1992). The computational complexity of these techniques is O(7TLog(7)).

In practice it is very common to consider dynamic lot size problems in a
rolling horizon environment. In each period we want to determine the lot
sizes in the first period. The real horizon is infinite but we consider a finite
horizon as an approximation. The question then arises whether it is possible
to replace an infinite horizon by a sufficiently long finite horizon, such that
we still get the optimal solution in the first period. Several such planning ho-
rizon results have been derived. See e.g., Wagner and Whitin (1958), Kun-
reuther and Morton (1973), Lundin and Morton (1975), and Federgruen and
Tzur (1994, 1995). Such planning horizons are generally quite long, though.
It may even happen that no planning horizon exists. The following example
from Bhaskaran and Sethi (1988) illustrates this. See also Section 4.9.
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Example 4.6 The demands over an infinite horizon are given as d; = 5, d, =
4, dy=5,dy=4,and d;=5, fori > 5. Furthermore, 4 = 1 and / = 0.05. Let T
be a considered finite horizon. It can be shown that the optimal initial batch
varies as follows: for 7=3,6,9, 12, ....itis 14, for T=4, 7, 10, 13, ... it is
18,and for T=5, 8, 11, 14, .... it is 9. So if we increase or decrease the hori-
zon T by one time unit the initial batch is changing.

4.7 The Silver-Meal heuristic

Although the Wagner-Whitin algorithm and other exact methods are in most
circumstances computationally feasible, in practice it is much more common
to use simple heuristics to obtain an approximate solution. One of the best
and most well-known methods 1s the Silver-Meal heuristic (Silver and Meal,
1973).

The Silver-Meal heuristic is, like most other lot sizing heuristics, a se-
quential method. When determining the delivery in period 1 we consider
successively the demands in periods 2, 3, .... (Recall that we know that the
delivery batch in period 1 must at least cover the demand in period 1). When
considering period 2 we use a simple test to decide whether this period de-
mand should be added to the delivery batch in the first period. If this is the
case we continue with period 3, etc. Assume that this procedure shows that
the next delivery will come in period k. The procedure is then repeated with
period k as the “first period”.

The idea of the Silver-Meal heuristic is to choose to have a new delivery
when the average per period costs increase for the first time. This means that
the first delivery shall cover n periods and the next delivery take place in pe-
riod v+ 1 if

k k-1
A+hY (j-Dd;, A+hY (j-Dd,

Jj=2 < J=2
< 2<k< 4.22
p P , no (422)
and
n+l n
A+hY (j=Dd, A+hY (j-1d,
/=2 >— 12 . (4.23)

n+l n
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Example 4.7 We consider the same problem as in Example 4.5, ie., 4 =
$300 and 4 = $1 per unit and period. The demands are given in Table 4.3.

Table 4.3 Demands in Examples 4.7 and 4.8.

Periodt 1 2 3 4 5 6 7 8 9 10
d, 50 60 90 70 30 100 60 40 80 20

If the delivery in period 1 covers only the demand in period 1 the cost for
this period is the ordering cost 4 = 300. We now successively consider the
per period costs for deliveries that cover 2, 3, ... periods.

2 periods (300 + 60)/2 = 180 < 300,
3 periods (300 + 60 +2+90)/3 =180 <180,
4 periods (300 +60+2-90+3-70)/4=187.5> 180, which

means a new delivery in period 4.
The same procedure is now applied with period 4 as the first period.
2 periods (300 + 30)/2 = 165 < 300,

3 periods (300 + 30 + 2 - 100)/3 = 176.67 > 165, which means a
new delivery in period 6.

Starting with period 6 as the first period we obtain

2 periods (300 + 60)/2 = 180 < 300,
3 periods (300 + 60 + 2 - 40)/3 = 146.67 < 180,
4 periods (300 + 60 +2-40+3-80)/4=170 > 146.67, which

means a new delivery in period 9.
Starting with period 9 as the first period we obtain
2 periods (300 +20)/2 =160 < 300.

The corresponding solution is given in Table 4.4.
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Table 4.4 Solution with the Silver- Meal heuristic.

Period ¢ 1 2 3 4 5 6 7 8 9 10
Quantity 200 100 200 100

The total costs are obtainedas C=3+180+2+165+3 + 146.67+2 160 =
1630 (3 pertods with average period cost 180, 2 periods with average period
cost 165, etc.). This is about 5% higher than the optimal costs obtained by
the Wagner-Whitin algorithm. Note that in this case we are very close to ob-
taining the optimal solution. If, for example, the demand in period 3 had
been 91 instead of 90, the heuristic would have suggested a delivery in pe-
riod 3 and we would have obtained the optimal solution.

In most situations the cost increase is only about 1 - 2%, see e.g., Baker
(1989). Still it has been demonstrated that the relative error can be arbitrarily
large, see Axsiter (1982, 1985). It is straightforward to extend the logic of
the procedure to more general problems, e.g., to include discounts.

When using the Silver-Meal heuristic we consider the costs per period.
An altemnative is to consider the costs per unit. This means that we are di-
viding by the total number of units instead of the number of periods in our
comparisons. This alternative procedure is denoted the Least Unit Cost heu-
ristic. It has been shown that the Silver-Meal heuristic, in general, outper-
forms the Least Unit Cost heuristic (Baker, 1989).

4.8 A heuristic that balances holding and ordering
costs

When we derived the classical economic order quantity formula in Section
4.1.1 it turned out that in the optimal solution, holding costs and ordering
costs are exactly equal. This is no longer true for the dynamic lot size prob-
lem, but it is reasonable to expect that holding and ordering costs are of
about the same size. This is the basis for the following algorithm, which is a
simplified version of a technique suggested by De Matteis and Mendoza
(1968).

Let the first delivery quantity cover n periods, where n is determined by
the condition

n+1

ny (j-Dd;<A<h) (j-Dd;, (4.24)

=2 j=2
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i.e., we choose to have a new delivery as soon as the holding costs exceed
the ordering cost. As with the Silver-Meal heuristic, the next batch is deter-
mined in the same way with period # + 1 regarded as the first period.

In general this heuristic does not perform as well as the Silver-Meal heu-
ristic. The relative error cannot be arbitrarily large, though. It is bounded by
100 percent, see Axsiter (1982, 1985).

Example 4.8 We consider again the same problem setting as in Examples 4.5
and 4.7, i.e., 4 = $300 and 4 = $1 per unit and period. The demands are
given in Table 4.3.

Starting with period 2 we compare the accumulated holding costs to the
ordering cost.

2 periods 60 < 300,
3 periods 60 + 2+ 90 =240 < 300,
4 periods 60 +2-90+ 3 -70=450> 300, which means a new

delivery in period 4.

The same procedure is now applied with period 4 as the first period.

2 periods 30 <300,

3 periods 30+2-100=230 <300,

4 periods 30+2 100+ 3 - 60 =410 > 300, which means a new
delivery in period 7.

Starting with period 7 as the first period we obtain
2 periods 40 < 300,
3 periods 40 +2 - 80 =200<300,
4 periods 40+ 2+ 80+ 3-20=260<300.
The solution is given in Table 4.5. It is easy to verify that we get the same

costs as with the Silver-Meal heuristic, i.e., 1630. Of course, this might not
always be the case.
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Table 4.5 Solution with the heuristic.

Period ¢ 1 2 3 4 5 6 7 8 9 10
Quantity 200 200 200

Other lot sizing heuristics are suggested in e.g., Groff (1979) and Axsiter
(1980).

4.9 Exact or approximate solution

We have considered three methods for solving the classical dynamic lot size
problem. The Wagner-Whitin algorithm gives the optimal solution while the
other techniques are approximate. An exact solution is by no means compu-
tationally infeasible. Still it is much more common in practice to use an ap-
proximate method. One reason is that the approximate methods are easy to
understand. It is also easy to check the computations manually. However,
there is also another, probably even more important reason. As we have dis-
cussed in Section 4.6, the considered lot sizing techniques are usually ap-
plied in a rolling horizon environment. In each period we want to determine
lot sizes for the first period. The real infinite horizon is then replaced by a fi-
nite horizon. If this finite horizon were sufficiently long we would often still
get the optimal solution for the first period. But in practice it is common to
use a relatively short horizon. This means that the solution is also approxi-
mate when using an exact method like the Wagner-Whitin algorithm. The
approximate methods are, in general, not similarly sensitive with respect to
the length of the horizon. In such situations a good approximate method may
therefore even outperform an exact method (see Blackburn and Millen,
1980).
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Problems

4.1"  Consider the following data for two products:

Product A B
Demand per year, units 48000 72000
Unit cost, $ 50 85
Ordering cost, $ 125 125

The carrying charge is 24 percent.

a) Use the classical economic lot size model to determine batch quantities.
b) Assume that the real ordering cost is $200 instead of $125. How large are
the additional costs incurred by the bad estimate of the ordering cost?

42" We consider a company using the classical economic lot size model. How
high is the relative real cost increase if the holding cost in the model is only
60 percent of the real holding cost?

4.3 Consider the classical economic order quantity model in Section 4.1. Let / be
the inventory on hand. Assume that the linear holding cost A/ is only valid for
I < I'. For [ > I’ the holding costs are obtained as AI" + h'(I - I’), where h” >
h. An interpretation is that we need to rent additional and more expensive
storage space when the inventory on hand is higher than /’. Determine the
costs per unit of time as a function of the batch quantity Q.

4.4  Assume that the classical economic order quantity model in Section 4.1 sug-
gests Q" = 25 for a certain item. However, for some practical reasons the or-
der quantity has to be a multiple of 10. What is then the best order quantity?
Explain why.

4.5  Consider the model with finite production rate in Section 4.2. Let p — d from
above. What will happen with Q" and C™? Explain.

" Answer and/or hint in Appendix 1.
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4.6

4.7

4.8

4.9

4.10

*

4.11

4.12

4.13

Consider again the model with finite production rate in Section 4.2. Change
the assumptions so that the units of a batch can meet demand first when the
whole batch is complete. Determine expressions for Q" and C”.

Use the data in Example 4.2 in Section 4.3, except for v* < v, which is
considered as a problem parameter. Determine for which values of this pa-
rameter the optimal solution is obtained from @', Q”’, and Q,, respectively.

Consider again Example 4.2 in Section 4.3. Assume instead incremental dis-
counts, i.e., the lower price v is only for those units that exceed Q,. Note that
this also affects the holding costs. Determine the optimal solution.

In the model in Section 4.4, replace the backorder cost per unit and time unit,
by, by a backorder cost per unit, b,. This means that there is no difference
between long and short delays.

a) Show that for a given 0 < x <1 the optimal costs can be expressed as
C=V2Adh{(1-x)+b,dx .

What is then the decision rule for x? Explain.

b) Consider the data in Example 4.3, i.c., the constant demand is d = 300
units per year. The ordering cost is 4 = $200 and the holding cost 2 = $20
per unit and year. What is the optimal solution for different values of b,?

Consider again the model in Section 4.4 but assume that demands that can
not be met from stock are lost. For each unit that is lost there is a lost sales
cost b, per unit. Determine the optimal solution.

We consider the model in Section 4.4 withthe datad =6,d =1, h=1,b,=
3.

a) Determine the optimal solution.

b) Show that the average waiting time for a customer is 1/8.

¢) Consider now the problem without the backorder cost b, per unit and time
unit but with 1/8 as an upper bound for the average waiting time for a
customer. Show that the policy in a) is optimal.

Consider again the model in Section 4.4 without the backorder cost b, per
unit and time unit. Assume now that there is an upper limit %" for the maxi-
mum waiting time for a customer. Determine the optimal policy. Compare
with the optimal policy for the original problem.

Consider again the model in Section 4.4 without the backorder cost b, per
unit and time unit. Assume now that there is a lower limit for the fill rate, 1-
x, i.e., the fraction of demand that can be satisfied immediately from stock on
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4.20
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hand. Let the constraint be x < x". Determine the optimal policy. Compare
with the optimal policy for the original problem.

Consider the classical dynamic lot size problem. Assume that the period de-
mand takes place in the middle of the period, while the deliveries are still in
the beginning of a period. Show how the costs are affected, and that the op-
timal solution is still the same.

Consider a more general version of the classical dynamic lot size problem
where the ordering and holding costs 4;, #; > 0 may vary with i. Provide a
proof that Property 1, the zero-inventory property, is still valid.

The demand for a product over five periods is 25, 40, 40, 40, and 90 units.
The ordering cost is $100 and the holding cost $1 per unit and period. Deter-
mine batch quantities by using

a) The Wagner-Whitin algorithm,
b) The Silver-Meal algorithm,
¢) The heuristic in Section 4.8.

The demand for a product over six periods is 10, 40, 95, 70, 120, and 50
units. The ordering cost is $100 and the holding cost $0.50 per unit and pe-
riod. Determine batch quantities by using

a) The Wagner-Whitin algorithm,
b) The Silver-Meal algorithm.

The demand for a product over seven periods is 10, 24, 12, 7, 5, 4, and 3
units. The ordering cost is $100 and the holding cost $4 per unit and period.
Determine batch quantities by using

a) The Wagner-Whitin algorithm,
b) The Silver-Meal algorithm.

In Section 4.6 we use Dynamic Programming with Forward Recursion, i.e.,
we start with the solution for period 1. Given this solution we determine the
solution for periods 1 and 2, etc. It is also possible to use Backward Recur-
sion, i.e., start with the solution for period 7. Given this solution, determine
the solution for periods 7 — 1 and 7, etc. Formulate such an alternative Dy-
namic Program and solve Example 4.5 in this way.

The demand for an item over 7 periods is given.

Period 1 2 3 4 5 6 17
Demand 20 30 20 10 30 50 20
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The holding cost is 2 per unit and period and the ordering cost is 100.

a) Determine all optimal solutions by the Wagner-Whitin algorithm.
b) Determine the optimal solutions if deliveries in period S are not allowed.



5 SINGLE-ECHELON SYSTEMS:
REORDER POINTS

5.1 Discrete stochastic demand

We shall now consider different techniques for determining reorder points,
or equivalently safety stocks, when the demand is stochastic. To do this we
first of all need a suitable demand model. In practice the demand during a
certain time is nearly always a nonnegative integer, i.e., it is a discrete sto-
chastic variable. (Exceptions may occur when we deal with products like
oil.) Provided that the demand is reasonably low, it is then natural to use a
discrete demand model, which resembles the real demand. However, if the
demand is relatively large, it is more practical to use a continuous demand
model as an approximation. See Section 5.2.

5.1.1 Compound Poisson demand

A common assumption in stochastic inventory models is that the cumulative
demand can be modeled by a nondecreasing stochastic process with station-
ary and mutually independent increments. Such a process may always be
represented as a limit of an appropriate sequence of compound Poisson proc-
esses. See, for example, Feller (1966). We shall therefore often make the as-
sumption that the demand is a compound Poisson process. This means that
the customers arrive according to a Poisson process with given intensity A.
The size of a customer demand is also a stochastic variable.

In a small time interval A¢ the probability for exactly one customer is A4z,
while the probability for more than one customer can be disregarded, or in
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other words it is 0(Af). The number of customers in a time interval of length
t then has a Poisson distribution and the probability for k£ customers is

k
P(k)=%—e‘”, k=0,1,2, ... 5.1)

Both the average and the variance of the number of customers are equal to
At

Compound Poisson demand means that the size of a customer demand is
also a stochastic variable that is independent of other customer demands and
of the distribution of the customer arrivals. The distribution of the demand
size is denoted the compounding distribution. It is convenient to assume that
each customer demands an integral number of units. Let

L= probability of demand sizej (=1, 2, ... ).

If fi = 1, the demand process degenerates to pure Poisson demand. The
demand is then equal to the number of customers and the demand distribu-
tion is given by (5.1).

Let us now consider the general case where the demand sizes are varying.
Note that we assume that there are no demands of size zero. This is no lack
of generality. If /o > 0, we can replace the demand process by an equivalent
process characterized by A" and f;" where A" = (I - fo), fo'=0, and f;" = £, /(1
- fo) for j > 0. We shall also assume that not all demands are multiples of
some integer larger than one. This is, for example, always the case when f; >
0. Assume that this condition is not satisfied and that the demand size is, for
example, always a multiple of 5. It 1s then natural to switch to a new unit that
consists of 5 old units. With the new unit the condition is satisfied.

Let

I

ff probability that £ customers give the total demand 7,

D)

Il

stochastic demand in the time interval 7.

We can determine the distribution of D(¢) as follows. Note first that foo =1,

and f jl = fj Given fjl we can obtain the j-fold convolution of f;, f {‘,

recursively as



SINGLE-ECHELON — REORDER POINTS 79

J-1
k k-1
£ = 25 e k=234, (5:2)

i=k-1

Using (5.1) we then have

(An*

x el (5.3)

P(D(t)= /)=
k=0

Let us now determine the average and the standard deviation of the de-
mand during one unit of time.

4 = average demand per unit of time,
o standard deviation of the demand per unit of time.

Consider one time unit. Let K be the stochastic number of customers during
this time unit, J the stochastic demand size of a single customer, and Z the
stochastic demand during the time unit considered. Recall that E(K) =
Var(K) = A4, and that K and J are independent. For a given K, Z is simply the
sum of K independent customer demands and we have

p=E(Z)= E{EZ|K)} = E(K E()} = EK)EW) = 2D
=1
' (5.4)

To determine owe first obtain

E(Z°) = E{B(Z*|K)} = EWar(Z|K) + (E(Z|K))*)

= E{KVar(J) + K2(E(J)*. G-2)

Using E(K?)= Var(K)+(E(K))* = A+ A%, we can now determine @ =
Var(Z) as

o =EZ*) - u’ =g{KVar(J>+K2(E(J>)2} ~u?
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= AWar(J) + (A + YEWD)? — 1 = AlVar(J) + (E())?]
(5.6)

=AE(J) =AY j* f;.

J=l

Equations (5.4) and (5.6) give the mean and standard deviation of the de-
mand during one unit of time. Let " and ¢ be the mean and standard de-
viation of the demand during the time t. We then simply have 4" = ut and
(o) =t

From (5.4) and (5.6) we note that ¢®/u = E(J *)E(J) > 1 with equality
only for pure Poisson demand. Consequently, it is not possible to model de-
mand processes with o/ < 1 as compound Poisson demand.

We shall use the compound Poisson process when deriving various theo-
retical results. For items with relatively low demand, it may also be advanta-
geous to use this demand model in practice. An advantage with compound
Poisson demand is that it is easy to represent the demand in a simulation
model.

In connection with inventory control we usually need the distribution of
the demand over a certain time ¢ (e.g., the lead-time). In general we have es-
timates of 1" and o’ from the forecasting system (see Chapter 2). The stan-
dard procedure is then to fit the selected demand model to these two pa-
rameters.

5.1.2 Logarithmic compounding distribution

Let us first assume that the demand size has a logarithmic distribution. This
means that

f a’ =123 5.7
J = h](l—a)] J=L4,0,... ( . )

where 0 <a <1 . This distribution has the following mean and variance

(24

B =4 —)hn(-a)’

(5.8)
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a(ln(l-@) + )
(-a)(n(l-a)?

Var(J)=- (5.9

Note that this gives

a

J?Y=Var(J)+(E(J))? =- .
E(J")=Var(J)+(E(])) oo nl—a)

(5.10)

When a — 0 the demand size J will approach constant unit demand, 1.e.,
fi =1 andall other f; —» 0. When a —>1 Var(J)/ E(J) — .

Letnow w4 and ¢ be given. From (5.4) and (5.8) we get

L _ Ata
W =B == (5.11)
and from (5.6) and (5.10)
(62 = ME(J?) = Ma (5.12)

a- a)2 In(1-a) .

It follows immediately from (5.11) and (5.12) that, for given x" and o', we
can determine « and A as

S DR S R 5.13

a (0_1)2 0_2 ( )

Z:_ﬂ,(l—a)ln(l—a):_ﬂ(l—a)ln(l—a). (5.14)
ta a

Using (5.2) and (5.3) we can then determine the distribution of the de-
mand D(¢) during the time 7. However, when the compounding distribution is
logarithmic there is a much simpler way. It is possible to show that in this
case D(f) has a negative binomial distribution, i.e., P(D(f) = 0) = (1 —p ),
and

r(r+D..(r+k

- Da-pypt. k=12.. (.15

P(D(t)=k) =
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where the parameter » can be any positive number and 0 < p <1. In the spe-
cial case when r is an integer, we can interpret the distribution as the sum of
¥ independent random variables each having a geometric distribution (see
below). The negative binomial distribution has E(D(¢)) = »p/A1 — p) and
Var(D(t)) = rp/(1 — p)*. So given 4" and o', we can directly determine p and
ras

pel-fra, (5.16)
o
r:y'(l———gl. (5.17)
p

It is then easy to apply (5.15).

5.1.3 Geometric compounding distribution

Assume now that the compounding distribution is instead a delayed geomet-
ric distribution, i.e.,

fi=0=-pp’",  j=123. (5.18)

where 0 < f <1. The resulting process is sometimes denoted a stuttering

Poisson process. The geometric distribution has the following mean and
variance
1

E(J)=——ro1, 5.19
D=1 (5.19)
Var(J) = g 5 (5.20)
-5
Given x4 and ¢, we can use (5.4) and (5.6) to determine fand A as
p=1 2 (5.21)

1+ u
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A=u(-p). (5.22)

Finally we can apply (5.2) and (5.3) to get the distribution of the demand
over the time t. It is, in general, easier to use a logarithmic compounding
distribution and apply (5.15)-(5.17).

Example 5.1 Assume that 1" = 5, (¢")* = 15 and that the considered time is ¢
= 20. Let us first use a logarithmic compounding distribution. Using (5.16)
and (5.17) we get p = 0.667 and r = 2.5. The corresponding distribution of
the demand during ¢ is then easily obtained from (5.15). See Figure 5.1. We
can also determine @ = p = 0.667, and A= 0.137 from (5.14). The average
demand size is £(J) = 1.82 from (5.8).

Consider now instead a geometric compounding distribution. Using
(5.21) and (5.22) we get £ = 0.5 and A= 0.125. The average demand size is
E(J) =2 from (5.19). Finally we apply (5.2) and (5.3) to get the distribution
of the demand during ¢, see Figure 5.1.

It is obvious that the two obtained distributions are very similar. In prac-
tice the shape of the distribution is normally unknown. Furthermore, x” and
o’ are uncertain estimates. Given this, it seems better to use a logarithmic
compounding distribution to simplify the computations.

0.14
0.12
0.1-
0.08
0.06
0.04 1
002 {§
o K

B Logarithmic B8 Geometric

Figure 5.1 Comparison of logarithmic and geometric compounding
distribution for the data in Example 5.1.

5.1.4 Smooth demand

If we use compound Poisson demand as our demand model, the total demand
during a certain time must have a variance-to-mean ratio larger or equal to
one, see Section 5.1.1. In some situations we want to model a smoother de-
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mand. Note, however, that this means that the cumulative demand can no
longer be interpreted as a nondecreasing stochastic process with stationary
and mutually independent increments. Furthermore, as long as we are deal-
ing with a discrete random variable, for a given mean there is always a lower
bound for the possible variance. See Adan et al. (1995) for details. They sug-
gest the following technique that can be used for variance-to-mean ratios that
are smaller than one.

Let BIN(k, p) be a binomially distributed random variable, where the in-
teger & is the number of trials and p is the success probability, i.e.,

P(BfN(k,m:j):(k.]pf (1= p)<. (5.23)
J

The binomial distribution has mean kp and variance kp(1-p).
Assume now as before that 12" and ¢’ are given. Determine

A2
a-= (ij L (5.24)
H) ou

Assume also that -1 < g < 0, otherwise the considered technique cannot be
used. Note that (6”)% / 1 <1 implies a < 0.

In the special case when a = -1, use BIN(1, x) as the demand distribu-
tion. (It can be shown that &” <1 in this case.) If @ < - 1, it may also be rea-
sonable to use this distribution as an approximation.

Otherwise determine & such that —1/k<a<1/(k+1), i.e.,, k> 1. The de-
mand distribution is then obtained as the mixture of two random variables,
BIN(k, p) with probability ¢ and BIN(k +1, p) with probability 1- q. The
probabilities g and p are obtained as

q:l+a(l+k)+1/—ak(l+k)—k (5.25)

l+a ’

ﬂ’
= 5.26
P k+1-¢q ( )

It can be shown that ¢ and p are always between 0 and 1. We note that
k — o as a —» 0 and this means that the computational effort will increase.
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5.1.5 Fitting discrete demand distributions in practice

In practice it is very convenient and computationally efficient to use the
Poisson distribution (5.1), so this is a reasonable choice as long as

(c")?/ ' ~1. A suitable decision rule is to use the Poisson distribution for

e.g., 09<(c")?/ u'<1.1. For (¢')?/ i’ >1.1 it is efficient to use the nega-

tive binomial distribution, or in other words, compound Poisson demand
with a logarithmic compounding distribution, see Section 5.1.2. For

(0’)2 /"< 0.9 it is quite common to use Poisson demand, even though this

means that the variance is overestimated, but an alternative is to use a mix-
ture of binomial distributions as described in Section 5.1.4.

5.2 Continuous stochastic demand

5.2.1 Normally distributed demand

For items with higher demand, it is usually more convenient and efficient to
model the demand over a time period by a continuous distribution. For many
reasons it is most common to use the normal distribution. We know from the
central limit theorem that, under very general conditions, a sum of many in-
dependent random variables will have a distribution that is approximately
normal. In many situations the demand comes from several independent
customers, so it reasonable to let the demand be represented by a normal
distribution. Furthermore, if the time period considered is long enough, the
discrete demand from a compound Poisson process will become approxi-
mately normally distributed. The normal distribution has also for a long time
been common in practice and is easy to deal with.

A problem with the normal distribution is that there is always at least a
small probability for negative demand. Some results which are exact for
compound Poisson demand are therefore only approximately true for normal
demand. See¢ Browne and Zipkin (1991) for a detailed discussion of various
assumptions concerning demand distributions.

Given the mean " and standard deviation ¢’ of the demand during a time
period ¢, we can always fit a unique normal distribution to these parameters.
The so-called standardized normal distribution with mean = 0 and standard
deviation o¢” =1 has the density
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e 2, —o<x<®, (5.27)

o(x) = J;—” ,

Both the density and the distribution function,

2
X u

1 ——
D(x) = I = 2 du, (5.28)

are tabulated in Appendix 2. For other values of x4 and ¢’, we obtain the
density as (1/0Ne((x—u')/c’) and the distribution function as

O((x — ")/ o). There is no closed form for the distribution function, but it

is still easily available. One possibility is to use tabulated values and inter-
polation. Another alternative is to use very accurate approximations, see e.g.,
Abramowitz and Stegun (1964).

5.2.2 Gamma distributed demand

If the ratio o/u" is not considerably less than 1, there is a relatively high
probability for negative demand when using the normal distribution. Al-
though the normal distribution usually works quite well also in such cases, it
may be more attractive to use some other distribution for which the demand
is always nonnegative. An alternative is to use the so-called gamma distri-
bution.

The gamma distribution has the density

> 0.
e x> (5.29)

g(x)=

The two parameters » and A are both positive, and I'(r) is the gamma func-
tion

o8]

I'(r)= jx"‘e‘xdx, (5.30)
0
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In the special case when r is an integer I'(r) = (v -1)!, and we get a so-called
Erlang distribution i.e., the sum of r independent exponentially distributed

random variables with parameter A. For any » > 1, I(r)=r-HlFrr-1).

The gamma distribution has mean r/4 and variance /A’. Given u” and o’
it is therefore always easy to determine the corresponding unique parameters
rand A as

r=(u'lo")?, (5.31)

A= l(c")?. (5.32)

The distribution function cannot be expressed in closed form, but is to-
gether with the density available in various software packages, e.g., in Excel.

Example 5.2 Let 4" = 25 and ¢’ = 10. From (5.31) and (5.32) we get » =

6.25 and A=0.25. In Figure 5.2 gamma distributed demand is compared
with normal demand.

0.05 orm o e
0.04 -+

0.03 -
0.02

0.01

-5 0 5 10 15 20 25 30 35 40 45 50 55

Normal Gamma

Figure 5.2 Comparison of normal and gamma distributed demand for
the data in Example 5.2.
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Using the gamma distribution, the demand is always positive. Another
difference is that the probability for very high demand is larger with the
gamma distribution.

Other possible continuous demand distributions are, for example, the
lognormal distribution, the Weibull distribution, and mixtures of Erlang dis-
tributions. All these distributions can be fitted to positive random variables
with given mean and standard deviation. See Tijms (1994) for details.

5.3 Continuous review (R, Q) policy - inventory level
distribution

5.3.1 Distribution of the inventory position

Consider now an inventory system with discrete compound Poisson demand,
which is controlled by a continuous review (R, Q) policy. We shall derive
some important results for such a system. Let

IP = inventory position.

When using an (R, Q) policy, an order is triggered as soon as the integer /P
is at or below the reorder point R. The order is for Q units if this is enough to
bring IP above R. If not, the order is for the smallest number of batches
needed to make the inventory position larger than R. Since an order is trig-
gered as soon as the inventory position is less than or equal to R, we always
have /P > R + 1. Initially the inventory position may be arbitrarily large, but
as soon as we have ordered at least once we must have /P <R + Q. This is
so because we always order the smallest number of batches needed to make
IP >R + 1. In steady state we must therefore have R+ 1 <P <R + Q. We
shall now prove the following interesting proposition.

Proposition 5.1 In steady state the inventory position is uniformly distrib-
uted on the integers R+ 1, R+ 2, .., R+ Q.

Proof Recall that we assume that not all demands are multiples of some in-
teger larger than one. Therefore it is evident that, in the long run, we must
reach all the considered inventory positions.

Assume that the inventory position is R + i at some time. Each time a cus-
tomer arrives, /P will jump to some other value (or possibly to the same
value if the size of the demand is a multiple of Q). Let us denote the prob-
ability for a jump from R + i to R + j by p;;. It is evident that these prob-
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abilities can be determined from the distribution of the demand size. It is
also evident that we can see the jumps as a Markov chain. Since all states
can be reached, the chain is irreducible. In the special case of pure Poisson
demand the chain is periodic, otherwise ergodic. We shall consider the er-
godic case. (It is more or less directly evident that the Proposition is also true
for Poisson demand.) Because the chain is irreducible and ergodic, it has a
unique steady-state distribution. Consequently, we only need to prove that
the uniform distribution is a steady-state distribution, i.e., that if the distribu-
tion is uniform at some time it is also uniform after the next (unknown) de-
mand. So we need to show that

il ! 1,2, .., 0 (5.33)
“'p',':_, j= y gy ey £/ .
=0 " 0

or equivalently that Zil pi,; =1 for all values of j. When this equality is
satisfied the chain is said to be doubly stochastic. (Recall that the equality
ZJQ':1 p;,; =1 is always true for a Markov chain.)

Let the state be i and consider a certain demand size k. Given £, the next
state is known i.e., p; (k) is equal to one for a certain j and zero otherwise.
Furthermore, it is similarly evident that for a given j, p; (k) is one for exactly
one value of i. If we know the new state and the demand size, we also know

the preceding state. Consequently, ZlQ:l pi,;(k) =1. The probability p;; can

be expressed as the average of p; (k) over k, i.e.,, p;; = E;p; (k). We now have

0 0 0
2. Pi :Zf {pi,j (k)}:f > pijk)p= E =1, (534
' i=1

i=1 i=1
This completes the proof.

When dealing with normally distributed demand, we similarly assume that
the continuous inventory position is uniformly distributed on the interval [R,
R + Q]. This is a very accurate approximation provided that we can disre-
gard the possibilities for negative demand.
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5.3.2 An important relationship

We shall assume that the replenishment lead-time is constant. Let us intro-
duce the notation:

L = lead-time,
I = inventory level,
D(t t + 1) =D(1) = stochastic demand in the interval (¢, ¢t + 7/.

Consider an arbitrary time ¢ when the system is in steady state. Let /P(¢) be
the inventory position at that time. Consider then the time ¢ + L. At that time
everything that was on order at time t has been delivered. Orders that have
been triggered in the interval (¢, ¢ + L] have not reached the inventory due to
the lead-time. Consequently we have the simple relationship

I+ L)y=IP(t)- D(t, t + L). (5.35)
The demand after ¢ is obviously independent of the inventory position at
time ¢. Furthermore, we know from Proposition 5.1 that the distribution of
IP(1) is uniform. We can therefore relatively easily determine the distribution

of the inventory level at time ¢ + L. Since ¢ is an arbitrary time this is also the
case for ¢ + L. Consequently we obtain the steady-state distribution.

5.3.3 Compound Poisson demand

For discrete compound Poisson demand we have from (5.35)

R+Q
P(IL:j):i > PDL)y=k-j) j<R+Q, (536)
k=max{R+1,j}

where we condition on the inventory position and use the fact that the inven-
tory level at time ¢ + L can never exceed the inventory position at time ¢, i.¢.,
k> j.

It is interesting to note that if we have determined these probabilities for
one value of R, for example R = 0, we can obtain the probabilities for other
values of R by a simple conversion. Although this is intuitively clear, we

show this formally. Let P(/L = j‘ R =r) be the probability for inventory
level j when R = ». We then have from (5.36)
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. 1 X .
PUL=j|R=r)=— > PMDL)=k-j)
Q k=max{r+l,;}

(5.37)

In the special case of an S policy we have R = § - 1 and Q = 1, and the in-
ventory position is always S. This means that (5.36) can be simplified to

PUL=j)=P(D(L)=S-j) j<S. (5.38)

5.3.4 Normally distributed demand

Let us now derive the corresponding relationship for normally distributed
demand. Recall that we assume that the continuous inventory position is uni-
formly distributed on the interval [R, R + Q). Let " = uL and ¢” = oL'? de-
note the mean and the standard deviation of the lead-time demand. Further-
more, let f{x) and F{x) denote the density and the distribution function of the
inventory level in steady state. In analogy with (5.36) we then have

R+Q ,
F(x)=PUL<x) =~ | {1—@(@}}@. (5.39)
Q o

Given the inventory position u at time ¢, the inventory level at time ¢ + L is
less or equal to x if the lead-time demand is at least u — x, see (5.35).

We shall now introduce the Joss function G(x), tabulated in Appendix 2
and defined as

G(x) = J' (v —x)pW)dv = p(x) — x(1 - D(x)). (5.40)

Note that

G'(x)=P(x) -1, (5.41)
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which means that G '(x) is negative and increasing. Consequently, G(x) is de-
creasing and convex. See Figure 5.3.

G(x)

-3.5 -2.5 -1.5 -0.5 0.5 1.5 25 3.5

Figure 5.3 The loss function G(x).

Using (5.41) we can reformulate (5.39) as

ot o)
Q o'

:5[6(1% mx y'j_G(R + Q—’x—,u'ﬂ.
Q o} o

From (5.42) we obtain the density as

R+Q . . ,
el fu-x—p :i R+Q-x—p) _(R-—x-u
9% Rfo—'(”( o Jd” QH o j CD( o ﬂ

(5.43)

(5.42)

Let 9 — 0in (5.42) and (5.43). We get

F(x)—)—G’(——R_x,_#’J:I—(D(—-——R—x,—ﬂ’j:@(——x_(R_ﬂ’)j,

o o o’

(5.44)
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and
o o

When Q — 0 this means simply that we are applying an S policy with S = R,
1.e., the inventory position is kept at R all the time. The distribution of the in-
ventory level is then normally distributed. This is also easy to see from
(5.35).

Example 5.3 Consider pure Poisson demand with 4 = 2. Let the lead-time L
= 5 and consider a continuous review (&, Q) policy with R = 9 and Q = 5.
The lead-time demand is obviously Poisson distributed with mean 10. Ap-
plying (5.36) we obtain

1 ¥ 1047
PUL=p=7 3 e
k=max{10,} ( - ])

For j =1, for example, we get

1 14 lok—l
PUL=1)== Y e™'?=0.106
55, (-1

If we instead want to use the normal approximation we have ¢ = 10 and ¢’
= 10"2. The distribution function is obtained according to (5.42) as

J10 -x-1 -x+4
Fx)=—|G| — |-G —— |.
5 V1o J10
It is reasonable to compare P(/L = j) in the Poisson case by F(j + 0.5) -
F(j - 0.5), i.e., to the probability that the continuous inventory level is be-
tweenj - 0.5 and j + 0.5. For j = 1 we obtain the probability of an inventory
level 0.5 <L <1.5as F(1.5) - F(0.5) = 0.113. In Figure 5.4 the distributions

are compared for other values of j. We can see that the normal distribution
provides a very accurate approximation.

In case of continuous demand and continuous review, an order is trig-
gered exactly when the inventory position reaches the reorder point R. The
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order will arrive L time units later. The average stock on hand just before the
order arrives is denoted the safety stock, SS, and is obtained as

SS=R-4". (5.46)
The safety stock can be interpreted as an additional stock that is used as

protection against demand variations. Note that we can replace (5.42) by the
equivalent expression

F(x):i{G(SSfx)—G(SS“LQ_Xﬂ. (5.47)
Q o

e}

Y|

S I N DR A
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AlTTUltiiiises

BAPoisson demand B Normal approximation

Figure 5.4 Probability distributions in Example 5.3.

5.4 Service levels

When determining a suitable reorder point, or safety stock, we can base the
reorder point either on a prescribed service constraint or on a certain short-
age or backorder cost. In practice it is often regarded to be easier to specify a
service level.

We shall consider three service level definitions:

S1 = probability of no stockout per order cycle,

S; = “fill rate”- fraction of demand that can be satisfied immediately
from stock on hand,

S

“ready rate”- fraction of time with positive stock on hand.
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The first definition can be seen as the probability that an order arrives in
time, i.e., before the stock on hand is finished. This service definition is very
easy to use, but it also has some important disadvantages. The problem is
that S; does not take the batch size into account. If the batch size is large and
covers the demand during a long time, it does not matter much if S, is low.
Most of the time there is still plenty of stock on hand due to the large batch
size. If the batch quantity is small, the “real” service can similarly be very
low even if S; is high. As a consequence S; cannot be recommended for in-
ventory control in practice. It is considered in this book because it is still
used in many practical applications.

The fill rate and the ready rate make the determination of the corre-
sponding reorder points a bit more complex, but on the other hand, will give
a much better picture of the customer service. In case of continuous demand
or Poisson demand, S, and S; are equivalent. This is not the case, though, if a
customer may order several units at the same time. Even if the stock on hand
1s positive, the stock may not be sufficient to cover a large customer order. If
the stock contains a small number of units on hand most of the time, the
ready rate can be high. Still the fill rate may be very low if there are some
large customers who order huge quantities.

Service measures can also be defined in many other ways. For example, it
is not necessary to define service by a probability. In some situations it can
be more adequate to require that the average customer waiting time does not
exceed a certain number of days.

From a practical point of view it is usually most important that the ser-
vice level is clearly defined and interpreted in the same way throughout the
company. It is obviously an advantage if it is possible to follow up the real
customer service according to the established definition. In general, it is not
suitable to have the same service level for all different items. On the other
hand, it may be impractical to use individual service levels for all items. A
common solution is to group the items in some way and specify service lev-
els for each group. See also Sections 6.3 and 11.2.

The choice of service level should be based on customer expectations, or
in other words, the underlying shortage costs, and on the costs for giving
good service. In case of long lead-times and large demand variations, it may
become very expensive to maintain high service levels.

5.5 Shortage costs

The alternative to a service level is to use a shortage cost. We shall consider
two types of shortage costs:
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b, = shortage cost per unit and time unit,
b, = shortage cost per unit.

The choice of shortage cost definition should, of course, reflect the real
costs that are incurred by shortages.

A shortage cost of type b, for example, 1s relevant for a spare part when
a shortage implies that a machine has to stop until the spare part is available
again. The costs are then proportional to the customer waiting time. Recall
that we have already used b, in Section 4.4 in connection with deterministic
demand. The shortage cost b; can also be interpreted as a cost per average
number of backorders, as was explained in Section 4.4,

If shortages are covered by overtime production to a higher cost, a short-
age cost of type b, may be suitable.

One problem with shortage costs is that practitioners usually find it diffi-
cult to determine how high they should be. It is, on the other hand, an ad-
vantage that a given shortage cost makes it possible to balance shortage and
holding costs and find the optimal customer service.

Independent of whether we use a service level or a shortage cost, the op-
timal reorder point will increase with the service level or the shortage cost
used. For a certain item it is, in principle, always possible to determine the
service level which gives the same safety stock as a certain shortage cost,
and the other way around. Such relationships between service measures and
shortage costs will, in general, depend on data for the individual item, like its
batch quantity, the mean and standard deviation of lead-time demand, etc.
An interesting exception is a relationship between the service levels S, and
S; and b;, which we shall derive in Section 5.9.2.

5.6 Determining the safety stock for given S;

The service measure Sy, i.e., the probability of no stockout per order cycle, is
usually used in connection with continuous review and continuous demand
models. This means that we order a batch QO exactly when the inventory po-
sition is R. The batch size is assumed to be given. Our problem is to deter-
mine the reorder point R, such that there is a certain specified probability S,
for the lead-time demand to be lower than R. We will assume that the lead-
time demand is normally distributed with average 4" and standard deviation
o’. We obtain
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r

P(D(L)<SR)=S8, =d [le = (ﬁj , (5.48)
(@2

since SS = R - u". For a given value of S} we have to choose the ratio SS/c”
= k sufficiently large. The required ratio & (easy to determine from the table
in Appendix 2) is often denoted the safety factor. After determining the
safety factor we obtain the safety stock simply as

SS = ko' (5.49)

Finally we get the reorder point as R = SS + u". Table 5.1 illustrates how the
safety factor grows with service level S.

Table 5.1 Safety factors for different values of service level S;.

Service level S, 075 080 0.85 090 095 0.99
Safety factor & 067 084 104 128 164 233

Note that the safety factor is increasing rapidly for large service levels.

5.7 Fill rate and ready rate constraints

Consider again a continuous review (R, Q) policy with a given batch quan-
tity Q. We will now see how we can determine the reorder point R to satisfy
a given fill rate S, or ready rate S;.

5.7.1 Compound Poisson demand

Consider first compound Poisson demand and recall that we have derived the
distribution of the inventory level P(IL = j) in (5.36). The ready rate is the
probability for positive inventory level, i.e.,

Sy = P(IL >0). (5.50)

It is a little more complicated to determine the fill rate because the demand
size can vary. Recall that f; is the probability for demand size k. We consider
a customer demand and get the fill rate as the ratio between the expected
satisfied quantity and the expected total demand quantity.
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ZZmin(j,k)-fk -P(L = j)
S, = k=1 j=1 _ ] (5.51)
kS
k=1

If the positive demand size is & and the positive inventory level is j the deliv-
ered quantity is min (j, k). In the special case of Poisson demand, we have f;
= 1 and the expression for S, in (5.51) degenerates to the expression for S; in
(5.50), 1.e., S> = S, in that case.

It 1s evident that both S, and S; will increase with the reorder point R.
Furthermore R < - O means that the stock is never positive, implying that
both §; and §; are zero. Consequently, for a given positive S, (or ;) we
know that we must have R > - (. Poisson or compound Poisson demand
models are normally only used when the demand is relatively low. There-
fore, when determining the reorder point we can simply increase R by one
unit at a time starting from R = - Q until S, obtained from (5.51) (or S; from
(5.50)) exceeds the required service level. For each value of R we need to re-
calculate the probabilities P(IL = ). It is then convenient to use (5.37).

5.7.2 Normally distributed demand

For continuous normally distributed demand, it is evident that S, = S; and the
service level is the probability of positive stock, which is obtained from
(5.42)

S, = §; =1~ F(0) :1—5{G(R_,“')—G(R+Q,_“ﬂ. (5.52)
Q o o

Using G'(v) = ®(v) - 1 it is easy to show that dS»/dR = dS/dR > 0, i.e., S, =
S; increases with R. For a given service level we can use a simple bisection
search to find the smallest R giving the required service level. We start with

a lower bound for R, e.g., R=-0, and an upper bound R, which gives a
service level that exceeds the required service level. Next we consider
R=(R +§)/ 2. If the obtained service is too low, R can replace R, and
otherwise it can replace R . We continue like this until the gap between R
and R is sufficiently small.

It 1s common to approximate (5.52) by
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!

s, :s3z1-iG[R“‘j. (5.53)

0 o
From the table in Appendix 2 it is obvious that this approximation generally
works well for large values of Q. It can be of interest to use the approxima-
tion in manual calculations, but it is not needed in a computerized inventory
control system. Note that (5.53) underestimates the service levels.

Example 5.4 Consider again the data in Example 5.3, i.e., pure Poisson de-
mand with A =2, L =5, and a continuous review (R, Q) policy with R =9
and Q = 5. We want to determine the fill rate S, and the ready rate S;, which
in this case are equal because we have pure Poisson demand. Applying
(5.50) we obtain

14 4 14 1084 0
S, =Sy=PUL>0)=>— > ~e0=0.679.
T kemaxgio, ;K-

For the normal approximation we can use (5.52) to get

S, =5, :I—F(O)=1~\?{G( ! j—G( 4 H:o.ém

Vio) (V10

The corresponding value of S turns out to be much lower, see (5.48),

R-u' -
S1=CD( f‘]:cp( 1J=0.376.
c J10

5.8 Fill rate - a different approach

So far our approach has been to start by deriving the distribution of the in-
ventory level from (5.35). This must be regarded as the standard technique in
inventory theory. There is also another useful approach, which means that
we focus instead on what happens to an individual batch after being ordered.
To illustrate this other approach we shall once more derive the expression
(5.52) for the fill rate, or equivalently, the ready rate.

We are studying a continuous review (R, Q) policy and the lead-time de-
mand is assumed to be continuous and normally distributed with mean y” =
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4L and standard deviation o = o', We focus on a batch O that is ordered
when the inventory position is R. This batch will later be consumed by cus-
tomer demand. The reorder point R will cover the demand for R units after
the ordering time. So the considered batch will be consumed by the demand
for the Q units following after these first R units. When the batch arrives in
stock, a part of this demand may have already occurred, i.e., there are back-
orders waiting for the batch. Let

B = backordered quantity that will be covered by the batch.

Note that we are only considering the backorders that are covered by the
batch. Therefore, we must have 0 <B <. If the backorders exceed Q when
the batch arrives in stock, the quantity exceeding Q is covered by future
batches. If we know E(B) we can obtain the fill rate (and the ready rate) as

S, =S, =1-E(B)/Q. (5.54)

It remains to determine E(B). Let u be the normally distributed demand dur-
ing the lead-time. We need to consider three cases:

u <R means B =0,
R<u <R+ Q means B=u-R,
R+Q0<u means B =0.

Consequently, £(B) can be determined by averaging over u

R+Q 1 o @ 1 !
E(B)= j(u—R)—,¢[—u ,#jdqu jQ—,go[” f‘)du
(e} g (e} o
R R+Q

_:ul]du— J.(u—R—Q);_l—,(p(u;lﬂljdu

u
g
R+Q

:J(M_R%go(

o

:J’G(R_#’j—a’G(R—t%ij, (5.55)
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where we have used the definition of G(x) in (5.40). Combining (5.54) and
(5.55) we obtain (5.52).

Note that this derivation also covers the case when R is negative. This
simply means that a part of the demand that is covered by Q has already oc-
curred when the order is triggered.

5.9 Shortage cost per unit and time unit

We will now instead consider a shortage (or backorder) cost b, per unit and
time unit. (Recall that we have dealt with this backorder cost in Section 4.4.)
As before, we consider a continuous review (R, Q) policy with given batch
quantity @, and we let x" and ¢’ represent mean and standard deviation re-
spectively of the lead-time demand. The holding cost per unit and time unit
is denoted 4. We optimize the reorder point by minimizing the sum of ex-
pected holding and backorder costs. This means that we are balancing back-
order costs against holding costs. It is convenient to use the notation

If

()’

max(x, 0),

(x) = max(-x, 0).

Given the inventory level IL, the holding cost rate is A(/L)" and the backor-
der cost rate is b;(IL)". Using x- x_ = x, we can express the total cost rate in
different ways

R(IL)* + b, (IL™) = —b,IL + (h + b))(AL)* = h1IL + (h+b,)YIL) .
(5.56)

It is usually most convenient to use the second or third alternative in (5.56).

E(IL) is the expected amount of backorders. Let x be the average de-
mand per unit of time. Then the expected waiting time to satisfy a demand is
E(ILY/ p. This is an application of the well-known Little’s formula from
queuing theory. We can interpret E(IL) as the average queue length and z as
the average arrival rate to the queue. Recall the related discussion for a de-
terministic setting in Section 4.4.

5.9.1 Compound Poisson demand

Consider now compound Poisson demand. Recall that we have derived the
distribution of the inventory level in (5.36). When expressing the expected



102 INVENTORY CONTROL

costs per unit of time, C, it is in general, best to use the second alternative in
(5.56) for discrete demand. The reason is that we only need to consider a fi-
nite number of inventory levels, because the inventory level cannot exceed
the maximum inventory position R + 0. We get

R+Q
C=-bE(AL) + (h+b)E(L)" =-b/(R+ Q2+1 —u)+(h+ bI)ZjP(IL =),
Jj=1

(5.57)

where E(IL) is easily obtained as the average inventory position minus the
average lead-time demand.

Let us now regard the cost difference when using the reorder point R + 1
instead of R.

R+1+Q
C(R+1)~C(R)=—b, +(h+b) Z JPUIL=jIR +1) - Z JPUL=j|R)|.
Jj=1 Jj=1

(5.58)

From (5.37) we know that P(IL = j| R)y=P(IL=j+ 1] R +1). Using this
we have

R+Q R+1+Q
> JPUL= ]]R)—Z JPUL=j+IR+1)= > (j-DPUL=jR+1).
J= J=l j=2

(5.59)

Inserting (5.59) in (5.58) we have

R+1+Q
CR+1D) = C(R)=~by +(h+b)) D PUL=jR+1)=-b +(h+b)S3(R+1).
j=1
(5.60)

Because the ready rate increases with the reorder point, it follows that C(R +
1) - C(R) is increasing with R, i.e., the cost is convex in the reorder point.
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Since S; = 0 for R < - Q it follows directly from (5.60) that we do not need to
consider R < - Q. Consequently, to find the optimal R we can start with R =
- Q and increase R by one unit at a time until the costs are increasing.

It is also interesting to note from (5.60) that there is always a special re-
lationship between the cost parameters and the ready rate in the optimal so-
lution. The optimal reorder point can be characterized as the largest reorder
point giving a ready rate not higher than b,/(4 + b,). In other words, if R* is
the optimal reorder point we have

S3(R™) < b <S3(R* +1). (5.61)
h+b;

In case of pure Poisson demand this is also true for the fill rate.

5.9.2 Normally distributed demand

For continuous normally distributed demand, the relationship between the
cost parameters and the service levels fill rate and ready rate is, as we shall
see below, even more striking. Recall that S, = §; in this case.

We start by evaluating the expected costs per unit of time. Let us now use
the third alternative in (5.56). As before we let F(x) be the distribution func-
tion and f{x) the density of the inventory level.

0
C=hE(IL) + (h+b)EUL) =h(R+Q/2~ ')+ (h+by) [F(x)dx

—o0

, ' 0 | R+Q (u—x—u
:1(R+Q/2—ﬂ)+(h+bl)[§ [1-G — dudx
-0 R

1 R+Q L
=h(R+0Q/2— i)+ (h+b)Z jG(” 'ujdu.
Q R o'

(5.62)

In the first line of (5.62) we use that the average inventory position is R +
Q/2 1in the continuous case. Furthermore,
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—00 —o0 | —a0

E(IL) = ju f)du = j f(u){ jdx}du— j{ J‘ f(u)du}dx— jF(x)dx

(5.63)

In the second line of (5.62) we use (5.42), and when going from the second
to the third line we change the order of integration. Recall that G(«0)=0.

At this stage it is useful to define the function H(x) which is tabulated in
Appendix 2. (In the literature it is common to use H (x) = 2H(x) instead of

H(x)).
H(x) = [G)dv = % [ + 1)1 - D) - xp()]. (5.64)

Since H'(x) = - G(x), H(x) is decreasing and convex. Recall that G(x) is posi-
tive and decreasing. The function H(x) is illustrated in Figure 5.5.

1.5 2.5 3.5

Figure 5.5 The function H(x).

Using H(x) we can express the costs in (5.62) as

contear g (25
ol '\ o -
(5.65)
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Let us now return to the relationship between the cost parameters and the
service levels fill rate and ready rate. From (5.65), (5.52), and the definition
of H(x) we have

o’ Iox

dc T (R+O-u R—u'
EE:h+(h+m)%{G( 0 ﬂ]—G[ f]}:h+@+bg@5—n

(5.66)

Since dC/dR is increasing with R, C is a convex function of R. The optimal R
is obtained for dC/dR = 0, and in the optimal solution we have

_bl
" h+b

S, =S (5.67)
2 3

Given a certain shortage cost b;, we can easily determine from (5.67) the
service level giving exactly the same reorder point. If we reformulate (5.67)
as

hS hS
by =—2- =" (5.68)
1-8, 1-8,

we can also go in the other direction, i.e., given a service level we can de-
termine an implicit shortage cost. The relations (5.67) and (5.68) (as well as
(5.61)) are very useful when choosing service levels or shortage costs in
practice. Consider, for example, a company that works with service level
constraints because it seems difficult to determine shortage costs. Still it may
very well be possible to evaluate whether a certain shortage cost is reason-
able or not. Using (5.68), the shortage costs corresponding to chosen service
levels can be determined and discussed. Such discussions are often very
fruitful when trying to improve inventory control.

Note, however, that the considered “equivalence” between a certain fill
rate or ready rate, and a corresponding shortage cost per unit and time unit,
is only valid when the order quantity () is given and the optimization only
concerns R. It is not valid if we add ordering costs and carry out a joint op-
timization of both R and Q.
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5.10 Shortage cost per unit

We shall now instead consider a shortage cost b, per unit. As before, we
consider a continuous review (R, Q) policy. The demand is assumed to be
continuous and normally distributed. Except for the different type of short-
age cost, the model is the same as in (5.62). We assume that each unit which
is demanded when the stock level is zero or negative incurs the cost b,. Us-
ing (5.62) and (5.42), the costs per time unit C can now be expressed as

0
C=hR+0Q/2~u)+h jF(x)dezuF(O) =

—0o0

, R+0 ,
=hR+Q/2~ y)+hE _[G[ ’u]du (5.69)

+ by {G(R ”j G(’“Q_”'ﬂ.
0 o’ o'

Note that in (5.69) we are using both the average demand per time unit # and
the average lead-time demand x". If we use the function H(x) according to
(5.64), we can alternatively express (5.69) as

o) {2
i) o]

It can be shown that the costs in (5.69) and (5.70), although not convex, have
a unique local minimum. See Rosling (2002a), and Chen and Zheng (1993).
It is common to replace the exact costs by a simpler approximate cost ex-
pression. If there are relatively few backorders we can disregard the second
term in (5.69) and (5.70). Furthermore, if Q is relatively large we can also

(5.70)
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disregard the second term in the last parenthesis. This gives the following
approximate costs:

’

5:h(R+Q/2—,u')+b2y%G(u). (5.71)

It is easy to verify that C is convex in R, and we obtain the optimal reorder
point R from

N o
9 bt o B2 1] 20, (5.72)
dR (0] o'
or, equivalently,
S, :@(R_f‘ ):1— On (5.73)
c byp

where S is the probability of no stockout per order cycle. Note that the right
hand side of (5.73) can become negative for certain parameters. But S is a
service level and cannot be negative. The reason that this can happen is our
approximation. If this occurs in practice, we have to replace the right hand
side in (5.73) by some given lowest service level.

5.11 Continuous review (s, S) policy

We shall now consider an (s, S) policy instead of an (R, Q) policy. We are
still assuming continuous review. Recall that an (s, S) policy means that an
order is triggered as soon as the inventory position declines to or below the
reorder point s. The order size is chosen so that the inventory position in-
creases to S. (See Figure 3.2.)

First of all, we note that an (s, S) policy is equivalent to an (R, Q) policy
with s = R and O = S - s as long as we know that the inventory position is
exactly s when the order is triggered. In case of continuous review this
equivalence is true both for continuous demand and for pure Poisson de-
mand. It is not true, however, for compound Poisson demand with demand
sizes larger than one. Here we will only consider such demand since we have
already dealt with (R, Q) policies in Section 5.3.

In Proposition 5.1 in Section 5.3 we proved that the steady-state distribu-
tion of the inventory position in case of an (R, Q) policy is uniform on the
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integers [R + 1, R + Q]. With an (s, S) policy the inventory position is obvi-
ously always in the corresponding interval [s + 1, S], but it is in general not
uniformly distributed on these values. We therefore need to determine the
distribution.

Note first that the transitions of the inventory position /P are a renewal
process. Each time an order is triggered and a new order cycle begins, the
inventory position is raised to S and we have a regeneration. We shall now
consider the number of customers and the transitions of the inventory posi-
tion between two orders (regenerations). For each customer arrival we con-
sider the inventory position just after the arrival when both the demand and a
possible replenishment order have taken place. Let

m; = probability to reach [P = during an order cycle (s + 1 < j < .5).

As before, f; is the probability of demand size & (recall that we assume that f;
=0).

Obviously mg = 1 since we start each cycle with /P = S. No inventory po-
sition can be visited more than once during an order cycle. We can come to
IP =j from some I[P = k > j provided the next demand is & - j. When deter-
mining m; we consider all IP > j. We get

S
m; = kafk_j, j=s+1,5+2,..,5 -1. (5.74)
k=j+1

From (5.74) it is easy to determine the probabilities m; recursively forj =S -
1,8-2, ..., s+ 1. Note that m; can also be interpreted as the expected num-
ber of visits to /P = j during an order cycle. Each transition of the inventory
position is triggered by a customer. The average total number of customers

. . S . .
during an order cycle is therefore E O Since the customers arrive ac-
J=s

cording to a Poisson process, the average time between two arrivals is al-
ways the same. This means that we can obtain the steady-state distribution of
the inventory position as

S
P(IP=k)=m, / ij, k=s+1,s+2,..,85. (5.75)

J=s+1

Note that these probabilities only depend on S - s, i.e., if, for example, we
increase both s and S by the same number, we get the same probabilities.
Furthermore, if we have determined the probabilities m; for s = sand S =~
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and want to consider s = s~ [ and § = §", the probabilities m;-, ... , mg- are
unchanged and we only need to determine m;,- from (5.74).

Example 5.5 Let the probabilities for demand sizes 1 and 2 be fi =/, =1/2.

Consider an (s, S) policy with s = 5 and S = 8. We obtain mg =1 and accord-
ing to (5.74)

m, =mg/2=1/2,
mg=my/2+mg/2=3/4,

The average number of customers in an order cycle is mg + my + mg = 9/4.
We finally get the distribution of the inventory position from (5.75) as P(IP
=6)=3/9, PUP =7)=2/9, and P(IP = 8) = 4/9. Obviously this distribution
is far from uniform.

After obtaining the distribution of the inventory position from (5.75) we can
derive the distribution of the inventory level in complete analogy with
(5.36).

S
PUL=j)= > PUP=k)P(DL)=k-j), j<S. (576)

k=max{s+l,j}

The determination of various performance measures for a given inventory
level distribution is straightforward and parallels essentially corresponding
expressions for (R, Q) policies.

5.12 Periodic review - fill rate

Let us now consider an inventory system that is controlled by a periodic re-
view policy instead of a continuous review policy. Periodic review means
that the inventory position is inspected at the beginning of each period and
that all replenishments are triggered at these reviews. A period may, for ex-
ample, be a day or a week. First of all it is obvious that if the review period
is short enough there is not much difference between periodic and continu-
ous review. In such a case, continuous review results can be used as an ap-
proximation in periodic review systems and the other way around. Quite of-
ten, though, the review period cannot be disregarded.
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5.12.1 Basic assumptions

As before, we assume a constant lead-time L. Furthermore we let T be the re-
view period. It is common to assume that the lead-time is an integral number
of periods, but we shall not introduce that restriction.

It is important to understand that the assumptions regarding when in the
period the demand takes place, and when in the period various performance
measures are evaluated, may affect the results and the optimal policy. Let us,
for example, consider a situation with L = 0 and no ordering costs. If all de-
mand takes place at the beginning of a period and it is possible to order im-
mediately after that, we do not need to keep any stock. We just have to order
the period demand in each period, and because the lead-time is zero, the de-
livery will take place instantancously. We shall assume that the demand in a
period is spread out over the whole period as we have assumed in the previ-
ously considered continuous review models. This is the most natural as-
sumption in most applications. Evidently this means that we need some
stock also if L = 0.

Furthermore, we shall focus on evaluation of the fill rate. Assume, for ex-
ample, that the inventory is controlled by an (R, Q) policy and that the batch
quantity Q is given. We can use the results in this section to find the smallest
R that satisfies a given fill rate.

T t+L _ +L+T

v

L 2
L 4

Figure 5.6 Considered time epochs.

Consider Figure 5.6 and let ¢ be an arbitrary review time. The orders can
take place at times ... , ¢, £+ T, ... A possible order at time ¢ is delivered at
time ¢ + L. The next possible delivery time is evidently z + L + 7. When de-
termining the fill rate we consider the interval between these two times. It is
easy to determine the expected demand in the considered interval. Further-
more, it 1s clear that the demand that can be delivered from stock on hand in
this interval depends only on the inventory level after the possible delivery at
time ¢ + L and the total stochastic demand in the interval.

Note that the fill rate is also the same for most other demand assump-
tions, e.g., if the whole demand takes place just after the delivery at time ¢ +
L or just before the next possible delivery at time ¢ + L + T.

In this section we shall first deal with discrete compound Poisson demand
both for (R, Q) policy and (s, S) policy. Thereafter we consider an (R, Q)
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policy and continuous normally distributed demand. We refer to Sobel
(2004) and Tijms (1994) for more details and other assumptions.

5.12.2 Compound Poisson demand - (R, Q) policy

We shall first consider discrete compound Poisson demand. Recall that such
demand models are mainly of interest in case of relatively low demand. Con-
sider again Figure 5.6. We shall first determine the distribution of the in-
ventory level at the two times ¢ + L and ¢ + L + T, i.e., the start and the end
of the considered interval. At time ¢ + L we consider the inventory level after
a possible delivery, but at time ¢ + L + 7, a possible delivery has not taken
place.

Consider an (R, Q) policy and the transitions of the inventory position at
the review times after a possible order. Recall that we in the continuous re-
view case instead considered the times when customer demands occurred.
The associated Markov chains are essentially the same if we let the period
demand here correspond to the demand per customer in the continuous re-
view case. Under some mild assumptions (see Section 5.3.1), the steady-
state distribution of the inventory position will be uniform. For a discrete
demand distribution it is uniform on the integers [R + 1, R + J].

The inventory level /L at time ¢ + L after a possible delivery can be ob-
tained as

IL'=IL(t + L) = IP(t) - D(L), (5.77)

because orders after time ¢ have not been delivered at time ¢ + L. Recall that
we can determine the distribution of the demand over a given time according
to (5.3), or more simply according to (5.15) in case of a logarithmic com-
pounding distribution. The distribution of /L" can consequently be obtained
as in (5.36), i.e.,

R+Q
P(IL':j):—l— > P(D(L)=k-j) jJSR+Q. (578)
Q k=max{R+1,/}
The distribution of the inventory level IL"" at time ¢t + L + T before a possi-
ble delivery can be determined in exactly the same way. It is just to replace L
by L + T in the computations.
Consider now the interval between the two times ¢ + Land ¢ + L + T. The

expected demand during one unit of time is y = le.’:l JIf; » where 4 1s the in-
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tensity of the customer arrivals and f; is the probability of demand size j. The
expected demand in the considered interval of length 7'is obviously uT.

Consider then the part of the demand in the considered interval between ¢
+ L and ¢ + L + T that cannot be met from stock on hand. This demand is
backordered so it can be determined as E(JL"") - E(IL") . This means that we
can determine the fill rate as

E(IL"Y” —E(IL")y”

S, =1-
2 T

(5.79)

When determining £E(/L"") and E(IL") it is usually most practical to use that
E(IL)” =E(IL)* - E(IL), because IL* <R+ (Q is bounded. E(IL") and

E(IL"") are easily obtained as R + (Q+ 1)/2- gl and R + (Q + 1)/2 - u(L +
1), respectively. Recall that the inventory position immediately after the or-
der at time # is uniformon [R+ 1, R+ Q].

Example 5.6. Consider pure Poisson demand with A = 0.1, the lead-time L =

5 and the review period 7" = 1.5. Furthermore, R = 1 and Q = 2. We get
E(IL")y =0.01925 and E(JL")” = 0.00913. Using (5.79) we get S, = 0.933,

5.12.3 Compound Poisson demand - (s, S) policy

We can also handle (s, .S) policies essentially as in Section 5.11. Let

g; = probability that the period demand, i.e., the demand D(T) during a
period of length 7, isj (=0, 1, ...),
m; = average number of periods with /P = j during an order cycle.

Recall that the period demand essentially corresponds to the demand by a
single customer in the continuous review case. In Section 5.11 we assumed
that the size of a customer demand is at least one unit. We shall now also
consider the possibility of zero period demand, which requires a minor
modification of the technique in Section 5.11 (see also Zheng and Feder-
gruen, 1991). If the period demand is zero the inventory position will not
change. Consequently we have mg = 1/(7-g), and in analogy with (5.74)

N N
mj=kagk_j:mng+ kagk_j, j=s+ls+2,..,8 -1,
k=j k=j+1
(5.80)
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or

1 N

m; = mpgi_ i, j=s+t1l,s+2,.,85-1L (5.81)
! (1*80) k=j+1 /
From (5.81) we can determine the values of m; recursively forj = §5-1,5-2,

.., s+ 1. We can then get the distribution of the inventory position as in
(5.75)

N
P(IP=k)=m, / ij, k=s+1,s+2,..,58. (5.82)

J=s+1

Given the distribution of the inventory position we can determine the
distributions of IL” (and IL"") essentially as in (5.78)

S
PUL'=j)= Y PUP=K)P(DIL)=k—-j) j<S. (5.83)

k=max{s+1,/}

We can then apply (5.79) just as in Section 5.12.2.

5.12.4 Normally distributed demand - (R, Q) policy

Let us now consider an (R, Q) policy and continuous normally distributed
demand. As before, we denote the mean and standard deviation of the de-
mand per unit of time by x and o Furthermore, the mean and standard de-
viation of the demand during the lead-time L are denoted x'= Ly and o’'=
L' &. We shall also consider the demand during the time L + T and the cor-
responding mean and standard deviation x"'= (L + T)uzand ¢”'= (L + 1)

Consider again Figure 5.6. The inventory position /P just after the arbi-
trary review time ¢ is now uniform on the continuous interval (R, R + Q]. We
can again apply (5.77), and in complete analogy with (5.39) and (5.42) we
obtain the inventory level distribution at time ¢ + L after a possible delivery
as

! ’

o) g

RRI S e |

(5.84)
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We then use the same approach as in Sections 5.12.2 and 5.12.3. First we
note that the expected demand in the interval between ¢ + Land ¢ + L + Tis
HI. We then evaluate the expected demand that cannot be met from stock on
hand during this interval. This demand is backordered so it can be deter-
mined as E(IL"") - E(IL") . We can then get the fill rate as

E(IL"Y —E(L")"

S, =1-
2 T

(5.85)

It therefore only remains to determine E(JL"") and E(IL") . Using (5.63)
and (5.84) we have

0 0 f ' ]
E(L) = J‘F(x)dx - j—UQ{G(R _;f £ )— G[R * Q;,x“ ol ﬂdx

—a0 —0

_(@)’ {H(R—ﬂ’j_H(R+Q—u’H_
(@] o' o'

We get E(IL”") in exactly the same way. We just have to replace 4" and &
by 4" and &’ in (5.86).

(5.86)

Example 5.7. Consider a normal approximation of the data in Example 5.6.
We get uT7=0.15, & =0.5, 6'=0.5"2=0.707, /" = 0.65 and & = 0.65"* =
0.806. For R=1 and Q = 2 we get from (5.86) E(IL"") =0.038 and E(IL") =
0.017. Using (5.85) we get S, = 0.86. Because we are dealing with very low
demand, the size of the error is not surprising.

5.13 The newsboy model

Let us now consider a classical inventory problem, the so-called newsboy
model. There is a single period with stochastic demand. We assume that it is
normally distributed with mean u and standard deviation o. We have to de-
termine how much to order before the period starts. There are penalty costs
associated with ordering both too much and too little compared to the un-
known stochastic period demand. The problem is to optimize the size of the
order.
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Let

x = stochastic period demand,

S ordered amount,

¢, = overage cost, 1.e., the cost per unit for a remaining inventory at the
end of the period,

¢, = underage cost, i.e., the cost per unit for unsatisfied period demand.

Using the original interpretation of the problem, we can think of a news-
boy who can buy copies of a newspaper for 25 cents early in the morning
each day and sell them for 75 cents during the day. He is not paid anything
for unsold copies. In that case we have ¢, = 25, and ¢, = 75 - 25 = 50. For a
given demand x the costs are

Cx)=(S-x)c, x<S, (5.87)

Cx)=(x-S)c, x> S, (5.88)

and we can express the expected costs C = F{C(x)} as

y 1 x-
C=c, [(S=x)=0(
(e

—o0

Bydx +c, j(x—S)lq) al
5 o

X— i

=, (S— ) +(c, +c )f(x S)—(p( )dx (5.89)

=c,(S—pu)+(c, +c )O’G[S ,uj
o

To find the optimal solution we can use the necessary condition dC/dS =
0,1e.,

ac c, +(c, +c, )((D(S——'L—l) ~1)=0, (5.90)
ds o

or, equivalently,
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dEHy o Cu (5.91)
o ¢, +¢y

It is easy to see that C is convex, so (5.91) provides the optimal solution.

Example 5.8 Let us return to our example with ¢, = 25 and ¢, = 50. Assume
that the daily demand for newspapers is normally distributed with mean y =
300 and standard deviation o= 60. Applying (5.91) we obtain the optimal
solution from

S =300 50
O( )= ;
60 25+50

implying that (see the table in Appendix 2)

$-300

=0.431,

or, equivalently, S ~ 326 copies of the newspaper.

The same problem occurs in many other contexts. Here are a few exam-
ples. A garment retailer has to decide on the quantity of various style goods
before the short selling season. A supermarket must decide on the quantities
of fresh meat to buy each day. A farmer must decide on quantities of differ-
ent crops to be planted in a certain season.

So far we have assumed that the problem concerns a single period. The
simple newsboy solution (5.91) is, however, also common in multiperiod
settings as in Section 5.12. Assume first that the lead-time is zero and that
we apply an S policy at the beginning of each period. The period demand is
normally distributed with mean x and standard deviation o. Units that are
left over at the end of a period can be used in the next period, but we have a
holding cost /# per unit and period. Similarly, a possible shortage at the end
of a period is backordered and can be filled in the coming period. The back-
order cost per unit and time unit is ;. The problem considered is a newsboy
problem with ¢, = k, and ¢, = b,. If we have a lead-time of L periods the
problem is still a newsboy problem. We just have to consider the demand
during L + 1 periods instead of the demand during a single period. This
means that the mean u and standard deviation oin (5.91) should be replaced
by the mean "= (L + 1) and standard deviation ¢'= (L +1)"*& correspon-
ding to L + 1 periods.
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5.14 A model with lost sales

In this section we leave the assumption of complete backordering and as-
sume instead that demand that cannot be met immediately is lost. Otherwise
the model is similar to that in Section 5.10. We refer to Rosling (2002b) for a
more complete model.

Again we consider a continuous review (R, Q) policy. Note first that the
inventory position can never become negative, because in a lost sales model
there are no backorders so the inventory level cannot be negative. We must
therefore assume that R >0. We shall also make the standard simplifying as-
sumption that O > R. Consequently, if one order is outstanding the inventory
position is strictly above the reorder point and no more orders can be trig-
gered. Recall that the inventory level is nonnegative. The simplifying as-
sumption implies, therefore, that there can be at most one outstanding order.

The demand is assumed to be continuous and normally distributed. The
demand per time unit has mean x and standard deviation o. Consequently
the demand during the constant lead-time L, D(L), has mean x'= Lu and
standard deviation o'= (L )"?o. There is a holding cost per unit and time
unit, 4, and a shortage cost per unit lost, 5,. (Note that a shortage cost per
unit and time unit does not make sense in a lost sales model.)

We shall also assume that 20/2 < by, since otherwise it is not profitable
to operate the system. To see this, note that a batch Q will at least incur the
average holding costs hQ%/2u corresponding to the case when there is no
stock on hand when the batch is delivered. The batch will cover the demand
Q. This means that we will avoid the shortage costs 0b,. The system can
only be profitable to operate if the expected holding costs are lower than the
avoided shortage costs. This means that we must require that 1Q°/2u < QOb,,
or, equivalently, 7Q/2 < by

Consider a complete order cycle between two deliveries of a batch. Re-
call that Q > R. Consequently, when a batch has been delivered, there is first
a stochastic time until the reorder point is reached and the next batch is or-
dered. During this time there are no outstanding orders and the inventory
level IL = IP > R > 0, i.e., no lost sales can occur. When the inventory level
reaches R, a new batch is ordered. This batch is delivered after the lead-time
L. Lost sales will occur if the stochastic lead-time demand exceeds the reor-
der point. Let us first determine the average lost sales during the order cycle,
E(R - D(L)) . We obtain

!

E(R-D(L))" = I(u—R);1_7¢(u;flljdu=a'G(R;,ﬂ j (5.92)
R
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The average length of an order cycle must be (Q + E(R - D(L)) )/u, since
all demand is either met or lost.

The average inventory on hand just before the delivery at the beginning
of the order cycle considered is

’

E(R - D(L))* = E(R -~ D(L) + ER - D(L))” =R - ' + o' GEZH
g
(5.93)

Note that the inventory on hand at the beginning of the cycle and the demand
during the cycle are independent stochastic variables. Therefore, the average
time in stock for an item in the batch that is delivered at the beginning of the
order cycle can be obtained as E(R - D(L))"/u + QA24). (The first term is the
expected time before the batch starts being consumed. As usual we disregard
the occurrence of negative demand.) The corresponding holding costs are
hQ[E(R - D(L))" + Q/2)/u. The total costs per time unit can consequently be
expressed as

_ ’ R . [
hQ{R T A %} T byuo Gty
C= g : 9 . (5.94)
R—-u

Q0+ 0G( )

g

The costs in (5.94) can be minimized with respect to R. It is possible to
show that the costs have a single local optimum. It is therefore easy to find
the optimal solution.

Recall that R > 0. Furthermore, the model is only an approximation for R
> Q. If the model is used for R > Q, the lost sales are underestimated and an
optimization will give a reorder point R that is too low. We have assumed
that the lead-time is constant, but independent stochastic lead-times can be
handled in essentially the same way.

If we compare (5.94) to the corresponding costs with complete backor-
dering, (5.69) or (5.70), we can see that the cost expressions, as expected,
approach each other when the average lost sales during an order cycle are
small compared to the batch quantity Q. If we disregard the term o’G((R -
M)/ o) in the first term in the numerator and in the nominator, we obtain the
approximate cost expression (5.71) with the simple solution (5.73). This so-
lution is often a good approximation also in the lost sales case (Rosling,
2002b).
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It is also easy to evaluate the fill rate in the considered model.

S, = QR_ . (5.95)
0+0GE—1

g

In (5.95) we use the fact that the total demand in an order cycle consists of
two parts, the demand that is satisfied from stock on hand Q, and the lost
sales c'G(R— u")/ o).

Other inventory models with lost sales are presented in e¢.g., Hadley and
Whitin (1963), Archibald (1981), Buchanen and Love (1985), Beyer (1994),
Johansen and Thorstenson (1996), Johansen (1997), and Johansen and Hill
(1998).

5.15 Stochastic lead-times

5.15.1 Two types of stochastic lead-times

So far we have only dealt with constant lead-times. It is quite common,
though, that the supply process is also stochastic and we shall therefore show
how stochastic lead-times can be incorporated in inventory models.

We shall here describe two different types of stochastic lead-times. (Also
other types are possible.) In Sections 5.15.2 and 5.15.3 we show how they
can be handled, and in Section 5.15.4 we provide a numerical comparison.

1. Sequential deliveries independent of the lead-time demand.

By sequential deliveries we mean that orders cannot cross in time. This type
of stochastic lead-times is most common in practice. Consider, for example,
a situation where we order from a factory or from an external supplier, and
assume that the orders placed with the outside supplier are delivered ac-
cording to a first-come, first-served policy. The orders can then not pass
each other. The stochastic lead-time for a certain order may depend on the
previous demand due to earlier orders that have caused congestion in the
supply system, but the demand after the order will not affect the lead-time.
Let us also give an example of when the stochastic lead-times are not in-
dependent of the lead-time demand and therefore do not belong to type 1.
Assume, for example, that we order from a factory and that the factory pro-
duces many different items. If the factory gives higher priority to items for
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which there are many orders, the lead-times can evidently be affected by the
lead-time demand.

2. Independent lead-times

The second type of lead-times, i.e., independent stochastic lead-times, may
occur if the orders are served by many independent servers. If the lead-time
for a certain order is long, it may then happen that later demands will trigger
orders that will be delivered earlier than the order considered.

In many situations it is complicated to model lead-times of type 1. Consider
for example, orders to a factory and assume that the stochastic lead-time at a
certain time depends on the queues in front of some machines, and that these
queues are due to previous orders for the item. To model such lead-times we
may need to include both the inventory and the queues in an integrated
model. See e.g., Song (1994) and Zipkin (1986, 2000) for a further discus-
sion of different types of stochastic lead-times. Similar situations may also
occur in connection with multi-echelon inventory systems, where shortages
at a higher echelon may cause stochastic delays for lower echelons. See
Chapter 10.

In practice it is usually more difficult to evaluate stochastic variations in
the lead-times compared to demand variations. Unless the lead-time varia-
tions are large, it is then reasonable to disregard them and replace a stochas-
tic lead-time by its mean. As we shall see in Section 5.15.3, this is also exact
in some situations when dealing with independent stochastic lead-times.

5.15.2 Handling sequential deliveries independent of the lead-
time demand

Consider first a continuous review inventory model with stochastic lead-
times of the first type. Since the orders cannot pass each other, it is evident
that (5.35) is still valid, 1.e.,

IL(t + L) =1P() - D(t, t + L(1)), (5.96)

where L(¥) is the stochastic lead-time that occurs at time ¢.
Assume that a certain (R, Q) policy is used and define

IP = stochastic inventory position in steady state,
IL = stochastic inventory level in steady state,
D stochastic lead-time demand when averaging over L,

il
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1.e., for discrete demand

P(D=j)=EP(DL)=]). (5.97)

Let now ¢ in (5.96) be a completely arbitrary time. Note that this means that ¢
+ L is also a completely arbitrary time. Furthermore, L(¢) is an arbitrary sto-
chastic lead-time. We get

IL=IP-D, (5.98)

which can be used in the same way as we have used (5.35) in case of a con-
stant lead-time.

For compound Poisson demand the distribution of the inventory level can
be obtained through a slight generalization of (5.36). We simply average
over different lead-times

1 R+Q
P(L=))=E |~ > P(DL)=k-j)
k=max{R+1,j}
(5.99)
R+Q

LY pD=k-j). j<R+0.
Q k=max{R+1,/}

For an S policy, or equivalently (S - 1, S) policy, (5.99) simplifies to

P(L= ) :Iz?{P(D(L)zS —DI=P(D=S-j), j<S. (5.100)

Similarly we get the inventory level distribution for continuous normally
distributed demand from (5.39) as

1 R+Q
F(x):P(ILSx):E{— I{l—@(ﬂi——#—l’ﬂdu} (5.101)
L1Q

172
It ol

Lead-times of the first type should, in principle, be handled as in (5.99)-
(5.101). 1t is often practical, though, to use a simple approximation where
the distribution of the demand during a stochastic lead-time is replaced by a
normal distribution with correct mean and variance. As before, we denote
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the mean and standard deviation of the demand per time unit by ¢ and o
We obtain the mean of D as

E(D) = uE(L). (5.102)

For a given L, E{(D(L))*} = ¢’L + (uL)*. The variance of D can then be de-
termined as

Var(D) = E{o*L + (u)? |- (BCL)?
= ?E(L)+ p*Var(L) + u* (E(L)* — u? (E(L))* (5.103)

=c?E(L)+ szar(L).

If we set 4" = E(D) and ¢” = (Var(D))'?, we can then, as an approximation,
use expressions for constant lead-times like (5.39), (5.42), (5.43), etc.

5.15.3 Handling independent lead-times

We shall consider a well-known and interesting result. Assume an § policy
and Poisson demand with intensity A, i.e., each demand triggers an order.
This also means that the orders can be described by the same Poisson proc-
ess as the demands. The stochastic lead-times are independent but otherwise
general. We can see the supply system as an (M/G/w) system. (M stands for
Poisson arrivals, G for a general lead-time distribution, and oo for an unlim-
ited number of servers.) According to Palm’s theorem (Palm, 1938), the total
occupancy in an (M/G/w) system (Poisson arrivals, general service time and
unlimited number of servers) is Poisson distributed with mean A£(L). So the
outstanding orders have a Poisson distribution that only depends on the ex-
pected value of the lead-time. This means that we can replace the stochastic
lead-time by its mean or by exponential service times, or whatever we feel is
easy to deal with.

It is a little surprising that in the considered situation a stochastic lead-
time will not give any disadvantages compared to a constant lead-time. One
reason is that when orders cross in time we can always use the earliest deliv-
eries to satisfy customer demands. So, items do not, in general, satisfy cus-
tomer demands in the same order as they are replenished from the supplier.
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In case of compound Poisson demand, the number of outstanding orders
(but not the number of items) is still Poisson.

5.15.4 Comparison of the two types of stochastic lead-times

We shall illustrate the differences between the two types of lead-times by an
example.

Example 5.9 Consider pure Poisson demand with intensity A =2 and an (S -
1, S) policy with §= 3.

Assume first that the orders placed with the outside supplier are served by
a single server with exponential service time and service rate k= 2.5. This
means that the supplier is modeled as an (M/M/1) queuing system. The lead-
time, i.e., the waiting time including the service time, is evidently of type 1.
It is well-known that the waiting time has an exponential distribution with
density (k- De *P7=0.5 . Using (5.100) we obtain

— 7y = - Q_ _Oo -0.5¢ (Zt)yj -2t .
PL=j)=E{P(D(L)=$ ])}—6[0.56 T dt <3,

(5.104)

From (5.104) it is easy to obtain P(/L = 3) = 0.2, and for j < 3 using partial
integration

(2f)3 J o251
P(IL=j)= |0.5——— dt
et J (3- J)'

(5.105)
Q)*7-

o e 24t =08P(IL = j +1),
j— :

_ogjos

i.e., the inventory level has a geometric distribution with P(IL = j) =
0.2-0.8°7 (j<3).

Let us now instead assume that the stochastic lead-times are service times
in an (M/M/w) system, i.e., the supplier is modeled as a queuing system with
infinitely many servers and exponential service times. Let us also assume
that the service rate for each server is x =0.5. This means that the distribu-



124 INVENTORY CONTROL

tion of the lead-time is exactly the same as in the above situation with a sin-
gle server. The lead-times are, however, now of the second type, i.e., inde-
pendent. Using the results in Section 5.15.3 we can simply replace the sto-
chastic lead-time by its mean 1/x= 2. The lead-time demand is Poisson dis-
tributed with mean A/x =4. We obtain the probability for inventory level j
as the probability that the lead-time demand is 3 - j,

3-J
4 -4

P(UL = j)= e j<3. (5.106)

The two different inventory level distributions are compared in Figure 5.7.

0.25
0.20 do
0.15 -
0.10 - -
0.05
0.00 -

Probability

-109 8 7 6 -5 4 -3 -2 -1 01 2 3

Inventory level

M Lead-times from (M/M/1) system @ Independent lead-times

Figure 5.7 Inventory level distributions in Example 5.9.

Recall that the lead-time distribution is the same in both cases. It is obvious
that the inventory level varies much less in case of independent lead-times.
This is, in general, advantageous since it is easier to avoid large backorder
levels.

Note also that a constant lead-time is both of type 1 and of type 2.
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Problems

5.1

*

5.2

53

5.4

5.5

5.6

5.7

5.8

In Section 5.1.1 it is shown how a compound Poisson process with fy > 0
can be replaced by an equivalent process with f;” = 0. Prove this.

Consider compound Poisson demand with a logarithmic compounding distri-
bution as in Section 5.1.2. Show that D(7) has a negative binomial distribu-
tion.

Let 4/ =3 and ¢’ = 1. Make a computer program that fits a distribution of
D(f) to these values according to Section 5.1.4. Verify from the obtained
distribution that you get the correct " and o’ .

Show that G(x) — -x as x — -oo. Use this to show that F(x) in (5.42) app-
roaches 1 asx — o0,

Consider the density of the inventory level fx) in (5.43). Show that f{x) has
its maximum atx = R -u” + Q/2.

The lead-time demand for an item is normally distributed with mean 300 and
standard deviation 100.

a) SetS)to 75, 85, and 95 percent. Determine the corresponding safety
stocks.

b) Set the safety factor to 1. Determine S, for O = 100, 500, and 1000.

c) Assume that the average demand per week is 25 and 100, respectively.
Let the safety stock be determined as the average demand during three
weeks. Determine the corresponding values of S;.

A company plans to use an (R, Q) policy with continuous review for invent-
tory control. A certain test item is considered. Demand is regarded to be con-
tinuous. The lead-time demand has mean 100 and standard deviation 50. The
policy R =135 and @ = 200 is considered.

a) Determine S, and S, for normally distributed lead-time demand.
b) Assume instead that the lead-time demand has a uniform distribution with
the same mean and standard deviation. Determine S, and S,.

A company tries to reduce all lead-times by 50 percent. There is a discussion
concerning the impact of this change. As an example an item in stock is con-
sidered. Demand is continuous and normally distributed. Inventory control is
carried out by an (R, Q) policy with continuous review. The demand per week
has mean 200 and standard deviation 50. Demands during different weeks are

" Answer and/or hint in Appendix 1.
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5.9

5.10

5.11

5.12

independent. From the beginning the lead-time is four weeks and R = 850 and
Q = 600. Two questions have been raised:

a) Assume that the lead-time is reduced to two weeks, while R and Q are un-
changed. How much does S, change? Will the stock on hand increase?
How much?

b) Assume that the lead-time is reduced to two weeks and that Q is unchang-
ed. How should R be chosen to get the same S, as before? How high is
then the average stock on hand?

Consider a continuous review (R, Q) policy with R = 1 and Q = 2. The de-
mand is Poisson with intensity 4 = 0.5. The lead-time is 4.

a) What is the average inventory level?

b) What is the average inventory on hand?

¢) What is the average backorder level?

d) What is the average waiting time for a customer?

Consider normal lead-time demand with mean 100 and standard deviation 30.
An (R, Q) policy is applied with Q = 50 given. The holding cost is 2 = 2 per
unit and unit time.

a) Determine R so that the average waiting time for a customer is 0.01. Det-
ermine the corresponding holding costs.

b) Choose S, S, and S, respectively so that you get the same solution as in
a).

¢) Choose a backorder cost b; per unit and time unit so that you get the same
solution as in a).

An inventory is controlled by an (R, Q) policy with continuous review. De-
mand that cannot be met directly is backordered. R = 1 and Q = 3. The de-
mand per time unit has a Poisson distribution with mean 2. The lead-time is
one time unit.

a) What is the probability in steady state to have 2 units in stock?
b) What is the average waiting time for a customer?

An item is controlled by an (R, Q) policy with continuous review. The lead-
time demand has an exponential distribution with density:

X

f(x)=ie—;x20
m

where m is the mean. Determine the fill rate for given R, Q and m. Assume
that R > 0.
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5.13

5.14

5.15

5.16

5.17

5.18

5.19

5.20

*

5.21
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Consider a continuous review (R, Q) policy with R = 1 and Q = 3. The de-
mand is Poisson with intensity A = 0.7. The lead-time is one time unit.

a) Determine the fill rate S, exactly.
b) Determine the fill rate S, by using a normal approximation.

Consider pure Poisson demand and a continuous review (s, S) policy. Use the
technique in Section 5.11 to verify that the distribution of the inventory
position is uniform.

Make a computer program to verify the results in Example 5.6.

a) Consider the periodic review (R, Q) model in Section 5.12.2. Modify the
derivation to fit an order-up-to-S policy.

b) Use the results in a) to determine the fill rate under the following assump-
tions. Poisson demand with mean 0.5 per unit of time, L = 1, 7= 0.5, and
S=1.

Consider Section 5.12.4. Modify the derivation to fit an order-up-to-S policy.

Consider the newsboy model in Section 5.13 but assume a discrete demand
distribution with distribution function F(x). Demonstrate that the optimality
condition corresponding to (5.91) is to choose the smallest S satisfying F(Q)

2 c/(co + ¢

Use the result in Problem 5.18 to solve the following newsboy problem.
Poisson demand with mean 3, ¢, = 2, and ¢, = 5. What are the optimal costs?

Consider a continuous review (R, Q) policy with R = 60 and Q = 80. The
lead-time demand is normally distributed with mean 100 and standard
deviation 20. Determine the fill rate both for complete backordering and for
lost sales. Why is the fill rate higher in the lost sales case?

Consider Example 5.9 and the first case with a stochastic lead-time of type
1. Use (5.102) and (5.103) to find x" and o’. Fit then a negative binomial
distribution to these values. Using this distribution determine the probabilities
for IL equal to 1, 2, 3, and compare to the exact solution.



6 SINGLE-ECHELON SYSTEMS:
INTEGRATION - OPTIMALITY

6.1 Joint optimization of order quantity and reorder
point

In practice it is most common to determine the batch quantity from a deter-
ministic model. The stochastic demand is then replaced by its mean. In
Chapter 4 we have considered different methods for determination of batch
quantities under the assumption of deterministic demand. Stochastic varia-
tions in the demand, and possibly in the lead-time, are then only taken into
account when determining the reorder point. As discussed in Chapter 4 this
procedure is, in general, an adequate approximation. In Chapter 5 we have
described various techniques for determining the reorder point for a given
batch quantity.

It is also possible, though, to optimize the batch quantity and the reorder
point jointly in a stochastic model. In this section we shall consider such
techniques.

6.1.1 Discrete demand

Assume discrete compound Poisson demand. Each customer demands an
integral number of units. As before, we also assume that not all demands are
multiples of some integer larger than one. The average demand per unit of
time is denoted s The lead-time L is constant. The stochastic lead-time de-
mand is denoted D(L) and its mean " = gd.
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Furthermore, we consider a holding cost 4 per unit and time unit, a short-
age cost b, per unit and time unit, and an ordering or setup cost 4.

6.1.1.1 (R, Q) policy

We shall first deal with a continuous review (R, Q) policy and the joint
optimization of the integers R and Q. A periodic review model can be han-
dled in essentially the same way. See also Federgruen and Zheng (1992).

Recall the following standard argument from Section 5.3.2. Let IP(f) be
the inventory position at time ¢. Consider then the time z + L. At that time,
everything that was on order at time ¢ has been delivered. Orders that have
been triggered in the interval (7, + + L] have not reached the inventory due to
the lead-time. Consequently we have

IL(t + L) = IP(t) - D(L). (6.1)

Let us initially consider the special case of an (S - 1, S) policy with S = £,
ie, R =k -1 and Q = 1. This means that the inventory position is & at all
times. Using (6.1) the inventory level distribution can then be obtained as

PUL=j)=P(D(L)=k-j), Jj<k (6.2)

Let g(k) be the average holding and shortage costs per time unit. We have
from (5.56)

k
g(k)=—bE(IL) + (h+ b)) E(IL*) = —by (k — pi') + (h + b)) zl JP(IL = j).
J=
(6.3)

The results in Section 5.9.1 imply that g(k) is a convex function of the in-
ventory position k. Furthermore g(k) — o as Ik[ — 0,
Let us now go back to the (R, Q) policy. Recall that the inventory posi-

tion is uniform on [R + 1, R + Q]. Consequently the total average costs per
time unit can be expressed as

R+Q
C(R,Q>=11Qﬁ+é S &) (6.4)

k=R+1

In (6.4) we obtain the holding and backorder costs by averaging over the in-
ventory position. We assume that each batch incurs an ordering cost 4, i.e.,
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if an order for two batches is triggered, the associated ordering cost is 24.
Our objective is to optimize C(R, Q) with respect to both R and Q.
Let us now define C(Q) as

C(Q) = min{C(R, O)} (65)

It 1s evident that C(1) = Au + min, {g(k)}, i.e., if the sum in (6.4) includes a
single value of %, we choose a & that gives the minimum cost. We denote an
optimal %, i.e., a value of & that minimizes g(k) by k. A corresponding opti-
mal reorder point for 0 = 1is R'(1) = k'~ 1, i.e., if we use a single value of k,
we choose the best one. Consider now Q = 2, which means that we use two
values of k. Due to the convexity of g(k), the second best & must be either & -
1 or K+ 1. Clearly, we should use the better of these two values. From (6.4)
it is therefore evident that it is optimal to choose R'(2) = R'(1) - 1 if g(R'(1))
< g(R'(1) + 2), and R'(2) = R'(1) otherwise. We obtain C(2) = Aw?2 +
[min{g(R'(1)) , gR'(1) + 2)} + g(R'(1) + 1))/2, or equivalently, C(2) =
C(1)/2 + min{ g(R'(1)), g(R"(1) + 2)}/2. More generally we have

R Q+1)=R"(Q)-1 if gR(Q)<gR(Q)+0+1),

(6.6)
R’ Q@+D)= R (Q) otherwise,
and
. * * 1
c+1)= C(Q)E%—l +[min{ ¢ (8" (0).2(R'(©@) +0+ 1)}]57-
(6.7)

It is evident from (6.7) that C(Q + 1) = C(Q) if and only if min{g(R(Q),
g(R(Q) + O + 1)} = C(Q). Furthermore, it is obvious that min{g(R(Q),
g(R'(Q) + O + 1)} is increasing with Q. Let O be the smallest Q such that
C(O + 1) = C(Q). It follows from (6.7) that C(Q) = C(Q") forany Q= Q.
Consequently, Q" and R'(Q") provide the optimal solution.

To summarize, it is very easy to determine the optimal solution by ap-
plying (6.6) and (6.7) until the costs increase.
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6.1.1.2 (s, S) policy

Let us now instead consider the optimization of an (s, S) policy. Other-
wise the assumptions are exactly the same as above. When using an (s, S)
policy the inventory position is no longer uniformly distributed. This makes
the optimization more complex. Zheng and Federgruen (1991), however,
have developed a very efficient optimization procedure. We shall here only
describe the procedure and refer to their paper for proofs and more details.

In Section 5.11 we defined and determined the probabilities

m; = probability to reach /P = j during an order cycle (s + 1 < j <S).

The average total number of customers during an order cycle is 25: st -

Let A be the customer arrival rate. The average length of an order cycle is
consequently Z‘j-:s 1M /. The steady state distribution of the inventory po-

sition 1s obtained as
S
PUP=ky=m/ Yy m;, k=s+l,5+2,..S. (6.8)
J=s+1

See Section 5.11 for more details. Given these probabilities we can deter-
mine the average costs per time unit as

AL S
C(s,8) =———+ D, PUP =k)- g(k). (6.9)
zmj k=s5+1
J=s+1

We are now ready to describe the optimization procedure.

1. In the first step we set " =&, i.e., a value of & that minimizes g(k). Next,
considers =S - 1,5 =5 -2, .., until C(s, S’) < g(s). When this occurs,
sets” = s and the initial best solution as C* = C(s", ). Set S= 5.

2. Set S=S+1.Ifg(S) > C", s" and S provide the optimal solution with the
costs C’, and the algorithm stops.

3. It is possible to show that the considered S will improve the solution if,
and only if, C(s", S) < C". In that case set S = S. Otherwise go to 2.
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4. To find the best s corresponding to S, it is only necessary to consider s =

s, s"+1, ... The new s’ is obtained as the smallest value of s giving C(s,
S > g(s + 1). Update C" = C(s", ") and go to 2.

6.1.2 An iterative technique

Now consider normally distributed demand instead, and add ordering costs
to the (R, Q) model with backorder cost per unit and unit time that we dealt
with in Section 5.9.2. The lead-time demand has mean x4  and standard de-
viation ¢’. The mean per unit of time is z.

By adding the average ordering costs per time unit to the cost expression
in (5.65) we have

C(R,0) = W(R+Q/2~ ﬂ)+(;,+b1)_{ (R 'ﬂJ H(“Qf—y’)}ﬂ.
Q o o 0

(6.10)
Recall the definitions of H(x) and G(x). See Appendix 2.

Our objective is to optimize C(R, Q) with respect to R and Q. As
pointed out in Section 5.9.2, we cannot replace the backorder costs by the fill
rate (5.67) when carrying out a joint optimization of R and Q.

We shall demonstrate how the optimization can be carried out by a sim-
ple iterative procedure. It can be shown that this procedure will always con-
verge to the optimal solution (Rosling, 2002b).

The necessary conditions 0C/0Q = 0C/0R = 0 are also sufficient and

will guarantee the unique optimal solution.
We obtain 8C/0R as in (5.66)

oC R+Q—pu R—-y
o bl b‘)d (—G——j G[TH ©.11)

For a given Q we can use (6.11) to determine the corresponding reorder
point R giving 0C /R = 0. The resulting R decreases with Q. We can also
get 0C/0Q from (6.10) as
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oC _h Au
0 2 o
—h+b)Z { (R ”j H(’”Q,_”)— ,G(R+Q, “ﬂ
(o2 (e2 o o

(6.12)

We shall now describe the iterative procedure for finding the optimal so-
lution satisfying 6C /00 = 0C/6R =0,

We start by determining the batch quantity according to the classical eco-
nomic order quantity model

=24u/h . (6.13)

Next we determine the corresponding reorder point R® from (6.11) and the
condition 8C /AR =0. In the following step we get a new batch quantity Q'
from

O = 2A,U+2(h+b1)o_/2 g R g R +Q' —H
h h o' loj

(6.14)

After that we determine the reorder point R' corresponding to Q' from (6.11)
and the condition 8C /R =0. Given Q' and R', we obtain Q% and R’ in the
same way, etc.

It can be shown that the batch quantity increases in each step, 0 "' > 0,
while the reorder point decreases, R""' < R’. The costs decrease in each step.
Let C” be the optimal cost. It is possible to show that C(R’, Q*")-C" < h(Q™"
— 0", i.e., the remaining gap can be bounded.
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Example 6.1 Let A =100, h = 2, and b, = 20. The demand per time unit is
normally distributed with = 50 and o= 20. The lead-time is L = 4. We ob-
tain z/'= pl= 200 and o'= oL"? = 40.

The results from the iterations when applying the described procedure are
shown in Table 6.1. We can see that the costs converge very rapidly. The
changes in batch quantity and reorder point as compared to the initial solu-
tion are significant. Still the total cost reduction is only about 2.5 percent.

Table 6.1 Results from the iterations for the data in Example 6.1.

Iteration { 0 1 2 3 4 5

Order quantity Qi 70.71 87.91 93.08 94.59 95.03 95.15
Reorder point R’ 22476 219.60 218.16 217.75 217.63 217.60
Costs C' 232.01 226.63 22624 22621 22620 226.20

Similar procedures for models with other types of costs can be designed
in the same way. We could, for example, have used a shortage cost per unit
as in Section 5.10. A corresponding procedure for a model with lost sales is
given in Rosling (2002a).

6.1.3 Fill rate constraint - a simple approach

We shall now consider a different and very simple technique from Axsiter
(2004). This technique is especially suitable when optimizing R and Q under
a fill rate constraint, because it is in general only necessary to consider rela-
tively few different fill rates. The cost function is the same as in (6.10) ex-
cept for the backorder costs that are omitted

2 14 ,
C=h(R+0/2-u)+h< {H(R_’”j_H[R‘“Q,‘ﬂHJJﬁ_
o o 0

g

(6.15)

The fill rate is according to (5.52) obtained as

s, :1—%{G(R_,”'j—G(RJrQ,"”'H. (6.16)

g g

It is possible to show that the considered problem has a pure optimal
strategy, i.e., a single (R, Q) as its optimal solution, see Rosling (2002b).
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At a first glance the problem to optimize (6.15) under the constraint
(6.16) for a given fill rate S, depends on five parameters: h, 4, 4, 4, and o°.
However, it is easy to see that the problem does in fact depend on a single
parameter only. Define

c = Cl(ho),

g = Qo

r = R-u)ao,
E = Au(h(c).

Substituting in (6.15) and (6.16) we get the equivalent problem to minimize

c=r+ L L H() - H(+q)]+ £, (6.17)
2 q q

under the constraint
S, :1—1[G(r)—G(r+q)]. (6.18)
q

Note that this version of the problem for a certain given .S, depends on a sin-
gle problem parameter, £ > 0.

Axsiter (2004) suggests that ¢ is determined by linear interpolation of
tabulated values (or by using a polynomial approximation). (The tabulated
values can, for example, be obtained by using the technique in Section
6.1.2.) The corresponding 7" is then obtained from (6.18) in a second step. A
part of the required table is given in Table 6.2.

We are now ready to describe a simple way to solve the original problem
for a given fill rate S, and any problem parameters. We start by determining
E. Next we obtain the solution of the one-parameter problem from the table
and (6.18). Given the optimal solution ¢" and *, we get the solution of the
original problem as

Q" =q¢"c’,

R'=r"c'+u'.

Note that we can use the same table repeatedly for all items.
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Example 6.2 Let S, = 0.9, 4 =100, h =2, p= 50, /=200, and &’ =40, i.e.,
except for the backorder cost, the same data as in Example 6.1. We get £
=A4/(h(c’)’) = 1.5625 and e = In (E) = 0.4463. Using the table values for e =
0.4 and e = 0.5 and interpolating linearly, we get ¢'= (2.5111(0.5 — 0.4463) +
2.6070(0.4463 — 0.4))/0.1 = 2.5555. Using (6.18) we get 7 = 0.3294. Finally
we obtain Q' =g¢*0'=25555-40=10222 and R =rc'+y =
0.3294-40 +200=213.18. The corresponding optimal solution is Q" =
102.20 and R = 213.14.

Table 6.2 g for different fill rates and values of e = In(E).

e\S  60% 70% 80% 85% 90% 95% 99%

-0.2  2.7398 24609  2.2323 21255 20165 1.8926 1.7371
-0.1  2.8408  2.5496 23127 22025 2.0904 19633  1.8047
0.0 29462 2.6421 23964 22828 2.1675 2.0373  1.8756
0.1 3.0562 27383 24836 23664 22478 2.1145  1.9498
0.2 3.1712 28387 2.5745 24536 23318 21953  2.0276
03 32914 29435 2.6694 25446 24194 22798  2.1092
04 34172 3.0529 2.7684  2.6397 25111 23683  2.1949
0.5 3.5490 3.1671 2.8718 2.7391  2.6070 24609  2.2848
0.6 3.6872 32867 2.9800 2.8430 27073  2.5580 2.3791
0.7 3.8322 34118 3.0931 29518 2.8124  2.6599  2.4783
0.8 3.9846  3.5430 3.2116 3.0658 29226 2.7668  2.5824

6.2 Optimality of ordering policies

In all the models that we have considered in this chapter it has been assumed
that the policy is either of the (R, Q) type or of the (s, S) type. A natural
question to ask is whether other, better policies exist. This is, in general, not
the case. In most situations one of these policies is indeed optimal for a sin-
gle-echelon inventory system with independent items.

In Section 6.2.1 we shall show that an (R, Q) policy is optimal when there
are no ordering costs but a given fixed batch quantity Q. After that we com-
ment on the optimality of (s, S) policies in Section 6.2.2.
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6.2.1. Optimality of (R, Q) policies when ordering in batches

Consider an inventory system with continuous review. Assume discrete
compound Poisson demand and that each customer demands an integral
number of units. As before, we assume that not all demands are multiples of
some integer larger than one. The average demand per unit of time is de-
noted . The lead-time L is constant. The stochastic lead-time demand is de-
noted D(L) and its mean " = .

Furthermore, we consider a holding cost /4 per unit and time unit and a
shortage cost b; per unit and time unit. There are no ordering costs but all
orders must be multiples of a given batch quantity Q. Orders can only be
triggered by customer demands. We shall show that an (R, Q) policy is opti-
mal under these assumptions. Our proof follows essentially Chen (2000).

Obviously the inventory position must be an integer at all times. Assume
first that the inventory position is & at some arbitrary time ¢. Using (6.1) the
inventory level distribution at time ¢ + L can be obtained as

PUIL=j)=P(D(L)=k-j), j<k (6.19)

Furthermore, (as in Section 6.1.1.1), let g(k) be the corresponding holding
and shortage cost rate at time 7 + L. We have

k
g(k)=-bE(IL)+ (h+b))E(IL" ) = ~by (k — ') + (h + by) ZIJ'P(IL =j).
=
(6.20)

As shown in Section 5.9.1, g(k) is a convex function of the inventory posi-
tion k. Furthermore g(k) — oo as ‘kf — o,

Define now

Q
g =2 80+,

=

where y is an integer. Clearly g(y) is also convex. Denote by R the finite
integer y that minimizes g(y).

Lemma 6.1 Let x and z be integers. For a given z, g(z + x(J) is convex in x.
Let x, be the unique integer so that R +1 <z +x,Q <R + Q. Then g(z + xQ) is
minimized with respect to x forx = x,.
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Proof It follows from the convexity of g(k) that g(z + x() is convex in x.
Note that

gz+(x+DO)-g(z+x0)=g(z+xQ)—g(z+x0-1). (6.21)

Consider first any x < x,. This means that z + xQ < R. Obviously
g(z+xQ)-g(z+xQ-1)<0. Similarly, x > x, implies z + xQ > R + Q and
g(z+xQ)-g(z+xQ-1)20. It follows that g(z + x(J) is minimized with
respect to x forx = x,.

We are now ready to prove the following proposition.
Proposition 6.1 An (R, Q) policy is optimal.

Proof Consider any feasible policy. Let y, be the inventory position at time ¢.
The cost rate at time ¢ + L is then g(y,). From Lemma 6.1 we know that g(y,)
> g(y,") where y,” = y, + nQ and n is the unique integer so that y,/€ {R + 1, R
+ 2, ..., R+ Q}. Consequently, the long-run average cost must be greater
than or equal to the long-run average value of g(y,). To determine these
costs consider the stochastic process y,”. Obviously y,” is constant between

the customer demands. Let D, be a demand at some time #. Let y, be the

inventory position before the demand and y,” the inventory position after
the demand. Clearly

v, =y; =D, +mQ, (6.22)

where m is nonnegative. Furthermore, due to our construction we must also
have,

v =y, =D, +m'Q, (6.23)

where m” is an integer. Given y;” and D, the value of m” is unique because
yvie{R+1,R+2, ..., R+ Q}. The demand sizes are independent, so the
different y,” can be seen as a Markov chain with the finite state space {R + 1,
R+2,..., R+ Q}. The steady state distribution can be shown to be uniform.
(This can be done in essentially the same way as the proof of Proposition 5.1
in Section 5.3.1. We omit the details.)
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The long-run average value of g(y,) is therefore g(R)/Q. This is a lower

bound on the long-run cost of any feasible policy. But this lower bound can
be achieved by using an (R, Q) policy. Using an (R, Q) policy the inventory
position is also uniformon {R+ 1, R+ 2, ... , R+ Q}. (We obtain the costs
by setting A = 0 in (6.4).) This completes the proof.

Proposition 6.1 can be generalized in different ways, for example to other
cost structures and to periodic review. In the special case when Q = 1 the (R,
Q) policy degenerates to an S policy with § = R + 1. This means that Propo-
sition 6.1 also demonstrates the optimality of an S policy in case of no or-
dering costs and no constraints concerning the batch quantities.

For problems with continuous or Poisson demand, (R, Q) policies and (s,
S) policies are equivalent. For such problems (s, S) policies are consequently
also optimal.

6.2.2 Optimality of (s, S) policies

If we replace the fixed batch quantity in Section 6.2.1 by an ordering cost the
optimal policy is under quite general conditions of the (s, S) type. This is
more difficult to show, see e.g., Porteus (2002).

It is interesting to note, however, that (s, S) policies are not necessarily
optimal for problems with service constraints. Consider, for example, a
problem with discrete integral demand where s and S are integers. It may
very well happen that no (s, S) policy provides a certain given service level
exactly. The best (s, S) policy that satisfies the service constraint will conse-
quently give a slightly higher service than what is required. In such a situa-
tion it may be possible to reduce the costs by varying the policy over time so
that the average service level is exactly as prescribed.

Early optimality results were presented by Iglehart (1963) and Veinott
(1966). More recent results are provided by Zheng (1991), Rosling (2002b),
and Beyer and Sethi (1999).

6.3 Updating order quantities and reorder points in
practice

In Chapters 2 - 5 we have presented different techniques for forecasting and
determination of batch quantities and reorder points. We shall now illustrate
how these techniques can be implemented in an inventory control system.
We assume that we are dealing with a single-echelon system and independ-
ent items.
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The forecasts are normally updated with a certain periodicity. In general,
1t 1s most practical to also update reorder points and batch quantities at these
times, immediately after updating the forecasts. Let

tr = forecast period.

We can think of the forecast period as, for example, one month. The time
unit is not important. We can use one month as the time unit. In that case tp =
1, but we can also express /7 in days (¢t = 30), or in years (tz = 1/12). How-
ever, to avoid unnecessary errors it is recommended to use the same time
unit in all inventory control computations.

Typically the forecasts are updated either by exponential smoothing (Sec-
tion 2.4), or by exponential smoothing with trend (Section 2.5). It may also
be reasonable to use a seasonal method (Section 2.6) for a few items. The
forecasting method is, in general, chosen manually for each item. To specify
the forecasting method, we also need the smoothing parameters that are part
of the different forecasting methods. Usually it is practical to divide the
items into a number of inventory control groups and let the forecasting tech-
nique as well as various inventory control parameters, like holding cost rate
and service level, be identical for all items in the same group. See also
Chapter 11.

When using exponential smoothing we update the average demand 4, at
the end of each forecast period. If instead we use exponential smoothing

with trend, we update both the average demand 4, and the trend l;, . In ei-

ther case we also update some error measure like MAD, (Section 2.10).
In case of exponential smoothing the average demand per unit of time u
1s obtained as

U=a,1t5. (6.24)

When using exponential smoothing with trend we are, in principle,
assuming that the demand is increasing or decreasing linearly with time. Just
after the forecast update the estimated demand in the coming period is

a, +l;t . A natural estimate of the demand rate in the middle of this period is
then a,/tr +1;, /tr. The trend is Z;t /(tp)*.The corresponding estimate of the de-
mand rate in the beginning of the period, 1.e., just after the update, is then

a,/te + l;, /(2tr). The estimated demand rate v time units after the update is

a,/tr+ b, (2tp) + ub, /(t:).
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The standard deviation of the demand per time unit is obtained according
to (2.50) and (2.55) as

S \/EMAD,, (6.25)
(tp)° V2

where the parameter ¢ = 1/2 if we assume that forecast errors in different
time periods are independent. This can be regarded as the standard assump-
tion. The parameter c is always in the interval (0.5, 1).

Assume that a continuous review (R, Q) policy is used for inventory con-
trol. Since the items are treated independently we shall consider a certain
item with lead-time L. The lead-times are in general different for different
items. Our first step is to update the batch quantity 0. The most common
technique is to use the classical economic order quantity model and let the
average demand per time unit g replace the constant demand per unit of
time. As in (4.3) we obtain

24u

p (6.26)

Q0=

The ordering cost, 4, is in general, the same for items belonging to the same
inventory control group. The holding cost, %, is usually determined as a cer-
tain percentage of the value of the item. This carrying charge should include
capital costs as well as other types of holding costs. Usually the carrying
charge is the same for all items in the same inventory control group, but the
holding costs vary among the items because of different values of the items.
A typical carrying charge could be something like 10 - 15 percent if we use
one year as the time unit. The carrying charge is normally higher than the
interest rate charged by the bank. See Sections 3.1.1 and 3.1.2.

Although (6.26) is intended for stationary demand, it is often also applied
when using exponential smoothing with trend. In that case the average de-
mand rate z should correspond to the time when the batch is used. Consider
a time interval of length 7 starting at the time of the update. Let D(7) be the
stochastic demand during this interval and g(7) the expected value of this
demand. We have

A ~

ol b b b, t b, 12
)=ED(t)}= |— (4, +-L)+—Lu)du=(a, + L) —+-+L—. (627
g(e) = E{D(7)} OLF“ D) 62D

F ¥
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By setting g(7) equal to a certain quantity ¢ and solving for 7, we can esti-
mate the time 7(d) until a certain quantity d has been demanded. We obtain
7(d) as the solution of a second order equation

2

a 1 a 1 2d

t(d)=—tp| <L+ |+tp || L+=| +5—. (6.28)
F(bt 2] " {b, 2

We can use (6.27) and (6.28) for estimating the demand rate ahead of
time in connection with determination of reorder point and batch quantity.

Consider, for example, an order just after the forecast update. Assume
that the inventory position is equal to the reorder point R, What is then the
average demand to be used in (6.26)? Let QO be an estimate of the batch
quantity, e.g., the previous batch size. We will start to consume the batch
around time 7(R), and the whole batch will be consumed around time 7(R +
Q"). About half of the batch has been consumed at time 7= 7(R + Q'/2). A
reasonable estimate of the average demand rate during the time when the
batch is consumed is then

1 . b b
y:—(at+—’)+—;—r), (6.29)
tF 2 tF

and we can use this y instead of (6.24) in (6.26). Recall also from Section
4.1.2 that the costs are very insensitive to small errors in the batch quantity,
so it may also be reasonable to use simpler approximations.

It is a little more complicated to take seasonal demand variations into ac-
count when determining batch quantities. In practice it is therefore quite
common to disregard the effect of the seasonal variations on the batch quan-
tities.

To be able to determine the reorder point, we next need to determine the
distribution of the lead-time demand. Let " and o” be the mean and average
of the lead-time demand just after the forecast update. In case of exponential
smoothing we have

w=2r (6.30)
Lp

and in case of exponential smoothing with trend
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p'=g(L). (6.31)

The standard deviation is obtained as

c
o' =olf = |Z map, | L | | (6.32)
2 av;
F

It is not common to take stochastic variations in the lead-time into ac-
count. One reason is that it is usually difficult to determine the lead-time
distribution. If the lead-time variations are known and the deliveries are se-
quential it 1s easy to use the approximation based on (5.102) and (5.103).

Given the mean and standard deviation, the most common approach is to
assume that the lead-time demand is normally distributed. For items with
low demand it may sometimes be more appropriate to use a Poisson distri-
bution or a compound Poisson distribution. If we assume that the normal dis-
tribution is used and that there is a given fill rate S, (See Section 5.4), it is
easy to determine the reorder point R from (5.52). In case of compound Pois-
son demand we can apply (5.36) and (5.51).

Note that in this section we have used models for stationary demand also
when there is a trend in demand. This approximation is usually satisfactory
as long as the trend is relatively small compared to the average.

Example 6.3 We shall update forecast, batch quantity, and reorder point for
an item controlled by a continuous review (R, Q) policy. The updates take
place at the end of each month, and we use one month as our time unit, 1.e.,
tr = 1. We apply exponential smoothing with smoothing constant « = 0.1
when updating both the forecast and MAD. At the end of the preceding
month we obtained the forecast @ =132 and MAD = 42. We have just re-
ceived the demand during the last month as 92. The batch quantity is deter-
mined according to the classical economic order quantity model. The hold-
ing cost is $1.5 per unit and month, and the ordering cost $200. The lead-
time is two months. The fill rate is required to be 95 percent. The demand
can be regarded as continuous and normally distributed, and forecast errors
during different time periods are assumed to be independent.
As our first step we update the forecast and MAD

a=0.9-132+0.1-92 =128,

MAD=09-42+0.1]132-92| = 41.8.
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Next we determine the batch quantity

Q:‘/g—% =184.75 ~ 185 .

It remains to determine the reorder point R from (5.52). First we obtain g’
and o as

i =2-128 =256,

o-’:\/i-\/%-41,8:74.09.

Finally, using the search procedure described in connection with (5.52) we
obtain R =313.62 ~ 314.

We have assumed a continuous review (R, Q) policy. Periodic review can be
handled as described in Section 5.12. When using an (s, S) policy instead of
an (R, Q) policy it is common in practice to first determine R and Q for an
(R, Q) policy and then apply the simple approximations =Rand S-s=Q.
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Problems
6.1°  Consider Example 6.1 and the iterations in Table 6.1. What is the fill rate in
the different iteration steps? Why?

6.2 Verify the transformation in Section 6.1.3.

6.3"  Consider an item which is controlled by a continuous review (R, Q) policy.
The forecast and MAD have just been updated by exponential smoothing as
a =100and MAD = 40. The forecast period is one month. The lead-time is
two months. When adjusting the standard deviation to a different time, the
constant ¢ is set to 0.7. The lead-time demand is normally distributed.

a) Determine the reorder point for S, = 90 percent,
b) For this reorder point determine S, for O =25, 0 =100, and Q = 1200.

6.4"  Simple exponential smoothing is used for updating the forecast each week.
The smoothing constant is 0.2. MAD is also updated by exponential
smoothing with smoothing constant 0.3. The demand during the past five
weeks is given in the table. Before week 1 the forecast was 100 and MAD
was 10.

Week 1 2 3 4 5
Demand 112 96 84 106 110

" Answer and/or hint in Appendix 1.
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6.5

6.6

a) Update forecast and MAD for weeks 1-5. Determine the expected demand
and variance for week 6.

b) Determine (after the update in period 5) batch quantity by the classical
economic order quantity model and reorder point under the following as-
sumptions:

Ordering cost: 100

Holding cost: 1 per unit and week

Lead-time: 2 weeks

S1>95%

Forecast errors in different periods are assumed to be independent.

The demand during the past five weeks is given.

Week 16 17 18 19 20
Demand 97 99 100 126 112

Forecasts are determined by both simple exponential smoothing and by
exponential smoothing with trend. For simple exponential smoothing, the
smoothing constant is 0.2. The same smoothing constant is used when
updating the mean with the trend model. The smoothing constant for the
trend is 0.4. When updating MAD the smoothing constant is 0.2. The forecast
errors are assumed to be independent and normally distributed. Before the
first week (16) the forecasted demand was 100.0 and the trend was assumed
to be zero. MAD was 7.

a) Update the forecasts by both methods. Determine mean and standard dev-
iation for week 21 after the update in week 20. Assume stationary stocha-
stic demand. Use the forecast from simple exponential smoothing. Deter-
mine batch quantity by the classical economic lot size formula. Determine
reorder point such that the fill rate is approximately 95%. Make the follo-
wing assumptions:

Ordering cost: 2500
Holding cost: 10 per unit and week
Lead-time: 3 weeks
Continuous review
b) Determine S for the chosen reorder point.

Consider a continuous review (R, Q) policy. The batch quantity O = 500. The
lead-time is two weeks. Both S| and S, must be at least 95%. Before week 1
the forecast was X,; =100and MAD, = 8. Use simple exponential smoothing

with a = 0.2 (for both @ and MAD) to update the forecast for weeks 1 to 5.
The demands are:
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week 1 2 3 4 5
d 113 101 108 105 95

Use the forecast from week 5 when determining the reorder point. The
demand is normally distributed and deviations in different periods are
independent.



7COORDINATED ORDERING

In Chapters 3-6 it was assumed that different items in an inventory could be
controlled independently. We shall now leave this assumption and consider
situations where there is a need to coordinate orders for different items. In
this chapter we shall still, as in Chapters 3-6, assume that the items are
stocked at a single location. (Multi-stage inventory systems are dealt with in
Chapters 8-10.) We consider traditional inventory costs and constraints, i.e.,
holding costs, ordering or setup costs, and backorder costs or service con-
straints.

When coordinating the replenishments for different items, it is common
to use cyclic schedules, and especially so-called powers-of-two policies. In
Section 7.1 we derive some important results for such policies.

There are two main reasons for coordinating the replenishments of a
group of items. One reason, dealt with in Section 7.2, is that we wish to get a
sufficiently smooth production load. Assume, for example, that a considered
group of items is produced in the same production line. We then want to co-
ordinate the orders for different items so that they are evenly spread over
time.

The other main reason for coordinated replenishments, which is treated in
Section 7.3, is completely opposite. We want to trigger orders for a group of
items at the same time. This can be advantageous in many situations. It may
be possible to get a discount if the total order from the same vendor is
greater than a certain breakpoint. It may also be possible to reduce the trans-
portation costs, for example, by filling a truckload. Sometimes the setup
costs can also be lowered substantially if a group of similar items are pro-
duced together in a machine.



150 INVENTORY CONTROL

7.1 Powers-of-two policies

Both when using mathematical algorithms and when choosing schedules
manually, it is very common to use so-called powers-of-two policies in con-
nection with coordinated replenishments. This means that the cycle times are
restricted to be powers of two times a certain basic period. If the basic period
is, for example, one week, nonnegative powers of two give 2% =1 week, 2' =
2 weeks, 27 = 4 weeks, 2° = 8 weeks etc. With negative powers of two we
also obtain 27! = 1/2week, 272 = 1/4 week, etc. A main advantage of such cy-
cle times is that we obtain relatively simple cyclic schedules. Consider, for
example, two items that are produced every fourth and every eighth week,
respectively. The total cycle time is then eight weeks, since everything is re-
peated every eighth week. If instead of four and eight weeks we use the
similar cycle times five and seven weeks, the total cycle time would be
5-7=35 weeks, i.e., more than four times longer. Assume, for example, that
both items are produced in week 1. The item with cycle time five weeks is
then produced in weeks 1, 6, 11, 16, 21, 26, 31, 36, etc., and the other item,
with cycle time seven weeks, in weeks 1, 8, 15, 22, 29, 36, etc. So week 36
is the first time after week 1 when both items are produced.

Consider a number of items with constant continuous demand. Given
holding costs and ordering costs we wish to determine suitable batch quanti-
ties, or equivalently cycle times. (See Section 4.1.1.) We shall show that a
restriction to powers-of-two policies will give a solution which is very close
to the optimal solution.

Consider first a single item. Recall the following result from Section
4.1.2.

€ -2 %+-Q—j, (1.1)
c 2o ¢

which gives the relative cost increase when deviating from the optimal batch
quantity Q" in the classical economic order quantity model. The expression
(7.1) is valid also with a finite production rate (Section 4.2). Furthermore,
since we are dealing with constant demand, ¢, we can just as well express
the policy through the cycle time T = Q/d where T = Q'/d is the optimal so-
lution. This means that we can equivalently formulate (7.1) as

c_yr,r) 72
C AN T
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We shall consider cycle times and the representation (7.2) when deriving
our results on the approximation errors, but it is important to note that the re-
sults are also valid for the batch quantities.

Consider now a powers-of-two solution of a lot sizing problem, i.e., as-
sume that the cycle time 7 has to be chosen as

T=2"q, (7.3)

where m can be any integer and where, for the time being, we assume that
the basic period ¢ is given. Assume that T cannot be expressed according to
(7.3). We then have to choose either the next lower or the next higher 7 sat-
isfying (7.3). Due to (7.3), the ratio between these two values is 2. Note also
that the best solution under the constraint (7.3) is not affected if ¢ is multi-
plied by a power of two. If, for example, ¢ is multiplied by 2, we can reduce
m by 1 to get the same resulit.

What is the worst possible relative cost increase caused by restricting the
solution with the constraint (7.3)? Because of the convexity, the worst possi-
ble error must occur when two consecutive values of m, saym = kand m=£%
+ 1 give the same error. Let 7< T correspond to m =k, and 27> T tom =k

+ 1. We obtain
C*=l ];+—T—— 1 2{+Z— . (7.4)
c 2\t T ) 2{rt 2r

It is easy to see that (7.4) implies that

o (1.5)
T T
and
C*:l(_l_Jr\/i)zl.%. (7.6)
c* 2\V2

We formulate this result as a proposition.

Proposition 7.1 For a given basic period ¢, the maximum relative cost in-
crease of a powers-of-two policy is 6 percent.
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We have only discussed a single item, but Proposition 7.1 is evidently
also true if there are several items, because the worst case occurs when all
items incur the maximum error of 6 percent.

Let us now assume that it is possible to change ¢. For a single item we
will then get the optimal solution simply by choosing ¢ equal to a power of
two times 7. If, however, we have N items (items i=1, 2, ..., N), we can, in

general, not fit ¢ perfectly to all cycle times TI-’k , which depend on the prob-
lem data for different items. The relative cost increase can be expressed as

=

i

N
G D.CCIC)
= = 1=l : (7.7)

c; >

i=1

<

C

i

M=

We know from (7.2) and (7.5) that for a given ¢, each C;/C ,* can be ex-
pressed as

C.
;ze(x,.)z.;_(z)wz‘xf), “1/2<x <1/2, (7.8)

G
ie, T, /T =2% (-1/2<x; <1/2). The end points x; = - 1/2 and x; = 1/2
correspond to the worst case (7.6). Let us now interpret the weights for the
different values of x; in (7.7), C,»* /Zﬁl C; , as probabilities. Denote the

corresponding distribution function on [-1/2, 1/2] by F(x), i.e., F(-1/2) =0
and F(1/2) = 1. We can see C/C" in (7.7) as an expected value of e(x) and re-
formulate (7.7) as

1/2
= je(x)dF(x) . (7.9)
-1/2

*

Assume now that we change ¢ by multiplying by 27, where 0 < y <1. (Re-
call that multiplying ¢ by a power of two does not affect the solution, so we
are considering the most general change.) If we do not change x this is
equivalent to replacing x by x + y. However, if x + y >1/2 1t is advantageous
to change x to x — 1. This means that a certain x is replaced by x + y for x + y
<1/2,andbyx+y-1forx+y >1/2. Consequently we have
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1/2-y 1/2

C
— (= |e(x+y)dF(x)+ |e(x+y-1)dF(x)
¢ »1'/[2 1/ 2": y
(7.10)
1/2 y-1/2
= fe@dF@-y)+  [e)dFa-y+1).
y-1/2 -1/2

For a given distribution F(x) the minimum cost increase is obtained by
minimizing (7.10) with respectto 0 < y <1,

We are now ready to prove Proposition 7.2, which shows that the maxi-
mum relative error is surprisingly low.

Proposition 7.2 If we can change the basic period ¢, the maximum relative
cost increase of a powers-of-two policy is 2 percent.

Proof The average cost increase for 0 < y <1must be at least as large as the
minimum and we have from (7.10), by changing the order of integration,

1 112 y-1/2
C
min—< ()< || [e@dFu-y)+  [e@dFu-y+1)|dy
osy<t C 0 y-1/2 72
1/2 u+l/2 1
= je(u) de(u— )+ de(u— y+1) | du
172 0 u+1/2
1/2 172 .
= Je(u)(-F(—1/2)+F(u)-F(u)+F(1/2))a’u= ‘[e(u)du: ~1.02.
~1/2 172 \/—2_11’12

The worst case will occur when the distribution F{(x) is uniform on
-1/2<x<1/2,see (7.9). A change of ¢ will then not make any difference.
This completes the proof.

Powers-of-two policies are important ingredients of Roundy’s so-called
98 percent approximation. See Sections 7.3.1.2 and 9.2.2.
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7.2 Production smoothing

In general, it is a very complicated problem to control the stocks of different
items in such a way that we get both low inventory costs and smooth capac-
ity utilization. To simplify the problem it is common to first disregard sto-
chastic demand variations and solve the remaining deterministic problem.
Safety stocks are then usually determined in a second step using techniques
for independent items, see Chapter 5. However, the deterministic problem
can also be very difficult, especially if there are many items with time-vary-
ing demand and several capacity constraints.

When the demands for different items are relatively stable over an ex-
tended period, it is often advantageous to use cyclic schedules as a means to
obtain a smooth production load. This means that each item is ordered peri-
odically, and that the ordering periods for different items are chosen such
that the load becomes as smooth as possible.

Consider, for example, a machine which is used for producing four items
(items 1 - 4) all with about the same demand. It can then be a good idea to
decide that item 1 is produced in weeks 1, 5, 9 ..., item 2 in weeks 2, 6, 10 ...
, item 3 in weeks 3, 7, 11 ..., and item 4 in weeks 4, 8, 12 ... . This can be
organized by applying periodic review order-up-to-S policies. Each item has
a review period equal to four weeks, but the reviews take place in different
weeks. Since the machine 1s producing exactly one of the items each week,
the load will be very smooth. As we have discussed in Chapter 3, we need,
for a given lead-time, more safety stock when applying a periodic review
policy as compared to a policy with continuous review. But the alternative of
using a continuous review policy would in this case probably yield large
variations in the production load, which would in turn, result in long and un-
certain lead-times. Longer lead-times would also mean that we need more
safety stock. Furthermore, if we applied a continuous review policy, the
capital tied up as work-in-process would increase and lead to additional
holding costs. In a situation like this, the total costs would generally be much
lower when using the cyclic schedules obtained through the periodic review
policy.

In a general case with many items and several production facilities, it can
be extremely difficult to find suitable cyclic schedules. In Section 7.2.1 we
will deal with different mathematical approaches for solving the problem in
the special case when there is only a single machine. In practice it is most
common to choose cyclic schedules manually without using mathematical
techniques.

When the demand is time-varying, one possible approach is to formulate
the problem as a mixed integer program (MIP) and apply mathematical pro-
gramming techniques to obtain a solution. A typical formulation involves a
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number of items with given demands over a planning horizon, and holding
and setup costs as in the dynamic lot size problem (Section 4.5). To produce
an item, we need to use certain production resources with limited capacities.
We shall consider such a model in Section 7.2.2.

Situations where it is, for various practical reasons, very difficult to coor-
dinate the replenishments for different items are quite common. It can then
still be possible to get a reasonably smooth flow of orders simply by adjust-
ing the order quantities. We discuss such adjustments in Section 7.2.3.

It is also common in practice to smooth production outside the inventory
control system. Orders obtained from the inventory control system are then
not automatically released to production. Release times and order quantities
are instead adjusted with respect to the present production load. One possible
planning rule can, for example, be to not release more orders than there is
capacity to produce within some fixed time frame. Adjustments of the re-
lease times mean essentially that the safety stocks are allowed to vary over
time in order to smooth the load. We know from the models in Chapters 4
and 5 that small changes in batch quantities and safety stocks will, in gen-
eral, not affect the costs significantly, while larger changes can have a sub-
stantial impact. When adjusting the orders obtained from the inventory con-
trol system, it is therefore important to avoid large changes for individual
items. In this context it is also interesting to note that ordering systems of
KANBAN type will automatically limit the number of outstanding orders.
See Sections 3.2.3.1 and &8.2.1.

7.2.1 The Economic Lot Scheduling Problem (ELSP)

7.2.1.1 Problem formulation

We shall now consider a problem that has been dealt with extensively in the
inventory literature, the classical Economic Lot Scheduling Problem. This
problem concerns the determination of cyclic schedules for a number of
items with constant demands. Backorders are not allowed. The production
rate is finite and we wish to minimize standard holding and ordering costs.
Everything is as in the elementary model in Section 4.2 with one exception;
the items are all produced in a single production facility, i.e., we have a ca-
pacity constraint. It turns out that this additional constraint transforms a sim-
ple model into a very challenging problem.

We assume that batch quantities and, equivalently, cycle times are kept
constant over time. Let us introduce the following notation:

N = number of items,
by holding cost per unit and time unit for item i,



demand per time unit,
production rate (p; > d),

sequence of the items,
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= ordering or setup cost for item i,

= setup time in the production facility for item 7, independent of the

cycle time for item i (the batch quantity Q; = T;d)).

We shall also for simplicity define:

p’.:
4

i

di/pi’

p:T; = production time per batch for item 7 excluding setup time,
s; + 7; = total production time per batch for item i.

Table 7.1 shows data for N = 10 items. This sample problem was first
presented by Bomberger (1966) and has since then been used extensively in
the literature on economic lot scheduling.

Table 7.1 Bomberger’'s problem (time unit = one day).

Item

1 2 3 4

3 6 7 8 9 10

hi -10°
4;

d;
Pi
S;

0.2708 7.396 5.313 4.167
15 20 30 10
400 400 800 1600

30000 8000 9500 7500
0.125 0.125 0.25 0.125

116.0 11.15 62.50 245.8 37.50 1.667
110 50 310 130 200 5

80 80 24 340 340 400
2000 6000 2400 1300 2000 15000
0.50 0.25 1 0.5 075 0.125

7.2.1.2 The independent solution

Expressing the costs for item i, C;, as a function of the cycle time, 7;, we

have

A, T,
C.="tihd.(1-p)-L. 7.11
i = th i(1=p) 5 (7.11)

3

The problem is to minimize Zfil C; subject to the constraint that all items

should be produced in the common production facility.

A first approach to solving the problem could be to disregard the capacity
constraint and simply optimize each item separately as in Section 4.2. The
optimal cycle time when disregarding the capacity constraint is
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24;
Tp= et (7.12)
hid;(1-p;)

and the corresponding cost

C; = 24;hd; (1= p;) . (7.13)

Note that (7.11) and (7.12) are equivalent to (4.6) and (4.7) if we replace T;
by Q,/d,

Table 7.2 shows this “independent” solution of Bomberger’s problem.
The last row gives the corresponding production times per lot for each of the
10 items.

Table 7.2 Independent solution of Bomberger's problem.

Item 1 2 3 4 S 6 7 8 9 10
T; 167.5 37.7 393 195 49.7 106.6 2043 205 615 393
C: 10.179 1.060 1.528 1.024 4.428 0.938 3.034 12.668 6.506 0.255
o 236 2.01 356 429 249 1.67 3.04 587 11.20 1.17

The sum of the costs, C = Y%, C; = 31.62, is evidently a lower bound for

the total costs, since we have disregarded the capacity constraint.

Is the solution feasible? No, it is relatively easy to see that the solution in
Table 7.2 cannot be implemented. Consider, for example, items 4, 8, and 9.
Assume that the production of item 9 starts at some time ¢. The production of
the following batch will then start at time ¢# + 61.5 ete. Since oy = 11.20, the
production facility is occupied by item 9 during the interval (¢, ¢ + 11.20).
Items 4 and 8 have cycle times 19.5 and 20.5. This means that we must be
able to produce one batch of item 4 and one batch of item 8 in the interval (7,
t + 20.5). Given the production schedule for item 9, this implies that both
items must be produced in (¢ + 11.20, ¢ + 20.5). The length of this interval is
only 9.30, while g3 + oz = 10.16. The independent solution can consequently
not be implemented,

7.2.1.3 Common cycle time
Does a feasible solution exist? Note first that if at least one setup time is

positive, an obvious necessary condition for a feasible solution to exist is
that
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N

Z'Ol' <1. (7.14)

i=1

The left-hand side of (7.14) is the ratio of the time the production facility
must be busy (excluding setup time). Since we also need some time for the
setups, we can see that (7.14) is necessary. (If all setup times are zero, (7.14)

should be replaced by ZN o1 P; 1)) Itis easy to verify that (7.14) is satisfied

for Bomberger’s problem.

It turns out though, that the condition (7.14) is also sufficient for feasibil-
ity. If it is satisfied, it is always possible to find a feasible solution where all
items have a common cycle time. Denote the common cycle time by 7. Dur-
ing the cycle time we produce all items, each time in the same order. The
production quantity for an item is the demand during the cycle time. By
choosing T sufficiently large, we can reduce the ratio of the time needed for
setups as much as we need. This explains why (7.14) is sufficient.

Given the assumption of a common cycle time, the problem now is to
minimize

N T
C= Z(—md )Ej’ (7.15)
i=1

with respect to the constraint that the common cycle time must be able to ac-
commodate production lots of all items

(s;+pT)<T. (7.16)

N Mz

Note that the constraint (7.16) can also be expressed as

(7.17)

i.e., it simply means a lower bound for the cycle time.
If we disregard (7.17), the optimization of (7.15) is similar to (7.12) and
we obtain
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(7.18)
Since (7.15) is convex in T, the optimal solution, 7, is obtained as
T, =max (7, Toin)s (7.19)
re., if T< T,,n the best we can do is to choose Ty, = Toyin.

For Bomberger’s problem we obtain T =42.75 and Toin = 31.86, and
opi = =T =42.75 . This gives the costs C = 41.17, which is an

upper bound for the optimal solution since we have enforced the additional
constraint that all cycle times have to be equal.
At this stage we know that the optimal costs, C', are in the interval

C=31.62< C*<C=41.17. For Bomberger’s problem it is rather evident

that the upper bound is not especially tight. If we look at the independent
solution in Table 7.2, we can see that some of the cycle times are very differ-
ent, and we can therefore not expect a good solution with a common cycle
time. For problems where the individual cycle times are reasonably similar,
we can, on the other hand, expect the common cycle approach to give a very
good approximation.

We shall now consider two approaches for deriving better solutions.

consequently, 7,

7.2.1.4 Bomberger’s approach

Bomberger (1966) generated feasible upper bound solutions by a relatively
simple dynamic programming model. First it is assumed that each cycle time
T; 1s an integer multiple of a basic period W, i.e., T; = n;W for some positive
integer #n;. Bomberger also makes the very restrictive assumption that W
should be able to accommodate production of all items. To see that this con-
dition is not necessary, consider two items (item 1 and item 2), which both
have T; = T, = 2W. We can then produce item 1 in periods 1, 3, 5 ..., and
item 2 in periods 2, 4, 6 ..., and we will never have to produce both items in
the same basic period. The condition will, however, obviously guarantee that
the obtained solution is feasible. Let
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F{(w) = minimum cost of producing items i + 1, i + 2, ... , N when the
available capacity in the basic period is w, i.e., W - w has been
used foritems 1, 2, ..., i.

We now have

Fi_y (w) = min{C; (0, V) + F;(w- o)}, (7.20)

where C(n; W) are the costs (7.11) for item i with 7; = n,W, ;= s, + pnm;W,
and the integer #; is subject to the constraint

1<n, <(w=-s;) p;W. (7.21)

Note that the upper bound in (7.21) is equivalent to ¢; < w.

It is obvious that F(w) = 0 for all w > 0. In the first step we determine
Fx.a(w) for a suitable grid of values of w > 0 from (7.20). Given Fy.(w), we
can next determine Fy.(w), etc. Fo(W) gives the minimum costs when the
basic period is equal to W. In the final step we need to optimize Fo(W) with
respect to W. Bomberger’s solution of his example gave the costs C = 36.65
for W= 40, n,= 1 for i # 7, and n; = 3. This solution is a considerable im-
provement as compared to the common cycle approach.

Bomberger’s approach is simple and will always provide a feasible solu-
tion (if a feasible solution exists). Still, the assumption that # should be able
to accommodate production of all items is very restrictive. Later contribu-
tions (Elmaghraby, 1978, and Axsiter, 1984, 1987), have improved the ap-
proach and provide considerably better solutions.

7.2.1.5 A simple heuristic

We shall now consider a completely different heuristic technique (essentially
according to Doll and Whybark, 1973). The procedure means that we suc-
cessively improve the multipliers »; and the basic period W according to the

following iterative procedure:

1. Determine the independent solution and use the shortest cycle time as
the initial basic period .

2. Given W, choose powers-of-two multipliers, (n; = 2", m 2 0), to mini-
mize the item costs (7.11).

3. Given the multipliers n;, minimize the total costs
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N
A,/ n; w
C:E ( : ’+h~dl-(1—,0‘)n-——J,
P W ! ! ! 2

with respect to W. We obtain

N
22 Ai /ni
i=1

B AE—
thdi(l — P

i=1

W =

4. Go back to Step 2 unless the procedure has converged. In that case,
check whether the obtained solution is feasible. If the solution is in-
feasible, try to adjust the multipliers and then go back to Step 3.

The main disadvantage of the considered heuristic is that there is no
guarantee for even a feasible solution. On the other hand, the computations
are very easy.

We shall apply the heuristic to Bomberger’s problem. In Step 1 we start
with the shortest cycle time in Table 7.2 as our basic period W = 19.5. In
Step 2 we obtain the powers-of-two multipliers n; =8, n, =2, n3 =2, 3= 1,
ns=2,ns=4,n=8 ny=1,ny=4, and nyo = 2. In Step 3 we get W = 20.30.
At this stage the algorithm has converged and we have to check whether the
solution is feasible. We can see that this is not the case by using an argument
which is very similar to the argument that we used to show that the inde-
pendent solution is infeasible. We consider again items 4, 8, and 9, and de-
termine o3 = 4.45, oz = 5.81, and oy = 14.55. Consider a basic period when
item 9 is produced. Since items 4 and 8 are produced in all basic periods, the
production of all three items must take place in the considered basic period,
i.e., during the time 20.30. This is obviously impossible. A major problem is
the long production time for item 9. To reduce o, we change ny from 4 to 2
and start the iterations in Step 3. We get W = 23.42 and no more changes of
the multipliers, see Table 7.3.

It turns out that this solution is feasible, see Table 7.4. The total produc-
tion time is below W = 23.42 in each basic period. The total costs are C =
32.07, i.e., very close to the lower bound. This is also the best known solu-
tion of the problem.
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Table 7.3 Solution of Bomberger's problem with W = 23.42.

Item 1 2 3 4 5 6 7 8 9 10
Iy 8 2 2 1 2 4 8 1 2 2
Gj 262 247 419 512 237 150 287 6.63 871 137

Table 7.4 Feasible production plan.

Basic period Items Production time
1 4,8,2,9 2293
2 4,8,3,5,10,1 22.30
3 4,8,2,9 22.93
4 4,8,3,5,10,6 21.18
S 4,8,2,9 22.93
6 4,8,3,5 10,7 22.55
7 4,8,2,9 2293
8 4,8,3,5,10,6 21.18

The solution in Table 7.4 is repeated every 8th period. Note that it is eas-
ier to check feasibility when using powers-of-two policies since the total cy-
cle time is usually relatively short. There are still, however, a large number
of plans that correspond to the solution in Table 7.3. If n; = 4, for example,
we can produce item 7 in periods 1 and 5, or in periods 2 and 6, or in periods
3 and 7, or in periods 4 and 8§, i.e., there are 4 possibilities. More generally
the number of possibilities for item i is equal to n;. We can, however, without
any lack of generality, always allocate one of the items with maximum #;,
say item 1, in some arbitrary period. If, consequently, we disregard the allo-
cation of item 1, the number of remaining possibilities can be obtained as the
product of the multipliers of the remaining items 2 - 10, ie.,
2.2:1-2-4.8-1-2-2=1024.

Although the classical economic lot scheduling problem involves only a
single production facility, it can also be of interest in more general situa-
tions. For example, if there are several production facilities with limited ca-
pacities, it is quite common that one of the constraints constitutes the real
bottleneck. It is then a reasonable approach to first derive a plan that only
takes this constraint into account, and then in a second step, try to adapt the
plan to other capacity limitations.
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A more detailed overview of different approaches to solving the problem
is provided in Elmaghraby (1978). Feasibility issues are analyzed by Hsu
(1983).

7.2.1.6 Other problem formulations

In Sections 7.2.1.1 - 7.2.1.5 we have considered the classical Economic Lot
Scheduling Problem. Several papers have dealt with a variation of this prob-
lem. This more general formulation of the problem allows the lot sizes to
vary over time. There is still a cycle time 7, which is the overall period of
the system. The schedule repeats itself every T units of time. Each item is
produced during 7 but some items may be produced more than once. Fur-
thermore, the batch sizes of these runs may be different. See, for example,
Dobson (1987), Roundy (1989), and Zipkin (1991).

Gallego and Roundy (1992) allow backorders, while Gallego and Moon
(1992) consider a situation where setup times can be exchanged by setup
costs.

There are also quite a few papers dealing with stochastic demand. In case
of stochastic demand it is necessary to allow backorders and/or capacity
variations, for example by using overtime production. See Sox et al. (1999)
for a review. They classify the existing research approaches in two catego-
ries: cyclic sequencing and dynamic sequencing. The cyclic sequencing
category uses a fixed cyclic schedule on the production facility, while the lot
sizes are varied to meet demand variations. The cyclic schedule can, for ex-
ample, be obtained from a deterministic model. Dynamic sequencing means
that both the production sequence and the lot sizes are varied. Examples of
the cyclic sequencing approach are Gallego (1990), Bowman and Muckstadt
(1993, 1995), and Federgruen and Katalan (1996a, b). Papers considering
dynamic sequencing are e.g., Graves (1980), and Sox and Muckstadt (1997).

7.2.2 Time-varying demand
7.2.2.1 A generalization of the classical dynamic lot size problem

Recall the classical dynamic lot size problem in Section 4.5. In this section
we shall consider a generalization of this problem. Instead of a single item
there are N items. Furthermore, these items are produced in the same ma-
chine, which has limited capacity. (The generalization to several machines is
relatively straightforward.) For simplicity, it is assumed (as in Section 4.5)
that all events take place in the beginning of a period. A quantity that is pro-
duced in period ¢ can also be delivered to customers in period ¢. The de-
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mands for different items are given but vary over time. No backorders are

allowed.

Xiy
Vit

Oir

C

Let us introduce the following notation:

= number of items,

= number of periods,

= demand for item { in period ¢,

= setup time for item i,

= operation time per unit for item i,

= available time in the machine in period t,

= upper bound for the production of item i in period ¢
= ordering or setup cost for item i,

= holding cost per unit and time unit for item i,

= production quantity of item / in period ¢,

= inventory of item i after the demand in period ¢, y;0 =0,

| lifx, >0,
0 otherwise,
= total variable costs.

3

We wish to choose production quantities in different periods so that the sum
of the ordering and holding costs C are minimized. The considered problem
can be formulated as a Mixed Integer Program (MIP).

N T T
C ZminZ[AiZ5i,z + hizyi,t}’
i=1 1=1 1=l

subject to

N
Z(aié‘i,t +blxl’t)S qt’ t=1,2,....,T,
i=1
Vig =Viga X, —diy, t=12,..,T,i=12,. N,
'xi,t —Mi,[5i,l SO) t:1,2,....,T,i = 1,2,...,N,

X, 20, y,20, &,=00rl, r=12,..,T,i=12,.

,N .

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

We need the constraint (7.25) to enforce that production in a period implies
that there is a corresponding setup time and setup cost. If there is no upper
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bound on x;,, we can let M, be very large. In the sequel it is assumed that
this is the case,

Although the considered problem can be seen as a minor variation of the
classical dynamic lot size problem, the model is quite complex. If, for exam-
ple N =100 and 7= 12, there are 1200 integer variables and 2400 nonnega-
tive continuous variables. The number of constraints (7.23) - (7.25) is 2412,

A possible approach is to eliminate the capacity constraints (7.23) by a
Lagrangian relaxation. Let 4, > 0 be the multiplier for period 7. We get the
Lagrangean:

T T
L :—Z 24, +min22((14[ +aA)0; iy, +b,-x,-,t/1t). (7.27)

=1 i=l t=1

It is easy to see that the following proposition is true (Problem 7.7).
Proposition 7.3 For any nonnegative multipliers L < C.

Consider (7.27) together with the constraints (7.24) - (7.26). Because we
have eliminated the capacity constraint (7.23) we can determine L by opti-
mizing each item separately for certain given multipliers. For item i, the
problem that we need to solve is a generalized dynamic lot size problem (see
Section 4.5) with a time-variable setup cost 4; + a;4, and an additional time-
variable production cost per unit b; 4, Also this more general problem is
easy to solve, e.g., by dynamic programming.

If we want to get a tight lower bound for C we can solve the dual prob-
lem.

D= max L. (7.28)
Aoy

In general, we will get a duality gap 1.e., D < C because our MIP is noncon-
vex. A tight lower bound is very useful, though. We can, for example, check
whether a heuristic feasible solution to the original problem gives a cost that
1s reasonably close to the lower bound. In that case we know that the ap-
proximate solution is acceptable. Furthermore, if we want to solve the origi-
nal problem by a branch-and-bound procedure, we can determine the needed
associated lower bounds from the dual problem.

Let us now consider another interesting approach for solving the problem
(7.22) - (7.26). Note first that in an optimal solution of the considered prob-
lem all items must have y;r = 0. Otherwise we would just get unnecessary
holding costs. Let us now focus on one of the items. (For simplicity, we sup-
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press index i.) We shall say that a production plan, (x;, x, ... , X7), 1s de-
mand-feasible if all demands are satisfied without delays and the end stock is
zero. It is easy to verify that the set of demand-feasible plans is convex, i.e.,
if two plans are demand-feasible, a convex combination of these plans is also
demand-feasible (Problem 7.8).

In Section 4.5 we showed that the optimal solution of the dynamic lot
size problem must satisfy Property I, meaning that the production in a pe-
riod must cover the demand in an integer number of consecutive periods.
This is no longer true for our more general problem with a capacity con-
straint. However, it turns out that the set of such plans constitute the extreme
points of the convex set of all demand-feasible plans.

Proposition 7.4 The set of plans satisfying Property I constitute the extreme
points of all demand-feasible plans.

Proof Consider first a demand-feasible plan, which does not satisfy Property
1. Then there must exist a period j such that the demand in this period is
covered partly by the production in some period & <, and partly by the pro-
duction in period j. We denote this plan by x. Let £ be a small number and
consider two other plans x” and x”” , which are almost identical to x. The
only differences are that in x” we replace x; by x; + €and x; by x; - ¢, and in
x"" we replace x; by x; - and x; by x; + & Clearly these plans are demand-
feasible provided ¢ is sufficiently small. But x = (x" + x")/2, so x is not an
extreme point.

Consider then the set of plans satisfying Property 1. Let x be such a plan
and assume that it can be expressed as a convex combination of two other
such plans y and z. We shall show that this assumption leads to a contradic-
tion. It follows that all periods without production in x must be without pro-
duction also in y and z. This means that the difference between y (or z) and x
is that some of the batches associated with x have been aggregated. (Recall
that we by assumption cannot have the same batches.) Any given holding
cost 4 > 0 will then give higher holding costs for y and z than for x. It is easy
to see that this must then also be true for a convex combination of y and z.
This is a contradiction and completes the proof.

Proposition 7.4 implies that any demand-feasible plan can be expressed as a
convex combination of plans satisfying Property I. Let us now reintroduce
index i for item 7. Consider the plans for item 7 satisfying Property [ and as-
sume that these plans are numbered in some way. Let R; be the total number
of plans. (R; <2, see Problem 7.9.) Furthermore, let

X;,» = production of item i in period ¢ when using plan r,
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¢;» = costs for item / when using plan ,
Pir» = capacity requirements for item 7 in period ¢ when using plan r.

Using Proposition 7.4 we can express the production of item { in period ¢ for
any demand-feasible plan as

R;
xi.t = in,t,rgi,r ’ (729)
r=1
where
Ri
.6, =1, (7.30)
r=l
and 6,,> 0.
We are now ready to formulate the following linear programming model:
N R
mnC=%>'c,.6,,, (7.31)
i=] r=l1
N R
> Bissbi,<q, 1=12,..T, (7.32)
i=1 r=1
R;
6, =1, i=12,..N, (7.33)
r=l1
0,20, i=12,.,N,r=12,.,R;. (7.34)

Although (7.29) is exact, the considered linear program is an approximation
unless all &,are 0 or 1. Assume, for example, that for item / we have
G.1=6,=1/2,1.e., we are using a mixed strategy with weights 1/2 for plans
1 and 2. Assume also that plan 1 has production in period ¢ but not plan 2.
According to (7.31) the setup cost in period ¢ is only half of the correct setup
cost. In the same way we will underestimate the setup time in (7.32).
Although, the linear program (7.31) - (7.34) is approximate, it turns out
that the approximation in many important cases is very good. If we solve the
linear program we will get a solution that has at most 7 + N nonzero vari-
ables, i.e., the number of constraints (excluding nonnegativity constraints).
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Assume that there are m items that have more than one positive &,,. The total
number of nonzero variables is then less or equalto 2m + N—-m=m+N<T
+ N so we get m < T. If there are many items and few time periods the frac-
tion of mixed strategies will be very small. Let, for example, N =500 and T
= 5. We then have m < 5. This means that the fraction of items with mixed
strategies is at most 1 percent. The resulting solution may not be optimal and
may also be infeasible. Still, from a practical point of view, the solution is
probably very good. The real capacity constraint is usually not that rigid. It
may, for example, be possible to use some overtime. The resulting costs will
be very close to the optimal costs. Note, however, that in case of a small N
and a large T the considered model is of less interest. See, e.g., Example 7.1
below.
The first model of this type was formulated by Manne (1958).

Example 7.1 Consider a problem with two items and three periods. See Ta-
ble 7.5. There are no initial stocks. The available production capacity is 100
time units per period. For both items the setup time is 15 time units and the
operation time is one unit of time per unit. The holding cost is 1 per unit and
time unit. There is no setup cost.

Table 7.5 Demands in different periods.

Item Demand, Demand, Demand,
period 1 period 2 period 3
1 25 25 75
2 20 50 25

First we determine the extreme points of the set of demand-feasible plans,
i.e., the plans satisfying Property 1. See Table 7.6.

Table 7.6 Demand-feasible plans.

Item Plan Production, Production, Production,
period 1 period 2 period 3
1 1 125 0 0
1 2 50 0 75
1 3 25 100 0
1 4 25 25 75
2 1 95 0 0
2 2 70 0 25
2 3 20 75 0
2 4 20 50 25
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The holding costs (no setup costs) and the capacity requirements for the de-

mand-feasible plans are:

Ci1 = 175 Ci2 = 25 Ci3 = 75
Cr = 100 Cap = 50 C3 = 25
,31,1,1 =140 ,31,1,2 =05 ﬁ1,1,3 =40
ﬁz,l,l =110 ﬂz,x,z =85 ﬂ2,1,3 =35
ﬁl,z,l =0 ,5'1,2,2 =0 ﬂl,z,s =115
/72,2,1 =0 ,32,2,2 =0 ﬂz,z,a =90
,31,3,1 =0 ﬁ1,3,2 =90 /3'1‘3,3 =0
ﬂ2,3,| =0 ﬂz,3,2 =40 ﬁ2,3,3 =0

Cia ™~ 0

Cr4 = 0

,31,1,4 =40
ﬂ2,1,4 =35
ﬁ1,2,4 =40
ﬂz,z,zz =65
,51,3,4 =90
,32,3,4 =40

The linear program (7.31) - (7.34) is then obtained as:

minC = 17501,1 + 2591’2 + 7501’3 + 10082,1 + 5002’2 + 2552!3 5 (735)

+11008, ; + 856, 5, + 350, 3 +350, 4 <100,

1156, 5 + 400, , + 906, 5 + 650, , <100,

906, , +908, 4 + 400, 5 + 406, 4 <100,

01,1 + 01’2 +€],3 -+ 61’4 =1 ,

Oy 027 +0,5 40,4 =1,

011,612,601 3,60,4,05,,02,,0,5.0,420.

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

Let m be the number of items that have more than one positive &;,. Our
bound m < T'= 3 is in this case of no interest, because there are only two

items.

When solving the linear program (7.35) - (7.41) we get the following
nonnegative &,,: 6, = 3/4, 6,4 = 1/4, and 63 = 1. The corresponding pro-
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duction plans are (175/4, 25/4, 75) for item 1 and (20, 75, 0) for item 2. The
optimal cost obtained from the linear program is 175/4. It is easy to see that
the obtained solution is not feasible (Problem 7.10).

7.2.2.2 Application of mathematical programming approaches

Recently there has been a renewed interest in mathematical programming
models for production-inventory planning. One reason is that such models
are quite often included as so-called Advanced Planning Systems (APS) in
modern Enterprise Resource Planning (ERP) systems. An overview of APS
systems is given by Fleischmann and Meyr (2003). ERP systems are dis-
cussed in Section 8.2.4.

As illustrated in Section 7.2.2.1, detailed models dealing with individual
items are, in general, quite complex due to nonlinear setup times and costs.
Still, it is possible to solve relatively large problems of this kind quite effi-
ciently. Shapiro (1993) gives an overview of these types of models. See also
Billington et al. (1983) and Eppen and Martin (1987).

One possibility to partly avoid the difficulties associated with setup times
and setup costs is to use a hierarchical planning procedure. This means that
the planning is carried out at two (or more) hierarchical levels. This is in line
with standard industrial planning procedures. At an upper level an aggregate
problem is considered. This problem concerns aggregate entities like product
groups and machine groups. At the lower level the aggregate plan is disag-
gregated mto a detailed plan for individual items and machines. The disag-
gregation is usually carried out by a simple heuristic procedure. In a model
representing the aggregate level, it is usually necessary and reasonable to
disregard the nonlinearities because they are associated with individual
items. It is consequently possible to use linear programming. Furthermore,
the number of variables and constraints are reduced by considering product
groups and machine groups instead of individual items and machines. There-
fore the model becomes less complex.

An overview of hierarchical planning models is given by Bitran and Tiru-
pati (1993). See also the discussion of different planning concepts in De Kok
and Fransoo (2003).

7.2.3 Production smoothing and batch quantities

In many situations it is not practical to smooth production by active coordi-
nation of the replenishments. If, for example, the demands of different items
are varying substantially over time, it is difficult to smooth production by
using cyclic schedules. It may still be an important goal to avoid excessive
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queues in production, though. A remaining possibility is to try to adjust the
batch quantities in order to obtain a reasonably smooth load.

Many companies have found that smaller order quantities may smooth
the production load and reduce the queues in production. There is a simple
explanation for this. If the orders arriving to production can be seen as a sto-
chastic process, smaller batches will reduce the variations over time due to
the laws of large numbers. The load during a certain time is then built up of a
larger number of smaller batches. If the orders are more or less independent,
this will clearly smooth the load. On the other hand, we cannot use order
quantities that are too small, since this will mean that the setup times will
take too much of the available capacity into account and increase the queues.
As usual, we have to find a suitable middle way.

The models which we have dealt with in Chapters 4 - 6 do not address
these types of questions. In these models it is assumed that the lead-time is
constant, or that the lead-time distribution is given but independent of the
batch quantity. But from our discussion it is obvious that there are situations
when this is not true and the lot sizes strongly affect the lead-time distribu-
tion. There are some lot-sizing models that explicitly take the queuing situa-
tion in production into account. We shall consider a simple such model es-
sentially according to Karmarkar (1987, 1993). See aiso Axsiter (1980,
1986), Bertrand (1985), and Zipkin (1986).

Consider a machine in a large multi-center shop. This machine is used for
producing a number of similar items having the same batch size. We define

= average total demand for all items, units per time unit,
average processing rate, units per time unit,

batch quantity for an item,

setup time for a batch,

= average time in the system for a batch.

il

Nt
It

We shall, for simplicity, assume that the batches arrive at the machine as
a Poisson process with rate 4 = d/Q. This is a reasonable approximation if
there are relatively many items. Let us also, for simplicity, think of the proc-
essing time as exponentially distributed. The average processing time for a
batch is 1/x=s + Q/p and the service factor p= A /&= ds/Q + d/p. The aver-
age time in the considered (M/M/1) queuing system is then

Uk  s+Q/p
l-p 1-ds/Q-d/p

(7.42)
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Note that we must require p < 1, or equivalently, O > ds/(1 — d/p), i.e., the
cycle time must on average accommodate both the setup time and the opera-
tion time.

By minimizing the average time in the system, 7, with respect to (0, it is
possible to show that the minimum occurs for

ds | sdp (7.43)

= + :
Q 1-d/p 1-d/p

The average time in the system 1s large both when using batch quantities
that are too small and when using batch quantities that are too large. When
the batch quantities are too small the setup times will require too much ca-
pacity. When the batch quantities are too large the production time for a
batch is long and there are also more stochastic variations in the production
load, which will cause longer queuing times.

If we wish to minimize the sum of holding costs for work-in-process we
should, in the considered case, use Q according to (7.43). However, there are
also other objectives when choosing the batch size. For example, there are
holding costs for stocks of completed items. There may also be ordering
costs. The holding costs for completed items are clearly affected by the re-
plenishment lead-time. We can see (7.42) as the lead-time (or part of the
lead-time) when modeling the stocks of completed items. (This means that
we disregard that the lead-time is stochastic.) Doing so, we can include
holding costs for both work-in-process and the stocks of completed items in
the same model when determining batch quantities and reorder points.

Note that the average time in the system for a batch is, in steady state, not
affected by the reorder points for completed items.

7.3 Joint replenishments

In Section 7.2 we have considered situations where we want to have orders
for different items spread out over time in order to get a smooth production
load. In this section we shall deal with the opposite problem, i.e., we shall
consider a group of items which should be replenished jointly as much as
possible. As we have discussed previously, there are several possible reasons
for joint replenishments, for example, joint setup costs, quantity discounts,
coordinated transports, etc.

The methods for determination of batch quantities and reorder points that
we have dealt with in Chapters 4 - 6 are evidently not directly applicable in
case of joint replenishments. If there is a joint setup cost, for example, we
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wish to have a total order size that is sufficiently large while the individual
lot sizes may be of less importance. We would also like to choose the batch
sizes such that we have reasonable possibilities to coordinate future orders.
Furthermore, we can normally not use reorder points that have been deter-
mined individually. Assume that the individual reorder points correspond to
a certain service level that we would like to maintain. If we make a joint re-
plenishment as soon as one of the items reaches its reorder point, other items
will be ordered too early. This means that the service level (and the holding
costs) will be higher than what was intended.

7.3.1 A deterministic model

A common way of modeling joint replenishment problems is to assume that
there are two types of ordering or setup costs: individual setup costs for each
item, and a joint setup cost for the whole group of items. The joint setup cost
does not depend on the number of items that are ordered. We shall first con-
sider such a model with constant continuous demand. No backorders are al-
lowed. The cycle times, or equivalently the batch quantities, are constant.
The production time can be disregarded. We can also without any lack of
generality disregard the lead-times, provided they are the same for all items.
Let us introduce the following notation:

N = number of items,

h; = holding cost per unit and time unit for item i,
A = setup cost for the group,

a; = setup cost for item i,

d; = demand per time unit for item i,

T; = cycle time for item 7.

The problem is to determine cycle times in order to minimize the sum of
holding and setup costs. Given a cycle time 7;, the corresponding batch
quantity Q; is obtained as Q; = Tid;. To simplify the notation we shall replace
the holding costs #; by 7; = hd;, and set all demands equal to one. It is easy
to check that this will not change the problem. (See Problem 7.12.) Further-
more, we assume for simplicity, that the items are ordered so that a,/m <
aym < ... < ay/ny. We shall consider two approaches to solve the problem.
The first approach is a simple iterative technique. The second one is based
on Roundy’s 98 percent approximation,
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7.3.1.1 Approach 1. An iterative technique

If there were no joint setup cost the optimal cycle times could be determined
by the classical economic lot size formula as:

T, =1, (7.44)

L.e., 7} would be the smallest cycle time. A natural approach to solving the
problem is therefore to assume that the cycle times of items 2, 3, ... , N are
integer multiples #; of the cycle time for item 1, or equivalently,

T, =nT, i=2,3,..,N. (7.45)

Our objective is then to minimize the total costs per time unit,

N N
A+a +Zai /ng T (m +Z77i”i)

C= = + =2 : (7.46)
T, 2
with respect to T, ns, 13, ... , Ay
Given ny, ns, ... , hy, the optimal 7} and the corresponding costs are ob-

tained as:

N
2(4A+a -I—Za,- /n;)
n*(nz,n:;,...,nN): [vl'=2 5 (747)
m +Z77ini
i=2

N N
C (nz,n3,...,nN)=J2(A+a1 +Zai /n;)(my +2771~nl-) . (7.48)

=2 i=2

Note that 7;" is not chosen according to (7.44).

If we disregard that n,, 13, ... , #y have to be integers and optimize the
costs (7.48), it is possible to show (Problem 7.13) that:
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n; = /ﬁ__.__’“ , (7.49)
m (A+ap)

Inserting (7.49) in (7.48) we get the following lower bound for the costs:

N
C=\2d+aDy +Y 24,1, . (7.50)
i=2

The lower bound (7.50) can also be understood in the following way. As-
sume that there is no joint setup cost but that the individual setup cost for
item 1 is 4 + a,. If we optimize each item separately we obtain the total costs
(7.50). But the considered problem is clearly a relaxation of the original
problem since we can have setups of items 2, 3, ... , N without any joint
setup cost. Consequently (7.50) is a lower bound for the total costs.

We are now ready to formulate a heuristic for the original problem where
na, M3, ..., By are integers.

1. Determine start values of n,, 13, ... , ny by rounding (7.49) to the closest
positive integers.

2. Determine the corresponding 7, from (7.47).

3. Given 7, minimize (7.46) with respect to n,, #3, ... , ny. This means that
we are choosing »; as the smallest positive integer satisfying:

2a.
n; (n; +1) ‘;’2 . (7.51)
i1y

Return to Step 2 if any multiplier #; has changed since the last iteration.

Since the procedure gives an improvement in each step it will obviously
converge, but not necessarily to the optimal solution. The resulting costs can
be compared to the lower bound (7.50).

Example 7.2 Consider N = 4 items with a joint setup cost 4 = 300. The indi-
vidual setup costs are a; = a, = a; = ay = 50, and the holding costs are i = A,
= h3 = hy = 10. The demands per time unit are d; = 5000, d, = 1000, d; = 700,
and d, = 100. Note that in this case 7; = hd; = 10d;. As requested, a/7; 1s
nondecreasing with i. When applying the heuristic we obtain:
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\/ 50  5000-10
s = ~Lny=lLng~3.
1000-10 350

=0.1155.

- _\/ 2-(350+50+50+50/3)
"7 V10-5000+10-1000+10-700+10-100-3

3. We again obtain the multipliers n, = 1, ny = 1, ny = 3, i.e., the algorithm
has already converged.

We get the resulting costs from (7.48) as C = 8082.9, which can be com-
pared to the lower bound according to (7.50) C = 8069.0.

Related procedures are described in e.g., Goyal and Satir (1989), and Sil-
ver et al. (1998). A technique for finding a solution with an arbitrarily small
deviation from the optimal value is given by Wildeman et al. (1997).
7.3.1.2 Approach 2. Roundy’s 98 percent approximation

We shall now look for a solution where the joint setups have cycle time 7, =
0, and all other cycle times are nonnegative powers-of-two times 7y, i.e.,

T, =257, i=1,2,.,N, (7.52)

where k; is a nonnegative integer. Using the notation a, = 4, and 77, =0, we
can express our objective as:

mm +a;,— |, 7.53
Z (”’ TJ 739
subject to the constraints (7.52). This means that we let the joint setups be

represented by a fictive item 0.
Let us now relax the considered problem by replacing (7.52) by

T, 2T,, i=1,2,..,N. (7.54)

It is a relaxation because (7.52) implies (7.54) while the opposite is not true.
The resulting solution will therefore give a lower bound for the costs.
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Consider the relaxed problem, i.e., (7.53), with respect to the constraints
(7.54). Since the objective function is convex and the constraints are linear,
we can get the solution from the following Iagrangean relaxation:

N T 1 N
max  min_ Y (m —2'-+ai ?}Zzi(n ~T), (7.55)
2 j i i=1

where the multipliers A; are also required to be nonnegative. Let us define:

N
Mo =1 + 22 A s
i=1
nm=m-24,
(7.56)
NN = -2

It is easy to see that the optimal solution must have all 7/ > 0. Otherwise T;

— oo, which is obviously not optimal.
Given the multipliers, the optimal solution of the relaxed problem can be
obtained by solving:

N
T 1
min Lt ta,— |, 7.57
, n ,-E:o {n, 5 T] (7.57)

without any constraints on the cycle times, 1.e., we have N + 1 independent
classical lot sizing problems.

Let us now go back to the original joint replenishment problem but with
cost parameters @; and 77; . Consider the effect of 4; on the holding costs. The

holding cost of item i is reduced by 24; and the holding cost of item 0 is in-
creased by 24,. This will mean a cost reduction for any solution of the joint
replenishment problem, even if we allow the periods between orders to vary
over time. To see this, consider the period between two orders for item i > 0.
If there are additional joint setups between the two orders the total holding
costs during the considered period will decrease, otherwise they will be the
same.
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But given the cost parameters @; and 7;, (7.57) will obviously provide the

minimum cost since no constraints are considered. The optimal solution of
the relaxed problem will consequently give a lower bound for the costs of
any solution. This bound is tighter than (7.50) because of the constraints
(7.54).

Assume that we have solved the relaxed problem. We can then adjust this
solution by rounding the cycle times so that they can be expressed as:

T, =2Mg (7.58)

for some number ¢ > 0. We know from Proposition 7.1 in Section 7.1 that if
¢ 1s given, the maximum cost increase is at most 6 percent, and if we can
also adjust ¢ to get a better approximation, the cost increase is at most 2 per-
cent according to Proposition 7.2. Due to (7.54), we know that m; = m, and
the cycle times obtained must consequently satisfy (7.52). We have now ob-
tained Roundy’s solution of the problem. This solution has an important
quality. The cost increase compared to the optimal solution is at most 2 per-
cent, since it is at most 2 percent compared to the lower bound (7.57).

It is possible to use the considered Lagrangean relaxation for numerical
determination of Roundy’s solution, but in general, it is much simpler to use
the following technique. Since the items are ordered so that a;/7; are nonde-
creasing with i for i > 0, it is obvious from (7.53) and (7.54) that the optimal
cycle times in the relaxed problem are nondecreasing with i for i > 0. It is
also clear that we must have 7} = T, in the optimal solution of the relaxed
problem because a, = 4, and 75, = 0. This means that

T, 2T, ,, i=1,2,..,N. (7.59)

Consider the relaxed problem with (7.54) replaced by (7.59). This will
not change the optimal solution. Without the constraints (7.59) it would be

optimal to use Ti*: (2a/n)"? for all i. Consequently, if a/7; is increasing
with #, we have found the optimal solution since the resulting batch quanti-

ties will satisfy (7.59). Since 7, = 0 this is never the case initially. Assume

that for some i, a/n; < a;1/n, or equivalently that T,»*<T,-t1. Assume

furthermore that in the optimal solution 7; > 7;,. Because of the convexity

this implies that 7; ST,-* since we would otherwise reduce 7;, and similarly

that 7; | > T, since we would otherwise increase 7}.;. But this means that T;

< T;; which is a contradiction. Consequently, T; = 7;; in the optimal solution
of the relaxed problem. But this implies that we can aggregate items 7 - 1 and
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i into a single item with cost parameters a;; + a;, and 7., + 77;. Next we con-
sider the resulting reduced problem with one item less. If a/7; < a;.,/n;, for
some i we can aggregate the two items, otherwise we obtain the optimal so-
lution from the classical economic lot size model, etc.

Since 7, = 0 we will always aggregate items 0 and 1. After aggregation
we have an item with cost parameters 4 + a; and 7. Next we check whether
ay' 1 < (4 + ay)/ m. If this is the case the aggregate item should include also
item 2, etc. When no more aggregations are possible, we can optimize the re-
sulting aggregate items individually.

Example 7.3 Consider the same data as in Example 7.2, i.e., N=4, 4 = 300,
a1 =a; = az;=a, =50, = 50000, 77, = 10000, n; = 7000, and 7, = 1000.

To solve the relaxed problem we first aggregate items 0 and 1. The com-
bined item has cost parameters 4 + a; = 350, and 7, + 7; = 50000. Consider
then item 2. Since @,/ = 50/10000 < 350/50000, item 2 should also be
added to the combined item. The resulting cost parameters are obtained as A
+ a, + a, =400, and 7, + 1, + 77, = 60000. Consider item 3. Since 50/7000
> 400/60000, item 3 should not be added. Compare finally item 4 and item 3.
We get 50/1000 > 50/7000, i.e., items 3 and 4 should not be combined. This
gives the cycle times 7, = T} = T, = (800/60000)'* = 0.1155, T; =
(100/7000)" = 0.1195, and T, = (100/1000)"* = 0.3162. The resulting lower
bound for the costs is C= Cor1+2 + C3 + Cy = 6928.2 + 836.7 + 316.2 =

8081.1. Note that this bound is better than the bound obtained in Example
7.2

Consider then cycle times that can be expressed as powers of two, i.e., let
g=11in(7.58). We obtain Ty =T, = T, =27 =0.125, T =27 = 0.125, and 7
=27 =0.250. The resulting costs are C = Cys1s; + Cs + Cy = 6950 + 837.5 +
325=28112.5, i.e., 0.39 percent above the lower bound.

By minimization of (7.10) it is possible to show that it is optimal to have
g = 1.88 in (7.58). The corresponding cycle times are Ty = T} = T, = 27¢ =
0.1175, 7 = 2'4q =0.1175,and 7, = 2'3q =(.235. The resulting costs are C =
Cortea + C3 + C4,=6929.3 + 836.8 + 330.3 = 8096.3, 1.c., 0.19 percent above
the lower bound. The solution in Example 7.2, which is not a powers-of-two
policy, is still slightly better.

A similar approach is used for multi-stage lot sizing in Section 9.2.2. See
also Jackson et al. (1985), Roundy (1985, 1986), and Muckstadt and Roundy
(1993).

The two approaches considered assume constant demand, but can also be
used in case of stochastic demand. We then replace the stochastic demands
by their means when determining cycle times. Given the cycle times we can,
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using the techniques in Section 5.12, determine appropriate periodic review
S policies for each item. The order-up-to inventory positions should include
suitable amounts of safety stock. Next, in Section 7.3.2, we will consider a
different model that is more directly focused on stochastic demand.

7.3.2 A stochastic model

We shall now instead consider a stochastic model. The demands for the
items are independent and stationary stochastic processes. Each customer
demand is for an integral number of units. We can, for example, consider
Poisson or compound Poisson demand processes. We assume complete
backordering. Let us introduce the following notation to describe the prob-
lem:

N = number of items,
holding cost per unit and time unit for item i,

=
I

b,,; = shortage cost per unit and time unit for item i,
A = setup cost for the group,

a; = setup cost for item i,

L = constant lead-time.

Viswanathan (1997) suggests the following technique that, in his numeri-
cal tests, outperforms other suggested methods.

In the first step we disregard the joint setup cost and consider the items
individually for a suitable grid of review periods 7. For each review period
we determine the optimal individual (s, S) policies for all items and the cor-
responding average costs. This can be done very efficiently as explained in
Section 6.1.1.2 Let

C;(T) = average costs per time unit for item 1 when using the optimal
individual (s, S) policy with a review interval of 7 time units.

In the second step we determine the review period 7 by minimizing,

N
C(T)=4/T+) C/(T). (7.60)

i=1

Note that the actual costs are lower than the costs according to (7.60),
since the major setup cost A is not incurred at reviews where none of the
items are ordered.
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Atkins and Iyogun (1988) also use periodic review policies but in a dif-
ferent way.

Other policies that have been used frequently in the inventory literature
are so-called can-order policies. When using such a policy there are two re-
order points for each item: a can-order level and a lower must-order level.
An item must be ordered when its inventory position reaches the must-order
level. When an item in the group is ordered, other items with inventory posi-
tions at or below their respective can-order levels are also ordered. This type
of policy was first suggested by Balintfy (1964). Techniques for designing
can-order policies have been suggested by Silver (1981) and Federgruen et
al. (1984).

Renberg and Planche (1967) suggested a so-called (S;, Q) policy. Accord-
ing to this policy all items are replenished up to certain levels S; when the
total demand for the whole group since the preceding replenishment has
reached (.
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Problems

7.1 Show that (7.4) implies (7.5).
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1/2
72 a) Showthat [e(u)du= !

172 V21n2

b) Show that the worst case will occur in (7.9) if x is uniform on (- 1/2, 1/2).
What happens if we change ¢? Why?

7.3 Three products are produced in a single machine. The demands are constant
and continuous. No backorders are allowed. The following data are given

Product Demand, Holdingcostper Setup Setup time, Production rate,

units per day  unit and day cost days units per day
1 48 0.060 800 0.50 200
2 20 0.040 500 0.25 100
3 32 0.048 1000 1.00 100

a) Determine the independent solution and the corresponding lower bound
for the optimal costs.

b) Show that the independent solution is infeasible.

c) Derive the common cycle solution and an upper bound for the total costs.

d) Apply Doll and Whybark’s technique. Is the solution feasible?

7.4  Demonstrate that the iterative procedure in Section 7.2.1.5 will converge.

7.5"  Three products are produced in the same machine. Various data are given in

the table.
Product I 11 111
Demand per week 100 50 20
Production per week 1000 500 250
Setup time in weeks 0.8 0.4 0.1
Ordering cost 10000 10000 5000
Holding cost per unit and week 10 20 10

a) Use a cyclic schedule with a common cycle. Determine batch quantities.
b) By using the technique by Doll and Whybark the following solution has

been found:
Q[ = 460
0, =230
0;=184

" Answer and/or hint in Appendix 1.
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7.6

Does this solution reduce the costs, and in that case how much. Is the sol-
ution feasible?

A company is producing three products in the same machine. There are 250
working days in one year, and § working hours per day. The following data
are given:

Product  Demand, Holding costper Setup Setup time, Operation time,

units per year _ unit and year cost minutes  minutes per unit
1 8000 20 120 20 5
2 12000 15 100 10 3
3 5000 30 200 30 8

7.7

7.8

7.9

7.10

7.11

7.12

7.13

7.14

7.15

Determine the best cyclic plan with a common cycle time.

Prove Proposition 7.3.

Show that the set of demand-feasible production plans is convex.

Show that the number of plans satisfying Property I is at most 2"

Consider Example 7.1.

a) Represent the following plan for item 1: (30, 40, 55) as a convex
combination of plans satisfying Property . Is the solution unique?

b) Show that the plan obtained by the linear program is infeasible.

¢) Demonstrate that the optimal solution of the problem is to use the plan

(50, 0, 75) for item 1 and (20, 75, 0) for item 2.

Consider (7.42). Show that the average time in the system 7 is minimized by
choosing Q according to (7.43).

Consider the model in Section 7.3.1. Show that we, without changing the
problem, can replace the holding costs 4; by 7, = hd;, and set all demands
equal to one.

Derive the optimal continuous n; , (7.49), from (7.48).
Derive the condition (7.51).
Start with the solution obtained in Example 7.3 and check whether the

technique in Section 7.3.1.1 can improve the solution. This means that we no
longer require a powers-of-two policy.



8 MULTI-ECHELON SYSTEMS:
STRUCTURES AND
ORDERING POLICIES

So far we have considered a single installation. In practice, though, it is also
common to see multi-stage, or multi-echelon, inventory systems, where a
number of installations are coupled to each other. For example, when dis-
tributing products over large geographical areas, many companies use an in-
ventory system with a central warehouse close to the production facility and
a number of local stocking points close to the customers in different areas.
Similarly, in production, stocks of raw materials, components, and finished
products are coupled to each other. To obtain efficient control of such in-
ventory systems it is necessary to use special methods that take the connec-
tion between different stocks into account. In Chapters 8 - 10 we will show
when and how such methods can be used.

The interest in Supply Chain Management in general, and for multi-eche-
lon inventory control in such chains, is growing rapidly. The management of
multi-echelon inventory systems is a crucial part of supply chain operations.
Furthermore, the possibilities for efficient control of multi-echelon inventory
systems have increased substantially during the last two decades. One reason
is the progress in research, which has resulted in new techniques that are
both more general and more efficient. Another reason is new information
technologies which have created a completely different infrastructure and
greatly increased the possibilities for efficient supply chain coordination.
Examples of such new technologies are EDI (Electronic Data Interchange),
satellite communication systems, and RFID (Radio Frequency Identifica-
tion).
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Multi-echelon inventory systems in supply chains are not always part of a
single company. Quite often, different companies work together to improve
the coordination of the total material flow. An example is the implementa-
tion of so-called VMI (Vendor Managed Inventory) systems.

8.1 Inventory systems in distribution and production

Multi-echelon inventory systems are common in both distribution and pro-
duction. When analyzing such systems it is important to understand that in-
ventory systems which may physically appear to be very different can still
be very similar in an inventory control context. Consider for example the
two installations in Figure 8.1. The customer demand takes place at installa-
tion 1. Installation 1 is replenished from installation 2, which in turn, re-
plenishes from an outside supplier.

In a distribution system, installation 1 can be a local sales stock in a dis-
tant country, while installation 2 is a central warehouse c¢lose to the factory.
The replenishment lead-time at installation 1 is then essentially the trans-
portation time.

In production, installation 1 may be the stock of a final product while in-
stallation 2 is the stock of a subassembly which is used when producing the
final product. In this case the stocks contain different items, yet the coupling
is the same. In both situations installation 1 can be seen as a customer at in-
stallation 2. In the production situation the replenishment lead-time at in-
stallation 1 is essentially the production time, and the two stocks may very
well be situated in the same building.

Figure 8.1 An inventory system with two coupled inventories.

8.1.1 Distribution inventory systems

Distribution inventory systems are, in general, divergent, i.e., the number of
parallel installations increase along the material flow. In a pure distribution
system, or arborescent system, each stock has at most a single immediate
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predecessor. Figure 8.2 shows such a system with two levels: a central ware-
house, and a number of retailers.

—\A

Central warehouse

< <<

Retailers

Figure 8.2 Distribution inventory system.

In the special case when each installation has also at most one immediate
successor, as in Figure 8.1, we have a serial system.

The stocks at the retailers in Figure 8.2 are needed to maintain a high ser-
vice at different local markets. The central warchouse supports all retailers.
More stock at the central warehouse will give shorter and less variable lead-
times for the retailers, and this can enable the retailers to reduce their stocks.
On the other hand, the holding costs at the central warehouse will increase.
The best distribution of the total system stock will depend on the structure of
the system, the demand variations, the transportation times, and the unit
costs. Situations exist when there should be a relatively large stock at the
central warehouse, but it is more common that the optimal solution means a
very low warehouse stock, much lower than what most practitioners would
expect.

8.1.2 Production inventory systems

Inventory systems in production may also sometimes have a structure like
that in Figure 8.2. Such systems are especially common in process indus-
tries, but also occur quite frequently at the end of the production chain in
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mechanical industries. The central warehouse in Figure 8.2 can then corre-
spond to the stock of a subassembly that is used as a basic module when
producing a number of different end products. The stocks of these end prod-
ucts correspond to the retailer stocks in Figure 8.2.

In production it is more common, though, to have inventory systems with
many parallel stocking locations early in the material flow and successively
fewer stocks later in the flow, i.¢., a convergent flow. If each installation has
at most one immediate successor, as in Figure 8.3, we have an assembly
system. Note that a serial system is also a special case of an assembly sys-
tem.

e

%g/ »

Figure 8.3 An assembly system.

For an assembly system there also exist various reasons for keeping stock
early in the material flow. Raw materials and components early in the flow
usually have much lower values than subassemblies and final products at the
end of the flow. This means that the holding costs are lower. Sometimes high
setup costs in early production stages may also make it necessary to use
large batch quantities.

It is, in general, considerably easier to deal with serial systems than with
other types of multi-echelon systems. Some results for serial systems how-
ever, can be generalized to pure distribution systems or assembly systems. In
production it is very common, though, to also encounter more general in-
ventory systems which are much more difficult to handle. Figure 8.4 shows
such a system. Note that a facility can have several successors as well as
several predecessors.
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For a certain multi-echelon inventory system in production there exists an
equivalent bill of material, or product structure. In Figure 8.4, stock 1 can be
seen as the stock of a final product that is produced from items 2 and 3. Item
2 is produced from items 4 and 5 etc. The complete bill of material corre-
sponding to Figure 8.4 is shown in Figure 8.5.

S
/

Figure 8.4 A general multi-echelon inventory system.

Figure 8.5 Bill of material corresponding to the inventory system in
Figure 8.4.
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In production, it is also common that we need more than one unit of a
component when producing some other item. For example, item 1 may con-
sist of two units of item 2 and three units of item 3. For serial and assembly
systems this does not add to the complexity. Since an item can only be part
of a single item we can always redefine the unit so that we always need ex-
actly one unit of a lower level item. If, for example, a certain item contains
two units of some other item, we can let two units of this item be the new
unit. But we cannot handle a general system in this way. To see this, con-
sider again Figure 8.5. It may happen that item 2 contains two units of item 5
while item 3 contains three units of the same item. We cannot circumvent
this difficulty by redefining the unit.

8.1.3 Repairable items

In this book we deal with consumable items. However, it is interesting to
note that repairable items can in many situations be handled in essentially
the same way. Some of the early important work concerning multi-echelon
inventory systems (e.g., Sherbrooke, 1968) was focused on repairable items,
which are especially common in military applications.

To illustrate the relationship between consumable and repairable items,
consider again Figure 8.2. Assume that the stocks contain repairable spare
items which can replace items that fail. Furthermore, assume that all replen-
ishments are one-for-one. When an item fails it is sent to the central site for
repair. It is then stocked at the central site. The failed item is, if possible, re-
placed by another item at the local site. If no item is available, the item is
backordered. In any case a new item is ordered from the central site. Con-
sider then a corresponding system with consumable items. The only differ-
ence is the warehouse lead-time. In the case of consumable items, this lead-
time is given or has a given distribution. In the case of repairable items, the
corresponding warehouse lead-time is the transportation time from a local
site plus the repair time. By using this equivalence we can use models and
techniques for consumable items for repairable items as well.

A review of repairable item inventory control is given by Nahmias
(1981).

8.1.4 Lateral transshipments in inventory systems

Consider again the distribution inventory system in Figure 8.2. We can say
that the advantage of the central warehouse is that it enables pooling of
stock. The stock in the warehouse can be used by any of the retailers. But
pooling of stock can also be obtained by other inventory systems. One possi-
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bility is to use so-called lateral transshipments between parallel local stock
points. Consider Figure 8.6.

v

K

v

Figure 8.6 Lateral transshipments between parallel stocks.

The local stocks normally replenish from an outside supplier, for example by
applying (R, Q) policies. But in emergency situations it is also possible to
use lateral transshipments between adjacent retailers. These transshipments
are faster but incur additional costs. Such lateral transshipments are common
in practice. Models with lateral transshipments are usually more difficult to
handle, and the available results are less general.

There are two problems associated with lateral transshipments:

1. What is a suitable decision rule for deciding on the source and size of
a lateral transshipment?

2. Given a certain decision rule for lateral transshipments, how can this
policy be evaluated and how does it affect the policy for normal reple-
nishments?

Many of the earlier papers dealing with lateral transshipments consider
the second problem and assume that some simple decision rule is given. A
frequent assumption is that a demand at a local stock point that can not be
met by stock on hand is, if possible, supplied by a lateral transshipment from
some other stock point with inventory on hand. Examples of such ap-
proaches are Lee (1987), Axsiter (1990), Dada (1992), Alfredsson and Ver-
rijdt (1999), Grahovac and Chakravarty (2001), Kukreja et al. (2001), Sher-
brooke (1992), Muckstadt (2005), and Vidgren (2005).

A possible approach when trying to optimize decisions concerning lateral
transshipments (Problem 1) is to use stochastic dynamic programming. See
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e.g., Das (1975), Robinson (1990), Archibald et al. (1997), and Olsson
(2005). Tagaras and Cohen (1992) evaluate different decision rules by
simulation. Given the policy for normal replenishments, the decision rule in
Axsiter (2003) provides a performance guarantee; it will always lead to an
improvement compared to not using lateral transshipments. Another heuris-
tic decision rule is suggested by Minner et al. (2003). Rudi et al. (2001) con-
sider decentralized decisions concerning transshipments and determine
transshipment prices that lead to joint-profit maximization. We shall not dis-
cuss lateral transshipments any further in this book.

Problems concerning transshipments are related to problems with substi-
tutions. See e.g., Bassok et al. (1999) and the references therein for a further
discussion of such problems.

Another related problem area 1s emergency deliveries (from the supplier)
in an inventory system. See e.g., Moinzadeh and Nahmias (1988), Johansen
and Thorstenson (1998), Minner (2003), and Axsiter (2005).

8.1.5 Inventory models with remanufacturing

It has become more and more common to use production-inventory systems
where manufacturing and remanufacturing operations occur simultaneously.
For example, it may be possible to process used components of certain prod-
ucts so that they satisfy the same quality standards as new components. This
means that new components can be replaced by remanufactured used com-
ponents when available. See Figure 8.7.

Manufacturing Inventory

\ Demands
Remanufacturable
inventory /

Remanufacturing

Returns

Figure 8.7 Production-inventory system with remanufacturing.
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There are several motivations for such manufacturing systems. One im-
portant reason is new regulations that force manufacturing companies to
collect and handle used products after customer usage. Another reason is that
remanufacturing processes tend to become more competitive.

Remanufacturing policies will lead to inventory systems with coupled in-
ventories. The demands as well as the returns are usually stochastic proc-
esses. It is obvious that the control of the system in Figure 8.7 involves many
complex questions. For example, what does a suitable production strategy
look like, and how much safety stock is needed in the two stocks?

The literature dealing with such inventory models is growing rapidly. See
e.g., Van der Laan et al. (1998), Van der Laan et al. (1999), Guide et al.
(2003), Dekker et al. (2004), and the references therein.

8.2 Different ordering systems

For a single-echelon system we know that an (s, S) policy is optimal under
very general conditions. Some optimality results exist for serial systems, see
Clark and Scarf (1960), Chen (2000), and Muharremoglu and Tsitsiklis
(2003). But for most multi-echelon systems the structure of the optimal pol-
icy is unknown. Generally we can expect an optimal control policy for a
multi-echelon inventory system to be quite complex. An optimal decision to
send a batch from one site to another site may depend on the inventory status
at all sites. Such a centralized decision system is usually associated with sev-
eral disadvantages. A lot of information 1s needed and although information
technology has improved dramatically, the data movement will lead to addi-
tional costs. Furthermore, completely general centralized policies are diffi-
cult to derive. It is therefore usually more suitable to limit the degree of cen-
tralization and use relatively simple local control rules that are similar to
policies used in single-echelon systems. Multi-level methods mean then that
we try to coordinate such local decision rules in a suitable way. It is common
to use simple reorder point policies in multi-echelon inventory systems, for
example. Our problem may then be to find reorder points for the different
facilities that will give a satisfactory coordinating control of the system as a
whole.

The need to decentralize the control is generally larger in a distribution
system than in a production system. Within distribution, different facilities
are normally situated at locations far from each other, and quite often rela-
tively independent organizational units make the replenishment decisions.

Also for multi-echelon systems we can choose between continuous re-
view and periodic review. In Section 7.2 we have discussed the possibility of
using periodic review systems in order to smooth the production load. This
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is, of course, also a possibility when dealing with multi-echelon inventory
systems. Furthermore, there can be other similar reasons for using periodic
review in connection with multi-echelon systems. Consider, for example, the
distribution system in Figure 8.2. If the four retailers use periodic review
systems with a review period of four weeks, and with different ordering
weeks, the demand at the central warehouse will be very smooth. This will
simplify the inventory control and also lead to a smooth production load in
the factory delivering to the warehouse.

In this section we will describe different common ordering systems and
show how they are related to each other. The ordering systems are all quite
simple, but regardless of which ordering system we choose, it is difficult to
determine suitable control parameters like batch quantities and safety stocks.
We shall deal with these questions in Chapters 9 and 10.

8.2.1 Installation stock reorder point policies and
KANBAN policies

One common way to control a multi-echelon inventory system is to control
each facility by an (R, Q) policy or by an S policy. Recall that for discrete
integral demand an § policy is a special case of an (R, Q) policy where R =S
- 1 and Q = 1. The reorder points and batch quantities do not, of course, need
to be the same for different facilities. As we have described in Section 3.2.3,
each facility considers its own inventory position, i.e., stock on hand plus
outstanding orders and minus backorders. When the inventory position de-
clines to or below R, a batch of size Q (or possibly a number of batches) is
ordered so that the new inventory position is above R and less or equal to R
+0.
As we shall describe in Section 8.2.2, it is also common to use a different
type of reorder point policy in multi-echelon inventory systems. When using
this modified reorder point policy, the inventory position is defined in an-
other way and not based only on the stock at the installation. To avoid mis-
interpretation the normal (R, Q) policy is therefore often denoted installation
stock (R, Q) policy in connection with multi-echelon inventory control.

As pointed out above, the optimality of the (s, S) policy for single-eche-
lon systems does not, in general, carry over to multi-echelon systems. There-
fore it 1s more common to let the installations use the somewhat simpler (R,
Q) policy in a multi-echelon setting.

It is also common to apply KANBAN policies in multi-echelon systems.
As described in Section 3.2.3.1, a KANBAN policy can be interpreted as an
installation stock (R, Q) policy where backorders are not subtracted from the
inventory position. This means that the number of KANBANSs is an upper
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bound for the number of outstanding orders and will limit work-in-process,
which is sometimes an advantage, see Veatch and Wein (1994) and Spear-
man et al. (1990).

8.2.2 Echelon stock reorder point policies

Consider the inventory system and the corresponding product structures in

Figure 8.8.
1 3
2(1) 4(3)
|
4Q2)

Figure 8.8 Inventory system and corresponding product structures.

We use a number in parenthesis to illustrate the number of units contained in
the higher level item. For example, 2 units of item 4 are used as components
when producing one unit of item 2. Similarly, 3 units of item 4 are needed
when producing one unit of item 3.

Consider the stock of item 4. If the inventory position is low, it is clearly
an indication that we might need to replenish. But on the other hand, if the
stocks of items 1, 2, and 3 are very high, there is no immediate need for
more units of item 4 and it may not be necessary to replenish. The idea of
using the echelon stock 1s to take this into account by also including down-
stream stock of an item. This means that we also add units of item 4 con-
tained in the inventory positions of items 1, 2 and 3 when deciding whether
to replenish item 4. This strategy does not always work well, though. As-
sume that the stock of item 3 is very high, while the stocks of items 1 and 2
are low. The echelon stock of item 4 may then be very high, and no replen-
ishment is triggered even though the stocks of items 1 and 2 need to be re-
plenished. The replenishments of item 2 will cause corresponding demands
for item 4. The problem is that these demands cannot be covered by the
stock of item 3.

We shall explain the echelon stock concept in detail by an example.
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Example 8.1 Consider the inventory system in Figure 8.8 and assume instal-
lation inventory positions as in the second column of Table 8.1.

Table 8.1 Installation and echelon stock inventory positions in

Figure 8.8.
Item Installation stock Echelon stock
inventory position  inventory position
1 5 5
2 2 7
3 3 3
4 5 28

Items 1 and 3 have no downstream stock. The echelon stock inventory posi-
tions are therefore the same as the installation stock inventory positions.
Consider item 2. Since each unit of item 1 contains one unit of item 2, the
echelon stock inventory position of item 2 is obtained as the installation in-
ventory position plus the stock included in the inventory position of item 1,
i.e., 2 +5="7 units. Item 4 is part of items 1, 2, and 3. Each unit of items 1
and 2 contains two units of item 4 and each unit of item 3 contains three
units. Consequently we obtain the echelon stock inventory position of item 4
as 5+2-5 +2-2+3.3=28. Alternatively, we can use the echelon stock posi-
tions of items 2 and 3 to obtain the same result, i.e., 5+2-7+3-3=28 .

Since the echelon stock inventory position is normally higher than the in-
stallation stock inventory position, an echelon stock reorder point policy will
generally use larger reorder points than an installation stock policy to
achieve similar control.

Note that if the number of units contained in a higher level item is always
one, the echelon stock inventory position is simply obtained as the installa-
tion stock inventory position plus the sum of the installation inventory posi-
tions of all downstream items. This is always the case in a distribution sys-
tem where all stocks contain the same item. Recall also that we can always
obtain this situation when dealing with serial or assembly systems by a suit-
able change of units.

8.2.3 Comparison of installation stock and echelon stock
policies

We shall now consider the serial inventory system in Figure 8.9. Item 1 is
the final product facing customer demand. Item N is raw material obtained
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from an outside supplier. When producing item # (1 <»n < N - 1) we need
one unit of item n + 1.

_>V ....... N\ N N/

Figure 8.9 Serial inventory system with N installations.

We shall analyze the relationship between installation stock (R, Q) policies
and echelon stock (R, Q) policies. The batch quantities are assumed to be
given and the same for both policies,

0O, = batch quantity at installation ».

We make the additional assumption that the batch quantity at installation » is
an integer multiple of the batch quantity at installation n - 1 (it is convenient
to define Oy = 1), i.e.,

Qn :ann—l’ (81)

where j, is a positive integer. This assumption is natural if the rationing pol-
icy is to satisfy all or nothing of an order, since the installation stock at in-
stallation n should then always consist of an integer number of the next
downstream lot size 0, ;.

Let us now introduce some additional notation:

[Pni = installation inventory position at installation n,

IP = [P/ +IP._| +..+IB'= echelon stock inventory position at
installation #,

R, = installation stock reorder point at installation #,

R; = echelon stock reorder point at installation 7.

We shall assume that the system starts with initial inventory positions
1P and IP? satisfying:

RL<IP® <RI +Q,, RE<IPP <R‘+Q,. (8.2)
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Note that these conditions are always satisfied as soon as each installation
has ordered at least once.

Let us now make some observations. An installation stock policy is al-
ways nested, i.e., installation n will not order unless its inventory position
has just been reduced by an order from installation # — 1. But if installation »
- 1 orders, this must then also be the case for installation - 2 etc., and con-
sequently for all downstream installations.

The echelon stock inventory position at installation » is not affected by
orders at installations 1, 2, ..., n - 1. If, for example, installation n - 1 orders

a batch from installation n, IP._, is increased by Q,.; and /P, is reduced by

QOn.1. This will clearly not affect 7P/. The echelon stock inventory position

at installation » is only changed by the final demand at installation 1 and by
replenishment orders at installation ».

We shall now prove Propositions 8.1 and 8.2 below for the special case
of unit demand and continuous review. The propositions are also valid for
other types of demand and for periodic review. They can furthermore be ex-
tended to assembly systems. See Axsdter and Rosling (1993).

We shall also, without any lack of generality, assume that IRfO - R,’; is an

integer multiple of 0,.;. All demands at installation » are for multiples of the
batch quantity at installation #» — 1, Q,., and all replenishments are also mul-
tiples of O, due to (8.1). Therefore this assumption simply means that we

will hit the reorder point exactly when ordering. The reorder point Rf, +y,

where 1 <y < Q,., will trigger orders at the same times and inventory posi-
tions. The only difference is that the inventory position will be y units below
the reorder point when ordering because the reorder point is y units higher.

Proposition 8.1 An installation stock reorder point policy can always be re-
placed by an equivalent echelon stock reorder point policy.

Proof Assume that the installation stock policy is given. Consider installa-
tion . Since the installation stock policy is rested, and since we have chosen
the reorder points such that all inventory positions will hit the reorder points
exactly when orders are triggered, the echelon stock inventory position just
after ordering must be:

IPS = (Ry +Q4). (8.3)

k=1
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Because of the unit demand, the echelon stock inventory position is reduced
by one unit at a time. Consequently, the orders will be triggered at exactly
the same times as with the installation stock policy if we use an echelon
stock policy with reorder points:

n-1
Ry =R+ (R +0;). (8.4)
k=1

This proves the proposition.

If the condition that /P.° — R. is a multiple of 0, is not satisfied, we first

have to change to an equivalent R,’; satisfying the condition. After that we
can apply (8.4) to get the equivalent echelon stock policy. Note that Propo-
sition 1 concerns only the inventory positions. Consequently, the result is not
affected by the lead-times.

Under the same assumptions we shall also prove:

Proposition 8.2 An echelon stock reorder point policy which is nested can
always be replaced by an equivalent installation stock reorder point policy.

Proof Let the echelon stock policy be given. For installation 1 there is no
difference between an echelon stock and an installation stock policy. Conse-
quently, R{ =R} will trigger orders at the same times as the echelon stock
policy. Consider installation » > 1. Due to the unit demand, all installations
will always hit their reorder points exactly when ordering. Since the policy is
nested we know that if installation » orders, installations 1, 2, ..., n - 1 will
also order. Immediately after ordering, the installation inventory position at
installation # is:

B} = IP{ ~IPE, = RS +Q, ~Ry ~ Q. (8.5)

e n

Consequently, an installation stock policy with reorder points
R =R{, R,=Ry-Ri -0, n>1, (8.6)

will trigger orders at the same times as the echelon stock policy. (Note that
(8.6) is equivalent to (8.4).) This completes the proof.
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Example 8.2 Consider a serial system with N = 3 installations and batch
quantities Q) = 5, 0, = 10, and Qs = 20. Assume that the initial inventory po-

sitions are: IP]’O =10, IP{O =20, and ]P3i0 =30. Assume furthermore that
the demand for item 1 is one unit per time unit. Consider first an installation

stock policy with reorder points: R| =5, R} =10, and R} =10. Note that

our assumptions that 0, as well as IP'" — R! are multiples of 0, are satis-

fied. It is easy to check that installation 1 will order at times 5, 10, 15, ... The
demand at installation 2 is consequently 5 units at each of these times. This
means that installation 2 will order at times 10, 20, 30, ... Demands for 10
units at installation 3 at these times will trigger orders at times 20, 40, 60, ...

Using (8.4) we obtain the equivalent echelon stock policy as Ry =35,

R$ =20, and R5 =40. Recall that when considering the echelon stock, the

inventory positions at all installations are reduced by the final demand, 1.e.,
by one unit each time unit, and not by the internal system orders. The initial

inventory positions are: IP°° =10, IP® =30, and IP{® =60. It is easy to

verify that the orders will be triggered at the same times as with the installa-
tion stock policy.
Assume then that we change the echelon stock reorder point at installa-

tion 3 to R5 =42. This will not change the orders at installations 1 and 2,

but the orders at installation 3 will be triggered 2 time units earlier, i.e., at
times 18, 38, 58, ... Recall that the echelon stock 1s reduced by one unit at a
time. The resulting echelon stock policy is not nested and it is impossible to
get the same control by an installation stock policy.

Propositions 8.1 and 8.2 show that in any serial inventory system an instal-
lation stock policy is simply a special case of an echelon stock policy. This is
also true for assembly systems. Recall that these results depend on the as-
sumption (8.1). One advantage of an installation stock policy is that once the
reorder points are determined only local information is needed for control-
ling the replenishments. To implement an echelon stock policy, we need
both the installation inventory position and the inventory positions of all
downstream installations. An alternative is, at least in principle, to have in-
formation of the initial echelon stock inventory position and be able to keep
track of the final customer demand. In practice it is usually difficult though,
to determine the echelon stock from these data because of various changes in
the inventory positions, for example, due to damage and obsolescence.

The higher generality of an echelon stock policy can be an advantage in
certain situations. We shall illustrate this by an example.
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Example 8.3 Consider a serial system (Figure 8.9) with N = 2 installations
and batch quantities Q; = 50 and Q, =100. Assume that the final demand at
installation 1 is constant and continuous, 50 units per time unit. The lead-
time at installation 1 (excluding possible delays at installation 2) is one time
unit, and at installation 2 it is 0.5 time units. No shortages are allowed, and
the holding costs at installation 1 are higher than at installation 2. The opti-
mal control of the system is illustrated in Figure 8.10.

Consider, for example, the two batches that are delivered to installation 1
at times 2 and 3. These two batches were ordered by installation 1 at times 1
and 2. The delivery of these 100 units to the warehouse took place, just-in-
time, at time 1. Immediately after the delivery, 50 units were sent to installa-
tion 1. Since the lead-time at installation 2 is 0.5 time units, the correspond-
ing order was triggered at time 0.5. But this can never be achieved by an in-
stallation stock (R, Q) policy because it is nested. Installation 2 can only or-
der when installation 1 orders, i.e., at times O, 1, 2, ... This will lead to addi-
tional costs (See Axsiter and Juntti, 1996). The optimal control can be ob-

tained by an echelon stock policy with R =50and Rj =75. Just before

time 0.5 the installation inventory position is zero at installation 2 and 75 at
installation 1, since one batch is on order at installation 1.

A Stock on hand at installation 2

50

4

0 ] 2 3 4 Time

A Stock on hand at installation 1

SIS S N

0 1 2 3 4 5 Time

Figure 8.10 Inventory development in the optimal solution.

Let us also state the following result from (Axséter and Rosling, 1993).
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Proposition 8.3 S policies based on the echelon stock are equivalent to S
policies based on the installation stock for general systems.

The dominance of echelon stock policies for serial and assembly systems
does not carry over to distribution systems. For such systems an installation
stock policy may perform better in certain situations, but the opposite can
also be true. In general, the differences are relatively small (Axsiter and
Juntti, 1996), but in special situations very large differences may occur (Ax-
séter, 1997).

A KANBAN policy can be interpreted as an installation stock (R, Q) pol-
icy with constraints on the number of outstanding orders. By applying the
same constraints to echelon stock policies, we obtain a class of policies
which, for serial and assembly systems, contains the KANBAN policies as a
subset. See Axsiter and Rosling (1999).

8.2.4 Material Requirements Planning

When using reorder point systems, based on the installation stock or on the
echelon stock for multi-echelon inventory control, it is generally implicitly
assumed that the demands at the different installations are stochastic but still
relatively stationary. The reorder points are updated with a certain periodic-
ity but do not change much over time. However, especially in production, it
1s common to find settings where such reorder point systems do not perform
well. Consider, for example, a component for which nearly all demand oc-
curs twice per year when assembling a certain product. Assume that the pro-
duction lead-time of the component is three weeks. In such a case it is gener-
ally suitable to start production of the component a little more than three
weeks before the two times per year when large numbers of the component
are needed in production. A reorder point system could in principle provide
this control, provided that the reorder point is updated continuously with re-
spect to the immediate lead-time demand caused by production of higher
level items. In the considered case the expected lead-time demand would
then be close to zero unless we are within three weeks of one of the produc-
tion times. Material Requirements Planning (MRP) is essentially such a re-
order point system, where the reorder points are updated continuously with
respect to known discrete requirements.

To be able to update the lead-time demand it is necessary to keep track of
all future production plans for higher level items that may affect the lead-
time demand. The time horizon for the planning system should therefore ex-
ceed the total system lead-time, i.e., the time from ordering raw materials to
deliveries of final products.



MULTI-ECHELON - STRUCTURES AND ORDERING 205

We shall now describe material requirements planning in detail. The
planning procedure is usually applied in a periodic review, rolling horizon
setting. The review period can be, for example, one week. The planning
procedure is based on the following data:

¢ A production program for final products, a Master Production Sched-
ule (MPS). In a make-to-order environment the master schedule is
usually comprised of plans for final assembly and delivery to custom-
ers. The master production schedule must cover the total system lead-
time, i.e., the time span between ordering raw materials and delivering
end products to customers. Production beyond that horizon cannot af-
fect today’s plans for components and raw materials.

o External demands of other items, e.g., demands that do not emanate
from production plans for higher level items. An example is the de-
mand for spare parts.

e A bill of material for each item specifying all of its immediate compo-
nents and their numbers per unit of the parent.

e Inventory status for all items, i.e., stock on hand, stock on order, and
backorders.

o Constant lead-times for all items.
e Rules for safety stocks (and/or safety times) and batch quantities.

The procedure starts with end products, i.e., items that only face external
demand. The requirements of these items are given by the master production
schedule. These items are sometimes denoted Level 0 items. Next we con-
sider all items that are immediate components of Level 0 items. These items,
which can also face external demand, are denoted Level 1 items. More gen-
erally, Level n items are direct components of Level n - 1 items. They can
also be components of higher level items and have external demand.

Let us consider the simple product structure in Figure 8.11. We start with
the end item, item 1. Table 8.2 illustrates how the net requirements of item 1
are determined.
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Figure 8.11 Considered product structure.

Table 8.2 Net requirements of item 1.

Item 1 Period 112131415161 718

Lead-time = 1 Gross requirements 10 251101201 5 10

Order quantity = 25 Scheduled receipts 25

Safety stock =5 Projected inventory 2212 137]12} 2 {-18}-23{-23{-33
Net requirements 342045 10

In the first column the planning parameters, lead-time, order quantity, and
safety stock, are given. If the order quantity is one, this is usually termed /ot-
for-lot in connection with material requirements planning. Table 8.2 de-
scribes the planning situation at the end of period 0, i.e., just before the start
of period 1. The inventory on hand at that time is 22. The given gross re-
quirements of item 1 in different periods are obtained from the master pro-
duction schedule, since item 1 is an end product. Usually the requirements as
well as the deliveries are assumed to occur in the beginning of a period. A
requirement occurs just after a possible delivery. The scheduled receipts in
Table 8.2 show planned deliveries of outstanding real orders. The projected
inventory is the inventory level after the gross requirement and the scheduled
receipt. In period 1 the initial inventory is reduced by the gross requirement
in period 1 and we obtain the projected inventory 22 - 10 = 12. In period 2
the receipt is added and we obtain 12 + 25 = 37 etc. In period 4 the projected
mventory declines to 2 units, The safety stock is 5 units. The most common
convention when determining the net requirement is to require that backor-
ders plus the safety stock should be covered. This means that the net re-
quirement in period 4 is 3 units. In period 5 the additional net requirement is
20, since 3 + 20 - 18 = 5. It is straightforward to complete the table.

We shall in this section follow the mentioned convention that the net re-
quirement should cover the safety stock. Sometimes another rule is used,
though. According to the alternative rule, there is no net requirement unless
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the projected inventory is negative. But when there is a net requirement, the
number of units should also cover the safety stock. In Table 8.2 this means
that there is no net requirement in period 4, while the net requirement in pe-
riod 5 is increased by 3 units to 23.

Let us now replace the net requirements in Table 8.2 by planned orders.
We shall also let the planned orders affect the projected inventory. Note that
the order quantity is 25 and that the lead-time is one period. To cover the net
requirement in period 4 we need to trigger an order of size 25. This order
must be placed in period 3 due to the lead-time. See Table 8.3. Note that a
planned order is represented by its starting time, while a scheduled receipt is
represented by its delivery time. A planned order is replaced by a scheduled
receipt when the order is started. This is because we want to make a differ-
ence between real and planned orders. If for example, in period 3, we choose
to initiate the planned order in that period, it is removed from planned orders
and added as a scheduled receipt in period 4.

Table 8.3 MRP record for item 1 with a planned order in period 3.

Item 1 Period 1121314561718

Lead-time = 1 Gross requirements 10 251101204 5 10

Order quantity = 25 Scheduled receipts 25

Safety stock = 5§ Projected inventory 22 1213711212717 {2 |2 -8
Planned orders 25

The projected inventory is still below the safety stock in period 6. We there-
fore need a second order in period 5. This gives the final MRP record in Ta-
ble 8.4.

Table 8.4 MRP record for item 1 with planned orders in periods 3

and 5.
Item 1 Period 112131415161 71}8
Lead-time = 1 Gross requirements 10 251101201 5 10
Order quantity = 25 Scheduled receipts 25
Safety stock =5 Projected inventory 22 {12137 (12127 7 127]27}17
Planned orders 25 25

We can interpret the planning of orders as the application of an installa-
tion stock reorder point system, where the reorder point is the lead-time de-
mand plus the safety stock minus one (the projected inventory should be lar-
ger or equal to the safety stock). Without an order in period 3, the inventory
position after the gross requirement is 12. The reorder point in period 3 is 10
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+ 5 - 1 = 14, This means that an order is triggered. After the order the in-
ventory position is 37. In period 4 the inventory position is 27 and the reor-
der point 20 + 5 - 1 = 24, i.e., no order is triggered. In period 5, the inventory
position is 7 and the reorder point 5 +5 - 1 = 9, and the second order is trig-
gered.

Tables 8.2 and 8.3 have mainly been used to explain the MRP logic.
From now on we will use the representation in Table 8.4 directly. Recall that
Table 8.4 represents the planning situation at the end of period 0. At the end
of period 1 we consider a similar table covering periods 2 - 9.

Let us now go back to Figure 8.11. We assume that item 2 is only needed
for production of item 1, and that item 3 is only needed for production of
item 2. According to Table 8.4 we plan to start production of 25 units in the
beginning of periods 3 and 5. This means that we need 25 units of item 2 at
the same times, i.e., we have determined the gross requirements of item 2.
Given the gross requirements, we can apply the same planning procedure for
item 2 and determine the planned orders, which in turn are the gross require-
ments of item 3. The whole MRP procedure is shown in Figure 8.12.

[tem 1 Period 112131415161 718

Lead-time = 1 Gross requirements 10 25110120} 5 10

Order quantity =25 Scheduled receipts 25

Safety stock =5 Projected inventory 22 | 12137 {1227 7 {27127} 17
Planned orders 25 25

Item 2 Period 112131415161 718

L ead-time = 1 Gross requirements 25 25

Order quantity = 50 Scheduled receipts

Safety stock =10 Projected inventory 15]15115]40[40)15115]151}15
Planned orders 50

Item 3 Period 112131415161 718

Lead-time =2 Gross requirements 50

Order quantity = 50 Scheduled receipts
Safety stock =10  Projected inventory 20 {20 {-30}20(20}20}20}20;20
Planned orders 50

Figure 8.12 Material requirements planning for items 1, 2, and 3 in
Figure 8.11.
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Note that the planning procedure in Figure 8.12 gives a shortage of item 3
in period 2. To avoid the shortage the order should have been started in pe-
riod 0, but we are already at the end of this period. The shortage means that
the plans for items 1 and 2 cannot be followed. In practice there are usually
several ways to overcome the problem. Perhaps it is possible to temporarily
reduce the lead-time of item 3 to one period. Another alternative is to adjust
the basis for the planning. It may, for example, be possible to change the
master production schedule, which determines the gross requirements of
item 1, or to adjust order quantities and safety stocks.

So far we have assumed that safety stocks are used to cover variations in
demand and lead-times. When applying MRP it is also common to use a
safety time as an alternative or supplement. This means that we plan the or-
ders so that the deliveries are expected to occur the safety time before the
corresponding net requirements. Table 8.5 shows the MRP record if we add
a safety time of one period to the planning situation in Table 8.4.

Table 8.5 MRP record for item 1 with a safety time.

Item 1 Period 112131415161 718
Lead-time = 1 Gross requirements 10 251104204 5 10
Order quantity = 25 Scheduled receipts 25

Safety stock =5  Projected inventory 22 {12{37137127132127]27|17
Safety time = 1 Planned orders 25 25

In Figure 8.12 it is assumed that item 2 is only part of item 1 and that
item 3 is only part of item 2. It is very common, though, that an item is a
component of many higher level items. Figures 8.13 and 8.14 illustrate how
this is handled in MRP. Recall that when processing a certain item, plans for
all itemns at higher levels are already complete.

A D

L ‘__I_1
B(1)

J B®| |EW
c(h

Figure 8.13 Product structures.
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Planned orders A Planned orders D External demands B
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Gross requirements B

Figure 8.14 Gross requirements from different sources.

Sometimes it is important to keep track of which higher level items have
generated different gross requirements. If for example, we obtain an infeasi-
ble plan such as for item 3 in Figure 8.12, it is interesting to see if it is pos-
sible to avoid the difficulties by changing the plans for one or more of the
parent items. To be able to do that we need to “peg” generated gross re-
quirements with identifications of the items generating them.

MRP is often referred to as a push system since orders are in a sense trig-
gered in anticipation of future needs. Reorder point systems and KANBAN
systems are similarly said to be pull systems because orders are triggered
when downstream installations need them. This notation is unclear and mis-
leading. An MRP system is, in fact, a more general ordering system than an
installation stock reorder point system. Recall that the MRP logic can be in-
terpreted as application of a reorder point system, where the reorder point in
each period is the lead-time demand plus the safety stock minus one. The
lead-time in the MRP system is a planning parameter that does not necessar-
ily need to correspond to an estimate of the real lead-time. If we set the lead-
time to zero, the reorder point is constant and equal to the safety stock minus
one. The safety stock is also a planning parameter that can be chosen arbi-
trarily. Consequently, we can state the following proposition:

Proposition 8.4 For a general inventory system, an MRP system can give
the same control as any installation stock reorder point system.

In Axsiter and Rosling (1994) it is also shown that:

Proposition 8.5 For serial and assembly systems, MRP can work as any
echelon stock reorder point system.
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Consequently we can conclude that if MRP is a push system, it is also a pull
system.

The MRP logic is simple, yet the computational effort can be very large if
there are thousands of items and complex multi-level product structures. In
such systems it is also difficult to update all data. As we have discussed
above, the major advantage of MRP is that it enables us to keep track of
relatively infrequent large requirements. Many low level components often
have a large number of parents, and the gross requirements obtained from
the MRP calculations will, for statistical reasons, be very smooth. Quite of-
ten it is more practical for such items to forecast the demand by exponential
smoothing and use a simple reorder point system. These items can then be
excluded from the bills of material and the remaining product structures will
be simpler.

One problem with MRP can be that the plans for individual items change
too frequently over time. Even a very small change in the master production
schedule can lead to relatively large changes in the plans for many lower
level items. This “instability” of MRP is often called “nervousness”. One
possibility to reduce the nervousness is to “freeze” orders within a certain
time frame. This means that orders within this time frame are not changed
according to the MRP logic.

It is most common to use MRP in production. But since a product struc-
ture corresponds to a multi-echelon inventory system (See e.g., Figure 8.8),
we can also use the same ordering technique 1n a distribution system. In this
context the term MRP is sometimes replaced by DRP, Distribution Require-
ments Planning.

Usually the MRP procedures that we have described are the core in a
planning system that also contains other planning modules. It is especially
common to include modules for capacity planning. In such more general
systems MRP is then sometimes interpreted as Manufacturing Resource
Planning. The term MRP 11 is also used.

Capacity requirements can be estimated in two ways. One possibility is to
forecast the needed production capacity directly from the master production
schedule. Such a forecast is usually not very accurate since the inventory
status of different items is not taken into account. In general, this is denoted
Rough Cut Capacity Planning (RCCP). It is more accurate to estimate the
capacity requirements after carrying out the complete MRP calculations.
This is usually denoted Capacity Requirements Planning (CRP). Figure 8.15
illustrates how the modules can be coupled to each other.



212 INVENTORY CONTROL

Master Production

Scheduling RCCP
Capacity
Requirements
MRP CRP

orders

Figure 8.15 Manufacturing Resource Planning.

When choosing the master schedule, the capacity requirements are estimated
by Rough Cut Capacity Planning. After choosing the master schedule and
going through the MRP calculations, a more accurate estimate is obtained
from Capacity Requirements Planning. If there are large deviations between
these two estimates of the capacity requirements, and the more accurate es-
timate is infeasible, it may be necessary to go back and adjust the master
schedule.

Although the system in Figure 8.15 contains more than material require-
ments planning, it is obvious that MRP is the heart of the system. The capac-
ity planning modules essentially give only the estimated capacity conse-
quences of the MRP plan. A planning framework of this type is natural if the
main task of the system is materials management. If the main problem is to
achieve high and smooth capacity utilization, it can be more suitable to start
with the capacity planning and let the results of this planning be a basis for
the materials management.

A so-called Enterprise Resource Planning (ERP) system can be seen as a
further extension of MRP. Such systems usually provide a number of addi-
tional functions, many of which are outside the production area, like ware-
house management, shipping, financial information and planning, etc. ERP
can also be a multilocation system and handle production planning across
multiple sites, which is usually very important for large corporations.
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We refer to Orlicky (1975), Baker (1993), Silver et al. (1998), and Voll-
man et al. (1997) for a more detailed treatment of MRP.,

8.2.5 Ordering system dynamics

A major advantage of installation stock reorder point policies and KANBAN
policies is that these policies are easy to implement. In particular, they only
need local information about inventory positions after the control parameters
are set. One disadvantage, however, is that the information in the supply
chain is delayed. Consider again the material requirements planning in Fig-
ure 8.12. Assume that the gross requirements of item 1 will increase due to
larger demand from the final customers. This may lead to a change in the
planned orders for item 1 so that the order in period 3 will instead be placed
in period 2. When using material requirements planning, this will immedi-
ately lead to corresponding changes in the plans for items 2 and 3. We are
consequently able to let changes in the master production schedule directly
affect plans for all items. Echelon stock reorder point policies provide simi-
lar possibilities, since the echelon stock is immediately affected by the final
customer demand. If the stocks are controlled in a decentralized manner by
installation stock reorder point policies, the information concerning the in-
creasing customer demand is not transmitted in the same rapid way, how-
ever. With an installation stock reorder point system, the order for item 1 in
Figure 8.12 may also be placed in period 2 instead of period 3. The problem
is that this information is not available at installation 2 until the order actu-
ally occurs in period 2. Nothing happens during period 1. In some situations
with large batch quantities and many stages, such information delays can
cause major problems.

There is also considerable evidence, theoretical as well as practical, that
decentralized installation stock policies in multi-echelon systems can yield
very large demand variations early in the material flow, even though the fi-
nal demand is very stable. Consider the simple serial system in Figure 8.16.

>:2: »
\V

Figure 8.16 A simple serial two-echelon inventory system.
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Let us assume that the mventory system is part of a distribution system and
that the installations are situated far from each other. We also assume that
the lead-times are five weeks for each installation. The two installations are
adapting their reorder points with respect to the demand at their site. The
demand at installation 2 is the orders from installation 1. We shall also as-
sume that both installations use periodic review policies with a review period
of one week. There are many similar items, but the items are handled indi-
vidually.

Assume now that site 1 estimates that the final demand for all items has
increased by 20 percent. Normally the site orders about one week’s demand
each week. The increase in customer demand means that the estimated lead-
time demand is also increased by 20 percent, which corresponds to the origi-
nal demand during one week. The reorder points are raised correspondingly.
The orders from installation 1 will increase due both to the higher reorder
points and due to the increase in the demand. The resulting demand at in-
stallation 2 in the first week will increase by more than 100 percent. If in-
stallation 2 adjusts its reorder points with respect to that change, the effects
for its supplier will be devastating.

Note that the demand at installation 2 in the long run will only increase
by 20 percent. The very high demand just after the change is due to the ad-
justments of the reorder points at installation 1. Furthermore, if installation 2
has information about the final customer demand, or if the dynamic effects
that we have described are understood, the adjustments of the reorder points
at installation 2 can be expected to be less dramatic.

The high demand variations at upstream stages have been analyzed and
discussed by several authors. The first well-known contribution was by For-
rester (1961). The phenomenon is today often denoted the bullwhip effect.
For further details see Baganha and Cohen (1998), Lee et al. (1997a,b), and
Towill and Del Vecchio (1994). It is common to illustrate the bullwhip effect
by a game conceming a distribution system for beer, the Beer Game. Differ-
ent variations of this game exist; see Sterman (1989), and Chen and Samro-
engraja (2000).

It is important to note that both the information delays and the problems
of large demand variations at upstream facilities are largely due to long lead-
times and large batch quantities. With small batch quantities, the times be-
tween orders will be short, and the information will be transmitted relatively
rapidly between the echelons even when using an installation stock reorder
point system. If the lead-times are short, adjustments of the reorder points
due to demand changes will also become small, and the demand variations at
the next upstream stage will be limited. Consequently, for systems with
small batch quantities and short lead-times, installation stock reorder point
policies and KANBAN policies will perform very well in most cases.
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Problems

8.1  Consider Example 8.1. Assume that the installation stock inventory positions
for items 1-4 are 2, -2, 5, and 7, respectively. Determine the echelon stock
inventory positions.

8.2 Show that (8.4) and (8.6) are equivalent.

8.3  Consider the serial system

,;2; N 1
\V4

" Answer and/or hint in Appendix 1.
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8.4

8.5

8.6

8.7

INVENTORY CONTROL

The initial installation stock inventory positions are /P =15 and [P;°
=12. The system is controlled by installation stock reorder point policies
with R =8, 0, =10, R} =9, and 0, = 20.

a) Determine an equivalent echelon stock reorder point policy.
b) Consider constant continuous demand, one unit per time unit, and verify
that the two policies order at the same times.

¢) Increase R; by one unit. At what times will installation 2 order? Does an
equivalent installation stock policy exist?

Consider again the serial inventory system in Problem 8.3. The production
control manager has been visiting Japan. Influenced by what he has seen
there he wants to use a KANBAN system. For installation 1 he has one card
and a container for 50 units. For installation 2 he has also one card but a
container for 100 units. Both lead-times are zero so no shortages can occur.
Initially there are 50 units in stock at each installation. The demand at
installation 1 is one unit per time unit.

a) The assistant production control manager thinks that the new ideas are
unnecessary and suggests an equivalent installation stock (R, Q) system.
How should R and Q be chosen for the two installations?

b) Is it possible to get the same control by an echelon stock policy? How
should in that case R and O be chosen for the two installations?

Consider again the serial inventory system in Problem 8.3. Let the batch
quantities be Q; = 10 and Q, = 20. The installation stock reorder points are

R} =22 and R; =35. The initial installation stock inventory positions are

[P® =27 and [P}® =50. Determine an equivalent echelon stock policy.
Use an example to verify that your result is correct.

Consider the distribution system in Figure 8.2. Prove Proposition 8.3 for this
system.

Consider the product structure below. Other data are:

Item A B C
Lead-time, periods 1 1 1
Initial inventory 22 34 12

Order quantity 30 30 90
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8.8

*

A

_—

B(1) C(2)

c(1)

The gross requirements of item A over 8 periods are: 7, 9, 28, 30, 18, 16, 24,

13. There are no safety stocks. Carry out the complete material requirements
planning.

Consider the same product structure as in Problem 8.7 and the following
data:

Item A B C
Lead-time, periods 1 1 1
Initial inventory 27 34 75
Order quantity 10 10 20
Safety stock 10 10 20

The gross requirements of item A over 6 periods are: 5, 26, 0, 13, 12, 0.

a) Carry out the material requirements planning. Are any orders delayed?
b) Change the safety stocks to one period safety times. Carry out the
material requirements planning. Are any orders delayed?



9 MULTI-ECHELON SYSTEMS:
LOT SIZING

In Chapter 8 we have discussed why and how multi-echelon inventory sys-
tems appear in practice, and how the most common ordering systems work.
We shall now turn to the problem of choosing batch quantities for a multi-
echelon inventory system. Note that this important problem must be solved
independently of which type of ordering system we use.

First of all, when determining order quantities for a multi-echelon inven-
tory system, it is not optimal to handle each site individually. The choice of
batch quantity at a certain site will namely affect the demand structure at the
next upstream site. This dependency makes the determination of batch quan-
tities much more complex. Although it is not optimal to determine batch
quantities individually for each site, this is very common in practice because
it is so easy. Generally this will lead to order quantities that are too small.

When dealing with order quantities for multi-echelon systems we shall
assume that the customer demand is known and deterministic, i.e., we disre-
gard random variations. In case of stochastic demand, it is normally reason-
able to replace the stochastic demand by its mean and use a deterministic
model when determining batch quantities. The stochastic demand variations,
are however, taken into account, in a second step, when we determine safety
stocks and reorder points. This approximation, which is common also for
single-echelon systems, is usually more or less necessary for multi-echelon
systems.

Furthermore, we make the standard assumption that all lead-times are
zero. Recall that for a single-echelon system with a constant lead-time and
deterministic demand, we can make this assumption without any lack of gen-
erality. In case of a positive lead-time L, we just need to order L time units
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earlier. When dealing with multi-echelon systems it is generally possible to
handle serial and assembly systems similarly, i.e., we can determine batch
quantities for zero lead-times and still use the results also for positive lead-
times. For distribution systems (Figure 8.2) and general systems (Figure
8.4), however, positive lead-times may be more difficult to deal with.

9.1 Identical order quantities

9.1.1 Infinite production rates

Consider first the simple assembly system and the corresponding product
structure in Figure 9.1.

oSy @t

Figure 9.1 A simple assembly system.

Let us think of a production system. Assume that we have chosen the units
so that when producing one unit of item 1, exactly one unit of item 2 and one
unit of item 3 are needed as components. (Recall that this is always possi-
ble.)

Item 1 is a final product with constant continuous demand d. Let the
setup costs be 4,, 4,, and 4, and the holding costs 4y, /,, and A;.

Furthermore, we assume infinite production rates, and that for some rea-
son, the same batch quantity is used for all three items. Infinite production
rate means that the whole batch is delivered at the same time. (As discussed
above we also assume that the lead-times are zero.)

Given that the batch quantities are the same, it is obviously optimal to
produce batches of items 2 and 3 just-in-time for the production of item 1.
This means that there are never any stocks of items 2 and 3, and all three
items are produced at the same time. But if the items are produced at the
same time, we can replace the considered three items by a single item with
setup cost A = A, + A, + As, and holding cost /2 = h;. In case of constant de-
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mand, we can then simply use the classical economic order quantity model
(4.3) for determining the optimal batch quantity.

Our conclusions for the simple assembly system in Figure 9.1 can easily
be generalized to a general assembly system and to time-varying demand.

9.1.2 Finite production rates

If we have finite production rates but still identical lot sizes, it is more diffi-
cult to determine the optimal lot size for a multi-echelon system. However,
for serial and assembly systems and constant demand, it is still usually pos-
sible to determine the optimal batch size from a model, which can be seen as
a variation of the classical economic order quantity model. We shall illus-
trate this by an example.

Example 9.1 Consider a product that is produced from raw material in two
machines, 1 and 2. The machines have production rates p; > p, > d, where d
is the constant customer demand. At the beginning of a production cycle, a
batch of raw material is delivered to machine 1. The output from machine 1
is immediately (continuously) transferred to machine 2. When the whole
batch has completed production in machine 2, it is transported to a ware-
house facing the constant customer demand. The machines have setup costs
Ay and 4,. There is also a fixed cost 4; associated with the transportation of a
batch of goods from machine 2 to the warehouse. The holding cost before
machine 1 is A, per unit and time unit. After being processed in machine 1
the holding cost is %,, and after machine 2 it is A; (valid also at the ware-
house). We wish to determine the optimal batch size.

First of all, we note that we can disregard the holding costs during trans-
portation since each unit is in transport the same time independent of the
batch size. Still we have four echelons where the holding costs are affected
by the batch size, i.e., before machine 1 (1), between machines 1 and 2 (2),
after machine 2 (3) and at the warchouse (4). Figure 9.2 illustrates the devel-
opment of the stock levels over time. From the figure it is easy to determine
the average stock over time at the different stock points. Consider, for exam-
ple, the stock level before machine 1. The time between two deliveries is
Q/d. During this time we have stock in front of the machine while the ma-
chine is producing, i.e., during the time (/p,. This means that the fraction of
time with a positive stock level is d/p;. The average stock level while the
stock is positive is (/2. The average stock level over all times is therefore
(Q/2)(d/p,). Other stocks can be handled similarly. Each batch will give or-
dering costs in both machines and a fixed cost for transportation. Conse-
quently we can express the total relevant costs as:
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Figure 9.2 Material flow and development of stock levels over time in

Example 9.1.
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By setting the derivative equal to zero we obtain the optimal batch quantity
as

* 204, + 4, + A3)d
Q=17 (dl d2 3)d ©.2)
—hl‘}‘(""‘——)hz +(—+1)h3
P1 Py P P2

Note that if we let the production rates approach infinity, we are back in
the situation considered in Section 9.1.1 and we only need to consider a sin-
gle echelon with setup cost 4 = 4, + 4, + As, and holding cost & = A;. The
only stock that we need to consider is then the stock at the warehouse.

9.2 Constant demand
We shall now consider the more general case when the batch quantities at

different installations do not need to be identical. We assume constant con-
tinuous demand for the end product and infinite production rates.

9.2.1 A simple serial system with constant demand

Consider the simple serial system in Figure 9.3.

Figure 9.3 A simple serial inventory system.

Let us assume that item 1 is a final product which is produced from one unit
of the component 2, which in turn, is obtained from an external supplier. As
we have discussed above, we assume that the lead-times are zero. The de-
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mand, d, for item 1 is constant and continuous. Both items have ordering
costs, 4, and 45, as well as holding costs, A, and 4,. When delivering a batch,
the whole quantity is delivered at the same time. No backorders are allowed.
We want to determine optimal batch quantities, ¢, and Q,. Note that except
for the two echelons, the assumptions are exactly the same as in the classical
economic order quantity model, see Section 4.1.

Example 9.2 Let the problem parameters be d = §, 4, = 20, 4, = 80, h; =5,
and h, = 4.

Item 1 faces constant continuous demand and the costs are consequently
obtained as

C] :h]%‘*' Ali. (9.3)
2 Q)

One approach to solving the problem could be to apply the classical eco-
nomic order quantity model to item 1, i.e., to minimize (9.3). We obtain

frowy :8,
O ‘/ hl

and the corresponding costs

The demand for item 2 is then discrete and not continuous, 8 units each time
unit. Given a constant O, we should always choose O, as a multiple of Q,

Qz =k Q1 > 94

where k is a positive integer. This is easy to show in the same way as we
showed Property I in Section 4.5.

Figure 9.4 illustrates the behavior of the inventory levels for £ = 3. Since
the lead-times are zero there is no difference between inventory levels and
inventory positions. The figure shows both the installation stock and the
echelon stock. The echelon stock of item 2 is simply the sum of the stock at
both installations. For item 1 the echelon stock is equal to the installation
stock since there is no downstream stock.
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/ Echelon stock, item 2

Installation stock, item 2

v

Time
Installation stock = echelon stock, item 1
Time
Figure 9.4 Inventory levels for k = 3.
The costs for item 2 are obtained as:
k-1
Cy=h, k=DG A, d , (9.5)
2 kQ

since the average installation stock of item 2 is (k - 1)Q,/2. C, is evidently
convex in k. If we disregard that &, has to be an integer when minimizing C,
we obtain:

. 1 [24,d

K= :
o\ n

If kK < 1 it is optimal to choose k = 1. Assume that £ > 1. Let k" be the larg-
est integer less or equal to &, i.e., k" <k <k’+ 1. It is easy to show that it is
optimal to choose k = k" if k'/k” < (k” + 1)/k". Otherwise k = k'+ 1 is optimal.
(See Section 4.1.2.)

We obtain £” ~ 2.24 and it is optimal to have k = 2. The corresponding
costs are obtained from (9.5) as C, = 56, and we get the total costs per time
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unitas C = C, + C, =40 + 56 = 96. As we shall show below, this is not the
optimal solution. It is not feasible to optimize item 1 separately without con-
sidering the consequences for item 2, since the batch size for item 1 will af-
fect the demand for item 2.

Let us now derive the optimal solution. It can be shown that (9.4) must be
satisfied in the optimal solution for a two-level system. (As illustrated by
Example 9.4 in Section 9.2.2, this is not necessarily true if there are more
than two levels.) The total costs are obtained by adding (9.3) and (9.5),

O

C=C +C, :(h1+(k—1)h2)7+(A1+%2—)—g——‘ (9.6)

1

Alternatively, we can represent the costs in terms of the echelon stock. Since
the echelon stock of item 2 includes the stock of item 1, the holding cost for
item 1 should only represent the value added when producing item 1 from
item 2. This means that we shall use the echelon holding costs e, = hy - hy,
and e, = h,. We obtain:

O d

2 0
and
ki
Cze - 62 Q A2 d (98)
2 kQ,

The costs (9.7) and (9.8) are not the same as the costs (9.3) and (9.5) but it is
easy to verify that the total costs,

C=Cf+C5 —(e1+ke2)—Q—+(A1+—)~Q— (9.9)
1

are the same, i.e., the cost expressions (9.6) and (9.9) are equivalent. The
representation in (9.7)-(9.9) is, in general, easier to handle since the struc-
tures of (9.7) and (9.8) are exactly the same. This is also illustrated by Figure
9.4.

For a given k the optimal (), is obtained from (9.9) by setting the deriva-
tive equal to zero.
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9.10)
Inserting (9.10) in (9.9) we obtain the optimal costs for a given £ as
A,
C(k)=,/2(4, +-;—)d(el +key). 9.11)
It is easy to see that
2 4,

is a convex function of k4. The optimization of (9.12) with respect to & is
similar to the optimization of (9.5) above. First we disregard that & has to be

an integer. We get
* A
e 228 (9.13)
Aje,

If k" < 1 it is optimal to choose k = 1. Assume that k* > 1. Let k" be the larg-
est integer less or equal to k', i.e., k" <k <k’+ 1. It is optimal to choose k =
k*if k'7k” < (k" + 1)/k". Otherwise k= k"+ 1 is optimal.

If Ai/e; = Ay/e; we get k = 1. This means that we should use the same
batch size for the two items, and consequently, each time we produce a batch
of item 2, the batch should immediately be used for production of item 1.
This implies that we do not need any stock of item 2 and that our two-stage
system can be replaced by a single-stage system. It can be shown that the
condition A,/e; > A,/e, is also sufficient in case of time-varying demand, see
Axsiter and Nuttle (1987) and Section 9.3.3.

Example 9.3 Consider again the problem in Example 9.2, i.e., d = §, 4; = 20,
A2 = 80, h] = 5, and hz =4,

We obtain e, = b, - h, = 1, and e, = h, = 4. From (9.13) we get k=1
which is, consequently, the optimal value of k. Applying (9.10) and (9.11)
we get O ~17.89, O, =kQ; =0 ~17.89, and C ~ 89.44, i.c., about 7
percent lower than the costs obtained in Example 9.2. The batch quantity of
item 1 has increased by more than 100 percent. This is rather typical. If we



230 INVENTORY CONTROL

take the multi-echelon structure into account, this will very often lead to a
larger order quantity for the end product.

Note that (9.10) and (9.11) are essentially equivalent to the corresponding
expressions (4.3) and (4.4) for the classical economic order quantity model.
The only difference is that the ordering cost 4 is replaced by:

and the holding cost 4 by:
h{ =€ + kez. (915)

Note also that it is not clear how the “real” holding costs should be de-
termined in different situations. Assume that there is plenty of stock of item
2. If we produce one unit of item 1, the holding costs per time unit for item 1
will increase by 4, but since the stock of item 2 is reduced by one unit, the
holding costs per time unit for item 2 are reduced by 4,. The increase in
holding costs therefore corresponds to the value added instead of the total
value. The additional holding cost is the echelon holding cost ¢; = A - A,. If,
on the other hand, we need to replenish item 2 in order to produce item 1, the
holding costs will increase by the normal holding cost rate /,. The average
additional holding costs when producing one unit of item 1 will conse-
quently be somewhere between ¢; and 4;.

9.2.2 Roundy’s 98 percent approximation

Even if customer demand is constant, multi-echelon lot sizing problems may
be very difficult to solve. Optimal solutions are sometimes surprisingly
complex. For example, the optimal solution for a serial system with constant
demand can mean order quantities that vary over time, see Williams (1982)
and Example 9.4 below. Roundy (1985, 1986), however, has shown that it is
often possible to use rather simple approximations with a guaranteed cost
performance of at most 2 percent above the optimal costs. We shall describe
how Roundy’s technique can be applied to a serial system, but it is also pos-
sible to use the same approach for assembly and distribution systems. An
overview is given in Muckstadt and Roundy (1993). Recall that we have al-
ready used Roundy’s approach in Section 7.3.1.2 in connection with joint
replenishments.
Consider a serial system with V stages, see Figure 9.5.
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Figure 9.5 Considered serial system with N installations.

The final demand at installation 1 is constant and continuous. There are
nonnegative ordering and echelon holding costs at all stages. No shortages
are allowed. When producing one unit of item ¢ - 1, one unit of item i is
needed as a component (i = 2, 3, ... , N). We disregard the lead-times. It is
easy to see that an optimal solution is nested, i.e., a batch at stage i should
exactly cover an integer number of batches at stage i - 1. (See Section 4.5
and the explanation of Property 1.) As we will see in Example 9.4, however,
the optimal batch sizes are not necessarily constant over time.

Roundy’s approximation means first of all that the batch quantities for
different items are restricted to be constant over time. Let us introduce the
following notation:

d = final demand per time unit for item 1,
A; = ordering cost for item 1,

e; = echelon holding cost for item i,

Q; = batch quantity for item 1.

Furthermore, the batch quantity for item i is restricted to be a power of two
times the batch quantity for item i - 1, i.e.,

0,=2%0Q,,, i=23,.,N, 9.16)

where k; is a nonnegative integer. This implies that the solution must be
nested, i.e., if a batch of item i is produced at some time, we must also have
production of items i — 1,i -2, ..., 1.

Our objective is to minimize the total holding and ordering costs. In anal-
ogy with (9.7)-(9.9) we have:

i i@@+Ad) 9.17)
min T =) .
Q1025w i=1 l 2 Qz‘
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subject to the constraints that the batch quantities are nonnegative and satisfy
(9.10).

What is particularly interesting about Roundy’s solution is that the costs
are at most 2 percent higher than the optimal costs, i.e., without the con-
straints (9.16).

Roundy’s approach is to first relax the constraints (9.16) and instead use
the milder constraints:

0,20, i=2,3,..,N. (9.18)
Note that (9.16) implies (9.18) while the opposite is not true. Therefore, by
using (9.18) we will get a lower bound for the costs when using the con-
straints (9.16). The objective function (9.17) is convex and the constraints

(9.18) are linear. The unique solution of the relaxed problem can therefore
be obtained through the Lagrangean relaxation:

max min (e + A —)+ ﬂ, (Ql Q), (919)
Dagdyy Or Qv O ,z; ; ,zz: '

where the multipliers /; are also restricted to be nonnegative.
Assume that we have determined the optimal multipliers. Define

e=e + 20,
ey=ey -2, + 24,

. (9.20)
63\/_1 =€eng - 2/1/\/.] + 2/11\/,

e;\/ = €N~ 2ﬂ,N
It is possible to show that the optimal solution of the relaxed problem must

give all e; 20. To see this note that the optimal costs for the relaxed prob-
lem can be obtained as the solution of:

. , Q,
min (9 ) s (9-2 1)
01,00 ,Z‘ Qi
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without any constraints on the batch quantities, i.e., a problem with inde-
pendent items, ordering costs 4;, and echelon holding costs ¢;. If e <0 we

can let O, — o which means that the costs in (9.21) approach —oo. This is

clearly impossible.
Let us now compare the original holding costs e; to the holding costs ¢;,

see (9.20). Recall that the multipliers are nonnegative. Consider first the ef-
fect of A,. The echelon holding cost rate at stage 2 is reduced by 2.4, and the
echelon holding cost rate at stage 1 is increased by 24,. More generally, the
effect of 4; is that the echelon holding cost rate at stage i is reduced by 24,
and the echelon holding cost rate at stage - 1 is increased by 24..

What is very interesting is that this implies that (9.21) provides a lower
bound for the optimal costs for our original problem where the batch quanti-
ties can be chosen in any way. They can, for example, vary over time. Yet
the echelon stock at stage i - 1 is always less than or equal to the echelon
stock at stage i. A change from the echelon holding costs e; to the echelon

holding costs e; can therefore not increase the costs for the optimal solution.

Furthermore, given the echelon holding costs e}, (9.21) provides a lower

bound for the costs since there are no constraints at all on the batch quanti-
ties.

Assume that we have solved the relaxed problem. This means that we
have a lower bound for the optimal costs and batch quantities satisfying
(9.18). We can now adjust this solution by rounding the batch quantities so
that they can be expressed as

0, =2"gq. (9.22)

We know from Section 7.1 that if ¢ is given, the maximum cost increase is at
most 6 percent, and if we can also adjust ¢ to get a better approximation the
cost increase is at most 2 percent. Due to (9.18), we know that m; >m;_,

and the batch quantities obtained must consequently satisfy (9.16). We have
now obtained Roundy’s solution of the problem. We have feasible constant
batch quantities and the cost increase compared to the optimal solution is at
most 2 percent, since it is at most 2 percent compared to the lower bound
(9.21).

It 1s possible to use the considered Lagrangean relaxation for numerical
determination of Roundy’s solution, but generally it is much simpler to use
the following technique. Consider the relaxed problem. Without the con-

straints (9.18) it would be optimal to use Q; = (24:d/e))"” for all i. Conse-
quently, if A/e; increases with i, we have found the optimal solution since
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the resulting batch quantities will satisfy (9.18). Assume that for some i, 4/¢;
< A;j1/eiy, or equivalently that Q;<Q:_,. Also assume that in the optimal

solution of the relaxed problem Q; > Q.. This implies that Q; gQ; since we

would otherwise reduce O, and similarly that Q;; > Q,il since we would

otherwise increase Q.. But this means that Q; < O, which is a contradic-
tion. Consequently, Q; = O in the optimal solution of the relaxed problem.
This means that we can aggregate items i - 1 and / into a single item with or-
dering cost 4;; + 4; and echelon holding cost e;; + ¢. Next we consider the
resulting reduced problem with N - 1 items. If A/e; < A;,/e.; for some i, we
can aggregate the two items; otherwise we obtain the optimal solution of the
relaxed problem from the classical economic order quantity model, etc.

Example 9.4 Consider a serial system with N = 4 installations (items). The
constant continuous demand for item 1 is d = 1. Ordering and echelon hold-

ing costs are given in Table 9.1.

Table 9.1. Ordering and echelon holding costs.

Item Ordering cost, 4; Echelon holding cost, ¢;
1 50 40
2 20 100
3 3 1
4 125 10

First we want to solve the relaxed problem, i.e., we want to minimize the
costs in (9.17) with respect to (9.18). First consider items 1 and 2. Note that
Ayley = 5/4 > A,/e; = 2/10. This means that Q; = O, in the optimal solution,
and we can aggregate items 1 and 2 into a single item with ordering cost 4,
+ A, = 70 and echelon holding cost e; + ¢, =140. We can now see that A4/e,
=125 2 Aj/es = 3 > (4, + 42)/( ey + e3) = 0.5. The constraints (9.18) will
therefore not be binding for the remaining three items: items 1 and 2 to-
gether, item 3, and item 4. By optimizing each batch quantity separately, we
obtain the optimal solution of the relaxed problem: O, = Q, = (2d( 4, + A,)/(
ey +e))?=1"=1,0,=6" and O, = 25" = 5. The corresponding costs
per time unit are: Cyy, = (2d( A, + 4)( ey + €2))"? =140, C; = 6", and C, =
50. The total relaxed costs are then C,,; = 190 + 62 = 192.45. (The corre-
sponding Lagrangean multipliers in (9.20) are A, = 30, 43 =0, and 4, = 0.
This means that e; =40+60=100 and e; =100-60=40. The ratios
Ay /ejand 4, /e are then both equal to 0.5, which implies identical batch

quantities when optimizing (9.21).)
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Next we round the order quantities to obtain Roundy’s feasible solution.
Let us first, for simplicity, set ¢ = 1 in (9.22). We then obtain the rounded
batch quantities Q) = O, = 1, 03 = 2, and Q, = 4. This gives the costs C =
193.75, i.e., 0.68 percent above the relaxed costs and well below the guar-
anteed 6 percent. It turns out that an optimal ¢ in (9.22) is ¢ = 1.0626 (we
omit the details). When using this g, it is optimal to use the same multiples,
e, v =0, =¢q, 05 =2q, and Q, = 4q. The corresponding costs are 193.39,
1.e., .49 percent above the relaxed costs to be compared to the guaranteed 2
percent.

Note, however, that this is not the optimal solution. A feasible solution is
touse Oy =0, =1, 0s=35, and to have Q; =2 and (J; = 3 every second time.
This nonstationary solution gives the costs C = 192.5, i.e., only 0.026 per-
cent above the lower bound from the relaxed problem. Why is this solution
so good? Note first that the costs for item 3 are very low. Furthermore, Q5 =
2 and Q5 = 3 work equally well. The best individual solutions for items 1, 2
and 4 is Q; = 0, =1, and Q, = 5, and these batch quantities are combined
with having O3 = 2 and O, = 3 every second time.

The corresponding solution for an assembly system is similar. The solution
for a distribution system is different, however. For a distribution system it is
generally not possible to keep the batch quantities constant. Instead, the cy-
cle times are kept constant and it is required that they can be expressed as
powers-of-two times some basic period.

To see that constant cycle times can give time-varying batch quantities in
a distribution system with constant demand, consider the system in Figure
9.6.

N/
———W<V

Figure 9.6 A simple distribution system.

Assume that customer demands at installations 1 and 2 are 2 units per time
unit, and that the cycle times are 7o = 1, 7; = 1/2 and T, = 2. The batches at
installations 1 and 2 are, of course, constant and equal to 1 and 4, respec-
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tively. But the batches at installation 0 are 2 and 6 every second time. During
a cycle time T, = 1, there is always a demand for two batches of size 1 from
installation 1. However, the demand from installation 2 is 4 units every sec-
ond cycle.

9.3 Time-varying demand

Let us now nstead consider time-varying discrete demand. As before, we as-
sume that the lead-times are zero. No shortages are allowed and it is as-
sumed that the customer demands take place in the beginning of a period
immediately after a possible delivery. Except that we are dealing with more
than one echelon, the assumptions are consequently exactly the same as in
Sections 4.5-4.9.

9.3.1 Sequential lot sizing

Consider again the simple serial system in Figure 9.7 and the following ex-
ample.

Figure 9.7 A simple serial inventory system.

Example 9.5 Assume that ordering and holding costs are the same as in Ex-
amples 9.2 and 9.3, i.e., the ordering costs are 4; = 20 and 4, = 80, and the
holding costs per unit and time unit are #; =5 and /&, = 4. We consider a time
horizon of four periods with customer demands for item 1 equal to d; =3, d,
=6,d3=5,andd4=2.

As in Example 9.2 we shall first solve the problem sequentially and dis-
regard its multi-stage structure. This is a common approach in practice. We
start with the end item, item 1, for which we know the demands. After de-
termining batch quantities for item 1 we know the demands for item 2, i.e.,
the orders from installation 1, and are also able to determine batch quantities
for this item. It is easy to determine the optimal solution for item 1 when dis-
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regarding item 2 by applying the Wagner-Whitin algorithm with the ordering
cost 4, = 20 and the holding cost #; = 5. Since there are only four periods, it
is also easy to derive the optimal solution by considering all feasible alterna-
tives. Note first that due to the high holding cost, the demands in periods 1-3
should be covered by separate deliveries. Given this we can see that the
batch in period 3 should also cover the demand in period 4. The optimal so-
lution for item 1 is consequently to have three batches. The first batch has
size 3 and covers the demand in period 1, the second batch has size 6 and
covers the demand in period 2, and the third batch has size 7 and covers the
demands in periods 3 and 4. It is also easy to see that the costs C; for item 1
are

€, =3-20+2-5=70,

1.e., three ordering costs plus the holding costs during period 3 for the de-
mand in period 4.

The solution for item 1 implies that the demands for item 2 in periods 1-
4 are 3, 6, 7, and 0, respectively, 1.e., the demands occur when we produce
item 1. Given these demands, the ordering cost A, = 80, and the holding cost
hy =4, it is easy to conclude that the optimal solution for item 2 is to have a
single batch of size 16 in period 1. The total holding costs for item 2 are then
80, and there are still some holding costs left if we add another order, which
would incur the additional ordering cost 80. The costs for item 2 are ob-
tained as

C, =80+6-4+2-7-4=160,
and the total costs as
C=C,+C, =70+160 =230.
The solution obtained is not optimal. We minimized the costs for item 1
without considering the implications for item 2. It is easy to find a better so-
lution. Choose instead to have a single batch of size 16 for both item 1 and

item 2. We then obtain the costs as

C; =20+6-5+2-5-5+3-2-5=130,

C, =80,
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C:C] +C2 —_—210

As expected, this solution means additional costs for item 1. But the cost re-
duction for item 2 is larger. It is possible to show that this is the optimal so-
lution.

9.3.2 Sequential lot sizing with modified parameters

Let us now consider an alternative relatively simple approximate technique,
which was suggested by Blackburn and Millen (1982). When using this tech-
nique we still determine the lot sizes sequentially. However, we use modi-
fied cost parameters. When dealing with the two-echelon serial system in
Figure 9.7, we still start with item 1. Instead of the original cost parameters,
however, we use the modified parameters (9.14) and (9.15), which give the
optimal solution in case of constant demand.

Example 9.6 We shall solve the problem in Example 9.5 by applying the
suggested technique. Recall that 4, = 20, 4, = 80, #; = 5, and %, = 4. The
customer demands foritem l ared, =3, d>=6,d; =5, and d; = 2.

In Example 9.3 we determined the optimal k£ = 1. Note that the optimal %

is not affected by the demand, see (9.13). From (9.14) and (9.15) we get 4=
A, + 4, =100, and h{= e, + e, = 5. If we use these modified cost parameters

and solve the problem for item 1 by the Wagner-Whitin algorithm, we obtain
the optimal solution, i.e., a single batch of size 16 in period 1. Item 2 has no
upstream installation so we use the original parameters 4, = 80 and %, = 4.
Since there is a single demand in period 1 it is obvious that we will have a
single batch in period 1.

Let us now leave the simple serial system and consider a general assembly
system. See Figure 9.8.

Recall that in an assembly system each installation has at most one down-
stream successor. We can also, without any lack of generality, assume that
one unit of each component is needed when producing one unit of a parent
item. Lot sizing for an assembly system is more difficult than for a serial
system. Yet it is much easier to deal with an assembly system than with a
general system,

It is possible to generalize the approximate technique of Blackburn and
Millen (1982) to assembly systems. Let

s(j) = the installation which is an immediate successor of installation j,
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p(j) = the set of installations which are immediate predecessors of
installation j.

In Figure 9.8 we have, for example, s(4) = 3, and p(3) ={4, 5}.

Figure 9.8 Assembly system.

We obtain the echelon holding costs as

ej=hi— Dk (9.23)
iep(j)

The modified ordering and holding costs are obtained as

Ay =A;+ > Ak, (9.24)
iep(J)
and
hy=e;+ D hik;. (9.25)
iep())

In (9.24) and (9.25), %; is the estimated ratio between a batch quantity for
item 7 and a batch quantity for its successor, item s(i). Blackburn and Millen
(1982) obtain the ratio &; by rounding
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. Ae
k= AJ—“‘(hf,’ (9.26)
s

to be a positive integer. Note that (9.24) - (9.26) can be seen as generaliza-
tions of (9.13)-(9.15).

Example 9.7 Consider the assembly system in Figure 9.8. Table 9.2 illus-
trates how the modified ordering and holding costs are obtained. The origi-
nal costs 4; and /; are given. We get the echelon holding costs from (9.23)
starting with items 2, 4, and 5, which have no predecessors. Consider again
items 2, 4 and 5. For these items 4;," = 4; and h;" = ¢;. We can then also get
the ratios ; for these items from (9.26) (rounded to integers). Next we go to
item 3. We get 45" and /;" from (9.24) and (9.25). Thereafter we can deter-
mine k;. Finally we obtain 4;" and 4;".

Table 9.2 Determination of modified ordering and holding costs.

Item 4 h; e; A’ h; k;
1 1800 5 1 11600 8 -
2 1800 1 1 1800 1 1
3 3200 3 1 16000 3 2
4 6400 1 1 6400 1 1
5 6400 1 1 6400 1 1

9.3.3 Other approaches

It is also possible to solve quite large lot sizing problems exactly for assem-
bly systems with deterministic time-varying demand by using mathematical
programming techniques. See Afentakis et al. (1984) and Rosling (1986).
Such an approach would, however, be difficult to use in practice if there are
many items and complex product structures.

There are also various other approximate techniques. One example is
Graves (1981), who suggests an iterative procedure.

Furthermore, it may sometimes be possible to simplify the lot-sizing
problem by initially showing that some items should always be produced in
identical batch sizes. A general assembly system can be seen as a number of
subsystems with two levels. See Figure 9.9.
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— N\
_—’Vk Vi

Figure 9.9 Two-level assembly subsystem.

Assume that the installations in Figure 9.9 have ordering costs 4; and
echelon holding costs e;. It is possible to show that all installations should
use the same batch sizes provided that the following condition is satisfied
(Axsiter and Nuttle, 1987).

2.4,

’i zfi, i=2,3,..,N. 9.27)
ej el’
J#i

Note that the condition is sufficient but not necessary. Recall that we have
already discussed a special case of this condition in connection with (9.13).
If we always use the same batch quantities in the subsystem in Figure 9.9,
we only need stock of item 1. This means, as we have discussed in Section
9.1.1, that the subsystem can be replaced by a single item with ordering cost
Ay + Ay + ... + Ay and echelon holding cost ) + e + ... + ep.

9.3.4 Concluding remarks

We have seen that it is difficult to determine optimal lot sizes for multi-
echelon inventory systems, although we have assumed given deterministic
demand. In most practical situations it is necessary to use simple approxi-
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mations. However, even when using approximations it may be possible to let
theoretical results have an impact on the heuristic rules.

For assembly systems and systems that resemble assembly systems, it is
very often practical to let upstream batch quantities be integer multiples of
downstream batch quantities, although this does not need to be optimal.

For serial and assembly systems, an optimization of the batch quantities
will, in general, lead to larger lot sizes as compared to a simple sequential
technique where different items are considered separately. Furthermore, we
recall that stochastic demand variations will also make it advantageous to
use larger batch quantities (Section 6.1). Note however, that these conclu-
sions are only based on ordering costs, holding costs and possibly shorfage
costs. The conclusions do not take capacity constraints into account. In Sec-
tion 7.2 we have discussed different possibilities to smooth the production
load. A cyclical planning system can be used to smooth the load also in a
multi-stage environment. But if it is not feasible for some reason to use a cy-
clical planning system, the remaining possibility is quite often to reduce the
batch quantities in order to smooth the flow of orders. This means that we
have conflicting goals. We wish to have large batches due to the multi-
echelon structure, but on the other hand we want to have small batches to get
a smooth production load. It is difficult to know how to handle such a situa-
tion, but in general, it is more important in practice to get smooth capacity
utilization than to reduce ordering and holding costs. See also Axsiter
(1986).
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Problems

9.1°  Consider the following production process.

V-0 - N

The final demand at site 3 is 100 units/day. No backorders are allowed. Del-
iveries at site 1 come from a supplier, which delivers a full batch immediat-
ely on request. The ordering cost is 1500. For the two production stages we
have:

Stage 1:  Production rate (p;) = 300 units/day,
Stage 2:  Production rate (p,) = 200 units/day.

The setup costs for each production stage is 750. The holding costs are 1 in
stock 1, 2 in stock 2, and 3 in stock 3. Determine the optimal batch quantity.
Production at production stage 2 starts as soon as there are units available in
stock 2. When a unit has passed production stage 2, it is immediately
delivered to stock 3.

9.2 A batch Q is processed in two machines and is then transported to a ware-
house. The demand at the warehouse is constant and continuous. No back-
orders are allowed. During a cycle Q units are placed in front of the first
machine. Units which are processed in the first machine, are successively
processed in the second machine. When all Q units have passed the second
machine, the batch is transported to the warehouse. Use the following
assumptions and notation and determine the optimal batch quantity.

“ Answer and/or hint in Appendix 1.
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9.4

9.5

9.6

9.7

9.8
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d = demand per unit of time,
p1 = 8d=production rate in the first machine,
p2 = 4d = production rate in the second machine,

e
I

setup cost in the first machine,
A, = setup cost in the second machine,

hy = holding cost before the first machine,
h, = holding cost between the two machines,
hy = holding cost after the second machine,
T = transportation time.

Verify that the cost expressions (9.6) and (9.9) are equivalent.

Consider Example 8.1. Assume that the lead-times are zero so that inventory
positions and inventory levels are the same. Let the normal holding costs be
hy, hy, hs, and hy. Determine the corresponding echelon holding costs e, e,
es3, and ey. Use the installation stocks and the echelon stocks in Table 8.1 and
verify that you get the same total holding costs when using the echelon stocks
together with the echelon holding costs.

Consider Example 9.3. Let 4, increase while other data are unchanged. What
is the smallest 4, such that it is optimal to have @, > @,? Determine this

solution.

Consider the serial system

Vammm
The customer demand at installation 1 is constant and continuous 10 units

per time unit. The ordering costs are 4, = 100 and 4, = 500, and the
installation holding costs #; =2 and A, = 1.

a) Determine batch quantities by using Roundy’s 98 percent approximation.
b) Determine the optimal batch quantities given that 0, should be an integer
multiple of Q.

Given the solution of Problem 9.6 a), determine the corresponding Lagrange-
an multipliers in {9.19)-(9.20).

a) Derive the generalization of (9.14) and (9.15) for a three-level serial sys-
tem.
b) Verify the results from (9.24) and (9.25).
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9.9  Prove that the condition (9.27) is sufficient for N = 2, i.e., for a two-echelon
serial system.



1 O MULTI-ECHELON SYSTEMS:
REORDER POINTS

This chapter deals with various techniques for determining safety stocks and
reorder points in multi-echelon inventory systems. Throughout the chapter
we assume that the batch quantities are given.

The methods for determining safety stocks and reorder points described
in Chapter 5 are not directly applicable in a multi-echelon inventory system.
The reason is, again, that different installations cannot be handled separately.
A fundamental problem in connection with multi-level inventory systems is
to find the best balance between upstream and downstream stock. As we
have already discussed in Section 8.1, it is clear that inventories at different
levels will support each other. For example, if there is a large safety stock of
a final product, it is possible to accept some production delays and it may
consequently be feasible to have relatively low safety stocks of different
components of the product. For inventories in a distribution system there are
similar dependencies. Consider a two-level distribution system with a central
warehouse and a number of retailers. With a large central inventory, orders
from the retailers will very seldom be delayed and it may be possible to re-
duce the local safety stocks at the retailers.

In general, it is very difficult to allocate safety stocks optimally in a
multi-echelon system. Quite often we have to be satisfied with a reasonable
“second best” solution. Still, in most situations it is important to adapt the
solutions in some way to the multi-echelon environment. See Muckstadt and
Thomas (1980), and Hausman and Erkip (1994). In those cases where no ef-
ficient methods are available, it is still usually possible to evaluate at least a
few alternative solutions by simulation.
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The allocation of safety stocks in a multi-stage inventory system concerns
two related questions. The first question is how much total system safety
stock is needed. The second question is how to allocate the stock among the
different installations. For example, how much of the total safety stock
should be placed early, respectively late, in the material flow. This distribu-
tion is affected by various factors. One such factor is the structure of the
system. In a distribution system (Figure 8.2) there are few installations early
in the material flow as compared to an assembly system (Figure 8.3). In gen-
eral, it is advantageous to allocate safety stocks where there are few items
with high and relatively stable demand. This indicates that it could be more
reasonable to keep safety stock early in the material flow for a distribution
system than for an assembly system.

There are, however, other factors which may point in the other direction.
In production, the holding costs are often quite low early in the material
flow. This means that it can be a good policy to have relatively large safety
stocks of various components in an assembly system.

The allocation of safety stocks should also be affected by the lead-times.
Consider again the distribution system in Figure 8.2. If the warehouse lead-
time is very long as compared to the lead-times of the retailers, relatively
more stock should be kept at the warehouse.

Note also that we can improve the service in different ways. Sometimes a
safety time is a better alternative than a safety stock. This is the case for a
component which is used only a few times per year when producing a higher
level item. If we use a safety time in an MRP system, we will only stock the
item during a short time just before it is needed in production.

Safety stocks and safety times in production are largely due to uncertain
lead-times. One question that should always be raised is whether it is possi-
ble to reduce the uncertainty and hence avoid large safety stocks. To do that
it is often necessary to have more, or possibly more flexible, production ca-
pacity, so that production delays due to various disturbances will not be too
long. Safety capacity can be an alternative to safety stocks. There will, how-
ever, always remain some uncertainty both in the lead-times and in the de-
mand for final items.

10.1 The Clark-Scarf model

The best-known technique for determining safety stocks in a multi-echelon
inventory system was presented by Clark and Scarf (1960). This was also the
origin of the echelon-inventory measure. Their method, which is exact for
serial systems, can be seen as a decomposition technique. In the first step we
consider the most downstream installation facing customer demand. Short-
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ages at the next upstream installation lead to stochastic delays, which will
imply certain additional costs. These additional costs are evaluated and
added as shortage costs when determining an optimal policy for the next up-
stream installation.

10.1.1 Serial system

We shall first describe the Clark-Scarf technique for the simple two-level se-
rial system in Figure 10.1. Our assumptions are somewhat different from
those in Clark and Scarf (1960), who considered a finite time horizon. We
assume an infinite horizon as in Federgruen and Zipkin (1984a,b). For more
details and further aspects we refer to Van Houtum (2001) and Van Houtum
et al. (2001).

NVammm\

Figure 10.1 The considered two-echelon serial inventory system.

We assume periodic review. The continuous period demand at installa-
tion 1 is assumed to be normally distributed and independent across periods.
(It is straightforward to generalize to other distributions.) Demand that can-
not be met directly from stock is backordered. Installation 1 replenishes from
installation 2, and installation 2 replenishes from an outside supplier with in-
finite supply. We assume that the lead-times (transportation times) are inte-
gral numbers of periods. There are standard holding and backorder costs but
no ordering or setup costs.

It is assumed that all events take place in the beginning of a period in the
following order:

Installation 2 orders.

The period delivery from the outside supplier arrives at installation 2.
Installation 1 orders from installation 2.

The period delivery from installation 2 arrives at installation 1.

The stochastic period demand takes place at installation 1.
Evaluation of holding and shortage costs.

IR ol
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We shall use the following notation:

L; = lead-time (transportation time) for replenishments at installation
Js

M4 = average period demand,

o = standard deviation of period demand,

e¢; = nonnegative echelon holding cost per unit and period at install-
ation j,

h; = holding cost per unit and period at installation j, i, = e; + e, 1,
=€y,

by = shortage cost per unit and period,

IL’;,- = installation stock inventory level at installation j just before the
period demand,

ILi- = echelon stock inventory level at installation j just before the
period demand,

D(m)=  stochastic demand during » periods,

y2 = echelon stock inventory position at installation 2 in period ¢ just
before the period demand,

y; = realized (echelon stock) inventory position at installation 1 in

period ¢ + L, just before the period demand.

The realized inventory position at installation 1 does not include out-
standing orders, which are backordered at installation 2.

Our purpose is to minimize the total expected holding and backorder
costs per period. We consider the holding costs for stock on hand at the in-
stallations, i.c., we do not include the expected holding costs for units in
transportation from installation 2 to installation 1, A, uL,. These costs are

not affected by the control policy.

Recall that for installation 1 there is no difference between installation
and echelon stock, and that e; = &, — /&, can be interpreted as the holding cost
on the value added when going from installation 2 to installation 1.

We use the notation x™=max (r, 0), x~ =max (-x, 0), and x"-x"=x.

Let ¢ be an arbitrary period. After ordering in period ¢, installation 2 has a
certain echelon stock inventory position y,. At this stage we do not assume
anything about the ordering policy. Because the outside supplier has infinite
supply, there is no difference between the inventory position and the realized
inventory position. Consider then the echelon stock inventory level at in-

stallation 2 in period ¢ + L, just before the period demand, IL5. We can ex-

press IL5 as IL5 =y, — D(L,), i.c., y, minus the stochastic demand during
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the L periods ¢, t + 1, ..., t + L, - 1. We are then using the standard argument
that was introduced in Section 5.3.2. All that was included in the inventory
position after the order in period ¢ has arrived in stock in period ¢ + L,. Or-
ders after period ¢ are still outstanding. Note that the customer demand in pe-
riod 7 + L has not taken place at this stage. D(L,) has mean g} = Lyu and
standard deviation o} = (L))" o

Next, we consider the realized echelon stock inventory position y; at in-
stallation 1 after ordering in period ¢ + L,. Recall that the difference between
inventory position and realized inventory position is that the realized inven-
tory position does not include outstanding orders that are backordered at in-
stallation 2. Again we do not assume anything about the ordering policy.
Note, however, that whatever policy is followed we must have

ns I =y, = D(Ly). (10.1)

In case of strict inequality, the difference is positive installation stock at in-
stallation 2.

The (installation stock) inventory level at installation 1 after the demand
in period ¢ + L, + L, is, by using our standard argument, obtained as y, minus
the demand in periods ¢ + L, , t + L, 1, ..., t + L, + Ly, i.e., the demand dur-
ing L, + 1 periods, D(L, + 1). Note that whatever policy is followed, y, is in-
dependent of this demand, which has mean y{'= (L; + 1)x and standard
deviation o' = (L, + 1)"*0.

For installation 2, we shall consider the ordering in period ¢ and the costs
in period ¢ + L,. For installation 1, we consider the ordering in period ¢ + L,
and the costs in period ¢ + L, + L,. Note that all these periods can be seen as

arbitrary periods.
The installation stock inventory on hand at installation 2 just after the

order from installation 1 is (IL"Z)Jr = IL% - y,. This is then the installation in-

ventory status at installation 2 during the whole period.
Using this, we can now express the average holding costs at installation 2
in period t + L, as

G, thE(ng = y1)=hE(y; —D(Ly) - yp)
(10.2)
=hy(y2 = H3) — ).

Similarly, the average period costs at installation 1 (evaluated after the pe-
riod demand has taken place) in period ¢ + L, + L, are obtained as
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Cy=mE((y; —D(L + 1))+ b E((y; - D(L; +1))7)
(10.3)

=h (yy —u1)+ (I +b)E((yy = DLy +1))7).

Recall that so far, we have not assumed anything about the ordering policies
used at the two considered installations. Whatever ordering policy is used it
must result in some y;, in period ¢ and some y; in period ¢ + L,. We note that
the total expected period costs are completely determined by y, and yy, so
when looking for the optimal policy we do not need to consider any other
parameters.

It is now convenient to reallocate the costs slightly. The last term in
(10.2), — h, y, is transferred to stage 1. Using that #, — &, = e;, we obtain:

Cy =y (v, - 15), (10.4)

and
Ci=eiyy —hypf'+ Oy +b)E(y) = D(Ly +1) 7). (10.5)

Of course this reallocation does not affect the total costs. Since the trans-
ferred term is normally negative, C , may very well also become negative.
Observe now that (10.4) is independent of y;. The costs (10.5) at stage 1
may depend on y, due to (10.1). However, it turns out that the optimal policy
at installation 1 is independent of y,. To see this, let us for a moment forget
that the realized inventory position y; may depend on y,. We simply assume
that we can choose any value of y;. We denote this value P;. This means

that we replace (10.5) by

Ci () = ey — Iypf'+ (hy +b)E(( — D(Ly +1))”

A " w ~ 1 u—/l”
=ey; — '+ (hy +by) Jl(u—)ﬁ)‘o_” 4”[ O_u]jd”
: 1 1
N
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=e y; — '+ (b +b)oy J(v - %)(p(v)dv
-
oy
=9 —Iyul+ (g +By )G{’G(y] ;“‘ j (10.6)
]

Recall that the loss function G(v), which is tabulated in Appendix 2, is con-
vex and that G'(v) = ®(v) - 1.
This implies that it is easy to get the optimal y, from the first order

condition
dé o} ! . n
%:g +(hy +b1)(d>[y‘ f“]—l)zo, (10.7)
V1 0
or equivalently,
® V1 —H :eZ+b1 ] (108)
oy hy + by

Note that the optimization of (10.6) is essentially a newsboy problem. See
Section 5.13. Let $; be the optimal solution.

Consider now (10.1). If y, - D(L,) = $; we obtain the optimal solution if

we have y, = ;. Butif y, - D(L,) < $; , the best possible value of y, is y; =
v2 - D(L,) due to the convexity of (10.6). But this optimal policy can be re-
alized if we apply an (echelon stock) order-up-to-S policy withS{= ;.
Note that this optimal policy at installation 1 is completely independent of
¥,. Furthermore, the optimal policy is easy to obtain from (10.8). (Recall that

there is no difference between echelon stock and installation stock at instal-
lation 1, so we can also see the obtained policy as an installation stock policy

with S} = 97 .)
Note that if e; = 0, or equivalently if A, = e,, (10.8) implies that S = )71*

— o0 . This means that installation 2 will never carry any stock. To under-
stand this, note that in a serial system the whole consumption takes place at
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installation 1. If there is no difference in holding costs, we can just as well
move all stock to installation 1. In a distribution system this is no longer the
case. It can be advantageous to retain stock at an upstream installation be-
cause it is then still possible to allocate the stock to alternative lower level
sites. See Section 10.1.2.

It remains to determine the optimal policy at installation 2. The only re-
maining decision parameter is y,. We consider the total costs assuming that
we use the optimal policy at installation 1. We obtain the costs from (10.4)

and (10.6). Since y; =Sy if D(L,) <y, - 87, and y, =y, - D(L,) for D(L,) >

¥ - Sf, we have

Cy(n2) =y (y2 = 13) + C1(SF)
(10.9)
+ [é‘l(yz—u)—él(Sf)]—lrco{i“,ﬂjdu.
o)

o
J’2—S1e 2

Note that the costs in (10.9) include the costs at installation 1 under the as-
sumption that installation 1 uses the optimal policy. The last term in (10.9)
can be seen as the shortage costs at installation 2 induced by its inability to

deliver on time to installation 1. It is easy to verify that C »(y,) is convex in
¥»2, which means that we only have to look for a local minimum. Denote the

optimal solution by y; . Because the outside supplier has infinite supply it is
obvious that it is optimal to apply an echelon stock order-up-to-S policy with

S5 =73.
Example 10.1 Consider a system with the following data: 7, = L, = 5, u=
10, o= 5, ¢, = 0.5, e; = 1, and by = 10. In the first step we determine
C,(3) according to (10.6). A graph is given in Figure 10.2.

The optimal S{= p = 81.0 is obtained from (10.8). The corresponding
costs are él =-470.

In the next step we determine the total costs 6’2 (¥, ) from (10.9), see Fig-
ure 10.3. The optimal echelon stock order-up-to level is S5 = y; =129.7,
giving the total costs C ) =394.
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Note that the total costs are relatively flat, and particularly that the costs
do not increase especially rapidly for low values of y,. This is typical for
multi-echelon inventory systems. Furthermore, optimal upstream stocks are,
in general, surprisingly low. The average optimal inventory level at installa-

tion2is S§ - pb - Sf =129.7-50-81.0=-13.
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Figure 10.2 C, as a function of J,.
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Figure10.3 Total costs as a function of y,.
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The described technique is easy to generalize to more than two echelons.
The additional costs at installation 2 due to insufficient supply are then used
as the shortage costs at installation 3, etc. It is also easy to generalize to a
batch-ordering policy at the most upstream installation (installation 2 in our
case).

We have assumed echelon stock policies since this simplifies the deriva-
tion. Otherwise this is not important, though. As shown in Section 8.2.3, we
can, under general conditions, replace echelon stock S policies by equivalent
installation stock S policies. The corresponding installation stock inventory
positions are S5 =S5 —Sf , and S = S7 . However, if we start with initial in-
ventory positions that are above the optimal order-up-to positions, the eche-
lon stock policy is still optimal while the installation stock policy may fail.

For two levels and normally distributed demand, i.e., the case that we
have considered, the exact solution is relatively easy to obtain, see Feder-
gruen and Zipkin (1984a,b). However, in a general case the computations
can be very time consuming. Van Houtum and Zijm (1991) have developed
approximate techniques. One approximation is exact for demand distribu-
tions of mixed Erlang type. A different type of approximation based on sepa-
rate single-stage problems has been suggested by Shang and Song (2003).

It can be shown that the Clark-Scarf approach can also be used for assem-
bly systems. Rosling (1989) has demonstrated that an assembly system can
be replaced by an equivalent serial system when carrying out the computa-
tions. Chen and Song (2001) have generalized the Clark-Scarf model to de-
mand processes where demands in different time periods may be correlated.

10.1.2 The Clark-Scarf approach for a distribution system

Let us now instead consider the distribution system in Figure 10.4. It is
common to use the Clark-Scarf approach also for such systems, but the ap-
proach is then no longer exact. The approximation is based on a so-called
“balance” assumption, which essentially means that an upstream installation
is allowed to make negative allocations to its downstream neighbors. This
implies that the total stock at the downstream neighbors can be optimally
distributed between the sites in any period. The technique was sketched in
the original paper by Clark and Scarf (1960). Eppen and Schrage (1981)
used the approach in a model with identical retailers and normally distrib-
uted demand where the central warehouse was not allowed to carry any
stock. Their model was extended in a number of ways, including non-identi-
cal retailers and stock at the warehouse, by Federgruen and Zipkin (1984a,c).
See also Federgruen (1993), and Diks and de Kok (1998).
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As in Section 10.1.1, let us assume periodic review and normally distrib-
uted period demands at the retailers. The demands at the retailers are inde-
pendent across periods and retailers. The retailers replenish their stocks from
the warehouse, and the warehouse replenishes its stock from an outside sup-
plier with infinite stock. We assume that all installations apply echelon stock
order-up-to-S policies.

v

Central warehouse

< <<

Retailers
Figure 10.4 Distribution inventory system.
The warechouse is installation 0 and the retailers installations 1, 2, ... , N.
We shall use the following notation:
Ly = lead-time (integral number of periods) for an order generated by
the warehouse,
L, = transportation time (integral number of periods) for a delivery

from the warehouse to retailer j,

Dyn) = stochastic demand at installation j over n periods,

v = average demand per period at retailer J,

o, = standard deviation of the demand per period at retailer /,

e; = echelon holding cost per unit and period at installation j, ¢; > 0,

h; = holding cost per unit and period at installation j, i.e., iy = €, and
h;j= ey + e forj>0,

b = backorder cost per unit and period at retailer j,

S¢ = echelon stock order-up-to position at installation j,
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¥i = realized (echelon stock) inventory position at retailer j in period
t + Ly just before the period demand.

A major difference compared to Section 10.1.1 is that we now have a
number of parallel nstallations at the downstream level. Otherwise we can
say that the warehouse corresponds to installation 2 and the retailers to in-
stallation 1 in Section 10.1.1. We assume that all events take place in the
same order as in Section 10.1.1.

Again we consider an arbitrary period ¢. The echelon stock level at the

warehouse at time ¢ + Ly, just before the period demand, is obtained as S;

minus the total system demand during L, periods, Dy(Ly).

We consider the costs at retailer j in period ¢ + L, + L;. Using the same
cost allocation technique as in Section 10.1.1, we obtain the costs at the
warehouse and at retailer j in complete analogy with (10.4) and (10.5). (Re-
call that y; is the realized inventory position.)

Co(5§)=ho (S = 1), (10.10)

and
C,(y))=e;y;—hjui+(h; +b)E(y; —D;(L; +1)". (10.11)

In (10.10), =1L, Zji] #;, and in (10.11), py=(L; +Du;. We can
determine the value of y; that minimizes (10.11) in analogy with (10.8)

b i) ey b
q{yl ”’]— 0" (10.12)

" - ’

where ¢ =(L; + N"2o ;- Let p7 be the optimal solution.
In analogy with the optimal solution in the serial case, it may now seem

reasonable to allocate Sje~ = j/; to each retailer provided that the sum of all

Sj does not exceed the echelon stock inventory level at the warehouse. This

1s also what we will do, but it is important to understand that this is just an
approximation.
Assume, for example, that we have only two identical retailers and that in

a certain period we are able to allocate S = S5 to each of them. After this
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allocation we get a large period demand at retailer 2 and no demand at all at

retailer 1. This means that we would like to allocate up to S5 at retailer 2 in

the next period. But this may not be possible due to insufficient supply at the
warehouse. In that case we will get unequal realized inventory positions at
the two retailers. However, it is rather obvious that it would be better to dis-
tribute the inventory positions equally. This might have been possible if we
had saved some more stock at the warehouse in the preceding period, i.e., if

we had not allocated S{ = S5 to both retailers. Due to this “balance” prob-

lem the decision rule that was optimal in the serial case is now only ap-
proximate.

The considered approximation is often denoted the “balance” approxima-
tion since it means that we disregard the possibility of unbalanced retailer
inventory positions. Another interpretation is that we also allow negative al-
locations from the warehouse to the retailers. An implication is that in a two-
echelon system, given this approximation and if the holding costs at all in-
stallations are the same, then there is no reason to keep stock at the ware-
house.

Let us now accept the “balance” approximation and also take into account

that we cannot always allocate S Je to each retailer. Assume that the available

. N . . . . .
amount is v< Sy = Zj—l S . Given that negative allocations are possible it

is “optimal” to solve the following myopic allocation problem:

N
C,»= min Y C;()), (10.13)

29;5v U=l
=

and é',.(v) provides the corresponding retailer costs. If we relax the con-
straint Zjv:] v ; Sv by a Lagrange multiplier 2> 0, the solution of (10.13)

can be obtained from

y,—u7| ey+b,—A4
q{yf ”’}:0 Iz (10.14)

1
o hj+bj

which is a slight variation of (10.12).
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Finally, in analogy with (10.9), we obtain S§ by minimizing

Co(S§)=ho(S§ - ) + C,.(SF)
(10.15)

N A 1 u— g
+j[q%ﬂmqwﬂ,4—%ﬁh
ge ge O “

(4] r

N
where o = (L, Zj»] 057 )2

The “balance” assumption means that we assume that the warchouse
stock can be used more efficiently than what is possible in reality. Therefore,

éo (S5) is a lower bound for the real costs, and the optimal S§ is lower than

what would be optimal.

When implementing the solution we cannot allocate negative quantities to
the retailers. Therefore the actual allocations are determined by solving a
modified version of the myopic allocation problem (10.13). Let x; denote the
realized inventory position at retailer j just before the allocation.

N
C,(v)= min Y C;(3;), (10.16)
Zj/jSv Jj=1
j=1
Vj2x;

Note that é‘; )= ér (v), since (10.16) is more constrained than (10.13).

The “balance” assumption has been used extensively in the inventory lit-
erature and has been shown to produce solutions of very good quality in
many different situations, see for example Eppen and Schrage (1981), Fed-
ergruen and Zipkin (1984a,b,c), Federgruen (1993), Van Houtum et al
(1996), Verrijdt and de Kok (1996), Van der Heijden et al. (1997), Diks and
de Kok (1998, 1999), Dogru et al. (2005) and references therein. Still the
“balance” assumption may be less appropriate in situations with large differ-
ences between the retailers in terms of service requirements and demand
characteristics. Other allocation approaches that are not based on the “bal-
ance” assumption have been suggested by e.g., Erkip (1984), Jackson
(1988), Jackson and Muckstadt (1989), McGavin et al. (1993), Graves
(1996), and Axséter et al. (2002).
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10.2 The METRIC approach for distribution systems

In multi-echelon inventory theory there are two classical approaches. One is
the Clark-Scarf technique that we considered in Section 10.1. The other is
the so-called METRIC approximation of Sherbrooke (1968, 2004), which
has also been of great importance for the development of the field. In this
section we will describe how this simple technique can be applied to a two-
level distribution system with independent Poisson demand processes at the
retailers, complete backordering, and one-for-one replenishments, Ware-
house backorders are filled on a first come-first served basis. The structure
of the inventory system is illustrated in Figure 10.4.

A difference compared to Section 10.1 is that we consider continuous re-
view policies instead of periodic review policies. We shall choose to deal
with installation stock (S - 1, S) policies, or equivalently order-up-to-S poli-
cies. The considered policy means that the installation stock inventory posi-
tion at an installation is kept equal to some S at all times. Because of the con-
tinuous review, each demand for a unit at a retailer will immediately trigger
an order, i.e., a corresponding demand for a unit at the warehouse. The Pois-
son demand processes at the retailers are assumed to be independent. The
warehouse demand is consequently a superposition of these independent
Poisson processes and is therefore also a Poisson process.

Our assumptions of Poisson demand, continuous review, and one-for-one
replenishments are often reasonable for items with relatively low demand
and high holding costs. Such items are, for example, common among spare
parts.

We introduce the following notation:

N = number of retailers,

L; = transportation time for an item to arrive at retailer i from the ware-
house, 1.e., the lead-time if the warehouse has stock on hand,

Ly = replenishment lead-time for the warehouse,

A; = demand intensity at retailer i,

Il

N . .
Zi:l A; = demand intensity at the warehouse,

order-up-to installation inventory position at installation i,
;= stochastic installation stock inventory level at installation i in
steady state,
Wy= stochastic delay at the warehouse in steady state due to stock-outs.

S
I

For simplicity, we suppress superscript { for installation stock, e.g., we write
S, instead of S} .
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As explained in Section 8.2.3 installation stock and echelon stock policies
are equivalent for the considered inventory system. As a consequence, we
can just as well use the corresponding echelon stock order-up-to positions:
S¢ =3NS ,and S¢ =, fori>0.

Our purpose is to evaluate the distributions of the inventory levels for
given ordering policies. The optimization of ordering policies is considered
in Section 10.4. For standard cost structures with holding and backorder
costs, it can be shown that the optimal S-levels (i = 0, 1, ..., N) are nonnega-
tive. We shall therefore assume that this is the case.

When applying the METRIC approximation we first consider the ware-
house. It is easy to determine the distribution of the warehouse inventory
level exactly. The inventory position is always Sy. We use our standard ap-
proach and consider an arbitrary time, ¢. At time ¢ + Ly, all that is included in
the inventory position at time ¢ has reached the warehouse, and we can ex-
press the inventory level as Sy minus the demand in the interval (¢, £ + L],
Do(Lo),

ILo(t + Lo) = So - Do(Lo). (10.17)

The demand in (¢,  + Lo] has a Poisson distribution with mean AyL,, and we
obtain the exact steady state distribution as

o
(AoLo)™’ ol

P(ILy = j)=P(Dy(Ly)=Sy~-j) =
Ty = J)= POy (Lo) = So =)=~ =

(10.18)

Note that this is also true if the warehouse lead-times are independent
stochastic variables with mean Ly due to Palm’s theorem, see Section 5.15.3.

Given the distribution of the inventory level, it is easy to determine the
average inventory on hand as

So
E(ILy) =Y j-PULy = j), (10.19)

J=1

and the average number of backorders as
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-1
E(ILy) = Y (=j)-P(ILy = j), (10.20)

J=—w

or
E(ILy) = E(IL§) - E(ILy) = E(IL}) ~ (S — A Ly).  (10.21)

It is normally more efficient to use (10.21) instead of (10.20), because we
avoid an infinite sum.

The warehouse can be interpreted as an (M/D/« ) queuing system, where
the backorders are the waiting customers. This means that we can get the av-
erage delay at the warehouse according to Little’s formula:

EWy)=E(ILy)/ 4. (10.22)

Because of the Poisson demand at the warehouse and the first come-first
served assumption, the average delay is the same for all retailers.
Consider now retailer i. The retailer lead-time is stochastic due to the de-

lays at the warehouse. However, we already know the average lead-time Z,. ,
1.e., the transportation time plus the average delay at the warehouse:

L =L +E(W,). (10.23)

The METRIC approximation simply means that the real stochastic lead-
time is replaced by its mean according to (10.23). (It may appear that Palm’s
theorem implies that this is an exact approach. This is not true, though, be-
cause successive stochastic delays at the warehouse depend on the inventory
status at the warehouse and are not independent.) Given this approximation,
we have a constant lead-time and can determine the distribution of the in-
ventory level precisely as we did for the warehouse in (10.18)

GL)™ T,

PUL = )= POE) = 8= == Ak j<S;. (10.24)

The determination of the average stock on hand and the average number of
backorders parallels completely (10.19) - (10.21). Thus the approximation
enables us to decompose the problem so that all installations can be handled
as single-echelon systems. Note that the approach starts with the upstream
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installation. When using the decomposition approach in Section 10.1 we
start with the downstream installations.

Example 10.2 Consider a system with the following data: N=2, Ly=L, =L,
=2, 1,=01,4=0.9, 5=2,5 =1,and S, =4. Note first that Ay =4, + 4, =
1. Applying (10.18), (10.19), and (10.21) we obtain

2! 20
E(IL PULy = j)=1-"-¢2+2.2-¢72 =(.541,
(IL) = Zj (ULy= =1 5

j=1

and
E(ILy) = E(]L) (So —A9gLy) =0.541-0=0.541.

From (10.22) we have E(W,)=E(ILy)/ Ay= 0.541, and applying (10.23)
we get

L; =L, + E(Wy)=2.541.

For retailer 1 we obtain

0.2541° 02541

=0.776,
o

E(IL) = 21 PUL = j)=1-—=——

Jj=1

and
E(UL)= E(]Lf)— (S —/111_11) =0.776 -(1-0.254) = 0.030.

For retailer 2 we similarly obtain E(/L})=1.837and E(IL;)=0.124. Re-
call that the results for the retailers are approximate.

The corresponding exact results are E(JL])=0.777, E(IL;)=0.031,
E(IL3)=1.866,and E(IL;)=0.153.

It is straightforward to extend the METRIC approach to more than two lev-
els. The analysis is then exact at the most upstream level, while all down-
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stream installations are handled approximately. It is also easy to handle
compound Poisson demand.

Furthermore, it is easy to generalize to a batch-ordering policy at the
warehouse. Assume that the warehouse applies an installation stock (Ry, Qo)
policy. The inventory position at the warechouse is then in steady state uni-
formly distributed on the integers Ry + 1, Ry + 2, ... , Ry + Qp. This means
that (10.18) is replaced by

Ry+0, k-J
L] < (Aoly) - .
0 k=max(j,Ry+1) ( _])'

(10.25)

where we average over the uniformly distributed inventory position. There-
after we can use exactly the same procedure.,

The METRIC approximation has many advantages. It is simple and com-
putationally efficient. At this stage it seems to be the multi-echelon tech-
nique that has been applied most widely in practice. There are especially
many military applications involving high-value repairable items.

It is more difficult, though, to handle nonidentical batch-ordering retail-
ers. It is still relatively easy to determine the average delay at the warehouse.
The problem is that the retailers normally face different average delays, and
it is more difficult to determine the average delay for a specific retailer. One
possibility is, of course, to disregard that the average delays are different for
the retailers. This means an additional approximation.

Quite a few approximate techniques for evaluation of general batch-or-
dering policies in distribution inventory systems are similar in spirit to the
METRIC approach. In a two-level system a retailer is handled as a single-
echelon system but the parameters describing this system depend on the
warehouse. See further Section 10.5.2.2.

Muckstadt (1973) has shown how the METRIC framework can be ex-
tended to include a hierarchical or indented-parts structure (MOD-MET-
RIC). To illustrate the basic idea in Muckstadt’s approach, consider a group
of nitems (j = 1, 2, ..., n) that are controlled by (S - 1, S) policies in a two-
level inventory system. We can use the METRIC approach to estimate the
average waiting time for item ; at retailer i, E(/;;). Let us furthermore as-
sume that the considered items are exclusively used as modules when re-
pairing a certain assembly. Each retailer also has a stock of such assemblies.
It is assumed that the assembly is repaired by exchanging exactly one of the
items. The demand for item j at retailer i is 4;;, and the demand for repairs at
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retailer 7 is consequently A% = n . .. Assume that the repair time at re-
q YA o1 p

tailer i is 7;. We can now estimate the average repair time, including waiting
time, for modules as

1
= +Z;Z/1, (10.26)

When determining a suitable inventory policy for the assembly, we can then
replace the stochastic total repair time by its mean 7_", . See also Rustenburg
et al. (2003).

10.3 Two exact techniques

10.3.1 Disaggregation of warehouse backorders

We shall now show how we can analyze the problem in Section 10.2 exactly.
We refer to that section for the necessary notation. Our derivation essentially
follows Graves (1985). The first derivation of exact steady-state inventory
level distributions was carried out by Simon (1971).

From (10.18) we have for k>0

So+k
(AoLo)™" ool

PULy =#) = PULy ==k) = P(Do (L) = 8o +K) == 0=y

(10.27)
Now let

B; = number of backorders from retailer i at the warehouse in steady
state, stochastic variable.

Evidently ZZI B; = IL;. When a new backorder occurs, the probability that

it emanates from retailer 1 is A/, due to the Poisson demand. Consequently,

the conditional distribution of B, for a given IL; is binomial and we have
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o (R4 zo—x}"“j _
.= = :k -+ = 1 ) )
P(B, = j)= Y P(IL, U[%]( p j>0

k=
(10.28)

P(B;=0)=1- iP(B,. = J)-
=

Now consider retailer i at some arbitrary time ¢ when the system is in
steady state. S; - B; units are on their way to, or already at, retailer i. At time #
+ L; all these units have reached retailer i, while ordered units backordered at
the warehouse at time ¢ and all orders that have been triggered after time ¢
have still not reached the retailer. Consequently, using our standard approach
we have

or in other words, to get the inventory level at time ¢ + L; we subtract the
demand at retailer { in the interval (¢, ¢ + L;] from the amount on route to, or
already at, retailer { at time z. Note that the demand D,(L;) is independent of
B;. The exact distribution of the inventory level at retailer i can therefore be
obtained as

P(IL; = j)=P(B;+ Di(L;) = S; - J)
(10.30)

i~k
AL T

- =%

Si—Jj
= > P(B =k)
k=0

The considered derivation works very well for Poisson demand and one-
for-one replenishments. It is difficult, though, to use the approach in more
general situations with batch-ordering retailers. The problem is that we can
no longer use the binomial disaggregation of the warehouse backorders in
(10.28). See Section 10.5.2.3.

10.3.2 A recursive procedure

We shall now again solve the problem in Section 10.2 exactly, but in a dif-
ferent way. The described procedure is a special case of a more general
technique in Axsiter (2000) that provides an exact solution for installation
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stock (R, Q) policies and independent compound Poisson processes at the
retailers.

Consider retailer i and the lead-time for an ordered unit. The lead-time is
evidently stochastic due to possible delays at the warehouse. The stochastic
lead-time for an ordered unit is independent of the lead-time demand. Fur-
thermore, orders cannot cross in time due to the first come-first served as-
sumption. We have dealt with such lead-times in Section 5.15.2.

Let

J = stochastic lead-time demand at retailer i when averaging over the
lead-time.

It was shown in Section 5.15.2 that for this type of stochastic lead-time, the
distribution of the inventory level can be determined by using the relation-
ship

P(IL, = j)=P(J =5, - ), (10.31)

i.e., essentially in the same way as for a constant lead-time.

It remains to determine the distribution of J. Since we are dealing with (S
- 1, 8) policies, each system demand triggers a retailer order for a unit that in
turn, triggers a warehouse order for a unit. Consider a warehouse order for a
unit at some time ¢. Because of the first come-first served assumption, the
ordered unit will fill the Sy-th retailer order for a unit at the warchouse after
the order. (If Sy = 0 the ordered unit will fill the retailer order that triggered
the warehouse order.) This means that the considered ordered unit will be as-
signed to the retailer order triggered by the Sy-th system demand after the
warehouse order. We are interested in the lead-time demand for an order
from retailer i. Therefore we consider a situation where the Sy-th system de-
mand occurs at retailer .

The S;-th system demand after time ¢ can occur either before or after the
ordered unit has reached the warehouse. If the ordered unit has reached the
warehouse the retailer lead-time is L;, otherwise it is longer. Let

u(So,j) = P(So-th system demand occurs before the order has reached
the warehouse and J <),
v(So, /) = P(Sy-th system demand occurs afier the order has reached

the warehouse and J <j).

We can express the distribution function for J as
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P(J < ) =u(Sy, /) + (S, J) . (10.32)

Given u(So, j) and w(S,, j), we can determine the distribution of the in-
ventory level from (10.31) and (10.32).

PL; =))=P(J =S, -))
(10.33)
=u(Sy,S; = ) —u(S,S; —j =D +v(Sy,S; = ) —v(Sy,8; —j = D.

It remains to determine the probabilities u(So, j) and v(S, /).

It is easy to determine the probability v(Sy, 7). The corresponding event
occurs if there are first at most .S, - 1 system demands during the time Lo, and
then at most j demands at retailer i during the lead-time L;. Because there are
at most Sy - 1 system demands during the time Ly, the item is in stock at the
warehouse when ordered by retailer i. The lead-time is therefore Z;. The two
considered probabilities are independent. Consequently,

v(So, /) = (Z(%LO) ‘%L‘)][Z( kl) ] (10.34)
k=0

We shall now show how to derive u(Sy, j) recursively. If the Sy-th demand
arrives before the time ¢ + Lg, there are three mutually exclusive possibilities.
In all three cases the unit ordered by retailer i will arrive at the retailer at
time ¢ + Ly + L;, i.e., it will not stop at the warchouse. In other words, it is
ordered by retailer i before it has reached the warehouse.

1. One possibility is that there are exactly S; system demands during Lo,
and at most j demands at retailer i during the time L; After the item
has been ordered by retailer ¢ there is no more system demand until
the item has reached the warehouse. This probability is given by the
first term in (10.35) below.

2. The second possibility is that there are at least S, + 1 system demands
during Lo, the (Sp + 1)-th system demand is also at retailer 7, and there
are at most j - 1 additional demands at retailer i before the time ¢ + L,
+ L;. The probability for this can be expressed as (A/Ag)u(So + 1,7 - 1).
This is the second term in (10.35).

3. The third possibility is that there are at least Sy + 1 system demands
during Ly, the (S, + 1)-th system demand is not at retailer #, and there
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are at most j additional demands at retailer i before the time ¢ + Lo+ L;.
The probability for this can be expressed as (Ao - A4)/Ag)u(S, + 1, j).
This is the third term in (10.35).

Consequently, we have forj > 0

AL _ LoAL)Y
u(Sy, ) = (4o o') ooko Z( i ') ol
S! &

(10.35)

A; Ay —A;
+ 2l u(Sy +1, j -1+ 2
Ao 0

u(Sq +1, 7).

Forj =0, Case 2. above does not exist and (10.35) degenerates to

Sy 'y
u(S,,0) = {M e ~Hobo } ek +¥u(so +1,0). (10.36)

So! 0

Note that u(S,, j)) > 0 as S, — oo for any value of j. This follows from

the definition. We can therefore first set u(S,” + 1, j) = 0 for some large S,”
and all values of j. Thereafter we can first apply (10.36) for j = 0, and then
(10.35) forj > 0, recursively for S, = Sy", Sp™-1, ..., 0. Since the coefficients
Ad A and (Ag - 4;)/Ap in (10.35) and (10.36) are both strictly smaller than 1,
the suggested numerical procedure is always stable.

A related iterative procedure for the costs in case of Poisson demand and
(S - 1, S) policies is given in Axsiter (1990). Forsberg (1995) and Axsiter
and Zhang (1996) generalize this procedure to compound Poisson demand.
See also Axsiter (1993c), which deals with periodic review.

Normally, it is considerably more difficult to deal with models where all
installations apply (R, Q) policies as compared to the simpler (S -1, S) poli-
cies, which we have considered in Sections 10.2 - 10.3. However, the analy-
sis of (R, Q) policies is simplified significantly by the important fact that the
inventory positions of all installations are uniformly distributed and inde-
pendent in steady state, as in the single-echelon case. See Sections 10.5.2.1
and 10.5.2.4.
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10.4 Optimization of ordering policies

When applying the Clark-Scarf approach in Section 10.1 we obtained the
optimal policy as part of the approach. In Sections 10.2 and 10.3, however,
we have focused on deriving the distributions of the inventory levels. We
shall now add a standard cost structure to the considered model and show
how the policy can be optimized. We assume that we have either obtained
the exact probability distributions as in Section 10.3, or approximate distri-
butions as in Section 10.2. Let

S; = installation stock order-up-to inventory position at installation i,
(i=0,1,..,N),

h; = holding cost per unit and time unit at installation 7, (i =0, 1, ... | N),

b; = backorder cost per unit and time unit atretailer i, (i = 1, 2, ..., N),

C = average system costs per time unit.

The holding costs at the warehouse are not affected by the retailer inventory
positions because the structure of the demand at the warehouse is not af-
fected if we change S;. Furthermore, the costs at retailer { are not affected by
the order-up-to-inventory positions at the other retailers. Recall that these in-
ventory positions do not affect the demand at the warehouse. We therefore
have

Co(So) average holding costs per time unit at the warehouse,

C;(So, ;)= average holding and backorder costs per time unit at retailer

i(i=1,2,..,N).

Note that we have no explicit backorder costs at the warehouse. Backor-
ders at the warehouse will, however, cause delays for retailer orders and thus
indirectly influence the costs at the retailers.

The warehouse costs are obtained as

Co(So) = hoE(ILy), (10.37)
and the costs at retailer i as
C,-(SO,Si)zh,-E(IL}L)+bl.E(IL,7). (10.38)

The total costs can then be expressed as
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N
C=Co(Sp)+ Y. Ci(5p,S)) - (10.39)

i=]

If we have determined the distribution of the inventory levels approxi-
mately as in Section 10.2, or exactly as in Section 10.3.1 or 10.3.2, it is easy
to evaluate these costs. See (10.19) - (10.21). Recall that is more efficient to
apply (10.21) than (10.20). It can be shown that the optimal order-up-to-lev-
els must be nonnegative,

Consider now the costs at retailer i for a given value of S. It follows from
the results in Section 5.9 that if the retailer lead-time were constant, the re-
tailer costs would be convex in S;. This implies directly that C; (S, S;) is con-
vex in S; when using the approximate technique in Section 10.2, since we are
then replacing the stochastic retailer lead-time by its mean. But this convex-
ity is also true in the exact case. To see this, recall that the lead-time for an
ordered unit is independent of the lead-time demand, and that orders cannot
cross in time. This means, as explained in Section 5.15.2, that the costs C(Sy,
S;) can be seen as an average of costs for different constant lead-times, which
implies convexity in .S;.

Furthermore, it is easy to find lower and upper bounds for the optimal S;.

A lower bound, Sf , can be found by optimizing S; for the shortest possible
deterministic lead-time, L;, and an upper bound, S}, by optimizing S; for the
longest possible lead-time, L, + L.

For a given S,, we can find the corresponding optimal S; (Sp) by a simple

local search where, starting with S; = Sf , we successively increase S; by one

unit at a time until we find a local minimum of C; (S, S;). Note that this op-
timization can be done separately for each retailer.
The optimization of C with respect to .S, is not that simple, though, since

N
C(Sp) = Co(So) + D Ci(So, S (Sp)). (10.40)
i=l1

is not necessarily convex in S;. We can, however, find a lower bound, Sg,
by optimizing (10.39) with respect to S, for S; =S/, and similarly, an upper

bound, Sy, by optimizing S, for S; = Sf. To find the optimal S, we then
need to evaluate the costs (10.40) for all values of S, within these bounds.
See Axsiter (1990) for details.
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An optimization of the reorder points when the installations apply instal-
lation stock (R, Q) policies can normally be carried out in essentially the
same way. An optimization of echelon stock (R, Q) policies requires some
modifications. See Axsiiter (1997) or Chen and Zheng (1997).

A joint optimization of reorder points and batch quantities is more com-
plex, though. It is therefore most common to determine the batch quantities
in advance from a deterministic model. Recall that this is also the standard
procedure for single-echelon systems and that the resulting errors are usually
very limited.

10.5 Batch-ordering policies

10.5.1 Serial system

We shall now generalize the model in Section 10.1.1 by considering more
general echelon stock (R, Q) policies. As in Section 10.1.1, we shall deal
with normally distributed demand, periodic review, and the two-level serial
system in Figure 10.1. The events in a period also take place in the same or-
der, i.e.,

1. Installation 2 orders.

2. The period delivery from the outside supplier arrives at installation 2.

3. Installation 1 orders from installation 2.

4. The period delivery from installation 2 arrives at installation 1.

5. The stochastic period demand takes place at installation 1.

6. Evaluation of holding and shortage costs.

Let

L, = lead-time (fransportation time) for replenishments at installation i,

4 = average period demand,

o = standard deviation of period demand,

R; = echelon stock reorder point at installation i, (Note that we write R;
instead of R/ .)

O; = order quantity at installation i,

F{x)= distribution function of the echelon stock inventory level at inst-

allation i,
fi{x) = density of the echelon stock inventory level at installation i.
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We make the assumption that Q, as well as the initial installation stock at
installation 2 are integer multiples of Q;. This means that the installation
stock inventory level at installation 2 is a multiple of Q; at all times. Recall
from Section 8.2.3 that, given these assumptions, the class of echelon stock
reorder point policies contains the class of installation stock reorder point
policies as a subset. Furthermore, Chen (2000) has shown that echelon stock
(R, Q) policies are optimal for serial systems under quite general conditions.

We shall derive the probability distributions of the echelon stock inven-
tory levels. The derivation essentially follows Chen and Zheng (1994).

Note first that the echelon stock inventory status of installation 2 com-
pletely parallels the status of a single-echelon inventory, see Section 5.3.
Consider an arbitrary period, ¢. The echelon stock inventory position just af-

ter a possible order in period ¢ (before the demand), IPy (¢), is in steady
state uniformly distributed on the interval (R, R, + O,). The echelon stock
inventory level in period ¢ + L, after the period demand, IL (¢ + L,), is ob-

tained by subtracting the demands in periods ¢, f + 1, ... , t + L, i.e., the de-
mands during L, + 1 periods, D(L, + 1),

ILS (1 + Ly) = IPE~ () - D(L, +1). (10.41)

The demand during L, + 1 periods has mean x5 =(L, +1)u and standard

1/2

deviation o5 =(L, +1)'“o . In complete analogy with (5.42) we now ob-

tain

Fy(x) = P(IL] Sx)‘—‘%é[G[Rz _x_y;"]_g£R2 10, “x'”é'ﬂ,

1

)

(10.42)

Given F(x), we can, for example, evaluate the echelon holding costs at in-
stallation 2.

Installation 1 orders from installation 2 before the demand in period ¢ +
L,. We are therefore also interested in the distribution of the inventory level

at this point in time. Let /LS be the inventory level and F; (x) the corre-

sponding distribution function. The only difference compared to (10.42) is

1/2

that w5 and o} are replaced by w5 =L,u and oy, =L, "“o, and we ob-

tain
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Fy (x) =3Q§—{G(R2 "x“”éJ—G(RZ O ,"x"”lz ﬂ (10.43)

o) 2]

The corresponding density is (recall that G'(x) = ®(x) - 1)

f{(x):i{cb(Rz t9 ,-x_“éj—cp{Rz X4 H (10.44)

Q g o)

The inventory position at installation 1, [P, after the review with the pos-
sibility to order is always in the interval (R;, R, + Q;]. Consequently, if

IL5 <R, we know that there is no installation stock at installation 2 after
the review of the inventory position at installation 1. All stock included in

IL5 must be on its way to, or already at, installation 1. The other possibility
is that JLS” > R, . Recall now that the installation inventory level at installa-
tion 2 after the review at installation 1 is always a multiple of {y, say jO,.

this means that j > 0. Consequently, there are no backorders at installation 2
and all stock included in /P; must be on its way to, or already at, installation

1. Note that given /L5 , we can obtain /P, uniquely from the conditions [P,
=1IL5 - jO, and R, <IP, <R, + Q; since the second condition determines j

uniquely. Let us denote the resulting j by ; .

We can conclude that the realized inventory position, i.e., the stock on its
way to, or already at, installation 1 can be expressed as

oarsy =112 Ly <&, 10.45
=y 2 - (10.45)
s —JjO, otherwise.

Consider next the inventory level at installation 1, IL,, after the demand
in period ¢ + L; + L,. We obtain /L, as O(IL ) minus the demands in periods
t+ Ly, t+ L, +1, ..., t+ Ly + Ly, ie., the demand during Z; + 1 periods, D(L,
+ 1) with mean g;'=(L; +1)x and standard deviation o{'= (L, +1)1/20.

We know the density of IS from (10.44). Consequently we obtain the
distribution function for the inventory level at installation 1, Fi(x), as
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Ry+0y
A= | fz(){l @(%ﬂi‘iﬂdu. (10.46)

1

Given F(x), we can evaluate holding and backorder costs at installation 1.

It is straightforward to extend the procedure to more than two levels. The
numerical computations are easier in case of a discrete demand distribution.

10.5.2 Distribution system

Let us now again consider the two-echelon distribution system in Figure
10.5.

—\

Central warehouse

< <<

Retailers

Figure 10.5 Distribution inventory system.

We have considered the evaluation of order-up-to-S policies in such in-
ventory systems in Sections 10.1.2, 10.2, and 10.3. We shall now, as in Sec-
tion 10.5.1, consider more general batch-ordering policies. But in contrast to
Section 10.5.1, we shall mainly deal with continuous review policies.

We start by providing some basic results in Section 10.5.2.1. Thereafter
we discuss, in Sections 10.5.2.2 - 10.5.2.5, different approaches for evalua-
tion of batch-ordering policies.
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10.5.2.1 Some basic results

Let us first consider a simple special case. Assume that all retailers apply S-
policies. This means that their inventory positions are kept constant, and

there is no difference between an echelon stock (R, Qo) policy and an

installation stock (Ré, (o) policy at the warehouse. The difference between

the echelon stock inventory position and the installation stock inventory po-
sition at the warehouse is simply the sum of the constant retailer inventory
positions. So although we shall consider installation stock policies, the fol-
lowing is also true for echelon stock policies.

Consider first the case when also the warehouse applies an installation
stock S policy. Let

C(S 6 , S{ s S }v ) =total system costs per time unit for a given installation
stock S policy.

Assume that these costs can be evaluated for different policies using the

techniques in Sections 10.1 - 10.3. Consider then instead an (RS,QO) policy
at the warehouse. For discrete integral demand this means that the ware-

house inventory position is uniform on [Ré +1, Ré + 2,...,R6 + Q] and we

obtain the total costs for the (Ré,QO) policy at the warehouse by simply
averaging over these inventory positions.

) ) i 1 Ry+Qp i i
C(RG,Qy. 81 s Sh)=— D C(k,S]....5%). (10.47)
0 k=Ri+1

This means that it is easy to evaluate and optimize the ordering policy. Note
also that we can, in a sense, force the retailers to order in “batches” while
still using a simple S policy, if we use periodic review with a suitably long
review period.

Although multi-echelon inventory systems with general batch-ordering
policies are difficult to analyze, there are some important properties of sin-
gle-echelon inventory systems that carry over to the multi-echelon case. One
such property concerns the uniform distribution of the inventory position
when using (R, Q) policies.

Consider first a distribution system with discrete demand (for example
compound Poisson demand), where all installations apply installation stock
(R, Q) policies. Let ¢ be the largest common factor of all batch quantities O,
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Oy, ..., Oy. It is evident that all replenishments and all demands at the ware-
house are multiples of ¢. Therefore it is natural to assume that also the ware-

house reorder point Ré , as well as the initial inventory position at the ware-

house are multiples of ¢g. Let us furthermore assume that not all customer
demands are multiples of some unit larger than one. Under these assump-
tions we have the following simple result (see e.g., Axséter, 1998).

Proposition 10.1 (Installation stock (R, Q) policies.) In steady state the in-
stallation stock inventory positions are independent. The warehouse installa-

tion stock inventory position is uniform on [Ré +q,R6 +2q,...,Ré +00 1,

and the retailer installation stock inventory positions are uniform on
i i i

[R; +LR; +2,.,R; +Qj].

Consider then the same system with echelon stock (R, Q) policies instead of
installation stock policies. We then have

Proposition 10.2 (Echelon stock (R, Q) policies.) In steady state all installa-
tions have their echelon inventory positions uniformly distributed on

[R} +LRj +2,.,R} +Q;], i, also the warehouse. The retailer inventory

positions are still independent of each other, but the warehouse echelon
stock inventory position is correlated to the retailer inventory positions.

The coupling between the warehouse echelon stock inventory position and
the retailer inventory positions depends on the initial stock at the warehouse.
See Axsiter (1997), and Chen and Zheng (1997).

Recall that when dealing with batch-ordering policies a standard ap-
proach is to determine the batch quantities from a deterministic model in an
initial step. This is a major simplification. The remaining main difficulty is
the policy evaluation. Given a suitable evaluation method we can normally
optimize the reorder points in the same way as the order-up-to inventory po-
sitions when dealing with S policies. See Section 10.4.

In the following we give an overview of how different researchers have
approached the policy evaluation problem for distribution systems with gen-
eral batch-ordering policies. To avoid getting involved in too many technical
details, we shall only sketch the basic ideas behind different approaches.

10.5.2.2 METRIC type approximations

As we have already discussed in Section 10.2, several authors have tried to
generalize the METRIC approach to batch ordering retailers. Recall that the
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METRIC approach means that we evaluate the average delay for retailer or-
ders due to shortages at the warchouse. This average delay is added to the
retailer transportation times to get exact average lead-times for the retailers.
When evaluating the costs at the retailers, these averages are, as an approxi-
mation, used instead of the real stochastic lead-times.

When dealing with different batch-ordering retailers it is still easy to de-
termine the average backorder level at the warehouse, and to obtain the aver-
age delay at the warehouse by applying Little’s formula. This delay, how-
ever, is an average over all retailers. A problem in connection with this ap-
proach is that the average delays may vary substantially between the retail-
ers. Of course the average delays are the same in the special case of identical
retailers.

The first METRIC type approach for batch-ordering retailers was by
Deuermeyer and Schwarz (1981). They first approximate the mean and vari-
ance of the warehouse lead-time demand and fit a normal distribution to
these parameters. Next they estimate holding costs and the average delay at
the warehouse. The retailer lead-times are, as in METRIC, obtained as the
transportation times plus the average delay at the warehouse. Svoronos and
Zipkin (1988) use a different type of second moment approximation. Except
for the average warchouse delay, they also derive an approximate estimate of
the variance of the delay. Using these parameters they then fit a negative bi-
nomial distribution to the retailer lead-time demand. Another related tech-
nique is suggested in Axsiter (2002).

A METRIC type approximation is quite simple. It means essentially that
a multi-echelon system is decomposed into a number of single-echelon sys-
tems. Although the errors may be substantial in some cases, the approach is
also often reasonable in practical applications.

10.5.2.3 Disaggregation of warehouse backorders

Another possibility is to use the approach in Section 10.3.1. This approach is
similar to our standard approach for single-echelon systems. For a single-
echelon system we get the inventory level at time ¢ + L as the inventory po-
sition at time ¢ minus the lead-time demand. When dealing with retailer i in
the considered two-echelon distribution inventory system, we also need to
subtract the backorders at the warehouse at time ¢, which emanates from re-
tailer i. These backorders cannot be delivered before time ¢ + L;. This means
that we need to disaggregate the total number of backorders to obtain the
distribution of the backorders that emanate from a certain retailer. In the case
of Poisson demand and one-for-one replenishments, a binomial disaggrega-
tion is exact and it is relatively easy to evaluate a policy exactly as shown in
Section 10.3.1. In the case of batch-ordering retailers, an exact disaggrega-
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tion is much more complicated. Chen and Zheng (1997) have still been able
to derive an exact solution this way for echelon stock (R, Q) policies and
Poisson demand. Lee and Moinzadeh (1987a,b), and Moinzadeh and Lee
(1986) approximate the demand process at the warehouse by a Poisson proc-
ess. Using this approximation they determine the distribution of the total
number of outstanding orders at all retailers. Next the mean and variance of
the number of outstanding orders at a single retailer are obtained by an ap-
proximate disaggregation procedure. They then use different two-moment
approximations of the distribution of outstanding orders at the retailer. Ax-
sdter (1995) is another related approach.

10.5.2.4 Following supply units through the system

A third possible approach is to try to keep track of each supply unit as it
moves through the system. A batch is then seen as a “package” of individual
units. This approach is related to the technique for one-for-one ordering
policies described in Section 10.3.2 and to Axsiter (1990). Using this tech-
nique Axsiter (2000) derives the exact probability distributions for the in-
ventory levels for a quite general continuous review multi-echelon inventory
system with batch-ordering retailers facing compound Poisson demand. Re-
lated papers, which also deal with batch-ordering policies, are Axsiter
(1993a,b, 1997, 1998, 2003), Forsberg (1997a,b), and Andersson (1997). See
also Muharremoglu and Tsitsiklis (2003).

Marklund (2002, 2005), Cachon (2001), Cachon and Fisher (2000), and
Axsiter and Marklund (2005) use related approaches for evaluating different
types of policies. The policy considered in Axsiter and Marklund (2005)
will always outperform both installation stock and echelon stock (R, Q) poli-
cies.

Using this type of techniques exact policy evaluations are possible as
long as we deal with relatively small problems characterized by low demand
and corresponding small batch quantities. For larger problems the computa-
tional effort grows quite rapidly and it is more realistic to rely on approxi-
mate techniques.

10.5.2.5 Practical considerations

It is clear that the research concerning evaluation and optimization of distri-
bution inventory systems with stochastic demand has made a lot of progress
during the past two decades. Tt is possible to handle a wider range of systems
exactly, and we have better approximate techniques for systems which can-
not be analyzed exactly.
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Numerical experimentation with various test problems in many research
papers has also illustrated what a typical optimal solution looks like. See
e.g., Muckstadt and Thomas (1980), Axsiter (1993b, 2000), Hausman and
Erkip (1994), Andersson (1997), and Gallego and Zipkin (1999). The opti-
mal solution of a particular problem will, of course, depend on problem pa-
rameters like holding costs, backorder costs (or service constraints), trans-
portation times, and demand processes. Although it is difficult to generalize,
it is striking that the optimal solutions very often look the same in a certain
sense. What is typical is that upstream installations should have very low
stocks compared to downstream installations. Consider, for example, a dis-
tribution inventory system with a central warehouse and about five retailers.
Let us assume that the retailers are required to provide a fill rate of 95% to-
wards the final customers. The optimal solution may then typically show that
we should have a negative safety stock at the warehouse, and that the ware-
house fill rate for orders from the retailers should be something like 50%. A
first important question is how this knowledge can be used for more efficient
control of practical supply chains.

In practice it is still most common to handle different stocks in a supply
chain by single-echelon techniques. As discussed in Section 10.5.2.2, it may
then be possible to use some simple type of METRIC approximation.

Quite often practitioners handle upstream and downstream stock points in
a similar way. This means generally that the distribution of the total stock
between upstream and downstream installations is far from optimal. One
way to achieve better control is, of course, to implement exact or approxi-
mate techniques for multi-echelon inventory systems. However, it may be
difficult to replace an existing simple control system with a relatively ad-
vanced multi-echelon technique. The computational effort will also grow
considerably. In the short run it may be more realistic to implement the new
knowledge in the following way: (i) Analyze a small number of representa-
tive items by multi-echelon techniques, and (i1) Adjust the service levels in
the existing control system so that they roughly correspond to the optimal
solution.

10.6 Other assumptions

10.6.1 Guaranteed service model approach

We shall now consider a relatively simple approximate approach for setting
order-up-to inventory positions in a multi-echelon inventory system. The ad-
vantage of the approach is its simplicity, while it is difficult to see how the
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approximations will affect the results. The general approach was first sug-
gested by Kimball in 1955. (This manuscript was later reprinted in Kimball,
1988.) The most well-known early paper dealing with this topic is Simpson
(1958), who used the technique for determining safety stocks in a serial in-
ventory system. Various generalizations have been provided by Graves
(1988), Inderfurth (1991), and Inderfurth and Minner (1998). The presenta-
tion here follows essentially Graves and Willems (2003).
We assume continuous review. Let

4 = mean demand per unit of time at installation j,

o = standard deviation of demand per unit of time at installation j,

S; = order-up-to inventory position at installation j,

s7 = service time provided by installation ; to its downstream instal-
lations,

5»" = service time for installation j from upstream installations,

L, = processing time at installation j,

ki = safety factor for installation j,

p(/) = the set of installations which are immediate predecessors of in-
stallation j,

' = on-hand inventory at installation j.

Consider installation j. It is assumed that the service times provided by in-

stallations that are immediate predecessors, s for i e p(j), have been de-

termined. The service time, or delay, for installation j from upstream instal-
lations is then

sj-" = max {sf“’ } (10.48)
iep(J)

The corresponding lead-time for replenishments is obtained as L; + s?’ . The
average demand during this time is z(L; + sj-" ), and the standard deviation
o(L; + sj-” )2 A standard procedure for setting the order-up-to inventory

position so that a delivery from stock (i.e., s% = 0) is possible with a high

J
probability is

Sy=u;(L;+sT) ko (L +sT)?, (10.49)
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where £; is the so-called safety factor. In case of unbounded demand, we will
of course, not always be able to deliver immediately from stock, but we shall
still interpret (10.49) as the order-up-to inventory position that will provide

out _
out =,

Let us now instead assume that we can accept a positive service time to-

N

wards downstream installations, i.e., some s?“' > 0. This is equivalent to re-

out
J
pointed out by Hariharan and Zipkin (1995), is easy to derive. We obtain the
corresponding .S; as

ducing the lead-time by s7“ in (10.49). This simple result, which was first

_ in out in out\1/2

In (10.50) we must require that s <L, + S;n :

Given (10.50) we can approximate the expected inventory on hand at in-
stallation j as

E(I))=k;o;(L; +s™" —s2)2. (10.51)

Using the considered approach in a decentralized setting, each site can
successively set its service time towards downstream sites and determine the
corresponding order-up-to inventory position S;.

We can also include (10.51) in a safety stock optimization. Assume that
the service times provided by external suppliers are given. Furthermore, for
sites facing customer demand there are required service times towards the
customers. Using (10.48) and (10.51) we can then, for example, minimize

the total holding costs with respect to the internal service times, s;?'” , pro-

vided by sites not facing demand from external customers.

10.6.2 Coordination and contracts

In practice it is common with supply chains, which consist of several inde-
pendent firms. So far in this book we have assumed that all information con-
cerning the supply chain is available and that our purpose is to optimize the
total supply chain. So we have adopted the perspective of a central planner.
However, it is obvious that this perspective is not always relevant. A
company that is part of a supply chain quite often wishes to limit the infor-
mation that is available for other companies. An interesting question is then
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to which extent this limits the possibilities for improved control. It is clear
that extensive information sharing becomes more and more common in sup-
ply chains. An example is the implementation of so-called vendor managed
inventory (VMI) programs. In such implementations the supplier may have
access to real-time sales data at its downstream installation. This puts, in a
sense, the supplier in the position of a central planner.

Furthermore, a company in a supply chain may be more interested in its
own objectives than in the objectives of the total supply chain. This may lead
to additional costs due to sub-optimization. A question here is whether such
incentive conflicts can be resolved by agreements or contracts that guarantee
good coordination, while still allowing decentralized planning and control.

There is a rich and rapidly growing literature on information sharing, co-
ordination, and contracts. We refer to two recent overviews in Cachon
(2003) and Chen (2003) for more details and additional references.

We shall in this section illustrate modeling and analysis of contracts by
considering a simplified version of an example that is discussed in Cachon
(2003).

10.6.2.1 The newsboy problem with two firms

We return to the newsboy problem that we dealt with in Section 5.13. How-
ever, we now assume that the distribution is handled by two independent
firms, a supplier and a retailer. The two firms want to maximize their own
profits.

The supplier has a certain given production cost per unit. The retailer or-
ders from the supplier and faces a newsboy problem. There is a single season
and the demand is normally distributed. (Other distributions can be handled
in the same way.) There is a certain given market price per unit. The retailer
is not paid anything for unsold units. Let us introduce the following notation:

= given production cost per unit for the supplier,
given market price per unit,

= amount ordered by the retailer,

mean of stochastic demand,

standard deviation of stochastic demand,

= expected sales.

1

_M Qg R LT o
Il

It is evident that we must assume that p > ¢. Otherwise no business will take
place.
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10.6.2.2 Wholesale-price contract

Let us first consider a so-called wholesale-price contract. This means that the
supplier decides on a price per unit that the retailer has to pay. Let us intro-
duce the following additional notation.

w = price per unit charged by the supplier and paid by the retailer,
7z, = expected profit for the supplier,

7. = expected profit for the retailer,

17 = expected total profit.

Consider first the retailer profit:

X—u

51
T :p( '[x;¢(

s + S [+ o)) - Sw
(2 SO— o

= pl— (= )~ ) - Sw= p(u - 0GE—E) - Sw,
S o (o2

o
(10.52)
where
S—
g=pu-0G(—F), (10.53)
o
is the expected sales. The expected profit for the supplier is simply
r,=S(w-c), (10.54)
and the expected total profit is
S—u
=z, +7n, =p(u—oG(——))—Sc. (10.55)
o

Note that we can assume ¢ < w < p. If ¢ > w there is no supplier profit, and if
w > p it is optimal for the retailer to choose S = 0.

Let us now first consider the total profit. The problem to maximize the
total profit is equivalent to the original newsboy problem in Section 5.13.
Note that 77= (p — ¢)u - C, where C is the cost in (5.89) with ¢, = cand ¢, =



286 INVENTORY CONTROL

p — ¢. So, profit maximization with respect to S is equivalent to cost minimi-
zation.
The optimal S is obtained from

CI>(§~;ﬁ)= p;c. (10.56)

This condition is easy to derive from (10.55) and equivalent to (5.91). The
optimal S is denoted S'(c).

Consider then the expected retailer profit. The structure of (10.52) is
completely equivalent to (10.55) so we obtain the minimizing S (w) from

cp(ﬁ-;-—“—):ﬂ;lK . (10.57)

It is easy to see that S'(w) < S'(c) because w > ¢. The considered contract
will therefore fail in the sense that it will not lead to a maximization of the
total profit.

Assuming that the retailer uses S'(w), the supplier can maximize her
profit by maximizing

7, =(w-c)S"(w). (10.58)

10.6.2.3 Buyback contract

Let us now consider a different type of contract. The supplier still charges
the retailer a certain price per unit purchased. However, he also pays the re-
tailer a certain amount per unit of leftover inventory. Let

w, = price per unit charged by the supplier and paid by the retailer,
b = compensation per unit for leftover inventory,

7= expected profit for the supplier,

7. = expected profit for the retailer,

IT = expected total profit.

It is obvious that we should require b < w,. Otherwise, the retailer earns
profit from leftover inventory. We shall choose the parameters » and w, as
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L
where 0 < A< 1. We get
7T, =pg—Sw, +b(S —q)=Apg — ASc = All, (10.60)
and
Ty=Swy—c)-b(S-q)=(1-)pg—-(1-)Se=(1-A)II.
(10.61)

We can conclude that the considered contract coordinates the supply
chain in the sense that both the supplier and the retailer wish to maximize the
total profit. For both firms it is rational to use S(c) obtained from (10.56).
We can interpret A as the retailer’s share of the total supply chain’s profit. It
is reasonable for both firms to accept the cost structure (10.59) and only ne-
gotiate about the value of A.
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Problems

10.1 Show that C,(y,) in (10.9) is convex in y,.

10.2" Consider Example 10.1. Assume that L, = 0 instead of 5. Derive the corre-

sponding expression for (:‘2 (¥, ). What is the optimal solution?

10.3 Consider Example 10.1. Set e; = 0 and determine the corresponding optimal
policy and costs.

10.4" Consider a two-level distribution system with one central warehouse, two
retailers, and Poisson demand at the retailers. All installations apply install-
lation stock (S - 1, S) policies. We use the notation in Section 10.2. The tran-
sportation times are L, = L; = L, = 1, and the demand intensities at the
retailers are A; = 1 and A, = 2. The holding costs per unit and time unit are
the same at all sites, iy = h; = h, = 1. The backorder costs per unit and time
unit are the same at both retailers b, = b, = 10. The optimal policy is to use Sy

" Answer and/or hint in Appendix 1.
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10.5

10.6

10.7

10.8

10.9
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=3 8,=3, and §; = 5. The exact holding costs per time unit are then 0.672 at
the warehouse, 1.830 at retailer 1, and 2.627 at retailer 2. The backorder
costs are 0.539 at retailer 1, and 0.752 at retailer 2. The total costs are 6.420
per time unit. The exact fill rates are 42.3 percent at the warchouse, 87.0
percent at retailer 1, and 88.8 percent at retailer 2. Note the typical low
warehouse fill rate.

a) Verify the exact holding costs and the exact fill rate at the warchouse.
b) Evaluate holding costs, backorder costs and fill rates at the retailers using
the METRIC approximation.

Consider Problem 10.4. Introduce the constraint Sq = 0.
a) What does the constraint mean?
b) What is the optimal solution under this constraint?

We consider a two-level distribution system with one central warehouse and
two retailers. The warchouse lead-time is 3 and the retailer lead-times are
both equal to 1. The retailers face Poisson demand with intensities 0.1
(retailer 1) and 0.2 (retailer 2). All installations apply (S — 1, §) policies. The
warehouse has Sy = 1, and the retailers have S; = 0, and S, = 1. Use the
METRIC approximation to estimate the average number of backorders at the
retailers in steady state.

Consider the serial inventory system in Figure 10.1. The demand at install-
ation 1 is Poisson with intensity 1. Both lead-times (transportation times) are
equal to 2. The installations apply continuous review (§ — 1, S) policies with
Sy =2, and S; = 1. Use the METRIC approximation for estimating the aver-
age waiting time for a demand at installation 1.

Consider again the serial system in Figure 10.1. Otherwise the assumptions
are as in Section 10.2.

a) Reformulate the technique in Section 10.3.1 for this system.

b) Reformulate the technique in Section 10.3.2 for this system.

c) Set §; = 0. Use the results in a) and b) for determining P(/L, = 0). Verify
that you get the same result. How can the solution be interpreted?

Make a computer program to determine the exact results in Problem 10.4
using the technique in Section 10.3.1.

10.10 Make a computer program to determine the exact results in Problem 10.4

using the technique in Section 10.3.2.

10.11 Consider the cost structure in Section 10.4. Explain why it can never be

optimal to use S; < 0 for retailer 7.
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10.12 Consider the data in Example 5.8 in Section 5.13. Change the assumptions as
in Section 10.6.2.3. Determine a buyback contract, which will maximize the
total profit and give each firm 50% of the total profit.



1 1 IMPLEMENTATION

In Chapters 2 - 10 we have described different methods for forecasting and
inventory control. An inventory control system is usually based on a suitable
selection of these methods. However, efficient algorithms cannot guarantee
successful control. It is also necessary to create a good environment for
practical application of the methods. This means, for example, correct in-
ventory records and sound objectives for the control. Section 11.1 deals with
various prerequisites for implementation of inventory control. In order to
succeed, it is also necessary to understand how different control parameters
like holding costs and service levels can be used for adjusting the control
system. The implementation process, as well as adjustments of the control
system, should be planned carefully and it is very important to monitor the
results closely. We discuss issues concerning implementation and adjust-
ments in Section 11.2.

11.1 Preconditions for inventory control

Due to the development of modern information technology, an inventory
control system is today usually computerized. There still exist, though, envi-
ronments where it is more suitable to use simple manual systems. One ex-
ample can be an inventory control system for items of low value such as of-
fice supplies or bolts. It can also be reasonable to use a manual control sys-
tem when dealing with very few items. When discussing various practical
aspects of inventory control, we shall, however, primarily think of a comput-
erized system with many items.



296 INVENTORY CONTROL

11.1.1 Inventory records

To be able to use an inventory control model it is first of all necessary to
have the required data available. This includes stock on hand, stock on order,
backorders, various costs, lead-times, etc. If these data contain errors, the in-
ventory control system will not be able to trigger orders as intended. When
implementing an inventory control system it is therefore vital to have good
procedures for keeping the inventory records accurate.

In general, it is especially difficult to keep track of the inventory position
due to frequent receipts and deliveries of material. All such transactions are
possible sources of errors. When an error has occurred, it can often affect the
inventory control for a long time. There are two ways to overcome such
problems. The first way is to improve the procedures for updating the re-
cords in connection with various transactions. In that way we can avoid
having errors occur. The second way 1s to develop a good system for audit-
ing and correcting inventory records.

11.1.1.1 Updating inventory records

To keep the records accurate it is, of course, necessary to have correct pro-
cedures for updating the records in connection with different transactions.
However, this is usually not the main problem. Instead the difficulty often
lies in making sure that the procedures are followed. The most common
source of error is, without any doubt, that transactions take place without
being recorded properly.

The behavior of the personnel involved is obviously very important. First
of all, the stockroom supervisors must take full responsibility for maintain-
ing record accuracy. All personnel must be instructed and trained in stock-
room operating procedures. The training should also provide motivation for
keeping the records accurate. It is important to set accuracy goals and to
measure the fulfillment of these goals. Errors that occur should be traced and
analyzed. It is usually efficient to limit and control access to the storeroom.
This can prevent most undocumented transactions.

Various types of automatic identification systems may reduce the errors
considerably. The less you rely on human intervention to input information
the more accurate your records will be. Automatic identification will also re-
duce the time needed for updating records. A major tool is bar coding, which
is an optical method that relies on light being reflected off of a printed pat-
tern. In connection with inventory control it is most common with one di-
mensional, linear bar coding. A system includes the bar code itself, a reading
device (scanner), and a printer. Bar coding is not the only automated tech-
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nique of identifying inventory. There is also, for example, optical character
reading, machine vision, magnetic stripe, and radio frequency tags.

All parts should be identified by number and location in the storeroom. A
well-ordered storage room will reduce problems involving lost and mis-
placed items.

It is easier to keep the records accurate if the items have fixed locations.
This means that each item has a home and that nothing else can live there.
On the other hand, such a system can lead to inefficient space utilization.
This is because you need to allocate space for each item corresponding to the
largest quantity of the item that may be in the facility at one time. With ran-
dom location the same item can be stored in more than one location. How-
ever, it is then necessary to accurately note the location in a computer data-
base. Although space can be used very efficiently when using a random lo-
cator system, it is obvious that such a system will further increase the need
for good operating procedures. In practice it is very common to use
combination systems, where some items are given specific locations, while
most items are randomly located.

For items where the stock always consists of an integral number of units,
it should, in principle, be possible to eliminate nearly all sources of errors.
This can be more difficult for items which can have a continuous stock level
that is obtained, for example, by weighing. Each transaction may then cause
a small error in the stock level due to measurement errors.

Another type of problem occurs, when we have, for example, a stock of
tubes of a certain dimension. The tubes in stock may have different lengths.
Furthermore, it may be the case that short tubes cannot cover certain types of
demands. Therefore, in situations with many short tubes in stock, the inven-
tory on hand may appear to be much larger than it really is.

For certain types of items, thefts may be a major problem. Apart from the
loss in value, thefts will also lead to inaccurate inventory records. Thefts can
be another strong reason for limiting access to the storeroom.

11.1.1.2 Auditing and correcting inventory records

All inventory balances must also be checked by counting. The counting fre-
quency should, in general, be higher for items with high demand. For such
items the transactions are more frequent, and it is usually also more impor-
tant to have accurate balances.

Traditionally it has been most common to use periodic counting, for ex-
ample to take an annual physical inventory. This usually means a complete
count of more or less all items over a short time period. It is common that the
stock of each item is counted twice by different persons.



298 INVENTORY CONTROL

It has become more and more common, though, to replace the periodic
counting by cycle counting. Each day a limited number of items are checked.
This method means a continuous counting of stock throughout the year. As a
consequence, personnel can be assigned to counting on a full-time basis
which permits the use of specialists. It is practical to let the inventory control
system trigger counts at suitable times. It is, of course, easier to check the
stock level when it is low. Therefore it may be suitable to count the items
just before a replenishment is received. The stock level is then, on average,
equal to the safety stock. It is also common to perform a count when the bal-
ance on hand becomes zero or negative, or after a certain number of transac-
tions.

The inventory records are not always updated exactly when the physical
movements take place. The resulting differences in records must be taken
into account. Therefore it is often practical to count when there is no move-
ment of paper or product, for example, at end of business day, prior to start
of day, or over the weekend.

Initially, or when having problems with inventory records, it may be a
good idea to count a control group of items very often. Let, for example, the
control group consist of 100 items that constitute a good cross-section of the
total population of items, and let the cycle for each item be 10 days. By fol-
lowing the control group in detail you will usually be able to identify major
errors that may occur. This will, in turn, enable adjustments of the proce-
dures that will correct these errors.

11.1.2 Performance evaluation

The purpose of an inventory control system is, in general, to reduce holding
and ordering costs while still maintaining satisfactory customer service. To
achieve this it is necessary to be able to continuously evaluate the perform-
ance of the system. A performance evaluation is needed both for creating
motivation for efficient application of the system and for being able to adjust
the control when various changes in the operating conditions occur.

A good system for performance evaluation should satisfy several impor-
tant requirements. First of all it is necessary to measure costs and service in a
well-defined way so that measurements at different times can be compared.
Some performance measures are not always easy to define suitably. Cus-
tomer service, for example, can be evaluated in many ways. It is, of course, a
clear advantage if the measured service is defined in the same way as the
service level used when determining the reorder levels in the inventory con-
trol system. It is then much easier to check that the control system works as
intended.
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Except for the customer service, it is in general necessary to monitor the
capital tied up in inventories and the ordering costs. It is also common to
evaluate other performance measures like inventory turnover. Usually it is
not very difficult to determine suitable performance measures. It is more dif-
ficult to determine the level of aggregation for the measurements. There are
often many thousands of items. It is therefore not practical to follow individ-
ual items separately. Neither is it appropriate to aggregate all items. It should
be possible to use the evaluation system as a tool for identifying various
problems that may exist. For example, we want to know whether the control
1s inadequate for certain types of items, and we would also like to identify
major savings that can be achieved by improved control.

To obtain a reasonable overview it is necessary to aggregate and consider
suitable groups of items instead of individual items. It is normally advanta-
geous if the items in such a group are related and if the inventory control is
similar. See also Section 11.2.2. The performance evaluation should initially
be carried out for relatively large groups of items which are then, if required,
divided into smaller groups. Even with a well-designed system for perform-
ance evaluation, it may sometimes be quite difficult to evaluate the effi-
ciency of the inventory control system. The measurements are often affected
by various changes in the operating environment. Such changes can be due
to new suppliers, major changes in the demands for different items, business
cycles, etc. It is important to be aware of possible measurement errors and
take them into account when interpreting the results of the evaluation. Even
more difficult is to compare various performance measures across different
companies. Two companies may, at a first glance, seem to have very similar
conditions for inventory control. However, when looking at the conditions in
more detail, it often turns out that it is very difficult to compare performance
measures like inventory turnover.

11.2 Development and adjustments

An industrial computerized inventory system generally contains much more
than the inventory control, e.g., customer billing and supplier payments. The
total system is often more an information system than a control system, and
the inventory control module is only a minor part of the entire system. An
example is an inventory control module in a modern ERP system. (See Sec-
tion 8.2.4.) Furthermore, it is not uncommon that major parts of the inven-
tory system already exist when starting to develop or install a module for in-
ventory control. In such situations the development and installation costs can
be surprisingly low.
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11.2.1 Determine the needs

Developing and implementing inventory control is a customizing operation.
The requirements can vary substantially between different companies and
between different types of items within a company. Sometimes it can, at
least initially, be reasonable to leave items with very special requirements
outside the system.

At this stage it is recommended to question more or less everything. The
very first question is what items that should be kept in stock at all. Maybe it
1s advantageous to deliver some items only after receiving customer orders.
Nearly everything can be changed. For example, investments in production
can reduce the setup times. This means that smaller batch quantities are fea-
sible and it may also be possible to use a simpler replenishment system. The
evaluation of such investments has been considered by e.g., Porteus (1985,
1986a, 1986b), Spence and Porteus (1987), and Silver (1992).

Furthermore, better information can sometimes reduce the service needs.
If the inventory system can provide customers with precise information con-
cerning the lengths of various delays, this can enable the customers to revise
their plans in such a way that the additional costs in connection with delays
are relatively low. This will consequently reduce the need for a high service
level and thereby make it possible to obtain lower carrying costs.

When designing an inventory control system it is also necessary to de-
termine which control methods should be used for different groups of items.
A first important question is whether we are dealing with a single installation
and items that can be controlled independently of each other. If this is the
case, at least approximately, it is possible to use the methods which we have
considered in Chapters 4 - 6, and it is, in general, relatively easy to obtain ef-
ficient inventory control.

If the operating conditions are more complex so that we need to use
methods from Chapters 7 - 10, the implementation of inventory control will
become substantially more difficult. First of all the information system must
be able to coordinate data for different items or installations. Normally this
means additional costs. Furthermore, the control system will be considerably
more complex. Obviously, it is always necessary to compare the additional
costs for a better control system to the possible advantages of improved in-
ventory control.

When designing an inventory control system it is also important to evalu-
ate potential savings for different types of items. If possible the implementa-
tion should be planned so that large savings are obtained as early as possible.
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11.2.2 Selective inventory control

In principle each individual item can be controlled in a unique way. But
since there are, in general, several thousands of items, this is not a practical
solution. It is much easier to divide the items into a number of groups and
use the same forecasting and inventory control techniques for all items in the
same group. See also Section 6.3. We have already discussed grouping of
items in connection with performance evaluation (Section 11.1.2). It is a
clear advantage if the same groups can be used both when selecting control
techniques and when evaluating the performance.

A grouping of the items can be done in many different ways and must
depend on the needs of the organization. It should, in general, be affected
both by marketing and production factors.

A type of grouping that is common in many companies is so-called ABC
inventory analysis. This means a grouping by dollar volume. Usually a rela-
tively small percentage of the items accounts for a large share of the total
volume. Typically 20 percent of the items can account for about 80 percent
of the dollar volume. This means, of course, that the remaining 80 percent of
the items only account for 20 percent of the volume. Items with a high vol-
ume are often more important, and it is therefore reasonable to expect that
such items should require a more precise control and performance evalua-
tion. Consequently, many companies initially group their items in three
classes, A, B, and C. The A class consists of items with very high dollar vol-
ume. Typically the A class contains 10 percent of the items. Likewise about
30 percent of the items with intermediate dollar volumes can be classified as
class B items, and finally the remaining 60 percent of the items with low
dollar volumes are referred to as the C class items.

Especially if the inventory control is expensive, e.g., if the control system
contains manual elements, it is important to concentrate the control efforts
on the A items. In a completely computerized system it does not, in general,
require much additional effort to include more or less all items once the sys-
tem has been implemented. It is always very important, however, to monitor
the performance of the A items closely.

When dealing with a single installation and independent items, it can
sometimes be reasonable to initially use an ABC classification and let the
control techniques be the same for all items in the same class. In general,
though, there will successively emerge needs for dividing these initial groups
into smaller subgroups. When using the more complicated methods in Chap-
ters 7 - 10, a grouping of the items must normally also depend on couplings
between items and facilities.
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11.2.3 Model and reality

In this book we have presented different models and corresponding methods
which can be used for forecasting demand and controlling inventories. There
are also many other models available in the inventory literature. Although
there are many models to choose from, it is still nearly always very difficult
or impossible to find a model that completely describes a certain real-life
situation. Most real settings are indeed very complicated. Furthermore, in
order to be a useful tool, a model should be reasonably simple. In most
situations we are forced to accept that our model is a rather rough approxi-
mation of the real system. When working with inventory control it is very
mmportant to remember this when dealing, for example, with methods for lot
sizing and determination of safety stocks.
The relationship between model and reality is illustrated in Figure 11.1.

Inventory Model description [ Tnventory
system model
Analysis
4 , A
Inventory | Implementation Control
control [ methods

Figure 11.1 Using inventory models in practice.

The control methods used are based on an approximate description of the
real system, the inventory model. This means, in other words, that the meth-
ods take some aspects of reality into account but ignore others. The resulting
control will not always be as intended. Quite often it is therefore necessary
to adjust cost parameters and service constraints in order to compensate for
the incomplete model description. To understand how this can be done, and
be able to use an inventory control system efficiently, it is very important to
understand the underlying basic assumptions of different models. It is usu-
ally very fruitful to think over carefully how these basic assumptions differ
from the real inventory system. For example, what can the consequences be
if the real demand distribution differs substantially from that in the model?
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On the other hand, it is not necessary for successful application of a cer-
tain control method to be able to follow the mathematical analysis that is
used when deriving the control method from the inventory model.

Because a model is an approximate description of reality, we cannot just
choose cost parameters (Section 3.1) corresponding to what we think are the
real cost factors and hope to get an adequate balance between different types
of costs. To obtain efficient control it is normally necessary to monitor dif-
ferent performance measures carefully (Section 11.1.2) and adjust the con-
trol parameters with respect to the actual outcome.

Assume, for example, that in the performance evaluation we find that the
capital tied up in stock is higher that what was expected. If we want to re-
duce the carrying costs, there are several possibilities. We can use smaller
batch quantities and/or smaller safety stocks. One way to obtain this is to in-
crease the carrying charge when determining holding costs. This will reduce
the batch quantities and also the safety stocks if the holding costs are bal-
anced against certain backorder costs. The safety stocks, however, are not af-
fected in case of given service levels. A lower service level will, of course,
always reduce the safety stocks. Since the model is approximate, the cost pa-
rameters of an inventory model do not need to correspond to real cost fac-
tors. The cost parameters of an inventory model should instead be regarded
as control parameters that can be adjusted to obtain a satisfactory overall
control as measured in the performance evaluation. Parameter adjustments
should, however, as we shall discuss in Section 11.2.6, be carried out slowly
while continuously monitoring the outcome.

11.2.4 Step-by-step implementation

An inventory control system can be more or less automatic. At least in prin-
ciple, the system can generate complete purchasing and production orders
without any manual interaction. It is possible, however, that this is too dan-
gerous because of possible errors. Especially in the implementation phase
and when adjusting the control, it is rational to be extremely careful.

An implementation as well as adjustments of the control system should
be carried out successively under thorough supervision. Two main rules can
be recommended:

e Introduce changes step-by-step
As we have discussed earlier, the same control techniques are usually

used for a group of items. The economic outcome is also, in general, moni-
tored for each group separately. When implementing the control system it is
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recommendable to take one group at a time and continue the implementation
with other groups first when feeling confident concerning already imple-
mented parts of the system.

e Use the new and the old system in parallel

In an initial phase it is reasonable to compare a new or revised inventory
control system to the previous decision rules. This makes it easier to dis-
cover and correct various errors and shortcomings of a new system.

An inventory control system should be continuously adjusted to changing
operating conditions. In practice it is not uncommon that the personnel using
the system discover that orders for some items are triggered in a less suitable
way. In such a situation it is far too common that the orders are changed
manually without adjusting the system itself. This means, of course, that
such changes must be carried out also in the future, and the benefits of the
control system are reduced substantially. Nearly always in such situations it
is possible to adjust cost parameters or make minor changes in the method-
ology so that the control system will work adequately. It is therefore impor-
tant to document all errors and other problems initially.

11.2.5 Simulation

Sometimes it can be difficult to choose suitable inventory control methods,
and also to find appropriate values of the various control parameters that af-
fect system control. One problem in this context is that it is normally not fea-
sible to evaluate a control policy by practical application, since such an
evaluation would take considerable time. For example, if the service level is
adjusted for a group of items, it can take several months before the conse-
quences can be clearly observed. If the change turns out to have mainly
negative consequences the experiment can be quite expensive.

One way to evaluate different control methods in advance is to use simu-
lation. When using simulation we are also, like in Figure 11.1, replacing the
real system by a mathematical model. Simulation experiments with the
model which can be carried out very quickly are then used for analyzing the
system. Using simulation, it is in general, possible to evaluate the develop-
ment during several years in a few seconds, and it is easy to make various
test runs with different inventory control techniques.

Technically it is quite easy to simulate an inventory system. It is possible
to use special simulation software, or to develop a model using a standard
programming language. A simulation model is, however, in principle associ-
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ated with the same limitations as all other mathematical models and can
never give a complete illustration of the real system. Note especially that if a
simulation model is based on the same assumptions as a certain inventory
model which can be evaluated exactly, the results of the simulation will, of
course, be exactly the same and will therefore not give any additional in-
sight. Simulations can give valuable additional information, though, if the
simulation model illustrates the real system better in some way. Assume, for
example, that the determination of safety stocks in an inventory control sys-
tem is based on the assumption of a certain demand distribution, and that it
has not been possible to analyze in detail how well this type of demand cor-
responds to the real demand distribution. A simulation model based on real
historical demand data can then be used for analyzing whether the demand
distribution used is reasonable.

11.2.6 Short-run consequences of adjustments

Adjustments of the inventory control have consequences both in the short
run and in the long run. The objective when making adjustments is usually to
obtain good control in the long run. Furthermore, it is normally only the
long-run steady state situation that is reflected in different inventory models.
Quite often, though, it is important to consider also the short-run, transient
behavior of an inventory system.

To illustrate the development in the short run we shall discuss the conse-
quences when changing reorder points and batch quantities. When increasing
the reorder points, due to, for example, longer lead-times or higher safety
stocks, this will result in a lot of new orders since many items will reach
their reorder points directly or relatively soon. If the increase of the reorder
points corresponds to, for example, one week’s demand, the additional or-
ders in the short run will also correspond to about one week’s demand. The
consequences are similar but in the other direction when reducing the reorder
points. When reducing the reorder points the change in the flow of orders is
slower, though, since it cannot be seen until the items successively reach
their original reorder points. (See also Section 8.2.5.) An increase of the
batch quantities will, of course, mean larger orders when the items reach
their reorder points and will consequently increase the total flow of orders in
the short run. From this discussion we can formulate two important conclu-
sions:

e Changes in the inventory control will nearly always first result in a
higher total stock. When changing the control, some reorder points are
increased while others are reduced. Because the effects of the increased
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reorder points can be observed earlier, the total stock will increase in the
short run.

e In the short run, adjustments of the control can cause major changes in
the flow of orders. This can, for example, result in a production load that
is far too high. It is therefore important to adjust the control continuously
and under careful supervision.

When adjusting the inventory control system it is important to be aware
of the short-run effects and understand that it can take a relatively long time
until the system reaches steady state. It is not uncommon that changes in the
inventory control, due to insufficient understanding of these effects, can cre-
ate a situation that is completely opposite of what was intended. An example
is when increasing the system lead-times due to a temporary overload in
production. Although it may be correct that the real lead-times have in-
creased because of the overload, increased system lead-times will mean
higher reorder points and a short-run increase in the triggered orders. This
will obviously just increase the overload.

11.2.7 Education

Successful inventory control requires both knowledge and motivation. The
importance of education cannot be overemphasized. First of all it is, of
course, very important that the inventory control methods implemented are
based on adequate inventory models. It is surprisingly common that ineffi-
cient techniques are implemented by people who do not know the inventory
control area sufficiently well. However, the need for education concerns not
only an initial implementation phase. Too often an inventory control system
deteriorates when a key person leaves the company and the person taking
over does not have adequate training. The inventory control system will then
no longer be adjusted properly to fit a changing operating environment,

Poor training in connection with inventory control can sometimes ema-
nate from the misunderstanding that the control system completely replaces
manual decisions. An inventory control system should instead be seen as a
tool that can be applied more or less professionally. How the tool is used is
often even more important than the design of the tool. To gain the advan-
tages of a more advanced tool, the user needs a better education.

The most important part of the education concerns inventory models. It is
necessary to understand the basic assumptions in the models used and how
system control is affected by different parameters. Education programs fre-
quently focus too much on the information system aspects and do not give
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sufficient insight concerning the stock control. Good training is needed not
only for being able to adjust system control but also for obtaining satisfac-
tory motivation. When clearly understanding how the control system works,
it is both challenging and stimulating to work for improved system control.

When implementing a new system, a broad education program for all in-
volved personnel is recommended. The persons who have the main respon-
sibility for the inventory control need continuous training. They should be
active in professional societies, attend conferences, and read journals in the
field.
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APPENDIX 1

ANSWERS AND HINTS TO
SELECTED PROBLEMS

2.1

Period 3 4 5 6 7 8 9 10
a 456.7 460.0 468.7 476.0 4853 4927 496.0 4927

24 a) Define
fi=d,-c—d-t, g =b—d.
We obtain
fi=(U-a)f +(1-a)g.,
g ==af fr+(1-af)g, .

It follows that both f; and g, will approach zero.
b) Define h, =a,—c—d-(t+1). We obtain

h=Q0-a)h_,—d=(1-a)h_ +a(-d/a),

and from our results on exponential smoothing it follows that &, will ap-
proach -d/c in the long run.
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2.7

INVENTORY CONTROL

(1000 +1-10)F, =808 F, =08
(1000+2-10)F, =1020 F, =10
(1000+3-10)F, =1648 F, =16
(1000+4-10)F, = 624 F, =06

Gys, =0.8-(1000+10)+0.2-(795/0.8) = 1006.75
bys.; =0.8-10+0.2-(1006.75-1000) = 9.35
F/=0.8-0.84+0.2-(795/1006.75) = 0.7979

4
T=Y F/=07979+1.0+1.6+0.6=39979 F, =(4/T)F,
t=1
F, =0.79835, F, =1.0005, F, =1.6008 , F,=0.6003

dgs, =0.8:(1006.75+9.35)+0.2-(1023/1.0005) = 1017.38
bos, =0.8:9.35+0.2-(1017.38—1006.75) = 9.606

F; =0.8-1.0005+0.2-(1023/1017.38) = 1.0015

T =4.001

F, =0.7981, F, =1.0013, F, =1.6004 , F, =0.6002
Fos2.053 = (1017.38+1-9.606)-1.6004 = 1643.60

Zosn05.4 = (1017.38+2:9.606)-0.6002 = 622.16

052061 = (1017.38+3.9.606)-0.7981 = 834.97

052062 = (1017.38+4:9.606)-1.0013 = 1057.18

2.12  Use that

2.13

a, =x,-(1-a)e,,

by =x,—x, —(I-af)e, +(1-a)e,; .

a)

Month 1 2 3 4 5 6
a 727.6 731.1 7383 736.2 746.6 7559

MAD 18.4 18.2 21.7 19.4 25.9 30.0
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b)
Month 1 2 3 4 5 6
a 727.6 7307 738.1 737.5 748.5 760.0
5 -048 0.24 1.68 1.21 3.18 4.83

Forecast for month 5 after month 2: 730.7 + 3 - 0.24 = 731.4.

2.14 4, =234, b, =104, MADs =335, 0 =41.9,
Months 6 - 8: mean = 764.4, standard deviation = 72.53.

4.1 a) Q,=1000, Op=939.
b) The relative cost increase is given by

C{ = %(\/125/200 ++/200/125) =1.02774 .

For product A the correct cost is C' = V2-200-48000-0.24-50 = $15179
so the cost increase is $421.

4.2

C _ %(«/0.6 +4/170.6) =1.0328.

C*
4.6

Czh_Q(Hd/p).,_ﬂ, Q" = A, C* =J24dh(1+d / p) .
2 0 h(l+d/ p)

4.11 a) WegetQ =4andx = 1/4.
b) The average waiting time for a customer is Qx*/2d = 1/8.
¢) The considered problem is to minimize

2
c-L2u-9", d

A b
Q

under the constraint Ox*/2d < 1/8. Let us first show that the constraint is

binding. If not, we get for a given x, C=+2A4dh(1-x) and we can see

that the costs will decrease with x. Consequently, Ox*/2d = 1/8, or O =
1/(4x"). Inserting in C we get
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4.16

4.17

a)

b)

b)

INVENTORY CONTROL

c=l(—1——3+1)+24x2.
8 x2 X

It is easy to verify that C is minimized for x* = 1/4. This implies Q" = 4.
(An alternative way to see that the original solution solves the new prob-
lem is to note that b, serves a Lagrange multiplier for the considered con-
straint.)

Periodt 1 2 3 4 5

d, 25 40 40 40 90
k=t 100 200 240 320 380
F=t+1 140 240 280 410

k=r+2 220 320

Deliveries 65 in period 1, 80 in period 3, and 90 in period 5. Cost $380.
Two periods (100 + 40)/2 =70 < 100,
Three periods (100 + 40 + 80)/3 = 73.3 > 70, delivery in period 3.

Two periods (100 + 40)/2 =70 < 100,

Three periods (100 + 40 + 180)/3 = 106.7 > 70, delivery in period 5, i.e.,
the same solution.

Two periods 40 < 100,

Three periods 40 + 80 > 100, delivery in period 3.

Two periods 40 < 100,
Three periods 40 + 180 > 100, delivery in period 5, i.e., same solution.

Periodt 1 2 3 4 5 6
d, 10 40 95 70 120 50
k=t 100 200 220 315 355 455
k=r+1 120 2475 255 375 380

k=t+2 215 317.5 425

Deliveries 50 in period 1, 165 in period 3, and 170 in period 5. Cost $380.
Two periods (100 + 20)/2 = 60 < 100,
Three periods (100 + 20 + 95)/3 = 71.7 > 60, delivery in period 3.

Two periods (100 + 35)/2 = 67.5 <100,
Three periods (100 + 35 + 120)/3 = 85 > 67.5, delivery in period 5,

Two periods (100 + 25)/2 = 62.5 < 100, i.e., same solution.
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4.18

5.1

52

5.6

5.7

a)

b)

Period¢ 1 2 3 4 5 6 7
d, 10 24 12 7 5 4 3
k=t 100 200 296 348 404 464 500
k=t+1 196 248 324 368 420 476
k=t+2 292 304 364 400 444

k=t+3 376 364 412 436

k=t+4 456 428 460

k=t+5 536 488

k=t+6 608

Deliveries 10 in period 1, 36 in period 2, and 19 in period 4. Cost $436.
Two periods (100 + 96)/2 = 98 < 100,

Three periods (100 + 96 + 96)/3 =97.3 < 98,

Four periods (100 + 96 + 96 + 84)/4 =94 < 97.3,

Five periods (100 + 96 + 96 + 84 + 80)/5=91.2 < 94,

Six periods (100 + 96 + 96 + 84 + 80 + 80)/6 =89.3 £ 91.2,

Seven periods (100 + 96 + 96 + 84 + 80 + 80 + 72)/7 = 86.9 < 89.3, i.c,
just one delivery in period 1. Cost $608. Note the large difference due to
the special demand structure.

Use the generating function.

Derive the generating function.

a)
b)

<)

a)
b)

68, 104, and 165.
92.5,98.3, and 99.2 percent.
77.3, and 99.9 percent.

8§ =135-100=35. §, =®(0.7) = 75.8 percent. S, = 96.4 percent.
Let the lead-time demand be uniform on (100 - a, 100 + a). We obtain

100+a
(o')? = 2500 = j (=100 du=a’/3,
a

100-a

Le., a= 47500 =86.60. S, = (135 - 100 +86.60)/173.20 = 70.2 percent.
The average backordered quantity per cycle is

186.6
E(B)= (~135)

173.20
135

du =7.680,

and S; = 1- 7.686/200 = 96.2 percent.
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5.8 a) Initially ¢ = 800 and ¢’ = 100. We get S, = 96.7 percent. After reducing

the lead-time " = 400 and o’ = 5042 =70.71. We get §; > 99.99 per-
cent. We obtain the average stock on hand as

wrersanos S ]

[0} [}

The stock on hand is increasing from 351.7 to 750.
b) R can be reduced to 419. The stock on hand is 320.3.

5.11 The inventory position is uniform on 2, 3, 4.
a) We get P(2) = (%/3)(1 +2+2)=0.226.
b) Furthermore, P(1)=0.241, P(3) =0.135 and P(4) = 0.045. E(/)" = 1.278.
E()=3-2=1. We get E(J) =1.278 — 1 = 0.278. The average waiting
time is obtained by Little’s formula 0.278/2 = 0.139.

5.12  Determine the average shortage corresponding to Q.

R+Q 1 X £ 1 X
B= J.(x—R)we " dx+ JQ——-e " dx
m m
R R+Q
I e ST Sk
={—(x—R)e ’”} + je ”’dx+[—Qe ”’}
R R R+Q
R R+Q
=m(e m e m )
R _R+Q

S,=1-8/0=1-Z@m-¢ m)
Q
513 a) S, =0.935.
b) Set x"=Aand o” = A" S, =0.932.
5.21 The same probabilities 0.128, 0.16 and 0.2.

6.1  Ttis constant S, = by/(h + b)) = 10/11. See (5.67).
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6.3

6.4

6.5

We obtain g/ =200 and o' =2%"y/7/2.40=81.44 .

a)
b)

a)

b)

SS =1.28-81.44~104,and R = 304.
S, =92 percent, S; = 96 percent, and S, = 99.7 percent.

X e =a,=08-a,,+02 x,

MAD, =0.7-MAD,_, +0.3-\x, ““%t—l.zl

X, 112 96 84 106 110

a, 102.40 101.12 97.70 9936 101.49
MAD  10.6 9.34 11.67 10.66 10.66

o’ =(1.25 - MADY’

Expected demand 101.5 units per week with variance 177.6.
O =+24D/h =+/2-100-101.49/1 =142

SS=k-o’ k=164

o' =c-L =13.325-2 =18.84

5§ =1.64-18.84=30.9

R=309+101.49.2= 234

Simple exponential smoothing

Week | |16 |17 |18 [19 |20 |
Demand 97 99 100 126 112

a 100.00 199.40 199.32 |99.46 |104.77 |106.21
MAD 7.00 6.20 5.04 4.17 8.64 8.36

am=(-a)a,+ ax.
MAD . = (1-0)-MAD, + arl % ,i1x,11]
o~ 1.25836=1045

Exponential smoothing with trend

Week | |16 |17 |18 |19 |20 |
Demand 97 99 100 [126 112

a 100.00 [99.40 [99.13 {99.10 104.35 |107.48

5 0.00 |-024 |-025 [-0.16 |2.00 (245
MAD 700 620 |499 |422 [8.79  |8.16

am=~0-a(a+ b )t axm
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7.3

7.5

8.3

b)

3)

b)

c)

d)

b)

INVENTORY CONTROL

br+1:(1‘ﬂ)‘br+ﬂ'(az+l - &t)

MAD o = (1-a)-MAD, + ar| % ,ey-x,01]

o~ 1.258.16 =10.20

O =(2-2500-106.21/10)"? ~ 230

o’=10.45- 32~ 18.10

G(SS/5") = Q- (1-8) / 6" =230- (1-0.95) / 18,10 = 0.635
8S/0" = -0.4 (from table)

55=-04-18.10~-7.24

R=-724+3.106.21 =311.39 ~ 312

Sy = @ (S8/0°) ~35%

Applying (7.12) and (7.13) we obtain 7,=27.037, 7,=39.528, T3=43.759,
and the costs C, = 59.178, C, = 25.298, C; = 45.705. The sum of these
costs C'=130.182 is a lower bound for the total costs.

Assume that the independent solution is feasible and that we start produc-
tion of product 3 at times ¢', £'+ 43.759, '+ 2:43.759 ... etc. Assume that
the first production of product 2 after time ¢* starts at time ¢'+A4,. Clearly
Ay 2 o3 = 15.003. But the next time the time difference is Ay =4, + T, -
T3 = A, - 4.231. The time after that it is 4; = 4, - 4.231, etc. After some
time we will obtain for some n, 0 < A4, < o3 which means that the solution
is infeasible.

Applying (7.17)-(7.19) we obtain T,,;, = 7.292, and T =34462, ie., Top
=T =34.462. The resulting total costs per unit of time are C =133.481.
Starting with W = 27.037 we obtain n; = 1, n, = n3 = 2. Next we get the
final solution W = 23.617 with the same multipliers and the total costs C
= 131.259. The solution is feasible if we produce items 2 and 3 in diffe-
rent basic periods. In basic periods where product 1 and 2 are produced,
the time required is o1 + 03 = 6.168 + 9.697 = 15.865 < 23.617. In basic

periods where product 1 and 3 are produced, the time required is oy + o3
=06.168 + 16.115 =22.283 <23.617.

T"=5.020, T,,;, = 1.806, T, = 5.020. C = 9960.0

0, = 500, Onp =250, Qi =100

T1=460/100 = 4.6, Ty = 230/50=4.6, Tiy 184/20=9.2, Cpy=9877.7.
Product I and II are produced in each basic period, III in every second
basic period. Feasible schedule. In a basic period with production of all
three products the production time is 2.956 < 4.6.

Change first to the equivalent R, =2 such that /A° — R} is a multiple of

0,. Next we use (8.4) to obtain R/ =8 and R; =20.

For both policies we have: Installation 1 order at times 7, 17, 27,..., and
installation 2 at times 7, 27, 47, ...
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8.7

8.8
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c) Attimes 6, 26, 40, .... No equivalent installation stock policy exists, since

the echelon stock policy is not nested.

Ttem A Period 1123141516718
Lead-time = 1 Gross requirements 719 128{3011816{24{13
Order quantity = 30 Scheduled receipts
Projected inventory 22{15{ 6| 8| 8 {20{ 4 {1027
Planned orders 3013030 30430
Item B Period 1123415161718
Lead-time = 1 Gross requirements 30130430 30§30
Order quantity = 30 Scheduled receipts
Projected inventory 34i34{ 4141414141414
Planned orders 30130 30430
Item C Period 112131415161718
Lead-time = 1 Gross requirements 90{90{60{30{90{60
Order quantity = 90 Scheduled receipts
Projected inventory 12|12{12112142{12{12|42}42
Planned orders 90190190 90190
a)
Ttem A Period 11213141516
Lead-time = 1 Gross requirements 5126 13112
Order quantity = 10 Scheduled receipts
Safety stock =10 Projected inventory 27(22{16{16{13|11}{11
Planned orders 20 10110
Item B Period 1121341516
ILead-time = 1 Gross requirements 20 10110
Order quantity = 10 Scheduled receipts
Safety stock =10 Projected inventory 34{14{14|14{14{14]14
Planned orders 10{10
Ttem C Period 112131415]6
Lead-time = 1 Gross requirements 40110{30{20
Order quantity =20 Scheduled receipts
Safety stock =20  Projected inventory 75{35{25|35{35{35|35
Planned orders 40(20

No delayed orders.
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9.1

9.6
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b)

Item A Period 11213141516
Lead-time = 1 Gross requirements 5126 13112
Order quantity = 10 Scheduled receipts
Safety time = 1 Projected inventory 27{22} 6 [16{13{ 1|1

Planned orders 10110}10
Item B Period 11213141516
Lead-time = 1 Gross requirements 10{10{10

Order quantity = 10 Scheduled receipts
Safety time = 1 Projected inventory 34{24114j4 14|44
Planned orders

Item C Period 1121314(5}6
Lead-time =1 Gross requirements 20420120
Order quantity = 20 Scheduled receipts
Safety time =1 Projected inventory 75{55{35115{15|15{15

Planned orders

The order for item A in period 1 is delayed one period.

Denote the final demand d = 100.

:igl+_ﬁ_ o(-p, /p1)2+Q(1—d/p2)
pl 2 P2 2

C

3+—2—(A1 + A4, +45).

We get Q* ~526.

a) We have e; = ¢, = 1. Since A,/e; > A\/e,, the constraint O, > Q; will be
satisfied automatically if we optimize the items separately in the relaxed

problem. We get Q] =+/24,d /e, ~44.72  and Q= /24,d /e, = 100.

A lower bound for the costs is \/2A1de] +\/2/;{2de2 ~144.72 . Without

any lack of generality we can assume that 20\[5_ / \/5 <g=< 20«/5 \/5 .
This means that O; = ¢g. Furthermore, we should choose O, = 2¢ for

g =50/ V2 and (0, = 4q otherwise. We obtain

C(fi)=5%+—22—50, 20\/g/w/§<q<50/\/§,
q
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Clq) = 3" 3300 50,47 < g <205 42
q

We obtain the optimal ¢ ~48.30, O, = ¢, and Q, =2¢. The optimal costs
are C ~ 14491, i.e., only 0.13 percent above the lower bound.

b) From (9.13) we obtain k' =+/5. Since v/5/2 < 3/45 itis optimal to

have k = 2. Inserting in (9.10) and (9.11) we get the same solution as
in a).

9.8 a) Let () =k(Q and Q3 = k30, We obtain

) 4, A
C=C{+C5 +C5 = (e +kye, +kskyey) = +(A1+—k: kli)a

A, 4
ie, Al = A+ 2+ W =e +ky e, +kskpes .
k2 k3k2

b) p(2)=3,p(1) =2. We obtain A; = 45, h; =e5, and

Ay = Ay +—=, Iy =e, + kyey,
ks

and
A A A,

A = A+ = A+ -2 b = thol = ¢ v hy e, + kskaes .
ks ky  ksky

10.2 Note first that ) = o) =0and that S does not change. Consequently
(10.9) degenerates to

Co(ny) =hyy, +C (7)), ¥, > SF,
Cy(y2)=hyy, +Ci(¥y), ¥, £57.

Since the costs for y, > Sy are increasing with y,, the optimal y, must occur

for y, £8f. From (10.6) we obtain

2 1 t y —/U”
Co(¥2) =hy, =hypu'+(h +b))oy G( 20_” 1]'
1
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This is the cost for a single-echelon system, since there is no stock at
installation 2, and since the possible order-up-to level at installation 1 is
bounded by y,. We obtain the optimal y, from the condition

_ X b
q){yz ”lj— ! 10 o870,

o ) b 115

ie, S5 =y}~ u!+1.130]'=60+1.13-5J6 ~ 73.8and C,(y})~29.9.

a) Using (10.18) we obtain P(ILy =1) =0.2240, P(/L,=2)=0.1494, P(IL,
= 3) = 0.0498. The holding costs are determined from (10.19). For Pois-
son demand the fill rate is equivalent to the ready rate, i.e., P(IL, > 0) =
0.2240 +0.1494 + 0.0498 = 42.3 percent.

b) From (10.21) and (10.22) we obtain E(IL;) =0.672 and E(W,) =0.672/3

= 0.224. Consequently, 1: = l—,2 =1.224.For retailer 1 we obtain P(JL, =
1) =0.2203, P(IL, = 2) = 0.3599, P(IL, = 3) = 0.2941. The holding costs
are 1.822 and the backorder costs 0.463. The fill rate is 87.4 percent. For
retailer 2 we get P(/L, = 1) = 0.1294, P(IL, = 2) = 0.2114, P(/L, = 3) =
0.2591, P(IL, = 4) = 0.2117, P(IL, = 5) = 0.0865. The holding costs are
2.608 and the backorder costs 0.565. The fill rate is 89.8 percent.
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NORMAL DISTRIBUTION TABLES

p(x) =

X2

J;—”e 2, p(x) = p(x) .

G(x) = J'(v —N)pWdv = p(x) - x(1- D),  G(—x)=G(x)+x.

H(x)= IG(v)dv =

1

2

Dd(x) = j P()dv, O(-x) =1-D(x) .

—a0

[(x2 +1)(1—CD(x))—X(p(x)], H(-x)=-H(x) Jr—;—(x2 +1).

@(x)

O(x) G(x) Hx)

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

0.11
0.12
0.13
0.14
0.15
0.16
0.17
0.18
0.19
0.20

0.21
0.22
0.23
0.24
0.25

0.3989 0.5000
0.3989 0.5040
0.3989 0.5080
0.3988 0.5120
0.3986 0.5160
0.3984 0.5199
0.3982 0.5239
0.3980 0.5279
0.3977 0.5319
0.3973 0.5359
0.3970 0.5398

0.3965 0.5438
0.3961 0.5478
0.3956 0.5517
0.3951 0.5557
0.3945 0.5596
0.3939 0.5636
0.3932 0.5675
0.3925 0.5714
0.3918 0.5753
0.3910 0.5793

0.3902 0.5832
0.3894 0.5871
0.3885 0.5910
0.3876 0.5948
0.3867 0.5987

0.3989
0.3940
0.3890
0.3841
0.3793
0.3744
0.3697
0.3649
0.3602
0.3556
0.3509

0.3464
0.3418
0.3373
0.3328
0.3284
0.3240
0.3197
0.3154
0.3111
0.3069

0.3027
0.2986
0.2944
0.2904
0.2863

0.2500
0.2460
0.2421
0.2383
0.2344
0.2307
0.2269
0.2233
0.2197
0.2161
0.2125

0.2091
0.2056
0.2022
0.1989
0.1956
0.1923
0.1891
0.1859
0.1828
0.1797
0.1766
0.1736
0.1707
0.1677
0.1649

X

o(x)

O(x) G(x)

H{(x)

0.26
0.27
0.28
0.29
0.30

0.31
0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39
0.40

0.41
0.42
0.43
0.44
0.45
0.46
0.47
0.48
0.49
0.50

0.3857
0.3847

0.6026 0.2824
0.6064 0.2784

0.3836 0.6103
0.3825 0.6141
0.3814 0.6179

0.3802 0.6217
0.3790 0.6255
0.3778 0.6293
0.3765 0.6331
0.3752 0.6368
0.3739 0.6406
0.3725 0.6443

0.2745
0.2706
0.2668

0.2630
0.2592
0.2555
0.2518
0.2481
0.2445
0.2409

0.3712
0.3697
0.3683

0.3668
0.3653
0.3637
0.3621
0.3605
0.3589
0.3572
0.3555
0.3538
0.3521

0.6480 0.2374
0.6517 0.2339
0.6554 0.2304

0.6591 0.2270
0.6628 0.2236
0.6664 0.2203
0.6700 0.2169
0.6736 0.2137
0.6772 0.2104
0.6808 0.2072
0.6844 0.2040
0.6879 0.2009
0.6915 0.1978

0.1620
0.1592
0.1564
0.1537
0.1510

0.1484
0.1458
0.1432
0.1407
0.1382
0.1357
0.1333
0.1309
0.1285
0.1262
0.1239
0.1217
0.1194
0.1173
0.1151
0.1130
0.1109
0.1088
0.1068
0.1048
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x o p(x) @x) Gx) H(x) x ) @x) Glx) H(x)
0.51 0.3503 0.6950 0.1947 0.1029 1.01 0.2396 0.8438 0.0817 0.0368
0.52  0.3485 0.6985 0.1917 0.1009 1.02  0.2371 0.8461 0.0802 0.0360
0.53 0.3467 0.7019 0.1887 0.0990 1.03  0.2347 0.8485 0.0787 0.0352
0.54 0.3448 0.7054 0.1857 0.0972 1.04 0.2323 0.8508 0.0772 0.0345
0.55 0.3429 0.7088 0.1828 0.0953 1.05 0.2299 0.8531 0.0757 0.0337
0.56 0.3410 0.7123 0.1799 0.0935 1.06 0.2275 0.8554 0.0742 0.0329
0.57 0.3391 0.7157 0.1771 0.0917 1.07 0.2251 0.8577 0.0728 0.0322
0.58 0.3372 0.7190 0.1742 0.0900 1.08 0.2227 0.8599 0.0714 0.0315
0.59 0.3352 0.7224 0.1714 0.0882 1.09 0.2203 0.8621 0.0700 0.0308

0.60 0.3332 0.7257 0.1687 0.0865

0.61 0.3312 0.7291 0.1659 0.0849
0.62 0.3292 0.7324 0.1633 0.0832
0.63 0.3271 0.7357 0.1606 0.0816
0.64 0.3251 0.7389 0.1580 0.0800
0.65 0.3230 0.7422 0.1554 0.0784
0.66 0.3209 0.7454 0.1528 0.0769
0.67 0.3187 0.7486 0.1503 0.0754
0.68 0.3166 0.7517 0.1478 0.0739

10 0.2179 0.8643 0.0686 0.0301

11 0.2155 0.8665 0.0673 0.0294
12 0.2131 0.8686 0.0659 0.0287
.13 0.2107 0.8708 0.0646 0.0281
.14 0.2083 0.8729 0.0634 0.0275
.15 0.2059 0.8749 0.0621 0.0268
16 0.2036 0.8770 0.0609 0.0262
.17 0.2012 0.8790 0.0596 0.0256
18 0.1989 0.8810 0.0584 0.0250

et et i e b e ek

0.69 0.3144 0.7549 0.1453 0.0724 1.19  0.1965 0.8830 0.0573 0.0244
0.70 0.3123 0.7580 0.1429 0.0710 1.20  0.1942 0.8849 0.0561 0.0239
0.71 0.3101 0.7611 0.1405 0.0696 1.21  0.1919 0.8869 0.0550 0.0233
0.72  0.3079 0.7642 0.1381 0.0682 1.22 0.1895 0.8888 0.0538 0.0228
0.73 0.3056 0.7673 0.1358 0.0668 1.23  0.1872 0.8907 0.0527 0.0222
0.74 0.3034 0.7704 0.1334 0.0654 1.24 0.1849 0.8925 0.0517 0.0217
0.75 0.3011 0.7734 0.1312 0.0641 1.25 0.1826 0.8944 0.0506 0.0212
0.76  0.2989 0.7764 0.1289 0.0628 1.26 0.1804 0.8962 0.0495 0.0207
0.77 0.2966 0.7794 0.1267 0.0615 1.27 0.1781 0.8980 0.0485 0.0202
0.78 0.2943 0.7823 0.1245 0.0603 1.28 0.1758 0.8997 0.0475 0.0197
0.79 0.2920 0.7852 0.1223 0.0591 1.29 0.1736 0.9015 0.0465 0.0193
0.80 0.2897 0.7881 0.1202 0.0578 1.30 0.1714 0.9032 0.0455 0.0188
0.81 0.2874 0.7910 0.1181 0.0567 1.31 0.1691 0.9049 0.0446 0.0184
0.82  0.2850 0.7939 0.1160 0.0555 1.32 0.1669 0.9066 0.0436 0.0179
0.83  0.2827 0.7967 0.1140 0.0543 1.33  0.1647 0.9082 0.0427 0.0175
0.84 0.2803 0.7995 0.1120 0.0532 1.34 0.1626 0.9099 0.0418 0.0171
0.85 0.2780 0.8023 0.1100 0.0521 1.35 0.1604 09115 0.0409 0.0166
0.86 0.2756 0.8051 0.1080 0.0510 1.36 0.1582 0.9131 0.0400 0.0162
0.87 0.2732 0.8078 0.1061 0.0499 1.37 0.1561 0.9147 0.0392 0.0158
0.88 0.2709 0.8106 0.1042 0.0489 1.38 0.1539 0.9162 0.0383 0.0155
0.89 0.2685 0.8133 0.1023 0.0478 1.39 0.1518 0.9177 0.0375 0.0151
0.90 0.2661 0.8159 0.1004 0.0468 1.40 0.1497 0.9192 0.0367 0.0147
0.91 0.2637 0.8186 0.0986 0.0458 1.41 0.1476 0.9207 0.0359 0.0143
0.92 0.2613 0.8212 0.0968 0.0449 1.42 0.1456 0.9222 0.0351 0.0140
0.93 0.2589 0.8238 0.0950 0.0439 1.43  0.1435 0.9236 0.0343 0.0136
0.94 0.2565 0.8264 0.0933 0.0430 1.44 0.1415 0.9251 0.0336 0.0133
0.95 0.2541 0.8289 0.0916 0.0420 1.45 0.1394 0.9265 0.0328 0.0130
0.96 0.2516 0.8315 0.0899 0.0411 1.46 0.1374 0.9279 0.0321 0.0127
0.97 0.2492 0.8340 0.0882 0.0402 1.47 0.1354 0.9292 0.0314 0.0123
0.98 0.2468 0.8365 0.0865 0.0394 1.48 0.1334 0.9306 0.0307 0.0120
0.99 0.2444 0.8389 0.0849 0.0385 1.49 0.1315 0.9319 0.0300 0.0117

1.00 0.2420 0.8413 0.0833 0.0377 1.50 0.1295 0.9332 0.0293 0.0114
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X

p(x)  D(x) G(x)

H(x)
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1.51
1.52
1.53
1.54
1.55
1.56
1.57
1.58
1.59
1.60

1.61
1.62
1.63
1.64
1.65
1.66
1.67
1.68
1.69
1.70

1.71
1.72
1.73
1.74
1.75
1.76
1.77
1.78
1.79
1.80

1.81
1.82
1.83
1.84
1.85
1.86
1.87
1.88
1.89
1.90

1.91
1.92
1.93
1.94
1.95
1.96
1.97
1.98
1.99
2.00

0.1276 0.9345 0.0286
0.1257 0.9357 0.0280
0.1238 0.9370 0.0274
0.1219 0.9382 0.0267
0.1200 0.9394 0.0261
0.1182 0.9406 0.0255
0.1163 0.9418 0.0249
0.1145 0.9429 0.0244
0.1127 0.9441 0.0238
0.1109 0.9452 0.0232

0.1092 0.9463 0.0227
0.1074 0.9474 0.0222
0.1057 0.9484 0.0216
0.1040 0.9495 0.0211
0.1023 0.9505 0.0206
0.1006 0.9515 0.0201
0.0989 0.9525 0.0197
0.0973 0.9535 0.0192
0.0957 0.9545 0.0187
0.0940 0.9554 0.0183
0.0925 0.9564 0.0178
0.0909 0.9573 0.0174
0.0893 0.9582 0.0170
0.0878 0.9591 0.0166
0.0863 0.9599 0.0162
0.0848 0.9608 0.0158
0.0833 0.9616 0.0154
0.0818 0.9625 0.0150
0.0804 0.9633 0.0146
0.0790 0.9641 0.0143

0.0775 0.9649 0.0139
0.0761 0.9656 0.0136
0.0748 0.9664 0.0132
0.0734 0.9671 0.0129
0.0721 0.9678 0.0126
0.0707 0.9686 0.0123
0.0694 0.9693 0.0119
0.0681 0.9699 0.0116
0.0669 0.9706 0.0113
0.0656 0.9713 0.0111

0.0644 0.9719 0.0108
0.0632 0.9726 0.0105
0.0620 0.9732 0.0102
0.0608 0.9738 0.0100
0.0596 0.9744 0.0097
0.0584 0.9750 0.0094
0.0573 0.9756 0.0092
0.0562 0.9761 0.0090
0.0551 0.9767 0.0087
0.0540 0.9772 0.0085

0.0111
0.0109
0.0106
0.0103
0.0100
0.0098
0.0095
0.0093
0.0090
0.0088
0.0086
0.0084
0.0081
0.0079
0.0077
0.0075
0.0073
0.0071
0.0069
0.0067

0.0066
0.0064
0.0062
0.0060
0.0059
0.0057
0.0056
0.0054
0.0053
0.0051

0.0050
0.0048
0.0047
0.0046
0.0044
0.0043
0.0042
0.0041
0.0040
0.0039

0.0037
0.0036
0.0035
0.0034
0.0033
0.0032
0.0031
0.0031
0.0030
0.0029

X

p(x)  @(x) G(x)

H(x)

2.01
2.02
2.03
2.04
2.05
2.06
2.07
2.08
2.09
2.10

2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20

2.21
2.22
2.23
2.24
2.25
2.26
2.27
2.28
2.29
2.30

2.31
2.32
2.33
2.34
235
2.36
2.37
2.38
2.39
2.40

241
242
243
2.44
2.45
2.46
2.47
2.48
2.49
2.50

0.0529 0.9778 0.0083
0.0519 0.9783 0.0080
0.0508 0.9788 0.0078
0.0498 0.9793 0.0076
0.0488 0.9798 0.0074
0.0478 0.9803 0.0072
0.0468 0.9808 0.0070
0.0459 0.9812 0.0068
0.0449 0.9817 0.0066
0.0440 0.9821 0.0065

0.0431 0.9826 0.0063
0.0422 0.9830 0.0061
0.0413 0.9834 0.0060
0.0404 0.9838 0.0058
0.0396 0.9842 0.0056
0.0387 0.9846 0.0055
0.0379 0.9850 0.0053
0.0371 0.9854 0.0052
0.0363 0.9857 0.0050
0.0355 0.9861 0.0049
0.0347 0.9864 0.0047
0.0339 0.9868 0.0046
0.0332 0.9871 0.0045
0.0325 0.9875 0.0044
0.0317 0.9878 0.0042
0.0310 0.9881 0.0041
0.0303 0.9884 0.0040
0.0297 0.9887 0.0039
0.0290 0.9890 0.0038
0.0283 0.9893 0.0037

0.0277 0.9896 0.0036
0.0270 0.9898 0.0035
0.0264 0.9901 0.0034
0.0258 0.9904 0.0033
0.0252 0.9906 0.0032
0.0246 0.9909 0.0031
0.0241 0.9911 0.0030
0.0235 0.9913 0.0029
0.0229 0.9916 0.0028
0.0224 0.9918 0.0027

0.0219 0.9920 0.0026
0.0213 0.9922 0.0026
0.0208 0.9925 0.0025
0.0203 0.9927 0.0024
0.0198 0.9929 0.0023
0.0194 0.9931 0.0023
0.0189 0.9932 0.0022
0.0184 0.9934 0.0021
0.0180 0.9936 0.0021
0.0175 0.9938 0.0020

0.0028
0.0027
0.0026
0.0026
0.0025
0.0024
0.0023
0.0023
0.0022
0.0021

0.0021
0.0020
0.0020
0.0019
0.0018
0.0018
0.0017
0.0017
0.0016
0.0016
0.0015
0.0015
0.0014
0.0014
0.0013
0.0013
0.0013
0.0012
0.0012
0.0012

0.0011
0.0011
0.0010
0.0010
0.0010
0.0009
0.0009
0.0009
0.0009
0.0008

0.0008
0.0008
0.0008
0.0007
0.0007
0.0007
0.0007
0.0006
0.0006
0.0006
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x e @x) Gx) H(x) x o plx) @Ox) Glx) H(x)
2.51 0.0171 0.9940 0.0019 0.0006 3.01 0.0043 0.9987 0.0004 0.0001
2.52 0.0167 0.9941 0.0019 0.0006 3.02 0.0042 0.9987 0.0004 0.0001
2.53 0.0163 0.9943 0.0018 0.0005 3.03 0.0040 0.9988 0.0003 0.0001
2.54 0.0158 0.9945 0.0018 0.0005 3.04 0.0039 0.9988 0.0003 0.0001
2.55 0.0154 0.9946 0.0017 0.0005 3.05 0.0038 0.9989 0.0003 0.0001
2.56 0.0151 0.9948 0.0017 0.0005 3.06 0.0037 0.9989 0.0003 0.0001
2.57 0.0147 0.9949 0.0016 0.0005 3.07 0.0036 0.9989 0.0003 0.0001
2.58 0.0143 0.9951 0.0016 0.0005 3.08 0.0035 0.9990 0.0003 0.0001
2.59 0.0139 0.9952 0.0015 0.0004 3.09 0.0034 0.9990 0.0003 0.0001
2.60 0.0136 0.9953 0.0015 0.0004 3.10 0.0033 0.9990 0.0003 0.0001
2.61 0.0132 0.9955 0.0014 0.0004 3.11 0.0032 0.9991 0.0003 0.0001
2.62 0.0129 0.9956 0.0014 0.0004 3.12 0.0031 0.9991 0.0002 0.0001
2.63 0.0126 0.9957 0.0013 0.0004 3.13  0.0030 0.9991 0.0002 0.0001
2.64 0.0122 0.9959 0.0013 0.0004 3.14 0.0029 0.9992 0.0002 0.0001
2.65 0.0119 0.9960 0.0012 0.0004 3.15 0.0028 0.9992 0.0002 0.0001
2.66 0.0116 0.9961 0.0012 0.0003 3.16  0.0027 0.9992 0.0002 0.0001
2.67 0.0113 0.9962 0.0012 0.0003 3.17 0.0026 0.9992 0.0002 0.0001
2.68 0.0110 0.9963 0.0011 0.0003 3.18 0.0025 0.9993 0.0002 0.0001
2.69 0.0107 0.9964 0.0011 0.0003 3.19 0.0025 0.9993 0.0002 0.0000
2.70  0.0104 0.9965 0.0011 0.0003 3.20 0.0024 0.9993 0.0002 0.0000
271 0.0101 0.9966 0.0010 0.0003 3.21 0.0023 0.9993 0.0002 0.0000
2.72 0.0099 0.9967 0.0010 0.0003 3.22 0.0022 0.9994 0.0002 0.0000
2.73  0.0096 0.9968 0.0010 0.0003 3.23  0.0022 0.9994 0.0002 0.0000
274 0.0093 0.9969 0.0009 0.0003 3.24 0.0021 0.9994 0.0002 0.0000
275 0.0091 0.9970 0.0009 0.0003 3.25 0.0020 0.9994 0.0002 0.0000
2.76  0.0088 0.9971 0.0009 0.0002 3.26  0.0020 0.9994 0.0001 0.0000
277 0.0086 0.9972 0.0008 0.0002 3.27 0.0019 0.9995 0.0001 0.0000
2.78 0.0084 0.9973 0.0008 0.0002 3.28 0.0018 0.9995 0.0001 0.0000
2.79 0.0081 0.9974 0.0008 0.0002 3.29 0.0018 0.9995 0.0001 0.0000
2.80 0.0079 0.9974 0.0008 0.0002 3.30  0.0017 0.9995 0.0001 0.0000
2.81 0.0077 0.9975 0.0007 0.0002 3.31 0.0017 0.9995 0.0001 0.0000
2.82 0.0075 0.9976 0.0007 0.0002 3.32 0.0016 0.9995 0.0001 0.0000
2.83 0.0073 0.9977 0.0007 0.0002 3.33 0.0016 0.9996 0.0001 0.0000
2.84 0.0071 0.9977 0.0007 0.0002 3.34 0.0015 0.9996 0.0001 0.0000
2.85 0.0069 0.9978 0.0006 0.0002 3.35 0.0015 0.9996 0.0001 0.0000
2.86 0.0067 0.9979 0.0006 0.0002 3.36. 0.0014 0.9996 0.0001 0.0000
2.87 0.0065 0.9979 0.0006 0.0002 3.37 0.0014 0.9996 0.0001 0.0000
2.88 0.0063 0.9980 0.0006 0.0002 3.38 0.0013 0.9996 0.0001 0.0000
2.89 0.0061 0.9981 0.0006 0.0002 3.39 0.0013 0.9997 0.0001 0.0000
2.90 0.0060 0.9981 0.0005 0.0001 3.40 0.0012 0.9997 0.0001 0.0000
291 0.0058 0.9982 0.0005 0.0001 3.41 0.0012 0.9997 0.0001 0.0000
2.92 0.0056 0.9982 0.0005 0.0001 3.42 0.0012 0.9997 0.0001 0.0000
2.93 0.0055 0.9983 0.0005 0.0001 3.43 0.0011 0.9997 0.0001 0.0000
2.94 0.0053 0.9984 0.0005 0.0001 3.44 0.0011 0.9997 0.0001 0.0000
2.95 0.0051 0.9984 0.0005 0.0001 3.45 0.0010 0.9997 0.0001 0.0000
2.96 0.0050 0.9985 0.0004 0.0001 3.46 0.0010 0.9997 0.0001 0.0000
2.97 0.0048 0.9985 0.0004 0.0001 3.47 0.0010 0.9997 0.0001 0.0000
2.98 0.0047 0.9986 0.0004 0.0001 3.48 0.0009 0.9997 0.0001 0.0000
2.99 0.0046 0.9986 0.0004 0.0001 3.49 0.0009 0.9998 0.0001 0.0000

3.00 0.0044 0.9987 0.0004 0.0001 3.50 0.0009 0.9998 0.0001 0.0000
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