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Preface to the Instructor

This trigonometry book is a standard right triangle approach to trigonome-
try. Each section is written so that it can be discussed in a 45 to 50 minute
class session. The text covers all the material usually taught in trigonometry.
In addition, there is an appendix on logarithms.

The emphasis of the book is on understanding the definitions and prin-
ciples of trigonometry and their application to problem solving. However,
when memorization is necessary, [ say so.

Identities are introduced early in the book in Chapter 1. They are re-
viewed often and are then covered in more detail in Chapter 5. Also, exact
values of the trigonometric functions are emphasized throughout the book.
Although tables of trigonometric functions in both decimal degrees and de-
grees and minutes are used in the book, there are numerous calculator notes
placed throughout the text that indicate how the examples and problems
could be solved using a calculator instead of a table.

ORGANIZATION OF THE TExT The book begins with a preface to the
student explaining what study habits are necessary to ensure success in
mathematics.

The rest of the book is divided into chapters. Each chapter is organized as
follows:

1. Chapter Preface Each chapter begins with a preface that explains
in a very general way what the student can expect to find in the chapter
and some of the applications associated with topics in the chapter. In
most cases, this preface also includes a list of previous material that is
used to develop the concepts in the chapter.

2. Sections  Following the preface to each chapter, the body of the
chapter is divided into sections. Each section contains explanations and
examples. The explanations are as simple and intuitive as possible. The
examples are chosen to clarify the explanations and preview the prob-
lems in the problem sets.

As mentioned earlier, many sections contain calculator notes that ex-
plain how the examples in the sections could be worked on a calculator.
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Probless Stz Following each section of the text is a problem set.

There are five main ideas incorporated into each of the problem sets.

4.

. Drill: There are enough problems in each problem set to ensure

proficiency with the material once students have completed all the
odd-numbered problems.

. Progressive Difficulty: The problems increase in difficulty as the

problem set progresses.

. Odd-Even Similarities: Each pair of consecutive problems is simi-

lar. The answers to the odd-numbered problems are listed in the back
of the book, and in many cases a short note or partial solution accom-
panies the answers to these problems. This gives the student a chance
to check his or her work and then try a similar problem.

. Application Problems: Whenever possible, I have included a few

application problems toward the end of each problem set. My experi-
ence is that students are always curious about how the trigonometry
they are learning can be applied. They are also much more likely to
put some time and effort into trying application problems if there are
not an overwhelming number of them to work.

. Review Problems: Starting with Chapter 2, each problem set ends

with a few review problems. Generally, these review problems cover
material that will be used in the next section. I find that assigning the
review problems helps prepare my students for the next day’s lecture
and makes reviewing part of their daily routine.

Chapter SBpnunavles Following the last problem set in each chapter

is a chapter summary. Each chapter summary lists all the properties and
definitions found in the chapter. In the margin of each chapter summary,
next to most of the topics being summarized, is an example that illus-
trates the kind of problem associated with that topic.

S.

©hapter Tests  Each chapter ends with a chapter test. These tests

are designed to give the student an idea of how well he or she has mas-
tered the material in the chapter. All answers for these chapter tests are
included in the back of the book.

SUPPLEMENT T0 T#E TEXT  An Instructor’s Resource Manual is available
upon adoption of the text. This manual contains five different forms of each
chapter test, answers to the even-numbered problems, and three final exams.
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I think you will find that this book and the Instructor’s Resource Manual
that accompanies it form a very flexible package that will assist you in teach-
ing trigonometry.

Avuwowseposienrs | want to thank Sue Miller for all her hard work and
attention to detail at the copyediting stage of this project. It was an absolute
pleasure working with her. Lori Lawson typed the manuscript for this text
on a computer using the WordStar® wordprocessing program, and she did an
excellent job with a complicated manuscript. As always, my wife Diane and
my children Patrick and Amy have been a constant source of encouragement
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have them as a resource. My sincere thanks to
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Preface to the Student

Trigonometry can be a very enjoyable subject to study. You will find that
there are many interesting and useful problems that trigonometry can be
used to solve. Many of my students, however, do not enjoy trigonometry as
much as they could because they are always worried about how they are do-
ing in the class. They don’t look forward to new topics because they are
afraid they won’t understand them right away. (Are you like that?)

But I have other students who just don’t worry about it. They know they
can become as proficient at trigonometry as they want (and get whatever
grade they want, too). Most of my other students think these people are
smart. They may be, but that’s not the reason they do well. They are suc-
cessful because they have learned that topics in mathematics are not always
understandable the first time around. They don’t worry if they don’t under-
stand something right away, because they know that a little confusion is not
unusual. While they are waiting for things to get straightened out, they work
lots of problems.

The key to success in all mathematics classes and especially in trig-
onometry is working problems. The more problems you work, the better you
become at working problems. It’s that simple. Don’t worry about being suc-
cessful or understanding the material, just work problems. Lots of them.
The more problems you work, the better you will understand the material.

That’s the answer to the big question of how to master this course. Here
are the answers to some other questions that are often asked by students.

How much math do I need to know before taking this class?

You should have passed an intermediate algebra class recently, and you
should have an understanding of the basic concepts from geometry. If it has
been a few years since you have done any mathematics, you may have to put
in some extra time at the beginning of the course to get back some of the
skills you have lost.

What is the best way to study?

The best way to study is consistently. You must work problems every day.
The more time you spend on your homework in the beginning of the book,
the easier the rest of the book will seem. The first two chapters in the book
contain the major definitions and properties on which the rest of the chapters

ix



are built. Do well on these first two chapters and you will have set a success-
ful pace for the rest of the book.

If I understand everything that goes on in class, can I take it easy on my
homework?

Not necessarily. There is a big difference between understanding a problem
someone else is working and working the same problem yourself. Watching
someone else work through a problem can be helpful, but there is no sub-
stitute for thinking the problem through yourself. The concepts and proper-
ties in trigonometry will be understandable to you only if you yourself work
problems involving them.

I'm worried about not understanding trigonometry. [I've passed the
prerequisites for it, but I'm afraid trigonometry will be harder to
understand,
There will probably be few times when you can understand absolutely
everything that goes on in class. This is standard with most math classes,
and trigonometry is no exception. It doesn’t mean you will never understand
it. As you read through the book and try problems on your own, you will
understand more and more of the material. The idea is to keep working
problems while you try to get your questions answered. By the way, reading
the book is important, even if it seems difficult. Reading a math book isn’t
the same as reading a novel. Reading through the book once isn’t going to
do it for you. You will have to read some sections a number of times before
they really sink in.

If you have decided to be successful in trigonometry, here is a list of
things you can do that will help you attain that success.

How to Be Successful in Trigonometry

1. Attend class. There is only one way to find out what goes on in class
and that is to be there. Missing class and then hoping to get the infor-
mation from someone who was there is not the same as being there
yourself.

2. Read the book and work problems every day. Remember, the key to
success in mathematics is working problems. Work all the problems you
can get your hands on. If you have assigned problems to do, do them
first. If you don’t understand the concepts after finishing the assigned
problems, keep working problems until you do.
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3. Do it on your own. Don’t be misled into thinking someone else’s
work is your own.

4. Don’t expect to understand a topic the first time you see it. Some-
times you will understand everything you are doing and sometimes you
won’t. If you are a little confused, just keep working problems. Keep in
mind that worrying about not understanding the material takes time.
You can’t worry and work problems at the same time. It is best to worry
when you worry and work problems when you work problems.

5. Spend whatever amount of time it takes to master the material. There
is really no formula for the exact amount of time you have to spend on
trigonometry to master it. You will find out as you go along what is or
isn’t enough time for you. If you end up having to spend two or three
hours on each topic to get to the level you are interested in attaining,
then that’s how much time it takes. Spending less time than that will
not work.

6. Relax. It’s probably not as difficult as you think.



The Six

Trigonometric Functions

To the student:

The material in Chapter | is some of the most important material in the
book. We begin Chapter | with a review of some material from geometry
(Section 1.1) and algebra (Section 1.2). Section 1.3 contains the definition
for the six trigonometric functions. As you will see, this definition is used
again and again throughout the book. It is very important that you under-
stand and memorize the definition.

Once we have been introduced to the definition of the six trigonometric
functions in Section 1.3, we then move on to study some of the more impor-
tant consequences of the definition. These consequences take the form of
trigonometric identities, the study of which is also important in trigonome-
try. Our work with trigonometric identities will take up most of Sections 1.4
and 1.5.

You can get a good start in trigonometry by mastering the material in
Chapter 1. Any extra time you spend with the definition of the six trigono-
metric functions and the identities that are derived from it will be well worth
it when you proceed on to Chapters 2 and 3.

As you will notice as you proceed through this book, many of the things
we do in trigonometry are connected in one way or another to the Pythago-
rean theorem. (In case it has been a while since you worked with the Py-
thagorean theorem, we will review it in the first section of this chapter. For
now, it is enough to say that the Pythagorean theorem is the theorem that
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Angles, Degrees, and
Special Triangles

Angles in General

2 Chapter | The Six Trigonometric Functions

gives the relationship between the sides in a right triangle.) The Pythagorean
theorem is named for the Greek mathematician Pythagoras who is credited
with having developed the first proof of it around 550 B.C. It is interesting
to note that the theorem itself was used by the Babylonians over a thousand
years prior to the time of Pythagoras. For people studying mathematics, it is
not uncommon for a certain period of time to go by between the point at
which they learn a new topic and the point at which they truly understand
that topic.

Before we begin our study of trigonometry, there are a few topics from ge-
ometry and algebra that we should review. In this section, we will review
some essential topics from geometry. Let’s begin by looking at some of the
terminology associated with angles.

An angle is formed by two rays with the same end point. The common end
point is called the vertex of the angle, and the rays are called the sides of the
angle.

In Figure 1, the vertex of angle 6 (theta) is labeled O, and A and B are
points on each side of §. Angle 6 can also be denoted by AOB, where the
letter associated with the vertex is written between the letters associated
with the points on each side.

We can think of 6 as having been formed by rotating side OA about the
vertex to side OB. In this case, we call side OA the initial side of 6 and side
OB the terminal side of 6.

positive
angle

terminal side

Y

Y

negative
angle

initial side

Figure 1 Figure 2
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When the rotation from the initial side to the terminal side takes place in a
counterclockwise direction, the angle formed is considered a positive angle.
If the rotation is in a clockwise direction, the angle formed is a negative
angle (Figure 2).

One way to measure the size of an angle is with degree measure. The angle
formed by rotating a half line through one complete revolution has a mea-
sure of 360 degrees, written 360° (Figure 3).

One degree (1°), then, is 1/360 of a full rotation. Likewise, 180° is one-
half of a full rotation, and 90° is half of that (or a quarter of a rotation).
Angles that measure 90° are called right angles. Angles that measure be-
tween 0° and 90° are called acute angles, while angles that measure between
90° and 180° are called obtuse angles.

If two angles have a sum of 90°, then they are called complementary an-
gles, and we say each is the complement of the other. Two angles with a sum
of 180° are called supplementary angles.

Note To be precise, we should say “two angles, the sum of the measures of which
is 180°, are called supplementary angles” because there is a difference between an
angle and its measure. However, in this book, we will not always draw the distinc-
tion between an angle and its measure. Many times we will refer to “angle 6” when
we actually mean “the measure of angle 6.”

V Example 1 Give the complement and the supplement of each angle.
a. 40° b. 110° c. 6
Solution

a. The complement of 40° is S0° since 40° + S0° = 90°.
The supplement of 40° is 140° since 40° + 140° = 180°.

b. The complement of 110° is —20° since 110° + (—20°) = 90°.
The supplement of 110° is 70° since 110° + 70° = 180°.

¢. The complement of @ is 90° — 6 since 6 + (90° — 6) = 90°.
The supplement of 6 is 180° — 6 since 6 + (180° — 6) = 180°. A

A right triangle is a triangle in which one of the angles is a right angle. In
every right triangle, the longest side is called the hypotenuse and it is always
opposite the right angle. The other two sides are called the legs of the right
triangle. Since the sum of the angles in any triangle is 180°, the other two
angles in a right triangle must be acute angles. Here is an important theorem
about right triangles.

Degree Measure

one complete _

revolution ~ 360°

Figure 3

Special Triangles
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PYTHAGOREAN THEOREM In any right triangle, the square of the length
of the longest side (called the hypotenuse) is equal to the sum of the squares
of the lengths of the other two sides (called legs).

B
C
a If C = 90° then ¢? = a? + b?
A
b C
Figure 4

We denote the lengths of the sides of triangle ABC in Figure 4 with lower-
case letters and the angles or vertices with uppercase letters. It is standard
practice in mathematics to label the sides and angles so that a is opposite A,
b is opposite B, and c is opposite C.

W Example 2 Solve for x in the right triangle in Figure 5.

B
13
X
A
x+7 ¢
Figure §

Solution Applying the Pythagorean theorem gives us a quadratic
equation to solve.

(x + 72+ x2 = 132

x2+ 14x + 49 + x2 = 169 Expand (x + 7) and 132
2x2 + 14x + 49 = 169 Combine similar terms
2x2+ 14x —120=0 Add —169 to both sides

x2+7x—60=0 Divide both sides by 2
x—5&x+12)=0 Factor the left side
x—5=0 or x+12=0 Set each factor to 0
x=35 or x=—12
Our only solution is x = 5. We cannot use x = —12 since x is the length

of a side of triangle ABC and therefore cannot be negative. F Y
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In any right triangle in which the two acute angles are 30° and 60°, the lon-
gest side (the hypotenuse) is always twice the shortest side (the side opposite
the 30° angle), and the side of medium length (the side opposite the 60° an-
gle) is always V/3 times the shortest side (Figure 6).

2t Iﬁ

60°
t

30° -60° - 90°

Figure 6

Note that the shortest side ¢ is opposite the smallest angle 30°. The lon-
gest side 27 is opposite the largest angle 90°. To verify the relationship be-
tween the sides in this triangle we draw an equilateral triangle (one in which
all three sides are equal) and label half the base with ¢ (Figure 7).

|
I
30°130°

2t |
)
|
60° d 60°
t t
Figure 7

The altitude h (the dotted line) bisects the base. We have two 30°-60°—
90° triangles. The longest side in each is 2¢. We find that A is £\/3 by apply-
ing the Pythagorean theorem.

12+ ht = (21)?

h = V4r — p
= V312

=1\V3

The 30°-60°-90°
Triangle
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V  Example 3 If the shortest side of a 30°-60°~90° triangle is S, find the
other two sides.

Solution The longest side is 10 (twice the shortest side), and the side
opposite the 60° angle is 5V3.

60° s
S
Figure 8 A

V  Example 4 A ladder is leaning against a wall. The top of the ladder is
4 feet above the ground and the bottom of the ladder makes an angle of 60°
with the ground. How long is the ladder, and how far from the wall is the
bottom of the ladder?

Solution The triangle formed by the ladder, the wall, and the ground
is a 30°-60°-90° triangle. If we let x represent the distance from the
bottom of the ladder to the wall, then the length of the ladder can be
represented by 2x. The distance from the top of the ladder to the ground
is xV/3, since it is opposite the 60° angle, and is also given as 4 feet.

Therefore,
3 0|
xV3=4 0
x = N 2 4
- X
V3 Rationalize the denominator by
_ 4\V3 multiplying the numerator and
3 denominator by V3.
60° .

X

Figure 9
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The distance from the bottom of the ladder to the wall, x, is 4313 feet,
so the length of the ladder, 2x, must be 8V/3/3 feet. Note that these
lengths are given in exact values. If we want a decimal approximation
for them, we can replace V/3 with 1.732 to obtain

4V3 _ 4(1.732)
3

3 = 2.309 feet
8\3/3 - 8“'3732) — 4.619 feet

Calculator Note On a calculator with algebraic logic, this last calculation
could be done as follows:

s [<] 3 V] 5] 5 [

with the answer rounded to three decimal places (that is, three places past the
decimal point).

If the two acute angles in a right triangle are both 45°, then the two shorter
sides (the legs) are equal and the longest side (the hypotenuse) is V2 times

as

long as the shorter sides. That is, if the shorter sides are of length ¢, then

the longest side has length rV/2 (Figure 10).

45°
V2
t
45° n
t
45° - 45° - 90°
Figure 10

To verify this relationship, we simply note that if the two acute angles are

equal, then the sides opposite them are also equal. We apply the Pythago-
rean theorem to find the length of the hypotenuse.

hypotenuse = V¢ + ¢?
=V
= V2

The 45°-45°-90°
Triangle
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\ 4 ExampleS5 A 10 foot rope connects the top of a tent pole to the ground.
If the rope makes an angle of 45° with the ground, find the length of the tent
pole.

Solution Assuming that the tent pole forms an angle of 90° with the

ground, the triangle formed by the rope, tent pole, and the ground is a
45°-45°-90° triangle.

45°
10
X
45° 1
X
Figure 11

If we let x represent the length of the tent pole, then the length of the
rope, in terms of x, is xV/2 and is also given as 10 feet. Therefore

V2 =10
=10
V2
=5V2

The length of the tent pole is 5V2 feet. Again, 5V2 is the exact value
of the length of the tent pole. To find a decimal approximation, we re-
place V/2 with 1.414 to obtain

5V2 =~ 5(1.414) = 7.07 feet A

Problem Set |.I Indicate which of the angles below are acute angles and which are obtuse angles.
Then give the complement and the supplement of each angle.

N =

10° 2. 50°
45° 4. 90°
120° 6. 160°
X 8. v
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Problems 9 through 14 refer to Figure 12. (Remember: The sum of the three angles
in any triangle is always 180°.)

A
Figure 12
9. Find aif A = 30°. 10. Find B if B8 = 45°.
11. FindaifA = a. 12. Finda if A = 2a.
13. FindA if B =30°and @ + 8 = 100°.
14. FindBifa + 8 = 80°and A = 80°.

15. Through how many degrees does the hour hand of a clock move in 4 hours?
16. Ittakes the earth 24 hours to make one complete revolution onits axis. Through
how many degrees does the earth turn in 12 hours?

Problems 17 through 22 refer to right triangle ABC with C = 90°.

17. If a =4and b = 3, find c. 18. Ifa=6and b = 8, find c.
19. Ifa = 8and c = 17, find b. 20. Ifa=2andc = 6, find b.
21. If b= 12 and ¢ = 13, find a. 22. If b= 10and ¢ = 26, find a.

Solve for x in each of the following right triangles:

23. 24,

25. 26.
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27. 28.

) |3

E 19
=

30.

2
\/10 5 X
x+2
X

x —1

29.

31. The roof of a house is to extend up 13.5 feet above the ceiling, which is 36
feet across. If the edge of the roof is to extend 2 feet beyond the side of the
house and 1.5 feet below the ceiling, find the length of one side of the roof.

13.5 feet

-

A 1.5 feet 36 feet N
2 feet

32. A surveyor is attempting to find the distance across a pond. From a point on
one side of the pond he walks 25 yards to the end of the pond and then makes a
90° turn and walks another 60 yards before coming to a point directly across

>
°~§ the pond from the point at which he started. What is the distance across the
pond?
Find the remaining sides of a 30°—60°-90° triangle if
33. the shortest side is 1. 34. the shortest side is 3.
35. the longest side is 8. 36. thelongest side is 5. B
37. the side opposite 60° is 3V/3. 38. the side opposite 60° is 2V/3.
39. the side opposite 60° is 6. 40. the side opposite 60° is 4.

41. An escalator in a department store is to carry people a vertical distance of 20
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feet between floors. How long is the escalator if it makes an angle of 30° with
the ground?

42. A two person tent is to be made so that the height at the center is 4 feet. If the
sides of the tent are to meet the ground at an angle of 60°, and the tent is to be
6 feet in length, how many square feet of material will be needed to make the
tent? (Assume that the tent has a floor and is closed at both ends, give your
answer to the nearest tenth of a square foot.)

Find the remaining sides of a 45°-45°-90° triangle if

43. the shorter sides are each 4/5. 44. the shorter sides are each 1/2.
45. the longest side is 8V2. 46. the longest side is 5V2.
47. the longest side is 4. 48. the longest side is 12.

49. A bullet is fired into the air at an angle of 45°. How far does it travel before it
is 1,000 feet above the ground? (Assume the bullet travels in a straight line
and give your answer to the nearest foot.)

50. If the bullet in Problem 49 is traveling at 2,828 feet per second, how long does
it take for the bullet to reach a height of 1,000 feet?

In this section we will review some of the concepts developed around the
rectangular coordinate system and graphing in two dimensions.

The rectangular (or Cartesian) coordinate system is constructed by draw-
ing two number lines perpendicular to each other.

The horizontal number line is called the x-axis, and the vertical number
line is called the y-axis. Their point of intersection is called the origin. The
axes divide the plane into four quadrants that are numbered I through IV ina
counterclockwise direction (Figure 1).

y-axis

quadrant II quadrant I

Xx-axis
-3 -2 i 2 3
B origin
quadrant Il —2 quadrant IV

Figure 1

i.2
The Rectangular
Coordinate System
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Among other things, the rectangular coordinate system is used to graph
ordered pairs (a, b). For the ordered pair («a, b), a is called the v-coordinate
(or x-component), and b is called the v-coordinate (or y-component). To
graph the ordered pair (¢, b) on a rectangular coordinate system, we start at
the origin and move « units to the right or left (right if « is positive, and left
if ¢ is negative). We then move b units up or down (up if b is positive, and
down if b is negative). The point where we end up after these two moves is
the graph of the ordered pair (a, b).

\4 Example 1 Graph the ordered pairs (1, 5), (=2, 4), (=3, —2),
(172, —4), (3, 0), and (0, —2).

Solution To graph the ordered pair (1, 5), we start at the origin and
move | unit to the right and then 5 units up. We are now at the point
whose coordinates are (1, 5). The other ordered pairs are graphed in a
similar manner, as in Figure 2.

‘7

® (1.5
(-24) @
(3,0)
- - > X
(3.-2)e ¢ (0,-2)
o (). 4)
Figure 2 A

Looking at Figure 2, we sec that any point in quadrant I will have both
coordinates positive; that is, (+, +). In quadrant I, the form is (—, +). In
quadrant I11, the form is (—, —) and in quadrant [V it is (+, —). Also, any
point on the v-axis will have a v-coordinate of O (it has no vertical displace-
ment), and any point on the v-axis will have an y-coordinate of O (no hori-
zontal displacement). A summary of this is given in Figure 3.
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any point on the

y-axis has the form (0, b)
R

i

(=, 1) (+.+)

A
Y
-

Y
any point on the
x-axis has the form (g, 0)

Figure 3

¥ Example 2 Graph the line 2x — 3v = 6.

Solution Since a line is determined by two points, we can graph the
line 2x — 3y = 6 by first finding two ordered pairs that satisfy its equa-
tion. To find ordered pairs that satisfy the equation 2x — 3v = 6, we
substitute any convenient number for either variable, and then solve the
equation that results for the corresponding value of the other variable.

If we let x=0 If v=20
the equation 2x — 3v = 6 the equation 2x — 3v = 6
becomes 2(0) — 3v =6 becomes 2v — 3(0) =6
—3v=06 2¢ =6
v= =2 x=3
This gives us (0, —2) as one This gives us (3, 0) as a
solution to 2x — 3v = 6. second solution.

Graphing the points (0, —2) and (3, 0) and then drawing a line through
them, we have the graph of 2v — 3v = 6 (Figure 4).
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Figure 4

The x-coordinate of the point where our graph crosses the x-axis is
called the x-intercept; in this case, it is 3. The y-coordinate of the point
where the graph crosses the y-axis is the y-intercept; in this case, —2. A

Example 2 illustrates a very important concept in mathematics; the idea
that an algebraic expression (an equation) can be associated with a geo-
metric figure (in this case, a straight line). The study of the relationship be-
tween equations in algebra and geometric figures is called analytic ge-
ometry. The foundation of analytic geometry is the rectangular coordinate
system.

It is interesting to note that the invention of the rectangular coordinate
system is a fairly recent event in the history of mathematics, occurring
around 1640. The idea of constructing a coordinate system with two perpen-
dicular lines is credited to the French mathematician and philosopher René
Descartes (1596-1650). It has been said that the idea came to him one
morning while he was in bed watching a fly crawl on a corner section of his
bedroom ceiling. He imagined that he could describe the path of the fly if he
knew the relationship (equation) that would give the fly’s distance from the
two perpendicular walls (axes) at any point in time. The Latin translation of
René Descartes is Renatus Cartesius, and that is why rectangular coordi-
nates are sometimes referred to as Cartesian Coordinates.

The distance between any two points (x,, y,) and (x5, y;) in a rectangular
coordinate system is given by the formula
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r= \/(.\‘3 — X))+ (va = y)?

The distance formula can be derived by applying the Pythagorean the-
orem to the right triangle in Figure S.

y
A

(x2.¥2)

(x1,71)

P =(x; Xl)2 + (v2 “,Vl)2

":\/()-'2 x;) + (2 -n)
Figure §

v Example 3 Find the distance between the points (2, 1) and (—1. 5).

Solution It makes no difference which of the points we call (x,, v)
and which we call (x,, y,), because this distance will be the same be-
tween the two points regardless.

."
}
(-1.5)
r=V@Q@+ D+ (1 -5 4:\ 5
= V321 (—4) '
(Lnpb+r=N@)
=V9+ 16 - 3 .
=V2s
=5
Y

Figure 6 A
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V  Example 4 Find the distance from the origin to the point (x, ).

Solution The coordinates of the origin are (0, 0). Applying the dis-
tance formula, we have

y
A
(x,y)
r=V(x—0)?+ (y — 0)> |
Mg y
Z \X g I
4" |
I = X
0 <
Figure 7 A
Angles in Standard DEFINITION An angle is said to be in standard position if its initial side is
Position along the positive x-axis and its vertex is at the origin.

V Example 5 Draw an angle of 45° in standard position and find a point
on the terminal side.

Solution If we draw 45° in standard position we see that the terminal
side is along the line ¥ = x in quadrant I (Figure 8).

."

ﬁ

Figure 8
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Since the terminal side of 45° lies along the line y = x in the first quad-
rant, any point on the terminal side will have positive coordinates that
satisfy the equation y = x. Here are some of the points that do just that.

1, ) (2,2 (3,3) (V2,V2) (‘ 1) (l l) .

22 8' 8

Vocabulary If an angle, say 6, is in standard position and the terminal side
of 4 lies in quadrant I, then we say 0 lies in quadrant | and abbreviate it like
this

0 € Ql

Likewise, 6 € QIl means 6 is in standard position with its terminal side in
quadrant 11.

If the terminal side of an angle in standard position lies along one of the
axes, then that angle is called a quadrantal angle. For example, an angle of
90° drawn in standard position would be a quadrantal angle, since the termi-
nal side would lie along the positive y-axis. Likewise, 270° in standard posi-
tion is a quadrantal angle because the terminal side would lie along the nega-
tive y-axis (Figure 9).

-

90°
quadrantal
angles
180° '/ \\ 0°
- X
0 360°
Y

Figure 9
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Two angles in standard position with the same terminal side are called
coterminal angles. Figure 10 shows that 60° and —300° are coterminal an-
gles when they are in standard position.

v

[}

/ 60
- P X
o

300°

Y

Figure 10

V  Example 6 Draw —90° in standard position, name some of the points
on the terminal side, and find an angle between 0° and 360° that is cotermi-
nal with —90°.

Solution Figure |1 shows —90° in standard position. Since the termi-
nal side is along the negative v-axis, the points (0, —1), (0, —2),
(0, —5/2). and, in general, (0, h) where b is a negative number, are all
on the terminal side. The angle between 0° and 360° that is coterminal
with —90° is 270°.



= <

v

$ 0

¢ (0,

Figure 11

90

1)

2)

Graph each of the following ordered pairs on a rectangular coordinate system:

1. (2,4)
(=2, 4)
(=3, -4)
(5, 0)

0, =3)

I
11. (—5, 3)

Graph each of the following lines:

13. 3x+2y=6
15. y=2x—-1

&) & T

14.
16.

(2, —4)
(=2, —4)
(—4.-2)
(—3,0)
(0, 2)

(=53]

3x—2v=6
yv=2+3

Problem Set 1.2
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17.

19.
21.

22,

Chapter | The Six Trigonometric Functions

%x 18. y=——=ux
3 20. v= -2

X =

The graph of x> + y2 = 1 is a circle with its center at the origin. Graph this
circle by finding a few convenient points that satisfy its equation. The circle
you will graph is called the unit circle. Tell why that is an appropriate name
for it.

Graph the circle x> + v> = 4.

Find the distance between the following points:

23.
25.
27.
29.

31.
32.
33.
34.
35.

36.

37.

38.

(3, 7), (6, 3) 2. 4.7, @8, 1

(0, 12), (5, 0) 26. (—3,0), (0, 4)

(3, =5), (=2, 1) 28. (—8,9), (-3, —-2)
(=1, -2),(—10,5) 30. (=3.8),(-1,6)
Find the distance from the origin out to the point (3, —4).

Find the distance from the origin out to the point (12, —5).

Find x so the distance between (x, 2) and (1, 5) is V13,

Find v so the distance between (7, v) and (8, 3) is I.

An airplane is approaching Los Angeles International Airport at an altitude of
2,640 feet. If the plane is 1.2 miles from the runway (this is the horizontal
distance to the runway), use the Pythagorean theorem to find the distance from
the plane to the runway. (5,280 feet equals | mile.)

%ﬁmo ft

1.2 mi

In softball, the distance from home plate to first base is 60 feet, as is the dis-
tance from first base to second base. If the lines joining home plate to first
base and first base to second base form a right angle, how far does a catcher
standing on home plate have to throw the ball so that it reaches the shortstop
standing on second base?

If a coordinate system is superimposed on the softball diamond in Problem 36
with the v-axis along the line from home plate to first base and the y-axis on
the line from home plate to third base, what would be the coordinates of home
plate, first base, second base, and third base?

If a coordinate system is superimposed on the softball diamond in Problem 36
with the origin on home plate and the positive xv-axis along the line joining
home plate to second base, what would be the coordinates of first base and
third base?

Draw each of the following angles in standard position, find a point on terminal
side. and name one other angle that is coterminal with it.

39.

135° 40. 45°
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41.
43.
4s.

47.

48.

49.

50.

51.

52,

225° 42. 315°
90° 4. 360°
—45° 46. -90°

Draw an angle of 30° in standard position. Then find « if the point (a. 1) is on
the terminal side of 30°.

Draw 60° in standard position. Then find b if the point (2. ») is on the terminal
side of 60°.

Draw an angle in standard position whose terminal side contains the point
(3. —2). Find the distance from the origin to this point.

Draw an angle in standard position whose terminal side contains the point
(2, —3). Find the distance from the origin to this point.

Plot the points (0. 0), (5. 0). and (5. 12) and show that. when connected. they
are the vertices of a right triangle.

Plot the points (0. 2), (=3, 2). and (—=3. —2) and show that they form the
vertices of a right triangle.

We begin this section with the definition of the trigonometric functions that
we will use throughout the book. It is an extremely important definition.
You must memorize it.

DerFINITION [ If @ is an angle in standard position. and the point (., v) is
any point on the terminal side of @ other than the origin. then the six trig-
onometric functions of angle 6 are defined as follows:

Abbre- Defi-
Function viation nition
. v y
The sine of 6 = sinfh = =— A
,
The cosine of 9 = cosf = %
The tangent of ¢ = tanf = .‘_ (x, »)
X |
. r |
The cotangentof 8§ = cotf = % | y
, 0 |
The secant of 6 = sechH = < r |/ o x
! _ P

The cosecant of ¢

M
ESLES S Figure 1

Where v2 + v? = r:, or r= Va4 v,

That is, r is the distance from the origin to (x. ¥).

1.3

Definition |:
Trigonometric
Functions
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As you can see, the six trigonometric functions are simply names given to
the six possible ratios that can be made from the numbers x, y, and r as
shown in Figure 1. Interestingly, although trigonometry has been studied in
one form or another since as early as 1550 B.C., the abbreviations for the
six trigonometric functions as we use them today were not introduced until
1662. In that year, the mathematician Albert Girard published a paper on
trigonometry in which he used the abbreviations sin, tan, and sec for sine,
tangent, and secant. (The first book in which the trigonometric functions
were defined in terms of angles was published in 1551. At that time, sine
was referred to as perpendiculum and cosine as basis. Do you see the con-
nection between these words and the above definition?)

V Example 1 Find the six trigonometric functions of  if  is in stan-
dard position and the point (—2, 3) is on the terminal side of 6.

Figure 2

Applying the definition for the six trigonometric functions using the val-
ues x = =2,y =3 and r = V13 we have
Sing:l:i csc0=L=—l3

r V13 y 3
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cos()=i=—i su:ct9=L=——11
r V13 X 2
=y__3 =X__2
tan 6 x 2 cot 6 : 3 A

Note In algebra, when we encounter expressions like 3/V 13 that contain a radical
in the denominator, we usually rationalize the denominator; in this case, by multi-
plying the numerator and the denominator by V'13.

3 __3 . vVi3_3vi3
vz Vi3 Vi3 13
In trigonometry, it is sometimes convenient to use 3V 13/13, and at other times it is

easier to use 3/'V 13. For now, let’s agree not to rationalize any denominators unless
we are told to.

Calculator Note You can use a calculator to see the equivalence of 3V 13/13 and
3/V'13. Here is the sequence of keys to press on your calculator to obtain decimal
approximations for each expression.

For\;ﬁ: 3H13L\/_JE
Forl\]g—ﬁz 3 [x] 1 [V] [+] 1B [<]

In each case the result should be 0.832050294.

V Example 2 Find the sine and cosine of 45°.

Solution According to the definition above, we can find sin 45° and
cos 45° if we know a point (x, y) on the terminal side of 45°, when 45° is
in standard position. Figure 3 is a diagram of 45° in standard position. It
shows that a convenient point on the terminal side of 45° is the point
(1, 1). (We say it is a convenient point because the coordinates are easy

to work with.)
y

J

_—

Figure 3
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Sincex=1andy=land r = V. + y?, we have
r=V1iz+11=V2

Substituting these values for x, y, and r into our definition for sine and
cosine we have

1 °=X=L °=_X.=-—l—
sin 45 " V3 and cos 45 p Vi A

V Example 3 Find the six trigonometric functions of 270°.

Solution Again, we need to find a point on the terminal side of 270°.
From Figure 4, we see that the terminal side of 270° lies along the nega-
tive y-axis.

n)
W,

I(O, 1)

Figure 4

A convenient point on the terminal side of 270° is (0, —1). Therefore,
r=Vx+y=Vo+-l)=Vi=1I

We have x = 0, y = —1, and r = 1. Here are the six trigonometric
ratios for 8 = 270°.

sin 270° = % =0 = -1 csc 270° =

[un—

r__1
y —1

= -1

cos 270° = -’:— =-=0 sec 270° = f = — = undefined

() )

tan 270° = 2 =1 undefined cot 270° = X = Ok =0
x 0 y —1
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Note that tan 270° and sec 270° are undefined since division by 0 is un-
defined. A

The algebraic sign, + or —, of each of the six trigonometric functions will
depend on the quadrant in which 6 terminates. For example, in quadrant [
all six trigonometric functions are positive since x, y, and r are all positive.
On the other hand, in quadrant II, only sin 6 and csc  are positive since x
and r are positive and y is negative. Table 1 shews the signs of all the ratios
in each of the four quadrants.

Table 1
QI QI QllI Qlv
sin0=landcsc0=L + + - -
r y
cosO=£andsec0=L + = - +
r X
lan0=‘%andcol0=':—' + - + =

\ 4 Example 4 If sin § = —5/13, and 6 terminates in quadrant III, find
cos 6 and tan 6.

Solution Since sin # = —5/13, we know the ratio of y to r, or y/r, is
—5/13. We can let ybe —5 and r be 13 and use these values of y and r
to find x.

Note We are not saying that if y/r = —5/13 that y must be —5 and r must be
13. We know from algebra that there are many pairs of numbers whose ratio is
—5/13, not just —5 and 13. Our definition for sine and cosine, however, indi-
cates we can choose any point on the terminal side of 6 to find sin 6 and cos 6.

To find x we use the fact that x2 + y2 = r2,

x2+ y2 = p2

x2 4+ (=5)2 =132
x2 4+ 25 =169

x? =144
x==12

Is x the number —12 or +12?

Algebraic Signs of
Trigonometric
Functions
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Since 0 terminates in quadrant III, we know any point on its terminal
side will have a negative x-coordinate, therefore,

x=—12
Using x = —12, y = —5, and r = 13 in our original definition we have
cos § == = SO —
r 13 13
and
tan 0 =:¥ = _—152 = % A

As a final note, we should mention that the trigonometric functions of an
angle are independent of the choice of the point (x, y) on the terminal side of
the angle. Figure 5 shows an angle 6 in standard position.

y

)

s P

o (x. v)

A o [
wllbe .
|

0

Figure §
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Points P(x, y) and P'(x’, y') are both points on the terminal side of 6.
Since triangles P'OA’ and POA are similar triangles, their corresponding
sides are proportional. That is,

’ ’ !

y _ Y Y

. x x
sinf == == cos 0 =— =~— tan 0 = ,=L
r r r r x x

Draw each of the following angles in standard position, find a point on the terminal
side, and then find the sine, cosine, and tangent of each angle:

1. 135° 2, 225°
3. 90° 4. 180°
5. —45° 6. —90°

Indicate the quadrants in which the terminal side of # must lie in order that

7. cos 6 is positive 8. cos 0 is negative
9. sin @ is negative 10. sin @ is positive
11. tan 6 is positive 12. tan 0 is negative

13. sin 0 is negative and tan 6 is positive

14. sin 6 is positive and cos 6 is negative

15. In which quadrant must the terminal side of 6 lie if sin 6 and tan 6 are to have
the same sign?

16. In which quadrant must the terminal side of 6 lie if cos 8 and cot 6 are to have
the same sign?

Find all six trigonometric functions of 6 if the given point is on the terminal side
of 6.

17. (3, 4) 18. (-3, —4)
19. (—3,4) 20. (3, -4
2. (5,12 22. (—12,5)
23. (-1, -2 24. (1,2
25. (a, b) 26. (m, n)

Find the remaining trigonometric functions of @ if

27. sin 6 = 12/13 and 6 terminates in QI
28. sin @ = 12/13 and 0 terminates in QII
29. cos & = —3/5and 6 is not in QII

30. tan @ = 3/4 and 6 is not in QIII

31. secH=13/5andsinf <0

32. cscH=13/5andcos 6 <0

33. cotf =1/2 and cos 6§ > 0

34. tan® = —1/2 andsinf >0

Problem Set 1.3
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35. Find sin 0 and cos 6 if the terminal side of 6 lies along the line y = 2x in

quadrant I.

36. Find sin 6 and cos 6 if the terminal side of 6 lies along the line y = 2x in
quadrant III.

37. Find sin 6 and tan 6 if the terminal side of 6 lies along the line y = —3x in

quadrant II.

38. Find sin 6 and tan 6 if the terminal side of @ lies along the line y = —3x in
quadrant IV.

39. Draw 45° and —45° in standard position and then show that cos(—45°) =
cos 45°.

40. Draw 45° and —45° in standard position and then show that sin(—45°) =
—sin 45°,

41. Find x if the point (x, —6) is on the terminal side of 6 and sin § = —3/5.

42. Find y if the point (10, y) is on the terminal side of § and cos 8 = 5/13.

43. Find all angles between 0° and 360° for which sin § = 0.

44. Find all angles between 0° and 360° for which sin 0 = 1.

45. Find all angles between 0° and 360° for which cos 6 = 0.

46. Find all angles between 0° and 360° for which cos 6 = 1.

47. For which values of 6 between 0° and 360° is tan 6 undefined?

48. For which values of 6 between 0° and 360° is sec 6 undefined?

1.4
Introduction To
Identities

Before we begin our introduction to identities we need to review some con-
cepts from arithmetic and algebra.

In mathematics, we say that two numbers are reciprocals if their product
is 1. The reciprocal of 3 is 1/3 since 3(1/3) = |. Likewise, the reciprocal of
xis 1/x since x(1/x) = 1 for all numbers x except x = 0. (Zero is the only
real number without a reciprocal.) Table | gives some additional examples
of reciprocals.

In algebra, statements suchas 2x = x + x, x* = x.x-x,and x/4x = 1/4
are called identities. They are identities because they are true for all replace-
ments of the variable for which they are defined.

Note x/4x is not equal to 1/4 when x is 0. The statement x/4x = 1/4 is still an
identity, however, since it is true for all values of x for which x/4x is defined.

The six basic trigonometric identities we will work with in this section
are all derived from our definition of the trigonometric functions. Since
many trigonometric identities have more than one form, we will list the
basic identity first and then give the most common equivalent forms of that
identity.
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Table 1
Number Reciprocal
| 1\ _
5 . because 5( : ) =
-4 o because —4|— 1) - 1
; (~3)
3 X because 3 L, =]
3 (3)
1 1
a - because a(—) = |
a a
1 5 because 1 5=1
S (5)
3 4 3\/4)\ _
2 3 because(4)(3)- |
a b a\(b\ _
b p because (F)(a)- 1

Our definition for the sine and cosecant functions indicates that they are re-
ciprocals, that is,

1
Csce_sinO

because

L _ 1 =L -tcH
sinf  y/r y

Note that we can also write this same relationship between sin 6 and csc 6 in
two other forms. Like this

. _ 1 _i_x_ .

sin 6 = csc O because ~c 0 = == sin 6
or this

sinfcsch =1 becausesin0c5c0=%-;r=l

The first identity we wrote, csc 8 = 1/sin 6, is the basic identity. The
second two identities are equivalent forms of the first.

Reciprocal Identities
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From the discussion above, and from the definition of cos 0, sec 6, tan 6,
and cot 6, it is apparent that sec 6 is the reciprocal of cos 6, and cot @ is the
reciprocal of tan 6. Table 2 lists three basic reciprocal identities and their
most common equivalent forms.

Table 2
Reciprocal [dentities Equivalent Forms
csc B = .] sin 6 = sinfcscd =1
sin 6 csc 8
sec 6 = l cos 8 = I cos@secd =1
cos 6 sec 6
-1 -1 =
colO—tana tano_cotﬂ tanfcot 8 = |

The examples that follow show some of the ways in which we use these
reciprocal identities.

v Examples
. 3 5
1. Ifsin@ = 5 then csc 0 = 3 because
csc()-;-L-i
sin® 3/5 3
V3 2
2. Ifcos@ = ——,thensec@ = — —.
2 V3

(Remember: Reciprocals always have the same algebraic sign.)
3. Iftan @ = 2, then cot 6 =—;—.
4. Ifesc6 = a, thensin 0 =

S. Ifsec ® = 1, thencos § = 1 (I is its own reciprocal).
6. Ifcot® = —1,thentanf = —1. A

Ratio Identities There are two ratio identities, one for tan § and one for cot 8. Unlike the
reciprocal identities, the ratio identities do not have any common equivalent
forms.
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Table 3
Ratio Identity
tan 6 = Sl because Siid P Ly . tan 0
cos 6 6 x/r X
cot0=-c-.(ﬁ- because cosl0 =ﬂ=i=c010
sin @ 0 vir

V Example7 Ifsin @ = —3/5 and cos § = 4/5, find tan 6 and cot 6.

Solution Using the ratio identities we have

tan0=Sin0— —3/5__;
os 0 4/5 4
cotf =S80 _ 45 _ 4
sin 6 =3/5 3

Note that, once we found tan 6, we could have used a reciprocal identity
to find cot 6.

cott9=—I = _.4
tan 6 -—3/4 3 A

Notation The notation sin26 is a shorthand notation for (sin 6)2. It indi-
cates we are to square the number that is the sine of 6.

V Examples
o3 o (3} 9
8. Ifsm0-5,thensm0—(5) 75 -
9. IfcosB=—L then cos*6 = —LJ=—L.
2: ¢ 2 8

10. Iftan @ = 3,then] + 2tan2d =1+ 23)2 =1+ 2(9) = 19.

11. Ifsec® = —2,then3sec*d — 1 =3(=2)*—1=3(16)— 1 =47. A

To derive our Pythagorean identity we start with the relationship between x,
y, and r as given in the definition of sin 6 and cos 6.

xz + y2 ] r:
2 y2

R Divide through by r*

Pythagorean Identity
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2 2
<1> + (l) =1 Property of exponents

r r
(cos 0)2 + (sin §)2 = 1 Definition of sin € and cos 6
cos26 + sinZf = 1 Notation

This last line is our Pythagorean identity. We will use it many times
throughout the book. It states that, for any angle 6, the sum of the squares of
sin 6 and cos 6 is always 1. (There are actually two additional Pythagorean
identities that involve the other four trigonometric functions. We will study
them when we study identities in more detail in later chapters.)

There are two very useful equivalent forms of the Pythagorean identity.
One form occurs when we solve cos?6 + sin?6 = 1 for cos 6, and the other
form is the result of solving for sin 6.

Solving for cos 6 we have

cos2f + sin20 = 1
cos?0 = 1 — sinZ6 Add —sin26 to both sides
cos § = =V 1 — sin?f Take the square root
of both sides

Similarly, solving for sin 6 gives us
sin® = =V 1 — cos26

We summarize this data in Table 4.

Table 4
Pythagorean Identity } Equivalent Forms
cos?0 + sin?0 = | i cos 6 = =V — sin’0
i sin @ = *V1 — cos’

Notice the * sign in the equivalent forms. It occurs as part of the process of
taking the square root of both sides of the preceding equation. (Remember:
We would obtain a similar result in algebra if we solved the equation x? = 9
to get x = *=3.) In Example 12 we will see how to deal with the * sign.

V  Example 12 Ifsin @ = 3/5 and 6 terminates in quadrant II, find cos 6
and tan 6.

Solution We begin by using the identity cos § = V1 — sin?0
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If sin0=%

the identity cos 6 =

becomes cos 6 =

i
I+

ﬁj?

|
I+

l—sm

16
25

4

5

Now we know that cos 6 is either +4/5 or —4/5. Looking back to the
original statement of the problem, however, we see that # terminates in
quadrant II; therefore, cos 6 must be negative.

cos 0 = — %
To find tan 6, we use a ratio identity.
tan 6 = sim6 _ 35 _ _3
cos@  —4/5 4 A

As a final note, we should mention that the six basic identities we have
derived here, along with their equivalent forms, are very important in the
study of trigonometry. It is essential that you memorize them. It may be a
good idea to practice writing them from memory until you can write each of
the six, and their equivalent forms, perfectly. As time goes by, we will
increase our list of identities, so you will want to keep up with them as we

go along.

Give the reciprocal of each number.

1. 7 2. 4
3. 3/5 4. 5/4
5. -2/3 6. —5/13
7. —1uV2 8. —\V3n
9. «x 10. l/a
11. 1/(a + b) 12. x+y

Problem Set |.4
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13.
14.
15.
16.
17.
18.

Chapter | The Six Trigonometric Functions

If sin 6 = 4/5, find csc 6.

If cos 6 = \/5/2, find sec 6.

If sec 8 = —2, find cos 6.

If csc @ = —13/12, find sin 6.

If tan 8 = a (a # 0), find cot 6.
If cot 6 = —b (b # 0), find tan 6.

For Problems 19 through 24, recall that sin?6 means (sin 0)>.

19.
20.
21.
22,
23.
24.

If sin = 1/V2, find | — sin26.
If cos = 1/3, find 1 — cos?6.
If tan 6 = 2, find 3 tan*6 — 3.
If sec 6 = —3, find 2 sec?6 + 2.
If cos 8 = 0.5, find 2 cos?0 — 1.
If sin @ = 0.6, find | — 2 sin’6.

For Problems 25 through 32, let sin # = —12/13, and cos § = —5/13, and find

25.
27.
29.
31.

33.
34.
3s.
36.
37.
38.

tan 0 26. cot 6
sec 6 28. csc 6
sin’6 30. cos’6
sin’@ + cos’6 32. the quadrant in which 6 lies

If sin @ = —4/5 and 6 terminates in QIII, find cos 6.
If sin 6 = —4/5 and 6 terminates in QIV, find cos 6.
If cos 6 = V3/2 and 6 terminates in QI, find sin 6.
If cos @ = —1/2 and 6 terminates in QII, find sin 6.
Find tan 0 if sin 6 = 1/3 and 6 terminates in QI.
Find cot 0 if sin § = 2/3 and 6 terminates in QII.

Find the remaining trigonometric ratios of 6 if

39.
40.
41.
42.
43.
44.
45.
46.

47.
48.

cos O = 12/13 and 6 terminates in QI

sin @ = 12/13 and 6 terminates in QI

sin @ = —1/2 and 6 is not in quadrant III
cos § = —1/3 and 6 is not in quadrant II
sec 8 = 2 and sin 6 is positive

csc 0 = 2 and cos 6 is negative

csc @ = a and 6 terminates in quadrant |
sec & = b and 0 terminates in quadrant |

Iftan ® = V3 and csc 0 = —2/\/5, find cos 6.
If cot 6 = —V/7/3 and csc @ = 4/3, find cos 6.

Recall from algebra that the slope of the line through (x;, y,) and (x,, y,) is

It is the change in the y-coordinates divided by the change in the x-coordinates.
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49. The line y = 3x passes through the points (0, 0) and (1, 3). Find its slope.
50. Suppose the angle formed by the line y = 3x and the positive x-axis is 6. Find
the tangent of 6.

51. Find the slope of the line y = mx. [It passes through the origin and the point
(1, m).]

52. Findtan 6, if 6 is the angle formed by the line y = mx and the positive x-axis.

y
A

(1,m)

The topics we will cover in this section are an extension of the work we did
with identities in Section 1.4. The first topic involves writing any of the six
trigonometric functions in terms of any of the others. Let's look at an
example.

1.5
More on Identities
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V Example 1 Write tan 6 in terms of sin 6.

Solution When we say we want tan 6 written in terms of sin 6, we
mean that we want to write an expression that is equivalent to tan 6 but
involves no trigonometric function other than sin 6. Let’s begin by using
a ratio identity to write tan 6 in terms of sin 6 and cos 6.

_ sin 6

tan 6 cos 0

Now we need to replace cos 6 with an expression involving only sin 6.
Since cos 0 = = V| — sin’0 we have

sin

cos 0

tan 0
__sinf
+=V1 — sin’6
- sin 6

V1 —sin2

This last expression is equivalent to tan 6 and is written in terms of sin 6
only. (In a problem like this it is okay to include numbers and algebraic
symbols with sin 6.)

Here is another example.

V Example 2 Write sec 6 tan 6 in terms of sin 6 and cos 6, and then
simplify.

Solution Since sec & = 1/cos 6 and tan 6§ = sin 6/cos 6, we have

__1 _sin6
sec ftan 6 = cos 0 cos 0
_ sin 6
cos26 A

The next examples show how we manipulate trigonometric expressions
using algebraic techniques.

| 1
\ 4 Example 3 Add Sin 0 + cos B
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Solution We can add these two expressions in the same way we would
add 1/3 and 1/4; by first finding a least common denominator (LCD),
and then writing each expression again with the LCD for its denominator.

1 + | | .cos(i_'_ | _ sind The LCD is
sin® cos® sinf® cos® cos6 sin6 sin 6 cos 6

__ cos@ sin 6
sin@cos@® cos @ sin b

_ cos 6 + sin 0
sin 6 cos 0 A

V Example 4 Multiply (sin @ + 2)(sin 6 — 5).

Solution We multiply these two expressions in the same way we would
multiply (x + 2)(x — 5). (In some algebra books this kind of multiplica-
tion is accomplished using the FOIL method.)

(sinf@ + 2)(sin@ — S)=sinfsinf —S5sinf@ +2sinf — 10
= sin?0 — 3sin — 10

In the examples that follow, we want to use the six basic identities we
developed in Section 1.4, along with some techniques from algebra, to show
that some more-complicated identities are true.

V Example5 Show that the following statement is true by transforming
the left side into the right side.
cos 6 tan 6 = sin 0
Solution We begin by writing everything on the left side in terms of
sin 6 and cos 6.

sin 6
cos 6

cos 0 -

cos 0 tan 6
cos 6 sin 6
cos 6

= sin 6 Divide out the cos 8§ common to the
numerator and denominator

Since we have succeeded in transforming the left side into the right side,
we have shown that the statement cos 0 tan 6 = sin 0 is an identity. A
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Note You may be wondering at this point, what good all of this is. As we progress
through the book, you will see that identities play a very important part in trig-
onometry (and also in classes for which trigonometry is a prerequisite). This is an
introduction to proving identities. In Chapter 5, we will introduce a more formal
method of proving identities. For now, we are simply practicing changing trig-
onometric expressions into other, equivalent, trigonometric expressions.

V Example 6 Prove the identity

(sin @ + cos )2 =1+ 2sinfBcos b

Solution Let’s agree to prove the identities in this section, and the
problem set that follows, by transforming the left side into the right
side. In this case, we begin by expanding (sin 8 + cos 6)2. (Remember
from algebra, (@ + b)2 = a? + 2ab + b))

(sin@ + cos 6)2 = sin20 + 2sin 6 cos 6 + cos26

Now we can rearrange the terms on the right side to get sin26 and cos?6
together.

(sin26 + cos20) + 2 sin 0 cos 6
=1+ 2sin6cos 6

As a final note, we should mention that the ability to prove identities in
trigonometry is not always obtained immediately. It usually requires a lot of
practice. The more you work at it, the better you will become at it. In the
meantime, if you are having trouble, check first to see that you have memo-
rized the six basic identities—reciprocal, ratio, Pythagorean, and their
equivalent forms, as given in Section 1.4.

Problem Set |.5

Write each of the following in terms of sin 6 only:

1. cosé@ 2. cscé@
3. cotf 4. sec O

Write each of the following in terms of cos 6 only:

5. secH 6. sin @
7. tan @ 8. cscé

Write each of the following in terms of sin 6 and cos 6, and then simplify if possible:

9. cscHcoth 10. sec 6 cot 0
11. cscOtan 0 12. sec 6 tan 0 csc 6
13. sec 0 14, Ss¢ (0]

csc 6 sec 0
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sec 6 csc 6
1S. tan 0 16. cot 0
tan 6 cot 6
17. cot 18. tan 6
sin 6 cos 6
19. csc 6 20. sec 0
21. tan @ + sec 6 22. cotf —csc@
23. sin6cotf + cos 6 24. cosftan 6 + sin 6
25. secH — tan O sin 6 26. csc O — cotBcos 6

Perform the indicated operations and then simplify your answers if possible. Leave
all answers in terms of sin 6 and/or cos 6.

sin 6 1 cos 6 sin 6
27. Add cos 6 + sin 6 28. Add sin 6 + cos 0
29. Add sin 6 + —. 30. Add cos § + ——
cos 6 sin @
31. Subtract .] —sin 6 32. Subtract L _ cos 6
sin 6 cos 6

33. Multiply (sin 6 + 4)(sin 6 + 3)
34. Multiply (cos 6 + 2)(cos 6 — 5)
35. Multiply (1 — sin 8)(1 + sin 6)
36. Multiply (1 — cos 8)(1 + cos 6)
37. Expand (sin 6 — cos )’

38. Expand (sin 6 — 4)?

Show that each of the following statements is an identity by transforming the left
side of each one into the right side:

39. cos 6tan 6 = sin 6 40. sin 6 cot @ = cos 6
4]1. sinfsecOtan 6 = 1 42. cosfOcscOtand =1
43. csc 0 = sec 6 44. sec 6 = csc 6
cot 6 tan 6
45. sec 0 = tan 6 46. csc 0 = cot 0
csc 6 sec 0
47. sin@tan O + cos O = sec 6 48. cos O cot O + sin @ = csc 6
49. tan 6 + cot @ = sec 6 csc 0 50. tan20 + 1 = sec?d
2 1n2
51. csc @ — sinf = M 52. secO — cos 6 = sin°6
sin 6 cos 0
53. 1 — sin?6 = cos?6 54. 1 — cos?0 = sin26

55. (1 — cos 6)(1 + cos 8) = sin%6 56. (1 + sin B)(1 — sin ) = cos26
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57. (sin® —cos9)?— 1= —2sinfcos
58. (cos @ + sinf)? — 1 = 2sin 0 cos 6
§9. sinf(sec@ + csch) =tan 6 + |

60. sec O(sin @ + cos ) =tan O + |

Examples: We will use the margin to give Chapter | Summary and Review
examples of the topics being reviewed,
whenever it is appropriate. The number in brackets next to each heading indicates the section in

which that topic is discussed.

ANGLES [1.1]

positive angle

An angle is formed by two half lines (rays) with a common end
. point. The common end point is called the vertex, and the half

< lines are called sides, of the angle. If we think of an angle as
initial side

being formed by rotating the initial side about the vertex to the
— terminal side, then a counterclockwise rotation gives a positive
angle, and a clockwise rotation gives a negative angle.

negitive angle

2. 180° DEG EE MEASURE [1.1]
B straight angle There are 360° in a full rotation. This means that 1°is 1/360 of a

full rotation.
An angle that measures 90° is a right angle. An angle that
9 ;I::Ile measures 180° is a straight angle. Angles that measure between
0° and 90° are called acure angles, while angles that measure be-
tween 90° and 180° are called obruse angles.

3. [f ABC is a right triangle with C = PYTHAGOREAN THEOREM (1.1]
90° and if @ = 4 and ¢ = 5, then
S+ p=5 In any right triangle, the square of the length of the longest side
6 + b =25 (the hypotenuse) is equal to the sum of the squares of the lengths
b = of the other two sides (legs).

b=
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a c2=a + b?

DISTANCE FORMULA [1.2]

The distance r between the points (x,, y,) and (x., y,) is given by
the formula

r= V(xz - )2+ (.= n)?

STANDARD POSITION FOR ANGLES [1.2]

An angle is said to be in standard position if its vertex is at the
origin and its initial side is along the positive x-axis.

TRIGONOMETRIC FUNCTIONS [1.3]

If 6 is an angle in standard position and (x, y) is any point on the
terminal side of 6 (other than the origin) then

y
A
g =2 =L
sin 6 " csc 6 y L ()
|
cosf == sec § = — 4 '
r X |>y
tan9 = 2 cot == ’ :
X y - X
o~———""
X

Where 22 + y2 = r2, or r = Vx2 + y2. That is, r is the dis-
tance from the origin to (x, y).

4|

4. The distance between (2. 7) and
(—1.3)is

r=VQ@+ 17+ (7 -3)
V9 + 16
V25

I
w

S. 135° in standard position is

0

6. If (=3, 4) is on the terminal side of
6. then

r=Vo9+16=5
and
sm0=% csc0=%
cose=——53- sec0=—%
tan0=—% c010=—%
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7. Ifsin6 > 0, and cos 8 > 0, then 6 SIGNS OF THE TRIGONOMETRIC FUNCTIONS [1.3]
must terminate in QI.
AL GRS G The algebraic signs, + or —, of the six trigonometric functions
must terminate in QII. d d h d . hich 8 .
If sin 6 < 0, and cos 6 < 0. then 6 epend on the quadrant in which 6 terminates.
must terminate in QIII.
Ifsin <0, and cos 6 > 0, then 6 Ql Qll QI Qv
must terminate in QIV. sin ¢ and csc 6 + + _ _
cos 6 and sec 6 + - - +
tan 6 and cot 6 + - + -
8. Ifsin & = 1/2 and 6 terminates in QI, BASIC IDENTITIES [1.4)
then
cos 6 = V1 — sin?0 Reciprocal
=VI1-1/4 1 1
csc 0 = — sec = —— cot 0 =
V3 sin 6 cos 6 tan 0
T2 .
Ratio
an 6 = sin 6 i 0 0
= sin cos
Ze3 0 tan 0 = 0 cot § = = 9
2 cos sin
V32 V3 Pythagorean
| .
cot 6 = —_ 2 2 =
an 0 V3 cos?6 + sin*6 = 1
1 _ 2
sec 6 = cos b /3
|
sc 6 = =
V= Sne 2
Chapter | Solve for x in each of the following right triangles:
Test 1. 2
x 10
4 6
-
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3 4
6 x
x+2
x
3 4
Graph each of the following lines:
5. 2x+3y=6 6. y=3x—-1

7. Findthe distance between the points (4, —2) and (—1, 10).
8. Find the distance from the origin to the point (a, b).
9. Find x so that the distance between (—2, 3) and (x, 1) is V13.
10. Draw 135° in standard position and find the point on the terminal side with
x-coordinate — 1.

Find sin 6, cos 6, and tan 6 for each of the following values of 6:

11. 90° 12. —45°

In which quadrant will 6 lie if

13. sinf <0andcosf >0 14. .csc0>0andcos 0 <0

Find all six trigonometric functions for 6 if the given point lies on the terminal side
of 6 in standard position.

15. (-6, 8) 16. (-3, -1)
Find the remaining trigonometric functions of 0 if

17. sin @ = 1/2 and 6 terminates in QII

18. tan @ = 12/5 and 6 terminates in QIII

19. Find sin 0 and cos 0 if the terminal side of 6 lies along the line y = —2x in
quadrant IV.

20. Find6ifsin ® = 0, and 0° =< 0 < 360°

21. Ifsin @ = —3/4, find csc 6.

22. Ifsec § = —2, find cos 6.

Ifsin@ = 1/3 with 0 in QI, find each of the following:

23. cos 6 and sec 6 24. tan 6 and cot 6
25. 1 + cot?0 and csc?6 26. | + tan%6 and sec26
27. 1 + 27 sin30 28. 2cscig -1

29. Express sec 6 tan 6 in terms of cos 6.
30. Multiply (sin 8 + 3)(sin 0 — 7).
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31. Expand and simplify (cos 6 — sin 6)>.

32. Subtract I— - sin 6.
sin 6

Show that each of the following statements is an identity by transforming the left
side of each one into the right side:

33. sinfBcotfsecHd =1

cot 0

34. csc 6

= cos 0

35. cotf + tan 6 = csc 0 sec 6

36. cos O(csc 8 + sec ) = cot 6 + 1
37. (1 —sin@)(1 + sin 6) = cos20
38. sin O(csc @ + cot ) =1 + cos 6



Right Triangle
Trigonometry

To the student:

We are going to begin this chapter with a second definition for the six
trigonometric functions. This second definition will be given in terms of
right triangles. As you will see, it will not conflict with our original defini-
tion. Since this new definition defines the six trigonometric functions in
terms of the sides of a right triangle, there are a number of interesting appli-
cations. One of the first applications will be to find the six trigonometric
functions of 30°, 45°, and 60°, since these angles can be found in the special
triangles we introduced in Chapter 1.

After we have worked with the new definition for the trigonometric func-
tions we will show how to use a table to find approximations of trigo-
nometric functions of angles between 0° and 90°. Since you may be in a
class in which calculators are used instead of tables, we will also include
notes on how to use a calculator with sin, cos, and tan keys to accomplish
the same results.

In Section 2.3 we will use the new definition and tables of trigonometric
functions (or a calculator) to find missing parts for some right triangles.
Again, we will include notes on using a calculator where appropriate.

In Sections 2.4 and 2.5 we will look at some special applications of the
right triangle trigonometry we dcvelop in the first three sections of the
chapter.

Finally, at the end of each problem set in this chapter, you will find a set
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46 Triconometrs

of review problems. These review problems are intended to refresh your
memory on topics we have covered previously and, at times, to get you
ready for the section that follows. We will continue to place review prob-
lems at the end of the Problem Sets throughout the remainder of the book.

In Chapter 1 we gave a definition for the six trigonometric functions for any
angle in standard position. We begin this chapter with a second definition for
the six trigonometric functions. This new definition defines the trigonomet-
ric functions in terms of the sides and angles of aright triangle. As you will
see, this new definition does not conflict with the definition we gave in Chap-
ter 1.

If triangle ABC is a right triangle with C = 90°, then the
sDEFINITION. IIc functions for A are defined as follows:

. side opposite A a
sin A = = —

hypotenuse

[

side adjacent A _
hypotenuse

- side opposite A _

SIS

cos A hypotenuse

4 a

side adjacent A

— side adjacent A _
side opposite A

_ __hypotenuse
sec A

c
" side adjacent A b

___hypotenuse  _ ¢
csc A =

side opposite A~ a

side opposite 4
and adjacent to B

A b C

Qs o

side opposite B
and adjacent to 4

Figure 1

Historically, the first reference to the trigonometric functions, as we have
defined them here, is found in the Ahmes Papyrus, which is dated at approx-
imately 1550 B.C. Contained therein are five problems relating to the mea-
surement of pyramids. In four of these problems a reference is made to what
is currently known as the cotangent function. For comparison, the first writ-
ten reference to the sine function did not occur until around 500 A.D.

Triangle ABC is a right triangle with C = 90°. If a = 6
¥ Example | the six trigonometric functions of A.

Solution We begin by making a diagram of ABC, and then use the
given information and the Pythagorean theorem to solve for b.



47

B
i 10 6
= V100 — 36
= Vo4
8
a
A b c

Figure 2

Now we write the six trigonometric functions of A using a = 6, b =
8, and c = 10.

a_a_6 _3 _c_>s
smA—C—lO—5 cscA—a 3
_b_8 _4 _c_5
cosA—c T 5 sec A b~
~a_6_3 ~b_4
tanA—b—g—4 cot A 23 A

Now that we have done an example using our new definition, let’s see
how our new definition compares to Definition I from the previous chapter.
We can place right triangle ABC on a rectangular coordinate system so that
A is in standard position. We then note that a point on the terminal side of A
is (b, a). y

S

ir

Figure 3
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From Definition I in From Definition II in
Chapter 1, we have this chapter we have
sina =4 sinA =2

c ¢

cos A = é cos A = b
c c

_4a - a

tan A = b tan A b

The two definitions agree as long as A is an acute angle. If A is not an
acute angle, then Definition II does not apply, since in right triangle ABC, A
must be an acute angle.

Here is another definition that we will need before we can take Definition
Il any further.

P Sine and cosine are cofunctions, as are tangent and co-
tangent, and secant and cosecant. We say sine is the cofunction of cosine,
and cosine is the cofunction of sine.

Now let’s see what happens when we apply Definition II to B in right
triangle ABC.

sin B = side opposite B _ b _ cos A

hypotenuse c
_ side adjacent B _ a _ .
cos B = =—=sin A hypotenuse
hypotenuse c

. . (4 a
wun B = side opposite B _ % — cot B

side adjacent B side opposite 4

C and adjacent to B
=tanA A4 b C

side adjacent B _ a

cot B == - = —
side opposite B b

side opposite B

sec B = _hypotemuse  _ ¢ _ csc A and adjacent to A4
a

side adjacent B
Figure 4

csc B = _hypotenuse __ ¢ _ sec A
side opposite B b

We can summarize the information above with the following theorem:

CoFuNcTION THEOREM A trigonometric function of an angle is always
equal to the cofunction of the complement of the angle. That is, if x is an
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acute angle, then, since x and 90° — x are complementary angles, it must be

true that

sin x = cos(90° — x)

COS X
tan x
cot x
sec x
CSC x

= sin(90° — x)
= cot(90° — x)
= tan(90° — x)
= ¢sc(90° — x)
= sec(90° — x)

V¥V Example 2 Fill in the blanks so that each expression becomes a true

statement.

a. sin = cos 30°

b.

tan y = cot c. sec 75° = csc

Solution Using the theorem on cofunctions of complementary angles,
we fill in the blanks as follows:

a. sin 6_0° = cos 30°

b. tany = cot (90° — y)

c. sec75°=csc 15_"

since sine and cosine are cofunctions
and 60° + 30° = 90°

since tangent and cotangent are cofunc-
tions and y + (90° — y) = 90°

since secant and cosecant are cofunc-
tions and 75° + 15° = 90°

For our next application of Definition II we need to recall the two special
triangles we introduced in Chapter 1. They are the 30°-60°-90° triangle,
and the 45°-45°-90° triangle.

30°
2t
o]
60 ]
t
30° - 60° - 90°

V3

45°
V2
t
45° M
t
45° - 45° - 90°

Figure §
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We can use these two special triangles to find the trigonometric functions
of 30°, 45°, and 60°. For example,
side opposite 60° _ rV3 _ ﬁ

sin 607 = hypotenuse T2 T2

Dividing out the
tan 30° = side opposite 30° __t _ 1 common factor ¢
side adjacent 30° /3 V3

We could go on in this manner—using Definition II and the two special
triangles—to find the six trigonometric ratios for 30°, 45°, and 60°. Instead,
let us vary things a little and use the information just obtained for sin 60° and
tan 30° and the theorem on cofunctions of complementary angles to find
cos 30° and cot 60°.

cos 30° = sin 60° = \/75
| Cofunction theorem

cot 60° = tan 30° = —

V3

To vary things even more, we can use some reciprocal identities to find
csc 60° and cot 30°.

csc 60° = l S or ;ﬁ
sin 60° /3 3
o _ 1 _

cot 30° = —=5 = V3

The idea behind using the different methods listed above is not to make
things confusing. We have a number of tools at hand and it does not hurt to
show the different ways they can be used.

If we were to continue finding sine, cosine, and tangent for these special
angles, we would obtain the results summarized in Table 1.

If denominator is rationalized

Table 1 Exact Values

0 30° 45° 60°
- 1 1o V2 V3
sin 2 V2 2 2
cos 6 ﬁ A or ﬁ 1
2 V2 2 2

1 V3
tan 6 3 or 3 | V3
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Table 1 is called a table of exact values to distinguish it from a table of
approximate values. Later in this chapter we will work with tables of ap-
proximate values.

Calculator Note To use a calculator to find the sine, cosine, or tangent of an angle,
you first enter the angle (with the calculator in the degree mode) and then press the
sin, cos, or tan key. For example, to find sin 30° you would use the following

sequence
0 [3n]

The calculator will then display 0.5. The values the calculator gives for the trig-
onometric functions of an angle are approximations, except for a few cases such as
sin 30° = 0.5. If you use a calculator to find sin 60°, the calculator will display
0.866025403, which is a nine digit decimal approximation of V/3/2. You can check
this by using your calculator to find an approximation to V/3/2 1o see that it agrees
with the calculator value of sin 60°. In the meantime, remember that if you are
asked to find the exact value of a trigonometric function, you must use the values
given in the table of exact values.

v Example 3 Use the exact values from the table to show that the fol-
lowing are true.

a. ¢o0s230° + sin230° = | b. co0s245° + sin245° = |

Solution
V3 (1y_3 1
230)° in220° = | X2 2y =241
a. cos?30° + sin230 (2)+ 2) 4+4 l
b, cosz45°+sin245°=(l—)2+(—]—)2 SRR
V2 V2 2 2 A

V Example 4 Let x = 30°and y = 45° in each of the expressions that
follow, and then simplify each expression as much as possible.

a. 2sinx b. sin 2y c. 4sin(3x — 90°
Solution

o 25inx=25in30°=2(%) -
b. sin 2y = sin 2(45°) = sin 90° = 1
c. 4sin(3x — 90° = 45sin[3(30°) — 90°] = 4sin0°=4(00) =0 A
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Problem Set 2.1 Problems 1 through 10 refer to right triangle ABC with C = 90°. In each case, use
the given information to find the six trigonometric functions of A.

1. b=3,c=5 2. b=5.c¢c=13
. a=2,b=1 4. a=3.b=2
5. a=2,b=\V5 6. a=3,b=V7

In each triangle below, find sin A, cos A, tan A, and sin B, cos B, tan B.

5

B
B
/ 4
[] 0
C 3 C
C C
/\ 1 2
B
A
N
10 ¢
6 1
B B
B 14. B
jzx x \\
L1
X A X A

C

7. 8.

A A
9. 10.

A B A
11. 12. 4

C

/
N
by

13.
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Use the cofunction theorem to fill in the blanks so each expression becomes a true
statement.

15. sin 10° = cos 16. cos 40° = sin

17. tan 8° = cot 18. cot 12°=tan
19. sec 73° = csc 20. csc 63° =sec
21. sinx=cos 22. siny=cos
23. tan(90° — x) = cot 24. tan(90° — y) = cot

Simplify each expression by first substituting values from the table of exact values
and then simplifying the resulting expression.

25. 4 5sin 30° 26. 5 sin?30°

27. (2 cos 30°)? 28. sin?30°

29. sin 30° cos 45° 30. sin 30° + cos 45°
31. (sin 60° + cos 60°)? 32. sin260° + cos260°

33. sin245° — 2 sin 45° cos 45° + cos?45°
34. (sin 45° — cos 45°)?

35. (tan 45° + tan 60°) 36. tan45° + tan260°

For each expression that follows, replace x with 30°, y with 45°, and z with 60°, and
then simplify as much as possible.

37. 2sinx 38. 4cosy

39. 4cos(z — 30° 40. -2 sin(y + 45°)
41. —3sin2x 42. 3sin2y

43. 2cos(3x — 45° 4. 2sin(90° — 2)
Find exact values for each of the following:

45. sec 30° 46. csc 30°

47. csc 60° 48. sec 60°

49. cot 45° 50. cot 30°

51. sec 45° 52. csc 45°

Use a calculator to find an approximation to each of the following expressions:

53. sin 60° 54. cos 30°
55. V312 56. V212
57. sin 45° 58. cos 45°
59. 1/V2 60. 1/V3
61. tan 45° 62. tan 30°

Review Problems From here on, each problem set will end with a series of
review problems. In mathematics, it is very important to review. The more you re-
view, the better you will understand the topics we cover and the longer you will
remember them. Also, there will be times when material that seemed confusing
earlier will be less confusing the second time around.
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The problems that follow review material we covered in Section 1.2.
Find the distance between each pair of points.
63. 5.1) .5) 64. (3,-2) (-1,-4)

65. Find x so that the distance between (x. 2) and (1, 5) is V'13.
66. Graph the line 2x — 3y = 6.

Draw each angle in standard position and name a point on the terminal side.

67. 45° 68. 135°

22

Tables and Calculators
for Trigonometric
Functions of an

Acute Angle

We previously defined 1 degree (1°) to be 1/360 of a full rotation. A degree
itself can be broken down further. If we divide L° into 60 equal parts, each
one of the parts is called | minute, denoted 1’. One minute is 1/60 of a
degree; in other words, there are 60 minutes in every degree. The next
smaller unit of angle measure is a second. One second, 1", is 1/60 of a min-
ute. There are 60 seconds in every minute.

I°=60' or I' =(L)

60
1'"=60" or 1I"= ST
60
Table 1 shows how to read angles written in degree measure.
Table 1
The Expression [s Read
52°10' 52 degrees, 10 minutes
5°27' 30" S degrees, 27 minutes, 30 seconds
13° 24’ 75" 13 degrees, 24 minutes, 75 seconds

V Example 1 Add 48° 49’ and 72° 26'.

Solution We can add in columns with degrees in the first column and
minutes in the second column.

48° 49’
+ 72° 26’
120° 75’
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Since 60 minutes is equal to | degree, we can carry | degree from the
minutes column to the degrees column.

120° 75" = 121° 15’ A
V Example 2 Subtract 24° 14’ from 90°.

Solution In order to subtract 24° 14’ from 90° we will have to “bor-
row” [° and write that 1° as 60'.

90° = 89°60°  (Still %0°)
- 24° 14 - 24° 14’
65° 46’ A

An alternative to using minutes and seconds to break down degrees into
smaller units is decimal degrees. For example, 30.5°, 101.75°, and 62.831°
are the measures of angles written in decimal degrees.

To convert from decimal degrees to degrees and minutes, we simply mul-
tiply the fractional part (the part to the right of the decimal point) of the
angle by 60 to convert it to minutes.

V Example3 Change 27.25° to degrees and minutes.

Solution Multiplying 0.25 by 60 we have the number of minutes
equivalent to 0.25°.

27.25° = 27° + 0.25°
= 27° + 0.25(60")
=27°+ 15’
=27° 15’
Of course in actual practice, we would not show all of these steps. They

are shown here simply to indicate why we multiply only the decimal
part of the decimal degree by 60 to change to degrees and minutes. A

Calculator Note Some scientific calculators have a key that automatically con-

verts angles given in decimal degrees to degrees and minutes. Consult the manual
that came with your calculator to see if yours has this key.

V Example 4 Change 10° 45’ to decimal degrees.

Solution We have to reverse the process we used in Example 3. To
change 45’ to a decimal we must divide by 60.

Decimal Degrees
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10° 45" = 10° + 45’

= 10° 1y
=10 +45(60)

= 10° + 22
=10°+ 25

= 10° + 0.75°
= 10.75° A

Calculator Note On a calculator, the result given in Example 4 is accomplished as

follows:
as [=] o0 [+] 10 [=]

The process of converting back and forth between decimal degrees and
degrees and minutes can become more complicated when we use decimal
numbers with more digits or when we convert to degrees, minutes, and sec-
onds. In this book, most of the angles written in decimal degrees will be
written to the nearest tenth or, at most, the nearest hundredth. The angles
written in degrees, minutes, and seconds will rarely go beyond the minutes
column.

Table 2 lists the most common conversions between decimal degrees and
minutes.

Table 2
Decimal Degree Minutes
0.1° 6’
0.2° 12’
0.3° 18"
0.4° 24’
0.5° 30’
0.6° 36’
0.7° 42’
0.8° 48’
0.9° 54’
1.0° 60’

Up until now, the only angles we have been able to determine trigonometric
functions for have been angles for which we could find a point on the termi-
nal side or that were part of special triangles. We can find decimal approx-
imations for trigonometric functions of any acute angle by using a calculator
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with keys for sine, cosine, and tangent or by using the tables at the back of
the book.

Table II in the TABLES section in the back of the book gives the values
for the six trigonometric functions of any acute angle given in decimal de-
grees—to the nearest tenth of a degree. Table III gives all six trigonometric
functions of acute angles written in degrees and minutes in increments of
10°. Angles between 0° and 45° are listed in the left-hand column of each
table and angles between 45° and 90° are listed in the right-hand column.
The main thing you have to know to read the table is that angles in the left-
hand column correspond to the trigonometric functions listed at the top of
the table; likewise, angles in the right-hand column correspond to the trig-
onometric functions at the bottom of the table.

Calculator Note The examples that follow illustrate how the tables of trigonomet-
ric functions are used. If you are using a calculator instead of the tables, check to
see that you can obtain the results given in the examples on your calculator. Keep in
mind that your calculator will interpret the angles you enter as being in decimal
degrees. To use a calculator to find trigonometric functions of angles given in de-
grees and minutes you must first convert to decimal degrees.

V Example 5 Use Table I to find cos 37.8°.

Solution We locate 37.8° in the left-hand column and then read across
until we are in the column labeled cos 6 at the top.

6 sin 6 cos 6 tan 6 cot 6 sec 6 csc 6

y/:
v
y/i
7
/i
4
L

37.0

Y
.8 | ——— 0.7902

The number 0.7902 is just an approximation of cos 37.8°. Cos 37.8° is
actually an irrational number, as are the trigonometric functions of most
of the other angles listed in the table. A

\ 4 Example 6 Use Table III to find sin 58° 20’.

Solution We locate 58° 20’ in the right-hand column of Table 111 and
then read across until we are in the column labeled sin 6 at the botrom.
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0.8511 —= 20’
A 58°00’
\b $ 'S R
cos 6 sin 6 cot 6 tan 0 csc 6 sec 0 6
sin 58° 20’ = 0.8511 A

V  Example 7 Use Table II to find @ if tan 6 = 3.152.

Solution We want to use the table in the reverse direction from Exam-
ples 5 and 6. Now we are given the tangent of an angle and asked to find
the angle. Locating 3.152 in the body of the table, we see that it is in the
column with the heading tan 6 at the bottom.

3.152 > 4
| 72.0
A A S l AN 3
cos 6 sin 6 cot 6 tan 6 csc 6 sec 0 6
If tan @ = 3.152, then 6 = 72.4° A

Calcutator Note To work Example 7 on a calculator, you must use the tan~! or
arctan key. This is usually accomplished by first pressing the inv or arc key. (Check
your manual to see how your calculator does this. In the index, look under inverse
trigonometric functions.) We will explain the notation used on your calculator later
in the book. For now, think of tan~! as meaning the angle whose tangent is. When
you enter a number and then press this key (or keys) your calculator will find the
acute angle with a tangent equal to the number you have entered. We should also
mention that the notation tan~' does not mean 1/tan. It is the notation used in con-
nection with inverse functions, not reciprocals.

V¥V Example 8 Find 6 to the nearest ten minutes if sec § = 1.076.

Solution Since we are asked to find 6 to the nearest ten minutes, we
must use Table 111,
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0 sin@ cos® tan 6 cot 6 sec csc @
4 RS 3 3
21°00'
Y
40’ > 1.076
If sec @ = 1.076, then 6 = 21° 40’ A

Calculator Note To do Example 8 on a calculator, you must use the fact that secant
is the reciprocal of cosine. Therefore, since

, then, if sec 6 = 1.076, cos 6 = —l_

1
LS 1.076

0s 6

Using the reasoning given above, to find 6 on your calculator you would follow

these steps:
o

Remember also that your calculator will give you the angle in decimal degrees,
21.66348427 in this case. To compare the answer to Example 8 with the answer
your calculator gives you, you will have to convert your calculator answer to de-
grees and minutes and then round to the nearest 10 minutes.

Add and subtract as indicated.

1. (37°45') + (26°24’) 2. (41°20") + (32°16")
3. (51°55') + (37°45") 4. (63°38') + (24° 52')
5. (61°33') + (45°16") 6. (77°21") + (23°16")
7. 90°— (34°12") 8. 90° — (62°25")

9. 180° — (120°17") 10. 180° — (112°19")
11. (76°24') — (22° 34") 12. (89°38') — (28° 58)
13. (70°40') — (30° 50") 14. (80° 50') — (50° 56")
Convert each of the following to degrees and minutes.

15. 354° 16. 63.2°
17. 16.25° 18. 18.75°
19. 92.55° *20. 34.45°
21. 19.9° 22. 18.8°

23. 28.35° 24. 76.85°

Problem Set 2.2
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Change each of the following to decimal degrees.

25. 45°12’ 26. 74° 18’
27. 62° 36’ 28. 21°48
29. 17°20’ 30. 29°40’
31. 48°27 32. 78°21
Use Table II or a calculator to find each of the following:
33. sin 26.4° 34. cos 24.8°
35. cos 18.3° 36. sin 41.9°
37. sin 73.7° 38. cos 59.1°
39. tan 87.1° 40. cot 78.5°
41. cot 53.6° 42. tan 81.4°

Use Table III or a calculator to find each of the following. (Remember: If you are
using a calculator, you must convert to decimal degrees before you use the sin, cos,
or tan keys.)

43. cos 24° 30’ 44. sin 35° 10’

45. tan 42° 10’ 46. cot 19° 40’

47. sin 56° 40’ 48. cos 66° 40’

49. cos 70° 20’ 50. sin 80° 50’

51. cot 88° 50’ 52. tan 50° 10’
Use Table I1to find 6 if 0 is between 0° and 90° and

53. cos 6 = 0.8290 54. sin 6 = 0.8290
55. tan@ =1.111 56. cotf=1.111
57. cos 6 =0.9348 58. sin 6 = 0.9348
59. sin6 = 0.7108 60. cos 6 =0.7108
61. tan 6 = 0.7536 62. cotf = 0.7536

For each statement below, use Table III to find 6. (Note: If you are using a calcula-
tor, you will have to convert the answers your calculator gives you to degrees and
minutes before you can check your answers with the answers in the back of the
book.)

63. sinf = 0.1392 64. cos 6 = 0.2250
65. cos 6 = 0.0843 66. sin 6 = 0.9964
67. sec 6 = 12.30 68. csc =1.017
69. tan 6 = 0.7954 70. cotf = 1.611
71. csc 6 = 1.398 72. secf = 31.26

73. What is the largest value of sin 6 found in Table I11?

74. What is the smallest value of sin 6 found in Table I1?

75. If sin @ is between 0 and | for @ between 0° and 90°, what are the values of
csc 0 for 6 between 0° and 90°?

76. If sin 0 is between 0 and 1 for 6 between 0° and 90°, what are the values of
sin26 for 6 between 0° and 90°?
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Review Problems The problems that follow review material we covered in Sec-
tion 1.3.

Find sin 6, cos 0, and tan 8 for each value of 6. (Do not use tables or calculators.)
77. 90° 78. 135°
Find the remaining trigonometric functions of 6 if

79. cos @ = —5/13 and 6 terminates in QIII
80. tan 6 = -3/4 and 0 terminates in QII

In which quadrant must the terminal side of 0 lie if

81. sin6>0andcos@ <0 82. tan®>0andsec<0

In this section we will use Definition 1I for trigonometric functions of an
acute angle, along with our tables (or calculators), to find the missing parts
to some right triangles. Before we begin, however, we need to talk about
significant digits.

DEFINITION The number of significant digits (or figures) in anumber with
digits to the right of the decimal point is found by counting the number of
digits from left to right beginning with the first nonzero digit on the left. (In
this case, we assume all digits are significant, with the exception of leading
zeros—Ileading zeros being zeros that occur on the left.)

If the number in question is an integer with no digits to the right of the
decimal point, then we use the same procedure except that we disregard
trailing zeros—trailing zeros being any zeros after the last nonzero digit on
the right.

V Example1 Give the number of significant digits in the side given in
each of the following triangles.

0.042 20.5 6.000 700

Fionre 1

Solution

a. 0.042 has two significant digits.
b. 20.5 has three significant digits.

23
Solving Right Triangles
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c.  6.000 has four significant digits.

d. 700hasone significant digit. (The number 700 is an integer with no
zeros to the right of the decimal point, so we disregard the zeros on
the right.

The relationship between the accuracy of the sides of a triangle and the
accuracy of the angles in the same triangle is shown in the following table.

Accuracy of Sides Accuracy of Angles
Two significant digits Nearest degree
Three significant digits Nearest 10 minutes or tenth of a degree
Four significant digits Nearest minute or hundredth of a degree

V Example 2 For each triangle, round the number in parentheses so
that its accuracy corresponds with the accuracy of the other numbers in the
triangle.

a. b.
23 24.18
(0.9355)
(886.778)
Figure 2
Solution

a. Since 2.3 is accurate to two significant digits, we must round
0.9355 to that accuracy also.

0.9355 = 0.94 to two significant digits
(Remember: We do not count leading zeros as significant.)

b. Since 197 has three significant digits, we must round 886.778 to
that accuracy also.

886.778 = 887 to three significant digits.

c. Since both of the given sides, 37.40 and 24.18, are accurate to four
significant figures, we must round 40.280° to the nearest hundredth
of a degree.

40.280° = 40.28° to the nearest hundredth of a degree. A

We are now ready to use Definition II, along with our tables (or calcula-
tors), to solve some right triangles. We solve a right triangle by using the
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information given about it to find all of the missing sides and angles. In Ex-
ample 3, we are given the values of one side and one of the acute angles and
asked to find the remaining two sides and the other acute angle. In all of the
examples and in the Problem Set that follows, we will assume C is the right
angle in all of our right triangles.

V¥V  Example 3 In right triangle ABC, A = 40° and ¢ = 12 centimeters.
Find a, b, and B.

Solution We begin by making a diagram of the situation.

B
12
a
40°
A b C
Figure 3

To find B, we use the fact that the sum of the two acute angles in any
right triangle is 90°.

B =90°— A
= 90° — 40°
B = 50°

To find a, we can use the formula for sin A.
sin A = 4
¢

Multiplying both sides of this formula by ¢ and then substituting in our
given values for A and ¢ we have

a=csinA
12 sin 40°
12(0.6428) sin 40° = 0.6428
from Tables II or III
a=17.7 Answer rounded to
nearest tenth
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Calculator Note On a calculator, we would use the sin key to find a as
follows:

12 | X | 40 |sin =

There is more than one way to find b.
b

Using cos A = - Using the Pythagorean theorem
we have we have
b=ccosA ¢t = a* + b?
= 12 cos 40° b=Vc-a?
= 12(0.7660) = V122 - (7.7)2
b=9.2 = V144 - 59.29
= V8§4.71
b=92

Calculator Note To find b using the Pythagorean theorem and a calculator, we
would follow this sequence:

2 |2 [-]17 (2] [=] [V ]

Note that we rounded the sides we found in this example to two signifi-
cant digits. We did so because A was given to the nearest degree, dictat-
ing that we use two significant digits for the sides of our triangle. A

In Example 4, we are given two sides and asked to find the remaining
parts of a right triangle.

V Example 4 In right triangle ABC, a = 2.73 and b = 3.41. Find the
remaining side and angles.

Solution Here is a diagram of the triangle.

2.73

A 341 Cc
Figure 4
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We can find A by using the formula for tan A

tan A = %
_ 2.73
3.41
tan A = 0.8006

Now, to find A, we look for the angle whose tangent is closest to 0.8006
using our table or a calculator. If we use Table II, we obtain

A =38.7°
Next we find B.
B=90°—-A
=90° — 38.7°
B =51.3°

Notice we are rounding each angle to the nearest tenth of a degree since
the sides we were originally given have three significant digits.

We can find ¢ using the Pythagorean theorem or one of our trigo-
nometric functions. Let’s start with a trigonometric function.

IfsinA =2
C
a
sin A

__ 273
sin 38.7°

_ 273
0.6252

then ¢ =

=4.37 To three significant digits
Using the Pythagorean theorem, we obtain the same result.

If e2=a>+0b>
then ¢ = Va® + b2
= V(2.73) + (3.41)°
= V19.081
=4.37 'y




Give the number of significant digits in each of the following numbers:

1
3.
S.
7

9.

423 2. 2.05
0.76 4. 0.84
3.5723 6. 4.189
2.400 8. 4010
7900 10. 0.0076

If each of the following angles were an angle in a triangle, how many significant
digits would a side in the triangle contain?

11.
13.
15.
17.

24° 12. 4.3°
76.2° 14. 23.45°
36° 24’ 16. 23°10’
41.22° 18. 45.7°

Problems 19 through 26 refer to right triangle ABC with C = 90°. (Round all angles
to the nearest degree and all sides to the nearest tenth.)

19.

20.

21.
22.
23.
24.
25.
26.

If A =40°and ¢ = 15, find a.
If A =20°and ¢ = 12, find a.
If B=120°and ¢ = 12, find b.
If B=20°and a = 10, find b.
If a=6and b = 10, find A.

If a=6and b = 10, find B.

If a = 12and ¢ = 20, find B.
Ifa=15and ¢ = 25, find A.

Problems 27 through 42 refer to right triangle ABC with C = 90°. In each case,
solve for all the missing parts using the given information. For problems 27 through
42, use Table II when you find the missing angles.

27.
29.
31.
33.
35.
37.
39.
41.

A=125,c=24 28. A=41°c=36

A =2326°a=434 30. A=483°%a=348
A =10°40", b =593 32. A=66°50", b =282
B=76°%c=15.38 34. B=21°c=42

B =26°20", b = 324 36. B =53°30', b=725
a=37,b=287 38. a=91,b=285
a=1275¢=4.05 40. a=0623,c=73.6

b =152, c =258 42. b =421, c =555

In Problems 43 through 46, use the information given in the diagram to find A to the

nearest degree.
43. 4.

30°
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45. A 46. A

5.6 4
20°

Review Problems The problems below review material we covered in Section
1.4,

If sin@® = —12/13 and cos 0 = 5/13, find

47. tan 6 48. cot 6
49. sec 6 50. cscé

§1. Ifsin 6 = 1/3 and 0 terminates in QI, find cos 6.
§2. Ifcos & = —2/3 and 0 terminates in QIII, find sin 6.

We are now ready to put our knowledge of solving right triangles to work to 2.4
solve some application problems. Applications

V Example 1 The two equal sides of an isosceles triangle are each 24
centimeters. If each of the two cqual angles measures 52°, find the length of
the base and the altitude.

Solution An isosceles triangle is any triangle with two equal sides.
The angles opposite the two equal sides are called the base angles, and
they are always equal. Here is a picture of our isosceles triangle.

C

Figure 1
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We have labeled the altitude x. We can solve for x using a sine ratio.

. o_ B

If sin 52° = 24

then x = 24sin52°
= 24(0.7880)

19 centimeters Rounded to 2 significant digits

We have labeled half the base with y. To solve for y, we can use a cosine
ratio.

If cos 52° = —2%

then y = 24 cos 52°
= 24(0.6157)
= 14.7768

The base is 2y = 2(14.7768) = 29.5536 = 30 centimeters to the nearest
centimeter. A

For our next applications, we need the following definition.
DEFINITION  An angle measured from the horizontal up is called an angle

of elevation. An angle measured from the horizontal down is called an angle
of depression.

angle of
elevation horizontal

horizontal o angle of
depression

Figure 2
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These angles of elevation and depression are always considered positive
angles. Also, the nonhorizontal side of each angle is sometimes called the
line of sight of the observer.

V Example 2 If a 75.0 foot flag pole casts a shadow 43.0 feet long, to
the nearest 10 minutes, what is the angle of elevation of the sun from the tip
of the shadow?

Solution We begin by making a diagram of the situation.

sun
3 g
~

angle of
elevation 6

VT
shadow

43t Figure 3

If we let 8 = the angle of elevation of the sun then

_15
tan 0 = a3
tan 6 = 1.744

which means 8 = 60° 10’ to the nearest 10 minutes A
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V¥V Example 3 A man climbs 213 meters up the side of a pyramid and
finds that the angle of depression to his starting point is 52.6°. How high off
the ground is he?

Solution Again, we begin by making a diagram of the situation.

Figure 4

If x is his height above the ground, we can solve for x using a sine ratio.
. o _ X
If sin 52.6° = 33
then x = 213 sin 52.6°
213(0.7944)

= 169 meters to three significant digits

The man is 169 meters above the ground. A

Our next applications are concerned with what is called the bearing of a
line. It is used in navigation and surveying.

DEFINITION The bearing of a line ! is the acute angle formed by the north-
south line and the line /. The notation used to designate the bearing of a line
begins with N or S (for north or south), followed by the number of degrees
in the angle, and ends with E or W (for east or west). Here are some examples.
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N B
the bearing A
of B from A 40°
isN40° E

- .

w y E

Y

S

N

A

A

W

the bearing
of B from A
isS70°E

!

) -

Figure §

71
N
# the bearing
of B from A
65° isN 65° W
y » E
Y
S
N
A
A .
> E
20 the bearing
of B from A
Y iss20°w
S

V¥V Example 4 San Luis Obispo, California, is 12 miles due north of
Grover City. If Arroyo Grande is 4.6 miles due east of Grover City, what is

the bearing of San Luis Obispo from Arroyo Grande?

Solution Since we are looking for the bearing of San Luis Obispo
from Arroyo Grande, we will put our N-S-E-W system on Arroyo

Grande.
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S.L.O.
\
\
L\ N
o\ } The two angles shown are equal because
\ they are alternate interior angles formed
12 \ by a transversal that cuts two parallel
\ lines.
\
\ 6
'
\
R > E

G.C. 4.6 AG.

Y
S
Figure 6

We solve for 6 using the tangent ratio.

12
tan 6 = 0.3833
which means 6 = 21° to the nearest degree

The bearing of San Luis Obispo from Arroyo Grande is N21° W, A

tan 8 =

\ 4 Example 5 A boat travels on a course of bearing N 52° 40’ E for a
distance of 238 miles. How many miles north and how many miles east has
the boat traveled?

Solution In the diagram of the situation we put our N-S-E-W system
at the boat’s starting point.
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A distance boat traveled east
X
distance
traveled Y — 238 mi
north 52" 40
W = » E
¥
S
Figure 7

Solving for x with a sine ratio and y with a cosine ratio and rounding our
answers to three significant digits, we have

. 5 ' X o [ l
If sin 52° 40 238 If cos 52° 40 738
then x = 238(0.7951) then y = 238(0.6065)
= 189 miles = 144 miles

Traveling 238 miles on a line thatis N 52°40’ E will get you to the same
place as traveling 144 miles north and then 189 miles east.

Solve each of the following problems. In each case. be sure to make a diagram of
the situation with all the given information labeled.

1. The two equal sides of an isosceles triangle are each 42 centimeters. If the
base measures 30 centimeters. find the height and the measure of the two
equal angles.

Problem Set 2.4
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10.

11.

12.

13.

14.

15.

16.

iy 2 Fogn Trangle Tty

An equilateral triangle (one with all sides the same length) has an altitude of
4.3 inches. Find the length of the sides.

How long should an escalator be if it is to make an angle of 33° with the floor
and carry people a vertical distance of 21 feet between floors?

A road up a hill makes an angle of 5° with the horizontal. If the road from the
bottom of the hill to the top of the hill is 2.5 miles long, how high is the hill?
A 72.5 foot rope from the top of a circus tent pole is anchored to the ground
43.2 feet from the bottom of the pole. What angle does the rope make with the
pole?

A ladder is leaning against the top of a 7.0 foot wall. If the bottom of the
ladder is 4.5 feet from the wall, what is the angle between the ladder and the
wall?

If a 73.0 foot flag pole casts a shadow 51.0 feet long, what is the angle of
elevation of the sun (to the nearest tenth of a degree)?

If the angle of inclination of the sun is 63.4° when a building casts a shadow of
37.5 feet, what is the height of the building?

A person standing 5 feet from a mirror notices that the angle of depression
from his eyes to the bottom of the mirror is 12°, while the angle of elevation to
the top of the mirror is 11°. Find the vertical dimension of the mirror to the
nearest foot.

From a point on the ground, the angle of inclination to the top of a radio an-
tenna on the top of a building is 47° 30’. Moving 33.0 feet farther from the
building the angle of inclination changes to 42° 10'. How high of f the ground
is the top of the radio antenna?

From a plane 3,000 feet in the air, the angle of depression to the beginning of
the runway is 3° 50'. What is the horizontal distance between the plane and
runway? (That is, if the plane flew at the same altitude, how far would it be to
the runway?) Give your answer to the nearest tenth of a mile. (5,280 feet =
1 mile)

From the edge of a platform 25.1 meters high, a diver notices the angles of
depression to each end of the pool are 14.7° and 78.9°. What is the length of
the pool?

Lompoc, California, is 18 miles due south of Nipomo. Buellton, California,
is due east of Lompoc and S 65° E from Nipomo. How far is Lompoc from
Buellton?

A tree on one side of a river is due west of arock on the other side of the river.
From a stake 21 yards north of the rock, the bearing of the tree is S 18.2° W.
How far is it from the rock to the tree?

A boat travels on a course of bearing N 37° 10" W for 79.5 miles. How many
miles north and how many miles west has the boat traveled?

A boat travels on a course of bearing S 63° 50’ E for 100 miles. How many
miles south and how many miles east has the boat traveled?

Review Problems The problems below review material we covered in Section

1.5.
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17. Expand and simplify (sin 8 — cos 6)?

18. Add sin6 + -
cos 0

Show that each of the following statements is true by transforming the left side of
each one into the right side.

19. sin@cotf = cos @
20. cosfcscOtanf =1

sec 6 -
tan 6

22. (I — cos )(1 + cos @) = sin?6

21. csc 6

Many of the quantities that describe the world around us have both magni-
tude and direction, while others have only magnitude. Quantities that have
magnitude and direction are called vector quantities, while quantities with
magnitude only are called scalars. Some examples of vector quantities are
force, velocity, and acceleration. For example, a car traveling S0 miles per
hour due south has a different velocity then another car traveling due north
at 50 miles per hour, while a third car traveling at 25 miles per hour due
north has a velocity that is different from either of the first two.

One way to represent vector quantities is with arrows. The direction of
the arrow represents the direction of the vector quantity and the length of the
arrow corresponds to the magnitude. For example, the velocities of the three
cars we mentioned above could be represented like this

Velocity | SO miles per hour  Velocity | 50 miles per hour  Velocity $25 miles per hour
of car | of car 2 of car 3

Figure 1

NoTATION To distinguish between vectors and scalars we will write the
letters used to represent vectors with bold face type, like U or V. (When you
write them on paper, put an arrow above them like this: TorV) The magni-
tude of a vector is represented with absolute value symbols. For example,
the magnitude of V is written |V/|. Table | illustrates further.

2.5
Vectors
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Table 1
Notation The Quantity Is

\4 a vector

\' a vector

AB a vector

x a scalar

\ the magnitude of vector V, a scalar

Equality for Vectors The position of a vector in space is unimportant. Two vectors are equivalent

if they have the same magnitude and direction.

Figure 2

In Figure 2, V, = V, # V;. The vectors V, and V, are equivalent because
they have the same magnitude and the same direction.

.Addition of Vectors The sum of the vectors U and V, written U + V and sometimes called the
resultant vector, is the vector that extends from the tail of U to the tip of V
when the tail of V coincides with the tip of U. Figure 3 illustrates.

Figure 3

The vector sum U + V can also be represented by the diagonal of the
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parallelogram, the adjacent sides of which are formed by putting the tails of
U and V together (Figure 4).

Figure 4

Example 1 illustrates how vectors can be used to solve motion problems.

V Example 1 A boat is crossing a river that runs due north. The boat is
pointed due east and is moving through the water at 10.0 miles per hour. If
the current of the river is a constant 2.0 miles per hour, find the true course
of the boat through the water to three significant digits.

Solution Problems like this are a little difficult to read the first time
they are encountered. Even though the boat is “headed” due east, the
current is pushing it a little toward the north, so it is actually on a course
that will take it east and a little north. By representing the heading of the
boat and the current of the water with vectors, we can find the true
course of the boat.

N
E w E
3
£10 )/
E wrae COV S
(o] -4
10 mi/hr heading
Figure §
We find 6 using a tangent ratio
10 _
tan 0 = > = 5

so 6 = 78.7° to the nearest tenth
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If we let V represent the true course of the boat, then we can find the
magnitude of V using the Pythagorean theorem or a trigonometric ratio.
Using the sine ratio, we have

10
V]

10
sin 6

10
sin 78.7°

=10.2

sin@ =

VI

The true course of the boat is 10.2 miles per hour at N 78.7° E. That is,
the vector V, which represents the motion of the boat with respect to the
banks of the river, has magnitude of 10.2 miles per hour and a direction
N 78.7° E. A

Many times it is convenient to write vectors in terms of their horizontal
and vertical components. To do so, we first superimpose a coordinate sys-
tem on the vector in question so that the tail of the vector is at the origin.
Figure 6 shows a vector with magnitude 10 making an angle of 52° with the
horizontal.

Y
=

Figure 6

The horizontal and vertical components of vector V in Figure 6 are the
horizontal and vertical vectors whose sum is V. They are shown in Figure 7.
Note that in Figure 7, we labeled the horizontal component of V as V, and
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=

Y

Figure 7

the vertical component as V,. We can find the magnitudes of the components
by using sine and cosine ratios.

|VJ] = |V| cos 52° = 10(0.6157) = 6.2 to the nearest tenth

[V, = |V/| sin 52° = 10(0.7880) = 7.9 to the nearest tenth

V Example 2 A bullet is fired into the air with an initial velocity of
1500 feet per second at an angle of 30° from the horizontal. Find the hori-
zontal and vertical components of the velocity vector.

Solution Figure 8 is a diagram of the situation.

Yy
A
| N
I
N
Vy \5 v |
|
L8 >l > x
\'
X
Figure 8

The magnitudes of V, and V, from Figure 8 to two significant digits are
as follows:
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|V,] = 1500 cos 30° = 1300 feet per second
[V,| = 1500 sin 30° = 750 feet per second

The bullet has a horizontal velocity of 1300 feet per second and a verti-
cal velocity of 750 feet per second.

The magnitude of a vector can be written in terms of the magnitude of its
horizontal and vertical components.

\4

X

Figure 9
By the Pythagorean theorem we have,

IVl = VIVE + V[P

V Example3 An arrow is shot into the air so that its horizontal velocity
is 25 feet per second and its vertical velocity is 15 feet per second. Find the
velocity of the arrow.

Solution Figure 10 shows the velocity vector and its components
along with the angle of inclination of the velocity vector.

P
>

P
o

15 ft/sec

25 ft/sec

Figure 10
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The magnitude of the velocity is given by

V| = V252 + 15

= 29 feet per second to the nearest whole number

We can find the angle of inclination using a tangent ratio

tan 6 = IV‘|
V|

_1s

25

tan 6 = 0.6

SO 6 = 31° to the nearest degree

The arrow was shot into the air at 29 feet per second at an angle of in-
clination of 31°. A

Another way to specify the bearing of a moving object is by giving the
angle between the north-south line and the vector representing the velocity
of the object. Figure 11 shows two vectors that represent the velocities of
two ships, one traveling at 14 miles per hour with bearing 120° and another
traveling at 12 miles per hour with a bearing of 240°. Note that this method
of specifying bearing is different than the method we used previous to this.

(true nort‘h‘)
N
A

12 mi/hr

14 mifhr

Figure 11
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With this method, every course is given with respect to the north-south line,
and the bearing angle is always measured clockwise from due north. This
new method of giving the direction of a moving object is a little simpler.
Under our previous method, we would specify the direction of the ship trav-
eling at 14 miles per hour as S 60° E.

V Example 4 A boat travels for 72 miles on a course with bearing 27°
and then changes its course to travel 37 miles on a course with bearing 55°.
How far north and how far south has the boat traveled on this 109 mile trip?

Solution We can solve this problem by representing each part of the
trip with a vector and then writing each vector in terms of its horizontal
and vertical components. Figure 12 shows the vectors that represent the
two parts of the trip, along with their horizontal and vertical components.

N

{\

|

|

|

|

|

|

| |
6"y N -5

U, V.
Figure 12

As Figure 12 indicates, the total distance traveled south is given by the
sum of the horizontal components, while the total distance traveled
north is given by the sum of the vertical components.
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Total distance _
traveled south U] + [V

= 72 cos 63° + 37 cos 35°

= 63.0 miles to the nearest tenth

= U] + V|

= 72 sin 63° + 37 sin 35°
= 85.4 miles to the nearest tenth A

Total distance
traveled north

Draw vectors representing the following velocities:

Ll AU S o

30 miles per hour due north

30 miles per hour due south

30 miles per hour due east

30 miles per hour due west

50 centimeters per second N 30° W
50 centimeters per second N 30° E
20 feet per minute S 60° E

20 feet per minute S 60° W

Draw vectors representing the course of a ship that travels

9.
10.
11.
12.

13.

14.

15.

16.

17.

75 miles on a course with bearing 30°

75 miles on a course with bearing 330°
25 miles on a course with bearing 135°
25 miles on a course with bearing 225°

A boat is crossing a river that runs due north. The heading of the boat (the
direction the boat is pointed) is due east and it is moving through the water at
12.0 miles per hour. If the current of the river is a constant 3 miles per hour,
find the true course of the boat to three significant digits.

A boat is crossing a river that runs due east. The heading of the boat is due
south and its speed is 11.0 feet per second. If the current of the river is 2 feet
per second, find the true course of the boat to three significant digits.

An airplane is headed N 30.0° E and is traveling at 200 miles per hour through
the air. The air currents are moving at a constant 30 miles per hour in the
direction N 60.0° W. Find the true course of the plane. (That is, find its speed
with respect to the ground in miles per hour and its direction with respect to
the ground.) Use three significant digits.

An airplane is headed S 50.0° E and is moving through the air at 140 miles per
hour. The air currents are moving at a constant 24 miles per hour in the direc-
tion S 40.0° W. Find the true course of the plane. Use three significant digits.
A ship headed due west is moving through the water at a constant 12 miles per
hour. However, the true course of the ship is in the direction N 78° W. If the

Problem Set 2.5
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18.

iy 2 Fogn Trangle Tty

current of the water is running due north at a constant rate of speed, find the
speed of the current.

A plane headed due east is moving through the air at a constant 180 miles per
hour. Its true course, however, is in the direction N 65.0° E. If the wind cur-
rents are moving due north at a constant rate, find the speed of these currents.

Each problem below refers to a vector V with magnitude |V/| that forms an angle 6
with the positive x-axis. In each case, give the magnitude of the horizontal and ver-
tical components of V.

19.
21.
23.
25.

[V| = 40, 6 = 30° 20. |V| =40, 6 = 60°
V| =13.8,0 =24.2° 22. |V|=17.6,6=67.2°
|V| = 420, 6 = 36° 10’ 24. |V| = 380,60 =16°40'
[V| = 64, § = 150° 26. |V| =48,0 =120°

For each problem below, the magnitude of the horizontal and vertical components
of vector V are given. In each case find the magnitude of V.

27.
29.
31.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

[V = 30, [V = 40 28. |V|=8[V]=6
V] = 35.0,|V] = 26.0 30. |v| =450,V =150
V] =4.5,|V|] =38 32. |v|=22,|V|=538

A bullet is fired into the air with an initial velocity of 1,200 feet per second at
an angle of 45° from the horizontal. Find the magnitude of the horizontal and
vertical components of the velocity vector.

A bullet is fired into the air with an initial velocity of 1,800 feet per second at
an angle of 60° from the horizontal. Find the horizontal and vertical compo-
nents of the velocity.

Use the results of Problem 33 to find the horizontal distance traveled by the
bullet in 3 seconds. (Neglect the resistance of air on the bullet.)

Use the results of Problem 34 to find the horizontal distance traveled by the
bullet in 2 seconds.

An arrow is shot into the air so that its horizontal velocity is 35.0 feet per
second and its vertical velocity is 15.0 feet per second. Find the velocity of
the arrow.

The horizontal and vertical components of the velocity of an arrow shot into
the air are 15.0 feet per second and 25.0 feet per second, respectively. Find
the velocity of the arrow.

A ship travels for 135 kilometers on a course with bearing 138°. How far east
and how far south has it traveled?

A plane flies for 3 hours at 230 kilometers per hour on a course with bearing
215°. How far west and how far south does it travel in the 3 hours?

A plane travels for 175 miles on a course with bearing 18° and then changes its
course to 49° and travels another 120 miles. Find the total distance traveled
north and the total distance traveled east.

A ship travels on a course with bearing 168° for 68 miles and then changes its
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course to 120° and travels for another 112 miles. Find the total distance south
and the total distance east that the ship traveled.

Review Problems The problems that follow review material we covered in Sec-

tion 1.3.

43. Draw 135° in standard position, locate a convenient point on the terminal
side, and then find sin 135°, cos 135°, and tan 135°.

44. Draw —270° in standard position, locate a convenient point on the terminal
side, and then find sine, cosine, and tangent of —270°.

45. Find sin 6 and cos @ if the terminal side of @ lies along the line y = 2x in
quadrant 1.

46. Find sin 6 and cos @ if the terminal side of  lies along the line y = —x in
quadrant II.

47. Find x if the point (x, —8) is on the terminal side of @ and sin § = —4/5.

48. Find y if the point (—6, y) is on the terminal side of 6 and cos § = —3/5.

Chapter 2 Summary and Review Examples
DEFINITION II FOR TRIGONOMETRIC FUNCTIONS [2.1] 1.
If triangle ABC is aright triangle with C = 90°, then the six trig-
onometric functions for angle A are
: side opposite A _ a
sin A = = =
hypotenuse c
cos A = side adjacent A _ b hypotenuse B
hypotenuse c c .
tan A = w =2 side opposite 4
side adjacent A b and adjacent to B
side adjacentA _ b A4 b Cc
COtA = — - =—
side opposite A a

sec A

side opposite B
and adjacent to A

_ __hypotenuse  _

c
" side adjacent A b

_ __hypotenuse  _ ¢
csc A = —

side opposite A a

sinA =

Cos A =

tan A =

CotA =

sec A =

CSC A =

H

N »|w

Wl Bl WwWe bW

I
[}
=]
7
oo ]

=sin B

= cot B

= tan B

= csc B

= sec B
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2. sin 3° = cos 87°

cos 10° = sin 80°

tan 15° = cot 75°
cot A = tan(90° — A)

sec 30° = csc 60°

csc 45° = sec 45°

3. The values given in the table are
called exact values because they are not
decimal approximations as you would find
in Tables II or III.

4. 47° 30’
+ 23° 50
70° 80" = 71° 20’

5. 74.3°=74°+ 0.3°
=70° + 0.3(60")
=70° + 18’
= 70° 18’
48°
60
=42 + 0.8°

=42.8°

42°48' = 42° +

Chapter 2 Right Triangle Trigonometry

COFUNCTION THEOREM [2.1]

A trigonometric function of an angle is always equal to the co-
function of its complement. In symbols, since the complement of
x is 90° — x, we have

sin x = cos(90° — x)
cos x = sin(90° — x)
tan x = cot(90° — x)

TRIGONOMETRIC FUNCTIONS OF SPECIAL ANGLES [2.1]

0 30° 45° 60°
. 1 12| v3
sin 2 V2 2 2
cos 6 —\/i - or ﬁ 1
2 V2 2 2

1 V3
tan 6 V3 or 3 I V3

DEGREES, MINUTES, AND SECONDS [2.2]

There arc 360° (degrees) in one complete rotation, 60’ (minutes)
in one degree, and 60" (seconds) in one minute. This is equiv-
alent to saying 1 minute is 1/60 of a degree, and 1 second is 1/60
of a minute.

CONVERTING TO AND FROM DECIMAL DEGREES [2.2]

To convert from decimal degrees to degrees and minutes, multi-
ply the fractional part of the angle (that which follows the deci-
mal point) by 60 to get minutes.

To convert from degrees and minutes to decimal degrees, di-
vide minutes by 60 to get the fractional part of the angle.
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TABLES OF TRIGONOMETRIC FUNCTIONS (2.2]

Table II gives the values of trigonometric functions of angles
written in decimal degrees.

Table 111 gives the values of trigonometric functions of angles
written in degrees and minutes.

When reading either table, notice that the angles in the left-
hand column correspond to the headings across the top of the
table, and the angles in the right-hand column correspond to the
headings across the bottom of the table.

SIGNIFICANT DIGITS [2.3]

The number of significant digits (or figures) in a number that has
digits to the right of the decimal point is found by counting the
number of digits from left to right, beginning with the first non-
zero digit on the left and disregarding the decimal point. If the
number is an integer with no digits to the right of the decimal
point, we use the same process but disregard all ending zeros un-
less we have other information.

The relationship between the accuracy of the sides in a triangle
and the accuracy of the angles in the same triangle is given below.

Accuracy of Sides Accuracy of Angles

Two significant digits Nearest degree
Three significant digits  Nearest 10 minutes or tenth of a degree
Four significant digits Nearest minute or hundredth of a degree

ANGLE OF ELEVATION AND ANGLE OF DEPRESSION [2.4]

An angle measured from the horizontal up is called an angle of
elevation. An angle measured from the horizontal down is called
an angle of depression.

87

6. From Table II

sin 24.8° = 0.4195
From Table III

sin 48°20' = 0.7470
From Table 11

If sin 6 = 0.9755,

then 6 = 77.3°
From Table III

If sin 6 = 0.9881,

then 6 = 81° 10’

7. These angles and sides correspond in
accuracy.

a=24 A =39°
a=15.38 A =45°
a=62.3 A =31.3°
a = 0.498 A =42.9°
a=2T71 A =37° 10
a = 49.87 A =43°18'
a =6.932 A =24.81°

angle of
elevation

P

horizontal <
angle of
depression




9 N
w E
60°
bearing: S 60° W
S
N

bearing: 240°

10. If car | is traveling at SO miles per
hour due south, car 2 at 50 miles per hour
due north. and car 3 at 25 miles per hour
due north, then the velocities of the three
cars can be represented with vectors.

Velocity | SO Velocity | SO Velocity 725
of car 2

of car | of car 3

Chapter 2 Right Triangle Trigonometry

BEARING [2.4]

There are two ways to specify the bearing of a line or vector.

a.

We can specify the bearing of a line by giving the acute
angle formed by the north-south line and the line. The nota-
tion used to designate the bearing in this way begins with N
or S, followed by the number of degrees in the angle, and
ends with E or W. As in S 60° W. This type of bearing is used
mainly to give the bearing of one object in relation to
another.

We can also give the bearing of a line or vector by simply
stating the angle through which the line or vector has been
rotated clockwise from due north, as in a bearing of 240°.
This type of bearing is useful in giving the direction of a
moving object.

VECTORS [2.5]

Quantities that have both magnitude and direction are called vec-

tor quantities, while quantities that have only magnitude are
called scalar quantities. We represent vectors graphically by
using arrows. The length of the arrow corresponds to the magni-
tude of the vector, and the direction of the arrow corresponds to
the direction of the vector. In symbols, we denote the magnitude
of vector V with |V/|.

ADDITION OF VECTORS (2.5]

The sum of the vectors U and V, written U + V, is the vector that
extends from the tail of U to the tip of V when the tail of V coin-
cides with the tip of U.
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HORIZONTAL AND VERTICAL COMPONENTS OF A VECTOR (2.5] 12.

The horizontal and vertical components of vector V are the hori-

y

zontal and vertical vectors whose sum is V. The horizontal com- b T
ponent is denoted by V,, and the vertical component is denoted |
by V,. %l . :
52° |
|
VX
Find sin A, cos A, tan A, and sin B, cos B, and tan B in right triangle ABC, with Chapter 2
€ =90° if Test

1. a=1landb=2 2. b=3andc=6
3. a=3andc=5 4. a=5and b= 12

Fill in the blanks to make each statement true.

5. sin 14° = cos 6. sec = csc 73°

Simplify each expression as much as possible. Do not use tables.
7. sin?45° + cos?30° 8. tan 45° + cot 45°

1

. 2 (o] — 2 o ——
9. sin260 cos230 10. sec 30°

11. Add 48° 18’ and 24° 52'.

12. Subtract 15° 32’ from 25° 15’.

Convert to degrees and minutes.

13. 73.2° 14. 16.45°
Convert to decimal degrees.

15. 2°4¢% 16. 79° 30’
Use the tables at the back of the book to find the following:

17. sin 24° 20’ 18. cos 37.8°
19. tan 63° 50’ 20. cot 71° 20’
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Use the tables at the back of the book to find 6 if

21. tan 6 = 0.0816 22. secH =1.923
23. sin 6 = 0.9465 24. cos 0 = 0.9730

Give the number of significant digits in each number.
25. 49.35 26. 0.0028

The following problems refer to right triangle ABC with C = 90°. In each case, find
all the missing parts. (Use Table II for problems 27 through 28.)

27. a=68.0and b =104 28. a=243and c = 48.1
29. b=305and B = 24.9° 30. ¢ =0.462 and A =35°30'

31. If the altitude of an isosceles triangle is 25 centimeters and each of the two
equal angles measures 17°, how long are the two equal sides?

32. If the angle of elevation of the sun is 75° 30’, how tall is a post that casts a
shadow 1.5 feet long?

33. From a 7 foot lifeguard tower located on the long side of a pool, a lifeguard
notices the angles of depression to the ends of the pool are 31° and 4°. How
long is the pool? Give your answer to the nearest foot.

34. A boat travels on a course of bearing S 48° 50" W for 128 miles. How far
south and how far west has the boat traveled?

35. If vector V has magnitude 5.0 and makes an angle of 30° with the positive
x-axis, find the magnitude of the horizontal and vertical components of V.

36. Vector V has a horizontal component with magnitude 1 and a vertical com-
ponent with magnitude 3. What is the angle formed by V and the positive
x-axis?

37. Abullet is fired into the air with an initial velocity of 800 feet per second at an
angle of 60° from the horizontal. Find the magnitude of the horizontal and
vertical components of the velocity vector.

38. A ship travels for 120 miles on a course with bearing 120°. How far east and
how far south has the ship traveled?



Radian
Measure

To the student:

In Chapters 1 and 2 we used degree measure exclusively to give the
measure of angles. We will begin this chapter with another kind of angle
measure called radian measure. Radian measure gives us a way to measure
angles with real numbers instead of degrees. As you will see, there are a
number of situations that occur in trigonometry for which real numbers are
the more appropriate measure for angles.

In Section 3.2, we will show how to convert back and forth between de-
grees and radians. Once we are able to do these conversions, we can apply
all the material we have developed for degrees to radians.

There are some interesting relationships that exist between the trigono-
metric functions we have defined previously and the points on the unit
circle. We cover these relationships and some material on even and odd
functions in Section 3.3.

In the last two sections of this chapter, we will apply the material from the
first part of the chapter to circles in general. We will begin by deriving for-
mulas for arc length and area and then proceed on to define angular velocity
for points in motion on the circumference of a circle.

The most important material in the chapter, from the standpoint of what
is needed to continue on through the book, is the material in the first three
sections. These are the sections in which you will be introduced to, and be-
come familiar with, radian measure. In Chapter 4, when we graph the dif-
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ferent trigonometric functions, we will work almost exclusively in radian
measure.

In Section 2.2, we used tables or a calculator to find approximate values for
trigonometric functions of angles between 0° and 90°. We are going to begin
this section with a look at how we can use these same tables to find approxi-
mate values for trigonometric functions of any angle, not just those between
0° and 90°.

DEFINITION The reference angle (sometimes called related angle) for any
angle 6 in standard position is the positive acute angle between the terminal
side of 0 and the x-axis. In this book, we will denote the reference angle for
6 by 0.

Note that, for this definition, 0 is always positive and always between 0° and

90°. That is, a reference angle is always an acute angle.

V Examplel Name the reference angle for each of the following angles.
a. 30° b. 135° c. 240° d. 330°

reference o
13
angle is 45° >
- -

reference
angle is 30°

330°

reference
angle is 60°

3

reference
angle is 30°
Figure 1
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Solution We draw each angle in standard position. The reference
angle is the positive acute angle formed by the terminal side of the angle
in question and the x-axis.

We can generalize the results of Example 1 as follows: If 6 is a positive
angle between 0° and 360°, then

If 0 € Ql, then 6 = 0

If 6 € QII, then 6 = 180° — 6
If 6 € QIII, then 6 = 6 — 180°
If 9 € QIV, then 6§ = 360° — ¢

We can use our information on reference angles and the signs of the trig-
onometric functions, to write the following theorem.

REFERENCE ANGLE THEOREM A trigonometric function of an angle and
its reference angle differ at most in sign.

We will not give a detailed proof of this theorem, but rather, justify it by
example. Let’s look at the sines of all the angles between 0° and 360° that
have a reference angle of 30°. These angles are 30°, 150°, 210°, and 330°.

Figure 2

sin 150°

sin 30° =

1
2 They differ in

sign only.
sin 210° = sin 330° = — 8 Y

1 o
2

Trigonometric
Functions of Angles
Between 0° and 360°
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As you can see, any angle with a reference angle of 30° will have a sine of
1/2 or —1/2. The sign, + or —, will depend on the quadrant in which the
angle terminates. Using this discussion as justification, we write the follow-
ing steps used to find trigonometric functions of angles between 0° and 360°.

Step 1. Find 8, the reference angle.

Step 2. Determine the sign of the trigonometric function based on the
quadrant in which 0 terminates.

Step 3. Write the original trigonometric function of 6 in terms of the same
trigonometric function of 6.

Step 4. Use a table or calculator to find the trigonometric function of 6.

V Example 2 Find sin 205° 30'.

Solution For this first example, we will list the steps given above as
we use them. Figure 3 is a diagram of the situation.
Step /. We find 6 by subtracting 180° from 6.

205° 30’ — 180° = 25° 30'

Step 2. Since 6 terminates in quadrant III, and the sine function is
negative in quadrant 111, our answer will be negative. That is,
in this case, sin § = —sin 6.

Step 3. Using the results of Steps 1 and 2 we write
sin 205° 30’ = —sin 25° 30
Step 4. Using a calculator or table we finish by finding sin 25° 30’
sin 205° 30" = —0.4305

y
A
205° 30’
—_— -180°
f\ZOS 30 25° 30’
reference e X

angleis  25° 30’

|
Figure 3 A
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V Example 3 Find tan 318.4°.

Solution The reference angle is 360° — 318.4° = 41.6°. Since 318.4°
terminates in quadrant IV, its tangent will be negative.

y
A

360°
318.4° -318.4°

“\\ _ ., 4E

41.6°

A

o
3

Y
Figure 4

tan 318.4°

—tan 41.6° Because tangent is
negative in QIV
-0.8878 A

Calculator Note Although the answers to Examples 2 and 3 can be found on a
calculator simply by entering the angle and then pressing the appropriate function
key, it is a good idea to follow the steps shown instead. The concept of reference
angle is an important one and we need to practice working with it. There will be
topics covered later in the book in which you will need to understand the relation-
ship between an angle and its reference angle.

Recall from Section 1.2 that coterminal angles always differ fromeach other ~ Angles Larger Than
by multiples of 360°. For example, 10° and 370° are coterminal, as are —45°  360° or Smaller Than 0°
and 315°.

Y

Figure §
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The trigonometric functions of an angle and any angle coterminal to it are
always equal. For sine and cosine, we can write this in symbols as follows:

for any integer k,
sin(6 + 360°k) = sin® and cos(@ + 360°) = cos 6

To find values of trigonometric functions for an angle larger than 360° or
smaller than 0°, we simply find an angle between 0° and 360° that is cotermi-
nal to it. and then use the steps outlined in Examples 2 and 3.

V Example 4 Find cos 500°.

Solution By subtracting 360° from 500°, we obtain 140°, which is
coterminal to 500°. The reference angle for 140° is 40°. Since 500° and
140° terminate in quadrant II, their cosine is negative.

cos 500° = cos 140° 500° and 140° are coterminal

—cos 40° In QIl cos = —cos

Y
Figure 6

™

Y

—0.7660 Tables or calculator

A

V Example 5 Find tan(—135°).

Solution By adding 360° to —135° we obtain 225°, which is cotermi-
nal to —135° and between 0° and 360°. The reference angle for 225° is
45°. Since —135° and 225° terminate in quadrant III, their tangent is
positive.

tan(—135°) = tan 225°  Coterminal angles

reference /
angle is 45

'

Figure 7

- X = tan 45° In QIII tan 6 = tan 6
1 Tables or calculator
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V Example 6 Find csc 750° 30'.

Solution The reference angle for 750° 30" is 30° 30’, which is ob-
tained by subtracting 2 < 360° = 720° from 750° 30’. Since 750° 30’
terminates in quadrant I, its cosecant is positive.

csc 750° 30° = csc 30° 30’
1.970 A

Calculator Note To find csc 30° 30" on a calculator, we first change to decimal
degrees, and then use the fact that cosecant and sine are reciprocals.

30.5 @

V Example 7 Find 6 if sin § = —0.5592 and 6 terminates in QIII with
0°< 6 < 360°.

Solution In this example, we must use our tables in the reverse direc-
tion from the way we used them in the previous examples. We look in
the sine column until we find 0.5592. Reading across we find that the
angle whose sine is 0.5592 is 34°. This is our reference angle, . The
angle in quadrant III whose reference angle is 34°is 6 = 180° + 34°

= 214°,
If sin 8 = —0.5592 and 6 terminates in QIII,
then 6 = 180° + 34°
= 214°

If we wanted to list all the angles that terminate in quadrant III and have
a sine of —0.5592, we would write

0 = 214° + 360°% where k = an integer.

This gives us all angles coterminal with 214°. A

Calculator Note If you were to try Example 7 on your calculator by simply dis-
playing —0.5592 and then pressing the sin™' key, you would not obtain 214° for
your answer. Instead, you would get approximately —34° for the answer, which is
wrong. To see why this happens you will have to wait until we cover inverse trig-
onometric functions. In the meantime, if you want to use a calculator on this kind of
problem, use it to find the reference angle and then proceed as we did in Example 7.
Thatis, you would display 0.5592 and then press sin™! to obtain approximately 34°,
to which you would add 180°, since, in this case, we know the angle terminates in
quadrant III.
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\ 4 Example 8 Find 0 to the nearest 10 minutes if tan § = —0.8541 and 6

terminates in QIV with 0° < 6 < 360°.

Solution Looking in the column marked tan, we find 0.8541 across
from 40° 30’. This is the reference angle 6. The angle in QIV with a

reference angle of 40° 30’ is

6 = 360° — 40° 30’ = 319° 30’

Again, if we wanted to list all angles in quadrant IV with a tangent of

—0.8541, we would write

= 319° 30" + 360°k

k = an integer

Chapter 3 Radian Measure

to include not only 319° 30 but all angles coterminal with it.

Exact Values So far, we have worked through all of the examples in this section using
tables of approximate values of trigonometric functions. We can use our
table of exact values from Section 2.1 to find exact values of angles that are

multiples of 30° nr 45° (Table 1).

Table 1 Table of Exact Values

0 sin 6 cos 0 tan 0
o |+ [ | %
60° % & V3

V Example 9 Find the exact value of cos 135°.

Solution Since 135° terminates in quadrant Il, its cosine is negative.

The reference angle is 180° — 135° = 45°.

cos 135°

v Example 10 Find the exact value of csc 300°.

Solution Since 300° terminates in quadrant [V, its cosecant will be

—cos 45°

1

V2
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negative. The reference angle is 360° — 300° = 60°. To find the exact
value of csc 60°, we use the fact that cosecant and sine are reciprocals.

csc 300° = —csc 60°

V Example 11 Find the exact value of sin 495°.

Solution

If we subtract 360° we obtain 495° — 360° = 135°, which
terminates in quadrant II with a reference angle of 45°.

sin 135°
sin 45°

sin 495°

1

V2

A

V Example 12 Find 6 if sin ®# = —1/2 and 6 terminates in QIII with
0° < 6 < 360°.

Solution Fromthetable of exact values, we find the reference angle to be
30°. The angle in QIII with areference angle of30°is 180° + 30° = 210°. A

Draw each of the following angles in standard position and then name the reference

angle:
1. 210°
3. 143.4°
5. 311.7
7. 195°10°
9. 331°20
11. -300°
13. —120°

10.
12.
14.

® 2 aN

150°
253.8°
93.2°
171° 40’
252° 50’
-330°
—150°

Use Table II or a calculator to find the following. If you use a calculator, use it only
to find the trigonometric functions of the reference angle. Remember, we are learn-
ing the relationships that exist between an angle, its reference angle, and the trigo-

Problem Set 3.1
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nometric functions of both. Following the steps in the examples in this section will
help us understand these relationships.

15. cos 347° 16. cos 238°
17. cos 101.8° 18. sin 166.7°
19. tan 143.4° 20. tan 253.8°
21. sec 311.7° 22. cos 93.2°
23. cot 390° 24. cot 420°
25. cos 575.4° 26. sin 590.9°

Use Table III or a calculator to find the following. (Again, find the reference angle
first, even if you are using a calculator. Also, remember, if you use a calculator, you
must first convert to decimal degrees before you use the trigonometric function
keys.)

27. sin 210° 28. cos 150°

29. cos(—315° 30. sin(—225°)

31. tan 195° 10’ 32. tan171° 40
33. sec 314° 40’ 34. csc 670° 20’
35. csc410° 10’ 36. sec 380° 50’
37. sin(—120° 38. cos(—150°)
39. cot(—300° 20") 40. cot(—330°30)

Use either Table II or Table III or a calculator to find 6, if 0° < 6 < 360° and

41. sin 6 = —0.3090 with 6 in QIII 42. sin § = —0.3090 with 6 in QIV
43. cos 6§ = —0.7660 with 6 in QII 44. cos § = —0.7660 with 0 in QIII

Find 6 in both decimal degrees (to the nearest tenth of a degree) and degrees and
minutes (to the nearest ten minutes) if 6 is between 0° and 360° and

45. tan 6 = 0.5890 with 6 in QIII- 46. tan 6 = 0.5890 with 6 in QI
47. cos 6 = 0.2644 with 0 in QI 48. cos 6 = 0.2644 with 0 in QIV
49. sin 0 = 0.9652 with 6 in QII 50. sin 6 = 0.9652 with 6 in QI
Find exact values for each of the following:
51. sin 120° 52. sin 210°
53. tan 135° 54. tan315°
55. cos 240° 56. cos 150°
57. csc 330° 58. sec 330°
59. sec 300° 60. csc 300°
61. sin 390° 62. cos 420°
63. cot 480° 64. cot 510°
Find 6, if 0° < 6 < 360° and
V3 1
65. sin@® = ———and 6 in QIII 66. sin @ = — —=and 6 in QIII
2 Q V2 Q
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1 . V3 .
67. cos @ = — —=and 6 in QII 68. cos 8 = — ——and 0 in QIII
i Q 2 Q
V3 1
69. sin @ = — ——and 0 in QIV 70. sin @ = —and 0 in QII
2 & V3 Q
71. tan 6 = V3 and 6 in QIII 72. tan @ = % and 6 in QIII

73. Use a calculator to find 6 if sec § = 2.3931 and 6 is an acute angle. (Give your
answer to the nearest tenth of a degree.)

74. Use a calculator to find 6 if csc # = 1.1164 and 0 is an acute angle. (Give your
answer to the nearest tenth of a degree.)

75. Weknow that tan 90° is undefined. If we try to find tan 90° on a calculator, we
get an error message. To begin to get an idea of why this happens, we can use
a calculator to find the tangent of angles close to 90°. Use a calculator to find
tan 6, if 6 takes on values of 85°, 87°, 89°, 89.9°, and 89.99°.

76. Follow the instructions given in Problem 75 but use the secant function instead
of the tangent function. (This will require that you use the cos key and the 1/x
key on your calculator.)

Review Problems The problems that follow review material we covered in Sec-
tions 1.1. and 2.1.

Give the complement and supplement of each angle.

77. 70° 78. 120°

79. x 80. 90° —y

81. If the longest side in a 30°-60°-90° angle is 10, find the length of the other
two sides.

82. If the two shorter sides of a 45°~45°-90° triangle are both 3/4, find the length
of the hypotenuse.

Simplify each expression by substituting values from the table of exact values and
then simplifying the resulting equation.

83. sin 30° cos 60° 84. 4 sin 60° — 2 cos 30°
85. sin%45° + cos?45° 86. (sin 45° + cos 45°)?

We begin this section with the definition for the radian measure of an angle.
As you will see, specifying the measure of an angle with radian measure
gives us a way to associate the measure of an angle with real numbers, rather
than degrees. To understand the definition for radian measure, we have to

32
Radians and Degrees
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recall from geometry that a central angle is an angle with its vertex at the
center of a circle.

DEFINITION In a circle, a central angle that cuts off an arc equal in length
to the radius of the circle has a measure of | radian. The following diagram
illustrates.

the vertex of 0 is

angle 6 has at the center of

a measure of r the circle; the arc

1 radian cut off by 6 is equal
in length to the radius

Figure 1

To find the radian measure of any central angle, we have to find out how
many radii are in the arc it cuts off. If a central angle 6, in a circle of radius
r, cuts off an arc of length s, then the measure of 0, in radians, is given by

< e

0 (in radians) =

<t

Figure 2

V Example 1 A central angle 6 in a circle of radius 3 centimeters cuts
off an arc of length 6 centimeters. What is the radian measure of 6?

Solution We have r = 3 centimeters and s = 6 centimeters, therefore,
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6 cm
. . s
6 (in radians) = .
_ 6 centimeters ‘
3 centimeters
=2
Figure 3
We say the radian measure of 6 is 2 or 6 = 2 radians. &

e ey T -

Note Itis common practice to omit the word radian when using radian measure. If
no units are showing, an angle is understood to be measured in radians; with degree
measure, the degree symbol, °, must be written.

0 = 2 means the measure of 0 is 2 radians
0 = 2° means the measure of 6 is 2 degrees

To see the relationship between degrees and radians, we can compare the
number of degrees and the number of radians in one full rotation.
The angle formed by one full rotation about the center of a circle of radius
r will cut off an arc equal to the circumference of the circle. Since the cir-
cumference of a circle of radius r is 2@r, we have
0 measures one 2mr The measure of 6

R g = ——= 21 . . .
full rotation r in radians is 27

circumference
=2nr

Figure 4
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Since one full rotation in degrees is 360°, we have the relationship between
radians and degrees.

360° = 27 radians
dividing both sides by 2 we have
180° = 7 radians

To obtain conversion factors that will allow us to change back and forth
between degrees and radians, we divide both sides of this last equation alter-
nately by 180 and by .

Divide both 180° = # radians Divide both
sides by 180 sides by 7

o
1° = %radians (lfr—o) = ] radian

To gain some insight into the relationship between degrees and radians,
we can approximate 7 with 3.14 to obtain the approximate number of de-

grees in | radian.
1( 180>
™

_ (180
3.14

= 57.3°

1 radian

We see that 1 radian is approximately 57°. A radian is much larger than a
degree. Figure 5 illustrates the relationship between 20° and 20 radians.

y

Figure §
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Here are some further conversions between degrees and radians.

\ 4 Example 2 Convert 45° to radians.

Solution Since 1° = % radians, and 45° is the same as 45(1°), we
have y
. g
17 T 20713
45° = 45(@) radians = vy radians
180° 45° = :— radians
- —
m
ol 3rm
7 3n
270 '3
Figure 6

When we leave our answer in terms of 7, as in 7/4, we are writing an
exact value. If we wanted a decimal approximation we would substitute
3.14 for 7.

3.1

~ —— = (0.785 Approximate value

Exact value 2

INE

Note also, that if we wanted the radian equivalent of 90°, we could sim-
ply multiply 7/4 by 2, since 90° = 2 X 45°

o= U
90° = 2 X 2 2 A
V Example 3 Convert 450° to radians.
Solution Multiplying by 7/180 we have
o = 450 7| = 37 radi
450° = 450( I 80) > radians

Again, 57/2 is the exact value. If we want a decimal approximation we
would substitute 3.14 for 7.

Exact value S ~ 33.14)

2 7 = 7.85 Approximate value 4

Converting from
Degrees to Radians
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V Example 4 Convert 7/6 to degrees.

Solution To convert from radians to degrees, we multiply by 180/4r.

T radians) = Z (180
6 (radians) = 6( - )
= 30°
Note that 60° is twice 30°, so 2(7/6) = /3 must be the radian equiv-
alent of 60°. A

V Example 5 Convert 47/3 to degrees.

Solution Multiplying by 180/7 we have

dm oo 4w (180
3 (radians) = 3 ( - )

= 240° A
As is apparent from the preceding examples, changing from degrees to

radians and radians to degrees is simply a matter of multiplying by the ap-
propriate conversion factors.

l— Multiply by% 4’

Degrees Radians

I Multiply by —— —T

180

Table 1 (opposite page) shows the most common angles written in both
degrees and radians. In each case the radian measure is given in exact values
and approximations accurate to the nearest hundredth of a radian.

V Example 6 Find sin % .
Solution Since 7/6 and 30° are equivalent, so are their sines.

sinE =
6

N |—
>
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Calculator Note To work this problem on a calculator, we must first put the cal-
culator in radian mode. (Consult the manual that came with your calculator to see
how to do this.) If your calculator does not have a key labeled #, use 3.1416. Here
is the sequence to key in your calculator to work the problem given in Example 6.

Rad| 3.1416 [+ | 6 | = sin
Table 1
Radians
Degrees Exact values Approximations L T . 1.05
o 7= 3
0 0 0 2 T~079
4 3
30° o 0.52
£ ~052
o us
45 7 0.79
° - aliag
60 T 1.05 T ~3.14 skt
° uc
90 > 1.57
180° T 3.14
3 Y
0 27 3n
270 > 471 5% 4.71
360° 2 .
i 6.28 Figure 7
V Example 7 Find 4 sin %" .

Solution Since 77/6 terminates in QIII, its sine will be negative. The
reference angle is 7#/6 — 7 = 7/6.

T _ T
4sm-6—- 4sm6

~4{3)

=—9 A
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v Example 8 Evaluate 4 sin(2x + 7) when x = /6.

Solution Substituting 77/6 for x and simplifying, we have

4sin(2-z + n) = 4sin(E + 17)

6 3
=4sin4—;r

V3

-4(‘7)

3

A

Problem Set 3.2 Find the radian measure of angle 8, if 6 is a central angle in a circle of radius r, and
0 cuts off an arc of length s.

r = 3 centimeters, s = 9 centimeters
6 centimeters, s = 3 centimeters
10 inches, s = 5 inches

= 5Sinches, s = 10 inches

= 4 inches, s = 127 inches

= 3 inches, s = 12 inches

SV AWN =
R T T B ]

[ . 1 .
7. r= r centimeter, s = 27 centimeter

1 . 1 .
— centimeter, s = —- centimeter

8. r n 3

9. Los Angeles and San Francisco are approximately 450 miles apart on the sur-
face of the earth. Assuming that the radius of the earth is 4,000 miles, find the
radian measure of the central angle with vertex at the center of the earth that
has Los Angeles on one side and San Francisco on the other side.

10. Los Angeles and New York City are approximately 2,500 miles apart on the
surface of the earth. Assuming the radius of the earth is 4,000 miles, find the
radian measure of the central angle with vertex at the center of the earth that
has Los Angeles on one side and New York City on the other side.

Convert each of the following from degree measure to radian measure. Write each
answer as an exact value and as an approximation to the nearest hundredth.

11. 30° 12. 60°
13. 90° 14. 270°
15. 260° 16. 340°
17. —150° 18. -210°
19. 420° 20. 390°

21. —135° 22, —120°
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For Problems 23—26, use 3.1416 for 7r unless your calculator has a key marked .

23.

24.

25.
26.

27.

28.

Use a calculator to convert 120° 40’ to radians. Round your answer to the
nearest hundredth. (First convert to decimal degrees, then multiply by the ap-
propriate conversion factor to convert to radians.)

Use a calculator to convert 256° 20’ to radians to the nearest hundredth of a
radian.

Use a calculator to convert 1’ (1 minute) to radians to three significant digits.
Use a calculator to convert 1° to radians to three significant digits.

If a central angle with its vertex at the center of the earth has a measure of 1’,
then the arc on the surface of the earth that is cut off by this angle has a mea-
sure of 1 nautical mile. Find the number of regular (statute) miles in 1 nautical
mile to the nearest hundredth of a mile. (Use 4,000 miles for the radius of the
earth.)

If two ships are 20 nautical miles apart on the ocean, how many statute miles
apart are they? (Use the results of Problem 27 to do the calculations.)

Convert each of the following from radian measure to degree measure:

29.
31.

33.

35.

37.
39.

41.

/3 30. w/4
27/3 32. 3w/4
—T7m/6 34. —-57/6
107/6 36. 7mw/3

4 38. 3w

/12 40. 5m/12
~7m/18 42. —1l17/18

Use a calculator to convert each of the following to degree measure to the nearest
tenth of a degree:

43.
45.
47.

1.3 4. 24
0.75 46. 0.25
5 48. 6

Give the exact value of each of the following:

49.

S1.

s3.

5S.

sin 4T7T 50. cos 4T7T
tan % 52. cot %

sec 2.‘—77 54. csc %1
csc Eus 56. sec Sm

6 6
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. T T
57. 4 sm( 4 ) 58. 4 cos(— Z)
—sin X~ e L
59. sin 60. cos
T LT
61. 2 cos 6 62. 2sin ry
Evaluate each of the following expressions when x is 7/6. In each case, use exact
values.
63. sin 2x 64. sin 3x
65. 6 cos 3x 66. 6 cos 2x
. T . T
67. sin (x + 2) 68. sm( - 7)
69. 4 cos (2)( + %) 70. 4 cos (3)( + %)
Review Problems The problems that follow review material we covered in Sec-
tion 1.3.
Find all six trigonometric functions of 6, if the given point is on the terminal side
of 6.
71. (1, —=3) 72. (—1,3)
73. (m, n) 74. (a, b)

75. Find the remaining trigonometric functions of 6, if sin § = 1/2 and 0 termi-
nates in QII.

76. Find the remaining trigonometric functions of 0, if cos § = — 1/V2 and 6
terminates in QII.

77. Find all six trigonometric functions of 6, if the terminal side of  lies along the
line y = 2x in QI.

78. Find the six trigonometric functions of 6, if the terminal side of 6 lies along
the line y = 2x in QIIL

33 We will begin this section by using the unit circle and our table of exact
The Unit Circle and values to make a diagram that summarizes what we know about exact val-
Even and Odd Functions ues, degrees, and radians.
The unit circle is the circle with its center at the origin and a radius of 1.
The equation of the unit circle is x2 + y2 = 1 (Figure 1).
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= <

) 2
x+y =

1,0)

> X

unit circle

'

Figure 1

Suppose the terminal side of angle 6, in standard position, intersects the
unit circle at point (x, y). Then (x, y) is a point on the terminal side of 6.
The distance from the origin to (x, y) is 1, since the radius of the unit circle
is 1. Therefore

cos 6 p 1 X sin 6 . 1 y

The coordinates of the point (x, y) are cos 6 and sin 6 (Figure 2).

y
A

(x, ¥)=(cos 0, sin 8)

Y
Figure 2

Note This is only true for (x, y) on the unit circle. It will not work for points on
other circles.
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Figure 3 shows the unit circle with multiples of 30° and 45° marked off.

Each angle is given in degrees and radians. The cosine and sine of the
angle are the x- and y-coordinates, respectively, of the point where the ter-
minal side of each angle intersects the unit circle.

Y
Figure 3

V  Example I Use Figure 3 to find the six trigonometric functions of
5m/6.

Solution We obtain cosine and sine directly from Figure 3. The other
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trigonometric functions of S7/6 are found by using the ratio and re-
ciprocal identities.

sin5—w=L

6

Sw_ _NV3
CoS 6 )
‘ Sm_sin*% _ 12 _ 1
M6 " cos ™% —\3n V3

- _ 1 _ _

cot 6 —tans%—-l/\/§- V3

T 1 1 2
S€C—— = S = = -

6 cos*%  —\/32 V3
e L _ 1 _,

6  sin% 172 A

Figure 3 is very helpful in visualizing the relationships among the angles
shown and the trigonometric functions of those angles. You may want to
make a larger copy of this diagram yourself. In the process of doing so you
will become more familiar with the relationship between degrees and radi-
ans and the exact values of the angles in the diagram.

V Example 2 Use the unit circle to find all values of 6 between 0° and
360° for which cos 6 = 1/2.

Solution We look for all ordered pairs on the unit circle with an x-
coordinate of 1/2. The angles associated with these points are the angles
for which cos § = 1/2. They are # = 60° or 7/3 and 6 = 300° or 51r/i

Recall from algebra the definitions of even and odd functions.

DEFINITION  An even function is a function for which
f(—x) = f(x) for all x in the domain of f

An even function is a function for which replacing x with —x leaves the
equation that defines the function unchanged. If a function is even, then
every time the point (x, y) is on the graph, so is the point (—x, y). The
function f(x) = x2 + 3 is an even function since

f(=x) =(—x)*+ 3 =x2+3 = f(x)

Even and Odd Functions
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DEFINITION An odd function is a function for which

f{—=x) = = f(x) for all x in the domain of f

An odd function is a function for which replacing x with —x changes the
sign of the equation that defines the function. If a function is odd, then every
time the point (x, y) is on the graph, so is the point (—x, —y). The function
f(x) = x* — x is an odd function since

f=R) = (=X = (~0 = ¥ 4 x= —(¢ — ) = —fV)

From the unit circle it is apparent that sine is an odd function and cosine is
an even function. To begin to see that this is true, we locate 7/6 and —7/6
(—/6 is coterminal with 117/6) on the unit circle and notice that

_m\_M3_ @
COS 6 2 COS6

and

sin ) =—L=—sinE
6 2 6

We can generalize this result by drawing an angle 6 and its opposite —6 in
standard position, and then labeling the points where their terminal sides
intersect the unit circle with (x, y) and (x, —y), respectively. (Can you see
from Figure 4 why we label these two points in this way? That is, does it
make sense that if (x, y) is on the terminal side of 8, then (x, —y) must be on
the terminal side of —67?)

—- <

Figure 4
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Since, on the unit circle, cos § = x and sin # = y, we have

cos(—0) = x = cos 0 Indicating that cosine
is an even function

and

sin(—@) = —y = —sin 6 Indicating that sine
is an odd function

Now that we have established that sine is an odd function and cosine is an
even function, we can use our ratio and reciprocal identities to find which of
the other trigonometric functions are even or odd. Example 3 shows how
this is done for the cosecant function.

v Example 3 Show that cosecant is an odd function.

Solution We must prove that csc(—6) = —csc 6. That is, we must
turn csc(—0) into —csc 6. Here is how it goes

1

csc(—0) = Sn(=0) Reciprocal identity
= l Sine is a odd function
—sin 6
= - : Algebra
sin 6 g
= —csc 6 Recriprocal identity A

V Example4 Use the even and odd function relationships to find exact
values for each of the following.

a. sin(—60° b. cos(—%”) c. sec(—225°

Solution

a. sin(—60°) = —sin 60° Sine is an odd function

V3

= - —F Unit circle



1é Chapter 3 Radian Measure

b. cos(— 2—;—) = cos (2777) Cosine is an even function
-1 Unit circl
3 nit circle
oy _ L : .
c. csc(—225°%) = Sin(—225°) Reciprocal functions
_ 1 L ,
= “en 225° Sine is odd function

| L.
B /\/5) Unit circle
=\V2 A

An important relationship exists between the radian measure of a central
angle in the unit circle and the length of its intercepted arc. Since the radian
measure of a central angle is defined as # = s/r, and the radius of the unit
circle is r = 1, we have

N
6:—: =g
r

s
1
Thus, the radian measure of a central angle in the unit circle and the length
of the arc it cuts off are equal. If the radius of the unit circle were 1 foot,
then an angle of 2 radians would cut off an arc of length 2 feet. Likewise, if
the radius of the unit circle were 1 centimeter, then an angle of 3 radians
would cut off an arc of length 3 centimeters.

There is an interesting diagram we can draw using the ideas given in the
preceding paragraph. Figure 5 shows a point P(x, y) that is ¢ units from the
point (1, 0) on the circumference of the unit circle. The central angle that
cuts off the arc 7 is in standard position with the point P(x, y) on the terminal
side. Therefore, cos t = x and sin ¢ = y. (Can you see why QB is labeled tan ?
It has to do with the fact that tan ¢ is the ratio of sin ¢ to cos ¢ and the similar
triangles POA and QOB.)

There are many concepts that can be visualized from Figure 5. One of the
more important is the variations that occur in sin ¢, cos ¢, and tan ¢ as P
travels around the unit circle. To illustrate, imagine P traveling once around
the unit circle starting at (1, 0) and ending 27 units later at the same point.
As P moves from (1, 0) to (0, 1), ¢ increases from O to /2. At the same
time, sin ¢ increases from U to 1, and cos ¢ decreases from | down to 0. As
we continue around the unit circle, sin ¢ and cos ¢ simply oscillate between
—1 and 1, and further, everywhere sin zis |1 or —1, cos ¢ is 0. We will look
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y
: 0
A
P(x, y) =
¢ units
=
t radians
- = X
0 cos t A B (1,0)
Y
Figure §

at these oscillations in more detail in Chapter 4. For now, it is enough to
notice that the unit circle can be used to visualize the relationships that exist

among angles measured in radians, the arcs associated with these angles,
and the trigonometric functions of both.

Use the unit circle to find the six trigonometric functions of each angle. Problem Set 3.3
1. 150° 2. 135°
3. 1l#w/6 4. 5w/3
5. 180° 6. 270°
7. 3wl4 8 5m/4
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Use the unit circle and the fact that cosine is an even function to find each of the
following:

9, cos(—60° 10. cos(—120°
S 47
11. cos(— T) 12. cos(— T)

Use the unit circle and the fact that sine is an odd function to find each of the
following:

13. sin(—30°) 14. sin(—90°)
. 37 . 1k
15. sm( 2 ) 16. sin (— T)
Use the unit circle to find all values of 6 between 0 and 27 for which
17. sin6 =1/2 18. sinf = —1/2
19. cosf=-V3/2 20. cos6 =0
21. tanf=-V3 22. cotf=1V3

23. If angle 6 is in standard position and intersects the unit circle at
(1/\/5, —2/\/5), find sin 6, cos 6, and tan 6.

24. If angle 6 is in standard position and intersects the unit circle at
(—m/ﬁ, —3/\/5), find sin 0, cos 6, and tan 0.

25. If 6 is an angle in standard position the terminal side of which intersects the
unit circle at the point P(x, y), give a definition for tan 6, cot 6, sec 6, and
csc §interms of x and y that is consistant with our original definitions of these
functions.

26. Some of the identities we have used in the past are actually easier to derive
from the unit circle than from our original definition for the trigonometric
functions. For example, since the equation of the unit circle is x> + y2 =1,
and, on the unit circle, x = cos 6 and y = sin 6, then it follows immediately
that cos?6 + sin26 = 1. Use the definitions you gave in Problem 25 for the
other four trigonometric functions to derive the basic reciprocal and ratio
identities.

27. Ifsin @ = —1/3, find sin(—0). 28. Ifcos @ = —1/3, find cos(—6).

Make a diagram of the unit circle with an angle 6 in quadrant I and its complement
180° — @ in quadrant I1. Label the point on the terminal side of 6 and the unit circle
with (x, y) and the point on the terminal side of 180° — 6 and the unit circle with
(—x, y). Use this diagram to show that

29. sin(180° — 0) = sin 6 30. cos(180° — ) = —cos 6

31. Show that tangent is an odd function.
32. Show that cotangent is an odd function.
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Prove each identity.

33. sin(—0) cot(—6) = cos 0 34. cos(—6)tan 6 = sin 0

35. sin(—6) sec(—0) cot(—0) =1 36. cos(—6) csc(—0) tan(—0) = 1
. _ cos?f _ gy Sin%0

37. csc 0 + sin(—6) ~Sin6 38. sec O — cos(—0) “os 0

39. Redraw the diagram in Figure 5 from this section and label the line segment
that corresponds to sec .

40. Make a diagram similar to the diagram in Figure 5 from this section, but in-
stead of labeling the point (1, 0) with B, label the point (0, 1) with B. Then
place Q on the line OP and connect Q to B so that OB is perpendicular to the
y-axis. Now, if P(x, y)is ¢ units from (1, 0), label the line segments that cor-
respond to sin ¢, cos ¢, cot ¢, and csc .

Review Problems The problems that follow review material we covered in Sec-
tion 3.1.

Use Table II or a calculator to find decimal approximations to each of the following:

41. sin 35.5° 42. sin(—35.5°
43. cos(—43°) 44. cos 43°

45. tan 123.5° 46. tan(—123.5°
47. sec 214.3° 48. sec(—214.3°)

In Section 3.2 we found that if a central angle §, measured in radians, in a
circle of radius r, cuts off an arc of length s, then the relationship between s,
r, and 6 can be written as

g=23= ‘ 5
r

Figure 1

If we multiply both sides of this equation by r, we will obtain the equa-
tion that gives arc length s, in terms of r and 6.

s=r6 (0 in radians)

34
Length of Arc and Area
of a Sector
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V Example 1 Give the length of the arc cut off by a central angle of 2
radians in a circle of radius 4.3 inches.

Solution We have @ = 2 and r = 4.3 inches. Applying the formula
s = r@ gives us

8.6 in

s=1r0
= 4.3(2) ‘

= 8.6 inches

Figure 2 A

V  Example 2 Find the length of the arc cut off by an angle of 45° in a
circle of radius 2 centimeters.

Solution The formula s = r holds only when 6 is measured in radi-
ans. If @ is measured in degrees, we must convert to radians by multi-
plying 6 by 7/180.

s=1rb

2(45)(1%)

™ .
= ? centimeters

To find a decimal approximation for s, we substitute 3.14 for 7

3.14 .
§ ~ =5~ centimeters

= 1.57 centimeters A

V  Example 3 The minute hand of a clock is 1.2 centimeters long. To
two significant digits, how far does the tip of the minute hand move in 20

minutes?



3.4 Length of Arcand Area of a Sector 12]

Solution We have r = 1.2 centimeters. Since we are looking for s, we
need to find 6. We can use a proportion to find 8. Since one complete
rotation is 60 minutes and 27 radians, we say 0 is to 27 as 20 minutes is
to 60 minutes, or

6 _20
N 27~ 60
then 6 = Z:;’L
Now we can find s.
s=rd 20 minutes
— 127
13
2.47
3
~ 2.4(3.14)

Figure 3

3
= 2.5 centimeters

The tip of the minute hand will travel approximately 2.5 centimeters
every 20 minutes. A

If we are working with relatively small central angles in circles with large
radii, we can use the length of the intercepted arc to approximate the length
of the associated chord. For example, Figure 4 shows a central angle of 1° in
a circle of radius 1,800 feet, along with the arc and chord cut off by 1°.
(Figure 4 is not drawn to scale.)

arc AB

chord AB

1800 J

Figure 4
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To find the length of arc AB we convert 6 to radians by multiplying by
7/180°. Then we apply the formula s = ré.

T
180°

=rf = l,800(l°)< ) = 107 = 31.4 feet

If we were to carry out the calculation of arc AB to six significant digits
we would have obtained s = 31.4159. The length of the chord AB is 31.4155
to six significant digits (found by using the law of sines which we will cover
in Chapter 7). As you can see, the first five digits in each number are the
same. It seems reasonable then to approximate the length of chord AB with
the length of arc AB.

As our next example illustrates, we can also use the procedure outlined
above in the reverse order to find the radius of a circle by approximating arc
length with the length of the associated chord.

V Exampled A person standing on the earth notices that a 747 Jumbo
Jet flying overhead subtends an angle of 0.45°. If the length of the jet is 230
feet, find its altitude to the nearest thousand feet.

Figure 5
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Solution Figure § is a diagram of the situation. Since we are working
with a relatively small angle in a circle with a large radius, we use the
length of the airplane (chord AB in Figure S) as an approximation of the
length of the arc AB.

Since s = r0, r =%
13230
(0.45°)(7/180°)

_ _230(180)
(0.45)(3.14)

= 29,000 feet to the
nearest thousand feet A

sor=

Next we want to derive the formula for the area of the sector formed by a
central angle 6 (Figure 6).

Figure 6

If we let A represent the area of the sector formed by central angle 6, we
can find A by setting up a proportion as follows: We say the area A of the
sector is to the area of the circle as 6 is to one full rotation. That is,

Areaof sector —= A _ 60 —=— Central angle 6

Area of circle —> mr? 2w —<+— One full rotation

We solve for A by multiplying both sides of the proportion by 2.

Area of a Sector
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V Example 5 Find the area of the sector formed by a central angle of
1.4 radians in a circle of radius 2.1 meters.

Solution We have r = 2.1 meters and 6 = 1.4. Applying the formula
for A gives us

=1
A-2r0

N NP
=3 (2.1)2(1.4)
= 3.087 meters?

Remember Area is measured in square units. When r = 2.1 meters, r? =
(2.1 meters)? = 4.41 meters?.

V  Example 6 If the sector formed by a central angle of 15° has an area
of 7/3 centimeters?, find the radius of the circle.

Solution We first convert 15° to radians.
= T\ T
b= 15<180> 12

Then we substitute 6 = 7/12 and A = /3 into the formula for A, and
then solve for r.

|
= — p2
A 2r9
x_1 .7
3 2 12
T_ T o,
3 24"
p=T .24
3 @
r:r=28

r = 2\V/2 centimeters

Note that we need only use the positive square root of 8, since we know
our radius must be measured with positive units. A
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V Example 7 A lawn sprinkler located at the corner of a yard is set to
rotate through 90° and project water out 30 feet. To three significant digits,
what area of lawn is watered by the sprinkler?

Solution We have 6 = 90°

% ~ 1.57 radians, and r = 30 feet.

=L,
A—2r0

U

% (30)%(1.57)

= 707 feet?

lawn

Figure 7 A

Unless otherwise stated, all answers in this problem set that need to be rounded  Problem Set 3.4
should be rounded to three significant digits.

For each problem below, 0 is a central angle in a circle of radius r. In each case, find
the length of arc s cut off by 6.

1. 6 =2, r=3inches 2. 6 =3,r=2inches

3. 6=1.5r=1.5feet 4. 60=2.4,r=1.8feet

5. 0 = m/6, r = 12 centimeters 6. 0 = m/3, r = 12 centimeters
7. 6 = 60° r = 4 millimeters 8. 0 = 30° r = 4 millimeters
9. 0 = 240° r = 10 inches 10. 6 = 315° r = 5 inches

11. The minute hand of a clock is 2.4 centimeters long. How far does the tip of the
minute hand travel in 20 minutes?

12. The minute hand of a clock is 1.2 centimeters long. How far does thetip of the
minute hand travel in 40 minutes?

13. A space shuttle 200 miles above the earth is orbiting the earth once every 6
hours. How far does the shuttle travel in 1 hour? (Assume the radius of the
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14.

15.

16.

17.

18.

- s % T L% JT—
e PR

earth is 4,000 miles.) Give both the exact value and a three significant digit
approximation for your answer.

How long, in hours, does it take the space shuttle in Problem 13 to travel
8,400 miles? Give both the exact value and an approximate value for your
answer.

The pendulum on a grandfather clock swings from side to side once every
second. If the length of the pendulum is 4 feet and the angle through which it
swings is 20°, how far does the tip of the pendulum travel in one second?
Find the total distance traveled in one minute by thetip of the pendulum on the
grandfather clock in Problem 15.

From the earth, the moon subtends an angle of approximately 0.5°. If the dis-
tance to the moon is approximately 240,000 miles, find an approximation for
the diameter of the moon accurate to the nearest hundred miles. (See Example
4 and the discussion that preceeds it.)

If the distance to the sun is approximately 93 million miles, and, from the
earth, the sun subtends an angle of approximately 0.5°, estimate the diameter
of the sun to the nearest ten thousand miles.

In each problem below, 6 is a central angle that cuts off an arc of length s. In each
case, find the radius of the circle.

19.
21.
23.
25.

27.

28.

6 =6,s =3 feet 20 0=1,s =2feet

6 =1.4,s =4.2inches 22. 6=5.1,s = 10.2 inches

0 = /4, s = w centimeters 24. 0 = 3mw/4, s = w centimeters

6 = 90°, s = 7/2 meters 26. 0 = 180° s = m/2 meters
From the ground, a 747 Jumbo Jet flying overhead subtends an angle of 0.42°.

If the length of the jet is 230 feet, find its altitude to the nearest thousand feet.
From a point on the ground a person notices that a 100 foot antenna on the top
of a mountain subtends an angle of 0.35°. If the angle of elevation to the top of
the antenna is 13.35°, find the height of the mountain to the nearest hundred
feet. First find the distance from the person on the ground to the top of the
mountain, then use right triangle trigonometry to find the height of the moun-
tain. Figure 8 illustrates.

100 feet

035° %
v

4
2%

Pats

Figure 8
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Find the area of the sector formed by central angle 6 in a circle of radius r if

29. 6 = 2, r = 3 centimeters 30. 6 = 3, r = 2 centimeters
31. 6 =24, r =4inches 32. 0 =1.8, r=2inches
33. 6= /5, r =3 meters 34. 0 = 2w/5, r = 3 meters
35. 6 =15°r =5 meters 36. 6= 15° r = 10 meters

37. A central angle of 2 radians cuts off an arc of length 4 inches. Find the area of
the sector formed.

38. An arc of length 3 feet is cut off by a central angle of 77/4 radians. Find the
area of the sector formed.

39. If the sector formed by a central angle of 30° has an area of 7/3 centimeters?,
find the radius of the circle.

40. What is the length of the arc cut off by angle 6 in Problem 39?

41. A sector of area 27r/3 inches? is formed by a central angle of 45°. What is the
radius of the circle?

42. A sector of area 25 inches’ is formed by a central angle of 4 radians. Find the
radius of the circle.

43. A lawn sprinkler is located at the corner of a yard. The sprinkler is set to
rotate through 90° and project water out 60 feet. What is the area of the yard
watered by the sprinkler?

44. An automobile windshield wiper 10 inches long rotates through an angle of
60°. If the rubber part of the blade covers only the last 9 inches of the wiper,
find the area of the windshield cleaned by the windshield wiper.

Review Problems The problems that follow review material we covered in Sec-
tion 2.3.

Problems 45 through 48 refer to right triangle ABC with C = 90°. In each case,
solve for all the missing parts.

45. A =40° c =36 46. B =22° b =300
47. a=205,b=314 48. a=16,b=20

There are two kinds of velocities associated with a point moving on the cir-
cumference of a circle. One is called linear velocity and is a measure of
distance traveled per unit time. The other is called angular velocity. Angu-
lar velocity is the central angle swept out by the point moving on the circle,
divided by time.

DEeFINITION If P is a point on a circle of radius r, and P moves a distance

3.5
Velocities
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s on the circumference of the circle, in an amount of time ¢, then the linear
velocity, v, of P is given by the formula

<
]
~ 1t

V Example 1 A point on a circle travels 5 centimeters in 2 seconds.
Find the linear velocity of the point.

Solution Substituting s = 5 and 7 = 2 into the equation v = s/t gives
us

__ 5 centimeters
2 seconds

2.5 centimeters per second A

Note In all the examples and problems in this section, we are assuming that the
point on the circle moves with uniform circular motion. That is, the velocity of the
point is constant.

DEFINITION If P is a point moving with uniform circular motion on a cir-
cle of radius r, and the line from the center of the circle through P sweeps
out a central angle 6, in an amount of time ¢, then the angular velocity, w, of
P is given by the equation

6 . . .
W= 7 where 6 is measured in radians

V Example2 A point on a circle rotates through 37r/4 radians in 3 sec-
onds. Give the angular velocity of P.

Solution Substituting 6 = 37/4 and ¢ = 3 into the equation w = 6/¢
gives us

_ 37/4 radians
3 seconds

T
4

radians per second A

V Example 3 A bicycle wheel with a radius of 13 inches turns with an
angular velocity of 3 radians per second. Find the distance traveled by a
point on the bicycle tire in 1 minute.
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Solution We have w = 3 radians per second, r = 13 inches, and ¢t =
60 seconds. First we find 6 using w = 6/1.

If w= (2
t
then 6 = wt
= 3(60)

= 180 radians

To find the distance traveled by the point in 60 seconds, we use the for-
mula s = rf from Section 3.4, with r = 13 inches, and 8 = 180.

s = 13(180)
= 2,340 inches

If we want this result expressed in feet, we divide by 12.

— M feet
12

= 195 feet

A point on the tire of the bicycle will travel 195 feet in one minute. If
the bicycle was being ridden under these conditions, the rider would
travel 195 feet in one minute. A

V Example 4 Figure | shows a fire truck parked on the shoulder of a
freeway next to a long block wall. The red light on the top of the truck is 10
feet from the wall and rotates through one complete revolution every 2 sec-
onds. Find the equations that give the lengths d and / in terms of time ¢.




The Relationship
between the Two
Velocities

130

Solution The angular velocity of the rotating red light is

0 _ 2 radians .
w == = —————— = 7 radians per second
t 2 seconds

From right triangle ABC we have the following relationships

_d -
tan 0 = 10 and sec 6 = 0
d =10tan 6 I =10 sec 6

Now, these equations give us d and / in terms of 6. To write d and / in
terms of ¢, we solve w = 6/t for 6 to obtain § = wt = 7rt. Substituting
this for 6 in each equation we have d and / expressed in terms of .

d = 10 tan ¢ { = 10 sec mt A

To find the relationship between the two kinds of velocities we have devel-
oped so far, we can take the equation that relates arc length and central angle
measure, s = r6, and divide both sides by time, ¢.

If s=r0
ré
then S =22
t t

s 0
Sl Sl

t t
V=rw

Linear velocity is the product of the radius and the angular velocity.

V Example 5 A phonograph record is turning at 45 rpm (revolutions
per minute). If the distance from the center of the record to a point on the
edge of the record is 3 inches, find the angular velocity and the linear ve-
locity, in feet per minute, of the point.

Solution The quantity 45 rpm is another way of expressing the rate at
which the point on the record is moving. We can obtain the angular ve-
locity from it by remembering that one complete revolution is equivalent
to 27 radians. Therefore,

w = 45(2m) radians per minute
= 907 radians per minute
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To find the linear velocity, we multiply w by the radius.

vV =re
= 3(907)
= 2707 inches per minute Exact value
== 270(3.14) inches per minute Approximately
= 848 inches per minute To three significant digits

If we want this last quantity expressed in feet per minute, we divide
by 12.

4 .
v = —— feet per minute
12
= 70.7 feet per minute A
In this problem set, round any answers that need rounding to three significant digits. Problem Set 3.5

Find the linear velocity of a point moving with uniform circular motion, if the point
covers a distance s in an amount of time ¢, where

1.

=

s

= 3 feet and ¢+ = 2 minutes

10 feet and ¢ = 2 minutes

12 centimeters and ¢t = 4 seconds
12 centimeters and ¢ = 2 seconds
30 miles and ¢ = 2 hours

= 100 miles and ¢ = 4 hours

= I I
I

Find the distance s covered by a point moving with linear velocity v for a time ¢ if

7.
8.
9.
10.
11.
12.

v = 20 feet per second and ¢t = 4 seconds

v = 10 feet per second and ¢ = 4 seconds

v = 45 miles per hour and ¢ = 1/2 hour

v = 55 miles per hour and ¢ = 1/2 hour
= 21 miles per hour and ¢ = 20 minutes

v = 63 miles perhourand ¢ = 10 seconds

Point P sweeps out central angle 6 as it rotates on a circle of radius r as given below.
In each case, find the angular velocity of point P.

13.
15.
17.
19.

6 = 27w/3, t = 5 seconds 14. 6 = 3w/4, t = 5 seconds
6 = 12, t = 3 minutes 16. 6 = 24, t = 6 minutes

0 = 8, t = 37 seconds 18. 0 = 12w, t = 57 seconds
0 = 457, t = 1.2 hours 20. 6 =244, t = 1.8 hours
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Figure 2

21. Figure 2 shows a lighthouse that is 100 feet from a long straight wall on the
beach. The light in the lighthouse rotates through one complete rotation once
every 4 seconds. Find an equation that gives the distance d in terms of time ¢,
then find d when ¢ is 1/2 second and 3/2 seconds. What happens when you try
t = 1 second in the equation? How do you interpret this?

22. Using the diagram in Figure 2, find an equation that expresses / in terms of
time . Find / when ¢ is 0.5 second, 1.0 second, and 1.5 seconds.

In the problems that follow, point P moves with angular velocity w on a circle of
radius r. In each case, find the distance s traveled by the point in time ¢.

23. ® = 4radians per second, r = 2 inches, t = 5 seconds

24. o = 2 radians per second, r = 4 inches, t = 5 seconds

25. o = 3m/2 radians per second, r = 4 meters, ¢+ = 30 seconds
26. © = 4/3 radians per second, r = 8 meters, ¢+ = 20 seconds
27. ® = 15 radians per second, r = 5 feet, t = 1 minute

28. ® = 10radians per second, r = 6 feet, t = 2 minutes

For each of the following problems, find the angular velocity associated with the
given rpm’s.

29. 10 rpm 30. 20 rpm
31. 33% rpm 32. 16% rpm
33. 5.8 rpm 34. 7.2 rpm

For each problem below, a point is rotating with uniform circular motion on a circle
of radius r.
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3s.
36.
37.
38.
39.
40.
41.

42.

43.

45.

46.
47.
48.
49.

50.

Find v if r = 2 inches and w = 5 radians per second

Find v if r = 8 inches and w = 4 radians per second

Find w if r = 6 centimeters and v = 3 centimeters per second

Find w if r = 3 centimeters and v = 8 centimeters per second

Find v if r = 4 feet and the point rotates at 10 rpm

Find v if r = | foot and the point rotates at 20 rpm

The earth rotates through one complete revolution every 24 hours. Since the
axis of rotation is perpendicular to the equator, you can think of a person stand-
ing on the equator as standing on the edge of a disc that is rotating through one
complete revolution every 24 hours. Find the angular velocity of a person stand-
ing on the equator.

Assuming the radius of the earth is 4,000 miles, use the information from
Problem 41 to find the linear velocity of a person standing on the equator.

A boy is twirling a model airplane on a string 5 feet long. If he twirls the plane
at 0.5 rpm, how far does the plane travel in 2 minutes?

A mixing blade on a food processor extends out 3 inches from its center. If the
blade is turning at 600 rpm, what is the linear velocity of the tip of the blade in
feet per minute?

A gasoline driven lawnmower has a blade that extends out 1 foot from its cen-
ter. The tip of the blade is traveling at the speed of sound, which is 1,100 feet
per second. Through how many rpm is the blade turning?

An 8 inch floppy disk in a computer (radius = 4 inches) rotates at 300 rpm.
Find the linear velocity of a point on the edge of the disk.

How far does the tip of a 12 centimeter minute hand on a clock travel in 1 day?
How far does the tip of a 10 centimeter hour hand on a clock travel in | day?
A woman rides a bicycle for 1 hour and travels 16 kilometers (about 10 miles).
Find the angular velocity of the wheel if the radius is 30 centimeters.

Find the number of rpm for the wheel in Problem 49.

Review Problems The problems that follow review material we covered in Sec-
tion 2.4.

S1.

S2.

53.

54.

If a 75 foot flag pole casts a shadow 43 feet long, what is the angle of eleva-
tion of the sun from the tip of the shadow?

A road up a hill makes an angle of 5° with the horizontal. If the road from the
bottom of the hill to the top of the hill is 2.5 miles long, how high is the hill?
A person standing 5 feet from a mirror notices that the angle of depression
from his eyes to the bottom of the mirror is 13°, while the angle of elevation to
the top of the mirror is 12°. Find the vertical dimensions of the mirror.

A boat travels on a course of bearing S 63° 50" E for 100 miles. How many
miles south and how many miles east has the boat traveled?




Examples

1.

30° is the reference angle for 30°,

150°, 210°, and 330°.

3.

150"

210°

sin 150° = sin 30° =%

. " . ° 1
sin 210° = —sin 30° = ey
sin 330° = —sin 30° = —%

angle 0 has
a measure of
| radian

‘ '

the vertex of 8 is
at the center of
the circle: the arc

cut of f by 0 is equal
in length to the radius

Chapter 3 Radian Measure

Chapter 3 Summary and Review
REFERENCE ANGLE (3.1]

The reference angle 6 for any angle 6 in standard position is the
positive acute angle between the terminal side of 6 and the x-
axis.

REFERENCE ANGLE THEOREM (3.1]

A trigonometric function of an angle and its reference angle dif-
fer at most in sign.

We find trigonometric functions for angles between 0° and
360° by first finding the reference angle. We then find the value of
the trigonometric function of the reference angle and use the
quadrant in which the angle terminates to assign the correct sign.

RADIAN MEASURE (3.2]

In a circle, a central angle that cuts off an arc equal in length to
the radius of the circle has a measure of | radian.
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RADIANS AND DEGREES (3.2]

Changing from degrees to radians and radians to degrees is sim-
ply a matter of multiplying by the appropriate conversion factor.

’— Multiply byl—’s’o —l

Degrees Radians

T— Multiply by%o —I

THE UNIT CIRCLE [3.3]

The unit circle is the circle with its center at the origin and a ra-
dius of 1. The equation of the unit circle is x2 + y2 = |. Because
the radius of the unit circle is 1, any point (x, y) on the circle is
such that

x = cos @ and y = sin 6

EVEN AND ODD FUNCTIONS (3.3]

An even function is a function for which
f(—x) = f(x) for all x in the domain of f
and an odd function is a function for which
f(—x) = —=f(x) for all x in the domain of f
Cosine is an even function, and sine is an odd function. That is,
cos(—6) = cos 6 Cosine is an even function
and

sin(—0) = —sin 0 Sine is an odd function

135

4. Radians to degrees

3

Degrees to radians

° = L =
450 450( ISO)

6. tan @ is an odd function.

sin(—0)

tan(=6) = cos(—0)

_ —sin@
cos 0

_ _siné
cos 6

—tan 6

o
G radians = 4—”(@) = 240°
3\ «w

S
2

radians

x,y)=
(cos @, sin 6)
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7. The arc cut off by 2.5 radians in a
circle of radius 4 inches is

s = 4(2.5)
= 10.0 inches

8. The area of the sector formed by a
central angle of 2.5 radians in a circle of
radius 4 inches is

=Lay
A = S(47(2.5)

=20.0 inches’

9. If a point moving at a uniform speed
on a circle travels 12 centimeters every 3
seconds, then the linear velocity of the
point is

12 centimeters
3 seconds

4 centimeters per second

10. If a point moving at uniform speed
on a circle of radius 4 inches rotates
through 37/4 radians every 3 seconds,
then the angular velocity of the point is

_ 37r/4 radians
3 seconds

T
=7 radians per second

The linear velocity of the same point is

given by
T
%)

7 inches per second

v

Chapter 3 Radian Measure

ARC LENGTH [3.4)
If s is an arc cut off by a central angle 6, measured in radians, in a
circle of radius r, then

s=rb

AREA OF A SECTOR [3.4]

The area of the sector formed by a central angle  in a circle of
radius r is

1,
A—2r0

where 6 is measured in radians.

LINEAR VELOCITY [3.5]

If P is a point on a circle of radius r, and P moves a distance s on
the circumference of the circle, in an amount of time ¢, then the
linear velocity, v, of P is given by the formula

S
VvV =—
t

ANGULAR VELOCITY [3.5]

If P is a point moving with uniform circular motion on a circle of
radius r, and the line from the center of the circle through P
sweeps out a central angle 6, in an amount of time ¢, then the
angular velocity, w, of P is given by the equation

6 . . )
w=— where 0 is measured in radians

r

The relationship between linear velocity and angular velocity
is given by the formula
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Draw each of the following angles in standard position and then name the reference
angle:

1. 235° 2. 117.8°
3. 410°20° 4. -225°

Use the tables in the back of the book or a calculator to find each of the following:

5. tan 320° 6. tan(—25°
7. cos(—236.7°) 8. sin 322.3°
9. sec 140° 20’ 10. csc 188° 50’

Use the tables in the back of the book or a calculator to find 6, if 0 is between 0° and
360° and

11. sin 6 = 0.1045 with 6 in QII 12. cos 6 = —0.4772 with 6 in QIII
13. cot § = 0.9659 with 6 in QIII 14. sec 6 = 1.545 with 0 in QIV
Give the exact value of each of the following:

15. sin 225° 16. cos 135°

17. tan 330° 18. sec 390°

Convert each of the following to radian measure. Write each answer as an exact
value.

19. 250° 20. —390°

Convert each of the following to degree measure:

21. 4w/3 22. Tw/12

Give the exact value of each of the following:

.27 21
23. sin 3 24. cos 3
37 S
25. 4 cos(— 2 ) 26. 2 cos(— —3—)
S S
27. sec 6 28. csc 6

29, Evaluate 2 cos (3x = %) when x is % .

Chapter 3
Test
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30. Evaluate 4 sin <2x + %) when x is % .
31. Show that cotangent is an odd function.
32. Prove the identity sin(—8) sec(—80) cot(—6) = 1.

For each problem below, 6 is a central angle in a circle of radius r. In each case, find
the length of arc s cut off by 6.

33. 0 = w/6, r =12 meters 34. 6 =060° r =6 feet

In each problem below, 6 is a central angle that cuts off an arc of length s. In each
case, find the radius of the circle.

35. 6 =m/4, s = o centimeters 36. 0 = 2w/3, s = mw/4 centimeters
Find the area of the sector formed by central angle 6 in a circle of radius r if
37. 0 =90° r = 4 inches 38. 6 =24, r =3 centimeters

39. The minute hand of a clock is 2 centimeters long. How far does the tip of the
minute hand travel in 30 minutes?

40. A central angle of 4 radians cuts off an arc of length 8 inches. Find the area of
the sector formed.

Find the distance s covered by a point moving with linear velocity v for a time ¢ if

41. v = 30 feet per second and ¢ = 3 seconds
42. v = 66 feet per second and 1 = | minute

In the problems that follow, point P moves with angular velocity @ on a circle of
radius r. In each case, find the distance s traveled by the point in time ¢.

43. = 4 radians per second, r = 3 inches, ¢ = 6 seconds
44. o = 3m/4 radians per second, r = 8 feet, + = 20 seconds

For each of the following problems, find the angular velocity associated with the
given rpm’s.

45. 6 rpm 46. 2 rpm

For each problem below, a point is rotating with uniform circular motion on a circle
of radius r.

47. Find w if r = 10 centimeters and v = 5 centimeters per second

48. Find o if r = 3 centimeters and v = 5 centimeters per second

49. Find v if r = 2 feet and the point rotates at 20 rpm

50. Find vif r = | foot and the point rotates at 10 rpm

S1. A belt connects a pulley of radius 8 centimeters to a pulley of radius 6 cen-
timeters. Each point on the belt is traveling at 24 centimeters per second. Find
the angular velocity of each pulley (see Figure 1).
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+—— 24 cm/sec

Figure 1

52. A propeller with radius 1.5 feet is rotating at 900 rpm. Find the linear velocity
of the tip of the propeller. Give the exact value and a three significant digit
approximation.



Graphing and
Inverse Functions

4.1
Basic Graphs

The Sine Graph

To the student:

In this chapter we will consider the graphs of the trigonometric functions.
We will begin by graphing y = sin x and y = cos x, and then proceed to
more complicated graphs. To begin with, we will make tables of values of x
and y that satisfy the equations and then use the information in these tables
to sketch the associated graphs. Our ultimate goal, however, is to graph trig-
onometric functions of the form y = A sin(Bx + C) and y = A cos(Bx + C)
without the use of tables. Equations of this form have many applications.
For instance, they can be used as mathematical models for sound waves and
to describe such things as the variations in electrical current in an alternating
circuit.

The last two sections of this chapter (Sections 4.5 and 4.6) are concerned
with inverse trigonometric relations and inverse trigonometric functions.
Since these topics are closely related to the work you did previously with
inverse functions in algebra, we will begin Section 4.5 with two examples
that review the concepts of inverse relations in general.

To graph the equation y = sin x we begin by making a table of values of x
and y that satisfy the equation, and then use the information in the table to
sketch the graph. To make it easy on ourselves, we will let x take on values
that are multiples of 77/4. As an aid in sketching the graphs, we will approx-
imate 1/V/2 with 0.7.
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Table 1

X y = sin x (x,y)
0 y=sin0=0 O, 0
g —sin ™= _ s
. y=sing=5=07 (4.0.7)
= =sin 2 =1 .1
2 Y 2 (2' )
3 —sin 2oL _ 3
4 y—sm4—\/§—0.7 (4.0.7)

y=sinwm=0 (m, 0)
5 T S B smo_

y = sin 4 v 0.7 (4 . 0.7)
3_7" =sin3_ﬂ=_l (3_" =
2 Y 2 2 )
Tm P SN B Im
2 y = sin = V3 0.7 (4 , 0.7)
27 y=sin27 =0 2w, 0)

Graphing each orderzd pair and then connecting them with a smooth
curve, we obtain the following graph:

y .
m
I\ 2.1) |
s 3 5 |
: ( 4 )
..7)
| | . (m,0) 1 l(zn.o»
‘0 T =T T 1 1 X
™ ™ 3 * Sm Tn 27
4 2 4 4 4
| Sn - 1m
al—; <4‘ .z) ( (4 s .7)
Figure 1

To further justify the graph in Figure 1, we could find additional ordered
pairs that satisfy the equation. For example, we could continue our table by
letting x take on multiples of /6 and #/3. If we were to do so, we would
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find that any new ordered pair that satisfied the equation y = sin x would be
such that its graph would lie on the curve in Figure 1. Figure 2 shows
the curve in Figure | again, but this time with all the ordered pairs
with x-coordinates that are multiples of 7/6 or /3 and the corresponding
y-coordinates that satisfy the equation y = sin x.

b () ()

372

3" 2

T

|

A

= .9 approximately

NER
2
Figure 2

V  Example 1 Use the graph of y = sin x in Figure 2 to find all values of
x, between v and 27, for which sin x = 1/2.

Solution We locate 1/2 on the y-axis and draw a horizontal line through
it. We follow this line to the points where it intersects the graph of
y = sin x. The values of x just below these points of intersection are the
values of x for which sin x = 1/2. As Figure 3 indicates, they are 7/6
and 57/6.

Figure 3 A
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We can also obtain the graph of y = sin x by using the unit circle. If we start
at (1, 0) and rotate once around the unit circle (through 277) we can find
the value of y in the equation y = sin ¢ by simply keeping track of the
y-coordinates of the points on the unit circle through which the terminal side
of our angle ¢ passes. (In this case, we use the variable ¢ instead of the vari-
able x to represent our angle so as not to confuse it with the x-coordinate of
the point (x, y) on the unit circle.)

Graphing y = sin x
Using the Unit Circle

unit circle

y=sint

—_———
-

Figure 4

Figures | through 4 each show one complete cycle of y = sin x. We can
extend the graph of y = sin x to the right of x = 27 by realizing that, once
we go past x = 277, we will begin to name angles that are coterminal with
the angles between 0 and 27. Because of this, we will start to repeat the

Extending the Sine
Graph
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values of sin x. Likewise, if we let x take on values to the left of x = 0, we
will simply get the values of sin x between O and 27 in the reverse order.
Figure 5 shows the graph of y = sin x extended beyond the interval from
x=0to x = 2m.

w
3
-
3

)
>
eyl
- |
[—u‘

s
LT A

w —
Pt
|
=
—
o
XYL g
=
l<
3
e |$

Figure §

Our graph of y = sin x never goes above | or below —1, and it repeats
itself every 27 units on the x-axis. This gives rise to the following two
definitions.

DEFINITION (PERIOD) For any function y = f(x), the smallest positive
number p for which
fx+p)=fx) forall x

is called the period of f(x). In the case of y = sin x, the period is 27 since
27 is the smallest positive number for which

sin(x + 27) = sin x for all x

DEFINITION (AMPLITUDE) If the greatest value of y is M and the least
value of y is m, then the amplitude of the graph of y is defined to be

=1y
A—2|M m|

In the case of y = sin x, the amplitude is | because 1/2|]1 — (—1)| = 1/2(2)

Y

one complete
cycle

y=sinx

amplitude = 1

27 Units ——=

Figure 6
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The graph of y = cos x has the same general shape as the graph of y = sin x.

V Example 2  Sketch the graph of y = cos x.

Solution We can arrive at the graph by making a table of convenient
values of x and y or by making an appropriate diagram of the unit circle.
Since the values of cosine will repeat themselves every 27 units on the
x-axis, we use our table or the unit circle to sketch the graph of y = cos x
from O to 27 and then continue this graph to the right of 27 and to the

left of 0.
Table 2

X y =cos x x. y)
0 y =cos0 = 1| o, n
L4 N (2.
4 Y 4 V2 4°'V2
T _ mo_ m
5 y = cos > 0 (2.0)
3_17 )=c053_‘”=_—l_ (3_1T _L
4 4 V2 4 V2
T y=cosm=—| (m, —1)
sm I (.-
4 Y 4 V2 4" V2
3m = cos T = 3m
5 y—cosz—O (2,0)
Im = cos 2T - L (11 ;)
4 Y 4~ \2 42
2 y =cos 2w = | Qm, 1)

("’ -1 )
Figure 7

The Cosine Curve



146 Chapter 4 Graphing and Inverse Functions

T -
unit circle
Figure 8 A
V Example 3 Find all values of x for which cos x = —1.
Solution We draw a horizontal line through y = — 1 and notice where
it intersects the graph of y = cos x. The x-coordinates of those points
are solutions to cos x = —1.
y

A
=Cos x

X T, D\ A .
R AL N V4 F_\}/ ST

=3 2n -7 v 2n 3n
Figure 9
Figure 9 indicates that all solutions to cos x = —1 are
x=...3nm,—7m,m, 37, .

Since each pair of consecutive solutions differ by 27, we can write the
solutions in a more compact form as

xX =7+ 2%kmw where £ is an integer A

The Tangent Graph Table 3 lists some solutions to y = tan x between x = 0 and x = 27.
Note that, at 77/2 and 37/2, tangent is undefined. If we think of tan x as
(sin x)/(cos x), it must be undefined at these values of x since cos x is O at
multiples of 77/2 and division by 0 is undefined.
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Table 3

x tan x

0 0

T

2 |

% V3=17
T undefined

2
2a -V3=-17
3

37

2 |

T 0

Sw

2 1
.8 V3i=17
3
}22 undefined
Sw

3 -V3i=-1.7
1w
Y -

27 0

The entries in Table 3 for which y = tan x is undefined correspond to
values of x for which there is no corresponding value of y. That is, there
will be no point on the graph with an x-coordinate of 7/2 or 37/2. To help
us remember this, we have drawn dotted vertical lines through x = /2 and
x = 3m/2. These vertical lines are called asymptotes. Our graph will never
cross or touch these lines. Figure 10 shows the information we have so far.
If we were to use a calculator or table to find other values of tan x close to
the asymptotes in Figure 10, we would find that tan x would become very
large as we got close to the left side of an asymptote and very small as we
got close to the right side of an asymptote. For example, if we were to think
of the numbers on the x-axis as degrees rather than radians, x = 85° would
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y
b |
21 o ol
| I
I+ o | 3n o | 74
I ¢ | ¢
L
T | LA 2n
14 ¢ ° 4 )
I I
I I
—2 =t ° °
2 I I
v |
Figure 10

be found just to the left of the asymptote at 77/2 and tan 85° would be ap-
proximately 11. Likewise tan 89° would be approximately 57, and tan 89.9°
would be about 573. As you can see, as x moves closer to 77/2 from the left
side of 7/2, tan x gets larger and larger. In Figure 11 we connect the points

y

T

Y

y=tanx
iguic 1

—

“'.L-:——_——_—_—-—_—_—___
|
I
TO|T) e o —— —— — — e —— — — — — — —
N|§————————--—————_——
o
=
ng - G G — — . —— — — — —— — —

s
2
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from Table 3 in the manner appropriate to this discussion and then extend
this graph above 27 and below O as we did with our sine and cosine curves.

As Figure 11 indicates, the period of y = tan x is . The tangent function
has no amplitude since there is no largest or smallest value of y on the graph
of y = tan x.

V  Exampie 4

- X

————tem— =]

I
I
I
I
I
I
i

v
o 3
2 2
Figure 12
The values of x between x = —/2 and x = 37/2 that satisfy the equa-
tion tan x = —1 are x = —7/4 and 37w/4.
V Example 5 Sketch the graph of y = csc x. The Cosecant Graph

Solution Instead of making a table of values to help us graph y = csc x,
we can use the fact that csc x and sin x are reciprocals.
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When sin x is csc x will be
1 I
3 2
: 3
% 4
0 undefined
_ % —4
- .
ol .,

Figure 13 shows how this looks graphically.

Yy

| | 4 | |

I I

I | | I

I I I |

I | | |

I I T y =sinx |

4 + ! >
2l —l A 1 wl 127

I | | |

I I | I

I | | |

I I I

| | | I
v y=cscx
|#——period = 27—

Figure 13

From the graph, we see that the period of y = csc x is 27 and, as w;
the case with y = tan x, there is no amplitude. ﬁ
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In Problem Set 4.1 you will be asked to graph y = cot x and y = sec x. ~ The Cotangent and
These graphs are shown in Figures 14 and 15 for reference. Secant Graphs

y

\

T — —— - — —————_ .
. — — — — —— — — — — — — ——
_— e — ————— — —— — — — — —

—— X
. 2x ELs
2 2
| Y | |
m - 0 T 27
Figure 14
Y
I I 4 | I
I I | I
| I I I
! 1\,| /| |
| I | y=cosx |
I I I I
- : % - X
—2n 2n

Y
Figure 15
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To end this section, we list some of the important facts we know about the
graphs of the six trigonometric functions. (Recall from algebra that the do-
main of a function y = f(x) is the set of values that the variable x can as-
sume, while the range is the set of values that y assumes.)

Ampli-

Functions Domain Range tude Period
y =sinx

and all real numbers -l=sy=1 | 27
y = cos X
y = tan x all real numbers

and except all real numbers none ™
y = cot x where k is an integer
y = sec x all real numbers

and except x = km x<-lorxz=1| none 27
y = csc x where k is an integer

Problem Set 4.1

Although we have worked a number of the problems below in the section previous
to this, working them again yourself will help you become more familiar with the
graphs of the six basic trigonometric functions. In each case, make a table of values
for each function using multiples of 7/4 for x. Then use the entries in the table to
sketch the graph of each function for x between 0 and 27.

1. y=cosx 2. y=cotux
3. y=cscx 4. y=sinx
5. y=tanx 6. y=secux

Use the graphs you found in Problems 1 through 6 to find all values of x between O
and 27 for which each of the following is true:

7. cosx=1/2 8. sinx=1/2

9. cscx=—1 10. secx =1
11. cosx=—1/V2 12. cotx = —1
13. tanx =1 14. sinx=-V32
15. cosx = V372 16. sinx = 1/\V2

Sketch the graphs of each of the following between x = —47 and x = 4w by ex-
tending the graphs you made in Problems 1 through 6:

17. y=sinx 18. y =cosx
19. y=secx 20. y=cscx
21. y=cotx 2. y=tanx
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Use the graphs you found in Problems 17 through 22 to find all values of x between
x =0 and x = 4 for which each of the following is true:

23. sinx= V32 24. cosx=1/V2
25. secx = —1 26. cscx=1

27. sinx= —1/2 28. cosx = —1/2
29. cotx =1 30. tanx = —1

31. sinx=1/V2 32. cosx=-V3/2
Find all values of x for which the following are true:

33. cosx=0 34. sinx=0

35. sinx=1 36. cosx=1

37. tanx =0 38. cotx=0

39. Figure 16 is another diagram of the unit circle with the line segment cor-
responding to tan ¢ showing. Make a diagram similar to the diagrams in Fig-
ures 4 and 8 from this section that shows how the unit circle can be used to
obtain the graph of y = tan ¢ from t = —m/2to t = m/2.

tan ¢

(1,0)

Y

Figure 16

40. Following the instructions in Problem 39, use Figure 16 to sketch the graph of
y=sectfromt=0tot=m.
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Give the amplitude and period of each of the following graphs:

41. y
A

3 -

|

=
ol
[ ]

42.
Y
4
—— o= .
47 27 2m 4n
4
43.
y
A
¥ ol
-} > x
3 -2 -1 1 2 3
) -
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45.

A

&2

46.

l
<

S ==

Y

47. Sketch the graph of y = 2 sin x from x = O to x = 27 by making a table using
multiples of 7/2 for x. What is the amplitude of the graph you obtain?

48. Sketch the graph of y = (1/2)cos x from x = 0 to x = 27 by making a table
using multiples of 7/2 for x. What is the amplitude of the graph you obtain?

49. Make a table using multiples of 7/4 for x to sketch the graph of y = sin 2x
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from x = 0 to x = 2. After you have obtained the graph, state the number of
complete cycles your graph goes through between O and 27.

50. Make a table using multiples of 7/6 and /3 to sketch the graph of y = sin 3x
from x = 0 to x = 2. After you have obtained the graph, state the number of
complete cycles your graph goes through between O and 27.

Review Problems The problems that follow review material we covered in Sec-
tions 1.5 and 3.3.

Prove the following identities.
S1. cos@tan @ = sin 0 52. sinfOtan 6§ + cos 0 = sec 0

53. (1 + sin @)(1 = sin ) = cos26
54. (sin @ + cos0)2 =1 + 2 sin @ cos 0

cos?0 sinZ0

§5. csc 6 + sin(—0) = sin 0 56. sec 8 —cos(—6) = cos 0

42
Amplitude and Period

In Section 4.1 the graphs of y = sin x and y = cos x were shown to have a
period of 27 and an amplitude of 1. In this section we will extend our work
with graphing to include a more detailed look at amplitude and period.

V  Example 1 Sketch the graph of y = 2 sin x, if 0 < x < 2.

Solution The coefficient 2 on the right side of the equation will simply
multiply each value of sin x by a factor of 2. Therefore, the values of
y in y = 2 sin x should all be twice the corresponding values of y in
y = sin x. Table | contains some values for y = 2 sin x. Figure | shows
the graphs of y = sin x and y = 2 sin x. (We are including the graph of
y = sin x simply for reference and comparison. With both graphs to
look at, it is easier to see what change is brought about by the coeffi-

cient 2.)
Table 1

X y = 2sinx (x, ¥)
0 y=2sin0=20)=0 0, 0)

w = H £= — E

> y—25|n2 2(1)=2 (2.2)
T y=2sinm=20)=0 (m, 0)
37 =2sin3" = 2= = — 3 _
EN y—2sm2—2( I)=-2 (2, 2)
2w y=2sin2r=20)=0 2m, 0)
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Yy
A
29I y=2sinx amplitude=2
period = 27
*15 y=sinx
{ { - x
= T 3n I
2 2
_.l —_—
2+
Y

Figure 1

The coefficient 2 in y = 2 sin x changes the amplitude from 1 to 2, but
does not affect the period. That is, we can think of the graphof y = 2 sin x
as if it were the graph of y = sin x with the amplitude extended to 2
instead of I. A

V Example 2 Sketch one complete cycle of the graph of y = %cos x.

Solution Table 2 gives us some points on the curve y = (1/2)cos x.
Figure 2 shows the graphs of both y = (1/2)cos x and y = cos x on the
same set of axes, from x = 0 to x = 2.

Table 2

x y=%cosx (x, y)

_ =Llan=1 1
0 y—2c050—2(l)—2 (0.2)
7 =losT=Li= o
2 y =3c0s3 2(0) 0 (2,0)
T y=%cosw=%(—l]=—% (ﬂ,_%)
3n I 3w _ L 3
> y = 3c0s —2(0) 0 (2 ,0)
2 =dcsoar=Ly=1 I ¢
m ) =2 2 ("'2)
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Yy
A
1 y=cosx
1]
2 |
s — X
B 2n
2 1
e y = cosx
i = l
Y amplitude 3
period = 27
Figure 2 A

The coefficient 1/2 in y = (1/2)cos x determines the amplitude of the
graph.

Generalizing the results of these first two examples, we can say that if A
is a positive number, then the graph of y = A sin x and y = A cos x will have
amplitude A.

v Example 3 Graph y = 3 cos x and y =%sin x, if0=x =27

Solution The amplitude for y = 3 cos x is 3, while the amplitude for
y = (1/4)sin x is 1/4. The graphs are shown in Figure 3.

y
A
3 —
=L Yy
2 y= % sin x
" y=cosx amplitude = -5—
% period = 2
. } —-x 41 : { x
i m 2n 3 '2’— m 2n
= -1 y=sinx
24 y=3cosx
amplitude = 3
3 period = 27

Figure 3 A
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\ 4 Example 4 Graph y = sin 2x, if 0 = x < 271,

159

Solution To see how the coefficient 2 in y = sin 2x affects the graph,
we can make a table in which the values of x are multiples of 7/4.
(Multiples of 7/4 are convenient because the coefficient 2 divides the 4
in 77/4 exactly.) Table 3 shows the values of x and y, while Figure 4

contains the graphs of y = sin x and y = sin 2x.

Table 3

x ¥y = sin 2x (x, y)
0 y=sin2-0=0 0, 0)
i = L il = Ul
e y = sin 2 sin > 1 (4.1)
w S o oS = LU
> y = sin 2 y =sinw 0 (2,0)
4 4 4 2 (4* )

y=sin2wr =0 (m, 0)
5w =sin2 2 =sin T = Sz,
4 y=smergm= sy (4 : )
317 = Qi 3—"T— 1 3 3—"
2 y =sin2 > =sin37r=0 (2 .0)
7_‘" =s' 2-h=sin7_1r=—] 7_7T -1
4 y=smetTg 2 (4‘ )
2w y=sin2:2w =sind4r =0 2m, 0)

y y =sin2x

A amplitude = 1

period=m

Figure 4

The graph of y = sin 2x has a period of 7. It goes through two complete
cycles in 27 units on the x-axis.

A
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V Example 5 Graph y = sin 3x from x = 0 to x = 27.

Solution To see the effect of the coefficient 3 on the graph, it is con-
venient to use a table in which the values of x are multiples of 7/6,
because 3 divides 6 exactly.

Table 4
X y = sin 3x (x, )
0 y=sin3:-0=sin0=0 0,0
L e AL T . == s /e L
6 y=sin3 6~ Sins 1 (6’1)
T .M _ m
3 y = sin 3 3 - sinw 0 (3.0)
z =sin3-1=sin§£=—l LA
2 y 2 2 (2' )
2 csin3 2T o = 2
3 y=sin3 3 sin2m =0 (3 ,0)

The information in Table 4 indicates the period of y = sin 3x is 27/3.
The graph will go through three complete cycles in 27 units on the
x-axis. Figure 5 shows the graph of y = sin 3x and the graph of y = sin x,
on the interval 0 = x = 27.

y y =sin 3x
I\ amplitude = 1
ind = 2T
eriod = ==
g 3
|<t=
- %
T 2
3 3
B
Y

Figure § A



42 Amplitude and Period 161

Table 5 summarizes the information obtained from Examples 4 and 5.

Table §
umber of Cycles

Equation every 27 units Period
y = sin x 1 27
y = sin 2x 2
y = sin 3x 3 27"

. 27 . -

y = sin Bx B B B is positive

V Example 6 Graph one complete cycle of y = cos%x.

Solution The coefficient of x is 1/2. The graph will go through 1/2 of
a complete cycle every 27 units. The period will be

Period = 2% = 4

1/2
Figure 6 shows the graph.
|
y y=cos_x
amplitude = 1
1 period = 4w /—
- - } S
I ‘} M am
Figure 6 A

Continuing to generalize from the examples we have worked so far in this
section, we can say that the graphs of y = A sin Bxand y = A cos Bx, where
A and B are positive numbers, will have amplitude A and period 27/B.

In the next three examples, we use this information about amplitude and
period to graph one complete cycle of some sine and cosine curves, then we
extend these graphs to cover more than one complete cycle.

V Examples Graph one complete cycle of each of the following equa-
tions and then extend the graph to cover the given interval.
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7. y=3sin2x, w7=x=27w

Y y=3sin2x
A amplitude = 3
31 period=m
- - x
-7 _m ”\/T 3n 2n
2 2 2
3t
Y
Figure 7
8. y=4cos%x, 47 = x < 4w
y y=dcos 3
amphtude 4
\ period =4
|
T 1 % - x
4w 2n 2m 4r
4
Y
Figure 8
9. y=2sinmx,-3=x=3
y y=2sinmx
amplitude = 2
2 - period = 2
| > x
-3 -2 —1 1 2 3
/4
Y

Figure 9 A
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Note that, on the graphs in Figures 7, 8, and 9, the axes have not been
labeled proportionally. Instead, they are labeled so that the amplitude and
period are easy to read. As you can see, once we have the graph of one
complete cycle of a curve, it is easy to extend the curve to any interval
of interest.

So far in this section, all of the coefficients A and B we have encountered
have been positive. If we are given an equation to graph in which B is nega-
tive, we can use the properties of even and odd functions to rewrite the equa-
tion with B positive. For example,

y = 3 sin(—2x) is equivalent to y = —3 sin 2x
because sine is an odd function.

y = 3 cos(—2x) is equivalent to y = 3 cos 2x
because cosine is an even function.

So we do not need to worry about negative values of B; we simply make
them positive by using the properties of even and odd functions and then
graph as usual. To see how a negative value of A affects graphing, we will
graph y = —2 cos x.

V¥V Example 10 Graph y = =2 cos x, from x = —27 to x = 4.

Solution Each value of y on the graph of y = —2 cos x will be the
opposite of the corresponding value of y on the graph of y = 2 cos x.
The result is that the graph of y = —2 cos x is the reflection of the graph
of y = 2 cos x about the x-axis. Figure 10 shows the extension of one
complete cycle of y = —2 cos x to the interval —27 < x = 4.

y=-2cosx
amplitude = 2
period = 27

graph is reflected
about x-axis

Figure 10 A
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Summary The graphs of y = A sin Bx and y = A cos Bx, where B is a
_positive number, will have

Amplitude = |A]

Period = %T

They will be reflected about the x-axis if A is negative.

We conclude this section with a look at the graph of one of the equations
we found in Example 4 of Section 3.5. Example 11 gives the main facts
from that example.

V¥V Example 11 Figure 11 shows a fire truck parked on the shoulder of a
freeway next to a long block wall. The red light on the top of the truck is 10
feet from the wall and rotates through one complete revolution every 2 sec-
onds. Graph the equation that gives the length d in terms of time ¢ from ¢ = 0
tor=2.

Figure 11

Solution From Example 4 in Section 3.5 we know that
d = 10 tan mt
To graph this equation between ¢ = 0 and ¢ = 2, we construct a table of

values in which 7 assumes all multiples of 1/4 fromz = 0tor = 2.

Plotting the points given in Table 6 and then connecting them with a
smooth tangent curve we have the graph in Figure 12.
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Table 6
t d = 10 tan =t d
0 d=10tan7-0=10tan0=0 0
! _ L 0@ =
2 d=10tan 7 e 10 tan 2 10 10
1 - 1_ s
2 d=10tan 7 7= 10 tan 2 undefined
3 - 3 3m _ _ -
7 d=10tan 7w e 10 tan el 10 10
1 d=10tan7-l=10tan7T =0 0
5 - 3o s
7 d=10tan 7w a 10 tan 2 10 10
3 = 3 3
2 d=10tan 7w 2 10 tan 2 undefined
7 - 7 _ Jm _ _ _
ry d= 10tan 7w e 10 tan yule 10 10
2 d=10tanw-2=10tan2w =0 0
d
) | |
| |
| |
I l d=10tnm
| |
| |
104+ | I
| |
| |
| |
- - - >t
| 1 | 2
I |
| |
—104+ I I
| |
| |
| |
| |
| |
| |
L 1 3
2 2

Figure 12
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Note that the period of the function d = 10 tan 7r¢ is 1. Since the period
of y = tan x is 7, we can conclude that the new period | must come
from dividing the normal period 7 by 7 to get 1. Also, the number 10 in
the equation d = 10 tan 7t causes the tangent graph to rise faster above
the horizontal axis and fall faster below it. A

We can generalize the results of Example 11 to conclude that, if A and B
are positive numbers, the graphs of y = A tan Bxand y = A cot Bx will have
period 7/ B. Each graph will rise and fall at a faster rate than the correspond-
ing graphs of y = tan x and y = cot x if A is greater than | and at a slower
rate if A is between 0 and 1.

Problem Set 4.2

Graph one complete cycle of each of the following. In each case label the axes accu-
rately and identify the amplitude and period for each graph.

1. y=6sinx 2. y=6cosx

3. y=sin2x 4. y= sin%x
1 -

5. y=cos 3 6. y = cos3x

7 v=]—sinx 8 =Lcosx
S Y=3 - Y =3

9. y=sinmx 10. y = cos mx

= in T = L

11. y = sin = x 12. y cos > x

Graph one complete cycle for each of the following. In each case label the axes so
that the amplitude and period are easy to read.

13. y =4sin2x 14. y = 2sin4x
15. y = 2cos 4x 16. y = 3 cos 2x
il ok
17. y—3sm2x 18. y—251n3x
1 1.
19. y = 5 cos 3x 20. y =5 sin 3x
Ry Y e
21. y = 5sinox 22,y 251n2x

Graph each of the following over the given interval. Label the axes so that the am-
plitude and period are easy to read.

2. y=2sin7mx, 4=x=<4 24, y=3cosmx, 2<x<4



25.

27.

29.

31.

32.

33.

34.

35.
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y=3sin2x, 7 =<=x=2mw 26. y= —3sin2x, 27 = x =27
y=—3cos%x,—2ﬂ'5xs61r 28. y=3005%x,—41r5xs477
y= —2sin(—3x),0 = x =2w 30. y=—-2cos(—3x),0=x=2m7
The current in an alternating circuit varies in intensity with time. If / repre-

sents the intensity of the current and ¢ represents time, then the relationship
between / and ¢ is given by

I = 20 sin 1207t

where / is measured in amperes and ¢ is measured in seconds. Find the maxi-
mum value of / and the time it takes for / to go through one complete cycle.
A weight is hung from a spring and set in motion so that it moves up and down
continuously. The velocity v of the weight at any time ¢ is given by the equation

= 3.5 cos 2mt

where v is measured in meters and ¢ is measured in seconds. Find the maxi-
mum velocity of the weight and the amount of time it takes for the weight to
move from its lowest position to its highest position.

Since the period for y = tan x is 7, the graph of y = tan x will go through one
complete cycle every 7 units. Through how many cycles will the graph of
y = tan 2x go every 7 units? What is the period of y = tan 2x? Sketch the
graph of y = tan 2x, from x = —m/4 to x = 37w/4.

Through how many complete cycles will the graph of y = tan (1/2)x go every
7 units? What is the period of this graph? Sketch the graph from x = —7 to
x = 3m7.

Figure 13 shows a lighthouse that is 100 feet from a long straight wall on the
beach. The light in the lighthouse rotates through one complete rotation once
every 4 seconds. In Problem 21 of Problem Set 3.5 you found the equation
that gives d in terms of 7 to be d = 100 tan (7/2)t. Graph this equation by
making a table in which ¢ assumes all multiples of 1/2 from t = 0 to ¢t = 4.

Figure 13
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36. Sketch the graph of y = —tan x, for —7/2 = x = 37/2.

37. Give the period of y = cot 3x. Sketch the graph from x = 0 to x = .

38. Sketch the graph of y = cot wxfromx = —1tox = 2.

39. Graph y = 2 csc x by making a table in which x assumes multiples of 7/4
starting at x = 0 and ending at x = 2. (Use 1.4 as an approximation for
V/2.) Does the graph obtained by connecting the points from the table agree
with the fact that 2 csc x = 2(1/sin x)? That is, does your graph seem reason-
able when viewed in terms of reciprocal functions?

40. Graph y = (1/2)sec x between x = —7/2 and x = 37/2.

41. Referring to Example 11 and Figure 11 from this section, the equation that
gives / in terms of time ¢ is / = 10 sec 7r¢. Graph this equation by making a
table of values in which ¢ takes on multiples of 1/4 starting at ¢ = 0 and end-
ingat =2,

42. InFigure 13 above, the equation that gives /in terms of ¢is / = 100sec (7/2)t.
Graph this equation from t = Oto ¢ = 4.

43. The period of y = csc 2x is 2m/2 = . Graph y = csc 2x from x = 0 to
x = 2.

“44. Graph y = sec 3x from x = Oto x = 2.

45. Graph one complete cycle of y = 3 csc 2x.

46. Graph one complete cycle of y = 2 csc 3x.

Review Problems The problems that follow review material we covered in Sec-
tion 3.2. Reviewing these problems will help you with the next section.

Evaluate each of the following if x is 77/2 and y is /6.

. ™ . T
47. sin (x + 3) 48. sin (x 7)
L ™
49. cos( g) 50. cos (y + g)
51. sin(x +y) 52. cos(x +y)
53. sinx + siny 54. cos x + cosy

4.3
Phase Shift

In this section we will consider equations of the form

y = Asin(Bx + C) and y = A cos(Bx + C) where B > 0

We already know how the coefficients A and B affect the graphs of these
equations. The only thing we have left to do is discover what effect C has on
the graphs. We will start our investigation with a couple of equations in
which A and B are equal to 1.
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v Example 1 Graph y = sin(x +%>,if—g—sxs377r,

Solution Since we have not graphed an equation of this form before, it
is a good idea to begin by making a table (Table 1). In this case, multi-
ples of /2 will be the most convenient replacements for x in the table.

T\ = o - 3m
+7)—sm21r—0 (2 ,0)

Also, if we start with x = —7/2, our first value of y will be 0.
Table 1
X y = sin(x + %) x, y)
LU =snf— T 4+ T\ - = -
oy y—sm( 2+2) sin0=0 ( 2,0)
0 y=sin(0+%)=sm%=l o, 1)
™ I O A - T
£l y—sm(2+2) sinm =0 (2,0)
. s 3w

™ y = sm(7r+7)=sm = -1 (a, —1)

Graphing these points and then drawing the sine curve that connects
them, gives us the graph of y = sin(x + #/2) as shown in Figure 1.
Figure 1 also includes the graph of y = sin x for reference; we are trying
to discover how the graph of y = sin(x + 77/2) and y = sin x differ.

| 4 > X
i m g 3n
pi 11 2 2
Y y =sin x
i T: '
Figure 1

It seems that the graph of y = sin(x + 7/2) is shifted 77/2 units to the
left of the graph of y = sin x. We say the graph of y = sin(x + 77/2) has
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a phase shift of —m/2, where the negative sign indicates the shift is to

Chapter 4  Graphing and Inverse Functions

the left (in the negative direction).

From the results in Example 1, we would expect the graph of
y = sin(x — 7/2) to have a phase shift of +7/2. That is, we expect the
graph of y = sin(x — 7/2) to be shifted 7r/2 units to the right of the graph of

y = sin x.

v Example 2 Graph one complete cycle of y = sin(x = 1)

Solution Proceeding as we did in Example |, we make a table (Table
2) using multiples of /2 for x, and then use the information in the table
to sketch the graph. In this example, we start with x = /2, since this

value of x will give us y = 0.

2

Table 2
x y=sin(x——2-) (x,y)
2 y—sm(2 2) sin0=0 (2.0)
LU = Q1 E:
T y—sm(ﬂ'—?)—sm2 1 (m, 1)
3@ e sin( - T = ginw = 3
2 y-sm(2 2) sinm=0 (2 .0)
- A WP/, S -
2w y—sm(Zn' 2) sin = | Qm, =)
S —sin(3T _ 7T\ _ - s
2 y—sm(2 2) sin27r =0 (2 ,0)
f A x
T 3n 27 Sm
2 2 .
y =sin (x 2)
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The graph of y = sin(x — m/2), as we expected, is a sine curve shifted
7r/2 units to the right of the graph of y = sin x (Figure 2). The phase
shift, in this case, is +/2. A

Before we write any conclusions about phase shift, we should look at an-
other example in which A and B are not 1.

V Example 3 Graph y = 3sin<2x + 1), if - T <xs=",

2 4

3w
4

Solution We know the coefficient B = 2 will change the period from
2m to 7. Because the period is smaller (7 instead of 27r), we should use
values of x in our table (Table 3) that are closer together, like multiples

of m/4 instead of /2.

Table 3
= n
X y= 3sm(2x + 2) (x,y)
-% y=35in(2-—%+%)=3sm0=0 (—%,0)
0 y=3sin(2-0+%)=35m%=3 ©, 3)
T = H .l l: 1 = E
2 y—3sm(2 4+2) Isinm =0 (4,0)
L =3sinf2- T+ L) =3sinF = — T
2 y—3sm(2 2+2) 3sm2 3 (2. 3)
3w —3ginf(2-3" + T\ = 3 gin 207 = 3m
5 y—3sm(2 4+2) Isin2m =0 (4,0)
Yy
amplitude = 3
period=m
phase shift = g

Y
>
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The amplitude and period are as we would expect. The phase shift, how-
ever, is half of —a/2. The phase shift, —/4, comes from the ratio
—C/B or in this case

—7/2 __m

2 4

The phase shift in the equation y = A sin(Bx + C) depends on both B
and C. In this example, the period is half of the period of y = sin x and
the phase shift is half of the phase shift of y = sin(x + #/2) that was
found in Example 1 (see Figure 3). F Y

Although all of the examples we have completed so far in this section
have been sine equations, the results also apply to cosine equations. Here is
a summary.

Summary The graphs of y = A sin(Bx + C) and y = A cos(Bx + C),
where B > 0, will have the following characteristics:

1. Amplitude = |A]

iod = 2T
2. Period = B

e _C
3. Phase shift = B

If A < 0, the graphs will be reflected about the x-axis.

The information on amplitude, period, and phase shift allows us to sketch
sine and cosine curves without having to make tables.

W ¥xample 4 Graph one complete cycle of y = 2 sin(3x + 7).

Solution Here is a detailed list of steps to use in graphing sine and
cosine curves for which B is positive.
Step 1. Use A, B, and C to find the amplitude, period, and phase shift.

Amplitude = |A| = 2

5

Period = %’T =

Phase shift = —

WO w
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Step 2. On the x-axis, label the starting point, ending point, and the
point halfway between them for each cycle of the curve in question. The
starting point is the phase shift. The ending point is the phase shift plus
the period. (In many cases, it is also a good idea to label the points one-
fourth and three-fourths of the way between the starting point and end-
ing point, unless you do not have room on the graph to do so.)

y

A

<] [l | i ——
- 1 0 ] X
- o T ™
3 6 6 3
starting ending point
point Y = _my2n_7
3 3 3
Figure 4

Step 3. Label the y-axis with the amplitude and the opposite of the
amplitude. It is okay if the units on the x-axis and the y-axis are not
proportional. That is, one unit on the y-axis can be a different length
than one unit on the x-axis. The idea is to make the graph easy to read.

Y
i

o —|-
w3 -

2
Y
Figure 5

Step 4. Sketch in the curve in question, keeping in mind that the graph
will be reflected about the x-axis if A is negative. In this case, we want a
sine curve that will be O at the starting point and O at the ending point.
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rJ

y=2sin(3x +m)

Figure 6 A

The steps listed in Example 4 may seem complicated at first. With a little
practice they do not take much time at all. Especially when compared with
the time it would take to make a table. Also, once we have graphed one
complete cycle of the curve, it would be fairly easy to extend the graph in
either direction.

V Example 5 Graph y = 2 cos(3x + ) from x = —=27/3 to x = 2m/3.
Solution A, B, and C are the same here as they were in Example 4.
We use the same labeling on the axes as we used in Example 4, but we

draw in a cosine curve instead of a sine curve and then extend it to cover
the interval —27/3 < x < 2m/3.

i y=2cos(3x +m)

1 1 .
- L 1 - x
3 2 3 6 3 6 3 2 3
-
Figure 7 A

\ 4 Example 6 Graph y = —2 cos(3x + m) for —27/3 < x < 27/3.

Solution The graph will be the graph found in Example 5 reflected
about the x-axis, since the only difference in the two equations is that A
is negative here, where it was positive in Example 5.
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y=-2cos (3x +m)

/-'|:,> X
m m

y
A

VAN

Y,

} } %
3 2 3 6 51 6 2 2 3
Y
Figure 8 A

V  Example 7 Graph vy = —4 cos (Zx = 37‘”) from x = 0 to x = 27.

Solution We use A, B, and C to help us sketch one complete cycle
of the curve, then we extend the resulting graph to cover the interval
0=x=2m

2

2

One complete cycle will start at 377/4 on the x-axis. It will end 7 units
later at 3w/4 + 7 = Tm/4. Since A is negative, the graph is reflected
about the x-axis.

—3n/2 _ 3w

Amplitude = 4  Period = = w Phase shift = — 2 2

Yy
A 3
= ) LA
4 /\y 4 cos (2x 2)
AL
4 4 4 4
41
Figure 9 A

V  Example 8 Graphy=55in(ﬂx+%), ——i—sxsl‘t—l

Solution In this example, A = 5, B = m, and C = w/4. The graph
will have the following characteristics:

Amplitude = 5, Period = 2—‘: = 2, and Phase shift = — k) = — Zl
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Y
-1‘ y=Ssin(17x+1;)

5
1 / > x
5 - 3 7 11
4 4 4 4 4
_5—1)—

Figure 10 A

Problem Set 4.3 For each equation, first identify the phase shift and then sketch one complete cycle
of the graph. In each case, graph y = sin x on the same coordinate system.

= L . I
1. y—sm(x+ 4> 2. sm(x+6)
- _ = _T
3. y—sm(x 4> 4. sm(x 6)
- o s 0 F _I
5. y—sm(x+ 3> 6. sm( 3)

For each equation, identify the phase shift and then sketch one complete cycle of the
graph. In each case, graph v = cos x on the same coordinate system.

= o - R
7. y= cos(x 2 ) 8 cos(.\ + > )

= L = .
9. y= cos(x + 3 ) 10. v cos(x 4)

For each equation, identify the amplitude, period, and phase shift. Then label the
axes accordingly and sketch one complete cycle of the curve.

11. y=sin2Qx — m) 12, y =sin(2x + m)
13. y=sin(nx+%) 14. y=sin(7rx—%)

15. y= —cos(Zx + %) 16. y= —cos (2)( - %)
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| ™ 77\

17. y—2sm(? +—2—) 18. }—3cos< 3)
_1 .z _4 m

19. y—2cos<3x 2) 20. y—3cos(3x+2>
=3gin[ZE =T , = r,._T

21. y—3sm<3x 3) 22,y 3005<3x 3)

Graph each of the following equations over the given interval. In each case, be sure
to label the axes so that the amplitude, period, and phase shift are easy to read.

23. y=4cos<2x—%),—%sxs3%
24, y=3sin<2x——731),—§67isxs%”
_ m\ _m 37
25, y= 4cos<2x 2), 4st—2—
26. y=—3sm<2x—%),—%s,rs%7
27. y=%sin<3x+%),—rrs,r57r
3 n(3 - - 3
28. y—4sm<3x 2), 25x5 2
2 . ™
29. y=—§sm<3x+7),—7rsxs'n
= 3 nh-T) -1 3m
30. y= 4sm<3x 2), 2Sx$2

Sketch one complete cycle of each of the following by first graphing the appropriate
sine or cosine curve and then using the reciprocal relationships. In each case, be
sure to include the asymptotes on your graph.

= R ) = us
31. y csc(x + 4> 32. ) sec(x + 4)
— — l 3 —_— -E-
33, y = sec <2x : ) 34, Csc<2x z )
35. y = csc <2x + %) 36. y= sec<2x - %)

The periods for y = tan x and y = cot x are 7. The graphs of y = tan(Bx + C) and
y = cot(Bx + C) will have periods = 7/B and phase shifts = —C/B, for B > 0.
Sketch the graph of each equation below. Don’t limit your graphs to one complete
cycle and be sure to show the asymptotes with each graph.
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= T = _Z
37. y= tan(x + 4) 38. y lan(x 4)

= - = T
39. y= cot(x 4) 40. vy cot(x + 4)
41. y = tan(2x = %) 42, y = tan(Z.r + %)

Review Problems  The problems below review material we covered in Section 3.4.

43. Find the length of arc cut off by a central angle of 7/6 radians in a circle of
radius 10 centimeters.

44. The minute hand of a clock is 2.6 centimeters long. How far does the tip of the
minute hand travel in 30 minutes?

45. Find the radius of a circle if a central angle of 6 radians cuts off an arc of
length 4 feet.

46. Find the area of the sector formed by a central angle of 45° in a circle of radius
8 inches.

44
Graphing Combinations
of Functions

In this section we will graph equations of the form y = y, + y, where y, and
y, are algebraic or trigonometric functions of x. For instance, the equation
y =1 + sin x can be thought of as the sum of the two functions y, = | and
v, = sin x. That is,

if y = 1andy,=sinx,

theny =y, + y,
Using this kind of reasoning, the graph of y = 1 + sin x is obtained by
adding each value of y, in y, = sin x to the corresponding value of y, in

vy, = 1. Graphically, we can show this by adding the values of y from the
graph of y, to the corresponding values of y from the graph of y, (Figure 1).

Y=y, +y2=l+sinx

T
- QUL SN

Figure 1
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Although in actual practice you may not draw in the little vertical lines
we have shown here, they do serve the purpose of allowing us to visualize
the idea of adding the y-coordinates on one graph to the corresponding
y-coordinates on another graph.

V Examplel Graphy = %x — sin x between x = 0 and x = 4.

Solution We can think of the equation y = (1/3)x — sin x as the sum
of the equations y, = (1/3)x and y, = —sin x. Graphing each of these
two equations on the same set of axes and then adding the values of y, to
the corresponding values of y,, we have the graph shown in Figure 2.

Figure 2 A

For the rest of the examples in this section, we will not show the vertical
lines used to visualize the process of adding y-coordinates. Sometimes the
graphs become too confusing to read when the vertical lines are included. It
is the idea behind the vertical lines that is important, not the lines them-
selves. (And remember, the alternative to graphing these types of equations
by adding y-coordinates is to make a table. If you try using a table on some
of the examples that follow, you will see that the method being presented
here is much faster.)

V¥ Example 2 Graph y = 2 sin x + cos 2x for x between 0 and 47.

Solution We can think of y as the sum of y, and y,, where
y, = 2sinx (amplitude 2, period 27)

and

Yy, = cos 2x (amplitude 1, period )
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The graphs of y,, y; and y = y, + y, are shown in Figure 3.

Y=y, +y2=2sinx+c052x

Figure 3 A
\ 4 Example 3 Graph y = cos x + cos 2x for 0 = x < 477.

Solution Welety =y, + y,, where
y) = cos x (amplitude 1, period 27)
and

y; = cos 2x (amplitude 1, period )

y=y; ty,=cosx+cos2x

Figure 4 A

\ 4 Example 4 Graph y = sin x + cos x for x between 0 and 4.



44

Graphing Combinations of Functions 181

Solution We let y, = sin x and y, = cos x and graph y,, y,, and
y=nty

Y=y, + Y, =sinx +cos x
Yy =cosx

Figure §

The graph of y = sin x + cos x has amplitude V2. If we were to extend
the graph to the left, we would find it crossed the x-axis at —7/4. It
would then be apparent that the graph of y = sin x + cos x is the same
as the graph of y = V2 sin(x + m/4); both are the sine curves with
amplitude V2 and phase shift —/4. A

Use addition of y-coordinates to sketch the graph of each of the following between
x=0and x = 47,

1.
3.
5.

7.

9.

y=1+sinx 2. y=1+cosx
y=2—cos x 4. y=2-—-sinx
y=4+ 2sin x 6. y=4+2cosx
. — cos 8 =Lx—sinx
y=3x X - Y=
=]—x—cosx 10 =Lx+cosx
y 2 L y 3

Sketch the graph of each equation from x = O to x = 8.

11. y =x + sin mx 12. y=x+tcosmx
Sketch the graph from x = 0 to x = 4r.

13. y =3sinx + cos 2x 14. y =3cos x + sin2x
15. y = 2sinx — cos 2x 16. y =2 cos x — sin 2x
17. y=sinx + sin% 18. y=cosx+cos%

Problem Set 4.4
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19. y =sinx + sin2x 20. y = cos x + cos 2x
2. y= Cosx+;—sin 2x 22, y=sinx+;—cos 2x
23. y=sinx —cosx 24. y=cosx —sinx

25. Make a table using multiples of 77/2 for x between 0 and 477 to help sketch the
graph of y = x sin x.
26. Sketch the graph of y = x cos x.

Review Problems The problems below review material we covered in Sec-
tion 3.5.

27. A point moving on the circumference of a circle covers 5 feet every 20 sec-
onds. Find the linear velocity of the point.

28. A point is moving with a linear velocity of 20 feet per second on the circum-
ference of a circle. How far does the point move in 1 minute?

29. A point is moving with an angular velocity of 3 radians per second on a circle
of radius 6 meters. How far does the point travel in 10 seconds?

30. A point is rotating at 5 rpm on a circle of radius 6 inches. What is the linear
velocity of the point?

45
Inverse Trigonometric
Relations

In this section we will introduce and develop the inverse relations forour six
trigonometric functions. Before we do, however, we will review a couple of
topics from inverse functions in general.

There are two main topics from inverse functions that we nced to review.
The first is the process by which you obtain the equation of the inverse of a
function from the function itself, and the second is the relationship between
the graph of a function and the graph of its inverse. These two topics are
reviewed in Examples 1 and 2.

V Examplel Writean equation for the inverse of the functiony = x* — 4
and then graph both the function and its inverse.

Solution To find the inverse of y = x2 — 4, we exchange x and y in the
equation and then solve for y.

The inverse of y = x2 — 4

isx=y>—4 Exchange x and y
or y? —4 =x
y=x+4 Add 4 to both sides

y=xVx+4 Take the square
root of both sides
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The inverse of the function y = x2 — 4 is given by the equation
y = =Vx + 4. If we were using function notation, we would write:
The inverse of f(x) = x2 — 4 is f~'(x) = *Vx + 4. The graph of
y = x2 — 4 is a parabola that crosses the x-axis at —2 and 2 and has its
vertex at (0, —4). To graph its inverse, we reflect the graphof y = x2 — 4
about the line y = x. Figure 1 shows both graphs.

|

Figure 1

From Figure 1 we see that y = =V x + 4 is not a function because we
can find a vertical line that will cross the graph of y = *Vx + 4 in
more than one place, indicating that some values of x correspond to
more than one value of y. A

The three important points about inverse functions illustrated in Example

| are:

1. The equation of the inverse is found by exchanging x and y in the
equation of the function.

2. The graph of the inverse can be found by reflecting the graph of
the function about the line y = x.

3. A graphis not the graph of a function if a vertical line crosses it in
more than one place.

Note Again, this discussion is meant to be a review. If it is not making any sense,
then you should read up on functions and their inverses and then come back and try
it again.



184 CChapter'*t AGraph ng and Inverse Functions

The next example also illustrates the three points outlined in Example 1
and shows what we have done in the past (in algebra) when we were unable
to solve the equation of the inverse of a function explicitly for y.

v Example 2 Find the equation of the inverse of the exponential func-
tion y = 2* and graph both y = 2* and its inverse.

Solution We can find an equation that represents the inverse of y = 2*
by simply exchanging x and y to get

x=2

But it is impossible to solve this for y in terms of x by algebraic meth-
ods. The solution to this problem is to invent a new notation and simply
give it the meaning we want it to have. In this case, we say the expres-
sion x = 27 is equivalent to

y = log,x

and we have an equation for the inverse of y = 2* that gives y in terms
of x. (If you do not think you did this before, look back to your inter-
mediate algebra book, the chances are very good that your book simply
invented the notation y = log,x as a way of expressing the inverse of
y = 2X.) If we were using function notation, we would say: The inverse
of the function f(x) = 2*is f~!(x) = log,x. Figure 2 shows the graphs of
y = 2*and its inverse y = log,x.

y y=x
| 4
/
/7
- &
7/
/

}'= 2X //

- e - X
7/
/7
7 /
// ot y =log; x
/
7/

Y 4

Figure 2
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As you can see from Figure 2, both y = 2¥ and y = log, x are functions
since no vertical line can be found that will cross either graph in more
than one place.

To find the inverse of y = sin x, we interchange x and y to obtain
x =siny

This is the equation of the inverse sine relation. Since we would like to write
this relationship with y in terms of x, we take the notation

y = sin~!'x or y = arcsin x

to mean x = sin y. Both the expressions y = sin~'x and y = arcsin x are
used to indicate the inverse of y = sin x. In each case, we read the expres-
sion as “y is the angle whose sine is x.” The notation y = sin~'x should not
be interpreted as meaning the reciprocal of sin x. That is,

sin~lx # —
sin x
If we want the reciprocal of sin x, we use csc x or (sin x)~!, but never
sin~'x.
To graph y = sin~'x, we simply reflect the graph of y = sin x about the
line y = x, as shown in Figure 3.

’\/ﬁ X
27 - m 2m

y=sinx

Figure 3

The Inverse Sine
Relation
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As you can see from the graph, y = sin~'x is a relation but not a function.
For every value of x in the domain, there are many values of y.

V Example 3 Find all values of y in degrees that satisfy each of the
following expressions.

a. y= sin"% b. y= arcsin(— _\g_i) c. y=sin"'0

Solution

a. Ify=sin~'(1/2), thensin y = 1/2. This means y is an angle with a
sine of 1/2. Therefore,

y = 30° + 360°% or 150° + 360°k, where k = an integer

b. Ify= arcsin(—V/3/2), then sin y = -V3/2, meaning y is an
angle with a sine of -V3)2.

y = 240° + 360°%k or 300° + 360°k, where k = an integer

c¢. If y = sin~'0, then sin y = 0, indicating that y is an angle whose
sine is 0. Hence, y must be an integer multiple of 180°.

y = 180°, where k = an integer A

To summarize what we have developed thus far, and extend it to the other
five trigonometric functions, we have the following definition.

DEFINITION (INVERSE TRIGONOMETRIC RELATIONS)

The inverse of Is written And is equivalent to
y = sin x y = sin~'xor y = arcsin x X =siny
y = cos x y = cos~!x ory = arccos x X=cosy
y =tan x y = tan~'xor y = arctan x X =tany
y = cot x y = cot~'x or y = arccot x xX=coty
y = sec x y = sec”'x or y = arcsec x X =secy
y = csc X y = csc”'x ory = arccsc x xX=cscy

V Example 4 Evaluate and give the results in radians.

a. cos"(%) b. arccot(—1) c. sin~'(3)
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Solution In each case, if we set y equal to the expression in question,
then we can use the definitions directly.

a. Ify = cos~'(1/V2), then cos yv= 1/V2. Therefore,

T Iw
y-4+2k1r or + 2k

where K is an integer.
b. If y = arccot(—1), then cot y = —1. Therefore,

_ 37
Y= + km
Note that, since the period of the cotangent function is 7, we find
all solutions within one period, and then we add on multiples of the pe-

riod. That is why we add k instead of 2k to 37/4.

c. If y = sin=!(3), then sin y = 3, which is impossible. There is no
angle with a sine of 3, since for any y, ~1 <siny =< 1. A

For each equation below, write an equation for its inverse and then sketch the graph
of the equation and its inverse on the same coordinate system.

1.

3.

o _w;m

11.

12.

13.

14.

y=x*+4 2. y=x2-3
1

= 2 = — 52

y=2x 4. y >

y=3x-—-2 6. y=2x+3

x2+y?=9 8. x*+y2=4

y=3* 10. y=4

Graph y = cos x between —27 and 27 and then reflect the graph about the
line y = x to obtain the graph of y = arccos x.

Graph y = sin x between —7/2 and 7/2 and then reflect the graph about the
line y = x to obtain the graph of y = sin~'x between —/2 and 7 /2.

Graph y = tan x for x between —37/2 and 37/2 and then reflect the graph
about the line y = x to obtain the graph of y = arctan x.

Graph y = cot x for x between 0 and 27 and then reflect the graph about the
line y = x to obtain the graph of y = cot™'x.

The domain of a relation is the set of all first coordinates (the set of all values that x
can assume). The range of a relation is the set of all second coordinates (all the
values that y can assume).

15.

What is the domain of the relation y = sin~'x?

Problem Set 4.5
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16. What is the range of the relation y = sin™'x?
17. What is the range of y = arccos x?
18. What is the domain of y = arccsc x?

Find all values of y, in degrees, that satisfy each of the following expressions:

V3 1
19. = sin"!'—— 20. = sin"l—=
Y 2 g V2
1 V3
= —-1— = -
21. y =cos 2 22. y = cos )
1 . V3
= an-!|— — = - - ——=
23. y =sin ( 2) 24. y =sin ( > )
25. y = arccos(0) 26. y = arccos(—1)
27. y = arcsin(—1) 28. y = arcsin(l)
29. y =tan'(1) 30. y = cot (1)
31. y=sec (2) 32. y=csc'(2)
Evaluate and give each result in radians.
. 1 |
33. sin™! (— ——) 34. cos™! (— —)
V2 2
{
35. arctan(V3 36. arccot(——)
(V3) V3
37. cos“(ﬁ 38. sin"! (_ ﬁ)
2 2
39. arcsec(\/i) 40. arccsc(\/i)
41. csc (1) 42. sec (1)
43. cot7'(0) 44. tan~'(1)
45. arccos(1) 46. arcsin(0)

Review Problems  The problems that follow review material we covered in Sec-
tion 4.2.

Graph each of the following equations over the indicated interval. Be sure to label
the x- and y-axes so that the amplitude and period are easy to see.

47. y = 4 sin 2x, one complete cycle
48. y = 2 sin 4x, one complete cycle
49. y=2sinmx, 4=x=4

50. y=3cosmx, —2=x=4

51. y:—3cos;—x, 27 =x=6m1
52. y=-3sin2x, 2m=x=27w
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In order that the function y = sin x have an inverse that is also a function, it 4.6

is necessary to restrict the values that y can assume in y = sin~'x. Although Inverse Trigonometric
there are many intervals over which y = sin~'x can be restricted and still Functions

assume all values of y exactly once, the interval we will restrict it to is the

interval —@/2 = y = @/2. Figure | contains the graph of y = sin~!x with

the restricted interval showing.

y
/
0 1 /
y=sin" x|
\
~\
\
\
m 1\ restriction
=
2 i
I<y<j}
—t
— 1 1
T
\ | 2
\
h
\
\
)
//
v
Figure 1

It is apparent from Figure 1 that if y = sin~'x is restricted to the interval
—1/2 = y = w/2, then each value of x is associated with exactly one value
of y and we have a function rather than just a relation. (That is, on the inter-
val —7/2 = y = /2, the graph of y = sin~'x is such that no vertical line
crosses it in more than one place.)

NoraTioN The notation used to indicate the difference between inverse
sine relations and inverse sine functions is as follows:

Notation Meaning

A relation y = sin"'x or y = arcsin x x =siny

A function | y = Sin~'xory = Arcsin x | x

sinyand—%s)’s%
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In this section we will limit our discussion of inverse trigonometric func-
tions to the inverses of the three major functions: sine, cosine, and tangent.
The other three inverse trigonometric functions can be handled with the use
of the reciprocal identities.

Figure 2 shows the graphs of y = cos~'x and y = tan~'x and the restric-
tions that will allow them to become functions instead of just relations.

A

restriction
0<ys<m

Figure 2

To summarize, here is the definition for the three major inverse trig-
onometric functions.

DEFINITION (INVERSE TRIGONOMETRIC FUNCTIONS) The inverse func-
tions for y = sin x, y = cos x, and y = tan x are as follows:

Inverse function Meaning
y = Sin~lxor y = Arcsin x x=sinyanud—%5ys%

In words: y is the angle between —#/2 and 7/2 whose sine is x.

y = Cos~'xor y = Arccos x x=cosyand0=y=<mw
In words: y is the angle between 0 and = whose cosine is x.

UL
2
In words: y is the angle between —7/2 and 7/2 whose tangent is x.

s

y = Tan~'xory = Arctan x x = tan y and — 2

<y<
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\ 4 Example 1 Evaluate in radians without using a calculator or tables.

a. Sin"% b. Arccos (—\/Ti) c. Tan-'(—=1)

Solution

a. The angle between —7/2 and 7/2 whose sine is 1/2 is 7/6.

Sin-1> = 7
b. The angle between O and 7 with a cosine of ~V/3/2 s 57/6.
Arccos(— ﬁ) kL
2 6
c. The angle between —m/2 and /2 the tangent of which is —1

is —m/4.

Tan-'(—1) = —% A

Note In part c of Example 1, it would be incorrect to give the answer as 77/4. It is
true that tan 7@w/4 = —1, but 77/4 is not between —/2 and /2. There is a
difference.

V Example 2 Use a calculator or tables to evaluate each expression to
the nearest tenth of a degree.

a. Arcsin(0.5075) b. Arcsin(—0.5075)
c. Cos~1(0.6428) d. Cos~'(—0.6428)
e. Arctan(4.474) f. Arctan(—4.474)

Solution The easiest method of evaluating these expressions is to use
a calculator. Make sure the calculator is set to the degree mode and then
enter the number and push the appropriate button. Scientific calculators
are programmed so that the restrictions on the inverse trigonometric
functions are automatic. We just push the buttons and the rest is taken
care of. If a table is used, we have to be careful to place the angle in
question in the appropriate quadrant and name it so that it falls within
the restriction for that particular inverse function.

a. Arcsin(0.5075) = 30.5° o
b. Arcsin(—0.5075) = —30.5° Reference angle 30.5
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Cos-1(0.6428) = 50.0°
Cos~'(—0.6428) = 130.0°
Arctan(4.474) = 77.4°
Arctan(—4.474) = —77.4°

} Reference angle 50°

=0 an

} Reference angle 77.4° A

V Example 3 Evaluate sin(Tan"'3/4) without using a calculator or
tables.

Solution We begin by letting § = Tan~'(3/4). (Remember, Tan"'x is
the angle whose tangent is x.) Then we have:

Ifo = Tan"% , then tan 6 = % and 90° < @ < 90°

We can draw a triangle in which one of the acute angles is 6. Since
tan § = 3/4, we label the side opposite 6 with 3 and the side adjacent 6
with 4. The hypotenuse is found by applying the Pythagorean theorem.

hypotenuse =

0=Tan"}(2)

4
Figure 3

From Figure 3 we find sin 0 using the ratio of the side opposite 6 to the
hypotenuse.

. - 3 _ 3
sm(Tan '4)—51110— 5 A

Calculator Note If we were to do the same problem with the aid of a calculator,
the sequence would look like this:

3 [ ] e [=] lan ] fsin]

The display would read 0.6 which is 3/5.
Although it is a lot easier to use a calculator on problems like the one in Example

3, solving it without a calculator will be of more use to you in the future.
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V Example 4 Write the expression sin(Cos~'x) as an equivalent expres-
sion in x only. (Assume x is positive.)

Solution We let § = Cos~'x, then cos § = x. To help visualize the
problem we draw a right triangle with an acute angle of # and label it so
that cos & = x. This is accomplished by labeling the side adjacent to 6
with x and the hypotenuse with 1. That way, the ratio of the side adja-
cent 6 to the hypotenuse is x/1 = x. The side opposite 6 is found by
applying the Pythagorean theorem.

V1 —x% bythe

Pythagorean theorem

Figure 4

Finding sin 6 is simply a matter of taking the ratio of the opposite to the
hypotenuse.

. . 1 — x2
sin(Cos~'x) = sin 6 = —1 - V1 — x?
Note that, since we assumed x was positive, Cos~'x is between 0° and
90°, so that sin(Cos~'x) is also positive. Without the restriction that x
is positive, we would need a * sign in front of the square root in our
answer. A

Evaluate each expression without using a calculator or tables and write your an-
swers in radians.

1.

3.
S.

. (V3 (1
Sin ](T) 2. Cos 1(5)
Cos™'(—1) 4. Cos '(0)
Tan~!(1) 6. Tan'(0)

1
Arccos(— —) 8. Arccos(])
V2 (

s

Problem Set 4.6
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9. Sin!(- %) 10. Sin"(%)

11. Arctan(\/g) 12. Arctan (%)

13. Arcsin(0) 14. Arcsm( %)

1

15. Tan '(— — 16. -1(-V3
(-5 Tan7H=VY)

17. Cos-'<— %) 18. Sin-'(1)

19. Arccos(%i) 20. Arcsin(—1)

Use a calculator or tables to evaluate each expression to the nearest tenth of a
degree.

21. Sin~'(0.1702) 22. Sin~!1(—0.1702)
23. Cos™'(—0.8425) 24. Cos!(0.8425)
25. Tan'(0.3799) 26. Tan~'(—0.3799)
27. Arcsin(0.9627) 28. Arccos(0.9627)
29. Cos '(—0.4664) 30. Sin~!'(—0.4664)
31. Arctan(—2.748) 32. Arctan(—0.3640)
33. Sin'(—0.7660) 34. Cos~'(—0.7660)

Evaluate without using a calculator.

35. cos (Tan "%) 36. csc <Tan - 1%)
37. tan (Sin“%) 38. tan (Cos“%)
39. sec (Cos"%) 40. sin (Cos‘ IT}_—S_)
41. sin(Cos"%) 42 cos(Sin*'%)
43, cot (Tan "%) 44. cot (Tm"%—)

Evaluate without using a calculator.

45. sin (Sin - ‘%) 46. cos (Cos - '%)



t 195

1 - 1
47. cos (Cos - ‘—) 48. sin (Sm ol —)
2 V2
49. tan{Tan~ L 50. tan (Tan NES
2 4

For each expression below, write an equivalent expression that involves x only. (As-
sume x is positive.)

51. cos(Cos~'x) 52. sin(Sin~'x)
53. cos(Sin~'x) 54. tan(Cos~'x)
55. sin(Tan"'x) 56. cos(Tan"'x)
§57. sin (Cos“-1—> 58. cos <Sin“—1—>
x X
59. sec (Cos - ‘—]—) 60. csc (Sin - ‘L)
x x

Review Problems The problems that follow review material we covered in Sec-
tion 4.3.

Graph one complete cycle of each of the following equations. Be sure to label the x-
and y-axes so that the amplitude, period, and phase shift for each graph is easy to
see.

L o e T
61. y =sin (x 4) 62. y =sin (x + 6)
63. y= cos(2x + %) 64. y = sin(2x + m)
65. y=3 sin(2x o %) 66. y =23 cos(2x - %)

Chapter 4 Summary and Review

PERIODIC FUNCTIONS [4.1]

A function y = f(x) is said to be periodic with period p if p is the
smallest positive number such that f(x + p) = f(x) for all x in the

domain of f.

Examples

1. Sincesin(x + 27) = sin x, the func-
tion y = sin x is periodic with period 27.
Likewise, since tan(x + @) = tan x,the
function y = tan x is periodic with
period 7.
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S
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Chapter 4 Graphing and Inverse Functions

BASIC GRAPHS [4.1]

The graphs of y = sin x and y = cos x are both periodic with
period 27r. The amplitude of each graph is |. The sine curve
passes through O on the y-axis, while the cosine curve passes
through 1 on the y-axis.

The graphs of y = csc x and y = sec x are also periodic with
period 27r. We graph them by using the fact that they are recipro-
cals of sine and cosine. Since there is no largest or smallest value
of y, we say the secant and cosecant curves have no amplitude.

The graphs of y = tan x and y = cot x are periodic with period
w. The tangent curve passes through the origin, while the co-
tangent is undefined when x is 0. There is no amplitude for either
graph.

4
T

veSsin(ax+

A =-;—|5 - (-9 =%(|0)= 5

[ R ——— A ——
=
5
[ e SR ER S ——
-
-

AMPLITUDE [4.2]
The amplitude A of a curve is half the absolute value of the dif-
ference between the largest value of y, denoted by M, and the

smallest value of y, denoted by m.

=Ly -
A—2|M m|
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PHASE SHIFT (4.3] 4. The phase shift for the graph in Ex-
ample 3 is —1/4.

The phase shift for a sine or cosine curve, is the distance the

curve has moved right or left from the curve y = sin x or y =

cos x. For example, we usually think of the graph of y = sin x as

starting at the origin. If we graph another sine curve that starts at

/4, then we say this curve has a phase shift of 7/4.

GRAPHING SINE AND COSINE CURVES [4.2, 4.3] 5. a.

The graphs of y = A sin(Bx + C) and y = A cos(Bx + C), where
B > 0, will have the following characteristics:

Amplitude = |A|
iod = 27
Period = B
o £ b.

Phase shift = B ,
To graph one of these curves, we first find the phase shift and . s i
label that point on the x-axis (this will be our starting point). We s ) —
then add the period to the phase shift and mark the result on the x- : : g .
axis (this is our ending point). We mark the y-axis with the ampli- ; ‘

tude. Finally, we sketch in one complete cycle of the curve in
question keeping in mind that, if A is negative, the graph must be
reflected about the x-axis.

GRAPHING BY ADDITION OF Y-COORDINATES [4.4]

To graph equations of the form y = y, + y,, where y, and y, are
algebraic or trigonometric functions of x, we graph y, and y, sep-
arately on the same coordinate system and then add the two
graphs to obtain the graph of y.




198 Chapter 4 Graphing and Inverse Functions

| 1
a. Ify=cos '(——) then cos y = ——=. INVERSE TRIGONOMETRIC RELATIONS (4.5
' V2 V2 e
Therefore. The inverse of Written Is equivalent to
v=T 4 %m o 7_7r+2k77 y = sin x y = sin~'xor y = arcsin x x =siny
T4 4 y = cos x y = cos~'x or y = arccos x X =cos y
where k is an integer. y = tan x y = tan~'x or y = arctan x X =tany
- = -' — = P
b. If y = arccot(— ). then cot y = —1. y = cot x y cot_ X or y = arccot x X = cot ¥
Therefore y = sec x y = sec 'x or y = arcsec x X =secy
' y = csc x y = csc”'x or y = arccsc x X =cscy
=3 ™ 4o '
3 2 ™ oor — T
where k is an integer.
c. If y =sin '(3), then sin vy = 3,
which is impossible. There is no
angle with a sine of 3, since for any
v, —l=siny=1.
8. Evaluate in radians without using a INVERSE TRIGONOMETRIC FUNCTIONS [4.6]
calculator or tables.
| Inverse function Meaning
a. Sin7'>
2 = Sin~'x or y = Arcsin x x=sinyand ~-—-<y=<X
The angle between —7/2 and 7/2 whose Y Y Y 2 2
sine is 1/2 is /6. In words: y is the angle between —r/2 and 7/2 whose sine is x.
sint =T
26 y = Cos~'xor y = Arccos x x=cosyand0=y=m
. A In words: y is the angle between 0 and 7 whose cosine is x.
b. Arccos (— —)
2
T s
The angle between 0 and 7 with a cosine y = Tan"'xory = Arctan x x =tanyand — 7 <y<7y
—V3/2is 5m/6. .
of =V3/2 is 5m/6 In words: y is the angle between —r/2 and 7/2 whose tangent
Arccos|— __\/_i) _Am is x.
) ( 2 6
¢. Tan"'(—=1)

The angle between —7/2 and 7/2 the
tangent of which is — | is —7/4.

an-l(— 1) = —
Tan~'(—=1) 7
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Graph each of the following between x = —47 and x = 4.
1. y=sinx 2. y=cosx
3. y=tanx 4. y=secx

5. How many complete cycles of the graph of the equation y = sin x are shown
in your answer to Problem 1?

6. How many complete cycles of the graph of the equation y = tan x are shown
in your answer to Problem 3?

7. Use youranswer to Problem 4 to find all values of x between —4 and 447 for
which sec x = —1.

8. Use your answer to Problem 2 to find all values of x between —47 and 47 for
whichcos x = 1/2.

For each equation below, first identify the amplitude and period and then use this
information to sketch one complete cycle of the graph.

9. y=cos mx 10. y= —3cosx
Graph each of the following on the given interval.
11. y=3sin2x, 7<= x =27 12. y=2sinmx,-4=x=4

For each equation below identify the amplitude, period, and phase shift and then use
this information to sketch one complete cycle of the graph.

13. y =sin (x + 4) 14. y cos(x ) )

= 3 gj . 3 L, -
15. y=3 sm(2x 3 ) 16. y=3 sm( 37X 73 )

= . - LY
17. y= csc(x + 4) 18. y tan<2x 2)
Graph each of the following on the given interval.
9. y=2sinGx—m), - T=x=3Z

3 3

—osn(T =T -1 13
20. y—25m(2x 4>, 25x52
Sketch the following between x = 0 and x = 4.
21. y=%x—sinx 22. y=sinx + cos2x

Find all values of y, in degrees, that satisfy each of the following expressions:

23. y=sin"'0 24, y=cos '(—1)
25. Graphy = Cos™'x 26. Graph y = Arcsin x

Chapter 4
Test
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Evaluate each expression without using a calculator or tables and write your answer
in radians.

27, Sin"(%) 28. Cos"(— %)
29. Arctan(—1) 30. Arcsin(l)

Use a calculator or tables to evaluate each expression to the nearest tenth of a
degree.

31. Arcsin(0.5934) 32. Arctan(-0.8302)
33. Arccos(—0.6981) 34. Arcsin(—0.2164)

Evaluate without using a calculator.
12 2
35. tan (Cos '?) 36. cos(Tan '?)

For each expression below, write an equivalent expression that involves x only. (As-
sume x is positive.)

37. sin(Cos~'x) 38. tan(Sin~'x)




Identities

and Formulas

To the student:

Recall that an identity in mathematics is a statement that two quantities
are equal for all replacements of the variable for which they are defined. For
instance, the statement

sin 0

tan 6 =
cos 6

is a trigonometric identity. We will begin this chapter by reviewing the list of
six basic trigonometric identities and their more common equivalent forms.

In Sections 5.2, 5.3, and 5.4 we will use the identities from Section 5.1 to
derive formulas for expressions of the form sin(A + B), sin 2A, and sin A/2.
Then we will use these formulas to verify other identities and find exact val-
ues for trigonometric functions of angles that are multiples of 15°. We end
the chapter with a look at identities involving inverse trigonometric func-
tions and some special identities that allow us to change certain sums and
differences to products.

The most important information needed to be successful in this chapter is
the material on identities that we developed from the definition of the six
trigonometric functions in Chapter 1. You need to have the basic identities
and their common equivalent forms memorized. Also important is your
knowledge of the exact values of trigonometric functions of 30°, 45°, and
60°. These exact values appear in a number of problems throughout the
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chapter and the more quickly you can recall them, the easier it will be for
you to work the problems involving them.

We began proving identities in Chapter 1. In this section, we will extend the
work we did in Chapter | to include proving more complicated identities.
For review, here are the basic identities and some of their more important
equivalent forms.

Table 1
Basic identities Common equivalent forms
1
Reci | =— i =
eciproca csc 6 P sin 0 csc 0
_ _ |
seco—cosa cos()—seca
cot 6 = l tan 8 = !
tan 6 cot 0
Ratio tan 6 = 2
cos 6
_ cos 6
GO sin 0
Pythagorean cos0 + sin?g = | sin6 =1 — cos*0
sin® = +V| — cosd
cos*® = | — sin‘0
cos 0 = £V — sin’0
| + tan%0 = sec0
1 + cot’6 = csc20

Recall that an identity in trigonometry is a statement that two expressions
are equal for all replacements of the variable for which each statement is
defined. To prove (or verify) a trigonometric identity, we use trigonometric
substitutions and algebraic manipulations to either

1. Transform the right side of the identity into the left side, or
2. Transform the left side of the identity into the right side.

The main thing to remember in proving identities is to work on each side
of the identity separately. We do not want to use properties from algebra that
involve both sides of the identity—Ilike the addition property of equality. We
prove identities in order to develop the ability to transform one trigono-
metric expression into another. When we encounter problems in other courses
that require the use of the techniques used to verify identities, we usually
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find that the solution to these problems hinges upon transforming an expres-
sion containing trigonometric functions into less complicated expressions.
In these cases, we do not usually have an equal sign to work with.

v Example 1

Proof

Prove

sin @ cot 6 = cos 6.

To help us remember to work with each side independently, we

will separate the two sides with a vertical line. Also, we will list the
justification for each step of the proof next to the expressions we have’
transformed. We place a question mark over the equal sign in the origi-
nal expression to indicate that it is an equality we are attcmpting to verify.

Ratio sin 9 - <98 0
identity sin 6
Multiply —sm:i)ncgs g

sin 6 cot 6 < cos 0

Divide out common

factor sin 6

cos 6 = cos 0

In this example, we have transformed the left side into the right side.
Note that the format of this proof is different from the format used to
prove identities in Chapter 1. The underlying idea is the same however.
We verify identities by transforming one expression into another.

\ 4 Example 2 Prove tan x + cos x = sin x(sec x + cot x).

A

Proof We can begin by applying the distributive property to the right
side to multiply through by sin x. Then we can change each expression
on the right side to an equivalent expression involving only sines and

cosines.

2
tan x + cos x =

tan x + cos x =

sin x(sec x + cot x)

sin x sec x + sin x cot x

. COS X
sin x * + sin x * —
CoS X sin x
sin x
+ cos x
Ccos x

tan x + cos x

Multiply

Reciprocal and
ratio identities

Multiply

Ratio identity

In this case, we transformed the right side into the left side.

A
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Before we go on to the next example, let’s list some guidelines that may
be useful in learning how to prove identities.

Guidelines for Proving ldentities

1. Itis usually best to work on the more complicated side first.

2. Look for trigonometric substitutions involving the basic identities that
may help simplify things.

3. Look for algebraic operations, such as adding fractions, the distributive
property, or factoring, that may simplify the side you are working with or
that will at least lead to an expression that will be easier to simplify.

4. If youcannot think of anything else to do, change everything to sines and
cosines and see if that helps.

5. Always keep an eye on the side you are not working with to be sure you
are working toward it. There is a certain sense of direction that accom-
panies a successful proof.

Probably the best advice is to remember that these are simply guidelines.
The best way to become proficient at proving trigonometric identities is to
practice. The more identities you prove, the more you will be able to prove
and the more confident you will become. Don't be afraid to stop and start
over if you don't seem to be getting anywhere. With most identities, there
are a number of different proofs that will lead to the same result. Some of
the proofs will be longer than others.

cos*t — sin%t

=1 — tan’.
cos?t

V  Example 3 Prove

Proof In this example, factoring the numerator on the left side will
reduce the exponents there from 4 to 2.

cost - sinét >

5 = | — tan%
cos?2t

cos2t + sin?t)(cos2t — sin¥t

Factor ( )(2 )
cost

Pythagorean 1(cos*t — sin%t)
identity cos?t
Separate into cos’t _ sinkt
two fractions cosit  cost

Ratio identity | — tan’t = | — tan A
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_ sin’@
V Example4 Prove 1+cosf = T—cos8"
Proof We begin this proof by applying an alternate form of the Pytha-

gorean identity to the right side to write sin?0 as | — cos268. Then we
factor 1 — cos?@ as the difference of two squares and reduce to lowest

terms.
2 sin?@
l+coso——1 s
1 — cos?6 Pythagorean
1 —cos 6 identity
(1 — cos 8)(1 + cos 6) Factor
|l —cosé
1 +cosf =1+ cos@ Reduce A

\ 4 Example 5 Prove tan x + cot x = sec x cscC x.

Proof We begin this proof by writing the left side in terms of sines and
cosines. Then we simplify the left side by finding a common denomina-
tor in order to add the resuiting fractions.

7
tan x + cot x = sec x CSC x

Change to sines sin x 4 Cos x
and cosines cos x  sin x

sin x  sinx _ cosx cosx

LCD . -
cosx sinx sinx cosx

. sin2x + cos2x
Add fractions _—

sin x cos x
Pythagorean identity T -
coSs x sin x
) ) 1 |
Write as separate fractions =
cos x sin x
Reciprocal identities sec xcsc x = sec xcsc x A
v sin Il + cosa _
Example 6 Prove + - = 2 csc a.
1 + cos sin

Proof The common denominator for the left side is sin a(l + sin a).
We multiply the first fraction by (sin a)/(sin ) and the second fraction
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by (1 + cos a)/(1 + cos a) to produce two equivalent fractions with the

same denominator.

sin @ | + cosa »
- =2csca
I + cos sin «

sin « sin a l+cosa 1+ cosa
LCD — . - .

sinae | + cos « sin a 1 + cos
Add sin?a + (| + cos «)?
numerators sin a(l + cos a)
Expand sinfa + | + 2 cos a + cos’a
(1 + cos a)? sin a(l + cos )

2+ 2cosa
sin a(l + cos a)

Pythagorean identity

2(1 + cos @)
Factor out a 2 sin a(l + cos a)
Reduce '2
sin «

Reciprocal identity 2csca=2csca A

cos !
l —sint’

1 +sint _
cos ¢

v Example 7 Prove

Proof The trick to proving that this identity is true requires that we
multiply the numerator and denominator on the right side by 1 + sin ¢.
(This is similar to rationalizing the denominator.)

l+sint» cost
cos ¢ I — sint
cost 1+sint Multiply numerator and
I —sins 1+ sint¢ denominator by 1 + sin ¢
t(l + sin ¢ . .
costill : sz ) Multiply out the denominator
1 — sin%t
+ si . .
gosud = 21000 Pythagorean identity
cos?t
| + sin¢ + sin ¢
w HEE Reduce
cos ¢ cos !
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Note that it would have been just as easy for us to verify this identity by
multiplying the numerator and denominator on the left side by 1 — sin ¢.

Prove that each of the following identities are true:

19.

21.

23.

25.

27.

29.
31.

33.

34.

cos 6 tan @ = sin 0
csc ftan 0 = sec 6

tan A _
sec A

5§ 0, ¢ sin 6, = |,

sin A

cos x(csc x + tan x) = cot x + sin x

sin x(sec x + csc x) = tan x + 1
cot x — 1 = cos x(csc x — sec x)
tan x(cos x + cot x) = sin x + 1
cos2x(1 + tanx) = 1

sinZx(cot’x + 1) = 1

(1 — sin x)(1 + sin x) = cos’x
(1 = cos x)(1 + cos x) = sin2x

cos*t — sin*t

Sin? = cot?t — 1|
. cos?6
+ = 0
! 200 1 — sin @
1 —sin‘g
1 + sin2@ GER

sec?f — tan20 = 1

1 + sin?6

sec*f — tan‘f =
cos?6

sin26 — cos?60

ELESCUIS sin 0 cos 6

csc B —sin B = cot B cos B
cot @cos @ + sin @ = csc 6

cos X I + sin x
- =2secx
I + sin x COS X
Ccos X I — sin x
: = =0
1 + sinx Ccos X

2.
4.

6.

coe

20.

22,

24,

26.

28.

30.
32.

sec @ cotd =csc 6
tanfcotd = 1

cot A
csc A

@an,6,¢5¢ €,695,0,= |,

=cos A

sin*r — cos*t

= — = sec’t — ¢selt
sin’t cos’t

. . cos?f
ESaus 1 + sin 6
1 — cos*@ .

I + cos?@ S

csc2f — cot?0 = 1

1 + cos20

csc*d — cot*f = 5
sin?0

sin @ — cos 6

SIS ES S sin 6 cos 6

sec B — cos B =tan B sin B
tan @ sin @ + cos 6 = sec 0

Problem Set 5.1
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1 1

= 2
it 1+cosx+1—cosx LSS
36 ! + l = 2 sec’x
1l —sinx 1+ sinx
l —secx _ cosx— 1 cscx—1 1 —sinx
eIk 1l +secx cosx+ 1 = cscx+1 1 +sinx
cost _1—sint simt _ 1—cost
2 1 +sint  cos ¢ L 1 +cost  sint
(1 —sin)? 1 —sint¢ sin’t 1 +cost
5 cost T 1 +sint o (1 —cosn? 1 —cost
secf+1  tan 6 cscd—1 _ coth
LE5 tan &  secd — 1 e cot @  csch + |

45. Show thatsin(A + B) is not, in general, equal to sin A + sin B by substituting
30° for A and 60° for B in both expressions and simplifying. (An example like
this, that shows that a statement is not true for certain values of the variables,
is called a counterexample for the statement.)

46. Show that sin 2x # 2 sin x by substituting 30° for x and then simplifying both
sides.

Review Problems The problems that follow review material we covered in Sec-
tions 1.4 and 3.2. Reviewing these problems will help you with some of the material
in the next section.

47. Ifsin A = 3/5 and A terminates in quadrant I, find cos A and tan A.
48. If cos B = —5/13 with B in quadrant III, find sin B and tan B.

Give the exact value of each of the following:

. T

49, sm? 50. cos 3
™ .

51. cosz 52. sin 6

Convert to degrees.

S83. m/12 54. 57/12

52
Sum and Difference
Formulas

The expressions sin(A + B) and cos(A + B) occur frequently enough in
mathematics that it is necessary to find expressions equivalent to them that
involve sines and cosines of single angles. The most obvious question to
begin with is

Is sin(A + B) = sin A + sin B?
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The answer is no. Substituting almost any pair of numbers for A and B in the
formula will yield a false statement. As a counterexample, we can let A =
30° and B = 60° in the formula above and then simplify each side. (A coun-
terexample is an example that shows that a statement is not, in general, true.)

sin(30° + 60°) = sin 30° + sin 60°

a2 1 V3
sm90—2+2
,;&Liz_\[ii

The formula just doesn’t work. The next question is, what are the formulas
for sin(A + B) and cos(A + B)? The answer to that question is what this
section is all about. Let’s start by deriving the formula for cos(A + B).

We begin by drawing angle A in standard position and then adding B and
—B to it. Figure | shows these angles in relation to the unit circle. Note that
the points on the unit circle through which the terminal sides of the angles
A, A + B, and —B pass have been labeled with the sines and cosines of
those angles.

[cos (A +B),sin (A + B]] I’l

P:, (cos A,sin A4)

Al+B

B
A P, (1,0)
h B
4 (cos (—B),sin (—B))
= (cos B. — sin B)
Y
Figure 1

To derive the formula for cos(A + B), we simply have to see that line
segment P, P, is equal to line segment P, P,. (From geometry, they are chords
cut off by equal central angles.)

P P, = PP,
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Squaring both sides gives us

(P,Py)? = (P,P,)?

Now, applying the distance formula, we have

[cos(A + B) — 1]2 + [sin(A + B) — 0]
= (cos A — cos B)? + (sin A + sin B)?

Let’s call this Equation 1. Taking the left side of Equation 1, expanding it,
and then simplifying by using the Pythagorean identity gives us

Left Side of Equation |
cos?(A + B) — 2 cos(A + B) + 1 + sin?(A + B) Expand squares
= —2cos(A+B)+2 Pythagorean identity

Applying the same two steps to the right side of Equation | looks like this

Right Side of Equation 1
cos? A — 2 cos A cos B + cos? B + sin?A + 2sin A sin B + sin2B
= —2cosAcosB+2sinAsinB + 2

Equating the simplified versions of the left and right sides of Equation 1 we
have

—~2cos(A+ B)+2=—-2cosAcosB + 2sinAsinB + 2

Adding —2 to both sides and then dividing both sides by —2 gives us the
formula we are after

cos(A + B) = cos A cos B — sin A sin B

This is the first formula in a series of formulas for trigonometric functions
of the sum or difference of two angles. It must be memorized. Before we
derive the others, let’s look at some of the ways we can use our first formula.

V Example 1 Find the exact value for cos 75°.

Solution We write 75° as 45° + 30° and then apply the formula for
Ccos(A + B).

cos 75°

cos(45° + 30°)

cos 45° cos 30° — sin 45° sin 30°

V2 V3 _ V2.1
2 2 2 2
V6 - V2
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V  Example 2 Show that cos(x + 27) = cos x.

Solution Applying the formula for cos(A + B), we have

cos(x + 27) = cos x cos 27 — sin x sin 27
=cosx*]l —sinx-0
= Cos X
Notice that this is not a new relationship. We already know that if two
angles are coterminal, then their cosines are equal—and x + 27 and x

are coterminal. What we have done here is shown this to be true with a
formula instead of the definition of cosine.

\ 4 Example 3 Write cos 3x cos 2x — sin 3x sin 2x as a single cosine.

Solution We apply the formula for cos(A + B) in the reverse direction
from the way we applied it in the first two examples.

cos 3x cos 2x — sin 3x sin 2x = cos(3x + 2x)
= cos Sx

Here is the derivation of the formula for cos(A — B). It involves the for-
mula for cos(A + B) and the formulas for even and odd functions.

cos(A — B) = cos[A + (—B)] Write A — B as a sum
= cos A cos(—B) — sin A sin(—B) Sum formula
= cos A cos B — sin A(—sin B) Cosine is an even

function, sine is odd

cos A cos B + sin Asin B

The only difference in the formulas for the expansion of cos(A + B) and
cos(A — B) is the sign between the two terms. Here are both formulas again.

cos(A + B) = cos Acos B — sin Asin B
cos(A — B) = cos Acos B + sin Asin B

Again, both formulas are important and should be memorized.
V Example 4 Show that cos(90° — A) = sin A.

Solution We will need this formula when we derive the formula for
sin(A + B).

cos(90° — A)

cos 90° cos A + sin90°sin A
O0-cosA+1-sinA
= sin A A
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Note that the formula we just derived is not a new formula. The angles
90° — A and A are complementary angles and we already know the sine of
an angle is always equal to the cosine of its complement. We could also state
it this way:

sin(90° — A) = cos A

We can use this information to derive the formula for sin(A + B). To under-
stand this derivation, you must recognize that A + B and 90° — (A + B) are
complementary angles.

sin(A + B) = cos[90° — (A + B)] The sine of an angle is the
cosine of its complement
= cos[90° — A — B] Remove parentheses
= cos[(90° — A) — B] Regroup within brackets

Now we expand using the formula for the cosine of a difference

= c0s(90° —~ A) cos B + sin(90° — A) sin B
= sin A cos B + cos A sin B

This is the formula for the sine of a sum. To find the formula for
sin(A — B) we write A — B as A + (—B) and proceed as follows:

sin(A — B) = sin[A + (—B)]
sin A cos(—B) + cos A sin(—B)
sin A cos B — cos A sin B

V' Example S Find the exact value of sin 17T—2 .

Solution We have to write 7w/12 in terms of two numbers the exact

values of which are known. The numbers 7/3 and 7/4 will work since
their difference is 7/12.

sinE = sin r_Tm
12 3 4

. T T m . T
= SIn - COS —/— — COS 5 SIn —

3 4 3 4
_V3 VM2 1 V2
) 2 2 2

V6 — V2
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This is the same answer we obtained in Example | when we found the
exact value of cos 75°. It should be, though, because 7/12 = 15°, which
is the complement of 75°, and the cosine of an angle is equal to the sine
of its complement. A

\ 4 Example 6 If sin A = 3/5 with A in Ql and cos B = —5/13 with B in
QIII, find sin(A + B), cos(A + B), and tan(A + B).

Solution We have sin A and cos B. We need to find cos A and sin B
before we can apply any of our formulas. Some equivalent forms of our
Pythagorean identity will help here.

If sinA = i with A in QI, then

cosA = VI —sin?A = /l— =

If cos B = 153 with B in QIII, then
o (5o _12
sin B = 1 ( 13) = 13
We have
a3 __12
sin A = 5 sin B 13
_4 - _3
cos A = 5 cos B = 3
Therefore,
sin(A + B) = sin A cos B + cos A sin B

4 12
58

cos(A + B) = cos A cos B — sin A sin B

|
| w
e
|
] [
S——
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sin{A + B)
cos(A + B)

_ —63/65
16/65

_8
16

tan(A + B)

Notice also that A + B must terminate in quadrant ['V because
sin(A + B) < 0 and cos(A + B) > 0.

While working through the last part of Example 6, you may have won-
dered if there is a separate formula for tan(A + B). (More likely, you are
hoping there isn’t.) There is, and it is derived from the formulas we already
have.

sin(A + B)

tan(A + B) = cos(A + B)

__sin A cos B + cos Asin B
cos A cos B — sin A siu B

To be able to write this last line in terms of tangents only, we must divide
numerator and denominator by cos A cos B.

sin A cos B cos A sin B
_cos Acos B cos Acos B
" cos A cos B _ sin Asin B

cos A cos B cos A cos B
_ tan A + tan B

| —tan A tan B

Since tangent is an odd function, the formula for tan(A — B) will look
like this

tan A — tan B

tan(A = B) = 7= tan A tan B

v Example 7 [f sin A = 3/5 with A in QI and cos B = —5/13 with B in
QIIIL, find tan(A + B) by using the formula

_ tanA +tan B
UG | — tan A tan B
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Solution The angles A and B as given here are the same ones used
previously in Example 6. Looking over Example 6 again, we find that

_3 _2
tan A = n and tan B = 5
Therefore,
tan A + tan B
LGS | —tan A tan B
3 12
_a'5
3.1
4 5
15 48
_20 "7
9
: 5
63
_ 20
_4
5
_63
16
Which is the same result we obtained previously. A
Find exact values for each of the following: Problem Set 5.2
1. sin 15° 2. sin 75°
3. tan 15° 4. tan75°
. I Ikis
5. smﬁ 6. €os 15
7. cos 195° 8. sin 195°
Har (11 _3 1 -l
9. COS?(H_4+6) 10. sin 12

Show that each of the following is true:

11. sin(x + 2m@) = sin x 12. cos(x —2m) =cos x
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13. cos(x - 1) = sin x 14. sin( - l) = —CoS X

2 2
15. cos(180° — @) = —cos 6 16. sin(180° — 0) = sin 6
17. sin(90° + 6) = cos 6 18. cos(90° + 0) = —sin @

7\ | +tanx _om\ _tanx— 1
19. tan(x + 4 ) i ——— 20. tan(x 4 ) lee——
Write each expression as a single trigonometric function.
21. sin3xcos2x + cos 3xsin2x 22. cos3xcos2x + sin 3x sin 2x
23. cos Sxcos x — sin Sx sin x 24. sin 8xcos x — cos 8x sin x
25. sin45°cos 6 + cos 45°sin 6 26. cos 60° cos 8 — sin 60° sin 0
27. cos 30° sin @ + sin 30° cos 6 28. cos 60° sin 6 + sin 60° cos 6
29. cos 15° cos 75° — sin 15° sin 75° 30. cos 15°cos 75° + sin 15°sin 75°

31.

32.

33.

34.

35.

36.

317.
38.
39.
40.
41.

42.

Graph one complete cycle of vy = sin x cos 7 + cos x sin % by first rewriting
the right side in the form sin(A + B).

Graph one complete cycle of v = sin x cos 7% — cos x sin % by first rewriting
the right side in the form sin(A — B).

Graph one complete cycle of y = 2(sin x cos 74 + cos x sin 74) by first rewrit-
ing the right side in the form 2 sin(A + B).

Graph one complete cycle of y = 2(sin x cos 74 — cos x sin 74) by first rewrit-
ing the right side in the form 2 sin(A — B).

Let sin A = 3/5 with A in QII and sin B = —5/13 with B in QIII. Find
sin(A + B), cos(A + B), and tan(A + B). In what quadrant does A + B
terminate?

Let cos A = —5/13 with A in QII and sin B = 3/5 with B in QI. Find
sin(fA — B), cos(A — B), and tan(A — B). In what quadrant does A — B
terminate?

If sin A = 1/V/5 with A in QI and tan B = 3/4 with B in QI, find tan(A + B)
and cot(A + B). In what quadrant does A + B terminate?

Ifsec A = V5 with 4 in Qlandsec B = V10 with B in QI, find sec(A + B).
[First find cos(A + B).]

If tan(A + B) = 3 and tan B = 1/2, find tan A.

If tan(A + B) = 2 and tan B = 1/3, find tan A.

Write a formula for sin 2x by writing sin 2.x as sin(x + x) and using the for-
mula for the sine of a sum.

Write a formula for cos 2x by writing cos 2x as cos(x + x) and using the
formula for the cosine of a sum.

Review Problems The problems that follow review material we covered in Sec-
tion 4.2.

Graph one complete cycle of each of the following:

43.

v =4 sin 2x 44. vy = 2sin4x
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45. y= %cos 3x 46. y= %sin 3x
47. y= lisin %x 48. y = 2sin %x

We will begin this section by deriving the formulas for sin 2A and cos 2A
using the formulas for sin(A + B) and cos(A + B). The formulas we derive
for sin 2A and cos 2A are called double-angle formulas. Here is the deriva-
tion of the formula for sin 2A.

sin 2A = sin(A + A) Write 2Aas A + A
=sinA cos A + cos A sin A Sum formula
= sin A cos A + sin A cos A Commutative property
= 2sinAcos A

The first thing to notice about this formula is that it indicates the 2 in
sin 2A cannot be factored out and written as a coefficient. That is,

sin2A # 2sin A

For example, if A = 30°, sin 2 - 30° = sin 60° = V/3/2, which is not the
same as 2 sin 30° = 2(1/2) = 1.

Here are some examples of how we can apply the double-angle formula
sin 2A = 2 sin A cos A.

V Example1 If sin A = 3/5 with A in QII, find sin 2A.

Solution In order to apply the formula for sin 2A we must first find

cos A. Since A terminates in QII, cos A is negative.

e i —sia=— 1 -(3f=_ [l6__4
COs A = 1 — sin2A = | (5) 25 5

Now we can apply the formula for sin 2A.

sin 2A = 2sin A cos A

s

24

25

53
Double-Angle Formulas
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We can also use our new formula to expand the work we did previously
with identities.

v Example 2 Prove (sin@ + cos 6)2 = | + sin 26.

Proof (sin 6 + cos 8)2 = 1 + sin 26
Expand sin26 + 2 sin 6 cos 6 + cos*0
Pythagorean identity 1+ 2sinf@cosb
Double-angle identity 1 + sin260 =1 + sin 26 A
\ 4 Example 3 Prove sin2x = ﬁ_:% .
Proof sin 2x = ]2:%
208X
zggzi Ratio identity
sin’x
2 sin x cos x Multiply numerator and
sin2x + cosx denominator by sinx
2 sin x cos x Pythagorean identity
sin 2x = sin 2x Double-angle identity A

There are three forms of the double-angle formula for cos 2A. The first
involves both sine and cosine, the second involves only cosine, and the
third, just sine. Here is how we obtain the first of these three formulas.

cos 2A = cos(A + A) Write 2Aas A + A
cos AcosA — sin Asin A Sum formula
= Cc0S2A — sin?A

To write this last formula in terms of cos A only, we substitute | — cos?A
for sin?A.

cos 2A

cosZA — (1 — sin2A)
cos?A — | + cos?A
= 2 cos?A — |
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To write the formula in terms of sin A only, we substitute | — sin®A for
cos?4 in the last line abuve.
cos2A = 2 cos’A — |
= 2(1 —sin*A) — |
=2 - 2sinA — 1
=1 - 2sin’A

Here are the three forms of the double-angle formula for cos 2A.

cos2A — sin’A First form
= 2c0s’A — 1 Second form
=] - 2sin’A Third form

Summary cos 2A

V Example4 IfsinA = 1/V/5, find cos 2A.

Solution In this case, since we are given sin A, applying the third
form of the formula for cos 2A will give us the answer more quickly
than applying either of the other two forms.

cos 2A =1 — 2sin‘A

=1 -] LY

l 2(\/5)

_1-_-2

_| 5

_3

s A

v Example S Prove cos 4x = 8 cos*x — 8 cos’x + I.

Proof We can write cos 4x as cos 2 * 2x and apply our double-angle
formula. Since the right side is written in terms of cos x only, we will
choose the second form of our double-angle formula for cos 2A.

cos 4x = 8 cos?x — 8 cosix + |

cos 2 - 2x
Double-angle formula 2cos?2x — 1
Double-angle formula 2(2 cos’x — 1)* — 1
Square 2(4 cos*x — 4 cosix + 1) — 1
Distribute 8 cos®x — 8 cosix +2 — 1
Add 8 cos*x — 8 cosix + 1 = 8 cos*x — 8 cos?x + 1

A
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V Example 6 Write cos 150° in terms of cos 75°.

Solution We note that 150° = 2 + 75° and apply the second form of the
formula for cos 2A.

cos 150° = cos 2 - 75°

= 2 cos?75° — | A
1 — cos 26
V Example7 Prove tanf = ————
sin 260
Proof tan 0 = I—.cﬂ
sin 26
I — (1 — 2 sin%8) Double-angle
2 sin 6 cos 6 formulas
2 sin’ Simplify numerator
2 sin O cosf pity
sin 6 Divide out common
cos 6 factor 2 sin 6
tan @ = tan 6 Ratio identity A
Problem Set 5.3 Let sin A = =3/5 with A in QII] and find
1. sin 2A 2. cos 2A
3, tan2A 4. cot2A
Let cos x = 1/V 10 with x in QIV and find
5. cos2x 6. sin 2x
7. cot2x 8. tan 2x
Lettan 6 = 5/12 with 6 in QI and find
9. sin 26 10. cos 26
11. csc 26 12. sec 20
Let csc 1 = V5 with 7 in QII and find
13. cos2¢ 14. sin 2t
15. sec 2t 16. csc 2t

17. Express cos 100° in terms of sin 50°.
18. Express cos 100° in terms of cos 50°.
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LT . T
19. Express sin 5 in terms of sin 0 and cos 0

20. Express cos % in terms of cos % .

Use exact values to show that each of the following is true.

21. sin 60° = 2 sin 30° cos 30° 22. cos60° =1 — 2sin?30°
23. cos 120° = co0s?60° — sin?60° 24. sin 90° = 2 sin 45° cos 45°
— 2T : — 9 in L T
25. cosm = 2 cos 7 1 26. sin7 = 2sin > cos >
27 sinz—w=2' T T 28 csz—ﬂ-=cszz—sin2£
. 3 sin 3~ cos = . cos =3 0s’ 3 3

29. Find the exact value of sin 15° from the expression cos 30° = 1 — 2 sin215°.
30. Find the exact value of cos 15° from the expression cos 30° = 2 cos’15° — 1.

Prove each of the following identities:

31. (sinx —cos x)*) =1 —sin2x
32. (cos x — sin x)(cos x + sin x) = cos 2x

33. cos’0 = 1+ cos 20 34. sinf = 1= cos 26
2 2
__ sin 26 _ 1 —tan%6
35. cotf = T— cos 20 36. cos 260 = T+ tan6
37. 2csc2x =tan x + cot x 38. 2cot2x =cotx — tan x
39. sin36 = 3sin 0 — 4 sin’0 40. cos 30 = 4 cos*d — 3 cos 6
41. cos*x — sin‘x = cos 2x 42. sin%x — cos*x = —cos 2x
43. cot0—tan0=.cos—20 44. csct9—25int9=M
sin 0 cos 6 sin A

The double-angle formula for tan 24 is

2tan A

tan 2A = T @A

45. Derive the formula above by writing tan 2A as tan(A + A) and then applying
the formula for the tangent of a sum.

46. Use the formula above and the reciprocal identity for tan A and cot A to prove
the following double-angle identity for cot 2A.

cot?’A — |
2cot A

47. Iftan A = 3/4, find tan 2A. 48. Iftan A = —V3, find tan 2A.

cot 2A =
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Review Problems The problems that follow review material we covered in Sec-
tion 4.3.

Graph one complete cycle.

. m _ (. T
49. y=sin (_t + T) 50. v =sin (.r 4)
1 T =% Ll
51. y —7cos(3x—3) 52. v= 3 cos(3.r+ 2)
5.4 In this section we will derive formulas for sin A/2 and cos A/2. These for-
Half-Angle Formulas mulas are called half-angle formulas and are derived from the double-angle

formulas for cos 2A.
In Section 5.3 we developed three ways to write the formula for cos 2A,
two of which were

cos 2A =1 —2sin2A  and cos 24 = 2 cos2A — |

Since the choice of the letter we use to denote the angles in these formulas is
arbitrary, we can use an x instead of A.

cos 2x = 1 — 2 sin’x and cos 2x = 2 cos'x — |

Let us exchange sides in the first formula and solve for sin x.

1 — 2 sin’x = cos 2x Exchange sides
— 2sin’x = —1 + cos 2x Add —1 to both sides
sinx = % Divide both sides by —2

sin x = + 1 — cos 2x Take the square root
. 2 of both sides

Since every value of x can be written as 1/2 of some other number A, we
can replace x with A/2. This is equivalent to saying 2x = A.

A l —cos A
sin 5 = =+ /—2

This last expression is the half-angle formula for sin A/2. To find the half-
angle formula for cos A/2, we solve cos 2x = 2 cos’x — | for cos x and then
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replace x with A/2 (and 2x with A). Without showing the steps involved in
this process, here is the result

cosé=+ l +cos A
2 . 2

In both half-angle formulas the sign, + or —, in front of the radical is
determined by the quadrant in which A/2 terminates.

V Examplel If cos A = 3/5 with A in QIV, find sin A/2, cos A/2, and
tan A/2.

Solution First of all, if A terminates in QIV, then A/2 terminates in
QII. Here is why.

270 % B 360

A€ QIV = 270° < A < 360° = 2 < >

or 135° <% < 180°= %e QIl

In quadrant II, sine is positive, cosine and tangent are negative.

s'i= 1 —cos A cosA=— 1 +cos A
"2 2 2 2

Il Il
Py
D |
v
9}

I il

| f
B =
ol T
v
W

=L __ 2
5 V5
A 1
tani= Sm-2-= \/3 =___l_
2 cosi . 2
2 V5 A

V Example 2 If sin A = —12/13 with A in QIII, find the six trig-
onometric functions of A/2.

Solution To use the half-angle formulas, we need to find cos A.
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- 12 \? [ 25 5
= — —_ 2 = — _— —_— = —_ = = = - =
cos A V1 Sin?A = | ( 13) = 169 13

Also, if A terminates in QIII, then A/2 terminates in QII because
AeQIll=> 180° < A < 270°
180° A _ 270°

> <2573
A

o fnill [} i
90<2<135:>2te1

In quadrant II, sine is positive and cosine is negative.

A [l=sny A L+ (=513

2 2 2 2
- |2 - - |4

13 13

3 2

Vi3 V13

Now that we have sine and cosine of A/2, we can apply the ratio identity
for tangent to find tan A/2.

. A 3
tani= Sm?= ]3 =—i
2 cosi S 2
2 V13

Next we apply our reciprocal identities to find cosecant, secant, and
cotangent of A/2.

cscé—= ! =ﬂ seci= ! =—\/ﬁ
2 smi 3 2 COS = 2
2 2
oho L __2
: tani 3
2 A

V Example3 Use a half-angle formula to find the exact value of sin 15°.
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P 30 _ \/1 — cos 30
\/5/2
2
\/3
- \/5
2 A

Note We found the exact value of sin 15° previously in Example 5 of Section 5.2.
(At that time, we were working in radians and thus called it w/12. But #/12 = 15°))
The value of sin 15° from Example 5. Section 5.2 was

V6 - V2

) o _
sin 1S 4

Can you show that the two answers are the same?

v Example 4 Prove sinZ%

_ tanx —sinx
2 tan x

Proof We can use a half-angle formula on the left side. In this case,

since we have

sin?(x/2) we write the half-angle formula without the

square root sign. After that, we multiply the numerator and denominator

on the left side

by tan x because the right side has tan x in both the nu-

merator and denominator.

, X 2 tanx —sinx

) 2tan x
Square of half-angle 1 — cos x
formula 2
Multiply numerator and tan x | — cos x
denominator by tan x tan x 2

Distributive
property

tan x cos x is
sin x

tan x — tan x cos x
2 tan x

tan x — sin x
2 tan x

tan x — sin x _
2 tan x

A
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V Example 5 Prove sin‘d = % - coszzo + 00:28 :

Proof We could use double-angle formulas on the right side. Instead,
since we are working with half-angle formulas in this section. let’s use a
half-angle formula on the left side.

. > 1 cos20 |, cos*20
40 = — —
sin*f n > + )
Half-angle formula L+ [1—cos26 |
with 6 instead of A/2 - 2
Square the 1 — cos 20 \
square root z
Expand | —2cos io + cos?26
Divide each term in 1 cos 26 + cos20 _ 1 _ cos20 cos*20
numerator by 4 4 2 4 4 2 4

Notice that we used a half-angle formula in the first step, even though
our angle was not A/2. It is not the A/2 in our half-angle formula that is
important. It is the relationship between A/2 on one side and A on the
other. The fact that A/2 is half of A is equivalent to saying A is twice
A/2. The formulas

. A 1l —cos A
= + - Zxu

sin > *+ >

sin 6 =+ /————l — 0205 26

I — cos 4x

and

and

sin 2x = =

i

all say the same thing about the functions involved. They are equivalent

formulas.
Problem Set 5.4 If cos A = 1/2 with A in QIV, find
1. sin Gl 2. cos A

2 2
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A
3. csc 2 4,

If sin A = —3/5 with A in QIII, find

A
5. cos ) 6.
7. sec % 8.

If sin B = —12/13 with B in QIII, find

. B

9. sin > 10.
B

11. cos > 12.
B

13. tan7 14.

227

s€C -

sin —

CsC

csc -
2

S€C

5
2
cot B
2

If sin A = 4/5 with A in QII, and sin B = 3/5 with B in QI, find

15. sin % 16.
17. cos 2A 18.
19. sec2A 20.
21. cos g 22.
23. sin(A + B) 24.
25. cos(A — B) 26.
6 _12 . 6. .

If cos K with > in QI, find

27. cos % 28.
29. sin 6 30.

COoS =

2
sin 2A
csc 2A

sin B
2

cos(A + B)
sin(A — B)

sin 6
4

cos 0

Use half-angle formulas to find exact values for each of the following:

31. cos 15° 32,
33. sin 75° 34.
35. cos 105° 36.
Prove the following identities.
. .0 csc @ — cot 0
2 = 7
37. sin > > csc B 38.

tan 15°

cos 75°

sin 105°

2 cos? L _sin®6
2 1 — cos 6
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0 tan @ + sin 6 ., 0 sin26
2 = 2 =
39. cos 2 2 t@n 6 40. 2 sin > T+ cos 0
x _ 1 —cosx X _ _sinx
L1 e 2 sinx Lo (B 2 1 + cos x
2
43. cos‘0 = % + c05220 + 005420 44. 4sin*@ =1 — 2 sin 20 + cos220
45 sinLcosL=2sint 46 cosL—sinL2=l—sint
’ 2 2 ) ( 2 2 )

Review Problems The problems below review material we covered in Section
4.6. Reviewing these problems will help you with the next section.

Evaluate without using a calculator or tables.

47. sin (Arcsin —g—) 48. cos (Arcsin %)

49. cos(Arctan 2) 50. sin(Arctan 2)

Write an equivalent expression that involves x only. (Assume x is positive.)
51. sin(Tan"'x) 52. cos(Tan"'x)

53. tan(Sin 'x) 54. tan(Cos™'x)

5.5
Additional |dentities

Identities and Formulas
Involving Inverse
Functions

There are two main parts to this section, both of which rely on the work we
have done previously with identities and formulas. In the first part of this
section, we will extend our work on identities to include problems that in-
volve inverse trigonometric functions. In the second part, we will use the
formulas we obtained for the sine and cosine of a sum or difference to write
some new formulas involving sums and products.

The solution to our first cxample combines our knowledge of inverse trig-
onometric functions with our formula for sin(A + B).

V Example 1 Evaluate sin(Arcsin 3/5 + Arctan 2) without using a cal-
culator or tables.

Solution We can simplify things somewhat if we let a = Arcsin 3/5
and 3 = Arctan 2.
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sin (Arcsin % + Arctan 2)

sin(e + 3)

sin « cos 3 + cos a sin 3

Drawing and labeling a triangle for « and another for 8 we have

3 Vs 2

a = Arcsin % B = Arctan 2

4 1
Figure 1

From the triangles in Figure 1 we have

. _3 . 2
sina = 7 sm,B——5
cosoz=i cos,B=L
5 Vs

Substituting these numbers into
sin « cos B + cos « sin
gives us,

4 2 _ 11

|
5 TS VAT 5vE A

Calculator Note To work this problem on a calculator, we would use the following

e 0.6 |sin"‘ |+| 2 ltan"‘ m ‘?l

The display would show 0.9839 to four decimal places, which is the decimal ap-
proximation of 11/5V5. It is appropriate to check your work on problems like this
by using your calculator. The concepts are best understood, however, by working
through the problems without using a calculator.

3
5
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Here is a similar example involving inverse trigonometric functions and a
double-angle identity.

V Example2 Writesin(2 Tan-'x) as an equivalent expression involving
only x. (Assume v is positive.)

Solution We begin by letting & = Tan"!x and then draw a right tri-
angle with an acute angle of 6. If we label the opposite side with x and
the adjacent side with 1, the ratio of the side opposite  to the side adja-
cent 6 is x/1 = x.

from Pythagorean E

2
theorem x"+ 1

0 =Tan 'x

1

Figure 2

From Figure 2, we have sin § = x/(Vx* + |)andcos 6 = 1/(Vx? + 1).
Therefore,
sin(2 Tan"'x) = sin 20 Substitute 6 for Tan—'x

= 2 sin @ cos 0 Double-angle identity

=2- X . l From Figure 2

Vxi+1 Vx2+1
% Multiplication
x2+ 1 A

To conclude our work with identities in this chapter, we will derive some
additional formulas that contain sums and products of sines and cosines.

Product to Sum If we add the formula for sin(A — B) to the formula for sin(A + B), we will
Formulas eventually arrive at a formula for the product sin A cos B.



sin A cos B + cos A sin B = sin(A + B)
sin AcosB — cos Asin B = sin(A — B)

2 sin A cos B

Dividing both sides of this result by 2 gives us
sin Acos B = % [sin(A + B) + sin(A — B)]
By similar methods, we can derive the formulas that follow.

cos A sin B = = [sin(A + B) — sin(A — B)]

|-

cos A cos B = = [cos(A + B) + cos(A — B)]

N | —

sin A sin B = -;— [cos(A — B) — cos(A + B)]

sin(A + B) + sin(A — B)

231

(1

(2)

(3)

4)

These four product formulas are of use in calculus. The reason they are
useful is that they indicate how we can convert a product into a sum. In
calculus, it is sometimes much easier to work with sums of trigonometric

functions than it is to work with products.

V¥V Example 3 Verify product formula (3) for A = 30° and B = 120°.

Solution Substituting A = 30° and B = 120° into
cos Acos B = % [cos(A + B) + cos(A — B)]
we have

cos 30° cos 120° = ;—[cos 150° + cos(—90°)
V3, (__ ) (_ V3, 0)

i

(ST
ST

2 2

V3
4

A true statement

o[

V Example 4 Write 10 cos 5x sin 3x as a sum or difference.

A
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Formulas
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10 cos Sx sin 3x = 10 - -;— [sin(S5x + 3x) — sin(5x — 3x)]

S(sin 8x — sin 2x) A

By some simple manipulations we can change our product formulas into
sum formulas. If we take the formula for sin A cos B and exchange sides and
then multiply through by 2 we have

sin(A + B) + sin(A — B) = 2 sin A cos B

If welet« = A + Band 8 = A — B, then we can solve for A by adding the
left sides and the right sides.

A+ B=a«
A—-B=g8
2A =a+t+f

By subtracting the expression for 3 from the expression for a, we have

ot

Writing the equation sin(A + B) + sin(A — B) = 2 sin A cos B in terms of a
and 3 gives us our first sum formula

;ﬁcosa;[g (5)

: . .
sin @ + sin B = 2 sin

Similarly, the following sum formulas can be derived from the other product
formulas

sina—sinB=ZCosa;Bsina;B (6)
cosa+cos,8=2cosa;Bcosa;’8 @)
cosoz—cos,8=—ZSinanrBsinOl;’8 (8)

v Example 5 Verify sum formula (7) for « = 30° and 8 = 90°.

Solution We substitute « = 30° and 8 = 90° into sum formula (7) and
simplify each side of the resulting equation
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30° + 90° 30° — 90°

cos 30° + cos 90° = 2 cos > cos 2
cos 30° + cos 90° = 2 cos 60° cos(—30°)
V3 1\[V3
3 T o= 2( z)(T)
Vi _ V3
= =3 A true statement A

V Example 6 Verify the identity.

cos 3x — cos x

—tan x = — -
sin 3x + sin x

Proof Applying the formulas for cos @ — cos 8 and sin @ — sin 8 to
the right side and then simplifying, will get us to —tan x.

2 cos 3x — cos x

-— n =
tan x = sin 3x + sin x
_Zsin3x+x sin 3x —x
2 2 Sum to
. 3x+x 3x —x product formulas
2 sin COS
2 2
—2 sin 2x sin x . .
2 sin 2x cos x Simplify
_ sinx Divide out
COS X common factors
—tan x = —tan x Ratio identity A

Evaluate each expression below without using a calculator or tables. (Assume any

variables represent positive numbers.)

1. sin (Arcsin % — Arctan 2) 2. cos(Arcsin % — Arctan 2)
3. cos Tan"—l- + Sin"l—) 4. sin (Tan’IL - Sin*‘L)
: 2 2 2 2
5. sin (2 Cos"—]—) 6. sin (2 Tan*‘l)
V5 4

Problem Set 5.5
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7. tan(Sin"'x) 8. tan(Cos 'x)
9. sin(2 Sin~'x) 10. sin(2 Cos='x)
11. cos(2 Cos™'x) 12. cos(2 Sin"'x)

13.  Verify product formula (4) for A = 30° and B = 120°.
14.  Verify product formula (1) for A = 120° and B = 30°.

Rewrite each expression as a sum or difference, then simplify if possible.

15. 10 sin 5x cos 3x 16. 10 sin 5x sin 3x
17. cos 8x cos 2x 18. cos 2xsin 8x
19. sin 60° cos 30° 20. cos 90° cos 180°
21. sin 4w sin 2w 22. cos3msinT

23. Verify sum formula (6) for @« = 30° and 8 = 90°.
24. Verify sum formula (8) for @« = 90° and 8 = 30°.

Rewrite each expression as a product. Simplify if possible.

25. sin 7x + sin 3x 26. cos 5x — cos 3x

27. cos 45° + cos 15° 28. sin 75° — sin 15°
. Aw . T T

29. sin - sin 12 30. cos 2 + cos B

Verify each identity.

sin 3x + sin x +
3. —cotx=—n2XTMX 32, tan x = SOS3xFcoOsx
cos 3x — cos x sin 3x — sin x
sin 4x + sin 6x cos 3x — cos Sx
33. cotx=—"---"-—- 34, —tandx = ———"T——
cos 4x — cos 6x sin 3x — sin 5x
sin Sx + sin 3x sin 3x — sin x
35. tand4x=—"ZFF—"—"-"—"— 36. cot2x = —M—
cos 3x + cos Sx CcOoS X — cos 3x

Review Problems The problems below review material we covered in Sec-

tion 4.4.
37. Graph y = 1 + sin x for x between 0 and 4.
38. Graph y = x + sin 7x for x between 0 and 8.

39. Graphy = cos x + %sin 2x for x between 0 and 4.

40. Graphy = V3 sin x + cos x, from x = 0 to x = 4.
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Chapter 5 Summary and Review Examples

BASIC IDENTITIES [5.1]

Basic identities Common equivalent forms
. | .
R S =— =
eciprocal csc @ sin 0 sin 6 csc 0
Seco:coso LIS sec ¢
cot § = @n 0 tan 6 = oL 0
Ratio tan 8 = sin 6
cos 0
cot 6 = co" g
sin 0
Pythagorean || cosf + sin‘6 = | sin‘d =1 — cos?6
sin® =*V] — cosd
cos*0 = I — sin’6
cos ® = =V1 — sin‘0
| + tan’@ = sec26
| + cot’@ = csc20

PROVING IDENTITIES [5.1] L. To prove
. L. ) . X tan X + cos x = sin x(sec x + cot .v).
An identity in trigonometry is a statement that two expressions ioly through by si X
are equal for all replacements of the variable for which each ¢ ¢@n multply through by sin xon the
. . .. . right side and then change to sines and
statement is defined. To prove a trigonometric identity, we use . cnae
trigonometric substitutions and algebraic manipulations to either

. A . Proof
I. Transform the right side into the left side, or
2. Transform the left side into the right side. tan x + cos X = sin x(sec x + cot .v)
Remember to work on each side separately. We do not want to sin x sec v + sin x col ¥
use properties from algebra that involve both sides of the iden- )  cos v
tity—like the addition property of equality. SN X s 1 M Gk
sin_x + cos v
Cos X

tan v + cos x = tan x + cos x
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2. a. Show that sin(x + ) = —sin x
Proof

sin(x + ) = sin x cos 7 + cos x sin 7T
= sin x(—1) + cos x(0)
= —sin x

b. To find the exact value for
cos 75°, we write 75° as 45° + 30° and
then apply the formula for cos(A + B).

cos 75°

= cos(45° + 30°)

cos 45° cos 30° — sin 45° sin 30°

_V2 V3 V21

T2 2 2 2

_V6e-Vv2
4

3. a. IfsinA = 3/5 with AinQIl.
then

. 3\ 7
3 = -2 = —_ — ———
oS24 = | — 25iA = | 2(5) 5
_ 1 —cos 28
b. Prove tanf = in 20
Proof
2 | —cos 26
U Uy sin 26
|
| 1=( = 2sin*6)
2 sin 6 cos 6
2 sin’@
[ 2sin6cos @
|
sin 6
cos 0

tan # = tan 6

Chapter 5 Identities and Formulas

SUM AND DIFFERENCE FORMULAS [5.2)

sin(A + B) = sin A cos B + cos A sin B
sin(A — B) = sin A cos B — cos A sin B
cos(A + B) = cos A cos B — sin A sin B
cos(A — B) = cos A cos B + sin A sin B

tan A + tan B
— tan A tan B

tan(A + B) = 0

tan A —tan B
1 + tan A tan B

tan(A — B) =

DOUBLE-ANGLE FORMULAS [5.3]

sin 2A = 2 sin Acos A

cos 2A = cos?A — sin’A First form

2 cos?A — | Second form
1 — 2sin’A Third form
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HALF-ANGLE FORMULAS |5.4]

. A _ /l—cosA
smz—: —

A _ /I+cosA
COS?—I —2

PRODUCT TO SUM FORMULAS [5.5]
sin Acos B = %[sin(A + B) + sin(A — B)]
cosAsin B = %[sin(A + B) — sin(A — B)]
cos Acos B = %{cos(A + B) + cos(A — B)]
sinA sin B = %[cos(A — B) — cos(A + B)]

SUM TO PRODUCT FORMLULAS [5.5]

. . .a+t o —
sina + sin 8 = 2 sin ﬁcos B

2 2
sina—sinB=2cosa+Bsina_B

2 2
cosaz+cosﬁ=2cosa‘;/3cosa‘;/3
cosaz—cosB=—2$ina‘;3sina;‘6

237

4. We can use a half-angle formula to
find the exact value of sin 15° by writing
15° as 30°/2.

e 30"_‘/m
smlS—sm2 =J 2
’I /2

2_
4

V2 -
2

1S

S

S

5. We can write the product
10 cos 5x sin 3x

as a difference by applying the second
product to sum formula

10 cos Sx sin 3x

10 -2|— [sin(5x + 3x) — sin(5x — 3x)]

5(sin 8x — sin 2x)

cos 3x — cos x.

5 ve —lan x = — .
6. Prove sin 3x + sin x

Proof

cos 3x — cos X

—tan x = 5 -
sin 3x + sin x

x+x . 3x—x

—2 sin ) sin 3
zsin3x+xcos3x-x
2 2

=2 sin 2x sin x
2 sin 2x cos x
sin x
cos x

—tan x = —tan x
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Chapter 5
Test

Prove each identity.

1. tan @ = sin 0 sec 0 2. SO cos 0
csc 6
3. (secx — I)(sec x + 1) = tan’x 4. sec — cos § = tan 6 sin 0
5 cost _ 1+ sin ¢
1 —sint cos t
6 1 + 1 = 2 sec’t
1 —sint 1 + sint
7. sin(6 — 90°) = —cos § 8. cos(g + 9) = —sin ¢
9. cos*A — sin*A = cos 24 10. cot A = oSN 24
1 — cos 2A
11. cotx —tan x = @s—h 12. tan X Smx
sin x cos x 2 1 + cos x

Let sin A = —3/5 with A in QIV and sin B = 12/13 with B in QII and find

13. sin(A + B) 14. cos(A — B)

15. cos 2B 16. sin 2B
A A

17. sin 5 18. cos >

Find exact values for each of the following:

19. sin 75° 20. cos 15°
T T
21. tan ) 22. cot )

Write each expression as a single trigonometric function.

23. cos 4xcos Sx — sin 4x sin Sx

24. sin 15° cos 75° + cos 15° sin 75°

25. IfsinA = —1/V5with Ain QIIL, find cos 2A and cos A/2.
26. If sec A = V10 with A in QI, find sin 2A and sin A/2.

27. Findtan A if tan B = 1/2 and tan(A + B) = 3.

28. Find cos x if cos 2x = 1/2.

Evaluate each expression below without using a calculator or tables. (Assume any
variables represent positive numbers.)
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29. cos (Arcsin % — Arctan 2) 30. sin (Arccos % + Arctan 2)
31. cos(2 Sin~'x) 32. sin(2 Cos7'x)

33. Rewrite the product sin 6.x sin 4x as a sum or difference.
34. Rewrite the sum cos 15° + cos 75° as a product and simplify.



Equations

6.1
Solving Trigonometric
Equations

To the student:

In this chapter, we will use a number of the techniques and definitions we
have covered previously to solve equations that contain trigonometric func-
tions. We begin by solving simple equations that have the form of the linear
and quadratic equations you solved in algebra but do not require the use of
any identities or trigonometric formulas. In Section 6.2, we extend our work
with equations to include equations whose solutions depend on the use of the
basic trigonometric identities ‘we covered in Section 5.1. In Section 6.3, we
also include equations that contain multiples of angles. These equations are
solved with the help of the basic trigonometric identities and the double- and
half-angle formulas we derived in Sections 5.3 and 5.4. In Section 6.4, we
end the chapter with a look at parametric equations and some additional
techniques of graphing.

To be successful in this chapter, you need a good working knowledge of
trigonometric identities and formulas presented in Chapter 5. It is also very
important that you know the exact values for trigonometric functions of 30°,
45°, and 60°.

The solution set for an equation is the set of all numbers which, when used
in place of the variable, make the equation a true statement. For example,
the solution set for the equation 4x2 — 9 = 0 is {—3/2, 3/2} since these are
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the only two numbers which, when used in place of x, turn the equation into
a true statement.

In algebra, the first kind of equations you learned to solve were linear (or
first-degree) equations in one variable. Solving these equations was accom-
plished by applying two important properties: the addition property of
equality and the multiplication property of equality. These two properties
were stated as follows:

Addition Property of Equality
For any three algebraic expressions A, B, and C

IfA=B
thenA+C =B+ C

In Words: Adding the same quantity to both sides of an equation will
not change the solution set.

Multiplication Property of Equality
For any three algebraic expressions A, B, and C with C # 0.

IfA=B
then AC = BC

In Words: Multiplying both sides of an equation by the same non-
zero quantity will not change the solution set.

Here is an example that shows how we use these two properties to solve a
linear equation in one variable.

V Example 1 Solve for x: 5x + 7=2x—5

Solution Sx+ 7 =2x—95

3x+7=-5 Add —2x to each side
3x=-12 Add —7 to each side
x=-4 Multiply each side by %

Notice in the last step we could just as easily have divided both sides by
3 instead of multiplying both sides by 1/3. Division by a number and
multiplication by its reciprocal are equivalent operations. A

The process of solving trigonometric equations is very similar to the pro-
cess of solving algebraic equations. With trigonometric equations, we look
for values of an angle that will make the equation into a true statement. We
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usually begin by solving for a specific trigonometric function of that angle
and then use the concepts we have developed earlier to find the angle. Here
are some examples that illustrate this procedure.

\ 4 Example 2 Solve for x: 2sin x — 1 = 0.

Solution We can solve for sin x using our methods from algebra. We
then use our knowledge of trigonometry to find x.

2sinx—1=0

2sinx = | -

sin x = =
2

Figure 1

From Figure 1 we can see that if we are looking for real solutions be-
tween O and 277, then x is either 77/6 or 577/6. On the other hand, if we
want degree solutions between 0° and 360°, then our solutions will be
30° and 150°. Without the aid of Figure 1, we would reason that, since
sin x = 1/2, the reference angle for x is 30°. Then, since 1/2 is a posi-
tive number and the sine function is positive in quadrants | and 11, x
must be 30° or 150°.

Solutions Between 0° and 360°

In Degrees In Radians
Sw

- - =l = c—
x = 30°0or x = 150° x=gorx 3

Since the sine function is periodic with period 27 (or 360°), adding mul-
tiples of 27 (or 360°) will give us all solutions.
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All Solutions (k is an integer)

In Degrees In Radians
x =30° + 360% x=%+2k1r
or x = 150° + 360% or x = 3% 4 2knr
6 A

Note Unless the directions state otherwise, let’s agree to solve the rest of the equa-
tions in this section for solutions between 0° and 360° (or O and 27) only. Further,
let’s agree to use decimal degrees rather than degrees and minutes when we write
our degree solutions.

\ 4 Example 3 Solve2sin8 — 3 =0, if 0° = 6 = 360°.
Solution We begin by solving for sin 6.

2sinf—3=0
2sinf =3 Add 3 to both sides

sin 6 = % Divide both sides by 2

Since sin 6 is between — 1 and 1 for all values of 6, sin 6 can never be
3/2. Therefore, there is no solution to our equation. A

V Example4 Solve3sin8 —2=7sin0 — I, if 0° < 6 < 360°.

Solution We can solve for sin 6 by collecting all the variable terms on
the left side and all the constant terms on the right side.

3sinf —2=7sinf — 1

—4sinf —2=—1 Add —7 sin 6 to each side
—4sinf =1 Add 2 to each side
sin = — % Divide each side by —4

Since we have not memorized the angle whose sine is —1/4, we must
convert —1/4 to a decimal and use Table II or a calculator to find the
reference angle.

sinf = — — = —.2500

-
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From Table II, we find that the angle whose sine is nearest to 0.2500 is
14.5°. Therefore, the reference angle is 14.5°. Since sin 6 is negative, 6
will terminate in quadrants Il or IV.

In quadrant III we have
0 = 180° + 14.5°
= 194.5°

In quadrant IV we have
6 = 360° — 14.5°
= 345.5°

Calculator Note Remember, because of the restricted values on your calcula-
tor, if you enter —0.2500 and press the sin~' key, your calculator will display
approximately —14.5°, which is incorrect. The best way to proceed is to use
your calculator to find the reference angle by entering 0.2500 and pressing the
sin ' key. Then do the rest of the calculations as we have above.

The next kind of trigonometric equation we will solve is quadratic in
form. In algebra, the two most common methods of solving quadratic equa-
tions are by factoring and by applying the quadratic formula. Here is an ex-
ample that reviews the factoring method.

v

v

Example § Solve 2x* — 9x = 5 for. x.

Solution We begin by writing the equation in standard form (O on one
side—decreasing powers of the variable on the other). We then factor
the left side and set each factor equal to O.

2x2—=9x =5
2x2—9x—-5=0
Cx+ DHx—5 =0

Standard form

Factor

2x+1 =0 or x—=5=0 Set each factor to 0
x= - é— or x=35 Solve resulting equations
The two solutions, x = —1/2 and x = 5, are the only two numbers that

A

satisfy the original equation.

Example 6 Solvc 2 cos*r — 9cos t =5, if 0= 1 = 27.

Solution This equation is the equation from Example 5 with cos 7 in
place of x. The fact that ¢ is between 0 and 277 indicates we are to write
our solutions in radians.
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2cosit=9cost =5
2cos2t—9cost—5=0 Standard form
(2Qcost+ I)cost—5)=0 Factor

2cost+1 =0 or cosr—5=0 Set each factor to 0

|
cosr= == or cost =35
The first result, cos t = —1/2, gives us t = 27/3 or t = 4m/3. The
second result, cos ¢ = 5, has no solution. For any value of ¢, cos ¢ must
be between —1 and 1. It can never be 5. A

V Example 7 Solve 2sin20 + 2sin6 — |1 = 0, if 0° < § < 360°.

Solution The equation is already in standard form. However, if we try
to factor the left side, we find it does not factor. We must use the qua-
dratic formula. The quadratic formula states that the solutions to the
equation

axt+bx+c=0

will be

—b = Vb2 — 4dac
2a

X =

In our case the coefficients a, b, and ¢ are
a=2, b=2, c¢c=-1
Using these numbers we can solve for sin 6 as follows:
-2+ V4 -—42)(- 1)
2(2)
-2 +VI2

sin 0 =
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Using the approximation V3 = 1.7321, we arrive at the following deci-
mal approximations for sin 0:

. -1+ 1.7321 . -1 -1.7321

sin@=———=—— or sinf=———=
2 2

sin 8 = 0.3661 or sinf@ = —1.3661

We will not obtain any solutions from the second expression, sin § =
—1.3661, since sin  must be between —1 and 1. For sin 6 = 0.3661.
we use Table II to find the angle whose sine is nearest to 0.3661. That
anglc is 21.5°, and it is the reference angle for 6. Since sin 8 is positive.
6 must terminate in quadrants I or 1.. Therefore,

6 =215 or 6=180°—21.5°= 158.5° A

Problem Set 6.1

Solve each equation for 6 if 0° = & = 360°. Do not use a calculator or tables.

1. 2sinf =1 2. 2cos =1
3. 2cosf—V3=0 4. 2cosf+V3=0
5 2tanf+2=0 6. V3cot§—1=0

Solve each equation for all solutions between 0 and 27 (including O and 2, if they
are solutions). Give all answers as exact values in radians. Do not use a calculator or
tables.

7. 4sinx—\/§=2sinx_ 8. V3+ 5sinx=3sinx
9, 2costr=6¢cost— VI2 10. Scost+ VI2 =cost
11. 3sinx+ 5= -2sinx 12. 3sinx+4=4

Find all solutions between 0° and 360° (including 0° and 360°, if they are solutions).
Use Table II or a calculator on the last step and write all answers to the nearest tenth
of a degree.

13. 4sin6—-3=0 14. 4sin6+3=0
15. 2cos@ —S5S=3cosf — 2 16. 4cos6—1=3cosf + 4
17. sin6 — 3 =5sin6 18. sin6—4 = -2sin6

Solve for x, if 0 = x = 27. Write your answers in exact values only.

19. (sinx— 12sinx—1)=0 20. (cosx —1)2cosx—1)=0
21. tanx(tanx— 1) =0 22. tanx(tanx+ 1)=0

23. sinx + 2sinxcos x =0 24. cosx —2sinxcosx=0
25. 2sin’x —sinx—1=0 26. 2cosx+cosx—1=0

Solve for 6, if 0° = 6 < 360°.
27. 2cosB+ V3)2cosO+ 1)=0 28. (2sinf— V3)2sind—1)=0



61 Bobving Trigomooelrl Bopasbong 247

29. V3tan6—2sinftanf =0 30. tanf — 2cosfOtanf =0
31. 2cos!@+ 11cosf= -5 32. 2sin?0 — 7sinf = -3

Use the quadratic formula to find all solutions between 0° and 360° to the nearest
tenth of a degree.

33, 2sin?@—2sin6—1=0 34. 2cos?’0+2cosf—1=0
35. cos?0t+cosf@—1=0 36. sin?0 —sinf—1=0
37. 4sin?6+1=4sin6 38. 1 —4cos & = —4cos’0

Write expressions representing all solutions to the equations you solved in the prob-
lems below.

39. Problem | 40. Problem 2
41. Problem 7 42. Problem 8
43. Problem 11 44. Problem 12
45. Problem 13 46. Problem 14

If a projectile (such as a bullet) is fired into the air with an initial velocity of v at an
angle of inclination 6, then the height 4 of the projectile at time 7 is given by

h= —162+ vtsin 6

47. Give the equation for the height, if v is 1500 feet per second and 6 is 30°.

48. Give the equation for A, if v is 600 feet per second and 6 is 45°. (Leave your
answer in exact value form.)

49. Use the equation found in Problem 47 to find the height of the object after 2
seconds.

50. Use the equation found in Problem 48 to find the height of the object after V/3
seconds.

S1. Find the angle of inclination 6 of arifle barrel, if a bullet fired at 1500 feet per
second takes 2 seconds to reach a height of 750 feet.

52. Findthe angle of inclination of a rifle, if a bullet fired at 1500 feet per second
takes 3 seconds to reach a height of 750 feet. Give your answer to the nearest
tenth of a degree.

Review Problems The problems that follow review material we covered in Sec-
tions 5.2 and 5.3. Reviewing these problems will help you with the next section.

53. Write the double-angle formula for sin 2A.
54. Write cos 2A in terms of sin A only.

55. Write cos 24 in terms of cos A only.

56. Write cos 2A in terms of sin A and cos A.
57. Expand sin(6 + 45°) and then simplify.
58. Expand sin(6 + 30°) and then simplify.




6.2
More on Trigonometric
Equations

248 Chapter 6 Equations

In this section we will use our knowledge of identities to replace some parts
of the equations we are solving with equivalent expressions that will make
the equations easier to solve. Here are some examples.

v Example 1 Solve2cosx — 1 =secux, if0 < x < 27

Solution To solve this equation as we have solved the equations in the
previous section, we must write each term using the same trigonometric
function. To do so, we can use a reciprocal identity to write sec x in
terms of cos x.

1
cos x

2cosx — 1 =

To clear the equation of fractions, we multiply both sides by cos x.
(Note that we must assume cos x # 0 in order to multiply both sides by
it. If we obtain solutions for which cos x = 0, we will have to discard
them.)

1
cos x(2cosx — 1) = * COS X
cos x

2 cos?x — cos x =1

We are left with a quadratic equation that we write in standard form and

then solve.
2cosix —cosx—1 =0 Standard form
2cosx + I)(cosx—1)=0 Factor
2cosx+1 =0 or cosx—1=0 Set each factor to 0
cos x = L or cosx =1
2
_ 2w Am _
x = 33 or x=0,27
The solutions arc 0, 27/3, 4m/3, and 2. A

V  Example 2 Solve sin 20 + V2 cos 8 = 0, 0° < 6 < 360°.

Solution In order to solve this equation, both trigonometric functions
must be functions of the same angle. As the equation stands now, one
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angle is 26, while the other is . We can write everything as a function
of 6 by using the double-angle identity sin 26 = 2 sin 6 cos 6.

sin20 + V2 cosf =0

2sin@cos 6 + V2 cos 6 =0 sin 20 = 2 sin 6 cos 6
cos 6(2 sin 6 + \6) =0 Factor out cos 6
cos =0 or 2sinf+ V2=0 Set each factor to 0
sinf = — ﬁ
2
6 =90°270° or 6 =225 3I5° '\

V Example3 Solvc cos 20 + 3sin 6§ — 2 = 0, if 0° =< @ =< 360°.

Solution We have the same problem with this equation as we did with
the equation in Example 2. We must rewrite cos 26 in terms of functions
of just 6. Recall that there are three forms of the double-angle identity
for cos 26. We choose the double-angle identity that involves sin 6 only,
since the middle term of our equation involves sin 6 and it is best to have
all terms involve the same trigonometric functions.

cos 20 + 3sinf —2 =0
1 —2sin?0 + 3sinf —2 =0 cos 260 = 1 — 2 sin20
—2sin26 + 3sinf—1=0 Simplify
2sin20 —3sinf+1=0 Multiply each side by —1
2sinf —I)sinf—1)=0 Factor
2sinf—1=0 or sinf—1=0 Set factors to 0
1
2
6 =30° 150° or 6 = 90° A

sin 0 = sin @ =1

v Example 4 Solve 4 cos’x + 4sinx —5=0,0 < x = 27.

Solution We cannot factor and solve this quadratic equation until each
term involves the same trigonometric function. If we change the cos2x
in the first term to 1 — sin2x, we will obtain an equation that involves
the sine function only.
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4cos2x +4sinx—5=0
41 —sintx) +4sinx—5=0 cos2x = 1 — sin2x
4 —4six+4sinx—5=0 Distributive property
—~4sinx+4sinx—1=0 Add 4 and -5
4simx—4sinx+1 =0 Multiply each side by —1
2sinx—12=0 Factor
2sinx—-1=0 Set factor to 0

sinx=5
m ST
6 6

V Example 5 Solvesin® — cos 6 = 1, if 0° < 0 < 360°.

x:

Solution If we separate sin 6 and cos 6 on opposite sides of the equal
sign, and then square both sides of the equation, we will be able to use
an identity to write the equation in terms of one trigonometric function
only.

sinf@ — cos 6 = 1
sinf =1+ cos 6 Add cos 0 to each side
sin2f = (1 + cos 6)? Square each side
sinZ@ =1 + 2 cos 6 + cos20 Expand (1 — cos 6)?
1 —cos?@ =1+ 2cos 0 + cos6 sin?@ = | — cos26

0 =2cos 6 + 2 cos260 Standard form
0 =2 cos 68(1 + cos 0) Factor
2cos 6 =0 or | +cosf@=0 Set factors to O
cos =0 cos 0 = —1

6 = 90°, 270° or 6 = 180°

We have three possible solutions, some of which may be extraneous
since we squared both sides of the equation in Step 2. Any time we raise
both sides of an equation to an even power, we have the possibility of
introducing extraneous solutions. We must check each possible solution
in our original equation.

Checking 0 = 90° Checking 0 = 180°
sin 90° — cos 90° = 1 sin 180° — cos 180° =1
l1-0=1 0-(=1H =1

1 =1 | =1
6 = 90° is a solution 6 = 180° is a solution
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Checking 0 = 270°
sin 270° — cos 270° = 1
-1-0=1
-1 #1

6 = 270° is not a solution

All possible solutions, except # = 270°, produce true statements when
used in place of the variable in the original equation. § = 270° is an
extraneous solution produced by squaring both sides of the equation.
Our solution set is {90°, 180°}. il

There is another method of solving the equation in Example 5 that in-
volves what we might call a mathematical trick. Instead of squaring both
sides, we rewrite the left side of our equation as a single sine function. The
procedure for doing so is shown in Example 6. What you have to understand
as you read through Example 6 is that the method of solving the equation
sin @ — cos @ = | shown there is not the kind of method you would probably
think up on your own. That is why we say it involves a mathematical trick.
It is the kind of thing you have to see someone else do first.

W Example 6 Solve sin @ — cos 6 = 1 for all solutions between 0° and
360° by first writing the left side as a single sine function.

Solution The left side has the form a sin 8 — b cos 6, where a = |
and b = 1. We first find V a* + b2, and then divide both sides by it.
(This is the trick.)

Va+b=VIz+ 12=\V2

sinf —cos 6 _ 1 Divide each side by
V2 V2 Var+br=V2

Lsint9——1—cost9:—l—
V2 V2 V2

The key to this method of solution is to notice that if we substitute cos 45°
for the first 1/V/2 and sin 45° for the second 1/\/5, we will have

cos 45° sin @ — sin 45° cos 6 =

or sin 6 cos 45° — cos 0 sin 45° =

Si= si-
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Now the left side of this equation looks like the expansion of sin(A — B)
= sin A cos B — cos A sin B, where A is 0 and B is 45°. Therefore, we
can write our equation as:

sin(@ — 45°) = 72
9 —45° =45° or 6 — 45° = 135°
9 =90° or 6 = 180° Add 45° to each side

These are the same two solutions we obtained in Example 5. This
method of solution works well on equations of the form a sin @ = b cos 0
= ¢. Onc advantage to solving these equations this way is that we do not
have to check for extraneous solutions since we never square both sides
of the equation.

Example 7 Solve sin % +cosx =0, if0 =< x < 2.

Solution We use a half-angle identity to replace sin x/2 with an ex-
pression involving only cos x.

. X
sm§+cosx:0

+ /1—_%( + cosx=0 Half-angle identity

1 — cos .
+ \/ ST X —COoS X Add —cos x to each side

2
% = c0s’x Square each side
1 — cos x = 2 cosix Multiply each side by 2
2cossx +cosx—1=0 Standard form
2cosx — I)cosx+ 1)=0 Factor
2cosx—1=0 or cosx+1=0 Set factors to 0
cosx=L cos x = —1
2
x=Z kg x=7
373
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Since we squared both sides in the process of solving the equation, we
must check all possible solutions in the original equation.

Checking
-7
173
. w3 m_
sm—2—+cos3 =0
. T T _
sm6+cos3 =0
1 1
5"'2—0
1#0

The only solution is x = .

- X=X
X=1 3
sin = + cos w=0 Sm/3 Sw
2 4 sin +cosI=0
2 3
1+ (-1=0 L Smo o sm_
sin 3 + cos 3 =0
0=0 1 1 _
7 t2=0
1#0
A

For all equations written in terms of 6, find all degree solutions from 8 = 0° to

Problem Set 6.2

6 = 360°. If the equation is written in terms of x, write your solutions in radians

using exact values for 0 = x < 2.

1. V3sech=2

3. V2cescx+5=3

S. 4sinx—2ccx=0

7. secf—-2tanh =0

9. sin20 —cos =0

11. 2cosH + 1 =sech

13. cos2x —3sinx—2=0
1S. cos @ — cos 20 = 0

17. 2cos’x +sinx—1=0
19. 4sin2x+4cosx—5=0
21. 2sinx+cotx—cscx=0
23. sinf + cos 6 =\V2

25. V3sin@ + cos 0 =\V3
27. V3sin@ — cos 6 = 1

29. sin%—cosx=0

31. Cosg—cosx=l

V2csc =2
2V3secx+7=3
4cosx —3secx=0
cscf+2cotf =0
2sinf +sin20=0

2sinf — 1 =csch
cos2x —cosx —2=0
sin @ = —cos 260

2sinkx —cosx—1=0
4cos’x —4sinx—5=0
2 cos x + tan x = sec x
sin @ — cos § = V2
sinf® — V3cos 0 = V3
sinf® — V3cos 6 =1

X
sm5+cosx=l

X
cosi—cosx=0
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Write expressions that give all solutions to the equations you solved in the problems
given below.

33. Problem 3 34. Problem 4
35. Problem 23 36. Problem 24
37. Problem 31 38. Problem 32

39. Inthe human body, the value of 8 that makes the following expression zero is
the angle at which an artery of radius » will branch off from a larger artery of
radius R in order to minimize the energy loss due to friction. Show that the
following expression is O when cos 6 = r*/R*.

r*csc20 — R*csc 6 cot 6

40. Find the value of 6 that makes the expression in Problem 39 zero, if r = 2
millimeters and R = 4 millimeters. (Give your answer to the nearest tenth of a
degree.)

Review Problems  The problems that follow review material we covered in Sec-
tion 4.1. Reviewing these problems will help you with some of the material in the
next section.

41. Find all values of 6 between 0° and 720° for which cos 6 = V3.
42. Find all values of x between 0 and 44 for which sin x = 1/\V/2.
43. Find all values of x between 0 and 47 for which tan x = 1.

44. Find all values of 0 between 0° and 720° for which sin 8 = 0.

6.3

Trigonometric
Equations Involving
Multiple Angles

In this section, we will consider equations that contain multiple angles. We
will use most of the same techniques to solve these equations that we have
used in the past. We have to be careful at the last step, however, when our
equations contain multiple angles. Here is an example.

V Example 1 Solve cos 260 = \/3/2, if 0° < 6 < 360°.

Solution The equation cannot be simplified further. Since we are
looking for 6 between 0° and 360°, we must first find all values of 26
between 0° and 720° that satisfy the equation, because

if 0° = 6 = 360°, then 2(0°) = 26 = 2(360°)
or 0° =< 20 = 720°

To find all values of 26 between 0° and 720° that satisfy our original
equation, we first find all solutions to cos 26 = V/3/2 between 0° and
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360°. Then we add 360° to each of these solutions to obtain all solutions
between 0° and 720°. That is,

If cos 20 = ?

30° + 360° 330° + 360°

2~

then 26 = 30° or 26 = 330° or 26 = 390° or 26 = 690°

Dividing both sides of each &guation by 2 gives us all  between 0° and
360° that satisfy cos 26 = V 3/2.

0=15 or =165 or 6=195 or 6=345 A

If we had originally been asked to find all solutions to the equation in
Example 1, instead of only those between 0° and 360°, our work would have
been a little less complicated. To find all solutions, we would first find all
values of 260 between 0° and 360° that satisfy the equation and then we
would add on multiples of 360°, since the period of the cosine function is
360°. After that, it is just a matter of dividing everything by 2.

If cos 20 = ﬁ
2
then 20 = 30° + 360°k or 26 = 330° + 360°% k an integer
0 =15+ 180°% or 6 = 165°+ 180°%  divide by 2

The last line gives us all values of 0 that satisfy cos 26 = V/3/2. Note that
k = 0and k = 1 will give us the four solutions between 0° and 360° that we
found in Example 1. Note also that we are including negative angles as solu-
tions since k can assume values of —1, —2, —3, and so forth.

v Example 2 Find all solutions to tan 3x = 1, if x is measured in radi-
ans with exact values.

Solution First we find all values of 3x between 0 and 7 that satisfy
tan 3x = |, and then we add on multiples of 7 because the period of the
tangent function is 7. After that, we simply divide by 3 to solve for x.

Iftan 3x = |

then 3x = % + ki

a

12

x = + lc_;r Divide by 3
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Note that k = 0, 1, and 2 will give us all values of x between 0 and 7
that satisfy tan 3x = 1.

V  Example3 Solve sin 2xcos x + cos 2xsinx = 1/V2, if 0 < x < 2.

Solution We can simplify the left side by using the formula for
sin (A + B).

sin 2.x cos x + cos 2x sin x = %2
sin(2x + x) = %2
sin 3x = —\}7
Finding all solutions looks like this
3x = % + 2k or 3x = %‘E + 2k k an integer
x=—l£2+y;—" or x=%+-‘1§?-r Divide by 3

To find only those solutions that lie between 0 and 27, we let k take on
values of O, 1, and 2. Doing so results in the following solutions:

f =X 97 llw  1i=w and 197
12> 47 127 12 127 12 A
V Example 4 Find all solutions to 2 sin230 — sin 30 — 1 = 0, if 6 is

measured in degrees.

Solution We have an equation that is quadratic in sin 30. We factor
and solve as usual.

2sin230 —sin360 —1 =0 Standard form
2sin360+ I)(sin36—1)=0 Factor
2sin360+1 =0 or sin30—-1=0 Set factors to 0

sin38=—% or sin 30 = |

10° + 360° or 36 = 330° + 360°% or 36 = 90° + 360°%
0° + 120°% or 6 = 110°+ 120°% or 6 = 30°+ 120°%k A

30 =2
0=17
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V Example 5 Find all solutions, in radians, for tan?3x = 1.

Solution Taking the square root of both sides we have

tan?3x = 1|
tan 3x = = | Square root of both sides

Since the period of the tangent function is 7, we find all solutions to
tan 3x = | and tan 3x = —1 between 0 and 7, and then we add multi-
ples of 7 to these solutions. Finally, we divide each side of the resulting
equations by 3.

_m 3m
3x—4+k1r or 4+I<71
T ka T km
x—12+3 or 4+3 A

V Example 6 Solvesin 6§ — cos § = 1 if 0° = 6 < 360°.

Solution We have solved this equation twice previously in Section
6.2. This time we will simply square both sides.

sin@ —cos § =1
(sin @ — cos 6y = 12 Square both sides
sin2@ — 2 sin 6 cos @ + cos26 = | Expand left side
—2sinfcosf+1=1 sinZf + cos’6 = |
—2sinfcos 6 =0 Add —1 to both sides
—sin260 =0 Double-angle identity
26 = 0°, 180°, 360°, 540°, 720°
0 = 0°, 90°, 180°, 270°, 360°

Since we squared both sides of the equation in Step 2, we must check all
the possible solutions to see if they satisfy the original equation. Doing
so gives us solutions x = 90° and 180°. The others are all extraneous. A

Find all solutions if 0° = 6 = 360°.

1. sin20 = V372 2. sin20=-V3n2
3. tan20 = -1 4. cot20 =1
S. cos36=-—1 6. sin36=-—1

Find all solutions if 0 = x = 2. Use exact values only.

7. sin2x= 1/\V2 8. cos2x= 1/\V2

Problem Set 6.3
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9.
11.

13.
15.

Disseiie & Brmatiosns

sec 3x = —1 10. csc3x =1

tan 2x = V3 12. tan2x = —\V3
Find all degree solutions for each of the following:

sin 26 = 1/2 14. sin26 = —V3/2

cos 30 =0 16. cos 360 = —1

sin 108 = V3/2 18. cos86 = 1/2

17.

Find all solutions if 0 = x = 27r. Use exact values only.

19.
20.
21.
22,

sin 2x cos x + cos 2xsin x = 1/2

sin 2x cos x + cos 2x sin x = —1/2
cos 2x cos x — sin 2xsin x = —V/3/2
cos 2x cos x — sin 2x sin x = 1/V2

Find all solutions in radians using exact values only.

23.
24,

25.
27.

sin 3x cos 2x + cos 3x sin 2x = |
sin 2x cos 3x + cos 2x sin 3x = — 1

sin?4x = 1 26. cosidx = 1
cosSx = —1 28. siniSx = —1

Find all degree solutions.

29.
31.
33.

2sin230 + sin30 — 1 =0 30. 2sin230 +3sin36+1=0
2cos?20 +3cos20+1=0 32. 2cos’20 —cos20—1=0
tan?30 = 3 34. cot230 =1

Find all solutions if 0° = 6 = 360°.

35.
37.

39.

40.

41.

cosf —sinf =1 36. sinf —cosf =1
sin @ + cos 0 = —1 38. cosfO —sinf=—1

The formula below gives the relationship between the number of sides, n, the
radius, r, and the length of each side, /, in a regular polygon. Find nif / = r.

o

! = 2r sin

If central angle 6 cuts off a chord of length ¢ in a circle of radius r, then the
relationship between 6, ¢, and r is given by

2r sin—g— =c

Find 6, if ¢ = V3r.

In Example 4 of Section 3.5, we found the equation that gives d in terms of ¢
in Figure 1tobe d = 10 tan 7r¢. If a person is standing against the wall, 10 feet
from point A, how long after the light is at point A will the person see the
light? (You must find t when d is 10.)
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Figure 1

42. In Problem 22 of Problem Set 3.5, you found the equation that gives d in

terms of ¢ in Figure 2 to be d = 100tan (1/2)mt. Two people are sitting on the
wall. One of them is directly opposite the lighthouse, while the other person is
100 feet further down the wall. How long after one of them sees the light does
the other one see the light? (There are two solutions depending on who sees
the light first.)

Figure 2

43. Find the smallest positive value of ¢ for which sin 27t = 1/2.
44. Find the smallest positive value of ¢ for which sin 27t = 1/V2.

Review Problems The problems that follow review material we covered in Sec-
tions 4.4 and 5.2. Reviewing these problems will help you understand the next
section.

Graph each equation between 0 and 4.
45. y = sin x + cos x 46. v = sin x — cos x
Write as a single trigonometric function.

47. sin x cos 45° + cos x sin 45°

48. sin x cos 30° + cos x sin 30°

49. Graph one complete cycle of v = sin x cos 77/4 + cos x sin 7/4 by rewriting
the right side in the form sin(A + B).

50. Graph one complete cycle of v = 2(sin x cos /3 — cos x sin 7/3) by rewrit-
ing the right side in the form 2 sin(A — B).
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Many times in mathematics a set of points (x, y) i1 the plane is described by
a pair of equations rather than one equation. For example, x = cos tand y =
sin #, where ¢ is any real number, are a pair of equations that describe a
certain curve in the xy-plane. The equations are called parametric equations
and the variable ¢ is called the parameter. The variable ¢ does not appear as
part of the graph, but rather, produces values of x and y that do appear as
ordered pairs (x, y) on the graph.

Table 1 shows the values of x and y produced by substituting convenient
values of ¢ into each equation.

Plotting each ordered pair (x, y) from the last column of Table 1 on a
coordinate system, we see that the set of points form the unit circle, starting
at (1, 0) when ¢ = 0 and ending at (1, 0) when ¢ = 2. (See Figure 1.)

y

Figure 1

We could have found this graph without going to as much work by using the
Pythagorean identity cos?t + sin?¢ = 1. Substituting x = cos ¢t and y = sin ¢
into

cos2t + sin2t = 1
we have
x2+ yr =1

which is the equation of the unit circle.
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Table 1
t X =cos f v =sint (x.¥)
0 x=cos0 = y=sin0=0 (1,0)
T e T V3 e m_ 1 V3 |
3 X =cos e =5 ¥ = sin ¢ 3 (T?)
.11 X=COS£=I— \’=Sinl=; _l_ L
4 4 V2 : 4 V2 (\/i\/i)
m | T V3 1 V3
3 X =cos 3 =5 \ sm3 > (37)
T _ T o_ .= cin L =
7 x_cosz 0 y Sln2 | @, 1)
2 | 2l | g V3 1 V3
—3— X = COS 3 = 7] Yy =sn 3 = 2 (_?'T)
37 37 1 . 1 1 1
4 4 vz | T T T, ( \/5\/5)
ST | e V3| ST L 31
T X COSs 6 2 y sin 6 —2 (_T'-Z-)
T xX=cosmw= — y=sinm =0 (-1, 0)
r. 00 U, SO/ T N, S | <
—6- X COs 6 2 ) sin 6 5 (—T —7)
S St | . S 1 | |
—_ | XTCs—F—=—-"—"F= | Vv=ESmh— = = —=| |- —=, - —
4 4 V2 4 \/5( V2'© \/E)
4w | Am L cgdm o V3|1 V3
T X = COS 3 = 5 \) sin B 2 (—5.—7)
3 = coc 3T _ =g 3T _ _ _
> x = cos = 0 v = sin > | O, -1
ST | e ST L _w ST _ V31 V3
T X = COs 3 —2 \) sin B = D) (E'——Z—)
7_‘”_ \'=COS7_1T=; ‘-=Sin7—ﬂ=—L I_ _L
2 | 4 V2 : 4 V2 (\/i \/5)
N N llw _ V3 I T S | 3 |
T X = COs 6 C 2 \ bln—6 . 2 (T —7)
2 x =cos 27 = 1 v=sin2w7 =0 1.0)
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The process of going directly to an equation that contains x and y but not ¢
is called eliminating the parameter.

V  Example 1 Eliminate the parameter ¢ from the parametric equations

x =3cost y=2sint

Solution  Again, we will use the identity cos’s + sin’t = |. Before we
do so, however, we must solve the first equation for cos ¢ and the second
equation for sin ¢.

x = 3cost:>cost=%

A oy
y=2sint=>sint = 3
Substituting x/3 and y/2 for cos ¢ and sin ¢ into the Pythagorean identity
gives us

which is the equation of an ellipse. The center is at the origin, the x-
intercepts are 3 and —3, and the y-intercepts are 2 and —2. Figure 2
shows the graph.

\

Figure 2 A
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v Example 2 Eliminate the parameter ¢ from the equations
x=3+sint y=cost—?2
Solution Solving the first equation for sin ¢ and the second equation
for cos t, we have
sint=x—3 and cost=y+2

Substituting these expressions into the Pythagorean identity for sin ¢ and
Ccos ¢ gives us

(x =32+ (y+22=1

which is the equation of a circle with a radius of 1 and center at (3, —2).

.‘.

4

<

i
Figure 3
V Example 3 Eliminate the parameter 1.

x =3+ 2sect y=2+4tant

Solution In this case, we solve for sec ¢ and tan r and then use the
identity 1 + tan’t = sec’t.

x=3+25ect$sect=x—;—3

y=2+4tant:>tant=y—_2

SO
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or

(x—32 (y—-2) —
4 16

This is the equation of a hyperbola.

A\ /

\

=-3°_ p-2?_, \ /

# \

Y

Figure 4 A

We will end this chapter by looking at one more type of graphing. Recall
that in Chapter 4 we graphed the equation y = sin x + cos x by graphing
y = sin x and y = cos x separately and then adding y-coordinates. There is
another method of graphing equations of the form y = a sin x + b cos x that
does not require two separate graphs. Instead, we rewrite the equation so it
has the form y = A sin(Bx + C) so that we can identify the amplitude, pe-
riod, and phase shift and sketch the graph from them. The key to this new
method is multiplying and dividing the right side of y = a sin x + b cos x by
Va* + b? (we did something similar to this in Example 6 of Section 6.2).
That is, we write

y = asin x + b cos x
as

y = \/W(—a sin x + S — cos x)
Doing so does not change the equation, because we have simply multiplied
by

which is 1.
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V Example 4 Graph one complete cycle of vy = sin x + cos x.

Solution y = sin x + cos x has the form y = a sin x + b cos x, where
a and b are both 1.

Va+b=V0ii+1:=V2

Multiplying and dividing the right side of our original equation by V2,
gives us

V2 TN

Next we substitute cos 77/4 for the first 1/\V/2 and sin 7/4 for the second
1/V2.

y=\/§(Lsinx+—lcosx)

y = \/i(cos % sin x + sin% cos x)

Exchanging the order of the products in each term gives us an expres-
sion on the right side that we recognize as an expanded form of the sum
formula for sin(A + B)

y = \/i(sinxcos%-kcosxsin—g)

Writing the right side in the form sin(A + B) we have
y = V2 sin (x + 14T )

the graph of which is a sine curve with amplitude V2, period 27, and
phase shift —m/4.

y y=\/§sin(x+14')

amplitude =4/2
period=2 7
phase shift = %’

)
4‘—:0_4
>?|>

£ ] -
o
=]
wn
E ]
E ]

Figure § A
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Eliminate the parameter ¢ from each of the following and then sketch the graph of
each:

1. x=sint y=cost 2. x= —sint y=cost
3. x=3cost y=3sint 4., x=2cost y=2sint
5. x=2sint y=4cost 6. x=3sint y=4cost
7. x=2+sint y=3+cost 8. x=3+sint y=2+cost
9. x=sint—2 y=cost—3 10. x=cost—3 y=sint+2

11. x=3+2sint y=1+2cost
12, x=2+3sint y=1+3cost
13. x=3cost—3 y=3sint+1

4. x=4sint—5 y=4cost—3
Eliminate the parameter 7 in each of the following:

15. x=sect y=tant 16. x=tant y=sect
17. x=3sect y=3tant 18. x=3cott y=3csct

19. x=2+3tant y=4+ 3sect

20, x=3+S5tantr y=2+ Ssect

21. x=cos2t y=sint 22. x=cos2t y=cost
23. x=sint y=sint 24. x=cost y=cost

25. x=3sint y=2sint 26. x=2sint y=3sint

Graph one complete cycle of each of the following by first changing to a single sine
function and then using amplitude, period, and phase shift. (See Example 4.)

27. y =sinx — coOs X 28. y=\/§sinx+\/§cosx
29. y=sinx+ V3 cos x 30. y= sin x — V3 cos x
3. y=V3sinx+cosx 32. y=V3sinx— cosx

Review Problems The problems that follow review material we covered in Sec-
tions 5.1 and 5.4.

Prove each identity.

. _ - N
33. sin x__ _ 1 .cosx 34, sin-x - 1 + cos x
I + cos x sin x (1 — cos x)* 1 — cos x
35 ! + 1 = 2 ¢sc’t
* 1+ cost 1 — cost
36 l + ! = 2 sec’t
1l —sint | + sin ¢

A _  sinA A_1—cosA
37. an S = T cos A 38. fan 5 = i A
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Chapter 6 Summary and Review
SOLVING SIMPLE TRIGONOMETRIC EQUATIONS [6.1]

We solve linear equations in trigonometry by applying the prop-
erties of equality developed in algebra. The two most important
properties from algebra are stated as follows:

Addition Property of Equality
For any three algebraic expressions A, B, and C

IfA =B
thenA+C =B+ C

In Words: Adding the same quantity to both sides of an
equation will not change the solution set.

Multiplication Property of Equality
For any three algebraic expressions A, B, and C with C # 0.

IfA=B
then AC = BC

In Words: Multiplying both sides of an equation by the
same nonzero quantity will not change the solution set.

To solve atrigonometric equation that is quadratic in sin x or cos x,
we write it in standard form and then factor it or use the quadratic

formula.

267

Examples

1. a. Solvefor.x:2cosy— V3=0.

2cosx— V3=0

2cos x = V3
V3
cos X =

2

Solutions between 0° and 360°

In Degrees In Radians
x=30%0rx = 330° = % orx = “Tﬂ

All Solutions (4 is an integer)

In Degrees In Radians
" g
x = 30° + 360% .\'=?+2k1r
or ot
7

x = 330° + 360°% .t=T+ 2k

b. Solve2 cos’t — 9cosr=35.if
O=sr=27w

2cos't—9cos =35

2co8r ~9cost—5=0

(2cos 1+ I)cos1—5)=0
2cost+ 1t =0 or cost—5=0

1
2

Il
n

cos 1 = — cos 1
The first result, cos 1 = —1/2, gives us

t = 2m/3 ort = 47/3. The second result,
cos ¢t = 5, has no solution. For any value
of 7, cos t must always be between — |
and 1. It will never be 5.
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2. Solvecos26 + 3sinf —2 =0, if
0° < 6 = 360°.

cos20+3sinf—2=0

1 —2sin?0 + 3sin6—2=0
—2sin*0+3sinf—1=0
2sin?0—3sinf+1=0
(2sinf— 1)sinf —1)=0

2sinf—1=0 or sinf—1=0
sin0=—1- sin @ =1
2

6 = 30°, 150°, 90°

3. Find all radian solutions for
sin 2x cos x + cos 2x sin x = 1/V/2.

Solution

. . 1
sin 2x cos x + cos 2x sin x = 7

2
sm3x=—1—
V2
-7 _ 37
3x—4+2k77 or 3x—4+2k1r
= Zkm = Ty 2w
x—12+ 3 or x = 2 + 3

where £ is an integer.

4. Eliminate the parameter ¢ from the
equations

x=3+sint y=cost—2
Solving sin ¢ and cos ¢ we have

sint=x—3 and cost=y+ 2

USING IDENTITIES IN TRIGONOMETRIC EQUATIONS (6.2)

Sometimes it is necessary to use identities to make trigonometric
substitutions when solving equations. Identities are usually re-
quired if the equation contains more than one trigonometric func-
tion or if there is more than one angle named in the equation.
In the example to the left, we begin by replacing cos 26 with
1 — 2 sin%6. Doing so gives us a quadratic equation in sin 6,
which we put in standard form and solve by factoring.

EQUATIONS INVOLVING MULTIPLE ANGLES ([6.3]

Sometimes the equations we solve in trigonometry reduce to
single equations that contain multiple angles. When this occurs,
we have to be careful in the last step that we do not leave out any
solutions. For instance, if we are asked to all solutions between
x = 0 and x = 27, and our final equation contains 2x, we must
find all values of 2.x between 0 and 47 in order that x remain be-

tween 0 and 2.

PARAMETRIC FQUATIONS (6.4]

When the coordinates of point (x, y) are described separately by
two equations of the form x = f(¢) and y = g(r), then the two
equations are called parametric equations and ¢ is called the pa-



rameter. One way to graph a set of points (x, y) that are given in
terms of the parameter ¢ is to eliminate the parameter and obtain
an equation in just x and y that gives the same set of points (x, y).

GRAPHING FQUATIONS OF THE FORM ¥ = ASIN X + BCOS X
(6.4]

We graph equations of the form y = a sin x + b cos x by multi-
plying and dividing the right side by V. a> + b2. Two substitu-
tions are made for a/V a? + b? and b/Va? + b? and the equa-
tion that results is then written in the form y = A sin(Bx + C)
using a sum formula.
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Substituting these expressions into the
Pythagorean identity, we have
(x=3P+(y+22=1
which is the equation of a circle with a
radius of 1 and center at (3, —2).

S. Graph one complete cycle of
y = sin x + cos x.

Multiplying and dividing the right side of
our original equation by V2, gives us
= \/5('— sin x + —l—cos x)
Y V2 V2
Next we substitute cos /4 for the first
1/V/2 and sin /4 for the second 1/V/2.

4 4

Writing the right side in the form
sin(A + B) we have

y= V2 sin(x + %)
the graph of which is a sine curve with
amplitude V2, period 27, and phase shift
—mw/4.

. ™ .
y = \/E(sm X COS —- + cos x sin —)

y
\/‘5 amplitude =4/ 2
oha 1if .
- l | o
- 1 T 1 = X
jd 3 5= "
4 4 4 4

T
w
4
V2
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Chapter 6
Test

Find all solutions between 0° and 360°, including 0° and 360° if they are solutions.

1. 2sin6—-1=0 2. V3tan6+1=0
3. cosf—2sinfcosf=0 4. tanf —2cosftanf =0
5. 4cos@—2sec=0 6. 2sin@ —csch=1
7. sing+coso=0 8. cosg—cosﬂ=0
9. 2co0s?20 —3cos 20 = ~1| 10. 4sin20 —1=0
11. sin@ +cos @ =1 12. sinf —cosf =1

Find all solutions for the following equations. Write your answers in radians using
exact values.

13. cos2x — 3cosx = -2

14. V3sinx—cosx=0

15. sin2xcos x + cos 2xsin x = —1
16.. sin‘dx = |

Find all solutions between 0° and 360° to the nearest tenth of a degree, including 0°
and 360° if they are solutions.

17. 5sin*0 — 3sin 6 =2 18. 4cos’ —4cos0=2
Eliminate the parameter ¢ from each of the following and then sketch the graph:
19. x=3cost y=3sint 20. x=sect, y=tan/

2. x=3+2sint y=1+2cos7
22, x=3cost—3 y=3sint+1

Write each equation in terms of a single trigonometric function and then graph using
amplitude, period, and phase shift.

23. y=sinx —cos x 24. _v=sinx+\/§cosx




Triangles

To the student:

In Chapter 2 we gave a definition of the six trigonometric functions of an
acute angle in a right triangle. Since then, we have used this definition in a
number of situations to solve for the different parts of right triangles. In this
chapter, we are going to extend our work with triangles to include those that
are not necessarily right triangles. We begin in Section 7.1 by deriving a
formula called the law of sines that gives the relationship between the sides
and angles in any triangle. We then use it to solve triangles in which we are
given two angles and one side. In Section 7.2, we solve triangles in which
we are given two sides and one angle that is not included between the two
sides. In some cases, we will find that these triangles can be written in more
than one way, and other times we will find that no triangle exists that fits the
given information. In Section 7.3, we derive a second formula that relates
the sides and angles of any triangle. This formula is called the law of cosines
and is used to solve for the missing parts of triangles in which we are given
two sides and the angle included between them or all three sides. We will
end this chapter in Section 7.4 with a number of formulas for finding the
area of a triangle.

To be successful in this chapter, you should have a good working knowl-
edge of the material we covered in Chapters 2 and 3 and of the Pythagorean
identity we derived in Chapter 5. You also need to be proficient at using a
calculator or the tables in the back of the book to find the value of a trig-
onometric function or to find an angle when given one of its trigonometric
functions.
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7.1 There are many relationships that exist between the sides and angles in a

The Law of Sines triangle. One such relationship is called the law of sines and it states that the
ratio of the sine of an angle to the length of the side opposite that angle is
constant in any triangle. Here it is stated in symbols:

¢ Law of Sines
sinA _ sinB _ sinC
b 9 a b ¢

or, equivalently,

A c B a _ b C

sin A sin B - sin C

Figure 1

Proof The altitude & of the triangle in Figure 2 can be written in terms of
sin A or sin B depending on which of the two right triangles we are referring

to:
C
moazh np =t o/ N\
sin =% sin =3 :h
h=b>bsin A h =asinB [_L
A c B
Figure 2

since h is equal to itself, we have
h=h
bsin A= asin B

oSNA _, gsiB . ide both sides by ab
ab ab

sin A sin B ..
p = b Divide out common factors

If we do the same kind of thing with the altitude that extends from A, we
will have the third ratio in the law of sines, (sin C)/c¢ , equal to the two ratios
above.

Note that the derivation of the law of sines will proceed in the same man-
ner if triangle ABC contains an obtuse angle, as in Figure 3.
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Figure 3
In triangle BDC we have
sin(180° — B ) = L
a

but, sin(180° — B) = sin 180°cos B — cos 180°sin B

(O)cos B — (—1)sin B

= sin B

So, sin B = h/a, which is the result we obtained previously. Using tri-
angle ADC we have sin A = h/b. As you can see, these are the same two
expressions we began with when deriving the law of sines for acute triangle
in Figure 2. From this point on, the derivation would match our previous
derivation.

We can use the law of sines to find missing parts of triangles in which we
are given two angles and a side.

In our first example, we are given two angles and the side opposite one of
them. (You may recall that in geometry these were the parts we needed
equal in two triangles in order to prove them congruent using the AAS
theorem.)

V Example1 Intriangle ABC, A = 30°, B = 70°, and a = 8 centime-
ters. Find the length of side c.

Solution We begin by drawing a picture of triangle ABC (it does not
have to be accurate) and labeling it so that the information we have been
given is showing.

Two Angles and
One Side
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Figure 4

When we use the law of sines, we must have one of the ratios given to
us. In this case, since we are given a and A, we have the ratio a/(sin A).
To solve for ¢, we need to first find angle C. Since the sum of the angles
in any triangle is 180°, we have

C=180°-(A+B)
180° — (30° + 70°)
= 80°

To find side ¢, we use the following two ratios given in the law of sines.

c _ -a
sin C sin A

To solve for ¢, we multiply both sides by sin C and then substitute.

asin C

C= ShA Multiply both sides by sin C
_ 85sin 80° AU
= Sin30° Substitute in given values
_ 8(0.9848)
= ~0.5000 Table or calculator
= 16 centimeters Rounded to the nearest integer dh

Note The equal sign in the third line above should actually be replaced by the ap-
proximately equal to symbol, =, since the decimal 0.9848 is an approximation to
sin 80°. (Remember, most of the trigonometric functions we look up in our tables
are irrational numbers.) In this chapter, we will use an equal sign in the solutions to
the majority of our examples, even when the = symbol would be more appropriate,
in order to make the examples a little easier to follow.

In our next example, we are given two angles and the side included be-
tween them (ASA) and are asked to find all the missing parts.
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7.1 The Law of Sines

V¥V Example 2 sojve triangle ABC if B = 34°, C = 82°, and a = 5.6

centimeters.
Solution We beginby finding angle A so that we have one of the ratios

in the law of sines completed.

C
Angle A
A= 180° — (B + C) AN
= 180° — (34° + 82°)
= 64°
Side b 4 34 N\ 5
b (&
__a .
i sin B sin A ShELEE
_asinB . . .
then b= Sin A Multiply both sides by sin B
_ 5.65sin 34° . .
Toin 64° Substitute in given values
_ 5.6(0.5592)
= 70,8088 Tables or calculators

= 3.5 centimeters To the nearest tenth

Side ¢
a
it sin C  sinA

asin C Multiply both sides by sin C

then c= sin A
_ 5.6sin82°

sin 64°
_ 35.6(0.9903) Tables or calculators

0.8988
To the nearest tenth A

Substitute in given values

6.2 centimeters

The law of sines, along with some fancy electronic equipment, was used
to obtain the results of some of the field events in one of the recent Olympic

Games.
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/

observation booth
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~ -~
=0 N
shot put ring

Figure 6

Figure 6 is a diagram of a shot put ring. The shot is tossed (put) from the
left and lands at A. A small electronic device is then placed at A (there is
usually a dent in the ground where the shot lands, so it is easy to find where
to place the device). The device at A sends a signal to a booth in the stands
that gives the measures of angles A and B. The distance a is found ahead of

time. To find the distance x, the law of sines is used.

X _  a

sin B sin A
asin B

or = —F

sin A
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V Example 3 Find x in Figure 6 if a = 562 feet, B = 5.7°, and A =
85.3°.
Solution
_a sin B
sin A
_ 562 sin 5.7°
sin 85.3°
_ 562(0.0993)
0.9966
= 56.0 feet A

Each problem that follows refers to triangle ABC. Round your answers to the
nearest whole number.

10.

PERA M B LS -

If A = 40° B = 60° and a = 12 centimeters, find b.
If A = 80° B = 30° and b = 14 centimeters, find a.
If B =120° C = 20° and ¢ = 28 inches, find b.
If B=110° C = 40° and b = 18 inches, find c.
If A =10° C = 100° and a = 24 yards, find c.

If A =5° C = 125° and ¢ = 510 yards, find a.

If A =50° B = 60° and a = 36 kilometers, find C and then find c.
If B =40° C = 70° and ¢ = 42 kilometers, find A and then find a.
If A =52°, B =48° and ¢ = 14 centimeters, find C and then find a.
If A = 33°, C = 82° and b = 18 centimeters, find B and then find c.

The information below refers to triangle ABC. In each case find all the missing parts.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

22.

A =42.5°, B = 71.4°, a = 210 inches

= 110.4°, C = 21.8° ¢ = 240 inches

46°, B = 95°, ¢ = 6.8 meters

= 57°, C = 31°, a = 7.3 meters

= 43°30’', C = 120°30’, a = 3.48 feet

14°20°, C = 75°40', b = 2.72 feet

13.4°, C = 24.8°, a = 315 centimeters

105°, B = 45° ¢ = 630 centimeters

= 27°40’, C = 31°20’, b = 0.822 kilometers

= 124°30', C = 16°30', a = 0.308 kilometers

In triangle ABC, A = 30°, b = 20 feet, and a = 2 feet. Show that it is impos-
sible to solve this triangle by using the law of sines to find sin B.

In triangle ABC, A = 40°, b = 20 feet, and a = 18 feet. Use the law of sines
to find sin B and then give two possible values for B.

o> > >
I

Problem Set 7.1
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23.

24,

25.

26.

A man standing near a radio station antenna observes that the angle of inclina-
tion to the top of the antenna is 64°. He then walks 100 feet further away and
observes the angle of inclination to the top of the antenna to be 46°. Find the
height of the antenna to the nearest foot. (Hint: Find x first.)

N
74
K & ¥ h
/ /
7 5
¥ /
/ 4
A 46 A 64
W‘_/

100 ft

A person standing on the street looks up to the top of a building and finds the
angle of inclination is 38°. She then walks one block further away (440 feet)
and finds the angle of inclination to the top of the building is now 28°. How far
away from the building is she when she makes her second observation?

o7
e
o
P
e
Pl
A '»/‘\‘,3
s “‘\/ﬁ uh

i

440 ft

A man is flying in a hot-air balloon in a straight line at a constant rate of 5 feet
per second, while keeping it at a constant altitude. As he approaches the park-
ing lot of a market, he notices the angle of depression from his balloon to a
friend’s car in the parking lot is 35°. A minute and a half later, after flying
directly over his friends car, he looks back to see his friend getting into the car
and observes the angle of depression to be 36°. At that time, what is the dis-
tance between him and his friend? (Give your answer to the nearest foot.)

A woman entering an outside glass elevator on the ground floor of a hotel
building glances up to the top of the building across the street and notices the
angle of elevation to be 48°. She rides the elevator up three floors (60 feet) and
finds the angle of elevation to the top of the building across the street is 32°.
How tall is the building across the street? (Give your answer to the near-
est foot.)

Review Problems  The problems below review material we coveredin Section 3.1.

Find all values of 6 between 0° and 360° for which each of the following is true.
Write your answer to the nearest tenth of a degree.
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27. sin @ = 0.7380 28. sin 6 = 0.7965
29. cos 6 =0.7380 30. cos 6 = 0.7965
31. sin 6@ = 0.9668 32. sin@ =0.2351

In this section, we will extend the law of sines to solve triangles in which we 7.2
are given two sides and the angle opposite one of the given sides. The Ambiguous Case

\ 4 Example 1 Find angle Bin triangle ABCifa=2,b=6,and A = 30°.

Solution Applying the law of sines we have

bsin A
a

_6 sin 30°
2

6(0.5000)
2

=1.5

sin B =

Since sin B can never be larger than 1, no triangle exists for whicha = 2,
b =6, and A = 30°. (You may recall from geometry that there was no
congruence theorem SSA.) Figure | illustrates what went wrong here.

Figure 1 A

When we are given two sides and an angle opposite one of them (SSA),
we have several possibilities for the triangle or triangles that result. As was
the case in Example 1, one of the possibilities is that no triangle will fit the
given information. If side a in Example 1 had been longer than the altitude
drawn from vertex C but shorter than side b, we would have had two tri-
angles that fit the given information, as shown in Figure 2. On the other
hand, if side a in triangle ABC of Example | had been longer than side b,
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we would have had only one triangle that fit the given information, as illus-
trated in Figure 3.

C

h<a<é6
Figure 2
C
a>6
6 a
30°
A B
Figure 3

Because of the different possibilities that arise in solving a triangle in which
we are given two sides and an angle opposite one of the given sides, we call
this situation the ambiguous case.

¥ Example2 ging the missing parts in triangle ABC if a = 54 centime-
ters, b = 62 centimeters, and A = 40°.
Solution First we solve for sin B with the law of sines.

Angle B

_ bsin A
a

62 sin 40°
54

0.7380

sin B
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Now, since sin B is positive for any angle in quadrants I or II, we have
two possibilities. We will call one of them B and the other B'.

B =48° or B’ = 180° — 48° = 132°

We have two different triangles that can be found with a = 54 centi-
meters, b = 62 centimeters, and A = 40°. Figure 4 shows both of them.
One is labeled ABC, while the other is labeled AB'C.

C

A \B B
132°
Figure 4

Angles C and C’
Since there are two values for B, we have two values for C.

C=180-(A+B8B) and C' =180 - (A + B’)
180 — (40° + 48°) = 180 — (40° + 132°)
= 920 — 80

Sides ¢ and ¢’

o= asinC and ¢ = asinC’
sin A sin A

_54 sin 92° _ 54 sin §°
sin 40° sin 40°

12 centimeters

= 84 centimeters

Figure 5 shows both triangles.

C

84 cm

Figure 5
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V  Example 3 Find the missing parts of triangle ABC if C = 35.4°,
a = 205 feet, and ¢ = 314 feet.

Solution Applying the law of sines, we find sin A.
Angle A

asin C
c

_ 205 sin 35.4°
314

= 0.3782

sin A =

Since sin A is positive in quadrants I and II, we have two possible values
for A.

A=222° and A' = 180° —22.2°

= 157.8°

The second possibility, A’ = 157.8°, will not work however, since C is
already 35.4° and therefore

C+A

35.4° + 157.8°
= 193.2°

which is larger than 180°. This result indicates that there is exactly one
triangle that fits the description given in Example 3. In that triangle

A=12272°
Angle B

oo
|

= 180° — (35.4° + 22.2°)
= 122.4°

Side b

_ csinB
4 sin C

_ 3145in 122 4°
sin 35.4°

458 feet

Figure 6 is a diagram of this triangle.
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122.4°
314 ft B
Figure 6 A

The different cases that can occur when we solve the kinds of triangles we
have been given in Examples 1, 2, and 3 become apparent in the process of
solving for the missing parts. Nevertheless, we can make a table that shows
the set of conditions under which we will have 1, 2, or no triangles in the
ambiguous case.

In Table 1, we are assuming that we are given angle A and sides a and b
in triangle ABC, and that h is the altitude from vertex C.

222°

Table 1
Number of
Conditions Triangles Diagram
C
a
A<9°and a < h 0 b \l s
A>90°and a < b 0 &
b
~ -
A
C
b
A<9°anda=h 1 a
A
c
b a
A<9%°anda=bh 1
A
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Table 1 (continued )

Number of
Conditions Triangles Diagram
C
A>90°and « > b 1 a
b
A
C
b a
A<90°and h<ua<b 2 a |h
A

Problem Set 7.2

For each triangle below, solve for B and use the results to explain why the triangle
has the given number of solutions.

DR =

A = 30° b = 40 feet, a = 10 feet; no solution

150°, b = 30 feet, a = 10 feet; no solution

120°, b = 20 centimeters, a = 30 centimeters; one solution
= 30° b = 12 centimeters, a = 6 centimeters; one solution
A = 60° b = 18 meters, a = 16 meters; two solutions

A = 20° b = 40 meters, a = 30 meters; two solutions

A
A
A

Find all solutions to each of the following triangles:

7.

8.

9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

A = 38° a = 41 feet, b = 54 feet

A =43° a = 31 feet, b = 37 feet

A = 112.2°, a = 43.8 centimeters, b = 22.3 centimeters

A = 124.3°, a = 27.3 centimeters, b = 50.2 centimeters

C = 27°50', ¢ = 347 meters, b = 425 meters

C =51°30', ¢ = 707 meters, b = 821 meters

B = 45°10", b = 1.79 inches, ¢ = 1.12 inches

B = 62°40", b = 6.78 inches, ¢ = 3.48 inches

B = 118° b = 0.68 centimeters, a = 0.92 centimeters

B = 30° b = 4.2 centimeters, a = 8.4 centimeters

A = 142°, b = 2.9 yards, a = 1.4 yards

A =65° b= 1706 yards, a = 7.1 yards

C = 26.8°, ¢ = 36.8 kilometers, b = 36.8 kilometers

C = 173.4°, ¢ = 51.1 kilometers, b = 92.4 kilometers

A 50 foot wire running from the top of a tent pole to the ground makes an
angle of 58° with the ground. If the length of the tent pole is 44 feet, how far is
it from the bottom of the tent pole to the point where the wire is fastened to the
ground?
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22. A hot-air balloon is held at a constant altitude by two ropes that are anchored
to the ground. One rope is 120 feet long and makes an angle of 65° with the
ground. The other rope is 115 feet long. What is the distance between the
points on the ground at which the two ropes are anchored?

Review Problems
tions 5.3 and 5.4.

Let A terminate in quadrant I with sin A = 4/5 and find

The problems that follow review material we covered in Sec-

23. sin 24 24. cos 2A
. A A
25. sin > 26. cos e
A
27. tan2A 28. tan —

2

29. Use a half-angle formula to find the exact value of sin 15°.
30. Use a half-angle formula to find the exact value of cos 15°.

In this section, we will derive another relationship that exists between the
sides and angles in any triangle. It is called the law of cosines and is stated

like this c
Law of Cosines

b a
@ =b*+ ¢c*— 2bc cos A
b =a? + ¢ — 2ac cos B
c2=qa?+ b® — 2ab cos C

A c B
Figure 1

To derive the formulas stated in the law of cosines, we apply the Pythag-
orean theorem and some of our basic trigonometric identities. Applying the
Pythagorean theorem to right triangle BCD in Figure 2, we have

a’=(c —xP+ h
=c?—-2cx+ X2+ R

I
|
L

|
x 1 c¢-x
D "B

Vv
c

Figure 2

7.3
The Law of Cosines

Derivation
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But, from right triangle ACD, we have x* + h? = b2 so

a =c*—2cx +b?
=b>+ c*— 2cx

Now, since cos A = x/b we have x = b cos A, or
a = b2+ c2—2bccos A

Applying the same sequence of substitutions and reasoning to the right tri-
angles formed by the altitudes from vertices A and B will give us the other
two formulas listed in the law of cosines.

We can use the law of cosines to solve triangles in which we are given
two side . and the angle included between them (SAS) or to solve triangles in
which we are given all three sides (SSS).

Two Sides and the V Example 1 Find the missing parts of triangle ABC if A = 60°, b =
Included Angle 20 inches, and ¢ = 30 inches.

Solution The solution process will include the use of both the law of
cosines and the law of sines. We begin by using the law of cosines to

find a.
Side a
C
az= b2+ ¢ — 2 bccos A Law of cosines
= 202 + 302 — 2(20)(30)cos 60° Substitute in
20 in a given values
= 400 + 900 — 1200(0.5000) Table or
. calculator
60 a2 = 700
A 30 in B a = 26 inches To the nearest
int
Figure 3 integer

Now that we have a, we can use the law of sines to solve for either B or
C. When we have a choice of angles to solve for, and we are using the
law of sines to do so, it is usually best to solve for the smaller angle.
Since side b is smaller than side ¢, angle B will be smaller than angle C.

Angle B

bsin A
a

sin B =
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_ 205in 60°
26
sin B = 0.6662
so B =42° To the nearest degree

Note that we don’t have to check B = 180° — 42° = 138° because we
know B is an acute angle since it is smaller than angles A and C.

Angle C

C=180°— (A +B)
= 180° — (60° + 42°)
= 78° A

V Example 2 The diagonals of a parallelogram are 24.2 centimeters
and 35.4 centimeters and intersect at an angle of 65.5°. Find the length of
the shorter side of the parallelogram.

Solution A diagram of the parallelogram is shown in Figure 4. The
variable x represents the length of the shorter side. Note also that, since
the diagonals bisect each other, we labeled the length of half of each.

17.7 cm
X
12.1 cm
Figure 4
x2=(12.)2+ (17.7)2 — 2(12.1)(17.7)cos 65.5°
x2 = 282.07
x = 16.8 centimeters To the nearest tenth A

Next we will see how the law of cosines can be used to find the missing
parts of a triangle in which all three sides are given.

To use the law of cosines to solve a triangle in which we are given all three
sides, it is convenient to rewrite the equations with the cosines isolated on
one side. Here is an equivalent form of the law of cosines.

Three Sides
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b+ - a
COSA=——F—"—"—

2bc
2 2 — 2
COSB:—a—u
2ac
24 ph2— 2
cos C =B tb-c

2ab
Here is how we arrived at the first of these formulas.

a* = b2+ ¢ — 2bc cos A

b2+ ¢ —2bccos A = a? Exchange sides
—2bccos A = —b2— c?+ a* Add —b? and —c?to both
sides
2 2 — g2
cos A = Q_Jr_z%c_a_ Divide both sides by —2bc

W Example 3 Solve triangle ABC if a = 34 kilometers, b = 20 kilome-
ters, and ¢ = 18 kilometers.

Solution We will use the law of cosines to solve for one of the angles
and then use the law of sines to find one of the remaining angles. Since
there is never any confusion as to whether an angle is acute or obtuse if
we have its cosine (the cosine of an obtuse angle is negative) it is best to
solve for the largest angle first. Since the longest side is a, we solve for
A first.

Angle A

b*+ 2 — a?
2bc

_ 202+ 182 — 342
(2)(20)(18)

cos A = —0.6000

COs A =

so A =127° To the nearest degree
Now we use the law of sines to find angle C.

Angle C

csin A
a

sin C =
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_ 18 sin 127°

34
sin C = 0.4234
so C =25°
Angle B
B =180°- (A + O)
= 180° — (127° + 25°)
= 28° A

V Example 4 A plane is flying with an air speed of 185 miles per hour
with bearing 120°. The wind currents are running at a constant 28 miles per
hour with a bearing of 165°. Find the true direction and speed of the plane

with respect to the ground.

Solution Figure 5 is a diagram of the situation with the vector V rep-
resenting the air speed and direction of the plane and W representing the

speed and direction of the wind currents.

N

Figure §
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From Figure 5, @ = 180° — 120° = 60° and 6 = 360° — (a + 165°)
= 135°.
The magnitude of V + W can be found from the law of cosines

V + W V|2 + |[W]2 — 2|V||W| cos 6
= 1852 + 282 — 2(185)(28)cos 135°
= 42,335
so [V + W| = 206 miles per hour

i

To find the direction of V + W | we must first find 8 using the law

of sines.
sinf _ sin#6
28 206
sin 8 = 28 s;r(1)6l 35
= 0.0961
so B =5.5°

The bearingof V + W is 120° + 8 = 120° + 5.5° = 125.5°. The speed
of the plane with respect to the ground is 206 miles per hour and it is
actually on a course with a bearing of 125.5°. A

Problem Set 7.3

Each problem below refers to triangle ABC.

If a = 100 inches, b = 60 inches, and C = 60°, find c.

If a = 100 inches, & = 60 inches, and C = 120°, find c.

If a = 5 yards, b = 6 yards, and ¢ = 8 yards, find the largest angle.

If a = 10 yards, b = 14 yards, and ¢ = 8 yards, find the largest angle.

If b = 4.2 meters, ¢ = 6.8 meters, and A = 116°, find a.

If a = 3.7 meters, ¢ = 6.4 meters, and B = 23°, find b.

If a = 38 centimeters, b = 10 centimeters, and ¢ = 31 centimeters, find the
largest angle.

8. If a =51 centimeters, b = 24 centimeters, and ¢ = 31 centimeters, find the
largest angle.

R AR R

Solve each triangle below.

9. a = 50 centimeters, b = 70 centimeters, C = 60°

10. a = 10 centimeters, b = 12 centimeters, C = 120°

11. a = 4 inches, b = 6 inches, ¢ = 8 inches. (Remember: Solve for the largest
angle first.)

12. a = Sinches, b = 10 inches, ¢ = 12 inches

13. a = 410 meters, ¢ = 340 meters, B = 151.5°



14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.

25.

26.

27.

28.
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a = 76.3 meters, ¢ = 42.8 meters, B = 16.3°

a = 0.048 yards, b = 0.063 yards, ¢ = 0.075 yards

a = 48 yards, b = 75 yards, ¢ = 63 yards

b = 0.923 kilometers, ¢ = 0.387 kilometers, A = 43°20’

b = 63.4 kilometers, ¢ = 75.2 kilometers, A = 124°40'

a = 4.38 feet, b = 3.79 feet, ¢ = 5.22 feet

a = 832 feet, b = 623 feet, ¢ = 345 feet

Use the law of cosines to show that, if C = 90°, then a2 = b? + ¢

Use the law of cosines to show that, if a2 = b* + ¢2, then C = 90°.

The diagonals of a parallelogram are 56 inches and 34 inches and intersect at
an angle of 120°. Find the length of the shorter side.

The diagonals of a parallelogram are 14 meters and 16 meters and intersect at
an angle of 60°. Find the length of the longer side.

Two planes leave an airport at the same time. Their speeds are 130 miles per
hour and 150 miles per hour, and the angle between their courses is 36°. How
far apart are they after 1.5 hours?

Two ships leave the harbor at the same time. One ship is traveling at 14 miles
per hour on a course with a bearing of S 13° W, while the other is traveling at
12 miles per hour on a course with a bearing of N 75° E. How far apart are
they after three hours?

A plane is flying with an air speed of 160 miles per hour with a bearing of
150°. The wind currents are running at 35 miles per hour with a bearing of
165°. Use vectors to find the true direction and speed of the plane with respect
to the ground.

Vector U forms an angle of 22.3° with the positive x-axis and has a magnitude
of 4.82. Vector V forms an angle of 63.8° with the positive x -axis and has a
magnitude of 2.41. Find the magnitude and direction of the resultant vector
V+W.

Review Problems The problems below review material we covered in Sections
6.1, 6.2, and 6.3

Find all solutions if 0° = 6 < 360°.

29.
31.
33.
3s.

p—

2sinf =1 30. 2cosf=V3

2sin? —sinf — 1 =0 32. 4costO+4dcosh+1=0
sin260 — sin § = 0 34. cos20 +sinfh=0

4sinf —2csch=0 36. 4cosf —3sechd=0

In this section, we will derive three formulas for the area S of a triangle. We
will start by deriving the formula used to find the area of a triangle in which
two sides and the included angle are given.

7.4
The Area of a Triangle
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Two Sides and the To derive our first formula we begin with the general formula for the area of
Included Angle a triangle

S = % (base)(height)

The base of triangle ABC in Figure 1 is ¢ and the height is 4. So the formula
for § becomes, in this case,

S==ch
C

b | a
|
I
l_]

A c B

Figure 1

Suppose that, for triangle ABC, we are given the lengths of sides b and c¢
and the measure of angle A. Then we can write sin A as

sin A = %
or, by solving for #, h = bsin A
Substituting this expression for 4 into the formula
_ 1.
S = > ch
we have
1,
S = 2 bc sin A
Applying the same kind of reasoning to the heights drawn from A and C, we
also have
) QR
S = 2) ab sin C
1 .
S ==acsinB

2
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Each of these three formulas indicates that to find the area of a triangle in
which we are given two sides and the angle included between them, we mul-
tiply half the product of the two sides times the sine of the angle included
between them.

V Example 1 Find the area of triangle ABC if A = 35.1°, b = 2.43
centimeters, and ¢ = 3.57 centimeters.

Solution Applying the first formula we derived, we have

! be sin A

S=E

N | —

(2.43)(3.57)sin 35.1°

—;- (2.43)(3.57)(0.5750)
2.49 centimeters? To three significant digits A

The next area formula we will derive is used to find the area of triangles
in which we are given two angles and one side.

Suppose we were given angles A and B and side « in triangle ABC in Figure
1. We could easily solve for C by subtracting the sum of A and B from 180°.

To find side b, we use the law of sines

b __a
sin B sin A

solving this equation for b would give us

asin B
sin A

Substituting this expression for b into the formula

_ a’sin B sin C
2sin A

Two Angles and
One Side
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A similar sequence of steps can be used to derive

g = b2sin A sin C
2sin B

c2sin A sin B

S=—%sinC

The formula we use depends on the side we are given.

V Example 2 Find the area of triangle ABC if A = 24°10’, B =
120°40', and a = 4.25 feet.

Solution  We begin by finding C.

C = 180° — (24°10" + 120°40")
= 35°10’

Now, applying the formula

a’sin Bsin C
2sin A

with a = 4.25, A = 24°10’, B = 120°40', and C = 35°10’, we have

_ (4.25)? (sin 120°40’)(sin 35°10")
- 2 sin 24°10’

_ (4.25)%(0.8601)(0.5760)
2(0.4094)

10.93 feet? A

S =

S

The last area formula is called Heron’s formula and it is used to find the area
of a triangle in which all three sides are known.

HERON’s FORMULA The area of a triangle with sides of length a, b, and
c is given by

S= Vs(s—a)s—b)s—c)

where s is half the perimeter of the triangle; that is,

s=%(a+b+c) or 2s=a+b+c
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Proof We begin our proof by squaring both sides of the formula

_1 :
S—2absmC

to obtain
1
2 = — g2h2¢in?

S 74 b?sin’C

Next, we multiply both sides of the equation by 4/a? b? to isolate sin?C on °
the right side.
45?2
a*b?

Replacing sin?C with 1 — cos2C and then factoring as the difference of

two squares, we have

=1 — cos:C
= (1 + cos C)(I — cos C)

From the law of cosines we know that cos C = (a?> + b? — ¢?)/2ab.

= sin?C

| a’+ b2 — ¢ _att b= ¢?
T ][1 2ab ]
_:'2ab+a2+b2—c2 2ab —a* - b*+ 2
2ab 2ab
_ [ (a2 + 2ab + b)) — 2 |[ 2 = (a> = 2ab + b?)
| 2ab 2ab
____(a+b)2—c2 ¢ — (a — b)?
i 2ab 2ab

Now we factor each numerator as the difference of two squares and multi-
ply the denominators.

_ [(a+b+c)a+b—o)]l(c+a—b)c—a+ b)]
4a2b?

Now, since a + b + ¢ = 2s, it is also true that

atb—c=a+b+c—2c=25s—-2c
cta—-b=a+b+c—2b=2s—2b
c—atb=a+b+c—2a=25-2a
Substituting these expressions into our last equation, we have

_ 25(2s — 2¢)(2s — 2b)(2s — 2a)
4a?b?




296

Factoring out a 2 from each term in the numerator and showing the left
side of our equation along with the right side, we have

482 16s(s —a)( s — b)(s — ¢)

a’b? 4a’b>

Multiplying both sides by a?b?/4 we have
S2= s(s—a)s—b)s —0)

Taking the square root of both sides of the equation we have Heron’s
formula.

S = Vs(s —a)s — b)s — ¢

V Example 3  Find the area of triangle ABC if a = 12 meters, b = 14
meters, and ¢ = 8 meters.

Solution We begin by calculating the formula for s, half the perime-
ter of ABC.

s=%(12+l4+8)

=17

Substituting this value of s into Heron’s formula along with the given
values of a, b, and c, we have

S =VI17(17 — 12)(17 — 14)(17 — 8)
= VI17(5)(3)(9)
= V2,295
= 47.9 meters>  To three significant digits A

Problem Set 7.4

Each problem below refers to triangle ABC. In each case find the area of the
triangle.

a = 50 centimeters, b = 70 centimeters, C = 60°.

a 10 centimeters, b = 12 centimeters, C = 120°.

a = 41 meters, ¢ = 34 meters, B = 151.5°.

a = 76.3 meters, ¢ = 42.8 meters, B = 16.3°.

b = 0.923 kilometers, ¢ = 0.387 kilometers, A = 43°20’.
b = 63.4 kilometers, ¢ = 75.2 kilometers, A = 124°40'.
A

B

A

= 46° B = 95°, ¢ = 6.8 meters.
, C = 31°, a = 7.3 meters.
42.5°, B = 71.4° a = 210 inches.

I
(9,
~

°

VHENAN B W



297

10. A =110.4° C = 21.8° ¢ = 240 inches.

11. A = 43°30', C = 120°30', a = 3.48 feet.
12. B = 14°20", C = 75°40’, b = 2.72 feet.

13. a = 4 inches, b = 6 inches, ¢ = 8 inches.
14. a = Sinches, b = 10 inches, ¢ = 12 inches.
1S. a = 4.8 yards, b = 6.3 yards, ¢ = 7.5 yards.
16. a = 48 yards, b = 75 yards, ¢ = 63 yards.
17. a = 4.38 feet, b = 3.79 feet, ¢ = 5.22 feet.

18. a = 8.32feet, b = 6.23 feet, ¢ = 3.45 feet.

19. Findthe area of a parallelogram if the angle between two of the sides is 120°
and the two sides are 15 inches and the longest side is 12 inches.

20. Find the area of a parallelogram if the two sides measure 24.1 inches and 32.4
inches and the longest diagonal is 31.4 inches.

21. The area of a triangle is 40 centimeters?. Find the length of the side included
between the angles A = 30°and B = 50°.

22. The area of a triangle is 80 inches?. Find the length of the side included be-
tween A = 25°and C = 110°.

Review Problems The problems that follow review material we covered in Sec-
tion 4.6.

Evaluate each expression.

23. Cos~!'(-1) 24. Sin '(—-1)

25. Arcsin(—1/2) 26. Arccos(—1/2)

27. Tan ~'(V3) 28. Tan~'(—1)

29. sin(Sin~!(3/5)) 30. cos(Sin~'(—3/5))

31. cos(Arcsin(2/3)) 32. sin(Arccos(2/3))

Chapter 7 Summary and Review Examples

THE LAW OF SINES (7.1]) I. IfA=30° B=70%anda =38

centimeters in triangle ABC, then. by the

For any triangle ABC, the following relationships are always 1aw of sines,

true: _asinB _ 8sin70° _ .
b =— = = = 15 centimeters
C sin A sin 30°

sinA _sinB _ sinC

a b c

or, equivalently,

a_ _ b __¢
A c B sin A sin B sin C
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2. In triangle ABC, if a = 54 centime-
ters, b = 62 centimeters, and A = 40°,
then

b sin A _ 62sin 40°

2 5 = 0.7380

sin B =
Since sin B is positive for any angle in
quadrant I or II, we have two possibilities
for B .

B =48 or B' = 180° — 48 =132°

This indicates that two triangles exist,
both of which fit the given information.

3. Intriangle ABC, if a = 34 kilome-
ters, b = 20 kilometers, and ¢ = 18 kilo-
meters, then we can find A using the law
of cosines.

_b2+C2_a2

cos A = 2be
_ 202 4+ 182 — 342
(2)(20)(18)
cos A = —0.6000
so A=127°

THE AMBIGUOUS CASE |7.2)

When we are given two sides and an angle opposite one of them
(SSA), we have several possibilities for the triangle or triangles
that result. One of the possibilities is that no triangle will fit the
given information. Another possibility is that two different tri-
angles can be obtained from the given information and a third
possibility is that exactly one triangle will fit the given informa-
tion. Because of these different possibilities, we call the situation
where we are solving a triangle in which we are given two sides
and the angle opposite one of them the ambiguous case.

THE LAW OF COSINES (?.3]

In any triangle ABC, the following relationships are always true:

al= b2+ ¢c? — 2bccos A
b2 = a> + ¢2 — 2ac cos B
c?=a?+ b — 2ab cos C

C

A c B

Another form of the law of cosines looks like this

b+ - g2

COS A = 2be
2 _ v)
CosB:M
2ac
2 4+ 2 — 2
s c =t 2

2ab
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THE AREA OF A TRIANGLE (7.4) 4. For triangle ABC,

a. If a = 12 centimeters, b = 15 cen-

The area of a triangle in which we are given two sides and the timeters, and C = 20°, then the area

included angle is given by of ABC is
g = % ab sin C § =5 (12)(15)sin 20°

I = 30.8 centimeters® to the nearest
S=—=acsinB tenth

2
b. If a = 24 inches, b = 14 inches, and
1 . ¢ = 18 inches, then the area of ABC
S = 5 bc sin A i
: . . . S S = V28(28 — 24)(28 — 14)(28 — 18)
The area of a triangle in which we are given all three sides is - 2824)(14)(10)
given by the formula = V15680
S = \/S(S — OG- bk -0 = 125.2 inches? to the nearest tenth
c. IfA=140°%B=72°andc=45
where s = % (@a+ b+ 0 meters, then the area of ABC is
§ _ 457sin 40%in 72°
The area of a triangle in which we are given two angles and the 2 sin 68°
side included between them is given by _ _2025(0.6428)(0.9511)
' ' 2(0.9272)
__a?*sin Bsin C
§ = W = 667.6 meters® to the nearest tenth
S = b?sin C sin A
2 sin B
c?sin A sin B
S=—7"—"——

2sin C

Problems 1 through 14 refer to triangle ABC which is not necessarily a right triangle. Chapter 7

1. If A =32° B =170° and a = 3.8 inches, use the law of sines to find b. Test
2. If B=118°% C = 37° and ¢ = 2.9 inches, use the law of sines to find b.
3. IfA =38.2°, B=63.4° and c = 42.0 centimeters, find all the missing parts.
4. If A =24.7° C = 106.1° and b = 34.0 centimeters, find all the missing
parts.
S. Use the law of sines to show that no triangle exists for which A = 60°, a = 12
inches, and b = 42 inches.
6. Use the law of sines to show that exactly one triangle exists for which A =
42°, a = 29 inches, and b = 21 inches.
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% N

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.
22,
23.
24.

Chagmer 7 Trangies

Find two triangles for which A = 51°, a = 6.5 feet, and b = 7.9 feet.

Find two triangles for which A = 26°, a = 4.8 feet, and b = 9.4 feet.

If C =60° a = 10 centimeters, and b = 12 centimeters, use the law of cos-
ines to find c.

If C = 120° a = 10 centimeters, and b = 12 centimeters, use the law of
cosines to find c.

If a = 5 kilometers, & = 7 kilometers, and ¢ = 9 kilometers, use the law of
cosines to find C to the nearest tenth of a degree.

If a = 10 kilometers, b = 12 kilometers, and ¢ = 11 kilometers, use the law
of cosines to find B to the nearest tenth of a degree.

Find all the missing parts if a = 6.4 meters, b = 2.8 meters, and C = 119°.
Find all the missing parts if b = 3.7 meters, ¢ = 6.2 meters, and A = 35°.
The two equal sides of an isosceles triangle are each 38 centimeters. If the
base measures 48 centimeters, find the measure of the two equal angles to the
nearest tenth of a degree.

A lamp pole casts a shadow 53 feet long when the angle of elevation ofthe sun
is 48.1°. Find the height of the lamp pole, to the nearest foot.

A man standing near a building notices the angle of elevation to the top of the
building is 64°. He then walks 240 feet farther away from the building and
finds the angle of elevation to the top to be 43°. To the nearest foot, how tall is
the building?

The diagonals of a parallelogram are 26.8 meters and 39.4 meters. If they
meet at an angle of 134°, find the length of the shorter side of the parallelogram.
Find the area of the triangle in Problem 3.

Find the area of the triangle in Problem 4.

Find the area of the triangle in Problem 9.

Find the area of the triangle in Problem 10.

Find the area of the triangle in Problem 11.

Find the area of the triangle in Problem 12.




Complex Numbers
and Polar Coordinates

To the student:

The first four sections of this chapter are a study of complex numbers.
You may have already studied some of this material in algebra. If so, the
first section of this chapter will be review for you. The material on complex
numbers that may not be review for you is based on a new definition that
makes it possible to look at complex numbers from a trigonometric point of
view. In Section 8.2, we use this new definition to write complex numbers in
what is called trigonometric form. Once we can write complex numbers in
trigonometric form, many of the operations with complex numbers, such as
multiplication, become much easier. In Section 8.4, we use trigonometric
form for complex numbers to discover that every number has » distinct nth
roots. For example, in that section, we will find that —1 has exactly 3 cube
roots.

In the last two sections of this chapter we will study polar coordinates.
Polar coordinates are used to name points in the plane and are an alternative
to rectangular coordinates. The definition for the polar coordinates of a point
in the plane is based on our original definition for sine and cosine. In Section
8.5, we introduce the definition for polar coordinates and then look at the
relationship between polar and rectangular coordinates. In Section 8.6, we
extend our work with polar coordinates to include graphing equations in
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which the variables are given in polar coordinates. As you will see, the
graphs of the equations written in polar coordinates are interesting and
pleasing to look at.

The equation x? = —9 has no real solutions because there is no real number
whose square is —9. We have been unable to work with square roots of
negative numbers, such as V —25 and V —16, for the same reason. In this
section, we will introduce a set of numbers which will allow us to handle
square roots of negative numbers. These new numbers are called complex
numbers. Our work with complex numbers is based on the following
definition:

DEFINITION The number i is such that ;2 = —1. (That is, { is the number
whose square is —1.)

The number i is not a real number. We can use it to write square roots of
negative numbers without a negative sign. To do so we reason that if a > 0,

then V'—a = Vai? = iVa.

V Example 1 Write each expression in terms of i.

a. V-9 b V-12 ¢ V-17

Solution

a. V-9=iV9=3;

b. V-12=iV12=2iV3

c. V-17=iV17 A

Note In order to simplify expressions that contain square roots of negative num-
bers by using the properties of radicals developed in algebra, it is necessary to write
each square root in terms of i before applying the properties of radicals. For
example,

this is correct: V=4 V=9 = (iV4) (iV9) = 2i)3i) = 6i2= —6
this is incorrect: V—4 V-9 = V—4(—-9) = V36 =6

Remember, the properties of radicals you developed in algebra hold only for expres-
sions in which the numbers under the radical sign are positive. When the radicals
contain negative numbers, you must first write each radical in terms of i and then
simplify.
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Next, we use i to write a definition for complex numbers.

DEFINITION A complex number is any number that can be written in
the form

a+ bi

where a and b are real numbers and 2 = —1. The form a + bi is called
standard form for complex numbers. The number a is called the real part of
the complex number. The number b is called the imaginary part of the com-
plex number. If b # 0, we say a + bi is also an imaginary number.

v Example 2

a. The number 3 + 2i is a complex number. (It is in standard form.) The
number 3 is the real part and the number 2 (not 2i) is the imaginary
part. Since b # 0, 3 + 2i is also an imaginary number.

b. The number —7i is a complex number since it can be written as
0 + (—=7)i. The real part is 0. The imaginary part is —7. —7i is also an
imaginary number since b # 0.

€. The number 4 is a complex number since it can be written as 4 + 0i.
The real part is 4 and the imaginary part is 0.

d. The number 3 + V —25 is a complex number since itcanbe written as
3 + 5i. The real part is 3 and the imaginary part is 5.

From part ¢ in Example 2, it is apparent that real numbers are also com-
plex numbers. The real numbers are a subset of the complex numbers.

DEFINITION Two complex numbers are equal if and only if their real parts
are equal and their imaginary parts are equal. That is, for real numbers a, b,
¢, and d,

a+bi=c+diifandonlyifa=candb=d

V Example 3 Find xand y if (=3x — 9) + 4i = 6 + (3y — 2)i.

Solution The real parts are —3x — 9 and 6. The imaginary parts are 4
and 3y — 2.

—-3x—9=6 and 4 =3y —2
=3x =15 6 =3y
x=-5 y=2 A

Equality for Complex
Numbers
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DEFINITION If z, = a, + b,i and z, = a, + b,i are complex numbers,
then the sum and difference of z, and z, are defined as follows:

Z) + 2y, = (a, + bli) + (az + bzi) = (a, + az) + (bl + bz)l
zy =z =(a, + bi) — (a, + byi) = (a; — ay) + (b, — by)i

As you can see, we add and subtract complex numbers in the same way we
would add and subtract polynomials: by combining similar terms.

V Exampled4 Ifz,=3—-Siandz,=—6— 2i,find z, + z,and z, — z,.
Solution

Z1+z2,=Q@3-5)+(-6—-2))=-3-17i
21— 2= (G = 5i) — (=6 — 2i) = 9 — 3 A

If we assume the properties of exponents hold when the base is i, we can
write any integer power of i as either {, —1, —i, or 1. Using the fact that
i2 = —1, we have

=i

ir= -1
PB=itei=—10) = —i
=2 2= —1(—1) = 1

Since i = 1, 5 will simplify to i and we will begin repeating the se-
quence i, —1, —i, 1 as we increase our exponent by one each time.

P=ei=10)=1
sei2=1(-1=-1
7= 3= 1(-i)= —i
dept=1(D =1

16 =

-~.

-~.

i8=

We can simplify higher powers of i by writing them in terms of i since i*
is always 1.

V Example 5 Simplify each power of i.

a. =)' =1=1

%= (Y5 i3 =1(—=i)= —i

c. iN=(@Y-p2=1—-1)=-1 _ A

=



8.1 Complex Numbers 305

DEFINITION If z, = a, + b,i and z, = a, + b,i are complex numbers,
then their product is defined as follows:
2,2, = (ay, + bii)a, + bi)
= (a,a, = bb,y) + (ajb, + ayb))i
This formula comes from binomial multiplication but is actually more trou-
ble than it is worth. Since complex numbers have the form of binomials with
i as the variable, we can multiply two complex numbers using the same

methods we use to multiply binomials and not have another formula to
memorize.

V  Example 6 Multiply (3 — 4i)(2 — 5i).

Solution Multiplying as if these were two binomials, we have

B—-4))2-5))=32-3:5(—2-4i+4i-5i
=6 — 15i — 8i + 20:2
=6 — 23i + 20i2

Now, since i? = —1, we can simplify further.

=6—23i +20(—1)
=6—23i — 20
= —14 - 23i A

V Example 7 Multiply (4 — 5i)(4 + 50).

Solution This product has the form (a — b)(a + b) which we know
results in the difference of two squares, a? — b2.

(4 — Si)(4 + Si) = 42 — (5i)

=16 — 252

=16 — 25(—1)

=16 + 25

=41 A

The product of the two complex numbers 4 — 5i and 4 + 5i is the real
number 41. This fact is very useful and leads to the following definition.

DEFINITION  The complex numbers a + bi and a — bi are called complex
conjugates. Their product is the real number a> + b2. Here’s why

Multiplication with
Complex Numbers
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(a + bi)(a — bi) = & — (bi)?

= q? — bZl'Z
=a>— b (-1
=a’+ b?

The fact that the product of two complex conjugates is a real number is
the key to division with complex numbers.

Si

V E le8 Divi .
xample ivide 35

Solution We want a complex number in standard form that is equiv-
alent to the quotient 5i//(2 — 3i). To do so, we need to replace the de-
nominator with a real number. We can accomplish this by multiplying
both the numerator and denominator by 2 + 3i, which is the conjugate
of 2 — 3i.

5i _ Si (243
2-3i 2-3i 2+ 3
__Si2 + 3i)
2 — 3i)(2 + 3i)
_ 10i + 152
4 -9
_ 10i + 15(-1)
4-9(-1)
—15 + 10
13

__ 15 10 .
=TT

Notice that we have written our answer in standard form. The real part
is —15/13 and the imaginary part is 10/13. A

Problem Set 8.1

Write each expression in terms of i.

|

1. V=16 2. V49
3. V=121 4. V—-400
5. V-18 6. V-45
7. V-8 8. V-20
9. V-13 10. V-1l
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Find x and y so that each of the following equations is true:

11. 4+ 7i=6x— 14yi 12. 2-5i= —x+ 10vi

13. 4x—3)—2i=8+yi 14. (2x —4) — 3i =10 — 6yi

15. S5x+2)—T7i=4+ Qy+ Di 16. (7x—1)+4i=2+ Sy +2)i
17. (x2—6)+9i=x+ i 18. (x2—2x)+ yii=8+Q2y—1)i

Find all x and y between 0 and 27 so that each of the following equations is true:
19. cosx +isiny=sinx + i 20. sinx+icosy= —cos.x — i

21. (sin’x + 1)+ itany = 2sinx + i
22. (cos’x + 1)+ itany=2cosx — i

Combine the following complex numbers:

23. (7+2i))+ @3 -4 24, (3-5i)+ (2 + 4i)
25. (6+ 7i)— (4 + i) 26. (5+ 2i) —(3+6i)
27. (7 —3i) — (4 + 10i) 28. (11 — 6i) — (2 — 4i)

29. (3cosx + 4isiny)+ (2cosx — 7isiny)
30. (2cosx — 3isiny)+ (3cosx — 2isiny)

3. [B+2))— 6+ D]+ G +1) 32, [(4-5))—-@2+ D) +@+5i0)
3. 7-4H-[(—2+)HD-@+7)] 34 (10-2)—-[2+iH—@B—0]

Simplify each power of i.

35. i 36. "
37. i 38. i*®
39. * 40.
41. 42, ¥

Find the following products:

43. —6i(3 — 8i) 44. 6i(3 + 8i)

45. (2 - 43+ i) 46. (2 + 43 — i)
47. (3 + 2ip 48. (3 — 2ip

49. (5 + 4i)(5 — 4i) 50. (4 + Si)4 — 5i)
51. (7 + 2i)(7 - 2i) 52. 2+ 702~ 7i)
53. 2i(3 + i)2 + 4i) 54. 3i(1 + 20)(3 + i)

Find the following quotients. Write all answers in standard form for complex
numbers.

3 4
S5. 4 —5i 56. 2 - 3i

2i 3i
57. 3 - 58. T+ i
59, 2 + 3§ 60. 342
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61. 22 62. 22
i —i
2+ 5+ 4i
6 5=%i 4 376
Let z, =2 + 3i, z,=2 — 3i,and z; = 4 + Siand find
65, z,z, 66. :z,z,
67. z,z, 68. z,z,
69. 2z, + 3z 70. 3z, + 2z,
1. z4(z, + z,) 72. z4(z) — z,)

73. Assume x represents a real number and multiply (x + 3i)(x — 3i).

74. Assume x represents a real number and multiply (x — 4i)(x + 4i).

75. The opposite of i is —i. The reciprocal of i is 1/i. Multiply the numerator and
denominator of 1/i by i and simplify the result to see that the opposite of i and
the reciprocal of i are the same number.

76. We know that the product of complex conjugates a + bi and a — bi is the real
number a2 + b2. What is the sum of a + bi and a — bi? Is it a real number?

77. Is addition of complex numbers a commutative operation? That is, if z, and z,
are two complex numbers, is it always true that z, + z, = z, + z,?

78. Is multiplication with complex numbers a commutative operation?

79. s subtraction with complex numbers a commutative operation?

80. Showthat z,(z,+ z;) = z,z, + z, z, for the three complex numbers =, = 3 + 2i,
z,=4—i,and z; = 3 — 5i.

Review Problems The problems that follow review material we covered in Sec-
tions 1.3 and 3.1. Reviewing these problems will help you with some of the material
in the next section.

Find sin 6 and cos 6 if the given point lies on the terminal side of 6.

81. (3, —4) 82. (-5, 12)
83. (a, b) 84. (1, 1)

Find 6 between 0° and 360° if

. 1 1
sinf = ——=andcos 0 = — —
V2 V2

86. tan 6 = | and 6 terminates in QIII

85.

87. sinf = %and 6 terminates in QII

88. cos 6 = % and 6 terminates in QIV
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We will begin this section with a definition that will give us a way to repre-
sent complex numbers graphically. We will then develop a way to relate the
work we did in Section 8.1 to some of the concepts in trigonometry.

DEFINITION The graph of the complex number @ + bi is a vector (arrow)
that extends from the origin out to the point (a, b).

V  Example 1 Graph each complex number.

2+4i, —-2-4, 2-4i

Solution

2+4i

A
1
=

24 2_4i

Figure 1

Notice how the graph of 2 + 4i and 2 — 4i, which are conjugates, have
symmetry about the x-axis. Note also that the graphs of 2 + 4i and
—2 — 4, which are opposites, have symmetry about the origin. A

\ 4 Example 2 Graph the complex numbers 1, i, —1, and —i.

Solution Here are the four complex numbers written in standard form
and the corresponding graphs of those numbers.
1=1+0i i=0+1i
-1 =-14+0i - =0-1

8.2
Trigonometric Form for
Complex Numbers
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<

Figure 2 A

If we write a real number as a complex number in standard form, its graph
will fall on the x-axis. Therefore, we call the x-axis the real axis when we
are graphing complex numbers. Likewise, because the imaginary numbers i
and —i fall on the y-axis, we call the y-axis the imaginary axis when we are
graphing complex numbers.

DEFINITION The absolute value or modulus of the complex number
z = a + bi is the distance from the origin to the point (a. b). If this distance
is denoted by r, then

r=ld =la+bi=Va+ b

v Example 3 Find the modulus of each of the complex numbers 5i, 7,
and 3 + 4i.

Solution Writing each number in standard form and then applying the
definition of modulus, we have

Forz=5i=0+5i,r=1=[0+5]=V0r+5=5
Forz=7=7+0i, r=l=[7+0]=V72+02=7
For z = 3 + 4i, r=|z|=|3+4[|=\/32+42=5 A

DEFINITION The argument of the complex number z = x + yi is the
smallest positive angle 6 from the positive real axis to the graph of z.

Figure 3 illustrates the relationships between the complex number
z = x + yi, its graph, and the modulus r and argument 6 of z.
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Y
Figure 3

From Figure 3 we see that

X
cosB=7orx rcos 6

and

sin6=%ory rsin 0

We can use this information to write z in terms of r and 6.

z=x+yi
=rcos 0 + (r sin 0)i
=rcos6f + risinf
= r(cos 6 + i sin 6)

This last expression is called the trigonometric form for z. The formal
definition follows.

DeriniTion  If z = x + yi is a complex number in standard form, then the
trigonometric form for z is given by

z = r(cos 6 + isin 6)
Where r is the modulus of z and 6 is the argument of z.

We can convert back and forth between standard form and trigonometric
form by using the relationships that follow.



312

For z = x + yi = r(cos 6 + isin 6)
r = Vx?+ y? and @ is such that

cost9=l,sin0=l,andtant9=l
r r X
V Example4 Write z = —1 + i in trigonometric form.
Solution We have x = —1 and y = 1, therefore

r= VDT = V2

Angle 6 is the smallest positive angle for which cos § = x/r = — 1/V?2
and sin @ = y/r = l/\/i, (ortan @ = y/x = 1/—1 = —1). Therefore, 6
must be 135°.

Using these values of r and 6 in the formula for trigonometric form
we have

z = r(cos 8 + isin 6)
= V2(cos 135° + i sin 135°)

= <

—1+i=4/2 (cos 1359 +i sin 135°)
| ;
1 V2 .

| 135
N N,
(-1.0)

Y
Figure 4 A

V Example 5 Write z = 2(cos 60° + i sin 60°) in standard form.

Solution Using exact values for cos 60° and sin 60° we have
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z = 2(cos 60° + i sin 60°)
_ (L, V3
—2(2+1 2)

1+iV3
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2 (cos 60° + i sin 60°)

Yy  =14i3
A

60°

|
YR

|

|

= X
1

v

Figure 5 A

As you can see, converting from trigonometric form to standard form is usu-
ally more direct than converting from standard form to trigonometric form.

Graph each complex number. In each case give the absolute value of the number.

1. 3+ 4i
3. 1+
S. =5i

7. 2

9. —4-3i

2.
4.
6.
8.
10.

3 —4i
1 — i
4i
—4
-3 — 4

Graph each complex number along with its opposite and conjugate.

11. 2 -
13. 4i

15. -3

17. -5-2i

12.
14.
16.
18.

Write each complex number in standard form.

19. 2(cos 30° + i sin 30°)
21. 4(cos 120° + isin 120°)
23. cos 210° + i sin 210°
25. cos 315° + isin 315°

20.
22,
24.
26.

241
—3i

5

-2 -5

4(cos 30° + isin 30°)
8(cos 120° + i sin 120°)
cos 240° + i sin 240°
V2(cos 315° + i sin 315°)

Problem Set 8.2
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Use the tables at the back of the book to help write each complex number in stan-
dard form. Round the numbers in your answers to the nearest hundredth.

27. 10(cos 12° + isin 12°) 28. 100(cos 70° + i sin 70°)
29. 100(cos 143° + i sin 143°) 30. 100(cos 171° + isin 171°)
31. cos 205° + isin 205° 32. cos 261° + isin 261°

33. 10(cos 342° + i sin 342°) 34. 10(cos 318° + isin 318°)

Write each complex number in trigonometric form. In each case begin by sketching
the graph to help with finding the argument 6.

35. — 1+ 3. 1+

3. 1 - 38. —1 -
39. 3+ 3i 40. 5+ 5i

41. 8i 42. -8i

43. -9 4. 2

45. -2+ 2iV3 46. —2V3 +2i
47. 3 -3i\V3 48. 3\V3 - 3i

49. We know that 2 - 3i = 6i> = —6. Change 2i and 3 to trigonometric form and
then show that their product in trigonometric form is still —6.
50. Change 4i and 2 to trigonometric form and then multiply. Show that this prod-

uct is 8i.

51. Show that 2(cos 30° + i sin 30° and 2[cos(—30°) + i sin(—30°)] are
conjugates.

52. Show that 2(cos 60° + i sin 60°) and 2[cos(—60°) + i sin(—60°)] are
conjugates.

53. Letz, =2+ 3iand z, = z,i (the product of z, and i). Graph both z, and z,.
Then find z; = z,i and graph z; on the same coordinate system used to graph
z, and z,. Multiplying a complex number by i should produce a complex num-
ber with a graph that is rotated 90° from the graph of the original number.
Multiply z; by i to obtain z, and show that the graph of z, follows the same
pattern.

54. Letz, =3 — iand find z, = z,i, z3 = z,i, and z, = z;i. Graph z,, z,,
z3, and z, on the same coordinate system.

55. Show thatif z = cos 6 + i sin 6, then |z| = I.

56. Show thatif z = cos 6 — isin 6, then |z| = 1.

Review Problems The problems that follow review material we covered in Sec-
tion 5.2. Reviewing these problems will help you understand the next section.

57. Use the formula for cos(A + B) to find the exact value of cos 75°.
58. Use the formula for sin(A4 + B) to find the exact value of sin 75°.

Let sin A = 3/5 with A in QI and sin B = 5/13 with B in QI and find
59. sin(A + B) 60. cos(A +B)
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Simplify each expression to a single trigonometric function.

61. sin 30°cos 90° + cos 30°sin 90° 62. cos 30°cos 90° — sin 30°sin 90°
63. cos 18°cos 32° — sin 18°sin 32° 64. sin 18°cos 32° + cos 18°sin 32°

Multiplication and division with complex numbers becomes a very simple
process when the numbers are written in trigonometric form. Let’s state the
rule for finding the product of two complex numbers written in trigono-
metric form as a theorem and then prove the theorem.

THEOREM (MULTIPLICATION) If

z, = r/(cos 6, + isin §))
and

Z, = ry(cos 0, + isin 6,)

are two complex numbers in trigonometric form, then their product, z,z, is

2,2, = [ri(cos 0, + isin 6))][r,(cos 6, + isin 6,)]
rirylcos(@, + 6,) + isin(8, + 6,)]

Inwords: To multiply two complex numbers in trigonometric form, multi-
ply absolute values and add angles.

Proof We begin by multiplying algebraically. Then we simplify our
product by using the sum formulas we introduced in Section 5.2.

2,2z, = [ri(cos 6, + isin 6,)][r,(cos 0, + i sin 6,)]

r ry(cos 6, + isin @,)(cos 6, + i sin 6,)

= r,ry(cos 6,cos 8, + icos 0,sin 6, + i sinf,cos 6, + i?sin 6,sin 6,)
= r,ry[cos 8,cos 6, + i(cos 6,sin 6, + sin 6,cos 6,) — sin 6,sin 6,]
r,ry[(cos 6,cos 8, — sin 6,sin 6,) + i(sin 6,cos 0, + cos 6,sin 6,)]
r;rylcos(6, + 6,) + isin(6, + 6,)]

This completes our proof. As you can see, to multiply two complex num-
bers in trigonometric form, we multiply absolute values, r,r,, and add an-
gles, 6, + 6,.

V¥V Example 1 Multiply 3(cos 40° + i sin 40°) and 5(cos 10° + i sin 10°).

Solution Applying the formula from our theorem on products, we
have

8.3
Products and Quotients
in Trigonometric Form
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[3(cos 40° + i sin 40°)][S(cos 10° + i sin 10°)]
= 3+ 5[cos(40° + 10°) + isin(40° + 10°)]
15(cos 50° + i sin 50°)

\ 4 Example 2 Find the product of z, = | + iV3andz,= —V3 + iin
standard form, and then write z, and z, in trigonometric form and find their
product again.

Solution Leaving each complex number in standard form and multi-
plying, we have

21z, = (1 + iV3N(=V3 + i)
V3 +i-3i+2V3
= -2V3 - 2i
Changing z, and z, to trigonometric form and multiplying looks like this
z; =1+ iV3 = 2(cos 60° + i sin 60°)
zy= —V3 + i=2cos 150° + isin 150°)

2,2, = [2(cos 60° + i sin 60°)][2(cos 150° + i sin 150°)]
= 4(cos 210° + i sin 210°)

To compare our two products, we convert our product in trigonometric
form to standard form.

4(cos 210° + i sin 210°)

[
BN
x
IS
|
| —
-

=-2V3 - 2i

As you can see, both methods of multiplying complex numbers produce
the same result.

The next theorem is an extension of the work we have done so far with
multiplication. We will not give a formal proof of the theorem.

DEMOIVRE’S THEOREM If z = r(cos 6 + i sin 6) is a complex number in
trigonometric form and n is an integer, then

z" = [r(cos 6 + isin 0)]" = r*(cos nf + i sin nb)

The theorem seems reasonable after the work we have done with multi-
plication. For example, if # is 2,

[r(cos 6 + isin 0)]2 = r(cos 8 + isin @)r(cos 6 + isin 6)
= r2(cos 260 + i sin 20)
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V Example 3 Find (1 + i)".

Solution First we write 1 + / in trigonometric form
I + i = V2(cos 45° + i sin 45°)

Then we use DeMoivre’s theorem to raise this expression to the 10th
power.

(1 + i) = [V2(cos 45° + i sin 45%)]10
= (V2)"(cos 10+ 45° + i sin 10 - 45°)
= 32(cos 450° + i sin 450°)
Which we can simplify to
= 32(cos 90° + i sin 90°)
since 90° and 450° are coterminal. In standard form our result is

=32(0 + i)
= 32i
that is,
(1 + i)yo = 32 A

Since multiplication with complex numbers in trigonometric form is ac-
complished by multiplying absolute values and adding angles, we should
expect that division is accomplished by dividing absolute values and sub-
tracting angles.

THEOREM (D1vISION) If

z, = r(cos 8, + isin @)

and

z, = ry(cos 8, + isin 6,)

are two complex numbers in trigonometric form, then the quotient, z,/z,, is

z, _ r(cos@, + isinf,)

72 r,(cos 6, + i sin 6,)

= % [cos(6, — B,) + isin(@, — 6,)]

Proof As was the case with division of complex numbers in standard
form, the major step in this proof is multiplying the numerator and de-
nominator of our quotient by the conjugate of the denominator.
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ri(cos 6, + isin 6))
ry(cos 6, + i sin 6,)

ri(cos 6, + isin6,)  (cosf, — isin6,)
r,(cos 6, + i sin 6,) (cos 6, — isin 6,)

ry(cos 0, + isin 8,)(cos 6, — i sin 6,)
r,(cos?6, + sin’6,)

= -r—' (cos 6,cos 6, — icos @;sin 6, + i sin 6,cos 6, — i?sin 0,sin 6,)
2

=0 [(cos 6,cos 6, + sin 6;sin 6,)] + i[(sin §,cos B, — cos 6,sin 6,)]

’

= %‘- [cos(6, — 6,) + isin(6, — 6,)]

v Example 4 Divide 20(cos 75° + i sin 75°) by 4(cos 40° + i sin 40°).
Solution We divide according to the formula given in our theorem on
division.

20(cos 75° + isin75°) _ 20 o arov 4 - o o
4(cos 40° F Isina0%) 4 L00s(75" = 40) + isin(75" — 40%)]

= 5(cos 35° + i sin 35°) A

V Example 5 Divide z,=1+iV3 by z, = V3 + i and leave the
answer in standard form. Then change each to trigonometric form and di-
vide again.

Solution Dividing in standard form, we have

Q=l+i\/§
2 V3 + i
_1+iV3 V3 -
V3+i V3-i
_V3-i+3i-i2V3
3+ 1
_2V3+2i
4

S

l .
+21
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Changing z, and z, to trigonometric form and multiplying again, we have
z, =1+ iV3 = 2(cos 60° + i sin 60°)
2, = V3 + i =2(cos 30° + i sin 30°)
2, _ 2(cos 60° + i sin 60°)

z,  2(cos 30° + i sin 30°)

% [cos(60° — 30°) + isin(60° — 30°)]

= cos 30° + i sin 30°

which, in standard form, is

oS

1.
+51 A

Multiply. Leave all answers in trigonometric form.

s p e

6.

3(cos 20° + i sin 20°) - 4(cos 30° + i sin 30°)
S(cos 15° + isin 15°) « 2(cos 25° + isin 25°)
7(cos 110° + isin 110°) - 8(cos 47° + isin 47°)
9(cos 115° + isin 115°) < 4(cos 51° + isin 51°)
2(cos 135° + i sin 135°) « 2(cos 45° + i sin 45°)
2(cos 120° + i sin 120°) - 4(cos 30° + i sin 30°)

Find the product z, z, in standard form. Then write z, and z, in trigonometric form
and find their product again. Finally, convert the answer that is in trigonometric
form to standard form to show that the two products are equal.

7. zy=1+iz,=—1+i 8. z,=1+i2,=2+2i

9. z,=l+i\/§,zz=—\/§+i 10. z,=—l+i\/§,zz=\/§+i
11. z,=3i, 2, = —4i 12. z, =2,z = —5i

13. z,=1+1i,2z,=4i 14. z, =1+ 1i,2,=3i

15. z,=-5,2,=1+iV3 16. z,=-3,2,=V3+i

Use DeMoivre’s theorem to find each of the following. Write your answer in stan-
dard form.

17. [2(cos 10° + i sin 10°)]° 18. [4(cos 15° + isin 15°))}

19. (cos 12° + isin 12°)10 20. (cos 18° + isin 18%)'

21. [3(cos 60° + isin 60°))* 22. [3(cos 30° + i sin 30°))*

23. [V2(cos 45° + i sin 45°)]"° 24. [\/E(cos 70° + isin 70°)]°

25. (1 + iy 26. (1 + iy

27. (V3 + i)y 28. (V3 + i)

29. (1 =iy 30. (-1 + )8

3. (-2 + 2i)} 32, (—2—2i)

Problem Set 8.3
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Divide. Leave your answers in trigonometric form.

20(cos 75° + i sin 75°) 30(cos 80° + i sin 80°)

3. S(cos 40° + i sin 40°) 34. 10(cos 30° + i sin 30°)
35 18(cos 51° + i sin 51°) 36 21(cos 63° + i sin 63°)
* 12(cos 32° + i sin 32°) * 14(cos 44° + i sin 44°)
37 4(cos 90° + i sin 90°) 38 6(cos 120° + i sin 120°)
* 8(cos 30° + i sin 30°) * 8(cos 90° + i sin 90°)

Find the quotient z,/z, in standard form. Then write z, and z, in trigonometric form
and find their quotient again. Finally, convert the answer that is in trigonometric
form to standard form to show that the two quotients are equal.

39. z=2+2,z,=1+4+1i 4. z,=2-2i,z,=1—1i
a41. z,=V3+i,2z,=2i 42. 7z =1+iV3, 2 =2i
43. z, =4+ 4i z,=2—2i 44, z,=6+6i,z,= =3 — 3i

45. Z = 8, Z; = —4 46. Z = _6, Z;, = 3

Convert all complex numbers to trigonometric form and then simplify each expres-
sion. Write all answers in standard form.

47, U+ D°Q0)? 48 (V3 + D)*(20)°

=2+ 2i g (1 + )0
49, (LT iV3)4H(V3 — i) 5o, (2+20°(=3 +30)°
) (1 — iV3)y ) (V3 + i)

S1. Show that x = 2(cos 60° + i sin 60°) is a solution to the quadratic equation
x? — 2x + 4 = 0 by replacing x with 2(cos 60° + i sin 60°) and simplifying.

52. Show that x = 2(cos 300° + i sin 300°) is a solution to the equation
x2—2x+4=0.

53. Show that w = 2(cos 15° + i sin 15°) is a fourthrootof z = 8 + 8i V3 by
raising w to the fourth power and simplifying to get z. (The number w is a
fourth root of z, w = z"4, if the fourth power of wis z, w* = z.)

54. Show that x = 1/2 + (V/3/2)i is a cube rootof —1.

DeMoivre’s theorem can be used to find reciprocals of complex numbers. Recall
from algebra that the reciprocal of x is 1/x, which can be expressed as x~'. Use this
fact, along with DeMoivre’s theorem, to find the reciprocal of each number below.

55. 1+ 56. 1 —i
57. V3 - 58. V3 +i
59. 1+ iV3 60. 1 —i\V3

Review Problems The problems that follow review material we covered in Sec-
tions 2.1 and 3.1.

Use the tables at the back of the book to find the following:
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61. sin 15° 62. cos 15°
63. cos 165° 64. sin 165°
65. cos 195° 66. sin 195°
67. sin 345° 68. cos 345°

In this section, we want to develop a formula for finding roots of a complex
number. The discussion that follows will lead to the theorem containing the
formula for these roots.

Suppose that z and w are complex numbers such that w is the nth root of
z. That is,

Vz=w
If we raise both sides of this last expression to the nth power, we have
W" =2z

Now suppose z = r(cos 8 + isin ) and w = s(cos a + i sin a). Sub-
stituting these expressions into the equation w” = z, we have

[s(cos a + i sin a)]* = r(cos 6 + i sin 6)
We can rewrite the left side of this last equation using DeMoivre’s theorem.
s"(cos na + isin n ) = r(cos 6 + isin 6)

The only way these two expressions can be equal is if their absolute values
are equal and their angles are coterminal.

Absolute Values Angles
Equal Coterminal
s"=r na =60+ 360°% k = an integer

Solving for s and a, we have

- 6+ 360°%
S = r a__n—

To summarize, we find the nth roots of a complex number by first finding
the real nth root of the absolute value and then adding multiples of 360° to 6
and dividing the result by n. The multiples of 360° that we add on will range
from 360° - O up to 360° - (n — 1). After that we start repeating angles.

8.4
Roots of a Complex
Number
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THEOREM (RoOTS) The nth roots of the complex number
z = r(cos 6 + i sin 0)
are given by
w, =rltn [cos 9+ 360 3600,{ + isin 9+ 360k 3600,(]

where k =0,1,2,...,n— 1. Thatis,

6, .. 86
wo = rim|cos — + i sin —
n n

w, = r'"|co

6+360° .. 6+ 360°]
g — + | SiIn —————
n n

wy = ri"fco

6+ 720° . | 0+720°]
s—-+zsm—
n n

0 + 360n(n mdl DRNRPRN R 36(;(11 = 1)]

W, = rin [cos

V¥V Example 1 Find the 4 fourth roots of z = 16(cos 60° + i sin 60°).
Solution According to the formula given in our theorem on roots, the
4 fourth roots will be

60° + 360°k . . 60° + 360°
S T + i sin —4—

2[cos (15° + 90°) + i sin (15° + 90°)]

W, ]6”4{c0 ] k=0,1,2,3

Replacing k with O, 1, 2, and 3, we have

wo = 2(cos 15° + i sin 15°)

w, = 2(cos 105° + i sin 105°)
w, = 2(cos 195° + i sin 195°)
w; = 2(cos 285° + i sin 285°)

It is interesting to note the relationships among the graphs of these 4
roots. As Figure | indicates, the graphs of the four roots are evenly dis-
tributed around the coordinate plane.
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-})
2 (cos 15° + isin 15°)
/V
- o= X
2 (cos 195° + i sin 195°)
Y
Figure 1 A

V Example 2 Find the 3 cube roots of —1.

Solution We already know that one of the cube roots of —1 is —1.
There are two other cube roots that are imaginary numbers. To find
them, we write —1 in trigonometric form and then apply the formula
from our theorem on roots. Writing — 1 in trigonometric form, we have

—1 = I(cos 180° + i sin 180°)

3 3
= cos (60° + 120°) + i sin (60° + 120°)

The 3 cube roots are given by
W = 117 [ 180° + 360% o w]

where k = 0, I, and 2. Replacing k with O, 1, and 2 and then simplify-
ing each result, we have

w0=cos60°+isin60°=%+\/75i
w, = cos 180° + i sin 180° = —1
w, = cos 300° + isin300°=%—?i
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cos 60° +i sin 60°

3

y =
A

+V.3;
21

N =

cos 180° +i sin 180°

- — X
=1

\

cos 300° +i sin 300°
VER
2

N j—

Figure 2

Note that the two complex roots are conjugates. Let’s check root w, by
cubing it.

(cos 60° + i sin 60°)3

cos 3+ 60° + i sin 3 - 60°

= cos 180° + i sin 180°

= -1 A

V Example 3 Solve the equation x* — 2V/3x2 + 4 = 0.

wy?

Solution The equation is quadratic in x2. We can solve for x2 by ap-
plying the quadratic formula.

_2V3 = V12 - 4)@)
2

x2

2V3 + V=4
2

_2V3+2i
2
=V3
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The two solutions for x2 are V3 + i and V'3 — i, which we write in
trigonometric form as follows:

2=V3+i or x=V3-i
= 2(cos 30° + i sin 30°) = 2(cos 330° + i sin 330°)

Now each of these expressions has two square roots, each of which is a
solution to our original equation.

When x2 = 2(cos 30° + i sin 30°)

R [COS 30° + 360% . . 30° + 360°k]
2 2
for k = 0 and |
When k = 0, we have x = 2V2(cos 15° + i sin 15°)
When k = 1, we have x = 2V2(cos 195° + i sin 195°)
When x2 = 2(cos 330° + i sin 330°)

330° + 360°k
172 - - @ -
2 [cos 3 + i si 3

X

for k = 0 and 1|
When k& = 0, we have x = 2"2(cos 165° + i sin 165°)
When k = 1, we have x = 2V2(cos 345° + i sin 345°)

Using the tables in the back of the book or a calculator and rounding to
the nearest hundredth, we can write decimal approximations to each of
these four solutions.

Solutions
Trigonometric Form Decimal Approximation
2'2(cos 15° + i sin 15°) = 1.37 + 0.37i
212(cos 165° + i sin 165°) = —1.37 + 0.37i
2'2(cos 195° + i sin 195°) = —-1.37 - 0.37i
2V2(cos 345° + i sin 345°) = 1.37 — 0.37i A

Find two square roots for each of the following complex numbers. Leave your an-
swers in trigonometric form. In each case, graph the two roots.

1. 4(cos 30° + i sin 30°) 2. 16(cos 30° + i sin 30°)
3. 25(cos 210° + i sin 210°) 4. 9(cos 310° + isin 310°)

Problem Set 8.4
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Find two square roots for each of the following complex numbers. Write your an-
swers in standard form.

5. 2+2iV3 6. —2+2iV3
7. 4i 8. —4i
9. 25 10. 25

Find three cube roots for each of the following complex numbers. Leave your an-
swers in trigonometric form.

11. 8(cos 210° + i sin 210°) 12. 27(cos 303° + i sin 303°)
13. 4V3 + 4i 4. —4V3+4i
15. 27 16. 8

17. Find 4 fourth roots of z = 16(cos 120° + i sin 120°). Write each root in stan-
dard form.

18. Find 4 fourth roots of z = cos 240° + i sin 240°. Leave your answers in trig-
onometric form.

19. Find 5 fifth roots of z = 10%(cos 15° + i sin 15°). Write each root in trig-
onometric form and then give a decimal approximation, accurate to the near-
est hundredth, for each one.

20. Find 5 fifth roots of z = 10'(cos 75° + i sin 75°). Write each root in trig-
onometric form and then give a decimal approximation, accurate to the near-
est hundredth, for each one.

21. Find 6 sixth roots of z = —1. Leave your answers in trigonometric form.
Graph all six roots on the same coordinate system.

22. Find 6 sixthroots of z = 1. Leave your answers in trigonometric form. Graph
all six roots on the same coordinate system.

Solve each of the following equations. Leave your solutions in trigonometric form.

23, x*+2V3x2+4=0 24. x*—4V3x2+16=0
25. x*—2x2+4=0 26. x¥*+2x2+4=0
27. ¥ +2:2+2=0 28. x*—2x2+2=0

Review Problems The problems below review material we covered in Sections
4.2 and 4.3.

Graph each equation on the given interval.

29. y=—2sin(—3x),0=x=27w
30. y= —2cos(—3x),0=x=27w

Graph one complete cycle of each of the following:

31. y=-— cos<2x + %) 32. y=- cos<2x - %)

—qainl T T = T . _T
33. y—3sm<3x 3) 4. vy 3cos<3x 3)
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In the rectangular coordinate system, we locate points in the plane by in-
dicating their distance from two perpendicular lines (the x-axis and y-axis).

The polar coordinate system also allows us to locate points in the plane
but by a slightly different method.

DEFINITION (POLAR COORDINATES) The ordered pair (r, 8) names the
point that is r units from the origin along the number line (polar axis) that
has been rotated through and angle 6 from the positive x-axis. The coordi-
nates r and 6 are said to be the polar coordinates of the point they name. In
polar coordinates, the origin is sometimes referred to as the pole.

Graphing in polar coordinates will be a little easier if we revise our coor-
dinate system somewhat. It helps to have angles that are multiples of 15°,
along with circles centered at the origin with radii of 1, 2, 3, 4, 5, and 6.

v Example 1 Graph the points (3, 45°), (2, 120°), (—4, 60°), and
(=S5, 150°) on a polar coordinate system.

Solution To graph (3, 45°), we locate the point that is 3 units from the
origin along the terminal side of 45°.

Figure 1

8.5
Polar Coordinates
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The point (2, 120°) is 2 units out on the terminal side of 120°.

Figure 2

As you can see from Figures 1 and 2, if r is positive, we locate the point
(r, 6) along the terminal side of 6. The next two points we will graph
have negative values of r. To graph a point (r, 8) in which r is negative,
we look for the point on the projection of the terminal side of 6 through
the origin.

To graph (—4, 60°), we locate the point that is 4 units from the origin
on the projection of 60° through the origin.

y
?\ 60°
- - X

pr(y'cction of ¥
60" through
the origin

Figure 3
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To graph (=5, 150°), we look for the point that is 5 units from the origin
along the projection of 150° through the origin.

Figure 4 A

In rectangular coordinates, each point in the plane is named by a unique
ordered pair (x, y). That is, no point can be named by two different ordered
pairs. The same is not true of points named by polar coordinates, as Exam-
ple 2 illustrates.

\ 4 Example 2 Give three other ordered pairs that name the same point
as (3, 60°).

Solution As Figure S illustrates, the points (—3, 240°), (=3, —120°),
and (3, —300°) all name the point (3, 60°).

A 4

(3,60°) J (=3,240°)

60° 2400/7\

H
Y
)

Y

Figure 5
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A /
I ACERNEY
/

A
?

Figure S (continued)

There are actually an infinite number of ordered pairs that name the
point (3, 60°). Any angle that is coterminal with 60° will have its termi-
nal side pass through (3, 60°). Therefore, all points of the form

(3, 60° + 360°) k = an integer

will name the point (3, 60°). A
Polar Coordinates and To derive the relationship between polar coordinates and rectangular coordi-
Rectangular nates, we consider a point P with rectangular coordinates (x, y) and polar
Coordinates coordinates (r, 0).

Figure 6

To convert back and forth between polar and rectangular coordinates, we
simply use the relationships that exist among x, y, r, and 6 in Figure 6.
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To Convert from Rectangular Coordinates
to Polar Coordinates

Let r = =2Vx2 + y? andtan0=%
Where the sign of r and the choice of 6 place the point (r, 8) in the same

quadrant as (x, y).

To Convert from Polar Coordinates
to Rectangular Coordinates

Let x =rcos@and y = rsin 6

The process of converting to rectangular coordinates is simply a matter of
substituting r and 6 into the equations given above. To convert to polar coor-
dinates we have to choose 6 and the sign of r so that the point (r, 6) is in the
same quadrant as the point (x, y).

V Example 3 Convert to rectangular coordinates.
a. (4,30 b (-V2,135) ¢ (3,270°
Solution To convert from polar coordinates to rectangular coordi-
nates, we substitute the given values of r and 6 into the equations
x=rcos® and y=rsinf

Here are the conversions for each point along with the graphs in both
rectangular and polar coordinates.

Yy
a. x =4cos30°= 4(—\/—§> =2V3 A
2 polar
y =4sin30° = (%) =2 (4,30° (24/3,2)
4 | 2 rectangular
- = N > X
3

The point (2\V/3, 2) in
rectangular coordinates is
equivalent to (4, 30°) in Y
polar coordinates. Figure 7
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b. x=—-V2cos135°= —\/5(—-\1—/5) =1

Yy =—\V2sin135° = —\/E(T}_E) = —]

135°

A

- X
N H
\

I
1
v2 N\
N\ I polar
(1,-1) \(V2,135%
rectangular  \

\

\ AN

Figure 8

The point (1, — 1) inrectangular coordinates is equivalent to (— \/§ 135°)
in polar coordinates.

c. x=3co0s270°= 3(0)=0 Y
y = 35in270° = 3(—1) = —3 A

270°

- /\ — X
\al
3

(0, — 3) rectangular
i (3,270°) polar

Figure 9

The point (0, —3) in rectangular coordinates is equivalent to (3, 270°) in
polar coordinates.
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V Example 4 Convert to polar coordinates.
a. 3,3) b (-2,00 ¢ (-1,V3)

Solution

a. Since xis 3 and y is 3, we have

r=+V9+ 9= +3\2andtan § =

rectangular
3, 3) polar

(34/2,45°)

wjw
]

3v/2

3

I
I
Since (3, 3) is in quadrant I, we 45° I

can choose r = 3V2and 6 = 45°. b 3 ! —= X
Remember, there are an infinite

number of ordered pairs in polar
coordinates that name the point
(3,3). The point (3V'2, 45°) is just
one of them. Generally, we choose
r and 6 so that 6 is between 0° and
360°, and r is positive.

Y
Figure 10

b. Wehavex = —2andy =0, so Y

r=*V4 + =i2andtan(9=—_0—2 0 ?

180°

- 2_FIN —= X
(- 2, 0) rectangular
(2, 180°) polar

Since (—2, 0) is on the negative x-
axis, we can choose r = 2 and Y
6 = 180° to get the point (2, 180°). Figure 11
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c. Sincex=—landy= V3, we have

r==*=VI +3=i2andtan0=_£?

A

Y

Figure 12

Since (-1, \/5) is in quadrant II, we can let r = 2 and 6 = 120°. In
polar coordinates the point is (2, 120°). A

Equations in Polar
Coordinates

Equations in polar coordinates have variables r and 6 instead of x and y. The
conversions we used to change ordered pairs from polar coordinates to rec-

tangular coordinates and from rectangular coordinates to polar coordinates
are the same ones we use to convert back and forth between equations given
in polar coordinates and those in rectangular coordinates.

v Example S Change r? = 9 sin 26 to rectangular coordinates.

Solution Before we substitute to clear the equation of r and 6, we must
use a double-angle identity to write sin 20 in terms of sin 6 and cos 6.

5

r

r?

_ g2 X
r

= 9sin 260

r2 =9-2sin 6 cos 6

Double-angle identity

X Substitute y/r for sin 6
r and x/r for cos 0
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r: = 1%1 Multiply
rt = 18xy Multiply both sides by r?
(x2 + y)2 = 18xy Substitute x? + y? for r? A

V Example 6 Change x + y = 4 to polar coordinates.

Solution Since x = r cos 6 and y = r sin 6, we have
rcos + rsinf =4
r(cos 6 + sin 6) = 4 Factor out r

_ 4 Divide both sides
cos 6 + sin 6 by cos § + sin 6

The last equation gives us r in terms of 6. A

Graph each ordered pair on a polar coordinate system.

L. (2, 45°) 2. (3,607

3. (3,150 4. (4, 135°

5. (1, —225°9 6. (2, —240°
7. (—3,45° 8. (—4,60°

9. (-4, —-210° 10. (-5, —225°)
11. (-2,09 12. (-2,270°)

Foreach ordered pair, give three other ordered pairs with 6 between —360° and 360°
that name the same point.

13. (2, 60°) 14. (1, 30°)

15. (5, 135°) 16. (3, 120°)

17. (=3, 309 18. (-2, 45°
Convert to rectangular coordinates. Use exact values.

19. (2, 60° 20. (-2, 60°%
21. (3, 270° 22. (1, 180°

23. (V2, —135%) 24. (V2, -2259)
25. (—4V3,30° 26. (4V3, —30°
Convert to polar coordinates with » = 0 and 6 between 0° and 360°.
27. (-3,3) 28. (-3, —-3)
29. (—2V3,2) 30. (2, —2V73)
31. (2,0) 32. (2,0

33. (-V3, 1) 34. (-1, -V3)

Problem Set 8.5
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Convert to polar coordinates. Use a calculator or table to find 6 to the nearest tenth
of a degree. Keep r positive and 6 between 0° and 360°.

35. (3,4 36. (4,3)

37. (—-1,2) 38. (1, —-2)

39. (-2, -3) 40. (-3, -2)
Write each equation with rectangular coordinates.

41. r2=9 42. r2=4

43. r=6sin6 4. r=6¢cos 0
45. r2=4sin 20 46. r2 =4 cos 26
47. r(cos O + sin ) =3 48. r(cos § —sin ) =2
Write each equation in polar coordinates.

49. x—y=S5 50. x+y=S5
51. x2+y?2=4 52, x*+y?=9
53. x?+ y?2=6x 54. x2+ y? =4x
58, y=«x 56. y=—x

Review Problems The problems that follow review material we covered in Sec-
tions 4.2 and 4.4. Reviewing these problems will help you with the next section.

Graph one complete cycle of each equation.

57. y=6sinx 58. y=6cos x
59. y=4sin2x 60. y = 2sin 4x
61. y=4+2sinx 62. y=4+2cosx

8.6

Equations in Polar
Coordinates and Their
Graphs

In this section we will consider the graphs of polar equations. The solutions
to these equations are ordered pairs (r, 6), where r and 6 are the polar coor-
dinates we defined in Section 8.5

V Example 1 Sketch the graph of r = 6 sin 6.

Solution We can find ordered pairs (r, 6) that satisfy the equation by
making a table. The table is a little different than the ones we made for
rectangular coordinates. With polar coordinates, we substitute in conve-
nient values for 6 and then use the equation to find corresponding values
of r. Let’s use multiples of 30° and 45° for 6.
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Table 1

6 r==6sin 6 r (r, )
0° r=6sin0°=0 0 (0, 0°
30° r=6sin30°=3 3 (3, 30°
45° r=6sin45° =42 4.2 (4.2, 45°
60° r =6sin 60°=5.2 5.2 (5.2, 60°
90° r=6sin90° =6 6 (6, 90°)
120° r = 6sin 120° = 5.2 5.2 (5.2, 120°)
135° r=6sin 135° = 4.2 4.2 (4.2, 135°)
150° = 65sin 150°= 3 3 (3, 150°)
180° = 6sin 180°=0 0 (0, 180°)
210° r=6sin210°= -3 -3 (-3, 210°)
225° r = 6sin 225° = —4.2 —-4.2 (—4.2, 225°
240° = 65sin 240° = ~5.2 -5.2 (—5.2, 240°
270° = 65sin 270° = —6 -6 (—6, 270°)
300° r = 6sin 300° = —5.2 -5.2 (—5.2, 300°
315° r = 6sin 315° = —4.2 —4.2 (—4.2, 3159
330° = 6 sin 330° = =3 -3 (-3, 330°
360° r = 6sin 360° =0 0 (0, 360°)

Note If we were to continue past 360° with values of 6, we would simply start
to repeat the values of r we have already obtained, since sin 6 is periodic with
period 360°.

Plotting each point on a polar coordinate system and then drawing a

smooth curve through them, we have the graph in Figure 1.

H
(6.90°)

Figure 1
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Could we have found the graph of r = 6 sin 6 in Example 1 without mak-
ing a table? The answer is yes, there are a couple of other ways to do so. One
way is to convert to rectangular coordinates and see if we recognize the
graph from the rectangular equation. We begin by replacing sin 6 with y/r.

r=6%< sing=2
r r

r2 = 6y Multiply both sides by r
x2+y2=6y r2=x2+y2

The equation is now written in terms of rectangular coordinates. If we add
—6y to both sides and then complete the square on y, we will obtain the
rectangular equation of a circle with center at (0, 3) and a radius of 3.

x2+ y?—-6y=0 Add —6y to both sides
x2+y?2—6y+9=9 Complete the square on y
by adding 9 to both sides.
x2+ (y— 3)2 = 32 Standard form for the
equation of a circle

This method of graphing, by changing to rectangular coordinates, only
works well in some cases. Many of the equations we will encounter in polar
coordinates do not have graphs that are recognizable in rectangular form.

In Example 2 we will look at another method of graphing polar equations
that does not depend on the use of a table.

W Example 2 Sketch the graph of r = 4 sin 2.

Solution One way to visualize the relationship between r and 6 as
given by the equation » = 4 sin 26 is to sketch the graph of y = 4 sin 2x
on a rectangular coordinate system. (Since we have been using degree
measure for our angles in polar coordinates, we will label the x-axis for
the graph of y = 4 sin 2x in degrees rather than radians as we usually
do.) The graph of y = 4 sin 2x will have an amplitude of 4 and a period
of 360°/2 = 180°. Figure 2 shows the graph of y = 4 sin 2x between 0°
and 360°.

As you can see in Figure 2, as x goes from 0° to 45°, y goes from O to
4. This means that, for the equation r = 4 sin 26, as 6 goes from 0° to
45°, r will go from O up to 4. A diagram of this is shown in Figure 3.

As x continues from 45° to 90°, y decreases from 4 down to 0. Like-
wise, as 6 rotates through 45° to 90°, r will decrease from 4 down to O.
A diagram of this is shown in Figure 4. The numbers | and 2 in Figure 4
indicate the order in which those sections of the graph are drawn.



41 y =4sin 2x
— 90° 180° 270° 360°
i | 1 -
45° 135° 225° 315°
—_ 1=
Y
Figure 2
Y 45°
A A
X
P
r=4sin 20
o —— X
Y Y
Figure 3
§ 45°
/7
1
r=4sin 26
i —— —p— X

Figure 4
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If we continue to reason in this manner, we will obtain a good sketch of
the graph of r = 4 sin 20 by watching how y is affected by changes in x
on the graph of y = 4 sin 2x. Table 2 summarizes this information, and
Figure 5 contains both the graph of y = 4 sin 2x and r = 4 sin 26.

Table 2
Reference Corresponding
Number Variations in Variations in
on Graphs x (or 6) y (or r)
1. 0° to 45° Oto4
2. 45° to 90° 4t00
3. 90° to 135° Oto —4
4. 135° to 180° —41t00
5. 180° to 225° Oto 4
6. 225°to 270° 4t00
7. 270° to 315° Oto —4
8. 315°to 360° —4t00

Figure §

V Example 3 Sketch the graph of r = 4 + 2 sin 6.

Solution The graph of r = 4 + 2 sin 6 (Figure 7) is obtained by first
graphing y = 4 + 2 sin x (Figure 6) and then noticing the relationship
between variations in x and the corresponding variations in y. These
variations are equivalent to those that exist between 6 and r.
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"
&

y=4+2sinx

4 =
2 -
- i } i X
90° 180° 270° 360°
Y
Figure 6
Table 3
Reference Corresponding
Number Variations in Variations in

on Graphs x (or 0) y (or r)
1. 0° to 90° 4t06
2. 90° to 180° 6to4d
3. 180° to 270° 4102
4. 270° to 360° 204

i

Figure 7 A
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Although the method of graphing presented in Examples 2 and 3 is some-
times difficult to comprehend at first, with a little practice it becomes much
easier. In any case, the usual alternative is to make a table and plot points
until the shape of the curve can be recognized. Probably the best way to
graph these equations is to use a combination of both methods.

Here are some other common graphs in polar coordinates along with the
equations that produce them. When you start graphing some of the equa-
tions in Problem Set 8.6, you may want to keep these graphs handy for refer-
ence. It is sometimes easier to get started when you can anticipate the gen-
eral shape of the curve.

Y y
A
- —=- X ol X
(@, 0%
0 i a e
Figure 8 Figure 9

four-leaved roses

r=a cos 20

Figure 10



o

X B

(a,120°)

-
Y three-leaved roses Y
r=a sin 30 r=a cos 30
Figure 11 ae

)7

A
r=—+/acos20 | r=+/a cos 20

1 1

R S
(v/2.0%

9 2

lemniscates

¢ (two-leaved roses)
r? =acos20 . r? =a sin 26
Figure 12
y Y
(2a,90°)
(a,90°%) 1
2 1
2
-+ X -+ x
3 (2a, Oo) 3 4 (a. Oo)
4
Y cardioids v
r=a+ acosf r=a+asinf

Figure 13
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(a, 90°)

w

limacons Y
r=a+ bcosf r=a+ bcos@
@<b) @>b)
Figure 14

Problem Set 8.6

Sketch the graph of each equation by making a table using values of 6 that are multi-
ples of 45°.

1. r=6cosf 2. r=4sinf

3. r =sin 36 4. r = cos 30
Graph each equation.

5. r=3 6. r=2

7. 0 =45° 8. 0 =135

9. r=13sinf 10. r=3cosf
11. r=4+2sinf 12. r=4+2cos @
13. r=2+4cos¥f 14. r=2+4sin0
15. r=2+2sinf 16. r=2+ 2cos 6
17. r2=9sin 26 18. r? =4 cos 20
19. r=2sin26 20. r=2cos26

21. r=4cos 360 22. r=4sin 360

Convert each equation to polar coordinates and then sketch the graph.

23. x*+ yr=16 24, x2+ y2=25

25. x2+ y?=6x 26. x2+ y?= 6y

27. (x* + y»)?2 = 2xy 28. (X2 + y)2=x2—y?
Change each equation to rectangular coordinates and then graph.

29. r(2cosf+ 3sinf) =6 30. r(3cosf — 2sinh) =6
31. r(1 —cosB) =1 32. (1 —sinf) =1

33. r=4sin6 3. r=6cos @
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35. Graph r = 2 sin 6 and r = 2 cos 6 and then name two points they have in

common.

36. Graphr =2+ 2cosfand r =2 — 2 cos 6 and name three points they have in

common.

Review Problems The problems that follow review material we covered in Sec-

tion 4.4,

Graph each equation.

37. y=sinx—cosx,0=x=d4rw 38. y=cosx —sinx,0=x<=4m
39. y=x+sinmx,0=x=38 40. y=x+cosmx,0=x=38

41. y=3sinx tcos2x,0=x=<4m7 42 y=sinx+Lcos2x,OSxS47r

2

Chapter 8 Summary and Review

DEFINITIONS ([8.1]

The number i is such that i = —1. If a > 0, the expression
\/—a can be written as Vai? = iVa.

A complex number is any number that can be written in the
form

a+ bi

where a and b are real numbers and i2 = —1. The number a is
called the real part of the complex number and b is called the
imaginary part. The form a + bi is called standard form.

All real numbers are also complex numbers since they can be
put in the form a + bi, where b = 0. If b # 0, then a + bi is also
called an imaginary number.

EQUALITY FOR COMPLEX NUMBERS [8.1]

Two complex numbers are equal if and only if their real parts are
equal and their imaginary parts are equal. That is,

at+bi=c+diifandonlyifa=candb=4d

Examples

1. Each of the following is a complex
number.

5 + 4i
V3 +i
7i
-8

the number 7i is complex because
7i=0+7i
the number —8 is complex because

~8=-8+0i

2, If3x+ 2i = 12 — 4yi, then

3x =12 and 2= —4y
x=4 y=-=1/2
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If zz =2 —iand z, = 4 + 3i, then

2yt z,=6+2i

7y = 23, = —=2—4i

2,2, = 2 — i)4 + 3i)
=8+ 6i — 4i — 3’
=11+ 2i

the conjugate of 4 + 3iis 4 — 3/ and
@4+3)4-3)=16+9=25

4.

5, _2-i 4-3i
5, 4+3 4-3i
_5-10i
T25
12,
s 5!

l'lt) = (i4)5 =1
,'ZI = (1'4)5 o =
,'32 — (,‘J)S 8 ,'3 = —1
I'ZI — (l'4)5 5 ,'} =

The graph of 4 + 3i is

y

4+ 30

OPERATIONS ON COMPLEX NUMBERS IN STANDARD FORM (8.1]

Ifz, = a, + byiand z, = a, + b,i are two complex numbers in
standard form, then the following definitions and operations apply.

Addition

21+ z,=(a; + ay) + (b + by)i

Add real parts, add imaginary parts.
Subtraction

2y == (a, — a) + (b — by)i

Subtract real parts, subtract imaginary parts.
Multiplication

2,2, = (aya; — byby) + (a,b; + a,b))i
In actual practice, simply multiply as you would multiply
two binomials.

Conjugates

The conjugate of a + bi is a — bi. Their product is the real
number a? + b2

Division
Multiply the numerator and denominator of the quotient by
the conjugate of the denominator.

POWERS OF i [8.1]

If nis aninteger, then " can always be simplified to either i, —1,
—i,orl.

GRAPHING COMPLEX NUMBERS [8.2]

The graph of the complex number z = a + bi is the arrow (vec-
tor) that extends from the origin to the point (a, b).
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ABSOLUTE VALUE OF A COMPLEX NUMBER [8.2]

The absolute value (or modulus) of the complexnumber z = a + bi
is the distance from the origin to the point (a, b). If this distance
is denoted by r then

r=|z| = la + bi| = Va2 + b2

ARGUMENT OF A COMPLEX NUMBER [8.2]

The argument of the complex number z = a + bi is the smallest
positive angle from the positive x-axis to the graph of z. If the
argument of z is denoted by 0 then,

a
-

Q>

sin0=%,cos¢9= ,andtan @ =

TRIGONOMETRIC FORM OF A COMPLEX NUMBER [8.2]
The complex number z = a + bi is written in trigonometric form
when it is written as

z = r(cos 6 + isin )

where r is the absolute value of z and 6 is the argument of z.

PRODUCTS AND QUOTIENTS IN TRIGONOMETRIC FORM [8.3]

If z, = r/(cos 0, + isin 8,) and z, = ry(cos 6, + i sin 6,) are
two complex numbers in trigonometric form, then

their product is

2,2, = rry[cos (8, + 6,) + isin (6, + 0,)]

their quotient is

Z

= Ll [cos (8, — 6,) + isin (8, — 6,)]
Z, r,
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6. Ifz=V3+ i then
lz2l=V3+i=V3+1=2

7. Forz = V3 + i, @is the smallest
positive angle for which

P | V3
sin 6 = 2andcos.‘)— 3

which means 6 = 30°

8. Ifz="V3+ i then in trigonometric

form

z = 2(cos 30° + i sin 30°)

9. If z; = 8(cos 40° + i sin 40°) and
2, = 4(cos 10° + i sin 10°), then

2,2, = 32(cos 50° + i sin 50°)

4= 2(cos 30° + i sin 30°)

5
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10. If - = V2(cos 30° + i sin 30°),

then

=10
z

32(cos 300° + i sin 300°)

11.  The 3 cube roots of
z = 8(cos 60° + i sin 60°
are given by
w, = 83 'Cos w

° 4+ o
+ isin 60 1360 k)

)

2[cos(20° + 120°)
+ i sin(20° + 120°k)]

when & = 0, |. 2. That is,

w, = 2(cos 20° + i sin 20°)
w, = 2(cos 140° + i sin 140°)
w, = 2(cos 260° + i sin 260°)

12.

(3,120

V2'%cos 10 - 30° + i sin 10 - 30°)

Chapter 8 Complex Numbers and Polar Coordinates

DeMOIVRE’S THEOREM [8.4]

If z= r(cos 6§ + i sin ) is a complex number in trigonometric
form and n is an integer, then

z" = rn(cos nf + i sin nB)

ROOTS OF A COMPLEX NUMBER [8.4]

The n nth roots of the complex number z = r(cos 6 + i sin ) are
given by the formula

t9+360k+
n

w, = rimn (cos
where k =0, 1, 2,

0
wo = rln (cos —+ isin P

6 + 360°k)
n 41 06Uk
n

, h — 1. That is, the n nth roots are

_ ( 6 + 360° 0 + 360°)
w, = r’"fcos ———— n—————
n
= I/n( 6 + 7200 0+ 7200)
W, =r n —m———
n
= ,,,,,<COS LS L ESIWPRR S LS n)

POLAR COORDINATES [8.5]

The ordered pair (r, 6) names the point that is r units from the
origin along the axis rotated through 6 degrees from the positive
x-axis. The coordinates r and 6 are said to be the polar coordi-
nates of the point they name.
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POLAR COORDINATES AND RECTANGULAR COORDINATES (8.5]

To derive the relationship between polar coordinates and rec-
tangular coordinates, we consider a point P with rectangular co-
ordinates (x, y) and polar coordinates (r, 6).
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13. Convert (-V2, 135° to rectangular
coordinates.

To convert from polar coordinates to
rectangular coordinates, we substitute the
given values of r and 0 into the equations

x=rcos® and y=rsiné

Y X=—\/5cosl35°=—\/§(—%)=|
4 (x,y)
P (r, 0) y=- 2sin|35°=—\/§(%)=—|
T |
| \
0
- l—] > X
X
\1350
- \] o -
Y \ |l
V2 \\ | polar

EQUATIONS IN POLAR COORDINATES [8.5]

Equations in polar coordinates have variables r and 6 instead of x
and y. The conversions we use to change ordered pairs from
polar coordinates to rectangular coordinates and from rectangular
coordinates to polar coordinates are the same ones we use to con-
vert back and forth between equations given in polar coordinates
and those in rectangular coordinates.

1, -1) \ (-v2,135%
rectangular

N\

AN

14. Change x + y = 4 to polar
coordinates.

Since x = rcos § and y = r sin 6,
we have

rcos@ + rsinf =4

r(cos @ + sin ) = 4 Factor out r

_ 4 Divide both
cos 6 + sin @ sides by cos 6
+ sin 6

The last equation gives us r in terms of 6.
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Write in terms of i.

1. V=25 2. V-12
Find x and y so that each of the following equations is true.
3. Tx—6i= 14 — 3yi 4. (x2—3x) + 16i =10 + 8yi

Combine the following complex numbers:

S. (6-—3i)+ [(4—-2i)— @3+ )]
6. (7+30))—[(2+1i)—3—4i)]

Simplify each power of i.
7. i 8. iV

Multiply. Leave your answer in standard form.

9. (8 + 5i)8 — 5i) 10. (3 + 5§y
Divide. Write all answers in standard form.
5 —4i 6 + 5i
11. ¥ 12. 6= 5

For each of the following complex numbers give: (a) the absolute value; (b) the op-
posite; and (c) the conjugate.

13. 3+ 4i 14. 3 -4
15. 8i 16. —4

Write each complex number in standard form.

17. 8(cos 330° + i sin 330°) 18. 2(cos 135° + i sin 135°)
Write each complex number in trigonometric form.

19. 2+ 2i 20 —V3+i

21. Si 22, -3

Multiply or divide as indicated. Leave your answer in trigonometric form.
23. 5(cos 25° + isin 25°) - 3(cos 40° + i sin 40°)

10(cos 50° + i sin 50°)
2(cos 20° + i sin 20°)

25. [2(cos 10° + i sin 10°))°

26. [3(cos 20° + i sin 20°))*

27. Find two square roots of z = 49(cos 50° + i sin 50°). Leave your answer in
trigonometric form. B

28. Find four fourth roots for z = 2 + 2iV/3. Leave your answer in trigonometric
form.

24.
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Solve each equation. Write your solutions in trigonometric form.
29, x*—2V3x2+4=0 30. x*= -1

For each of the following points, name two other ordered pairs in polar coordinates
that name the same point and then convert each of the original ordered pairs to rec-
tangular coordinates.

31. (4, 225°) 32. (-6, 60%

Convert to polar coordinates with r positive and 6 between 0° and 360°.
33. (-3,3) 34. (0,5)

Write each equation with rectangular coordinates.

35. r==6sin0 36. r = sin 20

Write each equation in polar coordinates.

37. x+y=2 38. x?2+ y> =8y
Graph each equation.

39. r=4 40. 6 = 45°
41. r=4+ 2cosf 42. r = sin 20




Appendix
Logarithms

10 the student

Logarithms are exponents. The properties of logarithms are actually the
properties of exponents. As it turns out, writing some expressions with log-
arithms instead of exponents allows us to solve some problems we would
otherwise be unable to solve. There are many applications of logarithms to
both sciences and higher mathematics. For example, the pH of a liquid is
defined in terms of logarithms. (That’s the same pH that is given on the label
of many hair conditioners.) The Richter scale for measuring earthquake in-
tensity is a logarithmic scale, as is the decibel scale used for measuring the
intensity of sound.

As you know from your work in algebra, equations of the form
y=>b* (b>0,b#1)

are called exponential functions. The inverse of an exponential function is a
logarithmic function. Since the equation of the inverse of a function can be
obtained by exchanging x and y in the equation of the original function, the
inverse of an exponential function must have the form

x=b (b>0,b#1)

Al
Logarithms Are
Exponents
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Now, this last equation is actually the equation of a logarithmic function, as
the following definition indicates:

DEFINITION The expression y = log,x is read “y is the logarithm to the
base b of x” and is equivalent to the expression

x=b b>0,b#1)

In words, we say “y is the number we raise b to in order to get x.”

NoOTATION When an expression is in the form x = b*, it is said to be
in exponential form. On the other hand, if an expression is in the form
y = log, x, it is said to be in logarithmic form.

Here are some equivalent statements written in both forms.

Exponential Logarithmic
form form
8§ =23 = log,8 =3
25=752 = log<25 =2
d=10"" = log.1 = -1
$=27 & log, 3 = -
r=z = log.r=s

V Example 1 Solve for x: log; x = =2

Solution In exponential form the equation looks like this:

x =32
=1
or x 9

The solution is 1/9. A

V Example 2 Solve log, 4 = 3.

Solution Again, we use the definition of logarithms to write the ex-
pression in exponential form:

4 = x3
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Taking the cube root of both sides, we have

V4 = V3
x=Va A

V Example 3 Solve log 4 = x.

Solution We write the expression again in exponential form:
4 =8

Since both 4 and 8 can be written as powers of 2, we write them in terms
of powers of 2:

22 = (23)"

22 = 23.\'
The only way the left and right sides of this last line can be equal is if the
exponents are equal—that is, if 2 = 3x. Solving for x, we have x =

2/3, which is our solution. As with all equations, we can check our solu-
tion by substitution.

If logg 4 = 2/3, then 4 = 823

4= (V8)>
4 =21
4 =4 A true statement A

As we indicated in Section 4.5, the graph of a logarithmic function can be
drawn using the graph of its associated exponential function. Since the
graph of a function and the graph of its inverse have symmetry about the line
y = x, we reason as follows:

The equation y = log, x is, by definition, equivalent to the exponential
equation

x =2
which is the equation of the inverse of the function
-)j = 2‘

Therefore, to graph y = log, x, we simply reflect the graph of y = 2* about
the line y = x. Figure 1 shows both graphs.

One thing to notice from Figure 1 is the fact that the x in y = log, x is
never negative. In general, the only quantity in the expression y = log, x
that can be negative is y. Both b and x are always positive. [Try to find
log(—2) on your calculator. |

Graphing Logarithmic
Functions
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/ =0
/7 or y =log, x

Figure 1

Two Special |dentities If b is a positive real number other than 1, then each of the following is a
consequence of the definition of a logarithm:

blogrx = x log, b* = x

The justifications for these identities are similar. Let’s consider only the
first one. Consider the expression

y = log, x
By definition, it is equivalent to

x=0>b'
Substituting log, x for y in the last line gives us

X = blog,,_r
V Example 4 Simplify log, 8.

Solution Substitute 2 for 8:
log, 8 = log, 2°
_— A
V Example 5 Simplify log, b (b >0, b # 1).

Solution Since b' = b, we have

log, b = log, b'
=1 A
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v Example 6 Simplify log, 1 (b >0, b # 1).

Solution Since 1 = b0, we have

log, I = log, b°
=0 A

For the following three properties, x, y, and b are all positive real numbers,  Properties of
b # 1, and r is any real number: Logarithms

Property 1 log, (xy) = log, x + log, y
In words: The logarithm of a product is the sum of the logarithms.

Property 2 log,,( %) = log, x — log, y
In words: The logarithm of a quotient is the difference of the logarithms.
Property 3 log, x* = r log, x

In words: The logarithm of a base raised to a power is the product of the
power and the logarithm of the base.

Proof of Property 1 To prove property 1, we simply apply the first of
our two special identities.

blogb B — xy = blog,, xblog,, Yy = blogb.w + logy v

Since the first and last expressions are equal and the bases are the same,
the exponents log, xy and log, x + log, y must be equal. Therefore,

log, xy = log, x + log, y

The proofs of Properties 2 and 3 proceed in much the same manner,
so we will omit them here.

V  Example 7 Expand the following using the properties of logarithms:
3xy

logs e
Solution Applying Property 2, we can write the quotient of 3xy and z
in terms of a difference:

3xy

P logs 3xy — logs z

logs
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Applying Property 1 to the product 3xy, we write it in terms of addition:

log53—':l = logs 3 + logs x + logs y — logs z A

\ 4 Example 8 Expand the following using the pro; :rties of logarithms:

4

RV

Solution We write \/; as y'? and apply the properties:

4

N X
log, m = log, )’“_223

= log, x* — log, (y'2- 23) Property 2

= log, x* — (log, y"'? + log, 2}) Property 1

= log, x* — log, y"? — log, 23 Remove
parentheses

=41 —Ll - 31 Property 3

= 4108, x — 5108,y 08, z perty A

We can also use the three properties to write an expression in expanded
form as just one logarithm.

\ 4 Example 9 Write the following as a single logarithm:

2 loglo a-+ 3 loglo b - %loglo c

Solution We begin by applying Property 3:
1

2logea+ 3log,,b — 3 logo ¢

= log,p a? + log b3 — log,, c'? Property 3

= logo (a2 - b%) — logo c'? Property 1
ab?

= logo i Property 2
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Write each of the following expressions in logarithmic form: Problem Set A.1
1. 125=753 2. 16 = 42
3. .01l =10? 4. .001 = 10°?
5 25=1/32 6. 42=1/16

Write each of the following expressions in exponential form:

7. log,, 100 = 2 8. log,8=3
9. logsl =0 10. loges9 =1
11. log, .001 = -3 12. log, .0001 = —4
Solve each of the following equations for x:
13. logsx= -3 14. log, x = —4
15. log, 16 = x 16. log,27 = x
17. logz2 = x 18. logy S = x
19. log,4=2 20. log, 16 =4
Simplify each of the following:
21. log, 16 22, log; 9
23. log,s 125 24. logg 27
25. log,, 1000 26. log,, 10,000
27. log;3 28. log,4
29. logs | 30. log,!
31. log, (log, 6) 32. logs (log; 3)

Use the three properties of logarithms given in this section to expand each expres-
sion as much as possible.

33. log; 4x 34. log, 5x

5 X
35. log, " 36. log, 3
37. log, y* 38. log,y*
39. log, Vz 40. logy Vz
41. log, x%y3 42. log,, x2y*
43. log; Vix- y4 44. log, V xy®

X 3x
45. log, 7y 46. log, 7

4 5
47. log,, E 48. log,, E
Vx-y

x2y
49. lOg 10 \_/‘_; 50. lOg 10 2—1



“Vy xVy
S1. log p 52. logy s
Write each expression as a single logarithm.
53. log,x + log, z 54. log,x — log,z
S55. 2logix —3logsy 56. 4log, x+ Slog,y

1 1 1

57. log, x + 3 logy ¥ 58. 3 log,ox — -4—10g10 y
59. 3log, x + %log2 y — log, z 60. 2 log;x + 3log,y — log;z
61. %log2 x—3log,y —4log,: 62. 3log,x —log,y — log,z

63. The formula M = 0.21(log,, a — log,o ) is used in the food processing in-
dustry to find the number of minutes M of heat processing a certain food
should undergo at 250°F to reduce the probability of survival of C. botulinum
spores. The letter a represents the number of spores per can before heating,
and b represents the total number of spores per can after heating. Find M if
a=land b=10"

64. The formula N = 10 log,, % is used in radio electronics to find the ratio of
2

the acoustic powers of two electric circuits in terms of their electric powers.
Find N if P, is 50 and P, is 1/2.

A2
Common Logarithms
and Computations

In the past, logarithms have been very useful in simplifying calculations.
With the widespread availability of hand-held calculators, the importance
of logarithms in calculations has been decreased considerably. Working
through arithmetic problems using logarithms is, however, good practice.
The problems in this section all involve the properties of logarithms devel-
oped in the preceding section and indicate how some fairly difficult com-
putation problems can be simplified using logarithms.

DEFINITION A common logarithm is a logarithm with a base of 10. Since
common logarithms are used so frequently, it is customary, in order to save
time, to omit notating the base. That is,

log,g x = logx

When the base is not shown, it is assumed to be 10.
The reason logarithms base 10 are so common is that our number system
is a base-10 number system.
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Common logarithms of powers of 10 are very simple to evaluate. We
need only recognize that log 10 = log,, 10 = 1 and apply the third property
of logarithms: log, x = r log, x.

log 1000 = log 10° =3log10 =3(1) =
log 100 = log 102 2log 10 =2(1) =

| © = W

logl0 =logl0! =1logl0 =1(1) =
log 1 = log 10* =0logl0 =0(1) =
log.1 =1logl0!=-1logl0=—-1(1) = —1

log .01 =logl0-2= —2logl0= —2(1) = -2
log .001 =1log 10-* = =3 log 10 = =3(1) = -3

For common logarithms of numbers that are not powers of 10, we have to
resort to a table or a calculator. Table IV at the back of the book gives com-
mon logarithms of numbers between 1.00 and 9.99. To find the common
logarithm of, say, 2.76, we read down the left-hand column until we get to
2.7, then across until we are below the 6 in the top row (or above the 6 in the
bottom row):

X 0 1 2 3 4 5 6 7 8 9

log 2.76 = .4409

——
o e e .
[ S Ne)

2.7 > 4409

ha .l
o —_

Table IV contains only logarithms of numbers between 1.00 and 9.99.
Check the following logarithms in the table to be sure you know how to use
the table:

log 7.02 = .8463
log 1.39 = .1430
log 6.00 = .7782
log 9.99 = .9996

To find the common logarithm of a number that is not between 1.00 and
9.99, we simply write the number in scientific notation, apply Property 2
of logarithms, and use the table. The following examples illustrate the
procedure.
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Note A number is written in scientific notation when it is written as the product of
a number between 1 and 10 and a power of 10. For example, 39,800 = 3.98 x 10*
in scientific notation.

V  Example 1 Use Table IV to find log 2760.

Solution log 2760 = log(2.76 X 103)
log 2.76 + log 103
= .4409 + 3

= 3.4409

The 3 in the answer is called the characteristic, and its main function is
to keep track of the decimal point. The decimal part of this logarithm is
called the mantissa. It is found from the table.

Following are more of the same type of problems: A

V Example 2 Find log 843.

Solution log 843 = log(8.43 X 102)

log 8.43 + log 10?

.9258 + 2

= 2.9258 A

V Example 3 Find log .0391.

Solution log .0391 = log(3.91 X 10-2)
log 3.91 + log 102
= .5922 + (—2)

Now there are two ways to proceed from here. We could add .5922
and —2 to get —1.4078. (If you were using a calculator to find log
.0391, this is the answer you would see.) The problem with —1.4078 is
that the mantissa is negative. Our table contains only positive numbers.
If we have to use log .0391 again, and it is written as —1.4078, we will
not be able to associate it with an entry in the table. It is most common,
when using a table, to write the characteristic —2 as 8 + (—10) and
proceed as follows:

log .0391

.5922 + 8 + (—10)
8.5922 — 10 A

Here is another example:

V  Example 4 Find log .00523.
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Solution log .00523 = log(5.23 X 1073)

log 5.23 + log 103

7185 + (—3)

7185 + 7 + (—10)

7.7185 — 10 A

It is not necessary to show any of the steps we have shown in the examples
above. As a matter of fact, it is better if we don’t. With a little practice the
steps can be eliminated. Once we have become familiar with using the table
to find logarithms, we can go in the reverse direction and use the table to
solve equations like log x = 3.8774.

V Example 5 Find x if log x = 3.8774.
Solution We are looking for the number whose logarithm is 3.8774.

The mantissa is .8774, which appears in the table across from 7.5 and
under (or above) 4.

X 0 1 2 3 4 5 6 7 8 9
4.3

4.4

7.5 = .8774

7.8

7.9

X 0 | 2 3 4 5 6 7 8 9

The characteristic is 3 and it came from the exponent on 10.

log x = 3.8774

logx = 8774 + 3 Separate characteristic and mantissa
x =17.54 x 103 Table IV for 7.54
x = 7540

The number 7540 is called the antilogarithm or just antilog of 3.8774.
That is, 7540 is the number whose logarithm is 3.8774. A

Calculator Note To do this same problem on a calculator you would use the button

labeled 10*.
3.8774
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V Example 6 Find x if log x = 7.5821 — 10.

Solution The mantissa is .5821, which comes from 3.82 in the table.
The characteristic is 7 + (—10) or —3, which comes from a power
of 10:

log x = 7.5821 — 10
log x = .5821 + 7 + (—10)

log x = .5821 + (—3)
x =3.82 x 1073
x = .00382
The antilog of 7.5821 — 10 is .00382. That is, the logarithm of .00382
is 7.5821 — 10. A

The following examples illustrate how logarithms are used as an aid in
computations:

v Example 7 Use logarithms to find (3780)(45,200).

Solution We will let n represent the answer to this problem:
n = (3780)(45,200)

Since these two numbers are equal, so are their logarithms. We there-
fore take the common logarithm of both sides:

log n = 1og(3780)(45,200)
= log 3780 + log 45,200
= 3.5775 + 4.6551

log n = 8.2326

The number 8.2326 is the logarithm of the answer. The mantissa is
.2326, which is not in the table. Since .2326 is closest to .2330, and
.2330 is the logarithm of 1.71, we write

n=171x 108 A

Note The answer 1.71 X 10% is not exactly equal to (3780)(45,200). It is an ap-
proximation to it. If we want to be more accurate and have an answer with more
significant digits, we would have to use a table with more significant digits.

V Example 8 Use logarithms to find V'875.

Solution If n= V875,
then n = (875)'3
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and log n = log 875"
= ;—log 875
=L (2.9420)
3
log n = .9807
n=9.56

A good approximation to the cube root of 875 is 9.56.

V Example 9 Use logarithms to find 3527.

Solution Let n = 3527
Then log n = log 3527
= 2.7log 35
= 2.7(1.5441)
log n = 4.1691
n =148 x 104
= 14,800
21/
v Example 10 Use logarithms to find (34.5)°V 1080 .
(2.76)?
Solution f n= (3.45*V 1080
(2.76)3
_ (34.5)2V 1080
then log n = log[ (2.76)? ]

= 2log34.5 + l—log 1080 — 3 log 2.76

2

= 2(1.5378) + %(3.0334) — 3(.4409)

= 3.0756 + 1.5167 — 1.3227
log n = 3.2696
1.86 x 103
1860

n

365
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Problem Set A.2 Use Table IV to find the following:
1. log 378 2. log426
3. log37.8 4. log 42,600
S. log 3780 6. log .4260
7. log .0378 8. log .0426
9. log 37.800 10. log 4900
11. log 600 12. log 900
13. log 2010 14. log 10,200
15. log .00971 16. log .0312
17. log .0314 18. log .00052
19. log .399 20. log .111
Find x in the following equations:
21. log x = 2.8802 22. log x = 4.8802
23. log x = 7.8802 — 10 24. log x = 6.8802 — 10
25. log x = 3.1553 26. log x = 5.5911
27. log x =4.6503 — 10 28. log x = 8.4330 — 10
29. log x = 2.9628 — 10 30. log x =5.8000 — 10
Use logarithms to evaluate the following:
31. (378)(24.5) 32, (921)(2630)
496 512
33. 301 34. 216
35. V401 36. V923
37. V1030 38. V.64l
(2390)(28.4) (32.9)(5760)
S2L 176 40. 11.1
41. (296)*(459) 42. (3250)(24.2)°
43. V/526(1080) 44. (32.7)V580
45. 45731 46. 72'%
(895)*V41.1. (925)°V'1.99
47. 17.8 48. 243

49. The weight W of a sphere with diameter  can be found by using the formula

T
w 6dw

where w is the weight of a cubic unit of material. Use logarithms to find W if
d = 2.98 inches, w = 3.03 pounds and 7 = 3.14.
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50. The following formula is used in hydraulics:

d=251] %

Use logarithms to find d, when f = 0.022, / = 2,820, h = 133, and Q =
12.5.

51. The area A of a triangle in which all three sides are of equal length / (equi-
lateral) is given by the formula

_r
A—4\/§

Find A when / = 276. (Use logarithms.)

PLAN

52. The formula H = 33,000

engine. In this formula, H is the horsepower; P, the average effective pressure

on the piston, in pounds per square inch; L, the distance the piston travels per

stroke, in feet; A, the area of cross-section of the cylinder, in square inches;

and N, the number of working strokes per minute. Find H, when P = 62.8
pounds, L = 2.63 feet, A = 18.4 square inches, and N = 92.4,

is used to compute the horsepower of a steam or gas

Logarithms are very important in solving equations in which the variable
appears as an exponent. For example, consider the equation

5* =12

Since the quantities 5* and 12 are equal, so are their common logarithms. To
solve this equation we begin by taking the logarithm of both sides:

log 5* = log 12

We now apply Property 3 for logarithms, log x” = r log x, to turn x from
an exponent into a coefficient:

xlog5 =log 12
Dividing both sides by log 5 gives us

_ log 12
log §
If we want a decimal approximation to the solution, we can find log 12
and log 5 in Table IV or on a calculator and divide:
_ 1.0792
.6990

= 1.5439

A3

Exponential Equations,
Logarithmic Equations,
and Change of Base
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The complete problem looks like this:
5=12
log 5* = log 12
xlog5 =log 12

Y= log 12
log 5

1.0792
.6990

1.5439

Note A very common mistake can occur in the third-from-the-last step. Many
times the expression

log 12
log 5

is mistakenly simplified as log 12 — log 5. There is no property of logarithms that
allows us to do this. The only property of logarithms that deals with division is
Property 2, which is this

log, i = log, x — log, y (Right)

not this

log, x
log, y

The second statement is simply not a property of logarithms, although it is some-
times mistaken for one.

= log, x — log, y (Wrong)

Here is another example of solving an exponential equation using
logarithms.

W Example I Solve for x; 25%+1 =15
Solution Taking the logarithms of both sides and then writing the ex-
ponent (2x + 1) as a coefficient, we proceed as follows:
25%+1 =15
log 25%*! = log 15
(2x + D)log 25 = log 15
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_ log 15
2x + 1 log 25

log 15 1
log 25

x=L 10g15_1
2\ log 25

2x =

Using Table IV or a calculator, we can write a decimal approximation to

the answer:
X =L 1.1761 1
21 1.3979

=L -
=5 (8413 = 1)

=1
= > (—.1587)

= —.0793 b,

The properties of logarithms along with the definition of logarithms are
useful in solving equations that involve logarithms to begin with.

W Example 2 Solve for x: log, (x + 2) + log, x = 3

Solution Applying Property 1 to the left side of the equation allows us
to write it as a single logarithm:

log, (x +2) +log,x =3
log, [(x + 2)(x)] = 3

The last line can be written in exponential form using the definition of
logarithms:

x + 2)(x) =23
which simplifies to
x2+2x =28
x2+2x—-8=0
x+4)(x—2)=0
x+4=0 or x—2=0
x=—4 or x=2
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Earlier we noted the fact that x in the expression y = log, x cannot be a
negative number. Since substitution of x = —4 into the original equation
gives

log, (—2) + log, (—4) =3

which contains logarithms of negative numbers, we cannot use —4 as a
solution. The only solution is x = 2. F Y

There is a fourth property of logarithms we have not yet considered. This
last property is called the change-of-base property.

Property 4 (Change of Base) If o and b are both positive numbers other
than 1, and if x > 0, then

log, x

log, a

T T

Base a Base b

log, x =

The logarithm on the left side has a base of a, while both logarithms on the
right side have a base of b. This allows us to change from base a to another
base b that is a positive number other than 1. Here is a proof of Property 4
for logarithms.

Proof We begin by writing the identity

alog“ Y= x

Taking the logarithm base b of both sides and setting the exponent log, x as a
coefficient, we have

log, a'¢.~ = log, x
log, x log, a = log, x

Dividing both sides by log, a, we have the desired result:

log, xlog, a _ log, x

log, a log, a
log, x = log, x
ga log, a

We can use this property to find logarithms for which we do not have a table.
The next two examples illustrate the use of this property.
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v

Example 3 Find logg 24.

Solution Since we do not have a table for base-8 logarithms, we
change this expression to an equivalent expression that only contains
base-10 logarithms:

_ log 24
log, 24 log 8

Don’t be confused. We did not just drop the base, we changed to base
10. We could have written the last line like this:

logy 24 = 10810 2¢

log, 8
Looking up log 24 and log 8 in Table IV, or using a calculator, we write
_ 1.3802
logs 24 = T3]
= 1.5283 A

Solve each exponential equation. Use the Table IV to write the answer in decimal

form.
1. 3¥=5 2. 4°=3
3. 5=3 4. 3'=4
5. 5*=12 6. 7=28
7. 12v=5 8. 8+=7
9. &+*1=4 10. 9+1=3
11. 4-1'=4 12. 3*-1=9
13. 3x+1=2 14, 22x+1=3
15. 31-2x=2 16. 2'-*=3
17. 15%-4=10 18. 10»-4=15
19. 6°-2x=4 20. 97-3x=15
Solve each of the following equations:
21. log,x +log,3 =1 22. log,x —log,3 =1
23. logyx — logs2 =2 24. log,x +log,2 =2
25. log;x +logs(x—2)=1 26. log,x + loge(x —1)=1
27. log;(x +3) —logs(x— 1) =1 28. log,(x —2) —log,(x +1)=1
29. log,x +log,(x —2)=3 30. log, x + log, (x + 6) =2
31. logg x + logg (x —=3) = 2/3 32. log,, x + log,; (x + 8) =2/3

Problem Set A.3
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Use the change-of-base property and Table IV to find a decimal approximation to
each of the following logarithms:

33. log; 16 34. log, 27
35. log, 8 36. logy 9
37. log, 15 38. log; 12
39. log,s 7 40. log,, 3
41. log,, 11 42. log, 15
43. log, 12 44. log; 14
45. log, 240 46. log, 180
47. log, 321 48. log, 462

49. The formula A = P(1 + r)" shows how to find the amount of money A that
will be in an account if P dollars is invested at interest rate r for n years if the
interest is compounded yearly. Use logarithms to solve this formula for n.

50. If P dollars is invested in an account that pays an annual rate of interest r that
is compounded semiannually, the amount of money in the account at the end
of n years is given by the formula

N~

A=P(l+

Use logarithms to solve this formula for n.

A4
Word Problems

There are many practical applications of exponential equations and loga-
rithms. Many times an exponential equation will describe a situation arising
in nature. Logarithms are then used to solve the exponential equation. Many
of the problems in this section deal with expressions and equations that have
been derived or defined in some other discipline.

In chemistry the pH of a solution is defined in terms of logarithms as

pH = —log(H;0+)

where (H;0+) is the concentration of the hydronium ion, H;O+, in solu-
tion. An acid solutidn has a pH lower than 7, and a basic solution has a pH
above 7.

v Example 1 Find the pH of a solution in which (H;O0+) = 5.1 X
103,

Solution Using the definition given above, we write
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pH = —log(H;0+)

—log(5.1 X 107%)

~[.7076 + (—3)]

—.7076 + 3

2.29 &

According to our previous discussion, this solution would be considered an
acid solution, since its pH is less than 7.

W Example 2 What is (H,O+) for a solution with a pH of 9.3?

Solution We substitute 9.3 for pH in the definition of pH and proceed
as follows:

9.3 = —log(H,;0+)
log(H;0+) = -9.3

Because it is negative, it is impossible to look up —9.3 in Table IV (but
a calculator would work just fine). We can get around this problem by
adding and subtracting 10 to the —9.3:

log(H;0+) = —=9.3 + 10 — 10 (Actually adding 0)
=.7-10

The closest thing to .7 in the table is .6998, which is the logarithm of
5.01:

(H;O+) = 5.01 x 10-'0

The concentration of H;O+ is 5.01 X 10-'°. (This quantity is usually
given in moles per liter. We have left off the units to make things sim-

pler.) 'y

Carbon-14 dating is used extensively in science to find the age of fossils.
If at one time a nonliving substance contains an amount A, of carbon 14,
then ¢ years later it will contain an amount A of carbon 14, where

A = AO . Q15600

V Exampled Ifa nonliving substance has 3 grams of carbon 14, how
much carbon 14 will be present 500 years later?

Solution The original amount of carbon 14, A, is 3 grams. The num-
ber of years, ¢, is 500. Substituting these quantities into the equation
given above, we have the expression
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A = (3)2-500/5600
= (3)2-51%

In order to evaluate this expression we must use logarithms. We begin
by taking the logarithm of both sides:

log A = log[(3)2-5%¢]

5
log 3 56 log 2

5
4771 — 36 (.3010)

= .4771 — .0269
log A = .4502
A =12382
The amount remaining after 500 years is 2.82 grams. A

If an amount of money P (P for principal) is invested in an account that
pays a rate r of interest compounded annually, then the total amount of
money A (the original amount P plus all the interest) in the account after ¢
years is given by the equation

A =PI+ r)

W Example4 How much money will accumulate over 20 years if a per-
son invests $5,000 in an account that pays 6% interest per year?

Solution The original amount P is $5,000, the rate of interest r is .06
(6% = .06), and the length of time ¢ is 20 years. We substitute these
values into the equation and solve for A:

A = 5000(1 + .06)*

A = 5000(1.06)%
log A = log[5000(1.06)%]
log A = log 5000 + 20 log 1.06
3.6990 + 20(.0253)
3.6990 + .5060

log A = 4.2050
A =1.60 x 10*
= 16,000

The original $5,000 will more than triple to become $16,000 in 20 years
at 6% annual interest.
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V Example5 How long does it take for $5,000 to double if it is depos-
ited in an account that yields 5% per year?

Solution The original amount P is $5,000, the total amount after ¢

years is A = $10,000, and the interest rate r is .05. Substituting into
A=P( +ry

we have

10,000 = 5000(1 + .05y
= 5000(1.05)

This is an exponential equation. We solve it by taking the logarithms of
both sides:

log 10,000 = log[(5000)(1.05)"]
log 10,000 = log 5000 + rlog 1.05
4 =3.6990 + £(.0212)

Subtract 3.6990 from both sides:

3010 = .0212¢
Dividing both sides by .0212, we have
t=14.20

It takes a little over 14 years for $5,000 to double if it earns 5% per yeax

For problems 1-8 find the pH of the solution using the formula pH = —log(H;0+).

1. (H;0+)=4Xx 10" 2. (H,0+)=3x10"*
3. (H;0+)=5x 10" 4. (H,0+)=6x10"
5. (H;0+) =42 x 10> 6. (HO0+) =27 x 1077
7. (H;0+) =8.6 X 102 8. (H;0+)=53x10"*
For problems 9—12 find (H;O+) for solutions with the given pH.

9. pH=34 10. pH=5.7

11. pH=6.5 12. pH = 2.1

13. A nonliving substance contains 3 micrograms of carbon 14. How much car-
bon 14 will be left at the end of

a. 5000 years? b. 10,000 years?
c. 56,000 years? d. 112,000 years?
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

Forempenbie | s itiave
£ -

A nonliving substance contains 5 micrograms of carbon 14. How much car-
bon 14 will be left at the end of

a. 500 years? b. 5000 years?
c. 56,000 years? d. 112,000 years?

Atone time a certain nonliving substance contained 10 micrograms of carbon
14. How many years later did the same substance contain only 5 micrograms
of carbon 14?

Atone time a certain nonliving substance contained 20 micrograms of carbon
14. How many years later did the same substance contain only 5 micrograms
of carbon 14?

How much money is in an account after 10 years if $5,000 was deposited orig-
inally at 6% per year?

If you put $2,000 in an account that earns 5% interest annually, how much
will you have in the account at the end of 10 years?

If you deposit $2,000 in an account that earns 7.5% annually, how much will
you have in the account after 10 years?

Suppose $15,000 is deposited in an account that yields 10% per year. How
much is in the account 5 years later?

If $4,000 is in an account that earns 5% per year, how long does it take before
the account has $8,000 in it?

If $4,000 is deposited in an account that yields 7% annually, how long does it
take the account to reach $8,000?

How long does it take to double $10,000 if it is in an account that earns 6%
per year?

How long does it take to double $10,000 if it is in an account that earns 10%
per year?
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Table I Powers, Roots, and Prime Factors

n n? Vn n? Vn Prime factors
1 ] 1.000 1 1.000 —
2 4 1.414 8 1.260 prime
3 9 1.732 27 1.442 prime
4 16 2.000 64 1.587 2-2
5 25 2.236 125 1.710 prime
6 36 2.449 216 1.817 2-3
7 49 2.646 343 1.913 prime
8 64 2.828 512 2.000 2:2-2
9 81 3.000 729 2.080 3-3
10 100 3.162 1,000 2.154 2-5
11 121 3.317 1,331 2.224 prime
12 144 3.464 1,728 2.289 2-2-3
13 169 3.606 2,197 2.351 prime
14 196 3.742 2,744 2.410 2-7
15 225 3.873 3,375 2.466 3-5
16 256 4.000 4,096 2.520 2:2-2-2
17 289 4.123 4,913 2.571 prime
18 324 4.243 5,832 2.621 2:-3-3
19 361 4.359 6,859 2.668 prime
20 400 4.472 8,000 2.714 2:2-5
21 441 4.583 9,261 2.759 3-7
22 484 4.690 10,648 2.802 2-11
23 529 4.796 12,167 2.844 prime
24 576 4.899 13,824 2.884 2:-2-2-3
25 625 5.000 15,625 2.924 5+5
26 676 5.099 17,576 2.962 2-13
27 729 5.196 19,683 3.000 3-3-3
28 784 5.292 21,952 3.037 2:-2-7
29 841 5.385 24,389 3.072 prime
30 900 5.477 27,000 3.107 2:3-5
31 961 5.568 29,791 3.141 prime
32 1,024 5.657 32,768 3.175 2:2-2-2-2
33 1,089 5.745 35,937 3.208 3-11
34 1,156 5.831 39,304 3.240 2:17
35 1,225 5.916 42,875 3.271 5.7
36 1,296 6.000 46,656 3.302 2:2-3-3
37 1,369 6.083 50,653 3.332 prime
38 1,444 6.164 54,872 3.362 2-19
39 1,521 6.245 59,319 3.391 3-13
40 1,600 6.325 64,000 3.420 2:2-2-5
41 1,681 6.403 68,921 3.448 prime
42 1,764 6.481 74,088 3.476 2:3-7
43 1,849 6.557 79,507 3.503 prime
44 1,936 6.633 85,184 3.530 2-2-11
45 2,025 6.708 91,125 3.557 3:3-5
46 2,116 6.782 97,336 3.583 2-23
47 2,209 6.856 103,823 3.609 prime
48 2,304 6.928 110,592 3.634 2:2-2-2-3
49 2,401 7.000 117,649 3.659 7-7
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Table I (Continued)

n n? Vn n? Vn Prime factors
50 2,500 7.071 125,000 3.684 2-5-5

51 2,601 7.141 132,651 3.708 3-17

52 2,704 7.211 140,608 3.733 2-2-13
53 2,809 7.280 148,877 3.756 prime

54 2,916 7.348 157,464 3.780 2:-3-3-3
55 3,025 7.416 166,375 3.803 5-11

56 3,136 7.483 175,616 3.826 2:2-2-7
57 3,249 7.550 185,193 3.849 3-19

58 3,364 7.616 195,112 3.871 2-29

59 3,481 7.681 205,379 3.893 prime

60 3,600 7.746 216,000 3.915 2:2-3-5
61 3,721 7.810 226,981 3.936 prime

62 3,844 7.874 238,328 3.958 2-31

63 3,969 7.937 250,047 3.979 3-3-7

64 4,096 8.000 262,144 4.000 2:2:2:2:2-2
65 4,225 8.062 274,625 4.021 5-13

66 4,356 8.124 287,496 4.041 2-3-11
67 4,489 8.185 300,763 4.062 prime

68 4,624 8.246 314,432 4.082 2-2-17
69 4,761 8.307 328,509 4.102 3-23

70 4,900 8.367 343,000 4.121 2:5-17

71 5,041 8.426 357,911 4.141 prime

72 5,184 8.485 373,248 4.160 2:2-2-3-3
73 5,329 8.544 389,017 4.179 prime

74 5,476 8.602 405,224 4.198 2-37

75 5,625 8.660 421,875 4.217 3-5-5

76 5,776 8.718 438,976 4.236 2-2-19
77 5,929 8.775 456,533 4.254 7-11

78 6,084 8.832 474,552 4.273 2-3-13
79 6,241 8.888 493,039 4.291 prime

80 6,400 8.944 512,000 4.309 2-2-2-2-5
81 6,561 9.000 531,441 4.327 3:3-3-3
82 6,724 9.055 551,368 4.344 2-41

83 6,889 9.110 571,787 4.362 prime

84 7,056 9.165 592,704 4.380 2:2:-3-7
85 7,225 9.220 614,125 4.397 5-17

86 7,396 9.274 636,056 4.414 2-43

87 7,569 9.327 658,503 4.431 3-29

88 7,744 9.381 681,472 4.448 2:2-2-11
89 7,921 9.434 704,969 4.465 prime

90 8,100 9.487 729,000 4.481 2:3:3-5
91 8,281 9.539 753,571 4.498 7-13

92 8,464 9.592 778,688 4.514 2:2:23
93 8,649 9.644 804,357 4.531 3-31

94 8,836 9.695 830,584 4.547 2-47

95 9,025 9.747 857,375 4.563 5-19

96 9,216 9.798 884,736 4.579 2:2+2:2-2-3
97 9,409 9.849 912,673 4.595 prime

98 9,604 9.899 941,192 4.610 2-7-7

99 9,801 9.950 970,299 4.626 3-3-11
100 10,000 10.000 1,000,000 4.642 2-2+5-5
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Table II Trigonometric Functions—Decimal Degrees

6 sin 6 cos 6 tan 6 cot 6 sec 6 csc 6

0.0 0.0000 1.000 0.0000 — 1.000 — 90.0
. 0.0017 1.000 0.0017 573.0 1.000 573.0 9
2 0.0035 1.000 0.0035 286.5 1.000 286.5 .8
3 0.0052 1.000 0.0052 191.0 1.000 191.0 7
4 0.0070 1.000 0.0070 143.2 1.000 143.2 .6
.5 0.0087 1.000 0.0087 114.6 1.000 114.6 .5
.6 0.0105 0.9999 0.0105 95.49 1.000 95.49 4
7 0.0122 0.9999 0.0122 81.85 1.000 81.85 3
.8 0.0140 0.9999 0.0140 71.62 1.000 71.62 2
.9 0.0157 0.9999 0.0157 63.66 1.000 63.66 .1

1.0 0.0175 0.9998 0.0175 57.29 1.000 57.30 89.0
N 0.0192 0.9998 0.0192 52.08 1.000 52.09 9
2 0.0209 0.9998 0.0209 47.74 1.000 47.75 .8
3 0.0227 0.9997 0.0227 44.07 1.000 44.08 7
4 0.0244 0.9997 0.0244 40.92 1.000 40.93 .6
5 0.0262 0.9997 0.0262 38.19 1.000 38.20 .5
.6 0.0279 0.9996 0.0279 35.80 1.000 35.81 4
7 0.0297 0.9996 0.0297 33.69 1.000 33.71 3
.8 0.0314 0.9995 0.0314 31.82 1.000 31.84 2
.9 0.0332 0.9995 0.0332 30.14 1.001 30.16 .1

2.0 0.0349 0.9994 0.0349 28.64 1.001 28.65 88.0
.1 0.0366 0.9993 0.0367 27.27 1.001 27.29 9
2 0.0384 0.9993 0.0384 26.03 1.001 26.05 .8
3 0.0401 0.9992 0.0402 24.90 1.001 24.92 7
4 0.0419 0.9991 0.0419 23.86 1.001 23.88 .6
.5 0.0436 0.9990 0.0437 22.90 1.001 22.93 .5
.6 0.0454 0.9990 0.0454 22.02 1.001 22.04 4
7 0.0471 0.9989 0.0472 21.20 1.001 21.23 3
.8 0.0488 0.9988 0.0489 20.45 1.001 20.47 2
9 0.0506 0.9987 0.0507 19.74 1.001 19.77 N

3.0 0.0523 0.9986 0.0524 19.08 1.001 19.11 87.0
.1 0.0541 0.9985 0.0542 18.46 1.001 18.49 9
2 0.0558 0.9984 0.0559 17.89 1.002 17.91 .8
3 0.0576 0.9983 0.0577 17.34 1.002 17.37 7
4 0.0593 0.9982 0.0594 16.83 1.002 16.86 .6
.5 0.0610 0.9981 0.0612 16.35 1.002 16.38 .5
.6 0.0628 0.9980 0.0629 15.89 1.002 15.93 4
7 0.0645 0.9979 0.0647 15.46 1.002 15.50 3
.8 0.0663 0.9978 0.0664 15.06 1.002 15.09 2
.9 0.0680 0.9977 0.0682 14.67 1.002 14.70 .1

4.0 0.0698 0.9976 0.0699 14.30 1.002 14.34 86.0

cos 6 sin 0 cot 6 tan 6 csc 6 sec 6 6
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Table II (Continued)

6 sin 6 cos 6 tan 6 cot 6 sec 0 csc 6

4.0 0.0698 0.9976 0.0699 14.30 1.002 14.34 86.0
.1 0.0715 0.9974 0.0717 13.95 1.003 13.99 9
2 0.0732 0.9973 0.0734 13.62 1.003 13.65 .8
3 0.0750 0.9972 0.0752 13.30 1.003 13.34 7
4 0.0767 0.9971 0.0769 13.00 1.003 13.03 .6
5 0.0785 0.9969 0.0787 12.71 1.003 12.75 .5
.6 0.0802 0.9968 0.0805 12.43 1.003 12.47 4
7 0.0819 0.9966 0.0822 12.16 1.003 12.20 3
.8 0.0837 0.9965 0.0840 11.91 1.004 11.95 2
9 0.0854 0.9963 0.0857 11.66 1.004 11.71 .

5.0 0.0872 0.9962 0.0875 11.43 1.004 11.47 85.0
. 0.0889 0.9960 0.0892 11.20 1.004 11.25 9
2 0.0906 0.9959 0.0910 10.99 1.004 11.03 .8
3 0.0924 0.9957 0.0928 10.78 1.004 10.83 i
4 0.0941 0.9956 0.0945 10.58 1.004 10.63 .6
.5 0.0958 0.9954 0.0963 10.39 1.005 10.43 .5
.6 0.0976 0.9952 0.0981 10.20 1.005 10.25 4
i 0.0993 0.9951 0.0998 10.02 1.005 10.07 3
.8 0.1011 0.9949 0.1016 9.845 1.005 9.895 2
.9 0.1028 0.9947 0.1033 9.677 1.005 9.728 .1

6.0 0.1045 0.9945 0.1051 9.514 1.006 9.567 84.0
. 0.1063 0.9943 0.1069 9.357 1.006 9.411 9
2 0.1080 0.9942 0.1086 9.205 1.006 9.259 .8
3 0.1097 0.9940 0.1104 9.058 1.006 9.113 7
4 0.1115 0.9938 0.1122 8.915 1.006 8.971 .6
.5 0.1132 0.9936 0.1139 8.777 1.006 8.834 S
.6 0.1149 0.9934 0.1157 8.643 1.007 8.700 4
7 0.1167 0.9932 0.1175 8.513 1.007 8.571 3
.8 0.1184 0.9930 0.1192 8.386 1.007 8.446 2
9 0.1201 0.9928 0.1210 8.264 1.007 8.324 .1

7.0 0.1219 0.9925 0.1228 8.144 1.008 8.206 83.0
.1 0.1236 0.9923 0.1246 8.028 1.008 8.091 9
2 0.1253 0.9921 0.1263 7.916 1.008 7.979 .8
3 0.1271 0.9919 0.1281 7.806 1.008 7.870 7
4 0.1288 0.9917 0.1299 7.700 1.008 7.764 .6
5 0.1305 0.9914 0.1317 7.596 1.009 7.661 .5
.6 0.1323 0.9912 0.1334 7.495 1.009 7.561 4
7 0.1340 0.9910 0.1352 7.396 1.009 7.463 3
.8 0.1357 0.9907 0.1370 7.300 1.009 7.368 2
.9 0.1374 0.9905 0.1388 7.207 1.010 7.276 .1

8.0 0.1392 0.9903 0.1405 7.115 1.010 7.185 82.0

cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 6
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Table II (Continued)

6 sin 6 cos 6 tan 6 cot 6 sec 6 csc 6
8.0 0.1392  0.9903 0.1405 7.115 1.010 7.185 82.0
.1 0.1409 0.9900 0.1423 7.026 1.010 7.097 9
2 0.1426 0.9898 0.1441 6.940 1.010 7.011 .8
3 0.1444 0.9895 0.1459 6.855 1.011 6.927 7
4 0.1461 0.9893 0.1477 6.772 1.011 6.845 .6
.5 0.1478 0.9890 0.1495 6.691 1.011 6.765 .5
.6 0.1495 0.9888 0.1512 6.612 1.011 6.687 4
7 0.1513 0.9885 0.1530 6.535 1.012 6.611 3
.8 0.1530 0.9882 0.1548 6.460 1.012 6.537 2
.9 0.1547 0.9880 0.1566 6.386 1.012 6.464 .1
9.0 0.1564 0.9877 0.1584 6.314 1.012 6.392 81.0
.1 0.1582 0.9874 0.1602 6.243 1.013 6.323 .9
2 0.1599 0.9871 0.1620 6.174 1.013 6.255 .8
3 0.1616 0.9869 0.1638 6.107 1.013 6.188 7
4 0.1633 0.9866 0.1655 6.041 1.014 6.123 .6
.5 0.1650 0.9863 0.1673 5976 1.014 6.059 .5
.6 0.1668 0.9860 0.1691 5.912 1.014 5.996 4
7 0.1685 0.9857 0.1709 5.850 1.015 5.935 .3
.8 0.1702 0.9854 0.1727 5.789 1.015 5.875 2
9 0.1719 0.9851 0.1745 5.730 1.015 5.816 1
10.0 0.1736 0.9848 0.1763 5.671 1.015 5.759 80.0
.1 0.1754 0.9845 0.1781 5.614 1.016 5.702 9
2 0.1771 0.9842 0.1799 5.558 1.016 5.647 .8
3 0.1788 0.9839 0.1817 5.503 1.016 5.593 7
4 0.1805 0.9836 0.1835 5.449 1.017 5.540 .6
.5 0.1822 0.9833 0.1853 5.396 1.107 5.487 .5
.6 0.1840 0.9829 0.1871 5.343 1.107 5.436 4
i 0.1857 0.9826 0.1890 5.292 1.018 5.386 3
.8 0.1874 0.9823 0.1908 5.242 1.018 5.337 2
.9 0.1891 0.9820 0.1926 5.193 1.018 5.288 .1
11.0 0.1908 0.9816 0.1944 5.145 1.019 5.241 79.0
.1 0.1925 0.9813 0.1962 5.097 1.019 5.194 .9
2 0.1942 0.9810 0.1980 5.050 1.019 5.148 .8
.3 0.1959 0.9806 0.1998 5.005 1.020 5.103 7
4 0.1977 0.9803 0.2016 4.959 1.020 5.059 .6
.5 0.1994 0.9799 0.2035 4915 1.020 5.016 .5
.6 0.2011 0.9796 0.2053 4.872 1.021 4.973 4
7 0.2028 0.9792 0.2071 4.829 1.021 4.931 3
.8 0.2045 0.9789 0.2089 4.787 1.022 4.890 2
.9 0.2062 0.9785 0.2107 4.745 1.022 4.850 .1
12.0 0.2079 0.9781 0.2126 4.705 1.022 4.810 78.0

cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 6
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Table II (Continued)

6 sin 6 cos 6 tan 0 cot 6 sec 0 csc 0
12.0 0.2079 0.9781 0.2126 4705 1.022 4.810 78.0
.1 0.2096 0.9778 0.2144 4.665 1.023 4.771 9
2 0.2113 0.9774 0.2162 4.625 1.023 4.732 8
.3 0.2130 0.9770 0.2180 4.586 1.023 4.694 v
4 0.2147 0.9767 0.2199 4.548 1.024 4.657 .6
.5 0.2164 0.9763 0.2217 4511 1.024 4.620 .5
.6 0.2181 0.9759 0.2235 4.474 1.025 4.584 4
7 0.2198 0.9755 0.2254 4.437 1.025 4.549 3
.8 0.2215 0.9751 0.2272 4.402 1.025 4.514 2
.9 0.2233 0.9748 0.2290 4.366 1.026 4.479 .1
13.0 0.2250 0.9744 0.2309 4.331 1.026 4.445 77.0
.1 0.2267 0.9740 0.2327 4.297 1.027 4.412 .9
2 0.2284 0.9736 0.2345 4.264 1.027 4.379 .8
.3 0.2300 0.9732 0.2364 4230 1.028 4.347 7
4 0.2317 0.9728 0.2382 4.198 1.028 4.315 .6
5 0.2334 0.9724 0.2401 4.165 1.028 4.284 5
.6 0.2351 0.9720 0.2419 4.134 1.029 4.253 4
T 0.2368 0.9715 0.2438 4.102 1.029 4.222 3
.8 0.2385 0.9711 0.2456 4.071 1.030 4.192 2
.9 0.2402 0.9707 0.2475 4.041 1.030 4.163 .1
14.0 0.2419 0.9703 0.2493 4.011 1.031 4,134 76.0
.1 0.2436 0.9699 0.2512 3981 1.031 4.105 .9
2 0.2453 0.9694 0.2530 3952 1.032 4.077 .8
3 0.2470 0.9690 0.2549 3.923 1.032 4.049 7
4 0.2487 0.9686 0.2568 3.895 1.032 4.021 .6
.5 0.2504 0.9681 0.2586 3.867 1.033 3.994 5
.6 0.2521 0.9677 0.2605 3.839 1.033 3.967 4
i 0.2538 0.9673 0.2623 3.812 1.034 3.941 3
.8 0.2554 0.9668 0.2642 3.785 1.034 3.915 2
9 0.2571 0.9664 0.2661 3.758 1.035 3.889 .1
15.0 0.2588 0.9659 0.2679 3,732 1.035 3.864 75.0
.1 0.2605 0.9655 0.2698 3,706 1.036 3.839 9
2 0.2622 0.9650 0.2717 3.681 1.036 3.814 .8
3 0.2639 0.9646 0.2736 3.655 1.037 3.790 7
.4 0.2656 0.9641 0.2754 3.630 1.037 3.766 .6
5 0.2672 0.9636 0.2773 3.606 1.038 3,742 .5
.6 0.2689 0.9632 0.2792 3.582 1.038 3.719 4
7 0.2706 0.9627 0.2811 3.558 1.039 3.695 3
.8 0.2723 0.9622 0.2830 3.534 1.039 3.673 2
.9 0.2740 0.9617 0.2849 3.511 1.040 3.650 .1
16.0 0.2756 0.9613 0.2867 3.487 1.040 3.628 74.0

cos 6 sin 6 cot 0 tan 6 csc 6 sec 0 0
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Table II (Continued)

(7] sin 6 cos 6 tan 6 cot 6 sec 6 csc 6
16.0 0.2756 0.9613 0.2867 3.487 1.040 3.628 74.0
.1 0.2773 0.9608 0.2886 3.465 1.041 3.606 .9
2 0.2790 0.9603 0.2905 3.442 1.041 3.584 .8
3 0.2807 0.9598 0.2924 3.420 1.042 3.563 7
.4 0.2823 0.9593 0.2943 3.398 1.042 3.542 .6
.5 0.2840 0.9588 0.2962 3.376 1.043 3.521 .5
.6 0.2857 0.9583 0.2981 3.354 1.043 3.500 4
i 0.2874 0.9578 0.3000 3.333 1.044 3.480 3
.8 0.2890 0.9573 0.3019 3.312 1.045 3.460 2
9 0.2907 0.9568 0.3038 3.291 1.045 3.440 .1
17.0 0.2924 0.9563 0.3057 3.271 1.046 3.420 73.0
.1 0.2940 0.9558 0.3076 3.251 1.046 3.401 9
2 0.2957 0.9553 0.3096 3.230 1.047 3.382 .8
3 0.2974 0.9548 0.3115 3211 1.047 3.363 i
4 0.2990 0.9542 0.3134 3.191 1.048 3.344 .6
.5 0.3007 0.9537 0.3153 3.172 1.049 3.326 .5
.6 0.3024 0.9532 0.3172 3.152 1.049 3.307 4
T 0.3040 0.9527 0.3191 3.133 1.050 3.289 .3
.8 0.3057 0.9521 0.3211 3,115 1.050 3.271 2
9 0.3074 0.9516 0.3230 3.096 1.051 3.254 .1
18.0 0.3090 0.9511 0.3249 3.078 1.051 3.236 72.0
.1 0.3107 0.9505 0.3269 3.060 1.052 3.219 .9
2 0.3123 0.9500 0.3288 3.042 1.053 3.202 .8
3 0.3140 0.9494 0.3307 3.024 1.053 3.185 7
4 0.3156 0.9489 0.3327 3.006 1.054 3.168 .6
5 0.3173 0.9483 0.3346 2.989 1.054 3.152 .5
.6 0.3190 0.9478 0.3365 2.971 1.055 3.135 .4
7 0.3206 0.9472 0.3385 2.954 1.056 3.119 .3
.8 0.3223 0.9466 0.3404 2.937 1.056 3.103 2
.9 0.3239 0.9461 0.3424 2.921 1.057 3.087 .1
19.0 0.3256 0.9455 0.3443 2.904 1.058 3.072 71.0
.1 0.3272 0.9449 0.3463 2.888 1.058 3.056 .9
2 0.3280 0.9444 0.3482 2.872 1.059 3.041 .8
3 0.3305 0.9438 0.3502 2.856 1.060 3.026 7
.4 0.3322 0.9432 0.3522 2.840 1.060 3.011 .6
.5 0.3338 0.9426 0.3541 2.824 1.061 2.996 .5
.6 0.3355 0.9421 0.3561 2.808 1.062 2.981 4
T 0.3371 0.9415 0.3581 2.793 1.062 2.967 3
.8 0.3387 0.9409 0.3600 2.778 1.063 2.952 2
9 0.3404 0.9403 0.3620 2.762 1.064 2.938 .1
20.0 0.3420 0.9397 0.3640 2.747 1.064 2.924 70.0

cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 (V]
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Table II (Continued)

(7] sin 6 cos 6 tan 6 cot 6 sec 0 csc 6
20.0 0.3420 0.9397 0.3640 2.747 1.064 2.924 70.0
.1 0.3437 0.9391 0.3659 2.733  1.065 2.910 .9
2 0.3453 0.9385 0.3679 2.718 1.066 2.896 .8
.3 0.3469 0.9379 0.3699 2.703 1.066 2.882 7
.4 0.3486 0.9373 0.3719 2.689 1.067 2.869 .6
.5 0.3502 0.9367 0.3739 2.675 1.068 2.855 .5
.6 0.3518 0.9361 0.3759 2.660 1.068 2.842 4
7 0.3535 0.9354 0.3779 2.646 1.069 2.829 3
.8 0.3551 0.9348 0.3799 2.633 1.070 2.816 2
.9 0.3567 0.9432 0.3819 2.619 1.070 2.803 .1
21.0 0.3584 09336 0.3839 2.605 1.071 2.790 69.0
.1 0.3600 0.9330 0.3859 2.592 1.072 2.778 9
2 0.3616 0.9323 0.3879 2.578 1.073 2.765 .8
3 0.3633 0.9317 0.3899 2.565 1.073 2.753 i
4 0.3649 0.9311 0.3919 2.552 1.074 2.741 .6
5 0.3665 0.9304 0.3939 2.539 1.075 2.729 .5
.6 0.3681 0.9298 0.3959 2.526 1.076 2.716 4
7 0.3697 0.9291 0.3979 2.513 1.076 2.705 3
.8 0.3714 0.9285 0.4000 2.500 1.077 2.693 2
9 0.3730 0.9278 0.4020 2.488 1.078 2.681 .1
22.0 0.3746  0.9272 0.4040 2.475 1.079 2.669 68.0
.1 0.3762 0.9265 0.4061 2.463 1.079 2.658 9
2 0.3778 0.9259 0.4081 2.450 1.080 2.647 .8
3 0.3795 0.9252 0.4101 2.438 1.081 2.635 7
4 0.3811 0.9245 0.4122 2.426 1.082 2.624 .6
.5 0.3827 0.9239 0.4142 2.414 1.082 2.613 5
.6 0.3843 0.9232 0.4163 2.402 1.083 2.602 4
7 0.3859 0.9225 0.4183 2.391 1.084 2.591 3
.8 0.3875 0.9219 0.4204 2.379 1.085 2.581 2
.9 0.3891 0.9212 0.4224 2.367 1.086 2.570 .1
23.0 0.3907 0.9205 0.4245 2.356 1.086 2.559 67.0
.1 0.3923 0.9198 0.4265 2.344 1.087 2.549 .9
2 0.3939 0.9191 0.4286 2.333 1.088 2.538 .8
3 0.3955 0.9184 0.4307 2.322  1.089 2.528 7
4 0.3971 0.9178 0.4327 2.311  1.090 2.518 .6
.5 0.3987 09171 0.4348 2.300 1.090 2.508 .5
.6 0.4003 0.9164 0.4369 2.289 1.091 2.498 4
7 0.4019 0.9157 0.4390 2.278 1.092 2.488 3
.8 0.4035 0.9150 0.4411 2.267 1.093 2.478 2
9 0.4051 0.9143 0.4431 2.257 1.094 2.468 .1
24.0 0.4067 0.9135 0.4452 2246 1.095 2.459 66.0
cos 6 sin 6 cot 0 tan 6 csc 6 sec 6 6
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Table II (Continued)

(7] sin 6 cos 6 tan 6 cot 6 sec ¢ csc 0
24.0 0.4067 0.9135 0.4452 2.246 1.095 2.459 66.0
.1 0.4083 0.9128 0.4473 2.236 1.095 2.449 .9
2 0.4099 0.9121 0.4494 2.225 1.096 2.439 .8
3 0.4115 0.9114 0.4515 2.215 1.097 2.430 7
4 0.4131 0.9107 0.4536 2.204 1.098 2.421 .6
.5 0.4147 0.9100 0.4557 2.194 1.099 2411 .5
.6 0.4163 0.9092 0.4578 2.184 1.100 2.402 4
7 0.4179 0.9085 0.4599 2.174 1.101 2.393 3
.8 0.4195 0.9078 0.4621 2.164 1.102 2.384 2
.9 0.4210 0.9070 0.4642 2.154 1.102 2.375 .1
25.0 0.4226 0.9063 0.4663 2.145 1.103 2.366 65.0
1 0.4242 0.9056 0.4684 2.135 1.104 2.357 .9
2 0.4258 0.9048 0.4706 2.125 1.105 2.349 .8
.3 0.4274 0.9041 0.4727 2.116 1.106 2.340 7
4 0.4289 0.9033 0.4748 2.106 1.107 2.331 .6
5 0.4305 0.9026 0.4770 2.097 1.108 2.323 .5
.6 0.4321 0.9018 0.4791 2.087 1.109 2.314 4
i 0.4337 0.9011 0.4813 2.078 1.110 2.306 3
.8 0.4352 0.9003 0.4834 2.069 1.111 2.298 2
.9 0.4368 0.8996 0.4856 2.059 1.112 2.289 .1
26.0 0.4384 0.8988 0.4877 2.050 1.113 2.281 64.0
.1 0.4399 0.8980 0.4899 2.041 1.114 2.273 .9
2 0.4415 0.8973 0.4921 2.032 1.115 2.265 .8
3 0.4431 0.8965 0.4942 2.023 1.115 2.257 7
4 0.4446 0.8957 0.4964 2.014 1.116 2.249 .6
.5 0.4462 0.8949 0.4986 2.006 1.117 2.241 .5
.6 0.4478 0.8942 0.5008 1.997 1.118 2.233 4
7 0.4493 0.8934 0.5029 1.988 1.119 2.226 3
.8 0.4509 0.8926 0.5051 1.980 1.120 2.218 2
9 0.4524 0.8918 0.5073 1.971 1.121 2.210 .1
27.0 0.4540 0.8910 0.5095 1.963 1.122 2.203 63.0
.1 0.4555 0.8902 0.5117 1.954 1.123 2.195 9
2 0.4571 0.8894 0.5139 1.946 1.124 2.188 .8
3 0.4586 0.8886 0.5161 1.937 1.125 2.180 7
4 0.4602 0.8878 0.5184 1.929 1.126 2.173 .6
.5 0.4617 0.8870 0.5206 1.921 1.127 2.166 .5
.6 0.4633 0.8862 0.5228 1.913 1.128 2.158 4
7 0.4648 0.8854 0.5250 1.905 1.129 2.151 .3
.8 0.4664 0.8846 0.5272 1.897 1.130 2.144 2
.9 0.4679 0.8838 0.5295 1.889 1.132 2.137 .1
28.0 0.4695 0.8829 0.5317 1.881 1.133 2.130 62.0
cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 6
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Table II (Continued)

6 sin 6 cos 6 tan 6 cot 6 sec 6 csc 6
28.0 0.4695 0.8829 0.5317 1.881 1.133 2.130 62.0
.1 0.4710 0.8821 0.5340 1.873 1.134 2.123 9
2 0.4726 0.8813 0.5362 1.865 1.135 2.116 8
3 0.4741 0.8805 0.5384 1.857 1.136 2.109 7
4 0.4756 0.8796 0.5407 1.849 1.137 2.103 6
.5 0.4772 0.8788 0.5430 1.842 1.138 2.096 5
.6 0.4787 0.8780 0.5452 1.834 1.139 2.089 4
T 0.4802 0.8771 0.5475 1.827 1.140 2.082 3
.8 0.4818 0.8763 0.5498 1.819 1.141 2.076 2
.9 0.4833 0.8755 0.5520 1.811 1.142 2.069 |
29.0 0.4848 0.8746 0.5543 1.804 1.143 2.063 61.0
.1 0.4863 0.8738 0.5566 1.797 1.144 2.056 9
2 0.4879 0.8729 0.5589 1.789 1.146 2.060 .8
.3 0.4894 0.8721 0.5612 1.782 1.147 2.043 7
.4 0.4909 0.8712 0.5635 1.775 1.148 2.037 .6
.5 0.4924 0.8704 0.5658 1.767 1.149 2.031 .5
.6 0.4939 0.8695 0.5681 1.760 1.150 2.025 4
7 0.4955 0.8686 0.5704 1.753 1.151 2.018 3
.8 0.4970 0.8678 0.5727 1.746 1.152 2.012 2
.9 0.4985 0.8669 0.5750 1.739 1.154 2.006 .1
30.0 0.5000 0.8660 0.5774 1.732 1.155 2.000 60.0
.1 0.5015 0.8652 0.5797 1.725 1.156 1.994 .9
2 0.5030 0.8643 0.5820 1.718 1.157 1.988 .8
3 0.5045 0.8634 0.5844 1.711 1.158 1.982 7
4 0.5060 0.8625 0.5867 1.704 1.159 1.976 .6
.5 0.5075 0.8616 0.5890 1.698 1.161 1.970 .5
.6 0.5090 0.8607 0.5914 1.691 1.162 1.964 4
T 0.5105 0.8599 0.5938 1.684 1.163 1.959 3
.8 0.5120 0.8590 0.5961 1.678 1.164 1.953 2
.9 0.5135 0.8581 0.5985 1.671 1.165 1.947 .
31.0 0.5150 0.8572 0.6009 1.664 1.167 1.942 59.0
N 0.5165 0.8563 0.6032 1.658 1.168 1.936 .9
2 0.5180 0.8554 0.6056 1.651 1.169 1.930 .8
3 0.5195 0.8545 0.6080 1.645 1.170 1.925 7
.4 0.5210 0.8536 0.6104 1.638 1.172 1.919 .6
.5 0.5225 0.8526 0.6128 1.632 1.173 1.914 .5
.6 0.5240 0.8517 0.6152 1.625 1.174 1.908 4
T 0.5255 0.8508 0.6176 1.619 1.175 1.903 3
.8 0.5270 0.8499 0.6200 1.613 1.177 1.898 2
9 0.5284 0.8490 0.6224 1.607 1.178 1.892 .1
32.0 0.5299 0.8480 0.6249 1.600 1.179 1.887 58.0

cos 6 sin 6 cot 6 tan 0 csc 6 sec 0 (7]




Hable Il Trigornometnc Functions—Decimal Degrees 387

Table II (Continued)

6 sin 6 cos 6 tan 0 cot 6 sec 6 csc 6
32.0 0.5299 0.8480 0.6249 1.600 1.179 1.887 58.0
.1 0.5314 0.8471 0.6273 1.594 1.180 1.882 .9
2 0.5329 0.8462 0.6297 1.588 1.182 1.877 .8
3 0.5344 0.8453 0.6322 1.582 1.183 1.871 7
4 0.5358 0.8443 0.6346 1.576 1.184 1.866 .6
.5 0.5373 0.8434 0.6371 1.570 1.186 1.861 .5
.6 0.5388 0.8425 0.6395 1.564 1.187 1.856 4
7 0.5402 0.8415 0.6420 1.558 1.188 1.851 3
.8 0.5417 0.8406 0.6445 1.552 1.190 1.846 2
.9 0.5432 0.8396 0.6469 1.546 1.191 1.841 .1
33.0 0.5446 0.8387 0.6494 1.540 1.192 1.836 57.0
.1 0.5461 0.8377 0.6519 1.534 1.194 1.831 .9
2 0.5476 0.8368 0.6544 1.528 1.195 1.826 .8
3 0.5490 0.8358 0.6569 1.522 1.196 1.821 7
4 0.5505 0.8348 0.6594 1.517 1.198 1.817 .6
.5 0.5519 0.8339 0.6619 1.511 1.199 1.812 .5
.6 0.5534 0.8329 0.6644 1.505 1.201 1.807 4
7 0.5548 0.8320 0.6669 1.499 1.202 1.802 3
.8 0.5563 0.8310 0.6694 1.494 1.203 1.798 2
.9 0.5577 0.8300 0.6720 1.488 1.205 1.793 B
34.0 0.5592 0.8290 0.6745 1.483 1.206 1.788 56.0
.1 0.5606 0.8281 0.6771 1.477 1.208 1.784 .9
2 0.5621 0.8271 0.6796 1.471 1.209 1.779 .8
3 0.5635 0.8261 0.6822 1.466 1.211 1.775 7
4 0.5650 0.8251 0.6847 1.460 1.212 1.770 .6
.5 0.5664 0.8241 0.6873 1.455 1.213 1.766 .5
.6 0.5678 0.8231 0.6899 1.450 1.215 1.761 4
7 0.5693 0.8221 0.6924 1.444 1.216 1.757 3
.8 0.5707 0.8211 0.6950 1.439 1.218 1.752 2
9 0.5721 0.8202 0.6976 1.433 1.219 1.748 .1
35.0 0.5736 0.8192 0.7002 1.428 1.221 1.743 55.0
.1 0.5750 0.8181 0.7028 1.423 1.222 1.739 .9
2 0.5764 0.8171 0.7054 1.418 1.224 1.735 .8
3 0.5779 0.8161 0.7080 1.412 1.225 1.731 7
4 0.5793 0.8151 0.7107 1.407 1.227 1.726 .6
5 0.5807 0.8141 0.7133 1.402 1.228 1.722 .5
.6 0.5821 0.8131 0.7159 1.397 1.230 1.718 4
7 0.5835 0.8121 0.7186 1.392 1.231 1.714 3
.8 0.5850 0.8111 0.7212 1.387 1.233 1.710 2
.9 0.5864 0.8100 0.7239 1.381 1.235 1.705 .1
36.0 0.5878 0.8090 0.7265 1.376  1.236 1.701 54.0
cos 6 sin 6 cot 6 tan 6 csc 6 sec 0 6
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Table II (Continued)

6 sin 0 cos 6 tan 6 cot 6 sec 6 csc 6
36.0 0.5878 0.8090 0.7265 1.376  1.236 1.701 54.0
.1 0.5892 0.8080 0.7292 1.371 1.238 1.697 .9
2 0.5906 0.8070 0.7319 1.366 1.239 1.693 .8
3 0.5920 0.8059 0.7346 1.361 1.241 1.689 7
.4 0.5934 0.8049 0.7373 1.356 1.242 1.685 .6
.5 0.5948 0.8039 0.7400 1.351 1.244 1.681 .5
.6 0.5962 0.8028 0.7427 1.347 1.246 1.677 4
7 0.5976 0.8018 0.7454 1.342 1.247 1.673 3
.8 0.5990 0.8007 0.7481 1.337 1.249 1.669 2
9 0.6004 0.7997 0.7508 1.332  1.250 1.666 .1
37.0 0.6018 0.7986 0.7536 1.327 1.252 1.662 53.0
.1 0.6032 0.7976 0.7563 1.322 1.254 1.658 9
2 0.6046 0.7965 0.7590 1.317 1.255 1.654 .8
3 0.6060 0.7955 0.7618 1.313 1.257 1.650 7
4 0.6074 0.7944 0.7646 1.308 1.259 1.646 .6
.5 0.6088 0.7934 0.7673 1.303 1.260 1.643 .5
.6 0.6101 0.7923 0.7701 1.299 1.262 1.639 4
7 0.6115 0.7912 0.7729 1.294 1.264 1.635 3
.8 0.6129 0.7902 0.7757 1.289 1.266 1.632 2
9 0.6143 0.7891 0.7785 1.285 1.267 1.628 .1
38.0 0.6157 0.7880 0.7813 1.280 1.269 1.624 52.0
.1 0.6170 0.7869 0.7841 1.275 1.271 1.621 .9
2 0.6184 0.7859 0.7869 1.271 1.272 1.617 .8
3 0.6198 0.7848 0.7898 1.266 1.274 1.613 i
.4 0.6211 0.7837 0.7926 1.262 1.276 1.610 .6
.5 0.6225 0.7826 0.7954 1.257 1.278 1.606 5
.6 0.6239 0.7815 0.7983 1.253 1.280 1.603 4
7 0.6252 0.7804 0.8012 1.248 1.281 1.599 3
.8 0.6266 0.7793 0.8040 1.244 1.283 1.596 2
.9 0.6280 0.7782 0.8069 1.239 1.285 1.592 .1
39.0 0.6293 0.7771 0.8098 1.235 1.287 1.589 51.0
.1 0.6307 0.7760 0.8127 1.230 1.289 1.586 9
2 0.6320 0.7749 0.8156 1.226 1.290 1.582 .8
3 0.6334 0.7738 0.8185 1.222 1.292 1.579 7
4 0.6347 0.7727 0.8214 1.217 1.294 1.575 .6
.5 0.6361 0.7716 0.8243 1.213 1.296 1.572 .5
.6 0.6374 0.7705 0.8273 1.209 1.298 1.569 4
7 0.6388 0.7694 0.8302 1.205 1.300 1.566 3
.8 0.6401 0.7683 0.8332 1.200 1.302 1.562 2
.9 0.6414 0.7672 0.8361 1.196 1.304 1.559 .1
40.0 0.6428 0.7660 0.8391 1.192 1.305 1.556 50.0
cos 6 sin 6 cot 6 tan 0 csc 6 sec 6 6
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Table II (Continued)

(7] sin 6 cos 6 tan 0 cot 0 sec 6 csc 6
40.0 0.6428 0.7660 0.8391 1.192 1.305 1.556 50.0
.1 0.6441 0.7649 0.8421 1.188 1.307 1.552 9
2 0.6455 0.7638 0.8451 1.183 1.309 1.549 8
3 0.6468 0.7627 0.8481 1.179 1.311 1.546 7
4 0.6481 0.7615 0.8511 1.175 1.313 1.543 6
.5 0.6494 0.7604 0.8541 1.171  1.315 1.540 5
.6 0.6508 0.7593 0.8571 1.167 1.317 1.537 4
7 0.6521 0.7581 0.8601 1.163 1.319 1.534 3
.8 0.6534 0.7570 0.8632 1.159 1.321 1.530 2
.9 0.6547 0.7559 0.8662 1.154 1.323 1.527 1
41.0 0.6561 0.7547 0.8693 1.150 1.325 1.524 49.0
. 0.6574 0.7536 0.8724 1.146 1.327 1.521 .9
2 0.6587 0.7524 0.8754 1.142 1.329 1.518 .8
3 0.6600 0.7513 0.8785 1.138 1.331 1.515 7
4 0.6613 0.7501 0.8816 1.134 1.333 1.512 .6
5 0.6626 0.7490 0.8847 1.130 1.335 1.509 5
.6 0.6639 0.7478 0.8878 1.126 1.337 1.506 4
7 0.6652 0.7466 0.8910 1.122  1.339 1.503 3
.8 0.6665 0.7455 0.8941 1.118 1.341 1.500 2
9 0.6678 0.7443 0.8972 1.115 1.344 1.497 .1
42.0 0.6691 0.7431 0.9004 1.111  1.346 1.494 48.0
.1 0.6704 0.7420 0.9036 1.107 1.348 1.492 .9
2 0.6717 0.7408 0.9067 1.103 1.350 1.489 .8
3 0.6730 0.7396 0.9099 1.099 1.352 1.486 7
4 0.6743 0.7385 0.9131 1.095 1.354 1.483 .6
.5 0.6756 0.7373 0.9163 1.091 1.356 1.480 .5
.6 0.6769 0.7361 0.9195 1.087 1.359 1.477 4
7 0.6782 0.7349 0.9228 1.084 1.361 1.475 3
.8 0.6794 0.7337 0.9260 1.080 1.363 1.472 2
.9 0.6807 0.7325 0.9293 1.076  1.365 1.469 .1
43.0 0.6820 0.7314 0.9325 1.072 1.367 1.466 47.0
.1 0.6833 0.7302 0.9358 1.069 1.370 1.464 9
2 0.6845 0.7290 0.9391 1.065 1.372 1.461 .8
3 0.6858 0.7278 0.9424 1.061 1.374 1.458 v
4 0.6871 0.7266 0.9457 1.057 1.376 1.455 .6
5 0.6884 0.7254 0.9490 1.054 1.379 1.453 5
.6 0.6896 0.7242 0.9523 1.050 1.381 1.450 4
7 0.6909 0.7230 0.9556 1.046 1.383 1.447 3
.8 0.6921 0.7218 0.9590 1.043 1.386 1.445 2
.9 0.6934 0.7206 0.9623 1.039 1.388 1.442 .1
440 0.6947 0.7193 0.9657 1.036 1.390 1.440 46.0

cos 6 sin 6 cot 6 tan 6 csc 6 sec 0 6
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Table II (Continued)

6 sin 6 cos 6 tan 6 cot 6 sec 6 csc 6
44.0 0.6947 0.7193 0.9657 1.036 1.390 1.440 46.0
.1 0.6959 0.7181 0.9691 1.032 1.393 1.437 .9
2 0.6972 0.7169 0.9725 1.028 1.395 1.434 .8
3 0.6984 0.7157 0.9759 1.025 1.397 1.432 .7
4 0.6997 0.7145 0.9793 1.021 1.400 1.429 .6
.5 0.7009 0.7133 0.9827 1.018 1.402 1.427 .5
.6 0.7022 0.7120 0.9861 1.014 1.404 1.424 4
7 0.7034 0.7108 0.9896 1.011 1.407 1.422 3
.8 0.7046 0.7096 0.9930 1.007 1.409 1.419 2
9 0.7059 0.7083 0.9965 1.003 1.412 1.417 .1
45.0 0.7071 0.7071 1.000 1.000 1.414 1.414 45.0
cos 6 sin 0 cot 6 tan 6 csc 6 sec 6 0
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Table III Trigonometric Functions—Degrees and Minutes

391

6 sin 0 cos 6 tan 6 cot 6 sec 6 csc 6
0°00' 0.0000 1.0000 0.0000 — 1.0000 — 90°00'
10 0.0029 1.0000 0.0029 343.8 1.000 343.8 50
20 0.0058 1.0000 0.0058 171.9 1.000 171.9 40
30 0.0087 1.0000 0.0087 114.6 1.000 114.6 30
40 0.0116 0.9999 0.0116 85.94 1.000 85.95 20
50 0.0145 0.9999 0.0145 68.75 1.000 68.76 10
1°00’ 0.0175 0.9998 0.0175 57.29 1.000 57.30 89°00’
10 0.0204 0.9998 0.0204 49.10 1.000 49.11 50
20 0.0233 0.9997 0.0233 42.96 1.000 42098 40
30 0.0262 0.9997 0.0262 38.19 1.000 38.20 30
40 0.0291 0.9996 0.0291 34.37 1.000 34.38 20
50 0.0320 0.9995 0.0320 31.24 1.001 31.26 10
2°00’ 0.0349 0.9994 0.0349 28.64 1.001 28.65 88°00’
10 0.0378 0.9993 0.0378 26.43 1.001 26.45 50
20 0.0407 0.9992 0.0407 24.54 1.001 24.56 40
30 0.0436 0.9990 0.0437 22.90 1.001 22.93 30
40 0.0465 0.9989 0.0466  21.47 1.001 21.49 20
50 0.0494 0.9988 0.0495 20.21 1.001 20.23 10
3°00' 0.0523 0.9986 0.0524 19.08 1.001 19.11 87°00'
10 0.0552 0.9985 0.0553 18.07 1.002 18.10 50
20 0.0581 0.9983 0.0582 17.17 1.002 17.20 40
30 0.0610 0.9981 0.0612 16.35 1.002 16.38 30
40 0.0640 0.9980 0.0641 15.60 1.002 15.64 20
50 0.0669 0.9978 0.0670 14.92 1.002 14.96 10
4°00' 0.0698 0.9976 0.0699 14.30 1.002 14.34 86°00'
10 0.0727 0.9974 0.0729 13.73 1.003 13.76 50
20 0.0756 0.9971 0.0758 13.20 1.003 13.23 40
30 0.0785 0.9969 0.0787 12.71 1.003 12.75 30
40 0.0814 0.9967 0.0816 12.25 1.003 12.29 20
50 0.0843 0.9964 0.0846 11.83 1.004 11.87 10
5°00' 0.0872 0.9962 0.0875 11.43 1.004 11.47 85°00’
10 0.0901 0.9959 0.0904 11.06 1.004 11.10 50
20 0.0929 0.9957 0.0934 10.71 1.004 10.76 40
30 0.0958 0.9954 0.0963 10.39 1.005 10.43 30
40 0.0987 0.9951 0.0992 10.08 1.005 10.13 20
50 0.1016 0.9948 0.1022 9.788 1.005 9.839 10
6°00’ 0.1045 0.9945 0.1051 9.514 1.006 9.567 84°00'

cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 6
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Table III (Continued)

0 sinf  cos 6 tan 0 cot 6 sec csc 0
6°00" | 0.1045 0.9945 0.1051 9.514 1.006 9.567 | 84°00'
10 0.1074 0.9942 0.1080 9.255  1.006 9.309 50
20 0.1103 0.9939 0.1110 9.010 1.006 9.065 40
30 0.1132 0.9936 0.1139 8.777  1.006 8.834 30
40 0.1161 0.9932 0.1169 8.556  1.007 8.614 20
50 0.1190 0.9929 0.1198 8.345  1.007 8.405 10
7°00" | 0.1219 0.9925 0.1228 8.144  1.008 8.206 | 83°00
10 0.1248 0.9922 0.1257 7.953  1.008 8.016 50
20 0.1276 0.9918 0.1287 7.770  1.008 7.834 40
30 0.1305 0.9914 0.1317 7.596  1.009 7.661 30
40 0.1334 0.9911 0.1346 7.429  1.009 7.496 20
50 0.1363 0.9907 0.1376 7.269  1.009 7.337 10
8°00" | 0.1392 0.9903 0.1405 7.115 1.010 7.185 | 82°00’
10 0.1421 0.9899 0.1435 6.968 1.010 7.040 50
20 0.1449 0.9894 0.1465 6.827 1.011 6.900 40
30 0.1478 0.9890 0.1495 6.691 1.011 6.765 30
40 0.1507 0.9886 0.1524 6.561 1.012 6.636 20
50 0.1536 0.9881 0.1554 6.435 1.012 6.512 10
9°00" | 0.1564 0.9877 0.1584 6.314 1.012 6.392 | 81°00’
10 0.1593 0.9872 0.1614 6.197 1.013 6.277 50
20 0.1622 0.9868 0.1644 6.084 1.013 6.166 40
30 0.1650 0.9863 0.1673 5.976 1.014 6.059 30
40 0.1679 0.9858 0.1703 5.871 1.014 5.955 20
50 0.1708 0.9853 0.1733 5.769  1.015 5.855 10
10°00" | 0.1736 0.9848 0.1763 5.671 1.015 5.759 | 80°00
10 0.1765 0.9843 0.1793 5.576  1.016 5.665 50
20 0.1794 0.9838 0.1823 5.485 1.016 5.575 40
30 0.1822 0.9833 0.1853 5.396 1.017 5.487 30
40 0.1851 0.9827 0.1883 5.309 1.018 5.403 20
50 0.1880 0.9822 0.1914 5.226 1.018 5.320 10
11°00" | 0.1908 0.9816 0.1944 5.145 1.019 5.241 | 79°00'
10 0.1937 0.9811 0.1974 5.066 1.019 5.164 50
20 0.1965 0.9805 0.2004 4989 1.020 5.089 40
30 0.1994 0.9799 0.2035 4915 1.020 5.016 30
40 0.2022 0.9793 0.2065 4.843 1.021 4.945 20
50 0.2051 0.9787 0.2095 4.773  1.022 4.876 10
12°00" | 0.2079 0.9781 0.2126 4.705 1.022 4.810 | 78°00
cos 0 sin§  cot @ tan 6 csc  sec O 0
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Table III (Continued)

6 sin 0 cos 6 tan 6 cot 0 sec 0 csc 6
12°00’ 0.2079 0.9781 0.2126 4.705 1.022 4.810 78°00’
10 0.2108 0.9775 0.2156 4.638 1.023 4.745 50
20 0.2136 0.9769 0.2186 4574 1.024 4.682 40
30 0.2164 0.9763 0.2217 4.511 1.024 4.620 30
40 0.2193 0.9757 0.2247 4.449 1.025 4.560 20
50 0.2221 0.9750 0.2278 4.390 1.026 4.502 10
13°00’ 0.2250 0.9744 0.2309 4.33] 1.026 4.445 77°00’
10 0.2278 0.9737 0.2339 4.275 1.027 4.390 50
20 0.2306 0.9730 0.2370 4.219 1.028 4.336 40
30 0.2334 0.9724 0.2401 4.165 1.028 4.284 30
40 0.2363 0.9717 0.2432 4.113 1.029 4.232 20
50 0.2391 0.9710 0.2642 4.061 1.030 4.182 10
14°00’ 0.2419 0.9703 0.2493 4.011 1.031 4,134 76°00’
10 0.2447 0.9696 0.2524 3962 1.031 4.086 50
20 0.2476 0.9689 0.2555 3914 1.032 4.039 40
30 0.2504 0.9681 0.2586 3.867 1.033 3.994 30
40 0.2532 0.9674 0.2617 3.821 1.034 3.950 20
50 0.2560 0.9667 0.2648 3.776 1.034 3.906 10
15°00’ 0.2588 0.9659 0.2679 3.732 1.035 3.864 75°00’
10 0.2616 0.9652 0.2711 3.689 1.036 3.822 50
20 0.2644 0.9644 0.2742 3.647 1.037 3.782 40
30 0.2672 0.9636 0.2773 3.606 1.038 3.742 30
40 0.2700 0.9628 0.2805 3.566 1.039 3.703 20
50 0.2728 0.9621 0.2836 3.526 1.039 3.665 10
16°00’ 0.2756 0.9613 0.2867 3.487 1.040 3.628 74°00’
10 0.2784 0.9605 0.2899 3450 1.041 3.592 50
20 0.2812 0.9596 0.2931 3.412 1.042 3.556 40
30 0.2840 0.9588 0.2962 3.376  1.043 3.521 30
40 0.2868 0.9580 0.2994 3.340 1.044 3.487 20
50 0.2896 0.9572 0.3026 3.305 1.045 3.453 10
17°00’ 0.2924 0.9563 0.3057 3.271 1.046 3.420 73°00’
10 0.2952 0.9555 0.3089 3.237 1.047 3.388 50
20 0.2979 0.9546 0.3121 3.204 1.048 3.356 40
30 0.3007 0.9537 0.3153 3.172 1.049 3.326 30
40 0.3035 0.9528 0.3185 3.140 1.049 3.295 20
50 0.3062 0.9520 0.3217 3.108 1.050 3.265 10
18°00’ 0.3090 0.9511 0.3249 3.078 1.051 3.236 72°00’

cos 0 sin 6 cot 6 tan 0 csc 0 sec 6 6
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Table III (Continued)

6 sin 6 cos 6 tan 0 cot 6 sec 0 csc 6
18°00’ 0.3090 0.9511 0.3249 3.078 1.051 3.236 72°00’
10 0.3118 0.9502 0.3281 3.047 1.052 3.207 50
20 0.3145 0.9492 0.3314 3.018 1.053 3.179 40
30 0.3173 0.9483 0.3346 2.989 1.054 3.152 30
40 0.3201 0.9474 0.3378 2.960 1.056 3.124 20
50 0.3228 0.9465 0.3411 2.932 1.057 3.098 10
19°00’ 0.3256 0.9455 0.3443 2.904 1.058 3.072 71°00’
10 0.3283 0.9446 0.3476 2.877 1.059 3.046 50
20 0.3311 0.9436 0.3508 2.850 1.060 3.021 40
30 0.3338 0.9426 0.3541 2.824  1.061 2.996 30
40 0.3365 0.9417 0.3574 2.798 1.062 2.971 20
50 0.3393 0.9407 0.3607 2.773 1.063 2.947 10
20°00’ 0.3420 0.9397 0.3640 2.747 1.064 2.924 70°00’
10 0.3448 0.9387 0.3673 2.723 1.065 2.901 50
20 0.3475 0.9377 0.3706 2.699 1.066 2.878 40
30 0.3502 0.9367 0.3739 2.675 1.068 2.855 30
40 0.3529 0.9356 0.3772 2.651 1.069 2.833 20
50 0.3557 0.9346 0.3805 2.628 1.070 2.812 10
21°00’ 0.3584 0.9336 0.3839 2.605 1.071 2.790 69°00’
10 0.3611 0.9325 0.3872 2.583 1.072 2.769 50
20 0.3638 0.9315 0.3906 2.560 1.074 2.749 40
30 0.3665 0.9304 0.3939 2.539 1.075 2.729 30
40 0.3692 0.9293 0.3973 2.517 1.076 2.709 20
50 0.3719 0.9283 0.4006 2.496 1.077 2.689 10
22°00’ 0.3746 0.9272 0.4040 2.475 1.079 2.669 68°00’
10 0.3773 0.9261 0.4074 2.455 1.080 2.650 50
20 0.3800 0.9250 0.4108 2.434 1.081 2.632 40
30 0.3827 0.9239 0.4142 2.414 1.082 2.613 30
40 0.3854 0.9228 0.4176 2.394 1.084 2.596 20
50 0.3881 0.9216 0.4210 2.375 1.085 2.577 10
23°00’ 0.3907 0.9205 0.4245 2.356 1.086 2.559 67°00’
10 0.3934 0.9194 0.4279 2.337 1.088 2.542 50
20 0.3961 0.9182 0.4314 2.318 1.089 2.525 40
30 0.3987 0.9171 0.4348 2.300 1.090 2.508 30
40 0.4014 0.9159 0.4383 2.282 1.092 2.491 20
50 0.4041 0.9147 0.4417 2.264 1.093 2.475 10
24°00’ 0.4067 0.9135 0.4452 2.246 1.095 2.459 66°00’
cos 6 sin 6 cot 6 tan 6 csc 6 sec 0 0
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Table III (Continued)
(/] sin 6 cos 6 tan 6 cot 6 sec 6 csc 6
24°00’ 0.4067 0.9135 0.4452 2.246 1.095 2.459 66°00’
10 0.4094 0.9124 0.4487 2.229 1.096 2.443 50
20 0.4120 0.9112 0.4522 2.211 1.097 2.427 40
30 0.4147 0.9100 0.4557 2.194 1.099 2.411 30
40 0.4173 0.9088 0.4592 2.177 1.100 2.396 20
50 0.4200 0.9075 0.4628 2.161 1.102 2.381 10
25°00’ 0.4226 0.9063 0.4663 2.145 1.103 2.366 65°00’
10 0.4253 0.9051 0.4699 2.128 1.105 2.352 50
20 0.4279 0.9038 0.4734 2.112 1.106 2.337 40
30 0.4305 0.9026 0.4770 2.097 1.108 2.323 30
40 0.4331 0.9013 0.4806 2.081 1.109 2.309 20
50 0.4358 0.9001 0.4841 2.066 1.111 2.295 10
26°00’ 0.4384 0.8988 0.4877 2.050 1.113 2.281 64°00’
10 0.4410 0.8975 0.4913 2.035 1.114 2.268 50
20 0.4436 0.8962 0.4950 2.020 1.116 2.254 40
30 0.4462 0.8949 0.4986 2.006 1.117 2.241 30
40 0.4488 0.8936 0.5022 1.991 1.119 2.228 20
50 0.4514 0.8923 0.5059 1.977 1.121 2.215 10
27°00’ 0.4540 0.8910 0.5095 1.963 1.122 2.203 63°00’
10 0.4566 0.8897 0.5132 1.949 1.124 2.190 50
20 0.4592 0.8884 0.5169 1.935 1.126 2.178 40
30 0.4617 0.8870 0.5206 1.921 1.127 2.166 30
40 0.4643 0.8857 0.5243 1.907 1.129 2.154 20
50 0.4669 0.8843 0.5280 1.894 1.131 2.142 10
28°00’ 0.4695 0.8829 0.5317 1.881 1.133 2.130 62°00’
10 0.4720 0.8816 0.5354 1.868 1.134 2.118 50
20 0.4746 0.8802 0.5392 1.855 1.136 2.107 40
30 0.4772 0.8788 0.5430 1.842 1.138 2.096 30
40 0.4797 0.8774 0.5467 1.829 1.140 2.085 20
50 0.4823 0.8760 0.5505 1.816 1.142 2.074 10
29°00’ 0.4848 0.8746 0.5543 1.804 1.143 2.063 61°00’
10 0.4874 0.8732 0.5581 1.792 1.145 2.052 50
20 0.4899 0.8718 0.5619 1.780 1.147 2.041 40
30 0.4924 0.8704 0.5658 1.767 1.149 2.031 30
40 0.4950 0.8689 0.5696 1.756 1.151 2.020 20
50 0.4975 0.8675 0.5735 1.744 1.153 2.010 10
30°00’ 0.5000 0.8660 0.5774 1.732 1.155 2.000 60°00’
cos 6 sin 6 cot 6 tan 6 csc 6 sec 6 (7]
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Table III (Continued)
6 sin 6 cos 6 tan 0 cot 0 sec 6 csc 6

30°00" | 0.5000 0.8660 0.5774 1.732  1.155 2.000 | 60°00

10 0.5025 0.8646 0.5812 1.720  1.157 1.990 50
20 0.5050 0.8631 0.5851 1.709  1.159 1.980 40
30 0.5075 0.8616 0.5890 1.698 1.161 1.970 30
40 0.5100 0.8601 0.5930 1.686 1.163 1.961 20
50 0.5125 0.8587 0.5969 1.675 1.165 1.951 10

31°00" | 0.5150 0.8572 0.6009 1.664 1.167 1.942 | 59°00’

10 0.5175 0.8557 0.6048 1.653  1.169 1.932 50
20 0.5200 0.8542 0.6088 1.643  1.171 1.923 40
30 0.5225 0.8526 0.6128 1.632  1.173 1.914 30
40 0.5250 0.8511 0.6168 1.621  1.175 1.905 20
50 0.5275 0.8496 0.6208 1.611  1.177 1.896 10

32°00" | 0.5299 0.8480 0.6249 1.600 1.179 1.887 | 58°00’

10 0.5324 0.8465 0.6289 1.590 1.181 1.878 50
20 0.5348 0.8450 0.6330 1.580 1.184 1.870 40
30 0.5373 0.8434 0.6371 1.570  1.186 1.861 30
40 0.5398 0.8418 0.6412 1.560 1.188 1.853 20
50 0.5422 0.8403 0.6453 1.550 1.190 1.844 10

33°00" | 0.5446 0.8387 0.6494 1.540 1.192 1.836 | 57°00'

10 0.5471 0.8371 0.6536 1.530 1.195 1.828 50
20 0.5495 0.8355 0.6577 1.520 1.197 1.820 40
30 0.5519 0.8339 0.6619 1.511  1.199 1.812 30
40 0.5544 0.8323 0.6661 1.501  1.202 1.804 20
50 0.5568 0.8307 0.6703 1.492  1.204 1.796 10

34°00" | 0.5592 0.8290 0.6745 1.483  1.206 1.788 | 56°00’

10 0.5616 0.8274 0.6787 1.473  1.209 1.781 50
20 0.5640 0.8258 0.6830 1.464 1.211 1.773 40
30 0.5664 0.8241 0.6873 1.455 1.213 1.766 30
40 0.5688 0.8225 0.6916 1.446 1.216 1.758 20
50 0.5712 0.8208 0.6959 1.437 1.218 1.751 10
35°00" | 0.5736 0.8192 0.7002 1.428  1.221 1.743 | 55°00
10 0.5760 0.8175 0.7046 1.419 1.223 1.736 50
20 0.5783 0.8158 0.7089 1.411  1.226 1.729 40
30 0.5807 0.8141 0.7133 1.402 1.228 1.722 30
40 0.5831 0.8124 0.7177 1.393  1.231 1.715 20
50 0.5854 0.8107 0.7221 1.385 1.233 1.708 10

36°00" | 0.5878 0.8090 0.7265 1.376  1.236 1.701 54°00'

cos 6 sin 6 cot 6 tan 0 csc 0 sec 6 (v)
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Table III (Continued)
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6 sin 6 cos 6 tan 6 cot 6 sec 0 csc 6
36°00’ 0.5878 0.8090 0.7265 1.376 1.236 1.701 54°00’
10 0.5901 0.8073 0.7310 1.368 1.239 1.695 50
20 0.5925 0.8056 0.7355 1.360 1.241 1.688 40
30 0.5948 0.8039 0.7400 1.351 1.244 1.681 30
40 0.5972 0.8021 0.7445 1.343 1.247 1.675 20
50 0.5995 0.8004 0.7490 1.335 1.249 1.668 10
37°00’ 0.6018 0.7986 0.7536 1.327 1.252 1.662 53°00’
10 0.6041 0.7969 0.7581 1.319 1.255 1.655 50
20 0.6065 0.7951 0.7627 1.311 1.258 1.649 40
30 0.6088 0.7934 0.7673 1.303 1.260 1.643 30
40 0.6111 0.7916 0.7720 1.295 1.263 1.636 20
50 0.6134 0.7898 0.7766 1.288 1.266 1.630 10
38°00’ 0.6157 0.7880 (6.7813 1.280 1.269 1.624 52°00’
10 0.6180 0.7862 0.7860 1.272 1.272 1.618 50
20 0.6202 0.7844 0.7907 1.265 1.275 1.612 40
30 0.6225 0.7826 0.7954 1.257 1.278 1.606 30
40 0.6248 0.7808 0.8002 1.250 1.281 1.601 20
50 0.6271 0.7790 0.8050 1.242 1.284 1.595 10
39°00' 0.6293 0.7771 0.8098 1.235 1.287 1.589 51°00'
10 0.6316 0.7753 0.8146 1.228 1.290 1.583 50
20 0.6338 0.7735 0.8195 1.220 1.293 1.578 40
30 0.6361 0.7716 0.8243 1.213 1.296 1.572 30
40 0.6383 0.7698 0.8292 1.206 1.299 1.567 20
50 0.6406 0.7679 0.8342 1.199 1.302 1.561 10
40°00’ 0.6428 0.7660 0.8391 1.192 1.305 1.556 50°00’
10 0.6450 0.7642 0.8441 1.185 1.309 1.550 50
20 0.6472 0.7623 0.8491 1.178 1.312 1.545 40
30 0.6494 0.7604 0.8541 1.171 1.315 1.540 30
40 0.6517 0.7585 0.8591 1.164 1.318 1.535 20
50 0.6539 0.7566 0.8642 1.157 1.322 1.529 10
41°00’ 0.6561 0.7547 0.8693 1.150 1.325 1.524 49°00'
10 0.6583 0.7528 0.8744 1.144 1.328 1.519 50
20 0.6604 0.7509 0.8796 1.137 1.332 1.514 40
30 0.6626 0.7490 0.8847 1.130 1.335 1.509 30
40 0.6648 0.7470 0.8899 1.124 1.339 1.504 20
50 0.6670 0.7451 0.8952 1.117 1.342 1.499 10
42°00’ 0.6691 0.7431 0.9004 1.111 1.346 1.494 48°00'
cos 6 sin 6 cot 6 tan 0 csc 6 sec 6 (7]
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Table III  (Continued)

6 sin 0 cos 6 tan 6 cot 6 sec 0 csc 6

42°00" | 0.6691 0.7431 0.9004 1.111  1.346 1.494 | 48°00’

10 0.6713 0.7412 0.9057 1.104  1.349 1.490 50
20 0.6734 0.7392 0.9110 1.098  1.353 1.485 40
30 0.6756 0.7373 0.9163 1.091  1.356 1.480 30
1
1

40 0.6777 0.7353 0.9217 1.085 .360 1.476 20
50 0.6799 0.7333 0.9271 1.079 .364 1.471 10

43°00" | 0.6820 0.7314 0.9325 1.072 1.367 1.466 | 47°00’

10 0.6841 0.7294 0.9380 1.066 1.371 1.462 50
20 0.6862 0.7274 0.9435 1.060 1.375 1.457 40
30 0.6884 0.7254 0.9490 1.054 1.379 1.453 30
1
1

40 0.6905 0.7234 0.9545 1.048 .382 1.448 20
50 0.6926 0.7214 0.9601 1.042 .386 1.444 10

44°00" | 0.6947 0.7193 0.9657 1.036 1.390 1.440 | 46°00'

10 0.6967 0.7173 0.9713 1.030 1.39%4 1.435 50
20 0.6988 0.7153 0.9770 1.024  1.398 1.431 40
30 0.7009 0.7133 0.9827 1.018  1.402 1.427 30
40 0.7030 0.7112 0.9884 1.012  1.406 1.423 20
50 0.7050 0.7092 0.9942 1.006 1.410 1.418 10

45°00° | 0.7071 0.7071 1.0000 1.0000 1.414 1.414 | 45°00'

cos 6 sin 6 cot 6 tan 6 csc 0 sec 0 6
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Table IV Common Logarithms
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.0086
.0492
.0864
.1206
1523

.0128
.0531
.0899
1239
1553

.0170
.0569
.0934
1271
.1584

1875
.2148
.2405
.2648
.2878

.3096
.3304
.3502
.3692
.3874

.4048
4216
4378
.4533
.4683

4829 .
4969
.5105
.5237 .
.5366 .

5490 .
5611
.5729
.5843
.5955

.6064
.6170
.6274
.6375
.6474

6571
.6665
.6758
.6848
.6937

.7024
7110
7193
1275
7356

.0212
.0607
.0969
.1303
.1614

.1903

.0253

=

4
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Table IV  (Continued)

X 0 1 2 3 4 5 6 7 8 9
5.5 | .7404 7412 .7419 .7427 .7435 .7443 .7451 .7459 .7466 .7474
5.6 | .7482 .7490 .7497 .7505 .7513 .7520 .7528 .7536 .7543 .7551
5.7 | 7559 .7566 .7574 .7582 .7589 .7597 .7604 .7612 .7619 .7627
5.8 | .7634 .7642 .7649 .7657 .7664 .7672 .7679 .7686 .7694 .7701
5.9 |.7709 .7716 .7723 .7731 .7738 .7745 .7752 .7760 .7767 .7774
6.0 | .7782 .7789 .7796 .7803 .7810 .7818 .7825 .7832 .7839 .7846
6.1 | .7853 .7860 .7868 .7875 .7882 .7889 .7896 .7903 .7910 .7917
6.2 | .7924 .7931 .7938 .7945 .7952 .7959 .7966 .7973 .7980 .7987
6.3 | .7993 .8000 .8007 .8014 .8021 .8028 .8035 .8041 .8048 .8055
6.4 | .8062 .8069 .8075 .8082 .8089 .8096 .8102 .8109 .8116 .8122
6.5 | .8129 .8136 .8142 .8149 .8156 .8162 .8169 .8176 .8182 .8189
6.6 | .8195 .8202 .8209 .8215 .8222 .8228 .8235 .8241 .8248 .8254
6.7 | .8261 .8267 .8274 .8280 .8287 .8293 .8299 .8306 .8312 .8319
6.8 | .8325 .8331 .8338 .8344 .8351 .8357 .8363 .8370 .8376 .8382
6.9 | .8388 .8395 .8401 .8407 .8414 .8420 .8426 .8432 .8439 .8445
7.0 | .8451 .8457 .8463 .8470 .8476 .8482 .8488 .8494 .8500 .8506
7.1 | .8513 .8519 .8525 .8531 .8537 .8543 .8549 .8555 .8561 .8567
7.2 | .8573 .8579 .8585 .8591 .8597 .8603 .8609 .8615 .8621 .8627
7.3 | .8633 .8639 .8645 .8651 .8657 .8663 .8669 .8675 .8681 .8686
7.4 | .8692 .8698 .8704 .8710 .8716 .8722 .8727 .8733 .8739 .8745
7.5 | .8751 .8756 .8762 .8768 .8774 .8779 .8785 .8791 .8797 .8802
7.6 | .8808 .8814 .8820 .8825 .8831 .8837 .8842 .8848 .8854 .8859
7.7 | .8865 .8871 .8876 .8882 .8887 .8893 .8899 .8904 .8910 .8915
7.8 | .8921 .8927 .8932 .8938 .8943 .8949 .8954 .8960 .8965 .8971
7.9 | .8976 .8982 .8987 .8993 .8998 .9004 .9009 .9015 .9020 .9025
8.0 | .9031 .9036 .9042 .9047 .9053 .9058 .9063 .9069 .9074 .9079
8.1 | .9085 .9090 .9096 .9101 .9106 .9112 .9117 .9122 .9128 .9133
8.2 | .9138 .9143 .9149 .9154 .9159 .9165 .9170 .9175 .9180 .9186
8.3 | .9191 .9196 .9201 .9206 .9212 .9217 .9222 .9227 .9232 .9238
8.4 | .9243 .9248 .9253 .9258 .9263 .9269 .9274 .9279 .9284 .9289
8.5 |.9294 .9299 .9304 .9309 .9315 .9320 .9325 .9330 .9335 .9340
8.6 | .9345 .9350 .9355 .9360 .9365 .9370 .9375 .9380 .9385 .9390
8.7 | .9395 .9400 .9405 .9410 .9415 .9420 .9425 .9430 .9435 .9440
8.8 | .9445 .9450 .9455 .9460 .9465 .9469 .9474 .9479 .9484 .9489
8.9 | .9494 9499 .9504 .9509 .9513 .9518 .9523 .9528 .9533 .9538
9.0 | .9542 9547 .9552 .9557 .9562 .9566 .9571 .9576 .9581 .9586
9.1 | .9590 .9595 .9600 .9605 .9609 .9614 .9619 .9624 .9628 .9633
9.2 | .9638 .9643 .9647 .9652 .9657 .9661 .9666 .9671 .9675 .9680
9.3 | 9685 .9689 .9694 .9699 .9703 .9708 .9713 .9717 .9722 .9727
9.4 | 9731 9736 .9741 .9745 .9750 .9754 .9759 .9763 .9768 .9773
9.5 | .9777 .9782 .9786 .9791 .9795 .9800 .9805 .9809 .9814 .9818
9.6 | .9823 .9827 .9832 .9836 .9841 .9845 .9850 .9854 .9859 .9863
9.7 | .9868 .9872 .9877 .9881 .9886 .9890 .9894 .9899 .9903 .9908
9.8 | .9912 .9917 .9921 .9926 .9930 .9934 .9939 .9943 .9948 .9952
9.9 | .9956 .9961 .9965 .9969 .9974 .9978 .9983 .9987 .9991 .9996

X 0 1 2 3 4 5 6 7 8 9




Answers to Odd-Numbered Exercises

and Chapter Tests

11.
15.

19.

Acute, complement is 45°, supplement is
135°

We can’t tell if x is acute or obtuse (or nei-
ther), complement is 90° — x, supplement is
180° — x.

45°
: X _ 4 hrs
ljse th(: proportion 360° - 12 hs’ then x
= 120°.
15 21. 5

Whenever the three sides in a right triangle are whole numbers, those three numbers are called

CHAPTER |
Problem Set .1
1. Acute, complement is 80°, supplement is
170°
S. Obtuse, complement is —30° [because 120°
+ (—30°) = 90°], supplement is 60°
9. 60°
13. 50° (Look at it in terms of the big triangle
ABC.)
17. 5 (This triangle is called a 3—4-5 right tri-
angle. You will see it again.)
Note:
a Pythagorean triple.
23. 2 (Note that this must be a 30°-60°-90°
triangle.)
27. 4 (This is another 30°-60°-90° triangle.)
31. 25 feet

25.

29.

33.

3V/2 (Note that this must be a 45°-45°-90°
triangle.)

Find x by solving the equation

(V10)2 = (x + 2)2 + x?to get x = 1.
Longest side 2, third side \/3£
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35. Shortest side 4, third side 4\V/3 37. Shortest side 3, longest side 6
39. Shortest side 6/V3 = 2V3, longest side 41. 40 feet
43
43. 4V2/5 45. 8 47. 4/V2 =2\V2 49. 1414 feet
1-11 (odd). 13. y 15. ¥
A
3(-2.4) L (2. 4)
[ ] [ ]
1. (-5, %)
- ® > - > X -
7.5, 00
¢ 9.00,.=3)
[ ]
5.(=3,—4)
4 y \
17. ¥ 19. y 21.
A A x
0, 1)
PR “
13 :
¥ 0, =1
4 y v
23. 5 25. 13 39. y
27. Vel 29. V130 K
31. 5§ 33. —-1,3 b
35. 1.3 miles e
37. homeplate: (0,0); first base: (60,0); second 135°
base: (60, 60); third base: (0, 60) -
e —225% s
coterminal
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41. 43, , 45. ,
A A 4
¢ 0.3
025° 315°%is
fx f\g()a cmerminalfi-\
- » X - > X < > X
Y 135° is g vy 4 —45°
cotersuingl coterminal
(=35 = 3 33)
|/ ] ¥
47. A 49. y S1. y
A A
(5,12)
3. 1)
()/_ ) 13 2
N |
1
° |
. wd' T L. . g
Vi DN 0.0l 5 6.0
(3,+2)
132[=]54 +| T2
' ’
Problem Set 1.3
1. y 3. ¥ 5- y
A A A
=V(=1) + 12 T
-1y | "oV r=Vo 4 -
=y2 - sin (—45) = 2
i . 1 |
=
cos (—45°%) = ﬁ
135° 1 tan (—45°%) = —|
N n
< 0 X - 0 » X - - _450 — X
Gn135° = A sin90° = 4 = | r=vi+ (-2
ﬂ 0 _ ﬁ
cos 135° = —’ﬂl c0590°=T= 0 r=ﬁ a -b
tan 135° = —1 tan 90° :% (undefined)
{V  J
. , ecause cos € = x/r and x is posi- i , . ,
7 [, QIVb 6 / d 9 III, QIV 11 I, QIII

tive in QI and QIV. (Remember, r is always

positive.)

13. QI

15. QI (both positive), QIV (both negative)



17.

19.

21.

23.

25.

27.

29.

31.

33.

3s.

39.

404
sin 6 cos 6
4 3
5 5
4 _3
5 5
12 _ 3
13 13

_ 2 _ 1

V5 V5

b a
Va:+ b Va?+ b?

12 5
13 13

_4 _3
5 5

_ 12 S
13 13
2 l
V5 V5

A point on the terminal side of 6 is (1, 2), 37.

tan 6

ml; OSTRN w4

N

o =R N N

2

cot 6

R= Slo Bl s

’u\ AW .'3|Ln S|

NS

because it satisfies the equation y = 2x; r =

\/13+22=\/§;sin0=2/\/§;c056=

1/V5.

cos 45° =
cos (—45°% =

41.

43.

45.
47.

A iy o RGP nbairad Peobdirng ard Thaoder Towt
sec 0 csc 6
S S
3 4
_3 S
3 4
B! 13

5 12
5 _ Vs

2

Va? + b? Va+ b?

a b
13 3

5 12

_ 3 _3

3 4
13 B

5 12
V5
V5 -

Find a point in QII that is on the terminal
side of y = —3x to obtain sin § = 3/V 10
and tan 0 = —3.

If sin § = —3/5,lety = —6 and r = 10.
Then x = V102 — (=6)2 = +V64 = +8.
sin @ = 0 when y = 0, so 0 is 0°, 180°, or
360°

90°, 270°

tan 0 is undefined when x = 0, so 6 is 90°
and 270°



17.
25.
33.

39.

41.

43.

45.
47.

49.
S1.

13.

17.

21.

27.

_sin26 + cos 0
sin 6 - cos 6
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1/7 3. 5/3 5. —-312 7. —\V2
1/x (x # 0) 11. a+ b 13. 5/4 15. —1/2
l/a 19. 172 21. 21 23. —0.5
12/5 27. —13/5 29. 144/169 31. 1
-3/5 35. 12 37. 12V2
sin 6 cos 6 tan ¢ cot 6 sec 6 csc 6

s 12 s 12 BB

13 13 12 5 12 5
1 Vi oL 5 2 .,

2 2 V3 V3

V3 L Ve I 2 2

2 2 3 V3

1 a>— 1 1 Va? — | a N

a a (12 — l \/ aZ i l
—1/2 Note:  As Problems 49 through 52 indicate, the slope of a line through the
3 origin is the same as the tangent of the angle the line makes with the positive
m Xx-axis.
cos § = £V 1 — sin?f _ . V1 —sing

3. cotf == ~—une
sec @ = l/cos 6 _ V1 — cos?0
7. tanf =+ ————
cos 6
csc 6 cot § = I cosf _ cos 6 11. l/cos 6
LY =§n6 sin@  sin0

sec 0 _ 1/cos 6 _ sin 6 15 sec 6 _ 1/cos 6 _ 1
csc 6 1/sin 6 cos 0 ‘ tan @ sin 6/cos 6 sin 6
tan 6 _ sin @/cos 0 _ sin20 19. sin26
cot cos@/sin@  cos2f ’
snb+ 1 23. 2 cos 6 25. cos 6

cos 6
sin 6 1 _ sin 6 _ sin 6 1 cosé
cos 6 sin 6 cos 6 sin 6 sinf cos 6



sin @ cos 6 + 1 1 —sin?f _ cos20
e cos 6 L sin®  sin@
33. sin@ + 7sinf + 12 35. 1 — sin?0 = cos6
37. sinf — 2 §1n 6 cos 6 + cos26 39, cos 6 tan 6 = cos 0 -
=1-2sinf@cos 6 C
cscf . l/isinf _
LS5 cot  cos O/sinf  cos @ °° 9
47. sinftan 6 + cos 6 = s.int9-—Sln 4 + cos 0
cos 6
= sin?0 + cos 0
cos 6
_ sin2@ + cos26
cos 0
_ 1
cos 6
= sec 0
o b1 sin%
S1. cscO —sinf = Sndé sin 6 Sin 6 S5in 0
_ | — sin?@
sin 6
_ cos20
sin 6
§7. (sinf —cos )2 — 1 = sin20 — 2 sin O cos 6 + cos20 — 1
=1—-2sin6fcosf — 1
= —2sin 0 cos 6
Chapter | Test
1. 4\V2 2. 8 3. 3V3
S. v 6. ¥
5 A A
N
2 \ I
s 3 9

406

si

no
os 0

= sin 0



10. 11.
12.
(-1 n
13.
s 14.
[\ -
\
sin 6 cos 6 tan 6 cot 6
4 3 4 3
5.3 -5 3 2
| 3 ]
16. — —— - — - 3
V10 V10 3
| V3 I
17. o e 7 V3
12 5 12 5
T 13 5 12
19. sinf=—-2/V5 cosf=1/V5 20.
21. —4/3 _ 22. —1/2
24. 1/2V2 and 2V2 25. 9
27. 2 28. —25/27
30. sin20 — 4sin 6 — 21 31. 1 —2sinfcosf

407

sin 90° = 1, cos 90° = 0, tan 90° is undefined
sin(—45°) = —1/V2, cos(—45%) = 1/V2,
tan(—45°) = —1

QIv
QII
sec 0 csc 0
_3 S
3 4
-2 Vo
2
= 2
V3
B33
5 12

6 = 0°, 180°, 360°
23. 2V2/3 and 3/2V2
26. 9/8
29, xX1—cos0
cos26
32. cos20/sin 6

CHAPTER 2

sin A cos A

4 3
1. 5 5
5 2 il
V5 V5
;. 2 Vs
3 3

tan A

cot A

N‘ﬁ = h|w
V]

sec A csc A
S S
3 4
V5 Vs
2
3 3
V5 2



408 Answers to Odd-Numbered Problems and Chapter Tests

sin A cos A tan A sin B cos B tan B
. 5 V11 5 V11 5 V11
) 6 V11 6 6 5
o, L i , N 1 ,
V2 V2 V2 V2
] 4 3 4 3 4
5 5 4 5 5 3
2 2 2 2 V3
15. 90° — 10°=80° 17. 90° — 8° = 82° 19. 17° 21. 90° — x
23 x 25. 4 (é—) =2 27. 3 29. 12V2or V2/4
1+V3Y 1+2V3+3 _4+2V3 _2+V3
31. 3 = 7 = 1 = > 33. 0
35. 4+2V3 37. 1 39. 2V3 41. -3V3n
1 1 2
43. V2 45. 30° = = =
47. 2/\/5 see COS 300 \/3/2 \/§
49. 1 51. V2 53. 0.866025403 55. 0.866025403
§7. 0.707106781 59. 0.707106781 61. 1 63. V9+16=5
65. -1,3 67. See Example 5, Section 1.2
Problem Set 2.2
1. 64°9’ 3. 89°40 5. 106° 49’
7. 89° 60’ 9. 59°43’ 11. 76°24' = 75° 84’
—34° 12’ =22° 3¢’ —22° 3¢’
550 481 530 50,
13. 39°50' 15. 35°24' (Calculator: 4 | X | 60 | =)
17. 16° 15’ 19. 92° 33’ 21. 19° 54/ 23. 28°21’
25. 45.2° (Calculator: 12 | = | 60 |+ | 45 | =|) 27. 62.6°
29. 17.33° (the 3 means the 3’s repeat indefinitely) 31. 48.45°
33. 0.4446 35. 0.9494 37. 0.9598 39. 19.74
41. 0.7373 (Calculator: 53.6 | tan | 1/x |) 43. 0.9100

45. 0.9057 47. 0.8355 49. 0.3365 51. 0.0204
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53. 34.0° 55. 48.0° 57.

61. 37.0° 63. &° 65.

67. 85°20" (Calculator: 12.30 | 1/x cos~! |)

71. 45° 40 73. 1 75.

77. sin 90° = 1, cos 90° = 0, tan 90° is 79.
undefined

81. QII

Problem Set 2.3

409
20.8° 59. 45.3°
85° 10’
69. 38° 30’
cscf=1
sin @ = —12/13, tan 8 = 12/5, cot 8 =

5/12,sec @ = —13/5, csc 6 = —13/12

1. 3 3. 2 5. 5 7. 4

9. 2 11. 2 13. 3 15. 4

17. 4 19. 9.6 21. 4.1 23. 3I°
25. 53° 27. B=65,a=10,b6 =22
29. B=574°b=67.9,c=80.6 31. B=79°20",a=1.12, c = 6.03
33. A=14°a=14,b=5.6 35. A =63°40', a= 654, c = 730
37. A=23° B=67c=095 39. A=428°,B=47.2°,b=2.97
41. A =53.9°, B = 36.1°, a = 208 43. 49°
45. 43° 47. -12/5 49. 13/5 51. 2V2:3
Problem Set 2.4

1. Height: 39 centimeters; base angles: 69° 3. 39 feet 5. 36.6°

7. 55.1° 9. 5tan11° + 5tan 12° = 2 feet 11. 8.5 miles
13. 39 miles 15. 63.3 miles north, 48.0 miles west 17. 1 —2sinf@cos 6

Problem Set 2.5
1. N

30 mi/hr

30 mi/hr
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y } N N
$
50 cmi/sec 30
30° /75 mi
W >EFE W »E
20 fymin 135°
60°
25 mi
Y Y
s s
13. 12.4 miles per hour at N 76.0° E 15. 202 miles per hour N 21.5° E
17. 2.6 miles per hour 19. |[V|]=35 |[V|]=20
21. |[V]=12.6 |V]=5.66 23. |V| =339 |V]|=248
25. |[V|] =55 |V|=232 27. |V| =50
29. |V|=43.6 31. |V| =59
33. 850 feet per second 35. 2550 feet
37. 38.1 feet per second at an inclination of  39. 100 miles south, 90.3 miles east
23.2°
41. 245 miles north, 145 miles east 43. sin 135° = 1/V2, cos 135° = —1/V2,
tan 135° = —1
45. sin 6 =2/VS, cos = 1/V5 47. x = =6
Chagter' 2 Test
sin A cos A tan A sin B cos B tan B
L 2 1 2 1 2
" V5 Vs 2 Vs V5
V3 | I V3 I
2. == > V3 5 5 7
. 3 4 3 4 3 4
5 5 4 5 5 3
W S 2 s 12 s 12
13 13 12 13 13 5
S. 76° 6. 17° 7. 5/4 8. 2
9. 0 10. V372 1. 73° 10’ 12. 9°43

13. 73° 12’ 14. 16° 27’ 15. 2.8° 16. 79.5°
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17. 0.4120 18. 0.7902 19. 2.035 20. 0.3378
21. 4.7°or 4° 40’ 22, 58.7°0r58°40" 23. 71.2°0r71°10° 24. 13.3°or 13°20'
25. 4 26. 2
27. A=33.2°,B=56.8%c=124 28. A =1303°B=59.7°b=41.5
29. A=065.1°,a=651,c=T724 30. B =54.5°a=0.268, b =0.376
31. 86 centimeters 32. 5.8 feet
33. 112 feet 34. 96.4 miles west, 84.3 miles south
35. |V|=43 |V|]=25 36. 72°
37. |V,] = 400 feet per second |V,| = 690 feet 38. 60 miles south, 104 miles east

per second
CHAPTER 3

Problem Set 3.1

1. 30° 3. 36.6° 5. 48.3° 7. 15° 10’

9. 28° 40’ 11. 60° 13. 60° 15. —-0.9744
17. —0.2045 19. —-0.7427
21. 1.503 (Calculator: 311.7 | cos 1/x |) 23. 1.732
25. —0.8151 27. —0.5000 29. 0.7071 31. 0.2711
33. 1.423 35. 1.302 37. —0.8660 39. 0.5851
41. 198° 43. 140° 45. 210.5° or 210° 30’
47. 74.7°0r 74°40°  49. 105.2°or 105° 10’ 51. V3n
53. -1 55. -—-1/2 57. -2 59. 2
61. 1/2 63. —-1/V3 65. 240° 67. 135°
69. 300° 71, 240° 73. 653 (23931 | lx| |cos'|)
s 6 | 8 87 8" 89.9°  89.9%°

) tan 6 | 11.4 19.1 57.3 573.0 5730
77. Complement 20°, supplement 110° 79. Complement 90° — x, supplement 180° — x
81. Side opposite 30° is 5, side opposite 60° is 83. 1/4 85. 1
5V3

Problem Set 3.2

. 3 3. 12 5. 3w 7. 2

9. 6 = s/r =450/4000 = 0.1125 radians 11. 7/6 =0.52 13. #/2=1.57

15. 137/9 = 4.54 17. -5w/6=-262 19. Tw/3=7.33 2. -3mw/4=-2.36
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23. 2.11 25. 0.000291 27. Use the answer to Problem 27 to write § = 1’
= 0.000291 radians, then substitute this value
of 6 into § = s/r along with r = 4000 and
solve for S. 1.16 miles

29. 60° 31. 120° 33. -210° 35. 300°
37. 720° 39. 15° 41. -70° 43. 74.5°
45. 43.0° 47. 286.5° 49. —\V3n2 51. 1/V3
53. -2 55. 2 57. -2\V2 59. —1/\V2
61. V3 63. V312 65. 0 67. V312
69. 2
sin 6 cos 6 tan 6 cot 0 sec 6 csc 6
3 | | V10
7. — —— — -3 - V10 -
V10 10 3 3
73. n n ~ n L L where r = Vm? + n?
r r m n m n
I V3 1 2
75. = e - — -\V3 - 2
2 2 3 V3
2 1 I V5
77. - — 2 = V5 -
V5 Vs 2 2
Peodalprr, Sae 7 7
sin 6 cos 6 tan 0 cot 0 sec 6 csc 6
1 V3 1 2
1. 6=150° = - - — -3 - == 2
2 2 V3 V3
[l I V3 1 2
3. =—— - = —_ - —= -\V3 — -2
6 2 2 V3 V3
5. 6 = 180° 0 -1 0 undefined -1 undefined
7. =237 . - —1 —1 -2 V2
’ 4 V2 V2
9. cos(—60° = cos 60° cosine is an even function 11. cos(—57/6) = cos 57/6
=1/2 from the unit circle = -\312
13. sin(—30°) = —sin 30° sine is an odd function 15. sin(—3w/4) = sin 3w/4

= —1/2 from the unit circle =—1/\V2
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17.

21.

25.

29.

31.
39.

On the unit circle, we locate all points with a
y-coordinate of 1/2. The angles associated
with these points are /6 and 57/6.

Look for points for which y/x = ~V/3. The
angles associated with these points are 27/3
and 57/3.

tan @ = y/x, cotf = x/y, sec = 1/x, csc 0
= l/y

sin (180° —@) =y = sin g

!

tan(—60) = = —

sin(—@)  —sinf _ sin 6

cos 0

cos(—8)  cos 6

Problern Set 34

1.
5.
9.
13.
17.
25.

6 inches

27 centimeters = 6.28 centimeters
407r/3 inches = 41.9 inches

14007 miles = 4,400 miles

2100 miles 19. 0.5 feet

I meter 27. 31,000 feet

413

19. 5#/6, 77/6
23. sinf = —2/\/§,COSO= 1/\/§,tan0= -2
27. sin(—6) = —sin@ = —(—1/3) = 1/3
= —tan 0
41. 0.5807 43. 0.7314
45. —1.510 47. —1.211
3. 2.25 feet
7. 4/3 millimeters = 4.19 millimeters
11. 5.03 centimeters
15. 47/9 feet = 1.40 feet
21. 3 inches 23. 4 centimeters
29. 9 centimeters? 31. 19.2 inches?
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33. 97/10 meters? = 2.83 meters?
37. 4 inches?

41. 4/V/3inches = 2.31 inches
45. B=50°%a=23,b=28

[

Frofbdomn Set 1.5

1. 1.5 feet per minute
5. 15 miles per hour

9. 22.5 miles
13. 27/15 radians per second = 0.419 radians
per second
17. 8/3 radians per second = 2.67 radians per
second

21. d=100tan 1/27t; whent = 1/2,d = 100
feet; when ¢t = 3/2, d = —100 feet; when ¢
= 1, d is undefined because the light rays
are parallel to the wall.

25. 1807 meters = 565 meters

29. 207 radians per minute = 62.8 radians per
minute

33. 11.67 radians per minute = 36.4 radians
per minute

37. 0.5 radians per second
41. #/12 radians per hour = 0.262 radians per
hour

45. 33,000/7 rpm = 10,500 rpm

49. 889 radians per minute (53,300 radians per
hour)

53. 2.2 feet

Chapter 3 Test

1. 55° 2. 62.2°

S. —-0.8391 6. —0.4663

9. -1.299 10. —6.512

12. 241° 30° or 241.5° 13. 226°

15. —1/V2 16. —1/V2

19. 257/18 20. —137/6

23. V32 24, —1/2

27. —2/V3 28. 2

31. cot(—0) = cos(=0) _ cosf _ —cot 6

sin(—@)  —sin 6

3s.
39.
43.
47.

11.
15.

19.

23.

27.
31.

3s.

39.
43.

47.

S1.

w

17.
21.
25.
29.
32.

5 ;

sedberanct Preordndprme el U ioeine Towe
AR LTS, O N

257/24 meters? = 3.27 meters?
2 centimeters

9007 feet? = 2,830 feet?

A =331°,B=569°c=375

3 centimeters per second

80 feet

7 miles (first change 20 minutes to 1/3 hour)
4 radians per minute

37.57 radians per hour = 118 radians per
hour
40 inches

4500 feet

2007r/3 radians per minute = 209 radians
per minute

10 inches per second

807 feet per minute = 251 feet per minute
107 feet = 31.4 feet

5767 centimeters per day = 1810 centime-
ters per day

60°
50° 20’ 4. 45°
—0.5490 8. —0.6115
11. 174°
14. 310°20 or 310.3°
—1/\V3 18. 2/\V3
240° 22, 105°
-2V2 26. |
0 30. 2\V2

First use odd and even functions to write ev-
erything in terms of @ instead of —6.
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33. 27 meters = 6.28 meters 34. 2w feet = 6.28 feet

35. 4 centimeters? 36. 3/8 centimeters? = 0.375 centimeters?

37. 4 inches? = 12.6 inches? 38. 10.8 centimeters?

39. 2w centimeters 40. 8 inches?

41. 90 feet 42. 3960 feet

43. 72 inches 44. 1207 feet = 377 feet

45. 127 radians per minute = 37.7 radians per  46. 47 radians per minute = [2.6 radians per
minute minute

47. 0.5 radians per second 48. 5/3 radians per second

49. 807 feet per minute = 251 feet per minute  50. 207 feet per minute = 62.8 feet per minute

§1. 4radians per second for the 6 cm pulley and ~ 52. 27007 feet per minute = 8,480 feet per
3 radians per second for the 8 cm pulley minute

CHAPTER 4

If you want your graphs to match the ones here, use graph paper on which each square is 1/4 inch on
each side. Then let two squares equal one unit. This way you can let the number 7 be approximately 6
units. Here is an example:

mom
6 3
-t H4+—+ + + e
L a oo T 3n 27
2 4 1 3
- il
24
y
¥ y y=ccx, 0<x=2m
\ ) | |
24 l '
| |
1+ I |
I I
< 44—+t
of = = 3 | St 3w Im
4 2 4 | 4 2 4 |
y -T | |
| I
—2 =+
| |
|
\ ™ 2




416 Aurdieis o L il B dallindn et [ibiker T

S. v e nc 0<x<m 7. @/3, 5@/3 9. 37/2
DR 11. 3mw/4, Sw/4 13. w/4, 57/4

: 15. @/6, 117/6
|
|
|

ENE]

Nl:‘————.——
M — ———

17. ¥

y =sinx, —47w < x <47

19. ¥ vy =secx, —4m < x <47
| [ ) I I )
NG/ NN
I | I | | I I I
et ——t—t———t+—>
—4m 3w -2% - 0 P Pyl | 3 dr
I I | -1 I | |
/N /N N lf\I
' h | | | | | |
T ST _3m o ud 3w 5t im
2 T2 2 2 2 2 2 2
21.

23. w/3,2w/3, 7w/3, 87/3 25. m, 37w
27. Tw/6, 117/6, 197/6, 237/6 29. w/4, Sw/4, 97/4, 13mw/4
31. /4, 3w/4, 97/4, 1lw/4 33. @7/2 + km

35. @2+ kmw 37. km

b
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39, v 41. Amplitude = 3, period =
43. Amplitude = 2, period = 2
y 45. Amplitude = 3, period = 7
- 47. After you have tried the problem yourself,
= . .
s look at Example 1 in Section 4.2.
o t 49. After you have tried the problem yourself,
: [ look at Example 4 in Section 4.2.
l
I I
| |
| I
T il
2 2
Profidem Set 4.2
1. y 3. y
h amplitude = |
6+ period =
amplitude = 6 X
34 period =
- ¥ t >
0 a m 3—11. 211 |
2 2 7. amplitude =3
period = 27
_3-- l 3_11
— Tt
- = o ‘n'
_6-- 3 T
w
S. ¥ amplitude = |
1%\ period = 6w
. 1 / ~ X
- ] ] 1 v -
0 3m 3n 9 om
—1 2 2
9. "V 11. Y amplitude = 1
amplitude = 1 1 period = 4
1 —'/\ period = 2
-« | Il L X - ] # Il x
of | | _3_ 2 0 ; 2 3 4
2 2
-1 ‘4" -1
Y
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13. 1S. 17.
v y )
y A amplitude = 3
44 24 3 period = 4w
amplitude = 2
period = %
B amplitude = 4 Ra— —t+— ——+—4 X
period = kg 2 3n 4w
| - x
0 a -3
2
- = —
5 ™
- 5 } } ] > X -2
ki 3w Y
4 4
19. 21.
amplitude = % y amplitude = %
+ period = 2;’ period =
1
2 3
—44 1 ! ! I
v 2

boA
N|—
=
N
4;<
y

'Y

w3
Wiy

o)—

ER

23, | 25.

y y
amplitude = 2 Y amplitude = 3
period = 2 period =
2 3+
1 2=
-— > X 14
-4 -3 -2f -1 0 1 2 3 4
-1 - > X
- _m 0 m ™ 3w 2T
2 2 2
-2 F—1
+-2
27. 43
N
f amplitude = 3
period = \

N/, /.
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29. ¥ 31. Maximum value of 7 is 20
A .
amplitude ? 2 amperes, one complete
, period = cycle takes 27/120m =
1/60 seconds.
]—.—
-« el
0 o 2w ) 4m ST 2
3 3 3 3
L
_2 —4—
¥y = —2sin(—3x) = 2 sin 3x because
Y sine is an odd function.
33. ¥ 3s. d = 100 tan %t
4
@ |
| | period = 5 | |
I I I I
I I | '
T I I I
I I I |
I I | i ! ! > !
| | | T T ! g
« T 0 T £ >t S5 | 7 4
I I 7| r 2
| | | |
I - I I |
| | | |
I I I |
I I I 3
' I
_m ud 3n
4 4 4
37. v 39.
| ¥ = cot 3x |
I I ] Period =% I
| | | | ¥ = 2cscx
| I | |
s | | | |
I [ | |
I | I |
s } } } > X } > x
| I I I I
I I I —14- [ |
a4 | | | | 3T
2
: I | 24 | I
| I | ;
Smo_ Tm _;
| | | 3. ( 2 - 2[.8) (7. 8)
\J g 2 w |
3 3 | I
™ 27
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41. ! 43. ¥

! = 10 sec mt

\ [
| | ' I
I | I I | |
I I I | I |
o4 | | 1 | | I I
! ! . I I I I
0 v : 1 ] > ! -— I I I I >
I 2 0 I I I I
—10+ | | - I I I I
| | I | I |
I I I I I |
I | I | I |
| I I l
€ 3 W © ki kg 2m
2 2 2 2
45 y y = 3csc 2x 47 0
i | I : : 49. |
I
: | , | 51. V302
A S 53. 3/2
3 == | | I I
| | I I
| ! ! |
- X 1 ] | > X
0 Il ' H N
| | I I
| | [ I
-3+ | | | I
| | I |
| | ! !
\r I I
1 | | |
ol 0 l‘f_f 2w
2 2
Prodobern Set 4.3
1. y _ n 3. Y
phase shift = — —- phase shift :—Z-
1 -
yadl ~N Pl Iw
/ N 4 4
- 1 + t \'\ + t A x
) L
4
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3 phase shift =— N phase shift = %

| - -
5w N -~
3 2w \‘l /

NE]

W

_x
3
-1 —
f v ¥ = cosx
9, y e W 11. ! amplitude = |
\ phase shift = 3 Yy period =

phase shift = %

3w

* | "

15. y amplitude = 1 17. ¥
period = amplitude = 2
1 = e W p
a::a(iguiez 1 | phase shift = 4 period = 4
ghase shift = — reflected phase shift = —=
-T2
x
i > X
L 1 3
2 2
1+
Y

19. amplitude = —;— 21. y

y period = ?‘"
phase shift = % e amplitude = 3
period = 6
, phase shift = |
14
< 0 T } } J—> x
1 3 4 in 7
— 14 2 2
24
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23. amplitude = 4
¥ period = 7
3 phase shift = %
4.1
3
2 4
| -
1} i F——=
- ol 3m fm 5w 37
4 2 3 2
27. amplitude = 2
T 3

¥ period = %
phase shift :—%

3
31. y

| 1‘ [ _ ‘ITI
| |y—csc(x+7)|
I I I
| I I
LR |
~—f K
KN IV

-1t >
[ I |
I I I
I I I
1 1 I
T ’ 3 ki
4 4 )

hrasgmrs Ui Blarvibered Problene g

25. ¥

29.

T 2
3

EANIE7ANI VA VA

amplitude = 4
period =

phase shift =1
reflected

2
amplitude = 3
period = 2w

phase shift = — %
reflected

JUS

S

y = sec (2x — %)

/ y=cos(2x—%)

-7
33. ¥
A [
| I
| |
T \\| I
—
of = N3 A 5o
& |\a/l| 3
R | |
| |
\J

» U
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3s. y y = csc(2x + %) 37. ‘v
| I
NS | |
II I I I I v—lan(x+1)
ST 4
\ | I |
o | | e
12 2 = si x hase shift = -2
| 4 I\ Q——‘y sin (2x + 3) | | phase shi 7
! [ I
I |
(R’
T o 5w
6 3 6
39. ¥ ,
n I period = 7 -
| y = cot(x — % ) phase shift = ry
I |
I I
| I 41. y y=tanQx - I) 43. 5/3 centimeters
i+ : { 4 45. 2/3 feet
| | period = I
“3 I i A t | > X phase shift = %
] 2 4 | |~
— =+
| |
I [ 7 x
I I |
I | - |
I I
o 5w !
4 4 I
a
2
Problom Set 44
1. y
A
2_1 y=1+sinx
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Bd 5 ] bedaaivs el B e
Sebrribared Problers aned Ol Tl

r y=2—cosx
3_.-
- _/ \_/ \_ T
M TN ~
7
Ve N AN
- vd 1 i ' 1// . \u | x
= T ~ V 1 ¥ =
0 ///I% u 3211’\\ 27 //5217 3 75\ 4m
- 1= S S~ y,= —cosx
J
5. ]
A
y=4+ 2sinx
6T /\
4 v — YV =4
N \/
RN 7N\
/ \ / \
< y \ / \ e x
0 \ 7 \ / i
\ / \
-2 \v/ \_/¥2 = 2sinx
y
7. y
[
il vy :%x
3T 1
y = Tx—cosx
24
l"" ——— —
v ~ 7N
s N\ s N
-— /'V : \l'\ % /'I[ = \lp l >
0 s ‘"' InN\ 27 y om im N 4nm
7 2 N S 2 \\
— 14 -— Y2 = — cosx
\)
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9. y

y= %X—COSX

425

11.

Nn=«x

y=x+sinmx
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y,; =3sinx

VT cos 2

X

/

sirdagedgn By

15. ,

y = 3 sin x + cos 2x

y = 2 sin x — cos 2x

y=sinx+sin—;—
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19. y

y = sinx + sin 2x

y = sin x — cos x

2
y2 = — cosx
: 3m Im
- P \\‘7 2n z/ \i 4n .
0 ,//;l ™ '\\ //% 3w N Y, = sin x
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25S. y 27. 1/4 feet per second
29. 180 meters

4

oA 4
3
R
(3]

a
N
)

3
~1
E]

M\
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7. : 9. ¥
[ s ‘=
Ay =3
l
3 /
/
y
> e e e ;
- p -
/ A
k2i+1iyv2 =19 ory = logy x
Y v
11. ¥
)
211’ .y y =
3 ¥y =cos tx
2,
T -
¥ = cos X
-
7
N\ s
- )74 ; 3

\



13.

15.
21.
27.

33.

39.

47.

430 Arvvare L id-umbered Prolslers ared € “'“ﬁg der oty

We have not included the graph of y = tan x

with the graph of y = tan~'x because plac- - —————————] )
ing them both on the same coordinate sys-
tem makes the diagram too complicated. It ¥ =tan-lx

is best to graph y = tan x lightly in pencil ;
and then reflect that graph about the line y =

x to get the graph of y = tan~'x.

—-1l=x=1 17. all real numbers 19. 60° + 360°k, 120° + 360°
60° + 360°, 300° + 360°% 23. 210° + 360°, 330° + 360°% 25. 90° + 180°%
270° + 360°k 29. 45° + 180% 31. 60° + 360°, 300° + 360°k
St T Il
T+2k ——+2k7r 3s. §+k77 37. 6+2k7r 3 + 2km
—+ 2%, 4 T ke 41. % + 2k 43. % + ki 45. 2k
) 49, )
amplitude = 2

period = 2

amplitude = 4 1
period =
¢ 3\ 3] -\ of 1\ 2 3 2
: .
- I 1 - x
* 1 T
o = 3w -2
4 4
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S1.

%
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amplitude = 3
period = 47

1.
9.
17.
25.
33.
41.

49.

57.

61.

65.

3. «
11. #/3
19. #/6
27. 74.3°
35. 4/5
43. 2
51. «x
59, x

iff =2
phase shift =

of
4 4
=1
y
1
3 amplitude =3
period =
2 phase shift = -
1—
- ¢ —
0l = 2 T
6 3 6
- 1ﬂ
_2-

13.
21.
29.
37.
45,

53.

EX]|
/4 7.
0 15.
9.8° 23.
117.8° 31.
3/4 39.
3/5 47.

VI1—x? 55.

3m/4
—77/6
147.4°
—70°
V5
1/2

X

Vxi+1

63. y amplitude = |
\ period = w
phase shift =-%

14

_m O\ = fm 3n

4 4 2 4
— 14
Y
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Chapter 4 Test

1.
2.
3. y y=tnyx —4r<y<d4m
I I | I | | I |
I I | I | I I I
| I I : 11/ 1 II II |
| | | I
| | | I | | T | t
| | | YA I | |
| I | [ ! I | I
| | I [ I |
In 5w 3w _m s in Sm n
-2 2 2 2 2 2 2 2
4. Y y = secx, —4m < x < 4w
| 1 | ' )
NNV /N
I | I | 3 I I I
" L N N n i L i 1 + 1 4 1 I > X
—4m o, =3m | —2g , —m | O v oaw T oo an b g
| | I -1 I [ I |
I/ \ If\l If\l I/\I
1 | 1 { i | | |
n S 3m T T 3m Rl In
-3 3 ) 2 ) 2 2 2
5. 4 6. 8
7. 3w, —w, 7, 37 8. —11w/3, =77/3, —57/3, —7/3, 73, 5w/3, Tw/3, 11w/3

9. y amplitude = 1
period = 2
1
- \ } /; » X
ol N1 /32
2 2
- l -




ety )

amplitude = 3
period = 2
graph is reflected

(NS5
Nlky

AARA

amplitude = 2

period

AR

phase shift = %

13.

NI:I
ey

FNERE 3

C7~|

ENERE
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l6. | 17.
ik \ “ ' _ I
3-f- amplitude = 3 | |y = osc (x + —4—) |
period = 6 | | I
2 phase shift = 1 | | |
AN |
- /
| -l N L
LI T ﬁ\ T 71
- f | } — | T INO T 4 o
0 1 5 4 1 7 | =14 | ‘\'\y=sm(x +70)
2 ) | ' '
—{al
| I I
72-_ | I '
i { 1 1
- 3n Iw
_3-_ 4 4 T
W
18. 19. .
| y = tan(2x - %) A amplitude = 2
1 ) period = <%
phase shift = s
period = - 2 3
phase shift = %
1
) 4w Sm
3 3
« D ——>» X
0 ' _m 0 . \2m [w
3 3 3
-1 | -1
I
I -2
I
|
a
2

amplitude = 2
period =4
ﬂ phase shift = %

2+
[-.—
-t } } $ } > X
10/ 3 s\ 1 fo 11 1B
2 2 2 2 2 2 2
_|"

+-2
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21. y

v =x—sinx

3-
2-
~ y, = — sinx
1 Pk
/s A
- Va } \} » x
AA I ye 47
2

22, v

23. 180°% 24. 180° + 360°% 25. y 26. y

=~ /
) y=cos " x - /
/ y=sin"'x|
\
\
restriction
0<y<n restriction
T m
. R ASA S



27.
31.

35.

436
/6 28. 5m/6
36.4° 32. -39.7°
V5/2 36. 3/V13

29.
33.

37.

Answers to Odd-Numbered Problems and Chapter Tests

—l4 30.
134.3° 34.
V1 — x? 38.

/2
—12.5°
X

V1 — x?

CHAPTER 5
Problem Set 5. |

For some of the problems in the beginning of this problem set we will give the complete proof. Remem-
ber, however, that there is often more than one way to prove an identity. You may have a correct proof
even if it doesn’t match the one you find here. As the problem set progresses, we will give hints on how
to begin the proof instead of the complete proof.

1.

17.

19.

27.

37.

47.
S1.

cos 6 tan 6 = sin 6 9.
sin 6
Sl cos 6

sin 6 = sin 6

cost — sintt 2

— cotir — |
sin?t

(cos?t + sin?r)(cos?t — sin?t)
sin?¢

cos?t — sin’t
sin?t

cos’t  sin’t

sin?t sin?z

cot2t — | = cot2t — 1

Write the numerator on the right side as

1 — sin?@ and then factor it.

Change the left side to sines and cosines
and then add the resulting fractions.
Rewrite the left side in terms of cosine and
then simplify.

cos A =4/5,tan A = 3/4
V32

25.

cos x(csc x + tan x) =

COS X CSC x + COos x tan x

1 sin x
COS X * — + cos x *
sin x CoS X
Cos X .
- + sin x
sin x

cot x + sin x =

cot x + sin x

cot x + sin x

Factor the left side and then write in terms

of sines and cosines.

33. See Example 6.

45. sin(30° + 60°) =
sin 30° + sin 60° =

49. V312

53. 1I5°

sin 90° = 1

i
2

+%¢1



437

L Mo-V2 5, V6-V2 s Vo+Vo . —V6-V2
4 T Ve+ V2 ' 4 : n
9, ﬂ 11. sin(x + 27) = sin x cos 27 + cos x sin 27
= sin x (1) + cos x (0)
= sin x
For problems 13—19, proceed as in problem 11. Expand the left side and simplify.
21. sin S5x 23. cos 6x 25. sin(45° + 6) 27. sin(30° + 6)
29. c0s90°=0
31. y =sin(x + 7w/4) 33. y = 2sin(x + %)
A phase shift = — —} 1
2 —1
/

a4

-3
_l —
- _L_
35. —16/65, 63/65, —16/63, QIV 39. 1
37. 2,1/2,QI 41. sin2x = 2 sin x cos x
43. oA 4s. amplitude = 4
4:_ perllbm; 2'" 2

|
T
o|—

t
|
> (
wl:\
"‘llzi)"
V

amplitude = 4
period = T

47.

e
(933
3

amplitude = %

period = 4

l
T LO N4
2

— 44

> v

-
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Problem Set 5.3
1. 24/25 3. 2477
9. 120/169 11. 169/120
17. cos 100° = cos 2+ 50° = 1 — 2 sin250°
29. Solve the given equation for sin 15° to get
V2-1\V3
2
47. 24/7 49.
1. 172 3. 2 -
9. 3/\V13 11. -2/V13
17. -7/25 19. -25/7
o _ . 02
25. O 27. cos 4 = cos > =
0,6 6120
29. sinf = sin?2 2—2sm20052—169
41. Write tan x/2 as (sin x/2)/(cos x/2) and then
apply the half-angle formulas to these.
51. x/Vx1+1
1. —-1/V5 3. 2V3-1)12Vs
9, 2xVI1 —x? 11. 2x2 — 1
17. l5(005 10x + cos 6x)
21. %(cos 6 — cos 2m) =%(l - D=0
27. 2 cos 30° cos 15°

fl= -1
phase shift = — —

_ 1 + cos 6/2
2

Answers to Odd-Numbered Problems and Chapter Tests

5. —4/5 7. 4/3
13. 3/5 15. 5/3
A | S . T
19. sin 5 = sin 2 0 2 sin 10 cos T
39. Write sin 36 as sin(26 + 6) and expand ac-

cording to the formula for sin(A + B), then
write everything in terms of sin 6.

S1.

amplitude = L
2m 2
phase shift = 3

¥ period =

5. —1/\V10 7. V10
13. —-3/2 15. 2/V5
21. 3/V10 23. 725

= 5/V26

Change sin26/2 to (1 — cos 0)/2 and then
multiply numerator and denominator by
csc 6.

3/5 11Vs

x/IV1 — x*?

37.

47. 49.

53.

5. 4/5 7. x/V1—x?

15. 5(sin 8x + sin 2x)
1 1

| o . o _ 1 1V _ 3
19. 5(sm90 +sm30)—2(1+2)—4

25.
29.

2 sin Sx cos 2x

2cos%sin%= 1\V2



37. y
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y=1+sinx

39.

y=cosx+%sin2x

Chapter 5 Test

13. 63/65 14. —56/65 15. —119/169 16. —120/169
1

17. 1/V10 18. -3/ V10 19. ”6+\/§ 20. M
V6 — V2 V6 + V2 .

21, ————= 22, —————= 23. cos 9x 24. sin90° = 1|
Ve + V2 V6 - V2

25. 35, — # 26. 35, 1—0—'2—0—— V19 27. 1

28. +\V3/2 29. 11/5V5 3. 11/5V5 31. 1 - 2x2

32. 2xV1 — x? 33. l—(cos 10x — cos 2x) 34. 2_COS/—45 cos(—30°)

2 =V6/2
CHAPTER 6

Problem Set é.1

1. 30° 150° 3.
9. w6, 117/6 11.

30°, 330° 5.
37/2

135°, 315°
13. 48.6° 131.4°

7. /3, 2w/3
15. O



17.
21.
25.
29.
33.
37.
41.
45.
49.
S3.

57.

Probdery

1.
S.
9.
13.
17.
21.
25.
29.
33.
37.
43.

440

228.6°, 311.4°

0, w/4, w, Sw/4, 2w

wl/2, 1w/6, 117/6

0°, 60°, 180°, 120°, 360°

201.5°, 338.5°

30°, 150°

w/3 + 2k, 2w/3 + 2k

48.6° + 360°%, 131.4° + 360°k

h = —16(2)2 + 750(2) = 1,436 feet
sin 2A = 2 sin A cos A

19.
23.
27.
31.
3s.
39.
43.
47.
S1.
SS.

% < e B i e s s i 4 Py s W
Hranairs b Uild-Flupribdvad Probiers s Chogitis Tils

w/2, w6, 576

0, 2m/3, @, 4w/3, 2w
120°, 150°, 210°, 240°
120°, 240°

51.8°, 308.2°

30° + 360°, 150° + 360°%
3w/2 + 2kw

h = —16r2 + 750t

15.7°

cos 2A = 2 cos?A — |

) . 1 . 1
sin 6 cos 45° + cos 0 sin 45° = ——sin 6 + —=cos 0
V2

v St bl

30°, 330°

wl/4, 3wl/4, Swi4, Tmw/d
30°, 90°, 150°, 270°
1w/6, 37/2, 11a/6
/2,776, 117/6

0, 2@/3, 47/3, 27

30°, 90°

w/3, Sw/3

Swld + 2k, Tmw/d + 2k
2w/3 + 2k, m + 2km = w2k + 1)
w/4, Swi/4, 9w/4, 137/4

Proisbarn Set 6.3

bk
Nweunr-=

25.

29.
33.
37.
41.

30°, 60°, 210°, 240°

60°, 180°, 300°

/3, w, Sw/3

15° + 180°, 75° + 180°%
6° + 36, 12° + 36°%

Tw/18, 117/18, 197/18, 237/18, 317/18,

357/ 18

10° + 120°k, 50° + 120°, 90° + 120°%
20° + 60°k, 40° + 60°k
180°, 270°

1/4 of second (and every second after that)

V2

11.
15.
19.
23.
27.
31.
3s.
41.

11.
15.
19.

27.

31.
3s.
39.
43.

Swid,1m/4

30°, 150°

60°, 180°, 300°

0°, 120°, 240°, 360°
/3, Sw/3

45°

60°, 180°

2w/3, w

45° + 360°%

30°, 330°, 390°, 690°

67.5°, 157.5°, 247.5°, 337.5°

/8, 3w/8, 97/8, 117/8

w/6, 2w/3, 1w/6, S7/3

30° + 120°, 90° + 120°

/18, 57/18, 137/18, 177/18, 257/18,
297/18

T 2k

TR

T 2k

577

60° + 180°k, 90° + 180°, 120° + 180°%
0°, 270°, 360°
6

1/12
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Answers to Odd-Numbered Problems and Chapter Tests

48S. y

49, y

Y=y +y2=sinx+cosx
Yy, =cosx

ift= =T
phase shift = 2

Im
4
1 L > X

INERE o
108 ]

Problem Set 6.4

} 4 +——t +
_m 3w By
4l 4 4

1. 3.
A
SRSt
12+ y2= | | | P P
N0 | \/43,0)
y : - R ]
7. , 9, ,
a-24+oEBRA= T T T 1] | 1| v
EESBEERERIY EEdIAEEL
;'xii‘(zfﬁ"
T 3 - + > X
EEEEEERE 2= L
T T \9
I |

44

47. sin(x + 45°)

y
5, 1T
16 4
- X
(2,0
11.
(X—43)-+(\' '; D2} = 6.1
- @ > X
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2 ;2
13. y 15. x2— =1 17. %—)9—=1
! 9. Q-4 _ (-2
- ‘; 2 l 2 | 9 9
““%’”’ == For problems 21 through 26, x and y are restricted to values
(=3.1 between — 1 and 1 inclusive.
3 ’ .. 2. x=1-2y 23 y=ux 25. 2x =3y
J
27 29. ¥
A
2 ' i y=25in(x+%)
)3 ¥y =2 sin(x - 7 2 4
1
/‘\ Y.
I N
v x 3 s\ It or & . T
AN Y S A x =\ = =
- I I T 3 3
V-2 -1+
-2
.
31 '
‘r y = 2sin(x c»%’-)
24
1
< } 4 > x
e I Y. am e
s1 7 6 3 6
2=
Y
Chapter 6 Test
1. 30° 150° 2. 150° 330°
3. 30° 90°, 150°, 270° 4. 0°,60° 180° 300°, 360°
5. 45°,135°,225°, 315° 6. 90° 210°, 330°
7. 180° 8. 0° 240°
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3.1

9. 0°, 30° 150°, 180°, 210°, 330°, 360° 10. 15°,75°, 105°, 165°, 195°, 255°, 285°, 345°
11. 0°, 90°, 360° 12. 90°, 180°
13. 2km, T+ 2%km, 2+ 2kar 14, T+ 2km, 2T 4 2k
3 3 6 6
T 2k T kT
15. 5 + T 16. 3 + 4
17. 90°, 203.6°, 336.4° 18. 111.5° 248.5°
19. 20.
‘V \ ) Y, 21.
P S T S = \ 4 _{/ ] 1
i 9 ——t— x =824 B2
9 }i /I S o & : )
! 1] \|/
| L4(3,.0) i /N % 1
ER AR
EREEE F=t—\
{ | , / \
y / \
22. y 23. y
‘ y:ZSin(x+%)
ER-3P-- = 1)2 = | :
9 9
m ,
- > x ‘_ 75 i . 7511 15_11' > X
3 6 3 6 3
= |
-2
y
24.
i
2-1—
ﬁ“ _\'=ﬁsin(x—%)

>

- 4
«— ] }
s 3w 5w Im 9w
4 r 3 3 4
—l-d-
It

—_ X




CHAPTER 7

Problem Set 7.1

1.
S.
9.
13.
17.

21.
25.
29.

(7,

13.
17.

21.
25.

29.

16 centimeters

136 yards

C = 80° a = 11 centimeters

C = 39° a = 7.8 meters, b = 11 meters
A = 141.8°, b = 118 centimeters, ¢ = 214
centimeters

sin B = 5, which is impossible

273 feet

42.4° and 317.6°

sin B = 2 is impossible
B =77°or B’ = 103°

B = 28.1°, C = 39.7°, ¢ = 30.2 centimeters

C = 26°20,
no solution

= 108°30’, a = 2.39 inches

15 feet or 38 feet
1/V5

V2-V3
2

87 inches

9.4 meters

A =44° B = 76°, ¢ = 62 centimeters
A =15.6°, C = 12.9°, b = 727 meters
B = 114°10', C = 22°30’, a = 0.694

a: = b + 2 — 2bc cos 90°
= b+ = 2bc(0) = b2 + 2

133 miles

30°, 150°

0°, 60°, 180°, 300°, 360°

11.
1S.
19.

23.
27.
31.

N W

11.

15.
19.

23.
27.

11.
1S.
19.
23.

27.
31.
35.

Answers to Odd-Numbered Problems and Chapter Tests

71 inches
C = 70°, ¢ = 44 kilometers

C = 66.1°, b = 295 inches, ¢ = 284 inches
B =16° b = 1.39 feet, ¢ = 4.36 feet

B = 121°, a = 0.445 kilometers, ¢ = 0.499
kilometers

209 feet

47.6° and 132.4°
75.2° and 104.8°

B = 35.3 is the only possibility for B

B = 54°, C = 88°, ¢ = 67 feet or B’ =
126°, C' = 16°, ¢’ = 18 feet

B = 34°50', A = 117°20’, a = 660 cen-
timeters or B' = 145°10', A’ = 7°, d =
90.6 centimeters

no solution

B =26.8°, A = 126.4°, a = 65.7
kilometers

24/25

—-24/7

C =93°

A = 128°

A=29° B=47°C=104°
A=39°, B=57°C=284°

A =554° B =455° C =179.1°
24 inches

194 miles per hour with bearing 153°
90°, 210°, 330°
45°,135°, 225°, 315°



Answers to Odd-Numbered Problems and Chapter Tests

Problem Set 7.4

The answers to problems 1 through 21 have been rounded to three significant digits.

1.
7.
13.
17.
25.

1,520 centimeters? 3. 333 meters?

26.3 meters? 9. 28,300 inches?
V135 = 11.6 square inches 15.
8.15 square feet 19. 156 square inches  21.
—30° or —7/6 27. 60°or /3 29.

Chapter 7 Test

445

S. 0.123 kilometers?
11. 2.09 feet?
15.0 square yards
14.3 centimeters 23.
3/5 31.

180° or 7
V513

1. 6.7 inches 2. 4.3 inches
3. C =178.4° a = 26.5centimeters, b = 38.3 4. B =49.2°, g = 18.8 centimeters, ¢ = 43.2
centimeters centimeters
S. sin B = 3.0311, which is impossible 6. B = 29°is the only possibility for B
7. B=171°,C =58° c=17.1feetor B = 8. B=159,C =95, c=11feet or B =
109°, C' = 20°, ¢' = 2.9 feet 121°, C" = 33°, ¢’ = 6.0 feet
9. 11 centimeters 10. 19 centimeters 11. 95.7° 12. 69.5°
13. A =43° B = 18°, ¢ = 8.1 centimeters 14. B =134°, C = 111°, a = 3.8 meters
15. 50.8° 16. 59 feet 17. 411 feet 18. 14.2 meters
19. 498 centimeters”? 20. 307 centimeters? 21. 52 centimeters’ 22. 52 centimeters’
23. 17 kilometers® 24. 52 kilometers®
CHAPTER 8
Problem Set 8.1
1. 4i 3. 1l 5. 3i\V2 7. 2iV2
9. VI3 11. x=2/3,y=-1/2 13. x=11/4,y= -2
1. x=2/5,y= -4 17. x=-2o0r3,y==*3 19. x=w/dorSmw/d,y=m/2
21. =7/2,y=m/dorS5m/4 23. 10 — 2i 25. 2+ 6i
27. 3 —13i 29. Scosx — 3isiny 31. 2+ 2
33. 12+ 2 35. 1 37. —1 39, |
41. i 43, —48 — 18i 45. 10 — 10{ 47. 5 + 12i
: 12 15
49, 41 51. 53 53. —28 + 4i 55. a + Al
1 3. 5 12 . ) 4 17
57. §+ g'l 59. —ﬁ"' 13 1 61 -2 Si 63. a—‘f' al
65. 13 67. —7 + 22i 69. 10 — 3i 71. 16 + 20
73 49 5. L1l L,
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77. Yes, addition with complex numbers is com-
mutative.
81. sin@ = —4/5, cos 6 = 3/5

Answers to Odd-Numbered Problems and Chapter Tests

79. No. For example, 3 + 2i) — (5 + 4i) =
—2—2iwhile(5+4i))—3+2))=2+2i

conjugate

83. sinf =
85. 135° 87. 150°
Problem Set 8.2
l. ¥ 3- y
34+ 4i
ﬁ I+ 1"
[3+4il=5 [+ i =o2
'
7 y 9. y
2] =2
prra—— 2 -
5
-4 7 3=5
-4 -3i
A
13. y 15. y
i i
4i
opposite
. =3 3
its own
—4i conjugate
opposite and

b

a

"—,C050=—"_
a? + b? Vat + b?

|—5il =5

11.

apposite

conjugate

~—2+i\< R+
< —> X

i
17.
cohjugate opposite
-5 % 2i S+2
- > 0
=5+ 30
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9. V3+i 2. -2 +21V3 2. ——\?—%i 25 %—%i
27. 9.78 + 2.08i 29. —-79.86 + 60.18i 31. —-0091 — 0.42i
33. 9.51 — 3.09i 35. V2(cos 135° + isin 135°) 37. V2(cos315°+ isin315°
39, 3\/§(cos 45° + isin 45°) 41. 8(cos90° + i sin 90°) 43. 9(cos 180° + i sin 180°)
45. 4(cos 120° + i sin 120°) 47. 6(cos 300° + i sin 300°)
49. (20)(3i) = [2(cos 90° + i sin 90°)][3(cos 90° + i sin 90°)]
= 2+ 3(cos 90° cos 90° + i cos 90° sin 90° + i sin 90° cos 90° + i2sin 90° sin 90°)
=6[0-0+i-0-1+1i-1 0+ (=D(1)D)]
= 6(—1)
= —6
51. 2(cos 30° + i sin 30°) = 2(% + %) =V3+i
2[cos(—30°) + isin(—30°)] = 2(—\§—§ - i—;: =V3-i
§3. z, =2+ 3i ‘ §5. Ifz= cos 6 + i sin 6, then
z, =z, i=-3+2i |2l = Vcos? 6 + sin26 = V1 = 1
3= 20 i =-2-3i 57. cos 75° = cos(45° + 30°)
BT At E ‘3 > = cos 45° cos 30° — sin 45° sin 30°
_V6-V2
i =23t 4
7+ §59. sin(A + B) =sinAcos B + cos Asin B
_3.12.,4.5 _56
- =X 5 13 5 12 65
61. sin(30° + 90°) = sin 120° = V'3/2
63. cos(18° + 32°) = cos 50°
Zy=2—=2+—3i
Y
Problem Set 8.3
1. 12(cos 50° + i sin 50°) 3. 56(cos 157° + isin 157°)
5. 4(cos 180° + i sin 180°) 7. 2(cos 180° + isin 180°) = —2
9. 4(cos 210° + isin210°) = —2V3 —2i 11.  12(cos 360° + i sin 360°) = 12 B
13. 4\V/2(cos 135° + isin 135°) = —4 + 4i 15. 10(cos 240° + isin 240°) = —5 — 5i\V/3
17. 64(cos 60° + i sin 60°) = 32 + 32/V3 19. cos 120° + isin 120° = — ;— + %i
21, 81(cos 240°+ i sin 240%) = — 8L 81V 53 35cos d50° + i sin 450°) = 32

2 2



25.

29.
33.
37.

41.

45s.
S1.

S3.

SS.

57.
63.

448 Answers to Cdd-Numbered Problerms and Chapter Tests

(1 + iy = [V2(cos 45° + i sin 45°)]* 27. -8 - 8i\V/3
= 4(cos 180° + i sin 180°) = —4
8i 31. 16 + 16
4(cos 35° + i sin 35°) 35. 1.5(cos 19° + i sin 19°)
0.5(cos 60° + i sin 60°) 39, 2(cos0°+ isin0% =2
cos(—60°) + i sin(—60° _L_ \_{3_1. 43. 2[cos(—270° + i sin(—270°)] = 2i

2[cos(—180°) + zsm(—180°)] = -2 47. —4 — 4 49. 8
[2(cos 60° + isin 60°)]2 — 2[2(cos 60° + isin60°)] + 4 =0
4(cos 120° + i sin 120°) — 4(cos 60° + i sin 60°) + 4 =0
—242iV3-2-2iV3+4=0

0=0
= [2(cos 15° + i sin 15°)]* = 16(cos 60° + i sin 60°)
=8+ 8iV3
(1 + i)' = [V2(cos 45° + i sin 45°)] !
= V2 '[cos(—45°) + i sin(—45°)]
=‘/‘—1i=l—li
V2\V2 V2) 2 2
V3oL, 1 V3
—4—‘ + Zl 59. Z - —4——1 61. 0.2588
—-0.9659 65. —0.9659 67. —0.2588

Profdem St 8.4

1.

11.
13.
15.
17.

|
5 (cos 105° + i sin 105°)
2 (cos 15° + isin 15°)
o 2 o
195 75 285
x
2
2(cos 195° + isin 195°)
5 (cos 285° + isin 285°)
Y

V3 +i, V3 7. V2+iV2,-V2-iV2 9. 5i,—5i
2(cos 70° + i sin 70°), 2(cos 190° + i sin 190°), 2(cos 310° + i sin 310°)
2(cos 10° + i sin 10°), 2(cos 130° + i sin 130°), 2(cos 250° + i sin 250°)
3(cos 60° + i sin 60°), 3(cos 180° + i sin 180°), 3(cos 300° + i sin 300°)
V3+i, —1+iV3, -V3-il-iV3
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19.

23.

25.

27.

29.

33.

10(cos 3° + i sin 3°) = 9.99 + 0.52i
10(cos 75° + i sin 75°) = 2.59 + 9.66i
10(cos 147° + isin 147°) = —8.39 + 5.45i
10(cos 219° + i sin 219°) = —7.77 — 6.29i
10(cos 291° + isin291°) = 3.58 — 9.34i
V2(cos @ + i sin 8) where 6 = 75°, 105°,
255°, 285°

\/E(cos 6 + i sin 0) where 8 = 30°, 150°,
210°, 330°

%(cos 6 + i sin 6) where 8§ = 67.5°,
112.5°, 247.5°, 292.5°

449

cos 150° + i sin 150°

cos 90° + i sin 90°

cos 30° + i sin 30°

cos 210° + i sin 210°

— X

cos 330° + i sin 330°

V“S 270° + i sin 270°

y 31. y amplitude = 1
A iod =
} amplitude = 2 period - “ T
period = 8 : phase shift =——-
4 3 reflected
! } —»x
14 R/ R
4 4 2\ 4
—1
<oz T n ax 57 m
3 3 3 3
iy o
-— 2 ——
y = —2sin(—3x) = 2 sin 3x because
1] sine is an odd function.
y
|
3= amplitude = 3
period = 6
phase shift = 1
24-
1-]-
< = { } } I
1 3 4 11 7
2 2
— ]
— el
—34-
W
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1-11 (odd). y 13.
; 15.
17.
19.
23.
S M) 1.2, 45°) 27.
. [
# 5 (1, —2259 31.
1. (+2.0% =
. ‘ 9. (£4, 210 39.
9P . 43.
. (3, 745°)
47.
S
SS.
Y
57. y 59.
3
6=+
amplitude = 6
3 period = 2m
-0 'r:r w 39" o
2 2
— 3
— 6
Y
61. y
A
y=4+ 2sinx
61 /\
NN 7N\
/ \ / \
< 4 \ / \ S x
0 X 7 Ay 7 >
\ /
-4 \v/ \\,’)’z = 2sinx
y

(2, —300°), (—2, 240°), (
(5, —225°), (-5, 315°), (

-2, —120°)
-5, —45°)

(—3, —3307, (3, 210°), (3, —150°)

(1, V3) 21.
(=1, —=1) 25.
(3V2, 135° 29.
(2, 0% 33.
(5, 53.19 37.
(V13, 236.3°) 41.
x2 + y2 =6y 45.
x+y=3 49.
r:=4 53.
0 = 45°or cos 8 = sin 6
A
amplitude = 4
period =
Ly e
3
4

— 4

1

0, =3)

(—6, —2V3)

(4, 150°)

(2, 210°)

(V5, 116.6°)
x2+y2=9

(x2 + y?)2 = 8xy
r(cos @ —sin ) =5
r==6cos 6



1. \
A
r = 6cos@
O \-/ “ K
\ 4
7.
1\
r = 45°
45°
y
13.

r=2+ 4cos 6
(2, 90°)

(0, 240°%)

(0, 300°%)
(2, 270°)

451

3- y 5. y
i A
r = sin 36 w
r=3
/
(1, 30°
B B \J o N
: Y
9. y 110 y
A 3. 907 A 6. 90

y

15.

r=2++ 2sin g

(2, 1807 (2, 09

(0, 270°)

r=4+ 2sinf

(4, 180%)
(2, 270°)
17.
y
A
7
(3, 459
r2= 9sin 246

(— 3, 45°%

- X



(2, 135% \

452

y
A r = 2sin 26
45°

t 4
4

/
” (2. 45°%)

(2, 225% l

\ (2, 315°%

25. y
r=6cos#
- x
6. 0)
 J
31. y
1
X :—};—}2 »%
L i :
1N
l‘j.()) -1

X

Answers to Odd-Numbered Problems and Chapter Tests

21. 120 y 23. y
L) 1‘
\
\ r2 = 16
r = 4 cos 36
4, 120°)\
(4, 00) - - X
- > X “.0
(-4, 60%)
,I
/ y
/
4
240°
27. 29, .
A
45°
r2 = sin 26 / qr+3y=6
(1, 45°%
- —> pres \ X
3\
(—1,45°
, !
33. 35. y
A
©,4) r=2sin¢
1 92 =
x3+(y—2) 4 (Y7, 45%)
< > X = "
r=2cosf
y
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y = sinx — cos x

39.

Yy =X

81

7 -

y=x+sinmx

SN\
Jl \
\ b
'6 7‘\ /’8



41.

1.

11.

13.
15.
17.
19.
21.
23.
25.
27.

29.
31.

33.
3s.

Spvpmers By i Darmbsered Probiterr and Chaoter Tesls

3.
S.
7
9

3+4i

15°, 105°,

60°, 180°,

454
y
A
34 ¥y, = 3sinx
2T
14 /] _ X
\ A\ /TN ANV T2 /7
-~ \\ } // N} % \\ ' N+ /& > X
i/ - AT
14 ~ ~—
_2--—
_3-_
-4 y = 3sinx + cos 2x
Y
Chapter 8 Test
5i 2. 2iV3
x=2,y=2 4, x= —2o0rS5 y=2
7 — 6i 6. 8—2i
1 8. i
89 10. —16 + 30i
5. 11 60
-2 - 5 12. 3 + o1 !
a 5 b. -3 -—4i c. 3—4i 14. a 5 b. -3+ 4i c.
a. 8 b. —8i c. —8i 16. a 4 b. 4 c. —4
4V3 - ai 18. —V2+iV2
2V 2(cos 45° + i sin 45°) 20. 2(cos 150° + i sin 150°)
5(cos 90° + i sin 90°) 22. 3(cos 180° + i sin 180°)
15(cos 65° + i sin 65°) 24. 5(cos 30° + i sin 30°)
32(cos 50° + i sin 50°) 26. 8I(cos 80° + i sin 80°)
7(cos 25° + i sin 25°), 28. \/2(cos 6 + i sin §) where
7(cos 205° + i sin 205°) 195°, 285°
x = V2(cos 6 + isin 6) where 6 = 15°, 30. x = cos 6 + i sin 6 where 6
165°, 195°, 345° 300°
(—4, 45°), (4, —135%; (=2V2, -2\V2) 32. (6, 240°), (6, —120°; (=3, —3V3)
(3V'2, 135°) 34. (5,90°
x4+ y? =6y 36. (x2 + y)¥2 = 2xy
r(cos 6 + sin 6) = 2 38. r=28sin6

37.



39. 40. 1&
r = 45°
< 45° N
Y
41. 42. y
[ r=sin26
45°
7
(-1,315% 7 1. 45)
(1,225 (- 1,135
]
APPENDIX
Appendix A1
1. logs125 =3 3. log, .01 = -2 S. logz;—2 = -5 7. 102 =100
9., 8°=1 11. 103 = .001 13. 1/125 15. 4
17. 1/3 19. 2 21. 4 23. 3/2
258, 3 27. 1 29. O 31. 0O
33. log;4 + logs x 35. logy5 — logg x 37. Slog,y 39. —;— log, z
41. 2 log, x + 3 logg y 43. %log5 x + 4logsy
45. log,x + log,y — log, z 47. log,04 — log x — logyo y
49. 2 logox + logoy — 1 log, z S1. 3loggx + %log10 y — 4 logy z

2
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53. log,xz 55. log, ;—3
Vix :

61. log, P 63. 2.52 minutes
Appendix A.2

1. 2.5775 3. 1.5775

9. 4.5775 11. 2.7782

17. 8.4969 — 10 19. 9.6010 — 10
25. 1430 27. .00000447
33. 1.27 35. 20
41. 40,200,000 43. 24,800
49. 42 pounds §1. 3.3 x10*
Appendix A.3

1. 1.4651 3. .6825

9. -.3333 11. 2.0000

17. 1.6168 19. 2.1132

25. Possible solutions — 1 and 3; only 3 checks
29. Possible solutions —2 and 4; only 4 checks

33. 1.3333 35. .7500
41. .9650 43. 1.0363
_logA—logP
9. n= =i+ 1
Appendix A.4
1. 2.40 3. 5.30
9. 3.98 x 104 11. 3.16 X 1077
15. 5600 17. $8,950
23. 11.9 years

57.

2

13.
21.
29.
37.
45s.

13.
21.
27.
31.
37.
4s.

13.
19.

Answers to Odd-Numbered Problems and Chapter Tests

log o x\s/E 59. log, x?/;
3.5775 7. 8.5775 - 10
3.3032 15. 7.9872 - 10
759 23. .00759
.0000000918 31. 9260

10.1 39. 386

.0000075 47. 258,000,000
—1.5439 7. —.6477

—.1846 15. .1846

2/3 23. 18

3

Possible solutions —1 and 4; only 4 checks
1.3917 39. .7186

2.6356 47. 4.1629

4.38 7. 1.07

a. 1.62 b. .87 c. .00293 d. 2.86 x 10-°
$4,120 21. 14.2 years




Index

Acute angle, 3
Addition of vectors, 76
Adjacent side, 46
Ambiguous case, 279
Amplitude, 144
Analytic geometry, 14
Angle

acute, 3

coterminal, 18

definition, 2

degree measure, 3, 101

of depression, 68

of elevation, 68

initial side, 2

measurement of, 3, 101

negative, 3

obtuse, 3

positive, 3

quadrantal, 17

reference, 92

right, 3

standard position of, 16

terminal side, 2

vertex, 2
Angle of depression, 68
Angle of elevation, 68
Angular velocity, 127
Antilogarithm, 363
Arccosecant, 186
Arccosine, 186, 190
Arccotangent, 186
Arc length, 119
Arcsecant, 186
Arcsine, 185, 190
Arctangent, 186, 190
Area of a triangle, 291
Argument, 310
Asymptote, 147

Bearing, 70, 81

Cartesian coordinate system, 11
Characteristic, 000
Cofunctions, 48

Common logarithms, 360
characteristic of, 362
computations with, 364
mantissa of, 362

Complement, 3

Complementary angles, 3

Complex number(s), 302
absolute value, 310
addition of, 304
argument, 310
conjugate, 305
division of, 307, 318
equality, 303
imaginary part, 303
modulus, 310
multiplication of, 305, 315
powers of, 316
real part, 303
roots of, 321
trigonometric form, 309

Components of a vector, 78

Conjugate, 305

Coordinates, 11

Cosecant, 21

Cosine, 21

Cotangent, 21

Coterminal angles, 18

Degree, 3

DeMoivre’s theorem, 316
Descartes, Rene, 14
Difference formulas, 209
Distance formula, 14
Double-angle formulas, 217

Equations,
polar, 334
trigonometric, 240
Even function, 113
Exponential form, 354

Function(s)
exponential, 353

inverse, 182

inverse trigonometric, 189
logarithmic, 354
trigonometric, 21, 46

Graphs
of exponential functions, 356
of inverse functions, 184

of inverse trigonometric functions, 189
of inverse trigonometric relations, 185

of logarithmic functions, 356
of polar equations, 336
of trigonometric functions, 140

Half-angle formulas, 222
Horizontal component, 78
Hypotenuse, 3

Identities, 29, 201
Pythagorean, 31, 202
ratio, 30, 202
reciprocal, 29, 202

Imaginary axis, 310

Imaginary number, 303

Imaginary part of a complex number, 303

Initial side, 2
Inverse functions, 182

Inverse trigonometric functions, 189

Law of cosines, 285
Law of sines, 272
Legs of a right triangle, 3
Linear velocity, 127
Logarithmic form, 354
Logarithms
common, 360
properties of, 357

Mantissa, 362

Measurement of angles, 3, 101
Minute, 54

Modulus, 310
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Negative angle, 3

Obtuse angle, 3

Odd function, 114
Opposite side, 2
Ordered pair, 12, 327
Origin, 11

Parametric equations, 260
Period, 144

Periodic function, 144

Phase shift, 170

Polar axis, 327

Polar coordinates, 327
Positive angle, 3
Product-to-sum formulas, 230
Properties of logarithms, 357
Proving identities, 29, 201
Pythagorean identities, 29, 202
Pythagorean theorem, 4

Quadrantal angles, 17
Quadrants, 11

Radian, 102
Real axis, 310

Real part of a complex number, 303
Reciprocals, 28

Reciprocal identities, 29
Rectangular coordinate system, 11
Reference angle, 92

Resultant, 76

Rightangle, 3

Right triangle, 3

Roots of complex numbers, 321
Rpm, 130

Rounding off, 61

Scientific notation, 362
Secant, 21

Second, 54

Significant digits, 61
Sine, 21

Solving triangles, 63, 271
Special triangles, 3
Standard position, 17
Sum formulas, 208
Sum-to-product formulas, 232
Supplementary angles, 3

Tangent, 17
Triangles,
right, 3

30°-60°-90°, 5

45°-45°-90°, 7
Trigonometric equations, 242
Trigonometric form of a complex number, 309
Trigonometric identities, 29, 201

Unitcircle, 110

Vectors, 75
addition, 76
components, 78
direction, 75
equality, 76
magnitude, 75
Velocity,
angular, 127
linear, 127
Vertex of an angle, 2
Vertical component, 78

x-axis, 11
x-coordinate, 12

y-axis, 11
y-coordinate, 12

Ad
B5
C6
D7
E8
F9



