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To Fred



Preface to the Second Edition

The reception given to thefirst edition of this book, especialy by nonstatis-
ticians, has been most pleasing. Y et severa readers have written to me asking
for further detailson, or clarifications of, methods and examples, and suggest-
ing the preparation of sets of problemsat the end of each chapter so that the
book would be more useful as a text. This second edition was prepared, in
large part, as a response to these requests.

Methodological research on the analysis of categorical data based on the
use df loglinear models has continued at arapid pace over thelast three years.
In this new edition, | have attempted to expand the discussion of several
topics, by drawing selectively from this new literature, while at the same time
preserving the existing structure of chapters and sections.

While not a single chapter remains completely unchanged, the bulk of the
new material consistsof (1) problem sets at the end of Chapters 2 through 8,
(2) expanded discussion of linear logistic response models and polytomous
response models in Chapter 6, (3) a further discussion of retrospective epi-
demiological studiesin Chapter 7,and (4)a new appendix on thesmall-sample
behavior of goodness-of-fit statistics. | have added briefer materials and
referenceselsewhere and corrected several minor errorsfrom thefirst edition.
A relatively major correction has been made in connection with the theorem
on collapsing tablesin Section 3.8.

| gave considerable thought to the preparation of an additional appendix
on computer programs for the analysis of categorical data, but in theend |
resisted the temptation to do so. Many programs for maximum-likelihood
estimation in connection with loglinear models are now in widespread use.
Theseincludethe GLIM package prepared in England under the guidance of
John Nelder and the sponsorship of the Royal Statistical Society, and various
adaptations of iterative scaling programs originally prepared by Yvonne
Bishop and Shelby Haberman (e.g., BMDP3F in the BMDP Programs dis-
tributed by the UCLA Health Sciences Computing Facility). Most users are
likely to find one or more suitable programsavailable at their own computer
installation that can be used to work through the examples and problemsin
thisbook. My primary reason for not providing any further guidance to com-
puter programs is that | believe there will be major changes in both their
availability and in the numerical methods they will be using within the next
two to three years. Thusany explicit advice | could offer now would be out of
date soon after the publication of the second edition.

Many friends, colleagues, and students provided me with suggestions, com-
ments, and corrections for this edition. These include John Duffy, O. Dudley
Duncan, David Hoaglin, J. G. Kalbfleisch, Kinley Larntz, S. Keith Leg,
William Mason, Michael Meyer, Doug Ratcliff and Stanley Wasserman. The
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preparation of this edition was partially supported by Office of Naval
Research Contract N00014-78-C-0600 to the University of Minnesota.

For the typing and organization of the final manuscript, as well as for the
updating of the indexes, | am indebted to Linda D. Anderson.

New Brighton, Minnesota Stephen E. Fienberg
November 1979



Preface to the First Edition

The analysis of cross-classified categorical data has occupied a prominent
place in introductory and intermediate-level statistical methods courses for
many years, but with a few exceptions the only techniques presented in such
courses have been those associated with the analysis of two-dimensional
contingency tables and the calculation of chi-square statistics. During the
past 15 years, advances in statistical theory and the ready availability of
high-speed computers have led to major advances in the analysis of multi-
dimensional cross-classified categorical data. Bishop, Fienberg, and Holland
[1975], Cox [1970a], Haberman [1974a], Lindsey [1973], and Plackett
[1974] have all presented detailed expositions of these new techniques, but
these books are not directed primarily to the nonstatistical reader, whose
background may be limited to one or two semesters of statistical methods at
a noncalculus level.

The present monograph isintended as an introduction to the recent work
on the analysis of cross-classified categorical data using loglinear models.
| have written primarily for nonstatisticians, and Appendix | contains a
summary of theoretical statistical terminology for such readers. Most of the
material should be accessible to those who are familiar with the analysis of
two-dimensional contingency tables, regression analysis, and analysis-of-
variance models. The monograph also includes a variety of new methods
based on loglinear models that have entered the statistical literature
subsequent to the preparation of my book with Yvonne Bishop and Paul
Holland. In particular, Chapter 4 contains adiscussion of contingency tables
with ordered categories for one or more of the variables, and Chapter 8
presents several new applications of the methods associated with incomplete
contingency tables (i.e., tables with structural zeros).

Versions of material in this monograph were prepared in theform of notes
to accompany lectures delivered in July 1972 at the Advanced Institute on
Statistical Ecology held at Pennsylvania State University and during 1973
through 1975 at a series of Training Sessions on the Multivariate Analysis of
Qualitative Data held at the University of Chicago. Various participants at
these lectures have provided me with comments and suggestions that have
found their way into the presentation here. Most of the final version of
the monograph was completed while | was on sabbatical leave from the
University of Minnesota and under partial support from National Science
Foundation Grant SOC72-05257 to the Department of Statistics, Harvard
University, and grants from the Robert Wood Johnson Foundation and the
Commonwealth Fund to the Center for the Analysis of Health Practices,
Harvard School of Public Health.
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| am grateful to Stephen S. Brier, Michael L. Brown, Ron Christensen,
David R. Cox, William Fairley, S. Keith Lee, William Mason, and Roy E.
Welsch for extremely valuable commentsand suggestions. Many people have
provided me with examples and other materials, from both published and
unpublished works, that have found their way into the final manuscript,
including Albert Beaton, Richard Campbell, O. Dudley Duncan, Leo
Goodman, Shelby Haberman, David Hoaglin, Kinley Larntz, Marc Nerlove,
S. James Press, Ira Reiss, Thomas Schoener, and Sanford Weisberg. Most of
all, I am indebted to Y vonne Bishop, Paul Holland, and Frederick Mosteller,
whose collaboration over a period of many years helped to stimulate the
present work.

For the typing and organization of the final manuscript, | wish to thank
Sue Hangge, Pat Haswell, Susan Kaufman, and Laurie Pearlman.

New Brighton, Minnesota Stephen E. Fienberg
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| ntroduction

1.1 The Analysisof Categorical Data

A variety of biological and socia science data come in the form of cross-
classified tables of counts, commonly referred to as contingency tables. The
units of a sampled population in such circumstances are cross-classified
according to each of several categorical variables or sets of categories such
as sx (male, female), age (young, middle-aged, old), or species. Intermediate-
level statistics textbooks for biologists, such as Bliss [1967], Snedecor and
Cochran [1967], and Sokal and Rohlf [1969], focus on the analysis of such
datain the special case of two-way cross-classifications, as do textbooks for
social scientists, such as Blalock [1972]. More detailed treatments, by
Maxwell [1961] and by Fleiss [1973], are also available. A review of the
material presented in one or more of these booksis adequate preparation for
this presentation.

When we look at several categorical variables simultaneously, we say
that they form a multidimensional contingency table, with each variable
corresponding to one dimension of the table. Such tables present specia
problems of analysis and interpretation, and these problems have occupied
a prominent place in statistical journals since the first article on testing in
2 x 2 x 2tables by Bartlett [1935].

Until recent years the statistical and computational techniques available
for the analysis of cross-classified data were quite limited, and most re-
searchers handled multidimensional cross-classifications by analyzing
various two-dimensional marginal totals, that is, by examining thecategorical
variables two at a time. This practice has been encouraged by the wide
availability of computer program packages that automatically produce
chi-square statistics for al two-dimensional marginal totals of multi-
dimensional tables. Although such an approach often gives great insight
about the relationship among variables, it
(a) confuses the marginal relationship between a pair of categorical variables

with the relationship when other variables are present,

(b)does not alow for the simultaneous examination of these pairwise
relationships,

(c) ignoresthe possibility of three-factor and higher-order interactionsamong
thevariables.

My intention hereisto present some of the recent work on the statistical
analysis of cross-classified data using loglinear models, especiadly in the
multidimensional situation. The models and methodsthat will be considered
do not have the shortcomings mentioned above. All the techniquesdescribed
will beillustrated by actual data. Readers interested in mathematical proofs
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should turn to the source articles or books cited.

| view this monograph as an introduction to a particular approach to
the analysis of cross-classified categorical data. For more details on this
approach, including mathematical proofs, various generalizations, and their
ramifications, see Bishop, Fienberg, and Holland [1975] or Haberman
[1974a, 19781. Other presentations with differing contents or points of view
include Cox [1970a], Gokhale and Kullback [1978}, Goodman [1970,
1971b], Grizzle, Starmer, and Koch [1969], Ku, Varner, and Kullback
[1971], Lancaster [1969], Lindsey [1973], and Plackett [1974]. Bock [1970,
1975] also discusses the analysis of cross-classified data, based on the notion
of multinomial response relationships much like those considered here.

1.2 Formsof Multivariate Analysis

The analysis of cross-classified categorical data fals within the broader
framework of multivariate analysis. A distinction will be made here between
variables that are free to vary in response to controlled conditions— that is,
response variables- and variables that are regarded as fixed, either as in
experimentation or because the context of the data suggests they play a
determining or causal role in the situation under study — that is, explanatory
variables. Dempster [1971] notes that the distinction between response and
explanatory variables need not be firm in a given situation, and in keeping
with this view, in exploratory analyses, we often choose different sets of
response variables for the same data set.

Of importance in describing various types of models and methods for
multivariate analysis is the class of values assumed by the variables being
examined. In many circumstances, we wish to distinguish among variables
whose values are
(i) dichotomous{e.g., yesor no),

(ii) nonordered polytomous(e.g., five different detergents),

(iii) ordered polytomous (e.g., old, middle-aged, young),

(iv) integer-valued (e.g., nonnegativecounts), or

(v) continuous (atleast asan adequate approximation).

Variables with values of types (i) through (iv) are usually labeled discrete,
although integer-valued variables might also be treated as if they were
continuous. Here the term categorical will be used to refer primarily to types
(1), (i1), and (iii),and the possibility of type (iv) will be ignored. Mixtures of
categorical and continuous variables appear in many examples.

We can categorizeclasses of multivariate problems by the typesof response
and explanatory variablesinvolved, asin thecross-classification of Table 1-1.
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'Tablel-1
Classes of Statistical Problems

Explanatory Variables
Categorical Continuous Mixed

R Categorical (a) (b) (c)

onse — — —
Vgrsipables Continuous (d) (e) (0
Mixed ? & i

The cdllsin the bottom row of thistable al contain question marksin order
to indicate the lack of generally accepted classes of multivariate models and
methods designed to deal with situations involving mixtures of continuous
and discrete response variables. Dempster [1973] has proposed a class of
logit models that isof use here, but hisapproach has yet to see much applica-
tion. The cells in the middle row correspond to problems dealt with by
standard multivariate analysis, involving techniques such as

(d)analysisof variance,

(e) regression analysis,

(f) analysisof covariance(or regression analysis with somedummy variables).

The work on linear logistic response models by Walker and Duncan
[1967], Cox [1970a], and Haberman [1974a] deals with problems for all
three cells in the first row when there is a single dichotomous response
variable, while the more recent results of Nerlove and Press [ 1973] handle
multiple response variables. Linear logistic response models will be discussed
tosomeextent in Chapter 6. Cell (a)of the tablecorrespondsto cross-classified
categorical data problems, and some of the most widely used modelsfor their
analysiswill bedescribed in thefollowing chapters.

The models used throughout this book rely upon a particular approach to
thedefinition of interaction between or among variables in multidimensional
contingency tables, based on cross-product ratios of expected cell values. As
a result, the models are linear in the logarithms of the expected value scale;
hence the label loglinear models. There are several analogies between
interaction in these loglinear modelsand the notion of interaction in analysis-
of-variance (ANOVA) models. These will be pointed out in the course of the
discussion. The use of ANOVA-like notation is deceptive, however. In
ANOVA models one tries to assess the effects of independent variables on a
dependent variable and to partition overall variability. In contingency table
analysisthe ANOV A-like models are used to describe the structural relation-
ship among the variables corresponding to the dimensions of the table. The
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distinction here is important, and the fact that many researchers have not
understood it has led to considerable confusion.

When a distinction is made between explanatory variables and response
variables, loglinear models can be converted into logit or linear logistic
response models, in which one predicts log-odds quantities involving the
dependent (or response) variables using a linear combination of effects due
to the explanatory variables. There is a much closer analogy between these
linear logistic models and the usual ANOVA or regression models. This
point isdiscussed in considerable detail in Chapter 6.

1.3 Some Historical Background

The use of cross-classifications to summarize counted data clearly predates
the early attempts of distinguished investigators such as Quetelet in the
mid-nineteenth century to summarize the association between variablesin a
2 x 2table. Not until theturn of the century, however, did Pearson and Yule
formulate the first major developments in the analysis of categorical data.
Despite his proposal of the well-known chi-square test for independence for
two-dimensional cross-classifications (see Pearson [1900a]), Karl Pearson
preferred to view a cross-classification involving two or more polytomiesas
arising from a partition of a set of multivariate data, with an underlying
continuum for each polytomy and a multivariate normal distribution for the
"original" data. This view led Pearson [1900b] to develop his tetrachoric
correlation coefficient for 2 x 2tablesand served asthe basisfor the approach
adopted by many subsequent authors, such as Lancaster [1957] and
Lancaster and Hamdan [1964]. This approach in some sense also led to
Lancaster's method of partitioning chi-square, to which | shall return shortly.
The most serious problems with Pearson's approach were(1) the complicated
infinite series linking the tetrachoric correlation coefficient with the fre-
guenciesin a2 x 2 table and (2) hisinsistence that it always made sense to
assume an underlying continuum for a dichotomy or polytomy, even when
the dichotomy of interest was dead-alive or employed-unemployed, and
that it was reasonable to assume that the probability distribution over such
a dead-alive continuum was normal.

Yule [1900], on the other hand, chose to view the categories of a cross-
classification as fixed, and he set out to consider the structural relationship
between or among the discrete variables represented by the cross-classifica-
tion. Thisapproach led him to consider variousfunctionsof thecross-product
ratio, discussed here in Chapter 2. When there actually is an underlying
continuum for each of two polytomies, the cross-product ratio for a2 x 2
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table resulting from a partitioning of the two variables simply is not a
substitutefor an estimate of the true correlation coefficient of the underlying
continuum (see Plackett [1965] or Mosteller [1968]). Thus the methods
proposed by Yule are not necessarily applicable in cases where the 2 x 2
table is simply a convenient summary device for continuous bivariate data
and the original observationsare in fact available.

The debate between Pearson and Y ule was both lengthy and acrimonious
(see, e.g., Pearson and Heron [1913]), and in some ways it has yet to be
completely resolved, although the statistical literature of the past 25 yearson
this topic would indicate that Yul€'s position now dominates. In fact, Yule
can be thought of asthefounder of the loglinear model school of contingency
table analysis, and most of the resultsin this book are an outgrowth of his
pioneering work. However, the notions of Yule were not immediately
generaized beyond the structure of two-dimensional tables. Thirty-fiveyears
passed before Bartlett [1935], asa result of a personal communication from
R. A. Fisher, utilized Yule's cross-product ratio to define the concept of
second-order interactionina2 x 2 x 2 contingency table(seeChapter 3).

While the multivariate generalizations of the Y ule-Bartlett cross-product
ratio or loglinear model approach were fermenting, the technique of
standardization (see Bishop, Fienberg, and Holland [1975], Chapter 4, and
Bunker et al. [1969]) toeliminate the effectsdf categorical covariatesreceived
considerable attention in the epidemiological literature. Standardization is
basically a descriptive technique that has been made obsolete, for most of
the purposes to which it has traditionally been put, by the ready availability
o computer programs for loglinear model analysis of multidimensional
contingency tables. Thusit is not discussed in detail in this book.

During the past 25 years, the statistical literature on the analysis of
categorical data hasfocused primarily on three classes of parametric models:
(1) loglinear models, (2) additive models, and (3) models resulting from
partitioning chi-square, which may be viewed as a combination of multi-
plicative and additive. This last class of models, which is usually associated
with the work of Lancaster, is much misunderstood, as Darroch [1974, 1976 ]
has recently noted. In addition, therehas beena related literature on measures
of association (e.g., Goodman and Kruskal [1954, 1959, 1963, 19721).
Although different groups d authors use different methods of estimation
(maximum likelihood, minimum modified chi-square, or minimum dis-
criminationinformation),amost all of the recent literaturecan betraced back
either to the 1951 paper of Lancaster or to the work of S. N. Roy and his
students at North Carolina in the mid-1950s (e.g., Roy and Kastenbaum
[1956], Roy and Mitra[1956]). It isinteresting that Roy's students devel oped
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his ideas using both the minimum modified chi-square approach (e.g.,
Bhapkar and Koch [1968a, b], Grizzle, Starmer, and Koch [1969]) and the
method of maximum likelihood (e.g., Bock [ 1970], Kastenbaum [1974]).

The major advances in the literature on multidimensional contingency
tables in the 1960s grew out of Roy and Kastenbaum's work and papers by
Birch [1963], Darroch [1962], Good [1963], and Goodman [1963, 1964].
These advances coincided with the emergence of interest in and the avail abi-
lity of high-speed computers, and thiswork received substantial impetusfrom
several large-scale data analysis projects. Much of the recent literature on
loglinear models can be linked directly to the National Halothane Study
(see Bunker et al. [1969], Bishop, Fienberg, and Holland [1975], Mosteller
[1968]), while problems in the Framingham Study led to work on linear
logistic modelsinvolving both categorical and continuous predictor variables
(e.g., Cornfield [ 1962], Truett, Cornfield, and Kannel [1967]). The Framing-
ham study work paralleled work on linear logistic models by Cox [ 1966] and
had tiesto theearlier contributions of Berkson [1944, 1946].

A fairly complete bibliography for the statistical literature on contingency
tables through 1974 is given by Killion and Zahn [1976].

1.4 A Medical Example

Table 1-2 presents data compiled by Cornfield [1962] from the Framingham
longitudinal study of coronary heart disease (see Dawber, Kannel, and Lyetl
{1963] for a detailed description). Variable 1 is a binary response variable
indicating the presence or absence of coronary heart disease, while variable 2

Tablel1-2
Data from the Framingham Longitudinal Study of Coronary Heart Disease (Corn-
field [1962])

Coronary Serum Systolic

Heart Cholesterol Blood Pressure (mm Hg)

Disease (mg/100 cc) <127 127-146 147-166 167 +
<200 2 3 3 4

Present 200-219 3 2 0 3
220-259 8 11 6 6
>260 7 12 11 11
<200 117 121 47 22

Absent 200- 219 85 98 43 20
220- 259 119 209 68 43
>260 67 99 46 33
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(serumcholesterol at four levels)and variable 3 (blood pressure at four levels)
are explanatory. The data as displayed in Table 1-2form a2 x 4 x 4 three-
dimensional contingency table.

Thisexampleistypical of thoseencountered in medical contexts. Although
serum cholesterol and blood pressure might well be viewed as continuous
variables, the values of these variables have been broken up into four
categories each, corresponding to different levelsof a priori perceived risk of
coronary heart disease. An alternative to thisapproach would beto treat the
variables as continuous and to use a regression-like logistic response model
that expresses the dependency of coronary heart disease in a smooth and
simplefashion.
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Two-Dimensional Tables

2.1 Two Binomials

We often wish to compare the relative frequency of occurrence of some
characteristic for two groups. In a review of the evidence regarding the
therapeutic value of ascorbic acid (vitamin C)for treating the common cold,
Pauling [1971] describes a 1961 French study involving 279 skiers during
two periods of 5-7 days. The study was double-blind with one group of 140
subject receiving a placebo while a second group of 139 received 1 gram of
ascorbic acid per day. Of interest is the relative occurrence of colds for the
two groups, and Table 2-1 contains Pauling's reconstruction of these data.

If P, isthe probability of a member of the placebo group contracting a cold
and P, isthe corresponding probability for the ascorbic acid group, then we
areinterested in testing the hypothesisthat P, = P,. The observed numbers
d coldsin thetwo groups, x,; = 3land x,, = 17 respectively, are observa-
tions on independent binomial variates with probabilities of success P, and
P, and sample sizesn, = 140 and n, = 139. The difference in observed
proportions,

p_ p, =1 _ X
P =P, n, n,’
has mean P, — P, and variance
P,(1—=P) n Py(1 = P,)
n, Hy

Table 2-1
Incidence of Common Colds in a Double-Blind Study Involving 279 French Skiers
(Pauling [19717)

(a) Observed values
Cold No Cold | Totals

Placebo 31 109 140
Treatment

Ascorbic Acid 17 122 139

Totals 48 231 1279

(b) Expected values under independence
Cold No Cold | Totals

Placebo 24.1 115.9 140
Ascorbic Acid 23.9 115.1 139
Totals 48 231 279

Treatment
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If P, = P,,then wecould estimate the common value by
D= total no. of colds

and theestimated varianceof P, — P, by

P(1- P) (1 + —1-). (2.2)
ny My

Assuming that the hypothesis P, = P, is correct, a reasonable test can be
based on the approximate normality of the standardized deviate

ge= Lt Bl i . (2.3)

nyoony

31 _'.-:_
RE]

140

@2.1)

For our example weget

= 2.19,

Z =

i
/279 x 338 x (45 + T35)

avalue that issignificant at the 0.05 level. If we take these data at face value,
then we would conclude that the proportion of colds in the vitamin C group
issmaller than that in the placebo group. This study, however, has a variety
of severe shortcomings (e.g., the method of allocation is not specified and the
evaluation of symptoms was largely subjective). For a further discussion of
these data, and for a general review of the studies examining the efficacy of
vitamin C as a treatment for the common cold up to 1974, see Dykes and
Meier [1975].

As an alternative to using the normal approximation to the two-sample
binomial problem, we could use the Pearson chi-square statistic (see Pearson
[1900a]),

(Observed — Expected)'
Expected

where thesummationisover al four cellsin Table 2-1. Weobtai n the expected
values by estimating P, = P, = P (thenull value) as P = 481279; that is, we
multiply the two sample sizesn, and n, by P, obtaining the expected values
for the (1, |) and (2, 1) cells, and then get the other two expected values by
subtraction. Table 2-1b shows these expected values, and on substituting the
observed and expected values in expression (2.4) we get X2 = 4.81, a value
that may bereferred toa yx* distribution with 1 d.f. (degreeoffreedom). A large

X2 = (2.9)
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valueof X2 corresponds toa value in the right-hand tail of the x* distribution
and isindicative of a poor fit. Rather than using the x* table we note that the
square root of 4.81is2.19, the value of our z-statistic computed earlier. Some
elementary algebrashowsthat, in general, z> = X2, If weset x,, = n, — xy,
and x,, = n, — x,,, then

(ﬂ _ &)2
n n
S 1 2
(M) (_"_13_*_?‘_22_) (_1_ + ’_) 2.5)
ny +n; ny +n, nony
_ Dxaalng = x50) = xay(ny — x11)]%(ny + ny)
(X114 x21)(xy2 + X22)n1;

[enCim)] ()]
H
Y=L 1 2 n 1 2
n,(X11 + X3, n,[ Xzt X2z
”] + ﬂz ”l + nz
2 2
Xy1 + X34 X123+ X33
Xy it LL T Xy Xas — Haof X
[ 21 2( PR )] [ 22 2( n,+n, (2.6)
ny( X1t Xar n[ X2t X22
ny + n, 2 ng +n,

- Dxpa(ny = x51) = x40y — x4,)]%(ny + n)
(X11 + x21) (x5 + X35)nn,

and

The use of the statistic X2 is also appropriate for testing for independence
in 2 x 2 tables, as noted in the next section.

Throughout this book we use the Greek quantity y* to refer to the chi-
square family of probability distributions, and the Roman quantity X2 to
refer to the Pearson goodness-of -fit test statistic given in general by expression
(2.4).

2.2 The Modé of Independence

We have just examined a 2 x 2 table formed by considering the counts
generated from two binomial variates. For thistable the row totals werefixed
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Table 2-2
Counts for Structural Habitat Categories for sagrei Adult Male Anolis Lizards of
Bimini (Schoener [1968])

(a) Observed values
Perch Diameter

(inches)
<40 > 4.0 l Totals
. 475 | 32 | 1 | &
Perch Height
(feet) <475 86 35 | 121
Totals 118 6 | 164
{b) Expected values under independence
Diameter
Is
Heidh > 4.75
eight e —
g <475 | . ‘ 339 o
Totals 118 164

by design. In other circumstances we may wishto consider 2 x 2 tables where
only thetotal for the tableisfixed by design. For example, ecol ogists studying
lizards are often interested in relationships among the variables that can be
used to describe the lizard's habitat. Table 2-2a contains data on the habitat
of sagrei adult male Anolis lizards of Bimini, originally reported by Schoener
[1968] in a slightly different form. A total of 164 lizards were observed, and
for each the perch height (variable 1) and perch diameter (variable 2) were
recorded. The two variables weredichotomized partially for convenience and
partially because the characteristics of interest for perches are high versus
low and wide versus narrow.

Let us denote the observed count for the (i, j)cell by x;; and the totals for
the ith row and jth column by x;, and x, ;, respectively. Corresponding to
this table of observed countsisa table of probabilities,

Variable 2
1 2 | Totals

1 ‘ P11 \ Pz P+
Variable ! _; - (2.7
2| pyy l P22 P2+

Totals | p,, ‘ P2 1
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where the probabilities {p;;} add to 1, p;s = pi; T pizs and ps; = py; T o
In the two-binomial example we wanted to compare two proportions. In
the present situation we wish to explore the relationship between the two
dichotomous variables corresponding to rows and to columns, that is, to
perch height and perch diameter.

If perch height is independent of perch diameter, then

p;; = Pr{row category = iand column category = j)
= Pr{row category = i) Pr{column category = j)
= Pii P+ (2.8)

fori =1,2andj = 1,2 Sinceonly the total samplesize N isfixed, {x;;} isan
observation from a multinomial distribution with sample size N and cell
probabilities {p;;}. The expected value of x;; (viewed asa random variable) is
m;; = Np,;, and under the model of independence m;; = Np; ., p. ;. Finaly, if
we substitute the observed row proportion x;,/N for p;, and the observed
column proportion x, ;/N for p.;, we get the well-known formula for the
estimated expected valuein the(i, j) cell:

f’;?ij' == Xi + X;J;’N {29}

Table 2-2b displays the estimated expected values for the lizard data
(assuming that perch height is independent of perch diameter). We can then
test this hypothesis of independence using the Pearson chi-square statistic of
expression (2.4):

2

2
X2 = Z Z s — xi——x+jrfN}2
X4 X_,ﬁ"’}\{

i=1j=1

= Nlxypxp, = x 1.2§L)2. (2.10)
X1 +X34:X41X542
For the datain Table 2-2 X2 = 0.18, and comparing this value with a table
for the 2 distribution with 1 d.f,, such asin Appendix III, we conclude that
the model of independence of perch height and perch diameter fits the data
quite well.

Table 2-3a presents a set of data similar to that in Table 2-2a, but for a
different species of Anolis lizards, distichus, and a different size, adults and
subadults. Were perch height and perch diameter independent here, wewould
expect the entries in the table to be asin Table 2-3b. The model of indepen-
dence, if applied to the data in Table 2-3a, yields X* = 1.83, and again the
model fitsthedataquite well.
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Table 2-3
Counts for Structural Habitat Categories for distichus Adult and Subadult Anolis
Lizards of Bimini (Schoener [1968])

(a) Observed values
Perch Diameter

(inches)
<40 > 4.0 Totals
) > 4.75 61 41 102
Perch Height
(feet) < 475 73 70 143
Totals | 134 111 245
(b) Expected values under independence
Diameter
<4.0 > 4.0 | Totas
_ >475 | 558 | 462 102
Height f "
< 4.75 ‘ 8.2 64.8 143
Totals | 134 11 245

We note that X2 as given by expression (2.10)is the same as X 2 in ex-
pression (2.6), provided we equate the totals in the corresponding tables,
that is, provided we set

N, =Xp4, Ny =Xy, and N =un, + n,.
2.3The Loglinear Mode

In the two-dimensional tables just examined, the estimated expected vaues
weredf theform

_x£4x+_;

ij= N s 2, = 1,2, (2ll)

Ht
both under the model of independence of row and column variables and
under the model of equality of binomial proportions(moregenerally referred
to as the model of homogeneity of proportions).The hat in expression (2.11)is
areminder that m;; is a parameter being estimated by ;.

Taking the natural logarithm of both sides of equation (2.11),

log riy;; = log x;+ + log x, ; — log N, (2.12)
and thinking in terms of an | x Jtable with | rows and J columns reveas a
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close similarity to analysis-of-variance notation. Indeed, the additive form
suggests that the parameter m;; beexpressed in theform

log my; = u + uyg + Uz (2.13)
where u is the grand mean of the logarithms of the expected counts,

| J

i=1j=1

u t u,, isthe mean of the logarithms of the expected counts in the J cells at
level i of thefirst variable,

J
u+u,m=}z log m;;, (2.15)

i=1
and, similarly,

I
U+ g = } Z log m;. (2.16)
i=1

Becauseu, ; and u,,; represent deviationsfrom thegrand mean u,

Zum, - Eum, ~0. (2.17)
i J

In the case of the model of homogeneity of proportions, n; = x,, isfixed,
and thus
log i;; = —log (n, * ny) *logn; + log x., ;. (2.18)

The term u,, in the corresponding model of the form (2.13) is fixed by the
sampledesign and isnot otherwisedirectly interpretable.

Itisrarely the casethat the model of independencefitsaswell asit did in the
two examplesin the preceding section, and thisresult isall the moresurprising
in that the frequency of wide perches tends to decrease with increasing perch
height in many natural habitats. If wethink in termsof perch height and perch
diameter interacting, we can add an "interaction term" to the independence
model, yielding

log my; = u + uyy + g + Uy, (2.19)

where, in addition to(2.17), we have

T J

Z Hyaijy = Z Uy = 0 (2.20)
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For the example on vitamin C and the common cold, a term u,,,; would
represent the fact that the two binomial proportionsare not equal. The model
given by expressions (2.19), (2.17), and (2.20) is the most general one for the
two-dimensional table.

2.4 Sampling Models

There are three commonly encountered sampling models that are used for

the collection of counted cross-classified data:

(1) Poisson: We observe a set of Poisson processes, one for each cell in the
cross-classification, over afixed period of time, with noa priori knowledge
regarding the total number of observations to be taken. Each process
yields a count for the corresponding cell (see Feller [1968]). The use o
this model for contingency tables was first suggested by Fisher [1950].

(2) Multinomial: We take a fixed sample of size N and cross-classify each
member of the sample according to its values for the underlying variables.
'This was the model assumed for the lizard examples of Section 2.3.

(3) Product-Multinomiai: For each category of the row variable we take a
(multinomial) sample of size x;, and classify each member of the sample
according to its category for the column variable (the roles of rows and
columns can be interchanged here). This was the sampling model used
in the example on vitamin C and the common cold.

A more technical discussion of these sampling models will be given after
multidimensional tables have been considered. The basic result of interest
here isthat the three sampling schemes lead to the same estimated expected
cel values and the same goodness-of-fit statistics. (For a more general
statement of this result, see the theoretical summary in Appendix 11.)

Some stress has been placed on the sampling model in this section, but
it is equally important to distinguish between response variables and
explanatory variables. For the example of Table 2-1, which has a product-
binomial sampling model, treatment (placeboor vitamin C)isan explanatory
variable and the occurrence of colds is the response variable. For the two
lizard examples, both perch height and perch diameter can be viewed as
response variables, and the sampling model is approximately Poisson. It is
also possible to have a Poisson or a multinomial sampling model with one
response and one explanatory variable. For example, suppose we take a
random sample of husband wife pairs and cross-classify them by voting
behavior (e.g., liberal or conservative)in the last election, with the husband's
voting behavior as the row variable and the wife's voting behavior as the
column variable. If we wish to assess the effect of the husband's behavior
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Table 2-4
Piano Choice of Soloists Scheduled for the 1973-1974 Concert Season, for Selected
Major American Orchestras

Piano Choice
Orchestra Steinway Other Totals
Boston Symphony 4 2 6
Chicago 13 1 14
Cleveland 11 2 13
Minnesota 2 2 4
New York Philharmonic 9 2 11
Philadelphia 6 0 6
Totals 45 9 54

on the wife, for example, the wifés behavior is a response variable and the
husband's behavior an explanatory variable. If we condition on the husband's
behavior, we go from a multinomial sampling model to a situation based
on a product-multinomial model.

[t must be noted that not al two-dimensional tables are necessarily
generated by one of the three sampling models listed above. Table 2-4
presents data on the piano choice of soloists scheduled during the 1973-1974
concert season, for selected major American orchestras. For these data the
basic sampling unit is the soloist; a given soloist may appear with several
orchestras during a concert season, however, and in al appearances he or
she will use the same brand of piano. Indeed, the total of 9 for " other" can
probably be attributed to two or three pianists who use Baldwin pianos.

2.5TheCrossProduct Ratioand 2 x 2 Tables

Intheexamplesabovel = J = 2,and, because of theconstraints,

Uy = —Hyaa = —Upzan = Uiz (2.21)

Thus there is, in effect, one parameter to measure interaction. When this
parameter is set to zero, we get the one degree of freedom associated with
the chi-square tests for independence or homogeneity of proportions. For
2 x 2tableswecan show that

ulz“n"_—éiogﬂ. {222)
where

= MMz (2.23)
MMy
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We can also write

o = P1tP2z (2.24)
P12l
since the expected value for the (i, j) cél is just the probability associated
with that cell times the sample size:

This relationship between expected values and cell probabilitiesfollowsfrom

results related to the sampling models considered above.

The quantity « defined by (2.23) or (2.24) is usually referred to as the
caress-product ratio (see Mosteller [1968]) or odds-ratio, and it is a basic
measure of association in 2 x 2 tables, in part because it is appropriate for
al three types of sampling models described in Section 2.4. Surprisingly,
this measure appears only rarely in social scienceresearch literature, although
it iswidely used in chemical, genetic, and medical contexts (see,e.g., Anderson
and Davidovits [1975], Kimura [1965], and Cornfield [1956]). The cross-
product ratio « has several desirable properties:

(1) It is invariant under the interchange of rows or columns (except for its
"sign": if we interchange rows or columns but not both, the sign of log
changes).

(2) Itisinvariant under row and column multiplications: Suppose we multiply
the probabilities in row 1 by r; > 0, row 2by », > 0, column 1 by ¢, > 0,
and column 2 by ¢, > 0, and then renormalize these values so that they
once again add to 1. The normalizing constant cancels out and we get

o = F1€aPi)aapaa) _ Pubaz _ (2.26)
(ricapya)racypyy) P2y

(3)Clear interpretation: If we think of row totals as fixed, then p,,/p,, is
the odds of being in the first column given that oneisin thefirst row, and
Pa1/P2, is the corresponding odds for the second row. The relative odds
for the two rows, or the odds-ratio, is then

_&_1;'{)& = PuP22 _ (2.27)
P21/P22 P12P21

(4ltcan beusedin| x Jtables(and multidimensional tables)either through
a series of 2 x 2 partitionings or by looking at several 2 x 2 subtables.
The quantity o runs from 0 to oo and is symmetric in the sense that two

values of the cross-product ratio «, and «, such that log a, = —log «,

represent the same degree of association, although in opposite directions.
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If « = 1, the variables corresponding to rows and columns are independent;
if a# 1, they are dependent or associated.
The observed cross-product ratio,

g =X11X22 (2.28)
X12%X21
is the maximum-likelihood estimate of a for al three types of sampling
models considered above.
For the data in Tables 2-2a and 2-3a we estimate a as &, = 1.18 and
&, = 1.42, respectively. The estimate of the large-sample standard deviation
of log & is

PR
S, = \/_l__ + ES + R + 1 , (2.29)

and we can use log & and s, to get confidence intervals for log a, since for
large samples log a is normally distributed with mean log a. Also, we can
use the statistic

y2 _ (log®? _ (logxy,; t1og x;;, — log x;, = log x;,)* (2:30)

Ss (_'_+J_+L+w'_\
X1 X120 X2p X2

as an alternative to the usual chi-square statistic (2.10) to test for independ-
ence in a 2 x 2 table. Several authors have suggested alternative ways of
getting confidence intervals and tests of significance for « or its logarithm.
For an excellent review and discussion of these methods, see Gart [1971].

Goodman and Kruskal [ 1954, 1959, 1963, 1972] discuss various measures
of association for two-dimensional tables, and in the 2 X 2 case a large
number of these are simply monotone functions of the cross-product ratio.
For example, Yule's [1900] Q can be written as

Y o Zan¥Xzs = XiygXa,
Xp1Xap + Xp2X2

_e-1 (2.31)

a+ 1
Pielou [1969] and others have been critical of such measures because they
preclude the distinction between complete and absolute association. For
example, Table 2-5 contains two casesin which Q = 1 (anda = o). Pielou's
claim is that any ecologist would assert that the association in Table 2-5b
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Table 2-5
Examples of Complete and Absolute Association

(a) Complete association

Species B
Present  Absent | Totals
. Present 60 20 80
Species A
Absent 0 20 20
Totals 60 40 100
(b) Absolute association
Species B
Present  Absent l Totals
, esent | 80 0 80
Species A S S————
Absent | 0 20 20
Totdls | 80 20 | 100

is greater by far than the association in Table 2-5a, and thus @ (or o) is not
the most desirable measure in ecological contexts. Of course, measures that
are not monotonic functions of a are tied into the relative values of the
marginal totals, and this too is undesirable. For a further discussion of this
point, see the papers by Goodman and Kruskal, or Bishop, Fienberg, and
Holland [1975].

Returning to model (2.19) for the 2 x 2 table, it is of interest that the
remaining two parameters, u, .y (= —4u2) and uy, (= —uy), are not
simply functions of the row and column marginal totals, as one might have
expected. In fact,

1 mymy g

=-1 3
Uy 1y ! og My Miss (2.32)
and
Wy, = L |0g ',71,1,,1112,,1_ (2.33)
4 My,

All the subscripted parameters in the genera loglinear model for two-
dimensional tables can thus be expressed as functions of various cross-
product-ratio-like terms. Nevertheless, o and the marginal totals {m;,} and
{m+;} completely determine the 2 x 2 table.
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2.6 Interrdated Two-Dimensional Tables

As we mentioned in Chapter 1, a typical analysis of a multidimensional
cross-classification often consists of the analysis of two-dimensional marginal
totals. Moreover, we noted that such analyses have severe shortcomings.
Toillustrate this point we now consider the analysis of a three-dimensional

Table 2-6
Two-Dimensional Marginal Totals of Three-Dimensional Cross-Classification of
4353 Individuals (See Table 3-6)

(a) Occupational group vs. educational level

{low) (high)
El E2 E3 E4 | Totals
01 239 309 233 53 834
02 6 i1 70 199 286
03 1 7 12 215 235
04 794 781 922 501 2998
Totals | 1040 1108 1237 968 4353

01 = self-employed, business

0 2 = self-employed, professional
0 3 = teacher

04 = salaried, employed

(b) Aptitude vs. occupational level

01 02 03 04 i Totals

(low) At 122 30 20 472 | 644
A2 226 51 66 704 ’ 1047

A3 306 115 96 1072 | 1589

A4 130 59 38 501 i 728
(high) A5 50 31 15 249 | 345
Totals 834 286 235 2998 | 4353

(c) Aptitude vs. educational level

E1 E2 E3 E4 Totals

Al 215 208 138 83 644

A2 281 285 284 197 1047

A3 372 386 446 385 1589

A4 128 176 238 186 728

A5 44 53 131 117 345
Totals 1040 1108 1237 968 4353
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example solely in terms of its two-dimensional marginal totals. Later we
shall reconsider this example and contrast the conclusions drawn from the
two analyses.

Table 2-6acontains data on the cross-classification of 4353individuals into
four occupational groups (O)and four educational levels (E). These data
have been extracted from a larger study encompassing many more occupa-
tional groups. The Pearson chi-square test for independence of occupation
and education yields X2 = 1254.1 with 9d.[, so that occupation and
education are clearly related.

Tables 2-6b and 2-6c present two additional two-dimensional cross-
classifications of the same 4353 individuals, the first by aptitude (as measured
a an earlier date by a scholastic aptitude test) and occupation, the second by
aptitude and education. Testing for independence in these tables yidds, for
Table 2-6b, X2 = 35.8 with 12 d.f., and for Table 2-6¢, X? = 178.6 also with
12 d.f. Both of these values are highly significant when referred to the corre-
sponding chi-square distribution, and we are forced to conclude that occu-
pation, aptitude, and education are pairwise related in al possible ways.

Now, in what ways is this analysis unsatisfactory? Everything we have
done appears to be correct. We have just not done enough, and we have not
looked at the data in the best possible way. Before we can complete the
discussion of thisexample, however, we must consider details of the analysis
o three-dimensional tables.

2.7 Correctionfor Continuity

The practice of comparing the Pearson chi-square statistic given by expres-
sion (2.4) to the tail values of the y? distribution with the appropriate
degrees o freedom is an approximation that is appropriate only when the
overall sample size N is large. Yates [1934] suggested that a correction be
applied to X2, the correction for continuity, for 2 x 2 tables to make the tail
areas correspond to those of the hypergeometric distribution (used when
both row and column marginsarefixed). Thus, instead of using the chi-square
formula (2.10), many introductory texts suggest using the "corrected"
statistic:
Xo= Ziﬂ‘ — (Xisxoy/N)| = 1/2]7
‘ - Xi+ X, /N
i=1j=1
N(jxy,xz5 — -‘f21-":_2|___f’_\‘ie?|_z

E - (2.34)

X14X34X 41Xy 2
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Cox [1970b] provides an elementary analytical derivation of the continuity
correction that is applicable in this case. Rao [1973, p. 414] provides a
dightly different method for correcting X 2.

If, however, our aim is to correct the statistic X ? so that it more closely
adheresto the large-sample x2 distribution, rather than to the hypergeometric
distribution, then the use of the corrected chi-square statistic (2.34) may not
necessarily be appropriate. In fact, Plackett [1964], Grizzle [1967], and
Conover [ 1974] have shown that using X2 in place of X 2 resultsin an overly
conservative test, one that rejects the null hypothesis too rarely relative to
the nominal level of significance. For example, in 500 randomly generated
multinomial datasetsexamined by Grizzle, with N = 40 and cell probabilities

056 | 024
0.14 0.06

the statistic X2 exceeded the 0.05 level of significance (i.e., 3.84) 26 times
(5.2%) whereas the corrected statistic X? exceeded the 0.05 level about 6
times (1.2%).

Because of this empirical evidence, and because of our use of the 2
distribution as the reference distribution for the chi-square statistic X?, we
make no use of continuity corrections in this book.

Much attention has been given in the statistical literature to the use of
Fisher's exact test for 2 x 2 tables, which is based on the hypergeometric dis-
tribution referred to above. Because this book focuses primarily on multi-
dimensional tables, and because the extension of the exact test even to
hypotheses regarding modelsfor 2 x 2 x 2 tables is complicated at best, we
have chosen not to consider exact tests at al. For a recent debate on the
appropriateness of the exact test for 2 x 2 tables, the interested reader is
referred to Berkson [1978] and Kempthorne [1979]. Haberman [1974a]
presents a detailed discussion of exact tests in several dimensions, under the
heading of conditional Poisson models (seealso Plackett [ 1974, pp. 83-87]).

2.8 Other Scalesfor Analyzing Two-Dimensional Tables

The discussion in this monograph isfocused on models for cell probabilities
or expected values which are linear in the logarithmic scale. Other possible
scales of interest arethe linear scale and those based on the angular (arc sine)
or integrated normal (probit) transforms. Another possibility isa model that
islinear in the logistic scale; that is, if p isa probability, its logistic transform
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islog (p/(1 — p)).In Chapter 6 the relationship between loglinear and linear
logistic models isdiscussed in detail.

Cox [1970a, pp. 26-29] examines the linearizing transformations from
p{x), the probability of success at level x, to the following scales:

(1) logistic: log( Py (2.35)
I - p(x)

(2)linear: px), (2.36)
(3)integrated normal : ¢ "' (p(x)), where (2.37)
Plu) = :-l—'- i‘ ut’ 2 gy

V2 J )
(4)arcsine: sin” H((/p(x)). (2.38)

Cox notes that al four transformations are in reasonable agreement when
the probability of success is in the range 0.1-0.9, and that in the middle of
this range analyses in terms of each of the four are likely to give virtually
equivalent results.

For further details the interested reader is referred to Cox [1970a] and
to the discussion in Bishop, Fienberg, and Holland [1975, pp. 368-3691,
which includes an example of a2 x 2 x 2 x 2 table analyzed using both a
loglinear or logistic model and an ANOVA model following an arc sine
transformation. Hewlett and Plackett [1979] present an elementary analysis
of biological data involving quantal responses using both the probit trans-
formation of (2.37)and thelogistic transformation of (2.35).Haberman [ 1978,
pp. 344--3461 also provides a helpful discussion of computations for probit
models.

The remainder of this book focuses on models and analyses based on the
logarithmic or logistic scale.

Problems

2.1 (Armitage [1955]). In a study of children aged 0 to 15, concern was
focused on the presence or absence of the carrier for Streptococcus pyogenes,
and the relationship between the presenceof the carrier and tonsil size(Table
2-7).
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Table 2-7
Tonsils present, Tonsils enlarged
not enlarged + ++
Carriers 19 29 24
Total 516 589 293
Proportion of .
carriers 0.0368 0.0492  0.0819

(a) Test the hypothesis of homogeneity of proportions for the carriers and
noncarriers.

(b) Compute ¢ for columns 1 and 2, and for columns 2 and 3.

(c) What alternative to the equal-proportions hypothesisis suggested by the
data?

(d) What other possible explanatory variables might be relevant to the in-
terpretation of the data?

2.2 (Reiss[1980]). Thedatain Table 2-8, from the National Crime Survey,
represent repeat-victimization information, i.e., successive pairs of victimiza-
tionsfor householdsin thesurvey. If, over thecourseof the period in question,
a household is victimized » times, then these m victimizations will lead to
m — lentriesin thetable, onefor each successive pair of victimizations. (Here
A isassault; B, burglary; HL, household larceny; MV, motor vehicle theft;
PL, personal larceny; PP/PS, pocket picking and purse snatching; Ra, rape;
Ro, robbery.)

Table 2-8
Second Victimization in Pair

Ra A Ro PP/PS PL B HL MV | Totals
Ra 26 50 11 6 82 39 48 11 273
A 65 2997 238 85 2553 1083 1349 216 8586
First Ro 12 279 197 36 459 197 221 47 1448
Victimi- PP/PS 3102 40 61 243 115 101 38 703
zation PL 75 2628 413 229 12,137 2658 3689 687 | 22,516
in Pair B 52 1117 191 102 26493210 1973 301 9595
HL 42 1251 206 117 3757 1962 4646 391 | 12,372
MV 3221 51 24 678 301 367 269 1914

T

Totals | 278 1347 660 22,558 9565 12.394 1960 |
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(a) Test these data for homogeneity of row proportions.

(b) Examine a table of the square roots of the contribution from each cell to
X2, ie., (Observed — Expected)/,/Expected. Which cells stand out?

(c) Provide an interpretation for your findings in part (b).

(d)Why might you not have bothered to do the full calculation of X 2 after
you found the contribution from the (1, 1) cell?

2.3. The 1970draft lottery wasintended to provide a sequence of birthdates
which wasto be used to select males between the ages of 19 and 26 for induc-
tion into the armed forces of the United States. Each day of the year (includ-
ing February 29) wastyped on aslip of paper and inserted into a capsule. The
capsules were mixed and were assigned a "drawing number" according to
their position in the sequence of capsules picked from a bowl. The data in
Table 2-9, from Fienberg [ 1971], summarize the results of the drawing. The
dates are grouped by month, and the drawing numbers by thirds. Is there
evidence in the table to cast suspicion on the randomness of the sequence of
drawing numbers?

Table 2-9

Drawing Months

numbers | Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. Totals

omempenes . § s wawimmes senesme sewps sesess seeeses e se i ._I.__

1-122 9 7 5 8 9 11 12 13 10 9 12 17 | 122

123-244| 12 12 10 8 7 7 7 7 15 15 12 10 i 122
) 122

245-366 1 10 10 16 14 15 12 12 1l 5 7 6 4

Totals 3t 29 31 30 3t 30 3t 3t 30 31 30 3I| 366

24 (Fienberg[1980]). In astudy of citation practices in the field of opera-
tions research, 336 articles were examined from the 1969 and 1970 issues of
two journals, Management Science and Operations Research. The 336 articles
have been cross-classified in Table 2-10 according to the journal in which the
article appeared and the location of other articles referenced.

Table 2-10

Cited Journal
Neither MS only OR only Both

Cung MS | 6l 63 20 59
Joutnal OR | 42 3 47 41
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(a) Which variablesin thistable are explanatory and which can be thought of
as response variables?

(b) Viewing these data as if they were a samplefrom a hypothetically infinite
population, test the hypothesis of homogeneity of proportions corres-
ponding to the structure identified in (a). Do citation practices differ for
the two journals?

(c) Interpret your findings.

25 (Yule[1900]). Thedatain Table2-11for 205 married persons, reported
initially by Galton, give the number of casesin which atall, medium, or short
man was mated with a tall, medium, or short woman.

Table2-11
Wife
Tall Medium Short | Totals
Tall 18 28 14 ]L 60
Husband  Medium 20 51 28 [ 99
Short 12 25 9 ] 46
Totals | 50 104 51 | 205

(a) Test the hypothesis that the heights of husbands and wives are indepen-
dent.

(b) Form two 2 x 2tablesfrom this3 x 3table contrasting tall and medium
versus short, and tall versus medium and short. Test the hypothesis of
independence for each of these 2 x 2 tables.

(c) Compute Yule's Q for each of the 2 x 2 tablesin part (b).

(d) Assign "'scores” of 1, 2, and 3 to the categories short, medium, and tall.
Then compute the observed correlation between the heights of husbands
and wives based on these scores.

(e) By interpreting the quantities computed in parts (b),(c),and (d), or other-
wise, discuss how the heights of husbands and wives are associated.
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3.1 The General Loglinear Model

If we put Tables 2-2a and 2-3a together, we have a 2 x 2 x 2 table with the
dimensions perch height, perch diameter, and species (see Table 3-1). What
are the interesting models for this 2 x 2 x 2 table? To answer this we must
start by introducingan appropriate notation.

Let x;;, betheobservation in ith row, jth column, and kth layer of thetable,
and let m,; be the corresponding expected value for that entry under some
model. Our notation for marginal totals is such that when we add over a
variable we replace the corresponding subscripts by a“+.” Thus

Xijr = Xijji + Xija, iL,j=12, (3.1
Xips = X1 + Xip2 + X2y + Xi22
:let +xi2i1 i = 1| 2|- {32)
and
2 2 2 2
x+‘.,=z Z fojk=zxi++, {33}
i=1j=1k=1 i=1

S!mllal’ly,m‘” = mijl + mijz,etc.
If the three variables corresponding to the dimensions of our table are
independent, then

Pr{variable 1takeslevel i, variable 2 takeslevel j, and variable 3
takesleve k) (3.4)

= Pr{1 takesleve i) Pr{2 takeslevelj) Pr{3 takesleve k),

Table 31

Data from Tables 2-2a and 2-3a, along with Expected Values under Two Loglinear
Models: Complete Independence (Column 3) and Conditional Indepdence of Vari-
ables 1 and 2 Given the Level of 3 (Column 4)

(0 (2) (3) (4)
cel (i, j, k) observed

(1,1, 1) 32 358 309
{2 1.1) 86 65.2 87.1
(1,2, 1) 1 223 12.1
22,1 35 40.6 339
(1,1,2) 61 53.5 55.8
(2.1,2) 73 974 78.2
(1,2,2) 41 33,3 46.2

(2,2,2) 70 60.7 64.8
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and by analogy with the model of independence in two dimensions, it would
be natural for ustotakeour estimate o the expected count for the(i, j, k) cell as

g = (5}\; T) (’f}t\;*_) (ij\;ﬁ) N. (3.5)

Taking logarithms yields
log m; = log x;,, +log x,;, +logx,,, —2logN. (3.6}

Thisadditiveform for thelogarithms of the estimated expected valuesisonce
again highly reminiscent of analysis-of-variance notation. Switching from
theestimated value i, ;, to the parameter m, ;, if weset

2 2 2
"= ; Z Z Z log my 3.7)

i=1 j=1k=1

2 2 2
1
= —2logN +§ Z log my,, + Z logm. ;. + Z log m 4y |,
i=1 i=1 k=1

1 2 2
Uy =3 Z Z log m — u, (3.8)

=1l k=1

etc., then we can write log m,; in an ANOV A-type notation

log myj = u + gy + Uy + Uz, (3.9}

where
2

2 2z
ZH““: Zuzm: Zum}zo‘ (3.10)
i=1 j=1

k=1

since the terms involved represent deviations from the grand mean u.
Suppose now that thethree variables are not independent. Four other types

of modelsexpressible in terms of the structural relationshipsamong the three

variablesareasfollows:

(1) Independence of (i) type of species and (ii) perch height and diameter
jointly (thereare two other versions of this model).

(2) Conditional independence of perch height and perch diameter given the
species(again, therearetwo other versionsof this model).

(3) Pairwise relations among the three underlying variables, with each two-
variable interaction unaffected by the value of the third variable.

(4) Second-order interaction (or three-factor effect) relating al three variables,
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so that the interaction between any two does depend on the value of the

third variable.

All of the models listed above are special cases of what is known as the
general loglinear model :

log mp =t + uy gy + Uy + Usgy + Uyaaj + Uisan T Uasg + Ui23a0s

(3.11)
where, asin the usual ANOVA model,
zh‘nn = z Upgjy = Z“am =0,
i j k
Z“lztm = z Uyaip = Z“lsun =Z Uy 3k
i i k
(3.12)

7

Z Wy = Z Wy = Z“]ucun = 0.
X

i i

i
= Z Uaagmy = Z sy = 0,
k

Thisgeneral model imposes no restrictions on the {im,;} and correspondsto

model (4) above. Note that the model given by formulas (3.11) and (3.12)is

expressed in such away that it describesthe expected valuesforan1 x J x K

tableand not just the special casedf the2 x 2 x 2tabledf our lizard example.
We have already seen that setting

Uy = Uyaan = H2agn = Wizaum = 0

for all i, j,k in expression (3.11) yields the model of complete independence of
the three underlying variables. Before going on to look at other specia cases
of the loglinear model corresponding to models (1) through (3), let usstop for
a moment and consider various waysto generate three-dimensional tables of
counts.

3.2 Sampling Models

For al of the loglinear models we shall consider, we obtain the same
maximum-likelihood estimates (MLESs)for the expected cell counts under a
variety of different sampling distributions. In particular, the three sampling
models described in Section 2.4 yield the same MLEs. A more technical
description of these sampling models and their interrelationships follows.
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The simplest of these sampling models results from a procedure in which
the 1 JK observed cell counts {x;;} are viewed as having independent Poisson
distributions with the expected counts {m,;} as their means. Thus the
probability function for thismodel is

LT

[T Mase " (3.13)

ik x!jk

Since the cells contain counts having independent Poisson distributions, the
total count in the table, x,,,, has a Poisson distribution with mean
My + = X ;% My Thisfact is used below.

The second sampling procedure isthe multinomial onein which a sample of
N individuals or objectsis cross-classified according to the categoriesof the
three variables. The probability function for the multinomial model is

__N! ﬂpukx (3.14)

I'lr_alk Uk ij.k

where Z; ;, pijx = 1. The expected or mean values of the {x,;,} are {N p,;}.

We note that if the {x;;} have been generated according to a Poisson
sampling scheme, then the conditional distribution of the {x;;}, given that
X4+ = N, is multinomial with probability function (3.14), where p;;
=Mu/my ..

The third sampling model, which we refer to as product-multinomial,
typically occurs in situations where one or more of the variables can be
thought of asexplanatory variables, and the remainder as response variables.
Then for each combination of the explanatory variables we pick a fixed
sample size, and the cross-classification of each sample according to the
response variables is governed by a multinomial distribution. For example,
suppose we fix the K layer totals, {x, ..}, and let P;; be the probability
of an observation falling into the ith category of variable 1 and the jth
category of variable 2, given that it falls into the kth category of variable 3
(i.e., Py = piu/p++1)- Then the probability function of this product-multi-
nomial sampling scheme is

“[ Xl [ pyx ] (3.15)

:_; uk ij

Thus we have independent multinomial samples for the K layers. The
expected values of the {x;; } for thismodel are {x, ,,P;;}. Similarly we could
fix a set of two-dimensional marginal totals, say {x. 4}, and have a product-
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multinomial scheme with independent multinomial samplesfor each column-
by-layer combination.

We note that the product-multinomial probability function given by
expression (3.15) is also the conditional probability function for {x;;}
generated by a multinomial sampling scheme, giventhe {x, ,,}.

Birch [1963], Haberman [1974a], and others have shown that the MLEs
of theexpected cell values under theloglinear models we are about to consider
are the same under all three sampling schemes discussed above. The one
condition required for this result is that the u-terms " corresponding™ to the
fixed margins in the product-multinomial sampling model be included in the
loglinear model under consideration. Weelaborateon this point in Chapter 6.

In Chapters 1 and 2 it was noted that, in addition to considering the
sampling model, we should try to distinguish between response and explana-
tory variables (see also Bhapkar and Koch [ 1968a, b]). For example, in the
lizard data of Table 3-1, speciescan be thought of asan explanatory variable
or factor, and perch height and perch diameter as response variables. More
generaly, for three-dimensional contingency tablesthere are three situations
among which we should distinguish:

(i) three-response, no factor;

(ii} two-response, one-factor;

(iit) one-response, two-factor.

For situation (i) only Poisson or multinomial sampling models are appro-
priate, whereas for situations (ii) and (iii) we could also use a product-
multinomial model in which the fixed marginal totals correspond to
explanatory variables or factors.

A sensible approach for the analysis of data with one or two explanatory
variablesisto condition on the values of these factors, treating them as fixed
even in those cases where they are not. Such an approach isdiscussed in more
detail when we consider logit models in Chapter 6.

There are some situations, such as case-control studiesin epidemiology, in
which the marginal totals corresponding to the response variable (case or
control) is fixed. Either one can condition on the explanatory variables,
obtaining a generalized hypergeometric sampling model, or one can treat
one of the explanatory variables as if it were the response. We discuss the
rationale for the latter approach in the Section 7.5.

Few, if any, large-scale sample surveys, such as thoseconducted by the U.S.
Bureau of the Census, by other government agencies, or by hongovernmental
survey organizations, use simple random samplesleading to the multinomial
sampling model discussed above. For example, the Current Population Sur-
vey (which yields national unemployment estimates) and the National Crime
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Survey (which estimates the extent of personal victimization) both useacom-
plex sample design involving multiple levelsof stratification and clustering.
As a conseguence the standard methods described in this book for the
analysis of categorical data arising from simple random samples (multi-
nomial) or stratified samples (product-multinomial) are not directly applic-
able, in part because they are insensitive to dependencies among sampling
units.

In complex sample surveys involving both clustering and stratification,
standard errors for parameter estimates based on simple random-sample
assumptionstypically underestimate the true standard errors. Thusone way
to cope with complex sample designs without going into the analytic com-
plexities is to "adjust™ the overall sample size by a suitable fudge factor or
"design effect" and then proceed asif simple random sampling had been used.
Kish and Frankel [ 1974] discuss some aspects of this problem, and the use of
design effects has been proposed for various large-scale national surveys
(Penick and Owens [1976, p. 31]). As a rough rule of thumb, practitioners
occasionally reduce the sample size by factors ranging from 10 to 50 percent.
An alternative to the use of design effects is the use of individual sample
weights to carry out "weighted" analyses (see,e.g., Koch, Freeman, and Free-
man [1975]). The relevance of sample weights or design effectsfor analyses
typically depends on the statistical models being considered, and their use
typically requiresgreater justification than authors have provided in the past.

Recent work on the analysis of categorical data from complex sample
surveys has led to a breakthrough of sorts. Altham [1976], Cohen [1976],
and Brier [1979] have developed techniques for use with cluster sampling,
and Fellegi [1980], Rao and Scott [1979], and Fay [1979] have proposed
somewhat more complicated methods for combinations of clustering and
stratification. These new methods go well beyond those of this book, and we
refer the interested reader to source materials for a more detailed discussion
of them.

3.3 Estimated Expected Values
We now return to thediscussion of theform of estimated expected cell values
for various loglinear models. We have already introduced formula (3.5) for
the estimated expected values under the model of complete independence:

ritg = MLl s et A1) (3.16)

These are maximum-likelihood estimates when the sampling model is
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Poisson, multinomial, or product-multinomial with one set of one-dimen-
sional marginal totals fixed.
Now if we take the general loglinear model in (3.11) and set

Uiz iy = Uipzgm = 0 (3.17)
for al i, j, k, then
My gy = @4 Tt o Zf’""" Bt F (3.18)
i
Mgy = " i o Z eMan T (3.19)
1]
and
Mgy o= e"TH Z @t ¥V T s ¥ (3.20)

LY

Dividing the product of the right-hand sides of expressions (3.18) and (3.19)
by the right-hand side of expression (3.20) yields

My = KT (3.21)

Mok

This is model (2) from Section 3.1, and it implies that variables 1 and 2 are
independent for each fixed value of variable 3 (e.g., for the datain Table 3-1,
perch height and perch diameter are independent, given species). For each
fixed value of k we get independence in the corresponding | x J subtable.
This model is appropriate for consideration when the sampling is Poisson,
multinomial, or product-multinomial with one set of fixed marginal totals,
aslong as thefixed totals are not {x;;. }. Looking at the likelihood or prob-
ability functions for these sampling models, we find that {x;.} and {x, ;}
are complete minimal sufficient statistics* for {m;.,} and {m.;}. Maxi-
mizing thelikelihood function in any of these cases|eadsto replacing expected
marginal totals in expression (3.21) by the corresponding observed totals:
Xiv kX + jk

(3.22)

My = N
X4k

(for details see Birch [1963] or Bishop, Fienberg, and Holland [1975]).

*For a nontechnical discussion of minimal sufficient statistics and other mathemati-
cal statistics terminology, see Appendix .
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If we set
Uyan = Uz = Ui = 0 (3.23)

for ali, j,k, then we have a model that isappropriate for consideration when
the sampling model is Poisson, multinomial, or product-multinomial with
the set of fixed marginal totals corresponding to variable 1, 2, or 3, or to
variables 1 and 2 jointly. Some algebraic manipulations similar to those for
the conditional-independence model above yield

g m Lt ek (3.24)

Thisismodel (1) from Section 3.1,and it impliesthat variables 1 and 2, taken
jointly, are independent of variable 3 (e.g., for the data in Table 3-1, perch
height and perch diameter are jointly independent of species). If we think
of the first two subscripts as one, then the expected values have the same
form as in two-dimensional tables. Here {x;;,} and {x..,} are complete
minimal sufficient statistics for {m;,} and {m..,}, and the estimated
expected values are of the form

» XijrX++
”iijk =Y N+ L {325)
Finally, the remaining model, which is usually referred to asthe no second-
order interaction model, corresponds to setting

U3y = 0 (3-26)

for al i, j, k. This is model (3) of Section 3.1, and it can be considered in
conjunction with Poisson, multinomial, or product-multinomial sampling
models when either a set of one-dimensional or a set of two-dimensional
marginal totals is fixed. The complete minimal sufficient statistics now are
{xij+}» {X &} @nd {x. x}. We cannot write m;; as a closed-form expression
involving the marginal totals {m;;}, {m.u}, and {m;,} as we did for the
other four models; for example,

M M My i
Mgy # (it Tk Ny L (3.27)
My oMoy Mgy

The estimated expected values for this model are, however, functions of the
three sets of two-dimensional marginal totals,

{xij+ b {x+jk}a {xi+k}v (3.28)
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In fact we have the following general rule for getting the estimated expected

valuesfor all five models:

(1)for each variable, look at the highest-order effect in the loglinear model
involving that variable;

(2) compute the observed marginal totals corresponding to the highest-order
effectsin (1)—e.g., {x;;. |i =1, 2; j =1, 2) corresponds to {u,,;|i = 1,
2;j=1,2};

(3) estimate tr}le expected values for the model using only the sets of observed
marginal totalsin (2), or totals that can be computed from them.

Thisrulefollows from the general resultsdescribed in Appendix 1. We shall

consider the computation of expected values under the no second-order

interaction model in detail shortly.

Going back to the 2 x 2 x 2 example in Table 3-1, we already have
considered model (2) since we have checked for independence between perch
height and perch diameter for each of the two species separately, and the
expected values under this model are just those given in Tables 2-2b and
2-3b and reproduced in column (4) of Table 3-1. Since this model of con-
ditional independence fits so well, it makes little practical sense to look at
more complicated models based on additional parameters, though we shall
do so later for illustrative purposes. Turning to the model of complete
independence of the three variables, we find the estimated expected values,
computed using (3.16), displayed in column (3) of Table 3-1. Thefit of these
expected values to the observed counts is not as good as it wasin previous
examples. In particular, note the discrepancies in the (2, 1, 1), (1, 2, 1), and
(2,1, 2) cells. We consider formal methods for examining the goodness-of -fit
of this model in Section 3.5.

Table 3-2acontains further data on the structural habitat of Anolislizards
of Bimini, thistime for sagrei adult males and angusticeps adult males. This
table is also based on data reported in Schoener [1968]. Note that the class
boundaries of the dichotomiesfor perch height and perch diameter here are
not the same as in Tables 2-2a and 2-3a. The observed cross-product ratios
for the 2 x 2 tables corresponding to the two species are &, = 1.46 (sagrei)
and &, = 14.0 (angusticeps). These appear to be unequal and clearly different
from 1, but they are subject to sampling variability so we cannot be sure.

We could begin an analysis of these data by considering the model that
specifiesequality of the cross-product ratiosin each level—i.e.,a, = a —but
does not specify the common value
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Table3-2
Counts for Structural Habitat Categories for Anolis Lizards of Bimini: sagrei Adult
Males vs. angusticeps Adult Males (Schoener [1968])

(a) Observed data

perch diameter (inches)
sagrei angusticeps
12.5 >25 52.5 >25

1

1
3 | 2

, > 50 15 { 18 L 2
perch height (feet) —
<50 a8 | 84 |

(b) 2 x 2 marginal total
perch diameter

<25 >2.5
, > 50 36 | 19
perch height : ] )
<50 | 51 ! 86
(c) 2 x 2 marginal total
sagrei unyusticeps
b height >50 | B[ 22 '
erch hei - -
P g <s0 | 12| 5
(d) 2 x 2 marginal total
sagrei angusticeps
_ <25 | 63 | 24
perch diameter b— t :
> 25 ‘ 102 l 3
My Moy Myy2Ma;, (3.29)

Myy Mgy Myyafig;°

Setting p;x = m;u/N, where m ... = N, we find that (3.29)is equivalent to
the model

P111P221 _ P1r12P222 (3.30)
P121P211 Pr22P212

Theloglinear model that postul ates no second-order interaction (U, 3, = 0
for dl i, j, k) isequivalent to the model specified by expression (3.29)and was
first considered by Bartlett [1935]. Oneway totest u,,; =0ina2 x 2 x 2
tableisto consider the test statistic
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Io?/g;_LoZg ozz’ (3.31)
where s, isthe estimated large-sample standard deviation of log &; given by
(2.29). Ifoc1 = a, (i.e, u;,3 = 0),then thisstatistic has an asymptotic hormal
distribution with mean zero and variance one. The square of z, which hasan
asymptotic y* distribution with 1 d.f., has been used by many authors; for
example, z? is a special case of the minimum modified chi-square statistic
discussed by Grizzle, Starmer, and Koch [1969].

3.4 Iterative Computation of Expected Values

A second way to test the hypothesis u,,; = 0 in the example above is to
compute the estimated expected cell values for this model. By the rules
described above, the {,;} arefunctionsonly of {x;;.}, {x;,s}, and {x, ;}.
Using the method of maximum likelihood (see Appendix 11) wefind that the
{m, ;) must satisfy:

mu+ = Xijss ihj=1,2,
Mok = Xitn ik=1,2, (3.32)
’-;T+jk=x+j;n Jhk =12

Equations (3.29)and (3.32) uniquely definea set of estimated expected values.
Unfortunately we cannot write these out in closed form. The following
iterative procedure, however, yieldsthe MLEs:

Step 1:  Set
mif =1 forali,j,k. (3.33)
Then for v = 0 compute

Step 2:
T = G (3.34)

Step 3:
-*‘Hi;; +2) _ };;jif:'»ki_} !?.’:;' + II‘ {335]

Step 4:
m(an + 1)) _ X jk m{_.}v: 2) (3.36)

k
niihi 2) T

This completes the first cycle of the iteration. Step 2 makes the estimated
expected values satisfy the first set of marginal constraintsin (3.32).Step 3
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makes them satisfy the second set—m{?, = x; ., for all i and k—as well asthe
firstset of constraints—m{, = x;;, foraliandj.Similarly, Step 4 makesthe
expected valuessatisfy m, = x, , for al jand k, but now the other two sets
of marginal constraints are messed up—m?) # x;;. and MY, # x4

Repeating the cycle (3.34)-(3.36)for v = 1, 2,... yields an iterative pro-
cedure that ultimately converges to the estimated expected values {ri;;}. If
the change in the expected values from one cycle to the next is sufficiently
small, we terminate the iteration; otherwise we perform afurther cycle.

At Step 1 of theiteration wetook asstarting valuesthe vector of ones. Any
st of starting values satisfying the no second-order interaction model,
u;,3 = 0, would do, but Bishop, Fienberg, and Holland [1975] show that the
speed of convergence of the iterative method is not substantially improved
by the use of different starting values. Moreover, unit starting valuesare also
appropriate for other loglinear models, and their use simplifies the task of
preparing computer programs. General-purpose computer programs that
perform theiterative procedure just described areavailableat a large number
o computer installations and are part of several widely used program
packages. Detailed Fortran listings are available in Bishop [1967, Appendix
I] and Haberman [1972, 1973b].

The iterative proportional fitting procedure was first introduced for work
with census data by Deming and Stephan [1940a, b], and different proofs of
convergence have been given by Brown [1959], Ireland and Kullback [1968],
Fienberg [1970b}, and others. An interesting generalization is provided by
Gokhale[1971] and by Darroch and Ratcliff [1972].

To apply the iterative procedure to the data in Table 3-2, we begin with
initial cell valuesequal to 1, that is, m{) = 1for al i, j, k. To get the values at
theend of Step 2we add theinitial valuesover variable 3: for example,

~(0)  _ 2(0) S(0)
myy, = myyy + mil, = 2.

Then we multiply each of the intital values forming this sum by the ratio
x11+/’h(101)+, yielding
m, = mil, = 1 x 36/2 = 180.

The other m(}) are computed in asimilar fashion. For Step 3 we add the ()

over variable 2: for example,
-"ﬁ{!li 1 = ﬁl‘lll;‘l + ﬁ'f{il;l = 18.0 + 95 = 2?‘5‘
Our estimatesat thisstepare of theform

M, = m{, x (g /Ml ,) = 18 x 33/27.5 = 21.6.
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Table3-3

Estimated Expected Values for Entriesin Table 3-2, Based on the Model of All Two-
Factor Effects but No Three-Factor Effect, and Cell Values at Various Stages of the
Iterative Procedure.

Cell
ik R R AR AR AR AR AP =
(L L1 1.0 18.0 21.6 19.2 16.5 16.2 16.2
(2,1, 1) 1.0 25.5 49.1 43.8 46.5 46.8 46.8
(1,2, 1) 1.0 9.5 114 12.3 16.3 16.7 16.8
(2,2, 1) 1.0 43.0 82.9 89.7 857 85.3 85.2
(1,1,2) 1.0 18.0 14.4 21.3 19.9 19.8 19.8
(2,12 1.0 25.5 1.9 2.7 4.1 4.2 42
(1.2,2) 1.0 9.5 7.6 2.1 22 22 2.2
(2,22 1.0 430 31 0.9 0.8 0.8 0.8

Table 3-3 contains the estimated expected cell values after each step in the
first cycle, and then after each subsequent cycle of the iteration. At the end of
the fourth cycle the estimated expected values differed from those at the end
of the preceding cycle by lessthan 0.1, and the iteration wasterminated.

An alternate but essentially equivalent criterion for termination of the
iterative procedure would be to stop when the three sets of expected two-
dimensional marginal totalsdiffered by 0.1 or lessfrom the observed marginal
totals. Bishop, Fienberg, and Holland [ 1975] provide adetailed discussion of
this point.

With only a slight modification, the iterative method can also be used to
compute estimated expected values for the other models. As an example,
consider the model corresponding to the independence of variables 2 and 3
conditional on the level of variable 1. In this model each cycleof theiterative
method would have only two steps. The first adjusts for the marginal totals
{x;+ }» and the second for the totals {x;,}. The third set of marginal totals
used earlier is not needed here according to our genera rule. Suppose the
tableis of size2 x 2 x 2. Thenm{j) = 1and

) = % (3.37)

Adding i} over variable 2 yields

D, = X_; + £22_ = ‘T (3.38)
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s(2) _ Xt Xivk _ Xyj+Xisn

i i Ay RN 339
the estimated expected value for the model of conditional independence.
Only onecycle of theiteration is needed for this model, which we could have
fitted directly, and this cycle simply gives a systematic way for carrying out
the direct computation. More generally, in tables with no more than six
dimensions, when a model can befitted directly, one cycle of theiteration will
produce exactly the same cell estimates. In seven-dimensional tablesa second
cycle is sometimes necessary for particular orderings of the steps within the
cycle. At any rate, one can always use the iterative method for al models of
the class discussed above without worrying about whether direct estimation
ispossible.

3.5 Goodness-of-Fit Statistics

Once we have estimated expected values under one of the loglinear models,
we can check the goodness-of-fit of the model using either of the following
statistics:

_\"(Observed — Expected)’
. Expected

G? = 2Z(Observed) Iog(

where the summation in both cases is over al cellsin the table. Expression
(3.40)is the general form of the Pearson chi-square statistic, and expression
(3.41)is — 2 times the logarithm of the likelihood-ratio test statistic used for
testing that the model fitted is correct versus the unrestricted alternative
(for more details see Rao [ 1973], p. 417). If the model fitted iscorrect and the
total sample sizeislarge, both X2 and G? have approximate »? distributions
with degrees of freedom given by the following formula:

df = # cels — # parametersfitted. (342

X2

(3.40)
Observed
Expected> ’ (3.41)

Applying thisformulato each of our five models we get the degrees of freedom
indicated in Table 3-4 (thevaluesin the last column in square bracketsarefor
an | x J x K table). In the abbreviated bracket notation in column 2 o
Table 3-4 we describe a model by means of the highest order u-terms present;
for example, [12] means that u,, is present in the model. This notation
uniquely describes all hierarchical loglinear models.

The statistics X 2 and G? are asymptotically equivalent, that is, they are
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Table3-4
Degrees d Freedom Associated with Various Loglinear Models for Three-Dimen-
sond Tables

Modd Abbreviation # parametersfitted* d.fx

u+uy +uy+uy [1702][3]

4 4
M+ -+ =1 [IJK—1-J—K+2]

+(K _ 1]
utu, tu, tu, [12][3] 5 3
+yy [t+@a-)tw-1n  [K-nuaJ-1]
+(K_1
+(1 = D(J - 1]
u+u, +uy+u; [12][23] 6 2
+ g+ U fi+a-1tu-1n  [JUI-1)K-1)]
+(K =1}
t(1-1)(J - 1)
t - 1)(1< )
U+ ug +uy +uy [12][23][13] 1
+ iy + g [t +(1—1)+(J—1) [ - D - (K - 1]
tuys :F
(- 1)(J -
+(J—l)(K_ 1)
t (- K - 1))
utu, tu, tuy [123] 8 0
iy Uy, IJK

+up3+ Uy23

*Thefirs entry pertains to the 2 x 2 x 2 table. The second entry pertains to the
I x J x K table.

equivalent in very large samples when the null hypothesis is true. For our
purposes we interpret "very large” to mean that the total sample size is at
least ten times the number of cellsin the table. Thisis, of course, a very rough
rule of thumb, and we use X2 and G? even when the sample size is much
smaller. The small-sample adequacy of the 2 approximationsto X ? and G2
isdiscussed in Appendix |V. Issues with regard to the statistical power of the
two test statisticsfor various composite alternatives have not yet been com-
pletely resolved (see Larntz [1973]).

Table 3-5 contains a summary of the values of G2 and X 2 for each of the
eight possible loglinear models as applied to the data in Tables 3-1 and 3-2.
We note that the values of X2 and G? are usually quite close, except when
both arelarge, and arefar out in thetail of the corresponding y? distributions.
For example, for the data in Table 3-1 and the model of complete indepen-
dence of the three variables, the statisticsare
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- 3 — 65.2) - 2 — 2
y2 o B2-358)° (86 —1652) +(11 223)° (35 — 40.6)

358 652 223 20.6
(61— 5357 | (73— 974)° (41333 (70— 607
53.5 97.4 333 60.7
= 2391

and

G2 = 64 l0g (32/35.8) + 172 log (86165.2) t 22 log (11122.3)
+ 70l0g (35140.6) + 122 log (61153.5) * 146 log (73197.4)
+ 82 log (41133.3) 140 log (70160.7)
= 2542

The value of G2 computed here is slightly larger than the one in Table 3-5
because the estimated expected values used in the computation above were
rounded to one decimal place. The two statistics here have almost the same
value. The number of degrees of freedom associated with each of them is 4,
and thus either the Pearson or the likelihood-ratio value is significant at the
0.001 level when referred to a chi-square table on 4 d.f. (the0.001 valuein the
tableis18.47). Thisresult impliesthat the model doesnot providean adequate
fit tothedata.

Clearly the only model that provides a good fit to both sets of dataisthe
no three-factor interaction model: u,,; = 0. We have already seen that the
model specifying conditional independence of perch height and perch

Table35
Loglinear Models Fit to Data in Tables 3-1 and 3-2, and Their Corresponding
Goodness-of -Fit Statistics

Data from Table 3-1 Data from Table 3-2
Model X? G? X? G? d.f.
[1][2]13] 23.91% 25.04* 111.30* 70.08* 4
:]] f23] 12.30* 12.43* 47.46* 43.87* 3
[12][3] 23.98* 24.43* 72.23* 57.39* 3
[13][2] 14.45* 14.63* 27.02* 31.09* 3
[13]23] 2.02 203 6.11% 488 2
[12][23] 11.62* 11.82*% 29.55* 31.18* 2
(12][13 13.78* 14.02* 15.75* 18.40* 2
[12][13][23] 0.15 0.15 271 3.02 1

*The asterisk indicates goodness-of-fit statistic values in the upper 5% tail of the
corresponding y?2 distribution, with d.f. as indicated.
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diameter given species fits the data of Table 3-1 quite well. (The X2 valuein
Table 3-5 isjust the sum of the two X ? values computed for the two 2 x 2
tables separately.) For the dataof Table 3-2, however, there is some question
as to whether this conditional-independence model fits, since X 2 exceeds the
0.05significance value while G2 does not. The problem of model selection for
these data will be discussed further in Chapter 4.

3.6 Hierarchical Models

We have not considered all possible variants of our loglinear model. For
example, we have not considered the model

logmj = u + uygy + Uy + Usgy + Ugaagns (3.43)

subject to the usual ANOV A-like constraints. In Section 3.1 we showed how
successively higher-order u-terms measure deviations from lower-order
terms (see,for example, expression (3.8)).1n order to retain thisinterpretation
we limit our models to a hierarchical set in which higher-order terms may be
included only if the related lower-order terms areincluded. Thusu, ,5 cannot
be included in a model unless u,,, u,;, and u,5 are all in the model. Clearly
(3.43)isnot a hierarchical model in thissense. It is possible to consider fitting
nonhierarchical models such as (3.43) to data, but we cannot then compute
the estimated expected values directly via our iterative proportional fitting
procedure. Rather, we need to transform the tabl e, interchanging cells, so that
the nonhierarchical model for the original table becomes a hierarchical model
for the transformed table. Such transformations are quite straightforward for
2* tables (for details see Bloomfield [1974]). Haberman [1974a] gives some
general results that can be used directly to get likelihood equations for non-
hierarchical loglinear models.

Our primary reason for avoiding nonhierarchical models is interpretive
rather than technical. The basic feature of ANOVA-like models is what
Nelder [1976] refers to as marginality. For example, for two sets of main
effects {u,,} and {u,;,} and an associated set of interaction effects {u;,;},
the main effectsare marginal to the interaction effects. This can be seen from
the restrictions placed on theinteraction term (especially geometrically); that
is, if onelooksat interaction termsdirectly in termsof contrasts, they include
the contrastsfor the main effects. More importantly, if the interaction terms
are nonnegligible, then it isof little interest that the main effects may be zero.
The same remarks apply to higher-order interactions and the marginality of
lower-order ones(i.e., u, 5 iISmarginal tou, , ).
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3.7 A Further Example

In Section 24 we examined the three two-dimensional marginal tables
associated with a three-dimensional cross-classification. Here we look at the
actual three-dimensional table for this example and compare a loglinear
model analysis of this table with the earlier analyses.

The data involved in this example refer to a population of World War 11
volunteers for the pilot, navigator, and bombardier training programs of the
U.S. Army Air Corps. Of the approximately 500,000 volunteers, roughly
75,000 passed the qualifying examination at the required level and then took
a battery of 17 aptitude-like tests during the period July—December 1943.
Then, in the 1950s, Thorndike and Hagen [1959] undertook a study of a
random sample of 17,000 of the group of 75,000 individuals to explore the
predictive ability of the tests with regard to vocational success. Of these
17,000about 2000 werestill in the military asof 1955, and 1500 had died since
1943. Thorndike and Hagen received detailed responses from 9700 of the
remaining 13,500, a response rate of 72 percent. (Thisisa high response rate
for thissort of survey.)

In 1969 the National Bureau of Economic Research did a follow-up survey
of the 7500 of Thorndike and Hagen’s 9700 civilian respondents for whom
up-to-date addresses were available. About 70 percent of these people
eventually answered the NBER questionnaire, and the data in Table 3-6 are
based on 4353, or approximately 83 percent, of the NBER respondents. We
have given extensive background for thisexample becauseit will beextremely
important when we attempt to draw conclusions from our analysis. In
particular, we note that the 1969 NBER sampl e tended to be better-educated
and to have higher ability than the 1955sample. Taubman and Wales[1974]
givefurther details.

Table 3-6 presents the full 4 x 4 x 5 cross-classification of the 4353
individuals from the NBER-TH sample by occupation, education, and
aptitude. Individualsare classified into one of five ability groupings based on
the 1943 tests of reading comprehension, numerical operations, and mathe-
matics. The A5 group scored in the upper quintile on at least two of the three
tests but had no score in the lowest quintile. The A4 group had one upper-
quintile score and no lower-quintile one. GroupsA1l and A2 aresimilar to A5
and A4, respectively, with the lowest and highest quintiles reversed, and A3
contains all other possible scores. Almost all respondents had completed
high schooal (i.e., 12 years of education) before applying for aviation cadet
training, and many of those with college and graduate training received this
education following World War IT with financial support resulting from the
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Table 3-6

Three-Dimensional Cross-Classification of 4353 Individuals into 4 Occupational
Groups (O), 4 Educational Levels(E), and 5 Aptitude Levels(A)as Measured by a
Scholastic Aptitude Test (Beaton [1975])

(0] (Self-employed, business) 02 (Self-employed, professional)

| E1  E2 E3 E4]| Totals El E2 E3 FE4| Totds
Al 42 55 22 3| In Al 1 2 8 19| 30
A2 72 82 60 12 226 A2 1 2 15 33] 5l
Al 90 106 85 25| 306 A3 2 5 25 83 115
Ad 27 48 47 8| 130 A4 2 2 10 45 59
A5 8 18 19 =) 50 AS 0 0 12 19 31
Totals 1239 309 233 53! 834 Totals 6 11 70 199 286
03 (Teacher) 04 (Salary-employed)

El E2 E3 E4| Totals 'F1 E2 E3 E4 Totas

Al 0 0 1109 20 Al 172
A? 0 3 3 60 66 A2 208
A3 1 4 5 86 96 A3 279 271 331 191 1072
A4 0 0 2 36 38 A4 99
AS 0 0 1 14 15 A5 36 249
Totals 1 7 12 2151 235 Totals | 794 781 922 501 2998

Gl Bill. Thus our measure of education is only partially antecedent to our
measure of aptitude. Occupation is measured as of 1969.

In other analyses of the more complete information available for the
NBER-TH sample, much attention was focused on the effects of education
on attitudes and income. Since education appears to be related to income,
one of the main reasons for analyzing the data in Table 3-6 is to answer the
questions posed by Beaton [1975]: "Is education, in fact, correlated to
ability, and does ability provide a possible alternative explanation for
education effectsfound for other variables?

If we ignore for the moment the various response biases present in the
NBER-TH sample, a reasonable approach isto treat the datain Table 3-6 as
having been generated via a multinomial sampling scheme. Despite the fact
that aptitude and education are antecedents to occupation, we have chosen
for the time being not to treat them asexplanatory variablesfor the response
variable, occupation. Table 3-7 gives the values of both goodness-of-fit
statistics for each of the eight hierarchical models fitted to the three-dimen-
sional data of Table 3-6. In thissummary, variable 1isoccupation, variable 2
is aptitude, and variable 3 is education.

The two models that provide a reasonable fit to the data are
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Table3-7
Values of the Chi-Square Goodness-of-Fit Statistics, X2 and G2, for Various Log-
linear Models as Applied to Datain Table 3-6

Model df. X2 G?
[12][13]1[23] 36 236 25.1
(12][13] 48 184.6* 190.8*
[13][23] 48 48.0 50.9
[12][23] 45 1301.1* 1142.2*
12][3] 57 1424.1* 1319.7*
13][2] 60 226.7* 228.2*
1231(1] 57 1336.8* 1179.6*
[1172113] 69 1519.8* 1357.0*

*Denotes values in upper 5% tail of the corresponding x? distribution, with d.f. as
indicated.

{I}“lzaﬁﬁd =0,
(2) uy26) = 123650 = 0.

Model (2)is a special case of (1) and implies that, given the level of educa-
tion, the current occupational classification is independent of scholastic
aptitude. One could not reach such a conclusion simply by looking at the
two-dimensional marginal tables. The estimated expected cell valuesfor this
conditional-independence model, displayed in Table 3-8, are quite similar
to the observed values in the sense that there are no glaring discrepancies,
asindicated by the standardized residuals of the form (x;;, — M)/ Mij.-
Actualy we must choose between models (1) and (2), and to do this we
require some further theoretical results. Although we shall not complete the
analysis of this example until after the discussion in Chapter 4, for the
present we proceed as if model (2) is our model of choice. The next step in
the analysis of these data should be to examine the estimated values of the
interaction u-terms in model (2): {it; 34} and {i23( 0. These estimates are
given in Table 3-9. Occupation levels 1 and 4 (self-employed, business, and
salary-employed) are positively related to low education and negatively
related to high education with a gradual progression from one extreme
to the other, while exactly the reverse seems to hold for teachers and sef-
employed professionals. This is as we would expect. There is also a natural
progression across rows and down columns in the values of {i, 3}, With
low education being positively related to low aptitude and high education
positively related to high aptitude. These effects as displayed here account
almost completely for the observed marginal relationship between aptitude
and occupation. Tentative answers to the questions raised by Beaton would
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Table3-8
Estimated Expected Values under Model of Conditional Independence of Occupation
and Aptitude Given Education

ol
{ E1 E2 E3 E4 Totals
Al I 494 58.0 26.0 45 137.9
A2 64.6 795 535 10.8 208.4
A3 85.5 107.6 84.0 21.1 298.2
A4 20.4 49.1 44.8 10.2 133.5
A5 I 101 14.8 247 6.4 56.0
——— R i [ S — N
Totals 239.0 309.0 233.0 53.0 834.0
o2
El E2 E3 E4 | Totals
Al 12 21 178 170 | 282
A2 16 28 16.1 40.5 61.0
A3 i 21 38 25.2 79.1 110.2
A4 l 0.7 17 135 382 | 54.1
A5 . 0.3 05 7.4 241 | 323
Totals | 59 119 700 71990 | 2858
03
4 El E2 E3 . i Totals
Al 0.2 13 1.3 1 212
A2 | 03 18 28 438 ‘ 48.7
A3 . 04 2.4 4.3 92.6
A4 ! 0.1 11 23 0.3 44.8
A5 I_ 0.0 0.3 13 276
Totals 1.0 6.9 12.0 2150 | 2349
04
r El E2 E3 E4 | Totas
AL ] 1e41 146.6 102.9 430 | 4566
A2 | 2145 200.9 211.7 1020 | 7291
A3 284.0 272.1 332.4 1993 | 1087.8
A4 97.7 124.1 177.4 963 | 4955
A5 336 37.4 97.6 606 | 2292
Totals | 7939 781.1 922.0 5012 | 29982

thus be that education is correlated with ability, in the way we would expect,
and if we control for education, ability isnot related to occupation, although
it may still be related to other outcome variables such as salary.

Onedf theissuesinvolved in comparing our earlier analysisof the NBER -
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Table3-9
Estimated Interaction u-Terms Corresponding to Estimated Expected Values in
Table 3-8

() {ity 3}

El E2 E3 E4
o1 ‘ 1.241 0.800 —0.050 —1.991
02 —-0.718 —~0.810 0.472 1.057
03 —1.528 —~0.280 —~0.309 2.117
04 | 100s 029 ~0.112 —1.182
(b) {{A‘ZJUM}

Al A2 A3 Ad AS
El 0.460 0.186 0.040 —0.225 —~0.461
E2 0.323 0.095 —0.028 ~0.011 —~0.379
E3 =05 —0.096 —0.071 0.103 0.338

E4 i -0.507 —0.185 0.058 0.133 0.501

TH data with the foregoing one is whether or not a test for interaction
between variables 1 and 2 based on the two-dimensional marginal tableis
in fact atest for u,, = 0, where u, , isthe two-factor term from the loglinear
model for the full three-dimensional array. This problem is taken up in the
next section.

3.8 Collapsing Tables

Suppose we have a three-dimensional cross-classification and we are inter-
ested in drawing inferences about the two-factor interaction terms, {u; ,},
in a loglinear model for the expected cell values {m,;}. If we collapse the
cross-classification over variable 3, yielding the two-dimensional marginal
table of counts {m;;,}, we would like to know whether the two-factor
interaction termsfor thismarginal table, {u%,;}, arethesameasthe {u,,,}
from the loglinear model for the three-dimensional table.

In order to appreciate the result that explains "when we can collapse,™
we first recall a well-known formula from standard multivariate statistical
analysis regarding partial correlation coefficients (see, for example, Snedecor
and Cochran [1967], p. 400):

Pi2 = P13Pas
\r‘f“ - ﬂlaz){l - !’232).

Pr2.3 =

(3.44)
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where p,,.5 isthe partial correlation between variables 1 and 2, controlling
for variable 3, and p,,, p,3, and p,; are the simple correlations. If p;; =0
or p,; =0, p,,.5isascalar multiple of the p, ,, and wecan test the hypothesis
P12.3 = 0 by testing for p,, =0.

Inthegeneral loglinear model (3.11) for the three-dimensional contingency
table, we can think of the two-factor terms {u,;} as being the two-factor
interactions between variables 1 and 2, controlling for variable 3 (since the
effects of variable 3 are taken into account in the model). By analogy with
the correlation coefficient result above, the following seems quite reasonable.

Theorem 3-1 In a three-dimensional table the interaction between two
variables (as given by the appropriate u-terms) may be measured from the
table of sums obtained by collapsing over the third variable if the third
variable is independent (again as given by the appropriate u-terms) of at
least one of the two variables exhibiting the interaction.

Bishop, Fienberg, and Holland [1975] give a detailed proof of this result
as well as some natural generalizations.

The version of Theorem 3-1 originally given by Bishop, Fienberg, and
Holland [1975] incorrectly implied that the converse result wasalso true. It
is possible, for example, to construct a three-dimensional table in which (1)
one dimension has more than two categories, (2) u,,5 =0 but u,,, u,,, and
u,, areall nonzero, and (3)thetableiscollapsible over variable 3. Whittemore
[1978] gives such an example, included hereasTable 3-10, in which condition
(2)above holds and each of thefirst-order u-termscan be computed from the
corresponding collapsed table.

Darroch [1962] also considered counterexamples to the converse of

Table 3-10 -
Artificial Cross-Classification o Variables A. B, and ¢ (Eachat Three Levels). with
i;,3 = 0 (Whittemore [ 1978])

A | I 2 3
<l 2 3 123 2 3
| 125 40 75 [ 40 32 120 75 24 45
2 40 32024 | 32 64 96 | 120 96 72
3 75 120 45 | 24 96 72 | 45 72 27

*Tao interpret the entries as probabilities,divide by the grand total, 1728
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Theorem 3-1. He defined a perfect three-dimensional table as one in which
the following equations hold exactly:

Z_P_f_ii’“* = PpijaPerx forallj k, (3.45)
Pi+ +
P+ jxPij+ _ Py sxPis s for all i, k, (3.46)
- p+_j+
J
PiskPoiw . ip,,,  foralij. (3.47)
P+ i

If, in addition to (3.45), (3.46), and (3.47), u, .5 = 0, then we can write

P+ jPi+xPij+ (3.48)

Piv +P+j+P+ +k’

and it is straightforward to show that each first-order interaction can be
measured from the corresponding collapsed table. Table 3-10 is an example
of such a perfect table.

While perfect tables do exist, they are not really common, and rather than
using the necessary and sufficient conditions of Whittemore [1978], it is
reasonable to consider working with collapsed tables only when the condi-
tion of Theorem 3-1is met.

We can illustrate the importance of this theorem in the context of our
example of a cross-classification of a sample of individuals by occupation,
education, and aptitude. The two models we have yet to choose between are

(Duyz3 =0,
(2) “12 = lea = 0

The theorem states that we can measure u,, from the two-dimensional
marginal table of occupation and education if u;; =0 or u,; = 0. Since
neither u,; = 0 nor u,, = 0 in either of the models, we cannot choose between
them on the basis of a test for no interaction carried out on the two-dimen-
sional marginal table. Thus, as noted in Section 24, it is not sufficient to
examine the three two-dimensional marginal tables resulting from the full
cross-classification.

This theorem also provides a simple and straightforward explanation of
the so-called Simpson's paradox (see Simpson [1951]). Blyth [1972] states
the paradox asfollows: It is possible to have

P(A|B) < P(A|B’) (3.49)

Pij =
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and have at the same time both
P(A|BC) = P(A|B'C),

(3.50)
P(A|BC’) = P(A|B'C).
He offersthe following hypothetical example:
C (‘1.’
B’ B B’ B
' i 950 9000 A" 5000 5 o)
| 50(5%) | 1000 (10%) A | 5000 (50%) | 95(95%) | '
L i |
The marginal table, adding over the third variable in (3.47), is
B’ B
A'| 5950 9005
(3.52)

A | 5050 (46%) | 1095 (11%)

and the conditions in (3.49) and (3.50) are satisfied. But another way to
interpret these conditions is that if we collapse a 2 x 2 x 2 table over the
third variable, the cross-product ratio for the marginal table (& = 0.14 in
(3.52))can be less than 1 while the cross-product ratio in each layer (cor-
responding to levels of this third variable) is greater than 1 (&, = 2.11 and
d, = 19 in (3.51)).Theorem 3-1 states that we can collapse over a variable
and expect to find the same cross-product ratio in the margin aswe havein
each layer if the variable collapsed over isindependent of at least one of the
other two variables. Thus we can view Simpson's paradox as a statement
about the possible effects of collapsing multidimensional tables in the pres-
ence o interactions. On the other hand, as Darroch [1962] notes, there are
no paradoxes of this sort in perfect tables.

Both Meehl and Rosen [1955] and Lindley and Novick [1975] discuss
Simpson's paradox, although from somewhat different perspectives. Darroch
[1976] notes that it might be more appropriate to name the paradox after
Y ule, rather than Simpson, since Y ule discussed it in the final section of his
1903 paper on the theory of association of attributes.

Problems

3.1. Anayze thedatain Table 1-2 on the effects of serum cholesterol and
blood pressure on the incidence of coronary heart disease.
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(a) Begin by testing the model of no second-order interaction.

(b) Are the effects of both explanatory variables necessary for inclusion in
the model?

(c) After you arrive at a reasonable model, compute the estimated u-terms.
Can you detect any patternin their valuesthat correspondsto the order-
ing of the explanatory variables?

32 Thedatain Problem 2.4can be profitably viewed asforminga2 x 2 x 2
table. To see this three-variable structure, note that the column variable
"Cited Journal" isin fact a 2 x 2 cross-classification of the variables " Cited
MS" and " Cited OR" (each with categories Yesand No).

(a) To which loglinear model does the test in Problem 2.4 pertain?

(b) Fit the model of no second-order interactiontothe2 x 2 x 2table, using
a 0.05 level of significance, and interpret your findings.

3.3 (continuation). We can reexpress the data from the previous problem
in the form of a different 2 x 2 x 2 table by replacing the two variables
"Cited MS" and "Cited OR™" by two different but related variables, " Cited
the Same Journal™ and " Cited the Other Journal."

(a) Construct this revised table, and note how it differs from the one you
analyzed in Problem 3.2.

(b) Fit the model of no second-order interaction to the revised table and
compare your answer with that for Problem 3.2(b).

(c) For which loglinear models should the fitted values coincide for the two
different forms of data display. Explain your answer.

34 (Fienberg [1980]). Table 3-11 contains one version of the results of
an experiment in which the food additive Red Dye No. 2 was fed to four
different groups of rats at varying dosages. Some of the rats died during
the experiment (i.e., between 0 and 131 weeks). The remainder were sacrificed
at the end of 131 weeks. All rats were examined for tumors.

(a) Which variables are explanatory and which are response?

(b) Fit all relevant loglinear models to the data consistent with your specifi-
cation in part (a).

(c) Which is the most parsimonious model that fits the data? What does
this model say about whether Red Dye No. 2 causes cancer?
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Table 3-11
Age at Death 0-131 weeks Terminal sacrifice
Dosage Group Low High Low High
Present 4 7 0 7
Cancer  Apsent % 16 14 14
Totals 30 23 14 21

35. Plackett [1974] presented the data in Table 3-12 on a random sample
of diabetic patients. Fit appropriate loglinear models to these dataand com-
ment on the influence of family history on the other two variables, and on
the relationship between the other variables.

Table 3-12

Family History of Diabetes Yes ’ No

Dependence on Insulin Injections Yes No | Yes No
< 45 6 1 16 2

AgeatOnset . 45 6 36 | 8 4

3.6 (Bickel, Hammel, and O’Connell [1975]). In a study of possible sex
bias in graduate admissions at the University of California at Berkeley, data
were examined for al 12,763 applications to the 101 graduate programs for
1973. The data werefirst displayed in theform of a2 x 2table(Table 3-13).
About 44 percent of males and 35 percent of females were admitted. These
data appear to suggest a sex bias. Test the hypothesis of equality of propor-
tions admitted for males and females.

Table 3-13
Admission

Yes No Totals
) Men — 3738 4704 8442
Applicants  Women 1494 2827 | 4321

Totals | 5232 7531 | 12,763

3.7 (continuation). Table 3-14, reported by Freedman, Pisani, and Purves
[1978], gives admissions data for the sx largest graduate programs at
Berkeley for 1973.
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Table 3-14
Men Women
| Number of Percent Number of Percent
Major | applicants  admitted applicants  admitted
A 825 62 108 82
B 560 63 25 68
C ‘ 325 37 593 34
D i 417 33 375 35
E 191 28 393 24
F l 373 6 341 7

(a) Reexpress these data in the form of a 6 x 2 x 2 table, and find which
loglinear models fit the data reasonably well.

(b) Comment on the issue of sex bias.

(c) Can you think of other variables that should have been measured and
included in this analysis?

3.8. The fictitious data in Table 3-15 are expressed in multiples of the
number X, where X is taken to be sufficiently large that sampling variability
can beignored.

Table3-15

Male Female
Treated Untreated Treated  Untreated

Success *g - “reated Treal

Fatlure {__ 3x__  _ 16x . 2x 13x
- ~ Sx 2x

(a) Examine the data for the presence of Simpson's paradox.
(b) What loglinear model describes the data?

3.9 (Duncan, Schuman, and Duncan [1973]). In asurvey of alarge Ameri-
can city, respondents were asked the question: "Are the radio and TV net-
works doing agood job, just afair job, or a poor job?” Data for the responses
to this question were broken down by the color of the respondent, and the
guestion was asked in two separate years (Table 3-16).
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Table 3-16

Response
Year Color Good Fair  Poor
1959 Black 81 23 4

White 325 253 54
Black 224 144 24

971 \white | 600 636 158

(a) Which variables are explanatory?
(b) Which loglinear models provide an acceptable fit to the data?

(c) Inyour most parsimonious model that fitsthedata, examine theestimated
u-terms corresponding to the effects of the explanatory variables on the
response.

(d) Interpret your results.

3.10. Using the iterative proportional fitting procedure, or other means,
confirm that, for Table 3-10:

(@) uy,3=0;

(B)u,,, u,;, and u,; have the same valuesin the full table as they do in the
corresponding two-dimensional margins.
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Sdlection of a Model

4.1 General Issues

Complicated modelsinvolving large numbers of parameters most often fit a
set of data more closely than a simpler model that is just a special case of
the complicated one. (In the simplest contingency-table model considered in
Chapter 3, the three-factor effect and the two-factor effectswere set equal to
zero, whereas the more complicated models allowed at least some nonzero
two-factor effects.)On the other hand, a simple model is often to be preferred
over a more complicated one that provides a better fit. There is thus a
trade-off between goodness-of-fit and simplicity, and the dividing line
between the "best” model and others that also fit the data adequately is
clearly very fine (seethe discussion of this point in Kruskal [1968]).

The goodness-of-fit tests discussed in Chapter 3 allow us to take a parti-
cular model and see if it yields expected values that are close in some sense
to the observed values. For three-dimensional tables, there are eight possible
hierarchical loglinear models (all containing the" main-effect' terms), any one
of which might be used to fit the data. Because the test statistics are not
statistically independent, we are not able to interpret the corresponding
significance levels in the usual way. We simply cannot test the goodness-of -
fit of each model separately, as we did in Chapter 3. Therefore we need a
method that aids in the selection of the interaction terms to be included in
the fitted model. Unfortunately, there is no all-purpose, best method of
model selection. Bishop [1969], Brown [1976], Fienberg [ 1970b], Goodman
[1970, 1971a], and Ku and Kullback [1968] all suggest different approaches
to the model selection problem.

4.2 Conditional Test Statistics

Before discussing some approaches to model selection, it will be useful to
introduce ageneral techniquefor comparing expected valuesfor two different
loglinear models, where one model is a specia case of the second. Suppose
that the two estimated expected values for the observed frequency x;; are

i (1) = (Expected),,
i (2) = (Expected),,

where model 2 is a special case of model 1 (e.g., the model of complete
independence in a three-dimensional table is a special case of the model of
independence of variable 3 with 1 and 2 jointly). Then the likelihood-ratio
test statistic,

(4.1)
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(Expected),
ZZ(Observed) log [(Expmted),]’ 4.2)

can be used to test whether the difference between the expected values for
the two models is simply due to random variation, given that the true
expected values satisfy model 1. This conditional test statistic has an asymp-
totic chi-square distribution (under the null situation), with degrees of
freedom equal to the difference in the degrees of freedom for the two models
(for technical details see Rao [1973], pp. 418-420).

Goodman [1969] has noted that because of the multiplicative form of the
estimated expected values for hierarchical loglinear models, expression (4.2)

isequal to
(Expected), 43
ZZ(Expected), log [rpme ol (4.3)

a test statistic analogous to the Pearson-like statistic proposed by Rao
{1973, pp. 398-4021:

[(Expected), — (Expected),]?
(Expected),

The methods discussed below are based mainly on expression (4.2).

We can use expression (4.2)to resolve our choice of models for thedatain
Table 3-6 (see Section 3.7 for the earlier discussion of this example). Since
model (2) of Section 3.7, u,, = u;,; = 0, is a special case of model (1), u,,3
= 0, the difference in the values of the likelihood-ratio statistics for the two
models (from Table 3-7), G2(2) — G*(1) = 50.9 — 25.1 = 25.8, should be
referred to a x? distribution table with 48 — 36 = 12 d.f. to test if the true
expected values satisfy model (2). This value corresponds to a descriptive
level of significance somewhere between 0.05 and 0.01, and if we were to
adhere to a 0.05 level of significance, we would choose model (1) over model
(2).

(4.4)

4.3 Partitioning Chi-Square

The method of partitioning breaks the likelihood-ratio goodness-of-fit
statistic for a hierarchical loglinear model into several additive parts. To
make use of partitioning we must formulate a nested hierarchy of models
in which we are interested, where each of the models considered must
contain the previous ones in the hierarchy as special cases. For example, in
a three-dimensional contingency table, the following sequence of models for
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the logarithms of the expected values forms a nested hierarchy:

(@) u+uyg + Uy + Usgy (4.5)
(b) u+ ul(i) + UZU) + u3(k} + u13(”‘), (46)
(C) u+ ul(i) + u2(j) + u3(k) + u131ik) -+ u23(jk)! (47)
(d) u+uy + Uy + Usgy + Ui2ap T Uizan + Uzagn:- (4.8)

A different nested hierarchy of models could be created by adding the two-
factor effect terms in a different order. Depending on the hierarchy chosen,
the partitioning method may yield different " best" models.

There are different strategies for constructing a hierarchy of models.
If an investigator has auxiliary information regarding the interrelationships
among the variables, he might set up the modelsso that theinteraction terms
added at successive stages are ordered according to their importance or
expected magnitude. For three-dimensional tables one could, of course, look
at dl six possible hierarchiesin order to determineif the choice of a hierarchy
affects the choice of a model. The theorem on collapsing from Section 3.8,
or the results given below in expressions (4.12) and (4.13), indicate that we
can reduce this number to three hierarchies. Unfortunately, when we deal
with higher-dimensional tables, the task of looking at all possible hierarchies
is an onerous one, and the interpretation of the related tests of significance
isdifficult at best.

In the hierarchy given by (4.5)-(4.8)there are four possible models, and
we use the partitioning technique for this hierarchy and the data from
Table 3-2. We denote the likelihood-ratio goodness-of-fit statistics for
models (4.5)-(4.8)by G*(a), G*(b), G?(c),and G?(d), respectively, and Table
35 indicates that G2(a)= 70.08, G*(b) = 31.09, G?(c) = 4.88, and G?*(d) =
3.02. Note that

G*(a) > G(b) = G¥(c) > G*(d). (4.9)

This result is true in general, and its importance will soon be evident. One
of the reasons we do not partition the Pearson goodness-of-fit statistic, X2,
is that (4.9) does not necessarily hold for any set of nested models when G2
is replaced by X2. For example, in Table 3-5 (for the data from Table 3-1),
we see that X 2 for model (4.5)is dightly less than X 2 for the model

U+t g+ Uy + Uspy + Upaa) (4.10)

Note that G?%(a) — G?(b), G3(b) — G?(c), and G?(c) — G?(d) are statistics
of the form (4.2)and can be used to test the difference between models (b)
and (@), (c) and (b),and (d)and (c), respectively. Thus we can write the like-
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lihood-ratiogoodness-of -fit statisticsfor the model of compl ete independence
as

G*(a)=[G*(a) - G¥b)] T [G(b) — G*(c)] +[G¥(c) - GXd)] + GX(d),

(4.11)
and each component has an asymptotic x? distribution with appropriate
d.f. under a suitable null model.

Asan exampledf apartitioning argument weconsider thedatain Table 3-2.
We begin by looking at the component due to model (d), whose value 3.02
has a descriptive level of significance greater than 0.05 when referred to a
table of the x* distribution with 1 d.f. This model fits the data fairly well, and
we proceed to the next component, G2(c) — G*(d) = 1.86, whose descriptive
level of significance is close to 0.20 when referred to the y* distribution with
1 d.f. Moreover, the cumulative value of the components so far, G*(c) = 4.88,
has a descriptive level of significance slightly less than 0.10 when referred to
the x* distribution with 2 d.f. Thus model (4.7) seems to fit well, and we go
on to the third component, G2(b) — G*(c) = 26.21, which exceeds the 0.001
upper tail value of the x?* distribution with 1 d.f. by a considerable amount.
It thus makes sense to stop the partitioning here and choose model (c),
conditional independence of perch height and perch diameter given species.
Were we to continue examining components we would find that G?(a) —
G?(b) = 38.99 is also highly significant, but this will not necessarily be the
case for partitioning analyses in other examples.

At each stage of the partitioning we should look at two things: the value
of the appropriate component, and the cumulative value of the components
examined, which is equivalent to the G? statistic for the simple model
examined so far. One possible rule for the partitioning technique is: Stop
partitioning when either of these values is significant at some level, when
referred to the appropriate x? distribution, and choose as the best model
the one from the previous step.

Choosing the appropriate hierarchy of models is very important. To
illustrate this point, consider an alternate hierarchy of models consisting of

(a/) u+ ul(i) + u2(j) + u3(k),
(b U+ Uy + Uy + Usgy + Ugigejy
(©) 4wy + sy + Usgy + Uiaaj F Uy
Y w+ g+ ugy + Uap + U205 + Uisan T U230k
From Table 3-5 (for the data in Table 3-2), we have G*(d") = G?(d)= 3.02
as before, but now the remaining three components,

G¥(c') — G¥(d') = 15.38,
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G(b') — G*(c') = 38.99,
G*a’) — GX(b') = 12.69,

are al greater than the 0.001 upper tail value of the y* distribution with
1 d.f. Thus, based on this partition of G%(a), we are forced to settle on (d),
no three-factor interaction, as the most appropriate model for the data.

The method of partitioning was first introduced by Lancaster [1951] for
the Pearson test statistic X2 (see also Lancaster [1969]) and was later
extended by Kullback, Kupperman, and Ku {1962] and Ku and Kullback
[1968] for the likelihood-ratio statistic G. Unfortunately, the methods of
Lancaster, Kullback, Kupperman, and Ku are somewhat different from
those described here, and they cannot be used as a substitute for the pro-
cedures in this section. In particular, the method of Kullback, Kupperman,
and Ku [1962] can yield negative valuesfor the likelihood-ratio goodness-of-
fit statistic in tests for three-way or higher interactions. This is due to an
improper procedure used by these authors to estimate expected cell counts
under the no three-factor interaction model. The correct procedure is now
known and is the one described here. Thus it is not possible to get negative
valuesfor the likelihood-ratio statistics in the partitioning method described
here, except as a result of numerical roundoff errors associated with the
iterative proportional fitting procedure, and such errors tend to be quite
small. Darroch [1974, 1976] gives further detail? on the Lancaster method
and the modelsfor which it issuitable.

Goodman [ 1969, 1970} describes an el aborate method for partitioning the
likelihood-ratio goodness-of-fit statistics. He not only carries out the parti-
tioning as described above, but he also givesan additional interpretation to
several of the components due to differences between models, and he offers
a general set of rulesfor this more elaborate method of partitioning. These
rules have been elaborated upon by Bishop, Fienbers, and Holland [1975].
An interesting special case of Goodman's results is that certain conditional
tests are identical to corresponding marginal tests. For example, in the hier-
archy of modelsgiven by (4.5}-(4.7), the conditional test statisticfor model (b)
given model (c) is algebraically identical to the marginal test statistic for
independence in the two-dimensional table for variables 2 and 3; that is,

X jief X 4+
2 bC — ZZ : ] ): i+ k™ + jk ]
b o X4+ Xisi/N

i j.k

+ jk
=2} i log [x-+--)-+xﬂm] (“.12)

i,j.k
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X .
=2 +u lO Tk
Z“C J* gl:x+3+x++ka"{N]

ik

Similarly, the conditional test statistic for model (a) given model (b) is
algebraically identical tothe marginal test statistic for independence between
variables 1 and 3; that is,

2 _ Xyj+Xie /N :l
G (alb) - ZZ Xie log |:xi++x+j+x++k/N2

L7k

_22 - logiV ,++;T;JNJ (4.13)

i, J.k

_ZZ l+k105’7 xl+k /N1
|1—1— ++k

Thus the use of the two-dimensional marginal test statistic to test for
u,, = Oisjustified provided u,; = 0, u,3 = 0, or both. Thisisa byproduct
of the somewhat moregeneral theorem on collapsing discussed in Section 3.8.

Goodman [1971a] suggests the use of stepwise procedures for model
selection, by analogy with the stepwise methods of multiple regression. These
methods are mostly of interest for tableswith four or more dimensions, so we
defer our discussion of them until the next chapter.

4.4 Using Information about Ordered Categories

One characteristic of the techniques used up to this point is that they have
made no assumptions regarding the ordering of categories for any of the
underlying variables. In many situations, however, the categories for a
variable represent pointsin an ordinal scale; in political preference polls, for
example, respondents are often asked to rate the incumbent's position
according to a five-point scale: agree strongly, agree, indifferent, disagree,
disagreestrongly. If thisinformation on theordered structure of thecategories
isignored, all the relevant aspectsof thedata have not been utilized.

We have not completely ignored information regarding ordered categories
in earlier analyses. For example, after fitting a reasonable loglinear model to
the NBER-TH data in Section 3.7, we looked at the values of the estimated
interaction u-terms and interpreted them in light of the underlying ordering
of thecategories. But thiswasdone informally, and thediscussion might have
been strengthened by a more structured approach to the problem.
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A number of authors have proposed methods for dealing with ordered
categoriesin multidimensional contingency tables(e.g., Bock [1975], Clayton
[1974], Grizzle, Starmer, and Koch [1969], and Williams and Grizzle
[1972]). The approach described here is essentially the same as those pre-
sented in Haberman [1974b], Nerlove and Press [1973], and Simon [1974].

For simplicity we begin with an I x Jtwo-dimensional contingency table
with observed entries {x;;} generated by one of the three basic sampling
models. Suppose that the J columns are ordered and that a priori we can
assign scores {v;} to them. If we decide that the model of independencedoes
not hold, rather than going directly to the general saturated loglinear model
it might belogical toexplorean interaction structurethat directly reflectsthe
ordering of the columnsand of the scores {v;}, such as

log m,-j =U + ul“'] + uz':ﬂ + (L’J — E}}ul“., [414)
where v isthe average of the {v,} and the usual side constraints hold:

Z“un = Z“zm = Z“lm = 0. (4.15)
i i i

Notethat the {v;} have been centered in theinteraction term so that
Y ttizn = Y (0= Dy =0, (4.16)
i i
in keeping with the convention used elsewhere in this book. This normaliza-
tion is really not necessary in the present circumstances.

The likelihood equations for model (4.14)follow the general format of the
likelihood equationsfor other loglinear models discussed in this book:

M. =Xy, i=12,...,1, (4.17)
Mo =Xe0 =12 (4.18)

i i

The symmetry inherent in the sets of equations (4.17)and (4.18)isimportant.
To put (4.19) into a similar form we transform the {v;} to {v}}, where
0<o¥ <lforj=1,2,...3.Then (4.19)becomes

Z. t:}ﬁijj — Z u}’."xl,ﬁ i=1, 2, S (4.20)

i i

and
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and by subtracting (4.20)from (4.17) we also have
Y=oty =Y (= ety i= 12, @21y

Equation (4.21) is redundant once we have (4.20), in the same sense that
iy =x, fori=12,...,2—1impliess,, = x;,.

Thelikelihood equations(4.17), (4.18), (4.20), and (4.21) can be solved by a
version of iterative proportional fitting in which we set

m® = 1, i=12...,1 (4.22)
j=12,...,J,
and for v > 0 cycle through the three steps:
~(3v+ {3y .'(.'
mif' D= m}; '(';}fv—,)' (4.23)
;s
?}T{;‘I+2} — r;r(lj\-+ I}(_i‘*_j_) (4 24
ij i ~(3v+1) 24)
Pﬂ+j

e vy o)y 1 -t
rirfﬂ;—‘"‘hz!;.'}_f“2](-—--2—;"*---'-7(--"‘ ) ( (1 — vf)xq ) . (425)

ko (3vE 2) Yo (3vt 2
ZoEmi; 0 = pFymirr 2

fori=12,2...,1andj=1,2...,J. Repeated application of (4.23)-(4.25)
forv=20,1,2,...givesan iterative procedure that convergesto the estimated
expected values {r,;} (for a proof of convergence see Darroch and Ratcliff
[1972]). Note that the adjustment for equations (4.20) and (4.21) isdone in
(4.25) simultaneously, and that the two multiplicative adjustment factors
associated areraised to the powersv¥ and 1 — v¥, respectively.

While the version of iterative proportional fitting used to solve the likeli-
hood equations in this problem does converge, the rate of convergence in
practice is considerably slower than the rate for the standard iterative
proportional fitting procedure. Some unpublished work of Darroch, Fien-
berg, and Ratcliff suggests that the algorithm can often be speeded up sub-
stantially by dropping the powers v} and 1 — v} in (4.25). This alteration
always seems to work when v¥ only takes on the values 0, 0.5, and 1, and
it appears to work in other situations as well. Unfortunately we have yet to
see a proof that such an altered algorithm actually converges in general.
Goodman [1979] has proposed an alternative algorithm, based on succes-
siveapplications of Newton's elementary (unidimensional) method, which in
the examples he considers converges more rapidly than the Darroch—Rat-
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Table 4-1
Frequency of Visits by Length of Stay for 132 Long-Term Schizophrenic Patients
(Wing[19621)

Length of stay in hospital

At least At least
Frequency of 2 years but 10 years but At least Totals
visiting less than less than 20 years

10 years 20 years
Goes home, or visited 43 16 3 62
regularly
Visited less than once 6 11 10 27
a month. Does not go
home.
Never visited and 9 18 16 43
never goes home
Totals 58 45 29 132

diff algorithm. Haberman [ 1974b] describes a Newton-Raphson algorithm
to handle this problem that converges more rapidly than the algorithm out-
lined above. The speed of convergence of the Newton-Raphson algorithm
must be weighed against the simplicity of the structure of equations (4.23)—
(4.25).

Since we are estimating | — 1 additional parameters relative to the
model of independence, the degrees of freedom associated with (4.14)equal
(=N =1 =(-=1)=(l = )(J = 2).Clearly this approach only makes
sense if J > 2. The goodness-of-fit of this model may be tested with either
X2 or G?in the usual fashion.

Haberman [1974b] presents an analysis of data given by Wing [1962]
comparing frequency of visits with length of stay for 132 long-term schizo-
phrenic patients in two London mental hospitals (Table 4-1). Fitting the
model of independence to these data yields X* = 35.2 and G? = 38.4 with
4d.f. Instead of fitting the" ordered-interaction™ model (4.14)directly, Haber-
man adds the constraint u,;, = (v; — 7)u’, so that the model becomes

logm;,; =utu,,t @ - o + (v, — Dy (4.14a)

For thedata in Table 4-1, this model has 3d.f. (1 d.f. comesfrom fitting only
a linear component for u,;,, and 2 d.f. come from the special form of the
interaction term in (4.14)), and in the likelihood equations (4.18)is replaced
by
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Zvjﬁzﬂ-: ZU"X""' (4.18a)

Finally in theiterative proportional fitting procedure the step corresponding
to (4.24) is dropped since the adjustment in (4.25) will automatically lead to
equation (4.18a) being satisfied. This revised " ordered-interaction” model
yields X2 = 3.3and G2 = 3.2 with 3d.f. Using the ordered restrictions here
provides a remarkable improvement in fit. Expected values for this model
arein Table 4-2.

The approach just described generalizes immediately to handle (1) tables
of dimension three or more, (2)ordered categoriesfor morethan one variable,
and (3) quadratic and higher-order components, in a manner anal ogous to
the handling of such problems in the analysis of variance. The only thing
about which we need to be careful is that once quadratic and higher-order
componentsare set equal to zero for a particular set of u-terms, they are also
setequal to zerofor al related higher-order u-terms. Thisrestriction preserves
the hierarchical structure of the loglinear models being used. For example,
suppose we havean | x J x K table (whereJ > 2) with ordered columns
having assigned scores {v;}, and we wish to explore the linearity of various
interaction effectsinvolving the columns. If we set

Uy = (v; — Dty (4.26)
in the general loglinear model, as we did in (4.14), then we must also set
Ui = (0j ~= 0)u] 30k, (4.27)

Table 4-2
MLE:s of Expected Vaues under Model (4.14a) for Data in Table 4-1

Length of stay in hospital

. At least 2 years At least 10 years
Frequency of but less than but less than Al |east
visiting 10 years 20 years 20 years
Goes home, or visited 44.19 13.251 o 4.19
regularly
Visited less than once 7.07 8.85 11.07
a month. Does not go
home.
Never visited and 10.98 14.05 17.98

never goes home 1
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where

z Wy 3k = Z Uy ain = 0. (4.28)

i k

Forcing expression (4.27) to follow from (4.26) is similar to the restrictions
associated with hierarchical models (e.g., u;2 = 0 implies u;,3 = 0). Such
restrictions are needed to simplify the interpretation of our models and also
for technical reasons not discussed here.

The degrees of freedom for this model equal (I — 1)(J — 2)K. Following
the general results for loglinear models in Appendix II, we can write the
likelihood equationsfor this model as

o= Xisw  P=12..1, (4.29)
k=12,...,K,
?;fi-_jk = x+jk! }: 1’2,. A ‘,J, (4‘30)
k=12.:,K;
Zvﬁrﬁl’jk = Zvjxijk, i=1:2 0.5l (4.31)
k=1;2::50:

g g
If the model isspecified only by (4.27), then thelikelihood equationsconsist of
(4.29)-(4.3) and

Mije = Rijer 1,2,...,1, (4.32)
1,2,...,J.

J
whereas for the model given by (4.26) and u23u% = 0, the likelihood
eguationsconsist of (4.29), (4.30), and

Zb‘;ﬁ"e;+ = zl’jxuh i=12...,L (4.33)

j j

For any of these models, we can solve the likelihood equations using a
version of iterative proportional fitting in which each cycle of the iteration
hasa step to adjust for one of the sets of likelihood equations. Alternatively,
Haberman's [1974b] Newton—-Raphson algorithm is especialy useful when
we wish to explore quadratic and higher-order componentsof theinteraction
involving variables with ordered categories.

Ashford and Sowden [1970] present data on British coal miners between
the ages of 20 and 64 years who were smokers but did not show radiological
signs of pneumoconiosis. The data, consisting of information on two
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Table4-3
Coal Miners Classified by Age, Breathlessness, and Wheeze (Ashford and Sowden
[1970])

Agegroup | Breathlessness No breathlessness

in years Wheeze  No wheeze Wheeze  No wheeze Totals
20-24 9 7 95 1841 1952
25-29 23 9 105 1654 1791
30-34 54 19 177 1863 2113
35-39 121 48 257 2357 2783
40-44 169 54 273 1778 2274
45-49 269 88 324 1712 2393
50-54 404 117 245 1324 2090
55-59 406 152 225 967 1750
60-64 372 106 132 526 1136
Totals 1827 600 1833 14,022 18,282

symptoms (breathl essness and wheeze) and age, are given in Table 4-3. Ageis
represented in terms of nine 5-year groupings. The analysis here issimilar to
that given by Plackett [1974].

A cursory examination of Table 4-3 suggests that the relationship between
breathlessness (variable 1) and wheezing (variable 2) decreases with age
(variable 3). For the loglinear model that posits no second-order interaction
(u123 = 0), the likelihood-ratio statistic is G = 26.7 with 8 d.f,, a highly
significant value. The linear second-order interaction model of expression

Table4-4
Estimated Expected Values under Model of Expression (4.27) for Ashford-Sowden
Datain Table 4-3

Age group Breathlessness No breathlessness

inyears Wheeze  No wheeze Wheeze  No wheeze Totals
20-24 10.2 5.8 93.8 1842.2 1952
25-29 21.2 10.8 106.8 1652.2 1791
30-34 52.5 20.5 178.5 1861.5 2113
35-39 121.4 47.6 256.6 2357.0 2783
40-44 169.3 53.7 2727 1778.3 2274
45-49 274.8 82.2 318.2 1717.8 2393
50-54 3933 127.7 255.7 1313.3 2090
55-59 418.8 139.2 2122 979.8 1750
60-64 365.5 112.5 138.5 519.5 1136
Totals 1827 600 1833 14,022 18,282
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(4.27), with v; = j, yields G* = 6.8 with 7 d.f., an extremely good fit. The
expected values under this model are listed in Table 4-4, and the estimated
value of the one parameter used to describe the second-order interaction is
3y = —0.13.

Weshall return to thediscussion of ordered effects associated with ordered
categoriesin Chapter 6, where we consider logistic response models.

Problems

4.1. Show that expressions (4.2) and (4.3) are in fact equivalent for all
possible pairs of nested hierarchical loglinear models in a three-way table.
Hirt: Y ou need to show first that.

Z (Observed) log (Expected) = 2 (Expected) log (Expected).

4.2. (@) Examine al possible partitions of G? for the Red Dye No. 2 data
in Problem 3.4.

(b) Use these partitions to decide on an appropriate parsimonious model. Is
this model different from the one you chose in Problem 3.4?

(c) Explain why you can compute the u-term corresponding to the effect of

Red Dye No. 2 on the presence and absence of cancer by looking at the
marginal two-way table. Compute its value.

4.3. (@) Reanalyze the datain Table 4-1 without the constraint that u,;, =
(v; — D'

(b) Compute a conditional test statistic for the appropriateness of this con-
straint.

4.4, (a) Veify that G? = 26.7 and compute the value of X2 for the no
second-order interaction model applied to the datain Table 4-3.

(b) Compute the values of the estimated u-terms, @, ,3,, from the saturated
model, and plot 2, ;5 ; against j.

(c) Fit a least-sgquares line to your plot in (b), and compare the estimated
slope with & 34 ,,, the MLE.

45. Rosenberg [1962] reports the results, shown in Table 4-5, of a survey
that assessed respondents self-esteem (high, low) as it related to religion
(three categories) and father's education (six categories). The entries give the
percentage of the sample with high self-esteem.
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Table 4-5
‘ s Fathﬁr's Education
8th ome Hig
Religion less school  graduate €9 9 9
Catholic 0.681 0.685 0.717 0.709 0.675 0.729
{n = 360) (482) (541) (141) (114) (70)
Jewish 0.718 0.706 0.745 0.788 0.879 0.827
(39) (126) (137) (85) (99) (75)
Protestant 0.648 0.720 0.574 0.699 0.706 0.738

(193) (325) (406) (156) (279) (122)

(a) Reconstruct the three-way table of counts that corresponds to this sum-
mary.

(b) Fit all appropriate loglinear models to your three-way table, keeping in
mind the distinction between explanatory and response variables.

(c) Using the method of partitioning, choose a reasonable model that fitsthe
data from among those fitted in part (b).

(d) Thesix categoriesfor father's education areclearly ordered. Devise one or
more sets of scores for these categories, and usethem to fit various models
that take the ordering directly into account.

(e) Do any of the models that you fit in part (d) significantly improve upon
the one you chose in part (c)?

4.6. In Problem 3.9 the three categories for the response variable were
ordered. Using scores of — 1, 0, and 1, fit al appropriate reduced models,
corresponding to your most parsimonious model, that use information on
the ordering.

4.7. For the NRER-TH datain Table 3-6, can you devise sets of scoresfor
aptitude and education that yield a reduced-parameter model that conforms
with the discussion in Section 3.7?

4.8. Katz [1978] analyzes data from a study of socia interaction and
social mobility in which a husband and the fathers of both the husband and
wife were classified, for 709 families, according to the social status of their
occupations. Thefollowing scale is used:

1. professional, technical, kindred white-collar managers, officias;
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2. clerical and sales white-collar workers,
3. craftsmen (blue-collar workers);
4. operatives, service workers, laborers other than farm workers (blue-collar

workers).

The data are given in Table 4-6.

Selection of a Model

Table 4-6
Husband's Status
(N (2) (3) (4)

Husband's
Father's MQA@D | HQBR@[MHE @13 @
Status
Wife's ()| 4417 41211 2 4 8 8 21911 9 2 910
Father's 2)]10 3 6 2 1 2 2 3 0 055 00 2 6
Status (3)| 29 722 22 6 7 49 |11 2 263 |11 0 22 32

4| 13 8 21 32 51 11 8 4 121 37 4 28 39

(a) Fit the model of no second-order interaction to these data.

(b) Does it make sense to use the four-point scale for status to model the
interactions associated with this table? Explain your answer.



5
Four- and Higher-Dimensional
Contingency Tables

Although all the model sand methods discussed sofar have been in the context
of three-dimensional tables, the extensions to higher-dimensional tables are
relatively straightforward. T o illustrate these extensions to fourway tables we
shall usethedatain Table 5-1, which were studied earlier by Riesand Smith
[1963], Cox and Lauh [1967], Goodman [1971a], Bishop, Fienberg, and
Holland [1975], and others. The data come from an experiment in which a
sample of 1008 individuals was asked to compare two detergents, a new
product X and a standard product M, placed with members of the sample.
In addition to assessing brand preferences (X or M) the experimenters
inquired about whether sample members had used brand M previously (yes
or no),about the degree of softness of the water they used (soft, medium, hard),
and about the temperature of the laundry water used (high, low). We refer
to "softness," "use," "'temperature,” and "' preference” as variables 1, 2, 3, and
4, respectively. The tableis of dimension 3 x 2 x 2 x 2, and we note that
preferenceisaresponse variable and the other three areexplanatory variables.
While we shall not make use of this information in our present analysis of
these data, we shall take advantage of the response—explanatory distinction
inareanalysisof thedatain Section 6.2.

5.1 The Loglinear Modelsand MLEs for Expected Values

Suppose for a four-dimensional I x J x K x L table that the total of the
countsis N and that the count for the (i, /,k,1) cell is x; ;. As usual, when the
cdl frequencies are added over a particular variable, we replace the subscript

Table51

Cross-Classification of Sample of 1008 Consumers According to (1) the Softness of
the Laundry Water Used, (2) the Previous Use of Detergent Brand M, (3) the Tem-
perature of the Laundry Water Used, (4) the Preference for Detergent Brand X over
Brand M in a Consumer Blind Trial (Ries and Smith [1963])

Previous user of M Previous nonuser of M
Water Brand High Low High Low
softness preference | temperature temperature | temperature temperature
X 19 57 29 63
Soft M 29 49 27 53
. X 23 47 | 33 66
Medium 47 55 23 50
X 24 37 42 ' 68
Hard M 43 52 30 42
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for that variable by a* +>. We denote by m;;,; the expected cell value for the
(i,]j, k, 1) cell under some parametric model, and we use the same summation
notation for the expected values.

The simplest model for a four-dimensional table corresponds to the
complete independence of al four variables, and for this model we can write
the natural logarithm of the expected cell frequenciesin theform

log mijy = u + Uy + Uz + Uagy + tagy (5.1)

with the usual ANOV A-like constraints:

Z“un = Z“zu; = 2“3(&1 = Z“am =0. (5.2)
i j k I

In our abbreviated notation we refer to thismodel as[1][2] [3] [4]. Sinceit
is highly unlikely that the four variables for the datain Table 5-1 are com-
pletely independent, we require more complex loglinear models that include
two-factor and higher-order interaction terms. Thereare(3) = 6 possible sets
of two-factor termssuch as{u, .}, (3) = 4 possible setsof three-factor terms
such as {u123(|’jk)}, and 1 set of four-factor terms {u1234(ijkl)}- We restrict
ourselves to the use of hierarchical loglinear models in which, whenever we
include an interaction term, we must also include all lower-order interactions
involving variablesin the higher-order term. Thus, if weinclude u; ;3¢ in a
loglinear model, we must also include u, ,jy, 41 3¢, @Nd 304y Conversely, if
Uy = Ofor al valuesof i and j,then

Wyzsgijy = Wizaiin = Wi23aaiy = 0 (5.3)

for al i,j, k, and I. The restriction to hierarchical models allows usto use a
simplegeneralization of theiterative proportional fitting procedure, described
in Chapter 3, for computing ML Esof theexpected cell values.

For four-dimensional tables there are 113 different hierarchical loglinear
models, all of which include the main-effect u-termsin expression (5.1). Good
[1975] has addressed the problem of enumerating the possible models of
independence (both mutual independence and conditional independence) in
an m-dimensional table. The number of such modelsgrows extremely rapidly
with m, and for m = 10 there are 3,475,978. This number is considerably
smaller than thetotal number of different hierarchical loglinear models.

Asin Chapter 3, there usually exist unique nonzero MLEsfor the expected
cell counts under various hierarchical loglinear models when the observed
dataaregenerated by any oneof the following three sampling schemes:

(1) a Poisson sampling scheme, with independent Poisson random variables
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for each cell (usually based on observations from aset of Poisson processes
for agiven period of time);
(2) asingle, common multinomial sampling scheme;
(3) a set of multinomial sampling schemes, each multinomial corresponding
tooneentry in agiven set of fixed marginal totals.
In scheme (1) nothing isfixed by the sampling model; in scheme (2) the total
:lumber of observations N isfixed; and in scheme (3)oneset of marginal totals
isfixed. These three sampling schemeslead to thesame MLEsif weincludein
our model the u-terms corresponding to the marginal totals fixed in scheme
(3). The detergent example we are considering here resulted from sampling
scheme (2), although in Chapter 6 we shall analyze the data using a condi-
tional argument that correspondsto sampling scheme (3).

For many sets of data we can usually get by with modelsthat include only
two-factor interaction terms. (Thisisfortunate becauseit iseasier to interpret
two-factor interactions than it is to interpret those involving three or four
factors.) Nevertheless, we still must use an iterative computing procedure to
get the MLEs of the expected cell values for most loglinear models. Two
exceptions, where we can write down MLEs directly, are the complete-
independence model, given by expression (5.1), for which we get

i Xipjr+Xerk+Xp+4
1l = Xiv+tX. J..N;_E__’, (5.4)
and the conditional -independence model with u,,; = Ofor all i and j (by our
restriction to hierarchical models, thisimplies that u;,3, u;24, and u;,34 are
also zero), for which we get

. Xiw kX + jki
ﬂ'l‘:j“ = e . (55]

Expressions (5.4) and (5.5)are the natural generalizations of (3.16)and (3.22).
Bishop [1971], Goodman [1971b], Bishop, Fienberg, and Holland [1975],
and Sundberg [ 1975] give rules for deciding whether or not the MLEs for a
particular model can be found directly; however, the method of iterative
proportional fitting can always be used to compute the MLESs.

We now consider the model with al two-factor terms but no higher-order
terms:

U Uy + Uy + Uz + Uy
T Upaun Uy + Wiaan (5.6)
+ Uz T Uaagn + Uszawy

In our abbreviated notation this model is[12] [13] [14] [23] [24] [34], or
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"dl two-way." Applying the rules of Bishop and Goodman to this model we
find that a generalization of the iterative proportional fitting procedure must
be used to get estimated expected cell values. To carry out the computations
we need the observed marginal totals corresponding to the highest-order
interactions involving the variables; that is, we need the six different sets of
two-dimensional marginal totals corresponding to the two-factor effects.
Each cycle of theiteration hassix different steps corresponding to the adjust-
ment for the six sets of marginal totals.

The notions of testing for goodness-of-fit generalize immediately to cover
this type of multidimensional table. Degrees of freedom to be associated with
various goodness-of-fit test statistics are determined in a manner anal ogous
to that for three-dimensional tables. For example, when there arel, J, K and
L levelsfor variables, 1, 2, 3, and 4, respectively, the degrees of freedom for
model (5.6)are equal to

IJKL—[1+(I—1)+(J—1)+( -ntL-pta-nu-12
+(I—1) —1)+(l—1) -+t 3- DK -1 (5.7)
t@- D@ -1+ E-HEL-1]

(see aso the listing for this model in Table 5-2). In the case of Table 5-1,
wherel =3, J=2 K =2 and L = 2, expression (5.7)reduces to 9 d.f.

In Table 5-2 are listed examples of various loglinear models, in the abbre-
viated notation, and for each the d.f. associated with the model inan | x J
x K x L tableisgiven, along with the actual valuesfor thecasel = J=K =
L = 2. Following Bishop [1971] and Goodman [1970], the models are
separated into two groups, those for which the MLEs can be found directly
and those for which iteration is required.

Table 5-3 gives values of the likelihood-ratio chi-square statistic, G2, and
the associated degrees of freedom for eleven different loglinear models
(denoted by the abbreviated notation) fitted to the Ries-Smith data of Table
5-1. We shall make use of much of this information in the discussion of
model selection in the next two sections.

Given the large number of possible hierarchical loglinear models that can
be fit to a multidimensional table, it is reasonable to ask whether a relatively
systematic approach to model selection is possible. Many different ap-
proaches have been proposed, none of them entirely satisfactory. Some of
these approaches are described in the remainder of this chapter.

5.2 Using Partitioningto Select a Mode

Just as in Chapter 4, we can use the partitioning of the likelihood-ratio chi-



Four- and Higher-Dimensional Contingency Tables

Table 5-2
Degrees of Freedom Associated with Various Loglinear Models for Four-Dimen-
sional Tables

Model Abbreviation d.f*
|. Models with Direct Estimates

(@) (13121 [3114]
(b) [121[3]1(4] 10
[IOKL-1J - K- L*2]
() [12][34] 9
[(13- DKL - 1)]
(d) [12][23][4]
(e) [12][23][34]
(n [12][13][14]
(g) [123)(4]
(h) [123][34] 6
[K{IJ - (L - 1]

() [123][234] 4
[JK( = 1)(L — 1)]

1I. Models Requiring Indirect Estimates

11
[IIKL=1-J_-K_L*+3]

9
[JUKL-1-K+1)-L*1]
8
[{JK-1J-KL-JK +J +K]
8
UKL -J-K-L+2)]

7
[(13K - (L = 1)]

() [12][t3][23][4
) DA [|JKL—1§-JK_1K_L+|+J+K]

(k) [12][13][23][34] 7
[1JKL=1J —JK —IK — KL+ 1 +J+2K - 1]
() [12][13][23][24][34]

6
[IJKL=I1J - JK —IK —JL- KL+ I1+27+2K
+ L-2]
(m)all two-way )
[1JKL-1J —IK —IL—JK —JL - KL
+2(I+J+ K+ L)-— 3]}

(n) [123][24][34] 5
[IJKL ~IJK —JL —KL+J+K+L~-1]
(0) [123][14][24][34] 4
[IOKL-1JK —IL-JL-KL+1+J+K
+2L - 2]
(p) [123][124][34] 3

(13- DK - DL -1)]
(q) [123][124][234] 2

[(13-3+ 1)K - 1)(L-1)]
(r) all three-way 1

(I = DU = DK = (L - 1)]

*The first entry pertainstothe 2 x 2 x 2 x 2table and the second entry to the
I xJ x K x Ltable.
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Table53
Likdihood Ratio Chi-Sgquare Vduesfor Some Loglinear Models Applied to the Data
in Table5-1

Mool df. G2
[1][2][3](4] 18 429
[12][13][14][23][24][34] 9 9.9
[123][124][134] [234] 2 0.7
[1](3][24] 17 224
[17[24][34] 16 180
[13][24][34] 14 119
[13][23][24] [34) 13 112
[12][13][23] [24][34] 1 10.1
(17[234] 14 145
[134][24] 10 122
[13]]234] 12 8.4
[24][34]1123] 9 8.4
(123][234] 8 5.6

square statistic to select a loglinear model that describes a four-dimensional
table of counts. Weiillustrate this approach on the Ries-Smith data given in
Table 51, where "softness,”" "use” "temperature,”” and "preference” are
variables 1, 2, 3, and 4, respectively.

The simplest model we consider has no interactions; in the abbreviated
notation it is

(@) [1][2][3](4].
It would be natural for brand preference to be related to use, so our next
model includes this interaction:

(b) [24][1][3]
Since some detergents are designed for cold water and some for hot water, it
would not be unreasonable for preference to be related to temperature as
well :

(¢ [24][34][1].
Next, we add the interaction between softness and temperature, since the
softer the water, the higher the temperature the detergent manufacturers
usually suggest:

(d) [13][24][34].
Finally, we include two models that incorporate three-factor interactions:

(e) [13][234],

(f) [123][234].

Table 5-4 gives the results of partitioning the likelihood-ratio chi-square
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statistic for model (a) as applied to these data, using the hierarchy of six
models just constructed and the G2 values from Table 5-3. Starting at the
bottom of the table and working our way up, wefind that thefirst component
to exceed the upper 0.05 tail value of the corresponding 2 distribution isthe
onedueto the difference between models (d)and (c). Thissuggests that model
(d)isthe"best" model. We note that the values of G2 for models (c)and (b)
are till not significant at the 0.05 level. Moreover, the differences between
models (d)and (c)and between (c)and (b) are not significant at the 0.01 level.
Thuswe might still wish to consider models (b)and (c)as possible competitors
to model (d)for "best" model.

5.3 Stepwise Sdlection Procedures

We now present a brief description of the stepwise procedures for model
selection suggested by Goodman [1971a]. The description here is for four-
dimensional tables, but can easily be extended to tables with five or more
dimensions. A similar approach would be appropriate for a linear model in
afully crossed layout with unequal numbers of observationsin the cellsand
a continuous response variate.

We begin by choosing a significance level, say 0.05, and then we test for

Table5-4

A Partitioning of the Likelihood Ratio Chi-Square Statistic for Complete Indepen-
dence as Applied to the Ries-Smith Datain Table 5-1

Component dueto G? df.
Model (a) 42.9* 18
Difference between models(b)and (&) 20.5* {
Model (b) 224 17
Difference between models(c)and (b) 4.4* 1
Model (c) 18.0 16
Difference between models(d)and (c) 6.1* 2
Model (d) 11.9 14
Difference between models(e)and (d) 3.5 2
Model (e) 8.4 12
Difference between models(f)and (e) 2.8 4
Model (f) 5.6 8

*|ndicates that value isin upper 5% tail of the corresponding y? distribution, with d.f.
asindicated.
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the goodness-of-fit of the three models

(1) uyp =uy3 =t =13 =1ty = U35 =0,
(2) w3 =8 = U35 =Uy35=0,
(3) 1!’1234 =O

(Notethat (1)implies(2)and (2)implies(3).) If model (3)does not fit the data,

we stop and choose as our model the general one with all u-terms present.

(It is possible to have model (1) or (2) fit, while model (3) does not. Such a

situation occurs rarely, and Goodman does not discuss it.) If model (3) fits

but model (2) does not, we choose:

(A) for forward selection: model (2), and we add three-factor u-terms (as

described below).

(B) for backward elimination: model (3), and we delete three-factor u-terms.

If models (2)and (3)fit but (1) does not, we choose:

(C) for forward selection: model (1), and we add two-factor u-terms.

(D) for backward elimination: model (2), and we delete two-factor u-terms.

Suppose models (2) and (3)fit but (1) does not. Then the steps involved in
forward selection are:

(C1) Add that two-factor u-term whose conditional goodness-of-fit statistic
of the form (4.2) is most significant, provided the descriptive level of
significance (i.e., the p-value) does not exceed the preselected value, say
0.05.

(C2) Add the next most significant two-factor u-term, using the conditional
test statistic involving the model from the preceding step.

(C3) (Optional) Delete any two-factor u-terms that no longer make a signi-
ficant contribution to the model (using appropriate conditional test
statistics).

(C4) Repeat steps C2 and C3 until no further two-factor terms can be added
or dropped.

The steps involved in backward elimination are similar but go in the reverse

direction:

(DI) Eliminate the least significant two-factor u-term, given that the descrip-
tive levd of significance exceeds the preselected value, say 0.05.

(D2) Eliminate the next least significant two-factor u-term, using the con-
ditional test statistic involving the model from the preceding step.
(D3) Add back two-factor terms that now significantly improve thefit of the

model.

(D4) Repeat steps D2 and D3 until no further two-factor terms can be added
or deleted.

We illustrate these selection procedures on the Ries-Smith datain Table
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5-1, using the values of G? listed in Table 5-3 and other values given by
Goodman [1971a]. We again use a 0.05 level of significance for illustrative
purposes. First we note that

[1102]13]14] (5.8)
does not fit the data, but that
[12][13] [14][23] [24][34] (5.9)
and
[123][124][134][234] (5.10)

do. Thus we work to find a model that lies between (5.8) and (5.9).
Usingforward selection we begin with (5.8)and add u, 4, sincethe difference
between the G? valuesfor (5.8)and for

[1][3]1[24] (5.11)

is42.9 — 22.4 = 20.5 with 1 d.f. (significant at the 0.05 level), and thisis the
most significant u-term we can add. Next we add u5,, the most significant of
the remaining two-factor u-terms, based on the difference between the G2
values for (5.11) and for

(1] [24] [34]. (5.12)

which is 22.4 — 18.0 = 4.4 with 1 d.f. At this point we are unable to delete
any terms. Now we add u, 5, the next most significant term, based on the
difference between the G? values for (5.12)and for

[13][24][34], (5.13)

which is 18.0 — 11.9 = 6.1 with 2 d.f. We can neither delete nor add any
further two-factor terms, and so the forward selection procedure leads us to
(5.13)as the " best" model.

Using backward elimination we begin with (5.9) and delete uy4, since the
difference between G? values for (5.9)and for

[12][13][23][24][34] (5.14)

is 10.1 — 9.9=0.2 with 2 d.f. Next we drop u,,, based on the difference
between G? values for (5.14) and for

[13] [23] [24] [34], (5.15)

whichis11.2 — 10.1 = 1.1 with 2d.f. Weare unable to add back in any terms
at thisstage, and so we proceed to deleteu, 5, based on thedifference between
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G? valuesfor (5.15)and for (5.13), which is11.9 — 11.2 = 0.7 with 1 d.f. Since
we are unable to add or delete any more terms, we again end up with (5.13)
as the"best™ model.

Just as with the corresponding methods used in regression analysis, it is
possible for forward selection and backward elimination to lead to different
"best” models. As with stepwise regression procedures (see Draper and
Smith [1966]), the significance valuesof the testscarried out should beinter-
preted with great caution because the test statistics are often highly depen-
dent. For an alternative approach to model selection, based on a simultane-
ous test procedure, see Aitkin {1978, 19791.

Goodman [1971a] suggests abbreviated stepwise procedures employing
methods similar to the ones described above, along with asymptotic variance
estimates for the w-terms based on the general loglinear model with no terms
set equal to zero. Wermuth [1976a, b], using analogies between certain
loglinear models for contingency tables and certain covariance selection
models, proposesa noniterative backward selection procedure based initialy
only on models involving direct estimates. Benedetti and Brown [1976]
compare several strategies of model selection, including the stepwise methods
of Goodman but not that of Wermuth, in the context of two examples, and
they compare the results in terms of whether an appropriate model isfound
and the total number of models that must be fit before it isfound.

It must be understood that the various stepwise methods require a con-
siderable amount of computation, and they should not be thought of as
automatic devices for deciding upon appropriate loglinear models. At best
they can be of aid in limiting attention to a reduced set of models that give
a reasonable fit to the data. In fact other, perhaps more parsimonious and
substantively interesting, models might exist that also provide an acceptable
fit.

5.4 Looking at All Possible Effects

One of the advantages of the conventional analysis of variance for quantita-
tive data, in which all estimable contrasts are entered, is that it forces usto
look at effects that we might be tempted to ignore or assume away. Within
the framework of loglinear models it is still possible to look at all possible
effects or parameters, and at least two approaches seem reasonable.

Brown [1976] proposes that the importance of effectsin loglinear models
be studied by computing two ad hoc test statistics for each effect. Suppose
we have a four-dimensional table and are looking at the effect u,,5. Brown
would first test for the absence of u,, 5 in the loglinear model for the marginal
table involving variables 1, 2, and 3,
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() [12] (133 [23].

Then he would test the fit of the model for the full table that includes all
interactions of order 3,

(2) [123][124][134][234],

and thefit of the model with all interactions of order 3 except u, 53,

(3) [124] [134] [234].

Themarginal-likelihood-ratio test for «, , 5, G%(1), and theconditional test for
the absence of u,,5, G*(3) — G?(2), both have the same degrees of freedom
and are often indicative of the magnitude of other conditional tests for the
same term. Thus when both statistics are small, it is unlikely that other
conditional test statistics for that effect will be large, and the effect would
appear not to be needed in the model. When both are large, it is unlikely
that other conditional test statistics will be small, so the interaction term
would appear to be required in the model. When the two statistics are dis-
crepant, we may need to consider further models with and without the effect
in question.

In alarge number of examples this type of screening approach leads to the
consideration of a limited number of loglinear models as part of a second
step in the model-building process. Since the two test statistics used for a
given effect do not bound all possible values of the conditional test statistics
for that effect, Brown's screening approach isfallible, and it should be used
with caution.

Table 5-5 contains the values G?(1) and G?(3) — G(2) for all interaction
u-terms computed by Brown [1976] using the Ries—Smith data from Table
5-1. A cursory examination of Table 5-5 suggests that »,, must definitely be

Table55
Margina and Conditional Tests for Interaction Effectsfor the Datain Table 51

u-term d.f. Marginal G* Conditional G*

i, 2 1.1 1.0
Uqs 2 6.1 6.1
Uy 2 0.4 0.2
Uy, 1 1.3 0.7
Uy 1 20.6 19.9
Uy 1 44 3.7
Uy33 2 1.6 1.4
Wyaa 2 53 4.6
Uy3a 2 0.1 0.2
U334 1 2.8 2.2
Uga34 2 0.7 0.7
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included in our model, and that u;4 and u, 3 require further consideration.
Thisscreening procedure leads directly to a secondary analysis equivalent to
that presented earlier in Section 5.2.

A second approach to looking at all possible effects relies on reasonably
simple formulas for the asymptotic or large-sample variances of estimated
u-terms in the full or saturated model. What makes this approach work is
the fact that each subscripted u-term in the general loglinear model can be
expressed as a linear combination of the logarithms of the expected values
(or equivalently the logarithms of the cell probabilities), where the weights
or coefficients used in the linear combination add to zero. Such linear com-
binations are referred to as linear contrasts. For example, if we set Z;3, =
log p;j OF Z;j, = log m;;, in afour-dimensional table, then

1 1 1 1

1‘[234(0“};Zijki'_'l“zljkf_}zii-m"‘iziji—l_E
1. 1 1 1 1

+ ﬁé++m +mz+j+f+ ‘,Lz-ukn +RZ¢'++1 +J_LZ“"+

Z

ijk+

1 1 1 1
+KLZ”++_ rJKZ+++l_IJLZ++k+_IKLZ+j++
1 1
_J—Ktzi+++ +Y.TK_LZ++++’ (5.16)

and the right-hand side of (5.16) can then be rewritten as a linear contrast of
the {Z,;,}, that is, as

Uy 234qijkny = Z Bimi Ziju» (5.17)
i gkl
where
Z Biju = 0. (5.18)
ikl

When | =J = K = L= 2, there is only one parameter corresponding to
each u-term, and expression (5.16) reduces to

16u 3300101 =Z 11+ Zaagy + Zyaay + 21!22 + Zy121+ 23112
+Zi2i2+ 2Ly = Zovii — Ziaii — Lo — L
—Z1220— 23122 — Z2212 ~ Z2221: (5.19)

Other u-termsfor the 2 X 2 x 2 x 2 table have the same form with coeffici-
ents B, = * 1, just asin the conventional analysis of variance.
The MLE of alinear contrast of the form (5.17), subject to (5.18), isfound
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by substituting log x;x; for Z;;:

Ii1234(.}5:«:) = Z ﬁi_m log ;- (5.20)

ikl

The large-sample variance of the estimated contrast (5.20)is

2 -1
Z ﬁq‘u M s

ikl

and this variance can be consistently estimated by
D Bl i (5.21)

For large samples, alinear contrast of the form (5.17) approximately follows
a normal distribution with mean

Z .Bijld log piju = Z ﬁ.‘,m log My (5.22)

ik ikl

if the {x;;,} follow a Poisson, multinomial, or product-multinomial sam-
pling model. In the latter case, some linear contrasts are fixed by design, so
that it makes no sense to estimate them. In the 2 x 2 x 2 x 2 table, the
estimated u-terms in the saturated model all have the same estimated large-

sample variance,
1A% Z -1
(T(}) ‘\-l'jkl' (523}

ijk,d

Since we would like to look at several u-terms simultaneously, we need to
know something about the joint distribution of two or more contrasts. The
following theorem is a direct application of the 6 method (see Bishop,
Fienberg, and Holland [1975]), and the result has been used by various
authors (e.g., Fienberg [1969], Goodman [1964, 1971a], Lindley [1964]).
The result is applicable for any number of dimensions, and thus we give it
using single subscripts.

Theorem 5-1.  Suppose that the  counts {x;} have a multinomial distribu-
tion with corresponding cell probabilities {p;} and total sample size N, and
that the constants {{} satisfy ¥ =0, where ! # 0 for some i and
g=1,2...,t* witht*<t. Then the joint distribution of the estimated
loglinear contrasts,
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Z/sw logx, q=12....t,
isapproximately multivariate normal with means

Zﬁ}“” log p; = Z,Bf—‘” log m;, g=1,2,.::,t%

i i

and covariances (variances wheres = ¢)

D BOBPNP)T = ) BOBImY qs=12
T}

which can be consistently estimated by

*
Zﬁf‘”ﬁ(is)xi_l’ g, s=12,...,1%

We can now make use of Theorem 5-1 by getting estimates of each u-term
(substituting log x; for Z; = log m, in the appropriate loglinear contrast) and
then dividing the estimated u-term by its estimated large-sample standard
deviation. Goodman [1964] has discussed the simultaneous-inference
problem for these standardized estimated u-terms (notethat the covariances
among the estimated u-terms are typically nonzero).

Bishop [1969], Goodman [1970], and others have reanalyzed data pre-
sented by Dyke and Patterson [1952] based on an observational study by
Lombard and Doering [1947], in which a sample of 1729 individuals are
cross-classified in a 2° table according to whether they (1) read newspapers,
(2)listen to the radio, (3) do "solid" reading, (4) attend lectures, and (5) have
good or poor knowledge regarding cancer. Dyke and Patterson chose to
view variable 5 (knowledge) as a response variable and the other four vari-
ables as explanatory, but following the suggestion o Bishop [1969], we do
not make such distinctions here at this time. Table 5-6 presents the actual
data, and Table 5-7 liststhe estimated u-terms and their standardized values
{i.e., estimated u-term divided by estimated standard deviation). We note
that the values in Table 5-7 are not identical to those given by Goodman
[1970], who added 0.5 to each cell count before computing the estimated
u-terms and their standard deviations. Since we are dealing with a 2° table,
the estimated standard deviation for each u-term isthe same:

1 1/2
?2-( Zx,;;,,,,) = 0.0647.
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Table5-6
Datafrom Dyke and Patterson [1952]
' |L i Radio l No Radio
Solid NoSolid | Solid No Solid
~ Reading Reading Reading Reading
i Knowledge Knowledge
|Good Poor Good Poor | Good Poor Good Poor
| Lectures 2 3 8 8 4 27 18 7 6

Newspaper | No Leclures‘ 102 67 35 59, 201 177 75 156

’Lectures | 1 3 4 3| 3 8 2 10
No Lectures| 16 16 13 50 67 63 84 393

Perhaps the simplest way to examine the standardized estimated u-terms
isgraphically. Cox and Lauh [1967], for asimilar problem, suggest plotting
the standardized valueson half-normal probability paper (see Daniel [1959]),
even though such a graph ignores the correlations among the standardized
estimated u-terms. Figure 5-1 shows such a plot for the standardized terms
in Table 5-7. The standardized values corresponding to ug, u,, ty, U3, Uys,
and u,, al exceed 3.00in absol ute value; we exclude these from the plot and
work with the remaining 25 subscripted u-terms.

The 25 points in Figure 5-1 al lie roughly along a straight line, with the
exception of the ones corresponding to u,, and us. Combining these two
terms with the six excluded from the plot, we are led to consider the model

U Uy + Uy + Uy + Uy +Ug Uy + Uy + Uys + Uy, (5.24)

Fitting this model to the data in Table 5-5 yields goodness-of-fit values of
X? = 151.2and G? = 144.1 with 22 d.f. Thefit of the model isquite poor, and
an improved fit might be achieved by including the u-term corresponding to
thenext largest standardized value, u,,s. Sincewearerestrictingour attention
to hierarchical models, our new model is

Ut uy +u; +uzs+usg+us+upy + Uy
+ Uys + Uyg + Uy + Uss + Ugs + Usgs. (5.25)

For thismodel, X? = 26.9and G2 = 27.2with 18 d.f., valuescorresponding to
a descriptive level of significance dightly greater than 0.05. Adding the term
corresponding to the next highest absolute standardized vaue, u,s, yields
a markedly improved fit: X? = 18.5 and G? = 20.1 with 17 d.f. Thus the
simplest model that fitsthe data reasonably well is
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Table5-7
Estimated u-termsand Standardized Valuesfor Data of Dyke and Patterson [1952]
Given in Table 5-6

uterm Estimated Value Standardized Value Absolute Rank Estimated Value

Based on Based on
Saturated Model Model (5.26)

% 0.441 6.82 3 —0.343
Uy —0.444 —6.86 2 -0.486
uj 0.081 1.25 17 0.094
Uy —1.219 —18.84 1 —1.161
s —0.153 ~2.36 8 —0.098
Maa 0.155 2.39 7 0.235
s 0.326 5.04 4 0.363
s 0.253 391 5 0.164
Uqy —-0.042 —0.65 26 —
g 0.205 3.17 6 0.176
Uz 0.121 1.87 1 0.080
Uae 0.106 1.64 13 0.171
Uy 0.135 2.09 10 0.159
Uys 0.085 1.31 16 0.149
Uyjaa _0003 —0.05 31 p—
yse —0.071 —1.10 18 —
My ~0.016 ~0.25 28.5 —
Hyae 0.012 0.19 30 ==
Uyas 0.016 025 28.5 =
Uyigs 0.104 1.61 14 ==
Ujzg —0.100 —1.55 15 S
U —0.056 —0.87 24 -
Uzas 0.064 0.99 21.5 —_
e —0.144 —223 9 ~0.101
Uy234 0.051 0.79 25 —
#1238 0.068 1.05 20 —
Hyaas —0.021 —0.32 27 —
Ujags 0.070 1.08 19 ——
Uases ~0.063 —0.97 23 —

Uy3345 0.064
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Half-Normal Plot of Absolute Standardized Values from Table 5-7 (Excluding Six
Largest Values)
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U‘i‘ul + H2+u‘\+u4+ﬂ5+u]2+u13
+ Uyg + Uay + Uzs + U3y + Uys + Uys + Uzys- [526}

In Chapter 6 an interpretation of (5.26)is discussed in which knowledge
(variable 5) is viewed as a response variable and the remaining four variables
are viewed as explanatory. The final column of Table 5-7 lists the MLEs
of theu-termsin model (5.26).These estimates arein someinstances markedly
different from those based on the saturated model, which are given in
the second column of the table. Moreover, the large-sample standard
deviation used to produce the standardized values in the table is no longer
appropriate for the new estimated u-terms. This value, 0.0647, is now an
overestimate of the large-sample standard deviation associated with the new
estimates. For more details on the computation of asymptotic standard
deviations, see Haberman [1974a], Bock [1975], Koch, Freeman, and Tolley
[1975], Ku and Kullback [1974], and Lee [1975], and also Appendix 11 of
this book. Many computer programs designed to fit loglinear models to
multidimensional tablesallow the user to request the estimated u-terms and
their estimated standard errors.

A sensibleapproach to looking at all possible effectswould probably usea
combination of the two methodsdescribed in this section, for a restricted set
o u-terms.

Problems

5.1 (Bhapkar and Koch [1968b]). In an experiment designed to study the
nature of sexual symbolism, the subjects classified an object as being either
masculine or feminine when the object was presented at the following
exposure rates: 1/1000 second, 1/5 second. The subjects involved were
classified according to whether they were told the purpose of the experiment
or not (Group Cand Group A, respectively), while the objects were classified
according to an anatomical meaning (M or F)related to which sex it innately
evoked. For a group of male subjects, and objects that are culturally mascu-
line, the data are shown in Table 5-8.
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Table5-8
Subject group '
A C Totals
Response Response at 1/5 Response at 1/5
Anatomical at 1/1000 sec sec
meaning sec M F M F
M M 187 15 256 42 500
F 42 40 A 62 178
£ M 177 14 194 27 412
F 30 63 52 121 266
Totals 436 132 536 252 1356

(a) Which of the variables are response and which are explanatory?

(b) List the possible loglinear models that can appropriately befitted to these
data.

(c) Devise a stepwise procedure for searching through the modelsin (b), and
carry it out. Which model do you end up with?

(d) Provide a suitable verbal explanation of what the model you chose in (c)
means.

(e)Look at all possible effects involving either the response variables or the
effects of the explanatory variables on the responses, using the testing
method of Section 5.4. Does thisapproach lead you to the same model as
in(c)?

52 (Wermuth [1976b]). A group of 362 patients receiving psychiatric care
were classified according to four indices: Validity (psychasthenic, energetic),
Solidity (hysteric, rigid), Stability (extroverted, introverted), and Acute
Depression (no, yes). The resulting data are shown in Table 5-9. Using the
model selection procedures described in this chapter, choose the best-fitting
loglinear model for these data, and describe what thefitted model says about
the relationships among the four indices.
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Table5-9
Acute depression
Yes No
Stability Stability
Validity Solidity Introvert Extrovert Introvert Extrovert
. Rigid 15 23 25 14
Energetic Hysteric 9 14 46 a7
. Rigid 0 22 22 8
Psychasthenic . geric 32 16 27 12

5.3(Kihlberg, Narragon, and Campbell [1964]). In astudy of the relation-
ship between car sizeand accident injuries, accidents wereclassified according
to type of accident, severity of accident, and whether or not the driver was
gjected (Table 5-10).

Table 5-10
Accident type
Collision Rollover
Severity Severity
Car Driver Not Not
weight g ected severe Severe severe Severe
No 350 150 60 112
Small Yes 2 23 19 80
No 1878 1022 148 404
Standard Yes 11 161 22 265

(a) Which variables are response, and which are explanatory?

(b) Use a stepwise selection procedure to locate a parsimonious yet well-
fitting loglinear model for the data.

(c) Interpret your fitted model from (b).

54.

data described in the previous problem.

The2 x 3 x 3 x 4Table 5-11 containsanother version of the accident
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Table5-11
Accident  Accident Not gected Ejected
type severity | Small Compact Standard  Small Compact Standard

Not

Collison severe 95 166 1279 8 7 65

with Moderately

vehicle  severe 31 34 506 2 5 51
Severe 11 17 186 4 5 54
Not

Collision severe 34 55 599 5 6 46

with Moderately

object severe 8 34 241 2 4 26
Severe 5 10 89 0 1 30
Not

Rollover severe 23 18 65 6 5 11

without ~ Moderately

collison severe 22 17 118 18 9 68
Severe 5 2 23 5 6 33
Not
severe 9 10 83 6 2 11

%I?g\r/er Moderately
severe 23 26 177 13 16 78
Severe 8 9 86 7 6 86

(a)Find a suitable loglinear model that provides a good fit to these data.

(b) Isyour model in (), and the conclusions that can be drawn from it, con-
sistent with your model in Problem 5.3?

5.5. Hoyt, Krishnaiah, and Torrance [1959] classified Minnesota high
school graduates of June 1930 with respect to (i) position by thirds in high
school graduating class, (ii) post—high school status in April 1939, (iii) sex,
and (iv) father's occupational level in seven categories running from high
status (1) to low status (7). The categories of post-high school status are:
C,enrolled in college; N, enrolled in noncollegiate school; E, employed full-
time; and O, other. They reported thedatashown in Table 5-12. Using these
data, explore the relationships of post-high school status with the other
variables.
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Table5-12
Father's High schooal rank
Sex occupational Lowest third Middlethird Upper third
leve C N E O|]C N E O|C N E O
M 1 87 3 17 106|216 4 14 118|25% 2 10 53
2 72 6 18 209(159 14 28 227|176 8 22 95
3 2 17 14 540|119 13 44 578|119 10 33 257
4 88 9 14 328|158 15 36 304|144 12 20 115
5 32 1 12 124 43 5 7 119) 42 2 7 56
6 14 2 5 148| 24 6 15 131| 24 2 4 6l
7 20 3 4 10| 41 5 13 8] 32 2 4 41
F 1 53 7 13 76163 30 28 118 309 17 38 8§89
2 36 16 11 111 (116 41 53 214|225 49 68 210
3 52 28 49 521 {162 64 129 708 | 243 79 184 448
4 48 18 29 191 [ 130 47 62 305237 57 63 219
5 12 5 10 101 | 35 11 37 152 72 20 21 95
6 9 115 130 19 13 22 174 | 42 10 19 105
7 3 1 6 88| 25 9 15 58| 36 14 19 93

56 (Solomon {1961]). New Jersey high school seniors were given an
attitude questionnaire in 1957 entitled " Attitudes toward science and scien-
tificcareers.” In addition, each student obtained a score on a brief | Q vocab-
ulary test. The score was used to divide the 2982 individuals into two groups
of 1491, namely high 1Q and low IQ. The four responses used in displaying
thedatain Table5-13 arerelated to four statements (1 means agreement and
0 disagreement with the statement):

(i) The development of new ideas is the scientist's greatest source of satis-
faction.

(ii) Scientists and engineers should be eliminated from the military draft.
(iii) Thescientist will make his maximum contribution to society when he has
freedom to work on problems that interest him.

(iv) The monetary compensation of a Nobel Prize winner in physics should
be at least equal to that given popular entertainers.

Find a parsimonious loglinear model that provides a good fit to these data.
Be sure to interpret the values of the estimated parametersin your model.
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Table5-13
1Q score I Q score

Response Low  High Response Low  High
1111 62 122 o111 14 20
1110 70 68 0110 11 10
1101 31 33 0101 11 11
1100 41 25 0100 14 9
1011 283 329 0011 31 56
1010 253 247 0010 46 55
1001 200 172 0001 37 64
1000 305 217 0000 82 53

57 (Van Alstyne and Gottfredson [1978]). The data in Table 5-14 were
used in a study of parole success involving 5587 parolees in Ohio between
1965 and 1972 (a 10 percent sample of all parolees during this period). The
study involved adichotomous response— Success(nomajor parole violation)
or Failure (returned to prison either as technical violators or with a new
conviction) —based on a one-year follow-up. The predictors of parole
success included here are: type of committed offense, age, prior record, and
alcohol or drug dependency. All of these explanatory variables have been
dichotomized.

The data were randomly split into two parts. The countsfor each part are
given here, with those for the second part in parentheses. The second part of
the data was set aside for a validation study of the loglinear model to be
fitted to the first part.

Table 5-14

No drug or acohol dependency Drug and/or alcohol dependency

25 or older Under 25 25 or older Under 25
Person Other Person Other Person Other Person Other
offense offense offense offense offense offense offense offense

No Prior Sentence of Any Kind

48 34 37 49 38 28 35 57
Success 4q) T @ e e 6
. 1
Failure (1) (7) (7) (5) (1 2) @ (4
Prior Sentence

Slcoess M7 259 131 319 197 435 107 291
(111)  (253) (131) (3200  (202) (392) (103)  (294)

Failure 23 61 20 89 38 194 27 101

@n 63y @) B3 (e @B G4 102
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(a) Find the most parsimonious yet suitable loglinear model that provides
a good fit to the first part of the data.

(b) Carry out a test of homogeneity of proportions between the two parts of
the data set.

(c) Check the fit of the model you chose in part (a) to the second part of
the data.

(d) Find the simplest suitable loglinear model that provides an acceptable
fit to the second part of the data set.

(e) By examining any appropriate estimated parameters, fitted values, or
residuals, attempt to resolve any discrepancies that you find between
the loglinear modelsfit to the two parts of the data.

5.8. For the partial-association model defined by setting u;, =0 in a
four-dimensional table, show algebraically that the estimated expected
values are given by formula (5.5).

59 (advanced). For four-dimensional tables there are 113 unsaturated
hierarchical loglinear models that include all main-effect u-terms. Show the
following:

(a) There are eight types of models, other than the partial-association
models, for which closed-form expressions are available for the compu-
tation of estimated expected values.

(b) Of the 113 unsaturated hierarchical models, only 60 have closed-form
estimates.



6
Fixed Margins and Logit Models

In Chapters 2, 3, and 5 we noted that the estimated expected cdll values for
loglinear models under product-multinomial sampling (with a set of fixed
marginal totals) are the same as those under multinomial sampling, provided
the u-terms corresponding to the fixed margins are included in the model. We
give some details regarding this point here, and then we turn to a class of
models closely related to loglinear models.

6.1 A Three-Dimensional Example

Wakeley [1954] investigated the effect of planting longleaf and slash pine
seedlings 4 inch too high or too deep in winter upon their mortality the
following fall. The data, reported by Bliss [1967], are reproduced in Table
6-la. Therow total for each type of seedling isfixed at 100 by the experimental
design.

We can still fit loglinear models to the data in 6-1a, but we must include
theu,,-term in all of the modelsto beconsidered. In theiterative proportional
fitting procedure, this will keep the estimated expected two-dimensional
margin totalsfor variables 1 and 3 (depth of planting and seedling type) equal
to the observed totals fixed by design. In interpreting these fitted models,
however, we usually do not speak of the two-factor effect relating depth and
type.

Table6-1
Effect of Depth of Planting on the Mortality of Pine Seedlings (Wakeley [1954])

(a) Observed data

Longleaf Seedlings Slash Seedlings
Depth of Planting | Dead ‘ Alive | Totals -bcad“% };Il_ve_i?oﬁ
Toohigh | 4l [ 59 | 100 12| 88 | 100
Toolow | ose | 00 '5—}__45_]“[66_
Totals Cos2 | 148 | 200 17| 183 200

(b) Expected values(v,,, = 0)

Depth of Planting | Dead | Alive | Totals Dead | Alive | Totals
Too high 39.33 | 60.62 | 100 13.62 | 86.38 | 100
Too low 1262 | 87.38 | 100 338 9662 | 100
Totals 52 1148 | 200 17 (183 |
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Table6-2
Loglinear Models Fit to Data in Table 6-1, and their Goodness-of-Fit Statistics(All
ModdsIncludeu, 5)

Model X? G2 df
(12][13][23] 137 128 1
[13] [23] 2654 27179 2
[12] [13] 2403 2503 2
[13]1[2] 5470 50.10 3

Table 6-2 displays the permissible modelsfor this set of data and givesthe
values of the corresponding goodness-of-fit statistics. Clearly only the no
three-factor effect model fits the data at all well, and the estimated expected
cell values under this model aregiven in Table6-1b. (Had wefitted the model
that also setsu,; = 0, we would have found small valuesof X2 and G2, but
the estimated expected marginal totals for variables 1 and 3 would no longer
be equal to 100.)

How doweinterpret thisfitted model ? Since weareinterested in the effects
of depth and seedling type on mortality, it is reasonable for usto look at the
mortality ratio (no.dead/no. alive) for each combination of depth and seed-
ling type, that is, n;q,/m;,, for al i and k. The fitted model says that

log Mg = U + Uy + Uapy + Uzp + Ui2ap + Upsan + U230n (6.1)

and thus

m;
log (ﬂ) = ["2(“ - “2(2:] + [H]zcm - “12”2)] + [u23[1k} - “23!23(;]

Mz
= 2[Uy1y + Up2gny + Uas1m) (6.2)
=W+ Wi+ Wik

where in the last line of (6.2) the subscript indicating variable 2 (mortality) is
suppressed since the left-hand side isjust the log mortality ratio. Model (6.2)
isusually referred to asa linear logit model (see, for example, Bishop [1969]);
it says that there are additive effects on the log mortality ratio due to depth
and to seedling type, but that there is no two-factor effect of depth and
seedling type considered jointly. Note that the u,;-term, which we had to
include in the loglinear model, does not appear in the resulting logit model
for the mortality ratios. This is one reason why we need not have been
concerned by its forced inclusion. Had we included the three-factor effect
u,,5 in the loglinear model (6.1), we would have had a two-factor term
W aan(= 2u)5315) in the logit model (6.2).
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6.2 Logit Models

When oneisinterested in model sthat assesstheeffectsof categorical variables
on a dichotomous "response” variable, one is often led to the formation of
logit models for the response variable, especialy if al other variables are
“design” variables that one wishesto manipulate. Aswe have just seen, logit
models contain terms corresponding to those in loglinear models. Many
investigatorsfit logit modelsto data setsin which the remaining nonresponse
variables are not design variables, and thus they lose information on the
relationships among the nonresponse variables (see Bishop [1969]). If one's
interest lies only in the effects of the other (explanatory) variables on the
response variable, however, then an analysis based on logits for the response
variableisappropriate.

We illustrate this point using the Ries-Smith data from Table 5-1. We
view the variable " preference” as the response variable and we pretend to be
interested only in how "softness,” "use" and "temperature™ affect " pref-
erence.” Thusthe general logit model for thisproblemis

logit;; = log (m'\-":"--l) (6.3)

Miji2
=W+ Wy + Wagy + Wag T Wizah + Wasign + Wisan T Wiaaake

with the usual ANOV A-like constraints on thew-terms. In order tofit a logit
model that is a special case of expression (6.3)using iterative proportional
fitting, we must fit aloglinear model in which thetermsu,, u;, us, vy 2,13, 423,
and u,, are al included; that is, the model must include [123]. This is so
because we are taking as fixed the three-dimensional marginal totals cor-
responding to the explanatory variables. For example, if we fit the loglinear
model

[123] [234], (6.4)
then we can translate our resultsdirectly into thosefor the logit model
Wt Wogy + Wam + Wasgye (6.5)

and estimated expected valuesfor (6.4)can be used to get the estimated logits
for model (6.5).

For the Ries—Smith data, Goodman [1971a] shows that the best-fitting
(ie., giving the best fit with the fewest number of parameters) logit model
based on logits for the preference variable isof theform

(6.6)
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which corresponds to the loglinear model

[123][24].

The three-dimensional totals corresponding to softness—use-temperature
were not fixed by design. The reason we consider a logit model for thedatais
that we view preference as a response variable and softness, use, and tem-
perature as explanatory variables. As a result, we condition on the three-
dimensional totalsinvolving theexplanatory variables. When thisdistinction
between response and explanatory variables is not important the loglinear
model approach does not require conditioning on these totals and may well
yidd better estimates for parameters of particular interest. (For a detailed
discussion on the advantages of loglinear models over logit models in such
circumstances, see Bishop [1969].)

For the Dyke-Patterson data of Table 5-6, our final loglinear model was

[12][13][15] [24] [25] [345]. (6.7)

If we treat variable 5 (knowledge of cancer) as a response variable and
condition on the remaining four explanatory variables, weget thelogit model

W+ Wi + Wa + Wagy + Wagy + Waay (6.8)

This fitted model implies that exposure to newspapers, radio, solid reading,
and lectures al have a positive effect on knowledge of cancer, but that there
isalso ajoint effect of solid reading and exposure to lectures that is negative.
The combined effect of these two explanatory variablesis not asgreat asthe
sum of their individual effects, but it is greater than the effect of either one
separately.

Cox [1970a] and others suggest that one should always condition on the
explanatory variables, whether they are fixed by design or not. For the
Dyke- Patterson data such an approach would lead to fitting the model

[15][25][345][1234] (6.9)

rather than the one given by expression (6.7). This,loglinear model produces
the same logit model as before (i.e., (6.8)), but the estimates of the parameters
differ somewhat between the two fitted logit models, although the differences
in this example are small (see Bishop [1969] for a detailed comparison). The
difficulty with this conditional approach comes when the data are spread
thinly over the multiway cross-classification and the marginal total fixed by
conditioning on the explanatory variables contains observed zero entries.
Theestimated expected valuesfor cellscorresponding to these zero marginal
entries must then be zero, and the corresponding logits are undefined. For
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example, suppose the(l, 1,2,2, 1}and (1, 1, 2, 2, 2) cellsin the Dyke- Patterson
data contain zero entries. Then the (1,1, 2, 2, +) margin total is zero, and we
get zero estimated expected values for the cellsthat add up to this marginal
total if wefit model (6.9).

There are two ways out of such a dilemma. The first approach isto fit a
loglinear model to the full array but condition only on marginal totals that
arefixed by design. The problematic zero marginal entries may then disappear
as a result of smoothing. In our hypothetical modification to the Dyke—
Patterson data, with zeros replacing the entries in the (1, 1, 2, 2, 1) and
(1, 1,2,2,2)cells, if wefit the loglinear model corresponding to thelogit model
of expression (6.8), the estimated expected values for these cells would be
nonzero. The work of Bishop and Mosteller [1969] on the National
Hal othane Study illustrates the strengths of this approach.

The second way to handle the dilemma posed by problematic marginal
zero entries in logit models is to simplify the hypothesized relationship
between the response and explanatory variables. When the explanatory
variables are polytomous, we might take advantage of the implicit ordering
of categories and consider fitting logit models in which the effects of ex-
planatory variables are represented by linear regression-like coefficients.
Such an approach isdescribed in more detail in the next section.

Logit models are the categorical response analogs to regression models
for continuous response variates. Nelder and Wedderburn [1972] and
Nelder [1974] describe a general technique of iterative weighted linear
regression that is applicable to both the regular regression model with
normal errors and the logit model, as well as many others. The methods
described here are more limited. DuMouchel [ 1975], by analogy with the R?
criterion in standard regression problems, has proposed a particular measure
o the predictiveerror of alogit model, but it seems somewhat premature to
latch onto a specific measure for this purpose, and thus DuMouchel’s
measure will not be described here. It isimportant, however, to consider the
predictive ability of logit modelsin many situations.

6.3 Logit Moddsand Ordered Categories

In Section 4.4 our results on loglinear models were extended to allow for
structured interaction u-terms that directly reflect information regarding
scores associated with ordered categories. Such models provide a useful tool
for making the transition from the logit modelsdescribed above to the linear
logistic response modelsto be discussed in the next section.

Supposewe havea? x J x K table, with variable 1 beinga binary response
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variable and variables 2 and 3 being explanatory variables with ordered
categories, the scores for which are {/»} and {v{>}, respectively. Further-
more, suppose that in the loglinear model being considered, two-factor
effects relating the explanatory variables to the response variable reflect the
ordered structure as in expression (4.14), so that

Uy = 08 — 5®)uld) (6.10)
and
HI 3ik) — (UE} - 5{3}}“?{3}- (6 l 1)
The hierarchical restriction on ordered effects then implies that
Ug23ajky = (U('Z) - 5(2))(0(3) - ‘“‘3’)“*&'3’ (6.12)

The terms u,, u(3), u,(,), and %) may al be different. Finally, we must
include the u,;-term in the loglinear model since variables 2 and 3 are ex-
planatory, and thus we need to condition on the [23] marginal total.

Now we wish to translate the loglinear model just described into a logit
model for the response variable. For simplicity weset u} = 0. If weset

By = [uly) — uily)] = 2uf%)), (6.13)
By = 2ut}y, (6.14)
and
Bo = 2uy) — B,02 — B35, (6.15)
then wehave
logit; = log - ** Pk _ g, + Bv® + By (6.16)

This is a linear regression-like model for the logits based on the binary

response variable.
Using the results of Section 4.4for our standard sampling models, we have

thefollowing likelihood equations:

M= X4 i=12,...,J, (6.17)
k=12,...,K,
Z::.?'Z’m,J+ =Z ¥4 i=12, (6.18)

J J

Yo =Y %, =12 (6.19)
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and
Miiy = Xiyy, =12 (6.20)

Equations (6.18) and (6.19) resemble the normal equations of standard
regression theory, equation (6.17) corresponds to binary response structure,
and equation (6.20) guarantees that the expected number of observations
equals the observed, at each level of the response variable. Asin Section 4.4,
we could solve these equations for the {m,;} using a version of iterative
proportional fitting, or some other iterative method such as weighted
nonlinear least-squares (see Jennrich and Moore [1975] or Nelder and
Wedderburn [1972]) or the Newton-Raphson algorithm (see, for example,
Haberman [1974a]).

Cox [1970a] describes a problem involving the preparation and testing of
ingots. For each of four heating times and five soaking times a set of ingots
was to be tested. Heating time and soaking time are explanatory variables,
and the response variable indicates whether or not the ingot is ready for
rolling. Thuswe havea?2 x 4 x 5array in which the values associated with
the categories of the explanatory variables are simply the heating times
and soaking times:

/9 1.0}
(2) 14 (3) b
v =15 and oY) =| 2.2
51 2.8
' 4.0

The observed valuesare given in Table 6-3. Note that there were testsfor only
19 of the 20 combiriations of heating and soaking time.

We begin our analysis by testing the fit of the no second-order interaction
modelsu,,, = 0: G? = 11.3and X ? = 9.7 with 7 d.f., values corresponding
to a descriptive level of significance greater than 0.20. Note that the d.f. are
not equal to(l — 1) (J— 1)(K — 1) = 12. Thisisaresult of two zero marginal
totals, x,, + = 0and x, 4, = 0, whichimply that seven interior celswill have
zero expected cell values. We adjust the d.f. to take this fact into account;
thusd.f. = 12 — 7 + 2= 7. For further discussion of how to deal with mar-
ginal zeros, see Chapter 8.

Next we fit the logit model based on u,,; = 0 and expressions (6.10) and
(6.11): G? = 13.8 with 11 d.f,, corresponding to a descriptive level of signi-
ficance considerably greater than 0.05. This model fits the data reasonably
well and provides a significant improvement over the no second-order
interaction model at the 0.05 level of significance. Since fi; issmall relativeto
its estimated large-sample standard deviation, we consider the model with
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Table 6-3
Data on Ingots for Various Combinations of Heating Time and Soaking Time*
(Cox [1970])

Heating Time

7 14 27 51 Totals

10 | 0,10 0,31 1,55 3,10 | 4,106

Soaking 17 | 0,17 0,43 4,40 0,1 4,101
Time 22 10,7 2,31 0,21 01 2,60
28 | 0,12 0,31 1,21 0,0 1, 64
40 | 0,9 0,19 1,15 01 1,44

Totals 0,55 2,155 7,152 3,13 | 12,375

*First figure in each cell is number not ready for rolling, and second figure is number
ready for rolling.

B = 0. It also provides an acceptable fit to the data, and it is the one Cox
[1970a] deems appropriate for the data. For this model , = 0.0807. Notice
how the model can be used to get a predicted logit valuefor the zero marginal
total corresponding to a soaking time of 2.8 and a heating time of 51.

6.4 Linear Logistic ResponseModels

Continuing with the problem of the preceding section, we let Jand K increase
insizeto producean ever finer grid of valuesfor thetwoexplanatory variables.
As J and K increase we approach a situation in which the explanatory
variables are treated as continuous rather than categorical. If we keep the
sample size N = x,,, fixed while increasing J and K, then in the most
extreme situation we would expect to end up with values of x, ; that are
either zero or one. If we continue to view thisasa contingency table problem,
the standard large-sample theory no longer applies since the size of "the
table™ increases with the sample size N. Similar large-sample results for the
parameters of interest are available, however (see, for example, Haberman
[1974a]).

An alternate, but equivalent, way to describe this situation is as follows.
Lety,, y; ..., yy be independent binary random variables taking values
0or1,with

Pl'(y,'= l)=piv i= 1»21'-'»N- (621)

For theith such variable we have observations z;; and z;, on the two explan-
atory variables, and
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log(TE’b_)=Bo+ﬁlzd +ﬁ22£2s i = 1,2,,N (6.22)

The genera linear logistic model, with r explanatory variables and a

binary response variable, resembles the two-variable model above. Let y,,

¥a, ..., yy be independent binary random variables taking values 0 or 1,

with
exp(Bo + X%, B;z)) .

Pr(y,=1) =p, = iSRS j=1,2,...,N. (6.23

o )=»p 1+eXp(ﬁo +Zj=l .szij) ( )

The quantities z;; for j =1, 2,.. ., r are the values of the r explanatory vari-

ables for the ith observation and are considered fixed. Expression (6.23)is
equivalent to a linear model in the logits:

;og(l%ip)z Bo + z Bz  i=1,2...,N. (6.24)
j=1

In thisformulation the explanatory variables may be binary, categorical but
with explicit orderings, as in Section 6.3, or continuous.
The minimal sufficient statistics for the linear logistic regression model

(6.23)are
Z Vi (6.25)

(6.26)

and

-M}_

ra

<

Y

—
I

—

3

=

The likelihood equations are found in the usua manner by setting the
minimal sufficient statistics equal to their expected values:

N N
Y =) v (627)
i=1 i=1

N N
Z Zl'fﬁl' = Z zt'jy:'s )' = lr 29 R {628}
i=1 i=1

There are r + 1 likelihood equations for the » + 1 s in model (6.24). The
solution to equations (6.27) and (6.28) must be found numerically by means
of some sort of iterative computational procedure. Haberman [1974a, 1978],
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for example, suggests the use of a modified Newton- Raphson procedure (see
also thealgorithms used by Gokhale[ 1972], Nelder and Wedderburn [1972],
Nerlove and Press [1973], and Walker and Duncan [1967]). The modified
Newton-Raphson algorithm has quadratic convergence properties, as
opposed to the linear convergence properties of the iterative proportional
fitting procedure used for all other problemsin this book. For further details,
including a detailed discussion of the large-sample theory for the general
logistic regression model, see Haberman [1974a].

A basic problem with the use of logistic regression models is the difficulty
in determining whether the models provide an adequate fit to the data. Asin
standard regression analysis, we can assess the need for sets of variables
by means of a likelihood-ratio test based on a pair of nested models with
and without the variables in question. But as long as some of the predictors
are not categorical, we cannot carry out an omnibus goodness-of-fit test for
a model. Moreover, no easily interpretable criterion such as R? is available
toaid in an assessment of the predictive power of thefitted logistic regression
equation. (For a discussion of measures of binary variation as they relate
to this problem see Efron [1978].) Typical computer programs will include
as part of their printout estimated coefficients, estimated standard errors
of the coefficients, Z-values (coefficients divided by their standard errors),
and the likelihood-ratio test comparing the fitted model to the onein which
the coefficients of al the explanatory variables are zero. Thus, when it is
convenient to do so, categorizing some continuous variables from a logistic
regression model may alow construction of a corresponding logit model
whose fit can be assessed.

Neutra et al. [1978] analyzed data from live-born infants at the Beth
Israel Hospital in Boston in an attempt to estimate the impact of fetal
monitoring on neonatal death rates. Almost half of the more than 17,000
babies born at Beth Israel between January 1, 1969, and December 31,
1975, were subjected to electronic fetal monitoring while the mother was
in labor, the percentage ranging from 20 percent at the beginning of this
period to nearly 80 percent at the end. Severa variables considered to be
likely predictors of neonatal death were included along with a 0-1 variable
for fetal monitoring in a linear logistic response model, as part of a prelimi-
nary analysis not described in Neutra et al. [ 1978]. The estimated coefficients
in the resulting fitted model for predicting the log-odds of neonatal death
are given here in Table 6-4. A larger number of variables were considered
for inclusion in this model, but only those coefficients with a Z-value
(coefficient divided by its estimated standard error) in excess of + 2 are
reported here. Of the eight predictors, seven are categorical, and six of
those are binary.
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Table6-4
Predictorsd Early Neonatal Death: Coefficients from a Linear Logistic Response
Mode (Unpublished data related to those reported in Neutra e al. [1978])

Predictor Estimated

variable coefficient  Z-statistic
1. Nonprivate (no, yes) 0.583 2.3
2. Monitored (no, yes) —1.268 -45
3. Multiple birth (no, yes) 1.091 2.7
4. Duration d pregnancy —-1.306 —138
5. Extremes d age (youngor old, other) 0.902 2.2
6. Hydramnios(yes, no) 3.415 6.9
7. Prolonged rupture d membranes (yes,no) 0.933 2.5
8. Breech presentation (yes, no) 1.931 5.3

While the analysis summarized in Table 6-4 is informative, we have no
information about whether the model fits the data. We know only that
using al eight predictors appears to be better than using some subset. To
explore the fit of a related model to the data, and the possible need for
interaction terms, the data were reorganized into a five-dimensional cross-
classification as follows. First, the continuous variable, duration of preg-
nancy, was broken into three categories: 28-31 weeks, 32-38 weeks, 39-41
weeks. Next, the clinical factors corresponding to variables 3, 5, 6, 7, and
8 were combined, and any mother who presented one or more of them was
considered to be a high risk (thiscombining of factors removed considerable
sparseness from the data set since each factor by itself was present only
rarely). The resulting table of counts is reproduced here as Table 6-5.

We leave a detailed analysis of Table 6-5 to the problems at the end of
the chapter. We simply note that a linear logit model providesa reasonable
fit to the data, that the term corresponding to the effect of fetal monitoring
on the log-odds of neonatal death has a sign consistent with that in Table
6-4 and corresponds to an "adjusted” odds ratio of 1.92. The difference
between models with and without this effect is marginally significant. In
a different but related analysis, Neutra et al. [ 1978] found that the adjusted
odds ratio of the effect of fetal monitoring on neonatal death was 1.44.
Fetal monitoring appears to have a positive effect on neonatal outcome,
but the effect is much smaller than many obstetricians might have expected.

6.5 Logistic Regression vs. Discriminant Analysis

Discriminant function analysis has often been used in the past instead of
logistic analysis (see, e.g., Truett, Cornfield, and Kannel [1967]) when the
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Table6-5
Cross-Classification of 16,513 Live Births from Beth Israel Hospital, 1969-1975
(Unpublished data related to those reported in Neutraet a. [1978])

. o . Result
Gestational age Class Composite risk ~ Monitored Alive  NND*
39+ Private None No 5193 1

Yes 3286 3

Some No 447 4

Yes 249 1

Nonprivate None No 1479 4
Yes 2242 2

Some No 152 2

Yes 247 2

32-38 Private None No 1151 7
Yes 549 1

Some No 220 7

Yes 138 1

Nonprivate None No 349 5
Yes 389 4

Some No 102 1

Yes 151 1

28-31 Private None No 14 4
Yes 3 0

Some No 15 8

Yes 6 2

Nonprivate None No 20 5
Yes 16 2

Some No 8 7

Yes 9 4

*Neonatal death.

researchers aim was prediction, not discrimination. But even when discrim-
ination is the actual aim, if the explanatory variables do not follow a
multivariate normal distribution with equal covariance matrices for each
group or level of the “response” variable, the use of standard discriminant
function estimators (ordinary least-squares regression in the two-group or
two-level case) will not be statistically consistent (see, e.g., the discussion
in Goldstein and Dillon [1978]).

Pressand Wilson [1978] describe the relative meritsof the two approaches
and give two empirical illustrations of the differences between the two
methods. Their second example examines 1970 Census data for the 50
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states, and they use the percent change in population from the 1960 Census
to the 1970 Census for each state (coded 0 or 1, according to whether the
change was below or above the median change for al states) as the binary
"grouping” or dependent variable. The median is chosen to divide the two
groups so that the prior probabilities are 0.5 for each group. The explanatory
variables are per capita income (in $1000), birth rate (percent), death rate
(percent), urbanization of population (0 or 1 as population is less than or
greater than 70 percent urban), and absence or presence of coastline (0 or 1).
Thus there are three continuous explanatory variables and two binary
explanatory variables. These data are included here in Table 6-6.

Table 6-6
Census Datafor Predicting Popul ation Change from 1960 to 1970 (Pressand Wilson
[1978])

State Population Income  Births Coast Urban Deaths
change

S
Arkansas 0 2.878 1.8 0 0 1.1
Colorado 1 3.855 1.9 0 1 0.8
Delaware I 4.524 1.9 | 1 0.9
Georgia 1 3.354 2.1 1 0 0.9
Idaho 0 3.290 1.9 0 0 0.8
lowa 0 3.751 1.7 0 0 1.0
Mississippi 0 2.626 22 1 0 1.0
New Jersey 1 4.701 1.6 1 1 0.9
Vermont 1 3.468 1.8 0 0 1.0
Washington 1 4.053 1.8 1 | 0.9
Sa 11
Kentucky 0 3.112 1.9 0 0 1.0
Louisiana 1 3.090 27 1 0 1.3
Minnesota 1 3.859 1.8 0 0 09
New Hampshire 1 3.737 1.7 1 0 1.0
North Dakota 0 3.086 1.9 0 0 0.9
Ohio 0 4.020 19 0 1 1.0
Oklahoma 0 3.387 1.7 0 0 1.0
Rhode Island 0 3.959 1.7 1 1 1.0
South Carolina 0 2.990 20 1 0 0.9
West Virginia 0 3.061 1.7 0 0 1.2
Sat I
Connecticut 1 4917 1.6 1 1
Maine 0 3.302 1.8 | 0 1.1
Maryland 1 4309 1.5 1 1 0.8
Massachusetts 0 4.340 1.7 1 1 1.0
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Table 6-6 (continued)

State Population Income  Births  Coast Urban Deaths
change

Michigan 1 4,180 19 0 1 09
Missouri 0 3.781 1.8 0 1 I.1
Oregon 1 3.719 1.7 [ 0 0.9
Pennsylvania 0 3.971 1.6 1 1 1.1
Texas 1 3.606 20 1 1 0.8
Utah 1 3.227 2.6 0 1 0.7
Set 1V

Alabama 0 2.948 2.0 1 Q 1.0
Alaska | 4.644 2.5 1 0 1.0
Arizona 1 3.665 21 1] 1 0.9
Cdlifornia 1 4.493 1.8 1 1 0.8
Florida 1 3.738 1.7 1 1 8|
Nevada 1 4.563 1.8 V] 1 0.8
New Y ork 0 4.712 1.7 1 1 1.0
South Dakota 0 3123 1.7 4] Q 2.4
Wisconsin 1 3812 1.7 4] Q 0.9
Wyoming 0 3.815 1.9 0 0 0.9
Set V

Hawaii 1 4.623 2.2 1 1 0.5
Illinois 0 4.507 1.8 ] 1 1.0
Indiana 1 3.772 1.9 0 0 0.9
Kansas 0 3.853 1.6 0] 0 1.0
Montana 0 3.500 1.8 0 0 0.9
Nebraska 0 3.789 1.8 ] 0 1.1
New Mexico 0 3.077 22 O 0 0.7
North Carolina | 3.252 1.9 1 0 0.9
Tennessee 0 3.119 1.9 1] 0 1.0
Virginia 1 3.712 1.8 1 0 0.8

In order to use a form of cross-validation to compare the two methods,
Press and Wilson randomly divided the 50 states into five groups of 10
states each. Both logistic regression and discriminant function analyses
were performed on 40 states at a time, and then the fitted equations were
used to predict the outcome for the remaining 10 states. The resulting five
pairs of fitted equations are given in Table 6-7.

When the fitted equations were applied to the excluded data, 34 of the
states were correctly classified by the discriminant analysis and 36 by the
logistic regression equation. Twelve states were incorrectly classified by
both methods, two states were incorrectly classified by only the logistic
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Table6-7
Estimated Coefficients for Discriminant and Logistic Equations Fitted to Subsets of
Data in Table 6-6 (Pressand Wilson {1978])

Modelsfitted
toal but data Method Constant Income Births Coast Urban Deaths
in set
| Discriminant
analysis —10500 +1.610 +3.060 +1.118 —0.360 —1.830
Logistic
regression -6238 t1388 t2484 +0874 _0579 —4.046
11 Discriminant
analysis —7000 t1110 +2240 +0972 +0.710 —2.240
Logistic
regression +1.918 +0.580 +0.560 +0.706 +0.249 —5910
111 Discriminant
analysis —10.700 +1.960 +2.100 +1482 -0.250 —1.020
Logistic
regression -6655 +1399 +1894 +0.841 —0.436 —2428
v Discriminant
analysis —-17.400 *+3550 +5100 +1.966 —1.890 —5.800
Logistic
regression —15162 +3432 +4378 +1391 —1.900 —6.037
A Discriminant
analysis —13.600 +2.300 +3.610 +0.284 —0.013 —1.870
Logistic
regression -6.854 t1542 +2728 +0437 —0452 —4.120
Mean of Discriminant
five classes  analysis ~11.840 +2.106 +3.222 +1.164 -0.361 —2.552
Logistic
regression -6.598 11688 +2409 +0850 -0634 —4.508

regression, and four states were misclassified by only the discriminant
analysis.

The superiority of logistic regression over discriminant analysis as a
classification procedure in this example, slight though it is, may surprise
some readers. What is more important is to note that, if discriminant
analysisis used for a prediction probleminvolvinga binary response variable,
predictionsfor small and large probabilities may befar off the mark. Efficient
computer programs for fitting logistic response models have now removed
computational cost as a barrier to an appropriate analysis of data not
meeting the basic assumptions of the discriminant function analysis.
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6.6 Polytomousand Multivariate Response Variables

Although the techniques considered in earlier sections have dealt only with
a single dichotomous response variable, they may easily be extended to
handle both (1) polytomousresponse variablesand (2) two or more (possibly
polytomous) response variables.

Suppose we have asinglel-category responsevariable and two explanatory
variables (with J and K categories, respectively). To describe the relation-
ship between the response and explanatory variables we need a set of 1 —1
logit models. But there are several ways we might choose to define thel — 1
logits. Five possibilities are:

log(&), i=1,2,...,1—1; (6.29)
s My
zm-’"rw) ;
log| ——% )}, i=12,...,I—1; 6.30)
g(zmmm (
m:
log(—- L"._), i=1,2,...,1—1; (6.31)
Ewimm
.Og(%), i=12,...,I-1 (6.32)
My ik
m..
k,g(___ _q&_), i=1,2,...,1—1. (6.33)
M, jk

When the response categories have a natural order, such as educationa
attainment (grade school, high school, college, graduate school), the choice
of logits in (6.29) may be preferable. The quantities m;;/Z,. ;m,; are often
referred to as continuation ratios, and they are of substantive interest
in various fields. There is also a technical reason for working with the
logarithms of the continuation ratios. Let P,; bethe probability of a response
in category i of variable 1 given levelsj and k of the explanatory variables,
where Z,P;; = 1. Then, when the {x;;} are observed counts from JK in-

dependent jmultinomials with sample sizes {x+,,) and cell probabilities

{Pijk}’
My P
— = 6.34
Ef;imfjk Er;ipu'n ( )
We can write the multinomial likelihood functions as products of I — 1
binomial likelihoods, the ith of which has sample sizes {Z,,;x,;} and cell
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probabilities {P;;/Z;5 ;P ;). This means that if we use the method of maxi-
mum likelihood to estimate the parameters in the set of logit models, then
we can do the estimation separately for each logit model, and we can simply
add individual chi-square statistics to get an overall goodness-of-fit statistic
for the set of models. Moreover, the observed binomial proportions,
Xk o2, =1, (6.35)
s iX
are each asymptotically independent of the others so that we can assess the
fit of the | — 1 logit models and various associated reduced models in-
dependently. Fienberg and Mason [ 1978] usethisapproach involving models
for log continuation ratios in the context of logit models with simultaneous
effectsfor age, period, and cohort.

Theasymptotic-independenceproperty of thelogits based on continuation
ratios, expression (6.29), isnot shared by the next two possihilities, expressions
(6.30)and (6.31). The sets of observed binomial proportions corresponding
to these logit models are asymptotically correlated, and thus all | — 1 logit
models must befit simultaneously. The choice of logits in (6.30)does preserve
information about the ordering of the response categories, however, and
thus might bethought of asacompetitor to the continuation-ratio approach.
For trichotomous responses (i.e., | = 3), the logits in (6.30) correspond to
those modeled by Walker and Duncan [1967].

If we would like our logit models to correspond to loglinear models, the
summations in the denominators of (6.29), (6.30), and (6.31) make these
alternatives undesirable. Since we would like to fit similar models for all
the logits (i.e., with the same effects involving the explanatory variables),
working with the logits defined by (6.32) is equivalent to working with
those defined by (6.33). For example, if | = 3, there are only three possible
logits involving ratios of the form m;, /m;;, with [ > i:

log| =%}, log{—%]), Iog(— 2”‘).
Majk ms ms ji

Clearly one of theseis redundant since

My Majk) _ ik
log <m2jk> + log (majk> = log (majk) (6.36)

Suppose we fit a loglinear model tothe | x J x K array that holds fixed
the two-dimensional marginal total corresponding to the explanatory vari-
ables. Then the loglinear model can be transformed into a set of | — 1 non-
redundant logit models of the form log(m;;/m, ;). Because different investi-
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gators might choose to look at different sets of logit models, it is reasonable
to report the estimated interaction u-terms involving the effects of the
explanatory variables on the response variable, rather than going to the
trouble of constructing the estimated logit models.

Typicaly, the combined fit of a set of logit models based on continuation
ratios (i.e., expression (6.29)) will not differ greatly from the fit of an overal
logit-loglinear model corresponding to (6.32) or (6.33). We illustrate the
application of both types of modelsin the following example.

In 1963 the President's Task Force on Manpower Conservation inter-
viewed a national sample of 2400 young males rejected for military service
because of failure to pass the Armed Forces Qualification Test. Hansen,
Weisbrod, and Scanlon [1970] reanalyzed some of the data from this survey
in an attempt to catal og thedeterminants of wageleve for theselow achievers.
Table6-8offersa3 x 4 x 2 x 2four-dimensional cross-classification of 2294
armed forces rejectees analyzed by Talbot and Mason [1975]. The four

Table 6-8
Observed Cross-Classification of 2294 Young Males Who Failed to Pass the Armed
Forces Qualification Test (Talbot and Mason [1975])

Father's Respondent's Education
Race Age Education* Grammar School Some HS HS Graduate
1 39 29 8
2 4 8 1
<2 3 11 9 6
4 48 17 8
White
1 231 115 51
2 17 21 13
222 3 18 28 45
4 197 111 35
1 19 40 19
2 5 17 7
<2 3 2 14 3
4 49 79 24
Black
1 110 133 103
2 18 38 25
222 3 T 25 18
4 178 206 81

*1 = Grammar School, 2 = Some HS, 3= HS Graduate, 4 = Not Available.
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Table 6-9
Various Loglinear ModelsFittothe 3 x 4 x 2 x 2 Cross-Classificationin Table 6-8.

Modd df. G?

[234] [1] 30 254.8
(234][12] 24 162.6
[234] :1351 28 242.7
[234] [14] 28 152.8
[234] [12] [13] 22 151.5
[234] [12] [14] 22 46.7
[234] [13] [14] 26 142.5
(2347 [12] [13] [14] 20 36.9
1234] [123][14] 14 27.9
[234] [124] [13] 14 18.1
[234] [134] [12] 18 33.2
(2347 [123] [124] 8 9.7

variables are respondent’'s education (grammar school, some high school,
high school graduate),father's education (grammar school, some high school,
high school graduate, not available [NA]), age (lessthan 22, 22 or more),
and race (white, black). For the present analysis we view the respondent's
education as the response variable and the remaining three variables as
explanatory. Because there are so many missing observations under father's
education, we have included "not available” as an extra category. Chen
and Fienberg [1974] and Hocking and Oxspring [ 1974] describe alternative
methods for dealing with such missing data.

Table 6-9 summarizes the fit of various loglinear models that treat the
three-dimensional marginal totalsfor the explanatory variables asfixed. The
simplest such model providing a good fit to the data is

[234] [124] [13]. (6.37)

Four sets of estimated u-terms are needed in this model if we are to con-
struct the corresponding logit models: {ti,»uj}s {4,360} {H1aan}s (H12aan)-
There are three possible logit models corresponding to this loglinear model,
and the estimated logit effects corresponding to these estimated u-terms are
listed in Table 6-10.

The interpretation of the estimated effects listed in Table 6-10 is complex,
and so we restrict ourselves here to an interpretation of the logit equation
comparing " some high school™ with "high school graduates.” The estimated
effect of age follows from the fact that older men have more time to complete
high school. The first-order effects of race and father's education are best
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Table 6-10
Estimated Logit Effects for the Three Logit Models Corresponding to the Loglinear
Model (6.37)

Grammar vs. Grammar vs. Some HSvs.

Some HS HS Grad HS Grad

log (m  ju/mjur) log (myju/msy;,)  log (m2jkl/m3jkl)
Constant —-0.289 0.451 0.740
White 0.395 0.390 —0.005
Race Black ~0.395 —0.390 0.005
A < 22 —0.120 0.099 0.219
ge >22 0.120 —0.099 ~0219
Grammar 0.380 0.406 0.026
Father's Some HS -0.371 —0.355 0.016
Education HS Grad —0.441 —~0.918 -0.477
NA 0.432 0.867 0.435
Grammar 0.063 0.345 0.282
White b Some HS —0.128 —-0.016 0.112
HedY  HS Grad 0.030 —-0.429 ~0.459
NA 0.035 0.101 0.066
Grammar -0.063 —0.345 —0.282
Black b Some HS 0.128 0.016 ~-0.112
ack by HSGrad —0.030 0.429 0.459
NA —-0.035 —0.101 —0.066

combined with the second-order effects. Then we see a declining effect of
father's education for whites, and an increasing (but less dramatic) effect of
father's education for blacks, on the log-odds of not completing versus
completing high school. We cannot, however, ignore the effect of the missing
observations for father's education. The size of the estimated parameter for
NA in the fitted model indicates that these data are not missing at random,
and in fact the NA proportion differs somewhat by race.

Now we turn to an alternative analysis of the data in Table 6-8 based

on models for the log continuation ratios:

(b) log<

M3

My + Moy
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Table6-11
Various Logit Models for the Log Continuation Ratios Fit to the Data in Table
6-8

Mg jut ( M3kt \ ; :
log [ —= b) lo Combined fit
(&) & (mljkl) () g My + m2jkl/

Model d.f. G? d.f. G? d.f. G?
[234] [1] 15 131.5 15 123.3 30 2548
[234] [12] 12 97.9 12 64.7 24 1626
234] [13] 14 1233 14 119.4 28 2427
[234] [14] 14 49.0 14 103.8 28 152.8
(234] [12] [13] 1 91.9 11 60.3 22 1522
[234] [12] [14] 1 16.1 1 35.6 22 51.7
2341 [13] [14] 13 437 13 98.7 26 1424
[234] [12] [13][14] | 10 12.4 10 29.8 20 422
[234] [123] [14] 7 9.3 7 232 14 325
2341 [124] [13] |7 11.5 7 7.0 14 18.5
[234] [134] [12] 9 8.6 9 29.7 18 38.3
(234] [123] [124] 4 8.5 4 1.2 8 9.7

Note that the logit in (a) corresponds directly to mnus the first column of
Table 6-10, but will be modeled independently from the other logit in this
alternative analysis. Table 6-11 contains information on the fit of al the
models listed in Table 6-9 for the log continuation ratios.

We begin by examining the last pair of columns in Table 6-11 for the
combined fit of the pair of equations, and comparing the G? values with
the corresponding ones in Table 6-9. Note that the first four G2 values
in the two tables are equal. (This is an exact equality and follows from the
collapsing theorem of Section 3.8.) The remaining values of G2 in the two
tables differ by at most 6.3, with the overall fit being essentialy the same
for the simplest model providing a good fit (p < 0.05) to the data, namely
(6.37).

Next we examine the fit for each of the two continuation-ratio logits
separately. While model (6.37)still provides the best fit for logit (b),adifferent
model,

[234] [12] [13] [14], (6.38)
provides a better fit for logit (a);an even simpler one,
[234] [12] [14], (6.39)

differsby a G2 value that is almost significant at the 0.05 level:
G2[(6.39)](6.38)] = 16.1 — 12.4 = 3.7.
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These simpler models for logit (a) differ from (6.37) by successive dropping
of the interactive effects of race x father's education, and then the effect of
age. Thus, given that the respondents did not complete high school, the
odds of their completing some high school depend only on race and on
father's education. Finally, we note that this analysis is consistent with the
first column of Table 6-10, in which these two effects have relatively small
magnitudes compared with the other effects included in the model.

Thus adopting the continuation-ratio logit approach in this example
leads to a somewhat simpler model for the data, but one that is consistent
with the use of loglinear models applied to the data set as a whole. This will
not necessarily be the case for other problems, and the choice between the
two approaches will depend on the substantive context of the problem and
on the interpretability of the resulting models. Applying both classes of
models to a given data set to see how they differ, as we did here, also seems
to be a reasonable thing to do.

Since loglinear models are well suited to handling multiple categorical
response variables, no further analytical problems are introduced when we
have categorical explanatory variables as well. If we condition on the values
of the explanatory variables (as we do for logit models), then we can use
loglinear models to assess the effects of the explanatory variables on the
individual response variables and at the same time determine the interrela-
tionships among the response variables.

Problems

6.1. For the Red Dye No. 2 data in Problem 3.4, rewrite the most par-
simonious model as a logit model.

6.2. For the data on parolee success in Problem 5.7, rewrite the loglinear
models fit to both parts of the data as logit models for predicting success.

6.3. (a) For the hospital study datain Table 4.1, using the scores —1, 0, 1
for the columns, fit a pair of logit models to the data contrasting:

(i) row 1 vs rows 2 plus 3;

(if) row 2 vs. row 3.

(b) Compare the fit of this combined logit model (with 2 d.f.) with the model
fit to the datain Chapter 4.
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6.4. For the data in Table 4-3, treat the pair of variables, breathlessness

and wheeze, as a four-category response variable, and break it up into three

binary comparisons:

(i) nosymptoms vs. at least one,

(1) both vs. exactly one,

(i) only breathlessness vs. only wheeze.

(a) For each, fit a linear logit model in which the nine categories of age are
codedasx = —4, — 3,... 4.

(b) Compare the overall fit of the six-parameter model from part (a) with the
models fit to the data in Chapter 4.

6.5. Bishop, Fienberg, and Holland [1975] present the data in Table 6-12
onthethree-year survival of breast cancer patientsaccording to two histologic
criteria, age, and diagnostic center. Analyze these data using a logit model to
predict survival.

Table 6-12
Minimal inflammation  Greater inflammation
Diagnostic Malignant Benign  Malignant  Benign
center Age Survived appearance appearance appearance appearance
Tokyo Under 50 No 9 7 4 3
Yes 26 68 25. 9
50-69 No 9 9 {1 2
Yes 20 46 18 5
70 or over No 2 3 1 0
Yes 1 6 5 1
Boston Under 50 No 6 7 6 0
Yes 11 24 4 0
50 69 No 8 20 3 2
Yes 18 58 10 3
70 or over No 9 18 3 0
Yes 15 26 | 1
Glamorgan Under 50 No 16 7 3 0
Yes 16 20 8 1
50-69 No 14 12 3 0
Yes 27 39 10 4
70 or over No 3 7 3 0
4 1

Yes 12 11
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Table6-13

City #  # positive/# sampled  Annual rainfall in mm

1 2/4 1735

2 3/10 1936

3 1/5 2000

4 3/10 1973

5 2/2 1750

6 3/5 1800

7 2/8 1750

8 7/19 2077

9 3/6 1920
10 8/10 1800
11 7124 2050
12 0/1 1830
13 15/30 1650
14 4/22 2200
15 0/1 2000
16 6111 1770
17 0/1 1920
18 33/54 1770
19 4/9 2240
20 5/18 1620
21 2/12 1756
22 0/1 1650
23 8/11 2250
24 4177 1796
25 24/51 1890
26 7/16 1871
27 46/82 2063
28 9/13 2100
29 23/43 1918
30 53/75 1834
31 8/13 1780
32 3/10 1900
33 1/6 1976
34 23/37 2292

Total 356/697

6.6. Reanalyze the data of Table 6-8 by taking continuation ratios in the
reverse order to that used for the analyses reported in Table 6-11. Do your
conclusions differ from those reported in Section 6.67

6.7. (a)Reexaminethe loglinear models that you fit to the data in Problem
5.1 as multiple logit models involving a pair of binary responses.
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(b) Reanalyze these data by constructing a set of three binary comparisons
among the response variables.

(c) Contrast the fit and interpretation of the models in parts (a)and (b).

6.8. Fit loglinear and/or logit modelsto the fetal monitoring datain Table
6-5, and compare your results with those discussed in Section 6.4. Be sure
to compute an estimate of the "adjusted” log odds ratio measuring the
effect of fetal monitoring on neonatal death.

6.9. Efron [1978] presents the data in Table 6-13 on subjects tested for
toxoplasmosisin 34 cities of El Salvador (all subjects are between the ages of
11 and 15). Fit alogit model to these data which represents|og [ Pr(positive)/
Pr(negative)] as a function of annual rainfall.

6.10. Consider a four-dimensional table. Of the 113 unsaturated hier-
archical loglinear models with main-effect u-terms, how many correspond
to logit modelsin which al but the first variable are explanatory'?



7
Causal Analysis Involving Logit
and Loglinear Models

7.1 Path Diagrams

Many investigators are interested in providing a causal interpretation of the
statistical relationships they find in the course of modeling a set of data. For
guantitative variables the method of path analysis has been used to provide
an interpretation of linear model systems (see, for example, Duncan [ 1966,
1975a] and Wright [1960]). Path analysis is not a method for discovering
causal links among variables from the values of correlation coefficients.

Rather, itsroleis

(1) to provideacausal interpretation for agiven system of linear relationships,

(2) to make substantive assumptions regarding causal relationships explicit,

thus avoiding internal inconsistencies.

With regard to point (1), we note that it is often the case that several causal

models are consistent with a given set of relationships, and only additional

information, substantive theory, or further research can help us choose
among these models.

One of the salient features of path analysisas it is used in practice for the
analysis of quantitative data is the diagrammatic representation of linear
systems by means of arrows indicating various types of causal connections;
then the" calculus™ of path coefficientsallows usto calculate numerical values
for both direct and indirect effects, and these, in turn, are associated with the
arrows in the path diagrams. Goodman [1972, 1973a, b] has recently pro-
posed an analog to path analysis for qualitative variables, that is, for cross-
classified data. The major feature of Goodman's approach is the creation of
path diagrams, based on one or more loglinear or logit modelsand similar to
those used in the analysis of quantitative variables. While Goodman does
assign numerical valuesto thearrows in his diagrams, we note the following
places where the analogy to the regular path analysisapproach breaks down.
For the analysis of categorical variables:

(i) thereisno calculus of path coefficients;

(ii) because there is no calculus for path coefficients, there is no formal way
to decide what values to assign to arrows not explicitly accounted for by
a system of logit models, except by incomplete analogy with the regular
path analysis techniques,

(iii) multiple categories for a variable lead to multiple coefficients to be as-
sociated with a given arrow in the diagram;

(iv) the existence of three-factor and higher-order interaction terms in a log-
linear model lead to a complexity that cannot be handled without resort-
ing to a more involved diagrammatic representation.

We do not view point (iv) as a serious obstacle, and for systems of binary
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variables, such as those Goodman analyzes, point (iii) presents no problem.
Because of points (i) and (ii), however, we view the assignment of numerical
values as problematic, and we would limit ourselves to an indication of sign
for causal relationships, in a fashion similar to that described by Blalock
[1964].

We begin by illustrating some basic ideas using a three-dimensional exam-
ple. In a retrospective study of premarital contraceptive usage, Reiss, Ban-
wart, and Foreman [1975] took samples of undergraduatefemale university
students. One sample consisted of individuals who had attended the univer-
sity contraceptive clinic, and the other was a control group consisting of
females who had not done so. A preliminary analysis of data gathered in-
dicated that the two samples did not differ significantly in terms of various
background variables such as age, yearsin school, parents' education, etc.
The individuals in the two samples were then cross-classified according to
their virginity (virgin, nonvirgin) and various attitudinal variables such as
belief that extramarital coitus is not always wrong. Table 7-1 displays the
2 X 2 x 2 cross-classification corresponding to this particular attitudinal
variable.

Although the totals corresponding to the use or nonuse of the clinic are
fixed by design, we are actually interested in models that exhibit causal links
from the other variables to the clinic variable. Figure 7-1 shows possible path
diagrams that are consistent with such a causal framework. In addition, the
two-dimensional table relating virginity and clinic use shows a strong rela-
tionship between the two variables.

In thediagrams of Figure7-1, attitudinal responseisdenoted as E (variable
1), virginity asV (variable 2), and clinic useas C (variable 3). Curved double-
headed arrows are used to denote relationships corresponding to nonzero

Table7-1
Dataon Premarital Contraceptive Usage From Reiss, Banwart, and Foreman [1975]

Use d Clinic
Yes No

|
Virgin  Nonvirgin | Virgin  Nonvirgin

Always Wrong 23 127 23 18
Attitude on
Extramarital
Coitus

Not Always Wrong 29 112 67 15
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Attendance)
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u-terms, which are not necessarily causal in nature. Figure 7-laisconsistent
only with the no three-factor interaction model, u,,3; = 0. Figure 7-Ib is
consistent with u,, = u,,3 = 0; Figures 7-Ic, d, and e are consistent with
uy3 = u,,3 = 0;and Figures 7-1f, g, and hareconsistent withu,; = u;,; = 0.
Finally, Figure 7-li is consistent with u,, = u,3 = u,,3 = 0. Thisdistinction
among Figures 7-Ic, d, and e comes from the causal relationships involving
the explanatory variables. In Figure 7-lc, virginity and the attitudinal vari-
able are not necessarily causally related; in Figure 7-1d, virginity isan inter-
vening variable between attitude and clinic use; in Figure 7-le, virginity is
antecedent to both attitude and clinic use.

Analyses of the data in Table 7-1 will show that the only two unsaturated
loglinear models providing an acceptable fit to the data are u,,; = 0, and
u,, =u,,3 = 0. Moreover, the no second-order interaction model does not
provide asignificantly better fit than the simpler model. The causal diagrams
consistent with the simpler model are given in Figures 7-Ic, d, and e.

7.2 Recursive Systems of Logit M odels

When working with more than three categorical variables we must takecare
in carrying out analysesleading to the preparation of path diagrams. Implicit
in the methods proposed by Goodman [1973a] is the causal ordering of
variables. Suppose, for example, that we have four variables: A, B, C, and D.
If the causal ordering is

A precedes B precedes C precedes D, (7.1)

then we should construct a diagram based on logit modelsfor (1) B given A,
(2)C given A and B, and (3)D given A, B, and C. Thisset of threelogit models,
when combined, characterizestheconditional joint probability of B, C,and D,
given A. If the causal ordering is

A
(and)precede C precedes D, (7.2)
B

then Goodman suggests that the relationship between A and B can be
measured on the basis of the corresponding marginal table, and the links
between the remaining variables can then be based on the logit models for
Cgiven A and Band for D given A, B, and C. Thispair of logit models charac-
terizes the conditional joint probability of C and D given A and B. When we
combine the two logit models with the marginal probability of A and B
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(jointly), we get a characterization of the joint probabilities associated with
al four variables.

The key feature of expressions (7.1)and (7.2) isthat they are both examples
of what is referred to in the structural equations literature as a recursive
system d models. That we should estimate the parameters in each of the logit
equations in such a recursive system by the usual methods corresponds to
the well-known resultsfor recursive systemsof linear regression models with
normal error terms (see, for example, Wold and Jureen [ 1953]): the MLEs
for the parameters in the system are just the MLEs of the parameters for each
equation in the system when viewed separately.

We can assess thefit of a recursivesystem of logit models by directly check-
ing thefit of each of the component modelsin the usual way, or by computing
aset of estimated expected cdll valuesfor the combined system. Thecomputa-
tion of these combined estimates is best illustrated by an example. Suppose
we have four variables causally ordered as in expression (7.2). Then the
estimated expected cell values for a system consisting of the pair of logit
models implied by (7.2)are given by
mABIC !;T:}f!cu)

ik
ABC|D ?
lt_,ik+

37k z==
Mijyy =

AB|C 5> ABC|D
mukl mtﬁd

Xig+ (7.3)
where {m{f!“} are the estimated expected values for the logit model with
variable C as the response variable and {mfif '’} are the estimated expected
valuesfor the logit model with variable D as the response variable. Since the
latter model involves conditioning on the marginal totals {x;; . }, we get the
second equality in expression (7.3).Next suppose we have the causal ordering
implied by expression (7.1).Then the estimated expected valuesfor the system
of three logit models implied by (7.1)are given by

AI AB|C mABCID
gk ikl {?4}

.

B
m
f ke —
r”ukf

Yi;++ xlﬂc+

where {m18}, {mAf1€}, and {mAS7'1P} are the estimated expected values for
thelogit modelswith variables B, C, and D, respectively, asresponse variables.

Because of the simple multiplicative form of the estimated expected values
in (7.3) and (7.4), the likelihood-ratio statistic G2 for testing the fit of the
combined system is simply the sum of the likelihood-ratio statistics for the
component models. For example, for the system implied by (7.2) with the
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expected values given by expression (7.3), if

Gi =2 Z Xijki log(xijkl/rh?}kl), (7.5)
Glpe = 2 z Xijue 108 (X /MAPIC), (7.6)
ijk
and
GiBCID =2 z X jki lOg(xijkl/r;lS'Il:IClD), (7.7}
ikl
then
Gi =~ Gfmm + Gipe (7.8)

Similarly, for the system implied by (7.1) with expected values given by ex-
pression (7.4), if

G2, =2 Z Xij 108 (Xig00/ AR (7.9)
ijki
and
Gy =2 Z Xijes 1oy, /MAP), (7.10)
ij
then
Gi* = Gju; o Gjmc e GzziBCJD- (7.11)

Goodman [1973a, b] has used these techniques to analyze an example pre-
sented by Coleman [1964]. Each of 3398 schoolboys was interviewed at two
pointsin time and asked about hisself-perceived membership in the"leading
crowd" (in= *, out = —) and his attitude toward the "leading crowd"
(favorable= +; unfavorable= —). The resulting data are reproduced in
Table 7-2. This example is an illustration of what is commonly referred to
as a two-wave, two-variable panel model. In order to continue with the nota-
tion used earlier in this section, we label membership and attitude in the
first interview by A and B, respectively, and in the second interview by C
and D, respectively.

What assumptions regarding the causal ordering of variables might one
assume for data in this example? One plausible assumption isthat A and B
precede C and D (they clearly do so in a temporal sense). A second, more
speculative assumption might be that attitudes toward the "'leading crowd"
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Table7-2
Two-Wave Two-Variable Panel Data for 3398 Schoolboys: Membership in and
Attitude toward the" Leading Crowd" (Coleman [1964])

Second Interview
Membership | *+ + - _

Attitude | *+ - + -
Member-  Attitude
ship
+ + 458 140 110 49
First + - 171 182 56 87
[ nterview - + 184 75 531 281

85 97 338 554

affect membership in it, which would result in the causal order suggested by
expression (7.1).The relationship between variables A and B is measured by
the cross-product ratio (& = 1.53) of the two-dimensional marginal table or
i log & (seeexpression (2.22)):

Attitude (B)
+ -
+ 757 496
Membership
(A) - 1071 1074

Totest whether « = 1, we compute the likelihood-ratio statistic: G35 = 35.1,
avaluein the extremeright-hand tail of the ¥ distribution. Thusweconclude
A and B are positively related. Note that we are not in a position, on the
basis of the data themselves, to distinguish between the causal orderings" A
precedes B” and "B precedes A" because of the symmetry inherent in the
form of the cross-product ratio. Because A and B are assumed to be related
in our mode! building, we have m{!® = x;;. ., and so the combined estimates
in expression (7.4) reduce in form to those described by expression (7.3).
Next we turn to building a togit model with C (membership at the time
of the second interview) asthe response variable and A and B asexplanatory.
The three unsaturated loglinear models corresponding to such a logit model
are
1 [AB] [AC] [BC] (1d.f;G2=0.0)
2.[AB] [BC] (2df.; G? = 1005.1)
3.[AB] [AC] (2df;G?%=27.2).
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The only one of these models that provides an acceptable fit to the data is
model 1 (no second-order interaction). Model 1 corresponds to the logit
model

ABIC

logitAPI€ = |og (m';ll,lc) = wABIC + 4 BIC + wif)s (7.12)
lj2

and the estimated effect parameters for this model are w{fl{ = 1.24 and
Wity =022

Finally, we turn to building a logit model with D (attitude at the time of
the second interview) asthe response variableand A, B,and C asexplanatory.
There are eight unsaturated loglinear models corresponding to such a logit
model with no second-order interaction effects (each of three two-factor
effects may be present or absent), and we list four of these here:
4. [ABC] [AD] [BD][CD] (4df; G2 =12

5. [ABC][BD] [CD] (5d.f; G* = 4.0)
6. [ABC] [AD] [CD] (5d.f.; G2 = 262.5)
7.[ABC] [AD] [BD] (5d.f; G2 =157).

Models 4 and 5 both provide an acceptable fit to the data, while models 6
and 7 do not. Since model 5isaspecial caseof model 4, and since thedifference
G?(5) — G?(4)= 4.0 — 1.2 = 2.8 is not significant when compared with the
0.05 tail value for the x? distribution, our preferred model is model 5. The
corresponding logit model is

ABC|D
logit#Z€1P = w

and the estimated effect parameters for this model are w4f5'® = 0.58 and
w4ES!P = 0.21. Theestimated expected cell values (computed using expression
(7.3))for the recursive system of logit models are displayed in Table 7-3, and
the system is summarized by the diagram in Figure 7-2. Note that, following

ABCID + ,,,ABC|D + .,, ABC|D
! Wzml w3(k,' ) (7.13)

Table 7-3
Expected Vdues for Sysem d Logit Modes Given by Expressions(7.12)and (7.13)
Second Interview
Membership | + + _ _
Attitude | *+ - + _
Membership  Attitude
+ + 4477 1512 104.6 535
First + - 169.4 1828 546  89.3
Interview _ + 193.0 65.2 537.7 275.2
— - 88.0 949 338.1 553.0
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A >

A

4 4

B >
First Interview Second Interview
Figure 7-2

Path Diagram Showing Causal Connections Implied by the Logit Models (7.12) and
(7.13)

our earlier discussion, we have not assigned any numerical values to the
arrows. Also, the arrow going between A and B hastwo heads since wecannot
distinguish between A causing B and B causing A. For the combined recur-
sive system we have G2 = 4.1 with 6 d.f,, clearly a good fit. The difference
between G2 and Gy T G2 = 4.0isdueto rounding error.

The causal interpretation of Figure 7-2 isthat (1) membership and attitude
at the time of thefirst interview are related; (2) membership at the time of the
second interview is affected by both membership and attitude at the time of
the first interview (and there is no second-order effect of these two variables),
as indicated by equation (7.12);and (3) attitude in the second interview is
affected by concurrent membership and previous attitude, as indicated by
equation (7.13).

There are other recursive systems of logit models, based on other assump-
tions, which providejust asgood afit to these dataasthe system in Figure 7-2.
For example, Goodman [1973b] describes a system with an apparent time
reversal based on markedly different causal assumptions.

If wc were not especially concerned about structuring the variables in this
example in termsof a series of logit models, Figure 7-2 might suggest that we
consider fitting the following loglinear model to the four-dimensional array,
with a two-factor effect corresponding to each arrow in the diagram:

8. [AB] [AC] [BC] [BD] [CD].
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The likelihood-ratio goodness-of-fit statistic for this model has a value
G2 = 4.1with 6 d.f. It is not a coincidence that this numerical value and the
associated degrees of freedom are identical to those for G2, that is, for the
recursive pair of logit models. Given that model 5 fitsthedata, the generaliza-
tion of Theorem 3-1 on collapsing tables (p. 49) says that we can test for the
absence of the second-order interaction involving variables A, B, and C in
the marginal tableinvolving those variables by fitting model 1. It then follows
from the standard results on partitioning G2 that the sum of the likelihood-
ratio statistics for models 1 and 5 equals the likelihood-ratio statistic for
model 8. We note that fitting recursive systems of logit models is not always
equivalent to fitting a single loglinear model to the full cross-classification.

7.3 RecursiveSystems: A More Complex Example

While the example in the preceding section illustrates the basic features of
theanalysis of recursive systems of logit models, it doesnot illustrateall of the
difficulties alluded to in Section 7.1. The following example includes poly-
tomous variables and logit models with second-order interaction effects.

In astudy of a randomly selected cohort of 10,318 Wisconsin high school
seniors, Sewell and Shah [1968] explored the relationship among five
variables: (A) socioeconomic status (high, upper middle, lower middle, low),
(B) intelligence (high, upper middle, lower middle, low) as measured by the
Hemmon-Nelson Test of Mental Ability, (C)sex (male,female), (D) parental
encouragement (low, high), and (E) college plans (yes, no). The five-dimen-
sional cross-classification is reproduced here as Table 7-4. In the course of
their analysis, Sewell and Shah propose a causal model that can be described
by

A
and
B |precede D precedes E. (7.14)
and
c
Corresponding to this causal structure is a pair of logit models: one with
parental encouragement as a response variable and socioeconomic status
(SES),intelligence (1Q), and sex as explanatory, and the other with college
plansasthe response variable and all four remaining variables asexplanatory.
We develop the two logit models separately, beginning with the first one
with variable D, parental encouragement, as the response variable. Some
plausible unsaturated logit models are:
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Table7-4
Social Class, Parental Encouragement, 1Q, and Educational Aspirations(Sewell and
Shah, 1968)
S 1Q College Parental SES
ex Plans Encouragement L LM UM H
M L Yes Low 4 2 8 4
High 13 27 47 39
No Low 349 232 166 48
High 64 84 91 57
LM Yes Low 9 7 6 5
High 33 64 74 123
No Low 207 201 120 47
High 72 95 110 90
UM Yes Low 12 12 17 9
High 38 93 148 224
No Low 126 115 92 41
High 54 92 100 65
H Yes Low 10 17 6 8
High 49 119 198 414
No Low 67 79 42 17
High 43 59 73 54
F L Yes Low 5 11 7 6
High 9 29 36 36
No Low 454 285 163 50
High 44 61 72 58
LM Yes Low 5 19 13 5
High 14 47 75 110
No Low 312 236 193 70
High 47 88 90 76
UM Yes Low 8 12 12 12
High 20 62 91 230
No Low 216 164 174 48
High 35 85 100 81
H Yes Low 13 15 20 13
High 28 72 142 360
No Low 96 113 81 49
High 24 50 77 98
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1. [ABC][AD][BD][CD] (24d.f.; G2 =55.81)
2. [ABC][ABD][CD] (15d.f.; G2 = 34.60)
3. [ABC][BCD][ACD] (18 d.f.; G2 = 31.48)
4.[ABC][ABD][BCD] (12d.f; G? = 22.44)
5.[ABC][ABD][ACD] (12d.f; G2 = 22.45)

6. [ABC][ABD][ACD][BCD] (9df;G2= 922).

The fit of model 1, with only first-order logit effects of the explanatory
variables, issignificant at the 0.001 level, and an examination of the residuals
strongly suggests the inclusion of all three possible second-order effects.
Models 2, 3, 4, and 5include one or two such effects,and while they represent
significant improvements (at the 0.01 level) over model 1, thefit of each isstill

Table7-5
Estimated Logit Effect Parameters For Model 6, Predicting Parental Encouragement,
Fitted to Data from Table 7-4

()  wABaP = _0.124
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significant at the0.05level. Finally model 6, with all three second-order effects,
provides a very good fit to the data, and the differences between this model
and each of models 3, 4, and 5 are all significant at the 0.01 levdl.

The estimated logit parameters for model 6 are given in Table 7-5. (All
of the final digits are multiples of two since appropriate loglinear estimated
effects were computed to three decimal places and then doubled.) Note that
the first-order estimated effects of SES, |Q, and sex are as we might expect.
Thelogit for low versushigh parental encouragement decreases monotonical-
ly as we move from low to high SESand from low to high 1 Q, and males get
more encouragement than females. The sex by | Q interactive (second-order)
effectsare monotonically ordered, with low | Q males receiving relatively less
encouragement than low | Q females and high | Q males receiving relatively
more encouragement than high | Q females. The other two sets of second-
order effects are not monotonically ordered and are thus more difficult to
interpret. The magnitude of second-order effectsrarely exceeds two-thirdsthe
magnitude of the smallest first-order effects.

Next weturnto thelogit model for predicting college plans. Some plausible
unsaturated models are:

7.[ABCD][E] (63d.f.; G2 = 4497.51)
8. [ABCD] [AE] [BE][CE][DE] (55d. ;G2 =73.82)
9. [ABCD] [BCE] [AE][DE] (52d.f.; G2 = 59.55)

Table 7-6
Estimated Logit Effect Parametersfor Model 9, Predicting College Plans, as Fitted to
Datain Table 7-4
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10. [ABCD] [BCE] [ACE] [DE] (49d.f; G* = 57.99).

Thefit of model 8, with only first-order logit effects, isbarely significant at the
0.05 level, whereas the fit of model 9 corresponds to a 0.22 descriptive level
of significance, and the difference in fit between the two is significant at the
0.005 level. Sincemodel 10 does not giveasignificant improvement in fit over
model 9, we conclude that model 9 isthe most parsimonious model providing
a good fit to the data.

Table 7-6 gives the estimated logit effect parameters for model 9. Asin
Table 7-5, thefirst-order logit effects are as we might expect, with monotoni-
cally increasing effects of SES and 1Q on college plans and positive effects
associated with high parental encouragement and with being male. The
second-order effectsinvolving sex and 1 Q are again monotonic and show that
amaewithalow IQismuch lesslikely to plan for college than afemaewith a
comparable | Q, whereas the oppositeis true for males and females with high
1Qs.

The existence of second-order effectsin the pair of logit equations, and the
multiple categories for SES and 1Q, make a simple diagrammatic representa-
tion of the logit system for the datain Table 7-5 impossible.

7.4 Nonrecursive Systems of Logit M odels

The results on recursive systems of logit models described in Section 7.2
mimic the resultsfor recursive systems of linear equationswith additive error
terms. In such systems the " causal linkages™ all run in one direction.

Econometricians, and more recently sociologistsand other social scientists,
have spent considerable effort studying nonrecursive systems of linear
eguations with additiveerror terms. In these nonrecursive systems, the causal
linkages between at least two response variables run both ways. For example,
in asystem involving four variables Xy, X, X5, and X, the following pair of
"structural™ equationsillustrate a nonrecursive system:

X3 = P31 Xy + Baa Xy + &3, (7.15)
Xy = Bar Xy + BazX; + &4, (7.16)

where ¢; and ¢, are random-error terms with zero means. Note how X, is
used for predicting X5 in equation (7.15), while X35 is used for predicting
X, in equation (7.16). The aim of this nonrecursive system is to explain the
relationship between the jointly dependent variables, X; and X, in terms of
the separate ""causal effects” of X, on X5 and of X3 on X,, with f,4 not
necessarily equal to 1/8,5. If we make appropriate assumptions for such
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systems, then we can identify or separate out these reciprocal effects. Duncan
[1975a] provides an excellent introduction to both recursive and nonrecur-
sive systems of linear structural equations with additive error terms, and
econometrics textbooks such as Fisher [1966] and Goldberger [1964] give
additional technical details.

Can we set up nonrecursive systems of logit models for categorical vari-
ables, with properties resembling those of the nonrecursive systems of linear
structural equations? The answer to this question is no. We can best see
the problems in the categorical case in the context of an example involving
four dichotomous categorical variables, A, B, C, and D, with A and B oc-
curring a priori to C and D. We would like to predict simultaneously varia-
tionsin D using B and C and variationsin C using A and D. One possible way
to model such a situation isthrough the following pair of simultaneous logit

models:
ABC|D

m; . .
k1 _ ABC|D ABC|D ABC|D
log —scip =W +Wig" + Wigy s (7.17)
ijh2
ABD|C
mijyg ABD|C ABD|C ABD|C
IOg ABIW' =W + W](” + W“”} . {7‘18]
M2y

Variables C and D are both response and explanatory variables in this
system. Equations (7.17) and (7.18) mimic the form of the linear structural
equations (7.15) and (7.16). The parallel, however, is far from complete, and
there are two essential differences between the two situations. First, there are
noerror termsin (7.17)and (7.18).Second, the quantities on the left-hand side
o these logit models are not random variables asin (7.15)and (7.16). Rather
they are functions of probabilities or parameters. Brier [1978] has shown
that reciprocal effects can never be separated in systems of simultaneous
logit models, that is, W33'” = W3PS, so that the effect of C on D isiden-
tical to the effect of D on C. This essential feature of simultaneous logit
models has been missed by others who have tried to view them by analogy
only (see, for example, Mallar [1977]). Fitting each of the logit models
independently to a four-dimensional table produces unequal reciprocal
effects of the response variables (see, for example, Nerlove and Press [1973])
but ignores the simultaneity of the models.

Both Muthén [1976] and Heckman [1977] have presented simultaneous
eguation systems for categorical response situations in which the identifica-
tion of nonidentical reciprocal effectsis possible. Their models are based on
latent continuous variables and make use of the probit rather than the logit
transformation. Their methods are relatively complex and go beyond those
considered in this book.
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7.5 Retrospective Epidemiological Studies

Thereisa specificclass of studies, most common in epidemiological research,
in which, instead of working forward (in a prospective manner) from ex-
planatory variables to responses, investigators work in reverse. They start
with the existence of a disease and work backwards in time to discover
differences between those who have contracted the disease (i.e., cases) and
those who have not (i.e., controls). In such retrospective studies we first
identify the cases, then choose the controls, and finally compare the cases
and controls to see how they differ. Thus the totals for the natural response
variable— the presence or absence of disease— arefixed rather than thetotals
for one or more of the explanatory variables. Even though we appear to have
done everything backwards, we can still estimate the effects of explanatory
variables on the response variable as a result of properties associated with
the cross-product ratio (and thus u-termsin loglinear models). This point is
most easily illustrated in the context of a2 x 2 table.

Let D and D refer to the presence and absence of the disease, respectively,
and A and A4 to the presence and absence of some (potentially causal)
characteristic. In the prospective study wefix the proportions associated with
A and 4 and then observe the numbers corresponding to D and D. The
standard measure of the association between the two variables is the odds
ratio,

wpey — PY(DIA) Pr(DIA)
PRO = pr(DIA) Pr(DIA)
In the retrospective study we fix the proportions for D and D and then go

back and find the numbers corresponding to A and 4. The oddsratio relevant
to thissituation is

(7.19)

_ Pr(4ID) Pr(AID)
*RET = pr(FID) Pr(AID)’ (2]
By invoking either Bayess theorem or the invariance property of the cross-
product ratio discussed in Section 2.5, we immediately see that

Opro = URET (7.21)

and thus the retrospective study measures the same relationship between the
explanatory and response variables as does the prospective study.

When we do a retrospective study with several explanatory variables, we
often focus on one of them asa potential causal agent and simply control for
the others. A standard approach in such circumstances is to fit a logit model
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Table7-7
Data on Number of Mothers with Previous Infant Losses (Cochran [1954])
Birth Order
2 3-4 5+ Totals
L osses Yes No Yes No Yes No
Problems | 20 82 | 26 41 27 22 | 218
Controls | 10 54 16 30 | 14 23 | 147
Totals { 30 136 [ 2 71 { 41 45 [ 365

using the explanatory variable that is the potential causal agent as if it were
the response, while placing conditions on all of the remaining variables. We
illustrate this approach by an example.

Cochran [1954] presents an example comparing the mothers of Baltimore
school children referred by their teachers as presenting behavioral problems
with mothers of a comparable group of control children. The basic data are
reproduced in Table 7-7. The three variables involved in this study are
(1) group (problemsvs. controls), (2)infant losses (e.g., stillbirths) previous to
the child in the study (yes, no), (3) birth order of child (2, 3-4, 5+). We are
interested in the effects of previous losses and birth order on the outcome
variable (problemsvs. controls). Note that the number of problems and the
number of controls are fixed by design.

Various authors (e.g., Grizzle [1961] and Kullback [1973]) have fitted
logit modelsto these data, treating infant losses as the response variable and
the other two variables as explanatory. The simple model of logit additivity
(i.e., no second-order interaction) fitsthe data extremely well: G2 = 0.85with
2d.f. The logit models that exclude the effect of problem vs. control and
of birth order have associated goodness-of-fit values of G2 = 3.15 and
G2 = 28.20 with 3 and 4d.f., respectively. Thus birth order is related to
previous infant losses, but problem vs. control seemsto be unrelated. Finally,
we turn the model around and note that there appears to be no difference
between problem and control children asa result of previous losses.

Recently economists have proposed the use of retrospective studies of the
case-control form under the label of "endogenous" or "choice-based"
sampling (see, for example, Manski and Lerman [1976], Manski and Mc-
Fadden [1977], and McFadden [1976]). Their logit models have essentially
the same structure as the epidemiological models.

Wegivea brief discussion of the formal justification for the use of standard
logit analysis on retrospective data in the next section.
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7.6 Logistic Modelsfor Retrospective Data

Farewell [ 19791 presents an excellent discussion of the use of logistic models
in examples such as the preceding one, in which we condition on disease
status, even though the model of intrinsic interest is a logistic one with
disease incidence conditional on risk factors. He begins by noting a crucial
assumption: because the sampling of cases and controls must occur at a
specific point in time, it isstill possible for thecontrolsto develop the disease
later! This possibility is ruled out, however, in the usual retrospective
epidemiological model. For the prospective model (following Farewell's
description) we have

Pr{Y = 1|X} = —SXPLt BX)

1 +expla+ BX) 723

but in the retrospective situation we begin with the knowledge of who isa
case and who is a control. We might even know the value of the marginal
probability, Pr{Y = 1}, but such information is not critical to what follows.
Let ¢, be the probability of selecting a case, and ¢, the probability of select-
ing a control. These probabilities are assumed to be independent of X, and
are not necessarily known.

Conditional on being observed as part of the retrospective sample, the

probability of Y = [ given X is
*IY — v ePr{y=1]X}
Prij¥=LjX}= @ Pr{Y = 1|X} + ¢oPr{Y = 0| X}

_exp(a* + fX)
1 +exp(x* + BX)

where o* = ¢ T log{e,/®,). Thus inferences about B from the prospective
model (7.22)can be made from the retrospective model (7.23), but the con-
stant terms in the two models differ. The presence of the same vector of
parameters, g, in both (7.22)and (7.23) includes as a special case the equality
in equation (7.21). Inferences about «, however, require knowledge about
©1/Po.

Anderson [1972] has shown that constrained maximum-likelihood esti-
mates of o«* and B, given that Pr*(Y = 1) = r/n, the sample proportion of
cases, are algebraically equivalent to the unconstrained estimates based on
using (7.23)asif it were a prospective model. This theoretical result provides
thejustification for our analysis of thedata in Table 7-7, given in Section 7.5.

(7.23)
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Problems

7.1. For the data on occupation, aptitude, and education discussed in
Section 3.7, illustrate the possible path diagrams consistent with the well-
fitting models, and indicate which of these make sense given the substantive
information you have regarding the data set.

7.2 (Goodman[1973a]). Thedatain Table7-8, from astudy by Lazarsfeld,
give the cross-classification of 266 respondents, each interviewed at two
successive pointsin time, with respect to their voting intentions (Republican
vs. Demaocrat)and their opinion of the Republican candidate(For or Against).
Develop a well-fitting recursive system of logit modelsfor these data.

Table 7-8
Second interview
Vote intention Republican Democrat
Candidate opinion For Aganst For Against
Vote Candidate
intention opinion
. For 129 3 1 2
First Republican 4 o oinst 1 23 0 1
interview For 1 0 12 11
Democrat Against 11 2 68

7.3 (continuation). Find the most parsimonious loglinear model that fits
thedatain Problem 7.2. Isthis model equivalent to your recursive system of
logit models?

74. Goodman [1973a] presents data of Wilner, Walkley, and Cook giving
the cross-classification of 608 white women in public housing with respect to
proximity to a Negro family, favorableness of local norms toward Negroes,
frequency of contacts with Negroes, and favorableness of respondent's atti-
tudes (sentiments) toward Negroes in general (Table 7-9). Find a suitable
loglinear model that fits these data, and summarize the relationships among
the four variables by means of a path diagram.
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Table7-9
Sentiment
Proximity Norms Contact + -
+ + + 77 32
+ + — 14 19
+ - + 30 36
+ - - 15 27
+ + 43 20
- -~ 27 36
= + 36 37
- 41 118

139

75. Veify thevaluesof G2 reported in Section 7.5for thedatain Table 7-7.

7.6 (advanced). Following the approach for recursive systems of logit
models in Section 7.3, explain how to compute estimated expected cell values
for a set of logit models for the continuation ratios associated with a poly-

tomous response (see Section 6.6).



8
Fixed and Random Zeros

Zeroentriesin contingency tables are of two types: fixed and sampling zeros.
Fixed zeros occur when it isimpossibleto observe valuesfor certain combina-
tions of the variables (e.g., in a hospital study, we cannot find "*male obstetri-
cal patients,” so that the zero is due to an honest zero probability for that
cdl). In Sections 8.2and 8.3 weshall briefly indicate how to extend the models
and methods already discussed to such incompletetables.

Sampling zeros are due to sampling variation and the relatively small size
of the sample when compared with the large number of cells; they disappear
when we increase the sample size sufficiently (e.g., in a national study in-
volving religious afiliation and occupation, we are not likely to find many
Jewish farmers from lowa, yet such individuals do exist).

8.1 Sampling Zerosand MLEs in Loglinear M odels

For multidimensional contingency tables, in which the number of cells is
often quite large, it isdifficult to get asufficiently large sampleto rid ourselves
of al the sampling zeros. One of the most powerful properties of the models
and methods of estimation discussed so far is that cells with zero entries
due to sampling variation can have nonzero expected values. For example,
the estimated expected valuesfor all of the modelsfit to thedatain Table 3-6
are nonzero.

In order that thecomputed expected cell valuesfor a particular model beall
positive, we must make certain that, if there are two or more sampling zeros,
when one observed zero cell is made positive, one of the remaining observed
zero cellsis not made negative. For example, consider a2 x 2 x 2 tablewith
positive observed values except for the (1, 1, 1) and (2, 2, 2) cells (see the
example in Table 8-1a). If the model being fitted is one with no three-factor
interaction but all two-factor interactions, making the (1, 1, 1) cell positive
automatically makes the (2, 2, 2) cell negative because the expected cell
values must satisfy three sets of two-dimensional marginal constraints. It is
often quite difficult to ascertain when situations such as the one in this
example occur; however, when theiterative proportional fitting procedureis
used to get expected values for models in tables with "too many" sampling
zeros, it converges to a table with zero entries in some of the cells that
originally had sampling zeros. If we examine the expected values after each
cycle of the iteration, we can often detect that the values in some cells are
converging to zero.

On the other hand, the computed expected values are aways positive if
there isonly one sampling zero in a table. For example, suppose the(1, 1, 1)
cdlina2 x 2 x 2tablehasa zero observed vaue dueto sampling variation
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Table81
(a) Exampleof a2 x 2 x 2 table for which there do not exist positive MLEs of the
expected cell values under the model «, ,; = 0.

lo]s 69

16 | 7 SiO

(b) Example of a2 x 2 x 2 table with an observed two-dimensional marginal total
equal to zero.

s| [e]9

16 Si?

while the remaining seven cells have nonzero observed values. Then each
one-way and each two-dimensional observed marginal total is positive, and
the expected valuefor the(l, 1, 1) cell will be positive under any of the seven
models that do not include the three-factor interaction term.

The iterative estimation procedure presented here can be used with only
one minor change when the observed marginal totals, required for a given
loglinear model, have some zero entries. That change isto define zero divided
by zeroaszero. Thus, if an entry in an observed marginal total used for agiven
model iszero, all entries adding up to that total will necessarily remain equal
to zero during the iterative procedure.

In order to test the goodness-of-fit of a model that uses an observed set of
marginal totals with at least one zero entry, we must reduce the degrees of
freedom associated with the test statistic. The reason for thisis quite simple.
If an observed marginal entry is zero, both the expected and the observed
entries for all cellsincluded in that total must be zero, and so the fit of the
model for those cells is known to be perfect once it is observed that the
marginal entry is zero. As a result, we must delete those degrees of freedom
associated with thefit of the zero cell vaues.

For an example of how to reduce the degrees of freedom, consider a
2 x 2 x 2 table with positive observed values except for the (1, 1, 1) and
(2, 1, 1) cells (see Table 8-1b). Here the observed marginal total x,,, =0.
Now supposethat thetotals x . ;;are being used to get cell estimatesfor agiven
model. If we have thetotal x, ,,, knowledge of x, ,, issufficient to determine
X511, and conversely. Thusthereisone degree of freedom associated with the
cellsadding up to x, ,,, and it must be subtracted from the total degrees of
freedom when x, ,, = 0. On the other hand, if the model being fitted has no
three-factor interaction but all two-factor interactions, the total degrees of
freedom is only one. If x,,, =0 in that situation, there are no degrees of
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freedom left, and the fit of the model is perfect. The procedure for handling
zero marginal totals discussed here would also be used if al the sampling
zeros, corresponding to the observed zero marginal totals, were actually
fixed zeros (see Sections 8.2 and 8.3).

A general formula for computing the degrees of freedom in cases where
some of the marginsfitted contain sampling zerosis as follows:

df.=(T.-2) - (T, - Z), (8.1)
where
T. = # cdlsin table that are being fitted,
T, = # parameters fitted by model,
Z. = # cellscontaining zero estimated expected values,
Z, = # parameters that cannot be estimated because of zero marginal

totals.
Note how (8.1) generalizes our earlier formula (3.42)for degrees of freedom.
Theapplication of thisformulato the two examples aboveisstraightforward,
but we must take care in more complicated cases where a zero cell entry
corresponds to multiple zero marginal totals (see Bishop, Fienberg, and
Holland [1975], pp. 114-119, for further details).

It is rather difficult to find contingency tables in the biological or social
science literature that contain zero cell values, let alone zero marginal totals.
This is mainly due to suggestions on the collapsing of categories that are
found in most elementary statistical textbooks. It is my opinion, however,
that when the categoriesfor a given variable are truly meaningful, collapsing
of categories is not necessarily a good procedure, especially given the avail-
ability of the methods just described.

8.2 Incomplete Two-Dimensional Contingency Tables

Many authors have concerned themselves with the analysis of contingency
tables whose entries are missing, a priori zero, or otherwise predetermined.
One way to treat such data is to remove these special cells from the model
building and analysis process, after which we are left with a contingency table
that issaid to bestructurally incomplete. Note that thistype of incompleteness
isakin to truncation of the full table, and it should not be confused with the
incompleteness that results from not being able to completely cross-classify
al of the individuals in astudy. For adetailed discussion of the latter class of
problems, see Chen and Fienberg [1974, 1976].

One of the most serious problemsencountered in the application of incom-
plete contingency table methodology is that investigators who have data
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in the form of an incomplete contingency table often fail to recognize that
fact. They either fill in the cellscontai ning fixed zeros using some™ appropriate
vaues" or they collapse the data (i.e., they collapse either the number of
categories for certain variables or the number of variables) until the fixed
zeros have "vanished.” Some times the occurrence of fixed zeros or missing
entries leads the researcher to abandon analysis of the data. These practices
can lead to inappropriate conclusions, general confusion, and bad science.

In this section we briefly illustrate the application to incomplete situations
of the methodology for complete cross-classifications. There are several
technical problems that we shall ignore here. Readers interested in more
detailed accounts should refer to Bishop, Fienberg, and Holland [1975],
Goodman [1968], and Haberman [1974a].

We begin with two-dimensional tables. Let S be the set of cells in an
I x Jarray that remain after the exclusion of missingentriesand fixed values,
and let x;; be the observed count in the(i, j) cell and m;; be the corresponding
expected value. For those cells not in the set Swe put x;; = m;; = 0 so that
we can continue to use our usual notation for marginal totals. For example,
if S consists of all cellsbut (1, 1), then

still represents the expected count for the first row of theincomplete array S.

We propose to use the same loglinear models for the incomplete array S
as we did in Chapter 2 for complete arrays; that is, by analogy with the
analysis of variance, for cells(i, j)e S we set

log my; = u + gy + gy + Upagps (8.2)
where
' £,
Z i = Z”zu‘; =0 (8.3)
i=1 j=1
and
I J
Z 5.‘;‘ Uyaip = Z 5.‘;‘ Upauj = 0, (8.4)
i=1 j=1
with

, t for(i,j)eS.
3, = {o otherwise. ®3)
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Those u, ,-terms in (8.4) that correspond to cellsnot in Sare set equal to an
arbitrary finite quantity so that (8.4) is well-defined, and they never enter
into formal consideration.

A very special type of incomplete array arises when we observe objects or
individuals in pairs, and the pair (j, i) is indistinguishable from the pair (i, j)
(e.g., frequencies of amino acid allele pairs in a protein). The resulting data
are usually displayed in a triangular table with the same labels for rows as
for columns. For such tablesitis natural to set u,;, = u,; in expression (8.2).
Larntz and Weisberg [1976] give further details on the use of loglinear
modelsfor such situations (see Problems 8.8 and 8.9).

We now define the model of quasi-independence by setting

05 =0 for (i,j)eS, (8.6)
so that
log m;=u + Ui + Uy for (i,j)eS (8.7)

In other words, the variables corresponding to rows and columns are quasi-
independent if we can write the {m;;} in the form

0 otherwise.

Quasi-independence is like independence as it applies to the nonempty cells
of atable.

When we estimate the expected cell values in an incomplete table under
the model of quasi-independence, the MLEs under all three of the usual
sampling schemes are the same (see Chapters 2, 3, 5, and 6) and are usually
unaffected by the presence of sampling zeros, provided no row or column
has an observed zero total (for technical details see Fienberg [1970c, 1972a],
Haberman [1974a], and Savage [1973]). These MLEs are uniquely deter-
mined by setting observed marginal totals equal to the MLEs of these ex-
pectations:

rhi+=xi+’ i:1a2»"-a|: (89)
rh+j=x+j9 j=1125""J’
where the m;; satisfy the constraints of the model — (8.7)or (8.8).
Only in somespecial cases (see Bishop, Fienberg, and Holland [1975]) can
we solve the maximum likelihood equationsin closed form; however, we can

aways get the solution by using the following version of iterative propor-
tional fitting. For our initial estimates we take

WY = 6, (8.10)
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where J,; is defined by (8.5).Then at the vth cycle of the iteration (v > 0) we
take

X5 5

S(2v+1) 2w T

mi’j‘ - mfj\ '*Il“.-‘!'i'l;‘ (8.11)
it

X4
S(2v+2) _ ~q2v+ 1y ot
f!'l“ = ﬁ?llf ,;?12\-1 1°

(8.12)
L]

continuing until the valuesfor the {i#,;} converge. Note the similarity between
(8.11) and (8.12) and (3.34)-(3.36), and their relationships to the maximum
likelihood equations.

The general rule (3.42)for computing degrees of freedom is still applicable
here. If there are ¢ cells that have missing or fixed entries, then the set S
contains IJ — e cells. The number of parameters fitted are | + J — 1 (1 for
.l — tfortheu,,J — Lfortheu, ;leavingld —e —(I T J - 1)=( — 1)-
(J — 1) — e degrees of freedom. Alternatively, we can use expression (8.1),
with T,=1J,Z, =e,and 7,=1 +J - 1.

In some situations it is desirable to break an incomplete set S into parts
that can considered separately for the calculation of d.f. Incomplete tables
in which thisis possible are referred to as separable, and the interested reader
is referred to the papers cited above for the technical details. Separability
is not a problem for the examples we consider here.

Example: Ploog [ 1967] observed the distribution of genital display among
the members of a colony of six squirrel monkeys (labeled in Table 8-2a as
R,S, 7 U, V,and W). For each display there isan active and passive partici-
pant, but a monkey never displays toward himself. Before analyzing the
data in Table 8-2a we delete the row for subject 7, since its marginal total
is zero, and thus al MLEs for cells in that row under quasi-independence
are also zero.

Table 8-2b contains the MLEs under the model of quasi-independence.
computed using the iterative procedure. The two goodness-of-fit statistics
used to test the appropriateness of the model of quasi-independence are
both extremely large: X2 = 168.05and G? = 135.17, each with 15 d.f. (there
are 5 rows, 6 columns, and 5 a priori zero cells, yieldingdf. =4 x5 - 5=
15).

A simple examination of the observed and expected values reveals just
how bad the fit is, and we conclude that various monkeys choose to display
themselves more often toward specific members of the colony. This infor-
mation is helpful in assessing the social structure in the colony.
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Table8-2

Distribution of Genital Display ina Colony of Six Squirrel Monkeys, as Reported by
Ploog [1967]. Rows represent active participants and columns represent passive
participants.

(a) Observed values

Name R S T U v w Total
R - 1 5 8 9 0 { 23
M 29 - 14 46 B 0 93
T 0 0 - 0 0 0 0
U 2 3 1 — 38 2 46
v 0 0 0 0 - 1 | 1
W 9 25 4 6 13 — 57
Total 40 2 24 60 64 3 220
(b) Expected values under model of quasi-independence

Name R h) T U vV w Total
R - 5.26 2.48 8.22 6.65 0.40 2301
S 19.18 - 10.32 34.18 27.66 1.65 93.00
U I 10.94 12.47 5.88 15.77 0.94 46.00
v 0.22 0.25 0.12 0.39 - 0.02 1.00
w 9.66 11.02 5.20 17.21 13.92 e 57.01
Total 40.01 29.00 24.00 60.00 64.00 3.01 220.02

8.3 Incompletenessin Several Dimensions

When we deal with incomplete multidimensional tables, by analogy with the
two-dimensional situation we can consider loglinear models applied only to
cells whose values are not missing or determined a priori. For simplicity we
look at three-dimensional tables since the extension to higher dimensions is
straightforward. S now represents the cellsin an incomplete | x J x K table
with observed and expected values x;; and m,;, respectively, and we set
xi = my = 0for (i, j,k) ¢ Sso that we can continue using our usual notation
for marginal totals. The most general quasi-loglinear model for cells(i, j, k)
in Sis
log my = u + uy) + Uy + Uzgy + Wizap + Urse + Uaage T Yi23me

(8.13)

whereas usual the u-termsaredeviationsand sum to zero over each included
variable. For example,



Fixed and Random Zeros 147

23 — s(3) — S2)
Z‘sf Ui = Z()ij Uraipy = Zai& Uy 3Gk
i

L}

(8.14)
= Z‘iijk Upaaijny = 0,
with
5 = 1 if(i,j,k)es,
790 otherwise,
1 ifé,, = 1for somek
3y _ ijk )
0 = {(} otherwise, (8:15)

PR b if 6, = 1 for some (j, k),
i 710 otherwise,

and similar definitions for 6%, 6, 6¢'*, and d{'?. We set those u-terms in
(8.14)that are not included in (8.13) equal to an arbitrary finite quantity so
that expression (8.13) is well-defined and we can continue using the same
notation as in the analysis of complete multidimensional tables.

We define various unsaturated quasi-loglinear models by setting u-terms
in (8.13)equal to zero, and, asin the analysis of complete tables, we restrict
our attention to hierarchical models. Haberman [1974a] gives a detailed
discussion regarding conditions (e.g., on the structure of S)that ensure the
existence of unique nonzero ML Es (also see Bishop, Fienberg, and Holland
[1975]).

Where there exist unique nonzero MLEs for the nonzero expected cells
or an incomplete multidimensiocal table and a particular quasi-loglinear
model, these MLESs are uniquely determined by setting expected marginal
configurationsequal to the observed marginal configurations corresponding
to the minimal sufficient statistics. For example, suppose we are fitting the
model specified by u,,; =0 in a three-dimensional table. Then the MLEs
are given by

Mije = Xij4s M = Xivko Moy = Xt jics (8.16)

where the subscripts in each set of equations range over all sets of valuesfor
which the expected marginal values are positive.

We can use the same iterative proportional fitting algorithm to solve
(8.16)aswedid in the complete tablecase to solve (3.32). Wetakeasour initial
values

r;qf?k) - 5ijka (8-17)



148 Fixed and Random Zeros

Table8-3
Reaults From Survey o Teenagers Regarding Their Health Concerns (Brunswick
[1971]): Cross-Classification by Sex, Age and Health Concerns

Hedth Mde Femde
Concerns 12-15  16-17 12-15  16-17
Sex,

Reproduction 4 2 9 !
Menstrud B 4 8
Problems

How Hedlthy

| Am 42 7 19 10
Nothing 57 20 71 31

where d,; is defined in (8.15). Then we cycle through steps (3.34)-(3.36)just
asin the case of complete tables.

The computation of degrees of freedom again follows from the genera
formula (8.1).lllustrations are given in the following examples.

Example. Brunswick [1971] reports the results of a survey inquiring into
the health concerns of teenagers. Table 8-3 presents an excerpt of the data
from this study previously analyzed by Grizzle and Williams [1972]. The
three variables displayed are sex (male, female), age (broken into two cate-
gories), and health concerns (broken into four categories). Since males do
not menstruate, there are two structural zeros in this table and a structural
zeroin the sex by health concern two-dimensional marginal table. Table 8-4
gives the log-likelihood ratios and Pearson chi-square values for various
loglinear models fitted to these data. Note that the degrees of freedom are
reduced by two from the usual degrees of freedom for acompl ete table, unless
the sex vs health concern margin isfitted, in which case the reduction is by
one.

The fit of the models in which u, 5 = 0 is quite poor, while the fit of each
of the models
(@) uy53 =0,

(byuy, =123 =0,
(C) uy3 =153 =0,
is acceptable at the 0.05 level of significance. Moreover, the difference in fit
between models (a)and (b) is quite small, while the difference in fit between
models (a)and (c)is almost significant at the 0.05 level of significance. This
analysis would suggest that model (b) is an appropriate onefor the data, its
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Tables-4
The Goodness-of-Fit for Various Loglinear Models as Applied to the Datain Table
8-3 (variablel = sex, variable2 = age, variable 3 = hedlth concerns)

Model G? X% df
[12][13][23] 203 203 2
[13][23] 486 498 3
[12][23] 1345 1312 4
[12][13] 943 962 5
[121[3] 2203 2259 7
[13](2] 1564 1595 6
[23][1] 1746 1705 5
[ 2113] 2824 3053 8

interpretation being that, given a particular health concern (other than
menstrual problems), there is no relationship between the age and sex of
individuals with that concern. We note that this is not the model decided
upon by Grizzle and Williams [1972]. They prefer model (), but their test
statistic for model (b) given model (a), which is quite different from ours in
numerical value, appears to bein error.

Example. For our second example we return to the data in Table 3-6 on
occupation, aptitude, and education. When weanalyzed these datain Chapter
3, we chose to treat al of the zero entries as sampling zeros, however, the
zerosin thefirst two columns of the subtable for occupation 3 (teacher) bear
further consideration. Few teachers in public schools, high schools, and
colleges have themselves not completed high school. The exceptions may
well be "nonstandard" teachers (e.g., of karate or music), whose responses
should perhaps not be analyzed with the remainder of the sample. We
therefore reanalyze the data from Table 3-6 treating all the entries in these
two columns asif they were a priori zero. One might also wish to treat the
two zeros under occupation 2 (self-employed, professional) in a similar
fashion; this task will be left asan exercise for the reader.

As before, we take variable 1 to be occupation, variable 2 aptitude, and
variable 3 education. The fits of al eight loglinear models to the truncated
dataaregivenin Table8-5,in a manner parallel to that of Table 3-7. Notethe
differences in the degrees of freedom.

Thefit of the modelsdifferslittiefrom our earlier analysis. The two models
providing an acceptable fit to the data are:

(Duy3=0,
(2)uy; =upa3=0.
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Table85
Values of Likelihood-Ratio Goodness-of-Fit Statistics for Data in Table 3-6 When
Entries for EI and E2 under 0 3 Are Treated as Empty A Priori

Model d.f. G?
[12][13][23] 28 17.3

[12][13] 40  183.7F
[13] [23] 40 41.8

[12] [23] 35  867.3*
(123 [3] 47  1046.1*
[13][2] 52 219.1*
[23][1] 47  904.2*

(1112131 59 1081.6*

*denotes values in upper 5% tail of corresponding x? distribution, with d.f. as
indicated.

Theconditional test of fit for model (2) given model (1) isbased on G? = 41.8
— 17.3 = 24.5 with 12 d.f. This value, when referred to the 2, distribution,
corresponds to a descriptive level of significance somewhere between 0.05
and 0.01, as before. Again we prefer model (2) to model (1), in part because of
its conditional-independence interpretation. Table 8-6 contains the fitted
valuesfor model (2). When we examinethestandardized residuals of theform
(X — Myp)// M, We find that the largest residuals correspond to the
column E4 (the highest level of education), and contribute well over 50% of
the vaue of G for this model.

8.4 Some Applications of Incomplete Table M ethodology

Not only areloglinear models for incomplete tables useful in their own right,
they have also proved to be of special utility for a variety of seemingly
unrelated problems such as (1) fitting separate modelsto different parts of a
table, (2) examining square tables for various aspects of symmetry, (3)
estimating thesize of a closed popul ation through the use of multiplecensuses
or labelings. These applicationsare described in great detail in Chapters5, 8,
and 6, respectively, of Bishop, Fienberg, and Holland [1975].

Several new applications of incomplete table methodology have recently
appeared, and three of these are described below.

The Bradley-Terry paired comparisonsmodel
Suppose ¢ items (e.g., different types of chocolate pudding) or treatments,
labeled Ty, T, ..., T,, arecompared in pairs by sets of judges. The Bradley-
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Table8-6
Estimated Expected Values under Quasi-Loglinear Model of Conditional Indepen-
denceof Occupation and Aptitude Given Education

ol 02
| E1 E2 E3 E4 | E1 E2 E3 E4
Al | 495 584 260 4.5 Al | 12 2.1 78 171
A2 | 646 791 535 108 A2 1.6 28 161 405
Al | 853 1072 840 210 A3 | 21 38 252 79.1
A4 | 294 494 448 102 A4 0.7 18 135 382
AS | 101 149 247 6.4 AS | 02 0.5 74 24.1
03 04
El E2 E3 E4 | El E2 E3 E4
Al | — — 13 184 Al | 1643 1475 1029 430
A2 | — — 28 438 A2 | 2147 2000 211.7 102.0
A3 . 43 855 A3 | 2835 271.0 3324 1993
A4 | — = 23 413 A4 | 978 1248 1774 963
A5 | — 1.3 260 AS | 336 376 976 606

Terry model postulates that the probability of T; being preferred to T, is

Pr(T; b T) = & L # ], (8.18)
m+m; Lji=1,2,...,1t,
where each n; > 0 and we add the constraint that Z{_, =, = 1. The model
assumes independenceof the same pair by different judgesand different pairs
by the same judge.

In the typical paired comparison experiment, T; is compared with T;
n;; > 0 times, and we let x;; be the observed number of times T; is preferred
to T, in these n;; comparisons. Table 8-7a shows the typical layout for the
observed data when t = 4, with preference (for, against) defining rows and
columns. An alternative layout is suggested by the binomia nature of the
sampling scheme, that is, the fact that the {x;;} are observations on in-
dependent binomial random variables with sample sizes {n;;} and *success"
probabilities {r;/(n; T = - In this second layout we cross-classify the counts
by the preferred treatment and by the pair being compared. Thus we get an
incompletet x (5) table, illustrated for thecaset = 4 in Table 8-7h.

The column totalsin Table 8-7b are now fixed by design, and the Bradley-
Terry model of expression (8.18)is identical to the model of quasi-indepen-
dence (see expression (8.8))for the corresponding table of expected values
once we take these fixed totals into account. Fienberg and Larntz {1976]
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Table8-7
Two Layouts for Datain Paired-Comparisons Study with t = 4

(a) Typical layout

Against
l T, T, T, T,
T, B X1z X3 Xy
T X21 - X23 X24
For 17| x5, %2 —
Ty | X4 Xqo  Xa3 —

(b) Alternative layout

Paired Comparison No.
( 1 2 3 4 5 6

T, Xi2 X1z %ia o
Preferred T, | x5, — — X223 X2a
Treatment 7T, | — *»1 X2 -— X3
T, — — Xa1 - Xaz X43

and Fienberg [ 1979a] give further detailsregarding loglinear representations
for the Bradley—Terry model and its generalizations.

One of the earliest applications of paired comparison models was to the
analysis of win-loss data for major league baseball teams (see Mosteller
[1951]). Weillustrate the use of the Bradley—Terry model here on the Amer-
ican League baseball records for 1975. The data are given in Table 8-8, in a
form analogous to Table 8-7a in order to conserve space. The American
League consists of two divisions, and teams are scheduled to play 18 games
with the other 5 teamsin the same division, and 12 games with the remaining
6 teams. Thetotal number of games played may belessthan 12 or 18 because of
cancellation of games at the end of the season. The data were taken from a
newspaper and contain several minor errors which we shall overlook.

The Bradley-Terry model gives a very good fit to the data in Table 8-8:
G2% =56.6 with 55 d.f. The estimated expected values under this model
are given in Table 8-9. An examination of the standardized residuals,
(x;; — 1;)/</m;;, shows no aberrant cells.

When Mosteller [1951] applied a similar model to 1948 baseball data,
he also found a remarkably good fit. One possible explanation for the good
fitsisthat datalike thosein Table 8-8 are a mixture of games played at home
and away. Were we able to separate out these two layers, we might find that
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Table8-8
Wins and Losses for American League Basebal Clubs, 1975 (unofficia )(read across
table for wins and down for losses)

SN R P I N = 0 P = S |

HEHEEEEEHHEEE
Balt. iZJL 9?_6-5__'!T_IOEI‘ 71 130 6] 8] al 7
Bos [ 9| 6] 8] 5|12 710 01| 6] 8
Cal. | 6 6 — ?-:3!6E4 70707719
chi. | 4!l 4l 9 —| 7751 ol 8l 9l 6] 9] s
Cle. !h_g'qﬁi'_?""i_"”i12" 6 9. 3| 8| 2| s
Det |45 5 7 5| 6/ 7 4/ 6/ 61
Kan. | 5| s[a][ 9] 6l 6 —| 7 11]7 6|13
Mil. [ 4] 3 sl alofto] 5|~ 2] 9'_"""54, 6
Minn.| 6 | 2[10] 7] 6|11 77 9 __ai"“—é";”'s"
N.Y. (10| 5| 5] 6 7112';4;10'8| 6| 8
oak. | 8| 610 9110] 6 10] 9|12 6 Sy
Tex. [ 5] 4] 9[12] 7]ul 4] 6f10] 4] 5[~

the Bradley-Terry parametersassociated with winning at home and winning
away are different. Then collapsing the data to form Table 8-8 would tend to
constrain the variability in the resulting counts, yielding a better fit than we
could expect even if the Bradley-Terry model were appropriate.

Partitioning polytomousvariables: Collapsing

Often, when analyzing cross-classifications involving one or more poly-
tomous variables, we wish to collapse these variables as much as possiblefor
ease of interpretation, or we wish to infer how specific categories of a poly-
tomy interact with other variables. In Chapter 3 we gave a rule for when it is
possible to collapse across variables, and this same rule is applicable for
collapsing across categories within a variable (see Bishop, Fienberg, and
Holland [1975], Chapter 2). A forma method for checking on collapsibility
suggested by Duncan [1975b] involves representing a complete cross-
classification in the form of an incomplete one by replacing the polytomous
variable with a series of dichotomous variables. We illustrate this method
with an example taken from Duncan [1975b].

Table 8-10 contains data in the form of a three-dimensional cross-classi-



154 Fixed and Random Zeros

Table 89
Expected Winsand Losses for Data in Table 8-8 under Bradley-Terry Paired Com-
parisons Model (read across table for wins and down for |osses)

21 d | = ok 4 o g | = E > | o

S|/ S|S|c|& |28 |5|2|8|&
Balt. | — | 86| 73| 63]99(11.0|60 [108| 69995568
Bos. |94 | — | 75| 71]91]120]62[118] 7.1]9.1]58]70
Cal. |47 |45] - 74153 6570 63| 79|52]60]82
Chi. |47 4.95 86| — | 57| 75|77 68| 8057|7084
Cle. |81,69] 67| 63| — | 10954 106 4774|4962
Det. [50[50] 45| 45(61| — (37| 75| 5763|3344
Kan. | 6058 110!103]66| 83| — | 7.6 | 104 [ 60|74 96
Mil. | 62|62 57| 52|74 95|44 — | 48[78]46]5.1
Minn.| 5149 [ 91| 80]43] 93|76 62 T |s57]70]88
N.Y. ' 81169 68| 63|76 117|150 |112] 63| —|50[62
Oak. | 6516211010071 | 87|86 94 |110|70| — | 84
Tex. [52[50] 98] 8658 _7?6'__?._4_'__@:_:5).—2”_"55“5':6 —:

fication of responses to a question, addressed to mothers of children under
19 years of age, concerning whether boys, girls, or both should be required
to shovel snow from sidewalks. Since no mother gave a "girl" response, we
have listed the data using a dichotomy, labeled here as variable 1 (boy,
both). The two explanatory variablesin this study are year (1953, 1971) and
religion (Protestant, Catholic, Jewish, Other), labeled as variables 2 and 3,
respectively.

Table 8-11 lists the four loglinear models that include the u,;-term
corresponding to the explanatory variables and the corresponding like-
lihood-ratio goodness-of-fit statistics and degrees of freedom. Clearly the
no second-order interaction model fitsthe data (perhapstoo well!). Although
the model that includes an effect of year on response ([12][23]) also fits
the data moderately well, the conditional test for this model given the
no second-order interaction model, G? = 11.2 — 0.4 = 10.8with 3d.f,, hasa
descriptive level of significance somewhere between 0.05 and 0.01.

Perhaps the effect of religion on the response, which seems necessary
for the model, can be accounted for by a single religious category. If thisis
the case, we can collapse the religion variable and get a more parsimonious
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Table8-10
Observed Freguencies of Response to " Shoveling” Question, by Religion by Year
(Duncan [1975b])

Y ear
1953 1971
Religion Boy Both Boy Both
protestant [~ 42 165 142
Catholic 44 100 130
Jewish 3 5 6
Other 6 32 23

Table8-11
Loglinear Models Fit to Data in Table 8-10, and Their Likelihood-Ratio Goodness-
of-Fit statistics (All Models Include u, )

Model 6 df
1L[17123] 377
2. [12] 23] 112 6
3.[13][23] 215 4
4(2][13)[23) 04 3

and compact summary of the data. T o explore this issue we replace variable
3 (religion) by a series of four dichotomous variables, labeled 4 through 7,
corresponding to Protestant, Catholic, Jewish, or Other, respectively. Each
variable takes the value 1 if the respondent has that religious affiliation and
0 otherwise. The redundancy introduced by using four rather than three
dichotomies allows us to treat the four categories symmetrically. Now we
can display the data in the form of a six-dimensional incomplete array, as
indicated in Table 8-12. Models corresponding to those fit above must keep
;4567 fixed, and in Table 8-13 we include four such models that are inter-
mediate to the two models with acceptablefits. No formal analysisisrequired
to show that the interaction between religion and response is due primarily
to Catholic respondents. The fitted values for this model are given in Table
8-12. Thus we can collapse religion in this example to a dichotomy.

Scaling response patterns
In psychometric and sociometric investigations, subjects are often classified
according to their responses on a sequence of p dichotomous items (all of
which have categories yes and no). These items are said to form a perfect
Guttman scale if we can reproduce exactly an individual's response from the
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Table8-12
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Estimated Expected Values for Model 7 in Table 8-13, with Effects of Year and
Religion-Catholic on the Response Variable (Duncan [1975b])

Formal Variables for Religion Y ear
1953 1971

Protestant Catholic Jewish Other Boy Both  Boy Both

1 1 | 1 —_ — — —_—

1 1 1 0 — —_— — —_

1 1 0 |

1 1 0 0

1 0 1 i — - — -—

1 0 I 0 e -

1 0 0 1 - —_ —

1 0 0 0 102.31 43.69 166.65 140.35

0 1 1 1 - : -

( 1 1 0 — — — _

4] | 0 1 —_ — — —_

O 1 0 0 65.47 4353  99.53 13047

0 0 1 I — — — -

0 O 1 0 491  2.09 5.97 5.03

0 0 0 1 13.31 569 29.86 25.14

0 0} 0 0 — —_ — —
Table8-13

Loglinear Models Fit to Six-Dimensional Version of Data in Table 8-10 (All Models

Include u24567)

Model G2 d.f.
2% [24567][12] 112 6
4% [24567][12][14567) 04 3
5 [24567][12][17] 98 5
6 [24567][12][16] 109 5
7 [24567][12][15] 14 5
8 [24567][12][14] 48 5

*Models2 and 4 from Table 8-11

number of "yes" responses to the P items. This is equivalent to saying that
the items have an order and that there are exactly p + 1 possible responses
for individuals. If p = 4 and 1 = yeswhile 2 = no, the five response patterns

are
() (I, 1,1, 1)
2) (1, L L2

b}
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3) (1,1,22)

4) (1,2,2,2)

(5) (2,2,2,2)

In practice, when we examine samples of individuals, we rarely find that
theitemsform a perfect Guttman scale. We refer to individual swith response
patterns other than those listed as being "unscalable.”” Goodman [1975]
has proposed the following model for dealing with data in which the items
fdl short of forming a perfect Guttman scale:

(i) All individuals can be classified into one of p + 2 categories. The Oth
category is for "unscalable” individuals, and categories 1 through p + 1
correspond to the p + | Guttman scale types.

(ii) Theresponses of the unscalableindividualson the pitems are completely
independent.

(iii) The responses of the scalable individuals correspond to their scale type.

Note that point (ii) allows unscalable individuals to be observed as giving a

scalable response by chance. For p = 4, if p,;, is the probability of response

(i, j, k, 1), this model can be written algebraically as

Pii11 = 7y + mea,bycdy,
Pir12 = Ty + ma, b, d,,
Pi12z = T3 + Moa,bycds, (8.19)
Pi222 = Mg + Moa bycad,,
Pazas = Ts + Molzhycsd,,
and for al other response patterns
Piju = Toa;bjc\d,, (8.20)
where r; is the probability of an individual belonging to scale category i and

5

Zn': . (8.21)

i=0
ay+a,=b,+b,=c,+c,=dy, +d, =1

Let us denote by S the patterns corresponding to only unscalable indi-
viduals. If we look only at cellsin S, then (8.20) implies that the four scale
items are quasi-independent. To compute MLEs of the expected cell counts
we fit the model of quasi-independence to the cellsin S, replacing the other
five cells with structural zeros, yieding
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——— {N(noaibjckd,) for (i, j,k 1l)eSs, (8.22)

Xijki for (i,0.k,1)¢S.

We can.compute the estimates of =,, {a;}, {b;}, {c;}, and {d,) directly from
(8.22) by looking at various ratios of estimated expected values. Then we
use (8.21) to compute #; for i =1, 2, 3, 4, 5; for example,

ny = N~1 (Myy1y — Nﬁ:(}dlglél&l)' (8.23)

In theevent that #; < 0 for some scalable individuals, we redo the calculation
setting these estimated probabilities equal to zero, and we include the cor-
responding cellsin the set S, fitted by the model of quasi-independence.

If thereare p dichotomousscale itemsand #; > 0 for al i, then the degrees
of freedom for testing the goodness-of-fit of Goodman's model are

20— 2(p + 1). (8.24)

We illustrate the application of this model for scaling response patterns
on adataset used by Goodman [1975] and attributed by him to Stouffer and
Toby [1951]. The data consist of responses of 216 individuals according to
whether they tend toward universalistic values or particularistic valueswhen

Table8-14
Observed and Estimated Counts for Scaling Model Fit to Stouffer—Toby Data
on Role Conflict (Goodman [1975])

Response Pattern Estimated
Items Observed Expected

1 2 3 4 Counts Counts

1 | | 1 42 42

1 1 1 2 23 23

1 | 2 | 6 4.72

1 1 2 2 25 25

1 2 1 1 6 5.99

1 2 1 2 24 24.74

1 2 2 1 7 7.56

1 2 2 2 38 38

2 | i | 1 1.14

2 1 1 2 4 4.73

2 1 2 i 1 1.44

2 1 2 2 6 5.97

2 2 1 1 2 1.83

2 2 | 2 9 7.57

2 2 2 1 2 2.31

2 2 2 2 20 20
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confronted by each of four situations of role conflict (items 1-4). The raw
counts and the estimated expected values are given in Table 8-14. The
estimated expected valuesfor thefive scale typesare equal to those observed.
Thefit of the model is extremely good: G2 = 0.99 with 6 d.f. The estimated
parameters in the model are

(Ro» 71, gy 73, 7a, 715) = (0.69,0.18, 0.03, 0.03, 0.03, 0.05)
and
a, =077, b, =038, ¢, =051, d, =031

Goodman [1975] not only describes the basic scaling model outlined here
but also describes various extensions and relates the scaling model to a
latent class model.

Problems

8.1. Try tofit the no second-order interaction model to the datain Table
8-1 using iterative scaling, and observe the behavior of theestimated expected
valuesfor the(1, 1, 1) and (2, 2, 2) cellsat the end of each cycle.

8.2. Fit the model of no second-order interaction to the following hypo-
thetical 3 x 3 x 2 table of counts, making an appropriate adjustment for
the observed zero marginal total:

125 7 11 | 5 106 18
124 6 2 | 3 109 9
146 6 0 | 2 111 0

8.3. Reanalyze the victimization data from Problem 2.2 using the quasi-
independence (quasi-homogeneity) model for the following situations:

(a) deleting the diagonal cells, which correspond to repeat victimizations
involving the same crime;

(b)deleting the diagonal cells, plus the seven pairs of cellsabove and below
the diagonal involving:

(1) rape, assault, and robbery,

(ii) robbery and purse snatching,

(iii) personal larceny, burglary, and household larceny.
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Compare the cells deleted in model (b) with those yielding the largest
contribution to X ? for independence in Chapter 2.

84. Morgan and Titterington [1977] present the data in Table 8-15 on
voting transitions in Great Britain for 2152 respondents between 1970
and 1974:

Table8-15
1974 Election
l Conservative L abor Liberal Abstain
Conservative 619 62 115 79
1970 L abor 41 604 99 74
Election Liberal 1l [l 82 9
Abstain 73 112 63 98

(a) Fit the model of quasi-independence to the off-diagonal cédlsin thistable.

(b) Using the expected values from part (a), project the model to predict
values for the cells on the diagonal, and estimate the "excess" corre-
sponding to "true" party voters.

8.5. Reanalyzethesocial interaction and social mobility data from Problem
4.8, deleting the (1, 1, 1) cell plus the eight cells involving only occupations
in categories 3 and 4.

8.6. Imrey, Johnson, and Koch [1976] report paired-comparison responses
of 44 white North Carolina women under 30, married to their first husband,
to the question: "Let's suppose, for a moment, that you have just been
married and that you are given a choice of having, during your entire life
time, either x or y children. Which would you choose, x or y?"' Each woman
was queried only with respect to asingle pair of (x,y) values with x between
0 and 6, y between 1 and 6, and x < y. Pairs were randomly assigned to
women, resulting in the data shown in Table 8-16. The unequal totals for
the various pairs are partially the result of nonresponse, with which you
are not to concern yourselves.
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Tables-16
Pair Choice

X v 0 1 2 3 4 5 6 Totals
0 1 2 17 - | 19
0 2 1 - 22 = - | 23
0 3 3 - 22 - - | 25
0 4 1 - 15 ~ - | 16
0 5 1 - = 26 ! 27
0o 6 2 - - - 25 | 27
1 2 - 0 19 - - - | 19
1 3 - 1 - 13 - - - 14
1 4 10 - - 10 - - 20
1 5 - 11 - - - 20
1 6 | - 13 - - 1 24
2 3 — — 7 11 - - - 18
2 4 12 - 11 - - 23
2 5 - 18 - 6 - 24
2 6 - 20 - - - 6 26
3 4 - - 13 6 - - 19
3 5 - - - 15 - 2 17
3 6 - - - 22 - - 28
4 5 | . = - 17 4 - 21
4 6 | - - - 14 - 14
5 6 - - - 12 11 23
Totals 10 52 98 96 73 59 59 447

(@) Fit the Bradley-Terry paired comparisons model to these data using the
methods for the quasi-independence model.

(b) Compute estimates of the preference parameters, {7;}.

8.7 (McHugh [1956]). Table 8-17 contains the cross-classification of 137
engineers according to whether they scored above(1) or below (2) the subtest
mean for four different subtests intended to measure creative ability in
machinedesign. Fit Goodman's scaling model from Section 8.4 to these data.
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Table 8-17
Subtest

1 2 3 4 Observed counts
1 1 1 1 23
1 1 1 2 5
1 1 2 1 5
1 1 2 2 14
| 2 1 1 8
1 2 1 2 2
1 2 2 1 3
1 2 2 2 8
2 1 1 1 6
2 1 1 2 3
2 1 2 1 2
2 1 2 2 4
2 2 1 1 9
2 2 1 2 3
2 2 2 1 8
2 2 2 2 34

8.8. Larntz and Weisberg [1976] model the data in Table 8-18 on the
observed numbers of interactions involving all possible pairs of six U.S.
Navy recruits. The total number of observations in the entire table is 185,
and N, isthe sum over al countsinvolving recruit i. Note that

6
2N,-=2x185=370.

i=1
Larntz and Weisberg's initial model can be written in the form
log m;; = u + u; + u;, i> ], (8.25)

where Zu; = 0. Model (8.25) can be interpreted as a "random-interaction
model," where u; reflects the ith recruit's propensity to interact.

Table 8-18

Recruit no. 1 2 3 4 5 6 ! N;
1 41 10 5 6 3 | 65
2 9 6 6 3 65
3 42 13 5 | 79
4 15 7 75
5 14 54
6 32

Total 185
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(a) Prepare a revised version of the data by duplicating each entry above
the diagonal; for example, place the count 41 in the (2, 1) cell, duplicating
the valuein the (1, 2) cell. The {N;} will now be both the row and column
totalsfor the revised table.

(b) Fit the model of quasi-independence to the data in the revised table
from part (a).

(c) Compute the estimated loglinear-model parameters and verify that
ti,,, =ti,, fori=1,2 ...,6. Thus model (8.25)is satisfied.

(d) Test the fit of the model using only those cells above the diagonal. Be
sure to compute the degrees of freedom directly from the original table
using formula (8.1).

8.9(continuation). The six recruits in the preceding problem are located
in a bunkhouse containing three double bunks. Recruits 1 and 2 share the
first bunk, 3 and 4 the second, and 5 and 6 the third.

(a) Delete cells(l1, 2), (3, 4), and (5, 6) from the original table, and redo your
analysis.

(b) Compute the estimated loglinear-model parameters, and compare them
with those from the preceding problem.

(c) Is the new model a "significant" improvement over the random-inter-
action model?



Appendix |
Statistical Terminology

Although this book is written primarily for nonstatisticians, occasionally
statistical words are used that will be unfamiliar to readers whose intro-
duction to statistics has come via a noncalculus methodology course or its
equivalent. For those readers the meaning of terms such as asymptotic,
maximum-likelihood estimation, minimal sufficient statistics, and descriptive
level of significance may be unclear. While thisappendix should not be viewed
as a primer on theoretical statistical concepts, it may help some readers to
move over what might otherwise be viewed as statistical stumbling blocks
in the remainder of the monograph. For completedetailsthe reader isreferred
to books such asCox and Hinkley [1974] or Rao [ 1973].

The analysis of multidimensional contingency tables vialoglinear models
aims to make inferences about a set of parameters describing the structural
relationship among the underlying variables. Suppose the observations
y = (Y,,-..,y,) ae the realized values of a corresponding set of random
variables Y = (Y,, ..., Y,). The probability density function, f(y),of Y
gives the frequency of observed y values. It is a function of y given the
unknown parameters 8 = (6, . .., 8,); that is, f(») = f(»|0). The likelihood
Sfunctionof the observed data views/ (y]6) asafunction of @ given a particular
vaue of y. The method of maximum likelihood finds the value of 6 that
maximizes this likelihood function, and this value is labeled 6. The most
convenient way tofind the maximum isto solve thelikelihood equationsfound
by taking the first derivatives of the likelihood function with respect to the
parametersé,, ..., 0,:

dOO_o oo

08,

For the models used throughout this monograph the solution to the likeli-
hood equations, when it exists, is unique.

To compute maximum-likelihood estimates one typically does not need
the complete set of observations, y ={y;, ..., ¥,), but only a summary of
the data that can be used to describe the likelihood function. The most
compact such summary of y is referred to asthe minimal sufficient statistic(s).
For loglinear models and the sampling distributions described in this book,
the minimal sufficient statistics are linear combinations of the observed
counts and are most often a set of marginal totals for the contingency table
in question.

Maximum-likelihood estimates have a variety of desirable properties,
most of which are related to asymptotic theory, which corresponds to the
situation where the sample size N goes to infinity. Since asymptotic theory
isassociated with large samples, we often speak of large-sample distributions
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when we use asymptotic results. Three key asymptotic properties of

maximum-likelihood estimates (MLESs)are of interest here:

(1) MLEs are consistent: if the entire population of random variables is
observed, the MLEs are exactly equal to the parameters.

(2) MLEs are asymptotically normally distributed, with the true parameter
values as the means and a covariance matrix that is relatively easy to
calculate.

(3)MLEs are asymptotically efficient: it is impossible to produce other
estimates with smaller asymptotic variances.

For these properties to hold, the probability function f(p|f) must satisfy

certain smoothness properties. This is the case for all probability functions

used in this monograph.

The asymptotic normality of property (2) leads to the asymptotic x?
distribution of the test statistics used to check on the goodness-of-fit of
loglinear models to a set of observed counts (see Bishop, Fienberg, and
Holland [1975], Chapter 14). Appendix |V discusses some results on the
use of these asymptotic y2 distributionsin problems with small sample sizes.

Supposetherandom variable T isatest statistic used for thetest of the null
hypothesis H,. Then the descriptive level of significance associated with an
observed value of T, say t (e.g., the observed value of the Pearson chi-square
statistic), is

Pr(T = t|H, true),
and as such we use it as a measure of the consistency of the data with H,.



Appendix II
Basic Estimation Results

for Loglinear Models

Most of the methods used in this book are based on four results dealing with
maximum-likelihood estimation of parameters in loglinear models. While
the proofsaf these resultsare somewhat complex (see,for example, Haberman
[1974a]) and often rely on more general results about the existence and
uniqueness of MLEs in exponential family distributions (see, for example,
Andersen [1974]), their statements are quite simple. This appendix presents
a brief summary of this general loglinear-model theory.

Since we often wish to consider ensembles of cells in many dimensions,
and occasionally of irregular shape, we shall use single subscriptsto describe
counts. All of the problems are concerned with a set of observed counts,

x = {x;:ie f},
indexed by a set .# containing t elements, which are realizations of a set of
random variables X, similarly indexed. Corresponding to the observed counts
aresetsof expected values

m={m; = E(X)):ieSf}
and dof log expected values

Il ={4=logm:ies}.

There are two sampling schemes used to describe the observed counts,

x. The counts are either (a) observations from independent Poisson distri-

butions, or (b) observations from independent multinomial distributions.
When sampling scheme (a)is used, the likelihood function is proportional to

l_[ mie” "™,

ie.f

and thus the kernel of thelog likelihood is

Zx,. log m; — Zm,. - Zx,.z,. _ Zm,-.

Weareinterested in situations where misdescribed by aloglinear model—
that is, a linear model for | —which we denote by M.

Result 1. Under Poisson sampling, corresponding to each parameter in M
isa minimal sufficient statistic that is expressibleas a linear combination
of the {x;}.

We denote the minimal sufficient statistics by P,.x (P, isthe projection onto
thelinear subspace of the t-dimensional space of real numbers corresponding
to the loglinear model M).
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Example. Suppose the x form an | x J contingency table, {x;;}, and M
correspondsto the model specifying independence of rowsand columns. Then

Pyx={x;,:i=12,....1; xy;:]=12,...,J}.

Result 2. The MLE, m, of m under the loglinear model M existsand is
uniqueif and only if the likelihood equations,

PM,ﬁ = PMx,
havea solution that isin the interior of the subspace corresponding to M.

Note that the form of the likelihood equations is extremely simple. We take
the minimal sufficient statistics, which from Result 1 are linear combinations
of the {x,}, and set them equal to their expectations. Determining when the
solution of theequationslieswithin theinterior of thesubspace can beatricky
matter. A sufficient (but not necessary) condition for a proper solution to
existisx > 0. For afurther discussion of this matter see Haberman [1974a].

Example (continued). For the | x J table, the likelihood equations are

. == X 55 T T R
my=x.5  j=12,...,J,

which have the unique solution satisfying the model M given by

N Xy X, i
m;; = == .
G, 0 =2l

Now suppose we break thet cellsin .# up into r disjoint sets. If the
{x;1i€ J), k=1,2,...,r,
now represent observations from r independent multinomial distributions
with
n, = Z xo k=121
fixed by design, we have a product-multinomial sampling, with log likelihood

in log m; = in)vi,

| t

subject to theconstraints

ny = n,, k=12...,r
k i

ie ¥,
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Note that the product-multinomial log likelihood is the first term in the
Poisson log likelihood. When = 1, we have the special case of rnultinomial
sampling, where only the total samplesize N = £, _ ,x; isfixed.

Suppose M is a loglinear model for a Poisson sampling scheme that
includes among its sufficient statistics

nk=z Xis k=l 25050

i€,

If welet L correspond to alinear subspace defined by these r constraints, and
if we denote by M & L the part of the model M that is appropriate for data
generated by product-multinomial sampling, then we have:

Result 3. The ML E of m under this product-multinomial sampling scheme
for themodel M © L isthe same asthe M L E of m under Poisson sampling
for themode M.

Thiskey result on the equivalenceof M LEs under different sampling schemes
is used many timesin the book.

Example (continued). In the I x Jtable, if r = 1, we have a single multi-
nomial for the 1J cdls; if r = I, we have | independent multinomials, one for
each row; if r = J, we have Jindependent multinomials, one for each column.

In al these cases, the MLEs under M © L, where M is the independence
model, are

| =
s

1,2
X4+ j=1’27

|
. xii,_.xii : 3eeesly
"= ’ N |
We have chosen to describe the first three results in a coordinate-free
fashion, although we also can describe them in terms of a specific coordinate
system, a specific parametrization for M and M & L, and matrix notation.
For example, in the case of a single multinomial we can write the model
MO L as
{exp(Ap)}

" ilexp(4p)]}
where A isan appropriate t x s design matrix of known coefficients whose s
columns are linearly independent (of each other and of 1,) and represent a
basis for the subscripted parameters in the loglinear model, f is the cor-
responding s X 1vector of unknown parameters, 1,isat x 1 vector of Is, and
exp transformsa vector elementwise to the corresponding vector of exponen-
tial functions (see Koch, Freeman, and Tolley [1975]). The likelihood
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eguationscan then beexpressed as
A'm= A'x.

Using standard large-sample theory, we can estimate the asymptotic
covariance matrix of either form:

Result 4. Under the multinemial sampling scheme an estimate of the

asymptotic covariance matrix of g isgiven by

{A'[D, — i [N]A} 1,

whereD, isadiagonal matrix with the elementsof m on the main diagonal.

The corresponding estimated asymptotic covariance matrix of m (under the

model M @ L) is

{[D, — rrid/N] A} {A'[D;, — riri¥/N]A} ' {A'[D,, — it /NT]}.

Koch, Freeman, and Tolley [1975] also give formulas for asymptotic
covariances under product-multinomial sampling. For both sampling

schemes their results are equivalent to the closed-form expressions derived
by Lee[1975, 1977] for loglinear models with direct, closed-form estimated

expected values.
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Percentage Points of y* Distribution

Detailed tables giving percentage points or tail errors of the y? distribution
are readily available (e.g., Pearson and Hartley [ 1966]). Rather than present
such a table here we give an abbreviated table plus a simple formula for
computing the percentage pointsin the upper tail of the ¥ distribution, due
to Hoaglin [1977]. If we let xZ, be the value of the chi-square distribution
with v d.f. having an upper-tail probability of a, then Hoaglin shows that

it = v+ 2/=Togox — .

Thisformula has a percentage error for a = 0.05, 0.025, 0.01, 0.005 of less
than 1% for 6 < v < 100. For « = 0.1 the percentage error islessthan 1.1%,
and for a = 0.001 it isless than 1.3%.

Line7 of Table A-1 makes use of the Hoaglin formula

When v is large, the chi-square distribution percentage points can be well
approximated by

Ba=3/2v=T1% 2
where z, is the value of the normal distribution, with mean 0 and variance 1,
having an upper-tail probability of a.

Table A-1
Yo
o
0.1 0.05 0.025 0.01 0.005
1 2.71 384 5.02 6.63 7.88
2 4.61 5.99 7.38 9.21 10.60
3 6.25 7.81 9.35 11.34 12.84
v o4 7.78 9.49 11.14 13.28 14.86
8 9.24 11.07 12.83 15.09 16.75
6 10.64 12.59 14.45 16.81 18.55

v>6 (Vv + 08337 (Jv+ LIS (Jv+ 1365 (Jv+ 1.662)° (/v + 1.867)




Appendix 1V
Small-Sample Properties of x* Statistics

It isal well and good to know that the asymptotic distribution of G2 and
X2 is y? under a suitable null hypothesis, but these asymptotic results tell
us little about the adequacy of the x? approximations. In the precomputer
era, advice by such distinguished statisticians as Cochran and Fisher was
based on practical experience and intuition and led to standard adequacy
rules such as "the minimal expected cdll size should exceed 5.” Such rules
tended to be somewhat conservative, and more recent Monte Carlo studies
by Odoroff [1970], Yarnold [1970], and Larntz [1978] suggest that, at
least for tests conducted at a nominal 0.05 level of significance, the goodness-
of-fit statistics often achieve the desired level when minimum expected cell
values are approximately 1.0.

This appendix, adapted from Fienberg [1979b], explores various aspects
of the effects of small sample sizes on the distribution of G2 and X 2.

Larntz’s Monte Carlo Study

Larntz[1978] looked at a variety of categorical data problemswith estimated
parameters and determined the exact levels for various goodness-of-fit
statistics, including G2 and X 2, and varying sample sizes, using a nominal
0.05 level test. Illustrative of his Monte Carlo results are those for a test of
no second-order interaction in a 3 x 3 x 3 contingency table reproduced
here as Table A-2. In all but the sparsest of situations (e.g., N = 20 and
N = 40) he found the small-sample behavior of X % to be remarkably stable
and the actual level to come quite close to the nominal 0.05 level. The
likelihood-ratio statistic G2 tends to reject substantially more often than is
expected for moderate sample sizes (see Margolin and Light [1974]).

Because of the somewhat aberrant behavior of G2 for very small samples
that was apparent in aimost al of his Monte Carlo work, Larntz postulated
that the discrepancy in behavior between X 2 and G2 was dueto the differing
influences given to very small observed counts. For example, for X 2 the
contribution of each zero observed value is equal to the corresponding
expected value, while for G2 the minimum contribution of a zero count
occurs when the remaining counts are spread out evenly over the other
cells in exact proportion to the expected values of those cells. Thus the
minimum contribution is

] N
hlrlpl 2N log (‘N_F:E) = 2E,

and each zero count will have twice the impact on G? as on X 2. Similar
results are true when there are one or more observed counts of 1.
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Table A-2
Rejection Rates for 3 x 3 x 3 No Three-Factor Interaction Model (Larntz [1978])
Row Column Layer
margins margins margins Sample size
proportional proportional proportional
to to to 20 40 60 80 100
2:3:5 2:3:5 2:3:5 X2 00175 0.0550 0.0585 0.0645 0.0690
G? 0.0190 0.0885 0.1125 0.1160 0.1265
2:3:5 2:3:5 6:6:7 X 200435 0.0820 0.0650 0.0740 0.0485
G? 0.0335 0.1220 0.1375 0.1340 0.0925
2:3:5 6:6:7 6:6:7 X 200440 0.0710 0.0675 0.0700 0.0565
G? 00575 0.1410 0.1475 0.1275 0.1035
6:6:7 6:6:7 6:6:7 X 200825 0.0870 0.0855 0.0625 0.0680

G?0.0950 0.1740 0.1660 0.1140 0.1120

Note: Values are based on 2000 trials with the same trials used for X 2 and G2. The
approximate standard error (based on true level of 0.05) for each value is 0.0049.

Larntz summarizes his results as follows:

(1) Using as a criterion the closeness of the small-sample distribution to the
asymptotic x2 approximation under the null hypothesis, X ? is preferable
to G2

(2)The relatively high type | error rates from G?result from the large con-
tributions to the x? value for very small observed counts in cells with
moderate expected values.

(3) Even when the minimum expected cell valuein a table is between 1 and 4
in size, a P-value based on the asymptotic ¥* approximation is "on
average” about right for X 2 but is understated for G?2
If oneisconcerned only about relative ordersaof magnitude of the P-values

associated with goodness-of-fit testssuch as X 2 and G2, then Larntz's results

suggest that values of N equal to four or five times the number of cellsare

adequate for the use of the asymptotic x2 results. Keeping the ratio N/t

roughly constant (say at 4 or 5) leads, however, to a different type of asymp-

toti c~which we discuss below. Obvious exceptions to the rule of " average

cdl sizes of 4 or 5" occur when most of the sample sizeis concentrated in a

few cells with relatively large cell counts.

Improved Likelihood-RatioTests

Williams [1976] has derived a modification to the likelihood-ratio test
wherein the statistic G2 is multiplied by a scale factor chosen to make the
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moments of G2 (under the null hypothesis) match those of the reference x2
distribution, ignoring terms of order N 2. Williams's result pertains to log-
linear models for complete multidimensional tables, with closed-form MLES,
and uses independent Poisson variables as the sampling model for the cell
freguencies.

This approach leads to replacing G2 by

G = q 'G? (A.1)
wheretheinverse, q, of the multiplier isgiven by

q =1 * (1/6v) (sum of reciprocals of expected cell frequencies
— sumsof reciprocals of expectations of marginal frequencies
in the numerators of the MLEs
+ sumsof reciprocals of expectations of marginal frequencies
in the denominators of the MLES),
(A.2)

and v is the degrees of freedom. In the case of independence in a two-dimen-
sional | x J table, q takes the form

g=1+ 6(;_irf':r[22m Z&:'zm;i :|A3]

which has asits minimum possible value

(I+1J+1
in = 1 + == (A4)
Williams suggests the use of g,,;, in (A.1), in part to avoid the problem of
estimating m;; " in (A.3).Using the adjusted statistic in (A.l)in placeof G2 has
the effect of reduu ng the size of the test statistic (since g,,;, > 1) and thus
seems to be in accord with the small-sample resultsof Larntz [1978].
Williams [ 1976] specul ates that these results using a version of g,,;, extend
to situationswhere the MLEsdo not have closed-form expressions. Relevant
hereisthedifference, noted by Lee[1977], between models with closed-form
MLEs, which have closed-form expressions for asymptotic variances, and
models without closed-form MLEs, which do not.

The Asymptotics of Large Sparse Multinomials
Much has been written about the desirability of collapsing in the presence of

cells with counts of 0 and 1, and about the supposed lack of "information™ in
large sparse multidimensional tables. The fact remains, however, that with
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the extensive questionnaires of modern-day sample surveys, and the detailed
and painstaking inventory of variables measured by biological and social
scientists, the statistician is often faced with large sparse arrays, full of 0s and
I's, in need of careful analysis. Some recent analytical results suggest that the
beleaguered statistician need not despair: a new form of asymptotic structure
providesthe underpinningsfor the analysisof large sparse multinomials, and
the results for such asymptotics dovetail nicely with the " standard” small-
sampl e results mentioned above.

The traditional asymptotic machinery holds the number t of cells fixed,
assumes that the cell probabilitiesare fixed and positive, and lets the sample
size N tend to infinity. Thus all of the expected cell values become large as
N growsin size. We have already mentioned the usefulness of working with
tables with an average cell size of 4 or 5. This suggests an asymptotics which
allowst to grow at the same rate as N while the ratio N/t is kept fixed, and
in which we replace the fixed cell probabilities by a sequence of probability
vectorslying in progressively larger probability spaces.

The emergence of interest in asymptotics of large sparse multinomials is
described for the estimation of cell probabilities by Bishop, Fienberg, and
Holland [1975, Chapter 12], and in the context of central limit theorems
and testing by Morris [1975]. Recent results by Haberman [1977] and
Koehler [1977] are of special interest in the context of the use of goodness-
of-fit statistics.

Koehler {1977] has explored the asymptotic suitability of the x? dis-
tribution for G2 as the dimensions of a table grow large while the ratio
N/t remains moderate. Even the expected value of G2 does not appear to
be equal to the expected value of 2, which is the number of degrees of
freedom. Koehler also presents some new "asymptotic” results that allow
determination of normal approximations to the distribution of G2 that can
be used for overall tests of fit.

Haberman [1977] has looked at a closely related problem for comparing
two loglinear models in large sparse situations. His approach is to start by
establishing the asymptotic normality of linear functionals of MLEs o
log expected values. The conditions under which his results hold are quite
complex, but they essentially requirethat elements of m remain small relative
to a special norm of m, and they appear to include the conditions considered
by Koehler.

Haberman then looks at the Pearson and likelihood-ratio statistics for
comparing two loglinear models, one of which is a special case of the other.
The likelihood-ratio statistic is simply a difference of two statistics of the
form G2 given by expression (3.41), one for each of the models. In the large
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sparse multinomial asymptotics this amounts to considering two sequences
of models in which the difference in the estimation spaces converges to a
fixed number of degrees of freedom ast — co. Haberman shows that, under
suitable conditions, the distributions of both test statistics for comparing
the fit of the two nested models converge to the usual x? distribution.

This result has important implications for statistical practice. We have
noted that the behavior of G2 in large sparse multinomial structuresrequires
serious attention. If our primary interest in a large sparse table is focused
on the importance of a restricted subset of loglinear-model parameters,
however, the test statistics for comparing two models that differ by these
parameters can be used with the usual x? reference distributions.
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