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Göteborg
Sweden

the material is concerned, specifically the rights of translation, reprinting, reuse of
illustrations, recitation, broadcasting, reproduction on microfilm or in any other way,
and storage in data banks. Duplication of this publication or parts thereof is permitted
only under the provisions of the German Copyright Law of September 9, 1965, in its
current version, and permission for use must always be obtained from Springer.
Violations are liable to prosecution under the German Copyright Law.
The use of general descriptive names, registered names, trademarks, etc. in this
publication does not imply, even in the absence of a specific statement, that such
names are exempt from the relevant protective laws and regulations and therefore free
for general use.

Cover design: Jim Wilkie
Project management: OPS Ltd, Gt Yarmouth, Norfolk, UK

Printed on acid-free paper

Springer is part of Springer ScienceþBusiness Media (www.springer.com)

SPRINGER–PRAXIS BOOKS IN GEOPHYSICAL SCIENCES
SUBJECT ADVISORY EDITOR: Philippe Blondel, C.Geol., F.G.S., Ph.D., M.Sc., F.I.O.A., Senior Scientist,
Department of Physics, University of Bath, Bath, UK

Additional material to this book can be downloaded from http://extra.springer.com

ISBN 978-3-642-17727-9 e-ISBN 978-3-642-17728-6
DOI 10.1007/978-3-642-17728-6
Springer Heidelberg Dordrecht London New York

Library of Congress Control Number: 2011922056

# Springer-Verlag Berlin Heidelberg 2011
This work is subject to copyright. All rights are reserved, whether the whole or part of

http://extra.springer.com
http://www.springer.com


Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Foreword by Urban Svensson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

Foreword by Jörgen Sahlberg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv

List of figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii

List of tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

List of abbreviations and acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . xxiii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Background physics and biogeochemistry . . . . . . . . . . . . . . . . . . . . . 7
2.1 Conservation principles and governing equations . . . . . . . . . . . 7
2.2 Physical aspects. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Simplifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Water masses and water pools . . . . . . . . . . . . . . . . . . . . . . . 14
2.5 Strait flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.6 Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.7 Water and salt balances . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.8 Heat balance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.9 Nutrient balances and primary production . . . . . . . . . . . . . . . 23
2.10 Acid–base (pH) balance . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.11 Some comments related to climate change . . . . . . . . . . . . . . . 29

3 Physical aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Turbulence, numerical methods, and programs . . . . . . . . . . . . 38



3.3 Modeling the Ekman ocean boundary layer . . . . . . . . . . . . . . 41
3.3.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 41
3.3.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 44
3.3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4 Modeling shallow and deep lakes . . . . . . . . . . . . . . . . . . . . . 46
3.4.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.4.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 47
3.4.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 48
3.4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5 Modeling the Ekman ocean boundary layer influenced by
temperature and salinity . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.5.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.5.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 50
3.5.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 53
3.5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.6 Modeling an ice-covered ocean boundary layer . . . . . . . . . . . . 57
3.6.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.6.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 58
3.6.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 60
3.6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.7 Modeling turbulence in the upper layers of the ocean . . . . . . . . 62
3.7.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.7.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 62
3.7.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 64
3.7.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.7.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.8 Modeling tidal dynamics in the ocean . . . . . . . . . . . . . . . . . . 67
3.8.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.8.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 67
3.8.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 68
3.8.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.8.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4 Biogeochemical aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2 Basic equations, stoichiometrics, and unit transformations . . . . . 72
4.3 Modeling the dynamics of oxygen. . . . . . . . . . . . . . . . . . . . . 75

4.3.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.3.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 75
4.3.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 76

vi Contents



4.3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.4 Modeling plankton growth/decay . . . . . . . . . . . . . . . . . . . . . 78
4.4.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.4.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 78
4.4.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 80
4.4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Modeling the dynamics of nutrients . . . . . . . . . . . . . . . . . . . 82
4.5.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.5.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 83
4.5.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 84
4.5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.6 Modeling dissolved inorganic carbon . . . . . . . . . . . . . . . . . . . 86
4.6.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.6.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 89
4.6.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 91
4.6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.7 Modeling the dynamics of plankton, oxygen, and carbon . . . . . 93
4.7.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.7.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 93
4.7.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 95
4.7.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.7.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5 Construction of nets of sub-basins . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.1 Modeling two-coupled sub-basins . . . . . . . . . . . . . . . . . . . . . 99

5.1.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.1.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 99
5.1.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 101
5.1.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
5.1.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2 The PROBE-Baltic model system: Physical aspects . . . . . . . . . . 103
5.2.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.2.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 106
5.2.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 108
5.2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.3 The PROBE-Baltic model system: Oxygen aspects . . . . . . . . . . 112
5.3.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.3.2 Mathematical formulation. . . . . . . . . . . . . . . . . . . . . 113
5.3.3 Details of calculations . . . . . . . . . . . . . . . . . . . . . . . 113

Contents vii





Preface

Guide to Process Based Modeling of Lakes and Coastal Seas is based on a series of
lectures delivered to students at advanced and Ph.D. levels at the Department of
Earth Sciences, University of Gothenburg. It is intended to provide the reader with a
scientific understanding and well-tested computer code for successful aquatic studies.
The intended reader should have some knowledge of geophysical fluid dynamics,
numerical analysis, and computer programming. The structure of the Guide allows
readers to develop their understanding gradually. Incorporating a range of exercises
with solutions, the Guide is a comprehensive teaching aid. Learning via a combina-
tion of reading, analyzing observations, and building computer models is a very
rewarding process. This approach also makes it possible for the learner to follow
scientific developments, test new ideas, and evaluate research results.

The feature most characteristic of valid science is reproducibility. If scientists
from different research groups cannot reproduce new results, they must conclude
that they are invalid. This is the great strength of science, as it generates a system for
self-correction. Earlier efforts and even some current research efforts have had prob-
lems in this area. Data and models are often gathered and developed at single
institutions by scientists who are largely concerned with completing their research
programs. The development of adding supplementary material to published articles
represents a step forward. Quality-controlled shared databases are urgently needed,
as are peer-reviewed data evaluations. Models introduce an even greater problem, as
they are often undergoing development and unavailable to the broader scientific
community. The need to make model codes, model forcing data, and output data
available to other groups is therefore fundamental. This Guide seeks to make aquatic
modeling transparent and to share with the reader the joy of discovery inherent in
scientific work.

Anders Omstedt
January 2011



Foreword by Urban Svensson
(Computer-aided Fluid Engineering AB)

The Ekman spiral, the benthic boundary layer, and the wind are all responsible for
inducing near surface flow in a lake. They are all examples of environmental bound-
ary layers. The atmospheric boundary layer is another member of this class of flows.
As heat and matter are transported across these boundary layers it is clear that all
contributions to the understanding of the nature of these flows are of great value.

The computer code PROBE (Program for Boundary Layers in the Environment)
is intended to be a tool for use in the study of the these classes of flows. The history
of PROBE goes back to 1975 when I was a student at Imperial College, London.
Professor Brian Spalding supervised me in a number of small projects, dealing with
environmental flow and heat transfer. One of these considered the seasonal thermo-
cline in lakes—a project that was later (1978) presented as my Ph.D. In 1982 I took
up a position at the Swedish Meteorological and Hydrological Institute (SMHI).
Together with my colleagues at SMHI, PROBE was further developed and also used
in real world problems. Among the major developments during the early 1980s
I would like to single out frazil ice dynamics (work done by Anders Omstedt),
heat transfer in lakes including sediments (work done by Jörgen Sahlberg), and
transport across the benthic boundary layer (work done by Lars-Arne Rahm). In
1986 I left SMHI, and soon after my involvement in PROBE ended. During the last
20 years Anders Omstedt and Jörgen Sahlberg have successfully continued the
development of PROBE and have linked biogeochemical variables to the code.

This book gives a detailed account of PROBE. Emphasis is placed on the basic
equations (both physical and biogeochemical) and the methods for their solution. As
the computer code and exercises are also included, the reader should be able to get a
full understanding of (and be able to repeat) most of the simulations presented in the
book.

Finally, I should like to say that it gives me great pleasure to see that the work
I once initiated is now the subject of a book.



Foreword by Jörgen Sahlberg
(Swedish Meteorological and Hydrological Institute)

A large step was taken by Anders Omstedt in 1990 when he used PROBE to model
the whole Baltic Sea as 13 sub-basins—including the Kattegat, the Belt Sea, and
Öresund—and as a result achieved high vertical resolution in each basin. This was
the first attempt to use PROBE on more than one coupled sub-basin. This model,
called PROBE-Baltic, has been further developed during the last 20 years and has
been used in many different applications: for example, it is capable of simulating the
effect of climate change on salinity, temperature, and ice conditions in the Baltic.
During the last 5–10 years PROBE has also been used for solving biogeochemical
equations in both the PROBE-Baltic model and the closely related Coastal Zone
model. Anders has used the PROBE-Baltic model to investigate the uptake and
release of carbon dioxide in the Baltic and bottom oxygen conditions as a result
of different physical forcing.

My own contribution during the last 10 years has been development of the
Coastal Zone model—an extension of the PROBE-Baltic model. It was developed
mainly to describe the nitrogen, phosphorus, oxygen, and phytoplankton conditions
in coastal waters around Sweden. Today, it covers the whole of the Swedish coast
and is applied to more than 600 coupled sub-basins. The model has also been applied
to Lake Mälaren (situated close to Stockholm).

SMHI recently developed a web-based interface in close cooperation with the
Swedish water management authorities. The idea behind this was to enable decision
makers to carry out, for example, scenario studies using the Coastal Zone model in
order to check whether the Swedish environmental goal of ‘‘good water quality by
year 2015’’ was likely to be achieved.

During the last 30 years the PROBE model has been used in many different
applications and in more than 100 scientific articles. As a main part of the Coastal
Zone model PROBE is today used over the Internet using the web-based interface.
In the future we will probably see and use the PROBE model in cloud computing.
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1

Introduction

The use of computational fluid dynamics to analyze and predict environmental
changes has increased considerably in recent decades. Numerical models are now
standard tools in research and in a wide range of applications. Increasing concerns
about human influence on climatic and environmental conditions has increased the
need for multi-disciplinary modeling efforts, including the numerical modeling of
oceans, lakes, land surfaces, ice, rivers, and the atmosphere. Scientists have
traditionally developed specialized models limited to application within their own
disciplines. Today, increasing efforts are being made to develop general
equation solvers that allow users to create a code applicable to a broad range of
problems.

The book guides its reader through process based modeling, using the PROBE
general equation solver and building understanding step by step. The equation solver
has been used in many applications, particularly in Sweden and Finland with their
numerous lakes, archipelago seas, fjords, and coastal zones. It has also been used for
process studies in the Arctic and in the Mediterranean Sea. The process based
approach, developed in this book, divides the studied water body into dynamically
relevant parts or natural sub-basins and identifies the major processes involved in the
problem. Based on field observations and simplifications, the dynamics are expressed
mathematically and tested carefully against relevant analytical solutions, extremes,
and observations.

Lakes and coastal seas represent important human resources and are often
subjected to much human activity. They have various geometries, ranging in size
from small ponds to large sea areas, and are strongly influenced by their surrounding

and are not part of the ocean, which is why the Caspian Sea is regarded as the
world’s largest lake. At approximately 25 million years old, Lake Bajkal is probably
the world’s oldest lake; with depths of about 1,700m, it is certainly the deepest. Most

land areas. Water bodies are generally considered lakes when they are located inland

1A. Omstedt, Guide to Process Based Modeling of Lakes and Coastal Seas, Springer Praxis Books,
DOI 10.1007/978-3-642-17728-6_1, © Springer-Verlag Berlin Heidelberg 2011



2

Background physics and biogeochemistry

2.1 CONSERVATION PRINCIPLES AND GOVERNING EQUATIONS

Conservation equations can be formulated for most aquatic properties (�); for
transient three-dimensional problems, the general differential equation is:

@

@t
�þUi

@�

@xi
¼ S� where i ¼ x; y; z ð2:1Þ

where � could be, for example, momentum, temperature, salinity, or oxygen; Ui is
velocity with indices indicating components in horizontal and vertical directions; and
S� is the source/sink term related to the properties considered. The coordinates in
space are denoted x, y, and z, while t is the coordinate in time. As geophysical flows
are not only typically turbulent, but also include waves, their properties can be
divided into mean, wave, and fluctuation or turbulent parts and simplifications
can then be made based on scale analysis. If we neglect wave motion, division can
be formulated as:

Ui ¼ �UUi þU 0i

�i ¼ ���i þ �0i

)
ð2:2Þ

where �UUi; ���i represent mean velocity and the mean property; and U 0i; �
0
i represent the

corresponding fluctuating parts. Equations derived from conservation principles
using the Reynolds method of averaging and the eddy viscosity concept read:

@

@t
���þ �UUi

@ ���

@xi
¼ @

@xi
G�

@

@xi
���

� �
þ �SS�
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�

���
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���T

9>>>=
>>>;

ð2:3Þ
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where G� includes the sum of molecular and turbulent diffusion processes; � denotes
dynamic viscosity; �T is turbulent viscosity; � is density; � is the Prandtl/Schmidt
number; and ��T is the turbulent Prandtl/Schmidt number. The terms of the con-
servation equation, from left to right, represent property changes: in time, due to
advection, due to turbulent diffusion, and due to sources/sinks. The geophysical flow
equations are described in detail in Cushman-Roisin and Becker (2010).

The source/sink terms in the momentum equation are pressure, gravity, and the
Coriolis effect, the last term is a part of acceleration but can also be treated as a
source term. The source term in the temperature equation is solar radiation pene-
trating the water body.

An important aspect of the general conservation equation (Equation 2.1) is that
it can form the basis for developing general equation solvers. Based on this equation,
we can derive the corresponding discretized equation through integration over a
control volume. The general discretization equation can then be formulated as:

aP�P ¼ aW�W þ aE�E þ aS�S þ aN�N þ aB�B þ aT�T þ S� ð2:4Þ
where we now use � to represent the finite volume form of �. The indices represent
calculations in position P determined from information from the west (W), east (E),
south (S), north (N), bottom (B), and top (T) nodal points. This type of equation
forms the basis of several general equation solvers (Versteeg and Malalasekera,
1995).

Exercise 2.1

The mean depth of the Baltic Sea is 54m and its surface area is 3.9� 105 km2. How
much would the level of the Baltic Sea increase over a year with river water inflow
of 15,000m3 s�1 and no outflow? If the outflowing volume was 30,000m3 s�1, how
large would the inflowing volume need to be to keep the sea level constant? If the
salinity of inflowing water was 17 salinity units, what would be the salinity in the
basin?

2.2 PHYSICAL ASPECTS

Any description of a fluid should relate the fluid’s density to its state variables, a
relationship called the equation of state. For natural waters this equation is generally
a function of temperature, salinity, and pressure (Gill, 1982, App. 3) but, for coastal
seas, we can often neglect pressure and use the following approximation:

� ¼ �0ð1� �1ðT � T�mÞ2 þ �2ðS � SrefÞÞ

T�m ¼ 3:98� 0:22S

)
ð2:5Þ

where T and S are temperature and salinity; �0 is reference density; T�m is the
temperature of maximum density; Sref is the reference salinity; and �1 and �2 are
the thermal and salinity expansion/contraction coefficients, respectively. Typical
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values for brackish water are �0 ¼ 1,000 (kg m�3), Sref ¼ 0, �1 ¼ 5� 10�6 (�C�2),
and �2 ¼ 8� 10�4.

The freezing temperature of seawater is:

Tf ¼ �0:0575S þ 0:0017S1:5 � 0:0002S2 � 0:00753Pw ð2:6Þ

where Pw is water pressure in bars (we can neglect the pressure term for shallow lakes
and seas). Brackish water is often defined as saline water that has a freezing point
below the temperature of maximum density. The upper salinity limit is thus 24.7 and
the lower limit is estimated to be 0.5 (Leppäranta and Myrberg, 2009).

In the case of freezing water, ice needs to be considered. Ice forms a thin, rigid
but fragile layer over the water body which dramatically changes heat, momentum,
and gas exchanges between the atmosphere and water. In nature, ice forms in two
ways: under calm conditions when the water surface is slightly supercooled and after
atmospheric seeding, when ice crystals start growing horizontally into large crystals.
When horizontal spaces are occupied, the crystals then grow vertically (in seawater,
ice crystals are formed of pure water, the salinity leaking out along crystal bound-
aries). These ice crystals grow, forming the columnar ice which, together with snow,
is often seen in sheltered lakes and inland waters. Under windy conditions accom-
panied by supercooling, small ice crystals get mixed in the water column and form
frazil ice. Under open water conditions, all the heat that escapes the cold water
surface is used for ice production, resulting in huge amounts of frazil ice. Frazil
ice is later transformed into grease ice and pancake ice, which often constitute the
base for sea ice formation.

When a thin ice layer has formed, winds and currents cause it to drift. During
free ice drift, the ice moves at approximately 2% to 3% of wind velocity and 20� to
30� to the right (in the Northern Hemisphere) of the wind direction, due to the
Coriolis effect. Under the influence of onshore winds or when the ice concentration
is high, the plastic behavior of ice starts to influence drift. This reduces ice velocity;
however, at a certain ice pressure, the ice breaks and starts to form ridged ice.

Exercise 2.2

Investigate the equation of state by plotting Equation 2.5 for different
temperatures and salinities. What are the typical densities in the Baltic and Medi-
terranean Seas? What are the dominant factors that control density in coastal seas?
Compare Equation 2.5 with the full equation of state given by Gill (1982, App. 3).

2.3 SIMPLIFICATIONS

The conservation equations are nonlinear, and it is often impossible to find
analytical solutions except in simple flow cases. Instead, we must rely on numerical
methods to solve the equations. Before making any calculations, we must system-
atically reduce problem complexity by making proper simplifications. We begin a
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less than 1/10 of the typical spatial and time scales we wish to resolve. Given these
considerations, we need to prescribe motion on a horizontal scale of 100 km and a
vertical scale of 1,000m, as well as a computer time of 100 days. Processes such as
geostrophic eddies, thermohaline circulation, tides, and climate effects (Figure 2.2)
must therefore be prescribed. The resolved motion includes front dynamics, but we
should be aware that errors in numerical models could be of several types, such as
discretization, iteration, and rounding. Numerical tests, conservation checks, and
validation using observations are therefore needed. Parameterized motions are
those at grid scales smaller than that resolved, in this case at a horizontal scale of
1 km, a vertical scale of 10m, and a time interval of 1 day. All motions at these
spatial and time scales must therefore be parameterized, which in our example
includes turbulence, surface waves, Langmuir circulation, swell, shipping effects,
and breaking waves.

Exercise 2.3

Some oceanographers imagine studying Earth’s rotation by sitting in a bathtub
and letting the water drain while they are passing over the Equator. Would Earth’s
rotation significantly affect water flow when emptying a bathtub? Assume a hori-
zontal scale of 1m, a drainage rate in the order of 0.01m s�1, a motion time scale
of 1,000 s, and an ambient rotation rate of 7:3� 10�5.

Exercise 2.4

A 60m deep surface layer with salinity of approximately 7 characterizes the central
Baltic Sea. Below the halocline, salinity is approximately 10. Using a value of
8� 10�4 for the coefficient of salinity expansion, calculate the stratification or
Brunt–Väisälä frequency. What is the horizontal scale at which rotation and
stratification play comparable roles? Hint: Use the equation of state
� ¼ �0ð1þ �2SÞ, and assume that the density change takes place over 60m.

Exercise 2.5

Examine vorticity dynamics by assuming that outflow from the Baltic Sea into the
Kattegat conserves potential vorticity. What happens to the flow when outflow
enters the much deeper Skagerrak? Demonstrate how relative vorticity might
change.

2.4 WATER MASSES AND WATER POOLS

Water mass and tracer analysis are the two basic methods for determining ocean
circulation (e.g., van Aken, 2007). Based on temperature and salinity (T–S) measure-
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Figure 2.2. Spatial and temporal scales of some atmospheric and ocean processes (diagram

courtesy of Hans von Storch).



(Stigebrandt, 2001); for example, we speak of the Arctic Ocean surface-water pool or
the Bornholm Basin deep-water pool.

When water leaves a water mass, it may form surface brackish layers, as in the
Kattegat, or dense bottom layers, as in the Baltic proper (Figure 2.4). These surface
or bottom water masses are filled with dense-water or light-water currents and
influenced by mixing processes. Sometimes the dynamics are very transient, with
the formation of pulses and eddies indicating transient dynamics and strong
mixing (Piechura and Beszczynska-Möller, 2004).

The level at which water is taken when passing over a sill depends on the
dynamics. When water is drawn from a layer in a stratified fluid, several processes
may take place, such as fluid acceleration, wave generation, and turbulence. Selected
withdrawal dynamics may therefore need to be considered when examining outflow
levels. One such example is the Sound, for which Mattsson (1996) estimate that
water flowing into the Baltic Sea comes from levels below the depth of the
Drogden Sill.

2.5 STRAIT FLOWS

Inshore–offshore water exchange and exchange between sub-basins are often
controlled by geometric constrictions such as sills and straits (Figure 2.5). Straits

2.5 Strait flows 17]Sec. 2.5

Figure 2.4. Schematic of processes and forcing mechanisms in the Baltic Sea (redrawn from

Winsor, Rodhe, and Omstedt, 2001, 2003).



are often narrow, shallow regions, and basic understanding of strait flow dynamics
(including mixing) is needed to facilitate modeling. In this context, we generally
speak of barotropic and baroclinic flows being associated with sea level changes
and density changes, respectively.

The dynamics at the entrance to the Baltic Sea are transient, with volume flows
changing from 0m3 s�1 to 100,000m3 s�1 in both directions, so direct measurements
are difficult to make. As these strait flows are driven mainly by differences in sea level
across the entrance area, inflows and outflows have so far mainly been calculated
from sea level observations or from models (Figure 2.6). This complex exchange can
be modeled according to the volume conservation principle and a simple barotropic
strait model (Stigebrandt, 2001):

As

dzs
dt
¼ Qb þ ðP� EÞAs þQr

Q2
b ¼

1

cs
Dz

9>>=
>>; ð2:12Þ

where As is the surface area of the Baltic Sea; zs is the water level of the Baltic Sea;
Dz is the sea level difference between the two basins; Qb are barotropic inflows and
outflows through the Baltic Sea entrance area; cs is a strait-specific constant; P and E
are the precipitation and evaporation rates; and Qr is river runoff.

Freshwater exchange with the land often results in surface layers that mix with
surrounding coastal waters and denser, deeper waters that flow inshore. In straits
wider than the internal Rossby radius of deformation we often assume a geostrophic
baroclinic flow formulated as follows (Stigebrandt, 2001):

Qg ¼
g
�2 � �1
�0

� �
H 2

1

2 f
ð2:13Þ
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where H1 represents a mixed surface layer of density �1 overlying a deeper layer of
density �2.

In narrow straits, the concept of baroclinic control can be used. If freshwater
runoff from land causes the surface layer to be thicker inshore than offshore, then its
thickness must be adjusted as it approaches the offshore basin. A two-layer flow can
then become hydraulically controlled, establishing a well-defined condition for flow
properties at the mouth (Stommel and Farmer, 1953). Of special interest is the
concept of maximum baroclinic transport capability applied in the Northern
Kvark Strait, connecting the Bothnia Bay to the Bothnia Sea, as suggested by
Stigebrandt (2001) and later validated through model simulations by Omstedt and
Axell (2003) and studied in the field by Green, Liljebladh, and Omstedt (2006).

Exercise 2.6

Calculate mean sea level variation in the Baltic Sea by examining the barotropic
strait model given in Equation 2.12. Assume that river runoff and net precipitation
are constant and equal 15,000m3 s�1 and 1,000m3 s�1, respectively. In addition,
assume that the surface area is 3.9� 105 km2 and that the strait-specific constant,
cs, is typically 0.3� 10�5 (s2 m�5). Use sea level data from the Kattegat to force the
model and compare the mean sea level with sea level variation in Stockholm (for
the data needed see Appendix C).

2.6 TURBULENCE

All flows become unstable above a certain Reynolds number (Re ¼ UL

	
). Flow is

laminar at low Reynolds numbers but turbulent at high numbers. Turbulent flow is
chaotic and random, including a whole spectrum of eddies of various sizes. From the
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Figure 2.6. Barotropic exchange

through a shallow channel

(redrawn from Green, 2004).



energy-containing part of this spectrum, the kinetic energy of eddies is transformed
to smaller eddies, through the inertial sub-range, and into the dissipative range in
which kinetic energy is dissipated into heat. The energy to feed turbulence comes
from shear currents or from convection, and the size of these energy-containing
eddies is often determined by flow geometry. In our mathematical formulation,
Equation 2.3, we represent turbulent processes using an effective eddy momentum
diffusion as follows:

G�u ¼
�

�
þ �T

�
ð2:14Þ

where � and
�

�
represent the dynamic and kinematic viscosities, respectively; and �T

is the turbulent dynamic viscosity. The unit of kinematic viscosity is square meters
per second which thus has the dimension of velocity times length. Solving eddy
viscosity therefore requires two equations for turbulent quantities. Here we take
one equation for the turbulent velocity scale and another for the turbulent length
scale. Two-equation turbulent models describe processes that both generate and
damp these two scales. Typical processes that generate turbulence are current
shear due to winds and tides, and buoyancy due to the cooling of surface water
above the temperature of maximum density, evaporation, ice formation, and break-
ing of surface or internal waves. Damping effects include stable stratification due to
river runoff, precipitation or melting ice, interfaces (air–water, ice–water, and water–
bottom), and dissipation.

2.7 WATER AND SALT BALANCES

The water and heat cycles are at the heart of the climate system. It is impossible to
understand the expected processes of change in the climate system without under-
standing the interconnections between the water and heat cycles. Estimating the
various components of the water balance is therefore crucial (Figure 2.7) and is
the main objective in some research programs such as BALTEX (The Baltic Sea
Experiment) and HYMEX (Hydrological Cycle in the Mediterranean Experiment).

Starting with the volume conservation principle we can formulate the water
balance equation as follows:

As

dzs
dt
¼ Qin �Qout þ ðP� EÞAs þQr þQg ð2:15Þ

where As is the surface area of the sea; zs is the water level of the sea; Qin and Qout are
inflows and outflows through the entrance area; P and E are the precipitation and
evaporation rates (the difference is called net precipitation); Qr is river runoff; and Qg
is groundwater inflow. The left term in Equation 2.15 is the change in water storage,
which can be important for short-term estimation of the water balance. This term
also includes volume changes due to thermal expansion and salt contraction. The
major water balance components of the Baltic Sea are inflows and outflows at the
entrance area, river runoff, and net precipitation (Omstedt et al., 2004) (Figure 2.8).
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If we know the water balance, we can calculate the salt balance, which, based on
the conservation principles, reads as follows:

dV0S

dt
¼ SinQin � SQout � SððP� EÞAs þQrÞ ð2:16Þ

where V0 and S are the water volume and salinity of the semi-enclosed basin; and Sin

is the salinity of inflowing water. Salinity is thus closely linked to the water balance
and forms the basis of many budget calculations. A useful integral property is mean
salinity (vertically and horizontally integrated) or freshwater content. Annual mean
salinity of the Baltic Sea has varied around 7.6 over the last century, with variability
of approximately 
0.5 (Winsor, Rodhe, and Omstedt, 2001, 2003).

2.8 HEAT BALANCE

From conservation principles, we can formulate the heat balance equation for a
semi-enclosed sea area, according to Omstedt and Rutgersson (2000), as follows:

dH

dt
¼ ðFi � Fo � FlossÞAs ð2:17Þ

where H ¼
ðð
�cpT dz dA is the total heat content of the sea; Fi and Fo are the heat

fluxes associated with inflow and outflow; and Floss is total heat loss to the
atmosphere (note that fluxes are positive from water to the atmosphere). Floss is
formulated as follows:

Floss ¼ ð1� AiÞðFn þ Fw
s Þ þ AiðF i

w þ F i
sÞ � Fice þ Fr þ Fg ð2:18Þ

where
Fn ¼ Fh þ Fe þ Fl þ Fprec ð2:19Þ

The various terms of these equations are denoted as follows: Ai is ice concentration;
Fh is sensible heat flux; Fe is latent heat flux; Fl is net long-wave radiation; Fprec are
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Figure 2.7. A sketch of the main research questions during BALTEXPhase I. HereW indicates

wind;H is heat flux;E andP are evaporation and precipitation; F is inflows and outflows; andR

is river runoff.



heat fluxes associated with precipitation in the form of rain and snow; Fw
s is solar

radiation at the open water surface; F i
w is heat flux from water to ice; F i

s is solar
radiation through the ice; and Fr and Fg are heat flows associated with river runoff
and groundwater flow, respectively. In terms of the long-term mean, the Baltic Sea is
almost in thermodynamic balance with the atmosphere and only 1Wm�2 is needed

22 Background physics and biogeochemistry [Ch. 2

Figure 2.8. Baltic Sea (excluding the Kattegat and the Belt Sea) annual mean (a) inflows and

outflows, (b) river runoff, (c) net precipitation, and (d) net volume change (Omstedt and Nohr,

2004).



to compensate for heat loss due to net outflow from the Baltic Sea (Omstedt and
Nohr, 2004). Dominant fluxes, in terms of annual means, are sensible heat, latent
heat, net long-wave radiation, solar radiation to open water, and the heat flux
between water and ice (Figure 2.9).

A useful integral property is the heat content of water (or vertically and
horizontally integrated water temperature)—in particular, the change in heat
content that is directly connected to heat fluxes (Equation 2.17). Surface tempera-
tures are often a poor measure of heat content and may even be unable to measure
the accumulation of heat in water, as other fluxes may compensate for the net effect
(Omstedt and Nohr, 2004). Pielke (2003) therefore suggest that stored heat content
and its change over time should be the focus of international climate-monitoring
programs, as change in heat content is a much better measure of climate change than
surface temperature.

Exercise 2.7

Consider the Baltic Sea and its surface area of 3.9� 105 km2. Assume that the
volume and heat content of the Baltic Sea do not change over time and that
exchange through the entrance area is accomplished by means of a two-layer flow.
Given that inflowing and freshwater volumes each equal 15,000m3 s�1, assume
that inflowing and outflowing water temperatures are 8�C and neglect the heat
exchange from rivers. What is the estimated heat loss from the Baltic Sea?

2.9 NUTRIENT BALANCES AND PRIMARY PRODUCTION

Water and energy balances form the basis of the physical state of coastal seas.
The balances of nutrients—including nitrogen, phosphorus, and silicon, together
with the carbon balance—form the basis for the chemical and biological state of
the water body under study. These balances actively interact and involve many
interesting modeling considerations, such as knowledge of human activity (Figure
2.10). In addition, reliable datasets incorporating marine and atmospheric data,
biochemical variables, atmospheric deposition, and river load are needed in
modeling efforts.

Biogeochemical modeling often starts with simple stoichiometric considerations
and links the water, salt, and nutrient budgets in which, for example, carbon (C),
nitrogen (N), and phosphorus (P) are considered. The first step is often to establish
the steady states of water and salt balances; based on these two equations, various
water flows can then be calculated. Salinity is a conservative property suitable for
establishing the exchange of water between the system and adjacent seas. Total
alkalinity can also be regarded as a conservative property and supplies additional
information on the total alkalinity of river water entering the system and water
circulation (Hjalmarsson et al., 2008). The next step is to establish budgets for
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Figure 2.9. Annual means of sensible heat (Fh); latent heat (Fe); net long-wave radiation (Fl);

net heat flux (Fn ¼ Fh þ Fe þ Fl); solar radiation to the open water surface (F o
s ); solar radiation

through ice (F i
s); heat flow from water to ice (F i

w); and net Baltic Sea heat loss—that is,

Floss ¼ ð1� AiÞðF o
s þ Fh þ Fe þ FlÞ þ AiðF i

s þ F i
wÞ, where Ai is ice concentration (Omstedt

and Nohr, 2004).



non-conservative materials (Gordon et al., 1996), as follows:

dV �
0C

dt
¼� CinQin �� CQout þ D�C ð2:20Þ

where �C is the concentration of non-conservative material (mol kg�1); and D�C is
the sum of all non-conservative fluxes. The results of Equation 2.20 let us quantify
the net non-conservative reaction of the material in the system.

Stoichiometric relationships and chemical reaction formulas are used to describe
the proportions of the compounds involved in chemical reactions. The expression to
the left of the arrow represents elements before the reaction. The products of the
reaction are described by the expression to the right of the arrow. For example, the
carbon cycle can be related to organic material due to primary production, as
follows:

aCO2 þ bNO�3 þ cH3PO4 þ bHþ þ ðaþ bÞH2O

() ðCH2OÞaðNH3ÞbðH3PO4Þc þ ðaþ 2bÞO2 ð2:21Þ

where ða : b : cÞ ¼ ð106 : 16 : 1Þ are standard Redfield values. The expression
illustrates how carbon dioxide, water, and nutrients are related to plankton in its
simplest form ((CH2)a(NH3)b(H3PO4)c)) and oxygen. For a discussion on the
Redfield concept and marine biogeochemistry the reader should consult Sarmiento
and Gruber (2006).

The presence of many strongly nonlinear relations and the frequent absence of
clear basic laws make marine ecosystems difficult to describe (model and measure)
quantitatively. Included in these variables are many kinds of marine organisms
that transform nutrients and inorganic carbon into organic material. The primary
production of the world’s oceans is based on diatoms, dinoflagellates, coccolitho-
phorids, silicoflagellates, and blue–green and other bacteria, all of which need to be
understood quantitatively. Regional and species distributions vary considerably, as
do light and nutrient limitations.
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Figure 2.10. A sketch of the extended BALTEX Phase II research: L denotes lateral exchange

with the atmosphere outside the region; W is wind stress; E is the evaporation rate; P is the

precipitation rate;H is heat and energy fluxes; R is river runoff; F is inflow and outflow through

the entrance area; C is carbon fluxes; Nu is nutrient fluxes; and Po is pollutant fluxes.



Figure 2.11 depicts some processes related to modeling eutrophication of the
Baltic Sea, based on the approach of Savchuk and Wulff (2007). The importance of
oxygen dynamics for phosphate dynamics is depicted in Figure 2.12. At low oxygen
concentrations, sediments start to leak phosphate. From observations, Conley et al.
(2002) demonstrate that the annual change in dissolved inorganic phosphate was
positively correlated with the area of sea bottom depleted of oxygen. The figure
also indicates that, in oxic water, sediments may bind phosphate. However, nitrate
dynamics are also influenced and, if the water volume turns anoxic, this will result
in a nitrogen sink, as NO3 in the water is reduced to N2. Oxygen depletion may
also increase total alkalinity. Modeling of eutrophication must therefore
consider how low oxygen concentrations influence both nutrient and carbon
dynamics.

Exercise 2.8

Use P and N observations from the Baltic Sea and plot the surface properties of
PO4 and NO3 for the last five years. Discuss the dynamics and discover what is
controlling primary production (for the data needed see Appendix C).

2.10 ACID–BASE (pH) BALANCE

Water and heat balances are at the heart of climate research and the carbon cycle lies
at the heart of biogeochemical modeling. Strong developmental efforts are being
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Figure 2.11. Processes related to

modeling eutrophication in the Baltic

Sea based on the modeling approach

of Savchuk and Wulff (2007). The

organic nitrogen and phosphate parts

are denoted by ORN and ORP, the

inorganic parts by DIN and DIP,

and the benthic parts by BEN and

BEP, respectively.



made to connect climate and biogeochemical models and include them in Earth
system modeling.

Seawater acid–base (pH) balance is characterized by total alkalinity, AT , which
is defined as the excess of proton acceptors (anions of weak bases) over proton
donors (strong acids). The major proton acceptors in seawater are hydrogen car-
bonate (HCO�3 , 95.5%), carbonate (CO2�

3 , 4%), and borate (B(OH)�4 , 0.5%) ions,
whereas hydrogen ions (Hþ) and hydrogen sulfate ions (HSO�4 ) act as proton
donors. AT is influenced by, for example, dissolution of limestone through the
increase of carbonate ions. This addition of carbonate ions strengthens the buffering
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of which is referred to as dissolved inorganic carbon (CT ). The state variables for the
dissolved inorganic carbon system are CT and AT , defined as follows:

CT ¼ ½CO2� þ ½HCO�3 � þ ½CO2�
3 �

AT ¼ ½HCO�3 � þ 2½CO2�
3 � þ ½BðOHÞ�4 � þ ½OH�� � ½Hþ�

)
ð2:22Þ

If total inorganic carbon and total alkalinity are known, we can derive a simplified
relationship for pH by ignoring the presence of boric acid. This simplified analytical
relationship is as follows:

½Hþ� � K2ð2CT � ATÞ
AT � CT

ð2:23Þ

where K2 is a solubility constant that is temperature and salinity dependent. An
important aspect of this simplified equation is that the pH (½Hþ� ¼ 10�pH) of
water is dependent on the difference between total alkalinity and total inorganic
carbon. For seawater with a temperature of 10�C and salinity of 10, K2 is
2.94� 10�10. With a total alkalinity of 1,600 mmol kg�1 and total inorganic carbon
of 1,500 mmol kg�1, pH equals 8.4. The mathematical behavior of Equation 2.23
indicates that pH is mainly dependent on the difference between total alkalinity
and total inorganic carbon. In addition, small differences between these parameters
can drastically reduce pH.

Using calculations based on the complete marine carbon system, the sensitivity
of Baltic Sea surface pH was examined by Omstedt et al. (2010). Figure 2.14 from
this study illustrates how pH varies with changes in AT and the partial pressure of
CO2 in water, pCOW

2 . pH sensitivity to change in AT varies throughout the Baltic
Sea, the greatest impact being anticipated in the north where AT is the lowest. The
buffer effect is illustrated by pH curves becoming less steep at high AT values.

Exercise 2.9

Use pH observations from the Baltic Sea and plot the surface values. Discuss what
controls seasonal and long-term variations in the acid–base balance (for the data
needed see Appendix C).

2.11 SOME COMMENTS RELATED TO CLIMATE CHANGE

Observations of climate parameters constitute the basis of our understanding of
climate and climate change. However, what we subjectively see from data depends
greatly on what we are expecting and on our scientific training (BACC, 2008). Figure
2.15 presents a time series as both original and normalized data. In the figure, the
same time series is interpreted in three ways. The original dataset captures how
maximum annual ice extent in the Baltic Sea (MIB) has varied from 1720 up to
now. Obviously, the data are very noisy. When scientists communicate their results
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to decision makers or the public, the message is often given political implications.
Presenting a trend, the message implies that society must do something. When we
present oscillation, the message is that society does not need to take any action.
Finally, when we are speaking about regime shifts, the message to the public is that
we have found something that will not be able to change. How scientists address
their messages to the public sends strong implicit signals regarding various actions;
thus, there is a need for scientists to improve the way in which they convey science in
lay terms (e.g., Pielke, 2007).

The MIB time series is a key data source for understanding the Baltic Sea
climate and has recently been extended back to ad 1500 (Hansson and Omstedt,
2008). While MIB is only an estimated number for each year, it represents an
integrated measure of the severity of winter ice. Proxy information about climate
change based on MIB, NAO (North Atlantic Oscillation index), and Stockholm sea
level data gives us a preliminary simplified view of climate change and variability.
Using such proxy information together with other long-term datasets, Eriksson et al.
(2007) characterize the last 500 years of climate in northern Europe, illustrating
event-type conceptual behavior in 15 different periods.

30 Background physics and biogeochemistry [Ch. 2

Figure 2.14. Change of pH with variation in water carbon dioxide pressure and AT . Salinity is

kept at 8 and temperature at 0�C throughout the calculations. Indicator lines show the current

status of the area with regard to AT (Hjalmarsson et al., 2008) and atmospheric carbon dioxide

pressure (Omstedt et al., 2010).
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(a) Some see a trend

Figure 2.15. Climate change can be detected in terms of trends, oscillations, jumps, or regime

shifts. In this figure, the same data are used and normalized (panels a–c). The original dataset is

presented in panel d (redrawn from BACC, 2008).

(b) Some see oscillations



3

Physical aspects

3.1 INTRODUCTION

The physical processes occurring in water bodies are often of major importance for
predicting environmental changes. For example, the water quality in a bay is depen-
dent not only on the load, but also on the effectiveness of water exchange with the
surrounding sea areas. Typical physical aspects are currents, mixing, water levels,
waves, tides, and density (which is determined by temperature, salinity, and press-
ure), sea ice, sea spray, and marine optics and acoustics. In many geophysical
applications, a full dataset of relevant parameters is often missing. Instead, one
must combine a number of direct and indirect observations. Knowledge of forcing
functions (meteorological and hydrological conditions), topography, and response
functions (e.g., currents, water levels, salinity, temperature, and oxygen) provide a
good basis for modeling design. In addition, careful problem analysis and a focused
approach will make modeling easier.

In the present chapter, we will hone our skills at physically modeling lakes and
coastal seas. We will use the Program for Boundary Layers in the Environment
(PROBE)—a general equation solver for one-dimensional transient, or two-
dimensional steady-state, boundary layers; it was first developed by Svensson
(1978). Typical examples of such boundary layers are the Ekman layer and a
channel flow that is under development. The major difficulty with these flows is to
characterize turbulent mixing in mathematical terms. PROBE does this by embody-
ing different kinds of models including a two-equation turbulence model that
calculates mixing coefficients. It is a well-structured program and a suitable teaching
tool for studies of lakes, coastal seas, oceans, and atmosphere–fluid flows in general.
A series of equations can be solved using the equation solver and linked runs
between coupled sub-basins or boundary layers can be performed. The equation
solver lets us build complex but transparent models starting from simple and well-
controlled conditions. The main documentation of the program is the PROBE
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Manual (Appendix D). Numerical aspects of solving the equations using the finite
volume method are provided in this manual; they are also available in Versteeg and
Malalasekera (1995).

When designing numerical models, several methods should be used to check the
results of any application. In initial modeling work, a coarse grid and large time step
should be used. To ensure that the numerical solution represents the differential
equations accurately, grid and time step refinements must be carried out. Integral
calculations of, for example, volume, salt content, heat content, and content of
nutrients are often important check parameters. Conservation checks should
therefore always be calculated before final simulations are performed.

Due to the nonlinearity of basic equations and boundary conditions, numerical
prediction of fluid flows is rarely simple. It should be remembered that initial and
boundary conditions are often as important as the equations. Analytical solutions or
well-controlled laboratory experiments can therefore be very useful for verification
studies. Application to geophysical observations is the ultimate test of any model. As
Versteeg and Malalasekera (1995) point out: ‘‘Throughout, one of the key messages
is that CFD (Computer Fluid Dynamics) cannot be professed adequately without
reference to experimental validation. The early ideas of the computational
laboratory to supersede experimentation have fortunately gone out of fashion.’’

3.2 TURBULENCE, NUMERICAL METHODS, AND PROGRAMS

Turbulence is the dominant physical process in transferring momentum, heat, and
mass in lakes and coastal seas. In homogeneous fluids, energy is necessarily needed
to overcome mechanical friction, while in stratified fluids, energy is also needed to
mix heavy fluid. In addition, in stratified fluids energy may be needed to overcome
energy loss due to internal wave generation. Internal waves can also break and
generate turbulence. Turbulent processes are strongly problem dependent and rely
on geometric conditions, dynamic conditions, and buoyancy. This will be examined
in the following sections.

Formal expressions for turbulence can be derived from time-averaging the
Navier–Stokes equation where velocity fluctuations give rise to additional stresses
on the fluid—so-called Reynolds stresses. Derivations of geophysical fluid dynamics
equations are given by Cushman-Roisin and Becker (2010) and of turbulent equa-
tions by Burchard (2002); they can also be found in other standard textbooks, but
will not be repeated here. Instead, we will write the general differential equation in a
vertically resolved system, which is the main equation modeled in PROBE:

@�

@t
þW

@�

@z
¼ @

@z
G�

@�

@z

� �
þ S�

G� ¼
�eff
���eff

9>>=
>>; ð3:1Þ

where � is now the mean property (e.g., momentum, temperature, salinity, oxygen,
or the concentration of some other chemical compound); W is vertical mean
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Equation 3.6 is in a form that is easily solved using a tri-diagonal matrix algorithm—
a simplified form of Gaussian elimination—that can be used to solve tri-diagonal
systems of equations. Interpretation is also easy: the value of � in control volume i
only depends on values in above (i þ 1) and below (i � 1) the control volume and in
the source term.

When working through the chapters of the book, several programs and datasets
are needed (see Appendix C) and organized in one directory for each chapter. Data
for the exercises in Chapter 2 are provided in one directory. The directory for
Chapter 3 includes several subdirectories needed for modeling the physical aspects.
Here, under the file map All files, we find the FORTRAN programs and data
needed; the various exercises for Chapter 3 are provided in separate maps. A similar
structure is used in the other chapters. Solutions to the different exercises are given in
Chapter 6. Appendix A presents a short introduction to FORTRAN, Appendix B
defines the nomenclature used in the book, and Appendix C lists all the data and
programs needed and where to get them. The book uses the Intel Visual Fortran
Compiler (http://software.intel.com/en-us/forums/intel-visual-fortran-compiler-for-
windows/); if a different compiler is used, the programs given in All files should
be used. The programs are written in FORTRAN 77 and all figures are plotted using
ORIGIN (http://www.originlab.com/). Advice on installing PROBE is given in
Appendix D. It is recommended that the reader consult the manual and then
reproduce some of the result figures in Chapter 3 to test that the compiler used is
being given correct FORTRAN 77 commands.

3.3 MODELING THE EKMAN OCEAN BOUNDARY LAYER

3.3.1 Introduction

Friction effects at the surface or bottom of the water body act to change currents and
create vertical shear. In geophysical flows, fluid flow is often turbulent and driven by
vertical shear. However, Earth’s rotation influences these boundary layers, causing
veering. In this section, we learn how to model the structure of both currents and
turbulence of a homogeneous Ekman ocean boundary layer (Figure 3.2). First,
the equations are given, and then the numerical modeling is outlined and discussed.
To develop confidence in the modeling, the solution is tested using a basic
analytical aspect of the boundary layer. We also learn how to test grid and time
step independence.

3.3.2 Mathematical formulation

The equations of motion are simplified by assuming that the Rossby number is small,
indicating that nonlinear acceleration terms can be neglected, and that the Ekman
and transient Rossby numbers are close to 1. The transport equations for horizontal
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momentum then read:

@�0U

@t
¼ @

@z

�eff
�0

@�U

@z

� �
þ f �0V � Cdecay�0U ð3:7Þ

@�0V

@t
¼ @

@z

�eff
�0

@�V

@z

� �
� f �0U � Cdecay�0V ð3:8Þ

where U and V are the eastern and northern current components; f is the Coriolis
parameter; �0 is water density which in the present equation is treated as constant
and equal to 1,000 (m3 s�1); Cdecay is a constant; and �eff is effective dynamical
viscosity. Note that we have added a sink term (last term on the right in
Equations 3.7 and 3.8) due to internal wave drag. With Cdecay ¼ 0 the equation
represents transient Ekman flow. The nomenclature is given in Appendix B.
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Figure 3.2. Inertial currents in the surface layer of the Baltic Sea (left) and the Ekman spiral in a

deep sea (right). The figures are redrawn from Gustafsson and Kullenberg (1936) and Ekman

(1905), respectively.



Northern Hemisphere) and of magnitude:

M
!

E ¼
� a
!
� k
!

�f
ð3:17Þ

where the arrows indicate that we are dealing with vectors; and k
!

represents the unit
vector in the vertical direction and is positive upwards. Ekman mass transport can be
calculated from the numerical model as:

ME ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðD
0

U dz
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þ
ðD
0

V dz

� �
2

s
ð3:18Þ

The analytical expression in Equation 3.17 will be used to test numerical calculations
from Equation 3.18.

3.3.3 Details of calculations

Equations are solved for a steady wind of 10m s�1 blowing over a 200m deep sea.
The Coriolis parameter corresponds to latitude 60� north. FORTRAN settings for
the case are presented in the subroutine case_ex1.f (for the programs needed see
Appendix C) and the main program is probe2002.f. The numerical solution has
not yet been tested for grid and time step independence. This will be part of Exercise
3.1. In subroutine case_ex1.f, all input and output files are defined.

3.3.4 Results

The results of calculations in Figure 3.3(a) indicate that numerical simulation
displays strong inertial oscillation. After several inertial periods, numerical solution
slowly approaches a steady state. The number of oscillations needed before a steady-
state solution is reached depends on friction effects that can damp oscillation.
Friction effects could be due to either physical (bottom friction or internal wave
drag) or to numerical factors. Liljebladh and Stigebrandt (2000) estimate that inertial
oscillation in the Baltic Sea is damped by internal wave interaction with a typical
decay coefficient of Cdecay ¼ 1/(32� 3,600) (s�1). The results of the calculation
using internal wave interaction are depicted in Figure 3.3(b) and indicate much
more realistic damping compared with observations on the left-hand side of
Figure 3.2.

Exercise 3.1

Run the Ekman boundary layer model until a steady state is reached using the
decay coefficient of Liljebladh and Stigebrandt (2000). Investigate grid and time
step independence: How many grid cells are needed? How large should the time
step be?
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Figure 3.3. Transient and steady-state Ekman transport based on numerical (time-dependent

curve) and analytical (constant curve) models, respectively. In (a) Cdecay ¼ 0 and in

(b) Cdecay ¼ 1/(32� 3,600). Note the different scales on the time axes.



3.3.5 Discussion

We have formulated and coded our first model of the upper layers of large lakes or
coastal seas. Though we have not dealt with breaking surface waves or Langmuir
circulation in the model, it nevertheless provides useful information about effects
associated with, for example, changes in water depth, wind speed, and wind direc-
tion. Analytical solutions for Ekman boundary layers can be found in Cushman-
Roisin and Becker (2010).

3.4 MODELING SHALLOW AND DEEP LAKES

3.4.1 Introduction

This section demonstrates how to model lakes (Figure 3.4). For shallow lakes, we
derive an analytical slab model. By comparing the slab model with a vertically
resolved numerical model, we can investigate the importance of depth in lake model-
ing. In many situations, slab models can be applied, at least in the case of shallow
lakes. In the case of deeper lakes, the formation and break-up of the thermocline
must be considered. In very deep lakes, we must also keep in mind that the tem-
perature of maximum density is pressure dependent. In making simulations, we read
weather data from meteorological observations and calculate the corresponding heat
and momentum fluxes. For deeper lakes, we learn how to increase the number of grid
cells used and how to modify the equation of state.
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Figure 3.4. Schematic of the problem.



3.4.2 Mathematical formulation

Momentum equations and corresponding boundary conditions have already been
given in Section 3.3; so they will not be repeated here. Instead, we add some new
equations necessary for lake modeling. The conservation equation for heat reads:

@�cpT

@t
¼ @

@z

�eff
��eff

@�cpT

@z

� �
þ GSun ð3:19Þ

where cp and T are the heat capacity and temperature of water; and GSun is the
source term for short-wave radiation. The source term is given by:

GSun ¼ Fw
s ð1� �Þe�	ðD�zÞ ð3:20Þ

where Fw
s is short-wave radiation through the water surface; � is the infrared fraction

of short-wave radiation that is trapped in the surface layer; 	 is the bulk absorption
coefficient of the water; and D is water depth.

To relate density and temperature we need to introduce the equation of state,
which is approximated according to:

� ¼ �0ð1� 
1ðT � T�mÞ2Þ ð3:21Þ

where �0 is a reference density; 
1 is a coefficient; and Tr is the temperature of
maximum density. In deeper lakes, pressure effects become important (Carmack
and Weiss, 1991). The pressure effect on the temperature of maximum density reads:

T�m ¼ 3:98� 0:0021ðD� zÞ ð3:22Þ

where D is water depth.
For turbulence, we use the k�" model but add the effect of temperature

stratification. The transport equations for k and " then read:
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where C3" is the new coefficient needed in the turbulence model; and Pb is
production/destruction due to stratification and can be related to temperature as:

Pb ¼
�T
�
�
g2
1ðT � T�mÞ

�T

@T

@z

� �
ð3:26Þ
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Now that we have added a new equation for heat we must also consider its surface
boundary condition:

�eff
��eff

@�cpT

@z
¼ Fn ð3:27Þ

Fn ¼ Fh þ Fe þ Flu þ Fld þ �Fw
s ð3:28Þ

where the full heat balance at the air–water interface needs to be considered. The
various terms are as follows: Fn is net heat flux; Fh is sensible heat flux; Fe is latent
heat flux; Flu is long-wave radiation from water to the atmosphere; Fld is long-wave
radiation from the atmosphere to water; and Fw

s is solar radiation to the open water
surface. The lower boundary condition assumes a zero-flux condition (i.e., no sedi-
ment heat flux).

For a well-mixed lake, we do not need to consider vertical variation; instead,
Equation 3.19 can be vertically integrated and boundary conditions could be
introduced. The lake model (slab) then reads:

d�cpT

dt
¼ � 1

D
ðFh þ Fe þ Flu þ Fld þ Fw

s Þ ð3:29Þ

It should be noted that all fluxes are defined as positive upwards as the z-axis. This
means, for example, that solar radiation is always negative. We need to remember
that heat may be stored in sediments and become an important heat flux that needs
to be added to the model. For parameterization of the various fluxes as well as the
drag coefficient see the appendix in Omstedt and Axell (2003).

3.4.3 Details of calculations

Equations are solved for a 50m deep lake using meteorological observations from
one station, Gotska Sandön in the central Baltic Sea, over a one-year period.
Numerical solution has not been tested for grid and time step independence.
FORTRAN settings for the case are presented in the subroutine case_ex2.f
(for the programs needed see Appendix C). All flux calculations are made in the
subroutine probeflx_ice.f. They are also compared with both slab model results
and results from a model for a very deep lake, for which we need to consider pressure
effects in the temperature of maximum density. In the case of a very deep lake, we
need to increase the number of grid cells and change the equation of state; see
case_ex2b.f and Chapter 5.5 in the PROBE Manual (Appendix D).

3.4.4 Results

The results of calculations are given in Figure 3.5(a). A strong seasonal cycle of
surface temperatures is depicted as are variations in the bottom layer. Differences
between surface and bottom temperatures clearly indicate that a 50m deep lake
needs a vertically resolved model. The slab model does a good job, but cannot be
used in summer. In Figure 3.5(b), we compare output from a resolved model with the
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(a)

Figure 3.5. Seasonal cycle of surface and deep-water temperatures for (a) a 50m deep vertically

resolved and unresolved lake and (b) for a 10m deep lake.

(b)



slab model in the case of a 10m deep lake. Meteorological forcing mixes the lake
completely; both the slab model and the vertically resolved model produce very
similar results. Figure 3.6 shows the results from a 500m deep lake. The figures
indicate that we need to consider pressure effects in very deep lakes, particularly
when analyzing effects near the temperature of maximum density.

Exercise 3.2

Compare the slab model with the vertically resolved model, and determine the
typical lake depth at which the slab model can be used. Check heat conservation in
the vertically resolved model.

3.4.5 Discussion

In Sweden, there are approximately 92,000 lakes larger than 100� 100m2,
corresponding to approximately 9% of the land area. To model the lake effects in
high-resolution atmospheric models (HIRLAMs), Ljungemyr, Gustafsson, and
Omstedt (1996) introduce lake models that are coupled with the atmospheric
model. In this application, slab models were used for all lakes under 10m deep.
Vertically resolved models were used for deeper lakes, though the pressure effects
were ignored. For Lake Baikal, Carmack and Weiss (1991) demonstrate the
importance of also including pressure effects in the equation of state.

3.5 MODELING THE EKMAN OCEAN BOUNDARY LAYER

INFLUENCED BY TEMPERATURE AND SALINITY

3.5.1 Introduction

In coastal seas (Figure 3.7), turbulence is strongly influenced by temperature and
salinity variations. In this section, we learn how to add one more equation, the
salinity equation, to the vertically resolved lake model. We also add basin geometry,
examine the conservation properties of both heat and salt, and add river runoff to
the model. We will find that salt conservation is quite easily achieved, though heat
conservation requires sea ice to be introduced into the model. This matter will be
treated in Section 3.6.

3.5.2 Mathematical formulation

Just like Section 3.3, we start with the Ekman boundary layer equation and the heat
equation together with its boundary conditions. We will therefore not repeat them
here; instead, we shall add an equation needed for modeling marine water bodies.
We will also consider estuarine circulation by adding inflows and outflows to the
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(a)

Figure 3.6. Seasonal cycle of surface water temperatures for a 500m deep vertically resolved

lake model with (black lines) and without (red lines) pressure effects on the temperature of

maximum density.

(b)



model. The heat conservation equation then reads:
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þW
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@z
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� �
þ GSun ð3:30Þ

and

W ¼ ½Qin �Qout�=A ð3:31Þ

where the difference between inflows and outflows divided by the area gives the
vertical velocity. We now add a new equation for salt conservation to the lake
model we presented in Section 3.4:
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where S is salinity.
The turbulence model is the same as that presented in Section 3.4, but the

vertical salinity gradient now enters the source/sink term (Pb):
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where �T and �S are now turbulent Prandtl/Schmidt numbers. Vertical dynamic
eddy viscosity is calculated from the standard k�" model, adding a parameter for
deep-water mixing according to Stigebrandt (1987) to allow for the effects of
breaking internal waves:

�eff ¼ C� �
k2

"
þ ��T�dT ð3:34Þ

�dT ¼ 
deepN
�1 ð3:35Þ
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where N is the Brunt–Väisälä frequency (N 2 ¼ � g
�0

d�

dz
); and 
deep is a constant that

can be estimated based on temperature, salinity, and oxygen data (e.g., Axell, 1998).

The boundary condition for the salt equation reads:

�eff
��eff

@S

@z
¼ SsurðP� EÞ ð3:36Þ

where (P� E) is the net precipitation rate; and Ssur is surface salinity. Note that
there is a clear coupling between the heat cycle (latent heat flux Fe) and the water

cycle (evaporation E ¼ Fe

Le�
, where Le is latent heat of evaporation). Precipitation

(P) and evaporation (E) rates are always treated as positive quantities. For the lower
boundary condition, a zero-flux condition is assumed.

Salinity effects also enter into the equation of state and can be approximated as:

� ¼ �0ð1� 
1ðT � T�mÞ2 þ 
2SÞ ð3:37Þ

where 
1 and 
2 are constants; and T�m is the temperature of maximum density—a
function of salinity—and could be approximated for surface waters as:

T�m ¼ 3:98� 0:22S ð3:38Þ

Salinity also influences heat capacity, and for surface water it can be approximated
as:

cp ¼ 4,217:4� 3:7T � 7:6S ð3:39Þ

More precise formulas can be found in Millero (1978) and Millero, Perron, and
Desnoyers (1973).

3.5.3 Details of calculations

Equations are solved for a 100m deep basin with the geometry of Bothnia Bay, a
sub-basin of the Baltic Sea. The weather data file comprises weather data from the
same basin. A 2-year run is performed and surface temperatures drop to freezing
point. The present treatment of turbulence was first introduced by Omstedt (1990a)
and has since been used in several Baltic Sea applications. A simple assumption is
introduced in this section—namely, that the surface temperature never drops below
freezing. Conservation checks are calculated and constant river runoff into the basin
is assumed. FORTRAN settings for the case are presented in the subroutine
case_ex3.f (for the programs needed see Appendix C), which is linked to the
main program and to subroutines for heat fluxes and turbulent mixing.

3.5.4 Results

The results of calculations appear in Figure 3.8. The cooling of the surface layer,
depicted in Figure 3.8(a), is strongly influenced by the halocline depth, shown in
Figure 3.8(b). Salinity becomes homogeneous after a one-year run, after which
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stratification is due solely to temperature, because estuarine circulation is not
included in this run. Estuarine circulation can be studied by adding river runoff
(Qr ¼ 3,000m3 s�1) and a 3.5� greater inflow of more saline deep water to the
model (Figure 3.9). The model is now run for a 5-year period; the temperature
structure indicates that winter temperatures reach about 60m. Salinity stratification
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(a)

Figure 3.8. (a) Calculated temperatures (�C) and (b) salinities (psu) based on typical autumn

conditions in Bothnian Bay; estuarine circulation is excluded from the calculations.

(b)



is kept at realistic levels and surface salinity drops in summer due to the reduced
mixed layer associated with the thermocline.

Heat and salt conservation are depicted in Figure 3.10. As can be seen, salt
conservation is well controlled, but this is not the case for heat conservation. Heat
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(a)

Figure 3.9. (a) Calculated temperatures (�C) and (b) salinities (psu) based on typical autumn

conditions in Bothnian Bay; estuarine circulation is included in the calculations.

(b)



conservation changes when sea surface temperature is near freezing, so the
assumption with regard to conservation principles fails in the winter.

Exercise 3.3

Model estuarine circulation by adding river runoff (Qr ¼ 3,000m3 s�1) and a 3.5�
greater inflow of more saline deep water to the model. Assume inflows and out-
flows balance. What is the typical stratification spin-up time for the basin? For
how long will the initial conditions influence the results? Hint: Use e-folding time
(the time needed for salinity or temperature to increase or decrease by a factor of e)
as an indication of spin-up time.

3.5.5 Discussion

The stratification effect on turbulent mixing is strong and particularly so in estuaries.
An analytical solution for the mixed layer depth associated with brackish outflowing
water was developed by Rodhe (1991) and compared with the results of the PROBE
model by Broström and Rodhe (1996). As salinity in estuaries is often not well mixed
in the vertical, this can strongly influence temperatures. The importance of both
temperature and salinity gradients in mixed layer dynamics was demonstrated by
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Figure 3.10. Calculated sea surface temperature (solid line), heat content (dashed line), and salt

content (dotted line) over a 2-year simulation.



Omstedt, Sahlberg, and Svensson (1983) when they studied cooling. Eilola (1997)
examined the formation of the spring thermocline and the importance of river runoff
in mixed layer dynamics.

Omstedt and Hansson (2006a, b) examine the stratification spin-up time for the
Baltic Sea, demonstrating that two time scales need to be considered: one of approxi-
mately 30 years associated with the water balance (salinity) and another of
approximately 1 year associated with the heat balance (temperature). This implies
that the model equations are strongly influenced by initial conditions until the spin-
up time has been reached. Afterwards, the equations are mainly influenced by
boundary conditions, such as air–sea interaction and inflows and outflows to and
from the basin.

3.6 MODELING AN ICE-COVERED OCEAN BOUNDARY LAYER

3.6.1 Introduction

Ice plays an important role in heat and water exchange in cold regions (Figure 3.11).
The role of sea ice is particularly related to changes in heat and salt fluxes and in
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Figure 3.11. Schematic of the upper layers of the ocean as influenced by sea ice.



momentum exchange. In addition, river runoff and flow through channels and straits
are influenced by sea ice. In this section, we will learn how to add sea ice to our
model from Section 3.5 and demonstrate that the model is now in accordance with
heat conservation and salt conservation principles. We will then investigate the
annual mean heat budget and the role of sea ice with respect to the total heat budget.

3.6.2 Mathematical formulation

The equations for momentum, heat, salinity, and turbulence and the equation of
state are much the same as in earlier sections and will not therefore be repeated here.
However, boundary conditions do change under ice-covered conditions and are now
given. Boundary conditions for the momentum equations during ice cover are:

�eff
�0

@�0U

@z
¼ � ix ð3:40Þ

�eff
�0

@�0V

@z
¼ � iy ð3:41Þ

The stress terms between ice and water � ix and � iy read:

� ix ¼ �0Ci
dðUi �UÞjWi �W j ð3:42Þ

� iy ¼ �0Ci
dðV i � VÞjWi �W j ð3:43Þ

where Ui and V i are the ice drift components in the x-direction and y-direction,
respectively; Wi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðUiÞ2 þ ðV iÞ2

p
is ice drift; and Ci

d is the ice–water drag coeffi-
cient that depends on ice types that have values ranging from at least (1–20)� 10�3

(Omstedt 1998). For the lower boundary, zero velocities are used.
Boundary conditions for the heat equation during the ice season read:

Tðz ¼ 0Þ ¼ Tf ðS0Þ ð3:44Þ

�eff
�0�eff

@�0cpT

@z
¼ Fw ð3:45Þ

where Tf is the freezing point at the interfacial salinity S0; and Fw is the heat flux
from water to ice. For the lower boundary condition, a zero-flux assumption (no
sediment heat flux) is used.

Boundary conditions for the salinity equation during the period of ice cover are:

�eff
�0�eff

@S

@z
¼ �i
�0

dhi
dt
ðSi � S0Þ ð3:46Þ

where hi is ice thickness; �i is ice density; and Si is ice salinity. Note that ice growth/
melting plays a similar role in ice-covered seas as net evaporation/precipitation
in open waters (Equation 3.36). For the lower boundary condition, a zero-flux
assumption is used.

To bridge the fully turbulent ocean layer beneath drifting ice and the viscous
sublayer adjacent to it, we introduce wall functions. McPhee, Maykut, and Morrison
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drift. When calculating the ice strength, we follow Hibler (1979) and write:

Pi ¼ P�hie
�cið1�AiÞ ð3:52Þ

where P� and ci are often treated as constants; and Ai is fraction of surface covered
by ice. In coastal seas the parameterization of ice strength has been shown to be
proportional to the square of ice thickness (Overland and Pease,1988;
Omstedt,1990b).

3.6.3 Details of calculations

We start with the model developed in Section 3.5. Meteorological forcing data are
replaced by data from Bothnia Bay, a northern Baltic Sea sub-basin that is ice
covered every year. Wall functions (Stanton numbers) are introduced for the ice-
covered case, but we do not introduce the ice front model yet; instead, we only
calculate ice growth and decay. FORTRAN settings for the case are presented in
the subroutine case_ex4.f (for the programs needed see Appendix C).

3.6.4 Results

The results of a 5-year run are depicted in Figure 3.12. From the figure, we can see
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Figure 3.12. Five-year simulation indicating that the model now conserves heat. The figure

shows sea surface temperature (solid line), ice thickness multiplied by 10 (dashed line), and

normalized heat content (dotted line).



that the heat conservation law is well modeled. Interannual variability can be
examined by looking at annual maximum ice thickness and temperature. Sea
surface salinity and salt content are depicted in Figure 3.13. As can be seen, the
model also conserves salinity.

Exercise 3.4

Examine the heat balance of an ice-covered water body. Run the model for a
period of 5 years, and plot both sensible and latent heat flux, net long-wave
radiation, solar radiation, and the heat flow from water to ice. How does adding
sea ice to the model alter the radiation balance?

3.6.5 Discussion

In the present model, we have only dealt with a few of the basic aspects of ice. Snow
ice and ice ridging may considerably change ice growth and decay (e.g., Launiainen
et al., 2001; Saloranta, 1998). Changes in ice concentration have not been dealt with
in this chapter but are available in the PROBE-Baltic model system presented in
Chapter 5. Several studies have examined sea ice drift and turbulent mixing beneath
sea ice (e.g., Leppäranta, 2005; McPhee, 2008).
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Figure 3.13. Five-year simulation indicating that the model conserves salt. The figure shows sea

surface salinity (solid line) and normalized salt content (dotted line).



3.7 MODELING TURBULENCE IN THE UPPER LAYERS OF

THE OCEAN

3.7.1 Introduction

Turbulence is a key factor in the functioning of many marine systems (Figure 3.14);
several models of turbulence have been developed (Burchard, 2002). There are
various schemes for classifying turbulence models; in this section we will follow
that of Rodi (1987). We start with simple, zero-equation models, which do not
involve transport equations for the turbulence quantities. We then consider one-
equation models that solve the turbulent kinetic energy equation. Finally, we
compare the results of one-equation models with those of a two-equation model
of turbulence, the k�" model. As turbulent flows contain length and time scales
that change dramatically from one flow to another, it could be argued that two-
equation models constitute the minimum physically acceptable level of closure
(Speziale, 1996). This is the main reason a general equation solver like PROBE
includes two-equation models as standard tools for boundary layer applications.

3.7.2 Mathematical formulation

3.7.2.1 Zero-equation models

We now offer three examples of zero-equation models. Svensson (1979) analyzes the
turbulent Ekman boundary layer using the k�" model and finds that eddy viscosity
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Figure 3.14. Schematic of the problem.



for doing this. Here we assume that L can be written:

L ¼ 0:4ðD� zÞ ð3:58Þ

Furthermore, from dimensional analysis, we can write eddy viscosity as:

�T ¼ C�

k2

"
ð3:59Þ

Length scale parameterization ignores stratification and rotation effects, but should
be reasonable, for example, for channel flows. The one-equation model for geophys-
ical applications developed by Axell and Liungman (2001) is also an option that is
available in the PROBE program.

3.7.2.3 Two-equation models

For two-equation models, we apply the k�" model presented in earlier sections.

3.7.3 Details of calculations

We consider an Ekman boundary layer influenced by temperature and salinity, with
estuarine circulation and sea ice as described in Section 3.6. Equations are solved
for a 100m deep basin, and the turbulence models just presented are used.
FORTRAN settings for the cases are presented in the following subroutines
(for the programs needed see Appendix C): case_ex5a.f, case_ex5b.f,
case_ex5c.f, case_ex5d.f, case_ex5e.f, case_ex5f, case_ex5g.f,
and case_ex5h.f. These examples demonstrate that it is simple to investigate
the various turbulent models available in the literature, but the results show that
few are suitable for marine applications.

3.7.4 Results

The results of calculations using the turbulence models of Omstedt (1990a) and
Pacanowski and Philander (1981) are illustrated in Figures 3.15 and 3.16. Results
obtained from the former parameterization agree well with observations, but the
latter overmixes the system. It is clear that mathematical formulation of turbulent
mixing is an important aspect of marine modeling.

Exercise 3.5

Test some of the turbulence models presented in this section or offered as options
in the main PROBE program. Present the results produced by three of the
turbulence formulations and state whether or not they could be used, and if so
when.
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3.7.5 Discussion

In the present section, we have only dealt with high Reynolds–number turbulence
models. For situations with highly reduced turbulence, low Reynolds–number
models are needed. This is the case, for example, at the melting ice–water interface
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(a)

Figure 3.15. Simulations of the (a) temperature (�C) and (b) salinity (psu) structure using the

turbulence model of Omstedt (1990a).

(b)



(Svensson and Omstedt, 1990) and at the water–bottom sediment interface
(Svensson and Rahm, 1988). A one-dimensional water column model for marine
applications is also being actively developed by the General Ocean Turbulence
Model (GOTM) community (see http://www.gotm.net/).
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(a)

Figure 3.16. Simulations of the (a) temperature (�C) and (b) salinity (psu) structure using the

turbulence model of Pacanowski and Philander (1981).

(b)
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3.8 MODELING TIDAL DYNAMICS IN THE OCEAN

3.8.1 Introduction

Large parts of the world’s oceans are dominated by tides driven by the positions of
celestial bodies, such as the Moon and Sun, and by the local gravitational attraction
on Earth (Figure 3.17). Tidal force is a body force acting throughout the water
column and not, like wind stress, acting only at the water–air interface. Tidal
motion is therefore more important in deeper parts of the ocean (Cushman-Roisin
and Becker, 2010). Through tidal currents, shear increases turbulence in the bottom
boundary layer. In addition, through interaction with local topography, tides can
generate internal waves that can radiate away and dissipate elsewhere.

3.8.2 Mathematical formulation

Tidal motion (momentum) can be written as:

@�U

@t
¼ @

@z

�eff
�

@�U

@z

� �
þ f �V � @Pw

@x
ð3:60Þ

@�V

@t
¼ @

@z

�eff
�

@�V

@z

� �
� f �U � @Pw

@y
ð3:61Þ

Pw ¼ �0 g� þ Pa ð3:62Þ
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Figure 3.17. Schematic of the problem.



where Pw is water pressure; Pa is atmospheric pressure; and � is the sea level; sea level
can be written as:

� ¼ �0 sin
2�

Ttide

t� �tide
� �

ð3:63Þ

where Ttide is the tide period; and �tide the phase difference. Some principal tidal
components are lunar tide, M2, with a period of 12.42 hours, and solar tide, S2, with
a period of 12.00 hours.

For the turbulence model and boundary conditions, we follow earlier sections
and apply the k�" model.

3.8.3 Details of calculations

The modeling of tidal motion adds horizontal pressure gradients from sea level
variation to source terms in the Ekman boundary layer model presented in
Section 3.3. Equations are solved for a 100m deep basin, a wind speed of
10m s�1, and a bottom roughness of 0.01m. Here, sea level variations are
assumed to be due to the M2 tide, while the horizontal scale over which the sea
level varies is set to 1,000 km. FORTRAN settings for the cases are presented in the
subroutine case_ex6.f (for the programs needed see Appendix C).
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Figure 3.18. Modeling turbulence in a water column generated by winds (solid line) and winds

and tides (dotted line).



3.8.4 Results

Figure 3.18 depicts the results of analyzing dynamic turbulent viscosity in two cases:
one with and the other without tidal forcing. When tides are excluded, only wind
stress is capable of setting up vertical current shear that generates turbulence. In the
other case, we also add tidal currents that act throughout the whole water column
and generate strong bottom shear and increased turbulence.

Exercise 3.6

Introduce tides into the model and estimate the tidal amplitude needed to break
down the density stratification caused by estuarine circulation.

3.8.5 Discussion

Tides interact strongly with the topography, which can both damp and amplify sea
level variations; therefore, for specific coastal seas, we need to consult sea level data
and, for polar regions, we could consult the tidal modeling community (e.g., Earth
and Space Research, http://www.esr.org/ptm_index.html ). It is obvious that tidal
motions can strongly influence vertical mixing. This is the case, for example, in
the North Sea, and is a reason large parts of the North Sea are well mixed. In
polar regions, the interaction between tides and sea ice also needs to be considered.
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4

Biogeochemical aspects

4.1 INTRODUCTION

Biogeochemical modeling of the sea calls for consideration of many important
processes (Figure 4.1). The description of a marine system is often divided into
physical, chemical, and biological components. The physical component includes
all aspects of currents, mixing, light penetration, stratification, and ice; in connection
with this, we often speak of the physical pump bringing denser surface water down to
deeper layers and advecting bottom water up to the surface layers. The chemical
component includes various aspects of chemical reactions and involves equations
based on chemical reactions and stoichiometrics. For example, the carbon cycle
involves both CO2 solubility and chemical reactions. We can speak of a solubility
pump, for example, as CO2 dissolves more easily in cold water. The biological pump
results from phytoplankton (microscopic plants) taking up CO2 from the surface
layer of the sea, where photosynthesis takes place, and converting it into organic
carbon. By means of sinking and mineralization, organic carbon is transformed back
into CO2 and thus inorganic carbon. These physical, chemical, and biological pro-
cesses actively interact and involve many interesting modeling aspects; basic
understanding of these aspects is needed together with reliable datasets that
include marine and atmospheric information, atmospheric deposition information,
and river load information. The nomenclature is defined in Appendix B, which
includes parameters symbolizing chemical and biological properties. To avoid poten-
tial confusion regarding, for example, the letters ‘‘C’’ (which could denote either
concentration or carbon) and ‘‘S’’ (which could symbolize either salinity or sulfur),
all ions and molecules are written in Roman (e.g., CO2g $ CO2aq þH2O). All other

parameters are written in italic (e.g., �T
@�U

@z
¼ �acadUaWa). We use two ways to

write concentrations of plankton and chemical substances. Either they are of the
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form �C, where � symbolizes the parameter in question. Or, they are written as
chemical symbols within brackets (e.g., ½CO2� ¼ ½CO2aq� þ ½H2CO3�).

As regards physical modeling, we must learn how to evaluate our results from
the numerical, physical, and biochemical points of view. One main advantage of
using a general equation solver is that it lets us work with a numerical code that
can handle coupled model systems in an effective manner. This means that all
equations are solved in the same grid and using the same numerical methods, so
that we are dealing with fully coupled physical and biochemical models.

4.2 BASIC EQUATIONS, STOICHIOMETRICS, AND

UNIT TRANSFORMATIONS

In this section, we introduce conservation equations for variables, �, such as the
concentrations of oxygen, nutrients, carbon, and plankton. The underlying rationale
of this is to treat water as a mixture of species high enough in concentration that we
can treat each control volume as well mixed. At high concentrations, however, the
species in the mixture may start to interact with the physical properties (viscosity,
density, and light penetration), which then may invalidate our approach. The
mixture is also treated as a continuum. This implies that the temporal and spatial
scales used in the numerical models must be much larger than the molecular or
species size. As the average distance between two water molecules is approximately
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Figure 4.1. Satellite image–captured phytoplankton bloom in the Baltic Sea, July 27, 2001. The

image indicates a strong coupling between sea, atmosphere, and land (SeaWiFS satellite,

NASA/Goddard Space Flight Center, http://visibleearth.nasa.gov/).

http://visibleearth.nasa.gov


4.3 MODELING THE DYNAMICS OF OXYGEN

4.3.1 Introduction

In this section, we learn how to model oxygen. We add one equation for oxygen to
the physical model we developed in the previous chapter. In oxygen dynamics, we
first consider just the oxygen flux between the atmosphere and water and the con-
sumption of oxygen due to the mineralization of organic matter (Figure 4.2). We find
a strong link between physical modeling and oxygen modeling, in which tempera-
ture, salinity, ice, and mixing all strongly influence the oxygen concentration
calculated.

4.3.2 Mathematical formulation

For the equations of the physical model, the reader is referred to Chapter 3. In the
following, we only consider changes associated with oxygen dynamics. The oxygen
equation reads:

@ O2C

@t
þW

@ O2C

@z
¼ @

@z

�eff
��O2

@ O2C

@z

" #
þ SO2

ð4:6Þ

SO2
¼ ��1mwmin ð4:7Þ

where O2C is the oxygen concentration; and SO2
is a sink term associated with oxygen

consumption by biochemical oxygen demand (i.e., mineralization). We calculate the
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Figure 4.2. Schematic of the problem, adding oxygen dynamics to our physical model.



oxygen concentration in mol kg�1 but transform it in outputs to mLL�1; this is done
by multiplying mol kg�1 by the conversion factor of 1/(44.6� 10�6). In the present
chapter, we neglect photosynthesis and respiration processes; we only assume con-
stant oxygen consumption due to mineralization, using typical values observed
below the halocline in the Baltic Sea during periods of stagnation. Hydrogen
sulfide (modeled as negative oxygen) is assumed to form at only 10% of the rate
of aerobic decomposition (Stigebrandt and Wulff, 1987), so �1m is assumed to be 1
and 0.1 under aerobic and anaerobic conditions, respectively. The source term repre-
sents a zero-order reaction. Rasmussen et al. (2003) investigate oxygen dynamics at
the entrance to the Baltic Sea using both zero-order and first-order dynamics. A
similar approach was used by Gustafsson and Omstedt (2009) when modeling the
oxygen dynamics of the Baltic Sea. The interested reader is referred to these two
papers for a more detailed description of marine oxygen dynamics.

The air–water surface boundary condition is expressed as:

�eff
��O2

@ O2C

@z
¼ vO2

ðO2C �O2surCð1þ cbuÞÞ ð4:8Þ

where vO2
is the gas transfer velocity; �O2

is the Schmidt number; O2surC is the
concentration of saturated oxygen at the surface; and cbu is a bubble factor.
Oxygen flux is thus expressed in the unit mol kg�1 m s�1. The concentration of
saturated oxygen can be calculated from salinity and temperature using the
formula of Weiss (1970).

The sediment–water surface boundary condition is treated as a flux boundary
condition, but excludes water–sediment dynamics.

4.3.3 Details of calculations

Six physical equations and one oxygen equation are solved to model a 250m deep
basin with a geometry roughly similar to that of the Baltic Sea. Five-year runs are
performed; we start running the model on November 1, 1990. Conservation budgets
are calculated for oxygen as well. It should be noted that, for the purpose of
conservation checks, we need to consider the internal sink due to oxygen consump-
tion in biological mineralization. We assume that the air–water flux of oxygen is zero
during ice-covered periods. The gas transfer velocity is computed from Liss and
Merlivat (1986) and the bubble factor is put equal to 0.025 according to
Stigebrandt (1991). Mineralization is assumed to be active only under the halocline.
FORTRAN settings for the case are presented in subroutine case_ex7.f (for the
programs needed see Appendix C).

4.3.4 Results

The results of calculations are presented in Figure 4.3. Sea surface temperature and
the oxygen concentration manifest a clear seasonal cycle, with higher oxygen levels at
low temperatures and lower levels at high, summer temperatures. Deep-water oxygen
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concentrations are reduced due to biological mineralization at a rate of
1mLL�1 yr�1, while under anoxic conditions the mineralization rate is only
0.1mLL�1 yr�1, as was coded in the model. The conservation check indicates that
oxygen is conserved in the model. Figure 4.4 presents more details concerning the
dynamics of oxygen. For example, both the thermocline (seasonal variations) and
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Figure 4.3. Calculated time series of surface temperature and of surface and bottom water

oxygen concentrations.

Oxygen (mLL�1)

Figure 4.4.

Calculated oxygen

concentrations.
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the halocline (permanent features) strongly influence the dynamics of oxygen. The
thermohaline circulation, however, is quite unrealistic, as no estuarine circulation
has been added to the model.

Exercise 4.1

Introduce estuarine circulation to the model by assuming that river inflow and
deep-water inflow are both equal to 15,000m3 s�1 and that the oxygen concentra-
tion in inflowing deep water is of surface origin. Calculate oxygen variation over a
2-year period. Introduce one extra equation for water age, assuming that it is zero
at the surface. Hint: Set the source term in the equation for water age equal to 1/
yr¼3.17� 10�8 s�1. What is the typical age of deep water?

4.3.5 Discussion

The present model assumes oxygen flux from the atmosphere to water and a constant
rate of oxygen consumption below the halocline. Photosynthesis and respiration
processes are not dealt with. These processes require a plankton model, which is
the subject of the next section.

4.4 MODELING PLANKTON GROWTH/DECAY

4.4.1 Introduction

In this section, we will learn how to model plankton growth/decay and add this to the
oxygen model. Plankton growth/decay is associated with photosynthesis/respiration
(Figure 4.5). The chemical reaction for photosynthesis can be written as:

106CO2 þ 16NO�3 þH3PO4 þ 16Hþ þ 122H2O

() ðCH2OÞ106ðNH3Þ16ðH3PO4Þ1 þ 138O2 ð4:9Þ

using standard Redfield values. Note that when plankton are forming,
(CH2)106(NH3)16(H3PO4)1, we must also add oxygen to the water column (from
photosynthesis). On the other hand, oxygen is consumed during mineralization.
Many models are available for plankton modeling (e.g., Fennel and Neumann,
2004 and Erlandsson, 2008); however, we will follow Erlandsson (2008).

4.4.2 Mathematical formulation

The oxygen and primary production equations read:
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9>>>>=
>>>>;

ð4:10Þ

where ppC is the plankton concentration in mol kg�1. To the oxygen source/sink
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term, we add the oxygen produced by photosynthesis. The source terms read:

SO2
¼ sO2

Gp
ppC � �1minwmin

SppC ¼ Gp
ppC þ wp

@ ppC

@z
� �1minwmin=sO2

9=
; ð4:11Þ

where the sink/source term in the oxygen equation (SO2
) now includes both plankton

growth and mineralization, while the source terms in the plankton equation (SppC)

include plankton growth (GpCpp), sedimentation (wp

@ ppC

@z
), and mineralization

(�1minwmin=sO2
). The constant sO2

is the Redfield value for oxygen equal to 138.

Plankton growth is limited by available light (Ilim) and nutrients (Nlim), which are
described in a simple way here as nutrient dynamics are not yet included. Maximum
growth (Gmax) is assumed to be temperature dependent and reduced by plankton
respiration (Br):

Gp ¼ IlimNlimGmaxð1� BrÞ

Ilim ¼
GSun=G0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðGSun=G0Þ2
p

Nlim ¼
1 for November�April

0 for May�October

�

Gmax ¼ G0e
ðcgTÞ

9>>>>>>>>>>=
>>>>>>>>>>;

ð4:12Þ

Figure 4.5. Schematic of the problem, adding oxygen and plankton dynamics to our physical

model.



where GSun is the source term in the heat conservation equation (Equation 3.20); G0

is a constant equal to 30Wm�2; and cg is a constant in the plankton growth
expression.

Boundary conditions follow those outlined in earlier chapters; in the plankton
equation we assume zero flux conditions at both the surface and bottom of the water.

4.4.3 Details of calculations

Six physical equations together with an oxygen equation and an equation for the
plankton concentration are now solved for a 250m deep basin. FORTRAN settings
for the case are presented in subroutine case_ex8.f (for the programs needed see
Appendix C). In the present chapter, we simplify nutrient dynamics and neglect
estuarine circulation by assuming no freshwater inflow. We assume that nutrients
do not limit plankton growth from November to April, but that they do so com-
pletely from May to October. Plankton are also assumed to respire at a constant rate
(i.e., Br ¼ 0.1).

4.4.4 Results

The results of calculations are presented in Figures 4.6–4.8. The sea surface oxygen
concentration now displays an increase associated with plankton growth and
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Figure 4.6. Calculated oxygen concentrations (surface and bottom values denoted by red and

blue curves) and sea surface temperatures (black line) over a 5-year period.



becomes oversaturated with oxygen. Plankton grow and mix in the surface layer,
while in deeper layers they decay due to mineralization. However, due to low miner-
alization rates and no grazing, plankton sink to the bottom and add biological
material to the bottom boundary layer. The interaction with the benthic bottom
layer, however, is not introduced into the modeling.

Exercise 4.2

Examine the sensitivity of plankton growth by studying the importance of light
penetration. Hint: Assume that the extinction coefficient of short-wave radiation
can be calculated from �w ¼ �w1

þ 0:4 � 106 ppC.

4.4.5 Discussion

The present model assumes simple dynamics and source/sink terms related to
plankton growth, mineralization, and sinking. We consider only one species of
plankton and exclude grazing by zooplankton. Before going further into plankton
species, we need a method for evaluating biological production. In general, most
models rely on nutrient concentrations. Therefore, in the next section we will
examine nutrient and plankton dynamics.
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Figure 4.7. Calculated sea surface oxygen (black line) and plankton (green line) concentrations

over a 5-year period.



4.5 MODELING THE DYNAMICS OF NUTRIENTS

4.5.1 Introduction

In the plankton model presented in Section 4.4, we prescribed only the limiting
nutrients; this section will add nutrient dynamics to the plankton model. In the
Baltic Sea, the spring bloom often starts in early April (Figure 4.9), accompanied
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(a)

Figure 4.8. Calculated plankton concentrations (mmol kg�1) (a) over a 5-year period and

(b) during a spring bloom.

(b)



by a strong reduction in both nitrate (NO3) and phosphate (PO4) levels. The spring
bloom is often nitrate limited, leaving phosphate available to other species. When the
temperature increases, blue-green algae may grow, using up all available phosphate
in the surface layer. Bulk plankton growth is therefore controlled by the available
amount of phosphate, while nitrate dynamics retard the consumption of phosphate.
In the following, we will first consider only plankton that are phosphate limited.
Regarding phosphate dynamics, we also need to consider the transition from oxic to
anoxic conditions, when phosphate is suddenly liberated at the sediment–water
interface, resulting in an increased concentration of phosphate (e.g., Emeis et al.,
2000).

4.5.2 Mathematical formulation

We now add a nutrient equation to our plankton model (we will only resolve
phosphate dynamics and parameterize all other effects) as follows:

@ nC

@t
þW

@ nC

@z
¼ @

@z

�eff
��nC

@ nC

@z

� �
þ SnC ð4:13Þ

where nC represents the nutrient concentration that limits bulk plankton growth.
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Figure 4.9. Observed nutrient concentrations in the upper surface layer of the Baltic Sea.



In line with the modeling presented in Section 4.4, we write:

SnC ¼ �spGp
ppC þ sp�1mwmin=sO2

þ �2swPsed

�1m ¼
1 if O2 C 0 mL/L

0:1 if O2 � 0 mL/L

(

�2s ¼
0 if O2 C 0 mL/L

1 if O2 � 0 mL/L

(

9>>>>>>>>=
>>>>>>>>;

ð4:14Þ

where the constant sp is the stoichiometric relationship between plankton and
phosphate and equals 1; �1m and �2s are constants that switch between oxic and
anoxic conditions; wPsed ¼ fPO4

Ased=ðDV�Þ (mol P kg�1 s�1); and fPO4
(mol P

m�2 s�1) is phosphate release from the sediment area (Ased). The plankton growth
term is limited by available light and nutrient conditions; as we are now introducing
nutrient dynamics, we can also improve our parameterization of nutrient limitation
by writing:

Nlim ¼
nC

ðk1=2 þ nCÞ ð4:15Þ

where k1=2 gives the nC concentration when Nlim ¼ 0.5, which for phosphate is
typically equal to 0.05� 10�6 mol P kg�1. The nutrient limitation formulation is
known as the Michaelis and Menten equation (see, e.g., Fennel and Neumann,
2004). Phosphate flows from anoxic sediments are modeled by adding an extra
process to the source term. The release of phosphate from the sediment area (Ased)
is set to fPO4

¼ 0.44mmol Pm�2 s�1, following the results of Conley et al. (2002).
Nutrients are also added through river runoff.

4.5.3 Details of calculations

We have now added an equation for nutrients to the plankton model presented in
Section 4.4. FORTRAN settings for the case are presented in subroutine
case_ex9.f (for the programs needed see Appendix C). Estuarine circulation is
not included and density stratification becomes increasingly unrealistic. A phosphate
flux associated with phosphate release from sediments under anoxic conditions is
added to the model.

4.5.4 Results

The results of calculations are presented in Figures 4.10 and 4.11. The spring bloom
reduces the surface layer nutrient concentration in spring and summer (Figure 4.10).
Due to autumn and winter mixing, the nutrient concentration in the surface layer
is re-established. Increasing phosphate concentrations associated with leakage
from anoxic sediments are illustrated in Figure 4.11. Under anoxic conditions,
phosphate-rich sediment may strongly increase eutrophication.
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Figure 4.10. Calculated phosphate and plankton surface concentrations over a 5-year

period.

Figure 4.11. Calculated phosphate concentration over a 5-year period.
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Exercise 4.3

So far in our biogeochemical modeling of the sea, we have only considered one
group of P-limited algae. So, add an equation for nitrate. Model plankton
dynamics using two plankton types, one for a group of P-limited and N-limited
algae, and another for a group of blue-green algae that are limited only by
phosphorus. This last plankton group should also be assumed to be temperature
and salinity limited.

4.5.5 Discussion

Nutrients could easily be adjusted to winter conditions through data assimilation.
A better method, however, is to model the vertical circulation and mineralization of
biological material in a realistic fashion. Multiyear runs will then teach us whether
we have understood the dynamics or not.

4.6 MODELING DISSOLVED INORGANIC CARBON

4.6.1 Introduction

In this section, we will learn how to model the dissolved inorganic carbon cycle and
the partial pressure of CO2 and pH in seawater. The concentration of dissolved
inorganic carbon is the major chemical component needed in modeling the ocean
carbon cycle. The deep ocean contains by far most of the carbon on Earth (Figure
4.12). The biological component of the ocean carbon cycle also plays a role, as CO2

is used in photosynthesis, particularly in coastal seas. However, we will first ignore
the coupling with biological processes and only consider how physical and chemical
systems interact. The focus is on the transport and storage of CO2 in the sea; only
inorganic carbon is considered in this section. Modeling the marine carbonate system
is presented in greater detail, for example, in Zeebe and Wolf-Gladrow (2001) and
in Omstedt, Gustafsson, and Wesslander (2009), where the current approach is
presented.

Carbon dioxide from the atmosphere dissolves in surface water and undergoes
rapid chemical reactions, only a small fraction remaining as carbon dioxide.
The reactions that occur when carbon dioxide dissolves in seawater are:

CO2g  ! CO2aq

CO2aq þH2O  ! H2CO3aq

H2CO3aq  ! Hþaq þHCO�3aq

Hþaq þHCO�3aq  ! 2Hþaq þ CO2�
3aq

9>>>>>>>>>=
>>>>>>>>>;

ð4:16Þ
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Limestone, however, may also go into solution, generating carbonate ions:

CaCO3s  ! Ca2�aq þ CO2�
3aq

CO2aq þ CO2�
3aq þH2O  ! 2HCO�3aq

)
ð4:17Þ

In addition, the contribution of boron in connecting a proton needs to be considered:

BðOHÞ3 þH2O  ! BðOHÞ�4 þHþ ð4:18Þ

The reactions in Equations 4.16 and 4.17 include the following components of the
inorganic carbon cycle: carbon dioxide (CO2), carbonic acid (H2CO3aq), bicarbonate
(HCO�3aq), and carbonate (CO2�

3aq); the sum of these components is referred to as
dissolved inorganic carbon (CT ). The solubility and dissociation constants of
carbonic acid read:

K0 ¼
½CO2�
fCO2aq

K1 ¼
½Hþ�½HCO�3 �
½CO2aq�

K2 ¼
½Hþ�½CO2�

3 �
½HCO�3 �

KB ¼
½Hþ�½BðOHÞ�4 �
½BðOHÞ3�

KW ¼ ½Hþ�½OH��

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð4:19Þ

Figure 4.12. The global carbon cycle of the 1990s (IPCC, 2007, fig. 7.3). Pre-industrial fluxes are

shown in black and anthropogenic fluxes in red.



(Newton–Raphson) and solve carbon dioxide according to Anderson et al. (1999), as
follows:

pCO2 ¼
CT ½Hþ�2

K0ð½Hþ�2 þ K1½Hþ� þ K1K2Þ

AT ¼
CTK1ð½Hþ� þ 2K2Þ

ð½Hþ�2 þ K1½Hþ� þ K1K2Þ
þ BT

ð1þ ½Hþ�=KBÞ
þ KW=½Hþ� � ½H��

9>>>>=
>>>>;
ð4:24Þ

where total boron concentration can be calculated as BT ¼ 0.00042�S/35.

4.6.2 Mathematical formulation

For the equations of the physical model, the reader is referred to Chapter 3. In the
following, we only consider the changes we need to make when modeling the
dynamics of inorganic carbon. Two equations must be considered, but we also
add the oxygen equation, as carbon and oxygen are closely linked. The state
variables are acid carbon (aC) and basic carbon (bC):

@ O2C

@t
þW

@ O2C

@z
¼ @

@z

�eff
��O2

@ O2C

@z

" #
þ SO2

@ aC

@t
þW

@ aC

@z
¼ @

@z

�eff
��aC

@

@z
aC

� �
þ SCO2

@ bC

@t
þW

@ bC

@z
¼ @

@z

�eff
��bC

@

@z
bC

� �
þ SCaCO3

9>>>>>>>>>>=
>>>>>>>>>>;

ð4:25Þ

where SCO2
denotes sources/sinks of CO2. Thus CO2 enters the

aC equation through
the atmosphere–ocean boundary layer as a flux and from the source term through
biological production (i.e., photosynthesis). In the bC equation, we have only
sources/sinks of limestone or of shell-forming organisms. The equation clearly
indicates that it is easier to understand sources/sinks using the aC and bC formula-
tion than in terms of CT and AT , where corresponding CT and AT equations mix
sources/sinks due to air–sea exchange, biological production, and limestone.

In this case, we only consider the mineralization of biological material without
shells, so these terms are expressed as follows:

SO2
¼ ��1mwmin

SCO2
¼ �1mwminsCO2

=sO2

SCaCO3
¼ 0

9>>=
>>; ð4:26Þ

where sO2
and sCO2

are stoichiometric constants for the transformation from oxygen
to plankton and from plankton to carbon, respectively. Note that mineralization
works as a sink in the oxygen equation but as a source in the acid carbon equation.
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For inflowing deep ocean water, we assume constant alkalinity and constant total
carbon concentration.

4.6.3 Details of calculations

Equations are solved for a 250m deep estuary with a geometry similar to that of the
Baltic Sea. The two new equations are modeled as equations 11 and 12 in subroutine
case_ex10.f. In the example, we do not solve for nutrient and plankton concen-
trations. The atmospheric partial pressure of CO2 is assumed to be constant. We use
an autumn convection value similar to that used before, by prescribing the winter
values of aC and bC. Note that all concentrations are now expressed in mol kg�1

instead of mol L�1. In brackish seas, 1 L of seawater weighs nearly 1 kg. FORTRAN
settings for the case are presented in subroutine case_ex10.f (for the programs
needed see Appendix C), where the equations for the concentrations of nutrients and
plankton need to be inactive.

4.6.4 Results

Figure 4.13 presents the calculated partial pressure of CO2. As no primary
production is taking place, the partial pressure of water becomes oversaturated
and is influenced strongly by temperature. The pCOw

2 increases in summer and
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Figure 4.13. Calculated partial pressure of CO2 without primary production.



decreases in winter. The flux calculations presented in Figure 4.14 therefore indicate
outgassing from the sea, particularly in summer. In coastal seas, pCOw

2 is instead
often controlled by primary production; this will be the topic of the next section.

Exercise 4.4

Rivers flowing into the Baltic Sea are generally oversaturated with CO2 (typical
concentrations being 1,350 matm; Humborg et al., 2009), and total alkalinity
averages 1,200 mmol kg�1. Calculate the typical CT and AT concentrations in
the Baltic Sea, assuming river runoff of 15,000m3 s�1 and an equally large inflow
of saline water of 17 salinity units. Typical total alkalinity and total inorganic
carbon concentrations in inflowing water are equal to 2,000 mmol kg�1 and
1,800 mmol kg�1, respectively.

4.6.5 Discussion

The effects of primary production and mineralization will be analyzed in the next
section. So far in our biogeochemical modeling of the sea, we have not considered ice
and open water; therefore, the effects of ice growth/decay and CO2 dynamics need
further consideration. The CO2SYS program (http://cdiac.ornl.gov/ftp/co2sys/)
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Figure 4.14. Calculated CO2 flux in a coastal sea without primary production. Note that

positive fluxes imply that the flow is from the sea.

http://cdiac.ornl.gov/ftp/co2sys


developed by Lewis and Wallace for CO2 calculations is a useful tool for conducting
various numerical tests on carbon chemistry.

4.7 MODELING THE DYNAMICS OF PLANKTON, OXYGEN,

AND CARBON

4.7.1 Introduction

In this section, we will learn how to analyze the coupling between biological
production and the dynamics of carbon/oxygen (Figure 4.15). The plankton
model presented in Section 4.5 will now be used, together with the inorganic
carbon model presented in Section 4.6. We will find a strong interaction between
their dynamics.

4.7.2 Mathematical formulation

For the equations of the physical model, the reader is referred to Chapter 3. In the
following, we only consider the changes needed to model carbon dynamics. We must
also consider the dynamics of primary production, nutrients, and oxygen. We now
summarize what we have learned from the previous chapters.
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Figure 4.15. The ocean carbon cycle including biological factors where CT and Corg denote

total inorganic carbon and organic carbon, respectively.



Air–water surface boundary conditions are described as:

�eff
��O2

@ O2C

@z
¼ FO2

�eff
��ppC

@ ppC

@z
¼ 0

�eff
��nC

@ nC

@z
¼ 0

�eff
��aC

@ aC

@z
¼ FCO2

�eff
��bC

@ bC

@z
¼ 0

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

ð4:33Þ

where the fluxes read:

FO2
¼ vO2

ðO2 �O2surð1þ cbuÞÞ

FCO2
¼ kwCO2

�CO2
ð pCOw

2 � pCOa
2Þ

)
ð4:34Þ

River water adds carbon and phosphorus to the water. For the nomenclature, see
Appendix B.

4.7.3 Details of calculations

Equations are solved for a 250m deep estuary with a geometry similar to that of
the Baltic Sea. FORTRAN settings for the case are presented in case_ex10.f (for
the programs needed see Appendix C), in which the equations for nutrient and
plankton concentrations need to be active (see chapter 1 in the subroutine).

4.7.4 Results

Figure 4.16 presents partial pressure calculated by modeling. The partial pressure of
CO2 is now reduced in summer, and displays decreasing values associated with
increased primary production. While flux has both positive and negative signs
(Figure 4.17), flux into the sea is increasing. During primary production, the
partial pressure in water decreases and becomes less than that in the atmosphere,
so CO2 flux is into the sea. Primary production thus overcomes the temperature effect
in summer. In winter, the partial pressure in water is greater than that in the atmo-
sphere and the flux is out of the sea. Observations of the partial pressure of CO2 in
coastal seas thus yield important information about biological production and
should be used when developing and testing ecosystem models (Schneider,
Kaitala, and Manula, 2006).
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Figure 4.16. Calculated partial pressure of CO2 with primary production.

Figure 4.17. Calculated CO2 flux with primary production.



Exercise 4.5

Observations from the central Baltic Sea indicate that the partial pressure of CO2

in the water declines to nearly 150 matm in summer. Several mechanisms may
explain this, including the fact that nutrients are recycled more actively in the
photic zone than carbon. Explore this by letting phosphorus recycle during pri-
mary production.Hint: Use PFRAC in case_ex10a.f. Include estuarine circula-
tion, which generates oxygen-rich bottom water and inhibits phosphorus leakage
from bottom sediments. Assume inflow values according to Exercise 4.4.

4.7.5 Discussion

Primary production and mineralization are modeled independently of each other,
even though we would expect a close relationship. A better method is to relate
mineralization to the increase of CT in deep water during periods of stagnation
(Schneider, Nausch, and Pohl, 2010). This, together with such aspects as nutrients
(other than phosphorus) and the effects of various algae species, needs further
consideration.
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5

Construction of nets of sub-basins

5.1 MODELING TWO-COUPLED SUB-BASINS

5.1.1 Introduction

In many aquatic applications, geometry and dynamics split a water body into regions
controlled by different physical processes (Figure 5.1). A useful approach is to model
the system as a net of sub-basins and separately examine the effects of local factors
and the interaction between surrounding basins. This approach is an obvious choice
for lakes with complex geometries due to straits, bays or islands, estuaries, and semi-
enclosed seas, but it could also be used in the mass balance studies of large water
bodies, such as oceans; for example, we could examine water balance by looking at
the exchange of water between the Arctic and Atlantic Oceans. In this chapter, we
will first learn how to couple two coastal basins and how to include a moving grid for
calculating changes in water levels. From the exercise we will learn how to expand
the two-basin model into a three-basin model. Then we will examine a fully coupled
sub-basin system that divides the Baltic Sea into 13 sub-basins. Coupling between the
sub-basins is through the exchange of water and properties between the sub-basins.
The same method has already been used for complex lakes such as Lake Mälaren in
Sweden, archipelago seas (e.g., Engqvist and Omstedt, 1992; Engqvist and
Stenström, 2004; Sahlberg, 2009), and the Baltic Sea (e.g., Gustafsson, 2000a, b;
Omstedt and Axell, 2003, Stigebrandt, 1983).

5.1.2 Mathematical formulation

In this section, we will first model a two-basin coupled system. Modeling starts from
the mathematical model developed in Chapter 3 and adds the effects of horizontal
exchange between the two sub-basins. For both basins, the following equations are
used.

99A. Omstedt, Guide to Process Based Modeling of Lakes and Coastal Seas, Springer Praxis Books,
DOI 10.1007/978-3-642-17728-6_5, © Springer-Verlag Berlin Heidelberg 2011



The transport equations for horizontal momentum read:

@�U

@t
þW

@�U

@z
¼ @

@z

�eff
�

@�U

@z

� �
þ f �V ð5:1Þ

@�V

@t
þW

@�V

@z
¼ @

@z

�eff
�

@�V

@z

� �
� f �U ð5:2Þ

WðzÞ ¼ ½QðzÞin �QðzÞout�=AðzÞ ð5:3Þ

where U and V represent current in the east and north directions; W is vertical
velocity calculated from the differences between inflows and outflows; A is area; f
is the Coriolis parameter; � is water density, and �eff is effective dynamic viscosity.

Vertical velocity is derived by integrating the continuity equation (Equation 2.9),
and coupling between the different sub-basins is done by adding properties that are
transported by inflows. Outflow properties are calculated from the sub-basin itself.

The conservation equation for heat reads:

@�0cpT

@t
þW

@�0cpT

@z
¼ @

@z

�eff
�0�eff

@�0cpT

@z

� �
þ GSun þ Gh ð5:4Þ

GSun ¼ Fw
s ð1� �Þe��ðD�zÞ ð5:5Þ

Gh ¼ �cp
QinTin

DVin

�QoutT

DVout

� �
ð5:6Þ

where GSun and Gh are source terms associated with solar radiation and heat
associated with inflow and outflow; Tin is inflow temperature; and DVin and DVout

are volumes at the depth where inflow and outflow take place. When inflowing heat
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Figure 5.1. The bathymetry of the Mediterranean–Black Sea system depicting narrow straits,

deep sub-basins, and archipelago seas.



is higher/lower than outflowing heat, Equation 5.6 tells us that the source terms add/
subtract heat to/from the basin.

The conservation equation for salinity reads:

@S

@t
þW

@S

@z
¼ @

@z

�eff
�0�eff

@S

@z

� �
þ Gs ð5:7Þ

Gs ¼
QinSin

DVin

�QoutS

DVout

�
QfSsur

DVsur

ð5:8Þ

where Gs is the source term for salt transport associated with inflow and outflow; and
Ssur is surface salinity. From Equation 5.8 we can learn that river runoff always
reduces salinity.

5.1.3 Details of calculations

Equations are solved for a 250m deep inner basin coupled to a 100m deep outer
basin. Initial conditions assume constant salinity and temperature profiles in the
outer basin, while in the inner basin the salinity and temperature profiles are
stratified. River runoff is taken to be 15,000 (m3 s�1) into the inner basin and zero
into the outer basin. Coupling between sub-basins occurs through baroclinic
exchanges with inflow to the inner basin equaling river runoff and outflow from
the inner basin equaling twice river inflow. We use two datasets for meteorological
forcing. FORTRAN settings for the case are presented in the subroutines
basin1.f and basin2.f. Note that a moving grid can be specified in the sub-
routines by setting MOVE=.TRUE., and that the variable names of the properties
that are changed between the two basins need to be given in Comp2.inc.

5.1.4 Results

The results of a coupled simulation are presented in Figures 5.2 and 5.3. The salinity
response of the outer basin is presented in Figure 5.2. The calculation shows the
development of a brackish surface layer in the upper 20m of the basin. Figure 5.3
presents the corresponding result for the inner basin, where inflowing water forms a
dense bottom layer.

Exercise 5.1

Add a third basin and present salinity variations for the new coupled system.Hint:
Add a new inner basin to the two-basin model and assume river runoff of
5,000m3 s�1 into the new basin. Assume a sill depth of 20m between the outer
and middle basins and 30m between the middle and inner basins.
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Figure 5.2. The salinity response in the outer basin over a one-year run.

Figure 5.3. The salinity response in the inner basin over a one-year run.



5.1.5 Discussion

In the present section, we have not dealt with horizontal mixing processes, such as
front mixing and dense bottom current mixing. These processes are often crucial;
suggestions for how to model them are available in the literature. For example,
Stigebrandt (1987) introduces a model incorporating dense bottom currents and a
buffer volume in the Baltic Sea entrance area. Mattsson (1996) introduces a buffer
volume, as well as selective withdrawal, in the Öresund. Several aspects of plume
mixing and dense bottom currents can easily be tested and evaluated in coupled-
basin modeling.

5.2 THE PROBE-BALTIC MODEL SYSTEM: PHYSICAL ASPECTS

5.2.1 Introduction

The PROBE-Baltic model (Figure 5.4) is a process based model applied to the Baltic
Sea; its development started in the early 1980s. The first problems considered were
cooling of the sea surface layer around the temperature of maximum density
(Omstedt, 1983; Omstedt, Sahlberg, and Svensson, 1983) and the forecasting of
sea surface cooling (Omstedt, 1984).

A four-coupled basin model of the Baltic Sea entrance area was then formulated
to analyze the effects of advection on surface heat balance (Omstedt, 1987a, b). In
1990, the first version of PROBE-Baltic was published (Omstedt, 1990a); it divided
the Baltic Sea into 13 sub-basins (Figure 5.5) and began to be used as a forecasting
model (Omstedt, 1990c). Sea ice was not included at this stage, but a new ice model
of coastal seas was developed (Omstedt, 1990b). Sea ice processes were then included
in PROBE-Baltic, and a coupled ice–ocean version was published in 1996, in which
climate sensitivity of the Baltic Sea was examined (Omstedt and Nyberg, 1996).
Deep-water circulation, salinity, and temperature variations were later examined
using this coupled version (Omstedt and Axell, 1998, 2003). The 2003 paper fully
describes physical modeling, so this material will not be repeated here. The PROBE-
Baltic model has also been used in a number of other studies related to climate,
water, and heat balances (e.g., Hansson and Omstedt, 2008; Omstedt and Hansson,
2006a, b; Omstedt, Meuller, and Nyberg, 1997; Omstedt and Nohr, 2004; Omstedt
and Rutgersson, 2000; Omstedt et al., 2000; Rutgersson, Omstedt, and Räisänen,
2001; Rutgersson, Smedman, and Omstedt, 2002).

The biogeochemical modeling undertaken by the PROBE-Baltic model currently
includes the dynamics of oxygen in the Baltic Sea (Gustafsson and Omstedt, 2009)
and the dynamics of plankton, nutrients, and carbon in the Baltic Sea (Omstedt,
Gustafsson, and Wesslander, 2009; Omstedt et al., 2010). The work was inspired by
new measurements of the CO2 system made by Bernd Schneider’s group at the
Leibniz Institute for Baltic Sea Research, Warnemünde, Germany and by the
modeling of nutrient balances and eutrophication of the Baltic Sea by a number
of workers (e.g., Marmefelt, Arheimer, and Lagner, 1999; Savchuk and Wulff, 2007;
Schneider, Kaitala, and Manula, 2006; Stigebrandt and Wulff, 1987).
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Figure 5.4. Some of the major physical processes modeled in PROBE-Baltic.



The main aim of this and the next two chapters is to introduce the reader to the
PROBE-Baltic model which incorporates fully coupled physical and biochemical
modeling systems. Any model system should include numerical code and initial,
forcing, and validation data. Great efforts have been made to develop these modeling
aspects in the PROBE-Baltic system, and validated forcing files extending back to
1500 are now available. The present educational version of PROBE-Baltic, however,
will only deal with simulations from 1958 to 2008; supplementary material for longer
runs is available and described in Appendix C.
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Figure 5.5. The division of the Baltic Sea–Skagerrak system into 13 natural sub-basins defining

the sub-basins of the PROBE-Baltic model.



5.2.2 Mathematical formulation

The modeling of transport equations for horizontal momentum, conservation of
heat and salt, and turbulence uses the same mathematical formulations discussed
in Section 5.1.2; therefore, they will not be repeated here. In the following we will
discuss some basic aspects of modeling. Vertical mixing is associated with a transient
turbulent Ekman layer. However, for the Danish Straits, a transient turbulent
channel model is introduced instead, with one channel model for the Great Belts
and another for the Öresund. The transport equation reads:

@�0U

@t
þW

@�0U

@z
¼ @

@z

�eff
�0

@�0U

@z

� �
� g�0

@�

@x
ð5:9Þ

where U represents the current toward the channel; W is vertical velocity calculated
from the difference between inflow and outflow; g is the gravity constant; �0 is water
density; � is sea level; and �eff is effective dynamic viscosity. In the following we only
consider variations in the x-dimension and sea level variations calculated from
differences with surrounding sub-basins.

The various sub-basins are horizontally coupled to each other through the
inflows and outflows and their upstream properties. For Baltic Sea modeling, we
use three types of models. Barotropic exchange driven by sea level variations across
the Danish Straits (i.e., barotropic flow) is calculated from:

Q2
b ¼

1

cs
Dz ð5:10Þ

where Dz is sea level difference between the two surrounding basins; Qb is barotropic
inflow or outflow through the Baltic Sea entrance area; and cs is a strait-specific
constant.

Baroclinic exchange associated with stratified fluids often has a large impact. In
straits wider than the Rossby radius of deformation, we assume a geostrophic
baroclinic formulation for surface water outflow as follows:

Qg ¼
g
�2 � �1
�0

� �
H 2

sur

2f
ð5:11Þ

where Hsur represents the mixed surface layer thickness of density �1 overlying a
deeper layer of density �2. For deep-water inflows, the corresponding formulation
reads:

Qg ¼
g
�2 � �1
�0

� �
ðHsill �HsurÞ2

2f
ð5:12Þ

where Hsill is sill depth.
For straits narrower than the internal Rossby radius of deformation,

geostrophic flow will not constrain the flow; so we consider geometrical constriction
instead; the concept of baroclinic control can then be applied (Stigebrandt, 2001).

106 Construction of nets of sub-basins [Ch. 5



5.2.3 Details of calculations

The model system is organized as a number of directories. The full model including
the Intel Visual FORTRAN platform under the directory probe_baltic should
be copied to the D: drive from which it can be run. If other drives are used, all
addresses in the programs will need to be changed. The structure of the directories is
outlined below:

probe_baltic
interpolating
p13_70

data
in
ori_graph
ori_surf
Out
Phy

where p13_70 includes the full system with forcing data in data, initialization
routines in in, output files in Out, and all FORTRAN files in Phy. As PROBE-
Baltic uses moving grid cells associated with sea level variation, the output files often
need to be interpolated to a regular grid before being plotted using standard plotting
programs. This is done in the interpolating directory; interpolated files are
written to ori_graph for time series plots and to ori_surf for surface plots.
To run the model system, we must consider the following:

1. Changes in model setup: This includes the kind of model we would like to use.
In basin1.f, three models are currently available:

IBIO=1 The PROBE-Baltic and the CO2 model system
IBIO=2 The PROBE-Baltic physical model system
IBIO=3 The PROBE-Baltic and the O2 model system

After opening the Intel Visual FORTRAN project Fversion1.vfproj and
making the necessary changes in the FORTRAN files, the project can be built.

2. Changes in initial data: The In directory includes initialization tables from
which both time and starting profile can be changed. The physical parameters
are given in INIT_TABF58.DAT and the biogeochemical parameters in
INIT_TABB58.DAT. After correcting the date and initial profiles, we must
run the Finit.vproj and copin_xx.bat files.

3. Changes in simulation time: In p13_70, the DATE.DAT file must be specified
with regard to the starting time (must be the same as in INIT_TABF58.DAT
and TABB58.DAT) and the running time must be specified in hours.

4. The system is run from Fversion1.vfproj under the probe_baltic
directory.
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When the run is ready, interpolation can be done under the interpolating
directory. In this directory, we need to run Finterpolering.vfproj. First,
however, the IBIO model must be defined in the to_surf_graph.for sub-
routine. Starting time, stop time, and number of profiles (npr) should also be
defined. In this chapter, we will only investigate the physical properties and,
therefore, use the IBIO=2 model version.

5.2.4 Results

Figures 5.6–5.8 present the time series of temperature, salinity, ice thickness, and ice
concentration in Bothnia Bay, the most northerly sub-basin in the Baltic Sea. The
simulation indicates large seasonal and interannual variation. When analyzing inter-
annual variation, it is often useful to consider maximum summer temperature, which
varies in the present simulation between approximately 13�C and 19�C.

Seasonal variation in surface salinity is due to the summer thermocline, which
reduces the mixing depth. This implies that river runoff spreads out into a thinner
layer and reduces surface salinity. Deep-water temperature and salinity data indicate
inflows to Bothnia Bay every year. In Figure 5.7, we can also see variations over
longer time scales, with a decrease in salinity from approximately 1982 to 2001, after
which it increases. This variation is also noticeable in observed mean Baltic Sea
salinity (Winsor, Rodhe, and Omstedt, 2001, 2003).

The ice thickness and concentration indicate that the ice concentration rapidly
increases in early winter; later, however, the ice cover may shrink and then deform
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Figure 5.6. Calculated surface and bottom temperatures in Bothnian Bay.



due to changing wind patterns and ice ridging. Interannual variation during the
simulation is also quite large.

A useful test of any numerical model is to plot a temperature–salinity (T–S)
diagram (Figure 5.9). Calculations in this figure are from the central Baltic Sea for a
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Figure 5.7. Calculated surface and bottom salinities in Bothnian Bay.

Figure 5.8. Calculated sea ice concentration and thickness in Bothnian Bay.



10-year period. The T–S structure indicates three typical water masses. The first is
the surface layer, characterized by large temperature and small salinity variations.
The second is the halocline depth, characterized by rather small variations in both
salinity and temperature. The third water mass is deep water, characterized by large
salinity variations but small temperature variations.

From the T–S diagram and by comparing calculated and observed data, we
can learn much about many important aspects of the model. The calculated T–S
structure may indicate whether the model has strong numerical diffusion, whether
deep-water mixing is reasonably parameterized, and whether the modeling of
inflowing water masses is correct.

Exercise 5.2

Run the PROBE-Baltic model system for the 1958–2008 period, but only take the
physical aspects into consideration. Examine the ice thickness calculated for the
Gulf of Riga over the 1960–2008 period. What is the typical ice thickness in the
Gulf?

5.2.5 Discussion

The model system can now be used in various studies, and new understanding of the
processes involved in heat fluxes, sea ice, turbulent mixing, and dense bottom cur-
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Figure 5.9. Calculated temperature–salinity (T–S) diagram for the Eastern Gotland Basin

(1960–2008).



rents can be tested. In addition, new knowledge of climate and environmental change
can be evaluated, as can new ideas for managing the sea by employing large-scale
engineering solutions.

5.3 THE PROBE-BALTIC MODEL SYSTEM: OXYGEN ASPECTS

5.3.1 Introduction

The dynamics of oxygen is influenced by air–sea interaction, biological production,
and the sinking of surface water to deeper parts, where oxygen is reduced due to
mineralization of biological material (Figure 5.10). In deeper parts, the reduction of
oxygen due to mineralization can be parameterized using constant mineralization
rates established from the oxygen data for each sub-basin (Gustafsson and Omstedt,
2009). Oxygen modeling is examined in the next section.
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Figure 5.10. Observed salinity and oxygen concentration (mLL�1) at station BY15 in the

central Baltic Sea (from Gustafsson and Omstedt, 2009).



5.3.2 Mathematical formulation

All equations are written in their conservative form. The physical mathematical
formulation is outlined in Section 5.2; the oxygen equation is written as follows:

@ O2C

@t
þW

@ O2C

@z
¼ @

@z

�eff
�0�O2

@ O2C

@z

" #
þ SO2

ð5:19Þ

where O2C is the concentration of oxygen; �eff is effective dynamic turbulent
viscosity; �O2

is the Schmidt number; � is density; and SO2
represents the source/

sink term but will only be treated in this section as a sink term associated with
mineralization.

The boundary condition for the air–water interface is given by:

�eff
�0

@ O2C

@z
¼ VO2

ðO2 �O2surð1þ cbuÞÞ ð5:20Þ

where O2sur is the oxygen saturation concentration at the surface; this depends on
temperature and salinity (Weiss, 1970). Stigebrandt (1991) introduces the bubble
factor cbu and estimates it to be 0.025. VO2

is an exchange velocity dependent on
wind speed; it can be written according to Liss and Merlivat (1986) as:

VO2
¼ 5:9ffiffiffiffiffiffi

Sc
p ðaWa þ bÞ ð5:21Þ

where Sc is a temperature-dependent Schmidt number for oxygen; Wa is wind speed;
and a and b are empirical parameters.

The mineralization of biological material can be formulated as follows:

SO2
¼ ��1minwmin ð5:22Þ

where wmin is the mineralization rate below the thermocline; and �1min is a constant.
Downstream change in the amount of oxygen in the dense bottom current also

needs to be considered and, following an approach similar to that used in Section
5.2.2, this change reads:

dO2dC ¼ dqðO2eC �O2dCÞ
qþ dq

ð5:23Þ

where dO2dC denotes change in the level of oxygen in the dense bottom current; index
d corresponds to the dense current; and index e to the surrounding water.

5.3.3 Details of calculations

For oxygen calculations, the PROBE-Baltic system can be run using IBIO=3, which
should be specified in basin1.f. From oxygen observations, Gustafsson and
Omstedt (2009) determine mineralization rates to be as presented in Table 5.1.
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Table 5.1. Mineralization rates determined from observations for

some sub-basins (from Gustafsson and Omstedt, 2009).

Sub-basin Mineralization rate (mLO2 L
�1 yr�1)

Öresund 10

Belt Sea 10

Arkona Basin 10

Bornholm Basin 4.5

Eastern Gotland Basin 2

Mineralization rates in mLO2 L
�1 yr�1 can be transformed into mol kg s�1 by

multiplying them by 44.6� 10�6=(365� 24� 3,600). These values are currently
used in the PROBE-Baltic system.

5.3.4 Results

The results of a 50-year model simulation are discussed below. Figures 5.11 and 5.12
present some results for the central Baltic Sea. The concentration of surface oxygen
displays a clear seasonal cycle, with increased oxygen concentration in winter due to
higher oxygen solubility in cold water. Biological production is not included in the
oxygen model, which is the reason oversaturation during primary production is not
modeled using IBIO=3.

Calculated concentrations of surface oxygen are mainly determined by the
interaction between the sea and air and the solubility of oxygen in surface water.
In deeper layers (Figure 5.12), the alternation between stagnation and inflow periods
strongly influences the concentration of oxygen.

Exercise 5.3

Run the PROBE-Baltic oxygen model and investigate the dynamics of salinity and
oxygen over the 1960–2008 period. Hint: Compare the model results with the
observed results presented in Figure 5.10.

5.3.5 Discussion

Though the dynamics of oxygen has been treated in a simplified way, it is interesting
to note that the results are pretty realistic. This implies that physical transport is
important for biogeochemical systems and that much can be learned from a good
description of physical transport. Modeling the mineralization of biological material,
however, is a major scientific issue that needs further consideration.
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Figure 5.11. Calculated surface temperature and oxygen concentration in the central Baltic

Sea.

Figure 5.12. Calculated oxygen concentration in the central Baltic Sea.



5.4 THE PROBE-BALTIC MODEL SYSTEM: BIOGEOCHEMICAL

ASPECTS

5.4.1 Introduction

The present version of the model simulates the dynamics of carbon dioxide in surface
water. This requires consideration of several processes related to the physical, chem-
ical, and biological aspects of coastal seas. CO2 exchange between the ocean and
atmosphere is a function of the difference in partial pressure of carbon dioxide at the
air–water interface and of the exchange processes in the ocean and atmosphere.
Partial pressure at the water surface is controlled by biological, chemical, and phys-
ical processes in the ocean, while the exchange processes in the atmosphere depend
on the turbulence structure (e.g., wind speed and atmospheric stability). The main
biogeochemical processes that need to be considered are depicted in Figure 5.13.
Phytoplankton growth, which depends on light and nutrient availability, forms the
basis of the biological uptake of CO2 in the surface water. Phytoplankton exude
dissolved organic matter and are grazed on by zooplankton; detritus forms from
dead phytoplankton and zooplankton and from the fecal pellets of zooplankton. The
dissolved organic matter mineralizes to carbon and nutrients. Nutrients, such as
phosphate and nitrate, limit plankton growth and are involved in processes such
as vertical mixing, river runoff, and resuspension. Rivers may also transport large
amounts of total inorganic and organic carbon into the surface water. River input of
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Figure 5.13. Sketch of the processes modeled in the biogeochemical part of the PROBE-Baltic

system (from Omstedt, Gustafsson, and Wesslander, 2009).
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Solutions manual

6.1 SOLUTIONS TO EXERCISES IN CHAPTER 2

Exercise 2.1

The mean depth of the Baltic Sea is 54m and its surface area is 3.9� 105 km2. How
much would the level of the Baltic Sea increase over a year with river water inflow
of 15,000m3 s�1 and no outflow? If the outflowing volume was 30,000m3 s�1, how
large would the inflowing volume need to be to keep the sea level constant? If the
salinity of inflowing water was 17 salinity units, what would be the salinity in the
basin?

Answer: The annual river runoff volume is 15,000 (m3 s�1)� 365� 24� 3,600(s)¼
473 km3. If this water volume were distributed over the whole area, sea level change
would be 473 (km3)/3.9� 105 (km2)¼ 1.2 (m). Typical river runoff to the Baltic Sea
thus corresponds to a height of 1m; the corresponding value for net precipitation is
0.1m.

From volume and salt conservation principles, we understand that:

Qout ¼ Qin þQr

SinQin ¼ SQout

From the volume conservation principle we find that Qin ¼ 15,000m3 s�1, and from
the salt conservation principle we find that S ¼ 17� 15,000 (m3 s�1)/30,000
(m3 s�1)¼ 7.5. Thus, salinity in the basin is 7.5. The Knudsen theorem on which
these principles are based is frequently used in Baltic Sea research.
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means are plotted. Note that the largest sea level change occurred at the end of the
19th century, probably associated with the ending of the Little Ice Age. By calculat-
ing the residual between the 15-year smoothed sea level variation and the trend for
the last period, we obtain the signature of sea level variability as depicted in Figure
6.7(c).

6.2 SOLUTIONS TO EXERCISES IN CHAPTER 3

Exercise 3.1

Run the Ekman boundary layer model until a steady state is reached using the
decay coefficient of Liljebladh and Stigebrandt (2000). Investigate grid and time
step independence: How many grid cells are needed? How large should the time
step be?

Answer: In this exercise, we use subroutine case_ex1.f, which is linked to the
main program probe2002.f. The only changes needed are those made in
case_ex1.f. The number of grid cells is denoted N and the time step is denoted
TFRAC(2). The number of grid cells available is N-2 and the default value is 100
(consult Appendix D). If we do not change the default value, the number of grid cells
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(c)

Figure 6.7 (cont.). Stockholm’s sea level variation with trends: (c) residual to trend of smoothed

sea level variation.



Answer: Stratification effects can be estimated by analyzing the Richardson number
(Ri):

Ri ¼

�g
�

@�

@z

@U

@z

� �
2

þ @V

@z

� �
2

� �

When the Richardson number is small, typically less than 0.25, velocity shear is
considered sufficient to overcome stratification. From scale estimates, we obtain:
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where Hc and Hs represent the typical length scales of current shear and density
stratification, respectively. In our example, we set Hc and Hs equal to 10m. With a
salinity difference of 1, estimated tidal velocity gets close to 0.6m s�1. Thus, with a
tidal current of approximately 0.6m s�1, we should expect stratification to vanish.

We now investigate this in our numerical model by adding tidal forcing to the
model described in Section 3.8. The result (Figure 6.14) indicates that stratification
breaks down when tidal amplitudes are less than 1m but larger than 0.5m.

6.3 SOLUTIONS TO EXERCISES IN CHAPTER 4

Exercise 4.1

Introduce estuarine circulation to the model by assuming that river inflow and
deep-water inflow are both equal to 15,000m3 s�1 and that the oxygen concentra-
tion in inflowing deep water is of surface origin. Calculate oxygen variation over a
2-year period. Introduce one extra equation for water age, assuming that it is zero
at the surface. Hint: Set the source term in the equation for water age equal to
1/yr¼ 3.17� 10�8 s�1. What is the typical age of deep water?

Answer: To model water age, we need to make some changes in subroutine
case_ex7.f . First, in chapter 1 of the subroutine a new equation needs to be
added by writing SOLVAR(8)=.TRUE. The initial conditions need to be specified
and can be put to zero assuming we only consider the age of the water from the start
of the calculation. The source term, as outlined in the exercise, models the aging of
the water. The boundary conditions only need to state that the value at the surface is
zero or IKBHZ(8)=1. The statement means that the boundary condition at the
surface is a prescribed value with a default of zero. Finally, we need to consider
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(a)

Figure 6.14. Two-year simulation of salinity including estuarine circulation and tidal forcing

with amplitudes of (a) 0.5m and (b) 1m.

(b)



Now, using this information, we can calculate the CT and AT concentrations in the
sea:

AT ¼ ½ATin
Qin þ ATr

Q
=Qout ¼ ½2,000� 15,000þ 1,200� 15,000
=30,000

¼ 1,600 mmol kg�1

CT ¼ ½CTin
Qin þ CTr

Q
=Qout ¼ ½1,800� 15,000þ 1,350� 15,000
=30,000

¼ 1,575 mmol kg�1

The steady-state values are compared with a 15-year transient run in Figure 6.18.
The transient run surface values approach the steady-state values after a several year
run.

Exercise 4.5

Observations from the central Baltic Sea indicate that the partial pressure of CO2

in the water declines to nearly 150 matm in summer. Several mechanisms may
explain this, including the fact that nutrients are recycled more actively in the
photic zone than carbon. Explore this by letting phosphorus recycle during pri-
mary production.Hint: Use PFRAC in case_ex10a.f. Include estuarine circula-
tion, which generates oxygen-rich bottom water and inhibits phosphorus leakage
from bottom sediments. Assume inflow values according to Exercise 4.6.5.

Answer: In case_ex10a.f, we now set PFRAC=0.3, which implies that the
Redfield ratio between C and P is changed from 106 :1 to 353 :1. The results depicted
in Figure 6.19 indicate that the partial pressure in water is considerably reduced.

6.4 SOLUTIONS TO EXERCISES IN CHAPTER 5

Exercise 5.1

Add a third basin and present salinity variations for the new coupled system.Hint:
Add a new inner basin to the two-basin model and assume river runoff of
5,000m3 s�1 into the new basin. Assume a sill depth of 20m between the outer
and middle basins and 30m between the middle and inner basins.

Answer: A third basin similar in size to the Gulf of Bothnia is added to the two-basin
system. The area–depth distributions could be roughly modeled by changing the
values of ZDIM, INDARE, and AREAHZ in the three sub-basins. Typical surfaces in
the basins are set according to 2.E10, 2.7E11, and 1.E11 for the outer, middle,
and inner sub-basins, respectively. In the present case, a very simple model of strait
flows is assumed, with constant inflows and outflows driven by freshwater inflow to
each of the basins. The resulting salinities are strongly influenced by the geometry of
the sub-basins and sill depth, as depicted in Figure 6.20(a–c).
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(a)

Figure 6.18. Transient model calculations for (a) salinity and (b) total alkalinity (mmol kg�1)
using constant river and ocean inflows and values according to the exercise.

(b)
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Figure 6.19. Calculated (a) partial pressure and (b) flux of CO2 in the water incorporating

primary production and PFRAC=0.3.
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(a)

Figure 6.20. Calculated salinity in the outer basin (a) and the middle basin (b).

(b)
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Figure 6.20 (cont.). Calculated salinity in the inner basin (c).
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Summary and conclusions

The intent of Guide to Process Based Modeling of Lakes and Coastal Seas is to
introduce its readers to the subject and provide them with a basic scientific under-
standing of and tools needed for aquatic studies. The book encourages the reader
to solve geophysical problems using a systematic, process based approach. This
approach divides the water body studied into dynamically relevant parts or
natural sub-basins and identifies the major processes involved in the water body.
Based on field observations and simplifications, the dynamics of the water body
is then expressed mathematically and tested carefully against relevant analytical
solutions, extremes, and observations.

After a background in lake and coastal sea physics and biogeochemistry the
modeling started by addressing the Ekman ocean boundary layer. This gave the
reader insight into numerical modeling and emphasized the importance of consider-
ing analytical solutions; we also learned how to test a solution for grid independence
and time resolution. Section 3.4 considered the modeling of lakes. A simple slab
model was developed for shallow lakes, while for deep lakes we considered how to
model the effects of pressure on the temperature of maximum density. We learned
how to read meteorological data and calculate corresponding heat fluxes at the
atmosphere–water interface. The first ocean model was then developed by adding
the salinity equation to the lake model. Basin geometry and river runoff were then
added to the model and the heat and salt conservation properties were investigated.
The reader discovered that salt conservation was quite easily achieved; heat con-
servation, however, required sea ice to be included in the model. This was the topic
of Section 3.6, which considered the modeling of sea ice with its new boundary
conditions. The importance of turbulent modeling was studied in Section 3.7.
Various models, from zero-equation to two-equation models, were investigated.
The reader learned the importance of employing good turbulent models and of
considering deep-water mixing. Then, we addressed how to include tides in the
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Appendix A

Introduction to FORTRAN

Introductions to FORTRAN languages can be easily found on the Internet by
searching, for example, for ‘‘FORTRAN 77 for beginners’’ using Google.
FORTRAN (FORmula TRANslation), introduced in 1956, was the first high-level
language. It has since been revised several times. FORTRAN 77 is widely used, and
new versions such as FORTRAN 90 and FORTRAN 95 are also available.

There follows a program that illustrates some FORTRAN 77 commands. This
program calculated the barotropic exchange through the entrance to the Baltic Sea
by solving Equation 2.12. Water exchange is driven by sea level variations outside
the entrance area and by freshwater inflow to the Baltic Sea:

C PROGRAM: BAROTROP.FOR
C NAME : WATER BALANCE WITH BAROTROPIC EXCHANGE
C BY : ANDERS OMSTEDT
C DATE : 2009-12-14
C COMMENTS:
C
C———DECLARATION

IMPLICIT NONE
REAL ASUR,QBAR,ZN,ZS,ZBA,ZVI,QF,CS,TSTEP,ZST,ZSTOBS,TIME
INTEGER I,IYMD,IY,IM,ID

C
C———DEFINE FILES

OPEN(21,FILE=’D:\All files\
1 zw.dat’,FORM=’FORMATTED’,STATUS=’OLD’)

C
C———CONSTANTS

ASUR=3.9E11
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Appendix B

Nomenclature

Notation Description Unit

A Area m2

Ai Ice concentration —

Asur Sea surface area m2

Ased Sediment area m2

AT Total alkalinity mol kg�1

�1 Equation of state constant �C�2

�2 Equation of state constant —

�1min Mineralization constant mol kg�1 m�1

�2s Sediment P leakage constant mol kg�1 m�3

�ip Ice strength coefficient m2 s kg�1

BT Total boron mol kg�1

Br Plankton respiration constant —

b Stanton number constant —

�w Extinction coefficient of short-wave radiation —



Appendix C

Data and programs needed for the exercises

The following learning aids can be downloaded from http://extra.springer.com The
extra material is designed to help the reader succeed at process based modeling. Data
and programs are organized in three directories:

1. Forcing fields 1500–2008
2. Process oriented
3. Reconstructions

Within each directory the following information is given.

1. Forcing fields 1500–2008

data All files needed for long runs

2. Process oriented

ch2 Data
ch3 All files

Exercise 3.1
Exercise 3.2
Exercise 3.3
Exercise 3.4
Exercise 3.5
Exercise 3.6

ch4 All files
Exercise 4.1
Exercise 4.2
Exercise 4.3

http://extra.springer.com


Appendix D

The PROBE Manual

PROBE
Program for Boundary Layers in the Environment

(system description and manual)

Updated version 2010

Urban Svensson,1 Lars Axell,2 Jörgen Sahlberg,2 and Anders Omstedt3

D.1 INTRODUCTION

D.1.1 Purpose of the manual

This manual is intended to provide users of the PROBE computer code with the
necessary background information and assistance for successful use. The user is
supposed to have some knowledge of the field of computational fluid dynamics
(i.e., fluid dynamics, numerical analysis, and computer programming). However,
the structure of PROBE allows users to develop their understanding of the code
and computational fluid dynamics in a gradual manner. PROBE in conjunction with
its manual are thus suitable as teaching aids.

1 Computer-aided Fluid Engineering AB, Frankes väg 3, SE-371 65 Lyckeby, Sweden.
2 SMHI, Folkborgsvägen 1, SE-601 76 Norrköping, Sweden.
3 Department of Earth Sciences, University of Gothenburg, Box 460, SE-405 30 Göteborg,

Sweden.



the code. Instructions on the use of PROBE are given in Section D.4. Advice on how
to get the most out of PROBE can be found in Section D.5. In Section D.6 some
concluding remarks are given. Details of the differential equations and finite differ-
ence equations employed in the manual are given in Sections D.9, D.10, and D.11,
respectively.

D.2 BRIEF DESCRIPTION OF BASIC EQUATIONS AND TECHNIQUES

D.2.1 The general differential equation

All differential equations can be formally written as:

@�

@t|{z}
Change in time

þ @

@xi|{z}
Advection

ui� ¼
@

@z
G�

@�

@z

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Diffusion

þ S�0|{z}
Source=sink

ðD:1Þ

where � is the dependent variable; t is time; z is a vertical coordinate; x is a horizontal
coordinate; u is horizontal velocity; G� is the exchange coefficient; and S� are source
and sink terms. For one-dimensional cases the advection term is not active and for
two-dimensional steady-state cases the transient term is absent. The equation is
formulated in the Cartesian coordinate system shown in Figure D.2(a). When �,
for example, is heat energy, the source term will contain terms describing the
penetration of short-wave radiation, while for momentum the pressure gradient is
a typical source term. Advection along the vertical space coordinate is included to
account for vertical transport in a reservoir as a result of inflows and outflows.
However, despite not being fully developed for general application, the term is
formally included in the source term. A complete discussion of all differential
equations is given in Section D.8.

Boundary conditions may be specified in two ways: either the value or the flux of
the variable in question is given. For example, if wind stress on a water surface is
prescribed, it is the flux alternative that is chosen in this case.
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Figure D.2. (a) Coordinate system. (b) Grid cell arrangement.



D.2.2 Numerical methods employed

The general differential equation can be integrated over a specified volume—a grid
cell—with the following result:

�iðDi þ S 0iÞ ¼ �iþ1Ai þ �i�1Bi þ Si ðD:2Þ

where Di, Ai, and Bi are coefficients; and Si and S 0i are source terms. The grid
arrangement is shown in Figure D.2(b). It is seen that variables are stored in N
locations. As two of these are on the boundaries, it follows that the number of cells
is N � 2. Equation (D.2) shows that the value of grid cell i, �i, is related to the values
in the neighboring cells �iþ1 and �i�1. The strength of the connection is given by the
coefficients Ai and Bi, which, on closer inspection, are found to represent transport
effects. A detailed derivation of finite difference equations is given in Sections D.9 and
D.10.

D.3 DESCRIPTION OF THE CODE

In this section PROBE’s structure and how the different subroutines function will be
explained. The reader is advised, while reading the following sections, to cross-refer
of the list of PROBE commands given in the PROBE 2002 FORTRAN program
available in the extra material, see Appendix C.

D.3.1 Flow diagrams

A flow diagram is shown in Figure D.3. As can be seen, the code is divided into two
parts: the user section and the general section. In terms of FORTRAN lines the user
subroutine CASE will only take up a few percent of the total code, amounting to
about 1,500 lines including all comment statements. The diagram shows four links
between the general section and the user section. It should be noted that three of these
are within the DO loop in MAIN, which is responsible for time advancement (or space
in a 2D steady-state calculation). This DO loop runs from chapter 4 to 9 of MAIN, as
indicated. This arrangement makes it possible to interact with calculations in a simple
way. An example of when this is needed is given by the boundary condition at the
water surface for dissolved oxygen. If it is assumed that oxygen content has reached
its saturation value, we have to prescribe this value as a function of temperature,
which is a calculated variable. Continuous interaction is thus needed.

The flow diagram in Figure D.4 shows the special arrangements that are made
for linked runs (NPROBE>1). In this mode PROBE may be thought of as an empty
shell, which can only be filled by the contents of common blocks. The subroutine
STORE has the task of storing common blocks and is thus called when it is time to
read/write a new common block.
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Figure D.3. Flow diagram.
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Figure D.4. Flow diagram showing how linked runs (NPROBE>1) are performed.



BOUND

Transport coefficients close to the boundaries are calculated assuming logarithmic or
linear profiles. When using these profile assumptions, information about the length of
hydrodynamic roughness is needed. This information is given in CASE by specifying
ROULLZ and ROULHZ. The transport laws for heat, salinity, and concentration
include a Stanton number for the variable in question. These numbers are specified
in CASE in the array STANTN.

PEA

This subroutine contains the code of the partial elimination algorithm (see Spalding,
1976). The algorithm helps to make solutions for strongly coupled equations more
stable. In the present context it is the Coriolis force that is responsible for the
coupling.

D.3.3 User section subroutine

Only one subroutine, CASE, can be modified by the user. Going back to the flow
diagram we see that CASE is divided into four chapters, each one having a specific
purpose. Instructions on the use of CASE will be given in Section D.4.

From the flow diagram in Figure D.4 we can see that the information given in
CASE has to be selective for linked runs. This is done by a test (‘‘an if statement’’)
on IPROBE, which is the running index for linked runs.

D.4 HOW TO USE PROBE

Let us now suppose that PROBE has been installed on the user’s computer and some
cases have been run for test purposes. The user is now ready to set up a new problem,
and the best way of doing this is to follow the steps outlined in this section.

D.4.1 Analysis of the problem considered

The first question to address is whether the case considered is in the class of flows that
PROBE can solve. If not, can a meaningful approximation be made? If PROBE is
believed to be applicable, the next step is to characterize the problem in terms of
equations and boundary conditions. It is further recommended that an analysis of
length and time scales is carried out. This will be helpful when the grid size in space
and time is selected. If something like a sine wave can be identified, we may, as a rule
of thumb, need 10 grid cells or time steps to resolve it. This should always be followed
up by making a more careful examination of grid size and time step independence.

To summarize, careful analysis of the problem backed up by expected behavior
of the process that is well founded will significantly simplify the computational task.
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D.4.4 Test calculation

It is advisable to use LSTEP=10 so that preliminary checking and test calculations
can be made. Assuming that compilation errors have been eliminated and that
numbers are produced, the user should proceed by means of the following steps:

— Check the section PRINCIPAL DATA USED. Is everything as expected?
— Check grid and initial profiles in the profile output called INITIAL PROFILES.
— Is the output generated after 10 steps according to expectations?

If no objections have been raised to the results produced, it is time to proceed with a
longer run. However, if the output shows unrealistic or unexpected behavior, we have
to go through the process of analyzing and coding once again.

D.5 ADVICE ON EFFECTIVE USE

D.5.1 Grid independence in space and time

A coarse grid (i.e., few cells and large time steps) needs less computer time and
should be used during the preliminary stages of calculations. However, only a
grid-independent solution, in space and time, represents the true implication of
differential equations. Systematic refinement of the grid must always therefore be
carried out, if a claim regarding solution of differential equations is to be made. It is
thus recommended that a coarse grid, which typically could be 15 grid cells in both
directions, be used in the preliminary stage and a grid refinement study be carried out
before final calculations are performed.

D.5.2 Use of integral checks

Integral checks for heat and salinity are supplied by PROBE. These should always be
studied, as they may indicate errors in boundary conditions or in the stability of the
numerical solution. Note that the available integral checks are not valid if extra
source or sink terms are added to the equations for heat and salinity.

When concentration equations need to be solved, the user is advised to make
estimates of integral balances whenever possible.

D.5.3 Verification studies

In order to gain confidence in predicted results, some form of verification is needed.
Some or all of the following steps may then be considered:

— Is it possible to idealize the situation in such a way that an analytical solution can
be obtained? If so, we could set up PROBE to solve the same situation and any
resultant agreement would only be limited by grid dependence. We should, of
course, never expect more than 5–6 correct figures, due to computer limitations.
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computers to label these two common blocks and then, as mentioned above, give
IA1 the dimension NSTR1 as well.

— TFRAC(1) is the number of TFRAC(2)time steps. TFRAC(1) is converted into
an integer in the code. The default value 108 may be too large for some computers
(especially PCs) to convert into an integer. If this is the case, then reset
TFRAC(1) in chapter 1 of CASE.

When the code has been installed and found to reproduce results from test cases, the
user may wish to change the pre-set maximum number of cells, equations, or linked
runs. This is done in the parameter statements that precede the common blocks.
When any of these values (NIM, NJM, or NPM) is reset, we also need to reset NSTOR1
(for the first common block) and NSTORE (the size of both common blocks,
NSTOR1+108). NSTOR1 is calculated according to:

NSTOR1 ¼ ð32 � NIMþ 27 � NJMþ NIM � ðNJMþ 2Þ þ NIM � NJMþ NPMþ 64Þ
which is equal to 10,304 for pre-set values.

D.6 CONCLUDING REMARKS

As remarked earlier, computational fluid dynamics seldom becomes standard or
simple. It is therefore not possible nor has it been the objective to write a manual
that guarantees effective use of PROBE. Instead, it is hoped that it will assist
potential users. Ultimately, though, their own insight and intelligence will be critical
to its use.

D.7 NOMENCLATURE

The following glossary of FORTRAN variable names is arranged with reference to
the GROUPS in the subroutine DFAULT.

Group Name Type Meaning

1 N Integer Number of grid points

1 TIME Real Integration time

1 TLAST Real Maximum integration time

1 LSTEP Integer Maximum number of time steps

1 IGRID Integer Index for grid

1 CEXPG Real Expansion factor for grid
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Group Name Type Meaning

11 IPSAVE Integer Steps between saved coordinates

11 INIOUT Logical Controls initial output

12 NSTPDT(NPM) Integer array Numbers of steps on each time step for
each run

12 NPROBE Integer Number of linked runs

13 MOVE Logical Activates moving surface mode

13 ZSSTRT Real Initial water surface level

13 PREEVA Real Precipitation/Evaporation

D.8 MATHEMATICAL FORMULATION

D.8.1 Basic assumptions

Most assumptions are related to one-dimensional treatment of the situations con-
sidered. All gradients in horizontal directions can then be neglected. It will further be
assumed that turbulent mixing processes can be described by turbulent exchange
coefficients. This description is based on Reynold’s averaging of Navier–Stokes
equations, which accordingly is assumed to be valid. The introduction of exchange
coefficients and gradient laws exclude the proper treatment of counter-gradient
fluxes. Internal absorption of short-wave radiation is assumed to follow an
exponential decay law. Gravitational effects are assumed to obey the Boussinesq
approximation, and the effect of the rotation of the Earth is described by the Coriolis
parameter.

Vertical advection as a result of inflows and outflows at different levels in a
reservoir can be accounted for in PROBE. However, since the treatment is not
general (e.g., advective momentum transport across boundaries is not allowed),
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the advective term will not be included in the general treatment of the
equations, but will be considered as a source/sink term in the special case mentioned
above.

In the 1997 version of PROBE an option for two-dimensional steady-state
parabolic flows was introduced. In the presentation below the set of equations
for this option can be obtained by replacing the time derivative ð@�=@tÞ with an
advective term ð@�u=@xÞ. A full account of the two-dimensional option is given in
Nordblom (1997).



D.8.8 Equation of state

In the default setting (IEQSTATE=1), the equation of state assumes a quadratic
relationship between temperature and density and a linear relationship between
salinity and concentration, thus:

� ¼ �0ð1� �1ðT � TrÞ2 þ �2S þ �3C1 þ �4C2 þ �5C3 þ �6C4Þ ðD:33Þ

where �0 is a reference density; Tr is the temperature of maximum density; and �1��6

are coefficients. In order to obtain maximum accuracy it may be necessary to tune Tr

and the coefficients. For example, it is necessary to choose Tr with respect to the
salinity interval under consideration.

It is also possible to select the UNESCO formula for the equation of state
(IEQSTATE=2) (see, e.g., Gill, 1982). This formula is more precise than Equation
(D.33) and its coefficients do not need tuning. However, the pressure effects on
density are not included.

D.9 FINITE DIFFERENCE EQUIATIONS FOR

THE ONE-DIMENSIONAL TRANSIENT OPTION

D.9.1 Introduction

There are several ways of deriving the finite difference form of differential equations.
In this section they will be derived by integrating the differential equations over
control volumes. The general outline of the technique follows from Spalding
(1976) or Patankar (1980).

D.9.2 The grid arrangement and the general differential equation

All the differential equations given in Section D.8 may be presented in the general
form:

@�

@t
¼ @

@z
G�

@�

@z

� �
þ S� ðD:34Þ

where � stands for �u when x-direction momentum is considered; and �cT when heat
energy is considered, etc. The source term for the variable � is denoted by S�; and G�
is a transport coefficient defined by:

G� ¼
�eff
�	eff ;�

ðD:35Þ

where 	eff ;� is the effective Prandtl/Schmidt number for the variable �.
This general equation is to be integrated over the control volume with index i

(see Figure D.9). This figure demonstrates vertical variation of a horizontal area,
ArðzÞ. This variation will be considered in a stepwise manner (as illustrated).
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Time will be denoted by t. When we consider control volumes, U stands for up
and D for down along the time axis. N is the number of grid lines in the vertical
direction. NM1 means N � 1 and NM2 means N � 2, etc.

D.9.3 Integration over a control volume

Equation (D.34) is to be integrated over a horizontal area, a vertical distance, and
time. This will be done for the general control volume i. Thus:ðArðiÞ

0

ðzðiþ1=2Þ
zði�1=2Þ

ðD
U

@�

@t|{z}
ðaÞ

¼ @

@z

�
G�

@�

@z

�
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

ðbÞ

þ S�|{z}
ðcÞ

2
64

3
75 dt dz dAr ðD:36Þ

Let us integrate this equation term by term:

Term (a):

ðArðiÞ
0

ðzðiþ1=2Þ
zði�1=2Þ

ðD
U

@�

@t
dt dz dAr ¼ DzðiÞArðiÞð�DðiÞ � �UðiÞÞ ðD:37Þ

Term (b):

ðArðiÞ
0

ðD
U

ðzðiþ1=2Þ
zði�1=2Þ

@

@z
G�

@�

@z

� �� �
dz dt dAr

¼
ðArðiÞ
0

ðD
U

G�
@�

@z

� �
iþ1=2

� G�
@�

@z

� �
i�1=2

� �
dt dAr

¼ Dt ArG�
@�

@z

� �
1þ1=2;t�

� ArG�
@�

@z

� �
i�1=2;t�

� �
ðD:38Þ

where t� is some time between U and D. To increase the numerical stability of the
scheme, time level D will be used for t� whenever possible. With this choice the
numerical solution technique is of the fully implicit kind. In the above expression
Arði þ 1

2
Þ and Arði � 1

2
Þ are used. The stepwise specification of Ar is, however, dis-
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Figure D.9. Illustration of grid and control volumes.



The value of �� is prescribed

For this boundary condition all we need do is introduce new boundary coefficients:

Bð2Þ ¼ TB=Arð2Þ ðD:52Þ

AðNÞ ¼ TS=ArðNM1Þ ðD:53Þ

where TB and TS are transport coefficients at the bottom and surface, respectively.

The flux of �� is prescribed

For the surface:
ArðNM1Þ�� ¼ TSð�DðNM1Þ � �DðNÞÞ ðD:54Þ

where �� is the flux of � per unit area and time. From (D.54):

�DðNÞ ¼ ��ArðNM1Þ=TS þ �DðNM1Þ ðD:55Þ

As a result of this, substitute �N in Equation (D.47) with i ¼ NM1

DðNM1Þ�DðNM1Þ ¼ TS=ArðNM1Þ½���ArðNM1=TS þ �DðNM1Þ�

þ BðNM1Þ�DðNM2Þ þ CðNM1Þ ðD:56Þ

which may be written as:

D 0ðNM1Þ�DðNM1Þ ¼ A0ðNM1Þ�DðNÞ þ BðNM1Þ�ðNM2Þ þ C 0ðNM1Þ ðD:57Þ
where

D 0ðNM1Þ ¼ DðNM1Þ � TS=ArðNM1Þ ðD:58Þ

C 0ðNM1Þ ¼ CðNM1Þ � �� ðD:59Þ

A 0ðNM1Þ ¼ 0:0 ðD:60Þ

This is the set of coefficients to be used when the flux of � at the surface is prescribed.
Expressions for the bottom boundary are analogous.

D.10 FINITE DIFFERENCE EQUATIONS FOR TWO-DIMENSIONAL

STEADY-STATE OPTIONS (from Nordblom, 1997)

Before deriving the finite difference equations needed for PROBE, we have to decide
the order in which they are to be solved. It is assumed here that the first equation
solved at each new integration step is the horizontal momentum equation. Thereafter,
the vertical velocity component is calculated from the continuity equation. Then,
the heat equation, the turbulent kinetic energy equation, and the dissipation rate
equation are solved, one after the other. Thus, after the horizontal momentum
equation has been solved and the vertical velocity component has been obtained
from the continuity equation, the velocity field can be regarded as known when the
remaining equations are solved. This fact will be referred to in what follows.
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where

D 0 ¼ Dz
Dx

CD þ ðwn � ws þ Aþ BÞ f � DzSIPf
� �

A0 ¼ Af

B0 ¼ Bf

and C 0 ¼
�
Dz
Dx

CU�P;U � ðwn � ws þ Aþ BÞð1� f Þ�P;U þ Að1� f Þ�N;U

þ Bð1� f Þ�S;U þ DzðSIþ SIPð1� f Þ�P;UÞ
�

Calculation of vertical velocity

Vertical velocity at cell boundaries is obtained from the continuity equation applied
to each grid cell after the horizontal momentum equation has been solved, thus giving
horizontal velocities. By referring to the dashed grid cell in Figure D.9 and assuming
constant density, the continuity equation gives:

Dxðwn � wsÞ ¼ DzðuP;U � uP;DÞ

Solving vertical velocity at the upper wall of the grid cell, wn, we get:

wn ¼ ws þ
Dz
Dx
ðuP;U � uP;DÞ ðD:75Þ

At a solid wall, vertical velocity is known and is equal to zero. Assuming a solid wall
at the lower boundary, the vertical velocity at the upper wall of each grid cell in the
finite difference mesh can be determined by iterating Equation (D.75) through all the
grid cells from bottom to top.
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Appendix E

Reconstructions of past aquatic conditions

Ocean and lake modeling provide interesting tools that can be used to learn more
about the past and future. When dealing with the past we speak of reconstructions,
and when dealing with the future we speak of scenarios or story lines. In this
appendix, we will briefly present some reconstructions of past climatic conditions
that have been made and how to develop them. When we endeavor to learn some-
thing about aquatic conditions in the past but do not have enough data, we could
establish a statistical relationship such as:

Y ¼ f ðX1;X2; . . . ;XNÞ ðE:1Þ

where Y is the output variable or predictand that we would like to study; and Xi

(where i ¼ 1; . . . ;N) are the input variables or predictors. Methods for linking
variables associated with the large scale and variables that represent the small
scale have been developed in meteorology; they are called downscaling methods
(Benestad, Hanssen-Bauer, and Chen, 2008). There are two basic approaches to
downscaling: dynamic or empirical–statistical. In dynamic downscaling we use
models, while in empirical–statistical downscaling we use a combination of observa-
tions and large-scale predictors. Typical large-scale predictors are air pressure and air
temperature extracted from both gridded datasets and general climate models. In all
downscaling, it is important to use predictors that represent strong underlying
physical mechanisms in the problem. For example, Chen (2000) uses monthly
circulation climatology to study winter temperatures in Sweden. Other studies
often use the North Atlantic Oscillation index; but, as this is just one of a number
of indexes that often poorly characterize the complex atmospheric circulation, a
better method is to use the whole air pressure field. This method was introduced
by Eriksson et al. (2007) when characterizing the European Sub-Arctic winter
climate. The connection between air pressure and wind is through the geostrophic
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