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Preface

This book is our little present for Ole Eiler Barndorff-Nielsen on the occasion of his
80th birthday. The four of us are all still rather young and thus only met Ole for the
first time during the last 15 years. For all of us meeting, working and discussing
research with Ole has been a wonderful experience. His kindness, his wide sci-
entific interests, his great insights (both mathematically and in actual applications),
his eagerness to cooperate with young scientists, and his many other qualities, have
been a great gift and inspiration. Looking at his oeuvre one immediately sees that he
has worked in many different areas, all usually connected to probability and
statistics, and made a deep impact in many of them.

In this Preface we do not attempt in any way to summarise his achievements,
neither can this book cover all aspects of Ole’s work. But we are very glad that
many colleagues with whom Ole collaborated in some way or another agreed to
contribute to this book. We hope that the contributions collected here create a
fascinating journey through probability, statistics and their applications in relation
to Ole and his work. Of course, we could have asked many more colleagues to
contribute (and many more would have certainly said yes), but like for many things
in life there is a limit for the reasonable size of a book. Likewise, given Ole’s
current industriousness and continuing interest to investigate new scientific ques-
tions, this book will certainly fail to include some areas which Ole will look into in
the future. So instead of expounding more inadequate words, we want to let the
contributions in this book speak for themselves and in the meantime please join us
in wishing:

Tillykke med fødselsdagen, Ole, og vi glæder os til mange flere år i dit inspir-
erende selskab! Happy Birthday, Ole, and we are looking forward to many more
years in your inspiring company!

Let us now give you a little tour guide for your journey through probability,
statistics and their applications when reading this book. At first we have a piece on
Ole’s (scientific) life written by Eva Vedel-Jensen, Mark Podolskij and further
collaborators as a “pleasant” starter.
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Then we go medias in res in an area which Ole has been excited about for
decades—sand and turbulence. There are three papers on this area: Michael
Sørensen develops a model for the grain size distribution in a natural sand deposit
based on the normal inverse Gaussian distribution, a special case of the generalised
hyperbolic distribution; Björn Birnir’s article focuses on the closely related question
of whether or not one can prove that the turbulence in the wind which shapes
natural sand deposits causes a mass distribution which is described well by the
generalised hyperbolic distribution; and finally, José Ulises Márquez and Jürgen
Schmiegel introduce a new modelling framework for turbulent velocity fields based
on the class of so-called Brownian semistationary processes, where again the
normal inverse Gaussian distribution features as an important ingredient.

Next, a paper by Gérard Letac reminds us of perhaps the first big topic in Ole’s
works: Exponential Families. This is followed by another (theoretical) statistics
paper written by Per Mykland and Jianming Ye which focuses on cumulants and
Bartlett identities in Cox regressions, which is related to Ole’s work on accuracy in
statistical theory. Two papers, one by Martin Drapatz and Alexander Lindner and
one by Peter Tankov, look at the (probability) theory of infinitely divisible distri-
butions—another area to which Ole has contributed throughout the years. While the
former paper investigates the concept of exchangeability in the context of infinitely
divisible distribution, the latter article gives a comprehensive review of recent
results in the area of Lévy copulas.

Thereafter, there are four papers reflecting Ole’s various interests in (the theory
of) stochastic processes. First, Fred Espen Benth and Asma Khedher consider
generalised Ornstein-Uhlenbeck processes, which exhibit stochastic mean-
reversion, and investigate weak stationarity of such processes. Next, Jorge
Ramirez, Enrique Thomann and Ed Waymire study the continuity of local times
with applications in physics and biology. Bohan Chen, Carsten Chong and Claudia
Klüppelberg then present numerical methods for simulating stochastic Volterra
equations when the driving space-time Lévy noise is of pure jump type. Finally,
Victor Pérez-Abreu and Alfonso Rocha-Arteaga study the eigenvalue-process
associated to a matrix-valued Lévy process.

In empirical applications, stochastic processes have to be estimated, so Neil
Shephard and Justin Yang consider likelihood inference in trawl processes—a
model that has previously been introduced in a paper with Ole as one of the authors.
This is followed by two papers on time series, one by Thibault Jaisson and Mathieu
Rosenbaum, who consider different asymptotic regimes of nearly unstable autore-
gressive processes, and another one by Alessandra Luati and Tommaso Proietti,
who introduce the concept of generalised partial autocorrelations in the context of
stationary processes.
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Especially over the last two decades Ole has enjoyed working on the econometric
analysis of high-frequency financial data with a special focus on volatility estimation
and inference. So we are pleased that three teams of researchers have decided to
contribute their recent research findings in this topic area to this Festschrift. First,
Jean Jacod and Victor Todorov tackle the problem of efficiently estimating inte-
grated volatility in the presence of jump processes of infinite variation. Next,
Masayuki Uchida and Nakahiro Yoshida develop a model selection procedure in the
context of a diffusion model which aims for a good prediction of the corresponding
spot volatility component. Finally, Peter Reinhard Hansen, Guillaume Horel, Asger
Lunde and Ilya Archakov introduce a new estimator for multivariate stochastic
volatility within a Markov chain framework.

Volatility reflects risk and the last years have reminded us (the hard way) of the
importance of understanding our risks. Therefore, we have Paul Embrechts and
Edgars Jakobsons investigating the effects of uncertainty on the dependence
structure when quantifying risk, whereas Mark Davis introduces a Beaufort Scale of
Predictibility (a nice reference back to our first topic—wind—by the way). Next
comes a paper by Bernt Øksendal, Agnès Sulem and Tusheng Zhang dealing with a
stochastic optimal control problem, before Ole’s deep interest in modelling financial
markets with Lévy processes is reflected in two papers—one by José Manuel
Corcuera, José Fajardo, Wim Schoutens and Arturo Valdivia, who derive pricing
formulas for contingent convertible bonds, and one by Giulia Di Nunno and Erik
Hove Karlsen, who consider the hedging problem under a worst case scenario when
the financial market is driven by time-changed Lévy noises.

Finally, a paper in applied probability by Søren Asmussen (one of Ole’s current
colleagues in Aarhus), Lester Lipsky and Stephen Thompson, which focuses on
restart problems in complex systems and develops suitable Markov renewal
methods, rounds off our journey through probability, statistics and their
applications.

Given all these contributions it was very hard for us to find an appropriate title
for the book, even more as we wanted it to be special, to stick out from the crowd of
books and to be related to Ole. In the end it was (once again) Ole that inspired us:
This time by the title of his contribution together with Preben Blæsild, Jens Ledet
Jensen and Michael Sørensen to the book “A Celebration of Statistics: The ISI
Centenary Volume A Volume to Celebrate the Founding of the International
Statistical Institute in 1885” edited in 1985 by Anthony C. Atkinson and
Stephen E. Fienberg. The title of it was simply “The Fascination of Sand”.

We would like to sincerely thank all contributors to this book for their excellent
contributions and for their efforts to make this book possible within a short time
period. It has been a great pleasure to work with all of you! Likewise, we owe a big
thank you to all our anonymous reviewers for their dedication and work which were
essential for this book. Last but not least, we wholeheartedly thank Eva Nacca—the
good spirit of the Institute of Mathematical Finance in Ulm—for taking care of
many details for the book and the Springer staff, in particular Marina Reizakis and
Catriona Byrne, for being extremely helpful and making the publication possible.
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From 15 to 19 June 2015, the “Aarhus Conference on Probability, Statistics and
Their Applications: Celebrating the scientific achievements of Ole E.
Barndorff-Nielsen” took place at the University of Aarhus and we presented the first
preliminary version of this book to Ole at that conference. It was a pleasure to
organise this event. As part of this, we would like to take this opportunity to
wholeheartedly thank:

• the (other) local organisers: Søren Asmussen, Andreas Basse-O’Connor,
Eva B. Vedel-Jensen, Jens Ledet Jensen, Asger Lunde, Jan Pedersen and Jürgen
Schmiegel,

• Oddbjørg Wethelund for her tremendous efforts,
• CREATES, CSGB, the Department of Mathematics and the Faculty of Science

and Technology at Aarhus University for their great financial support,
• and the invited speakers for their talks—many of them based on contributions to

this volume.

To conclude we hope that when you read the contributions now you enjoy them
as much as we did when we edited the book.

Aarhus Mark Podolskij
Ulm Robert Stelzer
Aarhus Steen Thorbjørnsen
London Almut E.D. Veraart
June 2015
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Ole E. Barndorff-Nielsen’s Scientific
Achievements

This year Ole E. Barndorff-Nielsen has celebrated his 80th birthday. He has
contributed to the development of mathematical statistics and probability in more
than half a century at a multitude of levels and he is still contributing very actively.

Ole Barndorff-Nielsen has played a crucial role in our field both via scientific
leadership and scientific impact. Throughout his entire scientific career,
Ole E. Barndorff-Nielsen has shown his impressive talent for leadership and
extraordinary ability to convey enthusiasm to his surroundings. He has had a
leading role in Danish statistics and, in particular, he has created the stochastic
group at Aarhus University and thereby influenced the professional scientific life
of the large number of researchers affiliated with Aarhus. A main achievement has
been the establishment of the Centre for Mathematical Physics and Stochastics
(MaPhySto) in 1998. The Centre was funded by a grant from the Danish National
Research Foundation and was based at the Department of Mathematical Sciences at
Aarhus University with Ole E. Barndorff-Nielsen as Director, but involved principal
investigators also from the Universities of Copenhagen, Odense and Aalborg.
Under the competent leadership of Ole E. Barndorff-Nielsen, MaPhySto became a
very important focus point in the international stochastics community, by its
extended programme of workshops and visitors and, not least, via the series of
Concentrated Advanced Courses, arranged by MaPhySto that was attended by
junior researchers from all over the world. Also at the individual level
Ole E. Barndorff-Nielsen has given generous support to many younger statisticians.

Internationally, Ole E. Barndorff-Nielsen has been a leading scientist, in par-
ticular via his role in the formation and life of the Bernoulli Society for
Mathematical Statistics and Probability. He was the President of the Society in
1993–1995 and the first Editor-in-Chief of the Society’s journal Bernoulli from
1994 to 2000. Previously he had been Editor of the International Statistical Review
1980–1987, and he was Chairman of European Research Centres on Mathematics
(ERCOM) 1997–2002. The Seminaires Européens de Statistiques were initiated
already in 1989 with high-level expository talks on new developments in statistics.
Ole E. Barndorff-Nielsen is member of the Royal Danish Academy of Sciences and
Letters, member of Academia Europaea, Honorary Fellow of the Royal Statistical
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Society, the International Statistical Institute and the Danish Society for Theoretical
Statistics. He holds Honorary Doctorates from Université Paul Sabatier, Toulouse
(June 1993) and Katholieke Universiteit Leuven (April 1999). And in 2001 he was
awarded a Humboldt Forschungspreis.

Ole E. Barndorff-Nielsen has a very large scientific production, represented by
six research monographs and about 280 research papers. He has influenced the
methodology in a wide range of research areas and is a distinguished representative
of our profession where detailed analysis of data is put on equal footing
with modelling and inference, and advanced mathematical tools are used in the
development of statistical methodology. The list of research areas of
Ole E. Barndorff-Nielsen includes

• Likelihood and evidence
• Differential geometry in statistical inference
• Quantum stochastics
• Laws, processes and Lévy theory
• The physics of blown sands
• The statistical theory of turbulence
• Financial econometrics
• Ambit stochastics

Till around 1995, the main research focus of Ole E. Barndorff-Nielsen was on
the mathematical theory of inference, centred on concepts of likelihood, sufficiency,
ancillarity, conditioning and exponential families. His interest in inference was
triggered already around 1956 when he was affiliated to the Biostatistics
Department of the Danish State Serum Institute in Copenhagen. The first discus-
sions with Sir David R. Cox concerning inferential questions were initiated by
Ole E. Barndorff-Nielsen in 1963. These discussions developed into a long-term
collaboration, resulting in a series of joint papers and books, and a close personal
relationship—including joint attendances to operas, including Richard Wagner’s
‘Ring’.

The research on likelihood and evidence is presented in five books and a long
series of seminal papers written in a time span of about 30 years. A very important
contribution came as early as in 1978 with the publication of the Wiley book
entitled Information and Exponential Families in Statistical Theory, based to a
large degree on the Sc.D. thesis Exponential Families and Conditioning that was
published in 1973. The Wiley book has very recently been re-issued with a new
Preface. The roots of the book lie in the writings of R.A. Fisher both as concerns
results and the general attitude to statistical science, and this attitude has been the
determining factor in the selection of topics. It is also important to draw attention to
the two books entitled Asymptotic Techniques for Use in Statistics and Inference
and Asymptotics, written jointly with Sir David R. Cox, that appeared in 1989 and
1994, respectively. First- and higher-order theory were discussed here in relation to
various notions of likelihood.

The series of papers on likelihood and evidence appeared in top statistical
journals such as Biometrika, Annals of Statistics and Journal of the Royal Statistical
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Society B. Different concepts of likelihood were investigated, e.g. profile, modified
and directed likelihood, along with factorisations of likelihood, Edgeworth and
saddlepoint approximations of likelihood, Bartlett adjustments to the likelihood
ratio test statistic and approximate confidence limits. Different definitions of suf-
ficiency and ancillarity (for instance, S, L and M) were studied in detail together
with the resulting data reduction principle or conditioning principle. Throughout
this period, the exponential families played a central role because of their richness
and tractability. Certain general classes of exponential models were studied in
further detail, such as exponential transformation models.

One of the most important findings during this likelihood and evidence period is
the formula that approximates the conditional distribution of the maximum likeli-
hood estimator, given an ancillary statistic. This formula, published in 1983 in
Biometrika, enables conditional inference in practice. It was found that the formula
is exact for many important models. By extending the basic theory of transfor-
mation models to the cases where the group action is not free, it was shown that the
formula is exact for arbitrary transformation models.

Ole E. Barndorff-Nielsen has also played a leading role in the investigation of
differential geometry in statistical inference where parametric statistical models are
regarded as differentiable manifolds equipped with tensors and connections, derived
from statistical considerations. The Fisher information may be interpreted as a
metric tensor and the model is now a Riemannian manifold. Exponential families
constitute the simplest statistical manifolds in this sense. Ole E. Barndorff-Nielsen
found that differential geometry has important applications in the asymptotic theory
of statistical inference. The path-breaking work resulted in a simplified form for the
asymptotic expansions associated with the likelihood ratio statistic if geometrical
invariants were used. This deep relationship between statistics and differential
geometry involved a form of higher-order differential geometry which is not readily
accessible to a statistical audience. In particular, the theory of strings and phyla
played an important role. Much of this research arose from the interest in curved
exponential families. Transformation models, in particular exponential transfor-
mation models, were also studied from the viewpoint of differential geometry.

The research of Ole E. Barndorff-Nielsen on quantum stochastics focuses on the
roles the concepts of sufficiency, ancillarity and exponential families, from non-
quantum statistical theory, have in a quantum setting. The motivation came from his
deep fascination of quantum physics and the associated aspects of probability. In
fact, in view of his interests in the principles of statistical inference, it seems
inevitable that he would at some stage be involved with statistical and probabilistic
aspects of quantum physics. A cue for this was the 1997 Nobel Prize awarded to
three physicists for their development of methods to cool and trap atoms with laser
light. But the intricacies of the inherent physical concepts, the differences to
ordinary realism, and the advanced mathematics required—which is unfamiliar to
most traditionally educated statisticians—made the field fairly difficult to access.
Still, Ole Barndorff-Nielsen and co-authors published a series of papers on quantum
stochastics in the beginning of the 2000s, including a discussion paper in Journal
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of the Royal Statistical Society B on quantum statistical inference, a paper on Fisher
information in quantum statistics and one on laser cooling and stochastics.

In relation to laws, processes and Lévy theory, the hyperbolic distributions and
their generalisations as well as models based on Lévy processes are at the centre of
Ole E. Barndorff-Nielsen’s work. This research has resulted in a marked expansion
of the catalogue of available flexible families of distributions, an important
prerequisite for a realistic data analysis. For modelling by stochastic processes,
Ole E. Barndorff-Nielsen found that deeper probabilistic properties of the familiy
are of considerable interest. In particular, the property of infinite divisibility—or
even sel-decomposability—is of key importance for stochastic process modelling,
as illustrated by the case of the generalised inverse and the normal inverse Gaussian
distributions. This research on laws, processes and Lévy theory has been published
in a series of papers from early 1990s to today (a selection consist of about
45 papers).

Some of these papers deal with self-decomposability and Lévy processes in free
probability. Already in the mid 1990s Ole E. Barndorff-Nielsen was intrigued by
the new types of convolution for probability measures that had recently arisen in the
context of non-commutative probability theory. In particular he became interested
in studying the notion of self-decomposability associated with free additive con-
volution. This lead to a series of co-authored papers in which freely
self-decomposable probability measures were introduced and their representation in
terms of stochastic integrals with respect to free Lévy processes was established.
The developed theory further led to the free analogue of the Lévy-Itô representation
for free Lévy processes. Somewhat surprisingly the studies of free infinite divisi-
bility also led to the introduction of so-called Upsilon transformations, which form
a rich class of mappings between classes of classically infinitely divisible proba-
bility measures strongly related to stochastic integration with respect to (classical)
Lévy processes.

The project on the physics of blown sand was initiated in the 1970s. This
colourful project was carried out under Ole E. Barndorff-Nielsen’s energetic
leadership by a group of statisticians, earth scientists and physicists, colloquially
known as the ‘Sand Gang’. The project had a practical side where data were
collected on the size distribution in sand deposits and on drifting sand, but it also
had a strong theoretical side with development of new distributional laws and
stochastic models of grain motion and turbulence. The key step that started the
whole project was the derivation of the hyperbolic distribution. Brigadier Ralph
Alger Bagnold, who had explored the Libyan deserts between the two world wars,
had in 1941 published the influential book The Physics of Blown Sands and Desert
Dunes, where (among many other things) he noted that the log-density of the size
distribution of sand samples resembles a hyperbola. Ole E. Barndorff-Nielsen
formalised Bagnold’s heuristic idea, and in a way characteristic of his research he
presented the distribution as a member of the class of generalised hyperbolic
distributions, defined as normal variance-mean mixtures, and derived a rich
probabilistic theory for this class of distributions. Via David Kendall,
Ole E. Barndorff-Nielsen came in contact with Bagnold, who was very pleased that
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after 30 years someone had taken up his old suggestion. Ole E. Barndorff-Nielsen
became close to Bagnold both as a scientific collaborator and as a friend. Bagnold
was awarded a Doctor Philosophiae Honoris Causa degree at Aarhus University. In
1980, they published a joint paper entitled The pattern of natural sizedistributions
in Sedimentology.

The main aim of the Sand Gang was to pursue some of the interesting and
intriguing problems arising out of Bagnold’s pioneering work and out of the work
of Professor Paul Robert Owen, another early contributor to the physics of
wind-blown sand whom Ole E. Barndorff-Nielsen had contacted and invited to
Aarhus. A wind tunnel was constructed in the basement of the Physics Department
at Aarhus University, which over the years developed into the best facility in the
world for empirical studies of sand transport by the wind. The wind tunnel
experiments were supplemented by several field experiments in Northern Jutland, in
Scotland and in the deserts of North America by members of the Sand Gang—often
including Ole E. Barndorff-Nielsen.

A selection of 14 papers on the physics of blown sand covers the period
1977–1991. Much of the work carried out was reported in a two-volume supple-
ment to Acta Mechanica on ‘Aeolian Grain Transport’. An account of some of the
work done by the members of the Sand Gang may be found in the paper entitled
The fascination of sand, published in 1985 in the ISI Centenary Volume
‘A Celebration of Statistics’.

The sand project led naturally to the deep interest of Ole E. Barndorff-Nielsen in
the statistical theory of turbulence and financial econometrics, two areas which, as
he has pointed out, have some striking similarities. His contributions to financial
econometrics have revolutionised the non-parametric methodology for
high-frequency financial data. In the period 2002–2010, Ole E. Barndorff-Nielsen
and co-authors have been developing the statistical theory of a class of realised
measures named multipower variations. Multipower variations possess a fully
non-parametric asymptotic theory, which makes it possible to assess the volatility
and/or jumps of an underlying semimartingale possibly contaminated by
microstructure noise. These new classes of statistics have triggered many new
developments in the field of financial econometrics. In another direction,
Ole E. Barndorff-Nielsen has made a great contribution to modelling financial data.
The Barndorff-Nielsen-Shephard model, which is a stochastic volatility model for
the price of a financial asset based on Lévy-driven Ornstein-Uhlenbeck processes, is
one of the most cited models in the literature.

From early in this century, Ole E. Barndorff-Nielsen has been heavily involved
in the mathematical investigation of ambit stochastics, which has been originally
motivated by turbulence modelling, but later found manifold applications in finance
and biology. Ambit processes are spatiotemporal models, which describe the
dynamics in a stochastically developing field, for instance a turbulent wind field,
along curves embedded in such a field. Beyond the basic noise component, which is
typically modelled by a Lévy basis, the processes specifically incorporate stochastic
volatility/intermittency and time change. Ole E. Barndorff-Nielsen has been
studying limit theorems, concepts of stochastic integration and statistical inference

Ole E. Barndorff-Nielsen’s Scientific Achievements xv



for ambit fields during the last decade. The mathematical theory has led to new
insights in the understanding of turbulence. In particular, realistic stochastic models
for the turbulent energy dissipation and velocity time series have been formulated
that capture the main stylised features of turbulence. New statistical features dis-
covered by Ole E. Barndorff-Nielsen and collaborators include the representation of
empirical densities of velocity increments by normal inverse Gaussian distributions
and a new type of universality, termed increment similarity that goes far beyond
the traditional scaling analysis. The generalisation of the turbulence models to
cover the full spatio-temporal dynamics is one of the research areas where
Ole E. Barndorff-Nielsen is currently very active and, as usual, very productive.

There is thus ample reason to honour Ole E. Barndorff-Nielsen by a conference
and a proceedings volume on themes that are at the centre of his interests.

Aarhus Eva B. Vedel Jensen
Aarhus Mark Podolskij
Copenhagen Michael Sørensen
Aarhus Steen Thorbjørnsen
June 2015
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On the Size Distribution of Sand

Michael Sørensen

Abstract A model is presented of the development of the size distribution of sand
while it is transported from a source to a deposit. The model provides a possible
explanation of the log-hyperbolic shape that is frequently found in unimodal grain
size distributions in natural sand deposits, as pointed out by Bagnold and confirmed
in numerous empirical studies. The model implies that the size distribution of a sand
deposit is a logarithmic normal-inverse Gaussian (NIG) distribution, which is one
of the generalized hyperbolic distributions. The model modifies a previous model,
which implied a log-normal size-distribution, by taking into account that individual
grains do not have the same travel time from the source to the deposit. The travel time
is assumed to be random so that the wear on the individual grains vary randomly.
The model provides an interpretation of the parameters of the NIG-distribution, and
relates the mean, variance and skewness of the log-size distribution to the physical
parameters of the model. The results might be useful when comparing empirical
size-distributions from different deposits. It is argued that size-distributions with the
same general shape as the NIG-distributions can be obtained also when some of the
model assumptions are relaxed.

Keywords First hitting time · Grain attrition process · Normal-inverse gaussian
distribution · Normal variance-mean mixture

1 Introduction

In his influential book on the physics of wind blown sand, Bagnold [1] pointed out
that the logarithm of the grain size in natural sand deposits is not normal distrib-
uted. Specifically, he noted that the logarithm of the density function of the log-size
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2 M. Sørensen

distribution looks more like a hyperbola than like a parabola, indicating a distribu-
tion with (approximately) exponentially decreasing tails. This motivated Barndorff-
Nielsen [4] to introduce the hyperbolic distributions, for which the logarithm of the
density function is a hyperbola. In a series of papers the hyperbolic distributions
have been shown empirically to give a very good description of the log-size dis-
tribution of natural sand deposits, aeolian as well as alluvial, and to be a powerful
tool for analyzing the spatial and temporal variation of the size distribution of sedi-
ments, see e.g. [12, 15, 20], and the review paper by Bagnold and Barndorff-Nielsen
[2]. Barndorff-Nielsen [4] introduced a more general class of probability distrib-
utions, the generalized hyperbolic distributions, that are similar to the hyperbolic
distributions. These were introduced as the normal variance-mean mixtures with
the generalized inverse Gaussian distribution as mixing distribution. A particularly
important subclass of these distributions is the class of normal-inverse Gaussian
(NIG) distributions that gives an even better fit to the size distributions of sand than
the hyperbolic distributions. This is because a NIG-distribution has slightly heav-
ier tails than the original hyperbolic distributions, which is quite often the case for
natural sand deposits. The NIG-distributions have also turned out to fit the distri-
bution of many types of financial returns. An advantage of the NIG-distributions
over the original hyperbolic distributions is that they have much nicer mathematical
properties. For instance, simple expressions for the mean, the variance and all other
moments can be calculated explicitly. A review of the properties of the generalized
hyperbolic distributions and related dynamical models, with a view to applications
in finance, can be found in [10].

In this paper, we present a model that provides a possible explanation why sand
deposits are log-NIG distributed and gives an interpretation of the parameters of the
distribution in terms of physical quantities. This might be useful when comparing the
size distributions of sand from different deposits. Themodel presented here extends a
model by Kolmogoroff [14], which implied a log-normal size-distribution, by taking
into account the fact that the grains found in a particular deposit may not have taken
the same time to arrive at the deposit from their source and therefore have not been
subject to the same amount of attrition. Thus the wear on the individual grains vary
randomly.

The paper is organized as follows. In Sect. 2models of the development of the size-
distribution and of the grain motion are presented, and the resulting size distribution
in the deposit is shown to be a variance-mean mixture, which is identified as a
NIG-distribution. The model of grain motion also implies a first order model of the
shape of the deposit. In Sect. 3 some basic properties of the normal-inverse Gaussian
distribution are reviewed, and the mean value, variance and other parameters of the
log-size distribution are related to physical parameters of the model. Various further
topics are discussed in Sect. 4. In particular, it is shown that the size-distribution will
also be a normal variance-mean mixture if the assumptions about grain motion and
the attrition process are relaxed very considerably, and it is pointed out that size-
distributions with the same general shape as the NIG-distributions can in some cases
be obtained also when these model assumptions have been changed.

An introduction to aeolian sand transport for statisticians can be found in [3].
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2 The Model and the Size-Distribution

The basic assumption of the model is that a grain in transit from its source to its
present position has experienced a random number of breakage events, for instance
forceful collisions or extreme weather conditions, that cause a random fraction of the
volume of the grain to break off. By grain size we wil mean the grain volume. In geo-
morphology grain size is usually measured by some, more or less well-defined, grain
diameter. If v is the grain volume, then any reasonable measure of the grain diameter
must be proportional to v1/3, so if the distribution of log v is a NIG-distribution, then
so is the distribution of the log-diameter 1

3 log v. Therefore it is no restriction that
we consider the grain volume. This only implies a change of the location and scale
parameters.

Denote the number of such breakage events by Nt , where t denotes the time since
the grain started from its source. If we denote the original grain size by S0 and the
fraction of the grain that is broken off in the i th collision by Di , then the grain size
at time t is

St = S0

Nt∏

i=1

(1 − Di ),

and the logarithm of the grain size is

log St = μ +
Nt∑

i=1

Bi ,

where μ = log(S0) and Bi = log(1 − Di ). We assume that the random variables Bi

are independent and identically distributed with mean b1 and second moment b2. Let
further Nt be a Poisson process with parameter λ that is independent of the random
variables B1, B2, . . .. Thismeans that the number of breakage events in a time interval
of length s is Poisson distributed with mean value λs, and that the numbers of such
events in disjoint time intervals are independent random variables.

Under these assumptions
∑Nt

i=1 Bi is a compound Poisson process (finite activity
Lévy process) with expectation λb1t and variance λb2t , and by the central limit
theorem for Lévy processes,

Uλ(t) = 1√
λ

(
Nt∑

i=1

Bi − λtb1

)
(1)

is approximately normal distributed with mean zero and variance tb2 when λ (or λt)
is large, i.e.

log St
·∼ N (μ + λtb1, λtb2), (2)
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for large λ, where
·∼ denotes approximate distribution. The value of λ depends on

properties of the grains, the climate, and the terrain.
All grains do not arrive at the sand deposit from the source at the same time. Some

may have been moved back and forth for a long while, whereas other grains may
have been moved directly and therefore more quickly to the sand deposit. Obviously
the wear on a grain depends on how long it has been transported around, as is clear
from (2). Therefore we need a model for the motion of a grain from its source. In
experiments carried out in the Aarhus wind tunnel and reported in [9, 19], the motion
of individual sand grains was studied. The grains were marked with radioactive gold
so that they could be followed by mean of a portable scintillation detector. The
experiments showed that the grain is buried rather often while a ripple passes over
it. However, when the grain is not buried, its motion is very accurately described by
a compound Poisson process. At a time scale of a few minutes, a good model of the
grain motion is thus a compound Poisson process with an intensity that in random
and quite frequent time intervals is equal to zero and otherwise is non-random and
constant. However, the time scale of the motion of the grains from their source
to the deposit is of the order of several years. It is therefore quite justified, as a
good approximation, to model the motion of a grain by a two-dimensional Brownian
motion with drift Xt = (X1t , X2t ).

We can approximate the locations of the source and the deposit by two points. This
is obviously not exactly correct, but relative to the typically long distance between
the two, this is a reasonable approximation. We use a coordinate system with the
origin at the source and the first axis pointing in the direction of the deposit. Then

d Xt =
(

ν

0

)
dt + ηdWt , (3)

where W is a 2-dimensional standard Wiener process and η is a 2 × 2-matrix. The
speed of the grain is given by ν > 0, and the infinitesimal variance of X is

Σ = ηηT =
(

σ 2
1 σ12

σ12 σ 2
2

)
.

Thus the motion of the grain in a time interval of length s is two-dimensional normal
distributed with mean (νs, 0) and covariance matrix Σs, and the displacement of
the grain in disjoint time intervals are independent random variables. It is reasonable
to assume that there is very little motion in the direction of the second axis, i.e.
that σ2 � σ1. Otherwise, the sand would be scattered over a large area, and there
would not be a deposit. Finally, we assume that the Brownian motion of a grain
is independent of the breakage process, i.e. independent of the Poisson process N
and the random variables B1, B2, . . .. Motion in the lateral direction will cause extra
wear. This effect can be build into the model by assuming that λ is proportional to σ2.

Let a denote the distance between the source and the deposit. Then the time it takes
for a grain tomove from the source to the deposit equals the first hitting time, τ , of the
one-dimensional Brownian motion X1t to the level a. It is well known (see e.g. [13],
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p. 363) that the distribution of τ is the inverse Gaussian distribution I G(a/σ1, ν/σ1).
The probability density of the inverse Gaussian distribution I G(δ, γ ) is

δ√
2πx3

exp

(
−1

2
γ 2(x − δ/γ )2/x

)
, x > 0.

This result goes back to Schrödinger [18].
The logarithm of the size of a grain that has arrived at the sand deposit at time τ

is log Sτ . Since the Brownian motion is independent of the breakage process, so is
τ . Therefore the conditional distribution of the log-size given ζ = λb2τ is, by (2),
approximately

log Sτ | ζ ·∼ N (μ + βζ, ζ ), (4)

where β = b1/b2. The distribution of ζ is

ζ ∼ I G
(

a
√

λb2/σ1, ν/(σ1

√
λb2)

)
. (5)

Suppose the grains in the deposit have only one source, and that once a grain has
arrived at the deposit, it is trapped there (the deposit could for instance be a big dune).
Then the distribution of the logarithm of the grain size in the whole population of
grains in the deposit is the unconditional distribution of log Sτ . Heuristically, this
is approximately equal to the normal variance-mean mixture given by (4) and (5),
which is the normal-inverse Gaussian distribution NIG(α, β, δ, μ) with

α =
√

β2 + ν2/(σ 2
1 λb2), δ = a

σ1

√
λb2,

and with β and μ as above.
The probability density function of the NIG(α, β, δ, μ)-distribution is

αδ

π
eδγ ·

K1

(
α
√

δ2 + (x − μ)2
)

√
δ2 + (x − μ)2

· eβ(x−μ), x ∈ R,

where K1 is a modified Bessel function of the third kind. The possible values of the
parameters are α > 0, δ > 0, |β| < α, while μ can be any real number. The shape of
the density is similar to that of the original hyperbolic distribution, except that the tails
are slightly heavier. Examples of the shape of the logarithm of the density function
are given in Fig. 1. While the expression for the density is relatively complicated, the
characteristic function of the NIG(α, β, δ, μ)-distribution has the following simple
form:

exp
(
δ
√

α2 − β2
[
1 −

√
1 + (s2 − is2β)/(α2 − β2)

]
+ isμ

)
.
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A mathematically rigorous derivation of the log-size distribution in the deposit is
a consequence of the following theorem.

Theorem 1 The joint distribution of (Uλ(τ ), τ ), with Uλ(t) given by (1), converges
weakly as λ → ∞:

E (exp (is1Uλ(τ ) + is2τ)) → ψ

(
−1

2
b2s21 + is2

)
, (6)

where ψ is the moment generating function of τ given by

ψ(z) = E(ezτ ) = exp

(
aν

σ 2
1

[
1 −

√
1 − 2zσ 2

1 /ν2

])
, (7)

which is defined for all complex numbers z with �(z) ≤ ν2/(2σ 2
1 ). The limit distri-

bution of Uλ(τ ) is the NIG(ν/(σ1
√

b2), 0, a
√

b2/σ1, 0)-distribution.

Proof Let ϕ(u) = E(eiu Bi ) denote the characteristic function of the distribution of
Bi . Then the characteristic function of Uλ(t) is

E(eisUλ(t)) = exp
(
λt

[
ϕ(s/

√
λ) − 1 − ib1s/

√
λ
])

.

Note that (2) follows easily from this expression by Taylor expanding ϕ.
The moment generating function, ψ , of the stopping time τ is given by (7), so the

joint characteristic function of (Uλ(τ ), τ ) is

E (exp (is1Uλ(τ ) + is2τ)) = E
[
E (exp (is1Uλ(τ )) | τ) exp(is2τ)

]

= E
(
exp

(
τ

(
λ

[
ϕ(s1/

√
λ) − 1 − ib1s1/

√
λ
]

+ is2
)))

= ψ
(
λ

[
ϕ(s1/

√
λ) − 1 − ib1s1/

√
λ
]

+ is2
)

= ψ

(
−1

2
b2s21 + is2 + O(λ−1/2)

)

→ ψ

(
−1

2
b2s21 + is2

)

asλ → ∞. For s2 = 0we recognise the characteristic function of theNIG(ν/(σ1
√

b2),
0, a

√
b2/σ1, 0)-distribution. �

For λ sufficiently large, the joint distribution of (Uλ(τ ), τ ) is approximated by
the distribution with characteristic function ψ

(− 1
2b2s21 + is2

)
. Therefore the distri-

bution of
log(Sτ ) = √

λUλ(τ ) + λb1τ + μ

is approximated by the distribution with characteristic function
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ψ

(
−1

2
λb2s2 + iλb1s

)
exp(isμ)

= exp

(
aν

σ 2
1

[
1 −

√
1 + (b2s2 − is2b1)λσ 2

1 /ν2

]
+ isμ

)
.

We recognise this as the characteristic function of the NIG(α, β, δ, μ)-distribution

with α =
√

β2 + ν2/(σ 2
1 λb2), β = b1/b2, and δ = a

√
λb2/σ1.

The model of grain motion also implies a result on the shape of the deposit. The
position of the grain on the second axis when the grain arrives at the deposit is X2τ .
The density function of this random variable gives a first approximation to the profile
of the deposit in the direction of the y-axis. It is a well-known property of the two-
dimensional Brownian motion that X1t and Zt = X2t − ωX1t with ω = σ12/σ

2
1 are

independent Brownian motions. It is indeed easy to see that the quadratic variation
of (X1t , Zt ) is a diagonal matrix. Since Zt is N (−ωνt, (σ 2

2 − ωσ12)t)-distributed,
and because Zt is independent of τ , it follows that the conditional distribution of
X2τ = Zτ + ωa given ξ = τ(σ 2

2 − ωσ12) is

X2τ | ξ ∼ N (ωa − σ12νκ−2ξ, ξ),

where κ2 = σ 2
1 σ 2

2 − σ 2
12. The distribution of ξ is

ξ ∼ I G
(
aκ/σ 2

1 , ν/κ
)
,

so it follows in a way similar to the derivation for the size-distribution that the
unconditional distribution of X2τ is the NIG(α, β, δ, μ)-distribution with μ = ωa,
δ = aκ/σ 2

1 , β = −σ12νκ−2, and α = √
β2 + ν2/κ2. This result is mainly of the-

oretical interest. This is partly because the model of grain motion is probably not
sufficiently accurate to be used to predict the shape of the deposit, but mainly because
the shape of the deposit is determined to a large extent by the interaction between
the shape of the deposit and the wind blowing over the deposit, see e.g. [17].

3 Interpretation of the Size Distribution Parameters

If a random variable X is NIG(α, β, δ, μ)-distributed, then the mean and variance are

E(X) = μ + δβ

γ
and Var(X) = δα2

γ 3
,

where γ = √
α2 − β2. The skewness is 3β/(α

√
δγ ), and the kurtosis is 3(1 +

4β2/α2)/(δγ ). When β < 0, the NIG distribution is negatively skewed.
For the original hyperbolic distribution the shape triangle, introduced in [3], has

turned out to be a very useful tool for detecting trends in the distributional shape
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when studying samples from several sand deposits or from several positions on the
same deposit. For NIG-distributions a completely analogous shape triangle can be
plotted, see e.g. [16]. The shape triangle is defined by

{(χ, ξ) | 0 ≤ |χ | < ξ < 1}, (8)

where

χ = β/α√
1 + δγ

and ξ = 1√
1 + δγ

.

These quantities are simple natural measures of asymmetry and heavy-tailedness
(“kurtosis”) of the normal-inverse Gaussian distributions. This follows by arguments
similar to those given in [3] for the hyperbolic distributions. The quantities χ and ξ

are invariant under location and scale transformations, and are clearly closely related
to the classical skewness and kurtosis given above. When ξ goes to zero, the NIG-
distribution approaches the normal distribution. In Fig. 1 NIG log-density functions
are plotted for different values of χ and ξ in the shape triangle. Note the parabola of
the normal distribution for ξ = 0.

For fixed α and β the NIG distributions are closed under convolution. Specifically,
suppose that X1 and X2 are independent with Xi ∼ NIG(α, β, δi , μi ), i = 1, 2, then

X1 + X2 ∼ NIG(α, β, δ1 + δ2, μ1 + μ2).

The sum of two independent hyperbolic distributed random variables is not hyper-
bolic distributed.

Fig. 1 Normal-inverse Gaussian log densities with mean 0 and variance 1 for different values of
the shape parameters χ and ξ . The log-densities are located in the shape triangle according to their
values of χ and ξ
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Because there are simple expressions for the first four moments, it is relatively
easy to obtain initial moment estimators of the parameters. However, better estimates
are obtained by maximum likelihood estimation. If an empirical size-distribution
has been determined by sieving a sand sample, estimators can be obtained by the
multinomial pseudo-likelihood procedure outlined in [4]. When comparing the esti-
mated parameters of NIG-distributions fitted to size-distributions from different sand
deposits, themodel presented in Sect. 2might be helpful when interpreting the empir-
ical results. Note however, that the model is probably not useful when comparing
size-distributions from different locations within the same deposit. This is because
the differences between such size-distributions are most likely due to local sorting
and are not caused by the random breakage process that causes the NIG-distribution
in the model. Local sorting was considered by [5, 7]. If an empirical size distribution
is poly-modal, it does not make sense to use the model. Sand with a poly-modal
size distribution is probably a mixture of two or more populations of grains, each of
which may (or may not) be described by the model. If could for instance be a mixture
of sand from two or more sources.

The mean log-size is

μ + aλb1/ν = μ + λt̄b1 = μ + θ,

where t̄ = a/ν is the average travel time of a grain from the source to the deposit
(the expected value of τ ), and λt̄ is the mean number of breakage events that cause
a part of the grain to break off. The quantity θ = λt̄b1 is the average effect of the
breakage process during transport from the source to the deposit. Since b1 is themean
value of Bi = log(1 − Di ), it is negative. Therefore the mean log-size decreases as
the distance between the source and the deposit, a, increases and as the number of
collisions the cause breakage increases, while it increases when the mean speed of a
grain ν increases.

The variance of the log-size is

aλ

ν

(
b2 + λσ 2

1 b2
1

ν2

)
= θb1

(
c20 + λt̄ω2) ,

where ω =
√

t̄σ 2
1 /(t̄ν) is the coefficient of variation of the grain position relative to

the source at time t̄ . This ratio measures the random variability of the grain motion
relative to the mean distance traveled. The quantity c0 = √

b2/b1 is closely related
to the coefficient of variation of the distribution of Bi = log(1 − Di ), which equals√

c20 − 1. Thus c0 is a measure of the variability of a breakage event relative to a

typical value of Bi . The variance of the log-size is an increasing function of a, λ, σ 2
1 ,

b2
1 and b2, while it is a decreasing function of ν.
The log-size distribution is always negatively skewed because b1 is negative. Thus

positively skewed log-size distributions cannot be explained by the present model.
In such cases alternative or additional processes that influence the size distribution
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must be sought for. The model predicts that the asymmetry parameter χ is

χ = − 1
√(

1 + ν2b2
σ 2
1 λb2

1

) (
1 + νa/σ 2

)
= − 1√[

1 + c20ω
−2(λt̄)−1

] [
1 + ω−2

]

and that the parameter ξ is

ξ = 1√
1 + ω−2

.

We see that the log-size distribution becomes less normal as the coefficient of varia-
tion of the grainmotion increases. For a fixed value of the parameter ξ , the asymmetry
is determined by the quantity c20(λt̄)−1. Thus if the mean number of breakage events
increases, then the log-size distribution becomes more skewed, while the asymmetry
deceases if the variability of the breakage process increases.

It is not easy to make informed guesses concerning the values of b1 and b2. A
very simple possible assumption about the breakage process is that the probability
density function of the fraction of the grain that breaks off, Di , is

p(x) = ρ(1 − x)ρ−1, 0 < x < 1 ρ > 0. (9)

For this model, the distribution of −Bi = − log(1 − Di ) is an exponential distrib-
ution with expectation ρ−1, so b1 = −ρ−1 and b2 = 2ρ−2. In this case, c0 = −√

2
irrespective of the value of ρ. However, the breakage process could potentially be
much more complicated. To illustrate this, consider another tractable probability
density function for Di :

p(x) = [log(1/(1 − x))]κ−1(1 − x)ρ−1ρκ/Γ (κ), 0 < x < 1, κ > 0, ρ > 0,

where Γ denotes the gamma function. If ρ > 1 and κ > 1, this density function
goes to zero for both small and large fractions, and the most likely fractions are
somewhere in the interior of the interval between zero and one. If ρ > 1 and κ ≤ 1,
small fractions are most likely. For κ = 1 we recover the model (9). In this case
−Bi is gamma distributed with shape parameter κ and scale parameter ρ−1. Hence
b1 = −κ/ρ and b2 = (κ + κ2)/ρ2, so c20 = 1 + κ−1. Thus for this breakage model
any real number smaller than −1 is a possible value of c0.

4 Discussion

The probability density function of −∑Nt
i=1 Bi is explicitly known in the particular

case where the probability density of Di is given by (9), so that −Bi is exponentially
distributed with expectation ρ−1. Apart from an atom at Nt = 0 with the small
probability e−λt , the density function is
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f (x) = √
ρλt/xe−(λt+ρx) I1(2

√
ρλt x), x > 0,

where I1 is a modified Bessel function of the first kind. This result might be used as
a staring point in a study of how well a NIG-distribution fits the log-size distribution.
Incidentally, this probability density was derived in [11] as the density function of the
position of an individual particle in alluvial sediment transport, where it was assumed
that the grains move according to a compound Poisson process with exponentially
distributed jumps.

The assumption that the grains move according to a Brownian motion is probably
a good approximation under homogeneous conditions. The effect of using a different
model for the grain motion is that the distribution of the random arrival time τ is
changed. In this more general case, Theorem 1 holds with the modification that the
moment generating function of the inverse Gaussian distributionψ is replaced by the
moment generating function ψ∗ of the new distribution of τ . Therefore, we find in
analogy with Sect. 2 that when λ is sufficiently large, then the distribution of log(Sτ )

is approximated by the distribution with characteristic function

ψ∗
(

−1

2
λb2s2 + iλb1s

)
exp(isμ). (10)

This is the characteristic function of a normal varaince-mean mixture. Suppose the
conditional distribution of a random variable X given the random variable v is a
normal distribution with mean μ + λb1v and variance λb2v, and that the distribution
of v has the moment generating function ψ∗. Then the unconditional distribution of
X has characteristic function (10), see e.g. [8]. The NIG-distributions are variance-
mean mixtures, where the mixing distribution is an inverse Gaussian distribution.
For many other distributions of τ than the inverse Gaussian distribution, the general
shape of the density function of the logarithm of the grain size is similar to that of a
NIG-distribution and a hyperbolic distribution. Conditions on themixing distribution
of a normal variance-meanmixture that ensure a tail behaviour similar to that of these
distributions were given in [8].

Let us briefly consider a few examples of alternative models for the grain motion.
For simplicity we consider one-dimensional models and assume that there is no
motion in the direction of the second axis. If, for instance, the motion of a grain
is modelled by a Brownian motion without drift, and if there is a reflecting barrier
(e.g. a steep cliff) near the source (in the direction opposite to the deposit), then
the approximate log-size distribution is a hyperbolic cosine distribution, which has
exponentially decreasing tails and is very similar to a hyperbolic distribution. It
is, however, not one of the generalized hyperbolic distributions, but belongs to the
class of generalized logistic distributions (a.k.a. the z-distributions). The logistic
distribution itself can also be obtained in a model involving an absorbing barrier (e.g.
a ravine). For details of these twomodels, see [8]. Diffusionmodels for which certain
first hitting times are generalized inverse Gaussian distributions can be found in [6].
Mixing distributions of this type give rise to generalized hyperbolic distributions.
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Another possible modification of the model is to assume that Nt is an inhomoge-
neous Poisson process with intensity cλt , so that themean number of breakage events
per time unit changes with time. In this case λt should be replaced by cΛ(t), with
Λ(t) = ∫ t

0 λsds, in (2). By arguments similar to those in the proof of Theorem 1, it
follows that for c → ∞, the log-size distribution is also in this case approximated
by a normal variance-mean mixture, where the mixing distribution is the distribution
of Λ(τ). This is true even if λt is random such that Nt is a Cox-process.

5 Conclusion

A model was presented that gives a possible explanation of the hyperbolic shape of
the log-size distribution found in many natural sand deposits. The distribution was
shown to be well approximated by a variance-mean mixture of normal distributions
because it is a mixture of the size distributions of grains that have spent different
amounts of time in transit between their source and the deposit, and therefore have
been subject to a randomly varying amount of attrition. Under the assumptions of
the model, the log-size distribution was shown to be approximately NIG-distributed,
and an interpretation of differences between the estimated parameters of log-size
distributions from different deposits was provided. For instance, the mean, variance
and an asymmetry parameters were related to the physical parameters of the model.
The model can only be used to interpret unimodal and negatively skewed log-size
distributions. It was argued that the general result that the log-size distribution is
well approximated by a normal variance-mean mixture of the same general shape
as a NIG-distribution is robust to the model assumptions and holds under weaker
assumptions about the grain motion and the attrition process.
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From Wind-Blown Sand to Turbulence
and Back

Björn Birnir

In honor of Ole Barndorff-Nielsen on the occasion of his 80th
birthday.

Abstract We describe the recently developed Kolmogorov-Obukhov statistical
theories of homogeneous turbulence and its extension to boundary layer turbulence.
The theories can be used to describe the size distribution of wind-blown sand but
the statistical theory of Lagrangian turbulence is still missing, so this task cannot be
completed yet. That this can be done was suggested by Ole-Barndorff Nielsen and
we show how his Generalized Hyperbolic Distribution gives the continuous part of
the probability distribution functions of the turbulent velocity differences.

Keywords Turbulence · Intermittency · Invariant measure ·Kolmogorov-Obukhov
scaling · Inertial cascade · Navier-Stokes equation · Large deviations · Poisson
processes · Central limit theorem · Structure functions · She-Leveque intermittency
corrections ·Boundary value turbulence ·Lagrangian turbulence ·Wind-blown sand

1 Introduction

In his book “The physics of blown-sand and desert dunes”, published in 1954, the
British military engineer R.A. Bagnold, described the size and mass distribution of
wind blown sand [1]. His research was based on years spent in the Saharan Desert
studying how the wind moves and forms the desert. He had done careful experiments
after his retirement from themilitary, where he fed sand to themouth of awind-tunnel
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and observed the mass distribution as a function of the distance down the tunnel. He
discovered that if he plotted this distribution on a log-log plot or he plotted the log
of the mass distribution as a function of the log of the distance down the tunnel,
then he got the lower-half of a hyperbola. This caught the eye of a brilliant young
Danish statistician named Ole Barndorff-Nielsen and he found the distribution [3]
that he called the Generalized Hyperbolic Distribution (GHD). What he also noticed
[2] was that his distributions looked very similar to the distribution of the velocity
differences in turbulence, that people had been able to compute in the sixties and
were becoming common in turbulence research in the seventies. It was a remarkable
observation and insight and it lead to a conjecture; that it was the turbulence in the
wind that was sorting the sand and giving its mass distribution the form of the GHD.

The question I want to ask here is: can we prove this relationship? As you will see
the answer is no, not yet, but we have made progress and have probably completed
2/3 of the journey towards this goal.

In 1941Kolmogorov [16] andObukhov [18] proposed that there exists a statistical
theory of turbulence that should allow the computation of all the statistical quantities
that can be computed andmeasured in turbulent systems. These are quantities such as
the moments, the structure functions and the probability density functions (PDFs) of
the turbulent velocity field. The Kolmogorov-Obukhov’41 theory predicted that the
structure functions of turbulence, that are the moments of the velocity differences at
distances separated by a lag variable l, should scale with the lag variable to a power
p/3 for the pth structure function, multiplied by a universal constant. This was found
to be inconsistent with observations and in 1962 Kolomogorov [17] and Obukhov
[19] presented a refined scaling hypothesis, where the multiplicative constants are
not universal and the scaling exponents are modified to ζp = p/3 + τp, by the inter-
mittency correction τp that are due to intermittency in the turbulent velocity. It was
still not clear what the values of τp should be, because the log-normal exponents sug-
gested by Kolmorogov turned out again to be inconsistent with observations. Then
in 1994 She and Leveque [22] found the correct (log-Poissonian) formulas for τp

that are consistent with modern simulations and experiments.
We will outline below how the statistical theory of Kolmogorov and Obukhov is

derived from the Navier-Stokes equation without getting into any of the technical
details. We start with the classical Reynolds decomposition of the velocity into the
mean (large scale) flow and the fluctuations or small scale flow. Then we develop a
stochastic Navier-Stokes equation [8], for the small scale flow. If we assume that dis-
sipation takes place on all scales in the inertial range (defined below) then it turns out
that the noise in this stochastic Navier-Stokes equation is determined by well-known
theorems in probability. The additive noise in the stochastic Navier-Stokes equation
is generic noise given by the central limit theorem and the large deviation principle.
The multiplicative noise consists of jumps multiplying the velocity, modeling jumps
in the velocity gradient. We will explain how this form of the noise follows from a
very general hypothesis.

Once the form of the noise in the stochastic Navier-Stokes equation for the small
scales is determined, we can estimate the structure functions of turbulence and estab-
lish the Kolmogorov-Obukhov’62 scaling hypothesis with the She-Leveque inter-
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mittency corrections [7]. Then one can compute the invariant measure of turbulence
writing the stochastic Navier-Stokes equation as an infinite-dimensional Ito process
and solving the linear Kolmogorov-Hopf [14] functional differential equation for the
invariant measure. Finally the invariant measure can be projected onto the PDF. The
PDFs turn out to be the GHD of Barndorff-Nielsen [2, 4], and compare well with
PDFs from simulations and experiments, as was shown by Barndorff-Nielsen et al.
[4] in 2004. The details of the proofs can be found in [7] and the background material
can be found in [8].

The problem with sand is that it is always blown along a boundary, but not in
homogeneous turbulence as described above. So although we have been able to show
that the distributions of the moments of the velocity differences in homogeneous
turbulence are indeed given by the GHD, as predicted by Ole’s remarkable insight,
we have not dealt with turbulent boundary layers. The sand is carried by the turbulent
boundary layer, so we have only come 1/3 of the way.

The famous log-law of Prandtl (1925) and von Kármán (1930) is the most dis-
tinguished characteristic of turbulent boundary flows. It says that the mean-velocity
profile in the inertial region satisfies the formula:

〈u〉/uτ = κ−1 ln(zuτ /ν) + B, (1)

where uτ = √
τw/ρ is the friction velocity based on the wall stress τw, ρ is the

fluid density, ν is the kinematic viscosity, κ is the von Kármán constant and B is
also a constant. 〈·〉 denotes an ensemble average, this can be an average over many
experiments or many computer simulations. The log-law is well established both
experimentally and numerically, see reviews by Smits, McKeon and Marusic (2011)
and Jimenez (2012). It has proven to be an invaluable tool in the theory of turbulent
boundary layers.

It was suggested by Meneveau and Marusic (2013) that the log-law of the fluctu-
ations could by generalized to any moment p ≥ 2 of the fluctuations (p = 2 is due
to Townsend) by the law

〈(u+)2p〉1/p = Bp − Ap ln(z/δ) = Dp(Reτ ) − Ap ln(zuτ /ν) (2)

where zuτ /ν are the viscous units and Dp = Bp + Ap ln Reτ is a Reynolds number
Reτ dependent offset.

Recently Birnir et al. [11], extended the theory of Birnir [7, 8] developed for
homogeneous turbulence to boundary layers to prove (2) with a more physically-
based normalization in the inertial range. They showed that the universal constants
satisfy the relationship

Ap =
(
1

l∗

)ζ1−ζp C1/p
p

C1
A1,

where ζp = p/3 + τp = p/9 + 2(1 − (2/3)p/3) are theKolmogorov-Obukhov-She-
Leveque, scaling exponents of the structure functions of turbulence, see [8], and l∗
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is a small constant. The C ps are the Kolmogorov-Obukhov scaling coefficients,
computed below. The sub-Gaussian (they lie below the values expected from a
Gaussian distribution) behavior of the Aps is caused by the KOSL scaling. These
authors also computed the probability density functions of the fluctuations in the
inertial range. These PDFs turn out to be Generalized Hyperbolic Distributions mul-
tiplied by a discrete measure, see the forthcoming article [10] and Sect. 5. In the
viscous range the PDFs are skewed Gaussians. The boundary layer theory allows us
to determine the statistical theory in boundary layer flow, we will not give the details
below but refer to the forthcoming article [11].

However, even if we know the statistics of the flow of the air in a boundary layer,
we still do not know how the sand is carried with the turbulent flow. To do this we
have to develop the Lagrangian Theory of turbulence for the boundary layer. The
reason is that the grains of sand have their own characteristics and are carried with
the airflow and interact with it. Some grains creep along the surface others fly and
when the land they can send the grains they land on flying. This is called saltation,
see [24]. In Lagrangian flow you move along the air flow and observe the sand as it is
carried along this flow. The details are complicated and it is this theory that we have
to work out before, we can say that Ole’s conjecture that the turbulence in the air is
carrying and sorting the sand can be proven. This is the missing 1/3 of the story.

2 The Deterministic Navier-Stokes Equations

A general incompressible fluid flow satisfies the Navier-Stokes Equation

ut + u · ∇u = ν�u − ∇ p, u(x, 0) = u0(x)

with the incompressibility condition ∇ · u = 0.1 Eliminating the pressure using the
incompressibility condition gives

ut + u · ∇u = ν�u + ∇�−1trace(∇u)2, u(x, 0) = u0(x).

The turbulence is quantified by the dimensionless Taylor-Reynolds number Reλ =
Uλ
ν

[20]. We will impose periodic boundary conditions on the small scales below.

2.1 Reynolds Decomposition

Following the classical Reynolds decomposition [21], we decompose the velocity
into mean flowU and the fluctuations u. Then the velocity is written asU + u, where
U describes the large scale flow and u describes the small scale turbulence. We must

1�u = ∂2u
∂x2

+ ∂2u
∂y2

+ ∂2u
∂z2

and ∇ · u = ∂u
∂x + ∂u

∂y + ∂u
∂z .
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also decompose the pressure into mean pressure P and the fluctuations p, then the
equation for the large scale flow can be written as

Ut + U · ∇U = ν�U − ∇ P − ∇ · (u ⊗ u), (3)

where in coordinates∇ · (u ⊗ u) = ∂ui u j

∂x j
, that is∇ is dottedwith the rows of ui u j and

Ri j = u ⊗ u is the Reynolds stress, see [5]. TheReynolds stress has the interpretation
of a turbulent momentum flux and the last term in (3) is also know as the eddy
viscosity. It describes how the small scales influence the large scales. In addition we
get divergence free conditions for U , and u

∇ · U = 0, ∇ · u = 0.

Together, (3) and the divergence free condition onU giveReynoldsAveragedNavier-
Stokes (RANS) that forms the basis for most contemporary simulations of turbulent
flow.

Finding a constitutive law for the Reynolds stress u ⊗ u is the famous closure
problem in turbulence and we will solve that by writing down a stochastic equation
for the small scale velocity u. The hypothesis is that the large scales influence the
small scales directly, through the fluid instabilities and the noise in fully developed
turbulence. An example of these mechanics, how the instabilities magnify the tiny
ambient noise to produce large noise, in given in [6], see also Chap.1 in [8].

The consequence of the above hypothesis is that the small scale velocity u in
turbulence is a stochastic process that is determined by a stochastic partial differential
equation (SPDE). This is the Eq. (4) and it is the Navier-Stokes equation driven by
noise. This is the point of view taken by Kolmogorov in [15–17], but the question
we have to answer is: what is the form of the noise? There is a large literature on
this question, trying to trace the form of the noise back to the fluid instabilities, but
these attempts have proven to be unsuccessful. Any memory of the fluid instabilities
is quickly forgotten in fully-developed turbulence and the noise seems to be of a
general form. Thus it makes sense to try to put generic noise into the Navier-Stokes
equations and see how the Navier-Stokes evolution colors generic noise. Below we
will answer what generic noise in the Navier-Stokes equation must look like, see [8]
for more details.

Now consider the inertial range in turbulence. In Fourier space this is the range of
wave numbers k: 1

L ≤ |k| ≤ 1
η
, where η = (ν3/ε)1/4 is the Kolmogorov length scale,

ε is the energy dissipation and L the size of the largest eddies, see [8]. If we assume
that dissipation takes place on all length scales in the inertial range then the form of
the dissipation processes are determined by the fundamental theorems of probability.
Namely, if we impose periodic boundary conditions (different boundary conditions
correspond to different basis vectors), then the central limit theorem and the large
deviation principle stipulate that the additive noise in the Navier-Stokes equation for
the small scale must be of the form:
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∑

k 
=0

c
1
2
k dbk

t ek(x) +
∑

k 
=0

dk |k|1/3dt ek(x),

where ek(x) = e2π ik·x are the Fourier coefficient and c
1
2
k and dk are coefficients that

ensure the series converge in 3 dimensions. The first term describes the mean of
weakly coupled dissipation processes given by the central limit theorem and the
second term describes the large deviations of that mean, given by the large deviation
principle, see [8]. Thus together the two terms give a complete description of the
mean of the dissipation process similar to the mean of many processes in probability.
The factor |k|1/3 implies that the mean dissipation has only one scaling. Notice that
we do not impose any convergence rate on the coefficients c1/2k and dk beyond that
the above term must make sense in L2(T3), the function space of square integrable
functions were we want the SPDE to make sense. T3 is the three-dimensional torus
because of the periodic boundary conditions on u. Thus any scaling must come from
the Navier-Stokes evolutions acting on the noise. The Fourier coefficients of the first
series contain independent Brownian motions bk

t and thus the noise is white in time
in the infinitely many directions in function space. The noise cannot be white in
space, hence the decaying coefficients c1/2k and dk , because if it was the small scale
velocity u would be discontinuous in 3 dimension, see [7]. This is contrary to what
is observed in nature.

However, the noise must also have another multiplicative term. This part of the
noise, in fully developed turbulence, models the noise associated with the excur-
sion (jumps) in the velocity gradient or vorticity concentrations. It is known from
simulations that such jumps in the velocity gradient of the fluid are present in fully-
developed turbulence. If we let N k

t denote the integer number of velocity excursion,
associated with kth wavenumber, that have occurred at time t , so that the differ-
ential d N k(t) = N k(t + dt) − N k(t) denotes the number of excursions in the time
interval (t, t + dt], then the process d f 3t = ∑M

k 
=0

∫
R

hk(t, z)N̄ k(dt, dz), gives the
multiplicative noise term. One can show that any noise corresponding to jumps in
the velocity gradients must have this multiplicative noise to leading order, see [7]. A
detailed derivation of both the noise terms can be found in [7, 8].

Adding the additive noise and themultiplicative noiseweget the stochasticNavier-
Stokes equations describing the small scales in fully developed turbulence

du = (ν�u − u · ∇u + ∇�−1tr(∇u)2)dt +
∑

k 
=0

c
1
2
k dbk

t ek(x) +
∑

k 
=0

dk |k|1/3dt ek(x)

+ u(

M∑

k 
=0

∫

R

hk N̄ k(dt, dz)), u(x, 0) = u0(x), (4)

where we have used the divergence free condition ∇ · u = 0 to eliminate the small
scale pressure p. Each Fourier component ek comes with its own Brownian motion
bk

t and a deterministic bound |k|1/3dt .
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2.2 Solution of the Stochastic Navier-Stokes

The next step is to figure out how the generic noise interacts with the Navier-Stokes
evolution. This is determined by the integral form of the Eq. (4),

u = eK t e
∫ t
0 dq Mt u

0 +
∑

k 
=0

∫ t

0
eK (t−s)e

∫ t
s dq Mt−s(c

1/2
k dβk

s + dk |k|1/3ds)ek(x), (5)

where K is the operator K = ν� + ∇�−1tr(∇u∇), and we have omitted the
terms −U · ∇u − u · ∇U in (4), to simplify the exposition. We solve (4) using the
Feynmann-Kac formula, and the Cameron-Martin formula (or Girsanov’s Theorem)
from probability theory, see [8], to get (5). The Cameron-Martin formula gives the
Martingale Mt = exp{− ∫ t

0 u(Bs, s) · d Bs − 1
2

∫ t
0 |u(Bs, s)|2ds}. The Feynmann-

Kac formula gives the exponential of a sumof termsof the form
∫ t

s dqk = ∫ t
0

∫
R
ln(1 +

hk)N k(dt, dz) − ∫ t
0

∫
R

hkmk(dt, dz), see [7] or [8] Chap.2 for details. The form of
the processes

e
∫ t
0

∫
R
ln(1+hk )N k (dt,dz)−∫ t

0

∫
R

hk mk (dt,dz) = eN k
t ln β+γ ln |k| = |k|γ βN k

t (6)

was found by She and Leveque [22], for hk = β − 1. It was pointed out by She and
Waymire [23] and by Dubrulle [13] that they are log-Poisson processes. The upshot
of this computation will be that we see the Navier-Stokes evolution acting on the
additive noise to give the Kolmogorov-Obukhov’41 scaling, and the Navier-Stokes
evolution acting on the multiplicative noise to produce the intermittency corrections
through the Feynmann-Kac formula. Together these two scaling then combine to
give the scaling of the structure functions in turbulence. This will become clear
when we consider the structure functions and invariant measure of the stochastic
Naiver-Stokes equation below.

3 The Kolmogorov-Obukhov-She-Leveque Scaling

The structure functions in turbulence are defined to be

Sp(|x − y|, t) = E(|δu|p) = E(|u(x, t) − u(y, t)|p),

p ∈ N, where E is the expectation, that is substituted by an ensemble average in
simulations and experiments. l = |x − y| is called the lag variable. The structure
functions are a better probe of turbulence than the usual moments of the velocity,
since the latter exhibit (skewed) Gaussian behavior and do not reveal the scaling
found in turbulent fluids.
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3.1 Computation of the Structure Functions

The structure functions are non-negative so it suffices to estimate them from above,
when the lag variable is small the estimates are sharp.

Lemma 3.1 (The Kolmogorov-Obukhov-She-Leveque scaling) The scaling of the
structure functions is

Sp ∼ C p|x − y|ζp , ζp = p

3
+ τp = p

9
+ 2(1 − (2/3)p/3).

p
3 being the Kolmogorov scaling and τp the intermittency corrections, for l = |x − y|
small. The scaling of the structure functions is consistent with Kolmogorov’s 4/5 law,
S3 = − 4

5ε|x − y|, to leading order, were ε = − dE
dt is the energy dissipation.

Here S3 is the structure function of the velocity differences, without the absolute
value.

3.2 The First Few Structure Functions

The first structure functions is estimated by

S1(x, y,∞) ≤ 2

C

∑

k∈Z3\{0}

|dk |(1 − e−λk t )

|k|ζ1 | sin(πk · (x − y))|.

We get a stationary state as t → ∞, and for |x − y| small, S1(x, y,∞) ∼ 2πζ1

C∑
k∈Z3\{0} |dk ||x − y|ζ1 , where ζ1 = 1/3 + τ1 ≈ 0.37. Similarly, S2(x, y,∞) ∼

4πζ2

C2

∑
k∈Z3\{0}[dk

2 + (C
2 )ck]|x − y|ζ2 , when |x − y| is small, where ζ2 = 2/3 +

τ2 ≈ 0.696, and S3(x, y,∞) ∼ 23π
C3

∑
k∈Z3\{0}[|dk |3 + 3(C/2)ck |dk |]|x − y|. For the

pth structure functions, we get that Sp is estimated by

Sp ≤ 2p

C p

∑

k∈Z3\{0}

σ p2p/2�((1 + p)/2) 1F1
(
− 1

2 p, 1
2 , − 1

2 (M/σ)2
)

√
π |k|ζp

| sinp(πk · (x − y))|,

where 1F1 is the hypergeometric function, M = |dk |(1 − e−λk t ) and
σ = √

(C/2)ck(1 − e−2λk t ). The details of these estimates are given in [7, 8]. These
values are consistent with the values found in high-Reynolds number experiments,
see [12, 25].

The integral equation can be considered to be an infinite-dimensional Ito process,
see [8]. This means that we can find the associated Kolmogorov backward equation
for the Ito diffusion associated with the Eq. (5) and this equation that determines the
invariant measure of turbulence, see [7], is linear. This was first attempted by Hopf
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[14] wrote down a functional differential equation for the characteristic function of
the invariant measure of the deterministic Navier-Stokes equation. The Kolmogorov-
Hopf (backward) equation for (4) is

∂ φ

∂t
= 1

2
tr[Pt C P∗

t �φ] + tr[Pt D̄∇ φ] + 〈K (z)Pt ,∇ φ〉, (7)

see [7, 8] Chap.3, where D̄ = (|k|1/3Dk), φ(z) is a bounded function of z, Pt =
e− ∫ t

0 ∇u dr Mt
∏m

k |k|2/3(2/3)N k
t . The variance and drift are defined to be

Qt =
∫ t

0
eK (s) PsC P∗

s eK ∗(s)ds, Et =
∫ t

0
eK (s) Ps D̄ds. (8)

3.3 The Invariant Measure of the Stochastic Navier-Stokes

In distinction to the nonlinear Navier-Stokes equation (4) that cannot be solved
explicitly, the linear equation (7) can be solved. The solution of the Kolmogorov-
Hopf equation (7) is

Rt φ(z) =
∫

H
φ(eK t Pt z + Et I + y)N (0,Qt ) ∗ PNt (dy),

PNt being the law of the log-Poisson process (6). N(E,Q) is the law of an infinite-
dimensional Gaussian process with mean E and variance Q and ∗ denotes convolu-
tion. The invariant measure of turbulence that appears in the last equation can now
be expressed explicitly,

Theorem 3.1 The invariant measure of the Navier-Stokes equation on Hc = H 3/2+

(T3) is,

μ(dx) = e<Q−1/2E I, Q−1/2x>− 1
2 |Q−1/2E I |2N (0,Q)(dx)

∑

k

δk,l

m∏

j 
=l

δ
N j

t

∞∑

j=0

p j
ml δ(Nl− j)

where Q = Q∞, E = E∞, mk = ln |k|2/3 is the mean of the log-Poisson processes
(6) and p j

mk = (mk )
j e−mk

j ! is the probability of N k∞ = Nk having exactly j jumps, δk,l

is the Kroncker delta function and δN j
t

is the Dirac delta function concentrated

at N j
t .

This shows that the invariant measure of turbulence is simply a product of two mea-
sures, one an infinite-dimensional Gaussian that gives the Kolmogorov-Obukhov
scaling and the other a discrete Poisson measure that gives the She-Leveque inter-
mittency corrections. Together they produce the scaling of the structure functions in
Lemma1. This makes it clear how the Navier-Stokes evolution operating on the addi-
tive and the multiplicative noise in Eq. (4) produces the scaling. Miraculously, the
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infinite dimensional Gaussian part (Kolmogorov-Obukhov) and the intermittency
part (She-Leveque) separate in the invariant measure on the infinite-dimensional
functions space, one represented by a continuous measure the other one by a dis-
crete measure. It is when we project this measure onto measures of experimental or
simulated quantities, see below, that these two parts get mixed.

3.4 The Differential Equation for the PDF

A quantity that can be compared directly to experiments and simulations is the
probability density function (PDF) for the velocity differences δu. We take the trace
of the Kolmogorov-Hopf equation (7), see [8] Chap.3, to compute the differential
equation satisfied by the PDF for δu. First we do this ignoring the intermittency
corrections τp in Lemma1, see [9] for details. The stationary equation satisfied by
the PDF without intermittency corrections is

1

2
φ
rr

+ 1 + |c|
r

φ
r

= 1

2
φ . (9)

The probability density functions (PDF) is going to be a solution of this equation, if
the intermittency corrections τp are ignored, the details of the computation are given
in [7, 8].

4 The Probability Density Function

4.1 The Generalized Hyperbolic Distributions

Lemma 4.1 The PDF, without intermittency corrections, is a Generalized Hyper-
bolic Distribution (GHD) of Barndorff-Nielsen [3]:

f (x) = (γ /δ)λ√
2π Kλ(δγ )

Kλ− 1
2

(
α
√

δ2 + (x − μ)2
)

eβ(x−μ)

(√
δ2 + (x − μ)2/α

)λ− 1
2

(10)

where Kλ is the modified Bessel’s function of the second kind with index λ, γ =√
α2 − β2. α, β, δ and μ are parameters.

Equation (10) is the solution of (9), see [7, 8] for details of the proof, and the PDF
that can be compared a large class of experimental data.
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5 The PDF of Turbulence

The PDF of δu becomes more complicated when the intermittency is included. Then
it becomes impossible to have a single continuous PDF for all the different moments
and instead one has to have a distribution that is a product of a discrete and continuous
distributions, just as the invariant measure of turbulence Theorem 3.1 itself. One can
put in the intermittency correction in the Eq. (9) defining the PDF and get a different
continuous PDF for each moment, this is done in [9]. In this paper we will take a
different approach and project the invariant measure Theorem 3.1 to a PDF that is a
product of a continuous and a discrete measure analogous to the invariant measure
itself. The continuous part of the PDFwill be theGeneralizedHyperbolicDistribution
(10).

We start with the log-Poisson process |x | ( 2
3

)N k
t and the mean mk = ln(|x |−6) of

the associated Poisson distribution. Now the mixed continuous and discrete distrib-
ution is given by:

μ̄(·) =
∫ ∞

−∞

∞∑

j=0

(ln(|x |−6)) j

j ! |x |6δN k
t − j (·) f (x)dx, (11)

where μ̄denotes the projectionof themeasure.Weassume that the velocity is aHölder
continuous function of Hölder index 1/3, see [8]. Then evaluating the measure on
the pth moment of the velocity differences gives,

∫ ∞

−∞

∞∑

j=0

(ln(|x |−6)) j

j ! |x |6δN k
t − j (|x |

(
2

3

)N k
t

)
p
3 f (x)dx =

∫ ∞

−∞
|x | p

3 |x |6(1−(2/3)
p
3 ) f (x)dx

=
∫ ∞

−∞
|x |p+3τp f (x)dx =

∫ ∞

−∞
|x |3ζp f (x)dx,

where
ζp = p

3
+ τp

is the scaling exponent of the pth structure function, with the intermittency correction
τp. The upshot is that the discrete part of the PDF adds the intermittency correction
|x |3τp to the pth moment and

μ̄(|δu|p) =
∫ ∞

−∞
|x |p+3τp f (x)dx, (12)

where δu are the velocity differences and the intermittency corrections are τp =
− 2p

9 + 2(1 − (2/3)
p
3 ).

We have shown that the PDF (11) of the velocity differences in turbulence con-
sists of a continuous distribution convolved with a discrete one. This is a direct
consequence of the similar structure of the invariant measure Theorem 3.1 of
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turbulence. The continuous part of the PDF corresponds to the Kolmogorov-
Obukhov’41 theory represented by the infinite-dimensional Gaussian measure in
Theorem 3.1, whereas the discrete part corresponds to the She-Leveque intermit-
tency correction just as it does in Theorem 3.1. Remarkably, all of this follows from
the Navier-Stokes equations when generic noise is added to it (4).
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Modelling Turbulent Time Series
by BSS-Processes

José Ulises Márquez and Jürgen Schmiegel

Abstract Brownian semi-stationary processes have been proposed as a class of
stochastic models for time series of the turbulent velocity field. We show, by detailed
comparison, that these processes are able to reproduce the main characteristics of
turbulent data. Furthermore,wepresent an algorithm that allows to estimate themodel
parameters from second and third order statistics. As an application we synthesise a
turbulent time series measured in a helium jet flow.

Keywords Turbulence · Brownian semi-stationary processes · Ambit fields

1 Introduction

Stochastic modelling of the turbulent velocity field, understood as an explicit sto-
chastic approach (in contrast to an implicit set up in terms of governing equations
and/or in terms of related quantities like velocity increments or velocity derivatives),
is generally speaking not well developed in the literature. Most of the existing lit-
erature on stochastic turbulence modelling deals with models for derived quantities
like velocity increments, energy dissipation and accelerations.

Early attempts to model the rapid variation of the turbulent velocity field include
[4, 10, 11, 18, 25, 36] (among many others). Such phenomenological approaches
are sometimes called “synthetic turbulence” and can be divided into two classes.
The first direction starts from modelling the velocity field and derives the model for
the energy dissipation by taking squared small scale increments. The second line
of investigation focuses on modelling the energy dissipation field and derives the
velocity field by various, partly ad hoc, manipulations. The approach presented here
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conceives the energy dissipation as the fundamental field, entering directly themodel
for the velocity field and obeying the physical interpretation of the energy dissipation
as the squared small scale fluctuations.

In [36], an iterative, geometricmulti-affinemodel for the one-dimensional velocity
process is constructed and some of the basic, global statistical quantities of the energy
dissipation field are derived. However, this discrete, dyadic approach does not allow
to give explicit expressions for more specific statistical quantities.

Another dyadic, iterative approach for the construction of the velocity field is
discussed in [10]. Their model is based on a wavelet decomposition of the velocity
field combined with a multiplicative cascading structure for the wavelet coefficients.
As discussed in [18], such wavelet approaches are superior over discrete geometric
approaches as they allow to model stationarity in a mathematical more rigorous way.
The approach discussed here does not suffer from problems related to mathematical
rigour and no iterative limit arguments are needed for the construction. A related
and interesting wavelet-based approach is discussed in [11], which allows for a
sequential construction of the field. A further wavelet-based approach [4] builds on
random functions and their orthogonal wavelet transform. The authors show that to
each such random function there is an associated cascade on a dyadic tree of wavelet
coefficients.

The models [10, 36] fail to incorporate skewness for the velocity increments
[25], a basic property of turbulent fields. As an alternative approach, [25] proposes
a combination of a multiplicative cascade for the energy dissipation, the use of
Kolmogorov’s refined similarity hypothesis [26] and an appropriate summation rule
for the increments to construct the velocity field. Here, again, only discrete iterative
procedures are employed which make analytical statistical statements very difficult.

The stochastic models discussed in the present paper, called Brownian semi-
stationary processes, have been proposed to be potentially suitable for turbulence
modelling in [7, 8]. These processes define the turbulent velocity field explicitly and
as such allow for analytic calculations and identification of the parameters of the
model with physical quantities.

In [7] it has been shown that Brownian semi-stationary processes are able to
qualitatively reproduce some aspects of turbulence statistics like the evolution of
the densities of velocity increments across scales and the conditional statistics of
the so-called Kolmogorov variable. Here we will extend and quantify in detail the
comparison of the model with empirical data by including more stylised features
of turbulent data. Our goal is to estimate the parameters entering Brownian semi-
stationary processes from a given turbulent data set. Based on this estimation, a
numerical simulation of the model is then compared in great detail with the turbulent
data set at hand, including statistical properties not used for the estimation procedure.

The paper is organised as follows. In Sect. 2 we list the main stylised features
of turbulent time series we use to validate the model. Brownian semi-stationary
processes as models for the turbuent velocity field along with cascades processes as
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models for the energy dissipation are presented in Sect. 3. Section4 addresses the
estimationprocedure for the parameters of themodel andbrieflyoutlines thenumerics
behind the simulations. Finally, Sect. 5 concludes and summarises the results.

2 Stylised Features of Turbulent Time Series

In general, turbulence concerns the dynamics in a fluid flow of the three-dimensional
velocity vector v(r, t) = (vx (r, t), vy(r, t), vz(r, t)) as a function of position r =
(x, y, z) and time t . A derived quantity is the energy dissipation, defined as

ε(r, t) ≡ ν

2

∑

i, j=x,y,z

(
∂i v j (r, t) + ∂ j vi (r, t)

)2
. (1)

The energy dissipation describes the loss of kinetic energy due to friction forces
characterised by the viscosity ν.

A pedagogically valuable illustration of a turbulent flow can be gained from the
Kolmogorov cascade [20]. In this representation kinetic energy is injected into the
flow at large scales through large scale forcing. Non-linear effects redistribute the
kinetic energy towards smaller scales. This cascade of energy stops at small scales
where dissipation transforms kinetic energy into heat. It is traditional to call the large
scale I of energy input the integral scale and the small scale η of dominant dissipation
the dissipation scale or Kolmogorov scale. With increasing Reynolds number the
fraction I/η increases, giving space for the so called inertial range η � l � I where
turbulent statistics are expected to have some universal character. A more precise
definition defines the inertial range as the range of scales 1/k where the spectrum
E(k) (the Fourier transform of the correlation function of the velocity field) displays
a power law E(k) ∝ k−5/3 [20].

The resolution of all dynamically active scales in experiments is at present not
achievable for the full three-dimensional velocity vector. Most experiments measure
a time series of one component v (in direction of themean flow) of the velocity vector
at a fixed single location r0. Based on this restriction one defines the temporal (or
surrogate) energy dissipation for stationary, homogeneous and isotropic flows

εt (r0) ≡ 15ν

v2

(
dv(r0, t)

dt

)2

, (2)

where v denotes the mean velocity (in direction of the mean flow).
The temporal energy dissipation (2) is expected to approximate basic statistical

properties of the true energy dissipation (1) for stationary, homogeneous and isotropic
flows. For other flow conditions, the temporal energy dissipation still contains impor-
tant statistical information about the turbulent velocity field.
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The transformation of the spatial derivatives in (1) to the temporal derivative in
(2) is performed under the assumption of a stationary, homogeneous and isotropic
flow and the assumption of Taylor’s Frozen Flow Hypothesis [35] which states that
spatial structures of the flow are predominantly swept by the mean velocity v without
relevant distortion. Under this hypothesis, widely used in analysing turbulent time
series, spatial increments along the direction of the mean flow (in direction x) are
expressed in terms of temporal increments

v(x, y, z, t + s) − v(x, y, z, t) = v(x − vs, y, z, t) − v(x, y, z, t). (3)

In the present paper, we only deal with homogeneous, isotropic and stationary tur-
bulence. Furthermore, we restrict ourselves to temporal statistics at a fixed position
in space and refer to the inertial range as the temporal counterpart of the spatial
inertial range defined by time scales s where η/v � s � I/v. Time scales s � η/v
are called dissipation time scales and time scales s � I/v are called integral time
scales.

In what follows, the notion energy dissipation refers to the temporal energy dis-
sipation, unless otherwise stated. We also skip reference to the spatial location r0 in
(2) and write εt for εt (r0).

The most striking feature of time series of the energy dissipation is the strong
variability with localised and clustered outbursts of different size and duration. This
strongly fluctuating behaviour, which is far away from what might be expected in a
Gaussian framework, is called the intermittency of the energy dissipation.

The traditional characterisation of the intermittent behaviour of the energy dissi-
pation refers to the coarse grained field amplitude over a time horizon T

ε(T, t) = 1

T

∫ t+T/2

t−T/2
εsds. (4)

It has been shown in numerous publications that the moments of the coarse grained
energy dissipation follow a scaling law in the inertial range for large Reynolds
numbers

E
{
ε(T, t)n

}
∝ T −ξ(n) (5)

where the positive multifractal scaling exponents ξ(n) are expected to be universal
in the limit of very large Reynolds number (cf. e.g. [20, 32] and references therein).
The termmultifractality refers to the non-linear dependence of the scaling exponents
ξ(n) on the order n. The notion of a Reynolds number refers to the time-wise defined
Taylor micro-scale Reynolds number [20]

R = Var{v}
ν
√
E{εt } (6)

where Var denotes the variance.



Modelling Turbulent Time Series by BSS-Processes 33

An immediate consequence of the scaling relation (5) in second order n = 2 is
scaling of correlators cp,q of order (p, q) = (1, 1). These correlators are defined as

cp,q(s) ≡ E
{
ε

p
t ε

q
t+s

}

E
{
ε

p
t

}
E

{
ε

q
t+s

} . (7)

The empirical analysis of cp,q revealed the existence of a range of scales s where

cp,q(s) ∝ s−τ(p,q) (8)

and τ(1, 1) = ξ(2) [2, 14–16, 21, 28–31].
Intermittency of the velocity field refers to the fact that fluctuations around the

mean velocity occur in clusters and are more violent than expected from Gaussian
statistics. Furthermore, the frequency of large fluctuations increases with increasing
resolution. In terms of moments of temporal velocity increments

us(t) ≡ vs+t − vt , s > 0 (9)

intermittency is usually described by (approximate) multifractal scaling of structure
functions (e.g. [1, 27])

Sn(s) = E{us(t)
n} ∝ sτ(n). (10)

Here, vt is one component of the velocity (usually along the mean flow) at time t and
at a fixed position and the time scale s is within the inertial range. When appropriate,
we write us instead of us (t) in (9) since we are only dealing with stationary time
series.

Multifractal scaling of structure functions is assumed to hold in the limit of infinite
Reynolds number [20]. However, experiments show that the scaling behaviour (10)
might be poor, even for large Reynolds numbers [3, 32]. Furthermore, even if the
scaling relation (10) holds, the inertial range still covers only part of the accessible
scales where intermittency is observed.

From a probabilistic point of view, (10) expresses a scaling relation for the
moments of the probability density function (pdf) of velocity increments. A proper
estimation of higher-order moments requires an accurate estimation of the tails of
the pdf. Thus it may be advantageous to directly work with the pdf. In terms of the
pdf, intermittency refers to the increase of the non-Gaussian behaviour of the pdf of
velocity increments with decreasing time scale.

A typical scenario is characterised by an approximate Gaussian shape for the large
scales (larger than scales at the inertial range), turning to exponential tails within
the inertial range and stretched exponential tails for dissipation scales (below the
inertial range). This change of shape across all scales clearly reveals the inadequacy
of a characterisation of intermittency solely via multifractal scaling of structure
functions (which is observed only within the inertial range). In [6, 9] it is shown that
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normal inverse Gaussian (NIG) distributions are well adapted to accurately describe
the densities of velocity increments at all scales and for a wide range of Reynolds
numbers.

In 1962, Kolmogorov [26] published two hypotheses (usually referred to as K62)
about a quantity V that combines velocity increments, being a large scale quantity,
and the energy dissipation, being a small scale quantity. The first hypothesis states
that the pdf of the stochastic variable

Vr = Δvt (r)

(rεr )1/3
(11)

depends, for r � L , only on the local Reynolds number

Rer = r(rεr )
1/3/ν. (12)

Here,
Δvt (r) = vt (x + r/2, y, z) − vt (x − r/2, y, z) (13)

denotes the increment of the component v of the velocity vector in direction of the
mean flow (the x-direction) at scale r and rεr is the integrated energy dissipation (1)
over a domain of linear size r

εr = 1

r

∫ x+r/2

x−r/2
ε(σ, y, z, t)dσ. (14)

The second hypothesis states that, for Rer � 1, the pdf of Vr does not depend on
Rer , either, and is therefore universal.

Although, for small r , an additional r dependence of the pdf of Vr has been
observed [33], the validity of several aspects of K62 has been verified experimentally
and by numerical simulation of turbulence [24, 33, 34, 37]. In particular it has been
shown that the conditional densities p(Vr |rεr ) become independent of rεr for a
certain range of scales r within the inertial range. However, the universality of the
distribution of V has not been verified in the literature. In this respect, it is important
to note that the experimental verification of the Kolmogorov hypotheses is, with
reasonable resolution of scales, restricted to temporal statistics and as such relies on
the use of the temporal energy dissipation (2) instead of the true energy dissipation
(1). In the time domain, the Kolmogorov variable V is defined as

Vt,s = us(t − s/2)

(vsε(s, t))1/3
(15)

where us(t) denotes the temporal velocity increment (9) at time scale s, v is the mean
velocity and ε(s, t) the coarse grained temporal energy dissipation (4).
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3 Modelling Framework

In this Section we present the stochastic framework for modelling turbulent time
series. One of the main ingredients of the model is the surrogate energy dissipation
which, in our approach, will be modelled as a continuous cascade process.We briefly
discuss cascade models in Sect. 3.1. Section3.2 presents the model for the temporal
turbulent velocity field along with its most relevant properties.

3.1 The Cascade Model for the Turbulent Energy Dissipation

Our model for the turbulent velocity field takes as an input the temporal energy
dissipation which is modelled as a continuous cascade model [23]. In [23] it is
shown that this Lévy based approach is able to reproduce the main stylised features
of the energy dissipation observed for a wide range of data sets, including the data
we analyse in the present paper.

Specifically, we model the temporal energy dissipation ε as the exponential of an
integral with respect to a homogeneous Lévy basis L on R

2,

εt = exp

(∫

A(t)
L (dy, ds)

)
= exp (L (A (t))) , t ∈ R, (16)

where A (t) = A + (0, t) for a bounded set A ⊂ R
2. The set A (t) is called the ambit

set. From the homogeneity of L it follows that (16) is a stationary stochastic process.
For details about Lévy bases and the derivation of some of the properties of (16), we
refer to [23] and the references therein.

The ambit set A is given as

A = {(x, t) : 0 ≤ t ≤ T,− f (t) ≤ x ≤ f (t)}, (17)

where T > 0. For T > 0, k > 1, and θ > 0, the function f is defined as

f (t) =
(

1 − (t/T )θ

1 + (k · t/T )θ

)1/θ

0 ≤ t ≤ T . (18)

This specification of the ambit set is adapted to reproduce the empirically observed
scaling of correlators.

In [23] it is shown that the density of the logarithm of the energy dissipation is well
described by a normal inverse Gaussian distribution, i.e. log εt ∼ NIG (α, β, μ, δ).
For the correlators cp,q (7) to exist it is necessary to assume that εt has exponential
moments of order p + q leading to the condition p + q < α − β. As discussed
in [23], for a realistic modelling, it is enough to require existence of cp,q up to
order p + q = 4.5. Furthermore, we set E{ε} = 1 for convenience. Under these
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Table 1 Parameters for the data set analysed in this paper

Data Ambit set NIG-law

R η I f̂ T k θ α β μ δ

985 0.21 443.9 367500 880 10000 2.20 2.50 –2.00 2.42 3.06

R denotes the Taylor micro-scale Reynolds number, η is the Kolmogorov scale (in units of the finest
resolution), I denotes the integral scale (in units of the finest resolution) and f̂ is the sampling
frequency. The parameters T (in units of the finest resolution), k and θ characterise the ambit set
(17). The parameters α, β, μ and δ specify the NIG-law of L in (16)

constraints, the parameters of the underlying NIG-laws and the corresponding ambit
sets have been estimated in [23] for a number of turbulent data sets including the one
we use in our analysis. Table1 lists these parameters.

3.2 A Stochastic Model for Turbulent Velocity Time Series

Brownian semi-stationary (BSS) processes, introduced in [8] as potential models for
turbulent velocity time series, are stochastic processes of the form

Zt = μ +
∫ t

−∞
g (t − s) σsdWs +

∫ t

−∞
q (t − s) asds, t ∈ R, (19)

whereμ is a constant, (Wt )t∈R is a standardBrownianmotion, g andq are nonnegative
deterministic functions on R+ and (σt )t∈R and (at )t∈R are càdlàg processes. When
(σ, a) is stationary and independent of W , then Z is stationary.

In general, BSS processes are not necessarily semimartingales. However, in our
modelling application, the choice of the ingredients of the model (19) ensures the
semimartingale property. For that reason, we focus on the special case where (19)
constitutes a semimartingale, keeping in mind that many of the arguments in the
sequel are equally true for the general case. A sufficient condition for Z to be a semi-
martingale is that σ and a have finite second moments, g, q ∈ L1 (R+)

⋂
L2 (R+),

g′ ∈ L2 (R+) and g (0+) < ∞ (see [17]).
Following [7], we model the time series of the main component vt of the turbulent

velocity field as a BSS process of the specific form

vt = vt (g, σ, β) =
∫ t

−∞
g (t − s) σsdWs + β

∫ t

−∞
g (t − s) σ 2

s ds ≡ Rt + βSt , t ∈ R,

(20)
where g ∈ L1 (R+) ∩ L2 (R+) is a non-negative function, σ is a stationary process
independent of W with E

[
σ 6

]
< ∞, and β is a constant.



Modelling Turbulent Time Series by BSS-Processes 37

It is well-known that for any semimartingale X the limit

[X ]t = lim
n→∞

n∑

j=1

(
X j t

n
− X( j−1) t

n

)2
(21)

exists as a limit in probability. The derived process [X ] expresses the cumulative
quadratic variation exhibited by X and is called quadratic variation. For the case
where (20) is a semimartingale, using Itô algebra, we get

(dvt )
2 = g2(0+)σ 2

t dt

and

[v]t =
∫ t

0
(dvs)

2 = g2(0+)

∫ t

0
σ 2

s ds. (22)

In this setting, the quantity (dvt )
2 /dt is the natural analogue of the squared first order

derivative of v which in the classical formulation is taken to express the temporal
energy dissipation (2). Consequently, the quadratic variation [v] is the stochastic ana-
logue of the integrated energy dissipation and σ 2 can be identified with the temporal
energy dissipation. We will therefore assume that σ 2 = ε, where ε is the process
given by (16). Note that in this set-up the Kolmogorov variable V (15) is given as

Vt,s = us (t − s/2)
(
ν̄ [v]ts

)1/3 (23)

and the conditional independence refers to the independence of p
(
Vt,s | [v]ts

)
on [v]ts .

Here [v]ts = [v]t+s/2 − [v]t−s/2 denotes the quadratic variation over the time horizon
[t − s/2, t + s/2].

The limit in (21) may not exist in the non-semimartingale case. However, even in
the general case, σ 2 can still be identified, up to a normalisation, with the surrogate
energy dissipation (see [17, Theorem 3.1]).

Note that [v] in (22) is independent of the second term in (20). This second term
determines the skewness of the density of velocity increments ut = vt − v0. For this
reason we refer to β as the skewness parameter.

For the specification of the kernel g we start the discussion following [22] where
a convolution of gamma kernels was proposed to model the second order statistics
of turbulent velocity time series. The gamma kernel is defined as

h (x; a, ν, λ) = a · xν−1 exp (−λx) 1(0,∞) (x) , (24)

with a > 0, ν > 0 and λ > 0.
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The convolution of two gamma kernels, h (x; a1, ν1, λ1) and h (x; a2, ν2, λ2) , can
be expressed as

g (x; a1, ν1, λ1, a2, ν2, λ2) = h (x; a1, ν1, λ1) ∗ h (x; a2, ν2, λ2)

= a1a2xν1+ν2−11R+(x)

∫ 1

0
e−x(λ1u+λ2(1−u))uν1−1(1−u)ν2−1du. (25)

The relevant parameters are (a, ν1, λ1, ν2, λ2) with a = a1a2. We say that a function
is a 2-gamma kernel if it can be written as the convolution of two gamma kernels.

In the following g will denote a 2-gamma kernel with parameters (a, ν1, λ1,

ν2, λ2), λ1 < λ2. In [22] it is shown that the sdf r̂v (ω; g, σ, β) of (20) is then given as

r̂v (ω; g, σ, β) = a2
(
1 + β2r̂σ 2 (ω)

)
(
1 +

(
2πω

λ1

)2
)−ν1

(
1 +

(
2πω

λ2

)2
)−ν2

,

(26)

where r̂σ 2 is the sdf of the process σ 2. Referring to the parameters of g, we also write
r̂v (ω, a, ν1, λ1, ν2, λ2, σ, β) for r̂v (ω; g, σ, β).

Ignoring the skewness term in (20), i.e. β = 0, the sdf r̂v of the velocity field v
behaves as

r̂v (ω; a, ν1, λ1, ν2, λ2, σ, 0) ∝
⎧
⎨

⎩

1 ω � λ1/2π
ω−2ν1 λ1/2π � ω � λ2/2π
ω−2(ν1+ν2) ω � λ2/2π.

(27)

Thus, for ν1 = 5/6, λ1 denotes the frequency where the inertial range starts and λ2

denotes the frequency where the inertial range ends. The value ν1 = 5/6 reflects
Kolmogorov’s 5/3rd law [20] and 2 (ν1 + ν2) gives the slope within the dissipation
range (large frequencies). For the general case, i.e. β �= 0, the previous interpreta-
tion remains essentially true since, for the data set we analysed, β 2̂rσ 2 (ω) � 1 for
λ1/2π � ω.

From (25) it follows that v (g, σ, β) is a semimartingale for ν1 + ν2 > 3/2. Kol-
mogorov’s 5/3rd law implies that ν1 ≈ 5/6. Combining this with the estimated value
of ν2 (by fitting the empirical sdf at large frequencies) shows that ν1 + ν2 > 3/2 for
the data set we analysed (see Sect. 4.2). It is for this reason that our focus is on the
semimartingale case.

In the semimartingale case, the convolution of gamma kernels does not allow to
identify the process σ 2 with the energy dissipation since g (0+) = 0. Therefore, we
propose for the kernel g a shifted 2-gamma kernel

g (x; x0, a1, a2, ν1, ν2, λ1, λ2) = (h (·; a1, ν1, λ1) ∗ h (·; a2, ν2, λ2)) (x + x0)1R+ (x) ,

(28)
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Fig. 1 a Excerpt of the empirical time series (in arbitrary units). b Excerpt of the simulated time
series (in arbitrary units) using the model (20). c Comparision of the sdf from the data (grey dots)
and from the simulation of themodel (20) (black dots). The solid line corresponds to the sdf obtained
from the simulation with x0 = 0 and all other parameters unchanged

where h (x; a1, ν1, λ1) and h (x; a2, ν2, λ2) are gamma kernels and x0 is a pos-
itive constant. We say that a function is a (2, x0)-gamma kernel if it can be
expressed as (28).

Figure1 shows, as an illustrating example, an excerpt of the empirical velocity
time series and from a simulation of the model (20) using a (2, 10−7)-gamma kernels
for g, a cascade model for σ 2 and the estimated β (see Sect. 4.2). The sdf for the
data and the sdf from the simulation are compared in Fig. 1c. We can identify three
characteristic regimes in the empirical sdf: a flat part at small frequencies, a scaling
regime with approximate exponent −5/3 and a steeper part at the large frequencies.
The central part reflects Kolmogorov’s 5/3rd law [20], which is expected to hold in
the inertial range. The influence of the shift x0 on the sdf of vt can be expected to be
negligible for frequencies ω � x−1

0 . To confirm this conjecture we include in Fig. 1c
the sdf of the model with x0 = 0 and all other parameters unchanged. Differences
only arise at frequencies around 105. This implies that for not too large frequencies
the interpretation of the parameters of the model according to (27) remains valid.
The inclusion of the shift x0 bends the sdf away from the scaling ω−2(ν1+ν2) at the
very large frequencies.
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4 Simulation Results

In this Section we compare, in detail, the statistical properties of the model (20) to
the stylised features described in Sect. 2. We also briefly mention some aspects of
the numerics behind the simulation and discuss how the skewness parameter β and
the (2, x0)-gamma kernel g can be estimated from empirical time series.

The data set we analysed consists of one-point time records of the longitudinal
(along the mean flow) velocity component in a gaseous helium jet flow. We refer to
[13] for more information about the data set. In Table1 we list the Taylor Reynolds
number R, theKolmogorov scaleη, the integral scale I and the sampling frequency f̂ .

4.1 Model Performance

The performance of (20) for modelling turbulent time series is illustrated by compar-
ing the marginal distributions of velocity increments, the structure functions and the
conditional independence of the Kolmogorov variable. The estimation of the model
parameters is based on the analysis of the sdf and the third order structure function
and on the marginal distribution and the correlators of the derived energy dissipation.

Figure1a, b shows examples of time series of the velocity from data and from
the simulation, respectively. The similarity between the characteristics of both time
series is clearly present. A first quantitative result is given in Fig. 1c displaying the
corresponding sdf. The model reproduces the empirical sdf for the whole range of
observed frequencies.

The excellent agreement for the sdf translates directly to the corresponding sec-
ond order structure functions that are shown in Fig. 2a. Note that the sdf (or equiv-
alently the second order structure function) is the basic observable that determines
the parameters of the (2, x0)-gamma kernel g used for the simulation. The excellent
agreement for the sdf (and S2) strongly indicates that the parametric choice of a
(2, x0)-gamma kernel is appropriate.

The estimation of the skewness parameter β is essentialy based on fitting the
third order structure function S3 (see Fig. 2b). Taking into account the notorious
uncertainty for the estimation of S3 from turbulent data, the model captures well the
details of S3 (t).

Examples of higher order structure functions are shown in Fig. 2c, d. Again the
model shows excellent agreement. Only for S6 some small systematic deviation is
observed which is due to an amplification of small errors not visible for S2 and
slightly visible for S3. It is important to note that the model is completely specified
from the energy dissipation statistics and the structure functions S2 and S3 with no
adjustable parameter for tuning the behavior of S4 and S6.

Figure3 shows the densities of velocity increments us for various time lags s.
The densities evolve from semi-heavy tails at small time scales towards a Gaussian
shape at the large time scales. NIG distributions fit these densities very well for all
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Fig. 2 Comparison of the structure functions Sn (10), n = 2, 3, 4, 6 from the simulation of (20)
(black) and the structure functions estimated from the data (grey). The time lags s are measured in
units of the finest resolution of the empirical data
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(grey circles) and from the simulation of (20) (black crosses). The solid lines correspond to fitted
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Fig. 5 Comparison of the conditional densities p
(
Vt,s | [v]ts

)
of the Kolmogorov variable (23) from

the data and from the simulation of (20) for t = 128 (in units of the finest resolution) and values
[v]ts = 0.8, 0.9, 1, 1.1, 1.2

scales and all amplitudes in full agreement with the results reported in [6, 9]. The
corresponding steepness and asymmetry parameters are shown in the NIG shape
triangle in Fig. 4. Again, simulation and data show a good agreement.

Figure5 illustrates the performance of the model concerning the conditional inde-
pendence of the densities of the Kolmogorov variable. For t within the inertial range,
p

(
Vt,s | [v]ts

)
is independent of [v]ts . The values of [v]

t
s cover the core of the distri-

bution of [v]ts for which a sufficient sample size is ensured. Figure6 shows a direct
comparison of p

(
Vt,s | [v]ts = 1

)
for the data and the simulation, showing the strong

similarity of the distributions.
Finally, Fig. 7 shows the correlators of order (1, 1) and (1, 2) of the energy dissipa-

tion estimated from the empirical velocity time series and from the simulation of (20).
Besides small scale scatter, data and simulations show (nearly) perfect agreement.
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estimated from the data (grey) and from the simulation of (20) (black). The time lags t are measured
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4.2 Simulation of BSS Processes

In this section we briefly describe how we simulate the BSS-process (20) using time
series of σ 2. The algorithm is based on

vt (g, σ, β) |σ ∼ N

(
β

∫ ∞

0
g (s) σ 2

t−sds,
∫ ∞

0
g2 (s) σ 2

t−sds

)
(29)

which provides the conditional distribution for vt (g, σ, β) |σ 2. In principle, to repro-
duce vt (g, σ, β) |σ 2 a complete path for σ 2 is required. However, using a sufficiently
small mesh, a linear interpolation on σ 2 gives the desired accuracy.

Let δ > 0 and N ∈ N. Assume that we know the values σ 2
i ·δ for i = 0, . . . , N .

The linear interpolation for σ 2 is given by the formula
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σ̃ 2
s =

N−1∑

i=1

{(
σ 2

i+1 − σ 2
i

δ

)
(s − i · δ) + σ 2

i

}
1[i ·δ,(i+1)δ] (s) .

Thus,

vt (g, σ̃ , β) ∼ N

(
β

∫ ∞

0
g (s) σ̃ 2

t−sds,
∫ ∞

0
g2 (s) σ̃ 2

t−sds

)
.

Assuming that N is large enough, and since g ∈ L1 (R+) ∩ L2 (R+), we can, for
ε > 0, choose q � 0 such that

∣∣∣∣
∫ ∞

0
g (s) σ̃ 2

t−sds −
∫ q

0
g (s) σ̃ 2

t−sds

∣∣∣∣ < ε.

Thus we replace the kernel g by the approximation g̃ = g · 1[0,q]. Let q = n · δ, for
n ∈ N. Expanding and applying a change of variable, we have that

∫ ∞

0
g̃ (s) σ̃ 2

t−sds = δ

n∑

k=0

∫ 1

0
g̃ (δ {y + k} + t)

(
σ 2

j−k+1 (1 − y) + σ 2
j−k y

)
dy,

(30)
∫ ∞

0
g̃2 (s) σ̃ 2

t−sds = δ

n∑

k=0

∫ 1

0
g̃2 (δ {y + k} + t)

(
σ 2

j−k+1 (1 − y) + σ 2
j−k y

)
dy,

(31)

for t ≥ δ · n. Therefore, v j ·δ (g̃, σ̃ , β) |̃σ , j = n, . . . , N − 1, can be obtained by sim-
ulating a normal random variable with mean (30) and variance (31). Thus, by inter-
polation, we obtain a path for vt (g, σ, β) |σ on the interval [δ · n, N · δ] through the
approximation vt (g̃, σ̃ , β) |̃σ .

4.3 Estimation Procedure

Our modelling framework (20) has three degrees of freedom, the energy dissipation
σ 2, the kernel g and the skewness parameter β. The energy dissipation can be esti-
mated from velocity increments at the smallest time scale. This has been done in
[23] for the data set in the present study. Following [23], we use an NIG Lévy basis
in (16) and the ambit set (17). The relevant parameters are listed in Table1.

It remains to estimateβ and the kernel g within the class of (2, x0)-gammakernels.
Given a value of β, our estimators for the parameters of g are those that minimise
the distance, in the sense of least squares, between the empirical sdf and the sdf of
(20) using x0 = 0. As a consequence of the physical interpretation derived from (27),
the minimisation is performed restricting λ1 to values around the initial frequencies
of the inertial range, and restricting λ2 to values near the end of the inertial range.
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These constraints have proven to produce good approximations to the empirical sdf.
The shift x0 is obtained by fitting the very large frequency behaviour of the sdf. It is
important to note that the scatter of the data at large frequencies does not allow to
estimate a precise value of x0. We choose x0 = 10−7 by visual inspection.

For the estimation of the skewness parameter β, we consider the third order
structure function S3 of (20) rewritten as

S3 (l) = 3βE{(Δl R)2 (Δl S)} + β3E{(Δl S)3}, (32)

where Δl R = Rl − R0 and Δl S = Sl − S0, for l > 0. Given paths of R and S, our
estimator for β is the value that minimises the distance, in the sense of least squares,
between the empirical third order structure function and (32) for a suitable range of
scales l (between the smallest scale and the location of the peak, see Fig. 2b).

The complete estimation procedure can be described as follows. We first neglect
the skewness parameter β and we estimate the parameters of g under this restriction
from the sdf. Then, having a simulation of the process σ , we perform a simulation of
(20). Using this simulation, we estimate β as described above. Next, we re-estimate
the kernel g using the empirical sdf and the current value of β. We perform this
algorithm until we observe stabilisation of β. This algorithm has proven to stabilise
after 7 iterations. Figure8 shows the parameters of g and β obtained after each
iteration. The resulting function g is depicted in Fig. 9.

The algorithm described above produces similar kernels in each iteration. There-
fore it is reasonable to assume that the L2-distance between these kernels is small.

The following Lemma provides some bound for the convergence of (20).

Lemma 1 Consider the model (20). Let β, β1 > 0 and g, g1 ∈ L1 (R)
⋂

L2 (R).
Assume that:

1. c ≡ E
[
σ 4

]
< ∞.

2. max{‖g1 − g‖L2(R) , ‖g1 − g‖L1(R)} < ε

(1+c1/4β1)c1/4
, for ε > 0.

Then, we have that

‖vt (g1, σ, β1) − vt (g, σ, β)‖L2(Ω) ≤ c1/2|β1 − β| ‖g‖L1(R) + ε.

Proof Let

Pt =
∫ t

−∞
{g1 (t − s) − g (t − s)} σsd Bs,

Qt =
∫ t

−∞
{β1g1 (t − s) − βg (t − s)} σ 2

s ds

for t > 0. Observe that

Qt = β1

∫ t

−∞
{g1 (t − s) − g (t − s)} σ 2

s ds + (β1 − β)

∫ t

−∞
g (t − s) σ 2

s ds.
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Then

‖vt (g1, σ, β1) − vt (g, σ, β)‖L2(Ω) ≤ ‖Pt‖L2(Ω) + |β1 − β|
∥∥∥∥
∫ t

−∞
g (t − s) σ 2

s ds

∥∥∥∥
L2(Ω)

+β1

∥∥∥∥
∫ t

−∞
{g1 (t − s) − g (t − s)} σ 2

s ds

∥∥∥∥
L2(Ω)

.

The Cauchy-Schwarz inequality implies that

E
[
σ 2

s σ 2
r

] ≤ E
[
σ 4

s

]1/2
E

[
σ 4

r

]1/2 = E
[
σ 4

] = c, (33)

for any (s, r) ∈ R
2. Thus,

∥∥∥∥
∫ t

−∞
g (t − s) σ 2

s ds

∥∥∥∥
2

L2(Ω)

= E

[(∫ t

−∞
g (t − s) σ 2

s ds

)2
]

≤ c ‖g‖2L1(R)

and ∥∥∥∥
∫ t

−∞
{g1 (t − s) − g (t − s)} σ 2

s ds

∥∥∥∥
2

L2(Ω)

≤ c ‖g1 − g‖2L1(R) .

The Itô isometry and (33) imply that

‖Pt‖2L2(Ω) ≤ c1/2 ‖g1 − g‖2L2(R) .

Thus,

‖vt (g1, σ, β1) − vt (g, σ, β)‖L2(Ω) ≤ c1/4 ‖g1 − g‖L2(R) + c1/2 |β1 − β| ‖g‖L1(R)

+ c1/2β1 ‖g1 − g‖L1(R)

≤ ε + c1/2 |β1 − β| ‖g‖L1(R) ,

which concludes the proof.

Under certain assumptions, we can ensure that the estimation procedure gives
reasonable estimators for the skewness parameter β. Assume that vt (g, σ, β) is the
ideal model with g in the class of (2, x0)-gamma kernels. Let {gn}n∈N be a sequence
of (2, x0)-gamma kernels and {βn}n∈N a sequence of positive numbers, and assume
that E

[
σ 6

]
< ∞, gn → g pointwise and gn bounded by an integrable and square-

integrable function.
Following the notation in (20), for each n ∈ N, we decompose vt (gn, σ, βn) =

Rt (gn, σ ) + βn St (gn, σ ). For l > 0, let
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an
l = E

[
(Δl R (gn, σ ))2 (Δl S (gn, σ ))

]
,

al = E
[
(Δl R (g, σ ))2 (Δl S (gn, σ ))

]
,

bn
l = E

[
(Δl S (gn, σ ))3

]
,

bl = E
[
(Δl S (gn, σ ))3

]
,

fn (l;β) = 3
(
βal − βnan

l

) + (
β3bl − β3

n bn
l

)
,

where Δl R (·, ·) = Rl (·, ·) − R0 (·, ·) and Δl S (·, ·) = Sl (·, ·) − S0 (·, ·). Observe
that fn is the difference of the third order structure functions of v (g, σ, βn) and
v (gn, σ, β).

Lemma 2 an
l → al and bn

l → bl for any l > 0.

Proof Define

φn
l (s) := gn (l − s) − gn (−s) 1(−∞,0] (s)

φl (s) := g (l − s) − g (−s) 1(−∞,0] (s) .

E
[
σ 6

]
< ∞ implies that (s1, s2, s3) �→ E

[
σ 2

s1σ
2
s2σ

2
s3

]
is a bounded function in R

3.
Thus, from the Dominated Convergence Theorem,

bn
l = E

[
(Δl S (gn, σ ))3

]

=
∫ l

−∞

∫ l

−∞

∫ l

−∞
φn

l (s1) φn
l (s2) φn

l (s3) E
[
σ 2

s1σ
2
s2σ

2
s3

]
ds1ds2ds3

→
∫ l

−∞

∫ l

−∞

∫ l

−∞
φl (s1) φl (s2) φl (s3) E

[
σ 2

s1σ
2
s2σ

2
s3

]
ds1ds2ds3 = bl .

On the other hand, from the Itô isometry and the Dominated Convergence Theorem,

an
l = E

[
(Δl R (gn, σ ))2 (Δl S (gn, σ ))

]

= E
[
Δl S (gn, σ ) E

[
(Δl R (gn, σ ))2 |σ ]]

= E

[∫ l

−∞
φn

l (s) σ 2
s ds · E

[(∫ l

−∞
φn

l (r) σr d Br

)2

|σ
]]

=
∫ l

−∞

∫ l

−∞
φn

l (s)
(
φn

l (r)
)2

E
[
σ 2

s σ 2
r

]
dsdr

→
∫ l

−∞

∫ l

−∞
φl (s) (φl (r))2 E

[
σ 2

s σ 2
r

]
dsdr = al .

This finishes the proof.

The next Proposition ensures that a converging sequence βn converges to the right
value.
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Proposition 1 Assume there is some l0 > 0 such that lim
n→∞ fn (l0;β) = 0 and that

βn converges. Then, βn → β.

Proof Assume that l0 > 0 satisfies lim
n→∞ fn (l0;β) = 0. Then,

lim
n→∞{3 (

βal0 − βnan
l0

) + (
β3bl0 − β3

n bn
l0

)} = 0.

This implies
3 (β − β∗) al0 + (

β3 − β3
∗
)

bl0 = 0,

where β∗ = lim βn . Therefore,

(β − β∗)
(
3al0 + (

β2 + ββ∗ + β2
∗
)

bl0

) = 0,

Thus, necessarily, β∗ = β.

5 Conclusion

The analysis performed in this paper clearly demonstrates that Brownian semi-
stationary processes are well adapted to reproduce key characteristics of turbulent
time series. The parameters of the model are solely estimated from the marginal
distribution and the correlator c1,1 of the energy dissipation [23] and from second
and third order structure functions of velocity increments. This has been done under
the specific model specification (20) with a (2, x0)-gamma kernel g. The use of a
(2, x0)-gamma kernel is motivated by its ability to reproduce the empirical sdf. The
fact that, starting from second order and third order structure function, higher order
structure functions, the evolution of the densities of velocity increments across scales
and the essential statistics of the Kolmogorov variable are also reproduced clearly
indicates the appropriateness of the semi-parametric model (20).

In [12, 19] a similar approach for modelling turbulent velocity time series is
suggested. They propose a causal continuous-time moving average of the form

Yt =
∫ t

−∞
g(t − s)dLs (34)

where L is a Lévy process with zero mean and finite second moment. A non-
parametric estimation of the kernel g from second order statistics of turbulent data
shows the same qualitative behaviour as the kernel estimated in the current study. The
extraction of the driving noise L from velocity time series is addressed in [19] show-
ing that the autocorrelation of the energy dissipation resulting from the model agrees
well with empirical findings. The performance of (34) for turbulence modelling
beyond second order statistics is, however, not discussed. It would be interesting to
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compare the two approaches in more detail, including more of the stylised features
discussed in the present paper.

The data set analysed here has a relatively high Reynolds number, with a visi-
ble inertial range. It is important to investigate how the model performs for lower
Reynolds numbers, where inertial range scaling is not observed. Concerning the
model for the energy dissipation, this has been done in [23] where it was shown that
continuous cascades are equally suitable for a wide range of Reynolds numbers. For
the velocity field itself this is work in progress.
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Appendix

The normal inverse Gaussian (NIG) distribution is a four-parameter family of con-
tinuous probability distributions whose probability density function is given by

fNIG (x;α, β, μ, δ) = αeδγ

π
eβ(x−μ)

K1
(
δαq

( x−μ

δ

))

q
( x−μ

δ

) , x ∈ R, (35)

where γ = α2 − β2, q (x) = √
1 + x2 and K1 denotes the modified Bessel function

of the second kind with index 1. The domain of variation of the parameters is given
by μ ∈ R, δ ∈ R+, and 0 ≤ |β| < α. The parameters α and β are shape parameters,
μ determines the location, and δ determines the scale. The distribution is denoted by
NIG (α, β, μ, δ).

The normal inverse Gaussian distribution is a subclass of the generalised hyper-
bolic distribution. These distributions were introduced by Barndorff-Nielsen [5] to
describe the law of the logarithm of the size of sand particles.

The cumulant function K (z;α, β, μ, δ) = log E
[
exp {zX}] of a random variable

X with distribution NIG (α, β, μ, δ) is given by

K (z;α, β, μ, δ) = zμ + δ

(
γ −

√
α2 − (β + z)2

)
. (36)

It follows immediately from this that the normal inverse Gaussian distribution is
infinitely divisible. Namely, if Xi ∼ NIG (α, β, μi , δi ), i = 1, 2, are independent
random variables, then we have X1 + X2 ∼ NIG (α, β, μ1 + μ2, δ1 + δ2).

It is often of interest to consider alternative parametrisations of the normal inverse
Gaussian laws. In particular, letting α = δα and β = δβ, we have that α and β are
invariant under location-scale changes.
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Sometimes it is useful to represent NIG distributions in the so-called shape trian-
gle. Consider the alternative asymmetry and steepness parameters χ and ξ defined by

ξ = (1 + γ )−1/2 , χ = ρξ ,

where ρ = β/α and γ = δγ = δ
√

α2 − β2. These parameters are invariant under
location-scale changes. Their range defines the NIG shape triangle

{(χ, ξ) : 0 < ξ < 1,−ξ < χ < ξ} .

When χ = 0 the NIG distribution is symmetric. Values χ > 0 indicate a positively
skewed distribution and χ < 0 a negatively skewed law. The steepness parameter ξ

measures the heaviness of the tails of the NIG distribution. The limiting case ξ = 0
corresponds to a normal distribution.
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Associated Natural Exponential Families
and Elliptic Functions

Gérard Letac

To Ole Barndorff-Nielsen for his 80th birthday.

Abstract This paper studies the variance functions of the natural exponential
families (NEF) on the real line of the form (Am4 + Bm2 + C)1/2 where m denoting
the mean. Surprisingly enough, most of them are discrete families concentrated on
λZ for some constant λ and the Laplace transform of their elements are expressed
by elliptic functions. The concept of association of two NEF is an auxiliary tool for
their study: two families F and G are associated if they are generated by symmet-
ric probabilities and if the analytic continuations of their variance functions satisfy
VF (m) = VG(m

√−1).We give some properties of the association before its applica-
tion to these elliptic NEF. The paper is completed by the study of NEF with variance
functions m(Cm4 + Bm2 + A)1/2. They are easier to study and they are concentrated
on aN.

Keywords Variance functions · Exponential dispersion models · Function ℘

of weierstrass

1 Foreword

Ole and I met for the first time in the Summer School of Saint Flour in 1986. Having
been converted to statistics by V. Seshadri 2years before, I had learnt about expo-
nential families through Ole’s book (1978) and I had fought with cuts and steep-
ness. Marianne Mora had just completed her thesis in Toulouse and was one of the
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Saint Flour participants: she was the first from Toulouse to make the pilgrimage to
Aarhus the year after, followed by many others researchers from Toulouse: Evelyne
Bernadac, CélestinKokonendji, DhaferMalouche,Muriel Casalis, AbdelhamidHas-
sairi, Angelo Koudou and myself. Over the years all of us were in contact with the
everflowing ideas of Ole. During these Aarhus days (and Ole’s visits to Toulouse) we
gained a better understanding of the Lévy processes, of generalized inverse Gaussian
distributions and their matrix versions, of differential geometry applied to statistics.
Among all the topics which have interested Ole, the choice today is the one for
which he may be the least enthusiastic (see the discussion of Letac [1]), namely the
classification of exponential families through their variance functions: Ole thought
correctly that although the results were satisfactory for the mind, one could not
see much real practical applications: in the other hand Mendeleiev is universally
admired for its prophetic views of chemical elements which had not been yet discov-
ered. Descriptions of natural exponential families with more and more sophisticated
variance functions V have been done: when V is a second degree polynomial in the
mean [2], a power [3, 4], a third degree polynomial [5], the Babel class P + Q

√
R

where polynomials P, Q, R have degrees not bigger than 2, 1, 2 [6, 7]. This is for
univariate NEF: even more important works have been done for multivariate NEF,
but the present paper will confine to one dimensional distributions only.

Having forgotten variance functions during the last 20years and having turned
to random matrices and Bayesian theory, our interest for the topic has been rejuve-
nated by the paper by Bar-Lev and Van de Duyn Schouten [8]. The authors consider
exponential dispersion models G such that one of the transformations

T (P)(dx) = x P(dx)∫
R

x P(dx)
, T 2(P)(dx) = x2P(dx)∫

R
x2P(dx)

.

mapsG into itself or oneof its translates. ForT (P) theyobtain exactly the exponential
dispersionmodels concentrated on the positive linewith quadratic variance functions:
gamma, Poisson, negative binomial and binomial and no others. For T 2(P) they
obviously obtain the previous ones, but they observe that new variance functions
appear, in particular (m4 +c2)1/2, without being able to decide whether these natural
exponential families (NEF) exist after all (it should be mentioned here that their
formula (11) is not correct and this fact greatly invalidates their paper). As a result,
our initialmotivationwas to address this particular question: is (m4+c2)1/2 a variance
function? As we shall see, the answer is yes for a discrete set of c. To solve this
particular problem, we have to design methods based on elliptic functions, and these
methods appear to have a wider domain of applicability. For this reason, the aim of
the present paper is the classification of the variance functions of the form (Am4 +
Bm2 + C)1/2 and their reciprocals in the sense of Letac and Mora [5], namely the
variance functions of the form m(Cm4 + Bm2 + A)1/2.

Section2 recalls general facts and methods for dealing with NEF’s. Section3
opens a long parenthesis on pairs of associated NEF: if F and G are NEF generated
by symmetric probabilities, we say that they are associated roughly if we can write
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VF (m) = f (m2) and VG(m) = f (−m2).This definition seems to be amere curiosity
of distribution theory, but appears to be illuminatingwhen applied to our ellipticNEF.
Since this concept of association has several interesting aspects, I have provided here
several detailed examples (Sect. 3.1) that the reader should skip if he is only interested
in elliptic NEF.

Section4 rules out trivial values of the parameters for elliptic NEF. Sections5–7
investigate the various cases according to the parameters (A, B, C), Sect. 8 consid-
ers the reciprocal families of the previous elliptic NEF: these reciprocal NEF are
interesting distributions of the positive integers. Section9 makes brief comments
on the variance functions (αm + β)

√
P(m) where P is an arbitrary polynomial of

degree ≤4, actually a complete new field of research. While the statements of the
present paper are understandable without knowledge of elliptic functions, the proofs
of Sects. 5–7make heavy use of them, andwe shall constantly refer to themagnificent
book by Sansone and Gerretsen [9] that we frequently quote by SG.

2 Retrieving an NEF from Its Variance Function

Theconcept of exponential family is obviously the backboneofOle’s book (Barndorff
-Nielsen [10]) or of Brown [20], but the notations for the simpler object called natural
exponential family are rather to be found in Morris [2], Jørgensen [3] and Letac and
Mora [5].

If μ is a positive non Dirac Radon measure on R consider its Laplace transform

Lμ(θ) =
∫ ∞

−∞
eθxμ(dx) ≤ ∞.

Assume that the interior Θ(μ) of the interval D(μ) = {θ ∈ R; Lμ(θ) < ∞} is not
empty. The set of positive measures μ on R such that Θ(μ) is not empty and such
that μ is not concentrated on one point is denoted by M (R). We denote by M1(R)

the set of probabilities μ contained inM (R). In other terms, the elements ofM1(R)

are the probability laws on R which have a non trivial Laplace transform.
Write kμ = log Lμ. Then the family of probabilities

F = F(μ) = {P(θ, μ) ; θ ∈ Θ(μ)}

where
P(θ, μ)(dx) = eθx−kμ(θ)μ(dx)

is called the natural exponential family generated by μ. Two basic results are

m = k ′
μ(θ) =

∫ ∞

−∞
x P(θ, μ)(dx)
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and the fact that k ′
μ is increasing (or that kμ is convex). The set k ′

μ(Θ(μ)) = MF

is called the domain of the means. We denote by ψμ : MF → Θ(μ) the reciprocal
function of m = k ′

μ(θ). Thus F = F(μ) can be parametrized by MF by the map
from MF to F which is

m �→ P(ψμ(m), μ) = P(m, F).

In other terms an element of F(μ) can be identified by the value of the mean m rather
than by the value of the canonical parameter θ.One can prove that the variance VF (m)

of P(m, F) is

VF (m) = k ′′
μ(ψμ(m)) = 1

ψ ′
μ(m)

. (1)

The map m �→ VF (m) from MF to (0,∞) is called the variance function and
characterizes F. The Jørgensen set of μ is the set Λ(μ) of positive numbers t such
that there exists a positive measure μt such that Θ(μt ) = Θ(μ) and such that
Lμt = (Lμ)t . Obviously, Λ(μ) is an additive semigroup which contains all positive
integers. If t ∈ Λ(μ)we denote Ft = F(μt ) and it is easily checked that MFt = t MF

and that

VFt (m) = tVF

(m

t

)
. (2)

The union G = G(μ) = ∪t∈Λ(μ)F(μt ) is called the exponential dispersion model
generated by μ.

If F is a NEF and if h(x) = ax + b (with a 
= 0) then the family h(F) of images
of elements of F by h is still a NEF with Mh(F) = h(MF ) and

Vh(F)(m) = a2VF

(
m − b

a

)
. (3)

In spite of the similarity between (2) and (3), the last formula is much more useful
for dealing with a NEF F which is known only by its variance function: the reason
is that the Jørgensen set Λ(F) of F is unknown in many circumstances. In fact
Λ(F) is a closed additive semi group of [0,∞) which can be rather complicated
(see Letac et al. [11] for an example). In the other hand an affinity is always defined,
and this fact can be use to diminish the number of parameters of a family of variance
functions. For instance, if we consider the variance function

√
Am4 + Bm2 + C such

that C > 0, without loss of generality we could assume that C = 1 by using the
dilation x �→ x/

√
C .

An important fact for the sequel is that VF is real analytic, that means that for any
m0 ∈ MF there exists a positive number r such that for m0 − r < m < m0 + r we
have

VF (m) =
∞∑

n=0

(m − m0)
n

n! V (n)
F (m0)
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which implies that VF is analytically extendable to a connected open set of the
complexplane containing the real segment MF . Ifμ ∈ M1(R), theLaplace transform
Lμ defined on the open interval Θ(μ) is extendable analytically in a unique way to
the strip Θ(μ) + iR of the complex plane. This extension is also denoted Lμ and
θ �→ Lμ(iθ) is the Fourier transform of the probability μ. The function kμ(θ) =
log Lμ(θ) could be also extendable to an analytic function on the same strip, but it
would be a multivalued function if Lμ(θ) has zeros in the strip.

To conclude this section, recall the four steps allowing us to pass from the variance
function VF of a NEF F to a measure μ such that F = F(μ).

1. Writing dθ = ψ ′
μ(m)dm = dm

VF (m)
, we compute θ = ψμ(m) as a function of m

by a quadrature;
2. we deduce from this the parameter m as a function m = k ′

μ(θ) (this is generally
a difficult point);

3. we compute kμ(θ) by a second quadrature and obtain Lμ = ekμ;
4. we use dictionary, creativity, or inversion Fourier formulas to retrieve μ from its

Laplace transform.

We keep these four steps in mind for dealing with VF (m) = √
Am4 + Bm2 + C in

the sequel. It is worthwhile to sketch here an example with

V (m) =
√
1 + 4m4.

For 0 < w < 1 we do the change of variable and perform the first step:

m =
√
1 − w4

2w
, w2 = −2m2 +

√
1 + 4m4, dθ = dw√

1 − w4
, θ =

∫ 1

w(m)

dw√
1 − w4

.

The second step introduces a function C(θ) defined on the interval [0, K ] where
K = ∫ 1

0
dw√
1−w4 = 1.3098.. as

θ =
∫ 1

C(θ))

dw√
1 − w4

. (4)

Since w(m) = C(θ), up to the knowledge of C(θ), and taking derivative of both
sides of (4), the second step is performed since

m = k ′(θ) =
√
1 − C(θ)4

2C(θ)
= − C ′(θ)

2C(θ)
.

The third step is easy and we get k(θ) = − 1
2 logC(θ) and the Laplace transform

L(θ) = 1√
C(θ)

. The fourth step needs to be explicit about C(θ) and the theory of
elliptic functions becomes necessary: details about this particular example are in
Theorem4.1 when doing k2 = −1. The function L will be the Laplace transform of
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a discrete distribution concentrated on set on numbers of the form n/a where n is
a relative integer and where a is the complicated number 2K

π
= 0.8338... If we use

formula (3) we get the following surprising result: the function
√

a4 + 4m4 is the
variance function of a NEF concentrated on Z.

3 Associated Natural Exponential Families

The source of this concept is the pair of identities (5) below: if

μ(dx) = dx

2 cosh π x
2

and ν = 1
2 (δ−1 + δ1) is the symmetric Bernoulli distribution then

∫ +∞

−∞
eθxμ(dx) = 1

cos θ
(for |θ | < π/2),

∫ +∞

−∞
eiθxν(dx) = cos θ, (5)

which could be as well presented by reversing the roles of Fourier and Laplace
transforms:

∫ +∞

−∞
eiθxμ(dx) = 1

cosh θ
,

∫ +∞

−∞
eθxν(dx) = cosh θ. (6)

This is an example of what we are going to call an associated pair (μ, ν) of proba-
bilities on R. Here is the definition:

Definition 3.1 Let μ and ν be in M1(R) such that μ and ν are symmetric. We say
that (μ, ν) is an associated pair if for all θ ∈ Θ(μ) the Fourier transform of ν is
1/Lμ(θ). In other terms for θ ∈ Θ(μ) we have

∫ +∞

−∞
eθxμ(dx) = Lμ(θ),

∫ +∞

−∞
eiθxν(dx) = 1

Lμ(θ)
. (7)

The corresponding natural exponential families F = F(μ) and G = F(ν) are also
said to be associated.

We describe now the easy consequences of this definition:

Proposition 3.1 Let (μ, ν) in M1(R) be an associated pair. Then

1. (Symmetry) The pair (ν, μ) is also associated;
2. (Uniqueness) If (μ, ν1) is also associated, then ν1 = ν.

3. (Convolution) If (μ′, ν ′) is an associated pair then (μ ∗ μ′, ν ∗ ν ′) is also an
associated pair.
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4. (Zeros) Denote zμ = inf{θ > 0 ; Lμ(iθ) = 0}. Then Θ(ν) = (−zμ, zμ).

5. (Variance functions) Consider the associated pair F = F(μ) and G = F(ν) of
NEF. If VF and VG are extended as analytic functions to the complex plane in a
neighborhood of zero, then VF (m) = VG(im).

Comments

1. Clearly, since the Fourier transform 1
Lμ(θ)

is real, the probability ν must be sym-
metric.

2. Symmetry of ν implies that Θ(ν) is a symmetric interval, as well as the mean
domain of F(ν).

3. Because of the uniqueness of Part 2, we shall also write μ∗ for indicating that
(μ,μ∗) is an associated pair. In this case μ∗ is called the associated probability
to μ (when it exists). We also observe that

(μ∗)∗ = μ, (μ ∗ μ′)∗ = μ∗ ∗ (μ′)∗.

4. It is not correct to think that if μ is inM1(R) then μ∗ always exists. An example
is given by the first Laplace distribution (also called the bilateral exponential
distribution)

μ(dx) = 1

2
e−|x |dx, Θ(μ) = (−1, 1), Lμ(θ) = 1

1 − θ2
.

Suppose that ν = μ∗ exists. Then its Fourier transform on (−1, 1) is 1−θ2. This
implies that its Laplace transform is Lν(θ) = 1 + θ2 and therefore Θ(ν) = R.

But if kν = log Lμ it is easy to see that the sign of k ′′
ν (θ) is the sign of 1 − θ2,

which implies that kν is not convex, a contradiction.
A more complicated example is given by

μt (dx) = 2t−2

πΓ (t)

∣∣∣∣Γ (
t + i x

2
)

∣∣∣∣
2

dx (8)

for t > 0. We will see in Sect. 3.1 that μt ∈ M1(R) satisfies Θ(μt ) = (−π
2 , π

2 )

and
2t−2

πΓ (t)

∫ +∞

−∞
eθx |Γ (

t + i x

2
)|2dx = 1

(cos θ)t
. (9)

If t is not an integer, then μ∗
t = ν does not exist (Proposition3.2). An obvious

case is t = 1/2 : if X, Y are iid such that Pr(X + Y = ±1) = 1/2 then
Pr(X = ±1/2) = 1/4 and Pr(X + Y = 0) ≥ 1/16 > 0, a contradiction.

5. In Definition3.1, suppose that we relax the constraint on ν to have a Laplace
transform. Consider the example

μ(dx) = dx

2 cosh(πx)/2
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with Laplace transform 1/ cos θ defined on Θ(μ) = (−π
2 , π

2 ). A possible asso-

ciated ν is the Bernoulli 1
2 (δ−1 + δ1) which satisfies

∫ +∞
−∞ eiθxν(dx) = cos θ

in particular on |θ | < π/2). However it is not excluded that there exists other
probabilities ν fulfilling the same property on |θ | < π/2). Imposing ν ∈ M1(R)

rules out this phenomenon, from Part 2 of Proposition3.1.
6. Here is the simplest example illustrating Part 5 of Proposition3.1. We use once

more the associated pair (5). In this case MF = R, aF = ∞, VF (m) = 1 + m2,
MG = (−1, 1), aG = 1, VG(m) = 1 − m2. See Proposition3.5 below.

7. Self associated pairs and NEF: A trivial example is μ = N (0, 1) since
μ = μ∗. More generally, VF is a function of m4 if and only if μ = μ∗. An
other important example will be found in Theorem5.1 below, which is VF (m) =√
1 + 4m4. Note that the symmetry of μ is essential: if VF (m) = m4, with

MF = (0,∞), we have VF (m) = VF (im) but the concept of association does
not make sense here.

8. This Part 5 provides also a way to decide quickly from the examination of the
variance function thatμ∗ does not exist. For instance, ifμ ∼ X −Y where X and
Y are iid with the Poisson distribution of mean 1, then F = F(μ) has variance
function VF (m) = √

1 + m2. Would G = F(μ∗) exist, its variance function
would be VG(m) = √

1 − m2. The domain of the mean of G would be (−1, 1),
from the principle of analytic continuation of variance functions (Theorem3.1
in Letac and Mora [5]). However on around the point m = 1, the function VG

would be equivalent to 2(1−m)1/2.This is forbidden by the principle of Jørgensen
et al. [12]: this principle says that if MG = (a, b) with b < ∞ and if

VG(m) ∼m→b A × (b − m)p (10)

then p /∈ (0, 1).
Similarly consider the variance function VF (m) = (1 + m2)3/2 defined on
MF = R.One can consult Letac [1] Chap.5 Example1.2 for a probabilistic inter-
pretation. It is generated by aμ such thatΘ(μ) = (−1, 1) and kμ = √

1 − θ2−1.
For seeing that VG(m) = (1 − m2)3/2 cannot be a variance function we observe
the following. If ν = μ∗ exists then

kν(θ) =
√
1 + θ2 − 1.

Therefore, by using the principle of maximal analytic continuation (see Proposi-
tion3.2 below), we have Θ(ν) = R. As a consequence Lν(θ) = e

√
1+θ2−1 is an

entire function, which is clearly impossible.

Proof of Proposition 3.1 (1) Suppose that ν is in M1(R). Then the knowledge of
the Fourier transform of ν on the interval Θ(μ) gives the knowledge of the Laplace
transform Lν onΘ(ν).Now theFourier transformofμ restricted toΘ(ν) is Lμ(iθ) =
1/Lν(iθ) from the relation (7) extended by analyticity.
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(2) If ν1 exists, its Fourier transform coincides with the Fourier transform of ν on
the interval Θ(μ). By analyticity, the two coincide everywhere and ν = ν1.

(3) is obvious.
(4) Since the Fourier transform of ν restricted to Θ(μ) is 1/Lμ(θ) then in a

neighborhood of θ = 0, the Laplace transform of ν satisfies Lν(θ) = 1/Lμ(iθ).

Now we use the following result:

Proposition 3.2 (Principle of maximal analyticity) If ν ∈ M (R) and if Θ(ν) =
(a, b) suppose that there exists (a1, b1) ⊃ (a, b) and a real analytic function f on
(a1, b1) which is strictly positive and such that f (θ) = Lν(θ) for a < θ < b. Then
a = a1 and b = b1.

Proof Use the method of proof of Theorem3.1 of Letac and Mora [5] or Kawata
[13], Chap. 7.

We now return to the proof of Proposition3.1, Part (4). Write Θ(ν) = (−b, b).

Clearly b > zμ is impossible since it would imply that Lν(zμ) would be finite,
a contradiction with Lμ(zμ) = 0. We apply Proposition2.2 to the present ν, to
(a1, b1) = (−zμ, zμ) and to the positive analytic function on this interval f (θ) =
1/Lμ(θ). As a consequence b = b1 = zμ and the result (4) is proved.

(5) Consider the functions Lμ and Lν . They are analytic on the strips Θ(μ) × iR
and Θ(ν) × iR, and from Part (4) Θ(μ) + iΘ(ν) is the open square with vertices
±zν ± i zν . Let Z be the set of zeros of the analytic function θ �→ Lμ(θ) restricted
to the square Θ(μ) + iΘ(ν). From the principle of isolated zeros, Z contains only
a finite number of points in the compact set [−a, a] × [−b, b] when a < zν and
b < zμ. Also Z has no zeros on the set S = (−zν, zν) ∪ (−i zμ, i zμ). Consider
now the part Z++ contained in the first quadrant, and its closed convex hull C++.

Similarly considerC±,±, the closed setC = C++ ∪C+− ∪C −+∪C−− and the open
setU = Θ(μ)+ iΘ(ν)\C. Then U is a simply connected set and is a neighborhood
of S.

We are in position to define log Lμ = kμ on the open setU as an analytic function.
On this set U we have

kμ(θ) = −kν(iθ), k ′
μ(θ) = −ikν(iθ), k ′′

μ(θ) = k ′′
ν (iθ). (11)

Since
VF (k ′

μ(θ)) = k ′′
μ(θ), VG(k ′

ν(θ)) = k ′′
ν (θ)

we get finally
VG(ik ′

μ(iθ)) = k ′′
μ(iθ)

and this is saying that for m in the open set k ′
μ(U )we have VF (m) = VG(im),which

is the desired result.

Proposition 3.3 (Convolution of Bernoulli’s) Let (an)
∞
n=1 be a real sequence such

that
∑∞

n=1 a2
n < ∞. Let (Xn)

∞
n=1 and (Yn)

∞
n=1 be two iid sequences such that
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Xn ∼ 1

2 cosh(πx/2)
, Yn ∼ 1

2
(δ−1 + δ1).

Then the distributions μ of
∑∞

n=1 an Xn and ν of
∑∞

n=1 anYn are associated.

Proof Easy, from (5) and Part (3) of Proposition2.1. Note that for an = 1/3n then ν

is the purely singular Cantor distribution on (−1/2, 1/2), while μ has a density.

3.1 Examples of Associated Probabilities

Here are 3 groups of examples. It can be observed that they offer three different
generalizations of (5). We start with the classical formula for t > 0 correct for
θ ∈ (−t, t): ∫ +∞

−∞
exθ dx

(cosh x)t
= 2t−1

Γ (t)
Γ (

t + θ

2
)Γ (

t − θ

2
) (12)

with Θ(μt ) = (−t, t). In particular using the duplication formula
√

π Γ (t) =
2t−1Γ ( t

2 )Γ ( t+1
2 ) we get the Laplace transform of the probability αt below:

αt (dx) = Γ ( t+1
2 )√

π Γ ( t
2 )

× dx

(cosh x)t
, Lαt (θ) = 1

Γ ( t
2 )

2
× Γ (

t + θ

2
)Γ (

t − θ

2
) (13)

with Θ(αt ) = (−t, t). It is worthwhile to mention that if X and Y are iid with
distribution

β(
t

2
, 1)(dx) = t

2
x

t
2 −11(0,1)(x)dx

and if U = √
X/Y then logU ∼ αt .

Formula (12) is easily proven by the change of variable u = e2x and the formula∫ ∞
0

u p−1du
(1+u)p+q = B(p, q) for p, q > 0. The Fourier version of (12) is

∫ +∞

−∞
eixθ dx

(cosh x)t
= 2t−1

Γ (t)

∣∣∣∣Γ (
t + iθ

2
)

∣∣∣∣
2

(14)

leading by Fourier inversion to

2t−1

2πΓ (t)

∫ +∞

−∞
eiθx

∣∣∣∣Γ (
t + i x

2
)

∣∣∣∣
2

dx = 1

(cosh θ)t
(15)

andby analyticity to (9). For awhile, let us specialize these formulas to t = 2p− 1 and
to t = 2p where p is a positive integer. From the complements formula Γ (z)Γ (1−
z) = π/ sin(π z) and Γ (z + 1) = zΓ (z) we have for t = 1, 2
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Γ (
1 + θ

2
)Γ (

1 − θ

2
) = π

cos πθ
2

, Γ (1 + θ

2
)Γ (1 − θ

2
) = πθ

2 sin πθ
2

and more generally

Γ (
2p + 1 + θ

2
)Γ (

2p + 1 − θ

2
) = 1

2p (1 − θ2)(9 − θ2) . . . ((2p − 1)2 − θ2) × π

cos πθ
2

, (16)

Γ (p + θ

2
)Γ (p − θ

2
) = 1

2p (4 − θ2)(16 − θ2) . . . (4p2 − θ2) × πθ

2 sin πθ
2

. (17)

Proposition 3.4 If αt is defined by (13) then α∗
t exists if and only if t ≥ 1. In

particular α∗
1 = 1

2 (δ−π/2 + δπ/2) is a Bernoulli distribution and for t > 1 we have

α∗
t (dx) = Γ (t)√

πΓ ( t−1
2 )

(cos x)t−21(−π/2,π/2)(x)dx .

In particular for t = 2p + 1 and t = 2p + 2 where p is an non negative integer,
then (16) and (17) give (ϕt )

−1 when ϕt is the Fourier transform of α∗
t .

Comments. For this example, the explicit calculation of the variance functions of
F = F(αt ) and G = F(α∗

t ) is not possible. For instance if t = 2 the probability α∗
2 is

the uniformdistributionon the segment (−π/2, π/2). In this case Lα∗
2
(θ) = sinh(π t/2)

π t/2 :
no way to compute θ = ψα∗

2
(m) in a close formula when

m = k ′
α∗
2
(θ) = π

2

(
cotanh(

πθ

2
) − 2

πθ

)
.

Shanbhag [14] and, in their Proposition4, Barlev and Letac [15], have other proofs
of the ‘only if’ condition of existence of α∗

t .

Proof For t > 1 we just rely on entry 3.631, 9 of Gradshteyn and Ryzhik [16]. If
t < 1 we show that α∗

t does not exist by showing that θ �→ k ′′
αt

(iθ) is not positive.
We obtain

k ′′
αt

(iθ) =
∞∑

n=0

(n + t
2 )

2 − θ2

4

[(n + t
2 )

2 + θ2

4 ]2 .

and a careful calculation shows that

lim
θ→∞ θ2k ′′

αt
(iθ) = 2(t − 1)

If t < 1 then θ �→ k ′′
αt

(iθ) cannot be positive for all θ ∈ R, and this ends the proof.
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Proposition 3.5 If μt is defined by (9) then μ∗
t exists if and only if t is a positive

integer N. In this case μ∗
N is the image of the binomial distribution B(N , 1/2) by

x �→ 2x − N .

Comments. The most interesting particular case corresponds to t = 2 since in this
case we meet the uniform distribution on a segment with the associated pair

μ2(dx) = x

4 sinh(πx/2)
dx, (μ2)

∗(dy) = 1

2
1(−1,1)(y)dy.

This is also an illustration of Proposition2.3 applied to an = 1/2n since
∑∞

n=1
Yn
2n is

uniform on (−1,1) when (Yn)
∞
n=0 is an iid sequence of symmetric Bernoulli random

variables. For this example, the explicit calculation of the variance functions of
F = F(μt ) and G = F(μ∗

t ) gives

VF (m) = t + m2

t
, VG(m) = N − m2

N
.

Proof of Proposition3.5. ⇐ is obvious. To prove ⇒ suppose that there exists a
positive integer n0 such that n0 − 1 < t < n0 and suppose that μ∗

t exists. Taking the
image τ of μ∗

t by the map x �→ x ′ = x − t , choosing θ > 0 and denoting z = e−2θ

we get

∫ +∞

−∞
eθx ′

τ(dx ′) =
∫ +∞

−∞
eθ(x−t)μ∗

t (dx) = 1

2t

∞∑

n=0

t (t − 1) . . . (t − n + 1)

n! zn.

Since t (t −1) . . . (t − n+1) < 0when n = n0+1 this shows that τ({−2n0−2}) < 0,
a contradiction.

The third example is obtained by considering theBabel class ofNEF, namely the set of
exponential families such that the variance function has the form VF = PΔ+ Q

√
Δ

where Δ, P and Q are polynomials with respective degrees less or equal to 2, 1, 2.
Looking for possible pairs (F, G) in this class such that VF (m) = VG(im) and
such that F and G are generated by associated distributions (μ, ν) -and therefore
symmetric- implies thatΔ(m) = Am2 +C, P is a constant and Q(m) = A′m2 +C ′.
The caseC = 0 is excluded since the domain of the mean MF and MG are symmetric
interval and VF and VG are real analytic on them. As a consequence either F or G
must be such that Δ(m) = 1 − m2 (up to affinities). But there is only one type of
NEF in the Babel class such that Δ(m) = 1−m2 and it is generated by the trinomial
distributions defined for 0 < a < 1 by

μa = 1

a + 1
(aδ0 + 1

2
δ−1 + 1

2
δ1) (18)



Associated Natural Exponential Families and Elliptic Functions 65

and their entire powers of convolution. Of course the limit cases are related to
Bernoulli, since

μ0 = 1

2
δ−1 + 1

2
δ1, μ1 = (

1

2
δ−1/2 + 1

2
δ1/2) ∗ (

1

2
δ−1/2 + 1

2
δ1/2).

Proposition 3.6 If μa is defined by (18) with a ∈ (0, 1) then μ∗
a exists and is

μ∗
a = τb ∗ τ−b.

where a = cos 2b with 0 < b < π/4 and

τ±b(x) = cos b

cosh πx
4

e±bx dx .

Proof We have

Lμa (θ) = a + cosh θ

a + 1
, VF(μa) = 1

1 − a2
− m2 − a√

1 − a2

√
1

1 − a2
− m2.

Therefore, if μ∗
a does exist it must satisfy

Lμ∗
a
(θ) = a + 1

a + cos θ
, VF(μ∗

a) = 1

1 − a2
+ m2 − a√

1 − a2

√
1

1 − a2
+ m2

with Θ(μa)
∗ = (−zμa , zμa ) where zμa is the smallest positive solution of cos θ =

−a. Such a μ∗
a actually exists. To see this we write a = cos 2b with 0 < b < π/4

and by simple trigonometry and the help of formula (6):

cos 2b + 1

cos 2b + cos θ
= cos b

cos( θ
2 − b)

× cos b

cos( θ
2 + b)

= Lτb(θ)Lτ−b(θ)

where

τ±b(x) = cos b

cosh πx
4

e±bx dx .

4 Discussion and Easy Cases for (Am4 + Bm2 + C)1/2

In this section we recall known and not so well known results about a few particular
cases. The caseswhere only one of the three numbers A, B, C is not zero are classical:
we get respectively the gamma, Poisson or normal case. We now investigate three
more interesting particular cases (they are all described in Letac [7] as elements of
the Babel class).
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4.1 The Case A = 0

The useful results are contained in the following proposition:

Proposition 4.1 Let t > 0. Let N1 and N2 be two independent standard Poisson
random variables with expectation t/2. Then the exponential family Ft with domain
of the means R and variance function (m2 + t2)1/2 exists and is generated by the
distribution μt of N1 − N2. Furthermore

μt (dx) =
∑

n∈Z
e−t I|n|(t)δn(dx)

where

Ix (t) =
∞∑

n=0

1

n!Γ (n + x + 1)

(
t

2

)2n+x

.

Proof Since E(eθ(N1−N2) = et (cosh θ−1) we get that Θ(μt ) = R and that

kμt (θ) = t (cosh θ − 1), k ′
μt

(θ) = t sinh θ, k ′′
μt

(θ) = t cosh θ = (k ′
μt

(θ)2 + t2)1/2.

Thus VF(μt )(m) = (m2 + t2)1/2 as desired, and the domain of the means is R. A
consequence of this proposition and of (3) and (2) is that (Bm2 + C)1/2 is always a
variance function for B and C > 0.

4.2 The Case C = 0

s

Proposition 4.2 Let t > 0. Then the exponential family Ft with domain of the
means R and variance function m(1 + m2

t2 )1/2 exists. In particular F1 is generated
by μ1 = δ0 + 2

∑∞
n=1 δn. More specifically, P is in F1 if and only if there exists

q ∈ (0, 1) such that P is the convolution of the Bernoulli distribution 1
1+q δ0 + q

1+q δ1

with the geometric distribution (1 − q)
∑∞

n=0 qnδn.

Proof Writing for θ < 0 Lμ1(θ) = 1+eθ

1−eθ it is easily seen that it generates a natural
exponential family with domain of the means (0,∞) and variance function m(1 +
m2)1/2. The only non trivial point of the proposition is the fact that the elements of
F1 are infinitely divisible. For this we write

kμ1(θ) =
∞∑

n=1

1

n
(1 + (−1)n)enθ .
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Since the coefficient 1
n (1 + (−1)n) of enθ is ≥ 0 the result is proved (although it is

difficult to compute μt explicitly when t is not an integer).
A consequence of this proposition is that (Am4 + Bm2)1/2 is a variance function

for A and B > 0 with domain of the means (0,∞).

4.3 The Case B2 − 4AC = 0

Here is a well known fact (see Morris [2]):

Proposition 4.3 Let t > 0. The natural exponential family Ft with domain of the
means R and variance function t (1+ m2

t2 ) is generated by the probability μt defined
by (8).

This rules the case B2 −4AC = 0 such that Ax2 + Bx +C has a negative double
root with A > 0.

Proposition 4.4 Let t > 0. The natural exponential family Ft with domain of the
means (t,∞) and variance function t

2 (
m2

t2 − 1) exists. In particular F1 is generated
by μ1 = ∑∞

n=1 nδn.

Proof We do not give the details about μ1 which are standard. Since the elements of
F1 are negative binomial distributions shifted by 1, they are still infinitely divisible
and Ft does exist for all t > 0.

This rules out the case B2 − 4AC = 0 such that Ax2 + Bx + C has a positive
double root x0 with A > 0 and domain of the means (

√
x0,∞).

Proposition 4.5 Let N > 0 be an integer. The natural exponential family Ft with
domain of the means (−N , N ) and variance function N

2 (1− m2

N 2 ) exists. It is generated
by (δ1 + δ−1)

∗N .

Proof This is an easy and classical fact.

4.4 Ax2 + Bx + C Cannot Have Simple Roots on (0,∞)

We discard some values of (A, B, C). Suppose that Ax2 + Bx + C has a positive
simple root x0 > 0. Then (Am4+ Bm2+C)1/2 cannot be a variance function. For by
the principle of maximal analyticity, the domain of the means will have m0 = √

x0
has boundary point. Since x0 is a simple root, then the variance function around m0

will be equivalent to k|m −m0|1/2 for some positive constant k. But this is forbidden
by the principle of Jørgensen et al. [12] mentioned in (10).
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4.5 The Splitting of the Elliptic Variances in Three Cases

The only cases that we are left to consider in order to have a classification of the
variance functions of the form (Am4 + Bm2 +C)1/2 are now the cases where Ax2 +
Bx + C is strictly positive on [0,∞) and has no double negative root. Of course this
implies that A > 0 and C > 0. To simplify the matters, we choose C = 1 and we
introduce the function V (m) = (Am4 + Bm2 + 1)1/2 and, for t > 0, the function
Vt (m) = tV (m/t).A simple analysis shows that Ax2 + Bx +1 has no positive roots
and no double negative roots if and only if there exists a non zero real number a and
a positive number b such that

Ax2 + Bx + 1 = (1 + ax)2 + 2b2x .

Let us insist of the fact that a can be negative. Finally we introduce a complex number
k through its square in order to use the standard notations of elliptic functions:

k2 = 1 + 2a

b2

This leads to three cases

1. The case −1 ≤ k2 < 0. It corresponds to the fact that P(x) = (1+ ax)2 + 2b2x
has no roots and that the minimum of P on [0,∞) is reached on 0.

2. The case k2 < −1. Here P has no roots and reaches its minimum on [0,∞) at
−b2(a + b2)/a2.

3. The case k2 > 0. Here P has two distinct negative real roots. Taking A = 1
instead of C = 1 and P(x) = (x + a2)(x + b2) is convenient.

We investigate these cases in the next three sections.

5 The Elliptic Cases: The Case −1 ≤ k2 < 0

Wewrite k2 = −1+ p with 0 ≤ p < 1 andwe introduce the following two constants:

K =
∫ 1

0
(1 − x2)−1/2(2 − p − x2)−1/2dx

K ′ =
∫ 1

0
(1 − x2)−1/2(1 + (1 − p)x2)−1/2dx . (19)

Here is our first serious result:
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Theorem 5.1 Suppose that k2 = 1 + 2a
b2 = −1 + p ∈ [−1, 0). For b = √

2 and
a = −2 + p there exists a natural exponential family Gt with domain of the means
R and variance function

t

√
(1 + a

m2

t2
)2 + 2b2

m2

t2

when t is a multiple of a. It is concentrated on π
2K Z. The family G |a| is generated

by a symmetric probability measure μ|a| which is the convolution of the Bernoulli
distribution 1

2 (δ− π
2K

+ δ π
2K

) by an infinitely divisible distribution α|a| concentrated

on π
K Z. We denote q = e−π K ′/K and for a positive integer ν we denote

cν = c−ν = qν − (−1)νq2ν

1 − q2ν
> 0.

Then the Laplace transform of αt is

∫ ∞

−∞
eθxαt (dx) = exp

⎛

⎝ t

|a|
∑

ν∈Z\{0}
cν(e

νπθ
K − 1)

⎞

⎠ .

Finally the characteristic function of μ2|a| is 1
℘(s+K )− p

3
where ℘ is the elliptic Weier-

strass function satisfying

℘ ′2 = 4(℘ − 1 + 2p

3
)(℘ − p

3
)(℘ + 1 − p

3
)

which is doubly periodic with primitive periods 2K and 2i K ′. In particular it has
zeros and Gt cannot be infinitely divisible.

Comments. Doing b = √
2 is not really a restriction. Using the formula a2VF (m/a)

for the image of F by x �→ ax gives the description of F for an arbitrary b > 0.

Proof We apply the standard procedure for computing the Laplace transform of a
generating measure when the variance function is given. We shall use the following
change of variable u2 = (1 + am2)2 + 2b2m2 for u ≥ 1. This implies that

m2 = 1

a2
[−a − b2 +

√
b4 + 2ab2 + a2u2].

We consider now the new change of variable

u = 1

2
((2 + b2

a
)w2 − b2

aw2
) = b2

2a
(k2w2 − 1

w2
)
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with 0 < w < 1. This choice is designed in order to have b4 + 2ab2 + a2u2 =
b4k2 + a2u2 transformed in a perfect square of a rational function of w:

√
b4 + 2ab2 + a2u2 = a

2
((2 + b2

a
)w2 + b2

aw2
) = b2

2
(k2w2 + 1

w2
)

This leads to

m2 = b2

2a2w2
(1 − w2)(1 − k2w2) (20)

but also to a surprising result

a + b2 + a2m2 = (a + b2

2
)w2 + b2

2w2
= b2

2
(k2w2 + 1

w2
)

du = [(a + b2

2
)w2 + b2

2w2
] 2

aw
dw = b2

a
(k2w2 + 1

w2
)
dw

w
du

a + b2 + a2m2
= 2

aw
dw (21)

Recall that a < 0 and that w �→ u is decreasing. Thus we get, gathering (21) and
(20)

dθ = 1

V (m)
× dm = 1

u
× 2udu

4m(a + b2 + a2m2)
= du

2m(a + b2 + a2m2)
= dw

awm

= −
√
2

b

dw√
(1 − w2)(1 − k2w2)

(22)

We introduce the function θ �→ C(θ) by

θ =
∫ 1

C(θ)

dw√
(1 − w2)(1 − k2w2)

Thus C(0) = 1 and the function C is defined on [0, K ′]. Actually, we have C(θ) =
sn (K ′ − θ). In (0, K ′) it satisfies C ′(θ) = −(1 − C(θ)2)1/2(1 − k2C(θ)2)1/2. Now
we can write

θ =
∫ m

0
ψ ′

μ(x)dx =
∫ 1

w(m)

dw

(1 − w2)1/2(1 − k2w2)1/2
.

Thus w(m) = C(θ) and from (20)

m = k ′
μt

(θ) = m(C(θ)) = 1

|a|C(θ)
(1 − C(θ)2)1/2(1 − k2C(θ)2)1/2 = C ′(θ)

aC(θ)
.
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Thus finally we get the Laplace transform of μt as

Lμt (θ) = 1

(C(θ))1/|a| .

We observe that θ �→ C(θ) has an analytic continuation to the whole complex plane.
We now consider its restriction c(s) = C(is) to the imaginary line. It satisfies the
differential equation

c′(s)2 = (c(s)2 − 1)(1 − k2c(s)2) (23)

with the initial condition c(0) = 1. Now introduce the function s �→ f (s) =
−k2c2(s). It satisfies the differential equation

f ′(s)2 = 4 f 3(s) + 4(1 + k2) f 2(s) + 4 f (s) = 4( f (s) + 1) f (s)( f (s) + k2)

(just multiply (23) by c2 to reach this result). From now it is convenient to write

k2 = 1 + a = p − 1

with p ∈ [0, 1).Thenwriting f (s) = − p
3 +h(s)weget h′(s)2 = 4h(s)3−g2h(s)−g3

with

g2 = 4(1 − p + 2p2

3
), g3 = −4p

3
(1 − p + 2p2

9
)

Thus h satisfies the differential equation of the ℘ function of Weierstrass for the
parameters g2 and g3 (see SG 247). We can also write h′2(s) = 4(h − e1)(h −
e2)(h − e3) with e1 = 1 − 2p

3 > e2 = p
3 > e3 = −1 + p

3 with discriminant

Δ = g3
2 − 27g2

3 = [4(1 − p)(2 − p)]2.

Thus (see SG page 279 and page 283) the function ℘ has periods 2K = 2ω and
2i K ′ = 2ω′

2i K ′ K + 2i K ′ 2K + 2i K ′

i K ′ K + i K ′ 2K + i K ′

0 K 2K
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ω = 1√
2 − p

∫ 1

0

dw

(1 − w2)1/2(1 − 1
2−p w2)1/2

,

ω′ = i√
2 − p

∫ 1

0

dw

(1 − w2)1/2(1 − 1−p
2−p w2)1/2

= i K ′.

The last equality ω′ = i K ′ is obtained from the changes of variable w = u1/2,
u = 1 − v and v = t2. We have h(s) = ℘(s + C) for some constant C. Now,
since the variance function t (1 + a m2

t2 )1/2)2 + 4m4

t2 )1/2 is symmetric, there exists a
symmetric measure which generates it and without loss of generality we assume that
the characteristic function s �→ 1

f (s)t/2|a| is real. Thus we have to take C such that

c(0) = 1 or f (0) = 1 − p or h(0) = 1 − 2p
3 = e1 or ℘(C) = e1. Hence from SG

page 279 C = K .

Since s �→ ℘(s) has periods 2K and 2i K ′ and since ℘(K ) = 1 − 2p
3 = e1 we

have
f (s) = ℘(s + K ) − p

3
.

Note that s �→ ℘(s) has no real zeros, only poles on multiples of 2K and is periodic.
See the picture in SG page 280. Thus

s �→
(
1 − p

f (s)

)t/2|a|

is 2K periodic and has zeros on odd multiples of K . Since it is 2K periodic, this
implies that it is the characteristic function of a symmetric probability concentrated
on multiples of π/K .

1 − p

f (s)

t/2|a|
=

∑

ν∈Z
pν(t)e

iν π
K = p0(t) + 2

∞∑

ν=1

pν(t) cos
πν

K
.

We are going to consider − t
2|a| log f (s) and to compute its Fourier series. For this

we use formula 5.8–22 in SG page 263 applied to α = 2 which gives here since
e2 = p/3

f (2K z)1/2 =
√

℘(2K z + K ) − p

3
= ϑ3(z + 1

2 )

Cϑ1(z + 1
2 )

(24)

where C is some constant and where the q occurring in the Theta functions is given

by SG page 261 by q = eiπτ with τ = i K ′/K . Thus q = e− K ′
K π here. Forgetting the

factor t/|a| we have

−1

2
log f (s) = logC + logϑ1(

s

2K
+ 1

2
) − logϑ3(

s

2K
+ 1

2
).



Associated Natural Exponential Families and Elliptic Functions 73

Consider the derivative of this function:

−1

2
(log f (s))′ = 1

2K

ϑ ′
1(

s
2K + 1

2 )

ϑ1(
s
2K + 1

2 )
− 1

2K

ϑ ′
3(

s
2K + 1

2 )

ϑ3(
s
2K + 1

2 )
.

Now we use formulas about ϑ ′
j/ϑ j given in SG page 274. They are

ϑ ′
1(z)

ϑ1(z)
= π

cosπ z

sin π z
+ 4π

∞∑

ν=1

q2ν

1 − q2ν
sin 2νπ z

ϑ ′
3(z)

ϑ3(z)
= 4π

∞∑

ν=1

(−1)νqν

1 − q2ν
sin 2νπ z

In these expressions we replace z by s
2K + 1

2 and we get

ϑ ′
1(

πs
2K + π

2 )

ϑ1(
πs
2K + π

2 )
= −π

sin πs
2K

cos πs
2K

+ 4π
∞∑

ν=1

(−1)νq2ν

1 − q2ν
sin

πs

K

ϑ ′
3(

πs
2K + π

2 )

ϑ3(
πs
2K + π

2 )
= 4π

∞∑

ν=1

qν

1 − q2ν
sin

πs

K

Thus

− K

π
(log f (s))′ = − sin πs

2K

cos πs
2K

+ 4
∞∑

ν=1

(−1)νq2ν − qν

1 − q2ν
sin 2

πs

2K
,

−1

2
log f (s) = C1 + log cos

πs

2K
+ 2

∞∑

ν=1

qν − (−1)νq2ν

1 − q2ν
cos 2ν

πs

2K
,

−1

2
log f (s) = C1 + log cos

πs

2K
+

∑

ν∈Z\{0}

q |ν| − (−1)νq2|ν |
1 − q2|ν| exp 2νiπ

s

2K
,

where C1 is a constant such that f (0) = 1 − p. Thus

1

c(s)t/|a| = C2(cos
πs

2K
)t/|a| exp

⎡

⎣
∑

ν∈Z\{0}

q |ν| − (−1)νq2|ν |
1 − q2|ν| exp 2νiπ

s

2K

⎤

⎦

The theorem is proved.
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6 The Elliptic Cases: k2 < −1

This case is more complicated when treated by the retrieving method of Sect. 2. A
reason is the fact that the function m �→ V (m) is not convex. More specifically, if
P(x) = (1+ax)2+2b2x is used to define V (m) = √

P(m2) the case k2 = 1+ 2a
b2 <

−1 correspond to the case where P ′ has a positive root. Here we shall rather use the
method of associated NEF, but no new interesting distributions will appear, as shown
by the following result:

Theorem 6.1 If k2 = 1 + 2a
b2 < −1 then

√
(1 + am2)2 + 2b2m2 is not a variance

function.

Proof Suppose that
√

(1 + am2)2 + 2b2m2 is the variance function of some NEF
F1. Let us assume first that the associated F2 exists. As a consequence the variance
function of F2 is

VF2(m) =
√

(1 − am2)2 − 2b2m2 =
√

(1 + am2)2 + 2(2a − b2)m2.

Like in Theorem5.1 without loss of generality we may assume that 2a −b2 = 2, and
Theorem5.1 gives us a detailed description of F2. If μ2 is the symmetric probability
generating F2 we have seen that Lμ(θ) = C(θ)−1/|a| where C(θ) = sn (K ′ − θ)

with K and K ′ defined by (19). As a consequence, if μ1 is the symmetric probability
generating F1, then from Proposition3.1 its Fourier transform is

ϕμ1(s) = C(s)1/|a|.

Now we use the fact that the function C is doubly periodic with periods 2K and
2i K ′. This implies that the Fourier transform ϕμ1(s) has period 2K ′ which means
that μ2 is concentrated on a coset of the group Z/(2K ′). We are going to use this
to see that s �→ C(s)−1/|a| is also a Fourier transform of a probability and this will
obviously contradict the existence of μ2. For this, we have to understand the 2K ′
periodicity of C by coming back to formula (24) which shows that C(2K s) is the
power of a function of the form

ϑ3(z + 1
2 )

Cϑ1(z + 1
2 )

.

Now we use the Jacobi imaginary transformation (see SG pages 269–272). In our
particular case this Jacobi transformation is the following. Denote τ = i K ′/K . Then
−1/τ = i K/K ′. The theta functions ϑ1 and ϑ3 are implicitly functions of τ and it
is sometimes useful to write ϑi (z|τ) instead of ϑi (z). Formulas linking ϑi (z|τ) and
ϑi (z| − 1/τ) are known (see 5.10–9 in SG). These formulas show, by the magic of
the Jacobi transformation, that C(s)−1/|a| is the Fourier transform of the probability
on Z/K ′ which is obtained from Theorem5.1 simply by exchanging the roles of K
and K ′. We therefore obtain the desired contradiction.
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The last task is to get rid of the hypothesis that F1 has an associated NEF. If
F1 = F(μ1) exists with VF1(m) = √

(1 + am2)2 + 2b2m2 then playing with the
affine and the Jørgensen transformations (2) and (3) it is possible to find a positive

number t such that
√

(1 − a m
t
2
)2 − 2b2 m

t
2 is the variance function of some NEF F2.

This F2 = F(μ2) is necessarily of the type considered in Theorem5.1 (namely with
1 < k2 < 0).We have seen that in this case the Laplace transform ofμ2 is a negative
power of C(θ) = sn (θ − K ′). Therefore the Fourier transform of μ1 is a positive
power of C(s). However, a negative power of C(s) was also the Fourier transform
of a probability: we get a contradiction and this ends the proof.

7 The Elliptic Cases: k2 > 0

In this section we study the variances of the form V (m) = √
(m2 + a2)(m2 + b2)

where 0 < a < b.

Theorem 7.1 Let 0 < a < b such that b2 − a2 = 24/3. There exists an natural

exponential family with variance function 2
√

(m2

4 + a2)(m2

4 + b2). It is generated
by a symmetric discrete distribution concentrated on the group π

K Z where K i a
constant given below by (25).

Proof We have θ = ∫ m
0

dt√
(t2+a2)(t2+b2)

. We do the changes of variable t �→ u �→
v �→ w defined for u > ab, v > 2ab

b2−a2 , w >

√
b+a
b−a .

u2 = (t2 + a2)(t2 + b2), u = b2 − a2

2
v, v = 1

2
(w2 − 1

w2
).

Since udu = 2t (2t2 + b2 + a2)dt and dv = (w2 + 1
w2 )

dw
w we get

θ = b2 − a2

4

∫ 2
√

(m2+a2)(m2+b2)

b2−a2

2ab
b2−a2

dv

t (2t2 + b2 + a2)
.

We have also

t2 = −b2 + a2

2
+ b2 − a2

2

√
v2 + 1 = −b2 + a2

2
+ b2 − a2

4
(w2 + 1

w2
)

= b2 − a2

4w2
(w2 − b + a

b − a
)(w2 − b − a

b + a
).

Thus 2t2 + a2 + b2 = b2−a2

2 (w2 + 1
w2 ) which implies that dv

2t2+b2+a2 = b2−a2

2
dw
w .

Denoting for simplification r = b+a
b−a > 1 we get
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θ = (b2 − a2)3/2

4

∫ w(m)

√
r

dw√
(w2 − r)(w2 − r−1)

where m �→ w(m) >
√

r is defined by

m2 = b2 − a2

4w2(m)
(w2(m) − r)(w2(m) − r−1).

Now for simplification let us assume that (b2−a2)3/2

4 = 1. Introduce the function
θ �→ C(θ) from (0,∞) to (

√
r ,∞) defined by

θ =
∫ C(θ)

√
r

dw√
(w2 − r)(w2 − r−1)

.

Thus we have w(m) = w(k ′(θ)) = C(θ). This function C satisfies the differential
equation

C ′ =
√

(C2 − r)(C2 − r−1),
C ′(θ)

C(θ)
= 1

C(θ)

√
(C2(θ) − r)(C2(θ) − r−1) = 2√

b2 − a2
k′(θ).

Thus the Laplace transform ofμ is L(θ) = C(θ)c where c =
√

b2−a2

2 .Wenow imitate
the procedure used in Theorem4.1: we consider the Fourier transform c(s) = C(is)
for s ∈ R, which satisfies

c′(s)2 = −(c2(s) − r)(c2(s) − r−1),

then f (s) = c2(s) which satisfies f ′2 = 4c2c′2 = −4 f ( f − r)( f − r−1), then
h(s) = 1

3 (r + r−1) − f (s) which satisfies

h′(s)2 = 4h(s)3 − g2h(s) − g3

= 4[h(s) − 1

3
(r + r−1)][h(s) − 1

3
(r − 2r−1)][h(s) − 1

3
(r−1 − 2r)]

= 4(h(s) − e1)(h(s) − e2)(h(s) − e3)

with g2 = 4
3 (r

2 + r−2 − 1), g3 = 4
27 (3r + 3r−1 − 2r3 − 2r−3) and

e1 = 1

3
(r + r−1) > e2 = 1

3
(r − 2r−1) > e3 = 1

3
(r−1 − 2r)

Hence for some complex constant C we have h(s) = ℘(s +C)with periods 2K and
2i K ′ defined by

K =
∫ ∞

e1

dx√
4x3 − g2x − g3

, K ′ =
∫ e3

−∞
dx√−4x3 + g2x + g3

(25)
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(see Whittaker and Watson [17] Example1 p. 444). Now to determine the constant
C one observes that f (s) = 1

3 (r + r−1) − ℘(s + C) is real since this is the Fourier
transform of a symmetric measure. Furthermore f (0) = c(0)2 = r. Thus ℘(C) =
1
3 (r

−1 −2r) = e3 which implies C = i K ′.Nowwe use the formula (see SG formula
5.8–22)

√
℘(z) − e j = π

2K

[
ϑ ′
1(0)ϑ j+1(

z
2K )

ϑ j+1(0)ϑ1(
z
2K )

]

that we shall use for writing

c2(s) = f (s) = 1

3
(r + r−1) − h(s) = e1 − ℘(s + i K ′) = π2

4K 2

∣∣∣∣∣
ϑ ′
1(0)ϑ2(

s
2K + i K ′

2K )

ϑ2(0)ϑ1(
s
2K + i K ′

2K )

∣∣∣∣∣

2

.

Let us introduce the notation q = e−π K/K ′
With it, ϑ1 and ϑ2 are given by

ϑ1(z) = 2Cq1/4 sin π z
∞∏

ν=1

(1 − 2q2ν cos 2π z + q4ν)

ϑ2(z) = 2Cq1/4 cosπ z
∞∏

ν=1

(1 + 2q2ν cos 2π z + q4ν)

where C = ∏
ν=1(1−q2ν) (see SG pages 268–9). Let us give a simpler presentation

of c2(s): using z = s
2K + i K ′

2K and u = e
iπs
2K we introduce the following symbols for

ν = 1, 2, . . .

ϕν(u) = u4 + u−4

q2ν + q−2ν + q2 + q−2
, ϕ0(u) = u2 + u−2

q + q−1
.

We get

∣∣∣∣
cosπ z

sin π z

∣∣∣∣
2

= 1 + ϕ0(u)

1 − ϕ0(u)
,

∣∣∣∣
1 + 2q2ν cos 2π z + q4ν

1 − 2q2ν cos 2π z + q4ν

∣∣∣∣
2

= 1 + ϕν(u)

1 − ϕν(u)
.

and finally the elegant formula

c2(s) = f (s) = C
∞∏

ν=0

1 + ϕν(u)

1 − ϕν(u)

where the constant C is such that f (0) = 1. The last step is the formula, correct for
|Z | < 1:

1 + Z

1 − Z
= 1 + 2

∞∑

n=1

Zn =
∑

n∈Z
Z |n|.
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Replacing Z by ϕν(u)we see that fν(s) = Cν
1+ϕν(u)

1−ϕν(u)
whereCν is such that fν(0) = 1

is the characteristic function of a probability distribution concentrated on the additive
group 2π

K Z for ν ≥ 1 and on the additive group π
K Z for ν = 0. As a result f is the

characteristic function of a symmetric discrete distribution on the group π
K Z.

Comments. Of course the restriction b2 − a2 = 24/3 is not important and can
be generalized by a dilation. In the other hand, finding the Jørgensen set of these
families is a difficult question. It should also be mentioned that the characteristic
function fν(s) above has the form

1−cν

1−cν

1+cν cos s
1−cν cos s after dilation x �→ 2π

K x if ν 
= 0 or
x �→ π

K x . If the Poisson kernel distribution on Z of parameter r ∈ (0, 1) is defined
by pn = 1−r

1+r r |n|, then 1−cν

1−cν

1+cν cos s
1−cν cos s can be seen as a mixing of a Dirac mass on zero

and of Poisson kernel distribution with parameter r = cν .

8 The Family F

Theorem 8.1 Let x > 0. The NEF Fx with domain of the means (0,∞) and variance
function

VFx (m) = m(1 + 4m4

x4
)1/2

is generated by a positive measure on N which is νx (dt) = ∑∞
n=0

pn(x)

n! δn(dt) with
generating function

fx (z) =
∞∑

n=0

pn(x)

n! zn = e
x

∫ z
0

dw
(1−w4)1/2 . (26)

which satisfies
(1 − z4) f ′′

x (z) − 2z3 f ′
x (z) − x2 fx (z) = 0.

The total mass of νx is exp(x 1
4 B( 12 ,

1
4 )). The polynomials pn are given by pn(x) = xn

for n = 0, 1, 2, 3, 4, p5(x) = x5 + 12x and for n ≥ 2

pn+2(x) = x2 pn(x) + n(n − 1)2(n − 2)pn−2(x).

Proof The proof of the first formula is a routine calculation for exponential families
concentrated on N, but we give details. We use successively the change of variables
u = 2m2/x2 and u = sinh v.

dθ = dm

V (m)
= 4mdm

4m2
√
1 + 4m4

x4

= du

u
√
1 + u2

= dv

2 sinh v
= 1

2
(

1

ev − 1
− 1

ev + 1
)evdv
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Denoting z = eθ we get

z2 = ev − 1

ev + 1
, ev = 1 + z2

1 − z2
, e−v = 1 − z2

1 + z2
, u = sinh v = 2z2

1 − z4
, m = xz√

1 − z4
.

Thus k ′
μ(θ) = x eθ√

1−e4θ
and this leads to the result (26).

The trick to obtain the differential equation for fx is to write (1− z4)1/2 f ′
x = x fx ,

then to differentiate with respect to z and then to multiply both sides of the result by
(1 − z4)1/2. Then the differential equation leads to the equality

∑

n≥0

(n + 1)(n + 2)
pn+2(x)

(n + 2)! zn −
∑

n≥4

(n − 3)(n − 2)
pn−2(x)

(n − 2)! zn

−2
∑

n≥3

(n − 2)
pn−2(x)

(n − 2)! zn − x2
∑

n≥0

pn(x)

n! zn = 0.

Using fx (0) = p0(x) = 1 and f ′
x (0) = p1(x) = x we get pn(x) = xn for 0 ≤ n ≤ 4

and for n ≥ 4 we have

(n+1)(n+2)
pn+2(x)

(n + 2)! −(n−3)(n−2)
pn−2(x)

(n − 2)! −2(n−2)
pn−2(x)

(n − 2)! −x2 pn(x)

n! = 0,

(n + 1)(n + 2)
pn+2(x)

(n + 2)! − (n − 1)(n − 2)
pn−2(x)

(n − 2)! − x2 pn(x)

n! = 0.

Now we multiply both sides by n! and we use the definition of pn for getting

pn+2(x) = x2 pn(x) + n(n − 1)2(n − 2)pn−2(x).

Checking the correctness of this equality for n = 2, 3 is easy.

Remarks It is easy to check that if n = 4q + r with r = 0, 1, 2, 3 then there exists
a monic polynomial Pq,r of degree q such that

pn(x) = xr Pq,r (x4).

For instance P0,r (z) = 1, P1,0(z) = z, P1,1(z) = z + 12, P1,2(z) = z + 72,
P1,3(z) = z + 252, P2,0(z) = z2 + 672z, P2,1(z) = z2 + 1512z + 1260.

Wenow extend Theorem8.1 to amore general variance function, without being so
specific about calculation of the corresponding distribution. This variance function
for x = 1 is the reciprocal variance function for t = 1 of VGt where

VGt (m) =
√
1 + 2p

m2

t2
+ (2 − p)2

m4

t4
.
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Theorem 8.2 Let p ∈ [0, 1). Let x > 0. The NEF Fx with domain of the means
(0,∞) and variance function

VFx (m) = m

[
1 + 2p

m2

x2
+ (2 − p)2m4

x4

]1/2

is generated by a positive measure on N with generating function

fx (z) = exp

[
x

√
2

2 − p

∫ z

0
(1 + qw2)1/2(1 − w4)−1/2dw

]
. (27)

where q = p/(2 − p)2.

Proof It is convenient to denote c = p/(2 − p) and to observe that

0 ≤ c < 1 ,
√
1 − c2 = 2

√
1 − p

2 − p
,

c ± 1√
1 − c2

= ± 1√
1 − p

.

Weuse successively the changeof variablesu = (2−p)m2/x2 andu = √
1 − c2 sinh v−

c.

dθ = dm

V (m)
= 4mdm

4m2
√
1 + 2p m2

x2
+ (2−p)2m4

x4

= du

u
√
1 + 2cu + u2

= dv

2
√
1 − c2 sinh v − 2c

= evdv√
1 − c2e2v − 2cev − √

1 − c2
= 1

2

⎡

⎣ 1

ev − 1√
1−p

− 1

ev + 1√
1−p

⎤

⎦ evdv.

Denoting z = eθ we get

z2 =
ev − 1√

1−p

ev + 1√
1−p

, ev = 1√
1 − p

1 + z2

1 − z2
, e−v = √

1 − p
1 − z2

1 + z2

√
1 − c2 sinh v = 4z2 + p(1 − z2)2

(2 − p)(1 − z4)
, u = 2z2

1 − z4
(1+cz2), m2 = 2

2 − p

z2

1 − z4
(1+qz2).

Thus

m = k ′
μ(θ) = x

√
2

2 − p

(1 + qe2θ )1/2

(1 − e4θ )1/2
eθ

and this leads to the result (27).
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It remains to prove that the Taylor expansion of z �→ fx (z) defined by (27) has
positive coefficients. For this it is enough to prove that the argument of the exponential

z �→
∫ z

0
(1 + qw2)1/2(1 − w4)−1/2dw

has positive coefficients. It is enough to prove that z �→ (1 + qz2)1/2(1 − z4)−1/2

has positive coefficients. It is enough to prove that z �→ (1+ qz)1/2(1− z2)−1/2 has
positive coefficients. It is enough to prove that

z �→ log[(1 + qz)(1 − z2)−1] =
∞∑

n=1

anzn

has positive coefficients. But this very last point is easy to check since 0 ≤ q < 1
and since an is computable: for odd n then an = qn/n > 0 and for even n = 2p we
have

an = 1

p
− q2p

2p
> 0.

The theorem is proved.

9 Conclusion: General Elliptic Variances

It seems that the present paper is only scratching the surface of an interesting theory.
Indeed, consider the set of variance functions of the form

VF (m) = (αm + β)
√

P(m) (28)

where P is a polynomial with degree ≤ 4. The present paper has considered only
the cases P(m) = Am4 + Bm2 + C. Recall a definition appearing in Hassairi [18]
and Barlev et al. [19]. We say that two NEF F1 and F2 on the real line belong to the
same orbit if there exists a Moebius transformation y = (ax +b)/(cx +d) such that
ad − bc = 1 and such that on a suitable interval for m we have

VF1(m) = (cm + d)3VF2

(
am + b

cm + d

)
.

The most celebrated pair (F1, F2) is the set of normal distributions with variance 1
and the set of inverse Gaussian distributions, with variance m3 on (0,∞). The pair
(
√
4 + m4, m

√
1 + 4m4) offers another example. Roughly saying that F1 and F2

belong to the same orbit means the following: suppose that F1 and F2 are generated
byμ1 andμ2 and let us draw inR2 the curves C1 and C2 which are the representative
curves of the convex functions kμ1 and kμ2 (in the case of the pair normal-inverse
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Gaussian, they are a parabola and a piece of parabola). Then F1 and F2 are in the same
orbit if and only if there exists an affine transformation of the planeR2 which maps a
part of C1 onto a part of C2. This affine transformation can be described in terms of
the coefficients (a, b, c, d) of the Moebius transformation. A very satisfactory fact
observed in Hassairi [18] is that the quadratic and cubic NEF are split in 4 orbits,
respectively generated by the normal, the Poisson, the hyperbolic and the Ressel-
Kendall distributions. Now we remark that if F has the form (28) and if G is in the
orbit of F then necessarily VG(m) = (α1m + β1)

√
P1(m) where the polynomial P1

has also degree≤ 4. Therefore we are facing the problem of a whole classification of
this set (28) of variance functions into orbits. This implies a mastering of the elliptic
curves y2 = P(x) and the use of beautiful mathematics. The theory of exponential
families expanded by Ole Barndorff Nielsen 40years ago is still hiding many secrets.
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Cumulants and Bartlett Identities
in Cox Regression

Per Aslak Mykland and Jianming Ye

Abstract Expressions are found for the cumulants needed to analyze and improve
the accuracy of Cox regression up to order O(n−3/2), and consistent estimators for
these are given. In addition, the Bartlett identities are shown to hold for the Cox
partial likelihood (and, in a broad sense, for partial likelihood in general), so that
the cumulant estimators found can be used to adjust statistics in accordance with
formulas from likelihood theory. Numerical results are also given.

Keywords Bartlett identities ·Bartlett correction · Partial likelihood · Proportional
hazards model · Survival analysis

1 Introduction

In statistics, accuracy refers to the closeness of an (often asymptotic) approximation
to the true distribution of a statistic. Frequently, accuracy can be improved by adjust-
ing normal approximations with the help of expansions, saddlepoint approximations,
and ancillary statistics. Good accuracy is crucial for correct inference.1

1Accuracy is sometimes confused with efficiency. The two are not the same, and both are important.
In the case of unconditional inference, bootstrapping [11, 15] is also a popular approach to the
accuracy problem, see [21] and the references therein.
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The study of accuracy is one of the main contributions of Ole Barndorff-Nielsen.
His work stands out with creative approaches like the p∗ formula [3] and the r and r∗
statistics [4, 5], and with thoughtful views on the philosophy of statistical inference,
as in, for example, [6].

One path to improved accuracy is to start with the an asymptotic (limiting) distri-
bution, and to modify it with the help of Edgeworth-type correction terms or factors.
In the case of likelihood inference, this approach involves the Bartlett identities for
log likelihood derivatives [9, 10], and the ensuing Bartlett correction factor for the
likelihood ratio statistic and its signed square root [7, 8, 28] (see Sect. 2).

Thepurpose of the current paper is to show that the sameapproachworks for partial
likelihood inference [14, 40], and specifically inCox regression, and to operationalize
the finding with an estimator for the correction factor.

Inference in Cox regression [1, 13, 14, 39], see also [2, 16], is usually based on
asymptotic (limiting) distributions. There is thus a prima facie case for trying the
correction methods that work in ordinary likelihood.

For theCoxmodel, this issue has been addressed in [18, 19, 22, 30, 32].Our aim in
this paper is to continue this research by finding expressions for the cumulants needed
to describe the distributions of estimators and test statistics up to order O(n−3/2).
This provides a formula for the Bartlett correction factor. The cumulants will be
given in a form that lends itself to estimation by empirical substitution, and we also
give the resulting estimators.

We also show that the critical Bartlett identities [9, 10] hold quite generally for
the Cox model (Theorem1), thus enabling also other likelihood properties, such as
those discussed in [33].

In the following, we begin by explaining the Bartlett identities for (ordinary) like-
lihood, and their implications for the Bartlett correction the likelihood ratio statistic
(Sect. 2). We then discuss the question of Bartlett identities for partial likelihoods
(Sect. 3). The Cox model and partial likelihood is reviewed in Sect. 4, with theorems
about Bartlett identities and correction for this criterion function. We then present
expressions and estimators for the cumulants (Sects. 5 and 6). A few technical argu-
ments are gathered in an appendix.

2 The Bartlett Identities, the Bartlett Factor, and Other
Likelihood Quantities

Let L(θ, t) be a log likelihood function, and set

Lα1,...,αp (θ, t) = ∂ p L(θ, t)/∂θα1 · · · ∂θαp (1)

to the extent that the derivatives exist. We drop θ as an argument when dealing with
the true value (in the notation only, the log likelihood derivatives depend on θ ).
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Since exp{L(θ, T ) − L(θ0, T )} is a likelihood ratio (Radon-Nikodym derivative),
it follows that E exp{L(θ, T ) − L(θ0, T )} = 1. Assuming that one can interchange
differentiation and expectation, one can thus take derivatives with respect to θα ,
obtaining Eθ Lα(θ, T ) exp{L(θ, T ) − L(θ0, T )} = 0, Eθ (Lα1,α2(θ, T ) + Lα1(θ, T )

Lα2(θ, T )) exp{L(θ, T ) − L(θ0, T )} = 0, and so on. Setting θ = θ0, we obtain
E Lα(T ) = 0 (meaning Eθ0 Lα1(θ0, T ) = 0), E Lα1,α2(T ) + E Lα1(T )Lα2(T ) = 0.
The these two identities are crucial for the central limit theorem for the maximum
likelihood estimator (MLE). One can, however, continue the process, obtaining

E Lα1,α2,α3(T ) + E Lα1,α2(T )Lα3(t)[3] + E Lα1(T )Lα2(T )Lα3(T ) = 0,

E Lα1,α2,α3,α4(T ) + E Lα1,α2,α3(T )Lα4(T )[4] + E Lα1,α2(T )Lα3,α4(T )[3]
+E Lα1,α2 Lα3(t)Lα4(T )[6] + E Lα1(T )Lα2(T )Lα3(T )Lα4(T ) = 0, (2)

and so on by taking further derivatives of E exp{L(θ, T ) − L(θ0, T )} = 1 with
respect to θαs. The “[3]” in the first line of (2) means that we sum over the three
terms that arise when recombining α1, α2 and α3, and similarly for “[3]”, “[4]”,
and “[6]” in the second and third line. These are the four first Bartlett identities [9,
10]. The ‘[·]” notation, and the identities are further discussed in [28]. The Bartlett
identities extend to martingales and can heuristically be derived from the likelihood
identities [29].

By a combinatorial argument, the Bartlett identities also hold for cumulants [28].
Cumulants are moment-like objects that are additive for independent sums. See
Chap.2 of [28] for a description and discussion. The second cumulant, for example,
is the covariance. The cumulant concept seems to have been invented independently
by [38] (translated to English in the Appendix of [20]) and [17], see, for example,
[20, 27, 37].

Towrite the Bartlett identities on cumulant form, one simply replacesmoments by
their corresponding cumulants. If we let “cum” denote cumulants (under probability
Pθ0 ), then cumulants κ of Lα1,...,αp (T ) the are defined as in [28], Chap. 7.2; for exam-
ple, κα,β = Cov(Lα (T ), Lβ(T )), καβ,γ δ = Cov(Lαβ(T ), Lγ δ(T )) and κα,β,γ δ =
cum(Lα(T ), Lβ(T ), Lγ δ(T )). The cumulant form of the Bartlett identities then
becomes

κα = 0,

κα1α2 + κα1,α2 = 0,

κα1α2α3 + κα1α2,α3 [3] + κα1,α2,α3 = 0,

κα1α2α3α4 + κα1α2α3,α4 [4] + κα1α2,α3α4 [3] + κα1α2,α3,α4 [6] + κα1,α2,α3,α4 = 0, (3)

and so on.
The first four Bartlett identities yield the following. In the absence of nuisance

parameters, the likelihood ratio statistic w = 2(L(θ̂ , T ) − L(θ, T )) has a Bartlett
correction factor [7, 8, 28] b(θ) given by (using the summation convention)
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npb(θ) = (καβγ δ + 4κα,βγ δ + 4(κα,γ,βδ + καγ,βδ))κ
α,βκγ,δ/4

+ λαλβκα,β/4

+ (καβγ κδεζ + 6καβ,γ κδε,ζ )κ
α,δκβ,εκγ,ζ /6

where λα = −(2καβ,γ + καβγ )κβ,γ (cf. Chap. 7 of [28]).We have here put the expres-
sion in a form where it can immediately be estimated by the methods developed in
the previous section.

The actual corrected likelihood ratio statistic is w/(1 + b(θ)/n), which is well
approximated by χ2

p under a variety of regularity conditions.
The improvement remains strong in the tails (as compared to usual Edgeworth

expansion based results). This is presumably due to the connection between Bartlett
correction and the saddlepoint approximation, [8, 35]. Similar results (both additive
and multiplicative) apply to the signed square root statistic r [7, 8], see also [28].

It should be emphasized that the Bartlett factor is not the only quantity that can
be found from the Bartlett identities. Higher order identities (beyond four) give rise
to improved approximation in the tails [33]. This can also be obtained by the elegant
r∗ approach developed by [4, 5, 26] and others. For the connection of this work to
the Bartlett identities, see [34].

Also, for example, the expressions for bias, variance and third cumulant given on
p. 209 in [28] carry over directly to any criterion function that satisfies the Bartlett
identities. In our notation,

E θ̂ α = θ − 1

n

∑

β,γ,δ

κα,βκα,δ(κβ,γ,δ + κβ,γ δ)/2 + O(n−3/2),

and so on (κα,β is the inverse of κα,β).

3 Bartlett Identities for Partial Likelihood

The Bartlett identities hold quite generally in partial likelihood problems. To see this,
let θ = (θ1, θ2, . . .) be the parameter appearing in the partial likelihood, and let θ0
be the true value of θ . Also let P be the true probability distribution. Set up a dummy
inference problem by Qθ0 = P , d Qθ /d Qθ0 = the partial likelihood ratio between θ

and θ0. The Bartlett identities are then satisfied (subject to regularity conditions) for
the derivatives of the log partial likelihood provided Qθ is a probability measure,
i.e., if the partial likelihood ratio integrates to 1 w.r.t. P .

This is obviously true for the partial likelihood formulation in [14, 40]. It is also
true for the counting process formulation of the Cox model with which we shall be
working in view of TheoremII.7 (p. 93) of [2], see also [23].

It should be emphasized that there is no need for Qθ to be the actual distribution
associated with regression coefficients θ . Thus, for example, there is no need for any
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assumption that the censoring is noninformative (in the sense of, e.g., Definition4.3.1
(p. 139) of [16]). If censoring is informative, one does, of course, lose efficiency by
using the partial likelihood, but one does not lose the Bartlett identities.

A conceptually important point relating to the Bartlett identities is that there are
two sets of them. In addition to the ordinary ones discussed above, there are also
conditional variation identities. For example, if L is the partial log likelihood in a one
parameter problem, L̇, [L̇, L̇] + L

..
, [L̇, L̇, L̇] + 3[L̇, L

..] + L
...
, etc., are martingales

(the [ , ]-notation is as in stochastic calculus (cf. [24], for example); the higher order
[ ]-notation is discussed in [29]. These latter identities do not require the setting up
of a dummy inference problem.

The two first conditional variation identities are, of course, at the heart of partial
likelihood [13, 14, 40]. SinceVar L̇ = E[L̇, L̇], they also relate closely to the twofirst
ordinary Bartlett identities. We make the conjecture that a similar relationship also
holds for higher order identities, by exploiting the Bartlett identities for martingales
[29]. We have not explored this matter further, however, as the current Theorem1
follows without any technicalities whatsoever.

4 The Cox Model

Following [1], the model can be described by point processes N 1(t), . . . , N n(t),
0 ≤ t ≤ T < ∞, where N i (t) jumps from 0 to 1 when patient no. i dies, provided
he or she does so under observation. N i (t) has intensity λ0(t)λi (θ, t), where

λi (θ, t) = Yi (t) exp

(
∑

α

θα Zα,i (t)

)
,

where Yi (t) is a predictable process which is 0 or 1 according to whether the i’th
patient is under observation, Zα,i (t) is a predictable covariate process, θα is an
unknown parameter, and λ0(t) is a baseline intensity. All remaining patients are
assumed to be censored at the nonrandom time T .

The partial log likelihood at time t is given by

L(θ, t) =
∑

α,i

∫ t

0
θα Zα,i (s)d N i (s) −

∫ t

0
f (θ, s)d N̄ (s)

where N̄ = N 1 + · · · + N n , λ̄ = λ1 + · · · + λn and f (θ, t) = ln λ̄(θ, t) + ln λ0(t)
when λ̄(θ, t) �= 0, and = 0 otherwise. Let fα1,...,αp (θ, t) and λ̄α1,...,αp (θ, t) be deriv-
atives with respect to components of θ , defined in analogy with (1).

Note that the way we define it, the partial log likelihood does depend on the base-
line hazard λ0(t). This is done for notational convenience. However, the dependence
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on λ0 washes out both in the likelihood ratio statistic and in the derivatives of L(θ, t).
The same occurs in the estimators of the cumulants (formula (7) below).

Expressions and estimators for the cumulants are particularly useful because of
the following fact (explained in Sect. 3):

Theorem 1 Assume that the covariates are bounded, and that
∫ T
0 λ0(t)dt < ∞.

Then the Cox partial likelihood satisfies the Bartlett identities.

The importance of this theorem is that there are a number of results relating
to likelihood inference which depend only on the likelihood structure through the
Bartlett identities, as discussed in Sect. 2.

In the following, the cumulants are found under the assumption that patients are
independent of each other. For a given patient, however, censoring can be arbitrarily
dependent on the history of the patient, and covariates can be random (predictable)
and time varying. Specifically, we shall be using the framework of [1].

Condition 1 We shall assume that λ0(t) is non-random and that if
Fi = σ(Zα,i (t), Yi (t), N i (t), all α, t), then the Fi are independent for all i (i.e.,
the patients are independent). An implication of this assumption is that a decision
to censor one patient cannot be dependent on what happens to another patient. A
patient can, however, be censored on basis of his or her own medical history.

In addition, we use the technical assumption that the (absolute value of the)
covariates are bounded, and that there are nonrandom constants λ−

0 and λ+
0 so that

0 < λ−
0 ≤ λ0(t) ≤ λ+

0 < ∞.

In order to show that these corrections actually do improve the asymptotic accu-
racy of rejection and coverage probabilities, one also needs to show the existence of
relevant Edgeworth expansions. We do not do this in this paper, but a result to this
effect is stated in [19]. Alternatively, we can use the results in [31], which can be
extended to likelihood ratio statistics inmuch the sameway as the proof of Theorem2
in [30]. The conditions in [19] are stronger than in [30], but so are the conclusions
(in terms of topology of convergence).

To state a specific result, we shall borrow the expansion of [19].

Theorem 2 Assume Condition 1, and also that there is only one covariate; that
the patients (in terms of death, censoring and covariate) are i.i.d.; and that for each
patient, death and censoring are conditionally independent given the covariate. Then
the distribution of the Bartlett corrected Cox partial likelihood ratio statistic (the
Bartlett factor being given in Sect. 2) is χ2

1 + O(n−3/2).

Note that the additional conditions imposed relative to those in Sect. 4 is what is
needed to make the result in [19] hold, cf. Sect. 1 of that paper. The result follows
from [19] and (our) Theorem1 by the same method as used in [12, 25].

In a sense, the results in this paper are orthogonal to those of [19, 31]. Whereas
these two papers provide conditions for expansions to exist, the issue here is what
the expansions look like once they have been shown to exist. For example, it is clear
from our results that the coefficient κ4 in [19] is zero (cf. the proof of Theorem3).
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5 Cumulants for Partial Likelihood

Our basic result is the following theorem giving expressions for such cumulants of
degree up to 4. In writing these expressions, we use v to denote any unpartitioned
index set of more than one element (i.e., {βγ }, {βγ δ}, etc.). Also, (i) means that
patient no. i has been removed from the computation of the expression, so that, e.g.,
f (i)
α denotes fα calculated on the basis of n − 1 patients with patient i excluded.

Theorem 3 Under Condition 1,

κv = − E
∫ T

0
fv(t)λ̄(t)λ0(t)dt when |v| ≥ 2, and = 0 when |v| = 1,

κα,v = −
∑

i

E
∫ T

0
f (i)
v (t)λ̄(i)(t)λ0(t)dt

∫ t

0
(Zα,i (s) − fα(s))λi (s)λ0(s)ds,

κα,β,γ δ + καβ,γ δ =
∑

i

E

(∫ T

0
f (i)
γ δ (t)λ̄(i)(t)λ0(t)dt

×
∫ t

0

[
fαβ(s) − (Zα,i (s) − fα(s))(Zβ,i (s) − fβ(s))

]
λi (s)λ0(s)ds

)
,

and

καβ,γ δ = E
∫ T

0
fαβ(t) fγ δ(t)λ̄(t)λ0(t)dt

+
∑

i

E
∫ T

0

[
f (i)
αβ (t)λ̄(i)(t)λ0(t) fαβ(t)λ̄(t)

]
dt

∫ t

0
fγ δ(s)λ

i (s)λ0(s)ds [2]

+
∫ T

0
dt

∫ T

0
Cov( fαβ(t)λ̄(t)λ0(t), fγ δ(s)λ̄(s)λ0(s))ds.

The [2] denotes that we sum over the two permutations of αβ and γ δ. The cumulants
κα,β , κα,β,γ and κα,β,γ,δ can be found from the above theorem with the help of the
Bartlett identities for cumulants (which follow from the identities for moments in
view of [36] or [28], ex. 7.1 (p. 222)).

6 Approximation and Estimation of the Cumulants

We focus on the three first quantities in Theorem3, as all first order stable cumulant
combinations of degree up to four can be expressed as a linear combination of these
(in particular, this is true for the quantities appearing in the Bartlett correction factor,
cf. Chaps. 7 and 8 of [28]). Consider first κα,v and κα,β,γ δ + καβ,γ δ . These are both
on the form E K (θ0), where
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K (θ) = −
∑

i

∫ T

0
( fv(θ, t)λ̄(θ, t) − f (i)

v (θ, t)λ̄(i)(θ, t))λ0(t)dt
∫ t

0
gi,v(θ, s)λi (θ, s)λ0(s)ds

(4)

where gi,v is Zα,i − fα or fαβ − (Zα,i − fα)(Zβ,i − fβ), respectively. This is because∑
i

gi (s)λi (s) = 0 in both the cases considered.

Theorem 4 Under Condition 1,

case κα,v : K (θ) = −
∑

i

∫ T

0
λi

v(θ, t)λ0(t)dt
∫ t

0
gi,v(θ, s)λi (θ, s)λ0(s)ds

case κα,β,γ δ+καβ,γ δ : (5)

K (θ) =
∑

i

∫ T

0

λ̄γ (θ, t)λ̄δ(θ, t)

λ̄(θ, t)
λ0(t)dt

∫ t

0
gi,γ δ(θ, s)λi (θ, s)λ0(s)ds + op(n)

uniformly on compact sets of θs.

Hence K (θ) is, to first order, a functional of independent sums of bounded terms,
and it is easy to see that the remainder term is o(n) in expectation. By the law of
large numbers and by uniform integrability, it follows that

K (θ0) = E K (θ0) + o(n). (6)

Also, this representation, along with Theorem4, shows that consistent estimation is
possible. A natural estimator is

K̂ =
∑

i

∫ T

0
f (i)
v (θ̃ , t)λ̄(i)(θ̃ , t)dΛ̂0(t)

∫ t

0
gi (θ̃ , s)λi (θ̃ , s)dΛ̂0(s), (7)

where θ̃ and Λ̂0 are consistent estimators of θ and the baseline hazard, respectively.
By the same type of reasoning as in Theorem 4,

K̂ = K + op(n), (8)

whence consistent estimation of E K/n can be carried out. Note that we do not
assume that E K/n has a limit as n → ∞, and so do not require i.i.d. assumptions.
(If E K/n only has cluster points, one can do the arguments with subsequences.)

To state a formal result summarizing the above, we assume that θ̃ is the maximum
partial likelihood estimator, either unrestricted or under a null hypothesis (in partic-
ular, it can be the true parameter). We also let Λ̂0 be the estimator of the baseline
hazard given on p. 1103 of [1]:

Λ̂0(t) =
∫ t

0
λ̄(θ̃ , s)−1d N̄ (s)
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Theorem 5 Assume Condition 1. Then (6) and (8) hold.

As far as estimation of the κvs is concerned, a natural choice is the observed deriva-
tives of the log likelihood,

κ̂v = −
∫ T

0
fv(θ̃ , t)d N̄ (t),

and, obviously,
κ̂v = κv + op(n).

Estimating καβ,γ δ is different from what is discussed above only in so far as the term
involving the covariance is concerned. This covariance, however, can be asymp-
totically approximated by a sum of generalized cumulants of sums of independent
random variables, and this approximation is easily used to specify a consistent esti-
mator.

7 Conclusion

The Bartlett identities and Bartlett correction are important tools for improving the
accuracy of likelihood inference (see Sect. 2 for a brief review). We here argue that
the technology carries over to partial likelihood (Sect. 3), and then provide specific
conditions for the identities (Theorem1) and the correction (Theorem2) to hold
in the case of Cox regression (Sect. 4). The identities and the correction involve
cumulants of low order derivatives of the log partial likelihood, and these are given
explicit expression in Theorem3 in Sect. 5. In order to apply the Bartlett correction
in practice, the relevant cumulants need to have consistent estimators, and these
are found in Sect. 6. The proposed correction really does improve the accuracy, as
documented in Tables1, 2 and 3.

Table 1 Baseline failure distribution: exponential (1); censoring: uniform (0,1); # patients: 20; #
simulations: 10000

Classes Nominal Uncorrected LR Corrected LR

Mean 1 1.081 1.045

Variance 2 2.364 2.059

χ2 tests, 1% 1.3% 1.0%

Nominal and 5% 6.0% 5.4%

Actual rejection 10% 11.2% 10.6%

Probabilities 50% 52.0% 52.0%
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Table 2 Baseline failure distribution: exponential (1); censoring: uniform (0,2); # patients: 10; #
simulations: 15000

Classes Nominal Uncorrected LR Corrected LR

Mean 1 1.150 1.050

Variance 2 2.635 2.099

χ2 tests, 1% 1.5% 0.8%

Nominal and 5% 6.9% 5.1%

Actual rejection 10% 12.8% 10.8%

Probabilities 50% 53.9% 53.0%

Table 3 Baseline failure distribution: exponential (1); censoring: uniform (0,=2); # patients: 10; #
simulations: 20000

Classes Nominal Uncorrected LR Corrected LR

Mean 1 1.141 1.025

Variance 2 2.298 1.813

χ2 tests, 1% 1.3% 0.8%

Nominal and 5% 6.6% 4.4%

Actual rejection 10% 12.6% 9.8%

Probabilities 50% 54.1% 53.7%
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Appendix: Proofs of Theorems

In addition to the definitions in Sect. 4, let Mi (t) = N i (t) − ∫ t
0 λi (s)ds, with M̄(t) =

M1(t) + M2(t) + · · · + Mn(t).

Proof of Theorem3 The formula for κv is obvious, as Lv(T ) = − ∫ T
0 fv(t)d N̄ (t) for

|v| ≥ 2.
Next,

κα,v = − E Lα(T )

∫ T

0
fv(t)λ̄(t)λ0(t)dt

− E Lα(T )

∫ T

0
fv(t)(d N̄ (t) − λ̄(t)λ0(t)dt)

= −
∫ T

0
E Lα(t) fv(t)λ̄(t)λ0(t)dt



Cumulants and Bartlett Identities in Cox Regression 95

since Lα(t) is a martingale, and since 〈Lα,
∫ ·
0 fv(t)(d N̄ (t)− λ̄(t)λ0(t)dt)〉T =∫ T

0 (Zα,i (s) − fα(s)) fv(s)λi (s)λ0(s)ds = 0. On the other hand, λi (t) is zero after
the jump of N i (t), hence

κα,v = −
∑

i

∫ T

0
E

[∫ t

0

(
Zα,i (s) − fα(s)

)
d N i (s)

]
f (i)
v (t)λ̄(i)(t)λ0(t)dt

which yields the desired result since d Mi (s) = d N i (s) − λi (s)λ0(s)ds is the differ-
ential of a martingale which is independent of f (i)

v (t)λ̄(i)(t)λ0(s) (so that the latter
quantity can be moved inside an integral with respect to this martingale).

Turning to κα,β,γ δ + καβ,γ δ , note that both the martingales
Lα(t)Lβ(t) − [Lα, Lβ]t = ∫ t

0 Lα(s)d Lβ(s)[2] and Lαβ(t) + [Lα, Lβ]t = ∫ t
0[(

Zα,i (s) − fα(s)
) (

Zβ, i(s) − fβ(s)
) − fαβ(s)

]
d N i (s) are orthogonal to Lγ δ(t) +

〈Lγ , Lδ〉t = − ∫ t
0 fγ δ(s)d M̄(s), in the former case because 〈Lβ, M̄〉t ≡ 0 and in the

latter case for the same reason that makes Lαβ(t) + [Lα, Lβ ]t amartingale. It follows
that Cov

(
Lα(t)Lβ(t) + Lαβ(t), Lγ δ(t)+ 〈Lγ , Lδ〉t

) = 0, whence

κα,β,γ δ + καβ,γ δ = Cov
(
Lα(T )Lβ(T ) + Lαβ(T ), 〈Lγ , Lδ〉T

)

=
∫ T

0
E

[(
Lα(t)Lβ(t) + Lαβ(t)

)
fγ δ(t)λ̄(t)λ0(t)

]
dt

since Lα(t)Lβ(t) + Lαβ(t) is a martingale. The stated formula then follows by the
same reasoning as for κα,v.

Finally, for καβ,γ δ , note that Cov
(
Lαβ(T )+〈Lα, Lβ〉T ,Lγ δ(T )+〈Lγ , Lδ〉T

)=
E

∫ T
0 fαβ(t) fγ δ(t)dt , and that, by the method used for κα,v,

Cov
(〈Lα, Lβ〉T , Lγ δ(T ) + 〈Lγ , Lδ〉T

)

= −
∑

i

E
∫ T

0

[
f (i)
αβ (t)λ̄(i)(t) − fαβ(t)λ̄(t)

]
λ0(t)dt

∫ t

0
fγ δ(s)λ

i (s)λ0(s)ds.

The expression for καβ,γ δ then follows.

Proof of Theorem4 The first case follows since fv(θ, t)λ̄(θ, t) = λ̄v(θ, t) and
f (i)
v (θ, t)λ̄(i)(θ, t) = λ̄(i)

v (θ, t), In the second case, fγ δ(θ, t)λ̄(θ, t) = (λ̄γ δ(θ, t) −
λ̄γ (θ, t)λ̄δ(θ, t))/λ̄(θ, t), and similarly when removing patient i . By Condition 1 and
by Taylor expansion, it is then easy to see that

∑
i ( fv(θ, t)λ̄(θ, t) −

f (i)
v (θ, t)λ̄(i)(θ, t)) = − λ̄γ (θ, t))λ̄δ(θ, t)/λ̄(θ, t) + op(n), uniformly in t ∈ [0, T ]

and in a compact set of θs.

Proof of Theorem5 We use the result in Theorem4. Equation (6) is obvious in
view of our assumptions, while (8) follows by the same reasoning as in the proofs
of Lemma3.1 (p. 1105) and Theorem3.4 (p. 1108) of [1]. Note that in view of
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Condition 1, lim inf
n→∞

n∑
i=1

EYi (t)/n is nonzero in an interval in t containing 0, which

is sufficient (in view of Condition 1) to ensure that Conditions A–D on p. 1105 of
[1] are satisfied, whence θ̃ is consistent and asymptotically normal, and similarly
for Λ̂0.

References

1. Andersen, P.K., Gill, R.D.: Cox’s regression model for counting processes: a large sample
study. Ann. Statist. 10, 1100–1120 (1982)

2. Andersen, P.K., Borgan, Ø., Gill, R.D., Keiding, N.: Statistical Models Based on Counting
Processes. Springer, New York (1993)

3. Barndorff-Nielsen, O.E.: Conditionality resolutions. Biometrika 67, 293–310 (1980)
4. Barndorff-Nielsen, O.E.: Inference on full or partial parameters based on the standardized

signed log likelihood ratio. Biometrika 73, 307–322 (1986)
5. Barndorff-Nielsen, O.E.: Modified signed log likelihood ratio. Biometrika 78, 557–563 (1991)
6. Barndorff-Nielsen, O.E.: Diversity of evidence and Birnbaum’s theorem [with comments and

reply]. Scand. J. Statist. 22, 513–522 (1995)
7. Barndorff-Nielsen, O.E., Cox, D.R.: Edgeworth and saddle-point approximations with statis-

tical applications (with discussion). J. Roy. Statist. Soc. Ser. B. 41, 279312 (1979)
8. Barndorff-Nielsen, O.E., Cox, D.R.: Bartlett adjustments to the likelihood ratio statistic and

the distribution of the maximum likelihood estimator. J. Roy. Statist. Soc. Ser. B. 46, 483–495
(1984)

9. Bartlett, M.S.: Approximate confidence intervals. Biometrika 40, 12–19 (1953)
10. Bartlett, M.S.: Approximate confidence intervals. II. More than one unknown parameter. Bio-

metrika 40, 306–317 (1953)
11. Beran, R.J.: Estimated sampling distributions: the bootstrap and its competitors. Ann. Statist.

10, 212–225 (1982)
12. Cordeiro, G.M.: On the corrections to the likelihood ratio statistics. Biometrika 74, 265–274

(1987)
13. Cox, D.R.: Regression models and life tables (with discussion). J. Roy. Statist. Soc. Ser. B. 34,

187–220 (1972)
14. Cox, D.R.: Partial likelihood. Biometrika 62, 269–276 (1975)
15. Efron, B.: The Jackknife, the bootstrap and other resampling plans. In: CBMS-NSF Regional

Conference Series in Applied Mathematics. Society for Industrial and Applied Mathematics,
Philadephia (1982)

16. Fleming, T.R., Harrington, D.P.: Counting Processes and Survival Analysis. Wiley, New York
(1991)

17. Fisher, R.A.: Moments and product moments of sampling distributions. Proc. Lond.Math. Soc.
Ser. 2(30), 199–238 (1929)

18. Gu, M.: On the Edgeworth expansion and bootstrap approximation for the Cox regression
model under random censorship. Canad. J. Statist. 20, 399–414 (1992)

19. Gu, M., Zheng, Z.: On the Bartlett adjustment for the partial likelihood ratio test in the Cox
regression model. Statistica Sinica 3, 543–555 (1993)

20. Hald, A.: The early history of the cumulants and the Gram-Charlier series. Inter. Statist. Rev.
68, 137–153 (2000)

21. Hall, P.: The Bootstrap and Edgeworth Expansion. Springer, New York (1992)
22. Hjort, N.L.: Bootstrapping Cox’s regression model. Technical Report No. 241, Department of

Statistics, Stanford University (1985)
23. Jacod, J.: Multivariate point processes: predictable projection, Radon-Nikodym derivatives,

representation of martingales. Zeitschr. Wahr. verw. Geb. 31, 235–253 (1975)



Cumulants and Bartlett Identities in Cox Regression 97

24. Jacod, J., Shiryaev, A.N.: Limit Theorems for Stochastic Processes, 2nd edn. Springer, Berlin
(2003)

25. Jensen, J.L.: A historical sketch and some new results on the improved log likelihood ratio
statistic. Scand. J. Statist. 20, 1–15 (1993)

26. Jensen, J.L.: A simple derivation of r∗ for curved exponential families. Scand. J. Statist. Scand.
J. Statist. 24, 33–46 (1997)

27. Lauritzen, S.L.: Thiele - Pioneer in Statistics. OUP, Oxford (2002)
28. McCullagh, P.: Tensor Methods in Statistics. Chapman and Hall, London (1987)
29. Mykland, P.A.: Bartlett identities for martingales. Ann. Statist. 22, 21–38 (1994)
30. Mykland, P.A.: Dual likelihood. Ann. Statist. 23, 396–421 (1995)
31. Mykland, P.A.: Embedding and asymptotic expansions for martingales. Probab. Theory Rel.

Fields 103, 475–492 (1995)
32. Mykland, P.A.: Martingale expansions and second order inference. Ann. Statist. 23, 707–731

(1995)
33. Mykland, P.A.: Bartlett identities and large deviations in likelihood theory. Ann. Statist. 27,

1105–1117 (1999)
34. Mykland, P.A.: Likelihood computations without Bartlett identities. Bernoulli 7, 473–485

(2001)
35. Reid, N.: Saddlepoint methods and statistical inference. Statist. Sci. 2, 213–227 (1988)
36. Skovgaard, I.: A note on the differentiation of cumulants of log likelihood derivatives. Int.

Statist. Rev. 54, 29–32 (1986)
37. Stigler, S.M.: Discussion for ISI history session - IMP3. http://www.stat.fi/isi99/proceedings/

arkisto/varasto/stig1042.pdf Cited 12Aug 1999
38. Thiele, T.N.: Om iagttagelseslærens halvinvarianter. Kgl. danske Videnskabernes Selskaps

Forhandlinger 3, 135–141 (1899)
39. Tsiadis, A.A.: A large sample study of Cox’s regression model. Ann. Statist. 9, 93–108 (1981)
40. Wong, W.H.: Theory of partial likelihood. Ann. Statist. 14, 88–123 (1986)

http://www.stat.fi/isi99/proceedings/arkisto/varasto/stig1042.pdf
http://www.stat.fi/isi99/proceedings/arkisto/varasto/stig1042.pdf


Exchangeability and Infinite Divisibility

Martin Drapatz and Alexander Lindner

Abstract We characterize exchangeability of infinitely divisible distributions in
terms of the characteristic triplet. This is applied to stable distributions and self-
decomposable distributions, and a connection to Lévy copulas is made. We further
study general mappings between classes of measures that preserve exchangeability
and give various examples which arise from discrete time settings, such as stationary
distributions of AR(1) processes, or from continuous time settings, such as Ornstein–
Uhlenbeck processes or Upsilon-transforms.

Keywords Exchangeability · Exchangeability preserving transformation · Infi-
nitely divisible distribution · Lévy copula · Ornstein-Uhlenbeck process · Random
recurrence equation · Upsilon-transform

1 Introduction

Throughout, let d ∈ {2, 3, 4, . . .} be an integer. The set of all permutations π of
{1, . . . , d}, i.e. of all bijections π : {1, . . . , d} → {1, . . . , d}, is denoted by [d]. For
fixed d, exactly d! permutations of {1, . . . , d} exist. Corresponding to a permutation
π ∈ [d] we define the permutation matrix of π by

Pπ = (
eπ(1), eπ(2), . . . , eπ(d)

) ∈ Rd×d

where ei is the i-th unit (column) vector in Rd . A permutation matrix Pπ is an
orthogonal matrix, i.e. Pπ PT

π = Idd , where Idd is the identity matrix inRd×d . Thus,
PT

π = P−1
π = Pπ−1 . A distribution μ = L (X) of a random vector X = (X1, . . . ,

Xd)
T is exchangeable, if
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L (X) = L ((Xπ(1), . . . , Xπ(d))
T ) ∀π ∈ [d],

and we shall also say that the random vector X is exchangeable. Since

Pπ (X1, . . . , Xd)
T = (Xπ−1(1), . . . , Xπ−1(d))

T

and since the distribution of Pπ (X1, . . . , Xd)
T is the image measure Pπμ, defined

by
(Pπμ)(B) = μ(P−1

π (B)) ∀ B ∈ Bd ,

whereBd denotes the σ -algebra of Borel sets inRd , this is equivalent to saying that
Pπμ = μ for all π ∈ [d]. This can be extended to general (positive) measures on
(Rd ,Bd):

Definition 1 A measure μ on (Rd ,Bd) is exchangeable, if Pπμ = μ for all per-
mutations π ∈ [d], where Pπμ denotes the image measure of μ under Pπ .

Exchangeable probability distributions have various applications, e.g. permuta-
tion tests [13]. The dependence structure of exchangeable random vectors is limited
to some extend. This can be used for deriving inequalities for tail probabilities of
sums of exchangeable random variables, see e.g. [27] for large deviation results or
[11] for a concentration ofmeasure result. Furthermore, an important class of copulas
are exchangeable Archimedian copulas, see e.g. Nelsen [19], Chap.4.

In this paper, we are interested in infinitely divisible distributions which are
exchangeable and in transformations of (infinitely divisible) distributions and Lévy
measures that preserve exchangeability. Recall that a distribution μ on (Rd ,Bd) is
infinitely divisible, if for every n ∈ N there exists a distributionμn on (Rd ,Bd), such
that the n-fold convolution of μn with itself is equal to μ. By the Lévy-Khintchine
formula (e.g. Sato [22, Theorem 8.1]), a distribution μ on (Rd ,Bd) is infinitely
divisible if and only if its characteristic function Rd � z �→ μ̂(z) = ∫

Rd eix
T zμ(dx)

can be represented in the form

μ̂(z) := exp{Ψμ(z)}, with

Ψμ(z) = −1

2
zT Az + iγ T z +

∫

Rd

(eix
T z − 1 − ixT z1D(x)) ν(dx) ∀ z ∈ Rd ,

where γ = (γ1, . . . , γd) ∈ Rd , A ∈ Rd×d is symmetric and nonnegative definite and
ν is ameasure on (Rd ,Bd) such that ν({0}) = 0 and

∫
Rd (|x |2 ∧ 1) ν(dx) < ∞.Here,

D := {x ∈ Rd : |x |2 ≤ 1}

denotes the unit ball in Rd and |x | = √
xT x the Euclidean norm, where xT denotes

the transpose of x = (x1, . . . , xd)
T ∈ Rd which we will throughout understand as

column vectors. The quantitiesΨμ and (A, ν, γ ) are unique and called the character-
istic exponent and characteristic triplet ofμ, respectively. The matrix A is called the

http://dx.doi.org/10.1007/978-3-319-25826-3_4
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Gaussian covariance matrix of μ and ν the Lévy measure of μ. Conversely, to every
triplet (A, ν, γ ) with these properties there exists a unique infinitely divisible distri-
bution having this characteristic triplet. Infinitely divisible distributions are closely
connected to Lévy processes, i.e. to Rd -valued stochastic processes L = (Lt )t≥0

that have stationary and independent increments, start in 0 and have almost surely
right-continuous sample paths with finite left-limits: for every Lévy process L , the
distribution L (Lt ) is infinitely divisible for every t ≥ 0, and conversely, to every
infinitely divisible distribution μ on (Rd ,Bd), there exists a Lévy process L , unique
in law, such that L (L1) = μ. See Sato [22] for further information regarding Lévy
processes and infinitely divisible distributions.

Exchangeability of multivariate Poisson distributions has been considered by
Griffiths and Milne [17], but to our knowledge no systematic study of exchange-
ability of infinitely divisible distributions has been carried out. In the next section,
we shall characterize exchangeability of infinitely divisible distributions and apply it
to stable distributions.We also give a general construction criterion for exchangeable
measures and give relations between exchangeable Lévy measures and their Lévy
copula. Then, in Sect. 3, we summarise some results about exchangeability preserv-
ing linear transformations due to Dean and Verducci [15] and Commenges [13].
In Sect. 4, we study general exchangeability preserving transformations and give a
result when the inverse of such a transformation preserves exchangeability. This is
then applied in Sect. 5 to various transformations based on time series, such as the
mapping which transforms a (noise) distribution to the stationary distribution of an
associated autoregressive process of order 1, moving average processes with random
coefficients, or random recurrence equations. Finally, in Sect. 6 we study mappings
of the form μ �→ L (

∫ ∞
0 f (t) dLμ

t ), where f is some suitable (mostly determinis-
tic) function and (Lμ

t )t≥0 a Lévy process with distribution μ at time 1. This is in
particular applied to self-decomposable distributions and their background driving
Lévy process, or to Upsilon-transforms.

Throughout, we use the following notation: the characteristic function of a random
vector X will be denoted by ϕX and the Fourier transform of a measure μ by μ̂, so
that ϕX (z) = E(eiX

T z) and μ̂(z) = ∫
eix

T zμ(dx) for z ∈ Rd . When we speak of a
measure μ on Rd , we always mean a measure on Rd with the corresponding Borel-
σ -algebra which we denoted byBd . Sometimes we will consider a Borel-σ -algebra
on a subset F of Rd which we will denote by B(F). Equality in distribution of

random vectors will be denoted by “
d=”, and convergence in distribution by “

d→”.
We write log+(x) = log(max{x, 1}) for x ∈ R.

2 Infinitely Divisible Exchangeable Distributions

In this section we shall characterise exchangeability of infinitely divisible distribu-
tions in terms of their characteristic triplet. For that, we need the following definition:
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Definition 2 A matrix A ∈ Rd×d commutes with permutations if

Pπ A = APπ ∀ π ∈ [d].

Commenges [13] calls matrices that commute with permutations exchangeable
matrices, but we shall stick to our notation. In the next section in Theorem 5 we shall
summarise some known results about matrices that commute with permutations, in
particular give an explicit description for them, but for the moment we shall confine
ourselves with the fact that a feasible characterization of these matrices exists.

Remark 1 Let X be a normal random vector in Rd with mean m and covariance
matrix Σ . Then Pπ X is N (Pπ m, PπΣ PT

π ) distributed, and from that it is easy to see
that X is exchangeable if and only if m = (m1, . . . , m1)

T for some m1 ∈ R and Σ

commutes with permutations.

More generally, we can characterise when an infinitely divisible distribution is
exchangeable:

Theorem 1 (Exchangeable infinitely divisible distributions) Let μ be an infinitely
divisible distribution onRd with characteristic exponent Ψμ and characteristic triplet
(A, ν, γ ). Then the following are equivalent:

(i) μ is exchangeable.
(ii) Ψμ(Pπ z) = Ψμ(z) for all z ∈ Rd and π ∈ [d].

(iii) The Gaussian covariance matrix A commutes with permutations, the Lévy mea-
sure ν is exchangeable and γi = γ j for all i, j ∈ {1, . . . , d}, where γi denotes
the i’th component of γ .

Proof Let X = (X1, . . . , Xd)
T ∈ Rd be a random vector with infinitely divisi-

ble distribution μ = L (X). Since Eei(Pπ X)T z = μ̂(P−1
π z) = eΨμ(Pπ−1 z) for all π ∈

[d] and since z �→ Ψμ(Pπ−1 z) defines indeed the characteristic exponent of the
infinitely divisible distribution L (Pπ X) (as a consequence of Lemma 7.6 and
Proposition 11.10 in [22]), the equivalence of (i) and (ii) follows.

To see the equivalence of (i) and (iii), observe that since μ is uniquely described
by its characteristic triplet, it is exchangeable if and only if the characteristic triplets
of L (X) and L (Pπ X) coincide for all permutations π on [d]. Denote the charac-
teristic triplet of L (Pπ X) by (Aπ , νπ , γπ). Then by Proposition 11.10 of [22] the
characteristic triplet of L (Pπ X) is given by

Aπ = Pπ APT
π = Pπ APπ−1 , νπ = Pπν, γπ = Pπγ, (1)

where we used that Pπ is orthogonal and hence (Pπν)({0}) = 0, and Pπ x ∈ D if and
only if x ∈ D. The equivalence of (i) and (iii) then follows from (1).

Corollary 1 Let (Lt )t≥0 be a Lévy process in Rd and s > 0. Then L (Ls) is
exchangeable if and only if L (L1) is exchangeable.
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Proof This is immediate from Theorem 1, since ΨL (Ls )(z) = sΨL (L1)(z).

As an application of Theorem 1, let us characterize all exchangeable stable dis-
tributions. Recall that a distribution μ on Rd is stable if and only if it is Gaussian
(2-stable case), or if it is infinitely divisible with Gaussian covariance matrix A being
0 and such that there are α ∈ (0, 2) and a finitemeasure λ on S := {x ∈ Rd : |x | = 1}
such that the Lévy measure ν of μ can be represented in the form

ν(B) =
∫

S

λ(dξ)

∫ ∞

0
1B(rξ)

dr

r1+α
, B ∈ B(Rd), (2)

see Sato [22], Theorems 13.15, 14.1 and 14.3. We speak of α-stable distributions
in this case. The measure λ is unique and called spectral measure or spherical part
of ν.

Exchangeability of 2-stable, i.e. normal distributions, has been already settled in
Remark 1, so we shall restrict to α ∈ (0, 2). By extending the spherical measure to
a measure on Rd by setting it 0 outside S, we can speak of exchangeability of a
spherical measure.

Theorem 2 (Exchangeable stable distributions) Let μ be an α-stable distribu-
tion with characteristic triplet (0, ν, (γ1, . . . , γd)

T ), where α ∈ (0, 2). Then μ is
exchangeable if and only if the spherical part λ of ν is exchangeable and if γi = γ j

for all i, j ∈ {1, . . . , d}.
Proof By Theorem 1, it is enough to show that ν is exchangeable if and only if λ is
exchangeable. Observe that each Pπ maps S bijectively onto S.

Suppose ν is exchangeable, i.e. for all permutations π on [d] and B ∈ Bd we
have ν(B) = ν(Pπ (B)). Now consider the system of subsetsA := {(b,∞)C : b >

0, C ∈ B(S)} of Rd , where (b,∞)C := {x ∈ Rd : |x | ∈ (b,∞), x
|x | ∈ C}. By (2)

the Lévy measure of (b,∞)C ∈ A is

ν((b,∞)C) = λ(C)α−1b−α. (3)

Combining exchangeability of ν with Eq. (3) yields λ(C) = λ(Pπ (C)) for all per-
mutations π on [d] and all C ∈ B(S). Thus, λ is exchangeable.

For the converse, assume now that λ is exchangeable. Using Eq. (3) we get for all
b > 0 and C ∈ B(S)

ν((b,∞)C) = λ(C)α−1b−α = λ(Pπ (C))α−1b−α = ν((b,∞)Pπ (C)) = ν(Pπ ((b,∞)C)).

The systemA is a generator ofB(Rd\{0}) and a π -system. FurthermoreD = {B ∈
B(Rd \ {0}) : ν(B) = (Pπν)(B)} is a λ-system containing A and this implies by
Theorem 1.3.2 in [12] that D = B(Rd\{0}).

Let us mention another result regarding exchangeable stable distributions of
Nguyen [20], who showed that a random vector (X1, . . . , Xd)

T of identically distrib-
uted random variables and with α-stable conditional margin X1|X2 = x2, . . . , Xd =
xd , is α-multivariate stable distributed, if (X1, . . . , Xd)

T is exchangeable.
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In view of Theorems 1 and 2 it is interesting to know how to construct exchange-
able measures, in particular exchangeable Lévy measures or exchangeable spherical
measures, which is the contents of the next result:

Theorem 3 (Construction of exchangeable measures) Let

F := {(x1, . . . , xd) ∈ Rd : x1 ≥ x2 ≥ · · · ≥ xd}

and Fπ := Pπ (F) for π ∈ [d]. Then ∪π∈[d] Fπ = Rd and the following two state-
ments hold:

(i) A measure ν on (Rd ,Bd) is exchangeable if and only if for all π ∈ [d] and all
C ∈ Bd

ν(C ∩ Fπ ) = ν(P−1
π (C) ∩ F). (4)

In particular, an exchangeable measure is uniquely determined by its values on
B(F).

(ii) Let ν̃ be a measure on (F,B(F)). Then the measure ν on (Rd ,Bd), defined by

ν(C ∩ Fπ ) := ν̃(P−1
π (C) ∩ F), C ∈ Bd , π ∈ [d],

is well-defined, exchangeable and satisfies ν|B(F) = ν̃. Further, ν is finite if and
only if ν̃ is finite, and ν is a Lévy measure onRd if and only if ν̃ is a Lévy measure
on F, the latter meaning that ν̃({0}) = 0 and

∫
F (|x |2 ∧ 1) ν̃(dx) < ∞.

Proof That ∪π∈[d] Fπ = Rd is clear.
(i) If ν is exchangeable, i.e. ν = Pπν for all π ∈ [d], then for all π ∈ [d] and all
C ∈ Bd

ν(C ∩ Fπ ) = (Pπν)(C ∩ Fπ ) = ν(P−1
π (C ∩ Fπ )) = ν(P−1

π (C) ∩ F),

i.e. Eq. (4) holds. For the converse suppose Eq. (4) is satisfied. For π, σ ∈ [d] we
define τ = π−1 ◦ σ . Then for every C ∈ Bd we have

(Pπν)(C ∩ Fσ ) = ν(P−1
π (C) ∩ P−1

π (Fσ ))

(4)= ν(P−1
τ (P−1

π (C)) ∩ F)

= ν(P−1
σ (C) ∩ F)

(4)= ν(C ∩ Fσ ),

i.e. ν|B(Fσ ) = (Pπν)|B(Fσ ), and ν = Pπν follows since ∪σ∈[d]Fσ = Rd .
(ii) If ν is well-defined, it is clear that ν is a finite, respectively a Lévy measure, if
and only if ν̃ is, and by (i) ν will be exchangeable. Further, ν|B(F) = ν̃. Hence we
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only have to show that ν is well-defined. Let C ∈ Bd with C ⊂ Fπ1 ∩ Fπ2 for some
π1, π2 ∈ [d]. We have to show that

ν̃(P−1
π1

(C)) = ν̃(P−1
π2

(C)). (5)

Define C1 = P−1
π1

(C) and C2 = P−1
π2

(C) and notice that C1, C2 ⊂ F . Furthermore,
let π3 = π−1

2 ◦ π1 such that Pπ3(C1) = C2. If now x = (x1, . . . , xd)
T ∈ C1, then

x1 ≥ x2 ≥ · · · ≥ xd since C1 ⊂ F . Since Pπ3 x = (xπ−1
3 (1), . . . , xπ−1

3 (d))
T ∈ C2 ⊂ F

weconclude xπ−1
3 (1) ≥ xπ−1

3 (2) ≥ · · · ≥ xπ−1
3 (d).Hence xi = xπ−1

3 (i) for all i = 1, . . . , d
and Pπ3 x = x . Thus, Pπ3(C1) = C1 and C1 = C2, which gives Eq. (5).

As an example, define for d = 2 a measure λ on (S ∩ F,B(S ∩ F)) by

λ({e1}) = w1, λ({e1 − e2√
2

}) = w2, λ((S ∩ F)\{e1, e1 − e2√
2

}) = 0, (6)

where e1 = (1, 0)T and e2 = (0, 1)T denote the unit vectors in R2 and w1, w2 > 0.
Then

ν̃(B) =
∫

S

λ(dξ)

∫ ∞

0
1B(rξ)

e−r2λ({ξ})dr

r
, B ∈ B(F),

defines a Lévy measure on (F,B(F)). By Eq. (6),

ν̃(B) = w1

∫ ∞

0
1B(re1)

e−r2w1dr

r
+ w2

∫ ∞

0
1B(r

e1 − e2√
2

)
e−r2w2dr

r
, B ∈ B(F).

Denote by σ the permutation such that σ(1) = 2 and σ(2) = 1. By Theorem 3,

ν(C ∩ Fπ ) := ν̃(P−1
π (C) ∩ F), C ∈ B2, π ∈ [2],

defines an exchangeable measure on (R2,B2). One easily concludes for C ∈ B2

ν(C ∩ Fσ ) = w1

∫ ∞

0
1C(r Pσ e1)

e−r2w1dr

r
+ w2

∫ ∞

0
1C(r Pσ

e1 − e2√
2

)
e−r2w2dr

r
,

and hence with f A(r x) := 1A(r x) + 1A(r Pσ x) for A ∈ B2, r ≥ 0 and x ∈ R2,

ν(A) = ν(A ∩ Fσ ) + ν(A ∩ F)

= w1

∫ ∞

0
f A(re1)

e−r2w1dr

r
+ w2

∫ ∞

0
f A(r

e1 − e2√
2

)
e−r2w2dr

r
, A ∈ B2,

is an exchangeable measure on (R2,B2).
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It is well known that a distribution μ = L (X) is exchangeable if and only if its
one-dimensional margins are equal and if it admits a copula which is exchangeable,
see e.g. Nelsen [19, Theorem 2.7.4]. It is natural to ask if the same result holds
for the relation between Lévy measures and Lévy copulas. Lévy copulas have been
introduced byTankov [26] andCont andTankov [14] for Lévymeasures concentrated
on [0,∞)d and by Kallsen and Tankov [18] for Lévy measures on Rd . The concept
for measures on Rd is more complicated and we shall restrict ourselves to Lévy
measures on [0,∞)d and call the corresponding Lévy copula a positive Lévy copula.
In order to define it, let ν be a Lévy measure concentrated on [0,∞)d . Then its tail
integral Uν is defined as the function Uν : [0,∞]d → [0,∞] given by

Uν(x1, . . . , xd) :=
{

ν([x1,∞) × · · · × [xd ,∞)), (x1, . . . , xd) �= (0, . . . , 0),

∞, (x1, . . . , xd) = (0, . . . , 0).

Itsmarginal tail integrals Uνi are defined as the tail integrals of the (one-dimensional)
marginal Lévy measures ν1, . . . , νd , i.e.

Uνi (xi ) = Uν(0, . . . , 0, xi , 0, . . . , 0) =
{

νi ([xi ,∞)), xi ∈ (0,∞],
∞, xi = 0.

It is clear that a Lévy measure on [0,∞)d is uniquely determined by its tail inte-
gral. Now a positive Lévy copula is a function C : [0,∞]d → [0,∞] such that
C(x1, . . . , xd) = 0 if at least one of the xi is zero, such that

C(∞, . . . ,∞, xi ,∞, . . . ,∞) = xi ∀ xi ∈ [0,∞], i = 1, . . . , d,

such that C(x1, . . . , xd) �= ∞ unless x1 = . . . , xd = ∞, and such that C is a
d-increasing function (cf. Cont and Tankov [14, Definition 5.11]). Similar to cop-
ulas, Lévy copulas allow to separate the margins and the dependence structure of
Lévy measures. More precisely, for every Lévy measure ν on [0,∞)d there exists a
positive Lévy copula C such that

Uν(x1, . . . , xd) = C(Uν1(x1), . . . , Uνd (xd)) ∀ x1, . . . , xd ∈ [0,∞]. (7)

The Lévy copula is uniquely determined on Uν1([0,∞]) × · · · × Uνd ([0,∞]) and
we shall call every positive Lévy copula C satisfying (7) a positive Lévy copula
associated with ν. Conversely, if ν1, . . . , νd are one-dimensional Lévy measures on
[0,∞) and if C is a positive Lévy copula, then the right-hand side of (7) defines the
tail-integral of a Lévy measure ν on [0,∞)d with margins ν1, . . . , νd and associated
Lévy copula C ; see Cont and Tankov [14, Theorem 5.6].

Barndorff-Nielsen and Lindner [1, Theorem 6] showed that there is a one-to-one
correspondence between (d-dimensional) positive Lévy copulas and Lévy measures
on [0,∞)d with “unit” 1-stable margins, i.e. Lévy measures with marginal tail inte-
grals [0,∞] → [0,∞], xk �→ x−1

k (the tail integral of a one-dimensional stable Lévy
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measure is xk �→ ax−1
k for some a > 0, and by “unit” we mean that a = 1). More

precisely, if C is a positive Lévy copula, then there exists a unique Lévy measure νC

on [0,∞)d such that

νC([x−1
1 ,∞) × · · · × [x−1

d ,∞)) = C(x1, . . . , xd) ∀ x1, . . . , xd ∈ [0,∞] (8)

which then has unit 1-stable margins (more precisely, is the Lévy measure of an
infinitely divisible distribution with unit 1-stable margins). Conversely, to any Lévy
measure νC on [0,∞)d with unit 1-stable margins, the left-hand side of (8) defines
a positive Lévy copula.

Definition 3 A positive Lévy copula C : [0,∞]d → [0,∞] is exchangeable, if

C(x1, . . . , xd) = C(xπ(1), . . . , xπ(d)) ∀ x1, . . . , xd ∈ [0,∞], π ∈ [d].

We now give a connection between exchangeable Lévy copulas and exchangeable
Lévy measures:

Theorem 4 (Exchangeability and Lévy copulas)

(i) A positive Lévy copula C is exchangeable if and only if the Lévy measure νC

with unit 1-stable margins defined by (8) is exchangeable.
(ii) Let ν be a Lévy measure on [0,∞)d with marginal Lévy measures ν1, . . . , νd .

If ν1 = · · · = νd and if an associated positive Lévy copula C exists which is
exchangeable, then ν is exchangeable. Conversely, if ν is exchangeable and
Uν1([0,∞]) = [0,∞] (i.e. ν1 has no atoms and is infinite), then ν1 = · · · = νd

and the unique associated positive Lévy copula C is exchangeable.

It seems very likely that the result in (ii) can be extended to the case when
Uν1([0,∞]) �= [0,∞], to a general statement of the form that ν is exchangeable
if and only if ν1 = · · · = νd and if it admits an exchangeable associated positive
Lévy copula C (observe that then the positive Lévy copula is not necessarily unique
any more). For simplicity, we have not pursued this issue further.

Proof First observe that as in the proof of Theorem 2, a Lévy measure ν on [0,∞)d

is exchangeable if and only if

(Pπν)
([x1,∞) × · · · × [xd ,∞)

) = ν
([x1,∞) × · · · × [xd ,∞)

) ∀ x1, . . . , xd ∈ [0,∞], π ∈ [d],

i.e. if and only if
UPπ ν = Uν ∀ π ∈ [d]. (9)

(i) For (x1, . . . , xd) �= (0, . . . , 0) we have

UPπ νC (x1, . . . , xd) = νC([xπ(1),∞) × · · · × [xπ(d),∞)) = C(x−1
π(1), . . . , x−1

π(d))
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by (8), hence we conclude from (9) that νC is exchangeable if and only if C is
exchangeable.
(ii) Suppose first that ν1 = · · · = νd and that ν admits an exchangeable associated
Lévy copula C . Then Uν1 = · · · = Uνd and it follows from (7) that

(Pπν)
([x1,∞) × · · · × [xd ,∞)

)

= Uν(xπ(1), . . . , xπ(d))

= C(Uν1(xπ(1)), . . . , Uνd (xπ(d)))

= C(Uν1(x1), . . . , Uν1(xd))

= Uν(x1, . . . , xd) = ν
([x1,∞) × · · · × [xd ,∞)

) ∀ x1, . . . , xd ∈ [0,∞], π ∈ [d].

Hence, ν is exchangeable.

Conversely, suppose that ν is an exchangeable Lévy measure. Then it is easy to
see that ν1 = · · · = νd , hence Uν1 = · · · = Uνd . If now additionally Uν1([0,∞]) =
[0,∞], then for every y ∈ [0,∞] there exists some U←

ν1
(y) ∈ [0,∞] such that

Uν1(U
←
ν1

(y)) = y. For y1, . . . , yd ∈ [0,∞] we then have necessarily by (7)

C(y1, . . . , yd) = Uν(U
←
ν1

(y1), . . . , U←
ν1

(yd)),

and exchangeability of C follows from (9).

Many positive Lévy copulas used in practice are Archimedian Lévy copulas. They
are of the form

C(x1, . . . , xd) = φ−1(φ(x1) + · · · + φ(xd))

for some strictly decreasing function φ : [0,∞] → [0,∞] (the generator) such that
φ(0) = ∞, φ(∞) = 0, andφ−1 has derivatives up to order d on (0,∞)with alternat-
ing signs, see Cont and Tankov [14, Proposition 5.7]. It is evident that Archimedian
Lévy copulas are exchangeable. We hence have

Corollary 2 Let ν be a Lévy measure on [0,∞)d which admits an Archimedian Lévy
copula. Then ν is exchangeable if and only if ν1 = · · · = νd .

Proof This is immediate from Theorem 4 and its proof.

3 Matrices that Preserve Exchangeability

In this sectionwe summarise some results ofDean andVerducci [15] andCommenges
[13] about matrices that preserve (second order) exchangeability, which will be
needed later. Denote by Jd ∈ Rd×d the matrix with all entries equal to 1 and recall
that Idd ∈ Rd×d denotes the identity matrix.
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Theorem 5 (Commenges [13])

(i) A matrix A ∈ Rd×d commutes with permutations, if and only if there are a, b ∈
R such that

A = a Idd + bJd .

(ii) Suppose A, B ∈ Rd×d commute with permutations. Then A + B and AB com-
mute with permutations.

(iii) If A ∈ Rd×d commutes with permutations and det A �= 0, then A−1 commutes
with permutations.

(iv) Let C ∈ Rd×d . Then L (C X) is exchangeable for every exchangeable normal
distribution L (X) on Rd if and only if C can be represented in the form C =
AQ, where A ∈ Rd×d commutes with permutations and Q = (qi j )i, j=1,...,d ∈
Rd×d is an orthogonal matrix that satisfies

∑d
j=1 qi j = ∑d

j=1 q1 j for all i ∈
{1, . . . , d}.

Commenges [13] calls property (iv) above the preservation of second moment
exchangeability. For later use, we mention the following consequence.

Corollary 3 Let A ∈ Rd×d commute with permutations. Then also eA commutes
with permutations. If A is additionally positive definite, then the converse also holds.

Proof Since eA = ∑∞
k=0

1
k! Ak , the first statement is immediate from Theorem 5(ii).

For the converse suppose that eA ∈ Rd×d commutes with permutations. Then for
every π ∈ [d]

exp(A) = Pπ exp(A)Pπ−1 =
∞∑

k=0

Pπ Ak Pπ−1

k! =
∞∑

k=0

(Pπ APπ−1)k

k! = exp(Pπ APπ−1).

Thus, we proved exp(A) = exp(Pπ APπ−1). By positive definiteness of A, Proposi-
tion 11.2.9 of [7] implies A = Pπ APπ−1 .

Whilematrices that preserve exchangeability of normal randomvectors have been
characterized in Theorem5, the corresponding questionwhich linear transformations
preserve exchangeability of any random vector has been solved already earlier by
Dean and Verducci [15].

Definition 4 Let A ∈ Rd×d . Then A is said to be exchangeability preserving, if
L (AX) is exchangeable for every exchangeable random vector X in Rd . Denote

Ed = {A ∈ Rd×d : A is exchangeability preserving},
E 0

d = {A ∈ Rd×d : A is exchangeability preserving and det(A) �= 0}.

Dean and Verducci [15, Theorem 4, Corollaries 1.2, 1.3] gave the following char-
acterization of exchangeability preserving matrices:
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Theorem 6 (Dean and Verducci) A matrix A ∈ Rd×d is exchangeability preserving
if and only if for every π ∈ [d] there exists π ′ ∈ [d] such that

Pπ A = APπ ′ .

Further, E 0
d can be characterized as

E 0
d = {A ∈ Rd×d : ∃ a, b ∈ R, a �= 0, a �= −db, π ∈ [d] such that A = a Pπ + bJd}.

Notice that for d = 2 the set E 0
2 of invertible exchangeability preserving matrices

is precisely the set of invertible matrices which commute with permutations. Dean
and Verducci [15, Corollary 1.1] also gave an explicit expression for Ed , which is
however more complicated to formulate. However, it is easy to see that

{A ∈ Rd : ∃ a, b ∈ R, π ∈ [d] : A = a Pπ + bJd} ⊂ Ed .

4 Exchangeability Preserving Transformations

In this section we study more general transformations that preserve exchangeability,
not necessarily linear ones. We define:

Definition 5 LetM1 andM2 be two classes of measures onRd and G : M1 → M2

a mapping. We say that G

(i) is exchangeability preserving if G(μ) is exchangeable wheneverμ is exchange-
able,

(ii) commutes weakly with permutations, if for every μ ∈ M1 and π ∈ [d] there
exists π ′ ∈ [d] such that Pπ ′μ ∈ M1 and

Pπ G(μ) = G(Pπ ′μ),

(iii) commutes with permutations if Pπμ ∈ M1 for all μ ∈ M1 and π ∈ [d], and

Pπ G(μ) = G(Pπμ) ∀ μ ∈ M1, π ∈ [d].

When M1 = M2 is the class of all probability distributions on Rd , and G is
induced by a linear mapping A : Rd → Rd , i.e. G(μ) := Aμ, the image measure of
μ under A, then G commutes with permutations if and only if A does in the sense of
Definition 2, and G is exchangeability preserving if and only if A is in the sense of
Definition 4. Further, by Theorem 6, in this case G is exchangeability preserving if
and only if it is commutes weakly with permutations. For general mappings that are
not necessarily linear this is no longer true, as the following simple example shows:
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Example 1 (i) If the set M1 does not contain any exchangeable measure, then any
G : M1 → M2 will be exchangeability preserving, but it will commute weakly with
permutations only in special cases.
(ii) Let M1 = M2 be the class of all probability distributions on Rd , and define

G(μ) :=
{

δ(0,...,0)T , if μ is exchangeable,

δ(1,0,...,0)T , if μ is not exchangeable,

where δx denotes the Dirac measure at x . Then G is exchangeability preserving, but
does not commute weakly with permutations, since Pπδ(1,0,...,0)T is not in the range
of G for π a permutation different from the identity.
(iii) If M2 contains only exchangeable measures, then any G : M1 → M2 is
exchangeability preserving and it even commutes weakly with permutations, since
for all π ∈ [d] and μ ∈ M1 we can choose the identity for π ′ and obtain Pπ G(μ) =
G(μ) = G(Pπ ′μ).

So we have seen that there are mappings that are exchangeability preserving but
do not commute weakly with permutations. On the other hand, it is easy to see
that any transformation that commutes weakly with permutations is exchangeability
preserving. More precisely, we have:

Proposition 1 Let M1 and M2 be two classes of measures on Rd . Then every
mapping G : M1 → M2 that commutes with permutations also commutes weakly
with permutations, and every mapping that commutes weakly with permutations is
exchangeability preserving.

Proof That every mapping which commutes with permutations commutes weakly
with permutations is clear. Now let G : M1 → M2 commute weakly with permuta-
tions and let μ ∈ M1 be exchangeable. Let π ∈ [d]. Then there exists π ′ ∈ [d] such
that

Pπ G(μ) = G(Pπ ′μ) = G(μ),

which shows that G(μ) is exchangeable.

Dean and Verducci [15, Corollary 1.3, Theorem 4] showed that an invertible
matrix A ∈ Rd×d is exchangeability preserving if and only if its inverse A−1 is
exchangeability preserving. This then trivially transfers to the mappings G and G−1

induced by A and A−1. For general transformations G, such a result is not true:

Example 2 Let G : M1 → M2 be bijective and assume that M2 consists only of
exchangeable measures, whileM1 contains at least one non-exchangeable measure.
Then G commutes weakly with permutations by Example 1(iii), but the inverse
G−1 is not exchangeability preserving, in particular it cannot commute weakly with
permutations.

When G commutes with permutations and G is bijective, then however also the
inverse commutes with permutations:
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Theorem 7 Let M1 and M2 be two classes of measures on Rd and G : M1 → M2

an injective mapping that commutes with permutations. Then its inverse G−1 :
G(M1) → M1 also commutes with permutations, in particular G−1 is exchange-
ability preserving.

Proof Let G be injective. Let π ∈ [d] and ν ∈ G(M1). Let μ := G−1(ν). Then
Pπμ ∈ M1 and

Pπν = Pπ G(μ) = G(Pπμ),

showing that Pπν ∈ G(M1). Applying G−1 to the equation above gives

G−1(Pπν) = Pπμ = Pπ G−1(ν).

Hence G−1 commutes with permutations.

In the next two sections we give some examples of exchangeability preserving
mappings.

5 Exchangeability Preserving Transformations
Based on Discrete Time

In this section we discuss some transformations related to time series analysis and
their exchangeability preserving property.

Example 3 (Convolution with an exchangeable distribution) Let ρ = L (X) be an
exchangeable distribution on Rd and let M1 = M2 be the class of all probability
distributions on (Rd ,Bd). Then the mapping

Gρ : M1 → M2, μ �→ μ ∗ ρ

commutes with permutations, in particular is exchangeability preserving, since for
π ∈ [d] and B ∈ Bd we have

(Pπ (μ ∗ ρ))(B) =
∫

Rd

μ(P−1
π (B) − x) ρ(dx)

=
∫

Rd

(Pπμ)(B − Pπ x) ρ(dx)

=
∫

Rd

(Pπμ)(B − y)(Pπρ)(dy) = ((Pπμ) ∗ ρ)(B).

(i) Now assume that the characteristic function z �→ ρ̂(z) is different from 0 for
z from a dense subset of Rd , e.g. if ρ is infinitely divisible (cf. [22, Lemma
7.5]). Since Ĝρ(μ)(z) = ρ̂(z)μ̂(z), it follows that Gρ is injective and hence the
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inverse G−1
ρ : Gρ(M1) → M2 commutes with permutations by Theorem 7.

Hence ρ ∗ μ is exchangeable if and only if μ is exchangeable, provided ρ

is exchangeable and ρ̂ does not vanish on a dense set. Similarly, using the
Laplace transform to establish injectivity, if ρ and μ are both concentrated on
[0,∞)d and ρ is exchangeable, then ρ ∗ μ is exchangeable if and only if μ is
exchangeable.

(ii) Let X1, X2, X3, Y1 be four independent one-dimensional randomvariables such
that

L (X1) = L (X2) = L (X3) �= L (Y1),

but
L (X1) ∗ L (Y1) = L (X1) ∗ L (X1).

Examples of such distributions can be found in Feller [16, p. 506]. Now let
d = 2 and consider the two-dimensional distributions

ρ := L ((X1, X2)
T ), and μ := L ((Y1, X3)

T ).

Then ρ and
ρ ∗ μ = L ((X1 + Y1, X2 + X3)

T ) = ρ ∗ ρ

are exchangeable, but μ is not exchangeable. Hence without extra assumptions
on the exchangeable ρ (as done e.g. in (i)), it is not true that ρ ∗ μ is exchange-
able if and only if μ is exchangeable.

(iii) It isworth noting that the convolution of twonon-exchangeable distributions can
be exchangeable. To see this, let d = 2 and let X1, X2, Y1, Y2 be independent
one-dimensional random variables such that L (X1) = L (Y2) �= L (Y1) =
L (X2). Define the distributions μ = L ((X1, X2)

T ) and ρ = L ((Y1, Y2)
T ).

Then μ ∗ ρ = L ((X1 + Y1, X2 + Y2)
T ) is exchangeable, although neither μ

nor ρ are exchangeable.

Next we shall consider distributions that arise from infinite moving average
processes. We first note that exchangeability is closed under weak convergence:

Lemma 1 Let (Xn)n∈N be a sequence of exchangeable random vectors in Rd that
converges in distribution to a random vector Y as n → ∞. Then Y is exchangeable.

Proof The convergence Xn
d→ Y for n → ∞ implies Pπ Xn

d→ Pπ Y . Since Pπ Xn
d=

Xn by assumption the two limits coincide.

Corollary 4 (Two sidedmoving average processes) Let (Zt )t∈Z be an i.i.d. sequence
of exchangeable random vectors in Rd and (At )t∈Z be an i.i.d. sequence, inde-
pendent of (Zt )t∈Z, taking values in Ed , the space of exchangeability preserving
(d × d)-matrices. Assume that

∑∞
j=−∞ A j Zt− j converges almost surely (equiva-

lently, in distribution as a sum with independent increments). Then
∑∞

j=−∞ A j Zt− j

is exchangeable.
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Proof Let ρ be the distribution of A j . Conditioning on A j = M for M ∈ Ed , we
have for the characteristic function

ϕPπ A j Zt− j (z) =
∫

Ed

ϕPπ M Zt− j (z) ρ(dM) =
∫

Ed

ϕM Zt− j (z) ρ(dM) = ϕA j Zt− j (z)

for all z ∈ Rd and π ∈ [d], hence A j Zt− j is exchangeable. Since (A j Zt− j ) j∈Z
is independent, Lemma 1 together with Example 3 shows that

∑∞
j=−∞ A j Zt− j is

exchangeable.

Under conditions which guarantee the existence of mean and covariance, we give
a necessary condition for the stationary distribution of an infinite moving average
process to be exchangeable:

Proposition 2 Let (Zt )t∈Z be an i.i.d. sequence of Rd -valued random vectors with
finite variance and (Ak)k∈Z be an Rd×d -valued deterministic sequence such that
(Ai j

k )k∈Z is absolutely summable for each i, j ∈ {1, . . . , d}, where Ai j
k denotes the

(i, j)-component of Ak. Then
∑∞

j=−∞ A j Zt− j converges almost surely absolutely
and in L2, and necessary conditions for

∑∞
j=−∞ A j Zt− j to be exchangeable are

that (
∑∞

j=−∞ A j )EZ0 = (γ1, . . . , γ1)
T for some γ1 ∈ R and that

∑∞
k=−∞ AkCov

(Z0)AT
k commutes with permutations, where Cov(Z0) = E(Z0Z T

0 ) − E(Z0)E(Z T
0 )

denotes the covariance matrix of Z0.

Proof Almost sure and L2-convergence under the stated conditions is well known,
and X := ∑∞

j=−∞ A j Zt− j has mean (
∑∞

j=−∞ A j )EZ0 and covariance matrix

∞∑

k=−∞
AkCov(Z0)AT

k .

If X is exchangeable, then Pπ X and X must share the same mean and covariance
matrix for allπ ∈ [d], fromwhich follows thatEX = (γ1, . . . , γ1)

T for some γ1 ∈ R

and PπCov(X)PT
π = Cov(X), which is the claim.

Now consider the multivariate AR model of first order

Yt − ΦYt−1 = Zt , t ∈ Z, (10)

where Φ ∈ Rd×d and (Zt )t∈Z is an i.i.d. sequence of d-dimensional random vectors.
Necessary and sufficient conditions for the existence of a strictly stationary solution
to this equation have been derived byBrockwell et al. [10, Theorem1]. For simplicity,
we shall assume that all eigenvalues of Φ lie in the open unit ball {z ∈ C : |z| < 1}.
Then a sufficient condition for the existence of a strictly stationary solution of (10)
is E log+ |Z0| < ∞, in which case the stationary solution is unique and given by

Yt =
∞∑

k=0

Φk Zt−k, t ∈ Z, (11)
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where the right-hand side converges almost surely absolutely. If Φ is additionally
invertible, then the condition E log+ |Z0| < ∞ is also necessary for the existence of
a strictly stationary solution, see [10, Corollary 1].

Theorem 8 (Stationary solution of AR(1) equation) Let Φ ∈ Rd×d such that all
eigenvalues of Φ lie in {z ∈ C : |z| < 1}. Let M1 be the set of all probability distri-
butions L (X) on Rd with E log+ |X | < ∞ (i.e. with finite log-moment) and M2 be
the set of all probability distributions on Rd . Consider the mapping

GΦ : M1 → M2, L (Z0) �→ L

( ∞∑

k=0

Φk Z−k

)
, t ∈ Z,

where (Z−k)k∈N0 is an i.i.d. sequence with distributionL (Z0), so that GΦ associates
to each L (Z0) the distribution of the corresponding stationary solution of the AR(1)
Eq. (10). We then have:

(i) If Φ is exchangeability preserving (commutes with permutations), then GΦ is
exchangeability preserving (commutes with permutations), so that Yt given by
(11) is exchangeable whenever L (Z0) is exchangeable.

(ii) Let M ′
1 be the subset of all infinitely divisible μ ∈ M1, and denote by G ′

Φ the
restriction of GΦ to M ′

1. Assume that Φ commutes with permutations. Then
G ′

Φ commutes with permutations, G ′
Φ is injective, and the inverse (G ′

Φ)−1 :
GΦ(M ′

1) → M ′
1 commutes with permutations. In particular, forL (Z0) ∈ M ′

1,
L

(∑∞
k=0 Φk Z−k

)
is exchangeable if and only if L (Z0) is exchangeable.

(iii) Suppose that (Zt )t∈Z is i.i.d. N (0,Σ)-distributed. Then a necessary and suf-
ficient condition for exchangeability of L

(∑∞
k=0 Φk Z−k

)
is that

∑∞
k=0 Φk

Σ(ΦT )k commutes with permutations.

Proof (i) If Φ is exchangeability preserving this is an immediate consequence of
Corollary 4, since with Φ obviously also Φk is exchangeability preserving for each
k ∈ N0. In the case when PπΦ = Φ Pπ for all π ∈ [d], we have also PπΦk = Φk Pπ

for all k ∈ N0, hence

Pπ

∞∑

k=0

Φk Z−k =
∞∑

k=0

Φk Pπ Z−k,

which shows that GΦ commutes with permutations.
(ii) That G ′

Φ commutes with permutations is easy to see from (i). Let Yt :=∑∞
k=0 Φk Zt−k . Then Yt is infinitely divisible and hence its characteristic function

ϕY has no zeros. By (10),

ϕY (z) = ϕY (ΦT z)ϕZ (z) ∀ z ∈ Rd ,

where ϕZ is the characteristic function of Zt . Hence G ′
Φ is injective. The rest follows

from Theorem 7.
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(iii) By (11), we have L (Yt ) = N (0,
∑∞

k=0 ΦkΣ(ΦT )k). The result then follows
from Remark 1.

The following example shows that some conditions onL (Z0) are needed in order
for the assertion in Theorem 8(ii) to hold:

Example 4 Let (Ut )t∈Z, (Vt )t∈Z and (Wt )t∈Z be one-dimensional independent i.i.d.
sequences such that U0 and V0 have characteristic function

ϕU0(z) = ϕV0(z) =
{
1 − |z|, |z| ≤ 1,

0, |z| > 1,

and ϕW0(z) = ϕU0(z) for |z| ≤ 1 and otherwise ϕW0 being periodic with period 4.
These functions are indeed characteristic functions of random variables, see Feller
[16, p. 506]. Observe that U0 has density R → R, x �→ π−1(1 − cos(x))x−2 [16,
p. 503], hence E log+ |U0| < ∞ and it follows that

∑∞
k=0 2

−kU−k converges almost
surely. Hence

∏∞
k=0 ϕU0(2

−k z) converges pointwise to some characteristic function,
and it is easy to see that

∏∞
k=0 ϕU0(2

−k z) = ∏∞
k=0 ϕW0(2

−k z) for z ∈ R. By Lévy’s
continuity theorem,

∑∞
k=0 2

−k W−k converges in distribution, hence almost surely. In
particular, E log+ |W0| < ∞ andL (

∑∞
k=0 2

−kU−k) = L (
∑∞

k=0 2
−k W−k). Now let

d = 2,

Φ =
(
1/2 0
0 1/2

)
, Zt = (Ut , Wt )

T , and Xt = (Ut , Vt )
T .

Then L
(∑∞

k=0 Φk Z−k
) = L

(∑∞
k=0 Φk X−k

)
is exchangeable and Φ is a diagonal

matrix, but L (Z0) is not exchangeable.

Observe that exchangeability ofL (Yt ) andL (Zt ) in (11) does not imply that Φ
is exchangeability preserving, as can be seen in the next example.

Example 5 Let (Zt )t∈Z be an i.i.d sequence of two-dimensional N (0, Id2)-

distributed random vectors and let Φ ∈ R2×2 be of the form Φ =
(

a b
0 c

)
with

0 < a < c < 1, and let Yt be defined by (11). Then easy calculations show that

Φk =
(

ak b ak−ck

a−c
0 ck

)
and

∞∑

k=0

Φk(ΦT )k =
∞∑

k=0

⎛

⎝a2k + b2
(

ak−ck

a−c

)2
ckb ak−ck

a−c

ckb ak−ck

a−c c2k

⎞

⎠ .

By Theorem 8(iii) and Theorem 5(i) we conclude thatL (Yt ) is exchangeable if and

only if
∑∞

k=0

(
a2k + b2

(
ak−ck

a−c

)2
)

= ∑∞
k=0 c2k . Therefore, setting

b2 := (a − c)2
∑∞

k=0 c2k − ∑∞
k=0 a2k

∑∞
k=0(a

k − ck)2
= 1 − ac

1 + ac
(c2 − a2)
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gives exchangeability of L (Yt ). However, from Theorem 6 it is easy to see that Φ

is not exchangeability preserving (observe that Φ is invertible).

Nowwe consider random recurrence equations. Let (At , Zt )t∈Z be anRd×d × Rd -
valued i.i.d. sequence. Suppose that

E log+ |Z1| < ∞, E log+ ‖A1‖ < ∞, and γ := inf
n∈N

{
1

n
E log ‖A1A2 · · · An‖

}
< 0,

(12)
where ‖A‖ := sup|x |=1 |Ax | for A ∈ Rd×d denotes the matrix norm induced by the

Euclidean vector norm |x | = √
xT x, x ∈ Rd . The quantity γ is called the top Lya-

punov exponent of the sequence (At )t∈Z. Under these conditions, there exists a unique
strictly stationary solution (Xt )t∈Z of the random recurrence equation

Xt = At Xt−1 + Zt , t ∈ Z, (13)

and it is given by

Xt =
∞∑

k=0

At At−1 · · · At−k+1Zt−k, (14)

where the sum converges almost surely absolutely. In particular, the unique strictly
stationary solution is non-anticipative in the sense that (Xs)s≤t is independent of
(As, Zs)s≥t+1. Further, for anyRd -valued randomvariableV0 on the same probability
space, let (Vn)n∈N be defined recursively by

Vn = An Vn−1 + Zn, n ∈ N. (15)

Then Vn converges in distribution to L (X0) as n → ∞, where X0 is given by
(14), see Brandt [9, Theorem 1] for the one-dimensional case and Bougerol and
Picard [8, Theorem 1.1] and Stelzer [25, Theorem 4.1] for the multivariate case.
In [8, Theorem 2.5], under finite log-moment conditions and certain irreducibility
conditions, a characterization for the existence of strictly stationary non-anticipative
solutions of (13) in terms of negativity of the top Lyapunov exponent is achieved.

Under the above conditions, we obtain a mapping G : L (Z0) �→ L (X0) as
described below, where X0 is given by (14).

Theorem 9 Let (At )t∈Z be an i.i.d. sequence in Rd×d such that (12) is satisfied (i.e.
E log+ ‖A1‖ < ∞ and γ < 0). Let M1 be the set of all probability distributions
L (Z0) with E log+ |Z0| < ∞, M2 be the set of all probability distributions, and let
G : M1 → M2 be defined by

L (Z0) �→ L (X0)
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where (Zt )t∈Z is an i.i.d. sequence with distribution L (Z0), independent of (At )t∈Z,
and X0 is given by (14).

(i) If (At )t∈Z takes only values in the set Ed of exchangeability preserving matrices,
then G is exchangeability preserving, i.e. L (X0) is exchangeable provided that
L (Z0) is exchangeable.

(ii) If (At )t∈Z takes only values in the set of all matrices that commute with permu-
tations, then G commutes with permutations.

(iii) Suppose that (At )t∈Z takes only values in the set of matrices that commute
with permutations and that have only non-negative entries. Let M ′

1 be the set
of all L (Z0) ∈ M1 with distribution concentrated on [0,∞)d , and denote
by G ′ the restriction of G to M ′

1. Then G ′ is injective, and its inverse (G ′)−1 :
G ′(M ′

1) → M1 commutes with permutations. In particular, in this case,L (X0)

is exchangeable if and only if L (Z0) is exchangeable.

Proof (i) Suppose that L (Z0) ∈ M1 is exchangeable. Let V0 := Z0 and define Vn

recursively by (15). SinceL (Vn) converges in distribution toL (X0), by Lemma 1
it is enough to show that each Vn is exchangeable. We do that by induction on n.
Observe that V0 is exchangeable and independent of (At , Zt )t≥1. Suppose that Vn−1

is proved to be exchangeable. Observe that Vn−1 is independent of (An, Zn). Since
An takes values in the space of exchangeability preserving matrices, by conditioning
on An we see that An Vn−1 is exchangeable, similar to the proof of Corollary 4. Since
Zn is independent of An Vn−1, we conclude that Vn = An Vn−1 + Zn is exchangeable
by Example 3. This gives the claim.
(ii) By (14), for every π ∈ [d] we have

Pπ Xt =
∞∑

k=0

Pπ At · · · At−k+1Zt−k =
∞∑

k=0

At · · · At−k+1Pπ Zt−k,

and (Pπ Zt )t∈Z is i.i.d. withL (Pπ Z1) ∈ M1. Hence G commutes with permutations.
(iii) Under the given conditions, it follows from (14) that also Xt is concentrated on
[0,∞)d . Then also At Xt−1 is concentrated on [0,∞)d and is independent of Zt by
(14). Hence we may take Laplace transforms in (13) and obtain

LX1(u) = LA1X0(u) LZ1(u) ∀ u ∈ [0,∞)d ,

whereLX1(u) = Ee−X T
1 u denotes the Laplace transform of X1 for u ∈ [0,∞)d . From

this it follows that G ′ is injective, and it obviously commutes with permutations by
(ii). The claim then follows from Theorem 7.
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6 Exchangeability Preserving Transformations
Based on Continuous Time

In this section we consider stochastic integrals of the form

∫ T

0
f (t)dLt and

∫ ∞

0
f (t) dLt := dlimT →∞

∫ T

0
f (t) dLt ,

where L = (Lt )t≥0 is a Lévy process inRd , f is anRd×d -valued stochastic process
with càglàd paths, and dlim denotes the limit in distribution (provided it exists). Here,
we assume implicitly that there is an underlying filtration F = (Ft )t≥0 satisfying the
usual conditions such that L is a semimartingale with respect to F and that ( ft )t≥0 is
adapted with respect to F; if the processes f and L are independent, such a filtration
always exists, see Protter [21, Theorem VI.2], so that

∫ T
0 f (t) dLt always exists

in this case. See [21] also for the definition and facts about stochastic integration.
When f is deterministic, then T �→ ∫ T

0 f (t) dLt has independent increments, and
it follows that it converges in distribution as T → ∞ if and only if it converges in
probability (or even almost surely). For deterministic f , the integral coincides with
integrals with respect to the induced independently scattered random measure as
defined in Sato [23, Proposition 2.11, Example 2.12, Definitions 2.16, 2.20], and
V := ∫ ∞

0 f (t)dLt is infinitely divisible (provided it exists); denoting by ΨL and ΨV

the characteristic exponents of L1 and V , we then have

ΨV (z) = lim
T →∞

∫

[0,T ]
ΨL( f (s)T z) ds ∀ z ∈ Rd , (16)

see [23, Proposition 2.17]. A relation between the characteristic triplets of L and V
can also be established in this case, as well as a characterization when

∫ ∞
0 f (t) dLt

actually exists as a limit in probability; see [23, Proposition 2.17, Corollary 2.19].
If f is not deterministic but independent of L , then

∫ ∞
0 f (t) dLt needs not to be

infinitely divisible, but its characteristic function can be calculated from (16) by
conditioning on f .

Theorem 10 Let f = ( ft )t≥0 be an Rd×d -valued stochastic process with càglàd
paths. LetM1 be a set of infinitely divisible distributions μ, such that

∫ ∞
0 f (t) dLμ

t is
definable as a limit in distribution for each μ ∈ M1, where (Lμ

t )t≥0 is a
d-dimensional Lévy process with L (Lμ

1 ) = μ, independent of f (possibly defined
on a suitably enlarged probability space). Denote by M2 the set of all probability
distributions on Rd . This gives a mapping

G : M1 → M2, μ �→ L

(∫ ∞

0
f (t) dLμ

t

)
.
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(i) Suppose that f takes only values in the set Ed of exchangeability preserving
matrices. Then G is exchangeability preserving, i.e. exchangeability of μ implies
exchangeability of G(μ).

(ii) Suppose that f takes only values in the set of matrices that commute with
permutations. Then

∫ ∞
0 f (t) dLμ

t exists as a limit in distribution if and only∫ ∞
0 f (t) d(Pπ Lμ

t ) exists as a limit in distribution for all π ∈ [d], so that (by
possibly enlarging M1) we can assume that Pπμ ∈ M1 for all π ∈ [d] and
μ ∈ M1. Then G commutes with permutations. If additionally G is injective,
then the inverse G−1 : G(M1) → M1 also commutes with permutations, so that
in this case,

∫ ∞
0 f (t) dLμ

t is exchangeable if and only if μ is exchangeable.

Proof (i) Let V = ∫ ∞
0 f (t) dLμ

t . Suppose first that f is deterministic and has com-
pact support in [0, T ]. Since f (s) takes values in Ed , for every π ∈ [d] and s ≥ 0
there exists π ′(s) ∈ [d] such that f (s)T Pπ = Pπ ′(s) f (s)T . Hence

ΨV (Pπ z) =
∫ T

0
ΨLμ( f (s)T Pπ z) ds =

∫ T

0
ΨLμ(Pπ ′(s) f (s)T z) ds ∀ z ∈ Rd .

Now if μ is exchangeable, then ΨLμ(Pπ ′(s)z) = ΨLμ(z), and we conclude

ΨV (Pπ z) =
∫ T

0
ΨLμ( f (s)T z) = ΨV (z) ∀ z ∈ Rd ,

so that G is exchangeability preserving.
Next assume that f is not deterministic but has support in [0, T ] and its distribution

is ρ. Then conditioning on the paths of f , and since f and Lμ are independent, we
obtain

ϕPπ

∫ T
0 f (t) dLμ

t
(z) =

∫

Ed

ϕPπ

∫ T
0 M(t) dLμ

t
(z)ρ(dM)

=
∫

Ed

ϕ∫ T
0 M(t) dLμ

t
(z)ρ(dM) = ϕ∫ T

0 f (t) dLμ
t
(z), z ∈ R,

where the second equality follows from the previous case, so that G must also be
exchangeability preserving in this case.

Finally, the case when f is random (but independent) and does not have compact
support follows from Lemma 1 since

ϕPπ

∫ ∞
0 f (t) dLμ

t
= lim

T →∞ ϕPπ

∫ T
0 f (t) dLμ

t
(z)

= lim
T →∞ ϕ∫ T

0 f (t) dLμ
t
(z) = ϕ∫ ∞

0 f (t) dLμ
t
(z), z ∈ R.
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(ii) Suppose that f (t) commutes with permutations for each t . Consider first the case
that f is deterministic and has support in [0, T ]. For each π ∈ [d], we then have

Ψ∫ T
0 f (t) d(Pπ Lμ

t )
(z) =

∫ T

0
ΨPπ Lμ( f (s)T z) ds =

∫ T

0
ΨLμ(PT

π f (s)T z) ds

=
∫ T

0
ΨLμ( f (s)T PT

π z) ds = Ψ∫ T
0 f (t) dLμ

t
(PT

π z)

= ΨPπ

∫ T
0 f (t) dLμ

t
(z), z ∈ Rd .

Now if f is stochastic with support in [0, T ] but independent of Lμ, then by condi-
tioning on f we see that

ϕ∫ T
0 f (t) d(Pπ Lμ

t )
(z) = ϕ∫ T

0 f (t) dLμ
t
(PT

π z) = ϕPπ

∫ T
0 f (t) dLμ

t
(z), z ∈ Rd . (17)

Since
∫ T
0 f (t) d(Pπ Lμ

t ) converges in distribution if and only if ϕ∫ T
0 f (t) d(Pπ Lμ

t )
con-

verges pointwise to a characteristic function as T → ∞, it follows that∫ T
0 f (t) d(Pπ Lμ

t ) converges in distribution if and only if
∫ T
0 f (t) dLμ

t does. Hence
we can assume that Pπμ ∈ M1 for all π ∈ [d] and μ ∈ M1. Taking the limit as
T → ∞ in (17) then shows that G commutes with permutations. The rest follows
from Theorem 7.

Remark 2 (i)When restricting to deterministic f , we can use integration theory with
respect to independently scattered random measures as in Sato [23], and the proof
above carries easily over to deterministic, but not necessarily càglàd f , as long it is
integrable with respect to Lμ.
(ii) Another approach to prove Theorem 10(ii) is to use that

Pπ

∫ T

0
f (t) dLμ

t =
∫ T

0
f (t) d(Pπ Lμ

t ),

as a consequence of approximating the stochastic integrals by Riemann sums
(e.g. [21, Theorem II.21]) and the fact that f (t) commutes with permutations.

Theorem 10 will be mostly used in the case when f (t) = g(t)Idd for a deter-
ministic scalar valued càglàd function g. Observe that in that case, f (t) obviously
commutes with permutations. As a first application, we consider self-decomposable
distributions.

Recall that a distribution μ on Rd is self-decomposable if and only if for each
b > 1 there exists a probability measure ρb on Rd such that

μ̂(z) = μ̂(b−1z)ρ̂b(z) ∀ z ∈ Rd

(e.g. [22,Definition 15.1]). It is well known that self-decomposable distributions con-
stitute exactly the class of stationary distributions of Ornstein–Uhlenbeck processes.
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More precisely, given c > 0, a distribution σ is self-decomposable if and only if there
exists a Lévy process Lμ = (Lμ

t )t≥0 with μ = L (Lμ
1 ) such that E log+ |Lμ

1 | < ∞
(i.e.

∫
R
log+ |x | μ(dx) < ∞) and

σ = L

(∫ ∞

0
e−ct dLμ

t

)
,

where the integral converges almost surely (equivalently, in distribution). It is known
that E log+ |Lμ

1 | < ∞ is a necessary and sufficient condition for convergence of∫ ∞
0 e−ct dLμ

t , and that the mapping

G : M1 → M2, μ �→ L

(∫ ∞

0
e−ct dLμ

t

)
, (18)

whereM1 is the class of all infinitely distributions μ on Rd with E log+ |Lμ
1 | < ∞,

andM2 is the class of all self-decomposable distributions, is a bijection; cf. Sato [22,
Theorem 17.5]. For self-decomposable σ , the unique (in distribution) Lévy process
Lμ such that G(L (Lμ

1 )) = σ is then called the background driving Lévy process of
σ , or μ the background driving infinitely divisible distribution of σ .

The following is now immediate:

Corollary 5 (Exchangeable self-decomposable distributions) With the notations
above, the mapping G : M1 → M2 defined in (18) as well as its inverse commute
with permutations. In particular, a self-decomposable distribution is exchangeable
if and only if its background driving infinitely distribution is exchangeable (for fixed
c > 0).

Let us give yet another proof that a self-decomposable distribution can only be
exchangeable if the background driving infinitely divisible distribution is exchange-
able, without referring to the general result Theorem 7. For that, we need the follow-
ing Lemma, which is interesting in its own right. It is well known in one dimension
(e.g. Barndorff-Nielsen and Shephard [4, Eq. (4.15)]) and proved similarly in higher
dimensions, but since we were not able to find a ready reference we provide a proof:

Lemma 2 Let c > 0, (Lt )t≥0 a Lévy process with E log+ |L1| < ∞ and V =∫ ∞
0 e−csdLs. Denote by ΨV and ΨL the characteristic exponents of V respectively of

L1. Then for ξ := z
|z| , z ∈ Rd \ {0}

∂ΨV (z)

∂ξ
= ΨL(z)

c|z| .

Proof We have ΨV (z) = ∫ ∞
0 ΨL(e−cs z)ds for z ∈ Rd as a limit by (16), but it even

holds
∫ ∞
0 |ΨL(e−cs z)| ds < ∞ (cf. [22], proof of Theorem 17.5). Letting ξ := z/|z|

for z �= 0 and substituting x = e−cs |z|, we obtain
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ΨV (z) =
∫ ∞

0
ΨL(e−cs |z|ξ)ds =

∫ |z|

0
ΨL(xξ)

dx

cx
.

Differentiation with respect to ξ gives

∂ΨV (z)

∂ξ
= lim

h→0
h−1

∫ |z|+h

|z|
ΨL(xξ)

dx

cx
= ΨL(z)

c|z| ,

which finishes the proof of Lemma 2.

Let us now show again that V := ∫ ∞
0 e−ct dLμ

t can only be exchangeable if μ is
exchangeable. So suppose that V is exchangeable. Then ΨV (z) = ΨV (Pπ z) for all
π ∈ [d] and z ∈ Rd \ {0}. Therefore for ξπ := Pπξ = Pπ z

|z| ,

∂ΨV (z)

∂ξ
= lim

h→0

ΨV (z + ξh) − ΨV (z)

h
= lim

h→0

ΨV (Pπ z + ξπ h) − ΨV (Pπ z)

h
= ∂ΨV (Pπ z)

∂ξπ

,

which implies by the previous lemma ΨLμ
(z) = ΨLμ

(Pπ z) for all z ∈ Rd and π ∈
[d], showing that μ is exchangeable.

Next we generalise our results on self-decomposable distributions to A-decom-
posable distributions. Let A ∈ Rd×d such that all eigenvalues of A have strictly
positive real part. Then

∫ ∞
0 e−As dLμ

s is definable for a Lévy process Lμ if and only
if E log+ |Lμ

1 | < ∞. By Theorem 4.1 in Sato and Yamazato [24], the mapping

G : M1 → M2, μ �→ L

(∫ ∞

0
e−As dLμ

s

)
(19)

defines a bijection from the class M1 of all infinitely divisible distributions on Rd

with finite log-moment to the classM2 of all A-decomposable distributions; here, a
distribution σ onRd is A-decomposable, if for every t > 0 there exists a probability
measure ρt on Rd such that

σ̂ (z) = σ̂ (e−t AT
z)ρ̂t (z), z ∈ Rd .

The distribution G(μ) is then the unique stationary distribution of the Ornstein–
Uhlenbeck process

d Xt (ω) = d Lμ
t (ω) − AXt−(ω)dt, t ≥ 0.

All this can be found in [24]. If A commutes with permutations, then also e−As

commutes with permutations for all s ≥ 0 by Corollary 3. Hence, the following
result is immediate from Theorem 10:

Corollary 6 (Exchangeable A-decomposable distributions)Let A ∈ Rd×d such that
all eigenvalues of A have strictly positive real part and that A commutes with per-
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mutations. With the notations above, the mapping G : M1 → M2 defined in (19)
as well as its inverse commute with permutations. In particular,

∫ ∞
0 e−As dLμ

s is
exchangeable if and only if μ is exchangeable.

The distribution
∫ ∞
0 e−As dLs can be exchangeable without A being exchange-

ability preserving, as follows from the following result applied to A =
(

1 1
−1 1

)
.

Proposition 3 Suppose (Lt )t≥0 is a standard Brownian motion, and A a normal
matrix (i.e. AAT = AT A) such that all eigenvalues of A have only strictly positive
real parts. Then

∫ ∞
0 e−As dLs is exchangeable if and only if A + AT commutes with

permutations.

Proof Since A is normal, it follows that e−Ase−AT s = e−AT se−As = e−(A+AT )s ,
see [7, Proposition 11.2.8]. Therefore, the infinitely divisible distribution μ =
L (

∫ ∞
0 e−Asd Ls) is normal distributed with mean 0 and variance

B =
∫ ∞

0
e−s Ae−s AT

ds =
∫ ∞

0
e−s(A+AT )ds = −(A + AT )−1.

ByRemark 1,μ is exchangeable if and only if B commutes with permutations, which
by Theorem 5(iii) is equivalent to the fact that A + AT commutes with permutations.

Let us consider some other mappings. Barndorff-Nielsen and Thorbjørnsen ([5]
and others) have introduced the Upsilon-transform in dimension one, and this has
been generalised by Barndorff-Nielsen et al. [2] to a multivariate setting. For an infi-
nitely divisible distribution μ on Rd with associated Lévy process Lμ, the Upsilon-
transform is defined by

Υ (μ) = L

(∫ 1

0
log

1

t
dLμ

t

)
.

Observe that the integrand t �→ log t−1 has a singularity at 0 and hence is not càglàd,
but Theorem 10 carries over by Remark 2. As shown in [2, Theorem A], Υ defines
a bijection from the class of all infinitely divisible distributions to the Goldie-Steuel-
Bondesson class B(Rd). By Theorem 10, we then have:

Theorem 11 The Υ -transform as defined above commutes with permutations, as
does its inverse. In particular, Υ (μ) is exchangeable if and only if μ is exchangeable.

By restricting Υ to the class of self-decomposable distributions, one obtains the
Thorin class [2, Theorem B], and by composing Υ with the mapping G of (18),
one obtains a bijection from the class of infinitely divisible distributions with finite
log-moment to the Thorin class [2, Theorem C]. Results similar to Theorem 11 can
then be stated for this composition.

We note that the Upsilon-transform has been generalised in various directions,
sometimes acting on infinitely divisible distributions, sometimes acting directly
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on Lévy measures. We just mention the general Upsilon-transforms of Barndorff–
Nielsen et al. [3]: let ρ be a σ -finite measure on (0,∞) and for each σ -finite measure
ν on Rd with ν({0}) = 0 define Υρ as the positive measure on Rd given by

[Υρ(ν)](B) =
∫ ∞

0
ν(x−1B) ρ(dx), B ∈ Bd;

Υρ is called the Upsilon transformation with dilation measure ρ. Restricting the
domain of Υρ to the set of all σ -finite measures ν such that Υρ(ν) is a Lévy measure,
it is easy to see that Υρ commutes with permutations. The domain has been derived
in [3, Sect. 3] in various cases. In [3, Sect. 6], the injectivity property of Υρ has
been further studied, and shown to be equivalent to the cancellation property of the
multiplicative convolution; see [3, Eq. (6.1)] for details. It is clear that Theorem 10
applies for injective Υρ .

Finally, wemention that a natural continuous time analogue of random recurrence
equations with iid coefficients is the multivariate generalized Ornstein-Uhlenbeck
process, as introduced inBehme andLindner [6]. Itwould be interesting to investigate
conditions under which an analogue of Theorem 9 holds for these processes, but we
leave this for future research.
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Lévy Copulas: Review of Recent Results

Peter Tankov

Abstract We review and extend the now considerable literature on Lévy copulas.
First, we focus on Monte Carlo methods and present a new robust algorithm for
the simulation of multidimensional Lévy processes with dependence given by a
Lévy copula. Next, we review statistical estimation techniques in a parametric and a
non-parametric setting. Finally, we discuss the interplay between Lévy copulas and
multivariate regular variation and briefly review the applications of Lévy copulas in
risk management. In particular, we provide a new easy-to-use sufficient condition
for multivariate regular variation of Lévy measures in terms of their Lévy copulas.

Keywords Lévy processes · Lévy copulas · Monte Carlo simulation · Statistical
estimation · Risk management · Regular variation

1 Introduction

Introduced in [13, 31, 42], the concept ofLévy copula allows to characterize in a time-
independent fashion the dependence structure of the pure jumppart of a Lévy process.
During the past ten years, several authors have proposed extensions of Lévy copulas,
developed simulation and estimation techniques for these and related objects, and
studied the applications of these tools to financial risk management. In this paper
we review the early developments and the subsequent literature on Lévy copulas,
present new simulation algorithms for Lévy processes with dependence given by a
Lévy copula, discuss the link betweenLévy copulas andmultivariate regular variation
andmention some riskmanagement applications. The aim is to provide a summary of
available tools and an entry point to the now considerable literature on Lévy copulas
and more generally dependence models for multidimensional Lévy processes. We
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focus on practical aspects such as statistical estimation and Monte Carlo simulation
rather than theoretical properties of Lévy copulas.

This chapter is structured as follows. In Sect. 2 we recall the main definitions and
results from the theory of Lévy copulas and review some alternative constructions
and dependence models proposed in the literature. Section3 presents new algorithms
for simulating Lévy processes with a given Lévy copula, via a series representation.
Section4 reviews the statistical procedures proposed in the literature for estimating
Lévy copulas in the parametric or non-parametric setting. In Sect. 5 we discuss the
interplay between these objects and multivariate regular variation. In particular, we
present a new easy-to-use sufficient condition for multivariate regular variation of
Lévy measures in terms of their Lévy copulas. In Sect. 6 we review the applications
of Lévy copulas in risk management. Section7 concludes the paper and discusses
some directions for further research.

Remarks on notation In this chapter, the components of a vector are denoted by the
same letter with superscripts: X = (X1, . . . , Xn). The scalar product of two vectors
is written with angle brackets: 〈X, Y 〉 = ∑n

i=1 Xi Y i , and the Euclidean norm of the
vector X is denoted by |X |. The extended real line is denoted by R̄ := (−∞,∞].

2 A Primer on Lévy Copulas

This section contains a brief review of the theory of Lévy copulas as exposed in
[13, 31, 42]. We invite the readers to consult these references for additional details.

Recall that a Lévy process is a stochastic process with stationary and independent
increments, which is continuous in probability. The law of a Lévy process (Xt )t≥0 is
completely determined by the law of Xt at any given time t > 0. The characteristic
function of this law is given explicitly by the Lévy-Khintchine formula:

E[ei〈u,Xt 〉] = etψ(u), u ∈ R
n,

ψ(u) = −〈Au, u〉
2

+ i〈γ, u〉 +
∫

Rn

(ei〈u,x〉 − 1 − i〈u, x〉1|x |≤1)ν(dx),

where γ ∈ R
n , A is a positive semi-definite n × n matrix and ν is a positive measure

on R
n with ν({0}) = 0 such that

∫
Rn (|x |2 ∧ 1)ν(dx) < ∞. The triple (A, ν, γ ) is

called the characteristic triple of the Lévy process X .
The Lévy-Itô decomposition in turn gives a representation of the paths of X in

terms of a Brownian motion and a Poisson random measure:

Xt = γ t + Bt +
∫ t

0

∫

|x |≤1
x J̃ (ds × dx) +

∫ t

0

∫

|x |>1
x J (ds × dx), (1)

where B is a Brownian motion (centered Gaussian process with independent incre-
ments) with covariance matrix A at time t = 1, J is a Poisson random measure with
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intensity measure dt × ν(dx) and J̃ is the compensated version of J . (Bt )t≥0 is thus
the continuous martingale part of the process X , and the remaining terms

γ t +
∫ t

0

∫

|x |≤1
x J̃ (ds × dx) +

∫ t

0

∫

|x |>1
x J (ds × dx)

may be called the pure jump part of X . Since γ corresponds to a deterministic shift
of every component, the law of the pure jump part of a Lévy process is determined
essentially by the Lévy measure ν.

Lévy copulas provide a representation of the Lévy measure of a multidimensional
Lévy process, which allows to specify separately the Lévy measures of the compo-
nents and the information about the dependence between the components.1 Similarly
to copulas for probability measures, this gives a flexible approach for building mul-
tidimensional dynamic models based on Lévy processes.

The main ideas of Lévy copulas are simpler to explain in the context of Lévy
measures on [0,∞)n , which correspond to Lévy processes with only positive jumps
in every component. Formally, the definitions of Lévy copula, tail integrals etc. are
different for Lévy measures on [0,∞)n and on the full space, and we shall speak of
Lévy copulas on [0,∞]n and of Lévy copulas on (−∞,∞]n , respectively. However,
when there is no ambiguity, the explicit mention of the domain will be dropped.
Moreover, by comparing the two definitions below it is easy to see that from a Lévy
copula on [0,∞]n one can always construct a Lévy copula on (−∞,∞]n by setting
it to zero outside its original domain.

Lévy copulas on [0,∞]n Similarly to probability measures, which can be repre-
sented through their distribution functions, Lévy measures can be represented by tail
integrals.

Definition 1 (Tail integral) Let ν be a Lévy measure on [0,∞)n . The tail integral
U of ν is a function [0,∞)n → [0,∞] such that

1. U (0, . . . , 0) = ∞.
2. For (x1, . . . , xn) ∈ [0,∞)n \ {0},

U (x1, . . . , xn) = ν([x1,∞) × · · · × [xn,∞)).

The i-th one-dimensional marginal tail integral Ui of a Rn-valued Lévy process
X = (X1, . . . , Xn) is the tail integral of the process Xi and can be computed as

Ui (z) = (U (x1, . . . , xn)|xi = z; x j = 0 for j 
= i), z ≥ 0.

We recall that a function F : Dom F ⊆ R̄
n → R̄ is called n-increasing if for all

a ∈ Dom F and b ∈ Dom F with ai ≤ bi for all i we have

1By “dependence” we mean the information on the law of a random vector which remains to be
determined once the marginal laws of its components have been specified.
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VF ((a, b]) :=
∑

c∈Dom F :ci =ai or bi ,i=1...n

sgn (c)F(c) ≥ 0,

sgn (c) =
{

1, if ck = ak for an even number of indices,

−1, if ck = ak for an odd number of indices.

Definition 2 (Lévy copula) A function F : [0,∞]n → [0,∞] is a Lévy copula on
[0,∞]n if

1. F(u1, . . . , un) < ∞ for (u1, . . . , un) 
= (∞, . . . ,∞),
2. F(u1, . . . , un) = 0 whenever ui = 0 for at least one i ∈ {1, . . . , n},
3. F is n-increasing,
4. Fi (u) = u for any i ∈ {1, . . . , n}, u ∈ [0,∞], where

Fi (u) = (F(v1, . . . , vn)|vi = u; v j = 0 for j 
= i).

The following theorem gives a representation of the tail integral of a Lévymeasure
(and thus of the Lévy measure itself) in terms of its marginal tail integrals and a Lévy
copula. It may be called Sklar’s theorem for Lévy copulas on [0,∞]n .

Theorem 1 Let ν be a Lévy measure on [0,∞)n with tail integral U and marginal
Lévy measures ν1, . . . , νn. Then there exists a Lévy copula F on [0,∞]n such that

U (x1, . . . , xn) = F(U1(x1), . . . , Un(xn)), (x1, . . . , xn) ∈ [0,∞)n, (2)

where U1, . . . , Un are tail integrals of ν1, . . . , νn. This Lévy copula is unique on∏n
i=1 RanUi .
Conversely, if F is a Lévy copula on [0,∞]n and ν1, . . . , νn are Lévy measures

on [0,∞) with tail integrals U1, . . . , Un then (2) defines a tail integral of a Lévy
measure on [0,∞)n with marginal Lévy measures ν1, . . . , νn.

A basic example of a one-parameter family of Lévy copulas on [0,∞]n is the
Clayton family, given by

Fθ (u1, . . . , un) = (u−θ
1 + · · · + u−θ

n )−1/θ , θ > 0. (3)

This family has as limiting cases the independence Lévy copula (when θ → 0)

F⊥(u1, . . . , un) =
n∑

i=1

ui

∏

j 
=i

1{∞}(u j )

and the complete dependence Lévy copula (when θ → ∞)

F‖(u1, . . . , un) = min(u1, . . . , un).
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SinceLévycopulas are closely related todistribution copulas,manyof the classical
copula constructions can be modified to build Lévy copulas. This allows to define
Archimedean Lévy copulas (see Propositions 5.6 and 5.7 in [13] for the case of Lévy
copulas on [0,∞]n). Another example is the vine construction of Lévy copulas [26],
where aLévy copula on [0,∞]n is constructed from n(n − 1)/2 bivariate dependence
functions (n − 1 Lévy copulas and (n − 2)(n − 1)/2 distributional copulas).

Lévy copulas on (−∞,∞]n For Lévy measures on the full space Rn , the definition
of a Lévy copula is more complex because the singularity of the Lévy measure is
located in the interior of the domain and not at the boundary. The tail integral is
defined so as to avoid this singularity.

Definition 3 Let ν be a Lévy measure on R
n . The tail integral of ν is the function

U : (R \ {0})n → R defined by

U (x1, . . . , xn) := ν

⎛

⎝
n∏

j=1

I (x j )

⎞

⎠
d∏

i=1

sgn (xi ), (4)

where

I (x) :=
{

[x,∞), x ≥ 0,

(−∞, x), x < 0.

In the above definition, the signs and the intervals are chosen in such way that the
tail integral becomes a left-continuous n-increasing function on each orthant.

Given a set of indices I ⊂ {1, . . . , n}, the I -marginal tail integral U I of the Lévy
process X = (X1, . . . , Xn) is the tail integral of the process (Xi )i∈I containing the
components of X with indices in I . The one-dimensional tail integrals are, as before,
denoted by Ui ≡ U {i}. Given an R

n-valued Lévy process X , its marginal tail inte-
grals {U I : I ⊂ {1, . . . , n}nonempty} are, of course, uniquely determined by its Lévy
measure ν.

The tail integral for a Lévy measure on R
n , as well as the marginal tail integrals,

are only defined for nonzero arguments. This leads to a symmetric definition, which
results in a simple statement for Sklar’s theorem below. On the other hand, this
means that when the Lévy measure is not absolutely continuous, it is not uniquely
determined by its tail integral. However, it is always uniquely determined by the set
{U I , I ⊆ {1, . . . , n}, I 
= ∅} containing its tail integral as well as all its marginal tail
integrals.

Definition 4 A function F :(−∞,∞]n → (−∞,∞] is aLévy copula on (−∞,∞]n

if

1. F(u1, . . . , un) < ∞ for (u1, . . . , un) 
= (∞, . . . ,∞),
2. F(u1, . . . , un) = 0 if ui = 0 for at least one i ∈ {1, . . . , n},
3. F is n-increasing,
4. Fi (u) = u for any i ∈ {1, . . . , n}, u ∈ (−∞,∞], where Fi is defined below.
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The margins of a Lévy copula on (−∞,∞]n are defined by

F I ((xi )i∈I ) := lim
c→∞

∑

(x j ) j∈I c ∈{−c,∞}|I c |
F(x1, . . . , xn)

∏

j∈I c

sgn x j (5)

with the convention Fi = F {i} for one-dimensional margins.
The following theorem is the analogue of Sklar’s theorem for Lévy copulas on

(−∞,∞]n .

Theorem 2 Let ν be a Lévy measure on R
n. Then there exists a Lévy copula F such

that the tail integrals of ν satisfy:

U I ((xi )i∈I ) = F I ((Ui (xi ))i∈I ) (6)

for any non-empty I ⊆ {1, . . . , n} and any (xi )i∈I ∈ (R \ {0})I . The Lévy copula F
is unique on

∏n
i=1 RanUi .

Conversely, if F is a n-dimensional Lévy copula and ν1, . . . , νn are Lévy measures
on R with tail integrals Ui , i = 1, . . . , n then there exists a unique Lévy measure on
R

n with one-dimensional marginal tail integrals U1, . . . , Un and whose marginal tail
integrals satisfy (6) for any non-empty I ⊆ {1, . . . , n} and any (xi )i∈I ∈ (R \ {0})I .

A basic example of a Lévy copula on (−∞,∞]n is the two-parameter Clayton
family which has the form

F(u1, . . . , un) = 22−n

(
d∑

i=1

|ui |−θ

)−1/θ

(η1u1...un≥0 − (1 − η)1u1...un<0), (7)

for θ > 0 and η ∈ [0, 1]. Here the parameter η determines the dependence of the
sign of the jumps: for example, when n = 2 and η = 1, the two components always
jump in the same direction. The parameter θ , as before, determines the dependence
of the amplitude of the jumps. When η = 1 and θ → 0, the Clayton Lévy copula
converges to the independence Lévy copula

F⊥(u1, . . . , un) =
n∑

i=1

ui

∏

j 
=i

1{∞}(u j ),

and when η = 1 and θ → ∞, one recovers the complete dependence Lévy copula

F⊥(u1, . . . , un) = min(|u1|, . . . , |un|)1K (u1, . . . , un)

n∏

i=1

sgn ui ,

where K = {u ∈ R̄
n : sgn u1 = · · · = sgn un}.

Other families of Lévy copulas on (−∞,∞]n may be obtained using the
Archimedean Lévy copula construction (Theorem 5.1 in [31]) or, when a precise
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description of dependence in each orthant is needed, from2n Lévy copulas on [0,∞]n

(Theorem 5.3 in [31]).

Alternative marginal transformations When F is a Lévy copula on [0,∞]n , the
mapping

χF ((0, b1] × · · · × (0, bn]) := F(b1, . . . , bn), 0 ≤ b1, . . . , bn ≤ ∞

can be extended to a unique positive measure χF on the Borel sets of [0,∞]n ,
whose margins (projections on the coordinate axes) are uniform (standard Lebesgue)
measures on [0,∞), andwhich has no atom at {∞, . . . ,∞}. Similarly, a Lévy copula
F on (−∞,∞]n can be associated to a positive measure χF whose margins are
uniform measures on (−∞,∞), and which satisfies

χF ((a1, b1] × · · · × (an, bn]) = VF ((a, b]), −∞ < ai ≤ bi ≤ ∞, i = 1, . . . , n.

(8)

The transformation to uniformmargins offers a direct analogy with the distributional
copulas, but other marginal transformations may be more convenient in specific
contexts.

In particular, several authors [2, 18, 33] have considered the transformation to
1-stable margins. Following [2], introduce the “inversion map”

Q : [0,∞]n → [0,∞]n, (x1, . . . , xn) �→ (x−1
1 , . . . , x−1

n ),

where 1/0 has to be interpreted as∞ and 1/∞ as 0. For a Lévy copula F on [0,∞]n ,
we define the measure νF as the image of the measure χF defined above under the
mapping Q, that is,

νF (B) = χF (Q−1(B)) ∀B Borel set in [0,∞]n.

Then, νF is a Lévy measure on [0,∞)n with marginal tail integrals Uk(x) = x−1,
that is, νF has 1-stable margins. It is clear that the dependence structure of a Lévy
measure with Lévy copula F can be alternatively characterized in terms of the Lévy
measure νF . This construction has been extended to Lévy measures on R

n [18] (in
this reference, the Lévy measure νF has been called Pareto Lévy measure in and its
tail integral has been called Pareto Lévy copula).

A brief review of alternative dependence modelsLévy copulas offer a very flexible
approach to build multidimensional Lévy processes with a precise control over the
dependence of joint jumps and joint extremes.However, this degree of precision is not
needed for all applications and comes at the price of reduced analytical tractability.
For this reason, several authors have proposed alternative approaches to generate
dependency among Lévy processes, which may be less flexible, but lead to simpler
models. Among the possible alternative approaches one can mention
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• Brownian subordination (time change) with a one-dimensional subordinator [15,
35, 38] or a multi-dimensional subordinator [3, 16].

• Factor models based on linear combinations of independent Poisson shocks [34]
or more generally independent Lévy processes [32, 36, 37].

Lévy copulas allow to construct a multidimensional Lévy process with given mar-
ginals and given dependence structure. The same question has been addressed for
other classes of stochastic processes such as Markov processes [7] and semimartin-
gales [46]. We refer the reader to [6] for a comprehensive review of copula-related
concepts for these processes.

3 Monte Carlo Simulation of Lévy Processes with a
Specified Lévy Copula

In models based on Lévy copulas, explicit computations are rarely possible (for
instance, the characteristic function of the Lévy process is usually not known in
explicit form), and to compute quantities such as option prices, one has to resort
to numerical methods which can be either deterministic (partial integro-differential
equations) or stochastic (Monte Carlo). Deterministic numerical methods for PIDEs
arising in Lévy copula models have been developed in [24, 27, 39]. In this section,
we propose a new algorithm for simulatingmultidimensional Lévy processes defined
through a Lévy copula, which can be used for Monte Carlo simulation.

Let F be a Lévy copula such that for every I ⊆ {1, . . . , n} nonempty,

lim
(xi )i∈I →∞

F(x1, . . . , xn) = F(x1, . . . , xn)|(xi )i∈I =∞. (9)

As mentioned above, this Lévy copula is associated to a positive measure χF on R̄n

with Lebesgue margins, and condition (9) guarantees that this measure is supported
by Rn .

The following technical lemma, whose proof can be found in the preprint [43],
establishes the relation between χF and the Lévy measures of processes having F as
their Lévy copula. For a one-dimensional tail integral U , the (generalized) inverse
tail integral U (−1) is defined by

U (−1)(u) :=
{
sup{x > 0 : U (x) ≥ u} ∨ 0, u ≥ 0
sup{x < 0 : U (x) ≥ u}, u < 0.

(10)

Lemma 1 Let ν be a Lévy measure on R
n with marginal tail integrals Ui , i =

1, . . . , n, and Lévy copula F satisfying the condition (9), let χF be defined by (8)
and let

f : (u1, . . . , un) �→ (U (−1)
1 (u1), . . . , U (−1)

n (un)).

Then ν is the image measure of χF by f .
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In Theorems 3 and 4 below, to simulate the jumps of a multidimensional Lévy
process (more precisely, of the corresponding Poisson random measure), we will
choose one component of the Lévy process, simulate its jumps, and then simulate
the jumps in the other components conditionally on the jumps in the chosen one. We
therefore proceed by analyzing the conditional distributions of χF . To fix the ideas,
we suppose that we have chosen the first component of the Lévy process, but the
conditional distribution with respect to any other component is obtained in the same
way.

By Theorem 2.28 in [1], there exists a family, indexed by ξ ∈ R, of positive Radon
measures K1(ξ, dx2 · · · dxn) on Rn−1, such that

ξ �→ K1(ξ, dx2 · · · dxn)

is Borel measurable and

χF (dx1 . . . dxn) = dx1 × K1(x1, dx2 · · · dxn). (11)

In addition, K1(ξ,Rn−1) = 1 almost everywhere, that is, K1(ξ, ·) is, almost every-
where, a probability distribution. In the sequel we will call {K1(ξ, ·)}ξ∈R the family
of conditional probability distributions with respect to the first component associated
with the Lévy copula F . Similarly, the conditional distributions with respect to other
components will be denoted by K2, . . . , Kn .

Let F ξ
1 be the distribution function of the measure K1(ξ, ·):

F ξ
1 (x2, . . . , xn) := K1(ξ, (−∞, x2] × · · · × (−∞, xn]). (12)

The following lemma, whose proof can also be found in [43], shows that it can be
computed in a simple manner from the Lévy copula F . We recall that the law of a
random variable is completely determined by the values of its distribution function
at the continuity points of the latter.

Lemma 2 Let F be a Lévy copula satisfying (9), and F ξ
1 be the corresponding

conditional distribution function, defined by (12). Then, there exists a set N ⊂ R of
zero Lebesgue measure such that for every fixed ξ ∈ R \ N, F ξ

1 (·) is a probability
distribution function, satisfying

F ξ
1 (x2, . . . , xn)

= sgn (ξ)
∂

∂ξ
VF ((ξ ∧ 0, ξ ∨ 0] × (−∞, x2] × · · · × (−∞, xn]) (13)

in every point (x2, . . . , xn), where F ξ
1 is continuous.

In the following two theoremswe showhowLévy copulasmay be used to simulate
multidimensional Lévy processes with a specified dependence structure. Our results
can be seen as an extension to Lévy processes, represented by Lévy copulas, of
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the series representation results, developed by Rosinski and others (see [41] and
references therein). The first result concerns the simpler case when the Lévy process
has finite variation on compacts.

Theorem 3 (Simulation of multidimensional Lévy processes, finite variation case)
Let ν be a Lévy measure on R

n, satisfying
∫
(|x | ∧ 1)ν(dx) < ∞, with marginal tail

integrals Ui , i = 1, . . . , n and Lévy copula F(x1, . . . , xn), such that (9) is satisfied,
and let K1, . . . , Kn be the corresponding conditional probability distributions.

Fix a truncation level τ . Let (Vk) and (W i
k ) for 1 ≤ i ≤ n and k ≥ 1 be indepen-

dent sequences of independent random variables, uniformly distributed on [0, 1].
Introduce n2 random sequences (Γ

i j
k )

1≤i, j≤n
k≥1 , independent from (Vi ) and (Wi ) such

that

• For i = 1, . . . , n,
∑∞

k=1 δ{Γ i i
k } are independent Poisson random measures on R

with Lebesgue intensity measures.
• Conditionally on Γ i i

k , the random vector (Γ i1
k , . . . , Γ

i,i−1
k , Γ

i,i+1
k , . . . , Γ in

k ) is
independent from Γ

pq
l with 1 ≤ p, q ≤ n and l 
= k and from Γ

pq
k with p 
= i

and 1 ≤ q ≤ n and is distributed on R
n−1 with law Ki (Γ

i i
k , dx1 · · · dxn−1).

For each k ≥ 1 and each i = 1, . . . , n, let ni
k = #{ j = 1, . . . , n : |Γ i j

k | ≤ τ }. Then
the process (Z τ

t )0≤t≤1 with components

Z τ, j
t =

∞∑

k=1

n∑

i=1

U (−1)
j (Γ

i j
k )1ni

k W i
k ≤11|Γ i i

k |≤τ 1[0,t](Vk), j = 1, . . . , n, (14)

is a Lévy process on [0, 1] with characteristic function

E
[
ei〈u,Z τ

t 〉] = exp

(
t
∫

Rn\Sτ

(ei〈u,z〉 − 1)ν(dz)

)
, (15)

where

Sτ = (U (−1)
1 (−τ), U (−1)

1 (τ )) × · · · × (U (−1)
n (−τ), U (−1)

n (τ )). (16)

Moreover, there exists a Lévy process (Zt )0≤t≤1 with characteristic function

E
[
ei〈u,Zt 〉] = exp

(
t
∫

Rn

(ei〈u,z〉 − 1)ν(dz)

)
(17)

such that

E[ sup
0≤t≤1

|Z τ
t − Zt |] ≤

n∑

i=1

∫ U (−1)
i (τ )

U (−1)
i (−τ)

|z|νi (dz), (18)

where νi is the i-th margin of the Lévy measure.
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Remark 1 Since the Lévy measure satisfies
∫
(|x | ∧ 1)ν(dx) < ∞, the error (18)

converges to 0 as τ → +∞; in addition, the upper bound on the error does not
depend on the Lévy copula F .

Remark 2 For the numerical computation of the sum in (14), we need to simulate
only the variables Γ i i

k for which |Γ i i
k | ≤ τ . The number of such variables is a.s.

finite and followis the Poisson distribution with intensity 2τ . They can therefore be
simulated with the following two-step algorithm:

• Simulate a Poisson random variable Ni with intensity 2τ .
• Simulate Ni independent random variables U1, . . . , UNi with uniform distribution
on [−τ, τ ] and let Γ i i

k = Uk for k = 1, . . . , Ni .

Remark 3 In [43] we proposed a simpler algorithm for simulating a Lévy process
with a given Lévy copula, where all the components were simulated conditionally
on the first one. As it turns out, this algorithm suffers from convergence problems
when the components are weakly dependent. By contrast, the above algorithm treats
all components in a symmetric way, which leads to a uniform bound (18) ensuring
fast convergence even in the case of weak dependence, at the price of performing
additional simulations and rejections. From Fig. 1, one can see that even in the case
of very weak dependence, no single component appears to dominate the other one.

Example 1 Let d = 2 and F be the two-parameter Clayton Lévy copula (7). A
straightforward computation yields:

F ξ
1 (x) = F ξ

2 (x) := Fξ (x) =
⎧
⎨

⎩(1 − η) +
(
1 +

∣∣∣∣
ξ

x

∣∣∣∣
θ
)−1−1/θ

(η − 1x<0)

⎫
⎬

⎭ 1ξ≥0

+
⎧
⎨

⎩η +
(
1 +

∣∣∣∣
ξ

x

∣∣∣∣
θ
)−1−1/θ

(1x≥0 − η)

⎫
⎬

⎭ 1ξ<0.

(19)

This conditional distribution function can be inverted analytically:

F−1
ξ (u) = B(ξ, u)|ξ |

{
C(ξ, u)−

θ
θ+1 − 1

}−1/θ

with B(ξ, u) = sgn (u − 1 + η)1ξ≥0 + sgn (u − η)1ξ<0

and C(ξ, u) =
{

u − 1 + η

η
1u≥1−η + 1 − η − u

1 − η
1u<1−η

}
1ξ≥0

+
{

u − η

1 − η
1u≥η + η − u

η
1u<η

}
1ξ<0.
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Fig. 1 Simulated
trajectories of a
two-dimensional α-stable
process with dependence
given by the Clayton Lévy
copula (7). In both graphs,
the marginal parameters are:
α = 0.6 and c = 1 and the
truncation threshold is
τ = 2000. The dependence
parameters are: θ = 0.1 and
η = 0.99 (top graph) and
θ = 5 and η = 0.99 (bottom
graph). The different scale of
the two graphs is due to the
random nature of trajectories

Therefore, the sequences (Γ
i, j

k )
1≤i, j≤2
k≥1 , introduced in Theorem 3, can be con-

structed as follows:

• Simulate the variables N1 and N2 and the sequences (Γ 11
k )1≤k≤N1 and (Γ 22

k )1≤k≤N2

as described in Remark 2.
• For all 1 ≤ k ≤ N1, letΓ 12

k = F−1
Γ 11

k
(Y 1

k ) and for all 1≤ k ≤ N2 letΓ 21
k = F−1

Γ 22
k

(Y 2
k ),

where (Y 1
k )k≥0 and (Y 2

k )k≥0 are independent sequences of independent random
variables with uniform distribution on [0, 1].
For the purpose of numerical illustration, we have simulated the trajectories of

a two-dimensional α-stable process with marginal Lévy density ν(x) = αc
|x |1+α for

both components and dependence given by the Clayton Lévy copula (7) with weak
dependence (Fig. 1, left graph) and strong dependence (Fig. 1, right graph). We used
the truncation parameter τ = 2000, which corresponds to keeping about 4000 jumps
in every component. For this value, the upper bound on the error (18) is equal to
4cα
1−α

(
c
τ

) 1−α
α ≈ 0.037.
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Proof (of Theorem 3) First note that (Γ
i j

k ) are well defined since by Lemma 2,
Ki (ξ, ·) is a probability distribution for almost all ξ . Let

Z τ,i j
t =

∑

k:|Γ i i
k |≤τ

U (−1)
j (Γ

i j
k )1ni

k W i
k ≤11[0,t](Vk)

By Proposition 3.8 in [40],

Z τ,i j
t =

∫

[0,t]×Rn

U (−1)
j (x j )Mi (ds × dx1 · · · dxn),

where Mi is a Poisson random measure on [0, 1] × R
n with intensity measure dt ×

ηi (x1, . . . , xn) χF (dx1 · · · dxn), and the function ηi is defined by

ηi (x1, . . . , xn) = 1|xi |≤τ

1 + #{ j = 1, . . . , n : j 
= i, |x j | ≤ τ } .

Therefore,

Z τ, j
t =

n∑

i=1

Z τ,i j
t =

∫

[0,t]×Rn

U (−1)
j (x j )M(ds × dx1 · · · dxn),

where Mi is a Poisson random measure on [0, 1] × R
n with intensity measure dt ×

η(x1, . . . , xn) χF (dx1 · · · dxn) with

η(x1, . . . , xn) =
n∑

i=1

ηi (x1, . . . , xn) = 1 − 1|xi |>τ,i=1,...,n.

By Lemma 1 and Proposition 3.7 in [40],

Z τ, j
t =

∫

[0,t]×Rn

x j Nτ (ds × dx1 · · · dxn) (20)

for a Poisson random measure Nτ on [0, 1] × R
n with intensity measure ds ×

ντ (dx1 · · · dxn), where

ντ := (1 − 1Sτ
(x1, . . . , xn))ν(dx1 · · · dxn). (21)

The Lévy-Itô decomposition (1) then implies that Z τ
t is a Lévy process on [0, 1]with

characteristic function

E
[
ei〈u,Z τ

t 〉] = exp

(
t
∫

Rn
(ei〈u,z〉 − 1)ντ (dz)

)
= exp

(
t
∫

Rn\Sτ

(ei〈u,z〉 − 1)ν(dz)

)
.
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Now let Rτ ∈ R
n be defined by

Rτ, j
t =

∫

[0,t]×Rn

x j N̄τ (ds × dx1 · · · dxn);

where N̄τ is a Poisson random measure on [0, 1] × R
n with intensity measure ds ×

1Sτ
(x1, . . . , xn)ν(dx1 · · · dxn), independent from Nτ . It is clear that Z = Z τ + Rτ

is a Lévy process with characteristic function (17). Finally,

E[ sup
0≤t≤1

|Zt − Z τ
t |] ≤ E

[
∑

0≤t≤1

|ΔRτ
t |
]

≤
n∑

i=1

E

[
∑

0≤t≤1

|ΔRτ,i
t |

]

=
n∑

i=1

∫

Rn

|x |1Sτ
ν(dx) ≤

n∑

i=1

∫ U (−1)
i (τ )

U (−1)
i (−τ)

|z|νi (dz).

which proves the bound (18).

If the Lévy process has paths of infinite variation on compact sets, it can no longer
be represented as the sum of its jumps and we have to introduce a centering term
into the series (14).

Theorem 4 (SimulationofmultidimensionalLévyprocesses, infinite variation case)
Let ν be a Lévy measure onRn with marginal tail integrals Ui , i = 1, . . . , n and Lévy
copula F(x1, . . . , xn), such that the condition (9) is satisfied. Let (Vk)k≥1, (W i

k )k≥1

for 1 ≤ i ≤ n and (Γ
i j

k )k≥1 for 1 ≤ i, j ≤ n be as in Theorem 3. Let

Ak(τ ) =
∫

Rn\Sτ

1|x |≤1xkν(dx1 · · · dxn), k = 1 . . . n,

where Sτ is defined in (16). Then the process

(Z τ
t )0≤t≤1, where Z τ, j

t =
∞∑

k=1

n∑

i=1

U (−1)
j (Γ

i j
k )1ni

k W i
k≤11|Γ i i

k |≤τ 1[0,t](Vk) − t A j (τ ),

for 1 ≤ j ≤ n is a Lévy process on [0, 1] with characteristic function

E
[
ei〈u,Z τ

t 〉] = exp

(
t
∫

Rn\Sτ

(ei〈u,x〉 − 1 − i〈u, x〉)1|x |≤1ν(dx)

)
. (22)

Moreover, there exists a Lévy process (Zt )0≤t≤1 with characteristic function

E
[
ei〈u,Zt 〉] = exp

(
t
∫

Rn

(ei〈u,x〉 − 1 − i〈u, x〉)1|x |≤1ν(dx)

)
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such that

E

[
sup
0≤t≤1

(Zt − Z τ
t )2

]
≤ 4

n∑

i=1

∫ U−1
i (τ )

U−1
i (−τ)

z2νi (dz).

Proof The proof is essentially the same as in Theorem 3. In this theorem, due to the
presence of the compensating term t A(τ ), the process Z τ is a martingale and the
error bound follows from Doob’s martingale inequality.

4 Statistical Estimation Techniques

Lévy copulas give access to the distribution of sizes of simultaneous jumps of the
different components of a Lévy process. Therefore, Lévy copula-based models are
easy to estimate when jumps are observable. This is the case, for instance, in insur-
ance models where jumps represent claims whose dates and amounts are known.2

Esmaeli and Klüppelberg [21] use maximum likelihood for the statistical estimation
of the parameters of a two-dimensional compound Poisson process with dependence
given by a Lévy copula, assuming that all jumps in both components are perfectly
observable. The method is then applied to the Danish fire insurance data (see also
[19, paragraph 6.5.2] for a discussion of this data in a one-dimensional setting).

In the case of infinite jump intensity it is clearly not realistic to assume that all
jumps are perfectly observable. For this reason, in the case of a bivariate stable subor-
dinatorwith dependence given by theClayton Lévy copula, Esmaeli andKlüppelberg
[22] assume that one observes all simultaneous jumps whose value is larger than a
certain small parameter ε for both components. Once again, the exact knowledge of
jump times and sizes allows to write down the maximum likelihood estimator, which
is shown to be consistent and asymptotically normal as ε tends to zero and/or the
observation horizon tends to infinity.

In Esmaeli and Klüppelberg [23], the authors consider a slightly different obser-
vation scheme, assuming that jumps larger than ε in each single component are
recorded (this sampling scheme is also adopted in [26]). A two-step parameter
estimation scheme is developed, where one first estimates the parameters of the
one-dimensional marginal Lévy processes, and next those of the Lévy copula. This
reduces the computational cost compared to full likelihood (simultaneous estima-
tion of all parameters), at the price of a somewhat lower efficiency. The example
of a bivariate stable subordinator with Clayton dependence is worked out in detail.
The two-step estimator is shown to be consistent and asymptotically normal and
the efficiency loss as compared to the full likelihood estimator is shown to be quite
small (the root mean square error increases by less than ten percentage points in most
cases).

2The underlying assumption in Lévy insurance models is that dependence may only be present
among simultaneous losses in different business lines. This is of course an over-simplification of
reality since in practice, losses resulting from the same event may become known at different times,
introducing dependence between non-simultaneous jumps.
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In financial applications it is not always possible to assume that all jumps of
sufficient size are perfectly observable: usually one only observes the Lévy process
at a discrete time grid. If the monitoring frequency is sufficiently high though, the
jumps remain “almost” observable and the Lévy copula can still be recovered.

Bücher and Vetter [11] develop a fully nonparametric approach for estimating
the tail integrals and the Pareto Lévy copula (see Sect. 2) in the context of bivariate
Lévy processes with only positive jumps. Their estimate for the bivariate tail integral
becomes

Un(x1, x2) = 1

kn

n∑

j=1

1{Δn
j X (1)≥x1,Δn

j X (2)≥x2},

where Δn
j X (i) ≥ x1 = X (i)

jΔn
− X (i)

( j−1)Δn
for i = 1, 2, kn = nΔn , Δn is the observa-

tion interval and n is the sample size. The method of using the increments of the
process larger than a given size as a proxy for its jumps is rather common in the high
frequency financial econometrics literature. The one-dimensional tail integrals are
approximated by

Ui,n(x) = 1

kn

n∑

j=1

1{Δn
j X (i)≥x}, i = 1, . . . , 2,

and the estimator of theParetoLévy copula is given, up to some technical adjustments,
by

Γ̂n(u1, u2) = Un

(
U (−1)

n,1 (1/u1), U (−1)
n,2 (1/u2)

)
.

These estimates for the tail integrals and theParetoLévy copula are shown to converge
at the rate 1√

kn
as n → ∞ provided thatΔn → 0 (high frequency observation), kn →

∞ (infinite time horizon) and in addition
√

knΔn → 0.
We refer the reader to [11] for more details on the estimation procedure as well

as for extensions to irregular and asynchronous sampling schemes. See also [9]
for an alternative method of estimating the joint dependence of jumps using the
extreme value theory. Another relevant reference is [25] where the so called jump
tail dependence parameter (the analogue of the tail dependence index defined at the
level of the Lévy copula) is estimated from discrete observations of the Lévy process.

5 Lévy Copulas and Multivariate Regular Variation

Multivariate regular variation is a widely accepted framework for risk analysis in a
multidimensional setting (see e.g., [20] for examples), which turns out to be well
suited for Lévy copula modeling.
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For introduction to multivariate regular variation, see [4, 14, 30, 40]. Following
[30], we let M0 denote the class of Borel measures on R

n , whose restriction to
R

n \ B0,r is finite for each r > 0, where B0,r is the ball of radius r centered at the
origin. Further, let C0 be the class of real-valued bounded and continuous functions
on R

n , vanishing in a neighborhood of zero. We say that a sequence of measures
(μn)n≥1 ⊂ M0 converges in M0 to a measure μ ∈ M0 whenever

∫
f (x)μn(dx) →

∫
f (x)μ(dx), n → ∞,

for each f ∈ C0. This convergence is known as vague convergence of measures and
it is, of course, similar to weak convergence, the only difference being that the test
functions must vanish in the neighborhood of zero.

Ameasureν ∈ M0 is said to be regularly varying if there exists a norming sequence
(cn)n≥1 of positive numbers with cn ↑ ∞ as n → ∞ and a nonzeroμ ∈ M0 such that
nν(cn ·) → μ in M0 as n → ∞. Then necessarily the limit measure μ is homoge-
neous of some degree α and we write ν ∈ RV (α, (cn), μ). A random vector X ∈ R

n

is said to be regularly varying if its probability distribution is regularly varying.
For infinitely divisible random vectors, multivariate regular variation is charac-

terized in terms of the Lévy measure: if X is infinitely divisible with Lévy measure
ν then X ∈ RV (α, (cn), μ) if and only if ν ∈ RV (α, (cn), μ) [29]. Under this con-
dition, the Lévy process (Xt )0≤t≤1 with Lévy measure ν is regularly varying on the
space D([0, 1],Rd) of right-continuous functions with left limits [28]. The limit-
ing measure is concentrated on the trajectories of the form Z1t≤V with Z ∈ R

d and
V ∈ [0, 1], so that intuitively the extremal behavior of such a process is determined
by one large jump.

The link between multivariate regular variation and Lévy copulas is explored in
detail in [18] using the closely related notion of Pareto Lévy copulas (see Sect. 2
above). Loosely speaking, if the Lévy measures of the components are regularly
varying with the same index α and the Pareto Lévy measure is multivariate regularly
varying with index 1 then the Lévy measure ν is multivariate regularly varying with
index α (see Theorem 3.1 in [18] for a precise statement). Here, we shall summarize
the main ideas in terms of standard Lévy copulas.

Definition 5 Let F be a Lévy copula on (−∞,∞]n . We say that F is regularly
varying if there exists a Lévy copula G on (−∞,∞]n such that for any nonempty
I ⊆ {1, . . . , n} and any x ∈ (R \ {0})|I |,

nF I (n−1x) → G I (x), n → ∞. (23)

It is clear that in this case, the limiting Lévy copula G is homogeneous of order 1.
Examples of Lévy copulas satisfying Assumption (23) include the independence
Lévy copula, the complete dependence Lévy copula, or the Clayton family.
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For regularly varying Lévy copulas, tail properties of the infinitely divisible ran-
dom vector may be deduced from the corresponding properties of the Lévy copula.
For example, the following result gives a sufficient condition for a Lévy measure
(and thus for an infinitely divisible distribution) to be regularly varying.

Theorem 5 Let ν be a Lévy measure onRn with Lévy copula F and one-dimensional
marginal tail integrals U1, . . . , Un. Assume that

• F is regularly varying with limiting Lévy copula G;
• There exist a sequence of positive numbers (cn)n≥1, a constant α ∈ (0, 2) and

nonnegative numbers p+
1 , . . . , p+

n , p−
1 , . . . , p−

n with p+
i + p−

i > 0 for at least
one i , such that for all i = 1, . . . , n and all x > 0,

lim
n→∞ nUi (cn x) = p+

i |x |−α and lim
n→∞ nUi (−cn x) = −p−

i |x |−α.

Then, ν ∈ RV (α, (cn), ν̂), where ν̂ is a Lévy measure with Lévy copula G whose
one-dimensional marginal tail integrals are given by

Ûi (x) =
{

p+
i |x |−α, x > 0,

p−
i |x |−α, x < 0.

Remark 4 Since the Lévy copula G is homogeneous of order 1, the limiting measure
ν̂ is the Lévy measure of an α-stable process (see [31, Theorem 4.8]).

Proof First observe that sets of the form

{(y1, . . . , yn) ∈ R
n : yi ∈ I (xi ), i ∈ I }

for all I ⊆ {1, . . . , n} nonempty and all (xi )i∈I ∈ (R \ {0})|I |, form a convergence-
determining class for the M0-convergence of measures on Rn . Second, due to conti-
nuity of G with respect to each of its arguments and the continuity of Û1, the measure
ν̂ does not charge the boundaries of such sets. Therefore, it remains to prove that
for all I ⊆ {1, . . . , n} nonempty and all (xi )i∈I ∈ (R \ {0})|I |, the I -marginal tail
integral of ν, denoted by U I , satisfies

nU I (cn(xi )i∈I ) → Û I ((xi )i∈I ),

as n → ∞, where Û I is the I -marginal tail integral of ν̂. By Sklar’s theorem, this is
equivalent to

nF I ((Ui (cn xi ))i∈I ) → G I ((Ûi (xi ))i∈I ),

which follows from our assumptions and from the continuity of the limiting Lévy
copula G.
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As an application of Theorem 5, we can compute the tail dependence coeffi-
cients of an infinitely divisible random vector (see also [18] for a related discussion).
Recall that for a two-dimensional random vector (X, Y ) with continuous marginal
distributions FX and FY , the upper tail dependence coefficient is defined by

λU = lim
u→1−P[Y > F−1

Y (u)|X > F−1
X (u)]

and the lower tail dependence coefficient is defined by

λL = lim
u→0+P[Y ≤ F−1

Y (u)|X ≤ F−1
X (u)].

These coefficients depend only on the copula of (X, Y ).

Proposition 1 Let (X1, X2) be an infinitely divisible random vector whose Lévy
measure ν satisfies the assumptions of Theorem 5, with Lévy copula F and limiting
Lévy copula G, and the coefficients p+

1 , p−
1 , p+

2 and p−
2 which are all strictly positive.

Then,

λU = lim
u→0+ u−1F(u, u) = G(1, 1), λL = lim

u→0+ u−1F(−u,−u) = G(−1,−1).

Proof Denote the distribution functions of X1 and X2 by F1 and F2, respectively.
By Theorem 5, ν ∈ RV (α, (cn), ν̂), and so (X1, X2) ∈ RV (α, (cn), ν̂). Under the
assumptions of Theorem 5, it is easy to show that as x → +∞,

F−1
2 (F1(x)) ∼ x

(
p+
1

p+
2

)−1/α

.

Therefore,

λU = lim
z→+∞

P

[
X2 > F−1

2 (F1(z)), X1 > z
]

P[X1 > z] = lim
z→+∞

P

[
X2 > z

(
p+
1

p+
2

)−1/α
, X1 > z

]

P[X1 > z]

= lim
n→+∞

nP

[
X2 > cn

(
p+
1

p+
2

)−1/α
, X1 > cn

]

nP[X1 > cn] =
ν̂

(
(1,∞) ×

((
p+
1

p+
2

)−1/α
,∞

))

ν̂((1,∞) × R)

=
G

(
Û1(1), Û2

((
p+
1

p+
2

)−1/α
))

Û1(1)
= G(1, 1)

by the homogeneity of G. The coefficient λL can be computed along the same lines.
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For example, for an infinitely divisible vector with regularly varying margins and
Clayton Lévy copula (7), the tail dependence coefficients are given by

λU = λL = 2−1/θη

6 Risk Management Applications

Lévy copulas allow for a high degree of precision inmodeling joint jump dependence,
and as such are well suited for riskmanagement problemswhere joint extrememoves
in different assets play a major role. One such application is to operational risk,
which is defined by the Basel II capital accord as “the risk of losses resulting from
inadequate or failed internal processes, people and systems, or from external events”.
According to the Basel II framework, banks should allocate operational losses to one
of eight business lines and to one of seven different loss event types. Therefore,
a natural approach here is to model the different loss type/business line cells by a
multidimensional compound Poisson process. Since a single loss event may affect
several cells at the same time, it is essential to model the dependence of joint jumps,
which is done in [8] through a Lévy copula approach. In this paper, the authors obtain
explicit asymptotic formulas for the quantile of the total loss distribution (known as
OpVaR) under various dependence assumptions: one dominating cell, completely
dependent cells, independent cells and finally multivariate regular variation. Some
of these results are extended to the Expected Shortfall risk measure in [5].

Another natural application of Lévy copulas is in insurance models. Here again,
different business lines of an insurance company may be represented by compound
Poisson or general Lévy processes with joint jump dependence due to the fact that
certain events such as natural catastrophes may affect several business lines at the
same time. We call such a representation a Lévy insurance model with Lévy cop-
ula dependence. Bregman and Klüppelberg [10] derive ruin estimates for a specific
example of this model. Eder and Kluppelberg [17] compute the joint law of various
quantities associated with the first passage over a fixed barrier of the sum of the
components of a multidimensional Lévy process with dependence given by a Lévy
copula. These computations are then used to study the ruin of an insurance company
extending the results of [10]. Bäuerle and Blatter study the optimal investment and
reinsurance policies for an insurance company in the Lévy insurance model with
Lévy copula dependence.

Several option pricing applications also require precise modeling of joint jumps.
An archetypical example is provided by a niche OTC product known as gap risk
swap (sometimes also called gap note or crash note). A multiname version of this
product may be structured as follows:

• At inception, the protection seller pays the notional amount N to the protection
buyer and receives Libor plus spreadmonthly untilmaturity. If no gap event occurs,
the protection seller receives the full notional amount at thematurity of the contract.
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• A gap event is defined as a downside move of over 20% during one business day
in any underlying from a basket of 10 names.

• If a gap event occurs, the protection seller receives at maturity a reduced notional
amount k N , where the reduction factor k is determined from the number M of gap
events using the following table:

M 0 1 2 3 ≥ 4
k 1 1 1 0.5 0

This option is designed to capture large downside moves occurring simultaneously
(or almost simultaneously) within a basket containing several stocks. Lévy copu-
las therefore provide a convenient tool for pricing and risk managing this product,
assuming that the parameters can be reliably estimated. We refer the reader to [44]
for explicit formulas for prices and hedge ratios of single-name and multiname gap
risk swaps.

Risk analysis via multivariate regular variation Consider a multidimensional
exponential Lévy model:

Si = eXi , i = 1, . . . , n,

where X = (X1, . . . , Xn) is infinitely divisible with Lévy measure ν, let ν ∈
RV (α, (cn), μ), and assume that one is interested in evaluating the potential loss
of a long-only portfolio containing the stocks S1, . . . Sn . In other words, we are
interested in the behavior of

P

[
n∑

i=1

eXi ≤ z

]

for small values of z. This probability admits the following bounds.

P[Xi ≤ log z − log n, i = 1, . . . , n] ≤ P

[
n∑

i=1

eXi ≤ z

]
≤ P[Xi ≤ log z, i = 1, . . . , n]

The regular variation assumption implies that both bounds have the same asymptotic
behavior as z → 0. Indeed, since the measure μ is homogeneous, it does not charge
the set A := (−∞,−1] × · · · × (−∞,−1] and by Theorem 2.4 in [30],

P[Xi ≤ log z − log n, i = 1, . . . , n] ∼ P[Xi ≤ log z, i = 1, . . . , n] ∼ μ(A)

n(z)

as z → 0, where n(z) := {n : cn = [log 1
z ]}, so that

P

[
n∑

i=1

eXi ≤ z

]
∼ μ(A)

n(z)
as z → 0.
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To be more specific, assume now that each asset follows the finite moment log
stable model of Carr and Wu [12]. Recall that an α-stable random variable with
α 
= 1 has characteristic function

φ(z) = exp
(
−σα|z|α(1 − iβ sgn z tan

πα

2
) + iμz

)
,

where β ∈ [−1, 1] is the asymmetry parameter, σ > 0 is the scale parameter and
μ ∈ R is the shift parameter.Anα-stable lawwith these parameterswill be denoted by
Sα(σ, β, μ). The finite moment log stable model assumes that Xi ∼ Sα(σi ,−1, μi )

with α ∈ (1, 2). With this choice of β, the Lévy measure of Xi is supported by
(−∞, 0) and all moments of Si = eXi are finite.

To describe the joint behavior of the assets, assume that the Lévy copula of
X1, . . . , Xn is the Clayton Lévy copula F given by (3) with parameter θ (note that
since the Lévy measures of all components are supported on the negative half-axis,
the dependence may be described by a Lévy copula on [0,∞]n).

This model satisfies the assumptions of Theorem 5 with the limiting Lévy copula
G = F and parameters p+

i = 0 and p−
i = σα

i
Γ (1−α) cos πα

2
for i = 1, . . . , n and cn =

n1/α . Therefore, as z ↓ 0,

P

[
n∑

i=1

eXi ≤ z

]
∼

(
log

1

z

)−α

Fθ (p−
1 , . . . , p−

n ).

7 Conclusion

In this paper we have reviewed the recent literature on Lévy copulas, including
the numerical and statistical methods and some applications in risk management.
We have also presented a new simulation algorithm and discussed the role of Lévy
copulas in the context of multivariate regular variation.

Lévy copulas offer a very precise control over the joint jumps of a multidimen-
sional Lévy process. For this reason, they are relevant for applications where one
is interested in extremes and especially joint extremes of infinitely divisible ran-
dom vectors or multidimensional stochastic processes. In other words, Lévy copulas
provide a flexible modeling approach in the context of multivariate extreme value
theory, the full potential of which is yet to be exploited. In this context it is important
to note that multivariate regularly varying Lévy processes based on Lévy copulas
have strong dependence in the tails (meaning that the extremes remain dependent),
whereas other approaches, for example those based on subordination, may not lead to
strong dependence [45], and are therefore not suitable for modeling joint extremes.

As we have seen in this chapter, multivariate regular variation allows to relate the
tail properties of an infinitely divisible random vector to the properties of the Lévy
copula in a very explicit way. This connection should certainly be developed further,
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but another relevant question concerns the joint tail behavior of a multidimensional
Lévy process outside the framework of multivariate regular variation. For instance,
the components may exhibit faster than power law tail decay, or may be strongly
heterogeneous.

From the point of view of applications, several authors have developed Lévy
copula-based models for insurance, market risk and operational risk. While these
domains are certainly very relevant, another important potential application appears
to be in renewable energy production and distribution. Renewable energy production
(for example, fromwind), and electricity consumption are intermittent by nature, and
spatially distributed, which naturally leads tomodels based on stochastic processes in
large dimension. These processes exhibit jumps, spikes and non-Gaussian behavior,
and understanding their joint extremes is crucial for the management of electrical
distribution networks. Therefore, multidimensional Lévy processes based on Lévy
copulas are natural building blocks for models in this important domain.
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Weak Stationarity of Ornstein-Uhlenbeck
Processes with Stochastic Speed of Mean
Reversion

Fred Espen Benth and Asma Khedher

Abstract When modeling energy prices with the Ornstein-Uhlenbeck process, it
was shown in Barlow et al. [2] and Zapranis and Alexandris [21] that there is a
large uncertainty attached to the estimation of the speed of mean-reversion and that
it is not constant but may vary considerably over time. In this paper we generalise
the Ornstein-Uhlenbeck process to allow for the speed of mean reversion to be
stochastic. We suppose that the mean-reversion is a Brownian stationary process.
We apply Malliavin calculus in our computations and we show that this generalised
Ornstein-Uhlenbeck process is stationary in the weak sense. Moreover we compute
the instantaneous rate of change in the mean and in the squared fluctuations of the
genaralised Ornstein-Uhlenbeck process given its initial position. Finally, we derive
the chaos expansion of this generalised Ornstein-Uhlenbeck process.

Keywords Ornstein-Uhlenbeck processes · Mean reversion · Stationarity

1 Introduction

An Ornstein-Uhlenbeck (OU) process X is defined as the solution of the stochastic
differential equation

dX(t) = −αX(t) dt + σ dW(t), (1)

whereW is aBrownianmotion andσ andα are twopositive constants. Such processes
have applications, for example in the areas of physics and finance. The process X has
a drift which will push it towards its long-term mean level at the origin, while the
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Brownian component introduces random fluctuations. It is well-known that X has a
Gaussian stationary distribution.

The parameter α is sometimes referred to as the speed of mean-reversion. In prac-
tical applications, it may be hard to identify precisely the speed of mean-reversion
α. For instance, in modelling energy prices based on OU processes, Barlow et al.
[2] studied the problem of estimating parameters based on historical data. They
found out that there is a large uncertainty attached to the estimation of the speed
of mean-reversion. In their study of Paris daily temperature data, Zapranis and
Alexandridis [21] showed by means of wavelet analysis that the mean reversion
rate is not constant but may vary considerably over time.

In this paper we generalize the OU dynamics in (1) to allow for a speed of mean-
reversion α being a stochastic process. We study the weak stationarity of this gen-
eralised OU process. In other words, we analyze the stationarity properties of the
mean, the variance, and the covariance of the generalised OU process for simple
specifications of α. Specifically, in our analysis we suppose α is a Brownian sta-
tionary process. Brownian stationary processes are themselves an extension of OU-
processes, and have been intensively studied in the area of turbulence and finance
(see Barndorff-Nielsen and Schmiegel [4], or Barndorff-Nielsen et al. [5] for the case
of energy markets). Despite the fact that α may attain negative values, we are able
to show the stationarity of the mean, the variance, and the covariance of X when
the average speed of mean-reversion is sufficiently larger than its variance. Explicit
conditions for these results to hold are derived. In our analysis, some aspects of
Malliavin Calculus are applied.

We present the generalisedOU (GOU) process as an alternative toMarkov switch-
ing diffusions. In these latter models one can consider different states of α to model
the changing in the speed of mean-reversion. However when the number of the states
exceeds three, the parameter estimation to the model becomes cumbersome as one
has also to estimate the probabilities of the change to the different states (see for
example Carvalho and Lopez [11] and Perlin [18]).

In order to describe the behavior of the first and second order moment of incre-
ments of the generalised Ornstein-Uhlenbeck process X, we derive the instantaneous
rate of change in the mean of X given the initial position of the process. We show that
the latter is given in terms of the mean of α. Moreover we compute the instantaneous
rate of change in the squared fluctuations of X given its initial position and we show
that this is given in terms of the volatility σ . Hence, locally our process behaves like
a classical Ornstein-Uhlenbeck process.

We further compute the chaos expansion of the generalised OU process. We show
that for a specific choice of the process α, the chaos of order 1 converges pointwise
to a function in L2(R). However, it does not converge in L2(R).

A generalised Ornstein-Uhlenbeck (OU) process is sometimes in the literature
defined by

V(t) =
∫ t

−∞
e−L(s−) dU(s), (2)



Weak Stationarity of Ornstein-Uhlenbeck Processes … 155

where {L, U} is a bivariate Lévy process. See Carmona et al. [10] and Lindner and
Sato [15] for basic properties of such processes. These processes have been applied
in many areas, in particular in option pricing (see e.g. Yor [20]) or in insurance (see
Dufresne [12]). The explicit dynamics V in (2) does not solve an OU-type stochastic
differential equation and L is not immediately interpretable as a speed of mean-
reversion.Another path of study is the so-calledquasiOrnstein-Uhlenbeck processes,
which are defined as processesX solving a stochastic differential equation of the type
(1), however, with W being a general noise process with stationary increments (see
Barndorff-Nielsen and Basse O’Connor [3]).

The paper is organized as follows. In Sect. 2, we describe the generalisedOrnstein-
Uhlenbeck process we consider in our analysis. In Sect. 3, we show that the mean
and variance of this model class is stationary under some mild conditions on the
model parameters. In Sect. 3 we compute the instantaneous rate of change of the first
and the second order moment of increments of the generalised Ornstein-Uhlenbeck
process X. In Sect. 4 we derive the chaos expansion of the model.

2 Generalised Ornstein-Uhlenbeck Processes

Let (Ω,F , P) be a complete probability space equippedwith a filtration (Ft)t≥0.We
denote byW = {W(t)}t≥0 a standardBrownianmotion.WewriteDt for theMalliavin
derivative at time t ≥ 0, defined on the subspace D

1,2 of L2(P) := L2(Ω,F , P).
We define the Skorohod operator to be the adjoint of the Malliavin operator D. A
stochastic process Y is said to be Skorohod integrable on [0, T ], for some T < ∞, if

∣∣∣E
[∫ T

0
(DtZ)Y(t) dt

]∣∣∣ ≤ c‖Z‖2 ,

for all Z ∈ D
1,2, where c is a constant depending on Y and ‖ · ‖2 is the L2(P)-norm.

We denote the Skorohod integral of Y over [0, T ] by
∫ T

0
Y(t) δW(t) .

If Y is (Ft)-adapted, the Skorohod integral of Y coincides with the Itô integral, that
is ∫ T

0
Y(t) δW(t) =

∫ T

0
Y(t) dW(t) .

For an introduction to Malliavin Calculus, we refer the reader to Nualart [17].
Introduce the generalised Ornstein-Uhlenbeck process (GOU) X as the solution

to the stochastic differential equation

dX(t) = −α(t)X(t) dt + σ dW(t) , (3)



156 F.E. Benth and A. Khedher

where σ is a positive constant and α is an (Ft)-adapted stochastic process. Notice
that α is not restricted to be positive, but may attain negative values as well. The
initial condition X(0) = X0 is assumed to be a constant. In the next proposition we
derive the explicit solution to (3).

Proposition 2.1 Assume that α is integrable on [0, T ] for a given T < ∞ and

E

[
exp

(
2

∫ T

0
α(u) du

)]
< ∞ .

Then, for t ≤ T, the (Ft)-adapted process

X(t) = X0 exp

(
−

∫ t

0
α(u) du

)

+ exp

(
−

∫ t

0
α(u) du

) ∫ t

0
σ exp

(∫ s

0
α(u) du

)
dW(s) ,

is the solution to (3).

Proof We apply the Itô formula to obtain

d

(
X(t) exp

(∫ t

0
α(u) du

))

= α(t)X(t) exp

(∫ t

0
α(u) du

)
dt + exp

(∫ t

0
α(u) du

)
dX(t)

= σ exp

(∫ t

0
α(u) du

)
dW(t) .

Integrating yields the representation of X. Note that the stochastic integral is well-
defined in Itô sense due to the (Ft)-adaptedness of α and the integrability condition.

Let the explicit dynamics X in Proposition 2.1 be our GOU process. Notice that in
the case α is deterministic, it is usual to write

X(t) = X0 exp

(
−

∫ t

0
α(u) du

)
+

∫ t

0
σ exp

(
−

∫ t

s
α(u) du

)
dW(s) .

That is, moving the exponential inside the Itô integral. In the general case, where α is
stochastic, this is no longer a valid representation as exp(

∫ t
0 α(u) du) is anticipating.

However, the next proposition shows that we can move the exponential inside the
integral whenwe interpret the stochastic integral in the sense of Skorohod.Moreover,
we get an additional drift term involving the Malliavin derivative of the exponential.
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Proposition 2.2 Assume that for every 0 ≤ t ≤ T, α(t) ∈ D
1,2 and

E

[∫ t

0
exp

(
−2

∫ t

s
α(u) du

)
ds

]
< ∞ . (4)

Then, for every 0 ≤ t ≤ T we have a.s.

X(t) = X0 exp

(
−

∫ t

0
α(u) du

)
+

∫ t

0
σ exp

(
−

∫ t

s
α(u)du

)
δW(s)

−
∫ t

0

∫ t

s
σ(Dsα(v)) exp

(
−

∫ t

s
α(u) du

)
dv ds .

Proof Applying Proposition 1.3.3 in Nualart [17], we find from the assumptions in
the proposition that

exp

(
−

∫ t

0
α(u) du

) ∫ t

0
exp

(∫ s

0
α(u) du

)
dW(s)

=
∫ t

0
exp

(
−

∫ t

s
α(u) du

)
δW(s)

+
∫ t

0

(
Ds exp

(
−

∫ t

0
α(u) du

))
exp

(∫ s

0
α(u) du

)
ds .

By the chain rule of the Malliavin derivative, we find

Ds exp

(
−

∫ t

0
α(u) du

)
= −

(
Ds

∫ t

0
α(v) dv

)
exp

(
−

∫ t

0
α(u) du

)

= −
∫ t

0
Dsα(v) dv exp

(
−

∫ t

0
α(u) du

)
.

Since α(v) isFv-measurable, we find that Dsα(v) = 0 a.s. for s > v. Thus, a.s.,
∫ t

0
Dsα(v) dv =

∫ t

s
Dsα(v) dv .

This proves the proposition.

Notice that condition (4) for the existence of the solution to the GOU process seems
to be a strong condition. However later on we give an example of a broad class of
processes α satisfying this condition (see Eq. (6)).

As the Skorohod integral has mean zero, we find from the Fubini-Tonelli theorem
that

E [X(t)] = X0E

[
exp

(
−

∫ t

0
α(u) du

)]

− σ

∫ t

0

∫ t

s
E

[
(Dsα(v)) exp

(
−

∫ t

s
α(u) du

)]
dv ds .
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The second order moment can be expressed by using the “isometry” for Skorohod
integrals and integration by parts. This is the purpose of the next proposition.

Proposition 2.3 Assume that α ∈ D
1,2 and that for every 0 ≤ t ≤ T,

Dwα(v)e− ∫ t
w α(u) du ∈ D

1,2, e− ∫ t
0 α(u)du ∈ D

1,2,

e− ∫ t
s α(u)du is Skorohod integrable, and e− ∫ t

0 α(u)due− ∫ t
s α(u)du ∈ L2(Ω,F ,P). Then,

E
[
X2(t)

]

= X2
0E

[
e−2

∫ t
0 α(u) du

]
+ σ 2

∫ t

0
E

[
e−2

∫ t
s α(u) du

]
ds

+ σ 2
∫ t

0

∫ t

0
E

[∫ t

s
Dvα(w) dwe− ∫ t

s α(u) du
∫ t

v
Dsα(w) dwe− ∫ t

v α(u) du

]
dv ds

+ σ 2
E

[(∫ t

0

∫ t

s
(Dsα(v))e− ∫ t

s α(u) du dv ds

)2
]

− 4X0σ

∫ t

0

∫ t

s
E

[
(Dsα(v))e− ∫ t

0 α(u) du−∫ t
s α(u) du

]
dv ds

− 2σ 2
∫ t

0

∫ t

0

∫ t

w
E

[
Ds

(
(Dwα(v))e− ∫ t

w α(u) du
)

dv dwe− ∫ t
s α(u) du

]
ds .

Proof We have

X2(t) = X2
0 e

−2
∫ t
0 α(u) du +

(∫ t

0
σe− ∫ t

s α(u) du δW(s)

)2

+
(∫ t

0

∫ t

s
σ(Dsα(v))e− ∫ t

s α(u) du dv ds

)2

+ 2X0e
− ∫ t

0 α(u) du
∫ t

0
σe− ∫ t

s α(u) du δW(s)

− 2X0e
− ∫ t

0 α(u) du
∫ t

0

∫ t

s
σ(Dsα(v))e− ∫ t

s α(u) du dv ds

− 2
∫ t

0

∫ t

s
σ(Dsα(v))e− ∫ t

s α(u) du dv ds
∫ t

0
σe− ∫ t

s α(u) du δW(s) .

Now, the integration by parts in Eq. (1.48) of Nualart [17] and under the assumptions
mentioned in the proposition, we get
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e− ∫ t
0 α(u) du

∫ t

0
e− ∫ t

s α(u) du δW(s) =
∫ t

0
e− ∫ t

0 α(u) du−∫ t
s α(u) du δW(s)

+
∫ t

0
(Dse

− ∫ t
0 α(u) du)e− ∫ t

s α(u) du ds

=
∫ t

0
e− ∫ t

0 α(u) du−∫ t
s α(u) du δW(s)

−
∫ t

0

∫ t

s
(Dsα(v))e− ∫ t

0 α(u) du−∫ t
s α(u) du dv ds .

Taking expectations, gives

E

[
e− ∫ t

0 α(u) du
∫ t

0
e− ∫ t

s α(u) du δW(s)

]

= −
∫ t

0

∫ t

s
E

[
(Dsα(v))e− ∫ t

0 α(u) du−∫ t
s α(u) du

]
dv ds .

A similar argument shows that

E

[∫ t

0

∫ t

w
(Dwα(v))e− ∫ t

w α(u) du dv dw
∫ t

0
e− ∫ t

s α(u) du δW(s)

]

=
∫ t

0

∫ t

0

∫ t

w
E

[
Ds

(
(Dwα(v))e− ∫ t

w α(u) du
)

dv dwe− ∫ t
s α(u) du

]
ds .

Applying the covariance formula for Skorohod integrals in Eq. (1.48) of Nualart [17],
it holds that

E

[(∫ t

0
e− ∫ t

s α(u) du δW(s)

)2
]

=
∫ t

0
E

[
e−2

∫ t
s α(u) du

]
ds

+
∫ t

0

∫ t

0
E

[
(Dve

− ∫ t
s α(u) du)(Dse

− ∫ t
v α(u) du)

]
dv ds

=
∫ t

0
E

[
e−2

∫ t
s α(u) du

]
ds

+
∫ t

0

∫ t

0
E

[∫ t

s
Dvα(w) dwe− ∫ t

s α(u) du
∫ t

v
Dsα(w) dwe− ∫ t

v α(u) du
]

dv ds .

After collecting terms the statement is proved.

In the next section we specify α to be a Brownian stationary process and analyse
the weak stationarity of X.
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3 Weak Stationarity

First, we recall the definition of weak stationarity (see for example Kloeden and
Platen [14]).

Definition 3.1 Let X be a stochastic process, μ be a constant, and c : R → R be
a function. Then X is called weakly stationary if its mean, its variance, and its
covariance satisfy

E[X(t)] = μ, Var[X(t)] = c(0), Cov[X(t), X(t − δ)] = c(δ),

for all t ∈ [0, T ] and δ > 0.

We weaken Definition 3.1 to processes with limiting mean and variance, that is
processes for which the mean and the variance have a limit when time tends to
infinity. Then we prove that when t goes to infinity, the first and the second order
moments are not affected by a shift of the time variable. Let g : R+ �→ R be a
measurable function such that

∫ ∞

0
g2(u) du < ∞ . (5)

For a constant μ ∈ R, define α to be the Brownian stationary (BS) process

α(t) = μ +
∫ t

−∞
g(t − s) dW(s) , (6)

where W is considered to be a two-sided Wiener process on R. That is a Wiener
process W1 and an independent copy of it, W2, are defined onR+. Then W is defined
as W(t) = W1(t) for t ≥ 0 and W(t) = −W2(−t), for t < 0, where W1 is the same
Brownian motion as in (3). For more about these processes, we refer to Sect. 6.2 in
Benth and Šaltytė Benth [7].

Let F0 be the σ -algebra generated by {W2(t), t ≥ 0}. We define (Ft)t≥0 to be
the filtration generated by F0 and σ {W1(s), 0 ≤ s ≤ t}. By the condition on g, we
immediately see by the Itô isometry and properties ofWiener integration thatα(t) is a
Gaussian (Ft)-adapted process with mean μ and variance

∫ ∞
0 g2(u) du independent

of time t, thus being stationary. For more about Brownian stationary processes, see
for example Brockwell and Davis [9] and Marquardt and Stelzer [16]. A typical
example is to consider g(u) = η exp(−βu), for positive constants η and β. Thus α is
the stationary solution of the OU process solving the stochastic differential equation

dα(t) = β(μ − α(t)) dt + η dW(t) . (7)

In this specific case, the speed of mean reversion α is itself an OU process. If W has
a positive increment, then so does α, and thus increasing the speed of mean reversion
of X. The process α will decrease exponentially fast back at a rate β towards its
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long-termmean levelμ, being the average speed of mean reversion for X. A negative
increment ofW will push α downwards, yielding a slowermean reversion ofX. Thus,
positive increments ofW implies fastermean-reversion,whereas negative increments
means slower mean reversion. We can turn this relationship around by supposing η

to be negative, meaning that α depends on W opposite to X. Note that α can become
negative, as the Wiener integral in (6) is normally distributed and therefore takes
values on the whole real line. However, for relatively large and positive values of
μ, the probability of negative speeds of mean reversion will become small. As we
shall see below, the mean, the variance, and the covariance of X are stationary when
a specific relationship in the size between μ and g holds.

Observe that for any 0 ≤ s < t < ∞, Fubini-Tonelli theorem and Cauchy-
Schwarz’s inequality along with the Itô isometry yield

E

[∫ t

s

∣∣∣
∫ u

−∞
g(u − v) dW(v)

∣∣∣ du

]
≤

∫ t

s
E

[
(

∫ u

−∞
g(u − v) dW(v))2

]1/2

du

=
√∫ ∞

0
g2(u)du × (t − s) < ∞ .

Thus, α(u) is integrable on any interval [s, t], 0 ≤ s < t < ∞. Remark that the
process α is in general not a semimartingale. In fact, by a suitable choice of g (see e.g.
Alos et al. [1]) we can allow for α to be a fractional Brownian motion. It is possible
to show that α is a semimartingale when g(0) is well-defined and g is absolutely con-
tinuous and has a square integrable derivative defined almost everywhere (see Basse
and Pedersen [6] and Benth and Eyjolfsson [8]). For example, the interesting case
of continuous-time autoregressive moving average processes satisfy these properties
(see Benth and Šaltytė Benth [7] for an application of these processes to weather
modelling).

Introduce the function h(x, y) for 0 ≤ x ≤ y by

h(x, y) =
∫ y

x
g(u) du. (8)

We have the following useful lemma.

Lemma 3.2 Assume that
∫ ∞

0
h2(u, x + u) du < ∞,

for any x > 0. Then for every 0 ≤ s ≤ t

∫ t

s
α(u) du = μ(t − s) +

∫ s

−∞
h(s − u, t − u) dW(u) +

∫ t

s
h(0, t − u) dW(u) .

(9)
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Proof First, observe that the condition on the function h ensures that the first Wiener
integral on the right-hand side of (9) is well-defined since,

∫ s

−∞
h2(s − u, t − u) du =

∫ ∞

0
h2(u, u + t − s) du .

After appealing to the Cauchy-Schwartz inequality we find,

∫ t

s
h2(0, t − u) du =

∫ t−s

0
h2(0, u) du ≤

∫ ∞

0
g2(u) du

∫ t−s

0
u du < ∞ ,

and therefore the second Wiener integral is also well-defined.
By definition of α, we find

∫ t

s
α(u) du = μ(t − s) +

∫ t

s

∫ u

−∞
g(u − v) dW(v) du .

But ∫ u

−∞
g(u − v) dW(v) =

∫ s

−∞
g(u − v) dW(v) +

∫ u

s
g(u − v) dW(v) .

By the stochastic Fubini-Tonelli theorem, we find

∫ t

s

∫ u

s
g(u − v) dW(v) du =

∫ t

s

∫ t

v
g(u − v) du dW(v) =

∫ t

s

∫ t−v

0
g(u) du dW(v) ,

and hence, ∫ t

s

∫ u

s
g(u − v) dW(v) du =

∫ t

s
h(0, t − v) dW(v) .

By the assumption on h, we again apply the stochastic Fubini-Tonelli theorem to find

∫ t

s

∫ s

−∞
g(u − v) dW(v) du =

∫ s

−∞

∫ t

s
g(u − v) du dW(v) =

∫ s

−∞

∫ t−v

s−v
g(u) du dW(v) .

Hence, the Lemma follows after using the definition of h in the last integral.

We observe that
∫ t

s α(u) du is represented as a sum of two independent Wiener
integrals. This will enable us to compute exponential moments of

∫ t
s α(u) du easily.

Remark that from the Cauchy-Schwartz inequality

(∫ u+t−s

u
g(v) dv

)2

=
(∫ u+t−s

u
1 · g(v) dv

)2

≤ x
∫ u+x

u
g2(v) dv ,
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and therefore a sufficient condition for
∫ ∞
0 h2(u, u + x) du to be finite is

∫ ∞

0

∫ u+x

u
g2(v) dv du < ∞ . (10)

As an example, considerα to be anOUprocess,with g(v) = exp(−βv), for a constant
β > 0. Then ∫ u+x

u
g2(v) dv = 1

2β

(
1 − e−2βx

)
e−2βu ,

and hence (10) holds.
The Malliavin derivative of α(u) is simple to compute. It holds that

Dsα(v) = g(v − s) , (11)

for s < v. In the case s > v, Dsα(v) = 0. There is a potential problem at v = s since
g might not be defined there. However, as we are going to integrate expressions
like Dsα(v) with respect to the Lebesgue measure, we leave the Malliavin derivative
undefined for this singular point. If g(0) is well-defined, there is no problem.

Using (11), we find

∫ t

0

∫ t

s
Dsα(v)e− ∫ t

s α(u) du dv ds =
∫ t

0

∫ t

s
g(v − s) dve− ∫ t

s α(u) du ds

=
∫ t

0

∫ t−s

0
g(v) dve− ∫ t

s α(u) du ds

=
∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds .

We conclude from Proposition 2.2 that

X(t) = X0e
− ∫ t

0 α(u) du +
∫ t

0
σe− ∫ t

s α(u) du δW(s) −
∫ t

0
σh(0, t − s)e− ∫ t

s α(u) du ds ,

(12)

where
∫ t

s α(u) du is expressed in Lemma 3.2. Note that the exponential integrability
(4) in Proposition 2.2 which is a condition on

∫ t
s α(u) du is satisfied as this is a normal

random variable which has finite exponential moments of all orders. The condition of
Malliavin differentiability is also readily verified in this explicit case. Recalling (9),
since h is a deterministic function, it follows from Theorem 2.2.1 in Nualart [17] that∫ t

s α(u) du is Malliavin differentiable. By the chain rule, so is exp(− ∫ t
s α(u) du). We

know fromProposition 1.3.1 of Nualart [17] that the space ofMalliavin differentiable
random variables is included in the domain of the Skorohod integral. This ensures
the Skorohod integrability of exp(− ∫ t

s α(u) du).
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From now onwe assume that the function h defined in (8) satisfies the condition of
Lemma 3.2 and in light of the above discussion, the model verifies Propositions 2.1
and 2.2. In the next subsection we study the stationarity of the mean of the GOU
process.

3.1 Stationarity of the Mean

We compute the expectation of X and show that it has a limit when t goes to ∞.

Proposition 3.3 The expected value of X is

E[X(t)] = X0 exp

(
−μt + 1

2

∫ ∞

0
h2(u, t + u) du + 1

2

∫ t

0
h2(0, u) du

)

−
∫ t

0
σh(0, v) exp

(
−μv + 1

2

∫ ∞

0
h2(u, v + u) du + 1

2

∫ v

0
h2(0, u) du

)
dv .

If,

lim
t→∞ exp

(
−μt + 1

2

∫ ∞

0
h2(u, t + u) du + 1

2

∫ t

0
h2(0, u) du

)
= 0 , (13)

and

∫ ∞

0
σ |h(0, v)| exp

(
−μv + 1

2

∫ ∞

0
h2(u, v + u) du + 1

2

∫ v

0
h2(0, u) du

)
dv < ∞ ,

(14)
then E[X(t)] has a limit when t → ∞ given by

lim
t→∞E[X(t)]

= −
∫ ∞

0
σh(0, v) exp

(
−μv + 1

2

∫ ∞

0
h2(u, v + u) du + 1

2

∫ v

0
h2(0, u) du

)
dv .

Proof As the expectation of the Skorohod integral is zero, we have by Fubini-Tonelli
theorem

E[X(t)] = X0E

[
e− ∫ t

0 α(u) du
]

−
∫ t

0
σh(0, t − s)E

[
e− ∫ t

s α(u) du
]

ds .
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From Lemma 3.2, we find by independence of the Wiener integrals, that

E

[
e− ∫ t

0 α(u) du
]

= e−μt
E

[
e− ∫ 0

−∞ h(−u,t−u) dW(u)
]
E

[
e− ∫ t

0 h(0,t−u) dW(u)
]

= e−μt exp

(
1

2

∫ 0

−∞
h2(−u, t − u) du + 1

2

∫ t

0
h2(0, t − u) du

)

= e−μt exp

(
1

2

∫ ∞

0
h2(u, t + u) du + 1

2

∫ t

0
h2(0, u) du

)
.

Similarly, we find

E

[
e− ∫ t

s α(u) du
]

= e−μ(t−s) exp

(
1

2

∫ ∞

0
h2(u, t − s + u) du + 1

2

∫ t−s

0
h2(0, u) du

)
.

(15)

Hence, the expression for E[X(t)] follows. It is simple to see that the integrability
conditions imply the limit as claimed.

It is easily seen from the conditions in Proposition 3.3 that μ > 0 is a necessary
condition in order to have a limiting expectation. Notice that the limiting expectation
of X may become negative. For example, if g in the definition of the process α is
positive, then trivially h(0, v) is positive and we have a negative limiting expectation
of X. This is in sharp contrast to the classical OU process with a constant (and
positive) speed of mean reversion α, as this has zero expectation in stationarity. We
attribute the negative expected limiting value of X to the probability (however small)
that α itself can be negative. However, asμ is positive, the mean of α will be positive
as well. A negative α gives a non-stationary behavior, which will locally occur for
X during times when α crosses zero from above

Let us consider the case where α is an OU process. In the following lemma we
compute the stationary mean of the GOU process for this specific choice of α.

Lemma 3.4 Let α be an OU process as in (7). If

μβ >
η2

2β
, (16)

then

lim
t→∞E[X(t)]

= −
∫ ∞

0

ση

β
(1 − e−βv)e

−
(

μ− η2

2β2

)
v− η2

β3

(
1−e−βv

)+ η2

4β3

(
1−e−2βv

)+ η2

4β3

(
1−e−βv

)2
dv .
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Proof Let α be an OU process, with g(u) = η exp(−βu), for constants η and β with
β > 0. Then

h(x, y) =
∫ y

x
ηe−βu du = η

β

(
e−βx − e−βy

)
.

Hence,

∫ ∞

0
h2(u, t + u) du = η2

β2

∫ ∞

0

(
e−βu − e−β(u+t)

)2
du = η2

2β3

(
1 − e−βt

)2
.

Next,

∫ t

0
h2(0, u) du = η2

β2

∫ t

0

(
1 − e−βu

)2
du

= η2

β2
t − 2η2

β3

(
1 − e−βt

) + η2

2β3

(
1 − e−2βt

)
.

Therefore, it holds that

lim
t→∞ exp

(
−μt + 1

2

∫ ∞

0
h2(u, t + u) du + 1

2

∫ t

0
h2(0, u) du

)
= 0 ,

if and only if (16) holds true. Moreover,

−μv + 1

2

∫ ∞

0
h2(u, v + u) du + 1

2

∫ v

0
h2(0, u) du

= −
(

μ − η2

2β2

)
v − η2

β3

(
1 − e−βv

)

+ η2

4β3

(
1 − e−2βv

) + η2

4β3

(
1 − e−βv

)2
.

This implies,

∫ ∞

0
h(0, v) exp

(
−μv + 1

2

∫ ∞

0
h2(u, v + u) du + 1

2

∫ v

0
h2(0, u) du

)
dv

≤ c
∫ ∞

0

(
1 − e−βv

)
exp

(
−

(
μ − η2

2β2

)
v

)
dv ,

for some constant c > 0. Under condition (16) the integral is finite and we prove the
statement.

Note that by the definition of g, the stationary variance of α is η2/2β. Hence for X
to have a stationary mean value, the stationary mean of α times its speed of mean
reversion must be larger than the stationary variance of α. In the case η > 0, this
stationary mean value becomes negative, whereas η < 0 gives a positive stationary
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mean since g and therefore h(0, v) are negative. If η < 0 an increase in X due to a
positive increment of W occurs in parallel to a decrease in α. This would mean that
X is pushed away from its mean and reverts slower giving the rational for a positive
stationary mean of the process X.

3.2 Stationarity of the Variance

In this section we analyze the second order moment of X and its limiting behavior.
To reduce the number of terms, we suppose that X0 = 0, which gives

X(t) =
∫ t

0
σe− ∫ t

s α(u) du δW(s) −
∫ t

0
σh(0, t − s)e− ∫ t

s α(u) du ds .

We find E[X2(t)] = I1 − 2I2 + I3 where

I1 = E

[(∫ t

0
σe− ∫ t

s α(u) du δW(s)

)2
]

, (17)

I2 = E

[∫ t

0
σ 2e− ∫ t

s α(u) du δW(s)
∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

]
, (18)

I3 = E

[(∫ t

0
σh(0, t − s)e− ∫ t

s α(u) du ds

)2
]

. (19)

We want to compute the three expectations (17)–(19). The approach is based on the
same ideas as when we calculated the expectation of X.

Notice that when considering X0 different from 0, there will be additive expecta-
tions of the type we studied in Proposition 3.3 and also of the type we will study in
Lemmas 3.7 and 3.8. Using similar steps as in these lemmas we can derive expres-
sions for these expectations depending on X0. Then imposing conditions similar to
the one in (13), the terms involving X0 will vanish for t going to infinity. We choose
X0 = 0 to shorten the paper and avoid similar proofs.

A key element in our derivations of the variance is the expectation of terms
like exp(− ∫ t

s α(u) du − ∫ t
v α(u) du) for s, v ∈ [0, t]. This is the content of the next

lemma.

Lemma 3.5 It holds for v ≤ s ≤ t,

lnE

[
exp

(
−

∫ t

s
α(u) du −

∫ t

v
α(u) du

)]
= −2μ(t − s) − μ(s − v) + H(s − v, t − s) ,

(20)
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where

H(x, y) = 1

2

∫ ∞

0
(h(x + u, x + y + u) + h(u, x + y + u))2 du

+ 1

2

∫ x

0
(h(u, y + u) + h(0, y + u))2 du + 2

∫ y

0
h2(0, u) du ,

for x, y ≥ 0.

Proof As

−
∫ t

s
α(u) du = −μ(t − s) −

∫ s

−∞
h(s − u, t − u) dW(u) −

∫ t

s
h(0, t − u) dW(u) ,

we have for v ≤ s

−
∫ t

s
α(u) du −

∫ t

v
α(u) du

= − μ(t − s) − μ(t − v)

−
(∫ s

−∞
h(s − u, t − u) dW(u) +

∫ v

−∞
h(v − u, t − u) dW(u)

)

−
(∫ t

s
h(0, t − u) dW(u) +

∫ t

v
h(0, t − u) dW(u)

)

= −2μ(t − s) − μ(s − v)

−
(∫ v

−∞
h(s − u, t − u) + h(v − u, t − u) dW(u)

+
∫ s

v
h(s − u, t − u) dW(u)

)

−
(
2

∫ t

s
h(0, t − u) dW(u) +

∫ s

v
h(0, t − u) dW(u)

)

= −2μ(t − s) − μ(s − v)

−
∫ v

−∞
h(s − u, t − u) + h(v − u, t − u) dW(u)

−
∫ s

v
h(s − u, t − u) + h(0, t − u) dW(u) − 2

∫ t

s
h(0, t − u) dW(u) .

The threeWiener integrals will be independent by the properties of Brownianmotion.
Hence, the results follow after using the fact that the exponential of aWiener integral
is lognormally distributed.
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We remark that the case v > s is covered by the above result by simply interchanging
the roles of v and s.

Let us nowcompute the three expectations (17)–(19).We startwith the expectation
in (17), which is computed in the following lemma.

Lemma 3.6 It holds that

E

[(∫ t

0
e− ∫ t

s α(u) du δW(s)

)2
]

=
∫ t

0
e−2μu+H(0,u) du +

∫ t

0

∫ t−v

0
h(0, v)h(u, u + v)e−2μv−μu+H(u,v) du dv

+
∫ t

0

∫ v

0
h(u, v)h(0, v − u)e−2μ(v−u)−μu+H(u,v−u) du dv .

Proof By the formula for the variance of a Skorohod integral (Proposition 1.3.1 in
Nualart [17]), we have

E

[(∫ t

0
e− ∫ t

s α(u) du δW(s)

)2
]

= E

[∫ t

0
e−2

∫ t
s α(u) du ds

]
+ E

[∫ t

0

∫ t

0

(
Dve

− ∫ t
s α(u) du

) (
Dwe

− ∫ t
v α(u) du

)
dv dw

]

= E

[∫ t

0
e−2

∫ t
s α(u) du ds

]

+
∫ t

0

∫ t

0
E

[
e− ∫ t

s α(u) du−∫ t
v α(u) du

] (∫ t

s
Dvα(u) du

) (∫ t

v
Dwα(u) du

)
dv dw .

Here we have applied the chain rule for Malliavin differentiation together with the
Fubini-tonelli theorem. Since Dvα(u) = g(u − v)1(u > v), it holds

∫ t

s
Dvα(u) du =

∫ t

s
g(u − v)1(u > v) du =

∫ t

max(v,s)
g(u − v) du

=
∫ t−v

max(v,s)−v
g(w) dw = h(max(v, s) − v, t − v) . (21)

Similarly, ∫ t

v
Dwα(u) du = h(max(v, w) − w, t − w) .
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Therefore,

E

[(∫ t

0
e− ∫ t

s α(u) du δW(s)

)2
]

= E

[∫ t

0
e−2

∫ t
s α(u) du ds

]

+
∫ t

0

∫ t

0
E

[
e− ∫ t

s α(u) du−∫ t
v α(u) du

]

h(max(s, v) − s, t − s)h(max(s, v) − v, t − v) dv ds

=
∫ t

0
e−2μ(t−s)+H(0,t−s) ds

+
∫ t

0

∫ s

0
h(0, t − s)h(s − v, t − v)e−2μ(t−s)−μ(s−v)+H(s−v,t−s) dv ds

+
∫ t

0

∫ t

s
h(v − s, t − s)h(0, t − v)e−2μ(t−v)−μ(v−s)+H(v−s,t−v) dv ds ,

where in the latter we applied Lemma 3.5. Hence, the statement of the lemma follows
after a change of variables in the integrals.

We derive the second expectation (18) in the next lemma.

Lemma 3.7 It holds that

E

[∫ t

0
e− ∫ t

s α(u) du δW(s)
∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

]

= −
∫ t

0

∫ t−v

0
h(0, u + v)h(0, v)e−2μv−μu+H(u,v) du dv

−
∫ t

0

∫ v

0
h(0, v − u)h(u, v)e−2μ(v−u)−μu+H(u,v−u) du dv .

Proof Using integration by parts for Skorohod integrals together with the Fubini-
Tonelli theorem, we find

E

[∫ t

0
e− ∫ t

s α(u) du δW(s)
∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

]

=
∫ t

0
h(0, t − v)E

[
e− ∫ t

v α(u) du
∫ t

0
e− ∫ t

s α(u) du δW(s)

]
dv

=
∫ t

0
h(0, t − v)E

[∫ t

0
e− ∫ t

s α(u) du−∫ t
v α(u) du δW(s)

]
dv

+
∫ t

0
h(0, t − v)E

[∫ t

0

(
Dse

− ∫ t
v α(u) du

)
e− ∫ t

s α(u) duds

]
dv .
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The Skorohod integral has zero expectation. Hence,

E

[∫ t

0
e− ∫ t

s α(u) du δW(s)
∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

]

= −
∫ t

0

∫ t

0
h(0, t − v)h(max(v, s) − s, t − s)E

[
e− ∫ t

v α(u) du−∫ t
s α(u) du

]
ds dv ,

after using the chain rule for the Malliavin derivative and the fact that Dsα(u) =
g(u − s)1(u > s). Invoking Lemma 3.5 proves the result.

Finally, we derive the expectation in (19).

Lemma 3.8 It holds

E

[(∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

)2
]

=
∫ t

0

∫ t−v

0
h(0, v)h(0, u + v)e−2μv−μu+H(u,v) du dv

+
∫ t

0

∫ v

0
h(0, v)h(0, v − u)e−2μ(v−u)−μu+H(u,v−u) du dv .

Proof We find,

E

[(∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds

)2
]

= E

[∫ t

0
h(0, t − s)e− ∫ t

s α(u) duds
∫ t

0
h(0, t − v)e− ∫ t

v α(u) du dv

]

=
∫ t

0

∫ t

0
h(0, t − s)h(0, t − v)E

[
e− ∫ t

s α(u) du−∫ t
v α(u) du

]
dv ds .

Appealing to Lemma 3.5 and doing a change of variables prove the statement of the
lemma.

Collecting together the results for the expectations in (17)–(19) calculated in
Lemmas 3.6–3.8, we get

Proposition 3.9 The second order moment of X is

E
[
X2(t)

] = σ 2
∫ t

0
e−2μu+H(0,u) du

+ σ 2
∫ t

0

∫ v

0
e−2μu−μ(v−u)+H(v−u,u)h(0, u)(h(v − u, v) + 3h(0, v)) du dv

+ σ 2
∫ t

0

∫ v

0
e−2μ(v−u)−μu+H(u,v−u)h(0, v − u)(3h(u, v) + h(0, v)) du dv .



172 F.E. Benth and A. Khedher

If

∫ ∞

0
e−2μu+H(0,u) du < ∞

∫ ∞

0

∫ v

0
|h(0, u)||h(v − u, v) + 3h(0, v)|e−2μu−μ(u+v)+H(v−u,u) du dv < ∞

∫ ∞

0

∫ v

0
|h(0, v − u)||3h(u, v) + h(0, v)|e−2μ(v−u)−μu+H(u,v−u) du dv < ∞ ,

then the second order moment of X has a limit given by

lim
t→∞E

[
X2(t)

]

= σ 2
∫ ∞

0
e−2μu+H(0,u) du

+ σ 2
∫ ∞

0

∫ v

0
h(0, u)(h(v − u, v) + 3h(0, v))e−2μu−μ(u+v)+H(v−u,u) du dv

+ σ 2
∫ ∞

0

∫ v

0
h(0, v − u)(3h(u, v) + h(0, v))e−2μ(v−u)−μu+H(u,v−u) du dv .

Proof The results of the Lemmas 3.6–3.8 give

E[X2(t)]
= σ 2

∫ t

0
e−2μu+H(0,u) du

+ σ 2
∫ t

0

∫ t−v

0
h(0, v) (h(u, u + v) + 3h(0, u + v)) e−2μv−μu+H(u,v) du dv

+ σ 2
∫ t

0

∫ v

0
h(0, v − u) (h(0, v) + 3h(u, v)) e−2μ(v−u)−μu+H(u,v−u) du dv .

Note from calculus that for sufficiently “nice” functions q(t, v), it holds

∫ t

0
q(t, v) dv =

∫ t

0
q(v, v) dv +

∫ t

0

∫ v

0

∂q

∂v
(v, u) du dv . (22)

Hence, letting

xq(t, v) =
∫ t−v

0
h(0, v) (h(u, u + v) + 3h(0, u + v)) e−2μv−μu+H(u,v) du ,

we have q(v, v) = 0 and

∂q

∂t
(t, v) = h(0, v) (h(t − v, t) + 3h(0, t − v)) e−2μv−μ(t−v)+H(t−v,v) .
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Using (22), the proposition follows.

In the latter proposition we showed the stationarity of the second order moment
of the GOU process. The stationarity of the variance follows immediately from
Proposition 3.3, where besides of the integrability conditions of Proposition 3.9, we
have to assume that (13) and (14) hold.

In the next lemma we investigate the conditions of stationarity of the second order
moment of X, where we restrict our attention to the OU specification.

Lemma 3.10 Let α be an OU process as in (7). If

μ >
η2

β2
, (23)

then

lim
t→∞E[X2(t)]

= σ 2
∫ ∞

0
e−2μu+H(0,u) du

+
∫ ∞

0

∫ v

0

σ 2η2

β2 (e−β(v−u) − 4e−βv + 3)(1 − e−βu)e−2μu−μ(v−u)+H(v−u,u) du dv

+
∫ ∞

0

∫ v

0

σ 2η2

β2 (1 − e−β(v−u))(3e−βu − 4e−βv + 1)e−2μ(v−u)−μu+H(u,v−u) du dv ,

where

H(x, y) = η2

4β3

(
1 − 2e−β(x+y) + e−βx

)2 + η2

2β2
x

+ η2

4β3
(1 − 4e−βy + 4e−2βy)(1 − e−2βx) + η2

β3
(1 − 2e−βy)(1 − e−βx)

+ 2η2

β2
y − 4η2

β3
(1 − e−βy) + η2

β3
(1 − e−2βy) . (24)

Proof We consider we have an OU process. Thus g(u) = η exp(−βu), for η and β

constants and β > 0. As we have seen earlier,

h(x, y) = η

β

(
e−βx − e−βy

)
.

We use this to compute H(x, y). First, we find

∫ y

0
h2(0, u) du = η2

β2
y − 2η2

β3
(1 − e−βy) + η2

2β3
(1 − e−2βy) .
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Next,

∫ x

0
(h(u, y + u) + h(0, y + u))2 du = η2

β2 x + η2

2β3 (1 − 4e−βy + 4e−2βy)(1 − e−2βx)

+ 2η2

β3 (1 − 2e−βy)(1 − e−βx) .

Finally,

∫ ∞

0
(h(x + u, x + y + u) + h(u, x + y + u))2 du = η2

2β3

(
1 − 2e−β(x+y) + e−βx

)2
.

Therefore, we find the expression (24) for H(x, y). Consider now the first term in the
second order moment of X. We find

∫ ∞

0
e−2μu+H(0,u) du ≤ c

∫ t

0
exp

(
−2

(
μ − η2

β2

)
u

)
du < ∞ ,

as long as μ > η2/β2. Hence, the limit of the first term exists when t → ∞ under
this restriction on the parameters. Next we consider the second term in the second
order moment of X. It holds,

∫ ∞

0

∫ v

0

σ 2η2

β2
|e−β(v−u) − 4e−βv + 3||1 − e−βu|e−2μu−μ(v−u)+H(v−u,u) du dv

≤ c
∫ ∞

0

∫ v

0
|e−u(μ−3 η2

2β2
)
e
−v(μ− η2

2β2
)| du dv

≤ c
∫ ∞

0

∣∣∣
e
−2v(μ− η2

β2
) − e

−v(μ− η2

2β2
)

−μ + 3η2

2β2

∣∣∣ dv < ∞,

as long as μ > η2/β2. Finally we consider the last term in the second order moment
of X. We find

∫ ∞

0

∫ v

0

σ 2η2

β2
|1 − e−β(v−u)||3e−βu − 4e−βv + 1|e−2μ(v−u)−μu+H(u,v−u) du dv

≤ c
∫ ∞

0

∫ v

0
e
−2v(μ− η2

β2
)
e
−u(−μ+ 3η2

2β2
)
du dv

≤ c
∫ ∞

0
e
−v(μ− η2

2β2
) − e

−2v(μ+ η2

β2
)
dv < ∞,

as long as μ > η2/β2. With this condition on the parameters, the third term in the
expression of the second order moment of X has a limit as time goes to infinity.
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Therefore, the second order moment of X has a stationary limit as long as μβ

is greater than twice the stationary variance of α, which we recall as η2/2β. This
condition is more restrictive than the one ensuring the stationarity of the mean. Thus,
it obviously implies the stationarity of the expectation of X. In conclusion, when we
specify α to be the OU process given by (7) then X has a stationary limit for the
expectation and variance if

μβ >
η2

β
.

Observe that for fixed η, the stationary variance of α is decreasing with increasing
speed of mean reversion β. On the other hand, for fixed μ, the expression μβ is
obviously increasing with β. Hence, the condition for stationarity is less restrictive
for models with high speed of mean reversion in the α than those of slow. Note that
the slower the mean reversion in α becomes, the closer α gets to a non-stationary
drifted Brownian motion. Hence, to obtain stationarity for small β’s, one must have
sufficiently highmean levelsμ, and/or, sufficiently small noise levelη in the dynamics
of α. Notice that our choice of X0 being equal to zero is only for simplification in
the calculations. However, it does not change the result on the stationarity of the
variance.

3.3 Stationarity of the Covariance

In this section we compute the covariance of X and prove its stationarity. We do
not present the proofs since they follow the same lines as the proofs of the results
presented in Sect. 3.2. In the following proposition, we compute E[X(t)X(t − δ)],
for δ > 0.

Proposition 3.11 It holds for δ > 0,

E[X(t)X(t − δ)]
= σ 2

∫ t

δ

exp(−μv − μ(v − δ) + H̃(0, v, v − δ)) dv

+ σ 2
∫ t

δ

∫ s

0
exp(−μv − μ(s − δ) + H̃(s − v, v, v − δ))

{
h(0, v − δ)

[h(s − v, s) + h(0, s − δ)] + h(0, v)[h(0, s) + h(0, s − δ)]
}

dv ds

+ σ 2
∫ t

δ

∫ s−δ

0
exp(−μs − μ(s − v − δ) + H̃(v, s − v, s − v − δ))

{
h(0, s − v)

[h(v, s − δ) + h(v, s)] + h(0, s − v − δ)[h(v, s − δ) + h(0, s)]
}

dv ds

+ σ 2
( ∫ δ

0
h(0, δ − v)G(δ − v)dv

)( ∫ t−δ

0
h(0, v)G(v) dv

)
,
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where

H̃(x, y, z) = 1

2

∫ ∞

0
{h(x + u, x + y + u) + h(u, z + x + u)}2du

+ 1

2

∫ x

0
{h(u, u + y) + h(0, u + z)}2du

+ 1

2

∫ z

0
{h(0, y − u) + h(0, z − u)}2du + 1

2

∫ y−z

0
h2(0, y − z − u)du,

for x, y, z ≥ 0. If

∫ ∞

δ

exp(−μv − μ(v − δ) + H̃(0, v, v − δ)) dv < ∞ ,

∫ ∞

δ

∫ s

0
exp(−μv − μ(s − δ) + H̃(s − v, v, v − δ))

∣∣∣h(0, v − δ)

[h(s − v, s) + h(0, s − δ)] + h(0, v)[h(0, s) + h(0, s − δ)]
∣∣∣ dv ds < ∞ ,

∫ ∞

δ

∫ s−δ

0
exp(−μs − μ(s − v − δ) + H̃(v, s − v, s − v − δ))

∣∣∣h(0, s − v)[h(v, s − δ) + h(v, s)] + h(0, s − v − δ)[h(v, s − δ) + h(0, s)]
∣∣∣ dv ds < ∞,

∫ ∞

0
|h(0, v)G(v)| dv < ∞,

then

lim
t→∞E[X(t)X(t − δ)]

= σ 2
∫ ∞

δ

exp(−μv − μ(v − δ) + H̃(0, v, v − δ)) dv

+ σ 2
∫ ∞

δ

∫ s

0
exp(−μv − μ(s − δ) + H̃(s − v, v, v − δ))

{
h(0, v − δ)

[h(s − v, s) + h(0, s − δ)] + h(0, v)[h(0, s) + h(0, s − δ)]
}

dv ds

+ σ 2
∫ ∞

δ

∫ s−δ

0
exp(−μs − μ(s − v − δ) + H̃(v, s − v, s − v − δ))

{
h(0, s − v)

[h(v, s − δ) + h(v, s)] + h(0, s − v − δ)[h(v, s − δ) + h(0, s)]
}

dv ds

+ σ 2
( ∫ δ

0
h(0, δ − v)G(δ − v)dv

)( ∫ ∞

0
h(0, v)G(v) dv

)
.

Considering the integrability conditions of the latter proposition together with the
integrability conditions of Proposition 3.9, we prove the stationarity of the covariance
and thus the weak stationarity of the GOU process.



Weak Stationarity of Ornstein-Uhlenbeck Processes … 177

Notice thatwhenwe consider δ = 0 in Proposition 3.11,we recover the expression
for the second order moment studied in Proposition 3.9. We chose to present the
results for the second order moment in Sect. 3.2 to be more didactic.

In the next lemma we investigate the conditions of stationarity of the covariance
where we restrict our attention to the case where α is an OU process.

Lemma 3.12 Let α be an OU process as in (7). If

μ >
η2

β2
,

then

lim
t→∞E[X(t)X(t − δ)]

= σ 2
∫ ∞

δ

exp(−μv − μ(v − δ) + H̃(0, v, v − δ)) dv

+ σ 2
∫ ∞

δ

∫ s

0
exp(−μv − μ(s − δ) + H̃(s − v, v, v − δ))

{
h(0, v − δ)

[h(s − v, s) + h(0, s − δ)] + h(0, v)[h(0, s) + h(0, s − δ)]
}

dv ds

+ σ 2
∫ ∞

δ

∫ s−δ

0
exp(−μs − μ(s − v − δ) + H̃(v, s − v, s − v − δ))

{
h(0, s − v)

[h(v, s − δ) + h(v, s)] + h(0, s − v − δ)[h(v, s − δ) + h(0, s)]
}

dv ds

+ σ 2
( ∫ δ

0
h(0, δ − v)G(δ − v)dv

)( ∫ ∞

0
h(0, v)G(v) dv

)
.

where

H̃(x, y, z)

= η2

4β3

(
1 − eβ(x+y) − e−β(x+z) + e−βx

)2 + η2

β3 (1 − e−βx)(1 − e−βz − e−βy)

+ η2

2β2 x + η2

4β3 (1 − e−2βx)
(
1 + e−2βy − 2e−βy + e−2βz − 2e−βz + 2e−β(y+z)

)

+ 2η2

β2 z + η2

4β3 (1 − e−2βz)(1 + e−2β(y−z) + 2e−β(y−z))

+ 2η2

β3 e−βy(1 − eβz) + 2η2

β3 (e−βz − 1) + η2

2β2 (y − z) − 3η2

4β3 (1 − e−2β(y−z)).

and

G(x) = exp
(

− μx + η2

4β3 (1 − e−βx)2 + η2

2β2 x − η2

β3 (1 − e−βx) + η2

4β3 (1 − e−2βx)
)
.
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As a conclusion, when we consider α to be an OU process, then the GOU process is
weakly stationary if μβ is greater than twice the stationary variance of α. Thus, it is
weakly stationary if we impose the condition

μβ >
η2

β
,

on the parameters of the model.

Remark 3.13 In this section we consider α to be a BS process. However we can also
choose α to be a Lévy-driven OU process. That is

dα(t) = −βα(t) dt + η dL(t) , (25)

where L is a subordinator. In this case we assume that the filtrationFt≥0, is generated
by the Brownian motion W and the Lévy process L. Thus, considering the Malliavin
derivative in the direction of W , we get Dsα(v) = 0, for s, v ∈ [0, T ] since W and L
are independent. Thus applying Proposition 2.2 we get the following expression for
the process X

X(t) = X0 exp

(
−

∫ t

0
α(u) du

)
+

∫ t

0
σ exp

(
−

∫ t

s
α(u)du

)
δW(s).

Moreover, we have

∫ t

0
α(u)du = β−1(1 − e−βt) +

∫ t

0
β−1(1 − e−β(t−u))dL(u).

Therefore

E[X(t)] = X0 exp(−β−1(1 − e−βt))E
[

− exp
{ ∫ t

0
β−1(1 − e−β(t−u))

}
dL(u)

]
.

Then we can write the last expression in terms of the cumulant function of the
Lévy subordinator L and we compute the limit. Analytical expressions can also be
computed for the variance and the correlation.

Another case would be to choose L to be a Lévy process driven by a pure jump
part and a Brownian motion. Then we exploit again the independence structure
between the jumps and the Brownian motion and we get the same expression for
the Malliavin derivative of α as in the pure continuous case, where the Malliavin
derivative is considered in the direction of W (see for example Solé et al. [19] for
a Malliavin calculus for Lévy processes where a Malliavin operator in the direction
of the Brownian motion and a Malliavin operator in the direction of the pure jump
process were considered). We come back to our case as the challenging part in the
analysis with the difference that the expression for

∫ t
0 α(u) du will include the jump

part.
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4 Local Behavior

In this section we study the instantaneous rate of change in the mean and in the
squared fluctuations of the process X given that X(s) = x, where x ∈ R. We do not
present present the proofs of the results studied in this section since they follow the
same lines as the proofs of the propositions in Sect. 3.

We compute in the next lemma the mean of the increment X(t) − X(s), t ≥ s,
given that X(s) = x.

Lemma 4.1 We have for s ≤ t,

E[X(t) − X(s)|X(s) = x] = x
(
f (t − s) − 1

) + f̃ (t − s),

where

f (v) = exp
{

− μv + 1

2

∫ ∞

0
h2(u, v + u)du + 1

2

∫ v

0
h2(0, u)du

}
(26)

and

f̃ (v) = −
∫ v

0
σh(0, u)f (u)du .

From this lemma we can compute the instantaneous rate of change in the mean of
the process X, given that X(s) = x. This is the content of the next proposition.

Proposition 4.2 Assume that for all t ∈ [0, T ],

h2(u, t − s + u) ≤ ζ(s, u) (27)

and
|g(t − s + u)| ≤ ψ(s, u), (28)

where
∫ ∞
0 ζ(s, u)du < ∞ and

∫ ∞
0 ψ(s, u)du < ∞. Moreover assume

(A )

∫ ∞

0
|h(0, u)f (u)| < ∞ ,

∫ ∞

0
h2(0, u) < ∞ .

Then we have for s ≤ t,

a(x) = lim
t→s

E[X(t) − X(s)|X(s) = x]
t − s

= −μx . (29)

Aswecan see, locally the drift ofX is behaving like the drift of anOrnstein-Uhlenbeck
process. The speed of mean reversion becomes equal to the mean of α, namely μ.

In the next lemma we compute the squared fluctuations of X(t) − X(s), t ≥ s
given that X(s) = x.
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Lemma 4.3 We have for s ≤ t,

E
[
(X(t) − X(s))2]|X(s) = x

] = I1 − 2I2 + I3 − 2xI4 + 2xI5 + x2I6 ,

where

I1 = E

[{ ∫ t

s
σ exp

( −
∫ t

u
α(v)dv

)
δW(u)

}2]
,

I2 = E

[{ ∫ t

s
σ 2 exp(−

∫ t

u
α(v)dv)δW(u)

}

{ ∫ t

s
h(0, t − u) exp(−

∫ t

u
α(v)dv)du)

}]
,

I3 = E

[( ∫ t

s
σh(0, t − u) exp

( −
∫ t

u
α(v)dv

)
du

)2]
,

I4 = E

[ ∫ t

s
σh(0, t − u) exp(−

∫ t

u
α(v)dv)du

{
exp(−

∫ t

s
α(v)dv) − 1

}]
,

I5 = E

[
exp(−

∫ t

s
α(v)dv)

∫ t

s
σ exp(−

∫ t

u
α(v)dv)δW(v)

]
,

I6 = E

[(
exp

( −
∫ t

s
α(v)dv

) − 1
)2]

.

With this lemma at hand, we can consider the instantaneous rate of change of the
squared fluctuations of the process X given that X(s) = x.

Proposition 4.4 Assume that (27), (28), and (A ) holds true. If moreover,

(B)

∫ ∞
0

exp(−2μv + H(0, v))dv < ∞,

∫ ∞
0

∫ v

0
|h(0, u)|e−2μ(u)−μ(v−u)+H(v−u,u)

∣∣3h(v − u, v) + h(0, v)
∣∣dudv < ∞,

∫ ∞
0

∫ v

0
|h(0, v − u)|e−2μ(v−u)−μ(u)+H(u,v−u)

∣∣3h(0, v) + h(u, v)
∣∣dudv < ∞ .

Moreover, if

(C )

∫ ∞

0
|h(0, v)|e−2μv+H(0,v)dv < ∞ ,

∫ ∞

0

∫ v

0

∣∣∣h(0, u)
∂

∂v
H(v − u, u)

∣∣∣e−2μu−μ(v−u)+H(v−u,u)du dv < ∞ ,

∫ ∞

0

∣∣∣h(0, v)
∂

∂v
H(0, v)

∣∣∣e−2μv+H(0,v)dv < ∞ ,
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∫ ∞

0

∫ v

0
h(0, u)

{
e−2μu−μ(v−u)+H(v−u,u)

( ∂

∂v
H(v − u, u)

)2

+ ∂2

∂v2
H(v − u, u)

}
du dv < ∞ .

Then we have for s ≤ t

b2(x) = lim
t→s

E[(X(t) − X(s))2|X(s) = x]
t − s

= σ 2.

The variance of the process X will locally behave as a constant, and therefore wemay
view the process X as an Ornstein-Uhlenbeck process for small increments. Notice
that for the so-called diffusion processes (see for exampleKloeden and Platen [14] for
more about such processes), the quantity a(x) is called the drift of the diffusion and
b(x) its diffusion coefficient at position x. These two terms describe the behavior of
the first and second ordermoment of increments of the processX over an infinitesimal
time interval [s, s + ds].

Now we consider the case where α is the OU process given in (7). Under the
assumption

μβ >
η2

β2
,

the results of Propositions 4.2 and 4.4 hold true. In fact when α is an OU process
then assumptions (27), (28), (A ), and (B) follow immediately fromLemmas 3.4 and
3.10. To prove (C ) we observe that ∂

∂v H(v − u, u) and ∂2

∂v2 H(v − u, u) are bounded
uniformly in u and v and thus (C ) becomes equivalent to (B).

5 Chaos Expansion

In this section we develop the chaos expansion of X. We denote by In(φn), for a
natural number n, the nth chaos with kernel function φn ∈ L2(Rn) being symmetric.
That is,

In(φn) =
∫

Rn

φn(u1, . . . , un)dW⊗n(u1, . . . , un)

= n!
∫ ∞

−∞

∫ un−1

−∞
· · ·

∫ u2

−∞
φn(u1, . . . , un) dW(u1) · · · dW(un) .

Note that in particular, I0(φ0)) = φ0 is simply a constant and

I1(φ1) =
∫

R

φ1(u) dW(u) ,
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a Gaussian random variable with zero mean and variance being the L2(R)-norm
of φ1. Throughout this section we assume that the integrability condition on h in
Lemma 3.2 holds.

Our first result concerns the chaos expansion of − ∫ t
s α(u) du.

Lemma 5.1 It holds that

−
∫ t

s
α(u) du = −μ(t − s) + I1(φs,t) ,

for
φs,t(u) = −h(s − u, t − u)1(u ≤ s) − h(0, t − u)1(s ≤ u ≤ t) . (30)

Proof From Lemma 3.2, we find

−
∫ t

s
α(u) du = −μ(t − s) −

∫ s

−∞
h(s − u, t − u) dW(u) −

∫ t

s
h(0, t − u) dW(u)

= −μ(t − s) +
∫

R

φs,t(u) dW(u) .

Hence, the result follows.

Next, we state explicitly the chaos expansion of exp
(
− ∫ t

s α(u) du
)
.

Lemma 5.2 It holds

exp

(
−

∫ t

s
α(u) du

)
=

∞∑

n=0

In

(
1

n! f (t − s)φ⊗n
s,t

)
,

where f is given by (26).

Proof From the theory of chaos expansions (see for example Exercise 1.1.1 in
Nualart [17]), it holds

exp

(
I1(φs,t) − 1

2
|φs,t|22

)
=

∞∑

n=0

1

n! In
(
φ⊗n

s,t

)
,

where | · |2 denotes the L2(R)-norm. But,

|φs,t|22 =
∫

R

(h(s − u, t − u)1(u ≤ s) + h(0, t − u)1(s ≤ u ≤ t))2 du

=
∫ ∞

0
h2(u, t − s + u) du +

∫ t−s

0
h2(0, u) du .

Hence, the result follows from Lemma 5.1.
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Using this, we can compute the chaos of the “drift-term” of X.

Lemma 5.3 Assume that the function

v �→ h(0, v) exp

(
−μv +

∫ ∞

0
h2(u, v + u) du +

∫ v

0
h2(0, u) du

)

is integrable on [0, t]. Then the integral
∫ t
0 h(0, t − s) exp(− ∫ t

s α(u) du) ds is well-
defined as a Bochner integral in L2(Ω,F , P). Moreover, it holds

∫ t

0
h(0, t − s)e− ∫ t

s α(u) du ds =
∞∑

n=0

In

(
1

n!
∫ t

0
h(0, t − s)f (t − s)φ⊗n

s,t ds

)
,

where f is defined in Lemma 5.2 and φs,t in (30).

Proof Recall that

exp

(
−

∫ t

s
α(u) du

)
= exp

(−μ(t − s) + I1(φs,t)
)

,

and hence

E

[
exp

(
−2

∫ t

s
α(u) du

)]1/2

= exp
(−μ(t − s) + |φs,t|22

)

= exp

(
−μ(t − s) +

∫ ∞

0
h2(u, t − s + u) du +

∫ t−s

0
h2(0, u) du

)
,

from the proof of Lemma 5.2. But then the condition implies that s �→ h(0, t − s)

exp
(
− ∫ t

s α(u) du
)
is Bochner integrable on [0, t]. Invoking Proposition 8.1 and the

following discussion on p. 281 in Hida et al. [13], the chaos expansion of a Bochner
integral is given by integrating the chaos functions. Hence, the result follows.

Finally, we compute the chaos expansion of the Skorohod integral in the next lemma.

Lemma 5.4 Assume that e− ∫ t
s α(u) du is Skorohod integrable. It holds that

∫ t

0
e− ∫ t

s α(u) du δW(s) =
∞∑

n=0

In+1

(
1

n!ψn,t

)
,

where ψn,t ∈ L2(Rn+1) is the symmetrization of the function

ψ̃n,t(u1, . . . , un, un+1) = 1[0,t](un+1)f (t − un+1)φ
⊗n
un+1,t(u1, . . . , un) .
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Proof This follows from Proposition 1.3.3 in Nualart [17].

Collecting together the results in the lemmas above, we find the chaos expansion of
X(t) to be

X(t) = X0 f (t) +
∫ t

0
σh(0, u)f (u) du

+
∞∑

n=1

In

(
1

n!
(

X0f (t)φ⊗n
0,t +

∫ t

0
σh(0, t − s)f (t − s)φ⊗n

s,t ds + σnψn−1,t

))
.

(31)

Note that the integral in the chaos functions can be alternatively written as

∫ t

0
h(0, t − s)f (t − s)φ⊗n

s,t ds =
∫ t

0
h(0, u)f (u)φ⊗n

t−u,t du

after a change of variables.
We consider the case where α is the OU process given by (7). In this case,

g(u) = ηe−βu and exp(− ∫ t
s α(u)du) is Skorohod integrable as it was already dis-

cussed in Sect. 3. Since we are working in the setting of L2(Ω,F , P)-random vari-
ables, we suppose that μβ > η2/β, which we recall from the previous section that
it is a sufficient condition for the second order moment of X(t) to exist for all t ≥ 0.
We compute a chaos expansion for a random variable X in this particular case of
specification of g and investigate the kernel functions in the chaos expansion.

Let us start with considering the zero order chaos, which is the mean of X. We
recall the expression of h(x, y) and f (x) in (8) and (26), resp. We know the limit of
the zero order chaos (the mean) from Proposition 3.3, giving

lim
t→∞ X0f (t) +

∫ t

0
h(0, u)f (u) du =

∫ ∞

0
h(0, u)f (u) du .

Next, we focus on chaos 1, that is the case n = 1 for simplicity. In the following
lemma we compute the point wise limit of the kernel of chaos 1.

Lemma 5.5 Assume μβ > η2/2β. The limit of the first order chaos is given by

lim
t→∞ X0f (t)φ0,t(u) +

∫ t

0
σh(0, t − s)f (t − s)φs,t(u) ds = keβu 1(u≤0) , (32)

where k = − ∫ ∞
0 h̃(u) du + β

∫ ∞
0

∫ v
0 h̃(s)e−β(v−s) ds dv.
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Proof As we have from (30)

φs,t(u) = −h(s − u, t − u)1(u ≤ s) − h(0, t − u)1(s ≤ u ≤ t)

= −
∫ t−u

s−u
g(v) dv1(u ≤ s) −

∫ t−u

0
g(v) dv1(s ≤ u ≤ t)

= η

β
eβu

(
e−βt − e−βs

)
1(u ≤ s) + η

β

(
e−β(t−u) − 1

)
1(s ≤ u ≤ t) .

for u ∈ R. Let h̃(v) = η

β
h(0, v)f (v) . Note that we have

h(0, u)f (u) = η

β
(1 − e−βu) exp

(
− μu + 1

2

∫ ∞

0
h2(v, u + v)dv + 1

2

∫ u

0
h2(0, v)dv

)

= η

β
(1 − e−βu) exp

( − μu − η2

2β3 + η2

2β3 e
−βu + η2

2β2 u
)
.

Then

∫ t

0
h(0, t − s)f (t − s)φs,t(u) ds

=
∫ t

0
h̃(t − s)eβu(e−βt − e−βs)1(u ≤ s) ds +

∫ t

0
h̃(t − s)(e−β(t−u) − 1)1(s ≤ u ≤ t) ds

=
⎧
⎨

⎩

∫ t
0 h̃(t − s)eβu(e−βt − e−βs) ds , u ≤ 0 ,∫ t
u h̃(t − s)eβu(e−βt − e−βs) ds + ∫ u

0 h̃(t − s)(e−β(t−u) − 1) ds , u ∈ [0, t] ,
0 , u > t .

Consider first u < 0. After a simple change of variables, it holds,

∫ t

0
h̃(t − s)eβu(e−βt − e−βs) ds = eβu

(
−

∫ t

0
h̃(s)e−β(t−s) ds + e−βt

∫ t

0
h̃(s) ds

)
.

Since under the assumed condition, limt→∞
∫ t
0 h̃(s) ds = η

β

∫ ∞
0 h(0, s)f (s) ds, then

lim
t→∞ e−βt

∫ t

0
h̃(s) ds = 0 .

From the “key formula” in (22), we find

∫ t

0
h̃(s)e−β(t−s) ds =

∫ t

0
h̃(s) ds +

∫ t

0

∫ v

0
h̃(u)(−β)e−β(v−u) du dv

=
∫ t

0
h̃(s) ds − β

∫ t

0
e−βv

∫ v

0
h̃(u)eβu du dv .
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Notice that the first term on the right-hand side has a limit as time goes to infinity.
To have a limit for the second term, we need that the function

v �→ exp(−βv)
∫ v

0
h̃(u) exp(βu) du

is integrable on R+. But this is indeed the case, since

e−βv
∫ v

0
h̃(u)eβu du ≤ ce−βv

∫ v

0
eβu−μu+η2u/(2β2) du

≤ c
e−βv − e

−(μ− η2

2β2
)v

μ − η2

2β2 − β
,

which is integrable on R+ by assumptions on the parameters. We can therefore
conclude that for every u < 0, there exists a limit as t → ∞ given by

lim
t→∞

∫ t

0
h̃(t − s)φs,t(u) ds =

(
−

∫ ∞

0
h̃(u) du + β

∫ ∞

0
e−βv

∫ v

0
h̃(s)eβs ds dv

)
eβu .

(33)
Next, let us consider a fixed u ∈ R+. Note that for t > u,

h̃(t − s) ≤ ce−(μ−η2/(2β2))(t−s) ,

and hence for fixed u we will find that
∫ u
0 h̃(t − s) ds → 0, when t → ∞. But this

yields that pointwise in u ∈ R+,
∫ u
0 h̃(t − s)(e−β(t−u) − 1) ds → 0, when t → ∞.

Next, after a change of variables and some straightforward manipulations,

∫ t

u
h̃(t − s)eβu(e−βt − e−βs) ds = −

∫ t−u

0
eβue−β t̃h(v)(eβv − 1) dv . (34)

But for v ≤ t − u, we have

|eβue−β t̃h(v)(eβv − 1)| ≤ ceβue−βteβve−(μ−η2(2β2))v

≤ ceβue−βt eβ(t−u)e−(μ−η2/(2β2))v ,

which is integrable in R+. Thus we can take the limit inside the integral in (34) and
we prove that the limit of

∫ t
u h̃(t − s)eβu(e−βt − e−βs) ds goes to 0 when t goes to

infinity and the statement is proved.
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We note further that the pointwise limit in (32) is indeed a function in L2(R). One
could hope that the kernel of chaos 1 converges not only pointwise to the L2(R)-
function exp(βu)1(u < 0), but also in L2(R). We demonstrate that this is not the
case. Indeed, we have

∣∣∣
∫ t

0
h̃(t − s)φs,t(·) ds − keβ·1(· < 0)

∣∣∣
L2(R)

=
∣∣∣
∫ t

0
h̃(t − s)(e−βt − e−βs) dseβ·1(· < 0) − keβ·1(· < 0)

+
∫ t

·
h̃(t − s)(e−βt − e−βs) dseβ·1(0 ≤ · ≤ t)

+
∫ ·

0
h̃(t − s)(e−β(t−·) − 1) ds1(0 ≤ · ≤ t)

∣∣∣
2

L2(R)

= 1

2β

∣∣∣
∫ t

0
h̃(t − s)(e−βt − e−βs) ds − k

∣∣∣
2

+
∫ t

0

( ∫ t

u
h̃(t − s)(e−βt − e−βs) dseβu +

∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2
du

The first term goes to zero by definition of k (using the arguments as above). We
consider the second term. We have

∫ t

0

( ∫ t

u
h̃(t − s)(e−βt − e−βs) dseβu +

∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2
du

=
∫ t

0

( ∫ t

u
h̃(t − s)(e−βt − e−βs) dseβu

)2
du

+
∫ t

0

( ∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2
du

+ 2
∫ t

0

( ∫ t

u
h̃(t − s)(e−βt − e−βs) dseβu

)( ∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)
du.

(35)

However, for s ≤ t, we have

h̃(t − s) ≥ c(1 − e−β(t−s))e−t(μ− η2

2β )es(μ− η2

2β )
,

where c is a strictly positive constant. Thus

( ∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2 ≥ c(1 − e−βt)4e−2t(μ− η2

2β )
(e2u(μ− η2

2β ) − 1).
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Integrating and taking the limit when t goes to infinity we get

lim
t→∞

∫ t

0

( ∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2
du

≥ lim
t→∞

∫ t

0
c(1 − e−βt)4e−2t(μ− η2

2β )
(e2u(μ− η2

2β ) − 1) du

≥ lim
t→∞ c(1 − e−βt)4e−2t(μ− η2

2β )
(e2t(μ− η2

2β ) − 1 − t)

= c,

where c is a strictly positive constant. Since the first and third terms in (35) are
positive then we have

lim
t→∞

∫ t

0

( ∫ t

u
h̃(t − s)(e−βt − e−βs) dseβu +

∫ u

0
h̃(t − s) ds(e−β(t−u) − 1)

)2
du > 0

Therefore the kernel function of chaos 1 converges pointwise to a square-integrable
function, but not in L2.

Acknowledgments Asma Khedher thanks the KPMG Center of Excellence in Risk Management
for the financial support.

References

1. Alos, E., Mazet, O., Nualart, D.: Stochastic calculus with respect to Gaussian processes. Ann.
Probab. 29(2), 766–801 (2001)

2. Barlow, M., Gusev, Y., Lai, M.: Calibration of multifactor models in electricity markets. Int. J.
Theor. Appl. Finan. 7(2), 101–120 (2004)

3. Barndorff-Nielsen, O.E., Basse O’Connor, A.: Quasi Ornstein-Uhlenbeck processes. Bernoulli
17(3), 916–941 (2011)

4. Barndorff-Nielsen, O.E., Schmiegel, J.: Brownian semistationary processes and volatil-
ity/intermittency. In: Albrecher, H., Runggaldier, W., Schachermayer, W. (eds.) Advanced
Financial Modeling. Radon Series on Computational and Applied Mathematics, vol. 8, pp.
1–26. W. de Gruyter, Berlin (2009)

5. Barndorff-Nielsen, O.E., Benth, F.E., Veraart, A.E.D.: Modelling energy spot prices by volatil-
ity modulated Lévy-driven Volterra processes. Bernoulli 19(3), 803–845 (2013)

6. Basse, A., Pedersen, J.: Lévy driven moving averages and semimartingales. Stoch. Proc. Appl.
119, 2970–2991 (2009)
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Continuity of Local Time:
An Applied Perspective

Jorge M. Ramirez, Enirque A. Thomann and Edward C. Waymire

Abstract Continuity of local time for Brownian motion ranks among the most
notable mathematical results in the theory of stochastic processes. This article
addresses its implications from the point of view of applications. In particular an
extension of previous results on an explicit role of continuity of (natural) local time
is obtained for applications to recent classes of problems in physics, biology and
finance involving discontinuities in a dispersion coefficient. The main theorem and
its corollary provide physical principles that relate macro scale continuity of deter-
ministic quantities to micro scale continuity of the (stochastic) local time.

Keywords Dispersion · Discontinuous diffusion · Skew brownian motion · Semi-
martingale local time · Diffusion local time · Occupation time

1 Introduction

Quoting from the backcover of the intriguing recent monograph [3]:

Random change of time is key to understanding the nature of various stochastic processes and
gives rise to interesting mathematical results and insights of importance for the modelling
and interpretation of empirically observed dynamic processes.

This point could hardly have been more aptly made with regard to the perspec-
tive of the present paper. The focus is on identifying the way in which continu-
ity/discontinuity properties of certain local times of a diffusive Markov process
inform interfacial discontinuities in large scale concentration, diffusion coefficients,
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and transmission rates. For these purposes one may ignore processes with drift, and
focus on discontinuities in diffusion rates and/or specific rate coefficients. This builds
on related work of the authors where the focus was on interfacial effects on other
functionals such as occupation time and first passage times; see [27] for a recent
survey. We also restrict our study to one-dimensional processes. Some extensions to
higher dimensions can be found in [25].

Dispersion problems in the physical sciences are often described by a second
order linear parabolic equation in divergence form that results from a conservation
law applied to the concentration of some substance. A particular class of interest for
this paper is that of the one-dimensional diffusion equation (1) with discontinuous
parameters D andη and specifieddiscontinuities in the concentration.More precisely,
we consider the solution u(t, y) to the following problem for y ∈ R \ I , t � 0,

η
∂u

∂t
= ∂

∂y

(
1
2 D

∂u

∂y

)
,

[
D

∂u

∂y

]

x j

= 0, β+
j u(t, x+

j ) = β−
j u(t, x−

j ), j ∈ Z.

(1)
with a prescribed initial condition u(0, y) = u0(y), y ∈ R, and under the following
assumptions.

Assumptions 1 We consider a discrete set of “interfaces”

I := {x j : j ∈ Z}, x0 := 0, x j < x j+1, j ∈ Z, (2)

with no accumulation points. The functions D and η exhibit jump discontinuities
only at points in I :

[D]x j := D(x+
j ) − D(x−

j ) �= 0, [η]x j := η(x+
j ) − η(x−

j ) �= 0, j ∈ Z. (3)

We further assume that D and η are functions of bounded variation in R with η

being continuous, and D differentiable in (x j , x j+1) for all j ∈ Z. Finally, there
exist constants 0 < k < K < ∞ such that

k � D(x) � K , k � η(x) � K , x ∈ R. (4)

The constants {β±
j } are strictly positive and such that

∑

j∈Z

β+
j

β−
j

< ∞. (5)

Equation (1) is often referred to as a continuity equation for the conserved quantity
η(y)u(t, y); Fourier’s flux law for heat conduction and the corresponding Fick’s law
for diffusion being among themost notable. The right-side of the pde is the divergence
of the diffusive flux 1

2 D ∂u
∂y of u, and the first bracket condition is continuity of flux

at the interfaces.
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In Jean Perrin’s historic determination of Avogadro’s number NA from observa-
tions of individual particle paths submerged in a homogeneous medium, the proce-
dure was clear [24]. Einstein had provided a twofold characterization of the diffusion
coefficient D in Fick’s law: first as a function of variables at the molecular scale,
including NA; and second, as the rate of growth of the variance of the position of
particles in time. Thismeant that D, and therefore NA could be statistically estimated.

If one regards (1) as a given physical law that embodies certain interfacial discon-
tinuities at points in I , then the question we want to address is what corresponding
features should be specified about the paths of the stochastic process? Our basic
goal is to show that the answer resides in suitably interpreted continuity properties
of local time.

In an informal conversation where we posed this question to David Aldous, his
reply was that he wouldn’t use a pde to model the phenomena in the first place!
Of course this perspective makes the question all the more relevant to probabilistic
modeling. The mathematical (probabilistic) tools are clearly available to do this, and
much of the objective of this paper is to identify the most suitable way in which
to express the stochastic model in relation to the underlying phenomena. It will be
shown that the interfacial conditions at the pde level can be characterized in terms of
the continuity properties of a certain local time process of the associated diffusion.
In this regard, the continuity of local time of standard Brownian motion will be seen
to indirectly play a pivotal role.

The evolution problem (1) can be viewed as the equation ∂u
∂t = L ∗u for the

operator L ∗ : Dom(L ∗) → L2( dy) given by

L ∗ f := 1

η

d

dy

(
1
2 D

d f

dy

)
, (6)

for functions f ∈ Dom(L ∗) satisfying, besides other decay conditions, that

[
D f ′]

x j
= 0, β+

j f ′(x+
j ) = β−

j f ′(x−
j ), j ∈ Z. (7)

Due to the presence of the coefficient η(y), taking the adjoint in L2( dy) of L ∗
does not generally yield an operator L that generates a positive contraction semi-
group on C0(R). In fact, integration by parts yields,

L g := d

dx

(
1
2 D

d

dx

(
g

η

))
(8)

and any g ∈ Dom(L ) will satisfy the following interfacial conditions:

[
g

η

]

x j

= 0,
D(x+

j )

β+
j

(
g

η

)′
(x+

j ) = D(x−
j )

β−
j

(
g

η

)′
(x−

j ). (9)

We refer to the corresponding evolution problem ∂v
∂t = L v as the adjoint equation.
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While physical laws are often formulated on the basis of conservation principles,
not all such models are apriori conceived in conservation form. In fact some may be
explicitly formulated as a specification of coefficients via a Kolmogorov backward
equationwith an operator of the form (10) below, or directly in the formof a stochastic
differential equation; for a variety of examples of both in the present context, see [5,
11, 12, 15] from hydrology, [7, 19, 22, 26, 30] biology and ecology, [20] finance,
[10] astrophysics, and [18] from physical oceanography.

To accommodate the broad class of such possible examples, the present paper
follows the following general setting. Let L be as in (8) and define the operator
A by

A g := 1

η
L (ηg) = 1

η

d

dx

(
1
2 D

dg

dx

)
. (10)

The interfacial conditions satisfied by a function g ∈ Dom(A ) follow from (9) and
can generally be written in the form:

[g]x j = 0, λ j g
′(x+

j ) = (1 − λ j )g
′(x−

j ), j ∈ Z (11)

for some valuesΛ := {λ j : j ∈ Z} ⊂ (0, 1) for which we further assume the follow-
ing decay condition (equivalent to (5) under (4)):

∑

j∈Z

1 − λ j

λ j
< ∞. (12)

In Sect. 2 we construct a Feller process X = {X (t) : t � 0} with generator
(A ,Dom(A )). The significance of this association is the following: the fundamen-
tal solution p(t, x, y) to the backwards evolution problem ∂v

∂t = A v is precisely the
transition probability density of X . Namely, for an initial condition v(0, x) = v0(x),
the solution v(t, x) can be written as

v(t, x) =
∫

R

p(t, x, y)v0(y) dy = E [v0(X (t))|X (0) = x] . (13)

It follows, in turn, that the fundamental solution to the original diffusion problem (1)
is given by

q(t, x, y) = η(x)

η(y)
p(t, x, y). (14)

This defines the interpretation we will use with respect to the physics of (1) as a
“Fokker-Plank equation”, and to relate it with the diffusion process X .

Remark 1 One might note that this is the form of Doob’s h-transform under the
further constraint that η is harmonic with respect toA . However this latter condition
is generally not appropriate for the physical examples of interest in the present paper.
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On the other hand, were it applicable it could provide an alternative approach to our
problem via conditioning, e.g. see [23].

In order to identify how the interfacial conditions (11) affect the sample paths of
the process X , we will look at the behavior of the natural local time of X at points
in I . This notion of local time was introduced in [2] as the density of the occupation
time operator with respect to Lebesgue measure. Namely for A ∈ B(R), �X (t, x) is
a previsible process, increasing with respect to t , such that

∫ t

0
1A(X (s)) ds =

∫

A
�X (t, x) dx . (15)

Our main result is the following:

Theorem 2 Suppose D, η satisfy Assumptions 1. Let X be the Feller process with
infinitesimal generator (A ,Dom(A )) defined by (10, 11) and Λ satisfying (12).
Then

�X (t, x+
j )

�X (t, x−
j )

= η(x+
j )

η(x−
j )

D(x−
j )

D(x+
j )

λ j

1 − λ j
, j ∈ Z. (16)

with probability one, for any t such that �X (t, x+
j ) > 0.

Corollary 1 Suppose D, η and {β±
j : j ∈ Z} satisfy Assumptions 1. Let u be the

solution to the diffusion Eq. (1) and X its associated Feller process via Eq. (10).
Then

�X (t, x+
j )

�X (t, x−
j )

= η(x+
j )

η(x−
j )

β−
j

β+
j

= η(x+
j )u(t, x+

j )

η(x−
j )u(t, x−

j )
, j ∈ Z. (17)

with probability one, for any t such that �X (t, x+
j ) > 0.

The main principles to be taken from these mathematical results are as follows.
First, Theorem 2 and its corollary demonstrate how the continuity properties of local
time are reflected in the specifications of (1) at interfaces. It is noteworthy that under
the continuity of flux condition, the diffusion coefficient plays no role with regard
to continuity of local time. In particular, its determination would continue to be by
statistical considerations of (local) variances along the lines used by Perrin, while
the jumps in the natural local time are a manifestation of other characteristics of the
model. That is, the relative values of η for given values of β+

j /β−
j , or vice-versa, are

reflected in the local time behaviors of sample paths at interfacial points. An example
is furnished below in which the β and η parameters are relative manifestations of
geometries of both the medium and the dispersing individuals.
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Under continuity of flux, the continuity of local time is equivalent to continuity of
the conserved quantity ηu. In particular if η ≡ 1, or more generally is continuous, the
continuity of u is a manifestation of the continuity of local time. These connections
between continuities at the macro and micro scale are dependent on the continuity
of flux in defining the physical model.

A second principle arises for those contexts inwhich (10) is a prescribed backward
equation with η = β ≡ 1, e.g. as in financial mathematics, [3]. From a physical
perspective the interface condition is not a continuity of flux condition, however

continuity of local time occurs if and only if λ j = D+
j

D−
j +D+

j
, j = 1, 2, . . . .

1.1 Example: Piecewise Constant Coefficients

The scope and interest of our result may be illustrated with a single interface example
motivated by applications to ecological dispersion in heterogeneous media. Consider
a population of erratically moving individuals occupying an infinitely long, two-
dimensional duct as depicted in Fig. 1. Let A(y) be the cross-sectional area of the
duct, and 1/η(y) the biomass of any individual occupying the cross-section at a
distance y from the interface y = 0. Let c(t, (y, ỹ)) denote the concentration of
biomass, which is assumed continuous throughout, ỹ denoting the transversal spatial
variable. Then η(y)c(t, (y, ỹ)) is the concentration of individuals, for which we
assume the following modification to Fick’s law: the flux of individuals is given by
−DI2×2∇c, namely proportional to the gradient of the concentration of biomass. If
D, A and η are taken to be piece-wise constant:

D(y) :=
{

D+ if y > 0

D− if y � 0,
, A(y) :=

{
A+ if y > 0

A− if y � 0
, η(y) :=

{
η+ if y > 0

η− if y � 0
,

(18)

then the concentration of biomass per unit length

u(t, y) =
∫

A(y)

c(t, (y, ỹ)) d ỹ (19)

Fig. 1 Schematics of an
example of a problem
leading to a one-dimensional
diffusion process with one
single interface at y = 0

yD+D−
A−

A+0

ỹ
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satisfies the following one-dimensional diffusion equation

∂u

∂t
= 1

η

∂

∂y

(
1
2 D

∂u

∂y

)
,

[
D

∂u

∂y

]

0

= 0,
1

A− u(t, 0−) = 1

A+ u(t, 0+), (20)

which is of the form (1) with β±
0 = 1/A±. The corresponding backwards operatorA

is given by (10) and (11) with λ0 = A+ D+
A+ D++A− D− ; let X denote the diffusion process

generated by A .
Given an initial biomass distribution u0, by virtue of (14), the solution to (20) can

be written in terms of the transition probabilities of X as:

u(t, y) = 1

η(y)

∫

R

u0(x)η(x) p(t, x, y) dx . (21)

Namely, p(t, x, y) is the density function of the location X (t) of individuals that
started at x , and the paths of X may be regarded as a model for the randommovement
of the individuals.

As in all cases of an operatorA of the form (10) with piece-wise constant coeffi-
cients at a single interface, the associated process X may be expressed explicitly by
re-scaling an appropriate skew Brownian motion (see [1, 2, 21, 27]). Specifically,

X (t) =
√

D
(
Bα(D,A,η)(t)

)

η
(
Bα(D,A,η)(t)

) Bα(D,A,η)(t) (22)

where Bα(D,A,η) is skew Brownian motion with transmission probability

α(D, A, η) = A+√
η+ D+

A+√
η+ D+ + A−√

η− D− . (23)

The effect of the interface on the sample paths of the process X can be readily
observed in the stochastic differential equation solved by X :

X (t) =
∫ t

0

√
D(X (r))

η(X (r))
dB(r) + A+ D+ − A− D−

2A+ D+ L X
+(t, x), (24)

where B denotes standard Brownianmotion, and {L X+(t, x) : t � 0} is the right semi-
martingale local time at x of the unknown process X . See [28] for details. For
the current example, the right continuous version of natural local time is given by
�X+(t, x) := η(x)

D(x)
L X+(t, x), and for every t > 0, �X+(t, ·) is discontinuous at x = 0with

probability one, with a jump characterized by (16).
The nominal effect that a single interface exerts on the particle paths can now

be elucidated by looking into further properties of skew Brownian motion, and nat-
ural local time. On one hand, (14) and the value of α(D, λ, η), inform us that for
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an initial condition concentrated at y = 0, u0 = δ0( dy) in (1), the individuals will
asymmetrically distribute on either side of the interface:

∫ ∞

0
q(t, 0, y) dy = P(X (t) > 0

∣∣X (0) = 0) = η−

η+ α(D, λ, η), for all t > 0.

(25)

On the other hand, natural local time �X (t, x) can be related to the time the process
spends in a small vicinity of x . Of particular interest is the relative times particles
spend at either side of zero. It follows from Corollary 1 that:

lim
ε→0

∫ t
0 1(0,ε)(X (s)) ds

∫ t
0 1(−ε,0)(X (s)) ds

= η+ A+

η− A− , t > 0, a.s. (26)

1.2 Notation and Outline

The analytical treatment here revolves around functions f : R → R that are measur-
able with respect to the Borel σ -algebra B(R). The main function space is Cb(R),
the space of real valued continuous bounded functions. B(R) denotes, in turn, the
space of bounded measurable functions onR. For a measureμ on (R,B(R)), L2(μ)

denotes the Hilbert space { f : R → R; ∫
R

f 2(x)μ( dx) < ∞}. The right and left
limits of a function at x are denoted by f (x+) and f (x−), and their difference is the
jump operator [ f ]x = f (x+) − f (x−). Whenever defined, the derivative of f is d f

dx
or f ′, while f ′±(x) = f ′(x±) denote its left and right derivatives at x .

For the general theory of one-dimensional diffusion processes used here, we refer
the reader to [28]. A diffusion process consists of a measurable space (Ω,F ) and
a family of probability measures {Px : x ∈ R}. A sample path of the process is X =
{X (t) : t � 0} ∈ Ω . Under Px , the paths of X “start at x”, namely, Px (X (0) = x) =
1 for all x ∈ R. Only diffusions on R, with infinite lifetime are considered here.
Much of the analysis of such processes is undertaken in terms of their scale and
speed measures, which we treat as follows. For a ∈ R, the hitting time of a by X is
H X

a = inf{t > 0 : X (t) = a} and the scale measure s( dx) is characterized by

Px (H X
b < H X

a ) = s((a, x))

s(a, b)
, a < x < b. (27)

Every scale measure in this paper will be absolutely continuous with respect to
Lebesgue measure, s( dx) = s ′(x) dx . We also define, without room for confusion,
the scale function

s : R → R, s(x) :=
∫ x

0
s ′(y) dy. (28)
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The speed measure m( dx) of X is the unique Radon measure such that

Ex (H X
a ∧ H X

b ) =
∫

R

[s(x ∧ y) − s(a)] [s(b) − s(x ∨ y)]

s(b) − s(a)
m( dy), a < x < b.

(29)
The infinitesimal generator of the process can be written in terms of the speed and
scale measures as follows

A f = d

dm

d

ds
f, f ∈ Dom(A ), (30)

in the sense that,

d f

ds
(x2) − d f

ds
(x1) =

∫ x2

x1

A f (x)m( dy). (31)

Moreover,

f (Xt ) − f (X0) −
∫ t

0
A f (X (s)) ds, f ∈ Dom(A ), x ∈ R (32)

is a martingale. For a given operator (A ,Dom(A )) if (32) holds, we say that X
solves the martingale problem for A .

The rest of the paper is organized as follows. In the next section we provide a
construction of the diffusion process X associated to the operator (10) and identify a
stochastic differential equation for which X is the unique strong solution. In Sect. 3
we define three related but different notions of local time, including the natural local
time and characterize its spatial continuity properties. The proof of themain Theorem
2 and Corollary 1 follows directly from such characterization.

2 On the Diffusion X

As illustrated in [27], the derivation of an associated process to an evolution operator
(10) can be achieved in several ways, including the general theory of Dirichlet forms,
or by martingale methods. Here, we “read off” the speed and scale measures from
the backward operator written in the form (30) and construct the appropriate process
via a stochastic differential equation. A similar approach was carried out in the case
of piecewise constant coefficients by [25] and will be extended here to the present
framework.

Recall Assumptions 1 on I , D and η, and let (A ,Dom(A )) be as in (10), (11).
Recursively define a sequence ϕ j , j ∈ Z by

ϕ j

ϕ j−1
= D(x+

j )(1 − λ j )

D(x−
j )λ j

= β+
j

β−
j

, j ∈ Z, ϕ0 := 1. (33)
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Then the generator (A ,Dom(A )) given by (10) may be equivalently expressed by

A f (x) = ϕ j

η(x)

d

dx

(
D(x)

2ϕ j

d f

dx

)
, x ∈ (x j , x j+1), j ∈ Z, (34)

acting on functions in Cb(R) that are twice continuously differentiable within each
(x j , x j+1) and such that

D(x−
j )

ϕ j−1
f ′(x−

j ) = D(x+
j )

ϕ j
f ′(x+

j ), j ∈ Z. (35)

In view of (30) and (34), we take m( dx) := m ′(x) dx and s( dx) = s ′(x) dx with
densities prescribed on R \ I by

s ′(x) = 2ϕ j

D(x)
, m ′(x) = η(x)

ϕ j
, x ∈ (x j , x j+1), j ∈ Z. (36)

The existence of an associated diffusion process is established in the following
theorem.

Theorem 3 Suppose D and η satisfy Assumptions 1, and Λ satisfies (12). Let m
and s be measures with densities given by (36). Then there exist a Feller diffusion
X = (Ω,F , {Px : x ∈ R}) with speed and scale measures m and s, respectively, and
whose transition probability function p(t, x, dy) is the fundamental solution to the
backwards equation ∂v

∂t = A v with (A ,Dom(A )) given by (34), (35). Moreover, q
in (14) is the fundamental solution to the forward problem (1).

Proof Note first that the boundedness assumptions on D and η, together with
the fact that I has no accumulation points, make m and s Radon measures.
Since m and s are assumed to have piecewise continuous densities, (30) takes the

form A f (x) = 1
m ′(x+)

d
dx

(
f ′(x)

s ′(x)

)
with Dom(A ) being comprised of all functions

f ∈ Cb(R) such that f ′(x)/s ′(x) is continuous on all of R and differentiable in
R \ I . Specializing to points in I , this specification is equivalent to the conditions
in (35). The range Ran(A ) of A is contained in B(R), and Dom(A ) × Ran(A )

is a linear subset of Cb(R) × B(R). The existence of a diffusion process X that
solves the martingale problem for (A ,Dom(A)) could now be established under
very general conditions (see for example [31]). For our purposes however, The-
orem 4 below explicitly constructs a diffusion X with speed and scale measures
given by m and s, which therefore provides a solution to the martingale problem
for (A ,Dom(A)) for any x ∈ R ([28], Theorem 3.12, p. 308). Moreover, con-
ditions (4) make the boundaries ±∞ inaccessible for the process X , and it fol-
lows from ([17], p. 38) that the the transition probabilities p(t, x, dy) of X make
Tt f (x) = ∫

R
f (y)p(t, x, dy) a strongly continuous semigroup with the Feller prop-

erty, namely Tt : Cb(R) → Cb(R) for all t � 0. Let (A0,Dom(A0)) be the closure
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of the infinitesimal generator of {Tt : t � 0}. By ([8], Theorem 4.1, p. 182) X is gen-
erated byA0 in Cb(R) and is the unique solution to the martingale problem forA . It
follows that A0 = A in Dom(A0) = { f ∈ Dom(A ) : A f ∈ Cb(R)} ⊂ Dom(A ).
Moreover, from standard semigroup theory, d

dt Tt f = A f for all f ∈ Dom(A0),
namely, p(t, x, dy) is the fundamental solution to the backwards equation ∂v

∂t = A v.
The result now follows from the uniqueness of fundamental solutions for parabolic
differential equations (see for example [9]).

We turn now to the construction of the diffusion X with speed and scale measures
given bym and s in (36). The general procedure rests on the fact that the process s(X)

is on natural scale and can be written as an appropriate re-scaling of a time-changed
Brownian motion (see [17] for the general theory, or [25] for the case of piecewise
constant coefficients). Then, we derive the stochastic differential equation that the
process X solves and verify that in fact, a strong solution exists.

We first establish a useful lemma regarding the processes X and s(X).

Lemma 1 Let X be a diffusion process with scale and speed measures s and m
defined through (27)–(29), that are absolutely continuous with respect to Lebesgue
measure, and have densities s ′ and m ′ respectively.

1. Denote Y (t) = s(X (t)), t � 0 where s is the scale function defined in (28). Then
Y is a diffusion with scale function sY (x) = x and speed measure mY with density
satisfying:

m ′(x) = s ′(x)m ′
Y (s(x)) a.e. (37)

2. The quadratic variation of X is given by:

〈X〉t =
∫ t

0

2

m ′(X (s))s ′(X (s))
ds. (38)

Proof That sY (x) = x follow because Y is on natural scale ([28], p. 302). Let a < b
and recall definition (29) of the speed measure. Denoting

g(a, b, x, y) := (x ∧ y − a)(b − x ∨ y)

b − a
, x, y ∈ (a, b). (39)

we can write

Ex
(
H X

a ∧ H X
b

) =
∫ b

a
g(s(a), s(b), s(x), s(y))m ′(y) dy. (40)

Since x → s(x) is an increasing function, Px (X (t) ∈ (a, b)) = Ps(x)(Y (t) ∈ (s(a),

s(b))) and the expected exit time in (40) can also be written as
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Es(x)

(
H Y

s(a) ∧ H Y
s(b)

) =
∫ s(b)

s(a)

g(s(a), s(b), s(x), y)m ′
Y (y) dy (41)

=
∫ b

a
g(s(a), s(b), s(x), s(z))s ′(z)m ′

Y (s(z)) dz. (42)

The uniqueness of the measure m ([28], Theorem 3.6, p. 304) implies (37).
To prove the second assertion, let B be Brownian motion. It follows from ([6]

Theorem 16.51) that a version of Y = s(X) can be written as a time change of B
as follows: let φ(t) := ∫ t

0
1
2m ′

Y (B(r)) dr and T (t) = φ−1(t), then Y (t) = B(T (t)),
t > 0. In particular, 〈Y 〉t = T (t). The quadratic variation of X = s−1(Y ) is therefore

〈X〉t =
∫ t

0
[(s−1)′(Y (r))]2 d〈Y 〉r =

∫ t

0

1

[s ′(X (r))]2 dT (r). (43)

By (37), and performing a change of variables, we can also write T as

T (t) =
∫ T (t)

0
2

1

m ′
Y (B(r))

dφ(r) =
∫ t

0
2

s ′(X (r))

m ′(X (r))
dr. (44)

Combining Eqs. (43) and (44) yields (38).

The following is an extension of results in [21] for the case of piecewise con-
stant coefficient and a single interface, and concerns an equation of the general type
considered by [16] and, more recently, [4].

Theorem 4 Under Assumptions 1, the process X constructed in Theorem 3 is the
pathwise unique strong solution to

X (t) =
∫ t

0

√
D(X (s))

η(X (s))
dB(s) −

∫ t

0

D′(X (s))

2η(X (s))
ds +

∑

j∈Z

2λ j − 1

2λ j
L X

+(t, x j ) (45)

where L X+(t, x) is right semimartingale local time of X and the functions D, η are
taken to be left continuous at points in I .

Proof By Lemma 1 the continuous martingale Y (t) = s(X (t)) has absolutely con-

tinuous quadratic variation 〈Y 〉t = ∫ t
0 Z2(r) dr where Z(r) :=

√
2s ′(X (r))

m ′(X (r))
. It follows

from ([14], Theorem 3.4.2) that there exists a filtered probability spacewith a Brown-
ian motion B, such that Y (t) = ∫ t

0 Z(r) dB(r). Since D is assumed to be of bounded
variation, the function s−1 can be written as the difference of two convex functions
and

(s−1)′′( dx) = − s ′′(s−1(x))

[s ′(s−1(x))]3 dx +
∑

j∈Z

[
1

s ′(x+
j )

− 1

s ′(x−
j )

]
δs−1(x j )( dx). (46)
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Applying the Ito-Tanaka and occupation times formulas ([28], Theorem 1.5 and
Exercise 1.23, Chapter VI) on X (t) = s−1(Y (t)) yields

X (t) =
∫ t

0

√
2

s ′−(X (r))m ′−(X (r))
dB(r) −

∫ t

0

s ′′(X (r))

[s ′(X (r))]2m ′(X (r))
dr

+
∑

j∈Z

[
1 − s ′(x+

j )

s ′(x−
j )

]
L X

+(t, x j ) (47)

which coincides with (45). The pathwise uniqueness of strong solutions follows from
[4, 16], by noting that under the current assumptions,

√
D/η is a function of bounded

variation, bounded away from zero, and the measure (s−1)′′( dx) in (47) is finite with
2λ j −1
2λ j

< 1
2 for all j ∈ Z.

Having obtained the diffusion X corresponding to the conservation form of (1),
in the next section we explore the role of continuity of flux in the structure of X and
its local time.

3 Various Notions of Local Time

Local time has a striking mathematical role in the development of the modern theory
of stochastic processes, from Brownian motion and diffusion, to continuous semi-
martingale calculus, e.g., see [13, 28, 29]. In the course of this development two
particular variations on the notion of local time have occurred as follows:

Definition 1 Let X be a continuous semimartingale with quadratic variation 〈X〉t .
The right, left, symmetric semimartingale local time (smlt) of X is a stochastic
process, respectively denoted L X+(t, x), L X−(t, x), L X∗ (t, x), x ∈ R, t � 0, contin-
uous in t and determined by either being right-continuous in x , left continuous in x ,
or by averaging L X∗ (t, x) = (L X+(t, x) + L X−(t, x))/2, and such that in any case

∫ t

0
ϕ(X (s)) d〈X〉s =

∫

R

ϕ(x)L X
±,∗(t, x) dx, (48)

almost surely for any positve Borel measurable function ϕ.

Remark 2 The notation here is slightly different from that of [28].

Observe that by choosing ϕ as an indicator function of an interval [x, x + ε),

ε > 0, one has by right-continuity, for example, that

L X
+(t, x) = lim

ε↓0
1

ε

∫ t

0
1[x,x+ε)(X (s)) d〈X〉s . (49)
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Similarly, L X− can be obtained by using the indicator on the interval (x − ε, x].
The next definition is that of diffusion local time (dlt) and requires Feller’s notions

of speed measure m( dx) and scale function s(x) (see (27) and (29)). It is customary
to define dlt only for diffusions on natural scale; e.g., [13, 29]. However, since any
diffusion in natural scale is a time change of Brownian motion, it follows that its
local times will therefore be themselves time changes of the local time of Brownian
motion, and therefore always (spatially) continuous. On the other hand, for a general
Feller diffusion X with scale function s, the transformation Y = s(X) produces a
diffusion on natural scale. This transformation renders local time continuity as a
generic property that does not further inform more specific structure of the diffusion
X . We thus extend the definition to Feller diffusions with any scale.

Definition 2 Let Y be a diffusion with speed measure mY ( dy). Then the diffusion
local time (dlt) of Y , denoted L̃Y (y, t) is specified by

∫ t

0
ϕ(Y (r)) dr =

∫

I
ϕ(y)L̃Y (y, t) mY ( dy), (50)

almost surely for any positive Borel measurable function ϕ.

By Lebesgue’s differentiation theorem, it follows that

L̃ X
+(t, x) = lim

ε↓0
1

m[x, x + ε)

∫ t

0
1[x,x+ε)(X (s)) ds (51)

with the corresponding formula for L̃ X−, and L̃ X∗ as the average.
For the case of piecewise constant coefficients at a single interface, a particular

local time continuity property at the interface was identified in [2]. It was useful
there to consider a modification of the more standard notions of semimartingale and
diffusion local time to one referred to as natural local time. This was achieved there
by exploiting explicit connections with skew Brownian motion indicated above. An
extension to piecewise continuous coefficients and multiple interfaces is obtained in
the present note.

The following modification of the definition of local time will be seen as useful in
precisely calibrating jump size relative to the interface parameters. Just as in the case
of semimartingale local time, one may consider right, left, and symmetric versions.

Definition 3 Let X be a regular diffusion. The natural local time (nlt) of X , right,
left, and symmetric, respectively, denoted �X±,∗(t, x) is specified by the occupation
time formula ∫ t

0
ϕ(X (s)) ds =

∫

I
ϕ(y)�X

±,∗(t, x) dx, (52)

for any positive Borel measurable functions ϕ. The right and left versions are defined
by the respective right-continuous, left-continuous versions, while the symmetric nlt
is defined by the arithmetic average of these two.
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Remark 3 In its simplest terms, the modification to natural local time is made physi-
cally natural by examination of its units, namely [ T

L ], whereas those of smlt are those
of (spatial) length [L], while dlt is dimensionless. However, as previously noted, its
essential feature resides in the implications of continuity properties relative to con-
servation laws. In particular, this puts a notion of stochastic local time on par with
fundamentally important principles of concentration flux and conservation of mass
for pdes.

The relationship between the three notions of local time above is summarized in
the following proposition, the proof of which follows from a direct application of
Definitions 1, 2 and 3.

Proposition 1 Let X be a Feller diffusion with speed measure m and quadratic
variation 〈X〉t = ∫ t

0 q(X (s)) ds, then

�X (t, x) = L X (t, x)

q(x)
= m ′(x)L̃ X (t, x), a.s. (53)

with right and left versions obtained by considering the right and left continuous
versions of q and m ′ respectively.

The celebrated theorem of [32] on the (joint) continuity of local time for Brownian
motion is well-known for the depth it provides to the analysis of Brownian motion
paths. This result is also naturally at the heart of the followinggeneral characterization
of continuity of natural local time for regular diffusions.

Theorem 5 Let X be a Feller diffusion on R with absolutely continuous speed
measure m( dx) = m ′(x) dx and scale function s(x). Then the ratio �X (t, x)/m ′(x)

is continuous. Moreover, the natural local time of X is continuous at x if and only if
m ′ is continuous at x.

Proof Let Y (t) = s(X (t)) = B(T (t)) as in the proof of Lemma 1. Then LY (t, x) =
L B(T (t), x), t � 0, x ∈ R. On the other hand, (53) together with (38) and ([28]
Exercise VI.1.23), give

�X (t, x) = m ′(x)s ′(x)

2
L X (t, x) = m ′(x)

2
LY (t, s(x)) = m ′(x)

2
L B(T (t), s(x))

(54)
and the assertion follows from continuity of L B and the scale function.

It is noteworthy that, in general, the semimartingale local time of X is not made
continuous by division bym ′ as inTheorem5,while, as has been previously noted, the
diffusion local time of the process transformed to natural scale is always continuous.
From the point of view of applications the theorem shows that natural local time
furnishes a microscopic probe to detect interfacial parameters η, when β = 1, or β

when η = D, respectively, in (1), through location and size of its discontinuities.
The desired Theorem 2 on the role of the continuity of flux for the process X

defined by (34) now follows as a corollary.
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Proof (Proof of Theorem 2) Let x j ∈ I . By Theorem 5 and the definitions of m ′, ϕ j

in (33), (36) give

�X (t, x+
j )

�X (t, x−
j )

= m ′(x+
j )

m ′(x−
j )

= η(x+
j )ϕ j−1

η(x−
j )ϕ j

= η(x+
j )D(x−

j )λ j

η(x−
j )D(x+

j )(1 − λ j )
(55)
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Simulation of Stochastic Volterra Equations
Driven by Space–Time Lévy Noise

Bohan Chen, Carsten Chong and Claudia Klüppelberg

Abstract In this paper we investigate two numerical schemes for the simulation of
stochastic Volterra equations driven by space–time Lévy noise of pure-jump type.
The first one is based on truncating the small jumps of the noise, while the second one
relies on series representation techniques for infinitely divisible random variables.
Under reasonable assumptions, we prove for both methods L p- and almost sure
convergence of the approximations to the true solution of the Volterra equation. We
give explicit convergence rates in terms of the Volterra kernel and the characteristics
of the noise. A simulation study visualizes the most important path properties of the
investigated processes.

Keywords Simulation of SPDEs · Simulation of stochastic Volterra equations ·
Space–time Lévy noise · Stochastic heat equation · Stochastic partial differential
equation

1 Introduction

The aim of this paper is to investigate different simulation techniques for stochastic
Volterra equations (SVEs) of the form

Y (t, x) = Y0(t, x) +
∫ t

0

∫

Rd
G(t, x; s, y)σ (Y (s, y))Λ(ds, dy) , (t, x) ∈ R+ × R

d ,
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where G is a deterministic kernel function, σ a Lipschitz coefficient and Λ a Lévy
basis onR+×R

d of pure-jump typewith noGaussian part. In the purely temporal case
where no space is involved and the kernel G is sufficiently regular on the diagonal
{(t; s) ∈ R+ × R+ : t = s}, the existence and uniqueness of the solution Y to (1)
are established for general semimartingale integrators in [14]. The space–time case
(1) is treated in [5] for quite general Lévy bases. In particular, G is allowed to be
singular on the diagonal, which typically happens in the context of stochastic partial
differential equations (SPDEs) where G is the Green’s function of the underlying
differential operator. More details on the connection between SPDEs and the SVE
(1) are presented in Sect. 2, or can be found in [2, 5, 20].

Since in most cases there exists no explicit solution formula for the SVE (1), it
is a natural task to develop appropriate simulation algorithms. For SPDEs driven
by Gaussian noise, research on this topic is rather far advanced, see e.g. [7, 9, 21].
However, for SPDEs driven by jump noises such as non-Gaussian Lévy bases, the
related literature is considerably smaller, see [3] and the work of Hausenblas and
coauthors [8, 10, 11]. The case σ ≡ 1 has been treated in [4]. The contribution of
our paper can be summarized as follows:

• We propose and analyze two approximation schemes for (1), each of which
replaces the original noise by a truncated noise that only has finitely many atoms
on compact subsets of R+ ×R

d . For the first scheme, we simply cut off all jumps
whose size is smaller than a constant. For the second scheme, we use series rep-
resentation techniques for the noise as in [17] such that the jumps to be dropped
off are chosen randomly. Both methods have already been applied successfully to
the simulation of Lévy processes, cf. [1, 18].

• In the case where G originates from an SPDE, the crucial difference of our numer-
ical schemes to the Euler or finite element methods in the references mentioned
before is that we do not simulate small space–time increments of the noise but
successively the true jumps of the Lévy basis, which is an easier task given that
one usually only knows the underlying Lévy measure. It is important to recognize
that this is only possible because the noise Λ is of pure-jump type, and contains
neither a Gaussian part nor a drift. We shall point out in Sect. 6 how to relax this
assumption.

The remaining article is organized as follows: Sect. 2 gives the necessary back-
ground for theSVE (1). In particular,wepresent sufficient conditions for the existence
and uniqueness of solutions, and address the connection between (1) and SPDEs.
In Sect. 3 we construct approximations to the solution Y of (1) by truncating the
small jumps of the Lévy basis. We prove in Theorem 1 their L p-convergence, and
in some cases also their almost sure (a.s.) convergence to the target process Y . In
Sect. 4 we approximate the driving Lévy basis using series representation methods.
This leads to an algorithm that produces approximations again converging in the
L p-sense, sometimes also almost surely, to Y , see Theorem 2. In both theorems, we
find explicit L p-convergence rates that only depend on the kernel G and the charac-
teristics of Λ. Section5 presents a simulation study for the stochastic heat equation
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which highlights the typical path behaviour of stochastic Volterra equations. The
final Sect. 6 compares the two simulation algorithms developed in this paper and
discusses some further directions of the topic.

2 Preliminaries

We start with a summary of notations that will be employed in this paper.

R+ The set [0,∞) of positive real numbers
N The natural numbers {1, 2, . . .}
B A stochastic basis (Ω,F ,F = (Ft )t∈R+ ,P) satisfying the usual hypo-

theses of completeness and right-continuity
Ω̄ ,Ω̃ Ω̄ := Ω × R+ and Ω̃ := Ω × R+ × R

d where d ∈ N

B(Rd) The Borel σ -field on R
d

B̃b The collection of all bounded Borel sets of R+ × R
d

P The predictable σ -field onB or the collection of all predictable processes
Ω̄ → R

P̃ The productP ⊗B(Rd) or the collection allP ⊗B(Rd)-measurable
processes Ω̃ → R

P̃b The collection of sets in P̃ which are a subset of Ω × [0, k] × [−k, k]d

for some k ∈ N

δa The Dirac measure at a
p∗ p ∨ 1
L p The space L p(Ω,F ,P), p ∈ (0,∞) with ‖X‖L p := E[|X |p]1/p∗

L0 The space L0(Ω,F ,P) of all random variables on B endowed with the
topology of convergence in probability

B p
loc The set of all Y ∈ P̃ for which ‖Y (t, x)‖L p is uniformly bounded on

[0, T ] × R
d for all T ∈ R+ (p ∈ (0,∞))

Ac The complement of A within the superset it belongs to (which will be
clear from the context)

A − B {x − y : x ∈ A, y ∈ B}
−A {−x : x ∈ A}
Leb The Lebesgue measure on R

d (d should be clear from the context)
‖ · ‖ The Euclidean norm on R

d

C, C(T ) Two generic constants in R+, one dependent and one independent of T ,
whose values are irrelevant in this paper and may therefore change from
one place to the other

We suppose that the stochastic basis B supports a Lévy basis, that is, a mapping
Λ : P̃b → L0 with the following properties:
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• Λ(∅) = 0 a.s.
• For all pairwise disjoint sets (Ai )i∈N ⊂ P̃b with

⋃∞
i=1 Ai ∈ P̃b we have

Λ

( ∞⋃

i=1

Ai

)
=

∞∑

i=1

Λ(Ai ) in L0 . (2)

• (Λ(Ω × Bi ))i∈N is a sequence of independent random variables if (Bi )i∈N are
pairwise disjoint sets in B̃b.

• For every B ∈ Bb, Λ(Ω × B) has an infinitely divisible distribution.
• Λ(A) isFt -measurable when A ∈ P̃b and A ⊆ Ω × [0, t] × R

d for t ∈ R+.
• For every t ∈ R+, A ∈ P̃b and Ω0 ∈ Ft we have a.s.

Λ(A ∩ (Ω0 × (t,∞) × R
d)) = 1Ω0Λ(A ∩ (Ω × (t,∞) × R

d)) .

Just as Lévy processes are semimartingales and thus allow for an Itô integra-
tion theory, Lévy bases belong to the class of L0-valued σ -finite random measures.
Therefore, it is possible to define the stochastic integral

∫

R+×Rd

H(s, y)Λ(ds, dy)

for H ∈ P̃ that are integrable with respect to Λ, see [6] for the details.
Similarly to Lévy processes, there exist two notions of characteristics for Lévy

bases: one going back to [15, Proposition 2.1] that is based on the Lévy-Khintchine
formula and is independent ofF, and a filtration-based one that is useful for stochastic
analysis [6, Theorem 3.2]. For the whole paper, we will assume that both notions
coincide such thatΛ has a canonical decomposition under the filtration F of the form

Λ(dt, dx) = B(dt, dx) + Λc(dt, dx) +
∫

R

z1{|z|≤1} (μ − ν)(dt, dx, dz)

+
∫

R

z1{|z|>1} μ(dt, dx, dz) ,

where B is a σ -finite signed Borel measure on R+ × R
d , Λc a Lévy basis such that

Λ(Ω × B) is normally distributed with mean 0 and variance C(B) for all B ∈ B̃b,
and μ a Poisson measure on R+ ×R

d relative to F with intensity measure ν (cf. [12,
Definition II.1.20]). There exists also a σ -finite Borel measure λ on R+ × R

d such
that

B(dt, dx) = b(t, x) λ(dt, dx) , C(dt, dx) = c(t, x) λ(dt, dx) and

ν(dt, dx, dz) = π(t, x, dz) λ(dt, dx) (3)
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with two functions b : R+ ×R
d → R and c : R+ ×R

d → R+ as well as a transition
kernel π from (R+ ×R

d ,B(R+ ×R
d)) to (R,B(R)) such that π(t, x, ·) is a Lévy

measure for each (t, x) ∈ R+ × R
d .

We have already mentioned in the introduction that we will assume

C = 0 (4)

throughout the paper. For simplicity wewill alsomake two further assumptions: first,
that there exist b ∈ R and a Lévy measure π such that for all (t, x) ∈ R+ × R

d we
have

b(t, x) = b , π(t, x, ·) = π and λ(dt, dx) = d(t, x) ; (5)

second, that
Λ ∈ S ∪ V0 , (6)

where S is the collection of all symmetric Lévy bases and V0 is the class of Lévy
bases with locally finite variation and no drift, defined by the property that

∫

R

|z|1{|z|≤1} π(dz) < ∞ , and b0 := b −
∫

R

z1{|z|≤1} π(dz) = 0 .

Furthermore, if Λ has a finite first moment, that is,

∫

R

|z|1{|z|>1} π(dz) < ∞ , (7)

we define

B1(dt, dx) := b1 d(t, x) , b1 := b +
∫

R

z1{|z|>1} π(dz) ,

M(dt, dx) := Λ(dt, dx) − B1(dt, dx) =
∫

R

z (μ − ν)(dt, dx, dz) .

Next, let us summarize the most important facts regarding the SVE (1). All details
that are not explained can be found in [5]. First, many SPDEs of evolution type driven
by Lévy noise can be written in terms of (1), where G is the Green’s function of
the corresponding differential operator. Most prominently, taking G being the heat
kernel inRd , (1) is the so-calledmild formulation of the stochastic heat equation (with
constant coefficients and multiplicative noise). Typically for parabolic equations, the
heat kernel is very smooth in general but explodes on the diagonal t = s and x = y.
In fact, it is only p-fold integrable on [0, T ] × R

d for p < 1 + 2/d. In particular,
as soon as d ≥ 2, it is not square-integrable, and as a consequence, no solution to
the stochastic heat equation in the form (1) will exist for Lévy noises with non-zero
Gaussian component. This is another reason for including assumption (4) in this
paper.
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Second, let us address the existence and uniqueness problem for (1). By a solution
to this equation we mean a predictable process Y ∈ P̃ such that for all (t, x) ∈
R+ ×R

d , the stochastic integral on the right-hand side of (1) is well defined and the
equation itself for each (t, x) ∈ [0, T ] × R

d holds a.s. We identify two solutions as
soon as they aremodifications of each other.Given a number p ∈ (0, 2], the following
conditions A1–A6 guarantee a unique solution to (1) in B p

loc by [5, Theorem 3.1]:

A1. Y0 ∈ B p
loc is independent of Λ.

A2. σ : R → R is Lipschitz continuous, that is, there exists C ∈ R+ such that

|σ(x) − σ(y)| ≤ C |x − y| , x, y ∈ R . (8)

A3. G : (R+ ×R
d)2 → R is a measurable function with G(t, ·; s, ·) ≡ 0 for s > t .

A4. Λ satisfies (3)–(6) and ∫

R

|z|p π(dz) < ∞ . (9)

A5. If we define for (t, x), (s, y) ∈ R+ × R
d

G̃(t, x; s, y) := |G(t, x; s, y)|1{p>1,Λ/∈S } + |G(t, x; s, y)|p , (10)

then we have for all T ∈ R+

sup
(t,x)∈[0,T ]×Rd

∫ T

0

∫

Rd

G̃(t, x; s, y) d(s, y) < ∞ . (11)

A6. For all ε > 0 and T ∈ R+ there exist k ∈ N and a partition 0 = t0 < · · · <

tk = T such that

sup
(t,x)∈[0,T ]×Rd

sup
i=1,...,k

∫ ti

ti−1

∫

Rd

G̃(t, x; s, y) d(s, y) < ε . (12)

Apart from A1–A6, we will add another assumption in this paper:

A7. There exists a sequence (U N )N∈N of compact sets increasing to Rd such that
for all T ∈ R+ and compact sets K ⊆ R

d we have, as N → ∞,

r N
1 (T, K ) := sup

(t,x)∈[0,T ]×K

(∫ t

0

∫

(U N )c
|G(t, x; s, y)|1{p>1,Λ/∈S } d(s, y)

+
(∫ t

0

∫

(U N )c
|G(t, x; s, y)|p d(s, y)

)1/p∗ )
→ 0 . (13)

Conditions A6 and A7 are automatically satisfied if |G(t, x; s, y)| ≤ g(t − s, x − y)

for some measurable function g and A5 holds with G replaced by g. For A6 see
[5, Remark 3.3(3)]; for A7 choose U N := {x ∈ R

d : ‖x‖ ≤ N } such that for p > 1
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sup
(t,x)∈[0,T ]×K

∫ t

0

∫

(U N )c
|G(t, x; s, y)|p d(s, y)

≤ sup
(t,x)∈[0,T ]×K

∫ t

0

∫

(U N )c
g p(t − s, x − y) d(s, y)

= sup
x∈K

∫ T

0

∫

x−(U N )c
g p(s, y) d(s, y) ≤

∫ T

0

∫

K−(U N )c
g p(s, y) d(s, y)

→ 0 as N → ∞

by the fact that K − (U N )c ↓ 0. A similar calculation applies to the case p ∈ (0, 1]
and the first term in r N

1 (T, K ).

Example 1 We conclude this section with the stochastic heat equation in Rd , whose
mild formulation is given by the SVE (1) with

G(t, x; s, y) = g(t − s, x − y) , g(t, x) = exp(−‖x‖2/(4t))

(4π t)d/2
1[0,t)(s) (14)

for (t, x), (s, y) ∈ R+ ×R
d . We assume that Y0 and σ satisfy conditions A1 and A2,

respectively. Furthermore, we suppose that (3)–(6) are valid, and that (9) holds with
some p ∈ (0, 1 + 2/d). It is straightforward to show that then A3–A6 are satisfied
with the same p. Let us estimate the rate r N

1 (T, K ) for T ∈ R+, K := {‖x‖ ≤ R}
with R ∈ N, and U N := {‖x‖ ≤ N }. We first consider the case p ≤ 1 or Λ ∈ S .
Since K − (U N )c = (U N−R)c for N ≥ R, the calculations after A7 yield (Γ (·, ·)
denotes the upper incomplete gamma function and p(d) := 1 + (1 − p)d/2)

(r N
1 (T, K ))p∗ ≤

∫ T

0

∫

(U N−R)c
g p(t, x) d(t, x) =

∫ T

0

∫ ∞
N−R

exp(−pr2/(4t))

(4π t)pd/2
rd−1 dr dt

= C
∫ T

0
t p(d)−1Γ

(
d

2
,

p(N − R)2

4t

)
dt

= C(T )

(
(p(d))−1Γ

(
d

2
,

p(N − R)2

4T

)
−

(
p(N − R)2

4T

)p(d)

× Γ

(
d

2
− p(d),

p(N − R)2

4T

) )

≤ C(T ) exp

(
− p(N − R)2

4T

)
(N − R)d−2 , (15)

which tends to 0 exponentially fast as N → ∞. If p > 1 and Λ /∈ S , it follows
from formula (13) that we need an extra summand for r N

1 (T, K ), namely (15) with
p = 1.
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3 Truncation of Small Jumps

In this section we approximate Eq. (1) by cutting off the small jumps of Λ. To this
end, we first define for each N ∈ N

G N (t, x; s, y) := G(t, x; s, y)1U N (y) , (t, x), (s, y) ∈ R+ × R
d , (16)

where the meaning of the sets U N is explained in A7. Furthermore, we introduce

r N
2 :=

(∫

[−εN ,εN ]
|z|p π(dz)

)1/p∗

, r N
3 :=

∣∣∣∣
∫

[−εN ,εN ]
z1{p>1,Λ/∈S } π(dz)

∣∣∣∣ , (17)

where (εN )N∈N ⊆ (0, 1) satisfies εN → 0 as N → ∞. Condition A4 implies that
r N
2 , r N

3 → 0 as N → ∞. Next, defining truncations of the Lévy basis Λ by

ΛN (dt, dx) :=
∫

[−εN ,εN ]c
z μ(dt, dx, dz) , (18)

our approximation scheme for the solution Y to (1) is given as:

Y N (t, x) := Y0(t, x) +
∫ t

0

∫

Rd

G N (t, x; s, y)σ (Y N (s, y))ΛN (ds, dy) (19)

for (t, x) ∈ R+×R
d . Indeed,Y N can be simulated exactly because for all T ∈ R+ the

truncation ΛN only has a finite (random) number RN (T ) of jumps on [0, T ] × U N ,
say at the space–time locations (τ N

i , ξ N
i ) with sizes J N

i . This implies that we have
the following alternative representation of Y N (t, x) for (t, x) ∈ [0, T ] × R

d :

Y N (t, x) = Y0(t, x) +
RN (T )∑

i=1

G(t, x; τ N
i , ξ N

i )σ (Y N (τ N
i , ξ N

i ))J N
i 1{τ N

i <t} . (20)

What remains to do is to simulate Y N (τ N
i , ξ N

i ), i = 1, . . . , RN (T ), iteratively, from
which the values Y (t, x) for all other (t, x) ∈ [0, T ] × R

d can be computed.
The following algorithm summarizes up the simulation procedure:

Algorithm 1 Consider a finite gridG ⊆ [0, T ]×R
d . For each N proceed as follows:

1. Draw a Poisson random variable RN (T ) with parameter

RN (T ) :=
∫ T

0

∫

U N

∫

R

1{z∈[−εN ,εN ]c} ν(dt, dx, dz) = TLeb(U N )π
([−εN , εN ]c) .
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2. For i = 1, . . . , RN (T ):

a. Draw a pair (τ N
i , ξ N

i ) with uniform distribution from [0, T ] × U N .
b. Draw J N

i from [−εN , εN ]c with distribution π/π
([−εN , εN ]c).

c. Rename (τ N
i , ξ N

i , J N
i : i = 1, . . . , RN (T )) by sorting (τ N

i : i = 1, . . . ,
RN (T )) in increasing order.

3. For each i = 1, . . . , RN (T ) and (t, x) ∈ G simulate Y0(τ
N
i , ξ N

i ) and Y0(t, x).
4. For each i = 1, . . . , RN (T ) set

Y N (τ N
i , ξ N

i ) := Y0(τ
N
i , ξ N

i ) +
i−1∑

j=1

G(τ N
i , ξ N

i ; τ N
j , ξ N

j )σ (Y N (τ N
j , ξ N

j ))J N
j .

5. For each (t, x) ∈ G define Y N (t, x) via (20).

The next theorem determines the convergence behaviour of (19) to (1).

Theorem 1 Grant assumptions A1–A7 under which the SVE (1) has a unique solu-
tion in B p

loc. Then Y N as defined in (19) belongs to B p
loc for all N ∈ N, and for all

T ∈ R+ and compact sets K ⊆ R
d there exists a constant C(T ) ∈ R+ independent

of N and K such that

sup
(t,x)∈[0,T ]×K

‖Y (t, x) − Y N (t, x)‖L p ≤ C(T )(r N
1 (T, K ) + r N

2 + r N
3 ) . (21)

Furthermore, if
∑∞

N=1(r
N
1 (T, K ) + r N

2 + r N
3 )p∗

< ∞ is fulfilled, then we also have
for all (t, x) ∈ [0, T ] × K that Y N (t, x) → Y (t, x) a.s. as N → ∞.

Proof It is obvious that |G N | ≤ |G| pointwise and that we have νN ≤ ν for the third
characteristic νN of ΛN . Thus, A1–A6 are still satisfied when G and ν are replaced
by G N and νN (if Λ ∈ S , also ΛN ∈ S ). So Y N as a solution to (1) with G N and
ΛN instead of G andΛ belongs to B p

loc as well. Moreover, for all T ∈ R+ there exists
C(T ) ∈ R+ independent of N ∈ N such that

sup
(t,x)∈[0,T ]×Rd

‖Y N (t, x)‖L p ≤ C(T ) , N ∈ N . (22)

We only sketch the proof for this statement. In fact, using [5, Lemma 6.1(1)] it can
be shown that the left-hand side of (22) satisfies an inequality of the same type as in
Lemma 6.4(3) of the same paper. In particular, it is bounded by a constant C N (T )

that depends on N only through |G N | and νN , and that this constant is only increased
if we replace |G N | and νN by the larger |G| and ν. In this way, we obtain an upper
bound C(T ) that does not depend on N .
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Next, we prove the convergence of Y N to Y as stated in (21). We have

Y (t, x) − Y N (t, x) =
∫ t

0

∫

Rd
[G(t, x; s, y) − G N (t, x; s, y)]σ(Y (s, y))Λ(ds, dy)

+
∫ t

0

∫

Rd
G N (t, x; s, y)[σ(Y (s, y)) − σ(Y N (s, y))] Λ(ds, dy)

+
∫ t

0

∫

Rd
G N (t, x; s, y)σ (Y N (s, y)) (Λ − ΛN )(ds, dy)

=: I N
1 (t, x) + I N

2 (t, x) + I N
3 (t, x) , (t, x) ∈ R+ × R

d . (23)

If p > 1, we have by (8), Hölder’s inequality and the Burkholder-Davis-Gundy-
inequality

‖I N
2 (t, x)‖L p ≤

∥∥∥∥
∫ t

0

∫

Rd
G N (t, x; s, y)[σ(Y (s, y)) − σ(Y N (s, y))] B1(ds, dy)

∥∥∥∥
L p

+
∥∥∥∥
∫ t

0

∫

Rd
G N (t, x; s, y)[σ(Y (s, y)) − σ(Y N (s, y))] M(ds, dy)

∥∥∥∥
L p

≤ C

( (∫ t

0

∫

Rd
|G(t, x; s, y)| |B1|(ds, dy)

)p−1

×
∫ t

0

∫

Rd
|G(t, x; s, y)|‖Y (s, y) − Y N (s, y)‖p

L p |B1|(ds, dy)

)1/p

+ C

(∫ t

0

∫

Rd
|G(t, x; s, y)|p‖Y (s, y) − Y N (s, y)‖p

L p d(s, y)

)1/p

.

(24)

If p ∈ (0, 1], we have Λ ∈ V0 by (6) and (9), and thus Jensen’s inequality gives

‖I N
2 (t, x)‖L p = E

[(∫ t

0

∫

Rd
G N (t, x; s, y)[σ(Y (s, y)) − σ(Y N (s, y))]z μ(ds, dy, dz)

)p]

≤ E

[∫ t

0

∫

Rd
|G N (t, x; s, y)[σ(Y (s, y)) − σ(Y N (s, y))]z|p ν(ds, dy, dz)

]

≤ C
∫ t

0

∫

Rd
|G(t, x; s, y)|p‖Y (s, y) − Y N (s, y)‖L p d(s, y) . (25)

Inserting (24) and (25) back into (23), we have for wN (t, x) := ‖Y (t, x) −
Y N (t, x)‖L p

wN (t, x) ≤ C(T )

( (∫ t

0

∫

Rd

|G(t, x; s, y)|1{p>1,Λ/∈S }(wN (s, y))p d(s, y)

)1/p

+
(∫ t

0

∫

Rd

|G(t, x; s, y)|p(wN (s, y))p∗
d(s, y)

)1/p∗ )

+ ‖I N
1 (t, x) + I N

3 (t, x)‖L p , (t, x) ∈ [0, T ] × R
d .



Simulation of Stochastic Volterra Equations Driven by Space–Time Lévy Noise 219

By a Gronwall-type estimate, which is possible because of A5 (see the proof of [5,
Theorem 4.7(3)] for an elaboration of an argument of this type), we conclude

sup
(t,x)∈[0,T ]×K

wN (t, x) ≤ C(T ) sup
(t,x)∈[0,T ]×K

‖I N
1 (t, x) + I N

3 (t, x)‖L p .

where C(T ) does not depend on K because of (11). For I N
1 (t, x) we have for p > 1

‖I N
1 (t, x)‖L p ≤

∥∥∥∥
∫ t

0

∫

Rd
[G(t, x; s, y) − G N (t, x; s, y)]σ(Y (s, y)) B1(ds, dy)

∥∥∥∥
L p

+
∥∥∥∥
∫ t

0

∫

Rd
[G(t, x; s, y) − G N (t, x; s, y)]σ(Y (s, y)) M(ds, dy)

∥∥∥∥
L p

≤ C

(
1 + sup

(t,x)∈[0,T ]×Rd
‖Y (t, x)‖L p

)( ∫ t

0

∫

(U N )c
|G(t, x; s, y)| |B1|(ds, dy)

+
(∫ t

0

∫

(U N )c
|G(t, x; s, y)z|p ν(ds, dy, dz)

)1/p )

≤ C(T )r N
1 (T, K ) , (26)

uniformly in (t, x) ∈ [0, T ] × K . In similar fashion one proves the estimate (26) for
p ∈ (0, 1], perhaps with a different C(T ). Next, when p > 1, (22) implies

‖I N
3 (t, x)‖L p =

∥∥∥∥
∫ t

0

∫

Rd

∫

[−εN ,εN ]
G N (t, x; s, y)σ (Y N (s, y))z (μ − ν)(ds, dy, dz)

∥∥∥∥
L p

+
∥∥∥∥
∫ t

0

∫

Rd

∫

[−εN ,εN ]
G N (t, x; s, y)σ (Y N (s, y))z1{Λ/∈S } ν(ds, dy, dz)

∥∥∥∥
L p

≤ C(T )

( (∫ t

0

∫

Rd

∫

[−εN ,εN ]
|G(t, x; s, y)z|p π(dz) d(s, y)

)1/p

+
∣∣∣∣
∫

[−εN ,εN ]
z1{Λ/∈S } π(dz)

∣∣∣∣
∫ t

0

∫

Rd
|G(t, x; s, y)|1{Λ/∈S } d(s, y)

)

≤ C(T )(r N
2 + r N

3 ) .

The case p ∈ (0, 1] can be treated similarly, cf. the estimation of I N
2 (t, x) above.

It remains to prove that for each (t, x) ∈ [0, T ] × K the convergence of Y N (t, x)

to Y (t, x) is almost sure when r N
1 (T, K ), r N

2 and r N
3 are p∗-summable. To this end,

choose an arbitrary sequence (aN )N∈N ⊆ (0, 1) converging to 0 such that

∞∑

N=1

AN < ∞ with AN := (r N
1 (T, K ) + r N

2 + r N
3 )p∗

a p
N

.

Such a sequence always exists, see [13, Theorem 175.4], for example. So by (21)
and Chebyshev’s inequality we derive



220 B. Chen et al.

P
[|Y (t, x) − Y N (t, x)| ≥ aN

] ≤ ‖Y (t, x) − Y N (t, x)‖p∗
L p

a p
N

≤ C(T )AN .

Our assertion now follows from the Borel-Cantelli lemma. �

Example 2 The rates r N
2 and r N

3 from (17) only depend on the underlying Lévy
measure π . Let p, q ∈ (0, 2] with q < p, and assume that

∫
[−1,1] |z|q π(dz) < ∞.

If Λ ∈ V0, assume that q < 1. Then

r N
2 =

(∫

[−εN ,εN ]
|z|p π(dz)

)1/p∗

≤
(∫

[−1,1]
|z|q ν(dz)(εN )p−q

)1/p∗

= O
(
(εN )(p−q)/p∗)

,

r N
3 =

∣∣∣∣
∫

[−εN ,εN ]
z1{p>1,Λ/∈S } π(dz)

∣∣∣∣ ≤ O
(
(εN )1−q1{p>1,Λ/∈S }

)
.

For instance, if εN = 1/N k , then the sequence (r N
2 )p∗ = O(N−k(p−q)) is summable

for all k > (p − q)−1. So in order to obtain a.s. convergence of Y N (t, x) → Y (t, x),
a sufficient condition is to choose the truncation rates εN small enough. Similar
conclusions are valid for the other two rates r N

1 (T, K ) and r N
3 .

4 Truncation via Series Representations

Another approach to the simulation of (1) uses series representations for the Lévy
basis. The idea, going back to [16, 17] and already applied to the simulation of Lévy
processes [18], is to choose the jumps to be simulated in a random order. Instead of
selecting the big jumps first and the smaller jumps later as in Sect. 3, we only choose
the big jumps first more likely. The details are as follows: we fix a finite time horizon
T ∈ R+ and, recalling A7, a partition (Qi )i∈N of Rd into pairwise disjoint compact
sets such that U N = ⋃N

i=1 Qi . We now assume that the jump measure μ of Λ on the
strip [0, T ] × R

d × R can be represented in the form

μ(dt, dx, dz) =
∞∑

i=1

μi (dt, dx, dz) ,

μi (dt, dx, dz) =
∞∑

j=1

δ(τ i
j ,ξ

i
j ,H(Γ i

j ,V
i
j ))

(dt, dx, dz) a.s. , (27)

where H : (0,∞) × R → R is a measurable function, satisfying H(·, v) =
−H(·,−v) for all v ∈ R when Λ ∈ S , and the random variables involved have
the following properties for each i ∈ N:
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• (τ i
j : j ∈ N) and (ξ i

j : j ∈ N) are i.i.d. sequences with uniform distribution on
[0, T ] and Qi , respectively.

• (Γ i
j : j ∈ N) is a random walk whose increments are exponentially distributed

with mean 1/T .
• (V i

j : j ∈ N) is an i.i.d. sequence with distribution F on R, which we should be
able to simulate from. We assume that F is symmetric when Λ ∈ S .

• The sequences τ i , ξ i , Γ i and V i are independent from each other.
• (τ i , ξ i , Γ i , V i ) is independent from (τ k, ξ k, Γ k, V k : k �= i).

Because of (6), μ can always be written in the form (27) whenever the underlying
stochastic basis is rich enough.We give three examples of such series representations.

Example 3 The proofs that the following choices are valid can be found in [18,
Sect. 3], where also more examples are discussed.

1. LePage’s method: we set F := (δ−1 + δ1)/2 and H(r,±1) := ±ρ←(r,±1),
where ρ←(r,±1) = inf{x ∈ (0,∞) : π(±[x,∞)) < r} for r ∈ (0,∞).

2. Bondesson’s method: we assume that π(A) = ∫ ∞
0 F(A/g(t)) dt for A ∈ B(Rd)

with some non-increasing g : R+ → R+. Then we define H(r, v) := g(r)v.
3. Thinning method: we choose F in such a way that Q is absolutely continuous

with respect to F with density q, and define H(r, v) := v1{q(v)≥r}.

Our approximation scheme is basically the same as in Sect. 3: we define G N by
(16) and Y N by (19), with the difference that ΛN on [0, T ] × R

d is now defined as

ΛN (dt, dx) :=
∫

R

z μN (dt, dx, dz) ,

μN (dt, dx, dz) :=
∞∑

i=1

∑

j : Γ i
j ≤N

δ(τ i
j ,ξ

i
j ,H(Γ i

j ,V
i
j ))

(dt, dx, dz) . (28)

We can therefore rewrite Y N (t, x) for (t, x) ∈ [0, T ] × R
d as

Y N (t, x) = Y0(t, x) +
N∑

i=1

∑

j : Γ i
j ≤N

G(t, x; τ i
j , ξ

i
j )σ (Y N (τ i

j , ξ
i
j ))H(Γ i

j , V i
j )1{τ i

j <t} .

(29)
This yields the following simulation algorithm:

Algorithm 2 Let G be a finite grid in [0, T ] × R
d and N ∈ N.

1. For each i = 1, . . . , N set j := 1 and repeat the following:

a. Draw Ei
j from an exponential distribution with mean 1/T .

b. Define Γ i
j := Γ i

j−1 + Ei
j (Γ

i
0 := 0).

c. If Γ i
j > N , set Ji := j − 1 and leave the loop; otherwise set j := j + 1.
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2. For each i = 1, . . . , N and j = 1, . . . , Ji simulate independently

a. a pair (τ i
j , ξ

i
j ) with uniform distribution on [0, T ] × Qi ;

b. a random variable V i
j with distribution F ;

c. the random variable Y0(τ
i
j , ξ

i
j ).

3. Sort the sequence (τ i
j : i = 1, . . . , N , j = 1, . . . , Ji ) in increasing order, yielding

sequences (τi , ξi , Γi , Vi : i = 1, . . . ,
∑N

j=1 Jj ). Now define

Y N (τi , ξi ) := Y0(τi , ξi ) +
i−1∑

j=1

G(τi , ξi ; τ j , ξ j )σ (Y N (τ j , ξ j ))H(Γ j , Vj ) .

4. For each (t, x) ∈ G simulate Y0(t, x) and define Y (t, x) by (29).

We can now prove a convergence theorem for Y N to Y , similar to Theorem 1. Define

r N
2 :=

(∫ ∞

N

∫

R

|H(r, v)|p F(dv) dr

)1/p∗

,

r N
3 :=

∣∣∣∣
∫ ∞

N

∫

R

H(r, v)1{p>1,Λ/∈S } F(dv) dr

∣∣∣∣ . (30)

Theorem 2 Grant assumptions A1–A7 under which the SVE (1) has a unique solu-
tion in B p

loc. Further suppose that the jump measure μ of Λ has a representation in
form of (27). Then Y N as defined in (29) belongs to B p

loc for all N ∈ N, and for all
T ∈ R+ and compact sets K ⊆ R

d there exists a constant C(T ) ∈ R+ independent
of N and K such that

sup
(t,x)∈[0,T ]×K

‖Y (t, x) − Y N (t, x)‖L p ≤ C(T )(r N
1 (T, K ) + r N

2 + r N
3 ) . (31)

If
∑∞

N=1(r
N
1 (T, K )+r N

2 +r N
3 )p∗

< ∞, then we also have for all (t, x) ∈ [0, T ]× K
that Y N (t, x) → Y (t, x) a.s. as N → ∞.

Proof We start with some preliminaries. It follows from (27) and [18, Proposi-
tion 2.1] that on [0, T ] × R

d × R we have ν = ν̄ ◦ h−1 where ν̄(dt, dx, dr, dv) =
dt dx dr F(dv) and h(t, x, r, v) = (t, x, H(r, v)). Therefore, conditions (6) and (9)
imply that ∫ ∞

0

∫

R

|H(r, v)|p F(dv) dr =
∫

R

|z|p π(dz) < ∞ ,

and
∫ ∞

0

∫

R

|H(r, v)|1{p>1,Λ/∈S } F(dv) dr =
∫

R

|z|1{p>1,Λ/∈S } π(dz) < ∞ .



Simulation of Stochastic Volterra Equations Driven by Space–Time Lévy Noise 223

Consequently, r N
2 and r N

3 are well defined and converge to 0 when N → ∞. Sim-
ilarly, the compensator νN of the measure μ − μN is given by νN (dt, dx, dz) =
dt dx πN (dz), where πN = (Leb ⊗ F) ◦ H−1

N and HN (r, v) = H(r, v)1(N ,∞)(r).
For the actual proof of Theorem2 one can basically follow the proof of Theorem1.

Only the estimation of I N
3 (t, x) as defined in (23) is different, which we shall carry

out now. In the case of p > 1, we again use the Burkholder-Davis-Gundy inequality
and obtain for (t, x) ∈ [0, T ] × R

d

‖I N
3 (t, x)‖L p =

∥∥∥∥
∫ t

0

∫

Rd

∫

R

G N (t, x; s, y)σ (Y N (s, y))z (μN − νN )(ds, dy, dz)

∥∥∥∥
L p

+
∥∥∥∥
∫ t

0

∫

Rd

∫

R

G N (t, x; s, y)σ (Y N (s, y))z1{Λ/∈S } νN (ds, dy, dz)

∥∥∥∥
L p

≤ C(T )

((∫ t

0

∫

Rd

∫ ∞

N

∫

R

|G(t, x; s, y)H(r, v)|p F(dv) dr d(s, y)

)1/p

+
∫ t

0

∫

Rd
|G(t, x; s, y)|

∣∣∣∣
∫ ∞

N

∫

R

H(r, v)1{Λ/∈S } F(dv) dr

∣∣∣∣ d(s, y)

)

≤ C(T )(r N
2 + r N

3 ) .

The case p ∈ (0, 1] is treated analogously. One only needs to replace μN − νN by
μN and estimate via Jensen’s inequality. �

Example 4 (Continuation of Example 3)We calculate the rates r N
2 and r N

3 from (30)
for the series representations given in Example 3. We assume that p, q ∈ (0, 2] with
q < p are chosen such that

∫
[−1,1] |z|q π(dz) < ∞, and q < 1 if Λ ∈ V0. For all

three examples we use the fact that π = (Leb ⊗ F) ◦ H−1 and that r > N implies
|H(r, v)| ≤ |H(N , v)| for all v ∈ R.

1. LePage’s method: We have

(r N
2 )p∗ =

∫ ∞

N

|H(r, 1)|p + |H(r,−1)|p

2
dr ≤ 1

2

∫

[H(N ,−1),H(N ,1)]
|z|p π(dz)

≤ 1

2

∫

[H(1,−1),H(1,1)]
|z|q π(dz)(|H(N ,−1)| ∨ |H(N , 1)|)p−q ,

and therefore

r N
2 = O

(
(ρ←(N , 1) ∨ ρ←(N ,−1))(p−q)/p∗)

,

r N
3 = O

(
(ρ←(N , 1) ∨ ρ←(N ,−1))1−q1{p>1,Λ/∈S }

)
.

2. Bondesson’s method: Since H(r, v) = g(r)v and g is non-increasing, we obtain

(r N
2 )p∗ =

∫ ∞

N

∫

R

|g(r)v|p F(dv) dr ≤ (g(N ))p−q
∫ ∞

0
gq(r) dr

∫

R

|v|p F(dv) ,
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and consequently

r N
2 = O

(
g(N )(p−q)/p∗)

, r N
3 = O

(
g(N )1−q1{p>1,Λ/∈S }

)
.

3. Thinning method: Here we have

r N
2 =

(∫

R

∫ q(v)∨N

N
|v|p dr F(dv)

)1/p∗

=
(∫

R

|v|p (q(v) − N ) ∨ 0

q(v)
π(dv)

)1/p∗

≤
(∫

R

|z|p1{q(v)≥N } π(dz)

)1/p∗
,

r N
3 ≤

∫

R

|z|1{q(v)≥N }1{p>1,Λ/∈S } π(dz) .

In most situations, there exist (εN )N∈N ⊆ R+ with εN → 0 as N → ∞ such that
{q(v) ≥ N } ⊆ [−εN , εN ]. In this case, one can apply the estimates in Example 2.

5 Simulation Study

In this section we visualize the sample path behaviour of the stochastic heat equation
from Example 2 via a simulation study, using MATLAB programs from [4]. We take
Λ to be a Lévy basis without drift, whose Lévymeasureπ is that of a gamma process,
i.e.

π(dz) = γ z−1 exp (−λz)1{z>0} dz

with two parameters γ, λ > 0. In the figures below their values are always γ = 10
and λ = 0.1. Furthermore, we set Y0 ≡ 0 and σ ≡ 1. Especially the latter choice
simplifies the subsequent discussion a lot, but none of the issues we address below
relies on this assumption. Thus, the process we would like to simulate is

Y (t, x) =
∫ t

0

∫

Rd

g(t − s, x − y)Λ(ds, dy) , (t, x) ∈ R+ × R
d , (32)

with g being the heat kernel given in (14). In order to understand the path properties
of Y , it is important to notice that g is smooth on the whole R+ × R

d except at
the origin where it explodes. More precisely, for every t ∈ (0,∞) the function
x �→ g(t, x) is the Gaussian density with mean 0 and variance 2t , which is smooth
and assumes its maximum at 0. Also, for every x �= 0, the function t �→ g(t, x) is
smooth (also at t = 0), with maximum at t = ‖x‖2/(2d). However, if x = 0, then
g(t, 0) = (4π t)−d/2 has a singularity at t = 0.

These analytical properties have direct consequences on the sample paths of Y .
When Λ is of compound Poisson type, that is, has only finitely many atoms on
compact sets, it can be readily seen from (32) that the evolution of Y after a jump J
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at (τ, ξ) follows the shape of the heat kernel until a next jump arrives. In particular,
for x = ξ , Y (t, x) jumps to infinity at τ , and decays in t like J (4π(t − τ))−d/2

afterwards. But for every x �= ξ , the evolution t �→ Y (t, x) is smooth at t = τ . In
fact, it first starts to increase until t = τ + ‖x − ξ‖2/(2d) and then decays again.
As a consequence, in space dimension 1, the space–time plot of Y shows a basically
smoothly evolving path, only interrupted with slim poles at the jump locations of
Λ; see the case N = 50 in Fig. 1. However, when Λ has infinite activity, that is,
has infinitely many jumps on any non-empty open set, then it is known from [16,
Theorem 4] that on any such set Y is unbounded, at least with positive probability.
Therefore, the space–time plots of the approximations of Y with finitely many jumps
must be treated with caution: in the limiting situation, no smooth area exists any
more, but there will be a dense subset of singularities on the plane, which is in line
with Fig. 1.

Another interesting observation, however, is the following: if we consider a count-
able number of x- or t-sections of Y (for x ∈ R

d , the x-section of Y is given by the
function t �→ Y (t, x); for t ∈ R+, the t-section of Y is the function x �→ Y (t, x)),
then it is shown in [19, Sect. 2] that these are continuous with probability one. Intu-
itively, this is possible because a.s. the sections never hit a jump (although they are
arbitrarily close). For instance, Figs. 2 and 3 show t-sections of a realization of (32) in
one, respectively two space dimensions. So as long as we only take countably many
“measurements”, we do not observe the space–time singularities of Y but only its
relatively regular sections. In theory, this also includes the x-sections of the process
Y . But if we plot them for one space dimension as in Fig. 4, one would conjecture
from the simulation that they exhibit jumps in time. However, this is not true: the
jump-like appearance of the x-sections are due to the fact that g(·, x) resembles a

Fig. 1 Successive approximations of Y as given in (32) via Bondesson’s method in dimension 1
for (t, x) ∈ [0, 1] × [0, 1] with N ∈ {50, 100, 250, 500} jumps in the region [0, 1] × [−1, 2]
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Fig. 2 Several t-sections of the realization of Y shown in Fig. 1 with N = 500

Fig. 3 Several t-sections in the region [−1, 1]2 of a realization of Y in dimension 2 by Bondesson’s
method with N = 500 jumps within [0, 1] × [−2, 2]2
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Fig. 4 The x-section of the realization of Y as in Fig. 1 with N = 500 at x = 0.6 and the heat
kernel g(·, x) at x = 0.002

discontinuous function at t = 0 for small x . Of course, it follows right from the
definition (14) that all x-sections of g are smooth everywhere.

Remark 1 Throughout this paper we have taken the stochastic heat equation as our
key example for illustration purposes. Obviously, all theory developed in Sects. 3
and 4 holds under much more general assumptions, namely under A1–A7. However,
the path behaviour of SVEs as examined through a simulation in this section heavily
depends on the chosen kernel. While the path properties above are typical of kernels
that originate from parabolic type SPDEs, or more generally, that are smooth every-
where except for an explosive singularity at the origin, a completely different picture
arises when we consider bounded kernels. We refer to [2] and the references therein
for examples of such kernels in different fields of application. In the case of a simple
Ornstein-Uhlenbeck type kernel, a simulation study is carried out in [4, Chap. 5].

6 Conclusion and Outlook

In Sects. 3 and 4 we have presented two simulation algorithms for the SVE (1):
Algorithms 1 and 2. In Theorems 1 and 2we have determined the rate of convergence
of the approximations Y N to Y in the L p-sense. If these rates are small enough,
we have also proved a.s. convergence. Although the theoretical analysis of both
schemes lead to quite similar results regarding their convergence behaviour, there
are important differences which will decide on whether the one or the other method
is preferable in concrete situations. For the first method of truncating the small
jumps to work, one must be able to efficiently simulate from the truncated Lévy
measure π/π([−ε, ε]c) for small ε. For the second method, which relies on series
representations, the main challenge is to choose H and F in a way such that H
is explicitly known and F can be easily simulated from. For instance, if one uses
LePage’s method (see Example 3), then F = (δ−1+δ1)/2 is easily simulated, but for
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H , which is given by the generalized inverse tails of the underlying Lévy measure,
maybe no tractable expression exists.

Finally, let us comment on further generalizations of our results. Throughout this
paper, we have assumed that the driving noise Λ is a homogeneous Lévy basis, i.e.
satisfies (5). In fact, we have introduced this condition only for the sake of simplicity:
with a straightforward adjustment, all results obtained in this paper also hold for time-
and space-varying (but deterministic) characteristics. Another issue is the finite time
perspective which we have taken up for our analysis. An interesting question would
be under which conditions (1) has a stationary solution, and in this case, whether
one can simulate from it. Sufficient conditions for the existence and uniqueness of
stationary solutions to (1) are determined in [5, Theorem4.8].Under these conditions,
the methods used to derive Theorems 1 and 2 can indeed be extended to the case of
infinite time horizon. We leave the details to the reader at this point.

At last, also the hypothesis thatΛ is of pure-jump type can be weakened. IfΛ has
an additional drift (including the case where Λ has locally infinite variation and is
not symmetric) but still no Gaussian part, the approximations Y N in (19) or (29) will
contain a further term that is a Volterra integral with respect to the Lebesguemeasure.
So each time in between two simulated jumps, a deterministic Volterra equation has
to be solved numerically, which boils down to a deterministic PDE in the case where
G comes from an SPDE. For this subject, there exists a huge literature, which is,
of course, also very different to the stochastic case as considered above. If Λ also
contains a Gaussian part, then one has to apply techniques from the papers cited in
Sect. 1 and ours simultaneously. We content ourselves with referring to [22], who
numerically analyzes a Volterra equation driven by a drift plus a Brownian motion.
Finally, let us remark that if p = 2 (in particular, G must be square-integrable), it is
possible for some Lévy bases to improve the results of Sect. 3 if we do not neglect the
small jumps completely but approximate them via a Gaussian noise with the same
variance, cf. [1] in the case of Lévy processes.
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On the Process of the Eigenvalues
of a Hermitian Lévy process

Victor Pérez-Abreu and Alfonso Rocha-Arteaga

Abstract The dynamics of the eigenvalues (semimartingales) of a Lévy process X
with values in Hermitian matrices is described in terms of Itô stochastic differential
equations with jumps. This generalizes the well known Dyson-Brownian motion.
The simultaneity of the jumps of the eigenvalues of X is also studied. If X has a jump
at time t two different situations are considered, depending on the commutativity
of X(t) and X(t−). In the commutative case all the eigenvalues jump at time t only
when the jump of X is of full rank. In the noncommutative case, X jumps at time t if
and only if all the eigenvalues jump at that time when the jump of X is of rank one.

Keywords Dyson–Brownianmotion · Infinitely divisible randommatrix ·Bercovici
–Pata bijection · Matrix semimartingale · Simultaneous jumps · Non-colliding
process · Rank one perturbation · Stochastic differential equation with jumps

1 Introduction

This paper is on a topic that meets a number of subjects where Ole Barndorff-
Nielsen has contributed. One is Ole’s interests in the study of infinitely divisible
random matrix models and their associated matrix-valued processes, like subordina-
tors, Lévy and Ornstein–Uhlenbeck processes [3, 4, 6–8]. Another is the connection
between classical and free infinite divisibility, where Ole’s papers with Thorbjørnsen
[9, 10] drove the study of the so-called Upsilon transformations of classical infinitely
divisible distributions [5, 11, 12].
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Matrix Lévy processes with jumps of rank one arise as a covariation process of
twoC

d-valued Lévy processes [23] and they provide natural examples of matrix sub-
ordinators and matrix Lévy processes of bounded variation, such as those considered
in [3, 6].

In the context of free probability, Bercovici and Pata [14] introduced a bijection
from the set of classical infinitely divisible distributions on R to the set of free infi-
nitely divisible distributions onR. This bijectionwas described in terms of ensembles
of Hermitian random matrices {Xd : d ≥ 1} by Benaych-Georges [13] and Cabanal-
Duvillard [20]. For fixed d ≥ 1, the associated d × d matrix distribution of Xd is
invariant under unitary conjugations and it is (matrix) infinitely divisible. The asso-
ciated Hermitian Lévy process {Xd(t) : t ≥ 0} has been considered in [23] and it has
the property that, in the non pureGaussian case, the jumpsΔXd(t) = Xd(t) − Xd(t−)

are d × d matrices of rank one, see also [22, 29].
The simplest example of this connection is the well-known theorem of Wigner

that gives the semicircle distribution (free infinitely divisible) as the asymptotic
spectral distribution of {Xd : d ≥ 1} in the case of the Gaussian Unitary Ensemble
(GUE), see [1]. In this case, for each fixed d ≥ 1, the associated Lévy process of Xd

is the d × d Hermitian Brownian motion {B(t) : t ≥ 0} = {(Bjk(t)) : t ≥ 0} where
(Bjj(t))d

j=1, (ReBjk(t))j<k, (Im Bjk(t))j<k is a set of d2 independent one-dimensional
Brownian motions with parameter t

2 (1 + δjk).

Still in the GUE case, let λ = {(λ1(t), λ2(t), . . . , λd(t)) : t ≥ 0} be the d-dimen-
sional stochastic process of eigenvalues of B. In a pioneering work, Dyson [24]
showed that if the eigenvalues start at different positions (λ1(0) > λ2(0) > · · · >

λd(0) a.s.), then they never meet at any time (λ1(t) > λ2(t) > · · · > λd(t) ∀ t > 0
a.s.) and furthermore they form a diffusion process (and a semimartingale) satisfying
the Itô Stochastic Differential Equation (SDE)

dλi(t) = dWi(t) +
∑

j �=i

dt

λi(t) − λj(t)
, t ≥ 0, 1 ≤ i ≤ d, (1)

where W1, . . . , Wd are independent one-dimensional standard Brownian motions
(see [1, Sect. 4.3.1]). The stochastic process {λ(t) : t ≥ 0} is called the Dyson non-
colliding Brownian motion corresponding to the GUE, or, in short, Dyson-Brownian
motion. The study of the eigenvalue process of other continuous matrix-valued
processes has received considerable attention, see [17–19, 25–28]. The eigenval-
ues of all these processes are strongly dependent and do not collide at any time
almost surely.

The aim of this paper is to understand the behavior on time of the eigenvalue
process λ = {(λ1(t), λ2(t), . . . , λd(t)) : t ≥ 0} of a d × d Hermitian Lévy process
X = {X(t) : t ≥ 0}. The first goal is to give conditions for the simultaneity of the
jumps of the eigenvalues. In particular, when the jumpofX is of rank one andX(t) and
X(t−) do not commute, we show that a single eigenvalue jumps at time t if and only if
all the eigenvalues jump at that time. This fact which is due to the strong dependence
between the eigenvalue processes contrasts with the case of the no simultaneity of
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the jumps at any time of d independent real Lévy processes; in Example 1 we give
a Hermitian Lévy process with such eigenvalue process. We observe that in general,
the eigenvalue process is not a Lévy process (as in the Dyson-Brownian case) but a
semimartingale given in terms of the Hermitian Lévy process X.

The second goal is to describe the dynamics of the eigenvalue process, analogously
to (1). This leads to first considering the appropriate Itô’s formula for matrix-valued
semimartingales with jumps, more general than those of bounded variation consid-
ered by Barndorff-Nielsen and Stelzer [6].

Our main results and the structure of the paper are as follows. In Sect. 2 we
gather several results on Hermitian Lévy processes, including versions of Itô’s for-
mula which are useful for studying the corresponding eigenvalue processes. We also
point out conditions under which the spectrum of X will be simple for every t > 0
and conditions for the differentiability of the eigenvalues. In Sect. 3 we consider the
simultaneous jumps of the eigenvalue (semimartingale) process of a d × d Hermitian
Lévy process X. When ΔX(t) = X(t) − X(t−) is not zero and X(t) and X(t−) com-
mute, we show that the eigenvalues jump simultaneously if and only if the matrix
jump ΔX(t) is of rank d. On the other hand, if ΔX(t) �= 0 is of rank one and X(t)
and X(t−) do not commute, then the process X jumps at time t > 0 if and only if all
the components of λ jump at that time. This leads to analyzing the relation between
the eigenvalues of X(t) and X(t−) when the jump ΔX(t) is a rank one matrix. A key
step in this direction is the recent paper [31] on the spectrum of a rank one pertur-
bation of an unstructured matrix. Extensions to Hermitian semimartingales are also
pointed out. Finally, Sect. 4 considers the dynamics of the eigenvalues of a Hermitian
Lévy process, extension to the Dyson-Brownian motion, showing that a repulsion
force appears in the bounded variation part of the eigenvalues only when there is a
Gaussian component of X. One of the main problems to overcome is the fact that
even when X(t) is Hermitian and has a simple spectrum in an open subset almost
surely, X(t−) may not.

We shall use either X(t) or Xt to denote a stochastic process in a convenient way
when the dimension or the entries of a matrix have also to be specified.

2 Preliminaries on Hermitian Lévy Processes

In this sectionwegather several results onmatrix-valued semimartingales andgeneral
Hermitian Lévy processes.

Let Md = Md (C) denote the linear space of d × d matrices with complex entries
with scalar product 〈A, B〉 = tr (B∗A) and the Frobenius norm ‖A‖ = [tr (A∗A)]1/2

where tr denotes the (non-normalized) trace. The set of Hermitian random matrices
in Md is denoted by Hd , H0

d = Hd\{0} and H
1
d is the set of rank one matrices in Hd .
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We will use the identification of a d × d Hermitian matrix X = (xij + iyij)1≤i,j≤d

with an element in R
d2
, that is,

X = (xij + iyij)1≤i,j≤d ↔ X̂ :=
(

x11, . . . , xdd,
(
xij, yij

)
1≤i<j≤d

)�
. (2)

Thus, the setHd is identifiedwithR
d2
and one has that forX, Y ∈ Hd, tr (XY) = Ŷ�X̂

is real.
AnMd-valued processX = {

(xij)(t) : t ≥ 0
}
is amatrix semimartingale if xij(t) is

a complex semimartingale for each i, j = 1, . . . , d. Let X = {
(xij)(t) : t ≥ 0

} ∈ Hd

and Y = {
(yij)(t) : t ≥ 0

} ∈ Hd be semimartingales. Similar to the case of matrices
with real entries in [6], the matrix covariation of X and Y is defined as the Hd-valued
process [X, Y ] := {[X, Y ] (t) : t ≥ 0} with entries

[X, Y ]ij (t) =
d∑

k=1

[
xik, ykj

]
(t), (3)

where
[
xik, ykj

]
(t) is the covariation of the C-valued semimartingales {xik(t) : t ≥ 0}

and
{
ykj(t) : t ≥ 0

}
, see [30, pp. 83]. One has a decomposition into a continuous part

and a pure jump part by

[X, Y ] (t) = [
Xc, Yc

]
(t) +

∑

s≤t

ΔXsΔY∗
s , (4)

where [Xc, Yc]ij (t) := ∑d
k=1

[
xc

ik, yc
kj

]
(t). We recall that for any semimartingale x,

the process xc is the a.s. unique continuous local martingale m such that [x − m] is
purely discontinuous.

Matrix-valued Lévy processes are examples of matrix-valued semimartingales.
In particular, so are the Hermitian Lévy processes.

2.1 The Lévy–Khintchine Representation and Lévy–Itô
Decomposition

A d × d matrix Hermitian Lévy process X = {X(t) : t ≥ 0} is characterized by the
Lévy–Khintchine representation of its Fourier transform Eeitr(ΘX(t)) = exp(tψ(Θ))
with Laplace exponent

ψ(Θ) = itr(ΘΨ ) − 1

2
tr (ΘA Θ) +

∫

Hd

(
eitr(Θξ) − 1 − i

tr(Θξ)

1 + ‖ξ‖2
)

ν(dξ), Θ ∈ Hd ,

where A : Hd → Hd is a positive symmetric linear operator (i.e., tr (ΦA Φ) ≥ 0
for Φ ∈ Hd and tr (Θ2A Θ1) = tr (Θ1A Θ2) for Θ1,Θ2 ∈ Hd), ν is a measure on
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Hd (the Lévy measure) satisfying ν({0}) = 0 and
∫
Hd

(1 ∧ ‖x‖2)ν(dx) < ∞, and
Ψ ∈ Hd . The triplet (A , ν, Ψ ) uniquely determines the distribution of X.

Interesting matrix Gaussian distributions for some examples ofA are the follow-
ing (here Ψ = 0 and ν = 0):

(i) A = σ 2Id , σ 2 > 0, corresponds to the GUE case of parameter σ 2;
(ii) More generally, A Θ = Σ1ΘΣ2, for Σ1, Σ2 nonnegative definite matrices in

Hd, corresponds to the matrix Gaussian distribution with Kronecker covariance
Σ1 ⊗ Σ2;

(iii) A Θ = tr(Θ)σ 2Id , σ 2 > 0, is the covariance operator of the Gaussian random
matrix gId where g is a one-dimensional random variable with zero mean and
variance σ 2.

Any Hd-valued Lévy process X = {X(t) : t ≥ 0}with triplet (A , ν, Ψ ) is a semi-
martingale with the Lévy–Itô decomposition

X(t) = tΨ + BA (t) +
∫

[0,t]

∫

‖y‖≤1
ỹJX(ds, dy) +

∫

[0,t]

∫

‖y‖>1
yJX(ds, dy), t ≥ 0,

(5)

where {BA (t) : t ≥ 0} is a Hd-valued Brownian motion with covariance A , i.e., it
is a Lévy process with continuous sample paths (a.s.) and each BA (t) is centered
Gaussian with

E {tr(Θ1BA (s))tr (Θ2BA (t)) } = min(s, t)tr (Θ1A Θ2) for each Θ1,Θ2 ∈ Hd;

JX(·, ·) is a Poisson randommeasure of jumps on [0,∞) × H
0
d with intensitymeasure

Leb ⊗ ν, independent of {BA (t) : t ≥ 0} and the compensated measure is given by

J̃X(dt, dy) = JX(dt, dy) − dtν(dy).

For a systematic study of Lévy processes with values in Banach spaces, see [2].

2.2 Hermitian Lévy Processes with Simple Spectrum

Hermitian Lévy processes with simple spectrum (all eigenvalues distinct) are of
special importance in this paper. For each t > 0, if X(t) has an absolutely continuous
distribution then X(t) has a simple spectrum almost surely, since the set of Hermitian
matrices whose spectrum is not simple has zero Lebesgue measure [33], see also
[1]. The absolute continuity gives also that X(t) is a nonsingular random matrix
since for a Hermitian matrix A, det(A) is a real polynomial in d2 variables and
{A ∈ Hd : det(A) = 0} has zero Lebesgue measure in R

d2
.

If there is a Gaussian component, i.e., A �= 0, then X(t) has an absolutely con-
tinuous distribution for each t > 0. Next we point out a sufficient condition on the
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Lévy measure of a Hermitian Lévy process without Gaussian component to have an
absolutely continuous distribution and hence a simple spectrum for each fixed time.

Let Sd be the unit sphere of Hd . A polar decomposition of the Lévy measure ν is
a family of pairs (π, ρξ ) where π , the spherical component, is a finite measure on
Sd with π(Sd) ≥ 0 and ρξ , the radial component, is a measure on (0,∞) for each
ξ ∈ Sd with ρξ ((0,∞)) > 0 such that

ν(E) =
∫

Sd

π(dξ)

∫

(0,∞)

1E(uξ)ρξ (du), E ∈ B(H0
d).

We say that ν satisfies the condition D if, for each ξ ∈ Sd , there is a nonnegative
function gξ on (0,∞) such that ρξ (B) = ∫

B gξ (u) du for any B ∈ B(R\ {0}) and
the following divergence condition holds

∫

(0,∞)

gξ (u) du = ∞ π -a.e. ξ .

As an example, recall that a random matrix M is called self-decomposable (and
hence infinitely divisible) if for any b ∈ (0, 1) there exists Mb independent of M
such that M and bM + Mb have the same matrix distribution. An infinitely divisible
random matrix M in Hd with triplet (A , ν, Ψ ) is self-decomposable if and only if

ν(E) =
∫

Sd

π(dξ)

∫

(0,∞)

1E(uξ)
kξ (u)

u
(du), E ∈ B(H0

d),

with a finite measure π on Sd and a nonnegative decreasing function kξ on (0,∞)

for each ξ ∈ Sd . In this case ν satisfies the condition D for gξ (u) = kξ (u)/u where
we can choose the measure π to be zero on the set

{
ξ ∈ Sd : kξ (0+) = 0

}
.

The following proposition for Hermitian Lévy processes follows from the cor-
responding real vector case, Theorems 27.10 and 27.13 in [32], by using the iden-
tification (2) of Hd with R

d2
. We recall that a Lévy process is nondegenerate if its

distribution for any fixed time is nondegenerate.

Proposition 1 (a) If {X(t) : t ≥ 0} is a nondegenerate Lévy process in Hd without
Gaussian component satisfying condition D, then X(t) has absolutely continuous
distribution for each t > 0.

(b) If {X(t) : t ≥ 0} is a nondegenerate self-decomposable Lévy process in Hd

without Gaussian component, then X(t) has absolutely continuous distribution for
each t > 0.
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2.3 Smoothness of the Spectrum of Hermitian Matrices

Next we consider several facts about eigenvalues as functions of the entries of a
Hermitian matrix, similar to [28] for symmetric matrices, that will be useful in the
sequel.

Following [1], let U
VG
d be the set of unitary matrices U = (

uij
)
, with uii > 0 for

all i, uij �= 0 for i, j, and all minors of U having non-zero determinants. Let us denote
by H

VG
d the set of matrices X in Hd such that

X = UDU∗, (6)

whereD is a diagonalmatrixwith entriesλi = Dii such thatλ1 > λ2 > · · · > λd ,U ∈
U

VG
d . An element of H

VG
d is called a very good matrix. The set of very good matrices

H
VG
d can be identified with an open subset of R

d2
. It is known that the complement of

H
VG
d has zero Lebesgue measure. If T : U

VG
d → R

d(d−1) is the mapping defined by

T (U) =
(

u12
u11

, . . . ,
u1d

u11
,

u23
u22

, . . . ,
u2d

u22
, . . . ,

u(d−1)d

u(d−1)(d−1)

)
,

then Lemma 2.5.6 in [1] shows that T is bijective, smooth, and the complement of
U

VG
d is a closed subset of zero Lebesgue measure.
Let Sd be the open set

Sd = {
(λ1, λ2, . . . , λd) ∈ R

d : λ1 > λ2 > · · · > λd
}

(7)

and let Dλ be the diagonal matrix Dii = λi for any λ = (λ1, λ2, . . . , λd) ∈ Sd . Then
the map T̃ : Sd × T

(
U

VG
d

) → H
VG
d defined by T̃ (λ, z) = T−1(z)∗DλT−1(z) is a

smooth bijection and the inverse mapping of T̃ satisfies

T̃−1 (X) = (
λ (X) , Ũ(X)

)
,

where Ũ(X) = T(U) for U ∈ U
VG
d satisfying (6). As a consequence of these results,

there exist an open subset G̃ ⊂ R
d2
such that Rd2\G̃ has zero Lebesgue measure and

a smooth function
Φ : R

d2 → R
d (8)

such that λ (X) = Φ (X) for X ∈ G̃.
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2.4 The Itô Formula for Hermitian Lévy Processes

We shall first consider a convenient notation for the Fréchet derivative of a function
f from Hd to R (see [15, X.4]), using the identification (2) of an element X =
(xij + iyij)1≤i,j≤d in Hd as the element

(
x11, . . . , xdd,

(
xij, yij

)
1≤i<j≤d

)�
in R

d2
.

The derivative of f at the point u is denoted by Df (u); it can be thought as a linear
operator from R

d2
to R. Its representation as a Hermitian matrix is

Df =
(

∂

∂xij
f + i

∂

∂yij
f 1{i �=j}

)

1≤i≤j≤d

. (9)

Let L
(
R

d2
, R

)
denote the space of linear operators from R

d2
to R. If the map

Df : R
d2 → L

(
R

d2
, R

)
defined by u → Df (u) is differentiable at a point u, we say

that f is twice differentiable at u. We denote the derivative of the map Df at the point
u by D2f (u). Recall that D2f (u) is a bilinear operator from R

d2 × R
d2

to R which
is symmetric, that is, D2f (u)(x, y) = D2f (u)(y, x). We use the following notation
for the first and second partial derivative operators, where zij = xij or zij = yij, with
yii = 0, i = 1, . . . , d

∑

(i,j)

∂

∂zij
:=

∑

1≤i≤d

∂

∂xii
+ 2

∑

1≤i<j≤d

(
∂

∂xij
+ ∂

∂yij
), (10)

∑

(i,j)(k,h)

∂2

∂zijzkh
:=

∑

1≤i≤j≤d

∂2

∂xiixjj
+

∑

1≤i≤j≤d

∑

1≤k<h≤d

(
∂2

∂xijxkh
+ ∂2

∂xijykh
)

+
∑

1≤i<j≤d

∑

1≤k<h≤d

∂2

∂yijykh
. (11)

For a linear operatorA : Hd → Hd , we denote its d2 × d2 matrix representation by
A = (Aij,kh).

Following Barndorff-Nielsen and Stelzer [6], we say that for each open subset
G ⊂ Md , the process X = {Xt : t ≥ 0} is locally bounded within G if there exist a
sequence of stopping times (Tn)n≥1 increasing to infinity almost surely and a sequence
of compact convex subsetsDn ⊂ GwithDn ⊂ Dn+1 such thatXt ∈ Dn for all 0 ≤ t <

Tn. Observe that if the process X is locally bounded within G, it cannot get arbitrarily
close to the boundary of G in finite time, hence Xt and Xt− are in Dn at all times
t ≥ 0.
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The following result can be proved similarly to Proposition 3.10.10 in Bichteler
[16], who considered the multivariate case. The bounded variation multivariate case
can be seen in [6].

Theorem 1 (The Itô formula for matrix semimartingales) Let {Xt : t ≥ 0} be a
matrix semimartingale, G ⊂ Hd an open subset, and f : G → R twice continuously
differentiable. If {Xt : t ≥ 0} is locally bounded within G, then Xt− belongs to G for
all t > 0, the process f (Xt) is a semimartingale, and

f (Xt) = f (X0) + tr

(∫ t

0+
Df (Xs−) dXs

)
+ 1

2

∫ t

0+
∑

(i,j)(k,h)

∂2

∂zijzkh
f (Xs) d[zc

ij, zc
kh]s

+
∫

(0,t]×H
0
d

[
f (Xs) − f (Xs−) − tr (Df (Xs−) y)

]
JX (ds, dy) .

The following two propositions for Hermitian Lévy processes are special cases of
the above result. The first one is the analog of themultivariate case in [21, Proposition
8.15].

Proposition 2 (The Itô formula for matrix Lévy processes) Let {Xt : t ≥ 0} be a
Hermitian Lévy process with triplet (A , ν, Ψ ), G ⊂ Hd an open subset, and f :
G → R twice continuously differentiable. If {Xt : t ≥ 0} is locally bounded within
G, then Xt− belongs to G for all t > 0, the process f (Xt) is a semimartingale, and

f (Xt) = f (X0) + tr

(∫ t

0
Df (Xs−) dXs

)
+ 1

2

∫ t

0

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
f (Xs) ds (12)

+
∫

(0,t]×H
0
d

[
f (Xs− + y) − f (Xs−) − tr (Df (Xs−) y)

]
JX (ds, dy) .

The nextmartingale-drift decomposition of functions of aHermitian Lévy process
X can be obtained by replacing the Lévy-Itô decomposition (5) for X into the sto-
chastic integral part of (12).

Proposition 3 Let {Xt : t ≥ 0} be a Hermitian Lévy process with triplet (A , ν, Ψ ),
G ⊂ Hd an open subset, and f : G → R twice continuously differentiable. If
{Xt : t ≥ 0} is locally bounded within G, then Xt− belongs to G for all t > 0, and
the process f (Xt) can be decomposed as f (Xt) = Mt + Vt where Mt is a martingale
and Vt is a bounded variation process such that

Mt = f (X0) + tr

(∫ t

0
Df (Xs−) BA (ds)

)

+
∫

(0,t]×H
0
d

[
f (Xs− + y) − f (Xs−)

]
J̃X (ds, dy)
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and

Vt = 1

2

∫ t

0

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
f (Xs) ds + tr

(∫ t

0
Ψ Df (Xs) ds

)

+
∫

(0,t]×H
0
d

[
f (Xs− + y) − f (Xs−) − tr (Df (Xs−) y) 1{‖y‖≤1}

]
dsν(dy).

Remark 1 If a Hermitian Lévy process X is invariant under unitary conjugation with
triplet

(
σ 2Id ⊗ Id, ν, ψId

)
, where ν has the polar decomposition (π, ρ), and π is the

uniform measure on Sd , then the Itô formula for X in Proposition 3 becomes in

Mt = f (X0) + tr

(∫ t

0
Df (Xs−) BA (ds)

)

∫

(0,t]×Sd×(0,∞)

[
f (Xs− + ru) − f (Xs−)

]
(JX (ds, du, dr) − dsπ(du)ρ(dr))

and

Vt = σ 2

2

∫ t

0

∑

(i,j)(k,h)

∂2

∂zijzkh
f (Xs) ds + ψ tr

(∫ t

0
Df (Xs) ds

)

+
∫

(0,t]×Sd×(0,∞)

[
f (Xs− + ru) − f (Xs−) − rtr (Df (Xs−) u) 1{r≤1}

]
dsπ(du)ρ(dr).

3 Simultaneous Jumps of a Hermitian Lévy Process
and Its Eigenvalues

Let {X(t) : t ≥ 0} be a d × d Hermitian Lévy process and let λ(t) = (λ1(t), . . . ,
λd(t)) be the vector of eigenvalues of X(t) where λ1(t) ≥ λ2(t) ≥ · · · ≥ λd(t) for
each t ≥ 0. If λ jumps at time t, it is clear that ΔX(t) �= 0, since the d-tuple of
ordered eigenvalues is a continuous function on the space of Hermitian matrices.
This follows from the Hoffman-Wielandt inequality (see [1, Remark 2.1.20]) where
for each t ≥ 0

‖Δλ(t)‖2 ≤ ‖ΔX(t)‖ , (13)

where ‖ ‖2 denotes the Euclidean norm in R
d .

A natural question is whether the jump of the process X at time t implies the jump
of the eigenvalues at that time. Our goal in this section is to provide conditions for
the simultaneous jumps of the eigenvalue process λ whenever X jumps.

We analyze the non zero jumps of X in two situations, when X(t) and X(t−)

commute and when they do not commute. In the commutative case we find that
exactly k eigenvalues jump when X has a jump of rank k at time t, and that all
the eigenvalues would jump simultaneously if and only if the jump of X at time t
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is of rank d. In the noncommutative case, we prove that all the eigenvalues jump
simultaneously if the jump of X at time t is of rank one.

We present below natural examples of both, commutative and noncommutative
situations.

Example 1 Let {(λ1(t), . . . , λd(t)) : t ≥ 0} be a d-dimensional Lévy process where
{λi(t) : t ≥ 0}, i = 1, . . . , d, are independent one-dimensional Lévy processes. For
an arbitrary non random unitary d × d matrix U, define the d × d Hermitian Lévy
process

X(t) = Udiag(λ1(t), . . . , λd(t))U
∗, t ≥ 0.

Since independent Lévy processes cannot jump at the same time almost surely, X
is an Hermitian Lévy process whose jumps are of rank one almost surely and we
observe that in that case X(t) and X(t−) are simultaneously diagonalizable.

Example 2 Let us consider a compound Poisson d × d matrix process

X(t) =
N(t)∑

j=1

uju
∗
j , t ≥ 0,

where uj, j ≥ 1 are i.i.d. random vectors uniformly distributed on the unit sphere of
C

d and N(t), t ≥ 0, is a Poisson process independent of uj, j ≥ 1. Since �X(t) =
uN(t)u∗

N(t)1{�X(t)=1} the process X has jumps of rank one almost surely and X(t) =
X(t−) + uN(t)u∗

N(t) whenever there is a jump at time t. Hence we observe that X(t)
andX(t−) do not commute since uN(t)u∗

N(t) andX(t−) = u1u∗
1 + · · · + uN(t)−1u∗

N(t)−1
do not commute.

Example 3 Let us consider {X(t) : t ≥ 0} a Hermitian Lévy process in H
+
d the set

of nonnegative definite d × d Hermitian matrices. Assume that X has jumps of rank
one. Then by Theorem 4.1 in [23] X is the quadratic variation of a C

d-valued Lévy
process {Y(t) : t ≥ 0}, that is

X(t) = [Y ] (t), t ≥ 0.

For each t > 0, X(t) = ∑
0<u≤t

�Yu (�Yu)
∗ and X(t−) = lim

s↗t

∑
0<r≤s

�Yr (�Yr)
∗ do not

commute in general. In particular, X(t) and X(t−) commute if for each u, r ∈ (0, t]
the term �Yu (�Yu)

∗ � Yr (�Yr)
∗ is Hermitian.

Example 4 Let {Z(t) : t ≥ 0} be a Hermitian Lévy process in Hd of bounded
variation with jumps of rank one. By Theorem 4.2 in [23] Z is the difference
of the quadratic variations of two C

d-valued Lévy processes {X(t) : t ≥ 0} and
{Y(t) : t ≥ 0},

Z(t) = [X] (t) − [Y ] (t), t ≥ 0,

where [X] (t), t ≥ 0 and [Y ] (t), t ≥ 0 are independent Lévy processes in H
+
d .

It follows from Example 3 that Z(t) = [X] (t) − [Y ] (t) and Z(t−) = [X] (t−) −
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[Y ] (t−) do not commute in general. In particular, Z(t) and Z(t−) commute if for
each u, r ∈ (0, t] the terms �Xu (�Xu)

∗ � Xr (Xr)
∗ , �Yu (�Yu)

∗ � Yr (�Yr)
∗ and

�Xu (�Xu)
∗ � Yr (�Yr)

∗ are Hermitian.

3.1 Commutative Case

Assume that X(t) and X(t−) commute. Then there exists a random unitary matrix
U = Ut such that X(t) = Udiag(λ1(t), . . . , λd(t))U∗ and X(t−) = Udiag(λ1(t−),

. . . , λd(t−))U∗. Observe that the eigenvalues of �X(t) = X(t) − X(t−) are the dif-
ference between the eigenvalues of X(t) and the eigenvalues of X(t−).

If �X(t) is of rank one, there is exactly one eigenvalue λi such that �X(t) =
Udiag(0, . . . ,�λi(t), . . . , 0)U∗ and all the other eigenvalues do not jump at that time
t. Similarly if�X(t) is of rank k where 1 ≤ k ≤ d there are exactly k eigenvalues that
jump at time t and all other d − k eigenvalues remain without jumping at t. Observe
that the only case when all eigenvalues jump simultaneously at t is when the jump
�X(t) �= 0 is of rank d.

3.2 Noncommutative Case

When X(t) and X(t−) do not commute the situation is completely different from
the commutative case, since the eigenvalues of X(t) − X(t−) are not any more the
difference between the eigenvalues of X(t) and the eigenvalues of X(t−). In this case
we prove that if the jump �X(t) is of rank one, all eigenvalues jump simultaneously
at this time t, as we will see in Theorem 2.

We first consider some facts about the eigenvalues of rank one matrix perturba-
tions. Let A be a d × d complex matrix. A rank one perturbation of A is a d × d
complex matrix A + ruv� where u, v ∈ C

d and r ∈ C. If S is any set of polynomials
in C[x1, . . . , xd], we define V(S) = {

u ∈ C
d : f (u) = 0 for all f ∈ S

}
. If S is a finite

set of polynomials f1, . . . , fn we write V(f1, . . . , fn) for V(S). Recall that a subset
W of C

d is an algebraic set if W = V(f1, . . . , fn) for some f1, . . . , fn. A non empty
subset Q ⊂ C

d is generic if the complement C
d\Q is contained in an algebraic set

W which is not C
d . In such a case, C

d\Q is nowhere dense and of 2d dimensional
Lebesgue measure zero.

When a Hermitian Lévy process X has simple spectrum for each t > 0, then Xt

and Xt− have no common eigenvalues when the jump at time t is of rank one.

Proposition 4 Let {Xt : t ≥ 0} be an absolutely continuous d × d Hermitian Lévy
process. Let λ(t) = (λ1(t), . . . , λd(t)) be the vector of eigenvalues of Xt for each
t ≥ 0. If X has a rank one jump at time t > 0, then

{λ1(Xt), . . . , λd(Xt)} ∩ {λ1(Xt−), . . . , λd(Xt−)} = ∅ a.s.
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Proof Observe that Q = {
z ∈ C

2d : tr (zz∗) �= 0
}
is a generic set since {z ∈ C

2d :
tr (zz∗) = 0} = {0} is an algebraic setwhich is equal toV(f1, . . . , f2d)where fi(z) = zi

for any z = (z1, . . . , z2d)
� ∈ C

2d and i = 1, . . . , 2d.
Since X has a jump of rank one at time t, �Xt = ruu∗ with r = rt ∈ R\{0} and

u = ut ∈ C
d\{0}. That is, we have the rank one perturbation Xt− = Xt + ruu∗. Since

Xt is absolutely continuous and Hermitian, the eigenvalues λ1(Xt), . . . , λd(Xt) do
not collide almost surely, hence the degree of the minimal polynomial of Xt is d. By
Proposition 2.2 (iii) of [31] applied to z = (u, u) ∈ Q, there are exactly d eigenvalues
of Xt− that are not eigenvalues of Xt .

Remark 2 Proposition 2.2 in [31] also gives insight into the behavior of the non-
Hermitian rank one jumps of a general complex matrix Lévy process for which
Xt no longer has a simple spectrum. In this case, �Xt = ruv� with r ∈ C\{0} and
u, v ∈ C

d\{0}, the number mt ≤ d of distinct eigenvalues of Xt might be random and
there are exactly mt eigenvalues of Xt− that are not eigenvalues of Xt .

We now present the main result of this paper, giving conditions for the simultane-
ous jumps of a Hermitian Lévy process and its eigenvalue process. Moreover, if one
eigenvalue component of the eigenvalue process jumps, then all the other eigenvalue
components jump.

Theorem 2 Let {X(t) : t ≥ 0} be an absolutely continuous d × d Hermitian Lévy
process and let λ(t) = (λ1(t), . . . , λd(t)) be the vector of eigenvalues of X(t) where
λ1(t) ≥ λ2(t) ≥ · · · ≥ λd(t) for each t ≥ 0.

If X has a jump of rank one at t > 0 and X(t) and X(t−) do not commute then
Δλ(t) �= 0. Moreover Δλi (t) �= 0 for some i if and only if Δλj (t) �= 0 for all j �= i.

Proof If the Lévy process X jumps at time t, then, by Proposition 4, λi(Xt) −
λj(Xt−) �= 0 for all i, j = 1, 2, . . . , d and therefore Δλ(t) �= 0.

Moreover, if λ jumps at time t, it is clear from (13) that ΔX(t) �= 0, and then by
the first part of the proof all the eigenvalues jump, that is Δλj (t) �= 0 for all j �= i.

Remark 3 (a) We finally observe that Proposition 4 and Theorem 2 are true also
for a Hermitian semimartingale X with simple spectrum for each t > 0. This
is guaranteed whenever X(t) has an absolutely continuous distribution for each
t > 0.

(b) However, we have written the results of this section in the framework of Her-
mitian Lévy processes since the subject is one of Ole’s interests.
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4 The Dynamics of the Eigenvalues of Hermitian
Lévy Processes

4.1 Eigenvalue Derivatives of Hermitian Lévy Processes

Consider a Hermitian matrix X with decomposition X = UDU∗ given by (6) where
U = (

uij
)
is a unitary matrix, with uii > 0 for all i, uij �= 0 for i, j, and all minors

of U having non-zero determinants and D is a diagonal matrix with entries λi = Dii

such that λ1 > λ2 > · · · > λd .
Now if we assume that X = (xij + iyij)1≤i,j≤d is a smooth function of a real para-

meter θ , the Hadamard variation formulae hold: for each m = 1, 2, . . . , d,

∂θλm = (
U∗∂θXU

)
mm ,

∂2
θ λm = (

U∗∂2
θ XU

)
mm + 2

∑

j �=m

∣∣(U∗∂θXU)mj

∣∣2

λm − λj
.

In particular, for θ = xkh and ykh with k ≤ h, we observe that

∂λm

∂xkh
= 2Re(ukmuhm)1{k �=h} + |ukm|2 1{k=h},

∂λm

∂ykh
= 2 Im(ukmuhm)1{k �=h},

∂2λm

∂x2kh

= 2
∑

j �=m

∣∣ukmuhj + uhmukj

∣∣2

λm − λj
1{k �=h} + 2

∑

j �=m

∣∣ukmukj

∣∣2

λm − λj
1{k=h},

∂2λm

∂y2kh

= 2
∑

j �=m

∣∣ukmuhj − uhmukj

∣∣2

λm − λj
1{k �=h}.

We point out that the spectral dynamics of Hermitian matrices is studied in [34],
giving a Hadamard variation formula of any order for each eigenvalue in terms of a
gradient. It is noted there that an eigenvalue depends smoothly on X whenever that
eigenvalue is simple (even if other eigenvalues are not).

Using the former derivatives of the eigenvalues and the smooth function given in
(8) we have the following result for Hermitian Lévy processes with simple spectrum
for each time t > 0.

Lemma 1 Let {Xt : t ≥ 0} be a d × d Hermitian Lévy process with absolutely con-
tinuous distribution for each t > 0. Let λ(t) = (λ1(t), . . . , λd(t)) with λ1(t) > · · · >
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λd(t) the eigenvalues of Xt for each t ≥ 0. For each m = 1, 2, . . . , d, there exists

Φm : R
d2 → R which is C∞ in an open subset G̃ ⊂ R

d2
, with Leb

(
R

d2\G̃
)

= 0,

such that for each t > 0, λm(t) = Φm (Xt) and for k ≤ h

∂Φm

∂xkh
= 2Re(ukmuhm)1{k �=h} + |ukm|2 1{k=h}, (14)

∂Φm

∂ykh
= 2 Im(ukmuhm)1{k �=h}, (15)

and
∂2Φm

∂x2kh

= 2
∑

j �=m

∣∣ukmuhj + uhmukj

∣∣2

λm − λj
1{k �=h} + 2

∑

j �=m

∣∣ukmukj

∣∣2

λm − λj
1{k=h}, (16)

∂2Φm

∂y2kh

= 2
∑

j �=m

∣∣ukmuhj − uhmukj

∣∣2

λm − λj
1{k �=h}, (17)

where for simplicity, the dependence on t is omitted in λm = λm(t) and ukl = ukl(t),
which are random.

4.2 The SDE for the Process of Eigenvalues

Using Lemma 1 and Proposition 2, we can describe the dynamics of the process of
eigenvalues of a Hermitian Lévy process.

Theorem 3 Let {Xt : t ≥ 0} be a Hermitian Lévy process with triplet (A , ν, Ψ ) and
locally bounded within the open set G in Hd identified with the open set G̃ in R

d2
of

Lemma 1. Assume that Xt has an absolutely continuous distribution for each t > 0.
Let λ(t) = (λ1(t), . . . , λd(t)) be the eigenvalues of Xt for each t ≥ 0.

Then, for each m = 1, . . . , d the process λm (Xt) is a semimartingale and

λm (Xt) = λm (X0) + tr

(∫ t

0
Dλm (Xs−) dXs

)
+ 1

2

∫ t

0

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
λm (Xs) ds

+
∫

(0,t]×H
0
d

[
λm (Xs− + y) − λm (Xs−) − tr (Dλm (Xs−) y)

]
JX (ds, dy) ,

(18)

where (a)

Dλm (Xs−) =
(

∂λm(s−)

∂xkh
+ i

∂λm(s−)

∂ykh
1{k �=h}

)

1≤k≤h≤d

,
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∂λm(s−)

∂xkh
= 2Re (ukm(s−)uhm(s−)) 1{k �=h} + |ukm(s−)|2 1{k=h}, (19)

∂λm(s−)

∂ykh
= 2 Im (ukm(s−)uhm(s−)) 1{k �=h}. (20)

(b)

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
λm (Xs) = 2

d∑

k=1

Akk,kk

∑

j �=m

∣∣ukm(s)ukj(s)
∣∣2

λm(s) − λj(s)

+ 4
∑

1≤k<h≤d

Akh,kh

∑

j �=m

∣∣ukm(s)uhj(s)
∣∣2 + ∣∣uhm(s)ukj(s)

∣∣2

λm(s) − λj(s)
. (21)

Proof By Lemma 1, for each m = 1, 2, . . . , d there exists Φm : R
d2 → R which is

C∞ in an open subset G̃ of R
d2

such that λm(t) = Φm (Xt) for each t > 0, and the
Φm satisfy (14)–(17).

Now, taking f = λm in Proposition 2, where the open set G is identified with the
open subset G̃, we have that λm (Xt) is a semimartingale where formula (12) becomes
(18). The derivative matrix Dλm (Xs−) in (18), see (9), is given by Dλm (Xs−) =(

∂Φm(s−)

∂xkh
+ i ∂Φm(s−)

∂ykh
1{k �=h}

)

1≤k≤h≤d
, where the expressions of ∂Φm(s−)

∂xkh
and ∂Φm(s−)

∂ykh
in

(14) and (15) turn out to be in (19) and (20).
The second derivative term in (18) is given by

∑
(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
λm (Xs)

= ∑
(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
Φm(s). It can be seen that ∂2

∂xiixjj
Φm(s) = 0 for i �= j, ∂2

∂xijxkh
Φm

(s) = 0 for i < j, k < h with ij �= kh, ∂2

∂xijykh
Φm(s) = 0 for i ≤ j, k < h, and ∂2

∂yijykh
Φm

(s) = 0 for i < j, k < h with ij �= kh.
Using the previous computations, the operator (11) applied to Φm(s) gives

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
Φm(s) =

d∑

k=1

Akk,kk
∂2

∂x2kk

Φm(Xs)

+
∑

1≤k<h≤d

Akh,kh

(
∂2

∂x2kh

+ ∂2

∂y2kh

)
Φm(Xs), (22)

and now from (16) and (17) we get

d∑

k=1

Akk,kk
∂2

∂x2kk

Φm(Xs) = 2
d∑

k=1

Akk,kk

∑

j �=m

∣∣ukmukj

∣∣2

λm − λj
, (23)

and
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∑

1≤k<h≤d

Akh,kh

(
∂2

∂x2kh

+ ∂2

∂y2kh

)
Φm(Xs) (24)

= 2
∑

1≤k<h≤d

Akh,kh

∑

j �=m

{∣∣ukmuhj + uhmukj

∣∣2

λm − λj
+

∣∣ukmuhj − uhmukj

∣∣2

λm − λj

}

= 2
∑

1≤k<h≤d

Akh,kh

∑

j �=m

2

∣∣ukm(s)uhj(s)
∣∣2 + ∣∣uhm(s)ukj(s)

∣∣2

λm(s) − λj(s)
.

Finally, (21) follows from (22)–(24).

Remark 4 (a) Theorem 3 is the analog of the Dyson–Brownian motion (1) for a
Hermitian Lévy process. In this case, X(t) has a simple spectrum almost surely for
each t > 0. The problem of noncolliding eigenvalues for each t > 0 almost surely
will be considered elsewhere.

(b) However, we observe that the repulsion term between each pair of eigenvalues
1/(λi(s) − λj(s)), i �= j, appears in (18) and (21)when there is aGaussian component
(i.e., A �= 0).

(c) The corresponding expression of Proposition 3 can be obtained for the dynam-
ics of eigenvalues in terms of the local martingale and bounded variation compo-
nents of the eigenvalues. Let {Xt : t ≥ 0} be a Hermitian Lévy process with triplet
(A , ν, Ψ ) satisfying the same conditions as in Theorem 3. For each m = 1, 2, . . . , d
it holds the decomposition λm(Xt) = Mm

t + Vm
t where Mm

t is a martingale and Vm
t is

a process of bounded variation such that

Mm
t = λm (X0) + tr

(∫ t

0
Dλm (Xs−) BA (ds)

)

+
∫

(0,t]×H
0
d

[
λm (Xs− + y) − λm (Xs−)

]
J̃X (ds, dy)

and

Vm
t = 1

2

∫ t

0

∑

(i,j)(k,h)

Aij,kh
∂2

∂zijzkh
λm (Xs) ds + tr

(∫ t

0
Ψ Dλm (Xs) ds

)

+
∫

(0,t]×H
0
d

[
λm (Xs− + y) − λm (Xs−) − tr (Dλm (Xs−) y) 1{‖y‖≤1}

]
dsν(dy).

(25)

(d) Hermitian Lévy processes with rank one jumps and with their distributions
invariant under unitary conjugation appear in the context of a connection between
classical and free one-dimensional infinitely divisible distributions [13, 20, 22, 23].

Let us consider an example with the triplet
(

σ 2

2 (1 + 1{k=h≤d})Id ⊗ Id, ν, ψId
)
. From

(c), for each m = 1, . . . , d, the eigenvalue λm has the decomposition λm(t) = Mm
t +
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V m
t , where

Mm
t = λm (X0) + tr

(∫ t

0
Dλm (Xs−) BA (ds)

)

+
∫

(0,t]×H
1
d

[
λm (Xs− + u) − λm (Xs−)

]
(JX (ds, du) − dsν(du))

and

Vm
t = σ 2

∫ t

0

∑

j �=m

1

λm (Xs) − λj (Xs)
ds + ψ tr

(∫ t

0
Dλm (Xs) ds

)

+
∫

(0,t]×H
1
d

[
λm (Xs− + u) − λm (Xs−) − tr (Dλm (Xs−) u) 1{‖u‖≤1}

]
dsν(du).

In particular, when the process is symmetric, the Lévy measure is symmetric and
ψ = 0, and hence

Vm
t = σ 2

∫ t

0

∑

j �=m

1

λm (Xs) − λj (Xs)
ds +

∫

(0,t]×H
1
d

[
λm (Xs− + u) − λm (Xs−)

]
dsν(du).
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Likelihood Inference for Exponential-Trawl
Processes

Neil Shephard and Justin J. Yang

Abstract Integer-valued trawl processes are a class of serially correlated, stationary
and infinitely divisible processes that Ole E. Barndorff-Nielsen has been working on
in recent years. In this chapter, we provide the first analysis of likelihood inference
for trawl processes by focusing on the so-called exponential-trawl process, which
is also a continuous time hidden Markov process with countable state space. The
core ideas include prediction decomposition, filtering and smoothing, complete-data
analysis and EM algorithm. These can be easily scaled up to adapt to more general
trawl processes but with increasing computation efforts.

Keywords Integer-valued process · Trawl process · Poisson random measure ·
Hidden Markov process ·Maximum likelihood estimate · Filtering and smoothing ·
EM algorithm

1 Introduction

In recent years, Ole E. Barndorff-Nielsen has been working on a class of stochastic
models called integer-valued trawl processes. References include [2, 6, 7]. These
are flexible models whose core randomness is driven by Poisson random measures.
Trawl processes are related to the up-stairs processes of [25] and the randommeasure
processes of [24]. Both of these processes are stationary. Barndorff-Nielsen et al. [7]
also brings out the relationship between their processes and M/G/∞ queues (e.g.
[16, 18] and [8, Chap. 6.31]) andmixedmoving average processes (e.g. [22]). Related
discrete time count models include [9, 10, 12–15, 17, 23, 26]. Trawl processes also
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fall within the wide class of the so-called ambit fields (e.g. [3, 4]). Recently, [21]
models high frequency financial data by using a trawl process to allow for fleeting
movements to prices in addition to an integer-valued Lévy process proposed by [5].

As far as we know, there is no existing literature that directly and completely
addresses likelihood inference for these trawl processes—or equivalently the pre-
diction based upon it. Even though there are a large number of papers that focus
on likelihood inference for marked point processes (see [11] for a survey), it only
indirectly and partially describes trawl processes in terms of their jumps. A thorough
likelihood inference for trawl processes needs to include the information in the initial
value of the process.

In this article, we provide a thorough analysis of likelihood inference for integer-
valued trawl processes and demonstrate the core ideas—prediction decomposition,
filtering, smoothing and EM algorithm—by focusing on the so-called exponential
trawl. It is not only a simplification of the modelling framework but also an intellec-
tually interesting special case of its own, as in this special case the resulting trawl
process is a continuous time hidden Markov process with countable state space.
The theoretical analysis for the filtering and smoothing problems for this type of
process has been discussed in details by [19, 20], using the classical theory of Kol-
mogorov’s forward and backward differential equations. We particulary emphasize
that the resulting EM algorithm in this special case is exact in the sense that there
are no discretization errors in its computation.

The major goal of this article is to derive filtering and smoothing results in the
framework of trawl processes, so the analysis adopted here can be easily scaled
up to adapt to the discussions of other general trawls or even the inclusion of a
non-stationary component proposed in [21]. These general discussions will be dealt
with elsewhere, for they require a significantly more sophisticated particle filtering
and smoothing device. We also discuss non-negative trawl processes, which are
particularly easy to work with.

The structure of this article is as follows. In Sect. 2, we remind the reader how to
construct trawl processes using the exponential trawl. Section3 includes details of
how to carry out filtering and smoothing for these models. In Sect. 4, we show likeli-
hood inference for exponential-trawl processes based on these filters and smoothers.
Section5 discusses the important but analytically tractable special case of non-
negative trawl processes. We finally conclude in Sect. 6. The Appendix contains
the proofs and derivations of various results given in this article.

2 Exponential-Trawl Processes

In this section, we build our notation, definitions and key structures for the
exponential-trawl process that will be focused on throughout this article. We also
provide its log-likelihood function based on observed data.
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2.1 Definition

Our model will be based on a homogeneous Lévy basis on [0, 1] × R → Z, which
models the discretely scattered events of integer size (with direction) y ∈ Z\ {0} at
each point in time s ∈ R and height x ∈ [0, 1]. It is defined by

L (dx, ds) �
∫ ∞

−∞
yN (dy, dx, ds) , (x, s) ∈ [0, 1] × R,

where N is a three-dimensional Poisson random measure with intensity measure

E (N (dy, dx, ds)) = ν (dy) dxds.

Here ds means the arrival times are uniformly scattered (over R), dx means the
randomheights are also uniformly scattered (over [0, 1]) and ν (dy) is aLévymeasure
concentrated on the non-zero integers Z\ {0}. Without any confusion, we will abuse
the notation ν (y) to denote the mass of the Lévy measure centered at y. Throughout
this article, we assume that

∫ ∞

−∞
ν (dy) =

∑

y∈Z\{0}
ν (y) < ∞.

Following [7], we think of dragging a fixed Borel measurable set A ⊆ [0, 1] ×
(−∞, 0] through time

At � A + (0, t), t ≥ 0,

so the trawl process is defined by

Yt � L(At ) =
∫

[0,1]×R

1A (x, s − t) L (dx, ds) .

Throughout the rest of this article, we will focus on the exponential trawl

A �
{
(x, s) : s ≤ 0, 0 ≤ x < d (s) � exp (sφ)

}
, φ > 0,

to simplify our exposition of the key ideas. We will leave results on more general
trawls in another study.

Example 1 Suppose that

ν(dy) = ν+δ{1} (dy) + ν−δ{−1} (dy) , ν+, ν− > 0,

where δ{±1} (dy) is the Dirac point mass measure centered at ±1. The corresponding
L (dx, ds) is called a Skellam Lévy basis, while the special case of ν− = 0 is called
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Fig. 1 A moving trawl At is joined by the Skellam Lévy basis L(dx, ds), where the horizontal
axis s is time and the vertical axis x is height. The shaded area is an example of the exponential
trawl A, while we also show the outlines of At when t = 1/2 and t = 1. Also shown below is the
implied trawl process Yt = L(At ). Code: EPTprocess_Illurstration.R

Poisson. The upper panel of Fig. 1 shows events in L using ν+ = ν− = 10, taking
sizes on 1,−1 with black and white dots respectively and with equal probability.
The lower panel of Fig. 1 then illustrates the resulting Skellam exponential-trawl
process Yt = L (At ) using φ = 2, which sums up all the effects (both positive and
negative) captured by the exponential trawl. Dynamically, L (At ) will move up by 1
if the moving trawl At either captures one positive event or releases a negative one;
conversely, it will move down by 1 if vice versa. Notice that Y0 = L (A0) might not
be necessarily zero and the path of Y at negative time is not observed.

2.2 Markovian Counting Process

For y ∈ Z\ {0}, let C (y)
t ∈ {0, 1, 2, . . .} be the total counts of surviving events of size

y in the trawl at time t , which also includes the event that arrives exactly at time
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t , so each C (y)
t must be càdlàg (right-continuous with left-limits). Then clearly the

trawl process can be represented as

Yt =
∑

y∈Z\{0}
yC (y)

t , t ≥ 0. (1)

Note that eachC (y)
t is not only a Poisson exponential-trawl processwith (different)

intensity of arrivals ν (y) (and sharing the same trawl) but also a M/M/∞ queue and

hence a continuous time Markov process. Hence, for
{
C (y)

t

}

t≥0
being the natural

filtration generated by the counting process C (y)
t , i.e., C (y)

t � σ

({
C (y)

s

}

0≤s≤t

)
, it

has (infinitesimal) transition probabilities (or rates or intensities)

lim
dt→0

P

(
C (y)

t − C (y)

t−dt = j
∣∣∣C (y)

t−dt

)

dt
=
⎧
⎨

⎩

ν (y) , if j = 1
φC (y)

t− , if j = −1
0, if j ∈ Z\ {−1, 1}

. (2)

The cases of j = 1 or −1—which correspond to the arrival of a new event of size y
and the departure of an old one—are the only two possible infinitesimal movements
of C (y)

t due to the point process nature of the Lévy basis. Note that the arrival rate
and departure rate are controlled by the Lévy measure ν and the trawl parameter φ

respectively. Derivation of (2) can be found in many standard references for queue
theory (e.g. [1]).

Remark 1 Let ΔXt � Xt − Xt− denote the instantaneous jump of any process X at
time t . Then the transition probability (2) can be conveniently written in a differential
form

P

(
ΔC (y)

t = j
∣∣∣C (y)

t−
)

=
⎧
⎨

⎩

ν (y) dt, if j = 1
φC (y)

t− dt, if j = −1
0, if j ∈ Z\ {−1, 1}

.

Throughout this article, our analysis will be majorly based on this infinitesimal point
of view for the ease of demonstration. All of our arguments can be rephrased in a
mathematically tighter way.

The independence property of the Lévy basis implies the independence between
each C (y)

t for y ∈ Z\ {0}, so the joint counting process

Ct �
(
..., C (−2)

t , C (−1)
t , C (1)

t , C (2)
t , ...

)

is also Markovian, which serves as the unobserved state process for the observed
hidden Markov process Yt and will be the central target for the filter and smoother
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we will discuss in a moment. Let Ct � σ
({Cs}0≤s≤t

) =
∨

y∈Z\{0} C
(y)
t be the joint

filtration. Clearly, from (2), Ct has (infinitesimal) transition probabilities

P (ΔCt = j|Ct−) =
⎧
⎨

⎩

ν (y) dt, if j = 1(y) for some y
φC (y)

t− dt, if j = −1(y) for some y
0, otherwise

, (3)

where 1(y) ∈ Z
∞ is the vector that takes 1 at y-th component and 0 otherwise.

The trawl process Yt can be also written as

Yt =
∞∑

y=1

yY (y)
t , Y (y)

t � C (y)
t − C (−y)

t ,

where each Y (y)
t is a Skellam exponential-trawl process. Each Y (y)

t is observed from
the path of Yt up to its initial value Y (y)

0 , for we can exactly observe all the jumps of Yt

and hence allocate them into the appropriate Y (y)
t . In other words, we can regard the

observed trawl process as (i) a marked point process ΔYt ∈ Z\ {0}, which consists
of several independent (given all the Y (y)

0 ) marked point processes ΔY (y)
t ∈ {−1, 1},

plus (ii) the initial value Y0. The missing components Y (y)

0 ’s will have some mild
effects on ΔY (y)

t . It is this initial value challenge that differentiates the likelihood
analysis of trawl processes from that of marked point processes.

The special case where Yt is always non-negative has further simpler structure,
as we must have C (−y)

t = 0 for all y = 1, 2, . . . and hence C (y)
t = Y (y)

t is directly
observed up to its initial condition C (y)

0 , which can be well-approximated if the
observation period T is large enough. We will go through these details in Sect. 5.

2.3 Conditional Intensities and Log-Likelihood

Let {Ft }t≥0 be the natural filtration generated by the observed trawl process Yt ,
i.e.Ft � σ

({Ys}0≤s≤t

)
. Define the càdlàg conditional intensity process of the trawl

process Y as

λ
(y)
t− � lim

dt→0

P (Yt − Yt−dt = y|Ft−dt )

dt
, y ∈ Z\ {0} , t > 0 (4)

or conveniently in a differential form

λ
(y)
t− dt � P (ΔYt = y|Ft−) . (5)

It means the (time-varying) predictive intensity of a size y move at time t of the trawl
process, conditional on information instantaneously before time t .
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Remark 2 To emphasize the Ft -predictability of λ(y), i.e., being adapted to the left
natural filtration Ft−, we will keep the subscript t− throughout this article. This is
particularly informative in the implementation of likelihood calculations, reminding
us to take the left-limit of the intensity process whenever there is a jump.

For any two σ -fields F and G , let the Radon-Nikodym derivative over F |G
between two probability measures P and Q be

(
dP

dQ

)

F |G
�

(
dP

dQ

)

F∨G(
dP

dQ

)

G

.

In particular, when G = σ (X) for any random variable X , we will simply write
the subscript asF |X . The following classical result serves as the foundation for all
likelihood inference for jump processes.

Theorem 1 Let Xt be any integer-valued stochastic process and
{
F X

t

}
t≥0 be its

associated natural filtration. Assume that, under both P and Q, (i) it has finite
expected number of jumps during (0, T ], and (ii) the conditional intensities λ

(y),P
t−

and λ
(y),Q
t− are well-defined using (4) and F X

t−. Then P 	 Q over F X
T |X0 if and only

if λ
(y),Q
t− is strictly positive. In this case, the logarithmic Radon-Nikodym derivative

over F X
T |X0 is

log

(
dP

dQ

)

F X
T |X0

=
∑

0<t≤T

∑

y∈Z\{0}
log

(
λ

(y),P
t−

λ
(y),Q
t−

)
1{ΔXt =y}

−
∫

t∈(0,T ]

∑

y∈Z\{0}

(
λ

(y),P
t− − λ

(y),Q
t−

)
dt.

Proposition 14.4.I of [11] provides a complete and mathematically rigorous treat-
ment for this Theorem. For completeness, we also provide an intuitive and heuristic
derivation in the Appendix. A direct application of Theorem 1 gives the following
Corollary.

Corollary 1 The log-likelihood function of the (general) trawl process is (ignoring
the constant)

lFT (θ) =
∑

0<t≤T

∑

y∈Z\{0}
log λ

(y)
t− 1{ΔYt =y} −

∫

t∈(0,T ]

∑

y∈Z\{0}
λ

(y)
t− dt + lY0 (θ) , (6)

where the parameters of interest θ include the Lévy measure ν (dy) (i.e. ν (y)’s) and
the trawl parameter φ.
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The study of likelihood inference for trawl processes then reduces to the calcula-
tions of conditional intensities λ

(y)
t− for y ∈ Z\ {0}. Now, by law of iterated expecta-

tions and the fact that Ct ⊇ Ft for all t (because of (1)), we have

λ
(y)
t− dt = E (P (ΔYt = y|Ct−) |Ft−)

= E
(
P
(
ΔCt = 1(y)

∣∣Ct−
)∣∣Ft−

)+ E
(
P
(
ΔCt = −1(−y)

∣∣Ct−
)∣∣Ft−

)

= ν (y) dt + φE
(

C (−y)
t−
∣∣∣Ft−

)
dt,

where the second line follows because the event ΔYt = y must come from either an
arrival of a new size y event or a departure of an old size −y event; the third line
follows from (3). Thus,

λ
(y)
t− = ν (y) + φE

(
C (−y)

t−
∣∣∣Ft−

)
, y ∈ Z\ {0} . (7)

In the next section, we will study an exact filtering scheme to numerically calculate

E

(
C (−y)

t−
∣∣∣Ft−

)
.

The non-negative exponential-trawl process, where we always have positive
events, admits a further simplification

λ
(y)
t− = ν (y) , λ

(−y)
t− = φE

(
C (y)

t−
∣∣∣Ft−

)
, y = 1, 2, . . . , (8)

so likelihood inference for such a case is easier. In the Poisson case, all the impacts
are of size one, so in particularC (1)

0 = Y0 is also observed (asC (y)

0 = 0 for all y �= 1),
which allows us to bypass the conditional expectation in (8) for y = 1.

3 Exact Filter and Smoother for Exponential-Trawl
Processes

3.1 Filtering

In general we need to solve the filtering problems for Ct to implement (6) and (7).
Denote the filtering probability mass function as

pt,s (j) � P (Ct = j|Fs) , j = (. . . , j−2, j−1, j1, j2, . . .
)
, jy = 0, 1, 2, . . . , t, s ≥ 0.

Also, let ‖j‖1 �
∑

y∈Z\{0} jy and Dt � ‖Ct‖1 =∑y∈Z\{0} C (y)
t .
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Our goal here is to sequentially update pt−,t− (j), where the initial distribution is
derived from

C (y)

0
indep.� Poisson

(
ν (y)

φ

)
subject to

∑

y∈Z\{0}
yC (y)

0 = Y0,

so, by letting Poisson (x |λ) � λx e−λ/x !, we have

p0,0 (j) =
∏

y∈Z\{0} Poisson
(

jy|ν (y) /φ
)

P

(∑
y∈Z\{0} yC (y)

0 = Y0

) ,

where the denominator can be numerically calculated using the inverse fast Fourier
transform [21].

Notice that the filtering distribution not only updates at the times when the process
jumps but also at the inactivity periods. We discuss these two cases separately.

Theorem 2 (Forward Filtering)

1. [Update by inactivity] Assume that the last jump time is τ (or τ = 0) and the
current time is t−, where ΔYs = 0 for τ < s < t (and ΔYτ �= 0 if τ > 0). Then

pt−,t− (j) = e−φ‖j‖1(t−τ) pτ,τ (j)∑
k e−φ‖k‖1(t−τ) pτ,τ (k)

, (9)

where pτ,τ is the filtering distribution we have already known at time τ .
2. [Update by jump] Assume that the current time is τ− and ΔYτ = y for some

y ∈ Z\ {0}. Then

pτ,τ (j) = 1

λ
(y)
τ−

(
ν (y) pτ−,τ−

(
j − 1(y)

)+ φ
(

j−y + 1
)

pτ−,τ−
(
j + 1(−y)

))
,

(10)
where pτ−,τ− is the filtering distribution we have already known at time τ−.

Overall, the filtering procedures (9) and (10) imply that pt−,t− (j) can be updated
in continuous time without discretization errors at any set of finite discrete time
points, so we call it an exact filter.

Example 2 For the Skellam exponential-trawl process with Lévy intensities ν+ and
ν−, we always have

Yt− = C (+)
t− − C (−)

t− , t > 0,

so knowing pt−,t− ( j) � P

(
C (−)

t− = j
∣∣∣Ft−

)
immediately gives us pt−,t− ( j, k).

Hence, the filtering updating scheme reduces to the following: starting from τ = 0,
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pt−,t− ( j) ∝ e−φ(2 j+Yτ )(t−τ) pτ,τ ( j) if ΔYs = 0 for τ < s < t,

pτ,τ ( j) ∝ ν+ pτ−,τ− ( j) + φ ( j + 1) pτ−,τ− ( j + 1) if ΔYτ = 1,

pτ,τ ( j) ∝ ν− pτ−,τ− ( j − 1) + φ ( j + Yτ−) pτ−,τ− ( j) if ΔYτ = −1.

We then renormalize pt−,t− ( j) such that
∑∞

j=0 pt−,t− ( j) = 1 in each step of the
updates. Knowing the filtering distributions pt−,t− ( j) allows us to calculate

E

(
C (−)

t−
∣∣∣Ft−

)
=

∞∑

j=0

j pt−,t− ( j) , E

(
C (+)

t−
∣∣∣Ft−

)
=

∞∑

j=0

j pt−,t− ( j) + Yt−.

Using the following settings, with time unit being second,

ν+ = 0.013, ν− = 0.011, φ = 0.034, T = 21 × 602 = 75,600 (s), (11)

Figure2 shows a simulated path of the trawl process Yt together with the filtering
expectations of C (+)

t , C (−)
t and Dt = C (+)

t + C (−)
t , the total number of surviving

(both positive and negative) events in the trawl at time t .

3.2 Smoothing

We now consider the smoothing procedure for the exponential-trawl process Yt ,
which is necessary for the likelihood inference based on the EM algorithm we will
see in a moment.

Running the filtering procedure up to time T , we then start from pT,T to conduct
the smoothing procedure.

Theorem 3 (Backward Smoothing)

1. [Update by inactivity] Assume that the (backward) last jump time is τ (or τ = T )
and the current time is t , where ΔYs = 0 for t ≤ s < τ (and ΔYτ �= 0 if τ < T ).
Then

pt,T (j) = pτ−,T (j) ,

where pτ−,T is the smoothing distribution we have already known at time τ−.
2. [Update by jump] Assume that the current time is τ and ΔYτ = y for some

y ∈ Z\ {0}. Then

pτ−,T (j) = pτ−,τ− (j)

λ
(y)
τ−

(
ν (y)

pτ,T
(
j + 1(y)

)

pτ,τ

(
j + 1(y)

) + φ j−y
pτ,T

(
j − 1(−y)

)

pτ,τ

(
j − 1(−y)

)
)

,

(12)

where pτ−,τ− and pτ,τ are from the forward filtering procedure and pτ,T is the
smoothing distribution we have already known at time τ .
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Fig. 2 Top left A simulated path for the Skellam exponential-trawl process Yt . Top right,
Bottom left, Bottom right Paths of the true hidden counting processes C (+)

t , C (−)
t and Dt =

C (+)
t + C (−)

t of surviving events in the trawl along with their filtering estimations. Code:
EPTprocess_FilteringSmoothing_Illustration.R

The two terms in (12) are

P
(

Cτ− = j, Cτ = j + 1(y)
∣∣FT

)
and P

(
Cτ− = j, Cτ = j − 1(y)

∣∣FT
)

respectively, so, in particular,

P
(
ΔC (y)

τ = 1
∣∣FT

) =
∑

j

pτ−,τ− (j)

λ
(y)
τ−

(
ν (y)

pτ,T
(
j + 1(y)

)

pτ,τ

(
j + 1(y)

)
)

, (13)

P
(
ΔC (y)

τ = −1
∣∣FT

) =
∑

j

pτ−,τ− (j)

λ
(y)
τ−

(
φ j−y

pτ,T
(
j − 1(−y)

)

pτ,τ

(
j − 1(−y)

)
)

. (14)

These (total) weights in (12) will be recorded for every jump time τ as by-products of
the smoothing procedure, for later they will play important roles in the EM algorithm
introduced in Sect. 4.3.
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Example 3 (Continued from Example 2) For the Skellam exponential-trawl process,
the smoothing updating scheme reduces to the following: starting from τ = T ,

pt,T ( j) = pτ−,T ( j) if ΔYs = 0 for t ≤ s < τ,

pτ−,T ( j) ∝ pτ−,τ− ( j)

(
ν+ pτ,T ( j)

pτ,τ ( j)
+ φ j

pτ,T ( j − 1)

pτ,τ ( j − 1)

)
if ΔYτ = 1,

pτ−,T ( j) ∝ pτ−,τ− ( j)

(
ν− pτ,T ( j + 1)

pτ,τ ( j + 1)
+ φ (Yτ− + j)

pτ,T ( j)

pτ,τ ( j)

)
if ΔYτ = −1.

We also renormalize pt,T ( j) in each step of the updates.
Using the same simulated path and the same setting (11) as in Example 2, we

show the smoothing expectations of C (+)
t , C (−)

t and Dt in Fig. 3. For most of the
time, the smoothing expectations can match the truth quite well and will remove the
peaks of filtering expectations resulting from departures (such as the one close to
t = 400 in the plot for C (−)

t ).

Fig. 3 Top left A simulated path for the Skellam exponential-trawl process Yt . Top right,
Bottom left, Bottom right Paths of the true hidden counting processes C (+)

t , C (−)
t and Dt =

C (+)
t + C (−)

t of surviving events in the trawl along with their smoothing estimations. Code:
EPTprocess_FilteringSmoothing_Illustration.R



Likelihood Inference for Exponential-Trawl Processes 263

Remark 3 In Figs. 2 and 3, we present the estimation of the hidden counting
processesC (+)

t andC (−)
t in terms of their filtering and smoothing expectations, which

are, of course, not necessarily integer-valued. To preserve such discrete natures in the
estimate(s), one can consider the modes of the filtering and smoothing distributions
instead.

Now we are capable of conducting likelihood inference for exponential-trawl
processes as one of the most important applications of the filtering and smoothing
procedures we have already built here.

4 Likelihood Inference for General Exponential-Trawl
Processes

It has been reported by [7, 21] that themoment-based inference for the family of trawl
processes could be easily performed, but such inference is arbitrarily dependent on
its procedure design. In this section, we focus on the maximum likelihood estimate
(MLE) calculation for exponential-trawl processes with general L évy basis and
demonstrate its correctness using several examples.

4.1 MLE Calculation Based on Filtering

Recall that the evaluation of the log-likelihood (6) requires the calculations of the
conditional intensities λ

(y)
t− and their integrals

∫

t∈(0,T ]
λ

(y)
t− dt = ν (y) T + φ

∑

j

j−y

∫

t∈(0,T ]
pt−,t− (j) dt, (15)

which follows from (7) and E

(
C (−y)

t−
∣∣∣Ft−

)
=∑j j−y pt−,t− (j).

However, we do not know the integral
∫

t∈(0,T ] pt−,t− (j) dt analytically, as the
denominator in (9) also depends on t . Hence, we have to calculate (9) in a dense grid
of time points—separated by a time gap δinactivity during the inactivity periods—and
approximate (15) by linear interpolation. Clearly, the smaller the time gap δinactivity,
the smaller the numerical error in (15) but the larger the computational burden.

Example 4 Using the true parameters in (11) and simulating a 10-day-long data
with T = 756,000 (s), Fig. 4 shows how an inappropriate choice of δinactivity will
depict a wrong log-likelihood surface no matter how long the correct simulated
data we supply, where the comparison is made with respect to the first day portion
(75,600 (s)) of the 10-day-long simulated data. Using the same one-day-long data,
Fig. 5 also shows the corresponding log-likelihood function over ν+ or ν− with other
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Fig. 4 Log-likelihood plots over φ (with ν+ and ν− fixed at the truth) using different δinactivity and
a simulated 10-day-long (T = 756,000 (s)) Skellam exponential-trawl process. The one-day-long
data is the first tenth of the simulated data. The dashed lines indicate the true value of φ, while the
solid lines indicate the optimal value of φ in each plot. The p-values using the likelihood ratio test
are 0.104% (Top left), 21.0% (Bottom left), 8.82 × 10−13 (Top right) and 46.1% (Bottom right).
Code: EPTprocess_MLE_Inference_Simulation_Small_vs_Large.R

Fig. 5 Log-likelihood plots over either ν+ or ν− for one simulated Skellam exponential-trawl
process. Thedashed lines indicate the true value,while the solid lines indicate the optimal value ofν+
or ν− in the individual plot. The p -values using the likelihood ratio test are 40.5% (Left) and 33.4%
(Right). Code: EPTprocess_MLE_Inference_Simulation_Small_vs_Large.R
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parameters fixed at the truth when we specify a proper δinactivity. All of the MLE’s
(solid lines) in the three plots (the bottom left one in Fig. 4 and the two in Fig. 5)
are reasonably close to the true values (dashed lines), for the likelihood ratio test
suggests that all the p-values in each plot are greater than 20%.

4.2 Complete-Data Likelihood Inference

Even though in general it would be computationally expensive to calculate the MLE
by direct filtering, the maximum complete-data likelihood estimate (MCLE) is much
simpler. A comprehensive analysis of the complete-data likelihood inference is per-
formed in the following.

Let N (y),A
t and N (y),D

t be the counting process of the arrival of size y events and
the departure of size y events during the period (0, T ]. Also let

N type
t �

∑

y∈Z\{0}
N (y),type

t , type = A,D.

Theorem 4 The complete-data log-likelihood function of the exponential-trawl
process is (ignoring the constant)

lCT (θ) =
∑

y∈Z\{0}

(
log (ν (y))

(
N (y),A

T + C (y)

0

)
− ν (y)

(
T + φ−1))

+ log (φ)
(
ND

T − D0
)− φ

∫

t∈(0,T ]
Dt−dt, (16)

so the corresponding MCLE’s for the Lévy measure and the trawl parameter are

ν̂MCLE (y) = N (y),A
T + C (y)

0

T + φ̂−1
MCLE

, y ∈ Z\ {0} , (17)

φ̂MCLE =
ΞT +

√
Ξ 2

T + 4
NA

T + ND
T

T

∫
t∈(0,T ] Dt−dt

2
∫

t∈(0,T ] Dt−dt
,

ΞT � ND
T − D0 − 1

T

∫

t∈(0,T ]
Dt−dt.

Furthermore, the MCLE’s above are strongly consistent: with probability 1, as
T → ∞,

φ̂MCLE → φ and ν̂MCLE (y) → ν (y) , y ∈ Z\ {0} .

We note that φ̂MCLE depends on
∫

t∈(0,T ] Dt−dt , the total number of possible depar-
tures, weighted by the individual survival time during the period (0, T ].
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4.3 MLE Calculation Based on EM Algorithm

In this subsection, we introduce an EM algorithm that is particularly suitable for
exponential-trawl processes, as there are no discretization errors. The EM algorithm
is also computationally efficient. Compared with generic optimization methods like
limited-memory BFGS (L-BFGS), the updating scheme suggested by EM can con-
verge to the MLE in fewer steps and with no error. Clearly, the use of EM needs
some extra computations in each step for backward smoothing, but in aggregate EM
performs much faster than L-BFGS as EM skips intermediate filtering calculations
during the inactivity periods.

E-Step The linear form of the complete-data log-likelihood (16) allows us to easily
take expectation on it with respect to P (·|FT ) (under a set of old estimated
parameters θ̂old), which then requires the calculations of the following quantities
using the smoothing distribution pt,T :

E

(
N (y),A

T

∣∣∣FT

)
=
∑

0<t≤T

P

(
ΔC (y)

t = 1
∣∣∣FT

)
, (18)

E

(
N (y),D

T

∣∣∣FT

)
=
∑

0<t≤T

P

(
ΔC (y)

t = −1
∣∣∣FT

)
,

E

(
C (y)

0

∣∣∣FT

)
=
∑

j

jy p0,T (j) , E ( D0|FT ) =
∑

j

‖j‖1 p0,T (j) ,

E ( Dt−|FT ) =
∑

j

‖j‖1 pt−,T (j) ,

where (13) and (14) will be extensively used. Note that E (Dt−|FT )will be a step
function of t , so the calculation of

∫
t∈(0,T ] E (Dt−|FT ) dt is trivially exact.

M-Step Since the E-Step generates a Q function that takes the same functional
form of θ as (16), the solution to M-Step takes the same form as theMCLE in (17),
where we just replace each of the hidden data related terms by their smoothing
expectations in (18). This can be also viewed as a representation of the plug-in
principle for (17), i.e., replacing unknown quantities (e.g. 1{

ΔC (y)
t =1

}) by known

ones (e.g. P
(
ΔC (y)

t = 1
∣∣∣FT

)
). We further use the solution of this M-Step for

next iteration.
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Table 1 The MLE calculations on one simulated Skellam exponential-trawl process using
L-BFGS-B procedure in R (with default settings) and EM algorithm (with uniform tolerance 10−6

on the parameter space)

Estimation Parameter Log-likelihood

ν+ ν− φ δinactivity = 0.5 δinactivity = 0.01

Truth 0.01260 0.01111 0.03402 −15, 974.98 −15, 974.9543

L-BFGS-B 0.01201 0.01128 0.03362 −15, 973.92 −15, 973.8915

EM 0.01199 0.01126 0.03354 −15, 973.91 −15, 973.8881

The R elapsed time is 137.4 (s) for L-BFGS-B and 3.3 (s) for EM, which is about 40 times speed
up. Code: EPTprocess_MLE_Inference_Simulation_LBFGS_vs_EM.R

Example 5 (Continued from Example 2)
Using the same simulated Skellam exponential-trawl process path, Table1 com-

pares the MLE derived from (i) the L-BFGS-B procedure in the optim function
of the R language (using the default tolerance settings) with that from (ii) the EM
algorithm (using the same initial parameter value), which stops until each parameter
differs less than a uniform tolerance 10−6.

As expected, using the EM algorithm gives estimation values that are very close
to the direct optimization of the log-likelihood function (using δinactivity = 0.5). An
interesting feature here is that the MLE found by the EM algorithm has a slightly
larger log-likelihood value (even for δinactivity = 0.01) than by the L-BFGS-B, which
might attribute to the numerical insufficiency of the default optimization tolerance
setting of R.

The L-BFGS-B procedure uses 27 evaluations of the filtering procedure (9 of
them for objective function evaluations and 18 of them for numerical gradients); as a
comparison, the EM algorithm takes 12 evaluations of the filtering procedure plus 12
more of the smoothing procedure. In aggregate, the EM algorithm is over 40 times
faster than the L-BFGS-B in terms of the computation time.

Starkly different from Example 4, the EM algorithm does not require the fine
evaluation of the integrals of λ

(y)
t− , so the filtering procedure in each iteration of the

EM is faster, as it skips the grid calculations of λ
(y)
t− during the inactivity periods.

Furthermore, the convergent result of EM will maximize the numerically errorless
log-likelihood, as it has nothing to do with δinactivity to conduct EM. As a conclusion,
usingEMalgorithm to search theMLE for exponential-trawl processeswill dominate
the direct optimization of log-likelihood both on the numerical quality and on the
computation speed.

4.4 Likelihood Inference Without the Initial Information

If we consider the complete-data log-likelihood given the information C0, i.e.
lCT |C0 (θ), then the MCLE’s are even simpler:
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ν̂MCLE (y) = N (y),A
T

T
, φ̂MCLE = ND

T∫
t∈(0,T ] Dt−dt

.

Note that these estimates are the most natural frequency estimates providing that we
know the hidden state process Ct : ν (y) is estimated by the sample intensity of all
the arrivals of size y events, while φ−1 is estimated by the average lifetime among
all the departures of the temporary events, for the lifetime of any temporary event is
exponentially distributed with mean 1/φ.

However, here is a subtle statistical inconsistency if one wants to build an EM
algorithm based on lCT |C0 (θ). In practice, all the initial values C (y)

0 ’s are unknown,
so the only way we can work on lCT |C0 (θ) is to treat them as nuisance parameters.
Thus, the EM Q function is defined by

Q
(
θ ′, C′

0|θ, C0
) = Eθ

(
lCT |C′

0

(
θ ′)∣∣C0,FT

)
,

which not only requires the smoothing scheme based on Pθ (·|FT , C0)—not Pθ

(·|FT )—but also finally gives us the MLE of the joint log-likelihood function
lFT (θ, C0)—not the MLE of lFT (θ) nor of lFT |Y0 (θ). On the other hand, one might
also define the EM Q function as

Q
(
θ ′|θ) = Eθ

(
lCT |C0

(
θ ′) |FT

)
,

but in this case

Q (θ |θ) = lFT |Y0 (θ) − Eθ

(
lC0|Y0 (θ) |FT

) �= lFT |Y0 (θ) ,

which then breaks the fundamental monotonicity that guarantees the availability of
EM:

lFT |Y0

(
θ∗) ≥ Q

(
θ∗|θ) = max

θ ′ Q
(
θ ′|θ) ≥ Q (θ |θ) = lFT |Y0 (θ) .

Therefore, even though the direct filtering allows the calculations of the MLE
whether we include the initial information Y0 or not (i.e. to maximize lFT (θ) or
lFT |Y0 (θ)), a correct EM-based inference will automatically enforce the considera-
tion of Y0 (i.e. to maximize lFT (θ) using EM). This is a bit different from likelihood
inference for marked point processes, which usually ignores the effect of the initial
value Y0. This mild difference will clearly disappear asymptotically as T → ∞, but
here we still prefer to present a complete likelihood analysis for trawl processes
instead of treating them the same as marked point processes.
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5 Likelihood Inference for Non-Negative
Exponential-Trawl Processes

In this section, we focus on exponential-trawl processes that are always non-negative.
Then all the negative movements of this type of processes must be attributed to the
departures of the positive events in the trawl, so it is natural to split up Y into the
counting process of size y jumps

N (y)
t �

∑

0<s≤t

1{ΔYs=y}, y ∈ Z\ {0} ,

which relates to C (y)
t via

C (y)
t = C (y)

0 + N (y)
t − N (−y)

t . (19)

Then, as mentioned in the end of Sect. 2.2,

Yt =
∞∑

y=1

yC (y)
t =

∞∑

y=1

yC (y)

0 +
∞∑

y=1

y(N (y)
t − N (−y)

t ).

Clearly, the path of Yt reveals the path of each of the individual N (y)
t for y ∈ Z\ {0},

so N (y)
t ∈ Ft . Thus, the only unknown objects here are C (y)

0 ’s, for we just see Y0 =∑∞
y=1 yC (y)

0 and all the departures resulting fromC (y)

0 ’s. If we can knowC (y)

0 , thenwe

will see the complete path of C (y)
t and hence likelihood inference will be particularly

tractable.

5.1 Partial Likelihood Inference

We can specialize Corollary 1 using (8) and write down the log-likelihood for the
non-negative case (ignoring the constant):

lFT (θ) =
∞∑

y=1

(
log (ν (y)) N (y)

T − ν (y) T
)

+ log (φ) N (−)
T − φ

∫

t∈(0,T ]
Eθ

(
C (+)

t−
∣∣∣Ft−

)
dt

+
∑

0<t≤T

∞∑

y=1

logEθ

(
C (y)

t−
∣∣∣Ft−

)
1{ΔYt =−y} + lY0 (θ) ,
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where N (−)
T �

∑∞
y=1 N (−y)

T and C (+)
t− �

∑∞
y=1 C (y)

t− .
Like the general case we studied in Sect. 4, there are no analytic expressions avail-

able for the filtering expectations Eθ

(
C (y)

t−
∣∣∣Ft−

)
and the initial likelihood lY0 (θ),

so finding θ̂MLE also requires the EM techniques we introduced before. However, the
first part of lFT (θ) that involves ν (y)’s is particularly analytically tractable, so this
leads us to consider the following maximum partial likelihood estimate (MPLE) for
the Lévy measure:

ν̂MPLE (y) = N (y)

T

T
, y = 1, 2, 3, . . . ,

which is a non-parametric moment estimate that is apparent from the non-negative
setting.

Even though ν̂MPLE is not ν̂MLE, it has several advantages. First, it has strong
consistency, i.e., with probability 1, ν̂MPLE (y) → ν (y) as T → ∞. Second, it is
asymptotically equivalent to the MCLE, because

ν̂MCLE (y) = N (y)

T + C (y)

0

T + φ̂−1
MCLE

=
N (y)

T

T
+ C (y)

0

T

1 + φ̂−1
MCLE

T

≈ ν̂MPLE,

where the MCLE of θ is simply given from (17) but we need to replace the Dt− by
C (+)

t− . Third, it allows to estimate each component of the Lévy measure separately
from themselves and from φ, as given a long enough path of Y , including the initial
value C (y)

0 and φ̂−1
MCLE has no strong improvement on the estimation quality of ν̂MPLE.

Alternatively, a parameterized common intensity function ν(y|η) can be used,
where η is some finite dimensional parameter. Then the MPLE is found by solving

η̂MPLE � argmax
η

∞∑

y=1

(
log (ν (y|η)) N (y)

T − ν (y|η) T
)

and letting ν̂MPLE (y) = ν
(
y|η̂MPLE

)
.

To infer on the trawl parameter φ, we can simply plug-in the ν̂MPLE (either
parametric or non-parametric) and then do the filtering procedure to calculate

Eθ=(ν̂MPLE,φ)

(
C (y)

t−
∣∣∣Ft−

)
for y = 1, 2, . . . and t ∈ (0, T ]. Combining this with an

(one-dimensional) optimization procedure we can find

φ̂MPLE � argmax
φ

lFT

(
ν̂MPLE, φ

)
.
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5.2 Estimate the Missing Initial Values

Except in the Poisson case (Y0 = C (1)
0 , C (y)

0 = 0 for all y > 1 and hence in particular
θ̂MCLE = θ̂MLE), every C (y)

0 ’s are missing, so in principle we need to estimate these
initial values in order to get (an approximation of) θ̂MCLE. Indeed, the EM algorithm
also does so through the smoothing expectations

E

(
C (y)

t−
∣∣∣FT

)
= E

(
C (y)

0

∣∣∣FT

)
+ N (y)

t − N (−y)
t ,

but it just iterates (17) until converges. Nevertheless, there is another simpler esti-
mation of C (y)

0 thanks to the special non-negative feature.
The following Proposition only relies on the fact that Yt is non-negative and in

fact does not depend on the choice of the trawl.

Proposition 1 Assume that the (general) trawl process Yt is non-negative. If

C (y),L
0,T � sup

t∈[0,T ]

(
N (−y)

t − N (y)
t

)
, C (y),U

0,T �

⎢⎢⎢⎣Y0 −∑y′ �=y y′C(y′),L
0,T

y

⎥⎥⎥⎦ ,

where N (y)

0 � 0 conventionally and �x� means the integer part of x, then

C (y),U
0,T ≥ C (y)

0 ≥ C (y),L
0,T .

Furthermore,
lim

T →∞ C (y),U
0,T = lim

T →∞ C (y),L
0,T = C (y)

0 .

Thus, a straightforward and sharp estimation to C (y)

0 can be given by, e.g.,

Ĉ (y)

0 �
⌊

C (y),U
0,T + C (y),L

0,T

2

⌋
,

so using this estimation in (17) will give an estimate of θ that is almost as good as
θ̂MCLE.

Example 6 Figure6 illustrates Proposition 1 with a non-negative geometric Lévy
basis, where

ν(y|η) = ‖ν‖ η (1 − η)y−1 , y = 1, 2, . . . ,

‖ν‖ = 3, η = 0.5, φ = 0.5, T = 100.

The paths of the upper bound C (y),U
0,t and the lower bound C (y),L

0,t are shown as step
functions of time t in Fig. 6. We can observe a strong convergent pattern, as all the
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Fig. 6 Top left Asimulated path for the exponential-trawl processYt using a non-negative geometric
Lévy basis. Top right, Bottom left, Bottom right Paths of C (y),U

0,t and C (y),L
0,t along with the true C (y)

0
for y = 1, 2, 4. Code: EPTprocess _NonNegativeInitialEstimate.R

bounds for different y converge after t > 15—the perfect estimations of the initial
values C (y)

0 ’s. Furthermore, as Y0 = C (1)
0 + 2C (2)

0 + 4C (4)
0 in this case, all the other

C (y)

0 ’s for y �= 1, 2, 4 must be zero. We then have discovered all the initial values
and can use them to conduct MCLE by ( 17).

6 Conclusion

In this article, we studied likelihood-based inference of the trawl processes by explic-
itly working on the filtering and smoothing procedures inherited from this model.
It is plausible and practically implementable under the exponential trawl. We used
some simulation examples to justify the correctness of our procedures.
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Themajor contribution of this article is to provide an easiest beginning step toward
likelihood inference for all of the other more general trawl processes, which might
even allow the inclusion of a non-stationary Lévy process component. Shephard and
Yang [21] calls it a fleeting price process and extensively uses it for the study of high
frequency financial econometrics.

The filters for the fleeting price process they proposed will allow an econometri-
cally interesting decomposition of observed prices into equilibriumprices andmarket
microstructure noises. More empirical analysis about these will be addressed in the
future work.

Appendix: Proofs and Derivations

6.1 Heuristic Proof of Theorem 1

Our heuristic derivation starts from the following prediction decomposition of the
Radon-Nikodym derivative:

log

(
dP

dQ

)

F X
T |X0

=
∫

t∈(0,T ]
log

(
dP

dQ

)

Xt |F X
t−

, (20)

where the integral over t ∈ (0, T ] means a continuous sum of the integrand random
variables. Thus,

(
dP

dQ

)

Xt |F X
t−

=
(
dP

dQ

)

ΔXt |F X
t−

=
∑

y∈Z\{0}

P
(
ΔXt = y|F X

t−
)

Q
(
ΔXt = y|F X

t−
)1{ΔXt =y} + P

(
ΔXt = 0|F X

t−
)

Q
(
ΔXt = 0|F X

t−
)1{ΔXt =0}

=
∑

y∈Z\{0}

λ
(y),P
t− dt

λ
(y),Q
t− dt

1{ΔXt =y} + 1 −∑y∈Z\{0} λ
(y),P
t− dt

1 −∑y∈Z\{0} λ
(y),Q
t− dt

1{ΔXt =0},

where the first equality follows because Xt− is known in F X
t−; the third equality

follows from (5). Therefore, (20) can be rewritten as
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∫

t∈(0,T ]
log

(
dP

dQ

)

Xt |F X
t−

=
∑

0<t≤T

∑

y∈Z\{0}
log

(
λ

(y),P
t− dt

λ
(y),Q
t− dt

)
1{ΔXt =y}

+
∫

{t∈(0,T ]:ΔXt =0}
log

(
1 −∑y∈Z\{0} λ

(y),P
t− dt

1 −∑y∈Z\{0} λ
(y),Q
t− dt

)

=
∑

0<t≤T

∑

y∈Z\{0}
log

(
λ

(y),P
t−

λ
(y),Q
t−

)
1{ΔXt =y}

−
∫

t∈(0,T ]

∑

y∈Z\{0}

(
λ

(y),P
t− − λ

(y),Q
t−

)
dt,

where the second equality follows from log (1 − x) ≈ −x for small x and {t ∈
(0, T ] : ΔXt �= 0} has Lebesgue measure 0.

6.2 Heuristic Proof of Theorem 2

6.2.1 Update by Inactivity

We want to update pτ,τ (j) by incorporating the information F(τ,t) �
σ ({ΔYs = 0, τ < s < t}) using Bayes’ Theorem:

P (Ct− = j|Ft−) = P (Cτ = j|Ft−) = P
(

Cτ = j|Fτ ,F(τ,t)
)

∝ P
(
F(τ,t) |Fτ , Cτ = j

)
P (Cτ = j|Fτ ) ,

where the first equality holds because there is no activity of Ys for s ∈ (τ, t) and
hence the hidden state C must stay the same.

Using the prediction decomposition, we have

logP
(
F(τ,t) |Fτ , Cτ = j

) =
∫

s∈(τ,t)
logP

(
ΔYs = 0|Fτ ,F(τ,s), Cτ = j

)

=
∫

s∈(τ,t)
log

⎛

⎝1 −
∑

y∈Z\{0}
ν (y) ds −

∑

y∈Z\{0}
φ jyds

⎞

⎠

= −
∑

y∈Z\{0}
ν (y) (t − τ) − φ ‖j‖1 (t − τ) ,

where the second equality intuitively holds becauseweknow the instantaneous depar-
ture probability of a size y event at time s is φC (y)

s− ds but C (y)
s− = C (y)

τ = jy under
F(τ,s); the third equality follows from log (1 − x) ≈ −x for small x . Therefore,

P (Ct− = j|Ft−) ∝ e−φ‖j‖1(t−τ)
P (Cτ = j|Fτ ) ,
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where we throw out the term exp
(
−∑y∈Z\{0} ν (y) (t − τ)

)
because it doesn’t

depend on j. Normalizing the equation above leads to the desired result.

6.2.2 Update by Jump

We want to update pτ−,τ− (j) by incorporating the piece of information, ΔYτ = y.
First note that

P (Cτ = j|Fτ ) = P (Cτ = j|Fτ−,ΔYτ = y)

= P
(

Cτ = j, Cτ− = j − 1(y)
∣∣Fτ−,ΔYτ = y

)

+P
(

Cτ = j, Cτ− = j + 1(−y)
∣∣Fτ−,ΔYτ = y

)
,

which corresponds to the arrival of a new size y event and the departure of an old
size −y event.

For the first term,

P
(

Cτ = j, Cτ− = j − 1(y)
∣∣Fτ−,ΔYτ = y

)

= P
(

Cτ = j, Cτ− = j − 1(y), ΔYτ = y
∣∣Fτ−

)

P (ΔYτ = y|Fτ−)

= P
(
Cτ = j,ΔYτ = y

∣∣Cτ− = j − 1(y),Fτ−
)
P
(

Cτ− = j − 1(y)
∣∣Fτ−

)

P (ΔYτ = y|Fτ−)

= P
(
ΔCτ = 1(y)

∣∣Cτ− = j − 1(y),Fτ−
)
P
(

Cτ− = j − 1(y)
∣∣Fτ−

)

P (ΔYτ = y|Fτ−)

= ν (y)

λ
(y)
τ−

P
(

Cτ− = j − 1(y)
∣∣Fτ−

)
,

where the fourth equality follows from (3) (using Cτ− ⊇ Fτ−) and (5).
Using similar arguments, the second term is

P

(
Cτ = j, Cτ− = j + 1(−y)

∣∣∣Fτ−,ΔYτ = y
)

= φ
(

j−y + 1
)

λ
(y)
τ−

P

(
Cτ− = j + 1(−y)

∣∣∣Fτ−
)

.

Combining all of these gives us the required result.

6.3 Heuristic Proof of Theorem 3

The case of updating smoothing distribution pτ−,T (j) due to inactivity is trivial
because the hidden configuration C must stay unchanged because of the inactivity
during the time period [t, τ ).
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6.3.1 Update by Jump

We now consider the case of (backward) updating the smoothing distribution pτ,T (j)
due to the jump ΔYτ = y. Then

P (Cτ− = j|FT ) = P

(
Cτ− = j, Cτ = j + 1(y)

∣∣∣FT

)
+ P

(
Cτ− = j, Cτ = j − 1(−y)

∣∣∣FT

)

= P

(
Cτ− = j

∣∣∣FT , Cτ = j + 1(y)
)
P

(
Cτ = j + 1(y)

∣∣∣FT

)

+P

(
Cτ− = j

∣∣∣FT , Cτ = j − 1(−y)
)
P

(
Cτ = j − 1(−y)

∣∣∣FT

)
.

Note that

P (Cτ− = j |FT , Cτ = k ) = P (Cτ− = j |Fτ , Cτ = k ) (21)

= P (Cτ = k|Cτ− = j,Fτ )P (Cτ− = j|Fτ )

P (Cτ = k|Fτ )

=
P (Cτ = k|Cτ− = j,Fτ )P (ΔYτ = y|Cτ− = j,Fτ−)

×P (Cτ− = j|Fτ−)

P (Cτ = k|Fτ )P (ΔYτ = y|Fτ−)

= P (Cτ = k, ΔYτ = y|Cτ− = j,Fτ−)

λ
(y)
τ−dt

P (Cτ− = j|Fτ−)

P (Cτ = k|Fτ )
,

where the first equality holds due to theMarkov property of Ct , a heuristic derivation
is given later; the second and third equalities follow from the Bayes’ Theorem. Since

P

(
Cτ = j + 1(y), ΔYτ = y

∣∣∣Cτ− = j,Fτ−
)

= P

(
ΔCτ = 1(y)

∣∣∣Cτ− = j,Fτ−
)

= ν (y) dt,

P

(
Cτ = j − 1(−y), ΔYτ = y

∣∣∣Cτ− = j,Fτ−
)

= P

(
ΔCτ = −1(−y)

∣∣∣Cτ− = j,Fτ−
)

= φ j−ydt,

combining all of these gives us the required result.

6.3.2 Derivation of (21)

Let F(τ,T ] � σ
({Yt }τ<t≤T

)
and C(τ,T ] � σ

({Ct }τ<t≤T

)
. Note that heuristically the

Bayes’ Theorem implies
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P (Cτ− = j |FT , Cτ = k ) = P
(
Cτ− = j

∣∣Fτ ,F(τ,T ], Cτ = k
)

=

(
dP

dQ

)

F(τ,T ]|Fτ ,Cτ =k,Cτ−=j(
dP

dQ

)

F(τ,T ]|Fτ ,Cτ =k

P (Cτ− = j |Fτ , Cτ = k ) .

SinceF(τ,T ] ⊆ C(τ,T ] (each Yt =∑y∈Z\{0} C (y)
t ), the Markov property of Ct implies

(
dP

dQ

)

F(τ,T ]|Fτ ,Cτ =k,Cτ−=j
=
(
dP

dQ

)

F(τ,T ]|Fτ ,Cτ =k
,

because given the current informationCτ the information in the pastCτ− is irrelevant.
This then proves that

P (Cτ− = j |FT , Cτ = k ) = P (Cτ− = j |Fτ , Cτ = k ) .

6.4 Proof of Theorem 4

Since each C (y)
t is independent for different y, the complete-data log-likelihood can

be written as
lCT (θ) =

∑

y∈Z\{0}
lC (y)

T |C (y)
0

(θ) +
∑

y∈Z\{0}
lC (y)

0
(θ) ,

where we recall that C (y)
t is the natural filtration generated by C (y)

t ,

lC (y)

T |C (y)
0

(θ) =
∑

0<t≤T

(
log (ν (y)) 1{

ΔC (y)
t =1

} + log
(
φC (y)

t−
)
1{

ΔC (y)
t =−1

}
)

−
∫

t∈(0,T ]

(
ν (y) + φC (y)

t−
)
dt

= log (ν (y)) N (y),A
T − ν (y) T + log (φ) N (y),D

T − φ

∫

t∈(0,T ]
C (y)

t− dt,
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where the first equality follows directly from Theorem 1 (ignoring the constant), and

lC (y)
0

(θ) = C (y)

0 (log ν (y) − logφ) − ν (y)

φ

because ofC (y)

0 � Poisson (ν (y) /φ). Thus, collecting termswill give us the required
result (16). The derivations of the MCLE are elementary.

Let

‖ν‖ �
∫

ν (dy) =
∞∑

y=1

ν (y) .

The ergodicity of Dt− implies that as T → ∞
1

T

∫

t∈(0,T ]
Dt−dt → E (Dt−) = ‖ν‖

φ
.

Since
ND

T

T
≈ NA

T

T
→ ‖ν‖, we have

ΞT

T
= ND

T

T
− D0 + T −1

∫
t∈(0,T ] Dt−dt

T
→ ‖ν‖ , too.

Thus,

φ̂MCLE =
ΞT

T
+
√(

ΞT

T

)2

+ 4T −1
NA

T + ND
T

T
T −1

∫
t∈(0,T ] Dt−dt

2T −1
∫

t∈(0,T ] Dt−dt

→ ‖ν‖ +
√

‖ν‖2 + 0

2
‖ν‖
φ

= φ.

Finally, for any y ∈ Z\ {0}, N (y)

T

T
→ ν (y) and φ̂−1

MCLE → φ−1 < ∞, so we easily

have

ν̂MCLE (y) =
N (y)

T

T
+ C (y)

0

T

1 + φ̂−1
MCLE

T

→ ν (y) as well.
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6.5 Proof of Proposition 1

As C (y)
t ≥ 0, (19) implies that

C (y)

0 ≥ C (y),L
0,T = sup

t∈[0,T ]

(
N (−y)

t − N (y)
t

)
, y = 1, 2, . . . ,

where we set N (y)

0 � 0 conventionally. Now

C (y)

0 = Y0 −∑y′ �=y y′C (y′)
0

y
≤
⎢⎢⎢⎣Y0 −∑y′ �=y y′C(y′),L

0,T

y

⎥⎥⎥⎦ = C (y),U
0,T ,

so we have
C (y),U
0,T ≥ C (y)

0 ≥ C (y),L
0,T .

Let N (−y),∗
t be the counting processes of −y jumps resulting from the departures

of the initial events of size y that constitute C (y)

0 . Let τ be the time when N (−y),∗

achieve C (y)

0 . Then we have

C (y),L
0,T = C (y),L

0,τ ∨ sup
t∈(τ,T ]

(
N (−y),∗

t −
(

N (y)
t −

(
N (−y)

t − N (−y),∗
t

)))

= C (y),L
0,τ ∨

(
C (y)

0 − inf
t∈(τ,T ]

(
N (y)

t −
(

N (−y)
t − N (−y),∗

t

)))
.

Observe that N (y)
t −

(
N (−y)

t − N (−y),∗
t

)
is a M/G/∞ queue initiated at state 0, so by

the ergodicity we must have with probability 1

lim
T →∞ inf

t∈(τ,T ]

(
N (y)

t −
(

N (−y)
t − N (−y),∗

t

))
= 0.

This then shows that actually

lim
T →∞ C (y),L

0,T = C (y),L
0,τ ∨ C (y)

0 = C (y)

0 ,

where the last equality follows because C (y),L
0,τ ≤ C (y)

0 . Correspondingly,

lim
T →∞ C (y),U

0,T =
⌊

Y0 −∑y′ �=y y′C (y)

0

y

⌋
= C (y)

0 .
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The Different Asymptotic Regimes
of Nearly Unstable Autoregressive
Processes

Thibault Jaisson and Mathieu Rosenbaum

Abstract We extend the results of [14, 27, 29] about the convergence of nearly
unstable AR(p) processes to the infinite order case. To do so, we proceed as in
[19, 20] by using limit theorems for some well chosen geometric sums. We prove
that when the coefficients sequence has a light tail, nearly unstable AR(∞) processes
behave as Ornstein-Uhlenbeck models. However, in the heavy tail case, we show that
fractional diffusions arise as limiting laws for such processes.

Keywords Autoregressive processes · AR(∞) · Nearly unstable processes · Limit
theorems · Ornstein-Uhlenbeck processes · Fractional diffusions · Volatility
modeling

1 Introduction

In the field of time series analysis, autoregressive processes (AR processes for short)
probably represent the most classical class of models. In this work, a discrete time
process y is said to be autoregressive if it satisfies y0 = ε0 and for k ≥ 1,

yk = εk +
k∑

i=1

φi yk−i ,

where φ is a sequence of non-negative coefficients and the εk are iid centered random
variables with finite second order moment. The process is called AR(∞) if an infinite
number of coefficients are non-zero and AR(p) if they are all equal to zero after rank
p. A first reason for the popularity of AR processes is the fact that they are quite
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tractable. Furthermore, it is usually easy to give an interpretation for such dynamics
in practice. That is why they are used in various fields such as population dynamics,
see [14, 28], finance, see [17], or telecommunications, see [1].1

For classical AR processes starting at −∞ and with non-negative coefficients, it
is well known that a necessary condition for the existence of a stationary solution is

+∞∑

i=1

φi < 1. (1)

Thus, (1) is called stability condition.However, inmanyapplications, notablyfinance,
the case where this stability condition is almost saturated:

0 ≤ 1 −
+∞∑

i=1

φi � 1

seems to be relevant, see [14, 24].
To address this near instability situation, several authors have considered the

framework of sequences of AR(1) processes of the form

yn
k = ρn yn

k−1 + εk,

with the autoregression parameter ρn tending to one as n goes to infinity, see for
example [14, 25, 27]. In these works, it is shown that after suitable renormalization,
suchprocesses asymptotically behave asOrnstein-Uhlenbeckmodels. The estimation
of the AR coefficient has also been extensively studied in such an asymptotic, see
[7, 9–12] for more recent related developments. The situation where the number
of coefficients in the autoregressive process is larger than one is treated in [8, 21,
29]. However, to our knowledge, no result is available in the case of nearly unstable
AR(∞) processes. The aim of this work is to fill this gap, using a methodology
originally developed for Hawkes processes in [19, 20].

A Hawkes process (Nt ) is a point process whose intensity at time t , denoted by
λt , is of the form

λt = μ +
∫ t

−∞
φ(t − s)d Ns,

with μ a constant and φ a non-negative measurable function, see [18]. The linearity
in the previous equation implies that Hawkes processes have a common structure
with autoregressive processes. In particular, under the stability condition that the L1

norm of φ, denoted by |φ|L1 , is strictly smaller than one, Hawkes processes admit
a stationary intensity. Let us also mention that the counterpart of the Yule-Walker
equations linking the autocorrelations of an AR process to its coefficients is the
Wiener-Hopf equation, see [4, 18].

1Of course the references given here are just some examples among many others.
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In the recent papers [19, 20], nearly unstable Hawkes processes are introduced
and their asymptotic behavior is investigated. Such processes are defined as Hawkes
processes for which the stability condition is almost saturated: 1 − |φ|L1 � 1. The
key idea to understand the limiting laws of nearly unstable Hawkes processes is to
relate their dynamics with some geometric sums whose parameter tends to zero. In
this work, we follow the same strategy in order to derive asymptotic results for nearly
unstable AR(∞) processes.

We show that the limiting behavior of nearly unstable AR(∞) processes strongly
depends on the properties of the sequenceφ = (φ1, φ2, . . .). Twomain situations have
to be considered: the light tail case, where φi goes rapidly to zero (or is even equal
to zero for i large enough) and the heavy tail case, where the decay of the sequence
φ is slow. We prove that in the first situation, the cumulated process asymptotically
behaves as an integrated Ornstein-Uhlenbeck model, in agreement with the results
obtained in the literature for AR(p) processes. However, in the heavy tail case, a frac-
tional limit is obtained. More precisely, the renormalized cumulated AR(∞) process
behaves as a kind of integrated fractional Brownian motion with Hurst parameter
smaller than 1/2, or as a process close to a fractional Brownian motion with Hurst
parameter larger than 1/2, depending on the decay rate of the sequence φ.

The paper is organized as follows. In Sect. 2, we introduce the geometric sums
and derive their limiting behavior as their parameter tends to zero. We describe
our asymptotic framework in Sect. 3. Section4 contains our main results about the
limiting laws of nearly unstable AR(∞) processes and their proofs. Finally, we
interpret these results in terms of volatility modeling in Sect. 5.

2 Geometric Sums

In this section, we consider the asymptotic behavior of some geometric sums. Under-
standing these sums is actually the key point in order to be able to derive limiting
laws for nearly unstable AR(∞) processes.

2.1 Geometric Sums and Convolution

Let (an)n≥1 and (φi )i≥0 be two sequences of non-negative numbers such that an < 1,
φ0 = 0 and

+∞∑

i=1

φi = 1.

In the next sections, an will correspond to the sum of the autoregression coefficients
and the φi to the (fixed) shape of these coefficients, see Sect. 3.
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In this work, geometric sums, see [22], are random variables of the form

Y n =
I n∑

i=1

Xi ,

where I n is a geometric random variable with parameter 1 − an
2 (with the conven-

tion
∑0

1 = 0) and (Xi ) is a sequence of strictly positive integer-valued iid random
variables such that for any i ≥ 1,

P[X1 = i] = φi .

Now we define the sequence ψn by

ψn =
+∞∑

l=0

(anφ)∗l ,

with φ∗0 the sequence indexed byN such that φ∗0
0 = 1 and for i > 0, φ∗0

i = 0 and for
n ≥ 0, φ∗(n+1) = φ∗n ∗ φ, where ∗ denotes the convolution operator for sequences.
Note that +∞∑

i=0

ψn
i = 1

1 − an
.

Actually, the random variable Y n and the sequence ψn are closely related since for
any i ≥ 0,

P[Y n = i] = ψn
i∑

j≥0 ψn
j

.

We will use the limiting behavior of Y n to obtain asymptotic properties for the
sequenceψn , see Corollaries 1 and 2. This will provide us key results for our study of
nearly unstableAR(∞) processes at large time scales. Indeed, in the next sections, for
n tending to infinity, we consider on time intervals of the form [0, nt] autoregressive
processes whose coefficients sequence can be written anφ:

yn
k = εk +

k∑

i=1

anφi yn
k−i ,

with an tending to one (nearly unstable case). Then, it is easy to obtain the following
moving average representation of the process:

2∀i ≥ 0, P[I n = i] = ai
n(1 − an).
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yn
k =

k∑

i=0

ψn
k−iεi

and in particular

yn
�nt	 =

�nt	∑

i=0

ψn
�nt	−iεi .

Thanks to the previous representation, we see that the long term behavior of yn is
linkedwith the asymptotic properties of theψn

�nt	−i and therefore with those of Y n/n.
Indeed, for example, for nt an integer,

P[Y n/n = t] = ψn
nt∑

j≥0 ψn
j

.

Remark 1 Note that our approach being based on geometric sums, the autoregression
coefficients have to be non-negative (so that they can be seen as density weights).
We thus cannot retrieve as general asymptotic behaviors as in [21] where the roots
of the polynomial can be asymptotically close to any point of the unit circle.

We now recall some results from [19, 20] which explain the two possible types of
asymptotic behaviors for our geometric sums. Exhibiting one behavior or the other
depends on the decay rate of the coefficients of φ, that is on the tail of the distribution
of X1.

2.2 Light Tail Case

The first asymptotic regime of interest is the one which occurs when the expectation
of X1 is finite. Thus we consider the following assumption.

Assumption 1 We have
+∞∑

i=1

iφi = m < +∞.

In that situation, the “appropriate” speed of convergence of an towards one for the
nearly unstable case is given in the next assumption.

Assumption 2 We have an < 1 and there exists λ > 0 such that

n(1 − an) →
n→+∞ λ.

Indeed, recall Proposition 2.2 of [19].
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Proposition 1 Under Assumptions 1 and 2, the random variable Y n/n converges in
law towards an exponential random variable with parameter λ/m.

Using Dini’s theorem, this implies the next corollary.

Corollary 1 Under Assumptions 1 and 2,

sup
x∈[0,1]

∣∣
�nx	∑

i=0

ψn
i (1 − an) − (1 − e− λ

m x )
∣∣ →

n→+∞ 0.

2.3 Heavy Tail Case

The second asymptotic regime of interest is the one which occurs when the tail of
the distribution of X1 is heavy. This can be formalized as follows.

Assumption 3 There exists K > 0 and α ∈ (0, 1) such that

+∞∑

i=N

φi ∼
N→+∞

K

Nα
.

Let us now write
δ = KΓ (1 − α)/α,

with Γ the Gamma function. In that heavy tail case, the “appropriate” convergence
speed of an towards one is given in the next assumption.

Assumption 4 We have an < 1 and there exists λ > 0 such that

nα(1 − an) →
n→+∞ λδ.

Indeed, recall Proposition 2.3 of [19].

Proposition 2 Under Assumptions 3 and 4, the random variable Y n/n converges in
law towards the random variable whose Laplace transform is

λ

λ + zα
.

It is explained in [19] that this random variable has the density

f α,λ(x) = λxα−1Eα,α(−λxα),

where Eα,α is the Mittag-Leffler function, see [26] for definition.
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Writing

Fα,λ(x) =
∫ x

0
f α,λ(s)ds

and using Dini’s theorem, we have the following result.

Corollary 2 Under Assumptions 3 and 4,

sup
x∈[0,1]

∣∣
�nx	∑

i=0

ψn
i (1 − an) − Fα,λ(x)

∣∣ →
n→+∞ 0.

3 The Asymptotic Setting

As previously explained, we consider a sequence of autoregressive processes of
infinite order indexed by n. More precisely, yn

0 = ε0 and for any k ≥ 1,

yn
k = εk +

k∑

i=1

φn
i yn

k−i ,

where the φn
i are non-negative coefficients. We assume that the εk do not depend on

n, are iid centered, and satisfy (for simplicity)

E[(εk)
2] = 1.

We are interested in the long term behavior of the cumulative sums of such autore-
gressive processes when the stability condition (1) is almost saturated. To study this,
somehow as in [19, 20], we consider that the “shape” of the coefficients sequence is
fixed and that their L1 norm an tends to one from below. More precisely, we take

φn
i = anφi ,

where +∞∑

i=1

φi = 1

and an → 1 as n tends to infinity, with an < 1.
Since we want to investigate the asymptotic properties of cumulated sums of such

processes, we introduce the suitably renormalized Donsker line for t ∈ [0, 1]:

Zn
t = 1 − an√

n

( �nt	∑

j=0

yn
j + (nt − �nt	)yn

�nt	+1

)
.
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4 Main Results

4.1 The Light Tail Case

We give here the behavior of the Donsker line when the autoregression coefficients
converge rapidly to zero. Note that the next theorem covers in particular the case of
AR(p) processes already studied in the literature.

Theorem 1 Under Assumptions 1 and 2, (Zn) converges in law towards the process
Z defined by

Zt =
∫ t

0
(1 − e− λ

m (t−s))dWs =
∫ t

0

∫ s

0

λ

m
e− λ

m (s−u)dWuds,

where W is a Brownian motion.

This theorem means that when observed on a time scale of order 1/(1 − an), a
cumulated nearly unstable AR(∞) process whose coefficients sequence has a light
tail behaves as an integrated Ornstein-Uhlenbeck process.

To show this result, the first step is to get the following proposition.

Proposition 3 Under Assumptions 1 and 2, the sequence (Zn) is tight.

Proof of Proposition 3

In the sequel, c denotes a positive constant which may vary from line to line. Before
proving Proposition 3, we need a technical lemma.

Lemma 1 There exists c > 0 such that for any n, k, k ′,

E[yn
k yn

k ′ ] ≤ c

1 − an
.

Proof For any k, using the moving average representation of the process, since ε is
a white noise, we get

E[(yn
k )2] =

k∑

j=0

(ψn
k− j )

2 ≤
+∞∑

j=0

(ψn
j )

2.
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Moreover, using Parseval’s Theorem,3

+∞∑

j=0

(ψn
j )

2 = 2
∫ 1/2

0
|ψ̂n(z)|2dz

≤ 2
∫ 1/2

0

1

|1 − an|2 dz,

where we have used that

|ψ̂n(z)| = |
∑

k≥0

(anφ̂(z))k | = 1

|1 − anφ̂(z)| ≤ |ψ̂n(0)| = 1

|1 − an| .

�

Let us now prove Proposition 3.
The result follows from an application of Kolmogorov’s criterion, see [6]. We

show here that there exists c > 0 such that for any n, s and t ,

E[|Zn
t − Zn

s |2] ≤ c|t − s|2.

We begin with the case where �nt	 = �ns	. Using Lemma 1,

E[|Zn
t − Zn

s |2] = (1 − an)
2

n
n2|t − s|2E[(yn

�nt	+1)
2]

≤ cn(1 − an)|t − s|2.

Using Assumption 2, this ends the proof for �nt	 = �ns	.
In the case �nt	 = �ns	 + 1,

E[|Zn
t − Zn

s |2] ≤ c
(
E[|Zn

t − Zn
�nt	/n|2] + E[|Zn

(�ns	+1)/n − Zn
s |2])

≤ c|t − s|2 + (1 − an)
2

n
(1 − ns + �ns	)2E[(yn

�ns	+1)
2]

≤ c|t − s|2 + (1 − an)

n
(�nt	 − ns)2

≤ c|t − s|2.

3In this work, the Fourier transform of a sequence ( fn) is defined for z ∈ [−1/2, 1/2] as f̂ (z) =∑
k≥0 fke−2π ikz .
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We now treat the case where t = kt/n and s = ks/n, where kt and ks are integers so
that kt > ks . Using again Lemma 1 together with Assumption 2, we have

E[|Zn
t − Zn

s |2] = (1 − an)
2

n

kt∑

k1=ks+1

kt∑

k2=ks+1

E[yn
k1 yn

k2 ]

≤ (1 − an)
2

n
(kt − ks)2

c

1 − an

≤ c(1 − an)n
(kt − ks

n

)2 ≤ c|t − s|2.

Finally, for any t > s so that �nt	 ≥ �ns	 + 2, we use the decomposition

E[|Zn
t − Zn

s |2] ≤ c
(
E[|Zn

t − Zn
�nt	/n|2] + E[|Zn

�nt	/n − Zn
(�ns	+1)/n|2]

+ E[|Zn
(�ns	+1)/n − Zn

s |2]).

The tightness follows. This ends the proof of Proposition 3.
Then we need to prove the finite dimensional convergence. Using the moving

average representation of the process, we derive

Zn
t =

�nt	∑

i=0

(1 − an)
( �nt	−i∑

k=0

ψn
k + (nt − �nt	)ψn

�nt	+1−i

) εi√
n

+ (nt − �nt	)(1 − an)
ε�nt	+1√

n
.

This can be rewritten under the following integral form:

Zn
t =

∫ �nt	/n

0
(1 − an)

( �nt	−�ns	∑

k=0

ψn
k + (nt − �nt	)ψn

�nt	+1−�ns	
)

dW n
s

+ (nt − �nt	)(1 − an)
ε�nt	+1√

n
,

where

W n
s = 1√

n

�ns	∑

k=0

εk .

FromDonsker theorem in Skorohod space,we have thatW n
s converges in law towards

a Brownian motion for the Skorohod topology. Furthermore, note that

(1 − an)
( �nt	−�ns	∑

k=0

ψn
k + (nt − �nt	)ψn

�nt	+1−�ns	
)



The Different Asymptotic Regimes of Nearly Unstable Autoregressive Processes 293

belongs to
[
(1 − an)

�nt	−�ns	∑

k=0

ψn
k , (1 − an)

�nt	+1−�ns	∑

k=0

ψn
k

]
.

Thus, from Corollary 1, as a function of s,

(1 − an)
( �nt	−�ns	∑

k=0

ψn
k + (nt − �nt	)ψn

�nt	+1−�ns	
)

tends uniformly to 1 − e− λ
m (t−s) on [0, t]. Also, we obviously get that

(nt − �nt	)(1 − an)
ε�nt	+1√

n

tends to zero.
Then, using Theorem 2.2 of [23] together with the fact that Skorohod convergence

implies pointwise convergence at continuity points of the limit, for given t ∈ [0, 1],
we get the convergence in law of Zn

t towards

∫ t

0
(1 − e− λ

m (t−s))dWs .

With the help of Cramer-Wold device, it is easy to extend this result and to show
that for any (t1, . . . , tk) ∈ [0, 1]k , we have the convergence in law of (Zn

t1 , . . . , Zn
tk )

towards ( ∫ t1

0
(1 − e− λ

m (t1−s))dWs, . . . ,

∫ tk

0
(1 − e− λ

m (tk−s))dWs

)
.

Together with the tightness of (Zn), this enables us to obtain the weak converges of
(Zn) towards Z .

4.2 The Heavy Tail Case

Let us now place ourselves under Assumption 3 which states that the coefficients
sequence has a power law type behavior. Then, using the geometric sums interpreta-
tion,we see that the natural “observation scale” of the process is of order (1 − an)

−1/α .
This corresponds to Assumption 4. We have the following result.
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Theorem 2 Under Assumptions 3 and 4, (Zn) converges in law towards the process
Z defined by

Zt =
∫ t

0
Fα,λ(t − s)dWs,

where W is a Brownian motion.

In Sect. 5, we will see that for α > 1/2, the limiting process can be viewed as an
integrated rough fractional process, whereas for α < 1/2, it is close to a fractional
Brownian motion with Hurst parameter larger than 1/2.

To obtain Theorem 2, the same strategy as for the proof of Theorem 1 is used. In
particular, we consider the following proposition.

Proposition 4 Under Assumptions 3 and 4, the sequence (Zn) is tight.

Proof of Proposition 4

Before proving Proposition 4, we need some technical results.

Lemma 2 There exists c > 0 such that for any |z| ≤ 1/2,

|1 − φ̂(z)| ≥ c|z|α.

Proof Since Assumption 3 is satisfied, there exists c′ �= 0 and δ > 0 such that

1 − φ̂(z) ∼
z→0

c′zα

and
∀|z| ≤ δ, |1 − φ̂(z)| ≥ |c′||z|α/2.

On [δ, 1/2], z �→ |1 − φ̂(z)|/|z|α is continuous and therefore has aminimumattained
in some z0: |1 − φ̂(z0)|/|z0|α = M .

M is strictly positive sinceRe(φ̂(z0)) = E[cos(2π z0X1)], which is strictly smaller
than one because, using Assumption 3, z0X1 does not almost surely belong to N.

Taking c = min(|c′|/2, M) ends the proof. �

Lemma 3 For α > 1/2, there exists c > 0 such that for any n, k, k ′,

E[yn
k yn

k ′ ] ≤ c(1 − an)
1/α−2.

Proof As before, we have

E[(yn
k )2] ≤ 2

∫ 1/2

0

1

|1 − anφ̂(z)|2 dz.
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Therefore, for n large enough, an > 1/2 and

|1 − anφ̂(z)|2 = |1 − an + an(1 − φ̂(z))|2 ≥ |1 − an|2 + |1 − φ̂(z)|2
4

.

Using Lemma 2, this implies that

E[(yn
k )2] ≤

∫ 1/2

0

c

|1 − an|2 + |z|2α dz.

Therefore,

E[(yn
k )2] ≤

∫ (1−an)1/α

0

c

|1 − an|2 dz +
∫ 1/2

(1−an)1/α

c

|z|2α dz,

which ends the proof. �

Lemma 4 For α < 1/2, there exists c > 0 such that for any n, k, k ′,

E[yn
k yn

k ′ ] ≤
{

c(1 − an)
2α−1 if k = k ′

c|k − k ′|2α−1 if k �= k ′.

Proof The fact that
E[(yn

k )2] ≤ c(1 − an)
2α−1

is a direct consequence of the proof ofLemma3 togetherwith the inequality 1 − 2α ≥
2 − 1/α for α < 1/2.

To prove the other inequality, remark that using themoving average representation
of the process, for k ≥ k ′, we get

E[yn
k yn

k ′ ] =
k ′∑

j=0

ψn
k− jψ

n
k ′− j ≤

+∞∑

j=0

ψn
j ψ

n
j+k−k ′ .

Therefore, using Parseval’s theorem together with Lemma 2 and the fact that the ψ j

are non-negative, we obtain

E[yn
k yn

k ′ ] ≤ cRe
( ∫ 1/2

0

e2π i |k−k ′|z

|1 − anφ̂(z)|2 dz
)

≤ cRe
( ∫ 1/2

0

e2π i |k−k ′|z

|z|2α dz
)
.
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Thus, using Abel’s theorem, we finally obtain

E[yn
k yn

k ′ ] ≤ c

|k − k ′|1−2α
.

�

Lemma 5 For α = 1/2, for any ε ∈ (0, 1), there exists c > 0 such that for any n,
k, k ′,

E[yn
k yn

k ′ ] ≤
{

c(1 − an)
−ε if k = k ′

c + c
(
(1 − an)

2|k − k ′|)−ε
if k �= k ′.

Proof Using the same proof as for Lemma 3, we get

E[(yn
k )2] ≤ c|log(1 − an)|.

The first inequality follows. We obtain the second inequality using that for k > k ′,

E[yn
k yn

k ′ ] ≤ cRe
( ∫ 1/2

0

e2π i |k−k ′|z

(1 − an)2 + |z|dz
)

≤ c
∫ (1−an)2

0

1

(1 − an)2
dz + cRe

( ∫ 1/2

(1−an)2

e2π i |k−k ′|z

|z| dz
)

≤ c + c
∣∣log

(
(1 − an)

2|k − k ′|)∣∣.

�

Let us now prove Proposition 4.
In the case where α > 1/2, the proof that

E[|Zn
t − Zn

s |2] ≤ c|t − s|2

is almost the same as in the light tail case replacing the use of Lemma 1 by that of
Lemma 3.

The case α < 1/2 is slightly more complicated. We now show that

E[|Zn
t − Zn

s |2] ≤ c|t − s|1+η,

for some η > 0. As before, we begin with the case where �nt	 = �ns	. Using
Lemma 4 together with Assumption 4 and the fact that 1 − α(2α + 1) ≥ 0, we get
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E[|Zn
t − Zn

s |2] = (1 − an)
2

n
n2|t − s|2E[(yn

�nt	+1)
2]

≤ c
(1 − an)

2

n
n2|t − s|1+α(2α+1) 1

n1−α(2α+1)
(1 − an)

2α−1

≤ c|t − s|1+α(2α+1).

Using the same arguments as for the light tail case, we get a similar bound for
�nt	 = �ns	 + 1.

We now treat the case where t = kt/n and s = ks/n, where kt and ks are integers
so that kt > ks . Using again Lemma 4, we have

E[|Zn
t − Zn

s |2] = (1 − an)
2

n

kt∑

k1=ks+1

kt∑

k2=ks+1

E[yn
k1 yn

k2 ].

This is smaller than (with obvious notation)

(1 − an)2

n

( c(kt − ks)

(1 − an)1−2α + c
kt −ks−1∑

Δk=1

1

(Δk)1−2α #{(k1, k2) ∈ [ks + 1, kt ]; |k1 − k2| = Δk}
)
.

Therefore, using Assumption 4, we get

E[|Zn
t − Zn

s |2] ≤ (1 − an)
2

n

( c(kt − ks)

(1 − an)1−2α
+ c

kt −ks−1∑

Δk=1

1

(Δk)1−2α
(kt − ks)

)

≤ (1 − an)
2

n

( c(kt − ks)

(1 − an)1−2α
+ c(kt − ks)1+2α

)

≤ c((t − s)1+α+2α2 + (t − s)1+2α).

The result for any s and t in [0, 1] is obtained as in the light tail case.
Finally, the proof for α = 1/2 is obtained the same way, using Lemma 5 instead

of Lemma 4. This ends the proof of Proposition 4.
The end the proof of Theorem 2 follows as previously, using the decomposition

Zn
t =

∫ �nt	/n

0
(1 − an)

( �nt	−�ns	∑

k=0

ψn
k + (nt − �nt	)ψn

�nt	+1−�ns	
)

dW n
s

+ (nt − �nt	)(1 − an)
ε�nt	+1√

n
,

the uniform convergence of

(1 − an)

�nt	∑

k=0

ψn
k
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towards Fα,λ(t) (see Corollary 2), and the convergence of W n
s towards a Brownian

motion.

5 Application to Volatility Modeling

Let us now interpret Theorem 2 in terms of volatility modeling on financial markets.
Consider that the log-volatility process is driven at discrete times by a nearly unstable
autoregressive process with heavy tailed coefficients sequence. We choose to model
the log-volatility rather than the volatility itself because it is well established that
it is better approximated by a linear autoregressive process than the volatility, see
[2, 3, 13, 16]. Such model can reproduce the clustering property of the volatility at
multiple time scales.

5.1 The Case α > 1/2

When α > 1/2, applying the stochastic Fubini’s theorem, see [30], we get that the
limiting process for the cumulated sums, Z , can be rewritten

Zt =
∫ t

0

∫ s

0
f α,λ(s − u)dWuds.

Therefore, in that case, it is differentiable and its derivative

Yt =
∫ t

0
f α,λ(t − u)dWu

locally behaves as a fractional diffusion with Hurst parameter H = α − 1/2. Indeed,

f α,λ(x) ∼ c/x1−α

when x is close to zero and recall that a fractional Brownian motion W H can be
written as

W H
t =

∫ t

−∞

[ 1

(t − s)1/2−H
− 1

(−s)1/2−H
+

]
dWs .

In particular, proceeding as in [20], we get that for any ε > 0, Y has Hölder regularity
α − 1/2 − ε.

Thus, in this regime, the log-volatility asymptotically behaves as a fractional
Brownianmotion with Hurst parameter α − 1/2. According to [16], this is consistent
with empirical measures of the smoothness of the volatility process provided that
α � 0.6.
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5.2 The Case α < 1/2

When α < 1/2, the behavior of Z is quite different. Proceeding as in [20], we get that
for any ε > 0, Z has Hölder regularity 1/2 + α − ε. This is not very surprising since
the situation α < 1/2 is close to that of ARFIMA processes,4 which are known to
behave as a fractional Brownian motion with Hurst parameter 1/2 + α at large time
scales, see [15]. In this regime, the log-volatility exhibits apparent long memory, as
observed for example in [2].

5.3 The Case α = 1/2

In the critical regime α = 1/2, we somehow asymptotically retrieve some features
of the multifractal model of [3]. Indeed, in [3], the “log-volatility” ωl,T (t) is written
under the form

ωl,T (t) =
∫ t

−∞
kl,T (t − s)dWs,

where W is a Brownian motion and kl,T is function behaving in the range l � t
� T as

kl,T (t) ∼ k0√
t
,

for somemodel parameters l and T . Therefore, the integrated log-volatility defined as

Ωl,T (t) =
∫ t

0
ωl,T (s)ds

satisfies

Ωl,T (t) =
∫ t

−∞

(
Kl,T (t − s) − K (−s)

)
dWs,

with

Kl,T (t) = It≥0

∫ t

0
kl,T (s)ds.

This behaves as K0
√

t in the range l � t � T .
Thus, this “multifractal” regime (α = 1/2) appears as the interface between the

classical long memory (log-)volatility models (α < 1/2) and the more recent rough
volatility models (α > 1/2).

4An ARFIMA process, see [5], can be written as an infinite order autoregressive process whose
sum of the coefficients is equal to one and whose coefficients sequence φ asymptotically behaves
as φi ∼ c/ i1+α with 0 < α < 1/2.
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Generalised Partial Autocorrelations
and the Mutual Information Between Past
and Future

Alessandra Luati and Tommaso Proietti

Abstract The paper introduces the generalised partial autocorrelation (GPAC)
coefficients of a stationary stochastic process. The latter are related to the generalised
autocovariances, the inverse Fourier transform coefficients of a power transformation
of the spectral density function. By interpreting the generalised partial autocorrela-
tions as the partial autocorrelation coefficients of an auxiliary process, we derive their
properties and relate them to essential features of the original process. Based on a
parameterisation suggested by [1] and on Whittle likelihood, we develop an estima-
tion strategy for the GPAC coefficients. We further prove that the GPAC coefficients
can be used to estimate the mutual information between the past and the future of a
time series.

Keywords Generalised autocovariances · Spectral autoregressive models ·
Information regularity coefficient

1 Introduction

The spectral density of a covariance stationary process subsumes all the information
that is needed for best linear prediction of the future process realisations. In this
paper, we consider a class of spectral estimates that is based on a generalised power
autoregressive scheme, depending on a finite dimensional parameter set and on a
power transformation parameter, which can encompass different spectral estimation
methods, among which autoregressive and moving average estimation.
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In an earlier paper [15], spectral estimation was performed by a generalised set of
Yule-Walker equations, based on the generalised autocovariance function, the inverse
Fourier transform of a power transformation of the spectrum, which was estimated
non-parametrically by a power transformation of the periodogram.

In this chapter, we consider a parameterisation of spectral models based on a set of
unrestricted coefficients taking values in the interval (−1, 1), that are interpretable as
generalised partial autocorrelations (GPAC). The GPAC are then related to the mutual
information between past and future, a measure of uncertainty about the future based
on knowledge of the past, considered in [10], and recently revisited by [11, 12]. The
novelty here is in the estimation of the mutual information based on the GPAC, via
the Whittle likelihood. The computation of the mutual information between past
and future entails the availability of the full partial autocorrelation sequence, unless
the process is autoregressive, in which case the partial autocorrelation is truncated.
Our approach amounts to determining a scale, implied by the power transformation
parameter, along which the GPAC sequence is finite.

The chapter is organised as follows. Section 2 reviews the generalised autocovari-
ance function and introduces the GPAC as the partial autocorrelation coefficients of
an auxiliary power process. The relation between the GPAC and the mutual informa-
tion between the past and the future is established in Sect. 4, along with an optimality
property of the class of generalised spectral autoregressive models, formerly intro-
duced in Sect. 3 and parameterised by the GPAC, based on [1]. Whittle likelihood
estimation is dealt with in Sect. 5. An illustration featuring the time series of the
U.S. monthly inflation rate, levels and first differences, is reported in Sect. 6. Finally,
Sect. 7 draws some conclusions.

2 Generalised Autocovariances

Let {xt }t∈T be a stationary zero-mean stochastic process indexed by a discrete time
set T , with spectral density function f (ω) such that

∫ π

−π
log f (ω)dω > −∞, and∫ π

−π
f (ω)pdω < ∞, p ∈ R.

The generalised autocovariance (GACV) function is defined [15] as the inverse
Fourier transform of the p-th power of the spectral density function,

γpk = 1

2π

∫ π

−π

[2π f (ω)]p cos(ωk)dω, (1)

for k = 0, 1, . . . and γp,−k = γpk . The discrete Fourier transform of γpk gives

[2π f (ω)]p = γp0 + 2
∞∑

k=1

γpk cos(ωk).
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The coefficients γpk depend on two arguments, the integer lag k and the real power
p. As a matter of fact, for p = 1, γ1k = γk , the autocovariance of the process at lag
k; for p = 0, γ0k = 0, for k �= 0 and γ00 = 1, up to a constant, the autocovariance
function of a white noise process; for p = −1, γ−1k = γik , the inverse autocovariance
function ([6]; see also [2]).

The function γpk lends itself to a further interpretation as the autocovariance
function of an auxiliary process derived from xt . This interpretation turns out to be
useful in the derivation of the analytic form of γpk , as a function of the parameters
that govern the process dynamics, by evaluating an expectation in the time domain,
rather than solving (1) directly. In addition, the generalised partial autocorrelation
function of xt will be directly defined based on the auxiliary process.

Assuming that {xt }t∈T is purely non-deterministic, its Wold representation is writ-
ten as

xt = ψ(B)ξt , (2)

where ξt ∼ WN(0, σ 2) and ψ(B) = 1 + ψ1 B + ψ2 B2 + · · · , with coefficients sat-
isfying

∑∞
j=0 ψ2

j < ∞, and such that all the roots of the characteristic equation
ψ(B) = 0 are in modulus greater than one; here, WN(0, σ 2) denotes a white noise
process, a sequence of zero mean and uncorrelated random variables with constant
variance σ 2 and B is the backshift operator, Bk xt = xt−k . The autocovariance func-
tion of the linear process (2) isγk = σ 2 ∑∞

j=0 ψ jψ j+k for k = 0, 1, . . ., andγ−k = γk .
Let us consider the power-transformed process:

u pt =
{

ψ(B)pξt = ψ(B)pψ(B)−1xt , for p ≥ 0
ψ(B−1)pξt = ψ(B−1)pψ(B)−1xt , for p < 0.

(3)

For a real p > 0, the power of ψ(B) in (3) is still a power series,

ψ(B)p =
∞∑

j=0

ϕ j B j ,

with coefficients given by the recursive relation

ϕ j = 1

j

j∑

h=1

[h(p + 1) − j]ψhϕ j−h, j > 0, ϕ0 = 1 (4)

Gould [9]. When p < 0, the coefficients of ψ(B−1)p = ∑∞
j=0 ϕ j B− j are also given

by (4).
The spectral density of u pt is fu(ω) = (2π)−1|ψ(eıω)|2pσ 2, and satisfies

2π fu(ω)(σ 2)p−1 = [2π f (ω)]p . (5)
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Equation (5) establishes the relation between the spectrum of the original process
and that of the power process u pt .

It follows from (1) and (5) that the generalised autocovariance function of xt can
be interpreted as the autocovariance function of the process u pt , denoted as γu ,

γpk = (σ 2)p−1γu .

It is then straightforward to compute the GACV of xt as the autocovariance of a
linear process,

γpk = σ 2p
∞∑

j=0

ϕ jϕ j+k .

The generalised variance γp0 is related to the variance profile, defined in [13] as
the Hölder, or power, mean of the spectrum of xt :

vp =
{

1

2π

∫ π

−π

[2π f (ω)]p

} 1
p

.

Specifically, for p �= 0, vp = γ
1
p

p0. As a particular case, v−1 = γ −1
−1,0 is the inter-

polation error variance Var(xt |F\t ), where F\t is the past and future informa-
tion set excluding the current xt ; this is also interpreted as the harmonic mean
of the spectrum. The limit of vp for p → 0 yields the prediction error vari-
ance, lim p→0 vp = σ 2, which is the geometric average of the spectral density,
σ 2 = exp

{
1

2π

∫ π

−π
log 2π f (ω)dω

}
, i.e. the Szegö-Kolmogorov formula.

By dividing the generalised autocovariance by the generalised variance, one gets
the generalised autocorrelation function (GACF), taking values in [−1, 1],

ρpk = γpk

γp0
, k = 0,±1, . . . .

If the GACV of xt is proportional to the autocovariance function of the auxiliary
process u pt , the GACF is equal to the ACF of the auxiliary process. The same holds
for the generalised partial autocorrelation coefficients of xt that are defined here as
the sequence of the partial autocorrelation coefficients of u pt and are denoted as πpk .

3 Generalised Autoregressive Spectral Models

The generalised partial autocorrelations are central for estimating the spectral density
of a stochastic process according to the following class of models,

2π f (ω) =
[

σ 2
p

φp(e−ıω)φp(eıω)

] 1
p

(6)
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whereφp(e−ıω) = 1 − φp1e−ıω − φp2e−ıω2 − · · · − φpK e−ıωK . As p varies, (6) defines
a set of spectral models encompassing the AR(K ) case (p = 1), the MA(K ) case
(p = −1), as well as the fractional case (consider, for instance, the combination
K = 1, p = 1/d and φp1 = 1).

The coefficients {φpk, k = 1, . . . , K } satisfy the following moment conditions
(Yule Walker equations): Γp,K φp,K = γp,K , where Γp,K denotes the Toeplitz matrix,
formed from the GACV, with generic element γp,|h−k|, h, k = 0, . . . , K − 1, γp,K =
(γp1, . . . , γpK )′, and φp,K = (φp1, . . . , φpK )′; moreover, σ 2

p = γp0 − φ′
p,K γp,K .

For p > 0, the polynomial φp(B) = 1 − φp1 B − · · · φpK BK characterises the
AR approximation of the process u pt , and provides the spectral factorisation [2π f (ω)]p =
σ 2

p [φp(e−ıω)φp(eıω)]−1. By Eqs. (3)–(5), we obtain the AR approximation of the orig-
inal process, π(B)xt = ξt , π(B) = [φp(B)]1/p, or, equivalently, the moving average
representation xt = ψ(B)ξt , ψ(B) = [φp(B)]−1/p. For p < 0, the polynomials are
in the forward operator B−1.

According to this parameterisation, the GPAC forms a finite sequence. Moreover,
as will be stated formally in Sect. 4, processes having spectrum specified as in (6)
are optimal with respect to a mutual information criterion.

For a given p, the model (6) features K + 1 parameters, which can be estimated
by maximising the Whittle likelihood (see details on Sect. 5), under the restriction
that the spectral density [2π f (ω)]p is bounded away from zero and infinity at all
frequencies. This is achieved by enforcing the constraints 0 < |φp(e−ıω)|2 < ∞,
∀ω ∈ (−π, π) or, equivalently, that the roots of the lag polynomials φp(B) do not
lie on the unit circle.

Hence, for the purpose of estimation, we reparameterise the AR coefficients in
terms of partial autocorrelations [1]. This is done by a recursive algorithm: letting
πpk, k = 1, . . . , K denote K coefficients, such that |πpk | < 1, then for k = 1, . . . , K
and j = 1, . . . , k − 1, compute

φ
(k)
pj = φ

(k−1)
pj − πpkφ

(k−1)
p,k− j , φ

(k)
pk = πpk . (7)

The final iteration returns coefficients that are in the stationary region.
The coefficients πpk , that are constrained in the range (–1,1), are in turn obtained

as the Fisher inverse transformations of unconstrained real parameters ϑpk , k =
1, . . . , K , e.g. πpk = exp(2ϑpk )−1

exp(2ϑpk )+1 for k = 1, . . . , K . Also, we set ϑp0 = ln(σ 2
p).

4 Mutual Information Between Past and Future

The generalised partial autocorrelation coefficients play a role in the estimation of
the mutual information between the past and the future of a stationary Gaussian time
series. The latter, denoted as Ip− f , is a measure of uncertainty about the futureFt , the
sigma-algebra generated by {xt+1, xt+2, . . .}, when the past Pt , the sigma-algebra
generated {xt , xt−1, . . .}, is known.
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More formally, let us consider two stochastic processes, {xt }t∈T and {ys}s∈S ,
defined on a probability space (Ω,F , P), and denote as S1 and S2 the mini-
mal sigma-algebra generated by {xt }t∈T and {ys}s∈S , respectively. The amount of
information of the random process {xt }t∈T given by the process {ys}s∈S is (see [10],
Chap. IV),

I (x, y) = sup
∑

P(Ai ∩ B j ) ln
P(Ai ∩ B j )

P(Ai )P(B j )
, (8)

where the supremum is taken over all the possible finite partitions of Ω in the non
intersecting events (Ai )i=1,...,n, (B j ) j=1,...,m, where Ai ∈ S1 for all i = 1, . . . , n and
B j ∈ S2 for all j = 1, . . . , m.

It is easy to verify that the following properties hold: I (x, y) ≥ 0, with I (x, y) = 0
when the sigma-algebra S1 is independent of S2; I (x, y) = I (y, x), which moti-
vates the name of mutual information for the quantity in Eq. (8). An important concept
related to mutual information is the information regularity of a stochastic process. A
stationary random process is said to be information regular if

Iτ = I ({xt }t<s, {xt }t≥s+τ ) → 0, τ → ∞.

The value Iτ is sometimes referred to as the information regularity coefficient and I0

is the mutual information between past and future, that we shall denote here as Ip− f .
For Gaussian processes, Ip− f may be defined in terms of the cepstral coefficients,

ck = 1

2π

∫ π

−π

ln[2π f (ω)] cos(ωk)dω, k = 1, 2, . . . (9)

as [11]

Ip− f = 1

2

∞∑

k=1

kc2
k (10)

and a necessary condition for information regularity is
∑∞

k=1 kc2
k < ∞. Li [11] also

shows that the following relation holds between cepstral coefficients and the partial
autocorrelation coefficients, {πk}k=1,2,..., the so called reflectrum identity

∞∑

k=1

kc2
k = −

∞∑

k=1

k ln(1 − π2
k ) (11)

and c0 = ln γ0 + ∑∞
k=1 ln(1 − π2

k ), the latter being a consequence of the
Kolmogorov-Szegö formula.

It is shown in [14] that the cepstral coefficients are related to the GACV via

ck = lim
p→0

γpk

p
, k = 1, 2, . . . .
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The next theorem shows that the mutual information can be written as a function
of the generalised partial autocorrelation coefficients.

Theorem 1 Let πpk denote the generalised partial autocorrelations of the stationary
process {xt }t∈T . The mutual information between past and future is

Ip-f = − 1

2p2

∞∑

k=1

k ln(1 − π2
pk)

and the equality holds for all p.

Proof Let us denote as I u
p− f the mutual information between past and future of the

process u pt , defined by Eq. (3), having spectrum 2π fu(ω) = [2π f (ω)]p(σ 2)1−p, as
in (5), and prediction error variance σ 2.

By (10), I u
p− f may be written as a function of the cepstral coefficients of u pt ,

denoted here as cuk , the inverse Fourier coefficients of the logarithm of the spectral
density function of u pt , see Eq. (9),

log 2π fu(ω) = cu0 + 2
∞∑

k=1

cuk cos(ωk). (12)

It follows from (5) that log 2π fu(ω) = p log 2π f (ω) + (1 − p) log σ 2 and, from (9),

log 2π fu(ω) = p

(
c0 + 2

∞∑

k=1

ck cos(ωk)

)
+ (1 − p) log σ 2. (13)

Combining (12) and (13), and noticing that cu0 = c0 = log σ 2, we get the relation
between the cepstral coefficients of the original process and the auxiliary process

cuk = pck

which clearly implies that
∑∞

k=1 kc2
uk = ∑∞

k=1 kp2c2
k and p2 Ip− f = I u

p− f . By the
reflectrum identity applied to the process u pt , we are able to conclude that

p2 Ip− f = −1

2

∞∑

k=1

k ln(1 − π2
pk)

which completes the proof of the theorem.

The computation of Ip− f entails the availability of the full partial autocorrelation
sequence, unless the process is autoregressive, in which case the partial autocorre-
lation is truncated at K. The approach followed in this paper amounts to determin-
ing a scale, determined by the transformation parameter p, along which the GPAC
sequence is finite. The following theorem, that generalises Theorem 3.1 of [12],
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establishes the optimality of the generalised spectral autoregressive models (6) with
respect to the minimum mutual information principle.

Theorem 2 A process with given generalised autocovariances γpk, k = 0, 1,

. . . , K , p �= 0 and minimal information between past and future belongs to the
class of spectral models (6).

Proof The theorem follows straightforwardly from Theorem 3.1 of [12], who state
and prove that given K + 1 autocovariances forming a positive definite sequence,
a Gaussian process achieves the minimum information Ip− f when it follows an
AR(K) model. The theorem directly applies to an AR(K) auxiliary process with
prediction error variance equal to σ 2

p whose first K + 1 autocovariances are γpk ,
k = 0, 1, . . . , K .

In the case when p = 0, the process with minimal mutual information belongs to
the class of EXP(K) models of [4], obtained by truncating to the lag K the Fourier
expansion of the logarithm of the spectral density function (see [12]).

Model selection by the minimum mutual information (MMI) principle is one
of the applications of Ip− f traced by [12]. As a matter of fact, MMI is related to
the maximum entropy principle, by means of the complementarity of Ip− f and the
entropy rate of a regular stationary and Gaussian process (see Eq. (9) in [11]). Once
the class of fitting models is selected through the MMI, a penalised criterion based on
Ip− f , called LIC, has been proposed by [12] to select the order of the fitting model.

Other applications of the mutual information between past and future arise in
connection with the equivalent concept of excess entropy, an intuitive measure of
memory stored in a stochastic process: fractional ARMA processes have infinite
mutual information. Recently, Hidden Markov models with infinite mutual informa-
tion between past and future have been investigated and examples of processes with
an infinite number of countable states are presented with reference with modelling
texts in natural language and complex system analysis [7].

5 Estimation

The main tool for estimating the spectral density function and its functionals is the
periodogram.

Let {xt , t = 1, 2, . . . , n} denote a time series, which is a sample realisation from
a stationary Gaussian process, and let ω j = 2π j

n , j = 1, . . . , [n/2], be the Fourier
frequencies, where [·] denotes the integer part of the argument.

The periodogram (sample spectrum) is defined as

I (ω j ) = 1

2πn

∣∣∣∣∣

n∑

t=1

(xt − x̄)e−ıω j t

∣∣∣∣∣

2

,
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where x̄ = n−1 ∑
t xt .

The following large sample distributional result holds in the short memory case
([5], Chap. 10):

I (ω j )

f (ω j )
∼ IID

1

2
χ2

2 , 0 < ω j < π

whereas I (ω j )

f (ω j )
∼ χ2

1 , ω j = 0, π, where χ2
r denotes a chi-square random variable with

r degrees of freedom; equivalently, I (ω j ) is exponentially distributed with mean
f (ω j ).

For a given transformation parameter p, the log-likelihood function of the uncon-
strained parameters ϑpk , k = 1, . . . , K based on the exponential density for I (ω j ),
for 0 < ω j < π and j = 1, . . . , N where N = [(n − 1)/2], is

�(ϑp,K ) = −
N∑

j=1

(
ln f (ω j ) + I (ω j )

f (ω j )

)

The latter can be maximised with respect to the unconstrained parameter vector
ϑp,K by a quasi-Newton optimisation algorithm, using numerical first and second
derivatives. The GPAC πpk and the parameters φp1, . . . φpK lying in the stationary
region are then obtained by (7).

The spectral models for different combinations of K and p can be compared using
an information criterion, such as AIC or BIC.

As long as the summability conditions for the GPAC is satisfied,
∑∞

k=1 k ln(1 −
π2

pk) < ∞, i.e. as long as the mutual information as in Theorem 1 is finite, the
strong Szegö theorem holds (see [3]) and under the usual regularity conditions on the
parameter space and the spectral density function, Theorems 2.1 and 2.2 on Chap. 2
of [8] hold, which imply that ϑ̃p,K →p ϑp,K and

√
n(ϑ̃p,K − ϑp,K ) →d N (0, Vp)

where

V −1
p = 1

4π

∫ π

−π

1

[2π f (ω)]2p
z(ω)z(ω)′dω

with z(ω) = [1, 2 cos(ω), 2 cos(2ω), . . . , 2 cos(Kω)]′. Given that the function that
maps the partial autocorrelation coefficients to the model parameters is one to one
and smooth (see [1], Theorem 2), the asymptotic properties of the Whittle estimator
continue to hold in the reparameterized model.

6 Illustration

Our illustration deals with the estimation of the mutual information between past and
future for the monthly U.S. inflation rate. The latter is computed as the logarithmic
change over the previous month of the Consumer Price Index (CPI), multiplied by
1200, and is considered for the period running from January 1960 to December
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Fig. 1 U.S. monthly inflation rate (annualised rate). Plot of the series (top left). Periodogram and
fitted GAR spectrum with p = 2.4, K = 1 (top right). Values of the AIC as a function of p for
values of K = 1, 2, 3, 4 (bottom left). Mutual information estimates as a function of p for different
values of K (bottom right)

2012, for a total of 624 observations. The plot of the series is available in the top
right panel of Fig. 1. A widely debated issue deals with the covariance stationarity of
the underlying generating process, as the evidence arising from either unit root and
stationarity tests is not clear cut. The periodogram, displayed in the right top plot of
Fig. 1, takes very large values around the zero frequency.

The left bottom graph displays the behaviour of the Akaike’s information cri-
terion, AIC = −2�(ϑ̃p,K ) + 2K , where ϑ̃p,K is the Whittle likelihood estimator of
the parameters of the generalised AR spectral model (6) fitted to the series for dif-
ferent values of p and K . In particular, for K ranging from 1 to 4, it displays the
pattern of the AIC for values of p in the interval [−2, 2.5]. The AIC is similar for
the values of K considered for p in the range [2, 2.5]; when K = 1, the estimated
generalised autoregressive parameter is equal to 1 for p in this range; similarly, for
higher values of K , the generalised polynomial φp(z) has a unit root. The combina-
tion of values minimising the AIC is K = 4, p = 2.3; the estimated GAR polyno-
mial is φ̃p(e−ıω) = 1 − 1.0383e−ıω + 0.2028e−2ıω + 0.0251e−3ıω − 0.1896e−4ıω;
the corresponding GPACs are π̃p1 = 0.9999, π̃p2 = −0.0612, π̃p3 = 0.1782, π̃p4 =
0.1896. Notice that if φp(e−ıω) = (1 − e−ıω)φ∗

p(e
−ıω), where |φ∗

p(e
−ıω)|2 is bounded

away from zero and finite, and p > 2, yt is long memory process, with a spectral
density being O(|ω|−2d) as |ω| → 0, with d = 2/p. The fitted spectral density is
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superimposed to the periodogram in the top left panel. As a result, likelihood infer-
ence points decisively towards a nonstationary or a long memory model. Although
the AIC is concave in p and has a minimum within the assumed range, the properties
of the estimate of p cannot be ascertained. The bottom right graph displays the pat-
tern of the estimated Ip− f as p varies in its range and for the same values of K . The
plot highlights a neat discontinuity occurring at around p = 2, which is a reflection
of the fact that the estimated model is long memory.

We then turn our attention to the first differences of the monthly inflation rates,
which are plotted in figure in the top left panel of Fig. 2. Model selection performed
according to the AIC leads to choosing the GAR specification with p = −0.8 and
K = 3 (see the bottom left plot which depicts the AIC as a function of p for K =
1, 2, 3, 4, 5). The selected values of p is not significantly different from −1, which
in turn leads to a moving average model for the spectrum of the time series. The fitted
spectral density has a low dynamic range and is superimposed to the periodogram of
the series in the top right plot. It can be seen from the same plot that the spectral fit
arising from the AR spectrum of the same order, i.e. p = 1, K = 3, is likely to overfit
some features of the periodogram. The estimated GAR polynomial is φ̃p(e−ıω) =
1 − 0.5419e−ıω − 0.1989e−2ıω − 0.0960e−3ıω; the corresponding GPACs are π̃p1 =
0.7583, π̃p2 = 0.2532, π̃p3 = 0.0960.
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Fig. 2 Changes in U.S. monthly inflation rate (first differences). Plot of the series (top left). Peri-
odogram and fitted GAR spectrum with p = 2.4, K = 1 (top right). Values of the AIC as a function
of p for values of K = 1, 2, 3, 4, 5 (bottom left). Mutual information estimates as a function of p
for different values of K (bottom right)
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The behaviour of the estimated mutual information between past and future is
displayed in the bottom right panel as p varies in [−2, 2] and for K = 1, . . . , 5. The
estimates are rather insensitive to p in the negative range (in fact, also the AIC is
almost constant), hovering around 0.5.

We conclude this section with a remark on the estimation of Ip− f based on the
GPAC. When a generalised spectral AR model is fitted to a series, the selection the
best pair (p, K ) in terms of minimum AIC implies that the estimation of Ip− f is based
on a finite number of generalised partial autocorrelation coefficients, π̃p1, . . . , π̃pK .
Except in the case when p = 1, which identifies a pure autoregressive model in the
general class (6), the computation of Ip− f based on the ordinary partial autocor-
relations or cepstral coefficients involves an infinite number of coefficients and its
estimation necessarily requires a truncation of the infinite sequence.

7 Conclusions

In this chapter we have introduced the generalised partial autocorrelation function.
This can be useful for parameterising a model for the spectrum of a time series,
which encompasses autoregressive and moving average spectral estimation, and for
characterising the properties of a random stationary process. We have considered in
particular its use for computing (and estimating from a sample time series) the mutual
information between the past and the future. The latter is an interesting concept which
complements the traditional one step ahead prediction error variance, looking at the
joint predictability at the different many horizons that arise for the future.
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Efficient Estimation of Integrated Volatility
in Presence of Infinite Variation Jumps
with Multiple Activity Indices

Jean Jacod and Viktor Todorov

Abstract In a recent paper [6], we derived a rate efficient (and in some cases
variance efficient) estimator for the integrated volatility of the diffusion coefficient of
a process in presence of infinite variation jumps. The estimation is based on discrete
observations of the process on a fixed time interval with asymptotically shrinking
equidistant observation grid. The result in [6] is derived under the assumption that the
jump part of the discretely-observed process has a finite variation component plus a
stochastic integral with respect to a stable-like Lévy process with index β > 1. Here
we show that the procedure of [6] can be extended to accommodate the case when
the jumps are a mixture of finitely many integrals with respect to stable-like Lévy
processes with indices β1 > · · · > βM ≥ 1.

Keywords Central limit theorem · Integrated volatility · Itô semimartingale ·
Jumps · Jump activity · Quadratic variation · Stable process
AMS 2000 Subject Classifications 60F05 · 60F17 · 60G51 · 60G07

1 Introduction

In this paper we revisit the question of efficient, or at least rate-efficient, estimation
of the integrated volatility of the diffusion coefficient of a one-dimensional process
X which is observed at discrete times. The process X is an Itô semimartingale,
whose continuous martingale part is a stochastic integral

∫ t
0 σs dWs with respect to a

standard Brownian motion W , and the integrated volatility over a given time interval
[0, T ] is CT = ∫ t

0 σ2
s ds.
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The problemof estimating the integrated volatilityCT is arguably themost studied
one in the literature dealingwith inference basedonhigh-frequencyobservations. The
volatility inference problem has been analyzed in various settings. This includes the
case when X has jumps, when the process X is observed with additional microstruc-
ture noise, and when the observations take place at irregularly spaced—and possibly
random—times.

In this paper, we discard microstructure and irregular spacing, and concentrate on
the case when X is perfectly observed at times iΔn for i = 0, 1, . . . within a fixed
finite time interval [0, T ], and when the time lag Δn is small, and eventually goes
to 0 (the “high-frequency” setting). We put emphasis on the case when X has jumps
with a “high” degree of activity, meaning that those jumps are not locally summable,
since the case when they are summable (equivalently, with finite variation) is well
established already (with references given below).

In the above setting we answer the following two questions. First, knowing that in
the continuous case, and alsowhen there are summable jumps (plus a few appropriate
technical assumptions), one can exhibit estimators which converge at the optimal (or,
efficient) rate 1/

√
Δn , as Δn → 0, is it possible to obtain estimators with the same

efficient rate in the non-summable jumps case? Second, if this holds, can one find
estimators that are variance-efficient, in the sense that their (normalized) asymptotic
variance is the same efficient variance as the one found in the continuous case?

These two questions have been studied in the paper [6], when the jump part of
X can be split into a sum Z + Z ′ as follows: Z ′

t is an absolutely convergent sum∑
s≤t ΔZ ′

s (here, ΔVs = Vs − Vs− is the jump size at time s for any càdlàg process

V ), and Zt = ∫ t
0 γs dYs for some (unknown) process γ and a stable or “stable-like”

process Y with index β ∈ (1, 2) (we refer to [6] for the formal definition of “stable-
like” processes—they include many processes used in various applications such as
the tempered stable processes). Namely, in this case in [6] we have constructed
estimators which converge at the rate 1/

√
Δn , and which are variance-efficient when

further the process Y is symmetric, whereas if Y is not symmetric the asymptotic
variance is twice the efficient variance.

Our goal in this paper is to extend this result in two directions: first we replace the
assumption Zt = ∫ t

0 γs dYs by the fact that the “spot Lévymeasures” of Y behave like
a stable Lévy measure with index β near the origin, with a multiplicative coefficient
which is a stochastic process at (see below for the precise statement); this is much
weaker than assuming Zt = ∫ t

0 γs dYs . Second, we replace the single process Z by a
sum

∑M
m=1 Zm , where each Zm is as Z above with an index βm , and β1 > β2 > · · · >

βm , and the βm are “regularly spaced”, in the sense that they lie on a grid of the form
{2 − jρ : j = 1, . . . , [2/ρ]} for some (unknown) number ρ > 0 (the assumption is
in fact even weaker than this but too technical to be stated in the introduction).
Then, we exhibit estimators for CT which converge with the efficient rate 1/

√
Δn ,

and with the asymptotic variance equal to twice the efficient one. Should we have
Zm

t = ∫ t
0 γm

s dY m
s with Zm stable-like with index βm and symmetric, it would also

be possible to construct estimators achieving the efficient variance bound, but for
simplicity we will not do this here.
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The method used here is basically the same as in [6], and relies on estimating
locally the volatility (diffusion coefficient) from the empirical characteristic function
of the increments of the process over blocks of decreasing length but containing an
increasing number of observations, and then summing the local volatility estimates.
The last step consists in iterating the de-biasing procedure introduced in that paper.

The rest of the paper is organized as follows. In Sect. 2 we describe the general
setting, and present a short review of the methods which have been proposed in the
literature for jump-robust volatility estimation. Section3 is devoted to recalling the
estimators of [6] and the associatedCLT. In Sect. 4we solve the problemof estimating
integrated volatility with a rate 1/

√
Δn under our generalized assumptions. Proofs

are given in Sect. 5.

2 Estimating Integrated Volatility: A Review

2.1 The General Setting

The underlying process X is a one-dimensional Itô semimartingale defined on a
filtered space (Ω,F , (Ft )t≥0,P), so it can be written as

Xt = X0 +
∫ t

0
bs ds +

∫ t

0
σs dWs + δ ∗ (p= − q= )t + δ′ ∗ p= t , (2.1)

where W is a standard Brownian motion and p= is a Poisson measure onR+ × E with
(deterministic) compensator q= (dt, dz) = dt ⊗ λ(dz). Here E is a Polish space andλ
is a σ-finitemeasure on E . For a functionφ onΩ × R+ × E and a randommeasure ν
onR+ × E , the notation φ ∗ νt stands for the double (ordinary or stochastic) integral∫ t
0

∫
E φ(s, z) ν(ds, dz). The processes bt and σt are optional, the functions δ and δ′

on Ω × R+ × E are predictable, with |δ| ≤ 1 and they all are such that the integrals
in (2.1) make sense (this will be implied by our assumptions below).

It is perhaps more natural to write the last two terms in (2.1) as

(δ 1{|δ|≤1}) ∗ (p= − q= )t + (δ 1{|δ|>1}) ∗ p= t ,

with the same function δ in both terms. However, given the structure that we will
introduce on the infinite variation jumps below (and hence on δ), the formulation
(2.1) offers more flexibility. For example, it allows us to add to X a term such as
δ′ ∗ p= with a function δ′ having no regularity in time.

Wewill further assume that the volatility process σt is itself an Itô semimartingale,
which can thus be written as

σt = σ0 +
∫ t

0
bσ

s ds +
∫ t

0
Hσ

s dWs +
∫ t

0
H ′σ

s dW ′
s

+ (δσ(s, z) 1{|δσ(s,z)|≤1}) ∗ (p= − q= )t + (δσ(s, z) 1{|δσ(s,z)|>1}) ∗ p= t . (2.2)
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Choosing the same Poisson measure p= to drive both X and σ is not a restriction, and
W ′ in (2.2) is another Brownian motion independent of W . Note that we need both
W and W ′ to allow for general dependence between the diffusion components of X
and σ.

Our aim in this paper is to estimate the integrated volatility which is formally
defined as

CT =
∫ T

0
cs ds, where ct = σ2

t .

The estimation is done on the basis of the observations XiΔn for i = 0, . . . , [T/Δn].
We assume thatΔn → 0, and the observed increments are denoted asΔn

i X = XiΔn −
X(i−1)Δn .

In order to describe the assumptions we need for our asymptotic results, we first
introduce a property relative to a generic process U . This will be applied to U being
b in (2.1) or some of the coefficients appearing in (2.2). This property is as follows:
there is a constant γ such that, for all s, t ≥ 0, we have

E(|Us+t − Us |2 | Fs) ≤ γt. (2.3)

WhenU is an Itô semimartingale with locally bounded characteristics, it satisfies this
property “locally” (in the sense that for a sequence τn of stopping times increasing to
∞ the stopped process (Uτn∧t )t≥0 satisfies (2.2)). It is also satisfied when the paths
of U are Hölder with index 1/2.

Our first assumption, quite standard in almost all high-frequency situations, is as
follows

Assumption (A0) We have (2.1) and (2.2), and there exist two numbers r ∈ [0, 1)
and r ′ ∈ (1, 2), a sequence τn of stopping times increasing to infinity, two sequences
Jn, J ′

n of [0, 1]-valued Borel functions on E such that
∫

Jn(z)r ′
λ(dz) < ∞ and∫

J ′
n(z)λ(dz) < ∞, and a sequence Γn of numbers, such that

t < τn ⇒
⎧
⎨

⎩

|bt |, |σt |, |bσ
t |, |Hσ

t |, |H ′σ
t | ≤ Γn

|δ(t, z)| ≤ Jn(z)
|δ′(t, z)|r ∧ 1 ≤ J ′

n(z), |δσ(t, z)|2 ∧ 1 ≤ J ′
n(z),

(2.4)

and the stopped processes Hσ
t∧τn

and bt∧τn satisfy (2.3) with γ = Γn .

2.2 Some Known Results

As mentioned in the introduction, the question of estimating CT for a given T > 0,
on the basis of the discrete observations within the time interval [0, T ], has already
been thoroughly studied. We refer to [2] for many bibliographical comments, and
only provide a brief sketch below.
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Let us start with the continuous case, that is, δ = δ′ = 0 in (2.1). The most natural
estimator at stage n is the approximate quadratic variation (or, realized volatility)

Ĉn
T =

[T/Δn ]∑

i=1

(Δn
i X)2.

The normalized sequence
√

Δn (Ĉn
T − Ct ) converges (in the sense of stable con-

vergence in law) to a limit ZT which is defined on an extension of the space, and
which conditionally onF is a centered Gaussian variable with (conditional) variance
VT = 2

∫ T
0 c2s ds, as Δn → 0. For this, we do not need (A0): on top of δ = δ′ = 0,

having VT and
∫ T
0 b2

s ds finite-valued is enough, and we do have functional (in T )
convergence, even.

Moreover, when σt is non-random (so, apart from the drift term, the process X
has independent increments, and is Lévy when further σt = σ is constant), the LAN
property holds for the (deterministic) parameter CT , and VT above is the inverse
of the Fisher information, so indeed the estimators Ĉn

T are asymptotically efficient.
The same efficiency holds, due to the LAMN property now, when σt has the form
σt = σ(t, Xt ) for a smooth enough function σ. Efficiency also holds, due to an
infinite-dimensional Hajek type convolution theorem for more general stochastic
volatility models, see [5].

These considerations lead us to postulate that “efficiency” for a sequence Ĉ ′n
T

of estimators (for X either continuous or discontinuous) means that the sequence√
Δn (Ĉ ′n

T − Ct ) converges stably in law to a limit which isF-conditionally centered
Gaussian with variance VT , whereas rate-efficiency means the same with again the
rate 1/

√
Δn , but with a conditional variance possibly bigger than VT .

The above described asymptotic properties of the approximate quadratic variation,
Ĉn

T , badly fail when X has jumps since, to begin with, Ĉn
T no longer converges to CT

but to CT + ∑
s≤T (ΔXs)

2. However, one can replace Ĉn
T by a truncated version:

Ĉ ′n
T =

[T/Δn ]∑

i=1

(Δn
i X)2 1{|Δn

i X |≤un}.

This is the truncated realized volatility introduced by Mancini [8, 9]. For a properly
chosen sequence of truncation level un (going to 0), the Ĉ ′n

T above enjoy exactly
the same properties as Ĉn

T does in the continuous case, so they are efficient, under
the following assumption: we have (2.1) with δ = 0, and b is locally bounded, and
σ is càdlàg, and δ satisfies (2.4) (recall r < 1). We do not need (2.2), but the key
properties are that the jump part of X reduces to the last term in (2.1) and that r < 1.

Another way to annihilate the role of the jumps is to use themultipower variations
introduced by Barndorff-Nielsen and Shephard, see [3, 4]:

Ĉ ′′n
T =

[T/Δn ]−k+1∑

i=1

k∏

m=1

|Δn
i+m−1X |2/k,



322 J. Jacod and V. Todorov

where k ≥ 2 is an integer. Then, if k ≥ 3 and under (A0) with δ = 0 and r ≤ 2/k,
plus the fact that σ never vanishes, these estimators are rate efficient, although the
asymptotic variance is α(k)VT for some known constant α(k) > 1 (so we loose a bit
of variance-efficiency). If instead we use the truncated bipower variation:

[T/Δn ]−1∑

i=1

|Δn
i X Δn

i+1X | 1{|Δn
i X |≤un} 1{|Δn

i+1X |≤un}

for a properly chosen sequence un , we obtain the same result, except that we can
take any r ≤ 1 in (A0) (and still δ = 0, of course), see [11].

Other methods are also available, although less widely used, and they all neces-
sitate δ = 0, or equivalently that the degree of activity of jumps (see below for this
notion) is at most 1.

What happens in the presence of infinite variation jumps? We can examine for
example the behavior of the truncated realized volatility Ĉ ′n

T (the samewould apply to
the other estimators) whenwe allow δ 
= 0 in (2.1). Under (A0), no central limit theo-

rem holds, but we have Δ
ε−(2−r ′)/2
n (Ĉ ′n

T − CT )
P−→ 0, for any ε > 0 (and a sequence

un depending on ε): so the rate can approach 1/Δ(2−r ′)/2
n , but not quite reach it, and

this is slower than 1/
√

Δn .
There is a good reason for this restriction, because of aminimax-type result proven

in [7]: for any sequence of estimators Ĉ ′n
t and positive reals wn , if the variables

wn (Ĉ ′n
t − Ct ) are bounded in probability, uniformly in n and also in X ranging

through all Itô semimartingales satisfying (A0) for some fixed sequences Γn and Jn ,

then necessarily wn ≤ K
( log(1/Δn)

Δn

)(2−r ′)/2
for a constant K . This minimax rate is

thus slower than 1/
√

Δn (and becomes much slower when r ′ approaches (2)).
Note that in (2.4) we assume r ′ > 1; of course, it may happen that one can choose

Jn satisfying
∫

Jn(z)r λ(dz) < ∞ as well, but in this case we could replace the pair
(δ, δ′) by the pair (0, δ + δ′). When we only have

∫
Jn(z)r ′

λ(dz) < ∞ for some
r ′ > 1, the minimax result stated above seems to rule out the existence of estimators
converging toCT at the rate 1/

√
Δn , and it certainly does in a non-parametric setting.

However, in a parametric or semi-parametric setting, things could be different.
For a simpler heuristic discussion, assume that X is a Lévy process. Then bt = b
and σt = σ are constants and (A0) amounts to saying that the Lévy measure F
satisfies

∫
(|x |r ′ ∧ 1) F(dx) < ∞: since r ′ is arbitrarily close to 2, this is almost the

most general possible Lévy measure. When F is known, an analysis of the Fisher
information for c, or more appropriately here for the parameter CT = cT , shows
that there should exist estimators with rate 1/

√
Δn and asymptotic variance 2T c2

(hence, efficient in the previous sense), see [1]. Such estimators do exist in principle
(although they are not explicit), because one could show in this case that the LAN
property holds. The same theoretical result holds much more generally, for Lévy
processes whose Lévy measures are sums of a known measure F0, plus any number
of stable Lévy measures with indices β1 > · · · > βM , even when those are unknown
parameters, and one could prove that this holds also when F0 is unspecified, but
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subject to
∫
(|x |r ∧ 1) F0(dx) < ∞ for some r < 1. The reason is that we are then in

a semi-parametric setting, with nuisance parameters b, the βm’s and also the scale and
skewness parameters of the stable Lévy measures, plus a non-parametric nuisance
term F0 which plays no role at the end because r < 1.

These heuristic considerations motivate the additional assumptions which are
stated in the next section, and which are far more general than the Lévy setting of the
previous paragraph. Under these assumptions we will be able to construct estimators
which are at least rate-efficient even though r ′ > 1 in (A0).

2.3 Additional Assumptions

The additional hypotheses which are needed are expressed in terms of the spot Lévy
measures of the purely discontinuous martingale term in (2.1), that is of

Xt =
∫ t

0

∫

R

δ(s, z) (p= (ds, dz) − q= (ds, dx)). (2.5)

These spot Lévy measures are the measures Ft = Ft,ω such that the predictable
compensator of the jumpmeasure of X takes the form occurring in the dt ⊗ Ft,ω(dx)

(this factorization exists because X is an Itô semimartingale). Equivalently, one may
take for Ft,ω the restriction to R\{0} of the image of the measure λ by the map
z �→ δ(ω, t, z). Its symmetric tail for x > 0 is thus

Ft (x) := Ft ((−∞,−x) ∪ (x,∞)) = λ({z : |δ(t, z)| > x}). (2.6)

With this notation, our main “semi-parametric” assumption is as follows:

Assumption (A) We have (A0), and also an integer M ≥ 0, a finite family 2 > β1 >

· · ·βM > 0 of numbers, and M nonnegative predictable càdlàg or càglàd processes
a1

t , . . . , am
t such that, with τn and Γn as in (A0), the stopped processes (am

t∧τn
)1/βm

and δ(t ∧ τn, z)/Jn(z) for all z satisfy (2.3) with γ = Γn , and moreover

t < τn ⇒
∣∣∣Ft (x) −

M∑

m=1

am
t

xβm

∣∣∣ ≤ Γn

xr
. (2.7)

Note that the number r ′ occurring in (A0) should be bigger than β1. When β1 < 1
(2.7) implies for each r ′′ ∈ (β1 ∨ r, 1) the existence of λ-integrable functions J ′′

n
such that at |δ(t, z)|r ′′ ≤ J ′′

n (z) when t < τn , so in this case we could use the pair
(0, δ + δ′) instead of (δ, δ′) and replace r by r ′′: we would be on known grounds with
well-established efficient estimators forCT , as explained in the previous section. The
same comment a fortiori applies when M = 0. So what follows has some interest
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only when β1 ≥ 1 and M ≥ 1, but we use the assumption (A) as stated above for
convenience in the proof. Note that, when M = 1, (A) is comparable, although sig-
nificantly weaker, than the assumption made in [6].

(A) implies that the spot Blumenthal-Getoor index of X (BG index, for short,
also called “degree of jump activity”) at time t is βm if a1

t = · · · = am−1
t = 0 < am

t ,
and analogously the global BG index of X on the time interval [0, T ] is βm if A1

T =
· · · = Am−1

T = 0 < Am
T , where we have set

Am
T =

∫ T

0
am

s ds, (2.8)

and the same holds for the original process X as well, upon substituting βm with
r ∨ βm . One can view the variable Am

T as the “integrated intensity” of the jumps of
X with activity degree βm .

Remark 1 Since we split the jumps of X into two separate components δ and δ′, in
order to assume some kind of regularity in time for the component δ only, it seems
natural to use in (A) the spot Lévy measures of X . However, since the same number
r occurs in (2.7) and also in in (2.4) to control δ′, it is easy to see that (2.7) holds for
the spot Lévy measures of X , if and only if it holds for the spot Lévy measures of
the process X itself (those are the images of λ by the map z �→ δ(t, z) + δ′(t z)).

Our representation of the jumps in X in (2.1) as integrals with respect to Poisson
random measures is rather general. It accommodates specifications via Lévy-driven
SDEs which are often used in applications. Indeed, any process of the form

Xt = X0 +
∫ t

0
bs ds +

∫ t

0
σs dWs +

M∑

m=1

∫ t

0
γm

s− dY m
s + δ′ ∗ p= t (2.9)

with W and p= as in (2.1), Y m being Lévy processes without Gaussian part and having
arbitrary dependencies with p= and with one another, and γm

t being a càdlàg adapted
process, can be represented as in (2.1).

In the setting of (2.9), Assumption (A) concerning the jumps of X is satisfied
as soon as the stopped processes γm

t∧τn
satisfy (2.3) and the (non random and non

time-dependent) Lévymeasure Fm of Y m satisfy |Fm(x) − 1/xβm | ≤ K/xr for some
constant K . Note that here one has an implicit (innocuous) standardization of Zm ,
and the connection with (2.7) is that am

t = |γm
t−|βm . This explains why we introduce

a regularity assumption on (am
t )1/βm in (A), rather than a condition on at itself.

If we replace
∫ t
0 γm

s− dY m
s by

∫ t
0 γm,+

s− dY m,+
s + ∫ t

0 γm,−
s− dY m,−

s in (2.9) with Lévy
processes Y m,± having only positive jumps, the same comments above apply and
therefore the setting of [6], which uses the above spectrally positive Lévy processes,
is a special case of the present one.

It turns out that we will need some more structure on the values of the successive
BG indices βm , as given by the next assumption:



Efficient Estimation of Integrated Volatility … 325

Assumption (B) The numbers 2 − βm all belong to the set { jρ : j = 1, 2, . . .} for
some unknown constant ρ ∈ (0, 1) (so necessarily M ≤ [2/ρ]).

We will heavily use the following integral for β equal to one of the βm’s (it is
convergent for all β > 0, but absolutely convergent when β > 1 only):

β > 0 �→ χ(β) =
∫ ∞

0

sin y

yβ
dy. (2.10)

Finally, the reader should be aware that, in the context of general Itô semimartin-
gales, (A) and (B) are nevertheless restrictive for at least two distinct reasons:

1. Equation (2.7) stipulates an expansion of the tail function Ft (x) near 0, and in
particular that Ft (x) ∼ a1

t /xβ1 . This is not the case for a typical Lévy mea-
sure: when F is a Lévy measure, there is a unique β (= β1 here) such that
0 < lim supx→0 xβ F(x) < ∞, but lim inf x→0 x p F(x) can vanish for p = β,
and even for all p ∈ (0,β]. Dealingwith Lévymeasures Ft having such an erratic
behavior near 0 seems hopeless with the method developed in [6] or below.
So, even in the Lévy case, (2.7) is quite restrictive. Note, however, that the expan-
sion

∑M
m=1 am

t /xβm could be replaced by
∑M

m=1 am
t L(x)/xβm , where L is a slowly

varying function (unspecified, but the same for all (ω, t), and also all m). This
would necessitate rather obvious changes in the proofs in [6] and here.

2. In (2.7) am
t may be time-dependent and random. This is not the case for the βm’s,

which should be constants. A more natural assumption would be to assume (2.7)
with βm = βm

t (ω) being time varying and random. Unfortunately, even under
strong regularity assumptions on the maps t �→ βm

t , the method used here does
not work at all in such a generalized setting. However, upon taking M large and
ρ small in (B), we can obtain results for a reasonable approximation of random
and times-varying BG indices. This is perhaps a first step toward a more general
theory.

3 Initial Estimators

In this section we recall the characteristic function based method for efficient esti-
mation of integrated volatility that we proposed in [6], and we further derive an
infeasible CLT for the volatility estimators in presence of infinite variation jumps
with multiple BG indices. We will use the developed limit theory in the next section
to propose feasible and rate efficient inference for the integrated volatility in the
general setting of assumptions (A) and (B).

The volatility estimator of [6] is built from the real part of the “local” empirical
characteristic functions of increments, taken at point un/

√
Δn for some sequence

un > 0 going to 0. Here, “local” means that the empirical characteristic function is
computed on asymptotically shrinkingwindowsof time length vn , where vn = 2knΔn

and kn ≥ 1 is a suitable sequence of integers going to infinity, to be specified later.
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In particular, for each u > 0 we set

L(u)n
j = 1

kn

kn−1∑

l=0

cos(u(Δn
2 jkn+1+2l X − Δn

2 jkn+2+2l X)/
√

Δn ). (3.1)

The reason for forming L(u)n
j on the basis of the first differences of the increments

is to “symmetrize” the jump measure around zero as the difference of the increments
of a Lévy process is equal in distribution to an increment of a Lévy process with
symmetric Lévy measure. Of course, if the jumps in X are “essentially symmetric”
(see [6] for formal statements), one does not need to difference the increments in
the construction of L(u)n

j . Note that L(u)n
j is a local version of the realized Laplace

transform of volatility studied by [10].
Under (A) we have approximately

E(L(u)n
j | F jvn ) ≈ exp

(
−u2c jvn − 2

M∑

m=1

χ(βm)uβm
n Δ1−βm/2

n am
jvn

)
, (3.2)

with formal results given in the proof. Since we are interested in the integrated
volatility, we therefore form

ĉ(u)n
j = − 1

u2 log
(

L(u)n
j

∨ 1
log(1/Δn)

)
, (3.3)

which satisfy 0 ≤ ĉ(u)n
j ≤ log log(1/Δn)

u2 since L(u)n
j are not bigger than 1. ĉ(u)n

j serves
as a local estimator of the volatility on the block, more precisely of the average of ct

over the interval ( jvn, ( j + 1)vn]. The associated estimators for integrated volatility
are then:

Ĉ(u)n
t = vn

[t/vn ]−1∑

j=0

(
ĉ(u)n

j − 1

u2kn

(
sinh(u2ĉ(u)n

j )
)2)

, (3.4)

where sinh(x) = 1
2 (ex − e−x ) is the hyperbolic sine. The presence of the term involv-

ing the function sinh in the volatility estimator is to eliminate the effect of an asymp-
totic bias which arises from the nonlinear transformation of the local empirical char-
acteristic function on the blocks.

Under appropriate assumptions on the sequence un we will see that Ĉ(un)T con-
verges to CT , and there is an associated Central Limit Theorem with the conver-
gence rate 1/

√
Δn . However, this CLT exhibits usually a non-negligible bias, and

to account for it we consider the following normalized error processes (recall (2.10)
for the function χ(β)):

Z(u)n
t = 1√

Δn

(
Ĉ(u)n

t − Ct −
M∑

m=1
Am(u)n

t

)
, where

Am(u)n
t = 2χ(βm)uβm−2

n Δ
1−βm/2
n Am

t .

(3.5)



Efficient Estimation of Integrated Volatility … 327

The next theorem presents the CLT for Z(u)n
t , and also for the differences Z(yu)n

t −
Z(u)n

t when y > 0. The reason for giving a CLT for these differences is that they
will play a key role in the de-biasing procedure developed in the next section.

Theorem 1 Assume (A) and let Y be any finite subset of (0,∞). Choose the two
sequences kn and un in such a way that

kn

√
Δn → 0, knΔ

1/2−ε
n → ∞ ∀ε > 0, un → 0,

kn
√

Δn

u2
n

→ 0. (3.6)

Then, we have the (functional) stable convergence in law:

(
Z(un)

n,
( 1

u2
n

(Z(yun)
n − Z(un)

n)
)

y∈Y
) L−s=⇒ (

Z , ((y2 − 1)Z)y∈Y
)
, (3.7)

where the limit is defined on an extension (Ω̃, F̃ , (F̃t )t≥0, P̃) of the original space
(Ω,F , (Ft )t≥0,P) and can be written as

Zt = 2
∫ t

0
cs dW (1)

s , Zt = 2√
3

∫ t

0
c2s dW (2)

s . (3.8)

where W (1) and W (2) are two independent Brownian motions, independent of the
σ-field F .

Theorem 1 extends a corresponding result in [6] for Ĉ(u)n
t to the setting of jumps

with multiple BG indices. We note that for the above theorem we assume only
assumption (A) and we do not need assumption (B) for the relationship between the
values of the multiple BG indices.

The two limiting processes Z and Z can be equivalently characterized by the
fact that, defined on the extended space, they are globally F-conditional centered
Gaussian martingales, F-conditionally independent, with F-conditional variance

Ẽ((Zt )
2 | F) = 4

∫ t

0
c2s ds, Ẽ((Zt )

2 | F) = 4

3

∫ t

0
c4s ds. (3.9)

We note that since un → 0, (3.7) implies that the difference Z(yun)
n − Z(un)

n

for some y 
= 1 is of higher asymptotic order. We will make use of this fact when
developing the debiasing procedure in the next section. A consequence of the above
result is the following degenerate asymptotic behavior:

(Z(ylun)
n)1≤l≤L

L−s=⇒ (Z , . . . , Z). (3.10)

Finally, concerning the choices of the sequences kn and un , one can set kn �
1/

√
Δn (log(1/Δn))

α and un � 1/(log(1/Δn))
α′
, for any reals α,α′ such that 0 <

α′ < α
2 .
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4 Efficient Estimators

When M = 0 or β1 < 1 the estimators Ĉ(un)
n
t converge to Ct at rate 1/

√
Δn , and

there is no asymptotic bias. When M ≥ 1 and β1 ≥ 1 we still have the convergence,
but the rate now is arbitrarily close to, although slower than, 1/Δ(2−β1)/2

n (when
expressed as a power of Δn): so the estimators almost achieve the minimax bound
found in [7], and the rate 1/

√
Δn is not achieved. In view of Theorem 1, the reason

for this slow rate of convergence is the presence of biases coming from the infinite
jump variation part of the process. One can therefore estimate the biases and perform
the following bias correction which restores rate efficient estimation of integrated
volatility. We fix the time horizon T > 0, pick some ζ > 1, and then set

Ĉ(u, ζ)n
T = Ĉ(u)n

T − (Ĉ(ζu)n
T − Ĉ(u)n

T )2

Ĉ(ζ2u)n
T − 2Ĉ(ζu)n

T + Ĉ(u)n
T

, (4.1)

with the convention that the ratio above is 0 when its denominator vanishes. In [6],
we proved the following result for the bias-corrected estimator Ĉ(u, ζ)n

T . However,
as already mentioned, the assumption in that paper is stronger than (A), even when
M = 1, and it is also assumed that β1 > 1, so we will have to revisit the proof of this
theorem:

Theorem 2 Assume (A) with M = 1 and also that CT > 0 a.s. Assume that (3.6)
holds for kn, un. Then the variables 1√

Δn
(Ĉ(un, ζ)n

T − CT ) converge stably in law
to the variable ZT .

Notice the additional assumption CT > 0 a.s. in Theorem 2. This assumption
is necessary in order for the denominators in (4.1) to be “non-degenerate” in an
appropriate sense. These denominators could indeed go to 0 with an uncontrolled
speed on the set {CT = 0} on which the Brownian part of X is not active between
times 0 and T , so indeed if P(CT > 0) < 1 the above result holds in restriction to
the set {CT > 0} only.

Of course, when β1 < 1 there is no need to de-bias the initial estimators Ĉ(un)
n
T ,

but a priori we do not knowwhetherβ1 < 1 or not. As amatter of fact, we do not know
either whether M = 1 or not, and when M ≥ 2 the above de-biasing is in general
not sufficient to remove all the bias due to the infinite variation jumps which is of
higher order than 1/

√
Δn . Under the additional assumption (B), however, this can

be done by “iterating” the previous de-biasing method. The generalized de-biasing
procedure goes as follows:

Step 1—initialization: Choose a real ζ > 1 and an integer k ≥ 1, and put
Ĉ(u, ζ, 0)n

T = Ĉ(u)n
t . Choose also some ξ > 0 (typically small).

Step 2—iteration: Assuming Ĉn(u, ζ, j − 1) known for some integer j between 1
and k, define Ĉn(u, ζ, j) as
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Ĉ(u, ζ, j)n
T = Ĉn(u, θ, j − 1)n

T + u2
√

Δn ξ

+ (Ĉn(ζu, θ, j − 1)n
T − Ĉ(u, ζ, j − 1)n

T )2

Ĉ(ζ2u, ζ, j − 1)n
T − 2Ĉ(θu, ζ, j − 1)n

T + Ĉ(u, θ, j − 1)n
T

,

(4.2)
with again 0 for the above ratio when the denominator vanishes.

The asymptotic result is given in the following theorem.

Theorem 3 Assume (A) and (B) with ρ ≥ ρ0 for some ρ0 ∈ (0, 1), and also that
CT > 0 a.s. Let N be the biggest integer such that Nρ0 ≤ 1. Take any ζ > 1 and
choose the sequences kn and un satisfying (3.6). Then the variables 1√

Δn
(Ĉ(un,

ζ, N )n
T − CT ) converge stably in law to the variable ZT .

In practice, of course, we don’t know ρ, but we can decide the number of iterations
we are ready to undertake. This amounts to choosing a priori the value of N , and
then assume that (B) holds with some ρ ≥ 1/N . If the “real” ρ is bigger than 1/N ′
for some integer N ′ < N , then we have iterated the procedure too many times than
is actually necessary. This does not harm from an asymptotic viewpoint.

However, infinite samples de-biasing canmake the estimator veryunstable. There-
fore, in practice it is desirable to have a data-driven adaptive choice of N which does
not perform more de-biasing than is actually needed. Developing such a method can
be based on the difference Ĉn(u, θ, j)n

T − Ĉ(ζu, ζ, j)n
T and its asymptotic distribu-

tion when jρ0 ≤ 1 which given our previous results is asymptotically mixed-normal.
In an adaptive method for de-biasing, one will proceed debiasing until the difference
Ĉn(u, θ, j)n

T − Ĉ(ζu, ζ, j)n
T becomes smaller than some high quantile of its limit

distribution. If j is too small, then the bias termwill dominate the limiting behavior of
Ĉn(u, θ, j)n

T − Ĉ(ζu, ζ, j)n
T and hence will eventually exceed the above-mentioned

high quantile of the limit distribution. We leave the formal analysis of such adaptive
method for future work.

Remark 2 The estimators Ĉ(un, ζ, N )n
T are rate-efficient, but not variance-efficient,

since their asymptotic variance is twice the (supposedly) optimal one 2
∫ T
0 c2s ds, see

Sect. 2.2. This comes of course from the fact that in (3.1) we take the differences of
two successive increments. So, we really use about [T/2Δn] variables (the afore-
mentioned differences) instead of all the [T/Δn] increments.

As explained in [6], it is possible to use

L(u)n
j = 1

kn

kn−1∑

l=0

cos(uΔn
jkn+1+l X/

√
Δn ) (4.3)

instead of (3.1), and accordingly modify the de-biasing terms and the normalization
in (3.3), in the case the jumps are “essentially symmetric” about 0: this means that
we have the same expansion, with the same processes am

t /2, for the left and right
tails F−

t (x) = Ft ((−∞,−x)) and F+
t (x) = Ft ((x,∞)). Thiswould result in getting
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estimators achieving the optimal asymptotic variance.
On the other hand, if we use (4.3) instead of (3.1) when this symmetry assumption

fails, we still have Theorem 1, but with a centering term in (3.5) having a much more
complicated structure. When there is a single index (M = 1) it is possible to do
an iteration procedure resulting in a theorem analogous to the previous one, but
now with the optimal conditional variance. Otherwise, since the normalizing factors
uβm−2

n Δ
1−βm/2
n in (3.5) and those occurring in the new additional centering terms are

not commensurable, a simple iteration procedure as the one described above is not
going to work.

5 Proofs

A standard localization procedure shows that it is enough to prove all results of this
paper when (A) is substituted with

Assumption (SA) We have (A) with τ1 ≡ ∞, we write J = J1 and J ′ = J ′
1, and

moreover we have |δ′(., z)|r ≤ Γ J (z) and |δσ(., z)|2 ≤ Γ J (z) for some constant Γ
(implying in particular that δ′ and δσ are bounded).

Below, this strengthened assumption is in force. Up to modifying bσ without
altering its boundedness, one may incorporate the last integral in (2.2) into the pre-
vious compensated sum of jumps term, and also use Itô’s formula, to get for suitable
processes and function bc, H c, H ′c, δc:

σt = σ0 + ∫ t
0 bσ

s ds + ∫ t
0 Hσ

s dWs + ∫ t
0 H ′σ

s dW ′
s + δσ(s, z) ∗ (p= − q= )t

ct = c0 + ∫ t
0 bc

s ds + ∫ t
0 H c

s dWs + ∫ t
0 H ′c

s dW ′
s + δc(s, z) ∗ (p= − q= )t .

(5.1)

Then (SA) implies, for some constant Γ ≥ 1,

|bt |, |σt |, |ct |, |bσ
t |, |bc

t |, |Hσ
t |, |H ′σ

t |, |H c
t |, |H ′c

t |, at ≤ Γ

|δ(t, z)|r ′ ≤ J (z), |δ′(t, z)|r , |δσ(t, z)|2, |δc(t, z)|2 ≤ Γ J ′(z)
Vt = b̃t , Hσ

t , H c
t , δ(t,z)

J (z) ⇒ E(|Vs+t − Vs |2 | Fs) ≤ Γ t
Vt = σt , ct ⇒ |E(Vs+t − Vs | Fs)| ≤ Γ t, E(|Vs+t − Vs |2 | Fs) ≤ Γ t
Ft (x) ≤ K

xβ1
,

∣∣Ft (x) − ∑M
m=1

am
t

xβm

∣∣ ≤ Γ
xr

E
(|am

s+t − am
s |2/(βm∧1) | Fs

) ≤ Γ t

(5.2)

(for the last line we use that, if x, y ∈ [−α,α], we have
∣∣|x |β − |y|β∣∣ ≤ |x − y|β

when 0 < β ≤ 1, whereas
∣∣|x |β − |y|β∣∣ ≤ β αβ−1|x − y| when β > 1).
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Below, y, y′ implicitly are in the fixed finite subsetY of (0,∞), which is supposed
to contain 1. We denote a generic constant, changing from line to line, as K , and it
possibly depends on r, M,βm, Γ , and sometimes on some extra parameter q such as
a power or on the set Y , but never on n and the various indices i, j, . . . or variables
u, y, . . .which may occur. Analogously, φn stands for a generic sequence decreasing
to 0.

Wewill also use the following trick: ifβ1 ≤ 1,we add afictitious indexβ0 ∈ (1, 2),
with the associated process a0

t vanishing identically. The conditions about Ft in (5.2)
are satisfied as well if we replace β1 by β0 for the first one, and the sum

∑M
m=1

by
∑M

m=0 for the second one, whereas the processes A0(u) in (3.5) also vanish
identically, so that the sum

∑M
m=M0

Am(u)t is the same with M0 = 1 and M0 = 0.
Note also that β0 can be chosen arbitrarily in (1, 2). Hence, we can and will assume,
without restriction, that

3

2
< β1 < 2. (5.3)

5.1 Estimates

The two sequences kn, un , satisfying (3.6), are fixed.As in [6] the following processes
play a key role:

U (u)t = e−u2ct , U (m; u)n
t = e−2Δ1−βm /2

n χ(βm )uβm am
t

U(u)n
t = U (u)t

∏M
m=1 U (m; u)n

t .
(5.4)

Since 0 ≤ ct ≤ Γ and 0 ≤ am
t ≤ Γ we see that, upon increasing Γ if necessary, we

have for all u ∈ (0, 1]:
1

Γ
≤ U (u)t ≤ 1,

1

Γ
≤ U (m; u)n

t ≤ 1,
1

Γ
≤ U(u)n

t ≤ 1. (5.5)

According to (6.12) and (6.13) of [6], plus a trivial change due to the fact that our
assumptions on am

t yield that |E(am
t+s − as | Fs)| is smaller than K t (βm∧1)/2 instead

of K tβm/2, we have for all q ≥ 2 and u ∈ (0, 1]:

|E(U (u)t+s − U (u)t | Ft )| ≤ K u2s
E(|U (u)t+s − U (u)t |q | Ft ) ≤ K u2qs
|E(U m(u)n

t+s − U m(u)n
t | Ft )| ≤ KΔ

1−βm/2
n uβm s(βm∧1)/2

E(|U m(u)n
t+s − U m(u)n

t |q | Ft ) ≤ KΔ
q(1−βm/2)
n uqβm s(qβm/2)∧1

(5.6)
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and thus

|E(U(u)n
t+s − U(u)n

t | Ft )| ≤ K
(
u2s +

M∑
m=1

Δ
1−βm/2
n uβm sβm/2

)

E(|U(u)n
t+s − U(u)n

t |q | Ft ) ≤ K
(
u2qs +

M∑
m=1

Δ
q(1−βm/2)
n uqβm s1∧(qβm/2)

)

E(|U(u)n
t+s − U(u)n

t − (U (u)t+s − U (u)t )
M∏

m=1
u(m; u)n

t |q | Ft )

≤ K
M∑

m=1
s1∧(qβm/2) Δ

q(1−βm/2)
n uqβm .

(5.7)

Next, with the notation ψn,i
t = 1(iΔn ,(i+1)Δn ](t) − 1((i+1)Δn ,(i+2)Δn ](t), we set

ρ′n
i = un√

Δn
σiΔn (Δ

n
i+1W − Δn

i+2W ) = un√
Δn

∫
R+ σiΔn ψ

n,i
t dWt

ρ′′n
i = un√

Δn

∫
R+×E δ(iΔn, z)ψn,i

t (p= − q= )(dt, dz)

ρn
i = ρ′n

i + ρ′′n
i , ρn

i = 1
un

(Δn
i+1X − Δn

i+2X),

and also

ξ(y)
w,n
j =

⎧
⎪⎨

⎪⎩

1
kn

∑kn−1
l=0

(
cos(yρn

1+2 jkn+2l) − U(yun)
n
2( jkn+l)Δn

)
if w = 1

1
kn

∑kn−1
l=0

(
cos(yρn

1+2 jkn+2l) − cos(yρn
1+2 jkn+2l)

)
if w = 2

1
kn

∑kn−1
l=0 (U(yun)

n
2( jkn+l)Δn

− U(yun)
n
jvn

) if w = 3.

ξ(y)n
j = 1

U(yun)
n
jvn

∑3
w=1 ξ(y)

w,n
j

Ω(y)n,t = ⋂
0≤ j<[t/vn ]{|ξ(y)n

j | ≤ 1
2 }, Ωn,t = ⋂

y∈Y Ω(y)n,t .

(5.8)

Lemma 1 For all q ≥ 2 and y ∈ Y we have

∣∣E(cos(yρn
i ) − cos(yρn

i ) | FiΔn )
∣∣ ≤ u4

n

√
Δn φn

E(| cos(yρn
i ) − cos(yρn

i )|q | FiΔn ) ≤ u4
n

√
Δn φn.

(5.9)

Proof This is basically Lemma 11 of [6], with a few changes which we explain
below. We have yρn

i = ∑5
k=1 θ(k)n

i , where

θ(1)n
i = yρn

i , θ(2)n
i = yun√

Δn

∫
R+(σs − σn,i

s )ψn,i
s dWs,

θ(3)n
i = yun√

Δn

∫
R+(bs − biΔn )ψ

n,i
s ds

θ(4)n
i = yun√

Δn

∫
R+×E (δ(s, z) − δ(iΔn, z))ψn,i

s (p= − q= )(ds, dz)

θ(5)n
i = yun√

Δn

∫
R+×E δ′(s, z)ψn,i

s p= (ds, dz).
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The only difference with [6] is in the definition of the term θ(4)n
i , so the proof goes

through, provided we have the following estimate:

E(|θ(4)n
i | ∧ 1 | FiΔn ) ≤ u4

n

√
Δn φn. (5.10)

Let v ∈ (0, 1], and recall |δ(s, z)| ≤ J (z) ≤ 1. We have θ(4)n
i = M(v)n +

N (v)n − B(v)n , where

M(v)n = yun√
Δn

∫
R+×{z:J (z)≤v}(δ(s, z) − δ(iΔn, z))ψn,i

s (p= − q= )(ds, dz)

B(v)n = yun√
Δn

∫
R+×{z:J (z)>v}(δ(s, z) − δ(iΔn, z))ψn,i

s q= (ds, dz)

N (v)n = yun√
Δn

∫
R+×{z:J (z)>v}(δ(s, z) − δ(iΔn, z))ψn,i

s p= (ds, dz),

First, upon using (5.2) and
∫

E J (z)2−ε λ(dz) < ∞ for some ε > 0, we get

E
(
(M(v)n)2 | FiΔn

)

= y2u2
n

Δn
E

( ∫ (i+2)Δn

iΔn
ds

∫
{z:J (z)≤v}

|δ(s,z)−δ(iΔn ,z)|2
J (z)2 J (z)2 λ(dz) | FiΔn

)

≤ K u2
nΔnv

ε
∫

E J (z)2−ε λ(dz) ≤ K u2
nΔnv

ε.

Second, we have

E(|B(v)n| | FiΔn )

≤ yun√
Δn
E

( ∫ (i+2)Δn

iΔn
ds

∫
{z:J (z)>v}

|δ(s,z)−δ(iΔn ,z)|
J (z) J (z)λ(dz) | FiΔn

)

≤ K unΔn
v1−ε

∫
E J (z)2−ε λ(dz) ≤ K unΔn

v1−ε .

Third, the process p= ([0, t] × {z : J (z) > v}) is a Poisson process with parameter
λ({z : J (z) > v}) ≤ K/v2−ε, hence

P(N (v)n 
= 0 | FiΔn ) ≤ K
Δn

v2−ε
.

Therefore, the left hand side of (5.10) is not bigger than

E(|M(v)n| | FiΔn ) + E(|B(v)n| | FiΔn ) + P(N (v)n 
= 0 | FiΔn ),

which in turn is smaller than K
(
vε/2un

√
Δn + vε−2Δn

)
by the previous estimates

and the Cauchy-Schwarz inequality. Upon taking v = vn = Δ
1/(4−ε)
n and using the

consequence of (3.6) which is Δ
η
n ≤ K un for any η > 0, we deduce (5.10). ��

Lemma 2 For all q ≥ 2 we have

∣∣E(cos(yρn
i ) | FiΔn ) − U(yun)

n
iΔn

∣∣ ≤ u4
n

√
Δn φn (5.11)
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∣∣∣E(cos(yρn
i ) cos(y′ρn

i ) | FiΔn ) − U((y+y′)un)
n
iΔn

+U(|y−y′ |un)
n
iΔn

)

2

∣∣∣ ≤ u4
n

√
Δn φn

(5.12)
E(| cos(yρn

i ) − U(yun)
n
iΔn

|q | FiΔn ) ≤ K u4
n. (5.13)

Proof In viewof the definition ofρn
i and of the property that Ft is the image ofλby the

map z �→ δ(t, z), we see that, with the notation G(w)t = ∫
(1 − cos(wx)) Ft (dx),

we have
E(cos(yρn

i ) | FiΔn ) = U (yun)iΔn e−2Δn G(yun/
√

Δn )iΔn . (5.14)

The analysis of the asymptotic behavior of G(w)t as w → ∞ is similar to what
is done in the proof of Lemma 12 of [6]. Letting ζ ∈ (0, 1] and using (5.2) we first
observe that

0 ≤
∫

{x : |x |>ζ}
(1 − cos(wx)) Ft (dx) ≤ 2Ft (ζ) ≤ K

ζβ1
.

Next, Fubini’s theorem yields

∫

{x : |x |≤ζ}
(1 − cos(wx)) Ft (dx) =

∫ ζw

0
Ft

( z

w

)
sin(z) dz −

∫ ζw

0
Ft (ζ) sin(z) dz,

and the absolute value of the last term above is again smaller than K/ζβ1 because∣∣ ∫ x
0 sin z dz

∣∣ ≤ 2 for all x . To evaluate the first term we use (5.2) again to get

∣∣∣
∫ ζ

0
Ft

( z

w

)
sin(z) dz −

M∑

m=1

wβm χ(βm)am
t

∣∣∣ ≤
M∑

m=1

∣∣∣wβm

∫ ∞
ζw

sin z

zβm
dz

∣∣∣ + K
∫ ζw

0

wr

zr dz.

We have
∫ ∞

x
sin z
zβm dz = cos x

xβm − βm
∫ ∞

x
cos z
z1+βm dz by integration by parts, yielding∣∣ ∫ ∞

x
sin z
zβm dz

∣∣ ≤ 2/xβm , whereas
∫ ζw

0
wr

zr dz = 1
1−r wζ1−r (recall r < 1). Putting all

these together yields

∣∣∣ G(w)t −
M∑

m=1

wβm χ(βm)am
t

∣∣∣ ≤ K
(

ζ−β1+
M∑

m=1

ζ−βm + w ζ1−r
)

≤ K (ζ−β1 + wζ1−r )

because βm ≤ β1. We apply this with w = yun/
√

Δn and ζ = Δ
1/2(1−r+β1)
n to get

∣∣ ΔnG(yun/
√

Δn )t −
M∑

m=1

Δ1−βm/2
n (yun)

βm χ(βm) am
t

∣∣≤ KΔ

2−2r+β1
2−2r+2β1
n ≤ K u4

n

√
Δn

because again Δ
η
n ≤ K un for any η > 0, whereas 2−2r+β1

2−2r+2β1
> 1

2 . Since |ex − ey| ≤
|x − y| if x, y ≤ 0, and recalling (5.4) and (5.14), we deduce (5.11).
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At this stage, (5.12) and (5.13) follow from (5.11) exactly as in Lemma 12
of [6]. ��

Below, we use the simplifying notation

V (y, y′)n
t = U((y + y′)un)

n
t + U(|y − y′|un)

n
t − 2U(yun)

n
t U(y′un)

n
t . (5.15)

Lemma 13 of [6] is unchanged, except for (6.38) which becomes here for any q ≥ 2:

|E(ξ(y)
3,n
j | F jvn )| ≤ K u4

n

√
Δn φn

E(|ξ(y)
3,n
j |q | F jvn ) ≤ K

(
u2q

n vn + ∑M
m=1 Δ

q(1−βm/2)
n uqβm

n v
1∧(qβm/2)
n

)
.

(5.16)

However, when we assume (5.3), that is β1 > 3
2 , it is clear that

Δq(1−βm/2)
n uqβm

n v1∧(qβm/2)
n ≤ KΔq(1−β1/2)

n uqβ1
n vn

for all m ≥ 1. So, we indeed have (6.38) of [6], without change at all, and the
following key lemma follows:

Lemma 3 For all q ≥ 2 we have for j < [t/vn]:

|E(ξ(y)n
j | F jvn )| ≤ K u4

n

√
Δn φn∣∣E(ξ(y)n

j ξ(y′)n
j | F jvn ) − 1

2kn

V (y,y′)n
jvn

U(yun)n
jvn

U(y′un)
n
jvn

∣∣ ≤ K u4
n

√
Δn φn

E(|ξ(y)n
j |q | F jvn ) ≤ K

( u4
n

kq/2
n

+ u2q
n vn + Δ

q(1−β1/2)
n uqβ1

n vn
)
.

(5.17)

5.2 Proof of Theorem 1

The proof is once more the same as in [6], with a single change: namely, in (6.19) and
(6.20), and in the subsequent definitions such as for the processes V κ,n,θ (notation
of that paper), we replace hκ,θun (at , a′

t ) by the following (recall that here we are in
the situation where κ = 2):

2
M∑

m=1

uβm−2
n yβm−2χ(βm)am

t .

All the rest is unchanged, and thus Theorem 1 is proved. Moreover, Theorem 2 is
deduced from Theorem 1 as in [6] again.

http://dx.doi.org/10.1007/978-3-319-25826-3_6
http://dx.doi.org/10.1007/978-3-319-25826-3_6
http://dx.doi.org/10.1007/978-3-319-25826-3_6
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5.3 Proofs for the Rate-Efficient Estimators

Theorem 2 could be deduced from Theorem 1 as in [6] again. However, we need a
sharper result for the iteration procedure of Theorem 3 to work. This method could
be applied to other similar situations, but we explain it in our setting. A consequence
will be Theorem 3.

We fix the time horizon T > 0. We are given a number ρ ∈ (0, 1], and M is the
biggest integer such that Mρ ≤ 1.We suppose that for each u > 0we have a sequence
of estimators C̃n(u), with a specific asymptotic behavior described by the following,
where un > 0 is a sequence with un → 0 and un/Δ

ε
n → ∞ for all ε > 0, as in (3.6),

and where Y is some finite subset of (0,∞):

Property (P) There is a family Φ = (Φm : 1 ≤ m ≤ M) of variables on (Ω,F ,P)

and two variables Z̃ and U on an extension of this space, such that if we set

Z̃n(u) = 1√
Δn

(
C̃n(u) − CT −

M∑

m=1

u−mρΔmρ/2
n Φm

)
(5.18)

for all u > 0, we have the stable convergence in law

(
Z̃n(un),

( 1

u2
n

(Z̃n(yun) − Z̃n(un))
)

y∈Y

) L−s−→ (
Z̃ , ((y2 − 1)U )y∈Y

)
. (5.19)

To emphasize the ingredients in (P) we sometimes write it as P(Φ, Z̃ , U,Y). We
associate with Φ the sets

Ω(Φ)m =
⎧
⎨

⎩

{Φ1 
= 0} if m = 1
{Φ1 = · · · = Φm−1 = 0 
= Φm} if 2 ≤ m ≤ M
{Φ1 = · · · = ΦM = 0} if m = M + 1

Ω ′(Φ)m = Ω(Φ)m ∩ {Φm+1 = · · · = ΦM = 0}.

We pick some ξ ∈ R and set, for any ζ > 1,

Gn(u, ζ) = C̃n(ζu) − C̃n(u)

G ′
n(u, ζ) = C̃n(ζ

2u) − 2C̃n(ζu) + C̃n(u)

C̃ ′
n(u, ζ, ξ) = C̃n(u) − Gn(u,ζ)2

G ′
n(u,ζ)

1{G ′
n(u,ζ)
=0} + u2

n

√
Δn ξ.

(5.20)

We then have the following result:

Proposition 1 Let ζ and the finite set Y be given, and set Y ′ = {yζ j : y ∈ Y, j =
0, 1, 2}. If the estimators C̃n(u) satisfy P(Φ, Z̃ , U,Y ′) with U 
= 0 a.s., then the esti-
mators C̃ ′

n(u, ζ, ξ) satisfy P(Φ ′, Z̃ , U ′,Y), where U ′ and Φ ′ = (Φ ′
m)1≤m≤M satisfy

the following, for all m = 1, . . . , M and k = 1, . . . , M + 1:
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Ω(Φ)m ⊂ Ω(Φ ′)m+1, Ω ′(Φ)m ⊂ Ω(Φ ′)M+1

U ′ = ξ + hkU on Ω(Φ)k, where hk =
{( ζ2+kρ−1

ζkρ−1

)2
if k ≤ M

0 if k = M + 1.
(5.21)

Here, the variable U ′ explicitly depends on the numbers ζ and ξ, but the variables
Φ ′

m will be seen to also depend on ζ.

On the setΩ(Φ)M+1 we have 1√
Δn

(C̃n(un) − CT )
L−s−→ Z̃ , and the same holds for

C̃ ′
n(un, ζ, ξ), but of course in this case there is no reason to use these new estimators.

However, although one might loose some kind of stability for finite samples, asymp-
totically it does not hurt us to use the new estimators. This is quite an important
property, because in practice the variables Φm are not observable, so neither is the
set Ω(Φ)M+1.

Proof (1) We assume P(Φ, Z̃ , U ) with U 
= 0 a.s. We simplify our notation by
setting

Zn = Z̃n(un), Ẑ y
n = 1

u2
n
(Z̃n(yun) − Z̃n(un))

Y y
n = 1

u2
n
(Z̃n(ζ yun) − Z̃n(yun)) = Ẑ ζ y

n − Ẑ y
n

Y ′y
n = 1

u2
n
(Z̃n(ζ

2yun) − 2Z̃n(ζ yun) + Z̃n(yun)) = Ẑ ζ2 y
n − 2Ẑ ζ y

n + Ẑ y
n .

Then (P) implies

(
Zn, (Ẑ y

n )y∈Y ′ , (Y y
n )y∈Y , (Y ′y

n )y∈Y
) L−s−→

(
Z̃ , ((y2 − 1)U )y∈Y , (y2(ζ2 − 1)U )y∈Y , (y2(ζ2 − 1)2U )y∈Y

)
.

(5.22)

We also write

ψm = ζ−mρ − 1, wn,y =
√

Δn

yun
,

and we can rephrase the claim as follows: find Φ ′
m and U ′ satisfying (5.21) and such

that, if

Z̃ ′
n(yun) := 1√

Δn

(
C̃ ′

n(yun, ζ) − CT −
M∑

m=1

wmρ
n,y Φ ′

m

)

and Ẑ ′y
n = 1

u2
n
(Z̃ ′

n(yun) − Z̃ ′
n(un)), we have the following stable convergence in law:

(
Z̃ ′

n(un), (Ẑ ′y
n )y∈Y

) L−s−→ (
Z̃ , ((y2 − 1) U ′)y∈Y

)
. (5.23)
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(2) In view of (5.18) and (5.20), we have

C̃n(yun) = CT +
M∑

m=1
(wn,y)

mρ Φm + √
Δn Zn + u2

n

√
Δn Ẑ y

n

Gn(yun, ζ) =
M∑

m=1
ψm(wn,y)

mρ Φm + u2
n

√
Δn Y y

n

G ′
n(yun, ζ) =

M∑
m=1

ψ2
m(wn,y)

mρ Φm + u2
n

√
Δn Y ′y

n .

Wewill in fact argue on each setΩm = Ω(Φ)m form = 1, . . . , M + 1 separately,
since they form a partition of Ω . On the set ΩM+1 we simply have

C̃ ′
n(yun, ζ) = CT + √

Δn Zn + u2
n

√
Δn

(
Ẑ y

n − (Y y
n )2

Y ′y
n

1{Y ′y
n 
=0} + y2ξ

)
.

(5.22) and U 
= 0 a.s. imply P(Y ′y
n = 0) → 0, so a simple calculation using (5.22)

again shows that (5.23) holds in restriction to ΩM+1, with

Φ ′
1 = · · · = Φ ′

M = 0, U ′ = ξ on ΩM+1. (5.24)

(3) Now, we suppose that we are on the setΩm for somem = 1, . . . , M . We easily
check that (with an empty sum set to 0, and since Φm 
= 0):

C̃ ′
n(yun, ζ) = CT

+
M∑

j=m
(wn,y)

jρ Φ j + √
Δn Zn + u2

n

√
Δn (Ẑ y

n + y2ξ) − θ
−mρ
l (wn,y)

mρ Φm
Nn(y)2

Dn(y)
,

where

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Nn(y) = 1 +
M∑

j=m+1
(wn,y)

( j−m)ρ ψ j Φ j

ψmΦm
+ u2

n

√
Δn (wn,y)

−mρ Y l
n

ψmΦm

Dn(y) = 1 +
M∑

j=m+1
(wn,y)

( j−m)ρ ψ2
j Φ j

ψ2
mΦm

+ u2
n

√
Δn (wn,y)

−mρ Y ′y
n

ψ2
mΦm

.

We make an expansion of the ratio Nn(y)2/Dn(y), in such a way that we keep all
“significant” terms which are of order as big as u2

n

√
Δn , once multiplied byw

mρ
n,y . For

this, we observe that wn,y → 0 and w
jρ
n,y = o(u2

n

√
Δn ) if and only if j > M . Then,

after some (tedious) computation, we end up with

C̃ ′
n(yun, ζ) = CT +

5∑

k=1

H y
n (k) + √

Δn Zn + u2
n

√
Δn

(
Ẑ y

n − 2Y y
n

ψm
+ Y ′y

n

ψ2
m

+ y2ξ
)
,
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where, with J m
r (k) denoting the set of all r -uples { ji } of integers with ji ≥ m + 1

and
∑r

i=1 ji = k,

H y
n (1) =

M∑
j=m+1

(wn,y)
jρ

(
1 − 2ψ j

ψm

)
Φ j

H y
n (2) = −

M∑
j=m+2

(wn,y)
jρ

∑
(s,k)∈J m

2 ( j)

ψsψk

ψ2
m

ΦsΦk
Φm

H y
n (3) =

M∑
j=m+1

(wn,y)
jρ

j−m∑
r=1

(−1)r+1 ∑
{ ji }∈J m

r ( j+rm−m)

∏r
i=1(ψ

2
ji
Φ ji )

ψr
mΦr−1

m

H y
n (4) = 2

M∑
j=m+2

(wn,y)
jρ

j−m−1∑
r=1

(−1)r+1
j−r∑

k=m+1

∑
{ ji }∈J m

r ( j+rm−k)

ψkΦk
∏

i (ψ
2
ji
Φ ji )

ψr+1
m Φr

m

H y
n (5) =

M∑
j=m+3

(wn,y)
jρ

j−m−2∑
r=1

(−1)r+1
j+m−r∑

l=2m+2
∑

(s,k)∈J m
2 (l)

∑
{ ji }∈J m

r ( j+rm+m−z)

ψsΦsψkΦk
∏

(ψ2
ji
Φ ji )

ψr+2
m Φr+1

m
.

It is then easy, although somehow tedious, to deduce (5.23) in restriction to Ωm

from (5.22), upon taking

j = 0, . . . m ⇒ Φ ′
j = 0

j = m + 1, . . . , M ⇒ Φ ′
j =

(
1 − 2ψ j

ψm

)
Φ j − ∑

(s,k)∈J m
2 ( j)

ψsψk

ψ2
m

ΦsΦk
Φm

+
j−m∑
r=1

(−1)r+1 ∑
{ ji }∈J m

r ( j+rm−m)

∏r
i=1(ψ

2
ji
Φ ji )

ψr
mΦr−1

m

+ 2
j−m−1∑

r=1
(−1)r+1

j−r∑
k=m+1

∑
{ ji }∈J m

r ( j+rm−k)

ψkΦk
∏

i (ψ
2
ji
Φ ji )

ψr+1
m Φr

m

+
j−m−2∑

r=1
(−1)r+1

j+m−r∑
l=2m+2

∑
(s,k)∈J m

2 (l)

∑
{ ji }∈J m

r ( j+rm+m−z)

ψsΦsψkΦk
∏

(ψ2
ji
Φ ji )

ψr+2
m Φr+1

m

U ′ = ξ +
(
1 − 2(ζ2−1)

ψm
+ (ζ2−1)2

ψ2
m

)
U = ξ + hmU.

(5.25)

At this stage, if we define � ′
m on Ω and U ′ on the extended space by (5.24) in

restriction to ΩM+1 and by (5.25) in restriction to Ωm for any m = 1, . . . , M , and
upon using standard properties of the stable convergence in law, we deduce (5.23),
whereas (5.21) is obvious. ��
Proof (of Theorem 2) We define C̃n(u) to be Ĉ(u)n

T , so Ĉ(u, ζ)n
T is exactly

C̃ ′
n(u, ζ, 0), as given by (5.21) with ξ = 0. We also set ρ = 2 − β1, so Theorem 1

implies that P(Φ, Z̃ , U ) holds with Φ1 = A1
T and Φ2 = · · · = ΦM = 0 and with

Ẑ = ZT and U = Z T . Note that U 
= 0 a.s. because CT > 0 a.s. by assumption.
Theorem 1 and the previous proposition yield that the estimators C̃ ′

n(u, ζ, 0) satisfy
P(0, Z̃ , U ′, {1}), and (5.19) gives us the result. ��
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Proof (of Theorem 3) We assume (B) here, with ρ > ρ0 and ρ0 ∈ [0, 1), so we have
βm = 2 − νmρ for integers 1 ≤ ν1 < · · · < νM ≤ 1/ρ. We also take ξ > 0.

We start with some simple changes in the setting. First, in the de-biasing sum in
(3.5) one can drop out all terms such that βm < 1, because those terms multiplied
by 1/

√
Δn and even by 1/u2

n

√
Δn , go to 0, hence can be removed without altering

Theorem 1. In other words, we may assume βm ≥ 1 for all m. Observe that, now,
all νm defined above are at most equal to biggest integer M ′ such that M ′ρ0 ≤ 1,
because ρ ≥ ρ0.

Second, we add “fictitious” indices, so that the indices fill in the whole set {2 −
mρ : m = 1, . . . , M ′}, and we set the associated process am to be identically 0 for all
those fictitious indices. This does not affect the de-biasing term in (3.5), so Theorem1
stays valid with these new indices. Therefore, without loss of generality we may and
will assume that we have βm = 2 − mρ for all m ≤ M (observe that now we may
again have βm < 1 for some values of m, but we will no longer suppress those).

(2) We will prove by induction on j the following claim, where Ym is the set
{ζ j : j = 0, 1, . . . , 2m + 2}:

Claim: The estimators Ĉ(u, ζ, j)n
T satisfy P(Φ j , Z̃ , U j ,YM− j ); we have Φ

j
1 =

· · · = Φ
j
j∧M = 0; furthermore U j is F-conditionally Gaussian non-degenerate if

j = 0 or in restriction to the complement of the set Ω(Φ j−1)M+1 if j ≥ 1, and
U j = ξ otherwise.

When j = 0, this claim is simply Theorem 1 with Y = Y2M , upon taking

Φ0
m = Am

T , Z̃ = ZT , U 0 = Z T , (5.26)

and U 0 is F-conditionally Gaussian non-degenerate because CT > 0 a.s.
Suppose now the claim holds for some j ≥ 0. We will apply Proposition 1 to

C̃n(u, ζ, j) = Ĉ(u, ζ, j)n
T . Indeed, the associated estimators in (5.20) are exactly

Ĉ(u, ζ, j + 1)n
T . Note also thatU

j 
= 0 a.s. onΩ because our claim holds for j . Then
this proposition tells us that the claim for j + 1holds (use (5.21) to obtain thatΦ j+1

1 =
· · · = Φ

j+1
( j+1)∧M = 0, and also thatU j+1 = ξ on the setΩ(Φ j−1)M+1 and thatU j+1 is

F-conditionallyGaussian non-degenerate on the complementΩ(Φ j−1)c
M+1, because

the numbers hk are positive for all k ≤ M).

(3)What precedes shows that the claim holds for all j , up to M + 1. Now, M is the
number N of iterationsmade in the theorem, that is, C̃n(u, ζ, M + 1) = Ĉ(u, ζ, N )n

T .
On the other hand, if j = M + 1 all components of Φ j vanish identically. Hence
the estimators Ĉ(u, ζ, N )n

T satisfy P(0, Z̃ , U N , {1}), and we recall that Z̃ is given
in (5.26). This gives us the result. ��
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1 Introduction

We consider an m-dimensional stochastic integral equation of stochastic regression
model

Yt = Y0 +
∫ t

0
bsds +

∫ t

0
σ(Xs, θ)dws, t ∈ [0, T ], (1)

where w is an r-dimensional standard Wiener process on a stochastic basis (�,F ,

(Ft )t∈[0,T ], P), b and X are progressively measurable processes with values in
R

m and R
d, respectively, σ is an R

m ⊗ R
r-valued function defined on R

d × �,
and � is a bounded domain in R

p. The data set consists of discrete observations
Xn = (Xt j , Yt j )0≤ j≤n with t j = jh for h = hn = T/n. The process b is completely
unobservable and unknown. The dataXn are high frequency data and the asymptotics
will be considered for n → ∞. The unknown true value of θ is denoted by θ∗.

We consider functional estimation of the spot volatility σ(x, θ∗). By the quasi
likelihood method, it is possible to construct an estimator θ̂n for θ that possesses
consistency and asymptoticmixednormalitywhenn → ∞. Both the quasimaximum
likelihood estimator (QMLE) and the quasi Bayes estimator (QBE) perform nicely
and can be a candidate of such an estimator. They also have polynomial-order of
decay of tail distributions and hence admit convergence of moments, see Uchida and
Yoshida [40]. Thus we obtain an estimator σ(x, θ̂n) of σ(x, θ∗). Our goal is to predict
the spot volatility σ(XT ′ , θ∗), given XT ′ for T ′ > T . The state XT ′ is assumed to
be given when prediction is considered. This matches the two facts that the drift is
not consistently estimable on the finite time interval [0, T ], and that practitioners in
finance often have a feeling that the historical data is less informative than the present
price.1

We will consider a model selection problem for the purpose of good prediction
of the spot volatility σ(x, θ∗). Suppose that we have two stochastic models (1) for
σ(x, θ) = σ (i)(x, θ) and bs = b(i)

s , i = 1, 2. Call these models M(i) for i = 1, 2.
More rigorously, each model M(i) is equipped with an estimator θ̂ (i)

n and we regard
the pair (M(i), θ̂ (i)

n ) as the i th model M(i), i = 1, 2. Based on the model M(i), the
prediction of the spot volatility σ(x, θ∗) is given by σ (i)(x, θ̂ (i)

n ). We then have two
predictors σ (1)(x, θ̂ (1)

n ) and σ (2)(x, θ̂ (2)
n ) for σ(x, θ∗). A question is to select a better

predictor that gives better approximation to σ(x, θ∗) than the other. The selection rule
depends on x . This dependency is natural because the performance of each predictor
depends on the state x at which one is considering the prediction problem. Thus
it can occur that, for example, the model M(1) is selected at x = x1 but the model
M(2) is selected at a different state x = x2 though these estimators use the same data.
Namely, two predictions for σ(x1, θ∗) and σ(x2, θ∗) are different questions. In this
paper, we will give an information criterion sVICx for volatility model selection.

1However, as a matter of fact, it is incorrect as for estimation of volatility.
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Asmeasurement and storage technologies developed, statistical inference for high
frequency data has been attracting attention since around 1990: Prakasa Rao [29, 30],
Dacunha-Castelle and Florens-Zmirou [12], Florens-Zmirou [14], Yoshida [42, 46],
Genon-Catalot and Jacod [15], Bibby and Soerensen [11], Kessler [21], Shimizu
and Yoshida [33], Uchida [35], Ogihara and Yoshida [26, 27], Uchida and Yoshida
[39, 40] and Masuda [25] among others.

For real data, a new trend emerged in statistical analysis as Andersen and
Bollerslev [3], Andersen et al. [4], Barndorff-Nielsen and Shephard [6, 7]. A great
number of studies on various variations were induced in this trend.

It is well known thatmodel selection is of fundamental importance in data analysis
and statisticians experienced a remarkable success ofAIC (Akaike [1, 2]) and various
information criteria thereafter (Schwarz [32], Takeuchi [34], Konishi and Kitagawa
[22] and many others). From a mathematical aspect, AIC is a bias-correction of an
estimator of the Kullback-Leibler divergence between the predictive distribution and
the true distribution. It is possible to view this problem in the frame of higher-order
asymptotic theory; cf. Konishi and Kitagawa [22] for the generalized information
criterion, Uchida and Yoshida [36, 38] for information criteria for mixing processes,
Uchida and Yoshida [37] for small diffusions.

After discovery of non standard behavior, i.e. asymptotic mixed normality, of the
estimators (White [41], Anderson [5], Rao [31], Keiding [19, 20]), the necessity of
extension of the classical asymptotic decision theory was recognized and the non-
ergodic statistics was formulated around 1980 (Basawa and Koul [8], Basawa and
Prakasa Rao [9], Jeganathan [18], and Basawa and Scott [10]). The nesting condition
with Rényi mixing was applied to deduce mixed normal limits for classical objects
of non-ergodic statistics; see e.g. Feigin [13].

Inference for volatility parameters under the finite time horizon is a theme of
non-ergodic statistics. There, asymptotic mixed normality is featured, as mentioned
above. For this type of limit theorems, the martingale problem approach as in Genon-
Catalot and Jacod [15], Jacod [16], and also convergence of stochastic integrals in
Jakubowski et al. [17] and Kurtz and Protter [23] are available to obtain stable
convergence. Later on, it will be necessary to carry out computations in higher-order
than ordinary limit theorems. When the process has a mixing property or ergodicity,
the mixing expansion [24, 45] and the classical martingale expansion [43, 44] served
in derivation of information criteria for stochastic processes. However, we cannot
apply classical approaches because our present question is in non-ergodic statistics
where limit theorems are non normal due to lack of ergodicity. Asymptotic expansion
for martingales with a mixed normal limit is in Yoshida [48, 49]. In this article, we
will apply a method based on the Malliavin calculus used there. In connection with
this subject, we refer the reader to [47] for a distributional expansion of a quadratic
form of an Itô process, including realized volatility, and to Podolskij and Yoshida
[28] for an expansion of the p-variation.
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2 Quasi Likelihood Analysis for Volatility

Suppose that � is a bounded domain inRp with a locally Lipschitz boundary, which
means that� has the strong local Lipschitz condition. Let Ck,l

↑ (Rd × �;Rm) denote
the space of all functions f satisfying the following conditions: (i) f (x, θ) is anRm-
valued function on R

d × �, (ii) f (x, θ) is continuously differentiable with respect
to x up to order k for all θ and (iii) for |n| = 0, 1, . . . , k, ∂n

x f (x, θ) is continuously
differentiable with respect to θ up to order l for all x . Moreover, for |ν| = 0, 1, . . . , l
and |n| = 0, 1, . . . , k, ∂ν

θ ∂n
x f (x, θ) is of at most polynomial growth in x uniformly

in θ .2 Here n = (n1, . . . , nd) and ν = (ν1, . . . , νp) are multi-indices, p = dim(�),
|n| = n1 + · · · + nd, |ν| = ν1 + · · · + νp, ∂n

x = ∂n1
x1 · · · ∂nd

xd
, ∂xi = ∂/∂xi , and ∂ν

θ =
∂

ν1
θ1

· · · ∂νp

θp
, ∂θi = ∂/∂θi .We denote by→p and→ds (F) the convergence in probability

and the F-stable convergence in distribution, respectively. For matrices A and B
of the same size, we write A⊗2 = AA� and A[B] = Tr(AB�), where � means the
transpose.More generally, T (1)[T (2)] = ∑

i1,...,ik
T (1)

i1,...,ik
T (2)

i1,...,ik
for two tensors T (1) =

(T (1)
i1,...,ik

) and T (2) = (T (2)
i1,...,ik

). A tensor is identified with a multi-linear form, that is,
T (1)[T (2), T (3)] = T (1)[T (2) ⊗ T (3)] for tensors T (i) (i = 1, 2, 3) of adequate sizes.
Set S(x, θ) = σ(x, θ)⊗2 and 	 j Y = Yt j − Yt j−1 . Denote by Im the m × m-identity
matrix. We assume that the function σ admits a continuous extension over Rd × �̄,
and denote it by σ . Let

χ0 = inf
θ 
=θ∗

−Y(θ)

|θ − θ∗|2 , (2)

where

Y(θ) = − 1

2T

∫ T

0

{
log

(
det S(Xt , θ)

det S(Xt , θ∗)

)
+ Tr

(
S−1(Xt , θ)S(Xt , θ

∗) − Im
)}

dt.

The index χ0 expresses the degree of separation of the model for θ from the true
model for θ∗.

We make the following assumptions.

[A1] σ ∈ C2,4
↑ (Rd × �;Rm ⊗ R

r) and inf x,θ det S(x, θ) > 0.
[A2] sup0≤t≤T ‖bt‖p < ∞ for all p > 1.
[A3] The process X admits a representation

Xt = X0 +
∫ t

0
b̂sds +

∫ t

0
asdws +

∫ t

0
ãsdw̃s,

where b̂, a and ã are progressively measurable processes taking values in R
d,

R
d ⊗ R

r and R
d ⊗ R

r1 , respectively, satisfying

2That is, there exists a constant C such that |∂ν
θ ∂n

x f (x, θ)| ≤ C(1 + |x |)C for all (x, θ) ∈ R
d × �.
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‖X0‖p+ sup
t∈[0,T ]

(‖b̂t‖p + ‖at‖p + ‖ãt‖p) < ∞

for every p > 1, and w̃ is an r1-dimensional Wiener process independent of w.
[A4] For every L > 0, there exists cL > 0 such that

P
[
χ0 ≤ r−1

] ≤ cL

r L

for all r > 0.

Condition [A1] seems theoretically restrictive because a simple Black-Scholes
model does not satisfies it though considering the logarithmic transform is another
natural possibility, of course. However, practically we can modify the model outside
of a realistic region of values of X so that the coefficient satisfies the nondegeneracy
condition. Estimation will not be affected by this modification when the path of X
is staying in that region. If analysis in degenerate cases is of interest, the problem
becomes a different one in character.

Since the transition density does not have an explicit form, the inference is carried
out by a quasi likelihood function. Let

Hn(θ) = −1

2

n∑

k=1

{
log det S(Xt j−1 , θ) + h−1S−1(Xt j−1 , θ)[(	 j Y )⊗2]} .

Then the maximum likelihood type estimator θ̂n is any estimator that takes values in
�̄ and satisfies

Hn(θ̂n) = sup
θ∈�̄

Hn(θ). (3)

Let �(θ∗) = (�i j (θ∗))i, j=1,...,p with

�i j (θ∗) = 1

2T

∫ T

0
Tr

(
(∂θi S)S−1(∂θ j S)S−1(Xt , θ

∗)
)

dt,

where all factors in the trace are evaluated at (Xt , θ
∗). Let ζ be a p-dimensional

standard normal random variable independent of �(θ∗).
Theorem 1 (Uchida and Yoshida [40]) Suppose that Conditions [A1], [A2], [A3]
and [A4] are fulfilled. Then

√
n(θ̂n − θ∗) →ds (F) �(θ∗)−1/2ζ and

E
[
f(
√

n(θ̂n − θ∗))
]

→ E
[
f(�(θ∗)−1/2ζ )

]

as n → ∞ for all continuous functions f of at most polynomial growth.

Remark 1 This is Theorem4 of Uchida and Yoshida [40], where Condition [A4] is
referred to as Condition [H2]. The same paper verified Condition [H2] by combining
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non-degeneracy of X and the non-degeneracy of the function

Q(x, θ, θ∗) = Tr

(
S(x, θ)−1S(x, θ∗) − Im

)
− log det

(
S(x, θ)−1S(x, θ∗)

)
.

An analytic criterion and an geometric criterion are discussed there. The geometric
criterion says the non degeneracy of χ0 holds for non degenerate diffusion process
X if the null set of Q(·, θ, θ∗) is covered by a union of locally Lipschitz graphs
possibly depending on θ . The analytic criterion is more complicated. Asymptotic
results of Bayes type estimator are given in Theorems2 and 5 in the same paper. It
turns out that θ̂n is unique on an event An with P[An] → 1 thanks to the convexity
of Hn .

3 Volatility Information Criterion

For a matrix S0 and a non-singular matrix S1, let

U (S1, S0) = 1

2
log det S1 + 1

2
S−1
1 [S0].

Set �n(θ̂n) = (�
i j
n (θ̂n))i, j=1,...,p with

�i j
n (θ̂n) = 1

2n

n∑

k=1

Tr
(
(∂θi S)S−1(∂θ j S)S−1(Xt j−1 , θ̂n)

)
.

S(x, θ) = σ(x, θ)⊗2 is a more basic quantity than σ(x, θ) from the aspect of
modeling of distribution of Y . The significance of the “spot volatility” σ(x, θ∗)
or S(x, θ∗) is that it determines, as the first approximation, the behavior of Y in
distributional sense in very short time. The distribution of Yt+δt − Yt is approximated
by the normal density Nm(0, δS(x, θ∗)) when δ is small. So it is natural to adopt
the Kullback-Leibler divergence between Nm(0, δS(x, θ∗)) and Nm(0, δS(x, θ̂n)) to
measure the discrepancy between σ(x, θ∗) and σ(x, θ̂n). Let φm(z; 0, A) denote the
m-dimensional normal density with mean 0 and covariance matrix A.

In this way, we select a model that attains the minimum K-L divergence

K
(
Nm(0, δS(x, θ∗)), Nm(0, δS(x, θ̂n))

)

=
∫

log
φm(z; 0, δS(x, θ∗))
φm(z; 0, δS(x, θ̂n))

φm(z; 0, δS(x, θ∗))dz

= U (S(x, θ̂n), S(x, θ∗)) − U (S(x, θ∗), S(x, θ∗))
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among all statistical models in question. Only U (S(x, θ̂n), S(x, θ∗)) differs among
correctly specified models.

Since U (S(x, θ̂n), S(x, θ∗)) involves the unknown S(x, θ∗), we estimate this
value by

U (S(x, θ̂n), S(x, θ̂n)) = 1

2
log det S(x, θ̂n) + 1

2
m.

However, this estimator has a bias. We will evaluate the bias to derive an information
criterion.

Let

H
÷
n (θ) = −1

2

[n/2]∑

k=1

{
log det S(Xt2(k−1) , θ) + (2h)−1S−1(Xt2(k−1) , θ)[(Yt2k − Yt2(k−1) )

⊗2]
}

.

Then themaximum likelihood type estimator θ̂÷
n with half of the data is any estimator

that satisfies

H
÷
n (θ̂÷

n ) = sup
θ∈�̄

H
÷
n (θ). (4)

For x ∈ R
d, define sVICx (spot volatility information criterion at x) by

sVICx = log det S(x, θ̂n) + ∂θ (S−1)(x, θ̂n)[S(x, θ̂n) ⊗ (θ̂÷
n − θ̂n)]

+ 1

2n
∂2
θ (S−1)(x, θ̂n)[S(x, θ̂n) ⊗ �−1

n (θ̂n)].

A model that minimizes sVICx is selected for prediction of the volatility σ(x, θ∗) at
state x . We will see bias-correction by sVICx in estimation of the Kullback-Leibler
divergence validates the information criterion, as it was done by the standard Akaike
information criterion in ergodic statistics.

Let r0 = r1 + r. Hereafter we will consider an r0-dimensional Wiener space
(W,B(W), PW), whereW = C([0, T ];Rr0) equipped with the sup-norm, the Borel
σ -field B(W) and an r0-dimensional Wiener measure PW. Denote by ŵ = (w̃, w)

theRr1 × R
r-valued canonical process onW. We suppose that (�,F , P) = (�′,F ′,

P ′) × (W,B(W), PW) for a probability space (�′,F ′, P ′) and consider the filtra-
tion F = (Ft ) with Ft = ∩s>t (F ′ × FW

s ) for FW

t = σ [ŵs; s ≤ t]. Functions on �′
orW are naturally regarded as functions on�. The standardMalliavin calculus onW
is extended on �. We will denote by D and D∗ the H -derivative and the divergence
operator, respectively. The (s, p)-space of E-valued functionals on � is denoted
by Ds,p(E) for a differentiability index s ∈ R, an integrability index p > 1, and a
separable Hilbert space E . The (s, p)-norm is denoted by ‖ · ‖s,p.
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We will work with the following conditions in place of [A2] and [A3].

[A2�] Process b = (bt )t∈[0,T ] admits a representation

bt = b0 +
∫ t

0
b[0]

s ds +
∫ t

0
b[1]

s dŵs

for some (vector/matrix-valued) càdlàg adapted processes b[0] and b[1] such
that

‖b0‖p + sup
t∈[0,T ]

∑

i=0,1

‖b[i]
t ‖p < ∞

for every p > 1.
[A3�] (i) The process X admits a representation

Xt = X0 +
∫ t

0
b̂sds +

∫ t

0
âsdŵs,

where b̂ = (b̂t )t∈[0,T ] and â = (ât )t∈[0,T ] are càdlàg adapted processes
satisfying

‖X0‖p+ sup
t∈[0,T ]

(‖b̂t‖p + ‖ât‖p) < ∞

for every p > 1.
(ii) Xt ∈ ∩p>1D2,p(R

d) and sup(s,t)∈[0,T ]2 ‖Ds Xt‖p + sup(r,s,t)∈[0,T ]3‖Dr,s Xt‖p < ∞ for every p > 1, and there exist stochastic processes
�

(i)
t (i = 1, 2) such that

lim
δ↓0 sup

t∈[0,T ]

(
sup

s:s<t<(s+δ)∧T
‖Ds Xt − �

(1)
t ‖p + sup

r,s:r<s<t<(r+δ)∧T
‖Dr,s Xt − �

(2)
t ‖p

)
= 0

for every p > 1.

Condition [A3�] can be verified when X is a diffusion process satisfying a sto-
chastic differential equation with sufficiently smooth coefficients.

The following result validates sVICx .

Theorem 2 Suppose that Conditions [A1], [A2�], [A3�] and [A4] are fulfilled. Then
for each x ∈ R

d,

E

[
sVICx + m − 2U (S(x, θ̂n), S(x, θ∗))

]
= o

(
1

n

)
.
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4 Proof of Theorem 2

In Lemma1 below, we consider a sequence of points (t j ) j=0,...,m for n ∈ N such that
0 ≤ t0 < t1 < · · · < tm ≤ T . Let I j = (t j−1, t j ] and |I j | = t j − t j−1.

Lemma 1 Suppose that the following conditions are fulfilled.

(i) � ∈ Dk,2(R) has densities such that

sup
u1,...,u�∈[0,T ]

‖Du1,...,u�
�‖2 < ∞ (1 ≤ � ≤ k).

(ii) a = (a(s))s∈[0,T ] is a progressively measurable process satisfying supt∈[0,T ]
‖a(t)‖2 < ∞.

Let

M[v1 ⊗ · · · ⊗ vk] =
m∑

j=1

a(t j−1)

∫ t j

t j−1

v1dŵs1

∫ s1

t j−1

v2dŵs2 · · ·
∫ sk−1

t j−1

vkdŵsk

for v1, . . . , vk ∈ R
r0 . Then

E[M�] =
m∑

j=1

∫ t j

t j−1

∫ s1

t j−1

· · ·
∫ sk

t j−1

E

[
a(t j−1)Dsk ,...,s2,s1�

]
dsk · · · ds2ds1.

Moreover, if t �→ a(t) is L2-continuous and if

lim
δ↓0 sup

t∈[0,T ]
sup

sk ,...,s1∈T (t,δ)
‖Dsk ,...,s1� − �t‖2 = 0

for some stochastic process � = (�t )t∈[0,T ], where T (t, δ) = {(sk, . . . , s1) ∈
[0, T ]k; sk < · · · < s1 < t < (sk + δ) ∧ T }, then

E[M�] =
m∑

j=1

|I j |k−1

k!
∫ t j

t j−1

E[a(t)�t ]dt + o
( m∑

j=1

|I j |k
)

in R
⊗r0 as max j=1,...,m |I j | → 0.

Proof It is possible to prove this lemmaby applying duality between the H -derivative
D and the divergence operator D∗. �

For a sequence (Rn) of random vectors and a sequence (rn) of positive num-
bers, we write Rn = OL(rn) if supn ‖r−1

n |Rn|‖L p < ∞ for every p > 1, and write
Rn = oL(rn) if limn ‖r−1

n |Rn|‖L p = 0 for every p > 1. By Theorem1, θ̂n − θ∗ =
OL(n−1/2).
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Proof of Theorem2 For an open ball B(θ∗) ⊂ �, ∂θHn(θ̂n) = 0 when θ̂n ∈ B(θ∗).
Then it is possible to obtain a stochastic expansion

√
n(θ̂n − θ∗) = �−1M (0)

n + 1√
n

Nn. (5)

This formula is obtained first by using Taylor’s formula on an event An such that
P(Ac

n) = O(n−K ) as n → ∞ for every K > 0; this estimate of An is provided by the
boundedness of L p-norms of

√
n(θ̂n − θ∗) thanks to Theorem1. In this procedure,

we remark that the residual term included in Nn is negligible in L p-sense due to
P(Ac

n) = O(n−K ) and the boundedness of �. In other words, we have a global
expansion taking the form of (5). More precisely,

M (0)
n = − 1

2
√

n

∑

j

(σ ′
t j−1

(∂θ S−1
t j−1

)σt j−1)
[
h−1(	 jw)⊗2 − Ir

]
, (6)

where σt = σ(Xt , θ
∗) and ∂θ S−1

t = (∂θ S−1)(Xt , θ
∗). See [50] for details of the

stochastic expansion. Though the random variable Nn has an involved expression, it
is possible to verify

E[Nn] → c (n → ∞) (7)

for some constant vector c. Moreover, by using Lemma1 under [A3�], we obtain

√
nE[�−1M (0)

n ] → c1 (n → ∞) (8)

for some constant vector c1.3 Then from (5), (7) and (8),

E[θ̂n − θ∗] = 1

n
C + o

(
1

n

)
(9)

as n → ∞ for some constant vector C .
The half estimator admits a stochastic expansion similar to (5) with (6). Though

the expression of sums
∑

j · · · appearing in the stochastic expansion is slightly
different for odd n, it is observed that the last summand does not effect asymptotically.
Therefore we can conclude that

E[θ̂÷
n − θ∗] = 2

n
C + o

(
1

n

)
(10)

as n → ∞.

3The integrability condition can be relaxed, in fact.
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Write Ŝn = S(x, θ̂n) and S∗ = S(x, θ∗) for simplicity. We will evaluate the bias
of U (Ŝn, Ŝn), that is,

E
[
U (Ŝn, Ŝn) − U (Ŝn, S∗)

] = 1

2
E

[
m − Ŝ−1

n [S∗]].

It follows fromTheorem1 that
√

n(θ̂n − θ∗) →ds (F) �(θ∗)−1/2ζ . Furthermore,�n(θ̂n) →p

�(θ∗). We have

Ŝ−1
n = S(x, θ̂n)

−1

= S(x, θ∗)−1 + ∂θ (S−1)(x, θ∗)[θ̂n − θ∗]
+1

2
∂2
θ (S−1)(x, θ∗)[(θ̂n − θ∗)⊗2] + OL(n−3/2).

From (9) and (10), we have

E[θ̂÷
n − θ̂n] = C

n
+ o

(
1

n

)
.

Now

2E
[
U (Ŝn, Ŝn) − U (Ŝn, S∗)

]

= E
[
m − Ŝ−1

n [S∗]]

= −∂θ (S−1)(x, θ∗)[n−1C, S∗] − E

[
1

2n
∂2
θ (S−1)(x, θ∗)[S∗ ⊗ �−1]

]
+ o(n−1)

Then obviously,

E

[{
log det Ŝn + m + ∂θ (S−1)(x, θ∗)

[
S∗ ⊗ (θ̂÷

n − θ̂n)
]

+ 1

2n
∂2
θ (S−1)(x, θ∗)[S∗ ⊗ �−1]

}
− 2U (Ŝn, S∗)

]
= o(n−1).

As a consequence, we obtain

E

[{
log det Ŝn + m + ∂θ (S−1)(x, θ̂n)[Ŝn ⊗ (θ̂÷

n − θ̂n)]
−∂θ (S−1)(x, θ∗)[∂θ S(x, θ∗)[θ̂n − θ∗] ⊗ (θ̂÷

n − θ̂n)]
−∂2

θ (S−1)(x, θ∗)[S∗ ⊗ (θ̂÷
n − θ̂n) ⊗ (θ̂n − θ∗)]

+ 1

2n
∂2
θ (S−1)(x, θ̂n)[S∗ ⊗ �−1

n ]
}

− 2U (Ŝn, S∗)
]

= o(n−1).
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By stochastic expansions,
√

n(θ̂n − θ∗)

= − 1

2
√

n
�−1

n∑

j=1

σ ′∂θ (S−1)σ (Xt j−1 , θ
∗)[h−1(	 j w)⊗2 − Ir] + OL (n−1/2)

= − 1

2
√

n
�−1

[n/2]∑

k=1

σ ′∂θ (S−1)σ (Xt2(k−1) , θ
∗)

[{h−1(	2k−1w)⊗2 − Ir} + {h−1(	2kw)⊗2 − Ir}
]

+OL (n−1/2)

For the half estimator θ̂÷
n ,

√[n/2](θ̂÷
n − θ∗)

= − 1

2
√[n/2]�

−1
[n/2]∑

k=1

σ ′∂θ (S−1)σ (Xt2(k−1) , θ
∗)[(2h)−1(wt2k − wt2(k−1) )

⊗2 − Ir]

+OL(n−1/2).

Noticing that the step-size for the Riemann approximation is 2h, we have

E
[√

n(θ̂n − θ∗) ⊗ √
n/2(θ̂÷

n − θ∗)
]

= 1

2
√
2T

E

[
�−1

∫ T

0
(∂θ (S−1)S∂θ (S−1)S)(Xt , θ

∗)dt (�−1)′
]

+ o(1)

= 1√
2

E[�−1] + o(1),

in other words,

E
[
(θ̂n − θ∗) ⊗ (θ̂÷

n − θ∗)
] = 1

n
E[�−1] + o

(
1

n

)
,

As a result,

E
[
(θ̂n − θ∗) ⊗ (θ̂÷

n − θ̂n)
] = E

[
(θ̂n − θ∗) ⊗ (θ̂÷

n − θ∗)
] − E

[
(θ̂n − θ∗) ⊗ (θ̂n − θ∗)

]

= o

(
1

n

)
.

As a matter of fact, this is the optimality of θ̂n . Consequently

E

[{
log det Ŝn + m + ∂θ (S−1)(x, θ̂n)[Ŝn ⊗ (θ̂÷

n − θ̂n)]

+ 1

2n
∂2
θ (S−1)(x, θ̂n)[Ŝn ⊗ �−1

n ]
}

− 2U (Ŝn, S∗)
]

= o

(
1

n

)
.

This completes the proof. �
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Remark 2 (i) We select a model that minimizes sVICx at state x . Here we note that
m is removed from sVICx since it is the dimension of Y common for all statistical
models. (ii) Minimizing the expectation of sVICx in x is another possibility, that is,
select a model that minimizes

sVIC = Eθ∗
[
sVIC(XT ′)

∣∣Dn
]∣∣

θ∗=θ̂n

for the data Dn . However, we need to introduce additional conditions on the setting
by considering a small ε model, a short time T , or others, as well as the Markovian
property in practice. (iii) An ad hoc idea is to minimize the integral

sVICμ =
∫

sVICx μ(dx)

with some measure μ chosen by the user.

5 Simulation Studies

As an example of model selection with sVICx , the following setting is studied.
The data Xn = (Xt j )0≤ j≤n are obtained from the one-dimensional diffusion process
defined by

(true model) d Xt = −1

2
(Xt − 10)dt +

√
1 + 5(Xt )2 dwt , t ∈ [0, 1], X0 = 0.

Weconsider themodel selection problem for the following four statisticalmodels.

(model 1) d Xt = b(1)
t dt + θ

(1)
0 dwt , t ∈ [0, 1], X0 = 0,

(model 2) d Xt = b(2)
t dt +

√
θ

(2)
0 + θ

(2)
1 (Xt )2 dwt , t ∈ [0, 1], X0 = 0,

(model 3) d Xt = b(3)
t dt +

√
θ

(3)
0 + θ

(3)
1 Xt + θ

(3)
2 (Xt )2 dwt , t ∈ [0, 1], X0 = 0,

(model 4) d Xt = b(4)
t dt +

√
θ

(4)
0 + θ

(4)
1 Xt + θ

(4)
2 (Xt )2 + θ

(4)
3 (cos Xt )2 dwt , t ∈ [0, 1], X0 = 0.

The existence of a solution to these models is not necessarily ensured for all values
of parameters, however, these are only models not generating the data. When for
m = 1, 2, 3, 4, b(m)

t is the same drift term as the true model, one of the possibilities
for the parameter space is as follows: θ

(1)
0 > 0; θ

(2)
0 > 0, θ(2)

1 > 0; θ
(3)
0 > 0, θ(3)

2 >

0, (θ
(3)
1 )2 < 4θ(3)

0 θ
(3)
2 ; θ

(4)
0 > 0, θ

(4)
2 > 0, θ

(4)
3 ≥ 0, (θ

(4)
1 )2 < 4θ(4)

0 θ
(4)
2 or θ

(4)
0 > 0,

θ
(4)
2 > 0, θ(4)

3 < 0, (θ(4)
1 )2 < 4θ(4)

2 (θ
(4)
0 + θ

(4)
3 ). We may apply a criterion in [40].



356 M. Uchida and N. Yoshida

We set

sVICμ =
∫

R

sVICxφ(x; X0, 1)dx .

Akaike type information criterion (AIC) is defined as AIC = −2{Un(θ̂n) −
dim(�)}, where Un(θ̂n) = supθ∈� Un(θ) and Un(θ) = − 1

2

∑n
k=1{log S(Xt j−1 , θ) +

(Xt j −Xt j−1 )
2

hS(Xt j−1 ,θ)
}. We examine the number of models selected by sVICx for each state

x = 1, 2, 3, 4, 5, 10, 100, 1000, 10000, sVICμ and AIC among the competing mod-
els for 1000 independent simulated sample paths through simulations for h = 1/390
(Table1).

Next, we consider another example which the data are obtained by the one-
dimensional diffusion model defined by

(true model) d Xt = (1 + 2Xt )dwt , t ∈ [0, 1], X0 = 3.

Since the process 1 + 2Xt is an exponential martingale, we pretend that the non-
generacy of the diffusion coefficient is practically satisfied for this model.

The candidates are the following four statistical models.

(model 1) d Xt = b(1)
t dt + θ

(1)
0 dwt , t ∈ [0, 1], X0 = 3,

(model 2) d Xt = b(2)
t dt + (θ

(2)
0 + θ

(2)
1 Xt )dwt , t ∈ [0, 1], X0 = 3,

(model 3) d Xt = b(3)
t dt + (θ

(3)
0 + θ

(3)
1 Xt + θ

(3)
2 (Xt )

2)dwt , t ∈ [0, 1], X0 = 3,

(model 4) d Xt = b(4)
t dt + (θ

(4)
0 + θ

(4)
1 Xt + θ

(4)
2 (Xt )

2 + θ
(4)
3 (cos(Xt ))

2)dwt , t ∈ [0, 1], X0 = 3.

In case that b(m)
t = 0 form = 1, 2, 3, 4, one of the possible parameter spaces is as fol-

lows: θ(1)
0 > 0; θ(2)

0 > 0, θ(2)
1 > 0; θ(3)

0 > 0, θ(3)
1 > 0 if θ

(3)
2 = 0; (θ (3)

1 )2 < 4θ(3)
0 θ

(3)
2

if θ
(3)
2 
= 0; the same as the model 3 if θ

(4)
3 = 0; θ

(4)
1 > 0 if θ

(4)
2 = 0; θ

(4)
2 θ

(4)
3 > 0,

(θ
(4)
1 )2 < 4θ(4)

2 (θ
(4)
0 + θ

(4)
3 ); θ(4)

2 θ
(4)
3 < 0, (θ(4)

1 )2 < 4θ(4)
2 θ

(4)
0 .

In the sameway as the previous example, we did simulation studies on the number
of models selected by sVICx for each state x = 1, 2, 3, 4, 5, 10, 100, 1000, 10000,
sVICμ andAICamong the competingmodels for 1000 independent simulated sample
paths through simulations for h = 1/390 (Table2).

Though inconsistency of the proposed criteria can be seen, it is not crucial since
the consistency is different from the precision of prediction, as is often remarked. If
two models give an equivalent prediction, then both models can be adopted.
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1 Introduction

This paper introduces the Markov chain estimator of multivariate volatility. Our
analysis builds on the results by [19] who proposed the univariate Markov chain
estimator. The multivariate extension poses new challenges related to asynchronicity
and the potential need to enforce the estimator to be positive semidefinite.

The availability of high-frequency financial data has made it possible to estimate
volatility over relatively short periods of time, such as an hour or a day. The main
obstacle in obtaining precise estimators is the fact that high-frequency returns do not
conform with conventional no-arbitrage models. The reason is that there is a great deal
of autocorrelation in tick-by-tick returns. The apparent contradiction can be explained
by market microstructure noise, which gives rise to the notion that the observed price
is a noisy measure of the efficient price. In this paper, we introduce a multivariate
volatility estimator that is built on the theory of Markov chains. The estimator utilizes
the discreteness of high-frequency data, and the framework implicitly permits a high
degree of serial dependence in the noise as well as dependence between the efficient
price and the noise.

The use of high-frequency data for volatility estimation has been very active over
the past two decades, since [3] used the realized variance to evaluate GARCH models.
The realized variance is simply the sum of squared intraday returns, and its properties
were detailed in [11], for the case where the semimartingale is observed without noise,
which was extended to the multivariate context in [12]. The noise in high-frequency
returns motivated a number of robust estimators, including the two-scale estimator
by [33], the realized kernels by [8], and the pre-average estimator by [25]. Empirical
features of the market microstructure noise were detailed in [22], which documented
that the noise is both serially dependent and endogenous, in the sense that there is
dependence between the underlying semimartingale and the noise. These empirical
features motivated the development of the multivariate realized kernel in [9], which
is an estimator that permits the noise to have both of these features.

An attractive feature of the Markov framework is that serially dependent and
endogenous noise is a natural part of the framework. Moreover, the Markov chain
estimator is simple to compute and the same is the case for the estimator of its
asymptotic variance. It only takes basic matrix operations to compute the estimator
and its confidence intervals.

To illustrate our estimator consider the case with two assets. The bivariate
sequence of high-frequency returns is denoted by {ΔXt }n

i=1, and we define the S × 2
matrix x, where S is the number of states for ΔXt , and each row of x corresponds to a
possible realization of ΔXt . For instance, the s-th row of x may equal xs,· = (2,−1)

that is the state where the first asset increased by 2 units, while the second asset went
down by one unit. The S × S transition matrix, P, for a Markov chain of order k = 1
is given by

Pr,s = Pr
(
ΔXt+1 = xs,·|ΔXt = xr,·

)
, r, s = 1, . . . , S,



A Markov Chain Estimator of Multivariate Volatility from High Frequency Data 363

and its stationary distribution, π = (π1, . . . , πS)
′, is characterized by π ′ P = π ′.

We define Λπ = diag(π1, . . . , πS) and the fundamental matrix Z = (I − P + Π)−1

where Π = ιπ ′ with ι = (1, . . . , 1)′ ∈ R
S. From the maximum likelihood estimator

of P we deduced estimates of π and Z , denoted π̂ and Ẑ , see Sect. 3 for details. The
multivariate Markov chain estimator is given by

MC = nD−1
{

x′(Λπ̂ Ẑ + Ẑ ′Λπ̂ − π̂ π̂ ′ − Λπ̂)x
}

D−1,

where D = diag (δ1, δ2) and δ2
j = n−1 ∑n

t=1 X2
j,t is the sample average of the squared

price of the j-th asset, j = 1, 2. The expression inside the curly brackets is the
estimator of the long-run variance of a finite Markov chain, see [20]. The scaling
involving D, is a transformation needed for the estimator to be an estimator of
volatility of logarithmic prices. The scaling with the sample size, n, relates to the
local-to-zero asymptotic scheme that arises under in-fill asymptotics.

Hansen and Horel [19] showed that filtering can resolve the problems caused
by market microstructure noise under weak assumptions that essentially amounts to
the noise process to be ergodic with finite first moment. This result is theoretical in
nature, because the ideal filter requires knowledge about the data generating process.
In order to turn the theoretical filtering result into an actual estimator, one needs to
adopt a statistical model, and our approach is to model the increments of the process
with a Markov chain model, which is a natural starting point given the discrete nature
of high-frequency data.

The discreteness of financial data is a product of the so-called tick size, which
defines the coarseness of the grid that prices are confined to. For example, the tick-
size is currently 1 cent for most of the stocks that are listed on the New York Stock
Exchange. The implication is that all transaction and quoted prices are in whole
cents. The Markov estimator can also be applied to time series that do not live on a
grid, by forcing the process onto a grid. While this will introduce rounding error, it
will not affect the long-run variance of the process. Delattre and Jacod [16] studied
the effect of rounding on realized variances for a standard Brownian motion, and
[28] extended this analysis to log-normal diffusions.

The present paper adds to a growing literature on volatility estimation using high-
frequency data, dating back to [34, 35]. Well known estimators include the realized
variance, see [5, 8]; the two-scale and multi-scale estimators, see [32, 33]; the real-
ized kernels, see [8, 9]. The finite sample properties of these estimators are analyzed
in [6, 7], and the close relation between multi-scale estimators and realized kernels is
established in [10]. Other estimators include those based on moving average filtered
returns, see [4, 21, 30]; the range-based estimator, see [14]; the pre-averaging esti-
mator, see [25]; the quantile-based estimator [13]; and the duration-based estimator,
see [2].

The stochastic properties of market microstructure noise are very important in this
context. Estimators that are robust to iid noise can be adversely affected by dependent
noise. Hansen and Lunde [22] analyzed the empirical features of market microstruc-
ture noise and showed that serial dependence and endogenous noise are pronounced
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in high-frequency stock prices. Endogenous noise refers to the dependence between
the noise and the efficient price. A major advantage of the Markov chain estimator is
that dependent and endogenous noise is permitted in the framework. In fact, depen-
dent and endogenous noise arises naturally in this context, see [18]. Thus estimation
and inference are done under a realistic set of assumptions in regard to the noise.

The present paper is an extension of [19] to the multivariate context. This extension
posed new challenges that are specific to the multivariate context. For instance,
different assets are typically not traded at synchronous times. This non-synchronicity
leads to the so-called Epps effect, which manifests itself by a bias towards zero for
the realized covariance as the sampling frequency increases. See [31] for a study of
the determinants of the Epps effect. Another issue that may arise in the multivariate
context is a need for the estimator to be positive semidefinite, which is not guaranteed
by all multivariate estimators. The asynchronicity poses few obstacles for the Markov
chain estimator, albeit a large order of the Markov chain, or another remedy, may be
needed if an illiquid asset is paired with a liquid asset.

The outline of this paper is as follows. The Markov chain framework is presented
in Sect. 2, and the estimator in Sect. 3. In Sect. 4 we present two composite estimators
that estimate every element of the matrix separately. In Sect. 5 we propose a novel
projection methods that may be needed to ensure that the composite estimators are
positive semidefinite. The properties of the estimators are evaluated in Sect. 6 with a
simulation study, and an empirical application to commodity prices is presented in
Sect. 7.

2 The Markov Chain Framework

Let {Xt } denote a d-dimensional process, whose returns ΔXt can take S distinct
values inRd . For notational convenience we takeΔXt to be a row-vector. The possible
states for the k-tuple, ΔXt = {ΔXt−k+1, . . . , ΔXt }, are indexed by s = 1, . . . , Sk ,
where the s-th state corresponds to the case where ΔXt = xs , which is an 1 × kd
vector. See the example below.

We make the following assumption about the increments of the process.

Assumption 1 The increments {ΔXt }n
t=1 are ergodic and distributed as a homoge-

neous Markov chain of order k < ∞, with S < ∞ states.

The homogeneity assumption is unlikely to be valid in the context of high-frequency
data. Fortunately the assumption is not critical for our results, because by increasing
the order, k, of the homogeneous Markov chain that is imposed on the high-frequency
returns, the resulting estimator becomes robust to inhomogeneity, see [19]. This
feature of the Markov chain estimator is demonstrated in our simulation study in
Sect. 6.

The transition matrix, P , is given by

Pr,s = Pr(ΔXt+1 = xs |ΔXt = xr ), for r, s = 1, . . . , Sk,
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and the corresponding stationary distribution, π ∈ R
Sk

, which is unique under
Assumption 1, is defined by π ′ P = π ′. The fundamental matrix by [26] is defined by

Z = (I − P + Π)−1,

where Π = ιπ ′ with ι = (1, . . . , 1)′ ∈ R
Sk

so that each row of Π is simply π ′.
The Sk × d matrix, f, is defined to be the last d columns of x. So fs is the value

that (the latest observation of) ΔXt has in state s. (Recall that a state represents a
realization of k consecutive returns). Finally, we define the diagonal matrix Λπ =
diag(π1, . . . , πSk ).

The following example illustrates the multivariate Markov chain estimation in the
case where d = 2 and S = 2, and k = 1, 2.

Example 1 Suppose that we have two assets and that all price changes are up or
down by a single unit. If the order of the Markov chain is k = 1, then the transition
matrix, P, is a 4 × 4 matrix, and we can define the state matrix as

x = f =

⎛

⎜⎜⎝

1 1
1 −1

−1 1
−1 −1

⎞

⎟⎟⎠ .

If, instead, the order is k = 2, then we have S2 = 16 states, and consequently P will
be an 16 × 16 matrix and f an 16 × 2 matrix. For instance, we may order the states
as below, so that a row of x corresponds to a state value for (ΔXt−1,ΔXt ) and the
corresponding row of f will have just the state value for ΔXt :

x =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1
1 1 1 −1
1 1 −1 1
1 1 −1 −1
1 −1 1 1
1 −1 1 −1
1 −1 −1 1
1 −1 −1 −1

−1 1 1 1
−1 1 1 −1
−1 1 −1 1
−1 1 −1 −1
−1 −1 1 1
−1 −1 1 −1
−1 −1 −1 1
−1 −1 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

f =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1
1 −1

−1 1
−1 −1

1 1
1 −1

−1 1
−1 −1

1 1
1 −1

−1 1
−1 −1

1 1
1 −1

−1 1
−1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Although the transition matrix is a 16 × 16 matrix, it has at most four non-zero
elements in each row. The reason is that many transitions are impossible. For, instance
if ΔXt = {(1, 1), (1, 1)} then the next state will have to be {(1, 1), (∗, ∗)}, and a
transition to, {(−1,−1), (1, 1)} say, is impossible, and thus have probability zero.
So the transition matrix, P , will be increasingly sparse as k increases.

The underlying idea of the Markov chain estimator is a martingale decomposi-
tion of

Xt = Yt + μt + Ut ,

where {Yt ,Ft } is a martingale with increments ΔY ′
t = e′

st
Z f − e′

st−1
P Z f , μt = tμ

with μ = E(ΔXt ), and Ut is a stationary ergodic bounded process.

The asymptotic scheme that will be used in the present context is the following:

f = n−1/2ξ, with ξ ∈ R
Sk×d fixed. (1)

This local-to-zero asymptotic scheme is similar to those used in [16, 28], and is
natural under in-fill asymptotics. In the present context, it guarantees almost sure
convergence of the estimator.

Under this scheme, it follows from [20] (and the ergodic theorem) that

Proposition 1 Suppose that Assumption 1 holds, then under the asymptotic scheme
(1), we have

n∑

t=1

ΔYtΔY ′
t

a.s.→ ξ ′ Z ′(Λπ − P ′Λπ P)Zξ = ξ ′(Λπ Z + Z ′Λπ − ππ ′ − Λπ)ξ,

as n → ∞.

Proof By Assumption 1 it follows that ϑ ′
t = e′

st
Zξ − e′

st−1
P Zξ is an ergodic Markov

chain (of order k + 1) with

Eϑtϑ
′
t = ξ ′ Z ′(Λπ − P ′Λπ P)Zξ = ξ ′(Λπ Z + Z ′Λπ − ππ ′ − Λπ)ξ,

where the first identity follows from [18, Theorem 2] and the second from [20,
Lemma 1]. By the ergodic theorem it follows that 1

n

∑n
t=1 ϑtϑ

′
t = ∑n

t=1 ΔYtΔY ′
t

converges to ξ ′(Λπ Z + Z ′Λπ − ππ ′ − Λπ)ξ almost surely (and in mean).

An implication of Proposition 1 is that

Σ# = ξ ′(Λπ Z + Z ′Λπ − ππ ′ − Λπ)ξ,
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is the quadratic variation of the martingale component. The same quantity is also the
long-run variance of ΔX ′

t in the sense that

var(X ′
n − X ′

0) = var(
n∑

t=1

ΔX ′
t ) → Σ#, as n → ∞.

There are different ways to construct a multivariate volatility estimator using
Markov chain methods, and we shall present three distinct estimators and highlight
each of their advantages.

3 The Markov Estimator

Let P̂ be the maximum likelihood estimator of P and let π̂ be its corresponding
eigenvector, π̂ ′ P̂ = π̂ ′. Furthermore, let Π̂ = ιπ̂ ′ and Ẑ = (I − P̂ + Π̂)−1. The
expression for the long-run variance of the Markov chain motivates the estimator

MC# = n f ′(Λπ̂ Ẑ + Ẑ ′Λπ̂ − π̂ π̂ ′ − Λπ̂) f,

for which we have the following asymptotic distribution.

Proposition 2 Suppose that Assumption 1 holds, then under the asymptotic scheme
(1), we have

n1/2(MC# − Σ#)
d→ N (0,Ω),

where the asymptotic covariance between the (i, j)th and (l, m)th elements is

Ωi j,kl =
∑

r,s,v

[V (r)]s,v[Ξ(r, s)]i, j [Ξ(r, v)]l,m, (2)

with V (s) = 1
πr

(Λe′
r P − P ′er e′

r P) and

Ξ(r, s) = πrξ
′ Z ′(Λzs − P ′Λzs P)Zξ

+πrξ
′(ππ ′ − 2π z′

s − 2zsπ
′)ξ + ξ ′[Λπ Zer z′

s + zse′
r Z ′Λπ ]ξ,

and where z′
s = e′

s Z is the s-th row of Z.

Proof Follows from [20, Theorem 2] by adapting their expressions (substitute ξ for
f and ξ ′π for μ).

Remark 1 We note that in the univariate case, MC# simplifies to n f ′Λπ̂(2Ẑ − Π̂ −
I ) f, which was the estimator proposed by [19].
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3.1 Volatility of Logarithmic Prices

The object of interest is, typically, the volatility of log-prices, rather than Σ#, which
is the volatility of the price process in levels. An exact estimator can be obtained
with the Markov framework, by first extracting the Martingale component of Xt ,
however, for the univariate case [19] show that the following estimator,

MC = MC#

1
n

∑n
t=1 X2

Tt

,

is virtually identical to the realized variance of the filtered logarithmic prices that are
deduced from the estimated Markov chain. The resulting approximate estimator of
the quadratic variation has several advantages, such as computational simplicity. In
the present multivariate context, we adopt the following estimator:

MC = D−1MC# D−1, (3)

with D = diag (δ1, . . . , δd) and δ2
j = n−1 ∑n

t=1 X2
j,t j = 1, . . . , d. Our simulation

in Sect. 6 shows that this approximate estimator is more accurate than other realized
measures.

Alternatively one could use the estimator MC#
i, j/

1
n

∑n
t=1 Xi,t X j,t , for i, j =

1, . . . , d, but we prefer (3) because positively definiteness of MC# is passed onto
MC, and in practice δiδ j � 1

n

∑n
t=1 Xi,t X j,t because the prices do not vary much

in relation to their average level over the estimation window, which is typically a
trading day.

4 Composite Markov Estimators

The number of possible states increases exponentially with the dimension of the
process, d. Consequently, the dimension of P can become unmanageable even with
moderate values of S, k, and d. For instance, with d = 10 assets, and price changes
ranging from −4 to 4 cents, S = 9, and a Markov chain of order k = 2, the transition
matrix would be (Sd)k × (Sd)k = 920 × 920, which is impractical.

As an alternative, one can construct a composite estimator, that combines lower
dimensional Markov estimator, which is in the spirit of [23, 29]. In this section we
consider two such estimators. The first is constructed from univariate estimators,
using a simple transformation for the estimation of covariances. The second estima-
tor is constructed from bivariate Markov estimators, which has the advantage that
standard errors of each element will be readily available. We will make use of these
standard errors in the next section.
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4.1 The 1-Composite Markov Estimator

In this section we introduce a composite estimator that is based on univariate Markov
estimators. The identity

cov(X, Y ) = var(X + Y ) − var(X − Y )

4

motivates the estimator

MC#1
i, j = 1

4 (MC#
Xi +X j

− MC#
Xi −X j

),

where MC#
Xi +X j

and MC#
Xi −X j

are the univariate Markov chain estimator, applied
to the time series Xi,t + X j,t and Xi,t − X j,t , respectively. Note that the diagonal
terms, i = j , simplifies to 1

4 MC#
2Xi

= MC#
Xi

. This approach to polarization-based
estimation of the covariance is well known. In the context of high-frequency data it
was first used in [24, Sect. 3.6.1] who also explored related identities. More recently
it has been used in [1].

The 1-Composite estimator is mapped into estimators of the volatility of log-
returns using the same diagonal matrix, D, as in (3), thus MC1 = D−1MC#1 D−1.

4.1.1 Pre-Scaling

If one seeks to estimate the covariance of two assets, whose increments are on
different grid sizes, it can be advantageous to use differentiated scaling of the assets,
specifically

cov(X, Y ) = var(aX + bY ) − var(aX − bY )

4ab
,

where a and b are constants. This can, in some cases, greatly reduce the number of
states, which is computationally advantageous.

4.2 The 2-Composite Markov Estimator

In this subsection we introduce a composite estimator that uses bivariate MC# esti-
mates. For all pairs of assets we compute the correlation along with an estimate of
its asymptotic variance, which will be used in the next section.

We simply estimate the bivariate Markov process (Xi,t , X j,t )
′, and obtain the

estimator of Sect. 3, MC#, which is a 2 × 2 matrix. The covariance terms we seek is
the lower-left (or upper-right) element
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MC#2
i, j =

{
MC#(Xi ) if i = j,

MC#
1,2(Xi , X j ) if i �= j,

where MC#
1,2(Xi , X j ) is the upper right element of the 2 × 2 matrix MC#, for

the bivariate process, (Xi , X j ). In contrast to the covariance estimated with the
1-composite estimator, the standard error of MC#

1,2(Xi , X j ) is readily available
from (2).

Analogous to the other estimators, the 2-composite estimator is mapped into
estimators of the volatility of log-returns with MC2 = D−1MC#2 D−1.

4.3 Advantages and Drawbacks of Composite Estimators

The advantages of the composite estimators are threefold.

• Computational: The state space for a univariate series is smaller than that of a
multivariate.

• Dimension: Enables the construction of covariance matrices of any dimension,
whereas the multivariate approach is limited to relatively low dimensions.

• No need to synchronize the observation times for each of the asset, e.g. by refresh
time, see [9].

The drawbacks of the composite estimators include:

• Positive semidefinite estimate is not guaranteed
• Estimate of asymptotic variance is not readily available.

The dimension of the transition matrix (and fundamental matrix) increases rapidly
with the dimension of the process d, and at some point it becomes computationally
impossible to manipulate the relevant expressions that are needed for the computation
of the Markov estimator. In our empirical analysis with k = 5, the dimension of P
was about 500–1000 for d = 1, about 3000–5000 for d = 2, and about 8000–10,000
for d = 3. The problem with non-psd appears to be relatively rare in practice when d
is small. We have only seen one case where a 5 × 5 estimate was non-psd estimate.
The occurrence is more common in higher dimensions. Of the 251 14 × 14 estimators
we obtained for 2013, 14 of them were non-psd.

5 Enforcing Positivity

While MC# is a quadratic form that yields a positive semidefinite estimator, there is
no reason to expect that the composite estimators, MC#1 and MC#2 , will be positive
semidefinite (PSD) in finite samples. This problem is often encountered in estimation
of high-dimensional variance-covariance matrices.
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One can project a non-PSD estimate, by solving the following semi-definite pro-
gram for the variable Σ

min
Σ

‖Σ − A‖Fro subject to Σ ≥ 0. (4)

The solution can be found efficiently by computing the spectral decomposition of
the matrix A, and drop all negative eigenvalues, i.e. map the symmetric matrix,
A = Qdiag(λ1, . . . , λd)Q′ into Qdiag(λ+

1 , . . . , λ+
d )Q′, where λ1, . . . , λd are the

eigenvalues of A and x+ = max(x, 0). Such an estimator will, due to the zero eigen-
values, be on the boundary of the space of psd matrices, which motivated [27] to
impose an additional constraint, diag(Σ) = diag(A).

In this paper we propose a novel projection that takes advantage of standard errors
of the individual elements of the matrix A when these are available. Thus let ωi j be
(an estimate of) the standard errors of Ai j . Then we solve the following program

min
Σ

d∑

i, j=1

(
Σi j − Ai j

ωi j

)2

subject to Σ ≥ 0. (5)

The solution can be obtained using semidefinite programming solvers that are readily
available, including the cvx software for Matlab by [17]. The optimization problem
can be supplemented with the constraint diag(Σ) = diag(A), which would produce a
constrained estimate with strictly positive eigenvalues, except in pathological cases,
e.g. if A is psd with zero eigenvalues to begin with.

The projection in (5) is appealing because it attempts to influence accurately
measured elements of A less than those that are relatively inaccurate. An even more
appealing projection along these lines would also account for correlations across
elements. In the present context, such cross correlations are only available for the
estimator MC#. However, since this estimator, MC#, is psd per construction, there is
no need for a projection of this estimator.

6 Simulation

In this section we compare the 1-composite Markov estimator against some bench-
mark. Diagonal elements are compared with the realized variance (RV) and the
realized kernel (RK). Off-diagonal elements are compared with the realized covari-
ance (RC).
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6.1 Efficient Price

Our simulations are based on two designs for the latent price process, Yt . In the first
design, Yt is simply sampled from a Brownian motion with constant volatility. In
the second design, Yt is drawn from a stochastic volatility model, which is known
as the Dothan model in the literature on interest rates, similar to that used in [8].
Specifically we simulate

log Yi,t = log Yi,t + σi,t Vi,t , i = 1, 2,

where Vi,t = γ Zi,t + √
1 − γ 2Wi,t with (Z1,t , Z2,t , W1,t , W2,t ) being iid Gaussian,

all having unit variance and zero correlation, with the exception that
cov(W1,t , W2,t ) = ρ.

In the design with stochastic volatility, the volatility, σi,t , correlates with Zi,t , so
that γ controls the leverage effect of the volatility on the stock prices. Specifically,

σi,t = √
Δ

{
exp

(
β0 + β1τi,t

)}
,

where τi,t = exp(αΔ)τi,t−1 +
√

exp(2αΔ)−1
2α

Zi,t , with τi,1 drawn from its uncondi-

tional distribution, and Δ = 1
N with N = 23,400. Additional details about the spec-

ification is given in the Appendix.
The values of the parameters in both designs are summarized in Table 1.

6.2 Noise

We will use two specifications for the noise. The first is pure rounding noise, so that

Xt = δ[Yt/δ],

where [a] is the rounding of a to the integers so that the parameter δ controls the
coarseness of the rounding error.

The second specification has an additive noise component in addition to the round-
ing error, specifically

Xt = δ[(Yt + Ut )/δ],

Table 1 Parameters values for simulating the efficient price process, Yt

β0 β1 α ρ γ

Constant volatility 0 0 – –0.3 0

Stochastic volatility –0.3125 0.125 –0.025 –0.3 0.5
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Fig. 1 A typical sample path of the simulated stochastic volatility process. The upper panel displays
the price process, Yt , and the observed process, Xt , that is subject to noise and rounding error. The
lower panel displays the corresponding volatility process, σ 2(t)

where Ut are iid and uniformly distributed. The idea is that it would more closely
resemble the bid ask bounce (due to the additional jitter introduced by Ut , we will
either round up or down).

In our simulation study we use δ = 0.01 to emulate rounding errors to a grid, and
the noise is Ut ∼ iidU [− 1

3 , 1
3 ] which adds additional (mean-reverting) jitter to the

returns.
In Fig. 1 we show an example of a realization of the process with stochastic

volatility using the design in Table 1. The upper panel has Yt and Xt , where the latter
is clearly identified by it being confined to the grid values. The lower panel displays
the corresponding volatility process, specifically we plot σ 2(t) = σ 2

i,t/Δ.

6.3 Estimators and Tuning Parameters

We consider the realized variance computed with different sampling frequencies. To
imitate a 24 h period with second-by-second price observations, we generate 23,400
noisy high-frequency returns in each simulation.

The realized variance (RV) and the realized covariance (RC) is computed using
different sampling frequencies. The choice of sampling frequency entails a bias-
variance trade-off, because the bias arising from the noise is most pronounced at high
sampling frequencies, while the variance of the estimator increases as the sampling
frequency is lowered. Thus for the RV and the RC we sample every H -th price
observation where H ∈ {1, 3, 5, 10, 15, 30, 60, 120, 240}.
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The multivariate realized kernel (MRK) follows the implementation in [9], which
is based on the Parzen kernel, and an automatic selection of the bandwidth parameter.
This estimator is also applied to high-frequency returns based on the various sample
frequencies. The MRK should, in principle, be most accurate when based on returns
sampled at the highest frequency, H = 1.

The tuning parameter for the Markov chain estimator is the order of the Markov
chain, k, and we apply this estimator for k ∈ {1, . . . , 5}.

6.4 Simulation Results

We report bias and the root mean squared error (RMSE) for each of the estimators
using the various choices for their respective tuning parameters. The results are based
on 10,000 simulations. The results are presented in Tables 2 and 3 for the case with
constant volatility and stochastic volatility, respectively.

Consider first the case with constant volatility in Table 2. With pure rounding
error we note that the Markov chain estimator tend to outperform both the kernel
estimator and the realized variance in terms of the mean squared error. Similarly for
the covariance, the MC 1-composite estimator dominates the RC and performs on
par with the MRK. The Markov estimator is somewhat insensitive to the choice of
k, so even with a non-optimal choice for k, the Markov estimator is fairly accurate.
The MRK is similarly insensitive to the choice for H . In contrast, the RV and the RC
are very sensitive to the choice of H , and suffer from large biases when H is small.

Turning to the case with both additive noise and rounding error. This design
generates increments with rather different features. While k = 1 was the optimal
choice with rounding error, the best configuration is now k = 3 or k = 4. The RV
performs even worse in this design, the RC just as bad as in the previous design,
whereas MRK performs as well as in the previous design, and is on par with the
Markov estimator. This comparison is again made with hindsight as assume that
relatively good choices of tuning parameters, for k and H , respectively, are used. For
the covariance, we observe that the RMSE of the Markov estimator is predominantly
driven by a bias.

Next we turn to the result in Table 3 which is for the case with stochastic volatility.
The Markov chain estimator is based on fitting a homogeneous Markov chain to the
observed increment. For this reason it might be expected that the Markov estimator
is not well suited for the design with time varying volatility, see Fig. 1. However,
even in the case with stochastic volatility that induced an inhomogeneous model
for the increments, we see that MC performs well. The RMSEs are, as expected, a
bit larger. Interestingly, it is the design with pure rounding errors that results in the
largest RMSEs. Both the Markov estimator and the MRK appear to benefit from the
additional layer of noise that is added prior to the rounding error.
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Table 2 Simulation results for the case with constant volatility

Panel A: Constant volatility and pure rounding error

Variance Covariance

MC MC

k Bias Rmse Bias Rmse

1 0.002 0.109 –0.008 0.075

2 0.004 0.144 –0.053 0.093

3 0.007 0.174 –0.030 0.098

4 0.005 0.202 –0.020 0.107

5 0.003 0.221 –0.010 0.120

RV MRK RC MRK

H Bias Rmse Bias Rmse Bias Rmse Bias Rmse

1 3.752 3.763 0.140 0.182 –0.450 0.451 –0.008 0.074

3 3.445 3.455 0.058 0.136 –0.373 0.377 –0.007 0.088

5 3.136 3.145 0.037 0.136 –0.313 0.320 –0.007 0.097

10 2.486 2.494 0.017 0.146 –0.215 0.229 –0.008 0.110

15 2.014 2.021 0.010 0.155 –0.156 0.178 –0.009 0.119

30 1.222 1.229 0.002 0.175 –0.082 0.120 –0.011 0.135

60 0.646 0.657 –0.005 0.200 –0.042 0.100 –0.014 0.154

120 0.324 0.350 –0.015 0.234 –0.020 0.104 –0.018 0.182

240 0.161 0.231 –0.024 0.283 –0.010 0.128 –0.019 0.224

Panel B: Stochastic volatility with noise and rounding error

Variance Covariance

MC MC

k Bias Rmse Bias Rmse

1 0.281 0.302 –0.066 0.115

2 0.140 0.173 –0.137 0.151

3 0.056 0.131 –0.078 0.104

4 0.025 0.130 –0.076 0.103

5 0.011 0.141 –0.049 0.092

RV MRK RC MRK

H Bias Rmse Bias Rmse Bias Rmse Bias Rmse

1 9.697 9.708 0.112 0.159 –0.451 0.456 –0.006 0.075

3 8.086 8.095 0.044 0.131 –0.374 0.389 –0.005 0.090

5 6.829 6.838 0.027 0.135 –0.314 0.338 –0.006 0.099

10 4.720 4.727 0.013 0.149 –0.213 0.252 –0.007 0.113

15 3.488 3.495 0.009 0.160 –0.158 0.204 –0.008 0.122

30 1.859 1.866 0.005 0.181 –0.081 0.140 –0.011 0.138

60 0.938 0.949 0.002 0.208 –0.039 0.114 –0.015 0.160

120 0.467 0.491 –0.007 0.243 –0.020 0.115 –0.018 0.188

240 0.233 0.293 –0.016 0.291 –0.009 0.137 –0.021 0.230
aPanel A has simulation results for the case where the underlying volatility is constant and the
observed process is only subject to rounding error. Panel B presents the corresponding results for
the case with both noise and rounding error
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Table 3 Simulation results for the case with stochastic volatility

Panel A: Stochastic volatility and pure rounding error

Variance Covariance

MC MC

k Bias Rmse Bias Rmse

1 0.005 0.125 –0.020 0.091

2 0.003 0.165 –0.024 0.084

3 0.003 0.214 –0.019 0.089

4 0.002 0.260 –0.010 0.098

5 –0.001 0.327 –0.007 0.108

RV MRK RC MRK

H Bias Rmse Bias Rmse Bias Rmse Bias Rmse

1 3.070 3.325 0.132 0.196 –0.325 0.443 –0.007 0.072

3 2.812 3.032 0.058 0.168 –0.270 0.370 –0.006 0.086

5 2.555 2.741 0.037 0.180 –0.227 0.313 –0.007 0.094

10 2.017 2.141 0.018 0.198 –0.155 0.221 –0.008 0.105

15 1.636 1.721 0.011 0.222 –0.114 0.173 –0.009 0.113

30 1.016 1.056 0.000 0.249 –0.059 0.112 –0.011 0.129

60 0.571 0.622 –0.010 0.295 –0.031 0.098 –0.014 0.151

120 0.304 0.371 –0.022 0.374 –0.016 0.103 –0.016 0.181

240 0.157 0.314 –0.031 0.498 –0.009 0.127 –0.016 0.223

Panel B: Stochastic volatility with noise and rounding error

Variance Covariance

MC MC

k Bias Rmse Bias Rmse

1 0.219 0.272 –0.055 0.143

2 0.117 0.185 –0.093 0.131

3 0.055 0.175 –0.053 0.097

4 0.034 0.193 –0.050 0.094

5 0.021 0.212 –0.034 0.090

RV MRK RC MRK

H Bias Rmse Bias Rmse Bias Rmse Bias Rmse

1 9.619 9.639 0.103 0.202 –0.333 0.461 –0.007 0.073

3 8.010 8.028 0.042 0.170 –0.275 0.392 –0.005 0.087

5 6.757 6.773 0.026 0.177 –0.230 0.340 –0.006 0.095

10 4.656 4.668 0.013 0.197 –0.160 0.256 –0.007 0.108

15 3.432 3.443 0.008 0.214 –0.116 0.205 –0.007 0.117

30 1.825 1.836 0.002 0.253 –0.062 0.142 –0.009 0.134

60 0.924 0.942 –0.004 0.311 –0.032 0.116 –0.011 0.157

120 0.462 0.508 –0.013 0.389 –0.017 0.113 –0.014 0.185

240 0.232 0.357 –0.023 0.488 –0.009 0.132 –0.016 0.226
aPanel A has simulation results for the case where the underlying volatility is stochastic and the
observed process is only subject to rounding error. Panel B presents the corresponding results for
the case with both noise and rounding error
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7 Empirical Analysis

7.1 Data Description

We apply the Markov chain estimator to high-frequency commodity prices, that have
previously been used in [15]. We confine our empirical analysis to 2013 data and
consider in our study high frequency data for 14 assets. The 14 assets include the
exchange traded fund, SPY, that tracks the S&P 500 index, and 13 commodity futures.
We refer to [15] for detailed information about the data, including the procedures
used for cleaning the high frequency data for outliers and other anomalies. Summary
statistics for the 14 assets are presented in (Table 4).

Of the 15 commodities analyzed in [15], we drop two of these series for com-
putational reasons. Specifically, we dropped “Heating Oil” (HO) because it has an
unusually large number of distinct second-to-second price increments and “Feeder
Cattle” (FC) because it is substantially less liquid compared with the other com-
modities. Thus, in addition to the SPY, we use the following 13 commodities in our
empirical analysis: Crude Light (CL), Natural Gas (NG), Gold (GC), Silver (SV),
Copper (HG), Live Cattle (LC), Lean Hogs (LH), Coffee (KC), Sugar (SB), Cotton
(CT), Corn (CN), Soybeans (SY) and Wheat (WC).

We exclusively apply the Markov estimators to high-frequency data from the time
interval 10:00–14:00 eastern standard time, because all assets are actively traded in
this period. The high-frequency prices for eight selected assets for March 18th, 2013
are displayed in Fig. 2.

7.2 Empirical Results

First we present detailed results for March 18th, 2013 (to celebrate the occasion for
writing this paper). Daily estimates (for the 10:00–14:00 interval) for all trading days
in 2013 will be presented in figures.

7.2.1 Daily Estimates for March 18, 2013

In Table 5 we present five estimators of the volatility matrix for five assets. There are
relatively large discrepancies between the two realized variances, which may be due
to sampling error or market microstructure noise. The Markov estimators are largely
in agreement about the correlations, but the full estimator yields a smaller estimate
of the diagonal elements in some cases. This may be caused by the estimator being
somewhat unreliable, as it is based on n = 8,700 observations and the underlying
transition matrix is an 8,600 × 8,600 matrix in this case. Further research is needed
to characterize the limitations of the full estimator in practice.
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Fig. 2 High frequency prices for eight selected commodities on March 18th, 2013 during the period
from 10:00 AM to 2:00 PM

In Tables 6 and 7 we present estimates of the full 14 × 14 matrix. The realized
variances are in Table 6 and the two composite Markov estimators are in Table 7. Joint
estimation of the full 14 × 14 covariance matrix is not expected to be precise because
the number of observed states (and the dimensionality of the transition matrix) is
equal to the number of observations in that case. As in the previous example, the two
realized variance estimators produce quite different values whereas the composite
Markov estimators produce rather similar results. In general, signs and magnitudes
of the elements of Markov covariance matrices are largely in agreement with those
of the realized variances.
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Table 5 Two realized variances and the three variants of the Markov chain estimator are presented

RV5min: Realized variance with 5-min sampling

SPY CL GC SV KC

S&P 500 81.16 79.39 –8.26 –20.03 –15.24

Light crude 0.48 344.08 –36.52 –1.39 –2.29

Gold –0.08 –0.16 146.11 164.45 –47.74

Silver –0.13 –0.00 0.77 316.22 –36.77

Coffee “C” –0.08 –0.01 –0.20 –0.10 407.69

RV10min: Realized variance with 10-min sampling

SPY CL GC SV KC

S&P 500 68.92 90.57 1.98 –20.04 –40.79

Light crude 0.59 342.05 –69.66 –57.07 –11.96

Gold 0.03 –0.43 78.43 50.73 –35.05

Silver –0.20 –0.26 0.48 139.93 –17.48

Coffee “C” –0.23 –0.03 –0.19 –0.07 446.70

MC: Markov chain estimator (full)

SPY CL GC SV KC

S&P 500 80.65 88.17 –24.05 –77.56 –1.89

Light crude 0.49 407.24 –75.01 –124.63 49.36

Gold –0.26 –0.35 109.99 155.36 –32.78

Silver –0.45 –0.32 0.77 370.69 –12.07

Coffee “C” –0.01 0.15 –0.19 –0.04 257.15

MC1: Markov chain estimator 1-composite

SPY CL GC SV KC

S&P 500 116.84 75.77 –10.69 4.58 21.01

Light crude 0.35 391.86 14.34 61.58 41.60

Gold –0.09 0.07 116.87 151.25 –16.83

Silver 0.02 0.16 0.72 380.17 –0.71

Coffee “C” 0.09 0.10 –0.08 –0.00 421.94

MC2: Markov chain 2-composite

SPY CL GC SV KC

S&P 500 116.84 80.35 –12.92 –7.44 13.76

Light Crude 0.38 391.86 –1.45 39.30 29.37

Gold –0.11 –0.01 116.87 149.72 –27.00

Silver –0.04 0.10 0.71 380.17 –59.90

Coffee “C” 0.06 0.07 –0.12 –0.15 421.94

The estimators are for the 10:00 AM–2:00 PM period on March 18, 2013 for five selected assets.
Variances and covariances are annualized and further scaled by 104. Correlations are in the lower
triangle in italic font
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7.2.2 Estimates for Pooled March Data

Finally we have pooled the high-frequency data for all of March and estimated
the 14 × 14 matrix that reflects the volatility in March, 2013 that occurred during
the 10:00 AM–2:00 PM trading periods. With 20 trading days in March, 2013, this
adds up to 80 h of high-frequency data. Precision is expected to improve with the
larger sample size, although the dimensions of the underlying transition matrices are
expected to increase as a larger number of states and transitions will be observed in a
larger sample, and the latter can potentially cause computational difficulties. For the
2-composite estimator with k = 4 we observed between 15000 and 30000 distinct
states in the pooled data set. Another challenges for the Markov estimator in the
pooled sample is that a larger degree of inhomogeneity may be expected. Hansen
and Horel [19] showed that an inhomogeneous Markov process can be approximated
by a homogeneous Markov process, by increasing the order of the Markov chain.
So a larger k may be needed in the pooled data, which also poses computational
challenges.

In Tables 8 and 9 we report estimates for the 14 × 14 covariance matrix computed
with the realized variances and the two composite Markov estimators. In contrast
to the data for March 18th, 2013, the realized variances are largely in agreement
for the pooled data. Albeit some differences are observed between the 5- and 10-
min realized variances. The composite Markov estimators are in disagreement in
some cases, which we attributed to the different order of the Markov chain that were
used. The 1-composite estimator was computed with k = 5 whereas 2-composite
was estimated with k = 3, for computational reasons. Naturally, one could use a
higher order to compute the diagonal elements, but we used the same order for all
entries of the 2-composite estimator to illustrate the differences that arise in this
case. The 1-composite Markov estimator produces estimates that are generally in
agreement with those of the realized variance, both in terms of magnitude and signs
of covariances.

7.2.3 Daily Estimates for 2013

We have estimated variances and covariances for the 10:00–14:00 interval for all
trading days during 2013. Some selected series are presented in Figs. 3 and 4.

In Fig. 3 we plot annualized volatilities for SPY, Crude Oil, Gold, and Wheat
based on the Markov estimator with k = 5, and these are benchmarked with those of
the realized variance with 10-min sampling. The estimates are quite similar, both for
the very liquid assets, SPY, Crude Oil, and Gold, and the relatively illiquid assets,
Wheat, whose high-frequency data have pronounced bid-ask bounces.

In Fig. 4 we plot daily estimates of the correlations for both the 1- and 2-composite
Markov estimators. These are benchmarked with the realized correlations based
on 10-min sampling. We observed that Gold/Silver are highly correlated and its
correlation is highly persistent over the year 2013. More moderate correlations are
observed for SPY/Crude Oil and Soybeans/Wheat, and these series exhibit a higher
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Fig. 3 Realized volatility based on 10 min returns against volatility computed with MC estimator
(order k = 5) in 2013. Estimated values are annualized
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degree of time-variation. In the case of SPY/Gold we observe a less stable correlation
that changes sign several times during the year. The general patterns are successfully
captured by the composite Markov estimators, and while the realized correlation is in
agreement about the general trends, it exhibits far more day-to-day variation which
suggests that it is less accurate. The smooth and persistent behavior of the Markov
estimators may be attributed to these estimators being more accurate.

8 Conclusion

In this paper we have proposed a multivariate volatility estimator that is based on the
theory of finite Markov chains. The Markov chain estimator takes advantage of the
fact that high-frequency prices are confined to a grid. This is the first robust multi-
variate estimator for which standard errors are readily available. Previous estimators
include the multivariate realized kernel estimator, whose standard error also requires
an estimate of the long-run variance of the noise, which is difficult to estimate because
the noise is, in practice, small, serially dependent, and endogenous. The multivariate
kernel estimator (MRK) converges at rate n1/5. In contrast, the Markov estimator
converges at rate n1/2 owing to the specification assumed for the high-frequency
data. These rates are, however, not directly comparable for practical situation, as the
order of the Markov chain may be required to increase with n, in order to accom-
modate inhomogeneity resulting from time-varying volatility. Our simulation design
suggests that the Markov estimator and the MRK performs similarly in practice, so
the major advantage of the Markov estimator is the readily available standard error.

The estimator performs well in a simulation design, and is relatively insensitive
to the choice of the order of the Markov chain, k, which is the tuning parameter that
must be chosen in practice.

A potential limitation of the estimator is the high-dimensional objects that the
estimator is computed from. For the full estimator the dimension can be as large as
(Sd)k , where S is the number of primitive states for the individual series, d is the
dimension of the process and k is the order of the Markov chain. The dimension
will typically be much smaller in practice because many states are not observed in a
given sample, and the transition matrix will be very sparse, because most transitions
between states are unobserved. So there is a need to further analyze the finite sample
properties of the full Markov estimator, and to characterize its limitations.

The two composite Markov estimators alleviate the challenges with high dimen-
sional objects, but may require a projection to guarantee a positive semidefinite
estimate. For this purpose we have proposed a novel projection that makes use of the
standard errors of the elements of the matrix being projected. Since these are readily
available for the 2-composite estimator it is appealing to incorporate these, so that a
projection leaves accurately estimated elements relatively unchanged.

The empirical analysis of commodity prices illustrated the three Markov estima-
tors, and benchmarked them against conventional realized variances. The estimates
were largely in agreement, but the Markov estimators fare particularly well with
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regards to estimating correlations. While the time series of daily correlation esti-
mates based on the realized variance were somewhat erratic, those of the Markov
estimators were more stable.

Appendix: Details on the Simulation Design with
Stochastic Volatility

For comparison with the simulation design with constant volatility we seek to have
the integrated variance be 1, in expectation. This is achieved as follows. Note that

E((d log Yi,t )
2) = E

[
exp

{
2

(
β0 + β1τi,t

)}
Δ

]
,

and since we (approximately) have τi,t ∼ N (0, a2) with

a2 =
1−exp(2αΔ)

−2α

1 − exp(αΔ)2
= 1

−2α
,

it follows that

2(β0 + β1τi,t ) ∼ N (2β0, 4β2
1

1

−2α
).

Hence

E
[
exp

{
2

(
β0 + β1τi,t

)}] = exp

(
2β0 + β2

1
1

−α

)
,

which will be equal to 1 if we set β0 = β2
1/(2α).
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Dependence Uncertainty for Aggregate Risk:
Examples and Simple Bounds

Paul Embrechts and Edgars Jakobsons

Abstract Over the recent years, numerous results have been derived in order to
assess the properties of regulatory risk measures (in particular VaR and ES) under
dependence uncertainty. In this paper we complement this mainly methodologi-
cal research by providing several numerical examples for both homogeneous as
well as inhomogeneous portfolios. In particular, we investigate under which circum-
stances the so-called worst-case VaR can be well approximated by the worst-case
(i.e. comonotonic) ES. We also study best-case values and simple lower bounds.

Keywords Value-at-risk · Expected shortfall · Risk aggregation · Dependence
uncertainty · Inhomogeneous portfolio · Rearrangement algorithm

1 Introduction

Recent regulatory discussions in the realm of banking and insurance have brought
the following quantitative aspects very much to the forefront:

(i) The choice of risk measure for the calculation of regulatory capital; examples
include Value-at-Risk (VaR) and Expected Shortfall (ES).

(ii) The properties of statistical estimators of such risk measures, especially when
based on extreme tail observations.

(iii) The issue of Model Uncertainty (MU). The latter can be interpreted in many
ways: statistical, numerical, functional, …

In this paper we will mainly concentrate on a combination of (i) and (iii), and
discuss the (functional) model uncertainty of risk measures VaR and ES for linear
portfolios in both the homogeneous as well as inhomogeneous case. The interpre-
tation of MU concerns portfolios with known marginal distributions but unknown
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interdependence. The latter is often referred to as Dependence Uncertainty (DU). It
plays a crucial role in various examples throughout the banking and insurance liter-
ature. Going forward, several relevant examples will be given. One general purpose
reference is [17].

The considered setting is a static one-period model, however, the results are also
applicable to the dynamic case, usingmarginal distributions conditioned on the avail-
able information, e.g. conditional mean and volatility. While conditioning on the
volatility may lead to light-tailed marginal distributions, it is not always the case, as
shown in [23], where methods from extreme value theory are applied to GARCH-
filtered (and still heavy-tailed) one-dimensional time series in order to obtain point
estimates of VaR and ES. Moreover, [7] argue that the volatility of financial time
series is forecastable only up to 10 days ahead (relevant for market risk) but not for
longer time scales (such as 1 year, relevant for insurance). The effect of tail-heaviness
of the marginal distributions on the portfolio risk will therefore be analyzed. Further-
more, the conditional dependence between the margins may change over time, as
illustrated by [10], where a parametric copula approach is used to model and detect
changes in the dependence structure. This demonstrates some of the difficulties in
estimating the dependence. The mainly numerical results presented in our paper aim
at understanding better the estimation of the best and worst possible risk measure
values under DU. The paper only offers a first step on the way to this goal, and
numerous alternative approaches as well as results are available or can be obtained.
We very much hope that this paper incites other researchers to look at these and
related problems of Quantitative Risk Management.

2 Homogeneous Portfolios

We consider random variables Xi ∼ Fi , i = 1, . . . , d and Sd = X1 + · · · + Xd . For
the purpose of this paper we assume the marginal distribution functions (dfs) Fi to
be known. If Fi = F , i = 1, . . . , d, we refer to the homogeneous case, otherwise we
refer to the inhomogeneous case. For most of the paper we will concentrate on the
homogeneous case, though for many of the results information on the inhomoge-
neous case can be obtained; see Sect. 3 for a brief discussion. The joint distribution
of (X1, . . . , Xd) is not specified, and thus the aggregate value-at-risk VaRα(Sd) and
expected shortfall ESα(Sd) are not uniquely determined. In the followingwe consider
the range of possible values these aggregate risk measures can take, under fixed mar-
ginal distributions, but unspecified joint model. This framework in risk management
is referred to as dependence uncertainty; see [18]. In this section we focus on the
homogeneous case and assume throughout that the support of F is bounded below.
Define the generalized inverse

F−1(p) = inf{x : F(x) ≥ p}, p ∈ (0, 1],
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and F−1(0) = inf{x : F(x) > 0} (the left endpoint of the support); for properties
of generalized inverses, see [11]. Since ES and VaR are translation equivariant, for
simplicity also assume F−1(0) = 0 (via translation). To give the main results in the
literature on DU bounds on risk measures in the following sections, a definition from
[33] will be useful.

Definition 1 ([33]) For d ≥ 1, a distribution function F is called d-completely
mixable (d-CM) if there exist rvs X1, . . . , Xd ∼ F and a constant k such that
X1 + · · · + Xd = dk a.s.

Examples of distributions that are completely mixable for d ≥ 2 include uniform,
Gaussian, Cauchy and other unimodal symmetric continuous distributions; for higher
values of d also distributions with monotone or concave densities on a bounded
support; see [30] for further examples.

Somenotation from [3]will also be needed.With respect to a dfG (to be specified),
we introduce functions H(c) and D(c), c ∈ [0, 1] and a constant cd :

H(c) = (d − 1)G−1((d − 1)c/d) + G−1(1 − c/d),

D(c) = 1

1 − c

∫ 1

c
H(t)dt = d

1 − c

∫ 1−c/d

(d−1)c/d
G−1(t)dt, (1)

cd = inf{c ∈ [0, 1] : H(c) ≤ D(c)},

where for c = 1we set D(1) := D(1−) = H(1) = dG−1(1 − 1/d). Also, introduce
two conditions

(A) H is non-increasing on [0, cd ],
(B) The conditional distribution of G on [(d − 1)cd/d, 1 − cd/d] is d-completely

mixable.

These conditions will imply validity and sharpness of some of the bounds stated in
the following sections. A special case in which these conditions are satisfied is given
in the following lemma.

Lemma 1 ([3]) If the df G admits a non-increasing density on its support, then
conditions (A) and (B) hold.

Furthermore, [3] motivate numerically that these conditions are satisfied also in some
other cases, using examples with Lognormal and Gamma dfs.

2.1 Upper Bound on VaR

For a randomvariable X ∼ FX representing a loss, VaR at confidence levelα ∈ (0, 1)
is defined as the α-quantile,

VaRα(X) = F−1
X (α).
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In turn, the upper bound on VaRα(Sd) over all joint models is defined as

VaRα(Sd) := sup{VaRα(X1 + · · · + Xd) : Xi ∼ Fi , i = 1, . . . , d}.

In the homogeneous case Fi = F , i = 1, . . . , d, the upper bound VaRα(Sd) can be
obtained by solving the integral inequality for cd in (1) with respect to the conditional
distribution in the tail (defined below).

Proposition 1 ([12, 27, 34]) Define H, D and cd in (1) with respect to Fα , the
conditional distribution of F on [F−1(α),∞). If Fα admits a non-increasing density
on its support, then

VaRα(Sd) = D(cd).

Remark 1 A non-increasing density above the α-quantile is a natural assumption for
high values of α, which holds for essentially all distributions used in practice. The
proof of Proposition 1 uses Lemma 1 to verify conditions (A) and (B), which are
sufficient for the bound in Proposition 1 to be sharp.

Before giving the next proposition, we recall the definition of expected shortfall,

ESα(X) = 1

1 − α

∫ 1

α

VaRq(X)dq.

Let VaR+
α (Sd) and ES+

α (Sd) denote VaRα(Sd) and ESα(Sd) respectively, when the Xi
are comonotonic. It is well-known that the comonotonic dependence structure gives
the worst-case expected shortfall; see [9] and p. 251 in [24].

ESα(Sd ) := sup{ESα(X1 + · · · + Xd ) : Xi ∼ Fi , i = 1, . . . , d} =
d∑

i=1

ESα(Xi ) =: ES+
α (Sd ).

Moreover, as d increases, VaRα(Sd) is asymptotically equivalent to ES+
α (Sd). A first

result in this direction is:

Proposition 2 ([28]) Suppose (Xd)d≥1 is a sequence of rvs identically distributed
as F, where F is integrable and has a decreasing density on [F−1(α),∞). Then

lim
d→∞

VaRα(X1 + · · · + Xd)

ES+
α (X1 + · · · + Xd)

= 1.

Remark 2 Proposition 2 holds under much more general conditions, also in the
heterogeneous case; see [18]. Results of this type are relevant for regulatory practice
for both the banking world (the so-called Basel framework) as well as insurance
(Solvency 2); see [18].

In Table1 the smallest number of margins d is given for which VaRα(Sd) is within
10% of ES+

α (Sd), i.e. after which the asymptotically equivalent sequence gives a
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Table 1 Thresholds for the number of margins d for which VaRα(Sd ) is within 10% of ES+
α (Sd )

Pareto(a), a = 10.0 5.0 3.0 2.5 2.0 1.7 1.6 1.5

VaR0.95 3 3 4 4 6 12 17 29

LogN(0, σ 2), σ = 0.75 0.90 1.13 1.26 1.49 1.71 1.81 1.94

VaR0.95 3 3 3 4 5 6 7 9

Pareto(a), a = 10.0 5.0 3.0 2.5 2.0 1.7 1.6 1.5

VaR0.99 2 3 3 4 6 11 16 27

LogN(0, σ 2), σ = 0.70 0.89 1.20 1.37 1.66 1.95 2.08 2.23

VaR0.99 2 3 3 4 5 6 7 9

Pareto(a), a = 10.0 5.0 3.0 2.5 2.0 1.7 1.6 1.5

VaR0.999 2 3 3 4 6 11 15 27

LogN(0, σ 2), σ = 0.67 0.92 1.33 1.56 1.93 2.28 2.44 2.63

VaR0.999 2 2 3 4 5 7 8 11

The levels α ∈ {0.95, 0.99, 0.999} are listed for comparison. The parameter σ for LogN(0, σ 2) is
chosen tomatch the ratio VaRα(X1)/ESα(X1)with that of Pareto(a), i.e. P[X1 > x] = (x + 1)−a ,
x ≥ 0

reasonable approximation. Notice that in all but the most heavy-tailed cases, d ≈ 10
was sufficient. Hence, if the number of margins is greater than that, we may use the
easily calculated ES+

α (Sd) as a reasonable estimate of the conservative VaRα(Sd).
The convergence rate in Proposition 2 is also known.

Proposition 3 ([18]) IfE[|X1 − E[X1]|k] is finite for some k > 1 andESα(X1) > 0,
then, as d → ∞,

VaRα(Sd)

ES+
α (Sd)

= 1 − O(d−1+1/k).

So in particular, if all moments are finite, then the convergence rate is O(d−1), and
if the distribution has a regularly varying tail (see Sect. 7.3 in [24]) with index −ρ,
for example X1 ∼ Pareto(ρ), then the convergence is slower, since k < ρ < ∞. In
Fig. 1 the differences 1 − VaRα(Sd)/ES+

α (Sd) as d increases are plotted on a log-
arithmic scale for different Pareto and Lognormal distributions. We observe that,
although initially the rate of convergence is slower, for large d it seems faster than
the theoretical one. Moreover, for small d the rates are not very different between
Pareto and Lognormal. Tail-heaviness is often measured using the notion of regular
variation, and also Proposition 3 determines the convergence rate according to the
highest existing moment. However, regular variation concerns quantiles asymptot-
ically approaching 1, and Proposition 3 holds for d tending to infinity. In order to
analyze VaRα(Sd) at a fixed level, say, α = 0.99, and for small d, we need a measure
of tail-heaviness that captures the behavior for moderate α and d. We refrain from
using skewness, kurtosis and higher moments, as they may not exist for power tails.
Instead, we will define a different measure of tail-heaviness in the following section.
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Fig. 1 Relative differences 1 − VaRα(Sd )/ES+
α (Sd ) for α = 0.99 on the vertical axis versus d on

the horizontal, on a log-log scale. Below the dotted line the relative difference is smaller than 10%.
The left panel contains Pareto(a) distributions, a = 1.5, 2, 3, 5, 10 from top down. The bold line
shows the theoretical convergence rate O(d−1/3) for Pareto(1.5) according to Proposition 3. In the
right panel the Lognormal LogN(0, σ 2) case is plotted, σ = 2.23, 1.66, 1.20, 0.89, 0.70 from top
down, chosen to match the ratio VaRα(X1)/ESα(X1) with that of Pareto. The bold line shows the
theoretical convergence rate O(d−1) for distributions with all moments finite

2.1.1 The Normalized Mean-Median Ratio

For X ∼ F define the normalized mean-median ratio as

Mα(F) := ESα(X) − VaRα(X)

MSα(X) − VaRα(X)
,

where MS is the median shortfall, MS1−p(X) := VaR1−p/2(X); see [21]. Mα(F)

is a measure of tail-heaviness defined for regularly varying, sub-exponential, as
well as exponential tails, and only requires the first moment to exist. Mα(F) is
invariant under scaling and translation, since the risk measures used in the definition
are positively homogeneous and translation equivariant. In Fig. 2 Mα is plotted for
Gamma, Lognormal and Pareto distributions, as a function of the shape parameter.
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Fig. 2 M0.99 for Γ (k, 1), LogN(0, σ 2) and Pareto(a) distribution, depending on the shape para-
meters k, σ, a, respectively
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For all three families Mα diverges to infinity as the tail becomes heavier, and
converges to a finite value for light tails.

For theGammadistributionΓ (k, 1) the values are computed numerically; to reach
values in the typical range for Lognormal and Pareto, a very small parameter k is
required (e.g. k = 0.0027 for Mα(Γ ) = 3). For k = 1 we recover the exponential
distribution E (1), for which

Mα(E ) = − log(1 − α) + 1 + log(1 − α)

− log((1 − α)/2) + log(1 − α)
= 1

log(2)
≈ 1.4427, (2)

independent of α (and scale). And as k → ∞, Γ (k, 1) converges (under scaling and
translation) to the standard Normal distribution Φ, so

lim
k→∞Mα(Γ (k, 1)) = ϕ(Φ−1(α))/(1 − α) − Φ−1(α)

Φ−1(1 − (1 − α)/2) − Φ−1(α)
(≈ 1.3583 for α = 0.99),

(3)
using the analytic formula for ES of the Normal distribution; see p. 45 in [24].

For the Lognormal distribution LogN(μ, σ 2),

Mα(LogN(μ, σ 2)) = eσ 2/2(1 − Φ(Φ−1(α) − σ))/(1 − α) − eσΦ−1(α)

eσΦ−1(1−(1−α)/2) − eσΦ−1(α)
,

independent of the scale eμ. Since for Z ∼ Φ we have eσ Z ∼ LogN(0, σ 2), as σ →
0, using the Taylor series of ex about x = 0 we recover the same limit 1.3583 as
in (3).

For the Pareto distribution P(a), a > 1,

Mα(P(a)) =
a

a−1 (1 − α)−1/a − (1 − α)−1/a

((1 − α)/2)−1/a − (1 − α)−1/a
= 1

(a − 1)(2−1/a − 1)
,

independent of the level α. As a → ∞, we obtain 1/ log(2) as the limit, the same
value as in (2). This is due the fact that if X ∼ E (1), then eX/a − 1 ∼ P(a), and we
can again use the Taylor series of ex about x = 0.

We shall use Mα as a measure of tail-heaviness in order to compare the tails of
different families of distributions, and from that deduce how close VaRα(Sd) is to
ES+

α (Sd) for small values of d. Notice that Mα(F) exactly determines the worst-
case VaR when d = 2 and the density is decreasing beyond F−1(α) = VaRα(X1).
This is because for d = 2 the worst-case dependence structure for VaRα is counter-
monotonicity above the α-quantile of X1 and X2, viz. X2 = F−1(α + (1 − F(X1)))

when F(X1) ≥ α; see [15, 22]. Furthermore, when the density is decreasing, the
minimal sum X1 + X2 in the tail is attained when X1 = X2 = MSα(X1). Hence
VaR(S2) = 2 MSα(X1). See also (4) and Fig. 3 in the next section.
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2.1.2 The Normalized VaR Bound

Since VaR is a positively homogeneous and translation equivariant risk measure, it
is easy to recalculate VaR under these operations. The upper bound on VaR depends
only on the conditional distribution F on the interval [F−1(α),∞). Moreover, it is
easy to see that

VaRα(Sd) ∈ [VaR+
α (Sd),ES

+
α (Sd)].

So, in order to focus on the issue of specifying where in this interval VaRα lies, we
define the normalized VaR bound

δα(Sd) := VaRα(Sd) − VaR+
α (Sd)

ES+
α (Sd) − VaR+

α (Sd)
∈ [0, 1].

Note that δα(Sd) does not depend on the scale and location of F . In Fig. 3 the values
of δα(Sd) are plotted in dependence on d. The parameters for Pareto and Lognormal
distributions are chosen so that theMα valuesmatch, thus, as explained in the previous
section,

δα(S2) = 2 MSα(X1) − 2 VaRα(X1)

2 ESα(X1) − 2 VaRα(X1)
= 1/Mα(F), (4)

and the upper VaR bounds agree for d = 2. For d > 2 the bounds for the matched
Lognormal and Pareto dfs converge at a similar rate, especially for lighter tails, when
convergence to 1 is rather fast. The difference 1 − δα seems to decrease as a power of
d, so in Fig. 4 we plot this difference versus the dimension d on a logarithmic scale.
We observe that, apart from the “kink” at d = 2, the dependence is approximately
linear on the log-log scale. Based on this numerical evidence, and fixing the value at
d = 2 according to (4), we consider an approximate model

1 − δα ≈ (1 − 1/Mα)

(
d

2

)λ(Mα)

. (5)

Fig. 3 δα(Sd ) plotted in
dependence on d. Pareto(a)

with a = 10, 5, 3, 2, 1.5
from top down, with
tail-heaviness Mα =
1.55, 1.68, 1.92, 2.41, 3.40,
respectively, and
LogN(μ, σ 2) with the
parameters chosen to match
the Mα , α = 0.99
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Fig. 4 Left panel normalized VaR bound δα , α = 0.99, depending on the dimension
d. Solid lines correspond to Pareto(a) distributions with a = 1.5, 2, 3, 5, 10 and Mα =
3.40, 2.41, 1.92, 1.68, 1.55 from top down. Dashed lines correspond to Lognormal distributions
with parameters selected to match the Mα values. Right panel the fitted values of λ(Mα) obtained
by linear regression for different tail-weight levels Mα

Taking logs from both sides we obtain a linear dependence, and using linear regres-
sion for d ∈ {2 . . . 15}we fit the slope parameter λ (the intercept at d = 2 is fixed) for
each considered Mα . The obtained values of λ are plotted on the right panel of Fig. 4.
They show that the convergence rate is indeed determined by the tail-heaviness Mα ,
and the values of λ(Mα) for the Pareto and Lognormal families are similar. Note
also that e.g. for Pareto(1.5) the convergence rate according to Proposition 3 is
O(d−1/3) as d → ∞, whereas from Fig. 4 we read that for small d the difference
1 − δα decreases approximately as d−2/3 for the corresponding Mα = 3.4. Finally,
the fitted curves for δα using λ values from the linear regression are plotted in Fig. 5.
The close match shows that the model (5) works well for small dimensions.
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Fig. 5 Normalized VaR bound δα , α = 0.99 (solid lines) compared to the fitted values (dashed)
according to the model (5), depending on the dimension d. Left panel Pareto(a) distributions with
a = 1.5, 2, 3, 5, 10 andMα = 3.40, 2.41, 1.92, 1.68, 1.55 from bottom up. Right panel Lognormal
distributions with parameters selected to match the Mα values
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2.2 Lower Bound on VaR

The lower bound on VaRα(Sd) over all joint models is defined as

VaRα(Sd) := inf{VaRα(X1 + · · · + Xd) : Xi ∼ Fi , i = 1, . . . , d}.

Before providing the basic result for the lower bound on VaR in the homogeneous
case, we define the left-tail expected shortfall

LESα(X) = 1

α

∫ α

0
VaRp(X) dp,

and the comonotonic LES+
α (Sd) = ∑d

i=1 LESα(Xi ) = d LESα(X1) (since Xi ∼ F ,
∀i).

Proposition 4 ([3]) If the support of F is bounded below, then

VaRα(X1 + · · · + Xd) ≥ max{(d − 1)F−1(0) + F−1(α) , d LESα(X1)}. (6)

Furthermore, define H and D as in (1) with respect to Fα , the conditional distribution
of F on [F−1(0), F−1(α)]. If conditions (A) and (B) with respect to Fα are satisfied,
then (6) holds with equality, i.e.

VaRα(Sd) = max{H(0), D(0)}.

Sincewe assume that the essential support of F is the positive half-axis, (6) reduces to
VaRα(X1 + · · · + Xd) ≥ max{F−1(α), d LESα(X1)}. In contrast to Proposition 1,
in Proposition 4 we include the conditions (A) and (B) explicitly. Recall that pre-
viously these were implied by the non-increasing density assumption. While it is
reasonable to assume this for the upper tail, in the lower tail this assumption holds
for some distributions (e.g. Pareto) but fails for other (e.g. Lognormal). In such cases,
one may resort to testing (A) numerically and testing for complete mixability in (B)
using the method in [29]. Note, however, that if F−1(α) > d LESα(X1) then the
bound can be sharp also without the d-CM condition. Typically, however, letting
d∗ = F−1(α)/LESα(X1), we may use as a good approximation

VaRα(Sd) ≈ F−1(α) for d < d∗,
VaRα(Sd) ≈ d LESα(X1) for d ≥ d∗. (7)

An alternative numerical approach for computing an approximation of the sharp
bounds on VaR under DU is given by the Rearrangement Algorithm (RA); see [16]
or [26, 27] for earlier formulations.1 In Table2 the values for Pareto, Lognormal

1 A website set up by Giovanni Puccetti with the title “The Rearrangement Algorithm project”
provides full details and recent developments on the RA; see https://sites.google.com/site/
rearrangementalgorithm/.

https://sites.google.com/site/rearrangementalgorithm/
https://sites.google.com/site/rearrangementalgorithm/
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Table 2 Thresholds for the number of margins d for which VaRα(Sd )/LES+
α (Sd ) has converged

to 1

α = 0.99 d∗ 2.36 3.42 5.59 6.55 8.19 11.00 14.91

Pareto(a), a = − − 10 5 3 2 1.5

d − − 6 7 9 11 15

LogN(0, σ 2), σ = 0.40 0.59 0.88 0.98 1.13 1.35 1.60

d 3 4 6 7 9 11 15

Gamma(k, 1), k = 5.00 2.00 0.77 0.58 0.40 0.25 0.16

d 3 4 6 7 9 11 15

Parameters for the distributions are chosen to match the ratio d∗ = VaRα(X1)/LESα(X1)

and Gamma distributed variables are listed for which the ratio VaRα(Sd)/LES+
α (Sd)

has reached the limit 1. Due to a non-increasing density, in the Pareto case (6) is
always sharp and the limit is reached at d = �d∗�. As a side note, for the Pareto(a)

distribution at level p = α, as a → ∞,

d∗ = (1 − p)−1/a − 1

(1 − (1 − p)1−1/a)/((1 − 1/a)/p) − 1
−→ − log(1 − p)

1 + ((1 − p)/p) log(1 − p)
,

so for p = 0.99 we have d∗ > 4.8298, i.e. no parameter a gives a lower value of
d∗, hence they are not listed in Table2. For the Lognormal and Gamma dfs, the
values were obtained by the RA, using as discretization parameter N = 105 and the
stopping condition ε = 10−4. In Fig. 6 the normalized lower VaR bounds are plotted.
The approximate bounds from (7) are the same for the three families. These are sharp
for the Pareto, but differ from the sharp bounds (here, computed using the RA) for the
Lognormal and Gamma families in the lighter-tailed cases, since the densities are not
decreasing and the conditions in Proposition 4 are not satisfied. In particular, for small
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Fig. 6 (VaRα(Sd ) − LES+
α (Sd ))/(VaR+

α (Sd ) − LES+
α (Sd )) plotted in dependence on d for

Pareto(a), LogN(0, σ 2) and Γ (k, 1) distributions with the parameters chosen to match the d∗
(see Table2). For Pareto, the approximate bounds (7) are sharp, whereas for LogN and Gamma
there are small deviations for the lighter-tailed cases in comparison to the sharp bounds given by
the RA
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Fig. 7 Functions H and D with respect to Fα , the conditional distribution of F = LogN(0, 0.592)
on [0, F−1(α)], d = 3, α = 0.99. The vertical scale is normalized to show the interval
[LES+

α (Sd ),VaR+
α (Sd )] as [0, 1]. Left panel full range c ∈ [0, 1]. Right panel close-up of the range

[0, 0.01] shows that the function H is increasing initially. H(0) = 0.058, while the sharp lower
bound (from the RA) is 0.091

d it is the condition (A) that matters, and is not satisfied e.g. for the LogN(0, 0.592)
df with d = 3; see Fig. 7. With parameter k ≤ 1, however, Γ (k, 1) has a decreasing
density, so by Lemma 1 satisfies the conditions and the approximate bound (6) is
sharp. Overall, (6) gives an easily calculated lower bound on aggregate VaR, which
is close to the sharp bound.

2.3 Lower Bound on ES

The lower bound on ESα(Sd) under dependence uncertainty is defined as

ESα(Sd) := inf{ESα(X1 + · · · + Xd) : Xi ∼ Fi , i = 1, . . . , d}.

In the literature, few results on ESα are available. The two main references are [25]
(using the RA) and [3]. The latter provides the following result in the homogeneous
case.

Proposition 5 ([3]) Define H, D and cd as in (1) with respect to F. If condition (A)
is satisfied, then

ESα(Sd) ≥
{

1
1−α

[E[Sd ] − αD(cd)] if α ≤ 1 − cd ,
1

1−α

∫ 1−α

0 H(t)dt if α > 1 − cd .
(8)

Furthermore, if condition (B) is satisfied, then (8) holds with equality.

Remark 3 Due to Lemma 1, Proposition 5 is most useful in the case of a decreasing
density, e.g. for Pareto or Exponential df. In other cases the conditions (A) and
(B) would need to be verified numerically. Alternatively, one may apply the RA.
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The latter, however, uses a discretization of the marginal distributions, which may
underestimate the integral over the infinite tail of the aggregate risk.

A simple lower bound on the aggregate ES can be calculated as follows.

Proposition 6 ([6]) If F−1(0) ≥ 0, then

ES1−p(Sd) ≥ ES1−p/d(X1). (9)

Furthermore, if F(0) ≥ (d − 1)/d, then (9) holds with equality.

For this bound to be sharp, a sufficient mass at 0 (at least p(d − 1)/d) is required
for the marginal distributions, in which case Proposition 5 gives the same bound.
In Fig. 8 all three bounds are plotted for different Pareto and Lognormal dfs. First,
notice that the convergence to the limit (E[Sd ] in this case) is much slower than for
the VaR bounds. For the Pareto df, bounds from Proposition 5 are sharp, while the
error in the RA bound due to discretization is clearly visible in the heavy-tailed cases
(discretization parameter N = 105 and stopping condition ε = 10−4 were used).
The non-sharp bound from Proposition 6, however, is very close, because the Pareto
distribution has a large mass near 0. For the Lognormal dfs, the density is small near
0, hence there is a visible approximation error for the lighter tails. The bound from
the RA again underestimates the tail-expectation in the heavy-tailed cases due to
discretization. Overall, Proposition 5 seems to give the best bound (due to infinite
tails, condition (A) is likely to hold).
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Fig. 8 (ESα(Sd ) − E[Sd ])/(ES+
α (Sd ) − E[Sd ]) plotted in dependence on d. Solid lines are the

bound from Proposition 8 ([3]), dashed lines correspond to the RA ([25]) and dotted lines to
Proposition 6 ([6]). Left panel Pareto(a) distributions with a = 1.5, 2, 3, 5, 10 from top down.
Right panel LogN(μ, σ 2) distributions with the parameters chosen to match E[X1] and ESα(X1)

with those of Pareto
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3 Inhomogeneous Portfolios

In this section suppose Xi ∼ Fi , i = 1, . . . , d, where the Fi ’s are not necessarily the
same, and hence Sd = X1 + · · · + Xd is the aggregate loss of a possibly inhomoge-
neous portfolio. In order to investigate the key determinants of theDUbounds forVaR
and ES of an inhomogeneous portfolio, we sample at random different families and
parameters for the marginal distributions. In particular, we choose Fi independently
for i = 1, . . . , d from each of the following families with probability 1/3:

• Gamma, Γ (k, μ/k) with k ∼ 1 + Poisson(1), μ ∼ E (1/5),
• Lognormal, LogN(μ, σ 2) with μ ∼ N (0.2, 0.42), σ ∼ Γ (8, 0.1),
• Generalized Pareto, GPD(k, ν, 0) with k ∼ 1/(1.5 + E (1/5)), ν ∼ Γ (4, 0.3).

For the latter Pareto-type df from Extreme Value Theory, see [14]. In this manner we
sample the marginal distributions of 100 portfolios for each d = 2, . . . , 15; in total
1400 portfolios. Then, using only basic properties of these randomly selected mar-
ginal distributions and their respective risk quantities, such as VaRα(Xi ), MSα(Xi )

and ESα(Xi ), we will approximate the dependence uncertainty bounds for the aggre-
gated portfolio risk measures.

3.1 Upper Bound on VaR

In this section we focus on approximating the upper bound for VaRα(Sd). As the
two key drivers, similarly to the homogeneous case, we look at the dimension and
the mean-median ratio, properly adapted. Since the marginal distributions can be
different, the scale and shape of each margin affects the aggregate VaR. In Fig. 9, the
left panel, we observe that the nominal portfolio dimension d is a poor predictor of
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Fig. 9 Boxplots of δ0.99(Sd ) for portfolios with randomly sampled marginal distributions in depen-
dence on the nominal d on the left panel, and in dependence on the effective d̃ (rounded) on the
right panel
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δα(Sd). The reason is that the different scales of the marginals have the numerical
effect of a dimension reduction for the underlying portfolio; for example, if one
marginal has a much larger scale then the others, then the VaR of this marginal gives
a good estimate of the aggregate VaR. In this case the dependence uncertainty is
small and δα is close to 0 (similar to d = 1). If the marginals are of a similar scale,
then the dependence uncertainty is greater (similar to the homogeneous case d) and
δα is closer to 1.

Let VaR+(Sd), MS+(Sd) and ES+(Sd) denote VaR(Sd), MS(Sd) and ES(Sd)

respectively, when the Xi are comonotonic. Define the effective dimension as

d̃(Sd) := ES+
α (Sd) − VaR+

α (Sd)

maxi=1,...,d{ESα(Xi ) − VaRα(Xi )} .

On the right panel of Fig. 9 we observe that the effective dimension d̃ determines the
normalized VaR-bound δα better. In order to take into account also the tail-heaviness
of the marginal distributions, define the average mean-median ratio as

M̃α(Sd) := ES+
α (Sd) − VaR+

α (Sd)

MS+
α (Sd) − VaR+

α (Sd)
.

We speculate that, similar to the homogeneous case, the rate of convergence depends
on the tail-heaviness M̃α(Sd), and consider an approximate model

δα ≈ 1 − d̃ λ(M̃α).

Rearranging and taking log, we obtain a linear dependence log(1 − δα) ≈ λ log(d̃)

for whichwe estimate λ using linear regression. The estimated parameters are plotted
in Fig. 10. As expected, for light tails the convergence is fast, O(d̃ −3), and slower
for heavy tails. The fitted lines for δα for three levels of the average tail-weight M̃α ,
as well as the true VaR bound for portfolios with similar tail-weight, are plotted in
Fig. 11. We observe that the two key determinants d̃ and M̃α provide a reasonable

Fig. 10 The fitted values
of λ(M̃α) obtained by linear
regression for different
tail-weight levels M̃α

1.5 2 2.5 3
−3.5

−3

−2.5

−2

−1.5

−1

Mα

λ



410 P. Embrechts and E. Jakobsons

2 4 6
0

0.2

0.4

0.6

0.8

1

2 4 6
0

0.2

0.4

0.6

0.8

1

2 4 6
0

0.2

0.4

0.6

0.8

1

Fig. 11 Fitted curves δ.99 = 1 − d̃ λ for tail-heaviness levels M̃α = 1.4, 1.8, 2.4, superimposed on
scatterplots of the true δ99 of those sampled portfolios with tail-heaviness within 10% of these
levels.

approximation of δα(Sd) and hence of VaRα(Sd). Of course, these conclusions are
to be understood in the specific context of the example. An out-of-sample test would
be required to determine whether this is a good fit in general.

3.2 Lower Bound on VaR

Similar to the homogeneous case (6), an easily calculated but non-sharp bound is

VaRα(Sd) ≥ max{VaRα(Xi ), i = 1, . . . , d} ∨ LES+
α (Sd). (10)

InFig. 12 the error of this approximation is shown, relative to the length of the possible
interval VaRα(Sd) ∈ [LES+

α (Sd),VaR+
α (Sd)].We see that of the 1400 portfolios, only
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Fig. 12 Left panel True VaRα(Sd ) on the horizontal axis (computed using the RA) versus
the error of the approximate bound (10) on the vertical axis. For each portfolio the values in
[LES+

α (Sd ),VaR+
α (Sd )] are normalized to lie within [0, 1]. The arrow indicates an example port-

folio, for which the marginal densities are plotted on the Right panel. Notice the light left tail of
LogN(0.4, 0.272). Here VaRα(S4) = 7.18, while max{VaRα(Xi ), i = 1, . . . , 4} = 6.22. The pos-
sible range is [LES+(S4),VaR+(S4)] = [5.67, 16.01], hence the error is 9% of this range
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4 have a relative error above 5%. The marginal densities for one of these portfolios
is plotted in the right panel of Fig. 12. Notice the light left tails of the Lognormal
margins (especially for σ < 0.5); these do not have enough mass to compensate
for the heaviest right tail, and hence the approximate bound (10) is not sharp. This
is in agreement with the results in the homogeneous case; see Fig. 6. Keeping this
observation in mind, we can in most cases use (10) as a good approximation for the
most favorable aggregate VaR.

3.3 Lower Bound on ES

In the inhomogeneous case a lower boundon theES is given in [20], based on a similar
construction to that of (1). In this case, however, due to the lack of symmetry, one
cannot combine the tails of themargins at the same rate; a dynamical weighting needs
to be found by solving a system of functional equations. Also, to check the validity
and sharpness of the obtained bounds, conditions similar to (A) and (B) would need
to be verified. Instead, based on the good performance of the approximate bounds in
Sect. 2.3, we consider the following generalization, based on Theorem 4.1 in [6].

Theorem 1 For rvs Xi ≥ 0, let ζ = min{x : ∑d
i=1 Fi (x) ≥ d − (1 − α)}. Then

ESα(Sd) ≥ 1

1 − α

d∑

i=1

E[Xi I{Xi >ζ }]. (11)

Furthermore, if
∑d

i=1 Fi (0) ≥ d − 1 and Fi are continuous at ζ , then (11) holds with
equality.

Proof Let S′
d = ∑d

i=1 Xi I{Xi >ζ }. Clearly Sd ≥ S′
d , so by monotonicity of ES,

ESα(Sd) ≥ ESα(S′
d) ≥ ESα(SM

i ) = 1

1 − α

d∑

i=1

E[Xi I{Xi >ζ }],

where SM
d = ∑d

i=1 Yi for Yi
d= Xi I{Xi >ζ } such that Y1, . . . , Yd are mutually exclusive

and hence SM
d ≤sl S′

d (stop-loss order); see [8]. If
∑d

i=1 Fi (0) ≥ d − 1, then there
exist mutually exclusive Xi ∼ Fi , i = 1, . . . , d and (11) is an equality. �

Also in the inhomogeneous case the RA ([25]) can be applied, with the caveat that the
obtained bound may underestimate the expectation in the infinite tail. We computed
both bounds at the level α = 0.99 for the sampled portfolios, the results are plotted
in Fig. 13. First, notice that the bound for higher-dimensional portfolios is closer to
E[Sd ].However, for afixedd, theRAunderestimates the bound (due to discretization)
whenESα(Sd) is closer to ES+

α (Sd), since this is often due to one ormore heavy-tailed
margins (e.g. the GPD with parameter k > 0.5, which has infinite variance). On the
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Fig. 13 On the horizontal axis ESα(Sd ) of the sampled portfolios as approximated by the RA (with
discretization parameter N = 105 and stopping condition ε = 10−4). Vertical axis the difference
between the non-sharp bound (11) and the RA bound. For portfolio labeled P1 the error is negative,
so (11) is away from sharpness, while for P2 the error is positive, so the RA bound underestimates
the tail integral. The marginal densities for these portfolios are plotted in Fig. 14. The color cor-
responds to the dimension from d = 2 (dark) to d = 15 (light). For each portfolio the values in
[E[Sd ],ES+

α (Sd )] are normalized to lie within [0, 1]

other hand, the RA gives a sharper bound than (11) in the presence of marginals
with light left tails (e.g. LogN(μ, σ 2)with σ < 0.5). Marginal densities for example
portfolios in each of these two cases are given in Fig. 14. Out of the 1400 portfolios,

Fig. 14 Top panel marginal
densities of portfolio P1
from Fig. 13. Notice the light
left tails of the Lognormal
margins. RA yields
ESα(S4) ≥ 8.98 while (11)
ESα(S4) ≥ 7.73. The
possible range is
[E[S4],ES+

α (S4)] =
[5.81, 19.20], hence the
difference is −9% of this
range. Bottom panel
marginal densities of
portfolio P2. Notice the
heavy right tails of the GPD
margins. RA yields
ESα(S5) ≥ 64.63 while (11)
ESα(S5) ≥ 69.90. The
possible range is
[6.73, 103.19], hence the
relative difference is 5%
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in only 7 cases the RA was worse than (11) by more than 5% points, and in only
6 cases the RA was better by more than 5% points (relative to the possible interval
ESα(Sd) ∈ [E[Sd ],ES+

α (Sd)]). Hence, depending on the portfolio, either of the two
bounds may give a value closer to the sharp lower bound on ES, but in most cases
the difference is small (and both of the bounds are close to sharpness).

4 Conclusions and Further Research

Model uncertainty in general and dependence uncertainty in particular have taken
center stage of the regulatory discourse of financial and insurance regulation. In the
present paper we have mainly looked at some recent results from the latter, i.e. prop-
erties of extremal regulatory risk measures, where we assume full knowledge of the
marginal risk distributions, but we do not have, or want, to make assumptions on
their interdependence. Whereas numerous analytic results have recently appeared
on this issue, there is an increasing need for a better understanding of the underlying
numerical problems. This paper provides a first (small) step in this direction. Com-
paring simple approximate DU bounds for VaR and ESwith more advanced ones, we
observe that the former often give reasonable estimates of the sharp bounds. More-
over, we identify the cases when the approximate bounds are far from the sharp ones.
We also note that the convergence rate of VaR as the portfolio dimension increases
is different for small dimensions compared to the theoretical asymptotic rate. The
above examples should serve as illustrations for the recent analytic results in the
literature, build intuition and motivate further research in the area of dependence
uncertainty.

An important direction of research is investigating what partial information on
the dependence structure helps to obtain narrower bounds, which under complete
dependence uncertainty tend to be very wide. An early approach considers the case
when some multivariate marginals are known, and it is found that it can lead to
strongly improved bounds; see [13, 16, 31]. Another approach is taken in [5], where
the full-dimensional joint density of the assets in portfolio is assumed to be known,
but only on a “trusted region”, which is a subset of the support. They find that the
bounds quickly deteriorate as the trusted region deviates from the entire support.
Bernard et al. [4] argue that variance of the sum of marginals (portfolio variance)
is often available, and that this dependence information often leads to substantially
narrower VaR bounds. Recently, dynamic factor multivariate GARCH models have
been proposed for forecasting financial time series; see [2, 32]. Consequently, a new
and relevant approach would be using factor models in order to reduce the DU to
a smaller dimension, namely, the number of factors. Recall the observations from
Sect. 3, which show that for small-dimensional portfolios the bounds are closer to the
comonotonic case (narrower). Gordy [19] even considers the portfolio VaR in a one-
factor model, eliminating DU entirely. Of course, any additional assumptions on the
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structure should be justified, so it is equally important to understand what additional
information on the dependence is typically available in practice. An illuminating
case study in the applied setting of economic capital computation for a bank is [1],
where the DU bounds are calculated, compared with the value corresponding to a
t-copula, and other practical issues discussed.
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Appendix

See (Figs. 15, 16, 17, 18 and 19).
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Fig. 16 Fitted curve δα = 1 − d̃ λ, α = 0.99 for tail-heaviness level M̃α = 1.4, superimposed on
scatterplots of the true δα(Sd ) of the sampled portfolios. Portfolios with only Gamma marginal
distributions
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Fig. 17 Fitted curves δα = 1 − d̃ λ, α = 0.99 for tail-heaviness levels M̃α = 1.6, 2.0, 2.2, super-
imposed on scatterplots of the true δα(Sd ) of those sampled portfolios with tail-heaviness within
10% of these levels. Portfolios with only Lognormal marginal distributions
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Fig. 18 Fitted curves δα = 1 − d̃ λ, α = 0.99 for tail-heaviness levels M̃α = 1.6, 2.0, 2.6, super-
imposed on scatterplots of the true δα(Sd ) of those sampled portfolios with tail-heaviness within
10% of these levels. Portfolios with only Generalized Pareto marginal distributions
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Fig. 19 On the horizontal axis ESα(Sd ) of the sampled portfolios as approximated by the RA
(with discretization parameter N = 105 and stopping condition ε = 10−4). Vertical axis the dif-
ference between the non-sharp bound (11) and the RA bound. For each portfolio the values in
[E[Sd ],ES+

α (Sd )] are normalized to lie within [0, 1]. The color corresponds to the dimension from
d = 2 (dark) to d = 15 (light). The marginal dfs are sampled from the families given above each
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ness and gives a worse bound than the RA. For Pareto, (11) always gives a better bound due to
heavy upper tails. For LogN and Pareto mixed, either of the two bounds may be sharper
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A Beaufort Scale of Predictability

Mark H.A. Davis

Abstract This paper defines a Beaufort Predictability Index, analogous to the Beau-
fort Wind Force Scale, intended to assist analysts in sizing up statistical prediction
problems, specifically in connectionwith financial riskmanagement but havingwider
applicability. For background we outline the career of Francis Beaufort and the gen-
esis of his Wind Force Scale. We then describe the various versions of probability
that are relevant to prediction, from axiomatic assignment of probability to Knight-
ian Uncertainty, and discuss the case of weather forecasting and attendant statistical
methods. Mandelbrot’s ‘Seven States of Randomness’ are also presented in brief
outline. On the basis of this background we present a definition of an 11-point Pre-
dictability Index. Examples of application are given.

Keywords Prediction · Financial risk management · Knightian uncertainty ·
Mandelbrot’s states of randomness · Prequential statistics

1 Introduction

While ‘the quants’ cannot really be held responsible for the financial crisis of 2008,1

it nevertheless seems likely that a contributory factor was over-reliance on the output
from models that, in fact, had very little credibility. A case in point is the CDO
(collateralised debt obligation) market, see [3] for complete details. Conceptually,
investors in (say) three classes contribute $100m between them, which is used to
buy a portfolio of corporate bonds. The subsequent interest payments are pooled and
paid out to the investors in priority order. Class I investors are paid first and get a
payment corresponding to a fixed interest rate on their investment. Then Class II
investors are paid in the same way but at a higher rate. All residual receipts are paid
to the Class III investors. Class I investors have the least risk, since any losses (i.e.

1Alex Lipton points out that banks that did not fail were using the samemodels as those that did.
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failure of corporates to pay the interest on their bonds) will be absorbed by Class III
investors first and then by Class II; the investors get higher reward for greater risk.
The big problem in designing and valuing these structures is correlation [15].
While it is possible to gauge the risk on individual bonds with reasonable accuracy,
the only market data relating to dependence are the iTraxx and CDX indices relating
to standardised portfolios, which may or may not be relevant in particular cases. In
the absence of further information, analysts often use the empirical correlation of the
corporates’ stock returns as a proxy for ‘default correlation’, a highly questionable
procedure.

All financial pricing and risk management is at base a prediction problem. In the
case of option pricing it is mainly a question of predicting volatility, whereas risk
management is concerned with ‘real-world’ forecasting, as are other branches of
science and engineering such as weather forecasting, product planning, etc. Some
time ago it occurred to me that it might be helpful to have some kind of classification
of prediction problems which would help analysts to size up a problem before they
dive in trying to do the impossible. The paradigm of classification is of course the
Beaufort Wind Force Scale, which enables mariners to assess the ‘state’ they are in
by simple, factual and unambiguous observations. The Beaufort scale and its history
are outlined in Sect. 2. I floated the idea of a Beaufort scale of predictability in a
talk at Imperial College in 2013, an endeavour which was encouraged at the time
by Paul Embrechts. Ole Barndorff-Nielsen also expressed some enthusiasm, so it
seems appropriate to enlarge on the idea in this Festschrift. Of course, the project
stands or falls according to whether Ole is more or less favourably impressed having
read this paper. Curiously, in his invited discussion [2] of Phil Dawid’s paper on
Prequential Statistics [5], Ole comments that ‘[a]n obvious reason why the literature
on prediction is rather limited is that in statistical practice problems of forecasting
are not very commonly met’. I do not believe he would make such a statement today.

A related effort appears in Benoît Mandelbrot’s book Fractals and Scaling in
Finance [16] in which he proposes a classification of randomness:

Instead of seeking immediately to specify a distribution or a process by an analytic formula
with a panoply of parameters, one should perhaps first sort out the possible outcomes into a
smaller number of distinct discrete categories.

Mandelbrot introduces what he calls the ‘seven states of randomness’ which we
discuss below in Sect. 5. This is actually a classification of probability distributions
and does not bring in the data/statistical side as we do here but, as always with this
author, the ideas are thought-provoking.

In the next section we outline the career of Francis Beaufort and the gene-
sis of his Wind Force Scale. The 1832 version of the Scale is given in Table1.
Section3 describes the various versions of probability that are relevant to prediction,
from axiomatic assignment of probability to Knightian Uncertainty. Section4 covers
weather forecasting and attendant statistical methods, particularly ideas based on
Dawid’s theory of Prequential Statistics. Mandelbrot’s ideas are presented in brief
outline in Sect. 5. With all this background material in hand we are ready in Sect. 6
to make a first attempt at defining a Beaufort Predictability Index.
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Table 1 The Beaufort Wind Force Scale, 1832

No. Description Beaufort’s criterion

0 Calm Calm

1 Light Air Just sufficient to give steerage way

2 Light breeze With which a well-conditioned
man of war, under all sail, and
‘clean full’, would go in smooth
water from ...

1–2 knots

3 Gentle breeze 3–4 knots

4 Moderate breeze 5–6 knots

5 Fresh breeze In which a well-conditioned man
of war, under all sail, ‘clean full’,
and close-hauled could just carry
...

royals

6 Strong breeze Single-reefs and top-gallant sails

7 Moderate gale Double-reefs, jib, etc.

8 Fresh gale Triple-reefs, courses, etc.

9 Strong gale Close-reefs and courses

10 Whole gale With which she could only bear close-reefed main top-sail

and reefed fore-sail

11 Storm With which she would be reduced to storm staysails

12 Hurricane To which she could show no canvas

In order to size up a prediction problem, we must consider all its aspects. First,
the data. Is it generated by some well-understood physical mechanism? What are
the ‘stylized facts’: the state of randomness, degree of non-stationarity, etc? How
much data have we got? Secondly, the prediction problem: what exactly are we
trying to predict, and what is the prediction horizon—is it long or short in relation
to the time-scale of the data? Thirdly, verification: having chosen and applied a
prediction algorithm, can we check ex post that the answers it produces are correct?
To construct an index, these questions are formalised in five criteria C1, . . . , C5

specified in Table2 of Sect. 6. A specific prediction problem will be assigned a score
taking values Ci = −1, 0,+1 on each criterion, where +1 is the direction of easy
prediction. The Beaufort Predictability Index (BPI) is then defined by

BPI = 5 −
5∑

1

Ci ,

so that BPI takes values in the range 0, . . . , 10, where 0 corresponds to axiomatic
assignment of probability and 10 to Knightian uncertainty. Examples of application
are given in Table3. Final remarks are given in the concluding Sect. 7.
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Fig. 1 South-Westerly wind at 12m/s. One whole ‘feather’ represents 5m/s

2 Sir Francis Beaufort and the Wind Force Scale

Francis Beaufort was born in Ireland in 1774 and went to sea as a cabin boy in the
British Navy at the age of 13, very soon acquiring the interest in meteorological
observation and record-keeping that stayed with him for the rest of his career. He
rapidly rose through the ranks and was given his first command, HMS Woolwich,
in 1805; he was directed to conduct a hydrographic study of the Rio de la Plata
region of South America. He developed the first versions of his Wind Force Scale,
originally for his own use, in the same year, commenting that ‘[..] nothing gives a
more indefinite representation of the wind [..] than the previously used expressions
like moderate wind or cloudy weather’.

In 1812 Beaufort was seriously wounded in a skirmish with pirates on the Turkish
coast. He never returned to active duty but remained an officer in the Royal Navy,
being appointed Hydrographer to the Admiralty in 1829. Table1 shows the Wind
Force Scale in its 1832 incarnation. It will be seen that Wind Forces in the range 0–4
report the speed of the vessel under full sail, while from 5 upwards the criterion is
the current sail configuration. The Scale was adopted for mandatory use on every
ship of the Royal Navy in 1838. Beaufort was promoted to Rear Admiral in 1846
and was knighted two years later, becoming Sir Francis. He retired from the Navy
in 1855 at the age of 81 and died two years later. Entirely self-educated, he had long
been recognised as one of the 19th century’s leading hydrographers.

When steam replaced sail the scale had to be reformulated, and nowadays is simply
a quantisation of wind speed, measured in metres/second. The relationship between
wind speed W and scale number B is W = 0.836B3/2. For example B = 9.5 when
W = 24.5m/s, the lower limit of ‘10 Beaufort’. The scale and the stylized verbal
descriptions (Column 2 of Table1) are used verbatim on many weather websites
including the excellent Norwegian site2 yr.no, which also uses a version of Beau-
fort’s ‘arrow’ notation to denote wind direction and speed, see Fig. 1.

3 Probabilistic Modelling in Statistics

The use and interpretation of probability has been a matter of debate for centuries.
What is no longer a matter for debate is the mathematical formulation of probability
in terms of Kolmogorov’s (Ω,F ,P). One should be aware however that specifying
Ω is already a modelling step (is it C(0, T ), D(0, T ), . . .?) while, in relation to

2Visitors to this site are invited to check the 5 languages in which it is available.
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prediction, specifying P is committing oneself to some relationship between the past
and the future, the credibility of which will depend on the problem. The connection
between the Kolmogorov model and the real world is of course the frequentist inter-
pretation based on the SLLN but this depends on a certain degree of stationarity. In
the remainder of this section we summarise some of themany concepts of probability
and randomness that play a role in the prediction problem.

3.1 Objective Probability

This refers to the frequentist interpretation and is what Mandelbrot would call mild
randomness; see Sect. 5. There are three cases.

Case 1. Probability is fixed a priori by symmetry and independence, examples
being coin tossing, roulette etc. Here no statistical modelling is required, and no-one
will dispute, for example, the statement that the distribution of heads in the next n
coin tosses is B(n, 1

2 ).

Case 2. Random events are produced by a well-understood physical phenomenon.
A case in point would be Geiger counter detection of radioactive emissions. The
physics tells us that the emissions must follow a Poisson process with slowly varying
rate, effectively constant over sufficiently short time scales. We need to estimate the
rate from data, but having done so the prediction process is clear.

Case 3. In the first two cases, we have a good theory and don’t needmuch data. Here
we have the opposite situation: lots of data but no theory. Many insurance problems
fall under this heading, for example car insurance. Accidents are largely independent
and occur at rates that do not vary much over time except in predictable ways due to
improvements in safety, imposition of speed limits or other changes in the law, and
changes in repair costs. In this situation accurate predictions can be made using time
series models, which can be monitored and improved as the business develops.

3.2 Subjective Probability

This is probability as quantification of opinion. The decisive advantage is that no jus-
tification is required: I just assert that this is my view and act on it, while on the other
hand there is no reason a priori why anybody else should buy into it. One industry
that is entirely run on the basis of subjective probability is the asset allocation side
of fund management. The situation here is perfectly explained by Harry Markowitz
in his paper Portfolio Selection [17], incontestably the most influential paper in the
history of investment management:



424 M.H.A. Davis

Fig. 2 Single-stage
Binomial model

The process of selecting a portfolio may be divided into two stages. The first stage starts with
observation and experience and ends with beliefs about the future performances of available
securities. The second stage starts with the relevant beliefs about future performances and
ends with the choice of portfolio.

The second stage may be paraphrased ‘if this is what you believe, here’s what you
should do’. Of course, while a firm’s investment managers may be subjectivists, the
same freedom cannot be awarded to its risk mangers who must take a more objective
approach. What they should do is discussed in Sect. 4.

3.3 Risk-Neutral Probability

This is something of a digression, but should be mentioned as mathematical finance
is the story of the interplay between ‘P-measure’ and ‘Q-measure’, the former being
used for risk management and the latter for pricing. The key point here is that Q-
measure is not a probability at all. It is a set of normalised Arrow-Debreu prices. For
an explicit demonstration, consider the single-stage binomial model3 of Fig. 2. The
asset price (‘stock’) starts at S0 at time 0 and moves to one of two values S11 > S12
at time 1. Each of these prices, but no other price, is regarded as possible. In addition
there is a riskless account paying interest rate r , so $1 deposited at time 0 accrues to
$R = $(1 + r) at time 1. The no-arbitrage condition is S12 < RS0 < S11; if this is
violated non-negative, and in at least one state strictly positive, profit is realised by
shorting one unit of the stock and investing $S0 in the riskless account or vice versa.

A trading strategy is defined by an investment at time 0 of N units of stock
and $B in the riskless account; its value is N S0 + B. It is easily checked that with
Δ = S11 − S12 the strategies

(N1, B1) =
(
1

Δ
,− S12

RΔ

)
, (N2, B2) =

(
− 1

Δ
,

S11
RΔ

)

realise payoffs (1, 0), (0, 1) respectively in the up and down states, so their values
p1 = (RS0 − S12)/RΔ, p2 = (S11 − RS0)/RΔ are the Arrow-Debreu prices of the
two time-1 states. Since p1 + p2 = 1/R we can define qi = Rpi , i = 1, 2 and then
Q = (q1, q2) is a probability distribution on the two states, with the property that the

3The argument extends easily to the multi-stage binomial tree as discussed in all mathematical
finance textbooks, for example [20].
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value at time 0 of any time-1 payoff X is EQ[X ]/R. Note that this argument does
not start with any probabilistic model for the prices, only a definition of ‘Ω’.

Choice of any correspondingP-measure is restricted by the Fundamental Theorem
of Asset Pricing [6] which says, roughly speaking, that P andQmust have the same
support, else there will be arbitrage in the model. Specialised to the binomial model
here, this just means that any P-measure must assign strictly positive probabilities,
summing to 1, to the two states S11 and S12.

3.4 Knightian Uncertainty

This concept originated in FrankH.Knight’s4 bookRisk, Uncertainty and Profit [13],
still in print today. Knight set out to solve the following puzzle in economics: why is
it that in a competitive market prices are not driven down to the cost of production,
leaving no profit at all? The argument is clear: I produce a widget and sell it at $5.00;
my competitor steps in and markets the same thing at $4.50, grabbing all the market
share, so I have to reduce my price to, say, $4.25. And so on. Knight’s answer is in
three parts.

(i) If we are in a static economy where there is no risk and no technological
progress, the prices will indeed be driven down in this way.

(ii) If there is mild randomness in the form of business risks and random but evo-
lutionary technological progress then the same will be true. Entrepreneurs can
hedge against these, leaving themselves in the same position as Case (i).

(iii) The only way entrepreneurs can consistently make profits is by taking a series
of unhedgeable risks—by launching new products, for example. The perfect
example is provided by the Apple iPad. When launched, the iPad was not just a
new product; it was a new category of product. There was nothing to compare it
with and no significant amount of market research could be carried out without
destroying the essential element of surprise. Apple just had to go for it.

In a word: entrepreneurs are rewarded for taking unquantifiable risks. The same
distinction between risk and uncertainty was taken up later by Keynes [12, pp. 213–
214], who explains it as follows.

By ‘uncertain’ knowledge, let me explain, I do not meanmerely to distinguish what is known
for certain from what is only probable. The game of roulette is not subject, in this sense, to
uncertainty; nor is the prospect of a Victory bond being drawn. Or, again, the expectation of
life is only slightly uncertain. Even the weather is only moderately uncertain. The sense in
which I am using the term is that in which the prospect of a European war is uncertain, or
the price of copper and the rate of interest twenty years hence, or the obsolescence of a new
invention, or the position of private wealthowners in the social system in 1970. About these
matters there is no scientific basis on which to form any calculable probability whatever. We
simply do not know.

4Not to be confused with Frank B. Knight of the Ray-Knight Theorem (see [18, Sect. VI.52]). Frank
B. was son of Frank H.
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Keynes goes on to outline how we deal with uncertainty from a practical point of
view, but his descriptions are straw-man caricatures, there to be demolished, which
he proceeds to do. The best modern approach, certainly for long-term financial and
investment problems such as pension fund management is stochastic programming;
the reader will find a general overview plus a range of case studies in the collection
[9]. This approach rightly emphasizes hedging as the primary means of guarding
against uncertainty.

Recently, connections have been drawn between the idea of Knightian uncertainty
and the theory of coherent or convex risk measures, see [8, Sect. 4.2]. Specifically,
these authors prove the following robust representation theorem, in which X is
the set of bounded measurable functions on a measurable space (Ω,F ), and M f

1
denotes the set of finitely-additive set functions Q on F such that Q(Ω) = 1.

Theorem [8, Proposition 4.15] A functional ρ : X → R is a coherent risk measure
if and only if the exists Q ⊂ M f

1 such that

ρ(X) = sup
Q∈Q

EQ[−X ], X ∈ X .

This result is called ‘robust’ because no fixed probability Q is specified; instead we
take the ‘worst case’. This is an elegant result with many applications but to this
author it is not Knightian uncertainty. The sample space Ω is fixed, meaning that we
have already settled on the possible set of events, and then we are choosing some
class of possible probability measuresQ, unrelated to the data, in a situation where,
according to Keynes, ‘there is no scientific basis on which to form any calculable
probability whatever’. We leave this as a subject for debate.

4 Weather Forecasting, Prequential Statistics
and Consistency

We now turn to the third component in sizing up a prediction problem, namely how
we might check that our predictions are correct. Much of the work in this direction
originates in meteorology, a major discipline in its own right in which forecasting
has always been recognised as one of the primary objectives. The techniques used,
which are described in detail in the recent account [22], have developed in a rather
different way to those of other applications such as finance, but there is much to learn
from them. Weather and climate prediction is based on large-scale computer code
solving complex systems of PDEs that model the atmosphere. A large part of the
problem is estimating the sensitivity of the results to small errors in the parameters, an
endeavour that is now known asUncertaintyQuantification [21].Weather forecasting
is based on the output from these models. One application is probability prediction
in which the forecaster predicts the probability of, say, ‘rain tomorrow’. There is no
way to say whether such a forecast is correct on any particular day, but we can check
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correctness in the long run bymonitoring the outputs over time, which is the approach
advocated in Dawid’s ‘prequential’ approach to statistics [5]. In particular, the weak
prequential principle prescribes that evaluation should be based only on observed
data and the numerical values of predictions, short-circuiting any consideration of
‘model correctness’.

In [4] this process is formalised to give a definition of consistency of predic-
tions. In summary, the idea is as follows. We observe a real-valued price series
X (1), . . . , X (n) and a vector series of other, auxiliary, data H(1), . . . , H(n) and
wish to compute some statistic relating to the conditional distribution of X (n + 1)
given {X (k), H(k), k = 1, . . . , n}. A statistic of a distribution F is some functional
of F such as a quantile or mean value. Let s(F) denote the value of this statistic for
a candidate distribution function F .

Amodel for the data is a discrete-time stochastic process (X̃(k), H̃(k)) defined on
a canonical sequence space, so that differentmodels correspond to different choices of
probabilitymeasureP on this space.Wewill be considering familiesP of probability
measures, and use the notation P = {Pm, m ∈ M}, where M is an arbitrary index
set, to identify different elements Pm ofP .

Now we can define the concept of consistency for a statistic s relative to a class of
modelsP . Let I(P) denote the set of strictly increasing predictable processes (bn)

on (Ω, (Fk)) such that limn→∞ bn = ∞ a.s. ∀Pm ∈ P . Often, bk will actually be
deterministic. A calibration function is a measurable function � : R2 → R, chosen
so that

E
m[�(X̃(k), s(Fm

k ))|Fk−1] = 0 (1)

for all P
m in some class P . This property is equivalent to saying that Yk :=

�(X̃(k), s(Fm
k )) is a martingale difference sequence, whatever the underlying mea-

sure Pm ∈ P .

Definition 1 A statistic s is (�, b,P)-consistent, where � is a calibration function,
b ∈ I(P) and P is a set of probability measures on (Ω,F ), if

lim
n→∞

1

bn

n∑

k=1

�(X̃(k), s(Fm
k )) = 0 P−a.s. for all P ∈ P. (2)

As an example, consider the case of quantile forecasting, where s(F) = qβ(F) =
{x : F(x−) ≤ β and F(x+) ≥ β}, the set of β-quantiles. Possible choices for � and
b are �(x, q) = 1(−∞,q](x) − β and bn = n. Then the n’th term in (2) measures the
difference between β and the average frequency of times the realised value X̃(k) lies
below the quantile qk

β predicted at time k − 1 over the time interval 1, . . . , n. This is
the obvious ‘back-test’ for a quantile estimator. The key point is that the criterion (2)
satisfies the weak prequential principle: we are not using anything we do not directly
observe. Theorem 5.2 of [4] shows that the β-quantile is (�, b,P)-consistent with
these choices of �, b ifP is the set of measures such that all conditional distribitions
Fm

k belong to the set Fc of continuous distribution functions.
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In a practical application we observe the data sequence X (1), . . . , X (n − 1) and
produce an estimate π(n), based on some algorithm, for what we claim to be s(Fn).
We evaluate the quality of this prediction by calculating

Jn(X, π) = 1

bn

n∑

k=1

�(X (k), π(n)).

Consistency is a ‘reality check’: it says that if Xi were actually a sample function
of some process and we did use the correct predictor π(i) = s(Fi ) then the loss Jn

will tend to 0 for large n, and this will be true whatever the model generating X (i),
within the classP , so a small value of Jn is evidence that our prediction procedure
is well-calibrated. The evidence is strongest whenP is a huge class of distributions
and bn is the slowest-diverging sequence that guarantees convergence in (2) for all
P ∈ P . Several cases are analysed in detail in [4].

Consistency is closely related to elicitability, a concept in decision-theoretic sta-
tistics whose origins go back to Savage [19], recent contributors including [10, 14,
23]. It is a familiar fact that if Y is a finite-variance random variable the function
x 	→ E[(Y − x)2] isminimised at x = E[Y ], and this is truewhatever the distribution
of Y within the L2 class. Elicitability is a generalisation of this idea: given a random
variable Y with distribution function F chosen from some class F, and a statistic s,
can we characterise s(F) as a minimizing value for the function x 	→ E[S(x, Y )],
for all F ∈ F, for some score function S(x, y)? If the answer is yes, s is said to be
elicitable (within the class F). In general, a function S(x, y) is a score function if it
is measurable and for each y the function x 	→ S(x, y) is convex, equal to 0 if and
only if x = y and smooth at all x 
= y. It is possible to prove theorems stating that
various statistics s either are, or are not, elicitable. Besides themean value, with score
function (x − y)2, another elicitable statistic is the β-quantile, for which a possible
score function, shown in Fig. 3, is S(x, y) = (1(x≥y) − β)(x − y) with F = L1.

When S is C1 we can characterise minimality by solving

∂

∂x
E[S(x, Y )] = E

[
∂S

∂x
(x, Y )

]
= 0.

For the score function of Fig. 3, which is not C1, we have ∂S/∂x = 1x≥y − β, so
E [(∂S/∂x)(x, Y )] = 0 when F(x) = β, i.e. x is any β-quantile, so long as F ∈ Fc.
Note that 1x≥y − β is exactly the calibration function � specified in the quantile

Fig. 3 Score function for
β-quantile
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consistency test above, and this is the general situation: if we have an elicitable
statistic s with score function S then the corresponding calibration function is � =
∂S/∂x . For the connection with martingales, note from (1) that at each time k − 1
we are taking the conditional expectation, with distribution Fm

k , different at each k,
which characterises the martingale difference property while being in line with the
elicitability idea that all Fm

k lie in some fixed class F.
It would be nice to say that there is a one-to-one correspondence between elic-

itability and consistency using the above relationship, but this is not completely
straightforward. We saw above that for quantiles the appropriate class of distrib-
utions is L1 for elicitability but Fc for consistency. There is also the role of the
normalizing sequence bn in (2) to be considered. In some cases such as mean esti-
mation bn has to be a stochastic sequence and things become much less clear-cut.
See [4] for further discussion of these points.

5 Mandelbrot’s Seven States of Randomness

Mandelbrot introduces this idea in Chapter E5 of his book Fractals and Scaling
in Finance: Discontinuity, Concentration, Risk [16]. We will only give the briefest
of details here since, while the ideas are highly suggestive, we do not make use
of Mandelbrot’s technical results in this paper. The discussion in Chapter E5—and
here—is centred around i.i.d. random variables X1, X2, . . . although many of the
results extend mutatis mutandis to stationary sequences and beyond.

In the i.i.d. case the classification of states refers to the distribution function of X1

and specifically to its right-hand tail. First, there is a 3-way classification into mild,
slow and wild states of randomness which, it is cogently explained, are analogous
to the gas, liquid and solid states of matter (in that order). In Sect. 4.4 of the chapter
these three states are refined into 2, 2 and 3 sub-categories respectively, giving the
advertised seven states, but we will not consider this sub-division further.

The 3-way classification is based on the idea of portioning, the relative contribu-
tions of the addends Xi to the sum Sn = ∑n

i Xi . Portioning is even if all addends
play a similar role and this is mild randomness, whereas wildness is the case in which
portioning is concentrated, meaning that the sum is dominated by a few addends.
Slow randomness is an intermediate case in which portioning is concentrated in the
short run but even in the long run. Paradigm distributions for the three categories
mild, slow wild are the normal, log-normal and stable distributions respectively.

The question of portioning can be studied by examining the ratio of the maximum
to the sum, i.e.

Rn = Mn

Sn

where Mn = max{X1, . . . , Xn}. If the Xi are non-negative then Rn ∈ [0, 1] and one
expects Rn ∼ 1/n for large n. Figures4 and 5 show sample functions of n Rn . In
Fig. 4 we have sample functions from the normal and log-normal distributions (both

http://dx.doi.org/10.1007/978-3-319-25826-3_4
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Fig. 4 n × max/sum for
i.i.d. samples. At data point
1000, ordering is log-normal
(highest), FTSE100 index
returns (middle), normal
(lowest)
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Fig. 5 n × max/sum for
i.i.d. samples maximum of 0
and symmetric α-stable with
α = 1.8
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with mean and variance equal to 1) and the third curve is n Rn computed from the
weekly returns of the FTSE100 stock index over 1000weeks in 1992–2013 rescaled
to mean=variance=1. The ‘mild’ behaviour of the normal case is evident, as is the
fact that individual summands play a non-negligible role in the other two cases. From
this admittedly anecdotal evidence it appears that the FTSE returns are no more wild
than the log-normal. Figure 5 is based on a sample function of the symmetric α-stable
distribution with α = 1.8. Huge jumps play a dominating role.

There is a sizeable literature on the asymptotic properties of Rn . A brief summary
for i.i.d. sequences will be found in [7, Sect. 6.2.6]. Further papers are [1, 11]. In [1]
the authors show that, for stationary strong mixing Xn , if suitably scaled versions
S̃n, M̃n converge individually to N (0, 1) and G respectively where G is an extreme
value distribution then (under technical conditions)

lim
n→∞E

[
eit S̃n 1(M̃n≤x)

]
= e−t2/2G(x),

so that asymptotically the two terms are independent.
Amore difficult problem, asMandelbrot acknowledges, is to delineate the bound-

aries of the ‘slow’ classification, as this by definition involves finite sample lengths,
not just asymptotic behaviour.
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6 The Beaufort Predictability Index (BPI)

Following the above discussion, we now propose a preliminary (‘1805’) formulation
of the Predictability Index. It is based on the five criteria C1, . . . , C5 specified in
Table2; with each criterion is associated a score of +1, 0,−1 (denoted +, 0,− in
the table) attained when that criterion is fully, partially, or not at all satisfied. The
predictability index, taking values 0, 1, . . . , 10, is defined by

BPI = 5 −
5∑

i=1

Ci . (3)

The criteria are interpreted as follows.C1 specifies whether there is some physical
model describing the production of the data. This may be a simple model, as in the
Geiger counter, or a highly complex model, as in weather forecasting. C2 classifies
the state of randomness along the lines proposed byMandelbrot but, crucially, taking
into account what statistic it is that one is trying to predict. For example in the case
of financial data, point (i.e. conditional expectation) prediction is Wild but quantile
prediction is Intermediate. The conventional autocorrelation function plot, Fig. 6,
showing that the acf of absolute value of returns is much higher than that of the
returns themselves, gives a hint why this is the case. C3 assesses the amount of
relevant data available. The score +1 includes the case where, as in roulette, data is
not needed,while the score−1 is incurredwhen some critical piece of data ismissing,
as in the CDO example of Sect. 1. C4 is concerned with the question of how far ahead

Table 2 Predictability Criteria

Criterion Description

C1 Physical model + Simple model

0 Complex model

− No physical model

C2 State of Randomness + Mild

0 Intermediate

− Wild

C3 Relevant data + Plenty (or not needed)

0 Limited amount

− Key data missing

C4 Prediction horizon + Short (or irrelevant)

0 Intermediate

− Long

C5 Consistency test + Yes (or not needed)

0 Not reliable

− No
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Fig. 6 Empirical
autocorrelation functions for
the FTSE100 return data, for
returns (solid line) and
absolute value of returns
(dashed line)
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we are trying to predict in relation to the randomness of the data. For example, in
weather forecasting a horizon of a few days is ‘Short’, while anything over twoweeks
is ‘Long’, whereas for insurance even a time horizon of some years could be Short.
Finally, C5 asks whether our prediction algorithm can survive consistency tests. As
wepointed out in Sect. 4, it is quite possible to predict return quantiles in financial data
even when that data is not Mild and we have no conventional statistical model. We
score +1 in that situation. In assessing criteria C3 − C5 we must also award a score
of +1 when the criterion is irrelevant or not needed (this covers the ‘axiomatic’ case
of roulette etc.). Now let us evaluate the scores for the various prediction problems

Table 3 BPI examples

Problem C1 C2 C3 C4 C5 BPI

1. Roulette + + + + + 0

2. Geiger Counter

– Short horizon + + + + + 0
– Long horizon + + + − + 2

3. Weather forecasting

– Short term 0 0 + + + 2
– Long term 0 − 0 − − 8

4. Car insurance − + + 0 + 3

5. Life insurance

– Mortality 0 0 + − 0 5
– Pensions 0 − + − 0 6

6. Finance

– Point estimates − − − − − 10
– Quantiles, short term − 0 0 + + 4
– Quantiles, long term − 0 0 − 0 7
– Credit risk, CDOs − 0 − − − 9
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Table 4 Descriptions of BPI
categories

BPI Description

0 Axiomatic probability assignment

1 Accurate physical model with simple calibration

2 Physical model and/or abundant data

3 Reliable statistical or physical model

4 Less satisfactory model but survives consistency tests

5 Problems with data or validity of model

6 Model uncertainty must be explicitly allowed for

7 More serious model uncertainty

8 Severe model uncertainty

9 Borderline Knightian Uncertainty

10 Knightian Uncertainty

considered in this paper. The author’s estimates are presented in Table3. Readers
may, and no doubt will, dispute the scores awarded in detail, but the table does point
up dramatic differences in the ease of prediction occasioned by deteriorating data
quality and increasing horizon in relation to the degree of randomness.

Finally, on the basis of these examples we can arrive at some preliminary classifi-
cation of the prediction problem in the light of the achieved scores, which we present
in Table4.

7 Concluding Remarks

This is very much a first, or 1805, attempt at constructing a Predictability Index, and
no doubt there is plenty of room for improvement. In particular it would be desirable
to establish on a scientific basis the relationship between the quality and state of
randomness of the data and a reasonable estimate of prediction horizon. A rough
and ready method is the obvious one of constructing the empirical autocorrelation
function and regarding the horizon as the time beyond which the autocorrelation is
essentially zero, but there must be better ways for specific problems. On the other
hand the five criteria of Table2 do seem to be, at the least, factors that any analyst
should take into account in sizing up a prediction problem.
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Abstract We study optimal stochastic control problems of general coupled systems
of forward-backward stochastic differential equations with jumps. By means of the
Itô-Ventzell formula, the system is transformed into a controlled backward stochastic
partial differential equation. Using a comparison principle for such equations we
obtain a general stochastic Hamilton-Jacobi-Bellman (HJB) equation for the value
function of the control problem. In the case of Markovian optimal control of jump
diffusions, this equation reduces to the classical HJB equation. The results are applied
to study risk minimization in financial markets.
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1 Introduction

In classical theory of stochastic control of systems described by stochastic differential
equations (SDEs) there are two main solution methods:

(i) Dynamic programming,which leads to aHamilton-Jacobi-Bellman (HJB) equa-
tion. This is a deterministic non-linear partial differential equation (PDE) in the
(unknown) value function for the problem.

(ii) The maximum principle, which involves the optimization of the Hamiltonian
and an associated backward stochastic differential equation (BSDE) in the
(unknown) adjoint processes, to obtain optimality conditions for the control.

Dynamic programming is a very efficient solution method for Markovian systems.
The maximum principle, on the other hand, can also be applied in a non-Markovian
setting, but leads to a coupled system of forward-backward SDEs (FBSDEs) with
constraints, which is difficult to solve in general.

In viewof this it is natural to ask if there is an extension of theHJBapproach to non-
Markovian systems. The answer has been known to be yes, at least in some cases; we
refer in particular to the papers [1, 10] and the references thereinwhere stochasticHJB
equations associated to optimal control of non-Markovian SDEs driven by Brownian
motions are studied. Note that in these papers the control does not enter the diffusion
coefficient. We also mention the paper [2] where path-dependent stochastic control
problems and associated path-dependent HJB equations are studied.

The purpose of the present paper is to show that the answer is yes also in the
general context of optimal control of non-Markovian systems of forward-backward
stochastic differential equations (FBSDEs) driven by Itô-Lévy processes.We obtain a
stochastic HJB equation, which is a backward stochastic partial differential equation
(BSPDE). This equation reduces to a classical deterministic HJB equation when the
system is a Markovian SDE.

The relation between FBSDEs and BSPDEs has been known for several years.
See in particular [5] and the references therein, and [4] for theMarkovian case, which
leads to backward deterministic PDEs. None of the above papers deal with jumps.

The contribution of our paper lies in the application of the results in [5] to optimal
control of FBSDEs. However, we do not discuss existence and uniqueness issues for
BSPDEs.

In the last part of the paper we illustrate our results by studying some applications
to finance, in particular, a risk minimization portfolio problem.

2 Optimal Control of FBSDEs

Consider the following controlled coupled FBSDE: The forward equation in X (t)
has the form
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⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d X (t) = α(t, X (t), Y (t), Z(t), K (t, ·), u(t, X (t)))dt

+β(t, X (t), Y (t), Z(t), K (t, ·), u(t, X (t)))d B(t)

+
∫

R

γ(t, X (t), Y (t), Z(t), K (t, ·), u(t, X (t)), ζ)Ñ (dt, dζ) ; t ∈ [0, T ]
X (0) = x ∈ R.

(1)
The backward equation in Y (t), Z(t), K (t, ζ) has the form

⎧
⎪⎪⎨

⎪⎪⎩

dY (t) = −g(t, X (t), Y (t), Z(t), K (t, ·), u(t, X (t)))dt + Z(t)d B(t)

+
∫

R

K (t, ζ)Ñ (dt, dζ) ; t ∈ [0, T ];
Y (T ) = h(X (T )),

(2)

where B(t) = B(t,ω) and Ñ (dt, dζ) = N (dt, dζ) − ν(dζ)dt; t ∈ [0, T ],ω ∈ Ω,

ζ ∈ R0 := R − {0} are a Brownianmotion and an independent compensated Poisson
random measure, respectively, on a given filtered probability space (Ω,F ,F :=
{Ft }t≥0, P) satisfying the usual conditions. The measure ν is the Lévy measure of
the Poisson random measure N (·, ·). The given functions

α(t, x, y, z, k, u,ω) : [0, T ] × R
3 × R × W × Ω → R

β(t, x, y, z, k, u,ω) : [0, T ] × R
3 × R × W × Ω → R

γ(t, x, y, z, k, u, ζ,ω) : [0, T ] × R
3 × R × W × R0 × Ω → R

g(t, x, y, z, k, u,ω) : [0, T ] × R
3 × R × W × Ω → R

are assumed to be F-predictable for each x, y, z, k, u.
Here,R denotes the set of functions k(ζ) : R0 → R and W is a given set of admis-

sible control values u(t, x,ω), where u(t) = u(t, X (t),ω) is our control process. The
function h(x,ω) : R × Ω → R is assumed to be FT -measurable for each x and C1

with respect to x for each ω.
We letA denote a given set of controls, contained in the set of predictable control

processes u(t) such that the FBSDE system (1) and (2) has a unique solution X =
Xu ∈ S2, (Y = Y u, Z = Zu, K = K u) ∈ S2 × H 2 × H 2

ν where S2 is the set of real-
valued càdlàg adapted processes φ with E(sup0≤t≤T |φ(t)|2) < ∞; H 2 is the set of

real-valued predictable processes φ such that E
[∫ T

0 φ(t)2dt
]

< ∞, and H 2
ν is the

set of predictable processes � such that E
[∫ T

0

∫
R

|�(t, ζ)|2ν(dζ) dt
]

< ∞.

We refer to [7] for information about stochastic calculus and control for jump
diffusions, and to [3] for existence and uniqueness results on FBSDEs.

If u ∈ A, we call u admissible. We want to find û ∈ A such that

sup
u∈A

Y u(0) = Y û(0). (3)
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First we try to write the solution Y (t) above in the form

Y (t) = y(t, X (t)) (4)

for some randomfield y(t, x) = y(t, x,ω)which, togetherwith z(t, x) and k(t, x, ζ),
satisfies a BSPDE of the form

⎧
⎪⎪⎨

⎪⎪⎩

dy(t, x) = Au(y(·), z(·), k(·))(t, x)dt + z(t, x)d B(t)

+
∫

R

k(t, x, ζ)Ñ (dt, dζ); t ∈ [0, T ]
y(T, x) = h(x),

(5)

for some partial integro-differential operator Au acting on x .

Remark 1 We interpret the Eq. (5) in the weak (variational) sense, which means that
y ∈ L2([0, T ] × R × Ω) and y(·, ·,ω) ∈ C

([0, T ]; L2(R)
) ∩ L2

([0, T ]; V
)
for all

ω, and for all φ ∈ C∞
0 (R); t ≥ 0,

< y(t, ·),φ >=< y0(·),φ > +
∫ t

0
< Au y(s, ·),φ > ds

+
∫ t

0
< z(s, ·),φ > d B(s) +

∫ t

0

∫

R

< k(s, ·, ζ),φ > Ñ (ds, dζ), (6)

for some y0(·) ∈ V , where <,> denotes the dual pairing between the space V and
its dual V ∗, and V := W 1,2

0 (R) is the Sobolev space of order one with zero boundary
condition at infinity. Note that with this framework the Itô calculus can be applied
to (5). See [10, 11].

By the Itô-Ventzell formula (see [9] and the references therein),

dY (t) = Au(y(·), z(·), k(·))(t, X (t))dt + z(t, X (t))d B(t)

+
∫

R

k(t, X (t), ζ)Ñ (dt, dζ) + y′(t, X (t))[α(t)dt + β(t)d B(t)]

+ 1

2
y′′(t, X (t))β2(t)dt

+
∫

R

{y(t, X (t) + γ(t, ζ)) − y(t, X (t)) − y′(t, X (t))γ(t, ζ)}ν(dζ)dt

+
∫

R

{y(t, X (t) + γ(t, ζ)) − y(t, X (t))}Ñ (dt, dζ) + z′(t, X (t))β(t)dt

+
∫

R

{k(t, X (t) + γ(t, ζ), ζ) − k(t, X (t), ζ)}ν(dζ)dt

+
∫

R

k(t, X (t−) + γ(t, ζ), ζ)Ñ (dt, dζ), (7)
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where y′(t, x) = ∂y

∂x
(t, x) etc. and using the shorthand notation α(t) = α(t, X (t),

Y (t), Z(t), K (t, ·), u(t)) etc. Rearranging the terms we see that

dY (t) = [Au(y(·), z(·), k(·))(t, X (t)) + y′(t, X (t))α(t) + 1

2
y′′(t, X (t))β2(t)

+
∫

R

{y(t, X (t) + γ(t, ζ)) − y(t, X (t)) − y′(t, X (t))γ(t, ζ)}ν(dζ)

+ z′(t, X (t))β(t) +
∫

R

{k(t, X (t) + γ(t, ζ), ζ) − k(t, X (t), ζ)}ν(dζ)]dt

+ [z(t, X (t)) + y′(t, X (t))β(t)]d B(t)

+
∫

R

{y(t, X (t) + γ(t, ζ)) − y(t, X (t)) + k(t, X (t) + γ(t, ζ), ζ)}Ñ (dt, dζ).

(8)

Comparing (8) with the original Eq. (2) for Y we deduce the theorem

Theorem 1 Suppose that (y(t, x), z(t, x), k(t, x, ·)) satisfies the BSPDE

dy(t, x) = −Au(t, x)dt + z(t, x)d B(t) +
∫

R

k(t, x, ζ)Ñ (dt, dζ); y(T, x) = h(x)

(9)
where

Au(t, x) = Au(y(·), z(·), k(·))(t, x)

:= g(t, x, y(t, x), z(t, x) + y′(t, x)β(t),

y(t, x + γ(t, ·)) − y(t, x) + k(t, x + γ(t, ·), ·), u(t, x))

+ y′(t, x)α(t) + 1

2
y′′(t, x)β2(t) + z′(t, x)β(t)

+
∫

R

{y(t, x + γ(t, ζ)) − y(t, x) − y′(t, x)γ(t, ζ)}ν(dζ)

+
∫

R

{k(t, x + γ(t, ζ), ζ) − k(t, x, ζ)}ν(dζ). (10)

Then (Y (t), Z(t), K (t, ζ)), given by

Y (t) := y(t, X (t)), (11)

Z(t) := z(t, X (t)) + y′(t, X (t))β(t), (12)

K (t, ζ) := y(t, X (t) + γ(t, ζ)) − y(t, X (t)) + k(t, X (t) + γ(t, ζ), ζ), (13)

is a solution of the FBSDE system (1) and (2).
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Definition 1 We say that the BSPDE (9) satisfies the comparison principle with
respect to u if for all u1, u2 ∈ A and all FT -measurable random variables h1, h2

with corresponding solutions (yi , zi , ki ), i = 1, 2, of (9) such that

Au1(t, x) ≤ Au2(t, x) for all t, x ∈ [0, T ] × R

and h1(x) ≤ h2(x) for all x ∈ R,

we have
y1(t, x) ≤ y2(t, x) for all t, x ∈ [0, T ] × R.

Sufficient conditions for the validity of comparison principles for BSPDEs with
jumps is still an open question in this setting. For related results see [6]. However in
the Brownian case, sufficient conditions for the validity of comparison principles for
BSPDEs of the type (10) are given in Theorem7.1 in [5]. Using this result we get

Theorem 2 Assume that the following holds:

• N = K = 0, i.e. there are no jumps
• The coefficients α, β, and g are F—progressively measurable for each fixed

(x, y, z) and h is FT —measurable for each fixed x
• α,β, g, h are uniformly Lipschitz-continuous in (x, y, z)
• α and β are bounded and E[∫ T

0 g2(t, 0, 0, 0)dt + h2(0)] < ∞
• α and β do not depend on z.

Then the comparison principle holds for the BSPDE (9).

From the above we deduce the following result, which may be regarded as a
stochastic HJB equation for optimal control of possibly non-Markovian FBSDEs.

Theorem 3 (Stochastic HJB equation.) Suppose the comparison principle holds
for the BSPDE (9). Moreover, suppose that for all t, x,ω there exists a maximizer
u = û(t, x) = û(y, y′, y′′, z, z′, k)(t, x,ω) of the function u → Au(t, x). Suppose
the system (9) with u = û has a unique solution (ŷ(t, x), ẑ(t, x), k̂(t, x, ·)) and that
û(t, X (t)) ∈ A. Then û(t, X (t)) is an optimal control for the problem (3), with
optimal value

sup
u∈A

Y u(0) = Y û(0) = ŷ(0, x). (14)

Note that in this general non-Markovian setting the classical value function from
the dynamic programming is replaced by the solution ŷ(t, x) of the BSPDE (9) for
u = û.
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3 Applications

We now illustrate Theorem3 by looking at some examples.

Example 1 (Maximizing expected utility from terminal wealth) First we consider the
Merton problem, the solution of which is well known in the Markovian case with
deterministic coefficients. Here we consider the general non-Markovian case, when
the coefficients are stochastic processes. Consider a financial market consisting of a
risk free investment, with unit price S0(t) := 1; t ∈ [0, T ], and a risky investment,
with unit price

d S1(t) = S1(t)[b(t)dt + σ(t)d B(t)]; t ∈ [0, T ]. (15)

Here b(t) = b(t,ω) and σ(t) = σ(t,ω) > 0 are given adapted processes. Let
u(t, X (t)) be a portfolio, representing the amount invested in the risky asset at time
t. If u is self-financing, then the corresponding wealth X (t) at time t is given by the
stochastic differential equation

d X (t) = d Xu
x (t) = u(t, X (t))[b(t)dt + σ(t)d B(t)], t ∈ [0, T ]; X (0) = x > 0.

(16)

Let (Y (t), Z(t)) = (Y u
x (t), Zu

x (t)) be the solution of the BSDE

dY (t) = Z(t)d B(t), t ∈ [0, T ]; Y (T ) = U (X (T )), (17)

where U (X) = U (X,ω) is a given utility function, possibly random. Then

Y u
x (0) = E[U (Xu

x (T ))].

Therefore, the classical portfolio optimization problem of Merton is to find û ∈ A
such that

sup
u∈A

Y u
x (0) = Y û

x (0). (18)

In the following we assume that

sup
u∈A

Y u
x (0) < ∞. (19)

In this general non-Markovian setting with stochastic coefficients b(t) = b(t,ω) and
σ(t) = σ(t,ω) > 0, an explicit expression for the optimal portfolio û is not known.
We apply the theory from the previous sections to study this problem. In this case
we get, from (10),

Au(t, x) = y′(t, x)ub(t) + 1

2
y′′(t, x)u2σ2(t, x) + z′(t, x)uσ(t) (20)
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which is maximal when

u = û(t, x) = − y′(t, x)b(t) + z′(t, x)σ(t)

y′′(t, x)σ2(t)
. (21)

Substituting this into Aû(t, x) we obtain

Aû(t, x) = − (y′(t, x)b(t) + z′(t, x)σ(t))2

2y′′(t, x)σ2(t)
. (22)

Hence the BSPDE for y(t, x) gets the form

⎧
⎨

⎩
dy(t, x) = (y′(t, x)b(t) + z′(t, x)σ(t))2

2y′′(t, x)σ2(t)
dt + z(t, x)d B(t); t ∈ [0, T ]

y(T, x) = U (x).

(23)

We have proved:

Proposition 1 Suppose there exists a solution (y(t, x), z(t, x)) of the BSPDE (23)
with y′′(t, x) < 0. Suppose that û defined in (21) is admissible. Then û is optimal for
problem (18) and

y(0, x) = sup
u∈A

Y u
x (0) = Y û

x (0). (24)

Note that if b,σ and U are deterministic, we can choose z(t, x) = 0 in (23) and this
leads to the following (deterministic) PDE for y(t, x):

∂y

∂t
(t, x) − y′(t, x)2b2(t)

2y′′(t, x)σ2(t)
= 0; t ∈ [0, T ]; y(T, x) = U (x). (25)

This is the classical Merton PDE for the value function, usually obtained by dynamic
programming and the HJB equation. Hence wemay regard (21)–(23) as a generaliza-
tion of theMerton equation (25) to the non-Markovian case with stochastic b(t),σ(t)
and U (x). The Markovian case corresponds to the special case when z(t, x) = 0 in
the BSDE (25). Therefore ŷ(s, x) is a stochastic generalization of the value function

ϕ(s, x) := sup
u∈A

E[U (Xu
s,x (T ))] (26)

where
d Xu

s,x (t) = u(t)[b(t)dt + σ(t)d B(t)]; t ≥ s; Xu
s,x (s) = x . (27)
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Let us compare with the use of the classical HJB:

⎧
⎨

⎩

∂ϕ

∂s
(s, x) + max

v

{
1

2
v2σ2

0(s)ϕ
′′(s, x) + vb0(s)ϕ

′(s, x)

}
= 0; s < T

ϕ(T, x) = U (x).

(28)

The maximum is attained at

v = û(s, x) = − b0(s)ϕ′(s, x)

ϕ′′(s, x)σ2
0(s)

. (29)

Substituted into (28) this gives the HJB equation

∂ϕ

∂s
(s, x) − ϕ′(s, x)2b2

0(s)

ϕ′′(s, x)σ2
0(s)

= 0, (30)

which is identical to (25).

Example 2 (Risk minimizing portfolios) Now suppose X (t) = Xu
x (t) is as in (16),

while (Y (t), Z(t)) = (Y u
x (t), Zu

x (t)) is given by the BSDE

dY (t) = −(−1

2
Z2(t))dt + Z(t)d B(t); Y (T ) = X (T ). (31)

Note that the driver g(z) := −1

2
z2 is concave. We want to minimize the risk of the

terminal financial standing X (T ), denoted by ρ(X (T )). If we interpret the risk in the
sense of the convex risk measure defined in terms of the BSDE (31) we have

ρ(X (T )) = −Y (0).

See e.g. [12, 13] for more information about the representation of risk measures via
BSDEs. The risk minimization problem is to find û ∈ A such that

inf
u∈A

−Y u
x (0) = −Y û

x (0), (32)

where Y u
x (t) is given by (31). By changing sign we can consider the supremum

problem instead. In this case we get

Au(t, x) = − 1

2
(z(t, x) + y′(t, x)uσ(t))2 + y′(t, x)ub(t)

+ 1

2
y′′(t, x)u2σ2(t) + z′(t, x)uσ(t), (33)
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which is minimal when u = û(t, x) satisfies

û(t, x) = − z(t, x)y′(t, x)σ(t) − y′(t, x)b(t) − z′(t, x)σ(t)

((y′(t, x))2 − y′′(t, x))σ2(t)
. (34)

This gives

Aû(t, x) = −1

2
ẑ2(t, x) + (ẑ(t, x)ŷ′(t, x)σ(t) − ŷ′(t, x)b(t) − ẑ′(t, x)σ(t))2

2((ŷ′(t, x))2 − ŷ′′(t, x))σ2(t)
.

(35)
and hence (ŷ(t, x), ẑ(t, x)) solves the BSPDE

d ŷ(t, x) = −Aû(t, x)dt + ẑ(t, x)d B(t), 0 ≤ t ≤ T ; ŷ(T, x) = x . (36)

We have proved:

Proposition 2 Suppose there exists a solution (ŷ(t, x), ẑ(t, x)) of the BSPDE (36).
Suppose û defined by (34) belongs to A. Then û is optimal for the risk minimizing
problem (32), and the minimal risk is

inf
u∈A

−Y u
x (0) = −Y û

x (0) = −ŷ(0, x). (37)

Next we look at the special case when b(t) and σ(t) are deterministic. Let us try to
choose ẑ(t, x) = 0 in (36). Then this BSPDE reduces to the PDE

⎧
⎨

⎩

∂ ŷ(t, x)

∂t
= − (ŷ′(t, x)b(t))2

2((ŷ′(t, x))2 − ŷ′′(t, x))σ2(t)
; 0 ≤ t ≤ T

ŷ(T, x) = x .

(38)

We try a solution of the form

ŷ(t, x) = x + a(t), (39)

where a(t) is deterministic. Substituted into (38) this gives

a′(t) = −1

2

(
b(t)

σ(t)

)2

, 0 ≤ t ≤ T ; a(T ) = 0 (40)

which gives

a(t) =
∫ T

t

1

2

(
b(s)

σ(s)

)2

ds; 0 ≤ t ≤ T .
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With this choice of a(t), (38) is satisfied and the minimal risk is

ρmin(X (T )) = −Y (û)(0) = −ŷ(0, x) = −x −
∫ T

0

1

2

(
b(s)

σ(s)

)2

ds (41)

Hence by (34) the optimal (risk minimizing) portfolio is

û(t, X (t)) = b(t)

σ2(t)
. (42)

Remark 2 Note that (41) can be interpreted by means of entropy as follows: Recall
that in general the entropy of a measure Q with respect to the measure P is defined
by

H(Q | P) := E

[
d Q

d P
ln

d Q

d P

]
.

Define

Γ (t) = exp

(
−

∫ t

0

b(s)

σ(s)
d B(s) − 1

2

∫ t

0
(

b(s)

σ(s)
)2ds

)
. (43)

By the Itô formula we have

d(Γ (t) lnΓ (t)) = Γ (t)

[
− b(t)

σ(t)
d B(t) − 1

2

(
b(t)

σ(t)

)2

dt

]

+ (lnΓ (t))Γ (t)

(
− b(t)

σ(t)
d B(t)

)
+ Γ (t)

(
− b(t)

σ(t)

) (
− b(t)

σ(t)

)
dt.

Hence, if we define the measure QΓ (ω) by

d QΓ (ω) := Γ (T )d P(ω) (44)

we get

E

[
d QΓ

d P
ln

d QΓ

d P

]
= E[Γ (T ) lnΓ (T )]

= E

[∫ T

0
Γ (t)

1

2

(
b(t)

σ(t)

)2

dt

]
= 1

2

∫ T

0

(
b(t)

σ(t)

)2

dt,

which proves that (41) can be written

ρmin(X (T )) = −x − H(QΓ | P). (45)

Note that QΓ is the unique equivalent martingale measure for the market (15), when
deterministic coefficients are considered.
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Thus we have proved that if the coefficients b(t) and σ(t) in (16) are deterministic
and if the portfolio û(t, X (t)) := b(t)

σ2(t) is admissible, then û is a risk minimizing
portfolio for the problem (32) and the minimal risk is equal to minus the initial
wealth x minus the entropy of the equivalent martingale measure. For alternative
solution approaches to this problem based on (i) the maximum principle for optimal
control of forward-backward SDEs, and on (ii) stochastic differential games, see the
survey paper [8].
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CoCos with Extension Risk. A Structural
Approach

José Manuel Corcuera, José Fajardo, Wim Schoutens
and Arturo Valdivia

Abstract In this paper we obtain some formulas for pricing contingent convertibles
subject to what we call extension risk, i.e., the possibility that the bond issuer does
not buy back the bond at pre-specified call dates. We follow a structural approach
and we address the finite and infinite maturity cases.

Keywords Contingent capital · Coco bond · Extension risk · Callable bond

1 Introduction

Contingent Convertible (CoCo) Bonds are hybrid debt instruments that have been
recently introduced in the light of the new regulatory reforms (CRD 4, Basel III, ...)
to enhance the capital levels of financial institutions. The associated loss absorbing
capacity of these bonds tries to minimize the future use of tax-payer money in a
potential rescue or wind-down of the financial institution when it comes in a life-
threatening situation. Upon the appearance of a trigger mechanism, related with the
insolvency of the issuer, the CoCo is either converted into a predefined number of
shares (conversion CoCo) or the face value of the bond is written down partially or in
full (write-down CoCo). We focus here on conversion CoCos. Since the evolution of
the stock price (St )t≥0 is stochastic, the (recovery) value of the bond after conversion
is unknown initially. We note that conversion is mandatory as opposed to convertible
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bonds, where conversion is a choice that the investor has. In addition, in practice
the bonds come often with a regulatory trigger, which gives the local regulator the
authority to trigger conversion or write-down whenever he deems this necessary.

The definition of a CoCo requires the specification of the following parameters.

K Face value of the CoCo.
C p Conversion price: the prefixed price of the share, for the investor,

in case of conversion.
T Maturity of the CoCo.
(Tci , ci )

m
i=1 Coupon structure: defines the time Tci at which an amount ci is paid

as coupon, i = 1, . . . , m.
τc Conversion time: the random time that defines when the CoCo con-

version takes place. In other words, τc defines the trigger mecha-
nism.

T1, T2, . . . , Tn Call dates: at these dates the issuer of the contract can redeem the
bond or he can opt to postpone the payment of the face value until
the next call date.

In absence of any call dates and only having a fixed maturity T , the CoCo’s final
payoff is given by

K +
m∑

i=1

ci exp

{∫ T

Tci

rudu

}
1{Tci <τc} +

(
K

C p
ST − K

)
1{τc≤T },

where (rt )t≥0 indicates the short rate process and we implicitly assumed that when
a conversion occurred shares then received are also held until maturity and coupon
cashflows are invested into the risk-free account. Notice that the CoCo’s payoff may
be seen as a defaultable bond with face value K , coupons ci , i = 1, . . . , m, and
random recovery K

C p
ST − K in case of “default”. These products are receiving an

increasing attention in the literature, see [3, 4]. For a comprehensive presentation
of these financial contracts see [12]. The differences among the contributions in the
literature are how stock dynamics, interest rates and conversion times are modelled.
For an intensity approachwhenmodelling the conversion time, see for instance [5, 9],
for a structural approach see [3, 4]. In this latter work the authors develop a capital
structure model. See also [6], where they consider the reduced and the structural
approaches in a very general context.

One of the criticism against CoCos is the possibility of a so-called death spiral
effect. This latter effect happens when CoCo’s holders, facing an undesirable conver-
sion, try to cover their risk by shortselling shares and, as a result, add on the decrease
in the share price, which brings the issuing company in even more distress. However
in [8], it was indicated that by allowing the possibility of cancellations of the coupons
associated to the CoCo bond the death spiral effect was mitigated; see also [10] for
another treatment of the same problem.

Bonds and CoCo bonds in particular often come with a series of call dates at
which the issuer can redeem earlier the bond. In some cases and in particular in old
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style bonds the issuer has an incentive to redeem earlier. For example, if the issuer
chooses not to redeem the bond at a call date, a step-up can apply: the original coupon
payment is changed and an additional spread is added (the step-up). This step-up can
be seen as a penalty to the issuer for not redeeming the bond at the call date. Investors
do not get their principal back at the call date but have to wait at least until the next
call date, but they are entitled to receive higher coupon payments. These incentives to
redeem the bond make that, in practice, T1 is in most cases assumed to be the actual
maturity of the bond and therefore most models have been specified without call
dates and just are in terms of a fixed maturity (taken equal to the first call date T1).

However, under the new regulation (especially the Basel III requirements and the
CRD IVdirective, see [1]), in order that certain (hybrid) bonds account forAdditional
Tier 1 capital for the issuing financial institutions, no incentives to redeemare allowed
anymore. Therefore, all the newAT1 (CoCo) bonds have no step-up anymore,making
extension of the bond much more likely.

Furthermore, it is up to the issuer to decide to redeem the bond at a call date and
the issuer will do so only if this is economically reasonable from his perspective. In
theory, one could say that the issuer would basically compare the situation of issuing
a new bond in line with the going market circumstances with the choice of keeping
the existing bond alive. If issuing a new bond would be more expensive in coupon
payments, compared with the coupons to be paid on the existing bond, he will not
redeem.

In addition, in the past, often reputation risk was an additional reason for the issu-
ing companies to redeem the bond. Issuing institutions did not want to upset their
bondholders with an extension of a bond. However, in the last years, this has changed
and major institutions like Deutsche Bank (Jan 2009) have made economically rea-
sonable decisions not to redeem outstanding bonds and have not really witnessed
reputational risk issues and have tapped the markets without much problem after-
wards. In this respect see additional comments in [7, 11–13, 17].

In this perspective, investors look now much closer to the callability features of
bonds and the likelihood of an extension has grown significantly. Indeed, on one
hand, reputation risk is not that prominent any more, but more importantly for AT1s,
since there is no incentive (step-up) any more to redeem, the probability that it makes
economically sense not to redeem is much higher. In this paper we incorporate this
risk of extension into the price of CoCo bonds. This has been already done by using
an intensity approach in [11]; here we follow a structural approach as in [8].

The paper is organized as follows. In the next section, we explain the meaning of
the extension risk and its effect on the price of bonds whose original prices, fixing a
maturity time and without call dates, are an increasing function of a contingent stock.
We elaborate how, when different call dates are introduced, one can view these bonds
as a kind of equity structured product in the sense that the payoff of this product will
depend just on the value of the stock in reference to some prefixed barriers. Then, in
the third section we consider CoCo bonds with cancellable coupons and extension
risk. We obtain an expression for their payoff and their price that depends on the
value of the stock at the call dates and certain credit events. The pricing of CoCo
bonds with extension risk is far from being straightforward. Therefore, in the fourth
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section we assume that the credit event times are the times when the value of the
stock hits some lower barriers and make the setting more specific by assuming the
Black-Scholes model, see [2], for the stock price dynamics. Finally in section five,
we consider the case of a perpetual CoCo bond.

2 Corporate Bonds with Extension Risk

Let π(t; c, K , T ) be the price, at time t , of a bond with maturity T and face value K
that pays a coupon c at Tc ≤ T (we consider a single coupon for simplicity). Next,
consider a contract that pays a coupon c1 at Tc1 ≤ T1 and at T1 can either pay back
the face value K or postpone the payment of it until T2 but pays a higher coupon
c2 at Tc2 between T1 and T2. We denote its time t price with π(t; c1, c2, K , T1, T2)

(where we omit the times of the coupon payments). To postpone or not the payment
of the face value depends on which is economically beneficial for the issuer of the
contract. In other words at time T1 the value of the contract is

min{K , π(T1; c2, K , T2)} = K − (K − π(T1; c2, K , T2))+ .

T1 is named the call date or call time, and the contract can be seen as consisting out
of a long position in a corporate bond with a coupon c1, face value K and maturity
time T1, and a short position in a put option with strike K , maturity time T1 and as
underlying a corporate bond with a coupon c2 (in the period (T1, T2)), face value K
and maturity time T2. We shall call this bond a bond with extension risk and we shall
denote its price at time t by π(t; c1, c2, K , T1, T2).

We can have a more complex contract with more call dates. For instance, consider
now two call dates T1, T2, and a time T3 that indicates the maturity of the contract.
In the period (0, T1) this bond, pays a coupon c1, and K at T1, or the latter payment
is postponed, depending on whether the condition K > π(T1; c2, c3, K , T2, T3) is
satisfied or not. Then if K ≤ π(T1; c2, c3, K , T2, T3) the contract continues and it
pays c2 in (T1, T2), and K at T2 if K > π(T2; c3, K , T3) otherwise it pays the coupon
c3 and K at T3. Now again this contract can be seen as a long position in a bond with
coupon c1 a face value K and maturity time T1 and a short position in a put option
with strike K , maturity time T1 and as underlying a bond with extension risk with
call date T2 and maturity T3, face value K and coupons c2, c3. The main question
this paper addresses is how to price these contracts.

Suppose that, for any fixed c2, K and T2, π(t; c2, K , T2) = f (St ) where f is a
continuous non-decreasing function and (St )t≥0 is a positive process with relative
independent increments, w.r.t. a risk neutral measure P∗, then π(t; c1, c2, K , T1, T2)

will be an increasing function of St : in fact the payoff at T1 is a non-decreasing
function of ST1 given by

min{K , π(T1; c2, K , T2)} = min{K , f (ST1)} := g(ST1),
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and, using the tilde for indicating discounted prices,

π̃(t; c1, c2, K , T1, T2) = c1π̃(t, Tc1) + E
∗
[

g(ST1)

BT1

∣∣∣∣Ft

]

= c1π̃(t, Tc1) + E
∗
⎡

⎣
g
(

ST1
St

x
)

BT1

⎤

⎦

∣∣∣∣∣∣
x=St

= c1π̃(t, Tc1) + h(t, St ), 0 ≤ t ≤ T1

where BT1 is the value of the numéraire (usually the bank account) at T1 and, to
shorten notation, we use π̃(t, Tc1) instead of π̃(t, 0, 1, Tc1), Tc1 is the time where
the coupon c1 is paid and

h(t, St ) := E
∗
⎡

⎣
g
(

ST1
St

x
)

BT1

⎤

⎦

∣∣∣∣∣∣
x=St

,

that is a non decreasing function of St . Hereafter we write E∗, to indicate the expec-
tation with respect to P

∗. So, if we consider N − 1 call dates T1, T2, . . . , TN−1 and
a maturity time TN we can write the payoff of this contract as

ci in (Ti−1, Ti ) if ST0 < M0, . . . , STi−1 < Mi−1, i ≥ 1

K at Ti if ST1 < M1, . . . , STi−1 < Mi−1, STi > Mi , i ≥ 1

for certain constants Mi that depend on K and ci+1, . . . , cN and the price formula
π(Ti ; ci+1, . . . , cN , K , Ti+1, . . . , TN :

Mi = max
{

STi : π(Ti ; ci+1, . . . , cN , K , Ti+1, . . . , TN ) < K
}
, i = 1, . . . , N − 1.

and the convention M0 = +∞, MN = 0.
Note the above is a backward procedure, in the sense that if we know how to obtain

π(TN−1; cN , K , TN ), a corporate bond without extension risk, we can calculate

MN−1 = max
{

STN−1 : π(TN−1; cN , K , TN ) < K
}

and then can obtain
π(T1; cN−1, cN , K , TN−1, TN ),

and from here we can obtain MN−2. Iterating this procedure, we finally obtain M1.
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3 CoCos with Extension Risk

In this section we treat the case where the corporate bond is a CoCo bond with
cancellable coupons, see [8] for the definition and pricing of such bonds. Set
T1, T2, . . . , TN for the call times where the issuer can redeem the CoCo bond. Set
τc for the conversion time and assume here that there are coupons ci j at times Ti j :
Ti−1 < Ti1, · · · ≤ Tim = Ti , i = 1, . . . , N , with T0 = 0, provided they are not can-
celled, in such a way that no credit event happens (this is indicated by τi j > Ti j where
τi j are certain stopping times) and the running stock price at Ti j is above certain value
Mi j , prefixed in advance, see [8] for the details. Then if we assume that the bond is
going to be called at time Tl and we are at time Tn there will be payments at times
Ti j :

ci j 1{τc>Ti j ,τi j >Ti j ,STi j >Mi j }, n + 1 ≤ i < l, 1 ≤ j ≤ m,

with
ci j = ci−1, je

si (Ti −Ti−1), i ≥ 1

where si , i ≥ 1 correspond to possible step-ups after extensions of the contract.
Finally at Tl we will have the payment of the face value of the bond, K , if there is
no conversion before:

K 1{τc>Tl }

and, in case of conversion, at τc:

K

C p
Sτc 1{τc≤Tl }

where C p is the conversion price. Then, the issuer will call the bond, in the most
economically favorable situation, in such a way that the discounted arbitrage price
of the contract at time Tn will be

ṼTn = inf
τ∈Tn

E
∗
[

Z̃τ,n

∣∣∣FTn

]

where Tn is the set of stopping times taking values in {Tn, Tn+1, . . . , TN } and

Z̃τ,n =
l:Tl=τ∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K e−rτ 1{τc>τ } + K

C p
S̃τc 1{τc≤τ }.

It is known that then ṼTn is given by the initial value of the lower1 Snell envelope of

1By a lower Snell envelope of a discrete time F-adapted process X := (Xi )
N
i=1, we understand

the minus Snell envelope of −X. See, for instance, Sect. 2.2 in [14] for the definition of the Snell
envelope of a process and its relationship with the problem of optimal stopping.
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X̃l,n := Z̃Tl ,n =
l∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K e−rTl 1{τc>Tl } + K

C p
S̃Tl 1{τc≤Tl },

l = n, . . . , N and where we assume that τc > τi j on [0, Ti j ].
Then

ṼTn = Ỹn,n = min
{

X̃n,n,E
∗
[

Ỹn+1,n

∣∣∣FTn

]}
,

with

ỸN ,n = X̃ N ,n =
N∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K e−rTN 1{τc>TN } + K

C p
S̃TN 1{τc≤TN }.

In particular

ỸN−1,n =
N−1∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K

C p
S̃TN−11{τc≤TN−1}

+ 1{τc>TN−1} min
{

K e−rTN−1 ,

E
∗
[ m∑

j=1

c̃N j 1{τN j >TN j ,STN j >MN j } + K e−rTN 1{τc>TN } + K

C p
S̃TN 1{τc≤TN }

∣∣∣∣FTN−1

]⎫⎬

⎭ .

If we write

π̃N−1,N (STN−1 )

:= E
∗
⎡

⎣
m∑

j=1

c̃N j 1{τN j >TN j ,STN j >MN j } + K e−rTN 1{τc>TN } + K

C p
S̃TN 1{τc≤TN }

∣∣∣∣∣∣
FTN−1

⎤

⎦ ,

then πN−1,N (STN−1) is the price of a CoCo bond with cancellable coupons issued at
time TN−1 with maturity time TN , face value K and conversion price C p. Now, we
assume that this is an increasing function of STN−1 (in the cases considered in [8], at
that we shall treat later, this is satisfied). Now, if we write

MN−1 := inf{x > 0 : πN−1,N (x) ≥ K },
we have that
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ỸN−1,n =
N−1∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K

C p
S̃τc 1{τc≤TN−1}

+ K e−rTN−11{τc>TN−1,STN−1≥MN−1} + π̃N−1,N (STN−1 )1{τc>TN−1,STN−1<MN−1}

=
N−1∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K

C p
S̃τc 1{τc≤TN−1} + K e−rTN−11{τc>TN−1,STN−1≥MN−1}

+E
∗
⎡

⎣
m∑

j=1

c̃N j 1{τN j >TN j ,STN j >MN j ,STN−1<MN−1} + K e−rTN 1{τc>TN ,STN−1<MN−1}

+ K

C p
S̃τc 1{STN−1<MN−1,TN−1<τc≤TN }

∣∣∣FTN−1

]
.

Weknow, by the induction argument in the previous section, that ỸN−1,n is an increas-
ing function of STN−1 and we can proceed backwards to obtain MN−2, in fact

ỸN−2,n

= min

⎧
⎨

⎩

N−2∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K e−rTN−2 + K

C p
S̃τc 1{τc≤TN−2},E∗ [ ỸN−1,n

∣∣∣FTN−2

]
⎫
⎬

⎭

=
N−2∑

i=n+1

m∑

j=1

c̃i j 1{τi j >Ti j ,STi j >Mi j } + K

C p
S̃τc 1{τc≤TN−2}

+ 1{τc>TN−2} min
{

K e−rTN−2 ,E∗ [ Λ̃N−2,N

∣∣∣FTN−2

]}

where

Λ̃N−2,N =
m∑

j=1

c̃N−1, j 1{τN−1, j >TN−1, j ,STN−1, j >MN−1, j } + K

C p
S̃τc 1{TN−2<τc≤TN−1}

+ K e−rTN−11{τc>TN−1,STN−1≥MN−1} +
m∑

j=1

c̃N j 1{τN j >TN j ,STN j >MN j ,STN−1<MN−1}

+ K e−rTN 1{τc>TN ,STN−1<MN } + K

C p
S̃τc 1{STN−1<MN−1,TN−1<τc≤TN }.

Then we have that the payoff of this contract can be written as

ci j 1{τi j >Ti j ,STi j >Mi j ,ST0<M0,...,STi−1<Mi−1} at times Ti j , i ≥ 1,

K 1{τc>Ti ,ST0<M0,...,STi−1<Mi−1,STi >Mi } at Ti , i ≥ 1,

K

C p
Sτc 1{�τc�≤TN ,ST0<M0,...,S�τc�−1<M�τc�−1} at τc.

where �τc� is the element of {T1, T2, . . . , TN } such that �τc� − 1 < τc ≤ �τc�, and,
by convention, M0 = ∞ and MN = 0.

So, on {t < τc ∧ τ }, where τ is the call time,
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Ṽt =
∑

i, j :Ti j >t

c̃i jP
∗ ( τi j > Ti j , STi j > Mi j , ST0 < M0, . . . , STi−1 < Mi−1

∣∣Ft
)

+
∑

i :Ti >t

K e−r(Ti −t)
P

∗ ( τc > Ti , ST0 < M0, . . . , STi−1 < Mi−1, STi > Mi
∣∣Ft

)

+ K

C p
E

∗ [ S̃τc 1{�τc�≤TN ,ST0<M0,...,S�τc�−1<M�τc�−1}
∣∣∣Ft

]
. (1)

4 Structural Approach to Pricing

Let us assume that all credit events are defined by the movements of (St )t≥0 with
respect to some critical barriers, in such a way that

τc = inf{t ≥ 0 : St ≤ S∗} and τi j = inf{t ≥ 0 : St ≤ S∗
i j }, (2)

for a series of given constants S∗ and {S∗
i j , i = 1, . . . , N , j = 1, . . . , m}, and with

the usual convention inf ∅ = ∞.
The following simple proposition give us a useful characterization of the dis-

counted price of a CoCo with extension risk, in terms of the share measure P
(S).

Recall that P(S) is the probability measure, equivalent to P
∗, obtained by taking the

share price as numéraire; its Radon-Nikodým derivative is thus given by

dP(S)

dP∗ = e− ∫ T
0 rtdt ST

S0
.

Proposition 1 The discounted price of a CoCo with extension risk is given by

Ṽt =
N ,m∑

i, j :Ti j >t

c̃i j

× P
∗
(

inf
0≤s≤Ti j

Us > log
S∗

i j

S∗ , UTi j > log
Mi j

S∗ , UT0 < log
M0

S∗ , . . . , UTi−1 < log
Mi−1

S∗

∣∣∣∣∣Ft

)

+
N ,m∑

i :Ti >t

K e−r(Ti −t)

× P
∗
(

inf
0≤s≤Ti

Us > 0, UT0 < log
M0

S∗ , . . . , UTi−1 < log
Mi−1

S∗ , UTi > log
Mi

S∗

∣∣∣∣Ft

)

+ K S̃t

C p

N∑

i=1

P
(S)

(
inf

0≤s≤Ti
Us > 0, UT0 < log

M0

S∗ , . . . , UTi−1 < log
Mi−1

S∗ , UTi ≥ log
Mi

S∗

∣∣∣∣Ft

)
,

(3)

where (Ut := log St
S∗ )t≥0.

Proof Taking into account (1), it suffices to rewrite its third term by means of the
identity



456 J.M. Corcuera et al.

{�τc� ≤ TN , ST0 < M0, . . . , S�τc�−1 < M�τc�−1
}

= �N
i=1{τc ≤ Ti , ST0 < M0, . . . , STi−1 < Mi−1, STi ≥ Mi },

along with the share measure P(S).

This result shows that the computation of the price in (3) boils down to computing
the joint distribution of (inf0≤s≤Tn Us, UT1 , . . . , UTn ). In what follows we work out a
simple model.

4.1 A Simple Model

Let us assume that the share price (St )t≥0 is given as in the Black-Scholes model
(see [2]), i.e.,

dSt = St (rdt + σdW ∗
t ),

where (W ∗
t )t≥0 follows a P∗-Brownian motion. Further, let us assume that the critical

barriers appearing in (2) are equal, that is, S∗
i j = S∗. Under these assumptions, the

process (Ut )t≥0 defined in Proposition 1 satisfies

Ut = log
St

S∗ = log
S0
S∗ +

(
r − 1

2
σ 2
)

t + σ W ∗
t , t ≥ 0.

Further, an application of the Girsanov theorem tells us that the dynamics of (Ut )t≥0

under P(S) is given by

Ut = log
S0
S∗ +

(
r + 1

2
σ 2
)

t + σ W (S)
t , t ≥ 0.

4.1.1 Joint Distribution of (inf0≤S≤Tn Us,UT1, . . . ,UTn) in a
Black-Scholes Setting

Let (Wt )t≥0 be aBrownianmotionwith respect to a probabilitymeasureP, and denote
its natural filtration by F := (Ft )t≥0. Let (Ut := u0 + μt + σ Wt )t≥0, u0 > 0, and
consider its first-passage time to the level zero, i.e.,

τ := inf{t ≥ 0 : Ut = 0},

with the usual convention inf ∅ = ∞.
The joint distribution of (τ, UT1) its well-known (see, for instance, Corollary

B.3.3 in [15]) and, in particular, it allows to get, for any a1 ≥ 0, T1 > t and on the
set {τ > t},
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P
(
τ ≥ T1, UT1 ≥ a1

∣∣Ft
)

= P
(

UT1 ≥ a1

∣∣Ft
)− e−2μσ−2UtP

(
UT1 ≤ −a1 + 2μ(T1 − t)

∣∣Ft
)

= Φ

(−a1 + Ut + μ(T1 − t)

σ
√

T1 − t

)
− e−2μσ−2Ut Φ

(−a1 − Ut + μ(T1 − t)

σ
√

T1 − t

)
.

(4)

where Φ stands for the standard normal distribution. Below we extend this result in
order to obtain an explicit expression for the joint finite-dimensional distributions of
a drifted Brownian motion in different times and its infimum. The results are based
on Eq. (4), an iterative procedure and the following lemma.

Lemma 1 Consider the processes (Ut )t≥0 and (η
j
t )t≥0, j = 1, . . . , n, given by

Ut := u0 +
∫ t

0
μ(s)ds +

∫ t

0
σ(s)dWs, t ≥ 0,

η
j
t := exp

{∫ t∧Tj

0
θ(s)dWs − 1

2

∫ t∧Tj

0
θ2(s)ds

}
, t ≥ 0,

where μ(s) and θ(s) are deterministic and càdlàg functions. For every function F
(satisfying suitable integrability conditions) and every 0 ≤ t ≤ T1 ≤ Tn the following
equivalence holds true

E

[
e
∫ Tj
0 θ(s)dWs− 1

2

∫ Tj
0 θ2(s)ds F(UT1 , . . . , UTn )

∣∣∣∣Ft

]

= η
j
t E

[
F

(
UT1 +

∫ T1∧Tj

t
σ(s)θ(s)ds, . . . , UTn +

∫ Tn∧Tj

t
σ(s)θ(s)ds

)∣∣∣∣Ft

]
.

In particular, for constant coefficients μ, σ we have

E

[
e
−2μσ−2UT j F(UT1 , . . . , UTn )

∣∣∣∣Ft

]

= e−2μσ−2Ut E
[

F
(
UT1 − 2μ

(
T1 ∧ Tj − t

)
, . . . , UTn − 2μ

(
Tn ∧ Tj − t

))∣∣Ft
]
.

Proof Consider the change of measure given by

dPθ, j

dP

∣∣∣∣
Ft

= exp

{∫ t∧Tj

0
θ(s)dWs − 1

2

∫ t∧Tj

0
θ2(s)ds

}
= η

j
t .
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Applying the abstract Bayes’ rule we get

E

[
exp

{∫ Tj

0
θ(s)dWs − 1

2

∫ Tj

0
θ2(s)ds

}
F(UT1 , . . . , UTn )

∣∣∣∣Ft

]

= η
j
t EPθ, j

[
F(UT1 , . . . , UTn )

∣∣Ft
]
.

Now, let (W θ, j
t )t≥0 be the correspondentPθ, j -Brownianmotion given by theGirsanov

theorem, i.e.,

W θ, j
t := Wt −

∫ t∧Tj

0
θ(s)ds, t ≥ 0,

and notice that

Ut = u0 +
∫ t

0
μ(s)ds +

∫ t

0
σ(s)dWs

= u0 +
∫ t

0
μ(s)ds +

∫ t

0
σ(s)dW θ, j

s +
∫ t∧Tj

0
σ(s)θ(s)ds

:= Ũt +
∫ t∧Tj

0
σ(s)θ(s)ds.

Thus

EPθ, j

[
F(UT1 , . . . , UTn )

∣∣Ft
]

= EPθ, j

[
F(UT1 − Ut + x, . . . , UTn − Ut + x)

] |x=Ut

= EPθ, j

[
F(ŨT1 − Ũt +

∫ T1∧Tj

t
σ(s)θ(s)ds + x, . . . , ŨTn − Ũt +

∫ Tn∧Tj

t
σ(s)θ(s)ds + x)

]∣∣∣∣
x=Ut

= E

[
F(UT1 − Ut +

∫ T1∧Tj

t
σ(s)θ(s)ds + x, . . . , UTn − Ut +

∫ Tn∧Tj

t
σ(s)θ(s)ds + x)

]∣∣∣∣
x=Ut

= E

[
F

(
UT1 +

∫ T1∧Tj

t
σ(s)θ(s)ds, . . . , UTn +

∫ Tn∧Tj

t
σ(s)θ(s)ds

)∣∣∣∣Ft

]
.

For the particular case take simply θ(t) := −2μσ−1.

Proposition 2 On {τ > t}, for a1 ≥ 0 and Bi ∈ B (R) , i = 2, . . . , n,

P
(
τ ≥ T1, UT1 < a1, UT2 ∈ B2, . . . , UTn ∈ Bn

∣∣Ft
)

= P
(
0 < UT1 < a1, UT2 ∈ B2, . . . , UTn ∈ Bn

∣∣Ft
)

− e−2μσ−2UtP
(−a1 < ŪT1 < 0, ŪT2 ∈ −B2, . . . , ŪTn ∈ −Bn

∣∣Ft
)
,

with Ūs = Us − 2μ(s − t), s ≥ t.
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Proof Take x ≥ 0 and set

ϑt (x) := dP
(
τ ≥ T1, UT1 ≤ x

∣∣Ft
)

dx

= cφ

(−x + Ut + μ(T1 − t)

σ
√

T1 − t

)
− ce−2μσ−2Ut φ

(−x − Ut + μ(T1 − t)

σ
√

T1 − t

)
,

with c = 1
σ
√

T1−t
,whereweapply (4). Let fn denote thedensity of (UT2 − UT1 , . . . , UTn −

UT1); this Gaussian vector is independent of UT1 and so we have

P
(
τ ≥ T1, UT1 < a1, UT2 ∈ B2, . . . , UTn ∈ Bn

∣∣Ft
)

=
∫ a1

0

∫

B2

· · ·
∫

Bn

ϑt (x) fn(y1 − x, . . . , yn − x)dy1 · · · dyndx

− e−2μσ−2Ut

∫ a1

0

∫

B2

· · ·
∫

Bn

cφ

(−x − Ut + μ(T1 − t)

σ
√

T1 − t

)
fn(y1 − x, . . . , yn − x)dy1 · · · dyndx .

The first term above is clearly equal to P(0 < UT1 < a1, UT2 ∈ B2, . . . , UTn ∈ Bn

∣∣
Ft ) since, conditioned on Ft , the random variable UT1 has density

cφ

(−x + Ut + μ(T1 − t)

σ
√

T1 − t

)
= cφ

(
x − Ut − μ(T1 − t)

σ
√

T1 − t

)
.

Further, for the second term, we can see that

∫ a1

0

∫

B2

· · ·
∫

Bn

cφ

(−x − Ut + μ(T1 − t)

σ
√

T1 − t

)
fn(y1 − x, . . . , yn − x)dy1 · · · dyndx

=
∫ 2μ(T1−t)

−a1+2μ(T1−t)

∫

B2

· · ·
∫

Bn

cφ

(
z − Ut − μ(T1 − t)

σ
√

T1 − t

)

× fn(y1 + z − 2μ(T1 − t), . . . , yn + z − 2μ(T1 − t))dy1 · · · dyndz

= P
(− a′

1 < UT1 < 2μ(T1 − t), UT2 ∈ B2 + 2UT1 − 2μ(T1 − t), . . . ,

UTn ∈ Bn + 2UT1 − 2μ(T1 − t)
∣∣Ft

)
,

Finally, a straightforward algebraic manipulation yields

P
(

UT2 ∈ B2 + 2UT1 − 2μ(T1 − t), . . . , UTn ∈ Bn + 2UT1 − 2μ(T1 − t)
∣∣FT1

)

= P
(

UT2 − UT1 ∈ B2 + UT1 − 2μ(T1 − t), . . . , UTn − UT1 ∈ Bn + UT1 − 2μ(T1 − t)
∣∣FT1

)

= P
(

UT1 − UT2 ∈ B2 + UT1 − 2μ(T2 − t), . . . , UT1 − UTn ∈ Bn + UT1 − 2μ(Tn − t)
∣∣FT1

)

= P
(−UT2 + 2μ(T2 − t) ∈ B2, . . . , −UTn + 2μ(Tn − t) ∈ Bn

∣∣FT1

)

= P
(

ŪT2 ∈ −B2, . . . , ŪTn ∈ −Bn
∣∣FT1

)
.

From this result we have the following lemma.

Lemma 2 Let a1, . . . , an be non-negative constants. On {τ > t}, the following equa-
tion holds true
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P
(
τ ≥ Tn, UT1 < a1, . . . , UTn−1 < an−1, UTn > an

∣∣Ft
)

= P
(−a1 < UT1 < a1, . . . , −an−1 < UTn−1 < an−1, UTn > an

∣∣Ft
)

− e−2μσ−1Ut P
(−a1 < ŪT1 < a1, . . . , −an−1 < ŪTn−1 < an−1, ŪTn < −an

∣∣Ft
)
,

where ŪTj = UTj − 2μ(Tj − t), j = 1, . . . , n.

Proof The result is obtained by induction. In order to prove the inductive basis, we
start by preconditioning toFT1 in order to get

P
(
τ ≥ T2, UT1 < a1, UT2 > a2

∣∣Ft
)

= E
[

1{UT1<a1}P
(
τ ≥ T2, UT2 > a2

∣∣FT1

)∣∣Ft
]

= E
[

1{UT1<a1}1{τ>T1}P
(

UT2 > a2

∣∣FT1

)∣∣Ft
]

−E

[
1{UT1<a1}e

−2μσ−1UT1 1{τ>T1}P
(

UT2 − 2μ(T2 − T1) < −a2

∣∣FT1

)∣∣∣Ft

]

= P
(
τ ≥ T1, UT1 < a1, UT2 > a2

∣∣Ft
)

− e−2μσ−1UtP
(
τ̄ ≥ T1, ŪT1 < a1, ŪT2 < −a2

∣∣Ft
)
.

Note that for the second identity we have used (4), whereas for the last iden-
tity we have used Lemma 1. The first term above can be obtained by means of
Proposition 2 as

P
(
τ ≥ T1, UT1 < a1, UT2 > a2

∣∣Ft
)

= P
(
0 < UT1 < a1, UT2 > a2

∣∣Ft
)− e−2μσ−1Ut P

(−a1 < ŪT1 < 0, ŪT2 < −a2
∣∣Ft

)

= P
(

UT1 ∈ B1, UT2 ∈ B2
∣∣Ft

)

− e−2μσ−1Ut P
(

UT1 − 2μ(T1 − t) ∈ −B1, UT2 − 2μ(T2 − t) ∈ −B2
∣∣Ft

)
,

where we have set B1 := (0, a1) and B2 := (a2,∞). Similarly, but applying now
Proposition 2 to

Ūs = Us − 2μ(s − t) = ū0 + μ̄s + σ Ws,

with ū0 := u0 + 2μt and μ̄ := −μ, we get

P
(
τ̄ ≥ T1, ŪT1 < a1, ŪT2 ∈ −B2

∣∣Ft
)

= P
(

ŪT1 ∈ B1, ŪT2 ∈ −B2

∣∣Ft
)

− e−2μ̄σ−1ŪtP
(

ŪT1 − 2μ̄(T1 − t) ∈ −B1ŪT2 − 2μ̄(T2 − t) ∈ B2

∣∣Ft
)

= P
(

UT1 − 2μ(T1 − t) ∈ B1, UT2 − 2μ(T2 − t) ∈ −B2

∣∣Ft
)

− e2μσ−1UtP
(

UT1 ∈ −B1, UT2 ∈ B2

∣∣Ft
)
.
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Putting these expressions together we get

P
(
τ ≥ T2, UT1 < a1, UT2 > a2

∣∣Ft
)

= P
(

UT1 ∈ B1, UT2 ∈ B2
∣∣Ft

)+ P
(

UT1 ∈ −B1, UT2 ∈ B2
∣∣Ft

)

− e−2μσ−1Ut
{
P
(

UT1 − 2μ(T1 − t) ∈ −B1, UT2 − 2μ(T2 − t) ∈ −B2
∣∣Ft

)

+P
(

UT1 − 2μ(T1 − t) ∈ B1, UT2 − 2μ(T2 − t) ∈ −B2
∣∣Ft

) }

= P
(−a1 < UT1 < a1, UT2 ∈ B2

∣∣Ft
)

− e−2μσ−1Ut P
(−a1 < UT1 − 2μ(T1 − t) < a1, UT2 − 2μ(T2 − t) ∈ −B2

∣∣Ft
)

This proves the inductive basis. The inductive step is straightforward.

Remark 1 Notice that by taking a1 = · · · = an−1 = ∞ we recover our base
formula (4).

We conclude this section by noting that, under the Black-Scholes model, a direct
combination of Proposition 1 and Lemma 2 allows us to obtain an almost (except
for the constants M1, M2, . . . , MN−1 that need to be computed in advance) closed-
form formula, for the price of a CoCo with extension risk. The computations related
with such formula are connected to multivariate Gaussian distributions as follows:
in order to calculate the conditional joint distribution of

(
UT1 , UT2 , . . . , UTn

)
, fixed

Ft , notice that

UTj = u0 + μTj + σ WTj = Ut + μ(Tj − t) + σ(WTj − Wt ),

and so

UTj ≤ a j ⇐⇒ X j := WTj − Wt√
Tj − t

≤ a j − Ut − μ(Tj − t)

σ
√

Tj − t
= −d j + a j

σ
√

Tj − t
.

Clearly, conditioned toFt , X j ∼ N (0, 1). Moreover, for i ≤ k, we have

E [Xi Xk | Ft ] = E
[
WTi −t WTk−t

]
√

(Ti − t)(Tk − t)
=
√

Ti − t

Tk − t
=: �(i, k) =: �(k, i).

Therefore (X1, . . . , Xn) has a n-dimensional normal distribution with zero mean
and covariance matrix Σ2 := (Σ(i, k))0≤i,k≤n . Consequently,

P
(

UT1 ≤ a1, . . . , UTn ≤ an

∣∣Ft
)

= P

(
X1 ≤ −d1 + a1

σ
√

T1 − t
, . . . , Xn ≤ −dn + an

σ
√

Tn − t

∣∣∣∣Ft

)
.
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5 The Case of Infinite Horizon

The recursive method used in Sect. 3 cannot be employed if the horizon is infinite.
Obviously one alternative is to take a sufficiently large horizon as an approxima-
tion. Nevertheless, one can pose the question whether there is an alternative to the
backward procedure with a big enough horizon. This is the purpose of this section.

Consider, a d-dimensional time-inhomogeneous Markov chain (Xn)n≥0 taking
values in Rd and consider a gain or reward function G

V (x, n) := inf
τ∈Mn

E(x,n) [G(Xτ , τ )] ,

where, Mn is the set of stopping times greater or equal than n, E(x,n) indicates the
conditional expectation assuming that at time n we are at x , and introduce the operator
T , such that

T F(x, n) := E(x,n)[F(Xn+1, n + 1)],

where F : Rd×Z+→R is ameasurable function, such that F(Xn+1, n + 1) ∈ L
1(P(x,n))

for all n ≥ 0. We assume that

E(x,n)

[
sup
n≤k

|G(Xk, k)|
]

< ∞,

with G(X∞,∞) = 0. Define now another operator Q, such that

QF(x, n) := min{G(x, n), T F(x, n)}.

Now, by Theorem 1.11 and Corollary 1.12 in [16],

V (x, n) = lim
k→∞ Qk G(x, n)

Next, we apply this result to our case.
Define, using the same notation as in the previous section,

G(Xn, n) := K e−rTn 1{τc>Tn} + K

C p
S̃τc 1{τc≤Tn} +

n∑

i=1

m∑

j=1

c̃i j 1{τi, j >Ti, j ,STi, j >Mi, j },

with
Xn = (

STn , STn

)
,
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where St := inf0≤u≤t Su , and as above,

T G(Xn, n) := E
∗
(Xn ,n)[G(Xn+1, n + 1)],

and

QG(Xn, n)

:= min{G(Xn, n), T G(Xn, n)}

= min

⎧
⎨

⎩G(Xn, n),

n∑

i=1

m∑

j=1

c̃i j 1{τi, j >Ti, j ,STi, j >Mi, j }

+E
∗
(x,n)

⎡

⎣K e−rTn+11{τc>Tn+1} + K

C p
S̃τc 1{τc≤Tn+1} +

m∑

j=1

c̃n+1, j 1{τn+1, j >Tn+1, j ,STn+1, j >Mn+1, j }

⎤

⎦

⎫
⎬

⎭

= K e−rTn 1{τc>Tn ,STn >M1} + K

C p
S̃τc 1{τc≤Tn }

+
n∑

i=1

m∑

j=1

c̃i, j 1{τi, j >Ti, j ,STi, j >Mi, j } + V1(STn , Tn)1{τc>Tn ,STn ≤M1},

where M1 is a certain constant, since

E
∗
(Xn ,n)

⎡

⎣K e−rTn+11{τc>Tn+1} + K

C p
S̃τc 1{τc≤Tn+1} +

m∑

j=1

c̃n+1, j 1{τn+1, j >Tn+1, j ,STn+1, j
>Mn+1, j }

⎤

⎦

is assumed to be an increasing function of STn , and where V1(STn , Tn) (the continu-
ation value) is defined in an obvious way. Iterating we obtain

Qk G(Xn, n) = K e−rTn 1{τc>Tn ,STn >Mk } + K

C p
S̃τc 1{τc≤Tn}

+
n∑

i=1

m∑

j=1

c̃i, j 1{τi, j >Ti, j ,STi, j >Mi, j } + Vk(STn , Tn)1{τc>Tn ,STn ≤Mk },

for certain constants Mk and, according with the results mentioned above, the dis-
counted price at time Tn is

V (Xn, n)

= lim
k→∞

(
K e−rTn 1{τc>Tn ,STn >Mk } + K

C p
S̃τc 1{τc≤Tn} + Vk(STn , Tn)1{τc>Tn ,STn ≤Mk }

)
.

A study about the computational behavior of this procedure can be matter of further
research.
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Hedging Under Worst-Case-Scenario
in a Market Driven by Time-Changed
Lévy Noises

Giulia Di Nunno and Erik Hove Karlsen

Abstract In an incomplete market driven by time-changed Lévy noises we
consider the problem of hedging a financial position coupled with the underlying
risk of model uncertainty. Then we study hedging under worst-case-scenario. The
proposed strategies are not necessarily self-financing and include the interplay of a
cost process to achieve the perfect hedge at the end of the time horizon. The hedging
problem is tackled in the framework of stochastic differential games and it is treated
via backward stochastic differential equations. Two different information flows are
considered and the solutions compared.

Keywords Model uncertainty · Hedging · BSDEs · Stochastic differential games ·
Time-change · Martingale random fields
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1 Introduction

In a stylized incomplete market on the time horizon [0, T ] (T > 0), we consider
the problem of hedging a contingent claim coupled with the underlying risk of an
uncertain model description. This is referred to as model ambiguity in the literature,
see e.g. [12]. We choose to consider a conservative evaluation of such exposure to
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model ambiguity bymeasuring the robustness of the strategy in terms of aworst-case-
scenario risk measure. In fact, on the complete filtered probability space (�,F ,P),
M = {Mt , t ∈ [0, T ]}, we fix the dynamic coherent risk measure

ρt (ξ) := ess sup
Q∈QM

EQ

[− ξ |Mt
]
, t ∈ [0, T ], (1)

where QM is the set of all scenarios considered, which are given by the probability
measuresQ equivalent to P on the future outcomes (�,MT ). The risk measure ρ is
well-defined and finite for all financial positions ξ integrable with respect to allQ ∈
QM. This risk measure is naturally connected to the concept of worst-case-scenario,
associating the risk evaluation with the highest expected value on the downside of
the position over all Q ∈ QM. For this reason it is also a conservative evaluation of
the risk exposure.

The financial market presents two investment possibilities: a saving account with
price dynamics given by

d S(0)
t = rt S(0)

t dt, S(0)
0 = 1, (2)

which is used as numéraire, and a stock with price dynamics of the type

d S(1)
t = αt S(1)

t dt + σt S(1)
t d Bt +

∫

R0

γt (z)S(1)
t− H̃(dt, dz), S(1)

0 > 1. (3)

The driving noises B and H̃ are a doubly stochastic Gaussian and Poisson type
measures, respectively related to a time-changed Brownian and Poisson process. The
parameters r , α, σ , γ are càglàd adapted stochastic processes and fields. To ensure
the existence of a square integrable positive solution and to allow further analysis,
we assume that |rt | < C (for some C > 0) P × dt-a.e., γt (z) > −1 P × �-a.e., and

E

[ ∫ T

0

{
|αt | + σ 2

t λB
t +

∫

R0

| ln(1 + γt (z)) − γt (z)|ν(dz)λH
t

}
dt
]

< ∞.

The elements ν, (λB, λH ), and � are associated to the behaviour of the jumps in
these dynamics and the intensity of the (stochastic) time distortion applied, see the
next section for details.

Price dynamics of this type include various well-known stochastic volatility price
models such as [10], where time-change of a pure jump Lévy process is used to take
the erratic behaviour of volatility into account by mimicking the transition between
a real-time clock to a transactions-time clock. See also e.g. [4, 21, 22, 39] where
the stochastic volatility models lead to dynamics driven by time-changed Brownian
motions, which are the doubly stochastic Gaussian noises in this paper. Also in the
credit risk literature we can find examples of price dynamics of the type above. See
e.g. [29], where doubly stochastic Poisson processes, also called the Cox processes,
are largely used in the modelling of prices subject to default risk.
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In the market above, we consider a financial claim F ∈ L2(�,MT ,P) with pay-
off at T > 0 and the M-predictable hedging strategies represented by the triple
(π, V π , Cπ ), i.e. πt is the wealth invested in the stock at t representing the mar-
ket portfolio, V π

t the value of the strategy on the market, and Cπ
t is the cost process.

We denote V π
0 = v > 0. We assume that

dV π
t = πt

S(1)
t−

d S(1)
t + V π

t − πt

S(0)
t

d S(0)
t

=
(

V π
t rt + πt

(
αt − rt

))
dt + πtσt d Bt +

∫

R0

πtγt (z)H̃(dt, dz)
) (4)

and that Cπ
t = ρt

(
e− ∫ T

t rs ds(V π
T − F)

)
. We assume that (4) admits a unique strong

solution for any admissible π (see e.g. [24] for conditions). Moreover, we require
that the solution is square integrable, and for this we assume

E

[ ∫ T

0

{
|αt − rt ||πt | + |αtσt |2λB

t +
∫

R0

|πtγt (z)|2ν(dz)λH
t

}
dt
]

< ∞. (5)

Moreover, the process Cπ is also assumed square integrable.
The process Y π

t := V π
t + Cπ

t , t ≥ 0, is called the (total) price of the strategy. The
hedging of F is obtained for a strategy (π̂, V π̂ , C π̂ ) that yields Y π̂

T = F . Note that
Y π
0 = v + Cπ

0 is M0-measurable and, if the hedging strategy has Cπ ≡ 0, then the
market investments are enough to self-finance the hedge. It is only in a complete
market that it is possible to hedge all claims with these self-financing strategies.

We observe that for any hedging strategy (π, V π , Cπ ) with Y π
T = F we have

ρt
(
e− ∫ T

t rs ds(Y π
T − F)

) = 0, t ∈ [0, T ].

This means that the risk given by the spread between the discounted final strategy
price and the actual claim is zero according to the risk measure given, and actually
all coherent risk measures.

Hereafter, we consider the problem of finding a hedging strategy (π̂, V π̂ , C π̂ ) for
F such that Y π̂

t = Yt , t ∈ [0, T ], where

Yt := ess inf
π∈�M

ρt

(
e− ∫ T

t rs ds(V π
T − F) − V π

t

)
, t ∈ [0, T ]. (6)

Hence the strategy π̂ minimizes the risk associated to the total price. Clearly Y π̂
T =

YT = F . Here above, the set �M denotes the admissible strategies.

Considering the risk measure (1), we can write the problem (6) in the following
way:
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Y π̂
t = Yt = ess inf

π∈�M

ess sup
Q∈QM

EQ

[− (
e− ∫ T

t rs ds V π
T − V π

t − e− ∫ T
t rs ds F

)|Mt
]

= ess inf
π∈�M

ess sup
Q∈QM

EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπsσsd Bs

−
∫ T

t

∫

R0

e− ∫ s
t ru duπsγs(z)H̃(ds, dz)

∣∣∣∣Mt

]
. (7)

A solution to the problem (7) corresponds to finding (π̂, Q̂) ∈ �M × QM such
that

Yt = E
Q̂

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπ̂s(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπ̂sσsd Bs

−
∫ T

t

∫

R0

e− ∫ s
t ru duπ̂sγs(z)H̃(ds, dz) | Mt

]
, t ∈ [0, T ]. (8)

The cost of the hedge is then C π̂
t = E

Q̂

[
e− ∫ T

t rs ds(F − V π̂
T )|Mt

]
. To have a unique

description of the optimal strategy, we set E
Q̂
[C π̂

0 ] = 0 and v = E
Q̂
[Y π̂

0 ].
This kind of approach to hedging is treated in [14] (see also [15]) in the context of

a financial market driven by a Brownian motion and an insurance payment process
driven by a Poisson process. See also [2] for a study of a similar problem within an
insurance perspective, but Brownian driven dynamics. We also refer to [28], where
a first study of this problem is given in the context of a market driven by a Brownian
motion and a doubly stochastic Poisson noise. Comparatively, in the present paper
we consider a more general market model and a substantially different structure of
admissible strategies.

The admissible scenarios are described by a measure change via shift transfor-
mation. With respect to this, we suggest a version of the Girsanov theorem that
explicitely deals with time-change. We note that, in this context, the measure change
is not structure preserving in general.

The hedging problem (7) and (8) is tackled using backward stochastic differential
equations (BSDEs) and stochastic differential games. Our study is carried through in
the context of two different filtrations:M = F, which is substantially the information
flow generated by the noises, andM = G, which is the filtration that, additionally to
F, includes initial knowledge of the time-change process. These two settings lead to
different BSDEs depending on their measurability properties. We treat the solutions
exploiting the martingale random field properties of the driving noises and, in the
case ofG, we also rely on the better explicit structure of the noise (which allows for
a more explicit stochastic representation theorem).
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In the case of information flowG, BSDEs driven by doubly stochastic Lévy noises
are treated in [19]. We also mention that these integral representation theorems are
studied in [18] with different approaches: via chaos expansions and via the non-
anticipating derivative (see also [17] for a review on stochastic derivation). As for
filtration F, we rely on the general results of [9], which we adapt to the random field
set-up.

Even though we can regard the information flow F as partial with respect to G,
the problems presented here are not the same as in the study on BSDEs with partial
information, see e.g. [11] in the case of mean-variance hedging.

Finally, we remark that the hedging criteria we consider differs from mean-
variance hedging in the objective function tominimize: mean-variance hedging iden-
tifies the strategy by minimizing the quadratic cost, see e.g. [26] in the context of
prices modeled by general semimartingales, and [31] for the case of dynamics driven
by a Brownian motion and doubly stochastic Poisson noises.

The paper is structured as follows: the next section provides details about the
framework and the BSDEs considered. In Sect. 3, we study shift transformations,
while Sect. 4 is dedicated to the actual solution of the hedging problem in the two
information flows considered. Section5 concludes with comments on the results
obtained.

2 The Framework and Preliminary Results

Hereafter, we give full detail of the noises considered in (3) and the stochastic struc-
tures used. For this we refer to [18, 19]. In particular, we apply stochastic integration
with respect to martingale random fields, see [8, 16].

2.1 The Random Measures and Their Properties

Let (�,F ,P) be a complete probability space and X := [0, T ] × R. We will con-
sider X = ([0, T ] ∪ {0}) ∪ ([0, T ] × R0

)
, where R0 := R \ {0} and T > 0. Clearly,

[0, T ] ∪ {0} � [0, T ]. Denote BX the Borel σ -algebra on X. Whenever we write

 ⊂ X, we intend a set 
 inBX.

The two dimensional stochastic process λ := (λB, λH ) represents the intensity of
the stochastic time distortion applied in the noise. Each component λl for l = B, H ,
satisfies
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(i) λl
t ≥ 0 P-a.s. for all t ∈ [0, T ],

(ii) limh→0 P
(∣∣λl

t+h − λl
t

∣∣ ≥ ε
) = 0 for all ε > 0 and almost all t ∈ [0, T ],

(iii) E
[ ∫ T

0 λl
t dt

]
< ∞.

Denote the space of all processes λ := (λB, λH ) satisfying (i), (ii) and (iii) by L .
Correspondingly, we define the random measure � on X by

�(
) :=
T∫

0

1
(t, 0) λB
t dt +

T∫

0

∫

R0

1
(t, z) ν(dz)λH
t dt, 
 ∈ X. (9)

Here ν is a (deterministic) σ -finite measure on the Borel sets of R0 satisfying

∫

R0

z2 ν(dz) < ∞.

We denote the σ -algebra generated by the values of � byF�. Furthermore, �H

denotes the restriction of � to [0, T ] × R0 and �B the restriction of � to [0, T ] ×
{0}. Hence �(
) = �B(
 ∩ [0, T ] × {0}) + �H (
 ∩ [0, T ] × R0), 
 ⊆ X. Here
below we introduce the noises driving the stochastic dynamics.

Definition 2.1 B is a signed random measure on the Borel sets of [0, T ] × {0},
satisfying

(A1) P

(
B(
) ≤ x

∣∣∣F�
)

= P

(
B(
) ≤ x

∣∣∣�B(
)
)

= �
(

x√
�B (
)

)
, x ∈ R,


 ⊆ [0, T ] × {0},
(A2) B(
1) and B(
2) are conditionally independent givenF� whenever 
1 and


2 are disjoint sets.
Here� stands for the cumulative probability distribution function of a standard
normal random variable.
H is a random measure on the Borel sets of [0, T ] × R0, satisfying

(A3) P

(
H(
) = k

∣∣∣F�
)

= P

(
H(
) = k

∣∣∣�H (
)
)

= �H (
)k

k! e−�H (
), k ∈ N,


 ⊆ [0, T ] × R0,
(A4) H(
1) and H(
2) are conditionally independent givenF� whenever
1 and


2 are disjoint sets.
Furthermore, we assume that

(A5) B and H are conditionally independent given F�.

Substantially, conditional on �, we have that B is a Gaussian random measure
and H is a Poisson random measure. We refer to [20] or [27] for the existence of the
above conditional distributions.

Let H̃ := H − �H be the signed random measure given by

H̃(
) = H(
) − �H (
), 
 ⊆ [0, T ] × R0.
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Definition 2.2 We define the signed random measure μ on the Borel subsets of
X by

μ(
) := B
(

 ∩ [0, T ] × {0}

)
+ H̃

(

 ∩ [0, T ] × R0

)
, 
 ⊆ X. (10)

The random measures B and H are related to a specific form of time-change
for Brownian motion and pure jump Lévy process. More specifically define Bt :=
B([0, t] × {0}),�B

t := ∫ t
0 λB

s ds, ηt := ∫ t
0

∫
R0

z H̃(ds, dz) and �̂H
t := ∫ t

0 λH
s ds, for

t ∈ [0, T ].
We can immediately see the role that the time-change processes �B and �̂H play

by studying the characteristic function of B and η. In fact, from (A1) and (A3) we
see that the conditional characteristic functions of Bt and ηt are given by

E
[
eicBt

∣∣F�
] = exp

{ t∫

0

1

2
c2 λB

s ds

}
= exp

{
1

2
c2�B

t

}
, c ∈ R, (11)

E
[
eicηt

∣∣F�
] = exp

{ t∫

0

∫

R0

[
eicz − 1 − icz

]
ν(dz)λH

s ds

}

= exp

{(∫

R0

[
eicz − 1 − icz

]
ν(dz)

)
�̂H

t

}
, c ∈ R. (12)

Indeed, there is a strong connection between the distributions of B and the Brown-
ian motion, and between η and a centered pure jump Lévy process with the same
jump behavior. The relationship is based on a random distortion of the time scale.
The following characterization is due to [38, Theorem 3.1] (see also [20]).

Theorem 2.1 Let Wt , t ∈ [0, T ], be a Brownian motion and Nt , t ∈ [0, T ], be a
centered pure jump Lévy process with Levy measure ν. Assume that both W and N
are independent of �. Then B satisfies (A1)–(11) and (A2) if and only if, for any
t ≥ 0,

Bt
d= W�B

t
,

and η satisfies (A3)–(12) and (A4) if and only if, for any t ≥ 0,

ηt
d= N�̂H

t
.

In addition, B is infinitely divisible if �B is infinitely divisible, and η is infinitely
divisible if �̂H is infinitely divisible, see [3, Theorem 7.1].
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2.2 Stochastic Non-anticipating Integration
and Representation Theorems

Let us define F
μ = {Fμ

t , t ∈ [0, T ]} as the filtration generated by μ(
), 
 ⊆
[0, t] × R, t ∈ [0, T ]. In view of (10), (A1) and (A3), we can see that, for any
t ∈ [0, T ],

Fμ
t = F B

t ∨ F H
t ∨ F�

t ,

where F B
t is generated by B(
 ∩ [0, T ] × {0}), F H

t by H(
 ∩ [0, T ] × R0), and
F�

t by �(
), 
 ∈ [0, t] × R. This is an application of [40, Theorem 1] and [18,
Theorem 2.8]. Set F = {Ft , t ∈ [0, T ]}, where

Ft :=
⋂

r>t

Fμ
r .

Furthermore, we set G = {Gt , t ∈ [0, T ]} where Gt := Ft ∨ F�. Remark that
GT = FT , G0 = F�, whileF0 is trivial. From now on we set F = FT .

Lemma 2.1 The filtration G is right-continuous.

Proof This can be shown adapting classical arguments for the Lévy case as in e.g.
[1, Theorem 2.1.9].

For 
 ⊂ (t, T ] × R, the conditional independence (A2) and (A4) means that

E
[
μ(
)

∣∣Gt
] = E

[
μ(
)

∣∣Ft ∨ F�
] = E

[
μ(
)

∣∣F�
] = 0. (13)

Hence, μ is a martingale random field with conditional orthogonal values in
L2(�,F ,P) with respect to G in the sense of [16] (see Definition2.1), since

• μ has a σ -finite variance measure

m(
) := E
[
μ(
)2] = E

[
�(
)], 
 ⊆ X,

with m({0} × R) = 0,
• it is additive on pairwise disjoint sets in BX and σ -additive with convergence in

L2,
• μ is G-adapted,
• it has the martingale property (13),
• μ has conditionally orthogonal values, if 
1,
2 ⊂ (t, T ] × R such that 
1 ∩


2 = ∅ then, combining (A2), (A4), (A5) and (13),

E

[
μ(
1)μ(
2)

∣∣∣Gt

]
= E

[
μ(
1)

∣∣∣F�
]
E

[
μ(
2)

∣∣∣F�
]

= 0.
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In [8] there is a discussion about martingale (difference) random fields and the role
of ordering associated with the information flow. In their terminology the martingale
random fields here treated is both a “strong” and a “weak” martingale.

DenoteIG as the subspace of L2([0, T ] × R × �,BX × F ,� × P) of the ran-
dom fields admitting a G-predictable modification, in particular

‖φ‖IG
:=
(
E

[ T∫

0

φs(0)
2 λB

s ds +
T∫

0

∫

R0

φs(z)
2 ν(dz)λH

s ds

]) 1
2

< ∞. (14)

For any φ ∈ IG, we define the (Itô type) non-anticipative stochastic integral I :
IG ⇒ L2(�,F ,P) by

I (φ) :=
T∫

0

φs(0) d Bs +
T∫

0

∫

R0

φs(z) H̃(ds, dz).

We refer to [16] for the details on the integration with respect to martingale random
fields of the type discussed here. Recall that I is a linear isometric operator:

√
E
[
I (φ)2

] = ‖I (φ)‖L2(�,F ,P) = ‖φ‖IG
.

Because of the structure of the filtration considered, we have the following result
(see [19]):

Lemma 2.2 Consider ξ ∈ L2
(
�,F�,P

)
and φ ∈ IG. Then

ξ I (φ) = I (ξφ),

whenever either side of the equality exists as an element in L2
(
�,F ,P

)
.

Remark 2.1 It is easy to see that the random fieldμ is also a martingale random field
with respect to F and the non-anticipating integration can be done also with respect
to F as for G. We denote IF the corresponding set of integrands. However, results
such as Lemma 2.2 and the forthcoming representation would not hold. See also [18,
Remark 4.4].

We remark that Fμ
t := σ {μ(
), 
 ⊆ [0, t] × R} = σ {I (φ1
),
 ⊆ [0, t] ×

R), φ ∈ IF} (indeed μ(
) = I (1
)) and Gt := σ {μ(
), 
 ⊆ [0, t] × R;�(
),


 ⊆ [0, T ] × R} = σ {I (φ1
),
 ⊆ [0, t] × R), φ ∈ IG}
The following representation theorems are given in [19].



474 G. Di Nunno and E.H. Karlsen

Theorem 2.2 (Integral representation theorem) Assume ξ ∈ L2
(
�,F ,P

)
. Then

there exists a unique φ ∈ IG such that

ξ = E
[
ξ
∣∣F�

]+
T∫

0

∫

R

φs(z) μ(ds, dz). (15)

Note that the two summands in (15) are orthogonal. Here E[ξ |F�] represents the
stochastic component of ξ that cannot be recovered by integration on μ.

Remark 2.2 The existence of such a representation is treated in [25, Chap. 3], where
the result is obtained after a discussion on the solution of the martingale problem. In
[19], the existence and uniqueness of the above representation is proved by classical
density arguments inspired by [33, Sect. 4] and [32]. In [18], the representation is
given with respect to H̃ using orthogonal polynomials. There, an explicit formula for
the integrand φ is derived by means of the non-anticipating derivative with respect to
G, see [18, Theorem 5.1]. This result holds for more general choices of�H , but with
an assumption on the moments. The non-anticipating derivative is well-definied with
respect to any martingale random-field with orthogonal values and is an operator on
the whole L2(�,F ,P). The random variable ξ 0 = E[ξ |F�

T ] is characterized by
having non-anticipating derivative identically null.

There are other related results in the literature, e.g. in [41, Proposition 41] the
same representation is proved for a class ofMalliavin differentiable random variables
(Clark-Ocone type results).

If an F H
T -measurable ξ is considered, then an integral representation is given

in the general context of (marked) point processes, see for instance [7, Theorems
4.12 and 8.8] or [6, 13, 23]. Theorem 2.2 differs in the choice of filtration, which
also leads to different integrals. In [6, 7, 13, 23], the integrator in the representation
theorem is given by H − ϑ , where ϑ is FH -predictable compensator of H . Our �H

is not FH -predictable.

Theorem 2.3 (Martingale representation theorem) Assume Mt , t ∈ [0, T ], is a G-
martingale. Then there exists a unique φ ∈ IG such that

Mt = E
[
MT

∣∣F�
]+

t∫

0

∫

R

φs(z) μ(ds, dz), t ∈ [0, T ].

We observe that, in the case we consider μ to be a martingale random field with
respect to F, the corresponding results take a different form. See [16]. In particular,
we have:
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Theorem 2.4 (Integral representation theorem) Assume ξ ∈ L2
(
�,F ,P

)
. Then

there exists a unique φ ∈ IF such that

ξ = ξ 0 +
T∫

0

∫

R

φs(z) μ(ds, dz), (16)

where ξ 0 is a random variable in L2
(
�,F ,P

)
orthogonal to the integral part.

In terms of the non-anticipating derivative with respect to F as studied in [16], the
random variable ξ 0 is characterised by having derivative identically null.

2.3 Backward Stochastic Differential Equations Driven by µ

The problem of hedging considered in this paper leads to different types of BSDEs
depending on the information considered. Hereafter, we give an overview of the
results needed in the sequel related to both types. In particular, the comparison
theorems will play a central role in the solution of the optimisation problem (7). Our
references are [9, 19].

2.3.1 Information Flow G

In the case of information flow G, the BSDE of reference is of the form:

Yt = ξ +
T∫

t

gs
(
λs, Ys, φs

)
ds −

T∫

t

∫

R

φs(z) μ(ds, dz), t ∈ [0, T ]. (17)

Given a terminal condition ξ and a driver (or generator) g, a solution is given by the
couple of G-adapted processes (Y, φ) on (�,F ,P) satisfying the equation above.
Hereafter, we characterise explicitly the functional spaces in use and the elements of
the BSDE to obtain a solution.

Let SG be the space of G-adapted stochastic processes Yt (ω), t ∈ [0, T ], ω ∈ �,
such that

‖Y‖SG :=
√
E

[
sup

t∈[0,T ]
|Yt |2

]
< ∞,

and let H G
2 be the space of G-predictable stochastic processes ft (ω), t ∈ [0, T ],

ω ∈ �, such that

E

[ T∫

0

f 2s ds

]
< ∞.
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Denote � the space of functions φ : R → R such that

|φ(0)|2 +
∫

R0

φ(z)2 ν(dz) < ∞,

where ν is the jump measure of the market dynamics.

Definition 2.5 We say that (ξ, g) are standard parameters when ξ ∈ L2
(
�,F ,P

)

and g : [0, T ] × [0,∞)2 × R × � × � → R such that g satisfies the following con-
ditions:

• g·(λ, Y, φ, ·) is G-adapted for all λ ∈ L , Y ∈ SG, φ ∈ IG,
• g·(λ·, 0, 0, ·) ∈ H G

2 , for all λ ∈ L
• there exists Kg > 0 for which

∣∣gt
(
(λB, λH ), y(1), φ(1)

)− gt
(
(λB, λH ), y(2), φ(2)

)∣∣ ≤ Kg

(∣∣y(1) − y(2)
∣∣

+ ∣∣φ(1)(0) − φ(2)(0)
∣∣√λB +

√√√√
∫

R0

|φ(1)(z) − φ(2)(z)|2 ν(dz)
√

λH
)
,

• for all (λB, λH ) ∈ [0,∞)2, y(1), y(2) ∈ R, and φ(1), φ(2) ∈ � dt × dP a.e.

Theorem 2.6 Let (g, ξ) be standard parameters. Then there exists a unique couple
(Y, φ) ∈ SG × IG such that

Yt = ξ +
T∫

t

gs
(
λs, Ys, φs

)
ds −

T∫

t

∫

R

φs(z) μ(ds, dz)

= ξ +
T∫

t

gs
(
λs, Ys, φs

)
ds −

T∫

t

φs(0) d Bs −
T∫

t

∫

R0

φs(z) H̃(ds, dz). (18)

Remark 2.3 The initial point Y0 of the solution Y is not necessarily a (deterministic)
constant. From the definition of G and (18), we see that Y0 is a square integrable
F�-measurable random variable. To be specific, we have:

Y0 = E

[
ξ +

T∫

0

gs
(
λs, Ys, φs

)
ds −

T∫

0

φs(0) d Bs −
T∫

0

∫

R0

φs(z) H̃(ds, dz)
∣∣∣F�

]

= E

[
ξ +

T∫

0

gs(λs, Ys, φs) ds
∣∣∣F�

]
.
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For a linear BSDE of the form (19), there exists an explicit representation of the
solution.

Theorem 2.7 Assume we have the following BSDE:

−dYt =
[

At Yt + Ct + Et (0)φt (0)
√

λB
t +

∫

R0

Et (z)φt(z) ν(dz)
√

λH
t

]
dt

− φt (0) d Bt −
∫

R0

φt (z) H̃(dt, dz), YT = ξ, (19)

where the coefficients satisfy

(i) A is a bounded stochastic process, there exists K A > 0 such that |At | ≤ K A for
all t ∈ [0, T ] P-a.s.,

(ii) C ∈ H G
2 ,

(iii) E ∈ IG,
(iv) There exists a KE > 0 such that 0 ≤ Et (z) < KE z for z ∈ R0, and |Et (0)| <

KE dt × dP-a.e.

Then (19) has a unique solution (Y, φ) in SG × IG and Y has representation

Yt = E

[
ξ�t

T +
T∫

t

�s
t Cs ds

∣∣∣Gt

]
, t ∈ [0, T ],

where

�t
s := exp

{ s∫

t

Au − 1

2
Eu(0)

21{λB
u �=0} du +

s∫

t

Eu(0)
1{λB

u �=0}√
λB

u

d Bu

+
s∫

t

∫

R0

[
ln
(
1 + Eu(z)

1{λH
u �=0}√
λH

u

)− Eu(z)
1{λH

u �=0}√
λH

u

]
ν(dz)λH

u du

+
s∫

t

∫

R0

ln
(
1 + Eu(z)

1{λH
u �=0}√
λH

u

)
H̃(du, dz)

}
, s ≥ t.

Note that �s
t = �0

s

�0
t
.

The next result is a comparison theorem. This result is crucial in the solution of
the optimisation problem (7).
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Theorem 2.8 (Comparison theorem) Let (g(1), ξ (1)) and (g(2), ξ (2)) be two sets of
standard parameters for the BSDE’s with solutions (Y (1), φ(1)), (Y (2), φ(2)) ∈ SG ×
IG. Assume that

g(2)
t (λ, y, φ, ω) = ft

(
y, φ(0)κ(0)

√
λB,

∫

R0

φ(z)κ(z) ν(dz)
√

λH , ω
)
,

where κ ∈ IG satisfies condition (iv) from Theorem 2.7 and f is a function f :
[0, T ] × R × R × R × � → R which satisfies, for some K f > 0,

| ft (y, b, h) − ft (y′, b′, h′)| ≤ K f

(
|y − y′| + |b − b′| + |h − h′|

)
,

dt × dP a.e. and

E

[ T∫

0

| ft (0, 0, 0)|2 dt
]

< ∞.

If ξ (1) ≤ ξ (2)
P-a.s. and g(1)

s (λs, Y (1)
s , φ(1)

s ) ≤ g(2)
s (λs, Y (1)

s , φ(1)
s ) dt × dP-a.e., then

Y (1)
t ≤ Y (2)

t dt × dP-a.e.

2.3.2 Information Flow F

In the case of information flow F the BSDE of reference takes the form:

Yt = ξ +
∫ T

t

∫

R

fs(Ys, φs(z))〈μ〉(ds, dz) −
∫ T

t

∫

R

φs(z)μ(ds, dz) − NT + Nt ,

(20)

where

(i) μ(dt, dz), t ∈ [0, T ], z ∈ R, is the (F,P)-martingale random field (10),
(ii) 〈μ〉(dt, dz) is its conditional variance measure, see [16] Theorem 2.1, which is

in fact the correspondent to the conditional quadratic variation for martingales,
see [37], and

(iii) N , with N0 = 0, is a square integrable (F,P)-martingale orthogonal to μ, i.e.
for every set A ∈ BR, for μt (A) := μ((0, t] × A), t ∈ [0, T ], the quadratic
variation [N , μ(A)] is a uniformly integrable martingale.

Moreover, we have

〈μ(A)〉t =
∫ t

0

∫

A
λB

s δ{0}(dz)ds +
∫ t

0

∫

A
1R0(z)ν(dz)λH

s ds.
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The existence and uniqueness of the solution of (20) is treated adapting Proposi-
tion 2.1 and Lemma 2.2 of [9] to the martingale random field case. Here we present
the variation of these results in the form used later. The definition of standard para-
meters is analogous to Definition 2.5, but referred to F. The same is intended for the
spaces involved. BSDEs of the type (20) with standard parameters admit a unique
solution, which is characterized by the triple (Y, φ, N ).

Lemma 2.9 Let a, b, c be F-predictable random fields with a bounded and

E

[ ∫ T

0

∫

R

b2
s (z)〈μ〉(ds, dz)

]
< ∞.

Let E be the Doléans exponential of the martingale random field
∫ t
0

∫
R

bs(z)μ
(ds, dz), t ∈ [0, T ], and define

ψt := exp

(∫ t

0

∫

R

as(z)〈μ〉(ds, dz)

)
, �t = ψtEt , t ∈ [0, T ].

Suppose that

(i) E is a positive uniformly integrable martingale;
(ii) E[(supt∈[0,T ] ψt )

2E 2
T ] < ∞,

(iii) E
[ ∫ T

0

∫
R

�s(z)cs(z)〈μ〉(ds, dz)
]

< ∞.

If the linear backward equation

dYt = −
∫

R

(
at (z)Yt + bt (z)φt (z) + ct (z)

)
〈μ〉(ds, dz) +

∫

R

φt (z)μ(dt, dz) + d Nt

YT = ξ, (21)

has solution (Y, φ, N ) in SF × IF × L 2,b
F

, where L 2,b
F

is the space of L2-bounded
(F,P)-martingales, then Y is given by

Yt = E

[
ξ
�T

�t
+
∫ T

t

∫

R

�s

�t
cs(z)〈μ〉(ds, dz)

∣∣∣∣Ft

]
, 0 ≤ t ≤ T . (22)

Proof The result presents weaker assumptions on the coefficients compared to
Lemma 2.2 in [9] which serve better the applications to come. However, the proof
follows substantially the same arguments and it will not be detailed here.

Recall that the Doléan exponential is positive if the martingale has jumps grater
than −1. Conditions for uniform integrability can be found in e.g. [30].

Remark 2.4 Whenever expression (22) makes sense, it is a solution of the linear
equation (21).

The next result is a comparison theorem for equations of the type (20).
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Theorem 2.10 (Comparison theorem) Consider two linear BSDEs of the form (20):

Y (i)
t = ξ (i) +

∫ T

t

∫

R

f (i)
s (Y (i)

s , φ(i)
s )〈μ〉(ds, dz) −

∫ T

t

∫

R

φ(i)
s (z)μ(ds, dz) − N (i)

T + N (i)
t ,

for i = 1, 2. Define δYt := Y (2)
t − Y (1)

t , δφt (z) := φ
(2)
t (z) − φ

(1)
t (z), and

at (z) := f (2)
t (Y (2)

t , φ
(2)
t (z)) − f (2)

t (Y (1)
t , φ

(2)
t (z))

δYt
1δYt �=0,

bt (z) := f (2)
t (Y (1)

t , φ
(2)
t (z)) − f (2)

t (Y (1)
t , φ1

t (z))

δφt (z)
1δφt (z)�=0,

ct (z) := f (2)
t (Y (1)

t , φ
(1)
t (z)) − f (1)

t (Y (1)
t , φ

(1)
t (z)).

Then the process δY verifies the linear BSDE:

−d δYt =
∫

R

[
at (z)δYt + bt (z)δφt (z) + ct (z)

]〈μ〉(dt, dz) +
∫

R

δφt (z)μ(dt, dz) − d δNt ,

δYT = ξ(1) − ξ(1).

Assume that a and b verify condition (i) and (ii) in Lemma 2.9. Assume also that
ξ (2) ≥ ξ (1) and, for any t, ct (z) ≥ 0 P-a.s. Then, for any t, Y (2)

t ≥ Y (1)
t P-a.s.

3 Change of Measure: Shift Transformations

The various possible scenarios considered are given by all probability measures Q
equivalent to P obtained by shift transformation, see (1). This is chosen as a feasible
set of transformations that allow for an explicit evaluation of the Radon-Nikodym
density. Hereafter, we study such transformations. We observe that, in the presence
of time-change, such transformations do not lead to a self-preserving structure. As
illustration we can see that the doubly stochastic Poisson random measure will not
be of such structure after the measure change. We also recall that such shift transfor-
mations, when applied to Lévy noises, are actually structure preserving.

We introduce the Radon-Nikodym density process Zt = Z θ
t , t ∈ [0, T ], by

d Z θ
t = Z θ

t−

(
θ B

t d Bt +
∫

R0

θ H
t (z)H̃(dt, dz)

)
, (23)

Z θ
0 = 1,

for θ ∈ IG with θt (0) = θ B
t and θt (z) = θ H

t (z), z ∈ R0, and θ H
t (z) > −1 P × � −

a.e.
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An explicit strong solution of (23) is obtained by application of the Itô formula:

Z θ
t = exp

(∫ t

0
θ B

s d Bs −
∫ t

0

1

2
(θ B

s )2λB
s ds

+
∫ t

0

∫

R0

[
ln

(
1 + θ H

s (z)

)
− θ H

s (z)

]
ν(dz)λH

s ds

+
∫ t

0

∫

R0

ln

(
1 + θ H

s (z)

)
H̃(ds, dz)

)
, t ∈ [0, T ].

Since we have assumed θ H
t (z) > −1 P × �-a.e., we know that ln

(
1 + θ H

s (z)

)
and

the stochastic integration are well-defined. A generalized version of the Novikov
condition, see [30], ensures uniform integrability of Z .

Theorem 3.1 Let B and H̃ be as in Definition 2.1 with respect toP. Assume that Zt =
Z θ

t , t ∈ [0, T ], with θ ∈ IG, is a positive uniformly integrable (G,P)-martingale
with E[Z2

T ] < ∞, and define the probability measure Q, equivalent to P, by

dQ

dP
= ZT .

Define Bθ and H̃ θ by the dynamics

d Bθ
t := d Bt − θ B

t d�B
t ,

H̃ θ (dt, dz) := H̃(dt, dz) − θ H
t (z)�H (dt, dz),

where we recall that �B(dt, {0}) = d�B
t = λB

t dt and �H (dt, dz) = ν(dz)λH
t dt .

Moreover, for any bounded predictable ψ such that
∫ T
0

∫
R0

ψt (z)�H (dt, dz) < ∞,

P-a.s., define the process

Mθ
t (ψ) :=

∫ t

0

∫

R0

ψs(z)H̃ θ (ds, dz), 0 ≤ t ≤ T .

Then Bθ is a continuous (G,Q)-martingale and a time-changed (G,Q)-Brownian
motion. Also, Mθ (ψ) is a (G,Q)-martingale, where H̃ θ is a (G,Q)-martingale
random field.

Moreover, if

EQ

[
sup

t∈[0,T ]
|[Bθ , Mθ (ψ)]t |

]
< ∞, (24)

for ψt (z) = 1
(t, z), 
 ∈ B[0,T ]×R0 : m(
) = E[�H (
)] < ∞, then Bθ and
Mθ (ψ) are strongly orthogonal under Q.
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We recall that two G-martingales with values in L2(Q) are strongly orthogonal
if their product is a uniformly integrable (G,Q)-martingale or, equivalently, if their
quadratic variation process is a uniformly integrable (G,Q)-martingale.

Proof With ε ∈ [0, 1], define

X ε
t := εBθ

t + Mθ
t (ψ).

We have

d X ε
t = −αε

t dt + εd Bt +
∫

R0

ψt (z)H̃(dt, dz),

where

αε
t = εθ B

t λB
t +

∫

R0

ψt (z)θ
H
t (z)ν(dz)λH

t .

From Lemma 1.27 in [34], we know that if Zt X ε
t is a local (G,P)-martingale, then

X ε
t is a local (G,Q)-martingale. FromDefinition 1.28 and Example 1.29 in [34], and

recalling that

d Zt = Zt−

(
θ B

t d Bt +
∫

R0

θ H
t (z)H̃(dt, dz)

)
,

we get the following:

d(Zt X ε
t ) = Zt−d X ε

t + X ε
t−d Zt + d Zt d X ε

t

= Zt−

(
ε + X ε

t−θ B
t

)
d Bt

+ Zt−

∫

R0

(
X ε

t−θ H
t (z) + ψt (z) + ψt (z)θ

H
t (z)

)
H̃(dt, dz).

Thus, X ε
t is a local (G,Q)-martingale for all ε ∈ [0, 1]. In particular, X0

t = Mθ
t (ψ)

is a local (G,Q)-martingale. Moreover, Bθ
t = X1

t − Mθ
t (ψ) is also a local (G,Q)-

martingale.
Since Bθ is a continuous local martingale (Bθ

0 = 0), with quadratic varia-
tion [Bθ , Bθ ]t = [B, B]t = �B

t (the quadratic variation is invariant under equiv-
alent measure change), then Bθ is a time-changed (G,Q)-Brownian motion, see
Theorem16.4 in [27]. Hence, it is also a doubly stochastic Gaussian measure as in
Definition2.1.

As for Mθ (ψ), we can see that its quadratic variation is

[Mθ (ψ), Mθ (ψ)]t =
∫ t

0

∫

R0

ψ2
s (z)H(ds, dz).
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Now, let ψt (z) = 1(0,t]×B(t, z), for t ∈ [0, T ] and B ∈ BR0 . Then,

EQ

[
[Mθ (ψ), Mθ (ψ)]T

]
= EQ

[ ∫ T

0

∫

R0

1(0,t]×B(t, z)H(dt, dz)

]

= E

[
ZT

∫ T

0

∫

R0

1(0,t]×B(t, z)H(dt, dz)

]
.

By Hölder’s inequality, we have that

EQ

[
[Mθ (ψ), Mθ (ψ)]T

]
≤
(
E[Z2

T ]
)1/2

·
(
E

[
H((0, t] × B)2

])1/2

< ∞. (25)

Hence Mθ (ψ) is a (G,Q)-martingale, see e.g. Corollary to Theorem 27.II in [37].
Denote B a semi-ring generating BR0 . We can regard the σ -algebra B(0,T ] as gen-
erated by the semi-ring of intervals of the form (s, t], where 0 ≤ s < t ≤ T . The
σ -algebraB(0,T ]×R0 is generated by the semi-ring of sets (s, t] × A, where A ∈ B.

For an element (s, t] × A in the semi-ring, let ψ = 1(0,t]×A. Then we have

H̃ θ ((s, t] × A) = Mθ
t (ψ) − Mθ

s (ψ). (26)

By (25) and (26) H̃ θ isσ -finite on the semi-ringP-a.s. (equivalentlyQ-a.s.), hencewe
can uniquely extend (26) to the σ -algebraB[0,T ]×R0 , see Theorems 11.3 and 10.3 in
[5]. Hence, H̃ θ has the (G,Q)-martingale property, conditionally orthogonal values
with respect to (G,Q), and its variance measure is σ -finite. H̃ θ is clearlyG-adapted
by its definition, and H̃ θ is additive and σ -additive in L2(Q) by its integral form and
the condition on θ H . In conclusion, H̃ θ is a (G,Q)-martingale random field with
conditionally orthogonal values.

Finally, we show that Bθ and Mθ (ψ) are strongly orthogonal underQ, forψ = 1


with 
 ∈ B[0,T ]×R0 : m(
) = E[�H (
)] < ∞. In fact, observe that

Bθ
t := Bt −

〈
B,

∫ ·
0

θ B
s d Bs

〉

t
,

Mθ
t (ψ) =

∫ t

0

∫

R0

1
(s, z)H̃θ (dt, dz)

:=
∫ t

0

∫

R0

1
(s, z)H̃(dt, dz) −
〈∫ ·

0

∫

R0

1
(s, z)H̃(ds, dz),
∫ ·
0

∫

R0

θ H
s (z)H̃(ds, dz)

〉

t
,

Then
〈
Bθ , Mθ (ψ)

〉
t
=
〈

B,

∫ ·

0

∫

R0

1
(s, z)H̃(dt, dz)

〉

t

= 0,

as a consequence of (A5) in Definition2.1. From this we know that [Bθ , Mθ (ψ)]t is
aQ-local martingale and, by (24) and Theorem 51.I in [37], we get that [Bθ , Mθ (ψ)]
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is a uniformly integrableQ-martingale. Then Bθ
t and Mθ

t (ψ) are strongly orthogonal
square integrable martingales.

Remark 3.1 If (23) is defined with θ ∈ IF, then Z θ is an F-adapted process. In this
case, the fields Bθ and H̃ θ would be strongly orthogonal (F,Q)-martingale random
fields in the sense discussed above.

Note that H̃ θ is not a doubly stochastic Poisson random field underQ, in general.

Corollary 1 Let H̃ θ and Z be defined as in Theorem 3.1. If the stochastic field θ H is
deterministic, then H̃ θ is a (G,Q)-centered doubly stochastic Poisson random field.
Moreover, if θ H

t (z) = θ H
t , then the new jump measure and the new time distortion

process are given by

νθ (dz) = ν(dz), λθ
t (ω) = {1 + θ H

t }λt (ω).

If θ H
t (z) = θ H (z), then the new jump measure and the new time distortion process

are given by
νθ (dz) = {1 + θ H (z)}ν(dz), λθ

t (ω) = λt (ω).

Proof This can be shown by studying the characteristic function (underQ) of H̃ θ (
)

for 
 ∈ B[0,T ]×R0 .

4 Hedging Under Worst Case Scenario

In this sectionwe define explicitly the set of scenariosQM considered in the definition
of the risk measure in (1):

ρt (ξ) := ess sup
Q∈QM

EQ

[− ξ |Mt
]
, t ∈ [0, T ].

We consider the cases of information flow given by M = G,F. Considering the
agent’s perspective, it is natural to choose the filtrationF asmodel for the information
flow. In factG carries the information of thewhole process of stochastic time-change,
which would be a form of anticipating information embedded in the information flow
not reasonably available to an agent. We study the optimisation problem (7) in both
cases on the market (2) and (3) with the F-adapted coefficients r, α, σ, γ .

Definition 4.1 Let the process Zt , t ∈ [0, T ], be a (M,P)-martingale defined by

d Zt = Zt−
(
θ B

t d Bt +
∫

R0

θ H
t (z)H̃(dt, dz)

)
,

Z0 = 1,
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for θ ∈ IG (with the notation θt (0) = θ B
t and θt (z) = θ H

t (z) for z ∈ R0) and θ H
t (z) >

−1 P × � − a.e. Consider the cases such that ZT ∈ L2(P) and (24) is satisfied.
Moreover, for K > 0,

|θ B
t λB

t | < K , 0 ≤ θ H
t (z)

√
λH

t < K · z, z ∈ R0, P × dt − a.e. (27)

Then the set of admissible scenarios is given by:

QM := {Q ∼ P | dQ

dP
= Z θ

T , θ ∈ IM},

where the Radon-Nikodym derivative are of the type above.

We remark that QM is a convex set. Moreover, QF ⊆ QG.
We recall that the hedging problem considered (6), with the chosen risk measure

(1), translates to the problem (7):

Yt = ess inf
π∈�M

ess sup
Q∈QM

Y π,Q
t (28)

with

Y π,Q
t := EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπsσsd Bs

−
∫ T

t

∫

R0

e− ∫ s
t ru duπsγs(z)H̃(ds, dz)

∣∣∣∣Mt

]
.

Hence, a solution to (7) is given by (π̂, Q̂) ∈ �M × QM such that

Yt = Y π̂ ,Q̂
t = E

Q̂

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπ̂s(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπ̂sσsd Bs

−
∫ T

t

∫

R0

e− ∫ s
t ru duπ̂sγs(z)H̃(ds, dz)

∣∣∣∣Mt

]
, t ∈ [0, T ]. (29)

Analogously, we define the set of admissible portfolio �M with respect to the
filtrations M = F,G.
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Definition 4.2 The portfolio π : [0, T ] × � → R is admissible if

(i) πtγt (z) > −1 P-a.s.,
(ii) π is M-predictable such that there exists a unique strong càdlàg M-adapted

solution V π to the dynamics (4) on [0, T ],
(iii) for all Q ∈ QM

EQ

[∫ T

0

[
|αt − rt ||πt | + |πtσt |2λB

t +
∫

R0

|πtγt (z)|2ν(dz)λH
t

]
dt

]
< ∞.

Note that �M is a convex set.

The solution to the problem (28) is studied via BSDEs and the comparison theo-
rem. The two filtrations lead to different types of BSDEs.

4.1 Flow of Information G

First of all we consider the filtration G and the corresponding stochastic process:

Y π,θ
t = EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπsσsd Bs −
∫ T

t

∫

R0

e− ∫ s
t ru duπsγs(z)H̃(ds, dz)

∣∣∣∣Gt

]
,

whereπ ∈ �G andQ = Q
θ ∈ QG. ByTheorem3.1, define theG-martingale random

fields:
d Bθ

t := d Bt − θ B
t λB

t dt,

and
H̃ θ (dt, dz) := H̃(dt, dz) − θ H

t (z)ν(dz)λH
t dt.

So when M = G, Y π,Q takes the form:

Y π,θ
t = EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs

(
(αs − rs) + σsθ

B
s λB

s

+
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds −

∫ T

t
e− ∫ s

t ru duπsσsd Bθ
s

−
∫ T

t

∫

R0

e− ∫ s
t ru duπsγs(z)H̃ θ (ds, dz)

∣∣∣∣Gt

]
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= EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs

(
(αs − rs) + σsθ

B
s λB

s

+
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds

∣∣∣∣Gt

]
. (30)

Hence,

e− ∫ t
0 ru duY π,θ

t =EQ

[
e− ∫ T

0 rs ds F −
∫ T

0
e− ∫ s

0 ru duπs

×
(

(αs − rs) + σsθ
B
s λB

s +
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds | Gt

]
(31)

+
∫ t

0
e− ∫ s

0 ru duπs

(
(αs − rs) + σsθ

B
s λB

s +
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds.

The martingale representation Theorem 2.3 applied to

ξ := e− ∫ T
0 rs ds F −

∫ T

0
e− ∫ s

0 ru duπs

(
(αs − rs) + σsθ

B
s λB

s +
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds

(32)

gives us the existence of the G-predictable integrands Zπ,θ and Uπ,θ for the two
corresponding stochastic integrals, so we have

e− ∫ t
0 ru duY π,θ

t = EQ[ξ |F�
T ] +

∫ t

0
Zπ,θ

s d Bθ
s +

∫ t

0

∫

R0

Uπ,θ
s (z)H̃ θ (ds, dz)

+
∫ t

0
e− ∫ s

0 ru duπs

(
(αs − rs) + σsθ

B
s λB

s +
∫

R0

γs(z)θ
H
s (z)ν(dz)λH

s

)
ds.

The Itô formula allows to obtain the linear BSDE

dY π,θ
t =

(
rt Y

π,θ
t + πt

(
αt − rt

)
+
(

πtσt − e
∫ t
0 ru du Zπ,θ

t

)
θ B

t λB
t

+
∫

R0

(
πtγt (z) − e

∫ t
0 ru duUπ,θ

t (z)

)
θ H

t (z)ν(dz)λH
t

)
dt

+ e
∫ t
0 ru du Zπ,θ

t d Bt +
∫

R0

e
∫ t
0 ru duUπ,θ

t (z)H̃(dt, dz), (33)

Y π,θ
T = F,

the solution of which is guaranteed by Theorem 2.7 thanks to (27). The generator of
this BSDE is:
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g·(λ, y, z, u(·), π, θ) = − yr − (μ − r)π − (πσ − e
∫ ·
0 rs ds z)θ BλB

−
∫

R0

(πγ·(x) − e
∫ ·
0 rs dsu(x))θ H (x)ν(dx)λH . (34)

The min-max type of problem corresponding to (28) arises in stochastic differ-
ential games. With the comparison Theorem 2.8 in hands, we can justify the proof
of the following result due to [35] in our setting for the driving noises considered in
this paper.

As short hand notation, denote g(πt , θt ) = g·(λ, y, z, u(·), πt , θt ). The solution
of a BSDE with standard parameters (ξ, g) is denote by (Y, Z , U ), for an optimal θ̂
the solution is denoted by (Y π , Zπ , Uπ ), and for an optimal π̂ the solution is then
(Y θ , Z θ , U θ ). The solution given in the case g(π̂t , θ̂t ) is denoted (Ŷ , Ẑ , Û ).

Theorem 4.1 Let (ξ, g) be standard parameters. Suppose that for all (ω, t, λ, y,

z, u) there exist π̂t = π̂(ω, t, λ, y, z, u) and θ̂t = θ̂ (ω, t, λ, y, z, u) such that for all
admissible portfolios π ∈ �G and all admissible probability measures Q = Q

θ ∈
QG, we have:

g(π̂t , θt ) ≤ g(πt , θt ) ≤ g(πt , θ̂t ), (35)

for a.a. (ω, t). Assume that the conditions of Theorem 2.8 hold. Suppose π̂ and θ̂ are
admissible, and suppose that for all admissible (π, θ) there exists a unique solution
to the BSDE with (ξ, g(πt , θt )) as terminal condition and generator, respectively.
Then

Ŷt = Y π̂
t = ess inf

π∈�G

Y π
t =: Yt = ess sup

Q∈QG

{
ess inf
π∈�G

Y π,θ
t

}
= ess sup

Q∈QG

Y θ
t .

Proof The proof is due to [35]. By applying the comparison theorem to the solutions
of the BSDEs of the couples of standard parameters (F, g(π̂t , θt )), (F, g(πt , θt )),

(F, g(πt , θ̂t )), by (35) we get that Y θ
t ≤ Y π,θ

t ≤ Y π
t , for all admissible (π, θ), thus:

For all θ : Y θ
t ≤ ess inf

π∈�
Y π,θ

t P × dt − a.e. (36)

For all π : ess sup
θ∈Q

Y π,θ
t ≤ Y π

t P × dt − a.e. (37)

From definition of essential supremum and (36), we get

Ŷt ≤ ess sup
Q∈QG

Y θ
t = ess sup

Q∈QG

(
ess inf
π∈�G

Y π,θ
t

)
.
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From (37) and definition of essential infimum, we get

Yt = ess inf
π∈�G

{
ess sup
Q∈QG

Y π,θ
t

}
≤ ess inf

π∈�G

Y π
t ≤ Ŷt .

Hence, we obtain the following chain of inequalities:

Yt = ess inf
π∈�G

{
ess sup
Q∈QG

Y π,θ
t

}
≤ ess inf

π∈�G

Y π
t ≤ Ŷt

≤ ess sup
Q∈QG

Y θ
t ≤ ess sup

Q∈QG

(
ess inf
π∈�G

Y π,θ
t

)
.

Since sup(inf) ≤ inf(sup) we get equality between all terms.

We shall apply this result. The generator (34) satisfies the conditions of g(2) in
Theorem 2.8. In fact for an admissible probability measureQθ and an admissible π ,
we have:

gt(λ, y, ζ, u(·), πt , θt )

= − yrt − πt

[
αt − rt + σtθ

B
t λB +

∫

R0

γt (z)θ
H
t (z)ν(dz)λH

]

+ e
∫ t
0 rs dsζθ B

t

√
λB

√
λB +

∫

R0

e
∫ t
0 rs dsu(z)

√
λHθ H

t (z)ν(dz)
√

λH .

Moreover, condition (35) leads to the study of the equations

∂g

∂θ B
(π̂, θ̂ ) = 0,

∂g

∂θ H
(π̂, θ̂ ) = 0,

∂g

∂π
(π̂, θ̂ ) = 0.

The determinant of the Hessian is null, and these equations correspond to a critical
point. Recall thatQG and�G are convex. These yield to the characterising equations
for the optimal solution.

Summarising, we have the following result.

Theorem 4.2 Let the reference filtration be G. If (π̂, Q̂) ∈ �G × QG satisfy the
equations:

(
e
∫ t
0 rs ds Ẑt − π̂tσt

)
λB

t = 0, (38)
∫

R0

(
e
∫ t
0 rs dsÛt (z) − π̂tγt (z)

)
ν(dz)λH

t = 0, (39)

(αt − rt ) + σt θ̂
B
t λB

t +
∫

R0

γt (z)θ̂
H
t (z)ν(dz)λH

t = 0, (40)
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where (Ẑ , Û ) ∈ IG are the integrands in the integral representation (Theorem 2.2):

e− ∫ T
0 rt dt F = E

Q̂
[e− ∫ T

0 rt dt F |F�
T ] +

∫ T

0
Ẑsd B θ̂

s +
∫ T

0

∫

R0

Ûs(z)H̃ θ̂ (ds, dz),

(41)

then (π̂, Q̂) is the optimal solution of the problem (8). The optimal price process

Ŷt = Y π̂ ,Q̂
t = Yt , t ∈ [0, T ], is given by:

Ŷt = E
Q̂

[
e− ∫ T

t rs ds F −
∫ T

t
e
∫ s
0 rudu Ẑsd B θ̂

s −
∫ T

t

∫

R0

e
∫ s
0 ruduÛs(z)H̃ θ̂ (ds, dz)|Gt

]

(42)

where
d B θ̂

t := d Bt − θ̂ B
t λB

t dt

is a (G, Q̂)-martingale and a time-changed (G, Q̂)-Brownian motion, and

H̃ θ̂ (dt, dz) := H̃(dt, dz) − θ̂ H
t (z)ν(dz)λH

t dt.

is a (G, Q̂)-martingale random field orthogonal to B θ̂ . Under probability measure
P, the optimal price process follows the following dynamics:

dŶt =
(

Ŷtrt + π̂t
(
αt − rt

))
dt + π̂tσt d Bt +

∫

R0

π̂tγt (z)H̃(dtdz)

Ŷ0 =E
Q̂
[e− ∫ T

0 rt dt F |F�
T ].

(43)

On the other side, if (π̂, Q̂) ∈ �G × QG is an optimal solution, then the equations
(38)–(40) are satisfied.

Remark 4.1 We observe that the optimal strategy (π̂, V π̂ , C π̂ ) is then given by the
process π̂ as characterised above, the value process V π̂ from (4) has the initial
value v = V π̂

0 = E
Q̂
[e− ∫ T

0 rt dt F], and the initial cost C π̂
0 = E

Q̂
[e− ∫ T

0 rt dt F |F�
T ] −

E
Q̂
[e− ∫ T

0 rt dt F] and is C π̂
t = 0 for t ∈ (0, T ].

Remark 4.2 Observe that the optimal Q̂ is amartingalemeasure for the optimal price
process Ŷ . In fact from (42), we have that

e− ∫ t
0 rs ds Ŷt = E

Q̂
[e− ∫ T

0 rs ds ŶT |Gt ].
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4.2 Flow of Information F

In the case of flow of information F, we see that the problem (7) leads to a different
type of BSDE than the one considered so far.

Recall thatμ(dt, dz)= 1{0} B(dt, dz) + 1R0(z)H̃(dt, dz), is an (F,P)-martingale
random field and that its conditional variance measure is:

〈μ〉(dt, dz) = δ{0}(dz)λB
s ds + 1R0(z)ν(dz)λH

s ds.

Moreover, by Theorem3.1 we define the (F,Q)-martingale random field, μθ , by

μθ(dt, dz) = μ(dt, dz) − βt (z)〈μ〉(dt, dz), (44)

where β is given by:
βt (z) := θ B

t 1{0}(z) + θ H
t (z)1R0(z).

Note that 〈μ〉 = 〈μθ 〉.
Let us consider the process Y π,Q under filtration F for π ∈ �F and Q ∈ QF:

Y π,θ
t = EQ

[
e− ∫ T

t rs ds F −
∫ T

t
e− ∫ s

t ru duπs(αs − rs)ds

−
∫ T

t
e− ∫ s

t ru duπsσsd Bs

−
∫ T

t

∫

R0

e− ∫ s
t ru duπsγs(z)H̃(ds, dz)

∣∣∣∣Ft

]
. (45)

Then, by direct computation and using Theorem 2.4, we obtain the following
equalities:

e− ∫ t
0 rs dsY π,θ

t =EQ

[
e− ∫ T

0 rs ds F −
∫ T

0

∫

R

e− ∫ s
0 ruduπs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H
s (z)1R0

(z)

]
〈μθ 〉(ds, dz) | Ft

]

+
∫ t

0

∫

R

e− ∫ s
0 ruduπs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H
s (z)1R0

(z)

]
〈μθ 〉(ds, dz)

=EQ

[
ξ0 +

∫ T

0

∫

R

Zt1{0}(z) + Ut (z)1R0
(z)μθ (dt, dz) | Ft

]

+
∫ t

0

∫

R

e− ∫ s
0 ruduπs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H
s (z)1R0

(z)

]
〈μθ 〉(ds, dz).
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Equivalently,

e− ∫ t
0 rs dsY π,θ

t =EQ[ξ0|Ft ] +
∫ t

0

∫

R

Zs1{0}(z) + Us(z)1R0(z)μ
θ (ds, dz)

+
∫ t

0

∫

R

e− ∫ s
0 ru duπs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H
s (z)1R0(z)

]
〈μθ 〉(ds, dz).

Recall that the random variable ξ0 ∈ L2(�,F ,Q) is orthogonal to the stochastic
integrals. The equation above, together with (44), yields the BSDE:

dY π,θ
t = −

∫

R

[ {
−rt Yt − πt (αt − rt ) + θ B

t {e
∫ t
0 rs ds Zt − πtσt }

}
1{0}(z)

+
{

e
∫ t
0 rs dsUt (z) − πtγt (z)

}
θ H

t (z)1R0(z)

]
〈μ〉(dt, dz)

+
∫

R

[
e
∫ t
0 rs ds Zt1{0}(z) + e

∫ t
0 rs dsUt (z)1R0(z)

]
μ(dt, dz) (46)

+ e
∫ t
0 rs dsdEQ[ξ0|Ft ]

Y π,θ
T = F.

We remark that EQ[ξ0|Ft ], t ∈ [0, T ], is an (F,Q)-martingale orthogonal to μθ .
Thus the process

∫ t
0 e

∫ s
0 ru dudEQ[ξ0|Fs], t ∈ [0, T ], is an (F,Q)-martingale orthog-

onal to μθ . By direct computation that this process is also an (F,P)-martingale
orthogonal to μ. In fact, for A ∈ B(R), we have

〈
∫ ·

0
e
∫ s
0 ru dudEQ[ξ0|Fs ], μ(A)〉 = 〈

∫ ·

0
e
∫ s
0 ru dudEQ[ξ0|Fs ], μθ (A)〉

+ 〈
∫ ·

0
e
∫ s
0 ru dudEQ[ξ0|Fs ],

∫ ·

0

∫

R

βt (z)d〈μ〉(dt, dz)〉 = 0.

Another way to look at (45) is by application of Theorem 3.1. In fact, setting
ψt := e− ∫ t

0 rs ds , t ∈ [0, T ], we have:

ψt Y π,θ
t =EQ

[
ψT F −

∫ T

t
ψsπs

[
(αs − rs)ds − σsd Bs −

∫

R0

γs(z)H̃(ds, dz)

]∣∣∣∣Ft

]

=EQ

[
ψT F −

∫ T

t
ψsπs

[
(αs − rs)ds + σs

(
d Bθ

s + θ B
s λB

s ds

)

+
∫

R0

γs(z)

(
H̃θ (ds, dz) + θ H

s (z)ν(dz)λH
s ds

)]∣∣∣∣Ft

]
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By use of the martingale property, we get

ψt Y
π,θ
t = EQ

[
ψT F −

∫ T

t

∫

R

ψsπs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H
s (z)1R0(z)

]
〈M〉(ds, dz)

∣∣∣∣Ft

]
. (47)

With dQ = ZT dP and ZT = ET
( ∫ ·

0

∫
R

βs(z)μ(ds, dz)
)
, we recognize (47) as the

solution of the linear BSDE of type, cf. (22):

Y π,θ
t =E

[
�T

�t
F −

∫ T

t

∫

R

�s

�t
πs

[(
(αs − rs) + σsθ

B
s

)
1{0}(z)

+ γs(z)θ
H (s, z)1R0(z)

]
〈μ〉(ds, dz)

∣∣∣∣Ft

]
.

Here we recall that r is bounded, θ ∈ IF so thatQ ∈ QF, and (5) holds. By Lemma
2.9 and Remark2.4, the P-dynamics correspond to

dY π,θ
t = −

∫

R

{−rt1{0}(z)Yt + θ B
t 1{0}(z)Z̄t + θ H

t (z)1R0(z)Ūt (z)

−πt

[(
(αt − rt ) + σtθ

B
t

)
1{0}(z) + γt (z)θ

H
t (z)1R0(z)

]}
〈μ〉(dt, dz)

(48)

+
∫

R

Z̄t1{0}(z) + Ūt (z)1R0(z)μ(dt, dz) + d Nt

Y π,θ
T = F,

where N is an (F,P)-martingale orthogonal to μ. Comparing (48) and (46). We see
that

Z̄t = e
∫ t
0 rs ds Zt

Ūt (z) = e
∫ t
0 rs dsUt (z),

Nt =
∫ t

0
e
∫ s
0 ru dudEQ[ξ0|Fs], (N0 = 0).

We can state the corresponding result to Theorem 4.1 for the case of information
flow F. Set f (πt , θt ) := ft (λ, y, z, u, πt , θt ) as short-hand notation.

Theorem 4.3 Let (ξ, f ) be standard parameters. Suppose that for all (ω, t, λ, y,

z, u) there exist π̂t = π̂(ω, t, λ, y, z, u) and θ̂t = θ̂ (ω, t, λ, y, z, u) such that, for all
admissible portfolios π ∈ �F and all admissible probability measures Q = Q

θ ∈
QF, we have:
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f (π̂t , θt ) ≤ f (πt , θt ) ≤ f (πt , θ̂t ), (49)

for a.a. (ω, t). Assume that the conditions of Theorem 2.10 hold, and that π̂ and θ̂

are admissible. Suppose that for all admissible (π, θ) there exists a unique solution
to the BSDE with (ξ, f (πt , θt )) as terminal condition and generator, respectively.
Then

Ŷt = ess inf
π∈�F

Y π
t =: Yt = ess sup

Q∈QF

{
ess inf
π∈�F

Y π,θ
t

}
= ess sup

Q∈QF

Y θ
t .

Proof The argument is the same as for Theorem 4.1, but rely on the comparison
theorem in the case F.

From the BSDE in (48), we can see that

ft (y, ζ, u(·), π, θ) = −
{

− rt y − πt (αt − rt ) + θ B(ζ − πtσt )
}
1{0}(z)

+
{

u(z) − πtγt (z)
}
θ H (z)1R0(z), (50)

where 〈μ〉(dt, dz) = δ{0}(dz)λB
s ds + 1R0(z)ν(dz)λH

s ds. So we obtain

g·(λ, y, ζ, u(·), π, θ) =
{

− r y − π(α − r) − θ Bπσ
}
λB −

∫

R0

πγ (z)θ H (z)ν(dz)λH

+ θ BζλB +
∫

R0

θ H (z)u(z)ν(dz)λH .

We observe that BSDEs of the type (48) with (49) satisfy the conditions of
Theorem2.10. In the same way as for Theorem4.2, condition (49) yields to the
study of saddle points. Hence we obtain the following result:

Theorem 4.4 Let the reference filtration be F. If (π̂, Q̂) ∈ �F × QF satisfies the
equations:

(
e
∫ t
0 rs ds Ẑt − π̂tσt

)
λB

t = 0, (51)
∫

R0

(
e
∫ t
0 rs dsÛt (z) − π̂tγt (z)

)
ν(dz)λH

t = 0, (52)

(αt − rt ) + σt θ̂
B
t λB

t +
∫

R0

γt (z)θ̂
H
t (z)ν(dz)λH

t = 0, (53)

where (Ẑ , Û ) ∈ IF are the integrands in the integral representation:

e− ∫ T
0 rt dt F = ξ̂0 +

∫ T

0
Ẑsd B θ̂

s +
∫ T

0

∫

R0

Ûs(z)H̃ θ̂ (ds, dz), (54)
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and ξ̂0 ∈ L2(�,F , Q̂) is a random variable orthogonal to the stochastic integrals
(cf. Theorem 2.4), then (π̂, Q̂) is the solution of the optimisation problem (28). The

optimal price process Ŷt = Y π̂ ,Q̂
t = Yt , t ∈ [0, T ], is given by:

Ŷt = E
Q̂

[
e− ∫ T

t rs ds F −
∫ T

t
e
∫ s
0 rudu Ẑsd B θ̂

s −
∫ T

t

∫

R0

e
∫ s
0 ruduÛs(z)H̃ θ̂ (ds, dz)|Ft

]
,

(55)

where
d B θ̂

t := d Bt − θ̂ B
t λB

t dt,

and
H̃ θ̂ (dt, dz) := H̃(dt, dz) − θ̂ H

t (z)ν(dz)λH
t dt.

These are orthogonal (F, Q̂)-martingale random fields. Under probability measure
P, the optimal price process has the following dynamics:

dŶt =
(

Ŷt rt + π̂t
(
αt − rt

))
dt + π̂tσt d Bt +

∫

R0

π̂tγt (z)H̃(dt, dz) + e
∫ t
0 rs dsdE

Q̂
[ξ̂0|Ft ]

Ŷ0 = E
Q̂

[e− ∫ T
0 rt dt F].

(56)

Remark 4.3 We observe that the optimal strategy (π̂, V π̂ , C π̂ ) is then given by the
process π̂ as characterised above. The wealth V π̂ on the market has the initial value
V π̂
0 = v = E

Q̂
[e− ∫ T

0 rt dt F], and the cost is a processC π̂
t , t ∈ [0, T ], given as follows.

Observe that

dŶt = dV π̂
t + (

Ŷt − V π̂
t

)
rt dt + e

∫ t
0 rs dsdE

Q̂
[ξ̂0|Ft ],

then
dC π̂

t = C π̂
t rt dt + e

∫ t
0 rs dsdE

Q̂
[ξ̂0|Ft ]; C π̂

0 = 0.

which results in C π̂
t = e

∫ t
0 rs ds

(
E
Q̂
[ξ̂0|Ft ] − E

Q̂
[ξ̂0]

)
.

Remark 4.4 Observe that the optimal Q̂ is amartingalemeasure for the optimal price
process Ŷ . In fact, the price process is given by:

e− ∫ t
0 rs ds Ŷt = E

Q̂
[e− ∫ T

0 rs ds ŶT |Ft ].

Remark 4.5 The characterizing Eqs. (38)–(40) and (51)–(53) are formally the same,
being the difference on themeasurability properties of the processes involved.Denote
Q̂G = Q

π̂ ∈ QG in Theorem4.2 and Q̂F = Q
π̂ ∈ QF in Theorem4.4. FromEqs. (40)

and (53) combined with Theorem3.1, we can see that Q̂G|F = Q̂F.
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5 Conclusions and Example

With the intent of finding a hedging strategy in the incomplete market (2) and (3)
we have studied the optimization problem (6). We have developed the solution using
BSDEs and their comparison theorems. For this we refer to [9, 19], of which we
adapt the results. Our approach relies on results developed for stochastic differential
games as given in [35]. Indeedwehave transformed the hedging problemundermodel
uncertainty in a min-max type problem (7) by exploiting the explicit representation
of the risk-measure considered (1).

The noises considered are naturally linked to two different filtrations. The filtra-
tion G captures all the statistical properties of the noises, allowing to exploit the
underlying Gaussian and Poisson structure, see Definition 2.1. The filtration F is
substantially the filtration generated by the noises. We study the problem (7) with
respect to both situations and we observe thatFT = GT . Correspondingly, we have
proposed two BSDEs related to the the two filtered probability spaces. The terminal
condition is the same. The results obtained show differences in terms of adaptability
of the solutions and the structure of the solution itself, cf. (43) and (56).

Both set-ups lead to hedging strategies (π̂, V π̂ , C π̂ )with presence of cost process.
In the case ofG, the cost process accounts for the anticipated knowledge of the time-
change. In the case of F, the cost process represents the spread between the perfect
hedge and the best self-financing strategy. Here the distances are evaluated in terms
of the risk-measure (1).

From the methodological point of view, we remark that the BSDEs presented for
the study in the case of filtration F are based on the properties of the martingale
random fields and we recall that our noises are martingale random fields with respect
to both filtrations. In fact in this framework of general martingales we can see the
correspondence between the two set-ups generated by the two filtrations.

As explained earlier, from a financial modeling perspective it is better suited to
consider the information flow given by F.

Example 5.1 Toy example. Let e− ∫ T
0 rt dt F is F�

T -measurable (r deterministic). In
the information flow G, the integral representation (41) shows that the optimal
integrands (Ẑ , Û ) ∈ IG are null and that the optimal strategy presents π̂ = 0,
and v = E

Q̂G
[e− ∫ T

0 rt dt F]. Here the values (θ̂ B, θ̂ H ) for the probability measure

Q̂G = Q
θ̂ ∈ QG are given by (40). See Theorem 4.2. The cost process is C π̂

0 =
e− ∫ T

0 rt dt F − E
Q̂G

[e− ∫ T
0 rt dt F], C π̂

t = 0, t ∈ (0, T ].
Consider the case of information flow F. DenoteHF ⊂ L2(�,F , Q̂F) andHG ⊂

L2(�,F , Q̂G) the spaces generated by the integrals
∫ T
0

∫
R

φt (z)μ(dt, dz) for all

φ ∈ IF and φ ∈ IG, respectively. Being Q̂F = Q̂G|F (see Remark 4.5), then HF ⊂
HG. Hence,

L2(�,F , Q̂G) � HF ⊃ L2(�,F , Q̂G) � HG � e− ∫ T
0 rt dt F.
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Hence ξ̂0 = e− ∫ T
0 rt dt F and (Ẑ , Û ) ≡ 0 in the representation (54). The optimal

strategy is then π̂ = 0, v = E
Q̂F

[e− ∫ T
0 rt dt F], and C π̂

t = E
Q̂F

[
e− ∫ T

0 rt dt F |Ft ] − E
Q̂F

[e− ∫ T
0 rt dt F], t ∈ [0, T ].

In line with Remarks 4.2 and 4.4, we see that the optimal measures QF and QG

are risk-neutral in the given market. In fact, applying (40) or (53), i.e.

(αt − rt ) + σt θ̂
B
t +

∫

R0

γt (z)θ̂
H
t (z)ν(dz)λt = 0,

we have

d
(

e− ∫ t
0 rs ds S(1)

t

)
= e− ∫ t

0 rs ds S(1)
t

[
(αt − rt )dt + σt d Bt +

∫

R0

γt (z)H̃(dt, dz)

]

= e− ∫ t
0 rs ds S(1)

t

[
σt d B θ̂

t +
∫

R0

γt (z)H̃ θ̂ (dt, dz)

]
.

This result is consistent with the observations of [36] in the context of dynamics
given by a jump diffusion and in the literature related to risk-minimizing strategies.
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Markov Renewal Methods in Restart
Problems in Complex Systems

Søren Asmussen, Lester Lipsky and Stephen Thompson

Abstract A task with ideal execution time L such as the execution of a computer
program or the transmission of a file on a data link may fail, and the task then needs
to be restarted. The task is handled by a complex system with features similar to the
ones in classical reliability: failures may be mitigated by using server redundancy
in parallel or k-out-of-n arrangements, standbys may be cold or warm, one or more
repairmen may take care of failed components, etc. The total task time X (including
restarts and pauses in failed states) is investigated with particular emphasis on the tail
P(X > x). A general alternating Markov renewal model is proposed and an asymp-
totic exponential form P(X > x) ∼ Ce−γ x identified for the case of a deterministic
task time L ≡ �. The rate γ is given by equating the spectral radius of a certain
matrix to 1, and the asymptotic form of γ = γ (�) as � → ∞ is derived, leading to
the asymptotics of P(X > x) for random task times L . A main finding is that X is
always heavy-tailed if L has unbounded support. The case where theMarkov renewal
model is derived by lumping in a continuous-time finite Markov process with expo-
nential holding times is given special attention, and the study includes analysis of
the effect of processing rates that differ with state or time.
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1 Introduction

This paper studies some systems of a similar flavour as those of interest in Relia-
bility and Availability Theory [5, 6, 23]. The system consists of a large number of
components and at a given time it is in a state depending on the characteristics of
the components (operating, under repair, in cold or hot standby, rebooting etc.). In
brief, a finite state space E is partitioned into two subspaces,D andU (Down/Up, or
Operating/Failed, etc.). Individual components may be failed and under repair also
in an Up state, but the system as a whole can only operate in the Up states and is
paused upon exit from there to remain in the Down states until all necessary repairs
have been undertaken.

In classical reliability theory one is interested in the length of time the system
is in some Up state (the longer without failure, the better). Repair time is of less
importance. Availability is concerned with the fraction of time that the system is in
an Up state, taking into account the multiplicity of processors (thus the availability
fraction could be greater than 1). In this paper we focus on the processing of a task of
length L (the task time) which can only finish processing after the system has been
in the set U of Up states for a time greater than L (L may be random or constant,
L = �). If during processing the system fails and goes to a Down state, the performed
work is lost and when entering an Up state again, the processing has to be restarted
from scratch. That is, each time the system leaves U and goes to D , it must start
over when reentering U . The quantity of interest is the total task time X .

The study of total task times in problems of this type has a long tradition in
many specific and distinct failure recovery schemes. In particular in the resume
(also referred to as preemptive resume) scenario, if there is a processor failure while
a job is being executed, after repair is implemented the job can continue where it
left off. In the replace situation (also referred to as preemptive repeat different),
if a job fails, it is replaced by a different job from the same distribution. Here, no
details concerning the previous job are necessary in order to continue. For these two
schemes, see Kulkarni et al. [16, 17]. Further models andmethods of failure recovery
are in Chlebus et al. [11] for restartable processors and in DePrisco et al. [12] (stage
checkpointing).

As indicated above, we are here concerned with restart (also referred to as
preemptive repeat identical). There are many examples where this is relevant. The
obvious one alluded to above involves execution of a program on some computer.
If the computer fails, and the intermediate results are not saved externally (e.g., by
checkpointing), then the job must restart from the beginning. As another example,
one might wish to copy a file from a remote system using some standard protocol
as FTP or HTTP. The time it takes to copy a file is proportional to its length. A
transmission error immediately aborts the copy and discards the partially received
data, forcing the user to restart the copy from the beginning. Yet another example
would be receiving ‘customer service’ by telephone. Often, while dealing with a
particular service agent, the connection is broken. Then the customer must redial the
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service center, and invariably (after waiting in a queue) ends up talking to a different
agent, and having to explain everything from the beginning.

Computing expected values and transforms is usually easy in any of the models
mentioned above.Also the important problemof tail behaviour, that is, the probability
of long delays, has been successfully attacked in a number of the above references.
For example for the replacemodel the delay X − L is just a geometric sum of terms
distributed as the failure time U conditioned on U < L , even if L is random, which
assuming phase-type forms of L , U makes matrix-analytic methods available, cf.
Bobbio and Trivedi [8]. However, for the restart policy the tail behaviour resisted
detailed analysis until the recent work of Sheahan et al. [20] and Asmussen et al. [2]
where the tail of L was found in a variety of combinations of tail behavior of X and
the failure time U . A main and surprising finding was that the tail of X is always
heavy-tailed if L has unbounded support. The consequence is that delays can be
very severe in the restart setting. For further recent work in this direction, see
Jelenković et al. [13, 14].

2 Statement of Main Results

We now proceed to a more precise description of the model. Without the task being
processed (equivalently, with task time T ≡ 0), the system is assumed to develop
according to an alternating Markov renewal process with state space E = U ∪ D
and imbeddedMarkov chain at jump times ξ0, ξ1, . . . If ξ0 = u ∈ U , the first sojourn
in state ξ0 terminates at time Tu and then state ξ1 ∈ D is entered, and if ξ0 = d ∈ D ,
the first sojourn in state ξ0 terminates at time Td where state ξ1 ∈ U is entered.When
it is unimportant to specify whether states are inU or inD , they are just denoted by
i, j . . .; when a state in E is denoted by u, it is silently understood that u ∈ U , and
similarly for d ∈ D .

The transition rules are thus specified by the set of probability measures

Fdu(t) = Pd
(
Td ≤ t, ξ1 = u) , d ∈ D, u ∈ U ,

Fud(t) = Pu
(
Tu ≤ t, ξ1 = d

)
, u ∈ U , d ∈ D ,

Fi j = 0 when i, j are either both in U or both in D . In particular, the transition
probabilities pi j of the Markov chain ξ are given by pdu = Fdu(∞), pud = Fud(∞),
pi j = 0 when i, j are both in either U or in D , and we have

Fd(t) = Pd(Td ≤ t) =
∑

u∈U
Fdu(t) , Fu(t) = Pu(Tu ≤ t) =

∑

d∈D
Fud(t) .

The term alternating comes from only transitions fromU toD and vice versa being
possible, not ones withinU orD . At the time Tu or Td of the first state space change,
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the process repeats itself with new starting value ξ1. See [1, pp. 206–7] for more
detail on the basics of Markov renewal processes.

Themodel for how the task is handled is that processing only occurs in an Up state
u of the Markov renewal process and then the processing rate is ρu(t) at time t for
a suitable stochastic process ρu . Thus, if the task length is L ≡ � and ξ0 = u ∈ U ,
the task finishes processing in the first Markov renewal interval [0, Tu) at time

τu(�) = inf
{

t > 0 :
∫ t

0
ρu(s) ds = �

}

if τu(�) < Tu . Otherwise, no processing takes place in the down state ξ1 = d ∈ D
entered after Tu , and at the time where the next state ξ2 in U is entered, the whole
process is restarted with the same processing time � but in Markov state ξ2. No
specific assumptions are made at the moment on the dependence between Tu, ρu, ξ1,
but to avoid trivialities, we need P

(
τu(�) < Tu

)
> 0 for at least one u ∈ U , ensuring

that the task will eventually be finished.
The main example of processing rate modeling is of course ρu(t) ≡ 1 for all u

and t so that τu(�) = �, and this may safely be used as basis for intuition for quite a
while. We look at more complicated time-varying and random rates in Sect. 8.

Our main example of the Markov renewal set-up comes from continuous-time
finiteMarkov processes modeling the time evolution of models in classical reliability
theory [5, 6, 23]. We present this in Sect. 3. However, there are others, e.g. vanilla
restart with repair. Here we can take U ,D as one-point sets U = {u}, D = {d},
and ρu(t) ≡ 1. Then Fu can be seen as the distribution of either the operating time
or the failure time (denoted G in [2]), Fd the distribution of the repair time, and the
Markov renewal model allows for incorporating general distributions of Fu, Fd , not
just exponential ones.

Our main result on the general set-up with deterministic task length is the follow-
ing:

Theorem 2.1 Consider a deterministic task length L = � and denote by R(α) the
E × E matrix with entries

rdu(α) = Ed
[
eαTd ; ξ1 = u

]
, d ∈ D, u ∈ U ,

rud(α) = Eu
[
eαTu ; τu(�) ≥ Tu , ξ1 = d

]
, u ∈ U , d ∈ D ,

all other ri j (α) = 0. Assume there exists γ = γ (�) such that R(γ ) is irreducible with
spectral radius 1. Then Pi (X > x) ∼ Cie−γ x as x → ∞, with Ci = Ci (�) specified
in Corollary 4.1 below.

The assumption that γ exists is essentially a condition on light tails of the Td , for
example that each Td is gamma-like. By this we mean that the density exists and has
asymptotic form

bya−1e−δy (1)
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We discuss this in more detail in Sect. 4. The case of heavy tails of some Td is not
included by Theorem 2.1 but can be treated as well. For example, we have:

Theorem 2.2 Consider a deterministic task length L = � and assume that each
Td has a subexponential density, more precisely that there exists a subexponential
density ϕ(y) such that, for all d, P(Td ∈ ·) is absolutely continuous for large y with
a density of asymptotic form cdϕ(y). Then Pi (X > x) ∼ CiΦ(x) as x → ∞, with
Ci = Ci (�) specified in (20) below and Φ(x) = ∫ ∞

x ϕ(y) dy.

[See (18) below for the definition of a subexponential density. The constants Ci are
obviously not the same as in Theorem 2.1; similar slight abuse of notation occurs
throughout the paper].

For a random task length L , conditioning on L = � gives

Pi (X > x) =
∫ ∞

0
Pi (X > x | L = �)P(L ∈ d�) . (2)

Since now � is a variable (and not constant, as previously assumed), we write γ (�)

rather than �, R(α, �) rather than R(α) to stress the dependence on both vari-
ables. In (2), Pi (X > x | L = �) has an asymptotic exponential form as x → ∞ by
Theorem 2.1. Further, the rate γ (�) goes to 0 as � → ∞ since R(0,∞) equals the
spectral radius one matrix P . We thus obtain the following easy but notable result:

Corollary 2.3 If the task length L has unbounded support, the distribution of the
total task time X is heavy-tailed in the sense that eδx

P(X > x) → ∞ for all δ > 0.

The key step for obtaining more precise results turns out to be to identify the asymp-
totics of γ (�) as � → ∞. Our result is:

Theorem 2.4 Assume that the assumptions of Theorem 2.1 on R(α, �) hold for all
large �, and that for some function ϕ(�) it holds that

k∗
ud(�) = P

(
Tu > τu(�), ξ1 = d

) ∼ kudϕ(�) (3)

as � → ∞ for some set of constants such that kud > 0 for at least one pair u ∈ U ,
d ∈ D . Then

γ (�) ∼ μϕ(�) as � → ∞, where μ =

∑

u∈U ,d∈D
πukud

∑

i∈E
πiEi Ti

(4)

and π = (πi )i∈E = (πi )i∈U ∪D is the stationary distribution of the Markov chain ξ ,
that is, the invariant probability vector for the matrix P = R(0,∞).

Remark 2.5 In practice, ϕ(�) will be found by first determining the growth rate of
the h∗

ud(�) = P
(
Tu > τu(�), ξ1 = d

)
and letting ϕ(�) = mind∈D h∗

ud(�). �
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Given Theorem 2.4, it is easy to adapt the calculations of [2] to get the tail of X , in
more or less sharp forms depending on the form of the distribution of L . For example:

Corollary 2.6 Assume that L is Gamma-like as in (1), that Pu(τu(�) → ∞) = 1 for
all u and that the assumptions of Theorem 2.4 hold with ϕ(�) = e−q� for some q.
Then

Pi (X > x) ∼ C
loga−1 x

xδ/q

with C given in (16) below.

The paper is organised as follows. Section3 presents some main examples and
a general class of models is described where the Markov renewal model is derived
by lumping in a continuous-time finite Markov process with exponential holding
times. This case provided our main motivation, but the Markov renewal conver-
sion is necessary because of non-Markovian features of the restart mechanism.
Section4 contains the proof of Theorem 2.1, where the main ingredient is a suit-
able set of Markov renewal equations. Also the forms of the knowns and unknowns
are specialized to the Markov model. Section5 contains the proof of Theorem 2.4.
Perron-Frobenius theory for nonnegative matrices plays a main role (see [1, I.6] for
a short introduction and [7, 19] for more extensive treatments). However, the proof
is by bare-hand arguments rather than general perturbation theory. Section6 relates
these results to rare event theory for regenerative processes. In particular, the asymp-
totic form of E[X | L = �] is shown to be 1/γ (�). The proof of Theorem 2.2 is given
in Sect. 7; it involves discussion of Markov renewal equations with heavy tails, a less
established topic than in the light tailed case. Non-constant processing rates ρu(t) are
studied in Sect. 8 and lead intomatrix formalism and differential equations somewhat
similar to the theory of fluid rewardmodels andmultivariate phase-type distributions.
Finally, Sect. 9 sketches via an example how non-exponential distributions may be
incorporated in the Markov model, and some preliminaries and technical steps are
deferred to the Appendix.

The paper only contains one numerical example (a more extensive set is presented
in the companion paper [21]). Nevertheless, it should be stressed that our aim is
computational. In particular, we have chosen a finite state set-up leading to explicit
and numerically implementablematrix formulas rather than a general state onewhere
one would need to impose many not easily verifiable technical conditions, operators
would take the role of matrices, etc.

3 From Markov to Semi-Markov Models

In many examples, the Markov renewal structure may be derived from embedding
into a largerMarkov process J (t)with state spaceE ∗ = U ∗ ∪ D∗. In a state u ∈ U ∗,
the task is processed at rate ru and no processing can take place in a state d ∈ D∗. We
then takeU ⊆ U ∗ as the subset of states that can be entered fromD andD ⊆ D∗ as
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the subset of states that can be entered from U . If ξ0 = J (0) = u ∈ U , we further
let Tu = inf{T > 0 : J (t) ∈ D∗} (and similarly for Td ) and ρu(t) = rJ (t).

It should be noted that in this Markovian scheme, the Fu, Fd become phase-type
(PH) and the Fud , Fdu defective PH (recall that a PH distribution is defined as the
time to absorption in a finite continuous time Markov process with one absorbing
state, cf. [1, III.4]). The implication is that standard matrix-analytic formulas apply
to rewrite the expressions in the general set-up in terms of matrix expressions (matrix
inverses and matrix-exponentials).

TheMarkovian imbedding scheme is illustrated in the following examples, where
the states inU are dark green, the ones inU ∗ \ U light green, and similar dark and
light red coloring is used for the states in D and D∗ \ D .

Example 3.1 Consider a systemwith two exponential parallel servers and two repair-
men. The failure rate of a server is β, the repair rate is λ, and a task can be (re)started
if at least one server is up. We can take E ∗ = {2, 1, 0}, with J (t) = i meaning that
i servers are up (and thus 2 − i down, i.e. under repair).

We have U ∗ = {1, 2}, U = {1}, D∗ = D = {0} (Fig. 1); note that 2 /∈ U since
even if the first service may be started in state 2, none of the following ones will be
so because a failed period (a sojourn in state 0) cannot be terminated by a jump to 2.
The rates are r1 = 1, r2 = 2 if both servers can work on the task and r1 = r2 = 1 if
only one can (hot back-up).

With only one repairman, 2λ should be changed to λ, and with cold back-up, 2β
should be changed to β. Everything else remains unchanged. �
Example 3.2 Consider the system inExample 3.1with themodification that 2 servers
have to be up before a service can start. We then take E ∗ = {2, 1+, 1−, 0}, with 0, 2
having the same meaning as before, and 1−meaning that there is one repaired server
and one under repair, 1+ that there is one operating and one under repair. Assuming
that a server that is repaired but waiting for the other to be repaired before going into
operation cannot fail, we have the transition diagram in Fig. 2.

We haveU ∗ = {2, 1+},U = {2},D∗ = {0, 1−},D = {0}. Again depending on
the interpretation, we may take r1+ = r2 = 1 or r1+ = 1, r2 = 2. �
Example 3.3 Consider again the system in Example 3.1, this timemodified such that
the two servers a, b are heterogeneous, i.e. with failure rates βa, βb and repair rates
λa, λb. We take E ∗ = {0, 1a, 1b, 2}, with 0,2 having the same meaning as before
and 1a meaning that server a is up and server b down, and vice versa for 1b. Cf.
Fig. 3a for the case of homogeneous rates.WehaveU ∗ = {2, 1a, 1b},U = {1a, 1b},
D∗ = D = {0}.

Non-preemptive service and heterogeneous service rates ra �= rb for the servers
can be handled by splitting state 2 into two states 2a, 2b, cf. Fig. 3b. Then r2a =
r1a = ra , r2b = r1b = rb. �

Fig. 1 Parallel servers
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Fig. 2 Start requires both servers up

(a) (b)

Fig. 3 Heterogeneous parallel servers. a Homogeneous service rates, b heterogeneous service rates

4 Theorem 2.1: Proof and Amendments

Proof of Theorem 2.1 For i ∈ E , let Zi (x) = Pi (X > x). If i = d ∈ D , then service
starts at the time Td of exit from d, so that the whole of Td contributes to the total
task time X and for X > x to occur, only delay (x − Td)

+ needs to be accumulated
after Td . Conditioning on y = Td , considering the cases y > x and y ≤ x separately,
and partitioning according to the possible values u = ξ1 ∈ U gives

Zd(x) = zd(x) +
∑

u∈U

∫ x

0
Zu(x − y) Fdu(dy)

where zd(x) = Pd(Td > x). If i = u ∈ U , then the task will be terminated before
y = Tu if y > τu(�) so that X > x if and only if τu(�) > x . This gives

Zu(x) = zu(x) +
∑

d∈D

∫ x

0
Zd(x − y)P

(
Tu ∈ dy, τu(�) > y, ξ1 = d

)

where zu(x) = P
(
Tu > τu(�) > x

)
. Recalling that transitions withinU or withinD

need not be taken into account and letting F̃du = Fdu ,

F̃ud(t) = P
(
Tu ≤ t, τu(�) > Tu, ξ1 = d

)
,
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this can be summarised as the set

Zi (x) = zi (x) +
∑

j∈E

∫ x

0
Z j (x − y) F̃i j (dy) , i ∈ E , (5)

of Markov renewal equations where F̃i j ≡ 0 if i, j are both in U or both in D .
That the Zi (x) decay exponentially at rate γ then follows immediately from the
assumption spr

(
R(γ )

) = 1 via the generalisation of the key renewal theorem stated
in Lemma 9.1. In more detail, that result also gives the form of the Ci which we next
state separately. �

Corollary 4.1 Let ν = (νi )i∈E , h = (hi )i∈E be the left, resp. right, eigenvectors of
R(γ ) corresponding to the eigenvalue γ . Then Ci = hi C1/C2 where

C1 = 1

γ

∑

u∈U
νu

∫ ∞

0
E

[
(eγ τu(�) − 1)1

{
τu(�) ≤ y

} ∣∣ Tu = y
]

Fu(dy) (6)

+ 1

γ

∑

d∈D
νd

∫ ∞

0
[eγ y − 1] Fd(dy) , (7)

C2 =
∑

u∈U ,d∈D
νuhd

∫ ∞

0
yeγ y

P
(
τu(�) ≥ y

∣∣ Tu = y
)

Fud(dy) (8)

+
∑

d∈D,u∈U
νhhu

∫ ∞

0
yeγ y Fdu(dy) . (9)

Proof For d ∈ D , integration by parts gives that

γ

∫ ∞

0
eγ x zd(x) dx = γ

∫ ∞

0
eγ x

P(Td > x) dx

reduces to the integral in (7). For u ∈ U ,

γ

∫ ∞
0

eγ x zu(x) dx = γ

∫ ∞
0

eγ x
P(Tu ≥ τu(�) > x) dx

=
∫ ∞
0

Fu(dy)

∫ ∞
0

γ eγ x
P
(
τu(�) ∈ (x, y] ∣∣ Tu = y

)
dx

=
∫ ∞
0

Fu(dy)

∫ ∞
0

γ eγ x
P
(
τu(�)1

{
τu(�) ≤ y

}
> x

∣∣ Tu = y
)
dx

=
∫ ∞
0

Fu(dy)E
[
eγ τu(�)1{τu(�)≤y} − 1

∣∣ Tu = y
]
.

Considering the cases τu(�) ≤ y and τu(�) > y separately gives the integral in (6).
Inserting in (22) gives the expression for C1. The one for C2 follows from (23) by
similar manipulations. �
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Remark 4.2 In the simplest case ρu(t) ≡ 1, the integral in (6) reduces to

(eγ � − 1)
∫ ∞

�

Fu(dy) = (eγ � − 1)P(Tu > �)

and the one in (8) to

∫ �

0
yeγ y Fdu(dy) = E

[
Tue

γ Tu ; Tu ≤ �, ξ1 = d
]
. �

Remark 4.3 The expressions for γ are implicit even for simple restart [2], so in
the present generality, numerical evaluation seems inevitable. This has two steps. The
first is computing the elements of R(α). How difficult this is depends on the specific
model parameters (but see Sect. 8). The next step is then evaluating eigenvalues of
R(α) and finding the roots of the equation 1 = spr(R(α)) which can be done using
standard software.

The dimension of the matrices can be reduced from E × E toU × U orD × D
by noting that [spr(R(α))]2 = spr(R(α)2), and hence the equation determining γ is
(in obvious block notation)

1 = spr
(
RUD(γ )RDU (γ )

)
or 1 = spr

(
RDU (γ )RUD(γ )

)
. �

We proceed to discuss Theorem 2.1 in the setting of the Markov model of Sect. 3.
In the following, we will use the partitioning

Q =
(

QU ∗U ∗ QU ∗D∗

QD∗U ∗ QD∗D∗

)

of the generator Q of the Markov process J on E ∗ = U ∗ ∪ D∗. Recall that the
parameters of a PH distribution is the rate matrix giving transition rates of the non-
absorbing states of the underlying Markov process and the initial vector; the exit
vector is the vector of rates of transitions to the absorbing state. Cf. [1, III.4]. Let
further eu denote the U ∗-column vector with 1 at entry u ∈ U ∗ and 0 otherwise
(and similarly for ed ), and e the column vector with 1 at all entries (of dimension
U ∗ or D∗ depending on the context).

Proposition 4.4 In the Markov model,

• Fud is defective PH with rate matrix QU ∗U ∗ , initial vector eT
u and exit vector

QU ∗D∗ ed ;
• Fdu is defective PH with rate matrix QD∗D∗ , initial vector eT

d and exit vector
QD∗U ∗ eu;

• Fu is PH with rate matrix QU ∗U ∗ , initial vector eT
u and exit vector QU ∗D∗ e;

• Fd is PH with rate matrix QD∗D∗ , initial vector eT
d and exit vector QD∗U ∗ e.
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Remark 4.5 The implication of Proposition 4.4 is that standard matrix-analytic
machinery becomes available to rewrite many expressions considered so far in terms
of matrices (facilitating computer implementation). For example,

zd(x) = P(Td > x) = eT
d e

QD∗D∗ x e , rdu(α) = eT
d

(−α I − QD∗D∗
)−1 QD∗U ∗ eu .

Similarly, with constant processing rate ρu(t) ≡ 1, we have τu(�) = � and so

rud(α) = E
[
eαTu ; Tu < �, ξ1 = d

] =
∫ �

0
eαy eT

u e
QU ∗U ∗ y QU ∗D∗ ed dy

= eT
u

(−α I − QU ∗U ∗
)−1(

eα�eQU ∗U ∗ � − I
)

QU ∗D∗ ed .

We return in Sect. 8 to the question of how to evaluate such quantities in more
general settings than ρu(t) ≡ 1. �

We also have

Proposition 4.6 In the Markov model γ always exists and is unique.

Proof From general results on phase-type distributions based on Perron-Frobenius
theory, the tail of Fdu has asymptotic form cdu xnud e−α∗x for suitable constants α∗,
nud , cdu (if QD∗D∗ is irreducible, −α∗ is the eigenvalue of maximal real part and
all nud = 0). Thus the rdu(α) are defined for α < α∗ and some have limit ∞ as
α ↑ α∗. Further, letting ρ∗ = maxu∈U ∗ ρu , rud(α) can be bounded by E[eαTu ; Tu ≤
�/ρ∗] which is finite for all α. Thus spr

(
R(α)

)
is defined for all α ∈ [0, α∗) and by

dominated convergence, it is continuous in that domain. The limit at α = 0 is < 0
because R(0) is a proper subtransition matrix (some row sums are < 1 because of
the condition Tu < τu(�) imposed), and the limit as α ↑ α∗ is ∞ by Lemma 9.2.
Also that lemma gives that spr

(
R(α)

)
is strictly increasing in α. Putting these facts

together completes the proof. �

5 Theorem 2.4: Proof and Amendments

Let h(�) be the right Perron-Frobenus eigenvector of R
(
γ (�), �

)
corresponding

to the eigenvalue 1 and normalized by πh(�) = 1. Since γ (�) → 0 and hence
R

(
γ (�), �

) → P as � → ∞, one expects the following lemma to hold in view of
Pe = e, πe = 1; we include the proof since it is short.

Lemma 5.1 h(�) → e as � → ∞.

Proof Assume that h(�n) → e fails for some sequence {�n}. The assumption
πh(�) = 1 and πi > 0 for all i ensures that the sequence {h(�n)} is relatively com-
pact, so passing to a subsequence, if necessary, we may assume that h(�n) → e + f
with f �= 0. From R

(
γ (�), �

)
h(�n) = h(�n) and R

(
γ (�), �

) → P we then get
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P(e + f ) = e + f . Since P is a transition matrix, we have Pe = e and so f is
an eigenvector of P corresponding to the eigenvalue 1. Thus f = ce for some c by
the Perron-Frobenius theorem, and

1 = πh(�n) → π(e + f ) = 1 + cπe = 1 + c

then gives c = 0, a contradiction. �

Proof of Theorem 2.4 Let K ∗(�) denote the E × E matrix with udth element k∗
ud(�)

and the U × U -, D × U - and D × D blocks identically 0. Let further A(α, �) be
the matrix with elements

aud(α, �) =
∫ �

0
(eαy − 1 − αy) Fud (dy) , adu(α, �) =

∫ ∞

0
(eαy − 1 − αy) Fdu(dy)

for u ∈ U , d ∈ D and all other ai j (α, �) = 0, let M∗(�) be the matrix with elements

m∗
ud(�) =

∫ �

0
yFud(dy) , m∗

du(�) =
∫ ∞

0
yFdu(dy)

for u ∈ U , d ∈ D and all other mi j (α, �; 1) = 0, and let M = lim�→∞ M(�), i.e. M
is the matrix with elements

mud =
∫ ∞

0
yFud(dy) = E[Tu; ξ1 = d] , mdu =

∫ ∞

0
yFdu(dy) = E[Td ; ξ1 = u]

and all other mi j = 0. We then have the identity

A(α, �) = R(α, �) − P + K ∗(�) − αM∗(�) . (10)

Write for convenience h(�) = e + γ (�)n(�). Taking α = γ (�) in (10) and mul-
tiplying by h(�) to the right, we obtain

O
(
γ (�)2

) = e + γ (�)n(�) − Pe − γ (�)Pn(�)

+ K ∗(�)e + γ (�)K ∗(�)n(�) − γ (�)M∗(�)e − γ (�)2M∗(�)n(�)

Noting that Pe = e and π P = π , that γ (�)n(�) → 0 by Lemma 5.1 and that
πn(�) = 0 because of πh(�) = 1, it follows by multiplication by π to the left that

o
(
γ (�)

) = π K ∗(�)e + γ (�)π K ∗(�)e − γ (�)π M∗(�)e ,

o(1) = 1

γ (�)
π K ∗(�)e + π K ∗(�)n(�) − π M∗(�)e
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Since π M∗(�)e → π Me and K ∗(�) = o(1) by (3), this gives

π Me = lim
�→∞

[ϕ(�)

γ (�)

π K ∗(�)e
ϕ(�)

+ o(1)
]

= lim
�→∞

ϕ(�)

γ (�)
π K e

where K = lim K ∗(�)/ϕ(�) is given by (3). Hence

lim
�→∞

γ (�)

ϕ(�)
= π K e

π Me
= μ . �

Corollary 5.2 Consider the Markov model with ρu(t) ≡ 1, assume that QU ∗U ∗

is irreducible, let −δ be the eigenvalue with maximal real part and h∗
U ∗ , ν∗

U ∗ the
corresponding right and left eigenvectors normalized by ν∗

U ∗ h∗
U ∗ = 1. Then γ (�) ∼

μe−δ� as � → ∞, where

μ = (π∗
U ∗ h∗

U ∗) · (ν∗
U ∗ e)

π∗
U ∗(− QU ∗U ∗)−1e + π∗

D∗(− QD∗D∗)−1e

with π∗ = (π∗
U ∗ π∗

D∗) the stationary distribution of Q.

Proof By Perron-Frobenius theory, −δ is a simple eigenvalue and

k∗
ud(�) = P

(
Tu > τu(�), ξ1 = d

) = P(Tu > �, ξ1 = d
)

= eu exp{ QU ∗U ∗�}ed ∼ eu(h∗
U ∗ν

∗
U ∗)ed · e−δ�

Thus we may take ϕ(�) = e−δ� and the expression for μ then easily comes out. �

Remark 5.3 The assumption of QU ∗U ∗ being irreducible holds in all the examples
we present. For an example where it fails, assume

U ∗ = {1, 2} , D∗ = {3} , Q =
⎛

⎝
−a a 0
0 −a a
b c −b − c

⎞

⎠

with at least a, b > 0. Here the eigenvalue−a of QU ∗U ∗ is not simple and QU ∗U ∗ is
reducible (1 cannot be reached from2).Nevertheless, the assumptions ofTheorem2.4
hold since QU ∗U ∗ is the rate matrix of an Erlang(2, a) distribution and so

P1(T1 > �, ξ1 = 3) = P1(T1 > �) = a�e−a� + e−a� ,

P2(T2 > �, ξ1 = 3) = P2(T2 > �) = e−a� .

I.e., we may take ϕ(�) = �e−a� and get k∗
13 = a, k∗

23 = 0. In general, dealing with
reducibility and eigenvalues that are not simple lead into the Jordan canonical form;
we omit the details. �
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Proof of Corollary 5.2 We use once more formula (2) for a random task length L ,
stating that

Pi (X > x) =
∫ ∞

0
Pi (X > x | L = �)P(L ∈ d�) . (11)

It is shown in [2] that here it is permissible to insert the approximations inTheorem2.4
and Corollary 5.2, leading to

Pi (X > x) ∼
∫ ∞

�0

hi C1/C2 exp{−μe−q�} ae−δ� d� . (12)

Here hi , C1, C2 depend on �. Now hi → 1 by Lemma 5.1 and similarly νi → πi as
� → ∞. It then follows from the assumption Pu(τ (�) → ∞) = 1 that C1, C2 have
limits

D1 =
∑

u∈U
πu · 1 · 0 +

∑

d∈D
πdETd =

∑

d∈D
πdETd (13)

D2 =
∑

u∈U ,d∈D
πu · 1

∫ ∞

0
y · 1 · 1 Fud(dy) +

∑

d∈D,u∈U
πd · 1

∫ ∞

0
y · 1 Fdu(dy)

(14)

=
∑

i∈E
πiEi Ti (15)

The asymptotics of the integral in (12) is determined in Lemma 9.3, and the result
follows with

C = Γ (δ/q)D1

μδ/qqa D2
. (16)

�
Remark 5.4 Given Theorem 2.4, the asymptotics ofP(X > x) can easily be found in
a variety of combinations of the forms of ϕ(�) and the distribution of L . To this end,
simply insert in the integral estimates of [2] (note that in many cases only logarithmic
asymptotics comes out). We omit the lengthy statement of all of the available results,
but remark that the case where ϕ(�) and the distribution of L are somewhat alike is
particularly nice. More precisely, with the assumption

P(L ∈ d�) = μϕ′(�)
(
μϕ(�)

)β−1
L0

(
ϕ(�)

)

on the density of L where β > 0 and L0 is slowly varying at 0, a Tauberian argument
gives

P(X > x) ∼ Γ (β)D1

μβ D2

L0(1/x)

xβ
, x → ∞ . �
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Example 5.5 The asymptotic parameter, γ , depends heavily on the type of system
under examination. But it is still of interest to get some idea of how it behaves. A
detailed study of this set of problems is presented in our paper [21], but we consider
here the simplest system, a single server (On state) that has an exponential failure
rate of β, and a single repairman (Down state) with exponential repair rate, λ.

In this case, the equation spr
(

R(α)
) = 1 reduces to the root finding formula,

f (α = γ ) = λ

(λ − α)

β[1 − e−�(β−α)]
(β − α)

− 1 = 0.

From Fig. 4 we see that γ depends heavily on both � and λ. The property that
γ (0|λ, β) = λ is an artifact of the fact that the repair time distribution is expo-
nential(λ), and for δ = �β � 1 the probability that the system will fail one more
time is of order δ. One expects in general that the behavior of γ near � = 0 should
be dominated by the asymptotic failure distribution, namely πd exp( QDD t) e. For
large �, the exponential decay of γ given by Theorem 2.4 is confirmed by the figure,
as seen by the straight lines, all with asymptotic slope = −β = −1, at least for the
simple system examples given. �

2 4 6 8 10
ell

100

1

0.01

10-4

Fig. 4 log[γ (� | λ, β)] as a function of � for λ ∈ {0.5, 1.0, 2.0, ∞ } and β = 1, for the simplest
system of one Up and one Down state. The function, log[.2 exp(−�) is also included, showing all
the curves have asymptotic slope = −β = −1. For this system, γ (0|λ, β) = λ
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6 The Rare Events Approach. The Mean Task Time

We now take a different approach to the study of X = X (�), the theory of rare events
in regenerative processes. The key fact is that for such a process the time until a rare
event (when properly normalized) has an approximate exponential distribution, and
that the corresponding convergence in distribution is accompanied by convergence
of expected values, cf. [1, VI.4]. For simplicity, we will assume that all ρu(t) ≡ 1.

Theorem 6.1 Under the assumptions of Theorem 2.4, it holds as � → ∞ that

γ (�)X (�)
D→ V , γ (�)EX (�)

D→ 1 where V is standard exponential.

Proof Fix a reference state u∗ ∈ U and define

σ = inf{n > 0 : ξn = u∗ | ξ0 = u∗} , τ =
σ−1∑

n=0

T n
ξn

where T n
i

D= Ti and obvious independence assumptions apply. Thus σ is the number
of Markov steps needed to return to u∗ and τ the time the Markov renewal process
takes for that, which is our choice of the regenerative cycle. By [1] Proposition 4.2,
p. 207, slightly rewritten, we have

Eτ = 1

πu∗

∑

i∈E
πiEi Ti .

Let M = maxn<σ,ξn∈U T n
ξn
. Then the task is handled in the cycle if and

only if M > �, and we let a(�) denote the corresponding probability. Using
Proposition 10.1 of [4] gives

a(�) ∼ 1

πu∗

∑

u∈U
πuP(Tu > � .

Further Propositions V.4.1 and V.4.2 of [1, pp. 180–181] give

a(�)

Eτ
X (�)

D→ V ,
a(�)

Eτ
EX (�)

D→ 1 , � → ∞

(note that these results squeeze X (�) in between the start and the of the cycle where
the task is terminated). Now just note that a(�)/Eτ ∼ γ (�) by Theorem 2.4. �

Remark 6.2 It is tempting to write the conclusion γ (�)X (�)
D→ V of Theorem 6.1

as P(X > x) ∼ e−γ x which is similar to Theorem 2.1, but the crucial difference is
that the limit there is x → ∞ with � fixed whereas Theorem 6.1 requires that x is of
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order 1/γ (�) and that � → ∞. The implication is that whereas none of the results
imply the other, they provide together support for the interchangeability of the limits
x → ∞ and � → ∞. Similar remarks apply to EX . �

7 Theorem 2.2: Proof and Amendments

For Theorem 2.2, one needs a Markov renewal version of the key renewal theorem
with defective heavy tails. This appears, however, not to be in the literature. One may
note in this connection that already for an ordinary renewal equation

Z(x) = z(x) +
∫ ∞

0
Z(x − y) F(dy) (17)

(with only one unknown function Z ), such a result is relatively new and was only
given fairly recently in Asmussen et al. [3]. The details of this analysis are quite
technical and one needs to go somewhat beyond the ordinary subexponential setting
by imposing conditions not only on the tail of F but also on the local behavior. This
involves the definition of a distribution F to have a subexponential density, namely
that there exists x̂ < ∞ such that F has a density f (x) on [̂x,∞) and that

f ∗2(x) = 2
∫ x̂

0
f (x − y) F(dy) +

∫ x−x̂

x̂
f (x − y) f (y) dy ∼ 2 f (x) , x → ∞.

(18)
A complete and rigorous treatment of the relevant version of the Markov key

renewal theorem will be presented elsewhere, with Lemma 7.1 stated below without
proof being the main extension of [3], but we present here the basic intuition. If θ =∫ ∞
0 F(dx) < 1 in the simple case of (17), the idea in [3] is to use the convolution
structure of the renewal equation to view Z(x) as the density of the sumof a geometric
sum of r.v.’s with distribution F/θ and a r.v. W with density z(x)/

∫
z. Three cases

arise according to the balance between the heaviness of z and the tail of F . The one
corresponding to the present case is z(x) being heavier than the density f of F , and
here the contribution from the geometric sum vanishes, giving Z(x) ∼ z(x)/

∫
z.

In the setting of Theorem 2.2, the representation in [1], Proposition 4.4 p. 209, of
the solution

(
Zi (x)

)
i∈E to the set of Markov renewal equations (5) can be written as

Zi (x) =
∞∑

n=0

∑

j∈E

∫ x

0
z j (x − y)Pi

(
ξn(�) = j, Sn(�) ∈ dy

)
(19)

where ξn(�), Sn(�) are defined as follows. Let N be the Markov renewal epoch at
which the task is processed, Δ some extra absorbing state Δ, and ξ(�) the Markov
chain with state space E ∪ {Δ} such that ξn(�) = ξn for n < N and ξn(�) = Δ for
n ≥ N . Further, Sn(�) = T ∗

0 + · · · + T ∗
n for n < N , Sn(�) = ∞ for n ≥ N where
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given the Markov chain ξ(�), the T ∗
k are independent with T ∗

k distributed as Ti on
the event ξk(�) = i (the definition of Sn(�) for n ≥ N is redundant but one may take,
e.g., Sn(�) = ∞. We need the following extension of Propositions 7, 8 of [3]:

Lemma 7.1 Let G1, . . . , G A be a finite set of distributions such that each Ga admits
a subexponential density ga(x) with ga(x) ∼ caϕ(x) for some subexponential density
ϕ(x). Then for any n1, . . . , n A

(
gn1
1 ∗ · · · ∗ gn A

A

)
(x) ∼ (n1c1 + · · · + n AcA)ϕ(x) ,

and for any ε > 0, there exists Cε such that

(
gn1
1 ∗ · · · ∗ gn A

A

)
(x) ≤ Cε(1 + ε)n1+···+n Aϕ(x) ,

Now the transition probabilities pi j (�) of ξ(�) are given by pΔΔ(�)(�) = 1,
pdu(�) = pdu ,

pud(�) = Pu
(
Td < τu(�), ξ1 = d) , puΔ = 1 −

∑

d∈D
pud(�) = Pu

(
Td ≥ τu(�)

)

all other pi j (�) = 0. Since Δ is absorbing, spr
(

P(�)
)

< 1 and so Perron-Frobenius
theory gives the existence of b < 1 such that the n-step transition probabilities pn

i j (�)

decay at rate at most bn . For j �= Δ one has Pi
(
ξn(�) = j

) = pn
i j (�) and letting Wd

be a r.v. with density z∗
j (y) = z j (y)/z j where z j = ∫ ∞

0 z j (y) dy, we can rewrite (19)
as

Zi (x) =
∞∑

n=0

∑

j∈E
pn

i j (�)z jE
[
(gn, j ∗ z∗

j )(x)
]

where gn, j is the conditional density of Sn(�) given ξ0 = i, ξ1, . . . , ξn−1. By the
first part of Lemma 7.1, gn, j (x) ∼ cnϕ(x) for some (random) cn . Further, the zd(x)

are heavier than ϕ(x) (that Φ(x)/ϕ(x) → ∞ is a standard estimate in the heavy-
tailed area), and so (gn, j ∗ z∗

j )(x) ∼ z∗
j (x) by Proposition 7 of [3]. Choosing ε with

(1 + ε)b < 1, we can then use the second part of Lemma 7.1 and a dominated
convergence argument to conclude that

Zi (x) ∼
∞∑

n=0

∑

j∈E
pn

i j (�)z j z∗
j (x) ∼

∞∑

n=0

∑

j∈E
pn

i j (�)cdΦ(x) .

This completes the proof of Theorem 2.2, with the expression

Ci = ei
(
I − P(�)

)−1
c (20)

for the Ci where c is the vector with j-th entry cd for i = d ∈ D and 0 for
i = u ∈ U . �
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Example 7.2 Consider as in Sect. 2 vanilla restartwith repair,U = {u},D = {d},
and ρu(t) ≡ 1. Then Fu is the distribution of the failure time, Fd the distribution of
the repair time, and with heavy-tailed Fd , Theorem 2.2 immediately gives that the
total task time X has tail proportional to Fd(x).

A particular case of a heavy-tailed Fd could arise if repair means rebooting of
the processor, such that the ideal time for rebooting is B but that rebooting may
fail at Poisson(β) times and then itself needs to be restarted. This means that given
B = b, Td is the restart total task time with exponential(β) failure and task length
b, so that by [2] Fd ∼ C(b)e−η(b)x , with the values of C(b), η(b) given there. For
a random B with unbounded support, Td becomes heavy-tailed. For example, for a
Gamma-like B we have that (again by reference to [2])

Fd(x) ∼ cα,δ

logα−1 x

xηα,δ

with cα,δ, ηα,δ specified in [2]. Thus Fd is regularly varying and Theorem 2.2
applies. �

8 Time-Varying Processing Rates

As is clear from the formulas presented so far, a main problem for numerical imple-
mentation beyond the simplest case ρu(t) ≡ ρ is evaluation of quantities like

gud(�) = P
(
Tu > τu(�), ξ1 = d

) = P

(∫ Tu

0
ρu(t) dt > � , ξ1 = d

)
.

Example 8.1 A simple example is obtained by letting the server speed depend on
time. E.g. the server slowing down with time could be modeled by the service
rate being proportional to t−α with 0 < α < 1, and then τu(�) is proportional to
t1−α . �

Another tractable and more interesting case is what we call the independent
Markov rate model where the server speed is determined by an independent external
environment. This is defined in terms of a set of Markov process I = {I (t)}t≥0 with
state space {1, . . . , m} and a set of rates r1, . . . , rm , such that ρu(t) = rI (t). The basic
assumption is that I is independent of the Markov renewal process. We denote the
rate matrix by A and the initial distribution by α. A natural choice of α is the station-
ary distribution for I , and dependence of the rates on u can be obtained by taking I
complicated enough. Write Δr for the diagonal matrix with the ri on the diagonal.

Proposition 8.2 Consider the independent Markov model with all ri > 0 and
assume that Tu is independent of ξ1 and exponential (δ). Then

gud(�) = pud α exp{B(δ)�}e
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where B(δ) = Δ−1
r A − δ

2

(
Δ−1

r eeT + eeTΔ−1
r

)
.

Proof Fix u, d and define f (x) as the row vector with elements

f j (x) = Pα

(∫ Tu

0
ρu(t) dt > x, I

(
τu(x)

) = j
)

.

We shall identify f j (x + h) up to o(h) terms and thereby derive a differential equa-
tion for f (x), giving f (x) = αeB(δ)x from which the result follows by letting x = �,
summing over j (corresponding to multiplication by e) and using the assumed inde-
pendence of ξ1 to extract the transition probability pud .

For
∫ Tu

0 ρu(t) dt > x + h to occur, we must have τu(x) < Tu . The contribution to
f j (x + h) from the event I

(
τu(x + h)

) = I
(
τu(x)

) = j is therefore

f j (x)
(
1 + a j j h/r j

)
P
(
Tu > τu(x) + h/r j | Tu > τu(x)

) + o(h)

= f j (x)
(
1 + a j j h/r j − δh/r j

) + o(1) ,

where the o(h) terms take care of, e.g., the possibility of jumps out of j and back in
the time interval

(
τu(x), τu(x + h)

]
. Consider next the contribution from the event

I
(
τu(x)

) = k, I
(
τu(x + h)

) = j and a single jump from k to j in the time interval(
τu(x), τu(x + h)

]
. This jump must occur before τu(x) + h/rk , and its position is

then approximately at τu(x) + Uh/rk where U is an independent uniform(0, 1) r.v.
Passage to x + h must therefore occur at time τu(x) + Uh/rk + (1 − U )h/r j , and
the probability that Tu survives from τu(x) to there is approximately

E
{−δ

[
Uh/rk + (1 − U )h/r j

]} = 1 − h
δ

2
(1/rk + 1/r j ) .

The asked for contribution is thus

∑

k �= j

fk(x)
(

ak j h/rk − h
δ

2
(1/rk + 1/r j )

)
. (21)

Alltogether,

f j (x + h) = f j (x) +
m∑

k=1

fk(x)
(

ak j h/rk − h
δ

2
(1/rk + 1/r j )

)
+ o(h) ,

f ′
j (x) =

m∑

k=1

fk(x)
(

ak j/rk − δ

2
(1/rk + 1/r j )

)
.

In matrix notation, this means f ′(x) = f (x)B(δ) which together with f (0) = α

gives the desired conclusions. �
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Remark 8.3 The assumption of Tu being exponential is easily generalized to a PH
distribution at the expense of the differential equations and the form of B become
somewhat more complicated. We omit the details. �

We next turn to the Markov model of Sect. 3, where the rate generating process is
internal rather than external. That is, the role of I is taken by the J -process of Sect. 3.

Proposition 8.4 Consider the Markov model with rv > 0 for all v ∈ U . Then

gud(�) = eT
u exp

{
Δ−1

r QU ∗U ∗�
}
(− QU ∗U ∗)−1 QU ∗D∗ ed .

Proof Define f (x) as the row vector with elements

fv(x) = Pu

(∫ Tu

0
rJ (t) dt > x, J

(
τu(x−)

) = v
)

, v ∈ U .

Then f ′(x) = f (x)Δ−1
r QU ∗U ∗ and thus f (x) = eT

u exp
{
Δ−1

r QU ∗U ∗ x
}
. Indeed,

the only difference from the proof of Proposition 8.2 is that the δ/2 term in (21) does
not enter because the possibility Tu ∈ (

τu(x), τu(x + h)
]
is taken care of by the rows

of QU ∗U ∗ not summing to 0 (what is missing is the rates of entering D∗). Now just
note that

Pu

(∫ Tu

0
ρu(t) dt > �, ξ1 = d

∣∣∣ J
(
τu(�−)

) = v
)

=
∫ ∞
τu(�)

eT
v exp

{
QU ∗U ∗

(
t − τu(�)

)}
QU ∗D∗ ed dt = eT

v (− QU ∗U ∗)−1 QU ∗D∗ ed .

�

Proposition 8.5 Consider the Markov model with rv > 0 for all v ∈ U . Then

rud(α, �) = eT
u

(
I − exp

{
Δ−1

r

(
QU ∗U ∗ + α I

)
�
})

(− QU ∗U ∗ − α I)−1 QU ∗D∗ ed .

Proof We have

rud (α, �) = E[eαTu ; ξ1 = d] − E
[
eαTu ;

∫ Tu

0
rJ (t) dt > �, ξ1 = d

]

= eT
u (− QU ∗U ∗ − α I)−1 QU ∗D∗ ed − E

[
eαTu ;

∫ Tu

0
rJ (t) dt > �, ξ1 = d

]
.

The idea is now to note the identity

eαTu = exp
{
ατu(�)

} · exp{α(
Tu − τu(�)

)}

(valid on the set
{
Tu > τu(�)

}
), take care of the first factor by the differential equation

approach and the second by the conditioning argument in the proof of Proposition 8.4.
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So, define this time f (x) as the row vector with elements

fv(x) = Eu
[
exp

{
ατu(x)

};
∫ Tu

0
rJ (t) dt > x, J

(
τu(x−)

) = v
]
, v ∈ U .

Now

exp
{
ατu(x + h)

} = exp
{
ατu(x)

} · exp{αh/rk} ≈ exp
{
ατu(x)

} · (1 + αh/rk)

on the set
{
Tu > τu(x + h), J

(
τu(x)

) = k
}
. This gives

f ′(x) = f (x)Δ−1
r ( QU ∗U ∗ + α I) , f (x) = eT

u exp
{
Δ−1

r ( QU ∗U ∗ + α I)x
}
.

Further,

Eu
[
exp

{
α
(
Tu − τu(�)

)}
,

∫ Tu

0
ρu(t) dt > �, ξ1 = d

∣∣ J
(
τu(�−)

) = v
]

=
∫ ∞

τu(�)

exp
{
α
(
t − τu(�)

)}
eT

v exp{ QU ∗U ∗
(
t − τu(�)

)}
QU ∗D∗ ed dt

= eT
v (− QU ∗U ∗ − α I)−1 QU ∗D∗ ed .

The rest of the proof is easy manipulations. �

Remark 8.6 In Propositions 8.2–8.5, the assumption of strictly positive rates can be
dispensedwith byworkingwith a reduced state space formedonlyby the states having
rates> 0. Consider for example Proposition 8.2 and assume ri > 0 for i = 1, . . . , n,
ri = 0 for i = n + 1, . . . , m with 1 ≤ n < m. The fi (x) then only need to be defined
for i = 1, . . . , n. Dividing A as

A =
(

A11 A12

A21 A22

)
,

where A11 is n × n, A12 n × (m − n) etc., the rate of starting an excursion in {n +
1, . . . , m} from i and ending it by a jump to j is

n∑

k=n+1

a jk

∫ ∞

0
eke

A22t e j dt = a jk ek(−A22)
−1e j ,

and so Proposition 8.2 holds if B(δ) is modified to

Δ−1
r; 11

(
A11 − A11(A22)

−1 A21
) − δ

2

(
Δ−1

r; 11eeT + eeTΔ−1
r; 11

)
,

in obvious block notation for Δ−1
r; 11.
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If in the Markov model D consists of a single state, Proposition 8.4 gives the tail
probability of

∫ Tu

0 rJ (t) dt . This is a ‘fluid reward’, and with the extension sketched
in Remark 8.6, Proposition 8.4 reduces to a well-known expression for the marginal
distributions in the Kulkarni class of multivariate PH distributions, [15]. �

9 Phase-Type Modeling

Standard Markov models assume exponential distributions of failure times, repair
times etc. This may seem intrinsically inherent in the Markovian set-up because of
the memoryless property of the exponential distribution, but there is in fact a simple
approach going far beyond this by using PH distributions as introduced in Sect. 3.
We shall not go into the general formulation but only consider a basic example,
the Erlang distribution E p = E p(λ) with p = 1, 2, . . . stages defined as the sum
of p i.i.d. exponential(μ) r.v.’s (the stages). The density is λpt p−1e−λt/Γ (p) where
Γ (p) = (p − 1)!. The Erlang is therefore just a Gamma with integer shape para-
meter. However, the important fact is the probabilistic interpretation in terms of the
stages which we model as a Markovian movement between stages 1, 2 and the final
one, completion, with transition rate λ for each of the two transitions. In some exam-
ples the stages may have a physical interpretation; e.g., stage 1 may be the real repair
and stage 2 checking or warm-up. Usually, the Erlang(p) distribution is, however,
mainly used in a descriptive way to allow for including non-exponential distributions
in a Markovian set-up.

We will consider an elaborate example of the use of the Erlang distribution which
from the general view of the paper also illustrates how identical Markov processes
may lead to different Markov renewal schemes. We look at a system with 3 identical
components, each with exponential(λ) operating times, and two repairmen with
E p(μ) repair times. AMarkov state of the whole system is specified with the number
i = 0, 1, 2, 3 of failed components and the stage(s) in which the servers are currently
operating. In Fig. 6, state 2:12 indicates that 2 components are failed and one server
working in stage 1, the other in stage 2. In state 1:2 only one component is failed,
i.e. under repair, and the repairman working on it is in stage 2. In state 3:11, all 3
components are failed, onewaiting for repair and the serversworking on the other two
are both in stage 1; etc. The system may be parallel as in Fig. 5, in which caseU ∗ =
{0,1:1,1:2,2:11,2:12,2:22} or, e.g., 2-out-of-3 as in Fig. 6 so that U ∗ = {0,1:1,1:2}.
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Fig. 5 E2 repair times, parallel

Fig. 6 E2 repair times, 2-out-of-3

Appendix

The following result is given in [1, Th.VII.4.6]:

Lemma 9.1 Consider a Markov renewal equation

Zi (x) = zi (x) +
∑

j∈E

∫ x

0
Z j (x − y) F̃i j (dy) , i ∈ E ,
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with E finite and the matrix
(‖F̃i j‖

)
irreducible. Let ri j = ∫ ∞

0 eγ u F̃i j (du), suppose
that for some real γ the matrix R = (ri j ) has spectral radius 1, and choose ν, h with
ν A = ν, Ah = h, νi > 0, hi > 0, i ∈ E . Then Zi (x) ∼ hi C1/C2 where

C1 =
p∑

j=1

ν j

∫ ∞

0
eγ x z j (x) dx , (22)

C2 =
p∑

k, j=1

νkh j

∫ ∞

0
xeγ x F̃k j (dx) . (23)

The following lemma is unsurprising given the Perron-Frobenius theory of non-
negativematrices, but included here in this precise form for the sake of easy reference:

Lemma 9.2 Let for k = 1, 2, A(k) = (
ai j (k)

)
be irreducible non-negative matrices

and let γ (k) = spr
(

A(k)
)
. Assume that A(1) ≥ A(2) and that ai ′ j ′(1) > ai ′ j ′(2) +

b > 0 for at least one pair i ′ j ′ and some b > 0. Then γ (1) ≥ c(b)γ (2) for some
constant c(b) > 1 depending only on A(2) and satisfying c(b) → ∞ as b → ∞.

Proof Irreducibility of A(2) ensures that for some n and all i j there exists a path
i0i1 · · · in−1in with i0 = i, in = j , all aik−1ik (2) > 0 and ik−1ik = i ′ j ′ for some k ′.
Hence

ai j (1) > ai j (2) + b
n∏

k=1, k �=k ′
aik−1ik (2) > ai j (2)

(
1 + bc1(i, j)

)

for some c1(i, j) > 0. Thus A(1)n ≥ c(b)n A(2)n where c(b) = (
1 + inf i, j c1(i, j)

)
.

But with π(1) the positive left (row) eigenvector of A(1) corresponding to γ (1) and
h(1) the positive right (column) eigenvector of A(2) corresponding to γ (2), we have

π(2)A(1)nm h(1) ∼ γ (1)nmπ(2)h(1) , π(2)A(2)nm h(1) ∼ γ (2)nmπ(2)h(1)

which in view of A(1)n ≥ c(b)n A(2)n and π(2)h(1) > 0 is only possible if γ (1) ≥
c(b)γ (2). �

Lemma 9.3 Let I =
∫ ∞

0
exp{−μe−q�x} �a−1e−δ� d� . Then I ∼ Γ (δ/q)

μδ/qqa

loga−1 x

xδ/q

as x → ∞.

Proof Using the substitution y = μe−q�x , we can rewrite I as

∫ μx

0
e−y

( log x + logμ − log y

q

)a−1( y

μx

)δ/q dy

qy
= 1

μδ/qqa

log x

xδ/q
I1
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where

I1 =
∫ ∞

0
ω(x, y)α−1yδ/q−1e−y dy , ω(x, y) = 1 + logμ/ log x − log y/ log x .

Now for x ≥ e and ε > 0, we have
∣∣ω(x, y)

∣∣ ≤ ω∗(y) where ω∗(y) = d max
(yε, y−ε) for some d = dε. Choosing ε such that ε|α − 1| < α, ω∗(y)α−1yδ/q−1e−y

is integrable, and since ω(x, y) → 1 as x → ∞ with y fixed, the dominated conver-
gence theorem implies that I1 → Γ (δ/q), concluding the proof. �
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